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(1) Fraunhofer Institute for Structural Durability and System Reliability LBF, Germany.
(2) Fraunhofer Institute for Building Physics IBP, Germany.

229

Control of fluctuations of a tethered unmanned-underwater-vehicle
E. Paifelman (1,2), G. Pepe (1), F. La Gala (2), A. Carcaterra (1)

(1) Sapienza University of Rome, Italy
(2) CNR - National Research Council, Italy

241

Optimization of skyhook control strategies and an alternative approach for the operational
conditions
G. Papaioannou (1), D. Koulocheris (1)

(1) National Technical University of Athens, Greece

253

A compact and light acoustic transducer using dielectric elastomer films for low frequency
active noise cancellation
A. Paradeisiotis (1), C. Yiakopoulos (1), I. Antoniadis (1)

(1) National Technical University of Athens, Greece

267



TABLE OF CONTENTS ix

Simulink-PSpice co-simulation of Power Amplifier for driving piezoelectric actuators
Y. J. Park (1), T. Bartel (1), T. Röglin (1), G. Stoll (1), P. Zech (2), D. F. Plöger (2), S. Rinderknecht (2)
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(4) Université de Lyon, France

905

Optimal frequency band selection via stationarity testing in time frequency domain
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(1) Siemens Industry Software NV, Belgium
(2) University of Zagreb, Croatia
(3) KU Leuven, Belgium
(4) STU - Slovak University of Technology, Slovakia
(5) Le Mans Université, France
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E. Sghaier (1), A. Bourdon (1), D. Rémond (1), J.-L. Dion (2), N. Peyret (2)
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(2) ETH Zürich, Switzerland

4847



USD2018 PAPERS

USDA
Session USD – applications

Experimental measurement of value and associated uncertainty of wave speed in Hopkinson
bars with an accurate and robust method
D. Brizard (1)
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Abstract
Physical responses tend to lie within restricted subspaces even for parametric problems. For a given subspace,
the choice of a basis defines Degree Of Freedom (DOF) and this choice may give interesting meaning to
the associated amplitudes. Classical modal analysis builds subspaces combining modeshapes and static
responses. Parametric loads for non-linear, damped, variable, ... structures are discussed to extend the theory
and illustrated for test and simulation cases. Challenges in shape extraction and basis generation techniques
are then detailed. Introducing the ability to manipulate models with variable junction properties, component
material and geometry, load and operating conditions, ... opens new questions on the quantification and
tracking of changes and objectives throughout design exploration. The definition of a reference linear system
and the use of global and/or local modal DOF are shown to provide an interesting perspective.

1 Introduction

Modal analysis has been used extensively for many decades. The base notion is that the response is domi-
nated by modal contributions corresponding to a linear combination of shapes constant in space and associ-
ated amplitudes depending on time, which are known as Degrees of Freedom (DOF) in mechanics and states
in system modeling. Linear time invariant systems are no longer considered difficult, so the focus of this
paper will be on parametric problems. Non-linearities, damping treatments, junctions, geometric variability,
... are such parameters that challenge current practice. In such studies the choice of relevant shapes and
associated DOF plays a useful role in both speeding computations and providing ways to analyze tests.

As illustrated by figure 1, design groups use direct problem resolution: starting from geometry in the form of
CAD models, well defined mechanical model equations are generated in the form of finite element models
for most industrial applications. From these models, reduction techniques are used to extract shapes and
generate system models that allow the prediction of frequency or time responses.
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Figure 1: Direct problem: CAD, FEM modes/reduced models, transfers, time responses

Experimental groups go in the opposite direction, that is solve inverse problems. As shown in figure 2, time
responses are measured, signal processing tools are then used to obtain experimental characterizations such
as transfer functions, then multiple sensor reading are combined to identify system models containing shape
information. Finally test and FEM models can be combined in modeshape expansion and updating processes.

Figure 2: Inverse problem : a) time response, b) transfer function and identification, c) analysis of mode-
shapes, expansion

The meeting point between computational and experimental activities is a system with inputs and outputs
as detailed in section 2. A key difficulty of system modeling is the definition of states/DOF and associated
shapes. Bandwidth and load objectives are introduced to allow correct system representations. Within a given
subspace the ability to choose DOF is discussed. Parametric problems and associated loads are then intro-
duced. Finally current challenges in subspace techniques are detailed: alternative learning and classification
strategies, interface reduction, sparsity preservation.

Considering cases where parametric models are available, section 3 addresses tools needed to analyze their
evolution. A parallel with control theory shows the relevance of “coupling” studies that correspond to the
adaptation of root locus computations. The definition of a reference linear system is used to track property
changes in parametric computations and test. Finally, the issue of understanding component properties when
integrated in a system is discussed and illustrated.

2 A system perspective of structural dynamics

2.1 Definition of system models

Considering vibration problems through the point of view of system dynamics is a useful perspective. In a
system model, one considers

• inputs {u(t)}, which in vibration problems will typically be applied loads or enforced displacements.
In experiments inputs are measured as electrical signals and thus limited to a series of scalar quantities,
which may a notable approximation if the true loads are non-uniform fields.

• states {x(t)}, which are all the quantities needed to write a differential equation describing the evo-
lution of the system in time. In a fairly general setting the evolution equation can be written as a
non-linear state-space equation

{ẋ} = f(x(t), u(t), p, t) (1)
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For mechanical engineers, displacement Degrees of Freedom (DOF) {q} are used and the state vectors
combines displacement {q} and velocity {q̇}. Additional internal states are also introduced for non-
linear material laws (plasticity, viscoelasticity, ...). Figure 3 illustrates a simple modified Oberst test
which can be considered as a single DOF system characterizing the feature of interest which is the
frequency and damping of the first bending mode, but will require many FEM DOF to allow the
prediction of the strain energy field shown as color. Modal analysis or by extension model reduction,
discussed in section 2.2, provides a clean strategy to relate these two definitions of DOF for the same
system.

• outputs {y(t)}, which are measurable quantities in test (displacements, strains, loads, ...) and pre-
dictable quantities in models. Since states describe all the quantities describing the evolution of the
system, outputs can be estimated at a given time through an observation equation

{y} = g(x(t), u(t), p, t) (2)

In Out

Environment
Design point

System

Figure 3: Left : parametric system representation. Right : sample case modified Oberst test

• environment variables or design points corresponding to parameters that are either constant or assumed
to be independent of states. Section 2.3 will detail parameters of interest in vibration design problems.

• features are quantities that can be extracted from the response such as resonance frequencies, shapes,
damping, mean levels, ...

The objective of a system model is to provide accurate prediction of the input/output relation and the associ-
ated features for a range of design points. Side objectives are to minimize the cost of obtaining and operating
such a model and to have a proper understanding of its limitations.

2.2 Classical modal analysis/model reduction

Classical modal analysis, which is taken here to include Component Mode Synthesis (CMS), assumes Linear
Time Invariant (LTI) systems so that the evolution equation can be written using constant matrices. Although
the theory applies to all LTI problems, the paper will focus on mechanical problems of the form

[M ] {q̈}+ [C] {q̇}+ [K] {q} = [b] {u(t)} (3)

In vibration problems, modeling typically considers two objectives: the accurate representation of the re-
sponse to a restricted set of loads within a bandwidth. In an undamped LTI system, normal modes are
harmonic solutions in the absence of excitation and thus verify

[
−Mω2

j +K
]
{φj} = 0. (4)

To achieve the bandwidth objective the system model must be able to represent all modeshapes within this
band. Strategies to eliminate modes within the band can be based on modal participation factors or balanced
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realization arguments [1, 2], but in practice such truncation is nowadays rarely necessary for performance.
The argument to use modes above the bandwidth, the common 1.5 times the bandwidth or any other factor,
is actually quite weak and adding more modeshapes is generally sub-optimal in terms of model size.

To achieve the loads objective, it is also necessary to account for the additional associated information. This
is achieved by computing static responses to loads

[qResidual] = [KF lex]
−1 [b] (5)

or by using the common alternative of static responses to enforced displacements on the areas of load ap-
plication, which is known as Guyan condensation. The need for static terms is widely acknowledged: the
contribution is called upper residuals in experimental modal analysis [3], attachment mode or residual flexi-
bility for free mode component mode synthesis [4], D term in the observation equation of state-space models,
residual vector in many FEM solvers, ... and yet many recognize to have difficulties with the notion.

Figure 4 illustrates a case with strong static contribution [5]. A piezo-actuator is glued on a honeycomb
panel. At 10 Hz, the bending of the honeycomb skin is much larger than the overall panel bending. The
response can be decomposed in modal (a), (b) and static (c) contributions. The first key here is to understand
that static contribution comes from the piezo load, and thus is completely independent from the structural
modes which do not depend of any load.

Once the necessity of static correction/residual flexibility understood, the challenge remains in the definition
of reference loads [b] for which a static correction is needed, discussed in section 2.3 and the understanding
of how wrong results are when it is ignored.

Figure 4: Sample case with strong static contribution [5]

While modes and static responses are results of interests, one of the key aspects of modal analysis is that
they span the subspace where the response lies. For any basis T of that subspace, one defines generalized
DOF {qR} and seeks an approximation of the form

[qFull(t)] = [T ] {qR(t)} (6)

leading in a Ritz-Galerkin approach to a reduced model still of the form (3) but using reduced matrices
MR = T TMT , ...

The two basics bases [4, 6] are McNeal (free modes + static response to loads
[
φ1:NM K−1b

]
) and Craig-

Bampton (enforced static displacement /Guyan+ fixed interface modes), but any combination of mode and
static response will give achieve the bandwidth and load objectives and thus lead to correct results. Concep-
tual limitations of most of the literature are

• the use of explicit formulas for bases rather than the implementation of numerical basis generation
strategies to go from arbitrary sets of assumed vectors to bases [7, 8]. Thus many have rejected static
corrections because it tends to generate poorly conditioned basis if iterative orthogonalization of loads
b is not enforced. But the combination of free modes and Guyan vectors is also valid although rarely
implemented in software packages.
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• the use of modes computed on a single component rather than the trace of modes computed on a larger
system (see section 2.4.3).

• the failure to recognize that the accuracy of a reduced model depends on the subspace spanned by T
not on the base vectors and associated DOF used to generate that subspace. For example, a modal
model in physical coordinates can be defined by taking the first few modes [φ1:NR], retaining a subset
of physical DOF R, and spanning the subspace with the basis defined as follows

[qFull(t)]N = [φ1:NR]N×NR [φ1:NR|R]−1
NR×NR {qR(t)}NR (7)

Starting from physical DOF, basis generation techniques based in incomplete LU factorization will
lead to generalized coordinates that still correspond to physical DOF, while eigenvalue/SVD based
techniques will lead to modal coordinates.

2.3 Parametric problems of interest beyond LTI modal analysis

While LTI modal analysis remains very useful the challenge has now moved to the handling of parametric
problems. The common approach is to continue using classical CMS methods and to reformulate the prob-
lem as a linear reduced model with all other aspects of interest (coupling, non-linearity, and environment)
implemented as external load or feedback. This approach is well mastered for point to point connections.
Thus many multi-body simulation software support flexible component reduction using Craig-Bampton re-
duction with residual terms for viscous loads, distributed inertia (inertial relief modes [4]). But much more
should be done.

Figure 5: Formulation as a combination of LTI problem with additional loads representing parametric effects.

Selecting an underlying linear system, associated with constant matrices, M0, C0,K0, one can always rewrite
the equations of motion (3) by the defining a parametric load {fp} in the right hand side of the equation

[M0] {q̈}+ [C0] {q̇}+ [K0] {q} = [b] {u(t)}+ {fp (M(p)−M0,K(p)−K0, q, q̇, p)} (8)

Figure 12 illustrates a parametric contact problem. The contact between a main press formed plate and a
small “cable guide” component is modeled at gauss points shown in (a). Due to manufacturing the contact
does not occur on the whole surface and different colored dots correspond to different surfaces. In the
frequency tracking, cross markers correspond to variable surface computations. They overlay nearly exactly
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with solid lines which correspond to variable distributed stiffness. The selected modes illustrate that fairly
flat lines correspond to global bending of the plate while the frequency traversing the full frequency range
from 700 to 1900 Hz corresponds to a local bending shape of the cable guide.

Figure 6: Influence of contact on the modal properties of a brake part [9]. Left: Zoom on cable guide, right:
frequency evolution with contact surface/stiffness

The idea of parametric reduced models is to construct a basis independent of the amplitude of parameter
loads just as traditional CMS is independent of the amplitude of external inputs. Here the parameter loads
are forces applied on all contact points. As there are many points, computing a static correction (5) for all
contact loads will lead to large reduced models. Alternatives [10] are to build a multi-model basis from
modes computed using different contact conditions or the compute the static correction to contact loads
found for the nominal modes (first order correction). These techniques are similar to interface reduction
discussed in 2.4.1.

The representation of static correction corresponds to the use of additional out of band DOF. These have
a strong impact on zeroes (by opposition to in band modes which generate poles) of transfers associated
with parameter loads and thus on the prediction of closed loop configurations where these have a significant
impact. A key result is that the added shapes are very different from the following modes so that seeking
convergence by just adding more modes is rarely a good idea. A challenging question is the analysis of the
minimum number of out of band DOF necessary to represent all configurations shown in figure 12 right.

A very partial list of problems that can be addressed by including parametric loads into classical CMS are

• Non-linear responses are parametric in the sense that local properties depend on inputs. Figure 5
thus illustrates the amplitude dependence of a junction problem [11] where the parametric loads are
contact/friction forces distributed on junction surfaces also shown in the figure.

• Structures damped with viscoelastic materials have parametric volume loads associated with viscoelas-
tic stresses which depend on temperature and frequency (figure 11 gives an illustration). Thickness
variations, often used as design parameters, can also be represented as a parametric load.

• Structural dynamic modification techniques [12] seek to combine a linear test model with parametric
models of possible modifications.

• Geometry variations due to design or variability in the manufacturing process are also of major inter-
est [13, 14].
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2.4 Open challenges in shape extraction and basis generation techniques

Space/time separation (6) considering bandwidth and input objectives were shown to be the base ingredients
of CMS. This leaves many choices open and this section seeks to illustrate areas still under development.
Section 2.4.1 addresses alternative learning and vector classification techniques. Section 2.4.2 discusses
issues with interface reduction, which occur in mechanical problems where applied loads correspond to
fields. Finally, section 2.4.3 touches basis sparsity and associated memory/CPU issues.

2.4.1 Alternative learning and vector classification strategies

In traditional CMS methods, shapes are obtained by a combination of simple computations of modes and
static responses. Even modes are actually computed through a series of static computations in Krylov itera-
tion based strategies such as the Lanczos algorithm.

Another category of approaches uses learning techniques where a full order response is analyzed a posteriori.
Such techniques can be used both in computations (for example to compute the high frequency impedance of
a piezo [16]) and experiments [17]. Figure 7 illustrates a time varying resonance found in a squeal test. From
the spectrogram of each sensor, a response at the frequency of the maximum amplitude can be extracted. The
set of learning vectors is thus a matrix with spatial rows (different sensors) and temporal columns associated
with the maximum response at different instants.

Given a set of learning vectors or the full possible space, a natural strategy is to classify directions by
their relative contribution. Here the Singular Value Decomposition is used to extract shapes, shown in red,
and associated time amplitudes (DOF) shown in blue. The usefulness of these amplitudes will be further
discussed in section 3.2.

Figure 7: Shape and amplitude extraction in a time varying squeal event [17]

Classification of vectors in a large subspace, followed by truncation, is a key ingredient of most strate-
gies. Modal analysis considers low frequency modes which for equal kinetic energy the shapes of interest
are those that minimize strain energy [18]. Using strain and kinetic energy norms is not the only possi-
bility and Ref [19] clearly points out that the literature is full of eigenvalue based subspace classification
algorithms: SVD Singular Value Decomposition, KLD Karhunen-Loève Decomposition, PCA Principal
Component Analysis, ...

In parametric problems, the body of literature on Proper Generalized Decomposition arguments that rather
than limiting the decomposition to space and time, variable separation can made on space, time and parameter
variations [20]. Finally, many other fields, including the very active image and text classification fields, also
address dimensionality reduction [21]. It should be noted however that a lot of this literature deals with data
reduction (representation of a parametric surface through variable separation) rather than model reduction
(generation of small differential equations).
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2.4.2 Interface reduction

The global application of subspace classification algorithms without reference to loads leads to modes. To
continue addressing the objective of correct representation of inputs, local or interface problems must be
considered. Interfaces corresponds to the areas where external or parametric loads are applied (surfaces in
junctions, volumes for viscoelastic models, volumes for geometry changes, ...).

Taking the crankshaft shown in figure 5, there are about 5 000 DOF connected to the bearing interfaces (red
dots) and the FEM model contains 2 million DOF to allow accurate prediction of stresses. If no special care
is taken to build vectors that are zero on large parts (possible here by considering interfaces that contain all
nodes of a perpendicular surface), the static part of the basis shown in green will use 2e6 × 5e3 doubles ≈
74GB. The reduced matrix also has a full block associated with the interface leading to a 5e3× 5e3 matrix
requiring 120 MB storage which must be passed from computer memory to processor at each time step of a
time integration thus creating a computational bottleneck.

The Craig-Bampton approach however considers unit displacements at DOF (indicated by the red identity in
basis T): one of the interface nodes moves while no other does. Unit displacements guarantee independence
but any basis on the interfaces will achieve the same objective. Analytic decompositions (Fourier, orthogonal
polynomials) and eigenvalue problems solved on a restricted mesh close to the interface provide much more
bases of independent unit displacements that are more easily truncated. Such interface modes are used in
automated procedures such as AMLS [22], but can also be quite useful in analyzing loads transmitted through
surfaces in contact [23, 24]. Similar techniques can be used to deal with periodic structures [8, 25].

Figure 8: Redefining unit displacements : (a) sample crankshaft example, (b) topology of reduced basis, (c)
unit nodal displacement/interface mode (d) topology of reduced matrix

The limited success of interface reduction methods outside automated procedures may be due to issues with
the choice of coordinates (see (7) for a bypass) and the need to automate precision checks (see, for example,
the work on residue iteration [26]).

2.4.3 Piece wise decompositions and sparsity

The discussion of interface modes motivated that computation and memory costs are critical objectives for
computational model reduction methods. The variable separation techniques (6) need to be extended by
acknowledging that piecewise decompositions will lead to much sparser matrices and thus lower memory
and/or CPU costs. Figure 9a illustrates that a full model response {q} can be represented as a combination of
bases on components (here individual blade sectors shown with different colors) and associated generalized
DOF {qRi}. If the DOF sets associated with each component are disjoint (this is always possible), the
reduced matrix is sparse as shown in 9b. In the test case [8], reduction is essential both to allow computations
and to store 1500 modes on a 60e6 DOF model which would require 670 GB.
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Figure 9: Reduction and sparsity: (a) reduced bases with disjoint support (b) topology of reduced matrix [8]

Obviously a model reduced this way should still achieve the general load/bandwidth accuracy objectives
introduced in section 2.1. This requires fairly automated procedures to be applicable without expert knowl-
edge. When performing a spatial decomposition, loads will be transmitted between components and if the
components are reduced independently, as traditionally assumed [4], large interfaces are found and trunca-
tion, discussed in section 2.4.2, does not solve everything.

A simple procedure to obtain exact interface reduction in the nominal model consists in starting with a basis
T valid for the full model and using the subspace generated by the trace of this basis on each component at
component basis Ti. Obviously the basis is no longer exact if parameters vary, but parameter variations can
be accounted for by enriching T . For more details see applications to multi-stage cyclic symmetry [8], brake
squeal [27], train/track interaction [25].

It is finally interesting to note that sparsity issues can also be applied to the time domain (Harmonic Balance
Method) or to PGD strategies.

3 Parametric problems :coupling, modal interaction, generalized DOF

While different orientations for reduced model representations were discussed in section 2.4, more interesting
challenges are associated with the analysis of parametric problems.

Figure 10 illustrates a brake squeal instability study. Model complexity is due to the fact that lower squeal
frequencies (1-4kHz) tend to have significant interactions with the suspension system. A state-of-the art in-
dustrial model thus features between 2 and 5 million DOF (geometric complexity), and between 300 and 600
modes in the frequency band of interest below 16 kHz (dynamic complexity). 8 to 15 components, which
exhibit material and geometric variability, are coupled by interfaces whose properties vary with operating
conditions requiring additional DOF (parametric complexity). Design exploration typically considers sam-
pling over a subset of sensitive parameters to search for robust countermeasures or update parameters when
test is available. A full complex eigenvalue extraction for a design point can require a few hours of compu-
tation time, challenging relevant design exploration strategies. Here computing 1000 design points would
require over 80 days and generate 22 TB of data without post-treatment – clearly unacceptable in terms of
design cycles timing and storage capabilities.
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Figure 10: Left : poles for a 1000 design points, center : sample mode, right : tabular representation of
sensitivity parameters. Test case courtesy of Daimler AG.

Model reduction is key to make the model practical in the sense that rather than doing a few hundred compu-
tations lasting a couple hours, one spends a couple hours reducing the model and computes a few thousands
computations lasting tens of seconds. Another aspect of model reduction is that if you perform restitution on
the fly (when you click on a point of (a) you launch the restitution of the shape in (b)), you do not deal with
TB of data but just hundreds of MB. There are thus no theoretical limitations to making parametric tools
accessible on workstation, rather than large cluster.

The figure however illustrates that the raw result of a parametric experiment is not very understandable.
Questions of interest are : is one of those points closer to my experiment, is the experiment sensitive to
small changes, is one of the designs better and robust (meaning with little sensitivity to things that are not
controlled).

A key question in analyzing parametric problems is thus to have objective strategies to quantify what remains
constant and what corresponds to small or large changes. Section 3.1 introduces the idea that many para-
metric problems can be analyzed as system coupling with variable stiffness studies providing very relevant
information about damping, non-linear or variability effects. Tools to track shape changes are then addressed
in section 3.2. Finally, section 3.3 addresses the relation between local and global modes.

3.1 Coupling : a measure of change in parametric dynamic problems

In control applications, it is common to compare open and closed loop performance. Taking the system per-
spective, the equivalent of a feedback loop is the part of the dynamics not included in the nominal LTI system.
Change can thus be measured through the impact of parameter loads and the section seeks to illustrate how
this applies to structural problems.

Following resonance frequencies is a measure of change that is very natural to modal analysts. Figure 11
illustrates the impact of random excitation level on steam exchanger structure with contact non-linearity and
the impact of temperature and viscoelastic material thickness in a bracket junction. In both cases, the modal
frequency increases with a parameter and in the range where the frequency sensitivity is highest, higher
damping levels are achieved. As argumented in [10], frequency sensitivity is very much related to the level
of energy in the design area (here the contact non-linearity or the viscoelastic joint). The notion is also used
to estimate electromechanical coupling in active systems [28], hence the name coupling retained here.
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Figure 11: Left : effect of excitation level for a structure with impact non-linearity [29]. Right : effect of
temperature in a structure with viscoelastic damping [10]

As motivated in section 2.3, it always possible to represent non-linear parametric problems as an underlying
LTI problem (at design point p0) with parametric loads. It is further possible to use modal states of this LTI
problem to write system equations under the form

[I +∆M(p)] {q̈R}+ [∆C(p)] {q̇R}+
([

\s2 + ω2
j (p0)\

]
+∆K(p)

)
{qR(s)} = {fp(qR, q̇R, p)} (9)

In this formulation, one distinguishes the nominal LTI model, and perturbations on mass ∆M(p), damping
∆M(p) and stiffness ∆K(p). These are however not unique since their effect can also be represented
by the parametric force fp. In the contact problem of figure 11 left, the linear system can be considered
to correspond to the tube without contact, the tube in full contact or a tube with an intermediate contact
stiffness that depends on amplitude. From the point of view of resonances visible in the spectra, the variable
contact stiffness/damping provides a good representation of the frequency transition or an envelope for the
non-linear response.

A key consequence of illustrations shown here is that in many parametric problems, initial design can simply
be performed by doing multiple linear elastic computations with variable stiffness, which is much more
accessible than full-fledged non-linear or damping computations.

3.2 Observing Degree of Freedom associated with shapes

While observing frequency shifts is very useful, properly understanding modal crossing can be very neces-
sary to understand responses. Section 2.3 illustrated how this can be done in experiments but more efficient
tools can be inspired by analysis.

Computing modal amplitudes is much more efficient than using the MAC (shape correlation) for tracking.
Using the orthogonality condition for modes of the reference system {φj(p0)}T [M(p0)] {φk(p0)} = δjk
leads to the estimation of modal amplitudes from non-reduced response {q} as

{qjR(t)} = [φ(p0)]
−1

∣∣∣
j
{q(t)} =

[
{φj(p0)}T [M(p0)]

]
{q(t)} (10)

which corresponds to the perfect modal filter [30].

On the vibro-impact case of figure 11 left, the estimation from operational deflection shapes shown in fig-
ure 12, clearly illustrates that the shape of the dominant resonance transitions from the low frequency bending
with no effect of the support plate to an high frequency shape combining the first two modes of the free-free
tube. During the transition some torsion effects become visible. The shape transition corresponds directly
with the resonance transition visible in 11 left (5 Hz for low amplitude to 30 Hz at high amplitude with
additional damping visible during the transition).
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(a) (b) (c)

Figure 12: a) Evolution of modal participations with excitation amplitude, b) Low amplitude shape, c) high
amplitude shape.

Other analysis applications of modal amplitude tracking are tracking unstable modes in time simulation of
brake squeal [27], study of blade mistuning [8], tracking of waves propagating in the soil [25].

Experimentally, modal amplitude estimation was illustrated for time varying squeal (figure 7 and [17]), is
applied to auto-resonance techniques in [31]. Expansion [32] in subspaces of modes or static responses
are related linear observation schemes, which use the current measured shapes to estimate the generalized
amplitudes. These techniques can however be usefully extended to estimate more DOF than sensors in
the frequency domain (Minimum Dynamic Residual Expansion or Error in Consitutive Law) or in the time
domain (Kalman Filtering possibly extended with the estimation of parameters).

3.3 Component within a system, local and global modes

The next issue of interest is that one typically redesigns a component with the objective of improving the
system performance. However, the component modes of interest are usually not the fixed interface modes
found in a Craig-Bampton model. The Component Mode Tuning (CMT) method [14, 27] was thus introduced
to provide a reduced model with DOF that explicitly correspond to the amplitude of free-free component
modes. In this algorithm, components are assumed disjoint (this is always possible if it is accepted to use
an element layer as interface) and for each component one generates a mass and stiffness orthogonal basis
spanning the subspace combining NC component free modes and NG trace on the component of system
modes

[Tc] =
[[
φlocal

]
1:NC

[
φglobal

∣∣∣
c

]
1:NG

]
⊥

(11)

Any appropriate numerical orthogonalization procedure can then be used to generate a well-conditioned
basis Tc.

In this basis, the first generalized DOF of each component correspond to its retained free modes and the last
to corrections needed to recover the nominal system modes exactly. Figure 13 illustrates that in the resulting
basis, the mass is an identity matrix, the stiffness is diagonal with squared component mode frequencies
ω2
jc for the first elements, and component coupling leads to block diagonal terms respecting the topology of

component connections. The tuning in the name CMT reflects the fact the specific form of matrices makes
it simple to perform sensitivity studies on the frequency of component modes. Similarly it is quite simple to
sum modal energies to display component energies as illustrated in figure 13 right.
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Figure 13: Left : reduced matrix topology in a CMT reduced basis. Right : sample post-processing of
component energies

The idea of tracking modal amplitude is quite useful in this context. The CMT basis decomposition provides
a sound basis to define local modes : significant fraction of energy associated with a given component.
For small components, such as the cable guide of figure 6, free component modes may not be relevant and
variants of the base CMT procedure were introduced in [14].

The notions of local and global modes shown here are very much related with the introduction of stochastic
models in Ref [33, 34]. These discussions paved the way for the work in [35] which demonstrates how a
large number of randomly distributed local modes can lead to significant damping : actually the major source
of damping in aircraft modes. The fact that such modes come from so called non structural mass opens a
very interesting design perspective.

4 Conclusion

The presentation sought to illustrate notions related to shapes and modes. Physical responses tend to lie
within restricted subspaces even for parametric systems. DOF are amplitudes associated with base vectors
generating the subspace of interest. Since a given subspace has an infinite number of bases, DOF are arbitrary
in the sense that they can be changed without affecting the response. But some choices make more sense.
Modal amplitude DOF can be defined at the system and component levels and tracking these amplitudes
is of interest both in tests and analysis. Amplitude extraction seems particularly promising for non-linear,
damped, and time varying problems which commonly share the fact that the varying parameter induces
coupling. On the computation side, DOF selections leading to sparse bases can lead to gains in CPU and
memory requirements which become interesting when the one or more order of magnitude is gained.

Problems of interest go beyond the traditional theory of linear time invariant systems. Extensions of tradi-
tional CMS, considers parametric loads, interface reduction, constant basis reduction for parametric models,
and sparsity enhancing basis generation. With such models parametric studies with thousands of design
points become routine and lead to new challenges in defining procedures to base decisions on large data sets.
Finally, the possibility of state (expansion) and parameter (updating) estimation is very much linked to the
ability to build a reduced parametric model but the relation between the two needs to be clarified.

This presentation will conclude with a few general comments, partially inspired by challenges in A. Pfeiffer’s
ISMA/USD 2016 keynote.

• The main cost of a model is not computational time but engineering time spent : preparing the right
computation, navigating between results of a parametric experiment, designing and analyzing tests,
progressing in a design cycle. This implies that each design group should have a digital work-flow
allowing parametric studies.

• When everything goes well, the new routine practice is to deal with tens of configurations each con-
taining thousands of computations. The need for companies to manage learning costs typically implies
that software vendors pre-package GUI operated processes. But new processes devised for paramet-
ric studies typically imply the writing of custom steps (computation of criteria, automated generation
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of images, ...). A trade-off thus exists between process standardization, implemented as a GUI, and
adaptability implemented in the form of a script. On the academic side, the need to focus on teaching
GUI or script operation will certainly continue to be an object of debate.

• Outside user process, a few software issues with parametric studies are: the need to perform reduced
order computations on the fly using interaction with initial data; the computational architecture be-
tween off-line computations (cluster, background) and workstation near real time interaction; scalabil-
ity of licensing models devised for a few computations rather than thousands.

• It is unlikely that any software provider will ever cover more than 50-70% needs. This is even not
desirable since it would mean other groups would stop developing new intelligent strategies. Efficient
inter-operability between software packages is thus key. Open source efforts are very good at broad
problems with a very large number of users, but often lack vision and focus to answer very technical
needs of niche markets. And the noise and vibration community is a collection of such niches. So
the inter-operability impulse should come from major user companies forcing/giving incentives to
the software providers to develop open API that allow access not only at pre-processing and post-
processing but also at solver levels.

• Non-linearity, damping, junction surfaces, variability, local modes associated with non-structural mass,
... correspond to both challenges (they are difficult to account for in test and analysis) and opportunities
(since they have a strong impact on the dynamics, they can be used to improve performance).

• Academics will not convince industry that they are dealing with real problems when using mass-
spring-beam models. Distinguishing geometric complexity (a FEM with the true geometry and thus
many DOF rather than analytic equations), system complexity (a CMS model accounting for both
bandwidth and loads), and parametric complexity (multiple designs, boundary conditions, operating
conditions, ...) is an often ignored path to demonstrating scalability.
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Automotive NVH – Methodology for Future Innovative 
Product Development 
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1 Driving Dynamics and Noise & Vibration Centre 

Volvo Car Group 

Abstract 
The automotive market is subject to not only a highly competitive environment but also facing introduction 

of many new technologies spanning from pure electric propulsion systems to advanced driver assistance 

systems. All of these new technologies together with continuously increasing customer expectations give 

rise to challenges in the automotive OEM product development as they require a high rate of innovation and 

development. Additional complexity in terms of new legal regulations, such as vehicle safety, CO2 and noise 

emission reduction, which often are contradicting, needs consideration during the product development. An 

efficient and innovative product development organisation yields significant competitive advantages as 

more product can be put to the market faster for a given cost and time. 

The refinement of noise, vibration and harshness (NVH) is one the most important tasks in the premium and 

luxury automotive segments during the vehicle development process. It strongly influences the overall 

perception of the vehicle together with other attributes such as styling, digital user experience, performance 

& drivability and vehicle dynamics.  

The introduction of new technologies, such as electrification and software-controlled systems, result in 

numerous challenges with respect to NVH requiring cost and weight efficient countermeasures coupled with 

new simulation and test methods. Consideration to secondary effects caused by trade-off with other 

attributes is also critical and requires cross-attribute optimisation. Traditional target setting and down-

cascading processes through benchmarking is not ready to be applied. Simulation and test methods as well 

as engineering system solutions derived during the product development relies strongly on experiences from 

previous programs through closed loop learning. The high rate of innovation with a smaller knowledge basis 

results in higher risk of failure as many issues may not be foreseen. Therefore, it is important to execute 

advanced research projects up-front of the ordinary product development projects to address all new 

concepts and technologies. Focus on closing critical knowledge gaps early in the product development is 

required. Knowledge gaps may not only be related to the physics of the new technologies but also to 

customer preferences. Strategies like application of NVH simulator technology and systems engineering 

and synthesis early in the product development phase should support robust decision making. The need to 

derive noise and vibration characteristics for critical systems, such as interior sound pressure level or 

radiated sound power, for different use cases are examples of necessary strategies in future automotive 

development. In this paper, different application cases from development of new technologies will be 

discussed. 

1 Introduction 

Volvo Cars has made several commitments to deliver sustainable products to the market; from 2019 all 

product launches will include electric motor propulsion, marking the end of pure internal combustion engine. 

By 2025 the aim is that 50% of sales will be pure electric vehicles and one third autonomous vehicles. All 

of these commitments yield significant challenges to the product development organisation and especially 

with respect to noise and vibration as new technologies have to be developed, industrialised and launched 

into the market in a given time with quality. 
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The opportunities to industrialise products with alternative propulsion concepts with higher energy 

efficiency than the conventional combustion engine has evolved over the last years due to improved 

engineering capability supported by the development of software, simulation and optimisation techniques 

but also due to lower price and improved performance for key technologies such as batteries, power 

electronics and electrical machines. The development efforts in the automotive industry for more energy 

efficient technologies, such as electrification have increased considerably over the last year driven by a 

combination of regulations, competition, political pressure and public opinion but also by the fact that 

products can be offered to customers with attractive attribute performances such as acceleration, range and 

operating costs. Often, governmental support and subsidiaries play an important role for introduction of new 

propulsion technologies. 

Volvo Cars began its journey as many automotive OEMs towards alternatives to the conventional internal 

combustion engine as a response to the oil crisis in the mid 1970’s and initiated research within the area of 

fuel efficiency and electromobility. Then, availability of economical oil was forecasted to decrease, which 

dramatically increased fuel prices. Low fuel consumption became more important in the competition. 

Innovations were developed and some were put into the market. For electromobility prototype vehicles lead 

acid batteries and induction electric motors were used. 

The gaining awareness of the impact of the greenhouse gases on the climate in the 1990s and in the first 

decade of the 21st century resulted in more stringent regulations, especially in the European Union. EU 

Regulation No 443/2009 sets an average CO2 consumption for new passenger vehicles. This regulation 

enforced increased efforts in product development of more energy efficient technologies. Technologies like 

stop/start and hybrid electrical vehicles were put to market by many OEMs as a result of these efforts. The 

development efforts within Volvo Cars yielded in the introduction of the C30 Electric in 2009, which had a 

limited production volume and was only leased to the customer base. The V60 D6 plug-in hybrid in 2013 

paved the way for plug-in hybrids in the upcoming SPA product line. Permanent magnet electric motors, 

 

 

Figure 1: Retrospective overview of Volvo vehicles with alternative propulsion systems. 

integrated starter generator (ISG) and Li-ion batteries were key technologies that enabled attractive 

attributes. In Figure 1 a retrospective summary of main efforts by Volvo Cars in development of alternative 

and energy efficient propulsion technologies is shown. Looking back in history one can find out that 

development takes time, ideas that existed were correct but were constrained in their realisation due to 

limitations in technology, performance and knowledge [[1]]. Today, many OEMs have multiple customer 

offers in terms of alternative propulsion concepts, ranging from pure/battery electric vehicles, sometimes 

with an optional range extender, to hybrid or plugin hybrid electric vehicles. The vehicles range from 

compact light weight city cars through midsized sedans, estates and SUVs to high powered performance 

18 PROCEEDINGS OF ISMA2018 AND USD2018



cars. The sizing of power source including driveline, power supply and power electronics varies depending 

on requirements of projected customers and concept.  

The electric propulsion system adds new challenges in terms of noise and vibration refinement. Critical to 

consider are tonal noise components that might give rise to customer annoyance. These tonal noise 

components are speed dependent and generated by the electrical motor and transmission/reducer but also in 

the power electronics due to high voltage DC/AC conversion by means of pulse-width modulation (PWM), 

see Figure 2. Other noise sources can be prominent as the background masking noise in an electric vehicle  

 
Figure 2: Surface acceleration on e-motor housing during acceleration for a vehicle with electrical 

propulsion system. 

(EV) is low, mainly due to the absence of internal combustion engine. Examples are various auxiliary 

components such as electrical power storage, climate control (fans and pumps), electrical power 

 

 

Figure 3: Electric vehicle specific noise character. 

steering systems, electro-hydraulic brake controller or HVAC. The noise character may be speed dependent, 

fixed frequency or a mixture, see Figure 3. 

In order to be successful in the process of noise & vibration refinement it is important to apply cross-attribute 

considerations as there are many engineering challenges in developing electric vehicles. The main 

engineering challenge is to industrialise and decrease cost for batteries, power electronics and electric 

motors [1]. As the volume of electric vehicles is expected to increase, part price will drop but cost gap to 

technologies for internal combustion engine may still exist, see Figure 4. From business point of view this 

will have an impact on the contribution margin and put constraints on opportunities for attribute engineering 

as there is a relationship between consumer demographics and income to car price and volume, see Figure 

5. 
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Figure 4: Comparison overview of material cost for different propulsion technologies. 

 

Figure 5: Comparison between distribution of income and passenger car price in UK 2012 [[2]]. 

Cross attribute optimisation needs to be applied upfront during the development of electrical vehicles. One 

key attribute for electrical vehicles to be considered is their driving range. It is dependent of road load  

 

Figure 6: Driving range (solid lines) and electric consumption (dashed line) for different electric load, 500 

W (blue), 1500W (green) and 3000W (red). 

20 PROCEEDINGS OF ISMA2018 AND USD2018



(aerodynamics, weight, tyre roll resistance, etc.), auxiliary loads (HVAC, electric system loads) and 

propulsion system losses. In an electric vehicle the propulsion losses are much lower compared to a vehicle 

with internal combustion engine, resulting in that auxiliary losses and road load are more important to 

consider, see Figure 6. Auxiliary losses strongly influences efficiency at low speeds (urban driving) while 

road load  

 

 

Figure 7: Example of cross attribute dependencies for electrical vehicles. 

dominates the losses at highways speeds. Increasing range can be done by adding more energy storage 

modules (batteries), which significantly impacts weight of vehicle or reducing road load. Both vehicle 

weight and road load influence other attributes like safety, durability and vehicle dynamics but also NVH 

attributes like road noise and pass-by noise, see Figure 7. 

The introduction of more software controlled systems add more complexity in the vehicle development. The 

NVH abatement of auxiliary systems like controllers, fans and pumps requires attention early in the concept 

phase. Often development experience for these new systems are low and the development logic may be 

purely based on testing. The final system calibration for these systems is performed in the very final stage 

of the development due to software functional development. Unforeseen noise and vibration issues may then 

occur late in the program, which will be mitigated often with a penalty on cost and quality. Additionally, 

the systems operate in multiple modes making system identification even more complex. Therefore it is 

critical to have an understanding of a system when optimising NVH performance both with means of 

simulation and later in the hardware development to obtain repeatable test conditions. 

Further to the development challenges yielding from the introduction of new technologies, challenges during 

development logic may arise and must be considered and mitigated. NVH refinement becomes even more 

complex due to the reduction of both hardware stages and number of builds in a given hardware stage.  

The classical “V”-process depicted in Figure 8: The principle of the V-process for requirement setting, target 

cascading to component, design and integration verification. is widely used for requirement setting and 

system and component target allocation and cascading. It features the logic “design first – then test”, where 

design decisions are made early, often without sufficient knowledge [2,3,4]. High rate of innovation needed 

in the development of vehicles with alternative propulsion technologies may stretch the capability of 

processes and result in late design loopbacks. One way of mitigating late NVH quality issues is to execute 

advanced or research projects up front of the ordinary product development projects in order to address all 

new concepts and technologies. In order to further reduce the risk of failure, method and operational 

development projects have to be executed in order to address increased verification efficiency and 

capability. The created new knowledge due to “front-loading” activities results in knowledge that can be 

turned into new specifications and requirements with associated assessment methods. However, too high 

rate of innovation driven by competitiveness may constrain the time needed for proper knowledge build-up 

and also result in design complexity. Design concepts may then be selected without critical concurrent 

physical and virtual assessment resulting in unforeseen knowledge gaps that may lead to that the complete 

vehicle specifications lack important information and, even more critically, the lack of knowledge may 

down-cascade to system and component specifications.  
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Verification activities later on in the development process may then reveal deviations resulting in costly 

design loop-backs. Application of Knowledge Based Development principles like set-based design and 

systems engineering yielding in trade-off relationships by means of combination of physical and virtual 

 

 

Figure 8: The principle of the V-process for requirement setting, target cascading to component, design 

and integration verification. 

assessments between critical attributes minimises the risk of late design changes. All knowledge needs to 

be documented for use in the later product development projects. To be able to close the loop, the knowledge 

feedback during the development projects and quality issues found in running production have to be 

transferred back into the specifications, standards and methods. 

As decision making early in projects will rely on available data including engineering knowhow the 

balancing of math model fidelity and complexity versus time to result is a key to address proper simulation 

activities to get input in order to support design directions. Additional complexity is added as the frequency 

range of dominant structure borne noise for electric machine noise is significantly higher than for a 

conventional internal combustion engine.  

In this paper three different NVH development cases are discussed where method development and research 

in co-operation with academia have been applied to increase the development capability and knowledge. 

2 Targets for vehicle interior noise and allocation of component 
targets 

The whining noise from the electric motor is low in terms of sound pressure level but can still be potentially 

annoying if it cuts through masking such as road, wind and engine noise. Targets for interior noise at 

occupant position may be described by a metric for quantifying this tonal exposure rather than sound 

pressure for the fundamental harmonics of the electric drive. Different metrics such as prominence ratio 

(PR) which is standardized together with tone-to-noise ratio (TNR) in ECMA74 [6] have been evaluated. A 

comparison between those two metrics with respect to the specific electric motor noise is available in [7]. 

The level of prominence ratio and its relation to the perceived annoyance was mapped for different 

frequencies from analyses of listening tests performed on 22 non-experts (see Figure 9). The jury rated 

sound stimuli which were synthesized by adding authentic tones of varying intensity to ”tone-free” binaural 

head recorded sound files. Based on the findings from the studies targets for interior noise based on 

prominence ratio could be developed. 
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Figure 9: Annoyance rating for different frequencies/orders, constant speed driving condition. The 

ANOVAs are done for three ranges of PR-levels corresponding to low, middle and high audibility [[8]]. 

With the target for complete vehicle developed, the source and transfer path domains can be addressed. An 

independent quantity for allowed radiated noise is desired in order to allow for measurements in different 

test environments where bench tests could be performed. Sound power is standardized hence suitable to use 

as requirement towards suppliers. Due to the tonal character of the electromagnetic noise, narrowband 

smoothing filters were adopted for source and acoustic transfer functions. Research studies [8] have been 

done with respect to how the amount of discrete source positions including order of smoothing filters 

influences the mean transfer function between interior ear positions and motor and consequently the  

 

Figure 10: : Illustration of how a component requirement with respect to airborne tonal components was 

derived for the electric traction motor from combining complete vehicle requirements with estimations of 

airborne transmission properties [8]. 

robustness of the modelled interior noise. The working principles are summarized in Figure 10. The 

differences with respect to sound transmission properties between the measured vehicle and the new vehicle 

model that the target specifications were formulated for, can be estimated by means of statistical energy 

analysis (SEA) taking trim details into consideration.  

3 Methods for low frequency structure-borne sound – XC90 Twin 
Engine 

Based on the experience from different plug-in hybrid projects, ranging from Volvo V60 D6 to XC90 T8, 

high attention is needed in the early development phase on a low frequency noise due to tangential magnetic 

force excitation. This noise occurs as a fundamental torque ripple excitation order passes through the 

resonance frequencies in the suspension and is most prominent during mild acceleration at low speed when 

the vehicle is propelled by the electric drive. 
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Figure 11: Positions and numbers for subframe and electric drive unit bushings and damper top mounts 

(XC90 T8) [9]. 

This structure borne noise is transferred through the subframe bushings into the body and may be disturbing 

in city driving. Since the electric drive unit is suspended in a subframe with bushings there is a double 

isolation from the electric drive unit to body, see Figure 11, above the subframe rigid body modes but a 

higher sensitivity at these modes.  

Reducing the source strength is often the best way of dealing with a noise issue, and skewed rotor design of 

the electric motor is the first step. Full load acceleration is a typical load case to be used in vehicle system 

analysis for the electric motor torque ripple order. A finite element (FE) model can be used to calculate the 

interface forces into the body and the resulting interior noise levels. As this is a low frequency issue below 

200 Hz both the FE model and the bushing stiffness data should be reasonably accurate. In Figure 12 the 

calculated interior noise for XC90 Twin Engine is shown indicating a peak at 50 Hz. The succeeding transfer 

path analysis of the FE results showed that the main paths are the subframe bushings in vertical direction. 

At this frequency there was a force peak as well as a high vehicle body noise sensitivity. A modal analysis 

revealed a corresponding rear suspension mode with a roll motion of the subframe/electric drive unit  

 

Figure 12: TPA plot for interior noise at driver's ear, indicating subframe attachments in vertical direction 

as main transfer paths at 50 Hz peak [9]. 
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assembly, which could primarily be affected by the subframe bushing vertical stiffnesses. The effect of 

changes to the electric drive unit to the subframe bushing stiffnesses were investigated in the FE model and 

it was concluded that tuning the subframe bushings ±25% in vertical direction had a big effect on the 50 Hz 

peak. On the other hand, tuning the ERAD bushings ±25% had the expected effect above 90 Hz of 

increasing/decreasing the noise level but the 50 Hz peak was not affected and around 70 Hz the stiffer 

bushing was better, see Figure 13. 

 

 

Figure 13: Effect on interior noise at the driver's ear from modified stiffnesses of either subframe or 

electric drive unit bushings [9]. 

In the early stage these analyses must be performed using only CAE data since there is no vehicle hardware 

available, later on both force levels and transfer functions can be measured and used for further analyses. 

Then, a TPA analysis was performed to further investigate the dominant transfer paths and directions as 

well as investigating the effect of having different body transfer functions. 

4 Methods for high frequency structure borne noise - blocked force 
approach. 

Interior high frequency noise, which can be perceived as annoying, originating from the electric powertrain 

can be structure borne [8]. The development of noise abatement strategies features significant challenges as 

the problem frequency range can be well above the capability range for vehicle system models based on 

finite element technology. Other approaches needs to be developed. For requirement setting of the source 

level (electric drive unit) an independent quantification is desirable. In essence there are two independent 

test methods to select – the free velocity and the blocked force. More information about the blocked force 

method can be found in [10]. 

In the final phase of the development of the XC90 plug-in hybrid, transmission of structure borne gear whine 

originating from the reduction transmission was examined. The reduction transmission is part of the rear 

electric drive unit mounted via four rubber mounts to the subframe which in turn is isolated by four rubber 

mounts to the body, see Figure 14.  

In order to get a robust acoustic average at the interior response position ten microphones were clustered 

around the ear position see Figure 11. Two interfaces were analysed – 1) the blocked force points were 

chosen in the vicinity of the active side of each of the four electric drive unit mounts and 2) the blocked 

force points were allocated on the subframe close to each of the four bushes connecting to the body. 

In Figure 15 and Figure 16 the comparison between the measured (original) interior noise and the 

reconstructed noise as well as body side acceleration from blocked forces and coupled state transfer 
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Figure 14: Schematic top view of the suspension of the XC90 rear electric drive unit (ERAD). Indicator 

points used for determining the blocked forces are spread out over the receiver – the subframe and body 

while blocked force points were allocated to the connection are [9]. 

functions are shown for the electric drive unit and the subframe interface respectively. Here it needs to be 

emphasized that, in the process of inverting matrices consisting of test data where several DOFs are 

included, the numerical properties play a significant role in the success of the reconstruction. 

 

Figure 15: Measured (red, solid) and reconstructed response (black, dashed denotes no truncation and 

blue, dotted denotes truncated) from main gearbox order, rear seat outer ear position sound pressure level 

(left) and car body lateral acceleration (right),  electric drive unit interface [9]. 

 

Figure 16: Measured (red, solid) and reconstructed response (black, dashed denotes no truncation and 

blue, dotted denotes truncated) from main gearbox order, rear seat outer ear position sound pressure level 

(left) and car body lateral acceleration (right), subframe interface [9]. 
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The sound pressure from the TPA synthesis considering the electric drive unit only as source is 

overestimated, see Figure 15. However, the synthesized body acceleration aligns well with the measured 

data indicating that the estimated forces are accurate. As seen in Figure 16 the reconstructed sound pressure 

from the subframe interface aligns better with the measured data, especially in the case where truncation of 

the FRF matrix was applied. 

5 Conclusions 

This paper covers aspects of the methodology related to the NVH development of electric, hybrid or pure 

battery electric vehicles. Specifically, the need of up-front cross functional systems engineering should be 

applied in order to gain sufficient knowledge to direct design solutions. Development examples of low 

frequency torque ripple, gear whine and airborne noise from motor orders have been discussed.  

The contributions from electric motors, inverters and transmission reducers need to be targeted and analysed 

with respect to the vehicle integration through synthesis models covering both measured and FE-modelled 

data as with any other noise-emitting sources in vehicles. There are several specific noise phenomena that 

need to be taken into account during pure electric drive.  

Starting from the complete vehicle level, tonal components in the high frequency domain do not contribute 

to any positive perception and should be suppressed. Prominence ratio was used as a metric to set the interior 

noise requirements. Depending on the amount of tonal components, frequency separation and occurring 

frequencies, other metrics may be used such as TNR, tonality, loudness and sharpness [11,12]. Nevertheless, 

component targets for tolerable radiated sound power can be derived from complete vehicle requirements 

in combination with estimates of the acoustic transfer functions between source and response positions.  

For structure borne noise, application of the principles of blocked forces are practically beneficial for both 

TPA and prediction. In this paper, a TPA based upon blocked forces concerning gear whine from the reducer 

in the frequency range 500-1400 Hz was performed. Robust data acquisition of the noise transfer functions 

for this double-isolated system was perhaps the most crucial.  
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Abstract 

In the field of vibration qualification testing, random excitations are typically set as input in terms of a 

PSD profile. The physical motion at the shaker head is obtained through the application of the Inverse 

Fourier Transform in combination with randomized phases. The overall probability distribution of the 

input signal tends toward Gaussian, whereas distinctive peaks are often present in real-life random 

excitations, causing the probability distribution to be non-Gaussian. The parameter known as kurtosis is 

usually exploited to quantify the feature of non-Gaussianity. Several methods have been proposed to 

control kurtosis, still maintaining the desired PSD profile, in order to synthesize more realistic signals. 

However, kurtosis control implemented by some of these methods may be ineffective. In fact, in some 

cases, the response of a lightly damped system can prove closer to Gaussian than the applied excitation. 

This work presents two novel algorithms to effectively control kurtosis in random vibration tests are. 

1 Introduction 

In several applications, some components are subjected to mechanical vibrations which may lead to a 

premature failure due to fatigue phenomena. To ensure that they operate properly during their service life, 

in many industrial sectors (e.g. Automotive and Aerospace Engineering) the use of qualification tests 

tailored in accordance with the application and/or components to be analyzed (Test Tailoring) has been 

consolidated over the years. This is usually preferred to Standards that propose generic test procedures and 

are excessively strict in general (e.g. MIL STD 810F, GAM EG13). The Test Tailoring procedure requires 

an appropriate definition of vibratory test profiles (Mission Synthesis) to be used as the excitation of the 

device under test (DUT). The synthesis of such profiles requires measuring signals in real environments 

and then reproducing their most important characteristics in laboratory tests, where the actual motion is 

generated by vibrating tables or shakers. The vibration measures of real-life applications are typically not 

replicated “as is” because their stochasticity would be lost. The conventional Mission Synthesis 

procedures implemented so far [1], provide the synthesis of a test profile in terms of Power Spectral 

Density (𝑃𝑆𝐷). The physical motion is obtained by applying the Inverse Fast Fourier Transform (IFFT) in 

combination with randomized IFFT phases. As a consequence, the overall probability distribution of the 

input signal tends toward Gaussian. Such a kind of synthesis might be unfit to completely represent the 

real environment signal taken as reference in the case the latter is non-Gaussian. Consequently, the test 

reliability could be compromised since the “nature” of the real signal is not preserved (despite preserving 

the spectral content). Typical examples of non-Gaussian signals observed in real applications are the so-

called Leptokurtic signals, where high amplitude peaks are present (for instance due to micro-collisions) 

which originate a non-Gaussian probability distribution. A dimensionless parameter called kurtosis is 

often employed to represent concisely the number and severity of the signal peaks. For Gaussian signals 

the value of kurtosis is equal to 3, while it takes higher values for Leptokurtic signals [2]. 

A common reference is made to “kurtosis control” whenever it is required that the reference and the 

synthesized signals have not only the same 𝑃𝑆𝐷 but also the same kurtosis value. The additional control of 

kurtosis is aimed at shaker simulations better representing non-Gaussian excitations with the presence of 
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high peaks occurring in real-life applications. The control of the kurtosis value in the synthesis of random 

vibrations is a non-trivial task. In fact, a reformulation of the “Central Limit Theorem” [3] in the field of 

mechanical vibrations, better known as “Papoulis’ Rule” [4, 5], states that the response of a lightly-

damped linear system to a non-Gaussian signal tends to present a Gaussian probability distribution if 

certain conditions are met. As a result, even though the excitation presents high peaks and is characterized 

by a high kurtosis, the response may not present significant peaks and a lower kurtosis value can thus 

characterize the signal. In such cases, it is sometimes stated that the kurtosis is not transferred from the 

input to the output response (i.e. the peaks are filtered out).Several kurtosis control algorithms have been 

proposed in the literature (e.g. [5-8]) but not all of them prove to be effective in transferring the kurtosis 

value of the input signal to the response of the DUT. 

In this work, two algorithms for kurtosis control are proposed, which effectively generate time histories 

with prescribed kurtosis value and 𝑃𝑆𝐷, avoiding the problems associated with the Papoulis’ Rule. 

2 Theoretical Background  

In the field of random vibration testing, a test specification is typically given in the form of a 𝑃𝑆𝐷 that is 

processed by the shaker controller via the IFFT technique to construct a time history.  

As random time histories are required in the tests, the IFFT is performed by selecting the phases of the 

harmonics as uniformly distributed random variables in the interval [0,2𝜋[, whereas the amplitude 𝐴𝑛 of 

the nth harmonic is related to the nth  𝑃𝑆𝐷 element 𝐺𝑛 via the following equation: 

 

 𝐴𝑛 = √2 𝐺𝑛 ∆𝑓  (1) 

 

where ∆𝑓 is the frequency resolution of the 𝑃𝑆𝐷 spectrum. The time histories generated in such a way are 

always characterized by a distribution of their values close to Gaussian. 

The statistical parameter known as kurtosis, is defined as the 4th statistical central moment of a signal, 

normalized by the 4th power of its standard deviation. For Gaussian signals the theoretical value of 

kurtosis is 3.0. 

In practical applications, the theoretical definition is replaced by its discretized variant, namely: 

 

 𝑘 =
1

𝑁𝜎4
∑ (𝑥𝑛 − �̅�)4𝑁−1

𝑛=0   (2) 

 

 𝜎 =
1

𝑁
∑ (𝑥𝑛 − �̅�)2𝑁−1

𝑛=0   (3) 

 

 �̅� =
1

𝑁
∑ 𝑥𝑛

𝑁−1
𝑛=0    (4) 

 

where 𝑘, 𝜎 and �̅� are the kurtosis, the standard deviation, and the mean value of the signal, respectively, 

𝑥𝑛 its nth sample, and 𝑁 its total number of samples. 

The time-series can be thought of as a multi-frequency signal with a large number of harmonics 𝑁ℎ, 

namely: 

 

 𝑥𝑛 = ∑ 𝐴𝑘𝑐𝑜𝑠 (2𝜋 𝑛 𝑘 
∆𝑓

𝐹𝑠
 + 𝜑𝑘)

𝑁ℎ−1
𝑘=0 = �̅� + ∑ 𝐴𝑘𝑐𝑜𝑠 (2𝜋 𝑛 𝑘 

∆𝑓

𝐹𝑠
 + 𝜑𝑘)

𝑁ℎ−1
𝑘=1   (5) 

where 𝐹𝑠 is the sampling frequency, 𝜑𝑘 the kth harmonic phase and 𝑁ℎ is related to the number of samples 

𝑁 by the relation: 
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 𝑁ℎ = {
 
𝑁+1

2
    𝑖𝑓 𝑁 𝑜𝑑𝑑

       
𝑁

2
+ 1      𝑖𝑓 𝑁 𝑒𝑣𝑒𝑛

  (6) 

 

If Eq.(5) is inserted into Eqs.(2)–(4), kurtosis can be expressed in terms of the amplitudes and phases of 

the signal. In order to simplify the resulting expression, Eqs.(2)–(5) can be proposed in the integral form, 

namely:  

 𝑘 =
1

𝑇𝜎4 ∫ (𝑥(𝑡) − �̅�)4𝑇

0
𝑑𝑡   (7) 
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1

𝑇
∫ (𝑥(𝑡) − �̅�)2𝑇

0
𝑑𝑡   (8) 

 

 �̅� =
1

𝑇
∫ 𝑥(𝑡)

𝑇

0
𝑑𝑡   (9) 

 

 𝑥(𝑡) = ∑ 𝐴𝑘𝑐𝑜𝑠(2𝜋 𝑡 𝑘 ∆𝑓 + 𝜑𝑘)𝑁ℎ−1
𝑘=0 = �̅� + ∑ 𝐴𝑘𝑐𝑜𝑠(2𝜋 𝑡 𝑘 ∆𝑓 + 𝜑𝑘)𝑁ℎ−1

𝑘=1     (10) 

 

Introducing Eq.(10) in Eqs.(7) and (8), 𝑘 and 𝜎 can be rewritten as [9]: 
 

𝑘 =
1

 𝜎4
( ∑

1

2
𝐴𝑛𝐴𝑘𝐴𝑙𝐴𝑚cos(𝜑𝑛 + 𝜑𝑘 + 𝜑𝑙 − 𝜑𝑚)                                       (11)    
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 𝜎 =  √
1

2
∑ 𝐴𝑛

2
𝑛     (12) 

 

The formula in Eq.(11) can be written equivalently in the following form [6, 9, 10]: 
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In Eqs.(11) and (13) the sums are performed only for those quartets of indices that satisfy the relations 

written under the summation symbols. The kurtosis of a certain signal thus depends on both the 

amplitudes and the phases of its harmonics. 
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Since the 𝑃𝑆𝐷 depends only on the amplitudes as in Eq.(1), kurtosis can be achieved by manipulating the 

phases without affecting the spectral content of the signal. The Analytical Phase Selection (𝐴𝑃𝑆) method 

was described by Steinwolf [6] and can be used for kurtosis control purposes without the limitations 

associated with the Papoulis’ Rule if the natural frequency of the DUT is known [11]. On the contrary, if 

the latter is unknown the test risks suffering from the Papoulis’ Rule [9], hence the response of the system 

could tend to Gaussian. 

A different kurtosis control method described in literature is the Polynomial Transformation, which 

consists in generating a Gaussian signal 𝑥(𝑡) with the prescribed 𝑃𝑆𝐷 first and then applying a 

transformation of the form: 

 𝑦(𝑡) = 𝛼1𝑥(𝑡) + 𝛼3𝑥(𝑡)3  (14) 

 

in order to obtain a Leptokurtic signal, with the coefficients 𝛼1 and 𝛼3 being functions of the target 

kurtosis value [6]. The transformation in Eq.4 presents two disadvantages: (i) the 𝑃𝑆𝐷 of the signal is 

affected by an unwanted disturbance and (ii) Papoulis’ Rule is very likely to occur, thus causing the peaks 

present in the input signal to be filtered out and leading the response to Gaussianity. 

Another approach consists in modulating a Gaussian signal 𝑥(𝑡) having the desired 𝑃𝑆𝐷 with an 

appropriate function 𝑤(𝑡) as in the following equation: 

 𝑦(𝑡) = 𝑤(𝑡)𝑥(𝑡)  (15) 

 

in order to obtain a Leptokurtic signal with a desired kurtosis value [12, 13]. This method is effective in 

transferring the kurtosis value to the response of the DUT if the signal bursts of the modulating signal 

have greater duration than the inverse of the bandwidth of the lightly-damped system [12]. The carrier 

waveform 𝑤(𝑡) introduces low frequency components in the spectrum of 𝑦(𝑡) compared to that of 𝑥(𝑡), 

albeit negligible if 𝑤(𝑡) is properly designed.  

3 Multi-Level Variance (MLV) algorithm 

The aim of the algorithms hereinafter presented is to synthesize a vibratory profile whose kurtosis and 

𝑃𝑆𝐷 match the reference input ones. 

The first algorithm named “Multi-Level Variance” (𝑀𝐿𝑉), considers the signal to be synthesized as 

divided into 𝑛𝑏 blocks of the same duration 𝑇𝑏 (no overlap). The generated blocks have different standard 

deviation, which is suggestive of a modulation procedure, although no modulating function is explicitly 

used. The different levels of variance 𝜎𝑖
2 (𝑖 = 1,… , 𝑛𝑏) are produced in such a way that the synthesized 

signal is compliant with the kurtosis and 𝑃𝑆𝐷 constraints as it will be shown in the following. In general, 

the 𝑃𝑆𝐷 of a signal is computed by calculating the Fast Fourier Transform (FFT) over small-sized blocks 

and squaring their magnitude in order to obtain the so-called periodograms and then averaging the 

periodograms. More specifically, the periodogram could be thought of as some sort of 𝑃𝑆𝐷 computed only 

for the generic block of the signal. Therefore, instead of using the word “periodogram”, reference will be 

made hereinafter to the 𝑃𝑆𝐷 of a certain block of the signal. 

In the algorithm, the 𝑃𝑆𝐷 𝑮𝒊 of the ith block of the signal is imposed to be scaled with respect to the 𝑃𝑆𝐷 

𝑮 of the reference signal: 

 𝑮𝒊 =
𝜎𝑖

2

𝜎𝑡𝑜𝑡
2 𝑮,          𝑖 = 1,… , 𝑛𝑏  (16) 

 

In Eq.(16) 𝜎𝑡𝑜𝑡 is the standard deviation of the overall signal, whereas 𝜎𝑖 is the standard deviation of the 

ith block. It is to be highlighted that the 𝜎𝑖 parameters are the unknowns, whereas 𝜎𝑡𝑜𝑡
2 can be calculated 

from either the reference signal using Eq.(3) or from the reference 𝑃𝑆𝐷: 
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 𝜎𝑡𝑜𝑡
2 = ∫ 𝐺(𝑓)𝑑𝑓

∞

0
  (17) 

 

where 𝐺(𝑓) is the 𝑃𝑆𝐷 of a continuous reference signal. However, since the processed signal is discrete in 

practice, the 𝑃𝑆𝐷 is also discrete and the theoretical computation of Eq.(17) must be discretized. 

The unknown parameters 𝜎𝑖 are also related to the overall variance 𝜎𝑡𝑜𝑡
2 via the relation [9]: 

 

 𝜎𝑡𝑜𝑡
2 =

1

𝑛𝑏
∑ 𝜎𝑖

2𝑛𝑏
𝑖=1   (18) 

 

From Eqs.(16) and (18) the following relation must hold: 

 

 𝑮 =
1

𝑛𝑏
∑ 𝑮𝒊 

𝑛𝑏
𝑖=1   (19) 

 

Since the 𝑃𝑆𝐷 𝑮 is computed by averaging the 𝑃𝑆𝐷 of the blocks, Eq.(19) is automatically satisfied. 

Hence, the constraint on the 𝑃𝑆𝐷 spectrum is respected if 𝑛𝑏 coefficients 𝜎𝑖 (𝜎𝑖 > 0) that comply with 

Eq.(18) are found. 

In addition to Eqs.(18) and (19), there is also a relation between the kurtosis values of the overall signal, 

𝑘𝑡𝑜𝑡, and of the single blocks, 𝑘𝑖 [9]: 

 

 𝑘𝑡𝑜𝑡 =
∑ 𝑘𝑖∙𝜎𝑖

4𝑛𝑏
𝑖=1

𝑛𝑏∙𝜎𝑡𝑜𝑡
4   (20) 

 

The first step of the algorithm is to randomly generate the 𝜎𝑖 values: such that 𝜎𝑖 ∈ [𝜎𝑚𝑖𝑛, 𝜎𝑚𝑎𝑥] and  

𝜎𝑚𝑖𝑛 < 𝜎𝑡𝑜𝑡 < 𝜎𝑚𝑎𝑥. The ratio 𝑟𝜎 =
𝜎𝑚𝑖𝑛

𝜎𝑡𝑜𝑡
∈ ]0,1[ must be selected by the user as an input for the 

algorithm: the closer to 0 the more the variance of the synthesized signal will vary in time, whereas the 

opposite is true if closer to 1. The parameter 𝜎𝑚𝑎𝑥 is not selectable by the user because it is adjusted 

throughout the algorithm iterations in order to approach the target kurtosis within a certain tolerance. 

The user can also choose the parameter 𝑛𝑝 = 0,… , 𝑛𝑏 intended to set the number of “bursts” of high 

amplitude excursion of the synthesized signal. The algorithm generates 𝑛𝑝 blocks with a standard 

deviation equal to 𝜎𝑚𝑎𝑥, which is greater than that of the other blocks.  

The kurtosis 𝑘𝑖 and variance 𝜎𝑖
2 of the blocks are calculated via Eqs.(2)–(4) only on the first iteration, 

whereas the discrete signal 𝑥𝑛 is obtained by IFFT of the 𝑃𝑆𝐷 of the single blocks with randomly 

generated phases and then by concatenating the blocks. 

A random integer 𝑠, representing a single block, is then automatically generated in the interval [1, 𝑛𝑏]. 

After the 𝜎𝑖 levels are generated (𝑖 = 1,… , 𝑛𝑏 , 𝑖 ≠ 𝑠), the standard deviation and kurtosis of the randomly 

selected sth  block are calculated via the following relations, which stem from Eqs.(18) and (20): 

 

 𝜎𝑠 = √𝑛𝑏𝜎𝑡𝑜𝑡
2 − ∑ 𝜎𝑖

2𝑛𝑏
𝑖=1
𝑖≠𝑠

    (21) 

 

 𝑘𝑠 =

𝑛𝑏𝑘𝑡𝑜𝑡𝜎𝑡𝑜𝑡
4−∑ 𝑘𝑖𝜎𝑖

4𝑛𝑏
𝑖=1
𝑖≠𝑠

𝜎𝑠
4     (22) 

 

Eqs.(21) and (22) are used in order to verify if the prescribed 𝑃𝑆𝐷 and target kurtosis can be achieved: 

indeed 𝜎𝑠 is required to be greater than zero and 𝑘𝑠 greater than a lower threshold (the lower theoretical 

limit of kurtosis being 1) and less than an upper threshold. The upper threshold should not be set 
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excessively high so as to generate unrealistic peaks in the sth block exceeding by far the amplitude of 

those of the other blocks. Afterwards, in order to obtain the 𝑘𝑠 given by Eq.(22), the harmonics phases of 

the sth block are adjusted by means of a phase manipulation procedure. With a very few iterations, where 

the parameter 𝜎𝑚𝑎𝑥 is changed in order to converge towards the target kurtosis value, Eqs.(21) and (22) 

are usually satisfied. 

The final step of the algorithm is to smooth the signal at the edges of the blocks (by means of special 

windows), in order to avoid unrealistic discontinuities among them. 

In conclusion, the user has to insert:  

 the reference input signal or, alternatively, reference 𝑃𝑆𝐷 and kurtosis value; 

 the parameter 𝑇𝑏; 

 the ratio 𝑟𝜎; 

 the number of bursts 𝑛𝑝; 

 the duration 𝑇 of the signal to be synthesized; 

 the sampling frequency of the synthesized signal (usually the same as the reference signal, thus it 

may not be required to be an input). 

4 Variable Spectral Density (VSD) algorithm 

The algorithm hereinafter called “Variable Spectral Density” (𝑉𝑆𝐷) splits the signal to be synthesized into 

𝑛𝑏 blocks of the same duration 𝑇𝑏, as the previous algorithm. The major difference is that the 𝑃𝑆𝐷 𝑮𝒊 of 

the ith block is randomly generated. 

Let the 𝑃𝑆𝐷 matrix [ 𝐺′𝑖𝑗 ] be defined as: 

 [𝐺𝑖𝑗
′ ] = [

𝐺1 𝐺1 ⋯ 𝐺1

⋮ ⋮ ⋱ ⋮
𝐺𝑁ℎ

𝐺𝑁ℎ ⋯ 𝐺𝑁ℎ

]    (23) 

 

 where Nh is the number of harmonics/PSD points. 

This matrix has 𝑁ℎ rows and 𝑛𝑏 columns, with the jth column being the 𝑃𝑆𝐷 vector of the jth block of the 

reference signal (𝑗 = 1,… , 𝑛𝑏). Eq.(23), where all the columns have the same elements (harmonic 

amplitudes), refers implicitly to a signal having a stationary 𝑃𝑆𝐷. On the other hand, the 𝑃𝑆𝐷 matrix 

[ 𝐺′′𝑖𝑗 ] corresponding to the signal synthesized through the 𝑀𝐿𝑉 algorithm has the following form: 

 

 [𝐺𝑖𝑗
′′] =

[
 
 
 
 (

𝜎1

𝜎𝑡𝑜𝑡
)
2

𝐺1 (
𝜎2

𝜎𝑡𝑜𝑡
)
2
𝐺1 ⋯ (

𝜎𝑛𝑏

𝜎𝑡𝑜𝑡
)
2
𝐺1

⋮ ⋮ ⋱ ⋮

(
𝜎1

𝜎𝑡𝑜𝑡
)
2

𝐺𝑁ℎ
(

𝜎2

𝜎𝑡𝑜𝑡
)
2
𝐺𝑁ℎ

⋯ (
𝜎𝑛𝑏

𝜎𝑡𝑜𝑡
)
2
𝐺𝑁ℎ]

 
 
 
 

    (24) 

 

Both the matrices in Eqs.(23) and (24) satisfy Eq.(19) that may be rewritten in this case, in conformity 

with the notation used in this section, as: 

 

 ∑ 𝐺𝑖𝑗
𝑛𝑏
𝑗=1 =  𝐺𝑖  𝑛𝑏          𝑖 = 1,… , Nh  (25) 

 

The 𝑉𝑆𝐷 algorithm synthesizes a signal with a 𝑃𝑆𝐷 variable over time, corresponding to a 𝑃𝑆𝐷 matrix 

having the most general form: 
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 [𝐺𝑖𝑗
′′′] = [

𝐺11 𝐺12 ⋯ 𝐺1𝑛𝑏

⋮ ⋮ ⋱ ⋮
𝐺𝑁ℎ1 𝐺𝑁ℎ2 ⋯ 𝐺𝑁ℎ𝑛𝑏

]      (26) 

 

where the elements must comply with Eq.(25). 

The matrix in Eq.(26) is useful to generate signals whose 𝑃𝑆𝐷 varies over time. 

To understand the method, a few steps are necessary to illustrate how the generic form matrix of Eq.(26) 

can be derived from Eqs.(23) and (25). Let us start with the matrix as shown in Eq.(23): if, for instance, 

the ith row is taken and changed as follows (where 𝑝 ∈ [0,1] and 𝑙 is a positive integer such that (𝑙 ≤  𝑛𝑏): 

 

 

 

 [𝐺𝑖𝑗] =

[
 
 
 
 
𝐺1

⋮
𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝑝𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
[1 + (𝑙 − 1)(1 − 𝑝)]𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝑝𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝑝𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝐺𝑖

⋮
𝐺𝑁ℎ]

 
 
 
 

     (27) 

 

Eq.(25) is still respected if the terms of the type 𝑝𝐺𝑖 are 𝑙 − 1. If similar operations were done not only on 

the term 𝐺𝑖𝑗 but also on other terms and in a random manner then the 𝑃𝑆𝐷 of each block could be varied 

still preserving the overall 𝑃𝑆𝐷. 

The steps of the algorithm are the following: 

0) insert a reference input signal or, alternatively, reference 𝑃𝑆𝐷 and kurtosis value; 

1) set the duration 𝑇 and the sampling frequency 𝐹𝑠 of the signal to be synthesized; 

2) choose 𝑝 ∈ [0,1] (user’s choice), start from a certain 𝑇𝑏 (automatically set), and set 𝑖 = 1; 

3) start from the ith row and set 𝑠 = 0; 

4) choose a random element 𝑗 of that row; 

5) generate a positive random integer 𝑙 ≤ 𝑛𝑏 − 𝑠; 

6) set: 

𝐺𝑖𝑗 = [1 + (𝑙 − 1)(1 − 𝑝)]𝐺𝑖  and  𝑠 = 𝑠 + 𝑙 ; 

7) repeat 4 − 5 − 6  with a another value for 𝑗 (different from the values generated in the previous 

loops), and another value of 𝑙, until 𝑠 ≥ 𝑛𝑏 − 1; 

8) set  

𝐺𝑖𝑚 = 𝑝𝐺𝑖; 
with 𝑚 ranging over all the elements of the ith  row which have not been modified in point 6; 

9) if 𝑖 < 𝑁ℎ, set 𝑖 = 𝑖 + 1 and repeat from point 3, otherwise proceed to point 10; 

10) terminate if the kurtosis of the synthesized signal matches the target value (within a certain 

tolerance, to be preliminarily set), otherwise repeat from point 2 without changing 𝑝 but with a 

different 𝑇𝑏, automatically defined. Decreasing 𝑇𝑏 makes the kurtosis value increase and vice 

versa (this is how the algorithm converges towards target kurtosis). 

A limitation of the algorithm could be that the variation of the 𝑃𝑆𝐷 over time (i.e. over the blocks) is not 

controlled but randomly generated. 

As in the case of the 𝑀𝐿𝑉 algorithm, the last step is to smooth the signal at the edges of the blocks, in 

order to avoid unrealistic discontinuities. 

5 Simulation Results 

jth column 
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The two algorithms were tested starting from numerous reference input profiles. For the sake of brevity, 

only the results of two applications will be shown. Nevertheless, general considerations can be extended to 

generic cases. 

The starting reference signals, here denoted as RS100 and RS500, are field data sampled at 100 Hz and 

500 Hz, respectively, with durations of 600 and 288 seconds. Figure 1 reports their plots, whereas some 

statistical parameters are listed in Table 1, in particular: standard deviation, kurtosis, crest factor (i.e. the 

ratio between the peak value and the standard deviation). Both the reference signals prove to be 

Leptokurtic, i.e. their kurtosis is greater than 3.0 as numerous peaks and/or bursts are present in the time-

series. The kurtosis values of the responses of four single-degree-of-freedom systems with different 

natural frequencies and a damping coefficient of 2%, are also reported in Table 1 to check the sensitivity 

to the Papoulis’ Rule. The responses were obtained in terms of acceleration [𝑚/𝑠2], by implementing the 

well-known convolution between the impulse response of the system and the reference signal. 

  

(a) (b) 

Figure 1: Reference signals used in the two applications: a) RS100, b) RS500 

 

 RS100 RS500 

Std deviation [𝒎/𝒔𝟐] 0.125 71.0 

Kurtosis [-] 6.64 6.47 

Crest factor [-] 14.3 9.02 

Kurtosis of the response at 12 Hz [-] 5.54 13.8 

Kurtosis of the response at 24 Hz[-] 12.3 12.3 

Kurtosis of the response at 27 Hz [-] 5.32 10.4 

Kurtosis of the response at 35 Hz [-] 3.60 19.7 

Table 1: Statistical parameters of the reference signals RS100 and RS500 

 

The 𝑀𝐿𝑉 and 𝑉𝑆𝐷 algorithms are firstly applied to the reference signal RS100. The input parameters for 

the 𝑀𝐿𝑉 algorithm are: 

 duration of the synthesized signal 𝑇 = 600 𝑠 (the same as for the reference signal); 

 sampling frequency of the synthesized signal 𝐹𝑠 = 100 𝐻𝑧; 

  𝑟𝜎 = 0.5; 

 𝑇𝑏= 3 s   (𝑛𝑏 =
𝑇

𝑇𝑏
= 200); 

 number of bursts: 𝑛𝑝= 10; 

The input parameters for the 𝑉𝑆𝐷 algorithm are: 

 duration of the synthesized signal: T = 600 s 

 sampling frequency of the synthesized signal 𝐹𝑠 = 100 𝐻𝑧; 

 p=0.2. 
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By inspecting the plot, a dozen distinctive peaks can be approximately counted. As a consequence, the 

parameter related to the number of bursts was chosen equal to 10 for the 𝑀𝐿𝑉 algorithm. 

The parameter 𝑟𝜎 has been chosen equal to 0.5 to give a “moderate” amount of variability to the standard 

deviation over time. The signals synthesized by the two algorithms are reported in Fig.2 along with their 

𝑃𝑆𝐷s. The 𝑃𝑆𝐷 spectra plotted in Fig.2c were computed with a 50% overlap among the 𝑛𝑏 blocks and 

using a Hamming window. On the other hand, it should be noted that both the algorithms process the 

signals with 0% overlap and rectangular windows. 

The parameter 𝑝 of the 𝑉𝑆𝐷 algorithm has a similar meaning to the parameter 𝑟𝜎 of the 𝑀𝐿𝑉 algorithm. 

Nevertheless in order to give the same amount of variability requires to be set to a lower value.  

The statistical parameters of the synthesized signals are shown in Table 2.  

 

   (a) 

 

   (b) 

 

     (c) 

Figure 2: Synthesis results starting from the reference input profile RS100: a) signal synthesized by the 

MLV algorithm; b) signal synthesized by the VSD algorithm; c) PSDs comparison 

 MLV signal VSD signal 

Std deviation [𝒎/𝒔𝟐] 0.125 0.125 

Kurtosis [-] 6.50 6.62 

Crest factor [-] 8.32 6.85 

Kurtosis of the response at 12 Hz [-] 5.25 35.7 

Kurtosis of the response at 24 Hz[-] 6.48 18.6 

Kurtosis of the response at 27 Hz [-] 6.46 18.0 

Kurtosis of the response at 35 Hz [-] 6.46 25.8 

Table 2: Statistical parameters of the signals synthesized starting from the reference input profile RS100 
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The results of the MLV and VSD algorithms applied to the reference signal RS500 are now shown. The 

input parameters for the MLV algorithm are: 

 duration of the synthesized signal 𝑇 = 288 𝑠 (the same as for the reference signal); 

 sampling frequency of the synthesized signal 𝐹𝑠 = 500 𝐻𝑧; 

  𝑟𝜎 = 0.25; 

 𝑇𝑏= 2 s   (𝑛𝑏 =
𝑇

𝑇𝑏
= 144); 

 number of bursts: 𝑛𝑝= 20. 

The input parameters for the VSD algorithm are: 

 duration of the synthesized signal: T = 288 s 

 sampling frequency of the synthesized signal 𝐹𝑠 = 500 𝐻𝑧; 

 p=0.1. 

 

The parameter 𝑟𝜎 has been chosen equal to 0.25 to give a great amount of variability to the standard 

deviation over time since, as it can be observed in Fig.1b, the reference signal does not simply contain 

isolated peaks but also the variance varies to a greater extent than in the previous example. 
The signals synthesized by the algorithms are reported in Fig.3 along with their 𝑃𝑆𝐷𝑠. The 𝑃𝑆𝐷 spectra 

plotted in Fig.3c were computed with a 50% overlap among the 𝑛𝑏 blocks and using a Hamming window. 

The statistical parameters of the synthesized signals are shown in Table 3.  

 

       (a) 

 

   (b) 

 

     (c) 

Figure 3: Synthesis results starting from the reference input profile RS500: a) signal synthesized by the 

MLV algorithm; b) signal synthesized by the VSD algorithm; c) PSDs comparison 
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 MLV signal VSD signal 

Std deviation [𝒎/𝒔𝟐] 71.0 71.0 

Kurtosis [-] 6.50 6.40 

Crest factor [-] 7.24 8.00 

Kurtosis of the response at 12 Hz [-] 5.76 25.9 

Kurtosis of the response at 24 Hz[-] 6.01 22.6 

Kurtosis of the response at 27 Hz [-] 6.11 16.5 

Kurtosis of the response at 35 Hz [-] 6.80 17.7 

Table 3: Statistical parameters of the signals synthesized starting from the reference input profile RS500 

As it can be observed by comparing Tables 2 and 3, the kurtosis values of the responses to the signals 

synthesized by the 𝑀𝐿𝑉 algorithm are closer to the kurtosis of the reference input profile, whereas the 

kurtosis of the responses to the signals synthesized by the VSD algorithm take much larger values. These 

values highlight an important difference between the two algorithms: the 𝑉𝑆𝐷 algorithm can generate 

signals whose system response has a (much) higher kurtosis than the input one. This is the reason why the 

reference signal RS500 has been considered particularly significant to illustrate the special feature of the 

𝑉𝑆𝐷 algorithm. As it can be observed in Table 1, the kurtosis values of the four system responses are 

higher than that of the input excitation. This is due not only to the variation of the variance of the signal 

over time, but mainly to the variation of the 𝑃𝑆𝐷. The very high kurtosis values of the responses are due to 

a resonance effect: in particular, some blocks of the reference signals present a very sharp 𝑃𝑆𝐷 around the 

natural frequency of the system. This implies that in those blocks the signal is approximately a sinusoid 

with the same frequency, leading the system to resonate. Unlike the 𝑉𝑆𝐷 algorithm, the resonance effect 

does not occur by using the 𝑀𝐿𝑉 algorithm, because all the blocks of the signal have the same shape and a 

wide band (the same of the reference signal). 

6 Conclusion 

Two novel algorithms – named Multi-Level Variance (MLV) and Variable Spectral Density (VSD) – 

which synthesize vibration signals with prescribed 𝑃𝑆𝐷 and kurtosis value are proposed. The MLV 

algorithm varies the variance (𝑅𝑀𝑆/standard deviation) of the blocks constituting the signal, whereas the 

VSD algorithm varies the 𝑃𝑆𝐷 of the blocks. They both require as inputs: a reference vibratory profile  or, 

alternatively, a reference 𝑃𝑆𝐷 and a target kurtosis, the duration of the synthesized signal, a parameter 

which indicates the level of variation of the variance/𝑃𝑆𝐷 of the blocks. The MLV algorithm also requires 

to specify the duration of the blocks of the signal to be synthesized and the number of bursts of high 

amplitude excursion that the synthesized signal must present. 

The MLV algorithm is particularly suited to synthesize profiles able to transfer a value of kurtosis to the 

DUT response close to that of the input, whereas the VSD algorithm is particularly suited to synthesize 

profiles able to transfer a value of kurtosis to the output much higher than that of the input. To obtain the 

same output kurtosis with the two algorithms, the second one needs a lower crest factor, thus subjecting 

the shaker to less severe loads. The results in output kurtosis do not depend on the natural frequency of the 

DUT, unlike Analytical Phase Selection (APS) whose output kurtosis is close to 3 if the bandwidth of the 

controlled phases does not contain the natural frequency of the 𝐷𝑈𝑇. In fact, a proper selection of the 

algorithm parameters permits to preserve (for the MLV algorithm) or even increase (for the VSD 

algorithm) the kurtosis of the reference signal. Moreover, in order to guarantee the randomness of the 

synthesized signals, the MLV algorithm manages to manipulate the variance of the blocks among 𝑛𝑏 

levels, with 𝑛𝑏 being the number of the blocks that the signal is split into. It ensures that the overall 

kurtosis and PSD are satisfactorily close to the desired ones. Furthermore, since all the phases in the VSD 

algorithm and all the phases except for only one block in the MLV algorithm are randomly selected, the 

important characteristic of randomness in vibration tests is preserved and each synthesis run gives rise to 

different signals, even if the same input parameters are used. 

ACTIVE VIBRATION CONTROL 39



In terms of speed, both the algorithms could be implemented in such a way that the required 

computational time is not burdensome: long signals can be synthesized in a few seconds. 

Future works are planned to investigate the possibility of using synthesized Leptokurtic signals to carry 

out accelerated durability tests.  
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Abstract
The acoustic coupling between the acoustic operator and a Transport operator, the latter applied as boundary
condition, is numerically investigated in this paper. A transport equation, involving both the normal and the
tangential derivative of the acoustic variable (pressure), is applied on the upper side of an acoustic waveg-
uide. This boundary condition can be reproduced experimentally by a distributed impedance control of an
active liner. In this paper, we numerically demonstrate the reciprocity breaking for acoustic wave propaga-
tion, caused by such boundary condition. Furthermore, several analyses are carried out in order to assess
the stability conditions of the acoustic system, coupling the acoustic wave propagation domain (where the
D’Alambert operator applies) and the transport operator on the boundary.

1 Introduction

In order to reduce the airborne sound transmission in a generic duct, its surfaces can be lined with materi-
als realizing specific surface impedance conditions. Classical examples are passive absorbers whose main
working principle is the viscous dissipation. The performances of this dissipative liners are poor at lower
frequencies, the actual limit being governed by the cross-sectional dimensions of the duct, liner thickness and
absorption properties of the lining material [1]. Opposite to the passive philosophy, is the Active Noise Con-
trol (ANC), developed after the rapid development of modern digital computers. The ANC techniques are
based upon the destructive interference produced by actively controlled secondary sources with the capacity
both to reflect and absorb sound [2]. Also in the realm of Control techniques, lies the concept of Acoustic
Impedance Control. While the ANC strategies (both local and global) act directly on the acoustical medium
by using secondary sources, the Impedance Control methodology instead tends to adjust the Impedance at
the boundary interfaces for inducing suitable sound diffusion. This methodology has been developed after
conceiving the loudspeaker as an electroacoustic absorber, as firstly done by Olson and May [2]. A suitable
combination of both active and passive methods allows to achieve a compromise between dimensions, weight
and efficiency over a wide frequency range. The idea is to get a sound pressure as low as possible behind
a passive surface, by using the active control system and the Darcy’s law. In this way, the device, which is
then equivalent to a quarter wavelength absorber, can improve the low-frequency absorption of a thin sample
of porous material. This idea was first proposed by Olson and May [2] and then experimentally investigated
by Guicking and Lorentz [3]. The classical approaches used by many authors studying the implementation
of active acoustic impedance based on Guicking’s work, such as Galland et al. [4] for example, are based on
the knowledge of the so-called optimal complex impedance, which they tend to implement experimentally
using hybrid parietal ANC systems. Their purpose is to locally control a boundary interface to follow the
pre-established frequency-dependent complex impedance. The proposed solutions for impedance optimiza-
tion ([4] and [5]) lead to theoretical frequency-dependent impedances Z(jω) guaranteeing efficient sound
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absorption depending on the disturbances, boundary conditions, speed of sound, frequency band, structural
interfaces, and geometry. These dependencies prohibit broad frequency band applications and good effi-
cency is restricted to a specific configuration. As already said, the optimally designed impedance ([4] and
[5]) appears as a frequency dependent function Z(jω), linking acoustic pressure and velocity. While its ex-
perimental implementation allows to control these parietal quantities by using only the corresponding time
operator, it appears very interesting to introduce also a wave number dependency (that is a space operator)
so that Z = Z(jω, jk) in order to improve efficiency and versatility [6]. This interest has brought about
the design of a Generalized Distributed acoustic impedance Z = Z(jω, jk). An impedance operator for
total absorption of acoustic waves in 2D has been mathematically derived in [6], but this complex operator
involves space and time pseudodifferential terms that prevent any possible experimental implementation as it
would require an infinitely large data storage. Therefore, a first order operator has been conceived, designed
and experimented in Collet et al. ([7] and [8]), which could be realistically implemented.
The generalized impedance proposed in [7] is an advection equation, where the normal acceleration at the
boundary is function of both the tangential and time derivative of pressure, see Equation (1) and Figure 1.
∀t ∈ R, and all (x, y) ∈ ∂Ω1

−ρ∂vz
∂t

=
∂p

∂x
− 1

ca

∂p

∂t
(1)

In Equation (1), vz is the outward normal velocity at the boundary, x is the longitudinal direction of the duct,
ca is a parameter to be defined, corresponding to the celerity coefficient of the transport equation.
The objective of this contribution is specifically to assess the stability of the acoustic domain bounded on
one side by the transport equation (1). This will be done through different analyses. First, a semi-infinite
2D acoustic domain (x, z) ∈ (−∞,∞)x(−∞, 0] (see Figure 1) will be considered, as in [7]. The analytical
results of non-reciprocity, obtained already in [7] for a semi-infinite 2D acoustic domain, are reproposed
with some additional remarks. In particular, it is pointed out the condition in which the control behaves as an
active source, inputting energy in the acoustic domain. Then, the wave propagation in an infinite waveguide
will be analyzed, and the non-reciprocity of plane wave mode demonstrated. In addition, we will show that
the "active behaviour" of the control found in Section 2 will result to be a condition of possible instability in
the propagation of duct modes. Finally, the cavity modes in an enclosed finite duct will be analyzed and the
time stability correlated to the condition of "active" behaviour of the controlled boundary.

2 Semi-infinite acoustic domain analysis

Collet et al. ([7] and [8]), showed how the boundary condition (1) in a semi-infinite 2D acoustic domain
(x, z) ⊂ (−∞,∞)x(−∞, 0] (see Figure 1), allows wave propagation only in the x<0 direction for certain
values of the celerity coefficient ca.

∇2p =
1

c20

∂2p

∂t2
in x ∈ (−∞,∞) z ∈ (−∞, 0) (2)

n̂ · ~∇p =
∂p

∂x
− 1

ca

∂p

∂t
on z = 0 (3)

In Equation (3), the normal acceleration has been substituted by the normal pressure gradient, according to
linearized momentum equation n̂ · ∇p = −ρ∂vn∂t .
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Figure 1: Semi-infinite domain bounded on one side by our Transport Equation.

The problem analyzed in [7] is described by Equations (2) and (3). If we consider the stationary regime, the
above problem can also be considered as a frequency dependent eigenvalue problem, with eigenfunctions
being the waves and eigenvalues being the wave numbers along the x and z directions. Indeed, as the domain
is not bounded on the lower side, there will not be standing waves, but just travelling waves generated by the
transport equation.

The results as reported in [7], in terms of wavenumbers, for ca < c0 and ca > c0, are reported in Figure 2
and 3 respectively.

(a) Wavenumber k1 components for ca < c0. (b) Wavenumber k2 components for ca < c0.

Figure 2: Wavenumbers for ca < c0 in the semi-infinite domain bounded on the upper side by the transport
boundary condition.

(a) Wavenumber k1 components for ca > c0. (b) Wavenumber k2 components for ca > c0.

Figure 3: Wavenumbers for ca > c0 in the semi-infinite domain bounded on the upper side by the transport
boundary condition.
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In this simplified system of a semi-infinite domain bounded on the upper side by the transport boundary
condition (3), we have some important information on the effect of the transport boundary condition over the
acoustic domain. From Figure 2 we can see that for ca < c0, ~k1 and ~k2 are directed toward the boundary itself
(which is situated upward). If we consider the boundary as an interface between the acoustic domain and a
fictitious transport domain where the equation (3) holds, the wave solutions found by imposing the boundary
condition (3) on the interface between these two domains, are solutions for both the acoustic domain and the
fictitious transport domain. In this perspective, in the case of ca < c0 both waves are transmitted from the
acoustic domain to the fictitious domain (as they are directed toward the boundary), whereas for ca > c0 one
wave (relative to ~k2) is transmitted from the fictitious domain to the acoustic domain (see Figure 3b).
This means that, for ca > c0 the transport boundary condition will behave as an active boundary. In a real
application of the boundary condition (3) in a duct, the case of ca > c0 may lead to unstable duct modes.

3 Infinite waveguide analysis

The acoustic domain is now bounded on both the upper and lower sides.
Karkar et al. [9], in the 1D approximation of the waveguide (i.e. in the hypothesis of only plane waves
propagating in the lined duct), demonstrated how the Transport Equation (1) reproduces an acoustic "diode"
effect, blocking the plane wave propagation in the x > 0 direction. We will here demonstrate the breaking
of reciprocity in the real case of a 3D waveguide.
We will consider a duct with rectangular cross section, as depicted in Figure 4. The dimensions of the rect-
angular cross section of the duct are as follows:

dy = 0.15 m Dimension along y axis, normal to the rigid walls
dz = 0.30 m Dimension along z axis, normal to the active liners

The attenuation of sound waves propagated through an infinite transmission line (as a duct) of uniform cross
section, can be evaluated by knowing the wave number (in both its real and imaginary parts) along the main
direction of propagation (the longitudinal axis of the duct).

3.1 Outline of the problem

The calculation of the wave number along the x-direction is achieved by solving a frequency dependent
eigenvalue problem, in terms of duct modes (i.e. the distribution of pressure along the cross section of the
duct) as the eigenfunctions, and wave numbers along x as the corresponding eigenvalues. The mathematical
formulation of the eigenproblem, in the frequency domain, is reported in Equations (4) (refer to Figure 4).

[
∇2 +

ω2

c20

]
p(y, z, ω) = k2x p(y, z, ω) in S

[
n̂ · ~∇− j ω

ca

]
p(y, z, ω) = jkx p(y, z, ω) on BS1

n̂ · ~∇p(y, z, ω) = 0 on BS2, BS3, BS4

(4)
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Figure 4: Infinite waveguide bounded on the upper side by our transport equation. The lateral sides are
considered as rigid.

The wave number kx will define an attenuation or an amplification of the amplitude of the corresponding
duct modes (see Figure 5). In particular, the sign of the group velocity (or its inverse ∂Realkx

∂ω ), will determine
the direction of propagation of the corresponding duct mode, and the sign of the imaginary part of kx will
determine the attenuation property. In the assumption for wave function e−jωt+jkxx assumed here, if the two
quantities ∂Realkx

∂ω and Imag(kx) keep the same sign, then the duct mode will propagate into the waveguide
without increasing its amplitude, and we will say that the wave propagation is stable. Therefore we can state
a wave stibility criteria:

∂Real(kx)

∂ω
Imag(kx) > 0 (5)

Figure 5: Duct modes propagation properties, according to the group velocity (∂Rekx∂ω ), and the imaginary
part of kx. It is based on the assumption e−jωt+jkxx.

The eigenproblem of Equation (4) is solved numerically, with Finite Elements. It is a frequency dependent
eigenproblem, with non-homogeneous boundary condition (given by the transport equation). Furthermore
the eigenvalue kx itself is in the boundary transport equation. This asks for a delicate numerical treatment of
the problem, as this special boundary condition must be integrated directly in a weak formulation. We will
briefly summarize the steps to get to the weak formulation of the system of equations (4).
By multiplying the first of equations in (4) by a test function p̃ and integrating by part over the bidimensional
domain S (cross section of the duct), we get:
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∫

S
∇2p p̃ dS + (

ω2

c20
− k2x)

∫

S
p p̃ dS =

=−
∫

S

~∇p · ~∇p̃ dS +

∫

BS
n̂ · ~∇p p̃ dBS + (

ω2

c20
− k2x)

∫

S
p p̃ dS = 0

(6)

In Equation 6, the integration by parts (also called Kelvin-Stokes theorem, which in 2D becomes the Green
theorem) has been applied, and the differential order of the problem has been reduced by one.
In order to implement the boundary conditions reported in Equations (4), the normal derivative of pressure in
the last term of Equation (6) will be substituted by the right side of the robin B.C. (on BS1) and by zero on
BS2, BS3 and BS4. Finally, we arrive at the expression of the weak formulation of the system of equations
(4):

(
ω2

c20
− k2x)

∫

S
p p̃ dS −

∫

S
∇p · ∇p̃ dS + j(kx +

ω

ca
)

∫

BS1

p p̃ dBS1 = 0 (7)

We can now apply the Finite Element method to solve the above eigenvalue problem written in its weak form.

3.2 Results

In order to find the conditions under which the wave propagation of the duct modes is stable, the eigenvalue
problem of Equation (7) has been solved for different values of the parameter ca. In this paper the results
obtained for ca = 0.9c0, ca = c0 and ca = 1.01c0 are reported.

Figure 6 shows the dispersion curves for the case of ca = c0. We can notice the solution corresponding to the
plane wave mode propagating with a wavenumber kx = −ω/c0, therefore towards the negative x-direction.
The plane wave mode propagating toward x > 0 instead is not an eigensolution, demonstrating that the
reciprocity of plane wave propagation is broken. The other dispersion curves correspond to higher order
duct modes, travelling both in the positive and negative x-direction. From Figure 6 we can see that all the
higher order modes propagate since the lowest frequencies (as the real part of kx is different from 0 even
at frequencies close to 0). Nevertheless, from Figure 7, we notice that the higher order modes are always
attenuated, with an attenuation which progressively decreases as frequency increases.
We must report the numerical difficulty of the eigenvalue solver in following the same dispersion curve when
varying frequency, which causes the typical numerical mode crossing phenomenon.

In Figure 8 the variation of ∂Real(kx)
∂ω Imag(kx) with ω is plotted, in order to verify the wave propagation

stability criteria (see Figure 5). The numerical mode crossing we mentioned above, is the responsible of
some single negative values of ∂Real(kx)∂ω Imag(kx) in Figure 8, as during the "mode crossing" the derivative
∂Real(kx)

∂ω will be discontinous. By excluding these "spurious" values, we can assess that the wave prop-
agation in a waveguide, bounded on the upper side by our transport equation (3), is stable as the product
∂Real(kx)

∂ω Imag(kx) is always positive or equal to 0.

In order to investigate the wave propagation stability when varying the value of ca around the value of c0, the
same calculations have been repeated for ca = 0.9c0 and ca = 1.01c0. In Figure 9 the case of ca = 1.01c0
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Figure 6: Numerical dispersion curves for duct modes, in the case of upper side of the duct bounded by
the transport equation (3), with ca = c0. The continuous line in red, is relative to kx = −ω/c0, and it
corresponds to the back-propagating plane wave mode.

is considered. It is evident that the plane wave mode presents values of ∂Real(kx)∂ω Imag(kx) which are lower
than 0. Same thing happens at higher frequencies for higher order modes propagating toward the negative
x-direction.
Figure 10 instead, corresponding to the case of ca = 0.9c0, shows that the product between the inverse of
group velocity and the imaginary part of kx is always positive. We can therefore affirm that the value of
ca = c0 is an upper limit for the wave propagation stability in a waveguide bounded on the upper side by our
transport equation (3).

4 Time stability of cavity modes in a finite waveguide.

The system is now a duct of finite longitudinal length, L = 1.3m, see Figure 11.
According to the assumption:

p(x, y, z, t) = p(x, y, z)e−λt (8)

The eigenproblem writes:
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Figure 7: Imaginary part of kx versus ω, in the case of upper side of the duct bounded by the transport
equation (3), with ca = c0.

∇2p(x, y, z) =
λ2

c20
p(x, y, z) in Ω

n̂ · ~∇p(x, y, z) = − λ
ca
p(x, y, z) on BΩ1

n̂ · ~∇p(x, y, z) = 0 on BΩ2, BΩ3, BΩ4, BΩ5 and BΩ6

(9)

The lateral sides and the input and output sections of the duct are considered as rigid (any reactive boundary
condition is allowed as long as there is no damping added into the system, which would modify its stability
conditions).
The real part of λ will give us the indication on stability (if Real(λ) > 0 ⇒ the system is stable, if
Real(λ) < 0⇒ the system is unstable), depending upon the artificial celerity coefficient ca.

In Figure 12 the mode which becomes unstable as soon as ca overcomes c0 is shown. The evolution of the
Real(λ) with ca is shown in Figure 13.
In order to further check the convergence for the unstable eigensolution, the eigenvalue relative to cavity
mode of Figure 12 for ca = 1.1c0 has been followed by varying the mesh of the FE model (see Figure 14).
From Figure 14, we can affirm that the eigenvalue of the unstable cavity mode for ca = 1.1c0, converges as
the mesh gets refined.

5 Conclusions

In Section 3, we have numerically demonstrated the breaking of acoustic propagation reciprocity in a 3D
infinite waveguide bounded on one side by our generalized impedance (1).
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Figure 8: Plot of ∂Real(kx)∂ω Imag(kx), versus ω in the case of upper side of the duct bounded by the transport
equation (3), with ca = c0. The numerical crossing between different eigensolutions, brings about the
presence of some spurious negative values which should not be taken into account.

Moreover we have found out that for ca > c0 the transport boundary condition applied on an acoustic domain
will introduce energy into the system (see Section 2), determining unstable wave propagation of duct modes
(see Section 3) as well as time instability of cavity modes (see Section 4). On the other hand, for values of
ca < c0 we are sure that the transport boundary condition will not introduce any instability into the system.
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Figure 9: Plot of ∂Real(kx)∂ω Imag(kx), versus ω in the case of upper side of the duct bounded by the transport
equation (3), with ca = 1.01c0.
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Figure 10: Plot of ∂Real(kx)∂ω Imag(kx), versus ω in the case of upper side of the duct bounded by the transport
equation (3), with ca = 0.9c0. The numerical crossing between different eigensolutions, brings about the
presence of some spurious negative values which should not be taken into account.

Figure 11: Finite waveguide with Transport Boundary condition applied on the upper side of the duct. The
lateral sides, the input and the output sections of the duct, are considered as rigid.
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(a) First unstable cavity mode for ca = 1.1c0. (b) First unstable cavity mode for ca = c0.

Figure 12: First cavity mode becoming unstable for as soon as soon as ca becomes bigger than c0.

Figure 13: Root locus of the eigenvalue λ, relative to the mode of Figure 12 from ca = 1.5c0 to ca = c0.

Figure 14: Unstable eigenvalue corresponding to the cavity mode of Figure 12, for ca = 1.1c0, at different
mesh sizes.
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Abstract
Keeping aircraft interior noise on an acceptable level is important in modern aircraft design. There is a
trade-off in the achievable transmission loss of aircraft and the additional weight of the insulation provision,
especially at low frequencies. The present work focuses on narrow banded noise sources due to the rotational
speed of rotors. So-called smart linings, augmented with actuators and sensors shall reduce the transmitted
noise by feedforward control. Their feasibility to reduce noise at frequencies below 500 Hz (excited by a
loudspeaker array) has already been tested successfully at DLR on test panels and in a fully equipped test
aircraft on ground. This paper is a discussion of the recent activities to simplify the control strategies in
a way that they can be implemented on small embedded systems with limited performance. In the future,
such microprocessor units enable the integration of the actuators, sensors and control algorithms directly into
smart lining modules, having a positive effect on maintainability and weight footprint of the smart panels.

1 Introduction

A major goal in modern aircraft design is the suppression of disturbing noise in the cabin. One promising
way to reduce low frequency content is the use of active control. Different strategies have been successfully
implemented in the past. The so-called active noise cancellation (ANC) uses loudspeakers to reduce the inte-
rior sound pressure by emitting anti-sound or by alternating the radiation impedance (see [1] for early results
with loudspeakers and microphones in different configurations). Focusing on blade passage frequencies of
around 88 Hz, reductions of 13 dB sound pressure level (SPL) have been achieved. Substituting loudspeak-
ers by shakers or piezoelectric patch actuators in combination with the structure itself, the second major
approach of active structural acoustic control (ASAC) can be used. Early results with respect to aircraft are
given in [2]. In that work, a model aircraft fuselage (downscaled unstiffened aluminium cylinder) is mounted
in an anechoic chamber and excited by a monopole sound source. A strong reduction of interior SPL was
achieved, using as actuator one properly tuned attached mini-shaker. In this paper, a related approach for
active interior noise reduction using active trim panels (linings) instead of actuated fuselage structures is
investigated. In the past, experimental work of Lyle and Silcox [3] and by Tran and Mathur [4] reported
unsatisfactory performance of such systems, which might be the reason, that this method has not gained
much attention by researchers. In the former work, active linings are coupled to a stiffened fuselage barrel
(3.66 m long with a diameter of 1.68 m) made of filament-wound graphite-epoxy composite, stiffened with
frames and stringers and equipped with a plywood floor. As linings, generic sandwich structures extending
from floor to floor are used. The external excitation of the fuselage barrel was realized by a loudspeaker,
sealed with end caps to prevent secondary transmission pathes. The whole setup was embedded in an ane-
choic chamber. Augmenting the outer surface of the linings by piezoelectric patch actuators, a global SPL
reduction of up to 5 dB has been documented. In view of the promising results given by Fuller and Jones [2],
this was considered unsatisfactory. One explanation of the limited performance of the active linings was
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Figure 1: Schematic of the experimental setup showing the main signals and systems.

related to the different coupling of the primary excitation and the active linings into the cavity modes. In
the latter work of Tran and Mathur, full-scale experiments in a McDonnell Douglas DC-9 aircraft on ground
are described. As control actuators, 16 piezoelectric patches have been attached to the linings (aft section)
and 32 microphones placed at the headrests and in the aisle served as sensors. Basically only one frequency
out of eight have been reduced, which is not competitive to equivalent loudspeaker based ANC systems and
systems with actuators on the fuselage being implemented on the same aircraft (see [4], figure 4). In conclu-
sion, the unsatisfactory performance of the active linings is explained by the unsuitable structural dynamics
of the linings, the sub-optimal actuator positions and the flanking paths. As there is no further elaboration on
these possible explanations, it remains unclear, which factors are most important for the limited performance
and how these limitations could be overcome. The results are very important as reference, because a real
aircraft is used in the experiments with realistic structural and acoustic damping (compare also with Lyle and
Silcox [3]).

In a recent publication of the lead author of this presentation [8], the noise reduction performance of active
linings has been investigated in a full-scale experiment based on a Dornier Do728 aircraft. Mean SPL
reductions of up to 6.8 dB are reported and in the controlled area, maximum SPL reductions of up to 11.3
dB have been achieved. In this work, the aircraft is substituted by a fuselage panel, which is mounted in
a sound transmission loss facility. The aim here is to better characterize the active system in a controlled
laboratory environment. A serial production Airbus A350 lining coupled to a carbon-fibre reinforced plastic
(CFRP) fuselage panel with two windows was used, allowing mean SPL reductions of up to 12 dB in the
anechoic room in front of the lining. A special focus of this paper is given by the control algorithm (based
on Johansson [7]) and its properties to be implementable on low cost microcontroller hardware.

2 Experimental setup

The principle experimental setup is shown in figure 1. A loudspeaker array (LSA) located in the reverberation
room induces the external excitation onto the primary structure (F) being a testrig of a typical aircraft fuselage
segment. The active lining (L), mounted on the fuselage segment in the semi-anechoic room radiates the
transmitted sound. These parts will be described in more detail in the following subsections. The real

56 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 2: Excitation in reverberation room (left) and cabin side in anechoic chamber (right).

experimental setup is shown in figure 2. Three pairs of laboratory and low-cost microphones are installed
at the head rest positions of the three seats in front of the lining (cp. figure 2). The signals of the three
low-cost microphones are fed to the TI Delfino microcontroller unit (MCU) of the type TMS320F2837xD.
These signals are A/D-converted, processed, D/A-converted and finally fed to the amplifiers (not shown)
controlling the two inertial force exciters of the type Visaton EX 45 S. As can be seen in figure 2 (right), the
exciters are applied at positions on the lining skin fields below the window units. The collocated laboratory
microphones of the type PCB T130D21 are used for the performance evaluation of the smart lining. More
details on the signal processing and the implemented control algorithm are provided in section 3.

2.1 Excitation

Currently, most aircraft are jet-driven because fuel is cheap and jet engines still have potential for improve-
ments. Rotor engines are energy-efficient and might become more important in the future. One major draw-
back of rotor engines like counter-rotating open rotors (CROR) is the high sound radiation of the engines.
The excitation generated by typical rotor engines of aircraft consist mainly of tonal frequencies, which are
multiple of the rotational speed with respect to the number of rotor blades. These tonal frequencies induce
high acoustic loads on the fuselage being transmitted into the cabin. Simulation results for a generic counter-
rotating open rotor (CROR) engine suggest that the strongest excitation occurs in the frequency range of
100–500 Hz [6]. Therefore, the investigated active noise reduction system is designed for this frequency
range, which contains the first five CROR frequencies: 119.4 Hz, 149.2 Hz, 268.6 Hz, 388 Hz and 417.9 Hz.
The synthesis of the calculated pressure distribution on the fuselage is done with a LSA and a sound field re-
construction (SFR) method. As shown in figure 2 (left), the LSA is placed in front of the fuselage. The mean
distance between the loudspeaker plane and the fuselage panel is approx. 0.14 m. The LSA has 14 rows
with eight loudspeakers each. In total, there are 112 loudspeakers, which can be individually controlled to
facilitate the SFR. More information on the calculation and the synthesis of the CROR pressure field can be
found in [6].

2.2 Primary structure

The primary structure is defined together with DIEHL Aviation and Airbus. The main goal is the derivation
of a CFRP fuselage panel that approximates the vibro-acoustic properties representative for an Airbus A350
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Figure 3: CFRP fuselage panel with three zones of increasing skin thickness (left) and Airbus A350 side
panel coupled to fuselage with secondary thermo-acoustic isolation in blue (right). The primary isolation is
suppressed in this view.

aircraft. The CFRP panel has the dimensions 1690 mm x 1300 mm (direction: frame x stringer) and a radius
of 2980 mm. The skin is made of unidirectional (UD) CFRP tapes with different thicknesses in the areas 1, 2
and 3 (cp. figure 3). The skin is thinnest in area 1 and thickest in area 3. The fuselage has two windows with
15 mm thick plexiglass window panes and two 12 mm thick aluminum window frames. The window frames
are glued to the CFRP skin. The stringers and frames are made of aluminum in a L- and T-shape geometry.
The spacing of the stringers is 200 mm and the spacing of the frames is 635 mm. The primary structure is
mounted in the test opening of the transmission loss facility by means of four shock mounts located near the
corners of the panel. Each shock mount is connected to the outer frame on one side and to the embrasure
of the test stand on the other side. A small air gap between the four panel edges and the test opening is
sealed with flexible tape. This kind of mounting leads to a dynamic decoupling in the frequency range of
interest. The lining itself is mounted to the primary structure at 9 positions near the frames or the windows
(cp. figure 3). The secondary structure is a serial production sidewall panel from DIEHL Aviation for the
Airbus A350 series. It has 9 structural holders which are connected to the counterparts on the fuselage. The
lining is equipped with a thermo-acoustic isolation bag applied at the backside. Prior to the mounting of the
lining a primary thermo-acoustic isolation is applied to the fuselage. A sectional view of the coupled system
without primary isolation is shown in figure 3.

2.3 Active lining

Each smart lining is equipped with two inertial force actuators of the type Visaton EX 45 S. This type of
actuator has a maximum rms power of 10 W and a mass of 0.06 kg. The number and positions of the
actuators are not optimized. It is known from preliminary tests that – because of the relatively high structural
damping of the double panel system – the modal behavior is weakly pronounced. Therefore, it is considered
appropriate to position the actuators in a straightforward manner. The positions can be seen in figure 2. In
order to ensure sufficient control authority, the structural vibration of the lining and the SPL at the seats
induced by the loudspeaker array are compared to the values generated by the actuators. A more elaborate
actuator placement based on genetic optimization is described in [5]. A simple approach is also followed
with regard to the error microphones. Each head rest is equipped with one microphone (cp. figure 2). The
control system configuration described here, uses three electret microphones with preamplifier unit of the
type MAX 4466 as error sensors. The error sensor signals are processed by the TI Delfino microcontroller
unit (MCU) of the type TMS320F2837xD and fed to the actuators via the amplifier. A cheap and small
class D stereo audio amplifier can be used to drive the actuators. Before the integration of these components
into the smart lining, the microphones have to be replaced by a number of structural sensors and a suitable
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observer filter. This task is not part of the research work described here.

3 Control algorithm

In view of manageable and mostly autonomous units, it is desirable to integrate the control hardware in the
active panel substructures. To additionally minimize the overall costs, the use of cheap and small microcon-
troller boards is of high interest. In figure 4, the choosen hardware, a TMS320F2837xD board from Texas
Instruments, is shown. It consists of two 32 bit CPUs with 200 MHz clock frequency and has four sixteen
bit analog digital converters (ADC) and three twelve bit digital analog converters (DAC). To enable quick
changes in the algorithm, the use of the simulation environment MATLAB/SIMULINK is convenient. A suit-
able toolbox is available to compile and run the control algorithms via USB connection on the evaluation
board. The underlying overhead using this toolbox can be avoided by coding the algorithms directly in the
C language, but this was not necessary yet.

The control algorithm itself is adopted from Johansson et al. [7]. It is based on a complex filtered-x LMS
algorithm, which realizes a narrowband multiple-reference feedforward controller. We have R complex
reference signals xr(n) (the engine drives including their harmonics at angular frequency ωr, r = 1, . . . , R),
A actuators and S sensors. n denotes the sample number in the discrete time domain. The system dynamics
are described by R complex matrices Fr, each of dimension S × A. These matrices can be obtained from
the measured frequency response functions at the given frequencies. Johansson describes a method to keep
the reference signals in sync with the engines using suitable filters based on fast fourier transformations
(FFT). For simplicity, in our implementation the reference signals are completely software generated and
the phase drifts are also adapted by the LMS algorithm with only minor degradation in performance, if
the frequencies ωr are suitable stable. With this algorithm each actuator is individually controlled by one
adaptive complex FIR filter weight per frequency. This permits a very efficient implementation even in the
case of close frequencies (beating), which might arise if the rotors are not perfectly synchronized. Hence,
each smart lining uses A · R = 2 · 5 = 10 adaptive complex filter weight to control the five frequencies.
There areR complex weight vectors wr(n) of dimensionA×1 as parameters for the finite impulse response
(FIR) filter of the x-LMS algorithm. The square J(n) = |e(n)|2 of the error signal vector

e(n) = d(n) +
R∑

r=1

<{Fryr(n)} = d(n) +
R∑

r=1

<{Frwr(n)xr(n)} , with yr = wrxr, (1)

should be minimized by the filtered-x LMS algorithm. Here d(n) denotes the external disturbances, which
has the same dimension S × 1 as the error vector e(n). The adaptation of the weight vectors

wr(n+ 1) = wr(n)−Mr
∂J(n)

∂wr
. (2)

is done using some damped Newton type method or a scaled steepest descend direction in the simplest case,
depending on the choice of the scaling matrix Mr of dimension A×A. The gradient is simply

∂J(n)

∂wr
= 2xr(n)Fr

He(n). (3)

Here (·)H denotes the conjugate transpose. The Newton-like algorithm needs a fully populated matrix

Mr = µ0
(
ρrFr

HFr

)−1
, with ρr = E{|xr(n)|2}. (4)

To avoid the costly matrix multiplication in equation (2), a diagonally dominant approximation

Mr = µ0
(
ρrdiag

(
Fr

HFr

))−1
(5)
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Figure 4: Evaluation board with low-cost microcontroller unit TI Delfino TMS320F2837xD (left) and exciter
Visaton EX 45 S and electret microphone with preamplifier unit MAX 4466 (right).
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Figure 5: Mean SPL with de-activated (passive) and activated smart lining (active) (left) and SPL reductions
achieved by the active system at the five CROR frequencies measured at the head rests (right).

of Mr is choosen, according to equation (8) of [7]. Stability of the algorithm can be expected for positive
values µ0 smaller then one (though not guaranteed). In fact only substantially smaller values µ0 ≈ 0.001
provided convergence. One reason could be the strong coupling of the actuators to the sensors and the
corresponding weak approximation of Mr by a diagonal matrix. In further studies, equation (4) will be used
to investigate this hypothesis and as a result possibly increasing the performance.

4 Results

The acoustic performance of the smart lining with low-cost hardware is shown in figure 5. The main reduc-
tion occurs at the first blade-passing frequency 119.4 Hz. There, the mean SPL reduction amounts to 23 dB
and the maximum SPL reduction measured at microphone 2 is 25 dB. It is shown in Misol [8] that in a real
aircraft cabin, the SPL drops about 10 dB from the window to the aisle seat. Therefore, it was expected that
the SPL reduction is largest at microphone 1 and smallest at microphone 3. This, however, is not the case
because the results show mean SPL reductions of 8.3 dB at microphone 1, 12.2 dB at microphone 2 and 5.1
dB at microphone 3. This effect is also visible in the right hand part of figure 5 that shows the SPL reduc-
tions measured by the three microphones at the CROR frequencies. Although the smart lining processes the
signals of the low-cost microphones, the results are based on the laboratory microphone signals.
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5 Conclusion and Outlook

In this work, an active feedforward control system for a serial production Airbus A350 lining coupled to a
CFRP fuselage panel with two windows has been discussed. The experimental setup is realized in a sound
transmission loss facility with an semi-anechoic room on the cabin side. The chosen control algorithm is
described and successfully realized on a low-cost microcontroller unit allowing tonal reductions up to 23
dB mean SPL and reductions up to 12 dB mean SPL for the energetic sum of all five frequencies. Further
investigations will be done to enhance robustness by advanced choices of the feedforward adaptation gain
factors. Ongoing research aims at the replacement of microphones by a number of structural sensors and the
integration of the smart lining components suitable for production.
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Abstract
This paper presents a design methodology for a piezoelectric vibration absorber able to damp multiple non-
linear resonances. The design of multimodal linear piezoelectric absorbers is first reviewed. Next, based on
the dynamics of the structure to which linear absorbers are attached, the design is extended to the nonlinear
regime. The methodology is inspired from a principle of similarity: if a nonlinearity of one type is present
in the host structure, the same type of nonlinearity is used in the absorbers. An explicit semi-analytical ex-
pression of the nonlinear coefficients in the absorber is obtained thanks to a first-order harmonic balance and
a straightforward series expansion. Numerical examples are analysed to demonstrate the efficiency of the
proposed approach.

1 Introduction

Owing to stringent requirements on performance, low-emission regulations and increasing price of energy,
mechanical structures in the aerospace industry are becoming more lightweight, which makes them prone
to experience high-amplitude vibrations. These structures can be subjected to broadband or multiharmonic
forcing excitations. For sufficiently high forcing amplitudes, the induced motion can trigger nonlinearities
such as geometric nonlinearities, contact or friction in bolted connections.

Among the existing possibilities for vibration mitigation, the piezoelectric vibration absorber appears as an
attractive option: it does not include additional moving parts, the absorption system can be localised away
from the points where the vibratory amplitude is critical and it eases the implementation of semi-active
control. The first use of a piezoelectric vibration absorber is attributed to Forward [1]. Hagood and von
Flotow [2] later provided design rules for piezoelectric shunts. Ever since that pioneering work, there has
been a growing body of literature on the subject.

Real-life structures exhibit multiple resonances. If the excitation spectrum is not localised around a specific
frequency, several modes can be excited simultaneously. Edberg et al [3] first proposed a two-mode shunt
circuit connected to a single piezoelectric patch to damp simultaneously two structural modes. Hollkamp [4]
later generalised it to any number of modes. The circuit of Hollkamp is unfortunately not easy to tune. Wu [5]
proposed a multimodal current blocking shunt circuit with an associated design methodology. Despite its
efficiency, the number of required electrical components grows quadratically with respect to the number of
mode to be controlled. It makes the use of this circuit impractical for a large number of modes. Behrens et
al [6] proposed a simplified multimodal current flowing shunt circuit, requiring one RLC branch per mode
to be damped. Interestingly, another approach involving the connection of a mechanical structure to its
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electrical analogue through multiple piezoelectric patches can serve the same purpose, as done by Lossouarn
et al [7].

A linear absorber is detuned when nonlinearities arise due to high forcing amplitudes, and its performance
might be substantially reduced. Through the intentional and adequate use of nonlinearities in the absorber,
this detrimental effect can be significantly mitigated. Habib and Kerschen [8] showed that the design of a
general nonlinear vibration absorber can be guided by a principle of similarity. This principle states that
the mathematical form of the nonlinearity in the absorber should be identical to that of the primary struc-
ture. The range of forcing amplitudes in which the absorber is efficient can therefore be extended. Soltani
and Kerschen [9] applied successfully this principle to a single-mode piezoelectric absorber, the nonlinear
piezoelectric tuned vibration absorber (NPTVA), which was later experimentally realised by Lossouarn et
al [10].

This paper brings together the multimodal and nonlinear aspects and proposes a multimodal nonlinear piezo-
electric vibration absorber for the mitigation of multiple nonlinear resonances of mechanical systems using
a single piezoelectric transducer. Nonlinearities are located in a shunt circuit with multiple branches, each
tuned to a specific resonance frequency. The electrical nonlinearities are implemented using nonlinear ca-
pacitors. Their mathematical form is chosen thanks to a principle of similarity. An explicit expression of the
nonlinear coefficients is obtained with a first-order harmonic balance method followed by a series expansion.
The resulting absorber is able to effectively damp several nonlinear resonances.

2 Linear piezoelectric vibration absorber

This section briefly reviews the concepts of single-mode and multi-mode piezoelectric vibration absorbers.
The linear absorbers are designed independently of the nonlinearities in the primary structure, and serve as a
baseline for the design of nonlinear absorbers.

2.1 Single-mode piezoelectric vibration absorber

The purpose of a single-mode vibration absorber is to mitigate the vibration of its host structure. In Figure
1(a), the host structure is represented by a modal spring k and a modal massm. The classical resonant shunt,
as studied by Hagood and von Flotow [2], consists in connecting an series RL circuit to the electrodes of a
piezoelectric material (in this case a piezoelectric stack) as shown in Figure 1(b). The piezoelectric material
is a transducer, and is represented by both a mechanical and an electrical model. Mechanically, it behaves
as a spring kp,oc (the stiffness of the piezoelectric element when its electrodes are open-circuited) in parallel
with a force source fp proportional to the charge in the piezoelectric element (Figure 1(a)). Electrically, it
may be represented as a voltage source Vp proportional to the strain in the piezoelectric material in series
with a capacitor Cε

p (the capacitance of the piezoelectric material at constant strain). By connecting an
inductor L and a resistor R to the electrodes of the piezoelectric material, a resonant RLC circuit is therefore
created (Figure 1(b)). The tuning of the inductance and resistance is made according to the objectives at
stake. The most common objectives include the minimisation of the H∞ norm of the receptance [11] or the
maximisation of modal damping [2].

2.2 Multimodal piezoelectric vibration absorber

One of the interesting features of the piezoelectric vibration absorber is that it can simultaneously mitigate
the vibration of several modes of different frequencies if properly designed. Among the proposed approaches
in the literature, one of the simplest is the current flowing shunt circuit proposed by Behrens et al [6]. This
circuit is depicted in Figure 2. It consists in N resonant RLC branches, each tuned to a specific mode. It can
resonate at N different frequencies, providing the possibility for multimodal shunt damping with a single
piezoelectric transducer.
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Figure 2: Current flowing shunt circuit.

The tuning methodology for this circuit relies on a model such as the one developed in the next subsection,
and is therefore postponed to Subsection 2.4.

2.3 Model of a piezoelectric structure

A model of coupled second-order ordinary differential equations of the coupled electromechanical system is
now derived. This model is necessary for the design of the absorbers, as discussed in the next subsection. The
dynamics of the piezoelectric structure is governed by the following linear ordinary differential equations

Msẍs + Csẋs + Ksxs = fs + fp, (1)

in which Ms, Cs and Ks are the structural mass, damping and stiffness matrices (including the mechanical
characteristics of the piezoelectric material), respectively, xs is the vector of generalised degrees of freedom,
fs is the vector of generalised loading and fp represents the generalised loading generated by the force source
in the piezoelectric element. If Qp is the charge in the piezoelectric material, this loading is given by

fp = θpBpQp, (2)

where Bp is an influence vector [12] and θp is a piezoelectric coupling coefficient. Since all the branches of
the current flowing circuit are in parallel, they are subjected to the same voltage difference V . Then, if qi is
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the electrical charge in the ith branch,

Liq̈i +Riq̇i +
1

Ci
qi = Vi = V, ∀i ∈ [1, ..., N ], (3)

where Li, Ri and Ci respectively are the inductance, resistance and capacitance of the ith branch of the
current flowing circuit represented in Figure 2. The voltage difference V is also the voltage across the
electrodes of the piezoelectric material. It is given by the strain-driven voltage source of the piezoelectric
material Vp, minus the voltage drop across the piezoelectric capacitance VCε

p
.

V = Vp − VCε
p

= θpB
T
p xs −

1

Cε
p

Qp (4)

The superscript T denotes a transposition. Charge conservation imposes the following equality

Qp =

N∑

i=1

qi. (5)

Combining Equations (3), (4) and (5) and introducing the vector of electric charges xe = [q1, ..., qN ]T yields

Meẍe + Ceẋe + Kexe = θp1N×1BT
p xs = Θxs, (6)

in which Me, Ce and Ke are the electrical mass, damping and stiffness matrices, respectively, given by

Me = diag([L1, ..., LN ]), (7)

Ce = diag([R1, ..., RN ]), (8)

Ke = diag

([
1

C1
, ...,

1

CN

])
+

1

Cε
p

1N×N , (9)

1m×n is a matrix of size m× n filled with ones and Θ is an electromechanical coupling matrix. Eventually,
a system of coupled electromechanical equations is obtained by combining Equations (1), (2) and (6).

[
Ms 0
0 Me

] [
ẍs

ẍe

]
+

[
Cs 0
0 Ce

] [
ẋs

ẋe

]
+

[
Ks −ΘT

−Θ Ke

] [
xs

xe

]
=

[
fs
0

]
. (10)

Equation (10) may be written in a more compact form

Mẍ + Cẋ + Kx = f , (11)

with xT = [xT
s , xT

e ].
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2.4 Design of the electrical circuit

In the current flowing circuit proposed by Behrens et al [6], one of the electrical elements of each branch
can be chosen arbitrarily. In that paper, the choice of the filter capacitances is arbitrary, the tuning of the
inductances of the current flowing circuit is straightforward, and the tuning of the resistances requires an
optimisation algorithm as the one proposed by Fleming et al [13]. However, no explanation was given on the
impact of the choice of the filter capacitances. The effect of placing a parallel capacitance across the terminals
of the piezoelectric material was shown to influence the damping performance of a single-mode shunt circuit
by Fleming et al [14]. The subsequent work of Cigada et al [15] highlighted the influence of the filter
capacitances in the case of the current flowing circuit. They showed that a higher filter capacitance enables a
better control capability on the mode it is associated to. Unfortunately, increasing the filter capacitance also
increases the coupling between the different branches of the circuit. It was shown that the tuning rule of [6]
started to fail as the filter capacitances were increased because of this increased coupling. An optimisation
algorithm was also proposed in that paper to tune the inductances so as to set the resonance frequencies of
the circuit properly.

In this paper, the choice of the filter capacitance is made beforehand, and a two-step optimisation algorithm
is used to tune the remaining electrical parameters. First, following the proposition of Cigada et al [15],
the inductances are tuned so that the undamped electrical circuit (the circuit without resistors) has the de-
sired resonance frequencies. In the case of multimodal shunt damping, these resonance frequencies should
match these of the structural modes that have to be damped. Then, the resistances are computed using the
optimisation algorithm proposed in [13].

For the first step of the algorithm, the cost function is defined as

f(L1, ..., LN ) =

N∑

i=1

(ω2
e,i − ω2

s,i)
2, (12)

where ωe,i is the ith resonance frequency of the electrical circuit and ωs,i is its targeted value. Since the
square of ωe,i are the eigenvalues of the matrix M−1

e Ke, their sensitivity to the inductance Lj can be com-
puted analytically (Van der Aa et al [16]) as

∂ω2
e,i

∂Lj
= −Φ−1e M−1

e

∂Me

∂Lj
M−1

e KeΦe, (13)

where Φe is the matrix of right eigenvectors of M−1
e Ke. The sensitivity of the cost function is then

∂f

∂Lj
= 2

N∑

i=1

(ω2
e,i − ω2

s,i)
∂ω2

e,i

∂Lj
. (14)

With this formulation, an unconstrained optimisation algorithm can readily be used. Once the resonance
frequencies of the undamped electrical circuit are tuned, the second step of the algorithm consists in tuning
the resistances values with the algorithm proposed in [13]. This algorithm is based on a state-space model
of the whole structure and aims at minimising the H2 norm of the receptance. With the model proposed in
Subsection 2.3, the state-space matrices Ã and B̃ can be readily built:

Ã =

[
0 I

−M−1K −M−1C

]
, B̃ =

[
0

M−1f

]
. (15)

The state-space matrix C̃ is chosen according to the choice of the degree of freedom at which the H2 norm
of the transfer function has to be minimised. The three state-space matrices can then be used in the algorithm
of [13].
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Another objective for the choice of the resistances could have been the optimisation of the H∞ norm of the
receptance, yielding the so-called equal-peak design. This kind of optimisation is often harder to accomplish
than the H2 optimisation and is beyond the scope of this paper. Nevertheless, the H2 optimisation algorithm
can provide nearly-equal peaks and is not that far from the H∞ optimum.

3 Nonlinear piezoelectric vibration absorber

Real-life structures often depart from their ideal linear behaviour as the forcing amplitude increases. The
inherent nonlinearities in the primary structure might have undesirable effects on the performance of the
absorbers. Using nonlinearities in the absorbers as well can benefit their performance. This section proposes
a design methodology for these nonlinear absorbers. It is assumed that the linear absorbers have already
been tuned.

3.1 A principle of similarity

In [8], the authors showed that an intentional and adequate use of nonlinearities in a vibration absorber
coupled to a nonlinear structure could substantially improve its performance. The nonlinearities have to be
chosen according to a principle of similarity: they should have the same mathematical form as those of the
primary structure.
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R1
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Znl,2

C2

R2

L2

Znl,N

CN

RN
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Figure 3: Nonlinear current flowing shunt circuit.

Figure 3 depicts the general arrangement of a nonlinear current flowing circuit. Essentially nonlinear
impedances are considered to reflect the effect of the nonlinearities in the primary structure. Their arbi-
trary placement is guided by the behaviour of the linear current flowing circuit. It is expected that each
nonlinear impedance will have a pronounced effect on the mode to which its branch is tuned. The physical
type of the nonlinear impedance is made depending on practical considerations such as availability of the
components. For instance, a nonlinear stiffness may be controlled with a nonlinear capacitor [9]. Another
possibility is to use saturable inductors as in [10]. Once the type of nonlinear components has been chosen,
it is necessary to determine their coefficients. In the following sections, a design methodology is proposed.
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3.2 Nonlinear frequency response

Using the same formalism as Habib and Kerschen [17], the coupled nonlinear electromechanical equations
are

Mẍ + Cẋ + Kx + knl

(
bnl(x) +

N∑

i=1

bnl,ibnl,i(x)

)
= f(t), (16)

where bnl represents the nonlinearities in the primary structure, and bnl,i are the nonlinearities in the ab-
sorbers. According to the principle of similarity, the latter are chosen to have the same mathematical form
as the former. In the following, it is assumed that the nonlinearities are cubic. The remaining unknowns are
the nonlinear coefficients of the absorbers, bnl,i.

The coupled electromechanical equations are normalised considering y = x/f0

Mÿ + Cẏ + Ky + α3

(
bnl(y) +

N∑

i=1

bnl,ibnl,i(y)

)
=

f(t)

f0
, (17)

in which α3 = knlf
2
0 for cubic nonlinearities. The nonlinearity parameter α3 quantifies the effects of both the

nonlinearity and the forcing. The solution of Equation (17) under a harmonic forcing can be approximated
with a first-order harmonic balance (HB) method. Using

y = qc cos(ωt) + qs sin(ωt), (18)

and introducing qT = [qT
c ,q

T
s ], Equation (17) becomes

Wq + α3

(
d1,nl(q) +

N∑

i=1

bnl,id1,nl,i(q)

)
= c. (19)

In Equation (19), the matrix W represents the linear dynamics, c is the forcing term, and the terms d1,nl

and d1,nl,i represent the nonlinearities in the primary structure and in the ith absorber, respectively. Thanks
to the HB method, Equation (17), representing a set of nonlinear ordinary differential equations, has been
transformed into a set of nonlinear algebraic equations. To find an approximate solution, it is further assumed
that the nonlinearity parameter α3 is small. Hence, the nonlinear response of the system may be expressed
as a series expansion in terms of α3 as

q = q(0) + α3q
(1) + α2

3q
(2) +O(α3

3). (20)

Inserting Equation (20) into (19) and equating coefficients of like powers of α3 up to first order leads to the
following explicit relations :

q(0) = W−1c, (21)

q(1) = −W−1
(

d1,nl(q
(0)) +

N∑

i=1

bnl,id1,nl,i(q
(0))

)
= q

(1)
nl +

N∑

i=1

bnl,iq
(1)
nl,i. (22)

Equation (21) indicates that q(0) represents the response of the system when no nonlinearity is present.
Equation (22) shows that first-order terms q(1) are generated by the nonlinear forces triggered by the zeroth-
order motion. These terms can be separated into terms due to the nonlinearities inside the primary structure
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q
(1)
nl and terms due to the nonlinearities inside the ith absorber q

(1)
nl,i. The square of the frequency response

function at a given degree of freedom is given by

H = (qc)
2
j + (qs)

2
j . (23)

Inserting the solution of (21) and (22) into (23) and keeping only the first-order terms leads to

H =
(
q(0)
c

) 2

j
+
(
q(0)
s

) 2

j
+ α3

[
2
(
q(0)
c

)
j

(
q
(1)
c,nl

)
j

+ 2
(
q(0)
s

)
j

(
q
(1)
s,nl

)
j

]

+ α3

[
N∑

i=1

bnl,i

[
2
(
q(0)
c

)
j

(
q
(1)
c,nl,i

)
j

+ 2
(
q(0)
s

)
j

(
q
(1)
s,nl,i

)
j

]]

= H(0) + α3H
(1)
nl

+ α3

N∑

i=1

bnl,iH
(1)
nl,i

. (24)

In Equation (24), three terms can be identified. The term H(0) stands for the frequency response function
of the underlying linear structure. The term α3H

(1)
nl is the modification brought by the (supposedly small)

nonlinear forces generated by the linear motion in the nonlinearities of the primary structure. The term
α3bnl,iH

(1)
nl,i is the modification brought by the (supposedly small) nonlinear forces generated by the linear

motion in the nonlinearitiy i of the absorbers. Thanks to the straightforward expansion, all these effects can
be separated to first order in α3.

With Equation (24), it is now possible to impose N conditions on the first-order nonlinear FRF. This yields
a linear system of size N × N , where the nonlinear coefficients bnl,i are the unknowns. Depending on the
imposed conditions, the nonlinear coefficients may or may not depend on the parameter α3.

3.3 Imposing equal peaks in the nonlinear regime

A condition enforcing equal peaks in the nonlinear regime will now be derived. It is first assumed that in
the linear regime, the linear absorbers yield the so-called equal-peak design, i. e. the peaks are equal in
magnitude and located at frequencies ωj,p1 and ωj,p2. Equation (24) can be used to enforce the equality of
the first-order nonlinear FRFs.

H(0)(ωj,p1) + α3

(
H

(1)
nl (ωj,p1) +

N∑

i=1

bnl,iH
(1)
nl,i(ωj,p1)

)

= H(0)(ωj,p2) + α3

(
H

(1)
nl (ωj,p2) +

N∑

i=1

bnl,iH
(1)
nl,i(ωj,p2)

) (25)

Since equal peaks were assumed in the linear regime, H(0)(ωj,p1) = H(0)(ωj,p2). Then, Equation (25)
becomes independent of α3 and can be written as

N∑

i=1

bnl,i

(
H

(1)
nl,i(ωj,p1)−H(1)

nl,i(ωj,p2)
)

= H
(1)
nl (ωj,p2)−H(1)

nl (ωj,p1). (26)
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Enforcing Equation (26) for j = 1, · · · , N yields the following linear system of size N ×N :




∆ω1H
(1)
nl,1 ∆ω1H

(1)
nl,2 . . . ∆ω1H

(1)
nl,N

∆ω2H
(1)
nl,1 ∆ω2H

(1)
nl,2 . . .

...
...

...
. . .

...

∆ωNH
(1)
nl,1 . . . . . . ∆ωNH

(1)
nl,N







bnl,1

bnl,2
...

bnl,N




= −




∆ω1H
(1)
nl

∆ω2H
(1)
nl

...

∆ωNH
(1)
nl



, (27)

in which

∆ωjH = H(ωj,p1)−H(ωj,p2). (28)

Note that the equality of the peaks in the linear regime is not strictly necessary for the absorbers to work
efficiently. Indeed, Equation (26) expresses that the (first-order) effects of all the nonlinearities is the same
at ωj,p1 and ωj,p2. Therefore, if the peaks are only approximately equal in the linear regime (which is the
case with the H2 optimisation), they will remain approximately equal in the nonlinear regime.

Because the frequency response (24) is only accurate to the first order, this approach is a local approach, in
the sense that the obtained results will gradually lose their validity with increasing α3. That is, if either the
forcing amplitude or the nonlinear coefficients become large, the proposed method is likely to fail. For small
α3 however, it is expected that the nonlinear absorbers yield better result than their linear counterparts.

4 Numerical examples

The proposed approach is illustrated with two numerical examples. The frequency response functions were
computed using a continuation procedure coupled with a harmonic balance formalism [18] with five har-
monics.

4.1 Comparison with the Nonlinear Piezoelectric Tuned Vibration Absorber

As a verification of the proposed method, it is compared to the NPTVA proposed by Soltani and Kerschen [9].
In that paper, the nonlinearities in the absorber are chosen according to a principle of similarity as well. Their
coefficients are determined thanks to a first-order HB and a homotopy perturbation method.

A single-degree-of-freedom structure to which a piezoelectric stack is attached (Figure 1) is considered as an
example. A nonlinear cubic spring is attached to the mass as well. The piezoelectric stack is connected to a
shunt circuit in an attempt to mitigate the vibrations. The coupling between the structure and the piezoelectric
material can be characterised by the effective electromechanical coupling factor (EEMCF) defined as [19]

K2
c =

ω2
oc − ω2

sc

ω2
sc

, (29)

where ωoc is the resonance frequency of the structure when the electrodes of the piezoelectric material are
open-circuited and ωsc is the resonance frequency of the structure when these electrodes are short-circuited.
In this example, the numerical parameters are given in Table 1. The EEMCF is varied between 0.05 and 0.6.
The optimal inductance and resistance of the linear piezoelectric shunt are computed following [11]. The
nonlinear impedances are implemented with cubic capacitances. The electromechanical equations are given
by
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m k kp,oc knl Cε
p

1 kg 0.5 N/m 0.5 N/m 1 N/m3 1 F

Table 1: Numerical parameters of the single-degree-of-freedom structure.





mẍ+ (k + kp,oc)x+ knlx
3 − θpq = f

Lq̈ +Rq̇ +
1

Cε
p

q + Cnlq
3 − θpx = 0

. (30)

The nonlinear coefficients computed using the method in [9] and the method proposed in Subsection 3 are
compared.
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Figure 4: Comparison of the NPTVA (—) and the proposed method (− · −): nonlinear coefficients (a) and
relative difference between the coefficients (b).

Figure 4 shows a comparison between the results of the proposed method and the NPTVA (a forcing ampli-
tude of 10−3 N was chosen to account for the local nature of the proposed approach, and a modal damping
of 1% in the host structure was assumed). A good agreement between the computed nonlinear coefficients is
observed, with up to 3% relative difference for the highest coupling factor (the coefficient m3 of the NPTVA
as given in [9] has to be multiplied by (L/m)2 to have consistent units). For realistic EEMCFs, that is
Kc ≤ 0.2, the relative difference is less than 1%.

Next, the EEMCF is fixed to Kc = 0.2 and the forcing amplitude is varied. Figure 5 shows the nonlinear
frequency responses functions (NFRF) of the system with only a linear absorber, with the NPTVA and
with the absorber tuned according to Subsection 3. As the hardening effects of the nonlinearity inside
the structure become more prominent, the linear absorber is progressively detuned and loses its efficiency.
Around f = 0.0416, a detached resonance curve (DRC) merges with the rightmost peak of the NFRF,
leading to the possibility of high-amplitude vibrations over a broad frequency range. On the other hand, the
nonlinear absorbers are able to mitigate the vibrations over a larger range of forcing amplitudes. Indeed,
the difference between the maximum of the receptance with and without nonlinear absorbers is 15.73 dB at
f = 0.05.

4.2 Two-degree-of-freedom structure

To demonstrate the ability of the method to damp multiple modes, a two-degree-of-freedom structure shown
in Figure 6 is studied. A cubic spring knl attached to mass 1 is considered to introduce nonlinear effects. The
characteristics of the structure as well as those of the piezoelectric stack are given in Table 2 (where Kc,1
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Figure 5: Comparison of the NPTVA and the proposed method: nonlinear frequency response function at
f = 0.025 N (a) and f = 0.05 N (b): linear absorbers (—: stable solution, - - : unstable solution, •: fold

bifurcation), NPTVA (—) and the proposed approach (− · −).

and Kc,2 are the EEMCFs of modes 1 and 2, respectively). Damping is also introduced to have 1% modal
damping on both modes in the primary structure. The structure is subjected to a harmonic forcing located on
the first mass and the displacement is measured as this same mass.

m1 m2
kp,oc

k1

knl

k2 k3

Figure 6: Two-degree-of-freedom structure.

m1 m2 k1 k2 k3 knl kp,oc Cε
p Kc,1 Kc,2

1 kg 1 kg 5 N/m 5 N/m 1 N/m 1 N/m3 1 N/m 1 F 0.0774 0.0567

Table 2: Numerical parameters of the two-degree-of-freedom structure.

A two-mode current flowing shunt circuit is connected to the electrodes of the piezoelectric stack. The
choice of the filter capacitances was made empirically so as to obtain approximately the same amplitude
on both modes. The inductances values are initialised using the simple rule in [6]. The inductances and
resistances are then tuned using the two-step algorithm described in Subsection 2.4. The obtained parameters
are gathered in Table 3. The amplitude reductions of modes 1 and 2 are 16.9 dB and 18.6 dB respectively.

Figure 7 illustrates the different steps of the design algorithm with the receptance of the structure in the linear
regime. It can be seen that the initialisation of the inductances provides a circuit whose resonance frequencies
are not correctly tuned to those of the structure. After a correction of the inductances, the resistances are
optimised to minimise the H2 norm of the receptance.

Nonlinear cubic capacitances are then added in each branch of the current flowing shunt circuit. Their
coefficient is determined using Equation (27) and is given in Table 3. The NFRFs of the structure with and
without nonlinearities in the absorber are compared in Figure 8 (mode 1) and Figure 9 (mode 2) for various
forcing amplitudes.

Once again, the nonlinear absorbers are able to mitigate the vibration amplitude over a broader range of
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Figure 7: Steps of the design algorithm for the linear absorbers: open-circuit piezoelectric stack (—), initial
guess for the inductances of the undamped circuit (- -), optimised inductances of the undamped circuit

(− · −) and final design (—).

C1 C2 R1 R2 L1 L2 Cnl,1 Cnl,2

5 F 0.25 F 0.0316 Ω 0.0438 Ω 0.3244 H 0.3759 H 0.0169 V/C3 0.1524 V/C3

Table 3: Parameters of the current flowing shunt circuit.
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Figure 8: NFRFs of the structure with linear absorbers (a) and with nonlinear absorbers (b), close-up on
mode 1: linear FRF (—), f1 = 0.1 N (—), f1 = 0.2 N (—), f1 = 0.3 N (—: stable solution, - - : unstable

solution, •: fold bifurcation).

forcing amplitudes. Figure 8 shows that the proposed method yields nonlinear absorbers with fair efficiency
even though the peaks resulting from the linear design are not perfectly equal in amplitude. In Figure 9(a), a
DRC coalesced with the rightmost peak of mode 2 can be observed. The use of nonlinear absorbers delays
this undesirable phenomenon to higher forcing amplitudes. A global view of the NFRF is given in Figure 10.
This shows that both nonlinear resonances are damped simultaneously by the nonlinear absorbers.

The nonlinear absorbers are not fail-proof, though. At f1 = 0.3265 N, a DRC merges with the rightmost
peak of mode 2 with the nonlinear absorbers. At this point, the receptance amplitude around the frequency of
mode 2 becomes comparable whether or not nonlinearities are used in the absorbers, as can be seen in Fig-
ure 11. This phenomenon bears a strong resemblance with that of the nonlinear tuned vibration absorber [20].
Nevertheless, mode 1 is still correctly damped with nonlinear absorbers.
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Figure 9: NFRFs of the structure with linear absorbers (a) and with nonlinear absorbers (b), close-up on
mode 2: linear FRF (—), f1 = 0.1 N (—), f1 = 0.2 N (—), f1 = 0.3 N (—: stable solution, - - : unstable

solution, •: fold bifurcation, H: Neimark-Sacker bifurcation).
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Figure 10: NFRF of the structure at f1 = 0.3 N with linear absorbers (—: stable solution, - -: unstable
solution, •: fold bifurcation, H: Neimark-Sacker bifurcation) and with nonlinear absorbers (− · − : stable

solution, - -: unstable solution,•: fold bifurcation).

5 Conclusion

In this paper, a new methodology for tuning multimodal nonlinear piezoelectric vibration absorbers was
proposed. A current flowing shunt circuit proposed in the literature was chosen to implement a multimodal
absorber. A model of the piezoelectric structure connected to a current flowing shunt circuit was proposed,
and this allowed us to revisit the tuning methodology of the shunt circuit. This methodology consists in a two-
step optimisation algorithm. The inductances are first optimised to yield the correct resonance frequencies,
and then the resistances are optimized to minimise the H2 norm of the receptance.

The design of nonlinear multimodal vibration absorbers is inspired from a principle of similarity. Nonlin-
earities are introduced in the branches of the shunt circuit to mimic the behaviour of the structure in the
nonlinear regime. Their mathematical form is chosen to be identical as these in the primary structure. Their
coefficients are then found by imposing equal peaks in the nonlinear frequency response function.

The proposed design methodology was shown to be efficient both when a single mode and when two modes
are to be damped. Namely, the range of forcing amplitudes in which the absorbers are efficient is substantially
increased when properly tuned nonlinearities are used in the absorbers. Eventually, for very high forcing
amplitudes, the nonlinear absorbers also fail and at that point the advantage of using nonlinearities becomes
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Figure 11: NFRFs of the structure at f1 = 0.3265 N with linear absorbers (—: stable solution, - -: unstable
solution, •: fold bifurcation, H: Neimark-Sacker bifurcation) and with nonlinear absorbers (− · − : stable

solution, - -: unstable solution,•: fold bifurcation, H: Neimark-Sacker bifurcation).

less obvious.

The design of the nonlinearities relies on the presence of equal (or nearly equal) peaks in the linear receptance
of the structure. Therefore, the design of linear absorbers has a strong impact on that of the nonlinearities.
Future work for improving the proposed design methodology may involve choosing the inductances and the
resistances in the objective of minimising the H∞ norm of the receptance (and no longer its H2 norm).
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Abstract 
This paper is addressed to the analysis of an autonomous vehicle as a first step of an on-going project at the 

Mechatronic and Vehicle Dynamic Lab of Sapienza. The project is developing an experimental setup for a 

series city car to be equipped with a complete assisted integrated system of mechatronic type, controlling 

the steering and the wheel torques. In this paper we develop a complete car model for its dynamic response, 

including the car body dynamics, tires that can rely on the previous controls and on a control logic that is 

based on a new strategy, the FLOP control. This kind of control, recently developed by the Sapienza team, 

relies on optimal control theory of Pontryagin type, that has been revisited transforming the global optimality 

problem into a set of local optima along the system trajectory. This method provides a chance for an efficient 

feedback control of the vehicle in an environment in which moving obstacles and external noise are present. 

Numerical results complete the analysis. 

1 Introduction 

Nowadays, autonomous vehicle (AV) represents a crucial field in intelligent transportation systems. In 

recent years, integrated control of in-wheel motor and assisted-steering is a subject of central interest [13-

14-15-16] in automotive technology, and the introduction of active devices in place of the traditional passive 

components can improve vehicle dynamics as in the case of the semi active suspension [2-4-5-7-9]. 

In this paper a new method of control for a complex mechanical systems [1-2-3-4-8-9] developed by the 

authors, named Feedback Local Optimality Principle (FLOP) [1], is tested on a nonlinear bike model for 

cars. FLOP is part of a new class of algorithms the group of Mechatronic and Vehicle Dynamic Lab of 

Sapienza is developing under the name of Variational Feedback Controllers (VFC) [5-6-7]. The proposed 

method starts from classical optimal variational principles, usually part of the Pontryagin’s or Bellman’s 

methods, but it provides the user with the possibility to implement a feedback control, even in the presence 

of nonlinearities. This chance is obtained by changing the optimality principle used in the classical approach 

[1], as it will be shown in next section. FLOP approach, respect to classical nonlinear controls, such as 

Sliding Mode, Lyapunov and feedback linearization controls, presents a great advantage because of the 

chance of a more flexible specification of the objective function.  

The FLOP method is here implemented to control the steering radius in a turning maneuver. The goal is to 

track, at the possible maximum speed, the assigned trajectory maintaining a given steering radius.  

Moreover, an obstacle is introduced along the ideal trajectory, and the FLOP algorithm is capable to skip 

the obstacle with an avoiding maneuver introducing a local perturbation of the steering radius, regaining at 

the end of the obstacle avoiding operation, the prescribed curvature of the tracked trajectory. All these 

achievements are included within a unique objective function maintaining a unique control logic, that of 

FLOP. 
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2 Resume of VFC theory 

Classical variational approach consists in the minimization (maximization) problem of a functional 𝐽 [5-6-

7], as in (1):  

      𝐽 ̅ = min 𝐽 = ∫𝐸(𝑥(𝑡), 𝑢(𝑡))

𝑇

0

𝑑𝑡 

subject to 

�̇� = 𝑓(𝑥(𝑡), 𝑢(𝑡)) 

𝑥(0) = 𝑥0 

(1) 

which leads to:  

𝐽 ̅ = min 𝐽 = ∫𝐸(𝑥, 𝑢) + 𝜆(�̇� − 𝑓(𝑥, 𝑢)) 𝑑𝑡

𝑇

0

= ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝑇

0

, 
(2) 

In (1) 𝑥, 𝑢 represent the state and the control variable, respectively, 𝑓(𝑥, 𝑢) the dynamical system and 

𝐸(𝑥(𝑡), 𝑢(𝑡)) the cost function. From equation (2) it also follows the optimality condition implies 𝜆(𝑇) =

0, the final end boundary condition of the optimal problem. FLOP approach changes the global optimality 

condition of Pontyagin into a local optimality principle [1]. Integral (2) splits into 𝑁 integrals and a local 

optimality condition is applied on each integral, so that:  

𝐽 = ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝑇

0

=∑𝐽𝑖

𝑁

1

= ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏1

𝜏0

+⋯+∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏𝑁

𝜏𝑁−1

 

𝐽 =∑min 𝐽𝑖

𝑁

𝑖=1

=∑∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏𝑈𝐵𝑖

𝜏𝐿𝐵𝑖

𝑁

𝑖=1

 

(3) 

In (3) 𝑈𝐵𝑖 and 𝐿𝐵𝑖 indicates Upper Bound and Lower Bound of the 𝑖-𝑡ℎ integral, and 𝐽 the reached minimum 

valued, in general different from 𝐽.̅ Along each sub-interval it is required to satisfy the continuity condition 

for the partial sub-interval solutions, and the trasversality condition to hold at the sub-interval end:  

𝑥𝐿𝐵𝑖(𝜏𝑖−1) = 𝑥𝑈𝐵𝑖−1(𝜏𝑖−1) 

𝜆𝑈𝐵𝑖(𝜏𝑖) = 0 

(4) 

In general, this new criterion leads to a different minimum with respect to the Pontryagin’s method, but in 

some conditions, specified in [1], the two solutions can collapse into the same  𝐽 = 𝐽.̅  

FLOP algorithm and its local optimality condition provide three main advantages:  

i) The dynamical system can be nonlinear.  

ii) The class of the allowed cost functions 𝐸(𝑥, 𝑢) can be wider with respect the classical quadratic 

ones. In particular, penalty function of non-quadratic types (for example exponential) can be 

introduced especially useful for a target efficient reaching and for obstacle avoidance purposes. 

This is a remarkable advantage with respect to classical control techniques such as, for example, 

the LQR approach.  

iii) FLOP algorithm is a feedback control. Most used optimal control based on variational methods 

are solved used feed-forward law with all the known associated limitations.  
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2.1 Resume of FLOP application strategy 

From the second equation of (3), applying the variational approach to the discretized version of the equation 

and using the Euler first-order approximation, one obtains:  

{
  
 

  
 

   

𝜕𝐸

𝜕𝑥
|
𝐿𝐵𝑖

+ (𝜆
𝜕𝑓

𝜕𝑥
)|
𝐿𝐵𝑖

−
𝜆𝑈𝐵𝑖 − 𝜆𝐿𝐵𝑖

∆𝜏
= 0

𝜕𝐸

𝜕𝑢
|
𝐿𝐵𝑖

+ (𝜆
𝜕𝑓

𝜕𝑢
)|
𝐿𝐵𝑖

= 0

𝑥𝑈𝐵𝑖 − 𝑥𝐿𝐵𝑖
∆𝜏

= 𝑓(𝑥𝐿𝐵𝑖 , 𝑢𝐿𝐵𝑖)

∀  𝑖 ∈ [1,𝑁] 
(5) 

Using the trasversality condition expressed in the second equation of (4), �̇� =
𝜆𝑈𝐵𝑖−𝜆𝐿𝐵𝑖

∆𝜏
≅ −

𝜆𝐿𝐵𝑖

∆𝜏
  , this can be 

also  written as �̇� ≅ 𝐺𝜆𝐿𝐵𝑖, where 𝐺 = −
1

∆𝜏
 .  

3 Vehicle Dynamic Model 

In this section, a standard three-DOF nonlinear bike model, depicted in Figure 1, is considered. The vehicle 

motion is assumed planar and including the longitudinal forward motion (𝑢), the lateral sway (𝑣), and the 

yaw (𝜓). The equations of motion are expressed in the body reference frame. The rear wheel steering angle 

is set to zero, while the front one is 𝛿. The center of gravity of the vehicle is CG. The distances of points A 

(center of front wheel) and B (center of rear wheel) from CG are 𝑙𝑓 and 𝑙𝑟, respectively. The wheelbase is 

𝐿 = 𝑙𝑓 + 𝑙𝑟. The velocity of CG is 𝑉, the angle between the velocity vector 𝑜𝑓 𝐶𝐺 and the longitudinal axis 

of the vehicle 𝑢 is 𝛽. 

 

 

 

Figure 1: Vehicle model  
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3.1 Vehicle model 

The state vector is 𝒙 = [𝑋; 𝑌;𝜓; 𝑢; 𝑣;𝜔;𝜔𝑟; 𝜔𝑟], where 𝑋, 𝑌 are the coordinates of CG in the road reference, 

while 𝜓 is the yaw rotation angle, 𝑢, 𝑣, 𝜔, are the speed components measured in the body fixed reference, 

representing the surge, sway, and yaw motions. The longitudinal and lateral slips of the wheels depend both 

on the spin speeds 𝜔𝑟, 𝜔𝑟 , for the rear and front wheel, respectively. The equations of motion of the vehicle 

can be written in terms of the state defined above. The system has three degrees of control, the steering 

angle of the front wheel 𝛿, the rear torque 𝐶𝑟 and the front torque 𝐶𝑓. The inertia matrix can be written in 

terms of the body mass 𝑚𝑏 summed with wheels masses 𝑚𝑤 in 𝑚, the yaw moment of inertia 𝐼𝑧, the wheels 

inertia moments 𝐼𝑤 

𝑴 = 𝑑𝑖𝑎𝑔[1; 1; 1;𝑚;𝑚; 𝐼𝑧; 𝐼𝑤; 𝐼𝑤] (6) 

This leads to the following expressions for the �̇� = [�̇�; �̇�; �̇�; �̇�; �̇�; �̇�; 𝜔�̇�; 𝜔�̇�]
𝑇
. The speeds of the vehicle, in 

the fixed reference can be written through the 2D rotation matrix which is function of the yaw angle 𝜓 that 

converts the speeds of the vehicle from the body reference frame to the fixed reference frame. 

[
 
 
 
 
 
 
 
�̇�
�̇�
𝜓
�̇�
�̇�
𝜔
𝜔�̇�
𝜔�̇�

̇

̇

]
 
 
 
 
 
 
 

= 𝑴−1

[
 
 
 
 
 
 
 
 
 

cos(𝜓) 𝑢 − sin(𝜓)𝑣

sin(𝜓) 𝑢 + cos(𝜓)𝑣
𝜔

𝐹𝑙𝑜𝑛𝑔𝑓 cos(𝛿) − 𝐹𝑙𝑎𝑡𝑓 sin(𝛿) + 𝐹𝑙𝑜𝑛𝑔𝑟 +𝑚𝑣𝜔

𝐹𝑙𝑜𝑛𝑔𝑓 sin(𝛿) + 𝐹𝑙𝑎𝑡𝑓 cos(𝛿) + 𝐹𝑙𝑎𝑡𝑟 −𝑚𝑢𝜔

𝐹𝑙𝑜𝑛𝑔𝑓 sin(𝛿) 𝑙𝑓 + 𝐹𝑙𝑎𝑡𝑓 cos(𝛿) 𝑙𝑓 − 𝐹𝑙𝑎𝑡𝑟𝑙𝑟

𝐶𝑟 − 𝐹𝑙𝑜𝑛𝑔𝑟𝑅𝑤 − 𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔𝑟𝑅𝑤
𝐶𝑓 − 𝐹𝑙𝑜𝑛𝑔𝑓𝑅𝑤 − 𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔𝑓𝑅𝑤 ]

 
 
 
 
 
 
 
 
 

 

 

(7) 

The terms 𝐹𝑙𝑜𝑛𝑔𝑓  and 𝐹𝑙𝑜𝑛𝑔𝑟  represent the Pacejka longitudinal front and rear forces evaluated in function 

of the normal force acting on the tires and of the longitudinal slip ratio 𝜎𝑓 and 𝜎𝑟 

𝐹𝑙𝑜𝑛𝑔𝑓 = 𝑓(𝐹𝑁𝑓 , 𝜎𝑓(𝑢𝑓 , 𝜔𝑓 , 𝛿))   

𝐹𝑙𝑜𝑛𝑔𝑟 = 𝑓(𝐹𝑁𝑟 , 𝜎𝑟(𝑢𝑟, 𝜔𝑟))   

𝜎𝑓 = −
𝑢𝑓 −𝜔𝑓𝑅𝑤

|𝑢𝑓|
   

𝜎𝑟 = −
𝑢𝑟 −𝜔𝑟𝑅𝑤

|𝑢𝑟|
   

(8) 
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Figure 2: Pacejka longitudinal force model  

 

The rolling resistance of the tires are represented by two forces, 𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔𝑓 and 𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔𝑟 defined as: 

𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔𝑓 = (𝜇0 + 𝜇1𝑢𝑓
2) 𝐹𝑁𝑓   

𝐹𝑟𝑜𝑙𝑙𝑖𝑛𝑔𝑟 = (𝜇0 + 𝜇1𝑢𝑟
2) 𝐹𝑁𝑟    

(9) 

 

where 𝑢𝑓 and 𝑢𝑟 are the longitudinal speed of the front and rear wheels, respectively, in the body fixed 

reference frame:  

𝑢𝑓 = cos(𝛿) 𝑢 − sin(𝛿)(𝑣 + 𝑙𝑓𝜔)  

𝑢𝑟 = 𝑢   

(10) 

The lateral sway motion forces are 𝐹𝑙𝑎𝑡𝑓 and 𝐹𝑙𝑎𝑡𝑟. They depend on the lateral slip ratios 𝛼𝑓 and 𝛼𝑟  

 

𝐹𝑙𝑎𝑡𝑓 = 𝑓(𝐹𝑁𝑓 , 𝛼𝑓(�̂�, 𝑣, 𝜔, 𝛿))   

𝐹𝑙𝑎𝑡𝑟 = 𝑓(𝐹𝑁𝑟 , 𝛼𝑟(�̂�, 𝑣, 𝜔))   

𝛼𝑓 = −atan(
(𝑣 + 𝜔𝑙𝑓) cos(𝛿) − �̂� sin(𝛿)

�̂� cos(𝛿) + (𝑣 + 𝜔𝑙𝑓) sin(𝛿)
)  

𝛼𝑟 = −atan(
(𝑣 − 𝜔𝑙𝑟)

�̂�
)  

(11) 
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Figure 3: Pacejka lateral force model  

 

The estimation of the tire’s grip and rolling resistance, can be performed even in feedback by using advanced 

intelligent tires provided with sensors as shown in [10-11-12]. Finally, the vertical forces 𝐹𝑁𝑓 and 𝐹𝑁𝑟are: 

𝐹𝑁𝑓 =
𝑚

𝐿
(𝑔𝑙𝑟 − (�̇� − 𝑣𝜔)ℎ𝑔)   

𝐹𝑁𝑟 = 𝑚𝑔 − 𝐹𝑁𝑓 = 𝑚𝑔 −
𝑚

𝐿
(𝑔𝑙𝑟 − (�̇� − 𝑣𝜔)ℎ𝑔)    

 

(12) 

 

4 Control design 

The cost function in the FLOP method is assumed to be: 

𝐽 ̅ = ∫
1

2
𝒖𝑇𝑹𝒖+ 𝑔(𝒙) + 𝝀𝑇(�̇� − 𝒇(𝒙, 𝒖)) 𝑑𝑡

𝑇

0

 
(13) 

where 𝑔(𝒙) can represent any kind of possible nonlinear and continuous function. This permits the user to 

define 𝐽 ̅𝑎𝑠:  

𝑔(𝒙) = 𝑔𝑟(𝒙) + 𝑔𝑠(𝒙) + 𝑔𝑐(𝒙)

= 𝑘𝑟(𝑡𝑟(𝒙) − 𝑡𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒)
2
+
𝑎𝑚𝑝𝑆

𝜎𝑠√2𝜋
exp (−0.5(

𝑉(𝒙) − 𝑉𝑚𝑖𝑛
𝜎𝑠

)

2

)

+
𝑎𝑚𝑝𝑂

𝜎𝑂√2𝜋
exp(−0.5(

𝜃𝑉(𝒙;𝒙𝑜𝑏𝑠) − 𝜃𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛(𝒙;𝒙𝑜𝑏𝑠)

𝜎𝑂
)

2

) 

(14) 
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𝑔𝑟(𝒙) shown in fig 5 is a quadratic form of the 𝑡𝑟(𝒙); 𝑡𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 these represent the actual turning radius 

and its reference value. 𝑡𝑟(𝒙) is function of the state 𝒙, and can be easily evaluated in term of the absolute 

speed 𝑉 of the vehicle and the yaw rate �̇� using the following formula: 

𝑡𝑟(𝒙) =
𝑉

�̇�
 

(15) 

 

 

 

Figure 4: Actual turning radius  

 

 

 

Figure 5: 𝑔𝑟(𝒙) function for various turning radius  

The function 𝑔𝑆(𝒙) shown in fig 6 is a gaussian function of the vehicle absolute speed 𝑉 and of a minimum 

speed 𝑉𝑚𝑖𝑛.  

𝑉 

𝛽 

𝛿 
𝑂 

𝑌 

𝑋 

𝑡𝑟(𝒙) 
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Figure 6: 𝑔𝑠(𝒙) function for various speed  

𝑔𝑂(𝒙) is shown in fig 7 and depends on the polar angles 𝜃𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛(𝒙;𝒙𝑜𝑏𝑠) 𝜃𝑉(𝒙;𝒙𝑜𝑏𝑠) of the vector 

relative position 𝐺𝑂⃗⃗⃗⃗  ⃗, that connects the vehicle center of gravity G with obstacle O, and of the vector relative 

speed 𝑉𝑂𝑉𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, these introduce a repulsion from the obstacle, by varying the direction of the relative speed: 

𝜃𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛(𝒙;𝒙𝑜𝑏𝑠) = atan(
𝑦𝐺𝑂⃗⃗⃗⃗⃗⃗ 
𝑥𝐺𝑂⃗⃗⃗⃗⃗⃗ 

) 

𝜃𝑉(𝒙;𝒙𝑜𝑏𝑠) = atan(
𝑦𝑉𝑂𝑉𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

𝑥𝑉𝑂𝑉𝐺⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
) 

(16) 

 

 

 

Figure 7: Vehicle obstacle interactions  
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Figure 8: 𝑔𝑂(𝒙) function for various relative speed directions  

 

Since the dynamic systems considered is strongly nonlinear in the state 𝒙 and in the control 𝒖, a linearization 

is required to obtain the analytically the control law 

�̇� = 𝝓(𝒙) + 𝒉(𝒙, 𝒖) 

 

(17) 

𝒉(𝒙, 𝒖) is the linearized form, obtained through a Taylor series expansion of the first order, and provides 

two linear terms, one in the state 𝒙, the second in the control variable 𝒖 

𝒙𝟎 = [0; 0; 0; 0; 0; 0; 0; 0]
𝑻  ,   𝒖𝟎 = [0; 0; 0]

𝑻 

𝒉(𝒙, 𝒖) = 𝒉(𝒙𝟎, 𝒖𝟎) + 𝛻𝒙𝒉(𝒙, 𝒖)|𝒙𝟎,𝒖𝟎(𝒙 − 𝒙𝟎) + 𝛻𝒖𝒉(𝒙, 𝒖)|𝒙𝟎,𝒖𝟎(𝒖 − 𝒖𝟎) = 𝑨𝒙 + 𝑩𝒖  

 

(18) 

where 𝒉(𝒙𝟎, 𝒖𝟎) = [0; 0; 0; 0; 0; 0; 0; 0]
𝑇, 𝛻𝒙𝒉(𝒙, 𝒖)|𝒙𝟎,𝒖𝟎 = 𝑨 and 𝛻𝒖𝒉(𝒙, 𝒖)|𝒙𝟎,𝒖𝟎 = 𝑩. The following set 

of equations are determined by the variational technique: 

{
𝛻𝒙𝑔(𝒙) − �̇� − (𝛻𝒙𝝓(𝒙))

𝑇
𝝀 − 𝑨𝑇𝝀 = 𝟎

𝑹𝑇𝒖 −𝑩𝑇𝝀 = 𝟎
�̇� = 𝝓(𝒙) + 𝑨𝒙 + 𝑩𝒖 

 

(19) 

 

The FLOP approach assumes the solution for �̇� = 𝑮𝝀, where 𝑮 = −
1

Δ𝜏
𝐼𝑁×𝑁 . Substituting this into the set 

of equations (19), permits to write the feedback control law: 

  

𝒖𝑭𝑳𝑶𝑷 = 𝝌(𝒙) (20) 

 

𝑂 
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5 Numerical results 

In this section some numerical simulations are shown. The first set shows the cornering capability and the 

obstacle avoidance performance, this last being the most challenging and critical for an autonomous vehicle.  

Figure 9 illustrates the capability of the vehicle to follow a corner with specific turning radius, fixed by the 

user to 70 m.  

 

 

Figure 9: Trajectory analysis  

 

Figure 10 visualizes small perturbations of the position of the center of instantaneous rotation in comparison 

with the radius of curvature. 
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Figure 10: Center of instantaneous rotation  

Figure 11 reports the highest speed reached by the vehicle for various steering angles. Moreover, the time 

history of the speed for one of the vehicle’s maneuver is represented with the black curve to show the 

stability of the controlled vehicle. The blue curve represents the highest speed reached by the controlled 

vehicle and it is compared to the maximum speed obtained equating the maximum lateral adherence force 

reachable by the Pacejka’s forces with the centrifugal force, for various turning radius (11): 

𝐹𝑙𝑜𝑛𝑔𝑓 sin(𝛿) + 𝐹𝑙𝑎𝑡𝑓 cos(𝛿) + 𝐹𝑙𝑎𝑡𝑟 =
𝑚𝑉2

𝑅
 

(21) 

 

 

 

 

Figure 11: 𝑔𝑠(𝒙) function for various speed  

 

The following figures illustrate the reaction in case of an obstacle placed along the trajectory of the vehicle, 

this is compared to the free-way case (compare figures 12 and 13). This shows the different trajectories, 

different turning radius, longitudinal and lateral speeds, lateral slip angles of the body and tires and in terms 

of Pacejka’s forces. 

The starting point of the variation is represented by the magenta marker placed within the plot. It is 

interesting to notice that the system, after the corrections and due to the presence of the obstacle, returns to 

the initial maneuver.  
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Figure 12: Trajectory comparison  

It is interesting to notice in figure 13 the behavior of the control input represented by steering, rear torque 

and front torque when the vehicle reaches the obstacle, in fact it is noticeable that after a fist braking phase 

the vehicle steers to avoid the collision, then it returns to accelerate and while proceeding to the original 

turning radius, this particular behavior is due to the functions (14) that request to maximum speed of the 

vehicle while following a specific trajectory and to avoid the obstacle by varying the orientation of the speed 

and not only its modulus showing a great performance in terms of vehicle maneuverability.  

 

 

Figure 11: Control and Pacejka’s forces comparison  
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Conclusions 

The FLOP algorithm, here applied to an autonomous vehicle, provides promising results in terms of stability 

and robustness, even in critical scenarios, as shown in the case of the obstacle avoidance.  

Most of the existing methods in the literature, have as their main drawback for engineering applications the 

fact their solution is represented by feed-forward law. These have an engineering weakness, that is they use 

only one single information on the system state: the initial condition, leading to a loss of robustness of the 

controlled system, except also external disturbances could be present. In this context, use of measurements 

by sensors is of great value, and feedback control strategies use the valuable support of measurement states. 

The FLOP algorithm, thanks to its feedback formulation, can rely on these information at the cost of 

providing a suboptimal solution, derived by the change of the optimality criterion form a global one to a 

local one.  
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Abstract 
Feedback control techniques for vibrations suppression are widely investigated in the technical literature. 

However, the most powerful method in this context, the optimal control theory, despites its generality and 

flexibility related to the user defined cost function, meets serious engineering limitations. This is due to the 

lack of a feedback law, because of the intrinsic formulation of the Pontryagin optimality criterion. This 

paper proposes a novel method of control that, still maintaining the structure of the optimal control 

technique, provides a feedback control. The method is applied to one of the most challenging nonlinear 

oscillation control, the inverse pendulum, that is a benchmark in the field. 

The FLOP- Feedback Local OPtimality control, provides excellent results obtaining with a unique control 

law a very rapid swing-up of the pendulum and its inverse position characterized by instable vibrations is 

maintained by the FLOP control in a more efficient way with respect to competitor recent methods.   

1 Introduction 

In this paper, a new method of solution for optimal control problems, named FLOP- Feedback Local 

OPtimality is presented. The method is based on the use of a variational method that is modified to obtain a 

feedback control. In this sense FLOP is part of a new class of algorithms the group is developing under the 

name of VFC- Variational Feedback Controllers. The FLOP gives the possibility to control complex systems 

through a feedback control law. Currently, VFC methods are being tested in various engineering fields, from 

autonomous driving systems to intelligent suspensions [1-4] and from vibrations control to smart materials 

field [5-7]. This new method is based on classical variational approach based on Pontryagin’s optimal 

problem [8, 9], but it gives the possibility to reach a form of feedback control by changing the optimality 

condition, as it will be seen in next section. Through the application of this new optimality condition, VFC 

can be applied also to non-linear dynamical systems. VFC approach belongs to the category of nonlinear 

controls such as Sliding Mode, Lyapunov and feedback linearization controls [10-12] but FLOP adds the 

possibility to perform specific objective functions respecting assigned constraints. 

Pendula problems are generally used to approximate many engineering problems as vertical rocket landing, 

human locomotion and balancing vertical objects. These systems are typically under-actuated, hence 

extremely unstable and difficult to control. Therefore, pendula problems represent a useful test for new 

control algorithms.  Nowadays, many strategies have already been proposed and implemented to such 

systems and usually these strategies are based on fuzzy logic by switching different type of controls e.g. 

[13-17] . 

This paper shows that the proposed FLOP method can control both a swing up maneuver and an upward 

pendulum position. Moreover, it is shown the robustness of the tuned control.  
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2 Resume of FLOP theory 

2.1 Description of the new local optimality principle 

Recently the authors have developed a control strategy based on classical variational approach. This 

approach introduces a local optimality condition trough which is possible to obtain a feedback control law 

for non-linear dynamical system. Classical variational problem states the cost functional 𝐽 ̅ needs to be 

minimized in the entire time interval [0, 𝑇]. The main idea of the FLOP- Feedback Local OPtimality control 

is to divide the original functional (1) into 𝑁 functionals with a short time interval Δ𝜏 (equation (2)) and to 

minimize each one of them, creating a local optimality condition. With local optimality condition, FLOP 

approach creates a new scenario for the control of dynamical system, for three, main reasons:  

(i) Dynamical system can be a non-linear one, and complete theory has been developed for class of 

dynamical system of the form �̇� = 𝜙(𝑥) + 𝐵𝑢 + 𝐶. Recently, authors are working also on non-linear 

dynamical system in control variable, considering also the control constraints.  

(ii) A new class of non-linear functions, differentiable in the state and control variables, can be introduced 

in a general objective function 𝐸(𝑥, 𝑢). It can be customized to add some high/low potential zones to reach 

a specific target point (low potential area) and, simultaneously, avoid some obstacle points (high potential 

zones), as it will be shown in next section. The possibility to add this class of non-linear functions permits 

to overcome difficulties derived from classical quadratic cost function used in the LQR approach.  

(iii) The FLOP is a feedback control based on an optimal principle and permits to overcome the main 

drawback of classical optimal problem solved by Pontryagin’s or Bellman’s method, which solutions are 

represented by feed-forward law. 

Although, it is important to denote that FLOP approach, in general, does not leads to the optimal control but 

it leads to a local optimal control. Therefore, with the assumption stated in (2) for obtaining the local 

optimality condition, an error from the minimization problem in (1) is produced. It has been demonstrated 

that, in some cases, this error goes to zero but, in general, an error will be committed by using the FLOP 

approach.  

Classical variational approach is based on a minimization problem as:  

      min 𝐽 ̅ = ∫𝐸(𝑥(𝑡), 𝑢(𝑡))

𝑇

0

𝑑𝑡 

subject to 

�̇� = 𝑓(𝑥(𝑡), 𝑢(𝑡)) 

𝑥(0) = 𝑥0  

 

min𝐽 = ∫𝐸(𝑥, 𝑢) + 𝜆(�̇� − 𝑓(𝑥, 𝑢)) 𝑑𝑡

𝑇

0

= ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝑇

0

, 

(1) 

In (1), 𝑥 is the system state and 𝑢 is the input control. The associated equation of the controlled process �̇� =
𝑓(𝑥, 𝑢, 𝑡) with its known initial condition 𝑥(0) = 𝑥0 represents a constraint between 𝑥 and 𝑢. The inclusion 

of the constraint is made by the Euler-Lagrange multiplier 𝜆(𝑡). The problem (1) is solved by finding an 

optimal control 𝑢∗(𝑡) to which the optimal trajectory 𝑥∗(𝑡) is associated. 
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  The new proposed method of control FLOP is based on a less accurate solution by solving not the entire 

time domain [0 T] but N-subintervals. 

𝐽 = ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝑇

0

=∑𝐽𝑖

𝑁

1

= ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏1

𝜏0

+⋯+∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏𝑁

𝜏𝑁−1

 (2) 

In (2) a new optimality condition is required, so that a minimization for each of time-limited functional is 

required:  

min 𝐽𝑖 = ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏𝑈𝐵𝑖

𝜏𝐿𝐵𝑖

 (3) 

where 𝑈𝐵 and 𝐿𝐵 pedixs are indicating upper bound and lower bound. For each integral is required to satisfy 

the boundary conditions for the related Pontryagin’s equations, the initial and transversality conditions, so 

that: 

𝑥𝐿𝐵𝑖(𝜏𝑖−1) = 𝑥𝑈𝐵𝑖−1(𝜏𝑖−1) 

𝜆𝑈𝐵𝑖(𝜏𝑖) = 0 
(4) 

The new criterion of optimality expressed by (3) leads to find the optimal local trajectory and control (𝑥i
∗,𝑢𝑖

∗)  

and the sum of each integrals lead to the optimal local solution 𝐽′∗:  

𝐽′∗ =∑∫ ℒ(𝑥𝑖
∗, 𝑢𝑖

∗)𝑑𝑡
𝜏𝑖−1+∆𝜏𝑖

𝜏𝑖−1

𝑁

𝑖=1

 (5) 

In general, 𝐽∗ represents the optimum over the whole interval [0, 𝑇], instead  𝐽′∗ is based on a sequence of 

local optimality principles and is possible to demonstrate that 𝐽∗ ≤ 𝐽′∗ or rather: 

∆𝐽 = 𝐽∗ − 𝐽′∗ =∑∫ ℒ(𝜈∗) − ℒ(𝜈𝑖
∗)  𝑑𝑡

𝜏𝑖−1+∆𝜏𝑖

𝜏𝑖−1

𝑁

𝑖=1

= ∆𝝉𝑇𝓣∆𝝉   (6) 

The term ∆𝝉 𝓣∆𝝉 is the residual term, with  𝓣 a ℝ𝑁𝑥𝑁 matrix depending on the couple of (𝑥∗,𝑢∗) and 

(𝑥𝑖
∗,𝑢𝑖

∗) and ∆𝝉 is a ℝ𝑁 vector of ∆𝜏𝑖 elements. 

The last expression shows the error is a quadratic form in terms of the smalls time intervals, neglecting 

higher order terms. 

2.2 Resume of FLOP application strategy 

Starting from (5), applying variational approach and by discretizing result using the Euler first-order 

approximation for �̇�𝑖 and �̇�𝑖, it results:  

{
  
 

  
 

   

𝜕𝐸

𝜕𝑥
|
𝐿𝐵𝑖

+ (𝜆
𝜕𝑓

𝜕𝑥
)|
𝐿𝐵𝑖

−
𝜆𝑈𝐵𝑖 − 𝜆𝐿𝐵𝑖

∆𝜏
= 0

𝜕𝐸

𝜕𝑢
|
𝐿𝐵𝑖

+ (𝜆
𝜕𝑓

𝜕𝑢
)|
𝐿𝐵𝑖

= 0

𝑥𝑈𝐵𝑖 − 𝑥𝐿𝐵𝑖
∆𝜏

= 𝑓(𝑥𝐿𝐵𝑖 , 𝑢𝐿𝐵𝑖)

∀  𝑖 ∈ [1, 𝑁] (7) 

Set of equations (6) leads to a system of three equations in three unknowns for each 𝑖. By applying local 

optimality condition (4), it follows that �̇�𝑖 =
𝜆𝑈𝐵𝑖

−𝜆𝐿𝐵𝑖
∆𝜏

= −
𝜆𝐿𝐵𝑖
∆𝜏

.  Looking at the continuous counterpart of 

this equation, it is natural to assume �̇� = −
𝜆

∆𝜏
= 𝐺𝜆. This leads to a reformulation of the Pontryagin’s 

problem in the following augmented form:  
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{
 
 
 

 
 
 

   

𝜕𝐸

𝜕𝑥
+ 𝜆

𝜕𝑓

𝜕𝑥
− �̇� = 0

𝜕𝐸

𝜕𝑢
+ 𝜆

𝜕𝑓

𝜕𝑢
= 0

�̇� = 𝑓(𝑥, 𝑢, 𝑡)

�̇� = 𝐺𝜆 
         

∀  𝑡 ∈ [0, 𝑇] (8) 

Starting from general dynamical system in the form of �̇� = 𝝓(𝒙) + 𝑩𝒖 + 𝑪 with 𝝓(𝒙) to be a generical 

differentiable non-linear function and writing the cost function 𝐸(𝒙, 𝒖) with classical quadratic cost function 

plus a generical non-linear function in the state variable, functional in (1) is written as: 

𝐽 = ∫
1

2
𝒙𝑇𝑸𝒙 +

1

2
𝒖𝑇𝑹𝒖 + 𝑔(𝒙) + 𝝀𝑻(�̇� − (𝝓(𝒙) + 𝑩𝒖+ 𝑪)) 𝑑𝑡

𝑇

0

 (9) 

From expression (8) it is possible to apply the FLOP method and to obtain:  

�̇� = 𝝓(𝒙) + 𝑩𝒖+ 𝑪

𝒖 = (𝑹𝑇)−1𝑩𝑇[𝚽(𝒙)𝑇 + 𝑮]−𝟏[𝑸𝑇𝒙 + 𝜸𝑇(𝒙)]
 (10) 

where:  

• 𝑮 = −
1

∆𝜏
𝑰 

• 𝚽(𝒙) = 𝛁𝒙𝝓(𝒙) 
• 𝛄(𝒙) = 𝛁𝐱𝑔(𝒙) 

In equation (9), the function 𝑔(𝑥) in the cost function 𝐸(𝑥, 𝑢) is introduced, for which the only requirement 

is to be differentiable in the state variable. A wider class of objective functions, that goes beyond the limit 

of quadratic terms as usual for LQR, permits generalizations because of the chance of introducing sharp 

local effects, especially useful for obstacle avoidance as well as for target reaching. 

3 FLOP control of inverse pendulum 

3.1 The inverted Pendulum 

A schematics representation of the inverted pendulum in Figure 1 is shown. 

 

 

Figure 1 inverted pendulum 
 

 

 

  𝑀 

𝑚 
𝜃 

𝑥,  𝑢 

𝐶 

𝑂 
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The variable used are described in Table 1: 

 

Symbol Description 

𝑀 Mass of the cart  0.5 [kg] 

𝑚 Mass of the pendulum 0.2 [kg] 

𝑙 Length of the pendulum 0.3 [m] 

𝑥 Position of the cart [m] 

𝜃 Angular rotation [rad] 

𝑢 Force on the actuator [N] 

𝑔 Acceleration of gravity [𝑚/𝑠2] 

Table 1:  Symbols and values used 

 

The dynamic system starting from the classical Hamilton-Lagrange’s equations is derived, so that:  

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�𝑘
−
𝜕𝐿

𝜕𝑞𝑘
= 𝑄𝑘  

𝐿 = 𝑇 − 𝑈 

(11) 

with 𝑇, 𝑈, 𝑄𝑘 and 𝑞𝑘 are the kinetic, the potential energy, the generalized forces of the system and the 

Lagrange’s variables respectively. 

Considering the Lagrange’s vector  𝒒 = [𝑥, 𝜃]𝑇 , the kinetic and potential energy are defined as:  

The resulting dynamical system is:  

(𝑚 +𝑀)�̈� + 𝑚𝑙�̈� cos 𝜃 −𝑚𝑙�̇�2 sin𝜃 = 𝑢 

𝑙�̈� + �̈� cos 𝜃 = 𝑔 sin 𝜃 
(13) 

Arranging the (13) in four first order differential equations, it is obtained:  

�̇� = 𝝓(𝒙) + 𝒉(𝒙)𝑢 (14) 

where:  

𝒙 = [𝑥, 𝜃, �̇�, �̇�]
𝑇
           𝝓(𝒙) = [

�̇�
�̇�

𝑴(𝒙)−1𝑷(𝒙)
]          𝒉(𝒙) = [

0
0

𝑴(𝒙)−1𝒅
] 

𝑴(𝒙) = [
𝑀 +𝑚 𝑚𝑙 cos(𝜃)

cos(𝜃) 𝑙
]       𝑷(𝒙) = [

𝑚𝑙�̇�2 sin(𝜃)

𝑔 sin(𝜃)
]       𝒅 = [

1
0
] 

(15) 

The here presented simplified version of the FLOP requires 𝒉(𝒙) to be linear in the state variable, therefore 

it is linearized in the target position, i.e. 𝒙𝑇 = 𝟎. After the partial linearization, the dynamical system in (14) 

is rewritten as it follows:  

𝑇 =
1

2
𝑀�̇�2 +

1

2
𝑚(�̇�2𝑙2 + �̇�2 + 2�̇��̇�𝑙 cos 𝜃 ) 

𝑈 = 𝑚𝑔𝑙(1 + cos 𝜃) 

(12) 
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�̇� = �̃�(𝒙) + 𝑩𝑢 + 𝑪 

with: 

𝑩 = 𝒉(𝒙𝑇) 

�̃�(𝒙) = 𝝓(𝒙) +𝓐𝒙 

𝓐 = 𝛁𝒙(𝒉(𝒙)𝑢)|𝒙𝑇,𝑢𝑇 

𝑪 = −𝛁𝒙(𝒉(𝒙)𝑢)|𝒙𝑇,𝑢𝑇 𝒙𝑇 

𝑢𝑇 = 0 

(16) 

 

3.2 Swing up controller 

The functional to be minimized is 𝐽: 

𝐽 = ∫
1

2
𝒙𝑇𝑸𝒙 +

1

2
�̇�𝑇𝑺�̇� +

1

2
𝑅𝑢2 + 𝑔(𝒙) + 𝝀𝑻 (�̇� − (�̃�(𝒙) + 𝑩𝑢 + 𝑪))  𝑑𝑡

𝑇

0

 (17) 

where 𝑔(𝒙) is suitably chosen 𝜃-dependent to perform the swing up manoeuvre. Namely, 𝑔(𝒙) is shaped to 

create a potential-attractive function at the upward position of the pendulum, and a potential-repulsive 

function at the downward pendulum position. The sum of three Gaussian-like functions is useful to obtain 

this goal: 

𝑔(𝜃) = −𝑘1𝑒
−𝛼1𝜃

2
+ 𝑘2𝑒

−𝛼2(𝜃+𝝅)
2
+ 𝑘3𝑒

−𝛼3(𝜃−𝝅)
2
 (18) 

the last two terms are due to the downward position can be reached for clockwise or anti-clockwise rotations, 

and  𝑘𝑖 and 𝛼𝑖 are tuning parameters. 

 

 

  

𝜃 = −
4

5
𝜋 

  

𝜃 = −
3

10
𝜋 

 

𝜃 =
3

10
𝜋 

  

𝜃 =
4

5
𝜋 

 

𝜃 ≈ 0 
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Figure 2 inverted pendulum  
 

The FLOP formulation (10) leads to a control feedback:  

𝑢∗ = 𝑓(𝑸, 𝑺, 𝑹, 𝑮, 𝑔(𝜃), 𝒙) (19) 

specifically:  

 

𝑢∗ = (𝑹𝑇 +𝑩𝑇𝑺𝑩)−1 𝑩𝑇(𝝀 − 𝑺�̃�(𝒙) − 𝑺𝑩𝒖𝑇 − 𝑪) + 𝒖𝑇 

with 

𝒖𝑇 = −𝑩
+[�̃�(𝒙𝑇) + 𝑪] 

𝚽(𝒙) = 𝛁𝒙�̃�(𝒙) 

𝜸(𝒙) = 𝛁𝒙𝑔(𝒙) 

𝝀 = �̃�−𝟏 [𝑸𝑇(𝒙 − 𝒙𝑻) + 𝜸
𝑇(𝒙 − 𝒙𝑻) + 𝚽(𝒙)

𝑇𝑺[�̃�(𝒙) − 𝑩[𝑹𝟏
−1𝑩𝑇(𝑺�̃�(𝒙) + 𝑺𝑩𝒖𝑇 + 𝑪) − 𝒖𝑻] + 𝑪]] 

𝑹𝟏 = 𝑹
𝑇 + 𝑩𝑇𝑺𝑩 

�̃� = [𝚽(𝒙)𝑇(𝑰 − 𝑺𝑩𝑹𝟏
−1𝑩𝑇) + 𝑮] 

𝑮 = −
1

∆𝜏
𝑰 

𝒙𝑇  𝑖𝑠 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑡𝑎𝑡𝑒 𝑣𝑒𝑐𝑡𝑜𝑟  

(20) 

 

An optimization procedure is needed to find the best values for 𝑸, 𝑺, 𝑹, 𝑮 𝑘𝑖 and 𝛼𝑖, that are tested analysing 

the control features in the next sections. 

3.3 Numerical results  

In the Table 2 the parameters values and the tuning parameter used in the numerical simulations are listed. 

Tuning 

parameters 
Value 

𝑸 [

10 0 0 0
0 0 0 0
0 0 8 0
0 0 0 0

] 

𝑺 [

24 0 0 0
0 100 0 0
0 0 22 0
0 0 0 7

] 

𝑅 1 

𝒌 = [𝑘1, 𝑘2, 𝑘3] [ 80, 4 , 4] 

𝜶 = [𝛼1, 𝛼2, 𝛼3] [0.125 , 50 , 50 ] 

 

Table 2:  Parameters used 
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Numerical results for FLOP control under different conditions are obtained, showing its robustness and 

effectiveness in bringing the pendulum in the upper position. To test the control algorithm, limitations were 

imposed on both the maximum 𝑢𝑚𝑎𝑥  actuation force and the 10Hz response time of the actuator for all 

simulations. All the following figures shows the positions of the carriage, the angular position of the 

pendulum and the respective speeds, finally the force control 𝑢 is shown in the lower part of the figure. 

Figure 3 shows four different cases of swing up. Cases 1 and 4 have the same trend and are overlapped until 

the 15th second in which, in case 4, the pendulum undergoes a disturbance. Both cases oscillate around the 

equilibrium position and carry out the ascent manoeuvre that ends after only 7 seconds of oscillation. The 

trolley moves only 20 cm from the origin, exploiting maximum actuator accelerations less than 0.2g. When 

the pendulum is now in the upper vertical position, a disturbance is applied and it is possible to notice how 

the cart reacts quickly in such a way to keep the upper position of the rod stable and then slowly returning 

to the position of the zero displacement. Case 3 is very similar to case 1, except for the inertial characteristics 

of the pendulum. In fact, to validate the control, random variations of 10% is introduced for the mass of the 

carriage, mass and length of the rod while maintaining constant the tuning parameters of the control logic. 

Case 2 is instead a swing up test starting from the initial pendulum conditions of π/2. This condition is very 

favourable, because the pendulum is already oscillating and is pulled up in less than one second, keeping 

the carriage travel very limited near the origin. 

Finally, to verify the robustness of the presented controller, a large set of simulations with random initial 

conditions are performed, changing the initial speed of the cart and rod and different angular rod position 

(Figure 4). The control shows good results in all cases, driving both the cart and the rod to the desired 

positions. 

The Figure 5 shows a comparison simulation with a nonlinear control logic based on energy [17]. In 

particular, this technique is based on the fusion of two controls, the first of Lyapunov type, used when the 

pendulum is in its lower configuration, and the second, LQR based, intervenes when a threshold set for the 

angle close to the origin is exceeded. Synthetically, energy-based control is formulated as follows: 

𝑢𝑒𝑛𝑒𝑟𝑔𝑦 = {
−𝑲𝐿𝑄𝑅𝒙

𝑠𝑎𝑡𝑢𝑚𝑎𝑥(𝜇(𝐸 − 𝐸𝑟)𝑠𝑖𝑔𝑛(�̇� cos 𝜃))
           

|𝜃| < 𝜀
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (21) 

where 𝑲𝐿𝑄𝑅 , 𝐸,  𝐸𝑟 , 𝜇, 𝜀 are the Riccati gain of LQR, the instantaneous potential and kinetic energy of the 

pendulum, the reference energy of the upward position and the last two terms are tuning parameters.  

In the Figure 5 and Figure 6 it is possible to observe a comparison between FLOP and Energy control based. 

To compare FLOP ceteris paribus with the method proposed in [17], the limit 𝑢𝑚𝑎𝑥 must be moved up to 

5N and the response time of the actuator is increased up to 100Hz because it is difficult to find tuning 

parameters admissible for control in energy. The switch threshold was set to ε = 30°. Both controls behave 

very well and the energy method is able to pull up the pendulum in a very short time if it starts from the rest 

condition. In the case illustrated in Figure 5, in which the pendulum starts from the 𝜋 rest condition, the 

energy method, although very reactive in the swing up operation, moves far away from the origin, almost 2 

meters. On the contrary, FLOP shows a trend of oscillations that move away the pendulum of only 50cm 

from the origin. FLOP control proves to be slow only starting from the rest condition; in fact, in Figure 6 it 

is possible to observe a much faster dynamics starting both from 3/4 π rod position. In addition, in the last 

simulation FLOP demonstrates an excellent control ability to rise up combining small movements. Finally, 

FLOP use the actuator in a smoother way, arriving only a few times to the saturation condition. 
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Figure 3 Swing-up maneuver with perturbed parameters 
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Figure 4 Swing-up maneuver with different initial conditions 
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Figure 5 Swing-up maneuver vs energy method   
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Figure 6 Swing-up maneuver vs energy method from 𝜃0 = 𝜋3/4  
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4 Conclusions 

A new method of control for mechanical systems, named FLOP is introduced. This method belongs to a 

class of methods developed at the Sapienza Mechatronic Lab and named Variational Feedback Control VFC 

methods based on local optimality principle with the possibility to include both non-linear dynamics and to 

formulate a wider class of cost functions such as in the classic LQR. In fact, FLOP permits to introduce in 

the objective function specific requests giving the chance of introducing sharp local effects, especially useful 

for obstacle avoidance as well as for reaching specific targets. 

In this paper the FLOP method is applied to control an inverse pendulum showing robustness and 

effectiveness for the swing up manoeuvre. The control, thanks to its formulation, allows to choose how the 

pendulum is accompanied and maintained in the upper position. In fact, in the objective function it is 

possible to create customized potential functions allowing different control behaviours, such as managing 

the initial oscillations of the pendulum in the downward position, differently from the maintenance of the 

upward position. The FLOP control is also compared with Lyapunov control law method mixed to LQR 

control and it reaches excellent results. 
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Abstract 

Carbon nanotube thin films provide the capability to rapidly oscillate their surface temperature on time 

scales less than 10 nanoseconds. This unique feature allows them to be used as a thermophone, or 

thermoacoustic heat engine. As the surface of the film is rapidly and periodically heated by an electrical 

input signal, the surrounding air expands and contracts with the periodic heating to create a propagating 

acoustic wave. This type of loudspeaker is solid state with no moving parts and lightweight because there 

is no need for heavy magnets. In this paper, a coaxially configured thermophone will be discussed with 

applications in active noise control in pipes and ducts. Design parameters will be discussed as well as 

preliminary active noise cancellation data. Commercialization technical challenges will be presented. 

1 Introduction 

Recent technological advancements have allowed for revolutionary changes to noise abatement methods 

within pipe and duct systems. The implementation of active noise control, or the cancellation of sound 

through destructive interference, has removed the restriction of using purely passive sound absorption. 

However, the implementation of these active systems has been inhibited due to the strict requirements 

imposed by the traditional moving coil loudspeaker. Moving coil loudspeakers are heavy and sensitive to 

temperature, which makes installation into existing pipe and duct systems, such as automotive exhaust pipes, 

a significant challenge. This challenge has sparked the development of a revolutionary new loudspeaker 

technology to create a lightweight, solid-state, and flexible loudspeaker, known as the carbon nanotube 

(CNT) thermophone, or CNT loudspeaker. The CNT thermophone does not operate on a velocity boundary 

condition, like the moving coil loudspeaker, but rather on a temperature boundary condition, using rapid 

fluctuations in temperature to create an acoustic wave. These flexible and lightweight loudspeakers provide 

significant improvements towards the commercial design and implementation of active noise control 

systems.  

2 Carbon nanotubes 

2.1 Carbon nanotube definition 

Carbon nanotubes (CNTs) were first discovered in 1991 by Sumio Iijima, a Japanese physicist, who found 

that hexagonally latticed tubes of carbon could be created using an arc-discharge method [31]. These 

allotropes of carbon have been characterized as seamless cylindrical nanostructures and have been the focus 

of a significant amount of research since their discovery, both in application and fabrication [24]. This 

research has led to the discovery of additional fabrication methods, such chemical vapor deposition (CVD) 

and laser ablation [37]. Using these different methods can create CNTs that vary in two key ways. The first 

difference is the number of carbon layers, or walls, present in the nanotube structure, which can range from 
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single-walled carbon nanotubes (SWCNT) to multi-walled carbon nanotubes (MWCNT) [7]. The second 

difference is the alignment of groups of carbon nanotubes, or forests, as they grow on the substrate, which 

can range from randomly aligned to vertically aligned. The CNT forest can also be superaligned, which is a 

vertically aligned forest that is able to be dry-drawn, or pulled, into a thin-film [33]. These CNT thin-films 

are the enabling technology behind the CNT thermophone. Currently, the superaligned MWCNT forests 

needed to create the CNT thermophones are produced exclusively using the CVD production method [48]. 

The CNT forests used to create the CNT thermophones presented are approximately 100 nm tall and 

produced by Nanoworld Laboratories. These CNTs have 7-8 shells with an outer diameter of approximately 

10 nm and an inner diameter of approximately 5 nm [15]. 

2.2 Material properties of carbon nanotubes 

Carbon nanotubes possess exceptional material properties that are desirable in areas such mechanical, 

thermal, and electrical applications. The electrical and thermal conductivity of CNTs are among the highest 

of any known materials, with a thermal conductivity of approximately 2.5 ± 0.5 W m-1 K-1 at room 

temperature and a heat capacity per unit are (HCPUA) of approximately 7.7x10-3 J/m2 K [32]. These 

properties are inversely related to the height of the CNT forest, with shorter forests having higher thermal 

and electrical conductivity. The CNT thin-films also possess exceptional mechanical properties, with a 

tensile strength of approximately 7.9 MPa and a Young’s modulus of 310 MPa, while having a density of 

0.039 g cm-1 [44]. These properties make CNT thin-films a highly applicable and versatile material. 

3 Carbon nanotube thermophones 

3.1 Thermophone definition 

The CNT thin-films allow for the creation of a CNT thermophone. A thermophone is a loudspeaker that 

creates sound by rapidly oscillating the surface temperature of a material at acoustic frequencies to generate 

an acoustic wave. This process, known as the thermoacoustic effect, utilizes a temperature boundary 

condition to generate sound, unlike the traditional moving coil loudspeaker, which requires a velocity 

boundary condition. Ferdinand Braun discovered the thermoacoustic effect in 1898 when he passed an 

alternating current through a bolometer [21]. Arnold and Crandall then conducted the first scientific 

exploration of this concept in 1917 when they attempted to create a thermophone using 700 nm platinum 

thin-film [8]. However, this initial attempt was limited by the relatively high heat capacity per unit area 

(HCPUA) of the platinum thin-film, which restricted the frequencies generated to a maximum of 16 Hz. 

Without a viable material to support it, this concept was left untouched for the next 90 years. In 2008, Xiao 

et al. passed an alternating current through a carbon nanotube thin-film and found that the material was 

emitting sound [59]. It was found that the CNT thin-film possessed a HCPUA that was low enough to allow 

for the generation of acoustic frequencies over a range of 1 Hz to 100 kHz. Since this discovery, the 

operation and application of CNT thermophones has been widely researched as an alternative to moving 

coil loudspeakers.  

3.2 Characterization 

Arnold and Crandall were able to derive the physics behind the thermoacoustic effect during their scientific 

exploration using the 700 nm platinum thin-film, which can be seen in Equation 1 [8]. They found that the 

root-mean-square (RMS) sound pressure, P, that a thermophone generates at a distance, r, for a given 

electrical input, Win, is a function of the HCPUA of the material, Cs, the frequency, f, the thermal diffusivity, 

α, the density of the material, ρ0, and the absolute ambient temperature of the surround gas, TK. 
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 𝑃 =
√𝛼𝑓𝜌0𝑊𝑖𝑛

2√𝜋(𝑇𝐾 + ∆𝑇)𝑟𝐶𝑠

 (1) 

When Xiao et al. rediscovered this effect in 2008, it was found that the theory proposed by Arnold and 

Crandall was not suitable to predict the response of the CNT thermophone [59]. The initial theory was 

expanded upon to account for the instantaneous heat exchange per unit area between the CNT thin-film and 

the surrounding media due to thermal conduction, which can be seen in Equation 2. In the expanded term, 

𝑓1 = (𝛼𝛽0
2)/(𝜋𝜅2), 𝑓2 = 𝛽0/(𝜋𝐶𝑆), and Δ𝑇 =

𝑊𝑖𝑛

2𝑎𝛽0
= 𝑇𝑓 − 𝑇𝐾. These terms include the thermal 

conductivity of the CNT thin-film, κ, the single-sided surface area of the thin-film, a, and the rate of heat 

loss per unit area of the thin-film per rise in temperature above the surrounding, β0. 
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The CNT thermphone is a non-linear transducer. This non-linearity occurs because the output sound 

pressure level is proportional to the square of the input electrical current, resulting in a doubling of the output 

frequency compared to that of the input frequency [2]. The non-linear response creates a noticeable 

distortion if not properly compensated for. The non-linearity can be offset using two prominent signal 

processing techniques that have been developed. The first method involves adding a direct current (DC) to 

an alternating current (AC) in a method known as DCAC and can be seen in Equation 3. The second method 

requires the amplitude modulation of an alternating current, in a method known as AMAC and can be seen 

in Equation 4. Although these methods can negate the non-linearity, they do require additional input power 

to the CNT thermophone. The DCAC method generates a sounds pressure level, P, as a function of time 

that is dependent on the peak amplitude of the signal, A, the DC offset provided, B, and the frequency of the 

signal, ω. The AMAC method alters the input voltage of the signal, V, as a function of time, which is squared 

because of the non-linearity. This method is dependent on amplitude modulated signal, AM, the amplitude 

of the carrier signal, AC, the frequency of the modulated signal, FM, and the frequency of the carrier signal, 

FC [19]. 

 𝑃(𝑡) ≈ 𝐵2 + 2𝐵𝐴 sin(𝜔𝑡) + 𝐴2 [
1 − cos(2𝜔𝑡)

2
] (3) 

 𝑉(𝑡) = (1 + 𝐴𝑀 cos(2𝜋𝐹𝑀𝑡)) ∗ 𝐴𝐶 sin(2𝜋𝐹𝐶𝑡) (4) 

3.3 Open-air efficiency 

A CNT thermophone in open air has a lower overall efficiency compared to that of a moving coil 

loudspeaker. Bouman et al. found that the overall efficiency of an open-air CNT thermophone is between 

1.2 E-6 and 1083E-6 percent. These values were found using a 72 Wrms input signal [19]. A moving coil 

loudspeaker typically has an efficiency near one percent. While traditional moving coil loudspeakers are not 

very efficiency, the CNT thermophones are multiple orders of magnitude lower in efficiency. Xiao et al. has 

developed a theoretical model to find the true efficiency of an open-air CNT thermophone, η, which can be 

seen in Equation 5 [59]. The true efficiency is the ratio of acoustic output power to the electrical power input 

to the system. The theoretical model utilizes the sound power, Π, the total input power, Pinput, the frequency, 

f, the density of the surrounding gas, ρ0, the speed of sound in the gas, c, the specific heat of the gas, CP, the 

ambient temperature, T0, and the mean temperature of the thin-film, Ta. 

 𝜂 =
𝛱

𝑃𝑖𝑛𝑝𝑢𝑡
=

𝜋𝑓2𝑃𝑖𝑛𝑝𝑢𝑡

2𝜌0𝑐𝐶𝑃
2(𝑇0 + 𝑇𝑎)2

 (5) 
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3.4 Enclosed efficiency 

Aliev et al. later discovered that a CNT thermophone can be encapsulated to increase the overall efficiency, 

however the previously determined efficiency was no longer accurate [2]. The encapsulated efficiency can 

be seen in Equation 6. It was found that operating the CNT thermophone at low frequencies resulted in 

higher efficiencies. The developed model incorporates the resonant quality factor of the vibrating surface 

enclosing the thermophone, Q, a correction factor to account for the gas in the enclosed cavity, γ, and the 

speed of sound of the gas, υ. It was determined that the encapsulated CNT thermophone could reach greater 

efficiencies in different environments. Efficiencies of 0.3% were attained when operated with air as the 

surrounding media, and 1.5% when operated underwater. 

 𝜂 =
(𝛾 − 1)2𝜌𝑎𝑖𝑟𝑄2

2𝑓2𝑉2𝜐𝑔
𝑃ℎ (6) 

3.5 Thermophone fabrication 

CNT thermophones can be fabricated in a relatively simple manner. The core thermophone consists of the 

CNT thin-film suspended between a set of electrodes to the provide the input signal, a combination of 

alternating and direct current. The CNT thin-film must be dry-drawn from a CNT forest onto the electrodes, 

which are typically copper. The thin-film is then densified to the electrodes using denatured alcohol to secure 

the connection [14]. This process is depicted in Figure 1. The flexible and stretchable nature of the CNT 

thin-film allows for thermophones to be created using either free-standing CNT thin-film or the thin-film 

can also be supported on an underlying base material with embedded electrodes. The supporting material 

must be able to withstand the high temperature of the CNT thin-film during operation while also being 

electrically insulating to preserve the circuit being created. Traditionally, this material has been Teflon ® 

PTFE. These fabrication techniques have allowed for the creation of a variety of free-standing and supported 

CNT thermophones in complex geometries previously thought to be unattainable given the restrictions of 

the moving coil loudspeakers. Figure 2 depicts both the free-standing and supported CNT thermophones as 

well as the various geometries that have been attained. 

 

  

Figure 1: Dry-drawing process of CNT thin-film used to create planar CNT thermophone 
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Figure 2: Free-standing and supported CNT thermophones created in planar, cylindrical, and spherical 

geometries 

3.6 Modeling 

A significant amount of research has been focused on creating a multi-physics 3-D model of CNT 

thermophones. Asgarisabet et al. has created a model aimed at predicting the operation of the CNT 

thermophone as it transitions from the electrical domain to the thermal domain to the acoustic domain with 

a high amount of accuracy [11]. This model has been created using the COMSOL Multi-Physics software 

with the AC/DC (Joule Heating), thermoviscous and pressure acoustic modules. The analytical models 

presented in Equations 1-6 are necessary to properly obtain the surface temperature variations of the CNT 

thin-film as the current is applied, which is then converted to pressure changes in the surrounding media 

that then produces the acoustic waves. The model that has been created has been validated using results 

from the analytical models and with experimental data, which can be seen in Figure 3. Understanding this 

model will allow for future ease in optimizing thermophone designs. 

 

 

Figure 3: Comparison between COMSOL model, theoretical, and experimental data [11] 
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4 Coaxially configured CNT thermophone 

4.1 Pipe and duct active noise control 

The lightweight, flexible, and conformable nature of the CNT thermophone make it the ideal replacement 

for a moving coil loudspeaker in applications where weight and the restrictions of the moving coil 

loudspeaker are of concern. These features provide great benefit to active noise control systems within pipes 

and ducts. Most notably, pipe and duct active noise control is found in automotive exhaust systems as a 

supplement to the traditional passive muffler. However, this technology could also be used in heating, 

ventilation, and air conditioning (HVAC) systems to reduce the noise generated by the air handling unit, 

which can travel throughout the building, and has also been traditionally abated using passive methods. 

These active systems measure the incoming sound from the source using a microphone, then the speaker 

injects the same waveform back into the system with a 180-degree phase shift. This creates destructive 

interference, which lowers the amplitude of the acoustic wave. In vehicles, the use of moving coil 

loudspeakers within these active systems creates a challenge in designing them into the vehicle 

undercarriage. These loudspeakers are heavy due to the magnets required and must also be offset from the 

exhaust pipe to avoid high temperatures. To create this offset, the loudspeaker is isolated using a branch 

pipe angled off the exhaust pipe [4]. The need for this branch pipe system can be eliminated using a CNT 

thermophone in place of the moving coil loudspeaker. The flexible nature of the CNT thin-film allows for 

a coaxial speaker to be created, meaning that it can fit directly in-line with the given pipe or duct system. 

Additionally, the coaxial CNT thermophone allows for better generation of plane waves inside the pipe or 

duct opposed to the angle branch pipe, improving the overall performance of the noise cancellation.  

4.2 Coaxial design benefits 

The coaxial CNT thermophone provide three key benefits over the traditional passive pipe and duct muffler 

systems. First, the CNT thermophone allows for a significant reduction in both weight and volume. The 

lightweight and flexible CNT thin-film allow for compact designs that can reduce size by up to 80% 

compared to passive mufflers. Second, the coaxial thermophone does not obstruct airflow through the 

system. Passive mufflers force the airflow through resonant chambers and fibrous material that generates 

backpressure on the source. This backpressure will lower the overall performance of the system, requiring 

additional energy to overcome and reducing overall efficiency. Third, the coaxial CNT thermophone can 

adapt to changing acoustic environments unlike the passive muffler that can only be tuned to a specific 

operating condition. Given these benefits, the coaxial CNT thermophone can provide a competitive 

alternative the passive muffler. 

4.3 Prototype development 

An initial proof of concept coaxial CNT thermophone was designed, fabricated, and tested by Prabhu et al. 

to understand the potential benefits this technology could provide in active noise control systems [45]. The 

coaxial CNT thermophone was designed to optimize the resistance so that it matched that of a commercial 

amplifier. The theoretical resistance was 1.53 Ω, however in testing the resistance was found to be 1.98 Ω. 

The discrepancy in resistance is attributed to a difference in the total area of CNT thin-film. The design 

consisted of three rings, each containing six copper electrodes that were secured using Teflon ® PTFE end 

caps. Five layers of CNT thin-film were then wrapped onto the copper electrodes through the dry-drawing 

process. This process started with the inner most ring, and as the thin-film was applied the copper electrodes 

were inserted to begin the next ring until all three rings had been completed. A transparent cover was then 

placed over the thermophone to provide protection. A second-generation prototype was also created with 

several improvements over the initial prototype. Most notably, an aluminum shielding was used along with 

an internal slotted pipe with a Kapton coating. This coating was used to protect the CNT thin-film from the 

112 PROCEEDINGS OF ISMA2018 AND USD2018



airflow, which could easily destroy the CNT, while also remaining acoustically transparent. The initial and 

second-generation proof of concept coaxial CNT thermophones can be seen in Figure 4. 

 

 

Figure 4: Initial (top) and second-generation (bottom) proof of concept coaxial CNT thermophone 

prototypes 

 

4.4 Prototype validation 

After the coaxial CNT thermophone had been fabricated, initial testing was needed to quantify the noise 

cancellation capabilities of the system compared to that of a passive muffler, which cancels approximately 

30 dB of adverse noise [46]. Initial test data has shown that sound pressure levels of up to 125 dB were 

achieved inside the test pipe using an input power of 200 W. The noise cancellation capability was then 

tested using pure tones in the pipe at one-third octave frequencies. The phase of the output of the CNT 

thermophone was manually adjusted to cancel the sound being generated using destructive interference. The 

preliminary data achieved from this test can be seen in Table 1. Throughout this test an average reduction 

in sound pressure level of 12 dB was seen. This cancellation is expected to improve with the use of an active 

noise control algorithm. The test setup used to perform these tests can be seen in Figure 5.  
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Figure 5: Exhaust pipe test setup to acquire preliminary coaxial CNT thermophone noise cancellation data 

[45] 

 

 

Frequency 

(Hz) 

Sound Pressure 

Level in Pipe 

(dB re 20μPa) 

Sound Pressure 

Level Reduction 

(dB re 20μPa) 

50 111 15 

63 112.6 10 

80 114 10 

100 115.9 10 

125 119.2 12 

160 124.3 10 

200 134.6 10 

250 126.3 10 

315 111.8 25 

400 128.4 10 

500 115.7 10 

100 114.3 10 

Table 1: Manual noise cancellation results of pure tones over one-third octave band [45] 
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4.5 Commercialization technical challenges 

Although the proof of concept prototype has shown promising preliminary active noise cancellation data, 

there are still many hurdles that must be overcome in the path to commercializing this promising technology. 

The main challenges that must first be understood are the durability of the CNT thin-films, providing a 

sufficient level of noise reduction can be seen on a real-world source, and ensuring that the CNT 

thermophone can be produced at a cost competitive rate. The passive systems that have been used in vehicle 

exhaust systems and HVAC systems are expected to last for 100,000 miles and 20 years respectively, 

therefore a viable replacement must be able to meet or exceed these expectations. Currently, the coaxial 

CNT thermophones have been operated for minutes at a time. A comprehensive durability study is needed 

to understand the thermal cycling of the CNT thin-film, as the surface temperatures reach upwards of 300°C 

during operation. Traditionally, passive muffler systems are expected to abate roughly 30 dB of adverse 

noise in the exhaust system, whereas the coaxial CNT thermophone was able to cancel 12 dB of noise on 

average in preliminary testing. This must also be improved to remain competitive in the market. Finally, the 

production of the CNT thermophone must also be financially viable. Currently, most of the cost to producing 

CNT thermophones comes from the CNT forests. To meet the high demands of creating a commercial 

product, the CNT forests must be produced in a large enough quantity and at a competitive price. If these 

three challenges can be dealt with, then the path towards commercialization becomes a much more attainable 

goal.  

5 Conclusions and future work 

The introduction of the CNT thermophone has revolutionized loudspeaker design and implementation. No 

longer restricted to moving coil loudspeakers, the CNT thermophone provides a loudspeaker that is 

lightweight, flexible, and contains no moving parts. The thermophone operate using the thermoacoustic 

effect, which generates acoustic waves using rapid fluctuations in temperature to alter the pressure in the 

surrounding media. The CNT thermophone is enable by CNT thin-film which has a heat capacity low 

enough to allow for frequencies over a range of 1 Hz to 100 kHz to be generated. The enabling material is 

lightweight, flexible, and stretchable, which allows for complex and unique speaker geometries that were 

impossible using moving coil loudspeakers. These features have allowed for the development of a coaxial 

CNT thermophone that can fit directly in-line with a pipe or duct, which can provide active noise control to 

the system using destructive interference.  

The initial proof of concept prototype coaxial CNT thermophones show great promise and benefit compared 

to the passive muffler systems, however there are still many challenges that must be overcome. Moving 

forward there are plans to conduct an in-depth durability study on the second-generation proof of concept 

prototype to gain a better understanding of how the CNT thin-film withstands both external vibration and 

extended thermal cycling. Additional work will also be done to design and fabricate a thermophone that is 

optimized to a specific engine to understand the potential noise cancellation in a real-world scenario. Finally, 

further discussion and planning is being conducted into making CNT thermophones more financially viable. 

Understanding and adapting to these challenges will improve the effort to commercialize the CNT 

thermophone and create a viable product. 
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Abstract
The inerter is a mechanical analogue to a capacitor, where the force across the device is proportional to rela-
tive rather than absolute acceleration. The fact that inerters can be tuned in a similar way to a mass damper,
without significantly increasing the mass of a structure makes them attractive for a range of engineering
tasks. Applications that have been studied in recent years include seismic isolation of tall buildings, control
of vibration in bridges, vehicle suspensions, as well as other engineering problems. The prospect of using
inerters as part of a semi-active system has only recently begun to be investigated. A previous paper has
demonstrated the feasibility of a semi-active inerter based on a helical fluid design, using magnetorheolog-
ical fluid to create a controllable damping force. The present study will develop the potential of this device
by investigating a novel device layout; making use of two helical coils to create an inertance value which can
be adjusted. In addition, the properties of the semi-active damper are highly dependent on the geometry of
the device. The limitations and opportunities caused by this will be investigated.

1 Introduction

The ideal inerter is a mechanical element with two terminals, which creates a force proportional to the rel-
ative acceleration of these terminals [1], in the same way that the ideal spring and damper create a force
proportional to the relative displacement and velocity of their terminals, respectively. This allows for vibra-
tion absorber designs with advantages over those using a mass damper, the most obvious of which is a large
saving in weight. Initially used as a part of vehicle suspension, current research is focused on expanding
their application in other areas, such as civil structures [2].

Various inerter designs exist which make use of the inertia created by different elements, such as gears or
flywheels. The type discussed in this paper is the fluid inerter [3]. At its simplest, this device consists of
a piston, with a helical tube attached to it at both ends, as demonstrated in Figure 1. Motion of the piston
causes the fluid to flow around the curves of helix, creating inertia. Due to the flow properties in the helix,
resistive forces are created proportional to the velocity of the flow and its square, hence this type of inerter
can be modeled as an ideal inerter in parallel with a nonlinear damper.
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Figure 1: A highly simplified schematic of a fluid inerter.

Magnetorheological (MR) fluids are a class of smart fluid with established uses in vibration control [4].
They consist of a suspension of magnetically responsive particles in a non-magnetisable liquid. Introducing
a magnetic field to the MR fluid causes the particles to link up, increasing the yield stress of the fluid. While
calculating the exact flow behaviour of an MR fluid under the influence of a magnetic field is moderately
complex [5], for the purposes of this paper it can be sufficiently approximated as a Bingham fluid, a class of
non-Newtonian fluid which will not flow until its yield stress is overcome, at which point it will flow as a
viscous Newtonian fluid.

Previous work by the authors [6] established the feasibility of a using MR fluid in an inerter to create a
semi-active, controllable device. This paper builds upon that work by investigating the possibilities afforded
by using multiple helixes, in particular the potential for controlling the inertance of the device. To achieve
this, the effects of different geometries on the flow and the potential they offer in terms of control will be
analysed and discussed.

2 Underlying Physics and Modeling Assumptions

2.1 Fluid Inerters

Figure 2 shows the nomenclature which will be initially used when discussing inerters. Note that some of
this will be adapted later in the paper, to better describe inerters with novel geometry.

An ideal inerter is described by the equation F = bẍ, where b is the inertance and ẍ is the relative acceleration
of the two terminals [7]. In the case of the fluid inerter, one terminal is the piston tube and the other is the
piston itself. The tube will be assumed to be fixed and so ẍ is the acceleration of the piston. By equating the
kinetic energy to the inertial energy of the fluid in the helix,

1

2
bẋ2 =

1

2
Jθ̇2 (1)

it can be seen that the inertance is proportional to the moment of inertia of the fluid, J , and the square of the
ratio of its angular velocity, θ̇, to the velocity of the piston. For a helix which has a sufficiently large curve
radius (r4) when compared to its pitch (h), almost the entirety of the angular velocity vector is normal to the
bend and so this can be approximated by a velocity vector along the flow line, u, where u = r4θ̇. Due to
continuity, u = A1

A2
ẋ, where A1 = π(r22−r21) is the piston tube area and A2 = πr23 is the cross sectional area
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Figure 2: The key dimensions of a fluid inerter, as used in this section (not shown: helix length, l).

of the helix. Finally the moment of inertia can be approximated by J = mhelr4, with mhel = ρlA2
2 being

the mass of the fluid in the helix and l being the length of the helix. Hence, a reasonable approximation of
the inertance for a typical fluid inerter designs is

b = mhel

(u
ẋ

)2
= mhel

(A1

A2

)2
. (2)

Viscous effects are the main contributor to pressure loss in a helical channel. In Ref. [3], an equation is
derived to calculate this pressure drop:

p = 0.04845
ρl√
r3r4

u2 + 8.77
µl

r23
u. (3)

Ref. [3] also demonstrated that this pressure drop was sufficiently large that other effects, such as pressure
drop from sudden contraction and expansion of the flow at the inlet and outlet could be largely neglected and
so the damping force on the piston is approximately

Fd = pA1. (4)

2.2 Magnetorheological valves

Conventional magnetorheological valves are annular in nature, subjecting a narrow channel to a relatively
uniform magnetic field. While exact analytical solutions are unavailable for this geometry, provided the gap
height is sufficiently small compared to the total diameter, the flow can be approximated as flow between
two parallel plates with a width W = 2πR. The flow conditions for this type of can be found by finding the
largest root of the cubic equation

C3
f − (3/2 + 6

Re

He
)(
He

Re2
)C2

f + 1/2(
He

Re2
) = 0, (5)

with Cf , Re and He being the friction factor, Reynolds number and the Hedstrom number, respectively,
three dimensionless groups [5].

For the purposes of this paper, it is sufficient to model the MR fluid as a Bingham fluid. This approximates
the pressure drop across the valve as the sum of two quantities, the Bingham shear stress, τy, and the pressure

ACTIVE VIBRATION CONTROL 123



drop across the valve due to Newtonian viscosity, kvuv:

pv = τy + kvuv = τy + 12
µL

H2
uv, (6)

where uv is the flow velocity within the valve and L and H are the valve length and annular gap height,
respectively. The Bingham yield stress is the minimum pressure required before the fluid will start to flow.
It is equal to zero when the valve is in its off state and can be increased up to a maximum value of between
50-100kPa, depending on the fluid [8].

(a) (b)

Figure 3: Diagrams of an MR valve (a) end on and (b) side on, as two parallel plates of width W = 2πR.

2.3 Combined Device

The aim of this paper is to explore how multiple flow channels can be used to design an MR inerter with
controllable inertance. This could be useful as part of a semi-active vibration absorber, which could cope
with structures whose dynamics are not constant. One example of these structures are the work pieces in
machining operations, where a large amount of material being removed can substantially reduce the mass
and cause a traditional vibration absorber to detune; a vibration absorber which remains tuned throughout
the operation could lead to improvements in productivity in this area [9].

In order to describe an inerter with two helixes, it is necessary to adapt the notation used. In this paper, the
helix which does not contain the valve will be referred to as helix a, with its dimensions and values denoted
by a subscript a (eg. ra for its radius and ua for the flow velocity), with the other helix, containing a valve
being designated helix b. As the only dimension which will be varied is the radii ra and rb, it is useful to
rewrite Equation 7 as

p =
α

r2a
ua +

β

r0.5a
u2a (7)

=
α

r2b
ub +

β

r0.5b
u2b + τy, (8)

where α = 8.77µl and β = 0.04845 ρl√
r4

.

It should be noted that the density of MR fluid is significantly higher than that of either water or oil, the
traditional working fluids used in inerters, this corresponds with an increase inmhel and β. Unless otherwise
stated, the values used to create example values are as stated in Table 1; these are based on an existing test
rig at the University of Sheffield. The Newtonian pressure loss within the valve, kvuv, has been neglected;
while this can affect the results and should not be ignored when designing real devices, valve design is an
involved area of study in itself and so discussion of these effects are best left for later work which can give it
the attention it requires.
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Table 1: Default values used throughout this paper.

Variable Value
r1 0.0125m
r2 0.025m
r3, ra, rb 0.015m
r4 0.1m
L 0.225m
l 4.71m
ρ 3500kgm−3

µ 0.28Pas
kv 0 Pa−1s2

3 Modeling of an inerter with two helixes, one of which contains an
MR valve

3.1 Model and example values

The fluid flow in the type of device shown in figure 4 is assumed to meet three conditions:

1. Flow is continuous and incompressible:

A1ẋ = π
(
r2aua + r2bub

)
, (9)

2. The pressure loss in both helixes is equal to one another :

α

r2b
ub +

β

r0.5b
u2b + τy =

α

r2a
ua +

β

r0.5a
u2a (10)

3. Flow velocity in each helix is never less than zero (as the MR valve is semi-active, it will only provide
a resistive force)

Initially the fluid will only flow through helix without the valve, as it would in a standard, single-helix inerter
and so, from Conditions 1. and 3., the fluid velocity will be ua = A1

Aa
ẋ, ub = 0.

Once the piston velocity is above the critical value,

ẋ∗ >
Aa
A1

√
( α
r2a
)2 +

4τyβ
r0.5a
− α

r2a
β
r0.5a

, (11)

the pressure in helix a will be greater than the yield stress of the fluid and the flow will occur in both helixes.
Beyond this point, the value of ub can be found from the roots of
(
β

r0.5b
− β

r0.5a

( rb
ra

)4
)
u2b +

(
α

r2b
+
α

r2a

( rb
ra

)2
+2

β

r0.5a

r22r
2
b

r4a
ẋ

)
ub+ pv−

α

r2a

(r2
ra

)2
ẋ− β

r0.5a

(r2
ra

)4
ẋ2 = 0. (12)

(by combining Equations 9 and 10) and then substituted into Equation 9 to find ua.

The flow velocities for an example device, with ra = rb are shown Figure 5 for various values of τy. It
can be seen that for the geometry studied here, in order to prevent any flow within helix b for the entire
velocity range studied (i.e ẋ∗ = 0.4), a yield stress of τy = 57.7kPa is required. This maximum yield stress
is important to consider when designing these devices. The required value can be found by rearranging
Equation 11 to reach

τmaxy =

(
2 β
r0.5a

A1
Aa
ẋmax + α

r2a

)2
−
(
α
r2a

)2

4 β
r0.5a

. (13)
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Figure 4: The key dimensions of a fluid inerter, as used in this section (not shown: helix length, l).
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Figure 5: The velocity in the helix without a valve, ua, scales with the piston velocity until the fluid’s yield
stress is overcome. Then the fluid velocity in both helixes begin to converge towards the average velocity.
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Once the velocity in each helix is known, the damping force pressure in helix a can be found from Equation,
7 and thus the damping force from Equation 4, as shown in Figure 6. It can be seen that, due to the reduced
flow velocity in each helix, once the yield stress of the fluid is overcome, the increase in damping force is
reduced.

By considering the conservation of energy and Equation 1, it can be shown that the total inertance will be
equal to the sum of the inertance in each helix,

b =
mhel,au

2
a

ẋ2
+
mhel,bu

2
b

ẋ2
(14)

As can be seen in figure 7, the device inertance is now velocity dependent. By dynamically adjusting the
yield stress of fluid as the piston velocity changes, it is theoretically possible to fix the inertance to any value
within this range, although a control strategy to do this in reality remains to be developed. The strategy
would also need to be able to deal with the damping force, which would be some point between the bounds
shown in Figure 7.
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Figure 6: The damping force increases rapidly until the yield stress of the fluid is overcome and then rises
more slowly beyond this point.
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Figure 7: Once the valve pressure is overcome, the rate of increase of the damping force is slowed.

3.2 Control Range

The ratio of the radii of the helixes affects the values of inertance which can be achieved, with the upper
bound being the inertance created by helix a alone and the lower bound being equal the inertance created
by an equivalent, single helix inerter with a helix radius of r3 = ra + rb. Hence, the larger the difference
between the two, the larger the range which can be controlled. Figure 8 shows the range available for six
different geometries, as detailed in Table 2. Geometry 3 is the case discussed in Section 3.1. Geometry 6
represents a slightly different design; here helix b is replaced with an arbitrarily large, straight tube which
acts as an ideal bypass valve.

While maximising the range of achievable inertance is obviously desirable, limiting the lower bound might
possess some advantage. For example, it might be useful to design a device which provides some inertance
when in its off state, as a fail safe.
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Figure 8: Comparison of inertance range for different values of rb
ra

.
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Table 2: Geometries used.

Geometry rb
ra

ra (mm) rb (mm)
1 0.25 15 3.75
2 0.75 15 11.25
3 1 15 15
4 1.5 15 22.5
5 5 15 75
6 - 15 -

4 Conclusion

This paper has examined a fluid inerter which uses two helical coils and a magnetorheological valve to
produce a variable inertance. The underlying physics were discussed, along with some of the simplifications
used in developing the analysis. An analytical model was developed and used to produce detailed results for
one design of the device. Finally, the model was used to demonstrate how the relationship between the radii
of the helical coils affects the range of inertance which would be achievable with such a device.
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Abstract 
A major application case for drones is its usage as a flying video camera. Vibration excited by motors and 

wind reduces the video quality. Therefore passive and active vibration reduction mechanisms as 

electromotor enhanced gimbals are typically integrated. By means of these measures a good vibration 

reduction can be achieved. Nevertheless in certain operation conditions, still a reduced video quality is 

observed. As a typical phenomenon the rolling shutter effect is observed. This work presents the positive 

effect of a device for an active vibration reduction of a camera mounted on a quadrocopter. It focuses on 

the experimental identification of the vibration behaviour of the quadrocopter in different defined flight 

conditions. The effects of vibration excitation by wind and electromotors onto the acceleration of the 

camera are presented. According to the results an active vibration control system based on an 

electrodynamic actuator and velocity feedback is designed, realized and tested on test rig and in flight.  

1 Introduction 

1.1 Motivation 

In recent years, the maker scene has expanded in Europe and more events are showing the increasing 

interest in this field. The increasing numbers of Fabrication Laboratories (FabLab’s) are used by private 

persons and Start Up’s to realize own creative ideas. These so called “Makers” can fall back on open 

hardware and open source platforms that offer free instructions, scripts, routines and other source code. 

For example, the OpenAdaptronik platform offers information, tools and instructions on the topic of 

intelligent systems for vibration reduction that are freely accessible to anyone interested. OpenAdaptronik 

is a project that prepares the adaptronics for the maker movement in photonics. Within the frame of 

OpenAdaptronik, simple procedures for the design and integration of adaptronic measures in photonics are 

developed, discussed with the maker scene and published. Within the frame of the project, the 

implementation of active structures was to be demonstrated with the aid of three demonstrators using 

understandable and interesting examples. Besides the active mounting of a telescope and the active 

vibration isolation on a breadboard made of Lego bricks, the third demonstrator is the vibration reduction 

system in the digital camera of a quadrocopter that is presented in this paper.  

In drone cameras with CMOS sensor, the so-called "rolling shutter effect" or "jello effect" occurs. The 

cause of the effect is the functionality of the CMOS (complementary metal-oxide-semiconductor) sensor. 

With a CMOS sensor there is only one readout unit for reading one line of pixels. The consequence is that 

the lines must be read one after the other. The microcontroller of the camera determines which line is read 

at which time. The rolling shutter effect of the CMOS sensor is created by reading out the sensor lines at 

different times (at a CCD (charge-coupled device) sensor, all pixels are read simultaneously). 

The rolling shutter effect on an image is inversely related to the shutter speed compared to camera 

movement. When moving the camera or the object, shutter speed has to be as high as possible (e.g. 1/1000 

s) in order to obtain a sharp picture. The higher the shutter speed, the greater the rolling shutter effect 

(with the same movement). At a low shutter speed (e.g. 1 s), the readout time has relatively little influence 

on the image capture. Another way to avoid the rolling shutter effect is to reduce the disturbing vibration. 
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If the image is steady, there is no effect on the image quality by reading the lines one after the other. 

Mostly passive systems are used for vibration reduction. However, the isolation system reduces the high-

frequency vibration of the camera, but increases the natural frequency of the isolation system. Best 

reduction is offered by active isolation systems.  Active vibration-reducing systems on a drone occur in 

the form of gimbals (Figure 1). This combines gimbal mounts and brushless motor to compensate for 

rotary's movement and vibration of one to three axes. However, translational vibration can still lead to the 

rolling shutter effect, for example during fast climb or descent. Therefore, an inexpensive and simple 

system for active vibration reduction is developed within the scope of the OpenAdaptronik project. The 

aim is to implement the complete development with open source tools, to make the instructions for 

reproduction freely accessible and to use components that are easy to procure. The whole active vibration 

isolation system should not cost more than 50 euros. The quality and service life of expensive, commercial 

solutions cannot be achieved with the developed system, but it should still be able to be used over a longer 

period of time.     

  (a) (b)  

Figure 1: (a) Investigated quadrocopter with gimbal (including camera); (b) Gimbal with camera: Passive 

rubber mounts (marked blue) and BLDC motor (marked red) 

1.2 State of the art in science and technology 

In general, vibration of a camera results in a bad image quality of the camera record. In this chapter is 

explained how vibration of a quadrocopter arises and which solutions are being used to reduce the final 

vibrations of the camera recording.  

There are two main sources of vibration. At first, the BLDC Motor and secondly the control strategy of the 

BLDC motor and the quadrocopter. These vibration sources cannot be stated in general because there are 

different parts used on different quadrocopter which results in different vibration characteristics.  

The other aspect of vibration is the transfer path of vibration. The camera is mostly placed in a central 

position on the quadrocopter. How the vibrations are forwarded from the vibration sources (BLDC 

Motors) through the quadrocopter frame to the camera depends on the structural dynamic properties of the 

used frame [1]. 

In the following, the different solutions are presented how to reduce the vibration in the image of a camera 

mounted on a quadrocopter.  

Firstly, there are many software solutions for cameras aiming at the removal of vibration effects of an 

image [2][3][4]. The advantage of this solution is that there are no additional mechanical parts which can 

fail over the time. On the other side, the disadvantage is that the real time correction of the vibration needs 

high computation power. Additionally, the software solutions work with images already disturbed by 

vibration. Therefore, there is already an information loss in the image before the software correction 

begins to work. If there is no need to remove vibration in real time, there are many solutions for video 
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offline processing. Some examples for the offline software tools are Adobe After Effects, Wondershare 

Filmora, Deshaker etc. 

Secondly, the most efficient way to reduce the vibration is the prevention of vibration. The flight 

controller includes integrated sensors like accelerometer and gyroscope. These sensors are also measuring 

the unintended vibration which leads to bad control performance, increasing vibration.  To reduce 

vibration of the sensor, a noise attenuated sensor fusion can be used [5]. Additionally, mostly used ESCs 

(Electronic speed controller) have a square-wave driver because they are cheaper, more simple and easier 

to control in comparison to a sinusoidal driver [6]. To reduce vibration caused by the ESC, an ESC with a 

sinusoidal driver is advantageous. 

The ESC is controlling the rotation speed of the used BLDC motor which includes a propeller to transform 

the rotational force to a translational force. During this process the propeller produces vibration in 

dependency of the used material of the propeller and the structure. In general, a more stiff material like 

carbon fiber is advantageous with respect to vibration reduction [6]. In reference to the structure of the 

propeller, mostly used propellers are two bladed. A vibration reduction can be achieved using a propeller 

with four blades[7]. Nevertheless, the most important aspect is the proper balancing of the propeller. 

Vibration from an unbalanced propeller is caused by asymmetric centrifugal forces which are further 

caused by the asymmetrical distribution of mass and shape of the propeller. Nevertheless, there are various 

propeller balancers available to get a properly balanced propeller. 

The vibration produced by the propeller is forwarded through all parts of the frame to the camera sensor. 

In dependency on the previous aspects, the propeller is exciting vibration. This vibration is in dependence 

to the frequency attenuated or increased in the frame. The structural analysis of a hexacopter frame [8] 

results in measured resonance frequencies between 86 Hz and 330 Hz. To prevent vibration increase, it is 

recommended to set the operational frequencies of the rotor below the resonance frequencies of the frame. 

To increase the resonance frequencies of the frame, a material like carbon fiber with high stiffness can be 

used. 

Lastly, the most widely used market solution for vibration reduction of the camera is the gimbal. Gimbal 

is a device, connecting camera and frame of the quadrocopter. The gimbal can be divided in active and 

passive parts. The passive parts are spring and damper causing a low resonance frequency of the gimbal-

camera-system, thus reducing vibration at higher frequencies. On the passive suspension, the active part is 

disposed. For the active parts, there exist different variations with one two or three rotational axis. To 

reduce the vibration in one axis, a BLDC motor is used which acts against the vibration movement. The 

BLDC are controlled with a PID controller and the control state is the rotational velocity. 

By using most of these presented solutions, a vibration reduction of the camera can be achieved and a 

better record of the camera can be expected. The conclusion of the state of art technology is that an active 

translational vibration reduction like presented in this work is not common for a quadrocopter UAV 

(unmanned aerial vehicle). Furthermore, there is some potential of the active translational vibration 

reduction. 

1.3 Technical Background 

The usage of lightweight construction and a higher analysing precision is specific for the development of 

modern products. The effect of vibration, influencing the function or even causing damages, gets in the 

focus of the development process. Vibration induced from a quadrocopter into an attached camera reduces 

picture quality. Mentioned conventional passive vibration isolation methods are limited in their effect and 

cannot comply all demands. For vibration isolation, the mechanical path between a disturbance source and 

the structure that is to be isolated has to be designed. The design follows such way that a vibration 

reduction is yielded in a certain frequency range. This can be achieved by adding a stiffness element k, a 

damping element d and, if required, an actuator element A. The scheme of an isolation system is depicted 

in Figure 2 (a). Regarding the transmissibility of a passive isolation system between a disturbed part and 

an isolated part, the typical amplitude response is given in Figure 2 (b). As shown, the undamped isolator 

effects an increasing vibration isolation of -40 dB per decade in the frequency range above the resonance 
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of the mass-spring system. An arising drawback is the vibration amplification around resonance 

frequency. The amplification can be reduced by the integration of a damper, which however also reduces 

the isolation effect at higher frequencies. In addition to passive isolation, active isolation unites the 

advantages of damped and undamped systems as can be seen in Figure 2 (c). While broadband isolation 

remains at frequencies above the resonance, the vibration amplification in the resonance can be reduced 

equal to the effect of a damping element [9]. 
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Figure 2: Operational direction of the actuators and the resulting movement 

This paper shows the design process of the integration of an active isolation system into the passive 

Gimbal isolation of a video camera attached to a quadrocopter. 

1.4 Approach for active isolation system development 

In the beginning the demands on the active isolation system have to be defined. Therefore, the vibration of 

the camera on the quadrocopter is experimentally investigated during climb, stationary flight and descent. 

Furthermore the principal structural dynamic behavior of the gimbal and the camera attached to the 

quadrocopter is determined. On base of the experimental results, the scheme of the active isolation system 

is defined. A preliminary realized setup consisting of actuator, amplifier, controller and sensor is tested in 

laboratory. The single components as well as the active isolation system are numerically modelled and 

experimentally validated. The final setup of the active isolation system is integrated into the Gimbal of the 

quadrocopter. Its performance is tested in real flight condition. 
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2 Experimental vibration investigation 

As reference for the active vibration control system, the quadocopter is experimentally investigated. Both 

operational measurements during flight condition and structural identification using hammer excitation are 

conducted. During all measurements, the camera is attached to quadrocopter via elastic gimbal as shown 

in Figure 3 b). 

For structural identification of the gimbal-camera-system, the quadrocopter is excited close to the 

mounting point of the gimbal using hammer excitation as depicted in Figure 3 b). The responding 

acceleration amplitude is measured in three directions on the back side of the camera (x-direction equals 

horizontal flight direction, y-direction equals horizontal direction to the side, z-direction equals vertical 

direction) as shown in Figure 3 a). The first structural resonance of the gimbal-camera-system can be 

observed between 9 Hz and 20 Hz in dependence to the direction. 

 
 

 

b) 

 
a) 

Figure 3: Natural frequencies of the gimbal-camera-system in x-, y- and z-direction.  

a) Acceleration of the camera in response to hammer excitation 

b) Excitation and measurement points on the quadrocopter 

 

In flight condition, the acceleration of the camera is measured during stationary flight, descent and climb. 

The amplitudes of the acceleration spectra are shown in Figure 4 a). Two significant vibration 

amplifications are observed in the frequency range up to 400 Hz. The second amplification can be related 

to the rpm of the motor and becomes especially visible during stationary flight and climb, when the motor 

provokes highest thrust. According to datasheet, the rpm of the used motor MT2216 lies between 5600 

1/m (equal to approx. 93 Hz in 1
st
 order) and 8950 1/min (equal to approx. 149 Hz in 1

st
 order) in 

dependence to the torque load.  

As proven before, the first amplification can be related to the natural frequency of the gimbal-camera-

system. Though, this structural resonance is excited during all flight conditions, it becomes clearly visible 

during descent of the quadrocopter. 

excitation

measurement
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b) 

 
a) 

Figure 4: Camera vibration in vertical direction during stationary flight, descent and climb.  

a) Acceleration spectra during different flight conditions: stationary flight, descent, climb 

a.1) Vibration amplification due to natural frequency of the gimbal rubber mounts. 

a.2) Vibration amplification due to motor excitation in accordance to rpm 

b) Measurement point on the quadrocopter 

 

Besides wind flow effects, the structural resonance of the gimbal-camera-system is excited by 

discontinuous motor excitation. The signal output of the flight controller is shown in Figure 5 during 

approx. 5 minutes of quadrocopter operation. The time intervals of climb and descent flight situations are 

indicated blue and red respectively, the remaining time is stationary flight. Especially during descent, the 

motor controller gets a discontinuous signal from the flight controller, thus causing abrupt, impulse-like 

changes of motor torque, which result in a broad-band vibration excitation of the quadrocopter.  

 

Figure 5: Controller output during climb, descent and stationary flight 

 

  

measurement

a.1) 

a.2) 
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3 Active isolation system layout and development 

For optimization of vibration reduction, different actuator concepts as depicted in Figure 6 are 

investigated. The actuator itself is illustrated as a spring-damper system with actuation force Fact.  

 

 

Figure 6: Concepts for the active vibration control system, integrated in the gimbal 

In concept A and B, the actuator is serially connected to the passive components of the gimbal. Due to the 

serial connection, a lot of space is required and the lever between quadrocopter and camera is increasead. 

This results in a further amplification of camera acceleration due to rotatory quadrocopter vibration. The 

possibility of an unchanged gimbal design is the advantage of the serial connection. In the parallel 

configuration, shown in concept C, the actuator increases the passive stiffness and damping in the non-

active direction, thus resulting in a loss of passive isolation performance. Nevertheless, the effect of active 

damping is highest, due to the direct coupling of the actuator force. 

For the selection of a concept, numerical models of all system components are set up and experimentally 

validated. As controller, a velocity feedback is chosen as illustrated in Figure 7.  

 

Figure 7: Scheme of velocity feedback control 

The closed loop control circuit is depicted in Figure 7. The acceleration is captured using a MEMS 

acceleration sensor. The acceleration signal is integrated in order to achieve velocity. The velocity signal 

is amplidied by a P-controller in accordance to the amplification factor kP. The actuator amplifier is driven 

with the output signal of the P-controller, thus finally exciting the actuator. 
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Figure 8: Closed loop control circuit of the velocity feedback vibration control 

Figure 9 shows the transmissibility of the active vibration isolation between quadrocopter and camera, 

comparing experiment and simulation. A good agreement between numerical model and experiment up to 

400 Hz can be proven. Furthermore, the acceleration amplification of the gimbal-camera-system that 

occurred approx. at 10 Hz can be reduced to zero. 

 

Figure 9: Transmissibility of the active vibration isolation system 

After validation of the single components and the holistic system, the concepts shown in Figure 6 are 

numerically compared. The results are shown in Figure 10. 

 

Figure 10: Transmissibility of the numerical comparison of concepts 
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According to the results, the highest vibration reduction (-12 dB) in comparison between all concepts can 

be achieved using concept C. A slight disadvantage is the reduced passive isolation effect at higher 

frequencies due to the one-mass isolation in comparison to the two-mass isolation. 

On base of the numerical results, concept C is chosen to be preliminary designed. 

4 Actuator setup and active isolation system testing 

In this chapter, the actuator setup and gimbal integration is presented. Before flight test, the functionality 

of the active system is tested in a laboratory. Finally, the performance of the active vibration control 

system is discussed. 

Experimental results show that the gimbal is performing rotational movements around the x-axis. 

Accordingly, the actuator setup is chosen. Consequently, the active vibration control system includes two 

actuators which are working in opposite direction in order to reduce the rotational movement of the 

gimbal. This relation is displayed in Figure 11.  

 

Figure 11: Operational direction of the actuators and the resulting movement 

The dimensioning and the design of the actuator are displayed in Figure 12. The two actuators are 

designed, following the electrodynamic principle. Each coil is guided by a 3D-printed guidance though the 

magnetic field of two neodymium magnets, used for each actuator. The 3D-printed guidance is part of an 

adaptor plate, attached to the original gimbal system. 

 

Figure 12: Dimensioning of the actuator 
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To test the functionality of the active vibration control system, the gimbal is clamped on a rigid 

breadboard and broad-band excited by electrodynamic excitation. 

The results in Figure 13 show that the active vibration system achieves a damping value of -6 dB in the 

resonance frequency of 11 Hz of the gimbal, using only one actuator.  

 

Figure 13: Performance measurement of the active vibration system on a test bench 

To verify if it is possible to achieve this damping performance during real flight, the system is mounted on 

the quadrocopter. The active isolation performance varies from flight to flight due to unequal flight 

condition. Thus, the results are a mean value of 5 descending flights with the active system turned off and 

5 descending flights with the active system turned on.  

 

Figure 14: Average acceleration spectra of the camera with integrated active vibration control system 

during descending flight 

The final result of the flights according to Figure 14 shows that the active control vibration system 

achieved a damping reduction of 24 % at the frequency of 11 Hz. However, the damping reduction of 

50 % on test bench is higher. This discrepancy could be explained with the following aspects: 

 Non-steady disturbances during the flight influences the performance of the active vibration 

control system 

 The deflection of the gimbal is higher during flight 
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5 Summary 

In this paper, the design, setup and test of an active isolation control system is described. The design is in 

accordance to the OpenAdaptronik project, where low cost components are used and the design as well as 

any programming code is published open source. 

As introduction, the effect of vibration on image quality of a camera attached to a Quadrocopter is 

described. State-of-the-art solutions to reduce vibration are presented. A standard commercially available 

system to reduce vibration is the gimbal. It consists of a BLDC motor to reduce the quasi-static movement 

and rubber mounts for passive vibration isolation. 

The vibration of a camera attached to a quadrocopter via gimbal is experimentally investigated. It is 

presented, that the natural frequency of the gimbal causes an increase in vibration especially during 

descent flight.  

Concepts to actively counter this increase using active velocity feedback are depicted and numerically 

compared. The most promising concepts, a parallel integration of the actuator into the gimbal, is realized 

and tested in laboratory. 

Final tests of the active vibration control system during flight prove a certain vibration reduction of the 

actively vibration controlled camera. 
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Abstract 
This paper investigates the potential of using positive position feedback control for the mitigation of 

nonlinear vibrations. Closed form expressions for the ℋ∞ optimal control parameters that minimize the 

maximal response of the structure are firstly derived for the linear case and then extended to the nonlinear 

case. The resonant vibration of a Duffing oscillator is considered to illustrate the proposed tuning of the 

optimal control parameters and the harmonic balance method is employed to approximate the analytical 

solutions. Numerical simulations are performed to demonstrate and validate the proposed method. 

1 Introduction 

Controlling nonlinear structural vibrations is becoming increasingly important in a number range of 

engineering applications such as aerospace, medicine and robotics, wherein lightweight materials are 

considered in the construction of systems in order to meet the increasing demand for fuel efficiency or 

smaller actuators [1], [2]. However, this will naturally lead to the fact that the resonances are lightly damped 

and to the presence of some geometric nonlinearities from large deformations. The resulting unwanted 

nonlinear vibrations thus become the main concern, limiting the success of these applications. One key 

characteristic of nonlinear vibrations is their frequency-energy dependence which in other words means that 

the frequency of the nonlinear oscillations depends intrinsically on the motion amplitudes [3]. As a 

consequence, the mature linear damping-enhanced approaches based on the superposition principle such as 

tuned mass dampers and piezoelectric shunting [4]–[6] (passive solutions) or direct velocity feedback, 

integral acceleration, positive position feedback (PPF) and force feedback controllers (active solutions) [7] 

are no longer effective in the presence of strong nonlinearities. In order to recover their control effectiveness 

for a large range of excitation levels, mechanisms that can deliver nonlinear reacting forces should be 

included in these linear approaches. For example, Agnes [8] suggested to integrate a positive or negative 

cubic spring into a linear vibration absorber for compensating the softening (hardening) nonlinear effect of 

the primary systems. Febbo and Machado [9] explored the potential of using a nonlinear absorber with the 

saturation nonlinearity for vibration mitigation of nonlinear primary oscillators. Habib et al. [3] reported 

that the mathematical form of the nonlinear vibration absorber should be the same as that of the primary 

nonlinear system such that the nonlinear vibration absorber behaves as a linear vibration absorber.  

In this study, a nonlinear positive position feedback (NPPF) controller as an extension of the classical PPF 

controller is investigated for the mitigation of Duffing oscillations. According to the similarity principle 

proposed by [10], the NPPF controller introduces a cubic term on top of the original PPF controller. The 

proposed nonlinear PPF controller is implemented by feeding the structural position directly to the nonlinear 

compensator, whose output is fed through a fixed gain positively back to the structure, thus achieving 

damping for a particular mode. In this sense, NPPF as well as PPF controllers would be well suited for the 
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applications where piezoelectric sensors and actuators are employed for vibration damping. This is because 

the voltage from the sensor is proportional to the strain of the attached structure, which can be directly 

measured to drive the strain-based piezoelectric actuators based on the NPPF or PPF controllers. 

Although some numerical and experimental implementations of the proposed NPPF control scheme may be 

found in the literature, limited investigation of the optimization the NPPF controller for the Duffing 

vibrations exists. In this paper, an ℋ∞ optimization criterion is used to optimize the NPPF controller, and 

accordingly the optimal parameters are set to minimize the maximum steady state response of the structure. 

The objective of the study is to understand its working principle and validate the control efficiency through 

a harmonic balance analysis. 

2 Mathematical model and ℋ∞ optimization 

2.1 Modeling 

The system under investigation is shown in Figure 1. The structure is modeled as an undamped single degree 

of freedom (dof) system, defined through a lumped mass 1m , a linear spring 1k  and a cubic spring 3k . It is 

excited by a harmonic force  cosdF F t . A force actuator with its stiffness 2k  is placed in parallel to 

the passive mount. The control loop is implemented by feeding the displacement of the lumped mass 1m

through a nonlinear controller  h x  to drive the actuator. 

The governing equations of the system read: 

  3

1 1 3 2cosd am x k x k x F t F k x       (1) 

  1aF g h x   (2) 

where 
aF  is the actuating force proportional to the driving signal, 1g  represents the feedback gain and 

 h x  is the NPPF controller.  

The NPPF controller is designed based on the principle of similarity, and consequently a cubic term is 

included in the linear PPF controller, yielding: 

 2 32a f a f a au u u u x        (3) 

where  au h x ,  , f  and   are controller parameters. 

In order to come to a more general formulation, the following parameters are introduced to normalize the 

system governing equations:  
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The equations of motion with normalized parameters can then be written as:  

  3

1 1 1 2 cosy y y gy        (5) 

 2 3

2 2 2 2 12 0y y y y y          (6) 

where   is the normalized frequency defined as 1   .  
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It is shown that the forcing amplitude appears only in the expression of the nonlinear coefficients. The ℋ∞ 

optimization criterion is employed to optimize the controller  h x  aiming to minimize the maximum 

magnitude of the frequency response of the system under consideration. In this context, the magnitude of 

the normalized driving point receptance 1y  is taken as the performance index.   

 

k1

m1
F x

k2 Fak3

 

Figure 1 The scheme of the system under consideration  

2.2 ℋ∞ optimization of linear PPF controller 

The system with a linear PPF controller is considered first. This is done by setting the parameter   in Eq. 

(5) equal to zero. The normalized driving point receptance of the primary structure is then given by: 
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where s j   is the Laplace variable and the magnitude of 1y  is calculated as: 
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From the mathematic point of view, the control effectiveness of a PPF controller according to Eq. (7) would 

be similar to that of a tuned Mass damper, where an additional zero is introduced to interfere with the 

resonance of the primary system aiming to reduce certain vibration metrics in the frequency band of interest. 

Following the ℋ∞ optimization procedure proposed by Den Hartog [4], the parameters of the linear PPF 

controller are optimally tuned such that the responses at the fixed points are minimized. Fixed point refers 

to the frequency location at which the magnitude of the driving point receptance of the primary structure is 

invariant in terms of the damping coefficient of the TMD or the parameter   of the PPF controller.  

The frequencies at which the fixed points occur can be calculated by differentiating Eq. (8) with respect to 

the damping coefficient,  , and equating the derivative to zero, which yields: 
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The optimal   is set to equalize the resulting performance index as defined in Eq. (8) at the two fixed 

points. This can be done by substituting Eqs. (9) and (10) into Eq. (8) and equating the resulting expressions 

for 0  , yields, 

 1opt    (11) 

For the optimal  , it is sought to make the performance index horizontally pass through the fixed points.  

Thus, two optimal damping coefficients associated with the two fixed points are obtained:    
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  (13) 

The optimal   can be taken in practice by calculating the average of Eqs. (12) and (13). It should be noted 

that this approach is an empirical method as the resulting resonance points (the derivative of (8) with respect 

to   is equal to zero) do not necessarily coincide simultaneously with the corresponding fixed points. An 

exact solution for this problem was proposed in [11], with which the two resulting resonance points are 

equally damped. In this study this exact approach is not considered because this would result in very long 

and therefore rather impractical polynomial expressions. 

Up to now, only the parameter g (normalized feedback gain) is left un-optimized for implementing the 

linear PPF controller. The function of the feedback gain g can be assessed by evaluating the magnitude of 

driving point receptance at the fixed points. This is done by substituting Eqs. (9) and (11) into Eq. (8) for 

0  , yields the minimal maximum response 

 1

2
mmy

g
   (14) 

As shown in Eq. (14), the minimal maximum response is inversely proportional to the gain g , indicating 

that the value of the feedback gain g  should be as high as possible without compromising the stability of 

the active system.  

The stability of an active system can be studied by applying the Routh-Hurwitz stability criterion to its 

closed loop characteristic equation [12]. The characteristic equation of the system can be formed as:   

 4 3 2

4 3 2 1 0 0A s As AA s A s      (15) 

where 0A , 1A , 2A , 3A  and 4A  are the corresponding coefficients of Laplace variable in the denominator 

of Eq. (7). 

The Routh-Hurwitz stability criterion states that the roots of the characteristic equation have negative real 

parts if and only if the following conditions are satisfied: 

 0 1 2 3 4, , , , 0A A A A A    (16) 

 2 3 1 4 0A A A A    (17) 

 2 2

1 2 3 1 4 0 3 0A A A A A A A     (18) 

It can be derived that the system is stable if and only if the gain g  is defined:  

 2g    (19) 

In the following, numerical studies are performed to illustrate the control effectiveness of the linear PPF 

controller for the system under consideration. Figure 2 shows the performance index 1y  plotted against 
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frequency for five different damping ratios defined as opt  : 0, 1/4, 1, 4 and  , where the control 

parameters   is set to its optimal value as given in Eq. (11) and the gain is set to 0.2. It can be seen that all 

the curves with different damping values intersect at two frequencies and only with the optimal damping 

the response at the two fixed frequencies become the maximum. One should also note that the system 

becomes dynamically softer with the application of PPF control as the control signal is positively 

proportional to the displacement of the system in the low frequency range whereas the PPF control 

effectiveness is similar to that of a negative spring. However, when the damping value approaches infinity, 

the stiffness softening effect disappears as the control action is lost. Figure 3 depicts the performance index 

1y  plotted against frequency for four different feedback gains namely g : 0, 0.01, 0.05, and 0.5, where the 

control parameters   and   are both set to their optimal values. As can be seen, the performance index 

indeed decreases with an increase in the gain as indicated by Eq. (14). With this respect, the feedback gain 

g  of the PPF controller can be understood to play the same role as the mass ratio between tuned mass 

dampers and host primary structures, where better performance comes with a large value of this quantity. 

However, the approximation errors induced by estimation of the damping parameter   is more pronounced 

with an increase in the feedback gain. In the same fashion, the response in the low frequency range will be 

more amplified because of the negative stiffness effect. Therefore, the maximum feedback gain g  under 

ℋ∞ optimization criterion is not only limited by the stability concern, but also by the amplification of the 

low frequency response.  

 

Figure 2 The driving point receptance under different active damping ratios 
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Figure 3 The driving point receptance under different feedback gains 

2.3 ℋ∞ optimization of nonlinear PPF controller 

In this subsection, ℋ∞ optimization of the nonlinear PPF controller is performed. Due to the cubic terms, no 

explicit solutions can be found for Eqs. (5) and (6). As reported in [13]–[15], harmonic solutions can be 

used to approximate the exact solutions with a good agreement. In the following, a pair of one-term harmonic 

balance approximation    1 1 1cos siny A B      and    2 2 2cos siny A B      is assumed as 

the solutions. Substituting the above ansatz into Eqs. (5) and (6), and applying the approximations 

   3cos 3 4cos     and    3sin 3 4sin    , then balancing cosine and sine terms, yields the 

system of polynomial equations: 

  2 2 2 2

1 1 2 1 1 13 / 4 1A A g A A A B          (20) 

  2 2 2 2

1 1 2 1 1 13 / 4 0B B g B B A B          (21) 

  2 2 2 2

2 2 1 2 2 2 22 3 / 4 0A B A A A A B              (22) 

  2 2 2 2

2 2 1 2 2 2 22 3 / 4 0B A B B B A B              (23) 

Up to now, it is still not possible to find explicit solutions of Eqs. (20)-(23), we thus expand the harmonic 

coefficients iA  and iB  into series with respect to the primary nonlinear coefficient  , i.e. 1 11 12A A A  , 

1 11 12B B B   , 2 21 22A A A   and 2 21 22B B B  .   

Substituting the above ansatz into Eqs. (20)-(23), and collecting the resulting expressions with respect to the 

order of the parameter  , then after omitting the expressions whose orders are higher than 
1 , yields:   

   2

21 11 11 1 0gA A A       (24) 

   2 3 2

22 12 11 11 11 121/ 4 4 4 3 / 4 3 0/ 4gA A A A B A       (25) 
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   2

21 11 11 0gB B B     (26) 

   2 2 3

22 12 11 11 11 121/ 4 4 4 3 / 4 4 03 /gB B A B B B       (27) 

    3 2 2 2

21 21 21 22 22 121/ 4 3 3 1/ 4 4 04 2A A B A B A           (28) 

  2 2

21 21 112 0A B A        (29) 

  2 2

21 21 112 0B A B        (30) 

    2 3 2 2

21 21 21 22 22 121/ 4 3 3 1/ 4 4 04 2A B B B A B           (31) 

Solving for ijA  and ijB  ( 1,2i  , 1,2j  ) from Eqs. (24)-(31), the resulting solutions are found to be in 

terms of the control gains  ,  , g  and the normalized frequency  . Due to the complexity, these 

expressions are not given here. Nevertheless, the absolute value of the normalized frequency response 

 1y  , namely the performance index, can be expressed as:  

      2 2 2 2 2

11 11 11 12 11 12 12 122Q A B A A B B A B          (32) 

Substituting Eqs. (9)-(13) into Eq. (32) and solving for   to maintain the equal peaks at the fixed points, 

yields 

  2 31 2

4 3
g g g      (33) 

In fact, Eq. (33) represents a simpler and more easily interpretable relation which is the Taylor series 

expansion of the exact solution with respect to the feedback gain g  given g  ≪ 1.  

Up to now, the derivation of the explicit expressions for forming the NPPF controller  h   is complete 

wherein the optimal control parameters are given in Eqs. (11), (12)-(13) and (33) respectively. Some 

numerical studies are performed to illustrate the control effectiveness of the NPPF controller for the system 

under consideration, where the feedback gain is set to 0.2 and the primary nonlinear coefficient   is varied 

between 0.0001 and 0.03. Substituting the optimal control parameters into Eqs. (5) and (6), the resulting 

nonlinear equations are computed using a path-following algorithm combining shooting and pseudo-

arclength continuation [12]. This algorithm provides a very accurate numerical solution to the equations of 

motion. Figure 4 (b) illustrates that the frequency response of the Duffing oscillator with the linear PPF 

controller is strongly detuned in the presence of strong nonlinearities i.e. 0.03  . Conversely, Figure 4 (a) 

shows that the nonlinear controller can compensate, to a certain extent, the detuned equal peaks for values 

of   ranging from 0.0001 to 0.03. Although the control effectiveness degrades in terms of the differences 

between the two peaks when   is large, Eq. (33) can be updated using approximated solutions with more 

harmonics. 
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                 (a) (b) 

Figure 4 The performance of the system under consideration where the feedback gain is set to 0.2 and the 

primary nonlinear coefficient   varies between 0.0001 and 0.03: (a) with NPPF controller and (b) with 

linear PPF controller (—:stable solution, --: unstable solution, : fold bifurcation, : Neimark-Sacker 

bifurcation) 

3 Conclusion 

A nonlinear active damping strategy based on positive position feedback is proposed. Closed-form 

expressions are derived using the ℋ∞ optimization criterion wherein the optimal control parameters are 

achieved to minimize the maximal response of the structure. The resonant vibration of a Duffing oscillator 

is considered to illustrate the proposed tuning of the optimal control gains and the harmonic balance method 

is employed to approximate the analytical solutions. With the proposed NPPF controller, it has been shown 

that the response around the resonance does not change substantially when the importance of the 

nonlinearity increases, which means that the response of the coupled system is almost proportional to the 

forcing amplitude, as it would be the case for a linear system.  
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Abstract 
This paper presents the experimental validation of the Multiple-Input Multiple-Output Receptance Method 

on an aeroelastic rig. It addresses experimentally flutter suppression and vibration control in aerostructures 

and shows an effective mean for increasing the flow speed at which the flutter occurs. The experimental rig 

features a modular flexible wing equipped with a leading- and trailing-edge control surfaces and two 

displacement sensors for measuring its position in real time. The MIMO Receptance controller is designed 

only by using the Frequency Response Functions (FRFs), in term of receptances, measured between the the 

control surfaces (inputs) and the structural displacements (outputs). The MIMO Receptance controller is 

validated experimentally on the MODFLEX rig in the wind tunnel; both frequencies and damping are 

assigned (together or independently) for the first two eigenpairs, and considerations on the optimal control 

strategy, as well as limits of the proposed controller, are drawn for the given system. 

1 Introduction 

Partial pole placement for vibration control can be achieved by active or passive modification of the structure 

[1]. Passive structural modification, using receptance/admittance methods, have been widely used since a 

long time [2-4]. Active modification, using the method of receptances, has been first proposed in [5], for 

structures equipped with a single control input and several outputs. The method considers a proportional 

and derivative output feedback and relies only on the measured receptances to determine the controller gains 

which guarantee the placement of the system poles at desired locations. The number of complex pole pairs 

which can be assigned is equal to the number of available sensors.  

In the last decade, the receptance method has seen an increasing interest by the community and led to several 

demonstrations, ranging from aero-servo-elastic systems [6], flexible structures [7], vibro-acoustic control 

[8] and nonlinear structures [9-10]. It relies merely on the measured receptances and does not require any 

numerical model or state observers. This is possible, particularly for flexible structures, because the states 

can be chosen to be proportional to the modal position and velocities and, thus, they are reconstructed from 

position or velocity measurements, by an eigenvalue spatial filter arising from the method formulation. 

Recently, the receptance method has been generalised for Multi-Input Multi-Output systems by the same 

authors [11]. The efficiency of the generalised method was demonstrated through a series of numerical 

examples amongst which, the most relevant for this work is [12], where the MIMO RM is demonstrated 

numerically for accomplishing active aeroelastic control of a delta wing with multiple tailing edge control 

surfaces. However, the method in MIMO formulation has never seen any experimental validation. In this 

paper, the method is validated experimentally on the MODFLEX aeroelastic wing, featuring a leading and 

trailing edge control surfaces and equipped with two position sensors.  
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The paper is organised as follow: Section 2 recalls the principle of the method and the control design 

procedure. Section 3 describes the flexible aeroelastic test rig and the control architecture. Section 4 shows 

the experimental design, through a set of different pole placement objective, while section 5 shows the 

results for flutter control. 

2 Pole placement with the receptance method 

In this section, the Multi-Input Multi-Output (MIMO) receptance method is recalled for a generic dynamic 

system. For a system defined with its measured receptance matrix 𝐻(𝑠), i.e. transfer function matrix between 

the control forces and the measured displacements, the receptance method proposes a systematic control 

design procedure for pole placement, without any use of state observers or numerical models. It relies only 

on the (experimentally) measured transfer functions. 

2.1 Control problem 

The dynamics of a structure, modelled with its mass, damping and stiffness matrices, 𝑀𝑛×𝑛, 𝐶𝑛×𝑛 and 𝐾𝑛×𝑛, 

is governed by: 

𝑀�̈� + 𝐶�̇� + 𝐾𝑥 = 𝐵𝑢 + 𝑑 (1) 

where 𝑢𝑛×1 is the control forces vector and 𝑑𝑛×1 represents an external force vector applied on the structure 

(i.e. disturbances or, in the the test case considered in this work, the aerodynamic loads); 𝑢𝑛×1 is the vector 

of control input forces, and 𝐵 = [𝑏1 𝑏2 …𝑏𝑚] is a 𝑛 × 𝑚 topology matrix, describing the control force 

distribution over the structure. For an aeroelastic structure, the matrices 𝑀, 𝐶 and 𝐾 count also for the added 

aerodynamic mass, damping and stiffness, respectively, resulting by moving term d to the left hand side of 

Eq.(1). 

Assuming a proportional and derivative feedback control, i.e. 

𝑢 = 𝐹𝑇�̇� + 𝐺𝑇𝑥, (2) 

Eq.(1) becomes 

𝑀�̈� + (𝐶 − 𝐵𝐹𝑇)�̇� + (𝐾 − 𝐵𝐺𝑇)𝑥 = 𝑑. (3) 

The position vector 𝑥 is assumed to be measurable. Provided that the matrices 𝑀,𝐶 and 𝐾 are available, the 

poles of the system of Eq.(3) can be chosen arbitrarily, by properly tuning the feedback gains 𝐹 and 𝐺. 

Nevertheless, in most of practical situations, only the transfer matrix between the control input forces and 

the displacement of some degrees of freedom is available; thus, a pole-placement controller with only output 

feedback cannot be performed, unless a state-observer is used. For such situations, the receptance method 

is a straightforward method aimed to determine the feedback gains 𝐹 and 𝐺 by using only the measured 

receptances. The number of pole pairs which can be placed is equal to the number of sensors, from which 

these poles are observable (assuming all the poles are controllable). 

2.2 Control design procedure: the method 

Let 𝜇𝑘, 𝑘 = 1, 2, … , 𝑝, be the set of desired poles to be assigned, distinct from the open loop poles 𝜆𝑘, 𝑘 =
𝑝 + 1,… , 2𝑛, remaining unchanged; and let 𝑟(𝑠) = 𝐻(𝑠)𝐵 be the measured transfer matrix between the 

control inputs and outputs, where 𝐻(𝑠) = (𝑀𝑠2 + 𝐶𝑠 + 𝐾)−1 is the receptance matrix. The control 

feedback gains 𝐹 = [𝑓1 𝑓2 …𝑓𝑚] and 𝐺 = [𝑔1 𝑔2 …𝑔𝑚] can be found by solving the linear equation: 
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 (4) 

with  

𝑃𝑘 =

[
 
 
 
𝜇𝑘𝑤𝑘

𝑇 0 … 0 𝑤𝑘
𝑇 0 … 0

0 𝜇𝑘𝑤𝑘
𝑇 … 0 0 𝑤𝑘

𝑇 … 0
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮
0 0 … 𝜇𝑘𝑤𝑘

𝑇 0 0 … 𝑤𝑘
𝑇]
 
 
 

, (5) 

𝑄𝑘 =

[
 
 
 
𝜆𝑘𝑣𝑘

𝑇 0 … 0 𝑣𝑘
𝑇 0 … 0

0 𝜆𝑘𝑣𝑘
𝑇 … 0 0 𝑣𝑘

𝑇 … 0
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮
0 0 … 𝜆𝑘𝑣𝑘

𝑇 0 0 … 𝑣𝑘
𝑇]
 
 
 

, (6) 

 𝛼𝑘 = [𝛼𝜇𝑘,1 𝛼𝜇𝑘,2 … 𝛼𝜇𝑘,𝑚 ]
𝑇
 (7) 

and 

𝑤𝑘 = 𝛼𝜇𝑘,1𝑟𝜇𝑘,1 + 𝛼𝜇𝑘,2 𝑟𝜇𝑘,2 + ⋯+ 𝛼𝜇𝑘,𝑚 𝑟𝜇𝑘,𝑚, (8) 

where 𝑟𝜇𝑘,𝑗 stand for the 𝑗𝑡ℎ column of  𝑟(𝜇𝑘) = 𝐻(𝜇𝑘)𝐵, or alternatively 𝑟𝜇𝑘,𝑗 = 𝐻(𝜇𝑘)𝑏𝑗, and 𝑣𝑘 denotes 

the retained eigenvectors, solution of the quadratic eigenvalue problem 

(𝜆𝑘
2𝑀 + 𝜆𝑘𝐶 + 𝐾)𝑣𝑘 = 0. (9) 

The 𝑣𝑘 eigenvectors are computed directly from the measured open-loop transfer matrix, while 𝑤𝑘  are the 

eigenvectors of the closed loop system, solution of the quadratic eigenvalue problem 

(𝜇𝑘
2𝑀 + 𝜇𝑘𝐶 + 𝐾)𝑤𝑘 = 𝐵(𝐹𝑇𝜇𝑘 + 𝐺𝑇)𝑤𝑘. (10) 

𝑤𝑘  can be chosen a priori, by a careful choice of the weighting parameters 𝛼𝜇𝑘,𝑗, (𝑗 = 1,… ,𝑚). Indeed, the 

parameters 𝛼𝜇𝑘,𝑗 determine the participation of the 𝑗𝑡ℎ control input for the assignment of the 𝑘𝑡ℎ mode.  In 

[11], they are chosen in such a way that the eigenvectors of the controlled system 𝑤𝑘 remain identical to the 

eigenvectors of the uncontrolled system 𝑣𝑘; in this study we follow the same approach, and we determine 

the parameters 𝛼𝜇𝑘,𝑗 by imposing 𝑤𝑘 = 𝑣𝑘 in Eq.(8).  

Finally, once the parameters 𝛼𝜇𝑘,𝑗 are found, the closed loop eigenvectors 𝑤𝑘 are constructed and the 

matrices 𝑃𝑘 and 𝑄𝑘 are easily built. The feedback gains 𝐹 and 𝐺  are then found by solving Eq.(4).  

Remark: In theory, the parameters 𝛼𝜇𝑘,𝑗 can be chosen arbitrarily; however, this may lead to a high control 

effort for some actuators and a smaller for the others. From Eq.(8), it is clear that 𝛼𝜇𝑘,𝑗 parameters are 

ponderation factors of the 𝑗𝑡ℎ control input contribution; if 𝛼𝜇𝑘,𝑗 = 0, then the 𝑗𝑡ℎ actuator will not 

contribute to the control of the 𝑘𝑡ℎ pole; inversely, if 𝛼𝜇𝑘,𝑗 ≫ 𝛼𝜇𝑘,𝑖 (𝑖 ≠ 𝑗), then the 𝑘𝑡ℎ pole will be 

principally controlled with the 𝑗𝑡ℎ actuator. Alternatively, if the parameters 𝛼𝜇𝑘,𝑗 are equal, then the 

feedback gains of each input 𝑗,  𝑓𝑗 and 𝑔𝑗, will be identical for all the control loops. An obvious way to tune 

𝛼𝜇𝑘,𝑗 is to choose them proportionally to the control input authority over the assigned mode (e.g. 

proportional to the modal amplitudes at the input location). The selection of the parameters 𝛼𝜇𝑘,𝑗 in an 

optimal way (e.g. minimizing the overall control effort) remains an open problem and will not be addressed 

in this paper. 
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3 Aeroelastic system 

The MIMO receptance method has been applied experimentally to an aeroelastic wing, referred to as 

MODFLEX [13]. The rig is composed by a main spar plus four aerodynamic sectors and a tip sector, as 

shown in Figure 1. The main specifications of MODFLEX are summarized in Table 1. The main spar is 

made by aluminium alloy and it is the only structural element of the model. By accurately shaping the cross-

section of the main spar, the desired flexural, torsional and in-plane stiffness have been achieved. The main 

spar is covered by four sectors that provide the correct aerodynamic shape. Each sector is connected to the 

main spar by two pins at the mid span of the sector to not alter the stiffness distribution of the overall model. 

The centre of gravity and the flexural axis were designed to be coincident on the main spar. The wing model 

is fully constrained at the built-in end. The 4th sector is equipped with a leading and a trailing edge 

aerodynamic control surfaces. Each aerodynamic control surface is actuated with two identical 60W 

brushless motors from MAXON, supplemented with a planetary gearbox and an angular position encoder.  

Two contactless laser sensors (Keyence LK-500 - mounted on the top of the wind tunnel test section) 

measure the absolute position of the wing at two distinct points on the 3rd sector, as shown in Figure 1 and 

Figure 2.  

 

wing data dimension 

wing span 1 m 

chord (c) 0.3 m 

aerofoil NACA0018 

mass axis pos. 0.5×c 

flexural axis pos. 0.5×c 

  
 

Figure 1: MODFLEX drawing. 
Table 1: MODFLEX main 

specifications. 

 

The experimental campaign was carried out in a low speed wind tunnel facility at the University of 

Liverpool. The facility features a test section of 1.2 × 0.6 × 1.0m and a maximum airspeed of 20m/s. The 

controller is implemented in a dSPACE system, while the transfer functions have been measured using a 

Siemens.PLM LMS Test.Lab acquisition system. The experimental model installed in the wind tunnel is 

depicted in Figure 2. 

 

Figure 2: MODFLEX experimental setup. 

 

MODFLEX has a twin-numerical model. Such numerical model is a beam FE model with concentrated 

masses and 2% structural damping, to which are added aerodynamic panels to solve the unsteady 

Wind 
direction 

𝑦1 

𝑦2  
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aerodynamic with MD.Nastran DLM. A comparison between the numerical and experimental first three 

poles of the systems is reported in Table 2. 

 

Mode 
𝜔𝑖 [Hz] 𝜉𝑖 [%] 

Mode shape 
Num. Exp. Num. Exp. 

1B 2.97 2.84 6.7 7.0 

 

1T 4.41 4.11 4.9 3.4 

 

1P 6.97 6.41 1.14 - 

 

Table 2: Modal data of the flexible wing, at wind speed 𝑣 = 10𝑚/𝑠𝑒𝑐. The numerical data are compared 

with the experimental data when available. The model includes the modes 1B, 1T and 1P, and ignores the 

high frequency modes. 

3.1 Control architecture 

The controller of the aeroelastic wing is made in two cascade control loops: (i) a low authority control loop 

(LAC), which controls the angular position of the aerodynamic surfaces; and (ii) a high authority control 

loop (HAC) which implements the receptance based controller for partial pole placement, Figure 3. 

3.1.1 Low authority control (LAC) 

Due to the rigid body dynamics of the leading-edge control surface, the aeroelastic model of the flexible 

wing is inherently unstable. Furthermore, the inputs of the system are the torques applied at the hinge of the 

control surfaces and not their angular positions, which is not convenient for aeroelastic control. To cope 

with these issues, a low authority control loop (LAC) featuring a PID controller is implemented for each 

control surface. Such PID loop uses the angular position of the control surface (measured with a position 

encoder) to calculate the appropriate torque to stabilize the system and maintain the control surface at a 

desired position (internal loop in Figure 3b). With the PID controllers, the inputs of the system become the 

control surface angular positions (𝑢𝐿𝐸 , 𝑢𝑇𝐸) and the outputs are the position of the flexible wing (𝑦1, 𝑦2). 

3.1.2 High Authority Control (HAC):  Pole Placement 

The control is targeted on the first flexible modes of the system 1B and 1T, Table 2. The receptance based 

controller is implemented as shown in Figure 3b. The transfer function matrix 𝑅(𝑠), relating the position of 

the input control surfaces (𝑢𝐿𝐸 , 𝑢𝑇𝐸) to the position of the wing (𝑦1, 𝑦2), is used to calculate the feedback 

gains 𝐹 and 𝐺, by following the procedure described in section 2.2. The parameters 𝛼𝜇𝑘,𝑗 are tuned to 

preserve the mode shapes of the structure, i.e. the closed loop eigenvectors 𝑤𝑘 are chosen identical to the 

open loop eigenvectors 𝑣𝑘; they are found by solving the system of equations (8).  
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Figure 3: Bloc diagram of the HAC-LAC controller. The HAC loop involve a Butterworth low-pass to 

remove the high frequency noise and avoid high frequency spill-over. 

3.2 Controller design 

The control architecture is implemented as depicted in Figure 3b. The PID bandwidth has been checked up 

to 15Hz; for both loops, it is estimated around 30Hz. At a wind speed 𝑣 = 10m/s, the transfer function 

matrix of the system 𝑅(𝑥) is measured between the control surface angular position (control inputs: 𝑢𝐿𝐸  and 

𝑢𝑇𝐸) and the position of the wing measured with the laser sensors (𝑦1 and 𝑦2), Figure 4. The measured 

input-output FRFs are then fitted with stable minimum-phase transfer functions, using SDTool toolbox, 

while the modal data are identified using the PolyMAX technique [14]. 

Once the open loop transfer matrix of the system 𝑅(𝑠) is obtained, the receptance based pole placement 

controller is implemented exactly as described in section 2. The control is targeted on the first two modes, 

1B and 1T and ignores the higher frequency modes. A second order Butterworth filter, with a cross-over 

frequency at 10Hz, has been placed in series with the controller; it is necessary for the stability of the system, 

as it limits the control bandwidth and add a roll-off at high frequencies to avoid spill-over. The closed loop 

transfer functions of the system are measured by exciting the control surfaces with a stepped sine oscillation 

(𝑦𝑟1 and 𝑦𝑟2 in Figure 3b), over a frequency range of interest, 2 to 6Hz. A single control surface is excited 

at a time. The gain computed at a nominal speed of 10m/s  are then used at higher speeds for flutter tests. 
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Figure 4: Measured vs. fitted open loop FRF 𝑅(𝑠), between the angular positions of the control surfaces 

(Inputs: 𝑢𝐿𝐸 , 𝑢𝑇𝐸) and the position of the flexible wing (outputs: 𝑦1, 𝑦2 ). 

4 Experimental results 

Several control scenarios are implemented, they are summarized in Table 3. Tests #1 to #3 are targeted for 

increasing the damping of the first bending 1B and the first torsional 1T modes, while tests #4 and #5 are 

targeted for modifying their resonance frequencies; the associated FRFs 𝑦1/𝑦𝑟1 with and without control 

are shown in Figure 5 and Figure 6, respectively.  

 

Test  
Desired pole location New pole location (exp results) 

𝜇1,2 𝜇3,4 𝜇1,2 𝜇3,4 

#1 𝜉1𝑇 × 2 −1.25 ± 17.8𝑗 −1.76 ± 25.8𝑗 −1.42 ± 17.8𝑗 −1.78 ± 25.3𝑗 

#2 𝜉1𝑇 × 3 −1.25 ± 17.8𝑗 −2.63 ± 25.7𝑗 −1.41 ± 17.7𝑗 −2.7 ± 25.5𝑗 

#3 𝜉1𝐵 × 2 and 𝜉1𝑇 × 2 −2.5 ± 17.7𝑗 −1.76 ± 25.8𝑗 −2.33 ± 17.7𝑗 −1.72 ± 25.1𝑗 

#4 𝜔1𝑇 × 1.2 −1.25 ± 17.8𝑗 −1.05 ± 31𝑗 −1.67 ± 17.8 −1.8 ± 31.3𝑗 

#5 𝜔1𝐵 × 0.9 and 𝜔1𝑇 × 1.1 −1.13 ± 16𝑗 −0.97 ± 28.4𝑗 −1.26 ± 16𝑗 −1.36 ± 28.2𝑗 

Table 3: Closed loop control test campaign conducted on the flexible wing. New pole location vs. desired 

pole location. 
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Figure 5.a shows the FRF when the control is tuned for doubling and tripling the damping of the first 

torsional mode 1T (2nd mode), while the 1st bending mode is kept unchanged; tests #1 and #2 respectively; 

Figure 5.b shows the same FRF when the damping of both modes is doubled. For the three tests, the error 

on the pole location is negligible, and it is mainly associated with the real part of the pole (i.e. the damping 

component of the pole). 

 

(a)           (b) 

Figure 5: Measured FRF 𝑦1/𝑦𝑟1 with and without control: (a) tests #1 and #2; (b) test #3. 

Figure 6.a shows the FRF obtained in test #4, during which the resonance frequency of the 1st torsional mode 

is increased by 20%; Figure 6.b shows the same FRF when the resonance frequencies of the 1B and 1T 

modes are shifted by ±10%. Once again, one can consider the error on the new poles location negligible 

for the imaginary part of the pole (and the resonance frequency). However, especially for these two test, the 

error on the damping is relatively high and may reach 66% (in test #4, 𝜉1𝑇 = 5.7% instead of 3.4%); this 

may be associated to the fact that the control surface deflection is very high and may add some aerodynamic 

damping. 

 

 

(a)           (b) 

Figure 6: Measured FRF 𝑦1/𝑦𝑟1 with and without control: (a) tests #4; and (b) test #5. 
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5 Flutter control 

A flutter test has been carried out for the five active control tests depicted in Table 4. The wing is positioned 

in the wind tunnel, with the control surfaces positioned at zero angular position (aligned with the wing), 

while the control is turned on. The wind speed is then increased progressively until the flutter speed is 

reached. Table 4 depicts the flutter speed for each control test; test#0 is the reference case, in which only 

the LAC loop is active, and the system exhibits a flutter speed of 𝑣𝑓 = 13.5𝑚/𝑠. 

    Test  Flutter speed [m/s] 

#0 Open loop 13.5 

#1 𝜉1𝑇 × 2 15.5 

#2 𝝃𝟏𝑻 × 𝟑 16.5 

#3 𝜉1𝐵 × 2 and 𝜉1𝑇 × 2 15.5 

#4 𝜔1𝑇 × 1.2 14 

#5 𝜔1𝐵 × 0.9 and 𝜔1𝑇 × 1.1 15 

Table 4: Flutter speed with various control configurations. 

The experimental campaign showed that increasing the damping of the torsional mode (test #2) is the most 

efficient way to increase the flutter speed, as the flutter occurs when the damping of this mode becomes 

negative. Fig.7 shows the time response of the position sensors 𝑦1, near an air speed of 13.5𝑚/𝑠𝑒𝑐, without 

HAC control and when the control is turned on after the 10th sec; the control corresponds to test #2 where 

the damping of the torsional mode is tripled. 

  

Figure 7: Measured wing position in flutter at wind speed 𝑣𝑓 = 13.5𝑚/𝑠. The control is turned ON near 

the 120th second. The control is tuned to triple the damping of the torsional mode 1T (test #2). 

The experimental V-f/g (velocity vs. frequency/damping – where the damping 𝑔 is expressed as 𝑔 = −2𝜉) 

diagrams are plotted in Figure 8, with and without control. The control is tuned to triple the damping of the 

torsional mode 1T (test #2). As imposed by the control design, only the damping of the 1st torsional mode 

is increased, while the resonance frequencies of the 1B and 1T modes remain almost identical to the open 

loop system. It is clearly seen that the control shifts down the damping curve of the torsional mode, 

responsible of flutter. Notice also that even at rest, without any flow around the wing, i.e. 𝑣 = 0𝑚/𝑠, the 

control still provides significant damping to the targeted mode; this is possible due to the relatively high 

inertia of the leading-edge control surface which makes it behaving as an inertial actuator. 

0 2 4 6 8 10 12 14 16

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

Time [sec]

P
o
s
it
io

n
 Y

1
 [
-]

Control 

ON

ACTIVE VIBRATION CONTROL 161



 

Figure 8: Measured frequency and damping (𝑔 = −2𝜉) as a function of the wind speed, V-f/g diagram, 

with and without control. The control is tuned to triple the damping of the torsional mode 1T (test #2). 

Finally, one should note that the controller has been tuned based on a model at wind speed 𝑣 = 10𝑚/𝑠, and 

has not been adapted as the wind speed evolves. Although the control proves efficient, it would be worth if 

the feedback gains could be adapted in function of the wind speed.  

6 Conclusion 

In this paper, the pole placement control using the Multi-Input Multi-Output receptance method has been 

implement and validated experimentally for the first time. The method considers a proportional and 

derivative output feedback and relies only on the measured input-output frequency response functions to 

calculate the controller gains. The efficiency and the accuracy of the method has been demonstrated through 

a set of control scenarios applied on an aeroelastic wing. The presented study demonstrates the merits of the 

receptance method for simplifying the control design for active vibration control of flexible structures, 

without any need of a quantitative numerical model or the use of state observers. 

Finally, the control effort is particularly sensitive to the choice of the parameters 𝛼𝜇𝑘
. Although imposing a 

modal constraint would result in reasonable feedback gains, the choice of the parameters 𝛼𝜇𝑘
 must be made 

in order to minimise the control effort. Further investigations will be conducted in this sense. 
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Abstract
This paper presents a method to reduce the effect of uncertainties on dynamic systems by means of active
control. In the proposed approach, pole placement is performed iteratively using an optimisation algorithm
with an objective function that includes the variance of the real and imaginary part of each of the system’s
pole. The method is advantageous in that control gains are calculated using the method of receptances,
which eliminates model form uncertainty since only measured receptance data is used. Moreover, variances
are extracted through a polynomial chaos expansion, which requires fewer samples as opposed to other tech-
niques. The method is demonstrated numerically on a simple multi-degree-of-freedom system. It is shown
that active control can be used in a way that not only places the poles of the system but also reduces their
spread. Furthermore, it is shown that it is possible to directly relate uncertainty in the poles to meaningful
physical based uncertainty in the structural parameters.

1 Introduction

With the rise of increasingly complex designs and manufacturing processes, structural parameters are often
difficult to predict computationally and can be highly sensitive to manufacturing defects. Consequently,
the performance of many systems exhibit uncertainty. In the case of dynamic systems with narrow stability
margins, potentially small parameter variations may lead to instability, which can severely damage or destroy
such systems. It is important, therefore, that the effects of uncertainty are sufficiently quantified and, where
possible, reduced or mitigated.

Classically, robust design optimisation (RDO) or reliability-based design optimisation (RBDO) have been
used to address the aforementioned issue. Both methods typically modify a system’s stiffness and damping
passively such that its stability margin is increased and the probability of instability is reduced [1]. Alterna-
tively, RDO and RBDO can be performed as feedback control to actively modify the system’s stiffness and
damping by means of pole placement.

Traditional pole placement requires knowledge of the M, C and K matrices of the system, which are usually
extracted from a numerical model. As a result, model-form uncertainty is introduced and therefore the
optimised system may not sufficiently represent the true system. Consequently, an alternative approach for
pole placement, which does not require direct knowledge of the system’s structural matrices, is desired so
that this further uncertainty is not introduced.

The method of receptances, first formalised by Ram and Mottershead [2,3], is a technique that enables partial
pole placement using only measured receptance data. The advantage of this method is that experimental data
is used directly and so there is no need to know or evaluate the M, C and K matrices. The method has
been implemented on various experimental set-ups [4] and has recently been extended to the more general
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case of multiple-input-multiple-output (MIMO) systems [5]. Tehrani et. al. [6] first investigated the effect
of uncertainty on this technique by considering eigenvalue sensitivities and minimising them such that poles
were considered sufficiently robust. Whilst this approach successfully reduced the effects of uncertainty, it
only considered local sensitivities and did not consider the uncertainty across its full domain. Moreover,
the uncertainty was modelled as measurement error in the experimentally obtained receptances and did not
explicitly account for physical based uncertainties in the system itself, such as the structural parameters.

In this paper, a new optimisation method is implemented using the method of receptances. An algorithm
is used to recursively place the system’s poles such that the effect of uncertainty due to random structural
parameters is reduced. The uncertainty is modelled as a perturbation from a measured nominal system
and pole variances are extracted using a polynomial chaos (PC) expansion [7–9]. In this way, the global
uncertainties are minimised.

The remainder of this paper is divided as follows; first, the method is presented theoretically and is written in
a form that is applicable to any generic, linear dynamic system. Next, a simple numerical example is given,
which highlights the advantages of the proposed approach. Finally, the main conclusions are summarised
and some suggestions of future work are provided.

2 Theory

In this section, the method is presented theoretically. First, the method of receptances, which enables pole
placement using only measured receptances, is summarised. For simplicity, the method is shown using a
single-input controller, although this can easily be extended to the general MIMO case. Following this,
the effect of physical based uncertainties is introduced and the combined effect of the active controller and
the uncertainties is studied. Next, the optimisation approach is introduced together with an outline of how
to appropriately select an objective function and set of constraints. Finally, a summary of the method is
illustrated diagrammatically.

2.1 Active control using measured receptances

Consider a linear, n degree-of-freedom dynamic system with single-input state feedback. The equation of
motion is written in the form

(Ms2 + Cs+ K)x(s) = b(sfT + gT )x(s), (1)

or more compactly,

Z(s)x(s) = b(sfT + gT )x(s), (2)

where Z ∈ Cn×n is the dynamic stiffness matrix; M, C, K ∈ Rn×n are the mass, damping and stiffness
matrices respectively; b ∈ Rn is the force distribution vector; and f , g ∈ Rn are vectors of control gains.
Pre-multiplying (1) by the receptance matrix,

H(s) = (Ms2 + Cs+ K)−1, (3)

gives that

x(s) = H(s)b(sfT + gT )x(s). (4)

In order to calculate the control gains necessary to shift the system’s poles from the set {λ1, λ2, ..., λ2n} to a
new arbitrary set {µ1, µ2, ..., µ2n}, the method of receptances is implemented.
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Denoting

rs = H(s)b, (5)

(4) becomes

x(s) = rs(sf
T + gT )x(s). (6)

Substituting each desired closed-loop pole into (6) yields

wk = rµk(µkf
T + gT )wk, k = 1, 2, ..., 2n, (7)

where wk is the eigenvector corresponding to the kth eigenvalue. Since wk may be scaled arbitrarily, it is
selected such that

(µkf
T + gT )wk = 1, ∀k. (8)

Substituting (8) into (7) gives that

wk = rµk , (9)

and thus (8) becomes

rTµk(µkf + g) = 1, k = 1, 2, ..., 2n, (10)

which can be solved to find the gain vectors f and g. It is important to note that the set of desired closed-
loop poles must be closed under conjugation in order for the control gains to be strictly real and therefore
physically realisable.

2.2 Uncertainty modelling

Suppose now that the system represented by (2) is subject to uncertainty in one or more of its structural
parameters. The equation of motion is now written in the form

Z(s,θ)x(s) = b(sfT + gT )x(s), (11)

where θ ∈ Rm is a vector ofm random parameters. The uncertainty may be modelled as a perturbation from
a nominal system, and so

Z(s,θ) = Zn(s) + Zr(s,θ), (12)

where the subscripts n and r represent the nominal and random contributions to the dynamic stiffness matrix
respectively. Substituting (12) into (11) and rearranging gives that

[Zn(s) + Zr(s,θ)− b(sfT + gT )]x(s) = 0. (13)

Pre-multiplying (13) by the nominal receptance matrix Hn yields

[I + Hn(s)Zr(s,θ)−Hn(s)b(sfT + gT )]x(s) = 0, (14)
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and thus the closed-loop, random poles are governed by the characteristic equation

det[I + Hn(s)Zr(s,θ)−Hn(s)b(sfT + gT )] = 0. (15)

The effect of the controller and the uncertainty on the system’s poles, governed by (15), can be considered
successively. First, the open-loop poles are shifted to a new set of closed-loop poles by the term

Hn(s)b(sfT + gT ). (16)

Since (16) is independent of the vector of random parameters, the closed-loop poles are non-random and are
denoted the ‘nominal, closed-loop poles’ hereinafter. Next, the term

Hn(s)Zr(s,θ) (17)

acts to shift the poles again. Here, however, the term contains the vector of random parameters and thus the
shift is random. In the case that

E[Zr(s,θ)] = 0, (18)

the closed-loop random poles will be spread about the closed-loop nominal poles and will form so-called
clusters. As will be shown later, the size and shape of the pole clusters is a function of the location of the
closed-loop nominal poles. That is to say that the pole clusters may be modified by selecting different control
gains. It is hypothesized, therefore, that there exists some optimum control gains such that the pole clusters
are minimised in terms of size, shape, or both. In order to find this optimum controller, it is necessary to
numerically quantify the geometry of pole clusters.

2.3 Pole placement optimisation

One way in which the pole clusters can be quantified is by the variance in their real and imaginary parts.
Classically, the variances are found by performing a Monte Carlo simulation. This approach, however,
often requires a large number of samples to obtain accurate estimations of the variances and is therefore
computationally expensive. Alternatively, a polynomial chaos approach can be used, which significantly
reduces the number of samples required.

PC expansions are used to form a surrogate model of a random dependent variable that is a function of
one or more random independent variables. When the independent variables follow a normalised Gaussian
distribution, the expansion is a sum of weighted multidimensional Hermite polynomials and is written

y(θ) =
∞∑

i=0

aiΨi(θ), (19)

where y ∈ R is the dependent variable, ai ∈ R are constants of the expansion and Ψi is the ith Hermite
polynomial. In practice, the expansion is truncated to the first P terms and so

y(θ) u
P−1∑

i=0

aiΨi(θ). (20)

The coefficients of the expansion can be obtained in two ways: intrusive and non-intrusive methods. In this
work, a non-intrusive method is used; a linear regression is performed to fit the expansion to a given set of
data obtained through sampling.
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Once the coefficients have been found, it is relatively straightforward to obtain the output statistics. The
mean is given by

E[y(θ)] = a0. (21)

Similarly, the variance is

Var[y(θ)] =
P−1∑

i=1

a2iE[Ψ2
i (θ)], (22)

In this application, there are 4n expansions; one for the real and imaginary part of each pole. Of course, in
the case where all of the poles are strictly non-real, it is unnecessary to construct an expansion for each pole.
Instead, the property of symmetry about the real axis of the complex plane means that only 2n expansion
need be constructed.

Now that expressions for the mean and variance of the pole clusters have been obtained, it is possible to
modify their size and shape using an optimisation approach. For each pole, a local objective function

ρi = αiVar[Re(µr,i)] + βiVar[Im(µr,i)], i = 1, 2, ..., 2n (23)

is defined, where αi, βi ∈ R are weighting constants and µr,i is the rth random, closed-loop pole. This
serves to weight the relative importance of the variance of the real and imaginary part of each pole. Now, a
global objective function

σ =
2n∑

i=1

γiρi (24)

is written, where γi ∈ R are weighting constants. The global objective function now considers the relative
importance of each pole and is to be minimised by iteratively placing the nominal, closed-loop poles. By
appropriate selection of weighting constants, it is possible to modify not only the size of the pole clusters, but
also their orientation in the complex plane. This will be demonstrated in the numerical example presented
later.

In practice, the positions of the nominal, closed-loop poles are limited by the maximum control authority.
Furthermore, large deviations from the initial set of nominal poles used in the optimisation may lead to non-
physical natural frequencies and damping in the system. Consequently, constraints on the nominal poles are
used.

For each pole, an upper and lower limit is defined such that

xlow ≤ Re(µi) ≤ xhigh, i = 1, 2, ..., 2n, (25)

and

ylow ≤ Im(µi) ≤ yhigh, i = 1, 2, ..., 2n. (26)

These constraints appear on the complex plane as rectangular boxes that the nominal poles must be placed
within.
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2.4 Method summary

The optimisation approach may now be summarised as follows:

Select a set of nominal, closed-loop poles such that the objective function (24) is minimised subject to con-
straints (25) and (26).

A more detailed overview of the method is given in figure 1.

Choose the initial set of desired closed-loop, nominal poles.

Set constraints on the nominal poles.

Define the optimisation’s objective function.

Re-place the closed-loop, nominal poles subject to the constraints.

Sample the system’s poles N times.

Construct a PC expansion for the real and imaginary part of each pole.

Extract the variance for the real and imaginary part of each pole.

Evaluate the objective function

U
p

d
at

e

Figure 1: Method overview.

3 Numerical example

Consider the mass, spring, damper system shown in figure 2 with parameters as given in table 1.

The nominal receptance matrix is given by

Hn(s) =




1.3s2 + 0.5s+ 3700 −0.5s− 1700 0
−0.5s− 1700 2.4s2 + s+ 5400 −0.5s− 1700

0 −0.5s− 1700 0.9s2 + 0.5s+ 3700



−1

, (27)

and the set of open-loop poles is

λ = {−0.4362± 67.2677i,−0.2359± 54.7128i,−0.0066± 33.5330i}. (28)
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Figure 2: 3 DoF system.

Parameter Value Unit
m1 1.3 kg
m2 2.4 kg
m3 0.9 kg
c1 0.5 kg/s
c2 0.5 kg/s
k1 2000 N/m
k2 2000 N/m
k3 2000 N/m
k4 1700 N/m
k5 1700 N/m

Table 1: Nominal system parameters.

The mass m2 is subject to uncertainty that has a distribution

m2 ∼ N (2.4, 0.2). (29)

The effect of the uncertainty can be modelled as a perturbation from the nominal system, in accordance with
(12), using

Zr =




0 0 0
0 mrs

2 0
0 0 0


 , (30)

where

mr ∼ N (0, 0.2). (31)

Suppose that it is desired to shift the nominal, open-loop poles to a new set of nominal, closed-loop poles
µ = {µ1, µ2, ..., µ6}, which satisfies the constraints given in table 2.

If it is required that the real part variances of the poles µ5 and µ6 are as small as possible, the objective
function is defined as

σ = Var[Re(µ5)]. (32)

Note that since µ5 and µ6 are a conjugate pair, it is unnecessary to include both in the objective function.
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Pole Re(µi)min Re(µi)max Im(µi)min Im(µi)max
µ1 -0.55 -0.45 63 67
µ2 -0.55 -0.45 -67 -63
µ3 -0.3 -0.2 53 57
µ4 -0.3 -0.2 -57 -53
µ5 -0.2 -0.1 33 37
µ6 -0.2 -0.1 -37 -33

Table 2: Closed-loop pole constraints.

Using a differential evolution algorithm [10, 11], the optimum set of closed-loop nominal poles are found
such that (32) is minimised subject to the above constraints. Using

µinit = {−0.5± 65i,−0.25± 55i,−0.15± 35i} (33)

as the initial set of nominal poles, the optimum set was found to be

µfinal = {−0.45± 64.78i,−0.2± 57i,−0.1± 33i}, (34)

which reduces to the objective function from 6.98 × 10−4 to 4.45 × 10−4. A comparison of the initial
and optimum closed-loop poles is shown in figure 3, which includes a visualisation of the nominal pole
constraints shown by the rectangular boxes. It is clear that the optimisation successfully reduced the spread
of the real part of the rightmost poles. In order to do so, not only has it moved the pole of interest, but also
the other nominal poles. Indeed, it is shown here that the distributions of all of the pole clusters are related
to the location of the set of nominal, closed-loop poles. Consequently, it is important when performing pole
placement under uncertainty to consider the combined effect of all nominal poles.

Figure 3: Optimised pole clusters in the top-left quadrant of the complex plane.

172 PROCEEDINGS OF ISMA2018 AND USD2018



4 Conclusions

This paper has presented a method that uses active control to reduce the effects of uncertainty on dynamic
systems. As has been shown, the set of closed-loop nominal poles directly affects the random spread of poles,
known as pole clusters. By coupling pole placement with a global optimisation algorithm based on pole
variances, the pole clusters can be modified according to specified criteria. The method is advantageous in
that the method of receptances is used, which uses only measured receptance data and so does not introduce
modelling error. Furthermore, it is possible to directly relate the effect of physical-based uncertainty in
structural parameters to uncertainty in a system’s poles. Future developments will see this method applied
experimentally to various systems and will consider the case of uncertainty governed by stochastic processes
that are non-stationary.
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Abstract
It is desirable, in many applications, to minimise the acoustic scattering from an object when it is subject to
an incident sound field. Active Vibration Control (AVC) has been demonstrated in many applications, and
can effectively reduce an unwanted disturbance signal using control sources. However, when attempting to
attenuate the acoustic scattering from an object, it is not straightforward to measure, and therefore control,
the scattered component of the sound field directly. In this paper, the effect that AVC has on the scattered
acoustic field has been investigated for a hollow, non-rigid cylinder via a series of numerical simulations.
The cylinder is excited by an acoustic plane wave incident from a single direction and the AVC system
uses an array of accelerometers and an array of structural actuators to control the vibration. As expected,
significant reductions in the structural velocity are predicted. The effect of AVC on the acoustic scattering is
then investigated, and it is shown that, at resonance, the scattered sound power is reduced by over 5dB.

1 Introduction

Active control has now been demonstrated and applied to many applications, and has been shown to be effec-
tive at reducing a range of different disturbance signals with the introduction of secondary control sources. In
the case of active acoustic cloaking, the disturbance signal to be minimised is the scattered sound pressure,
as shown in Figure 1, which could be controlled using either structural or acoustic control sources. This
has been demonstrated numerically by Eggler [1] and Cheer [2], who present results using computational
models that predict significant reductions in the acoustic scattered field over a fairly wide frequency range by
using secondary acoustic sources [2], and secondary structural sources [1]. However, the performance of an
active control system is dependent on the measured disturbance signal, and in the case of acoustic cloaking
it is not possible to measure the scattered component of the sound field directly in real-time. Therefore it is
challenging to minimise acoustic scattering directly,

Pinc

Pscat

Ptot = Pinc + Pscat

Scattering Body

Figure 1: A schematic diagram of a microphone measuring a sound field including scattering.
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Friot et al [3] have predicted and demonstrated a potential solution to this scattered field detection problem,
with the development of an active control system that was two concentric rings of microphones surrounding
the scattering object. The correlation between each ring was used to determine the incident signal from the
scattered signal. This performs very well in the computer simulation at low frequencies, with reductions in
the scattered field of an order of magnitude; however it is less effective at higher frequencies. The model
was validated with a simple 1D experiment in a duct, and over 20dB of attenuation was achieved in the scat-
tered pressure between 100Hz and 700Hz. Friot et al went on to implement a three dimensional single-tone
control system based on this theory [4] with a parallelepiped scattering object, and achieved reductions in
the scattered field of between 5dB and 20dB.

Although Friot et al were able to demonstrate a cloaking capability, the system required a large number
of microphones positioned remotely from the structure to accurately distinguish the incident and scattered
pressure waves, which may not always be practical to implement. Han et al [5] eliminate the need for the
second ring of error sensors by modelling the transfer function between the scattered pressure and the total
pressure with a computational model. They then use the simulated transfer function to estimate the scattered
component of the microphone signals, which is then used as the disturbance signals for the active control
system. The structure was implemented in a laboratory experiment using a spherical scatterer, and an 8dB
attenuation in the scattered pressure was demonstrated.

It should be noted that Han’s experiments were using simplified 1D active control systems, and only corrected
for reflective scattering (reducing scattering in the opposite direction to the propagation of the incident wave).
They did not attempt to reduce refractive scattering (scattering ‘downstream’ of the scattering object). They
were also only excited by a single tone, single direction incident wave. In practice, there is an interest in con-
trolling the scattering due to uncorrelated disturbance sources at multiple positions over a broad bandwidth
and this would significantly deteriorate performance.

To attempt to overcome some of the practical limitations of directly controlling scattering, the effect of active
vibration control on the acoustic scattering from a controlled body is investigated in this paper. The benefit
of this method is that real-time adaptive active vibration control has been more extensively investigated
and demonstrated, and has now matured into a robust and regularly used real-world solution to vibration
problems [6, 7, 8, 9]. Initially, the development of a numerical model to predict the vibro-acoustic properties
of a flexible cylinder will be discussed. A modal analysis will be carried out to identify the eigenfrequencies
and mode shapes of the cylinder, before the structural response of the cylinder to an incident acoustic plane
wave is modelled. The acoustic scattered field is calculated, and a formulation for the total acoustic scattered
power is used at each frequency to compare the magnitude of the acoustic scattering to the magnitude of
the structural response. Single tone active vibration control is simulated, and the effect that this has on the
scattered acoustic field is predicted.

2 Numerical Model of Structural-Acoustic Coupled System

The COMSOL Multiphysics package has been used to model the structural-acoustic response of of a flexible
hollow cylinder. The Boundary Element Method (BEM) was used to model the incident plane wave, whilst
the Finite Element Method (FEM) was used to model structural vibration through the cylindrical shell, and
acoustic propagation within the internal cavity of the cylinder. The use of BEM to model the incident and
scattered acoustic waves in the external fluid significantly reduced the computational cost of solving the
model when compared to FEM. This advantage is minimal for small problem sizes, however, therefore the
interior volume of the cylinder was modelled using FEM so as to mesh well with the solid shell and therefore
minimise the amount of BEM/FEM coupling required.
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2.1 Model Description

1.4 m

0.
00

64
 m

Internal Air Domain

External Air Domain

Shell Steel Domain
r=0.11m

Figure 2: Cylinder Geometry

A steel cylindrical shell of thickness 6.4mm, length 1.4m and radius 0.11m has been modelled, and the ge-
ometry is shown in Figure 2. The internal volume of the cylinder was filled with air, and the the external fluid
in which the cylinder was placed was also air. Acoustic propagation through both the internal and external air
domains was modelled, as was structural vibration through the steel domain, with both physics being fully
coupled to allow for the transfer of energy between acoustic and structural excitations. The structure was
excited by a single incident acoustic plane wave, propagating from the θ = 45 φ = 45 direction, as shown
in Figure 3.

θ=45°

φ=45°

z

x

y

(r, θ, φ)
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z
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y
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Figure 3: Schematic diagram showing the direction of the incident acoustic plane wave, in both plan view
and front projection.

The model was meshed using free tetrahedral elements over the cylindrical shell, with a minimum of 6 ele-
ments per wavelength. This mesh density was selected as a result of a convergence study, which showed that
6 elements per wavelength was sufficient to obtain reliable results. The external air domain does not require
meshing due to the use of BEM rather than FEM.

2.2 Modal Analysis

It is well known that the structural response of the cylinder will be greatest when it is excited at a reso-
nance, and the work by Bobrovnitskii [10] and Williams [11] shows that the acoustic scattering of a structure
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may also increase around these resonant frequencies. To identify the frequencies at which this will occur,
an eigenfrequency analysis was conducted using the implemented numerical model. The modal frequen-
cies, and corresponding mode shapes, were calculated and used to inform further analysis on the structural
response of the cylindrical shell. The identified eigenfrequencies below 1kHz are shown in Table 1; axisym-
metric, repeated modes have only been included once but are indicated by bold typeface.

An analytical model of a rigid walled cylindrical acoustic cavity was also solved [12] to indicate the eigen-
frequencies of such a system. These results were used to distinguish whether the frequencies identified in
the numerical model were caused by acoustic cavity modes, or structural modes. This has also been noted in
Table 1.

Figure 4 displays the mode shapes of a selection of the modes identified in Table 1, which result in the
largest structural response. As before, axisymmetric, repeated modes have only been included once but are
identified by bold typeface.

Eigenfrequency (Hz) Cause
122 Cavity Mode
245 Cavity Mode
353 Structural Mode
367 Cavity Mode
490 Cavity Mode
512 Structural Mode
548 Structural Mode
612 Cavity Mode
735 Cavity Mode
858 Cavity Mode
860 Structural Mode
915 Cavity Mode
923 Cavity Mode
947 Cavity Mode
948 Structural Mode
980 Cavity Mode
981 Structural Mode
985 Cavity Mode

Table 1: Modal frequencies below 1kHz, and whether they are caused by acoustic or structural resonances.
Bold font represents an axisymmetric repeated mode.

The output from this modal analysis provides an indication of at which frequencies the structural velocity
will be at a maxima, and therefore, at which frequencies acoustic scattering will potentially be most sig-
nificant. These frequencies will be the most important to acoustic cloaking applications. The mode shapes
shown in Figure 4 also assist in the future implementation of AVC, as they provide physical insight into
which positions on the cylinder will be the most efficient for placement of accelerometers and actuators for
the control of a particular mode.

2.3 Structural Response to an Acoustic Excitation

The vibro-acoustic model has been solved over a fine frequency sweep from 100Hz to 1kHz. At each fre-
quency point the squared radial velocity when excited by a single incident plant wave has been integrated
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980 Hz353 Hz 860 Hz512 Hz 548 Hz 947 Hz

Figure 4: A selection of the modal frequencies and corresponding mode shapes of the cylinder. Frequencies
in bold indicate that mode is a repeated axisymmetric mode.

over the cylindrical shell to calculate the resultant Kinetic Energy. This is shown in Figure 5, along with
dashed vertical lines marking the eigenfrequencies calculated previously. It can be seen that there are 6
dominant resonances in the structure which, when compared to the mode shapes shown in Figure 4, all cor-
respond to structural bending or acoustic breathing modes of the cylinder. The largest resonance is at 548Hz,
and corresponds to the first acoustic bending mode of the cylinder.
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Figure 5: Kinetic energy of the cylinder as a function of frequency, when excited by an acoustic plane wave
from θ = 45 φ = 45. Dashed vertical lines identify the frequencies of the modes of the cylinder.
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2.4 Scattered Acoustic Response

The results presented above describe the structural response to an acoustic excitation. Now, the effect that
this has on the acoustic pressure field will be investigated. To begin with, the computational model was
solved at the four highest magnitude resonance frequencies identified in Figure 5. In each case the total
acoustic pressure field pt has been plotted over a 1m × 1m grid with the cylinder marked in black and the
angle of incidence marked with an arrow, as shown in Figure 6. These plots show that the presence of the
cylinder is generating two types of acoustic scattering: acoustic reflections and acoustic shadowing, espe-
cially at the 548Hz mode.
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Figure 6: Predicted acoustic pressure field when the cylinder is excited by an incident plane wave at 353Hz,
512Hz, 548Hz and 860Hz. The angle of incidence of the plane wave is marked.

To further investigate the effect of the cylinder on the acoustic field, the scattered acoustic field ps can be
defined as the difference between the incident acoustic field pinc, and the total acoustic field pt:

ps = pt − pinc. (1)

The scattered acoustic pressure field has been calculated and plotted in a similar way to Figure 6, as shown
in Figure 7. Whilst the total acoustic pressure plots in Figure 6 show the strongest effect on the total field
at the 548Hz mode, the scattered acoustic pressure plots in Figure 7 clearly shows acoustic scattering at all
four frequencies, with the reflected wave propagating away from the cylinder (in the positive x direction)
and an area of high scattering immediately behind the cylinder, where its presence creates a shadowing effect.
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Figure 7: Predicted acoustic scattering when the cylinder is excited by an incident plane wave at 353Hz,
512Hz, 548Hz and 860Hz. The angle of incidence of the plane wave is marked.

To accurately assess how the acoustic scattering is affected by resonances within the cylinder, and to further
benchmark the performance once active vibration control is implemented, the acoustic scattered power Wscat

is calculated as an integral of the scattered sound pressure over a far-field sphere enclosing the cylinder:

Wscat =

∫

S

∣∣p2s
∣∣

2ρ0c0
. (2)

As in Figure 5, this was computed and plotted over a range of frequencies. A similar process was carried out
on a rigid cylinder model to provide a comparison. The resulting scattered power for the rigid and flexible
cylinder models is shown in Figure 8, along with zoomed in plots that focus on the two main resonances
of interest. It can be seen from Figure 8 that the acoustic scattering behaviour of both the rigid and flexible
cylindrical shells are almost identical except for when the cylinder is excited at the 548Hz or 860Hz modes,
at which points there are clear resonances in the scattered acoustic field, as shown in the two lower subplots.
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Figure 8: Total acoustic scattered power as a function of frequency, when excited by a plane wave from
θ = 45 φ = 45. The bottom plots are zoomed in on two different frequency ranges to display the resonances
of interest.

The results presented in Figure 8 are consistent with the analytical results shown by Bobrovnitskii [10], where
the rigid cylinder behaves similarly to the flexible cylinder except at specific resonance peaks. Although the
peak in the graph presented in [10] is at approximately ka = 0.4 whereas the peak presented in Figure 8 is
at ka ≈ 1.1, it should be noted that Bobrovnitskii’s model was based on an external fluid of water rather
than air. The effect of fluid loading on the cylinder will decrease the frequency of the structural resonances,
therefore these results are still consistent.

3 Active Vibration Control

Figure 8 shows the scattered sound power spectra from the numerical model discussed above, for both a rigid
and flexible scatterer. It has been discussed previously how the key difference is the presence of peaks in the
scattered field of the flexible scatterer, caused by structural resonances within the cylindrical shell. This is
further supported by the presentation of rigid scattering results by Williams [11] and Scandrett [13], both of
which show consistently smooth scattering plots without the presence of sharp peaks. For many applications,
it is likely to be these sharp peaks that cause the most coloration to the measured sound, rather than the
smooth scattering curve caused by a rigid scatterer. Active vibration control can be used with accelerometers
providing the error signal and structural actuators acting as control sources, in order to minimise the structural
vibration of the cylinder. An Active Vibration Control system has thus been simulated within the framework
of the numerical model, using accelerometers and control actuators attached to the surface of the cylinder.

3.1 Force-Sensor Configuration

An array of 97 velocity sensors and an array of 23 control forces have been defined over the surface of the
cylinder, as shown in Figure 9. The response from each control force to every velocity sensor was firstly
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calculated, leading to the construction of the plant matrix of complex transfer impedances G.

Velocity Sensors Control Forces

Figure 9: Location of the control forces and error sensors on the surface of the cylinder. Each control force
acts inwards in the normal direction, whilst arrows mark the normal direction of each velocity sensor.

3.2 Active Vibration Control Formulation

The vector of velocities at the structural error sensors, e, can be expressed as the linear superposition of the
velocities due to the incident acoustic field, d, and those due to the control actuators, which can be expressed
as Gf where f is the vector of control forces. This gives the vector of error signals as

e = d+Gf . (3)

The vector of forces that minimises the sum of the squared error signals is then given by [14]

fopt = −
(
GHG+ βI

)−1
GHd. (4)

The suitable selection of the regularisation parameter β facilitates a trade-off between performance and
robustness; this will be considered below.

3.3 AVC Tuning & Performance

Using the equations and source/sensor positions discussed above, single tone active vibration control has
been simulated for a range of frequencies between 100Hz and 1kHz. The effect of regularisation will first
be investigated and optimised, before the predicted structural performance of the AVC system is presented.
Finally, the effect that this has on the scattered field will be discussed.
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3.3.1 Selection of the Regularisation Parameter

To investigate the effect of regularisation, the AVC model has been solved with increasing values of regular-
isation from β = 1 × 10−10 to β = 1 × 1010. In each case, the condition number of the matrix inversion(
GHG+ βI

)−1 has been calculated, which relates to the robustness of the system, and the achieved atten-
uation in structural velocity of the cylindrical shell has also been calculated. These are shown in Figure 10.
As expected, it can be seen that high levels of regularisation result in a well conditioned inversion, however
achieve limited attenuation. A value of β = 1× 10−2 has been marked with a vertical red line, and provides
a low condition number whilst maintaining reasonable attenuation performance of the AVC system, thus
reaching a reasonable tradeoff between performance and robustness.
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Figure 10: Condition number of matrix inverse, and achieved attenuation in structural acceleration, with
varying amounts of regularisation at 354Hz, 512Hz, 548Hz and 860Hz. β = 1 × 10−2 is marked with a
vertical red line.

3.3.2 Active Vibration Control Performance

Using Equations 3 and 4, as well as the matrix G, the vector d and a value of β = 1× 10−2, optimal control
forces were calculated at each frequency. The resulting structural response before and after control is then
shown in Figure 11. From these results it can be seen that a significant reduction in the structural velocity
across the entire frequency range has been achieved. The structural velocity is reduced at every frequency,
with the active vibration control effectively eliminating the resonance peaks completely. Although the struc-
ture is still vibrating, the magnitude of vibration is reduced sufficiently that it can be compared to a rigid
body - that is, the velocity is close to zero.
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Figure 11: Kinetic energy before and after active vibration control

Using Equation 2, the acoustic scattered power has been computed before and after active vibration control,
and these results are presented in Figure 12, along with the scattered sound power due to a rigid cylinder.
From these results it can be seen that the scattered sound power for the flexible body before control shows
significant peaks in the response, however these are attenuated by the AVC system and after control are
consistent with a rigid cylinder.
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Figure 12: Acoustic scattered power before and after active vibration control, and for a rigid scatterer. The
bottom plots are zoomed in on two different frequency ranges to display the resonances of interest.
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4 Conclusions

This paper has investigated the effect of AVC on the acoustic scattering from a cylindrical scattering body.
A numerical model of a flexible hollow cylindrical shell has been implemented and an eigenfrequency anal-
ysis has been carried out to identify the resonance frequencies of the cylinder, and to plot the corresponding
mode shapes. Subsequently, the modelled cylinder was excited by an acoustic plane wave, and the resulting
structural and acoustic responses were investigated.

Active vibration control was implemented on the cylindrical surface, reducing the structural velocity of the
cylinder over a wide frequency band, but having significant effect when the cylinder is excited at resonance.
The effect of this on the acoustic scattered field was investigated, and it was found that by implementing
AVC the behaviour of the flexible cylinder converged to that of a rigid cylinder. The total acoustic scattered
power was reduced by over 5dB when the cylinder was excited at its first bending mode. The amount of
regularisation used in the calculation of optimal filters was investigated.

Although the structure has not been acoustically cloaked as it is still causing acoustic scattering, it no longer
has resonances in the scattered field and therefore the detectability of the scattered field has been signifi-
cantly reduced. For many applications (measurement microphones attached to a solid body, for example),
full acoustic cloaking may not be necessary, and this reduction in sharp peaks in the scattered field may be
sufficient.

5 Acknowledgements

The authors acknowledge the use of the IRIDIS High Performance Computing Facility, and associated sup-
port services at the University of Southampton, in the completion of this work. The first author is supported
by an EPSRC iCASE studentship.

References
[1] D. Eggler, H. Chung, F. Montiel, J. Pan, and N. Kessissoglou, “Active cloaking of rigid and elastic cylindrical scatterers,”

Acoustics 2017, no. 1, pp. 2–7, 2017.

[2] J. Cheer, “Active control of scattered acoustic fields: Cancellation, reproduction and cloaking,” The Journal of the Acoustical
Society of America, vol. 140, no. 3, pp. 1502–1512, 2016. [Online]. Available: http://dx.doi.org/10.1121/1.4962284

[3] E. Friot and C. Bordier, “Real-time active suppression of scattered acoustic radiation,” Journal of Sound and Vibration, vol.
278, no. 3, pp. 563–580, 2004.

[4] E. Friot, R. Guillermin, and M. Winninger, “Active control of scattered acoustic radiation: A real-time implementation for a
three-dimensional object,” Acta Acustica united with Acustica, vol. 92, no. 2, pp. 278–288, 2006.

[5] N. Han, X. Qiu, and S. Feng, “Active control of three-dimension impulsive scattered radiation based on a prediction method,”
Mechanical Systems and Signal Processing, vol. 30, pp. 267–273, 2012. [Online]. Available:
http://dx.doi.org/10.1016/j.ymssp.2012.01.023

[6] G. Caruso, S. Galeani, and L. Menini, “Active vibration control of an elastic plate using multiple piezoelectric sensors and
actuators,” Simulation Modelling Practice and Theory, vol. 11, no. 5-6, pp. 403–419, 2003.

[7] S. Daley, F. A. Johnson, J. B. Pearson, and R. Dixon, “Active vibration control for marine applications,” Control Engineering
Practice, vol. 12, no. 4, pp. 465–474, 2004.

[8] I. Bruant, L. Gallimard, and S. Nikoukar, “Optimal piezoelectric actuator and sensor location for active vibration control,
using genetic algorithm,” Journal of Sound and Vibration, vol. 329, no. 10, pp. 1615–1635, 2010. [Online]. Available:
http://dx.doi.org/10.1016/j.jsv.2009.12.001

[9] C. R. Fuller, S. J. Elliott, and P. A. Nelson, “Active Control of Vibration,” in Academic Press. Academic Press, 1997.

186 PROCEEDINGS OF ISMA2018 AND USD2018



[10] Y. I. Bobrovnitskii, “A new impedance-based approach to analysis and control of sound scattering,” Journal of Sound and
Vibration, vol. 297, no. 3-5, pp. 743–760, 2006.

[11] E. G. Williams, Fourier Acoustics - Sound Radiation and Nearfield Acoustical Holography. Elsevier, 1999.

[12] A. Rona, “The acoustic resonance of rectangular and cylindrical cavities,” Proceedings of the 13th CEAS/AIAA Aeroacoustics
Conference, vol. 1, no. 3, pp. 1–12, 2007. [Online]. Available: http://hdl.handle.net/2381/1986

[13] C. Scandrett, “Scattering and active acoustic control from a submerged spherical shell,” The Journal of the Acoustical Society
of America, vol. 111, no. 2, p. 893, 2002. [Online]. Available: http://link.aip.org/link/JASMAN/v111/i2/p893/s1{&}Agg=doi

[14] S. J. Elliott, Signal Processing for Active Control. Academic Press, 2001.

ACTIVE VIBRATION CONTROL 187



188 PROCEEDINGS OF ISMA2018 AND USD2018



An investigation on a semi-active damping of forced struc-
tural vibrations by means of controllable structural nodes

G. Mikułowski 1, B. Popławski 1, R. Wiszowaty 1, A. Mróz 2, Ł. Jankowski 1
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Abstract
Vibration mitigation in space structures creates a unique class of a technical problem where resistant for
outgassing and non-fluidic solutions are preferable. Additionaly, a vibration induced by time-varying ex-
citations needs to be effectively reduced. The vibration mitigation task is speciffically difficult in the case
of light, slender and inherently flexible structures of various types, such as supporting structures, deploy-
able structures, modular structures or wide-span skeletal roofing structures. This study presents a concept
of a vibration attenuation method based on semi-active joints and dedicated to frame structures under forced
vibration excitation. The presented investigation contains an analysis of the problem of the optimal control
of a structure fitted with semi-active structural members. Furthermore, an adequate model of the semi-active
joints is developed and a numerical example is presented. Finally, the research provides an experimental ver-
ification of the developed control algorithms, which is conducted on a test stand in a laboratory environment.

1 Introduction

The concept of semi-active vibration damping systems was designed to bridge the gap between active and
passive systems. Such systems should have a very high damping efficiency under varying external conditions
(resemblance to active systems) and a high operational reliability (resemblance to passive systems). This
combination of properties makes them perceived to be much more advanced and difficult to design than the
active and passive damping systems to which they are compared. As a result, scientific activities devoted to
this issue are relatively limited. However, their great advantages make it worthwhile to take up this research
topic.

In applications where efficient vibration damping is required, active damping systems are considered as a
first choice option. This is mainly due to the fact that they are characterized by a very high vibration damping
performance and are relatively easy to design and implement in real structures. These features have attracted
the interest of scientists for many years and therefore the active systems have been thoroughly researched
in various applications. The literature on the subject is very extensive and covers a wide range of areas.
They can be successfully applied as vibration dampers in vehicle suspensions [1], machine tools [2], drilling
machines [3], hard disk drives [4], cable-stayed bridges [5], high-rise buildings [6] and many other fields of
engineering. Active control strategy is usually applied by means of tendons [7, 8], hydraulic actuators [9] or
tuned mass dampers [10]. There can also be found some unconventional concepts such as adaptive inerters
[11]. Such solutions rely on an active generation of forces that affect the controlled structure. Active control
techniques can therefore be very dangerous, because large external forces can lead, contrary to the original
assumption, to destabilization and destruction of the controlled structure. Additional problems are the high
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energy demand and the possible weakening of the structure if the power supply fails.

A semi-active system is the solution to maintain the effectiveness of vibration damping at a similar level,
as well as to increase safety and reduce the energy demand. As in the case of active systems, semi-active
ones can be used in many types of engineering structures and applications. Potential, practically important
application areas include damping of vibrations of lightweight skeletal structures of various types, includ-
ing deployable structures [12, 13], modular structures [14], wide-span skeletal roofing structures [15, 16],
supporting structures subjected to moving loads [17] etc. They are also used in vibration damping in drive-
train systems [18], damping of ground resonance in helicopters [19], adaptive suspensions [20, 21], vibration
control of vehicle seat suspensions [25] and in many other fields of engineering.

A semi-active vibration damping system must be designed in conjunction with the design of the structure it-
self, since the basis of its operation lies in the local reconfiguration of the system in a certain way. Therefore,
the design of the structure must take into account the introduction of this possibility. Local reconfiguration
means that in a certain area of the structure its mechanical properties are modified, usually its stiffness or
damping capabilities, causing the dissipation of the vibration energy to be increased. The local nature of
introduced modifications allows for the use of local, decentralised control strategys as well. Decentraliza-
tion of the control system is desirable because it allows for the use of such damping system in cases where
the centralised one would require too large computational effort [24]. Another advantage of a decentralised
approach is that the number of sensors required for its implementation can be significantly reduced in com-
parison to a centralised, global control strategy. It is also possible to use individual components of the
structure as independent vibration damping devices, which can further improve the efficiency of the energy
dissipation.

We have developed a comprehensive damping system, consisting of a semi-active control algorithm and
some special rotational nodes that allow for the implementation of this algorithm to control planar frame
structures. This system allows for achieving very good results in free vibration damping [26, 27] and in
reducing the amplitude of forced vibrations.

2 Definition of the problem

The aim of the conducted research is to effectively damp free and forced vibrations in planar frame structures
using a semi-active approach. Potential mechanical systems that could benefit from the use of such vibration
damping systems are slender, lightweight space frame structures. This solution uses dry friction, without any
fluid, which is very desirable in such applications.

2.1 Semi-active nodes

Especially designed semi-active nodes are used in the created damping system, allowing for a quick transition
between the levels of the transmitted bending moment. They use a dry friction mechanism between two
conical friction surfaces to transfer the bending moment. When these surfaces are pressed against each other
by an external device (e.g., a spring) the node is in a state of maximum transfer of the bending moment. The
piezoelectric stack located inside the node allows the friction surfaces to be separated and, consequently, the
amount of transmitted moment to be reduced. Due to the fact that the interaction occurs through dry friction,
the continuity of the moment level control is limited. The control technique that works best here is the step
switching between the maximum and minimum moment values that a node can achieve. This approach is
known as a bang-bang control.

2.2 Considered structure

Considered frame structure is presented in Fig. 1. It is built of box profile steel beams with the dimensions
shown in the figure. Its slender structure corresponds with the frame structures used in the space industry. The
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relatively low resonance frequencies allow the high efficiency of vibration reduction system to be observed
visually.

Figure 1: Considered frame structure

2.3 Numerical model

The model prepared for the needs of numerical simulations imitates the semi-active nodes described above
using rotational viscous dampers with a freely controllable damping coefficient. Two overlapping rotational
degrees of freedom can be coupled by means of such a damper and, in dynamic simulations, efficiently
implement a frame node (transferring bending moments). Switching the damping coefficient to a minimal
value (e.g., to zero) changes the state of operation of the node to a truss one (no transfer of moments). The
general equation of motion of any structure equipped with the described nodes can be expressed as follows:

Mẍ(t) +

(
C+

N∑

i=1

γi(t)Ci

)
ẍ(t) +Kx(t) = F(t) (1)

where M and K represent the mass and stiffness matrices, C is the damping matrix of the structure without
any rotational dampers (truss-like state), γi is the variable damping coefficient of the ith rotational damper.
Ci is the coefficient matrix of the ith rotational damper and F is the external force. This model of nodes
does not introduce nonlinearities to the numerical model, and at the same time it allows for approximating
the frame-like state of nodes operation with a satisfactory accuracy.

The developed heuristic control algorithm puts the bang-bang control concept into practice. Its mathematical
definition looks as follows:

γi =

{
γmin if Eel

i reaches maximum
γmax otherwise,

(2)

where Eel
i is the local strain energy in the vicinity of the ith controllable node (see [26] for details). The

period during which the semi-active node remains in the truss state can be determined in couple of ways; the
simplest is to define a constant time window, after which it returns to its original (frame) state of operation.
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Figure 2: Comparison of lateral displacements of the tip for the first natural frequency

2.4 Exemplary numerical results

The achieved results of the reduction of vibrations excited by a harmonic external force are presented in
Fig. 2. It compares the in-plane lateral displacements of the tip of a frame structure similar to the one
presented in Fig. 1. The external excitation is a harmonic force applied to a selected point of the structure.
Its frequency is equal to the first natural frequency of the considered frame. The high damping performance
can be clearly seen. In this case, the amplitude reduction of the induced vibrations is about 75%.

3 Experimental investigation

Laboratory investigation aims to demonstrate the effectiveness of the localised control algorithm developed
in course of the conducted optimization and numerical analyses. The objective is accomplished by means
of reflecting three types of experimental tests: 1. modal analysis for examination of structural dynamics,
2. verification of the decentralised control approach dedicated to damping of free vibration, 3. verification of
the decentralised control approach dedicated to damping of forced vibration.

The subject of the experiment is a steel, slender frame fixed in a cantilever configuration and equipped with
semi-active joints, as depicted in Fig 1. The investigation is conducted in 2D configuration, therefore a set
of geometrical points on OXY plane is defined on the structure (P1 – P22) as the measurement positioning
system (Fig. 3). The semi-active joints are mounted in points P4 and P12 and allow the system to carry
out the operation of a controllable reduction of the bending moments transmission in the beam between the
joints.

The experimental vibration excitation is of two types: for inducing free vibration – an initial condition of a
displacement type (introduced at point P20 in direction OX); for inducing forced vibration – a modal shaker
(fixed at point PF in direction OX) (Fig. 3).

Sensing system has been configured in order to provide a relevant input in dependence on the particular
experimental task. Sixteen accelerometers of 6 kHz bandwidth are used for modal analysis, whereas a setup
for monitoring of the internal vibration energy comprises twelve strain gauges configured for bending mea-
surements. The positioning of the utilised strain gauges is relevant to a selected control algorithm and is one
of the tasks of the examination. The vibration amplitude monitoring task is accomplished by measuring ve-
locity in the point P16 on the frame. In the case of the forced vibration, the excitation force level is acquired
with a piezoelectric force sensor positioned at the tip of the modal shaker.
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Figure 3: Experimental frame in the laboratory configuration

Laboratory controller is based on an FPGA processor unit (40MHz cRIO NI), which accomplishes two
variants of the developed control law, where the strain energy in the structure is continuously monitored.
The algorithms are programmed for detecting the time instant related to maximum values of the strain energy
of the frame and initialising a short lasting switch operation in the semi-active joints. The duration of the
switching process is anticipated to be relevant to the rate of a bending wave propagation in a steel structure.
Particularly in this experimental setup the switching period is 2.3 ms, which results from a limitation of the
piezoelectric actuation system.

A reference parameter for the effectiveness comparison is unified for all experiments and defined as an
amplitude of velocity of the frame tip in the lateral plane.

3.1 Modal analysis

An operational modal analysis of the structure is performed on the basis of acceleration measurements in
the twenty two measuring points distributed on the frame. The analysis is accomplished in the in-plane
configuration with PolyMax algorithm (LMS TestLab 9B). Determination of changes in dynamics of the
frame in the two basic passive operational configurations is the main objective of the analysis. The first
configuration is the frame with the joints, transferring the bending moments (frame-like state) and the second
configuration is with the transfer of the moments switched off (truss-like state).

3.1.1 Modal analysis results

A significant difference is demonstrated in the eigenfrequencies related to the particular modal shapes. The
corresponding values of frequencies are given in Tab. 1. The in-plane modal shapes for the two configura-
tions appear not to differ between each other. The first four modal shapes are depicted in Fig. 4 – 7.

Configuration I Configuration II
ModeNo Frequency [Hz] Frequency [Hz] Shift [%]

1 14.5 11.3 −22.0
2 40.1 39.4 −1.7
3 125.3 121.7 −2.8
4 166.3 152.8 −8.1

Table 1: Frequencies corresponding to in-plane modal shapes

An in-depth examination of the modal shapes represented by the beam between the semi-active joints shows
that it takes a form with two extrema (S-shape) for the first, second and fourth mode. The S-shape form
is characterised by high strain energy, which intensively influences the bending stiffness of the structure as
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Figure 4: Modal shape for the first eigenfrequency

Figure 5: Modal shape for the second eigenfrequency

Figure 6: Modal shape for the third eigenfrequency

Figure 7: Modal shape for the fourth eigenfrequency
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Figure 8: Experimental frame in the laboratory configuration

a whole. The third modal shape of the beam reveals one extremum (U-shape) and therefore it allows for
accumulating a lower amount of the strain energy in the element. Furthermore, a relative angular distortion
of the joints has a significant influence on the strain energy accumulation process. The S-shape deflection
of the beam between the semi-active joints is associated with angular deflection of the joints carried out
with the same turn. On the other hand, the U-shape is associated with counter rotation of the joints. The
second modal shape demonstrates a configuration, in which the joints do not exhibit an angular distortion,
since the localization of them is close to an extremum of the modal shape. The above described effects are
visible in the eigenfrequencies shifts (Tab. 1), which directly represent modifications of the bending stiffness
of the complete frame. The eigenfrequencies referenced to the first and fourth modal shapes are shifted most
significantly, as they both represent the S-shape deflection modes with significant torsional deflections. The
third modal shape introduces a moderate shift of 2.8% related to counter torsional deflection of the joints
(U-shape case). The least influence is associated with the second modal shape, as the relative torsional
deflections of the joints are minimal.

The analysis provided above reveals some preliminary, heuristic conclusions regarding the proper localisa-
tion of the semi-active joints in a larger frame structure. The favourable localisations are those which are
characterised by torsional distorsions of a common turn, present in the majority of the modal shapes or in
the modes of the most concern.

3.2 Decentralised vibration control

In the decentralised control approach, the feedback input signal is acquired in the direct neighbourhood of
the semi-active joint (see Fig. 8). Therefore, a local response of the structure is monitored and an adequate
interference of the electronic system is adopted. The thesis in this part of the study can be formulated as
follows: it is feasible to control the vibration of a structure exclusively on the basis of the strain energy mea-
sured locally. The principle objective of this part of the investigation is to provide a survey of decentralised
control configurations aiming at assessment of the system performance. The common feature of the tested
configurations is an on-off feedback controller, which switches the state of the semi-active joints. The input
signal is velocity of the vibration. The algorithm assumes short-duration switches of the joints at the time
instants when the velocity of vibration is equal to zero, which corresponds to maximum accumulated strain
energy. The control objective is minimisation of vibration velocity amplitudes at the tip of the frame along
the direction OX (P16 in Fig. 8).
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Figure 9: Free vibration response of the frame in passive and controlled modes in accordance with decen-
tralised control approach

3.2.1 Decentralised control approach applied for free vibration

Experimental program dedicated to free vibration comprises acquiring a passive and a controlled response of
the frame in accordance with the decentralised control approach. The input for the controller is provided by a
strain gauge positioned at the point P17 on the frame. The consequent acceleration and velocity of the frame
tip is depicted in Fig. 9, in which the passive response is compared to the controlled one. As demonstrated,
the applied algorithm is able to recognize the correct time instants to release the accumulated strain energy
efficiently. The vibration of the frame is damped after three periods of oscillation. The decentralised control
approach can be assumed to be effective in accordance with the previous research findings [24].

3.2.2 Decentralised control approach applied for forced vibration

Primarily, the presented research of the forced vibration control aims to evaluate the system controllability in
dependence on position of the input signal sensor on the frame under a continuous excitation. Furthermore,
the switching phase shift influence on the system response is examined.

At the presented stage of the investigation, the setup is configured for parallel examination of the strain levels
in four localisations. For accomplishment of the synchronous strain examination a dedicated experiment is
proposed, i.e. generation of the input signal for the controller is referenced to the vibration excitation signal.
This approach allows for examination of responses from the several sensor localisations under the same
vibration conditions.

The vibration of the frame is induced with a modal shaker positioned in point PF exciting the frame along
OX axis and the examined input sensor positions are depicted as P10/11, P13, P15, P17 (Fig. 8).

The testing instances are defined for two frequencies associated with the first and second mode of the in-
plane vibration (14.5 Hz and 40.1 Hz) as well as a frequency sweep at 0.1 – 200 Hz bandwidth, which covers
four in-plane vibrational modes of the object.
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3.2.3 Results discussion of forced vibration control

Time histories of the strain response in P15 for passive and controlled instances are depicted in Fig. 10. The
graphs depict responses of the structure to a harmonic excitation of the 1st and 2nd eigenfrequencies. The
time instants for the switching signal are determined in reference to the excitation signal history.
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Figure 10: Strain in P15 in passive and controlled structure under the 1st and 2nd eigenfrequency harmonic
excitation
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Figure 11: Forced vibration response of the frame in passive and controlled modes under 14 Hz

The first test of the frame is designed to determine the system controllability in reference to the phase shift
of the control signal with regard to the structural response of the object. The result of the experiment is
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Figure 12: Forced vibration response of the frame in passive and controlled modes under 39 Hz
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Figure 13: FFT of accelaration in P16 in passive and controlled modes

a reduction of strain amplitudes at 14.5 Hz and 40.1 Hz, as depicted in Figs. 11 and 12. The amplitudes
of strains in the previously defined positions are presented in the domain of a time instants of the control
signal generation. The time instants are referenced to the normalized period of the vibration. As a refer-
ence case for each time instant, the amplitudes of passive vibrations are provided. The data confirm that
the effectiveness of the control algorithm is the highest (the amplitudes are reduced the most intensively)
when the switching is provided at 0.25 and 0.75 of the period. Those time instants are associated with the
extrema of the strain, and therefore with the maximum of the strain energy of the system. Furthermore, the
results reveal that the implementation of the control routine decreases the amplitudes in the complete periods
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duration. Consequently, the system does not deteriorate or destabilise performance of the original structure
and confirms a dissipative character of the system. A consequent finding from the presented examination
is that the vibration of the controlled beam between the semi-active joints is shifted in phase in reference
to the vibration of the remaining beams of the structure. This may inherently influence the operation of the
control algorithm. Further study is required for determination of the actual influence of the phase shift on
the system performance. The decentralised and essentially nonparametric character of the investigated ap-
proach might require the employment of substructural nonparametric models [22] and facilitate applications
in substructural-level monitoring methods [23].

The second group of tests is focused on frequency response of the system and assessment of the system’s
performance in the frequency domain. As depicted in Fig. 13, the first and second mode responses are ef-
fectively reduced. The presented results also confirm the results of the theoretical analysis of the problem
as regards to the transfer of the vibrational energy from the lower modes to the higher modes. The graph
in Fig. 13 presents two curves, where passive response has higher amplitudes in the range of lower frequen-
cies (first and second modes) and lower amplitudes in the range of higher frequencies. It suggests that the
control system mitigates the amplitudes in the low frequency range and induces the vibration of the system
in the high frequency range. The higher frequency modes are better damped in structure because of naturally
higher values of material damping.

4 Conclussions

An experimental survey dedicated to a decentralised control of vibration in a frame structure is presented.
The demonstration for the Prestress Accumulation and Release control law is verified and examined. The
control method reveals a significant potential in mitigation of the vibration in free vibration as well as forced
vibration instances. The obtained results encourage to make effort directed to implementation of the method
for more complex 2D as well as 3D structures. Furthermore, the obtained results encourage to perform
studies on optimal localisation of the semi-active joints as well on optimisation of the position with regard
to excitation localisation.
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Abstract
To achieve higher bypass ratios and thus increase efficiency, high-speed planetary gearboxes are applied
to geared turbofan engines. The gear meshing inside the gearbox causes high-frequency vibration that can
potentially be uncomfortable for passengers in terms of airborne noise. In this work, a system for active
vibration control using inertial mass actuators is proposed. One of the key challenges in the design of the
system is the high frequency range around 5 kHz of the gear mesh vibration. The system requirements
regarding frequency range and force are identified experimentally using a planetary gearbox test rig. The
choice, design and development of the inertial mass actuator is presented. Piezoelectric shear actuators are
selected due to their comparatively small electric capacitance, which is advantageous for the power amplifier.
A simulation allows the optimization of actuator and amplifier properties. Parameters of the used models are
identified experimentally. The performance of the final actuator-amplifier-unit is tested using the test-rig. The
achievable vibration reduction is presented and results are discussed.

1 Introduction

High-speed and high-power lightweight planetary gearboxes are under development for use in future geared
turbofan engines. In contrast to current engines the rotation speeds of fan and turbine can be chosen
independently. More efficient engine designs are expected with planetary gearbox technology. The gearbox
however causes additional high-frequency vibration and noise resulting from gear meshing. This noise can
potentially be uncomfortable for passengers, especially as the gear mesh frequency will be in the range of
3 kHz to 5 kHz where the human ear is very sensitive.

The goal of the presented research is to develop a system for active vibration control (AVC) that can be applied
to high speed planetary gearboxes. The objective of the projected system is twofold: To reduce the gear mesh
noise as well as to allow more efficient gearbox designs. The idea is that using an AVC system, louder but
more efficient gearbox design variants can be selected. That is because initially louder designs can be actively
quietened down.

This contribution presents the development of an inertial mass actuator with a piezoelectric shear actuator that
can be used for active vibration control in the desired frequency range. First the current state of research is
analyzed and requirements are defined. Subsequently the design of the actuator using simulations is presented.
Finally the performance of the actuator is characterized experimentally. Using a sub-scale planetary gearbox
test rig the feasibility of active vibration control of high-frequency gear mesh vibration is demonstrated using
adaptive feedforward control.
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2 Requirements and current state of research

Requirements for the projected AVC system for planetary gearboxes have been defined using a sub-scale
test rig which is described later in this paper. Table 1 summarizes the requirements for the actuators. A
differentiation between two scenarios is given. One in which only the dominant vibration order is to be
canceled and another where the overall force shall be reduced. Especially the very high mechanical frequencies
are challenging to be canceled. With a given maximum mass of 0.1 kg it is possible to calculate the required
specific forces of the actuator.

Table 1: Requirements for actuators of projected AVC system for two scenarios.
Scenario Frequency in Hz Force in N Mass in kg Spec. Force in N/kg
Dominant order 85 4723 55 < 0.1 > 550
Overall force 4200-5150 158 < 0.1 > 1580

Inertial mass actuators, also known as proof mass actuators, are widely used in research concerning active
vibration control. In contrast to active mounts [1] where actuators are applied directly between structure to be
controlled and the environment, inertial mass actuators can be mounted in a more flexible way. These kind of
actuators can be used as add-on devices for AVC applications for existing machine designs. This flexibility
makes them very attractive.

This type of actuator consist of a spring-mass-system with an integrated active element and can be considered
as a point force generator when driven above its resonance frequency [2]. As shown in Fig. 1, inertial mass
actuators can be represented by a spring-mass system with the stiffness k and the inertial mass m, enhanced
by a damping d and a force actuator A [3]. At low frequencies up to the resonance frequency of the system,

Figure 1: Model of an inertial mass actuator with stiffness k, inertial mass m, damping d, force actuator A,
actuator force FA and force of the inertial mass actuator F .

the force actuator exerts a force FA onto the inertial mass which reacts with an in-phase acceleration. Above
the resonance frequency the force actuator works in counter-phase to the inertial mass, inducing a force F
into the mounting point and the connected structure.

In many cases, electrodynamic actuation is used to drive the inertial mass. For instance, inertial mass actuators
of this type were successfully used for prototyping of vibration control in car suspensions [4], train bogies [5],
or even for building floors [6]. Smaller units were deployed to lightweight panels [7, 8]. Restrictions in their
use can be caused by ultrahigh frequency applications, the use of rare earth magnets, geometry restriction of
electrodynamic actuators and the magnetic field of the permanent magnet. As an alternative, the integration of
piezoelectric elements into inertial mass actuators has been studied. Since those solid state actuators possess
an inherent high stiffness they can carry the inertial mass while providing high dynamic forces. Therefore
they are especially suitable for high frequency applications. In [9] several concepts are proposed, and a
piezoelectric disc actuator is used in a prototype set up. Also bending beam configurations were studied,
either with integrated stack actuators [3] or foils [10].
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The mentioned studies on piezoelectric inertial mass actuators pointed out their main advantages: If carefully
designed, the actuator system contains a low number of parts with no movables. In a collocated control loop
configuration together with an accelerometer, simple stable systems for active damping can be implemented
[2]. This approach has been successfully studied for lightly damped structures with high resonance peaks, e.g.
[8].

Table 2: Overview publications concerning inertial mass actuators for AVC after [11]. Principles are electro-
dynamic (ED), magnetostrictive (MS), dielectric elastomers (DE), electromagnetic (EM) and piezoelectric
(PE).

Publication Inertial mass
in kg

Frequency range
in Hz

Principle Force in N Spec. Force
in N/kg

[7] 0.022 70-1000 ED 2.5 114
[12] 0.23 70-200 ED n.s. n.s.
[13] n.s. 20-60 ED 1000 n.s.
[14] 0.022 80-250 ED n.s. n.s.
[15] 0.5 20-200 ED 50 100

[16] 0.22 167-1260 MS 40 182
[17] 0.32 150-350 MS n.s. n.s.
[18] 0.75 300-1200 MS n.s. n.s.
[19] 6.7 4-20 MS 1500 224

[20] 0.2 100-500 DE 4 20

[21] 1.2 40-200 EM 50 42

[22] 0.55 100-400 PE 200 364
[9] 0.15 260-1250 PE n.s. n.s.

[23] n.s. 500-4000 PE n.s. n.s.
[24] 1.08 50-200 PE n.s. n.s.

Zech et al. [11] 0.115 4700-9300 PE 117 1020

The authors have investigated the vibration excitation of small high-speed planetary gearboxes in [25]. Due to
modulation effects the vibration spectrum exhibits multiple sideband frequencies around the nominal gear
mesh frequency. Different approaches for order tracking in this context have been compared in [26]. An
overview of research concerning inertial mass actuators for AVC is given in Table 2 where characteristic values
of each developed actuator are depicted. Different working principles have been investigated from which
piezoelectric actuators seem best suited for the desired high frequency range. The authors have examined the
use of prestressed piezoelectric low-voltage stack actuators in [11]. As given in Table 2 this type of actuator is
well suited for the high frequency range. However as the used stack actuators have high capacitances of 1.5 µF
high-performance switching power amplifiers are required to drive them at high frequencies. High currents
need to be driven by the power electronics for high frequencies and capacitances [27] as described by

Imax = VppπfCa (1)

where Imax denotes the maximum current, Vpp the peak-to-peak Voltage, f the frequency and Ca the capaci-
tance of the actuator.

To circumvent the need for expensive high-performance power amplifiers this work investigates the use of
piezoelectric shear actuators. Compared to stack actuators they have the advantage of lower capacitances. The
shear actuator used in this work has capacitance of 90 nF which is smaller than the one of the stack actuator
used in [11] by a factor of 16. As consequence also the required driving current would be reduced by this
factor. Piezoelectric shear actuators have not been investigated in this context so far. This paper investigates
advantages and drawbacks of this type of actuator when compared with stack actuators.
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3 Simulation of shear actuator and amplifier

Supporting the design phase of the inertial mass actuator system, a simulation model is set up. The simulation
model enables the estimation of actuator system effect and the dimensioning of the single components.
The inertial mass actuator system consists of piezoelectric transducer, inertial mass and amplifier. For its
simulation a modular model approach for active vibration systems on base of impedances and admittances is
used [2]. An advantage of this approach is the compatibility of mechanical and electrical system components
as well as the modular exchangeability of single components. Furthermore the required data for the derivation
of the models can be achieved by analytical calculation, numerical simulation or experimental analysis.
The impedance-admittance model structure of the inertial mass actuator is depicted in Fig. 2 indicating the
exchange of power by the transmission of forces F , velocities v, differential velocity ∆v, input voltage Ui,
output voltage Uo and output current Io between the single system components. The model of the inertial mass
actuator can simply be enhanced by the models of the controller as well as the models of mass and elasticity
of the base structure. Thus the single components can be modeled independently and combined by its defined

Figure 2: Impedance-admittance model structure of the inertial mass actuator system consisting of piezoelectric
transducer, inertial mass and amplifier with forces F , velocities v, differential velocity ∆v, input voltage Ui,
output voltage Uo and output current Io.

power interfaces. In the case of the inertial mass actuator, the amplifier is modeled by an analytic-empiric
description based on experimental characterization results. Model inputs and outputs are input and output
voltage of the amplifier as well as output current of the amplifier according to Fig. 2. Inertial mass and
the piezoelectric transducer are analytically modeled. Their parameters are estimated through experimental
characterization. Model inputs and outputs are forces and velocities.

In this work, two voltage amplifiers for piezoelectric transducers, one analog and one switching amplifier
(Table 3) are investigated. Analog amplifiers regulate the power flow via power transistors, operating as
resistors. Although these resistors provoke an energy drain, analog amplifiers are characterized by high
signal quality at the amplifier output and robustness, which is independent of the load. In contrast to analog
amplifiers, switching amplifiers recuperate mechanical energy during unloading. The minimized loss of
energy into heat, enable compact design. Switching amplifiers also use transistors. In contrast to analog
amplifiers, they discretely switch between conductive and blocking state. The capacitive behavior of the
transducer and the limited switching frequency cause step-like changes at the output which can degrade signal
quality. For the derivation of the required model data, the amplifiers are experimentally characterized. The
amplifiers are loaded with film capacitors of different capacity in the range of typical, suitable piezoelectric
actuators. In contrast to piezoelectric actuators, the used capacitors can be considered as linear. The results of
the experimental characterization are depicted in Fig. 3. The switching power amplifier achieves unexpected
high signal quality, probably related to its very high switching frequency.

The derived most characteristic properties of the amplifiers as results of the shown experimental characteriza-
tion are described in Table 3. The analog amplifier is better suited for the shear actuator as it is able to drive
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Figure 3: Experimental characterization of an analog and a switching voltage amplifier: Peak to peak voltage
and total harmonic distortion (THD) for different capacitors. Left: Analog amplifier PIA-1115-2020. Right:
Switching amplifier PI-E617.

Table 3: Characteristic properties of the amplifier, according to the experimental characterization.

Image

Model PIA-1115-2020 PI-E617
Type Class AB Class D (100 kHz)
Voltage @ 5 kHz and 0.1 µF 76 V 45 V
Voltage @ 5 kHz and 1 µF 13 V 35 V
Total harmonic distortion @ 5 kHz 25 % (0.1 µF) 3.3 % (1 µF)

the 0.1 µF capacitance at higher voltages than the switching amplifier. The switching amplifier in turn is better
suited for stack actuators as it is able to drive the 1 µF capacitance at higher voltages than the analog amplifier.

For this reason the analog power amplifier PIA-1115-2020 is chosen and numerically identified. The
identification follows the methodology proposed by [28]. A high order behavior of the amplifier is taken into
account to achieve good phase correlation.

As piezoelectric actuator, several transducer topologies can be used. Due to its very low capacitance, shear
actuator make lowest demands on power electronics. Due to the required high frequency range of operation,
the shear actuator concept is chosen and evaluated in this work.

At high frequencies, the output voltage of the amplifier is limited in dependence to the capacitance of the
piezoelectric actuator. In order to derive low amplifier output voltage, the inertial mass actuator is designed
in such way, that its dynamic resonance fr meets its operating frequency at approx. 4 kHz. Doing so, the
amplification of the voltage to force ratio by the dynamic resonance can be used. Since the stiffness k is
predefined by the chosen actuator, the mass m has to be calculated via fr =

√
(k/m)/2π. In order to
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Figure 4: Left: Experimental characterization of the shear actuator. Right: Resulting frequency responses
from actuator voltage to tip displacement with different inertial masses.

estimate the stiffness of the actuator, the actuator is excited with a broad band signal with three different
masses attached to it.

The measurement setup and the measurement results are depicted in Fig. 4. On base of the experimental
characterization, the actuator stiffness could be identified to 3.97 Nµm−1 using a linear regression. The
moving mass of the actuator (without additional mass) is calculated to be approx. 3 g. The identified actuator
parameters as well as the identified power amplifier parameters were integrated into the system simulation
(Figure 2). The additional mass is numerically estimated to be 8 g in order to tune the resonance frequency
of the inertial mass actuator to the frequency range at approx. 4 kHz. Fig 5 (left) depicts the results of the
numerical simulation for an input voltage sweep from 0 Hz to 6 kHz with 1 kHz per second. As numerically
predicted, the result of the experimental characterization (Fig 5 (right)) show that the resonance frequency of
the finally realized inertial mass actuator system lies in the expected frequency range.
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Figure 5: Left: Producible forces in simulation. Right: Measurement of resonance frequency of piezoelectric
shear actuator with 8g of additional inertial mass and an analog voltage amplifier.

4 Adaptive feedforward control

The well known Filtered-x Least-Mean-Square (FxLMS) Algorithm is used in this work. However some
modifications are used. It belongs to the class of adaptive feedforward control algorithms and requires a so
called secondary path model. Figure 6 depicts the block diagram of the control algorithm. Reference signals
are generated using a measurement of the actual planet carrier angle ϕcarrier(n). This type of reference signals
is often called synthetic as no real vibration sensor are involved. The reference oscillators for the k-th planet
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carrier order is calculated using

xa(n) = sin(kϕcarrier(n)) (2)

xb(n) = cos(kϕcarrier(n)) (3)

where n denotes the current time step. For each frequency to be canceled two output weights are calculated
with standard normalized update equations

wa,k(n+ 1) = (1 − αFxLMSγFxLMS)wa,k(n) + µ(n)xaf,k(n)e(n) (4)

wb,k(n+ 1) = (1 − αFxLMSγFxLMS)wb,k(n) + µ(n)xbf,k(n)e(n) (5)

where αFxLMS and γFxLMS denote step-size and forgetting factor, µ denotes the normalized step size, e the
residual error signal and xa,f and xb,f the reference oscillator signals after filtering with the secondary path
model Ŝ. The filtering with the secondary path model is done using one complex multiplication

xf,k(n) = Ŝ(n) · (xa,k(n) + ixb,k(n)) (6)

where Ŝ is the interpolated supporting point of the narrowband secondary path model and xaf,k(n) =
Re(xf,k(n)) and xbf,k(n) = Im(xf,k(n)). The normalized step-size µ is calculated in each time step using

µ(n) =
αFxLMS

x2af,k(n) + x2bf,k(n)
. (7)

The output of the k-th subsystem of the algorithm is

uk(n) = wa,k(n)xa,k(n) + wb,k(n)xb,k(n). (8)

Finally the overall output is the sum of the outputs for all carrier orders which can be described by

u(n) =

Z+N∑

k=Z−N

uk(n) (9)
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where N carrier orders around the nominal gear mesh frequency fmesh = Zfcarrier are to be canceled. Z
denotes the number of teeth of the ring gear. For the high desired frequency range a computational efficient
implementation of the control algorithm is required. Two strategies are used in this work to achieve a 50 kHz
closed-loop sampling frequency. Computational expensive convolution as needed when using FIR-filters
can be replaced by complex multiplication when using complex lookup tables as secondary path model.
Furthermore the update frequency of this complex lookup table can be chosen much lower than the update
frequency of the output weights. These two measures significantly reduce computational complexity and
therefore allow for the very high closed loop sampling frequency.

Figure 6 also shows that two kind of secondary path models are used in the simulation of the control algorithm.
The internal model in the control algorithm is a complex look-up table while the real secondary path is
modeled using a 1500-tap FIR filter.

5 Experiments

A
B C

D

E F E
G

H

Figure 7: Test rig with asynchronous motor (A), couplings (B), torque sensors (C), planetary gearbox (E),
eddy-current brake (F), shear actuator (G) and force sensor (H). Depicted is also the effective direction of the
actuator.

Figure 7 depicts the test rig which is used for experiments. An asynchronous motor drives the planetary
gearbox at a maximum speed of 10 000 min−1. An eddy-current brake generates torques up to 50 Nm. A small
spur-toothed planetary gearbox with a diameter of 60 mm, a gear ratio of 3 and 84 teeth on the ring gear is
used. The test rig is equipped with multiple vibration sensors from which only one force sensor is used in this
study as marked in Fig. 7 on the right side. The force sensor measures the force that is transmitted from the
gearbox vibration into the surrounding structure. The piezoelectric shear actuator is mounted such that its
effective direction conforms with the measurement direction of the force sensor. Signals are sampled at a
frequency of 50 kHz. A speedgoat performance real-time target machine featuring an Intel Core i7 3770K
3.5 GHz quadcore CPU is used for signal processing and implementation of the control algorithm.

For the experiments an operating point with a gearbox input speed of 10 000 min−1 and a braking torque of
20 Nm is selected. The nominal gear mesh frequency at this operating point is 4666 Hz. However the planet
carrier vibration order 85 (85 times the rotation frequency of the planet carrier) shows the highest vibration
amplitude at a frequency of 4722 Hz as depicted in Fig. 9 for the situation with deactivated control. This
vibration order 85 is selected for cancellation.

Figure 8 depicts the experimentally identified secondary path transfer function from actuator input voltage to
measured force. The transfer function is rather complex with many structure resonances that are visible in the
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Figure 8: Identified secondary path transfer function from actuator input voltage to force sensor. Given at the
bottom is the coherence (γ2).

frequency range up to 10 kHz. The first eigenfrequency of the actuator is located at 2676 Hz. A specific force
of 0.41 NV−1 can be generated using the actuator at the desired frequency.
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Figure 9: Frequency spectrum of force signal without and with activated control algorithm.

Figure 9 depicts the results of the experiment with activated control algorithm. The control algorithm is
parameterized with αFxLMS = 3.8e−4 and γFxLMS = 2e−5. Using the piezoelectric shear actuator the target
order can be significantly reduced from 54.9 N to 3.9 N which corresponds to a reduction of 93 %. To achieve
this reduction an input peak-to-peak voltage of 120 V is required. This corresponds to 71 % of the maximum
output voltage of the power amplifier. The vibration orders 86 and 87 are worsened when order 85 is controlled
in Fig. 9. This phenomenon is investigated more in detail. For this purpose a simulation is conducted with a
setting according to Fig. 6 where a measured force signal is used and the secondary path model as shown
in Fig. 8 is represented by a 1500-tap FIR filter. In simulation and experiment the control algorithm is
parameterized identically. Figure 10 depicts the simulation results and a comparison with a measurement from
the experiment. Ordertracking based on least-mean-square algorithm is used to extract the amplitude of single
vibration orders from the overall force signal. This allows a more detailed analysis. The amplitudes of all
orders are slightly higher in simulation than in the experiment. That is because the vibration excitation shows
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variations when the same operating point is measured multiple times at the test rig. At a time of 0.5 s the
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Figure 10: Comparison of simulation and experiment. Depicted are the amplitudes of the individual orders.
Control is activated after 0.5 s (dashed line).

control algorithm is activated. Both simulation and experiment exhibit good agreement concerning reduction
speed and residual force for the target order 85. However while in simulation the other orders remain constant
this is not the case for the experiment where the amplitude of orders 86 and 87 are increased and order 88
is decreased. It is thus assumed that a coupling process between individual vibration orders exists in the
planetary gearbox which cannot be represented by a simple FIR model of the secondary path.

Table 4: Comparison of the investigated actuator amplifier combinations.
Investigation This contribution Zech et al. [11]
Actuator Type Piezo Shear Piezo Stack
Amplifier Type Analog Switching
Weight Actuator in kg 0.0269 0.115
Capacitance in µF 0.09 1.5
Measured Force in N (at 4.7 kHz) 49.2 117
Utilization Output Voltage 71% 33%
Theoretic max. Force in N 69.3 354.6
Theoretic specific Force per Weight in Nkg−1 2576 3083
Theoretic specific Force per Capacitance in NµF−1 770 236

Finally the performance of the investigated actuator amplifier combination is compared with another which
was examined by the authors in [11]. While the present work investigates the combination of piezoelectric
shear actuator and analog power amplifier in [11] a piezoelectric stack actuator combined with a switching
amplifier was used. Table 4 shows a comparison of both setups with their characteristics. It is interesting that
the combination with piezo stack actuator exhibits slightly higher forces per weight of about 3000 Nkg−1.
However the combination with shear actuator shows a force per capacitance that is more than three times
higher. This indicates that forces can be generated more efficiently regarding driving current using piezo
shear actuators than with piezo stack actuators. The reason for this is that less current is needed to drive
an actuator with lower capacitance after Eq. 1. This results in lower current requirements for the power
electronics. It has to be mentioned that the actuator amplifier combination investigated in this work operates
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at maximum voltages of 175 V while the combination in [11] has a maximum voltage of 120 V. Nevertheless
the combination investigated in [11] is better suited for AVC of the planetary gearbox as it is able to produce
more than five times higher total forces in the desired frequency range.

6 Conclusion

A combination of a piezoelectric shear actuator and an analog power amplifier was investigated for use in an
active vibration control system for planetary gearboxes. Power amplifiers were characterized experimentally
and a model was used to tune the inertial mass shear actuator to the desired frequency range. The work
revealed that the shear actuator is capable of actively reducing the most dominant vibration order of the
gearbox. Related to electric capacitance forces can be generated more efficiently using piezoelectric shear
actuators than with piezoelectric stack actuators. A coupling between amplitudes of individual vibration
orders was observed in the experiment. This phenomenon could be examined further in detail in future studies.
Furthermore the shear actuator should be scaled-up in order to be able to suppress multiple planetary gearbox
vibration orders in parallel.
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[25] D. F. Plöger, P. Zech, and S. Rinderknecht, “Experimental identification of high-frequency gear mesh
vibrations in a planetary gearbox,” in Proceedings of ISMA2016 International Conference on Noise and
Vibration Engineering, pp. 911–924, Sept. 2016.

[26] D. F. Plöger, P. Zech, and S. Rinderknecht, “Real-Time Order Tracking of Gear Mesh Vibration in High
Speed Planetary Gearboxes,” MATEC Web of Conferences, Vol. Volume 148, 2018, Feb. 2018.

[27] A. J. Fleming, “Techniques and considerations for driving piezoelectric actuators at high speed,” in
Modeling, Signal Processing, and Control for Smart Structures 2008, Vol. 6926, p. 69260E, International
Society for Optics and Photonics, 2008.

214 PROCEEDINGS OF ISMA2018 AND USD2018



[28] T. Jungblut, Ein Beitrag zur modellbasierten, hybriden Entwicklung elektromechanischer Systeme zur
Schwingungsminderung. Dissertation, Shaker Verlag, Aachen, Feb. 2016.

ACTIVE VIBRATION CONTROL 215



216 PROCEEDINGS OF ISMA2018 AND USD2018



Self-adaptive fluid-based absorbers for impact mitigation 
and vibration damping 

C. Graczykowski
1
, R. Faraj

1 
 

1 
Institute of Fundamental Technological Research of the Polish Academy of Sciences 

Pawinskiego 5B, 02-106, Warsaw, Poland 

e-mail: cezary.graczykowski@ippt.pan.pl 

Abstract 
The paper presents development of innovative, self-adaptive, fluid-based absorbers and investigation of 

their application for mitigation of impacts and forced vibrations. The considered absorbers are composed 
of two chambers filled with fluid and separated by a piston equipped with a controllable valve. The valve 

enables control of the fluid flow between the chambers and adjustment of the actual value of force 

generated by the absorber. The aim of the research is to develop the strategy of valve control providing 

self-adaptive operation of the absorber ensuring dissipation of submitted energy by using minimal value of 
generated force. The paper includes description of self-adaptive impact absorber, presentation of the 

control system and numerical simulation of its effectiveness in the case of impact excitation and harmonic 

loading. It is concluded that self-adaptive system provides optimal mitigation of impact excitation, but its 
response in the case of harmonic loading is not always optimal and requires further improvement.  

1. Introduction 

Mitigation of impact loads and damping of vibrations remain challenging engineering problems. In case of 
impact excitation the main challenge is short period of the process (several to tens of milliseconds). In 

turn, in the case of harmonic excitation the main challenge is continuous supply of the external energy to 

the system and the requirement of its repetitive operation. Nowadays, the recent fast progress in 

technologies of sensors and actuators enables replacing classical passive systems by more efficient semi-
active or active devices. It can be observed that the research efforts are dedicated separately to mitigation 

of impact excitation and damping of vibrations. The most important lines of research in these disciplines 

are briefly discussed below.   

The important research area in the field of semi-active impact mitigation is the so-called Adaptive Impact 

Absorption (AIA) [1, 2]. The concept assumes that optimal shock absorbing system is composed of 

embedded system of sensors, the hardware controller and adaptive elements (so called structural fuses), 
which control the process of energy dissipation in semi-active way. The system constructed according to 

the principle of AIA utilizes data measured by sensors to identify the actual impact loading and performs 

adaptation providing optimal mitigation of impact. Typically, the objective of adaptation is to dissipate the 
entire impact energy with the lowest value of deceleration of the impacting object or the lowest overload 

of the impacted structure. The most popular AIA problems concern design of adaptive fluid based 

absorbers. The research in this field was focused on hydraulic [3, 4, 5, 6] or pneumatic [7, 8, 9] dampers 

equipped with fast controllable valves, as well as dampers based on magneto-rheological [10, 11, 12, 13] 
or electro-rheological fluids [14]. Nevertheless, other innovative types of absorbers e.g. based on inertial 

effects were also analyzed [15]. The motivation for development of these systems was a number of 

practical applications such as mitigation of frontal collisions of cars, high performance landing gears or 
seismic isolation of structures. 

The research concerning semi-active vibration damping is nowadays very extensive and relates to various 

types of problems and applications. In general, the problems of vibration damping can be divided into two 
separate groups: damping of free vibrations and mitigation of forced vibrations. In the former case the 
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objective is to dissipate the energy introduced to the structure and to decrease of its oscillatory motion 

possibly fast. In turn, in the latter case the objective is to dissipate submitted energy and to obtain desired 

response of the structure. In both groups of problems various types of dissipaters and control techniques 
are applied. Among the most innovative solutions we can distinguish application of tuned mass damper 

with inerter of changeable inertance [16], controllable structural nodes with an on/off ability to transmit 

moments [17] and pneumatically controlled granular structure [18], to mention just a few. The practical 

applications of the vibration techniques encompass damping of flexible space structures [19, 20], vehicle-
track/span systems [21, 22], design of suspension and seismic isolation systems [23, 24], damping of 

torsional vibrations in electro-mechanical systems [25, 26].  

The review of the above mentioned systems for semi-active impact mitigation and vibration damping 
reveals that most of these systems require the knowledge about applied excitation and they do not operate 

optimally when variations of system parameters or harsh disturbances occur. Moreover, there are no 

universal control strategies which can be applied both the problem of impact mitigation and vibration 
damping. This paper attempts to fill this gap in the subject literature by proposing application of self-

adaptive system to both mitigation of impact and damping of vibrations. The concept of such system was 

introduced by authors in [27] and developed in [28]. Herein its application will be extended to the problem 
of mitigation of forced vibrations, which was not analyzed before.   

2. Basic concept of self-adaptive absorber 

The proposed absorber serving for impact mitigation and vibration damping is composed of rigid 

compartment and two fluid chambers, Fig. 1. The chambers are separated by the piston equipped with 
valve, which enables control the actual mass flow rate of the fluid in order to adjust the actual value of 

reaction force generated by the absorber. In general, the chambers can be filled with either hydraulic or 

pneumatic fluid, however further discussion will be illustrated on the example of pneumatic absorber. The 
mathematical model of the absorber is described in previous paper of the authors [28]. The absorber will 

be subjected to two types of dynamic excitation: 

• impact loading modeled by mass of the impacting object and its initial velocity (Fig. 1a), 

• harmonic excitation modeled by time-dependent harmonic force (Fig. 1b). 

 

 

 

 

 

 

 

 

Figure 1: The considered problems: a) adaptive pneumatic absorber subjected to impact excitation, b) the 

same absorber (shown schematically) under harmonic loading 

In the first case the objective of the adaptive absorber is to dissipate initial kinetic energy of the impacting 

object and decrease its velocity to zero with minimal level of deceleration. In the second case the 

considered object does not have initial kinetic energy, however the energy is continuously submitted to the 
system by the action of the external harmonic force. As a result, at the beginning of the process the 

considered object is accelerated by external force and its velocity increases. Therefore, the objective of the 

adaptive absorber is to counteract the external force and to stop the object with minimal level of generated 
reaction force and minimal level of corresponding deceleration. In addition, the proposed self-adaptive 

absorber has to fulfill three following requirements:  
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• automatic, online adjustment to actual dynamic loading with neither prior knowledge of the 

external load nor application of load identification system, 

• robust operation in case of disturbances such as occurrence of additional damping or friction 

forces generated by the absorber, 

• robust operation in case of unexpected change of system parameters such as sudden  leakage of 

the fluid from one of the chambers. 

In order to fulfill the above stated strict requirements three innovative elements of the control strategy are 

introduced. At first, the Automatic Path Finding (APF) algorithm is applied to determine optimal system 
path during the initial stage of operation by using complete information about actual system kinematics 

and the condition of kinematic optimality for the remaining part of the process. Secondly, the dedicated 

Hybrid Path Tracking (HPT) algorithm, which utilizes both continuous and bang-bang control, is used for 
robust tracking of determined system path. The former control law is based on mathematical model of the 

absorber and it is applied during typical operational conditions, whereas the latter one is used during short 

periods of system disturbance. Thirdly, the Automatic Path Update (APU) algorithm based on full 

kinematic feedback is triggered after the occurrence of harsh disturbances or changes of system 
parameters in order to properly modify previously determined system path. Each of these processes is 

performed in fully automatic way during operation of the self-adaptive system.  

In order to make operation of the system easily understandable we will precisely describe each algorithm 
included in the proposed control strategy together with corresponding fundamental mathematical 

formulae. 

Automatic Path Finding (APF) – the algorithm performed during first stage of impact absorption (pure 

energy accumulation – valve closed) until actual value of piston deceleration allows to decrease velocity 

of the impacting object to zero within remaining stroke of the absorber. The APF is terminated at the 

moment  ��  when the following kinematic condition is satisfied: 

 |�����| ≥ ��	
�� (1) 

The optimal piston deceleration ��	
�� ensures dissipation of entire impact energy within absorber stoke d 

and can be described by the formula: 

 ��	
�� = ��������������� (2) 

The finite frequency of state measurements and data processing causes that deceleration of the piston at 

time instant  ��  usually differs from the value ��	
��. In such situation we cannot obtain exact realization 

of the optimal system path and thus we introduce the tolerance interval defining acceptable range of 

deceleration of the impacting object. 

Hybrid Path Tracking (HPT) – the algorithm performed after termination of APF, aimed at possibly 
best following of the optimal system path ensuring dissipation of entire impact energy within available 

absorber stroke. The control law applied by HPT is determined for time period ��� �, ����⟩ and takes the 

form: 

 �� ��� = � ���     !"   |�����| < ��	
��             ��$�    !"   |���� �| > ��	
�� �         �	
� ���     !"     ��	
�� ≤ |�����| ≤ ��	
�� � � (3) 

The bang-bang control is performed when absorber operates outside the tolerance interval and it is aimed 
at the fastest possible return of the system to the optimal path. The upper limit of deceleration tolerance 

interval is designated by ��	
�� � and it corresponds to assumed maximum shortening of the admissible 

stroke of the absorber ∆(�	) : 
 ��	
�� � = ���������∆�*+,������� (4a) 
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Alternatively, the value ��	
�� � can be defined with the use of surplus of acceleration ∆��	) or the surplus 

of velocity ∆-�	): 
 ��	
�� � = . ��������������� + ∆��	)0,   ��	
�� � = .������∆*+,������������ 0 (4b,c) 

The continuous change of the valve opening providing generation of constant reaction force can be 

calculated by using the model of thermodynamic and flow processes taking place in the absorber, see [27]: 

  �	
���� = "�(� , -� , �� , 1�� , 1�� , �� (5) 

Automatic Path Update (APU) – the algorithm ensuring successful operation of the impact absorbing 

system in case of harsh disturbances, changes of system parameters or need of system re-adaption (e.g. 

series of unknown impact excitations). The APU algorithm sequentially updates the optimal value of 

system deceleration ��	
�� determined with the use of APF algorithm. It operates after each control period 

and calculates the actual optimal value of deceleration at time instant �� by using the formula: 

 ��	
�� = ��2���������2�� (6) 

Let us note that proper operation of the self-adaptive system requires also sequential update of the upper 

limit of deceleration tolerance interval ��	
�� �. 
Let us note that in the proposed control method the tolerance interval for deceleration of the impacting 

object 〈�	
� , �	
�� 〉 is asymmetric, which directly results from the assumption that admissible displacement 

of the piston is in the range 〈5 − ∆(�	) , 5〉. Such assumption ensures successful operation of the absorber 

– the piston will never hit absorber’s bottom if the tolerance value is appropriately selected for the 
available frequency of measurements and data processing. In order to reduce effort and possible mistakes 

appearing during system tuning we can apply the automatic adaptation of the tolerance levels at time 

instant ��  which terminates operation of the APF algorithm; it will be discussed in further section. 

As mentioned above, the definition of upper limit of deceleration tolerance interval ��	
�� � can be based on 

maximum shortening of the absorber stroke ∆(�	)  (displacement tolerance), velocity surplus ∆v89:  or 

acceleration surplus ∆��	). Selection of different definitions leads to differences in system behavior. In 

particular, assumption of acceptable level of absorber stroke shortening (Eq. 4a) results in increasing in 
time upper limit of deceleration tolerance interval. In such case, when no disturbances are present, the 

control system will not change the level of generated reaction force. In contrast, application of definition 

based on acceleration surplus (Eq. 4a) and velocity surplus (Eq. 4b) may result in often automatic 
corrections of the preliminary determined level of generated force. Such behavior is beneficial when 

extremely fast measurement and data processing system can be implemented. Nevertheless, in case of 

relatively low frequency of system operation, it is better to define the deceleration tolerance interval based 
on maximum shortening of the absorber’s stroke. As a result, temporary system destabilization will be 

avoided and system efficiency maintained. 

3. Control system architecture 

According to introduced definitions of algorithms discussed in previous section they can be considered as 
processes appearing during system operation. Graphical representation of the processes conducted during 

unknown impact mitigation is shown in Fig. 2. The APF is performed until deceleration of the piston and 

impacting object is insufficient and maintaining its constant value would result in hitting the absorber 
bottom (the case of impact energy not entirely absorbed). When kinematic condition (Eq. 2) is met, 

“Scenario 2” is valid and the APF process terminates. In further operation the HPT has to be performed to 

ensure successful operation of the system. Realization of the actually optimal control path with acceptable 

tolerance indicates that absorber still operates according to “Scenario 2” so that continuous control of 
valve opening is applied. If unexpected disturbances occur and cause the reaction force jumps out the 

tolerance interval, the control system has to react immediately. Otherwise, too low value of reaction force 

(“Scenario 1”) will result in the piston hitting the absorber bottom or too high value of reaction force 
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(“Scenario 3”) will cause that deceleration will not be optimally minimized and small rebound before the 

end of the absorber stroke will occur. In order to reduce influence of disturbances and to maintain high 

efficiency of the absorber the HPT will close the valve for “Scenario 1” or fully open it for “Scenario 3”. 
The fact that system deceleration remains outside the optimal path for certain period of time causes the 

automatic path recalculation is required and it is performed by the APU algorithm.  

Similarly, if next impact excitation occurs before the end of the first impact absorption process, the system 
will determine new actually optimal path by applying APU and will track this path with the use of HPT. It 

should be highlighted that determination of actually optimal path of the system is based on the kinematic 

condition describing optimality of the remaining part of the impact absorption process. This indicates that 

if there are no changes of impact conditions, the system will follow (with acceptable tolerance) the 
globally optimal solution. In turn, when the process includes unpredicted disturbances or several unknown 

impact excitations, the system will operate in robust, suboptimal way. 

 

Figure 2: Scheme of self-adaptive system operation 

Following the general idea of discussed self-adaptive impact absorbing system, we will introduce a block 

diagram of the control system ensuring desired system operation (Fig. 3). The considered system is 

subjected to dynamic excitation. The system response is measured by kinematic sensors (e.g. 
accelerometers, linear encoders) and pressure sensors (internal pressure in both absorber chambers). Path 

control system based on actual piston kinematics determines which scenario of system operation is valid at 

the moment. In case of too low or too high value of piston deceleration the bang-bang control of the valve 

is applied. Otherwise, the piston deceleration is optimal with acceptable tolerance and the reaction force 
has to be maintained constant. Therefore, measured values of internal pressure in absorber chambers and 

measured kinematic quantities are used to determine the optimal continuous valve control by applying 

mathematical model of the absorber.  
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Figure 3: Block diagram of proposed self-adaptive control system 

It should be indicated that the proposed control system does not have typical tuning parameters as in e.g. 

PID or LQR controllers. Nevertheless, two system parameters have a significant influence on the system 

operation and they have to be considered when control system is designed: i) frequency of kinematics and 
internal pressure measurements and ii) time of data processing. In further discussion we will use the term 

Frequency of Control Recalculation (FCR) resulting from speed of measurements gathering and data 

processing. The finite value of FCR results in small inaccuracy of the system operation and tracking of 
actually optimal system response with certain delay. In practice, the maximum achievable value of FCR is 

imposed in advance because of technological limitations. Because of that the tolerance  imposed on 

optimal value of piston deceleration should be adjusted to the frequency of system operation and can be 

treated as tuning parameter of the control system. 

4. System operation under impact excitation 

The present section is aimed at investigation on the response of self-adaptive system under impact loading 

with a special attention to influence of the displacement tolerance determining the interval of acceptable 
piston decelerations, which can be treated as nearly optimal values. The influence of under- and 

overestimation of the upper limit of displacement tolerance is shown in Fig. 4  

According to the graph in Fig. 4a, which presents response of the system operating with high value of 
FCR, overestimated value of the tolerance can result in lack of dissipation of the entire impact energy. 

This effect results from the fact that high frequency system finds the optimal value of absorber reaction 

force with high precision. In this situation assumption of high tolerance for maximum piston displacement 
is in contradiction to achieved accuracy of finding the optimal value of pneumatic force. When assumed 

final displacement of the piston 5 − ∆(�	) is exceeded, the valve is automatically opened resulting in light 

impact of piston against absorber bottom. This indicates that for system with high values of FCR the 

displacement tolerance should be selected at appropriately small level or some adjustment of proposed 
control method should be made.  

If the tolerance is decreased to the proper value, the entire impact energy will be dissipated within 

assumed available stroke, simultaneously ensuring successful minimization of absorber reaction force. On 
the other hand, if displacement tolerance is decreased excessively, some overshoots of reaction force may 

appear (Fig. 4b), despite this the entire absorber stroke is finally utilized with better precision. In contrast, 

Fig. 4c presents behavior of the system operating with low values of FCR. It can be noticed that increase 
of displacement tolerance reduces force overshoot but also results in shortening of the utilized stroke. It 

can be concluded that value of displacement tolerance for optimal deceleration interval should be selected 

carefully. Depending on the operational requirements, the system without overshoots in the reaction force 
or system with higher stroke utilization can be a preferred option. 
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Figure 4: Influence of control recalculation frequency and optimality condition tolerance on the system 

response under single impact excitation 

 

Automatic adjustment of displacement tolerance 

Presented above analyses of the influence of displacement tolerance revealed difficulties in appropriate 

selection of tolerance for given value of FCR. In order to avoid this problem a simple automatic 

adjustment of the tolerance value can be introduced. At the beginning of impact absorption process we 

assume a certain value of the piston displacement tolerance ∆(�	), as it had been done before. When the 

reaction force reaches the value within the range corresponding to the optimal deceleration interval 〈��	
��, ��	
�� �〉 and thus HPT is activated, the displacement tolerance is recalculated to ensure that entire 

impact energy will be dissipated within absorber stroke according to the equation: 

 ∆(�	)$�$
�;� = 5 − (���� − ��2���|$��2�| (7) 

Thanks to tolerance adjustment made when the HPT is activated, the impact energy will be entirely 

dissipated for both low and high values of FCR independently on the initially assumed value of 

displacement tolerance. In Fig. 5 the response of systems operating with different values of FCR and 

initial displacement tolerance ∆(�	) = 5 == are shown. In case of low level of FCR the system may need 

to correct the path before initially assumed value of displacement tolerance and corresponding 

deceleration interval are met. Nevertheless, when the optimal deceleration interval is reached the 

displacement tolerance is recalculated to the value of actual deceleration |�����|  being in the range 〈��	
��, ��	
�� �〉. As a result, maintaining the pneumatic force on the corresponding constant level results in 

stopping the impacting object on the distance �5 − ∆(�	)$�$
�;�� without any rebound and without hitting 

the end of absorber stroke. Proposed adjustment of the control principle provides also successful operation 

of the system working with high value of FCR and low value of displacement tolerance. The proposed 
control system with automatic adjustment of displacement tolerance will always ensure dissipation of 

entire impact energy within absorbers stroke.  
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Figure 5: Operation of the system with automatic adaptation of displacement tolerance 

5. System operation under harmonic loading 

In this section the proposed self-adaptive control system is applied for mitigation of the harmonic 

excitation. Three different frequencies of excitation are investigated, whereas the control is always 

performed with frequency of 5 kHz. The conducted numerical simulations indicate that response of self-

adaptive system in three considered cases is substantially different. In case of the lowest frequency of 
harmonic excitation equal to 5Hz the impacting object is stopped at the end of cylinder stroke before the 

cycle of harmonic excitation is accomplished. This indicates unfavorable situation when energy is still 

submitted to the system but there is no remaining stroke left to dissipate this energy (Fig. 6a). In contrast, 
in case of the largest frequency of impact excitation equal to 10 Hz the excitation drops below zero before 

the impacting object is stopped. This indicates non-optimal situation in which deceleration of the object 

suddenly rises and the entire stroke of the absorber is not utilized (Fig. 6b). Therefore, we can expect that 
there exists the frequency of excitation for which the object is stopped exactly at time instant when single 

excitation cycle is accomplished. Indeed, the numerical simulation shows that such situation occurs for the 

excitation frequency of 6.7 Hz. In this case the entire impact energy is dissipated and the object is stopped 

almost at the end of cylinder’s stroke.  

We conclude that proposed self-adaptive system does not provide optimal mitigation of the excitation of 

various frequencies. In order to improve the operation of the system the level of deceleration, which is 

maintained constant should take into account compatibility with time when single cycle of the harmonic 
excitation finishes. Development and testing of such system is the objective of current research. 
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Figure 6: Response of self-adaptive system to harmonic excitation of various frequencies: a) 5 Hz 

(unacceptable response), b) 10 Hz (non-optimal response), c) 6.7 Hz (optimal response) 

6. Conclusions 

Performance of the innovative self-adaptive control system was thoroughly tested by using double-
chamber pneumatic absorber subjected to impact excitation and harmonic loading. It was proved that the 

control system equipped based on APF, HPT and APU has the ability of automatic determination of the 

optimal system path, its robust realization and appropriate on-line modification as a response to 
disturbance. In the case of impact loading the requirements of energy dissipation and force minimization 

are always successfully fulfilled so it can be concluded that proposed control system is fully self-adaptive 

and it is superior to standard passive and typical adaptive absorbers used for impact and vibration 

mitigation. However, in case of harmonic excitation the current self-adaptive operation does not lead to 
optimal energy dissipation and some improvements of the control strategy have to be introduced.  
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Abstract
The continuing trend towards model-based design requires increasingly detailed numerical models. Active vibration
control systems are characterized by a high interaction over several physical domains. Hence, early stage numerical
investigation requires the set-up of holistic models which include structural components, actuators, sensors, power
electronics and digital signal processing. Furthermore, these models need to be adaptable to represent subsystems with
the varying level of detail available throughout the development process. This work focuses on the modeling of the
digital signal processing chain for active vibration control systems. The goal is to evaluate the control performance
and to assess the influence of practical component characteristic from early on in the development phase. Starting
with an idealized signal processing chain, the component models are modified to reflect more realistic characteristics.
It is shown that control performance is quite sensitive to parasitic effects caused by different elements in the signal
processing chain.

1 Introduction

Adaptronics as a smart structure technology offers the possibility to compensate unwanted forced or resonant broad-
band and narrowband disturbances by means of – not necessarily structurally integrated – actuators, sensors and suitable
adaptive control algorithms. One focal point of the current research is the application of active engine mount systems in
an active vibration control (AVC) scenario [1, 2, 3]. Here, active systems are applied to reduce harmonic disturbances
that are mainly correlated with the rotational speed of the engine.

Beside noise caused by rough road excitation and wind noise, engine noise makes a large contribution to the vehicle
interior noise. This also applies to the measurable acceleration at relevant comfort points like the driver’s seat and
the steering wheel [4, 5]. Engine noise is primarily transmitted via the engine mounting points. The application of
an active engine mount system represents a primary measure concerning comfort enhancement whereas an improved
vibration reduction is achieved by means of enhanced source insulation. By reducing the accelerations at the mounting
points of the engine, a global improvement of noise, vibration, and harshness (NVH) can be expected. The added value
provided by an active engine mount system is an increased system performance compared to conventional elastomer
or hydraulic engine mounts. Furthermore, active systems offer some future potential for light weight construction due
to an enhanced source insulation and the possible omission of acoustic insulating material which particularly applies
for the low frequency range.

In previous investigations at the Fraunhofer Institute LBF in Darmstadt, a test vehicle was equipped with an active en-
gine mount system [6, 7] and the performance of the active control system was evaluated successfully during practical
driving tests on public street. In the course of these studies, an adaptive control algorithm was implemented on an ex-
tensive rapid control prototyping (RCP) system and high-precision laboratory sensor equipment was utilized. However,
the performance of the active engine mount system might deteriorate if laboratory equipment is successively replaced
by low-cost hardware. The ongoing BMWi project LeichtFahr focuses on early stage development and validation of
AVC technology in vehicles. By making use of holistic numerical simulations and sensitivity analyses in an early stage
of the design process, requirements and important design criteria for low-cost sensors and tailored embedded signal

229



processing units can be investigated in detail. This procedure provides the analysis of the overall system performance
and robustness of the system in the case the control algorithm is applied under non-ideal conditions.

Within the scope of this work, the performance of an active engine mount system and especially the performance and
robustness of the narrowband feed-forward control algorithm under non-ideal conditions are examined in detail. Non-
ideal operating conditions might be caused by low-cost acceleration sensors, a reduced resolution of analog-to-digital
converters (ADC) and digital-to-analog converters (DAC), a reduced sampling frequency of the signal processing
unit or non-ideal rotational speed measurement. After an overview on the engine mount under consideration and the
applied principle of AVC, the modeling of the signal processing chain including acceleration sensor and rotational
speed measurement are presented. Each model includes suitable error sources, e.g., colored noise in piezoelectric
acceleration sensors. The influence of each of these error sources on the overall system performance is analyzed using
Simulink simulations.

2 Active engine mount and active vibration control

The application of an active engine mount system represents a primary measure concerning comfort enhancement. For
the generation of a counteracting force, different actuator concepts are available. E.g., AUDI uses an electrodynamic
actuator [2]. Piezoelectric actuators are applied in [1, 3] where [3] makes use of a stroke amplified piezoelectric
actuator. Beside the integration of an active engine mount system, also additional proof mass actuators can be attached
to the car body or relevant comfort points and serve the reduction of unwanted vibrations or vehicle interior noise [4,
5].

m1 = 120 kg chassis mass
k1 = 28·106 N/m chassis stiffness
c1 = 10·103 Ns/m chassis damping
m2 = 70 kg engine mass
Fe = m2·25µm·ω2 unbalanced excitation

AEM Active engine mount 

rpm

x1

k1 c1

Uact Adaptive
Feedforward

Control

m1

Fe

m2
x2

A
E
M

Figure 1: Active engine mount control scenario incorporating an AEM model derived by Hausberg et al. [8].

Figure 1 summarizes the considered AVC scenario within the scope of this work. The engine’s mass m2 is excited by
a multi-order harmonic disturbance Fe which is mainly caused by the combustion process and which can be modeled
by means of an unbalanced mass excitation with regard to the most significant engine order of interest (i.e. the second
engine order for a four cylinder engine). The active engine mount (AEM) isolates the engine from the chassis given by
m1, k1 and c1. For simplification, the chassis dynamics are approximated by a single degree of freedom system whose
parameters have been adapted to reasonably match a measurement of the dynamic stiffness of the actual mounting point
of the AEM in the target vehicle. As the target vehicle will be equipped with an AEM based on a hydraulic engine
mount implementing an electrodynamic actuator, the model of the AEM is based on the numerical model derived by
Hausberg et al. [8].

AVC concepts based on adaptive digital filters are commonly used to reduce unwanted vibrations in AEM applications.
Adaptive control concepts offer the advantage to readjust the applied control filter in case the excitation and/or the
transfer behavior of the controlled system changes [9]. For the cancellation of periodic, engine induced vibrations or
noise, adaptive narrowband feed-forward concepts are commonly used.

Figure 2 illustrates the conventional implementation of a single frequency filtered reference leaky normalized least
mean squares (leaky FxNLMS) algorithm [9]. The primary waveform d(n) is inducted via the primary path, i.e., the
engine vibration transmitted through the passive characteristics of the AEM on the engine mount point. An additional
secondary path S(z) is used to cancel the primary waveform d(n) by means of the secondary waveform y′(n). The
residual waveform e(n) is measured and serves the adaptation of the control filter coefficients. Two orthogonal ref-
erence signals xi(n) serve the calculation of the actuator control signal y(n) whereas the reference signals xi(n) are
generated synthetically by measuring the current rotational speed and making use of a discrete time harmonic oscilla-
tor [10].
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Figure 2: Narrowband adaptive feed-forward control algorithm applying a leaky normalized LMS algorithm, an opti-
mized secondary path model and a quadrature oscillator for the generation of the quadrature reference signals.

wi(n+ 1) = (1− γα)wi(n) + µ(n)x′i(n)e(n) with µ(n) =
α

max (Px′
i
(n), Pmin)

(1)

Two adaptive filter coefficients w0(n) and w1(n) are used to adjust amplitude and phase of the actuator control signal
y(n). An optimal linear combination of the adaptive weights is determined iteratively by means of the leaky normalized
filtered-x LMS algorithm as shown in Eq. (1). The update equation makes use of the measured remaining acceleration
e(n) at the mounting point of the AEM and the filtered reference signals x′0(n) and x′1(n). The speed of convergence
can be adjusted by means of a user-defined normalized adaptation step size α whereas the resulting power-dependent
adaptation step size µ(n) is bounded for a low reference signal power by means of an additional lower bound Pmin [9].
In order to avoid divergence and to improve stability, the LMS adaptation equation can be extended by means of a
leaking mechanism [9, 11]. For this purpose, a leakage factor is added to the update equation. This measure will
increase the robustness of the control algorithm and avoid effects of longtime divergence [9]. A decreased control
performance has to be accepted as the utilization of the leakage mechanism increases the attainable minimal mean-
squared error in the performance surface due to a bias of the long-term coefficient estimate [12]. Further, as stated
in [9, 12], the leakage factor has to be kept smaller than the normalized adaptation step size α. The leakage weighting
factor 0 ≤ γ ≤ 1 is introduced for this purpose.

The actual cancellation signal y′(n) is generated by applying the control signal y(n) to the secondary path. Due to this,
the control filter coefficients wi have to be adapted with regard to the secondary path’s dynamics S(z). Assuming the
control algorithm to be utilized in an active engine mount scenario, the secondary path will equal the combined transfer
behavior of the digital-to-analog converter, the reconstruction filter, the power amplifier, the active engine mount, the
mechanical structure, the acceleration sensor, the anti-aliasing filter and the analog-to-digital converter.

The filtered reference signals x′i(n) can be computed as in Eq. (2) using a look-up table for the complex frequency
response of the secondary path Ŝ(jΩ(n)) that is determined experimentally.

x′0(n) + jx′1(n) = x̂′(n) = Ŝ(jΩ(n))x(n) with x(n) = x0(n) + jx1(n) (2)

3 Modeling of the signal processing chain

Nowadays, digital signal processing is often preferred over analog signal processing due to the easy implementation
and changeability of even complex control concepts. Furthermore, control parameters can be adjusted very precisely
and digital control is not prone to electrical drifts or environmental conditions. By making use of model-based design,
rapid control prototyping and hardware-in-the-loop testing, there is a consistent toolchain available to engineers and
developers. Precise modeling is therefore even more important in order to take the full advantage during concept phases
and early-stage system development.

Figure 3 shows the proposed modeling of the signal processing chain which has been implemented in Matlab/SIMULINK.
Beside the adaptive narrowband feed-forward control algorithm, the signal processing model includes an anti-aliasing
filter (AAF) for preventing aliasing effects and a reconstruction filter (RCF) to remove spectral artifacts caused by the
holding mechanism of the digital-to-analog converter and the following rate transition. Parasitic quantization effects
are modeled by means of analog-to-digital converter (ADC) and digital-to-analog converters (DAC) respectively. Ad-
ditional delay times caused by the ADC and DAC as well as the computation time of the controller are taken into
account by means of a conflating dead time element. Two zero-order hold blocks are used to sample the continuous
input signals given by both the rotational speed sensor as well as the error sensor. As a continuous time solver is chosen
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for the simulation of the AEM scenario both the zero-order hold model and the rate-transition block ensure discrete
time calculation of the control algorithm itself as well as deterministic data transfers between systems of different sam-
ple times. This allows a constantly high simulation sampling rate for numerical stability while varying the sampling
frequency of the controller block.

AAF

ZOH

A
D
C

RCFZOH
Control 

Algorithm
Rate

Transition

Sample Time: ts

D
A
C

e-sTt

rpm

e y

Figure 3: Modeling of the digital signal processing chain.

3.1 Digital signal processing

Two major effects have to be considered while modeling digital signal processing. Firstly, dead times caused by the
sample and hold element and the dynamic characteristics of the anti-aliasing and reconstruction filters introduce a
significant additional phase delay in the open-loop transfer function. Design guidelines for the design of anti-aliasing
and reconstruction filters can be found in [13]. Secondly, quantization noise is introduced by the ADC and DAC
respectively. As additional noise represents a loss in coherence which directly affects the control performance [9],
quantization noise has to be considered during system design. This can also be seen in the fact that up to a resolution of
approx. 12 bit, analog quantizing is the main error source compared to the errors contributed from multiplexers, signal
amplification and sample-and-hold circuits [14]. The ADC and DAC model is realized by a quantizer with an interval
of ∆u as given in Equation (3), which depends on the difference between the maximum Umax and minimum output
voltage Umin as well as the associated bit resolution n of the ADC/DAC.

∆u =
Umax − Umin

2n − 1
(3)

In addition to quantization noise, the ADC system adds noise in form of thermal and clock noise, which can be
approximated as white noise and jointly described by noise power PN . The signal-to-quantization-noise ratio (SQNR)
is given by Equation (4) for a sinusoidal signal which spans the full range from Umin to Umax. System measurements
for the dSpace DS2003 ADC converter board show a signal-to-noise ratio (SNR) of 80 dB for an ADC resolution of 16
bit instead of the theoretically possible 96 dB. This is in good agreement to the datasheet value of 78 dB. This means,
that for a resolution of 16 bit other noise sources dominate the quantization noise by a factor of 40 and the effective
number of bits (ENOB) is 13 bit.

SQNR = 1.76 dB + 20 · log10 2n (4)

Figure 4 shows a comparison between the conflated transfer behavior (i.e. anti-aliasing and reconstruction filter, ADC
and DAC as well as digital signal processing) of the measured and modeled digital signal processing chain. The
measurement is conducted with an OnoSokki CF-7200A. For anti-aliasing a Kemo Cardmaster 255g Type 01 filter is
set to 800 Hz. The dSpace system’s sampling frequency is 2 kHz and the sampling frequency of the spectrum analyzer
is 100 kHz. The system is excited by a sine sweep from 0 to 4 kHz, allowing aliasing to occur. The anti-aliasing and
reconstruction filter responses are modeled by an elliptical filter with the characteristics given in the data sheet [15]. To
optimally match the measured response, the edge frequencies for pass- and stop-band are slightly perturbed. The ADC
has a resolution of 16 bit and the DAC has a resolution of only 14 bit. A transport delay block accounts for additional
dead times not covered by the filter responses and the domain conversions. These are 30 µs per Kemo filter and 6.3 µs
for the ADC running on one channel and 16 bit resolution. The dependency of dead time on the number of bits and
channels used in the DS2003 ADC board has been measured before in [16]. The model matches the measurements
very well in magnitude as well as in phase. Only nearby the Nyquist frequency of 1 kHz the model simulation diverges
from the measurements due to the finite frequency resolution of the test signal. Above 1 kHz the finite resolution of the
spectrum analyzer’s ADC limits the estimated transfer function to approximately −100 dB.
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Figure 4: Conflated transfers function of the digital signal processing chain.

3.2 Acceleration sensors

The input to the signal processing chain e is the error signal of the adaptive control algorithm and depends on the
measured acceleration ẍ1 at the mounting point of the AEM. The acceleration is converted to a voltage signal by an
acceleration sensor depending on the sensor’s sensitivity and is perturbed by sensor noise.

Basically, there are two measurement principles to obtain the acceleration of a mechanical system. The first princi-
ple makes use of the piezoelectric effect. Here, the reaction force of a seismic mass is proportional to the resulting
charge difference between the two compressed sides of a piezoelectric substrate. The resulting charge difference is
measured by means of a charge amplifier and serves the estimation of the acceleration. This measurement principle is
often utilized in high-precision laboratory sensor equipment. The second principle is applied in microelectromechan-
ical systems (MEMS). Here, the displacement of a seismic mass is measured by means of a capacitive sensor. The
measured displacement is proportional to the actual acceleration. MEMS acceleration sensors can be mass-produced
economically and offer significant cost advantages compared to the high-precision laboratory sensor equipment. Both
sensor types have a limited bandwidth resulting from the resonance frequency of the seismic mass. However, MEMS
acceleration sensors usually show significant higher sensor noise compared to laboratory sensor equipment.

Acceleration sensor noise consists of white thermal noise and – especially in case of piezoelectric sensors – of pink
noise, which is dominant in the lower frequency range. While a white noise characteristic can simply be modeled by a
band-limited random number generator, colored noise requires additional information about the spectral content which
can be used to design a weighting FIR filter. Colored noise is wide-sense stationary (WSS), that is the correlation
depends (only) on the time difference τ and the PSD is in turn not constant. In the case of pink noise, the PSD
decreases with 1/f or 10 dB per decade. For red noise, it decreases with 1/f2 or 20 dB per decade. The pink noise in
piezoelectric sensors is due to an effect of the JFET used in the integrated charge amplifier [17].

Figure 5a illustrates the modeling of the acceleration sensor. The sensor’s sensitivity is given by the scalar factor G.
An additional FIR filter H(z) serves the spectral weighting of the sensor noise and additional dynamic behavior (e.g.
limited measurement range in MEMS sensors or dynamic response of the sensor) is taken into account by the transfer
function Gd(s).

Two acceleration sensors are compared, one for each construction principle. The class of piezoelectric IEPE sensors
is represented by the Dytran 3049E3, a 100 mV/g sensor with a measurement range of ±50 g. The data sheet gives
an equivalent noise floor in Grms, which is stated in Equation (5). This level matches the measured noise density very
well at low frequencies but a single value does not model the colored nature of the sensor noise as shown in Figure 5b.
To account for that, the total noise power has been distributed to a constant part, a pink and a red part. Numerical
fitting shows, that white noise has a share of 0.05 % of the total noise power while the rest is distributed 80 % in
red noise and 20 % in pink noise. The class of MEMS sensors is represented by STMicroelectronics LIS 344ALH,
a 660 mV/g sensor with a measurement range of ±2g. The MEMS sensor shows purely white noise, which is only
slightly colored by the sensor output filter. The measured noise level lies approximately 5 dB below the data sheet value
of 1.09× 10−9 V2/Hz (Equation (6)). Therefore, for the comparison in Fig. 5b, the measured sensitivity of 500 mV/g
was used instead of the data sheet value. In terms of measured acceleration, i.e., omitting the different sensitivities
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Figure 5: Acceleration sensor modeling.

of the sensors, the noise level of both sensors is very similar at low frequencies. Towards higher frequencies, the
laboratory sensor shows approximately 20 dB less noise due to its colored characteristic.

PDytran =

(
0.008 g · 100 mV/g√

10 kHz

)2

= 6.4× 10−11 V2/Hz (5)

PLIS =
(

50 µg/
√

Hz · 0.66 V/g
)2

= 1.09× 10−9 V2/Hz (6)

Figure 5b shows a power spectral density (PSD) estimate of the measured acceleration and the modeled acceleration
as no excitation signal is applied to the acceleration sensor. The models match the measured behavior quite well. It
should be noted, that the MEMS acceleration sensor’s PSD shows an increased noise level at the multiple of the mains
frequency of 50 Hz. Thus, special attention should be given to the design of the ripple of the sensor’s supply voltage.

3.3 Rotational speed measurement

Digital Input
of µC

Interrupt
Generation

Frequency 
Counter

Processor Clock

rpm

Figure 6: RPM measurement principle.

As indicated in Section 2 and verified in Section 4.3, the performance of the control algorithm strongly depends
on precise frequency measurements [18, 19]. Within the system simulation, the acquisition of the rotational speed by
means of scanning a toothed wheel is considered. An exemplary system is illustrated in Figure 6. Scanning of a toothed
wheel by means of a suitable inductive, capacitive or optical sensor generates an impulse train. This measurement
method has an inherent dead time dependent on the current rotational speed due to the angular difference between two
cogs δφ. The speed measurement can only be updated after the next tooth reaches the sensor. Therefore the error
depends on the rotational speed as well as on its derivative. Fast changing velocity induces a higher error and the sign
of the error is equal to the sign of the acceleration. The sampling frequency of a revolution counter is usually much
higher than the frequency with which the teeth pass by the detector (usually 1 to 100 MHz). Therefore, it is not possible
that a tooth transition will be missed and estimation error due to late detection of the transition is relatively low. For
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example, a system with 60 tooths on the cog wheel rotating constantly with 1000 min−1 has a tooth-to-gap transition
every 1 ms. With the detection processor running at 100 MHz, the maximum error of the estimation is

1/60

(1 ms± 10 ns)
− 1/60

1 ms
= ±1.67× 10−4 Hz (7)

This maximum instantaneous error is equally distributed with zero mean and therefore has no repercussion on the
sensor performance, as long as the frequency is lower than the Nyquist frequency given by Eq. (9).

1/NT
1

NT f(t) ± 1
fs

− f(t) = f(t)

(
fs

fs −NT f(t)
− 1

)
(8)

fny =
fs

2NT
(9)

When the frequency is changing – in addition to the tooth detection error – a tracking error occurs, which is usually
much larger. This is because the current frequency is estimated from the time between the last tooth detection and
the current, i.e., the average frequency from this interval is returned. For rising frequencies this leads to a systematic
underestimation and for falling frequencies to an overestimation of the same magnitude. The tracking error is shown
in Fig.7 for low and high frequencies and two different cogwheel configurations. The tracking error depends linearly
on the number of teeth on the cogwheel.
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Figure 7: Detail of measurement error due to restricted sampling.

4 Sensitivity analysis

The performance of an active vibration control system depends on a multitude of different input parameters, many
of which are subject to technical choices or can be freely selected. As there is a strong dependency between the
selected control parameters and the properties of the respective signal processing elements [20], the derived simulation
framework allows for an early-stage investigation of the control performance by means of a sensitivity analysis. For
the scope of the simulations, a second engine order excitation is considered as shown in Figure 8a. It consists of a
slow acceleration phase followed by a fast deceleration phase, which are framed by two phases of constant rotational
speed. The engine’s mass m2 = 70 kg, see Fig. 1, is excited by an unbalanced mass excitation (r = 25 µm) with
varying intensity depending on the excitation frequency. Figure 8b shows the resulting unbalance force amplitude,
which depends on the current rotational frequency as:

ACTIVE VIBRATION CONTROL 235



Fe(t) = F̂e(t) · sin




t∫

0

2πf(τ)dτ


 with F̂e(t) = m2 · r · (2πf(t))

2
. (10)

The following sections are organized as follows: First, the control parameters of the narrowband feedforward control
algorithm (i.e. the user defined adaptation step size α and the leakage weighting factor γ) are varied over a wide
range in order investigate the maximum attainable control performance. Next, parasitic effects caused by sensor and
quantization noise are considered and finally different rotational speed measurement scenarios are investigated.
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Figure 8: Excitation modeling.

4.1 Variation of control parameters

The overall system behavior is investigated in the first part of the sensitivity analysis. Here, the controller’s sampling
frequency and relevant control parameters (i.e. the normalized adaptation step size α and the leakage weighting factor
γ) are varied over a wide range allowing a close observation of the control performance. The upper and lower bound of
the control parameters were previously determined in additional analysis. Logarithmically spaced vectors are chosen
for an initial variation of the control parameters. A bit resolution of 16 bit is chosen for both the ADC and DAC
respectively and no additional sensor noise was being applied to the acceleration sensor. Also, a decent rpm signal is
selected featuring 60 pulses per revolution. The measure of interest is the acceleration of the chassis at the engine mount
point ẍ1. Its average achievable reduction is shown within the α-γ-plane in Figure 9. Increasing the adaptation step
size α allows for better reduction until the system becomes unstable for α ≈ 100/ts. Also a high leakage weighting
factor γ of approx. 0.01 decreases the control performance. However, a positive side-effect arises, if the control filter
weights have to be adjusted rapidly, e.g., in a fast run-up scenario. Here, the leakage factor assists the fast adaptation of
the control filter weights as a previously found linear combination is not retained. This effect doesn’t get too obvious,
as a relatively moderate rate of change in the excitation frequency was chosen for the sensitivity analysis. Furthermore,
the control performance has been set to 0 dB in the case of an unstable control behavior. Decreasing the controller’s
sampling frequency from 2 to 1 kHz reduces the maximum attainable control performance from 34 to 26 dB. This,
however, has to be accepted if the computational burden on an embedded signal processing unit is critical.

For an in-detail analysis of the active vibration control system’s behavior, the second engine order order-cuts are
illustrated in Figure 10 whereas the controller’s sampling frequency is 2 kHz. Considering the uncontrolled scenario in
the first case, the second engine order strikes the two resonances of the mechanical system. The fundamental frequency
of the engine’s mass m2 is located at approx. 20 Hz and the chassis’ resonance frequency (i.e. m1) is set to a value
of approx. 80 Hz. It should be noted, that the actual dynamic behavior of the car’s chassis shows a variety of different
resonance frequencies which have not be considered within the scope of this investigation. The best configuration with
α = 0.025 and γ = 0.0001 achieves an average reduction of 34 dB. But since this configuration acts on the verge of
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Figure 9: Control performance as a function of the control parameters.

instability, for the comparison the more conservative configuration with α = 0.005 and γ = 0.005 has been chosen,
which achieves a reduction of 26 dB. This configuration with α · fs = 10 is kept throughout the following sections,
giving α = 0.01 for fs = 1 kHz later on.

Figure 10 also shows a comparison between the run-up ranging from 3 to 18 s and the run-down ranging from 18 to
23 s. Due to the faster changing excitation frequency f(t), the overall performance slightly decreases. Also, with this
relatively large step size, the algorithm shows a slight deterioration of the control performance at around t = 5 s (i.e.
passing the engine’s mass resonance frequency), which is handled more graciously during the run-up by the overall
worst stable configuration with α = 5× 10−5, γ = 1. In consequence, as the control performance deteriorates due to
the phase change in the secondary path’s frequency response, an adaptation of the control parameters with regard to
the secondary path’s phase change in accordance with the change in rotational speed seems advisable.

4.2 Effects of sensor and quantization noise

As depicted before, the control performance strongly depends on the coherence between the actuator’s control signal
y(n) and the controller’s error signal e(n). The coherence will deteriorate as the secondary path shows non-linear
behavior or if the secondary path includes noise sources that either can be given by additive sensor noise or quantization
noise caused by the ADC and DAC respectively. For a comparative investigation, Figure 11a shows the second engine
order order-cuts for the previous set-up (i.e. 2 kHz, 16 bit ADC/DAC resolution and no additional sensor noise) and
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Figure 10: Second engine order order-cuts (2 kHz sampling frequency, 16 bit ADC/DAC resolution).
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a set-up where the sampling frequency is reduced to 1 kHz. As discussed before, reducing the sampling frequency
slightly decreases the overall control performance over the whole frequency range of interest. Decreasing the bit
resolution of the ADC and DAC to 12 bit, no significant deterioration of the controller’s performance can be observed.
This depicts a promising result, as embedded signal processors often feature a bit resolution of 12 bit for both the ADC
and the DAC as well.

Next, additional sensor noise caused by the acceleration sensors (c.f. Section 3.2) is added in the overall system
simulation. Figure 11b briefly recapitulates the results of the simulation by means of the second engine order order-
cut. The previously introduced MEMS sensor (i.e. STMicroelectronics LIS 344ALH) is used for the simulations.
Even though the order-cuts show a noisy behavior, the overall system performance remains the same compared to
the simulations without any sensor noise (c.f Figure 11a). This again depicts a positive result with regard to system
integration and the application of low-cost hardware. However, compared to other MEMS acceleration sensor types
(e.g. the ADXL335) the LIS 344ALH MEMS sensor has significant less sensor noise which has to be taken into
account, if another sensor type is desired during system design.
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Figure 11: Second engine order order-cuts for reduced sampling frequency of 1 kHz, reduced ADC/DAC resolution
and sensor noise.

4.3 Rotational speed measurement

Besides the coherence of the actuator’s control signal y(n) and the controller’s error signal e(n), the control perfor-
mance also strongly depends on the correlation between the controller’s error signal e(n) and the synthetically gener-
ated reference signals xi(n). In a narrowband feed-forward control this falls down to precise frequency measurement
which was already part of the investigations carried out in [18, 19, 20]. As introduced in Section 3.3, the quality of
the rpm signal strongly depends on the number of teeth sampled by the microcontroller’s digital input. Three different
scenarios are investigated within the scope of the system simulation. First, a total of 60 samples over one revolution
is assumed which remarks a usual measure in the automotive industry as such an rpm measurement signal can often
be found in engine control applications. Next, the rpm measurement involves only one measurement (i.e. one tooth)
per revolution. In the last scenario, still 60 measurements per revolution are considered but in addition the signal is
sampled and held at an update rate of only 10 ms which corresponds to the distribution of the rpm measurement value
over a CAN network. Other influences on the rpm signal quality which were not further taken into account include de-
layed transmission of the estimated rpm signal and missing teeth on the cog, which would allow to detect the absolute
position of the crank shaft but introduce a higher estimation error once per revolution.

Again, the simulations are carried out without sensor noise (Figure 12a) and with sensor noise caused by the MEMS
acceleration sensor LIS 344ALH (Figure 12b). As before, the sampling frequency is chosen to be 1 kHz with a bit
resolution of 12 bit for the ADC and DAC respectively. As shown in Fig. 12 the 60 teeth rpm signal results in the
best control results. The control performance shows a significant deterioration, if only one sample (i.e. one tooth)
per revolution is used for rotational speed measurement. The order-cut results in being constantly 12 dB worse. The
CAN network based control performance is located in between the formerly discussed simulation results. However,
if the target application also involves the control of higher engine orders the errors introduced by both the one sample
per revolution signal as well as the CAN network signal the errors in frequency measurement are also becoming more
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obvious. Thus, making use of the best available rpm measurement signal (i.e. 60 samples per revolution without any
additional delay) seems to be advisable. However, also additional frequency tracking algorithms [20, 21] may improve
control performance whenever high-precision rpm signals are not available.
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Figure 12: Second engine order order-cuts for different rpm measurement scenarios also incorporating sensor noise.

5 Conclusion

Within the scope of the work presented, a highly accurate model of the digital signal processing chain for the early-
stage numerical investigation of a narrowband feed-forward active vibration control system has been set up. Even tough
the overall system’s behavior has not yet been evaluated experimentally in vehicle tests, the numerical models of each
component show a good accordance to actual measurements on component level which allows for an initial assessment
of the control performance as low-cost digital signal processing components are successively integrated into the active
vibration control system. As further investigations regarding high-accuracy and high-bandwidth simulation as well as
experimental validation are planned within the scope of the ongoing research project LeichtFahr, the achieved results
will lay the foundation for the design of several active vibration control systems.
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[2] S. Römling, S. Vollmann, and T. Kolkhorst. “Active engine mount system in the new Audi S8”. In: MTZ world-
wide 74 (2013), pp. 34–38.

[3] R. Kraus et al. “Development of active engine mounts based on piezo actuators”. In: ATZ worldwide 116 (2014),
pp. 50–55.

[4] N. Müller. “Entwicklung eines multi-direktionalen aktiven Lenkradtilgers”. In: Fraunhofer-Allianz Adaptronik
Workshop. 2013.

[5] E. Kruse. “Interior noise effects of active vibration cancellation for a 4-cylinder engine”. In: 8. Symposium für
Motoren- und Aggregate Akustik. 2014.

ACTIVE VIBRATION CONTROL 239



[6] S. Herold et al. “Vibration control of a medium-sized vehicle by a novel active engine mount”. In: 4. Wis-
senschaftliches Symposium PT-PIESA, Nürnberg. 2013.

[7] Jonathan Millitzer et al. “Experimental Studies on Different Actuator-Sensor Configurations of Active Control
Systems for the Reduction of Noise and Vibration in Vehicles”. In: SAE Int. J. Passeng. Cars - Mech. Syst. 9 (June
2016), pp. 1100–1110. DOI: 10.4271/2016-01-1844. URL: https://doi.org/10.4271/2016-
01-1844.

[8] Fabian Hausberg et al. “Experimental and analytical study of secondary path variations in active engine mounts”.
In: Journal of Sound and Vibration 340 (2015), pp. 22–38.

[9] S. M. Kuo and D. R. Morgan. Active noise control systems - algorithms and DSP implementations. Wiley, New
York, 1996.

[10] C. S. Turner. “Recursive discrete-time sinusoidal oscillators”. In: IEEE Signal Processing Magazine 20(3)
(2003), pp. 103–111.

[11] R. D. Gitlin, H. C. Meadors, and S. B. Weinstein. “The tap-leakage algorithm: an algorithm for the stable
operation of a digitally implemented, fractionally spaced adaptive equalizer”. In: Bell System Technical Journal
61(8) (1982), pp. 1817–1839.

[12] Maurice G. Bellanger. Adaptive digital filters and signal analysis. M. Dekker, Denver, Colorado, 1987.

[13] Stephen Elliott. Signal processing for active control. Academic Press, Amsterdam, Boston, 2000.

[14] Principles of data acquisition and conversion. Application Bulletin SBAA051. Burr-Brown Corporation. May
1994. URL: http://www.ti.com/lit/an/sbaa051a/sbaa051a.pdf.

[15] Filter response 01. Kemo Limited. Unit 1, Dene Yard Green Street Green Road Dartford Kent DA2 8DH, 2017.
URL: http://www.kemo.com/images/datasheets/fr_01.pdf.

[16] Timo Potrafke. “Modeling of dynamic systems for signal level hardware-in-the-loop applications”. MA thesis.
TU Darmstadt, 2017.

[17] Yutian Wang et al. “Analysis of circuit noise in integral electronics piezoelectric accelerometer”. In: Journal of
applied science and engineering 18.3 (2015), pp. 295–302.

[18] S.P. Nallabolu and S.M. Kuo. “Analysis of Frequency Synthesis Error in Narrowband Feedforward Active Noise
Control Systems”. In: Industrial Electronics Society, 2007. IECON 2007. 33rd Annual Conference of the IEEE.
Nov. 2007, pp. 851–856. DOI: 10.1109/IECON.2007.4460114.

[19] Hyeon-Jin Jeon, Tae-Gyu Chang, and S.M. Kuo. “Analysis of Frequency Mismatch in Narrowband Active Noise
Control”. In: Audio, Speech, and Language Processing, IEEE Transactions on 18.6 (Aug. 2010), pp. 1632–1642.
ISSN: 1558-7916. DOI: 10.1109/TASL.2009.2038815.

[20] Jonathan Millitzer. “Sensitivity analysis and robustness improvement of an adaptive control algorithm for an
active engine mount application”. MA thesis. FernUniversität in Hagen, Sept. 2014.

[21] Yegui Xiao et al. “A filtered-X RLS based narrowband active noise control system in the presence of frequency
mismatch”. In: Circuits and Systems, 2005. ISCAS 2005. IEEE International Symposium on. May 2005, 260–
263 Vol. 1. DOI: 10.1109/ISCAS.2005.1464574.

240 PROCEEDINGS OF ISMA2018 AND USD2018



Control of fluctuations of a tethered unmanned-
underwater-vehicle

E. Paifelman 1,2, G. Pepe 1, F. La Gala 2, A. Carcaterra 1

1 Department of Mechanical and Aerospace engineering, Sapienza University of Rome

2Insitute of Marine Engineering, INM (ex CNR-INSEAN), Rome, Italy
e-mail: elena.paifelman@uniroma1.it

Abstract
The analysis of oscillating systems controlled by mechatronic devices, relies classically on dif-
ferential equations, and the problem is frequently attacked in the frequency domain, for linear
systems based on more conventional controls, or in the time space-state formulation to include
also nonlinearities. In this paper we are faced with a system that exhibits memory effects. These
are borne because of the presence of added mass and damping that are due to the rigid body mo-
tion coupling with the surrounding water. Memory effects are also generated by the presence of
lifting surfaces (control wings) due to vortex shedding and transport along the wake. The math-
ematical formulation of the system dynamics, relies in these cases on an integral-differential
equation. This paper introduces a novel formulation for the control of the vehicle that can in-
clude in the optimal control integral terms besides the more conventional differential ones.

1 Introduction

The goal of this paper is to develop a new optimal control strategy for oscillating systems af-
fected by memory effects and described by integral-differential equations. Memory effects are
induced by the fluid-structure interaction. In this paper two main phenomena claim for these
effects in the model: vortex shedding and added mass and damping due to the presence of a
free surface in the fluid. Underwater autonomous or remotely operated vehicles are examples
[1, 2]. Vorticity is generated by the motion of the vehicle as well as by the presence of cables
(ROV-Sonar array), [3, 4]. Also a vehicle moving close to the water free surface presents mem-
ory effects [5, 6].
Memory effects are represented, in time domain, by convolution integral between kernel func-
tions and the vehicle state [7]. Control techniques are often used to control underwater vehicle
[8] but they involve differential equations of motion. In fact, the underwater vehicles are nor-
mally represented by rigid body model [9] not involving integral memory effects. The control
method presented in this paper, is an extension of the Pontryagin optimal solution, normally ap-
plied to differential equations. The novel approach is based on the variational feedback control.
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This control logic has been applied in recent investigations of car mechatronics [10]. Moreover
the same approach has been applied to optimal control problems of damping in structural dy-
namics as well [11, 12]. In this paper, a feedback formulation via model predictive control is
also presented for integral-differential dynamic systems.

2 Modelling of the controlled underwater vehicle

2.1 The engineering problem

A classical towed mechanical system used in ocean exploration and military applications, is
composed by a towed vehicle V and a towed line array (TLA) sonar [13]. The two subsystems

Figure 1: Underwater towed system

are towed by the towing cable attached to the moving boat, B (Figure 1). The goal of the vehicle
V is to guarantee a TLA’s depth of navigation and the reduction of the TLA’s oscillations [14].
V is called "depressor" [15] and its heave motion generates memory effects which influence
the proper operation of the TLA [16]. As already explained, if the depressor moves near to
the free surface, memory effects called added mass and added damping respectively, are borne.
The mathematical formulation of the underwater vehicle, implies the use of integral-differential
equations in the time domain, that requires a nonstandard optimal control strategy.

2.2 Modelling

A fluctuations control method which presents a single degree of freedom is here investigated
(Figure 2).
The x-axis is chord-wise and the z-axis is the heave direction. The equation of motion of the
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Figure 2: Force balance on finned vehicle

vehicle is [17]:
(
m+

1

µ

)
v̇z +

∫ t

−∞
KW (t− τ)v̇z(τ) dτ+

+

∫ t

−∞
KM (t− τ)v̇z(τ) dτ +

∫ t

−∞
KD(t− τ)vz(τ) dτ + F = 0

(1)

where m is the mass of the vehicle, vz the heave velocity, µ = πρb2/m the mass ratio and F
the control force along the z-axis. The external forces F ext are represented by the three integral
terms. The first integral represents the circulatory part of the lift, due to the wake where KW (t)
is the Wagner function [18]. The others convolution terms are the added mass contribution and
the added damping to which KM (t) and KD(t) remain associated [17]. Using the property of
the convolution, the final equation of motion is

Mv̇z +

∫ t

−∞
K(t− τ)vz(τ) dτ + F = 0 (2)

where M = m+ 1
µ and K(t) = KW (t) + K̇M (t) +KD(t).

3 An indirect variational approach of the controlled vehicle

Using standard notation in control theory, eq. (2) becames:

v̇z = bu+ b

∫ t

−∞
K(t− τ)vz(τ) dτ (3)

where F=bu, which b = − 1
M and u is the control variable. Equation (3) is completed with

the initial conditions vz(τ)=vz0(τ), τ ∈ (−∞, t]. The cost function of the variational optimal
control problem is described by the quadratic functional J̃ , the optimal control problem is stated
as:

min J̃ =

∫ T

−∞

1

2
qvz

2 +
1

2
ru2 dt

subjected to

v̇z = bu+ bK ∗ vz
(4)
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where ∗ is the convolution product. When, introducing the Lagrange multiplier λ, the cost
function becomes:

J =

∫ T

−∞

1

2
qvz

2 +
1

2
ru2 + λ(v̇z − bu− bK ∗ vz) dt (5)

where q and r are gain parameters. The minimization of the functional J implies:

δJ = δ

∫ T

−∞
L(vz, v̇z, λ, u) dt− δ

∫ T

−∞
λbK ∗ vz dt (6)

and when it is expressed in terms of the variations δvz , δv̇z , δλ, δu, produces the associated
Euler-Lagrange equations:





λ̇ = qvz − b
∫ T

t
λ(τ)K(τ − t) dτ

v̇z = λ
b2

r
+ b

∫ t

−∞
K(t− τ)vz(τ) dt

vz(τ) = vz0(τ), τ ∈ (−∞, t]

λ(T ) = 0

(7)

Where the variations of the last term of equation (6) are:

∫ T

−∞
λ(t)

[
δ

∫ t

−∞
bK(t− τ)vz(τ) dτ

]
dt =

∫ T

−∞
b

∫ T

t
λ(τ)K(τ − t) dτ δvz(t) dt (8)

The system (7) consists of two integral-differential equations and one linear algebraic equation,
which u = b

rλ.

4 Implicit solution of the variational problem

Equations (7) can be solved by numerical techniques, for example based on forward finite dif-
ferences formulation:





qvzi −
λi+1

∆T
+

λi
∆T
− b

N∑

j=i

λjKj−i∆t = 0

vzi+1

∆T
− vzi

∆T
− λi

b2

r
− b

i∑

j=−∞
vzjKi−j∆t = 0

vzj = vz0 , j ∈ (−∞, i]
λT = 0

(9)
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with N = T
∆t and ∆t the discretization time interval.

We start with the vector of unknowns as {η(1,N)
vz ,η

(0,N−1)
λ }T , η(1,N)

vz ={vz1 , ..., vzi , ..., vzN }T ,
η
(0,N−1)
λ ={λ0, λ1, ..., λi, ..., λN−1}T , where the (N,M) indicates dependence on the time values

of ti for i ∈ [N,M ]. Analogusly, {ξ(0)vz , 0}T where ξ
(0)
vz ={x0}. Equation (9) in matrix form

becomes:

χ(0,N−2)

{
η
(1,N)
vz

η
(0,N−1)
λ

}
= Ψ(0,N−1)

{
ξ
(0)
vz

0

}
(10)

with obvious solution:
{

η
(1,N)
vz

η
(0,N−1)
λ

}
= χ(0,N−2)−1

Ψ(0,N−1)

{
ξ
(0)
vz

0

}
(11)

5 Feedback via model predictive control

The key strategy does not implies the use of the complete solution {η(1,N)
vz ,η

(0,N−1)
λ }T and

u = b
rη

(0,N−1)
λ along the time interval [0, T ] determined in the previous section, as for equation

(11). We use only the first output for u, associated at the time t = t0, to which is associated
the first output for the state at the time t = t1. Therefore, at the time t = t1 we know vz0 , vz1 ,
λ0 (and u0). This terms are collected into the vector {ξ(0,1)vz , ξ

(0)
λ }T and the unknowns are re-

duced to {η(2,N)
vz ,η

(1,N−1)
λ }T={vz2 , vz2 ..., vzN , λ1, ..., λN−1}T . The matrix χ(1,N−2) reduces

obviously its dimensions, following the reduction of the number of the unknowns. The matrix
Ψ(1,N−1) increases its dimension, following the increase of the known term {ξ(0,1)vz , ξ

(0)
λ }T .

Iterating this process at the generic k-th step one obtains:

{
η
(k,N)
vz

η
(k−1,N−1)
λ

}
= χ(k−1,N−2)−1

Ψ(k−1,N−1)





ξ
(0,k−1)
vz

ξ
(0,k−2)
λ

0





(12)

In equation (7) an external disturbance nvz(t) is now introduced which models an error in the
theoretical modelling of the system or/and an external not controllable force. In fact, the solution
of the two boundary problem in (7) precludes the knowledge of these external disturbances along
the entire time domain [0, T ], that would imply the knowledge of the future values for nvz(t).
Introducing nvz(t) equation (3) becomes:

v̇z = bu+ b

∫ t

−∞
K(t− τ)vz(τ) dt+ nvz(t) (13)

with the initial condition vz(τ) = vz0(τ), τ ∈ (−∞, t]. Equation (13) corresponds to the model
of the system that includes the noise, while equation (7), the best representation of the system,
is used to determine the control law to be applied to equation (13).
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6 Numerical results

The integral MPC method, which includes memory effects, is applied to the control of the heave
motion of the vehicle. This optimal control starting from an initial known value of the vehicle
velocity, is finalized to minimize the vehicle fluctuations. The external noise nvz(µ, σ) is a
random variable described by Gaussian normal distribution, µ its mean value, σ its standard
deviation. The values of the parameters which characterize the dynamic of the model are shown
in Table 1. Different kind of external disturbances are considered. Table 2 shows the expression
of the disturbances inserted into the simulated dynamic system.

Table 1: Parameters values

Parameter Value Unit
M 10 kg

vz0(τ) 1 m
s

∆T 0.1 s

T 15 s

Table 2: External modeled disturbances

Disturbances Expression
Zero nvz = 0
Gaussian random σ = 0.2 nvz = N(0, 0.2)
Gaussian random σ = 0.5 nvz = N(0, 0.5)
Gaussian random σ = 0.8 nvz = N(0, 0.8)

The performances of the integral MPC is measured by the merit parameter:

QMPC,α =
JMPC − Jα

Jα
· 100 (14)

where JMPC and Jα represent the cost function of the integral MPC and that of the method α,
the LQR or Pontryagin solution. Figures 3 show the heave velocity and the control force when
nvz = 0. In this case the integral MPC matches with the Pontryagin solution and presents best
performaces than the LQR control method.
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Figure 3: Zero external disturbances
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Figure 4: Gaussian random disturbances σ = 0.2

The performance of the integral MPC are compared with the LQR and the Pontryagin solution.
Different levels of the disturbance in terms of standard deviation σ are considered: σ = 0.2 (fig.
4), σ = 0.5 (fig. 5) and σ = 0.8 (fig. 6). It appears the integral MPC shows better performances
with respect to the benchmark LQR method for any type of numerical test. Table 3 shows the
comparison between the Q’s, defined by eq. (14).
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Figure 5: Gaussian random disturbances σ = 0.5
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Figure 6: Gaussian random disturbances σ = 0.8

Figure 7 shows the cost function values J for each solution method for increasing random noise
levels. A random external disturbance is applied on the system nv(µ, σ) which has zero mean
value µ and a standard deviation, σ, from zero value up to 1. The results show higher perfor-
maces in term of minimization of cost function of the integral MPC method respect to the LQR
one and also to the Pontryagin solution when 0 < σ < 0.7. For 0.7 < σ < 1 values Pontryagin
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Table 3: Merit parameter [%]

Simulation QMPC,LQR QMPC,P

Zero disturbances 9 0
Gaussian random σ = 0.2 28 1.4
Gaussian random σ = 0.5 67.5 1.5
Gaussian random σ = 0.8 118.4 1

Figure 7: Cost function J at different disturbance levels

solution shows a better behaviour respect to the integral MPC.

7 Final comments

In this paper we examine a problem related to the control of fluctuations of small vehicles in
a marine environment. The mathematical model of this engineering problem is an integral-
differential equation that describes vortex shedding, added damping and mass effects. The
optimal control literature does not include such mathematical model in standard control, that
normally refers to differential equations. In the present work we describe a prototype equation
that is integral-differential, such that a suitable method of optimal control is presented. Techni-
cally, the equations are solved by a direct discretization approach and through the use of a MPC
model predictive control scheme. This allows the inclusion of external disturbances that are not
known a priori. The method shows very good results, and comparisons are made with respect to
the LQR analysis and the exact Pontryagin optimality solution.
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Abstract
The aim of this work is to present a comparison of the main semi-active suspension systems for a passenger
car using Logical Control. Their comparison will be conducted after having optimized them in respect with
ride comfort and road holding. In this work, the semi active suspensions studied are comfort oriented and
consist of (a) two versions of Skyhook control (SH-2 and SH-L, two states and linear approximation damper
respectively), (b) the acceleration driven damper (ADD), (d) one version of the combination of Skyhook and
ADD (SH-ADD) and (e) a second version implemented with the use of a sensor. Thus, a half car model,
with a passenger and a seat, was excited by a random road profile of class C. The model was optimized
using genetic algorithms (GA). This study, firstly, aims to highlight how the optimization of the vehicle
model could lead to the best compromise between ride comfort and road holding, and secondly, the test of
an alternative approach in the operational conditions of the control algorithms.

1 Introduction

Ride comfort is related to the passenger’s perception of the moving vehicle’s environment, while road holding
is the degree to which a car maintains contact with the road surface in various types of directional changes.
The aforementioned characteristics are related to the main conflict in the automotive industry [1, 2], where
a good design of a suspension system can combine to some extent ride and stability. Thus, the optimization
of them has been discussed extensively in the literature [3]. Suspension systems are classified by the way
they are controlled in three categories : passive [4], semi-active [5] and active. From 1970s, semi-active
suspensions have received much more attention and the research in their field follows two mainstreams. The
first one consists of the study of new technologies of semi-active actuation of damping [6, 7]. While, the
second mainstream studies the design of semi-active control strategies. In our work, the attention is turned
on the optimum damping ratios and the control strategy.

Changing the damping ratio is a very interesting opportunity for a suspension designer so as to try and
compromise more successfully the trade-off between road holding and ride comfort. Therefore, there exists a
large number of researches where the development of modern optimization methods opened new perspectives
in the field. In order to address the conflicting targets of ride comfort and road holding, single (SOO) and
multi-objective (MOO) methods have been formed. The SOO offers a limited insight in the suspension
optimization problem but due to its simplicity it is often selected. On contrary, MOO is offering an insight of
the conflicted targets through the Pareto front. A simple multi-objective dealing strategy, known as pseudo-
MOO technique, suggests the combination of multiple objective functions using weighting factors, so as to
convert the MOO problem into a SOO one. Koulocheris et al. [3] compared the efficiency of various objective
functions in SOO and pseudo-MOO approaches in the optimization of suspension systems of a heavy vehicle
with three different optimization methods conducting conclusions regarding the optimum solutions in terms
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of the results and the convergence of the problem.

In order to avoid the need to prespecify arbitrary weighting coefficients various methodologies have already
been applied successfully. The Pareto Front approach is popular among optimization problems with conflict-
ing targets. Nariman et al. [8] investigated the use of a uniform-diversity Genetic Algorithm in the Pareto
optimization method, selecting five targets concentrating mainly in the handling and the road holding of the
vehicle. Crews et al. [9] demonstrated a method for determining the optimality of control algorithms based
on two performance objectives, the ride quality, as measured by absorbed power, and thermal performance,
as measured by power dissipated in the suspension damper. Whereas, Gadhvi et al. [10] also dealt with the
use of different optimization techniques in order to minimize the root mean square values of (i) the vertical
acceleration experienced by the passenger’s seat, (ii) the front tire deflection and (iii) the rear tire deflection,
selecting objective functions depicting the ride comfort and the road holding. The selection of objective
functions in the work of Gadhvi et al. [10] followed the work of Koulocheris et al. [3] regarding the impor-
tance of the objective functions where the variance of the vertical acceleration as well as the one of the tire
deflections were highlighted as the most important ones. Similarly, Koulocheris et al. [11] compared the
optimal solutions for various semi-active control laws providing conclusions regarding their behavior and an
initial suggestion regarding their operational conditions, which will be extended and used in this work.

This work concentrates on the MO optimization using the Pareto Fronts of the most common ride-comfort
oriented control algorithms of semi-active suspension systems. The main aim is to compare the optimum
solutions of the algorithms and apply to three of them an alternative control strategy in order to improve
the vehicle’s dynamic behavior. The proposed control strategy, on contrary with the traditional SH ones,
quantifies the severity of the operational conditions and control the damper’s state based on their magnitude
and not based on their sign. This value of the threshold depends on the class of the road profile that the
vehicle drives through and it is evaluated with the use of the cumulative distribution function (CDF) of the
algorithm’s operational conditions. The modified algorithms will be compared with the traditional ones
through the Pareto Fronts.

The organization of this paper is as follows: in Chapter 2 a brief description of the vehicle model and
the passenger model used are presented along with important performance indexes used in this work, in
Chapter 3 the control algorithms are presented and a proposed approach regarding the operational conditions
is displayed, while in Chapter 4 the random road excitation applied in our vehicle model is is illustrated,
whilst in Chapter 4 the optimization procedure is outlined, and finally, in Chapter 6 conclusions are presented.

2 Simulation Models

In the current study, the dynamic behavior of a passenger vehicle is investigated, as far as the vertical vi-
brations induced by the road surface are concerned. Different semi active suspension systems are applied
to the vehicle model, so as to compare them and extract conclusion regarding their behavior. Moreover, a
passenger model is added on the vehicle in order to study the human response in different riding conditions.

Parameters Subscripts
z: Vertical motion coordinate S: Body
θ : Pitch motion coordinate F: Front
m: Mass R: Rear
a: Distance of the GG of the vehicle T: Tire
C: Damper’s Coefficient

ROAD Road Excitation
K: Spring’s Stiffness Coefficient

Table 1: Nomenclature of vehicle parameters
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2.1 Vehicle Model

A half car model, equipped with a seat and a 7-DOF human-body model is considered for analysis. The
model includes the front and rear axle allowing the observation of the pitch phenomena. As shown in
Fig. 1a, the vehicle model consists of three basic subsystems: the tires, the suspension systems and the body
of the vehicle. The latter is considered as a rigid body of mass m, equal to the half of the total mass of the
vehicle. The distance of the front and rear unsprung masses (mF and mR) from the center of mass is equal
to aF and aR, respectively. The front and rear tires are modelled as linear springs, which receive as input the
irregularities of the road profile.

Ideally, a suspension system should adjust its characteristics in order to function properly under different
road conditions, ensuring the comfort of the travel and the safety of the vehicle. This adjustment is achieved
through the use of semi active suspensions.

(a) • (b) •

Figure 1: (a) Half Car Model, (b) Seat-Passenger Model

Parameters Values Parameters Values
ms [kg] 520 aF [m] 0.91
Iz [kg m2] 473 aR[m] 1.55
mR, mF [kg] 25

KTR, KTF [N/m] 2.00 105

e [m] 0.4

Table 2: Parameters of half car model

The governing equations of the vehicle model are the following:

Body Bounce:

m • z̈s + CF • (żs − żF − aF • θ̇) + CR • (żs − żR + aR • θ̇) +KlF • (zs − zF − aF • θ +KlR • (zs − zR + aR • θ) = 0

(1)

Front Wheel Bounce:

mF • z̈F −KlF • (zs − zF − aF • θ)− CF • (żs − żF − aF • θ̇) +KTF • (zF − zRoadF ) = 0 (2)
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Description m [kg] C [N.s/m] K [N/m]
Seat(9) 15 2000 20000

Pelvis(8) 27.7 378 25500
Abdomen(7) 6.20 298 8941

Diaphragm(6) 0.46 298 8941
Thorax(5) 1.38 298 8941
Torso(3-4) 33.33 298 8941

Back(2) 6.94 3651 53460
Head(1) 6.20 3651 53460

Table 3: Parameters of seat and human body parameters

Rear Wheel Bounce:

mR • z̈R −KlR • (zs − zR + aR • θ)− CR • (żs − żR + aR • θ̇) +KTR • (zR − zRoadR) = 0 (3)

Additionally, the seat and the passenger are modeled in order to investigate in depth the ride comfort of the
passenger, as depicted in Fig. 1b. Different parts of the human body such as the pelvis, the diaphragm, the
thorax etc. are described via several m−c−k subsystems and the parameters of each body part are presented
in Table 3. The equations of the model as well as the parameters were retrieved from the literature [11]. The
seat is excited by the vibration of the sprung mass without the coupling of any torques studying exclusively
the vertical dynamics.

2.2 Performance Metrics

Important quantities or metrics indicating the dynamical behavior of the vehicle through the used model are
the suspension travel and the tire deflection. The suspension travel (ST) depicts the ability of the suspension
system to support the vehicle static weight. The vehicle static weight is well supported if the rattle space
requirements of the vehicle are kept small. In the case of quarter car model, it can be quantified in terms of
maximum suspension deflection undergone by the suspension or by its RMS value of ST (Eq. 4).

Whereas the tire deflection (TD) of the system and thus the normal tire forces illustrate the good road holding
of the vehicle (Eq. 5). This performance can be characterized in terms of vehicle’s cornering, braking and
traction abilities and these abilities can be improved by minimizing the variations in normal tire loads, and
thus its tire deflection considering that a tire roughly behaves like a spring. Therefore, the RMS value of tire
deflection (Eq. 5) could be o good index for vehicle’s road holding.

SuspensionTravel =

{
STF = zs − zF − aF • θ, Front Suspension
STR = zs − zR + aR • θ, Rear Suspension

(4)

TireDeflection =

{
TDF = zF − zRoadF , Front Tires
TDR = zR − zRoadR, Rear Tires

(5)

Moreover, a suspension system should be able to isolate a car body from road disturbances to provide good
ride quality by reducing the vibratory forces transmitted from the axle to the vehicle body. This reduces
vehicle body acceleration. In our case, through the results of the passenger model, the ride comfort could be
measured via the Weighted RMS acceleration (RMS(aw), Vibration Dose Value (VDV) and the Crest Factor
(CF) of various subsystems. These characteristics are proposed by the ISO-2631 standard which evaluates
the human exposure to whole-body vibration [12]. More specifically, the Weighted RMS acceleration is
calculated through Eq. 6:
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RCi = RMS(z̈wi) =

[
1

T

(∫ T

0
z̈wi(t)

2dt

)] 1
2

(6)

where T is the duration of the measurement in seconds, z̈wi is the weighted acceleration (translational or
rotational) as a function of time (m/s2) and i is the selected subsystem of the driver or the vehicle model so
as to evaluate the RMS(z̈wi). The frequency weighting curves used based on ISO-2631 [12], are presented
on the Fig. 2 and are used based on Eq. 7.

Zwi = WPi1 ∗WAi2 ∗ Zi (7)

where Zi is the measured acceleration zi in the frequency domain,WP is the principal frequency weightings
related to health, comfort and perception depicting the weighting frequency either for the z direction and for
vertical recumbent direction except the head (i1=k) or for the x-y direction and for horizontal recumbent
position (i1=d) and finally WS is the additional frequency weightings related (a) seat back measurements
(i2=c), (b) measurements for rotational vibrations (i2=e), (c) measurement of vibration under the head of
recumbent person (i2=j). In case there is no need for additional weighting of the measurement WA is equal
to 1.

(a) • (b) •

Figure 2: (a) Principal Frequency Weightings-WP, (b) Additional Frequency Weightings-WA

3 Semi active control laws

As it was mentioned before, the most classical control laws that have been implemented for semi-active sus-
pension systems are the Logical Control Strategies. As far as they are concerned, the two most common types
are the ”on-off” and the continuous ones. For the on-off logical dampers the damping is switched between the
minimum and maximum level based on conditions that define the damper. While for the continuous logical
dampers, the damping is adjusted in the whole range between the minimum and maximum levels. The most
common types of logical semi active dampers are the 2-States Skyhook Control (SH-2), Skyhook Linear
Control (SH-L), Acceleration Driven Damper Control (ADD), and two different versions of the combination
of Skyhook and ADD Control (SH-ADD-1 and SH-ADD-2). All the above are comfort oriented, improving
the ride comfort of the passengers by adjusting the damping coefficient of the suspension system according to
the dynamic behavior of the vehicle and its response to the applied road excitation. Many different versions
of these algorithms have been presented in the past, by changing slightly their operational conditions.
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3.1 Proposed Control Algorithm

In the past, the operational condition was mainly checking the sign of a product in order to change the
damper’s state. In an attempt to minimize the chattering and improve significantly other aspects of the
vehicle’s performance, the proposed modified algorithm uses an appropriate threshold in the algorithms’
operational conditions, as shown in Eq. 9, on contrary with the various versions of Skyhook (SH) algorithms
that exist in the literature and use the logical control of Eq. 8.

The alternative control strategy lies upon the fact that the proposed algorithm quantifies the severity of the
operational conditions with the use of this threshold and controls the damper’s state based on their magnitude
and not based on their sign. The values used (A, B) in this work as thresholds of different operational
conditions are not selected randomly, but they depend on the class of the road profile, that the vehicle drives
through. They are evaluated after fitting the values of the algorithm’s operational conditions to a distribution,
and then using their cumulative distribution function (CDF) so as to reduce the times that the damper was
working with Cmax. For example in the case of SH-2, fitting the operational conditions in the normal
distribution, the times that its value are larger than zero -i.e. the damper works with the Cmax -belong to the
55% of the sample. Whereas, with applying the CDF approach in this work, the damper operates with Cmax
for 20% less points of the sample, as it is illustrated in Fig. 3. This avoids the stiffening of the damping
coefficient when there is no need without risking the road holding of the vehicle. This is achieved because
the conditions are checked based on their magnitude and not their sign and the direction of the vibration of
the sprung or the unsprung mass.

C =

{
Cmin , if condition ≤ 0

f(Cmax) , if condition > 0
(8)

C =

{
Cmin , if condition ≤ A
f(Cmax) , if condition > A

(9)

Figure 3: Cumulative Distibution Function on Normal Distribution

In this work, the operational conditions of five SH control strategies (SH-2, SH-L, ADD, SH-ADD-1 and
SH-ADD-2) were optimized in order to be compared while in the three (SH-2, SH-L and SH-ADD-1) of
them the proposed approach is adopted in an attempt to improve the vehicle’s performance.
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3.2 Modified Skyhook two states damper control (SH-2-CDF).

The 2-states control is an on-off strategy that switches between soft and stiff damping coefficient. This
control law in literature consists of two states in which the damping factor Cu changes according to the sign
of the product ˙ST and żs. When the upper mass is moving up, and the two masses are getting closer, the
damping constant should ideally be zero. Due to the physical limitations of a practical damper, a damping
constant of zero is not practical and a low damping constant is used. When the upper mass is moving
down and the two masses are getting closer, the Skyhook control policy ideally calls for an infinite damping
constant. An infinite damping constant is not physically attainable, so in practice, the adjustable damping
constant is set to a maximum. The effect of the Skyhook control scheme is to minimize the absolute velocity
of the upper mass.

As it was described before, the CDF approach premises the use of a small threshold in the operational
conditions. More specifically, in the SH-2, with the use of this threshold the control algorithm does not
consider the direction of the movement of upper mass or if it is getting close with the unsprung or not.
However, it quantifies the severity of this movement and it considers how fast they are going to get close
or away. Then, based on the above, it selects to not change the damping coefficient in ”less harmful and
dangerous” situations, and continue using the soft value of the damper’s state. The equation describing the
control algorithm is presented in Eq. 10 .

Ci =

{
Cmin, if ˙ST i żs < A

Cmax, if ˙ST i żs > A
i = F,R (10)

where ˙ST i is the stroke velocity of front or the rear damper, and Cmin and Cmax are the minimum and
maximum damping factors achievable by the considered controlled damper, depicting the soft and the stiff
damping coefficient respectively. The traditional SH-2 algorithm occurs by setting A equal to zero.

3.3 Skyhook linear approximation damper control (SH-L-CDF).

An improved version of Skyhook control has been used to achieve variable damping for additional energy
saving. The linear approximation of the Skyhook control includes the change of the damping factor Ci
according to the sign of the product of ˙ST i and żs:

Ci =




Cmini , if ˙ST i żs ≤ A
αCmaxi

˙ST i+(1−α)Cmaxi żs
˙ST i

, if ˙ST i żs > A
i = F,R (11)

where α ∈ [0,1] is a tuning parameter that modifies the closed-loop performances and enables the controller
to adjust its stiff value (Cmaxi) according to the needs of the application, saving more energy. More specif-
ically, when a = 1, this control law is equivalent to the two-state Skyhook control. The traditional SH-L
algorithm occurs by setting A equal to zero.

3.4 Acceleration driven damper control (ADD).

This strategy is shown to be optimal in the sense that it minimizes the vertical body acceleration when no
road information is available (therefore, this control law is a comfort oriented one). The current control law
is similar to the SH-2 approximation of the Skyhook algorithm, with the difference that the switching law
depends on body acceleration z̈s instead of body speed żs.

While, the ”switching dynamic” may influence the closed-loop performances, increasing the chatter effect
significantly, due to the swift changing of values of the sprung acceleration which is involved in the opera-
tional conditions.
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Ci =

{
Cmin,i , if ˙ST iz̈s ≤ 0

Cmax,i , if ˙ST iz̈s > 0
i = F,R (12)

The proposed approach of this work hasn’t been adopted in this algorithm due to the fact that it is already
using the Cmin,i for the 65 % of the samples.

3.5 Modified Mixed Skyhook-Acceleration driven damper control (SH-ADD-1).

As it was mentioned before, SH and ADD present complementary behaviors in terms of performance, with
SH providing the best performance at low frequency (around the body resonance), and ADD ensuring op-
timality at mid and high frequency (beyond the body resonance). Therefore, a mixed control law has been
proposed in the past using a very simple but effective frequency range selector.

Ci =

{
CSH−2 , if z̈2

s − a2ż2
s ≤ 0

CADD , otherwise
i = F,R (13)

Ci =





Cmin,i, if

(
z̈2
s − a2ż2

s ≤ 0 and ˙ST iżs ≤ 0

)

or

(
z̈2
s − a2ż2

s > 0 and ˙ST iz̈s < 0

)

Cmax,i, otherwise

i = F,R (14)

The parameter ”α” represents the frequency limit between the low and the high frequency ranges. Specifi-
cally, the value of ”α” is set at the crossover frequency (in rad/s) between SH and ADD. This law is almost
optimal as it provides a mix of the best performance of the SH and ADD.

3.5.1 Modified Mixed Skyhook-Acceleration driven damper control with 1 sensor (SH-ADD-
2-CDF).

The current law compromises the complementary performances of soft and stiff passive suspensions. Stiff
suspension is able to damp optimally the body resonance, but without a desiring filtering at high frequencies.
On the contrary, a soft suspension ensures the best filtering but with the drawback of a poorly damped body
resonance. This law operates according to the current value of z̈2

s − a2ż2
s , as shown in Eq. 15

Ci =

{
Cmin,i, if z̈2

s − a2ż2
s ≥ B

Cmax,i, if z̈2
s − a2ż2

s < B
i = F,R (15)

In the previous versions, the soft damping condition is selected when it is positive, otherwise the hard-
damping condition is used. In the modified version of CDF, the frequency selector is controller based on
its value, if it is higher than a specific value (B). This specific value is evaluated again with the cumulative
distribution function of the operational conditions. Similarly to the mixed SH-ADD-1, the amount z̈2

s −a2ż2
s

can be considered as a simple ”frequency-range selector”, where the parameter ”a” represents the limit
between the ranges of low and high frequency. The traditional SH-ADD-2 algorithm occurs by setting B
equal to zero.
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4 Road Excitation

The irregularities on the road cause disturbances which are classified as shock or vibration. The first is
related to discrete disturbances, usually associated with higher amplitudes, such as a bump or a pothole. The
latter is related to continuous irregularities, such as an unpaved road. Both types have different requirements
for the suspension system, but in order for the designer to design one has to fulfill both these applications.
Thus, road profile generation is a strong asset for the researchers, as it enables them to test the vehicle under
different road conditions. most common approach in the literature is the study of a vehicle under a road
bump [3,4,8,13,14] or a random road profile [15–17]. In this research, a random road profile of Class C was
generated as it is shown in 4, so as to optimize the controllable dampers under a severe road excitation.

4.1 Random Road Profile

(a) • (b) •

Figure 4: Road profiles in (a) Time Domain , (b) Frequency Domain

The excitation used in this work involves a random road profile, generated based on the ISO 8608 regulation
[18]. ISO 8608 regulation classifies road profiles according to the quality of the road. The road profile
can be represented by a PSD function as shown in Fig. 4b. The power spectral densities of roads show a
characteristic drop in magnitude with the wave number. To determine the power spectral density function, or
PSD, it is necessary to measure the surface profile with respect to a reference plane. Random road profiles
can be approximated by a PSD in the form of:

Φ(Ω) = Φ(Ω0)

(
Ω

Ω0

)−w
(16)

where Ω = 2π
L in rad/m denotes the angular spatial frequency, L is the wavelength, Φ(Ω0) in m2/(rad/m)

describes the values of the psd at the reference wave number Ω0 = 1 rad/m, n = Ω
2π is the spatial frequency,

n0 = 0.1cycle/m and w is the waviness, for most of the road surfaces equal to 2.

Based on the work of Tyan et al. [19], a random road profile C was generated using a sinusoidal approxima-
tion. If the vehicle is assumed to travel with a constant speed V over a given road segment with length (Ls),
a random road profile can be approximated by a superposition of N(→∞) sine waves then:

y(t) =

N∑

n=1

Ansin(nω0t− φn) (17)
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where the fundamental temporal frequency:

ω0 , V∆Ω,∆Ω , V
2π

L
(18)

where s and the amplitude Ai are defined as:

Ai =

√
Φ(Ωi)

∆Ω

π
, i = 1, ..., N (19)

in which ∆Ω = ΩN−Ω1
N−1 (rad/sec), the phase angles φn, n = 1, ..., N are treated as random variables

following a uniform distribution in the interval of [0, 2π) and V is the vehicle’s velocity which is considered
constant. The velocity of the vehicle in this case was set at 30 km/m for the road profile with Ls=1000m. The
profile is illustrated in Fig. 4, displaying both the time domain (Fig. 4a) and the frequency domain (Fig. 4b)
data of the road profiles.

5 Optimization Procedure

A multi objective optimization was applied to the model in respect to ride comfort and road holding using
the Pareto front for several constraints. As design variables of the optimization, the damping ratios of the
controllable dampers and the spring stiffness were selected, as shown in Eq. 20:

design variables=[KF ;Cmax,F ;Cmin,F ;KR;Cmax,R;Cmin,R] (20)

where Cmin,F , Cmax,F , Cmin,R and Cmax,R were the minimum and maximum achievable damping coeffi-
cient of the front and rear damper, respectively, according to the semi active control laws selected for opti-
mization. Additionally, in semi active control laws SH-L, SH-ADD-1 and SH-ADD-2 the tuning coefficient
”a” was added as a design variable.

The bounds of the design variables are illustrated in Table 4. Moreover, the optimization of the passive
model was carried out for two different bounds for the damping coefficient of the front and rear suspension.
At first, the bounds of the minimum damping coefficient of the semi active laws were used (PS-LP) and then
the ones of the maximum damping coefficient were applied to the design variables (PS-UP). The bounds of
the springs’ stiffness were the same.

The objective functions of the optimization were selected so as to improve both the ride comfort and the road
holding, using Eq. 6 and the average of the RMS values of Eq. 5. Therefore, two targets were chosen: the root
mean square of the seat’s acceleration (f1), representing the ride comfort, and the average of the variances
of both the front and rear tire deflections (f2), representing the road holding, as shown in Table 4. The
constraints used in the optimization problem were selected so as to incorporate the practical considerations
into the design process, such as the working space of the suspension system, as well as to enhance the

optimization targets, as shown in Table 4. Moreover, f3

(
= RMS(STF )+RMS(STR)

2

)
was evaluated for all

the solutions, so as to study the pareto fronts regarding the suspension travels.

After obtaining the optimum results, the CDF approach was implemented in SH-2, SH-L and SH-ADD-2
algorithms and by using the optimum design variables of Cases 1, 2 and 4, the vehicle model was simulated
and the objectives (f1,f2 and f3) were evaluated. In this way, the ”pseudo” Pareto Fronts of SH-2-CDF,
SH-L-CDF and SH-ADD-2-CDF were produced. All the results are presented in Fig. 5 and Fig. 6, where the
Pareto Fronts of f1 - f2 and of f1 - f3 are illustrated respectively.
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Design Variables Bounds Objectives ConstraintsLower Upper
Cmin,F , Cmin,R [N.s/m] 500 2500

f1 =RC9
STi ≤ 0.127m

Cmax,F , Cmax,R [N.s/m] 2500 5000
zi ≤ 0.07 m

KF ,KR [N.s/m] 15000 70000
f2 = RMS(TDF )+RMS(TDR)

2a (SH-ADD) [rad/s] 10 60 max(z̈9) ≤ 4.5m
s2

Table 4: Design Variables, Bounds, Objectives and Constraints

Cases Description Design Variables Objectives (f)
1 SH-2

[KF ;Cmax,F ;Cmin,F ;KR;Cmax,R;Cmin,R]

[f1; f2]

2 SH-L
3 ADD
4 SH-ADD-1

[KF ;Cmax,F ;Cmin,F ;KR;Cmax,R;Cmin,R, a]
5 SH-ADD-2
6 PS-LB

[KF ;CF ;KR;CR]
7 PS-UB

Table 5: Optimization Scenarios

Figure 5: Comparison of the Pareto Fronts occured from the MO Optimization and the pseudo ones occured
form simulation (SH-2-CDF, SH-L-CDF and SH-ADD-2-CDF)

6 Results

As it can be observed, in Fig. 5 and Fig. 6, all the Pareto fronts of the semi active suspension laws are within
the area created by the Pareto Front of PS-LB and PS-UB, Cases 6 and 7 respectively, proving the main
idea of semi active suspensions, which is the compromise of the advantages of a soft and a stiff suspension
with a different control strategy. This difference in the ride comfort between Case 6 and 7 are depicted in
Fig. 6, where the suspension travels are significantly increased in the PS-LB. Moreover, as it was expected
the ADD(Case 3) and the SH-ADD-1(Case 4) improved the ride comfort of the vehicle more than all the
other semi-active suspensions, while SH-2 produced the worst results.
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Figure 6: Comparison of the Pareto Fronts occured from the MO Optimization and the pseudo ones occured
form simulation (SH-2-CDF, SH-L-CDF and SH-ADD-2-CDF)

Based on Fig. 6, it could be seen that the algorithms are divided to two groups considering the optimization
cases only. The first group, consisting of SH-2, SH-L and SH-ADD-2, has reached to similar results re-
garding suspension travels, with SH-2 producing slightly lower ride comfort. However, they have important
differences in the tire deflection, which depicts the handling of the vehicle, as it could be seen from Fig. 5.
Where, the SH-ADD-1 seems to be better and having decreased the variations of the normal loads more than
the other two. Additionally, SH-L algorithm managed to reach the performance of SH-ADD-2 algorithm,
which considers to be one of best ride comfort oriented. Also, it managed to converge to solutions superior
than SH-2 which is because of the value of the parameter ”a” occuring around 0.5 for all the optimum so-
lutions of the Pareto Front, significantly smaller than 1 where the SH-L algorithm operates as a SH-2. As
far as the second group is concerned, it consists of SH-ADD-1 and ADD. Base on both Fig. 5 and Fig. 6,
it could be seen that they have reached to almost the same solution, with SH-ADD-1 having less dispersion
than ADD in its Pareto Fronts.

As far as the SH-ADD algorithms are concerned, it could be noticed that they delivered their purpose by
combining the advantages of the SH and ADD algorithms by offering solutions between their Pareto Fronts
(Cases 1 and 3), with SH-ADD-1 being slightly superior as far as the ride comfort is concerned. Also,
it is important to mention that the frequency selector ”a” of SH-ADD-1 converged to a different solution
compared to SH-ADD-2, implying their different role on contrary with the literature. The tuning coefficient
”a” of SH-ADD-2 reached to 11 rad/sec whereas for SH-ADD-1 to 39 rad/sec, in this case study.

Finally, as far as the CDF approach is concerned, this is an initial attempt to improve some of the logical
control algorithms presented in this work, by implementing in them the CDF approach and benchmark them
against the traditional ones. The ”pseudo” Pareto Fronts of CDF (SH-2-CDF, SH-L-CDF and SH-ADD-2-
CDF) were produced with the simulation of the vehicle model and the evaluation of the objectives (f1, f3

and f2) for the optimum design variables of the tranditional algorithms (SH-2, SH-L and SH-ADD-2). As it
can be noticed by 5, all the algorithms adopting the CDF approach managed to converge to a better solution
compared to the corresponding tranditional one, improving significantly the ride comfort without risking the
handling of the vehicle. Furthermore, the CDF cases managed to decrease the dispersion of the Pareto Fronts
significantly compared to the traditional algorithms, regarding the suspesnion travels of the solutions, as it
could be noticed in Fig. 6. Also, the CDF cases converged to a solution similar, as far as the performance is
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concerned, to the algorithms of both SH-ADD-1 and ADD,which is the second group mentioned before.

7 Conclusions

To sum up, this work focused on the optimization of the most common comfort-oriented semi-active suspen-
sions in order to compare them and exclude conclusions regarding their optimum solutions in terms of ride
comfort and road holding. Moreover, an alternative approach was adopted to three algorithms in order to
improve their results and these algorithms were benchmarked against the traditional ones by comparing the
”pseudo” Pareto fronts of the CDF cases with the Pareto Fronts of the tranditional ones, occured from the
optimization.

All the optimization results validated the theory of the semi-active suspension systems and the advantages of
the studied algorithms. The impact of the use of each control algorithm in the vehicle performance is high-
lighted in this work with the use of the optimization results. Finally, the alternative approach regarding the
operational conditions was proven successful improving the ride comfort of the passengers significantly. The
modified algorithms managed to improve their efficiency to an important level compared to the traditional
ones, by improving the handling of the vehicle through the tire deflections. Work is in progress to study
the impact of this approach in depth and other possible improvements in the vehicle’s performance or other
aspects under the excitation of different road profiles.
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Abstract
An acoustic transducer incorporating dielectric elastomer (DE) films, is proposed for active noise cancel-
lation (ANC) setups inside the passenger compartment of ground and air vehicles, where compactness and
lightness of the transducer along the effective generation of low frequency sound, are of primary concern.
This transducer consists of two circular DE films in a push-pull configuration, fixed on a plastic frame. Ap-
plication of electric field on a DE film, induces a change in thickness and surface area of the film, hence this
configuration oscillates, generating sound. Meanwhile, the second film acts as a spring. In order to ensure
effective generation of low frequency sound, the design of the transducer is based on its resonance frequency
corresponding to the lower limit of the frequency range that it is able to generate. The total stiffness of
the configuration depends in part on the pre-tension of the films, providing tuning ability of the resonance
frequency. Simulations via finite element (FE) models confirm the accuracy of the analytical predictions.

1 Introduction

The concept of acoustic transducers incorporating piezoelectric/dielectric elastomer membranes as actuators
has been around for some years. The advancements on the field of smart materials along with the constant
drive to make speakers as compact and light as possible in order to serve a number of applications, from
laptop and smartphone speakers to installations in air and ground vehicles, are pushing for alternatives to
the traditional magnetic speakers. The concept of an extremely light push-pull acoustic transducer using DE
elastomer films introduced in [1], is further examined in this paper. The trigger to revisit this concept, was
to build an ANC configuration inside an aircraft cabin, where compactness and lightness of the components
are of primary importance. The sound content inside an aircraft cabin mainly consists of low frequency
noise coming from the rotation of the engines. Thus, the objective is to incorporate in the setup, a number
of speakers with the aforementioned attributes in order to cancel this low frequency interference. Obviously,
attributes such as the fidelity of the generated sound are secondary in this case. The theory and application
of the ANC configuration as a whole, is beyond the scope of this paper, therefore the following analysis
concerns specifically the study and parametrization of the required speakers/acoustic transducers. Specifi-
cally, the approach taken here stems mainly from the standpoint of structural dynamics while also focusing
on the hyperelastic properties of the DE material and the ways of predicting and simulating its mechanical
behaviour.
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2 EAP Loudspeaker

2.1 Basic Principles of DE Films

A DE film acts as a capacitor and its electrical energy [2] is expressed as:

Ue =
1

2
CV 2 (1)

where the capacitance is

C =
ε0εrA

z
(2)

and

• ε0 : dielectric constant of free space,
• εr : dielectric constant (relative permittivity) of elastomer,
• A: elastomer area,
• z: thickness of elastomer.

The infinitesimal mechanical work on the film come as

dW = −Ap dz (3)

thus the Maxwell stress induced from the electrical field is

p = ε0εr

(V
z

)2
(4)

where the voltage to the membrane is of the form:

V = b+ a(sinωt) , a, b : const (5)

2.2 Design

Figure 1 demonstrates the transducer incorporating two DE films attached to the plexiglass frame and tie in
the middle via the polystyrene joint. The top DE film is smeared with carbon conductive grease and is driven
by voltage V, while the bottom one only acts as a spring.

Figure 1: Loudspeaker incorporating dielectric elastomer films.

The notation of Fig.1:
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• Rj : radius of the joint,
• R: internal radius of the frame,
• r = R−Rj : radius of the undeformed elastomer film minus the joint radius,
• ∆r: stretch of the dielectric elastomer film in the radial direction of the diaphragm,
• θ: angle of the deformed elastomer film in the equilibrium position relative to the horizontal

plane of symmetry.

2.3 Analytical Model

In order to establish a preliminary set of dimensions for the transducer, corresponding to a specific resonance
frequency, a theoretical-analytical model is formulated [1, 3], to describe the relationship between the angle
θ of a DE film -which essentially corresponds to certain pre-stress conditions- and the equivalent stiffness of
the DE film in the direction of oscillation, as noted in Fig.1.

Figure 2: Elastomer film deformation model.

The notation of Fig.2, which shows the geometric parameters involved in the analytical deformation model
of a DE film, is as follows:

• ∆φ: central angle of the infinitesimal strip measured at the centre of the diaphragm,
• t: thickness of the DE film,
• l: length in the radial direction of the diaphragm,
• F∆φ: tension between the joint and the frame,
• A(l) = (Rj + l)(∆φ)t: cross area at length l.

The stretch of the dielectric elastomer film in the radial direction of the diaphragm is

∆r = r(1/cosθ − 1) (6)

The expansion per unit length (∆r)′ is

(∆r)′ =
F∆φ

EA(l)
∆l (7)

Therefore
∆r =

∫ r

0
(∆r)′ =

∫ r

0

F∆φ

EA(l)
dl =

F∆φ

E(∆φ)t
log10

(Rj + r

Rj

)
(8)

which leads to

F∆φ =
E(∆φ)t∆r

log10

(
Rj+r
Rj

) (9)
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Figure 3: Mechanical equivalent model of the transducer.

The total tension F in the direction of the principal axis of the transducer, which is essentially the sin θ
component of the summation of F∆φ for a circle, comes as

F =

∫ 2π

0
F∆φ sin θdφ =

2πEt

log10

(
Rj+r
Rj

)r(tan θ − sin θ) (10)

Considering that the vertical displacement of the joint comes as

Y0 = r tan θ (11)

the expression of the vertical force F becomes:

F =
2πEt

log10

(
Rj+r
Rj

)(1− cos θ)Y0 (12)

This vertical displacement Y0, in the end is half of the total height of the full configuration. Therefore, the
equivalent "vertical" stiffness of this DE film comes as:

keq =
dF

dY0
=

2πEt

log10

(
Rj+r
Rj

)(1− cos θ) (13)

In order to formulate the final expression of the resonance frequency, the mechanical equivalent model of the
transducer as in Fig.3 is considered.

The dynamic equation of motion of the equivalent mechanical model of Fig.3 is:

mÿ + keqy − keq(−y) = mÿ + 2keqy = F (t) (14)

Meaning that the total stiffness of the push-pull configuration is essentially two springs in parallel, namely:

ktot = keq + keq ⇒ ktot = 2keq = k (15)

therefore it is twice as large as the equivalent stiffness due to the symmetrical structure of the transducer,
namely:

k =
4πEt

log10

(
Rj+r
Rj

)(1− cos θ) (16)
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Finally, the resonance frequency which signifies the lower limit of the reproduction frequency range of the
transducer, is:

f0 =
1

2π

√
k

mj + 2
3mf + 2Ms

(17)

where

• mj : mass of the joint,
• mf : mass of DE film,
• Ms(f0) ≈ 8

3ρR
3
j : additional mass derived from the reactance component of radiation impedance

for one side of the diaphragm, where ρ is air density.

Therefore the final expression of the resonance frequency:

f0 =

√√√√ Etf (1− cos θ)

π log10

(
Rj+r
Rj

)(
mj + 2

3mf + 2Ms

) (18)

The term 2 × mf/3 is added to take into account the effective mass of the oscillating DE films acting as
springs. At last, using this analytic deformation model, allows the preliminary dimensioning of the transducer
for a specific target resonance frequency.

2.4 Hyper-elastic Models

Hyper-elastic materials like silicon rubber, have the ability to experience large deformations under small
loads and to retain their initial configuration, without considerable permanent deformation after removal of
the load [4]. An example of such a material, specifically uniaxial stress data of a certain silicon rubber
[7], is presented in Fig.4.a. Here is demonstrated a typical phenomenon in hyperelastic materials called
"hysteresis" [8], where the unloading path of the stress-strain curve is different from the loading path due
to reaching ultimate elongations. Figure 4.b shows the corresponding Young’s Modulus E = dσ/dε as a
function of the material’s strain during stretching up to 80%.
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Figure 4: (a) Silicon rubber uniaxial test data. (b) Resulting Young’s Modulus for ε = 0 to 0.8.

These materials demonstrate highly non-linear stress-strain behaviour [5], consequently a simple constant
modulus of elasticity is not sufficient for its description. Therefore the aim of hyper-elastic models is to
characterize hyper-elastic materials and to determine a suitable Strain Energy Function (SEF).
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2.4.1 Strain Energy Function (SEF)

Generally, SEF is based on the three strain invariants I1, I2, I3 and expresses the energy stored in material
per unit of reference volume (initial configuration) as a function of strain at the certain point in the material
[4, 6]. If λ1, λ2, λ3 are the principal stretch ratios, then:

I1 = λ2
1 + λ2

2 + λ2
3 (19)

I2 = λ1λ2 + λ2λ3 + λ3λ1 (20)

I3 = λ2
1λ

2
2λ

2
3 (21)

In general, hyper-elastic materials are considered incompressible, thus, I3 = 1. The suitable SEF depends
on the specific application seeking to characterize.

2.4.2 Yeoh Model

The Yeoh model belongs in the category of the phenomenological models which are the most commonly
used. The models in this category, are approaching hyper-elasticity from the viewpoint of continuum me-
chanics. They are stress-strain behaviour characterized without reference to the microscopic structure. Other
models of this category are the Mooney-Rivlin, Neo-Hookean, Ogden etc. The Yeoh model has an advantage
over other available models, exhibiting good matching with experimental data over large strain values for
given rubber compositions. Essentially, the Yeoh model is a 3rd order polynomial model, based only the first
strain invariant I1. The SEF of the Yeoh Model is defined as:

W =
3∑

i=1

Ci0(I1 − 3)i +
3∑

i=1

1

Di
(Jel − 1)2i (22)

where

• Ci0: material constants controlling the shear behaviour. Can be determined from uni-axial, bi-axial
and planar stress tests.
• Di: material constants controlling bulk compressibility. Estimated from volumetric tests. For fully or

nearly incompressible (ν ≈ 0.5) rubber materials are equal to 0.
• Jel: elastic volume ratio.

Therefore the coefficients C10, C20, C30, D1, D2, D3 are needed for the application of the Yeoh hyperelastic
model, which may be introduced directly if known or be calculated via interpolation of given material stress-
strain data. An example of such data is presented in Fig.4. Specifically, a set of uniaxial true stress- true
strain data (σtrue, εtrue) of a certain silicon rubber hyperelastic material (), is used. The curve in Figure 4.b
is a 2nd order polynomial interpolation of the corresponding Young’s Modulus E = dσ/dε as a function of
the material’s strain. Figure 5.a demonstrates the fitting of various hyperelastic models, using the appropriate
ABAQUS R© module, to the given set of nominal stress-strain uniaxial data for a silicon rubber hyperelastic
material. Furthermore, in Figs.5.b and 5.c, the corresponding biaxial and planar curves are constructed via
the calculated coefficients of each model. Observation of all three curves leads to the conclusion that indeed,
the Yeoh model provides the most realistic fitting in this case.
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Figure 5: Nominal Stress-Strain curves. Fitting of hyperelastic models. (a) Uniaxial data (b) Biaxial data (c)
Planar Data (Test Data: red ×, Ogden: green ◦, 2nd order polynomial: blue �, Yeoh: yellow �)

For the fitting of the Yeoh model to these data, the nominal (engineering) stress and strain (σnom, εnom)
values were calculated as:

εnom = eεtrue − 1 (23)

σnom =
σtrue
eεtrue

(24)

The resulting coefficients are presented in Table 1.

C10 [MPa] C20 [MPa] C30 [MPa] D1 D2 D3

0.481 −0.105 1.814× 10−2 4.189× 10−2 0 0

Table 1: Coefficients for the SEF of the hyperelastic Yeoh model.

2.5 Transducer Dimensioning

Considering the material of the DE films as the same silicon rubber demonstrated in Fig. 4, the equation of
the 2nd order interpolation in Fig. 4.b describing the Young’s Modulus as a function of strain, is:

E(ε) = 26.049ε2 − 17.893ε+ 4.963 (25)

In order to approximate as best as possible the non-linear behaviour of the hyperelastic material for the
purpose of the parametric examination of the resonant frequency, taking the strain as ε = ∆r/r, it can be
expressed as a function of the angle θ:

ε(θ) = 1/cosθ − 1 (26)

Consequently, Young’s Modulus may also be calculated for each angle θ. Table 2 summarizes the material
properties of the DE film and joint along with other basic parameters.

tf [µm] ν εr ε0 [ Fm ] ρ [ kg
m3 ] ρf [ kg

m3 ] ρj [
kg
m3 ]

100 0.49 2.8 8.854× 10−12 1.225 1247 29

Table 2: Basic parameters and material properties

The geometric parameters of the loudspeaker have to be decided in order to achieve the target resonance
frequency of f0 ≈ 100 Hz. A starting set of geometric parameters is selected and summarized on Table 3.
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Figure 7: Resonant frequency of the transducer as a function of angle θ and thickness tj of the joint.

R [mm] Rj [mm] r [mm]

40 10 30

Table 3: Geometrical parameters

Figure 6: Design of EAP loudspeaker - Initial State.

Therefore, the stiffness of the structure in the vertical direction, in the sense of the direction the films oscillate,
and the mass of the joint which are the determining factors of the resonance frequency are now dependent
only on the angle θ and the thickness of the joint tj . The angle θ is essentially a direct marker of the pre-stress
conditions on the DE films at the operating position of the loudspeaker and the thickness of the joint acts as a
tuner of the mass. Considering the above joint and frame inner diameters constant, it is possible to examine
the dependence of the resonance frequency from these parameters, which is demonstrated in Fig.7.

For practical reasons, a choice of tj ≈ 10 mm is indicated with the dotted light blue line along with the red
dotted line for the target frequency, resulting to an angle of θ ≈ 12◦.

3 FEM Models

For verification of the results from the analytic deformation model, a FEM based model is simulated. The
goal is to confirm that the dimensioning of the loudspeaker based on the theoretical calculations, indeed leads
to the target resonance frequency.

3.1 Stiffness Comparison

In order to check the validity of the analytical deformation model, a vertical static load is applied on the
perimeter of the top frame, leading to the state shown in Fig.8.b, making it possible to calculate the stiffness

274 PROCEEDINGS OF ISMA2018 AND USD2018



(a) (b)

Figure 8: (a) Undeformed EAP loudspeaker. (b) EAP loudspeaker under vertical static load.

(a) (b)

θ[◦]
0 5 10 15 20 25

k
[N

/m
]

0

50

100

150

200

250

300

Stiffness Comparison

Analytic
FEM

Figure 9: (a) Mechanical equivalent model of the static loading of the top frame. (b) Resulting stiffness as
function of vertical displacement of the top frame. Comparison between FEM and analytical results.

of the configuration allowing direct comparison with the corresponding results acquired from the analytic
deformation model.

It should be noted that in this stage, the DE films act as two springs in series because of the nature of the
static loading. Meaning that the mechanical equivalent of this loading case has the form of Fig.9. Therefore
the FEM results of the expression dF/dY0 are compared with the theoretical k = keq/2. The comparison
between the analytic and FEM results is demonstrated in Fig.9.b. It is observed that the analytical and FEM
models are almost in perfect agreement. Thus, it is expected that stiffness will not be a factor for any possible
deviations from the resonance frequency estimated by the FEM model.

3.2 Modal Analysis

Using the full configuration FEM model, by importing pre-stress conditions on the transducer, namely ver-
tical displacement of the top frame corresponding to the theoretically estimated angle θ = 12◦ of the DE
films, the frequencies of the modes are calculated via modal analysis. The results are presented in the Table 4
for the first six modes.

Mode 1 2 3 4 5 6

Frequency [Hz] 95.79 117.57 117.70 133.07 133.70 134.16

Table 4: Eigenfrequencies

Therefore the frequency of the first mode from Table 4 shown in Fig.10, corresponds to the resonance fre-
quency of the transducer f0 = 95.79 [Hz], which compared to the theoretically estimated f0 = 101.27 [Hz],
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presents a deviation of 5.42%. The conclusion from these results, is that the slight deviation of the estimated
resonance frequency between the FEM and analytical models comes down to the exact estimation of the
effective mass of the transducer, especially considering Fig.9.b showing that the stiffness comparison is ex-
cellent. In general, the analytical deformation model, appears as a perfectly adept method to estimate the
resonance frequency and thus act as the basis for the dimensioning of the transducer.

(a) (b) (c)

(d) (e) (f)

Figure 10: Graphical representation of the first 6 modes of the transducer (Deformation scale factor=1). (a)
1st, (b) 2nd, (c) 3rd, (d) 4th, (e) 5th, (f) 6th
.

4 Conclusions

The investigation of this concept for an acoustic transducer, mainly from the perspective of structural dynam-
ics, demonstrated certain facts. Firstly, the theoretical model for the calculation of the resonant frequency
and dimensioning of the transducer, was verified by the FEM simulations while also incorporating the hy-
perelastic properties of the material in the analysis. Also, it is clear that the construction of a compact and
light transducer tuned for low frequency sound generation is possible through simple procedures and a cheap
configuration overall. However, the exclusively acoustic aspects and performance of this speaker have to be
examined in future research and experimental tests. Elements such as possible enclosures for the transducer
and the required voltage levels to drive the DE films to achieve satisfactory sound levels or durability tests,
are equally important and need to be investigated. Summarizing, this concept shows promise, especially
considering how its main features line up to potential applications, market and technology trends.
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Abstract 
In most of active vibration control (AVC) applications piezoelectric transducers require appropriate power 

electronics to be driven with high electric voltage due to high capacitance [1]. Thus, circuit design of 

power amplifiers for driving piezoelectric transducers becomes a challenging task. Design problems need 

to be found in early design stage since prototyping the complete system can be time and cost intensive. 

Furthermore the electromechanical behaviour of the holistic system needs to be identified, since it 

determines requirements for electrical specifications of the power amplifier. As solution, the SLPS 

(SimuLinkPSpice) co-simulation environment of Cadence Design Systems is used as a new approach to 

embed electronic circuit simulation of the developed power amplifier in system model simulation in 

Simulink. 

1 Introduction 

Piezoelectric transducers are preferred actuators for AVC applications due to light weight and high 

stiffness which leads to high mechanical resonance frequencies. Furthermore, high precise motion and 

force control can be achieved [2]. To drive piezoelectric actuators, an adequate power amplifier is 

required. Limited in performance due to piezoelectric actuators which are considered as capacitive loads, 

piezo amplifiers typically have to provide an output voltage on order of 100 V to 200 V and constitute a 

challenging task in amplifier design processes. To simulate the performance of power amplifier, 

simulation of mathematical model is carried out in [3], but electromechanical relations between amplifier 

and actuator are often neglected in simulations. With regard to an AVC application on a planetary 

gearbox, analytical performance identification of an inertial mass actuator and class AB power amplifier 

are presented in this work. Based on the analytical identification, a Simulink model of actuator and 

amplifier are set up. Subsequently, the electronic design of the power amplifier is created in PSpice in 

order to embed the circuit design in Simulink environment and perform SLPS co-simulation.  

A key technology for more efficient jet engines are high-speed and high-power lightweight planetary 

gearboxes. Using the gearbox both fan and turbine can be operated at their optimum speed. Engine 

manufacturers are currently developing planetary gearboxes for the next engine generation. During take-

off the gearbox will have to transmit mechanical powers of more than 50 MW. The combination of a 

lightweight gearbox construction and high power transmission is prone to vibration excitation. Especially 

the gear meshing could result in noise that reduces the comfort of passengers as its frequency is in the 

range of 3 to 5 kHz where human ear is very sensitive. A research project is initiated to investigate 

feasibility of AVC in this application. One of the key challenges is the high frequency of gear meshing. 

Most commercially available active noise or vibration control systems such as active engine mounts or 

noise cancelling headphones work only for frequencies well below 1 kHz. An AVC system that is capable 

of producing anti-forces in the higher frequency range has thus to be developed. 

A sub-scale test rig for small planetary gearboxes is used to experimentally identify requirements such as 

frequencies and forces for the projected actuator amplifier combination. The methodology of the research 
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project is to first scale the gearbox down to laboratory scale. However, the smaller gearbox is selected 

such that it can be operated at the same gear meshing frequency as the aerospace gearbox. An AVC 

system for the small gearbox shall be developed and later be scaled up to full-scale. The developed test rig 

is depicted with all components in Figure 1. The gearbox can be operated at input speeds up to 10000 rpm 

and output torques up to 30 Nm. The gearbox is spur-toothed has a diameter of 60 mm, three planets and a 

gear ratio of 3. When operated at maximum speed and load at the test rig it transmits a mechanical power 

of 10 kW. The gearbox assembly is equipped with seven accelerometers and two triaxial force sensors that 

measure forces which are transmitted from the gearbox into the surrounding structure.  

 

Figure 1: Test rig for measurement of vibration characteristics of small planetary gearboxes with 

asynchronous motor (A), couplings (B), torque sensors (C), air cooling (D), planetary gearbox (E) and 

eddy current break. 

According to the frequency spectrum measurement of the gear mesh force excitation of the planetary 

gearbox, the nominal gear mesh frequency is not dominant, as common for planetary gearboxes. Instead 

the spectrum is full of neighbouring frequencies of varying amplitudes which is caused by amplitude and 

frequency modulation effects inside the gearbox. To actively reduce the most dominant single vibration at 

a frequency of approx. 4 kHz, an anti-force of approx. 55 N is required. If more frequencies shall be 

suppressed in parallel the anti-force requirements increase respectively.  

2 Experimental characterization and analytical modelling of actuator 
and amplifier for AVC of planetary gearboxes 

The most important challenge of system design is the high frequency range around 4 kHz of the gear mesh 

vibration. Consequently actuators have to be developed that are able to produce a significant amount of 

controlled force at this frequency as they go beyond the state of the art. Furthermore, an appropriate 

amplifier has to be selected which can provide the required power at high frequency. In the presented 

work, the problem is reduced to laboratory scale. Subsequently, the development of a solution at original 

scale is intended.  

2.1 Analytical modelling of an Inertial mass actuator 

In accordance to the demands, the principle of an inertial mass actuator utilizing a piezoelectric shear 

transducer is chosen for the investigated application. Inertial mass actuators consist of a spring-mass-

system with an integrated active element and can be considered as a point force generator when driven 

above their resonance frequency [4]. As shown in Figure 2, inertial mass actuators can be represented by a 

spring-mass system with the stiffness k and the inertial mass m, enhanced by a damping d and a force 

actuator A [5].  
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Figure 2: Model of an inertial mass actuator with stiffness k, inertial mass m, damping d, force actuator A, 

actuator force FA and force of the inertial mass actuator F 

Regarding ultra-high frequency applications, piezoelectric actuation is superior to electrodynamic 

actuation. Since those solid state actuators possess an inherent, quite high stiffness, they can carry the 

inertial mass while providing high dynamic forces. Therefore they are especially suitable for high 

frequency applications. The mentioned studies on piezoelectric inertial mass actuators pointed out their 

main advantages: If carefully designed, the actuator system contains a low number of parts with no 

movables. The inertial mass actuator can be considered as an ideal force generator when driven above its 

resonance frequency. It has been widely used in feedback control systems. In a collocated control loop 

configuration together with an accelerometer, simple stable systems for active damping can be 

implemented [4]. This approach has been successfully studied for lightly damped structures with high 

resonance peaks, e.g. [6].  

In order to derive low amplifier output voltage, the inertial mass actuator is designed in such way, that its 

dynamic resonance fr meets its operating frequency at approx. 4 kHz. Doing so, the amplification of the 

voltage to force ratio by the dynamic resonance can be used. Since the stiffness k is predefined by the 

chosen actuator, the mass m has to be calculated via fr = 1/2π √(k/m). In order to estimate the stiffness 

of the actuator, the actuator is excited with a broad band signal with three different masses attached to it. 

The measurement setup and the measurement results are depicted in Figure 3. 

 
(a)

 

(c)

 

(b)

 
 

Figure 3: Experimental characterization of the stiffness estimation of the piezoelectric shear actuator. 

(a) Experimental setup of the shear actuator with an additional mass of 60 g 

(b) Experimental setup of the shear actuator with an additional mass of 144 g 

(c) Resulting frequency response from actuator voltage to tip displacement of the different 

experimental setups 
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On base of the experimental characterization, the actuator stiffness could be identified to 3967 kN/m using 

a linear regression. The moving mass the actuator (without additional mass) is calculated to be approx. 

3 g.   

2.2  Analytical modelling of the power amplifier PIA-1115-2020 

Considering the high signal quality of class AB amplifiers, the analogue amplifier PIA-1115-2020 is 

chosen for modelling. Analog amplifiers regulate the power flow via power transistors, operating as 

resistors. Although these resistors provoke an energy drain, analogue amplifiers are characterized by high 

signal quality at the amplifier output and robustness, which is independent of the load. For the derivation 

of the required model data, the amplifier is experimentally characterized while it is loaded with film 

capacitors of different capacity in the range of typical, suitable piezoelectric actuators. The experimental 

set up is depicted in Figure 4. According to the experiment results, PIA-1115-2020 is able to drive 

maximum capacitive load of 100 nF at 4 kHz (Figure 5). 

 

 

 

 

 

Input 

voltage Output 

voltage 

Output current 

Amplifier 

 

 

 

 

Figure 4: Scheme of the experimental setup for the 

characterization of amplifiers 

 

 
Figure 5: Results of the experimental 

characterization of an analogue voltage amplifier: 

voltage amplitude and distortion factor for 

different capacitors 

For the integration into system simulation model, the numerical identification of the power amplifier 

carried out according to the methodology proposed by [7]. A modification of this method is described in 

this section. To replicate the measured phase behaviour of the transfer function, the higher order model 

shown in Figure 6 is used. The phase behaviour is modelled in such a way, that it allows convergence 

beyond −180° phase angle for high frequencies, as depicted in Figure 7. This representation is based on 

the observation of the transfer behaviour and not motivated through the amplifier design. The 

parametrization proposed here thus cannot be done using amplifier specification making an experimental 

characterization necessary. Modelling the correct phase behaviour for a large frequency range is a 

prerequisite for the design of a high frequency control system. 

 

Figure 6: Amplifier model including extended transfer behaviour and current limitation for capacitive 

loads 
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Figure 7: Measured (...) and estimated (-) phase curves of the amplifier transfer function H(s). 

𝑈1(𝑆) =
𝐾(𝑇𝑎𝑠+1)

𝑇2𝑠
2+𝑇1𝑠+1

· 𝑈𝑖(𝑠)                                     (1)  

𝑌𝑢𝑒,𝑢1(𝑠; 𝐾, 𝑇𝑎 , 𝑇1, 𝑇2) =
𝑈1(𝑠)

𝑈𝑒(𝑠)
              (2) 

Based on measurements on an open circuit configuration the parameters for the load independent, 

frequency dependent voltage amplification are estimated using a least squares approach. Therefore the 

voltage amplification �̃�𝑢𝑢(𝑠) is measured for a set of frequencies 𝑠𝑖 with no electric load connected to the 

amplifier output and the model function 𝑌𝑢𝑢 is factorized for the free parameters 𝐾, 𝑇𝑎 , 𝑇1 and 𝑇2 where 

the solution for 𝑇𝑎 is obvious: 

�̃�𝑢𝑢(𝑠) = (𝐾,𝐾𝑇𝑎 , 𝑇1, 𝑇2) · (

1
𝑠

−𝑠2�̃�𝑢𝑢
−𝑠�̃�𝑢𝑢

)    (3) 

The overdetermined system of linear equations can be solved using a least squares approach. Additionally 

a weighting of the values is implemented based on the harmonic distortion 𝑘(𝑠𝑖) measured for each 

frequency 𝑠𝑖 to consider only those frequencies where dominantly linear system behaviour was observed: 

𝑊(𝑠𝑖) = {
𝑘(𝑠𝑖) < 0.01: 1

𝑘(𝑠𝑖) ≥ 0.01: 0
} 

→ min
𝐾,𝐾𝑇𝑎,𝑇1,𝑇2
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𝑖    (4) 

The identification of the load dependent output resistance 𝑅 and current limitation is done using 

measurements with different capacitive loads attached to the amplifier output. The transfer function for the 

output current of the amplifier under capacitive load is derived from the system equation: 

𝑖𝐴 = 𝑈𝑒 ·
(

𝐾(𝑇𝑎𝑠+1)

𝑇2𝑠
2+𝑇1𝑠+1

)

(𝑅+
1

𝑠𝐶
)

= 𝑈𝑒 · 𝑌𝑢𝑢(𝑠) · (𝑅 +
1

𝑠𝐶
)
−1

  (5) 

𝑌𝑖𝑢(𝑠) =
𝑖𝐴(𝑠)

𝑈𝑖
      (6) 

Where the output resistance 𝑅 is expected to be a function of the capacitive load 𝐶. The identification of 

the capacitive loads and output resistances is performed similar to the method shown above through a least 
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squares approximation of the parameters of a factorized linear system 𝑌𝑖𝑢 using the transfer function 𝑌𝑢𝑢 

of the open circuit configuration that has already been identified: 

𝑌𝑢𝑢(𝑠) = (�̃�𝑖𝑢(𝑠),
�̃�𝑖𝑢(𝑠)

𝑠
) · (

𝑅
1

𝐶

)     (7) 

The problem is solved for different capacitors separately to observe the dependency of output resistance 

and capacitive load as shown in Figure 8. It appears that the output resistance can be modelled as a 

function of 𝐶 of the following form, where the parameters 𝑅0 and 𝑅1 can be estimated using least squares 

regression. 

𝑅(𝐶;𝑅0, 𝑅1) = 𝑅0 +
𝑅1

𝐶
           (8) 

To model the current limitation, for different capacitive loads the maximum current amplitude is measured 

for which the harmonic distortion 𝑘 is not bigger than 1% as proposed in [7]. The relation between 

capacitive load and current limitation is assumed to be of the form where the parameters can be estimated 

through least squares regression from measurement data. 

𝑖𝑚𝑎𝑥(𝐶) = 𝐾𝑖 ·
𝐶

𝑇𝑖+𝐶
     (9) 

  

Figure 8: Estimates (-) and observations (*) of the output resistance and current limitation depending on 

capacitive load. 

The estimated parameter values are listed up in Table 1. 

Parameter Unit Value 

𝑮𝟎 𝐕/𝐕 𝟐𝟒. 𝟑𝟕 

𝑻𝒙 𝐬 −𝟎. 𝟗𝟕𝟒𝟐 ∙ 𝟏𝟎−𝟓 

𝑻𝟐 𝐬𝟐 −𝟎. 𝟕𝟖𝟕𝟑 ∙ 𝟏𝟎−𝟏𝟎 

𝑻𝟏 𝐬 𝟏. 𝟎𝟓𝟑 ∙ 𝟏𝟎−𝟓 

𝑹𝟎 𝛀 𝟎. 𝟓𝟒 

𝑹𝟏 𝛀𝐅 𝟐. 𝟎𝟖𝟓 ∙ 𝟏𝟎−𝟓 

𝑲𝒊 𝐀 𝟎. 𝟑𝟐𝟑𝟐 

𝑻𝒊 𝐂 𝟖. 𝟑𝟕𝟒 ∙ 𝟏𝟎−𝟖 

Table 1: Analytical parameter Values estimated for PIA-1115-2020 

2.3 Modelling of inertial mass actuator and power amplifier in Simulink 

For the simulation of inertial mass actuator system, including piezoelectric transducer, inertial mass and 

amplifier, a modular model approach for active vibration systems on base of impedances and admittances 

is used [4]. The impedance-admittance model structure of the inertial mass actuator is depicted in Figure 9 

indicating the exchange of power by the transmission of forces F, velocities v, differential velocity v, 
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input voltage Ui, output voltage Uo and output current Io between the single system components. The 

model of the inertial mass actuator can simply be enhanced by the models of the controller as well as the 

models of mass and elasticity of the base structure. The identified actuator parameters as well as the 

identified power amplifier parameters were integrated into the system simulation. 

 

 

Figure 9:  Impedance-admittance model structure of the inertial mass actuator system consisting of 

piezoelectric transducer, inertial mass and amplifier with forces F, velocities v, differential velocity 

∆v, input voltage Ui, output voltage Uo and output current Io 

The additional mass is numerically estimated to be 8 g in order to tune the resonance frequency of the 

inertial mass actuator to the frequency range at approx. 4 kHz. Figure 10 (a) shows the results of the 

numerical simulation for an input voltage sweep from 0 Hz to 6 kHz with 1 kHz per second. The x-axis 

represents both the time of the sweep in seconds and the frequency in kHz. As numerically predicted, the 

result of the experimental characterization (Figure 10 (b)) shows that the resonance frequency of the 

finally realized inertial mass actuator system lies in the expected frequency range at approx. 4 kHz. 

(a) (b)  

Figure 10: Results of the experimental characterization of the numerically investigated configuration 

of piezoelectric shear actuator with 8 of additional inertial mass and an analogue voltage amplifier 

3 Modelling of the power amplifier in PSpice and Simulink 

The experimentally investigated and numerically identified transfer function show good correlation. But 

the amplifier model solely relies on the observation of the transfer behaviour H(s). Its real physical setup 

is not considered. A drawback of the methodology proposed by [7] is that hardware assemblies need to be 

available in order to carry out experimental characterizations. Regarding this aspect, the process of 

amplifier assessment and selection can be costly and time intensive due to the complexity of power 

electronic circuits. For instance, the power amplifier PIA-1115-2020 consists of two units, whereby the 

amplifier
inertial 

mass

piezoelectric transducer

mass base structure

elasticity base structure

controller
Ui

Uo

Io F

v

v

v

v

F
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first unit includes power supply components as a 200 W DC/DC-converter which has a nominal input 

voltage of +12 V and maximum output voltage of +200 V. 

The second unit contains a pre-stage for input signal conditioning and power output stage to drive 

piezoelectric transducers. The signal conditioning comprises electrical impedance transformation, non-

inverting integrator and pre-amplification. The main component of the output stage is the integrated circuit 

(IC) LT1166 from Linear Technology which is a bias generating system for controlling output current in 

high powered amplifiers and keeps the deadbeat distortions low.  

The data flow from PSpice to Simulink for performing SLPS co-simulation is depicted in Figure 11. First, 

a project file has to be created in Capture. This project file includes the electronic circuit design which 

consists of electric models of actual components. Referring to the specifications of the component models, 

the PSpice simulation is carried out. In order to embed the electronic simulation in PSpice in Simulink 

model, the user has to select an input and output port of PSpice simulation model to define the interface to 

Simulink model.  

 

Figure 11: Simplified data flow from PSpice to Simulink for SLPS co-simulation 

3.1 PSpice model of the power amplifier PIA-1115-2020 

According to the diagram in Figure 11, the electronic circuit of the power amplifier PIA-1115-2020 has to 

be modelled in Capture first. Therefore, an adequate component model of the IC LT1166 is necessary. 

Although an extensive electronic model library is provided by PSpice, in some cases models have to be 

obtained from manufacturers of integrated circuits. Since LT1166 model is not available in PSpice model 

library, the LT1166 model from LTSpice, is used after adjustments. To verify the model functionality, 

application circuit diagrams from the datasheet of LT1166 [8] are created and tested in PSpice. For 

instance, Figure 12 depicts the simulation result of the LT1166 unity gain buffer circuit. Besides LT1166, 

the circuit consists of bipolar junction transistors MPS2907, MPS2222, 2N2907 and 2N2222 and 

MOSFETs IRF530 and IRF9350. All the components are available in PSpice library except 2N2907. For 

this component, the PSpice model is obtained from the website of the manufacturer. An ideal unity gain 

buffer should exhibit an output signal which is identical to the input signal. With regard to the output 

signal in Figure 12, it is noticeable that the slew-rate of LT1166 the output signal is divergent from the 

ideal input signal due to non-ideal specifications of the corresponding model. Furthermore the supply 

currents are not symmetrical. According to the datasheet, both entering and exiting current should be 15 

mA. But the simulation result exposes that the supply current entering the IC is 15.21 mA and the supply 

current exiting the IC is -15.44 mA. The offset voltage of the simulated output is approximately -38.736 

mV and is also not in accordance with the given offset value in the datasheet. After the functionality of the 

adjusted LT1166 model is verified, the electronic circuit diagram of the power amplifier PIA-1115-2020 

with its main component LT1166 is created in PSpice.  

 

Figure 12: PSpice simulation result of LT1166 unity gain buffer circuit  
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By giving sine wave signal with amplitude of ±1V as input signal, an output signal of ±100 V should be 

obtained ideally. With regard to the simulation result (Figure 13) which considers non-ideal component 

parameters, it is noticeable that the positive amplitude is +99.98 V and the negative amplitude -98.80 V.  

This indicates that rail-to-rail operation is not provided by the chosen electronic components. Furthermore, 

time delay of output signal and offset voltage are existent. The offset voltage of negative sine wave is 

approximately +1 V. To identify the components which are responsible for this effect, every active 

component model of the pre-stage as well as output stage needs to be verified separately. Errors as offset 

voltage propagate along the amplifier signal chain and affect the output voltage.   

 

Figure 13: Simulated output voltage of power amplifier PIA-1115-2020 in PSpice 

3.2 Simulink model of the power amplifier PIA-1115-2020 

To constitute the ideal amplifier performance, an amplifier system model is set up in Simulink (Figure 14). 

Subsequently, the PSpice power amplifier model from Section 3.2 is embedded in the system model in 

Simulink in Section 4. 

Parameters which are interesting for driving inertial mass actuators in the investigated application are 

output voltage, output current and impedance of the power amplifier. The amplifier system model 

implements following functionalities: I. Generation of amplifier excitation signal, II. Excitation signal 

amplification and offset adjustment, III. Impedance calculation and IV. Output current calculation. In 

particular, functionality II represents the power amplifier PIA-1115-2020 by means of “Gain”-block and 

“Constant”-block and exhibits the signal amplification and offset adjustment.     

 

Figure 14: Simulink model with ideal power amplifier: I. Generation of amplifier excitation signal, II. 

Excitation signal amplification and offset adjustment, III. Impedance calculation, IV. Output current 

calculation 

The simulation results are depicted in Figure 15. The excitation signal is a sine sweep signal from 1 kHz to 

5 kHz with amplitude of ±1 V. The signal is amplified by a gain factor of 100. The current is calculated by 

dividing the voltage by impedance. While the amplitude of the voltage is constant over the whole 

frequency range, the amplitude of the current increases since the impedance is dependent from the 

impedance which is a function of frequency. 

(I) 

(II) 

(III) 

(IV) 
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Figure 15: Simulation result of ideal power amplifier system model in Simulink 

Parameter  Unit Value 

Amplitude  V ± 1  

Frequency kHz 1 to 5  

Signal type - Sine Sweep 

Step size  s 10·10-6  

Run time  s 4 

Table 2: Simulink simulation parameters of amplifier system model 

4 Simulink-PSpice co-simulation of the power amplifier 

The ideal amplification and offset adjustment blocks in Simulink system model from Section 3.2 are 

substituted by the PSpice power amplifier model by means of “PSpiceBlock” (Figure 16). The 

“PSpiceBlock” creates an interface between PSpice model and Simulink model and is provided by SLPS 

co-simulation environment. Only one “PSpiceBlock” can be placed in a single Simulink model [9]. In 

order to perform SLPS co-simulation, the block parameters have to be specified regarding the PSpice 

project file, input sources and outputs for the “PSpiceBlock” as well as PSpice data saving options. After 

selecting the project file (.OPJ) in parameter setting window, the corresponding simulation file (.SIM) is 

chosen automatically and available sources and outputs are visible. For this work, the constant sine wave 

input source and the output of the class AB stage of PSpice power amplier model are chosen as input 

source and output respectively. The SLPS co- simulation environment uses input source of PSpice model 

for initialization and replaces it by Simulink input source for further simulation. Simulation setting 

parameters in Table 3 are used for SLPS co-simulation. 

 

Figure 16: Simulink model with embedded PSpice power amplifier model in "PSpiceBlock" 
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Figure 17: Simulation result of SLPS co-simulation  

Parameter  Unit PSpice Simulink 

Amplitude  V ± 1  ± 1  

Frequency  kHz 1  1 to 5  

Signal type - Sine  Sine Sweep 

Step size  s 10·10-6   10·10-6   

Run time  s 4 4 

Table 3: Simulation parameters for SLPS co-simulation 

The general course of the output signal of SLPS co-simulation is identical to the ideal output signal of the 

Simulink amplifier model. But regarding slew-rate and offset voltage, marginal divergences between 

PSpice, Simulink and SLPS co-simulation can be noticed. The comparison of these simulations in Figure 

18 shows the first amplitude of simulation result. While the sine wave of the Simulink model is ideal, the 

sine wave of PSpice and Simulink have a delay of around 0.1 ms. In addition, the amplitude of the SLPS 

simulation has a notch at 0.3 ms which is not caused by PSpice simulation and could be an error of 

initialization. Furthermore, due to the offset voltage of PSpice simulation which is caused by non-ideal 

parameters of components, the offset voltage of SLPS simulation is also affected. The maximum and 

minimum amplitude of PSpice and SLPS co-simulation are +99.98 V and -98.80 V as well as +99.98 V 

and -98.84 V respectively. 

 

Figure 18: Comparison of PSpice, Simulink and SLPS co-simulation of the power amplifier 

4.1 SLPS co-simulation setting conditions 

In order to get proper co-simulation results, the simulation profiles of PSpice and Simulink have to fulfill 

setting conditions of step-size, run time and input source as following.  
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Step-size 

In Figure 19 SLPS co-simulation results for different Simulink step-sizes but same run times are depicted. 

While the step-size of PSpice simulation is set to 10 µs for each simulation, the step-size of Simulink 

simulation is varied. By setting the same step-size of 10 µs for both PSpice and Simulink simulation, the 

correct simulation result can be obtained. Also the decrease of step-size by a factor of 10 in Simulink, 

which corresponds to a step-size of 1 µs in the given example, yields correct results.  The increase of the 

Simulink step-size to 100 µs leads to an overlooking phenomena.  

 

Figure 19: SLPS co-simulation for different-step sizes but same run time (4 s): The x-axis is scaled to 1ms 

to show the overlooking phenomena. 

Run Time 

Beside of step-size, the different run time of PSpice and Simulink simulation can cause errors. The 

Simulink simulation runtime of 4 s is determined by the sine sweep excitation signal which increases its 

frequency linearly and generates maximum frequency of 5 kHz at 4 s. If the run time of PSpice simulation 

is shorter than the run time of Simulink simulation, errors as in Figure 20 occur.  The step-size is set to 10 

µs for both simulations. 

 

Figure 20: SLPS co-simulation error caused by different run time of PSpice (1 s) and Simulink (4 s)  

Input Source 

In the presented work, sine wave signal of 1 kHz is used as input source for PSpice model while the input 

source in Simulink model corresponds to sine sweep from 1 kHz to 5 kHz. For initialization of SLPS co-

simulation the input source of PSpice model is used whereby it is replaced by the input source of Simulink 

model. Thus, simulation error occurs if the input source in PSpice simulation does not support the 

identification of the electronic circuit behaviour for Co-simulation. Errors occur if different types of input 

sources are used in PSpice model, e.g. DC voltage source. 
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4.2 Co-simulation linked to electromechanical actuator model 

The Simulink inertial mass actuator model with embedded PSpice power amplifier model from Section 4 

are used to perform SLPS co-simulation. The co-simulation result in Figure 21 demonstrates that 

electronic circuit design of the chosen power amplifier can be modelled in PSpice and the ideal power 

amplifier can be substituted, in order to perform electromechanical simulation with non-ideal parameters. 

In comparison to the analytical simulation from Section 2.3, it can be noticed that non-ideal parameters 

which are identified for the chosen power amplifier do not affect the electromechanical behaviour of the 

holistic system.  

 

Figure 21: Co-simulation of Simulink actuator model system with PSpice power amplifier model 

 

5 Summary and conclusion 

The framework of the presented investigation is the active vibration control of planetary gearboxes. In 

order to simulate the inertial mass actuator and power amplifier of the AVC system, experimental 

characterization of actuator and amplifier are carried out. Based on this characterization, a Simulink 

system model, which includes components of inertial mass actuator and power amplifier, is set up. Since 

the model does not consider the physical set up of the power amplifier and non-ideal parameters are 

neglected, SLPS co-simulation is presented as a new approach to simulate power amplifier in Simulink 

simulation environment. SLPS co-simulation allows integration of electrical designs in system level 

designs since PSpice models which takes non-ideal parameters as non-linearity, delays and parasitic 

effects into account can be embedded in Simulink models. The power amplifier PIA-1115-2020 is 

simulated in PSpice first whereby the model of the main component LT1166 is not available in PSpice 

component library. Thus, the LTSpice model of LT1166 is adjusted and verified. The results of PSpice, 

Simulink and SLPS co-simulation are compared. Only marginal divergences in amplitude, offset voltage 

and delay time can be noticed. To carry out a proper SLPS co-simulation, the simulation parameters in 

PSpice as well as in Simulink have to be set correctly. Although electronic component models can be 

obtained from websites of IC manufacturers, they can be inaccurate and lead to false simulation results. 

Another drawback is the convergence problem of PSpice simulation which takes long calculation time into 

account. SLPS co-simulation environment can support design processes of power amplifier at simulation 

level but the co-simulation result still has to be verified by the actual hardware set up.  
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Abstract 
A large focus within robotics engineering, as with other fields, is the reduction of weight of a system. A 

solution within robot systems is to replace heavy rigid links with lightweight flexible counterparts, 

however these are more susceptible to unwanted vibrations. Current research proposes the use of 

piezoelectric patches as actuators as part of active vibration control (AVC) as being a very viable solution. 

This research aims to design a solution to the problem by using an analytical model and simulation 

software both including two piezoelectric patches, before conducting a physical experiment. A physical 

experiment was conducted to verify the models, before a Proportional Differential (PD) controller was 

then implemented within the models. The output of the models with the inclusion of the control was then 

compared, and is to be validated further within future work by conducting an experiment that includes the 

same control. 

1 Introduction 

Unwanted vibrations can cause a threat to the integrity of structures and systems, and whilst re-enforcing 

structures reduces these vibrations it often comes at the cost of the mass of the system. One of the main 

goals throughout the fields of engineering, although its priority may vary depending upon the 

structure/system is to minimise mass and so a more suitable solution for the attenuation of unwanted 

vibrations is required. Focussing on robot systems one of the main methods to reduce the mass is to use 

thinner and lighter links, which are, unfortunately, more likely to be subject to unwanted vibrations. It is 

this engineering conundrum regarding flexible robot links which inspires the research focussing on the 

attenuation of vibrations. Current research suggests a promising solution lies within the use of Active 

Vibration Control (AVC) where the actuators within the system are piezoelectric transducers. This 

actuator choice is prevalent as it is possible to either surface bond or embed the piezoelectric patches 

within the structure with little to no effect on the structures weight and functionality, and they have a 

relatively large force output compared to their sizing.   

The paper written by Crawley and Luis [1] shows considerable attention on the use of piezoelectric 

actuators as elements within intelligent structures. An analytical model was created using Euler-Bernoulli 

theory (EBT) for long, thin beams, and was then authenticated through physical experimentation. Another 

relevant research paper by Rahman and Naushad Alum [2] comprised of experimentation using a 

proportional integral derivative (PID) controller in combination with two collocated surface bonded 

piezoelectric patches as part of AVC. One of the piezoelectric patches was used within a piezo-sensing 

system to measure the vibrations experienced by a flexible beam. The other patch was used as an actuator 

with an output that was controlled through a data acquisition system, a computer running LabVIEW with a 

PID controller within the software and a voltage amplifier.  

Within this research an analytical model based upon EBT has been produced of a structure which consists 

of a flexible link and two collocated piezoelectric patches. The link is envisioned as part of a robot arm, 

but the motion has been simplified to a transverse base excitation. A model of the same geometric and 
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material properties has been created within the simulation software COMSOL Multiphysics® for the 

purposes of further validation. These two models are then employed to predict the response of the tip 

acceleration of the link and the voltage output from the piezoelectric patches, and the results are compared 

with those acquired from a physical experiment. A solution for controlling the system will also be tested 

using the analytical and simulation models, to obtain a prediction of the output for experimental validation 

within future research. 

2 Modelling the structure 

2.1 Description 

The structure consisting of a flexible link, two collocated piezoelectric actuator patches, an accelerometer, 

a clamp, a bracket support and the exciter armature has been modelled mathematically as a beam with 

added masses based on the Euler-Bernoulli beam theory. This method was chosen as the link to be 

modelled has dimensions which conform to those required by the beam theory; a long, slender beam. A 

model of the structure has also been created within the simulation software COMSOL Multiphysics®. The 

base of the link, including the clamp and bracket will be subject to a base excitation, and the tip 

acceleration and voltage produced by the piezoelectric patches are to be predicted by the model as a result. 

Within both models the bond between the link and piezoelectric patches will be considered to be perfect, 

and the effect of gravity needs not to be included as it will be cancelled out with the reaction force in the 

fixed point. 

 

Figure 1. Visualisation of structure 

The set-up of the model can be seen in Fig.1 above, where the view is as though looking from the top of 

the set-up. Where 𝑧(𝑡) is the base excitation, 𝑤(𝑥, 𝑡) is the transverse motion of the link, 𝑥𝑎 is the location 

of the accelerometer and 𝑥1 and 𝑥2are the start and end positions of the piezoelectric patches along the 

length of the link, respectively. 

 

 

2.2 Analytical model 

The equation of motion for the structure can be written as [3]:  
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𝑑𝑥
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(1) 

where, 𝑤(𝑥, 𝑡) is the transverse motion of the beam, 𝑥 is the position along the length of the 

beam, and 𝑡 is time. The Dirac delta function is denoted as 𝛿(𝑥), and the viscous air damping coefficient 

as 𝑐𝑎. It is important to note that the mass of the clamp, bracket and exciter armature (𝑀𝑐𝑏𝑎) and the mass 

of the accelerometer (𝑀𝑎) are both modelled as point masses on the structure at their respective positions 

(𝑥𝑐𝑏𝑎 and 𝑥𝑎). The frequencies of the base excitation (𝑍0), the applied force (𝐹0) and applied voltage (𝑉𝑖𝑛) 

are represented by 𝛺𝑍, 𝛺𝐹 and 𝛺𝑉, respectively. The functions 𝐸𝐼(𝑥) and 𝜌𝐴(𝑥) have been included to 

account for the varying density and Young’s modulus over the structure’s length, and are as follows:  

𝜌𝐴(𝑥) = 𝜌𝐴 + 𝜌𝑝𝐴𝑝[𝐻(𝑥 − 𝑥1) − 𝐻(𝑥 − 𝑥2)] (2) 

𝐸𝐼(𝑥) = 𝐸𝐼𝑥 + 𝐸𝑝𝐼𝑥𝑝
[𝐻(𝑥 − 𝑥1) − 𝐻(𝑥 − 𝑥2)] (3) 

where 𝐻(𝑥) denotes the Heaviside function. The piezoelectric coupling term can be written as:  

𝜗 = 
�̅�31𝑊𝑝

20𝑇𝑝
[(𝑇𝑝 +

𝑇

2
)
2

−
𝑇2

4
] (4) 

where, 𝑒3̅1 is the effective transverse piezoelectric coefficient and 𝑊𝑝 is the width of the 

piezoelectric patches. 𝑇 and 𝑇𝑝 are the thickness of the flexible link and piezoelectric patches, 

respectively. Employing the product rule and the Galerkin decomposition method to equation (1) yields 

[4]: 

�̈�𝑛(𝑡) + 2𝜁𝜔𝑛�̇�𝑛(𝑡) + 𝜔𝑛
2𝑇𝑛(𝑡) = 𝐹 sin(𝛺𝐹𝑡) + 𝜒𝑉𝑖𝑛𝑠𝑖𝑛(𝛺𝑉𝑡) − 𝑍𝑠𝑖𝑛(𝛺𝑍𝑡) (5) 

where 𝑇𝑛(𝑡) is the 𝑛𝑡ℎ generalised coordinate and, 
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𝐶
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 ,    𝐹 =

𝐹𝑏

𝑀
 ,   𝜒 = 

𝜃𝑝

𝑀
,    𝑍 =

𝑍𝑏

𝑀
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and,  
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0
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𝜃𝑝 = 𝜗(
𝑑𝑋𝑛(𝑥2)

𝑑𝑥
−
𝑑𝑋𝑛(𝑥1)

𝑑𝑥
) (11) 

𝑍𝑏 = 𝑍0𝜌𝐴(𝑥)𝑀𝑐𝑏𝑎∫ 𝑋𝑛(𝑥)𝛿(𝑥𝑐𝑏𝑎)𝑑𝑥
𝐿

0

 (12) 
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2.3 Simulation model 

A model was created within the software COMSOL Multiphysics® utilising its MEMS module to generate 

a Finite Element (FE) model of the structure. To reduce computational time and memory the clamp, 

bracket and exciter detail was minimised to a cube of the same mass and the mass of nuts and bolts which 

were used to hold the structure together. The accelerometer was included within the model as a point 

mass. A free tetrahedral mesh was used within the simulation with the predefined mesh size ‘finer’. This 

mesh size option has a minimum element size of 0.00185𝑚, and has been proven to be sufficiently 

accurate whilst having a reasonable computational time. 

3 Experiment, results and discussion  

3.1 Description 

The experiment was carried out to gain the FRFs of the structure both with and without two collocated 

piezoelectric patches (M5628-P2), as well as the natural frequencies of the first three modes of the 

structure. The structure was subject to the base excitation using an exciter (APS 113 ELECTRO-SEIS® 

Long Stroke Shaker), which was controlled using a data acquisition system (DAQs) (SignalCalc Abacus), 

requiring a power amplifier (APS 125 Power Amplifier) to power the exciter from the output voltage of 

the DAQs. Two accelerometers (PCB Piezotronics 352C03) were attached to the structure, one at the base 

of the structure to provide a reference acceleration, and one towards the free end of the link to measure the 

tip acceleration, and a FRF was created from the data collected. Once the two piezoelectric patches were 

attached, the experiment was repeated, however this time the voltage output from the piezoelectric patches 

was measured as well as the response from the tip of the beam. The Figures 2 and 3 show the illustration 

of the set up and an image taken of the experiment, respectively. 

     

     Figure 2. Illustration of FRF experiment                     Figure 3. Image of FRF experiment 

 

Table 1. Geometric, mechanical and electric properties of link and piezoelectric patches 

Parameters Link (Aluminium) Piezoelectric Patch (PZT-5A) 

Length (𝑚) 0.36 0.056 

Width (𝑚) 0.035 0.028 
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Thickness (𝑚) 0.003 0.0003 

Density (𝑘𝑔/𝑚3) 2700 5440 

Young’s Modulus (𝐺𝑃𝑎) 70 30.336 

Piezoelectric coefficient, �̅�31 (𝐶/𝑚2) N/A -11 

Table 1 contains the geometric and material properties of the link and the piezoelectric patches which 

were used within the experiment. The geometry and properties of these components were duplicated 

within both the COMSOL® and analytical models. Within the experiment a circuit was required in which a 

resistance of 300𝑘𝛺 was connected in parallel to the piezoelectric patches and the DAQs. This is due to 

the internal resistance of the DAQs affecting the readings from the piezoelectric patches, and a much 

greater resistance connected in parallel to the measured component would counteract this effect. The 

piezoelectric patches were bonded to the link using metal loaded epoxy (ensuring as thin of a layer as 

possible), at a distance from the start of the link of 𝑥1 = 0.036𝑚. This position was selected based upon 

previous analytical results, simulations and other research [5-6]. The accelerometer was attached to the 

beam temporarily using petro wax at a distance 𝑥𝑎 = 0.352𝑚, and was included as a point mass of 𝑀𝑎 =
0.012𝐾𝑔 in both the COMSOL® and analytical models. It should be noted that the data sheet for the 

accelerometers used states that they have a mass of 0.0058𝐾𝑔, however when weighed to include the 

petro wax and wires the mass of 𝑀𝑎 = 0.012𝐾𝑔 was found to be more accurate. The mass of the clamp, 

bracket and shaker armature was calculated to be 𝑀𝑐𝑏𝑎 = 5.8825𝐾𝑔, which includes the mass of the 

attached accelerometer and any nuts and bolts used to secure the structure.   

3.2 Results 

The natural frequencies for the first three modes were obtained from the data collected from the 

experiment, from the COMSOL® simulation and from the analytical model. The percentage error was 

calculated for the simulation and analytical results, Tables 2 and 3 show the obtained results from the 

structure with and without the piezoelectric patches, respectively. 

 

Table 2. Natural frequency comparison for link without piezoelectric patches 

Natural Frequency Comparison (No Piezoelectric Patches) 

Mode Experiment (Hz) COMSOL® (Hz) Error (%) Analytical (Hz) Error (%) 

1 16 15.93 0.44 15.87 0.81 

2 104.94 104.31 0.60 101.80 2.99 

3 297.75 290.32 2.50 290.89 2.30 

 

Table 3. Natural frequency comparison for link with piezoelectric patches 

Natural Frequency Comparison (Two Piezoelectric Patches) 

Mode Experiment (Hz) COMSOL® (Hz) Error (%) Analytical (Hz) Error (%) 

1 16.69 16.96 1.62 17.09 2.40 

2 104.03 104.77 0.71 101.27 2.65 

3 288.3 287.04 0.44 295.31 2.43 
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The FRFs for the structure were obtained from the experiments, and plotted within the same graphs as the 

simulation and analytical results for comparison. Figures 4a and 4b show the FRFs of the structure without 

the piezoelectric patches bonded to the link, where the input is excitation of the base of the structure and 

the measured output is the acceleration of the tip of the link. Once the piezoelectric patches were bonded 

to the link, the resulting FRFs shown in Figures 5a to 6b were obtained, with the former two figures 

showing the tip acceleration output as a result of base excitation, and the latter two the voltage output from 

a piezoelectric patch as a result of the base excitation.   

 

Figure 4 (a,b). FRF base excitation input, tip acceleration output with no piezoelectric patches. 

 

Figure 5 (a,b). FRF base excitation input, tip acceleration output with two piezoelectric patches. 
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Figure 6 (a,b). FRF base excitation input, voltage output with two piezoelectric patches. 

3.3 Discussion 

The natural frequencies obtained from the analytical and simulation models were shown to have an error 

of less than 3% for the first three modes both with and without the piezoelectric patches (see Tables 2 and 

3). With this low of a percentage error it can be confidently said that both models are a good prediction of 

the natural frequencies of the actual structures. From Figures 4a and 4b it can be seen that the FRFs 

produced by the analytical and simulation models (excluding the piezoelectric patches) are a very close 

match with those produced from the data of the experiment. Although, it should be noted that the damping 

ratio of the simulation model was set to 𝜁 = 0.012 whereas the analytical model was set to the same 

damping ratio as the experimental result (𝜁 = 0.008). This was to accommodate for a factor of a property 

within COMSOL® which could not be readily altered. The damping ratio was also altered within the 

simulation when the piezoelectric patches were included such that the experimental and analytical 

damping was 𝜁 = 0.0079 and the simulation damping was 𝜁 = 0.0104.  

With the simulation damping altered, the FRFs of the tip acceleration output as a result of base excitation 

for the structure that includes the piezoelectric patches also has a very good match between the 

experimental results and the analytical and simulation data (Figures 5a and 5b). A discrepancy between 

the resonance frequencies of the different results can be seen within the FRF, but as it is within 3% the 

models can be said to be accurate predictions of the experiment. The same can be said for the analytical 

and simulation FRF results for a base excitation input and measured voltage output; they would be 

considered as accurate prediction excusing the less than 3% error with the natural frequency. However, 

with regards to the COMSOL® results, they were also multiplied by a factor of 3.5 to counteract a 

difference within the material properties used within the software, as well as the original difference in the 

damping factor. Further studies are to be conducted in order to investigate the requirement of the 

multiplication factor and the slight difference in the damping ratios. 

4 Active vibration control  

To test the control theory a proportional differential (PD) controller was applied to the analytical model. 

Recalling equation (5), negating the applied force term as the control will just focus upon the base 

excitation as an input to the system, and equating to the controlled output (𝑢) yields [7]: 

�̈�𝑛(𝑡) + 2𝜁𝜔𝑛�̇�𝑛(𝑡) + 𝜔𝑛
2𝑇𝑛(𝑡) = 𝜒𝑉𝑖𝑛𝑠𝑖𝑛(𝛺𝑉𝑡) − 𝑍𝑠𝑖𝑛(𝛺𝑍𝑡) = 𝑢 =−[𝑘𝑝 𝑘𝑑] [

𝑇𝑛(𝑡)

�̇�𝑛(𝑡)
] (13) 
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where 𝑘𝑝 and 𝑘𝑑 are the proportional and differential gains, respectively. From equation (13) the value of 

the controlled output 𝑢 can be calculated using the proportional and differential gains and the generalised 

coordinate displacement and velocity values (𝑇𝑛(𝑡) and �̇�𝑛(𝑡)). From the same equation it is possible to 

obtain the input voltage required to obtain the controlled output 𝑢. As the application of ±60𝑉 will not 

have a significant effect upon the structure compared to the maximum positive voltage, the usable range of 

voltage in this case will be 0V to 360V (as opposed to the actual range on the piezoelectric patches: -60V 

to 360V). This range is more suited to actual components to be used in future research. So, there will only 

ever be one piezoelectric patch being used to control the structure at one time, and which patch to be 

employed will be dependent upon the direction of the deflection of the link.  

A parametric study was conducted to obtain the best combination of proportional and differential gains 

whilst adhering to the voltage limitations of the piezoelectric patches. The objective function of which was 

the percentage decrease of the tip acceleration when the control was applied to the model. It was 

concluded that the most suitable gain values for the PD controller are 𝑘𝑝 = 1 and 𝑘𝑑 = 2.335𝑠, for a base 

excitation amplitude of 𝑍0 = 0.2𝑔. All parameters are the same as those stated within section 3.1, with the 

exception of the damping ratio used, which was altered to 𝜁 = 0.01. The structure was excited at its 

resonance frequency. 

 

Figure 7 (a,b). Comparison of the analytical results of the controlled tip acceleration against 

uncontrolled, and the voltage to be applied each piezoelectric patch.  

From the comparison of the tip acceleration of the structure with and without the control system (Figure 

7a) it can be seen that when the PD controller is utilised the amplitude of the tip acceleration is reduced by 

approximately 50%. Figure 7b shows the voltage required to be applied across each piezo patch, where the 

maximum voltage required is within the limits set by the piezoelectric patch at a value of 359.81V.  

The control system was then applied to the simulation model in a similar manner as it was the analytical 

model for the purpose of validation. The slight difference was that the controlled output was obtained by 

applying the voltage to the piezoelectric patches as a sin wave with the amplitude obtained through the 

analytical result (359.81V). This was opposed to the applying voltage calculated for each moment in time 

as within the analytical models, hence why the required voltage graphs (Figures 7b and 8b) have a 

difference in the shape initially. As with the previous simulation models, the damping ratio was increased 

in comparison to the ratio within the analytical model.  The simulation model with the inclusion of a PD 

controller reduces the unwanted tip acceleration by approximately 50% (see Figure 8a), a very close match 

to the output from the analytical model hence validating the result. However, with some discrepancies 

with the input parameters of the models, further investigation will be carried out to resolve the differences 

before the results are compared with those from future experimentation. 
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Figure 8 (a,b). Comparison of the simulation results of the controlled tip acceleration against 

uncontrolled, and the voltage to be applied each piezoelectric patch. 

5 Conclusion 

From the experimental data the accuracy of the analytically produced model and the finite element model 

created using COMSOL® has been proven. Therefore, the theory used to create the analytical model 

(EBT) has also been proven as an excellent choice for this structure in particular. This then means that 

using the same models with the control system included will have given an acceptably accurate prediction. 

As can been seen from the results presented within section four (Figures 7a to 8b), the inclusion of a PD 

controller to alter the voltage applied to the piezoelectric patches is predicted to be an effective solution 

for the attenuation of the vibrations experienced by the flexible link. A physical experiment is to be 

conducted to confirm the results of the two sets of predictions, and further validate the use of a PD 

controller and piezoelectric patches as part of AVC.  

This experiment is to be part of future work, and will utilise an exciter to apply a base excitation to the 

structure to simulate the simplified motion of a robotic arm, as within this research. However, a Raspberry 

Pi module will employ PD control to alter the voltage across the piezoelectric patches via a high voltage 

driver in accordance with the measured acceleration at the tip of the link. The components to be used are 

chosen based on the aim of creating a method of control which is as practical and as inexpensive as 

possible. Once the models including control have been proven to be accurate, then a model of a robot arm 

will be included to provide the base excitation to the base of the link. Ultimately testing the control system 

with a more complicated input to the structure. 
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Abstract 
The aim of this paper is the research of possible usage of the wave-based control approach when dealing 

with the smart structure. This smart structure is represented by the plate equipped with multiple 

piezoelectric patches serving as actuators and sensors. The main goal is to increase damping properties – 

suppress unwanted vibration. 

1 Introduction 

New projects e.g in automotive or aerospace industry are often based on a usage of a modern hi-tech 

materials. These are very usually of a lightweight nature, which brings a number of advantages, but on the 

other hand also disadvantages. The typical one is a low mechanical damping resulting in unwanted 

vibration and acoustic discomfort [1]. The passive solution in the form of the structure stiffening by 

additional masses conflicts with the lightweight demand. Therefore, the usage of a light active elements 

incorporated in the structure should be considered. From a technological point of view, it should be 

feasible in near future to have piezo or other active components integrated into the „mechatronic 

network“, constituting a regular and dense matrix of multiple sensors and actuators throughout the 

mechanical structure considered [2], [3]. Such an active smart mechatronic material enables not only the 

active vibration suppression but it is interesting from the point of view of motion or shape control as well.  

One can hope then that relatively simple and scalable control algorithms could be developed that shall 

work effectively for arbitrary considered shape or final product made of this structure. So there is clearly a 

strong motivation to investigate possibilities of scalable and easily deployable control solutions by 

considering large and dense matrices of sensors and actuators installed throughout the structure, and by 

means of dedicated decentralized or distributed simple and scalable control laws. The aim of this paper is 

to investigate the potential of the wave-based control approach when dealing with the 2D mechanical 

structure equipped with the multiple piezoelectric elements.  

2 Wave-based control approach 

The wave-based control [4], [5] is a relatively new control method, which primarily doesn’t need the 

mathematical model of the controlled system that could be crucial for other approaches, e.g. feedforward 

command shaping techniques [6], [7]. The precise of the model could be Instead it uses the feedback. At 

the same time, however, it is not a classical feedback control because it doesn’t monitor the state of the 

output member of the system. Instead the state of the first one is measured and the main idea is that the 

system being controlled is the natural model for the control. The flexible structure is modelled as a set of 

rigid bodies connected by springs and dampers. The description of interaction between these bodies using 

transfer function represents so called wave model. The input actuator initiates the wave that spread 

through the system, bounce back and returns to the initial point where it is sensed. The detection of a 
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reflected wave means that we can adjust the control signal for demanded purpose, e.g. vibration 

suppression. The wave based control enables the stabilization of the whole system just from the local 

knowledge of active actuator states and its closest neighbours. The stability of such systems is discussed in 

[8]. 

2.1 Wave model of lumped mass system 

Artificially created wave model is represented as a loop containing transfer functions. There are two parts 

of the loop on the Figure 1, co called launched wave is in the upper part of the loop, so called reflected 

wave is in the lower part of the loop. 

 

Figure 1: Wave model of lumped mass chain. 

There are mechanical model parameters: masses mi, spring constants (stiffness) ki, damping ratios di and 

mass positions xi. In the wave model are transfer functions Gi in the launched part and Hi in the reflected 

part, transfer function R is called reflection. Sum of two corresponding variables in the launched 𝑎𝑖 and 

reflected bi parts (waves) are equal to the corresponding mechanical model state xi, see equation (1) which 

interconnects lumped masses model with the wave model. 

 𝑥𝑖 = 𝑎𝑖 + 𝑏𝑖 (1) 

The wave model transfer functions Gi, Hi and R are determined from the original model, the selection of 

particular transfer functions is not unique. 

2.2 Wave-based control 

The wave-based control cuts the wave model at the coordinate, where the measurement is performed, see 

Figure 2. The control uses the launched part of the control up to the variable 𝑎𝑖, then calculates reflected 

part b1 using measurement at mass x1 following the equation (1) with i = 1 and evaluates reflected part 

back to the beginning of model obtaining b0 variable, which serves as a feedback. 

The control input is now x0ref, but control algorithm requires only launched wave variable 𝑎0, reflected 

wave variable b0 creates feedback used in the control algorithm to reflect the dynamic behavior of the 

whole system. Evaluation of 𝑎0 from the desired coordinate x0ref is performed at steady state using 

parameter 𝑎0,𝑠𝑠, which is calculated in the equation (2) and it is evaluated as ratio between x0 and 𝑎0 at 

infinite time. 

 𝑎0,𝑠𝑠 =
𝑥0𝑟𝑒𝑓

𝑎0
=

𝑥0

𝑎0
 (2) 
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Figure 2: Wave based control scheme using first mass measurement. 

3 Controlled smart structure 

The steel plate with piezoelectric actuators/sensors was used as an example of a smart structure [9], Figure 

3. The piezoelectric actuators and sensors are placed as a collocated pairs [10]. The term collocated pair in 

this case means that the actuator is on one side of the plate and the corresponding sensor is on the same 

place but on the other side of the plate. There is 25 of these pairs in the regular grid 5x5. The kinematic 

excitation of the system was used for experiments when the movement of the lower edge was prescribed.  

 

Figure 3: Plate with piezoelectric elements – Matlab visualisation 

The system was modelled in ANSYS software and exported in matrix form - sparse matrices of the mass 

and stiffness. Then it was reduced [11] and transformed into the state space form  

 �̇� = 𝑨𝒙 + 𝑩𝒖, (3) 

 𝒚 = 𝑪𝒙 + 𝑫𝒖, (4) 
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where A is the system matrix, x is the state vector, u is the vector of inputs – voltage on the piezo patches 

and kinematic excitation, y is the output vector – voltage measured by the piezo sensors and Y-coordinates 

of nodes. 

4 Experiments 

The wave-based control was tuned to suppress the first natural frequency of the system. The following 

figures show the comparison of system response when no control is used vs. wave-based control. The 

output signal is the voltage measured on piezoelectric sensor no. 23 (in the middle of the free edge of the 

controlled plate). The excitation trajectory was a ramp signal - Figure 4 and the shifted cosine wave - 

Figure 5. The both experiments proved that the first natural frequency was suppressed. The settling time is 

significantly better as there is almost no residual vibration.  

 

Figure 4: System response – ramp signal excitation 

 

Figure 5: System response – wave signal excitation 
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5 Conclusions 

It has been proven that this approach – wave-based control - is capable to significantly increase the 

damping properties of the so called smart structure. The experiments performed using a steel plate with 

regular grid of piezoelectric actuators and sensors were focused on suppression of the first natural 

frequency vibration and achieved a promising results for further research in this field. In the simple 

example presented in this paper the information from one sensor was sufficient to get demanded 

performance and active usage of more sensors wasn’t neither necessary nor efficient. The future 

experiments will be focused on more complex types of excitation when information from more sensors 

would be beneficial. 
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Abstract 
Distributed control is nowadays a very active field of research, thanks to potential applications which require 

high scalability and reliability. The paper deals with the optimization of active vibration suppression of the 

planar flexible systems equipped by regular and dense matrix of multiple sensors and actuators. The 

H-infinity design with predefined controller structure has been chosen as an appropriate control method. 

At first, performance of H-infinity regulator was experimentally tested on simple beam demonstrator with 

piezoelectric patches as sensors and actuators. The simulation model of larger planar demonstrator has been 

firstly modelled by FEM and then exported into the state space form. Decentralized and distributed control 

laws have been investigated. The feasibility of attenuation of a large set of flexible modes has been 

demonstrated for the model of the demonstrator. The demonstrator itself has been prepared for the ongoing 

experiments. The possibility of alternative actuation by clusters of actuators has been also analyzed. 

1 Introduction 

Distributed control is nowadays a very active field of research, thanks to potential applications which require 

high scalability and reliability. The main advantage of using distributed control is the locality of the 

necessary measurement and actuation. The measurements are collected and processed in a distributed 

manner. This kind of control can be applied to many different systems including, for example, platoons 

of vehicles, the groups of mobile robots and others [1]. Important applications of distributed control are also 

in the branch of the vibration suppression or eventually motion control of light flexible structures. 

The established paradigm in past and current active damping and shape-control projects is as follows. 

The mechanical object is defined first. Systems detailed design and modelling phases follow [2], [3]  giving 

rise to very accurate FEM models with many of thousands of degrees of freedom. Model order reduction 

[4], [3] then gives accurate-enough yet tractable models for optimal actuators and sensors placement [5], 

[6], [7]. Finally a very limited number of them is considered (say up to twenty) for the design of the control 

laws [3]. Alternatively for existing prototypes, the experimental identification approach can be applied to 

get the mathematical models directly via experimental modal analysis [8]. Finally, validation and 

verification of the solutions by high-fidelity simulations is performed, followed by laboratory experiments 

and final deployment of the product. From a technological point of view, it should be feasible in relatively 

near future to have piezo materials integrated to the primary structure in the form of network of multiple 

piezo patches, or even layers creating the  „mechatronic material“. Such future mechatronic material will 

ideally contain not only a dense and regular matrix of actuators and sensors, but also attached embedded 

microcontrollers. One can hope that relatively simple and scalable control algorithms could be developed 

that shall work (after just minor modifications or tuning based e.g. on experimental identification) for 

arbitrary considered shape of final product made of this mechatronic material. The aim of the paper is the 

choice of the control concept appropriate for distributed active vibration suppression, the control and 

mechatronic structure optimization and the preparation of demonstrator suitable for the experimental testing 
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of distributed vibration suppression. The structure of the paper is as follows. Firstly in chapter 2 the H-

infinity design method with predefined controller structure is shortly presented, secondly in chapter 3 this 

control design is primarily implemented to the cantilever beam with piezo patches including modelling, 

identification and experimental testing. The chapter 4 is devoted to the generation of the state space models 

of planar structures with piezo patch sensor/actuator network and their optimization. The prepared basic 

grid demonstrator is also shown. The subsequent chapter 5 presents the decentralized MIMO H-infinity 

optimal robust control design for the planar structures. The chapter 6 is a short conclusion.  

2 H-infinity design with predefined controller structure 

The H-infinity design methodology offers efficient algorithms how to obtain multivariable control laws 

by specifying closed-loop frequency response requirements. This approach was used e.g. in [9], where 

authors compare SISO, H-infinity and 𝜇 synthesis in termes of robustness and performance. Presented 

controllers can significantly increase damping and improve dynamic behavior of a flexible wing. The order 

of a control system is however equal to an augmented plant containing the model of a flexible wing and 

weighting filters, which are crucial for the design. This leads to excessively high order control laws typically, 

with strong negative impact on implementation and experimental fine-tuning. For this reason, in e.g. [10] 

there was a method presented for the controller order reduction which is one possible way how to get control 

laws with reasonable complexity. Nevertheless, loss or deterioration of closed-loop performance and/or 

stability is often an unwanted effect associated with this approach. Thanks to recent structured H-infinity 

control synthesis results, see e.g. in [11], [12], it is possible to receive the parameters of such reduced-order 

controllers directly, minimizing the H-infinity norm under the controller complexity constraints. More 

precisely, minimization of lower linear fractional transformation (LFT) of a system with augmented plant 

G and structured controller K. The general scheme of closed loop with the structured controller is in Figure 

1. Such a system is described by generalize state space form according to equation (1).  A great advantage 

is the possibility to design MIMO controllers of a really low-order proportional controllers as an example 

which can be crucial in some cases. One of the successful applications of fixed-order H-infinity synthesis 

in the aerospace context was within the ACFA project www.acfa2020.eu. See e.g. [13] where authors 

designed control laws of order up to five for system with dozens of states, meeting all control requirements 

and loosing literally only a few percent of performance (measured by the closed-loop H-infinity norm) 

compared to the full order designs. The structured H-infinity control could surpass existing solutions with 

controller order reduction [9], which can be infeasible for low-order controller requirement. 

 

Figure 1. Closed-loop system configuration with H-infinity regulator [14] 

 [
�̇�
𝒛
𝒚

] = [

𝑨 𝑩𝟏 𝑩𝟐

𝑪𝟏 𝑫𝟏𝟏 𝑫𝟏𝟐

𝑪𝟐 𝑫𝟐𝟏 𝑫𝟐𝟐

] [
𝑿
𝒘
𝒖

].  (1) 

Such fixed-order designs can be practically executed thanks to availability of numerical solvers like 

hinfstruct in MATLAB described in [15] or the open-source alternative  HIFOO [16]. A nice performance 

assessment of these software packages can be found in [17] where the benchmark problem of dual-stage 

inertial stabilization is considered. From the user's perspective, the structured H-infinity tools are very close 

to classical full-order H-infinity design procedures. We formulate our requirements through a proper 
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selection of weighting filters and assemble the augmented plant. In addition, the tunable parameters and the 

expected structure and order of the controller must be specified. 

3 Active vibration suppression of beam system 

At first, performance of H-infinity regulator was studied on simple steel cantilever beam with three 

piezoelectric patches. Detailed description of this issue could be seen in [18]. Steel plate with dimensions 

250x28x0,55 mm is equipped with two piezoelectric actuators on top surface and one piezoelectric sensor 

on bottom surface collocated with actuator Act1 near the clamped end. Act1 is supposed to suppress 

the vibration generated by actuator Act2 further from clamped end.  

 

Figure 2. Model with three different piezo patches: (a), (b) – actuators, (c) – sensor. Bottom view is on the  

Generated sensor voltage corresponding to deformation of the beam is send to controller, where appropriate 

control voltage to Act1 is computed. After creation of finite element model (Figure 2) experimental structure 

illustrated in Figure 3 was build. 

 

Figure 3. Cantilever beam. View from top (left) and detail of sensor (right) 

Model of such a structure in state space form is acquired using system identification procedure. Based on 

measured input/output voltage, prediction error minimization (PEM) method in system identification 

toolbox in MATLAB is used and model of 14th order obtained. 

3.1 H-infinity controller design 

For our needs HIFOO package [19] [12] for MATLAB is used to design the H-infinity regulator. This tool 

works in two phases. First, stabilization phase needs to find set of stabilizing regulators, which are 

the starting point for second, optimization phase. In this part of design chosen penalty function of stabilizing 

regulators is minimized. 

Working principles of system with H-infinity regulator are described in chapter 2. Considering system 

according Figure 1, in our case inputs and outputs are chosen as follows: vector w represents reference signal 
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zero and disturbance from Act2; z corresponds to deviance from reference signal; y is sensor voltage and 

u is control voltage on Act1. Based on identified model H-infinity regulator of 5th order is designed. 

3.2 Experimental results 

Designed H-infinity regulator has been evaluated by means of experiment. Sinusoidal voltage with 

frequency 80 Hz is chosen as an input to disturbance generating Act2. Figure 4 shows voltage response of 

the sensor. Approximately 80% voltage and thus vibration reduction is achieved on this simple clamped 

beam. 

 

Figure 4. Sensor response to vibration generated by Act2 without control (until 11,5 sec) and with control 

(after 11,5 sec) in experiment 

4 State space models of planar structures with piezo patch 
sensor/actuator network and their optimization 

Experimental identification of the sheets with the glued piezo patches used as actuators and/or sensors brings 

the possibility of verification and tuning of the target state space models for control design and 

sensors/actuators positioning optimization. The careful attention has been paid to the mechanical, electrical 

and coupling parameters of the piezo actuators, modelling of coupling with primary structure, correct 

transformation of the electromechanical model to the state space form and to the appropriate model 

reduction. The tuned physical models transformed to the state space form proved to be more reliable for the 

control design than the black-box (input-output) identified models especially in the cases with many 

actuators and sensors. In order to design mechanical, electromechanical parameters and position of piezo 

actuators and piezo sensors it is necessary to create the mathematical simulation model. The main structure 

is modelled in the ANSYS environment and the final simulation model is the state space model 

in MATLAB-SIMULINK. 

4.1 Modelling of the piezo actuator 

The behavior of the one-dimensional piezoelectric material [20] is described by constitutive equations 

(2),(3)  

 𝐷 = ε𝑇 + 𝑑33𝑇, (2) 

 𝑆 = 𝑑33𝐸 + 𝑠𝐸 𝑇, (3) 
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where D is the electric displacement, E is the electric field, T is the stress, S is the strain and 𝜀𝑇 is the 

dielectric constant under constant stress, 𝑠𝐸  is the compliance when the electric field is constant and 𝑑33 

is the piezoelectric constant. The subscript 33 denotes, that it is always aligned to the poling direction of the 

material and the electric field is parallel to the poling direction. Various model configurations are used to 

analyze system behavior. The simulation electromechanical models are created in ANSYS environment. 

Every model consists of the steel plate and various number of piezo patches. Piezo patch is a very thin piezo 

element that consists of two layers (bimorf construction). There are two types of layers orientation, uniform 

and opposite. Piezo patches we are used have opposite oriented layers (Figure 5). 

 

Figure 5. The piezo patch with layers oriented in the opposite direction 

The basic model used to verifying the simulation model assembly algorithm is correct consists of simple 

steel sheet and three different piezo elements (piezo patches), see Figure 2. The same structure was used 

in experiments (Figure 3).  

4.2 Getting the simulation model 

The procedure how to become the simulation state-space model consists of following steps: 

1. build an ANSYS model and use an analysis solution 

2. export stiffness, mass and dumping matrices (usually in the text format) 

3. import informations about mesh and nodes 

4. import text files into MATLAB 

5. create state-space model in MATLAB 
The step one is easy and known. An example of such model can be structure with five times five actuators 

and the same number of sensors (Figure 6). They are arranged crosswise, but the orientation of the actuator 

and opposite sensor is the same. Actuators are placed at the top of the sheet and sensors at the bottom. 

Boundary condition can be changed operatively. In the model there is applied fixing to the frame. 

 

Figure 6. The top view of a model and demonstrator with a grid of 5x5 actuators and sensors placed on the 

bottom (not visible). The piezo patches are arranged crosswise. The boundary condition is highlighted by 

the red line. 
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The second step how to become structural matrices encounters some problems. The main problem is that 

it is impossible due to combined problem (structural and electricity) become matrices by usually way. It 

means to become matrices by usually sub structuring analysis. The only way how to obtain the mass, 

damping and stiffness matrices is through the Harwell-Boeing format. The matrix form of the whole system 

is  

 [
𝑴𝒖𝒖 𝟎

𝟎 𝟎
] [

�̈�
�̈�

] + [
𝑪𝒖𝒖 𝟎

𝟎 𝑪𝒗𝒗
] [

�̇�
�̇�

] + [
𝑲𝒖𝒖 𝑲𝒖𝒗

𝑲𝒗𝒖 𝑲𝒗𝒗
] [

𝒖
𝒗

] = [
𝒇
𝒒

], (4) 

where 𝑲𝒖𝒖 is structural stiffness, 𝑲𝒗𝒗 is dielectric permittivity, 𝑲𝒖𝒗 is piezoelectric coupling (𝑲𝒗𝒖 = 𝑲𝒖𝒗
𝑻 ), 

𝑪𝒖𝒖 is structural damping, 𝑪𝒗𝒗 is dielectric dissipation and 𝑴𝒖𝒖 is the mass. On the right side the 𝒇 means 

applied forces and 𝒒 the electric charge. There are used two types of degrees of freedom. Symbol 𝒖 denotes 

the physical coordinates like movements and rotations and 𝒗 is used for velocity. 

In order to become state space in agreement to the modelled system, it is necessary modify equation (4). 

The piezo patches can work in two modes, as actuators or sensors. Actuators are labelled by index 𝑖 and 

sensors are labelled by index 𝑜. The 𝑪 matrix is equal to zero matrix in this case. We will introduce 

dissipation (damping) later by the term (12). 

The new matrix description is 

 [
𝑴𝒖𝒖 𝟎 𝟎

𝟎 𝟎 𝟎
𝟎 𝟎 𝟎

] [
�̈�
𝒗𝒊̈

𝒗�̈�

] + [

𝑲𝒖𝒖 𝑲𝒖𝒊 𝑲𝒖𝒐

𝑲𝒊𝒖 𝑲𝒊𝒊 𝑲𝒊𝒐

𝑲𝒐𝒖 𝑲𝒐𝒊 𝑲𝒐𝒐

] [

𝒖
𝒗𝒊

𝒗𝒐

] = [
𝒇
𝒒𝒊

𝒒𝒐

]. (5) 

We become three equations 

 𝑴𝒖𝒖�̈� + 𝑲𝒖𝒖𝒖 + 𝑲𝒖𝒊𝒗𝒊 + 𝑲𝒖𝒐𝒗𝒐 = 𝒇 , (6) 

 𝑲𝒊𝒖𝒖 + 𝑲𝒊𝒊𝒗𝒊 + 𝑲𝒊𝒐𝒗𝒐 = 𝒒𝒊, (7) 

 𝑲𝒐𝒖𝒖 + 𝑲𝒐𝒊𝒗𝒊 + 𝑲𝒐𝒐𝒗𝒐 = 𝒒𝒐. (8) 

By completing the equation (8) in equation (6) we than obtain 

 𝑴𝒖𝒖�̈� + [𝑲𝒖𝒖 − 𝑲𝒖𝒐𝑲𝒐𝒐
−𝟏𝑲𝒐𝒖]𝒖 = [𝑲𝒖𝒐𝑲𝒐𝒐

−𝟏𝑲𝒐𝒊 − 𝑲𝒖𝒊]𝒗𝒊 + 𝒇. (9) 

The equation (9) describes a behaviour of the system composed of the structural part and electromechanical 

piezo system. In our case is the order of such system in the order of tens of thousands to hundreds of degrees 

of freedom for the whole model. Such simulation model isn’t easy useful or optimization and real-time 

control algorithms. It is necessary to reduce the number of degrees of freedom before composing the state 

space model. 

4.3 Model reduction 

There is used the modal reduction in our case [21]. The modal reduction is based on the building the model 

from the selected eigenmodes 𝑽.  

Let’s introduce the transform from physical coordinates 𝑢 into modal coordinates 𝝃 (10). 

 𝒖 = 𝑽𝝃, �̈� = 𝑽�̈�. (10) 

By substituting this transform, multiplying equation (9) from the left side by 𝑽𝑻 we become expression 

 𝑰�̈� + 𝜟𝝃 + 𝚲𝝃 = 𝑽𝑻[𝑲𝒖𝒐𝑲𝒐𝒐
−𝟏𝑲𝒐𝒊 − 𝑲𝒖𝒊]𝒗𝒊 + 𝑽𝑻𝒇̇ , (11) 

where 𝑰 is the identity matrix, 𝚲 the spectral matrix and 𝜟 the dumping matrix. 

The dumping matrix 𝜟 is the diagonal matrix filled by the expression 2𝑏𝑟𝑖Ω𝑖 at the main diagonal, where 

𝑏𝑟𝑖
 is the relative attenuation on the given frequency Ω𝑖. 

 𝜟 = 𝑑𝑖𝑎𝑔(2𝑏𝑟𝑖
Ωi). (12) 

We will finally get the state-space description with states 𝒛 in the form 
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 [
𝒛�̇�

𝒛�̇�
] = [

𝟎 𝑰
−𝚲 −𝚫

] [
𝒛𝟏

𝒛𝟐
] + [

𝟎 𝟎
𝑽𝑻 𝑽𝑻[𝑲𝒖𝒐𝑲𝒐𝒐

−𝟏𝑲𝒐𝒊 − 𝑲𝒖𝒊]
] [

𝒇
𝒗𝒊

], (13) 

and the corresponding outputs 𝒚 are 

 [𝒚] = [−𝑲𝒐𝒐
−𝟏𝑲𝒐𝒖𝑽 𝟎] [

𝒛𝟏

𝒛𝟐
] + [𝟎 −𝑲𝒐𝒐

−𝟏𝑲𝒐𝒊] [
𝒇
𝒗𝒊

]. (14) 

5 Decentralized MIMO H-infinity optimal robust control of planar 
structure 

5.1 Description 

Simulation model of the plate equipped with 25 actuators (control inputs 𝑢𝑖) and 25 collocated sensors 

(measured outputs 𝑦𝑖) is used in this section for design and validation of selected decentralized and 

distributed control laws. They are designed using the H infinity structured optimization methodology 

to attenuate resonant modes of this flexible structure. More specifically, local controllers were considered 

in the first place, 

 𝑈𝑖 = −𝑘𝑖𝑌𝑖 = −𝑝𝑖
𝑠

𝑠+𝑓𝑐
𝑌𝑖 (15) 

where 𝑢𝑖 is input voltage to i-th piezo patch. In the second case, we deal with distributed control law where 

the control action applied to each node depends on measured outputs at the neighboring nodes,  

 𝑈𝑖 = −𝑝𝑖1
𝑠

𝑠+𝑓𝑐
𝑌𝑖 − ∑ 𝑝𝑖2

𝑠

𝑠+𝑓𝑐
𝑌𝑗  ,𝑗∈𝐸  (16) 

E is set of neighboring nodes. For both cases, the scenarios with constant gains throughout the structure, 

as well as controllers without this constraint, are studied.  

5.2 H-infinity design  

H-infinity synthesis with predefined controller structure is frequency-domain optimization method for 

controller tuning. HIFOO solver or hinfstruct function in robust control toolbox in MATLAB can be used 

for solving this task.  

 

Figure 7. Design of the controller with weighting filters 
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5.3 Problem formulation 

The control system is described as a generalized LTI system with tunable components and weighting filters, 

see Figure 7 (the generalized plant). The hinfstruct function tunes those components by minimizing the 

closed-loop H infinity gain from the system inputs (𝑑1, 𝑑2, … , 𝑑𝑖) to outputs (𝑧1, 𝑧2, … , 𝑧𝑖). 

Weighting filters (𝑊1, 𝑊2, … , 𝑊𝑖) are included for resonant frequencies penalization. Those frequencies are 

clearly visible from the Bode magnitude graph below. The first peak corresponds to the first bending mode 

with frequency 𝜔1 = 22.5 rad/s. To penalize resonant frequencies, the weighting functions can be stated as

 𝑊𝑖 =
𝑘𝑖(𝑠+1)3

(𝑠+8)3 , (17) 

where 𝑘𝑖 is the gain for each channel. Tuning suitable parameters of such filters set is however complicated 

and time expensive, and for systems with more outputs it appears effectively infeasible. A possible solution 

to mitigate this problem is to select one or few representative channels only and penalize them. The figure 

below shows the modification of the generalized plant for the last node output penalization only (Figure 8).   

 

Figure 8. Design of the controller with the specific configuration of weighting filters 

6 Results 

For all results presented below the weighting filter (18) has been used 

 𝑊𝑝 =
512(𝑠+1)3

(𝑠+8)3  (18) 

This filter penalizes output voltage from piezo patch situated in the center of the plate. Singular value plot 

of the system and augmented system (system with filter 𝑊𝑝) is depicted below. The goal of 𝑊𝑝 tuning is to 

amplify the red curve above the zero decibels (or penalize the peaks of the singular value plot, respectively 

(Figure 9.)).  
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Figure 9. Frequency responses of weighting filters and the generalized plant 

In the first case, only one controller 

 𝑘𝑖 = 𝑘 = 𝑝
𝑠

𝑠+𝑓𝑐
, 𝑖 = 1,2, … ,25 (19) 

  with parameters 𝑝, 𝑓𝑐 for the local decentralized feedbacks was tuned. All modes are well suppressed. 

Achievable results are presented below in terms of the bode diagram (Figure 10.) and impulse response plots 

(Figure 11.) of the plate center without control and with the local proportional controllers. 

 

Figure 10. Bode diagram for the decentralized feedback, uniform gains 

ACTIVE VIBRATION CONTROL 317



 

 

Figure 11. Impulse response for the decentralized feedback, uniform gains 

In the second case, we examined the possibility to use distributed controllers, again with the same gains 

throughout the smart structure, 

 𝑈𝑖 = −𝑝𝑖1
𝑠

𝑠+𝑓𝑐
𝑌𝑖 − ∑ 𝑝𝑖2

𝑠

𝑠+𝑓𝑐
𝑌𝑗  ,𝑗∈𝐸  (20) 

E is set of neighboring nodes. Subsequently, the constraint on equal control gains for all nodes was relaxed 

for both cases studied so far (decentralized and distributed, respectively). The first case then reads 𝑘𝑖  , 𝑖 =
1,2, … ,25 could have now different gains 𝑝𝑖. With this additional “degree of freedom”, this decentralized 

control law is able to suppress all system resonant frequencies which is clearly visible in the Bode diagram 

and impulse response below (Figure 12. And Figure 13). In the last case studied in this paper, we relaxed 

the distributed-control structure and tuned all the 𝑘𝑖′𝑠 , 𝑖 = 1,2, … ,25 throughout the flexible structure. The 

resulting achievable damping is again significantly improved, as well as the range of frequencies covered 

(However, some frequency peaks are shifted significantly which is certainly not power-efficient way for the 

active damping systems. 

 

Figure 12. Bode diagram for the distributed feedback, relaxed gains 
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Figure 13. Impulse response for the distributed feedback, relaxed gains 

7 Analysis of alternative actuation by clusters of piezo patches  

The actuation can be also realized alternatively by the clusters of actuators with one common control signal 

for all patches in the particular cluster. Basic properties of the system state space system (A, B, C, D) include 

observability and controllability. Fundamental expression of controllability is, that the system is completely 

controllable if N x sN matrix (where s is the systems inputs) 

 𝑪 = [𝑩 𝑨𝑩 𝑨𝟐 … 𝑨𝑵−𝟏𝑩] (21) 

has a rank N. And completely observable, when system rN x N with r outputs  

 𝑶 = [𝑪 𝑪𝑨 𝑪𝑨𝟐⋯ 𝑪𝑨𝑵−𝟏 ]𝑇 , (22) 

has rank N. These criteria are very simple, but has a two main drawbacks. Firstly, the main disadvantage is 

that the criteria is yes and no answer based and tell us nothing about systems behaviour. And the second is 

that, for large system it’s very demanding for computational power due to the rising exponent up to N-1. 

For better understanding of the system is the qualitatively representation of controllability and observability 

desirable. For this purpose, the grammians were used. 

 𝑊𝑐(𝑡) = ∫ exp(𝑨𝜏) 𝑩𝑩𝑇 exp(𝑨𝑇𝜏) 𝑑𝜏,
𝑡

0
 (23) 

 𝑊𝑜(𝑡) = ∫ exp(𝑨𝑇𝜏) 𝑪𝑇𝑪 exp(𝑨𝜏) 𝑑𝜏,
𝑡

0
 (24) 

Our case is stable and we can obtain stationary solution of the above expression assuming                         

𝑊𝑐(𝑡) − 𝑊𝑜(𝑡) − 0. Then the above equation can be written in following algebraic equations, called 

Lyapunov equations  

 𝑨𝑾𝒄 + 𝑾𝒄𝑨𝑇 + 𝑩𝑩𝑇 = 0 (25) 

 𝑨𝑇𝑾𝒐 + 𝑾𝒐𝑨 + 𝑪𝑇𝑪 = 0. (26) 

For stable A, the obtained grammians 𝑾𝒄 and 𝑾𝒐 are positive definite and for our case even diagonal. 

This results can be transformed into balanced representation [22]. And the new grammians of controllability 

and observability is computed as usual. The eigenvalues of the grammians product are invariant and can be 

denoted γi These coefficients are called Hankel singular values of the system and represent a measure of 

energy for each mode (first four modes in Figure 7.). 
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a) 3,589 Hz

 

b) 10,533 Hz 

 

c) 22,293 Hz

 

d) 31,01 Hz 

Figure 14. First four eigenmodes of the system 

The balanced grammians of controllability and observability are satisfying and the balanced system was 

tested on the experimental step trajectory applied on the 13th piezo patch and the system response is the same. 

Also the eigenfrequencies of both state-space system varying less than 0.09e-11. Therefore, this was used as 

criterion for the further model response evaluation. This large system consist of the 25 actuators and 25 

sensors (Figure 6 ) 

 

 

 

Figure 15. Scheme of the piezo patches and comparison of the individual input groups (actuator clusters) 

1 2  3 4 5 

8 7 10 
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For better impression of the individual input groups the Figure15. is presented along with the Table 1. Using 

fully collocated control leads to high demands on the control strategy, the high initial cost of the equipment 

and the large scale optimization of the piezo placement. There are possibilities for saving the energy 

consumption and the saving initial cost. The following subject of investigation is, if similar results can 

be achieved with less control units. Normally there need to be one control unit for one piezo patch. For this 

reason, four more concepts were proposed, where are formed several clusters of piezo patches which are 

powered with a single control unit and single control voltage. 

Concept 
Input 

U1 

Input 

U2 

Input 

U3 

Input 

U4 

Input 

U5 

Input 

U6 

Input 

U7 

Input 

U8 

Input 

U9 

Input 

U10 

Ver. 1 1,2,6,7 3,4,8,9 5,10 11,16 
12,13, 

17,18 

14,15, 

19,20 
21,22 23,24 25 

 

Ver. 2 1,7,11 2,8,4 5,9,15 3 
6,12, 

16 

13,17, 

19,23 

10,14,

20 
21 25 

18,22,

24 

Ver. 3 

1,5,7,9

,13,17,

19,21,

25 

3,11, 

15,23 
       

 

Ver. 4 7,9, 17,19 2,4 12,14 22,24      

Table 1: Input groups (actuator clusters) 

After balancing using Hankel’s matrix the Observability and Controllability are almost equal, therefore for 

the evaluation was used only the Controllability. It is clear from Figure 15. that the control of the system 

is possible with minimum loss of the energy for each mode with configuration ver. 1. This means the similar 

results with only nine control units and nine different inputs voltages. That leads to saving the 16 control 

units with minimal loss of energy. The ongoing research is focused on the optimization of the piezo patches 

placements.  

8 Conclusion 

Distributed control is nowadays a very active field of research, thanks to potential applications which require 

high scalability and reliability. The paper deals with the optimization of active vibration suppression of the 

planar flexible systems equipped by regular and dense matrix of multiple sensors and actuators. The H-

infinity design with predefined controller structure has been chosen as an appropriate control method. At 

first, performance of H-infinity regulator was experimentally tested on simple beam demonstrator with 

piezoelectric patches as sensors and actuators. The main larger demonstrator system consists of the 25 

actuators and 25 sensors collocated with them. The tuned physical models transformed to the state space 

form proved to be more reliable for the control design than the black-box identified models especially in the 

case with many actuators and sensors. The simulation model was firstly modelled in ANSYS and then 

exported into MATLAB into the state space form. Decentralized and distributed control laws have been 

developed using the H-infinity design with predefined controller structure. The feasibility of attenuation of 

a large set of flexible modes has been demonstrated for the model of the main demonstrator. The 

demonstrator itself has been prepared for the ongoing evaluation experiments. The possibility of alternative 

actuation by clusters of actuators with one common control signal for all patches in the particular cluster 

has been also analyzed. This version allows to decrease the number of control units. 
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Abstract
This paper proposes a method for the indirect measurement of wheel center loads which makes use of a
suspension flexible multibody model and strain measurements on the suspension components. Wheel center
loads are the loads acting at the center of the vehicle wheels and due to the interaction with the road. Those
loads are the principal cause of damage to the vehicle structural integrity and hence are very important
for durability analyses, but their direct measurement requires the use of expensive and intrusive dedicated
measurement devices. By reusing available design simulation models and common sensors, the proposed
method thus represents an appealing alternative to the direct measurement approach. After the presentation
of the method, which is based on an augmented extended Kalman filter to perform the information fusion,
validation results on a McPherson suspension test rig are reported.

1 Introduction

When designing a new vehicle, the knowledge of so-called Wheel Center Loads (WCLs), i.e. the loads
acting on the center of the vehicle wheels and due to the interaction with the road, is needed as an input
quantity to assess durability performances [1]. In the current practice OEMs perform direct measurements
of these loads during so-called Road Load Data Acquisition (RLDA) testing campaigns in which a prototype
vehicle is heavily instrumented and then driven on proving grounds or public roads. The instrumentation
includes so-called Wheel Force Transducers (WFTs) which directly measure WCLs, but which turn out to
be expensive, intrusive and time-consuming to install. Therefore it would be appealing to find an alternative
way of measuring WCLs which does not make use of such measurement devices.
During RLDA up to hundreds of other sensor channels including strain gauges, accelerometers and displace-
ment sensors are acquired along with WFTs channels. On the other hand, virtual prototypes, i.e. system
simulation models, are more and more used to assess the vehicle performances already before the first real
prototype is built and tested. Therefore an appealing alternative is to re-use the readily available system
simulation models in combination with these other sensors, in order to virtually measure the WCLs. This
would imply a cost reduction and hence a tangible increase of the overall process efficiency.

A state estimation framework is developed in this work to perform the information fusion between the avail-
able measurements and a flexible multibody model of the vehicle suspension system. Such type of system
simulation model is needed to accurately reconstruct the time domain signal for all six WCLs. In addition,
this also allows to virtually measure the full strain field on the suspension flexible components.
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Kalman filters (KFs) are the most successfully used state estimators. These have been first introduced to
estimate the states of linear systems for which the inputs are known in [2]. However several methods have
been later on introduced which represent extensions of the traditional KF to concurrently estimate both
system states and unknown inputs, i.e. the so-called Augmented Kalman Filter (AKF) [3], [4], the so-called
Dual Kalman Filter (DKF) [5] and the herewith referred to Joint Input-State Estimator (JISE) [6].
Extensions to non-linear dynamic systems have also been proposed over the years. The most popular one is
the Extended Kalman Filter (EKF) [7], which derives from the application of a linear KF to a linearization
of the non-linear system equations. A more sophisticated approach, i.e. the Unscented Kalman Filter (UKF)
introduced in [8] makes use of so-called sigma points to estimate the state statistical moments. It results
to be more computationally expensive than the EKF but it can outperform the latter in cases in which the
system exhibits strong non-linearities. Augmented and Dual forms of such non-linear filters can be easily
obtained in order to estimates the unknown inputs of the system along with its states. Extensions of the JISE
to non-linear systems is instead more complicated and a first step in this sense has been made in [9], but only
for systems with direct feedthrough.
In many of the aforementioned works about estimation for structural dynamics problems, finite element
models were used. However a number of works related to estimation with multibody systems have also been
proposed including [10], [11], [12], [13] and [14]. In all these works, examples related to simple mechanisms
composed of rigid bodies have been given.

In this work a methodology is derived to perform input-state estimation for flexible multibody systems. The
procedure is based on an Augmented EKF in order to be computationally efficient as it is assumed that
linearizations of the system are analytically available. Furthermore implicit time-discretization schemes can
be naturally employed in the approach, which can be needed to cope with the numerical stiffness arising
in the resolution in time of the equations of motion of the system. The methodology is then validated on a
real test-rig based on a vehicle suspension system, in which six so-called Wheel Center Loads (WCLs) are
estimated along with the full strain field on the suspension components.

The paper is organized as follows. In section 2 the proposed methodology is presented. In section 3 the
system under investigation for the experimental validation is described. In section 4 the system modeling is
described along with a sensors selection strategy. Section 5 shows the validation results, while the conclu-
sions of the work are exposed in section 6.

2 Model based virtual sensing

The system under investigation is described as a flexible muldibody system, i.e. a system of interconnected
rigid or flexible bodies. The Equations of Motions (EOMs) of such a type of mechanical system can be
written in the following general form, assuming that a penalty formulation is used to enforce the constraints
between the several bodies [15]

M(q)q̈+ fnl(q, q̇,u) = 0 (1)

where M is the mass matrix, while fnl is a generic non-linear term including in general gyroscopic actions,
constraint actions, as well as external actions. q ∈ RnDOF is then the vector of the generalized coordinates,
which is a set of coordinates used to describe the configuration of the system, while u ∈ RnI is the vector of
the external inputs to the system.
The explicit dependency with respect to time of the variables in Eq.1 is omitted as it will be omitted from the
equations appearing in the rest of the chapter. In general all the variables are functions of time, unless they
are related to a specific point in time.
By introducing the vector of generalized velocities v and by writing the relationship between the latter and
the generalized coordinate vector q along with Eq.(1), the following system of equations is obtained

{
v − q̇ = 0

M(q)v̇ + fnl(q,v,u) = 0
(2)
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In case the inverse of the mass matrix M−1 exists, then a continuous-time explicit state space equation for
the system of Eq.(2) can be written as

ẋ = f(x,u) (3)

where the state vector x ∈ RnS has been defined as

x =

[
q
v

]
(4)

and the real-valued non-linear function f has also been introduced. However, for particular choices of the
generalized coordinates, as in [16] or in [17], the mass matrix M is instead not invertible and hence only a
continuous-time implicit state space equation of the following form can be written as

g(ẋ,x,u) = 0 (5)

where the real-valued non-linear function g has been introduced. This happens also in this work as the same
set of generalized coordinates as in [17], i.e. the set of so-called flexible natural coordinates, is used. Anyway
a general notation will be kept in order to derive a general procedure, while further details about such set of
general coordinates can be found in [17]. It is only added here that, as in many other generalized coordinates
choice in flexible multibody dynamics, q is composed by stacking the vectors of generalized coordinates qi

of each body i. Each of the vectors qi is then composed as qi =
[
qi
r,q

i
f

]T
where qi

r contains the rigid

coordinates used to describe the global rigid motion of each body, while qi
f contains the flexible coordinates

used to describe the part of the motion related to each body’s flexibility. This distinction will be useful in
Section 4 to describe the modeling of the flexible bodies.

It is important to mention that the choice of using a penalty formulation to obtain the EOMs in Eq.(1) is
crucial here. On the one hand, such choice implies having to introduce so-called penalty factors [15] which
are arbitrary numbers defined in order to find a balance between computational efficiency and accuracy de-
pending on the application. On the other hand, this choice offers the following decisive advantages over
other possible formulations. It implies the EOMs of the system being a set of Ordinary Differential Equa-
tions (ODEs) in contrast with the set of Differential-Algebraic Equations (DAEs) which instead results from
formulations based on Lagrange multipliers for the constraints enforcement, simplifying the estimation prob-
lem which remains unconstrained. Furthermore it also offers advantages with respect to formulations based
on independent coordinates which equally lead to sets of ODEs. For those formulations the additional steps
of expressing dependent states in function of independent ones and managing the possible change of set of
independent states are required [10], which might become a hurdle during estimation and are not required
when a penalty formulation is adopted. Different formulations of the EOMs would then lead to different
estimation problem definitions and resolutions, but a more comprehensive and detailed comparison of all the
different possibilities is out of the scope of this work.

Eqs.(3) and (5) can then be time-discretized by choosing an appropriate time-discretization scheme. If an
explicit time-discretization scheme is used for Eq.(3), then an explicit discrete-time state space equation can
be obtained in the following form

xk+1 = fd(xk,uk+1) (6)

where k and k+1 represent the current and next time step respectively. An implicit discrete-time state space
equation is instead obtained in the cases in which an implicit time-discretization scheme is applied on Eq.(3)
or either an implicit or an explicit time-discretization schemes are applied on Eq.(5), which reads

gd(xk+1,xk,uk+1) = 0 (7)

xk+1 can be explicitly computed with Eq.(6) if xk and uk+1 are given, while an iterative Newton-Raphson
scheme for the resolution of non-linear equations has to be adopted in the case of Eq.(7).
In this work an implicit integration scheme, namely backward Euler, is used in order to cope with the nu-
merical stiffness which normally arises in the numerical resolution of flexible multibody equations and to be
able to obtain a stable solution with a relatively large time step size.
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In order to provide a full state space description of the system, a measurement equation is also introduced

y = h(x) (8)

where y ∈ RnO is the system outputs vector.

Furthermore, in optimal estimation, a stochastic contribution to the equations is also introduced in order to
model uncertainties on the system. The full combined deterministic-stochastic state space description of the
system then reads {

xk+1 = fd(xk,uk+1) +wk

yk+1 = h(xk+1) + vk+1

(9)

for the case of the explicit state space equation or
{
gd(xk+1,xk,uk+1) = wk

yk+1 = h(xk+1) + vk+1

(10)

for the case of the implicit state space equation, where the so-called process noise vector and measurement
noise vector, wk and vk respectively, have been introduced. It is assumed that both wk and vk are white,
zero-mean, uncorrelated random processes with known covariance matrices Qk and Rk respectively. As it
can be seen from Eqs.(9) or (10), both the process noise and the measurement noise are considered to be
additive in this work, but the procedure described can easily be adapted if a more general noise type is to be
used.

As the aim of this work is then to estimate both states and inputs of the system, the following so-called
random walk model is introduced for the vector of unknown inputs uUK

uUK
k+1 = uUK

k +wUK
k (11)

in which wUK
k is assumed to be a white, zero-mean, uncorrelated random processes with known covariance

matrix QUK
k . The vector of unknown inputs uUK is a subset of the input vector u such that

u =

[
uK

uUK

]
(12)

where uK represents instead the subset of the known inputs. The discrete-time state space representation of
the so-called augmented system can then be obtained by combining Eq.(9) and Eq.(11) for the explicit case
or Eq.(10) and Eq.(11) for the implicit case, i.e.





xk+1 = fd(xk,uk+1) +wk

uUK
k+1 = uUK

k +wUK
k

yk+1 = h(xk+1) + vk+1

(13)

or 



gd(xk+1,xk,uk+1) = wk

uUK
k+1 = uUK

k +wUK
k

yk+1 = h(xk+1) + vk+1

(14)

for which a new augmented state vector as well as a new augmented process noise covariance matrix are
introduced as

xa =

[
x

uUK

]
, Qa

k =

[
Qk 0
0 QUK

k

]
(15)

As an EKF estimation scheme is to be applied, linearizations of the systems of Eq.(13) have to be determined
to which the following so-called state Jacobian matrices for the state equation are associated

A =
∂fd
∂xk

, B =
∂fd

∂uk+1
(16)
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Similarly for the system of Eq.(14) the following state Jacobian matrices can be obtained

A =
∂fgd
∂xk

, B =
∂fgd
∂uk+1

(17)

in which fgd is the explicit non-linear function associated with gd, such that
xk+1 = fgd (xk,uk+1), which locally exists if gd is continuously differentiable for the theorem of the implicit
function. The measurement Jacobian matrix instead is the same for both Eq.(13) and (14) and reads

H =
∂h

∂xk
(18)

The Jacobian matrices of the augmented systems then read

Aa =
∂fad
∂xa

=

[
A BUK

0 I

]
, Ha =

∂h

∂xa
k

(19)

where BUK is the matrix obtained by keeping the columns of the Jacobian matrix B related to the unknown
inputs.

It appears clear from all Eqs.(9), (10), (13) and (14) that both the state vector x and the augmented state
vector xa are now modeled as random processes. The aim of the estimation will be to provide the estimate of
the first two statistical moments of the augmented state vector xa given the sequence of measurements {yk}
and known inputs {uK

k }. The first moment corresponds to the mean value and the estimate of such quantity
for the augmented state vector, the state vector and the unknown input vector will be indicated with x̂a, x̂ and
ûUK respectively. The second moment corresponds instead to the augmented state error covariance matrix
Pa defined as

Pa
k = E

[
(xa

k − x̂a
k) (x

a
k − x̂a

k)
T
]

(20)

where E represents the expected value operator. Furthermore in the following the superscript �− will be
used to indicate quantities that are estimated by making use of measurements up to time step k, i.e. to indicate
so-called a-priori estimates. The superscript �+ will be instead used to indicate quantities that are estimated
by making use of measurements up to time step k + 1, i.e. to indicate so-called a-posteriori estimates.
It is now possible to illustrate the full estimation procedure which is obtained by applying a linear KF to the
linearized version of system of Eqs.(13) or (14). The estimation is recursive and proceeds for each time step
as indicated below.

AEKF based estimation procedure

Compute the a-priori estimate of the unknown input vector mean as

ûUK−
k+1 = ûUK+

k (21)

Compose the input vector as

uk+1 =

[
uK
k+1

ûUK−
k+1

]
(22)

Compute the a-priori estimate of the state vector mean by solving

gd(x̂
−
k+1, x̂

+
k ,uk+1) = 0 or x̂−k+1 = fd(x̂

+
k ,uk+1) (23)

Propagate the augmented state error covariance matrix by means of
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Pa−
k+1 = Aa

k Pa+
k AaT

k +Qa
k (24)

Compute the Kalman gain as

Kk+1 = Pa−
k+1H

aT
k (Ha

k Pa−
k+1H

aT
k +Rk+1)

−1 (25)

Compute the a-posteriori estimate of the state vector and of the unknown input vector as

x̂a+
k+1 =

[
x̂+
k+1

ûUK+
k+1

]
=

[
x̂−k+1

ûUK−
k+1

]
+Kk+1(yk+1 − h(x̂−k+1)) (26)

Compute the a-posteriori augmented state error covariance matrix as

Pa+
k+1 = (I−Kk+1H

a
k)P

a−
k+1 (27)

Note that by carrying out only the steps in Eqs. from (23) to (27) for each time step and by replacing the
augmented matrices Aa

k, Pa
k, Qa

k, Ha
k and Ra

k with their non-augmented counterparts Ak, Pk, Qk, Hk and
Rk, the states estimation only can be performed in case all the inputs are known.

3 Validation test rig

The estimation procedure presented in section 2 has been validated on the suspension test-rig shown in
Figure 1. The latter is based on a McPherson suspension system which is attached to a fixed frame in
correspondence of the regular connections-to-body locations and loaded at the tire contact patch by a six
DOF hydraulic shaker capable of reproducing operational road loads. This is closely related to the case of
operational vibration measurement campaigns performed on prototype vehicles driven on proving grounds
useful to gather data for fatigue assessments.

Figure 2 better shows the McPherson suspension architecture. The suspension system includes a control arm,
a lower strut, an upper strut and a tierod all connected to a steering knuckle. The four connection-to-body
locations are indicated with the red dots.
A load cell is interposed between the knuckle and the tire rim as shown in Figure 3a. While being rigidly
screwed on the knuckle side, the load cell includes bearings as well as a rotating spindle on the tire rim side
such that the rolling motion of the tire is allowed. Such device directly measures the WCLs and provides
validation signals for these quantities, which consist of three forces and three moments along and about the
three global vehicle axes.
Sensors have been distributed over knuckle and control arm for 34 strain gauges channels in total as shown in
Figure 3a and Figure 3b. This represents the main part of the test-rig instrumentation along with the load cell.
Subsets of those sensor channels will make up the sensor sets used in the estimation procedure as explained
in Section 4, while the other will be used as validation channels.
Additionally the signal from the internal lvdt sensor of the hydraulic shaker which measures the vertical
position of the latter has been acquired. This sensor signal has been used to define the experimental runs.
An optical displacement sensor is also installed in order to measure the suspension deflection, i.e. the relative
displacement between upper strut and lower strut along the strut axis, as it is visible in Figure 2. Such
displacement sensor, along with several accelerometers distributed over knuckle, control arm and frame as
well as a pair of additional strain gauges on the tierod, completes the full instrumentation. Even though those
sensors are not relevant for this work, they have been listed here for completeness.
Table 1 lists the executed experimental runs that are relevant for this work. In all of them a purely vertical
motion of the hydraulic shaker has been imposed. More in detail, sinusoidal motions of 5 mm of amplitude
at 1 Hz, 4 Hz and 8 Hz have been imposed in the three runs.
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Figure 1: The validation test-rig is based on a
McPherson suspension attached to a frame on one
side and loaded by a six DOF hydraulics shaker ca-
pable of reproducing road loads on the other side.

Figure 2: The McPherson suspension is composed of
a control arm, a tierod, a lower strut and an upper
strut all connected to a steering knuckle.

(a) A load cell is interposed between
knuckle and tire rim in order to mea-
sure the WCLs and provides the valida-
tion signals for such quantities.

(b) Several strain gauges have been distributed over the steering
knuckle and the control arm. Some of them are used in the esti-
mation procedure, while the others are used for validation.

Figure 3: The instrumentation includes sensors usually employed in RLDA testing campaigns.

4 System modeling and sensors selection

4.1 The flexible multibody model

The system is modeled as a flexible multibody model as illustrated in Figure 4. The control arm and the
steering knuckle are considered to be flexible bodies, while the tierod, the lower strut and the upper strut
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ID Signal type
Frequency Amplitude

(Hz) (mm)

1 Sine 1 5
2 Sine 4 5
3 Sine 8 5

Table 1: In the three experimental runs relevant for this work sinusoidal motions of the hydraulic shaker have
been imposed

Figure 4: The system has been modeled as a flexible multibody system. The control arm and the knuckle are
modeled as flexible bodies, while the tierod, the upper strut and the lower strut are modeled as rigid bodies.
The external loads, i.e. the WCLs, are applied to the WC which is a point rigidly connected to the knuckle.

are described as rigid bodies. The frame is considered to be rigid and fixed to the ground. Spherical joints
connect the control arm, the tierod and the upper strut to the frame. The steering knuckle is then connected
to the lower strut by a rigid joint and to both the tierod and the control arm by two additional spherical joints.
Finally, the lower strut and upper strut are connected to each other by a cylindrical joint.
The system has hence one global degree of freedom corresponding to the global vertical motion, in addition
to the flexible degrees of freedom related to the two flexible components.
The global reference frame of the model is centered in one of the connection-to-chassis locations of the
control arm. The x, y and z axes correspond to the longitudinal, lateral and vertical directions of the vehicle
respectively, as visible in Figure 4.
The external loads are considered to be applied at the Wheel Center (WC) which is a point rigidly attached
to the knuckle and is also highlighted in Figure 4. These external loads correspond to the WCLs for the
suspension system and consist of three forces and three moments along and about the three global axes and
are indicated with WCFx, WCFy, WCFz, WCMx, WCMy and WCMz. The WC is located at the
central location of the load cell shown in Figure 3a.
It is assumed that the two flexible bodies, i.e. the steering knuckle and the control arm, undergo only
small deformations and are modeled as reduced order linear finite element models. The steering knuckle
is mainly composed of quadratic tetrahedron elements while the control arm is mainly composed of bi-linear
quadrilateral shell elements with a minority of linear triangular shell elements. Rigid elements are then used
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in correspondance of the connections to the adjacent bodies. Such rigid elements connect all the nodes close
to the connection to central independent nodes, as visible in Figure 4. The independent nodes are then used
for the multibody joints definitions. The reduction of each finite element model is performed by modal
truncation augmentation method as explained in [18]. The reduction basis for each body is composed of all
the constraint modes [19] related to the interface of the body in order to ensure static completeness. The first
normal mode of the control arm is then added to the reduction basis of the latter, while no additional normal
mode is used for the normal modes set of the steering knuckle which results to be a pretty stiff component
with first eigen-frequency at 951 Hz. The flexible generalized coordinates vector qi

f of each body i hence
contains the modal participation factors related to each vector of the reduction basis.
A linear spring force element is used to model the suspension main spring, while a non linear friction force
element is used to model the viscous friction as well as the contact friction between the lower and upper
damper. The parameters related to such force elements have been obtained by optimization procedures in
order match the real system response in terms of global response over a set of relevant experimental runs.

4.2 Observability

In order to successfully build a virtual sensor, observability requirements have to be satisfied. Namely, the
systems of Eqs.(6) or (7) has to be observable, which means that the augmented state vector xa can be
observed from the output measurements in y. In this work the PBH observability test [20] is considered to
cope with this aspect, which states that the linearized version of the system in point k is observable if and
only if

rank (PBHk(s)) = rank

([
Aa

k − sI
Ha

k

])
= ns + nUK, for all s ∈ C (28)

where ns is the number of states already introduced in Section 2 and nUK is the number of the unknown
inputs. As most of the difficulties come from the estimation of the unknown inputs [4], here only the value
s = 1 Hz is considered, which corresponds to the eigenvalue of the random walk model for the unknown
inputs of Eq.(11). This leads to a theoretical condition for the minimal number of sensors, that is at least
a number of position level sensors equal to the number of unknown inputs have to be employed in the
estimation. As in this work strain gauges are to be used to estimate the six WCLs, then at least six of such
sensors have to be used.

4.3 Sensors selection

This subsection explains how the sensor subset to be used in the estimation procedure has been composed,
starting from the 34 strain gauges channel instrumented on the test-rig described in Section 3.

Figure 5 shows a comparison of strain amplitudes of response between simulated and measured signals for
experimental run 2 of Table 1. The measured signals have been directly measured with the strain gauges,
while the simulated ones have been obtained by applying the WCLs measured with the load cell to the flexible
multibody model of the system. The strain locations have been ordered on the x-axis from the least to the
most excited according to the measured values. A first sensor selection step has been applied, discarding
sensors which exhibit an amplitude of response lower than 1 µε in the reported experimental run. This to be
sure that sensors with a minimal signal-to-noise ratio will be employed. In this way the five sensors S5:+X,
S7:+X, S8:+Y, S27+X and S20:+Y have been discarded.

A second selection step has been applied to make sure that sensors that exhibit a minimal matching between
simulation and experiments will be employed. Figure 6 shows the Root Mean Square Error (RMSE) between
simulated and measured signals for the first 5 seconds of experimental run 2 of Table 1. Sensors with RMSE
lower than 0.5 have been discarded, implying the exclusion of additional 6 of the 29 strain gauges channels
remained, i.e. S17:+Y, S9:+X, S24:+Y, S18:+Y, S25:+Y and S19:+Y.
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Figure 5: Sensors with amplitude of response lower than 1 µε in a simulation resulting from the application
of the measured WCLs of experimental run 2 of Table 1 have been discarded from the sensor selection
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Figure 6: Sensors for which the RMSE between simulated and measured signal is higher than 0.5 have been
discarded from the sensors selection according to step 3 of Table 2

Finally, a selection step which maximizes the observability of the system has been applied to retrieve the
actual sensors set. An observability metric based on the observability test exposed in Subsection 4.2 has
been introduced. More in detail, it is based on the condition number of matrix PBH as

Ok = (cond (PBHk(1)))
−1 (29)

Similarly to the procedure reported in [21] and [22], the selection has been done in order to maximize
such observability metric. As the system of this work is non-linear, several linearizations over simulations
of training scenarios corresponding to the three experimental runs of Table 1 have been considered and
an averaged value of the observability metric has been maximized by means of an ad hoc optimization
procedure. A minimal number of six sensors has been selected, which resulted in the sensors set composed
of S2:+Z, S10:+X, S11:+Y, S14:+Y, S21:+Y and S22:+X and showed in Figure 7.

The sensor selection procedure is summarized in Table 2.
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Figure 7: The six sensors shown maximize a predefined observability metric

Sensors selection procedure

1. Consider the initial pool of sensors composed of the 34 strain gauges channels distributed
over Steering Knuckle and Control Arm

2. Remove sensors for which the simulated response of the model under specific training sce-
narios, namely experimental run 2 of Table 1, does not reach a certain threshold in amplitude

3. Remove sensors that do not exhibit a sufficient matching between the simulated response
of the model and the correspondent measured response for experimental run 2 of Table 1

4. Keep the 6 sensors (minimal set) that maximize a certain observability metric based on the
Popov-Belovich-Hautus (PBH) observability criteria

Table 2: The sensors to be used in the estimation have been selected in order to maximize signal-to-noise
ratios, simulated response matching with experiments and observabiltiy

5 Results

In this section the results of the application of the estimation procedure presented in Section 2 to the exper-
imental setup described in Section 3 are exposed. The objective of the estimation is to reconstruct the six
WCLs and the full strain field on the suspension components.

5.1 Estimator parameters selection

The main parameters that have to be set for the estimator are the covariance matrices for the noise processes
wk, wUK

k and vk. Matrix Rk relative to the measurement noise vk is set to be a diagonal matrix with
diagonal non-zero entries estimated from the measured channels. Matrix Qk related to wk is set to zero
as it is assumed that all the uncertainty in the system model is coming from the random walk model for the

ADVANCED TRAINING AND RESEARCH IN ENERGY EFFICIENT SMART STRUCTURES 335



-400
-200

0
200
400
600

W
C

Fx
 (

N
)

-300
-100
100
300
500
700

W
C

Fy
 (

N
)

0 0.5 1 1.5 2 2.5 3
t (s)

2400
2600
2800
3000
3200
3400

W
C

Fz
 (

N
)

100

150

200

250

W
C

M
x 

(N
m

)

Measured
Estimated

-75

-25

25

75

W
C

M
y 

(N
m

)

0 0.5 1 1.5 2 2.5 3
t (s)

-100

-50

0

50

W
C

M
z 

(N
m

)

Figure 8: All six WCLs can be accurately estimated for experimental run 2 of Table 1

unknown inputs uUK
k . For the latter indeed the relative covariance matrix QUK

k is set to a non-zero value. More
in detail, this matrix is set to be a diagonal matrix with diagonal entries all equal to the non-zero value Qu.
The latter hence turns out to be the only arbitrary parameter of the estimator. As already pointed out in other
works, including [3] and [23], Qu has the role of a regularization parameter for the estimation procedure.
A value for this parameter can be found in the example of this work, above which all the estimation results
converge to the same result with in addition a small noise increase. This corresponds to 10 and such value is
used to retrieve the estimation results shown in the following subsection. The measurement units have been
omitted forQu but they correspond toN2 in case the related input is a force and to (Nm)2 in case the related
input is a moment.

5.2 Estimation of the six Wheel Center Loads and of the strain field on the suspen-
sion components

Figure 8 shows the input estimation results for the WCLs relative to experimental run 2 of Table 1. The
estimated signals are compared with the ones directly measured with the load cell.
The results show an excellent matching between estimated and measured signals for all the six WCLs. Only
WCMy shows a little discrepancy. This is probably due to the fact that this load has a very small amplitude
as the rolling movement of the tire is allowed as explained in Section 3. For this reason the information
related to this quantity in the sensors is in the order of magnitude of the noise. Anyway the estimated ampli-
tude for this load is the smallest with respect to the other moments, which is the same condition which holds
for the measured data as well.
The excellent loads reconstruction quality is possible thanks to the accuracy of the sensors employed in the
estimator. Figure 9 reports on the top two example representative of all these sensors, i.e. S10:+X and
S14:+Y. As visible the matching between simulated and measured signals is high. Then the corrective action
of the estimator results in signals which are even closer to the measured ones.
Figure 9 then shows on the center two examples, i.e. S16:+Y and S15:+X, of the high quality of reconstruc-
tion achieved for strains not employed in the estimator. Those two examples are representative of most of
the locations. At the bottom of the same figure instead two example of points among the ones that exhibit
the worst reconstruction quality, i.e. S9:+X and S31:+Y, are reported.
Figure 10 shows instead an overview of the accuracy of the strain estimation over steering knuckle and con-
trol arm in terms of RMSE and compares it with the accuracy of the simulation also reported in terms of
RMSE. The measured signals are taken as reference for the RMSE calculations. The sensors are ordered
on the x-axis according to the measured amplitude of response as in Figure 5. It can be observed how the
overall accuracy of the strains estimation is similar to accuracy of the strains simulation. Five of the loca-
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Figure 9: All six sensors employed in the estimation exhibit a very good matching between simulation and
experiments as the one of S10:+X and S14:+Y. This is a necessary conditions to obtain an accurate input
reconstruction. S16:+Y and S15:+X are then representative of most of the other sensors not employed in the
estimator. S9:+X is an example of sensor located close to a connection between components. S31:+Y is an
example where a good tracking is achieved but the amplitude is not correctly estimated
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Figure 10: The overall quality of the strain estimation is similar to the one of the strain simulation. Higher
RMSE values mainly correspond to locations that are weakly excited or close to connections where local
effects not properly modeled might have an impact

tions with higher RMSE values correspond to very weakly excited points, i.e. S5:+X, S7:+X, S8+Y, S20:+Y
and S27:+X. Most of the remaining ones are then located close to connection points between the different
components where the influence of not properly modeled local effects might be strong. This is the case for
instance of sensor S9:+X reported in 9
Concluding, an accurate estimation can be achieved for all the six WCLs and also for the strain field over
control arm and knuckle when the sensors employed in the estimator are accurate, meaning that the matching
between simulated and measured signals is above a certain threshold as explained in Subsection 4.3.

6 Conclusions

In this work, a general procedure has been presented to perform input-state estimation for flexible multibody
systems. The procedure is based on an augmented extended Kalman filter in order to be computationally
efficient as it is assumed that linearizations of the system are analytically available. Furthermore implicit
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time-discretization schemes can be naturally employed in the approach, which can be needed to cope with
the numerical stiffness arising in the resolution in time of the equations of motion of the system.
The methodology has been then validated on a real test-rig based on a vehicle suspension system, in which
the six wheel center loads have been estimated along with the full strain field on the suspension components.
The results showed that all estimated quantities could be accurately reconstructed, as a consequence of the
high accuracy exhibited by the employed model.
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Abstract
Inertial actuators can be used with velocity feedback controllers to reduce structural vibration, but the fi-
nite stroke length can affect the behaviour and the stability of the control system. Stroke saturation results
in impulse-like excitation, which is transmitted to the structure and may result in damage. Moreover, the
shocks produced by the impacts reduce the overall damping and eventually leads to instability and limit
cycle oscillations. This paper examines the implementation of a nonlinear feedback controller in order to
avoid collisions of the proof mass with the actuator’s end stops, thus preventing this instability. Firstly, the
nonlinear model of a stroke limited inertial actuator is identified experimentally. Secondly, a nonlinear con-
trol strategy is presented, which actively increases the internal damping of the actuator, and its experimental
implementation is discussed. Finally, the estimation of the relative proof mass velocity is presented using the
nonlinear model of the actuator and an extended Kalman filter algorithm.

1 Introduction

Active solutions, using inertial actuators driven from sensors via feedback controllers, are important in the
control of vibration in lightweight and flexible structures [1]. A velocity feedback controller (VFC) consists
of an inertial actuator attached to a structure, a collocated vibration sensor on the structure and a controller,
which feeds back the velocity of the structure to the actuator. Velocity feedback controllers are capable of
increasing the effective damping in the structure, hence reducing its level of resonant vibration [2]. The
main components of an inertial actuator as illustrated in figure 1 are: a magnetic proof mass, a coil and a
suspension, which connects the proof mass to an outer casing or a base mass. The operating principle of
an inertial actuator is that an input current to the coil generates a control force on the structure by reacting
against the proof mass, which starts to accelerate [2].

One concern using inertial actuators in velocity feedback loops is that their internal, linear, dynamics will
affect the behaviour of the control system, which then becomes only conditionally stable [3]. Moreover,
mechanical nonlinearities of inertial actuators can further affect the stability of VFC. Stroke saturation is a
nonlinear effect that is due to the proof mass hitting the actuator end stops, potentially imparting large shocks
to the structure, which may be damaged. It has been observed experimentally that stroke saturation is also
undesirable in terms of the stability of the closed loop control system, because it can reduce the stability
margin, and in fact, enhance the level of vibration [4, 5]. This motivates for having accurate models of proof
mass actuators and in particular of the nonlinearities that may affect the dynamics of these devices at low
frequency or large excitation signals [6]. Several attempts have been made to overcome the issue of stroke
saturation in inertial actuators [7, 8, 9, 10].

This research sets out a theoretical and experimental study of a nonlinear control strategy (NLFC) to prevent
stroke saturation of inertial actuators. The control strategy acts as a second loop alongside the linear VFC
and implements a simple nonlinear control law using the proof mass relative velocity signal [11, 12]. The
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Figure 1: Schematic of an inertial actuator in cross-section

NLFC presented in this paper increases the internal damping of the actuator as the proof mass approaches
the end stops, whilst not affecting it when the proof mass is clear from the constraints. A drawback of this
control strategy is that it needs the relative proof mass velocity signal. In most cases it is impossible to
directly instrument the proof mass, hence a virtual sensing approach using the other available measurements
would be an interesting solution. Two different approaches are presented in this paper. The first one uses
the underlying linear deterministic model of the actuator to calculate the coefficients of a digital filter to be
applied on the current and base velocity signals. The second approach considers an extended Kalman filter
algorithm and the nonlinear model of the actuator to predict and update the estimation of the relative proof
mass velocity at each time step [13].

This paper is organised in three main sections. Section 2 investigates the nonlinear dynamics of the inertial
actuator through an experimental identification using base excitation and direct excitation experiments. Sec-
tion 3 presents the nonlinear feedback law and its experimental implementation on a control unit attached
to the free end of a cantilever beam. Section 4 introduces a state estimation approach for the relative proof
mass velocity using only the measurements of the electrical port of the actuator and the base velocity. The
conclusions are summarised in section 5.

2 Identification and modelling of nonlinearities

A large amount of literature has shown that the internal dynamics of inertial actuators affect the stability
and performance of VFCs [3]. This motivates for having an accurate models of inertial actuators and in
particular to look for nonlinearities that may affect the dynamics of such devices for large excitation signals.
This section briefly describes the methodology for the identification of mechanical nonlinearities of inertial
actuators, which has been described in detail in [6]. The electrical nonlinearities are neglected since they
mainly affect the behaviour at high frequencies. The inertial actuator considered in this study is a Micromega
Dynamics IA-01 [14]. The characterisation of the inertial actuator is performed using two experiments. The
first experimental set-up is called base excitation and is shown in figure 2(a). The actuator is mounted on
a force sensor, which is rigidly connected to an electrodynamic shaker. An accelerometer is attached to
the actuator casing in order to measure the acceleration of the base mass. The actuator’s coil terminals are
initially left open to measure the voltage due to the back-electromotive force (back-emf). The output force,
acceleration and voltage signals are acquired by a dSpace 1103 control board. The second experimental
set-up is called base blocked, or current excitation and is shown in figure 2(b). The actuator is fixed to a
rigid clamped mass and the force at the base is measured by a force cell positioned between the actuator
and the blocked mass. In this experiment, the signal generated by the dSpace is amplified by a voltage
driven current amplifier before entering the actuator leads. The amplifier also has an output monitoring port
for measuring the current of the load. Again, the current and voltage signals are acquired by the dSpace
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(a) (b)

Figure 2: (a) picture of the set-up for the base excitation experiment; (b) picture of the set-up for the blocked
base experiment

board. The underlying linear parameters for both tests have been measured by applying a broadband white
noise with small amplitude excitation and recording the measurements for 60 seconds and taking averages.
The actuator’s coil terminals are firstly left open and then shunted in order to see the additional damping
introduced by the electromechanical coupling. To identify the nonlinear behaviour, the base excitation test
has been used with large amplitude signals. The actuator’s coil terminals are left open circuit in order
to measure the back-emf and a sine-sweep excitation has been used, in order to catch all the information
about the instantaneous frequencies in the response. In this case the experiment is 60 seconds long for
linearly sweeping up (down) from 5 Hz (25 Hz) to 25 Hz (5 Hz) at a rate of 40 Hz/min (-40 Hz/min). In
order to understand the dynamic behaviour of the electrodynamic proof mass actuator, a two-port network
is built for such a system. The equivalent electromechanical nonlinear lumped parameter model of the
inertial actuator is shown in figure 3, where mb represents the base mass of the actuator and mp represents
the proof mass. The base mass and proof mass displacements are xb and xp, respectively. The actuator’s
suspension is represented by a nonlinear restoring force fRF (ẋr, xr), which for the underlying linear model
is given by the stiffness and damping coefficients kp and cp. The external force applied to the base for
the equilibrium is denoted by f . The variable ia is the current flowing through the coil, while ea is the
voltage across the coil terminals. The electromechanical coupling factor, which in general is a nonlinear
function of the displacement is φ(xr) = Bl(xr), where B is the magnetic flux generated by the permanent
magnet and l(xr) is the length of the winding exposed to the magnetic flux B. In the underlying linear
model the coupling factor is given by a constant. The voice coil is typically modelled as a series ideal
inductance Le and resistor Re. The underlying linear parameters of the inertial actuator have been identified
by matching the experimental driving-point electric and mechanical impedances and the transmissibility with
the ones calculated from the linearised lumped parameter model of figure 3 [6]. The identified parameters
are summarised in table 1.

Parameter Symbol Value Units
Base mass mb 0.054 kg
Proof mass mp 0.031 kg

Transduction coefficient φ 1.55 N/A
Natural frequency ωp 9.7 Hz

Damping ratio ζp 30% −
Coil resistance Re 3.2 Ω
Coil inductance Le 211 µH

Table 1: Identified actuator linear model parameters

In general, the assumption of linearity in the model holds only for small amplitude signals. For large ampli-
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Figure 3: Nonlinear lumped parameter model of the proof mass actuator

tude signals, a nonlinear model of the inertial actuator is required. This is crucial in case of instabilities or
large amplitude of motions. The governing equations of the nonlinear system in figure 3 can be written as,





mpẍp(t) = −fRF (ẋr(t), xr(t)) + φ(xr(t))ia(t)

f(t) = φ(xr(t))ia(t)− fRF (ẋr(t), xr(t)) +mbẍb(t)

ea(t) = φ(xr(t))ẋr(t) +Reia(t) + Le
d
dt
ia(t)

. (1)

The nonlinearity of the inertial actuator is identified following three steps, namely detection, characterisation
and parameter identification, as proposed in [15, 16]. The inertial actuator is tested using the base excitation
experiment with a harmonic signal for detecting the nonlinearities. Then a linear sine sweep up and down
excitation is used and a formulation can be chosen for the nonlinear model. Finally, the nonlinear model
parameters can be identified using the restoring force surface method [15, 16, 17] and the back-emf signal
for the transduction factor. Fig. 4(a) shows the experimental data points of the restoring force in the phase
space for the largest amplitude of excitation. It can be seen that the restoring force measurements are close to
a linear behaviour until the actuator reaches the end stops. The restoring force suddenly steepens if the proof
mass collides with the end stops. In order to identify the nonlinear parameters of the nonlinear function, an
assumption is made, which is

fRF (ẋr, xr) = fRF,v(ẋr) + fRF,d(xr), (2)

hence, the contribution of the damping and elastic restoring forces can be separated. The scattered data plot
of the measured elastic restoring force is shown in figure 4(b) with the black dots. It can be seen that the
behaviour of the elastic restoring force is piecewise linear, where the stroke saturation can be modelled as
a non-smooth function with a very large stiffness. From this scattered data plot a nonlinear model can be
fitted, which is shown in figure 4(b) with the red solid line. The elastic restoring force of the fitted polynomial
model shown in Figure 13 with the red solid line can be written as,

fRF,d(xr) =





ksat(xr + x0)− p1x0 + p2 xr ≤ −x0
p1xr + p2 |xr| < x0

ksat(xr − x0) + p1x0 + p2 xr ≥ x0
, (3)

where the parameters appearing in equation (3) are p1 = 230N/m, p2 = 0N , ksat = 2 · 104N/m and
x0 = 1.25mm. The scattered data plot of the damping restoring force is shown in figure 4(c). It is observed
that the experimental data points of the damping restoring force are well fitted by a linear model, which is
shown with a red solid line and can be written as,

fRF,v(ẋr) = p1ẋr + p2, (4)
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(a) (b)

(c) (d)

Figure 4: (a) 3D restoring force data points; (b) model identification of the elastic restoring force; (c) model
identification of the damping restoring force; (d) model identification of the transduction factor.Experimental
data (black dots), fitted curves (red solid line)

where the parameters appearing in equation (4) are p1 = 1.4N/ms−1 and p2 = 0N . The scattered data plot
of the transduction factor versus the displacement is shown in figure 4(d). The transduction factor behaviour
is polynomial and symmetric. In fact, the peak in the transduction coupling is reached for the proof mass in
centred position. From this scattered data plot a nonlinear model can be fitted, which is polynomial of the
2nd order and can be then written as,

φ(xr) = p1x
2
r + p2xr + p3, (5)

where the parameters appearing in equation (5) are p1 = −300kN/Am2, p2 = −6.5N/Am and p3 =
1.8N/A.

3 Experimental implementation of a nonlinear feedback controller

This section examines the experimental implementation of the VFC and NLFC loops for the vibration reduc-
tion of the first mode of a cantilever beam using the stroke limited inertial actuator presented in section 2.
The experimental set-up is shown in figure 5. It consists of an aluminium cantilever beam and a control unit
attached at the nodal point of the second mode of the beam. The control unit comprises the inertial actuator,
a collocated accelerometer and a force sensor. The external excitation is given by an instrumented hammer,
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Figure 5: Experimental test rig for the active vibration control of the beam

whereas the acquisition and control system are performed by the dSPACE control board, where the sampling
rate of has been set to fs = 10kHz. The parameters of the test rig are given in Tab. 2 for the beam and
control unit, and in section 2 for the nonlinear model of the inertial actuator.

Property Value
lbeam 175 mm
bbeam 25 mm
hbeam 3 mm
macc 0.005 kg
mbase 0.053 kg
mgauge 0.023 kg

Table 2: Parameters of the cantilever beam and the control unit

3.1 Velocity feedback control (VFC)

The stability of the VFC is analysed using the Nyquist criterion for the open loop FRF L(jω) = hsYcc(jω),
where hs is the velocity feedback gain and Ycc(jω) is the driving point mobility [18]. The VFC gain is set
to unity and the actuator is driven by a broadband white noise current at small level, in order the actuator
operates within its linear range. This results in the open loop FRF shown by the polar plot in figure 6. It
can be seen that the locus of the Nyquist intersects the negative real axis at a distance δ = 0.068, which
corresponds to a gain margin gm = 1/δ = 14.7 and the closed loop system being only conditionally stable.
As a result, the maximum velocity feedback gain that can be applied to the system without driving it unstable
is hs,max = 14.7. However, it has been noted that the VFC becomes unstable for feedback gains much lower
than hs,max and this has to be attributed to the stroke saturation nonlinearity [19, 20]. In fact, this instability
is caused by the proof mass leaving one end stop and quickly moving through the stroke, hitting the opposite
end stop and imparting an impulse, which is in phase with the velocity of the structure. This reduces the
overall damping of the system until the controller becomes unstable and limit cycle oscillations are observed.

3.2 Nonlinear feedback control (NLFC)

The study of the previous section motivates for the development of a nonlinear controller, whose aim is
to prevent the destabilisation of the feedback loop due to stroke saturation yet maintaining the vibration
suppression performance of the VFC. The author of [11] proposed to use a combination of relative velocity
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Figure 6: Nyquist of the measured open loop FRF with a control gain hs = 1

feedback and VFC, where the tuning of the two feedback gains is a trade off between the stability and
performance of the control system. Later on, other researchers dealt with the stroke saturation phenomenon
using a nonlinear feedback controller, which is function of the relative proof mass displacement [21]. In
this paper we merge these two ideas into a nonlinear feedback controller (NLFC) that acts as a second loop
alongside the VFC and is implemented as illustrated in the schematic of figure 7. The acceleration signal
from the accelerometer is high pass filtered and integrated to obtain the velocity at the control point ẋc. The
velocity of the structure at the control point is then amplified by a fixed VFC gain. The amplified signal is
then fed to the actuator for the VFC. The signal of the force cell, which corresponds to the control force fc
and the acceleration signal ẍc are high pass filter and the relative proof mass acceleration is calculated as,

ẍr =
fc −mcẍc

mp
, (6)

where mc = macc +mbase +mgauge +mp is the total attached mass at the control point. The relative proof
mass velocity and displacement are then calculated by high pass filtering and integrating the acceleration
signal. Then, the NLFC input signal to the inertial actuator is calculated in real time using the following
control law,

ψ(xr, ẋr) =
nrẋr

(x0 − |xr|)2p + b
, (7)

where nr is the feedback gain of the nonlinear controller, b is a limitation parameter and p is an exponent
parameter. The control law of equation (7) increases the active damping of the inertial actuator as the proof
mass approaches the end stops. As the relative displacement of the proof mass gets close to the stroke
limit, the denominator term of equation (7) reduces, hence the current proportional to the relative velocity
increases. In such a configuration, if b is set to zero, the input current for displacements close to the stroke
length can take large values, with dangerous and impractical implications. Hence, a saturation limit on
the maximum control action has to be set. The active damping added to the actuator can be derived from
equation (7) as,

cactive(xr) =
φψ(xr, ẋr)

ẋr
=

nrẋr
(x0 − |xr|)2p + b

. (8)

The control action is bounded between a minimum active damping cactive(0) = cmin, that is reached when
the proof mass is centred within the casing, and a maximum active damping cactive(x0) = cmax that is
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Figure 7: Schematic of the experimental implementation of the VFC and NLFC

reached when the proof mass saturates in stroke. From this consideration, the parameters b and nr can be
calculated. For this experiment the NLFC has been designed according to equation (7) to have cmin =
0.5 N/ms−1, cmax = 100 N/ms−1 and p = 1.

Figure 8 shows a comparison between the uncontrolled scenario (passive system, red dashed lines), the
VFC case using hs = 42%hs,max (black dash-dotted lines) and the VFC plus NLFC case also with hs =
42%hs,max (blue solid lines). Figure 8(a) shows the spectrum of the excitation force and the time history
of the velocity at the control point. Figure 8(b) instead shows the phase plane of the relative proof mass
displacement and velocity. It can be seen that in the uncontrolled case, the vibration of the structure dies out,

(a) (b)

Figure 8: (a) Spectrum of the excitation force and time history of the velocity signal at the control point; (b)
phase portrait of the relative proof mass displacement and velocity. Red dashed lines represent the response
for the uncontrolled scenario; black dash-dotted lines represent the response with the NLFC switched off and
hs = 42%hs,max; blue solid lines represent the response with the NLFC switched on and hs = 42%hs,max

but only after a certain period of time. Also, the trajectory of the proof mass starts to orbit until it eventually
decays to zero. Implementing the VFC and assuming a feedback gain hs = 42%hs,max leads to instability
for the same level of excitation of the uncontrolled case. In fact, the trajectory of the proof mass is fixed on
a limit cycle. If the NLFC is also implemented, under the same conditions of level of excitation and velocity
feedback gain, the system remains stable. This can be observed in both the time history of the structural
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Figure 9: Comparison of the stability range for the feedback laws with the experimental inertial actuator. Red
circles in the dark grey area show the experimental data points in which the VFC is stable; Black asterisks in
the light grey area show the experimental data points in which the VFC plus NLFC is stable

velocity and in the trajectory of the proof mass. Of course, the stability of the nonlinear system does not
depend only on the value of the VFC gain hs, but also on the magnitude of the excitation P . Therefore, a
parametric study has been carried out in order to investigate the potential benefits of the NLFC over different
scenarios. In particular, the stability of the system has been evaluated for each value of P and hs, and in two
different testing conditions: the VFC loop is implemented with the NLFC switched off, and when both the
VFC and NLFC are implemented. For each scenario, the operating region of the inertial actuator is defined
as,

OR(P, hs) = {(P, hs) max
t→∞

|xr(t)| < x0}, (9)

where the sets of (P, hs) inside the operating region are those in which the system is stable and the inertial
actuator is adding damping to the structure. In this case the beam has been excited with three different levels
of excitation, namely: low (below 20 N), medium (between 20 N and 30 N) and high (above 30 N). For each
level of excitation, the test has been repeated increasing the velocity feedback gain from the uncontrolled
case to hs,max. The parametric study has been conducted firstly with the VFC loop only and secondly with
both the VFC and NLFC in order to compare the operating regions of the inertial actuator with the two
different control strategies. The results are shown in Fig. 9, where the red circles are the experimental data
points in which the VFC is stable, and the black asterisks are the experimental data points in which the VFC
plus NLFC is stable. The data points of the two control strategies defines the operating region of the inertial
actuator that is highlighted by the light grey area for the VFC strategy and by the dark grey area for the VFC
plus NLFC strategy. Hence, the main finding of the experimental study is that the added NLFC loop is able
to increase the safe operating region of the inertial actuator.

4 State estimation

This section investigates two approaches for the estimation of the proof mass velocity from the available
measurements. Often inertial actuators are surrounded by protective casings, thus preventing the proof mass
to be directly instrumented with an accelerometer or a strain gauge. In fact, the previous section dealt with the
problem of measuring the proof mass velocity by using a force gauge to measure the control force and then
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retrieving the proof mass velocity considering the dynamic equation (6). However, a force gauge adds mass
to the structure and is an expensive device. A better idea is to use a virtual sensor that calculates the proof
mass velocity using the available measurements and the mathematical model of the actuator. Section 4.1
presents an open loop algorithm that calculates the proof mass velocity applying a digital filter to the current
and base velocity signals, where the digital filter coefficients are calculated from the actuator underlying
linear dynamics. Section 4.2 instead presents an extended Kalman filter algorithm that calculates the optimal
estimate of the proof mass velocity using the nonlinear model of the actuator and the voltage, current and
base acceleration signals.

4.1 Linear deterministic model

Considering an underlying linear model of the inertial actuator in figure 3 and that the control force fc = −f ,
the equation of motion of the proof mass and the control force can be written as,




jωmpẊp(jω) = φIa(jω)− [cp +

kp
jω

]Ẋr(jω)

Fc(jω) = −jωmpẊp(jω)− jωmbẊb(jω)

, (10)

where Ẋb(jω) is the base mass velocity in frequency domain. From the set of equations (10) the control
force results,




Fc(jω) = −φIa(jω) + [cp +

kp
jω

]Ẋr(jω)− jωmbẊb(jω)

Fc(jω) = −jωmpẊr(jω)− jω(mp +mb)Ẋb(jω)

. (11)

Equalling the right hand side terms of the set of equations (11) leads to the equation of motion of the relative
coordinate, which can be solved for the relative velocity as,

Ẋr(jω) =
φIa(jω)− jωmpẊb

jωmp + cp +
kp
jω

. (12)

Equation 12 can be divided into two transfer functions: one for the current and one for the base velocity.
These transfer functions are then translated in the digital domain using the bilinear transformation consider-
ing a pre-warping coefficient µ given by,

µ =
ωp

tan(
ωp

2fs
)
, (13)

where fs is the sampling rate. Thus, the digital filter applied to the current becomes,

H1d(z) =
Ẋr(z)

Ia(z)
=

φµ− φµz−2
(mpµ2 + cpµ+ kp) + (2kp − 2mpµ2)z−1 + (mpµ2 − cpµ+ kp)z−2

, (14)

and the digital filter applied to the base velocity becomes,

H2d(z) =
Ẋr(z)

Ẋb(z)
=

−mpµ
2 − 2mpµ

2z−1 −mpµ
2z−2

(mpµ2 + cpµ+ kp) + (2kp − 2mpµ2)z−1 + (mpµ2 − cpµ+ kp)z−2
. (15)

Finally, combining the filtered signals using equation (14) and equation (15) gives the estimation of the
relative proof mass velocity. However, this is an open loop approach, thus a change in the system that is not
considered in the model gives a poor estimation of the proof mass velocity.
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4.2 Extended Kalman filter (EKF)

An approach that considers the nonlinearities in the model and gives a correction term to the estimate based
on some measurements is given by the extended Kalman filter (EKF) [13]. The dynamic equations of the
system in figure 3 can be written as,

{
mpẍr + cpẋr + κ(xr)xr = φia −mpẍb

ea = φẋr +Reia
, (16)

where the inductive term Le
d
dt ia has been neglected and the nonlinear stiffness κ(xr) is given by,

κ(xr) =




kp |xr| < x0

kp + kc(1−
x0
|xr|

) |xr| ≥ x0
, (17)

according to equation (3), where kc = ksat − kp is the impact stiffness. Considering the current signal and
the base acceleration signal as inputs to the system and the voltage signal being the output measurement, the
set of equations (16) can be written in state space form as,

{
ẋ = A(x)x + Bu + W

y = Cx + Du + V
, (18)

where the state vector is x = [xr ẋr]
T and the input vector is u = [ia ẍb]

T . The system matrix is given by,

A =

[
0 1

−κ(x1)
mp

− cp
mp

]
, (19)

where the nonlinear stiffness is given by equation (17). The input matrix B is given by,

B =

[
0 0
φ
mp

−1

]
, (20)

the output is y = ea and the output matrices are C = [0 φ] and D = [Re 0]. W is the covariance matrix for
the process noise, whereas V is the covariance matrix for the measurement noise. The observability matrix
of the system of equation (18) is given by [13],

Ob =

[
C
CA

]
=

[
0 φ

−φκ(x1)
mp

−φcp
mp

]
, (21)

which has rank 2, hence the system is observable [13]. The EKF algorithm linearises the system at each time
step, it predicts the state values using the inputs to the system, then it updates the state estimation using the
output measurement value. The EKF approach presented in this section and the linear digital filter discussed
in section 4.1 are compared to the case where the proof mass velocity was calculated from the force gauge
measurement. Figure 10(a) shows the proof mass velocity when the actuator operates within its linear range.
The blue solid line represents the proof mass velocity derived from the force gauge measurement, the black
dash-dotted line shows the virtual measurement using the linear deterministic model and the red dashed line
represents the estimation using the EKF algorithm. Since the actuator is operating within its linear range the
two virtual sensing approaches can reliably predict the proof mass velocity signal. However, this no longer
apply when the actuator enters its nonlinear regime of motion. Figure 10(b) shows the response to the system
when the actuator is subject to a limit cycle oscillation. In this scenario, the linear digital filter no longer
describes correctly the proof mass velocity, whereas a better estimation is given by the EKF. The time history
of the proof mass velocity given by the EKF almost matches the one measured with the force gauge except
for a time delay, as shown in figure 10(b).
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(a) (b)

Figure 10: Time histories of the relative proof mass velocity measured by using the force gauge (blue solid
line), linear deterministic digital filter (black dash-dotted line) and EKF (red dashed line). (a) Linear re-
sponse; (b) nonlinear response

5 Conclusions

This paper presented a nonlinear feedback controller that aims to prevent stroke saturation instability and its
implementation using a virtual sensor is discussed.

Firstly, an experimental investigation on the nonlinear behaviour of the inertial actuator has been presented.
Base excitation and direct excitation experiments have been performed in order to characterise and to iden-
tify the linear and nonlinear parameters of the actuator. in particular, the nonlinear parameters have been
identified using the restoring force method and the back-electromotive force signal. Secondly, the nonlinear
feedback control strategy has been presented and its real-time experimental implementation on a control unit
attached to a cantilever beam has been discussed. The nonlinear controller operates as a second loop along-
side the classical velocity feedback and it increases the internal damping of the actuator as the proof mass
approaches the end stops. It has been shown that the nonlinear feedback controller is able to increase the safe
operating region of the actuator. Hence, larger feedback gains can be used, or larger impulse excitations can
be withstood, without the system becoming unstable if this nonlinear controller is used. Finally, the estima-
tion of the proof mass velocity from the available measurements and the actuator model has been discussed.
Preliminary results showed that an extended Kalman filter algorithm that uses the current signal and the base
acceleration signal as inputs and the voltage signal across the actuator terminals as output measurement can
accurately predict the proof mass velocity, hence it can be used as a virtual sensor algorithm. Future work
may be related to the experimental implementation of such virtual sensor algorithm.
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Abstract 
This paper presents a simulation and experimental study on the flexural response of rectangular thin panels 

equipped with shunted piezoelectric patches for multiple frequency band vibration control. The piezoelectric 

patches are connected to electrical multi-resonant shunt circuits, composed of several parallel RLC 

branches. Each branch is adjusted in such a way as to control the plate flexural response in a given frequency 

band. A practical methodology based on the maximisation of the electrical power absorption is proposed to 

set RLC branch components in such a way as to reduce the flexural response of the panel. The vibration 

control effects are investigated with reference to the PSD of the total flexural kinetic energy of the panel 

and the PSD of the total electrical power absorbed by the shunt circuits. The study shows that the proposed 

tuning procedure can be effectively used to set the RLC components of the shunts in such a way as to reduce 

low-frequency resonance peaks of the plate flexural response. 

1 Introduction 

This paper proposes a novel practical tuning method for current flowing multi-resonant shunts connected to 

piezoelectric patches that are bonded on thin structures to reduce the effects of flexural vibrations in a wide 

frequency band. The multi-resonant shunts are formed by multiple RLC branches connected in parallel. The 

proposed method sequentially sets the RLC elements of the branches in each shunt in such a way as to 

maximise the vibration energy absorption from a progressively larger number of resonant flexural modes of 

the hosting structure. In practical applications, the vibration energy absorption is estimated from the 

measured electric power absorbed by each shunt. In this way, the on-line tuning algorithm can be 

conveniently implemented in the electronic board of the shunts. To make the proposed tuning approach 

more readily comprehensible, a simple problem is first considered in Section 2, which is composed by a thin 

rectangular plate equipped with two piezoelectric patches connected to multi-resonant current-flowing 

shunts and excited by a rain on the roof space and time stochastic disturbance. The flexural response of the 

plate is derived by combining the classical modal formulation for the coupled electromechanical response 

of the plate and piezoelectric patches with an original modal formulation for the electric response of the 

multi-resonant shunts described in [1]. The proposed tuning approach of the RLC components in the 

branches of the shunts is then introduced and discussed. Finally, experimental validation of the proposed 

tuning method of multi-resonant is presented in Section 3. 

 

355



2 Simulation studies 

2.1 Description of the system 

Figure 1 presents the system considered in this study, which comprises a simply supported rectangular thin 

plate with two piezoelectric patches bonded to its surface and connected to multi-resonant shunt circuits. 

The geometry and physical properties of the plate and piezoelectric patches are summarised in Table 1. As 

shown in Figure 1(a) the plate is excited by a white noise, rain-on-the-roof stochastic process, which is 

modelled as an 4 × 4 array of uncorrelated point forces distributed over the surface of the plate. The 

piezoelectric patches are connected to the multi-resonant shunts which are formed by cascades of parallel 

RLC branches as depicted in Figure 1(b). Each branch possesses a band pass filter composed by a inductor 

𝐿𝑓𝑖𝑗 and a capacitor 𝐶𝑓𝑖𝑗 connected in series, which produces a current flowing effect with centre frequency 

𝜔𝑓𝑖 = 1 √𝐿𝑓𝑖𝑗𝐶𝑓𝑖𝑗⁄ . The remaining inductances 𝐿𝑠𝑖𝑗 and resistances 𝑅𝑠𝑖𝑗 also connected in series constitute 

a shunting part of the circuit and generate the vibration energy absorption effects at the frequencies 𝜔𝑠𝑖 =

1 √𝐿𝑠𝑖𝑗𝐶𝑝𝑒𝑗⁄ . In practice, by combining the series inductors together 𝐿𝑓𝑖𝑗 − 𝐿𝑠𝑖𝑗, the multi-resonant shunt 

can be further simplified as shown in Figure 1(c). 

 

 

Figure 1: Plate equipped with two piezoelectric patch transducers and subjected to a rain on the roof 

excitation modelled as an 4 × 4 array of uncorrelated point forces (a), electrical model of the piezoelectric 

patch connected to the current-flowing shunt (b), simplification of the current-flowing shunt circuit (c). 

Parameter Plate Piezoelectric patches 

dimensions 𝑙𝑥𝑝 × 𝑙𝑦𝑝 = 414 × 314 𝑚𝑚 𝑙𝑥𝑝𝑒 × 𝑙𝑦𝑝𝑒 = 85 × 85 𝑚𝑚 

thickness ℎ𝑝 = 1 𝑚𝑚 ℎ𝑝𝑒 = 1 𝑚𝑚 

density 𝜌𝑝 = 2700 𝑘𝑔/𝑚3 𝜌𝑝𝑒 = 7600 𝑘𝑔/𝑚3 

Young’s modulus 𝐸𝑝 = 7 × 1010 𝑁/𝑚2 𝐸𝑝𝑒 = 2.7 × 1010 𝑁/𝑚2 

Poisson ratio 𝜐𝑝 = 0.33 𝜈𝑝𝑒 = 0.275 

modal damping ratio 𝜁𝑝 = 0.02 𝜁𝑝𝑒 = 0.02 

strain/charge constants  𝑑31
0 = 150 × 10−12 𝑚/𝑉 

𝑑32
0 = 150 × 10−12 𝑚/𝑉 

𝑑36
0 = 0 

permittivity for constant stress  𝜀𝑝𝑒
𝑇 = 84 × 10−9 𝐹/𝑚 

capacitance  𝐶𝑝𝑒 = 2.113 × 10−7 𝐹 

centre position patch j=1  𝑥𝑝𝑒1 = 166 𝑚𝑚 ,  𝑦𝑝𝑒1 = 266  𝑚𝑚 

centre position patch j=2  𝑥𝑝𝑒2 = 333 𝑚𝑚 ,  𝑦𝑝𝑒2 = 133  𝑚𝑚 

Table 1: Dimensions and physical properties of the panel and piezoelectric patches 
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2.2 Mathematical model 

The mathematical formulation for the coupled flexural response of the panel and piezoelectric patches is 

based on Refs. [1,2] and considers the classical theory of out of plane flexural vibrations in plates that refers 

to Kirchhoff hypothesis [3]. In-plane vibrations are not taken into account, which is a reasonable assumption 

within the considered frequency range (20 Hz – 1 kHz). The response of the system is derived from the 

generalised form of Hamilton’s principle for electromechanical systems [4-7]. Two matrix equations are 

derived for the flexural response of the panel, which is expressed in terms of R modal coordinates for the 

flexural modes of the plain panel [8], and for the electric response of the shunts [1]: 

𝐌𝑡�̈�(𝑡) + 𝐂𝑝�̇�(𝑡) + 𝐊𝑡𝐝(𝑡) + 𝛉𝑝𝑒𝐯𝑠(𝑡) = 𝚽𝑝𝐟𝑝(𝑡) , (1) 

−𝛉𝑝𝑒
𝑇 𝐝(𝑡) + 𝐂𝑝𝑒𝐯𝑠(𝑡) = 𝐪𝑠(𝑡) . 

(2) 

Here 𝐝 = ⌊𝑑1 ⋯ 𝑑𝑅⌋𝑇 is the vector with the modal coordinates, 𝐟𝑝 = ⌊𝑓𝑝1 ⋯ 𝑓𝑝16⌋𝑇 is the vector 

with the amplitudes of the 4×4 array of forces acting on the plate. As shown in Refs. [1,2], 𝐌𝑡 = 𝐌𝑝 + 𝐌𝑝𝑒 

and 𝐊𝑡 = 𝐊𝑝 + 𝐊𝑝𝑒 are the 𝑅 × 𝑅 modal mass and stiffness matrices, which are given by the sum of a 

diagonal matrix for the plate effect and a fully populated matrix for the piezoelectric patches effects. Also, 

𝐂𝑝 is the 𝑅 × 𝑅 modal damping matrix of the plate and 𝚽𝑝 is a  𝑅 × 16 matrix with the modal amplitudes 

at the excitation points. The vectors 𝐪𝑠 and 𝐯𝑠 contain the charges and voltages of the shunts. Also, 𝐂𝑝𝑒 is 

the diagonal matrix with capacitances of the piezoelectric patches 𝐶𝑝𝑒𝑗 = 𝜀𝑝𝑒
𝑆 𝐴𝑝𝑒/ℎ𝑝𝑒. Finally, 𝛉𝑝𝑒 is the 

𝑅 × 2 piezoelectric coupling matrix. The details of all these matrices, as well as the formulation for the 

system response in terms of the total time averaged flexural kinetic energy of the plate and total time 

averaged power absorbed by the shunt circuits can be found in [1]. 

2.3 The current flowing multi-resonant shunt 

Figure 1(b) presents the current flowing shunt circuit introduced by Behrens et al. [9] as a mean to simplify 

the implementation of multi-resonant shunt circuits. In contrast to other multi-resonant shunts, the current-

flowing shunt requires one RLC branch per one resonance frequency of the target flexural mode of the 

hosting structure. Assuming the capacitances 𝐶𝑓1𝑗, … , 𝐶𝑓𝑁𝑗 are fixed a priory, the filtering parts of the 

branches 𝐿𝑓𝑖𝑗 − 𝐶𝑓𝑖𝑗 produce the current-flowing effects by approximating short circuits at frequencies of 

the target flexural modes: 𝜔𝑟1, 𝜔𝑟2, ⋯ , 𝜔𝑟𝑁, while approximating open circuits at frequencies of the 

neighbouring branches. This is achievable by setting the inductance values 𝐿𝑓1𝑗, … , 𝐿𝑓𝑁𝑗 to 𝐿𝑓1𝑗 =
1

𝜔𝑟1
2 𝐶𝑓1𝑗

,

𝐿𝑓2𝑗 =
1

𝜔𝑟1
2 𝐶𝑓2𝑗

, … , 𝐿𝑓𝑁𝑗 =
1

𝜔𝑟𝑁
2 𝐶𝑓𝑁𝑗

. Then, for the given capacitance 𝐶𝑝𝑒𝑗 of the piezoelectric patch, the 

remaining inductances 𝐿𝑠𝑖𝑗 , … , 𝐿𝑠𝑁𝑗 from the shunting part of the circuit can be tuned to obtain the vibration 

absorption effects at the frequencies of the target flexural modes i.e. 𝐿𝑠1𝑗 =
1

𝜔𝑟1
2 𝐶𝑝𝑒𝑗

, 𝐿𝑠2𝑗 =

1

𝜔𝑟2
2 𝐶𝑝𝑒𝑗

, … , 𝐿𝑠𝑁𝑗 =
1

𝜔𝑟𝑁
2 𝐶𝑝𝑒𝑗

 . Also the resistances 𝑅𝑠1𝑗 − 𝑅𝑠𝑁𝑗 can be optimised in such a way as to maximize 

the vibration absorption effects. Moreover, as depicted in Figure 1(c), the two inductors from each branch: 

𝐿𝑓𝑖𝑗, 𝐿𝑠𝑖𝑗 can be combined together to form the simplified circuit, whose branch inductances are given by 

the following formula: 

𝐿𝑏𝑖𝑗 = 𝐿𝑓𝑖𝑗 + 𝐿𝑠𝑖𝑗 =
1

𝜔𝑟𝑖
2 𝐶𝑓𝑖𝑗

+
1

𝜔𝑟𝑖
2 𝐶𝑝𝑒𝑗

=
𝐶𝑓𝑖𝑗 + 𝐶𝑝𝑒𝑗

𝜔𝑟𝑖
2 𝐶𝑓𝑖𝑗𝐶𝑝𝑒𝑗

 (3) 

This approach not only reduces the number of required passive components, but also delivers an 

approximate formula for the tuning of the resultant branch inductances. 

In this study, each branch of the simplified current flowing shunt (i.e. 𝐿𝑏𝑖𝑗 and 𝑅𝑠𝑖𝑗) is tuned in such a way 

as to maximise the vibration energy absorption from a specific resonant flexural mode of the plate structure. 
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2.4 Single resonance RL vs single resonance current flowing shunt 

In this section the vibration absorption effect generated by a single piezoelectric patch connected to a 

classical RL shunt is contrasted with the effects produced by a single branch current flowing shunt. Here, 

the assumption is made that piezoelectric patch N.1 is connected to a classical RL shunt, whereas 

piezoelectric patch N.2 is left in open loop. Figure 2 shows the time averaged total flexural kinetic energy 

of the plate K, and total time averaged total power absorbed by the shunt P when the shunt inductance 𝐿𝑠11 

is iteratively increased in the range 2 − 300 H and the shunt resistance 𝑅𝑠11 is varied from 100 Ω to  2 𝑘Ω. 

Assuming constant piezoelectric patch capacitance 𝐶𝑝𝑒1 = 2.113 × 10−7 F an inevitable increase of the 

inductance causes a gradual decrease of the resonance frequency of the circuit in accordance to the formula.  

𝜔𝑠11 =
1

√𝐿𝑠11𝐶𝑝𝑒1
 . (3) 

 

Figure 2: Time averaged total flexural kinetic energy of the smart plate structure (a) and time averaged 

electrical power absorbed (b) by the RL shunt circuit connected to the piezoelectric patch N.1.  

Left-hand side plots (a) of figure 2 show that, when the shunt implements low resistance, the time averaged 

total flexural kinetic energy of the plate is characterised by multiple subsequent troughs aligned in parallel 

to the inductance axis. These troughs indicate the local minima of the time averaged total flexural kinetic 

energy and occur when the resonance frequency of the shunt 𝑓𝑠11 is equal to one of the four resonance 

frequencies of the low order flexural natural modes of the plate, that is 𝑓𝑟1 = 44 Hz, 𝑓𝑟2 = 92 Hz, 𝑓𝑟3 =
135 Hz 𝑓𝑟4 = 190 Hz. Right-hand side plots (b) of figure 2 show the corresponding responses of the shunt 

in terms of the time averaged total electric power absorbed, which in this case, show a sequence of crests 

aligned in parallel to the inductance axis. One can note that the troughs depicted in plots (a) coincide with 

crests depicted in plot (b), which indicate that the minima of the kinetic energy and maxima of the electric 

power absorbed occur for the same shunt inductance and resistance (𝐿𝑠11, 𝑅𝑠11). This means that when shunt 

minimises the kinetic energy of the vibrating plate, the absorption of the electric power is in fact maximised. 

Indeed the maxima of the crests for the absorbed electric power, and thus the minima of the troughs for the 

plate flexural kinetic energy occur when the  

resonance frequency of the shunt 𝑓𝑠11 is close to one of the four aforementioned resonance frequencies of 

the flexural natural modes of the plate. Such result suggests that the RL components of the shunt can be 

tuned to locally minimise the response of a flexural resonant mode of the plate by locally maximising the 

total power absorbed in correspondence to this mode. 
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Figure 3: (a) RLC Shunt circuit configurations having 𝐶𝑓11 =  10𝐶𝑝𝑒1 (first row), 𝐶𝑓11 =  𝐶𝑝𝑒1 (second 

row), 𝐶𝑓11 =  0.1𝐶𝑝𝑒1 (third row); Time averaged total flexural kinetic energy of the smart plate structure 

(b) and time averaged electrical power absorbed (c) by the RLC shunt circuits connected to the piezoelectric 

patch N.1. 

The effects produced by the single branch current flowing shunt are now investigated. As described in the 

previous section, a single branch of the current flowing shunt can be assembled by adding in series to a 

classical RL shunt an inductor and a capacitor (𝐿𝑓11, 𝐶𝑓11), which together form a bandpass filter. The filter 

itself produces the current flowing effect, which limits the bandwidth of the current signal being passed to 

the shunting part of the circuit (𝑅𝑠11, 𝐿𝑠11) to a narrow band with a centre frequency at  

𝜔𝑓1 =
1

√𝐿𝑓11𝐶𝑓11
. The shunting inductance 𝐿𝑠11 is then set up to trigger the vibration absorption effect at the 

centre frequency of the filtered current signal, such that  

𝜔𝑠11 =
1

√𝐿𝑠11𝐶𝑝𝑒
= 𝜔𝑓1. Since, both frequencies are adjusted to be the same, combining two inductances 

𝐿𝑏11 = 𝐿𝑠11 + 𝐿𝑓11, leads to electrical resonance frequency given by 

𝜔𝑏1 =  𝜔𝑓1 = 𝜔𝑠11 = √
𝐶𝑝𝑒1+𝐶𝑓11

𝐿𝑏11𝐶𝑝𝑒11
 . (3) 

The subsequent plots in figure 3 show the time averaged total flexural kinetic energy of the plate (a), and 

the time averaged total electric power absorbed by the shunt (b), with respect to the combined inductance 
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of the shunt 𝐿𝑏11 (upper horizontal axes) and resistance 𝑅𝑠1 when the capacitance of the shunt 𝐶𝑓11 is set to 

three different values equal to 𝐶𝑓11 = 10𝐶𝑝𝑒1, 𝐶𝑓11 = 𝐶𝑝𝑒1, 𝐶𝑓11 = 0.1𝐶𝑝𝑒1. Additional reference is made 

to the electrical resonance frequency of the shunt 𝑓𝑏1 presented as the bottom horizontal axes. 

 

The sequential plots in Figure 3 show that, when the combined inductance 𝐿𝑏11 is varied within designated 

ranges, the electrical resonance frequency 𝜔𝑏1 is swept between 20 and 250 Hz. Also in this case, the graphs 

indicate the existence of the kinetic energy troughs and corresponding electrical power crests associated 

with four resonance frequencies of the plate. As the value of the shunts filter capacitance 𝐶𝑓11 is gradually 

decreased with respect to the capacitance of the piezoelectric patch 𝐶𝑓11, the troughs and crests become 

progressively more narrow. Thus, to obtain a narrow band resonance effect for the vibration absorption from 

low order natural modes, a relatively small capacitances 𝐶𝑓11with respect to the internal capacitance of the 

piezoelectric patch 𝐶𝑝𝑒 is required. On the other hand, a low filtering capacitances 𝐶𝑓11 enforces the 

application of a high aggregate inductance 𝐿𝑏11 = 𝐿𝑠11 + 𝐿𝑓11, which are necessary to obtain the assumed 

filtered vibration absorption effect. This leads to common practical implementation problems, where large 

inductance components have to be synthetized from active circuits comprising operational amplifiers [10].  

2.5 Sequential tuning of the multi-resonant current flowing shunt 

In this section a vibration control method based on sequential tuning of the multi-resonant RLC branches 

connected to the two piezoelectric patches is proposed. The procedure starts with piezoelectric patch N.1 

connected to a single branch of the current flowing shunt, whereas the piezoelectric patch N.2 remains in 

open loop. Throughout this example, the number of branches connected to piezoelectric patch N.1 is 

iteratively increased up to four. The simulation results of this operation are summarized in Figure 4, which 

is divided into four rows each with three plots that show (a) the shunt circuit configuration used at this step 

of the procedure, (b) the time averaged total kinetic energy of the plate and (c) the time averaged total power 

absorbed by the shunt. The first row of Figure 4 depicts the case described before, when one of the 

piezoelectric patches is connected to a single branch of the current flowing shunt. Again, the two surface 

plots indicate sequences of parallel troughs and crests that occur for the shunt inductance 𝐿𝑏11 such that the 

branch resonates in correspondence to one of the four resonances of the flexural natural modes of the plate. 

When the common inductance 𝐿𝑏11 and resistance 𝑅𝑠11 of this branch are set to the values indicated by 

black dots on the surface plots: 𝐿𝑜𝑝𝑡1, 𝑅𝑜𝑝𝑡1, the power absorbed in correspondence to the fourth crest would 

be maximised and thus the flexural kinetic energy associated with fourth trough minimised. Next, when the 

second RLC branch is added in parallel to the shunt circuit as depicted in plot (a) in the second row of Figure 

4, the corresponding surface plots (b) and (c) are characterised by only three troughs and three crests, such 

that the second branch can resonate in correspondence to one of the three resonance frequencies of the plate. 

Note, that there is no fourth trough and fourth crest since the first branch of the shunt is already tuned. If 

now the components of the second branch are fixed such as 𝐿𝑏21 = 𝐿𝑜𝑝𝑡2, 𝑅𝑠21 = 𝑅𝑜𝑝𝑡2, the power absorbed 

in correspondence to the third crest would be maximised and the flexural kinetic energy with respect to the 

third through minimised. At this point the third branch can be added to the shunt circuit as shown in plot (a) 

of the third row. In this case, the corresponding plots (b) and (c) show only two troughs and two crests as 

the shunt is already tuned according to the third and fourth ones. The inductance 𝐿𝑏31 and resistance 𝑅𝑠31 

can be now set to the values that would maximise the power and minimise the kinetic energy related to the 

second trough and second crest. In the last row of Figure 4, plots (b) and (c) show only one remaining trough 

and crest, thus the branch components: 𝐿𝑏41, 𝑅𝑠41 can be set according to the optimal values indicated by 

the black dots (𝐿𝑜𝑝𝑡4, 𝑅𝑜𝑝𝑡4) to maximise the absorbed electric power and minimise the flexural kinetic 

energy of the last crest and trough. This procedure can also be illustrated in terms of the Power Spectral 

Density functions of the plate flexural kinetic energy and electric power absorbed by the shunt circuit. Figure 

5 shows how the aforementioned energy functions are incrementally modified by successively adding 

optimally tuned RLC branches. 
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Figure 4: (a) Configuration of the multi-resonant shunt circuit; (b) Time averaged total flexural kinetic 

energy of the smart plate structure, (c) time averaged electrical power absorbed and (c) by the RLC multi-

resonant shunt circuits connected to the piezoelectric patch N.1, while the piezoelectric patch N.1 

implements a four branches multi-resonant shunt. 

The simulation results depicted in Figure 5 are divided into 4 rows, where plots (b) in each row capture 

power spectral density functions associated to the shunt configuration depicted in plot (a). Starting from the 

first row, when the piezoelectric patch N.1 is connected to the optimally tuned (𝐿𝑏11 = 𝐿𝑜𝑝𝑡1, 𝑅𝑠11 = 𝑅𝑜𝑝𝑡1) 

single branch RLC shunt, the PSD of the flexural kinetic energy is minimised in correspondence to the fifth 

resonance frequency of the plate, whereas the PSD of the absorbed electric power (dotted black line) is 

characterised by a dominant peak at the fifth resonance frequency of the plate. Note, that plots (b) and (c) 
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in the first row of Figure 4 are characterised respectively by four troughs and four crest, while the PSD 

function from Figure 5 comprises five resonance peaks. Indeed, plots in Figure 4 do not show through and 

crest in correspondence to the fourth resonance frequency of the plate. This is due to the fact that the 

piezoelectric patch N.1 is positioned in the vicinity of a nodal line of the fourth flexural mode of the smart 

plate so that the patch is weakly coupled with this mode. As a result, the shunt cannot extract vibration 

energy and thus minimise the flexural response of this resonant mode. When the second branch is connected 

and tuned in correspondence to the third crest and trough i.e. 𝐿𝑏21 = 𝐿𝑜𝑝𝑡2, 𝑅𝑠21 = 𝑅𝑜𝑝𝑡2, the PSD of the 

flexural kinetic energy would be effectively minimised in correspondence of the third and fifth resonance 

frequencies of the plate, whereas the PSD of the absorbed electric power (dotted black line) would be 

characterised by two dominant peaks at these two resonance frequencies. Application of the third branch 

optimised with respect to the second trough and crest, such as 𝐿𝑏31 = 𝐿𝑜𝑝𝑡3 and 𝑅𝑠31 = 𝑅𝑜𝑝𝑡3 results in the 

PSD of the flexural kinetic energy (solid black line and green line) being brought down in correspondence 

of the second, third and fifth resonance frequencies of the plate. Finally, addition of the fourth branch tuned 

to the first trough and crest (𝐿𝑏41 = 𝐿𝑜𝑝𝑡4, 𝑅𝑠41 = 𝑅𝑜𝑝𝑡4) completes the tuning sequence for the 

piezoelectric patch N.1. In this case the PSD of the flexural kinetic energy (black solid line and green solid 

line) is brought down in correspondence of the first, second, third and fifth resonance frequencies of the 

plate, whereas the PSD of the absorbed electric power (dotted black line) is characterised by four peaks at 

the first, second, third and fifth resonance frequencies of the plate. 

 

 

Figure 5: (a) Configuration of the multi-resonant shunt circuit; (b) PSD of the plate flexural kinetic energy 

(solid black line no shunt; solid green line with shunt) and electric power absorbed by the shunt (dotted 

black line) by the RLC multi-resonant shunt circuits connected to the piezoelectric patch N.1. 
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Figure 6: (a) Configuration of the multi-resonant shunt circuit; (b) Time averaged total flexural kinetic 

energy of the smart plate structure, (c) time averaged electrical power absorbed and (c) by the RLC multi-

resonant shunt circuits connected to the piezoelectric patch N.2, while the piezoelectric patch N.2 

implements a four branches multi-resonant shunt.  

The same procedure can now be implemented for the piezoelectric patch N.2 assuming that the 

piezoelectric patch N.1 is already connected to the four branches multi-resonant shunt set to control the 

flexural response of the first, second, third and fifth resonances of the plate. Figure 6 shows the analogous 

sequence of plots as Figure 4, which is once more organised in four rows, each with three plots that show 
(a) the shunt circuit configuration, (b) the plate time averaged flexural kinetic energy, (c) the shunt time -

averaged absorbed electric power. These plots present a very similar story to that depicted in Figure 4 for 

the piezoelectric patch N.1. Therefore, the same procedure is carried on to find the optimal values of the 
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inductance and resistance elements in the four branches connected to the piezoelectric patch N.2, such 

that: (𝐿𝑏12 = 𝐿𝑜𝑝𝑡5, 𝑅𝑠12 = 𝑅𝑜𝑝𝑡5), (𝐿𝑏22 = 𝐿𝑜𝑝𝑡6, 𝑅𝑠22 = 𝑅𝑜𝑝𝑡6), (𝐿𝑏32 = 𝐿𝑜𝑝𝑡7, 𝑅𝑠32 = 𝑅𝑜𝑝𝑡7) and (𝐿𝑏42 =

𝐿𝑜𝑝𝑡8, 𝑅𝑠42 = 𝑅𝑜𝑝𝑡8). Figure 7 shows how the PSD functions of the plate flexural kinetic energy and 

electric power absorbed by the shunt vary when the multiresonant shunt connected to the second  patch is 

incrementally tuned. As one would expect a similar result to that presented in Figure 5 is obtained with 

an incremental effect of power absorption and decremental effect of plate flexural energy in 

correspondence to the 5th, 3rd, 2nd, and 1st resonance frequencies. 

 

 

Figure 7: (a) Configuration of the multi-resonant shunt circuit; (b) PSD of the plate flexural kinetic energy 

(solid black line no shunt; solid green line with shunt) and electric power absorbed by the shunt (dotted 

black line) by the RLC multi-resonant shunt circuits connected to the piezoelectric patch N.2 (d).  

The results presented in this section lead to the concept of a practical tuning of RL components in multi-

resonant shunts. For instance, a gradient base algorithm, that iteratively searches for the maxima of the 

filtered power absorption in the close vicinity of resonance frequencies of the low order natural modes of 

the plate could be effectively used to implement locally on the shunts the proposed tuning approach. This 

process could be repeated sequentially in the shunts of all piezos to continuously track changes in the 

dynamic response of the hosting structure due for example to temperature changes or tensioning effects 

generated by operation conditions. 

3 Experimental validation 

This section presents experimental validation tests on the feasibility of the tuning approach proposed in the 

previous sections for multi-resonant RLC shunts connected to piezoelectric patches to form 

electromechanical vibration absorbers, that can be used to control the flexural vibrations of thin structures. 

A test rig is used, which is composed by a clamped aluminium plate equipped with five piezoelectric 

hexagonal patches connected to identical shunts, synthesised digitally in a multi-channel dSPACE platform. 
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The tuning approach presented in the previous section has been applied to find optimal RL branch 

parameters such that the shunted piezoelectric patches form multi-resonant vibration absorbers that control 

three flexural modes of the plate in the low frequency regime 40-150 Hz. Two set of measurements were 

carried out in order to evaluate the proposed method. In the first, the total kinetic energy of the vibrating 

plate was estimated with reference to the inductance and resistance values of the branches of the shunts. In 

the second, voltage drops across the piezoelectric patches and current flows through the shunt circuits were 

measured with respect to the inductance and the resistance values of the branches. With the help of these 

measurements, the evolution of both total flexural kinetic energy and absorbed electrical power with respect 

to the inductance and resistance implemented in the branches of the shunts was visualized on surface plots 

as in the previous section. In this way the flexural kinetic energy minimisation and shunt electric power 

maximisation was demonstrated experimentally. 

3.1 Description of the experimental setup 

Figure 8 shows the experimental setup used in this study, which is composed by a thin rectangular panel 

clamped on Perspex box. The panel is made of aluminum and has thickness of 1 𝑚𝑚 and dimensions of 

414 × 314 𝑚𝑚. Five hexagonal piezoelectric patches are bonded on the bottom side of the panel as 

depicted Figure 8 (b). The dimensions, positions and physical properties of the panel and piezoelectric 

patches are summarised in Table 2 panel is excited at position 𝑥𝑝 = 85 𝑚𝑚, 𝑦𝑝 = 110 𝑚𝑚 by a point 

random disturbance generated by the shaker located in the Perspex box. The flexural response of the panel 

was measured with a scanning laser vibrometer, while the electrical response of the shunt circuits was 

acquired with the ABACUS Data Physics acquisition system. 

 

 

Figure 8 (a) Experimental setup. (b) Perspex box showing the five patches. (c) Hexagonal piezoelectric 

patch.  
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Parameter Plate Piezoelectric patches 

Dimensions 𝑙𝑥𝑝 × 𝑙𝑦𝑝 = 414 × 314 𝑚𝑚 𝑙𝑥𝑝𝑒 × 𝑙𝑦𝑝𝑒 = 80 × 80 𝑚𝑚 

Thickness ℎ𝑝 = 1 𝑚𝑚 ℎ𝑝𝑒 = 1 𝑚𝑚 

Density 𝜌𝑝 = 2700 𝑘𝑔/𝑚3 𝜌𝑝𝑒 = 7600 𝑘𝑔/𝑚3 

Young’s modulus 𝑌𝑝 = 7 × 1010 𝑁/𝑚2 𝑌𝑝𝑒 = 5 × 1010 𝑁/𝑚2 

Poisson ratio 𝜐𝑝 = 0.33 𝜈𝑝𝑒 = 0.275 

Modal damping ratio 𝜁𝑝 = 0.02 𝜁𝑝𝑒 = 0.02 

Strain / charge constants  𝑑31
0 = −190 × 10−12 𝑚/𝑉 

𝑑32
0 = −190 × 10−12 𝑚/𝑉 

Capacitances  𝐶𝑝𝑒1−5 = 5.3 × 10−8 𝐹 

Centre position patch j=3  𝑥𝑝𝑒3 = 𝑙𝑥𝑝/2 ,  𝑦𝑝𝑒3 = 𝑙𝑦𝑝/2 

Centre position  

patches: j=1,2,4,5 

 
𝑥𝑝𝑒𝑗 =

𝑙𝑥𝑝

2
± 60 𝑚𝑚,  𝑦𝑝𝑒𝑗 =

𝑙𝑥𝑝

2
± 60 𝑚𝑚 

Excitation force position 𝑥𝑓 =  𝑦𝑓 = 85.11𝑚𝑚  

Table 2. Dimensions and physical properties of the panel and piezoelectric patches. 

To facilitate the implementation of the multi-resonant shunts and thus to overcome a possible issue due to 

excessive values of RLC branch components, the multi-resonant shunts were synthesised digitally in a multi-

channel dSPACE digital platform. To obtain the designed analogue multi-resonant shunt effect, the dSPACE 

platform was connected to the piezoelectric patches via ad hoc interface circuits specifically designed to 

produce the multi-resonant impedance load digitally programed in the platform. Considering a single 

piezoelectric patch, the circuitry used to implement the desired shunt impedance load is illustrated in Figure 

9a. In this figure, a piezoelectric transducer is connected to the dSPACE platform through an operational 

amplifier characterized by high input impedance. This amplifier is used to deliver a voltage signal from the 

piezo to the platform, without affecting the current flow. Also, the output signal from dSPACE platform is 

connected to an operational amplifier such that there is no current flow. In this way the ratio between the 

voltage and current at the patch terminals is indeed the desired impedance load.  

 

 

Figure 9 Electrical implementation of the shunts in dSPACE. 

 

Figure 10 (a) Multi-resonant, current flowing shunt circuit and its simplification (b). 
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The synthesis of the multi-resonating shunt circuits is carried out digitally in the dSPACE system according 

to the following formulation for the electric response of the interface circuit.  

Considering the electrical scheme depicted in Figure 9, the following relations can be written: 

𝑣𝐴𝐷𝐶 = 𝑣𝑠 ,. (6) 

𝑣𝐷𝐴𝐶 = 𝐺𝐷𝑆𝑃𝑣𝐴𝐷𝐶 , 
(7) 

𝑣𝑠 − 𝑣𝐷𝐴𝐶 = 𝑅𝑖𝑠 . 
(8) 

In Eqs. (6)-(8), 𝑣𝐴𝐷𝐶 is the potential difference at the terminals of the piezoelectric patch, 𝑣𝐷𝐴𝐶 is the voltage 

at the output of the control system, 𝐺𝐷𝑆𝑃 is the transfer function to be implemented in the dSPACE platform, 

𝑅 is the reference resistor and 𝑖s is the current flowing through the piezoelectric patch terminal. 

Also, according to the electrical scheme in Figure 10(b) 

𝑣𝑠 = 𝑍𝑠𝑖𝑠 , (9) 

where 𝑍𝑠 is the desired shunt impedance. Combining Eqs. (6)-(9)gives the following expressions for the 

impedance and the digital platform transfer function 

𝑍𝑠 =
𝑣𝑠

𝑖𝑠
=

𝑅

1−𝐺𝐷𝑆𝑃
 , (10) 

𝐺𝐷𝑆𝑃 =
𝑣𝐷𝐴𝐶

𝑣𝐴𝐷𝐶
= 1 − 𝑍𝑠𝑅  

(11) 

The complex admittance of the simplified multi-resonant shunt depicted in Figure 10(b) is given by the 

following summation of second order terms 

𝑌𝑠 = ∑
1

𝐿𝑏𝑖

𝑗𝜔

−𝜔2+𝑗𝜔(
𝑅𝑏𝑖
𝐿𝑏𝑖

)+
1

𝐶𝑓𝑖𝐿𝑏𝑖

𝑁
𝑖=1  . (12) 

Substituting Eq. (12) into Eq. (11) gives the transfer function, that should be implemented in the dSPACE 

platform to generate the desired multi-resonance impedance load: 

𝐺𝐷𝑆𝑃 =
𝑣𝐷𝐴𝐶

𝑣𝐴𝐷𝐶
= 1 − 𝑌𝑠

−1𝑅 . (42) 

Indeed, implementing this transfer function in the digital platform connected to the piezoelectric patch via 

the interface circuit shown in Figure 9 produces indirectly the desired multi-resonant shunt load presented 

in Figure 10 on the piezoelectric patch. 

3.2 Experimental results 

This section discusses the effects produced when the incremental method of multi-resonant shunt tuning 

presented in the above simulation study is applied in practice. First of all, it is important to note, that in this 

practical investigation all the patches are tuned jointly, i.e. at every step of the incremental procedure all 

transducers are connected to identical RLC shunts. Although this approach differs from the one described 

in Section 2, which considers individual tuning of each piezoelectric patch, it constitutes a reasonable way 

to simplify the optimization process and shorten the otherwise lengthy measurements of the kinetic energy 

and electrical power cost functions. Second, the branch capacitances were chosen to be 𝐶𝑓𝑖 = 0.1𝐶𝑝𝑒 and 

the investigated frequency range was set between 40 and 150 Hz. For the purpose of this study, the 

inductances of the shunts were varied using the formula 𝐿𝑏𝑖 =
𝐶𝑓𝑖+𝐶𝑝𝑒

𝜔𝑏
2𝐶𝑓𝑖𝐶𝑝𝑒

 to provide incremental changers of 

the branches resonance frequencies of 5 Hz starting from 40 Hz up to 150 Hz. Also, the shunt resistances 

were progressively raised in the range of 3.5 kΩ − 8 kΩ with increments of 500 Ω For each combination of 

branch parameters i.e. (𝑓𝑏𝑖 , 𝑅𝑠𝑖), and for the given three branches, a set of measurements was taken 

including: velocity-excitation force transfer functions measurements at a 3 × 3 grid points located on the 
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surface of the plate, performed with the laser scanning vibrometer and current-excitation force and voltage-

excitation force transfer functions measurements of at the terminals of the five piezoelectric patches. The 

total flexural kinetic energy per unit force and total electrical power absorbed by five shunts per unit force 

were obtained from the measurements for each combination of branch parameters (𝑓𝑏𝑖 , 𝑅𝑠𝑖). Based on these 

results, two-dimensional maps with the evolution of the flexural kinetic energy and electric power 

absorption with reference to the shunt inductance and resistance parameters were created to experimentally 

validate the method proposed in Section 2. The experimental results for the incremental effects produced by 

the three branches in the five shunts are summarized in Figure 11 and Figure 12. Figure 11 is structured in 

the following way: sketches (a) show shunt circuits configurations, plots (b) show the smart plate kinetic 

energy per unit force, plots (c) show the electric power absorbed per unit force by five shunts. In turn Figure 

12 shows the shunt circuits configurations in sketches (a) and the spectra of the smart plate kinetic energy 

per unit force (solid black line – shunts in open-loop, solid green line – with optimal shunts) and electric 

power absorbed per unit force by five shunts (dotted black line) in plots (b). 

 

Considering the first row of Figure 11, when all five piezoelectric patches are connected to the first branches 

of the shunts (a), plots (b) and (c) are characterized respectively by a sequence of four local troughs and 

crests. In line with the simulation study findings presented in Section 2, the minima of the kinetic energy 

troughs and the maxima of the electric power crests occur for very similar values of the first branch 

components (𝐿𝑏1, 𝑅𝑠1) of the shunts. Thus setting 𝐿𝑏1 = 𝐿𝑜𝑝𝑡1 and 𝑅𝑠1 = 𝑅𝑜𝑝𝑡1, where 𝐿𝑜𝑝𝑡1, 𝑅𝑜𝑝𝑡1 are the 

optimal shunt parameters for the minimum of the third through and the maximum of the third crest of the 

kinetic energy and electric power measured cost functions respectively. Plot (b) of Figure 12 shows that the 

spectrum of the kinetic energy is lowered (green line) at the third resonance frequency of the plate, while at 

the same frequency the spectrum of the absorbed electric power is characterized by a rather wide and high 

peak. When the second RLC branch is added to the shunts, plot (b) of Figure 11 show three troughs of the 

measured kinetic energy in correspondence of the first, second and forth resonance frequencies of the plate, 

which are generated by the inductance 𝐿𝑏2 and resistance 𝑅𝑠2. There is no third trough, since the first branch 

of the shunts is indeed tuned at the third resonance and thus the kinetic energy of the plate in correspondence 

to the third resonance frequency is already minimised. In contrast to plot (b), plot (c) of Figure 11 highlights 

four maxima for the measured power that can be obtain for the inductance value 𝐿𝑏2, which are due to the 

first, second, third and fourth resonances of the plate. The presence of the third crest at around 120 Hz is 

indicting that the tuning of the first branches could be improved, since the adopted values 𝐿𝑏1 = 𝐿𝑜𝑝𝑡1, 

𝑅𝑠1 = 𝑅𝑜𝑝𝑡1 are now slightly offset. Continuing the procedure by setting 𝐿𝑏2 = 𝐿𝑜𝑝𝑡2 and 𝑅𝑠2 = 𝑅𝑜𝑝𝑡2, 

where 𝐿𝑜𝑝𝑡2 and 𝑅𝑜𝑝𝑡2 are the optimal shunt parameters for the minimum of the second through and the 

maximum of the second crest of the kinetic energy and electric power measured cost functions, the shunts 

resonate in correspondence to the second, and third resonances of the smart plate. This is particularly visible 

in plot (b) of Figure 12, where the flexural kinetic energy is effectively minimised and the power absorption 

maximised in correspondence of the second resonance peak of the plate, whereas the branch parameters 

associated with the third mode of the plate: 𝐿𝑏1 = 𝐿𝑜𝑝𝑡1, 𝑅𝑠1 = 𝑅𝑜𝑝𝑡1 are indeed not optimal due to the 

small shift of the vibration absorption effect towards higher frequencies. 

When the third RLC branch is implemented into the shunts, plots (b) and (c) of Figure 11 show only two 

minima and two maxima respectively in correspondence to the first and forth resonance frequencies of the 

plate. As for the previous cases the inductances 𝐿𝑏3 and resistances 𝑅𝑠3 of third branch can be set to 

maximise the absorbed electric power and minimise the flexural response in correspondence to the first 

resonance frequency of the plate, i.e. 𝐿𝑏3 = 𝐿𝑜𝑝𝑡3 and 𝑅𝑠3 = 𝑅𝑜𝑝𝑡3. As a result of this iterative procedure, 

the spectra in plot (b) of Figure 12 shows that the flexural kinetic energy (green line), is brought down at 

the three target resonance frequencies of the plate. Similarly, the absorbed electric power (dotted black line) 

characterised by three peaks at these frequencies. These results indicate that the resonating shunts are 

effectively absorbing power at these three frequencies. 
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Figure 11: (a) Configuration of the multi-resonant shunt circuits (b); Time averaged total flexural kinetic 

energy of the smart plate structure, (c) time averaged electrical power absorbed by the RLC multi-resonant 

shunt circuits connected to the five piezoelectric patches. 

 

Figure 12: (a) Configuration of the multi-resonant shunt circuits; (b) PSD of the plate flexural kinetic energy 

(solid black line no shunt; solid green line with shunt) and electric power absorbed by the shunt (dotted 

black line) by the RLC multi-resonant shunt circuits connected to the five piezoelectric patches.  
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4 Conclusions 

This paper has first presented a simulation study on the implementation of multi-resonant shunts connected 

to piezoelectric patches bonded on a plate, which produce multi-resonant vibration absorption effects. The 

study has shown that the RLC branches that form the shunts can be tuned to globally minimise the resonant 

response of given modes of the structure by locally maximising the electric power absorbed by each shunt. 

A simple tuning algorithm can be therefore implemented to tune on-line the branches in each shunt. The 

multi-resonant shunts composed by three RLC current flowing branches on five piezoelectric patches was 

then studied experimentally by utilising shunt impedances synthetized in a dSPACE paltform. The 

experimental study confirmed simulation predictions, that is the reduction of the total flexural kinetic energy 

of the plate and electrical power absorbed by the multi-resonant shunts with reference to the resistance and 

inductance parameters in a branch of the shunt is characterised by a sequence of minima and sequence of 

maxima. The corresponding minima and maxima coincide. This indicate that the branch RL components 

that would minimise the resonant response of low order flexural modes of the smart plate also maximise the 

electric power absorbed by the shunts. This effect of the RLC branch gives the opportunity to sequentially 

tune three branches in such a way as to maximise the electric power absorbed by five shunts, and thus to 

minimise the smart plate flexural kinetic energy in correspondence to given resonance frequencies. Although 

the simulation studies have shown that there is no need for a tuning update every time a branch is added to 

a shunt, the practical implementation showed that small adjustments may be required to track changes in the 

dynamic response due to the environmental changes during the long periods of operation.  
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Abstract
This paper presents the decentralised active control of vibration on a plate subjected to broadband excitation,
by means of two velocity feedback control units, consisting of a velocity sensor and a collocated inertial
actuator. The proposed multi-channel solution outperforms the single control unit both in terms of reduction
of vibration and efficiency. The performance of the control system is first investigated with respect to the two
feedback gains, in terms of total kinetic energy, mechanical power absorbed by the control units from the
structure, and electrical power supplied. Secondly, the single powers absorbed and required by each single
unit are analysed, in order to explore a local tuning solution. Finally, the efficiency of the different solutions
is compared in terms of reduction of vibration with respect to the electrical power supplied. It is found that
the multi-channel solution is more efficient than the single-channel one, since it provides a larger reduction
of vibration with the same amount of electrical power provided.

1 Introduction

Active damping is an effective solution to reduce low-frequency flexural vibration of thin panels subjected to
unknown broadband disturbance, which may lead to fatigue problems [1] as well as comfort issues [2, 3, 4]
and noise radiation [5].
Active control systems often provides a larger reduction of vibration with less added mass to the structure,
when compared to classic passive solutions. Furthermore, different factors can be easily included and tuned
in the design of the controller, such as human sensitivity and changes into the structure dynamics.

Early studies [6, 7] showed that the optimal control of a fully centralised control system, by solving the
Linear Quadratic Gaussian (LQG) problem associated, can be well approximated by a set of independent
control units implementing a local velocity feedback, in a decentralised fashion.
A decentralised control system with local velocity feedback greatly simplifies the implementation of the
control system, both in terms of cabling and scalability. Moreover, the design of an optimal controller
reduces to the tuning of the velocity feedback gains. A preliminary study by Elliott et al. [8] showed that,
when a decentralised control system consisting of local velocity feedback loops with the same feedback gain
is considered, the global level of vibration of the plate, estimated through its kinetic energy, has a minimum.
By increasing the feedback gain above the optimal value, the control system approaches a pinning condition,
in which a new set of lightly damped resonances occurs at higher frequencies, and the global level of vibration
is magnified.

Although the minimisation of the kinetic energy as cost function guarantees the convergence of the feedback
gain tuning to a globally optimal solution, a set of monitoring sensors are required. An appealing alternative
consists of defining a local cost function, which enables the tuning to be performed locally by the control
unit, without any prior knowledge of the dynamic behaviour of the structure to be controlled. Following-up
on this idea, the power absorbed by the control system from the structure has been investigated as alternative
cost function [9, 10]. It was found [10, 11] that, when reactive actuators are used, the mechanical power
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absorbed has a maximum, which almost corresponds to the optimal solution obtained by minimising the
kinetic energy. This is because the mechanical power absorbed is the product of the control force and the
plate velocity at the control position. Therefore, for small values of feedback gains, the power tends to zero
because the control force is almost null; and similarly, for large values of feedback gains, the velocity at the
control position tends to zero because of the pinning condition.

In this paper, the tuning of a two-channel control system with inertial actuators is investigated experimentally,
with respect to the two independent feedback gains, in terms of kinetic energy and power flow. The power
absorbed by each unit is measured with respect to the feedback gain pair implemented, and compared with
the reduction of global level of vibration, estimated through nine sensors scattered on the plate.

In contrast with previous studies, inertial actuators are used in this work, as they do not need any external
support and are suitable for the design of a self-contained control unit, which can be easily mounted on the
structure.
Furthermore, the electrical power required by the control system is measured. This enables to overcome
some limitations related to the analysis of the vibration reduction as function of the feedback gains only,
such as the assessment of the control effort of a certain configuration, and the comparison of the results with
other arrangements. Examples of these arrangements are control systems with different control positions,
actuators, number of control units, or control laws.
The proposed solution consists of analysing the vibration reduction with respect to the control effort, ex-
pressed as electrical power. Through this approach, the two-channel control system is found to outperform
the a single control unit system not only in terms of vibration reduction, but also in terms of required power.
In particular, it is shown that the optimally tuned two-channel control system requires an amount of electrical
power which almost corresponds to the one required by a less effective single unit.

The paper is organised in three sections. In the first section the experimental setup is presented, and the
estimation of the power flow by mean of a digital twin of the inertial actuators is introduced, which enables
the power flow to be estimated directly from the velocity signals used in the feedback loops. In the second
section, the experimental results obtained for more than 400 pairs of feedback gains are shown. The tuning
of the control units by maximising the mechanical power absorbed is discussed, and the reduction of kinetic
energy is analysed as function of the control effort. Finally, in the last section, the main results obtained are
summarised and discussed.

2 Experimental setup

The objective of the experiment is to implement and analyse a decentralised velocity feedback control system
on a plate with inertial actuators. The experimental setup for this study consists of a fully clamped, 2 mm
thick, aluminium plate with two independent control units, as shown in Fig. 1.
The decentralised feedback control system can be described as two independent control units, consisting
of an accelerometer and a current driven inertial actuator. The velocity feedback law for a two-channel
decentralised feedback control system is

{
i1
i2

}
=

[
g1 0
0 g2

]{
ẇ1

ẇ2

}
, (1)

in which the current in in the n−th control unit is proportional to the local velocity of the plate ẇn.
In this experiment, the kinetic energy and the power flow are investigated with respect to 441 different pairs
of feedback gains (g1, g2), generated by 21 different values of g1 and g2.
The primary disturbance is generated by an additional inertial actuator, which is driven with a white noise
up to 1 kHz. In addition, an array of seven additional accelerometers is mounted on the plate to monitor
the global level of vibration up to 1 kHz, through an estimation of the kinetic energy as sum of the squared
velocities measured at nine accelerometers positions, i.e. the seven monitoring accelerometers and the two
used for the feedback control by the control units. The physical and geometric properties of the experimental
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(a)

(b)

Figure 1: (a) Experimental setup and (b) schematic representation of a velocity feedback control unit with
inertial actuator.

setup are summarised in Table 1.
Although the experimental setup considered may represent a too academic example for vibration control, the
positions of the primary and the control unit has been chosen without any particular criterion, except that of
avoiding nodal lines. In this way, the results obtained do not depend on the particular configuration adopted,
and they are more significant to general applications for vibration reduction on thin panels.

Figure 2: Schematic representation of the digital control and acquisition system.

The digital control system is an extension to the two-channel case of the single-channel control system
presented in [12, 13], in which the measure of the kinetic energy, and of the power flow, is performed
with a dSPACE R© DS1103 PPC Control Board, running with a sampling frequency fs of 16 kHz, which is
configured through the dSPACE ControlDesk R© and Matlab Simulink R© software, and summarised in Fig. 2.
In each control unit, the measured local acceleration of the structure is read by the dSPACE R© Control Board,
and digitally integrated to obtain the local velocity. Two independent current signals are then generated,
proportional to the respective velocities by means of two feedback gains. The current signals are then filtered
with a low-pass filter KEMO VBF/8 to avoid aliasing, and sent to a custom designed 4-channel Micromega
current amplifier, which drives the Micromega IA01 inertial actuator.
The stability margin of each unit can be assessed, according to the Nyquist Criterion, measuring the open-
loop transfer function between an independent input signal of the actuator and the collocated measured
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velocity. The gain margin for both units is equivalent to 220 As/m, when the other unit is switched off. It is
important to notice that the gain margin of each unit reduces as the feedback gain of the other unit increases
[14], and this can be observed if a sequential loop closing approach is adopted, in which the stability of a
control unit is determined with respect to the gain implemented in the other unit.
The power flow into the control system is measured in terms of power absorbed by the control units from the
structure, and electrical power required by the control units to generate the control action. On each unit, the
mechanical power absorbed can be written, for a stationary and ergodic process, as the product between the
control force fc and the local plate velocity ẇ as [13, 12]

P̄m = −E
[
<
{
fHc ẇ

}]
, (2)

where E is the expectation operator, H indicates the complex conjugated, and < the real part.
Similarly, the electrical power is the product of the voltage e and the current i

P̄el = −E
[
<
{
eHi
}]
. (3)

These powers can be directly estimated from the velocity signal used for the feedback control, if the dynamic
behaviour of the actuator is known. The actuator dynamics can be identified independently from the structure
to control [15], and expressed as a two-port network model [16]

{
fc = Tii− Zmoẇ

e = Zebi− Tiẇ
, (4)

where Zmo is the open-loop mechanical impedance of the inertial actuator for a base excitation, Zeb is the
blocked electrical impedance seen by the electrical system when a current excitation is present, and Ti is the
transduction coefficient of the force transmitted to the ground generated by a current flowing, or, equivalently,
an induced voltage generated by the base movement.
Substituting the two-port model from Eq. (4) into Eq. (2) and Eq. (3), the power flow on each unit can be
rewritten as

P̄m = lim
T→∞

E
[
<{Zmo + gTi}|ẇ|2

]
, (5)

P̄el = lim
T→∞

E
[
<{Zebg

2 + gTi}|ẇ|2
]
. (6)

3 Results

In this section, the effect of the two control units acting simultaneously on a decentralised arrangement is
investigated, with respect to the two feedback gains g1 and g2.
The analysis is divided into three parts:

• Global performance. The reduction of kinetic energy and the total mechanical power absorbed by the
two control units from the plate.

• Local performance. The local mechanical power absorbed by each control unit from the plate and the
electrical power.

• Control effort. The reduction of kinetic energy with respect to the total electrical power.

The objective of the first part is to validate the maximisation of the mechanical power absorbed for the tuning
of the control units, as an alternative solution to the kinetic energy minimisation for the two-channel control
system. In the second part, the local power flow on each unit is investigated to assess the cross-interaction
between different control units. Finally, in the third part, the performance of the two-channel decentralised
control system is assessed with respect to the control effort required.
The results are obtained implementing 441 different pairs of feedback gains (g1, g2), in which 21 different
values of g1 and g2 are considered ranging from 0 to 220 As/m.
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Parameter Value
Aluminium plate Dimensions (mm2) 800 x 500

Thickness (mm) 2
Density (kg/m3) 2720
Young’s modulus (N/m2) 7× 1010

Poisson ratio 0.33
Internal damping ratio 1%

Sensors positions Pos. #1 (x, y)(mm) - primary (229,100)
Pos. #2 (x, y)(mm) (571,100)
Pos. #3 (x, y)(mm) (343,200)
Pos. #4 (x, y)(mm) (457,200)
Pos. #5 (x, y)(mm) (400,250)
Pos. #6 (x, y)(mm) (457,300)
Pos. #7 (x, y)(mm) - channel 2 (343,300)
Pos. #8 (x, y)(mm) (229,400)
Pos. #9 (x, y)(mm) - channel 1 (571,400)

Micromega IA01 Moving mass (g) 36
Base mass (g) 53
Natural frequency (Hz) 8.7
Damping ratio 0.3
Voice coil coefficient (N/A) 1.6
Electrical resistance (Ω) 3
Electrical inductance (µH) 100

Table 1: Geometry and physical properties of the experimental setup shown in Fig. 1.

3.1 Global performance

(a) (b)

Figure 3: Measured (a) kinetic energy of the plate and (b) total mechanical power absorbed by the control
units from the structure, with respect to the feedback gains g1 and g2.

The measured reduction of kinetic energy and the total mechanical power absorbed by the two control units
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from the plate with respect to two feedback gains, g1 and g2, are shown respectively in Fig. 3a and Fig. 3b.
The kinetic energy has a global minimum, where a reduction of vibration of more than 8 dB is achieved. The
optimal gain pair (g1, g2), minimising the kinetic energy, consists of two optimal gains, g1 and g2, which do
not depend on each other, as shown in Fig. 3a. This means that when the optimal feedback gain on channel
1, for instance, is implemented, the optimal gain does not depend on the feedback gain implemented on
channel 2, and vice-versa. Therefore, this system is proven to be robust against possible unit failures, since
the other unit would still be optimally tuned, and its stability enhanced. Moreover, feedback gains values
larger than the optimal ones increase the global level of vibration, since they do not introduce active damping
but progressively generate new boundary conditions, approaching a pinning configuration with a new set of
lightly damped structural resonances.
Secondly, the total mechanical power absorbed by the two control units from the plate has a global maxi-
mum, which corresponds to the minimum in the kinetic energy. This is a rather important result, as it shows
that not only the control system can be tuned through the power absorption maximisation, but also that a
sequential loop closing can be implemented, in which the global synchronisation between different units
suggested by Zilletti et al. [17, 11] is greatly simplified. In a sequential loop closing arrangement, the tuning
of each channel can be performed in series since the tuning of one channel does not detune other channels,
and the convergence of the algorithm to the global minimum is guaranteed.

3.2 Local performance

The sequential loop closing discussed in the previous subsection requires the measure of the total mechanical
power absorbed by both control units, which means that communication between the single units has to occur.
In this subsection, the local power of each control unit is considered independently to investigate the tuning
of a fully decentralised control system.
The local powers absorbed by the first and second unit, with respect to the feedback gains g1 and g2, are
shown respectively in Fig. 4a and Fig. 4c. The powers are normalised with respect to the maximum total
mechanical power absorbed, and their sum corresponds to the total mechanical power absorbed previously
shown in Fig. 3b.
In order to analyse the effect of the two feedback gains, the mechanical power absorbed by the first unit is
first investigated, from Fig. 4a. For each value of g2, the mechanical power absorbed by the first channel
with respect to g1 has a maximum, which correspond to the optimal gain minimising the kinetic energy, and
for further increase of the feedback gain, the mechanical power absorbed reduces, since a pinning condition
is approached.
Nevertheless, if the feedback gain on the second unit, g2, increases, the mechanical power absorbed by
the first unit reduces, as part of the damping action is now performed by the second unit. Similarly, the
mechanical power absorbed by the second unit shows a dual trend with respect to g2. This shows that the
tuning of each control unit can be performed locally in a sequential loop closing arrangement.

The electrical power required by the first and second control unit is shown, respectively, in Fig.4b and Fig.
4d. In this case, the electrical power required by each unit depends almost completely on the respective
feedback gain, and it is quite insensitive to the changes in the other feedback gain. However, it can be no-
ticed that the electrical power required by one unit slightly decreases as the feedback gain of the other unit
increases. This depends on the cross-interaction between the two units, in which the control effort of a single
unit decreases as the one on the other unit increases.

3.3 Control effort

The tuning of the control system can be carried out maximising the local mechanical powers absorbed on
each unit. However, in an active control system, the control effort required to perform the control needs to
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(a) (b)

(c) (d)

Figure 4: Measured mechanical and electrical power absorbed by each unit as function of the feedback
gains g1 and g2: (a) mechanical power absorbed by the first unit; (b) electrical power of the first unit; (c)
mechanical power absorbed by the second unit; (d) electrical power of the second unit.

be taken into account for a number of reasons. First, it gives an overview on the service costs of the control
system. Secondly, it provides a general way of assessing the performance of the control system, which can
be extended and transferred to other control systems enabling a quick and meaningful comparison. Examples
of different control systems are those with a different number of control units, different type of actuators or
different control laws and strategies.
The solution proposed here, is to re-map the reduction of kinetic energy shown in Fig. 3a to the total electrical
power required by the two control units, which corresponds to the sum of the single electrical powers show
in Fig.4b and Fig. 4d. The result is shown in Fig. 5, where each point has a size and colour proportional to
the percentage of electrical power required by the first channel: this enables to analyse the distribution of the
electrical power between the two different units.
It is significant to compare the results with the performance of the two single-channel arrangements from
the first channel (solid blue) and the second channel (dashed blue), i.e. when only one channel is active and
the feedback gain on the other unit is zero. Although the two-channel arrangement outperforms the single-
channel ones in terms of reduction of the kinetic energy, the control effort does not increases. This means
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Figure 5: Measured kinetic energy of the plate as function of the total electrical power supplied to the control
system, normalised with respect to the external power. The size and color of each point is proportional to the
percentage of electrical power provided to the channel 1.

that the two-channel control system reduces the vibration on the plate more efficiently, requiring the same
electrical power to operate, but simply redistributed on two different units.

4 Conclusions

This paper presents the experimental tuning of a decentralised velocity feedback control system with inertial
actuators for plate vibration. The study is enriched with an analysis on the power requirements of the active
control, with respect to the reduction of vibration.
A straightforward formulation of the mechanical power absorbed from the structure and of the electrical
power is provided, which depends exclusively on the dynamic properties of the inertial actuator and the local
velocity of the structure, which is also used for the feedback control. This enables the design of a smart and
self-contained control unit, which can be tuned without identifying the structure to be controlled.
The tuning of each control unit can be performed locally with respect to the mechanical power absorbed
by the single unit, for one channel at the time, in a sequential loop closing fashion. The maximisation of
the single powers absorbed by each unit converges to the global maximum of the total mechanical power
absorbed by the control system from the structure, which corresponds to the minimum in the kinetic energy
of the plate.
In addition, the electrical power required by the inertial actuator to perform the control is introduced as a
measure of the control effort. This enables to overcome some limitations of the analysis of the feedback
control system just in terms of feedback gains. First, the electrical power provides a meaningful tool for a
feasibility analysis of an active control system, as it enables to estimate the service costs. Second, it provides
a valuable measure of comparison between different solutions in terms of number of control units used, type
of actuators, control locations and control laws.
With reference to the study presented in this paper, the two-channel control system is proved not only to
outperform the single-channel case providing more than 8 dB of global reduction of vibration, but is also
competitive in terms of electrical power required. It is shown, indeed, that the optimal tuning corresponds to
a configuration in which the amount of electrical power is comparable with the one of a single-channel case,
but having a better distribution among the control units.
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Abstract 
This paper presents the experimental tests carried out on a flywheel proof mass actuator used for the 

implementation of velocity feedback control loops to reduce the flexural vibration of a plate structure. 

Classical proof mass actuator is formed with a coil armature-magnet system connected via soft springs. At 

frequencies above its fundamental resonance frequency, it generates a constant force effect, which is in 

phase with the driving signal. However, the internal dynamics of the springs-coil armature system limits the 

stability, and thus control performance of the feedback loop. Moreover, when exposed to shocks, the soft 

springs may cause undesired stroke saturation effects, which can lead to instability of the feedback loops. 

The electromagnetic proof mass actuator presented in this paper includes an additional flywheel element 

that increases the inertia effect of the coil armature and improves the stability of velocity feedback loops, 

both by increasing the feedback gain margin and by improving the robustness to shocks. 

1 Introduction 

This paper presents experimental tests carried with a prototype flywheel proof mass actuator [1-3], to 

implement velocity feedback control loops to reduce the flexural vibration of a thin rectangular plate. The 

experimental results obtained with the prototype actuator are contrasted with simulation results obtained 

from a simplified mathematical model and compared with those of classical inertial actuator. 

Active vibration control with a collocated velocity sensor - point force actuator can be used to reduce flexural 

vibrations in correspondence of resonance frequencies of the hosting structure [1-15]. In practice, a localised 

control point force can be generated with an inertial actuator. Classical inertial actuators used in velocity 

feedback control loops are typically based on electromagnetic linear motors where the heavier magnet or 

coil armature is suspended on soft springs [16-18]. Thus, when the inertial actuator is used to implement a 

negative velocity feedback to reduce the flexural vibrations of a thin structure, the dynamic response and 

the static deflection of the proof mass cause stability and control performance limitations [19]. If fact, at 

frequencies below the fundamental resonance frequency of the actuator, the produced net force at the 

actuator base, grows proportionally with frequency and has opposite phase with the driving signal. Thus, 

the feedback loop essentially produces a positive velocity feedback effect that is a negative damping effect, 

which leads to instability. Only above the fundamental resonance frequency of the actuator, the force 

produced at the base is constant and in phase with the driving current such that the feedback loop produces 

a damping force effect that guarantees stability. Therefore, when the inertial actuator is used to implement 

a velocity feedback loop, it is important that its fundamental resonance frequency is as low as possible. The 

design of a device with low internal resonance is rather challenging, since, for a given proof mass, it requires 

a comparatively soft suspension system, which makes the actuator more venerable to stroke saturation 

effects when it is exposed to shocks or high accelerations of the hosting structure [20-23].  

Several solutions have been proposed to improve the robustness of inertial actuators used to implement 

negative velocity feedback control. A series of studies has been performed to implement within the actuator 

either a relative displacement, a relative velocity or a force feedback loop [24-26]. Alternatively, it was 

proposed to implement a compensator in the feedback controller that counteracts the dynamics of the 
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springs-mass assembly [27]. The electromagnetic inertial actuator presented in this paper includes an 

additional flywheel element that increases the inertia effect of the proof mass and is used to improve the 

stability of velocity feedback loops, both by reducing actuator fundamental resonance frequency and by 

reducing static deflection of the proof mass-spring system [28,29]. 

This paper is organized in five parts. Section two describes the classical proof mass actuator, which is used 

as a reference system, classical configuration with the same inertial mass as that of the flywheel prototype 

and the proposed flywheel proof mass actuator. Section three describes the mathematical formulation used 

to both analyse the stability and the control performance of the velocity feedback loops. Section four 

presents the stability and the control performance analyses of the velocity feedback loops implemented on 

a thin rectangular panel. The control performance of the velocity feedback loops is assessed by plotting the 

spectra of the error velocity reductions generated at the control position and the spectra of the total flexural 

kinetic energy of the rectangular plate. Also the frequency averaged plate kinetic energy reduction is used 

to assess the overall control effect with reference to the feedback control gain implemented in the loop. The 

static deflection study, presented in section five, demonstrates that the flywheel element can improve 

stability and robustness to shocks of the velocity feedback loop by reducing the static displacement of the 

suspended mass. 

2 Flywheel proof mass actuator 

Classical inertial actuators for velocity feedback control loops applications are based on linear 

electromagnetic actuators. In this study the actuator shown in Fig. 1a,d is used as a reference actuator. As 

depicted schematically in Fig. 1a this actuator is formed by a magnetic inner element, which is attached to 

the structure and acts as a base mass 𝑚𝑏. Instead, the external coil armature acts as a proof mass 𝑀𝑎, which 

is suspended to the inner element via two flexural springs of stiffness 𝑘 and damping 𝑐. The two flexural 

springs that are attached on both sides of the coil armature, are characterised by soft axial stiffness and 

comparatively much higher transverse stiffness. The damping effect in this actuator is principally due to the 

eddy currents and the viscous damping effect due to the air gap between magnet and external metal coil 

armature. The electromagnetic effect of the actuator, modelled in terms of transduction coefficient 𝜓𝑎, 

produces a pair of forces 𝐹𝑎 proportional to the voltage 𝑢𝑎 applied at the electrical terminals and current 𝑖𝑎 

flowing in coil, which is characterised by inductance 𝐿 and resistance 𝑅 effects. The same transduction 

coefficient produces the back electromotive force 𝑢𝑏𝑚𝑓 proportional to the relative velocity �̇�𝑚 − �̇�𝑏 

between the proof mass (coil armature) and the base (magnet) of the actuator. Design studies of similar 

electromagnetic actuators can be found in following references [30,31]. 

Fig. 1b,e presents the classical configuration which is characterised by the same inertial mass as that of the 

flywheel prototype. This configuration was used to compare the properties and performance of the classical 

inertial actuator with the fabricated prototype. To obtain the best similarity to the fabricated prototype the 

classical configuration with the same inertial mass was based on the flywheel inertial actuator. The flywheel 

and its supporting bracket was attached to the inertial mass. However, the pushing pin was disconnected 

from the base mass to deactivate the axial inertia effect produced by the flywheel element as schematically 

depicted in Fig. 1b and shown in Fig. 1e. The flywheel element was firmly attached to the supporting bracket 

to prevent any undesired rotational motion that could induce additional dynamics during measurements. The 

lumped parameter model for this configuration is characterised by the same elements as for the classical 

configuration. The total inertial mass is equal to the sum of proof mass 𝑀𝑎 and flywheel mass 𝑚𝑤. 

The third actuator presented in this study is equipped with an additional round flywheel element with 

dimensions optimised in such a way as to minimise weight 𝑚𝑤 and to maximise the polar moment of inertia 

𝐼𝑤. The flywheel element is attached via two flexural bearings of stiffness 𝑘𝑤 to the bracket fixed to the 

external coil armature. The linear motion of the actuator is converted into a rotation of the flywheel by a 

pushing pin link attached to the inner magnet and the third pivot bearing that was mounted on one of the 

flywheel arms with an offset radius 𝑟𝑤 from the flywheel horizontal axis of rotation. 
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The geometry and physical properties of the thin rectangular plate hosting structure considered in this study 

are summarized in Table 1. The physical properties of the classical and flywheel actuators with the flywheel 

element are summarized in Table 2. 

 

Figure 1: Schemes (a, b, c) and pictures (d, e, f) of the classical proof mass actuator (a, d), the classical proof 

mass actuator with the same inertial mass as the flywheel configuration (b, e) and the flywheel proof mass 

actuator (c, f). 

Table 1: Mechanical parameters of the thin rectangular 

plate. 

Parameter  Value 

Length 𝑙𝑥 = 0.668 m 

Width 𝑙𝑦 = 0.444 m 

Thickness ℎ = 0.00137 m  

Mass density 𝜌 = 8200 kgm−3  

Elastic modulus 𝐸 = 210 × 109 Nm−2  

Poisson ratio 𝜈 = 0.31  

Damping ratio 𝜁𝑝 = 0.0035  

Position of the actuators (𝑥𝑐 , 𝑦𝑐) = (0.234 m , 0.178 m) 

Position of the base (𝑥𝑏 , 𝑦𝑏) = (0.234 m , 0.178 m) 
Excitation force location (𝑥𝑝, 𝑦𝑝) = (0.433 m , 0.157 m) 

Table 2: Mechanical parameters of the proof 

mass actuators. 

Parameter  Value 

Proof mass  𝑀𝑎 = 0.185 kg  
Flywheel mass 𝑚𝑤 = 0.045 kg  
Base mass  𝑚𝑏 = 0.115 kg  

Axial stiffness 𝑘 = 2950 Nm−1 

Torsional stiffness 𝑘𝑤 = 0.009 Nmrad−1  

Damping ratio 𝜁 = 0.2  

Flywheel inertia 𝐼𝑤 = 6.8 × 10−6 kgm2  
Flywheel offset radius 𝑟𝑤 = 0.0064 m 
Transduction coefficient  𝜓𝑎 = 22.5 NA−1  

Coil resistance 𝑅 = 22.5 Ω 

Coil inductance 𝐿 = 4.35 × 10−3H 
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3 Plate with flywheel proof mass actuators mathematical model 

This section presents the mathematical formulation used to assess stability and control performance of 

velocity feedback loops using the classical, classical with the same inertial mass as the flywheel 

configuration and the proposed flywheel proof mass actuators. The schematic model and the picture of the 

velocity feedback loop system implemented on the plate are shown respectively in Fig. 2a and Fig. 2b. The 

tested inertial actuator was attached on one side of the panel while the small accelerometer sensor that 

measured error signal was attached on the other side at the base footprint of the actuator, as shown 

schematically in Fig. 2a. The panel was excited with a point force produced by a shaker as shown in Fig. 

2b. A mobility–impedance model [32] was employed to derive the response of the plate with the velocity 

feedback loop using the inertial actuators. All frequency domain formulations presented in this paper 

consider the complex amplitudes 𝑥(𝜔) of time–harmonic phasors given in the form 𝑥(𝜔)exp(𝑗𝜔𝑡), where 

𝜔 is the circular frequency and 𝑗2 = −1. As shown in Fig. 2c, the system has been divided in four parts: the 

base mass, the flexible plate, the flexible suspension system with in parallel the electromagnetic actuator, 

and the proof mass of the actuator. The mechanical properties of the rectangular panel and location of the 

collocated sensor-actuator pair and the primary force are specified in Table 1. 

 

Figure 2: Scheme (a), picture (b) and mobility-impedance model (c) of a velocity feedback control loop 

using the flywheel inertial actuator on a rectangular plate. The accelerometer sensor was installed on the 

other side of the plate at the base footprint of the actuator as shown in the scheme (a).  

Considering the lumped parameter model shown in Fig. 2c, the complex velocities at the connecting points 

between these elements have been expressed with the following mobility relations: 

 
�̇�𝑐 = 𝑌𝑐𝑐𝐹𝑐 + 𝑌𝑐𝑏𝐹𝑏 + 𝑌𝑐𝑝𝑝 , (1) 

 
�̇�𝑚 = 𝑌𝑚𝐹𝑚 , (2) 

 
�̇�𝑏 = 𝑌𝑏𝑐𝐹𝑐 + 𝑌𝑏𝑏𝐹𝑏 + 𝑌𝑏𝑝𝑝 , (3) 

where �̇�𝑐 is the complex velocity at the control position, �̇�𝑚 is the complex velocity of the proof mass, and 

�̇�𝑏 is the complex velocity at the base position. Mobilities of actuators proof masses 𝑌𝑚 are given by: 

 
𝑌𝑚 =

1

𝑗𝜔𝑀𝑎
    or    𝑌𝑚 =

1

𝑗𝜔(𝑀𝑎+𝑚𝑤)
    or    𝑌𝑚 =

1

𝑗𝜔(𝑀𝑎+𝑚𝑤)
  (4) 

respectively for the classical proof mass actuator (a), for the classical proof mass actuator with the same 

inertial mass as that of the flywheel configuration (b) and for the flywheel actuator (c) shown in Fig. 1. Also, 

𝑌𝑐𝑐 , 𝑌𝑐𝑏 , 𝑌𝑏𝑐 , 𝑌𝑏𝑏 , 𝑌𝑐𝑝, 𝑌𝑏𝑝 are transfer mobilities between the locations c, b and p for the actuator, for the 

actuators case and for the primary force excitation. Considering two generic points r and s of the plate, these 

mobility functions can be calculated with following matrix expression: 

 
𝑌𝑟𝑠(𝜔) =

�̇�𝑟(𝜔)

𝑓𝑠(𝜔)
= 𝛟T(𝑥𝑟, 𝑦𝑟)𝛀(𝜔)𝛟(𝑥𝑠, 𝑦𝑠) , (5) 

where �̇�𝑟(𝜔) and 𝑓𝑠(𝜔) are the complex transverse velocity and the complex transverse force acting at 

positions (𝑥𝑟, 𝑦𝑟) and (𝑥𝑠, 𝑦𝑠) respectively. Also 𝛀(𝜔) is a diagonal matrix of second order terms given by: 
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Ω𝑛(𝜔) = 𝑗𝜔 [𝑀𝑝(𝜔n

2 + 2𝑗𝜁𝑝𝜔n𝜔 − 𝜔2)]⁄  , (6) 

where 𝜁𝑝 is the damping ratio and 𝜔n is the n-th flexural natural frequency, which for a plate considered in 

this study is given:  

 

ωn = (
𝐷

𝜌ℎ
)

1

2
(

𝜋

𝑙𝑥
)

2
√𝐺𝑥𝑛

4 + 𝐺𝑦𝑛
4 (

𝑙𝑥

𝑙𝑦
)

4

+ 2 (
𝑙𝑥

𝑙𝑦
)

2

[𝜈𝐻𝑥𝑛𝐻𝑦𝑛 + (1 − 𝜈)𝐽𝑥𝑛𝐽𝑦𝑛] , (7) 

where for first flexural natural frequency 𝐺1 = 1.506, 𝐻1 = 1.248 and 𝐽1 = 1.248, while for the n-th mode 

the constants were obtained with the following expressions 𝐺𝑛 = 𝑛 + 1 2⁄ , 𝐻𝑛 = (𝑛 + 1 2⁄ )2(1 −
4 (2𝑛 + 1)𝜋⁄ ) and 𝐽𝑛 = (𝑛 + 1 2⁄ )2(1 − 4 (2𝑛 + 1)𝜋⁄ ). Here 𝐷 = 𝐸ℎ3 [12(1 − 𝜈2)]⁄ , 𝜌, 𝐸 and 𝜈 are 

respectively the flexural rigidity, the density, the Young’s modulus of elasticity and the Poisson ratio of the 

plate material. Also 𝑙𝑥, 𝑙𝑦, ℎ, are the dimensions and thickness of the plate. Finally 𝛟 is a column vector 

with the flexural modal amplitudes at a given point, which, for the plate considered in this study have been 

taken equal to 𝜙n(𝑥, 𝑦) = 2sin(𝑛1𝜋𝑥 𝑙𝑥⁄ )sin(𝑛2𝜋𝑦 𝑙𝑦⁄ ). In this study all natural frequencies up to 1.3 kHz 

and the respective natural modes have been used in the plate mobility expressions. The 𝑝 is the amplitude 

of the harmonic primary force. 

Considering the lumped parameter model shown in Fig. 2c, the complex forces at the connecting points 

between the elements forming the system have been expressed with the following mobility relations: 

 
𝐹𝑐 = −𝑍𝑎�̇�𝑐 + 𝑍𝑎�̇�𝑚 + 𝜓𝑎𝑖𝑎 , (8) 

where 𝐹𝑐 is the complex force acting at the control position, 

 
𝐹𝑚 = 𝑍𝑎�̇�𝑐 − 𝑍𝑎�̇�𝑚 − 𝜓𝑎𝑖𝑎 , (9) 

where 𝐹𝑚 is the complex force acting on the proof mass, 

 
𝐹𝑏 = −𝑍𝑏�̇�𝑏 , (10) 

where 𝐹𝑏 is the complex force acting at the base position. The impedance 𝑍𝑎 of actuators suspension system 

are given by: 

 
𝑍𝑎 = 𝑐 +

𝑘

𝑗𝜔
    or    𝑍𝑎 = 𝑐 +

𝑘

𝑗𝜔
    or    𝑍𝑎 = 𝑐 +

𝑘

𝑗𝜔
+ 𝑗𝜔

Iw

rw
2 +

𝑘𝑤

𝑗𝜔𝑟𝑤
2   (11) 

respectively for the classical proof mass actuator (a), for the classical proof mass actuator with the same 

inertial mass as that of the flywheel configuration (b) and for the pinned flywheel actuator (c) shown in Fig. 

1. In these expressions 𝑘 and 𝑐 are the axial stiffness and damping coefficient of the proof mass suspension. 

The damping coefficient of the proof mass suspension is calculated with the following formula 𝑐 =

2𝜁√𝑘𝑀𝑎 for the classical actuators, while for the flywheel configuration with the following formula 𝑐 =

2𝜁√(𝑘 + 𝑘𝑤/𝑟𝑤
2)(𝑀𝑎 + 𝑚𝑤). The 𝑘𝑤 is the torsional stiffness of the flexural bearings, 𝐼𝑤 is the flywheel 

inertia, 𝑟𝑤 is the flywheel offset radius, while 𝜓𝑎 is transduction coefficient of the coil–magnet as specified 

in Table 1. The impedance of the actuators case masses is given by: 

 
𝑍𝑏 = j𝜔𝑚𝑏 , (12) 

where 𝑚𝑏 is case mass as specified in Table 1. The complex voltage at the terminals of the coil shown in 

Fig. 2c, have been expressed with the following impedance relation: 

 
𝑢𝑎 = 𝑍𝑒𝑖𝑎 + 𝜓𝑎�̇�𝑐 − 𝜓𝑎�̇�𝑚 , (13) 

where 𝑍𝑒 is the coil electrical impedance given by: 

 
𝑍𝑒 = 𝑗𝜔𝐿 + 𝑅 . (14) 

Substituting Eq. (10) into Eq. (3), the velocity at the base position is given by: 

 
�̇�𝑏 = 𝑄𝑏𝑐𝐹𝑐 + 𝑄𝑏𝑝𝑝 , (15) 
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where 𝑄𝑏𝑐 = (1 + 𝑌𝑏𝑏𝑍𝑏)−1𝑌𝑏𝑐 and 𝑄𝑏𝑝 = (1 + 𝑌𝑏𝑏𝑍𝑏)−1𝑌𝑏𝑝. Substituting Eq. (15) into Eq. (10) and then 

the resulting equation into Eq. (1), the velocity at the control positions is given by: 

 
�̇�𝑐 = 𝑄𝑐𝑐𝐹𝑐 + 𝑄𝑐𝑝𝑝 , (16) 

where 𝑄𝑐𝑐 = 𝑌𝑐𝑐 − 𝑌𝑐𝑏𝑍𝑏𝑄𝑏𝑐 and 𝑄𝑐𝑝 = 𝑌𝑐𝑝 − 𝑌𝑐𝑏𝑍𝑏𝑄𝑏𝑝. Substituting Eq. (9) into Eq. (2) the velocity at 

the proof masses is given by: 

 
�̇�𝑚 = 𝑄𝑎𝑚�̇�𝑐 + 𝑄𝑎𝑖𝑎 , (17) 

where 𝑄𝑎𝑚 = (1 + 𝑌𝑚𝑍𝑎)−1𝑌𝑚𝑍𝑎 and 𝑄𝑎 = −(1 + 𝑌𝑚𝑍𝑎)−1𝑌𝑚𝜓𝑎. Substituting Eq. (17) into Eq. (13) the 

complex voltage at the terminals of the coil is given by: 

 
𝑢𝑎 = 𝑄𝑒𝑖𝑎 + 𝑄𝑤�̇�𝑐 , (18) 

where 𝑄𝑒 = 𝑍𝑒 − 𝜓𝑎𝑄𝑎 and 𝑄𝑤 = 𝜓𝑎 − 𝜓𝑎𝑄𝑎𝑚. Also, rewriting Eq. (18) and substituting into Eq. (17) and 

then the resulting equation into Eq. (8) the force acting at the control positions is given by: 

 
𝐹𝑐 = 𝑍𝑐�̇�𝑐 + 𝑍𝑓𝑢𝑎 , (19) 

where 𝑍𝑐 = 𝑍𝑎𝑄𝑎𝑄𝑤 𝑄𝑒⁄ − 𝑍𝑎 + 𝑍𝑎𝑄𝑎𝑚 − 𝑄𝑤𝜓𝑎 𝑄𝑒⁄  and 𝑍𝑓 = 𝑍𝑎𝑄𝑎 𝑄𝑒⁄ + 𝜓𝑎 𝑄𝑒⁄ . Substituting Eq. (19) 

into Eq. (16) the velocities at the control positions can be expressed in terms of the primary force and control 

voltages with the following matrix expression: 

 
�̇�𝑐 = 𝐺𝑐𝑎𝑢𝑎 + 𝐺𝑐𝑝𝑝 , (20) 

where 𝐺𝑐𝑎 =  (1 − 𝑄𝑐𝑐𝑍𝑐)−1𝑄𝑐𝑐𝑍𝑓 and 𝐺𝑐𝑝 = (1 − 𝑄𝑐𝑐𝑍𝑐)−1𝑄𝑐𝑝. Here 𝐺𝑐𝑎 is open loop sensor–actuator 

FRF for the voltage driven proof mass actuator, which is used later on to assess the stability of the feedback 

loops using the Nyquist criterion [1,3,5,6,28]. 

When the velocity feedback loops are closed with the gain 𝑔𝑐, the control voltage signal is given by: 

 
𝑢𝑎 = −𝑔𝑐�̇�𝑐 , (21) 

Thus, substituting Eq. (21) into Eq. (20), the closed loop response at the control positions is given by the 

following expression: 

 
�̇�𝑐 = 𝐺𝑐𝑙𝑢𝑝 . (22) 

where 𝐺𝑐𝑙𝑢 = (1 + 𝐺𝑐𝑎𝑔𝑐)−1𝐺𝑐𝑝. The force 𝐹𝑐(𝜔) at the control position can be derived with the following 

steps: first, Eq. (21) is substituted into Eq. (19); second, Eq. (22) is substituted into the resulting equation, 

so that: 

 
𝐹𝑐 = 𝐹𝑐𝑝𝑝 , (23) 

where 𝐹𝑐𝑝 = (𝑍𝑐 − 𝑍𝑓𝑔𝑐)(1 + 𝐺𝑐𝑎𝑔𝑐)−1𝐺𝑐𝑝. Also, the forces 𝐹𝑏(𝜔) generated at the case masses positions 

can be derived by substituting Eq. (23) into Eq. (15) and then the resulting equation into Eq. (10) so that: 

 
𝐹𝑏 = 𝐹𝑏𝑝𝑝 , (24) 

where 𝐹𝑏𝑝 = −𝑍𝑏(𝑄𝑏𝑐𝐹𝑐𝑝 + 𝑄𝑏𝑝). 

The time–averaged total flexural kinetic energy is used to evaluate the flexural response of the plate without 

and with feedback loops. For time–harmonic vibrations, the time–averaged kinetic energy is given by the 

following formula: 

 
𝐾𝐸(𝑡) = lim

𝑇→∞

1

𝑇

1

2
∫ ∫ 𝜌ℎ�̇�2(𝑥, 𝑦, 𝑡)dA

𝐴
𝑑𝑡

𝑇
=

1

4
∫ 𝜌ℎ|�̇�(𝑥, 𝑦, 𝜔)|2dA

𝐴
 , (25) 

where 𝐴 is the area of the plate. Also, the complex velocity of the plate �̇�(𝑥, 𝑦, 𝑡) can be derived from the 

following expression: 

 
�̇�(𝑥, 𝑦, 𝜔) = 𝛟𝑇(𝑥𝑟, 𝑦𝑟)[𝐚c(𝜔)𝐹𝑐(𝜔) + 𝐚b(𝜔)𝐹𝑏(𝜔) + 𝐚p(𝜔)𝑝(𝜔) ] , (26) 

where 
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𝐚c(𝜔) = 𝛀(𝜔)𝛟(𝑥𝑐, 𝑦𝑐)    ,    𝐚b(𝜔) = 𝛀(𝜔)𝛟(𝑥𝑏 , 𝑦𝑏)    ,    𝐚p(𝜔) = 𝛀(𝜔)𝛟(𝑥𝑝, 𝑦𝑝) . (27) 

Thus, substituting Eq. (23) and Eq. (24) into Eq. (26) gives: 

 
�̇�(𝑥, 𝑦) = 𝛟𝑇[𝐚c𝐹𝑐𝑝 + 𝐚b𝐹𝑏𝑝 + 𝐚p]𝑝 . (28) 

Recalling that for the flexural natural modes given above the following orthogonality properties holds, 

∫ ϕ𝑛
2

𝐴
𝑑𝐴 = 𝐴 and ∫ ϕ𝑛ϕ𝑚≠𝑛𝐴

𝑑𝐴 = 0 , the kinetic energy of the plate with the passive effects of the proof 

mass actuators and the active effects of the velocity feedback loop is given by: 

 
𝐾𝐸(𝜔) =

1

4
𝑀𝑝[𝐚p + 𝐚c𝐹𝑐𝑝 + 𝐚b𝐹𝑏𝑝]

𝐻
[𝐚p + 𝐚c𝐹𝑐𝑝 + 𝐚b𝐹𝑏𝑝]|𝑝|2. (29) 

The kinetic energy for the plain plate without proof mass actuator can be derived by setting 𝐹𝑐𝑝  = 0 and 

𝐹𝑏𝑝 = 0. 

4 Stability and control performance analysis 

The following subsections assess the stability and control performance of the velocity feedback loops 

implemented on thin rectangular plate using inertial actuators. The stability and control performance of the 

control system was assessed for the feedback loops using the classical, classical with the same inertial mass 

as the flywheel configuration and flywheel inertial actuators. The experimental results carried out on a 

rectangular panel have been contrasted with simulations. The stability of the velocity feedback loops has 

been assessed using the Nyquist stability criterion [1,3,5,6,12,28,33]. The control performance of the 

velocity feedback loops has been assessed by plotting the maximum velocity reductions generated at the 

control position and the total flexural kinetic energy of the rectangular plate. The effectiveness of the 

proposed control systems has been assessed considering the 10 Hz to 1 kHz frequency averaged plate kinetic 

energy reduction presented in the last subsection. 

4.1 Stability 

The stability of the velocity feedback loops implemented on thin rectangular plate have been assessed with 

reference to the open loop sensor – actuator frequency response functions for the voltage driven proof mass 

actuators. Fig. 3 shows the Bode plots while Fig. 4 shows the Nyquist plots of the open loop sensor–actuator 

frequency response functions specified in Eq. (20) in the previous section. Fig. 3 shows Bode plots of the 

open loop sensor – actuator frequency response functions considering the plate equipped with classical 

inertial actuator (Fig. 3a), with the classical configuration with the same inertial mass as that of the flywheel 

configuration (Fig. 3b) and with the flywheel inertial actuator (Fig. 3c). The experimental results (solid 

lines) are contrasted with the numerical simulations (dotted brown lines). 

Considering first the classical inertial actuator shown in Fig. 3a, the modulus plot is characterized by a 

heavily damped resonance peak at the fundamental resonance of the inertial actuator and then a sequence of 

rounded resonance peaks and antiresonance lows pairs. The phase plot is characterized by a -180° phase lag 

at the fundamental resonance frequency of the actuator and then a sequence of -180° phase lag and +180° 

phase lead for each resonance peak and antiresonance low pair of the plate. The experimental results (solid 

blue lines) for the classical configuration of the inertial actuator align well with the numerical results (dotted 

brown lines). The mathematical model predicts well the resonance peak with the phase shift of the inertial 

actuator and most of the resonance peaks and antiresonance lows pairs of the plate. A small difference in 

amplitude and frequency between the numerical and measurement results can be observed between 400 Hz 

and 600 Hz. The simulated phase plot of the open loop sensor–actuator FRF for the voltage driven classical 

actuator also aligns well with measurement. The measured phase starts to decay at higher frequencies due 

to the electrical inductance of actuator coil, as found with measurements. 
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The Bode diagram shown in Fig. 3b presents the open loop sensor–actuator frequency response function for 

the voltage driven classical actuator with the same inertial mass as the flywheel configuration. The modulus 

and phase diagrams present almost identical characteristics to the phase diagram of the classical 

configuration. However, the slightly heavier inertial mass shift the fundamental resonance of the inertial 

actuator to a hardly noticeable lower frequency. The sequence of rounded off resonance peaks and narrow 

antiresonance lows pairs in the modulus diagram with the sequence of -180° phase lag and +180° phase lead 

in the phase diagram is almost identical as for the classical configuration. The experimental results (solid 

black lines) align well with the numerical results (dotted brown lines). The classical actuator with the same 

inertial mass as that of the flywheel configuration presents a small difference in the amplitude and frequency 

between 400 Hz and 600 Hz. The simulated phase spectrum of the open loop sensor–actuator frequency 

response function also aligns well with measurement. 

Fig. 3c shows the Bode diagram for the flywheel inertial actuator. The plot shows that the axial inertia effect 

produced by the flywheel element shifts the resonance peak at the fundamental resonance of the inertial 

actuator to lower frequency. The experimental results (solid red lines) for the flywheel inertial actuator align 

well with the numerical results (dotted brown lines) mainly at lower frequencies. An additional resonance 

effect of the actuator at about 210 Hz causes the phase to shift from 70° to about 170°. However, this 

additional dynamics produces lower amplitude compared to the peak at the fundamental resonance of the 

flywheel inertial actuator. Compared to the experimental results, the resonance peaks and antiresonance 

lows in simulation results are rapidly smoothen above 300 Hz, as can be noticed in the modulus and the 

phase diagrams. Considering the phase diagram, the measured phase starts to decay at higher frequencies 

due to the electrical properties of the actuator coil that were predicted with simulations. 

 

Figure 3: Bode plots of the open loop sensor – actuator frequency response functions for the voltage driven 

actuators. (a) Classical configuration (solid blue lines), (b) classical configuration with the same inertial 

mass as the flywheel configuration (solid black lines), (c) flywheel inertial actuator (solid red lines). 

Experimental results are contrasted with numerical simulations (dotted brown lines). 

The stability of the velocity feedback loops using the classical configuration, classical with the same inertial 

mass as the flywheel configuration and the flywheel inertial actuator is assessed using the Nyquist criterion. 

Fig. 4 shows the Nyquist plots of the open loop sensor–actuator frequency response functions specified in 

Eq. (20) in the previous section. Fig. 4 shows the Nyquist plots of the open loop sensor – actuator frequency 

response functions considering the plate equipped with classical inertial actuator (Fig. 4a), with the classical 

with the same inertial mass as the flywheel configuration (Fig. 4b) and with the flywheel inertial actuator 

(Fig. 4c). The solid lines in the plots present the measurement results, while the dotted brown lines present 

the simulation results.  
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The Nyquist diagram for the open loop sensor - actuator frequency response function for the voltage driven 

classical inertial actuator (Fig. 4a) is characterised by a circle in the real negative quadrants, which is linked 

to the resonance effect generated by the fundamental resonance effect of the actuator. In contrast the series 

of progressively smaller circles in the real positive quadrants are linked to the resonance effects produced 

by the flexural natural modes of the plate. The circles are not centred along the axis due to high damping 

ratio of the inertial actuator that slightly rotates the pattern. The circle in the left hand quadrants indicates 

that the feedback loop is only conditionally stable with maximum signal gain margin of about 54 dB. The 

experimental results (solid blue lines) align well with the numerical results (dotted brown lines). The 

performance of the velocity feedback loops with the voltage driven inertial actuator can be assessed with 

the approximated equation 20 log10(1 + 𝛿𝑛 𝛿𝑎⁄ ) [33-35], where 𝛿𝑛 and 𝛿𝑎 are the real values of the open 

loop sensor-actuator frequency response function respectively for the nth resonance peak of the plate and 

resonance peak at the fundamental resonance of the inertial actuator as shown Fig. 4a. Therefore, the 

maximum reduction of the first resonance peak of the plate with the classical inertial actuator can reach 23.8 

dB.  

The Nyquist plot for the classical actuator with the same inertial mass as the flywheel configuration shown 

in Fig. 4b presents similar characteristics to the classical configuration. The circle in the left hand quadrants 

indicates that the stability gain margin is about 55 dB. The experimental results (solid black lines) align well 

with the numerical results (dotted brown lines) also for this configuration of the inertial actuator. The 

assessed performance shows that the maximum reduction of the first resonance peak of the plate with this 

configuration of the inertial actuator can reach 24.3 dB. 

The Nyquist plot for the flywheel inertial actuator shown in Fig. 4c presents similar characteristic to the 

previous two configurations. However, the inertia effect produced by the flywheel element has significantly 

increased the stability of the feedback loops. Indeed, the stability gain margin is now about 59 dB. The 

experimental results for the flywheel inertial actuator (solid red lines) align well with the numerical results 

(dotted brown lines). As shown in Fig. 3c of the open loop sensor – actuator frequency response function, 

an additional resonance of the actuator creates a second circle in the left hand quadrants. The second circle 

is much smaller compared to the one of the inertial actuator fundamental resonance frequency and does not 

threaten the stability of the velocity feedback loop. The assessed performance for the flywheel inertial 

actuator shows that the maximum reduction of the first resonance peak of the plate can reach up to 32.8 dB. 

 

Figure 4: Nyquist plots of the open loop sensor – actuator frequency response functions for the voltage 

driven actuators. (a) Classical configuration (solid blue lines), (b) classical configuration with the same 

inertial mass as the flywheel configuration (solid black lines), (c) flywheel inertial actuator (solid red lines). 

Experimental results are contrasted with numerical simulations (dotted brown lines). 

4.2 Control performance at control location  

The control performance of the velocity feedback loops with the classical configuration, the classical 

configuration with the same inertial mass as the flywheel configuration and the flywheel inertial actuator is 
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first assessed by plotting the maximum velocity reductions of the rectangular plate at the control position. 

Fig. 5 shows the control performance of the velocity feedback loops implemented with maximum signal 

gains that guarantee stability, as defined in previous section. Fig. 5 shows the control velocity signal per 

unit force excitation specified in Eq. (22) considering the plane plate (dotted green line) and the plate with 

the velocity feedback loop using classical actuator (solid blue line), the classical actuator with the same 

inertial mass as the flywheel configuration (dashed black lines) and the flywheel inertial actuator (dashed-

dotted red lines). The simulation results (Fig. 5a) are compared with the measurements taken on the 

experimental rig (Fig. 5b).  

The spectrum of the plane plate flexural response at the control position (dotted green lines) is characterised 

by a fundamental resonance peak at about 43Hz and then a sequence of progressively smaller in amplitude 

sharp resonance peaks. The numerical results for the plate shown in Fig. 5a correspond well to the 

experimental results shown in Fig. 5b. However, the amplitude of the plate resonance peak starts to diminish 

with the increase of the frequency with numerical results, while in the experimental results, the amplitude 

of the plate resonance peaks stay relatively equal in entire measured band.  

 

Figure 5: Velocity at the control position per unit force excitation of the plate with maximum signal gain 

applied to the control actuators that guarantee stability. Plate without inertial actuator (dotted green lines) 

and for the plate with the feedback control systems using voltage driven classical inertial actuator (solid 

blue lines), classical configuration with the same inertial mass as the flywheel configurations (dashed black 

lines) and with the flywheel inertial actuator (dashed-dotted red lines). Simulation results (plot a) compared 

with measurements (plot b). 

When the velocity feedback loops are implemented with maximum control gains that ensure stability using 

the inertial actuators the response at the control position is characterised mainly by rounded off plate 

resonance peaks. However, both plots show that the velocity feedback loops also generate quite high control 

spillover effect around the fundamental resonance frequency of the actuators. Thus, for the classical 

configuration of the inertial actuator the spillover appears at about 20 Hz, for the classical configuration 

with the same inertial mass as the flywheel configuration at about 18 Hz, while for the pinned flywheel 

inertial actuator at about 15 Hz. The spillover effect produced by the flywheel configuration has lower 

amplitude of about 3 dB compared to the other two configurations. The simulation results show that all three 

configurations produce similar vibration control performance at low frequencies and round off the resonance 

peak at the fundamental mode of the plate by about 48 dB. However, the flywheel configuration produces 

higher reductions compared to the other two configurations above around 500 Hz. The measurement results 

present similar characteristics to the numerical results. The resonance peak of the plate fundamental mode 

is rounded off by about 40 dB by all three configurations. Measurement results also show that the flywheel 

configuration produces much smaller control effect at lower frequencies compared to other two 

configurations. However, between 200 Hz and 800 Hz the control performance of the flywheel configuration 

is much greater compared to the other two configurations. Additionally, both plots clearly show the pinning 
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effect of the plate at the control position due to the high feedback gains applied to the actuators. The first 

pinning effect appears at about 60 Hz, while the second at about 130 Hz.  

4.3 Global control performance  

The performance of the feedback loops with the proposed flywheel actuators has been assessed considering 

the total flexural kinetic energy of the hosting plate as defined in Eq. (29). The two plots in Fig. 6 show the 

10 Hz – 1 kHz spectra of the total flexural kinetic energy of the panel per unit force excitation for the plate 

without actuators and when the velocity feedback loop using the three inertial actuators are implemented 

with maximum control gains that guarantee stability. Both figures show the total flexural kinetic energy per 

unit force excitation for the plain plate (dotted green lines) and for the plate with the classical proof mass 

actuator (solid blue lines), with the classical configuration with the same inertial mass as the flywheel 

configuration (dashed black lines) and with flywheel proof mass actuator (dashed-dotted red lines). The 

simulation results in Fig. 6a are compared with measurement results shown in Fig. 6b. 

The spectrum of the kinetic energy for the plain plate (dotted green lines) is characterized by a sharp 

resonance peak at about 44 Hz, which is due to the fundamental natural mode of the plate followed by other 

peaks due to flexural modes of the plate [10]. The numerical results for the plate shown in Fig. 6a correspond 

well with the experimental results shown in Fig. 6b. However, the measurement results show that up to 200 

Hz the amplitude of the plate resonance peaks stay relatively equal. 

 

Figure 6: Total flexural kinetic energy per unit force excitation of the plate with maximum signal gain. 

Without inertial actuator (dotted green lines) and for the plate with the closed loop feedback control systems 

using voltage driven classical inertial actuator without flywheel (solid blue lines), classical configuration 

with the same inertial mass as the flywheel configurations (dashed black lines) and with the flywheel inertial 

actuator (dashed-dotted red lines). Simulation results (plot a) compared with measurements (plot b). 

When the feedback loop with the inertial actuators are implemented with maximum control gains that ensure 

stability, the spectra of the kinetic energy are characterised by rounded off plate resonance peaks. The 

spectra also show that the velocity feedback loops generate a rather high control spillover peak in 

correspondence to the fundamental resonance frequency of the actuators. In contrast, the feedback loops 

using the flywheel inertial actuator produce much smaller control spillover effects, even though the 

maximum control gain is implemented in the feedback loop. This is due to the fact that, when the actuators 

are equipped with the flywheel, the spillover occurs at much lower frequency in correspondence to the 

fundamental resonance. Thus, when the feedback loop with the flywheel inertial actuator is implemented 

the spillover effect is about 20 dB lower compared to classical configuration and about 13 dB lower 

compared to the classical configuration with the same inertial mass as the flywheel actuator. The simulation 

results show that all three velocity feedback loops produce similar vibration control performance in the 
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entire frequency band. The feedback loops round off the first two resonance peaks of plate by about 77 dB 

and by about 57 dB (Fig. 6a). The measured spectra of the kinetic energy present slightly different 

characteristics to the simulated results. For instance, the first two resonance peaks are round off by about 79 

dB and by about 60 dB (Fig. 6b). The measured performance of the velocity feedback loops with the 

flywheel inertial actuator is worse at lower frequencies compared to the other two configurations. However, 

the control performance of the flywheel configuration is much greater compared to the other two 

configurations above 500 Hz. The measured and simulated spectra of the kinetic energy also show the 

pinning effect of the plate at about 60 Hz. 

4.4 Frequency averaged performance 

The plate flexural kinetic energy vibration control effects presented in the previous section were derived 

when the velocity feedback loops are implemented only with maximum control gains that ensure stability. 

To better asses the effectiveness of the proposed control systems, the 10 Hz to 1 kHz frequency averaged 

plate kinetic energy reduction is considered with reference to increasingly higher feedback control gains. 

The reductions of the frequency averaged flexural kinetic energy of the plate equipped with the feedback 

control are normalised with reference to the frequency averaged kinetic energy of the plain rectangular plate. 

Fig. 7 shows reduction of the frequency average energy when the feedback loops are implemented using the 

classical (solid blue line), classical configuration that has the same inertial mass as the flywheel 

configuration (dashed black line) and the flywheel inertial actuator (dashed-dotted red line). The results 

show the frequency averaged plate kinetic energy reduction with increasing feedback control gains up to 

maximum control gain that guarantees stability.  

Considering first the classical configuration (solid blue line), the feedback loop the inertial actuator produces 

up to 15.4 dB reduction of the frequency averaged kinetic energy with maximum control gain of 54 dB. The 

performance of the velocity feedback loop is slightly better when the classical configuration that has the 

same inertial mass as the flywheel configurations is used. Considering the dashed black line, when the 

velocity feedback loop is implemented the inertial actuator produces up to 15.6 dB reduction with maximum 

control gain of 55 dB. Finally, the feedback loop with the flywheel inertial actuator (dashed-dotted red lines) 

can implement much larger feedback control gains (up to 59dB) such that the frequency averaged kinetic 

energy of the plate is reduced by up to 15.9 dB. The improved control performance are obtained thanks to 

the possibility of implementing about higher control gains. 

 

Figure 7: Reductions of the 10 Hz – 1 kHz frequency averaged kinetic energy produced by the feedback 

loops using either the voltage driven classical inertial actuator without flywheel (solid blue lines), classical 

configuration with the same inertial mass as the flywheel configurations (dashed black lines) and with the 

flywheel inertial actuator (dashed-dotted red lines). 
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5 Static deflection 

One of the key parameters that characterise an inertial actuator for active vibration control is the static 

deflection [3]. The static displacement of the springs-proof mass assembly defines the robustness of the 

actuator to shocks that may cause stability and control performance limitations. Thus, considering physical 

properties of the inertial actuators summarized in Table 2, the static deflection for the classical configuration 

of the inertial actuator shown in Fig. 1a is given by: 

 
𝛿 =

𝑀𝑎𝑔

𝑘
= 615 μm , (30) 

where 𝑔 = 9.81 m s2⁄  is the gravitational acceleration. The static deflections for the classical configuration 

with the same inertial mass as the flywheel configuration shown in Fig. 1b given by: 

 
𝛿 =

(𝑀𝑎+𝑚𝑤)𝑔

𝑘
= 765 μm , (31) 

Comparing to the classical configuration, the static deflection of the classical configuration with the same 

inertial mass as that of the flywheel configuration increased by 24%. Finally, the static deflections for the 

flywheel inertial actuator shown in Fig. 1c is given by: 

 
𝛿 =

(𝑀𝑤+𝑚𝑤)𝑔

𝑘+𝑘𝑤 𝑟𝑤
2⁄

= 711 μm . (32) 

Comparing to the classical configuration, the static deflection of the flywheel inertial actuator has increased 

only by 16%. Whereas, comparing to the classical configuration with the same inertial mass as that of the 

flywheel configuration, the static deflection of the flywheel inertial actuator has decreased by 7%. Although, 

the decrees of the static deflection for the flywheel configuration is due to additional flexural bearing, the 

result shown in Eqs. (30-32) clearly demonstrate that the static deflection of the flywheel inertial actuator 

does not depend on the axial inertia effect 𝐼𝑤 𝑟𝑤
2⁄  produced by the flywheel element. Also, it shows that the 

flywheel configurations can increase the robustness to shocks of the active vibration control systems by 

reducing the static deflection of the inertial actuator. 

6 Conclusions 

This paper has presented a new proof mass electromagnetic actuator with a flywheel element that can be 

effectively used in velocity feedback control loops to reduce the flexural vibrations of a thin rectangular 

panel. A mobility–impedance model has been introduced to assess the stability and control performance of 

a velocity feedback control loop with the voltage driven inertial actuator. Three different configurations of 

the inertial actuator have been considered and compared between each other. The stability and control 

performance of velocity feedback loops were considered using a classical inertial actuator, a classical 

actuator with the same inertial mass as the flywheel configuration and a flywheel inertial actuator. 

Experimental test results carried out on a rectangular panel test rig have been contrasted with simulations. 

The stability analysis has shown that the addition of the flywheel element increases the gain margin of the 

feedback loops. Moreover, compared to the classical configuration with the same inertial mass as that of the 

flywheel configuration, the flywheel prototype has increased the gain margin without any increase of the 

actuator proof mass. More precisely, when the inertial actuators were driven with the voltage signal the 

maximum signal gain margin of 54 dB have been reached with the classical configuration, 55 dB with the 

classical configuration with the same inertial mass as that of the flywheel configuration and 59 dB with the 

flywheel prototype.  

The experimental results presented in this paper confirmed the theoretical study results that the flywheel 

inertial actuators can improve the control performance of the velocity feedback loops to reduce the 

broadband vibration of thin plate. The improved control performance were obtained thanks to the possibility 

of implementing higher control gains. Both in stability and control performance study, the experimental 

testes matched well the numerical results. 
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Finally, the static deflection study has demonstrated that the flywheel element can be used to reduce the 

fundamental resonance frequency of the transducer without increasing the inertial mass. Thus, the flywheel 

element can improve stability and robustness to shocks of the implemented velocity feedback loops both by 

lowering the feedback control spillover effect at the fundamental resonance frequency of the actuator and 

without increasing the static deflection of the transducer. 
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Abstract
This paper studies an acoustic source with a relatively small thickness and high bending stiffness. The
acoustic source operates in the low frequency, quasi-static regime. The focus of the current study is on the
actuation part in order to design an appropriate excitation mechanism. A flexural mechanism is modeled in
combination with piezoelectric actuators to convert an in-plane displacement of the actuators to a perpen-
dicular out-of-plane direction. First, an optimization simulation is used to determine the size of the required
piezoelectric actuator. Then an equivalent electrical circuit of the lumped acoustic source is developed. This
equivalent circuit can directly be connected to the electrical model of a switching amplifier. Finally, a coupled
numerical finite element analysis is carried out by using COMSOL Multiphysics software package to model
the combination of both flexural mechanism and piezoelectric device. The suggested flexural mechanism is
sufficiently narrow to overcome the space limitation challenge in the design.

1 Introduction

Thin acoustic sources operating at low frequencies can be useful in active noise control as sources with
severe space constraints. In the current research, a thin acoustic source is studied. This acoustic source is
introduced in Refs. [1] and [2]. In this acoustic source, a high bending stiffness is obtained by attaching the
source to a sandwich structure. In another research [3], a lumped model is used to investigate the possibility
of using piezoelectric stack actuators as the excitation parts of this acoustic source.

In the present work, the same acoustic source that is introduced in Ref. [1], is studied. The main focus in
the current research is on the design of an excitation mechanism for the acoustic source. Due to the limited
available space in the thin acoustic source, piezoelectric stack actuators cannot directly be used. Therefore,
the design of a displacement-converter mechanism is crucial. With the aid of a displacement-converter
mechanism, piezoelectric stack actuators can be used while their displacement in one direction is converted
to a displacement in a desired direction.

Commercial amplified actuators are widely used in industry [4, 5]. Thanks to compact size, straightforward
design, manufacturability, and wide range of output motion and output force, these integrated amplified
piezoelectric actuators offer a larger stroke than single piezoelectric multilayer actuators. However, they are
only manufactured in specific dimensions and in limited aspect ratios. Among all the commercial designs,
on the one hand, there is no suitable amplified actuator available that has the small dimensions compatible
with the dimensions of our acoustic source. On the other hand, the available small commercial designs are
not capable of delivering the required stroke and force to our acoustic source.
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Integrated mechanisms are investigated in several studies to amplify the displacement of stacked piezo-
electric elements. Some suggested integrated designs that use piezoelectric devices are shown in Fig. 1.
Reference [6] studies a design named bridge-type amplifier shown in Fig. 1(a), in which the input and the
output displacements are in the same direction. In another model called flexure hinge [7], four similar piezo-
electric stack actuators are located in a symmetric in-plane configuration and are connected through a central
flexural hinge. According to Fig. 1(b), the resulting displacement is, however, in-plane. A honey-comb
flexural design in Fig. 1(c) is proposed in Ref. [8]. This design can translate an input displacement into an
out-of-plane displacement. The suggested oval-shaped design in Ref. [9] can generate an out-of-plane output
displacement according to Fig. 1(d). However, these two out-of-plane designs only perform at high frequen-
cies and require high applied voltages. Therefore, the suggested designs deliver either an in-plane output
displacement or in the case of an out-of-plane displacement, the operating frequency range is not applicable
to our acoustic source.

This motivated the authors to investigate a new design for the actuators. In the current research, a flexural
mechanism is proposed and is numerically studied. Due to the lack of sufficient space for the actuators in
the structure of the thin acoustic source, the input and output displacements are not in the same plane. In the
suggested configuration, an output displacement of the flexural mechanism is obtained by using piezoelectric
stack actuators in the horizontal plane. The suggested mechanism is able to convert the displacement of the
actuators to a perpendicular out-of-plane displacement to drive our acoustic source.

2 Methodology

2.1 Acoustic source

In our acoustic source, a high bending stiffness is obtained by attaching the source to a sandwich structure.
The structure of the acoustic source is shown in Fig. 2. It consists of a radiating surface, a honey-comb
structure, a perforated surface, an air cavity, and piezoelectric actuators. The face of the sandwich structure
internal to the source is perforated to increase the acoustic compliance. The details of this acoustic source
are described in Ref. [3].

2.2 Equivalent electrical circuit

A fully-lumped model of the flat acoustic source is considered in this study. To simplify the computation,
an equivalent electrical circuit of the lumped acoustic source is used in combination with the equivalent
electrical circuit of piezoelectric stack actuators. The resulting circuit is represented in Fig. 3, where it
and Vt are the total current and voltage, respectively, that are supplied to the electrical connected amplifier
(Amp.). The current along and voltage across the piezoelectric element are respectively shown by ipiezo and
Vpiezo. Parameters i and e represent the output current and voltage of the electrical domain, respectively.
Correspondingly, u and Fin show the input velocity and force to the mechanical domain, while Fout is the
output force of the mechanical domain. In the acoustical domain, the input volume velocity and pressure
are represented by Ud and Pin. In the electrical domain, C0 shows the capacitance of the piezoelectric
device. In the mechanical domain, ZT and ZS are the compliance and effective mass of the piezoelectric
actuator, respectively. Ms, Cs and Rs are correspondingly the mass, compliance and mechanical damping
of the acoustic source. Parameters Zcavity, Zhollow, Zscreen and Zrad represent the equivalent acoustical
impedances of air in the cavity, air in the hollows of the honeycomb structure, the perforated plate, and the
radiation impedance of the acoustic source. U1 and U2 are the volume velocity along the cavity and hollows
of the honeycomb panel, respectively. The parameters α and A are the conversion coefficients between
domains, where the later is the surface area of the acoustic source. All the parameters in this fully-lumped
model are described in detail in Ref. [3].
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Figure 1: Available designs of the piezoelectric actuator amplified displacement models in the literature.
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Figure 3: Complete equivalent electrical circuit of the acoustic source and piezoelectric actuators that can
be connected to a switching amplifier.

According to the electrical analogy in Fig. 3, the radiation power of the lumped acoustic source is defined as
the dissipated power in element Zrad. This power dissipation occurs when Ud passes through the radiation
impedance, Zrad, in the circuit. One can evaluate Prad by using the following equation:

Prad = 0.5ℜ(U2
d · Z∗

rad) (1)

Since the current in the acoustical domain, Ud, is a function of all the electrical elements in the circuit,
the resulting radiation power is also a function of those elements. Therefore, Prad is a function of ipiezo
and Vpiezo. That implies that Prad is a function of the characteristics of the piezoelectric device, i.e. the
dimensions of the piezoelectric element.

2.3 Optimization

The equivalent lumped electrical circuit, which is introduced in Ref. [3], is used in combination with MAT-
LAB R2015b optimization toolbox to obtain optimum dimensions of the piezoelectric stack actuator. The
following optimization problem is defined:

maximize
rp,lp

Prad(rp, lp)

subject to mpiezo = constant
(2)
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where rp and lp are the radius and length of the piezoelectric stack actuator, respectively. According to Eq.
(2), the only constraint is the mass of the piezoelectric stack actuator (mpiezo). The objective is maximizing
the radiation power (Prad) of the acoustic source at a low frequency below 1000Hz (for instance, at 200Hz)
when it is excited by a piezoelectric stack actuator. The radiation power in Eq. (2) is calculated according to
Eq. (1).

The result of optimization is shown in Fig. 4. According to the figure, the maximum radiation power for
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Figure 4: Optimization result showing the optimum radius and length of the piezoelectric actuator that
results in a maximum radiation power of the acoustic source.

the acoustic source corresponds to the optimum radius and length of 4mm and 100mm, respectively, for the
piezoelectric stack actuator.

2.4 Requirements and limitations

According to the outcome of the optimization, a piezoelectric stack actuator with the length of 100mm is
needed. However, the available space for the actuator in the structure of the acoustic source is limited to
the cavity gap with the thickness of 10mm. Since the defined piezoelectric element is not fitted in the avail-
able gap, the existence of a displacement-translator mechanism is crucial. With the aid of a displacement-
converter mechanism, displacement of a piezoelectric device in a direction without any space constraint can
be converted to the desired vertical displacement.

3 Numerical modeling

Flexures are elastically deforming parts that provide a precise range of motion in the desired degrees of
freedom. The produced motion is predictable and repeatable [10]. These compliant mechanisms have a
relatively high stiffness in the constrained directions [11]. Due to the fact that flexures are both frictionless
and maintenance-free [11], they can be used in the design of the required converter mechanism in the current
research.
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Using a flexural displacement-converter, it is possible to use piezoelectric devices in a horizontal plane and
obtain the converted displacement in a vertical out-of-plane direction. In the present paper, a 3D numerical fi-
nite element simulation in COMSOL Multiphysics software package is performed. The designed mechanism
has only one degree of freedom for the displacement in the vertical direction.

To design the flexural mechanism, first, a rigid multibody dynamics model is studied that fulfills the following
requirements:

• The suggested structure has to be very small in order to be fitted in a ten-millimeter air cavity gap,

• Since a smooth vertical displacement is desired that has no parasitic motion in other directions, a
symmetric design is crucial to ensure bending modes are not transmitted to the output.

In the next step, the rigid multibody dynamics model is converted to an equivalent flexure-based mechanism.
Therefore, all hinge joints used in the multibody dynamics model are replaced by flexural notch hinges.

4 Results and discussion

The suggested 3D design is schematically shown in Fig. 5. First, a rigid multibody model is designed that is

Piezoelectric stack actuator

Output displacement

Fixed joint Fixed joint

z

x

(a) Rigid multibody model.

Piezoelectric stack actuator

Fixed boundaryFixed boundary

Output displacementz

x

(b) Flexural design.

Figure 5: The suggested displacement-converter mechanism.

shown in Fig. 5(a). Then, the joints and hinges in the rigid multibody design is converted to the equivalent
flexural notch hinges. According to Fig. 5(b), by using flexural notch hinges, the entire mechanism becomes
a single piece. As it can be seen in the figure, both ends of the flexural mechanism are fixed to resemble the
fixed joints in the multibody counterpart model. Therefore, the horizontal deformation of the piezoelectric
stack actuator is translated to the output. Due to the symmetric design, the central part of the mechanism
only experiences a vertical displacement. The thickness of the designed mechanism in the direction of z-axis
is only 10mm similar to the thickness of the air cavity. The out-of-plane thickness of the flexural mechanism
in the direction of y-axis is 20mm to ensure that the mechanism is stiff enough in the out-of-plane direction.
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The results of a numerical simulation of the suggested mechanism in COMSOL Multiphysics is shown in
Fig. 6. According to the figure, a vertical output displacement with the order of magnitude 1.5× 10−5m and

Displacement (m)

z

x

(a) Rigid multibody model.

Displacement (m)

z

x

(b) Flexural design.

Figure 6: Displacement of the suggested displacement-converter mechanism simulated in COMSOL.

1.2 × 10−5m is obtained using the rigid multibody model and the flexural design, respectively. The input
displacement to both mechanisms is supplied by a piezoelectric stack actuator that is located in the horizontal
plane (see Fig. 5) and deforms in the direction of x-axis. The deformation of the piezoelectric element is
approximately 4.5× 10−6m.

Thanks to the proposed flexural mechanism in the structure of our acoustic source, it is possible to use
a piezoelectric stack actuator larger than the available cavity gap. The numerical results reveal that the
proposed design is able to achieve the required force and displacement for the acoustic source, while the
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small thickness of the thin acoustic source is preserved. The combination of the flexural mechanism and a
horizontal piezoelectric element is an alternative for a vertical single piezoelectric multilayer actuator.

5 Summary

In the present research, the optimization study shows that the required length for the piezoelectric multilayer
element as the excitation part of our acoustic source is approximately 100mm. However, due to space limi-
tation in our thin acoustic source, it is not possible to use a piezoelectric stack actuator with a length larger
than 10mm. Therefore, a flexural mechanism is designed to be used as a displacement-converter mecha-
nism. The flexural mechanism is simulated numerically using COMSOL Multiphysics software package.
The mechanism aims to translate an in-plane input displacement to an out-of-plane vertical output displace-
ment. With the aid of the suggested displacement-converter mechanism, deformation of a piezoelectric stack
actuator, which is located in the horizontal plane, is translated into a vertical direction. The configuration of
the suggested flexural mechanism and the piezoelectric device can be used as the actuation part of the thin
acoustic source. The thickness of the suggested flexural mechanism is small enough to be fitted in the air
gap of the thin acoustic source.

Acknowledgements

The authors gratefully acknowledge the European Commission for its support of the Marie Curie program
through the ITN ANTARES project (GA 606817).

References

[1] A. P. Berkhoff, Sound generator, US Patent, US20 100 111 351 A2 (2010).

[2] J. Ho, A. P. Berkhoff, Flat acoustic sources with frequency response correction based on feedback and
feed-forward distributed control, Journal of Acoustical Society of America, Vol. 137, No. 4 (2015), pp.
2080-2088.

[3] F. Tajdari, A. P. Berkhoff, A. de Boer, Numerical modeling of electrical-mechanical-acoustical behavior
of a lumped acoustic source driven by a piezoelectric stack actuator, in Proceedings ISMA 2016, Leuven,
Belgium, 2016 September 19-21, Leuven (2016), pp. 1261-1276.

[4] F. Claeyssen, R. Le Letty, F. Barillot, O. Sosnicki, Amplified Piezoelectric Actuators: Static & Dynamic
Applications, Ferroelectrics, Vol. 351, No. 1 (2007), pp. 3-14.

[5] R. Lucinskis, C. Mangeot, Dynamic characterization of an amplified piezoelectric actuator, in Proceed-
ings ACTUATOR 2016, Bremen, Germany, 2016 June 13-15, Bremen (2016), pp. 73-76.

[6] J. Juuti, K. Kordas, R. Lonnakko, V. P. Moilanen, S. Leppavuori, Mechanically amplified large dis-
placement piezoelectric actuators, The Journal of Sensors and Actuators, Vol. 120, No. A (2005), pp.
225-231.

[7] J. Guo, S. Keat Chee, T. Yano, T. Higuchi, Micro–vibration stage using piezo actuators, The Journal of
Sensors and Actuators, Vol. 194, No. A (2013), pp. 119-127.

[8] M. Muraoka, S. Sanada, Displacement amplifier for piezoelectric actuator based on honeycomb link
mechanism, The Journal of Sensors and Actuators, Vol. 157, No. A (2010), pp. 84-90.

404 PROCEEDINGS OF ISMA2018 AND USD2018



[9] T. Yeom, T. W. Simon, M. Zhang, M. T. North, T. Cui, High frequency, large displacement, and low
power consumption piezoelectric translational actuator based on an oval loop shell, The Journal of
Sensors and Actuators, Vol. 176, No. A (2012), pp. 99-109.

[10] S. T. Smith, Flexures, Elements of Elastic Mechanisms, University of North Carolina, USA, CRC Press
(2000).

[11] H. Soemers, Design Principles for precision mechanisms, University of Twente, The Netherlands, T-
Pointprint (2011).

ADVANCED TRAINING AND RESEARCH IN ENERGY EFFICIENT SMART STRUCTURES 405



406 PROCEEDINGS OF ISMA2018 AND USD2018



Active vibration control of a system subject to random 
excitation using impulsive parametric damping 

M. Ghandchi Tehrani1, T. Pumhoessel2 
1 Institute of Sound and Vibration Research, University of Southampton, UK 

e-mail: m.ghandchi-tehrani@soton.ac.uk 

 
2 Institute of Mechatronic Design and Production, Johannes Kepler University Linz, Austria 

Abstract 
In this paper, active vibration control of a mechanical oscillator subjected to random excitation is considered 

using parametric impulsive damping. First, the theory of active vibration control is provided. Impulsive 

damping force is used as a secondary force to control the vibration. The instantaneous kinetic energy, 

potential energy and the dissipated energy in the passive damper are obtained. Using the energy balance, 

the equivalent linear damping of the impulsive damping is derived analytically. Numerical simulations are 

carried out to obtain the response of the system with and without impulsive damping using white noise. A 

parametric study is carried out and the effect of different intensities and impulse frequencies is investigated 

on the closed-loop response.  The energy absorbed by the controller and the energy dissipated by the passive 

damper are also calculated for different feedback gains. The results from numerical simulation are compared 

with the results obtained analytically from the equivalent linear damping. 

1 Introduction 

Parametrically excited systems exhibit interesting dynamic behaviour and have been investigated 

extensively in the past [1, 2]. Parametric excitation occurs when a parameter of the system varies with time. 

Periodic, parametric stiffness excitation at anti-resonance frequencies, discovered by A. Tondl [3], leads to 

a coupling of the respective modes of vibration and allows to suppress self-excited vibrations. Due to this 

interaction between the modes, energy is transferred in a periodic manner from one mode to another [4, 5] 

and vice versa. This characteristic is of potential interest for energy harvesting, since the energy can be 

transferred to a mode with high amplitude of vibration. An interesting example of a parametrically excited 

system is a tuning fork gyroscope, in which the energy is transferred from vertical to horizontal motion due 

to coupling between the modes [6]. 

Pumhoessel et al. [7], for example, has recently investigated the effect of applying parametric stiffness 

excitation of impulsive type in a controlled manner. It turned out that an appropriate choice of the impulsive 

strength, as well as of the instants of time between adjacent impulses exists, which allows to control the 

amplitude of vibration by transferring energy from a weakly damped mode to a mode with higher damping, 

resulting in a much faster decrease of vibration amplitudes than without impulsive stiffness excitation.  

Most attention has been paid to systems with stiffness modulation. However, parametric excitation with 

periodic time-varying damping has also been considered. Recently, the free response of a system with 

parametric impulsive damping subject to initial velocity has been investigated using analytical methods [8]. 

The dynamic response of a single degree-of-freedom mechanical oscillator with an impulsive damping 

subject to harmonic base excitation has been presented [9]. In this paper, the application of impulsive 

damping is extended to active vibration control. First, the theory of active control using impulsive damping 

is presented. Then, numerical simulations are carried out. It is demonstrated that parametric damping can 

significantly reduce the amplitude of vibration. The dissipated and the extracted energy is also calculated.  
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2 Theory 

Consider a single degree-of-freedom mechanical oscillator as shown in Fig. 1 with feedback control. The 

equation of motion can be written as, 

 ).()()()()( tftftkxtxctxm s   (1) 

where, m , c and k  represent the mass, damping and stiffness of the system. A controller produces a 

secondary force )(tf s  in the form of negative impulsive damping force to control the vibration. 

 



N

k

kkps txttctf
1

),()()(   (2) 

The feedback force consists of a time-varying impulsive damping, which is made of a series of N Direct 

delta functions )( ktt   having the strength of kpc  . Each Dirac delta function can be seen as the simplest 

representative of e.g. a rectangular shaped impulse. The factor k  allows to scale the impulsive strength for 

each impulse. A sequence of periodic impulses is shown in Fig.2.  

 

 

 

 

 

 

Figure 1: A single DOF system with feedback control Figure 2: Periodic impulsive damping with the 

strength k  

The equivalent time-invariant linear damping of the parametric impulsive damping can be obtained from 

the power dissipation rates under linear and parametric damping. 

 ,2xcP eqeL
      ,xfP sNL

  (3, 4) 

If the constant eqec  is chosen to equate the ensemble average of the two powers,    NLL PP EE  , then the 

result is 

   ][E/)(E 2xxxfc seqe
  (5) 

In the expression for eqec ,  x)x(f s
E  and ][E 2x  can be interpreted as the cross-correlation between the 

impulsive damping force and the velocity and the auto-correlation function of the squared velocity, both at 

zero lag, in agreement with Nuttall’s approach [10]. 
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An iterative technique can also be used to obtain the power spectrum of the response, and hence 
eqec . For 

the first iteration  1j , it is assumed that 0
)1(
eqec  , and the auto power spectrum of the velocity is 

obtained from, 

 ,)()(
2

)()( ffjjxx SGS  
 (6) 

and the cross power  spectrum of the velocity and force can be obtained from, 

 ,)()( )()( ffjjfx SGS    (7) 

where, in general,  

   kccim
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 (8) 

and )( jeqec  is the equivalent time-invariant linear damping at the j -th iteration. The variance of the velocity 

can then be obtained from, 

 .)()()(
2  dS jxxjxx 





   (9) 

The next iteration of the equivalent time-invarient linear damping )2(eqec  for the impulsive function can 

then be calculated from, 
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where it is assumed that  xp   is Gaussian at every iteration. This value is then used to obtain the next 

power spectrum and the variance of the velocity. This iteration continues until the convergence is achieved.  

The power spectral density of the velocity at resonance,  mkn  , can also be obtained from, 
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 (11) 

An analytical expression for 
eqec can be obtained by substituting for )(xfs

  into Eq. (5).   

The “total equivalent” damping consists of the linear damping, c , and the “equivalent time-invariant linear 

damping”
eqec for the feedback damping force .  

 

                     (12) 
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If we take average from the instantaneous feedback damping, for equal intensity impulses, we can obtain 

the equivalent time-invariant linear damping as, 

 
T

Nc
dtttc
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Here, N is the number of impulses per T sec. Therefore, the total damping becomes, 
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3 Numerical simulation 

For numerical simulation, a single DOF system with the following parameters is considered. 

 mNscmNkkgm /1.0      ,/1     ,1   (15) 

The feedback control is the sequence of Dirac delta impulses 
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k

kkps txttctf
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),()()(  in which the 

impulses are replaced by an equidistant series of rectangular shaped impulses shown in Fig.3, such that, 

 



N

k

k tptp
1

)()(  (16) 

Where 

 


 


        otherwise                    0

 if   
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tp  (17) 

The intensity of the impulse  is referred to the control parameter or the feedback gain, which is obtained 

from the area under the impulse.  

 

Figure 3: Feedback control with the intensity of impulses  ,  

period of impulses t and duration of impulse pt  
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4 Results 

Random excitation with intensity of 
21NS ff  is considered. The displacement and the total energy are 

shown in Fig. 4 for the open-loop (blue solid line) and closed-loop (red dashed line) system.   

 

 

 

(a)  (b) 

Figure4: Random excitation:  (a) displacement response (b) kinetic and potential energy for the open-loop 

system marked with blue solid line and closed-loop system marked with red dashed line 

 

The absorbed energy and the dissipated energy are also obtained from integrating the instantaneous powers 

over the simulated time and varying the feedback gain from 0 to 1, as shown in Fig. 5 for three different 

numbers of impulses per period of natural vibration. The absorbed energy by the actuator increases when 

the feedback gain increases. Also, increasing the number of impulses increases the absorbed energy by 

active damping and reduces the dissipated energy in the passive damping. 

 

 

 

(a) (b) 

Figure 5: Random excitation: (a) absorbed energy by active control, (b) dissipated energy by the damper 

for three different number of impulses per period of external excitation as a function of the feedback gain  
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The equivalent linear damping for the feedback impulsive damping is found to be

3183.0
2

)20(1.0



eqec . This is also obtained from the iterative approach described previously. The 

results are shown in Figure 6.   

 

 

Figure 6: Random excitation: iterative approach to obtain the equivalent damping using Eq. (10) 

 

The mobilities are obtained from time domain simulation as well as analytical formulation using Eq. (14) 

for open-loop and closed-loop systems. Time-domain simulation is carried out with a Gaussian random 

signal of 2×10 4 points, having a sampling frequency of 318 Hz, divided into 128 blocks for averaging, and 

using a Hanning window with 50% overlap between each segment. The results are shown in Fig.7 There is 

a very good agreement between the numerical and analytical results for the open-loop and closed-loop 

systems, shown in Figure 7 with 20 number of impulses per 2 sec and the impulse intensity of 0.1. 

  

(a) (b) 

Figure 7: Random excitation: (a) mobility amplitude, (b) phase for the open-loop and closed-loop systems 

using numerical time-domain simulation and analytical formulation 
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The mobilities are also obtained for different feedback gains and three different numbers of impulses per 

natural frequency using time-domain simulation, as illustrated in Figure 8.  

 

  

(a) (b) 

  

(c) (d) 

Figure 8: Random excitation: (a, b) mobility amplitudes, (c, d) phases for different number of impulses 

and feedback gains 

5 Conclusions 

In this paper, active control using impulsive feedback damping is presented. The closed-loop response of a 

single DOF system is obtained when the system is subjected to random excitation and the performance of 

active control is discussed using numerical simulations.   
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Abstract 
This contribution introduces the full derivation of the applied load resistance and the excitation frequency 

that provides the maximum power capability of a bimorph piezoelectric cantilever. The derived formulas 

show capability to predict the applied load resistances and the corresponding excitation frequencies of the 

maximum power capability. The derived formulas can be further utilized to investigate the optimized 

operating conditions of the bimorph piezoelectric cantilever under volume constraints. The electrical 

damping is derived as a function of the system parameters and the applied load resistance.  

1 Introduction 

Piezoelectric energy harvesters (PEHs) have attracted the interest of many researchers over the last 

decades. Different geometrical shapes have been proposed for the transducers of PEHs in order to increase 

the power output. Goldschmidtboeing & Woias [1] studied three different beam shapes: rectangular, 

triangular and truncated-triangular. They found that the triangular-shaped beams outperformed the 

rectangular ones in terms of the maximum excitation amplitude and the maximum power output. The 

triangular-shaped beams were more effective in terms of curvature homogeneity independent of the proof 

mass. This effect was opposed by the adverse mass distribution and the increased stiffness of triangular-

shaped beams. Therefore, the overall efficiency was found to be weakly influenced by the beam shape (the 

efficiency was calculated at the corresponding resonant mode for each beam shape). Iqbal & Mohd-yasin 

[2] investigated the performance of seven different cantilever designs (straight beam, straight-tapered 

beam, T beam, U beam, V beam, V-T beam and Y beam). All the cantilevers were made out of the same 

material. The thickness of the layers was considered to be the same for all the structures. It was reported 

that the maximum displacement was very similar for all beams. The Y-beam and the T-V beam generated 

the highest open-circuit voltages. The influence of the beam shape on the power output or the efficiency 

was not studied. 

The energy harvester generates high power within a narrow band around its resonance frequency. A slight 

deviation between the excitation frequency and the resonance frequency will result in a significant drop in 

the harvested power of the tuned transducer. Broadband techniques have been proposed to overcome this 

limitation as reviewed in [3]. The broadband techniques include a structure to widen the bandwidth or a 

mechanism to tune the resonance frequency of the transducer. Energy harvesters in the form of an array of 

multiple elements instead of using only one element have been proposed to enlarge the bandwidth of 

PEHs. Eigenfrequencies of the elements in the array are tuned to the desired resonance frequencies by 

adapting the dimensions of the elements as in [4] or straining the elements by different axial forces as in 

[5]. In [6], the performance of the array energy harvester was investigated in comparison with a single 

reference harvester of the same volume as the entire array. It was found that the advantage of using the 
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array over the reference harvester was very limited to a small additional bandwidth to the detriment of a 

large drop in the power output. 

The combined-eigenmodes strategy has been proposed for the energy harvesters to have two or more 

eigenfrequencies close to each other, and hence, enlarge the bandwidth of the generators. Yang and Yang 

[7] investigated the coupled flexural vibration of two piezoelectric beams either electrically-connected 

with a circuit or elastically-connected with a spring. It was reported that the two piezoelectric beams 

connected either electrically or elastically achieved wideband output. Some structures that have two or 

more eigenfrequencies close to each other have been proposed for the transducers, such as the M-shaped 

transducer in [8], the zigzag-shaped in [9], the V-shaped in [10], and the T-shaped in [11]. 

Vibration energy harvesters with two or more stable equilibrium positions have been proposed to enlarge 

the bandwidth, as investigated in [12]. Multistable systems with a snap-through action that transfer from 

one stable position to the other have a large amplitude motion and hence, improve the power output. For 

example, the construction consists of a beam holding a magnet at the end which is in repulsion with 

another auxiliary magnet. The nonlinear repulsion force between the magnets causes the beam to have two 

stable equilibrium positions. Under the ambient excitation, the system jumps back and forth between these 

positions and settles at its natural frequency as presented by Tang et al. [13].A bi-stable clamped-clamped 

beam was presented by Andoe et al. [14] utilizing the snap-through buckling phenomena. It was reported 

that the bistable nature of this conversion methodology allowed for rapid switching between the two stable 

states and large displacements. Scarselli et al. [15] applied the lever effect to add a bi-stable property to a 

clamped simply supported plate. They demonstrated that the activation force needed for the transition 

from a stable state to another was significantly lowered by this technique and strongly dependent on the 

boundary conditions. 

The active tuning of the resonance frequency of the transducer has been proposed to increase the operation 

frequency range. Tuning the resonance frequency to match the excitation frequency was carried out either 

manually as in [16] or automatically as in [17] . The manual tuning does not consume electrical power, but 

requires the presence of an operator in the working environment. This conflicts with the idea central to the 

energy harvesting namely that they replace temporary batteries in applications where it is costly and 

inconvenient to frequently replace the batteries. On the other hand, the automatic tuning consumes 

electrical power. The broadband techniques have been proposed with a variety of sizes, boundary and 

operating conditions which makes it difficult to evaluate the differences between two techniques. In [18], 

a parametric study on piezoelectric energy harvesters considering a constant volume was introduced. In 

order to optimize the power output, the geometrical parameters (length, width, thickness, and tip mass) 

were recommended to be maximized within the available volume.  

In order to study the optimized operating conditions of PEHs under volume constraints, the optimal load 

resistance and the corresponding excitation frequencies that provide the maximum power capability will 

be derived in this contribution. The major proposed geometry for PEHs is the uniform cross-sectional 

rectangular-shaped beam, especially in the studies which conducted experimental investigations, see the 

reviewed studies in [19][20][21]. The uniform rectangular-shaped geometry is easy to model and to 

manufacture, in addition to being easy to apply. Thus, the uniform rectangular-shaped geometry is 

considered for the study. 

2 Rectangular-shaped bimorph piezoelectric cantilevers 

The energy harvester under investigation is in the form of a cantilever, consisting of two piezoelectric 

layers and a middle non-piezoelectric layer as shown in figure 1. The considered piezoelectric cantilever 

has a free length of l, a total thickness of h and a width of b. Each piezoelectric layer has a thickness of hp, 

a density of ρp and a modulus of elasticity of Ep. The total length of the piezoelectric layer is lc. The 

middle layer has a thickness of hs, a density of ρs and a modulus of elasticity of Es. A tip mass of mt is 

attached at the end of the cantilever. The mass ratio of the tip mass to the mass of the whole beam is . 

The fixation is assumed to be rigid. An input excitation of a displacement u(t) is provided to the fixation. 

The transversal displacement at the tip of the cantilever at any time t is given as x(t). 
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Figure 1: A bimorph piezoelectric cantilever (piezoelectric layers in parallel connection) 

The power output of bimorph piezoelectric cantilevers is derived in [18], as expressed by equation 1, 

where meq is the equivalent mass of the beam and the tip mass, ζm is the mechanical damping ratio, Ω is the 

excitation frequency, ωn is the resonance frequency and R is the applied load resistance, vp is the output 

voltage, α is the equivalent coupling factor [N/V or C/m] and Cp is the capacitance of the two piezoelectric 

layers.  

2

2 2 2

2 2

2 2 2
2 2

2 2 2 2

2 2

0.375

0.2357

1
1 2

1 1
( ) ( )






  


 
  

 
    
         
              

                   

pn n
p m

eq p eq p

u

P

C
C R

R
m C m R C

R R

  (1) 

3 Derivation of optimal load resistances 

One method to obtain the load resistance that maximizes the power output is by equating the derivative of 

the power with respect to the load resistance with zero. In equation 1 of the power output, the solution to 

dP/dR=0 is very complicated. Thus, in order to reach the maximum power capability, another method of 

equating the denominator of the power formula with zero is utilized. The denominator has two multiplied 

parts. Both of them are equated by zero. 
 

Part 1: Impedance matching  

The first part of the denominator in equation 1 is equated by zero. The following equation is obtained: 

 
2 21

0pC R
R
     (2) 

The solution to equation 2 is a complex number ( j/CpΩ). Since the applied load is assumed to be a pure 

load resistor, the first optimal load resistance equals the magnitude of ( j/CpΩ) and is referred to as Rd (Rd 

=1/CpΩ).  

To obtain the frequency ωd which provides the maximum power when Rd is applied, the second part of the 

denominator in equation 1 is equated by zero. The following equation is obtained: 
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Rd is replaced by 1/Cpωd and the equation is reduced as following: 

ADVANCED TRAINING AND RESEARCH IN ENERGY EFFICIENT SMART STRUCTURES 417



4 

 

 
   

2

2
2 2 2

2

2 2
2 2

1 2
12 2

pn n
m

d deq p d
eq d p d

p d

C
j

m C m C
C

  


   


 
     
        

         
 

  (3b) 

which can be reordered to: 
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which can be reduced to: 
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which can be reordered to: 
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The solution to equation 3e is: 
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which can be reduced to: 
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By taking the absolute value to Equation 3g, the frequency ωd is obtained as: 
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Hence, the formula of Rd can be expressed as: 
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Part 2: Resonance and anti-resonance 

The second part of the denominator in equation 1 is equated by zero. The following equation is obtained: 
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In order to simplify the solution to equation 6, two operating conditions are assumed: the resonance 

operation condition and the anti-resonance operation condition. 
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a. Resonance operation condition  

By substituting with Ω=ωn in Equation 6, and reducing the equation, the following equation is obtained: 

 

2 2

2 2

2 2 2 2

2 2

2 0
1 1

( ) ( )

p

m

eq p n eq n p n

C

m C m R C
R R

 


  

   
   

     
    
   

  (7a) 

which can be reordered to the following equation: 

 
 



  

   
   

    
    
   

2 2

2 2
2

2 2 2 2

2 2

2
1 1

( ) ( )

p

m

eq p n eq n p n

C
j

m C m R C
R R

  (7b) 

By taking the square root of equation 7b and reordering it, the following equation is obtained: 

 

2 2

2 2 2 2

2 2

2
1 1

( ) ( )

p

m

eq p n eq n p n

C j
j

m C m R C
R R

 


  

 

 

  (7c) 

which can be reordered to the following equation: 

 
2 2 2 3 2 22 2 0p n m eq n m eq n pC R jR m j m C jR            (7d) 

which can be reordered to the following equation: 

 
2 3 2 2 2( 2 ) 2 0p n m eq n p m eq nC m C j R jR m j            (7e) 

By solving equation 7e, the following equation is obtained: 

 

2 4 2 3 2

2 3 2

4( 2 )( 2 )

2( 2 )

m eq n p n m eq n p

p n m eq n p

j m j C m C j
R

C m C j

       

   

    



  (8a) 

which can be reordered to the following equation: 

 
       

   

   




2 4 2 3 2

2 3 2

( 8 )( 2 )

2( 2 )

m eq n p n m eq n p

p n m eq n p

j j m j C m C j
R

C m C j
  (8b) 

which can be reordered to the following equation: 

 

2 4 2 2 2 2 4 2 2

2 3 2

8 16 )

2( 2 )

m eq n p m eq n p

p n m eq n p

j j m C j m C j
R

C m C j

      

   

  



  (8c) 

which can be reduced to the following equation: 
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2
2 2 2 2

2 2

4

2 ( 2 )

m eq n p

p n m eq n p

j j m C j
R

C m C j

    

   

 



  (8d) 

which can be reduced to the following equation: 

 

2 2 2 2

2 2

( 4 )

2 ( 2 )

m eq n p

p n m eq n p

j j m C j
R

C m C j

    

   

 



  (8e) 

By solving equation 8e, the value of R equals either 

 

2 2 2 2 2 2 2

1 2 2 2 2

( 4 ) 2 ( 2 )

2 ( 2 ) 2 ( 2 )

m eq n p m eq n p

p n m eq n p p n m eq n p p n

j j m C j j m C j j
R

C m C j C m C j C

        

        

  
  

 
  (8f) 

or 

 

2 2 2 2 2 2

2 2 2 2 2

( 4 ) 2

2 ( 2 ) ( 2 )

m eq n p m eq n p

p n m eq n p p n m eq n p

j j m C j m C j
R

C m C j C m C j

       

       

 
 

 
  (8g) 

The optimal load resistance can be obtained by the magnitude of equation 8g and is expressed as: 

 

2

2
4 2 2 4 2

2

4

m eq n

op

m eq n p

m
R R

m C

  

  
 


  (9) 

b. Anti-resonance operation condition 

First, a formula for the anti-resonance frequency is derived. The applied load is assumed to be very high 

(open circuit condition). The reciprocal of R approximately equals zero. By using this information, 

equation 6 can be reduced to Equation 10a.  

 

2
2 22

2 2
1 2 0

( )

pn n
m

anti eq p anti anti

C

m C

 


  

    
       
     

  (10a) 

By reordering, the following equation is obtained: 

 

2
2 22

2

2 2
1 2

( )

pn n
m

anti eq p anti anti

C
j

m C

 


  

    
      
     

  (10b) 

By taking the square root, the following equation is obtained: 

 

2 2

2 2
1 2

( )

pn n
m

anti eq p anti anti

C
j

m C

 


  

 
   
 

  (10c) 

By reordering, the following equation is obtained: 
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2

2 22 0anti m n anti n

eq p

j
m C


    

 
     

 
  (10d) 

By solving equation 10d, the anti-resonance is obtained as: 

 

2
2 2 22 4 4

2

m n n n

eq p

anti

j
m C


    



 
     

 
   (11a) 

which can be reduced to the following equation: 

 
2

2 2 2

anti m n n n

eq p

j
m C


     

 
      

 

  (11b) 

By getting the magnitude of equation 11b, and reducing the equation, the anti-resonance frequency is 

obtained as: 

 

2
2

anti n

eq pm C


     (12) 

In order to derive the optimal load resistance (Rop_anti) at anti-resonance frequency, equation 6 is solved at 

Ω=ωanti. The following equation is obtained: 

2 2

2 2 2

2 2 2 2

_2 2

_ _

1 2 0
1 1

( ) ( )

pn n
m

anti anti
eq p anti eq anti op anti p anti

op anti op anti

C

m C m R C
R R

  


   

   
      
          
       
   
   

  (13) 

By taking the square root of equation 13 and reordering it, the following equation is obtained: 

2 2 2

2 2 2 2

_2 2

_ _

1 2
1 1

( ) ( )

pn n
m

anti anti
eq p anti eq anti op anti p anti

op anti op anti

C j
j

m C m R C
R R

  


   

 
    
   

 (14a) 

By reordering, the following equation is obtained: 

2 2 2

2 2 2 2

_2 2

_ _

1 2
1 1

pn n
m eq

anti anti

p anti anti op anti p anti

op anti op anti

C j
j m

C R C
R R

  


 
  

  
     
               

   

 (14b) 

By assuming a constant c1, the following equation is obtained: 

 

2 2

1
2 2 2 2

_2 2

_ _

1 1
( ) ( )

p

p anti anti op anti p anti

op anti op anti

C j
c

C R C
R R

 

  

 

 

  (14c) 
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where 

 

2

1 1 2n n
m eq

anti anti

c j m
 


 

  
    
   

  (14d) 

By reordering equation 14c, the following equation is obtained: 

 
2 2 2

_ _

1
2 2 2 2 2

_ _ _2 2

_ _

( )

1 1
( ) (1 )

p anti op anti p anti op anti

anti op anti p anti anti op anti p anti op anti

op anti op anti

C R j C R j
c

R C R C R
R R

    

   

 
 

 

  (15a) 

By reordering, the following equation is obtained: 

 
2

_

1

_ _ _2

_

( )

1
( )( )

p anti op anti

anti op anti p anti op anti p anti op anti

op anti

C R j
c

R C R j C R j
R

 

  




 

  (15b) 

By reducing and reordering, the following equation is obtained: 

 

2 2
_

1

_ _

/

( ) ( / )

op anti anti

anti p anti op anti p anti op anti

R
c

C R j C j R

  

  
 

 
  (16a) 

which can be reordered to the following equation: 

 

2

_ 1

/ anti
p anti

op anti

j
C

R c

 
    (16b) 

From the formula of the anti-resonance frequency (equation 12), the following equation can be obtained: 

 

2 2
2

2
1 n

anti

anti eq pm C

 




 
  

 
  (17) 

By substituting equation 17 in equation 14d of the constant c1, the following equation is obtained: 

 

2

1 2
2 n

m eq

p anti anti

c m j
C

 


 

 
   
 

  (18) 

By substituting equation 18 in equation 16b of the constant c1, the following equation is obtained: 

 
 

22

22
_

2

/

2
2

p antianti
p anti p anti

op anti m anti eq pn
m eq

p anti anti

Cj
C C

R m C j
m j

C

  
 

   


 


   
  

  
 

  (19) 

From equation 19, the magnitude optimal load resistance at anti-resonance frequency is obtained as 

following: 
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4 2 2 2 2 2

_ 2 2

4

2

m eq n p anti

op anti

m eq n p anti

m C
R

m C

   

  


   (20) 

The capability of the derived formulas of the optimal load resistance is investigated. All investigations in 

this contribution consider the bimorph piezoelectric cantilever of the properties displayed in table 1. figure 

2a displays the power output versus the excitation frequency at the three derived load resistances Rop of 

1.06 kΩ, Rd of 9.7 kΩ and Rop_anti of 73 kΩ. figure 2b displays the power output versus the applied load 

resistance at three excitation frequencies (ωn of 239 Hz, ωd of 250 Hz and ωanti of 261 Hz). The maximum 

possible power is obtained at the resonance frequency and the anti-resonance frequency for an applied 

load resistance of Rop and Rop_anti, respectively. It is shown also that the derived formulas show capability 

to predict the load resistances of the maximum power output. The applied load resistance of Rd causes the 

maximum electrical damping to the circuit. The maximum power output at an applied load resistance of Rd 

occurs at the excitation frequency of ωd. 

 Piezoelectric Non-piezoelectric 

Mechanical  

data 
11

Es = 14.2e-12 m2/N, 

ρp= 8100 kg/m3 

Es = 1.25e11 N/m2, 

ρs = 1800 kg/m3 

Piezoelectric  

data 

d31 = 315e-12 C/N, 

33

T  = 3.98e-08 F/m 

 

Dimensions h =  0.78 mm, hp = 0.27 mm, hs = 0.24 mm, 

lc = 45 mm, b =7.25 mm, l=39mm 
 

Table 1: Properties of the bimorph type “VIBRIT 1100” Johnson Matthey (data sheet) 

(a) (b)  

Figure 2: (a) The power output versus the excitation frequency (b) The power output versus the applied 

load resistance  

4 Derivation of electrical damping ratio  

The piezoelectric energy harvester is governed by two coupled electromechanical equations as presented 

in [22]. The governing equations are expressed as following: 

 ( , ) ( , ) ( , ) ( )eq m eq p eqm x l t d x l t c x l t v t F      (21a) 

 
( )

( , ) ( )  
p

p p

v t
x l t C v t

R
  (21b) 

where ceq is the equivalent stiffness and dm is the mechanical damping coefficient. 

From Equation 21a, the transfer function between the output displacement and the input displacement is 

obtained as described in [18] as: 
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 2 2 2

2 2 2 2

2 2

0.375 1

0.2357
1 2

1 1
( ) ( )

xu

pn n
m

eq p eq p

H
C

j j

m C m R C
R R



   


 
  

     
      

        

  (22a) 

At resonance where Ω=ωn, the equation of the transfer function can be reduced to:  

 2 2

2 2 2 2

2 2

0.375 1

0.2357
2

1 1
( ) ( )

n
xu

p

m

eq p n eq n p n

H
C

j j

m C m R C
R R





 


  



  
  

 
 

 

  (22b) 

The electrical damping as a function of the applied load resistance is an important factor to be 

investigated. In order to obtain a formula for the electrical damping ratio, the influence of the piezoelectric 

effect is represented by electrical damping of coefficient de where de= 2ζemeqωn (ζe is the electrical 

damping ratio). The equation of motion of the beam can be expressed as: 

 ( ) ( ) ( ) ( )eq m e eq eqm x t d d x t c x t F      (23a) 

By taking the Laplace transform of equation 23a, the following equation is obtained: 

 
2 2( ) ( ) ( ) ( ) ( )eq m e eq fm x j d d x j c x j m u j              (23b) 

As in [18], the equivalent mass is meq=bl(0.2357+β) (ρshs+2ρphp) and the equivalent driving force is 

Feq=bl(0.375+β) (ρshs+2ρphp)ü. By substituting in Equation 23b, the transfer function between the tip 

displacement and the input displacement is obtained as: 

 

2

2

(0.375 )( 2 )

( )

s s p p

xu

eq m e eq

h h lb
H

m d d c

     


    
  (24a) 

At Ω=ωn, the transfer function at resonance is as following: 

 


       

   

     
 

 

2 2

2

(0.375 )( 2 ) (0.375 )( 2 )

( ) (2 2 )n

s s p p n s s p p n

xu

m e n m eq e eq n

h h lb h h lb
H

d d m m
  (24b) 

which can be reduced to: 

 
0.375 1

0.2357 2( )n
xu

m e

H
j



  

  
  

  
  (24c) 

By equating equation 24c to equation 22b and reducing, the following equation is obtained: 

 2 2

2 2 2 2

2 2

1 1

2( )
2

1 1
( ) ( )

pm e

m

eq p n eq n p n

Cj
j j

m C m R C
R R

  


  

 



 

 

  (25a) 

From which, the following equation can be obtained: 

 
 

  

  


   

 

2 2

2 2 2 2

2 2

2( ) 2
1 1

( ) ( )

p

m e m

eq p n eq n p n

C
j j j

m C m R C
R R

  (25b) 

By eliminating 2ζmj from both sides in Equation C.5b, the following equation is obtained: 

 

2 2

2 2 2 2

2 2

2( )
1 1

( ) ( )

p

e

eq p n eq n p n

C
j j

m C m R C
R R

 


  


 

 

  (25c) 
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By taking the magnitude of both sides in equation 25c, the electrical damping ratio can be obtained as 

following: 

 

4 2 2
4 2 4

2

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2

1
( )

1 1 1
4 ( ) 4 ( ) 4 ( )

p n
p

e

eq p n eq n p n eq n p n

CC R

m C m R C m C
R R R

  


    


  

  

  (26) 

At an excitation frequency around the first eigenfrequency, the electrical damping is expressed as:  

 

2 2

2 2

2

11 2 ( )2 ( )

e

eq n p neq n p n
m C jm C

RR

 


  

 



  (27) 

In equation 27, if the applied load R is replaced by Rd (which equals 1/Cpωd), the electrical damping ratio 

will be maximized. The impact of the applied load resistance normalized to the resistance Rd on the 

electrical damping ratio is displayed by figure 3. The electrical damping is maximum at R= Rd. 

 

Figure 3: Impact of (R/Rd) on the electrical damping ratio 

In equation 27, if the applied load R is replaced by the optimal load resistance at resoance, the magnitude 

of the electrical damping ratio will equal the magnitude of the mechanical damping ratio (ζe =ζm). Figure 

4a displays the impact of the applied load resistance on the electrical damping ratio. At low applied load 

resistances much less than (1/Cpωd), the electrical damping ratio is proportional to the applied load 

resistance. An increase in the applied load resistance results in an increase in the electrical damping. For 

load resistances much higher than (1/Cpωd), the electrical damping ratio increases very slightly for a large 

increase in the applied load resistance. Figure 4b displays the impact of the mechanical damping ratio (ζm) 

on the optimal load resistance (Rop). At very low mechanical damping ratios, the optimal load resistance is 

proportional to ζm. After the optimal load resistance equals (1/Cpωd), a large increase in the mechanical 

damping ratio causes a slight increase in the optimal load. The electrical damping ratio from figure 4a 

equals the mechanical damping ratio from figure 5b at the corresponding optimal load resistance. For 

example (follow the red dashed line), the optimal load resistance is 1 kΩ when the mechanical damping 

ratio is 0.01. Applying the optimal load resistance of 1 kΩ results in an electrical damping of ratio 0.01. 

 

Figure 4: (a) Impact of applied load resistance on electrical damping ratio (b) Impact of mechanical 

damping ratio on optimal load resistance 
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5 Derivation of maximum power output 

The maximum power is generated at resonance and at an applied load resistance which is equal to the 

magnitude of the internal impedance of the transducer as investigated in [18]. Formulas for the maximum 

power at Rop and ωn as well as at Rd and ωd are derived. 

a. Maximum power at Rop and ωn 

At resonance, equation 1 of the power output can be reduced to:  

 

2

2 2 2

2 2

2 2
2 2
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  (28) 

From equation 27 of the electrical damping ratio, the following equation can be obtained: 
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2 2

2

1
( )

2
1

( )

p

e n

eq p

C j
R

m C
R


 

  
 

 

  (29a) 

which can be reordered to the following equation: 
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2
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( ) ( )
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p eq pR C j m R C
R R

   


   
  (29b) 

By substituting in the equation 28, the equation can be reduced to the following equation:  
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  (30a) 

By reordering, the following equation is obtained: 
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2 2 2 2 2 2

2
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1
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1
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1
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P
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  (30b) 

which can be reduced to: 

 

 

2

2 2 2

2 2 2
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0.2357

1
4

n

n

e m p n

u

P

C R
R




 



  


 
 

 
 

  
 

  (31) 
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A formula for the maximum power at ωn and Rop is obtained. At these conditions, the electrical damping 

ratio equals the mechanical damping ratio as investigated in figure 3. In Equation 31, at R=Rop, the 

following equation is obtained: 

 

 

2

2 2 2

2,

2

0.375

0.2357

1
4 2

n op

n

R

e p n op

op

u

P

C j R
R




 



 



 
 

 
 

  
 

  (32a) 

By utilizing Equation 27 of the electrical damping ratio, equation 32a can be reduced to 
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  (32b) 

The power output at an applied load resistance of Rop and an excitation frequency of ωn is obtained as: 

 

 

2

4 2 2

4,

0.375

0.2357

4n op

n eq

R
op

u m

P
R








 
 

    (33) 

It is observed in equation 33 that the maximum power is independent of the mechanical damping ratio 

(ζm), where ζm is implicitly included in the formula of the optimal load resistance Rop=f(ζm).  

b.  Maximum power at Rd and ωd 

An equation for the power output at excitation frequency of ωd and an applied load resistance of Rd will be 

derived. At Ω=ωd and R=Rd, equation 1 of the power output is as following: 
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  (34a) 

which can be reduced to the following equation: 
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  (34b) 

From equation 4 of ωd, it can be obtained that (ωd)2-(ωn)2=α2/(2meqCp) which is substituted in equation 34b 

to obtain the following equation: 

 

   

2 2

2 6 2 2 6 2
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  (35) 
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By reducing equation 36, the power output at Ω=ωd and R=Rd is obtained as: 

 

 

2

2 5 2 2

2, 2

0.375
2

0.2357

4
d d

d p eq

R

m n d p eq

u C m

P
C m




 



   

 
 

 


  (36) 

6 Conclusion 

The broadband techniques have been proposed with a variety of sizes, boundary and operating conditions. 

They mostly require a complicated setup, volume and mass and are costlier than a single piezoelectric 

energy harvester (PEH) with the transducer only. Due to the importance of volume in PEHs, one possible 

way to appraise the proposed PEHs is to evaluate their performance in comparison with a single reference 

harvester of the same volume. The rectangular-cross section bimorph piezoelectric cantilever is chosen as 

the reference. The optimal load resistance and the corresponding excitation frequencies that provide the 

maximum power capability were derived. They are found to be functions of the geometrical and material 

parameters. Formulas were derived for the maximum power output at the derived optimal load resistances. 

It is found that the maximum power output at resonance is dependent on the geometrical and material 

properties and independent of the mechanical damping at an applied load resistance of the corresponding 

optimal load resistance. 
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Abstract 
This paper presents simulations and experimental results on the stability, performance and power 

consumption of a Multiple Input Multiple Output (MIMO) Active Vibration Control (AVC) system 

comprising six inertial mass actuators (IMAs), when centralised and decentralised velocity feedback 

control architectures are implemented. The open-loop (OL) matrices for the centralised and decentralised 

systems are calculated and the AVC stability is assessed using the generalised Nyquist criterion for both 

control architectures. The control performance and the apparent power consumption of the AVC system 

IMAs are compared and discussed. Additionally, the percentage of reactive power is evaluated. Initial 

results show that both control architectures achieve similar control performances for simulations and 

measurements. However, the measured total apparent power as well as the reactive power consumption is 

higher than in simulations. Measurements show higher reactive power for the decentralised AVC. 

1 Introduction 

Structural vibrations represent a problem in lightly damped constructions. In vehicle and transportations 

industries (e.g. aerospace, automotive, naval etc.), lightweight design is increasingly important, due to the 

strict requirements on CO2 emissions and fuel consumption. This may lead to lightly damped lightweight 

structures and hence to vibration problems. Passive measures are generally a first choice to cope with 

those problems. However, in order to be effective in the low frequency range, they tend to be heavy and 

bulky. For this reason, Active Vibration Control (AVC) systems are a promising approach for vibration 

attenuation whenever passive approaches are inadequate [1]. AVC systems exploit active elements 

(actuators) which apply forces to the structure under control in order to obtain stiffening, damping or 

isolation effects, depending on the implemented control strategy [2]. 

A notable control strategy for the attenuation of structural resonant peaks is to implement velocity 

feedback control (VFB) using AVC system comprising Inertial Mass Actuators (IMAs). VFB control is a 

linear time invariant control strategy which allows implementing active viscous damping into the structure 

under control [1, 3]. In this control strategy, a velocity signal taken from the structure is amplified and fed 

back via force transducers. The resulting effect is the addition of viscous damping into the structure [4, 5] 

which results in a broadband attenuation of the resonant response peaks. VFB has been intensively 

investigated for implementing active damping for vibro-acoustic applications [6, 7].  

For the application of AVC systems on large structures, multiple actuators might be needed. In this case, 

the AVC system is composed of several actuators and sensors distributed on the controlled structure, 

resulting in a Multiple-Input-Mulitple-Output (MIMO) system [8]. MIMO AVC systems can be 

implemented with a centralised or decentralised control architectures. In centralised control systems all  
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 sensor signals are fed into a single processor controller which evaluates all control signals for the 

actuators [3]. The centralised MIMO AVC system can be composed of a different number of actuators and 

sensors. The actuators and sensors can be selectively used to control different vibrational modes [1, 5]. 

However, centralised controllers may be difficult to implement, when a large number of actuators and 

sensors are used. The computational burden of centralised controllers scales drastically up with the 

number of sensors and actuators involved, limiting their applications. Alternatively, decentralised control 

consists of an equal number of sensors and actuators arranged in closely collocated pairs. Each actuator-

sensor pair works independently in order to achieve a common result (e.g. kinetic energy reduction) [3]. 

This kind of control architecture is easier to be implemented since each controller deals with a single 

actuator-sensor pair. 

Several studies compared the performance of VFB implemented on MIMO AVC systems with centralised 

and decentralised architectures. These studies show that VFB implemented on centralised AVC systems 

allow slightly higher performance than decentralised AVC systems [9, 10, 11]. However, in many cases 

the relatively low expected improvement in performance may not justify the implementation of centralised 

controllers. 

One aspect that has generally not received much attention in previous studies is the electrical power 

consumption of AVC systems. In particular, thus far the difference in the power consumption between 

different MIMO VFB AVC system architectures has not been investigated in any greater detail. Most 

studies focus on performance achieved by the two control architectures rather than the power 

consumption. However, due to the strict requirements on power consumption for some applications, an 

additional discriminant aspect between the two control architectures may be the amount of electrical 

power required by the actuators. 

In the following sections, a simulation and experimental studies on the stability, performance and power 

consumption of MIMO centralised and decentralised AVC systems is presented. In section two, the 

laboratory test rig and the simulation model is introduced. The studied AVC system is composed of six 

electrodynamic IMAs and six acceleration sensors. It is implemented to a laboratory six cells truss 

structure. In the third section, the stability analysis of the MIMO AVC system for the centralised and 

decentralised architectures is presented. In the fourth section, the simulation and experimental results for 

the performance and power consumption of the systems are presented and discussed. In the fifth section, 

the results and conclusions are summarised and an outlook on future work is given. 

2 The laboratory test rig and the simulation model 

This section presents the experimental test rig and the simulation model considered in this study. Figure 1a 

shows the laboratory test rig composed of a six cells truss structure with a MIMO AVC system with six 

IMAs attached. The disturbance force is induced using a ‘primary’ shaker, which is suspended from an 

external frame using elastic rubber bands and coupled to the truss structure via a stinger and a force gauge. 

a) b) 

 
 

Figure 1– a) Laboratory six cells truss structure b) FEM model of the six cells truss structure, with the 

fourteen possible selected control positions 
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The six cells truss structure is composed of 28 nodes, connecting 52 short and 24 long struts. The short 

struts are used as vertical and horizontal elements, while the long struts are used as diagonal elements. The 

structure is mounted on four low stiffness rubber mounts at the four principal corners. The low stiffness of 

the rubber mounts guarantees that all the rigid body modes of the structure lie below 16 Hz. Six global 

modes occur within the frequency range from 50 Hz to 162 Hz. Three rhombic modes occur at 52.7 Hz, 

54.2 Hz and 130.2 Hz. The first two bending modes occur at 143.5 Hz and 144.2 Hz and the first torsional 

mode occurs at 161.5 Hz. The modes occurring above 161.5 Hz are mostly local modes of the struts. The 

results from preliminary studies on the truss structure are presented in Ref. [12]. The results from 

experimental modal analysis on the six cells truss structure are given in Ref. [13]. 

Figure 1b shows the finite element method (FEM) model of the truss structure. The model consists of 

individual strut models of different lengths. These struts are modularly built up consisting of two 

connection bolts, two coupling nuts and the beam. The connections between the beams, the connection 

bolts and the two connecting nuts are defined by elastic element connections, for which the values were 

determined experimentally. The FEM model of the truss structure consists of more than 33000 degrees of 

freedom (DOF). The high number of degrees of freedom makes this model unpractical for numerical 

investigations on AVC systems. Hence, for the purpose of this study, the FEM model is reduced to the 

first 60 modes, which occur in the frequency range between 0 and 250 Hz. The input (forces) and output 

(velocities) points of the reduced order model are selected to be the fourteen connecting nodes on the top 

of the truss structure numbered as in Figure 1b. The degrees of freedom are constrained to translation in x-

direction only. The reduced model is then converted to a state space model with 120 states using the 

AdaptroSim™ toolbox developed at the Fraunhofer LBF [14] and imported in Matlab® Simulink® for 

numerical simulations. 

a) b) 

  

Figure 2 – FRFs of the mean total velocity normalised by the input force at node 9 – a) Simulations; b) 

Measurements 

Figure 2 shows the frequency response functions (FRFs) of the total mean velocity of the truss structure 

normalised to the external primary disturbance force introduced at node 9 in x-direction. Figure 2 shows 

the simulation results obtained with the reduced order model. Figure 2 b shows the experimental results 

obtained from measurements on the truss structure on the fourteen output nodes. In both the simulation 

and the laboratory experiment, the peak responses of the rigid body modes occur between 0 Hz and 15 Hz 

and the peak responses of the first six global modes occur between 39 Hz and 162 Hz. The frequencies of 

the individual response peaks of the rigid and global modes in the simulated FRF match well with those in 

the measured FRF. A higher difference can be noted for the frequency of the response peak of the first 

rhombic mode, which occurs around 39 Hz in the simulation and around 52.7 Hz in the laboratory 

experiment (see Figure 2). The peak amplitudes in the simulated FRF are slightly lower than the 

amplitudes of the response peaks in the measured FRF. The results in Figure 2 show good general 

agreement for both rigid body and global modes occurring in the considered frequency range from 0 Hz to 

250 Hz, which is sufficient since this study focuses to the AVC performance achieved on the global modes 

of the truss structure. 

The six IMAs composing the AVC system (also visible in Figure 1a) are Fraunhofer LBF in house 

designs. The IMAs are constructed from a linear electrodynamic voice coil motor, where the coil is rigidly 
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mounted on the base. An aluminium beam, which is also rigidly mounted to the base, goes through the 

centre hole of the magnet. The magnet is suspended from the base via two membrane springs. If a current 

flows through the coil, a force is generated between the base and magnet which acts an inertial mass. 

Figure 3 shows the IMA used for the AVC system. In particular, Figure 3b shows the lumped parameter 

model used to describe the dynamic behaviour of the IMAs in the simulations. The moving mass 

corresponds to the mass of the magnet, while the static mass corresponds to the coil and the other 

structural elements rigidly connected to the base of the IMA. The mechanical characteristics of the 

membrane springs have been modelled as simple stiffness and damping elements. The electrical 

characteristics of the coil are modelled using inductive and resistive elements in an LR-2 model, which 

takes into account the divergence with the pure inductive behaviour of the theoretical electrical 

impedance. This model describes more precisely the behaviour of the electrical impedance at higher 

frequencies, where the effects of the inductance losses due to the eddy currents in the conductive magnetic 

pole are increasingly important. A comparison between the experimentally evaluated electrical impedance 

and the LR-2 model of the IMAs is given in Ref. [15]. The linear parameters of the six IMAs have been 

experimentally identified and are listed in Table 1. 

a) b) 

  

Figure 3 – a) Picture of an IMA used in the AVC system b) Lumped parameter model of the IMAs 

The positioning of the IMAs on the truss structure is the result of previous research work [16, 17], where 

the scalar controllability measure, proposed by Hàc and Liu [18], has been applied to all possible 

combinations of positioning for six ideal forces on the fourteen input points on the truss structure. The 

results have shown that the positioning with the highest controllability degrees allow higher performance 

with lower electrical power consumption than the positioning with the lower controllability degrees. For 

this study, the IMAs positioning with the highest controllability degree have been selected. According to 

the node numbering convention used in Figure 1b, the IMAs are applied to nodes 8, 10, 14, 15, 20 and 21. 

Parameters Mmoving [kg] Mstatic [kg] ωn [Hz] c [Ns/m] k [N/m] L [mH] R [Ω] φ [N/A] 

IMA 1 – Node 8a 0.65 0.35 25.5 7.9 16660 4.5 2.4 10 

IMA 2 – Node 10 0.65 0.35 26.5 7.5 17993 4.5 2.4 10 

IMA 3 – Node 14 0.65 0.35 27.25 7.1 19026 4.5 2.4 10 

IMA 4 – Node 15 0.65 0.35 27 7.5 18886 4.5 2.4 10 

IMA 5 – Node 20 0.65 0.35 26.25 7.3 17655 4.5 2.4 10 

IMA 6 – Node 21 0.65 0.35 27.5 7.2 19376 4.5 2.4 10 

Table 1. Electro – mechanical parameters of the IMAs 1 to 6 

3 Stability analysis of centralised and decentralised AVC system 

This section presents the stability analysis for the VFB implemented using centralised and decentralised 

AVC system architecture. Firstly, an open loop compensator and the gain matrix calculation for 
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simulations and experiments are presented. Secondly, the gain matrices used for the simulation and 

measurements are presented. Thirdly, the stability of the two AVC system architectures is discussed. 

3.1 Open loop compensator  

Due to the interaction between the rigid body modes of the truss structure and the IMAs own dynamics at 

low frequencies, the AVC system is only conditionally stable. The electrodynamic IMAs are typically 

driven by a controlled voltage source. In this case, above the electrodynamic cut-off frequency of the 

IMAs the amplitude of the IMAs blocked force FRF drop with increasing frequency and the phase 

converges to -90°. This can cause unwanted spillover effects that compromise the performance of the VFB 

loops for frequencies above the IMAs electrodynamic cut-off frequency. 

In order to improve the stability and performance of the feedback loops an open-loop (OL) compensator 

has been designed. The compensator is designed to cope with the above mentioned effects in order to 

improve the stability and the performance of the system. The stability and performance of the feedback 

loops can be assessed by studying the OL FRF with the Nyquist criterion. Figure 4 shows the Nyquist and 

the equivalent Bode plots of the measured OL FRF of an IMA applied at node 20 for the uncompensated 

and compensated cases. According to the Nyquist criterion, the system is stable if the OL-FRF does not 

encircle the Nyquist point [-1 0j], which corresponds to the phase of the OL-FRF crossing 180° and the 

amplitude being larger than one at the same frequency. If the phase of the OL FRF crosses 180° at a 

frequency which its magnitude is lower than one, then the feedback loop is conditionally stable. The grey 

coloured regions in Figure 4 correspond to the spillover areas. At the frequencies corresponding to the OL 

FRF points lying inside these regions, spillover effects are produced by the closed feedback loops, i.e. the 

response of the structure under control is amplified. The uncompensated OL FRF shown in Figure 4 

crosses the real negative axis in several points in the frequency range between 0 to 55 Hz. This frequency 

range includes the response peak of the first rhombic mode around 52.7 Hz, which hence cannot be 

controlled efficiently. The results for the compensated case of Figure 4a and b show that the sizes of the 

circles on the left hand side of the Nyquist plot are significantly reduced compared to the uncompensated 

case. The circle corresponding to the first rhombic mode of the truss structure is rotated clockwise out of 

the spillover region. Hence, the compensator significantly improves the stability and performance of the 

feedback control loop. A more detailed analysis of the compensator design can be found in Ref. [17]. 

     a)       b) 

 

 

Figure 4 – Experimentally evaluated OL FRF for the IMA mounted at node 20 – a) Nyquist plot; b) Bode 

diagram. (Uncompensated – dotted blue line; Compensated – continuous black line) 

3.2 Gain matrix calculation 

In this section, the evaluation of the gain matrices for the simulations and the experimental analysis is 

presented. The AVC system is composed of six IMAs and six co-located acceleration sensors. Each IMA 

can be closed in feedback looped with any of the sensors composing the AVC system. Hence, in this case, 
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the AVC system is composed of thirty-six feedback loops and the full gain matrix is a six by six matrix 

where each gain refers to each of the loops of the system.  

Thirty-six OL-FRFs are used to determine the gains of the matrix. The OL-FRFs are evaluated between 

the inputs to the power amplifiers driving the IMAs and the acceleration sensor signals at each considered 

node position, filtered by the controller function. The gains that guarantee stability and satisfying 

performance of each individual loop are evaluated. Usually in literature, half of the maximum stable gain 

is known as 6 dB gain margin and is used as criterion for a sufficient feedback stability. However, gains 

which guarantee 6 dB stability margin may cause excessive spillover which compromise the performance 

of the system. For this reason, a more conservative gain is represented by the 6 dB spillover gain. This 

gain value insures that each of the individual loops is stable and the spillover of each individual loop is 

limited to 6 dB at a single frequency. The 6 dB spillover gains corresponds to the gain values which give 

OL FRFs that tangent a circle of radius 0.5 around the Nyquist stability point [-1 0j].  

Table 2 lists the 6 dB spillover gain matrices for the simulated and measured thirty-six OL-FRFs. The 

gains refer to the OL-FRFs between the input voltages sorted in the rows and the output signals sorted in 

the columns for each of the six node positions considered. The signs of the gains are chosen according to 

the phase relation between the input voltages and the output signals, in order to guarantee maximal 

performance on the frequency range of interest. Table 2a lists the gain values for the simulated OL-FRFs. 

The simulated gain matrix is dominated by gains along the main diagonal which are an order of magnitude 

higher than the off diagonal values, except for the gains referring to the loop between IMA at node 20 and 

the sensor signal at node 21 and the loop between IMA at node 21 and the sensor signal at node 20. Table 

2b lists the gain values for the measured OL-FRFs. The diagonal values of the measured gain matrix are 

generally higher than the off-diagonal values, however the off diagonal terms are relatively larger than in 

the simulation. 

              a)                       b) 

  Sensor positions 

  8 10 14 15 20 21 

IM
A

 p
o

si
ti

o
n

s 

8 +3.10 +0.24 +0.22 +0.12 +0.28 +0.21 

10 +0.24 +5.71 +0.24 -0.17 -0.61 -0.37 

14 +0.22 +0.24 +3.10 +0.2 +0.15 +0.12 

15 +0.12 -0.17 +0.20 +3.19 -0.31 +0.23 

20 -0.27 -0.61 +0.16 -0.32 +4.98 +4.65 

21 +0.19 -0.37 +0.12 +0.23 +5.10 +3.26 

 

  Sensor positions 

  8 10 14 15 20 21 

IM
A

s 
p

o
si

ti
o

n
s 

8 +3.32 +1.35 +1.09 -0.59 -2.87 +1.17 

10 +1.25 +10.0 -1.37 -1.16 -4.08 -3.87 

14 +1.11 +1.37 +2.72 +1.13 -0.71 -0.49 

15 -0.55 -1.11 +1.33 +3.47 -3.97 +0.93 

20 +3.12 -3.68 -0.72 -3.08 +5.36 +3.11 

21 +1.27 -3.87 -0.60 +1.07 +4.23 +3.20 

 

Table 2 – a) Simulated 6 dB spillover gain matrix b) Measured 6 dB spillover gain matrix 

3.3 Stability analysis 

The gain values evaluated in the previous sections guarantee that each individual loop is stable and does 

not produce spillover higher than 6 dB. However, for MIMO systems, the stability of the individual 

feedback loops is not sufficient to guarantee the stability of the entire system with centralised or 

decentralised architectures. The robustness of MIMO systems decreases with increasing number of IMAs, 

due to the cross excitation [19]. The MIMO AVC system stability can be assessed using the Generalised 

Nyquist criterion [20]. According to the generalised Nyquist criterion, the MIMO feedback system is 

stable if none of the frequency dependent eigenvalues of the fully populated OL system matrix encircles 

the Nyquist instability point [-1 0j]. For the application of this criterion, the Feedback system needs to be 

composed of an equal number of sensors and actuators. 
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Figure 5 – AVC MIMO Feedback loop 

Figure 5 shows a schematic block diagram representation of a generic MIMO AVC feedback loop. Let´s 

consider the systems with equal numbers of sensors and actuators. The block H represents the matrix 

describing the system dynamics, G represents the gain matrix, C represents a diagonal matrix where the 

diagonal elements describe the Compensators functions, F/U represents a diagonal matrix where the 

diagonal elements describes the IMAs dynamics and the Zbase represents a diagonal matrix corresponding 

to the static masses of the IMAs attached to the structure. From this representation, the fully populated OL 

system matrix can be evaluated as the result of the following matrix operation: 

[G]T [C][F/U] [H] + [Zbase] [H]. (1) 

In this case, G and H matrices are both square matrices since the AVC system is composed of six IMAs 

and six acceleration sensors. The simulated fully populated matrices for the MIMO centralised and 

decentralised AVC system are calculated considering the gain matrices in Table 2a, where for the 

decentralised case the gain matrix the off-diagonal elements are set to 0. 

a) b) 

  

Figure 6 – Nyquist plots of the eigenvalues of the simulated OL system matrix for a) centralised and b) 

decentralised AVC system 

Figure 6 shows the simulated eigenvalues of the OL system matrix for the centralised and decentralised 

AVC system. According to the generalized Nyquist criterion, the gain matrix resulting from the individual 

6 dB spillover gains lead to an unstable AVC system, for both centralised and decentralised control 

architectures. In fact, two of the six frequency dependent eigenvalues of the OL system matrix encircle the 

Nyquist instability point at [-1 0j]. The eigenvalues of the centralised AVC system are larger than the 

eigenvalues those for the decentralised architecture. The values of both gain matrices need to be reduced 

in order to obtain stable AVC systems. In this form, the generalized Nyquist criterion can be analysed 

similarly to the classical Nyquist criterion. The eigenvalue analysis can be used to calculate a single value 

scaling factor λmax that scales all gains of the OL system matrix uniformly in order to achieve a stable 

system. 

Gmax = λmax ∙ [G] T. (2) 

The gain setting resulting from equation 2 corresponds to the maximum stable gain setting, while 

maintaining the relative proportions among the gain values of the original matrix. In this study, the scaling 

factor λmax has been evaluated for both the centralised and the decentralised architectures with values of 

0.03 and 0.037, respectively.  

Figure 7 shows the measured eigenvalues of the OL system matrix for centralised and decentralised AVC 

system architectures. As in the simulations, the gain settings that satisfy the 6 dB spillover criterion for the 
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individual feedback loops yield unstable MIMO VFB AVC systems. Two of the eigenvalues encircle the 

Nyquist instability point at [-1 0j] for both the centralised and the decentralised system architectures. 

Similarly to the simulation results, the eigenvalues for the centralised AVC system are larger than the 

eigenvalues of the decentralised AVC system. However, the eigenvalues of the measured OL system 

matrix are significantly smaller than those from simulation. Differently than simulations, the Generalised 

Nyquist could not be used to determine the scaling factor λmax. The scaling factors resulting with the 

Generalised Nyquist were beyond the stability of the systems. Hence, the values have been determined 

experimentally by increasing the scaling factors λmax until the systems resulted unstable. The scaling factor 

λmax for the centralised and decentralised architectures, are evaluated to 0.1 and 0.14, respectively. As in 

the simulations, the scaling factor for the decentralised architecture is larger than that for the centralised 

architecture.  

a) b) 

  

Figure 7– Nyquist plots of the eigenvalues of the measured OL system matrix for a) centralised and b) 

decentralised AVC system 

4 Performance and Power consumption analysis 

In this section, simulations and experiments on the performance and power consumption of the centralised 

and decentralised AVC system are analysed and compared. The control performances are evaluated in 

terms of changes in the kinetic energy of the truss structure R and Ractive evaluated as follows: 

𝑅 =
�̅�𝑘

�̅�𝑘0
  and  𝑅𝑎𝑐𝑡𝑖𝑣𝑒 =

�̅�𝑘

�̅�𝑘1
  where  �̅�𝑘,𝑘0,𝑘1 = ∫(

∑ |
𝑣𝑛
𝐹
|21

𝑛=8

14
)

2

(𝜔)𝑑𝜔   (3) 

where �̅�𝑘 refers to the actively controlled total mean kinetic energy and �̅�𝑘0 refers to the mean kinetic 

energy of the uncontrolled truss structure without IMAs and �̅�𝑘1  refers to the mean kinetic energy of the 

uncontrolled truss structure with IMAs. The total mean kinetic energy of the truss structure is estimated 

using the x- direction velocities 𝑣𝑛 on locations from 8 to 21, see Figure 1b. The total mean kinetic energy 

has been evaluated in the frequency range of the global structural modes of the truss structure from 30 Hz 

to 200 Hz. The primary disturbance force F is applied at node 9. The truss structure is excited using a 

Low-pass filtered white noise signal. The cut-off frequency of the low pass filter is set to 500 Hz. The root 

mean square (RMS) value of the primary force excitation is 3.3 [N] for both, the simulations and the 

measurements. Both the time domain simulations and measurements were conducted using a sampling 

frequency of 16384 Hz. 

The total apparent electrical power required by the IMAs is evaluated by summing the apparent power 

consumption of the six individual IMAs. The apparent power corresponds to the actual electrical power 

required by the IMAs to operate and represents the most conservative estimation for the power 

consumption. However, only a part of the apparent power is used to do work. This component is referred 

to as active electrical power. The remaining part of the power provided to the IMAs is oscillating between 

the IMAs and the power amplifier due to the phase shift between current and voltage. This part of the 

electric power is referred to as reactive power, which may be recovered using suitable power amplifiers 

which are able to store and regenerate the oscillating power. Hence additionally to the apparent electrical 

power, the percentage of reactive power involved in driven the IMAs is also evaluated. 
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The performance and the power consumption of the AVC system with centralised and decentralised 

architectures are estimated for eleven different gain settings. Each gain setting uses the gain matrices 

presented in Table 2, which are uniformly scaled by a factor λ, as proposed in the previous section. The 

eleven values of scaling factor λ have been linearly spaced in the range from 0 to λmax evaluated for the 

corresponding control system architecture investigated in the simulations and the experiments. At each 

gain settings, the change in the kinetic energy, the total apparent electrical power consumption and the 

percentage of reactive power has been evaluated. 

4.1 Simulation results 

Figure 8 shows the simulation results for the changes in the kinetic energy over the total apparent 

electrical power consumption of the IMAs normalized by to the primary disturbance force for both the 

centralised and decentralised AVC system architectures. The results shown in Figure 8a are evaluated with 

reference to the truss structure without the IMAs mounted (total passive and active control effects) and the 

results in Figure 8b are evaluated with respect to the truss structure with passive IMAs mounted (active 

control effects). The results in Figure 8a show that mounting the IMAs onto the truss structure already 

results in a passive reduction of the truss structure kinetic energy of 2.4 dB. Increasing the scaling of the 

gain matrix of the AVC systems a maximum total kinetic energy reduction of about 6 dB for a total 

apparent electrical energy consumption of 2 10-3VA/N is achieved for both the centralised and 

decentralised AVC system architectures. Increasing the gain scaling further until the maximum stable 

values are reached, the performance of the AVC systems decreases due to the increasing control spillover. 

The results in Figure 8b show that the maximum active control reduction in the kinetic energy is 3.6 dB 

for both AVC system architectures. The results for the control performance over apparent power electric 

power consumption are very similar. However, this can be explained by the dominance of the diagonal 

terms in the OL system matrix given in Table 2a. This corresponds well to the findings of Frampton et al. 

[10]. 

a) b) 

  

Figure 8 – Simulated variations of the kinetic energy for total apparent power consumption normalized - a) 

with respect to the uncontrolled structure and b) with respect the truss structure with the IMAs 

Figure 9a and b show the simulated FRFs of the velocity spectra in the x-direction averaged over all 14 

selected nodes of the truss structure normalized to the excitation force, for centralised and decentralised 

AVC systems architectures. The simulated FRFs of the uncontrolled truss structure without the IMAs is 

compared to the structure with passive IMAs and with the AVC system with the gain matrix scaling 

corresponding to the optimal performance point found from the results shown in Figure 8 and the 

maximum stable gain matrix scaling factor given in Section 3.3. As discussed above the response of the 

truss structure is considerably reduced by attaching the passive IMAs. The added mass shifts the response 

peaks of low order global modes towards lower frequencies. The passive IMAs also efficiently reduce the 

response peak of the first rhombic mode around 39 Hz by approximately 4 dB leading to the overall 

reduction of 2.4 dB reported above. Applying the optimal gain scaling, the response peaks of all global 

modes are efficiently reduced for both AVC system architectures. Control spillover occurs around 30 Hz, 

however its amplitude is low enough to not significantly affect the overall control performance. For the 
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maximum stable gain scaling, there are very little further reductions in the response peaks of the global 

structural modes of the truss structure. However, the magnitude of the spillover around 30 Hz is increased 

significantly, which affects the overall performance of the AVC systems (compare to Figure 8). 

a) b) 

  

Figure 9 – Simulated FRF of the mean velocity normalized to the excitation force in the frequency range 

from 20 to 200 Hz – a) Centralised and b) Decentralised AVC system 

Figure 10 shows the percentage of reactive compared to the apparent power consumed by the IMAs for 

the centralised and decentralised architectures evaluated from the simulations. As for the performance and 

the total power consumption, the amount of reactive power involved for the centralised and decentralised 

AVC systems are very similar. At the lowest gain matrix scaling analysed, the reactive power is assessed 

to be around 38 % of the total apparent power. The percentage of reactive power decreases continuously 

with increasing total apparent power consumption, reaching a minimum of about 17 % for the maximum 

stable gain matrix scaling. 

 

Figure 10 – Percentage of reactive power with respect to the total apparent power evaluated from 

simulations 

4.2 Experimental results 

This section presents the experimental results for the centralised and decentralised velocity feedback 

implemented on the AVC system composed of six IMAs. Figure 11 shows the measured changes in the 

kinetic energy over the total apparent power consumption of the IMAs. As in the simulations, the results 

in Figure 11a are evaluated with respect the uncontrolled structure without the IMAs mounted, and the 

results in Figure 11b are evaluated with respect to the uncontrolled structure with the IMAs installed. 

Figure 11a shows that the passive effect of the IMAs yields a reduction of 4.8 dB in the kinetic energy of 

the truss structure. Increasing scaling factor of the feedback gain matrix of the AVC systems a maximum 

reduction of 8.3 dB for a total apparent electrical energy consumption of 2.6 10-2 VA/N is achieved for the 

centralised AVC system and a maximum global reduction of 8.1 dB for a total apparent electrical energy 

consumption of 2.1 10-2 VA/N for the decentralised AVC system is achieved. Increasing the gain scaling 

further until the maximum stable values are reached, the performance of the AVC systems decreases due 

to the increasing control spillover. The results in Figure 11b show that the maximum active control 

440 PROCEEDINGS OF ISMA2018 AND USD2018



reduction in the kinetic energy is 3.5 dB for the case of the centralised AVC system and 3.3 dB in the case 

of decentralised AVC system. The centralised AVC system slightly outperforms the decentralised AVC 

system. However, the performances are generally comparable. 

 

a) b) 

  

Figure 11– Measured variations of the kinetic energy per total apparent power consumption normalized -  

a) with respect to the uncontrolled structure and b) with respect the truss structure with the IMAs 

Figure 12a and b show the experimentally evaluated velocity spectra averaged over all 14 nodes 

normalized to the primary excitation force for the truss structure without IMAs installed, with six passive 

IMAs installed and with six IMAs installed with optimal and maximum stable gain matrix scaling for the 

centralised and decentralised AVC systems. The optimal gain matrix scaling corresponds to the optimal 

performance point found from the results shown in Figure 11 and the maximum stable gain matrix scaling 

factor is that given in Section 3.3. It can be observed that the passive IMAs cause a shift of the peak 

response of the third rhombic mode from around 129 Hz to approximately 137 Hz and a shift of the 

response peak of the first torsional mode from around 161,8 Hz to 171 Hz. A new response peak arises 

around 118 Hz. These shifts and the reductions of the response peaks due to the installation of the passive 

IMAs in the measurements are higher than the passive effects seen in the simulations in Figure 9. This 

could be due to the reduction of the DOFs of the selected input/output position nodes of the truss structure 

to translation in the x-direction only. Hence, in simulations, the IMA forces and masses cannot affect the 

response of the truss model in other DOFs. However, in practice there will be such effects.  

 

a) b) 

  

Figure 12– Measured FRF of the mean velocity normalized to the excitation force in the frequency range 

from 20 to 200 Hz – a) Centralised and b) Decentralised AVC system 

However, the results in Figure 12 show that with the ‘optimal’ scaling of the gain matrices both AVC 

systems efficiently reduce the response peaks corresponding to the global modes of the truss structure in 

the entire observed frequency range. However, control spillover occurs around 40 Hz. For the maximum 

stable scaling of the gain matrices, minor further reductions are achieved around the response peaks of all 

global modes. However, there is a significant increase in the spillover peak around 40 Hz, which 
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outweighs the additional reductions and results in a reduced overall performance (compare to Figure 11).  

As for the simulations the results for the centralised and decentralised AVC systems are generally similar. 

Some differences between the results for the two control architectures can be observed for the response 

peak of the rhombic mode around 54 Hz, which is more efficiently damped by the centralised AVC 

system, and for the response peak around 137 Hz, which is more efficiently damped by the decentralised 

AVC system. 

Figure 13 shows the percentage of reactive power per total normalized apparent power evaluated from the 

measurements. As in the simulations, the percentages of reactive power decrease as the total apparent 

power provided to the IMAs increases. However, the percentages of the reactive power evaluated from the 

measurements are significantly higher than those evaluated from simulations. Also the percentages of 

reactive power for the decentralised AVC system for all values of total apparent power are significantly 

higher than those evaluated for the centralised AVC system. For lower amounts of apparent power 

provided to the IMAs, the percentage of the reactive power for the decentralised AVC system is close to 

the 80%. With increasing total apparent power, the percentage of reactive power reaches a minimum of 

reaching of 45% for the maximum stable gain matrix scaling. For the centralised AVC system, the 

percentage of reactive power ranges from 65% for the minimum total apparent electrical power provided 

to the IMAs to 14% for the maximum stable gain matrix scaling. 

 

Figure 13 – Percentage of reactive power with respect to the total apparent power evaluated from 

measurements 

5 Summary, Conclusions and Outlook 

This paper presents the results of simulation and experimental studies on the stability, performance 

and power consumption of a VFB AVC system comprising six IMAs and six acceleration sensors 

installed on a six cells truss structure considering both centralised and decentralised system 

architectures. The gain matrices are initially evaluated for gain values which limit the control 

spillover for each of individual feedback loop of a fully populated AVC system matrices to a 

maximum of 6 dB. The resulting matrices show that the gain values on the diagonal are 

considerably larger than the off-diagonal ones, in particular in the simulation. However the stability 

analysis via the generalised Nyquist criterion shows that these gain matrix settings result in 

unstable MIMO control systems for both the centralised and the decentralised AVC system 

architectures, in the simulations as well as in the measurements. Hence, a uniform scaling factor is 

introduced, which allows to scale the gain matrices in order to satisfy the desired stability and 

maximum spillover criterion for the MIMO control systems. Finally, the simulation and 

measurement results of the performance and power consumption are presented for different gain 

matrix scaling factors. In the simulations, centralised and decentralised AVC systems achieve very 

similar results for both the control performance and the electrical power consumption. This is 

because the fully populated gain matrix is dominated by the terms on the diagonal, hence 

centralised and decentralised systems are bound to perform similarly.  In the experimental study the 

centralised AVC system slightly outperforms the decentralised AVC system. The percentages of 

reactive power of the total apparent power consumption evaluated from measurements are generally 

higher than those evaluated from simulations. Also the evaluation of the measurements for the 
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decentralised AVC system yield considerably higher percentages of reactive power than those for 

the centralised AVC system. Hence, using power amplifiers that can recuperate reactive electric 

power may give the decentralised AVC system an edge over the centralised AVC system in terms of 

energy efficiency. However, these results are not yet fully conclusive and are part of ongoing 

research work. In future studies, it is intended to investigate AVC systems composed of six inertial 

mass actuators applying different control strategies (e.g. feedforward or internal model control) on 

the laboratory truss structure described in this paper. 
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Abstract
Recent developments indicate the possibility to obtain compact reduced order models for systems with many
inputs by Krylov subspace techniques. Therefore, this paper looks into the possibility of applying these
reduced order models for the numerical assembly of a structure consisting of unit cells with dynamic sub-
structuring methods. The proposed strategy consists of two steps: First the unit cell is reduced by using the
aforementioned Krylov subspace technique, where the inputs are defined as the interface degrees of freedom.
Then, these reduced unit cells are combined by a dual assembly technique to arrive at the numerical model
of the full structure. This model is then reduced for a second time with Krylov based model order reduction.
Several strategies for the assembly of the reduced basis on unit cell level are shown. The performance of the
several reduction strategies are compared, and show that the resulting reduced order models are very accurate
and compact.

1 Introduction

Structures that are based on Unit Cells (UCs), such as meta-materials [1, 2], are commonly modeled with the
assumption that the UCs are extended to infinity, by using Bloch’s theorem [3]. However, in real applications
the amount of UCs is always limited and therefore it is necessary to perform additional simulations with only
a limited amount of UCs and realistic boundary conditions to evaluate the real performance of the structure.
Depending on the complexity of the problem, these additional calculations can be quite expensive.

The dynamic analysis of finite structures based on a repetition of UCs can be done efficiently with substruc-
turing methods [4]. When substructuring methods are used in a Finite Element (FE) model, they allow both
for a straightforward assembly that can be specified by the end user and they can lead to a gain in computa-
tional efficiency when they are combined with Model Order Reduction (MOR) techniques, since the UC is
reduced in size before assembly. Furthermore, by using parametric MOR (pMOR) [5], the end user can even
retain parametric dependencies in the Reduced Order Model (ROM), thus providing a powerful design tool
for periodic structures with fluctuations in the UC properties.

The most commonly used MOR techniques in a substructuring context are modal based methods, also known
as Component Mode Synthesis (CMS). In particular, the Craig-Bampton method is well known and widely
used [6]. When no damping is present, modal analysis leads to a set of decoupled equations that can be redu-
ced by truncating the eigenvalues and corresponding eigenvectors at a user set threshold. The combination
of decoupled equations and small system sizes can make it possible to solve the resulting system effecti-
vely, even when a large amount of substructures are present. A known disadvantage of using modal analysis
to reduce the system is that the method lacks accuracy, because it does not take into account input/output
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information.

Recently, other MOR methods are gaining popularity, namely Balanced Truncation [7], Proper Orthogonal
Decomposition [8, 9] and Krylov based MOR [10]. In contrast to modal reduction methods, these schemes
are based on preserving the input/output behavior of the system. This naturally leads to the question of their
performance in a substructuring context. In [11] it has been shown that the reduced basis resulting from
these newer MOR techniques can effectively act as an replacement of the eigenmodes in the Craig-Bampton
scheme, although they mention that Krylov based methods might not be the most effective, due the growth
in model size as function of the amount of inputs. In fact, in the worst case the model size increases linearly
with the amount of inputs, meaning that for a large amount of inputs, there would be no reduction [11, 12].

Recently, it has been shown that in most cases this increase in system size is not necessary to obtain a
good ROM and can be kept moderate by either tangential interpolation techniques [13] or by combining
block second order Krylov techniques with an a-posteriori Singular Value Decomposition (SVD) [14, 15].
Therefore, in this paper it is opted to use the algorithm presented in [14] for MOR on a unit cell. Several
methods to effectively reduce the UC are detailed in Sec. 2. Since the assembly of unit cells again leads to
an increase in model size, a second MOR step is done to reduce the assembled system of reduced unit cells.
Therefore, different procedures to assemble the reduction basis are compared in Sec. 3. Due to the specific
shape of the assembled system matrices, the Arnoldi procedure can be calculated by mainly performing
operations on UC level and on the coupling matrices, leading to a very efficient reduction procedure, as has
been shown in Sec. 4.1. The paper concludes with a numerical example that shows the effectiveness of the
chosen strategy in Sec. 5.

2 Model order reduction of the UCs

The first step of the proposed strategy for efficient but accurate MOR of combined UCs is the reduction of
the UC itself. With most existing methods, like Craig-Bampton, the boundaries and inner nodes are treated
separately when the reduction step is performed. We will show several strategies, of which some of them
also explicitly split the boundary nodes and the inner nodes in the reduction step, while others do not separate
them. Firstly, a strategy is proposed that does not require the separation between internal and external nodes.
This strategy is straightforward to implement and leads to the smallest reduction basis of all the methods that
are shown in this section. However, it leads to fully populated coupling matrices when the substructures are
coupled. Secondly, a Krylov/Craig-Bampton hybrid, as proposed in [11] is evaluated. The explicit inclusion
of the interface DOFs leads to a larger ROM, but also leads to sparsely populated coupling matrices. The
final strategy is based on a split basis approach: The resulting reduced basis is shown to be the same as
the combined Krylov/Craig-Bampton basis, but without the coupling matrix. This leads to a more memory
efficient implementation, while the accuracy is retained.

2.1 Krylov based model order reduction

The Krylov based MOR techniques are based on a concept called moment matching. They aim to match the
transfer function of the Full Order Model (FOM) around an expansion point (or shift) σ by applying a power
series of the following form:

h(s) = µ0 + µ1(s− σ) + µ2(σ − s)2 + · · · =
∞∑

j=1

(s− σ)j−1µj−1, (1)

in which µi is the i-th moment. The explicit calculation of these moments is known to have numerical issues
[16]. It can be shown however, that the reduced order model resulting from a Krylov subspace implicitly
matches these moments [10]. For a second order system of the following form
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Mẍ(t) +Cẋ(t) +Kx(t) = Fu(t), (2)

the input second order Krylov subspace is defined as follows:

Kr = (A1,A2, b) = span {p0,p1, · · · ,pr} , (3)

with

A1 = −(K+ sC+ s2M)−1(C+ 2sM), (4)

A2 = −(K+ sC+ s2M)−1M, (5)

b = −(K+ sC+ s2M)−1F . (6)

The reduced bases V that span these Krylov subspaces can be calculated with an efficient numerical pro-
cedure, called the Second Order Arnoldi SOAR algorithm [17]. The resulting ROM for a reduced basis
V ∈ Cn×r is then calculated as follows:

Mr = VHMV, Kr = VHKV, (7)

Cr = VHCV, Fr = VHF, (8)

Lr = LV, x = Vxr, (9)

resulting in

Mrẍr(t) +Crẋr(t) +Kxr(t) = F ru(t), (10)

yr = Lrxr. (11)

Several strategies for calculating V are compared in the following sections.

2.2 Strategy I: MIMO Krylov

The first strategy builds up a reduction basis by running a MIMO reduction scheme on the full UC, and
considers all the interface DOFs as extra inputs. The system that is reduced by the scheme proposed in [14]
is defined as follows (shown here in the time domain, but also valid in the frequency domain. assuming that
all the matrices are frequency independent):

[
Mii Mib

Mbi Mbb

]

︸ ︷︷ ︸
MUC

[
ẍi

ẍb

]

︸ ︷︷ ︸
ẍUC

+

[
Cii Cib

Cbi Cbb

]

︸ ︷︷ ︸
CUC

[
ẋi

ẋb

]

︸ ︷︷ ︸
ẋUC

+

[
Kii Kib

Kbi Kbb

]

︸ ︷︷ ︸
KUC

[
xi

xb

]

︸ ︷︷ ︸
xUC

=

[
Fi

Gi

]

︸ ︷︷ ︸
FUC

. (12)

The subscript ()ii defines the interior DOFs, ()bb are the boundary DOFs, and ()ib, ()bi describe the coupling
between the two. The reduction is performed on the full system matrices MUC , CUC and KUC , using the
algorithm in [14], but with a slightly different error estimate: To take into account the relative importance of
the interfaces, the estimated relative error is calculated by summing contributions of all the inputs at a few
output locations. Thus, if an input does not contribute significantly to the output, it is seen as less important.
The resulting reduced basis Vkr,UC is directly used in the substructuring approach in Sec. 3. As stated
before, this approach leads to the smallest ROMs, but a disadvantage of this strategy is that the coupling
matrices of the substructures are not sparse anymore after reduction, leading to an increase in memory usage
and computational effort when many interfaces are present.
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2.3 strategy II: Craig-Bampton like basis with Krylov vectors

The second strategy uses a Craig-Bampton inspired method to calculate the reduction basis, with the diffe-
rence that no modes are considered, but Krylov vectors. This approach has been previously described in [11].
Consider a partioning of the system matrices, as shown in Eq. (12). Then, the reduction basis according to
Craig-Bampton has the following form:

VCB,UC =

[
Vi K−1ii Kib

0 I

]
. (13)

The basis consists of a part resulting from static condensation K−1ii Kib and a dynamic part (Vi). As is shown
in [18] the reduction basis for the dynamic part can be calculated by using the following system (the damping
is neglected):

Miiẍi +Kiixi =
[
Fi −(Mib +MiiK

−1
ii Kib)

]
︸ ︷︷ ︸

F̃i

[
u
ẍb

]
(14)

making it possible to perform Krylov subspace reduction, even when no inputs are present. This equation
is derived by applying the Craig-Bampton based reduced basis in Eq. (13) to Eq. (12), and noting that the
terms related to the stiffness coupling forces are zero. The disadvantage of the reduction basis in Eq. (13) as
compared to strategy I is that the size of the ROMs is almost doubled. Since the inputs due to the interface
connections are still present on the right hand side, the size of Vi will be almost the same as V, while the
explicit addition of the boundary DOFs will lead to an increase of DOFs proportional to the boundary DOFs.
On the other hand, the sparsity pattern of the coupling matrices is retained, while the previous strategy leads
to fully populated coupling matrices.

2.4 strategy III: Split Krylov reduction basis

Another possibility to split the interior DOFs and the exterior DOFs is to use a split basis approach. Starting
from the reduced basis given in Sec. 2.2, the reduced basis is rewritten as follows:

VUC =

[
Vi

Vb

]
. (15)

Then, the reduced basis is split as follows:

Vsplit,UC =

[
orth(Vi) 0

0 orth(Vb)

]
. (16)

In practice, the matrix orth(Vb) rarely contains less columns that rows, meaning that the subdomain relating
to the boundary DOFs is not reduced. This means that this matrix can be replaced by an identity matrix,
without any loss of accuracy. Thus, the resulting reduced basis is given by

Vsplit,UC =

[
orth(Vi) 0

0 I

]
. (17)

Comparison to the reduced basis in Eq. (13) leads to the conclusion that the addition of the static condensation
information is not necessary in the context of Krylov based MOR. This statement will be further validated in
Sec. 5.
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2.5 Interface reduction

When a large amount of inputs are considered, it might be interesting to reduce the amount of DOFs that
represent the interface. This corresponds to the case that the matrix orth(Vb) in Eq. (16) has less columns
than rows. This could be achieved by applying an SVD on the reduced basis corresponding to the interface,
and only retaining the most significant left-singular vectors as new projection basis, which is a similar stra-
tegy to [14]. Another possibility is to already reduce the inputs a-priori, as is suggested by [18]. In the rest
of the paper interface reduction will not be considered.

3 Substructuring approach

The substructuring approach that we follow is based on a dual formulation and is described in [4]. This
formulation is chosen, because it preserves the sparsity of the system matrices, making an efficient second
reduction step possible. The technique will be explained shortly in the following section. Assume that we
have n substructures of which we know the reduced basis V(i), i = 1 : n, for example by the methods
described in the previous section. The reduced bases are put on the diagonals of an assembled reduced basis
V:

V = diag
(
V(1), . . . ,V(n)

)
. (18)

This leads to a reduced state vector x̂, with x ≈ Vx̂. The UCs are coupled by a connecting force matrix G
on the interfaces between the domains. Additionally, the external forces that are not related to the interfaces
are captured in matrix F . The system matrices then are

M = diag
(
M(1), . . . ,M(n)

)
, (19)

C = diag
(
C(1), . . . ,C(n)

)
, (20)

K = diag
(
K(1), . . . ,K(n)

)
. (21)

The fully assembled system can be written as

M̂x̂+ Ĉx̂+ K̂x̂ = F̂+ Ĝ, (22)

with

M̂ = VHMV,

Ĉ = VHCV,

K̂ = VHKV,

F̂ = VHF ,

Ĝ = VHG. (23)

To couple the substructures, compatibility conditions are introduced in matrix B that conform to the follo-
wing condition
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Figure 1: MOR strategy.

Bu = 0 (24)

B̂û = 0. (25)

The matrix B is a Boolean matrix that describes the matching of the interface DOFs such that the displa-
cements in the coupled DOFs is the same. A dual assembly is considered, thus the interface forces are
described as follows

G = −BTλ, (26)

where λ is the vector of Lagrange multipliers that represent the intensity of the interface forces. This allows
us to write the assembled system in the following form:

[
M̂ 0
0 0

]

︸ ︷︷ ︸
M̂d

[
¨̂x
λ

]

︸︷︷︸
ẍd

+

[
Ĉ 0
0 0

]

︸ ︷︷ ︸
Ĉd

[
˙̂x
λ

]

︸︷︷︸
ẋd

+

[
K̂ B̂

B̂T 0

]

︸ ︷︷ ︸
K̂d

[
x̂
λ

]

︸︷︷︸
x̂d

=

[
F̂
0

]

︸︷︷︸
F̂d

, (27)

which is then reduced in the second MOR step.

4 Resulting MOR strategy

The resulting algorithm has been shown schematically in Fig. 1. It can be seen that two MOR steps are
performed: One on the UC before assembly and one on the fully assembled structure. The second step is
performed with an automatic Krylov reduction algorithm for single inputs, as shown in [19].

4.1 Efficient implementation of the Arnoldi step in the second ROM

When a large amount of substructures are coupled, it is straightforward to see that the system matrices in Eq.
(27) can still become quite large. Since an LU-decomposition is performed at the beginning of the Arnoldi
procedure to calculate the starting vector on which moment matching is applied, this step could use a large
amount of memory. Fortunately, the specific structure allows to rewrite the system in blocks following the
strategy in [20]. Considering that the dynamic system matrix for a certain frequency ω = 2πf is of the
following form:

K̂dyn,d =

[
Kdyn B̂

B̂T 0

]
, (28)

with

Kdyn = −ω2M̂+ jωĈ+ K̂. (29)
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Properties Symbol Value
Young’s modulus shell E1 69e9 Pa

Density shell ρ1 2700 kg/m3

Poisson’s ratio shell ν1 0.33
Thickness shell t1 0.001 m

Young’s modulus solid E2 4.85e9 Pa
Density solid ρ2 1185 kg/m3

Poisson’s ratio solid ν2 0.31

Table 1: Physical properties of the UC.

It is then possible to solve Eq. (27) in two steps, namely

x̂ = K̂−1dyn(F− B̂λ), (30)

and

(−B̂T K̂−1B̂)λ = −B̂T K̂−1dynF. (31)

Since the matrix K̂dyn consists of blocks that are uncoupled, the inverse or LU-decomposition of this matrix
can be calculated block-wise. This not only leads to a reduction in the used memory, but also gives the option
to calculate x̂ for the several UCs in parallel. As can be seen in Eqs. (30), (31), the full coupling matrices B̂
are still present. This shows the importance of choosing the correct reduced basis on UC level to have the
proper balance between memory usage on one hand and small system size on the other hand.

4.2 Obtaining the Frequency Response Function

After the second MOR step is performed, the system response is calculated. Since the system has been
reduced in two steps, also two steps have to be performed to return to the Full Order Model (FOM) response.
Firstly, the system is solved for x̂d(ω) and the response is calculated at every generalized output point ŷd(ω)
by

ŷd(ω) = IdVdx̂d(ω), (32)

in which Id is an identity matrix. Then, the response of the FOM is obtained by using the reduced basis in
Eq. (18), as follows

y(ω) = lVŷd(ω), (33)

in which l is a vector that indicates the position of the desired output point. Since V is a block diagonal
matrix, Eq. (33) only has to be calculated for the relevant UC, thus the explicit construction of V is not
necessary.

5 Numerical results

To validate the numerical accuracy of the given methodology, a metamaterial assembly of 5 by 3 UCs is
considered, see Fig. 2. The size of the assembly is kept moderate, since it allows for a comparison of the
solution to the full order model in a relatively short time frame. The UC consists of shell elements on the
base and a resonator modeled with solid elements, both with linear shape functions. The material properties
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Figure 2: Dimensions of the UC in m (left hand side) and the assembly of the UCs (right hand side). Also
the locations of the force and the output for the FRF comparison are indicated in red.

of both are shown in Table 1. The assembly is excited by a point force of 1 N on the top left UC, and
the Frequency Response Function (FRF) is evaluated on the bottom right UC: Both points are indicated in
Fig. 2. The initial UC is reduced with the algorithm explained in [14] such that the relative error on the
sum of FRFs is below 1e − 3 from 1 to 1500 Hz. The inclusion of all the interface DOFs as input forces
leads to a total of 311 inputs. As a comparison, also the model was reduced by skipping reduction step 1,
thus directly assembling the full UC matrices and reducing it once. This leads to the following ROM sizes:
Vkr,UC ∈ C2178×396, VCB,UC ∈ C2178×815, and Vsplit,UC ∈ C2178×706. Thus, as stated before, strategy
I gives the smallest reduced basis, and the Craig-Bampton inspired reduced basis is the largest. The second
reduction step is performed with a relative error estimate that should be below 1e − 5. After the second
reduction step, the ROMs are compared in accuracy and size by using the FOM as reference.

In Fig. 3 the FRFs and the relative error are plotted for the reduced models, resulting from the proposed
reduced bases. It can be seen that they all give a very accurate result over the full desired frequency range.
The second reduced basis has the following sizes for the different strategies: Vd,kr ∈ C7750×55, Vd,CB ∈
C18645×67 and Vd,split ∈ C12360×78, and Vd,one ∈ C34440×51 (which is the reduced basis resulting from
skipping the first reduction step). Furthermore, the sparsity Kd for the different formulations are shown in
Fig. 4. It has to be noted here that the block matrices on the diagonals of the ROM resulting from step one
can be diagonalized by eigenvalue decomposition, under the assumption that the matrices are symmetric and
no (or proportional) damping is applied. This has been demonstrated as a special case in Fig. 4. It can be seen
that the split basis strategy, in combination with diagonalization, leads to a matrix that is relatively sparse,
while the direct application of Krylov reduction on the UC leads to a less sparse matrix, which on the other
hand is of smaller size.

Since the resulting assembled matrices are quite large, the most efficient method for this specific problem,
both from a memory standpoint, speed of reduction and final model size, is the one step Krylov reduction
method. It is expected that the proposed two step strategy will be more successful when the amount of DOFs
on the edge is significantly less in comparison to the rest of the model, due to the dependence of the Krylov
reduction bases on the amount of inputs. This would happen when the UC has a more complex shape, thus
more inner DOFs. Furthermore, this can be achieved by re-meshing the problem, so that there are less DOFs
at the edge, or by applying an interface reduction technique that reduces the inputs, such as SVDMOR [18].
Another observation that can be made is that the addition of the static condensation term in the reduced basis
is not required to arrive at an efficient ROM.
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Figure 3: Reduction error with the several reduced bases.

6 Conclusions

Recent developments have demonstrated how to build a compact reduced basis for dynamic systems with
many inputs, by using Krylov subspace projection. This paves the way to new applications, such as reduced
order modeling of structures resulting from the substructuring of unit cells, which are traditionally done by
techniques with a modal basis, such as Craig-Bampton. The advantage of Krylov methods over methods such
as Craig-Bampton, is that the resulting ROM has more accurate input/output behavior. Also, the addition of
damping to the system is quite straightforward.

A two stage reduction method is described, that first reduces the size of the UC, and then applies MOR
on the fully assembled system with the reduced order system matrices of step I. Several ways to formulate
the reduced basis are shown and compared from both a performance and computational perspective. It is
shown that the static condensation term in the reduction basis, such as is done with Craig-Bampton, is not
required to arrive at an accurate ROM. Furthermore, it is shown that, although the splitting of the basis leads
to larger ROMs, the sparsity in the coupling matrices is preserved, which might be desirable from a memory
perspective.

Further steps are devoted to a more in-depth analysis of the efficiency of the several implementations. Also,
the need of the first MOR step will be investigated, since it was observed that the preservation of sparsity
might be more important than the reduction of the UCs for both memory efficiency and calculation complex-
ity. Due to the dependency of the Krylov subspace on the input size, also interface reduction techniques will
be investigated. Another interesting future research topic is the addition of parametric model order reduction
for the modeling of fluctuations in the UCs, such as they often occur in the assembly/production process.
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Figure 4: Sparsity of Kd before second reduction step. The number of non-zero terms is indicated with nz.

454 PROCEEDINGS OF ISMA2018 AND USD2018



Acknowledgements

The European Commission is gratefully acknowledged for their support of the ANTARES research project
(GA 606817). The research of E. Deckers is funded by a grant from the Research Foundation Flanders
(FWO). The Research Fund KU Leuven is gratefully acknowledged for its support. This research was parti-
ally supported by Flanders Make, the strategic research centre for the manufacturing industry.

References

[1] C. Claeys, E. Deckers, B. Pluymers, W. Desmet, A lightweight vibro-acoustic metamaterial demon-
strator: Numerical and experimental investigation, Mechanical Systems and Signal Processing, Vol.
70-71, (2016), pp. 853–880.

[2] L. Van Belle, C. Claeys, E. Deckers, W. Desmet, On the impact of damping on the dispersion curves
of a locally resonant metamaterial: Modelling and experimental validation, Journal of Sound and
Vibration, Vol. 409, (2017), pp. 1–23.
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Abstract
Direct Field Environmental Acoustic testing consists in reproducing the sound field inside a spacecraft ve-
hicle’s fairing using an array of loudspeakers. In order to ensure the accurate reproduction of the sound
pressure field, the actuators need to be actively controlled. The performance of state-of-the-art Multiple-
Input Multiple-Output (MIMO) random controllers is strongly dependent on the control strategy. The system
identification, methodology applied at low power level excitation before the test, is one of the most sensitive
aspects of such strategy. This is because it provides a linear nonparametric model of the electroacoustic
system, which is used to design the signals to drive the loudspeakers. In this work novel system identifi-
cation strategy is explored. The proposed method is a MIMO Best Linear Approximation (BLA). In this
technique, instead of using classical excitation signals and the H1 estimate, a BLA model is estimated, and
the coherence function is split into noise level and nonlinear contribution estimates.

1 Introduction

Environmental testing is required in the space industry to evaluate the survivability of space hardware to the
launch environment. In particular, environmental acoustic testing consists in reproducing the acoustic field
of a Launch Vehicle (LV) with acoustic power distribution comparable to the operating conditions.

Direct Field Acoustic eXcitation (DFAX) is a testing method which consists in reproducing this acoustic
field with an array of loudspeakers (i.e. actuators). In order to ensure uniform spatial distribution of sound
pressure level, such electroacoustic system needs to be controlled. Then, microphones are necessary to
provide pressure error signals to compare measured outputs against references, or the so-called test targets.

State-of-the-art control strategy relies, among other factors, on an experimental model of the electroacoustic
system used to design the signals feeding the loudspeakers. Furthermore, closed-loop grants adaptive fea-
tures to the control procedure, allowing to track and compensate model uncertainties due to: noise, nonlin-
earities and/or time variant characteristics of the electroacoustic system. Through Multiple-Input Multiple-
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Output (MIMO) closed-loop control strategies, state-of-the-art random controllers have shown good per-
formance in achieving the test requirement at the discrete controlled locations of the test volume [1][2][3].
Although such a good performance encourages the use of DFAX for space hardware qualification, it has been
shown that the controllability of the electroacoustic system is strongly dependent on the control strategy [4].
Where control strategy is a wide concept comprehending several aspects of the test setup, namely: control
algorithm principle, system overdetermination, system identification strategy, MIMO test references defini-
tion, acoustic sources and control sensors placement, test specimen placement and orientation, drive signals
processing and randomization, drive signals amplification, among others.

One of the most sensitive aspects is the system identification strategy, since it determines the quality of the
experimental and nonparametric model of the electroacoustic system used for the computation of the signals
driving the loudspeakers array. Poor models turn into inaccurate driving signals and, consequently, may lead
to large sound pressure errors. Although, in principle, MIMO random controllers are able to tackle such
error (i.e. mismatch between outputs and references), it is clear that starting from a model which is (highly)
representative of the dynamics shown by the physical electroacoustic system would increase the efficiency
of the test campaign. This is because the time taken by the controller to reach the reference would be shorter.
In practice, this means that the device under test would be exposed to the test specifications, strictly, the
required test time. While, on the other hand, inefficient control strategies may expose the device under test
more time than necessary to under-testing (although very high) sound pressure levels, which may over-stress
the structure by accumulated fatigue.

In his work it is studied if the efficiency of a DFAX environmental acoustic test can be improved by novel
system identification strategy in a test campaign. The proposed method is a MIMO Best Linear Approxi-
mation (BLA). Similar methodology has been widely used in the last decades to efficiently estimate FRFs
of single-input single-output systems [5]. In this technique, instead of using the classical H1 estimate and
its coherence function [6], a BLA model is estimated, and the coherence function is split into (i) noise level
and (ii) nonlinear contribution estimates. The proposed BLA technique makes use of the knowledge that the
excitation signal has both stochastic and deterministic properties.

This paper is organised as follows, Section 2 introduces MIMO random control to understand the context and
practical importance of the system identification process. Section 3 describes the expected dynamics of the
electroacoustic systems used for DFAX testing. It is followed by an explanation of state-of-the-art system
identification strategies, which derives in the MIMO Best Linear Approximation methodology proposed in
this paper. The results section shows the improvement provided by MIMO BLA through the analysis of
experimental data acquired at a system level environmental acoustic tests.

2 MIMO random control for DFAX testing

This section introduces the analytical concepts to understand the role and importance of the system identifi-
cation procedure in the context of MIMO random control for DFAX testing. The minimum equipment nec-
essary to perform an environmental acoustic test with DFAX method comprehends a data-acquisition/control
system and an electroacoustic system, where the latter comprises a set of transducers, amplifiers and filters.
As shown in figure 1, the transducers consist of an array of loudspeakers surrounding the test specimen, and
a set of microphones. MIMO control strategies for DFAX imply that such electroacoustic system is driven
by multiple independent signals, while multiple pressure responses are acquired at different locations in the
acoustic field.

The dynamics of a linear MIMO electroacoustic system consisting of d inputs and l outputs can be nonpara-
metrically characterised by the Frequency Response Matrix (FRM), G(k) ε Clxd, which relates the inputs
U(k) ε Cdx1 to outputs Y (k) ε Clx1 at frequency index k, as shown by equation (1). In this work, the
nomenclature of the signals involved in the control process takes as reference the physical electroacoustic
system. Therefore, inputs are called the electrical signals driving the loudspeakers, while outputs are called
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Figure 1: Simcenter SCADAS and top-view of electroacoustic system for DFAX

the acoustic pressure signals acquired by the microphones.

Y (k) = G(k)U(k) (1)

The electroacoustic system represented by G(k) is linear when the superposition principle is satisfied. This
means that:

Y (k) = G(k)(a+ b)U(k) = aG(k)U(k) + bG(k)U(k) = (a+ b)G(k)U(k) (2)

where a and b are scalar values. If G(k) is constant, then, the system is called linear-time invariant (LTI).
On the other hand, when G(k) varies over time, then, the system is called linear time-varying (LTV).

State-of-the-art random controllers operate under the assumption that above conditions are satisfied. Given
the stochastic, stationary and ergodic nature of the dynamic loading in environmental acoustic testing [7][8],
it is convenient to represent the input-output relation for the electroacoustic system in terms of (power)
Spectral Density Matrices (SDM) as:

Syy(k) = G(k)Suu(k)G
H(k) (3)

where Suu(k) ε Cdxd is the input SDM, Syy(k) ε Clxl the output SDM, and •H is the complex-conjugate
transpose operator.

The purpose of a MIMO random control algorithm for DFAX is the automatic computation of the d random
electrical signals (i.e. drives) required to feed the loudspeakers in order to achieve certain test references at
multiple points in the acoustic field. Currently, this computation is done based on a model of the MIMO
electroacoustic system assuming LTI behaviour. In environmental testing it is a standard off-line practice to
perform nonparametric, experimental system identification to estimate this model. In active acoustic control
the same method is known as nonblind multi-channel identification and leads to an estimate of the physical
system [9]. From such estimate and certain user-defined test references, the random controller automatically
generates the first set of drives following equation:

Suu(k) = Ĝ†(k)SREFyy (k)(Ĝ†(k))H (4)

where •† is the (pseudo-)inverse operator, •̂ indicates estimate and SREFyy (k) ε Clxl are the test references,
arranged in a SDM.

Initially, the physical electroacoustic system is driven by time domain signals with power and cross-correlation
derived from equation (4). Next, adaptive feedback control allows correcting such drives. This becomes nec-
essary due to noise in the measurements, and in case the electroacoustic system does not behave linearly
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and time invariantly. The correction is performed sequentially, based on the average of a fixed amount of
measured pressure response windows, which determines a loop time. The generation of the updated drive
signals for subsequent loops, depends on the difference between the test reference SDM and the measured
output SDM. This difference represents the error on the reproduction of the targeted sound field.

High control performance translates into accurate drives generation. On this subject, equation (4) shows how
the computation of the spectral density matrix of the initial drives depends on the (i) validity of the electroa-
coustic system dynamics assumptions, (ii) the electroacoustic system estimate, (iii) (pseudo-)inversion of the
FRM, (vi) and compatibility between test references and the electroacoustic system estimate.

In this work (i) and (ii) are studied by assessing how the electroacoustic system estimate depends on the
excitation signal, how can a MIMO BLA model be efficiently estimated, and how it is possible to separate
noise and nonlinearity information from a measurement.

3 Dynamics of DFAX electroacoustic system

Figure 1 shows an example of the acquisition and electroacoustic systems used for DFAX. The electroacous-
tic system consists of a digital audio processor and a set of electroacoustic transducers arranged in, typically,
an acoustically ordinary room [10]. The digital audio processor includes a digital signal processor (DSP) pro-
viding equalization, delay, dynamic processing, crossover filtering capabilities and power amplification. On
the other hand, the transducers consist of an array of electrodynamic loudspeakers and a set of pre-polarized
condenser microphones.

Figure 2 shows a conceptual block diagram of the electroacoustic system. It corresponds to the signal flow
of an independent drive feeding a set of loudspeakers. The blocks represent the processing and power am-
plification stages of the electroacoustic system. As it can be observed, each drive can be equalized and inde-
pendently delayed in time. Afterwards the drive signal is filtered to split it up, typically, into four frequency
ranges: sub-low, low, mid and high frequency bands. These bands cover the frequency range specified as
test requirement for the qualification. Each band can be independently delayed in order to correct the phase-
alignment between drivers of the loudspeaker. Furthermore, according to its voltage waveform, the audio
signal feeding each band can be RMS/peak limited through a dynamic processor. The purpose of such a pro-
cessor is to avoid overloading the input of the amplifiers, because this could lead to unwanted nonlinearities.
However, as dynamic processors are nonlinear subsystems per-se, limiting threshold parameter must be set
in such a way that they do not introduce unwanted nonlinearity at working operating conditions.

As shown in Figure 2 the electroacoustic system can be split and studied component by component. Theo-
retically, for small amplitude signals each of these components can be treated as a LTI subsystem. However,
the assumption holds in between certain frequency and dynamic ranges. Outside these ranges, the system
may not satisfy the superposition principle and the behaviour of the observed system is nonlinear.

3.1 Expected nonlinearities in DFAX testing

The most common loudspeakers used for DFAX exploit the electrodynamic transduction principle. This
principle comprises a driving part (i.e. the motor), which is a moving coil into a static magnetic field. The
driving signal (V in Figure 2) goes through the coil and creates a variable magnetic field that interact with
a fixed magnet and generates a mechanical force that is roughly proportional to the electrical current. The
acoustic radiation is then provided by a lightweight diaphragm attached to the coil, ideally moving as a
rigid piston. This driving part is attached to a frame by elastic suspensions, which in turn is fixed to the
loudspeaker cabinet (a vented-box in case of the low frequency sources used for the experiments).

A simplified linear model based on lumped parameters describes the loudspeaker mechanism in a vented-box
at low frequencies and small amplitudes [11]. However, it has been shown that even at not so high driving
amplitudes, the force factor determined by the product of magnet field strength in the voice coil gap and the
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Figure 2: Conceptual block diagram of the electroacoustic system

length of wire in the magnetic field, the voice coil inductance, and the stiffness of the suspension can behave
nonlinearly [12]. The contribution of such nonlinearities (among others [13][14]) to the radiated acous-
tic field as harmonic distortion is traditionally quantified by standardized sinusoidal signal measurement
techiniques [14].

4 System identification strategies

Several approaches exist for building a model of an electroacoustic system as used in DFAX. Numerical
modelling tools can be used to analyse and build such system model. While simulations (may) provide
clear insight in the underlying physical processes and generate full field information, they often only ap-
proximately describe the real operating conditions of the system. This is especially the case for simulation
of complex electroacoustic scenarios with electrodynamic loudspeakers, where oversimplification of the in-
volved multi-physics may lead to poor quality models.

Alternatively, experimental data gathered during the DFAX test campaign can be used to build the electroa-
coustic model in-situ. Ideally, the objective would be to fully characterise the acoustic field. However, due to
industrial feasibility constraints (i.e. costs and time) not all locations of interest may be measured, or even ac-
cessible, to build such model. Moreover, the gathered data can be corrupted by measurement noise, process
noise, disturbing transients and other disturbances. Despite these drawbacks, the experimental modelling
approach has the advantage of reflecting the performance of the real system in operating conditions, which
in the space industry is considered a critical attribute of the model to ensure a safety environmental testing
procedure. Hence, in this work the system identification process for modelling the MIMO electroacoustic
system relies on an experimental nonparametric estimate.

4.1 Experimental system identification strategy

Experimental identification of the MIMO electroacoustic system consists in performing a low-level random
test for the estimation of the FRFs. During this procedure the loudspeakers are driven by uncorrelated low
power level signals, ensuring a riskless environment for the test specimen. Observed input-output data allows
to build a nonparametric model of the dynamic system, an estimate of the physical system concerning the
path between inputs and outputs, capturing signal processing (e.g. filtering), loudspeaker dynamics, acoustic
wave propagation phenomena and microphone dynamics.

4.2 Multisine excitation

In modern system identification special excitation signals are available to assess the underlying systems in
a user-friendly, time efficient way [15]. In order to avoid any spectrum leakage, to reach full nonparametric
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Figure 3: Different excitation signals in time and in frequency domain

characterization of the noise, and to be able to detect nonlinearities, a periodic signal is needed. Many users
prefer noise excitations, because they are simple to implement (see Figure 3), but in this case nonlinearities
are not identifiable, and there is a possible leakage error. The best signal that satisfies the desired properties
is the user-friendly multisine signal (see Figure 3) which looks like Gaussian white noise, behaves like it, but
it is not a noise.

In this work, random phase multisines are used and generated in the frequency domain such that the mag-
nitude characteristic is set by the user, and the phases of the cosines are chosen randomly from a uniformly
distribution [16]. The random phase (uniformly distributed) multisine is, therefore, a sum of harmonically
related sinusoids as shown in the following equation:

u(t)m =
F∑

m=1

Am cos(ω0mt+ ϕm), ϕm ∼ U(0, 2π) (5)

where ω0 is the fundamental angular frequency,Am is the amplitude of themth harmonic and F is the highest
harmonic component. The amplitude distribution of a random phase multisine is approximately normal (it
approaches a Gaussian distribution as the number of harmonics tend to infinity). If the multisine contains
all/only odd or even harmonics, then, it is full/odd or even multisine.

4.2.1 Detecting even and odd nonlinearities with multisines

In general, when exciting a physical system with low power excitation level, the effects of nonlinearities can
be hidden in the noise. If the excitation level is higher, the nonlinearities will appear. Figure 4 shows, for
example, how a system response may consist of a linear and a nonlinear part.

If a full multisine excitation is used, then the details of nonlinear behaviour are not separable from the
linear part. On the other hand, with an excitation set of only even harmonics, the odd nonlinearities are not
detectable. The solution to detect both kinds (even/odd) of nonlinearities is to use an excitation set only with
odd harmonics, i.e. odd random phase multisine. In order to examine the odd frequencies, it is needed to
skip several odd harmonics in the multisine. The experiences show that the odd, random phase multisine
with randomly skipped harmonics is the best approach to study the nonlinearities [16].

4.3 Best Linear Approximation approach

The Best Linear Approximation (BLA) has been widely used in the last decades to efficiently estimate FRFs
[17][5]. The BLA of a nonlinear system is an approach of modelling that minimizes the mean square error
between the true output of a nonlinear system and the output of the linear model. In this technique, instead
of using the classical H1estimate (cross-power spectral density estimate [18]) and its coherence function, a
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Figure 4: System response originating from linear and nonlinear part of excited system

Figure 5: The baseline model for best linear approximation framework

BLA model is estimated, and the coherence function is split into (i) noise level and (ii) nonlinear contribution
estimates. The proposed BLA technique makes use of random phase multisine signals with known excited
frequency lines. Furthermore, this technique exploits the knowledge that such excitation signal has both
stochastic and deterministic properties.

4.3.1 Differences with respect to H1

A significant difference between BLA and H1 estimate, as applied in this work, is that the latter makes use
of periodic random excitation [19].

Another fundamental difference is that a partial BLA estimate is calculated for each period of the random
phase multisine excitation signal. Then, a BLA FRF estimate for a given signal is calculated via the average
of different BLAs. On the other hand, the H1 estimation directly uses the averaged input and output data.

4.3.2 Theoretical structure and the basic assumptions

In Figure 5 the BLA of a nonlinear system is represented by an impulse response function ĝBLA(t), or
a frequency response function ĜBLA(k) estimate [16]. This approach of modelling minimizes the mean
square error between the true output of a nonlinear system ymeas(t) and the output of the linear model
ŷBLA(t).

Figure 6 shows the theoretical structure of BLA, where several component can be identified [15]:

• GE corresponds to the the ordinary measurement noise, which in this work is assumed to be additive
i.i.d. normal distributed with zero mean and with a finite variance σ2, (i.e. e ∼ N (0, σ2) ).

• GLinear represents the true underlying linear system (if it exists). Its response is independent of the
excitation power spectrum and it is a smooth frequency function. For this linear component of BLA
we make use of the fact that each random phase rotation in the input excitation would result in a
proportional phase rotation at the output (i.e. phase coherence), when the underlying system is linear.

• GBias denotes a bias error of the BLA, the systematic nonlinear contribution whose spectrum is
smooth. This is the result of the coherent nonlinearities remaining after multiple realizations of exci-
tation signal. Its value is fixed in the same excitation set (a realization of the excitation signal).
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Figure 6: The theoretical structure of the best linear approximation

• ĜBLA, as sum of GLinear and GBias, it has also smooth FRF, which is fixed for a realization of the
excitation signal.

• GS can be seen as an additional (nonlinear) noise source generator. As mentioned for GLinear, in
the proposed robust BLA framework, multiple realizations of random phase multisine excitation are
needed. In case of noncoherent nonlinearities, the input phase rotation would result in a random phase
rotation at the output. Therefore, GS can be modelled as a half-stochastic nonlinear noise generator
with zero mean circular complex normal distribution.

The output of a nonlinear system strongly depends on (i) the energy level of each excited frequency, (ii) the
probability density function of the input, (iii) even and odd nonlinear distortions of the system, (iv) type of
the disturbing noise and its impinge point. Assuming that there is no transient, measurement or round-off
error, the BLA FRF is given by:

ĜBLA(k) = GBias(k) +GLinear(k) (6)

and the measured FRF is:
Ĝmeasured(k) = ĜBLA(k) +GS(k) +GE(k) (7)

The next section discusses a possibility to reduce the effects of the measurement noise (GE) and the nonlin-
earities (GS).

4.3.3 The effects of two dimensional averaging

In order to estimate the underlying system one has to average over p periods of repeated excitation signal,
and over the m different realizations of the excitation signal [16] (see Figure 7). The considered model in
frequency domain at frequency index k is given by:

Ĝ
[m,p]
measured(k) =

Ŷ
[m,p]
measured(k)

U [m](k)
= ĜBLA(k) +G

[m]
S (k) +G

[m,p]
E (k) (8)

First, let us average over the p periods in the same excitation set. If p is sufficiently large, then (originated
from the law of large numbers and the distribution properties the observation noise), the expected value of
the observed system will boil down to:

E{Ĝ[m]
measured(k)} =

1

p

p∑

i=1

Ĝ
[m],i
measured(k) =

1

p

p∑

i=1

(ĜBLA(k) +G
[m]
S (k) +G

[m],i
E (k))

= ĜBLA(k) +G
[m]
S (k) + 0 = ĜBLA(k) +G

[m]
S (k)

(9)
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Figure 7: Evaluation of BLA estimate with the help of two dimensional averaging

and its sample variance:

V ar{Ĝ[m]
measured(k)} =

p∑

i=1

|Ĝ[m],i
measured(k)− Ĝ

[m]
measured(k)|2

p(p− 1)
(10)

Second, let us average over the m realizations. If m is sufficiently large, then:

E{Ĝmeasured(k)} =
1

m

m∑

i=1

Ĝimeasured(k) =
1

m

m∑

i=1

(ĜBLA(k) +GiS(k)) = ĜBLA(k) + 0 = ĜBLA(k)

(11)
and its sample variance is given by:

V ar{ĜBLA(k)} =
m∑

i=1

|Ĝimeasured(k)− ĜBLA(k)|2
m(m− 1)

(12)

The estimate of the noise sample variance is given by:

V ar{GE(k)} =
1

m2

m∑

i=1

V ar{Ĝ[m]
measured(k)} (13)

The difference between the total variance and the noise variance is an estimate of the variance of the stochas-
tic nonlinear contributions. For one experiment it is given by:

V ar{GS(k)} ≈ m(V ar{ĜBLA(k)} − V ar{GE(k)}) (14)

This means that the influence of the noise and nonlinear contribution can be decreased with this special 2D
averaging. As a final result the measured and post-processed FRF will be BLA. In [15] it has been shown
that the above statements are completely correct with the condition and assumptions declared in Section
4.3.2, when the number of periods is greater or equal than two (p ≥ 2) and the different realizations are more
than six (m ≥ 7). Note that in the experiments reported in Section 6, seven realizations were designed for
the BLA estimate. However, due to technical difficulties one realization is lost. Although convergence is
actually guaranteed as from m ≥ 4 [17], this results in a less accurate BLA estimate of the FRM.

5 MIMO Best Linear Approximation

In this section the measurement of the FRM for MIMO systems is explained as a straightforward extension
of the SISO methodology presented above. For the sake of simplicity but without loss of generality, we will
focus on systems with 6 inputs and outputs.
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5.1 Estimating the Frequency Response Matrix

The straightforward extension of the SISO excitation case can be formulated in the frequency domain at
frequency index k as follows:



Y1(k)

...
Y6(k)


 =



G11(k) . . . G16(k)
. . . . . . . . . . . . . . . . . . . .
G61(k) . . . G66(k)






U1(k)

...
U6(k)


 (15)

where the indices of the input and output data refer to channel number. Even when there are multiple periods
of excitation applied, the above-mentioned set of linear equations suffers from the degrees of freedom: there
are 36 unknown parameters and 6 independent equations. In order to overcome the issue with the degrees
of freedom, the number of equations has to be increased. In this work this has been done by increasing the
number of experiments such that the new base-line equation is defined as follows:



Y11(k) . . . Y16(k)
. . . . . . . . . . . . . . . . . . .
Y61(k) . . . Y66(k)


 =



G11(k) . . . G16(k)
. . . . . . . . . . . . . . . . . . . .
G61(k) . . . G66(k)





U11(k) . . . U16(k)
. . . . . . . . . . . . . . . . . . . .
U61(k) . . . U66(k)


 (16)

where the first digit of the indices refer to channel and the second digit refers to the number of experiment.
To obtain the FRM estimate, at each frequency index k, equations (16) must be solved.

5.2 Conditioning of the input matrix

The solvability of the linear algebraic equations (16) strongly depends on the condition number (i.e. the
randomness) of the excitation matrix. Highly correlated elements in U(k) matrix will result in singularity
and therefore no solution can be obtained.

In classical MIMO identification, one of the most often applied solution to this problem is the use of
Hadamard decorrelation technique. A Hadamard matrix is a square matrix whose entries are either +1 or
1, and whose rows are mutually orthogonal. In this technique there is one realization of the excitation signal
which is multiplied with such Hadamard matrix resulting in a well-conditioned matrix (for certain linear
cases [20]). The problem here lies in the fact that the Hadamard matrix only exist for certain dimension-
alities: the order of a Hadamard matrix must be 1, 2, or multiples of 4. For input dimensions where the
Hadamard matrices cannot be defined, the most often used solution is to take the Hadamard matrix with
highest closer order, and truncate it to the desired size.

For certain dimensions this solution might not be adequate or rich enough to identify the nonlinearities be-
cause only one realization of the input signal and its conjugate are applied. For detecting the nonlinearities
richer signals are required. Therefore, in order to overcome the issue and to improve the estimation proper-
ties, in [21] and [22], it is proposed to use orthogonal random multisines, extending the idea of the orthogonal
inputs proposed for linear MIMO measurements in [23]. In this work the proposed procedure is to generate
independent random excitations for every input channel for the first experiment in a block of experiments,
and to shift them orthogonally for the subsequent experiments with the following weighting-shifting matrix
(W ):

W (m,n) = e−j2π(m−1)(n−1)/d (17)

where l refers to channel number, n refers to the experiment number, and d stands for the number of inde-
pendent inputs.
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6 Results

This section concerns the classification and characterization of the measurement obtained at Thales Alenia
Space facilities in Toulouse, France, where subsystem and system level industrial DFAX tests were per-
formed. Further, this section shows a validation study case of the proposed MIMO BLA methodology.

The analysis below intends, ultimately, to explain the capability of MIMO BLA to predict measured re-
sponses more accurately than done by standard estimator. From such capability, it is inferred that MIMO
BLA model would derive in more efficient closed-loop control tests. On top of that, it is highlighted that
MIMO BLA allows to split the coherence function into noise and nonlinear components. Further, the non-
linearity and noise analysis of the waveform generator is performed as well, intending to understand the
influence it may have on the model accuracy.

The BLA measurement has been executed at three different levels. Figure 8 shows the lowest and highest
level excitation signals in the frequency domain. The arbitrary waveform generator (Simcenter SCADAS)
has a very low noise level (around -90 dB in mid frequencies) resulting in a good measurement quality of
the excitation signal. With the help of Figure 8, the estimated value of the SNR is around 70 dB at mid
frequencies. Despite the good SNR, there are some even nonlinearities presented in a magnitude of 25 dB
w.r.t. noise level.

The microphone output displayed on the left of Figure 9 is measured with a significant lower SNR value:
around 45 dB at low, and around 30 dB at high frequencies. The microphone output is governed by even
nonlinearities, which become especially dominant at mid and higher frequencies, and their levels are even
more dominant at the higher excitation profile.

The FRF shown in Figure 10 is measured with high noise level due to transient and nonlinearities. However,
the noise level and the nonlinearities can be clearly distinguished (with a relative difference of 20 dB) on the
arbitrary chosen FRF.

Observing the level and type of nonlinearities in the estimates (Figure 9 and 10) confirms that a LTI random
controller may be adequate to conduct DFAX tests. This is because the relatively low level even nonlin-
earities can be considered as process noise in the LTI control framework [15]. Furthermore, since the odd
nonlinearities are not dominating even at much higher excitation power levels, no extreme dynamic changes
are to be expected.

Despite the high level of nonlinearities shown in Figure 9 and 10, the best linear approximation resulted
in an acceptable linear model. This model is cross validated on an independent dataset and is compared to
the traditional H1 estimate in Figure 11 to 13. In the cross validation the estimated outputs (i.e. forward
simulation) are compared to the measured output from qualification test, where the BLA estimate results in
around 6 times smaller relative Root-Mean-Square (RMS) error, as shown by the dots in Figure 11. This
is meaningful taking into account that, due to test campaign constraints, H1 estimate was done based on
excitations with much higher power level than in case of the BLA. Since the level of nonlinearities at low
frequency is not as significant (and therefore the system seems to be less sensitive to the excitation power
level) Figure 12 shows through the magnified cross validation results how BLA clearly outperforms H1
estimate.

Figure 13 shows the same output signals than the previous two figures, but in a 1/3rd octave band plot. This
is how qualification test results are reported to the launching authorities in order to certify that the required
sound pressure levels were achieved during the test. Therefore, the plot is useful to assess relative differences
in the cross validation w.r.t. to typically specified test tolerances per band (−1/ + 3 dB [24]). Note that H1
based prediction is at least 6 dB below the measured output in the band centered at 31.5 Hz. At the other
extreme of the spectrum, cross validation shows that BLA over-estimates the output, specially over 3150
Hz. This is due to the high level of even nonlinearity in high frequencies, as displayed in Figure 9 to 11.
Such results may justify future research efforts to model even nonlinearities of the electroacoustic system
contributing to the acoustical responses observed in environmental acoustic testing.
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Figure 8: Magnitude of electrical input to the DSP in frequency domain

Figure 9: Magnitude of acoustic output in frequency domain

Figure 10: Electroacoustic FRF [Pa/V ]
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Figure 11: Comparison between estimated and measured magnitudes of acoustic output signals

Figure 12: Comparison between estimated and measured magnitudes of acoustic output signals

Figure 13: Comparison between estimated and measured magnitudes of acoustic output signals in 1/3 octave
bands
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7 Conclusions

Electroacoustic systems can be nonlinear and there is no unique solution for modelling such nonlinear be-
haviour. Although theoretical frameworks and analytical tools may be available, in the industrial context of
environmental acoustic testing, the cost-benefit analysis of nonlinear dynamics modelling is still not com-
pletely assessed. Perhaps, due to the current unavailability of universal design tools for this kind of models.

In this work a MIMO Best Linear Approximation framework was developed to provide a user-friendly in-
terpretation of the nonlinear behaviour of MIMO measurement data by extracting user relevant information.
The proposed framework turned to be useful for modelling an electroacoustic system in a Direct Field Envi-
ronmental Acoustic Testing setup, because:

• the input excitation system was characterized, and it was verified that the nonlinearities are not origi-
nated by the signal generation setup,

• the output measurement was characterized, and it was verified that (i) the higher the level of excitation,
the more nonlinearities are present, (ii) the dominant nonlinearities are even, which supports the belief
that a linear controller framework would suffice for such kind of electroacoustic system,

• the frequency response matrix was characterized, and the coherence function was splitted into noise
and nonlinearity level information. Despite the unideal measurement circumstances, the proposed
framework was able to provide reliable output prediction,

• the estimated nonlinearities (in other words, the gap between the BLA errors and the noise floor of the
data) provided an indication of the potential gain by using an advanced nonlinear modelling technique
instead of a linear framework.
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Abstract
The challenge addressed in this paper is the detection of changed boundary conditions at boundaries, which
are either partially or entirely not accessible and possibly also not visible. One possible field in which such
a strategy could be applied is nondestructive testing and structural health monitoring. In contrast to conven-
tional methods targeting the same challenge, it is proposed to test the structure in a mid-frequency range,
where both the required sensitivity is reached and the desired robustness to geometrical features or changes
in the environment is still present. Furthermore it is proposed to exploit a numerical model of the healthy test
object in order to predict damage in areas, which are not accessible for manual inspection. Therefore, a two-
step algorithm is proposed, where the first step consists of a Time-Reversal Multiple Signal Classification
to narrow down the defect location. In the second step, the damage location is further concretised and the
defect extent is estimated based on a model updating scheme using a parametrically reduced order model.

1 Introduction

In many cases changes of boundary conditions can be linked to the appearance of damage. In order to detect
such damage, detection strategies often make use of mechanical vibrations - whether induced by ambient
excitation (e.g. wind) or explicitly excited waves. These strategies can be categorised according to the
frequency range used for the detection. This leads to basically two groups: The low-frequency methods
[1], which work in a frequency range where the vibration is driven by single modes and the high-frequency
methods, relying on the physics of one or more propagating wavemodes, which requires significantly higher
test-frequencies.

Since high-frequency techniques naturally use small wavelengths, they show a good sensitivity to small
defects. On the other hand this advantage comes at the price of a potentially equally high sensitivity to non-
damage related features, as e.g. small changes in the environment or due to re-assembling parts of a complex
setup, which will never be perfectly the same as the initial condition. Therefore these techniques are either
limited to a very small local inspection range or to simple geometries.

The most prominent high-frequency technique for long-range detection is the guided wave method. The basic
concept of guided waves is to excite a specific wave, typically in the high kHz range, which then propagates
along a wave-guide and scatters at a defect. From there the reflected and converted waves propagate to
the sensor array, where they are recorded. Based on the time of flight the location of the defect can be
determined. The intensity of the reflection, as well as the mode-conversion [2] can give insight to the type
or size of the defect. The main disadvantage of this method is that it is only applicable to simple structures
[3], where it can be guaranteed that the reflected and converted waves are caused by the scattering at a defect
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and not by the scattering at a geometrical feature of the test-structure, such as a flange in a pipe [4].

Low-frequency techniques on the other hand often rely on the detection of a change in modal features, such
as modal damping, mode-shapes or natural frequencies [1]. These techniques are applicable to very complex
structures, but suffer from a low sensitivity to small defects, since these do not significantly influence the
global features, which are observed by this kind of techniques.

Both low- and high-frequency techniques cannot be used to observe changing boundary conditions, related
to a defect in real-life structures. While guided waves cannot be used for the detection of such damage, due
to the complexity of these structures, low-frequency methods cannot be applied either, since they often do
not show the desired sensitivity in order to indicate a defect in time. A proposal to overcome this problem
is to move the inspection into a mid-frequency range in order to combine the advantages of both strategies
[5, 6].

The proposed procedure for damage detection in the mid-frequency range is the excitation of the entire struc-
ture, without the ambition to excite exclusively specific wavemodes, which is similar to the low-frequency
methods, and to measure the structural response with an array of sensors. Knowing the structural response of
a healthy structure it is possible to calculate the scattered wave-field, which is what is used in high-frequency
methods. This is in essence what is proposed and explained in more detail in the bulk of this paper.

An additional challenge in the discipline of nondestructive testing and evaluation (NDT&E) is the detection
of inaccessible or invisible defects. An example for such applications is beyond others the inspection of
bolted connections in a framework, which is covered by a revetment. In particular as a solution for this case,
in this paper the use of model based inspection strategies is proposed, where the vibration at the hidden or
inaccessible inspection location is predicted using a vibro-acoustic model (digital twin) of the test object.

It is proposed to proceed in two-steps, where in the first step the location of the changed boundary (damage)
is predicted using a Time-Reversal MUltiple Signal Classification (TR-MUSIC) algorithm. This process is
described in section 2.1. In the second step, the information on the damage location from step 1 is refined
and the size of the damage is estimated making use of a model updating procedure based on a parametric
reduced order model of the test object. More detail on this step is provided in section 2.2. In section 3 the
derived strategy is applied to a numerical example and in section 4 it is validated on a physical experiment.
Concluding remarks are given in section 5.

2 Sequential TR-MUSIC / pMOR model updating algorithm

In this section a two-step strategy for defect detection in complex geometries is explained. The first step
consists of the localisation of the damaged area using a TR-MUSIC algorithm, which is described in section
2.1. In step 2, the prediction of the defect location is refined and the size of the defect is determined based on
a model updating algorithm, which is explained in section 2.2. As this step is highly expensive for large scale
numerical models, it is only possible in a reasonable time by applying model order reduction techniques and
pre-defining the potential zone of unknown parameters making use of the knowledge gained in step 1.

2.1 Time-Reversal based defect detection

In this section the fundamental principles and algorithms forming the foundation of step 1 of the proposed de-
fect detection strategy are introduced, starting with the TR principle, followed by the TR-MUSIC algorithm,
which is an algorithm based on the TR principle but increasing the performance of classical TR.

2.1.1 Time-Reversal principle

A TR experiment consists of 3 steps. First, a source is emitting a signal, which propagates to an array of
sensors. In the second step the received signal is recorded by the sensor array of N sensors. Then, in step
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3, the recorded signal at each sensor n is reversed in time and re-emitted (what was recorded last is emitted
first) at the sensor locations. According to the TR principle, the re-emitted signal will focus on the original
source location due to a constructive superposition of the re-emitted signals of all sensors.

Since a scatterer can be regarded as the source of the scattered wave field, applying the TR theory to the
scattered wave field Ψs only leads to a superposition of the re-emitted signals at the scatterer location.

In the general case depicted in figure 1, where a wave field excited by an excitation at xm inDt and scattered
at D0 is recorded at an arbitrary point xn in Dr, the recorded signal at one rotational frequency ω

Ψtot(ω, xn, xm) = Ψinit(ω, xn, xm) + Ψs(ω, xn, xm) (1)

can be seen as the superposition of the signal that would be observed without scatterer Ψinit(ω, xn, xm)
superimposed with the pure scattered signal Ψs(ω, xn, xm), which is the one of interest for the TR pro-
cess applied to the detection of a scatterer. In consequence, Ψs(ω, xn, xm) can be calculated based on the
measured vibration Ψtot(ω, xn, xm), provided that the vibration at the initial condition without scatterer
Ψinit(ω, xn, xm) is known.

Figure 1: Sketch of the domains in the test object, with Dt being the transmitter domain (excitation), Dr

the receiver domain (sensors), D the image domain and D0 the damage domain. Γ0 indicates the boundary
between D0 and D.

2.1.2 TR-MUSIC algorithm

In the following frequency-dependency will be assumed, but not specifically indicated by ω as done in the
previous section in order to facilitate readability.

In order to improve the focusing of a TR signal on a scatterer, Prada et al. [8] showed that by repeating
the experiment multiple times (ideally infinitely often), it is possible to focus each time more energy on
the largest scatterer due to the focusing property of the TR principle. Furthermore, the experiment can be
repeated with different excitation locations, potentially resulting in different incident waves at the scatterer
and thus additional information in the scattered wave field. The same authors proved that each eigenvector
of the TR matrix (also called TR Operator):

TRO = KHK (2)

is equal to the TR array with the best possible focusing on one scatterer, respectively, where K is a matrix
with element

Km,n = Ψs(xn, xm), (3)

being the scattered wave field due to an excitation at xm and measured at location xn. Superscript H indicates
the complex conjugate transpose of a matrix. This procedure, referred to as ’decomposition of the time-
reversal operator’ (DORT) allows for obtaining the perfect focusing without the need to repeat the experiment
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multiple times. Later Lehmann et al. [9] showed that the same result can be achieved applying a singular
value decomposition on the matrix K.

An algorithm providing even superior detection results is the so called TR-MUSIC algorithm [10]. Similar
to the DORT algorithm, TR-MUSIC relies on the decomposition of K into its singular values and vectors,
but in contrast to DORT, the time-reversal and back-propagation is performed in an alternative manner, as
explained below in detail.

Properties of the scattered wave field

A necessary requirement for the application of the TR-MUSIC algorithm is the square integrability of the
transfer function H(xn, xm) in the image domain or observed domain D (

∫
D ‖H(xn, xm)‖2dxm < ∞),

which holds for linear damped mechanical systems and the square integrability of the excitation signal.
Under this assumption the scattered wave field can be re-written according to the Lippmann Schwinger
formulation as [9]:

Ψs(xn, xm) =

∫

Γ0

H(xn, r)Θ(r)Ψtot(r, xm)dr, (4)

with r being a point on the boundary Γ0 between scatterer D0 and image domain D (Γ0 ⊂ D), H(xn, r) the
transfer function between r and the sensor location xn, Θ(r) the scattering potential at r and Ψtot(r, xm) the
total wave field at r due to excitation at xm. Due to the square integrability properties of Ψs(xn, xm), it can
be re-formulated in a product of linear operators [11]:

Ψs(xn, xm) = Pr(xn, r)Θ(r)Pt(r, xm)ρ(xm). (5)

The excitation ρ(xm) is applied in Dt, while the sensor is placed in the domain Dr. The propagators
Pr(xn, r) and Pt(r, xm) describe the propagation from r to xn and from xm to r, respectively.

Decomposition of the system with arbitrary scatterers

In this sub-section, it is assumed that there are scatterers at arbitrary locations in the image domain D. The
receiver propagator Pr(xn, r)

Pr(xn, r)J(r) =

∞∑

n=1

λDn ΦD
n J(r) (6)

can be decomposed in its singular values λDn and singular functions ΦD
n describing the propagation from r to

xn and the secondary source J(r) describing the excitation of waves due to the scattering of incident waves
at an arbitrary scatterer at r.

Equation (6) can be truncated by keeping only the N most relevant singular values:

Pr(xn, r)J(r) '
N∑

n=1

λDn ΦD
n J(r), (7)

which is an approximation if a continuous receiver domain or a very high number of sensors is considered.
In the case of a rather small finite array, N is automatically given by the number of sensors.

In a similar fashion, the transmitter propagator Pt(r, xm) can be decomposed the same way as shown for the
receiver propagator in equation (6) resulting in a set of singular vectors ΨD

m.

As the final objective is to find the boundary of the scattering domain Γ0 in the observed domain D, the aim
is to be able to assess for all points z ∈ D if it is on Γ0.
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If the information provided by the N sensors and M excitations is sufficiently large, the dynamics in the
entire observation domain D can be described by the truncated set of singular functions ΦD

n and ΨD
m.

Decomposition of the system with known scatterers

As the searched-after scatterer location Γ0 is logically a subset of all possible scatterer locations, which was
considered in equation (6), the decomposition of the receiver propagator for the case of a known scatterer
domain writes as:

Pr(xn, r)
D0J(r) '

N∑

n=1

λD0
n ΦD0

n J(r), (8)

and the number of meaningful singular values in Pr(xn, r)
D0 is ≤ N , due to Γ0 ⊂ D. Applying the same

logic to the decomposition of the transmitter operator of the searched-after scattering domain, one finds that
the number of meaningful singular values in Pt(r, xm) can maximally reach M .

Decomposition of the measured wave field K

Replacing Pr(xn, r) and Pt(r, xm) in equation (5) with equation (8) and its equivalent for the transmitter
side leads to

Ψs(xn, xm) =

N∑

n=1

M∑

m=1

ΦD0
n ΛD0

n,mΨD0
m ρ(xm), (9)

where ΛD0
n,m is composed of the singular vectors λD0

n and λD0
m and the scattering potential Θ and describes the

actual scattering at the defect surface. ΨD0
m and ΦD0

n are singular functions describing the wave propagation
from the excitation to the defect and from the defect to the sensor array, respectively. The largest number of
meaningful singular values in (9) is min(M,N).

Writing equation (9) in matrix notation, according to equation (3), it follows for a unit excitation that the
singular value decomposition of the matrix K leads to the singular system:

K = ΦΛΨH, (10)

where Φ is a matrix containing the N singular vectors Φn related to the propagation from scatterer to sensor
array, Ψ contains the M singular vectors Ψm related to the propagation from excitation to scatterer and
Λ is the diagonal matrix of singular values. Due to the dimensions of K, its rank cannot be greater than
min(M,N).

Assuming a sufficiently large number of excitations M and sensors N , to illuminate the entire inspection
domain D and a defect that is small as compared to D, it is likely that K is rank deficient, meaning the
rank of K, R0 < min(M,N). In this case one obtains from equation (10) a set of R0 singular vectors Φn

and Ψm related to the non-negligible singular values. Those vectors describe the physical vibration due to
the scattering and will be referred to in the following as the vectors spanning the signal space SΦ and SΨ,
respectively. Furthermore, there are N − R0 vectors Φn and M − R0 vectors Ψm related to the negligible
or zero singular values. These vectors spanning the noise spaces NΦ and NΨ, respectively have no physical
interpretation, but the mathematical property of being orthogonal to the signal space:

SΦ ⊕NΦ,

SΨ ⊕NΨ.
(11)
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Assembling TR-MUSIC pseudospectrum

In this sub-section, only the TR-MUSIC algorithm for sensor-side imaging is explained, as in the upcoming
sections only this one will be used. However, the necessary equations for excitation-side imaging can be
derived following the same line of thoughts explained here below for sensor-side imaging.

Due to the orthogonality between signal and noise space (equation (11)), vectors from the signal space cannot
share information with vectors from the noise space, which results mathematically in:

ΦH
n1
Φn2 = 0, for n1 ≤ R0 and n2 > R0. (12)

As all physical propagation paths relate to the propagation from the surface of the scatterer Γ0 to the sensor
array, this information is completely captured in the signal space singular vectors. As a consequence of this
property and equation (12), it follows for a vector gz with each element containing the transfer function from
a random point z ∈ D to one sensor in the sensor array, that

gH
z Φn = 0, for R0 < n ≤ N, (13)

if z ∈ Γ0. On the other hand, if z 6∈ Γ0,

gH
z Φn 6= 0, for R0 < n ≤ N, (14)

since in this case the test vector gz also contains components relating to the noise space NΦ.

The TR-MUSIC algorithm makes use of the relations of equation (13) and (14), by calculating a pseudospec-
trum

I(z) =
(
| gH

z Φn |
)−1

, for R0 < n ≤ N, (15)

for each point of interest z ∈ D, which reaches a maximum for z ∈ Γ0 and has a smaller value for z 6∈ Γ0.

In order to improve the robustness of the method, a summation over the entire noise space is commonly ap-
plied. Furthermore, recent publications suggest a multiplication of the pseudospectra over a large frequency
range (Nf discrete frequency lines), often called interferometric MUSIC. The advantage of this is that ran-
dom measurement errors, as well as small errors in the model contribute differently to the pseudospectrum at
different frequencies, while the contribution of the scatterer is always the same. As a result the contributions
of the scatterer interfere constructively, while other influences do not [12, 13]. This leads to the TR-MUSIC
algorithm as it is used in this paper:

I(z) =




Nf∏

f=1

N∑

n=Ro+1

| gH
z,fΦn,f |



−1

, (16)

where in addition the vectors gz are normalised in order to account for the modal behaviour [5], which is
still not negligible in the mid-frequency range.

2.2 Model updating

The model updating algorithm applied in the framework of this investigation is extensively described in [14].
In this section, only a short summary is given. For more details, the reader is referred to [14].

In order to update parameters of models, typically the model is evaluated at multiple frequency lines and the
results are compared to a measurement. Based on the difference between the two, a cost function is defined.
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The objective of the model updating is to minimise this cost function by gradually changing the unknown
parameters until the model represents the measurement with a satisfying accuracy. For model with a large
number of degrees of freedom (DOFs) this procedure becomes extremely time consuming. Therefore, for
this work, the models are reduced using a Krylov subspace projection, so that the simulation can be run with
a reduced number of DOFs, which results in a reduced simulation time.

Furthermore, the parameter dependency of the original model, resulting from the unknown and to be updated
parameters, is kept in the reduction scheme used in this publication in order to avoid that a new reduced order
model has to be constructed for each parameter change. The consequence is an additional speed up of the
model updating procedure.

In [14], the number of parameters to be updated needs to be limited to guarantee convergence, as can be seen
by the assumed pre-knowledge of the defected edge. This is why the two-step strategy is necessary to narrow
down the number of DOFs to be updated.

3 Numerical validation

The algorithm of section 2 is numerically validated at the example of an acoustic cavity covered by an A3
aluminium plate of 3mm thickness, as shown in figure 2. The boundaries of the plate are modelled as hinged.
However, the nodal rotational stiffness along the boundary in the intact state is chosen sufficiently high (104

Nm/rad) in order to be seen as a quasi clamped connection. Following the longest edge in each direction,
the acoustic cavity has a dimension of 0.82m x 0.98m x 1.15m. More details to the exact dimensions of the
acoustic cavity can be found in [14]. The mesh is chosen such that the model is accurate up to 400Hz using
10 elements per acoustic wavelength.

Inside the acoustic cavity there are N = 10 virtual microphones at which the acoustic pressure is recorded.
A structural excitation acting in z-direction and thus exciting the out-of-plane motion of the plate is applied
to the aluminium plate at x = 0.2735m, y = 0.3440m, z = -0.35m (yellow point in figure 2). As there is only
one excitation, it follows that there is also one singular vector of the signal space. The leftover 9 singular
values are attributed to the noise space.

Defects in this example are modelled as reduced rotational stiffness values at 7 adjacent nodes along a
boundary of the aluminium plate closing the acoustic cavity. The case of 1 defect at the centre and 1 defect
at the top of the right boundary (case 1), of 1 defect at the top of the right boundary (case 2) and of 1 defect
at the centre of the top boundary (case 3) are investigated. Additional cases studied at the same experimental
setup can be found in [7].

Figure 2: Numerical model of the acoustic cavity (blue) closed at one side by an aluminium plate (grey).
The yellow point indicates the excitation location.
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Even in an experimental setup, in both cases, the vectors gz must be simulated and cannot be measured.
In the first case this is because a rotational DOF at a hinged plate would have to be excited, which would
require a complicated excitation mechanism. In the second case an excitation in z-direction would need to
be applied very close to the boundary, where the z DOF is constrained. This would result in the best case in
a very noisy measurement.

The edge-detection results of the TR-MUISC algorithm are presented in figure 3. The bars represent a
damage index per edge of the plate which is calculated by summing the pseudospectrum of all nodes at one
edge, dividing this sum by the number of nodes at this edge and normalising the values for all edges by the
damage index corresponding to the largest value obtained for one edge.

Case number gz rotational DOF gz z-displacement

1

2

3

Figure 3: Edge detection results for the 3 defect scenarios listed previously. The bar for each edge represents
the damage index corresponding to the respective edge.

For the first step of the detection procedure, the calculation of the pseudospectrum based on the TR-MUSIC
algorithm as described in section 2.1.2, the noise space vectors Φn will be orthogonal to a vector characteris-
ing the propagation from the defect to each microphone location. Since, in this example, it is known that the
rotational stiffness along the edge has been changed in order to simulate a defect, it is obvious to choose gz
so that it contains the propagation path from a node z on the boundary of the aluminium plate, excited by a
torque to the microphone array. However, in a real defect detection example, typically a defect changes more
than only one property. In order to verify, that the TR-MUSIC algorithm can also provide good results in
this case, a second set of vectors gz is investigated. In this second attempt, gz contains the acoustic pressure
at the microphone array due an out-of-plane (z-direction) excitation on the plate at a node located at z, very
near the boundary.

As can be seen from figure 3, the defected edge is indicated correctly in all cases studied, independent,
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whether there are 2 or 1 defects per edge.

Furthermore, it can be seen that the image based on the force-excitation generated gz shows as good results
as the image based on the torque-excitation generated gz . From this observation it can be concluded that
the TR-MUSIC algorithm can indicate accurately the location of a defect, although not the correct quantity
(here gz based on z-displacement, not based on rotational DOF) is used.

Starting from the correctly detected defected edge, the model updating procedure introduced in section 2.2
is applied to all cases listed previously. In figure 4, central column, the rotational stiffness after the model
updating along the detected edge is plotted. A node on the edge is considered to be defected as soon as the
logarithm of the rotational stiffness at this location drops below 2.

Based on this criterion, the model updating provides the correct defected zone in the case that the defect is
located in the centre of the top edge (case 3).

Case number gz rotational DOF gz z-displacement

1

2

3

Figure 4: Prediction of the defected zone based on the edge detection results presented in figure 3 for the
3 studied defect scenarios. In the central column, the rotational stiffness after the model updating is shown
on a logarithmic scale. In the right column, the edges of the plate are shown as a black rectangle. The truly
defected area is highlighted by a bold red line and the predicted defected area is indicated with blue crosses.
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If the defect is close to a corner (case 2), size and location of the defect are still predicted approximately
correctly. However, the defect’s extent towards the corner is slightly underestimated. This can be explained
since a change of the rotational stiffness close to a corner has less effect on the plate’s dynamics, since the
corner is also supported by the stiffness of the adjacent edge.

If there are 2 defects at the same edge, one close to the centre, one close to a corner (case 1), 2 defects
are detected with approximately the right extent and location. The observations of the previously discussed
cases, where those defects were investigated separately, can be applied to the combination of the two.

Thinking of the application of the proposed method to a real detection scenario, it is important that the result
is provided within a reasonable time, so that by applying this two-step approach, time is saved as compared to
manually inspecting the test object. Therefore, the computation time (Dell laptop, core i7, physical memory:
8GB) for all cases is listed in table 1.

As can be seen from table 1, processing the data for the edge detection can be performed within 3s (1st
step, TR-MUSIC) in this example. The calculation time is independent of the application case, since in
all cases, the pseudospectrum needs to be calculated for the same amount of nodes on the boundary. The
total calculation time for the refinement of the defect size and location spreads between 415s and 1013s,
depending on the case. This is due to the different number of nodes per edge, and thus different number of
unknowns in the updating procedure and the building of the parametrised reduced order model. Furthermore,
the simulation time is influenced by the time the algorithm needs to converge. For example 1 defect at the
top of the right boundary (case 2) is found faster than 2 defects at the same boundary (case 1).

4 Experimental validation

The numerical results presented in section 3 are verified in this section using the same numerical model
(material properties updated with experimental data), but real measurements. The measurement data used
here was acquired by van Ophem et al. and sets the basis for the results presented in [14]. A picture of the
test setup can be found in figure 5. As can be seen, the plate is mounted to the box enclosing the acoustic
cavity with bolts.

Defects are simulated by successively removing bolts at the right edge, starting from the centre. Frequency
response functions due to a hammer excitation at the same location as indicated in figure 2 are measured at
the microphone locations every time a new bolt is removed. As the bolts are not explicitly modelled in the
numerical model, only the influence of a removed bolt on a related property, e.g. rotational stiffness at the
modelled boundary of the plate or z-displacement close to the edge can be used for the detection algorithm.
That this is in principle possible for the TR-MUSIC based edge detection is shown in the previous section,
where a reduced rotational stiffness can be detected based on the z-displacement close to that edge. For the
second step, the refinement of the defect location and size, it is assumed that a removed bolt can be best
represented in the numerical model by a locally reduced rotational stiffness.

The TR-MUSIC results for the detection of the edge at which there is a removed bolt are presented in figure
6. In all cases, the left edge is correctly and uniquely indicated as defected. As both, the damage index

Case number
time MUSIC time model updating

[s]
model order reduction model updating total

[s] [s] [s]
1 3 304 709 1013
2 3 329 455 784
3 3 225 190 415

Table 1: Simulation time to obtain results based on numerical simulations.
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Figure 5: Test setup: Acoustic cavity with microphones installed (left) and cavity closed by an aluminium
plate bolted to the structure (right) [14].

1 removed bolt 4 removed bolts

6 removed bolt 12 removed bolts

15 removed bolts 17 removed bolts

Figure 6: Edge detection results for different numbers of removed bolts along the left edge. The bar for each
edge represents the damage index corresponding to the respective edge.
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using gz containing the response to an excitation in z-direction and the damage index using gz containing
the response to an excitation of a rotational DOF show the same result, only the first of the two is shown in
figure 6.

In figure 7, the final results of the second step, the model updating, are presented. These base on the detection
of the correct edge by the TR-MUSIC algorithm. For completeness, the stiffness values after the model
updating can be found in [14]. As in figure 4, the edges of the plate are sketched by a black rectangle and
the zone on the edge that is predicted to be defected is indicated by blue crosses. Furthermore, the positions
of the bolts used to clamp the plate are indicated by black crosses. The removed bolts are highlighted with a
red circle.

The results demonstrate that for 1 loose bolt at the centre of the left hand side, the rotational stiffness value

1 removed bolt 4 removed bolts

6 removed bolt 12 removed bolts

15 removed bolts 17 removed bolts

Figure 7: Prediction of the defected zone based on the results presented in figure 6. The plate’s boundary is
drawn as a black square and the bolts clamping the plate are indicated as black crosses. The removed bolt is
highlighted with a red circle and the predicted defected zone on the edge is marked with blue crosses.
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after the model updating drops in the region of the edge nearby this bolt. When increasing the number
of removed bolts to 4, 6 and 10 in negative y-direction, the zone of reduced rotational stiffness and thus
the area along the plate boundary predicted to be defected increases in the same direction. However, there
seems to be a certain saturation, so that the predicted defect zone never ranges to the corner of the boundary.
This phenomenon was already observed and explained in the numerical part in section 3 by the increasing
influence of the stiffness of the adjacent edge on the stiffness of the edge under investigation, which gains
importance the closer one gets towards the corner.

If in addition bolts are successively removed in positive y-direction, which is the case for the examples of 12,
15 and 17 removed bolts, the zone marked as defected increases step by step in this direction, while the lower
end of the predicted defect does not change. This shows that the method is able to detect in which direction
bolts are removed. However, if the number of removed bolts is initially already very high, the sensitivity
towards an additionally removed bolt decreases, as can be seen e.g. by the comparison of the evolvement
of the predicted defect from 1 to 4 removed bolts. The observation that the predicted defect does not range
until the corner of the left edge, although all bolts along this boundary are removed also holds for the upper
corner, for the same reason as explained previously.

One can conclude that the prediction of the defected edge based on the TR-MUSIC algorithm works reliably
for all cases under investigation. Although the subsequent model updating cannot point out removed bolts
directly, it can be used to refine the information about the defect, since as expected, the updated rotational
stiffness along the boundary of the edge under investigation correlates well with the number of removed
bolts.

As already mentioned in the section covering the numerical examples, the simulation time is important,
since the objective of the developed method is to provide insights into the health status of a test object
within a reasonable time, so that it can be used e.g. directly during a measurement campaign. Therefore, the
calculation time for each number of removed bolts is listed in table 2. The time needed by the TR-MUSIC
algorithm constitutes 2s to 3s and thus did not change as compared to the numerical examples (the small
difference is due to the different sorting of the matrices used as input for the TR-MUSIC algorithm applied
to the simulations and the measurements). This is to be expected, since the same numerical model is used in
both, the numerical and the experimental applications and therefore the number of nodes along the boundary
at which the pseudospectrum needs to be evaluated remains constant. For a real user this fast calculation
time would mean that a result for the edge detection could be expected almost immediately after obtaining
the necessary input data.

The total calculation time for the model updating step ranges between 500s and 1048s and is comparable
to that of the numerical examples. Also the fact that the simulation time increases in tendency with the
number of removed bolts goes in line with the observations previously made. It can be explained by the
larger difference between the frequency response of the healthy and the defected system, which results in a
larger number of optimisation steps until convergence. Since the model order reduction step is independent
of the actual defect, this step could be taken offline, as proposed by van Ophem [14]. As can be seen from

Removed bolts
time MUSIC time model updating

[s]
model order reduction model updating total

[s] [s] [s]
1 2 350 150 500
4 2 351 370 721
6 2 349 569 918
12 3 350 469 819
15 3 348 491 839
17 3 350 698 1048

Table 2: Simulation time to obtain results based on measurements.
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table 2, this would reduce the total simulation time in all cases by 350s.

5 Conclusion

A two step strategy is developed in order to rapidly and reliably predict zones of a test object where boundary
conditions have changed (defect). The first step consists in locating this area of the test object using a Time-
Reversal MUltiple Signal Classification (TR-MUSIC) algorithm. In the second step dimension and location
of the area predicted in the previous step are updated making use of a parametrised reduced order model.

The strategy is first explained and then applied to a numerical example and a physical experiment. As
numerical example an acoustic cavity covered by an aluminium plate is selected. The plate is modelled
as hinged, defects are modelled by changing the rotational stiffness at the edges. The experimental setup
uses the same acoustic cavity, covered by the same plate. In contrast to the numerical example, the plate is
mounted to the acoustic cavity with 52 bolts along the edges. In order to simulate a defect 1, 4, 6, 12, 15 and
17 bolts are removed successively along one edge.

Based on the numerical simulation and experimental validation the following conclusions can be made:

The TR-MUSIC algorithm allows a very fast prediction of the defected zone, which is independent on the
actual defect size and severity, but depends solely on the inspected area and the desired resolution. In all
cases studied the correct edge is reliably indicated after a calculation time of maximum 3s.

The model updating based on a parametrised reduced order model is a valuable tool to gain further insight
on the defect zone detected previously by the TR-MUSIC algorithm. In the numerical examples studied, the
size and location of the defect can be predicted correctly, if there are only defects (one or multiple defects
are possible) at one edge. In the physical experiment it can be observed that the number and locations of
removed bolts corresponds well with the zone along the edge of the plate, which is indicated as defected by
the algorithm.

The simulation time needed for the model updating is below 12min (if the reduced order model is built
offline) in all cases, with the tendency to decrease for smaller defects.

The necessity and advantage of a model based defect detection strategy is pointed out, since the necessary
quantities for the MUSIC algorithm (frequency response due to the excitation of a rotational degree of free-
dom at a clamped edge of a plate or out-of plane displacement very close to a clamped edge) cannot or
only with huge difficulties be determined experimentally. The need of a numerical model for the model
updating algorithm is obvious. The successful application shows that it is possible to combine both, physical
measurements with numerical models.
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Abstract
In systems with a reduced number of sensors, the observability requirements of state-parameter estimation
schemes may lead to over simplified models, limiting the use of the estimation for condition monitoring. To
overcome this limitation, this paper presents a framework where a high-fidelity model is used in combination
with reduced estimation models. The estimation models are used to estimate variables related to the system’s
current condition, and the high-fidelity model provides the best guess on the non-observable phenomena.
Thus, the high-fidelity model may aid the estimation by providing virtual inputs and a first benchmark for
the estimation. In particular, this paper focuses on how to obtain estimation models from the high-fidelity
model, and how to select the right sensor sets. The framework is finally applied to an scaled test bench of a
vertical transportation system, showing the potential of this approach in the condition monitoring of complex
industrial systems.

1 Introduction

Condition monitoring strategies rely on the measurement of variables of interest that reflect the system’s
condition. Obtaining these measurements, however, is not always straightforward. Certain quantities require
sensors which are either too costly or too intrusive to be used in a continuous monitoring approach. In such
situations, a model-based monitoring scheme is a useful solution to estimate the required variables [1].

Model-based methods use a first principles model to monitor the system [2]. By running a high-fidelity
model of the system under the same operational conditions as the real system, immeasurable quantities can
be derived from the model in the form of virtual sensors. Furthermore, if the model is combined with the
available measurements, it can be continuously corrected, adapting its output to the current condition of
the system and improving the accuracy of the derived virtual sensors. Bayesian state/parameter estimation
techniques, such as Kalman Filtering, are a powerful tool to combine models and measurements, correcting
both model discrepancies and sensor noise [3].

State/parameter estimation is a useful tool to obtain accurate virtual sensors updated to the current condition
of the system. However, obtaining models suitable for state estimation is not a trivial task. To ensure the con-
vergence of state estimation methods, the physical phenomena described in the model has to be represented
in the measurements used [4]. Consequently, if the number of sensors is very limited, several approximations
have to be assumed in the system models. Hence, common industrial models are generally too large to be
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directly used in an state estimation framework. Therefore, estimation models are often developed ad-hoc for
a particular monitoring task, neglecting other physics that could be of interest. As an example, consider the
case where the underlying physics describing the evolution of a certain force are neglected, and this force
is estimated as an unknown input, such as in [5]. This approach may require less sensors, and thus help
making this monitoring scenario observable. However, there is no knowledge on why that force is changing.
In a condition monitoring scheme, this could mislead the assessment, as changes in that force due to current
operational conditions could not be isolated from changes due to faulty conditions.

As a workaround, a framework is proposed where a high-fidelity model of the system is used in combination
with estimation models. The estimation models are used to track different features of the system in combi-
nation with the measurements available, resulting in more updated virtual sensors. On the other hand, the
high-fidelity model is used to provide the best information possible on the non-observable quantities. This
way, the high-fidelity model can provide information to the estimation models in the form of virtual inputs, or
can provide a first benchmark, to track the system’s degradation by comparing its output with the estimation.

Additionally, the estimation models may update the high-fidelity model with the estimated parameters. For
instance, in phases where additional sensors are available, such as commissioning or during maintenance,
more advanced estimation models may be activated to estimate parameters and update other subsystems of
the high-fidelity model. Furthermore, using industrial model ex-change standards, estimation models aimed
at different monitoring scenarios may be automatically obtained from the high-fidelity model. This provides
a cost efficient way to adapt the high-fidelity model to other monitoring scenarios as new necessities arise.

In particular, this paper studies how new estimation models can be obtained from the high-fidelity model,
presenting an approach to select the right model approximation and sensors sets. As an application case,
the approach is used to select the best model approximation and sensor sets to monitor the condition of the
guiding system of vertical transportation systems.

The rest of the paper is organized as follows. In section 2, the state/parameter estimation algorithm used
is explained, including the observability requirements. Section 3 describes the proposed framework for the
model-based condition monitoring of large systems. Next, section 4 presents the application case, and shows
the results of applying the presented framework to an scaled test bench of the case study. Finally, conclusions
and future steps are drawn in section 5.

2 Model-based state and parameter estimation

Model-based state estimation filters combine available sensors with a first-principles model to estimate vari-
ables that could not be measured otherwise. The well known Kalman Filter (KF) is the most widely used
and the optimal state estimator, but it is limited to linear systems. Several extensions of KF may be found in
[3]. In this paper, the Extended Kalman Filter (EKF) is used due to its simple implementation and relatively
low computational cost.

The EKF uses a nonlinear model defined in state space form as shown in equation 1. Both the process and
measurement equations of this model are assumed to be disturbed by zero mean white Gaussian noise (w
and v in equation 1) of covariance Q and R respectively. Similarly, the system’s states (x) are assumed to
be Gaussian variables with a covariance P: (x̂ ∼ N (x̂,P)).

ẋ = f(x, u, t) + w

y = h(x, u, t) + v
(1)

The EKF is described in the pseudo-algorithm 1. In each k-time step the system model is simulated and
compared with measured data. Additionally, the EKF linearizes the model around the estimation point and
propagates a linear approximation of the covariance [3]. This is done recursively in two steps: prediction and
update. In the prediction step, an a-priori estimation of the states mean and covariance is obtained. In the
update step, this estimation is corrected using the available measurements. The simple implementation and
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reduced computational cost of the EKF make it an attractive option for the estimation of states in nonlinear
systems.

Algorithm 1 Extended Kalman Filter
1: Initialize:
2: x̂+

0 ,P
+
0

3: for each k do
4: State and Covariance prediction
5: x̂−k+1 = fk(x̂

+
k , uk, k) + wk

6: yk+1 = hk+1(x̂k+1, uk+1, k) + vk

7: P−
k+1 = FkP

+
k F

T
k +Qk with Fk = e

∂fk
∂xk

Ts

8: Update
9: Kk+1 = P−

k+1H
T
k+1(Hk+1P

−
k+1H

T
k+1 +R)−1 with Hk+1 =

∂hk+1

∂xk+1

10: x̂+k+1 = x̂−k+1 +Kk+1(zk+1 − yk+1) with zk+1 the measurement at step k + 1

11: P+
k+1 = (I −Kk+1.Hk+1)P

−
k+1

12: end for

Where: x is the states vector, y is the model output,u is the input, z is the system output, w is the process
noise, v is the measurement noise, P is the initial covariance of the states, Q is the covariance of w, R is the
covariance of v, F is the discretized system matrix, H is the output matrix, and Ts is the sampling frequency.

2.0.1 Unknown Input Estimation

In addition to estimating states, the EKF can be augmented to also estimate unknown inputs [6], [7]. The
system’s states vector is augmented with the unknown inputs, and the directional derivatives of the inputs
are included in the system matrices (equation 2). These unknown inputs are assumed to change according to
a random walk model (equation 3).

xaug =

[
x
u

]
A∗ =

[
∂f
∂x

∂f
∂u

0 0

]
(2)

u̇(t) = 0 + wu(t) (3)

2.0.2 Observability

The observability is the property of the system that determines if the outputs have enough information to
estimate the states of the model. A discrete-time system is observable if its initial state can be reconstructed at
any time k with the measurements available [3]. If a model is not observable for the selected measurements,
either additional sensors have to be included in the estimation or the model has to be reduced. There are
several methods to assess the observability of the system, with one of the most common ones being the
Popov-Belevitch-Hautus (PBH) criterion [8]. This method states that the corresponding linear system is
observable if the PBH matrix (eq.4) is full rank for each s ∈ C. In practice, the PBH matrix could only be
low rank if s is an eigenvalue of A or for s = 0. Therefore, it is enough to check the PBH matrix for the
eigenvalues of A. Furthermore, by checking which modes of the system are actually not observable, one can
draw conclusions on what extra measurements should be included.

PBH =

[
sI− A

C

]
(4)

Where s ∈ C, A is the system’s process matrix and C is the system’s output matrix.
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This method is meant for linear systems, and extending it to nonlinear systems is not straightforward. For
nonlinear systems, a good option is to assess the observability along the states’ trajectory, linearizing the
system at each time step and computing the observability matrix locally. In addition, since comparing the
matrix rank only gives a ‘true’-‘false’ observability assessment, to assess different sensors sets, it is more
interesting to compare the matrix condition number[9].

It should be noted, that these methods do not take into account the accuracy of the measurements used.
When adding a sensor with significant noise in its output, the observability will improve due to the additional
sensor, but due to the measurement’s high noise covariance, the estimation will not improve [10]. A work
around is to use the observability criteria to understand the effect of certain sensors, and then check these
sensor’s effect in the estimation’s accuracy by running subsequent estimations with synthetic measurements
from a high-fidelity model. Since all the estimated variables are available in the high-fidelity model, the
performance of the estimation using different sensor sets may be evaluated, and the best sensor set chosen.

3 Condition monitoring using state estimation and detailed system
models

As explained in section 2.0.2, to accurately estimate the physics of interest with an state estimation frame-
work, the observability of the system has to be ensured. If the system is not observable, either more sensors
have to be included or the model has to be reduced. This implies neglecting non-observable physics and
potentially limiting the possibilities of using the estimation to assess the system’s condition. To address this
problem, a high-fidelity model of the system could be used in combination with reduced models suitable for
state/parameter estimation. In this work, this high-fidelity model will be referred to as Digital Twin (DT).

The DT is a detailed model of the system, which takes into account all the physics of interest and is simulated
parallel to the real system, with the same input and known operational conditions. As stated above, such a
model will probably not be suitable for state estimation, as it may not be observable. Therefore, this model
runs in open-loop (i.e. without being corrected by current measurements), predicting the outcome of the
system. Since no correction is done, the output of this model will be subjected to model inaccuracies.
Furthermore, it will represent the condition of the system when the model was last updated, rather than the
current one.

In order to have an estimation of the system’s current condition, reduced models of the DT are used in an
state estimation framework. These estimation models, are adapted from the DT to suit the requirements of
a particular monitoring scenario. For instance, during maintenance or commissioning, as more sensors are
available, more detailed estimation models will be used. In such phases, the estimation models will be used
to estimate parameters of the installation that can be used to update the DT, ensuring that it will always
provide the most updated prediction possible.

On the other hand, during normal operation the system sensors are more limited, and therefore smaller
models will be required to ensure observability. In such phases, the estimation is mainly aimed at obtaining
accurate virtual sensors to be used for condition monitoring. As stated above, the main limitation of these
models is that the neglected phenomena may influence the estimation. In such cases, the DT may be used to
enhance the estimation in two ways. Firstly, by comparing the estimation and the DT, system changes not
related to operational conditions may be isolated, and thus faulty conditions and early degradation may be
detected and quantified. Secondly, the DT could provide equivalent parameters and non-measurable variables
to fit the phenomena neglected in the estimation model. These variables would enter the model as virtual
inputs, and will result in more realistic virtual sensors and parameters. The flowchart of this framework is
shown in Figure 1.

By using the right modeling approach, the DT can be automatically adapted to generate estimation models.
Therefore, the model-based monitoring framework may be extended in a cost efficient way to tackle new
necessities as they arise (e.g. to understand the underlying cause behind an unexpected behavior of the
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Figure 1: Combination of estimation sub-models with a high-fidelity Digital Twin of the model

system). However, there is still the question on how should a certain estimation model be approximated (i.e.
which dynamics of the DT to keep, and how the removed ones affect the estimation). The next sections
describe how to obtain reduced models in a cost efficient way and how to select of the best model-sensor
combination.

3.1 Modeling Strategies

Models are mainly used in the system’s early design and virtual commissioning phases. These models are
usually developed using advanced modeling tools, which reduce errors and speed up the modeling process.
Furthermore, sub-systems of the same plant may be modeled using different modeling tools, taking advantage
of the expertise of each tool to model a particular engineering domain. This approach results in cost efficiency
and model reliability in a sub-system level, but it hinders the re-usability of design models in a model-based
monitoring framework. As a consequence, it is common to hand-code estimation models in less efficient
languages, resulting in overly simplified models or increased modeling complexity (either in modeling the
system or in developing an ad-hoc interface).

The Functional Mock-up Interface (FMI) is a tool independent standard for model exchange and co-simulation
of dynamic systems, which could effectively address this problem. According to the FMI standard, the model
is exported (either for exchange or co-simulation) as a so called Functional Mock-up Unit (FMU). The FMU
is a compressed file containing an XML-file with the model description, a set of C-functions to execute model
equations and further data required by the model (including tables, icons and documentation). Simulation
programs or software packages that implement the FMI standard can import FMUs, access their resources,
and run simulations [11]. Unlike other model exchange tools, its implementation is open-source and does
not depend on the exchanging software version. Thus, as shown in Figure 2, it allows the combination of
simulation tools otherwise incompatible, settling a general approach that reduces errors and speeds up the
modeling process. This allows a simple model exchange between suppliers and OEMs but also a seamless
combination of models with custom applications, allowing the user to manipulate the solution at each time
step, as required by certain algorithms.

FEM CFD Signal Based Bond Graph Acausal Custom

OEM

SUPPLIER 1 SUPPLIER 2 SUPPLIER 3 SUPPLIER 4 SUPPLIER 5 SUPPLIER 6

Figure 2: FMI for model exchange
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The FMI is a promising candidate to become the industry standard for model exchange [12], and is being
supported by an increasing number of modeling tools. In particular, port-based modeling tools, such as
the Modelica modeling language, are an interesting option for the development of model-based monitoring
strategies. Such modeling languages enhance the re-usability of different models. For instance, some of
the model’s constitutive equations may be activated/deactivated by assigning boolean parameters to these
equations, as shown in Figure 3. Alternatively, the number of subsystems (or constitutive equations) could
be defined through an integer and a for loop. This way, it is straightforward to include or exclude certain
dynamic states from the model, easily adapting to the complexity level required by the monitoring scheme.
Thus, starting from large high-fidelity model of the system, new models could be compiled automatically to
address particular monitoring scenarios. Furthermore, open source alternatives are available for Modelica
software (e.g. OpenModelica, JModelica.org), resulting in a highly cost efficient and less version dependent
approach.

model BooleanMass

 parameter Boolean UseTwoMasses = true;

 Components.Fixed fixed (s0=0.0);

 Components.Mass Mass1(m = 20);

 Components.Mass Mass2(m = 20) if UseTwoMasses;

 Components.SpringDamper springDamper1(c = 1000, d = 10);

 Components.SpringDamper springDamper2(c = 1000, d = 10) 

 if UseTwoMasses;

 Sources.Force InputForce;

equation

 if UseTwoMasses then

   connect(Mass2.flangeb, InputForce.flange);

 else

   connect(Mass1.flangeb, InputForce.flange));

 end if;

 connect(springDamper2.flangeb, Mass2.flangea);

 connect(Mass1.flangeb, springDamper2.flangea);

 connect(springDamper1.flangeb, Mass1.flangea);

 connect(fixed.flange, springDamper1.flangea);

end BooleanMass;

UseTwoMasses=true

UseTwoMasses=false

Figure 3: Example of a Boolean activation of sub-systems within the same model

3.2 Model-Sensor selection

Following the framework explained in section 3.1, it is straightforward to create and/or reuse detailed models
of complex systems and connect them to state estimation algorithms. However, not every model is directly
suitable for state estimation. As explained in section 2.0.2, the measurements used in the estimation should
capture the physical phenomena represented in the model. Consequently, as models increase in size a greater
number of sensors is usually required. Given the commonly limited number of sensors, it is highly important
to select a sensor-model combination that minimizes the number of sensors while still being able to capture
he relevant physics of the system.

In this section, a method is proposed to aid in the selection of the required sensor set and system model.
Firstly, the possible sensor sets and model approximations are defined. Following the approach described
in section 3.1, the detailed model of the system could be reduced automatically, directly compiling reduced
models with the defined states’ sets. Secondly, the PBH criterion (see section 2.0.2) is used to determine
which model-sensor combinations are not observable (i.e. PBH matrix is not full rank for at least one of the
eigenvalues of the system matrix). These model-sensor combinations are then excluded from the selection.
In addition, the combinations where a certain sensor is not relevant in the model are also excluded (e.g.
if the vibration of a certain element is neglected, the acceleration of that element wont be included as a
sensor). For the sensor set-model combinations which are observable, the condition number of the PBH
matrix is compared. This allows having a first quantitative evaluation of the observability of the different
sensor set-model combinations.

As explained in section 2.0.2, the PBH criterion does not provide a metric on the accuracy of the estimation.
Thus, to also take the expected estimation accuracy into account, the observable sensor-model combinations
are used to estimate the variables of interest using synthetic data from the high-fidelity model. As the
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estimated variables are known (since this process is done using synthetic data from the model), the accuracy
of each sensor-model combination can be evaluated to add to the outcome of the PBH criterion. Additionally,
it is also worth considering the estimated steady state covariance, since an increasing covariance will also
indicate non-observability. By checking these three metrics (i.e. condition number of the PBH matrix, root
mean square error (RMSE) of the estimation and covariance of the estimation), the most suitable sensor-
model combinaton may be selected.

Possibly, different model abstraction levels will require different filter tuning (i.e. different assumptions of
the model’s noise covariance matrix, Q, as R will only depend on the sensors). To compare different estima-
tions equivalently, the automatic tuning procedure shown in Figure 4 is used. Firstly, an initial assumption
on the filter’s Q matrix is obtained based on the state’s trajectory (Q0). Namely, a diagonal Q is used, where
the covariance associated to each state is computed as a 1% of the magnitude of that state. Next, subsequent
estimations are run where the filter Q is Q0 multiplied by a factor ε. The final Q is selected using the εwhich
minimizes the difference between the estimated state covariance and the real covariance (i.e. covariance of
the difference between the estimated state and the actual state). In the real installation, the filter design will
need further tuning, as the high-fidelity model is more similar to the estimation model than the real system.
Thus, this tuning may be used as a starting point, but the final tuning is done manually with the aid of the
filter performance statistics shown in [13].

Figure 4: Tuning process to compare different models under similar conditions

4 Case study

The proposed framework is applied to the condition monitoring of a vertical transportation system (VTS),
particularly on an electric traction lift with a 1:1 suspension. In particular, this paper focuses on the condition
of the guiding system, as it significantly affects the energy efficiency and ride quality of the installation [14].
This is the most common type of vertical transportation system, and it is usually composed of the following
components [15]:

• Lift Cabin: It is the component carrying the payload.

• Counterweight (cw): balances the lift cabin’s weight, making the lifting more efficient.

• Electric Machine: Commonly a gearless Permanent Magnet Synchronous Machine (PMSM) is used
due to its high energy density.

• Control System: A Field Oriented Control (FOC) strategy is used, which aims at maximizing the ac-
tive power and minimizing the reactive power of the machine, by controlling the direct and quadrature
axis currents independently.
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• Guiding System: ensures an homogeneous vertical movement of the cabin. It normally consists of
two T-shaped rails mounted on the walls of the elevator shaft. Defects such as narrowing of the rails
due to misalignment, bumps at the rail joints, or rail deflections, have a significant influence in the
efficiency, comfort and useful life of vertical transportation systems.

• Sliding shoe: U-shaped polymeric pads located in the corners of the cabin and counterweight frames,
which grab the guiding rails. It is does the interface between the guiding system and the cabin/counterweight.

• Suspension Rope and Driving Pulley: A steel rope is used to connect the car and the counterweight.
In the simplest rope arrangement (1:1 suspension), the rope passes once over the traction sheave. The
pulley transmits the traction from the electric machine.

4.1 Model of a VTS

Since faults in the guiding system tend to increase friction forces, estimating these friction forces provides
a valuable indicator of the guiding rails condition. These friction forces depend mainly in four parameters:
1) friction coefficient, 2) condition of the guides, 3) geometry of the cabin, and 4) operational conditions
(load, acceleration profile). Therefore, in order to isolate the condition of the guides from other operational
conditions, a first approach may be to use a detailed model of the system, including the lateral and rotational
movement of the cabin and a contact and friction model. To account for the condition of the guides, the
model is updated as described in [16]: using an equivalent friction coefficient which takes into account both
the coulomb friction coefficient and the condition of the guides. This model, can effectively account for the
phenomena affecting the friction in the guides, but as shown in Table 1, it has a large number of states.

Table 1: Description of the dynamic states of a VTS model with all the relevant subsystems
System States Description

Cabin
x, y,z, ẋ,ẏ,ż Cabin’s translation movement
α, β, γ, α̇, β̇, γ̇ Cabin’s rotation movement

Counterweight x, y,z, ẋ,ẏ,ż CW’s translation movement
α, β, γ, α̇, β̇, γ̇ CW’s rotation movement

Pulley ϕP ,ωP Pulley’s rotation

Pulley/Machine Set zm,żm Pulley/machine set’s vertical vibration
αm,α̇m Pulley/machine set’s off-axis inclination

PMSM id,iq Currents in the electric machine
Controller xs,xq ,xd Derivative of the input error in each of the controller’s PI

loops

Therefore, although this model is useful to understand the effect of faults and different operational conditions,
it may not be suitable for an estimation framework due to the large number of states. Particularly, due to
the inherent uncertainty in the contact between the guides and the cabin, the states related to the lateral and
rotational movement would have to be measured, with the consequent additional sensor cost. Therefore, a
better approach may be to neglect the physics related to the unobservable states, i.e the rotation and lateral
translation of the cabin, and don’t make any assumptions on the underlying physics of the forces acting on
the cabin. Instead, all the contact and friction forces are summarized in a single resultant force acting on
the cabin and counterweight center, as shown in Figure 5. This forces may then be estimated together with
the states as unknown inputs. However, the direct estimation of forces may lead to False Positives in the
condition monitoring scheme, as there is no knowledge on the underlying physics of these forces. To aid
in the assessment, the framework described in section 3 is used. This detailed model may then be used to
predict the expected friction forces, and the estimation model may be used to obtain the actual ones.
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Figure 5: Detailed model of the system and equivalent reduced estimation model

In addition to summarizing the friction force in a single resultant force, there is still the question of which
sensors should be used, and if other states should be neglected as well. Next, the approach shown in section
3.2 is followed to evaluate the optimal model and set of sensors.

4.2 Model-Sensor selection

In this section, the approach described in section 3.2 is used to select the best possible sensor set and model
abstraction to monitor the friction forces in a vertical transportation system. In addition to removing the
lateral and rotational dynamics of the cabin, there is still the question on what other states of the system
will affect the estimation. As more states are included in the model, the computational cost increases and
the observability tends to decrease. In addition, if the parameters associated to these states are uncertain,
including them may reduce the estimation accuracy. In particular, the effect of the following states is studied:

• Controller states: The PI loops of the FOC introduce three states. Removing them leads a steady
state error in the simulation, that can be assumed as another model disturbance and corrected with the
estimation.

• Machine direct axis: The FOC keeps the direct axis current at zero. Thus, it is studied whether this
state can be neglected.

• Unknown inputs: It is studied whether the forces acting on the guiding system of cabin and counter-
weight may be estimated together with the states, or if a different approach is required.

• Split mechanical and electrical models: It is studied whether splitting the electrical and mechanical
sub-systems is better than including both together in the model. Splitting the model in two leads to
smaller models, which may be better conditioned and thus improve the estimation.

The models and sensor sets studied are described in Tables 2 and 3 respectively. Figure 6 shows the observ-
ability results for the studied model-sensor set combinations. As explained in section 2.0.2, the following
indicators are used to check the observability of each sensor-model combination: 1) PBH matrix condition
number (shown for the eigenvalue of A leading to the largest PBH condition number), 2) Accuracy of the
estimation, as the rmse of the estimation with respect to the actual variable taken from the high-fidelity model
and 3) Estimated covariance (not shown due to size limitations). Next, these results are discussed in detail.
This model-sensor selection strategy can be directly extended to other estimation scenarios.

Joint estimation of Fcabin
fric and Fcw

fric (models x1 to x4): Taking a look at models x1-x4, it is clear that the
joint estimation of friction forces both in cabin and counterweight sides is only possible by measuring the
cabin side’s cable tension. This is because both friction forces have the same overall influence on the other
measurements:
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Table 2: Model approximations studied

Tag
Model

Description Statesgroup

a Control
Controller xs, xq ,

states xd
Model

Groups
Model

Groups

b Machine 1
Quad. and Direct

iq , id,
used used

current x1 a,b,d,e,f,g,h x8 c,e,f,g
c Machine 2 Quad. current iq x2 b,d,e,f,g,h x9 a,b,f,i

d Pulley Vib.
Pulley/Machine

zp, vp
x3 b,e,f,g,h x10 b,f,i

vertical vibration x4 c,e,f,g,h x11 c,f,i

e
Vertical Cabin and zc, vc x5 a,b,d,e,f,g x12 d,e,f,g

Dynamics CW move zcw, vcw x6 b,d,e,f,g x13 e,f,g
f Pulley Rot. Pulley move ϕ, ω x7 b,e,f,g
g FricCabin Cabin friction F c

fric

h FricCw CW friction F cw
fric

i Torque
Machine generated

τ
torque

Table 3: Sets of sensors studied
Tag

Sensor
Description Namegroup

A Force 1

Force in

Fs
the machine Sensor Groups Sensor Groups

support set used set used

B Force 2
Cabin side

Fc

y1 A, C, F, G y10 C, F, H
cable tension y2 B, C, F, G y11 D, F, H

C Cabin 1
Cabin acc.

Ac, Zc
y3 C, F, G y12 E, F, H

and position y4 D, F, G y13 F, H
D Cabin 2 Cabin acc. Ac y5 E, F, G y14 C, H
E Cabin 3 Cabin position Zc y6 F, G y15 C,F

F Encoder
Rotor acc.

α, ϕ
y7 C, G y16 D,F

and position y8 A, C, F, H y17 E,F

G Machine 1
Quad. and Direct iq , id, y9 B, C, F, H y18 F

current and voltage Vq , Vd

H Machine 2
Quad. current

iq , Vqand voltage

• The cable couples the dynamics of the cabin, pulley and counterweight. Consequently, the vertical
movement of cabin and counterweight are described mainly by two modes: a rigid-body mode which
couples their movement to the rotation of the pulley, and the first vertical vibration mode of the cable
(10-30Hz in the current case). Therefore, the acceleration of cabin and counterweight follow closely
the angular acceleration of the pulley. Increments on the guides’ friction (e.g. due to misalignment in
the guides), will lead to a small increment in the cable’s elongation and tension force. If this friction
force decreases again, the cable will go back to its former elongation, and will behave as spring,
affecting the vertical vibration related to the first mode. However, the movement related to the rigid-
body mode will generally not be affected, as that would require a significantly high friction force that
makes the cable slip in the pulley, uncoupling their movement. Thus, increments in friction force are
not directly seen in the acceleration measurements.

• The friction forces in cabin and counterweight will lead to increased tension in both cable sides, both
of them resulting in a torque opposed to the movement of the pulley. Consequently, both friction
forces have the same overall effect on the measurements of the electric machine and the pulley. These
measurements are thus not enough for the evaluation of friction forces in both sides.

• A theoretical (rather than practical) alternative to the tension in the cable would be to use the resultant
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Figure 6: PBH matrix condition number (left) and rmse of the estimated input (right) for all the studied
sensor-model combinations

force in the support of the electric machine. This could be a suitable measurement, as the friction
forces affect this resultant force in an opposite way (as they have opposite directions). However, the
estimation using this measurement leads to very high error, suggesting that the system is not observ-
able with this measurement. Possibly, as Fs is significantly larger than the friction forces, the effect
of F cabin

fric is blurred out with other estimation errors (e.g. differences in cabin/counterweight accelera-
tion). Thus, even though this sensor set has a good observability index according to the PBH criterion,
it is deemed as not observable.

Joint estimation of Fcabin
fric (models x5 to x8): As explained in 3, a possible alternative when some physics

of the system are required but not observable, is to use a Digital Twin of the system to provide the missing
information. In this case, the F cw

fric is a virtual input coming from the DT (i.e. an updated high-fidelity model
of the system) and only the F cabin

fric is estimated with the states. Next, the effect of different sensor sets on
this estimation are explained.

• The combination of the measurements Zc with ϕ ( sets y3, y5, y10, y12, y15, y17) leads to larger
estimation errors than those which do not combine these two measurements. Although increasing
the number of sensors tends to improve system’s observability, in this case it occurs otherwise. The
reason for this is that both Zc and ϕ are essentially the same measurement (as explained earlier, the
cabin moves mainly with a rigid-body motion, Zc, coupled with the pulley’s motion,ϕ). Errors in one
of these measurements could thus make the estimator over-correct some states and yield unrealistic
estimations of the augmented states. In this particular case, due to differences in the estimation model
and the simulation model, the estimator over-corrects the position of the cabin, which leads to a larger
elongation in the cable and wrong friction force estimations. This issue could be solved by improving
the tuning of the filter. In particular, increasing the covariance of the position sensor. However, then it
may not influence the estimation at all. Therefore, it is preferred not to use the position (Zc) sensor in
this case.

• Looking at measurements y16 and y18, it seems that not using current and voltage measurements will
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lead to higher errors than if those measurements are used. As the error is not significantly high, one
could argue that this is a suitable measurement set. However, taking a closer look at those estimations,
the covariance of the estimated augmented states grows continuously, suggesting that the system is
not observable with this measurement sets. In fact, the value of the estimated F cabin

fric is constant along
the estimation, and the small RMSE is only due to the initial value of F cabin

fric being close to the actual
one. Thus, this matrix has to be interpreted with caution, and is better to check it together with another
matrix showing the estimated covariance (not shown here due to size limitations).

• Including the vibration of the pulley in the estimation models worsens the estimation slightly, and
therefore it is preferred to remove the related states.

Joint estimation of τ (models x9 to x11): In this models, no assumption is made on the friction forces
affecting on the system. Instead, the mechanical sub-system is neglected and only the torque (τ ) generated
in the electric machine is estimated. Assessing the effect of different sensor sets on models x9 to x11 yields
similar conclusions as in the precious cases. The assessment suggests that both the controller states and the
direct current axis may be neglected, and that the measurement sets required are the encoder and the machine
current and voltage.

Joint estimation of Fcabin
fric with τ as model input (models x12 and x13): In this models, only the me-

chanical sub-system is taken into account. The torque generated by the electric machine is used as input to
the model, and the friction in the counterweight is assumed known (e.g. coming from a Digital Twin of the
system). As in the previous cases, the combination of Zc and ϕ in the same measurement set provides worst
estimation results.

Continuously measuring the tension in the cable is a costly solution and may limit the operational range
of the system (in certain cases the sensor may clash with the driving pulley). Consequently, it may be used
during certain operations, such as maintenance or commissioning, but is not suitable to continuously monitor
the system. As a consequence, based on the previous assessment, the most suitable model-based monitoring
solution is to use the model x5 without the states in the pulley, together with the measurement set y6. In
this model, friction in the counterweight is introduced as a virtual input coming from the DT, as explained in
section 3. For that, the high-fidelity model has to be properly updated (for example, estimating an equivalent
friction coefficient as shown in [16]). In addition, this implies that the condition of the counterweight’s
guiding system will remain the same as when the high-fidelity model was updated. In this particular case,
this assumption is deemed valid because: 1) the counterweight is usually well balanced, leading to smaller
friction forces and less wear and 2) it is not subjected to varying loads as the cabin.

4.3 Estimation of friction forces using the selected sensors and models

This section shows the results of estimating friction forces in a VTS, using the framework presented in
section 1. The proposed methodology is tested in the scaled test bench of a vertical transportation system
presented in [17], which has a height of 2.5 meters and allows a travel length of circa 1.8 meters. This test
bench allows studying defects and using sensors that could not be tested in real installations. The guiding
system consists of two guiding rails for the counterweight and two for the cabin. Each of these rails is made
up of four rail segments (I to VI).

As explained in section 3, in this problem a high-fidelity model of the system (DT) is used in combination
with estimation sub-models. The DT for this application is summarized in section 4.1. Prior to using this
model, it has to be calibrated to accurately represent the system, for which additional sensors are required.
In this particular case, the DT is updated by estimating an equivalent friction coefficient as shown in [16]).
For that, the additional measurements required are the cable’s tension, acceleration in the cabin and cabin’s
position. The estimation sub-model used to continuously monitor the friction forces in the system is obtained
from the analysis done in section 4.2. This estimation model is a reduced version of the DT, where mainly
the lateral and rotational movement of the cabin is neglected. The states of this model and the sensors used
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Table 4: Summary of the states, sensors and tuning of the estimation model

States Q matrix Measurements R matrix Input

zcw,żc,zcw, ˙zcw, diag(1−9, 1−9, 1−9, 1−9 Vq, iq, diag(1−3,1−6

Wref , F̂ cw
fricφP ,ωP ,iq,id, 1−6, 1−1, 1−1, 1−1 Vd, id, ,1−3, 1−7)

xq,xi,xs, F cabin
fric , 1−7, 1−7, 1−7, 10) , φ,α

in the estimation are shown in Table 4. By following this approach, friction force in the cabin side may
be estimated, improving the accuracy of other virtual sensors. Additionally, the estimated friction may be
compared to the one predicted by the DT. As the later one is not updated to the current condition of the
system, differences in the estimated and the predicted friction forces may be used as damage indicators. This
is shown in Figure 7, which compares the friction virtual sensor of the estimation model, the friction virtual
sensor of the detailed model and the measured friction (obtained from the difference between the measured
tension and cabin acceleration). In the counterweight side, the friction is introduced as a virtual input in the
estimation model. Thus, only the friction virtual sensor of the detailed model and the measured friction are
shown. This estimation was done after introducing a fault in the guiding system. In particular, the position of
the joint between cabin’s rail’s segments 3 and 4 (h=1.25m) of the guide is modified, changing the condition
of the guide. The current condition of the guide, differs thus from the condition for which the DT was
calibrated.

Consequently, in the counterweight side, the friction virtual sensor of the DT still follows closely the mea-
sured friction. On the cabin side, however, the detailed model differs significantly from the measurement
in the region near the defect. On the other hand, the virtual sensor of the estimation model adapts to this
change, and has a value closer to the actual measurement.

By continuously comparing the estimation and the output of the detailed model, a Key Performance Indicator
(KPI) of the guiding system’s condition can be defined. Although the estimation adapts better to changes in
the actual system, there is still a significant deviation between heights 1.01m and 1.55m. This is due to the
error in the virtual input of the counterweight’s friction, which directly affects the estimation. This reflects
the main limitation of this framework: errors in the virtual inputs obtained with the DT directly affect the
estimation. Consequently, when following the presented approach it should be ensured that the virtual inputs
are as accurate as possible, and do not change in the system’s life cycle. In order to validate the estimation,
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Figure 7: Friction forces estimated and measured

the tension in the cable and vertical accelerations both in cabin and counterweight sides are used used. The
cable tension depends directly on the friction in the guides and the acceleration of the cabin, and therefore it
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reflects the accuracy of the friction estimation. In Figure 8, the estimated tension forces and accelerations are
compered to the ones measured in the test bench. The estimation remains bellow a 5%, showing the potential
of these techniques.
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Figure 8: Comparison of the estimated and measured cable tension forces and cabin and counterweight
accelerations

5 Conclusions

State estimation techniques combine available sensors with a system’s model, correcting both sensor noise
and model inaccuracies to obtain virtual sensors. Thus, they can virtually measure variables of interest that
could not be measured otherwise. To ensure the convergence of these methods, the physical phenomena
described in the model has to be included in the measurements used. Consequently, if the number of sensors
is very limited, a number of approximations have to be assumed in the system models. This poses mainly
two limitations: First, the neglected physics could mislead the assessment of the system’s condition. Second,
adapting to new monitoring scenarios as they are required requires new modeling effort.

In this paper, a high-fidelity model (Digital Twin, DT) of the system was used to overcome these limitations.
In particular, the paper was focused on how to select the required model and sensor sets. A main limitation
of this method, is that if the virtual inputs are not accurate enough, they may have a significant influence on
the estimation’s accuracy.

In future steps, the framework will be extended to assess other sub-systems. Similarly, the DT will provide
virtual inputs to the estimation models, but in addition it will be updated with the outcome of the estimation
models. Thus, in case additional sensors are available (e.g. during maintenance or commissioning), the
DT can be updated with the estimated parameters in order to represent always the most updated system’s
condition. This DT will then be used to obtain KPIs on the system’s condition, and to run what-if analyses,
by simulating the results of setting a maintenance action.
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Abstract
Aeroelastic vibrations have been investigated as a way to convert the energy from airflows into electric
energy. In the case of stall-induced oscillations, previous works have demonstrated that structural parameters
affect the amount of energy extracted from the airfoil motion. In this sense, the present work proposes
the optimization of such structural parameters to increase the power harvested from an airfoil undergoing
pitching oscillations at high angles of attack. The optimization process utilizes a metamodel to approximate
the cost function in the interval of interest for the variables to be optimized. The metamodel considers
the four-dimensional Kriging interpolation, which models the results obtained from different simulations
previously set by the Design of Experiments (DOE). Results show that the absence of torsional springs and
the reduction of the airfoil mass and moment of inertia, as well the position of the elastic axis around 0.336
of the chord length characterizes the optimal harvester.

1 Introduction

Optimization process are frequent in any engineer field given the search for optimal conditions of some
system or component. When aeroelastic problems are taken into account, optimization can be developed to
increase the flutter velocity or to generate the best composite structure by considering its weight and aeroe-
lastic responses [1]. However, fluid-structure interactions are also relevant in the analyses of civil structures
such like bridges and, as consequence, optimization problems can be set looking for the improvement of
dynamic characteristics of such structures subjected to loads imposed by the airflow [2].

The optimization was also applied for the design of flexible wings operating beyond the flutter onset velocity.
Under this condition, the aeroelastic behavior is driven by limit cycle oscillations due to structural and
aerodynamic nonlinearities [3, 4]. Here, the objective relied on the optimal weight distribution of the wing
constrained by the maximum amplitude allowed for the oscillations.

If limit cycle oscillations reach high angle of attack, dynamic stall effects become relevant and stall-induced
oscillations are observed [5]. Some experimental efforts have considered the nonlinear behavior of such
oscillations to harvest energy [6, 7]. On the other hand, dos Santos, Marques and Hajj (2018) [8] presented
a model to the harvesting process and have indicated that structural parameters of the harvester affect the
amount of extracted power. Such conclusion suggests the needing of an optimization to find the parameters
that can increase the harvesting process.

In this sense, the present work proposes the optimization of a harvester from stall-induced oscillations.
Three parameters are considered during the optimization process: the position of the elastic axis of the
airfoil; inertial features summarized by the product of the squared radius of gyration and the mass ratio of
the airfoil; and the natural frequency of pitching.
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2 Methodology

The optimization problem is going to be solved with the sequential quadratic programming (SQP) solver.
The cost function is evaluated from the metamodel based on the Kriging interpolation of the cost function
calculated at some points set by the design of experiments (DOE). The evaluation of the cost function at these
points depends on the time integration of a system of differential equations that describes the electroaeroe-
lastic model, which results on time histories for the angle of attack of the pitching airfoil and the current
output of the generator. Then, the root mean squared power is assessed for each wind speed in the range of
interest and the negative integer of this curve is defined as the cost function to be minimized.

2.1 Electroaeroelastic model
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(b) Detail of the electric generator circuit

Figure 1: Schematic representation of the electroaeroelastic model.

As illustrated in Figure 1, the electroaeroelastic model considers a typical aeroelastic section with chord
c undergoing pitching oscillations. One electric generator with internal resistance R and inductance L is
attached to the elastic axis of the airfoil. Then, the system of differential equations that models the variation
of the angle of attack of the airfoil, α, and the current generated in the electric circuit, i, is given by:

{
α̈+ ω2

αα = 8V 2

r2αµπc
2Cmea − 16κ

πρc4r2αµ
i

di
dt = κ

L α̇− R
L i

, (1)

where ωα is the natural pitching frequency of the typical aeroelastic section, rα is the radius of gyration of
the airfoil and µ = (4m)/(πρc2) is its mass ratio, being m the mass of the airfoil and ρ the air density. The
dimensionless r2αµ summarizes inertial parameters. Moreover, κ is the electro-mechanical couple factor, V
is the airspeed and Cmea is the pitching moment coefficient with respect to the elastic axis, that is given by:

Cmea(t) = Cm(t) + Cn(t)(xea − xac) , (2)

where xea and xac are, respectively, the position of the elastic axis and of the aerodynamic center of the airfoil
as a fraction of the chord length. Cm(t) is the aerodynamic moment coefficient at the quarter chord andCn(t)
is the normal force coefficient. Because the airfoil can reach high angles of attack during its motion, dynamic
stall effects become relevant. Thus, aerodynamics will be modeled by the Beddoes-Leishman method in
state-space representation, which is able to capture nonlinear loads during unsteady motions. Such approach
for the unsteady aerodynamic behavior of an airfoil, computes components of aerodynamic loads related to
important events of the flow. By doing so:

{
Cn(t) = Cpn(t)− Ccn(t) + Cfn(t) + Cvn(t)

Cm(t) = Cpm(t) + Cfm(t) + Cvm(t)
, (3)
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where superscripts p denote components related to the attached flow condition, c indicates the circulatory
component, f is associated with the separation of the flow from the trailing edge and v denotes components
due to the shedding of vortices from the airfoil leading edge.

The loads related to the attached flow condition are given through eight aerodynamic states such that:

{ẋ} = [A] {x}+ [B]

{
α
q

}
, (4)

{
Cpn
Cpm

}
= [C] {x}+ [D]

{
α
q

}
, (5)

where the input q = α̇c/V is the dimensionless variation of the angle of attack, {x} is the vector that
represents the 8 states and [A], [B], [C] and [D] are matrix extensively discussed in the literature [9, 10].

The normal force coefficient due to the attached flow can be divided into a circulatory and a non-circulatory
components, i.e., Cpn = Ccn + Cin, and the circulatory component is defined as:

Ccn(t) = Cnαβ
2

(
2V

c

)
(A1b1x1 +A2b2x2) , (6)

being Cnα the slope of the curve of the normal force coefficient as function of the angle of attack in the linear
range and β =

√
1−M2, where M is the Mach number of the flow.

Dynamically, some delay is observed in the normal force coefficient. State x9 models this delay as a first
order system dependent on a empirical time constant Tp:

ẋ9 =

(
2V

c

) −x9 + Cpn(t)

TP
, (7)

C ′n(t) = x9 . (8)

The separation of the flow also contributes for the aerodynamic loads and impose them nonlinear character-
istics. If fd is the fraction of the airfoil where the flow is attached, the aerodynamic coefficients are given
by: 



Cfn(t) = Ccn

(
1+
√
fd

2

)2

Cfm(t) =
{
K0 +K1(1− f̂) +K2 sin[π(f̂)m]

}
Ccn(t) + Cm0

, (9)

where typically m = 2, K0, K1 and K2 are empirical constants that match the curve for static moment
coefficient per angle of attack. Cm0 is the zero-lift moment coefficient, f̂ = max[fd(t), fm(t)] and fd(t)
and fm(t) are given by two aerodynamic states as systems of first order with dependence on a time constant
Tf , which has a standard value Tf0 that can be modified during the vortex shedding phase:

ẋ10 =

(
2V

c

) −x10 + f(C
′
n(t)
Cnα

)

Tf
, (10)

fd(t) = x10 , (11)

and:

ẋ11 =

(
2V

c

) −2x11 + 2f(α)

Tf0
, (12)

fm(t) = x11 , (13)

where f(α̂) is a function that models the flow separation from the airfoil trailing edge in static conditions
and is empirically given for NACA airfoils as [11]:

f(α̂) =





1− 0.3e
|α̂|−α1
s1 if |α̂| ≤ α1

0.04− 0.66e
α1−|α̂|
s2 if |α̂| > α1

, (14)
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where α1 is an angle defined when f = 0.7, and s1 and s2 are constants defined empirically to match the
function f(α̂) with experimental data.

The contribution of the vortex shedding phase is also taken into account by the Beddoes-Leishman model.
This phase is triggered when the absolute value of C ′n is increasing and becomes larger than Cn1 , which is
the value of Cn at the stall imminence in static conditions. When |C ′n| ≥ Cn1 , a dimensionless counter τv
is established and marches according to the dimensionless time 2V t/c. Then, the normal force coefficient
associated with the vortex shedding phase is modeled by a first order system dependent on a empirical time
constant Tv:

ẋ12 =

(
2V

c

) −x12 + Ċv
Tv

, (15)

Cvn(t) = x12 , (16)

where:

Cv =

{
Ccn[1− 0.25(1 +

√
fd)

2] , if τv ≤ 2Tvl

0 , if τv > 2Tvl ,
(17)

in which Tvl is an empirical time constant defined as the dimensionless time needed by the vortex shed from
the leading edge to reach the airfoil trailing edge. As consequence of the vortex shedding, the pressure center
varies along the airfoil chord length, thereby contributing with an additional term to the moment coefficient,
which can be written as:

Cvm(t) = −0.25

[
1− cos

(
πτv
Tvl

)]
Cvn . (18)

The optimization of an energy harvester from the oscillatory behavior of the airfoil, looks for the high power
extraction. For one given wind speed, the harvested power is given by P (t) = κα̇(t)i(t). Time histories for
α̇(t) and i(t) are given by the time integration of Equation (1) by using a forth-order Runge Kutta. Then,
considering the range of wind speeds between 0 and 10m/s, the cost function to be minimized can be written
as:

g(xea, r
2
αµ, ωα) = −

∫ 10

0
PRMS(xea, r

2
αµ, ωα)dV = −

∫ 10

0

√
[κα̇(t)i(t)]2dV . (19)

2.2 Design of experiments

The simulations will be conducted by varying xea ∈ [0.25, 0.4], r2αµ ∈ [1, 5] and ωα ∈ [0, 1]Hz. The factorial
designs is adopted, by considering 512 experiments organized in a cube with 8 points x = [xea, r

2
αµ, ωα] in

its edges [12]. Such organization allows a better control of the results and the identification of regions where
the cost function g(xea, r

2
αµ, ωα) = 0.

2.3 Four-dimensional Kriging

Let g0 = g(y0) be the unknown value of the cost function g when the function is applied in the point
y0 = [xea, r

2
αµ, ωα]0. If G = g(yi) is the vector with known values of g at i = 1, 2, ...,m points, the

interpolated value ĝ0 can be determined by using the Kriging method [13]. Following this methodology,
firstly, G is used to create a linear approximation of the function g, such that:

ḡ(y) = C0 + C1xea + C2r
2
αµ+ C3ωα , (20)

with Cj being constants defined by least-squares solution of the system AC = G, where A is a m × 4
matrix in which each row has the values of yi.

Let Ḡ = ḡ(yi), which is supposed to differ from G since the values of Ḡ are given by a linear approximation
of the function g. Let E = G− Ḡ be the vector which store the differences between both values. Then, for
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the point y0, ĝ0 = E0 + ḡ(y0), where E0 is the difference between the value of the linear function ḡ in the
point y0 and the actual value of g in this point. Thus, by determining E0 the value of ĝ0 is also known.

The Kriging method considers that the value of the function at some point is a weighted average of the
neighbor values of the function. So, the value E0 is determined by E0 = ETW, where W is the vector with
the weights which prioritize points closer to the unknown point. Mathematically:

W =





W1

W2
...

Wm





=




l(y1,y1) l(y1,y2) ... l(y1,ym)
l(y2,y1) l(y2,y2) ... l(y2,ym)

...
...

. . .
...

l(ym,y1) l(ym,y2) ... l(ym,ym)




−1


l(y1,y0)
l(y2,y0)

...
l(ym,y0)





, (21)

where l(yj ,yk) is a function of the distance between points yj and yk, d(yj ,yk). Some functions can be
applied for this purpose: the linear function, l(yj ,yk) = sd(yj ,yk), the spherical function l(yj ,yk) =
1.5sd(yj ,yk)/r − 0.5s[d(yj ,yk)/r]

3, or the exponential function l(yj ,yk) = s − se[−d(yj ,yk)/r], being r
the range of the functions and s their sill value.

2.4 Optimization

The nonlinear optimization problem can be written as:

min
[xea,r2αµ,ωα]

ĝ(xea, r
2
αµ, ωα) , (22)

subject to: 



0.25 6 xea 6 0.40

1 6 r2αµ 6 5

0 6 ωα 6 1

(23)

The optimization problem must be constrained due to the limits adopted for the database and, as con-
sequence, the limits where the Kriging interpolation is valid. Sequential Quadratic Programming (SQP)
[14] was adopted to the optimization process. The start point was set in the inferior limit of the variables:
[xea, r2αµ, ωα] = [0.25, 1, 0].

3 Results and discussion

The electroaeroelastic model was used to calculate the cost function g(xea, r
2
αµ, ωα) at the points indicated

by the DOE. The analyses were made by considering an NACA 0012 airfoil with chord 0.4m. The electric
generator had the parameters fixed: internal resistance R = 30Ω/m, inductance L = 0.1H/m and electrical
mechanical coupling factor κ = 5 × 10−4Vs/(rad m). Parameters for the Beddoes-Leishman model were
extracted from Leishman and Beddoes (1986) [15]. Figure 2 shows the original data and the Kriging inter-
polation for calculations of the cost function for the points indicated by the DOE process. The cost function
is equal to zero in many points within the range of analyses, which indicates one of the following situations:

1) The dynamic behavior of the harvester is damped for all the range of wind speeds from 0 to 10m/s (the
flutter velocity is higher than 10m/s);

2) The dynamic behavior of the harvester is unstable within all the range of wind speeds (limit cycle
oscillations are not observed);
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Figure 2: Original data from the electroaeroelastic model and values interpolated by the Kriging method for
xea = 0.336.

3) Limit cycle oscillations have amplitude higher than 60deg. within all the range of wind speeds (the
limit of 60deg. is adopted as the valid range of application for the Beddoes-Leishman method. If limit
cycle oscillations are observed with an higher amplitude, the power harvested from such oscillations
is imposed to be zero, such as when the oscillatory behavior is unstable).

The first situation occurs in systems with high natural frequencies or high values for inertial parameters
(r2αµ). The second and the third situations are usually observed for systems with small values for inertial
parameters or natural frequencies. Furthermore, when the elastic axis is shifted in direction of the trailing
edge, the system tends to have more situations of unstable dynamics. Such tendency can be observed in
Figure 2 with the increasing of zero values at low natural frequencies and inertial parameters for xea > 0.35.
On the other hand, when xea is closer to the aerodynamic center of the airfoil at the quarter chord, damped
situations are more common, which can be observed in Figure 2 by the presence of many zeros for the cost
function at higher values of ωα and r2αµ. In fact, such tendencies indicates the existence of an optimal point
in the range of analyses where the harvested power is higher.

The proposal of a metamodel to fit the simulated data and to be used during the optimization process reduces
the time demanded by all the simulations required by a conventional optimization. However, due to the high
non-linearity associated with the analyzed cost function, the response surface methodology (RSM) and the
use of radial base functions (RBF) have failed to interpolate the simulated data. Despite of the complexity of
the problem, the Kriging methodology was able to capture the fluctuations in the values of the cost function
with great fidelity.

Seven points were selected to validated the Kriging interpolation. The value of the cost function given by
the Kriging method and the value from the simulation at each point as well as the difference between both
quantities are presented in Table 1.

As observed in Table 1, the Kriging method was able to approximate the values of the cost function. Large
differences between interpolated and simulated data can be observed when the cost function is one order
of magnitude lower than typical values (in the order of 10−6). However, this difference does not affect the
minimization of the cost function because negatives values in the order of 10−7 are higher than other values
observed in the order of 10−6.
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xea r2αµ ωα (Hz) Simulated value (W/s) Interpolated value (W/s) Difference (%)
0.290 3.00 0.70 -1.05×10−6 -1.06×10−6 1.62
0.295 2.50 0.15 -1.46×10−6 -1.44×10−6 -1.59
0.300 1.60 0.50 -1.26×10−6 -1.45×10−6 14.8
0.305 1.90 0.30 -1.54×10−6 -1.73×10−6 12.3
0.310 2.25 0.05 -2.06×10−6 -2.26×10−6 10.1
0.315 4.50 0.85 -3.45×10−7 -4.37×10−7 26.8
0.320 1.10 0.90 -2.14×10−6 -2.32×10−6 8.38

Table 1: Validation of the Kriging method for interpolation of the cost function.

Then, by considering the Kriging interpolation, the optimization process was evaluated. The optimal condi-
tion was indicated to be xea = 0.336, r2αµ = 1 and ωα = 0Hz, which indicates a condition without structural
stiffness. Moreover, the value for inertial parameters in the inferior limit imposed for the optimization pro-
cess indicates that the energy harvesting from stall-induced pitching oscillations is improved in airfoils with
low mass and moment of inertia. In such conditions, limit cycle oscillations are kept due to dynamic stall
effects, as indicated by Figure 3 with the variation of the aerodynamic moment coefficient with the angle of
attack. At high angles of attack, the strong pitching down moment which is a typical feature of dynamic stall
effects tends to rotate the airfoil on the other direction and limit cycle oscillations can be observed.
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Figure 3: Aerodynamic moment coefficient at the elastic axis as function of the angle of attack for the optimal
harvester at V = 9.8m/s.

Figure 4 indicates the Hopf diagram with the maximum amplitudes of oscillation for the optimal harvester
as the wind speed varies. The amplitudes of oscillations are kept almost constant. In fact, the curve for the
aerodynamic moment coefficient shown in Figure 3 is valid not only at V = 9.8m/s but also is characteristic
for all the analyzed wind speeds with slight modifications in the maximum and minimum angles of attack.

However, aerodynamic loads during dynamic stall are supposed to vary with the reduced frequency of os-
cillation. Then, one can infer that the reduced frequency assumes constant values throughout the range of
analyzed wind speeds. To investigate this hypothesis, Figure 5 shows the variation of the frequency of os-
cillation of the optimal harvester, i.e., the inverse of the period for a complete oscillation, as function of
the wind speed. The frequency of oscillation varies linearly with the wind speed, which indicates that the
reduced frequency, in fact, is almost constant to 0.29 in all the cases.
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Figure 4: Hopf bifurcation diagram for the optimal harvester.
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Figure 5: Variation of the frequency of oscillation with the wind speed for the optimal harvester.

The conditions indicated by the optimization process allow the harvester to oscillate even at small wind
speeds due to absence of torsional stiffness or damping effects (which are not considered in this work). Such
behavior increases the range of wind speeds where the harvester extracts energy from the oscillations, which
minimizes the cost function. For the optimal harvester, the cost function is ĝ = −3.545 × 10−6W/s. The
variation of the power RMS with the wind speed is showed in Figure 6.
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4 Conclusions

The present work presented optimal values for an energy harvester from stall-induced oscillations by con-
sidering a NACA 0012 with chord 0.4m and an electric generator attached to the elastic axis of the structure.
The optimization process was based on the Kriging interpolation of numerical data for the cost function
given by simulations of an electroaeroelastic model. The Kriging approximation was validated to be applied
to the problem. Results from the optimization process indicates that an optimal harvester from stall-induced
oscillations has the elastic axis positioned at xea = 0.336. Furthermore, the optimal harvester is supposed
to have no torsional stiffness and moment of inertia and mass of the airfoil as low as possible. In such
conditions, oscillations are driven by dynamic stall effects at high angles of attack even at low wind speeds.
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Abstract
In the context of flutter flight tests, the paper describes the overall fully automatic process devised to perform
a continuous tracking of the aeroelastic modes for an aircraft with a slowly time-varying structural behav-
ior observed during the acceleration phases. On-line monitoring is realized through a sliding fixed-length
time-window applied to time response of the aircraft to a persistent and periodic excitation signal. The iden-
tification algorithm dedicated to flutter flight tests is based on output-error formulation of the problem in
the frequency domain. Parameters of a continuous time model are estimated iteratively. Tracking of modes
for each new identified model is achieved using the MACXP criterion (mode association criterion based
on modes shapes and poles). The process is applied to simulated data representative of the real aeroelastic
behavior of a transport aircraft during an acceleration phase, including the simulation of the background
noise.

1 Introduction

Among the various phenomenons that can affect the flight of an aircraft, flutter is one of the most feared one
since this dynamic instability can lead to a sudden destruction of the airplane. Flutter flight tests represent
a major stage in the certification procedure of a new aircraft. The objectives are to demonstrate the absence
of instability throughout the flight envelop and to check the compliance of the aircraft actual behavior with
predicted aeroelastic models.

The typical approach to flight flutter testing is to fly the aircraft at several stabilized test points arranged
in increasing order of speed. Excitations are applied to the aircraft through the control surfaces and the
measurements of the structure response are used to estimate aeroelastic modes. The damping ratio estimates
obtained at each stabilized test point establish a trend as a function of airspeed which is used to evaluate the
stability of the next higher airspeed test point and to clear the airplane to this point.

In the framework of a research program in collaboration with Airbus Operation SAS and Dassault aviation,
a new approach was devised in order to reduce the duration of the flutter tests and consequently their cost.
The idea is to replace some stabilized test points by a uniformly accelerated phase where the evolution of the
modal parameters would be monitored continuously. This procedure would lead to a substantial reduction of
the overall duration of the flutter tests. Moreover, security of the flight would be improved during all flight
phases.

The paper describes the process devised to perform a continuous tracking of the aeroelastic modes for an
aircraft with a slowly time-varying structural behavior observed during the acceleration phases. This modal
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analysis problem is particularly challenging as it applies to time-varying systems and has to deal with highly
noisy measurements.

Research efforts in this area have resulted in the development of recursive time-domain methods as recursive
algorithms based on subspace [1] or auto regressive and moving average (ARMA) model [2]. Nevertheless,
as we deal with slowly time-varying behavior, the use of frequency domain methods coupled with mov-
ing window over time is prefered as frequency domain methods permits to reduce the amount of data to
process [3].

In the case of severe air turbulence, the effect of the excitation might be dominated by turbulence. In such
situations, stochastic output-only identification approaches have been applied to the monitoring of flight test
data [4, 5]. These methods are built upon the assumption that the system is excited by unknown inputs
supposed to be white gaussian noises. But at the flight altitude of commercial aircraft, turbulent conditions
are quite occasional. The data are only affected by a persistent background noise. So the proposed monitoring
process is based on a deterministic identification method and on an efficient excitation of the structure.

The paper is organized as follows. The second section is devoted to the description of the context of flutter
flight tests. The overall monitoring process is presented in the third section. Finally, the fourth section
presents results on a simulation environment representative of the real aeroelastic behavior of a transport
aircraft during an acceleration phase, including the simulation of the background noise.

2 Flutter flight tests context

2.1 Current flutter testing approach

Current flight tests are composed of several series of tests carried out when the aircraft is stabilized at a
constant speed and constant altitude. Each series of tests is performed at a constant Mach number. As flutter
likelihood increases with airspeed, these points are explored in increasing order of speed. Several hundred
of test points are analyzed for a new aircraft.
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Figure 1: Extrapolation of damping ratios ξ

At each of these points, several tests are performed by applying excitations through the control surfaces to
the aircraft structure. The measurements of the aircraft response are transmitted in real time by telemetry
to the ground test center where parameters of a modal model are identified. As illustrated in figure 1, the
damping estimates obtained at each stabilized test point establish a trend as a function of airspeed which
is used to evaluate the stability of the next higher airspeed test point and to clear the airplane to this point.
Measurements are provided by accelerometers distributed all over the structure. They give the structure
movements along three directions. More than 100 sensors can be used.
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2.2 New testing approach

The current test approach has two main drawbacks. First it is extremely time consuming since the aircraft
has to be stabilized at specific test points, the tests have to be performed, the data processed and the results
analyzed by the operator. The other weakness of this procedure is that flutter can appear in the acceleration
phase between two test points where no monitoring of the aircraft stability is performed.

The idea of the new testing procedure is to replace some stabilized test points by a uniformly accelerated
phase where the stability of the aircraft would be monitored continuously. This procedure eliminates the
most hazardous part of flight flutter testing. It will also lead to a substantial reduction of the overall duration
of flight tests.

For a precise and timely detection of any impending instability, the aircraft structure must be excited contin-
uously during the acceleration phase.

2.3 Requirements for monitoring methods

The flight test conditions are not quite favorable to an accurate identification. Firstly, as the aircraft operates
in operational conditions, the measurements are affected by the ambient noise due to the airflow around the
aircraft. Sometimes, the data are also corrupted by air turbulence when the aircraft encounters wind gusts.
Secondly, the excitations by the control surfaces are limited in amplitude, frequency and position. Therefore
some of the structural modes are not excited efficiently. Then the algorithms should operate in rather adverse
conditions.

Another demanding requirement is that the processing algorithms operate in a near real-time manner and
produce results at a specified rate (at least every second) in the course of the acceleration phase. Moreover
these results should have as little delay as possible compared to the actual system evolution. So it implies
that the monitoring process should be fully automatic.

The results of the identification should also be reliable so that the monitoring underway should not be stopped
unduly by incorrectly low damping estimates. On the other hand, the flutter onset should of course not
happened unnoticed.

Though aeroelastic models of the aircraft structural dynamics are available before the first flight, the iden-
tification of the structural modes of the aircraft cannot make use of this a priori information. The reason is
to prevent that any inaccuracies or errors in these aeroelastic models should affect the results of the modal
analysis.

3 The monitoring process

3.1 The overall process

The procedure considered in this paper consists in a continuous automatic monitoring of the modal param-
eters during a uniformly slowly acceleration phase. The objectives are then to collect data, identify the
aeroelastic modes and to follow the evolution of their modal parameters.

As the acceleration is slow, evolution of the modal parameters are supposed to be slow as well, then the
approach chosen consists in applying a sliding fixed-length time window to the collected data. On this
window the aeroelastic behavior of the aircraft is supposed to be linear and stationary. Linear time invariant
identification methods can then be used to identify aeroelastic modes.

The identification method considered is in the frequency domain. The modal analysis can be focused on a
frequency band were the excitation is effective. The direct consequence of that is a sheer decrease of the
amount of data to process. This diminution has an immediate and favorable impact on the computation time.
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The identification tool developed is based on a parametric approach. A common denominator polynomial
transfer function has been chosen to model the system, since it is very convenient for modal modeling. The
model is chosen in continuous-time.
A deterministic approach is preferred to a stochastic one because stochastic approaches require long data
sequence to estimate the modal parameters with a sufficient statistical confidence level [6, 7, 8] which is
conflicting with the necessity of the sliding window to be small enough for the aircraft behavior to be assumed
time-invariant. Then excitation is one of the key point of the procedure, it will be detailed in paragraph 3.2.
The modal analysis procedure is detailed in paragraph 3.3.

Monitoring of modal parameters, and so identification of a new model, are performed at a specified rate.
Then another key point of the procedure is the mode tracking process; in order to monitor modal parameters
evolutions, each aeroelastic mode has to be recognized from one identified model to another. In order to
offer a good initialization to the modes tracking process, a first identification is performed during a stabilized
phase. The tracking procedure is detailed in paragraph 3.4.

3.2 Excitation

Excitation of the structure is a key feature in the identification process. It is essential to excite all the modes
of interest with a sufficient energy level in order to assess their stability correctly. In the case of continuous
monitoring, this excitation has to be persistent.

We have chosen a PRBS (Pseudo Random Binary Sequence) type excitation signal. PRBS is a deterministic
periodic sequence that switches between−1 and +1. The switches occur on a discrete-time grid at multiples
of the clock period Tc and are chosen such that the autocorrelation approaches a Dirac [9]. This signal offers
many advantages. Firstly, this is a periodic signal then, provided that the identification is performed in a finite
number of periods of the signal, the leakage phenomenon is minimized. Secondly, its spectrum is relatively
flat and the choice of the clock frequency permits to concentrate the power on a frequency band. According
to [9], the optimal choice of the clock frequency is fc = 2.5 fmax with fmax the maximum frequency of
interest.

The excitation signal is applied simultaneously through a set of control surfaces with appropriate signs for
the deflections. Compared to excitation through a single pair of control surfaces, the use of control surfaces
combinations enables to maximize the energy transferred to the aircraft and to evenly distribute this energy
over the different components of the structure. As explained in [10, 11], a single control surfaces symmetrical
combination is enough to identify all the symmetrical modes of interest while a single control surfaces
antisymmetrical combination is enough to identify all the antisymmetrical modes of interest.

3.3 Modal analysis tool

This paragraph details the modal analysis tool used to identify the aeroelastic modes for each position of the
sliding window.

The general organization of the tool is depicted in figure 2. The procedure is composed of four main modules
detailed in the next paragraphs. The inputs to this routine are the raw time-domain measurements from the
sliding window and the frequency band for the modal analysis which depends on the excitation signals. The
outputs are those of the identified modes which presumably correspond to structural modes.

Since the aircraft is excited by a unique excitation signal, the model chosen to describe its behavior in
frequency domain is a transfer function H(s, θ) between the excitation signal and the outputs, modeled as
the ratio of a numerator (vector of polynomials) by a scalar denominator (polynomial). Thus

H(s, θ) =
N(s, θ)

d(s, θ)
with dim N(s, θ) = ny × 1 and dim d(s, θ) = 1× 1 (1)

518 PROCEEDINGS OF ISMA2018 AND USD2018



modes

Measurement

Identified

system

Preprocessing

algorithm

Initial model

Identification

Identification
data

data

Fixed order

identification

modes

Freq. dom.

supervision

Identification

Mode selection

Identified

Frequency band

measurements

Time−domain

scalings

Structural

Figure 2: General organization of the identification procedure

where ny denotes the number of outputs. The vector θ gathers the coefficients of the numerator and of the
denominator. It is thus composed of (ny + 1) (nx + 1) parameters. The excitation signal is not disturbed.
So only measurement noise is considered and it is supposed to be Gaussian.

The identification problem is expressed as an output-error method in the frequency domain: the goal is to
find the best parametric model such that the difference between the preprocessed measured outputs and the
outputs calculated with the parametric model is minimized.

3.3.1 Pre-processing module

Computation of estimated inputs and outputs in the frequency domain is realized in the pre-processing mod-
ule (pale green box in figure 2). As the excitation signal is periodic and provided that the length of the
window corresponds to a finite number M of periods of the excitation signal, the frequency response func-
tion (FRF) may be estimated using averaging techniques. Let u(n) and Y (n) respectively the samples of the
excitation signal and of the outputs on the sliding time window, ∆t the sampling period of those signals and
Np the number of samples in one period of the excitation signal. The number of samples in the window is

then MNp. The FRF estimate at frequency f =
k

Np ∆t
(k = 0, . . . , Np − 1) is:

Ĥ(j 2π f) =
Ŷf
ûf

(2)

with ûf and Ŷf the average of the Discrete Fourier Transforms (DFT) of respectively the excitation and
the outputs on the M periods (which is the same as the DFT of the average of the time samples on the M
periods), at frequency f .

ûf =
1

M

M−1∑

m=0

u
[m]
f = uf and Ŷf =

1

M

M−1∑

m=0

Y
[m]
f (3)
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with u[m]
f and U [m]

f the DFT of respectively the excitation and the outputs on the mth period

u
[m]
f =

1√
Np

Np−1∑

n=0

u(n+ lNp)e
−j2πfn∆t and Y

[m]
f =

1√
Np

Np−1∑

n=0

Y (n+ lNp)e
−j2πfn∆t (4)

As the excitation signal is not disturbed its average DFT equals the DFT in one period.
An estimate of the noise covariance matrix at frequency f is also given by

Σ̂f =
1

M − 1

M∑

m=1

∣∣∣Y [m]
f − Ŷf

∣∣∣
2

(5)

The pre-processing module also carries out the selection of the good quality measurements and the compu-
tation of measurement scalings for the identification algorithms. These quantities are based on an estimation
of a signal-to-noise (S/N)l ratio computed in the frequency domain from each measurement l.

(S/N)l =
σsl
σnl

(6)

with σsl and σnl
the standard deviations of, respectively of the estimated output l and the estimated noise on

the output l, on the frequency band of interest F = [fmin fmax]. They are given by

σsl =

√√√√ 2

Np

∑

f∈F
|ŷl,f |2 and σnl

=

√√√√ 2

Np

∑

f∈F
Σ̂f (l, l) (7)

where ŷl,f is the lth component of Ŷf .
The selection of the measurements is then performed by discarding the measurements with an estimated
(S/N)l ratio below a certain threshold.

As detailed below, the identification routines are based on a non-linear least-square fitting in the frequency
domain. It is necessary to apply scalings on the measurements in order to account for the various magnitudes
and levels of quality.
In conventional output-error approaches, the noise on the measurements is assumed to be white and Gaussian.
The measurements are weighted by the inverse of the noise covariance matrix Σ̂f [9]. The approach adopted
departs from these theoretical precepts for several reasons.
In the first place, the nature of the noise on the measurements does not comply with the white Gaussian
hypothesis. This conventional weighting might also lead to attribute similar weights to measurements with
various levels of quality. The fitting of poor quality measurements would lead to the identification of spurious
modes and to a wider scatter of the estimated damping ratios. It is then essential to account for the quality
of the data in the scalings of the measurements. The measurement magnitudes also vary largely depending
on the location of the sensors on the aircraft. For instance, the sensors on the wing tips yield much greater
values that those on the fuselage. The scalings should compensate for this variability in order that the modes
associated to the different components of the structure be identified precisely.
For each measurement l, the associate scaling ρl was defined in the following manner

ρl =
δl
σsl

(8)

where σsl is the average magnitude of this signal defined in equation (7). The objective of this coefficient is
to equalize the magnitude of the aircraft responses for all the measurements. The factor δl reflects the quality
of each measurement. It is defined as a quantity bounded by 0 and 1. The value 0 is the minimum level of
quality which implies that the measurement is not taken into account in the identification. This factor was
chosen equal to

δl =
(S/N)2

l

1 + (S/N)2
l

(9)
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3.3.2 Identification module

The identification module (pink box in figure 2) carries out the identification of a model of a given order.
The identification objective, in the frequency domain, is to find the best fit between the outputs calculated
with the parametric model H(s, θ) and the estimated outputs in frequency domain Ŷf . Only data for the
frequencies f of interest in the set F are considered. The output-error identification problem boils down to
finding the set of parameters θ that minimizes the following criterion

J(θ) =
∑

f ∈ F

∥∥∥(Ŷf − H(j2πf, θ) uf )
∥∥∥

2

W
=

∑

f ∈ F
(Ŷf − H(j2πf, θ) uf )H W 2 (Ŷf − H(j2πf, θ) uf )

(10)
where W = diag(ρl) and ρl are the scalings defined in equation (8). As the vector θ is composed of the
polynomial coefficients of the numerator and the denominator, the quantities N(j2πf, θ) and d(j2πf, θ)
depend linearly on θ. However, H(j2πf, θ) does not. So the optimization problem defined by equation (10)
is non-linear.

During the development of the modal analysis procedure, it was found that a thorough optimization signifi-
cantly improve the quality of the results. This precise optimization of the identification criterion implies the
use of iterative algorithms. The procedure is based on two algorithms:

• the Sanathanan-Koerner method [12]: this algorithm is an iterative method where, in order to circum-
vent the non-linearity induced by the denominator, one utilizes the frequency values of the denominator
d(j2πf, θ̃) computed with the vector θ̃ estimated at the previous iteration.

• the Whitfield formulation of the Gauss-Newton algorithm [13]: the basic principle of this method is to
replace H(j2πf, θ) in equation (10) by its first-order development about θ̃, values of the parameters
of the previous iteration.

The Sanathanan-Koerner method offers two main advantages. First, it does not require any initial model.
Second, it is known for its robustness to provide a fair estimation of the model parameters. However, no
general proof of convergence was established. The evaluation of this method revealed that it does not con-
verge to a local minimum of the identification criterion of equation (10). On the contrary, the Gauss-Newton
algorithm requires a sufficiently precise initialization. But this method is very efficient to converge to a local
optimum of the identification criterion if properly initialized. As detailed in paragraph 3.3.3 and similarly to
the approach adopted in [14], one could benefit from the complementary of these two approaches by using
them in combination.

The details of the implementation of these algorithms are not presented in this paper. Anyhow, it is worth
mentioning that it is based on orthogonal polynomials [15, 16, 17] in order to improve the numerical stability
and the execution speed of the codes.

3.3.3 Supervision module

The goal of the supervision module (yellow box in figure 2) is to control the execution of the identification
so that the modal analysis operates entirely automatically. It first manages the use of the two identification
algorithms. It also determines the best model order.

A first model with a deliberately oversized order nxmax is identified using the Sanathanan-Koerner algorithm
in conjunction with the Gauss-Newton algorithm as in [14]. The philosophy is to use the Sanathanan-
Koerner method as an “explorer” in order to find out a good initial guess for the identified model. For
this reason, this method does not include any monitoring to ensure the decrease of the identification criterion
between successive iterations. During the first identification from the initial stabilized phase, the Sanathanan-
Koerner algorithm is initialized from scratch. Whereas during the acceleration phase, in order to minimize
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the iterations number, the previous identified model is used to initialize the algorithm. The best model
obtained with the Sanathanan-Koerner algorithm, i.e. the one with the smallest value of J(θ), is then refined
by the Gauss-Newton algorithm. A line-search technique was implemented in this method to force the
minimization of J(θ).
The selection of the order nxmax of the initial model is rather crucial. It should be chosen high enough in
order to encompass all the modes excited in the test. However a too large value will lead to a longer and
more complex mode elimination process. Thus, the selection of an appropriate value for nxmax requires a
slight preliminary experience to have a clue of the number of modes that can be identified for the type of test
under analysis.

Once this initial model of order nxmax is obtained, the supervision module will scrutinize the relevance of
each identified mode so as to decide whether to keep it or discard it from the identified model. The general
idea is to test each mode of this model by analyzing whether, without this mode, the identification model still
fits suitably to the data. The quality of the fit is evaluated by the two following adequacy criteria

C(θ) =




∑

f ∈ F

∥∥∥ (Ŷf − H(j2πf, θ) uf )
∥∥∥

2

W

∑

f ∈ F

∥∥∥Ŷf
∥∥∥

2

W




1/2

=




J(θ)

∑

f ∈ F

∥∥∥Ŷf
∥∥∥

2

W




1/2

(11)

and

cl(θ) =




∑

f ∈ F
|ŷl,f − hl(j2πf, θ) uf |2

∑

f ∈ F
|ŷl,f |2




1/2

(12)

where ŷl,f and hl(j2πf, θ) are the lth components of Ŷf and H(j2πf, θ). The measurement criteria cl(θ)
are used because some modes may have a local effect on the structure. So their contribution could be
significant but limited to a small number of measurements. In this situation, the consideration of the sole
global criterion C(θ) may result in the improper exclusion of such modes. The significance of the modes
of the initial model are evaluated in a three-stage process. Let θ designates the identified parameters of the
initial model of order nxmax . First, for each mode i, a reduced transfer function is computed by discarding
the mode from the identified model. The associated parameters of this reduced model are denoted θ̃i. In a
second stage, the a priori quality of fit of these models is evaluated by computing the criteria C(θ̃i) and cl(θ̃i).
The mode for which these values remain close to the corresponding criteria C(θ) and cl(θ) of the full model
are selected as potential candidates for elimination. Finally, for each candidate, an identification is launched
based on the sole Gauss-Newton algorithm initialized by θ̃i. This identification yields an optimized set
parameters denoted θ̂i. The elimination of the mode is confirmed if the criteria C(θ̂i) and cl(θ̂i) associated
with these parameters remain close to the corresponding criteria C(θ) and cl(θ) of the full model.

3.3.4 Selection module

At this stage, the identified model reflects the overall behavior of the aircraft in the frequency band of interest.
However this model might include modes that are not associated with the structural dynamics of the aircraft
such as actuators modes, aerodynamic delays, ... It is then necessary to select amongst the identified modes
the sole modes which are presumably connected with the structural dynamics. This selection is performed
in the final phase of the procedure (orange box in figure 2).

3.4 Tracking tool

In order to follow modes characteristics evolutions, each time a new model is identified, its modes are
compared to the modes of the previous identified one in order to pair them.
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This mode association is based on a criterion that is a pole weighted version of an extension of the classical
MAC criterion [18] (Modal Assurance Criterion) to complex modes. This dedicated criterion called MACXP
is described in [19]. Compared to this criterion we have added the use of the measurement scalings to scale
the modes shapes in order to be consistent with the identification process. The criterion which compares two
modes whose poles are respectively λ1 and λ2 and mode shapes µ1 and µ2 is:

MACXP(µ1, µ2) =

( |µ∗1 W 2 µ2|
|λ1+λ2| +

|µ>1 W 2 µ2|
|λ1+λ2|

)2

(
µ∗1 W 2 µ1
2 |Re λ1| +

|µ>1 W 2 µ1|
2 |λ1|

) (
µ∗2 W 2 µ2
2 |Re λ2| +

|µ>2 W 2 µ2|
2 |λ2|

) (13)

Two modes are considered associated if the value of their MACXP criterion is greater than 0.6.

The tracking process is initialized storing the modal characteristics of the modes identified during the initial
stabilized phase in a reference structure. Then, for each new position of the sliding window (iteration i), a
new model is identified and modal characteristics of its modes are compared to those stored in the reference
structure with the MACXP criterion. When a mode of this new model is paired, its characteristics are updated
in the reference structure. For the non paired modes, they are compared with modes of iteration i− 2 which
are stored as well in another structure. This second comparison allows to reduce the number of mode chains
breaks. For modes which are still non paired, their characteristics are stored behind the others in the structure
in order to be compared with modes of next identified models. Hence apparition of a new mode would not
be missed.

4 Results on simulated data

4.1 Description of the benchmark

The simulation environment used in this study has been developed in the framework of the TRAMPOLINE
working group of the FLITE2 project [20].

The simulation is based of an elaborate aeroelastic model provided by Airbus. This is a linear model derived
for a given Mach number from a finite element modeling of the aircraft. It is parametrized by the conventional
speed Vc. Its inputs are the deflections of the control surfaces and the components of the turbulence wind. Its
13 outputs are accelerometric measurements at different locations on the structure. The original model was
modified for industrial confidentiality reasons and also for presenting an evolution towards flutter.
Expressed in a parametrized state-space form, the size of its state vector is 328. It includes 42 structural
modes ranging between 1 and 11 Hz and 244 delay modes. The frequency band F retained for modal
analysis is 1 to 6 Hz. 27 aeroelastic modes lie in the frequency band.

Aircraft response to the stimulations applied on the control surfaces takes into account the actuators dynam-
ics, modeled as a second-order linear model.

Turbulence inputs of the model are used to simulate aircraft response to the background noise. This one is
modeled as a low intensity turbulence. Parameters of the noise model are tuned by the spectral analysis of
real flight test data.

A sampling rate of fe = 128 Hz is chosen for the simulated measurements as it corresponds to the rate
used for flight data recording. Simulation of this high order, parameter varying system is performed using a
Runge-Kutta method to integrate the evolution of the state vector.

As explained in paragraph 3.2, we have chosen a PRBS type excitation signal. We choose a period of
Np = 2040 points (≈ 16 s). The maximum frequency of interest is fmax = 6 Hz then the optimal choice of
the clock frequency of the signal is fc = 2.5 fmax = 15 Hz ≈ fe/8. Then a period of the signal is obtained
from a PRBS of length N = 255, each value of the signal being held during 8 sampling periods.
Excitation signal is applied simultaneously and antisymmetricaly to ailerons, elevators and rudder.

AERO-ELASTICITY 523



The simulated scenario is made up of two phases: the initial phase where the conventional speed is fixed and
the acceleration phase which consists in a slow acceleration.

4.2 Identification of the initial model

A first identification process in launched during a phase of duration 4 periods of the excitation signal (64 s)
where the airspeed is stabilized at 330 kts. The response of the aircraft to the periodic excitation signal is
supposed to be in steady-state. The aim is to provide a good initialization to the monitoring process.

Results of a Monte Carlo type analysis of this process are presented in figure 3 for a set of 100 simulated
tests generated with different noise sequences but with the same response to the excitation signal. Statistics
are computed from the series of 100 identification results. The computation of these statistics requires the
pairing between the identified modes and the simulated ones. This mode association is based on the MACXP
criterion presented in paragraph 3.3.3.

The values of the signal-to-noise ratios defined in paragraph 3.3.1 vary from one measurement to another
form 9 dB up to 28 dB. The threshold below which measurements are discarded is fixed to 12 dB. On average,
11 measurements are selected out of the 13 available.

An order nxmax = 32 is chosen for the initial model (initialization of the supervision module described in
paragraph 3.3.3).

The upper part of the figure depicts the location of the identified modes for the 100 Monte Carlo runs. These
modes are plotted in the frequency–damping ratio plane together with the 27 modes of the simulation model
which are indicated by the encircled numbers. The mode 8 does not appear because of the high value of its
damping ratio. The identified modes that can be paired based on the value of the MACXP criterion with a
simulation mode are plotted with red dots.

The identification rates of the 27 aeroelastic modes are presented on the bar diagram on the middle part of
the figure. The identification rate of a mode is simply the ratio between the number of times this mode is
identified and the number of runs of the Montecarlo test.

Finally, the relative RMS (Root Mean Square) errors on the damping ratios are depicted on the bar diagram
of the lower part of the figure. RMS error is only computed for the modes with an identification rate superior
to 0.6.

12 modes are identified with an identification rate superior to 0.6 and 7 modes with an identification rate
superior to 0.95 and the relative RMS error an damping ratio of this 7 modes is inferior to 26%.

4.3 Monitoring during the accelerated phase

At the end of this stabilized phase, aircraft response behavior to the excitation signal during a continuous
acceleration has been simulated. This acceleration phase consists in a slow acceleration of 30 kts on the
conventional speed from 330 to 360 kts performed in 5 min which corresponds to 1 kts every 10 seconds.

The length of the sliding window is chosen at 2 periods of the excitation signal (32 s) and the monitoring
rate is fixed at 1 s. A new model then is identified each second and its modes are compared and paired with
the previously identified ones. The tracking process is initialized with the modes identified during the initial
phase. At the end of this process, we get “chains” of modes. We choose to retain chains composed of at least
50% of identification points.

Unlike identification of the initial model results presented in the previous paragraph, monitoring results
during the accelerated phase are presented for a single simulated test. They are presented in figures 4 and 5.
The upper part of figure 4 shows the evolution with time of the frequency of each retained modes chains
whereas the lower part presents the evolution of their damping ratio with time. Figure 5 contains the same
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Figure 3: Identification on stabilized flight point at Vc=330kts - Monte Carlo analysis

results but with a detailed mode by mode presentation. Evolution with time of frequency and damping ratio
of simulated modes are also plotted on those figures.

The monitoring tool manages to track 7 modes for a long time. Those modes correspond to modes 1, 4, 5,
10, 11 12 20, 25 of the simulated model. Compared to Monte Carlo results of the initial identification on
stabilized phase of figure 3, we notice that in this case those modes are identified with an identification rate
up to 0.95. So results of the monitoring process are in accordance with the Monte Carlo analysis.
Identified modal frequencies are very precise whereas identified modal damping ratios are scattered. This is
again in accordance with the results of the Monte Carlo analysis of figure 3 which shows the scattering in
damping ratio caused by the background noise acting in the aircraft.
Damping ratio of mode 4 of the simulated model decreases until instability. This decrease is also observed
on the evolution of the damping ratio of the corresponding identified mode (mode 2 on figure 5).

The overall process was fully implemented in MATLAB computing environment. The procedure was run a
computer equipped with an Intel Core I5 processing unit with 2 cores and a 2.6 Ghz clock rate. The mean
duration of the monitoring process, i.e. the duration to perform 280 runs of identification and tracking tools,
is 54 s. Analysis of one flight point takes on average 0.19 second.

5 Conclusion

A fully automatic process to perform continuous tracking of aeroelastic modes during a slow acceleration
phase has been presented. It is based on the use of a persistent and periodic excitation signal, applied to the
structure through a combination of control surfaces, to efficiently excite the modes on the frequency band of
interest.
On-line monitoring is realized through a sliding fixed-length time-window in which the system behavior can
be assumed time-invariant.
One of the key features of the process is the identification algorithm dedicated to flutter flight tests. It is
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based on a parametric approach in the frequency domain. Parameters of a SIMO continuous time model are
estimated by minimizing iteratively the error between the preprocessed measured outputs and the outputs
calculated with the model. This algorithm is fully automatic, numerically robust and operating in quasi-
real time. Another essential feature of the process is the tracking of modes for each new identified model.
Comparison and pairing of modes are achieved using the MACXP criterion.

Application of this process to a realistic simulation of the aircraft response during an acceleration phase,
proved that the performance of the procedure is quite satisfactory taking into account the very noisy envi-
ronment. We have shown that all the modes which have been efficiently identified during an initial stabilized
phase are successfully identified and tracked during the acceleration phase. Moreover, evolution of their
frequency and damping ratio are consistent with the simulated ones, particularly, the ability of the procedure
to follow the decrease in damping ratio of a mode has been proved.
Finally, the execution times are completely compatible with an operational use.

In the framework of this research project, dedicated flight tests are planned in order to evaluate the procedure
on real data.
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Figure 4: Monitoring during the acceleration phase from 330kts to 360kts
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Figure 5: Monitoring during the acceleration phase from 330kts to 360kts (detail mode by mode)
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Abstract
At certain conditions in the transonic flight regime, interactions between oscillating shock waves and a forced
or freely oscillating structure may incite frequency lock-in between the aerodynamic and structural modes,
resulting in large amplitude limit cycle oscillations. This study investigates the influence of both static and
dynamic control surface deflections on this aerodynamic instability. A static trailing edge flap deflection is
found to reduce the buffet onset incidence, while simultaneously increasing the mean lift coefficient. This is
advantageous for extending the flight envelope. Static leading edge deflections are less promising, reducing
the mean lift at buffet onset. Forced harmonic excitation of the trailing edge flap induces synchronisation of
the buffet response with the control surface motion. With large amplitude deflections, at driving frequencies
above the buffet, the root mean square buffet loads are significantly attenuated. This, however, does not
extend to an elastically-suspended aerofoil, where harmonic flap excitation exacerbates the buffet response.

1 Introduction

For certain flight conditions in a transonic flow, interactions between shock-waves and thin/separated shear-
layers may give rise to large amplitude, self-sustained shock oscillations. This transonic buffet phenomenon
is a limiting factor in aircraft performance. The low-frequency shock motions are typically on the order
of the structural natural frequencies, leaving the aircraft susceptible to Limit Cycle Oscillation (LCO), and
consequently, diminished handling qualities and fatigue life [1].

Although the phenomenon of transonic shock buffet was first identified over six decades ago, shock buffet
alleviation remains an active area of research. A range of potential mitigation techniques are evident in
the literature, including mechanical and fluid vortex generators [2], trailing edge deflector tabs [3], shock
control bumps [4] and plasma-based actuators [5], however, a robust buffet suppression technology has
proven elusive. Early research in the field by Lee [6] has shown a significant dependency of buffet onset
boundaries and intensities to static trailing edge flap deflections. Additionally, the ability of static leading and
trailing edge flap settings to delay buffet onset was found to be sensitive to aerofoil geometry. Studying the
influence of harmonic flap excitation in the vicinity of shock buffet onset, Iovnovich & Raveh [7] showed that
low-amplitude control surface excitation can significantly influence the oscillatory flowfield characteristic of
the buffet phenomenon, with aerodynamic frequencies synchronising with the imposed driving frequency.
Recent research by Gao et. al. [8, 9] has also found that a simple closed-loop linear delay control law based
on the unstable lift response can effectively quench transonic shock oscillations for a rigid aerofoil, with a
marginal effect on the flight condition.

Although recent literature has shown that, at least for simple rigid aerofoil sections, the transonic buffet
instability can be effectively mitigated, little consideration has been given to aeroelastic systems, which
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better represent the in-flight behaviour of a true aircraft. The aim of the present work is to explore the
potential for static and dynamic control surface deflections to alleviate shock buffet for elastically-suspended
wing sections. The NACA 0012 aerofoil will be investigated owing to the experimental data available in
open literature for validation. The paper will begin with a description of the numerical method employed in
the static aerofoil simulations. This will be supported by the main results of the static simulations, including
validation of the buffet response against experimental data and the nature of the buffeting flow for a nominal
flight condition with a rigid wing section. The influence of static leading and trailing edge deflections on the
buffet boundary will then be presented and discussed with reference to the experimental findings of Lee [6]
as a means of validating the method of geometry and mesh deformation. A parametric study on the influence
of flap oscillation amplitude, frequency and phasing for a rigid section will then be provided and validated
against the experimental findings of Braza [10]. This will be extended to an elastically-suspended aerofoil
free to rotate in pitch, so that relationships between the various control parameters and their influence on the
buffet response in both rigid and aeroelastic systems can be developed. A summary of the principal findings
and suggestions for future work will then be presented.

2 Numerical method

2.1 Test case

The test case considered in this study is the transonic flowfield around the symmetrical NACA 0012 aero-
foil. Early experiments were conducted on this section by McDevitt & Okuno [11] at NASA Ames High
Reynolds Number Facility. The HRC-2 test section, in which the investigation was performed, is equipped
with perforated sidewall vents and contoured upper and lower walls to minimise tunnel interference effects,
resulting is data that has remained popular even in contemporary literature for validation of buffet simulations
[12, 13, 14]. A 203.2 mm chord wind tunnel model was manufactured with a 0.4 mm thick trailing edge,
and instrumented with 40 static pressure orifices and six embedded dynamic pressure transducers. Static and
dynamic pressure readings were recorded for freestream Mach numbers between 0.7 and 0.8, with Reynolds
numbers ranging from 1 × 106 to 14 × 106. The experiments were performed with free transition over the
aerofoil surface, and due to the erratic pressure wave form responses at low Reynolds numbers, McDevitt
& Okuno [11] recommend the data set at Re = 10 × 106 be used for validation of buffet simulations. At
these conditions, analysis of the unsteady pressure data yields buffet frequencies for conditions deep within
the buffet envelope.

Additionally, to validate the influence of trailing edge flap deflections on the buffeting flowfield of the NACA
0012, simulations are compared to the experimental data provided by Braza[10]. Experiments on a 180
mm chord NACA 0012 were performed at the Institute of Aerodynamics (IoA) N3 trisonic wind tunnel.
The model was instrumented with 48 static pressure orifices and two unsteady pressure transducers, with
Schlieren imaging also employed to qualitatively observe the flowfield. The model was equipped with a
20% chord aileron and a slider-crank mechanism, capable of driving the aileron with deflection amplitudes
∆δf = ±2◦ at frequencies in the range ff = 0 − 35 Hz. Static pressure distributions and buffet onset were
captured at several Mach numbers with varying static flap deflection, in addition to spectral data for forced
flap actuation at ∆δf = ±2◦ and ff = 35 Hz.

2.2 Flow solver

Simulations are performed using the commercial, cell-centred finite volume code ANSYS Fluent R18.0 [15].
The two-dimensional pressure-based implicit solver is used to formulate the coupled set of momentum and
pressure-based continuity equations, which are solved segregated from the energy equation. Second-order
upwind differencing is used for all convective variables. All diffusive fluxes are treated with a second-order
accurate central-difference scheme. Gradients of the convective and diffusive terms are computed at the
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cell faces through a Green-Gauss reconstruction scheme, with a differentiable gradient limiter employed to
mitigate spurious shock oscillations.

The Stress-Omega Reynolds Stress Model (SORSM), a stress-transport model developed from the omega
equations and the Launder-Reece-Rodi (LRR) model [16], is employed for closure of the Navier-Stokes
equations. The SORSM is derived by taking the second-moments of the exact momentum equations, yielding
(in a two-dimensional flow) an additional four transport equations for the Reynolds stresses, together with
an equation for the dissipation rate. All turbulent transport equations are solved segregated from the coupled
set of continuity, momentum and energy equations, with second-order accurate upwind discretisation of the
turbulent quantities.

2.3 Spatial & temporal discretisation

Simulations in this investigation are performed on a two-dimensional CH-type structured grid, with an up-
stream boundary of 40 chords and downstream boundary of 60 chords. The grids are constructed through
hyperbolic extrusion of nodes in the wall normal direction, allowing for high orthogonality throughout the
domain. To ensure mesh independent solutions of the unsteady flowfield, three levels of grid refinement are
considered. Refinement is primarily concentrated in the shock region and at the aerofoil trailing edge, to en-
sure sufficient resolution in regions of significant pressure fluctuation. The node count for each of the grids,
along with the corresponding resolution through the mean shock location are provided in Table 1, where i
indicates the streamwise direction and j the wall-normal direction.

Grid Size (i× j) Shock Resolution (c)
G1 230 × 112 0.0075
G2 410 × 126 0.005
G3 570 × 138 0.0025

Table 1: Computational grid properties.

To assess mesh independence, simulations are performed at the established buffet condition from McDevitt
& Okuno [11] (M = 0.72, Re = 10 × 106 and α = 6◦). Mesh independence is achieved at the medium
resolution grid, where the peak root mean square pressure coefficient and buffet reduced frequency are within
2% of the fine grid. To assess temporal convergence, the baseline McDevitt & Okuno [11] condition was
again employed on the medium density grid for three levels of temporal resolution. The root mean square
pressure fluctuations indicate convergence of the pressure field with a nondimensional time-step (with respect
to the speed of sound) of 0.002. The lift coefficient frequency responses (not shown) display consistent
predictions of the fundamental and first harmonic frequency for τ = 0.001 and τ = 0.002, with marginally
lower reduced frequencies at the coarsest resolution. Owing to this, all subsequent simulations are performed
with a nondimensional time-step of 0.002.

3 Results

3.1 Static aerofoil

Employing the developed solution procedure, the buffet onset boundary for the NACA 0012 atRe = 10×106

is computed by angle of attack sweeps at Mach numbers corresponding to the nominal conditions investigated
by McDevitt & Okuno [11]. The resulting stability boundary is shown in Figure 1. The computed onset is
in excellent agreement with the experiments for data sets 1, 5 and 6. At each of these conditions, onset is
characterised by the emergence of Tijdeman Type A[17] periodic shock oscillations over the suction surface
of the aerofoil.
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The higher Mach number condition corresponding to data set 4 is anomalous. The onset incidence at this
condition is overpredicted by approximately 0.5◦. This result is, however, consistent with a number of
studies investigating this test case, including Barakos & Drikakis [12] and Iovnovich & Raveh [18]. The
difficulty in accurately capturing onset at this condition is related to a shift in the nature of shock dynamics
at low incidence. At lower Mach numbers and moderate incidence, the NACA 0012 exhibits Type II shock
oscillations constrained to the suction surface. The low incidence onset condition at M = 0.8 consists of
oscillations of both a strong upper surface shock and weaker lower shock. This shock motion is akin to
Type I shock oscillations typically observed on biconvex and symmetric aerofoils at zero incidence [19, 20].
Relative to onset at lower Mach numbers, the emergence of Type I shock-induced oscillations is subtle, with
comparatively smaller shock travel and lower levels of pressure fluctuations.
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Figure 1: NACA 0012 buffet onset boundary.

The reduced aerodynamics frequencies at developed buffet conditions for each of the data sets are provided
in Table 2. While the buffet frequency is accurately captured at M = 0.72, discrepancies arise at higher
Mach numbers. At M = 0.75 and M = 0.77, the computed buffet frequencies are underpredicted and
overpredicted, respectively. The values are however within reasonable deviations from the experiments
and are consistent with URANS results reported by several authors[13, 18]. The result at M = 0.8 is
somewhat less convincing. The simulations yield a steady solution where the experiments predict sustained
shock oscillations. Repeating this condition at various levels of spatial and temporal resolution consistently
produced a steady flowfield. As previously noted, the buffet magnitudes atM = 0.8 are significantly smaller
than those observed at the lower Mach numbers. It is possible that this condition lies toward the upper Mach
number bound of the buffet envelope. In a similar light to the delay in onset prediction to higher incidence,
the simulations appear to predict offset at a lower Mach number. While further investigation is necessary
to confirm this, the solution method presented herein correlates well with the experiments of McDevitt &
Okuno [11] across the majority of conditions considered and will be employed to examine the influence of
control surface deflections on the aerodynamic and elastic response of the NACA 0012 at buffet conditions.

M α(◦) ksim kexp
0.72 6 0.55 0.55
0.75 4 0.43 0.47
0.77 4 0.47 0.44
0.80 4 Steady 0.38

Table 2: Comparison of computed NACA 0012 buffet frequencies with McDevitt & Okuno [11].
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3.2 Static trailing edge deflections

The influence of static trailing edge deflections on the buffet response of the NACA 0012 aerofoil is investi-
gated by means of a blended flap configuration. The aft 20% of the section is statically deformed by the flap
deflection angle δf , with diffusion-based smoothing applied to the baseline grid. The study of Braza [10]
has shown that inclusion of a slotted flap may have an appreciable effect on the trailing edge flowfield, and
in some instances, the shock location. Nonetheless, the grid densities required to sufficiently resolve the
flow through the slot are not amenable to the parametric study of dynamic control surface deflections in-
tended in this study. To this effect, the data from Braza [10] are employed to validate the present method of
incorporating control surface deflections.
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Figure 2: Validation of static trailing edge flap deflection.

In Figure 2(a), the computed suction surface mean pressure coefficients for a range of flap deflection an-
gles are compared to those found in the experiments of Braza [10]. At small deflections, the simulations
accurately reproduce the pressure distribution over the entire section. As the flap deflection angle increases,
discrepancies in the pressure distribution aft of the hinge axis begin to emerge, with the computations over-
estimating the pressure recovery through to the trailing edge. The shock location is generally well predicted,
with the exception of δf = 6◦, where the computed shock location lies approximately 5% chord upstream of
the experiment. While these discrepancies could potentially be addressed through resolution of the slotted
flap flow, the results are in sufficient agreement with the experiment to warrant the continued use of the
blended flap. This is further demonstrated by the excellent correlation in buffet onset prediction relative to
the experiment evident in Figure 2(b). While the onset prediction degrades, expectantly, at larger flap deflec-
tion, the reduction in onset incidence is apparent. Further, at the developed buffet condition of M = 0.70,
α = 6.8◦ and Re = 3× 106, the computations yield a buffet frequency within 5% of the experiment. Owing
to the fair agreement presented, the blended flap configuration is employed through the remainder of this
study.

To further probe the effect of static trailing edge deflections on the aerodynamic response of the NACA
0012 at buffet conditions, conditions corresponding to data set 6 of McDevitt & Okuno are considered
(M = 0.72 and Re = 10 × 106). In Figure 3, the root mean square (RMS) lift coefficient is shown for
angle of attack sweeps at various static deflection amplitudes. Figure 3(a) plots the RMS lift against angle of
attack. It is immediately apparent that an increase in control surface deflection reduces the onset incidence.
This reduction is significant; falling from α = 4◦ in the baseline configuration to α = 1.5◦ at δf = 10◦.
Peak RMS loading through the centre of the buffet envelope also increases with control surface deflection
- growing 20% from the baseline to δf = 6◦. At δf = 10◦, the peak RMS loading is again equivalent to
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the baseline, however, the extent of the buffet region has narrowed by 30%. While positive deflection of the
trailing edge control surface reduces the buffet onset incidence, Figure 3(b) indicates that this is accompanied
by an increase in the mean lift coefficient at onset. Similar behaviour has been identified experimentally by
Lee [21], where it was noted that the rapid increase in RMS loads at onset (as shown in Figure 3(b)) is
characteristic of onset at lower Mach number conditions. The tendency of trailing edge flap deflections to
delay the onset of large-scale unsteadiness to higher lift coefficient is a favourable outcome. At a given Mach
number, the buffet-free envelope of an aircraft may be extended through a small-amplitude static deflection
of an aft control surface. Large amplitude deflections (δf > 6◦) should be avoided; although the mean lift at
onset is significantly higher and a comparatively narrow region of shock unsteadiness exists, complete stall
of the aerofoil occurs at relatively low incidence (α = 5.5◦ for the NACA 0012 at conditions considered
herein).
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Figure 3: RMS lift variation with changes in incidence at various trailing edge flap deflections.

3.3 Static leading edge deflections

While the effects of static trailing edge control surface deflections have been investigated in the past [6, 22],
no studies on the influence of leading edge slat deflections are available in the literature. These effects are
investigated herein, with the baseline condition again corresponding to data set 6 from McDevitt & Okuno
[11] (M = 0.72 and Re = 10 × 106). Angle of attack sweeps are performed at this condition to capture
the extent of incidence for which buffet persists with static leading edge slat deflections (δs) between 2◦ and
10◦. A blended slat geometry with hinge line at 15% chord of the NACA 0012 is considered.

Analogous to the preceding Section, Figure 4 shows the variation in RMS lift coefficient with both angle
of attack and mean lift coefficient at various leading edge slat settings. Clear trends are apparent in the
effects of slat deflection on the buffet envelope. An increase in slat deflection imparts similar influence to
the buffet boundary as is observed with an increase in Mach number. This is to be expected, as the increase
in flow acceleration around the leading edge is analogous to an increase in freestream Mach number. From
Figure 4(a), an increase in slat deflection is accompanied by both a reduction in buffet amplitudes and a
narrowing of the incidence region for which buffet persists. In a similar fashion to the influence of trailing
edge flap deflections, increasing the leading edge slat setting acts to reduce the onset incidence. However,
from Figure 4(b) this reduction in onset incidence is also accompanied by a reduction in mean lift coefficient
at onset. Ultimately, while deflection of a leading edge slat may alleviate the severity of autonomous shock
oscillations, it inhibits the maximum lift coefficient at onset, and may thus be ineffective as a means of
extending the buffet-free flight envelope.
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Figure 4: RMS lift variation with changes in incidence at various leading edge slat deflections.

3.4 Influence of static control surface deflection on buffet frequency

Figure 5 shows the influence of static control surface deflections on the reduced buffet frequencies of the
NACA 0012 throughout the buffet region at M = 0.72 and Re = 10 × 106. In both instances, and increase
in control surface deflection appears to have a marginal effect on the reduced buffet frequencies. At onset,
a reduced buffet frequency of ksb ≈ 0.4 persists, growing approximately linearly with an increase in inci-
dence. For lower δf and δs, where the instability region is larger in extent, the gradient ∂ksb/∂α steepens at
higher incidence, adopting a quadratic character. Ultimately, the control surface setting predominately acts
to reduce the onset incidence, however, from this point the reduced buffet frequency evolves with incidence
in a consistent manner with the baseline configuration [23].
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Figure 5: Effect of control surface deflection on reduced buffet frequency.
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3.5 Dynamic trailing edge deflections

In recent studies of transonic shock buffet, numerous authors [24, 25, 13, 7] have noted the emergence
of a frequency synchronisation phenomena occurring when an aerofoil experiencing buffet is harmonically
excited at a frequency close to the fundamental flow frequency. When this excitation is in the pitch or heave
degrees-of-freedom, this can lead to amplification in the unsteady loads experienced by the section. However,
Iovnovich & Raveh [7] have shown that for a harmonic excitation in the flap degree of freedom, attenuation
of loads may emerge for certain driving frequencies. In this study, the trailing edge flap of the NACA 0012 is
driven at frequencies 0.5 ≤ kf/ksb ≤ 1.5, where kf is the flap excitation frequency and ksb the rigid aerofoil
buffet frequency.

In Figure 6, a map of the lock-in region across various excitation amplitudes and frequencies is shown. At
conditions marked with response at the driving frequency, the aerodynamic coefficients exhibit frequency
content concentrated at the driving frequency, and potentially, the sub- and superharmonics of this excitation
frequency. The extent of the lock-in frequency band is seen to grow as the excitation amplitude increases.
This growth with driving amplitude is approximately symmetric about the buffet frequency. This is con-
trary to the synchronisation behaviour observed for harmonic pitch excitation, where the lock-in region is
concentrated at driving frequencies above the buffet (where the pitching moment coefficient leads the struc-
ture) [7, 24]. Additionally, the amplitude of flap excitation necessary to incite lock-in is significant if the
driving frequency is far from the buffet. A flap amplitude of δf = 8◦ is required for the lock-in region
to span a 50% deviation from the rigid buffet frequency. While the control effort necessary maintain such
large amplitude flap deflections is likely prohibitive, synchronisation can be promoted by smaller amplitude
oscillations if the flow frequency is known.
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Figure 6: Map of lock-in region with trailing edge flap excitation.

To gauge the influence of forced trailing edge oscillations on the unsteady aerodynamic response, Figure 7
presents the lift and pitching moment response across various excitation amplitudes and an excitation fre-
quency of kf = 1.25ksb. At low driving amplitude (δf = 2◦), the buffet frequency dominates the response
in both aerodynamic coefficients, with the secondary presence of the excitation frequency producing a mild
beating response that amplifies the fluctuations relative to the rigid section. As the excitation amplitude in-
creases, the buffet frequency continues to dominate the frequency content of the aerodynamic coefficients.
The first subharmonic of the buffet frequency also becomes prominent in this instance, and the interaction
with the driving frequency yields aperiodic responses in both the lift and pitching moment coefficients. For
δf = 8◦, The buffet frequency has vanished and frequency content is concentrated at the excitation frequency
and its first superharmonic. At these conditions, attenuation in the unsteady response of both aerodynamic
coefficients is apparent.
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Figure 7: Aerodynamic coefficient time histories at various excitation amplitudes (kf/ksb = 1.25).

To better understand the effect of driving frequency on the unsteady load fluctuations, Figure 8 shows the
root mean square lift and pitching moment coefficients for the range of excitation amplitudes and frequencies
investigated. For each driving amplitude, in the absence of frequency sychronisation the excitation frequency
imparts a negligible influence on the RMS of the aerodynamic coefficients and the aerofoil under dynamic
trailing edge oscillations experiences nominally larger fluctuation in loads relative to the rigid section. Within
the lock-in region, excitation frequencies below the buffet exacerbate the unsteady aerodynamic response;
an effect that becomes more pronounced at larger excitation amplitudes. Attenuation in both lift and pitching
moment fluctuations is observed within the lock-in region for driving frequencies above the buffet. The most
favourable response is evident at δf = 8◦ and kf/ksb = 1.25, where a 30% and 40% reduction in RMS
lift and pitching moment coefficients is found, respectively. Again, the control effect necessary to achieve
significant unsteady load attenuation in both the lift and pitching moment coefficients is inordinate for a true
aircraft system. From this parameter study it would appear that robust buffet alleviation through open-loop
trailing edge flap oscillations is not achievable.
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Figure 8: RMS variation in aerodynamic coefficients at various excitation amplitudes and frequencies.
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The preceding discussion demonstrates that shock buffet lock-in to the trailing edge flap excitation occurs for
a range of driving frequencies in the vicinity of the buffet. The extent of the lock-in frequency band grows
with excitation amplitude. Although shock buffet and the associated lock-in phenomenon is inherently non-
linear, under synchronisation conditions the aerodynamic response consists primarily of a single frequency
(and its harmonics), permitting analysis of the response through a frequency sweep study. The amplitude re-
sponse behaves in an analogous manner to the RMS coefficients present in Figure 8 and so this is not repeated
here. Figure 9 shows the phase of the lift and quarter-chord pitching moment to trailing edge excitation at
lock-in conditions. At all excitation amplitudes the lift coefficient lags the control surface motion, with a
steeper phase gradient through the buffet frequency encountered at lower δf . The pitching moment coeffi-
cient yields a more interesting response. At all amplitudes the aerodynamics lead the motion for excitation
frequencies below the buffet, indicating the possibility of an aerodynamic instability at these conditions. At
the buffet frequency, the pitching moment response experiences a 180◦ phase lag, which persists for driving
frequencies above the buffet. In conjunction with the attenuation in RMS loads in this frequency band (as
shown in Figure 8), it appears mitigation of autonomous shock oscillations through harmonic trailing edge
oscillation is most receptive to large amplitude deflections at driving frequencies above the buffet. This anal-
ysis has been repeated at a driving amplitude of δf = 4◦ and with phase shifts φ of 90◦, 180◦ and 270◦.
The influence of excitation phase is negligible. Once frequency lock-in occurs, the aerodynamic response
becomes phase locked with the excitation and the response is identical to that presented in this section.
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Figure 9: Phase of lift and moment coefficients at lock-in conditions.

3.6 Aeroelastic pitching

The shock buffet lock-in phenomenon briefly described in Section 3.5 for harmonic excitation of an aerofoil
further extends to elastically suspended aerofoils, so long as the structural eigenfrequency is sufficiently
close the buffet [26, 27, 28, 14, 29, 9]. In this section, the aeroelastic response of the NACA 0012, free to
rotate in pitch, is examined at the nominal buffet condition of M = 0.72, Re = 10 × 106 and α = 6◦. A
fourth-order Runge-Kutta time-marching integration is employed to solve for the structural displacement, as
given by:

Iα(¨̄α+ 2ζωα ˙̄α+ ω2
αᾱ) = M1/4c (1)

where ᾱ, ˙̄α and ¨̄α are the pitch displacement, velocity and acceleration respectively, ωα is the pitch natural
frequency, ζ is the structural damping and M1/4c is the pitching moment about the quarter-chord point. The
elastic axis and centre of gravity are enforced at the quarter-chord point such that all moments in Equation 1
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are taken about this point. The pitch moment of inertia Iα is computed by:

Iα = µπρ∞b3r2α (2)

where ρ∞ is the freestream density, b is the aerofoil semi-chord and r2α = 0.5 is the radius of gyration, which
is held constant across all simulations. The parameter µ is the sectional mass ratio, given by:

µ =
m

πρ∞b2
(3)

Nominal structural parameters of µ = 100 and ζ = 0.02 are employed and the wind-off pitch natural fre-
quency is varied between 0.5 ≤ kα/ksb < 1.75. In Figure 10, the variation of pitch displacement amplitude
and response frequency are plotted against the ratio of wind-off structural eigenfrequency and rigid aerofoil
buffet frequency. The parameter kα−sb represents the dominant pitch response frequency once a steady state
LCO is achieved. The plots are divided into three distinct regions, where qualitatively dissimilar behaviour
is observed.
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Figure 10: Effect of frequency ratio on pitch response amplitude and frequency.

From Figure 10(b) at frequency ratios below 0.95, the coupled pitch response frequency follows approxi-
mately the rigid aerofoil buffet frequency. In this region, the oscillating shock acts as an external forcing
to the aeroelastic system. The pitching motion is driven at the buffet frequency, and a gradual increase in
LCO amplitude is evident as the structural natural frequency approaches the buffet. From approximately
kα/fsb = 0.95, lock-in of the shock oscillation frequency to the pitching mode is observed. This is in accor-
dance with previous studies on both the NACA 0012 [30] and the OAT15A [27], where the onset of lock-in
occurs at the rigid aerofoil buffet frequency. In Figure 10(b), the structural response is shown to be concen-
trated at the modal frequency through to kα ≈ 1.5fsb. Throughout this region a distinct resonance is present
in the pitch amplitude, with the maximum amplitude LCO response occurring at kα ≈ 1.25ksb. This shift
in the maximum amplitude aeroelastic response to higher frequencies relative to the dominant aerodynamic
mode is supported by similar findings for forced harmonic motions [31, 13, 25]. At kα ≈ 1.5fsb offset of
the shock buffet lock-in phenomenon occurs. The pitch response settles to a low amplitude LCO driven at
the frequency of shock oscillation, essentially behaving as a single degree-of-freedom harmonic oscillator.

3.7 Aeroelastic pitching with dynamic trailing edge deflections

To access the influence of harmonic trialing edge excitation on the aeroelastic response of the NACA 0012,
this section considers three aeroelastic configurations; kα = 0.7ksb, kα = 1.2ksb and kα = 1.6ksb. These
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configurations are representative of the three distinct aeroelastic behaviours observed for an aerofoil at shock
buffet conditions in Figure 10. The mass and damping ratio of the elastically-suspended section are once
more µ = 100 and ζ = 0.02, with a mean flow condition of M = 0.72, Re = 10 × 106 and α = 6◦. For
each configuration the trailing edge is driven at an amplitude of δf = 4◦ with excitation frequencies in the
range 0.5 ≤ kf/ksb ≤ 2.

In Figure 11, the root mean square pitch displacement and response frequency are shown for the three
configurations described across the excitation frequencies considered. Dashed lines represent the RMS and
response frequency of the corresponding aeroelastic response in the absence of trailing edge oscillations.
With both the pitch and flap excitation frequencies below the buffet, the aerofoil experiences amplification in
the pitch response. For the particular case of kα = 0.7ksb, Figure 11(b) shows that lock-in of the pitch mode
to the flap excitation frequency occurs through 0.75 ≤ kf/ksb ≤ 1.05. In this region the pitch amplitude
attenuates up to the offset of lock-in, from which the pitch response amplitude and frequency approximately
follow that of the fixed trailing edge, with the response concentrated at the rigid aerofoil buffet frequency.
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Figure 11: Effect of frequency ratio on pitch response amplitude and frequency.

Considering the structural configuration for which lock-in to the pitch mode was observed in Section 3.6
(kα = 1.2ksb), harmonic trailing edge excitation has a negligible effect on the response frequency. From
Figure 11(b) it is evident that the pitch response remains synchronised with the pitch natural frequency
regardless of the flap excitation frequency. This is accompanied by an approximately 35% increase in RMS
pitch displacement across all driving frequencies. At flap excitation frequencies in the vicinity of the buffet
a mild resonance effect is noted. While the dominant pitch response frequency is concentrated at the pitch
mode, for these conditions frequency content is also evident at kf , which exacerbates the response amplitude.

In the case for which the pitch natural frequency exceeds the offset of pitch-mode lock-in, the inclusion of
trailing edge oscillations is generally detrimental to the response. With the frequency band 0.9 ≤ kf/ksb ≤
1.1, the pitch response synchronises with the flap excitation, yielding pitch displacements analogous to the
rigid trailing edge. Outside of this region, the perturbations induced by the control surface act to expand the
bounds of the pitch-mode lock-in region, resulting in a response frequency that follows the pitch eigenfre-
quency and a significant amplification in the pitch response. From the combination of parameters considered
herein it appears that open-loop control surface actuation of an elastically-suspended aerofoil at shock buffet
conditions is globally detrimental to the system’s aeroelastic response. It is possible that larger amplitude
control surface deflections may have a more appreciable influence on the response, however, as previously
noted, the necessary control effect becomes prohibitive for implementation in a true aircraft system. Ulti-
mately, feedback control actuation could provide a remedy, so long as a physically observable state of the
system that is directly correlated with the buffet response can be identified. Gao et. al. [8] have employed the
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balanced lift coefficient as a parameter in their control law for buffet alleviation of a rigid aerofoil. Regarding
the observable in an aeroelastic system, the pitch displacement is the logical selection, and future work will
investigate the efficacy of a number of control laws for suppression of the buffet instability in an aeroelastic
system.

4 Conclusion

This paper has investigated the transonic shock buffet phenomenon on the NACA 0012 aerofoil through
URANS simulation. The test case has been validated against available experimental data and has accurately
captured the buffeting response in the vicinity of onset. The influence of both static leading and trailing edge
control surfaces on the buffet response has also been considered. Static deflection of a trailing edge flap
is found to decrease the incidence at which onset occurs. This is, however, accompanied by a significant
increase in the mean lift at onset, and may provide a viable means of extending the flight envelope of an
aircraft operating near the buffet envelope. The contrary is observed for static leading edge flap deflections,
where a narrowing of the buffet region is accompanied by a reduction in the mean lift coefficient at onset.
Static deflection of either control surface is seen to have a negligible effect on the buffet frequency.

Dynamic trailing edge flap excitation has also been found to have a pronounced influence of the buffet re-
sponse. Synchronisation of the shock oscillation to the trailing edge excitation occurs at driving frequencies
in the vicinity of the buffet. This lock-in region extends to frequencies farther from the buffet as the exci-
tation amplitude increases. At driving frequencies below the buffet, amplification in the RMS aerodynamic
coefficients has been observed. In this frequency band, the pitching moment coefficient also exhibits a phase
lead relative to the control surface motion; an indicator of a potential aeroelastic instability. Single degree-
of-freedom simulations of an elastically-suspended NACA 0012 free to rotate in pitch also display have also
shown the presence of a frequency lock-in phenomena, with the aerodynamic response synchronising with
the pitch mode for wind-off pitch natural frequencies above the buffet. Forced harmonic trailing edge oscil-
lations in the elastically-suspended system tend to exacerbate the aeroelastic response, extending the lock-in
frequency range and amplifying pitch displacements. To effectively mitigate the large amplitude displace-
ments associated with this lock-in phenomenon, a feedback control system is required. This is currently
being investigated by the authors.
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Abstract
In this article, we develop a nonlinear data-driven model of the aerodynamic force on an aerofoil made to
oscillate in pitch in a wind tunnel under constant flow conditions. The proposed model structure is a poly-
nomial nonlinear state-space model (PNLSS) which is an extension of the classical linear state-space model
with nonlinear functions. In this work, we use experimental data of an aerofoil onto which a pitching motion
is imposed, using a dedicated cyber-physical fluid dynamic (CPFD) setup. The pitch angle is considered
as the input to the system, while the aerodynamic force is considered as the output of the system. Differ-
ent input signals (single sines, multisines) are considered at different amplitudes and offset angles for the
pitching aerofoil. Results show that the PNLSS model is three times more accurate than the linear model in
minimising the least squares cost function. To the author’s knowledge, this constitutes the first instance of a
fully nonlinear state space model of an oscillating aerofoil developed from experimental measurements.

1 Introduction

Reducing the weight of aircraft is an important factor in improving their performance. In order to ensure
that light-weight aircraft operate under an acceptable factor of safety, accurate identification of the nonlinear
dynamic response of the aircrafts becomes very important. Modelling unsteady aerodynamics is quite a
challenging task and even for 2D incompressible flows, closed form unsteady aerodynamic theories are not
trivial. Analytical models by Theodorsen [20] and the semi-empirical model of Leishman and Beddoes [12]
are still used today to gauge the performance of different unsteady aerodynamic models. The Theodorsen
model calculates lift and pitching moment of an aerofoil undergoing harmonic motion and Leishman et al.
presented a dynamic stall model for an aerofoil in pitch/heave motion. Comparison of different unsteady
aerodynamic models using potential flow theory can be found in [10].

In most cases, the analytical representation of the physical system is complex and sometimes even impos-
sible. Another approach to model nonlinear phenomena is by using data-driven (black-box) models con-
structed from input and output data. One such class of black-box models is the polynomial nonlinear state
space model (PNLSS). The PNLSS framework allows to model nonlinear phenomena in an efficient manner
which is suitable for computer implementation [15].

Decuyper et al. [4] modelled the kinematics of oscillating cylinder using the PNLSS technique. They used
Computational Fluid Dynamics (CFD) simulations to calculate forces acting on the cylinder for different
oscillating frequencies. Using the CFD data, they identified a PNLSS model. This model was able to capture
the dynamic features of oscillating cylinders such as the lock-in phenomenon and vortex shedding. In this
work, a similar strategy is adopted but instead of CFD data, experimental data of a pitching aerofoil is used

547



to develop the PNLSS model. The experimental data is obtained from the Cyber-Physical Fluid Dynamic
(CPFD) setup developed by Ertveldt et al. [9].

2 Experimental Setup

Most of the recently developed experimental setups, such as Babbar et al. [1, 2], which allows for forced
motion of the wind tunnel model, are capable of exciting the wind tunnel model with harmonic excitation
signals only, whereas the CPFD setup allows to excite the wind tunnel model through arbitrary excitation in
both plunge and pitch. In case of the nonlinear systems, the choice of the excitation signal becomes very
important. The CPFD setup has the ability to excite the wind tunnel model with a variety of input signals,
e.g. single sines, swept sines and multisines, at different pitch amplitudes and offset angles [7, 8]. The CPFD
setup, shown in Figure 1, imposes pitching/plunging motion on a wing using four linear actuators, two on
each side of the wing. The resulting unsteady aerodynamic forces are measured by four load cells that are
placed between the linear actuator and the pitch beam. The pitch beam converts the linear motion of the
actuators to a rotary motion of the wing. The pitch beam is restricted by a linear mechanism to move only
in the plunge direction i.e. perpendicular to the wind. The setup is symmetric, i.e. the support and actuation
mechanism at both side of the wing are identical. The complete CPFD mechanism is installed in the wind
tunnel section with a test area 1.3 m × 0.45 m (width × height). A rectangular wing of profile NACA 0018
was used for its high thickness and therefore stiffness. The wing span is 1.22 m, which is almost equal to the
width of the test section. A modal analysis revealed that the first resonance frequency of the system is at 83
Hz.

Figure 1: The Active Aeroelastic Test Bench. CAD model illustrating the leading- and
trailing-edge linear actuators, the pitch beam, and the wing (left). One side of the
CPFD mounted to the wind tunnel (right) [7]

In this work, single sine and multisine excitation signals are used as the input and the resulting forces are
measured on the aerofoil undergoing pitch oscillation at different offset angles. Forces on the trailing and
leading edge of the wing are measured separately by two load cells each. The total force is calculated by
adding the forces on each actuator. The contribution of the aerodynamic forces in the total force is estimated
by subtracting the inertial forces exerted by the wing. Details about the aerodynamic force calculation are
given in [6].

3 PNLSS modelling strategy

Polynomial nonlinear state-space (PNLSS) models are an extension of the linear state-space models where
the state and output equations are extended with nonlinear functions f and g, as shown in Equation (1). The
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PNLSS model is built in discrete time which is more suitable for control applications. The output of the
system, which is the lift force in our case, is denoted by cl and the input, which is pitching angle, is denoted
by α. The set of internal variables, called the states, are given by x.

x(k + 1) = Ax(k) + Bα(k) + f(x(k), α(k)) (1a)

cl(k) = Cx(k) + Dα(k) + g(x(k), α(k)) (1b)

where x(k) ∈ Rnx is the state vector with nx being the order of the linear part. The input vector α(k) ∈ Rnα
with nα equal to the number of inputs and cl(k) ∈ Rncl , which is a vector of all the ncl outputs. As
mentioned earlier, forces at trailing and leading edge of the aerofoil are measured separately. Thus we have
a single input (pitch oscillation) and multiple output (trailing and leading edge forces) SIMO system. In this
work, we have identified a nonlinear model for the trailing edge forces only, thus making it a Single Input
Single Output SISO system, where ncl = nα = 1. A nonlinear model for the leading edge forces can be
identified in the same way and the two nonlinear models can be used to calculate the aerodynamic force on
the complete wing as discussed in section Section 2. Using the SISO implementation, the dimensions of the
matrices of the state and the output equations become: A ∈ Rnx×nx , B ∈ Rnx×1, C ∈ R1×nx and D ∈ R1×1.

In the PNLSS case, the nonlinear functions f and g are expanded in monomial basis functions. This can be
written as a product of a matrix of monomial basis functions and a vector of coefficients for the selected
terms of the monomials. Hence Equations (1a) and (1b) can be rewritten as:

x(k + 1) = Ax(k) + Bα(k) + Eζ(k) (2a)

cl(k) = Cx(k) + Dα(k) + Fη(k) (2b)

where ζ(k) ∈ Rnζ and η(k) ∈ Rnη contain the nonlinear monomials in the state and output equation respec-
tively. The monomials ζ(k) and η(k) are formed as cross products between the input and the state variables
raised to a degree p for the state equation (Equation (2a)) and q for the output equation (Equation (2b)).
Generally, the first degree is omitted since these contributions are already covered by the linear part of the
structure. An example of an element in ζ(k) is given by :

ζg,h1,...,hnx (k) = αg(k)

nx∏

i=1

xhii (k) (3)

with the total degree of the monomial satisfying the condition: g+Σnx
i=1hi ∈ {0, 2, 3, ..., p} with [g, hi] ∈ N.

Therefore, E ∈ Rnx×nζ and F ∈ Rnx×nη , with nζ and nη the number of combinatorial products between the
states and the input, satisfying the condition on the total degree of the monomial [3].

3.1 Cost function

The choice of the cost function depends upon the features of the training data that the user wants to incorpo-
rate in the resulting PNLSS model. Since we wanted the PNLSS model to be more accurate in the frequency
band of interest (0-25 Hz), we used a frequency-domain weighted least squares cost function to minimise the
error on the selected frequencies as given in Equations (4a) and (4b).

VWLS(θ) =

Nf∑

k=1

|e(ωk, θ)|2 (4a)

e(ωk, θ) = W (ωk)(CL(ωk)− CLmod(ωk)) (4b)
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Here W ∈ RnCL×nCL is a frequency domain weighting matrix specified by the user. CL and CLmod are
the discrete Fourier transform (DFT) of the training data and the simulated output of the nonlinear model
respectively andNf is the total number of frequency lines. θ is a vector of parameters to be optimised. These
parameters are all the coefficients in the A, B, C, D, E, and F matrices:

θ = [vec(A); vec(B); vec(C); vec(D); vec(E); vec(F)] (5)

where vec denotes the operator which stacks all the elements of a matrix in a single column vector.

The PNLSS model identification consists of four main steps:

1. First a linear nonparametric estimate (Ĝ) of the system is obtained from data. The linear nonparametric
estimate is a frequency response function (FRF).

2. Secondly a linear parametric estimate Ĝpar(θlin) of the FRF is obtained using linear identification
techniques.

3. Next, all coefficients are further tuned to the data via nonlinear optimisation of the cost function given
in Equation (4). As initial values for the A, B, C and D matrices the parametric estimate Ĝpar(θ) is
used, E and F are initially set to zero. The data used in this step is called the training data.

4. Finally, the model is validated by assessing its performance of simulating the output to a new (not used
during the tuning of the model) data sequence. This new data is called the validation data.

3.2 Optimisation

As discussed previously, the parametric PNLSS model is tuned to training data using a nonlinear optimisation
of the cost function given in Equation (4). The optimisation is performed using the Levenberg-Marquardt
(LM) algorithm [13], which is a gradient descent based method. The LM algorithm falls under the category
of local optimisation techniques, thus it strongly depends on the choice of the initial values. Given the
starting values, the optimisation can be seen as a descending path along the cost function. Unfortunately, the
optimisation may easily end up in a local minimum, close to the starting point. It is in fact unlikely that the
global minimum is obtained. To increase the chances of ending up in a sufficiently good local minimum,
one would like to descend the cost function over multiple paths, in different descending directions. A way
to come to different descending paths, from a certain starting point, is by calculating the gradient based on
a subset of the parameters, as opposed to all parameters simultaneously. Keeping a number of parameters
constant during the optimisation reduces the degrees of freedom, resulting in different paths. This is a valid
approach considering that generally not all monomials and hence degrees of freedom are required.
We have used the same optimisation strategy as described in [4]. In each iteration run, a number of possible
subsets are individually tested and the resulting models for each subset are compared on the basis of their
Root Mean Square (RMS) error. The model with the lowest RMS error is selected to proceed to the next
iteration step and this iterative process is continued untill no subset can be found for which the optimisation
yields a better estimate. The details on the optimisation strategy are given in [3, 4].

4 PNLSS model identification

In this section the PNLSS model identification technique is used to estimate a nonlinear model for the training
data. The identification process starts with calculating the linear nonparametric estimate of the training data.
The nonparametric estimate is used to obtain a parametric model, which is subsequently used as the initial
model for the optimisation algorithm to identify the best nonlinear PNLSS model.

550 PROCEEDINGS OF ISMA2018 AND USD2018



4.1 Training data

The training data used for the PNLSS model identification is the experimental data of forces acting on the
pitching aerofoil. Making a model which captures the dynamical features of the system requires a training
data which covers the desired region of the solution space. This results in the fact that the nonlinear model
will be strongly conditioned on the training data which was used. An efficient way of covering the solution
space of nonlinear systems is by exciting it using a multisine excitation signals [16]. A multisine signal is
composed out of N harmonically related sines, which are integral multiple of a base frequency f0.

α(t) =
N∑

k=1

Ak sin(2πkf0t+ φk) (6)

The amplitude Ak of each harmonic can be explicitly selected by the user. We have used an odd random
phase multisine signals in which only the odd harmonics are excited and some of the odd harmonics are
randomly omitted. The omitted frequency lines allow for the estimation of nonlinear distortions [22]. The
phases φk are randomly chosen between [0-2π). Choosing random phases for the multisine signal has a
number of advantages. Random phases avoid the energy accumulation at the start of frequency band, thus
improving the crest factor [17]. Random signals are more suitable for estimating nonlinear distortions and
random phase multisine resembles a random signal as it attains a gaussian distribution for a sufficiently large
number of data samples [18].

4.2 Non parametric linear approximation

The local polynomial method (LPM) developed by Schoukens et al. [19] is used to obtain a non-parametric
linear approximation of the system. The noise and the nonlinear distortions in the training data are also
estimated. The noise on the training data is estimated by calculating the variance over multiple periods of the
data. Generally, the nonlinear distortions are estimated by calculating the variance over multiple realisations
of the data, but the odd random phase multisine signals allow for the calculation of the nonlinearities from a
single realisation.

4.2.1 Quantification of nonlinearity

The experimental data from the CPFD setup is in the low-speed subsonic regime. In this flow regime,
the major source of aerodynamic nonlinearity are the boundary layer and the separated flow regions, as
compressibility effects are negligible. The experiments were performed below the stall angle of attack of the
aerofoil. The NACA 0018 aerofoil has a very gentle stall behaviour and its stall angle of attack is around
21◦ [21]. At lower angles of attack, the boundary layer remains attached at all times and the resulting
aerodynamic nonlinearity is weak. Strong aerodynamic nonlinearity generally occurs only when part of
the flow is separated either permanently or instantaneously. Separated flow occurs around bluff bodies and
streamlined bodies at high angles of attack or motion rates [5]. As we were interested in modelling the
aerodynamic nonlinearity, the experiments with high offset angles were considered for the PNLSS model
identification.

The noise and nonlinear distortion estimates obtained are very useful in comparing the available experimental
datasets. The estimated FRF, noise and nonlinear distortion for the experimental data of 35 m/s at 12◦ offset
angle and 4◦ pitch oscillation are shown in Figure 2.
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Figure 2: FRF measurement of the force at one load cell of trailing edge actuator of
the CPFD setup with quantification of the level of nonlinear distortions and the noise in
the measurement.

The level of nonlinearity for the available experimental datasets are compared by computing the average
of the FRF, the noise and the nonlinear (NL) distortion as shown in Table 1. The pitch oscillation for
experiments at 35 m/s and 30 m/s are 4◦ and 2◦ respectively. The gap between the magnitude of the FRF,
which is the linear response of the system, and the nonlinear distortion is around 20-40 dB. This shows that
the nonlinear distortions are less than 10 % of the linear response of the system. The level of the nonlinear
distortion increases with the increase of the offset angle but the level of noise on the data also increases. A
good nonlinear model should capture the nonlinearities above the noise floor. In terms of difference between
the nonlinear distortion and the noise level, data for 35 m/s and 12◦ offset angle has the largest gap. This
data was used as the training data for the PNLSS model identification.

Table 1: Average of the FRF, nonlinear distortion and noise in the experimental
datasets at different velocities and offset angles

Velocity Offset angle FRFavg Noiseavg NLavg FRFavg - NLavg NLavg - Noiseavg
(m/s) (deg) (db) (db) (db) (db) (db)

35 8 9.71 -33.30 -26.71 36.41 6.60
35 10 8.09 -30.76 -25.03 33.12 5.74
35 12 7.90 -30.09 -18.86 26.77 11.22
30 12 7.55 -22.86 -16.16 23.71 6.70
30 14 7.64 -21.24 -14.34 21.98 6.90
30 16 8.64 -19.30 -17.05 25.69 2.24
30 18 9.37 -15.97 -13.02 22.39 2.96

4.3 Parametric linear approximation

Linear parametric models were identified using both the frequency domain subspace module [14] and the
frequency domain identification FDIDENT [11] tool box for the selected training data. Models with order
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1-5 were scanned and the model order with the best fit in the excited band was selected. It may be noted
that a high order model does not ensure a better fit. Increasing the model order also increases the number
of states which leads to a combinatorial growth of the parameters to be estimated and may result in over-
fitting. Models with too low order, on the other hand, may not be able to capture the dynamics of the system
appropriately. The third order model estimated by FDIDENT toolbox gave the best fit and was therefore
used as the initialisation for the PNLSS model.

4.4 Optimising the PNLSS model

The selected parametric model is used as an initial model for the PNLSS iterative optimisation routine. The
excitation signal used for the training data is the odd random phase multisine excited in the frequency range
of 0-5 Hz. The training data consists of 90 000 samples and has a sampling frequency of 5 kHz. A uniform
frequency weighting from 0-25 Hz is used during the PNLSS optimisation step. The output of the third order
linear model, which was used for initialisation of the PNLSS optimisation, is compared with the PNLSS
model output at only the excited lines in Figure 3. The relative RMS error on the excited lines for the PNLSS
output is only 3% compared to the relative RMS error of 11.5% for the linear model output. The outputs of
the linear model and the PNLSS model are shown in Figure 4 along with the error of the PNLSS output and
the noise level in the training data. The PNLSS output has a good agreement with the training data in excited
as well as unexcited frequency range. It can be observed that the error is almost at the noise level, indicating
that the nonlinear model was able to capture almost all the nonlinear behaviour of the system.
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Figure 3: Comparison of the output of the Linear model and the PNLSS model at the
excited frequencies
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Figure 4: Comparison of the DFT of the measured output (training data), the PNLSS
output along with the error on the outputs and the noise on the measured output in the
time domain (left) and frequency-domain (right)

The relative RMS error of the linear model and the PNLSS model for the output on excited lines, excitation
band and the weighted band are shown in Table 2. The PNLSS model is three times more accurate than the
linear model.

Table 2: Comparison of the relative RMS error of the linear model with the PNLSS
model at the excited harmonics, the excitation band and the weighted band.

Models
Relative RMS error %

Excited harmonics Excitation band (0-5Hz) Weighted band (0-25Hz)
Linear 11.5 22 33
PNLSS 3 6 10

5 Validation

To assess the performance of the estimated model, validation is performed on a dataset which was not used
for model estimation. The validation datasets are chosen so to resemble the operating conditions of the
model. It is not necessarily so that the model which gave the least RMS error during the estimation will also
perform best in the validation step as well. It may happen that due to overfitting of the estimation model,
it performs poorly on the validation data. Therefore, all models obtained during the optimisation procedure
(where every iteration yields a new model) were saved and validated.

The estimated model is validated on a single sine experiment at 2 Hz for the same velocity and offset angle
as that of the training data but with 1◦ pitch oscillation. The relative RMS error of the on the validation data
is 21% while the error of the linear model is 32%. The output of both models is compared with the validation
data in Figure 5. The linear model was not able to accurately estimate the maximum amplitude. The DFT of
the output reveals the limitation of the linear model, as linear models cannot estimate the higher harmonics
of the excited frequencies. The PNLSS model, on the other hand, estimates the amplitude of the excited
harmonic as well as the higher harmonics.
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Figure 5: Comparison of the output of the PNLSS validation model with the linear
output and the validation data in frequency domain (Left) and time domain (Right)

The model was additionally used to simulate the output of two single sines experiments at 1 Hz and 5 Hz for
the same speed, offset angle and pitch oscillation as that of the validation data. The error of the PNLSS model
is high but it is still three times lower than the error of the linear model. The reason for the high error on
the validation data is that the estimation model was tuned on limited training data as only a single realisation
was used. The accuracy of the model can be improved on the validation data by using data for multiple
realisations as the training data. The high error on the single sine validation might indicate that single sines
induce a considerable different flow regime than multisine at the same wind speed and angle of attack. If
single sines are the intended operating signals then training to swept sines might be more appropriate.

Table 3: Comparison of the relative RMS error on the output of the PNLSS model and
the linear model for single sines at 1, 2 and 5 Hz.

Frequency
(Hz)

Relative RMS error %
PNLSS Linear

1 78 240
2 21 32
5 38 170

6 Conclusion

This work presents a first polynomial nonlinear state space (PNLSS) model able to simulate the aerodynamic
force on a pitching aerofoil. The experimental data used to estimate the model is obtained from the Cyber
Physical Fluid Dynamic (CPFD) setup. Initially a non-parametric model is obtained using the Local Poly-
nomial Method (LPM) which was then used to obtain a linear parametric model. The parametric model was
used as initialisation for the PNLSS model, which was optimised using the Levenberg-Marquardt algorithm.
To improve the optimisation, an iterative procedure was adopted in which subsets of parameters were opti-
mised instead of all the parameters at once. The estimated PNLSS model performed significantly better than
the linear approximation yielding an error of 6% on the training data in the excitation band. Thus, we show
that a reliable model can be constructed from wind tunnel data that correctly captures the nonlinearity of the
aerodynamic force. Higher error were observed for the single sine validation. It was suggested that single
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sine experiments induce a flow regime which may be considerably different from the one obtained using
multisines.
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Abstract
A time-domain aeroelastic analysis for short-wing/propeller configuration in compound helicopters is pre-
sented in this paper. A linear Timoshenko beam is used in conjunction with analytical aerodynamic theories,
while propeller effects are simplified as defined velocity profiles in the advancing and vertical directions. A
numerical modal analysis approach is used to incorporate the coupling between bending and torsion. The pa-
per focuses on the application of coupled mode shapes and Timoshenko beam in an aeroelasticity context. A
Eurocopter X3-liked short-wing/propeller configuration is studied. Differences introduced by coupled mode
shapes and Timoshenko beam theory are discussed. The results show that coupled modal analysis gives a
better representation of the modal behaviour with less computational power required. While rotary inertia
and shear deformation effects result in a higher mean deflection and a smaller amplitude in the steady state,
revealing a different energy distribution mechanism compare to Euler-Bernoulli beam in the system studied.

1 Introduction

A major and still open issue in rotorcraft design is the high level of vibration resulting from the complex
interaction between the main rotor and other structures. This interaction strongly affects the fatigue life of
structures, maintenance costs, on-board instrumentation efficiency, and comfort. In the cases of compound
helicopters and tilt-rotor aircraft, the vibrational behaviour is further complicated by the presence of fixed
wings with propellers, or lateral rotors attached to the wing main structure. Another distinctive feature of
these types of rotorcraft is the necessity to deliver rotational power to all rotors by the transmission systems
which further influences the overall structural behaviour with their own dynamics.

The initiative of this paper is to disclose the scientific background of such complex aeroelastic behaviour
using simple and numerically efficient models, which can be further implemented into design and optimi-
sation stages for compound helicopter wing structures. The paper focuses on the application of coupled
modal analysis and Timoshenko beam theory for aeroelastic response of short-wing/propeller configuration
on compound helicopters.

The aeroelastic behaviour is governed by the structural dynamics and aerodynamic loadings of the wing-
propeller system. To achieve the aim, the wing semi-span is simplified as a cantilever beam with a tip loaded
propeller. Having to provide lift, secure tractor propellers in place and still maintain the compatibility of
existing helicopter facilities, the wing needs to be a stiff and short one. Effects of shear deformations need
to be taken into account in this case. Hence, a linear model based on the Timoshenko beam theory is used
for characterising the wing’s structural behaviour.

Studies using Euler-Bernoulli beam theory is a much more common topic in the area of aeroelasticity. As
classic fixed-wing aircraft features a much slender wing, Euler-Bernoulli beam theory is usually sufficient
enough [1–6]. For rotorcrafts, rotor blades are also slender structures that can be characterised by Euler-
Bernoulli beam theory [7, 8]. There are some, however, limited cases featuring other beam theories when
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studying aeroelastic systems. Application of a quasi-slender Rayleigh beam into a semi-analytical model was
carried out by Berci et al. in [9]. Kämpchen et al. studied the aeroelastic response of a very elastic wing [10].
In his case, Timoshenko beam was used to avoid any energy dispersion by coupling between bending and
translational motions. For short wings on compound helicopters, Timoshenko beam incorporating shear
deformation effects is much more suitable.

For the aerodynamic loadings, predictions are made based on time-domain analytical sectional theories, such
as the Wagner’s and Küssner’s models. In this particular case, the propeller slipstream effects on the wing
are modelled as additional velocity components in the vertical and axial directions. Finally, by integrating
the structural and aerodynamic models, the governing equations of motion for the short-wing and propeller
system can be obtained. At this stage, only flapping and torsional motion are taken into account.

A numerical modal analysis approach is used to incorporate coupling between bending and torsion. Can-
tilever beam with coupled bending-torsion motion has been studied by Banerjee et al. [11–13]. They de-
veloped the analytical coupled modal frequencies and shapes for Euler-Bernoulli and Timoshenko beams,
also stating that the application of coupled modes can be further used for aeroelasticity problems for better
accuracy with less computational efforts. In the current paper, a numerical model based on transfer matrix
method will be introduced and applied in an aeroelasticity context.

Based on the coupled mode shapes, the complete aeroelastic model can be discretised by Galerkin’s method
and solved numerically by Newmark-beta algorithm. An approach described in [14, 15] is used. The capa-
bility of the complete model is shown through a case study in similar configuration to Eurocopter X3. The
aeroelastic responses will be compared to the ones obtained by uncoupled mode shapes and Euler-Bernoulli
beam theory, respectively.

2 Mathematical model

2.1 Timoshenko beam theory

In the early 20th century, Timoshenko derived a beam theory that considers shear deformation and rotary
inertia effects for thick/short beams [16,17]. While an Euler-Bernoulli beam assumed slenderness and cross-
section being planar and normal to the neutral axis, a Timoshenko beam allows shear deformation between
beam cross-section and the neutral axis. For compound helicopters having fixed-wing features and tip-
mounted propellers, the wing is a short one for the purpose of providing lift, securing propellers in place
while still maintaining the compatibility with existing helicopter facilities. Therefore, the Euler-Bernoulli
beam assumption for being slender is not valid. Instead a linear Timoshenko beam, in this case, can give a
much more accurate representation for short and stiff wings in compound helicopters.

Figure 1: Beam model xyz coordinate

For a Timoshenko beam considering flapping (h) and torsional (α) motion as illustrated in Figure 1, its
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governing equations can be written as

m
∂2h

∂t2
−mxα

d2α

dt2
− ∂

∂x
[κhGA(

∂h

∂x
− ϕh)] = Lh

ρwIy
∂2ϕh
∂t2

− ∂

∂x
(EIy

∂ϕh
∂x

)− κhGA(
∂h

∂x
− ϕh) = 0

Iα
∂2α

∂t2
−mxα

∂2h

∂t2
− ∂

∂x
(GJ

∂α

∂x
) =Mα

(1)

Where m is the mass per span, xα is the distance between gravitational and shear centres, κh is the shear
coefficient, E and G are the Young’s and shear moduli, respectively, A is the cross-sectional area, ϕh is the
sectional rotation allowing shear deformations, ρw is the wing’s material density, Iy is the second moment
of area, Iα is the mass moment of inertia per span, J is the torsional coefficient and Lh, Mα are the loadings
in flapping and torsional coordinates.

Dimensionless time (τ = U∞t/b) domain is used for this simulation by modifying the real time with the
aircraft advancing speed U∞ and half chord length b. Therefore, Equation (1) can be rewritten considering
dimensionless bending displacement (ξ = h/b) as

m
U2
∞
b
ξ̈ −mxα

U2
∞
b2
α̈− [κhGA(bξ

′ − ϕh)]′ = Lh

ρwIy
U2
∞
b2
ϕ̈h − (EIyϕ

′
h)
′ − κhGA(bξ′ − ϕh) = 0

Iα
U2
∞
b2
α̈−mxα

U2
∞
b
ξ̈ − (GJα′)′ =Mα

(2)

Note that ξ̈, α̈ and ϕ̈h are derivatives with respect to dimensionless time τ , while ξ′, ϕ′h and α′ are derivatives
with respect to wing span coordinate x.

Using modal analysis techniques, displacements in flapping and torsion can be rewritten as Equation (3).
In the case studied, coupling between these two motions are involved. Therefore, coupled mode shapes
are characterised through the transfer matrix method. Hence, they share the same time-dependent function
qj(τ).

ξ =

∞∑

j=0

θj(x)qj(τ); ϕh =

∞∑

j=0

φj(x)qj(τ); α =

∞∑

j=0

ηj(x)qj(τ); (3)

2.1.1 Numerical modal analysis

To perform modal analysis, a numerical approach is introduced here. Comparing to theoretical expressions,
this is a much more versatile way to obtain natural frequencies and mode shapes for structures with coupled
motions. Simple harmonic motions for bending and torsion are assumed as

ξ =
∞∑

j=0

θj(x)e
iωjt; ϕh =

∞∑

j=0

φj(x)e
iωjt; α =

∞∑

j=0

ηj(x)e
iωjt; (4)

Therefore, with uniform beam properties, the governing equations of motion can be written as

−mbω2
j θj +mxαω

2
j ηj − κhGA(bθ′′j − φ′j) = 0

− ρwIyω2
jφj − EIyφ′′j − κhGA(bθ′j − φj) = 0

− Iαω2
j ηj +mbxαω

2
j θj −GJη′′j = 0

(5)
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In general matrix form, Equation (5) can be rearranged as
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(6)

Therefore,

{
θj(x) θ

′
j(x) φj(x) φ

′
j(x) ηj(x) η

′
j(x)

}T
= eAx

{
θj(0) θ

′
j(0) φj(0) φ

′
j(0) ηj(0) η

′
j(0)

}T (7)

To implement boundary conditions, the displacement parameters can be corrected into loading/displacement
parameters as
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(8)

For cantilever beams, boundary conditions write as

Table 1: Cantilever beam boundary conditions
Root condition θj(0) = 0 φj(0) = 0 ηj = 0

Tip condition S(l) = 0 M(l) = 0 T (l) = 0

With boundary conditions applied to both ends of the beam, Equation (8) becomes





S(l) = 0
M(l) = 0
T (l) = 0



 = TDeAlD−1R





S(0)
M(0)
T (0)



 where T =




0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1


 ; R = T′

(9)

By solving the zero determinant of det(TDeAlD−1R), coupled natural frequencies and mode shapes can
be obtained.

2.2 Aerodynamic Loadings

The unsteady aerodynamic loadings are characterised through analytical theories. The same approach was
developed and used in [14, 15], featuring the Wagner’s and Küssner’s functions. As illustrated in Figure 2,
the aerodynamic loadings consist of circulatory terms (LC , MC) and non-circulatory terms (LNC , MNC).
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Figure 2: Aerofoil notation

Wagner discovered that the circulatory lift can be formulated in dimensionless time domain as a function of
downwash induced at 3/4 chord w3/4 [18]. Therefore, it writes

LC =− 2πbρUaφ(τ)w3/4(0)− 2πbρUa

∫ τ

0
φ(τ − τ0)w3/4(τ0)dτ0 ; MC = −(1

2
+ a)bLC cos(ε+ α)

Where w3/4 = Uaα+
dh

dt
+ (

1

2
− a)bdα

dt
= Uaα+ U∞ξ̇ + U∞(

1

2
− a)α̇

(10)

Where ρ is the air density, Ua is the flow approaching velocity, φ(τ) is the Wagner’s function approximated
by R.T. Jones [19,20]. As propeller effects are defined as velocity distributions, Ua is not the same with U∞.

For non-circulatory lift, they are arised from apparent mass (πρb2) and can be formulated in dimensionless
time domain as

LNC = −πρbU2
∞(ξ̈ − aα̈)− πρbUaU∞α̇

MNC = πρab2U2
∞(ξ̈ − aα̈)− (1/2− a)πρb2UaU∞α̇−

1

8
πρb2U2

∞α̈
(11)

Propellers mounted on the wing not only add weights Gprop on wing tips, but also complicate the flow
characteristics. As shown in Figure 3, for the propeller-covered area, there are additional velocity in the
y-direction, additional velocity in the z-direction and sinusoidal velocity variation in the z-direction.

Figure 3: Propeller vertical and axial effects on fixed wing

In the vertical direction, there are several velocity components needed to be taken into consideration for the
present study. Firstly, to reproduce effects of the wing’s built-in angle (ε0), a equivalent step-gust (w0 =
Ua tan ε0) going through horizontally-placed wing can be used along full length of the wing span. As for
the propellers, in the propeller-covered area, a parabolic velocity profile wp was assumed with sinusoidal
variation wi. Therefore, the total vertical velocity component can be written as Equation (12).
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wG(x, τ) =

{
w0(x, τ) without propeller
w0(x, τ) + wp(x, τ) + wi(x, τ) with propeller

(12)

Due to the periodical nature of a propeller, the sinusoidal variation wi regarding to the shear centre can be
expressed in dimensionless domain as

wi(x, t) = wi(x) sinωp(t− b(1 + a)/Ua) =⇒ wi(x, τ) = wi(x) sin kp(τ − U∞(1 + a)/Ua)

Where ωp is the blade-passing frequency relative to the wing, kp = ωpb/U∞ is the reduced frequency in the
dimensionless time domain.

As Küssner developed a theory characterising aerodynamic loadings exerted in any arbitrary velocity field
[21], the lift and moment components can be written as Equation (13). Due to its circulatory nature, Lg
shares the same direction with LC , while Mg shares a similar formulation with MC .

Lg(τ) = −2πρbUa
∫ τ

0
wG(τ)

∂ψ(τ − τ0)
∂τ

dτ0 ; Mg(τ) = −(1/2 + a)bLg cos(ε+ α) (13)

Where ψ(τ) is the Küssner’s function approximated by Sears and Sparks [22].

Overall, loadings in the flapping and torsional directions can be written as

Lh = (LC+Lg) cos(ε+α)+LNC+D sin(ε+α)+Gprop cosα ; Mα =MC+MNC+Mg−(
1

2
+a)bD sin(ε+α)

(14)

2.3 Aeroelastic Model

A general matrix form of the governing equation can be obtained by combining the Timoshenko beam model
and aerodynamic loadings and then lead to an solution by applying Galerkin’s method. Note that there is no
added damping for the structure. Any damping effect is originated from aerodynamic loading formulations.

Mü +Ku = F

where M = [Mij]N×N =




m
∫ l
0 θiθjdx 0 −mxα

∫ l
0 θiηjdx

0 ρIy
∫ l
0 φiφjdx 0

−mxα
∫ l
0 ηiθjdx 0 Iα

∫ l
0 ηiηjdx



N×N

K = [Kij]N×N =



−κhGAb

∫ l
0 θiθ

′′
j dx κhGA

∫ l
0 θiφ

′
jdx 0

−κhGAb
∫ l
0 φiθ

′
jdx −EIy

∫ l
0 φiφ

′′
jdx+ κhGA

∫ l
0 φiφjdx 0

0 0 −GJ
∫ l
0 ηiηjdx



N×N

ü = [üj ]N×1 =




U2
∞
b q̈j
U2
∞
b2
q̈j

U2
∞
b2
q̈j



N×1

u = [uj ]N×1 =



qj
qj
qj



N×1

F = [Fi]N×1 =




∫ l
0 θiLhdx

0∫ l
0 ηiMαdx



N×1

(15)

Recursive optimisation was carried out on convolution integral to improve model efficiency, with a linear
Newmark-beta integration method implemented, as discussed in [14].
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3 Case study parameters

A case resembling a similar short-wing configuration with Eurocopter X3 is studied to investigate the tool’s
capability. The parameters are presented as Table 2. The propeller velocity distribution are shown in Figure
4.

Table 2: Structural parameters of short wing
Mass m 22.3040 kg/m Wing built-in angle ε0 2 deg
Mass moment of inertia Iα 0.4714 kgm2/m Aircraft cruising speed U∞ 120 m/s
Bending stiffness EIy 3.2146×105 Nm2 Max. advancing speed addition 8 m/s
Torsional stiffness GJ 4.1276×105 Nm2 Max. vertical velocity addition 7 m/s
Rotary inertia ρwIy 0.0127 kgm2/m Sinusoidal variation 10%
Shear stiffness κhGA 9.7416×107 N Blade-passing frequency ωp 136.5 Hz
Aerofoil chord c = 2b 0.6 m Propeller weight 490.5 N
Wing semi-span l 2.5 m Lift/drag ratio 1/10
Shear centre offset xα 0.09 m Air density 1.225 kg/m3

Figure 4: Propeller velocity addition in the y (advancing) and z (vertical) directions

3.1 Shear coefficient determination

For Timoshenko beam, shear coefficient is an important parameter. The shear coefficient κh is dependent on
the shape of beam cross-section. In many studies, shear coefficients for various of cross-sectional types were
approximated or validated. Although most beams have an arbitrary cross-section, simplification can be made
in many cases. Standard cross-sections, such as rectangular, circular and hollow, etc. are used. In this case,
the wing is simplified as a wing-box section, therefore a thin-wall box section was assigned. According to
Cowper’s study in [23], shear coefficient for box section is 0.44. This value is implemented in the presented
Timoshenko beam model.

3.2 Modal analysis

Based on structural parameters given in Table 2, natural frequencies and their corresponding mode shapes
can be investigated . Using modal analysis techniques introduced in Section 2.1.1, modal properties of the
given system can be obtained. In Table 3, natural frequencies obtained by uncoupled and coupled approaches
are listed and compared. Great differences can be observed from the third mode, especially when torsion is
involved.

Uncoupled mode shapes for beam bending and torsion are well established and used for vibration problems.
Their analytical expression can be found in many standard books. The coupled mode shapes obtained by
transfer matrix method are shown in Figure 5. As illustrated, the first two modes are bending governed
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Table 3: Natural Frequency comparisons
Uncoupled approach Coupled approach % Difference
10.73 Hz (Bending) 10.71 Hz 0.19%
66.70 Hz (Bending) 65.43 Hz 1.94%
93.57 Hz (Torsion) 120.31 Hz 22.23%

184.27 Hz (Bending) 177.49 Hz 3.82%
280.71 Hz (Torsion) 329.02 Hz 14.68%
354.38 Hz (Bending) 365.40 Hz 3.02%

with little torsion involvement. From the 3rd mode onwards, coupled behaviour in bending and torsion
starts to show. The third and forth modes are torsion governed with considerable amount of bending and
sectional rotation involved. While for the fifth and sixth modes, they are governed by sectional rotation, with
considerable bending and torsion behaviour.

Figure 5: Coupled modal frequencies and shapes

3.3 Convergence study

A convergence study is carried out to determine the minimum number of modes to include and the maximum
iterative time step. Steady-state vibrating amplitudes are compared with different number of modes and time
step sizes. A 5% difference is considered as convergence. Detailed convergence study procedures can be
found in [14]. In the case studied, five coupled modes is considered and iterative time step is taken as 1/8 of
the smallest natural period involved.
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4 Results and discussions

Aeroelastic responses of a short wing undergoing constant cruising velocity and an operating propeller is
simulated to demonstrate capabilities of the numerical model. Transient and steady-state responses are shown
and compared with the ones obtained by uncoupled modes, also with results based on the Euler-Bernoulli
beam theory.

Comparing aeroelastic responses captured via coupled and uncoupled analytical mode shapes, an illustration
is shown in Figure 6. For both methods, a similar transient response is shown. For the steady states, again,
these two approaches gave very similar responses. However, differences can be observed for the transient and
steady-state amplitudes. In the transient regime, coupled modes gave a slightly larger deflection compared to
results from uncoupled modes. As for the steady states, 2.5% and 6.8% differences in amplitude are found
between coupled and uncoupled mode shapes for bending and torsion respectively. However, vibrating
amplitudes are less than 1% of the overall deflections. Therefore, they are insignificant for the overall
steady-state behaviours. More importantly, by using coupled mode shapes, computational time is reduced.
For uncoupled mode shapes, each vibration mode shape has one time-dependent function. While for coupled
modes, one time-dependent function is shared between three mode shape functions. This reduces the number
of variables by three, hence reduces the computational power needed. For solving the presented case with a
standard desktop PC, using coupled modes can reduce the program operation time by 30%.

Figure 6: Coupled/Uncoupled transient response comparison (left: bending, right: torsion)

Table 4: Uncoupled/coupled mode shape steady-state response comparison
Uncoupled Coupled % Difference

Bending mean deflection 0.01946 m 0.0.01995 m 2.5%
Bending amplitude 1.981e-06 m 1.952e-06m 1.5%

Torsional mean deflection 0.002387 rad 0.002390 rad 0.1%
Torsional amplitude 2.550e-5 rad 2.735e-5 rad 6.8%

Figure 7 shows the aeroelastic responses given by Euler-Bernoulli and Timoshenko beam theories. Two
methods showed an extremely similar transient response and a very close steady state, according to Table
4. Therefore, for this case, the rotational and shear deformation effects are not significant. When use Euler-
Bernoulli beam theory, sectional rotation is constrained to be perpendicular to the neutral axis. This coupling
stiffens the structure [10]. While for the Timoshenko beam, bending and rotational coupling can be avoided,
making the beam more flexible and resulting in a greater steady-state bending deflection. However, due to
energy conservation, while having a smaller mean deflection, Euler-Bernoulli beam model has a greater vi-
bration amplitude in bending. As for torsion, stiffness remains the same for Timoshenko and Euler-Bernoulli
beams, therefore, the steady-state mean deflection is nearly identical. The amplitude differences in bending,
however, propagated into its torsional behaviour, resulting in a difference of just below 10%. This revealed
a different energy distribution mechanism when rotary inertia and shear deformations are considered in the
presented aeroelastic system.
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Figure 7: Timoshenko / Euler-Bernoulli response comparison

Table 5: Steady-state response comparison
Euler-Bernoulli Timoshenko % Difference

Bending mean deflection 0.019402 m 0.019947 m 2.7%
Bending amplitude 2.146e-6 m 1.952e-6 m 9.9%

Torsional mean deflection 0.002398 rad 0.002390 rad 0.3%
Torsional amplitude 2.487e-5 rad 2.735e-5 rad 9.1%

5 Conclusion

This paper has presented a simplified numerical model based on a short and bending-torsion coupled struc-
ture in cruising and propeller inflow. Focusing on the application of coupled modal analysis and Timoshenko
beam theory in an aeroelaticity context, a case similar to the Eurocopter X3 short-wing/propeller configura-
tion has been studied for its time-domain response. Differences in aeroelastic response introduced by coupled
mode shapes and Timoshenko beam theory are analysed and discussed. In general, the steady-state response
given by uncoupled and coupled approach are similar. However, with the coupled modal analysis approach,
a more realistic modal behaviour can be captured with less computational power. Also, it is compatible
with complex structural models, allowing stiffness, material, geometry or any other cross-sectional property
variations along the wing span to be considered. Hence, its advantages over uncoupled modal analysis ap-
proach will appear further as complex structures and more modes are included. As for the implementation of
Timoshenko beam, its response is not significantly different compared to Euler-Bernoulli beam. However,
Timoshenko beam showed that the rotary inertia and shear deformations affect how energy is distributed in
the steady state, giving a larger mean deflection and a smaller vibration amplitude in the flapping coordinate,
revealing a different energy distribution mechanism in the aeroelastic system studied.
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Abstract
A transfer admittance relation is commonly used in frequency domain linear acoustics to represent elements,
characterized by a geometrical length scale which is much smaller than the acoustic wavelength, in an ef-
ficient way. However, the equivalent time domain formulation involves costly convolution integrals. This
paper presents an efficient time domain formulation: using a rational approximation of the transfer admit-
tance coefficients, formulated in frequency domain, a recursive formulation is obtained with significantly
reduced memory and CPU requirements. This formulation has been implemented in a time domain solver for
the linearized Euler equations, using a discontinuous Galerkin spatial discretization and a Runge-Kutta time
integration scheme. The methodology is successfully validated on two benchmark cases: a lined duct with a
grazing flow and a simplified automotive muffler with a perforated duct.

1 Introduction

In many applications, elements are present with a length scale that is much smaller than the acoustic wave-
length. Typical examples are perforated plates, filters, heat exchangers, etc. where acoustic damping is
generated by the forcing of the acoustic waves through small openings. Simulating such elements with all
their details results in a prohibitive computational cost. In linear frequency domain acoustics, this type of
elements is therefore commonly represented in an averaged way by specifying an admittance boundary con-
dition or a transfer admittance relation. These formulations relate the surface-averaged acoustic pressure
and acoustic normal velocity by a linear relation in frequency domain. Using such a formulation relaxes
the grid requirements near the element and results in a computationally efficient formulation. Time domain
formulations, on the other hand, offer a clear advantage for broadband cases and allow for a more natural
description of aeroacoustic noise sources. In this context, the need for a time domain admittance and transfer
admittance formulations emerges.

The development of efficient time domain admittance or impedance formulations has been a key topic in
aeroacoustics research for many years, mainly driven by the importance of liners for the sound propagation
through aircraft engine nacelles. It is therefore no surprise that many different approaches are available in
literature, among others in references [1–7]. Transfer admittance relations on the other hand are commonly
used in frequency domain models for representing perforated pipes in automotive exhaust mufflers or heat
exchangers and filters in ventilation systems. Although many impedance models can be extended to a transfer
admittance relation, the use of such formulation in time domain has not been studied so far. This paper there-
fore presents a time domain transfer admittance formulation, based on the recursive time domain impedance
formulation of reference [5]. This formulation relies on a rational approximation of the transfer admittance
coefficients in frequency domain, which is ideally suited for representing typical transfer admittance ap-
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plications such as perforated panels. The recursive method is first extended to cope with multi-stage time
marching schemes, as commonly used for acoustic propagation solvers and the obtained transfer relation is
implemented in a time domain solver for the linearized Euler equations [8, 9], relying on a discontinuous
Galerkin spatial discretization [10] and an explicit Runge-Kutta time-integration scheme [11]. This solver is
used to illustrate the potential of the transfer admittance formulation for modeling the aeroacoustic behavior
of complex elements, such as perforated panels, in the presence of grazing or bias flow .

This paper is structured as follows. The following section first introduces the recursive transfer admittance
formulation and its implementation in the acoustic propagation solver. In section 3, the transfer admittance
is used to represent a perforated panel in two validation cases: a lined duct with a uniform grazing flow and a
through flow muffler, representative for automotive applications. Finally, section 4 concludes this paper with
a summary of the main results and conclusions.

2 Acoustic transfer admittance in time domain

At any angular frequency ω, a transfer admittance relation prescribes a matrix relation in frequency domain
between the normal component of the acoustic velocity vn(ω) at two points x1 and x2 on each side of a
surface and the acoustic pressure p(ω) at these positions:

{
vn(x1, ω)
vn(x2, ω)

}
=

[
A11(ω) A12(ω)
A21(ω) A22(ω)

]{
p(x1, ω)
p(x2, ω)

}
(1)

Applying the inverse Fourier transform to this matrix relation leads to a set of convolution integrals in time
domain:

vn(x1, t) =

∞∫

−∞

a11(τ) p(x1, t− τ) dτ +

∞∫

−∞

a12(τ) p(x2, t− τ) dτ

vn(x2, t) =

∞∫

−∞

a21(τ) p(x1, t− τ) dτ +

∞∫

−∞

a22(τ) p(x2, t− τ) dτ

(2)

These convolutions are typically costly operations, that additionally require the storage of the full time history
of the acoustic pressure p(t). The time domain equivalent of the transfer admittance coefficients aµν(t) in
equations (2) is defined as:

aµν(t) =

∞∫

−∞

Aµν(ω) ejωt dω. (3)

Hence, to obtain this time domain coefficient, the transfer admittance coefficient needs to be known for the
complete frequency axis. Since, transfer admittance coefficients are typically measured for a discrete set of
frequencies within the frequency range of interest, an interpolating model is required. This model has to be
causal and real to yield a physical time domain equivalent.

2.1 Broadband model for the transfer admittance coefficients

Any causal and real transfer admittance model can be used to generate a time domain formulation. However,
the convolution integral typically results in a memory-intensive formulation. By wisely choosing the model
for the coefficients, it is possible to overcome this issue. By analogy to the time domain impedance model
proposed by Reymen et al. [5], each of the coefficients Aµν(ω) of the transfer admittance matrix A(ω) is
written as a partial fraction expansion:

Aµν(ω) =

S+2T∑

k=1

Bk
jω + λk

(4)
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As will be shown in section 3, this form is ideally suited for representing perforated panels, one of the most
important applications of transfer admittance relations.

The time domain equivalent of the model (4) is real when the poles λk are real or occur as a pair of complex
conjugates. For convenience, the summation in equation (4) can be split in a sum over S first-order systems
with real poles λk and T second-order systems with complex conjugate poles αl ± jβl:

Aµν(ω) =
S∑

k=1

Bk
jω + λk

+
T∑

l=1

jωCl +Dl

(jω + αl)
2 + β2

l

(5)

The time domain equivalent of this rational model can be written as:

aµν(t) =
S∑

k=1

Bk e−λktH(t) +
T∑

l=1

(K1l cos (βlt) +K2l sin (βlt)) e−αltH(t) (6)

where H(t) is the Heaviside function, K1l = Cl and K2l = (Dl − αlCl) /βl. This time domain model is
causal when the real part of the poles λk in equation (4) is positive. The residuals Bk, Cl and Dl can be
freely chosen to obtain an accurate interpolating model. When modeling a passive system, the choice of the
coefficients has to be such to ensure the passivity of the transfer admittance relation. This can be verified
using the scattering matrix equivalent of the transfer relation and the procedure of reference [12].

For a conventional impedance boundary condition, finding a rational approximation of the liner impedance
is often a challenging task. Several approaches to obtain a real and causal model of the form (5) have
therefore been presented in literature [6, 13–15]. Any of these methods can also be applied to transfer
admittance coefficients if a rational model is not readily available. In this work, the following approaches
are considered [8]:

Single frequency model: if only the value at a single frequency is of interest, a rational model can be
obtained using the three parameter model of references [6, 13]. The resulting model consists of only
one second-order system and represents the exact value of the transfer admittance coefficient at the
design frequency.

Multiple discrete frequencies: when a set of N discrete frequencies is of interest, an interpolating model
can be obtained with the “ad-hoc broadband model” described in reference [14]. The resulting model
consists ofN second-order systems and represents the exact value of the transfer admittance coefficient
at the design frequencies. In between these frequencies, the rational approximation oscillates and can
deviate substantially from the exact values.

Broadband model: an approximate broadband model can be computed using the “vector fitting” algorithm
[15]. This model iteratively fits a predefined number of first-order systems through the complex data
set. Since the algorithm only returns real or complex conjugated pairs of poles, the outcome is always
a real and causal model. The resulting model is an approximation over a broad frequency range, but
does not ensure an exact representation of the transfer admittance coefficient at any frequency.

A complete transfer admittance description requires a rational model for the four admittance matrix coeffi-
cients Aµν(ω). It is not required that the model for each of the coefficients is identical, although there are
often physical reasons, such as reciprocity or symmetry, to use the same model for more than one coeffi-
cient [16]. If the same model is used for all coefficients, it is straightforward to show that a passive model
ensures the passivity of the transfer admittance relation.
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2.2 Time domain formulation

Equation (2) indicates that a time domain transfer admittance formulation requires the computation of con-
volution integrals of the type:

aµν(t) ∗ p(xν , t) =

∞∫

−∞

aµν(τ) p(xν , t− τ) dτ (7)

for each of the matrix coefficients aµν(t). In what follows, the subscripts µ and ν are omitted for clarity.
For a causal system the acoustic velocity at time t can’t depend on the acoustic pressure at later instances of
time. The lower limit of the convolution integral is therefore set to zero without loss of generality.

It is assumed that the time-axis is discretized using a multi-stage explicit time-integration scheme, with a
constant timestep ∆t, subdivided in a number of stages which length is not necessarily equal (figure 1).
Hence, the convolution integral will be evaluated at discrete times tn,s = n∆t + δts, with δts the length of
the current stage s. With this assumption, the convolution integral equation (7) can be split in an integral
over the current timestep, up to the current stage, and a sum of integrals over the previous timesteps:

tn,s∫

0

a(τ) p(tn,s − τ) dτ =

δts∫

0

a(τ) p(n∆t+ δts − τ) dτ +

n−1∑

m=0

(m+1)∆t∫

m∆t

a(τ + δts) p(n∆t− τ) dτ (8)

δts

tn,s

δts

0 ∆t n∆t

∆t

Figure 1: Discretized time axis

To compute these integrals, an assumption is needed regarding the behavior of the pressure in between two
timesteps. By analogy to the time domain impedance model by Reymen et al. [5], a piecewise linear behavior
is assumed within each timestep:

p(t) = pm +
pm+1 − pm

∆t
(t−m∆t) t ∈ [m∆t, (m+ 1)∆t] (9)

Here, the subscripts refer to the value of the pressure at a certain timestep: pm = p (m∆t). Introducing
this assumption and the model for the transfer admittance coefficients (equation (6)) in the second part of
equation (8) yields, after some algebra, the result obtained by Reymen et al. [5]:

n−1∑

m=0

(m+1)∆t∫

m∆t

a(τ + δts) p(n∆t− τ) dτ =

S∑

k=0

Bk e−λkδt
s
ψnk

+

T∑

l=0

(
K1l <

{
e(−αl+jβl)δts ψ̂nl

}
+K2l =

{
e(−αl+jβl)δts ψ̂nl

})
(10)

In this equation, the variables ψnk and ψ̂nl are accumulator functions that can be computed recursively, using
only the pressure at the current timestep pn and the previous timestep pn−1 [5]:

ψnk = pnχ0
k +

(
pn−1 − pn

)
ξ0
k + e−λk∆t ψn−1

k

ψ̂nl = pnχ̂0
l +

(
pn−1 − pn

)
ξ̂0
l + e(−αl+jβl)∆t ψ̂n−1

l

(11)
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Also the variables χmk , ξmk can be computed recursively [5]:

χm+1
k = e−λk∆t χmk χ0

k = (λk)
−1
(

1− e−λk∆t
)

ξm+1
k = e−λk∆t ξmk ξ0

k = (λk)
−2 (1 + λk∆t) e−λk∆t

Identical equations hold for χ̂ml and ξ̂ml , where the real poles λk are replaced by the complex poles αl + jβl.

For the computation of the first part of the integral in equation (8), assumption (9) would result in an implicit
formulation. To keep the time integration scheme explicit, the slope of the linear behavior of the pressure
within the current timestep is estimated using the pressure at the current substage:

p(t) = pn +
pn,s − pn
δts

(t− n∆t) t ∈ [n∆t, n∆t+ δts] (12)

where pn,s = p (n∆t+ δts). Introducing this assumption, together with the model equation (6) for the
transfer admittance coefficients into the first integral of equation (8) yields:

δts∫

0

a(τ) p(n∆t+ δts − τ) dτ =

S∑

k=1

Bk (pn,sIsk + (pn − pn,s) Jsk)

+

T∑

l=1

(
K1l <

{
pn,sÎsl + (pn − pn,s) Ĵsl

}
+K2l =

{
pn,sÎsl + (pn − pn,s) Ĵsl

})
(13)

The constants Isk , Îsl , Jk and Ĵsl in this equation are recurring at stage s in every timestep. It is hence
sufficient to compute these constants once, at the beginning of the simulation, for all stage lengths and to use
their pre-computed values during the time marching:

Isk =
1− e−λkδt

s

λk
Jsk =

1− e−λkδt
s

(λkδt
s + 1)

λ2
kδt

s

Îsl =
1− e(−αl+jβl)δts

αl − jβl
Ĵsl =

1− e(−αl+jβl)δts ((αl − jβl) δts + 1)

(−αl + jβl)
2 δts

(14)

Recombining equations (10) and (13) shows that the convolution integral (equation (8)) can be computed as
the sum of a recursively computed integral, accounting for the previous timesteps, and a term depending on
the current timestep only:

a(n∆t+ δts) ∗ p(n∆t+ δts) =

S∑

k=1

Bk

(
e−λkδt

s
ψnk + pn,sIsk + (pn − pn,s) Jsk

)

+

T∑

l=1

K1l <
{

e(−αl+jβl)δtsψ̂nl + pn,sÎsl + (pn − pn,s) Ĵsl
}

+
T∑

l=1

K2l =
{

e(−αl+jβl)δtsψ̂nl + pn,sÎsl + (pn − pn,s) Ĵsl
}

(15)

When evaluating this equation at the beginning of a timestep (δts = 0), all constants I and J are zero and
only the terms depending on the accumulator functions ψ remain. These accumulators are updated using
equation (11). When evaluating the transfer admittance relation at any other stage (δts 6= 0), the value of the
accumulator functions remains unchanged. In this case, the constants I and J are nonzero and the summation
is complemented with the terms depending on the current stage. As a result, an efficient scheme is obtained
where only a small set of summations and multiplications is carried out at every stage of the time-marching
scheme and where only the pressure at the current stage and at the beginning of the timestep needs to be
stored.
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2.3 Implementation

The time domain transfer admittance formulation is implemented in a high-order discontinuous Galerkin
method with low-storage Runge-Kutta time integration scheme [11] for the linearized Euler equations (LEE)
[9]. The transfer admittance relation is included in this solver via the inter-element fluxes at the transfer
admittance surface and is supported for linear and curved [10] surfaces. The LEE can take into account the
effect of a steady non-uniform mean flow, as encountered in many engineering applications.

3 Validation of the time domain transfer admittance formulation

The time domain transfer admittance formulation is validated using two benchmark cases: a duct with a
locally reacting liner (figure 2) and a through flow muffler (figure 7). In both cases, the transfer admittance
formulation is used to represent a thin perforated plate. This section therefore first elaborates on the modeling
of a perforated plate using a transfer admittance relation, before presenting the results of the benchmark
problems.

3.1 Modeling of perforated plates

A perforated panel is typically characterized by its acoustic impedance Z(ω), defined in frequency domain
as the ratio between the acoustic pressure drop over the panel ∆p(ω) = p(x1, ω)−p(x2, ω) and the acoustic
velocity through the surface uw:

Z(ω) =
∆p(ω)

uw(ω)
(16)

In a quiescent medium, continuity of acoustic velocity over the plate thickness is typically assumed, i.e.
vn(x1, ω) = vn(x2, ω) = uw(ω). This allows writing the transfer admittance relation (equation (1)) as a
function of the panel impedance:

[
A11(ω) A12(ω)
A21(ω) A22(ω)

]
=

1

Z(ω)

[
1 −1
1 −1

]
(17)

Hence, only a single rational approximation of the panel impedance Z (ω) is needed to represent the four
transfer admittance matrix coefficients. Additionally, such rational approximation is often straightforward to
derive for a perforated panel. This will be illustrated in the validation cases of the following sections, where
impedance models from literature [17, 18] are used to describe the exact panel impedance.

In the presence of a grazing flow over the panel, this assumption of continuity of acoustic velocity does not
account for the influence of the boundary layer and is therefore questionable. In this case, continuity of
particle displacement [19] or an intermediate assumption [20] is more appropriate. A detailed discussion
on the validity of the different assumptions lies outside the scope of the current paper and, for simplicity,
continuity of particle velocity is assumed in the following examples.

3.2 Modeling of a locally-reacting liner in a two-dimensional duct

3.2.1 Problem description

A first validation case considers a two-dimensional duct with a height of 50 mm, lined on the lower wall
with a honeycomb liner over a distance of 2 m, as shown in figure 2. The honeycomb structure on the lower
wall consists of 300 cells of 6.67 mm by 25 mm, connected to the duct by a perforated plate. A uniform
axial flow with a Mach number of M0 = 0.3 is present in the duct and the air in the honeycomb cavities
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is assumed at rest. This type of wall treatments is typically modeled more efficiently using an impedance
boundary condition, but for validation purposes, a different approach is followed in this paper: the facing
sheet is represented by the transfer admittance boundary condition and the liner cells are meshed explicitly.
For a plane wave propagating through such a lined duct, an analytical solution for the decay of the acoustic
pressure exists which assumes that edge effects are negligible and that the sound pressure field is dominated
by the least attenuated mode [21].

transfer admittance
surface

measurement
points

reference point

M0
25

50

6.67

2000
50

Figure 2: Schematic overview of the numerical configuration for the lined duct (all dimensions in mm).

It is assumed that the exact impedance of the panel Z(ω) is described by the semi-analytical model of
Elnady et al. (equations (6) and (7) in reference [17]). The parameters of the impedance model are chosen to
represent a typical liner. The facing sheet is a panel with a thickness of t = 1 mm, with circular perforations
with a diameter of dh = 1.5 mm and a porosity of σ = 4%. The discharge coefficient is set to CD = 0.6
and the dynamic and adiabatic dynamic viscosity of air are, respectively, µ = 1.77625 · 10−5 Pa s and
µ′ = 2.179µ. The resulting panel impedance is shown in figure 3.
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Figure 3: Exact non-dimensional resistance ( ), i.e. the real part of the impedance, and reactance ( ),
i.e. the imaginary part of the impedance, of the perforate sheet according to the model of reference [17].

3.2.2 Numerical setup

An unstructured triangular grid, consisting of 21255 elements, is generated with gmsh [22]. For the spatial
discontinuous Galerkin discretization, a seventh order polynomial basis is used within each element and
the inter-element communication is realized by Lax-Friedrich fluxes. An optimized 8 stage fourth-order
Runge-Kutta time integration scheme [11] is used for the time marching. The inlet and outlet of the duct are
represented by characteristic non-reflecting boundary conditions and slip conditions are imposed at all rigid
walls. The perforated plate is represented by the transfer admittance relation, given by equation (17).

Three different types of excitation are considered: a single frequency harmonic excitation at 1360 Hz, a
multiple frequency harmonic excitation from 340 Hz to 2720 Hz with a step of 340 Hz and a pulse excitation.
All excitations are applied as plane waves in the rigid inlet section of the duct, at an upstream distance of
200 mm from the liner leading edge. For each excitation, the most suited approach is followed to obtain a
rational approximation of the transfer admittance coefficients. For the single frequency harmonic excitation,
the three-parameter model of references [6, 13] is used to generate a rational model representing the exact
panel admittance at the excitation frequency. For the multiple sine excitation, an ad-hoc broadband model
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with 8 second-order systems is designed to obtain an exact impedance value at the excitation frequencies,
using the procedure of reference [14]. Finally, for the pulse excitation, a broadband rational approximation
is generated using the vector fitting algorithm [15]. This rational approximation consists of 8 first-order
systems. Figure 4 visualizes the error of the different rational impedance models, with respect to the exact
impedance of figure 3. Because of the similarity between the exact impedance model and a first-order system,
the broadband rational model is an excellent approximation of the exact panel impedance, with nearly zero
error within the frequency range of interest. On the other hand, the ad-hoc broadband model and single
frequency model are only exact at their respective design frequencies.
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Figure 4: Absolute error on the (a) non-dimensional resistance and (b) non-dimensional reactance of the
perforated plate, using the approximate broadband model obtained with the vector fitting algorithm ( ),
the ad-hoc broadband model ( ) and the single-frequency model ( ).

For all simulations, the acoustic pressure is stored at 41 points, with an equal spacing of 50 mm, along the
center-line of the duct. For the harmonic excitations, the simulation is run for 30 ms and only the last 15 ms
are used for further processing. For the pulse excitation, all energy has left the system and the simulation
is considered converged after a simulated time of 30 ms. In all cases, the results are transformed to the
frequency domain using an FFT algorithm and normalized with the pressure at a reference point pref , located
in the center of the lined section.

3.2.3 Discussion of the results

Figure 5 shows the evolution of the normalized pressure at 1360 Hz as a function of the axial distance from
the reference point, in comparison to the analytical solution, for the simulation with a pulse excitation and
the broadband impedance approximation. Excellent agreement is obtained for both the amplitude and the
phase of the pressure along the duct, besides some small oscillations at the extremities. These originate from
the scattering at the hard wall – soft wall transition, which is not included in the analytical solution. Similar
results are obtained for the simulations with the other excitation signals and impedance approximations.

Figure 6 presents the amplitude and phase error on the normalized pressure along the axis of the duct,
computed using the different excitation signals and rational impedance models. By definition, the error
equals zero at the center of the duct due to the normalization of the computed pressure and the analytical
solution. Besides the expected errors caused by the reflections at the liner leading and trailing edge, the
results of all simulations are in excellent agreement with the analytical solution. As expected, the largest
errors are obtained for the simulation with a pulse excitation. The broadband impedance model used for this
case is a good approximation of the panel impedance, but it is not exact. The other simulations use a model
that is exact at the excitation frequency and therefore yield lower errors. As expected for a linear system, no
difference can be observed between the result of the single frequency harmonic excitation and the multiple
frequency harmonic excitation.
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Figure 5: Analytical reference solution ( ) and numerical results ( ) for the normalized pressure along the
duct axis at 1360Hz: (a) amplitude and (b) phase obtained using a broadband model with a pulse excitation.
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Figure 6: Absolute error on the (a) amplitude and (b) phase of the pressure along the axis of the duct for
the simulation with the broadband impedance model and a pulse excitation ( ), the simulation with the ad-
hoc broadband impedance model and a multiple frequency excitation ( ) and the simulation with the single
frequency model and a harmonic excitation ( ).

3.3 Transmission loss of a through-flow muffler

3.3.1 Problem description

The second validation case considers the trough-flow muffler of figure 7 in a medium at rest. It consists of a
central perforated pipe with a diameter of 42 mm, surrounded by an expansion chamber with a diameter of
158 mm and a length of 225 mm. The exact impedance of the perforated tube is modeled using the model of
Sullivan and Crocker [18]:

Z(ω)

ρ0c0
=

6 · 10−3 + jk0 (t+ 0.75dh)

σ
(18)

where k0 = ω/c0 is the acoustic wavenumber, c0 = 340 m/s is the speed of sound and ρ0 = 1.225 kg/m3 is
the density of the medium. The perforated pipe has a thickness of t = 1 mm and a porosity of σ = 19.7%.
The perforations have a diameter of dh = 3.5 mm.

The transmission loss of the trough-flow muffler is computed from the simulated pressure spectra p′(ω) at
two points in the inlet and the outlet duct, located at z1 = 100 mm and z2 = 130 mm from the inlet or
outlet of the perforated pipe. Below the cut-off frequency (approximately 4750 Hz), only plane waves are
propagating in the inlet and outlet duct and the complex amplitude of the right-running (p+) and left-running
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Figure 7: Geometry of the through-flow muffler.

(p−) wave can be computed from these pressure spectra [23]:
{
p+(ω)
p−(ω)

}
=

[
exp (−jk0z1) exp (jk0z1)
exp (−jk0z2) exp (jk0z2)

]−1{
p′(ω, z1)
p′(ω, z2)

}
(19)

The transmission loss (TL) of the muffler is computed from the result of this plane wave decomposition
as [23]:

TL = 20 log10

∣∣∣∣
p+
i

p+
o

∣∣∣∣ (20)

where p+
i and p+

o refer to the right-running plane waves in, respectively, the inlet and the outlet duct.

3.3.2 Numerical setup

Two unstructured tetrahedral meshes are generated with gmsh [22]: a fine mesh with 7760 linear elements
and a coarser mesh with 1717 second-order elements using the curved boundary treatment from reference
[10]. A seventh-order polynomial basis is used within each element and the inter-element communication is
realized by Lax-Friedrich fluxes. Characteristic non-reflective boundary conditions are applied at the inlet
and outlet of the duct, while a slip wall condition is imposed at the other outer boundaries of the domain.
The perforated duct is represented by the time domain transfer admittance formulation of equation (17). For
the impedance model of equation (18), the transfer admittance matrix coefficients can be written exactly as
a first-order system with:

λ1 =
6 · 10−3c0

t+ 0.75dh
B1 =

σc0

t+ 0.75dh
(21)

As a result, an exact rational model for the transfer admittance coefficients is readily available and no ap-
proximate models need to be derived. Since equation (21) is an exact broadband model, a computationally
efficient approach with a broadband excitation can be adopted. Therefore, a plane pulse excitation is applied
in the inlet duct and a time history of approximately 88 ms is simulated. At the end of the simulation, most
of the energy has left the system through the inlet and outlet or via dissipation in the transfer admittance. The
pressure signal is stored at two points in the inlet and outlet duct, as shown in figure 7, and transformed to
the frequency domain using an FFT algorithm. The transmission loss is computed from these spectra using
equations (19) and (20).

A reference solution is obtained using a commercial high-order FEM solver (LMS Virtual.Lab Rev.13.2)
for the Helmholtz equation in frequency domain. A fine mesh, consisting of 95420 prismatic elements,
is used for this simulation. A velocity boundary condition is imposed at the inlet and the characteristic
impedance of air is imposed at the outlet. The perforated duct is represented using the exact impedance
model equation (18) and the transfer admittance formulation of equation (17). Similar to the time domain
simulations, the transmission loss is computed from the simulated pressure spectra at two points in the inlet
and outlet duct, as indicated in figure 7, using equations (19) and (20).
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3.3.3 Discussion of the results

Figure 8 shows the results of the time domain simulation, together with the reference FEM solution. For
frequencies up to approximately 2400 Hz, the plane waves in the muffler dominate the acoustic behavior
of the muffler and the perforated duct has only a small influence on the transmission loss. Therefore, the
agreement between time domain simulations and the reference solution mainly depends on the geometrical
accuracy of the model. This results in a slightly lower error for the simulation using curved elements at the
boundaries.
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Figure 8: (a) Transmission loss of the muffler, obtained with the RKDG solver using a linear mesh ( ) and
a locally second-order mesh ( ) and the reference FEM solution ( ) and (b) error between the RKDG

solutions and the reference solution.

For higher frequencies, the radial modes in the cavity gain importance and the transmission loss of the
muffler is highly dependent on the transfer admittance. Also in this frequency region, excellent agreement
is obtained between the different numerical solutions. As expected, slightly larger errors between the time
domain simulations and the reference solution are observed at the resonance frequencies of the expansion
chamber around 2300 Hz, 3000 Hz and 3800 Hz. Therefore, it can be concluded that the transfer admittance
relation performs properly for both linear and curved surfaces in a three-dimensional context.

4 Conclusion

This paper presents a recursive transfer admittance formulation in time domain. The formulation is an
extension of a time domain impedance boundary condition, allowing to model the acoustic transfer through
a component characterized by small-scale geometrical features. Because of the recursive formulation, the
storage needs and the computational cost are kept to a minimum, requiring only the storage of the pressure
at the previous timestep and no more than a few algebraic operations at every stage of the time marching
scheme.

The method is implemented in a high-order acoustic propagation solver and validated using two benchmark
cases, where the transfer admittance is used to model a perforated plate. It is shown that the rational model for
the transfer admittance matrix coefficients is ideally suited for this type of applications and that an accurate
approximation of the panel impedance is straightforward to obtain. In the first validation case, the transfer
admittance is used to model the facing sheet of a two-dimensional honeycomb liner in the presence of
a grazing flow. Excellent agreement with the analytical solution is obtained for different harmonic and
broadband excitations. In the second example, the transfer admittance relation is applied to represent a
perforated tube in a through flow muffler. The excellent agreement with a reference solution, obtained with a
commercial finite element solver for the Helmholtz equation, validated the formulation for three-dimensional
cases with linear and curved boundary formulations.
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The developed time domain transfer admittance formulation provides a powerful approach for the broadband
characterization of complex structures. It allows modeling the acoustic propagation through small-scale ge-
ometrical features, much smaller than the acoustic wavelength, in a computationally efficient way. Imple-
mented in a solver for the linearized Euler or Navier-Stokes equations, it can account for the influence of a
mean flow over or through the transfer admittance surface by using a proper model for the coefficients. The
recursive time domain transfer admittance formulation is therefore ideally suited for modeling the aeroacous-
tic behavior of applications involving heat exchangers, filters and in particular (micro-)perforated plates.
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2500 Bd. de l’Université, J1H4X2 Sherbrooke, QC, Canada
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Abstract
The quantification of the spectrum of wall-pressure fluctuations under a turbulent boundary layer has a fun-
damental role in problems of aerodynamic noise generation and structural vibration. Advanced analytic
formulations of the wall-pressure spectrum involve multi-dimensional integrals. The computation of these
integral formulations with quadrature methods proves computationally expensive, especially if many flow
configurations are taken into account. For this reason, Monte-Carlo methods are used to distribute a pre-
defined number of samples of the integrand function in the integration space and obtain a rapid and accurate
estimate of the integral value. This work reviews the expression of the wall-pressure spectrum based on the
Poisson equation for pressure fluctuations in a turbulent field and then applies three different Monte-Carlo
methods to its computation: the quasi-uniform sampling, the recursive stratified sampling and the importance
sampling. The criteria for the choice of the most appropriate Monte-Carlo method are finally discussed.

1 Introduction

The problem of estimating of the spectrum of wall-pressure fluctuations under a turbulent boundary layer
arises in the description of aeroacoustic and structural phenomena. From the aeroacoustic point of view,
Amiet’s model and its extension [1, 30] state that the spectrum of trailing-edge noise emitted by a station-
ary airfoil is directly proportional to the spectrum of wall-pressure fluctuations generated by the turbulent
boundary layer that develops over the airfoil surface. This model is extended to the prediction of noise from
low-speed fans [31, 33]. The scattering of the wall-pressure fluctuations at the trailing edge of a blade is one
of the main contributions to the broadband noise emitted by subsonic fans [21] and it represents the minimum
level of noise emitted by a fan when all leading-edge and tip interactions are removed. Also, the turbulent
boundary layer that develops on the external surfaces of air, ground and marine transportation vehicles gener-
ates unsteady loads that can excite the underlying structure and propagate towards the interior of the vehicle
as sound and vibration [4]. These facts justify the introduction of a fast and accurate prediction of the wall-
pressure spectrum in the design process of many different industrial applications. Empirical models of the
wall-pressure spectrum scaled with boundary layer variables have been developed most notably by Corcos
[9], Chase [6], Schlinker and Amiet [34], Efimtsov [10], Goody [13], Rozenberg et al. [32] and Caiazzo
et al. [4], among others. The advantage of these models consists in their easy mathematical formulation,
which poses no problems of numerical implementation. However, they do not provide an explicit correla-
tion between the statistics of the wall pressure and those of the overlying turbulent field. This correlation is
formulated in the models based on the Poisson equation of the pressure fluctuations in a turbulent field. The
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disadvantage, in this case, is that the formulations of the wall-pressure spectrum resulting from the Poisson
equation involve multi-dimensional integrals that require a high computational time when solved with tradi-
tional quadrature techniques. This problem was circumvented in the TNO-Blake family of models by making
simplifying assumptions on the turbulence statistics that allowed to reduce the dimensionality of the integral
formulation (see e.g. Kamruzzaman et al. [15] and Bertagnolio et al. [2]). However, these assumptions have
recently been dismissed as non-physical by Fischer et al. [11]. In other works, such as those of Panton and
Linebarger [22], Remmler et al. [28], Peltier and Hambric [23] and Slama et al. [35], the multi-dimensional
integral formulations are computed in a reasonable time with different numerical techniques, particularly
Monte-Carlo methods and Kriging. This work explores the application of different Monte-Carlo methods to
a possible solution of the wall-pressure spectrum based on the Poisson equation considering especially the
efficiency and the ease of implementation of these methods.

2 Analytic formulation of the wall-pressure spectrum

2.1 Solution of the Poisson equation

The Poisson equation governing the pressure fluctuations in a turbulent boundary layer derives from the
divergence of the incompressible momentum equation, introducing Reynolds decomposition into mean and
fluctuating quantities, then subtracting the time-averaged equation. As a result,

1

ρ

∂2p

∂x2i
= −2

∂uj
∂xi

∂Ui
∂xj︸ ︷︷ ︸

turbulence-mean shear

− ∂2

∂xi∂xj
(uiuj − uiuj)

︸ ︷︷ ︸
turbulence-turbulence

(1)

where lowercase letters indicate fluctuating quantities and uppercase letters indicate mean quantities. The
Laplacian of the unsteady pressure field is equal to the sum of two source terms: the turbulence-mean shear
and the turbulence-turbulence interaction. In this work, it is assumed for mathematical simplicity that the
main contribution to the wall-pressure spectrum is that of the turbulence-mean shear interaction, accord-
ing to the estimation made by Kraichnan [16]. However, recent research has highlighted the importance of
turbulence-turbulence interaction term on the lower frequency range of the spectrum (see e.g. [35]). Equa-
tion (1) is solved for the fluctuating pressure in the domain represented in Fig. 1 using the Neumann boundary
condition at the wall and assuming that p vanishes at infinity. The mean flow speed is aligned with the x1
coordinate and is uniform with respect to x1 and x3 As a result, the only significant mean-velocity gradient
is in the normal-to-wall direction and the source term of the Poisson equation is reduced to −2∂u2

∂x1

∂U1
∂x2

. The
turbulent field is considered homogeneous in planes parallel to the wall (having constant x2 coordinate).
Therefore, Eq. (1) can be Fourier-transformed in the x1 and x3 directions, yielding the following modified
Helmholtz equation:

∂2p̂(κ, x2)

∂x22
− κ2 p̂(κ, x2) = −2 ρ i k1

∂U1

∂x2
û2(κ, x2) (2)

x1

x3

x2
U∞

Figure 1: Turbulent boundary layer over an infinite flat plate.
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where (̂·) represents the double spatial Fourier transform and κ =
√
k21 + k23 . The solution of Eq. (2) is

obtained with the following Green’s function (see Gerolymos et al. [12] for a complete derivation):

G (x2, X2;κ 6= 0) = −e−κ|x2−X2|

2κ
− e−κ(x2+X2)

2κ
(3)

hence the wall pressure is

p̂(κ, x2 = 0) = 2 i ρ
k1
κ

∫ ∞

0

∂U1(X2)

∂x2
û2(κ,X2)e

−κX2dX2. (4)

The spectrum of wall-pressure fluctuations is obtained by multiplying Eq. (4) by its complex conjugate
and taking the ensemble average. The result is integrated over the transverse wavenumber k3, yielding the
streamwise-wavenumber wall-pressure spectrum:

ϕpp(k1) = 8ρ20

∫∫∫ ∞

0

k21
κ2

e−(X2+X′2)κ
∂U1(X2)

∂x2

∂U1(X
′
2)

∂x2
〈û2(κ,X2) · û2(κ,X ′2)〉dX2 dX

′
2 dk3. (5)

According to the hypothesis of ’frozen’ convection of the turbulence (see e.g. [22, 11]), the frequency
spectrum, ϕpp(ω), is a function of the streamwise wavenumber spectrum, ϕpp(k1), as ϕpp(ω) = ϕpp(k1 →
ω/Uc)/Uc.

2.2 Cross-spectrum of vertical velocity fluctuations

The vertical velocity fluctuation statistics that appear in Eq. (5) is modeled with the following relationship:

〈û2(κ,X2) · û2(κ,X ′2)〉 =

√
u22(X2)u22(X

′
2)S22(κ,X2, X

′
2) (6)

where S22 is the normalized cross-spectrum of u2. The analytic expression of S22 is derived as follows.

The normalized vertical velocity correlation coefficient is defined for a homogeneous turbulent field as

R22 (r1, r2, r3) = F (r) +
r21 + r23

2r
F ′ (r) (7)

where r =
√
r12 + r22 + r23 and F (r) is the longitudinal correlation function. For the present calculations,

the correlation function is assumed to be a Gaussian:

F (r) = exp

(
− r

2

Λ2
g

)
. (8)

where Λg is an integral length scale. Other functions can be chosen to represent F (r) (see [36] for an
extensive discussion) but the Gaussian has the advantage of providing a simple closed-form solution of the
cross-spectrum, S22, and is therefore well-suited for numerical validation. The cross-spectrum of vertical
velocity fluctuations is defined as the real part of the double spatial Fourier transform ofR22 in the streamwise
and transverse directions:

S22(κ,X2, X
′
2) =

1

4π2

∫ ∞

0

∫ 2π

0
R22 cos(k1 r1,3 cos(θ)) cos(k3 r1,3 sin(θ))dθdr1,3 (9)

where the polar coordinates r1,3 =
√
r21 + r23 and θ = arcsin(r3/r1) have been used. It can be shown that

the integral in dθ of Eq. (9) has an analytic solution, which yields

S22(κ,X2, X
′
2) =

1

2π

∞∫

0

R22J0 (r1,3 κ) r1,3dr1,3 (10)
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Figure 2: Boundary layer profiles of the CD airfoil used as input to the wall-pressure spectrum calculation.

where J0 is the Bessel function of the first kind of order 0. The last equation states that the cross-spectrum of
u2 is the Hankel transform of R22 in the r1,3 direction. Finally, the solution of the integral of Eq. (10) yields

S22(κ,X2, X
′
2) =

1

2π
e
− (X2−X′2)2

Λ2
g

κ2Λ4
g

8
e−

κ2Λ2
g

4 (11)

where the X2 and X ′2 coordinates are written explicitly due to the inhomogeneity of the turbulence in the
normal-to-wall direction. The introduction of Eqs. (9), (10) or (11) in Eq. (5), although formally indifferent,
yields a five-dimensional, a four-dimensional or a three-dimensional integral formulation of the wall-pressure
spectrum, respectively. The computation of the wall-pressure spectrum with classical quadrature techniques
requires an amount of computational time that increases with the number of dimensions in the integral formu-
lation. However, this mathematical model provides a useful test case to assess the efficiency of Monte-Carlo
methods working with a pre-defined number of samples of integrand functions of increasing complexity.

3 Test Case

The application case for the computation of wall-pressure spectra is a controlled-diffusion (CD) airfoil for
which it exists a large experimental and numerical database [19, 33]. The present profile corresponds to the
mid-span section of the H380EC1 fan blade [18]. It has a 4% relative thickness and a camber angle of 12o.
The airfoil chord length is c = 0.1356 m. It is set at a geometrical angle of attack of αw = 8o. The reference
velocity is U0 = 30 m/s, defining a Reynolds number based on the airfoil chord length Rec = 2.8 · 105.
A LES and a RANS simulation of the flow over the CD airfoil have been performed with OpenFOAM [7].
The turbulence model selected for the RANS simulation was the k-ω SST. The boundary-layer quantities
necessary for the wall-pressure spectrum prediction have been extracted from the RANS simulation using
BATMAN, the VKI in-house code for noise prediction. The results of the extraction are depicted in Fig. 3,
where the x2 coordinate is normalized by the boundary layer thickness, δ. Details of the computation of√
u22 and Λg from a RANS simulation are given in the paper of Remmler et al. [28]. The wall-pressure

spectrum directly computed from the LES simulation is retained throughout this study for comparison with
the predicted spectra.

The frequency wall-pressure spectra presented in the following figures are computed from the corresponding
wavenumber spectra given by Eq. (5). The convective speed of pressure fluctuations over the blade surface,
Uc, is supposed to be independent of the wavenumber and equal to 70% of the reference velocity U0. This
is a common value for turbulent boundary layer convection velocity (see [29, p. 50] and [20, Tab. 1]). The
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treatment of length scale anisotropy in the turbulent field and of its effect on S22 is described in detail by
Remmler [28].

4 Monte-Carlo methods

Various numerical schemes have been devised in the past for the numerical calculation of multi-dimensional
integral, and the reader is referred to [26] for a brief overview. However most of the classical quadrature
schemes can be computationally demanding if the dimension of the integral is high [17]. As an estimate
if 100 points are required for calculation of a single independent variable, then the required cost for N
dimensional integral using a classical quadrature technique would be 100N . Furthermore this would be the
cost for a single streamwise-wavenumber calculation, in principle then if one wants to calculate the pressure
spectra at M different streamwise wavenumber this cost will go uptoM×100N . This can be computationally
heavy if N is large, even by current state of the art computer. Whereas as noted if we want to estimate wall
pressure spectra from a pre-design perspective where a hundred of test cases are to be tested and as such a
large computational cost for a single case can prove to be detrimental. With this in mind the Monte-Carlo
method for numerical integration has been used, which is computationally much cheaper and can converge
with just a moderate 3000 − 5000 iterations per streamwise wavenumber as noted previously by [22], [17]
and [28] using a similar formulation for the calculation of wall-pressure spectra.

4.1 Quasi uniform sampling

The simplest way to integrate a generic function f : Rn → R with Monte-Carlo schemes is to generate N
random vectors, xi, over the integration domain. Following the review made by Press and Farrar [25], we
can define the estimator of f , which is obtained by calculating the mean of theN randomly sampled function
values:

〈f̃〉 =
1

N

N∑

i=1

f(xi). (12)

An indication of the error of the Monte-Carlo integration is given by the square root of the variance of the
estimator, Var(〈f̃〉). The variance of the estimator, in its turn, is related to the variance of the function as

Var(〈f̃〉) =
Var(f)

N
(13)

so that the following asymptotic relation holds for the error of the estimation:

ε = O
(

σ√
N

)
(14)

where σ =
√

Var(f). However it is a known fact that generating random numbers using a deterministic
computer is not possible, since a deterministic computer will always generate the same output if the starting
conditions and inputs are the same. On the other hand one can generate so called pseudo random numbers
using built-in libraries. However such random number generators are based on recurrence relations, and as
such they would repeat afterwards. Although, there exists a random number generators which can take care
of this problem of short-periods [26], nevertheless variance reduction obtained by generating pseudo-random
sequence is quite slow and it converges with a rate of N−1/2 [26], where N is the number of samples. To
avoid this [22] and [17] used quasi-random sequences to sample the integral, this can improve the rate of
convergence of the integral to N−1 under certain boundary conditions [26]. Thus for our test cases we use
the Sobol sequence for generating Quasi-Random (QR) numbers using the function sobseq taken directly
from [27].
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4.2 Recursive stratified sampling/Miser algorithm

A different technique, the recursive stratified sampling, has been developed by Press and Farrar and imple-
mented in the MISER algorithm [25]. The fundamental idea is to divide the integration region V into two
equal and disjoint subvolumes, a and b, and sample them with Na and Nb = N −Na uniformly distributed
points, respectively. Then, a new estimator of 〈f〉 is defined as

〈f̃〉′ = 1

2

(
〈f̃〉a + 〈f̃〉b

)
(15)

where the 〈f̃〉a,b terms are computed according to Eq. (12). The variance of the newly defined estimator is

Var
(
〈f̃〉′

)
=

1

4

(
Vara(f)

Na
+

Varb(f)

N −Na

)
(16)

which is minimized when
Na

N
=

σa
σa + σb

. (17)

In case Na satisfies the previous equation, the variance of the function mean estimator is

Var
(
〈f̃〉′

)
=

(σa + σb)
2

4N
. (18)

The advantage of this method is that Var
(
〈f̃〉′

)
is never larger than the variance of the estimator computed

in the general Monte-Carlo method, defined in Eq. (13). The stratified sampling can be applied recursively
to solve high-dimensional problems; the details of this procedure are given in [25]. The MISER algorithm is
available in the Scikit-Monaco package for Python [3].

4.3 Importance sampling

Another way to accelerate the convergence by reducing variance the technique of Importance Sampling (IS)
method can be used as done previously by [22], [17] and [28]. The method of importance sampling is based
on the simple idea that by introducing a change in variable the function could be made flatter in the new
co-ordinate system and hence fewer samples would be required to reach convergence. In fact if the function
is flat just a single sample would be required.

Mathematically importance sampling can be defined as

Ef [h(X)] =

∫

X
h(x)g(x)dx (19)

In the above equation we seek to determine the expectation E of function h(x) under the Probability Density
Function (PDF) g(x).

Generally we need to either find the PDF g(x) that mimics the function h(x) in case if such a function is
not present intrinsically in the integral. Then from there on samples could be drawn from the function g(x)
using the technique known as Inverse transform sampling.

The algorithm for inverse transform sampling can be summarized as-

1) Determine the PDF function g(x) which ”resembles” h(x).

2) Determine its Cumulative Distribution Function (CDF) u(x).

3) Find its inverse u−1(x) either numerically or analytically.

4) Generate uniformly distributed random numbers using Sobol sequence and plug it to u−1(x), this would
generate random number based on the PDF g(x).
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5) Solve Eq. (19).

Before importance sampling was realised, the Quintuple Integrals was further simplified in order to facilitate
its numerical implementation. Firstly all the length scales in the equation were normalised using δ (the
boundary layer thickness) as follows : k = kδ , x2 = x2/δ , λg = λg/δ and r = r/δ. Secondly the integral
is split in two different terms ϕ(K1) = I1 − I2 as was done by [22],with I1 :





I1 =
2αk1

2ρ2

π2

∫ 2π

0

∫ ∞

0

∫ 1

0

∫ 1

0

∫ ∞

0

1

κ2
× e(−κ(X2

′+X2))...

√
u22(X2)u22(X

′
2) δ

3 ×
[(
r
)
× exp

(
−
(
r2 + (X2 −X2

′)2

Λg
2

))]

∂U

∂x2

∂U

∂x2′
cos(k1αr cos θ) cos(k3r sin θ)dθdrdX2dX2

′dk3





(20)

and I2 :





I2 =
2αk1

2ρ2

π2

∫ 2π

0

∫ ∞

0

∫ 1

0

∫ 1

0

∫ ∞

0

1

κ2
× e(−κ(X2

′+X2))...

√
u22(X2)u22(X

′
2) δ

3 ×
[(

r3

Λg
2

)
× exp

(
−
(
r2 + (X2 −X2

′)2

Λg
2

))]

∂U

∂x2

∂U

∂x2′
cos(k1αr cos θ) cos(k3r sin θ)dθdrdX2dX2

′dk3





(21)

For the variance reduction for the variables x2 and x2′ a normal distribution is used,while tailored design
of the PDF’s used for these variables are driven from previous observations on wall-pressure spectra. In
particular the design is motivated by the fact that high frequency and high wave-number contributions comes
from the inner part of boundary layer, while at low wavenumber contributions are usually due to external
parts of the boundary layer [5]. Secondly the higher frequency contributions are much more localised or
stratified, while low frequency contributions are more spread out [22]. Lastly the inner most part of viscous
sub-layer part of the boundary layer will have very low contribution towards overall spectra due to the fact
that vertical velocity fluctuations tend to zero. By taking these considerations into account, the Eq. (22) is
devised :

g(x) = 2 ∗
√

(b ∗ k1)×
[ [

exp[−(b ∗ k1 ∗ (x− ah
k1

)
2
)]
]

[√
π[erf(a∗

√
b∗h√
k1

) + erf(
√
b(−a∗h+k1)√

k1
)]
]
]

(22)

where erf is the Error function. Here K1, corresponds to the streamwise wavenumber, while b, a and h are
empirical constants, to accomplish the above mentioned objectives. The CDF of Eq. (22) turns out to be
fairly complicated such that it cannot be analytically inverted. To do this Brent’s method of finding the root
was used [27]. Brent’s method of finding root is a hybrid method [26], and it uses a combination of bisection
method, the secant method and inverse quadratic interpolation root , to find roots. An advantage is that, such
a method compared to other classical root finding method such as the method of false position used by [17],
it performs better even when the function is not smooth near the root [26].

The variance reduction for the variable k̃3 was realised by using the following PDF:

g(x) = (a× exp(−(x2 × a2/4)))/(
√

(π) ∗ erf ∗ (ad/2)) (23)

where d is the upper limit of integration for the variable k̃3. Finally a in Eq.(23) is meant to emulate the
behaviour of λg. The PDF used for variance reduction for the variable r in the integral I1 Eq. (20) and I2
Eq. (21), have following form respectively.

AEROACOUSTICS AND FLOW NOISE 591



g(x) =

[
2 ∗ x

[
exp(−[x

2+c2

L2 ])
]

L2 exp[−( c
2

L2 )]

]
(24)

g(x) =

[
2 ∗ x3

[
exp(−[x

2+c2

L2 ])
]

L2
[
L2 × exp[− c2

L2 ]
]
]

(25)

Here the variable c is meant to emulate [x2 − x2′]. L mimics Λg.

Lastly for the variable θ, the variable selection turns out to be quite tricky; this was the reason why [22],
[17] used a uniform distribution to sample it. However, we know that the variable θ behaves like a Bessel
function of the first kind of order 1. But due to its oscillatory behaviour we cannot construct a PDF directly.
Although there is an option to take the absolute value of the function and then create the PDF in a piecewise
fashion. However this would be a complicated step to implement numerically. A more realistic way is then
to note that a Bessel function decreases with a rate of 1/

√
x. And since this function is simple enough, it is

more amenable to mathematical and programming procedure involved. Hence the PDF chosen for variance
reduction for the variable θ is :

g(x) =
1

2×
√

(x ∗ 2 ∗ π)
(26)

5 Adaptive Quadrature method

The techniques described in section 6 have already been used in the past by numerous other authors e.g. [22],
[17] and more recently by [28] to calculate the wall-pressure spectra. However due to mathematical com-
plexities and high computational cost associated with performing a numerical quadrature scheme, a direct
one to one comparison between MC integration scheme and a quadrature scheme has not been realized yet in
the context of wall-pressure spectra calculations. This is important since while performing such a stochastic
integration scheme a notion of absolute or relative accuracy cannot be devised. Rather only the variance
of the integral can be controlled. Hence the notion of variance reduction exists which was discussed in the
sections before. Be it as it may, this does not let one to determine the accuracy of results. Hence although
[22] have extensively tested reduction in variance while using such a stochastic scheme, it is unknown if
there solution did or did not converge to the right answer. Also as discussed in section 6 that variance re-
duction while using importance sampling scheme (as was employed by all the previous authors [22], [17]
and [28]) is very sensitive to the choice of distribution function. A wrong choice of distribution function
while may lead to an efficient reduction in variance it can nevertheless certainly make the solution digress
from the correct solution. In order to quantify the relative accuracy of the calculated wall-pressure spectra
using various Monte-Carlo schemes we employ an adaptive quadrature schemes wherein relative errors can
be set a-priori, which then can be considered as the reference. This indirect method provides an alternative
way of quantifying errors, in a relative sense. The method used for adaptive quadrature integration scheme
was tplquad, which can be simply imported from the Python inbuilt scipy.integrate library [14]. For the case
where limits of integration are finite, this package uses Clenshaw-Curtis method of cubature [24]. The way it
is implemented in Python, user has a choice of either specifying absolute or relative accuracy or both. Since
the value of the integral being calculated is below the default absolute accuracy limit, this value was modified
and ascribed an arbitrary low value that cannot be achieved numerically, and the relative accuracy was set as
0.9× 10−3. This forces the integral to converge within the prescribed limits of relative accuracy.

592 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 3: Convergence of different integration schemes Legends: MC MISER sampling error calculated
at lowest frequency ; MC QR sampling error calculated at lowest frequency; MC IS sampling error
calculated at highest frequency

6 Compare the convergence of the three algorithms against the quadra-
ture scheme

Methods discussed above for the calculation of wall pressure spectra were tested and comparisons are pre-
sented in this section. All the cases were run on a Intel(R) Xeon(R) CPU E3 − 1270 v5 Linux worksta-
tion with memory base frequency of 3.60GHz and 8 processors with a total of 32 Gb of ram and 8 Mb
cache memory. It is worth noting that while both the Monte-Carlo schemes (the importance sampling and
the Quasi-random sampling) were written in Fortran90, the MISER algorithm and adaptive quadrature
scheme-tplquad are both standard Python libraries. Moreover the Fortran90 codes were not parallelized
while MISER algorithm is. Therefore the differences in time taken for calculation of wall pressure spectra do
not necessarily correlate with efficiency of the scheme. Nevertheless time taken for calculation remains an
important metric especially, if this method for wall-pressure calculations has to be used in conjunction with
pre-design. For the 3 dimensional Quasi-random sampling the rate of calculation per sample was found to
be around 2.9× 10−5 seconds. 2 million samples were calculated under 1 minute. For 4 and 5 dimensional
Quasi-random sampling the calculation rate was found to be around 4.4 × 10−5 seconds and 1.4 × 10−4

seconds respectively. Whereas due to inherent complexity involved in coding and number of supplementary
operations required in the case of importance sampling meant that the solver takes longer to calculate integral
for a single sample. For example in case of 5D integral using importance sampling scheme takes 0.9× 10−3

seconds to calculate a single sample. For a 4 dimensional integral the cost of calculating integral is about
0.84 × 10−3 seconds, while for a 3 dimensional integral it costs about 1.02 × 10−3 seconds for a single
sample. The differences in the latter results are most probably caused by an optimization issue with the code.
In any case, it is an order of magnitude higher compared with the time taken by Quasi-random sampling
technique for an integral of 5 dimensions. Lastly the [MISER or the Recursive stratified sampling] [25], as
implemented in Python [3] is parallelized, hence the time taken per sample is no longer linear as function of
sample. The rate is now a function of number of Monte-Carlo samples. For comparison purposes we only
report that it takes about 7 minutes to perform Recursive stratified sampling technique on 2 million sam-
ples, irrespective of the dimension of the integral. Finally, one should now compare the time taken by these
stochastic integration techniques against deterministic quadrature technique. The time taken for the tplquad
solution is about 1 hour and 15 minutes with the errors specified. This then clearly shows that Monte-Carlo
schemes are several orders of magnitude faster then adaptive quadrature method for integration and it also
gives reasonable estimate on a dB scale. Also the Monte-Carlo Quasi-random sampling scheme for integra-
tion converges very quickly at higher frequencies while the variance at low frequency is relatively high, this
has also been reported in a previous study by Christophe et al. [8]. Figure 3 compares the convergence of
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(a) 3D integral calculations (b) 4D integral calculations

(c) 5D integral calculations

Figure 4: Wall pressure spectra at x1/chord = 0.98 for MC QR sampling. Legends: Quadrature solution
using tplquad ; Reference LES ; With 10k samples; With 50k samples ; With 100k samples
; With 200 k samples ; With 500k samples ; With 2M samples
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(a) 3D integral calculations (b) 4D integral calculations

(c) 5D integral calculations

Figure 5: Wall pressure spectra at x1/chord = 0.98 for MC MISER. Legends: Quadrature solution using
tplquad ; Reference LES ; With 10k samples; With 50k samples ; With 100k samples ;

With 200k samples ; With 500k samples ; With 2 M samples

AEROACOUSTICS AND FLOW NOISE 595



(a) 3D integral calculations (b) 4D integral calculations

(c) 5D integral calculations

Figure 6: Wall pressure spectra at x1/chord = 0.98 for MC IS. Legends: Quadrature solution using
tplquad ; Reference LES ; With 100 samples; With 1k samples ; With 5k samples ;
With 10k samples ; With 100k samples ; With 200 k samples
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the three Monte-Carlo methods to the adaptive quadratures solution with the number of samples for a given
frequency. In this case, the advantage of importance sampling appears clearly.

The wall-pressure spectra computed with the three Monte-Carlo methods are presented in Figs. 4 to 6. First,
it can be noticed that the Quasi-Random sampling (Fig. 4) and the MISER algorithm (Fig. 5) exhibit a
similar behavior. In fact, for the 3D integration test both algorithms provide a solution consistent with that
of the adaptive quadratures already at the lowest number of samples of the integrand function. When the
dimensions of the integral formulation are increased to 4 and 5, both methods require a larger number of
samples (the order of 105) to converge to the reference solution in the lower frequency range. The slow
statistical convergence at low frequencies of a Monte-Carlo method for the computation of the wall-pressure
spectrum based on the Poisson equation was already noticed by Christophe et al. [8]. In their work, a
slightly different formulation of the turbulence cross-spectrum was used, assuming an exponential longitu-
dinal correlation function instead of a Gaussian, following [17] and [22]. Figure 6 presents the results of the
application of the Importance sampling method to the three integral formulations. These plots demonstrate
the advantage of using a variance-reduction method tailored to the integrand function: a converged solution
can be obtained with a lower number of samples than the previous Monte-Carlo methods irrespective of the
number of dimensions of the integral.

7 Conclusions and future work

This work has presented the application of three different Monte-Carlo techniques to integrand functions of
increasing complexity that are of great interest in the study of sound and vibration generated by turbulent
boundary layers. The methods taken into account range from the simplest application of Monte-Carlo in-
tegration, in which the samples of the function are selected quasi-randomly, to a technique tailored to the
specific problem, such as Importance sampling. The results of the convergence tests presented in Sec. 6 show
that the Importance sampling technique requires a significantly lower amount of computational resources to
obtain the same result as the Quasi-random sampling or the MISER algorithm. However, the drawback of the
Importance sampling technique is the necessity of developing an algorithm tailored to every given problem
of integration. The MISER algorithm, on the contrary, can be applied to a very wide range of functions of
any dimension and is efficiently parallelized in Python and therefore it constitutes a valid alternative.

The analytic modeling of wall-pressure spectra under turbulent boundary layers will be extended in future
works to the use of different longitudinal correlation functions of the turbulent field, which are possibly not as
mathematically convenient as the Gaussian (see [36]). Furthermore, the effect of the turbulence-turbulence
interaction source term in the Poisson equation can be taken into account, leading to six-dimensional inte-
gral formulations, as shown in [23] and [35]. In light of these analytic developments, the use of efficient
integration techniques illustrated in this paper will be all the more necessary.
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Abstract
This paper presents an experimental study of the aeroacoustic characteristics of Helmholtz resonators. The
two-port characterization technique is applied to compute the scattering properties of the resonators from
measured pressure spectra. The onset of aeroacoustic instabilities is investigated using an acoustic power
balance based on the linear scattering matrix formulation. The influence of the grazing flow velocity on
the aeroacoustic instability onset is discussed. Additionally, the effect of the orifice dimensions is analyzed
with two different configurations. The results offer a valuable database for the validation of computational
techniques for the prediction of whistling onset in duct systems.

1 Introduction

Helmholtz resonators and perforated plates are passive acoustic devices typically used in flow duct systems
to suppress or control tonal noise propagation. Those devices are commonly integrated into many industrial
applications such as aircraft engine liners, automotive mufflers, ventilation and exhaust systems for vehicles
or buildings. To improve the acoustic performance of such products it is important to consider the potential
interaction between the aerodynamic flow and sound waves, which can lead to high levels of vibrations
and unacceptable noise emissions. Such aeroacoustic coupling phenomena have gained a marked interest
due to their relevance for many engineering applications, such as pipe networks with an open or closed
side branches [1, 2, 3, 4], T-junctions [5, 6, 7, 8] or orifice plates [9, 10, 11, 12], and cars with an open
window or sunroof [13, 14]. Several numerical and experimental studies also discuss the modeling of the
fluid-mechanics of flow-excited Helmholtz resonators [15, 16, 17, 18, 19, 20, 21, 22, 23]. Under certain
conditions, the vortical flow disturbances, generated in the detached shear layer over the orifice, can interact
with the acoustic field, resulting in an energy transfer between the flow and the acoustic oscillations. The
constructive reinforcement of the unstable vortical structures, due to the coupling with the resonator cavity
modes, can lead to aeroacoustic instabilities and whistling. As argued in [9] and [12], these phenomena
develop from a linear state and their onset can be efficiently predicted using linear aeroacoustic theory.

This paper presents an experimental study of the aeroacoustic instabilities in Helmholtz resonators under
a low Mach number grazing flow. The experiments are carried out on the open circuit aeroacoustic test
facility at KU Leuven [24, 25]. A two-port technique is applied to characterize acoustically the test objects
[26, 27, 28]. The frequency ranges for the onset of the instability phenomena are detected via an acoustic
energy analysis of the resonators scattering properties [12]. The paper is organized as follows. Section 2
discusses the theory of the two-port characterization technique and the acoustic energy criterion. Section 3
introduces the test object and the experimental set-up. In Section 4 the results are presented and discussed.
Concluding remarks are given in Section 5.
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2 Theory

2.1 Acoustic two-port modeling

A two-port model is an efficient method to characterize the acoustic properties of a duct component, mounted
between an inlet and outlet duct with rigid walls (Fig.1). It makes abstraction of the complex physics inside
the acoustic element and describes the transmission and the reflection of the propagating sound using a linear
matrix relation in frequency domain [26, 29, 28]. Analytical models of many simple duct geometries can be
found in literature [26, 30, 31], while experimental and numerical approaches are typically adopted for more
complex geometries.

32 PASSIVE TWO-PORT CHARACTERIZATION OF FLOW DUCT COMPONENTS
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The main advantage of this formulation is the direct physical interpretation of
the matrix coefficients (figure 3.1). The diagonal terms T ± are the transmission
coefficients for the downstream and upstream propagating waves, while the
off-diagonal terms R± represent the reflection coefficients at the inlet and the
outlet.
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Figure 3.1: Scatter matrix coefficients of a passive two-port element

This chapter focuses on the characterization of a flow duct component as a
passive two-port element. Since matrix relations exist between the different
multi-port formulations [70, 96], only the scatter matrix formulation will be
considered. This chapter is structured as follows. First, an overview is given
of the existing procedures for the acoustic two-port characterization of duct
components and the plane wave decomposition methods used for this purpose. In
section 3.3, a novel iterative procedure for plane wave decomposition is presented.
This procedure is applied to a set of numerical validation cases in section 3.4
to investigate its performance under different conditions. Section 3.5 presents
an experimental validation of the proposed procedure. Finally, section 3.6
summarizes the main conclusions of this chapter.

3.2 Passive two-port characterization

The passive two-port model uses a two-by-two matrix to describe the acoustic
behavior of a flow duct component in frequency-domain. The characterization
of a component therefore requires the determination of the four coefficients of
this two-port matrix. For any known state of the system, the scatter matrix
relation (3.1) yields two linear equations with four unknown coefficients. A
second, independent state of the two-port element is therefore needed to obtain
a determined system of equations. The two-port matrix can then be computed
as:
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Figure 1: Two-port model of the acoustic element [32].

The two-port model assumes that only plane waves propagate in the ducts and all high-order modes are
evanescent. This assumption allows describing the acoustic field in a duct using only two independent
variables, such as the acoustic pressure and velocity or the complex amplitudes of the upstream and
downstream propagating wave. The linear acoustic properties of a duct component are therefore determined
by the relation between these variables at the inlet and at the outlet of the two-port element. Using the
scattering matrix formulation, the acoustic behavior at an angular velocity ω is described by a linear matrix
relation between the complex amplitudes of the downstream (p+) and upstream (p−) propagating pressure
wave at the inlet (•i) and outlet (•o) of the acoustic element:

p
out

= S p
in

(1)

p
in
=

{
p+i (ω)
p−o (ω)

}
, p

out
=

{
p+o (ω)
p−i (ω)

}
, S =

[
T+(ω) R−(ω)
R+(ω) T−(ω)

]
. (2)

The scattering matrix S contains the coefficients T+, T−, R+ and R−, which represent, respectively, the
transmission and reflection coefficients for the downstream (•+) and upstream (•−) propagating waves.
Given the assumption of plane wave propagation, the validity of the model is restricted to frequencies below
the cut-off frequency of the first transversal mode.

The scattering matrix determination requires at least two independent states of the system. This can be
achieved by varying the position of the excitation [33] (two-source method), by modifying the downstream
impedance [34] (two-load method) or by a combination of both [35]. The scattering matrix is then computed
as:

S =

[
T+(ω) R−(ω)
R+(ω) T−(ω)

]
=
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where the Roman number refers to the two independent states. The use of more than two states, using a
Moore-Penrose pseudoinverse for the matrix inversion, can improve the accuracy of the solution by
suppressing the influence of randomly distributed errors.

The complex amplitudes p± are computed by mapping the measured pressure spectra p′ at n ≥ 2 distinct
positions in the duct on the analytical expression for the acoustic pressure field [36]:
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where z is the axial position of the measurement points and the symbol •⊗ denotes the Moore-Penrose
pseudoinverse. The axial wavenumber k± is computed from the expression derived by Weng and Bake [37],
accounting the visco-thermal attenuation at the walls:

k± =
k0

(1±M0)

(
1 +

1− j
R

√
ν

2ω (1±M0)

(
1 +

γ − 1√
Pr

))
(5)

The term k0 = ω/c0 is the wavenumber in a quiescent medium, depending on angular velocity ω and the
speed of sound c0. M0 is the steady flow Mach number, Pr the Prandtl number, ν is the kinematic viscosity,
γ is the ratio of specific heat constants and R is the hydraulic radius of the duct. The accuracy of the plane
wave decomposition is directly affected by measurement errors on these parameters. These uncertainties
can be reduced using an iterative optimization method [38, 32], which exploits the overdetermination of
equation (4) to compute better estimates of selected parameters. In this paper, the speed of sound and the
mean flow Mach number are optimized using this iterative method.

2.2 Acoustic energy criterion based on scattering matrix

Assuming the flow-acoustic interaction effects are included in the linear scattering matrix relation, the
modulation of incident acoustic waves and the potential onset of aeroacoustic instabilities can be
determined by analyzing the scattering properties of the acoustic element. A theoretical criterion for the
prediction of the fluid-driven whistling potentiality of a duct component, based on an acoustic energy
balance, has been proposed by Auregan and Starobinski [12]. This criterion is formulated in terms of
exergy wave contributions w±, which can easily be derived from the complex amplitude of the
corresponding pressure waves using a scaling factor:

w± = (1±M0) p
± (6)

Introducing the exergy wave vectors win and wout, it is possible to define the power scattering matrix S
w

according to the following relation:
wout = S

w
win. (7)

win =

{
w+
i (ω)

w−o (ω)

}
wout =

{
w+
o (ω)

w−i (ω)

}
(8)

This power scattering matrix S
w

is computed in a similar way as the scattering matrix, using equation (3)
formulated in terms of exergy waves w± instead of pressure waves p±.

The acoustic power entering (Win) and leaving (Wout) the two-port element is determined by the exergy
waves:

Win = w∗inwin Wout = w∗outwout (9)

Hence, the acoustic power Wdiss dissipated inside the element can be expressed as a function of the power
scattering matrix:

Wdiss =Win −Wout = w∗in
(
I − S∗

w
S

w

)
win (10)

where I is the identity matrix, and the superscript •∗ represents the Hermitian transpose. According to this
formula, an amplification of the incident sound power due to a flow-acoustic interaction results in a negative
Wdiss. Following the formalism proposed in [12], this power balance can be reformulated as:

Wdiss = d∗
(
I −Λ

)
d (11)

The diagonal matrix Λ contains the real and positive eigenvalues λi of the product of the power scattering
matrix with its Hermitian transpose S∗

w
S

w
. The vector d is obtained from d = V ∗ p

in
, which corresponds
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to an orthogonal change of variables defined by the matrix V which columns are the eigenvectors of S∗
w
S

w
.

As a result, the quadratic form of the dissipated power can be expressed as:

Wdiss =
∑

i

(1− λi) |di|2 =
∑

i

ξi |di|2 (12)

where ξi = 1 − λi are the so-called dissipation potentials. These potentials represent the minimum and
maximum sound power dissipated by the two-port element, considering all possible incident acoustic fields.
A positive dissipation potential indicates a net dissipation of acoustic energy inside the two-port element,
whereas a negative potential implies a net amplification of the incident power. The whistling potential can
hence be determined by considering the values of ξmin = 1−λmax. In particular, ξmin < 0 indicates that the
acoustic element can amplify the incident acoustic power, which can lead to whistling. Therefore, although
the intrinsic non-linearity of aeroacoustic instabilities, their onset can be predicted using a linear two-port
formulation and the acoustic power balance approach.

3 Experimental set-up

The experimental campaign for the analysis of the aeroacoustic instabilities in Helmholtz resonators has
been carried out on the open circuit aeroacoustic test facility at KU Leuven. The resonators are designed
considering a quasi-two-dimensional geometry shown in figure 2. It consist of a rectangular cavity with a
length lx = 40 mm, a depth ly = 55mm connected to a duct by an orifice. Two different neck geometries are
manufactured in order to study the orifice length effect. The resonator A is characterized by a neck with an
orifice length of LA = 5mm and a depth of dA = 5mm; while the resonator B has a length of LB = 10mm
with the same depth dB = 5 mm. In both cases the main duct has an height of H = 40mm. This 2D
geometry is extruded over W = 90mm in the third dimension. Figure 3 shows the test object mounted
between an inlet and an outlet duct with a rectangular cross-section of 90 by 40 mm. Each of these ducts is
equipped with 4 flush-mounted 1/4” microphones (type PCB 378C10), located respectively at 425 mm, 506
mm, 637 mm and 849 mm from the center of the orifice. An in-line loudspeaker is installed at the extremities
of the measurement ducts to provide the acoustic excitation. At the exhaust of the downstream duct, various
types of termination can be mounted to change the acoustic load. The upstream duct is connected to a
flow generating unit, consisting of a frequency-regulated roots blower and an after-cooler. Measurements
have been carried out imposing different inlet flow velocities. Besides the reference case in a quiescent
medium, three different mean flow cases are tested, imposing an inlet velocity of u0 =10m/s, 15m/s,
20m/s; corresponding respectively to a Reynolds number of Re = 2 ρ u0R/µ = 37218, Re =55868
and Re = 74646. For the resonator B an additional test cases is studied, imposing an inlet velocity of
u0 = 35m/s corresponding to a Reynolds number of Re = 130631. The temperature and the volume flow
rate are continuously monitored using a vortex-flow meter.
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Figure 2: Schematic description of the Helmholtz resonator with two different neck geometries.
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Figure 3: Test object mounted in the experimental set-up.

The two-port characterization has been carried out following a combined multiple source and multiple load
approach obtaining 4 independent dataset for each case. The data acquisition has been done using a a LMS
SCADAS III system, in combination with LMS Test.Lab rev.15. All the experiments have been performed
with a stepped sine excitation in a frequency range from 100 Hz to 1880 Hz. This upper limit corresponds to
the cut-off frequency of the first transversal mode of the duct. The frequency resolution is set to 20 Hz around
the expected resonance frequency, and to 50 Hz in the remainder of the frequency range. All autopower and
crosspower spectra are computed using Welch’s averaging technique with 60 averages and 25% overlap
[39]. In-house processing routines have been applied to the measurement data to carry out the iterative plane
decomposition, to compute the power scattering matrices and to obtain the dissipation potentials [32].

4 Discussion of results
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Figure 4: Amplitude of the power scattering matrix coefficients for the Helmholtz resonator A at different
mean flow velocities: u0 = 0m/s ( ), u0 = 10m/s ( ), u0 = 15m/s ( ), u0 = 20m/s ( ).

Figures 4 and 5 report the amplitude of the power scattering matrix coefficients for the resonator A and B.
The results for a quiescent medium and for different inlet flow velocities are presented. In quiescent fluid
conditions, both Helmholtz resonators passively act as effective sound absorbers around their resonance
frequency fres. In figure 4, the transmission coefficients show a minimum around the natural frequency of
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Figure 5: Amplitude of the power scattering matrix coefficients for the Helmholtz resonator B at different
mean flow velocities: u0 = 0m/s ( ), u0 = 10m/s ( ), u0 = 15m/s ( ), u0 = 20m/s ( ), u0 =
35m/s ( ).

the resonator fres = 690Hz, where the reflection coefficients have their maximum. In agreement with the
mechanical system analogy [27], whereby the angular resonance frequency of the resonator ωres =2πfres
is proportional to the square root of the orifice length

√
L, the natural frequency of the resonator B at zero

flow occurs at a higher frequency of about fres = 850 Hz (figure 5). The results of resonator A at the flow
velocities of u0 = 10m/s reveal an increase of a resonant peak in the reflection coefficient |R−w | above the
reference case without mean flow. This effect becomes more pronounced when the inlet velocity is increased
to u0 = 15m/s, for which |R−w | exceeds the value of 1 in the proximity of the resonance frequency. A further
increase of the flow velocity results in a decrease of the resonant peak of the reflection coefficients, with a
shift towards higher frequencies and a lower quality factor. A similar trend has already been observed in
experimental results with smaller orifice length resonators under grazing flow [40], and suggest an increased
damping caused by the flow-acoustic interaction.

For the resonator B in figure 5, the decrease of the quality factor and the shift of the resonant peak towards
higher frequencies are already observed at the inlet velocity of u0 = 15m/s. At higher flow velocities, the
resonator behavior changes appreciably. At u0 = 35m/s the mean flow effect is more pronounced, and
it leads to an increase of the power reflection property of the two-port element. According to the previous
arguments, this indicates that the resonator are not working properly as a sound absorber. In addition, for
this case, a peak shift towards higher frequencies is identified.

Figures 6 and 7 report the minimum dissipation potential, ξmin for resonators A and B, computed from the
measured power scattering matrix. The results are plotted versus the Strouhal number St = fL/uc, based
on the orifice length L and the convection velocity of vorticity across the orifice uc. The correction factor
uc/u0 = 0.45 refers to numerical and experimental studies of similar cases [16, 1, 5, 41, 42]. Given the
different orifice lengths, the Strouhal number StB for resonator B is scaled with a factor 2 with respect
to the Strouhal number StA of resonator A. For both resonators distinct frequency ranges for the onset of
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Figure 6: Acoustic power balance of the Helmholtz resonator A at different mean flow velocities. Minimum
dissipation potential at u0 = 10m/s ( ξmin), u0 = 15m/s ( ξmin), u0 = 20m/s ( ξmin).

aeroacoustic instabilities are identified for different mean flow velocities.

Figure 6 shows the minimum dissipation potential for resonator A. At the inlet velocity of u0 = 10m/s,
the minimum dissipation potential ξmin is negative in the ranges corresponding to 0.62 < StA1 < 0.69
and 1.72 < StA2 < 1.825. Increasing the grazing flow velocity to u0 = 15m/s, we observe the onset of
a whistling mode in a lower frequency region, corresponding to 0.25 < StA0 < 0.32. While, the second
whistling mode, corresponding to 0.5 < StA1 < 0.81, is centred around the first unstable region detected at
u0 = 10m/s. At the inlet velocity of u0 = 20m/s the first unstable range widens to 0.19 < StA0 < 0.35,
while the second whistling range is enlarged and shifted to higher Strouhal numbers, occurring in the region
of 0.47 < StA1 < 0.97.

A similar pattern is observed for the resonator B in figure7. At the lower velocity, u0 = 10m/s, two
whistling modes are detected, the first around StB1 = 1.822 and the second between 3.40 < StB2 <
3.60. Increasing the grazing flow velocity to u0 = 15m/s, two main whistling modes are identified, in the
frequency ranges corresponding to 0.43 < StB0 < 0.93 and 1.5 < StB1 < 1.77. At higher velocities those
ranges widen, and, in addition, the first region of instability onset is shifted to lower Strouhal number. At the
same time, the second unstable region is translated to higher Strouhal numbers: at u0 = 20m/s a negative
dissipation potential is observed in the range corresponding to 0.37 < StB0 < 0.93 and 1.48 < StB1 < 2.
For the mean flow velocity of u0 = 35m/s the potential onset of aeroacoustic instabilities is detected in the
range of 0.33 < StB0 < 0.93.

As supported by the previous results, the effects of fluid-dynamic and resonant phenomena are identified for
both resonators. The different orifice lengths influence the natural frequency of the resonators, according to
[27], and leads to a frequency shift of fres. A similar trend is also observed for the Strouhal number ranges
of aeroacoustic instability onset, confirming that the instabilities originate from the interaction between the
unstable shear layer and the Helmholtz resonance. In addition, the increased mean flow velocity results
in wider frequency ranges of aeroacoustic instability onset. Analyzing the results for both resonators, the
minimum dissipation potential shows a clear periodic pattern that require further investigations. For this
purpose, the two-port assumption seems to be restrictive, and a multi-port model [32] is required to extend
the framework to higher frequencies.
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Figure 7: Acoustic power balance of the Helmholtz resonator B at different mean flow velocities. Minimum
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u0 = 35m/s ( ξmin).

5 Conclusion

In this paper, the onset of aeroacoustic instabilities in Helmholtz resonators is analyzed experimentally. A
measurement campaign has been carried out on the open circuit aeroacoustic test facility at KU Leuven,
considering two resonator geometries and various mean flow conditions. An acoustic power balance,
computed from the scattering matrix of the resonator, is used to detect the frequency ranges where
aeroacoustic instabilities could initiate, and to study the influence of grazing flow velocity and the orifice
length. For each resonator geometry and mean flow condition, several frequency ranges are detected where
the onset of aeroacoustic instabilities could take place. As also observed in numerical studies [41],
increasing the grazing flow velocity results in a stronger interaction between the unstable shear layer and
the resonance of the cavity. This interaction leads to wider frequency regions of potential aeroacoustic
instabilities and a slight shift in terms of Strouhal number. The effect of the orifice length on the onset of
aeroacoustic instabilities can be explained predominantly by its influence on the resonance frequency of the
Helmholtz resonator. The presented results are a first contribution to a valuable experimental database,
which will be used to gain a deeper understanding of the flow-acoustic phenomena in flow-excited
Helmholtz resonators. Additional measurements, extending the database to higher Strouhal numbers by
adopting a multi-port based formalism [?], are foreseen to further investigate the periodic pattern of
unstable frequency ranges.
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Abstract
With the increased use on Unmanned Aerial Systems equipped with propellers and rotors, serrated edges
are considered to reduce broadband noise emissions without affecting the aerodynamic performance. In this
context, a full sensitivity study is performed to assess the independence of the solution to the space (voxel
resolution) and time discretization (time step, sampling rate and number of revolutions). This way, the
computational tools are validated for the prediction of both the aerodynamic and aeroacoustic performance.
The results show there is enough confidence in such models for them to be used to optimize serrated propeller
geometries and achieve a reduction of the noise emissions by 3∼10dB in the 1000Hz to 10.000Hz range.

1 Introduction

With the increased presence of mini-RPA (Remotely Piloted Aircraft) buzzing around, aural detection has
become a commonplace experience and underline the need for reduced noise emissions. The dominant noise
is radiated by the rotating blades of propellers and or rotors and is composed, given the low tip-speed, of
broadband noise with a few tones at the blade passing frequency and harmonics. Broadband noise includes
self noise generated by the scattering of the boundary layer turbulence at the trailing edge, and turbulence
ingestion noise due to the interaction of the oncoming gust at the leading edge of the blade. This is the
leading contribution. Tonal components arise from the action of forces on the blade surface, the kinematics
of the blade, the eddies around the blade, and potentially the interaction with upstream turbulence.

The work of Amiet [3] and later Roger and Moreau [22, 20, 21, 23, 5] lead to analytical formulations for
trailing edge noise and turbulence ingestion noise that can conveiently be applied to slightly cambered thick
airfoils or rotating blades with lightly cambered edges . Howe [14] derived an analytical model revealing the
potential of serrations on a flat plate in low Mach number flow to reduce the broadband self-noise. The final
solution shows that the use of sharp sawtooth serration leads to significant noise reduction. Gruber, Joseph,
Azerpeyvand and co-workers made several contributions [10, 11, 4] investigating analytically the effects
of serrations geometry on the trailing edge noise reduction. Recently, Lyu, Sinayoko, and Azerpayvand
[16, 18, 17] studied the effect of different trailing or leading edge serrations geometries in the case of rotating
blades, using an analytical model combining Howe’s low Mach number isolated airfoil theory with Amiet’s
rotating airfoil technique. According to these analytical models, the potential sound reduction of sharp
sawtooth serrations could be of 5-10 dB for a wide bandwidth. Fischer et al. confirmed lower reductions for
wind turbines[9].
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Figure 1: Blade geometries under investigation.

For the purpose of exploring the potential of serrations to reduce the acoustic signature of a mini-RPA
propeller in forward flight, a Lattice Boltzmann Model (LBM) solver [1] computes unsteady time-domain
high-fidelity simulations from which the pressure fluctuations at several probe locations are extracted. A
full sensitivity study is performed to assess the independence of the solution to the space (voxel resolution)
and time discretization (time step, sampling rate and number of revolutions). The broadband noise spectra
obtained from the LBM are compared to those obtained from frequency-domain analytical models [12, 13].

The paper is organized as follows. After a brief description of the propeller blade’s geometry and operating
conditions, the numerical (LBM) and analytical models are shortly introduced with emphasis on the space
and time discretization. Next, we present, discuss and analyse the results before drawing conclusions.

2 Blade Geometry and Operating Conditions

The blades under investigation for the four bladed single-rotation propeller are illustrated in Fig. 1. The
reference blade is identical to the blade described in described in [19]. The serrations extend from 20% to
98% radius such that the structural integrity of the blade’s base is not impacted. The NACA-16 airfoil family
[2] is used along the entire span.

The propeller, with a diameterD of 1m operates at an altitude of 1000m in cruise conditions (zero incidence)
with a flight Mach numberM∞ of 0.2 so that the Reynolds number based on the chord of the reference blade
at 75% radius is of 8.28e5 since the reference advance ratio J = v/(n.D) is of 1.4 with n the rotational
velocity in rps. This corresponds to a subsonic tip Mach number of 0.49 obtained from the vector sum of
the rotational and flight velocities. The blade angle at 75%-radius βref is of 40◦ with respect to the plane of
rotation.
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Figure 2: Voxel Refinement (VR) regions and boundary conditions.

3 Numerical and Analytical Models

3.1 Lattice Boltzmann High-Fidelity Time-Dependent Simulations

The Very Large Eddy Simulations (VLES) were performed by leveraging the inherently transient capabilities
of the PowerFLOW solver [1] based on the three-dimensional 19 discrete particle velocities (D3Q19) lattice
Boltzmann model (referred to as LBM in this paper). The Boltzmann equation governs the dynamics of
particle distribution-functions representing the probability to find a number of particles having a velocity in
a given interval in an elementary volume during an infinitesimal time interval. The model constructs a sim-
plified form of the mesoscopic dynamics which includes sufficient physics so that the desired macroscopic
behavior is recovered. Macroscopic flow quantities such as density and momentum are calculated by discrete
integration of the distribution functions. According to turbulence theory, the unresolved universal scales in
the dissipative and inertial ranges are modeled by introducing a local effective relaxation time in the colli-
sion operator governing the Boltzmann equation. This can be compared to the concept of eddy viscosity in
a Navier-Stokes solver. The sub-grid scale turbulence dynamics is represented by two additional equations
which complete the LBM. These equations are derived from an extended Renormalization Group theory.
More details about the mathematical foundations of the mesoscopic flow model behind the LBM-solver can
be found in [6, 15].

3.2 Space and Time Discretization

The cubic Cartesian lattice (voxels) for the LBM-solver[1] is generated automatically from the CAD-file of
the propeller which is enclosed in a sliding-mesh region. As visible in fig. 2, the blades (blue) and the rotating
spinner (red) are enclosed by a volume that denes the rotating mesh region (green) and the spinner is extended
with a solid non rotating cylinder (grey). All these surfaces have a no-slip wall-boundary condition. A series
of variable resolution or Voxel Refinement (VR) regions are set around the propeller from the coarsest one
(VR0) to the nest one (VR13) with the mesh resolution varying by a factor 2 between two adjacent VR
levels. VR10 corresponds to the rotating mesh region (green). VR levels from 12 onwards are generated
by offsetting the geometry parts in the wall normal direction. Solid surfaces are covered automatically by
intersecting the mesh with the wall geometry using planar surface elements (surfels).

In the standard configuration (here after referred to as v8), for aeroacoustic calculations, 600 voxels are
generated along the blade chord at 75% radius for VR13 as shown in fig. 3 resulting in about 114 million
voxels in total.

All unsteady simulations are conducted for three full rotations of the propeller after a transient period of
three rotations to yield satisfactory periodic convergence. The computations are started using the seeding
technique from previous converged cases. With the maximum acoustic frequency of interest set at 11kHz
and taking an anti-aliasing factor of 2 into account and at least 7 time steps per wave, this results in 6.5e6
time steps of the order of 5.5e− 7s each.
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Figure 3: Highest refinement in VR12 and VR13 (blocks of 2x2 voxels shown for clarity).

3.3 Analytical Model

The analytical models for the prediction of noise from a serrated trailing edge or a serrated leading edge
were recently developed by Lyu et al. [16, 18, 17] by generalizing Amiet’s theories. Both models yield the
Power Spectral Density (PSD) and follow similar steps. The airfoil broadband noise models are extended to
a rotating blade using the strip theory [25, 24] and by introducing a Doppler factor before integrating over all
possible angular locations of the blade segment. Given the dependency of the flow conditions and boundary
layer statistics on the spanwise location [8], the blade is divided in six segments. The present implementation
of these models have been validated for airfoils and rotating blades in [12].

4 Results and Analysis

4.1 Influence of Model Parameters on the Prediction of Aerodynamic Performance

The influence of several model parameters is first assessed according to table 1 in order to yield adequate
grid independence. The thrust coefficient is

CT =
T

ρn2D4
(1)

with T the net propeller thrust, ρ the freestream volumic mass and D the propeller diameter. The power
coefficient is given by

CP =
P

ρn3D5
(2)

where P is the net power. And the resulting efficiency is

η =
JCT

CP
(3)

As can be seen from table 1, the v8 settings offers an accurate solution for a moderate cost since the compu-
tational time scales roughly with the number of voxels whenever the number of CPUs is kept constant. From
a purely aerodynamic point of view, this setting satisfies the requirement on accuracy of the solutions as can
be seen from table 2 which shows the results from a grid dependency study performed according to Celik et
al. [7]. The computed order of the extrapolation polynomial is of 3.3 for CT and 0.3 for CP .

Using the v8 set-up, different geometries are being analyzed under constant flow conditions. The aerody-
namic performance of some of the geometries from Fig. 1 is shown in Fig. 4 where it appears that although
differences exist in terms of net thrust and power, the penalty from trailing-edge serrations is limited in terms
of efficiency. Leading-edge serrations lead to a larger efficiency.
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Version VR region #vovels frequency CT CP η
of the blade per chord of interest

v2 12 450 11kHz 0.158 0.289 0.76
v3 13 450 11kHz 0.163 0.309 0.74
v4 raw 13 450 12kHz 0.162 0.309 0.73
v5 12 600 11kHz 0.160 0.299 0.75
v6 fine 13 700 11kHz 0.167 0.314 0.74
v8 standard 13 600 11kHz 0.166 0.313 0.74

Table 1: Influence of model parameters on the aerodynamic performance (STE4 at J =1.4).

φ CT CP

φext
fine,std 0.1685 0.3155

eafine,std 0.60% 0.32%

eext
fine,std 0.89% 0.47%

GCIfine 1.12% 0.59%

Table 2: Grid convergence study according to Celik et al. [7] with the refinement factors rfine,std = 1.17
and rraw,std = 1.33.

4.2 Aeroacoustic Prediction Capability

The influence of the different settings (see table 1) onto the aeroacoustic predictions is shown in Fig. 5 where
it is compared to the spectrum obtained from the analytical model. The v8 set-up delivers valuable results.

Using the v8 set-up, the spectra from the reference and STE4 blades are compared in Fig. 6 from the ana-
lytical and LBM approach. This figure illustrates the potential of the analytical method since it accurately
captures the trend and relative differences between two geometries without the need for the intricate set-up
of a numerical model. The required resources and its computational time are at least one order of magnitude
less than for the LBM approach. Nevertheless, one should be careful not to miss some of the physics going
on around the blades. Therefore, several samples should be analyzed using both approaches.
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Figure 4: Aerodynamic performance in terms of CT , CP , and eta fro different individuals.
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Figure 6: Power Spectral Density for different geometries compared to the results from the analytical model.
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5 Conclusions

Simulations have been performed with a time-domain Lattice Boltzmann Solver to compute the flow around
propeller blades with a straight or a serrated trailing or leading edge. The grid dependency study of the
simulations revealed the best set-up for aerodynamic computations. This set-up is also able to accurately
model the broadband sound spectrum of the rotating blades.

The STE4 blade, although it features large serrations (h/δ = 4, h/λ = 1), has interesting properties since it
effectively reduces the noise emissions typically by −5dB in the rotational plane. The good correspondence
between analytical and LBM results allows to use the analytical tool in the search for interesting geometries.
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Abstract
Acoustic source mapping with microphone arrays usually involves the implicit assumption that sources are
situated on the surface where the calculation points are located. However, in some application, such as
aeroacoustic source localization, this assumption may produce misleading results. This paper describes the
use of inverse methods in the context of aeroacoustic volumetric source imaging. A comparative investigation
in exploiting a single planar array or multiple planar arrays, observing noise sources from different directions,
is performed. Moreover, since aeroacoustic data are often spoiled by noise and different sources of quite
different strengths are present, a novel use of CLEAN-SC as pre-processing step for inverse methods is
discussed. The simulated and experimental results presented in the paper refer to a Counter Rotating Open
Rotor installed on a 1/7th scale aircraft model placed in a large Low Speed Wind Tunnel.

1 Introduction

Aeroacoustic measurements are usually performed using phased-microphone array techniques to ease the
noisy source identification task. Despite their simplicity and robustness, simple beamforming algorithms,
like Conventional Beamforming (CB), suffer of poor dynamics and poor spatial resolution at low frequen-
cies, which lead to difficult interpretation of maps in case of multiple sources having different levels. In
three-dimensional acoustic mapping, i.e. when a three-dimensional calculation grid is used, these limitations
become even more evident. Indeed, beamformers have poor spatial resolution along the focusing direc-
tion when a single array is used, while the sidelobe level dramatically increases when multiple arrays are
combined, even in presence of a single monopole. These characteristics make direct beamformers not ap-
propriate for three-dimensional source mapping. Over the years, deconvolution techniques (e.g. DAMAS
[3], CLEAN-SC [9]) of beamforming maps have been developed in order to improve results accuracy in
terms of spatial resolution and quantification of source strengths. The goal of these methods is to remove the
effect of array spatial response, i.e. the Point Spread Function (PSF), from the map and return the real source
distribution that has generated the original map and hence pressure data measured at microphone locations.
Deconvolution algorithms are the only possibility to effectively use CB for volumetric mapping [14]. On
the other hand, inverse methods start from a discretization of the region of interest using a cloud of elemen-
tary sources (e.g. monopoles and dipoles) and aim to return the whole source distribution which optimally
approximates pressure data at microphone locations, hence having the possibility to deal with correlated
and spatially-distributed sources. In [2] Battista et al. described and compared different inverse methods
for three-dimensional acoustic mapping using a single planar array, while Padois et al. [10] compared the
behaviour of different acoustic mapping methods using one or two planar arrays. The aim of this work is to
describe some strategies to successfully perform volumetric noise source localization in aeroacoustic appli-
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cations. In particular, advantages and drawbacks in using one or two planar arrays are discussed. Moreover,
a novel use of CLEAN-SC as pre-processing step to inverse approaches is presented to ease the localization
task when source of different strength are present (as it might be the case, in an aeroacoustic application,
when considering engine and wing noises). These aspects are discussed on data recorded on a Counter Ro-
tating Open Rotor (CROR) installed on a 1/7th scale aircraft model. The model was tested in a large Low
Speed Wind Tunnel (WT) at The Pininfarina Aerodynamic and Aeroacoustic Research Center in Turin, Italy,
within the framework of the FP7 EU Clean-Sky WENEMOR (Wind tunnel tests for the Evaluation of the
installation effects of Noise EMissions of an Open Rotor advanced regional aircraft) project.

2 Inverse acoustic problem and solution strategies

2.1 Acoustic direct and inverse problem formulations

In frequency domain the discrete acoustic direct problem can be described, for each frequency, by the fol-
lowing linear relationship:

Gq = p (1)

where q is the vector of complex source strengths of S elementary sources in assumed positions, p is the
vector containing the complex pressures on M receiver locations and the complex matrix G represents the
acoustic propagation matrix. The direct acoustic problem identifies the problem of calculating p for given
q and G. This is a well-determined problem having a unique solution. Conversely, the calculation of q
for given G and p describes the inverse acoustic problem, which results to be ill-posed in Hadamard sense,
i.e. existence, uniqueness and stability of solution are not guaranteed [5]. Also the inverse problem can be
expressed as linear transformation

q̂ = Tp . (2)

While the direct operator G is well-defined, the inverse operator T can assume different forms depending
on the approach adopted. For this reason, the estimated source coefficients q̂(T) depend on the assumptions
and a priori information about the source distribution. A detailed review about different inverse operators is
provided by Leclere et al. in [7]. Inverse problems are generally under-determined because the number of
microphones is limited by practical aspects, while the number of potential sources is often larger, in particu-
lar when dealing with three-dimensional volumetric acoustic mapping. In addition, the inversion step can be
very sensitive to noise present in measurements and inaccuracy in the direct operator, therefore, a regulariza-
tion procedure is required. Several strategies for finding a solution to inverse acoustic problem are present in
literature. For example Generalized Inverse Beamforming (GIBF) [15] or Equivalent Source Method (ESM)
[13] provide methods to obtain the source coefficient distribution solving the linear formulation.

2.2 Three-dimensional acoustic inverse problem solution strategies

In the context of volumetric mapping a good spatial resolution is requested in all directions and only few
potential sources in the volume of interest contributes significantly to the sound field. For these reasons a
sparse solution is assumed. Sparsity can be enforced by minimizing the generic Lp-norm of solution, thus
having the following problem:

q̂(η2, p) = argmin
q

(
‖Gq− p‖22 + η2‖q‖pp

)
(3)

where η2 ≥ 0 is the Regularization parameter. Sparsity is enforced minimizing for p < 2. This problem has
no analytic solution but can be solved iteratively using the following strategy:

‖q‖pp =
N∑

n=1

|qn|p =
N∑

n=1

w2
sp,n|qn|2 = ‖Wspq‖22 . (4)
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This leads to the Iteratively Reweighted Least Squares (IRLS) [4] algorithm, which makes use of a diagonal
weighting matrix Wsp to converge to a sparse solution. Weights depend on the result of the previous iteration
according to the following expression:

w(it+1)
sp,n =

∣∣∣q̂(it)n

∣∣∣
p−2
2 (5)

where it is the current iteration andwsp,n is the n-th generic diagonal element. Each iteration is a regularized
least-square problem solved using the general form of Tikhonov regularization [16]

q̂(η2,W) = argmin
q

(
‖Gq− p‖22 + η2‖Wq‖22

)
. (6)

As the exponent of weights is negative for p < 2, division by null elements must be somehow avoided to
have an invertible weighting matrix. This algorithm boils down to an iterative procedure that is a fixed-point
for Eq. 3 and converges to global minimum for convex problems (p ≥ 1) or to a global or local minimum
for non-convex problem (0 ≤ p < 1).

Tikhonov regularized solution results a particular case of a more general approach to inverse acoustic prob-
lems which has been proposed by Antoni [1]. He exploited Bayesian inference for developing a method
which is able to

• identify the optimal basis functions which minimize the reconstruction error, given the topology of the
specific acoustic problem;

• include a priori information on source distribution to better condition the problem and ease the local-
ization task;

• provide a robust regularization criterion.

The Bayesian Approach (BA) encodes measurement errors in the likelihood function which describes the di-
rect probability to measure certain pressures values, given the propagation model and the probability density
function of measurement noise. If complex normal prior probability density function (pdf) for source coef-
ficients is assumed, the Bayesian framework ”mechanically” produces a regularized solution similar to the
Tikhonov one. Instead, assuming a p-generalized normal distribution as prior pdf, cost function of Eq. 3 ap-
pears from BA [6]. In addition BA explicitly identifies the regularization parameter η2 in the Noise-to-Signal
Ratio and provides its estimation as Maximum A Posteriori estimation (MAP), selecting the value with the
maximum probability of occurrence, given the measurements. The cost function to estimate η2 provided by
BA has a unique global minimum and outperform many other regularization strategies. For this reason, the
regularization task in this work is fulfilled by empirical Bayesian regularization. The interested reader might
refer to [12] for a deeper insight into BA.

The IRLS procedure to solve the inverse acoustic problem can be formalized with the following expression:

q̂(it+1) = F
(
q̂(it),W(it), η2 (it),G,p, p

)
. (7)

where the function F is given by Eq. 6. From a Bayesian point of view this method can be seen as an
Expectation-Maximization algorithm which converges to MAP solution. The following algorithm is used:

1. Set the weighting matrix for the current iteration W(it) = W0W
(it)
sp , where W

(1)
sp = I and W0 is

used to introduce a priori information on source distribution. Both matrices are normalized such that
‖W0‖∞= ‖W(it)

sp ‖∞= 1.

2. Estimate the regularization parameter η2 (it) for the current iteration.
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3. Calculate the solution q̂(it+1) and apply a threshold to discard potential sources that do not contribute
significantly to the acoustic field using the following criterion

10 log10

(
q̂(it+1)

‖q̂(it+1)‖∞

)
< THRdB . (8)

4. Calculate W
(it+1)
sp using Eq. 5.

5. Evaluate a convergence criterion; if not fulfilled go back to step 1, otherwise stop the iterative proce-
dure.

This approach returns a sparse solution for the inverse acoustic problem. A priori information can be used
to penalize region where is less likely to find sources. For example Padois et al. [11] proposed to use CB
map for similar purposes. In fact, CB map is rough and smooth but it provides robust estimation of source
location. The discard of sources is done both for avoiding the division by zero in calculation of weights and
for speeding up the algorithm. The threshold used in this work is THRdB = −100 dB. In [2] a convergence
criterion is proposed:

ε(it) = 10 log 10

(
MSR−

∣∣∣∣
d(MSR)

d(it)

∣∣∣∣−
∣∣∣∣
d2(MSR)

d(it)2

∣∣∣∣
)

, MSR =
〈∣∣∣q̂(it)n /q̂(it−1)n

∣∣∣
〉

(9)

where MSR stands for Mean Source Ratio and the operator 〈·〉 refers to the spatial average. This criterion
can be evaluated only for it > 2 (given the second derivative term) and requires solution variation to be
small over three last iterations. The algorithm stops when ε(it) ≥ −0.1 dB. Elements of the G matrix are
calculated using the following pressure-to-pressure acoustic transfer function formulation

Gmn =
r0n
rmn

e−jk(rmn−r0n) (10)

which returns the acoustic pressure at microphone location m depending on sound pressure at reference
point ”0” caused by the monopole source at location n. The terms rmn correspond to geometric distances
in case of free-field propagation. Instead, in presence of flow, these terms are calculated as virtual distances
corresponding to the actual travelling time for a given flow field and speed of sound. In this paper, the
assumption of an uniform flow in wind tunnel is made, thus leading to the following expression for rmn:

rmn =
‖rn − rm‖2

−Cmn +
√
C2
mn −M2

a + 1
, Cmn = (rn − rm) · f̂ Ma (11)

where f̂ is the flow direction and Ma is the Mach number. A critical aspect for three-dimensional inverse
acoustic mapping is to balance the energy needed by sources to induce a certain pressure on microphone
locations, otherwise the farthest sources would be easily excluded in the norm minimization process. The
acoustic propagator in Eq. 10 manages to achieve this task without any weighting strategy required.

2.3 Pressure data

In aeroacoustic measurements, pressure data is generally processed in frequency domain to obtain the CSM
P, given the random nature of aeroacoustic noise. Since the CSM is Hermitian and non-negative definite, it
can be decomposed as

P = EvecEval E
H
vec , (12)

where Evec is a unitary matrix of M orthonormal eigenvectors and Eval is a diagonal matrix containing the
corresponding eigenvalues (the superscript H stands for the conjugate transpose). It is possible to define the
eigenmode ei as the eigenvector including its amplitude

ei =
√
eval,i evec,i i = 1, . . . ,M (13)
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where evec,i is the i-th eigenvector and eval,i is the corresponding eigenvalue. Under the constraint of
orthogonality, each eigenvector represents a coherent signal across the microphones. For this reason Suzuki
proposes to solve an inverse problem for each eigenmode [15]:

Gqi = ei i = 1, . . . ,M0 (14)

where M0 is the number of relevant eigenmodes. When dealing with aeroacoustic measurements, the trend
of eigenvalues of CSM is typically smooth, thus making difficult to properly set M0 for each frequency.

A different method to extract source components from CSM is to exploit the CLEAN-SC procedure described
by Sijtsma [9]. This iterative procedure extracts the coherent source components exploiting the fact that side
lobes of a single source CB map are spatially coherent with their main lobe. The concept of spatial source
coherence is described in [8]. At the end of CLEAN-SC procedure, where a loop gain ϕ = 1 is used, the
source components ci are calculated similarly to the eigenmodes as

ci =

√
P

(i−1)
max h(i) i = 1, . . . , IT (15)

where IT is the number of iterations for each frequency. Indeed, if the source components are considered as
in an eigenmode decomposition approach, the inverse problem can be modelled as

Gqi = ci i = 1, . . . ,M0 . (16)

In this case the number of relevant components M0 for each frequency is given directly by the number of
iterations IT , which corresponds to the number of extracted components. Independently of decomposition
used, a full map can be obtained summing all contributes. This approach can therefore be used as a prepro-
cessing step to the inverse calculation phase, thus giving the possibility to spatially separate sources of very
different strengths. To the authors’ knowledge, this is the first time CLEAN-SC is used for such a purpose.

3 Application results

3.1 Reference set-up

The test program was conducted at the Pininfarina Aerodynamic and Aeroacoustic Research Center in Turin,
Italy within the EU WENEMOR project. Pininfarina’s facility contains a test section of 8 m × 9.6 m × 4.2
m (see Figure 1(a)). The wind tunnel was specifically acoustically treated in order to reduce reverberation
and background noise. Two planar microphone arrays were installed at Pininfarina Wind Tunnel (WT),
as depicted in Figure 1(b): a 78 microphone wheel array (3 m diameter) placed at the ceiling of the WT
at a distance of 2.5 m from the model axis and a 66 microphone half-wheel array (3 m diameter) located
broadside, parallel to the axis of the open rotor and 4.2 m far from the longitudinal axis of the model. Signals
were synchronously sampled at a sample rate of 32,768 Hz for a total observation length of 10 s. Time data
has been processed to estimate the CSM using Welch’s method (block size: 1024 samples, overlap: 50%,
window: Hanning).

The CROR tested featured two rotors of 12 blades each. Both left and right engines of the aircraft model were
driven from a single power supply and controlled by dedicated control systems (one per motor). Strouhal
number scaling was performed to represent flight conditions of the full scale aircraft. Different design con-
figurations of the model were tested during the whole test campaign (different tails, CROR in pusher and
tractor configuration, different distances of the CRORs with respect to the model fuselage, etc.) at different
flow speeds and angles of attack. Angle of attacks (AoA) differed also with respect to the take-off or ap-
proach model configuration. However, all the results discussed in this paper refer to the T-tailed model, in
approach condition with CRORs in pusher configuration for AoA = 8 deg and flow speed of 28 m/s. The
flow direction is considered to be the X positive axis of the coordinate system represented in Figure 1(b).
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(a) (b)

Figure 1: (a) Test set-up in Pininfarina WT (front view of the aircraft model). (b) Microphone array layout
with respect to WT and aircraft model (green dots: top wheel array, orange dots: side half-wheel array)

(a) (b)

Figure 2: Position of simulated sources (black diamonds) with respect to the aircraft model. The black dots
represent microphone locations of the two arrays - (a) Rear view. (b) Front view.

3.2 Simulated data

Before analysing the experimental data recorded, some simulated test cases are presented to better understand
performance of methods in terms of source separation capability, dynamics and robustness in case of different
level of background noise. Each simulated test case consists of four monopoles emitting uncorrelated white
noise and located in the four spots depicted in Figure 2. Monopoles level and coordinates are chosen in
order to simulate typical sources of noise expected in a real setup. Source 1 is the loudest (1 Pa rms at 1 m
distance) and represents the CROR noise, sources 2 and 3 represent the wing tip noise and are 10 dB weaker
than source 1, source 4 is positioned on the front landing gear and is 20 dB weaker than source 1. During
measurement campaign, time signals of real WT noise were acquired by the arrays without the model in
the test section at flow speed of 28 m/s. These signals have been used as background noise (BGN), in the
synthesis of simulated signals, to obtain more realistic simulations. The simulated total pressure ptot,m(t) on
each microphone is obtained as follows

ptot,m(t) = psig,m(t) +G · pbgn,m(t) m = 1, . . . ,M (17)
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(a) (b)

Figure 3: Average microphone auto-spectra - (a) Top array, (b) Side and top arrays

where psig,m(t) is the contribution of all simulated sources on each microphone and pbgn,m(t) is the real WT
noise recorded by each m-th microphone. The desired Signal-to-Noise Ratio (SNR) is obtained by setting
the proper gain G and has been calculated using microphone auto-spectra, averaged over all microphones,
respectively of simulated and real WT noise signals. Once selected the band of interest, the overall band
power Psig and Pbgn are estimated and G is calculated as

G =

√
Psig

Pbgn
10(−SNRdB/20) (18)

where SNRdB is the target SNR, expressed in dB. In this way data produced have an overall SNR =
Psig/Pbgn for the whole band of interest. Two different test cases are shown in this section: noise-free
and SNR = 0 dB. Figure 3 shows the average microphone auto-spectrum induced by simulated source noise
compared with average microphone auto-spectrum of background noise added for the noisy test case. All
acoustic maps reported refers to one-third octave band at 2500 Hz.

The volume of interest, depicted in Figure 2, contains the whole model and it is discretized with a regular
grid of monopoles using a step of 0.06 m, thus having 464,508 potential sources in the volume. Maximum
solution sparsity is obtained by setting p = 0. Both eigenmodes and CLEAN-SC decomposition of CSM are
used to map noise sources and then compared in terms of localization and robustness to noise. All CLEAN-
SC extracted components are analysed while the number of relevant eigenmodes is set to M0 = 20. The
inverse method described in the previous section is applied without any change when single or multiple array
are utilized. In addition, it is also tested if the use of CB map of single components as a priori information
W0 can improve results. All maps report the sound pressure level at the reference point, that is the origin of
the coordinate system and are represented using a dynamic range of 50 dB.
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(a) (b)

Figure 4: Noise-free simulation, top array - (a) CLEAN-SC Components, (b) Eigenmodes

(a) (b)

Figure 5: Noise-free simulation, top array with CB map as a priori information - (a) CLEAN-SC Compo-
nents, (b) Eigenmodes

(a) (b)

Figure 6: Noise-free simulation, side and top arrays - (a) CLEAN-SC Components, (b) Eigenmodes
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(a) (b)

Figure 7: Noise-free simulation, side and top arrays with CB map as a priori information - (a) CLEAN-SC
Components, (b) Eigenmodes

(a) (b)

Figure 8: Simulation with SNR = 0 dB, top array - (a) CLEAN-SC Components, (b) Eigenmodes

(a) (b)

Figure 9: Simulation with SNR = 0 dB, top array with CB map as a priori information - (a) CLEAN-SC
Components, (b) Eigenmodes
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(a) (b)

Figure 10: Simulation with SNR = 0 dB, side and top arrays - (a) CLEAN-SC Components, (b) Eigenmodes

(a) (b)

Figure 11: Simulation with SNR = 0 dB, side and top arrays with CB map as a priori information - (a)
CLEAN-SC Components, (b) Eigenmodes

These results show how it is possible to properly combine different strategies and arrays to have maps with
high accuracy and dynamics even in presence of strong noise. Indeed, a priori information introduced make
possible to reconstruct even the weakest source, while the use of the second array increases localization
accuracy and the capability of suppressing noise and artefacts.

3.3 Experimental data

The band analysed is the same of simulated test cases. The number of relevant eigenmodes is empirically set
to M0 = 30 because otherwise noise spoils excessively the components. All CLEAN-SC components are
processed resulting to be M0 < 30 for each frequency within the band analysed. The volume of interest and
its discretization are the same of the simulated test cases. Figures from 12 to 15 show results for the test case
with the CRORs switched-on. Figures from 16 to 19 show the acoustic maps with the CRORs switched-off.
All data are represented using a dynamic range of 30 dB.
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(a) (b)

Figure 12: CROR turned-on, top array - (a) CLEAN-SC Components, (b) Eigenmodes

(a) (b)

Figure 13: CROR turned-on, top array with CB map as a priori information - (a) CLEAN-SC Components,
(b) Eigenmodes

(a) (b)

Figure 14: CROR turned-on, side and top array - (a) CLEAN-SC Components, (b) Eigenmodes
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(a) (b)

Figure 15: CROR turned-on, side and top array with CB map as a priori information - (a) CLEAN-SC
Components, (b) Eigenmodes

(a) (b)

Figure 16: CROR turned-off, top array - (a) CLEAN-SC Components, (b) Eigenmodes

(a) (b)

Figure 17: CROR turned-off, top array with CB map as a priori information - (a) CLEAN-SC Components,
(b) Eigenmodes
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(a) (b)

Figure 18: CROR turned-off, side and top array - (a) CLEAN-SC Components, (b) Eigenmodes

(a) (b)

Figure 19: CROR turned-off, side and top array with CB map as a priori information - (a) CLEAN-SC
Components, (b) Eigenmodes

The presence of CRORs noise makes difficult the task of locating weaker noise sources. The use of two arrays
gives an improvement in the localization of rotors noise, while it brings no advantage in the aeroacoustic
source localization. Indeed, only in Figure 13(a), some aeroacoustic sources are clearly visible in addition
to the CROR sources. When CRORs are turned-off, some sources close to the wings, that might hint to
wing tip noise, starts to appear on the maps, even if the background noise remains the same. In some of the
results presented for the single-array case, it is clearly visible that a lot of energy is located close to the array.
When this phenomenon occurs, it means that the regularization process fails due to the high level of noise
and the severe under-determination of the problem. Moreover, these results remark the difference between
CLEAN-SC components and eigenmodes. Indeed the former usually give less artefacts in the maps due to
lower level of noise in the CSM components.
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4 Conclusions

This work described how to exploit inverse methods in the context of volumetric mapping targeted to aeroa-
coustic applications. The problem has been faced both from the point of view of the algorithm and from the
possible choice to use multiple planar arrays on orthogonal planes. The main issues that have been faced are:

• severely under-determined inverse problems due to the great number of potential sources in volumes,

• high level of noise present in aeroacoustic data,

• sources having large difference in terms of strengths.

The first issue entails the ill-posedness and ill-conditioning of the problem. These two characteristics are
addressed by using an IRLS algorithm that enforces sparsity of solution and exploits BA as regularization
strategy. The other two issues have been faced, in this paper, by performing a decomposition of the mi-
crophone CSM, which makes it possible to separate source components from noise, and by exploiting the
a priori information on source distribution provided by CB. With this in mind, a novel approach that uses
CLEAN-SC as pre-processing step to inverse method has been presented. The novel approach generally
outperforms the classic eigenmodes decomposition typically adopted, with the further advantage of provid-
ing the number of relevant components in the pressure CSM. Moreover, the introduction of CB map for
each component as a priori information in the inverse problem makes possible to correctly reconstruct even
sources 20 dB weaker than the principal one.

Results from both simulated and experimental data demonstrated that is possible to use a single planar
array to map aeroacoustic noise sources with fair accuracy. The use of a second array is suggested when
localization accuracy is crucial. However, the downside of combining multiple arrays looking at the acoustic
scene from different point of view, is that one of them may not detect enough signal from some sources acting
in the scenario (e.g. due to masking effect of the target or excessive source directivity) thus deteriorating the
reconstruction of these sources.

Independently on the use of one or two arrays, results showed that the algorithm and the strategies described
in this work can lead to accurate volumetric source localization even in presence of strong background noise.

Acknowledgements

The research leading to these experimental data has received funding from the European Unions Seventh
Framework Programme (FP7/2007-2013) for the Clean Sky Joint Technology Initiative under grant agree-
ments no 278419 (WENEMOR). Authors kindly acknowledge all the partners.

634 PROCEEDINGS OF ISMA2018 AND USD2018



References
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Abstract
The short-duration large-amplitude impulsive noise from firearms and howitzers is characterized by a wide-
band frequency content that distinguishes it from industrial noise sources. Therefore, the ISO 9613 standard
which is based on the concepts of sound power and sound intensity, does not apply as such. The NordTest
ACOU-099 standard based on sound pressure level, has been developed specifically for this purpose. Both
approaches differ from ISO 17201 which is purposely developed for firearms and in which one considers
the energy of the event and the energy density. The predicted sound attenuation during propagation through
these standards is compared to on-site measurements to reveal the shortcomings stemming from neglection
of the non-linear effects in the far-field of such potent noise sources.

1 Introduction

In densely populated areas surrounding military training facilities, environmental noise from shooting ranges
remains an issue. Even if exceptions are raised to the Environmental Noise Directive 2002/49/EC for the
noise emissions due to military activities, especially in operational context, the annoyance to communities
caused by daily training activities requires ad hoc assessment and management.

The short-duration large-amplitude impulsive noise from firearms and howitzers results in a wide-band fre-
quency content that distinguishes it from industrial noise sources. Existing noise propagation software used
by experts are based on predefined sources (spectrum and magnitude) often with no directional characteristics
other than point/line/volume sources. A standards-based propagation model with fixed, frequency-dependent
attenuation levels corrects for local conditions (wind, humidity, temperature, obstacles and soil type) in ad-
dition to that due to spherical divergence and atmospheric absorption. These standards have been developed
for ‘industrial’ (civil) noise sources, frequently from a national perspective, and are at present often used for
military noise (firearms, guns, detonation & explosions) with little or no account for the spectral and direc-
tional characteristics of those military sources and the non-linear propagation occurring in their immediate
and extended vicinity.

In the present paper, we compare three standards to compute the propagation of machine gun and howitzer
shots taking place in a free field around the muzzle. The ISO 9613 standard [?] is based on the concept
of sound power i.e. energy per time period (Watt), and sound intensity i.e. power per unit surface. The
NordTest ACOU-099 standard [?] is based on sound pressure level. These approach differs from ISO 17201
[?] which consider the energy of the event (Joule) and the energy density i.e. the energy per unit surface.
The predicted sound propagation through these standards is compared to on-site measurements.

The comparison yields precious information on which propagation model is best suited for this type of sound
and which attenuation levels need to be addressed first to take the particular propagation properties better
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into account in future prediction codes. Next, this assessment delivers hints on how to better address specific
propagation issues in measurement campaigns.

2 Methodology

2.1 Standards

2.1.1 ISO 9613

The ISO 9613 standard [?] is intended to calculate the attenuation of industrial sound propagating outdoors so
that the level of environmental noise from various sources of known characteristics can be predicted at some
distant location. Therefore, the standard accounts for most of the dominant noise attenuation mechanisms
that can occur along the propagation path. However, ISO 9613 is not intended for and does not apply for
impulsive sound from firearms since it does not apply for time-weighted metrics [?]. Moreover, changes in
the pressure-time history occurring during propagation by non-linear effects are not accounted for.

This standard applies to octave-band levels originating from a point source (or an assembly of point sources).
It expresses the octave-band sound pressure level at a receiver location (rr, θ)

Lp(rr, θ) = Lw +Dc,θ −Ae (1)

where Lw is the octave-band sound power level produced by the point sound source (ref. 1pW), Dc,θ is the
directivity correction giving the deviation from the level of an omnidirectional point source of level Lw in
the direction θ, and Ae is the excess attenuation due to environmental conditions. The excess attenuation is
composed according to

Ae = Adiv +Aatm +Agr +Abar +Amisc (2)

with Adiv accounting for geometrical divergence, Aatm for the attenuation due to atmospheric absorption,
Agr for the ground effects, Abar for noise barriers, and Amisc for miscellaneous other effects. Doing so,
this standard provides terms account for the major physical effects such as geometrical divergence, atmo-
spheric absorption, ground effects, as well as reflection from surfaces and potentially screening by obstacles,
buildings or foliage.

The overall accuracy of the method is ±3dB according to table 5 in [?].

2.1.2 ISO 17201

ISO 17201 [?] is intended to modify where necessary the ISO 9613 standard so that the propagation of
shooting sound from firearms (with a caliber ≤20mm) can be modeled at a reception point. The ISO 17201
standard takes the source energy, its directivity, and its spectrum as inputs. The source energy is essentially
produced by the muzzle blast —the often supersonic expulsion of the propellant gas from the barrel— which
yields very high levels in excess of 154dB peak sound pressure level in the immediate vicinity of the muzzle.
The standard defines the 154dB level as the limit of the region where non-linear propagation occurs and does
not apply within that region. Away from that region, the standard assumes propagation according to linear
acoustics.

The angular source energy distribution octave-band levels Lq(θ) are obtained from the sound exposure level
LE(rm, θ) measured at a distance rm and angle θ after corrections are applied for the rotation around the
line of fire. Once Lq(θ) is known, the octave-band sound exposure level at a receiver is calculated according
to:

LE(rr, θ) = Lq(θ) −Ae + 11dB −Az (3)
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where Ae is obtained by eq. 2, Az accounts for non-standard meteorological conditions, the +11dB correc-
tion for the conversion of sound energy into a pressure-level. The attenuation terms are essentially computed
according to ISO 9613 with some minor modifications for specific situations.

In terms of uncertainty, ISO 17201 states that the actual sound pressure levels at the receiver’s location could
be ±20dB than the values obtained with the propagation model behind ISO 17201 and ISO 9613. The reason
behind such high uncertainties lie with the short duration of shot sound. The averaged quantities used in the
propagation model to account for atmospheric refraction, reflection, absorption, and the effect of atmospheric
turbulence —which all increase with distance from the source— are obtained over a much larger period than
the actual shot duration.

2.1.3 NORDTEST ACOU 099

This NORDTEST standard aims at modelling the sound propagation in downwind summer conditions of sin-
gle shots from small arms (calibre≤20mm). It is based on the measured octave-band source sound pressure
levels Lp,s(10m, θ), corrected to free field conditions, at 10m distance from the muzzle. At the receiver’s
location (rr, θ), the octave-band sound pressure levels Lp,r are given by

Lp,r(rr, θ) = Lp,s(10m, θ) + ∆Ld + ∆La + ∆Lg + ∆Ls + ∆Lv︸ ︷︷ ︸
≈−Ae

(4)

as shooting halls or reflections are not taken into account in the present work. The attenuation terms are
similar, though not equal, to the excess attenuation Ae from eq. 2 and follow a similar approach.

The method is accurate to within ±3dB for the present set-up.

2.2 Measurements

Measurements were made on soft ground with a GRAS 46AM 1/2”-microphone placed 1.5m above the sur-
face. The GRAS 46AM pre-polarized free-field microphone is assembled with a GRAS 26CA preamplifier.
This assembly has a 25dB to 149dB dynamic range for a frequency range of 3.15 Hz to 31.5 kHz. The signal
is digitized using a National Instruments NI PXI-4462 module in a PXIe chassis and controller. The signal
is sampled at 70kHz in order to avoid aliasing. The measurements are triggered by the command and control
sequence preceding each shot.

Each individual measurement is later post-processed through in-house analysis and propagation codes written
in Matlab.

As can be seen from fig. 3, the background noise levels are at least 10dB below the signal of interest so that
no corrections should be applied [?, ?].

3 Results and Discussion

3.1 Howitzer 105mm

As a preliminary to this section, it should be noted that strictly speaking none of the standards apply for this
caliber. The section is intended to identify and quantify the shortcomings of such standard for this type of
weapon.

A typical pressure-time signal for the two measurement locations is shown in fig. 1. The locations are
respectively at 117m and 200m from the muzzle in the 225◦±5◦ direction. These pressure-time signatures
are archetypal of impulsive noise from firearms and howitzers. They exhibit the same characteristics as those
reported in [?] including the dip between the initial acoustic pressure rise when the projectile exits the barrel
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Figure 1: Time signal for a howitzer 105mm shot at 225◦ directivity.
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Figure 2: Power spectral density for a howitzer 105mm shot at 225◦ directivity.

and the rise to peak pressure when the hot gases exhaust violently the barrel. The consequent underpressure
has a significant amplitude as can be expected for measurement locations that far from the muzzle. The
corresponding periodograms are shown in fig. 2. These reveal that most of the acoustic power in contained
in frequencies lower than 15kHz and that there is considerable attenuation for the frequency bands above
15kHz which vanish between the two measurement locations.

The spectra shown in fig. 3 for both measurement locations are averaged over five shots or five samples of 4s
each for the background noise. The errorbars indicate for each frequency-band the standard error which is
±2dB. SHot impulses feature two distinct peaks: one in the low-bass to bass frequency range around 80Hz,
and one in the low mid-range around 400Hz. These are superimposed on a signal with large high-frequency
contributions.

Figures 4 and 5 compare the frequency spectra and the attenuation between the values predicted by the
standards and the measured ones. As can be seen, both ISO9613 and NORDTEST NT ACOU 099 yield
values that are very similar but generally overpredict the attenuation typically by 10dB below 2kHz though
the overprediction is frequency dependent (see fig. 5(a)). Both underpredict the attenuation at 125Hz so that
the nearby peak is well represented in the predicted signal. Above 2kHz, the results of both standards fall
within 5dB from the measurements. These are the reasons ISO9613 is considered as not applicable to such
signals [?]. Despite being intended for propagation of noise from small arms, NORDTEST NT ACOU 099

640 PROCEEDINGS OF ISMA2018 AND USD2018



One-third-octave spectrum

25
   

31
.5

 
40

   
50

   
63

   
80

   
10

0 
 

12
5 

 
16

0 
 

20
0 

 
25

0 
 

31
5 

 
40

0 
 

50
0 

 
63

0 
 

80
0 

 
10

00
 

12
50

 
16

00
 

20
00

 
25

00
 

31
50

 
40

00
 

50
00

 
63

00
 

80
00

 
10

00
0

12
50

0
16

00
0

20
00

0

Frequency band [Hz]

0

20

40

60

80

100

120

L
p
 [d

B
]

(a) 117m.

One-third-octave spectrum

25
   

31
.5

 
40

   
50

   
63

   
80

   
10

0 
 

12
5 

 
16

0 
 

20
0 

 
25

0 
 

31
5 

 
40

0 
 

50
0 

 
63

0 
 

80
0 

 
10

00
 

12
50

 
16

00
 

20
00

 
25

00
 

31
50

 
40

00
 

50
00

 
63

00
 

80
00

 
10

00
0

12
50

0
16

00
0

20
00

0

Frequency band [Hz]

0

20

40

60

80

100

120

L
p
 [d

B
]

(b) 200m.

Figure 3: 1/3-octave band spectra for a howitzer 105mm shot at 225◦ directivity and the background noise.
(BLUE: shot — YELLOW: background)
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Figure 4: Octave band and 1/3-octave band spectra obtained through standards and compared to the corre-
sponding spectra for a howitzer 105mm shot at 225◦ directivity.
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Figure 5: Predicted and measured octave band attenuation for a howitzer 105mm shot at 225◦ directivity.
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Figure 6: Time signal for a carabine 5.7mm shot at 180◦ directivity.

does not perform any better and predicts attenuations close to those encountered in ISO 9613.

It can also be seen from figs. 4 and 5 that ISO17201 performs globally better. The attenuation levels are more
consistent with the measured ones as the typical difference is of the order of 7dB. The comparison of fig. 5(b)
with fig. 5(a) reveals this improvement. The reason behind it is that ISO 17201 is written in terms of sound
energy so next to the acoustic pressure, the sound velocity is also taken into account. These two concepts
are intertwined in reality as the pressure wave cannot propagate without velocity [?]. Since acoustic energy
is conserved, in contrary to sound pressure or intensity, the formulation of ISO 17201 is better matched to
those situations where pressure and velocity play a significant role.

3.2 Carabine 5.7mm

The time signal for two locations, respectively at 10m and 100m from the muzzle in the 180◦±5◦ direction,
are shown in Fig. 6. As apparent from Fig. 6, the shooting range is bordered by wooden walls for security
purposes so that significant reflections occur. It is therefore required to perform these measurements again
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Figure 7: Power spectral density for a carabine 5.7mm shot at 180◦ directivity.
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Figure 8: 1/3-octave band spectra for a carabine 5.7mm shot at 180◦ directivity and the background noise.

within an open field at the same range. The corresponding PSD is shown in Fig. 7. These graphs reveal that
at long distance, the background noise can not be effectively differentiated (∆ > 10dB) from the muzzle
signal. This is especially true at low frequency. Fortunately, this effect is not present at 10m from the nozzle.
This is even more apparent from Fig. 8, since the standard error at 100m is of the same order of magnitude
as the difference between the shot and background noise.

Despite these shortcomings, and in awaiting of new measurements campaigns, the following discussion
focuses on the 1000Hz to 5000Hz range where the muzzle signal is dominant. In this frequency range,
Figs. 9 and 10(b) the NORDTEST standard predicts attenuation to within −3dB of the measured value.
ISO9613 is underpredicting the attenuation by −10dB whereas ISO17201 falls within −7dB.
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Figure 9: Octave band and 1/3-octave band spectra obtained through standards and compared to the corre-
sponding spectra for a carabine 5.7mm shot at 180◦ directivity.
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Figure 10: Predicted and measured octave band attenuation for a carabine 5.7mm shot at 180◦ directivity.
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4 Conclusions

The discrepancies between predicted and measured sound levels reveal the peculiarity of military sources of
impulsive noise. As pointed out by Hirsch [?], their coherence, strong directivity, high energy, and intense
non-linear effects occurring far from the source, should be better taken into account if one wishes to accu-
rately predict the noise signature from firearms wheter from a small or large caliber. Of all three standards
tested, the ISO 17201 standard yields the best results even for large calibers since it is written in terms of
acoustic energy. This makes the situation even more complicated since most attenuation terms, in particular
all the attenuation terms accounted for in this study, are computed from ISO 9613. These results confirm that
ISO 9613 is not well suited for the prediction of noise propagation from firearms, particularly below 2kHz.
The NORDTEST NT ACOU 099 standard yields very similar results as ISO 9613. Since it is formulated
purely in terms of pressure levels, it cannot account for the contribution of sound velocity in large impulsive
noise from firearms.
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Abstract
This paper presents a numerical study in which the thick-wall assumption in a fluid-structure interaction
analysis of liquid-filled pipes subjected to axial vibration is adopted. The influence of wall thickness on
the dynamic characteristics of the system in the frequency domain is investigated and the validity of the
thin-wall assumption is assessed for different scenarios. The analytical expressions are derived from the
equations of motion in cylindrical coordinates and the mathematical model is compared with a 3D numerical
model, developed via the finite element method. It is shown that a great range of industrial applications
of pipe systems can be analyzed using a thin-wall assumption. However, for small pipe diameters such as
those used in high precision machines, the wall thickness of a pipe becomes larger compared to its radius.
For these scenarios, thin-walled pipe equations no longer hold since they are not able to predict stresses
variation within the cross section of the pipe. Furthermore, this difference amplifies for soft wall materials.

1 Introduction

Flow-induced vibrations in high precision machines

One of the challenges in high precision equipment industry is to fulfill the requirement of high accuracy
thermal specifications while keeping vibration levels to a minimum. In order to control the temperature,
the provision of water cooling for sensitive components is required, while avoiding unacceptable levels of
flow-induced vibrations (FIV). Discontinuities in the flowing water system, such as diameter changes, bends,
branches and restrictions, give rise to disturbances in the fluid that propagate along the circuit. Due to acous-
tic pressure waves traveling through the water, FIV can be transmitted far from their source through the
cooling system into the (mechanically) isolated structure. In order to predict the system behavior, an accu-
rate model is necessary. For this reason, understanding the effect of flow disturbances in producing vibration
forces in system, due to fluid-structure interaction (FSI), is a matter of great interest.

2 Governing equations

The axial motion of a liquid-filled pipe system can be described by a four equation model (similar as used by
[1], [2], [3]), assuming four generalized coordinates: V (z, t) and P (z, t), the axial velocity and pressure of
the fluid, respectively; u̇z(z, t) and σz(z, t) the velocity and stress of the pipe wall, respectively. This system
of equations is obtained by combining the equations of motion and continuity equations for both the pipe
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and the fluid, which results:
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where ρf and Vo are the density and the initial velocity of the fluid, ν, E and ρp are the Poisson’s ratio, the
Young’s modulus of elasticity and density of the pipe wall, respectively. The cross-section of the pipe is
defined by the inner radius of the pipe (R) and the wall thickness (e). K∗ arises from interface conditions
between the fluid and the pipe and accounts for the effect of the compliance of the pipe wall on the bulk
modulus of the fluid (K). It is given by

K∗ = (
1

K
+ ϕ

2R

Ee
)−1. (2)

The dimensionless variables ϕ and γ are introduced in this approach and represent the correction terms that
appear in the equations of motion due to the thick-wall assumption. These terms are given by

ϕ = 1 +
e

R

(
1 + e

R

2 + e
R

+ ν

)
,

γ =
1

1 + 1
2
e
R

. (3)

Thin-wall assumption implies that if e� R, e
R can be neglected respect to the unity and so ϕ = γ = 1. The

errors associated with such assumption are discussed in sections 2.1 and 3.1.
Is it possible to rewrite this set of equations by grouping the variables into a vector of physical quantities
(y(z, t)T = {P (z, t), V (z, t), σz(z, t), u̇z(z, t)}) and its coefficients into matrices:

A
∂y(z, t)

∂t
+ B

∂y(z, t)

∂z
+ Cy(z, t) = r̄(z, t), (4)

where r̄(z, t) represent the environmental sources of excitation and the matrices A and B defined by the
coefficients of the governing equations:

A =




1 0 0 0
0 1

K̄∗ 0 −2ν
E

0 0 1 0

0 −γνR
Ee 0 1

E


 , B =




V0
1
ρf

0 0

1 0 0 0
0 0 0 − 1

ρp

0 0 −1 0


 .

Assuming C is null, that lead to the eigenvalue problem:

[BA−1 − ΛI]Φ = ΛΦ → det(BA−1 − λI) = 0, (5)

where Λ is composed by the eigenvalues of the characteristic equation, and Φ by their respectively eigen-
vectors. Here, BA−1 can be computed as

BA−1 =




V0 c2
f 0 2νc2

f

1 0 0 0

0 −γνRe (c2
f )
ρf
ρp

0 −E
K
ρf
ρp

(c2
fρf )

0 0 −1 0


 ,
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where

c2
f =

(
ρf

(
1

K∗ − γ
2ν2

E

R

e

))−1

,

c2
s =

E

ρp
, (6)

are the square of the classical pressure wave speed (without FSI) for thick pipes and the square of the classical
bar velocity, respectively. Considering V0 = 0, the characteristic equation can be expressed in therms of a
bi-quadratic dispersion relation:

λ4 −Π2λ2 + c2
fc

2
s, (7)

where Π2 =
(
1 + c2

s
ρf
K∗
)
c2
f .

Once this parameters are part of the hyperbolic system of PDE’s, each eigenvalue λi represent a modified
(as a consequence of FSI) wave propagation speed (in both positive and negative direction) of axial waves in
straight pipes, associated with a mode of vibration (φi). The solution for Eq. 7 is given by:

λ1 = −
√

1

2

[
Π2 −

√
(Π4 − 4c2

fc
2
s)
]

λ2 = +

√
1

2

[
Π2 −

√
(Π4 − 4c2

fc
2
s)
]

λ3 = −
√

1

2

[
Π2 +

√
(Π4 − 4c2

fc
2
s)
]

λ4 = +

√
1

2

[
Π2 +

√
(Π4 − 4c2

fc
2
s)
]
, (8)

where |λ1,2| = λf stands for pressure wave speeds and |λ3,4| = λs for the the structural wave speeds. The
outer sign on the right side of Eq. 8 indicate the direction in which the wave propagates (positive or negative).

2.1 Application 1: Effect of wall compliance on the wave speeds

The circuits of interest in cooling systems contain combinations of rigid, elastic and viscoelastic pipes
(hoses), leading to subtle and complex behavior as pressure waves are generated, reflected and damped.
A previous study [2] indicates that the use of thin-wall assumption - ratio of thickness to radius (e/R)� 1 -
is valid for long waves in thick metal pipes, where E is typically in the order of 200 GPa. This can be seen
in Eq. 2, which shows that the effect of ϕ is minimized when E � K. However, when the elastic modulus
of the pipe wall is in the same order of magnitude as the bulk modulus of the water or lower, both correction
terms γ and ϕ are amplified considerably and so is the error introduced by the different assumptions.
Figure 1a shows the classical (cf ) and the modified (λf ) - as a consequence of FSI - pressure wave speeds,
with (c∗f , λ

∗
f ) and without (cf , λf ) thick-wall assumption. Figure 1b shows the error between different ways

of estimating the modified wave speeds, defined as

error =
λ

λ∗
− 1. (9)

It is clear that the error between the classical approach and λ∗f continuously increases with the ratio e/R
and also with lower values of E. Furthermore, for higher values of E, thick-wall assumption (c∗f ) provides
a better approximation of λ∗f , while for lower values of E, the assumption of FSI (λf ) provides a better
approximation.
Figure 2a shows the modified stress wave speeds with (λ∗s) and without (λs) thick-wall assumption. Figure

2b shows the error of the structural wave speeds as defined by Eq. 9. While for metal pipes the error
associated with thin-wall assumption is negligible for λs and is less than 1% for λf even for very thick
pipes, soft materials such as hoses used in industrial applications (where typical values are: E ≤ 0.2 GPa
and 0.1 ≤ e/R ≤ 0.4) can lead to an error of about 5% for the pressure wave speeds and around 10% for
structural wave speeds.
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Figure 1: (a) classical and modified pressure wave speeds as a function of e/R and E, ( ) thin-wall
assumption, ( ) thick-wall assumption. (b) error between λf and λ∗f as a function of e/R and E.
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Figure 2: (a) modified stress wave speeds as a function of e/R and E, ( ) thin-wall assumption, ( )
thick-wall assumption. (b) error between λf and λ∗f as a function of e/R and E.

3 Frequency domain approach

It is possible to use the method of characteristics to solve the set of partial differential equations in time
domain (Eq. 1). An analogous approach can be used in the analysis of the frequency domain solution for
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this PDE, as presented by [3], by applying the Laplace transform to Eq. (4), which results

sAY(z, s) + B
∂

∂z
Y(z, s) + CY(z, s) = R(z, s) + AY(z, 0), (10)

where Y(z, s) = L {y(z, t)}; R(z, s) = L {r(z, t)}, and the last term on the right side appears as
a property of the Laplace transform . In a more general approach on the frequency domain, the matrices
A, B and C may be complex, indicating damping.
Equation 10 can be reorganized by introducing the matrix Ã as

Ã(s) = A +
1

s
C. (11)

Then, the solution for Eq. 10 by using the method of characteristics is given by:

Y (z, s) = Φ (s) E (z, s) η0 (s) + Φ (s) η̃r (z, s) , (12)

where the matrix E(z, s) is composed by the exponential part of the solution:

E (z, s) = diag
(
e−sz/λi(s)

)
i = 1, 2, 3, 4. (13)

The vector η̃r (z, s) indicates a particular form of the solution and is given by

η̄r(z, s) =
se−sz/λi(s)

λi(s)

∫ z

nri(τ)esτ/λi(s)dτ, (14)

where τ is an auxiliary variable used for integration and nri are the elements of

ηr (z, s) = Φ−1Ã−1R (z, s) + Iη (z, 0) . (15)

One can notice that if nri is not a function of z, then η̄ri(z, s) = nri. The vector η0 (s, ) is determined from
the boundary conditions and is given by

η0 (s) = D̃−1
z∗ F̃ (z∗, s) , (16)

where z = z∗ denotes a known boundary location,

F̃ (z∗, s) = F (z∗, s)−Dz∗Φ (s) η̃r (z∗, s)

D̃z∗ = Dz∗Φ (s) E (z∗, s) (17)

and Dz∗ contains the coefficients of the relation between Y(z∗, s) and the Laplace transformed boundary
excitation F (z∗, s) at that location:

Dz∗Y (z∗, s) = F (z∗, s) . (18)

3.1 Application 2: Effect of wall compliance on the FRF

Four different configurations, as described in Tab. 1, are used in a straight pipe with closed ends as numerical
test cases in order to compare both approaches (thin/thick-wall) in frequency domain using the methodology
describe above. A 3D finite element model, which can simulate moderately thick-walled pipes, is used for
comparison.
The chosen parameters are those that affect the most the compliance of the wall (assuming a constant radius):
the thickness (e) and the Young’s modulus of elasticity (E). Two geometries with different thickness-to-
radius ratio were chosen to demonstrate the difference between thin-wall and thick-wall approaches. The
first geometry has a thickness-to-radius ratio close to the theoretical limit for thin-wall assumption, while
the second has a thickness-to-radius ratio similar to that used in many industrial hoses. Two different elastic
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moduli are used to evaluate the effect for hard (metal pipes) and soft (hoses) materials.
An harmonic analysis is performed by applying an unitary axial force at z = 0m and evaluating the pressure
response at z = 4 m. The results are shown in Fig. 3. A normalized frequency is used such as f = ω

ω1
,

where ω1 is the first resonant frequency obtained by the FEM model of the respective case of study.

ratio: e/R E [GPa]
Case 1 0.1 200
Case 2 0.3 200
Case 3 0.1 0.2
Case 4 0.3 0.2

Table 1: Cases of study.

Property Value
Bulk modulus K = 2 [GPa]
Density ρf = 1000 [Kg/m3]
Length L = 5 [m]
Inner radius R = 0.1 [m]

Table 2: Material and geometrical properties.

For a closed-closed pipe, the boundary conditions are obtained from the fact that the axial velocity of both
the pipe and the fluid are the same in each of the ends and by performing the equilibrium of forces between
the pipe (assuming a massless end) and the fluid:

V (z∗, t)− u̇z(z∗, s) = 0

AfP (z∗, s)−Apσz(z∗, s) = Fz∗ . (19)

Assuming the ends of the pipe are located at z∗ = 0 and z∗ = L, respectively, the matrices from Eq. 18 can
be written as:

Dz∗ =

[
D0

DL

]
=




1 0 −1 0
0 Af 0 −Ap
1 0 −1 0
0 Af 0 −Ap


 and F =

[
F0

FL

]
=




0
1

0
0


 , (20)

where Af and Ap are the cross-sectional area of the fluid and pipe wall, respectively.
Figures 3a and 3b shows that, for metal pipes, both assumptions provides a suitable match for the FRF

obtained by FEM, even for relatively thick pipes (Case 2). For higher modes, resonant frequencies obtained
by thin-wall assumption slightly deviates from the correct values.
In the case of soft materials, one can see in Figs. 3c and 3d that the thin wall assumption is not able to fully
represent the behaviour of the system, even for the lower modes. The error on the resonant frequencies is
in the order of 5% for Case 3 and 10% for Case 4. For these cases, the 1D thick wall assumption provides
a better match. However, for higher modes where the wavelength is comparable with the diameter of the
pipe, this assumption also present some discrepancies when compared to the FEM model, with errors on the
resonant frequencies in the order of 2%, as shown in Tables 3 and 4.

Mode FEM Thick-wall Error (%) Thin-wall Error (%)
1st 15.33 15.36 0.2 15.76 2.8
2nd 29.86 29.71 -0.5 30.91 3.5
3rd 44.98 44.87 -0.25 46.06 2.4
4th 59.31 60.02 1.2 61.62 3.9
5th 73.64 75.18 2.1 77.57 5.35
6th 87.76 89.93 2.5 92.32 5.2

Table 3: Case 3: resonant frequencies obtained by different approaches.
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Figure 3: Frequency response of the pipe due to axial vibration. ( ) FEM; ( ) thick-wall assumption;
( ) thin-wall assumption.

Mode FEM Thick-wall Error (%) Thin-wall Error (%)
1st 20.1 19.74 -1.8 22.54 12.1
2nd 41.6 41.28 -0.75 45.27 8.8
3rd 63.29 62.81 -0.75 68.8 8.7
4th 82.79 83.15 0.45 91.13 10
5th 103.9 105.5 1.55 114.3 10
6th 125.4 128.2 2.25 137.8 9.9

Table 4: Case 4: resonant frequencies obtained by different approaches.

Conclusions

The present paper describes a numerical study on the acoustic behaviour of pipes conveying fluid, with
focus on the comparison between thin-wall and thick-wall assumptions. First, pressure and structural wave
speeds are obtained and compared using the different approaches for several thickness-to-radius ratio and
Young’s modulus of elasticity. Then, a FRF is used to compare the deviation on the pressure responses
for a metal pipe (high density and Young’s modulus of elasticity) and a hose (low density and Young’s
modulus of elasticity). Results shows that, as expected, the difference between thin/thick-wall assumptions
increases with the thickness-to-radius ratio. Furthermore, the compliance introduced by the use of hoses with
low Young’s modulus enhances the difference between thin/thick-wall assumptions. For metal pipes, both
assumptions can satisfactorily predict the behaviour of the system, even for relatively thick walls. However,
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when the elastic modulus of the pipe is in the same order of magnitude as the bulk modulus of water or lower,
the hypothesis made for thin-walls no longer hold to analyze thick pipes. For this cases, stresses variation
within the cross section of the pipe due to wall thickness cannot be neglected in the governing equations.
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Abstract
Double-leaf wall systems such as plasterboard walls can potentially achieve a high sound insulation with
a relatively low weight. The accurate sound transmission analysis of this type of wall is challenging since
the leafs are usually coupled to a common frame for reasons of cost and lateral stability, and since the
finite dimensions play a role at lower frequencies. In this work, a sound transmission prediction model that
achieves a high prediction accuracy at a low computational cost is developed. The wall components that
display low geometrical complexity are modeled in a analytic way while the metal studs are modeled in full
detail with finite elements. The wall is coupled to the diffuse sound fields in the sending and receiving rooms
by employing a hybrid deterministic-statistical energy analysis framework. The sound insulation is predicted
for a range of different double-leaf plasterboard walls. The obtained transmission losses are validated against
the results of an extensive set of experimental tests.

1 Introduction

Double leaf wall systems are often used because of their light weight and potentially high sound insulation
the construction, aerospace, railway, and other industries. The leafs are usually coupled to a common frame
for reasons of cost and lateral stability, even when the walls are not load bearing, Double-leaf plasterboard
walls with a common metal frame are very often employed in the construction industry for partitioning
large open spaces into smaller rooms. However, the common frame introduces a structural transmission
path between both leafs in addition to the airborne path through the cavity. The airborne sound insulation
of a decoupled double wall depends mainly on the individual plate thicknesses, the number of plates, the
combination of different thicknesses and plate materials, the cavity depth, and the wall dimensions. The stud
geometry, the number of studs and the number of screws per stud are additional parameters influencing the
sound insulation when the leafs are coupled. The mass-spring-mass resonance is both defined by the total
weight of the leafs and the cavity depth. The coincidence frequency, at which the wavelength of the incident
wave and the bending wavelength of a leaf are equal, depends on the material parameters of the leaf and its
thickness. All these different phenomena and input parameters make it hard to accurately predict the airborne
sound insulation using a simplified model.

Existing models for the prediction of the airborne sound insulation of double-leaf walls can be subdivided
into analytical and numerical models. Analytical models are often used to gain insight into the main physical
phenomena. A low computational cost is achieved by assuming diffuse conditions in the transmission rooms
and by using simplified models for the vibrational behavior of the leafs and the cavity. The prediction of
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Figure 1: Components of a double wall with a flexible stud frame.

the sound insulation is often inaccurate due to this simplified representation. Numerical models, e.g finite
element models, give a more accurate representation of the vibratory behavior of both the wall and the trans-
mission rooms. This makes it possible to accurately predict the single number rating at a high computational
cost at high frequencies.

A prediction model for the airborne sound insulation of double walls is developed with both a high prediction
accuracy and a low computational cost. Due to this low computational cost and high prediction accuracy, the
model can be used as a design tool for the sound insulation of double walls.

The present paper is an abbreviated version of a more detailed analysis to be found in reference [1].

2 Prediction model

The wall is modelled deterministically while the sound fields in the sending and receiving rooms are modelled
as diffuse. The components of the model are represented in Fig. 1. The metal studs, shown as part 31 till
3nst in Fig. 1, are modelled in full detail with finite elements due to their highly deformable cross-section
and complex geometrical shape. To reduce the computational cost, the wall leafs and the cavity, represented
as components 2, 4 and 5 in Fig. 1, are modelled in an analytical way. The hybrid DET-SEA modelling
framework is used to rigorously couple the diffuse sound fields in the transmission rooms, represented as
components 1 and 6 in Fig. 1, to the deterministic wall model by employing the diffuse field reciprocity
relationship [2]. In what follows, the deterministic model of the wall system is elaborated first. Subsequently,
the interaction between the wall and the sound fields in the adjoining rooms is described.

2.1 Deterministic model

The double wall consists of two thin leafs coupled to a common stud frame and separated by an air cavity.
In the first instance, the leafs, the cavity and the individual studs are decoupled from each other. The out-of-
plane vibration field of the two wall leafs, ul1 and ul2, the pressure field within cavity, pcav, and the vibration
field of the stud number l, ust,l, at spatial location x and frequency ω, are approximated using a finite set of
basis functions φ, that satisfy the boundary conditions. The choice of the basis functions φ of the decoupled
components will be discussed in detail below. Subsequently, the interaction between the components will
be achieved by introducing coupling loads between the cavity and the leafs and by constraining the leaf and
stud displacements to be equal at the connection locations. This will result in a system of equations in which
the generalized coordinates of the wall components are coupled:
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Dl1 0 Lf1 0 . . . 0 CT
l1

0 Dl2 Lf2 0 . . . 0 CT
l2

Ls1 Ls2 Dcav 0 . . . 0 0
0 0 0 Dst,1 . . . 0 CT

1
...

...
...

...
. . .

...
...

0 0 0 0 . . . Dst,nst CT
nst

Cl1 Cl2 0 C1 . . . Cnst 0







ql1

ql2

qcav

qst,1
...

qst,nst

λ




=




fl1
fl2
0
0
...
0
0




(1)

or shortly,
Ddq = f (2)

In Eq. (1), Dl1, Dl2, Dcav and Dst,l represent the dynamic stiffness matrices the first wall leaf, the second
wall leaf, the cavity and stud number l, respectively; Lf1 and Lf2 account for the fluid loading (acoustic
pressure) of the cavity onto the first and the second wall leaf, respectively; Ls1 and Ls2 account for the
structural vibration loading by the first and second wall leaf, respectively, onto the cavity fluid; the C matrices
are matrices that are employed for constraining the stud and wall displacements at their connection locations,
and λ collects the corresponding Lagrange multipliers; and finally fl1 and fl2 represent the external fluid
loading, by the acoustic pressure in the adjoining rooms, onto respectively wall leafs 1 and 2. All matrices
introduced above will be discussed in detail in the following sections.

2.1.1 Analytical model of the wall leafs

The dynamic behavior of the leafs is modelled as a simply supported plate using Kirchoff-Love thin plate
theory as in [3]. When decoupled from all other wall components, the vibrational behavior of the leaf can be
modelled analytically. This is presented here for the first wall leaf; the same can be followed for the second
leaf. The mass-normalized mode shapes of the decoupled, thin, rectangular, simply supported wall leaf, with
the corresponding angular natural frequency ωl1,k, are used to approximate the vibrational behavior of the
leaf:

φl1,k(x) =
2√
ml1

sin

(
qkπx

Lx

)
sin

(
rkπy

Ly

)
and ωl1,k =

√
Dl1

m′′l1

((
qkπ

Lx

)2

+

(
rkπ

Ly

)2
)
, (3)

whereml1 denotes the total mass of the leaf, Lx andLy denote its planar dimensions in the x and y coordinate
directions, respectively, and qk ∈ N0 and rk ∈ N0 denote the number of half wavelengths in those directions,
specific for mode number k; Dl1 denotes the bending stiffness of the leaf, and m′′l1 its mass per unit surface
area. The modes are numbered according to increasing natural frequency.

The leaf may consist of a single thin plate, or of multiple plates on top of each other. In the latter case, it will
be assumed that there are no shear connections between the plate, such that perfect slip conditions exist at the
plate-plate interfaces. In this way the bending stiffness of the leaf is slightly underestimated since in reality
the plates are jointly screwed into the flexible studs at discrete points. However, Davidsson and Brunskog
[3] have shown that the perfect slip assumption is fairly accurate, so the bending stiffness of the entire leaf
can be obtained from

Dl1 =

npl1∑

s=1

Dpl,s (4)

where npl1 denotes the total number of plates from which the considered leaf is composed, andDpl,s denotes
the dynamic bending stiffness of plate number s:

Dpl,s =
Ests

3

12(1− ν2
s )
, (5)
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In this equation, Es denotes the Young’s modulus of plate s, νs its Poisson’s ratio, and ts its thickness.

Since the basis functions have been chosen to be the mass-normalized mode shapes of the leaf, the cor-
responding generalized coordinates are the modal amplitudes of the leaf. Its equation of motion therefore
reads

Dl1ql1 = f̃l1 (6)

where Dl1 is a diagonal matrix with entries

Dl1,kk = −ω2 + ω2
l1,k(1 + iηl1,k), (7)

i :=
√
−1 is the imaginary unit and ηl1,k denotes the damping loss factor of mode k.

2.1.2 Analytical model of the cavity

The conventional linear acoustic theory is adopted for the sound field within the cavity. Since there are
no sound sources within the cavity itself, the acoustic pressure within the cavity pcav(x, ω) satisfies the
homogeneous Helmholtz equation. The interaction between the sound field in the cavity and the studs is
neglected, i.e., the studs are assumed to be acoustically transparent, such that the cavity has a rectangular
cuboid shape. Since the particle velocity at the boundaries is small, hard-walled boundary conditions are
assumed. The interaction between the wall leafs and the cavity is not modeled by imposing continuity of
the velocity fields, but by taking the displacement fields of the wall leafs as external loads onto the cavity
pressure field, and vice versa. These interactions will be detailed further on.

The normalized mode shapes of the decoupled, hard-walled, rectangular cuboid cavity, with corresponding
angular natural frequencies ωcav,k, are used to approximate the behavior of the cavity [4]:

φcav,k(x) = ak cos

(
mkπx

Lx

)
cos

(
nkπy

Ly

)
cos

(
pkπz

Lz

)
and ωcav,k = c

√(
mkπ

Lx

)2

+

(
nkπ

Ly

)2

+

(
pkπ

Lz

)2

,

(8)

where Lz denotes the cavity depth, mk ∈ N, nk ∈ N and pk ∈ N denote the number of half wavelengths
in the x, y and z coordinate directions. The modes are numbered according to increasing natural frequency.
The normalization constant satisfies

ak =
cγ(mk)γ(nk)γ(pk)√

LxLyLz

where γ(s) =

{√
2 if s = 0

1 if s 6= 0
(9)

and c denotes the sound speed.

Since the basis functions have been chosen to be the normalized mode shapes of the cavity, the corresponding
generalized coordinates are the modal amplitudes of the cavity. Its equation of motion therefore reads

Dcavqcav = f̃cav (10)

where Dcav is a diagonal matrix with entries

Dcav,kk = −ω2 + ω2
cav,k(1 + iηcav,k), (11)

and ηcav,k denotes the damping loss factor of mode k. When the cavity is empty, the damping inside the
cavity is prescribed in terms of a reverberation time Tcav, the modal loss factors can be determined from [5,
Ch 2.4.1]

ηcav,k =
4.4π

ωcav,kTcav
. (12)

To increase thermal and acoustic performance, soft porous materials such as mineral wool are often placed
inside the cavity. Since the deformation of the solid skeleton of the porous material is negligible, the pre-
sented cavity fluid model can still be employed yet with modified, complex material properties. Several of

658 PROCEEDINGS OF ISMA2018 AND USD2018



these so-called equivalent fluid models have been proposed in the literature on an empirical basis. In the
present work, the Delany-Bazley-Miki equivalent fluid model (DBM) is used. The DBM-model depends
only on the flow resistivity σ of the porous material and the frequency. When reformulated in terms of a
complex sound speed cc and complex fluid density ρc, this model reads

cc =
c

1 + 7.81a− i11.41a
and ρc =

cρa

cc
[1 + 5.50b− i8.43b] , (13)

a =

(
103 f

′

σ′

)−0.618

and b =

(
103 f

′

σ′

)−0.632

, (14)

where f ′ := f
1 Hz denotes a dimensionless frequency, σ′ := σ

1 Ns/m4 a dimensionless flow resistivity and ρa

the air density. Note that, when cavity damping is modelled with complex material properties, ηcav,k is taken
to be zero in (11).

2.1.3 Fluid-structure interaction at the cavity boundaries

In the following the interaction between the velocity of the decoupled wall leafs and the pressure inside the
hard-walled cavity is considered. Let us now consider the part of the modal load onto the first wall leaf,
f̃l1, which is due to the cavity pressure pcav(x, ω). Note that the same line can be followed to obtain the
fluid-structure coupling matrices between the cavity and wall leaf 2. When a particular mode k of the leaf is
considered, this load equals

fl1,k,cav(ω) = −
∫

Γl1

φl1,k(x)pcav(x, ω)dx (15)

where Γl1 denotes the interface surface area between the leaf and the cavity. The minus sign results from
the fact that for a positive cavity pressure, the force exerted onto the first wall leaf points in the negative z
direction (see Fig. 1). With the chosen set of basis functions for the cavity pressure, the above expression
can be elaborated as

fl1,k,cav(ω) ≈ −
ncav∑

l=1

Lf1,klqcav,l(ω) where Lf1,kl :=

∫

Γl1

φl1,k(x)φcav,l(x)dx (16)

Substitution of (3) and (8) into (16) and evaluating the integral yields

Lf1,kl =
−2alLxLy

π2√ml1
cos

(
pπz

Lz

)
b (qk,ml) b (rk, nl) (17)

where

b (α, β) :=

{
β cos(απ) cos(βπ)−β+α sin(απ) sin(βπ)

α2−β2 for k 6= l
sin(απ)2

2α for k = l
(18)

Subsequently, let us consider the part of the modal load onto the cavity, f̃cav, which is due to displacement
of the first wall leaf, ul1(x, ω). When a particular mode k of the cavity is considered and with the chosen set
of basis functions for the leaf displacement, this load equals

fcav,k,l1(ω) ≈ −
n1∑

l=1

Ls1,klql1,l(ω) where Ls1,kl := ρaω
2Lf1,lk (19)
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Figure 2: Finite element mesh of a single decoupled metal C-stud for a cavity depth of 75 mm. Structural
shell elements are used. As indicated on the top right part of the figure, the boundary displacements are
restrained at one of the flange edges and at the opposite flange at the bottom.

2.1.4 Finite element model of the studs

The dynamic behavior of the studs has a large influence on the overall sound insulation when both wall leafs
are connected to a common frame. Two types of stud are commonly employed in the construction industry:
wooden studs with a solid rectangular cross-section, and metal studs with a thin-walled open cross section,
such as metal C-studs. The dynamic mechanical behavior of both types of stud is fundamentally different.
The cross section of rectangular studs is relatively rigid, and therefore they can be taken to satisfy Euler-
Bernouilli or Timoshenko beam theory. The studs that are usually employed in the construction industry are
very flexible; it typically concerns metal C-studs with a wall thickness of 0.6 mm and a web height of up to
100 mm and more. It is this type of stud that is considered here, and it has been confirmed in the present
study that such studs show, next to a beam-like behavior, also substantial cross-sectional deformation, even
at low frequencies.

The studs can be adequately modelled numerically with structural shell elements as they are thin-walled
profiles. In this model, the Shell181 element from the Ansys finite element software is used; it is a four-
node element with six degrees of freedom - three displacements and three rotations - at each node. An
element edge length of 5 mm is employed (Fig. 2), as the wavelength of deformation at high frequencies
of the flexible studs is small. ‘Hinged’ boundary conditions are assumed at the ends of each stud; they are
implemented by restraining all nodal displacements (but not the rotations) at one flange at the bottom and at
the opposite flange at the top (Fig. 2). This is a simplification, as the metal studs of a double-leaf wall are
usually placed in flexible rails that are mounted on the floor and the ceiling. These rails are not considered
in the present model.

This finite element model represents a single stud that is decoupled from the leafs and from the cavity, since
any interaction between the cavity and the leafs is neglected. The interaction with the wall leafs will be
detailed further on. The model is employed for computing the natural frequencies and mass-normalized
displacement mode shapes of the decoupled stud. These numerically computed mode shapes are taken to be
the basis functions to approximate their vibrational behavior. The corresponding generalized coordinates are
then the modal amplitudes of the stud. The equation of motion of a particular stud l therefore reads

Dst,lqst,l = f̃st,l and Dst,l,kk = −ω2 + ω2
st,l,k(1 + iηst,l,k) (20)

where Dst,l is a diagonal matrix with entries Dst,l,kk. ωst,l,k is the numerically computed angular natural
frequency of mode k of stud l, and ηst,l,k the corresponding structural damping loss factor. When the loading
onto the stud is coupled within the modal load vector f̃st,l, (20) is fully consistent with block row 3 + l of the
equation of motion of the entire wall system, Eq. (1). Note that, when all studs are identical, the numerical
modal analysis needs to be performed only once, i.e., for a single decoupled stud.
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Figure 3: Coupling of the out-of-plane displacements of a metal C-stud and the leaf at four pairs of discrete
screw positions. The screws constituting a pair have the same height and they have a horizontal distance of
1 cm.

2.1.5 Stud-leaf interaction

A stud is loaded only through the connections with the wall leafs, i.e there is no interaction between the
studs and the cavity. For the walls that are considered in the present work, the plates constituting the leafs
are screwed directly into the studs at a few points over the height of the stud. Typically, the vertical joints
between the plates (not modelled here) coincide with the center of the flange of a stud. Since both plates are
screwed into the same common stud, the screws connecting stud and leaf occur in pairs of two. The screws
constituting a pair have the same height and a relatively small horizontal distance between them; a distance
of 1 cm is taken in the present paper. The stud-leaf connections are modelled by rigidly coupling the out
of plane displacements at the screw locations (Fig. 3). This implies that in the model, the finite stiffness of
the screws is neglected, and the studs and leafs can deform independently everywhere except at the screw
locations. This connection model was found to result in a good prediction accuracy as discussed further.
Alternative connection models, where the stud and the leaf are connected along the entire centerline of the
stud flange, or even at the entire stud-leaf interface area, were also considered but they result in a wall system
that is too stiff.

The interaction between the stud and the wall leaf can be modelled by means of constraint equations on the
displacements rather than through explicitly accounting for the interface forces because rigid point couplings
are considered. Let us take the interaction between leaf 1 and stud l. Note that the same line can be followed
for all other studs and their interaction with the second wall leaf. This results in the following set of constraint
equations:

∀s : ust,l(xl1s) = ul1(xl1s) (21)

where xl1s denotes the location at which screw number s connects stud number l to the first wall leaf. Using
the basis functions to describe the vibrational behavior of the stud and the wall leaf, the constraints can be
expressed in terms of the generalized coordinates:

∀s : φst,l(xl1s)qst,l = φl1(xl1s)ql1 (22)

or in matrix form:
C̃lqst,l + C̃l1,lql1 = 0 (23)

where φst,l(xl1s) equals row number s of C̃l, and −φl1(xl1s) equals row number s of C̃l1,l.

Consider for a moment the equations of motion of leaf 1 (6) and of stud l (20) without any external loading:

[
Dl1 0
0 Dst,l

] [
ql1

qst,l

]
= 0 (24)

The constraints of Eq. (23) can be incorporated into the equations of motion of Eq. (24) with the technique
of Lagrange multipliers [6, Sec. 13.2]. Suppose for a moment that the loading by the first wall leaf is the
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only loading acting on stud l, and vice versa. This results in



Dl1 0 C̃T

l1,l

0 Dst,l C̃T
l

C̃l1,l C̃l 0





ql1

qst,l

λl1,l


 = 0, (25)

where the Lagrange multipliers have been collected into the vector λl1,l.

More generally, the system of equations (23) can be extended to include all stud-leaf interactions:

Cl1ql1 + Cl1ql2 +

nst∑

l=1

Clqst,l = 0. (26)

Application of the Lagrange multiplier technique to the entire wall system then leads to the overall system
of equations, (1).

2.1.6 Reduction of the dynamic stiffness matrix

Since the only external loading by the sound pressure in the adjoining rooms is applied at the leafs, all interior
degrees of freedom can be eliminated from (1). The resulting reduced system of equations is denoted as

D′dq
′ = f ′ (27)

where

D′d :=

[
Dl1 0
0 Dl2

]
+ D′fsi + D′st and q′ :=

[
ql1

ql2

]
(28)

In this equation, D′fsi is a fluid-structure interaction matrix resulting from the elimination of the cavity pres-
sure degrees of freedom from (1),

D′fsi = ω2

[
Lf,1

Lf,2

]
D−1

cav

[
Ls,1 Ls,2

]
, (29)

and D′st is a matrix resulting from the elimination of the stud displacement degrees of freedom and the
Lagrange multipliers from (1),

D′st,cp =

[
CT

l1

CT
l2

]( nst∑

l=1

ClD
−1
st,lC

T
l

)
[
Cl1 Cl2

]
(30)

2.2 Transmission suite model

In the previous section, the deterministic model of the double-leaf wall was described in full detail. In the
present section, this wall model is coupled to models for the sound fields in the adjoining rooms.
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The hybrid model contains two diffuse (SEA) subsystems - the sending and receiving rooms - and in the
context of a sound transmission analysis, the quantity of interest is the so-called coupling loss factor between
both rooms. If in a stationary situation, the sound power flow from room 1 to room 2 (so through the wall) is
denoted as P12, the total acoustic energy of room k is denoted as Ek and its modal density (i.e., the expected
number of modes per unit radial bandwidth) as nk, then the coupling loss factor η12 is defined as [7]

η12 :=
ωn1

P12

(
E1

n1
− E2

n2

)
(31)

Although the coupling loss factor is a random quantity (because the sound fields in the rooms are random,
diffuse fields), only its mean value will be of interest in the present analysis as the intention is to predict the
mean sound transmission loss of the wall. The coupling loss factor relates directly to the sound transmission
coefficient, τ , which is defined as the ratio between the power flow P12 from room 1 to room 2 through the
wall, and the incident sound power on the wall in room 1. The relationship reads [8]

τ =
4V1ω

LxLyc
η12 (32)

where V1 denotes the volume of the sending room. The sound transmission loss (or airborne sound insulation)
of the wall then immediately follows from

R := 10 log
1

τ
= 10 log

LxLyc

4V1ωη12
(33)

Within the hybrid DET-SEA framework, the coupling loss factor η12 can be rigorously evaluated by consid-
ering the interaction between the wall and the direct field response of the rooms at their interfaces [9, 10, 11].
The direct field response of a room is the sound field that would occur if the room would be of infinite extent,
in other words, if the room would behave as an acoustic half-space as seen from the room-wall interface
when that interface is embedded in an infinite planar baffle. The related acoustic dynamic stiffness matrix
is then termed the direct field dynamic stiffness matrix of the room. For room 1 for example, this matrix
describes the relationship between the displacements and forces at the interface with the first wall leaf:

Ddir1ql1 = f̃dir1 (34)

The components of f̃dir1 denote the forces acting on the (generalized) degrees of freedom of the first wall
leaf ql1 due to the pressure field in the acoustic half-space The direct field dynamic stiffness matrix Ddir1

can be numerically computed via evaluation of the Rayleigh integral, e.g. using a wavelet discretization of
the baffled interface; details of this approach are provided by Langley [12].

Once the direct field acoustic dynamic stiffness matrices of both rooms have been computed, the coupling
loss factor is obtained from [9]

η12 =
2

πωn1

∑

rs

Im
(
D′dir2,rs

) (
D−1

totIm
(
D′dir1

)
D−H

tot

)
rs

(35)

where
Dtot := D′d + D′dir1 + D′dir2, (36)

D′d denotes the reduced dynamic stiffness matrix of the wall as defined in (28), and D′dir1 and D′dir2 are the
direct field acoustic dynamic stiffness matrices expressed in terms of the reduced wall coordinate vector q′.

The computational efficiency can be further increased by exploiting the block structure of the direct field
acoustic dynamic stiffness matrices:

D′dir1 =

[
Ddir1 0
0 0

]
and D′dir2 =

[
0 0
0 Ddir2

]
. (37)
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Equation (35) can be elaborated as

η12 =
2

πωn1

∑

rs

Im (Ddir2,rs)
((

D−1
tot

)
2,1

Im (Ddir1)
(
D−1

tot

)H
2,1

)
rs

(38)

where
(
D−1

tot

)
2,1

denotes the left bottom block matrix of D−1
tot which can be computed using the following

property of block-matrices.

(
A−1

)
2,1

= −
(
A2,2 −A2,1A

−1
1,1A1,2

)−1
A2,1A

−1
1,1 (39)

where Ai,j represents the block matrix with index (i,j) of the matrix A.

3 Validation

Figure 4: Positioning of studs and screw pairs within a wall. Eleven screw pairs are situated on each side of
the stud with a vertical distance of 250 mm starting 100 mm from the bottom. Center to center spacing of
the studs is 600 mm for the middle studs and 350 mm at the sides.

The airborne sound insulation of 14 different double-leaf plasterboard walls that each have a common flexible
metal stud frame is predicted using the model as described above. The walls have different the cavity depths
(40, 45, 50 or 100 mm), different material inside the cavity (air or mineral wool) and a different number of
plasterboard layers comprising the leafs (single, double or triple plating). The results are compared to an
extensive measurement campaign [13] to assess the accuracy of the predictions.

3.1 Wall and room properties

The transmission suite at the TNO TPD Delft Acoustics Laboratory is modelled in this validation study. The
transmission rooms have a volume of 100 m3 each and are separated by an opening with a width of 3.75
m and a height of 2.65 m where the test samples are mounted. The walls are constructed using a frame
consisting of steel C-studs with a flange width of 50 mm and a wall thickness of 0.6 mm. The web height
of the studs equals the cavity depth, i.e. 40, 45, 50 or 100 mm. All walls contain eight studs in total, two
of which are placed against the vertical edges of the test opening, and six in between. The center to center
distance between two adjoining studs equals 350 mm at the vertical edges of the test opening and 600 mm in
between. In order to connect a plasterboard plate to a metal stud, eleven screws are used along the vertical
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Figure 5: Predicted versus measured airborne sound insulation of a set of studded double-leaf plasterboard walls. Cavity filled
with air.
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Figure 6: Predicted versus measured airborne sound insulation of a set of studded double-leaf plasterboard walls. Cavity filled
with mineral wool.

plate edge. Screws start at 100 mm from the bottom edge and end at 50 mm from the top edge of a plate.
The vertical distance between two screws is 250 mm. The horizontal distance between two screws in a pair
is 10 mm in the model. The stud and screw positions are depicted in Fig. 4.

The plasterboard plates have a nominal density of 720 kg/m3 [13]. The Young’s modulus and the Poisson
ratio of the plasterboard plates are chosen to match the experimental coincidence frequencies in two of the
sound transmission tests, since no experimental values are available. This results in a Young’s modulus
of 2.5 GPa and a Poisson’s ratio of 0.3 [14]. A constant damping loss factor of 0.03 is assumed for the
plasterboard, as in [14]. The assumed material properties for the galvanized steel studs are: a Young’s
modulus of 210 GPa, a density of 7800 kg/m3, a Poisson’s ratio of 0.25 and a damping loss factor of 0.02.
For air the following material properties are assumed: a density of 1.21 kg/m3 and a sound speed of 340
m/s. The flow resistivity of the mineral wool, used as sound absorbent in the cavity, was measured to be
5000 N/sm4 [13].

3.2 Sound insulation predictions

The airborne sound transmission loss is computed at 320 frequency lines with center frequencies between 50
and 4000 Hz. These frequency lines coincide with the 1/48-octave band center frequencies. The harmonic
transmission losses are subsequently averaged over each 1/3 octave band for comparison with the experi-
mental results. The calculations have been performed on a single personal computer with a 2.7 GHz Intel
Core i7 processor and 16 GB RAM. The time needed to compute the transmission loss at all 320 frequency
lines ranged from 45 minutes to 1 hour, depending on the specific wall configuration.

The 14 walls that are considered in this study are labeled by the combination of the number of platings consti-
tuting one leaf, the thickness of a single plating in mm, the cavity depth in mm and the type of cavity filling
(air or mineral wool). For example, the wall labeled as 2x12.5/50 mw has leafs with double plasterboard
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plating, an individual plating thickness of 12.5 mm and, a cavity with a depth of 50 mm and mineral wool
as filling. In Table 1, the sound insulation predictions are summarized in terms of the single-number ratings
according to the ISO 717 - 1 : 1996 standard [15]. The transmission loss curves as a function of frequency
are displayed in Figs. 5 and 6.

Wall type RW(C; Ctr)exp dB RW(C; Ctr)model dB
1x15/40 air 34(-1;-5) 33(-1;-5)
1x12.5/45 air 34(-2;-6) 33(-2;-6)
1x12.5/50 air 34(-2;-6) 33(-2;-6)
1x12.5/100 air 38(-1;-6) 36(-2;-7)
2x12.5/50 air 42(-2;-7) 41(-2;-8)
2x12.5/100 air 47(-2;-6) 44(-1;-7)
3x12.5/50 air 45(-2;-7) 47(-2;-8)
3x12.5/100 air 49(-2;-7) 49(-2;-7)
1x15/40 mw 42(-2;-7) 40(-3;-8)
1x12.5/45 mw 41(-3;-9) 41(-4;-10)
1x12.5/50 mw 42(-3;-10) 40(-3;-9)
1x12.5/100 mw 46(-3;-9) 43(-1;-11)
2x12.5/50 mw 50(-2;-8) 46(-2;-8)
2x12.5/100 mw 52(-3;-8) 50(-4;-11)

Table 1: Wall type with corresponding experimental results and predictions of the single number ratings.

3.3 Physical interpretation and comparison with experiments

In Table 1 and Figs. 5 and 6, the prediction results are also compared with data from the extensive experi-
mental study as reported by Vermeir and Gerretsen [13].

In general, a very good agreement between the model predictions and the experimental results can be ob-
served. This is also the case at low frequencies, although the sound fields in the rooms are modelled as
diffuse while in a single experiment, the modal behavior of the rooms will be important. The ISO 12999 -
1 : 2014 standard [16] defines an average experimental reproducibility for the single number ratings Rw,
Rw + C and Rw + Ctr as respectively 2.0, 2.1 and 2.4 dB for a 95 % confidence interval. From Table 1 it
can be concluded that for nearly all walls, the predicted single-number ratings differ from the experimental
values by 0 to 2 dB which is close to the average reproducibility with a coverage probability of 95 % for
experiments.

An important resonance phenomenon for double-leaf walls is the so-called mass-spring-mass resonance. For
an infinite wall without studs, the leafs then vibrate as rigid masses and compress the cavity fluid. For a
finite studded wall, the mass-spring-mass resonance cannot fully develop due to restrained motion at the leaf
edges and the presence of the studs. Nevertheless, a dip in the airborne sound insulation is usually observed
around the theoretical mass-spring-mass resonance frequency, especially when there is no absorbent present
in the cavity. This is also the case for the walls considered here. As can be observed in Figs. 5 and 6, the
mass-spring-mass resonance dip is situated between 71 Hz (for wall 3x12.5/100 air) and 182 Hz (for wall
1x12.5/45 air). From these figures, it can also be observed that the predicted sound insulation around the
mass-spring-mass resonance frequency agrees very will with the experimental findings.

At high frequencies, a pronounced dip can be observed in all transmission loss curves. This is the so-called
coincidence dip. It occurs at the critical frequency of a single plasterboard plating, i.e., the lowest frequency
at which the free bending wavelength on an infinite leaf matches the projected free wavelength in air. The
theoretical value of the critical frequency is 2274 Hz for a plasterboard plate with thickness of 15 mm, and
2728 Hz for a plate of 12.5 mm thickness. The predicted and observed coincidence dips match well. For
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walls 1x15/40 air and 1x12.5/45 air, this comes as no surprise, since the Young’s modulus and Poisson
ratio of the plasterboard material were determined from the coincidence dips that are observed for these two
walls. More important is that in the experimental results, the critical frequency remains unchanged when
the number of platings is increased from one to two or three: this proofs that the assumption of perfect slip
conditions at the plate-plate interfaces is valid.

4 Conclusions

In this paper, an accurate and computationally efficient model is presented for the prediction of the airborne
sound insulation of studded double walls. In this model, the parts of the wall that display a low geometrical
complexity, i.e. the leafs and the cavity, are modelled analytically to reduce computational cost. The studs are
modelled in detail with the shell finite elements, since flexible studs display a large cross-sectional deforma-
tion that cannot be captured with an analytical model. The sound fields in the rooms are modeled as diffuse,
and a rigorous coupling with the deterministic wall model is achieved within the hybrid DET-SEA frame-
work. The computation cost of this model was verified to be more than three orders of magnitude lower than
that of a recently proposed detailed finite element model of the transmission suite with frequency-dependent
mesh, while the prediction accuracy remains the same.

The model was extensively validated against measured transmission loss data of 14 different plasterboard
walls with metal C-studs. An absolute accuracy between 0 and 2 dB on the single number ratings was
achieved for nearly all wall types. This is within the average reproducibility of the experiments. Thanks to
its prediction accuracy and computational efficiency, the model can be employed as a high-fidelity tool for
the design of double-leaf wall systems.
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Abstract 
The paper examines the possibility to predict the noise absorption behavior of poroelastic materials with a 

simple modeling approach which avoids the extensive experimental efforts of advanced modeling based 

upon the Biot theory of poroelastic media. It is assumed that experimental data of the dynamic stiffness and 

damping characteristics captures all dissipative influences, which are estimated by extended Biot models. 

The results of the approach show high compliance with the numerical results of synchronous Biot modeling. 

The application is limited by the highest reliable frequency of the experimental measurement of the dynamic 

Young’s modulus and damping ratio, which actually reaches 2 kHz if no extrapolation is desired. Parallel, 

acoustic measurements with 19 different poroelastic materials were conducted to validate the simulation 

results and to get an overview the acoustic behavior of different plastic foams. The results show coincidence 

with the experimentally determined dynamic Young’s modulus, pore size and density of the material.  

1 State of the art in numerical modeling of poroelastic media 

The theory of poroelasticity by Biot-Allard [1–3] is the most extended approach to describe the sound 

propagation in elastic porous media. Its main underlying assumption is the homogenization. This means 

that, provided that the wavelengths of the waves propagating inside the material are much larger than the 

pores size, the biphasic aggregate can be considered as a homogenous medium in which the two phases are 

simultaneously present. Consequently, the resolution of the pores on the microscale is avoided. The two 

governing equations have the form of a fluid-structure interaction problem with the particularity that the 

mechanical coupling between the elastic frame deformation and the fluid behavior is not limited to the fluid 

structure interfaces, but is of a volume nature. 

The parameters defining the equations coefficients can be grouped into three classes: fluid, elastic and poro-

mechanical. The first set includes the material properties of the filling fluid, namely its density 0, its 

viscosity 0 and the speed of sound c0. The elastic parameters characterize the response of the frame in 

vacuum and are typically the Young’s modulus E, the Poisson’s ratio , the structural damping coefficient 

 and the density of the drained material 1. The poro-mechanical parameters help to link the microscopic 

thermal and viscous effects at a local level with the changes in the macroscopic effective bulk modulus and 

effective dynamic density. This requires a constitutive model as, for example, the one proposed by Johnson-

Champoux-Allard (JCA,[4], [5]), which is employed as reference in this paper.  
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Some of the procedures to determine the values of these mentioned material parameters can be found in [6-

8]. The characterization of poroelastic materials is associated with inaccuracies of different kind. First, the 

tested samples often include inhomogeneities as a result of the manufacturing processes. Second, the 

measurement equipment and techniques employed suffer from reproducibility issues as highlighted in [9]. 

Lastly, the use of elastic properties obtained from quasi-static tests is a common practice, but their value 

may differ significantly at higher frequencies [10]. Thus, a frequency-dependent testing of the elastic 

properties may be considered as a proper modeling approach. In Section 2 below, a measurement technique 

for this purpose is introduced. 

The key for a correct prediction of the acoustic effects in poroelastic material is the proper modeling of its 

dissipation effects. They are subdivided into structural damping losses Wstr, viscous losses Wvisc and thermal 

effects Wth. For the displacement-pressure (u, p)-formulation of the Biot theory [8] explicit relations for 

these losses are derived in [11]. The total losses are obtained by integration over the material domain  

The structural damping loss Wstr  is determined as the Frobenius inner product of the imaginary part of the 

complex stress tensor of the elastic solid in vacuum   u
s

̂  and of the strain tensor )(u* of the complex 

conjugate deformations *u of the solid phase 

      d)(:ˆW
s
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In these equations  denotes the open porosity. The tilde symbol indicates that the corresponding material 

coefficient is complex and frequency-dependent, namely the effective density ~ , the mass coefficient for 

the fluid phase 
22~  and the dynamic tortuosity ~ . Their calculation in the context of the theory developed 

by Johnson [4] requires the experimentally determined open porosity ϕ, the airflow resistivity , the 

tortuosity ∞ and the viscous characteristic length . Finally, the thermal dissipation losses are given by the 

relation  

 
 




  dp
R

R
Wth

2

2~
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 (6) 

that furthermore requires the real part of the complex elastic coefficient of the fluid phase  R
~

 . If the 

stiffness of the solid phase is much larger than that of the bulk material and of the filling fluid, its value can 

be approximated by fK
~

R
~

   using the open porosity and the dynamic bulk modulus of the air in the 

pores fK
~

. The dynamic bulk modulus has to be calculated from the experimental parameters mentioned 

above as well as from the thermal characteristic length ’, the adiabatic index, the static pressure and the 

Prandtl number. Their relation is derived by Champoux and Allard in [5].  

The model briefly sketched above is the state of the art in the modeling of poroelastic materials. It is based 

upon extensive and highly advanced measurements for each poroelastic material specimen that have to be 
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carried out by specialized institutions. The advantage of the model is its ability to estimate the contributions 

of the different dissipation mechanisms. Since the losses described in Eqs. (1-6) cannot or can only partially 

be separated in experiments (e. g. by avoiding fluid damping, solid-fluid interaction and thermal dissipation 

by evacuation of the open-cell porous material) such modeling enables to gain more knowledge about the 

partition of each mechanism in overall damping. The model allows a separate investigation of a rigid frame 

model and a limp frame model of the porous structure and thus the separation of fluid and solid-fluid 

interaction effects (stiff frame) from solid effects (elastic frame).  

2 Simplified approach using experimentally determined damping 
parameters 

The assumption is that the sum of the effects of all poro-mechanical parameters of a given material can 

effectively be measured and summarized by the frequency-dependent complex Young’s modulus in the 

frequency range of interest. This avoids the experimental efforts and the error sources described in the 

section above. This approach will not allow an estimation of the contribution of each damping mechanism 

to the overall dissipation, but a frequency-dependent characterization of the overall dissipation whose single 

contributions are summarized in a simple expression as Eq. (1). This leads to a numerical solution based on 

the principle of virtual displacements for homogenous materials with linear elastic material behavior using 

only one damping term. Transformed in the frequency range, it results in the following linear differential 

equation system  

fuKCM
~~)( 2   i ,                                                          (7) 

wherein M , C , and K  represent the system mass matrix, the system damping matrix and the stiffness 

matrix. The vector of the complex external forces f
~

is derived from a force signal in the time domain by 

discrete or fast Fourier transform (DFT / FFT) and thus depends on the system’s angular excitation 

frequency . The displacements u~  are thus complex and frequency-dependent as well. In the approach that 

is pursued in this paper the damping matrix C  and the stiffness matrix K are frequency-dependent and 

contain expressions of the experimentally determined, frequency-dependent dynamic Young’s modulus E 

and the dynamic damping ratio D. The Poisson’s ratio   is assumed to be constant. Hence, the approach 

results in a significant reduction of material parameters to be measured or estimated in advance. In this 

approach a successful prediction mainly depends on the appropriate measurement of the complex Young’s 

modulus in the frequency range of interest. The coupled vibroacoustic models introduced in the fourth 

section will be used for the acoustical prediction based on the proposed simplified elastic approach. The 

required material characterization is described in the following Section.  

2.1 Experimental damping measurements 

The experimental setup used for the characterization of the frequency-dependent stiffness and damping 

properties of the investigated foam materials is shown in Figure 1. A material sample of a thickness of 

20 mm and a diameter of 30 mm was placed between an electrodynamic shaker and a seismic mass. The 

shaker excited the material sample with an harmonic oscillation. 
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Figure 1: Experimental setup for determining the frequency-dependent properties of damping materials 

Except for the material sample of interest, the whole setup is assumed to be rigid. Hence, the system can be 

treated as a single degree of freedom spring-mass-damper system. The mounting on a seismic mass under 

free-free boundary conditions (eigenfrequencies almost zero) was used to avoid resonances of the mounting 

part within the frequency range of interest. Each frequency was excited by a monofrequent harmonic force 

with the help of an electrodynamic shaker and measured separately. The measured data include the 

excitation force (force sensor) and the displacement (acceleration sensor). The retrieved acceleration has to 

be transformed to obtain the displacement. To avoid errors caused by numerical integration the relation  

)t(x)t(aex̂)t(x)t(aex̂)t(x titi 22        (8) 

was used, which holds for harmonic states. The resulting Young's modulus was determined out of the spring 

stiffness under consideration of the dimensions of the test sample. The spring stiffness was calculated with 

the help of the measured force and displacement. Moreover, the damping properties, either expressed as the 

loss modulus E’’, the loss factor =E’’/E’ or the damping ratio D, were obtained from the hysteresis loss in 

the force-displacement diagram. These calculations were repeated at each measured frequency in the 

investigated range beginning at 0.1 kHz and increased with a constant step size of 0.1 kHz. The maximum 

operable frequency was limited by the power of the shaker. Furthermore, it is important that the signal to 

noise ratio is feasible and that resonance effects as well as other perturbations were avoided. With the 

presented setup it was possible to reliably determine the material parameters up to 2 kHz. Several 

characterization methods and influence parameters and how they affect the resulting frequency-dependent 

material properties were investigated in advance. Additionally, numerous numerical studies were also 

conducted to gain a better understanding of the working principle of the setup and all important influence 

parameters. More detailed information is given in [12]. 

Figure 2 shows different foams whose dynamic parameters were determined with the test method described 

above. The equally scaled images display the macroscopic pore structure of different foam materials sorted 

by their density. Most of the foams are polyesters (PES) and polyethers (PETH). The polyester foams have 

a very regular porosity, with a small pore size variation within each material and a decreasing pore size with 

increasing density. The PES 1 foam haptically shows a higher rigidity than the other polyesters with higher 

density. In comparison to the PES foams, each of the polyether materials show a bigger variance of the pore 

size and a more irregular, stochastic structure. The pore size decreases with increasing density as well. There 

are no samples with palpable high rigidity. The melamine resin sample (MR) also has a high variance of the 

pore sizes and seems to be stiff analogously to the polyethylene foam (PE), which presents very small pores 

and a regular pore size. The relatively stiff polyurethane foam (PUR) has a small pore size and shows a 

medium pore size variance. The EPDM foams of high density have a smooth surface and very small, regular 

pores.  

seismic mass

rigid plate

shaker

acceleration sensor

force sensor

test sample

rigid mounting rigid plate

test sample

rigid mounting

acceleration sensor

force sensor
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Figure 2: Investigated foams. The abbreviations stand for: EPDM – ethylene propylene diene monomer; 

MR – melamine resin; PE – polyethylene; PES – polyester; PETH – polyether 

 

Figure 3: Young’s modulus E (left diagram) and damping ratio D (right diagrams) of polyester foams with 

a thickness of 20 mm 
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Figure 4: Young’s modulus E (left diagram) and damping ratio D (right diagrams) of polyether foams with 

a thickness of 20 mm 

 

Figure 5: Young’s modulus E (left diagram) and damping ratio D (right diagrams) of plastic foams of 

different materials with a thickness of 20 mm 

 

Figure 6: Young’s modulus E (left diagram) and damping ratio D (right diagrams) of heavy and EPDM 

plastic foams with a thickness of 20 mm 
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The Figures 3-6 show the experimentally determined dynamic Young’s modulus E and the dynamic 

damping ratio D measured with the test setup displayed in Figure 1. The Young’s modulus steadily increases 

with the frequency. The foams with a stiff appearance as MR, PES 1, PE and PUR present, in comparison 

to the softer foams as PETH 1-5, just a slight increase of the Young’s modulus throughout the frequency 

range. Moreover, their results show small irregularities in the damping ratio. In the case of the PUR foam 

(Figure 5) the damping could even be assumed to be frequency-independent up to 2 kHz, where it is not 

determinable anymore. Up to 0.6 kHz all investigated materials show an almost constant damping ratio close 

to 0.1. Here, a higher Young’s modulus causes a higher absolute loss modulus E’’ under a constant damping 

ratio. Above this frequency, many of the investigated materials show a higher slope of the Young’s modulus 

and this increase corresponds with a characteristic local decrease of the damping ratio and of the loss 

modulus. At this point it cannot be excluded that these local minima are no intrinsic material properties of 

the specific samples but result from resonant interactions between the experimental setup and the probes. 

Actually, it must furthermore be stated that the current experimental configuration does not allow to 

determine the elastic material data for higher audible frequencies.  

3 Acoustic measurements 

The materials were investigated in an anechoic room with full absorption above 100 Hz at all walls. Figure 

7 shows the experimental setup. Each material probe was fixed with a steel frame at the surface of an 

aluminum plate with the dimensions 400 x 200 x 18 mm. The frame was fixed as shown in the lower right 

image with screw nuts at thread rods that were screwed into the plate. The screw nuts were tightened at each 

prototype until the small gap between foam and plate had disappeared at each side. Furthermore, the samples 

were tested at a steel sheet with identical dimensions but a thickness of 1 mm. Here, the materials were fixed 

with a double-sided tape. The plate was coupled to an electrodynamic shaker by a rod that was tightly 

connected with the backside of the plate (lower left image of Figure 7). The shaker was excited with a white 

noise current generated and amplified with a constant magnitude by a signal 

 

Figure 7: Test setup for acoustic measurements in an anechoic chamber 

generator and an amplifier. The transduced force between shaker and plate was measured with a force sensor 

mounted in line with the connection rod. The radiated noise of the plate was recorded by a single microphone 
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positioned in a distance of 0.9 m from the plate and in the height of the plate’s center. The microphone was 

rotated horizontally around the plate between 0° and 180° in steps of 10° to obtain a directional characteristic 

of the sound pressure level (SPL) in the frequency range 0.1-12.8 kHz. This directional characteristic was 

averaged arithmetically so that the overall SPL characteristic contains all frequency lobes of the sound 

radiating structure. Within the anechoic room, the averaged SPL represents the radiated power of the plate 

in the far field. The results are shown below as third octave band levels of the SPL characteristics. The 

insertion loss (IL) of the foam mounted at the plate was calculated by subtraction of its third octave band 

SPL from the third octave band SPL of the uncovered plate, which is possible due to the identity of the 

sound pressure level and the sound power level under free-field-conditions in the far field. 

 
Figure 8: Sound pressure level and insertion loss (IL) of polyester foams of different density 

The Figure 8-12 show the sound pressure level and the IL that were measured in the test bench for all of the 

investigated foams fixed on a 18 mm aluminum plate and on a 1 mm steel sheet. The materials and their 

appearing order in the Figure 8-11 are identical to the ones shown in the Figure 3-6. The left and right 

diagrams compare the noise reducing effect measured at the stiff aluminum plate where each foam’s 

influence on the system’s stiffness was negligible small, in comparison to the effect on the 1 mm steel sheet, 

where it was not. The lower stiffness of the steel sheet results in a first structural resonance below 0.3 kHz 

and in significant noise reductions below 1 kHz for all foams. However, for the thick aluminum plate no 

significant noise reductions were detected below 1 kHz in any measurement. On the other hand, the effect 

of a noise reduction due to a stiffening of the structure by a foam is most apparent in the right diagrams of 

Figure 10. Here, at the 1 mm steel sheet the foam with the highest dynamic Young’s modulus at low 

frequencies, the PE-Foam (violet curve), leads to significant reductions in the low frequency range. For the 

aluminum plate a comparable effect is not visible. 

The acoustic measurements do not show a coincidence with the characteristic damping ratio decrease of soft 

foams at certain frequencies shown in the Figure 3-6. The specific materials do not show a generally reduced 

insertion loss in the third octave bands for these frequencies. The foams with the biggest pore size, PES 1 

and PETH 1, show a significantly higher noise reduction above 1 kHz on the aluminum plate. The 

comparison of the IL in the diagrams of Figure 8 and Figure 9 shows a high degree of similarity. It is obvious 

that the effects of the PES and PETH materials are similar. The changes in the acoustic behavior due to an 

increase of the material density are complex, but occur in a synchronous pattern for both materials. 
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Figure 9: Sound pressure level and insertion loss of polyether foams of different density 

 

Figure 10: Sound pressure level and insertion loss of foams of different materials  

In Figure 10, the effects of different foam materials with various dynamic Young’s modulus are presented. 

The low frequency effect of the PE foam on the steel sheet due to the foam high dynamic stiffness has 

already been mentioned above. In comparison, the PETH 4 foam with a low dynamic Young’s modulus at 

low frequencies as well as the MR and the PES 2 foam have no significant influence on the steel sheets 

noise radiation in the low frequency range. The good results of the very light MR foam at medium and low 
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frequencies at the aluminum plate cannot be derived from a high dynamic Young’s modulus or damping 

ratio. It is supposed to be the result of the higher thickness of the probe (40 mm instead of 20 mm). 

 

Figure 11: Sound pressure level and insertion loss of EPDM foams of different density 

 

Figure 12: Sound pressure level and insertion loss IL of PUR foams with different mounting conditions 

In Figure 11, as well as in Figure 8 and Figure 9, an increase of the density improves the noise reduction at 

the steel sheet below 1 kHz. Above that frequency, lighter and softer foams show better effects. In contrast, 
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a higher density in the EPDM materials on the aluminum plate leads to an improvement of the damping 

behavior at the dominating octave bands above 1 kHz.  

For the comparison with the simulations presented in the next section another PUR foam (“PUR 2”) was 

examined experimentally, whose Biot parameters are known. This additional material allows a modeling 

with the complex approach described in the first section. To ensure the comparability of the finite element 

model and the experimental setup the foam was not only fixed with the frame to the aluminum plate but 

additionally with double-sided tape. So, a planar coupling between plate and foam was ensured and later 

adopted for the simulation. Figure 12 shows the acoustic effect of the foam for its two different mounting 

configurations on the aluminum plate in comparison to the effect of the PUR foam examined above. The 

results for the surface glued PUR 2 foam are used as a reference for the numerical investigations. 

4 Numerical investigation 

Two numerical models of the aluminum plate used in the experimental investigation above were examined. 

The models differ in their complexity. For all numerical simulations in this paper the Finite Element Method 

(FEM) is used. The simpler model (Variant 1) is shown in Figure 13, the more complex (Variant 2) in Figure 

14. Variant 1 includes the rectangular aluminum plate and the material sample. All boundary conditions are 

applied directly on the aluminum plate (see the red dots in Figure 13). In each highlighted node all three 

degrees of freedom (displacement) are pinned. The excitation load is also applied directly to the aluminum 

plate, in the middle of the backside. In the simple model exclusively hexahedral elements with quadratic 

shape functions are used.  

The results of the simple model with constant and frequency-dependent stiffness and damping can be seen 

exemplarily for one investigated damping material in Figure 18 in comparison to the measurement in the 

acoustic test bench. The results are shown in terms of insertion loss curves as the difference of the calculated 

sound power of the aluminum plate with and without applied damping material. Obviously, the simple 

model is not sufficient to represent the real setup. For this reason a more complex simulation model was 

built (Variant 2), which is displayed in Figure 14. The Variant 2 additionally contains the steel hooks on 

which the whole system is suspended as well as a part of the connection rod to the shaker by which the load 

is applied and which represents an additional boundary condition. Due to the more complex geometry this 

model requires also tetrahedral elements for modeling, for which quadratic shape functions were used as 

well. To ensure the model’s quality, a validation is conducted.  

 

Figure 13: Simple numerical model (Variant 1) of the aluminum plate in the acoustic test bench 

boundary conditions

damping material

aluminum plate

excitation force

CHARACTERISATION, DESIGN AND OPTIMISATION OF ACOUSTIC MATERIALS 681



 

Figure 14: Complex numerical model (Variant 2) of the aluminum plate in the acoustic test bench 

For this purpose, a one dimensional Laser-Scanning-Doppler-Vibrometer was used to measure the vibration 

behavior of the plate without damping material. The aim was to validate the model itself including all loads 

and boundary conditions, without additional uncertainties caused by the damping material. The 

experimental setup is shown in Figure 15 both as schematic sketch and as a photograph.  

 

Figure 15: Experimental vibration analysis on the acoustic test bench via Laser-Scanning-Vibrometer 

The comparison of the experimental and the numerical vibration analysis of the aluminum plate without 

additional damping material in Figure 16 makes clear that the complex model (Variant 2) can capture the 

vibration behavior of the acoustic test bench very well. In Figure 16, three arbitrary eigenfrequencies and 

their corresponding eigenmodes are shown. It has to be noted that even in the high frequency regime the 

model prediction is close to the measured data, even if the difference in the eigenfrequencies becomes larger. 

In contrast, the agreement of the eigenmodes is very good in the whole frequency range. 

For the calculation of the radiated sound power of the different configurations a vibroacoustic simulation 

was necessary. For this purpose, the vibrating structure is fully coupled to a fluid domain. The surrounding 

fluid volume was modeled as a half sphere and meshed with quadratic tetrahedral elements, which only have 

the acoustic pressure as a single degree of freedom. The size of the elements has to ensure that all 

wavelengths of interest can be approximated with sufficient accuracy. The resulting mesh is displayed in 

Figure 17. To avoid reflections on the borders of the discretized region and, thus, to fulfill the free field 

radiation condition, an absorbing boundary condition was applied on the outer surface of the fluid volume. 

boundary conditions

damping material

aluminum plate excitation force
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Figure 16: Comparison of the experimental (left) and the numerical (right) vibration analysis of the 

aluminum plate without additional damping material 

 

Figure 17: Discretization of the fluid domain in the surrounding of the emitting structure 

In Figure 18 the calculated insertion loss (IL) curves of the two different models are contrasted to the 

experimental results of the PUR 2 foam glued to the surface of the aluminum plate and the steel sheet. The 

experimental results are shown in Figure 12. As expected, it can be seen that the more complex model of 

the test configuration leads to results that are closer to the experimental ones. Especially the conspicuous 

peaks in the IL curves calculated with the simple model are not observable in the experimental results. For 

the stiff aluminum plate a frequency-dependent modeling of the damping and the elasticity delivers more 

accurate results than a classical model with constant material parameters. This observation can be made for 

both the simple model (Variant 1) and the complex model (Variant 2).  

Nevertheless, even the prediction quality of the complex model with frequency-dependent material 

parameters is not yet satisfactory in comparison with the measured data. Consequently, further 

investigations and improvements have to be made. The calculated IL curve of the corresponding poroelastic 

material formulation is given with the yellow graph in the upper diagram of Figure 18. For this calculation 

the JCA-approach was applied. The poroelastic model also shows some peaks that are not visible in the 

measurement results, and the overall agreement is not sufficient either. At least, it can be stated that the 

presented approach which uses frequency-dependent determined stiffness and damping values has for the 

given test case an accuracy that is comparable to the common Biot model.  

570 Hz570 Hz

3158 Hz 3154 Hz

7398 Hz 7539 Hz
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Figure 18: Calculated insertion loss (IL) compared with experimental data from the 18 mm aluminum 

plate and the 1 mm steel sheet. The yellow curve represents JCA-calculation for this application case; the 

red curves show the results of Variant 2 of the aluminum plate model. 

In contrast, it becomes clear that the usage of frequency-dependent material parameters to represent a 

viscoelastic material behavior overestimates the IL in the case of the thin steel plate. For this example, the 

constant material parameters show a better agreement with the experimental results. However, it has to be 

noted again that all tested simulation approaches lead to insufficient results for the examined test cases. 

Possible reasons for this have been already mentioned in the text above. Other causes may emerge in further 

studies that will focus both on the experimental determination of dynamic material properties on the one 

hand, and on an adequate, simplified and generalizable damping modeling for acoustical predictions on the 

other hand. 

5 Summary and outlook 

The aim of this study was to examine a simplified modeling method for poroelastic materials that avoids the 

experimental and simulative efforts of the complex modeling of such materials based on the Biot 

formulation. The proposed method considers the frequency dependency of the stiffness and damping as 

sufficient parameters to numerically predict the dissipation behavior of poroelastic materials in different 

application cases. This can be derived without knowledge of the open porosity, the viscous and thermal 

characteristic length, the tortuosity and other specific properties of poroelastic materials. The effects of these 

poro-mechanical parameters, so the made assumption, can effectively be measured and summarized by the 

frequency-dependent complex Young’s modulus. For this purpose different experimental setups were 

constructed and tested in advance. The best variant was used in this investigation to measure the parameters 
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for 19 different material samples. These measurements were reliable only up to a frequency of 2 kHz. The 

acoustical effects of the tested materials on the noise radiation of a stiff aluminum plate and a more flexible 

steel sheet were investigated in an anechoic chamber as well. 

The test setup of the acoustical experiment was approximated by two finite element models that differed in 

their complexity. The accuracy of the structural models was verified by laser vibrometer measurements of 

the aluminum plate in the acoustic test setup. The results of the complex model showed the best agreement 

with the vibration characteristics of the test setup.  

All calculated insertion losses differed significantly from the experimental results. The best fitting was 

obtained with the frequency-dependent modeling in the complex model of the aluminum plate. For the steel 

sheet, the simple solution with frequency independent material parameters reached the best agreement while 

the frequency-dependent overestimated the IL of the plastic foam.  

The results of this study show that the proposed simplified approach with frequency-dependent stiffness and 

damping values is able to approximate the results of an advanced poroelastic formulation and deliver better 

results than a simple elastic formulation, depending on the application case. To obtain a higher agreement 

and achieve a better prediction further investigations are necessary. On the one hand, the experimental 

measurement of the material parameters should be extended to higher frequencies, and influences of the 

experiment setup on the measured parameters have to be identified to be reduced, if existent. On the other 

hand, the test setup could be preliminary simplified to gain more knowledge and accuracy in modeling the 

damping behavior of the porous materials. The poroelastic material could be regarded in its structural 

behavior alone without acoustic coupling and calculation of the surrounding fluid domain. The experimental 

reference would be Laser-Scanning-Vibrometer measurements of the vibrating structure with and without 

poroelastic material. Additionally, a reverse optimization) could deliver the best fitting dynamic Young’s 

modulus and damping coefficient curves. Their comparison with real measured data would improve the 

knowledge of the physical appropriateness of the approach. 

6 References 

[1] BIOT, M.A.: Theory of Propagation of Elastic Waves in a Fluid‐Saturated Porous Solid. I. Low‐Frequency 

Range. The Journal of the Acoustical Society of America, Vol. 28 (1956) Nr. 2, pp. 168–178. 

[2] BIOT, M.A.: Theory of Propagation of Elastic Waves in a Fluid‐Saturated Porous Solid. II. Higher Frequency 

Range. The Journal of the Acoustical Society of America, Vol. 28 (1956) Nr. 2, pp. 179–191. 

[3] ALLARD, J.‐F.; DAIGLE, G.: Propagation of Sound in Porous Media. Modeling Sound Absorbing Materials. 

The Journal of the Acoustical Society of America, Vol. 95 (1994) Nr. 5, pp. 2785. 

[4] JOHNSON, D.L.; KOPLIK, J.; DASHEN, R.: Theory of dynamic permeability and tortuosity in fluid-saturated 

porous media. Journal of Fluid Mechanics, Vol. 176 (1987) Nr. 1, p. 379. 

[5] CHAMPOUX, Y.; ALLARD, J.‐F.: Dynamic tortuosity and bulk modulus in air‐saturated porous media. Journal 

of Applied Physics, Vol. 70 (1991) Nr. 4, pp. 1975–1979. 

[6] JAOUEN, L.; RENAULT, A.; DEVERGE, M.: Elastic and damping characterizations of acoustical porous 

materials. Available experimental methods and applications to a melamine foam. Applied Acoustics, Vol. 69 

(2008) Nr. 12, pp. 1129–1140. 

[7] SALISSOU, Y.; PANNETON, R.: Pressure/mass method to measure open porosity of porous solids. Journal of 

Applied Physics, Vol. 101 (2007) Nr. 12, p. 124913. 

[8] ATALLA, Y.; PANNETON, R.: Inverse acoustical characterization of open cell porous media using impedance 

tube measurements. Canadian Acoustics, Vol. 33 (2005) Nr. 1, pp. 11–24. 

[9] POMPOLI, F., et al.: How reproducible is the acoustical characterization of porous media? The Journal of the 

Acoustical Society of America, Vol. 141 (2017) Nr. 2, p. 945. 

[10] VAN DER KELEN, C., et al.: On the influence of frequency-dependent elastic properties in vibro-acoustic 

modeling of porous materials under structural excitation. Journal of Sound and Vibration, Vol. 333 (2014) Nr. 

24, pp. 6560–6571. 

[11] DAZEL, O., et al.: Expressions of dissipated powers and stored energies in poroelastic media modeled by {u,U} 

and {u,P} formulations. The Journal of the Acoustical Society of America, Vol. 123 (2008) Nr. 4, p. 2054–2063. 

[12] SPANNAN L., et al.: On the characterization of damping materials for acoustic simulations, in preparation, 

(2018). 

CHARACTERISATION, DESIGN AND OPTIMISATION OF ACOUSTIC MATERIALS 685



686 PROCEEDINGS OF ISMA2018 AND USD2018



Experimental-numerical methods for inverse characteriza-
tion of the anisotropic-anelastic properties of porous ma-
terials, based on dynamic Digital Image Correlation.

L. Manzari1, H. Mao1, P. Göransson1, J. Cuenca1,2, I. Lopez Arteaga1
1 KTH Royal Institute of Technology, Aeronautical and Vehicle Engineering, Teknikringen 8, SE-10044
Stockholm, Sweden
2 Siemens Industry Software, Interleuvenlaan 68, B-3001 Leuven, Belgium
e-mail: manzari@kth.se

Abstract
One of the major challenges in accurately modeling poroelastic materials is the choice of the parameters
required for their modeling, immediately followed by the practical difficulty in obtaining them. The direc-
tional dependencies of the physical properties further complicate the task of designing experimental setups
capable of providing the macroscopic properties. In the work presented here, the focus has been set on the
acquisition of high quality displacement data by means of two high-speed cameras and 3D Digital Image
Correlation. The obtained displacement field, is fed into a general inverse formulation which is guided by an
optimization tool that minimizes the difference between the predicted and the measured data. As a minimum
is found, the corresponding parameters are interpreted as material properties for a certain physical model.
The solutions for each iteration are calculated with numerical prediction tools, in the cases discussed here
the finite element method, where it must be ascertained that the numerical errors are kept to a minimal level.

1 Introduction

Diverse experimental non-contact methods are as of today available to measure the dynamic viscoelastic
properties of porous media with an elastic frame. Many of these methods take advantage of laser Doppler
vibrometers to measure the velocity of a vibrating poroelastic sample [1, 2]. Still, the characteristic strut
thickness of an open cell foam is many times smaller than the typical beam spot diameter of a laser Doppler
vibrometer [3, 4, 5]. This results in the measured velocity being the average velocity of all the points that
happen to be in the region of focus of the laser – an unknown that becomes even more relevant for high-
porosity foams, and may contribute to the poor reproducibility observed in previous inter-laboratory tests [1,
2].

With the aim of estimating the dynamic properties of anisotropic poroelastic materials, the team of the au-
thors has previously model-fit a series of transfer functions measured on a melamine foam sample, exploiting
the fact that many porous materials can be modeled as anisotropic viscoelastic solids when placed in vac-
uum [6, 7]. The setup used for such experiments is shown in Figure 1: the material sample is mounted on a
stiff foundation connected to a shaker emitting a monochromatic signal, and transfer functions are computed
between the reference point r0, where a uniaxial accelerometer is mounted, and the points ri,j (i, j = 1, 2)
on top of the seismic mass, where the velocity is measured with a laser Doppler vibrometer.

While insightful, such a measurement gives limited information regarding the shear-compression and shear-
shear coupling between stresses and strains in the material. The setup is then revisited, with the new arrange-
ment shown in Figure 2: the amount of input data is extended from four points on top of the seismic mass
to a full, three-dimensional vector field spanning the four exposed sides of the sample and the foundation.
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seismic mass

material sample

shaker
r0

r21 r22

r11 r12

Figure 1: Original setup as used in [7]. The foam sample (in light gray) is placed between a shaker and a
seismic mass. An accelerometer measures at point r0, and a laser vibrometer at points ri,j (i, j = 1, 2).

To the knowledge of the authors, such an approach has not been attempted to date. Such experimental setup
is described in Section 2. The measured transfer functions are compared to the output of a model, based
on an augmented Hooke’s law and described in Section 3, whose parameters are varied by an optimization
routine, presented in Section 4, until convergence is reached. Three transfer functions, representative of the
frequency-dependent behavior of the material, are shown in Section 5.

seismic mass

material sample

shaker
r0

Figure 2: Proposed setup for the present approach. The displacement of the foam sample is computed over
its whole external surface using an optical system. The displacement of the base (marked with a speckle
pattern) is computed by the same optical system.

2 Data acquisition

The experimental setup, whose components are thoroughly described in [8], is here briefly presented for the
sake of self-containedness. Similarly, refer to [9] for a much more detailed description of the post-processing
undergone by the displacement fields in order to get usable transfer functions.
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2.1 Experimental setup

A pair of high-speed cameras records the sample and the foundation, mounted on an electrodynamic shaker
excited with a monochromatic signal. The whole shaker assembly is placed in a vacuum chamber, along with
a rotation stage that allows for the rotation of the sample without having to open the vacuum chamber. The
high-speed cameras are situated outside the vacuum chamber, and look at the sample through a transparent
poly(methyl methacrylate) window. A laser vibrometer is used to perform a preliminary auto-ranging and
to try to ensure that the sample has reached steady state conditions. All the frequencies of interest are
spanned randomly, in order to decouple frequency-induced trends from trends that might be due to changes
in environmental conditions while the measurement is ongoing. The pressure in the vacuum chamber is
automatically kept below a set threshold by a microcontroller, also responsible for turning on the lighting
unit only for the time the cameras are actually filming. Such a short exposure time is necessary to avoid
motion blur and acquire at a high enough frame rate. The data acquisition process is completely automatic,
allowing for high repeatability and reproducibility of the results.

Figure 3: A sample mounted on the shaker in the vacuum chamber (left), and the whole setup during a
measurement with the light on and both the high-speed cameras and the laser vibrometer visible (right). The
shaker sits on a stepper motor (non visible, inside the wooden block), while the stepper motor responsible
for the translation of the calibration plate used by the cameras is clearly visible along with the whole linear
actuator assembly.

2.2 Data analysis

The displacement fields produced by the Digital Image Correlation are not polished enough to be directly
used: the algorithm may locally fail due to specular reflections in the open cells of the foam, and the coordi-
nate system in which the data is obtained is not relative to the sample but to the initial view of the calibration
plate. For every frame then, principal component analysis is performed on the height map of the foundation,
assumed non-deformable, and the data is transformed in a coordinate system that is at all times referred to
the foundation. Interpolation is used whenever information is missing, and data points that are deemed of
low quality (i.e. data points where the Digital Image Correlation has failed for most of the frames) are dis-
carded. A pure sinusoid is fit to every displacement time series, as the solution of a non-linear optimization
problem where the parameters to be found are its amplitude, frequency, phase and offset – see Figure 4 for
an example. As a consequence, computing transfer functions reduces to a complex division of the phasors
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expressing the motion of the sample with the phasors representing the motion of the foundation.
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Figure 4: Vertical displacement of a subset of the foundation, as computed by the DIC algorithm using 50
frames. An initial guess for a best fitting cosine is performed using a Fast Fourier Transform to estimate
frequency and phase, the standard deviation as an estimator of the amplitude and the mean value as an
estimator of the offset. Such guess is fed to a non-linear optimization algorithm, and the best fitting cosine
is found.

3 Model of the material

3.1 Constitutive equation

The constitutive laws for fluid-saturated porous materials may be derived as a special case of Biot’s equations
for anisotropic porous materials including a solid and a fluid phase [10]. The solid and fluid phases are
assumed independent and spatially homogeneous at scales of wavelengths much larger than the pore size.
For a porous material under vacuum conditions with zero pressure, a Hooke’s law can be used to provide
a causal representation of the stiffness matrix of the materials with a linear superposition of an elastic part,
accounting for the frequency-independent fully relaxed state of the material, and an anelastic part, accounting
for frequency-dependent reversible viscoelastic deformation. This has been used in the past in order to
estimate various properties of the frame of porous materials without the influence of air [11, 12, 13, 7]. The
simplified fractional derivative approach in [7] is used here. The constitutive equation of the anisotropic
materials in the frequency domain is thus given by

σi(ω) = Hij(ω)εj(ω), (1)

with

σ = [σ11 σ11 σ22 σ33 σ12 σ13 σ23]
T , (2a)

ε = [ε11 ε11 ε22 ε33 2ε12 2ε13 2ε23]
T , (2b)

690 PROCEEDINGS OF ISMA2018 AND USD2018



where ω = 2πf is the circular frequency. The components of the frequency-dependent stiffness matrix are
given by

Hij(ω) = Cij +
Bij (iω/β)

α

1 + (iω/β)α
, (3)

where Cij denotes the components of the fully relaxed stiffness matrix, α is the fractional derivative order, β
is the relaxation frequency in rad·s−1. The stiffness matrix provides a model of the deformation of the mate-
rial as a superposition of its fully relaxed state and a complex frequency-dependent relaxation phenomenon.
In general, a given material may present different types of anisotropy in the elastic and anelastic phenomena.
However, both phenomena share the same microstructural geometry and therefore it is here assumed that the
elastic and anelastic parts of the stiffness matrix are collinear,

Bij = bCij , (4)

where b is a real scalar constant. Then the final form of the stiffness matrix is [7]

Hij(ω) = Cij

(
1 +

b (iω/β)α

1 + (iω/β)α

)
, (5a)

Hij(ω) = H
(R)
ij + iH

(I)
ij , (5b)

where H(R)
ij and H(I)

ij are respectively the real and imaginary parts of the complex Hooke’s matrix H(ω).

3.2 Constraints

The Hooke’s matrix must be positive definite according to the second law of thermodynamics, thus the real
part of the Hooke’s matrix must satisfy the following constraints [14],

H
(R)
ii > 0, i = 1, ..., 6, (6a)

gj(H
(R))− 1 < 0, j = 1, ..., 4, (6b)

det(H(R)) > 0, (6c)

b > 0, α > 0, β > 0. (6d)

with

g1 =
(H

(R)
23 )2

H
(R)
22 H33

, g2 =
(H

(R)
13 )2

H
(R)
11 H33

, g3 =
(H

(R)
12 )2

H
(R)
11 H22

(7a)

g4 = g1 + g2 + g3 − 2
H

(R)
12 H

(R)
23 H

(R)
31

H
(R)
11 H

(R)
22 H

(R)
33

. (7b)

4 Inverse Estimation

The anisotropic model has 21 material properties and 3 anelastic parameters to be inversely estimated, as-
suming material symmetries in Eq. 3, which are gathered in the form

x = [C11 C12 C22 C13 C23 C33 C14 C24 C34 C44 C15 C25 C35 C45 C55 C16 C26 C36 C46 C56 C66 b α β] (8)

Hence, the model has a 24-dimensional space parameter x. The material properties of a given material are
defined as a set x that minimizes a distance in such space between the model and the experiment. The
objective function is defined by minimizing the distance as

d(x) =
M∑

m=1

N∑

n=1

∥∥∥um(ωn,x)− u
(exp)
m (ωn)

∥∥∥
2

∥∥∥u(exp)
m (ωn)

∥∥∥
2 , (9)
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where M transfer functions are extracted from the measurement and replicated using the model, N is the
number of frequency points of each transfer function, and u(exp)

m and um respectively denote the experimental
and simulated transfer functions of the displacement deformations in x, y, and z direction including real and
imaginary parts. The objective function, formulated in terms of a relative difference, gives equal importance
to all frequency samples in the transfer functions.

Globally Convergent 
Optimization

Method (GCMMA)
to

Update Hooke’s 
Matrix

Target Deformation 
from Experiment

Deformation

Hooke’s matrix

Yes
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Error < tolerance
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Hooke’s matrix

Deformation from 
Numerical Model 

Figure 5: A flowchart illustrating the inverse estimation framework.

Figure 5 shows a flowchart of the inverse estimation framework. The globally convergent method of moving
asymptotes (GCMMA) has already been successfully used for the optimization [15, 16, 17]. The finite
element model that numerically simulates the experiment is included within the optimization as a subroutine
providing the transfer functions, where the stiffness matrix of the material is updated at each iteration. A
set of displacements on four observed surfaces ( x−, x+, y−, and y+) extracted from the experimental setup
are used as the target transfer functions. The deformations of the numerical model are extracted at the same
position as they are measured in the experiment, in order to build the objective function that minimizes the
distance in between them. The algorithm is considered to have converged to an optimal solution if both the
objective function and the optimization variables vary less than 10−3 in 3 successive iterations.
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5 Preliminary results

The measurement system is able to resolve displacements in three dimensions both for the foundation and
the sample, giving rise to 9 transfer functions to be computed for each subset of pixels on each face of the
sample.

For the illustrative purpose of this work, the direction in which the shaker operates defines the vertical Y
axis, and the face of the sample that is observed by the cameras defines the XY plane.

After having checked that the foundation effectively moves mainly along one direction (i.e. the vertical, Y
direction), the phasor describing the vertical displacement of each pixel subset on the sample is divided by the
average of the phasors describing the vertical displacement of the foundation. The result of this operation is
close to what would be ideally obtained by a completely resolved material model where a unit displacement
is imposed on the foundation.

The excitation frequency is determined as the frequency of the best fitting cosine on the excitation signal that
is fed to the power amplifier driving the shaker. The aperture of the normalized displacement field resolved
by the data processing routine measures less than the nominal 20mm, which is the original dimension of
the side of the cubic sample. This is due to the fact that the data processing routine excluded the points
near the edges of the samples, where the Digital Image Correlation gave inconsistent results. Decreasing the
dimension of the subsets on which to run the Digital Image Correlation leads the aperture of the displacement
field to better approximate the actual sample size. A bigger subset size has been chosen for its reduced
computational time, given the purely illustrative purpose of these results.

Three distinct behaviors of the sample can be observed.

At 50 Hz the face of the sample under observation does not deform to any quantifiable extent, and moves
perfectly in phase with the foundation exactly as much as the foundation. The amplitude of the transfer
function is 1 for every subset, and there is no phase lag.

At ≈ 200 Hz the phase lag is constant and the observed face of the sample stretches so much that its topmost
edge moves ≈ 8 times as much as the foundation. The normalized amplitude at the edge that is closest
to the foundation is 1, as it should be because of the continuity of displacement.

At 280 Hz the behavior of the observed face is more complex: while the edge closest to the foundation
keeps obeying the continuity of displacement, the central part of the sample does not move at all. Its
top part instead displaces vertically twice as much in opposite phase.

6 Conclusions

The basis have been set for a framework potentially able to fully characterize the anisotropic-anelastic prop-
erties of porous materials, building on a less complex version of the same framework successfully employed
in the past by the team of the authors. The increased resolving power of full-field measurements based on
Digital Image Correlation, along with the automation implemented in the test rig and the subsequent data
processing, effectively produces transfer functions that well fit into the aforementioned framework.
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Figure 6: Transfer functions relating the vertical displacement of each subset of one face of the sample with
the average vertical displacement of the foundation.
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Abstract
This paper focusses on the modelling and prediction of two of the main mechanisms of acoustic attenuation,
the dynamic drag and thermal heat transfer, of a bundle of fibres typical of lightweight fibrous porous materi-
als. The methodology uses geometrical properties derived from microscopy, and is based on the assumption
that the interaction between the shear stress fields as well as the thermal fields of neighbouring fibres, may be
neglected in the predicted dynamic impedances of an individual fibre. Analytical procedures are discussed
which provide an estimation of the impedances acting on infinite longitudinal and transversely orientated
cylinders. The frequency-dependent viscous and thermal contributions may be scaled in terms of statistical
fibre diameter distributions and orientation angles. Using these analytical models, a three-dimensional poroe-
lastic model of coupled acoustic and structural wave propagation through a transversely isotropic, fibrous,
highly porous thermal insulation material is presented.

Introduction

Recent work into the modelling of fibrous porous materials has strongly focussed on microstructural aspects,
i.e. the fibre diameter distributions, fibre orientation angles, and the distributions of fibre lengths [1], [2] and
[3] in order to predict the transport properties of the material. In practice, this means that a combination
of numerical and experimental techniques are used to estimate the macroscopic transport properties of the
fibrous material, such as static viscous and thermal permeabilities, viscous characteristic lengths, and high
frequency tortuosity. Using this information, the vibroacoustic performance may then be simulated using
established Biot-based poroelastic models [4], and [5]. This approach is now improving the relationship
between the physical modelling of these materials and parameters which are controllable in manufacturing
processes, thus allowing more efficient virtual material development. Unfortunately, this approach often
requires a series of intermediate steps: either complex fluid flow and thermal diffusion simulations, and
existing material samples for laboratory measurements.

It would be much more convenient if the microstructural aspects of the fibrous material were taken into
account specifically in the formulation of the governing poroelastic equations, meaning direct relationships
between physical properties such as fibre diameter distributions and orientation angles, and resulting acoustic
performance could be made in an efficient way using analytical expressions.

In order to achieve this goal, we have taken the coupled fluid and elastic solid fibre momentum equations
for a transversely isotropic fibrous material [6], [7] and [8] as a starting point, and have utilised analytical

697



expressions to describe the dynamic viscous drag forces resulting from relative motion between the assumed
array of longitudinal and transverse cylindrical fibres and the surrounding viscous fluid [9]. Analytical
expressions describing heat flow from the cylindrical fibres to the surrounding fluid [10], [11] have also
been introduced through a modified fluid dilatation term which is valid for non-equilibrium conditions, thus
allowing oscillatory heat transfer from the solid to the fluid phases to be considered. Viscous and thermal
field interactions between neighbouring fibres are neglected, meaning the formulation is targeted at higher
porosity materials having large spacings between fibres.

In a second step, equations describing coupled acoustic and structural wave propagation through the ma-
terial have been derived in terms of a new set of Biot coupling coefficients, allowing a Transfer Matrix of
the transversely isotropic fibrous material to be defined in terms of constitutive material parameters, and
fibre microstructure parameters only. The model is then validated in comparison against impedance tube
absorption coefficient measurements. Lastly, we have carried out thermoviscous acoustic fluid finite element
modelling in order to investigate the viscous and thermal boundary layer interaction within a regular array
of fibres as a means of confirming the underlying assumptions that viscous and thermal field interactions
between neighbouring fibres can be neglected.

Table 1: Fibre Microstructure Model Material Properties

Mean fibre diameter 2ā 1.28 × 10−6 m
Mean fibre spacing b 18.052 × 10−6 m

Bulk density ρb 10.88 kg/m3

Fluid density ρf 1.2044 kg/m3

Fibre density ρs 2450 kg/m3

Fluid dynamic viscosity µf 1.8140 × 10−5 kg/ms
Fluid bulk modulus Kf 101325 Pa
Fibre bulk modulus Ks 35 GPa

Fluid thermal conductivity κf 0.02577 W/mK
Fibre thermal conductivity κs 775 W/mK

Fluid specific heat Cpf 1005 J/kgK
Fibre specific heat Cps 775 J/kgK

Fluid expansion coeff. η 3.411 × 10−3 1/K
Young’s modulus, z E1 135 Pa

Young’s modulus, x, y E2 10300 Pa
Shear modulus, z G1 700 Pa

Shear modulus, x, y G2 8200 Pa
Poisson ratio, z ν1 0

Poisson ratio, x, y ν2 0
Loss factor, z η1 0.1

Loss factor, x, y η2 0.1
Porosity Ω 0.9961

Material Definition

The fibrous material considered is a lightweight and flexible aircraft fuselage acoustical and thermal insula-
tion from the Johns Manville Company [9]. The solid fibre skeleton consists of a distribution of glassfibres,
having diameters ranging from 0.125 to 5.0 micrometres, with a mean fibre diameter dm of 1.28 microme-
tres. The orientation of the fibres is assumed to be primarily transversely isotropic, with some fibres being
orientated through the thickness of the material. The transversely isotropic elastic properties for this mate-
rial have been previously determined from in-vacuo static measurements [12]. A complete list of the fluid
properties (air at 20 deg. C.), the assumed glass fibre properties, and the measured transversely isotropic
macroscopic elastic properties are provided in Table. 1.
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Solid Fibre and Fluid Momentum Equations

The governing coupled fluid-solid equations are formulated using the Biot assumption that the volume frac-
tion is uniform throughout the solid, interconnected fibre skeleton; every plane cuts through a fraction φ of
solid fibre per unit total area. For any realistic choice of control volumes, on average the so-called infinite
fibres will extend beyond the boundaries of the volume. Thus we do not have any pressure gradient forces
at the fluid-fibre interfaces inside the control volume boundary. It is recognised that if we hold the contents
of the control volume constant, pressurising the fluid applies a compressive stress or dilatation of the solid
fibre. Alternatively, if the control volume is held constant, applying a stress to the solid applies a pressure
stress or dilatation to the fluid. This coupling between the solid fibres and surrounding fluid results in a set
of stress-strain relations for the porous composite following the work of Biot [7], [8] and [13].

Momentum Equations for the Solid Fibre Skeleton

If we assume a continuous porous-solid model for the thermal insulation control volume and apply a mo-
mentum balance, the equation of motion for the fibre skeleton in Cartesian coordinates is, no summation on
indices implied,

φρsüi =

(
∂σii
∂xi

+
∂σij
∂xj

+
∂σik
∂xk

)
− FDi , (1)

where i, j, k are component ordinal numbers in Cartesian co-ordinate system, e.g. i = 1, 2, 3, (.),i = ∂(.)
∂xi

is the partial derivative with respect to Cartesian co-ordinate xi, xi is the Cartesian co-ordinate component
in direction i, and where FDi are the components of the dynamic viscous drag force vector FD, which the
skeleton exerts on the fluid per unit volume of composite material. This viscous drag force is a linear function
of the skeleton strains and fluid displacements, given in the frequency domain in matrix form in terms of the
relative motion between the solid fibre skeleton and surrounding viscous fluid

{FD} =
[
Z̄
] {

u̇− U̇
}
, (2)

where
[
Z̄
]

represents the spatially-averaged dynamic viscous drag force impedance matrix, per unit volume,
for a transversely isotropic insulation material

[
Z̄
]

=
φ

A



J 0 0
0 J 0
0 0 K


 . (3)

Here, the coefficients J , K, are defined in terms of the axial, Zl, and transverse, Zt, viscous drag force
impedances, per unit fibre length, for an individual fibre

Zl = 2πakβµf
H

(2)
1 (kβa)

H
(2)
0 (kβa)

, (4)

Zt = jπρfωa
2

[
1− 4H

(2)
1 (kβa)

kβaH
(2)
0 (kβa)

]
, (5)

and φ/A is the total fibre length per unit volume of the thermal insulation material. The shear wavenumber
of the infinite viscous fluid medium surrounding the fibre is given by kβ = [−(jωρf )/µf ]1/2 .

A more complete description of the formulation of the terms of the viscous drag force impedance matrix
is provided in [9]. Note that it is also possible to average the viscous drag force impedance matrix for the
distribution of fibre diameters, and also for a distribution of fibre orientation angles, allowing a completely
anisotropic fibre microstructure to be considered. The viscous drag force impedance matrix

[
Z̄
]

defined by
Eq. (3), is also directly comparable to Biot’s permeability tensor [7].
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Momentum Equations for the Fluid

Similarly, upon performing a momentum balance on the fluid phase of the composite porous medium control
volume, the equation of motion for the fluid in Cartesian coordinates is

(1− φ) ρf Üi =
∂σ

∂xi
+ FDi , i = 1, 2, 3, (6)

Constitutive Relations for Equilibrium

Under equilibrium conditions, {σ} and {ε} are related for any porous material by constitutive stress-strain
relations of the form [7]

{σ} = [D] {ε} , or {ε} = [D]−1 {σ} . (7)

The matrix [D] is referred to as the stiffness matrix while its inverse [D]−1 is referred to as the compliance
matrix; these matrices possess symmetry properties by virtue of {σ} and {ε} being conjugate variables.
These symmetry properties are assumed to not extend to non-equilibrium conditions. Therefore, the equilib-
rium relations given by Eq. (7) need to be modified to describe solid skeleton and fluid stresses in terms of
strains (or displacements) away from equilibrium, for instance when heat transfer from the solid fibres to the
surrounding fluid phase results in a corresponding thermal expansion of the fluid.

For a transversely isotropic material, the relations represented by Eq. (7) are specified in terms of strains by:

exx = aσxx + dσyy + gσzz + hσ, (8)

eyy = dσxx + aσyy + gσzz + hσ, (9)

ezz = gσxx + gσyy + bσzz +mσ, (10)

eyz = tσyz, (11)

ezx = tσzx, (12)

exy = 2 (a− d)σxy, (13)

ε = h (σxx + σyy) +mσzz + nσ. (14)

These relations are invariant under rotation about the z-axis. Here, σxx, σyy, etc., are the skeleton contribu-
tions to the forces on the faces of a unit cube of porous material, and σ is the fluid force contribution. The
coefficients of Eqs. (8 - 14) can be written in terms of the in-vacuo elastic material constants E1, E2, ν1, ν2,
G2 as follows [8]:

a =
1

E1
, b =

1

E2
, d = − ν1

E1
, g = − ν2

E2
, t =

1

G2
, (15)

h =
1

3 (1− φ)Ks
− φ

(1− φ)
(a+ d+ g) , (16)

m =
1

3 (1− φ)Ks
− φ

(1− φ)
(b+ 2g) , (17)

n =
1

(1− φ)2

(
(1− φ)

Kf
− φ

Ks

)
+

φ2

(1− φ)2
(2a+ b+ 2d+ 4g) . (18)

In the above, Kf andKs are the bulk moduli of the fluid and solid phases respectively. These coefficients are
identical to those given by Biot, assuming that Ks is the same in all directions within the porous insulation.
Internal structural damping may be allowed for in the transversely isotropic skeleton by giving complex,
frequency-dependent, values to the 5 material constants which describe the skeleton deformation under con-
stant pore pressure, or through the use of frequency-dependent thermodynamic relaxation functions, [12].
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These relations now allow us to express the compliance matrix explicitly in symmetric form as

[D]−1 =




a d g 0 0 0 h
d a g 0 0 0 h
g g b 0 0 0 m
0 0 0 t 0 0 0
0 0 0 0 t 0 0
0 0 0 0 0 2 (a− d) 0
h h m 0 0 0 n




, (19)

for a transversely isotropic porous material. Notice that this matrix is of 7 × 7 order, reflecting coupling
between the fluid and elastic solid phases of the composite porous material.

Non-Equilibrium Constitutive Relations

It is now possible to express the skeleton stresses and fluid dilatation as functions of the skeleton strains and
fluid stress, i.e.

{σs} = f ({εs} , σ) , (20)

ε = g ({εs} , σ) . (21)

Physically, departures from the equilibrium constitutive relations arise for two reasons:

(i) assumed one-way heat transfer between the solid and fluid phases leads to thermal expansion of the
fluid, which is reflected in an altered fluid dilatation term, ε;

(ii) internal damping in the skeleton also causes the coefficients in [D]−1 to differ, under loading dynamic
conditions, from their equilibrium values.

Mechanism (i) is represented by introducing the following set of hypotheses:

(A) Thermoelastic coefficients may be neglected. This means that the solid phase is treated as having zero
coefficient of thermal expansion (or negligible as compared with the thermal expansion of the fluid
phase);

(B) Thermal expansion of the fluid does not alter Eq. (20) for the skeleton stresses. In other words the
skeleton stresses are determined uniquely, at a given frequency, by the skeleton strains and the fluid
pressure.

Note that this is different from assuming a relationship like

{σs} = F ({εs} , ε) , (22)

(i.e. one involving the fluid dilatation in place of σ) which remains unaffected by heat transfer. It seems
physically reasonable to assume that the effect of the fluid phase on {σs} is mediated by the fluid pressure,
rather than by the fluid dilatation ε.
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Modified Skeleton Stress Equation

Inversion of [D]−1 gives the 7× 7 stiffness matrix [D], which is specified in the notation of Biot [8] as




σxx
σyy
σzz
σyz
σzx
σxy
σ





=




P A F 0 0 0 M
A P F 0 0 0 M
F F C 0 0 0 Q
0 0 0 L 0 0 0
0 0 0 0 L 0 0
0 0 0 0 0 N 0
M M Q 0 0 0 R








exx
eyy
ezz
eyz
ezx
exy
ε





, (23)

which allows us to write the usual fluid dilatation in terms of the coefficients of the stiffness matrix

ε =
1

R
σ −

(
M

R
exx +

M

R
eyy +

Q

R
ezz

)
. (24)

If this is now substituted into the fluid momentum expressions given by Eqs. (6), we are able to eliminate ε
in favour of σ, and the result is a modified set of stress-strain relations for the skeleton stresses. These are
expressed in matrix form as {∗

σ
}

= [B]
{∗
ε
}
, (25)

where 



∗
σxx
∗
σyy
∗
σzz
∗
σyz
∗
σzx
∗
σxy





=




P − M2

R A − M2

R F − MQ
R 0 0 0 M

R

A − M2

R P − M2

R F − MQ
R 0 0 0 M

R

F − MQ
R F − MQ

R C − Q2

R 0 0 0 Q
R

0 0 0 1
L 0 0 0

0 0 0 0 1
L 0 0

0 0 0 0 0 N 0








exx
eyy
ezz
eyz
ezx
exy
σ





. (26)

Note that the coefficients of the modified stiffness matrix [B] of order 6 × 7 consist of components of the
stiffness matrix [D].

Fluid Dilatation With Heat Transfer

In this section, we derive a fluid dilatation equation in the form of Eq. (24), which is valid under non-
equilibrium conditions, i.e. when waves propagate through the porous material. Its extension away from
equilibrium involves the linearised entropy equation for the two-phase porous material.

Let Υ be the rate of heat input to the fluid from the solid fibre skeleton, per unit total volume. Then the rate
of entropy input, per unit total volume, is

Ṡ =
Υ

Tf
, (27)

where Tf is the absolute temperature of the fluid. The macroscopic entropy balance equation relates the rate
of entropy change within a fixed region to the entropy input from the solid fibre skeleton and the net in-flow
across the fluid boundaries. Per unit total volume, the entropy of the fluid then is

ρss (1− φ) , (28)

where s is the specific entropy. The entropy input from the fibre skeleton is Ṡ and the entropy in-flow across
the boundary of the region is

−∇ ·
[
ρfs (1− φ) U̇

]
. (29)
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The rate of entropy production within the fluid region is second-order and therefore neglected in a linearised
approximation; we then have

∂

∂t
[ρfs (1− φ)] = Ṡ −∇ ·

[
ρfs (1− φ) U̇

]
. (30)

Subtracting s times (σ = − (1− φ) p) from Eq. (30) gives

ρf (1− φ)
∂s

∂t
= Ṡ − ρf (1− φ)

(
U̇ · ∇

)
s, (31)

Ds

Dt
=

Ṡ

ρf (1− φ)
. (32)

Combining Eqs. (27) and (32) results in

Ds

Dt
=

Υ

Tfρf (1− φ)
. (33)

For oscillations at a single frequency, Υ is written in terms of the fluid temperature perturbation T ′f as

Υ = −ȲeT ′f , (34)

where Ȳe = (1/Yf + 1/Ys )−1 is called the unit volume effective thermal impedance function, written in
terms of the respective fluid and fibre thermal impedances [10, 11], since it relates the heat transfer rate to
the fluctuating fluid temperature. From Eqs. (33) and (34), the following relation between Υ and the fluid
stress is defined as

Υ = ασ = −α (1− φ) p, (35)

where

α = ηT ′f

{
ρfCpf (1− φ)

Ȳe
+

1

jω

}−1
. (36)

Combining Eqs. (33) and (35) with the general relationship for fluid density in terms of pressure and specific
entropy

dρf =
1

c2
dp−

ρfηT
′
f

Cpf
ds, (37)

we arrive at a pressure-density relation for the fluid medium which allows interphase heat transfer

1

ρf

∂ρf
∂t

=
1

ρfc2
∂p

∂t
+

αη

ρfCpf
p. (38)

General Continuity Equation

The general continuity equation for a two-phase composite, in which both the fluid and solid fibre skeleton
phases are regarded as compressible, may be written as

(1− φ) ε̇+ φė = (1− φ)
1

ρf

∂ρf
∂t

+ φ
1

ρs

∂ρs
∂t

. (39)

This is a kinematic relation and is not affected by heat transfer or other departures from equilibrium. For
given values of {εs} and σ, we can use Eqs. (38, 39) to determine how the fluid dilatation ε now departs
from its equilibrium value. Note that by hypothesis (B) posed earlier, {σs} is the same function of {εs} and
σ, whether or not heat transfer is present; the same therefore applies to the density of the solid phase ρs. The
skeleton dilatation e is then determined by {εs} alone without regard to non-equilibrium effects. Therefore
Eq. (39) gives

ε̇− (ε̇)eq =
1

ρf

∂ρf
∂t
−
(

1

ρf

∂ρf
∂t

)

eq

, (40)

where the subscript eq refers to equilibrium, i.e. without heat transfer.
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Continuity Equation with Heat Transfer

The non-equilibrium term in (1/ρf ) (∂ρf/∂t) is identified in Eq. (38) as {(αη) / (ρfCpf )} p. Substituting
this value in Eq. (40), and combining with Eq. (21), gives

ε = geq ({εs} , σ) +

(
1

jω

αη

ρfCpf

)
p, (41)

where geq ({εs} , σ) is the equilibrium fluid dilatation expression as defined by Eq. (24). The substitution of
Eq. (24) then allows the fluid dilatation expression to be re-written for non-equilibrium conditions as

χσ = Rε+ (Mexx +Meyy +Qezz) , (42)

where χ is defined by

χ =

[
1− αηR

jωρfCpf (1− φ)

]
. (43)

Poroelastic Equation Summary

The entire set of three-dimensional, microstructure-based, dynamic equations defining wave propagation
through a transversely isotropic fibrous, porous thermal insulation are now presented together here in vector
component form in terms of fluid stress, and the fluid and fibre skeleton displacements, as given by Eq. (42),
and Eqs. (1), Eqs. (6), and the modified relations for the fibre skeleton stress, Eq. (26).

It is important to highlight that these relations are valid for single temperatures only; the dynamic viscous
drag force and heat transfer terms are presented here as being uncoupled, i.e. an increase of viscous forces
does not increase the fluid temperature, which would be a non-linear effect. This means that the long-term
increase of temperature in the porous material due to the continued presence of dynamic viscous forces is
not accounted for.

Plane Wave Propagation Through a Layer of Insulation Material

As a means of verification of the theory presented here, the absorption coefficient of a prescribed thickness
of rigidly-backed insulation material is calculated and compared with standard impedance tube experimental
results. In this case, the fibrous insulation sample considered is assumed to be composed of stacked layers
of fibres having a normalised diameter and are distributed at random orientations within an isotropic plane
(transversely isotropic). Alternatively, a material composed of a distribution of fibre diameters at completely
random spatial orientations (fully anisotropic) can be considered as well.

Wave Equations

Assuming harmonic plane wave propagation in the transverse z direction through the thickness of the ma-
terial, the fluid and fibre skeleton displacement quantities Ux, Uy, ux, uy are all zero and only dilatational
waves are propagated through the porous insulation layer. Following these assumptions, the fluid dilatation
equation, and the fluid and solid phase momentum equations reduce to

Rε + Qez − χσ = 0, (44)

∇σ +
[
ω2 (1 − φ) ρf − jωZ̄z

]
Uz + jωZ̄zuz = 0, (45)

Q

R
∇σ + jωZ̄zUz +

(
C − Q2

R

)
∇2uz +

(
ω2φρs − jωZ̄z

)
uz = 0. (46)
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Substitution for σ then allows the fluid and solid skeleton momentum equations to be rewritten in terms of
strains and displacements

∇ (Qez +Rε) = χ
[
−ω2 (1− φ) ρf + jωZ̄z

]
Uz − jωχZ̄zuz, (47)

∇
(
Ĉez +Qε

)
= −jωχZ̄zUz − χ

(
ω2φρs − jωZ̄z

)
uz (48)

where the coefficient Ĉ is defined as, Ĉ = χC + Q2

R (1− χ).

Biot also writes these momentum equations in terms of the ρ∗ coupling coefficients

∇ (Qez +Rε) = −ω2 (ρ∗12uz + ρ∗22Uz) , (49)

∇
(
Ĉez +Qε

)
= −ω2 (ρ∗11uz + ρ∗12Uz) . (50)

Comparison of Eqs. (47, 48) and Eqs. (49, 50) then allows us to define a new set of Biot coupling coefficients
[13] which are specified in terms of the microstructural heat transfer from the fibres of the solid skeleton to
the surrounding viscous fluid, and in terms of the microstructural dynamic viscous drag forces present due
to the relative motion between the solid and fluid phases

ρ∗11 = χ

(
φρs − j

Z̄z
ω

)
, ρ∗12 = j

χZ̄z
ω

, ρ∗22 = χ

[
(1− φ) ρf − j

Z̄z
ω

]
. (51)

Taking the divergence of Eqs. (49, 50) then gives

∇2 (Qez +Rε) = −ω2 (ρ∗12e+ ρ∗22ε) , (52)

∇2
(
Ĉez +Qε

)
= −ω2 (ρ∗11e+ ρ∗12ε) , (53)

and solving for∇2ε and ε results in

ε =

(
ĈR−Q2

)
∇2e+ ω2 (ρ∗11R− ρ∗12Q) e

ω2 (ρ∗22Q− ρ∗12R)
, (54)

∇2ε =

(
ρ∗12Q− ρ∗22Ĉ

)
∇2e+ ω2

(
(ρ∗12)

2 − ρ∗11ρ∗22
)
e

(ρ∗22Q− ρ∗12R)
, (55)

which is of the same form as Bolton’s expressions [4] for∇2ε and ε. Taking the Laplacian of ε and combining
the equations results in

∇4ez +A1∇2ez +A2ez = 0, (56)

A1 = ω2

(
ρ∗11R− 2ρ∗12Q+ ρ∗22Ĉ

)

(
ĈR−Q2

) , A2 = ω4

[
ρ∗11ρ

∗
22 − (ρ∗12)

2
]

(
ĈR−Q2

) , (57)

where Eq. (56) governs the propagation of dilatational waves through the solid skeleton. The plane wave
harmonic solution of Eq. (56) yields two wave numbers given by

k21, 2 =

(
A1 ±

√
A1

2 − 4A2

)
/2 , (58)

representing a dilatational slow wave, and the dilatational fast wave propagating through the solid and fluid
phases of the elastic porous material. Application of the curl operation to the fluid and fibre skeleton mo-
mentum equations Eqs. (49, 50) results in

− ω2
(
ρ∗11ω̄ + ρ∗12Ω̄

)
= L∇2ω̄, (59)
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− ω2
(
ρ∗12ω̄ + ρ∗22Ω̄

)
= 0, (60)

where the rotational wave in the fibre skeleton is defined as

∇2ω̄ + kt
2ω̄ = 0, (61)

with corresponding rotational wavenumber

kt
2 =

(
ω2/L

) [
ρ∗11 − (ρ∗12)

2/ρ∗22
]
. (62)

These dilatational and rotational wavenumbers, the fluid and fibre skeleton momentum equations, along with
the modified stress-strain relations, then allow a poroelastic transfer matrix to be defined according to the
methods presented by [4] and [5]. With the application of appropriate boundary conditions, the acoustic
performance of a finite layer of the glassfibre thermalinsulation material, as mounted in an impedance tube,
can be predicted.

Transfer Matrix Model Validation and Results

The dynamic equations of motion of a transversely isotropic porous fibrous insulation material developed
in this work are assumed to represent an array of axial and transverse fibres, having measured fibre diam-
eter distributions, orientations and spacing between fibres. They have been formulated entirely based on
microstructure-derived viscous and thermal dissipation mechanism assumptions which are suitable for high-
porosity lightweight fibrous porous materials. For validation purposes, the aforementioned model has been
applied in transfer matrix form to calculate the normal incidence absorption coefficient of a 50 mm thick-
ness of rigidly-backed sample of fibrous thermalinsulation material, refer to Table. 1, and is compared to
impedance tube measurements. A mean fibre diameter of 1.28 micrometres was used in this analysis, and a
representative fibre inclination angle of 50 degrees (from the xy plane) was chosen, which was sufficient for
the validation shown here. We will present results using an expanded set of fibre distributions and orientation
angles in future work.

impedance tube measurement

transversely isotropic TM
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Figure 1: Comparison of the normal-incidence absorption measurement and transversely isotropic microstructure TM simulation.
50mm thickness fibrous insulation sample, mounted in an impedance tube with rigid backing, with plane wave acoustic excitation
to 2000 Hz.

Good agreement exists in the comparison between the numerical simulation and measured absorption coef-
ficient across the entire frequency range, as shown in Fig. 1. Material inertial and dissipative effects have
been correctly represented in the simulation through the modified stress-strain relations, and the analytical
expressions used to describe microstructural viscous and thermal dissipation and coupling in the model. Fur-
ther improvements in the results are expected as more detailed fibre diameter and orientation distributions
are considered.

In addition, the analytical expressions for dynamic viscous drag impedance Z̄z through the thickness of the
material sample, as defined by Eq. (3), may also be scaled according to fibre diameter distributions and
orientations to provide an estimate of the airflow resistance of the material. This is shown in Fig. 2, in the
form of the low frequency asymptote of the dissipative (real part) of Z̄z .
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Figure 2: Dynamic viscous drag force impedance function, assuming a mean fibre diameter of 1.28 micrometres, and a vertical fibre
inclination angle of 50 degrees.

Thermoviscous Acoustic Fluid Finite Element Modelling

In the formulation of the microstructure-based equations for acoustic-structural wave propagation through a
fibrous porous material presented here, the underlying assumption is that the dynamic viscous and ther-
mal fields surrounding individual fibres do not interact significantly with the fields of neighbouring fi-
bres. For a given frequency, the boundary layer thicknesses for these fields are lvor = (2µ/ωρ )1/2 and
lent = (2κ/ωρCp )1/2 , such that for the case of having air as the fluid surrounding the cylindrical glassfibres,
the typical viscous and thermal boundary layer thicknesses are lvor ≈ 2.2×10− 3m, and lent ≈ 2.6×10− 3m
for a fibre excitation frequency of 1Hz. As frequencies increase, the depth of the respective boundary layers
decrease, and become lvor ≈ 6.9 × 10− 5m, and lent ≈ 8.2 × 10− 5m for a fibre excitation frequency of
1000Hz. In the low frequency range, these boundary layer thicknesses are very much greater than the av-
erage spacing between fibres (18.052 micrometres), and become significantly less than the spacing between
fibres at the highest frequencies.

In our finite element modelling approach, we consider the fluid surrounding the glass fibres as being a
thermoviscous acoustic one, allowing the coupled acoustic, vorticity and entropy modal fields in the fluid
surrounding an array of cylindrical glassfibres, as described by [14], to be investigated.

Viscous and Thermal Boundary Layers of a Single Cylindrical Fibre

The first case of a sinusoidally oscillating elastic cylinder, embedded in an infinite thermoviscous acoustic
fluid was considered in order to establish a modelling criteria for the FE numerical procedure, using as a
reference the analytical formulation for transverse dynamic drag force as defined by Eq. (5). The main
challenges with this approach are realising an exact representation of the viscous and thermal boundary
layers in the vicinity of the fibre surface, and of the definition of non-reflecting outer boundary conditions to
allow sufficient decay of the boundary layers with increasing radial distance from the fibre surface.

Figure 3: Sinusoidally oscillating rigid cylinder of mean fibre diameter embedded in a thermoviscous acoustic fluid. The radius of
the surrounding thermoviscous acoustic fluid region is 15 mm, and the depth of the surrounding pressure field is 5 mm.

The fluid region surrounding the fibre of mean diameter was divided into two separate domains, an inner
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thermoviscous acoustic fluid one having a radius of 15 mm, which was then encased by a 5 mm thickness
acoustic pressure field having a non-reflecting radiation boundary on the outer surface, as shown in Fig. 3.
The combined depth of the fluid surrounding the fibre is then 20 mm. The excitation frequency was 1Hz,
and the fibre oscillation amplitude was chosen to be 0.01 micrometres in order to ensure linearity.

For the FE modelling, the COMSOL Multiphysics simulation package [15] was chosen, for the possibility
of modelling the air surrounding the cylindrical fibres as a thermoviscous acoustic fluid. In the single fibre
model, a combination of linear pressure, and quartic velocity and thermal elements were used for the ther-
moviscous fluid and acoustic pressure regions, respectively. Quartic elastic stress elements were used for
the stress field internal to the fibre, which was then coupled to the surrounding fluid regions. The combined
single-fibre model contained a total of approximately 12 million degrees-of-freedom. Integrating over the
fibre surface to estimate the reaction forces, then allows the transverse dynamic viscous drag impedance per
unit length values to be estimated. From the single fibre FE model a value of 87642 Nsm−4 was found,
which is within 0.2 percent of the analytical result of 87449 Nsm−4, refer to [9]. These results should then
be considered as a very satisfactory validation of the numerical FE modelling procedure.

(a) viscous (b) thermal

Figure 4: Single fibre viscous and thermal power dissipation density fields
(
W/m3

)
for 1 Hz excitation frequency assuming a linear

excitation amplitude of 0.01 micrometres in the x-dir. for all fibres in the array.

Examination of the viscous and thermal power dissipation density fields, as shown in Figs. 4a and 4b, in-
dicates the concentration of the viscous and thermal boundary layers in the vicinity of the fibre surface, at
micro and nano-scale levels. Considering these fields radially in the x direction from the fibre surface, as
shown in Figs. 5a and 5b, further demonstrates that even for the very low excitation frequency of 1Hz,
there is a concentration of the boundary layers to the immediate vicinity of the fibre surface. The viscous
boundary layer, which is responsible for most of the dissipation losses in the analytical model, has decayed
approximately 98 percent at the position of the next neighbouring fibre, according to the known fibre spacing
parameter b.
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Figure 5: Single fibre viscous and thermal power dissipation along the x-dir. of the fibre array for 1 Hz excitation frequency assuming
a linear excitation amplitude of 0.01 micrometres in the x-dir.
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Boundary Layer Interaction Within a Multi-Fibre Array

To investigate the significance of viscous and thermal boundary layer interaction between fibres, a more re-
alistic case with a large array of 225 fibre diameters based on the known diameter distribution was modelled,
using the mean fibre spacing b of 18.052 micrometres, as schematically shown in Fig. 6. This model adds not
only increased complexity due to a larger number of interacting fibres, it also incorporates the effects related
to a variation of the fibre diameters in the array. The array was centered around a fibre with the mean diam-
eter. Using the verified single-fibre modelling procedure, the resulting FE model consisted of approximately
130 million degrees-of-freedom.

x

y

uc

b

b

dm
x
-

y
-

Figure 6: 225 fibre array, with diameters according to the measured distribution, and the estimated fibre spacing b. The center fibre
in the array has the mean fibre diameter of 1.28 micrometres.

(a) viscous (b) thermal

Figure 7: 225 random fibre distribution viscous and thermal power dissipation density field
(
W/m3

)
for 1 Hz excitation frequency

assuming a linear excitation amplitude of 0.01 micrometres in the x-dir. for all fibres in the array.

All fibres in the array were excited in-phase at a frequency of 1Hz, and the fibre oscillation amplitude
was chosen to be 0.01 micrometres in order to ensure linearity. The resulting viscous and thermal power
dissipation density fields are shown in Figs. 7a and 7b, zoomed to the immediate vicinity of the fibres. As a
comparison, the arithmetic mean of the viscous drag force impedance function, using the measured statistical
distribution of fibre diameters [9], gives a value of 79527 Nsm−4. Integrating over the surfaces of all 225
fibres, the simulated fibre reaction forces allowed the dynamic drag impedance to be estimated to within 5.1
percent. Computational limits did not allow a denser mesh required for even improved accuracy.

Considering these fields radially in the x direction from the fibre surface, as shown in Figs. 8a and 8b,
demonstrates that the viscous boundary layers maintain a uniqueness in amplitude around individual fibres
as one moves across the fibre array. This suggests that for the glassfibre thermalinsulation material, there is
not a significant level of boundary layer interaction between the fibres. The thermal boundary layers trend
upwards in amplitude with each subsequent fibre, indicating a certain level of interaction between the fibres.
This significance of this will be investigated further in future work.
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Figure 8: Viscous and thermal power dissipation density along the x-dir. of the fibre array, assuming a 1 Hz linear excitation
amplitude of 0.01 micrometres for all fibres in the array.

Conclusions

We have developed a new set of dynamic equations of motion for transversely isotropic, highly-porous
fibrous insulation materials based entirely on physical microstructure considerations. Viscous losses are
included in the model through analytical expressions for the dynamic drag impedance of cylindrical fibres,
in a form similar to Biot’s permeability tensor. Non-equilibrium conditions are included in the fluid dilatation
expressions to characterise heat transfer effects between the fibre skeleton and surrounding fluid. A new set
of Biot coupling parameters have been derived to reflect the interaction of the fluid and solid phases of
the material. Fibre spacing (i.e. porosity), and distributions of diameter and fibre orientation angles are
easily considered. A transfer matrix representation of the model has been developed, with the subsequent
simulation of an impedance tube experiment providing very good agreement with measurements. In addition,
thermoviscous acoustic fluid finite element simulations have been used to demonstrate the interaction of
viscous shear and thermal boundaries between neighbouring fibres in the material.

The approach eliminates the need for experimental or numerical determination of traditional porous mate-
rial transport parameters. As such, the model presented here has a direct relationship to parameters which
are controllable in fibrous material manufacturing processes, and lends itself well to the physically-based
numerical optimisation of lightweight fibrous porous materials for acoustics.
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Abstract
In some enginerring applications, viscoelastic materials are applied at the interface between components and
subjected to important prestrains during the assembly which may modify the vibration damping performance.
Some studies have evidenced: i) an increase of the modulus and a decrease of the loss factor with increasing
static prestrain ; ii) a variation of the frequency-dependency of the loss factor due to static prestrains. To
better understand this nonlinear prestrain effect, virtual DMA experiments based on a finite element model
of a constrained viscoelastic film under several static prestrain levels are carried out. A static prestrain is
taken into account through a nonlinear static calculation; then calculations in the linear frequency domain
are based on a frequency-dependent (and prestrain-independent) viscoelastic model. Results are compared to
the frequency- and prestrain-dependent viscoelastic model derived from DMA measurements by Martinez-
Agirre et al (2014).

1 Introduction

Structural vibration reduction is an issue of concern in many industrial applications, and can be passively
achieved by using constrained viscoelastic layers. For design purposes, the dynamic properties of viscoelas-
tic materials, which depend on several environmental parameters such as temperature, frequency or static
prestrain [1], should be properly modelled. In some enginerring applications, viscoelastic materials are ap-
plied at the interface between components and subjected to important prestrains during the assembly which
may modify the vibration damping performance. However, while various modelling strategies have be de-
veloped to take into account the temperature- and the frequency-dependency of such materials, few studies
focus on the nonlinear static prestrain effects on viscoelastic properties.
In the past few years, the characterization and modelling of the influence of static prestrain on the elastic and
dissipative properties of viscoelastic materials have gained increased interest [1, 2, 3, 4, 5]. Some authors
have carried out experiments consisting in applying a static load (or displacement) to specimen before real-
izing a frequency sweep. Results indicate an increase of the modulus and a decrease of the loss factor with
increasing static prestrain. Moreover, the static prestrain level was found to affect the frequency-dependency
of the loss factor. This nonlinear prestrain effect is generally taken into account through additional parameters
in a classical viscoelastic model. In [3, 5], a modified generalised Maxwell model is proposed, introducing
prestrain dependent viscosities. In [4], prestrain- and frequency-dependent coefficients are applied to the
real and the imaginary part of the complex modulus which is described by a fractional derivative model. In
both cases, the parameters introduced in the viscoelastic model are phenomenological and identified from
experiments using curve fitting techniques. The goal of this work is to investigate whether this experimen-
tally evidenced nonlinear behavior could be due, at least in part, to geometric nonlinearities, and explained
through nonlinear static calculations. This would encourage the development of hyper-viscoelastic models.
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Figure 1: Geometry and loading of the specimen (a) in the DMA tests carried out in [4], (b) in the present
study.

To this end, virtual DMA (Dynamic Mechanical Analysis) experiments based on a finite element model
of a constrained viscoelastic film under several static prestrain levels are carried out. A static prestrain is
taken into account through a nonlinear static calculation; then calculations in the linear frequency domain
are based on a frequency-dependent (and prestrain-independent) viscoelastic model. Results are compared to
the frequency- and prestrain-dependent viscoelastic model derived from DMA measurements by Martinez-
Agirre et al (2014). This comparisons will shed light on the source of the nonlinear behavior observed in
previous experiments (material and/or geometric nonlinearities).

2 Numerical tests

In [4], DMA tests are performed on a three-layer specimen to characterise the static prestrain dependence
of a viscoelastic adhesive. The specimen are composed of two steel layers of equal thickness joined by an
EPDM adhesive, and are tested in tension configuration (see Figure 1.(a)). Due to the cuts in the elastic
faces, pure shear deformation is induced in the viscoelastic layer. Therefore, only the viscoelastic adhesive
layer subjected to a pure shear stress is modelled in the present study (see Figure 1.(b)). The dimensions of
the adhesive layer are 5 mm × 5 mm × 25 µm.

The specimen is meshed by 20-node hexahedra, with two elements in the thickness and 20 elements in both
lateral directions. The load is applied in two steps (Figure 2):

1. A static shear prestress τs is imposed,

2. A harmonic stress of constant amplitude τd is applied around the prestressed equilibrium position
τ(t) = τs + τd sin(ωt).

The first step of the load is carried out through nonlinear static calculations since the levels of static prestress
applied generates large deformations. In this step, the properties of the adhesive are modeled by a Yeoh
hyperelastic model [6], whose parameters are given in Table 1. The corresponding stress/stretch curve is
shown in Figure 5.
The second step is to compute the linear harmonic response of the specimen around its prestressed state. The
frequency dependency of the material properties are described by a fractional derivative viscoelastic model
whose parameters are taken from [4] and given in Table 1. The corresponding master curves at 30oC are
given in Figure 4.
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Figure 2: Description of the loadcase.

Yeoh hyperelastic model
c10 = 1.55 106 Pa c20 = −1.0333 103 Pa c30 = 3.781 102 Pa k0 = 1.5397 109 Pa

Fractional derivative viscoelastic model
G0 = 3.10 105 Pa G∞ = 3.14 108 Pa τ = 2.15 10−8 s α = 0.6

Table 1: Parameters of the Yeoh hyperelastic model and the fractional derivative viscoelastic model consid-
ered in this numerical study.

In both steps, the stress is imposed by applying a distributed load F to the top surface while clamping the
bottom one:

τ =
F

A
(1)

where A = 2.5 10−5 m2 is the area of the top surface. Since a constant strain distribution is observed along
the joint (Figure 3), the resulting shear strain γ is computed from the maximum displacement umax:

γ =
umax
h

(2)

where h = 25 µm is the thickness of the viscoelastic layer. In the case of harmonic excitation, the response
is induced with a phase lag φ, as schematically represented in Figure 2. The complex shear modulus is
computed from the ratio between the imposed stress and the induced strain [7]:

G∗ =
τ(t)

γ(t)
=
τd
γd

(cos(φ) + i sin(φ)) (3)

The complex shear modulus is evaluated for various static preloads, from 0.04 to 2.04 MPa (which corre-
sponds to shear strains varying from 0.13 to 4, as shown in Figure 5), on the frequency range [0 − 200]
Hz:

G∗(τs, ω) = G′(τs, ω) (1 + iη(τs, ω)) (4)

where G′ is the storage modulus and η is the loss factor.

3 Results and discussion

The results of the numerical simulations are presented in Figures 6 and 7. Figure 6 shows how the prestress
influences the shear storage modulus and the loss factor at various frequencies, while Figure 7 shows the
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Figure 3: Shear strain field εxz = γ/2 = 0.2 in response to a distributed static load of 30 N applied on the
top surface (corresponding to a shear stress τ = 1.2 MPa).

Figure 4: Shear storage modulus and loss factor from the viscoelastic model (at the reference temperature of
30o).

Figure 5: Piola-Kirchhoff stress-stretch curve of the Yeoh hyperelastic model.
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cr1 = 2.226 10−2 cr2 = 1.397 10−2 cr3 = 1.485 10−3 nr = 2.754

ci1 = 5.918 10−3 ci2 = 1.913 10−2 ci3 = 3.621 10−3 ni = 2.761

Table 2: Parameters of the functions fR(ω, γs) and fI(ω, γs).

shear storage modulus and the loss factor as a function of frequency under different prestress levels. As
expected, since nonlinearities are taken into account only in the static calculation, prestress does not have
any influence on the the loss factor. However, it can be observed that it has a significant influence on the
storage modulus as prestress levels increase.
To allow for a comparison with the results presented in [4], the modified viscoelastic model proposed by the
authors to describe the prestrain-dependency of the viscoelastic properties of the adhesive is implemented:

G∗(ω, γs) = fR(ω, γs)G
′(ω) + ifI(ω, γs)G′′(ω) (5)

where G′ and G′′ are the real part and the imaginary part of the complex shear modulus described by a
fractional derivative model (whose parameters are those given in Table 1):

G∗(ω) =
G0 +G∞(iωτ)α

1 + (iωτ)α
(6)

The prestrain-dependency of the viscoelastic properties is taken into account through the functions fR and
fI , whose expression are:

{
fR(ω, γs) = 1 +

(
cr1 + cr2e

−ωcr3) γnr
s

fI(ω, γs) = 1 +
(
ci1 + ci2e

−ωci3) γni
s

(7)

where the coefficients crj , cij , nr and ni are identified by curve fitting to experimental data in [4], and given
in Table 2.
Results from this modified fractional derivative model are presented in Figures 8 and 9. In both figures
7 and 9, prestress/prestrain is found to have little influence on the storage modulus for low values of pre-
stress/prestrain. In this region, the values of storage modulus obtained from the numerical study and those
predicted by the modified fractional derivative model are very similar. As the prestress/prestrain increases,
the storage modulus increases, and some discrepancies are observed between the two approaches (see figures
6 and 8). This can be related to the parameters of the hyperelastic Yeoh model. Coefficient c10 is computed
as c10 = G0/2, which ensures consistency of the results at low values of prestress. However, coefficients c20
and c30 were chosen arbitrarily since no experimental stress-stretch data is available for curve fitting. With
the chosen parameters, the material properties become too strongly nonlinear for prestress above 1 MPa to
match the results from [4].
Nevertheless, this numerical study clearly indicates that part of the prestrain effect on the dynamic properties
of viscoelastic material can be taken into account by considering geometric and material nonlinearities in
the model. Morevoer, Figure 10 indicates that the application of prestress results in a shift of the storage
modulus curve along the log plot of the y-axis, as suggested by the modified fractional derivative model [4].

4 Conclusion

The goal of this numerical study was to better understand the nonlinear effect of prestrain on the dynamic
properties of viscoelastic materials. Results show that by considering large deformations in a nonlinear static
calculation, the trend in the variation of the storage modulus with prestrain can be captured. Therefore the
shift of the storage modulus curve observed along the log plot may be predicted by the hyperelastic model.
Stress/stretch experiments should be carried out on this material to validate the conclusions of the numerical
study and realise not only a qualitative comparison but also a quantitive one.
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Figure 6: Prestrain dependency of the storage shear modulus and loss factor at different frequencies.

Figure 7: Frequency dependency of the storage shear modulus and loss factor at different prestress levels.
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Figure 8: Prestrain dependency of the storage shear modulus and loss factor at different frequencies, pre-
dicted by the modified fractional derivative model from [4].

Figure 9: Frequency dependency of the storage shear modulus and loss factor at different prestrain levels,
predicted by the modified fractional derivative model from [4].
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Figure 10: Frequency dependency of the storage shear modulus and loss factor at different prestress levels
in log scale.

In the present study, the influence of prestrain on the loss factor of the material was not evidenced. Further
numerical study will aim at identifying the origin of the nonlinear effects of prestrain on the loss factor. It is
most likely related to the mobility of polymer chains. Prestraining the material restricts the mobility of the
polymer chains resulting in a reduction of its damping capabilities.
Finally, a long-term perspectives is to implement a hyper-viscoelastic model wich would enable to consider
vibrations of large amplitudes of viscoelastic materials.
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Abstract 
Fibrous materials, such as mineral wool or glass wool, are commonly used for thermal insulation and sound 

absorption, because of their low cost and high performance (sound absorption coefficient very high at mid-

high frequencies). However these performances worsen when a fibrous layer is compressed and hence its 

thickness is reduced. In this paper installation effects on acoustic properties for a commercial soundproofing 

material have been studied in the low frequency region. Acoustical properties of glass wool fibres blankets 

have been experimentally evaluated, in terms of sound absorption coefficient and flow resistance by means 

of a Kundt’s and a piston-tube apparatus (as proposed by Uno Ingard) respectively. The two measurements 

have been then efficiently correlated thanks to the Delany-Bazley and Miki empirical models. The results 

are very interesting indicating that increases in compression ratio usually decrease the absorption coefficient 

in the low and medium frequency range. 

1 Introduction 

Modern air transportation has benefitted from technological advances to increase flight safety and reliability. 

However, airlines are also competing to attract more passengers by means of offering various levels of 

design, services and prices. A number of studies [1,2] have shown that improving the sense of comfort 

associated with a trip results in an increase in the proportion of passengers who wish to use the same vehicle 

(aircraft) on future occasions. For this reason, in the past twenty years human comfort plays an important 

role in their acceptance and airliners have paid great attention to noise and vibration, as well as the air quality 

aspects, all addressing the human sensations of comfort [3]. 

Aircraft noise is generally divided into two sources: external and internal noise sources. Internal noise field, 

affecting passenger comfort and crew performance, is mainly due to intense Boundary Layer Noise, high 

engine noise levels transmitted into the aircraft via the structure and/or air as well as very annoying noise of 

the internal systems due to air-conditioning, ventilation and ducts. For what concern the external sources, 

indeed, the main components contributions are the propellers, the wings and the Low Pressure Compressors 

(LPCs) [4, 5]. 

Noise attenuation methods involve active and passive controls. The main purpose of the active sound control 

is to provide higher noise reduction at low frequencies by installing many microphones and speakers within 

the room to cancel the noise. At higher frequencies standard solutions are applied, and they are based on the 

application of absorbing properties of the materials, such as: porous, foams, wood 

fibres, vibrating and perforated resonant absorbing panels which are chosen in terms of material types and 

dimension and also based on the frequency of sound to be controlled [6].  

The addition of trim materials is one of the most common solutions, usually introduced in the latest phases 

of a design project in order to guarantee satisfactory noise reduction performance. Most of the porous sound-

absorbing materials commercially available are fibrous and they have been used increasingly in the 

construction of aircraft, spacecraft and ships because of their low weight and effectiveness when used 

correctly. A not adequate/good installation of this material affects its performances [7-9]. For instance, the 

seat padding in the vehicle is subjected to compression/expansion cycles due to the passenger’s weight 
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which results in squeezing down the porous materials with negative effects on acoustic performances. Under 

compression the various fibres in the mat are brought nearer to each other without any deformation (without 

any change in fibres size) resulting in a decrease of thickness. Numerous studies, that dealt with sound 

absorption in porous materials, have concluded that low frequency sound absorption has direct relationship 

with thickness: the effective sound absorption of a porous absorber is achieved when the material thickness 

is about one tenth of the wavelength of the incident sound. The increase of sound absorption with thickness 

is valid only at low frequencies. At higher frequencies thickness has insignificant effect on sound absorption. 

Above reduction in thickness the compression of a material leads to the variation of other important physical 

parameters. Castagnede et al. [7] found that compression resulted in an increase in tortuosity and airflow 

resistively, and a decrease of porosity and thermal characteristic length (shape factor).  

In the present work, the installation effect of the traditional soundproofing material (glass wool fibres) on 

different acoustic parameters is experimentally and numerically investigated. An overview of the theoretical 

basis and of the measurements is provided in Section 2. Hence, the analytical model is described in section 

3 while the effect of compression on sound absorption coefficient and flow resistivity is reported in section 

4. Finally, in section 5, some concluding remarks are given. 

2 Flow resistivity and absorption coefficient measurements 

Sound absorption coefficients of a glass wool fibres were measured by means of an impedance tube at 

different compression conditions. These results have been used as reference to validate, by means of 

analytical equations, a piston-tube device for flow resistivity measurements.   

2.1 Experimental setup for Sound Absorption Coefficient 

An impedance tube (Fig. 1) is used to measure the normal incidence sound absorption coefficient of the 

samples according to regulations [10-11]. The tube has been designed and produced by the Department of 

Industrial Engineering at University of Naples Federico II. The two-microphone transfer-function method 

in used to determine the acoustical impedance of the glasswool fibres and evaluate the sound absorption 

coefficient. The loudspeaker generates random sound waves which propagate as plane waves in the tube 

and are partially reflected off by the sample surface. 

 

  

Figure 1: Impedance tube 

This leads to a standing-wave interference pattern resulting from forward and backward travelling waves 

inside the tube. 

 

 

𝑝1(𝑥1, 𝑓) = 𝑝𝑖(𝑓)𝑒−𝑗𝑘𝑥1 + 𝑝𝑟(𝑓)𝑒𝑗𝑘𝑥1 

𝑝2(𝑥2, 𝑓) = 𝑝𝑖(𝑓)𝑒−𝑗𝑘𝑥2 + 𝑝𝑟(𝑓)𝑒𝑗𝑘𝑥2 

(1) 
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From the sound pressure measured at two microphone locations, the transfer function is calculated:  

 

𝐻 =
𝑝2(𝑓)

𝑝1(𝑓)
=  

𝑒𝑗𝑘𝑥2 + 𝑅(𝑓)𝑒−𝑗𝑘𝑥2  

𝑒𝑗𝑘𝑥1 + 𝑅(𝑓)𝑒−𝑗𝑘𝑥1
 

 

 

 (2) 

The Transfer Function (H) needs to be corrected for any mismatch (in amplitude and phase) present between 

the two microphones. This is done by repeating the measurements with the microphone locations 

interchanged and calculating a correction factor: 

 

𝐻𝑐 = |𝐻𝐶|𝑒𝑗φ𝑐 = (𝐻𝐴𝐻𝐵)1/2   (3) 

 

 

From the Transfer Function (H), the reflection coefficient (R) and therefore the normal sound absorption 

coefficient (α) are calculated: 

        

𝑅(𝑓) =  
𝐻(𝑓) − 𝑒𝑗𝑘𝑑

𝑒−𝑗𝑘𝑑 − 𝐻(𝑓)
𝑒2𝑗𝑘𝑥1 

 

        (5) 

 

α = 1 − |𝑅|2         (6) 

 

2.2  Experimental setup for Flow Resistivity 

The Piston-Tube apparatus is a simple device for the evaluation of the steady flow resistivity as proposed 

by Uno Ingard [12] Errore. L'origine riferimento non è stata trovata.. A prototype of this instrument has 

been designed and produced by the Department of Industrial Engineering at the University of Naples 

Federico II (Figure 2).  

Uno Ingard has proposed an apparatus for estimating the flow resistance of a specimen simply by means of 

a stop watch and does not require any flow moving device, flow rate meter, or pressure gauge. The flow is 

indeed produced by a piston of known weight, which falls under the influence of gravity through a vertical 

tube covered at one end with the porous sample to be tested [12].  

|𝐻| =
|𝐻𝑇|

|𝐻𝐶|
 (4) 
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Figure 2: Impedance tube 

The air inside the volume, enclosed between the tube walls, the falling piston and the porous specimen, will 

be compressed by the falling piston, forcing the flow through the sample. The piston will therefore be 

subjected to the following forces: the gravity force, the friction between the piston and the tube and the 

pressure gradient between the volume under the piston, and the external environment. This pressure gradient 

is directly linked to the flow resistivity, and the momentum equation reduces to an algebraic balance of 

forces in the hypothesis that the piston has reached a constant speed. 

 𝑀𝑔 = (𝑃 − 𝑃0)𝐴 + α𝑣 (7) 

where P is the pressure between the piston and the sample and P0 outside the tube and on the top of the 

piston, v is the velocity of the piston. The term αv represents the friction force between the piston and the 

tube wall and is not known a priori. However, it can be readily determined from the travel time t0 in the case 

of open tube. If it is the case indeed, then P= P0 and v is simply given by L/ t0. 

 
α =

𝑀𝑔

𝑣0

=
𝑀𝑔𝑡0

𝐿
 

(8) 

The other equation to take into account is the conservation of mass applied to the air volume between the 

sample and the piston. 

 ρAv = ρSv + ρ𝑆𝑎𝑣𝑎
𝜋𝑟2 (9) 

or in terms of flow resistances: 

 

ρ𝐴𝑣 = ρS
ΔP

𝑟
+ ρ𝑆𝑎

ΔP

𝑟𝑎

 
(10) 

where: 

• P is the pressure gradient 0PP − ; 

• v/Pr = is the Flow Resistance of the specimen; 
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• aa v/Pr = is the Flow Resistance relative to the leakage through the gaps between the piston and 

the tube; 

• S  is the area of the specimen; 

• aS  is the area of the annular gap between piston and tube; 

• P)r/S(  is the mass flow rate through the specimen: 

• P)r/S( aa  is the mass flow rate leaking through the annular gap. 

aa r/S  is not known a priori but can be determined from the measurement of the travel time t of the piston 

when the tube is closed (corresponding to the case where  =r ), therefore: 

 
ρA𝑣∞ = ρ𝑆𝑎

ΔP

𝑟𝑎

 
(11) 

Neglecting the friction force between piston and tube, the delta pressure can be substituted by Mg/A, 

therefore: 

 𝑆𝑎

𝑟𝑎
=

𝐴2𝑣∞

𝑀𝑔
=

𝐴2𝐿

𝑀𝑔𝑡∞
 (12) 

 

Combining these equations, neglecting a term t0/tinf << 1, and substituting v with L/ts Uno Ingard obtained 

an algebraic expression for the flow resistance (r) in terms of the only measurable variable ts = time needed 

for the piston to travel the distance at its terminal (constant) speed. 

𝑟 =  
𝐶𝑀𝑔𝑆

𝐿𝐴2
𝑡𝑠 

 (13) 

where, 

 

r = flow resistance, in (N·s)/m3 

C = (1-t0/ts)/(1-ts/tinf) = correction factor for the loss of pressure estimation 

M = piston mass, in kg 

g = gravitational acceleration, in m/s2 

S = airflow exposed surface, in m2 

A = piston section, in m2 

L = piston covered distance, in m 

ts = falling time, in s 

 

It is important to specify that this discussion is based on the assumption that the terminal speed has been 

reached when the measurement of ts starts. If the time ts is measured by starting the clock when the piston 

is released, then the velocity will not have yet reached its terminal value, and therefore the governing 

equation of motion of the piston will be a differential equation which must be solved numerically [12]. 

3 Validation of the Piston-Tube apparatus measurements 

In order to assess the reliability of the Piston-Tube apparatus for the flow resistivity measurements a first 

trial test has been set. The flow resistivity of a specimen of glass wool fiber of thickness 30 mm and mass 

6.6 grams has been retrieved by in-house piston-tube apparatus. The very low deviation percentage from the 

average value (1.45 %) certifies the repeatability of the measurements (Table 1). It has been found out that 

the main factor affecting the measurement variations is the mechanism of piston release. By perfecting this 
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aspect, lower values of measurement deviations have been achieved which can still be improved by better 

design of the whole apparatus. 

sample mass thickness Flow resistivity [Ns/m4] Average 

value 

Standard 

deviation 

# [grams] [mm] Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8 Test 9 Test 10  % 

Unpressed 6,6 30 23318 22533 23115 22929 22168 22867 22667 22532 22980 22781 22789  

 

Table 1: Flow Resistivity values corresponding to 10 different tests. 

Once known the flow resistivity value, the sound absorption coefficient of the investigated glass wool fibre 

sample can be evaluated analytically by means of the empirical models of Delany-Bazley [13] and Miki 

[14] for fibrous porous materials. We report here the empirical power laws found by Delany-Bazley and 

Miki in Equations (14) and (15) respectively, thanks to which it is possible to retrieve the characteristic 

impedance 𝑍𝑐 and the characteristic wave number 𝑘𝑐 of the equivalent fluid model of the rigid porous 

material [14]. Based on 𝑍𝑐 and 𝑘𝑐 it is possible to calculate the normal impedance of the rigid porous material 

[14], from which the absorption coefficient computation is straightforward (see Equations (16)). 

 

 
𝑍𝑐 = 𝜌0𝑐0 [1 + 9.08 (103

𝑓

𝜎
)

−0.75

− 𝑗11.9 (103
𝑓

𝜎
)

−0.73

] 

𝑘𝑐 =
𝜔

𝑐0
[1 + 10.8 (103

𝑓

𝜎
)

−0.70

− 𝑗10.3 (103
𝑓

𝜎
)

−0.59

] 

  

 (14) 

 

 
𝑍𝑐 = 𝜌0𝑐0 [1 + 5.50 (103

𝑓

𝜎
)

−0.632

− 𝑗8.43 (103
𝑓

𝜎
)

−0.632

] 

𝑘𝑐 =
𝜔

𝑐0
[1 + 7.81 (103

𝑓

𝜎
)

−0.618

− 𝑗11.41 (103
𝑓

𝜎
)

−0.618

] 

  

(15) 

  

𝑍𝑛 = −𝑗𝑍𝑚𝑐𝑜𝑡𝑔(𝑘𝑐𝑑) 

𝛼 = 1 − |𝑅|2 = 1 − (
𝑍𝑛 − 𝜌𝑐0

𝑍𝑛 + 𝜌𝑐0
)

2

 

   

(16) 

The sound absorption coefficient thus determined, has finally been compared to the measurement of an 

impedance tube (Figure 3).   
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Figure 3: Absorption coefficient for a glass wool fiber specimen of 6.6 grams and 30 mm of thickness: 

measured and predicted curve. 

The good agreement between the measured values of sound absorption coefficient (𝛼) and the analytical 

curve resulted from the application of the Delany-Bazley model to the flow resistivity, allows for confidently 

operating the prototype of Piston-Tube apparatus, following the Ingard’s guidelines. 

4 Effect of compression on sound absorption coefficient and flow 

resistivity 

The installation effect upon the acoustic properties of porous materials is investigated by applying three 

different levels of compression on a sample of glass wool fiber of mass 14.2 grams and thickness 65 mm. 

The compression levels have been accomplished by placing three different weights on the specimen, each 

one applied for 60 seconds resulting in final thicknesses pairs to 51 mm and 40 mm.  

The absorption coefficient and the flow resistivity of the compressed samples have been measured with the 

impedance tube and the Piston-Tube prototype respectively. The two measurements have been then 

correlated as described in Section 3. The different levels of compression result in different thicknesses of 

the samples. Castagnède et al. [7,8] have provided simple formulas to predict the changes of the poro-

mechanical parameters due to compression. Based upon ultrasonic techniques, they found that the measured 

flow resistivity followed the law reported in Equation (14) for a 1D compression. 

𝜎(𝑛) = 𝑛 𝜎(0) (14) 

where 𝜎(𝑛) and 𝜎(0) are the flow resistivity of the specimen before and after the compression respectively, 

and 𝑛 is the compression rate factor given by the ratio of the initial thickness to the final thickness.  

The values of the flow resistivity corresponding to the three different levels of compression (uncompressed, 

compressed 1, compressed 2) are reported in Table 2, together with the values corresponding to 

Castagnède’s law. As can be noted the higher the compression, the higher is the deviation of the empirical 

value of flow resistivity from the predicted one by Equation (14). 

 

sample mass  thickness  
empirical flow 

resistivity, σ 

Compression 

rate  
σ(n)=n*σ(0) 

# [grams] [m] [Ns/m4] n=thi/thf [Ns/m4] 

Uncompressed 14.2 0.065 15777.07 - - 

Compressed 1 14.2 0.051 21750.47 1.24 20108.03 

Compressed 2 14.2 0.040 28751.19 1.27 25637.74 

 

Table 2: Empirical values of flow resistivity relative to different level of compressions and Castagnède 

predictions. 

The higher compression and the lower thickness of the sample increase the values of flow resistivity. The 

curves of the absorption coefficient at different levels of compression (and relative thickness), measured by 

an impedance tube, are reported in Figure 4. 
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Figure 4: Absorption coefficients corresponding to three compressions of glass wool fiber of mass 14.2 

grams. 

As can be noticed, by compressing the specimen the sound absorption coefficient decreases especially in 

the lower frequency range and, as noticed by Castagnède et al [7], the thickness reduction is the main 

responsible of the decreasing of the absorption properties, rather than the augmentation of flow resistivity. 

As done for the previous test, a comparison of the experimental value carried out by means of the piston 

tube apparatus and the analytical values obtained by using Miki and Delany-Bazley models, for the three 

different levels of compression of the glasswool fibres are reported in the Figures 5,7 and 9 with respectively 

absolute error in Figures 6,8 and 10. 

 

 

Figure 5: Absorption coefficient curves for uncompressed glass wool fiber of 14.2 grams             

(thickness 0.065 m, flow resistivity=15777 [Ns/m4]). 
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Figure 6: Predicted and measured error values of absorption coefficient of the uncompressed specimen 

(thickness 0.065 m, flow resistivity=15777 [Ns/m4]). 

As can be seen from Figure 6, and especially from Figure 7, the values of absorption coefficient obtained 

through our empirical flow resistivity is always lower than 5%, except in the lower frequency region, where 

the error grows up to 7%. Specifically, there is a pick of error in the frequency band 500 – 600 Hz. From 

Figure 5 it can be noted that the Delany-Bazley model provides, in overall, a better approximation of the 

experimental values, than the Miki model. Same conclusions apply for the specimen subjected to the first 

compression level (see Figure 7 and Figure 8). In particular, the error increases in the frequency range of 

300-800 Hz up to 8.5% around 500 Hz. Same trend is confirmed by Figure 9 and Figure 10, where the error 

rises to 16% at 600 Hz. The errors between the 𝛼 predicted through the Delany-Bazley/Miki models based 

upon the Flow Resistivity, and the measurements obtained by the impedance tube, should not surprise us, 

as both the Delany-Bazley and Miki power laws are retrieved from measurements relative to fibrous porous 

materials with a porosity almost equal to 1 [14] and [15]. The compression of the specimen, on the contrary, 

evidently reduces the value of the porosity. Although we do not know the exact value of porosity for our 

specimen, the variation with the thickness can be estimated thanks to the formula provided by Castagnède 

[7] in Equation (17): 

 𝜙𝑛 = 1 − 𝑛(1 − 𝜙0)  (17) 

where 𝜙𝑛 and 𝜙0 are the porosities before and after the compression respectively. By giving as input the 

value of the compression rate 𝑛 (realized during our compressions), the value of 𝜙𝑛 will drop well below 1. 

Therefore, the reason of non-correspondence between the curves of 𝛼 in Fig. 6 must be sought in a consistent 

reduction of the porosity and the consequent inapplicability of the prediction models of both Delany-Bazley 

and Miki. Moreover, it is worth reminding the frequency range of applicability of these models: 

 

 
0.01 <

𝑓

𝜎
< 1  (17) 

The frequency limit reported in Equation (17) depends upon the flow resistivity. In our cases, it provides an 

additional restraint on the lower frequency of applicability of the above models. 
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Figure 7: Absorption coefficient curves for glass wool fiber of 14.2 grams subjected to first compression 

(thickness 0.051 m, flow resistivity=21750 [Ns/m4]).  

 

Figure 8: Predicted and measured error values of absorption coefficient of the specimen subjected to first 

compression (thickness 0.051 m, flow resistivity=21750 [Ns/m4]). 
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Figure 9: Absorption coefficient curves for glass wool fiber of 14.2 grams, subjected to second 

compression (thickness 0.040 m, flow resistivity=28751 [Ns/m4]). 

 

Figure 10: Predicted and measured error values of absorption coefficient of the specimen subjected to 

second compression (thickness 0.040 m, flow resistivity=28751 [Ns/m4]). 

4.1 Effect of compression on transmission loss 

Additional analyses were performed to evaluate the impact on the transmission loss of an aluminium panel 

with attached multilayer Noise Control Treatment (NCT) for different configurations (uncompressed and 

compressed). The studies have been performed by using the Hybrid tool FE/SEA of the commercial software 

Va-One and results are reported in Figure 11. It can be noted that the presence of a NCT increase the TL 

performances of the investigated plate in overall the frequency range and, at same time, it is possible to 

highlight that this increase is strongly related to the NCT compression. In fact, the highest value of TL is 

reached for the uncompressed configuration of NCT; the lowest value for the compressed configuration. 
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Figure 11: Effect of compression on transmission loss of  an aluminum flat plate with attached NCT. 

5 Conclusions 

The effect of compressing porous materials on their acoustic performance was investigated in this paper. 

First an impedance tube was used to measure the sound absorption coefficient of a glasswool fibre which 

has been used as reference for validate, indirectly, an in-house piston tube apparatus, developed at University 

of Napoli Federico II, for flow resistivity measurements. In fact, once known the flow resistivity value, the 

sound absorption coefficient of the investigated glass wool fiber sample was evaluated also analytically by 

means of the empirical models of Delany-Bazley and Miki for fibrous porous materials. A good correlation 

was found between the experimental and the analytical results. This validates the piston-tube apparatus. 

Then, the investigated glass wool fibre has been compressed for two different conditions and the sound 

absorption coefficient was seen to reduce in certain frequency regions. At same time, the air-flow-resistivity 

values of the porous materials increase when the materials were compressed. In this case the correlation 

between analytical and experimental results presents an error due to the reduction of porosity and the 

consequent non-validity of the Delany-Bazley and Miki prediction laws. Finally, the effect of the 

compression on Transmission Loss of a flat aluminium plate with NCT attached has been investigated 

numerically and results confirm the reduction of performances in case of compressed NCT.    
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Abstract 
In order to study the vibro-acoustical behaviours of a circular multi-layered plate and compare it with 

impedance tube measurement, the axisymmetric Lamé functions of each layer are established and solved 

using appropriate scalar and vector potentials. Modal and wave superposition methods are used to 

simulate sound transmission loss of the plate. It is shown that, modal number, modal frequency and sound 

transmission loss become invariant with the number of layers if the number is large enough. Around the 

cut-on frequency, a multi-layered plate consisting of a softer material (A) and a stiffer material (B) and 

repeated a number of times exhibit a better sound insulation performance than that of a single-layered one. 

It is observed that layer aligning sequence has almost no effect on the vibro-acoustical characteristics of a 

layered plate. When the total thickness increases, although combined flexural-radial longitudinal and 

flexural-thickness shear modes may appear, the sound transmission loss is enhanced. 

1 Introduction 

Multi-layered plates are widely used in many engineering applications for their excellent vibro-acoustical 

performances and high strengths. For example, on high speed trains, the floors and walls are mostly 

constructed with composite plates laminated by polymers and aluminium panels for high sound insulation 

and vibration damping to achieve a good acoustical comfort. Therefore, many researchers have focused on 

the vibro-acoustical behaviours of multi-layered plates. 

Vibration characteristics of a layered plate are prerequisite to understand the acoustical behaviour. In the 

determination of a layered plate’s vibration, some researchers regarded the composites as several plates or 

shells coupled together by interface conditions. Reddy discussed and compared the mechanics of 

laminated composites using classical plate theory (CLPT), first-order shear deformation theory (FSDT), 

third-order shear deformation theory (TSDT) and layer-wise theory (LW or equivalent single layer theory, 

ESL), respectively [1-3]. The higher order shear deformation theory in reference [1] was also applied to 

analyse the modal behaviours and vibration responses of laminated plates subjected to different loads and 

different boundary conditions [4-7]. Altenbach [8] used the LW or ESL concepts to establish the theory of 

sandwich panels. However, if a multi-layered plate is so thick that the shear deformation could not be 

approximated by the high order deformation plate theory, the structure should be treated as a 3D solid. 

Therefore, for circular laminated plates, Bottega [9] established an axisymmetric solution of multi-layered 

thick plates with isotropic elastic theory and transfer matrix method. Modal orthogonality of modal shapes 

was also proved [10]. Based on Bottega, Lange [11] studied the dynamic behaviour of multi-layered plates 

under impact loads. El-Raheb and Wagner [12] investigated transient axisymmetric elastic waves in a 

periodic layered finite media. For rectangular multi-layered plates, Srinivas etc. [13] exactly investigated 

the vibration behaviour of simply supported homogeneous and laminated thick rectangular plates by 
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providing analytical solutions. Based on a differential quadrature method, Liew and Teo [14] built a three 

dimensional model to analyse the vibration characteristics for thick rectangular plates. 

In addition to the analytical solutions discussed above, researchers also used finite element method to 

study the multi-layered structure based on different plate/ shell theories, or more generally, the 3D solid 

elastic theory [15-18]. Salvatore Brischetto et al. [19] compared the characteristic frequencies of plates, 

cylinders, cylindrical panels and spherical panels calculated by 2D FE model and 3D FE model, showing 

that the FE model meshed by SHELL QUAD4 elements agree well with the exact 3D model. 

Based on the multi-layered plate models mentioned above, the acoustical performance of the plates has 

also been investigated by many researchers. Researches on acoustical behaviours for multi-layered plates 

can be grouped into three types, (1) functionally graded plates (FGP), in which the material properties 

vary continuously from one surface to the other; (2) sandwich panels, the middle layer of which is 

aluminium panels or fiber reinforced material; and (3) normal laminates, in which each layer is formed 

with homogeneous and isotropic material.  

For FGP, Chandra et al. [20] presented an investigation using a simple first-order shear deformation 

theory. Huang et al. [21] proposed an analytical model for sound transmission through unbounded panels 

of FGP materials. Daneshjou [22] established a theoretical model of relatively thick FGM cylindrical 

shells with third order shear deformation theory to investigate the vibro-acoustical behaviour of the shells.  

For sandwich panels, Wen-chao et al. [23] showed that application of facings on a honeycomb would have 

significant impact on sound insulation. A new core design was recommended to achieve high sound 

transmission loss at frequencies between 100 and 200 Hz by Ng et al. [24]. With the statistical energy 

method, Zhou et al. [25] analytically and experimentally investigated the sound transmission loss of two 

sandwich panels filled with different cores. Arunkumar et al. [26] numerically studied the sound radiation 

and transmission loss of two types of honeycomb sandwich panels with finite element method.  

However, the vibro-acoustical behaviour of normal laminates has rarely been researched. A kind of multi-

layered plates, laminated alternatively with only two polymers and consisting of 2n layers is just a periodic 

normal laminate [27]. It is experimentally observed that this kind of composite plates has a higher sound 

transmission loss than a single-layered one of the same thickness. This observation is yet to be 

investigated more rigorously. So this paper is aimed at studying the vibro-acoustical behaviours of such a 

multi-layered plate analytically and experimentally. 

2 The model and method 

In order to compare simulations with impedance tube measurements, the plate is modelled as a multi-

layered circular structure and the solution is simplified as an axisymmetric problem shown in Figure 1. 

 

Figure 1: The model and Coordinate system 
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2.1 Solution for a single layer 

Each layer is treated as a 3D solid. With the geometric equation, constitutive equation and motion 

equation, the governing equation expressed in terms of displacements and the Cartesian coordinate 

system, is given by (which is called the Lamé-Navier’s equation),  

 
2

2

2

u
u u

t
   


    


,                                                      (1) 
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 is the Laplace operator. 

To solve equation (1), the displacement vector u  is decomposed in terms of a dilatational scalar potential 

  and a rotational vector potential Ψ , i.e. 

u Ψ   ,                                                                    (3) 

where   is the dilatational displacement vector since 0   and Ψ  is the rotational 

displacement vector since 0Ψ   . 

With equation (3), equation (1) becomes 
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Equation (4) is satisfied if the potentials   and Ψ  meet the following equations 
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Under harmonic loads, the potentials   and Ψ  could be expressed as i te    and Ψ Ψ
i te  . Then 

equations (5) and (6) yield, 

2 2 2 0pc                                                                               (7) 

and 

2 2 2 0Ψ Ψsc    ,                                                                      (8) 

where 
2

pc
 




  and 

sc



  are the compression and shear wave speeds respectively.  

Ψ can be decomposed into r ,   and z , which are related to x , y  and z  by  

cos sinx r                                                            (9) 

and 
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sin cosy r      ,                                                  (10) 

If the solution is simplified as axisymmetric problem with 0z   and 0r   are set to be zeros, the 

solutions of equations (7) and (8) are that 

     1 2 0, z zr z A e A e J kr                                                    (11) 

and 

     3 4 1, z zr z A e A e J kr 


   ,                                             (12) 

where k  are the radial wave number,  0J kr  and  1J kr  are the first kind Bessel functions of 1st and 2nd 

order respectively, 
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With the transformation relationships between Cartesian coordinates and cylindrical coordinates, the 

harmonic displacements u u
i te   in cylindrical coordinates yields that  
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where 

   1 2 3 4 1

z z z z

ru A ke A ke A e A e J kr                                        (14) 

and 

   1 2 3 4 0

z z z z

zu A e A e A ke A ke J kr          .                               (15) 

With the axisymmetric problem and the deviating process discussed above, the displacement  , ,
T

r zu u u  

are independent of  , particularly, 0u  . So in the cylindrical coordinates, the harmonic stresses on one 

plane i t

zze
 , i t

zre
  and i t

z e 

 can be expressed as 

      2 2 2 2

1 2 3 4 02 2 2 2z z z z

zz k e A k e A k e A k e A J kr                              ,     (16)

   

     2 2 2 2

1 2 3 4 12 2z z z z

zr k e A k e A k e A k e A J kr                   
  ,              (17) 

and 0z  . 

When let  , , ,S
T

r z zr zzu u   , then equations (14), (15), (16) and (17) can be expressed in matrix form as 

 , , ,S J R H A
T

r z zr zzu u       ,                                                            (18) 

where 

 

 

 

 

1

0

1

0

0 0 0

0 0

0 0 0

0 0 0

J

J kr

J kr

J kr

J kr

 
 
 
 
 
  

,                                                  (19) 

 

 

 

 

 

2 2

2 2

2 2

2 2

2 2

2 2

2

2

R
T

k k k

k k k

k k k

k k k

      

      

    

    

       
       
   
 
   
 

,                         (20) 
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0 0 0

0 0

0 0 0

0 0 0

H

z

z

z

z

e

e

e

e













 
 
 
 
 
  

,                                                                  (21) 

and 

 1 2 3 4, , ,A
T

A A A A .                                                                              (22) 

2.2 Solution for the multi-layered plates 

2.2.1 The transfer matrix 

The layered structure contains N layers, numbered from 1 to N. The Cartesian and cylindrical coordinates 

lie on the top surface of the 1st layer. The thickness of each layer is  1,2 ,jh j N  . The vertical 

position of the top side of the jth is  1,2 ,jz j N  and that of the bottom side is  1 1,2 ,jz j N  . 

The young’s modulus, Poisson’s ratio, loss factor and density are defined as 
jE  , 

j  ,
j  and 

j  

respectively. 

Then the displacements and stresses vector of the jth layer is  

 , , ,S J R H A
T

j rj zj zrj zzj j j ju u        ,                                                          (23) 

The displacements and stresses vector of the top side on jth layer is  

 ,1 ,1 ,1, , ,S J R H A
j

T

j rj zj zrj zzj j j jz z
u u  


     ,                                                  (24) 

where ,1 ,R R
jj j z z  and ,1 ,H H

jj j z z . The displacements and stresses vector of the bottom side on jth is 

 
1

,2 ,2 ,2, , ,S J R H A
j

T

j rj zj zrj zzj j j jz z
u u  


     ,                                               (25) 

where 
1,2 ,R R

jj j z z   and 
1,2 ,H H

jj j z z  . 

By requiring the continuity of the displacements and balance of the stresses on the interface, from 

equation (24) and (25) the relationship of constants between the jth layer and the j+1th layer could be 

obtained, i.e.  

1A T Aj j j             1,2, , 1j N  ,                                        (26) 

where     
1

1,1 1,1 ,2 ,2 1,2, , 1T = R H R Hj j j j j j N


      . 

Using the recurrence, the constants between the jth layer and the j+kth layer yields 

1,A I Aj k j k j j   ,                                                                         (27) 

where 1, 1 2 1I T T T Tj k j j k j k j j        is called the Transfer Matrix between the jth layer and the j+kth layer. 
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2.2.2 Modal Analysis 

The displacements and stresses vector of the top side on the 1st layer is  

1,1 1,1 1,1 1S J R H A    .                                                                  (28) 

The displacements and stresses vector of the bottom side on the Nth layer is  

,2 ,2 ,2S J R H AN N N N    .                                                           (29) 

From equation (27), equation (29) yields 

,2 ,2 ,2 1,1 1S J R H I AN N N N     ,                                                     (30) 

where 1,1 1 2 2 1I T T T TN N N   . 

For the free vibration, the stresses zr  and zz on the top side of the 1st layer and the bottom side of the 

Nth layer must equal to zeros. With this condition and equation (28) and (30), the following relation can be 

obtained 

2

1

3

R
A 0

R

 
 

 
,                                                                                (31) 

where 2R  represents the last 2 rows of 1,1R  and 3R  represents the last 2 rows of ,2 ,2 1,1R H IN N N  . To get 

a nontrivial solution,  

2

3

det 0
R

R

 
 

 
,                                                                                (32) 

from which, the dispersion relation (modal characteristics) can be obtained. The dispersive curve looks 

like the dispersive curve of infinite plates, but not is that because the dispersive curves of infinite plates 

and finites plates are continuous and discrete respectively. For each nk k , several discrete modal 

frequencies nm  exist, satisfying equation (32) and nk  is determined by the boundary conditions on the 

cylindrical surface. 

In this model, the radial displacement ru  and transverse displacement zu  on the cylindrical surface can’t 

be zeros at the same time shown in equation (23). So it is assumed that 0zu  , meaning the wavenumber 

k  should be the values that satisfy  0 0J kR  . From the dispersion equation (32), each wavenumber nk  

will produce several nm . 

From equation (32), the constant vector           1 1 2 3 4, , ,A
T

nm nm nm nm nm
A A A A corresponding to nk  and nm  

will be obtained. So under the harmonic excitation of the radian frequency nm , the free vibration response 

of the jth layer can be expressed as modal superposition form 

           
1,1 1

1 1

, , , , , ,S J R H I A nm
T nm i t

j rj zj zrj zzj nm n j n nm j n nm j n nm

n m

u u B k r k k k e
    

 



 

              

 2,3, ,j N .      (33) 

where let  1,1 ,I ej n nmk   (unit matrix) when 1j  . 

2.2.3 Forced vibration 

From equation (33), the displacements ru  and zu  are expressed as  
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1 1

u u nmr i t

nm nm

n mz

u
B e

u


 

 

 
  
 

 ,                                                            (34) 

where unm  is the first two components of          
1,1 1, , ,J R H I A

nm

n j n nm j n nm j n nmk r k k k     , called the 

modal shape. In particular, unm satisfies the equation 
,u u

T

nm lp nm lp
V
    which means the orthogonality 

between two different modes.  

For the axisymmetric load  ,F r t  applied on the top surface of the 1st layer, a solution is assumed to be in 

the form of an expansion of the normal modes i.e. 

 
1 1

u u
r

nm nm

n mz

u
q t

u

 

 

 
  
 

 .                                                              (35) 

Considering the load  ,F r t , the Lamé-Navier equation becomes  

   
2

2

2
,

u
u u F r t

t
   


     


.                                           (36) 

Substituting u  in equation (36) with equation (35), inner producting u
T

lp  on both sides, integrating within 

the volume of the entire multilayered plates and considering the modes orthogonality, the expression of 

equation (36) becomes 

     2 ( ) ,u u u u u u F
T T T

lp lp lp lp lp lp
V V V

dvq t dvq t r t dv                 .               (37) 

Letting  

  2
u u u

T

lp lp lp lp
V

K dv            ,                                       (38) 

u u
T

lp lp lp
V

M dv  ,                                                                              (39) 

and 

   ,u F
T

lp lp
V

Q t r t dv  ,                                                                        (40) 

equation (37) becomes  

   ( )lp lp lpM q t K q t Q t  ,                                                                     (41) 

where lpM , lpK  and  lpQ t  is called the modal mass, modal stiffness and modal force and 2 lp

lp

lp

K

M
  .  

2.3 Vibro-acoustical analysis 

The solution of the circular multi-layered plate for axisymmetric problem could be used to model the 

clamped plate in an impedance tube. In order to investigate the sound transmission loss in the impedance 

tube (see Figure 2), it’s necessary to couple the sound and vibration.  

 

Figure 2: The impedance tube for sound transmission loss 

In Figure 2,  ip  is the incident wave, assumed to be a plane wave, i.e.  
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 ii t k z

i aip p e
 

 ,                                                                              (42) 

where /ik c . rp  is the reflected wave, which can be expressed to be the sum of a number of modal 

waves in the tube for the axisymmetric problem, i.e. 

   
0 0 0

0

zri t k z

r n n

n

p A J k r e







 ,                                                          (43) 

where n is the radius modal index and 
2

2

02zr nk k
c


    and 0nk  is obtained by the equation  1 0 0nJ k R  . 

tp  is the transmitted wave, which can be written to be  

   
0 0 0

0

zti t k z

t q q

q

p C J k r e







 ,                                                          (44) 

where q is the radius modal index and 
2

2

02zt qk k
c


   and 0qk  is obtained by the equation  1 0 0qJ k R  . 

Then the applied body force  ,F r t  becomes 

        

               0 0 0 0 0 0

0 0

, 0,

0,

F

z z

i r t

i t kz i t k z i t k z

ai n n q q

n q

r t p z p z p z H

p e x A J k r e x C J k r e x H
  

  

  
 

  

 

   

 
    
 

 
 ,      (45) 

where H  is the total thickness of the multi-layered plates. 

Therefore, with equation (35), (41) and (45), the displacements vector u yields that 

2
1 1

u u
lpr i t

lp

l pz lp lp

Gu
e

u K M





 

 

 
  

 
 .                                                 (46) 

where lpG is a function of 0nA  and 0qC . 

The coupling conditions, i.e. the air velocity on two sides of the plates are equal to the velocity of the 

plates in the direction vertical to the plates, are shown as 

0 0 0iz rz pz

tz H pz H

v v v

v v

  

 

 



,                                                                              (47) 

where 0izv   and 0rzv   are the incident and reflected sound wave velocities at 0z  . tz Hv   is the transmitted 

sound wave velocity at z H . 0pzv   and pz Hv   are the plate’s velocities of two sides. If the modes of the 

reflected wave and transmitted wave are truncated to be N and Q respectively, there are N+Q+2 unknown 

numbers in (47) for a given frequency . For a given frequency , the plate should be discretized along 

the radius direction and at least (N+Q+2)/2 nodes along the radius direction should be considered in order 

to achieve the N+Q+2 unknown constants. 

3 Validation 

Modal frequency/shape and sound transmission loss are validated for two materials. The material 

parameters are shown in Table 1. The radius of the circular plate is 30 mm, corresponding to the inner 

radius of the impedance tube, and the total thickness (H) is 4 mm. The frequency ranges from 0 to 10000 

Hz and wave number ranges from 0 to 1000 2 rad/m. 
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Material 

ID 

Material 

Name 

Young’s Modulus 

(MPa) 

Poisson’s 

Ratio 

Density 

 (kg/m3) 

Loss 

Factor 

A PP(T30s) 1837 0.41 905 0.064 

B POE(8150) 29.90 0.45 868 0.039 

Table 1: Material Parameters 

Notes: The material parameters are measured at 25 ℃. 

3.1 Comparison in modal parameters between the methods in this paper and 
Ansys 

 

Figure 3: FE models of this axisymmetric problem 

Modal 

No. 

1 layer of B 1 layer of A 
2 layers of  

B-A 

4 layers of  

B-A 

8 layers of  

B-A 

FE Paper FE Paper FE Paper FE Paper FE Paper 

1 240 241 1803 1806 721 720 948 949 1032 1031 

2 1172 1171 8836 8835 3668 3667 3323 3324 3445 3444 

3 2573 2574 — — 8598 8599 6388 6387 6043 6043 

4 2640 2643 — — — — — — 8849 8850 

5 4232 4231 — — — — — — — — 

6 5991 5993 — — — — — — — — 

7 6012 6011 — — — — — — — — 

8 7846 7845 — — — — — — — — 

9 9179 9180 — — — — — — — — 

10 9701 9702 — — — — — — — — 

Modal 

No. 

16 Layers of  

B-A 

32 Layers of  

B-A 

64 Layers of  

B-A 

128 Layers of  

B-A 
  

FE Paper FE Paper FE Paper FE Paper   

1 — 1053 — 1059 — 1060 — 1061   

2 — 3510 — 3530 — 3535 — 3537   

3 — 6057 — 6076 — 6082 — 6084   

4 — 8637 — 8620 — 8619 — 8619   

Table 2: Comparison in modal frequencies between FE and this paper (Hz) 
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The derivations and the related Matlab program are checked for modal parameters by comparing results 

with Ansys FE calculation. The axisymmetric 8-node quadrilateral element is used in FE models and the 

transverse (in z-direction) displacements of nodes at R = 30 mm are fixed, as shown in Figure 3. 

The comparisons in modal frequencies are listed in Table 2. It shows that the modal frequencies from the 

method developed in this paper agree well with Ansys, with a maximum difference of only 3 Hz. It can 

also be seen that the composite plates of two materials has a modal behaviour which is quite different from 

that of a single layer. The composite plates with different number of layers exhibit different values and 

numbers of modal frequencies. When the number of layers exceeds 16, the number of modes and values of 

modal frequencies become invariant. 

The modal shapes at 9180 Hz (the 9th mode of 1 layer B) and 6387 Hz (the 3rd mode of 4 layers) in Table 

2, calculated by FE method and by the method in this paper, are compared in Figure 4. It shows that the 

modal shapes produced by the two methods are almost the same. 

  

FE model                                                          This paper 

(a) The 7th modal shape of 1 layer B (at 9180 Hz) 

  

FE model                                                          This paper 

(b) The 3rd modal shape of 4 layer B-A-B-A (at 6387 Hz) 

Figure 4: Comparison of modal shapes calculated by Ansys and the method in this paper 

3.2 Validation of sound transmission loss 

The sound transmission loss predicted using the method of this paper is compared with the impedance 

tube measurement and the comparison is shown in Figure 5. The results show that the sound transmission 

loss of this paper agrees well with the impedance tube experiments.  However, the predicted dip and the 

measured dip occur at different frequencies. This may be caused by differences in boundary condition. For 

the model in this paper, the transverse displacements on the cylindrical surface are fixed, i.e.  

  

 (a) 1 layer A                                                              (b) 2 layers B-A 

Figure 5: Sound transmission comparison between experiments and this paper 

100 500 900 1300 1700 2100 2500
-20

0

20

40

60

80

Frequency /Hz

S
o

u
n

d
 T

ra
n

sm
is

si
o

n
 L

o
ss

 /
d

B

 

 

1 Layer A This Paper

1 Layer A Experiment

100 500 900 1300 1700 2100 2500
-20

0

20

40

60

80

Frequency /Hz

S
o

u
n

d
 T

ra
n

sm
is

si
o

n
 L

o
ss

 /
d

B

 

 

2 Layers B-A Repeated This Paper

2 Layers B-A Repeated Experiment

744 PROCEEDINGS OF ISMA2018 AND USD2018



0zu  . However for the experiments, the plates are placed tightly between two tubes, indicating that both 

the transverse and radial displacements should be fixed, i.e. 0ru   and 0zu  . 

4 Results 

4.1 Classification of modal types 

In FE model, the modal frequencies are aligned and numbered in the ascending order, but the exact modal 

shape information is unknown and cannot be classified. However, the analytical method of this paper for 

modal calculation can distinguish different types of modal shapes by making use of the dispersive curves. 

In order to illustrate this characteristic, a softer material TPU with 1 layer (The young’s modulus is 8 Mpa, 

Poisson ratio is 0.47, loss factor is 0.09 and density is 1210 kg/m3, radius is 30 mm, total thickness is 4 

mm) is adopted. Figure 6 is the dispersive curve formed by modal frequencies and modal shapes of 1 layer 

TPU. The modal frequencies lie in three lines and each line represents different modal shapes. The lowest 

line is the flexural mode, the middle line is the radial-longitudinal mode and the highest line is the 

thickness shear mode. 

     

                  (a) Dispersive curve(modal frequencies)            (b) The 5th modal shape in the lowest line  

             

(c) The 5th modal shape in the middle line              (d) The 5th modal shape in the highest line  

Figure 6: Dispersive curve and modal shapes of 1 layer TPU 

4.2 Influence of layer aligning sequences on vibro-acoustical behaviours 

The sound transmission loss of sequence A-B and B-A with total thickness of 4 mm are compared in 

Figure 7. Since the modal characteristics tend to be invariant with layer increasing, the results of 16 layers 

are chosen to represent the cases when the plates are more than 16 layers. It shows that the sound 

transmission losses of the two sequences are almost the same. This is because the vibro-acoustical 

behaviours of the layered plate are mainly determined by bending modes of the plate rather than by modes 

in which displacement in the axial direction is important. 

0 200 400 600 800 1000 1200 1400
0

1

2

3

4

5

6

7
x 10

4

Radial Wave Number /m
-1

A
n

g
u

la
r 

F
re

q
u

en
cy

 /
ra

d
 s

-1

CHARACTERISATION, DESIGN AND OPTIMISATION OF ACOUSTIC MATERIALS 745



  

                                   (a) 2 layers                                                                 (b) 16 layers 

Figure 7: Sound transmission loss comparison between sequence A-B and B-A  

4.3 Influence of layer numbers on vibro-acoustical behaviours 

Figure 8 is the sound transmission loss comparison between different layers for sequence B-A with total 

thickness of 4 mm. It can be seen that: 

(1) All the dips but the one at around 6990 Hz of each layer structure are in accordance with the 

plates modes listed in table 2. The dip at around 6990 Hz is not one of the modal frequencies in Table 2, 

rather, it is one of the cut-on frequencies of the circular tube, which can be approximated by 0

2

c
a

R
 for 

axisymmetric modal waves in the circular tube, where 3.832a   is the second zero of first kind Bessel 

Function of 1st order.  

(2) At low frequency ranges, the sound transmission losses of 1 layer A, multi-layered plates with B-

A repeated and 1 layer B are reduced successively for their decreasing stiffness in turn and with number of 

layers increasing, the sound transmission loss is enhanced for the multi-layered plates.  

  

(a) 1-8 layers                                                             (b) 16-64 layers 

Figure 8: Sound transmission loss comparison between different layers for sequence B-A 

(3) At frequency ranges around the cut-on frequency, the multi-layered plates show a higher sound 

transmission loss performance than a single-layered one.  
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(4) The sound transmission loss becomes invariant with layer increasing, which is because that the 

modal performance is almost the same seen in Table 2. Therefore, based on the asymptotic vibro-

acoustical behaviours with layer increasing, the multi-layered plates can be regarded as an equivalent plate 

or it evolves to another plate with new material properties. However, it should be noticed that the 

properties of the direction vertical to the plate are different than other two directions. 

4.4 Influence of layer thicknesses on vibro-acoustical behaviours 

The vibro-acoustical behaviours of total 4 mm thickness, 8 mm thickness and 16 mm thickness are 

compared. When the total thickness is thin (thinner than 4 mm), the layers of the multi-layered plates only 

exhibit flexural mode. However, combined flexural-radial longitudinal modes and combined flexural-

thickness shear modes occur for 8 mm thickness and 16 mm thickness, respectively, shown in Figure 9. 

It’s obvious that softer layer (blue area) performs radial longitudinal or thickness shear modes and stiffer 

layer (red area) performs flexural modes. 

   

(a) 4 mm thickness                       (b) 8 mm thickness                         (c) 16 mm thickness 

Figure 9: Combined modal shapes of the 2nd mode for 2 layers B-A 

 

Figure 10: Comparison of sound transmission loss with 16 layers for different thicknesses  

Figure 10 is the sound transmission loss comparison for different thicknesses and only 16 layers are 

chosen to represent other cases. It can be got that the sound transmission losses are improved with total 

thickness increasing for the mass increased with thickness doubled. 

5 Conclusions 

The axisymmetric problem of circular multi-layered plates is established theoretically. The vibro-

acoustical performances of composites PP/POE with different layer numbers, layer aligning sequences and 

total thickness are investigated in this paper. The results show that  

(1) The vibro-acoustical behaviours tend to an asymptotic phenomenon with number of layers 

increasing indicating that the modal number, each modal frequency and sound transmission loss tend to 

become invariant if the number of layers is large enough.  
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(2) The sound transmission loss performances of 1 layer A, multi-layered plates of B-A repeated and 

1 layer B are reduced successively for their decreasing stiffness in turn at low frequency ranges. At 

frequencies around the cut-on frequency, the multi-layered plates exhibit a better sound insulation 

performance than the single-layered one.  

(3) Layer aligning sequence (A-B or B-A) has almost no influence on the vibro-acoustical behaviour.  

(4) The vibro-acoustical behaviours are largely determined by total thickness of the plates. With total 

thickness increasing, the combined flexural-radial longitudinal and combined flexural-thickness shear 

modal shapes will occur and the sound transmission losses are enhanced. 
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Abstract
The design and application of periodic structures and geometries as a strategy to overcome sound absorption
problems in the lower frequency range has increased, making subwavelength absorption feasible. In this
work we use a differential evolution algorithm to optimize a design already available in literature, which
consists of a cylindrical pore with smaller cylinders periodically spaced along its axis. Two samples were
optimized to achieve unit and thus perfect absorption in a narrow band between 500 Hz and 600 Hz. These
were further 3D-printed and tested in an impedance tube. For the first sample, a unit absorption coefficient
was found at 562 Hz for a thickness of λ/13.3, reaching a good agreement between theory and experiment.
The second sample was optimized for maximum absorption at 1000 Hz. Results for both samples show good
agreement between theory, experiment and numerical simulation.

1 Introduction

Foams are a classic solution for achieving absorption of sound energy. These foams are vastly used in the
form of acoustic panels for many applications such as enhancing the acoustic environment of a recording
studio or lowering the transmission of sound in between two partitions in the same building [1]. The main
issue with this approach is that the foams are required to have a thickness of λ/4 to be effective, λ being
the acoustic wavelength. As such, the typical frequency range in which they are effective is typically above
1000 Hz.

In recent years many strategies have been used and developed to enhance the acoustic behaviour of materials
for lower frequencies [2, 3, 4]. The approaches used may be coiling up space [5, 6], using dead-end pores
[7, 8, 9], membranes [10, 11] or achieving a negative density [12]. These strategies fall in the class of
metamaterials, most of which rely on the repetition of a periodic structure, namely a unit cell, to achieve
desired physical properties that one cannot find in nature itself [13]. However, most of these designs do not
work in a broad frequency range, meaning that one needs to match the dimensions of the different parts of
the geometry in order to target a certain frequency band and this process can be very time-consuming [14].

In this work we optimize a design of a periodic resonant structure already existing in literature [9] through
a Differential Evolution Algorithm [15, 16], in order to achieve a unit absorption coefficient in frequencies
below 1000 Hz. The design is based on an array of small cylinders periodically-spaced along the axis of
another cylinder. This assembly was tested for sound absorption in the original paper but did not achieve
sound absorption for f < 1000 Hz nor was it optimized. A similar design from the same authors [17] was
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optimized through a transfer matrix model, but not through an algorithm dedicated to optimization. This is
the main contribution of this work.

The work is organized as follows: section 2 describes the theory for the wave propagation in the geometry
and its formulation, section 3 presents the optimization and 3D printing process and section 4 presents and
discusses the results obtained.

2 Problem setting

This section highlights the theory for the geometry that is the focus of this paper, as taken from ref. [9]. Such
geometry relies on the assembly of small cylinders (dead-end pores) periodically spaced along the axis of a
bigger cylinder (main pore), as depicted in Fig. 1 a).

Figure 1: Unit cell (green highlight), array of unit cells (left) and array of unit cells embedded in a cylinder to
be 3D-printed (right), where Ac and L are the cross sectional area and length of the main pore, respectively,
and Ad and d are the same quantities but for the dead-end pores, h is the period in between unit cells and A
is the cross sectional area of the sample to be 3D-printed.

The acoustic impedance for the array of unit cells is given by [9]

Z = −iN
2

As

Ac

Zc

Zs
tan(ksd), (1)

where N is the number of side branches per period (N = 4 in the Fig. 1), Zc is the impedance of the main
cylinder and Zs, ks and d are the impedance, wavenumber and length of the side branches, respectively,
which are given by

Zi =
√
ρi/Ci, (2)

ki = ω
√
ρiCi, (3)

with i = c for the main cylinder or s for the side branches, ω = 2πf , and Ci and ρi are the equivalent
compressibility and equivalent density of the fluid within the cylinder, respectively.
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Table 1: Expressions for the assessing of the impedance Z as seen in ref. [9]

Parameter Expression
c0 Speed of sound in ar 343 m/s
P0 Atmospheric pressure 101325 Pa
ρ0 Air density 1.204 g/cm3

Z0 Impedance of the air ρ0c0
µ Absolute viscosity 1.511e-5 Pa.s
γ Constant for ideal gases 1.42
Pr Prandtl’s Number (for current model) 0.6282
Ai Cross section area a2i
σi Flux resistivity 8µ/a2i
κi Thermal permeability a2i /8
Λi Viscous characteristic length ai
Λ

′
i Viscous characteristic length ai

ω
′
i - ω

√
Pr

ωb,i - σ2i Λ2
i /4ρ0µ

ω
′
b,i - Λ

′
i
2/4ρ0κ

2
i

ρi Equivalent density ρ0(1 + (σi/− iωρ0))
√

1 + (−iω/ωb,i)

Ci Equivalent compressibility ξ(γ − (ξ
′
/(1 + (µ/(−iω′

iρ0κi)
√

(1 + (−iω′
i/ω

′
b,i))))))

ξ - 1/ρ0c20
ξ
′

- γ − 1

For the sake of clarification and reproducibility of this work, all the other equations and constants needed for
the assessing of the impedance Z in Eq. (1) are presented in Table 1.

In Table 1 the items whose descriptions are marked with “-” are simply a re-writing strategy to make the
equations look more elegant and decrease their number of terms, having no physical meaning on their own.
Once more, the index i can be c for the main pore or s for the side branches.

To assess the sound absorption, the geometry is then embedded into a cylindrical shape such as the one shown
in Fig. 1 (right) to form a sample. The shape of the sample could be any other than cylindrical as long as a
relation betweenAc andA can be maintained. Here it was chosen to be cylindrical for 3D-printing purposes,
as the geometry is supposed to be tested in an impedance tube whose cross section is also circular. A relation
between the area of the main cylinder and the area of the sample can be obtained as being φ = Ac/A, which
corresponds to the surface perforation rate (or surface porosity).

The period h in which the unit cells are spaced will cause a phase shift of y = eikch in a plane wave directed
towards the sample. If the number of periods is n = L/h, from the transfer matrix method [18] it is possible
to relate the waves propagating in the sample and relate them to a matrix M as follows:

M =




(1 + Z)y Z

−Z (1− Z)

y




n

=

(
M11 M12

M21 M22

)
, (4)

kc being the wavenumber in the main cylinder as taken from Eq. (3).

For a sample with surface porosity φ, there is a matrix

T =




1 + φ′

2φ
−1− φ′

2φ

−1− φ′
2φ′

1 + φ′

2φ′


 (5)
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that correlates the waves propagating forwards and backwards in the given geometry, with φ′ = φ(Z0/Zc).

The reflection coefficient is then

r =
M ′

11 −M ′
21

M ′
22 −M ′

12

, (6)

with M ′
ij being the element in the i-esimal line and j-esimal column of a matrix M′ = MT. The absorption

coefficient can then be found as α = 1− |r|2.

3 Optimization and further validation

In the previous section the outline of the geometry and its theory was given. The reader can then see that
many parameters influence the final result of the absorption coefficient. As such, in order to obtain a perfect
absorption for a certain frequency, the most timely effective approach is to use some sort of optimization.
This section highlights the optimization method used and the two validation methods, namely a numerical
validation through COMSOL software and an experimental validation by impedance tube testing.

3.1 Optimization

Given the number of variables to be optimized, the approach chosen is the differential evolution [19]. It is
based on the theory of evolution as seen in biological studies, where one individual crosses with another and
the best features keep passing to future individuals. An algorithm already available elsewhere [20] is used
to perform such optimization. For each geometrical parameter a boundary condition is established, based on
the dimensions of the impedance tube available for testing (diameter = 27 mm), as shown in Table 2.

Table 2: Boundary conditions used in the optimization process
Parameter Inferior limit Superior limit Increase rate

N 1 8 1

L [cm] 1 5 0,5
d [cm] 1 6 0,5
ac [mm] 0,5 3 0,1
as [mm] 0,5 3 0,1
h [mm] 0,5 4,5 0,5
φ [%] 0 11 0,1

where ac and as are the radius of the cross section of the main cylinder and the side branches, respectively.

Another condition imposed to the algorithm is that h ≥ as. The initial population is of 100 individuals,
with a crossover factor of 0.7 and a mutation factor of 0.93. A maximum of 20 iterations is imposed to the
algorithm and the objective function used was

Fobj =
∑

(1− α(fmin : fmax)2), (7)

with fmin = 500 Hz and fmax = 600 Hz. No further changes were made to the algorithm.

For this first sample, final dimensions after optimization were L = 45 mm, N = 8, d = 8.5 mm, ac = 2
mm, as = 1.6 mm, h = 4.5 mm, and φ′ = 2.19%. The expected frequency for the absorption peak to
occur with these dimensions is 562 Hz. The lower limit of d was extrapolated to achieve a better result in the
absorption curve.
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The 3D-printed sample is shown in Fig. 2. Pores were closed for testing with plastic tape (Fig. 2, right) and
by the walls of the sample holder of the impedance tube itself.

Figure 2: 3D-printed sample with open pores (left) and closed pores with plastic tape (right). Dimensions
are L = 45 mm, N = 8, d = 8.5 mm, ac = 2 mm, as = 1.6 mm, h = 4.5 mm, and φ = 2.19%.

3.2 Numerical simulation

To validate the theory proposed in Section 2, the optimized model shown in Section 3.1 is implemented in
COMSOL. The idea is to simulate a full impedance tube experiment, and, as such, the model consists of the
sample itself and the impedance tube, as shown in Fig. 3.

Figure 3: COMSOL Simulation

The model uses the Pressure Acoustics module with viscous and thermal losses accounted for and also with
the Narrow Acoustic Region (NRA) in both main cylinder and side branches. The NRA is set to use the
circular duct approximation. Such approximation for ducts with constant cross-section gives exactly the
same results as if one was using the full Thermoviscous Acoustics module but with way less computation
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time [21]. For the excitation, a unit pressure is applied at the extremity of the tube. As for the mesh, Free
Tetrahedral elements are used, with the embedded Extra Fine element size, which obeys the rule of thumb
of 6 elements per wavelength in the selected frequency range for this simulation, i.e. between 1 Hz and 850
Hz.

4 Results and Discussion

Results for the optimized geometry, which are shown in Fig. 4, are presented and discussed in this section.
The difference in the peak of the experimental and theory results is 11 Hz (peak is in 562 Hz for the theory and
573 Hz for the experiment), with an error of 1.96% and showing good agreement between both outcomes.
The total length of the sample is λ/13.3 at 562 Hz, which beats three times the λ/4 of regular acoustic
absorbing materials.

Figure 4: 3D-printed sample 1 absorption curves.

Moreover, the curve is not so narrow, as between 522 Hz and 630 Hz more than 60% of the sound energy is
absorbed. The difference in the peak of the theory and experiment curves might be due to the fact that the 3D
printing process is not necessarily exact and that deviations in the dimensions of the 3D model can happen
during such process. In addition, the final sample has rugosity to some extent, which is not foreseen neither
in the theory nor in the numerical model.

However, the results from the numerical simulations do not match the theory nor do they match the experi-
ment. Due to their diameter and period, the side branches overlap with each other, which causes a consider-
able loss of volume in the dead-end pores and, mainly, do not evaluate each pore as a single structure. The
3D-printed sample did not present such overlapping as the 3D-model considers each pore separately but with
a smaller length. This overlapping can be seen in Fig. 5.
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Figure 5: Overlap of the side branches.

To test this idea of the overlapping, a new sample was 3D-printed and implemented in COMSOL, whose
inner geometry is shown in Fig. 6. It has N = 4 and the ratio between the main cylinder’s and side
branches’ diameters was such that there was no overlapping. The dimensions of this new sample were then
ac = 2.5 mm, as = 1.5 mm and φ = 3.43%. All the other parameters were the same of the sample in Fig. 2.

Figure 6: Inner geometry of new sample without overlapping.

As for the numerical simulation, it followed exactly the procedures discussed in Section 3.2, whereas the
theory is the same described in Section 2. The experiments in the impedance tube also followed the same
standard. Results are presented in Fig. 7
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Figure 7: 3D-printed sample 2 absorption curves.

The difference between theory and experiment and experiment and virtual simulation is 10 Hz (peaks are at
990 Hz, 1000 Hz and 1010 Hz for the theory, experimental and virtual simulation results, respectively). As
for the peak in the experimental curve, 94% of the sound energy is absorbed at 1000 Hz. The goal with this
second sample was to validate the theory from virtual and real measurements, which can be considered to be
done successfully. Shift in the peaks between the approaches might be, again, related to the imperfections
in the cylinders resultant of the printing process, which might have influenced the small difference in the
results.

5 Conclusion

In this paper a periodic structure design available in literature[9] is optimized through a differential evolution
algorithm [20]. Experimental results for the final geometries from two different optimization runs are pre-
sented. Results for both theory and experiments showed good agreement with simulations using COMSOL.

As for the first sample, optimization is in the range of 500 Hz and 600 Hz. The absorption peak is at 562 Hz
and is not so narrow, having a bandwidth of approximately 108 Hz (between 522 Hz and 630 Hz), in which
a sound absorption coefficient higher than 60% is found. The second sample is optimized for unit absorption
at 1000 Hz and results from theory, experiment and simulation are in good agreement.
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Abstract 
Data integrity has become more critical with the growth in remote semi-automated machine health 

monitoring. The mounted resonance frequency of an accelerometer, if correctly mounted on a flat surface, 

is normally quite repeatable, for example at different locations on the same object. A method has recently 

been developed which largely separates forcing and transfer functions in response signals, by applying an 

exponential window in the cepstrum. This technique can show the resonance peaks in response spectra at 

all measurement points. Changes in the natural frequencies of the structure should show up equally in all 

measurements, but deterioration in the mounting condition of an individual accelerometer would only affect 

the mounted resonance frequency for that transducer. This paper demonstrates these principles using 

measurements on a gear test rig, operating with a range of different speed profiles, with two similar 

accelerometers, one having correct and then faulty mounting.  

1 Introduction 

With the increase in remote online monitoring of machines, it has become critical to have a means of 

checking the integrity and repeatability of vibration measurements, as made by accelerometers. When 

mounted correctly, usually using a screwed stud to attach the transducer on a smooth flat surface, these can 

give repeatable measurements up to very high frequencies, often in the range of 10-20 kHz or more. This is 

limited by the mounted resonance frequency, which is maximised by having a solid contact over the entire 

base of the accelerometer, which gives a much higher stiffness than that of the screw stud alone. Response 

will be linear up to 1/3 of the mounted resonance frequency, but the signals are often analysed up to 2/3 of 

the latter, as long as the mounting is repeatable, since it is usually changes in response levels, rather than 

the levels themselves, which indicate developing faults, so the frequency response does not have to be 

completely uniform, just repeatable. If the contact pressure is not maintained across the whole base, the 

stiffness, and mounted resonance frequency, will drop, compromising the validity of the measurements. 

We have recently developed a method to separate measured responses into the components from the forcing 

functions and transfer functions (ie modal properties) by applying an exponential window to the response 

cepstrum. This has for example been used to pre-process response signals to greatly reduce problems 

associated with operational modal analysis of rotating machines, where forcing functions can be very 

complicated [1]. In this paper we use that technique to identify the accelerometer mounting frequencies, 

along with other structural resonances, in the high frequency range of the responses. As long as several 

measurements are being made with different transducers, it should be possible to distinguish between actual 

changes in the measurement object, which should be the same for all transducers, and changes in the 

mounted resonance of an individual transducer. Even if the accelerometer resonance frequency is outside 

the normal measurement range, it is likely that the frequency range could be extended to cover it for 

occasional periodic measurements, or when there is some suspicion of the integrity of the measurements.  
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2 Separation of forcing and transfer functions 

2.1 Application of the real cepstrum to response measurements 

The cepstrum is defined as the inverse Fourier (or z-) transform of a log spectrum [2]. Thus: 

 ( )  ( ) 1 1( ) log ( ) ln ( ) ( )cC F f A f j f − −=  =  +  (1) 

where   ( )( ) ( ) ( ) j fF f f t A f e =  =  (2) 

in terms of the amplitude and phase of the spectrum. ( )cC   is called the “complex cepstrum”, since it retains 

the phase information from the spectrum. However, it can only be applied to transient signals, such as 

impulse responses, since in requires the phase to be unwrapped to a continuous function of frequency. If the 

phase in Eq. (1) is set to zero, the so-called “real cepstrum” is obtained, as in Eq. (3): 

 ( ) 1( ) ln ( )rC A f −=   (3) 

This can be applied to (sections of) continuous stationary or non-stationary signals, and if the cepstrum is 

edited (“liftered”, from “filtered”) the modified log amplitude spectrum can be obtained by a forward 

transform. As shown in Refs. [1, 2], the modified log amplitude spectrum can be combined with the original 

phase spectrum to form edited time signals, but in this paper, only the modified log spectrum is used. 

The complex cepstrum of a transfer function can be expressed in terms of its poles and zeros in the z-plane, 

as shown by Oppenheim and Schafer [3], and in [2] it is shown that for a single degree-of-freedom (SDOF) 

system, with one complex conjugate pair of poles inside the unit circle, and no zeros, it can be expressed as: 

 

( )( ) ( )( )

( )

*
( ) exp arg exp arg

2 cos arg( ) , 0

nn n

sdof

n t

cc c
C n jn c jn c

n n n

e
n c n

n

− 

 = + = + − 

= 

 (4) 

where c and c* are the poles, n is quefrency (time) sample number, t  is time sample spacing (so that  

t n t=  ), and  is the damping constant corresponding to the exponential decay 
n

c . The cepstrum is thus 

seen to have the same form as the impulse response function (complex exponential), but additionally 

weighted by 2/n. Zeros have the same form as (4), but with negative sign, since they are negative poles on 

a log amplitude scale, and the cepstrum of the whole transfer function can be obtained by adding those of 

the individual conjugate pole and zero pairs. 

2.2 Identification of resonances by exponential liftering  

Thus, it can be seen that if the response cepstrum is multiplied by the exponential window  0t
e

−
, it adds 

0  to the damping of every mode of the system, but this can in principle be compensated for after analysis 

(as for an exponential window used in impact testing).   equals half the 3 dB bandwidth (in rad/s) of the 

corresponding resonance. Such a weighting in the cepstrum is called a “lifter”, from filter by analogy with 

cepstrum-spectrum and quefrency-frequency. As will be seen in later results, most of the modal information 

is at low quefrency (ie slowly varying with frequency) while most forcing functions are at high quefrency 

(eg closely spaced harmonics and sidebands in gear response spectra). This is seen to apply even when the 

harmonics/sidebands are not separated but smeared as a result of speed variations [1]. 

In [1] it is shown that the cepstra of multiple responses to a single force (ie a single input/multiple output or 

SIMO system) are the sum of the cepstra of the forcing function and of the transfer functions to the response 

measurement points, and this allows them to be curve-fitted for the poles and zeros of each transfer function, 
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and ultimately to the reconstruction of the latter. However, even in the case of a multiple input (MIMO) 

system, all the poles are the same, even if the zeros differ, and the cepstra can be curve-fitted for the poles. 

In the current paper, use is only made of the fact that the poles (resonances) of a MIMO system can be 

recognised in the log amplitude spectrum of a response signal, after removal of most forcing function effects 

by applying an exponential lifter to the cepstrum. 

3 Test object, measurements, and analysis techniques 

3.1 Test object and measurements 

Measurements were made on a gearbox test rig as shown in Figure 1(a). This is a single stage parallel gear 

reducer with ratio 19:52, driven by an induction motor with variable frequency drive, and driving a brake 

with controllable torque load. The actual accelerometer types and positions used in this study are shown in 

Fig. 1(b). All were attached with screw studs to mounting pads cemented onto the casing rim with epoxy 

cement. The accelerometer type whose mounting integrity was to be tested is the Brüel & Kjær (B&K) type 

4370, which has a nominal mounted resonance frequency of 15 kHz. One of them (denoted R for “Ref”) 

was always mounted tightly, while the other (denoted T for “Test”) was mounted tightly in one set of 

measurements, but was loosened by a quarter turn on the thread (denoted as “faulty”) in other tests. A B&K  

 

    

Figure 1: Gear test rig  (a) Overall view  (b) detail of accelerometer positions 

 

type 4394 accelerometer, with nominal mounted resonance frequency close to 50 kHz, was mounted close 

to the 4370T, and a B&K type 4396, with nominal mounted resonance frequency close to 26 kHz was 

mounted close to the 4370R. 

Figure 2 compares PSD spectra for the different accelerometers for different recordings, representing 

different speed profiles, as follows, with the test accelerometer (4370T) tight for Record 1, but loose for the 

other records. Note that the dB scales are not properly calibrated here, but are arranged to be comparable. 

A number of recordings were made, but those in the following list are used in this paper: 

Record 1 – 20 s constant at 10 Hz (input), followed by 80 s harmonic profile – 10 Hz mean, +/-5%, 60 s 

modulation period – Accelerometer 4370T tightened. 

Record 5 – As for Record 1, but Accelerometer 4370T loose. 

(a) (b) 

4370 (Test) 4370 (Ref) 

4394 

4396 
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Figure 2: Comparison of PSD spectra for different accelerometers and speed profiles 

 

Record 8 – 20 s constant at 20 Hz, followed by 80 s harmonic profile - 20 Hz mean, +/-20%, 2 s modulation 

period –  Accelerometer 4370T loose.  

Record 11 –  The last 250s of the speed profile from a wind turbine, originally of total length 550s, around 

a mean speed of 25 Hz, scaled to a length of 60s with +/-20% variation around the mean speed 20 Hz. 

This speed profile is described in detail in Ref. [4]. 

Record 1, const speed, 4396 Record 1, const speed, 4394 

Record 1, const speed, 4370R Record 1, const speed, 4370T 

Record 5, var speed, 4370R Record 5, var speed, 4370T 

Record 8, var speed, 4370R Record 8, var speed, 4370T 

764 PROCEEDINGS OF ISMA2018 AND USD2018



A nominally constant input torque of 15 Nm was maintained for all the recordings. The signals were sampled 

at 100 kHz, but while the valid linear frequency range would be 40 kHz, the results presented here are 

limited to 25 kHz. 

3.2 Discussion of PSD spectra 

Even though the dB scales have not been adjusted correctly here (they are for the later results in Section 4), 

the figures have been arranged so as to be roughly comparable in terms of amplitude. The comparison here 

is mainly about the spectrum shape. For Record 1 with constant speed 10 Hz, the gearmesh frequency is 

190 Hz, and a number of harmonics of this can be seen in the first four figures corresponding to this 

condition. Up to about 10 kHz, the spectra are very similar for the 4396 and 4370R, mounted adjacent to 

each other, and similarly for the 4394 and 4370T. A peak appears at about 16 kHz for accelerometer 4370R 

and at about 15 kHz for 4370T, and these are assumed to be the mounted resonance frequencies for these 

two accelerometers, since these peaks are not apparent for the 4396 and 4394 accelerometers. On the other 

hand, a peak appears just above 20 kHz for the 4396 (not apparent for the 4394) and this could be its mounted 

resonance, despite the theoretical value being 26 kHz. The reduction could be caused by the cement 

attaching the mounting base. The expected mounting resonance of the 4394 is not within the displayed 

frequency range. 

The spectrum levels are about 10 dB higher for the 20 Hz speed compared with the 10 Hz speed for the 

same accelerometer, and this is thought to be explained by higher forces at the higher speed. Otherwise, the 

shape of equivalent spectra appears very similar for the different speed profiles. 

It is seen that for the loose accelerometer 4370T, the response falls away above about 6 kHz, and the 

resonance peak at 15 kHz is no longer evident. 

3.3 Analysis techniques 

An exponential lifter was applied to all signals to separate the modal information (theoretically the same) 

from the very different forcing functions of the different speed regimes. The damping constant 0   was set 

to 800 rad/s, corresponding to 400 Hz and a time constant of 0.4 ms. Figure 3 shows a comparison of the 

original and liftered spectra for the specific case of 4370R from Record 5, variable speed. This confirms the 

accelerometer mounted resonance frequency of 16 kHz. The damping constant was chosen to be less than 

the apparent modal damping in this frequency range (measured 3 dB bandwidth 3000 Hz compared with 

800 Hz added damping from the lifter), but would most likely be too great for the lower resonances below 

1 kHz. It could be adjusted if modal analysis were to be done in the lower frequency bands.  

 

 

Figure 3: Comparison of original and liftered spectra  
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4 Discussion of results 

Figure 4 compares the liftered spectra, now correctly scaled, for each of the records (with variable speed). 

At low frequencies, up to 5 kHz, the spectra for the 4370R and 4396 (mounted adjacent to each other) are 

very close, but diverge as the 4370R approaches its mounted resonance of 16 kHz. The 4370T follows a 

similar pattern to the 4370R for Record 1, but differs by up to 5 dB, mainly because its resonance is slightly 

lower at 15 kHz, but also because of the different mounting position. For Records 5, 8 and 11, the 4370R 

and 4396 spectra are very similar to those for Record 1, but the spectrum for the 4370T, with loose mounting, 

diverges greatly from the 4370R above about 6 kHz, with differences well over 20 dB over a wide frequency 

range. A lower resonance frequency is not detectable, but this could be explained by much higher damping 

resulting from the looseness. 

It is therefore quite obvious that the loose mounting of this one accelerometer could be detected quite easily 

by the disappearance of the mounted resonance frequency of 15 kHz, at the same time as the other apparent 

resonance peaks, including those for the 4370R accelerometer (16 kHz) and 4396 accelerometer (21 kHz) 

remain unchanged. It would not be difficult to devise an automated procedure for detecting changes in the 

response of a single accelerometer, even if the response levels do change somewhat because of different 

operating conditions, such as speed and load. This will be the subject of future work. 

 

 

Figure 4: Comparison of liftered spectra for different records (varying speed). 
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5 Conclusion 

This paper demonstrates that the mounted resonance frequency of an individual accelerometer can be 

detected in the response spectra at that point, and compared with that of nominally identical accelerometers 

mounted elsewhere on the machine. Even if these frequencies do vary slightly with position, they should 

remain constant with time, and for different operating conditions, even if the response levels change for 

these conditions. A method is proposed, using exponential liftering in the real cepstra corresponding to the 

various response spectra, to expose the various resonances, not only of the transducers, but also of the 

structure itself. If the latter change, this should be apparent at most measurement points, but if a change in 

the resonance of a single accelerometer is detected, that would indicate a faulty mounting. 

The results presented in this paper confirm these conclusions, but further work is required to automate the 

detection of faulty mounting.   
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Abstract
Due to the increasing complexity of aeronautical systems, it became more and more important to detect
possible failures, avoiding costs with maintenance and time out of operation. Modeling techniques and
computational softwares made possible to analyze systems behaviour under normal and failure conditions,
helping to prevent these problems. In this work, an aircraft anti-skid brake system is considered as a study
case. Therefore, the aircraft brake dynamics and the brake system are modeled using Simulink. In the brake
model, some common faults are introduced in order to observe its impacts on the braking performance. A
model based fault detection and isolation (FDI) method using analytical redundancy relations (ARRs) is
proposed. ARRs are equations relating the system constraints. The numerical evaluation of these equations
generates residuals indicating the system deviation from its normal operation. The coupling of the Simulink
behavior model with the ARRs is presented, permitting the residuals analyses for each failure mode.

1 Introduction

Modeling has become a powerful engineering tool, making possible to study and evaluate complex systems,
preview systems projects behaviors without spend money on expensive prototypes and prevent systems fail-
ures through model based fault detection and isolation (FDI) methods. FDI methods can be divided into
qualitative and quantitative approaches. Qualitative FDI methods are used when the studied system model
is too hard to be obtained, or it cannot be analyzed in order to obtain a faithful model. To analyze the sys-
tems, these methods are based on artificial intelligence techniques [1]. Quantitative methods compare the
real system behavior with a system ideal model behavior. In this work, the aircraft brake dynamics and its
hydraulic brake system will be modeled and simulated in order to preview some failure modes effects on the
aircraft brake performance. After that, an FDI method based on analytical redundancy relations (ARRs) will
be proposed in order to detect and isolate these faults.

2 Modeling methodology

Physical modeling is a simplified system representation through idealized elements with the intention of
representing the dynamics phenomena of real systems. These elements simulate supply sources, as well as
the storage, dissipation and transformation of the system energy. In this work, the concept of effort and flow
was used. This concept is common to all energy domains. The Table 1 lists for each domain what effort and
flow represents.
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Table 1: Flow and effort concept for each energy domain.

Based on this concept it is possible to represent the system in an unified way, taking into account only the
elements energy interactions. Thus, in this work, electrical equivalents were used to perform mathematical
modeling, representing the entire system. From the electrical equivalents, the state equations that reflects
the system behavior can be derived. The Figure 1 summarizes what was used to represent, in its electrical
equivalent, the system parameters in all covered domains. More details about hidromechanic modeling can
be found in [4].

Figure 1: Representation of hidromechanics parameters on its electrical equivalent.

2.1 State equations from the electric equivalent

To obtain the set of differential equations that describe the systems dynamics from its electrical equivalent, it
is necessary to write the equations for the flow and effort storage elements. In other words, write the voltage
equations for the inductors and current for the capacitors.

Making it this way, for the inductor, it is possible to obtain the current from the voltage integration and, for
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the capacitor, the voltage is obtained from the current integration. Simulating through integrations makes it
possible to define an initial condition and prevents spurious results from noise.

In this work, the capacitors currents were represented as the electric charge variation q̇ and the inductors
voltages, as the magnetic flux variation ṗ.

3 Fault detection and isolation method

FDI methods are based the comparison between a system real behavior and its theoretical behavior given by
a model [1].The method proposed by this work is a model based FDI, also called quantitative FDI method.
Model based fault detection and isolation applications can be found in [1],[2] and [3].The first step is to
create a behavior model where the state equations describing the dynamic behavior of a given system, can
be derived. In this model, some sensors are introduced in order to monitor the states. The second step is to
create a diagnostic model. Instead of measuring the states, this model will receive from the behavior model
the sensor measurement as a source. This way, the equations describing the system dynamics (the system
constraints) will be written in terms of the real system sources, parameters and sensor measurements. Thus,
these equations will have a redundance, creating a real test from the actual system. This equations are called
analytical redundancy relations (ARRs). If the real system works in normal operation, theoretically the ARR
equation value must be around zero, also called as residual value. If the residual value of an ARR differs
significantly from zero, it can indicate a fault in some system component. The Figure 2 ilustrates the FDI
method proposed.

Figure 2: FDI method based on residual generation. Adapted from [2].

The Figure 2 shows that the diagnostic model works in parallel with the behavior model, monitoring the
outputs results and generating constantly the residuals. Thus, the FDI method will evaluate the residual
generation and be able to determine the fault origin. The Figure 1 a), b) and c) shows a mass, damper and
spring system, its electrical equivalent behavior model with a flow sensor (mass velocity sensor) and the
diagnostic model with the sensor measurement source, respectively.
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Figure 3: a) Mass, Spring and Dumper system. b) Electrical equivalent behavior model. c) Electrical
equivalent diagnostic model.

From the behavior model, the state equations describing the system dynamics are:

ṗ = F − q

(1/k)
+B.

p

M
(1)

q̇ =
p

M
(2)

From the diagnostic model, the ARR equation can be generated.

ARR : F −M.Ä−K.A−B.Ȧ = r (3)

If the sensor measurement comes from the orginal system, without faults, the residual value (r) must be
around zero. however, if the sensor measurement comes from the same system, but with some spring or
damper malfunction, the residual value will differs from zero, indicating the fault. The system FDI applica-
tion in the section 6 shows more details about this method.

4 System modeling

4.1 Aircraft and wheel dynamics

The main part of the aircraft kinectics energy is dissipated by the brake system when landing. The brake
force is derived from the counter torque to the wheels movement, which is generated from the brake system
actuators. The Figure 4 shows the forces acting on the aircraft and the wheels during braking time and its
electrical equivalent. The equations derived from the electrical equivalent circuit are represented by 4 and 5.
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Figure 4: Forces acting on the aircraft and wheels during braking and the corresponding electrical equivalent.

˙paircraft = FMotor − Fat − FDrag (4)

ṗr = Tfat − Tr (5)

Where:

Fat = N.µat(S) (6)

Tat = N.uat(S).Rr (7)

Fdrag =
1

2
.ρ.V 2.Cd.S (8)

The normal force on the aircraft depends on its weight and lift acting on the braking moment. The normal
force corresponding to each wheel, cosidering that each wheel receives one third of the resulting force is
described as follows:

N =
W − L

3
(9)

Where:

L =
1

2
.ρ.V 2.Cl.S (10)

Tr is the counter torque generated by the brake actuator and FMotor is the motor traction. The wheel and
aircraft equations are related by the wheel slip. The slips relates the aircraft speed and the wheel speed, as
described by the equation 11.
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S = 1− Wr

Wt
(11)

Where:

Wr =
1

Jroda
.

∫
(ṗr) (12)

Wt =
V el

Rr
(13)

V el =
1

Maircraft
.

∫
( ˙paircraft) (14)

4.2 Brake system

The Figure 5 a) shows the servo valve schematic and 5 b), its corresponding electrical equivalent circuit.
This valve controls the brake pressure. The torque motor has the function of moving the flapper coupled
to its axis. The flapper moves in the longitudinal direction. The flapper displacement is proportional to the
voltage applied to the torque motor terminal.

Figure 5: a) Servo-valve schematic. b) Servo-valve electrical equivalent

The torque motor modeling can be simplified considering that it is a DC motor. In the Figure 5 b) the
electrical equivalent of a DC motor is presented, where Rf1 and R1 represents the motor wiring resistances
before and after a possible current leak (if) represented by Rf2. I1 represents the motor windings resistance,
inductance and the voltage applied to the motor respectively. The gyrator is the representation of the energy
transformation, where the motor current (flow) turns into torque (effort), in a Kt ratio proportion. R2, I2
and C2 represents respetively the viscous friction, flapper mass and flapper return spring. When the flapper
moves, the pressure nozzle is released, generating a fluid flow toward the spool side called Pc1. This will
generate a pressure proportional to the flapper movement. At this point, the spool will move, releasing
another orifice that leads to a pressure port linked to the spool camara. When this happens, a flow is generated
toward the volume that goes until the pressure actuator and the volume at the other spool side (Pc2), via a
feedback orifice. When the Pc2 side reaches the same pressure rate as the Pc1 side, the spool will stop
moving. at this time, the return spring at the Pc2 side will make the spool returns to the original position,
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closing the pressure port. This will make the brake actuator pressure be equal to the control pressure (Pc1
pressure). When the flapper comeback to the idle position, the pressure at the Pc1 side returns to zero, as
the flow goes trough the return nozzle. This will make the spool moves to the other direction, releasing the
return port of the spool camara, making the brake pressure decrease until zero. This way, the brake pressure
is controlled.

In the electrical equivalent, Ps is the pressure supply, MRf1(xf) and MRf2(xf) are the fluid resistances mod-
ulated by the flapper movement, where the flow trough them are represented by the flows Q1 and Q2.

Q1 = Cd.π.dn.xf.

√
2

ρ
.(Ps − Pc1); Q2 = Cd.π.dn.(L− xf).

√
2

ρ
.(Pc1) (15)

Where L is the distance between the nozzles, dn is the nozzle diameter and xf is the flapper position. The
capacitances Cf1 and Cf2 represent the volumes in both side of the spool.

Cf1 =
Vflapper

β
; Cf2 =

Vfeedback
β

(16)

The spool dynamics is represented in the circuit by the RLC circuit, where R4 is the viscous friction, I5 is
the spool mass and C6 represents the spring rigidity. The transformers represent the spool head cross section
area, where pressure is transformed into force, moving the spool.

R4 = bspool; I5 =Mspool; C6 =
1

Kspool
(17)

MRf3(xc) and MRf4(xc) are the fluid resistances modulated by the spool movement. The flow trough
MRf3(xc) happens when the spool moviment is positive, whereas for MRf4(xc), when it is negative.

Q3 = Cd.w.xc.

√
2

ρ
.(Ps − PBbl); Q4 = Cd.w.xc.

√
2

ρ
.(PBbl) (18)

Cfb is the hydraulic line volume and Cfbd is the volume referring to the brake actuator.

Cfb =
Vbl
ρ

Cfbd =
Vbrake
ρ

(19)

Rint is the fluid resistance between the control volumes represented by Cf2 and Cfb.

Rint =
128.µ.Lint
π.D4

int

(20)

Rh represents the fluid resistance offered by the hydraulic line until the brake actuator and lh represents the
fluid inertance to move inside the pipe.

Ih =
Lh.ρ

Ah
Rh =

128.µ.Lh
π.D4

h

(21)

Where Ah, lh and Dh are the cross section area, length and the pipe cross section diameter respectively.

The transformer followed by a RLC circuit represent the actuator assembly where Af, Rf, Cf and If represents
respectively the brake actuator efective area, brake viscous friction, brake rigidty and brake piston mass.

The resistances Rv1 and Rv2 represented in the Figure 5 b) in red are the leakage in the spool walls. The
resistance Rvl, also in red, in parallel with the capacitance Cbd, represents a possible leakage in the hydralic
line.
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Rv1 = Rv2 =
128.µ.Lsh
π.Dvs4h

; Qvl = Cd.Dvl.

√
2

ρ
.(PB) (22)

Where Dvs and Dvl are respectively the leakages diameters of the spool and the hydraulic line.

In accordance with the 2.1 section, the state equations describing the servo valve dynamics are as follows,
where the states are ilustrated in the Figure 5 b) :

ṗ1 =
MSE −Rf1.

p1
I1

− (
Rf1

Rf2
+ 1).(R1.

p1
I1

+ p2
I2
.Kt)

(
Rf1

Rf2
+ 1)

(23)

ṗ2 = V2 −R2.
p2
I2

− qC2

C2
(24)

q̇C2 =
p2
I2

(25)

q̇2 = Q1 −Q2 − iva − ib





Q1 = Cd.π.dn.xf.
√

2
ρ .(Ps − Pc1)

Q2 = Cd.π.dn.(L− xf).
√

2
ρ .(Pc1)

iva =
Pc1−PB
Rv1

ia = Ac.p5I5

(26)

ṗ5 = V1 − VR4 − VC6 − V2





V1 = Ac.Pc1

VR4 =
p5
I5 .R4

VC6 =
q6
C6

V2 = Ac. q7C7

(27)

q̇cbd = i100 −Qvl − ie





i100 = Ac.if

Qvl = Cd.Avl.
√

2
ρ .(PBd)

ie = Af.p12Cf

(28)

ṗ100 = VCfb − VRh − VCfbd





VCfb = PB

VRh = Rh. p100I100

VCfbd = PBd

(29)

q̇7 = Q5 + ib + ivb





Q5 =
PB−Pc2
Rint

ib = Ac.p5I5
ivb =

PB−Pc2
Rv2

(30)

q̇10 = Q3 −Q4 −Q5 − ivb + iva − i100





Q3 = Cd.w.xc.
√

2
ρ .(Ps − PBbd)

Q4 = Cd.w.xc.
√

2
ρ .(PBbd)

Q5 =
PB−Pc2
Rint

ivb =
PB−Pc2
Rv2

iva =
Pc1−PB
Rv1

i100 =
p100
I100

(31)
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ṗ12 = Vf − VRf − VCf





Vf = Ac.PBd

VRf = Rf.p12I12
VCf = q13

Cf

; (32)

q̇13 =
p12
If

(33)

q̇6 =
p5
I5

(34)

Pc1 =
q2
Cf1

(35)

Pc2 =
q7
Cf2

(36)

PB =
q10
Cfb

(37)

PBd =
qcbd
Ccbd

(38)

4.3 Anti-skid system

The anti-skid system model is based on the differential equations that describe the wheel and aircraft dynam-
ics, deduced in 5 and 4. The figure 6 illustrates the anti-skid system control loop diagram.

Figure 6: Anti-skid system control loop diagram.

During braking time, the servo valve applies a pressure to the brake actuators, generating a torque (Tr),
causing the wheel to decrease its angular velocity (Wr). At that time, the wheel speed is slower than aircraft’s
speed (Wt). This difference causes a wheel slip with the ground. In Figure 6 the slip is calculated by the
Slip block. With the calculated slip, the friction coefficient is obtained through the curve m µ x slip. Thus,
with the friction coefficient value for that instant and with the information of the aircraft normal force, it is
possible to obtain the frictional force (Fat) that acts on the wheels at that instant of time. With the wheel
slip information, it is possible to calculate the reference error (error = Slip - Slip ref). From this error, a PI
controller modulates the voltage acting on the servo valve, modulating the pressure that drives the brakes,
closing the control loop.
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5 System simulation

The servo valve is the main brake system component. Thus, in order to reproduce the aircraft braking
dynamics as faithful as possible, the servo valve parameters were adjusted in order to validate the model
with the real system behaviour. To perform the simulations, Simulink R© software was used. The Figure
7 shows the adjusted model response for a step voltage and the comparison between the real and simulated
servo valve brake pressure, in response to a current increase in the torque motor. The flapper and spool
displacements and brake pressure evolution are in accordance with what was mentioned in section 4.2.

Figure 7: Current curve versus brake actuator pressure on the actual and simulated servo valve.

With the servo valve model validated, it is possible to simulate the aircraft braking performance, comparing
the results for the healthy and faulty servo valve. The Figure 8 shows the anti-skid system control loop
Simulink model for one wheel.

Figure 8: System’s Simulink Model.

The wheel slip is one of the most important model output to monitor because it reflects the system perfor-
mance in a brake event. The Figure 9 shows how the slip varies when a fault is introduced in the servo
valve.
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Figure 9: Wheel slip for different fault modes.

It is possible to notice that the slip is largely affected when the servo valve is not healthy. Depending on the
fault level, the aircraft may also be subject to damage when not being able to stop in the track distance and
due to lurch problems, which may compromise the physical integrity of the occupants.

6 Fault detection method

As shown on the previous section, a single fault on the servo-valve can total affect the brake performance.
Thus the FDI method was applied, using the servo-valve model. The first step on this FDI method is to create
the diagnostic model. For this, it is necessary to define where and how many sensors will be placed in the
behavior model, in order to be able to extract the ARRs and monitor as much parameters as possible. The
Figure 10 a) shows the behavior model with the sensor placement and the Figure 10 b) shows the diagnostic
model, with mesured sources from behavior model.

CONDITION MONITORING 779



Figure 10: a) Sensor placement in the behavior model. b) Diagnostic model and measured sources from
behavior model.

With this sensor placement configuration, it is possible to extract the ARRs. Thus, from each measured
source, there will be an ARR. The current measurement with the sensor A1 in the behaviour model shown in
Figure 10 is the spool velocity. However, its usual to have the spool posistion instead of the spool velocity.
Thus, the ARRs will be derived for this constraint, considering the spool position (xc), that is the A1 sensor
measurement integration.

ARR 1 : Q1 −Q2 − i1 − iV 1 − iCf1 = r1





Q1 = Cd.π.dn.xf.
√

2
ρ .(Ps − V1)

Q2 = Cd.π.dn.(L− xf).
√

2
ρ .(V1)

i1 = Ac.ẋc

iV 1 = 0

icf1 = V̇ 1.Cf1

(39)

ARR 2 : Ac.V1 −R4.ẋc − I5.ẍc −
1

Cf1
.xc −Ac.V2 = r2 (40)

ARR 3 : i2 − icf2 + iRint + iV 2 = r3





i2 = Ac.V1

icf2 = Cf2.V̇2

iRint =
V 3−V 2
Rint

iV 2 = 0

(41)
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ARR 4 : Q3 −Q4 − iRint − icfb − iV 3 = r4





Q3 = Cd.w.xc.
√

2
ρ .(Ps − V 3)

Q4 = Cd.w.xc.
√

2
ρ .V 3

iRint =
V 3−V 2
Rint

icfb = Cfb.V̇3

iV 3 = 0

(42)

From the ARRs it is possible to obtain the fault signature matrix, shown in Table 2. The fault signature matrix
makes the relationship of the residuals sensibility for each parameter in the model. Taking as an example the
residual 1 (r1), the parameters that most affect its value are Q1, Q2, Ac, and the Pc1 measurement V1. So,
thinking about failure modes, if there is a pressure nozzle obstruction (the nozzle that controls the flow Q1),
the flow Q1 will be smaller and, depending on the obstruction level, the pressure Pc1 will be significantly
smaller than it would be without the nozzle obstruction, thus, the residual r1 will not be zero anymore, if
there is a pressure nozzle obstruction. The two last matrix rows relate the detectability and the isolation
of the parameter fault. So, if at least in one residual row the true value appears, then it is detectable. For
example, the parameter Q1 is detectable because, if it has a disturbance from the original value, the residue 1
would be affected. For one parameter fault isolation, the pattern of the residual appearance must be unique.
For example, the parameter xc (spool position) is isolable because, if there is an abnormal condition and the
spool position differs from its normal movement (in a hydraulic line leakage or increased spool friction), the
residuals r2 and r3 would be modified and this residual appearance pattern is unique for the xc failure mode.

Table 2: Servo valve fault signature matrix.

The Simulink model linking the behavior model and the diagnostic model, generating the states and the
residuals is shown in Figure 11. The simulations were made introducing some failure modes in the behavior
system, making it possible to observe the residual response. The Figure 12 shows the simulation results for
4 different faults. Pressure source fault, spool internal leakage, hydraulic line leakage, and position sensor
measurement fault.
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Figure 11: Simulink for residual analyses.

Figure 12: Residual response for different failure modes.

With the simulations results, it is possible to see that the residual response reflects the fault signature ma-
trix. For the pressure supply fault, the matrix indicates that the most sensitive residuals are r1 and r4. The
Figure 12 indicates variation on these two residuals, as expected. Analysing the spool internal leakage fault,
the deviation occurs in more then one parameter. In this case, the most affected parameters are the spool
displacement and the flows Q1, Q2 and Q3. Thus, based on the matrix, the residuals sensible to these faults
are r1, r2 and r4 as confirmed by the simulation results in Figure 12. The hydraulic line leakage directly
affects the spool displacement and the flows Q3 and Q4. This parameters affects the residuals r2 and r4 as
confirmed by the simulation. Introducing a measure fault in the displacement sensor, caused a deviation in
the residue r2, as expected according to the matrix.

7 Conclusion

The objective of this work was to develop a model for the aircraft braking dynamics and its hydraulic brake
system, demonstrating, besides its normal operation behavior, what some common failure modes could cause

782 PROCEEDINGS OF ISMA2018 AND USD2018



on the system performance. The FDI method proposed presented good results, being able to detect all the
faults indroduced on the system, showing coherence with the fault signature matrix. Thus, this methodology
is a viable solution, helping to support early failure identification.
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Abstract 
Knock control is still considered one of the main issues of spark ignition (SI) engines. In this paper, a 

proper mathematical procedure for knock detection is presented. More precisely, an Auto Regressive 

Moving Average (ARMA) algorithm is implemented on vibrational signals acquired by an accelerometer 

placed on the cylinder block of a SI engine. In order to demonstrate the effectiveness of the methodology, 

the same analysis is carried out by using the traditional IMPO (Integral of Modulus of Pressure 

Oscillations) based method, relying on the frequency domain processing of the in-cylinder pressure data.  

Results demonstrate the high sensitivity and reliability of the proposed mathematical technique in 

accurately identifying knock events by using the engine block vibrational signals. The comparison with a 

standard processing of the knock sensor output definitely proves the potential of the model for developing 

more sensitive on-board control strategies for knock diagnostics and prevention. 

1 Introduction 

In automotive, modern engine control systems are designed to minimize exhaust emissions while 

maximizing power and fuel economy. The potential to maximize engine efficiency, through the 

optimization of the spark timing for a given air/fuel ratio is limited by engine knock [1][2]. An accurate 

knock detection is thus required in order to choose the right knock-limited spark advance for providing the 

best power and fuel economy. In spark ignition (SI) engines normal combustion occurs when a gaseous 

mixture of air and fuel is ignited by the spark plug and burns smoothly from the point of ignition to the 

cylinder walls. Engine knock, or detonation, occurs when the excess level of temperature or pressure in 

the unburned air/fuel mixture (end gases) cause auto-ignition of the end gases. This produces a sudden 

energy release that generates a rapid increase in cylinder pressure, with typical oscillations whose 

amplitudes gradually attenuate. The induced shock wave impulse excites resonances in the cylinder at 

characteristic frequencies which depend primarily on cylinder bore diameter and combustion chamber 

temperature [3]. Other structural resonances in the engine can be excited by the shock wave as it hits the 

cylinder wall. Serious damage to pistons, rings, and valves can result if uncontrolled heavy knock occurs. 

The best signal to analyze to detect engine knock is the pressure directly measured inside the combustion 

chamber of a running engine by proper transducers [4]. Due to the still high sensor costs, pressure sensors 

are not usually installed in production engines, they are used primarily for research purposes. 

The most common approach for implementing knock detection and control strategies in series production 

vehicles consists in the monitoring of the knock sensor's signal [5]. This sensor uses vibrations transmitted 

through the structure of the engine to detect knock in the combustion chamber. The vibration signal is 

typically processed in the frequency domain, to derive a knock intensity index which strongly depends on 

the engine operating conditions. The signal can be contaminated by other sources than engine knock, 

which increases the difficulty of signal detection. This is especially true at higher engine speeds in which 

background mechanical vibrations are much higher, effectively reducing the signal-to-noise ratio. A 

sophisticated treatment of the signal is thus required, usually based on the amplification of the signal 

magnitude in the frequency range of the knock-excited resonance. 
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In this paper, a novel methodology is proposed, based on an Auto Regressive Moving Average (ARMA) 

algorithm which is implemented on the vibrational signals acquired by an accelerometer placed on the 

cylinder block of a SI engine [6][7]. The technique, suitable for time series analysis, allows to build-up a 

model which reconstructs each sample of the signal as a linear combination of a specified number (model 

order) of previous samples (AR property), adding a prediction error in the form of a Moving Average 

(MA). The error of the reconstructed signal is then utilized to define an appropriate knock index. In order 

to verify the model, an accurate knock detection method based on cylinder pressure analysis is carried out, 

by using the traditional IMPO (Integral of Modulus of Pressure Oscillations) based method [8]. For this 

purpose, vibrational and in-cylinder pressure signals were collected for different engine speeds, load 

conditions and spark advances. 

Results of the comparison with the reference cylinder pressure based method, demonstrate the 

effectiveness of the presented model in properly detecting knock phenomena. The high correlation with a 

standard processing of the knock sensor output definitely proves the potential of the algorithm to develop 

more sensitive knock control strategies for enabling the setting of optimum spark timing so that the engine 

can run at the knock threshold. 

2 Experimental tests 

Experimental data were acquired on a four-stroke, multi-cylinder SI engine, installed at the test-bench. 

The engine was equipped with a piezo-quartz pressure transducer to detect pressure signal within cylinder 

#1. Moreover, a single axis high frequency accelerometer was adhesively mounted on the engine block in 

proximity of the head of cylinder #1, in order to detect combustion-induced cylinder vibration along its 

axis. The engine block vibration signals provided by a commercial knock sensor in proximity of cylinder 

#1 were also measured. In-cylinder pressure and vibrational data were simultaneously acquired by a multi-

channel acquisition system. They were properly triggered with the tachometer signal coming from the 

optical encoder connected to the engine crankshaft. Moreover, a high sampling resolution of 0.1 crank 

angle degrees was selected for an accurate combustion analysis.  

Engine control was realized by switching from the reference commercial ECU to external mode. In this 

way, main engine parameters, such as spark advance and start of injection, were handled. Tests were 

carried out at variable speed (1100, 1300 and 1500 rpm) in high and part load conditions. A spark advance 

variation was imposed at each speed and load condition. The most retarded spark time was set in order to 

ensure a knock-free condition, while the most advanced spark was chosen in order to favor knock onset in 

each instantaneous cycle. A list of the 12 analyzed operating conditions is reported in Table 1. Spark 

advance values are expressed as delta values referred to the most retarded spark time of each engine 

operating point or EOP (no knock condition). 

 

EOP Speed, rpm SA, deg BTDC Load 

1 1200 0/9 Part 

2 1200 0/6 High 

3 1400 0/7 Part 

4 1400 0/5 High 

5 1600 0/5 Part 

6 1600 0/5 High 

Table 1: Test conditions. 

 

Due to cycle-by-cycle variations occurring during the combustion process of a SI engine, it is expected 

that faster-than-average cycles are most likely to knock. Therefore, knock detection procedures need to be 

applied on a statistical basis, taking into account the current percentage of knocking cycles. To this aim, 
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acquisition time was set to 60s for each test point, which allowed to collect more than 500 consecutive 

engine cycles for each operating condition.  

Figure 1 shows an example of the acquired data with reference to the 133rd engine cycle at 1300 rpm, part 

load, in knock (SA=10.5 deg BTDC) and no knock (SA=3.5 deg BTDC) conditions. It can be observed 

that in knock condition the high vibration amplitudes are phased with the knock signature clearly evident 

in the pressure cycle, meaning that the accelerometer was correctly positioned so as to locate knock event 

in time reducing any possible time delay related to the propagation of pressure oscillations through the 

engine block. 

 

Figure 1: In-cylinder pressure and vibrational signals for to the 133rd cycle acquired at 1400 rpm, part 

load, SA=7 deg BTDC (knock condition) and SA=0 deg BTDC (no knock condition). 

3 Vibration-based methodology 

3.1 ARMA model 

The Auto Regressive and Moving Average (ARMA) model is recognized as one of the most important 

polynomial models, widely used in system identification and in fault diagnosis problems. It represents a 

simple form of the generalized notion of transfer functions used to express the relationship between the 

input, the output and the noise of a system [9]. The methodology allows to model with reasonable 

accuracy a time series, representing it as a linear combination of a specified number (model order) of 

previous samples (AR property) adding a disturbance term in the form of a Moving Average (MA) of 

white noise.  

The ARMA model structure is given by: 

 𝑦(𝑡) + 𝑎1𝑦(𝑡 − 1) + ⋯+ 𝑎𝑛𝑦(𝑡 − 𝑛) = 𝑏1𝑒(𝑡 − 1) + ⋯+ 𝑏𝑚𝑒(𝑡 − 𝑚) + 𝑒(𝑡)           (1) 

where  

• y(t) is the output at time t, 

• n is the model order (the number of poles), 

• m is the number of disturbance coefficients, 

• y(t-1)…y(t-n) are the previous outputs on which the current output depends, 

• e(t-1)…e(t-m) are the white-noise disturbance values. 
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In order to build-up an accurate ARMA model, the number of coefficients and their value need to be 

proper estimated. For specified AR and MA orders, the an and bm coefficients have to be selected in order 

to minimize the prediction error e(t). The reliability level of the ARMA model is then synthesized in terms 

of variance of the disturbance function (noise variance, σ2). The smaller the variance, the better the 

estimated model fits the time series. On the contrary, changes in the variance of the prediction error 

identify the presence of physical phenomena altering the characteristics of the time series. This peculiarity 

can be used to identify the onset of knock phenomena during engine operation. Hence, in the paper the 

ARMA modelling technique was used to reconstruct the engine block vibration data which in this case can 

be considered as the time series y(t) directly affected by an external disturbance e(t), i.e. knocking. 

Changes in the time series will cause some deviations of the noise variance from its mean value. By 

monitoring the noise variance level, identifiable as a knock index, it is thus possible to detect the knock 

occurrence even in the case of low knock intensity. 

The correct number of ARMA model coefficients was chosen, so as to yield a model with the simplest 

structure and the smallest number of adjustable parameters that can achieve the desired accuracy. To this 

aim, the measure of model quality provided by the Akaike's Information Criterion (AIC) was assessed [7]. 

Therefore, different models of the vibration time series in a knock-free operation were computed by 

varying the AR and MA orders from 1 to 5, and then compared using this criterion. Figure 2 shows the 

AIC surface resulting from the application of the algorithm in the knock-free test condition #2 (see Table 

1). Taking into account that, according to Akaike's theory the most accurate model has the smallest AIC, 

the fit initially improves and AIC rapidly reduces by increasing both AR and MA orders and thus the 

flexibility of the model structure. Negligible AIC variations are progressively obtained by further 

increasing the orders value. The minimum AIC value is obtained with n=4, m=1. 

 

Figure 2: AIC surface with nmax=mmax=5. Optimal orders: n=4, m=1. 

Figure 3 shows the comparison plot between the measured and the model-reconstructed vibration signals 

in EOP #2 over the CA window [0,40] deg. It definitely validates the identified ARMA model, indicating 

high confidence in the estimation. Similar results were also obtained for the other no-knock conditions. 
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Figure 3: Comparison between the measured and the model reconstructed accelerometer signals (EOP #2). 

Once the ARMA model was set up as described, it was applied all over the investigated operating 

conditions. Results will be presented in Section 5. 

4 Pressure-based methodology 

In order to verify the ARMA model outcomes, an accurate knock detection method based on in-cylinder 

pressure analysis was also performed. In many direct methods, knock occurrence is identified through a 

proper analysis of in-cylinder pressure signals in frequency domain. After a band-pass filtering, the 

pressure signals are rectified and processed to give proper knock indices. In the paper, the Integral of 

Modulus of Pressure Oscillations (IMPO) index was derived for all engine operating conditions.  

IMPO is an integral index which derives from the integration of a signal portion. Specifically, it is defined 

as the integral of the filtered pressure signal absolute value, calculated in a proper crank angle window 

including the combustion [8]: 

𝐼𝑀𝑃𝑂 =
1

𝑁
∑ ∫ |�̂�|𝑑𝜃

𝜃0+𝛿

𝜃0

𝑁
1             (2)  

In the definition N is the number of samples in the calculation window, 𝜃0 is the first crank angle value of 

the window; 𝛿 is the window width, �̂� is the filtered in-cylinder pressure.   

In this case in-cylinder pressure signals, calculated in the knock CA window [0,40] deg, were filtered 

using a band-pass filter with cut frequencies 4-60 kHz. 

5 Results analysis and discussion 

The previously described methodologies were applied for analyzing 200 consecutive engine operating 

cycles for each investigated operating condition.  

An overview of the ARMA model results obtained for each of the 200 experimentally acquired vibration 

cycle (vertical dots), in all engine operating conditions, is shown in Figure 4. Thanks to a proper tuning of 

the ARMA model, no cycle-by-cycle variations of the noise variance are visible for the knock-free 
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conditions. As expected, significant variations are found in the conditions characterized by the most 

advanced spark time.  

 

(a)       (b) 

Figure 4: Noise Variance values at all investigated engine conditions, (a) part load and (b) high load. 

In a similar way, results in terms of IMPO knock index are plotted in Figure 5. Due to the extremely 

different processing techniques, results in terms of raw indices cannot be adequately compared. 

 

(a)       (b) 

Figure 5: IMPO values at all investigated engine conditions, (a) part load and (b) high load. 

In order the establish an accurate comparison between the two approaches proving the effectiveness of the 

ARMA model, a limit threshold level for both knock indices was properly set. A unique procedure able to 

compare results obtained from such different methodologies is needed. Taking into account that, due to 

cycle-by-cycle variations, knock detection procedures are applied on a statistical basis, a possible way to 

define a knock threshold consists in normalizing the current knock index value with respect to the average 

of a certain number of previous values. A constant limit threshold of the normalized index can be then set, 

on the basis of the safety level to ensure. In this case, the relative indices were calculated over 20 past 

values of the knock indexes (Noise Variance and IMPO) and the limit threshold of the relative indices was 

set to 2 for IMPO-based approach and to 2.5 for ARMA-based one. The choice was supported by a deep 

analysis of the acquired in-cylinder pressure signals. The percentages of knocking cycles detected by the 
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two methodologies are compared in Figure 6. A good agreement is achieved with differences lower than 

2%. Thanks to the optimal choice of the threshold levels, it is thus possible to obtain vibration-based 

percentages very close to those computed by the pressure-based approach.  

  

(a)       (b) 

Figure 6: ARMA- and IMPO-based knocking cycles percentage in knock conditions, (a) part load and (b) 

high load. 

For a further check of ARMA model sensitivity, the cycle-by-cycle variation of the two relative knock 

indexes for one of the knocking condition at part load (1400 rpm SA=7 deg BTDC), is compared in Figure 

7. Despite some local differences, a substantial agreement on the cycle-by-cycle trend can be observed.   

 

Figure 7: ARMA and IMPO derived relative knock indices at 1400 rpm, part load, SA=7 deg BTDC. 

A higher accuracy of ARMA model in measuring knock intensity with respect to pressure-based method 

also emerged. In Figure 8(a,b) three different in-cylinder pressure cycles are identified, in terms of both 

Noise Variance and IMPO relative knock indices. A direct check of the related in-cylinder and vibration 

data is performed in Figure 9(a,b). The plot in Figure 9(b) confirms that cycles #53 and #99 present almost 

comparable knock intensity levels, as properly highlighted by ARMA-based values in Figure 8(a). The 

same result is not attained by IMPO analysis, which levels the knock intensity of cycles #98 and #99. 

Figure 9(a) demonstrates indeed that lower-amplitude pressure oscillations characterize cycle #98, as also 

shown by the substantial difference in the vibration signature of the two cycles. 
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(a)       (b) 

Figure 8: Relative knock indices and thresholds at 1400 rpm, part load, SA=7 deg BTDC. 

A careful analysis of all obtained results finally led to conclude that, if properly tuned, ARMA model is 

able to correctly detect knock occurrence and to measure its intensity with high accuracy. Moreover, the 

methodology turned out to be more sensitive even to small knock intensity differences, if compared to a 

typical pressure-based approach.   

 

Figure 9: In-cylinder pressure and vibrational signals acquired at 1400 rpm, part load and SA=7 deg 

BTDC, (a) cycles #98 and #99, (b) cycles #53 and #99. 

To prove the potential of ARMA technique for on-board knock control purposes, the model results were 

also compared to the outputs of a standard processing of the knock sensor signal. This latter relies on a 

frequency domain analysis. Similarly to IMPO, filtration, rectification, and integration in a defined knock 

sensitive window are the main steps of the procedure, which allows to yield the so-called Integral of 

Modulus of Accelerometer Oscillations (IMAO) [7]. To compute the index, the same windowing and 

band-pass filter than previous IMPO analysis were utlized. For the comparison, also IMAO values were 

expressed as relative values. Results were analyzed in terms of correlation plots, reported in Figure 10 for 

the EOPs in knocking conditions. As can be easily seen, a good linear correlation exists between the two 

relative indices, whose coefficient of determination in each condition is never below 0.69.   
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Figure 10: Correlation plots between the relative Noise Variance and IMAO knock indices. 

Knock occurrence is hence detected by ARMA model similarly to a frequency domain processing of a 

conventional knock sensor. Deviations may be due to the different characteristics and mounting positions 

of the two acceleration sensors.  

6 Conclusion and future developments 

In this paper a proper engine-knock detection algorithm is presented. The methodology relies on the 

implementation of an Auto Regressive Moving Average (ARMA) model of the vibrational signal acquired 

by an accelerometer placed on the engine cylinder block. Results proved the effectiveness of the model, 

which is able to correctly detect knock occurrence and to measure its intensity with high accuracy. The 

approach turned out to be more sensitive even to small knock intensity differences, if compared to a 

typical pressure-based approach. The high correlation with a standard frequency processing of the knock 

sensor output definitely led to consider the possibility to use the model as a valid and effective alternative 

for developing more sophisticated knock control strategies in SI engines. Even though the methodology 

requires a careful preliminary set-up and tuning of the model, it would allow to overcome one of the 

limitations of the standard processing of the knock sensor signal, represented by the requirement of a 

different sensor tuning for each engine type due to variations in the characteristic frequency.  

Further analyses will be carried out in order to test the methodology on other engines, assessing the impact 

of the sensor mounting position on the model performance as well.  
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Abstract 
Rain, even shortfall rain, can adversely influence road safety. Currently, most methods for the detection of 

slippery road conditions require considerable excitation – by braking or steering – of the tyre forces. Thus, 

the safety margin between detection and reaction is minimal and dangerous situations can occur, for example 

hydroplaning. In this study, we explore the detection of wet road conditions by utilising a relatively 

inexpensive technology, acoustic measurements. A vehicle instrumented with a microphone, GPS and CAN 

bus data logger was driven at a wide range of speeds and for different road wetness conditions. A wet road 

surface detector for high and low speeds was developed and evaluated. The detector included a ground-truth 

database that was constructed by combining speed, road surface condition and audio features. The 

classification results by testing the performances of different machine learning algorithms on the database 

are discussed. The best results were obtained with Support Vector Machines. 

1 Introduction 

Weather conditions adversely affect road safety. Wet or otherwise slippery roads influence the road grip 

capacity of vehicles, as most road users probably know from experience. Slippery roads may be caused by 

rainfall, snow or ice, or by wet leaves in the autumn. In the USA, on average, there are over 5.7 million 

vehicle crashes each year. Approximately a quarter of these crashes are weather-related. On average, nearly 

6,000 people are killed, and over 445,000 people are injured in weather-related crashes each yeari.

Weather-related crashes are defined as those crashes that occur in adverse weather for example rain, sleet, 

snow, fog, severe crosswinds, blowing snow/sand/debris or on the slippery pavement (wet pavement, 

snowy/slushy pavement, or icy pavement). The vast majority of most weather-related accidents happen on 

wet pavement and during rainfall: 73% on wet pavement and 46% during rainfall. A much smaller 

percentage of weather-related crashes occur during winter conditions: 17% during snow or sleet, 13% occur 

on icy pavement, and 14% of weather-related crashes take place on snowy or slushy pavement. Only 3% 

happen in the presence of fog. Omranian et al. (2018) recently reported that rainfall increases crash risk by 

about 57%. Regarding EU, the total cost of weather-related road deaths in Europe is over £15bn per year. 

10% of the fatal road accidents happen during rainfall and only 1% due to snow, sleet or hail2. 

Approximately 43% of those who die are pedestrians, motorcyclists and cyclists who are Vulnerable Road 

Users. Motorcycle fatalities are highly dependent on weather and account for 15% of the total deaths3.  

The condition of the road surface is also important for vehicle’s Active Safety Systems, including Advanced 

Driver Assistance Systems (ADAS) and Autonomous Driving (AD). The decision logic of Adaptive Cruise 

Control (ACC) and Collision Avoidance System (CAS) is heavily dependent on the Time-To-Collision 

metric, which is a direct function of the road friction value. Ghandour et al. (2010) discussed the importance 
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of road condition adaptable ADAS and the need to estimate the tyre-road friction value under any driving 

condition. Singh and Taheri (2014) studied how much Anti-lock Braking System (ABS) and Collison 

Avoidance Systems (CAS) can benefit, if the road friction value is known beforehand. It was found that 

substantial performance improvements can be achieved, for example the braking distance using ABS can 

be shortened by over 2 𝑚 and the relative impact speed using a CAS can be reduced by 9.5 𝑚/𝑠. Gordon 

and Lidberg (2015) pointed out the importance of friction knowledge for Autonomous Driving, including 

the one for vehicle control at the limits of handling. As highlighted by Olofsson et al. (2013), the optimal 

vehicle path at the limits of handling is invariant to the road conditions; therefore there is only one way for 

optimally controlling the vehicle: by knowing the road grip and taking action before the vehicle 

maneuverability is lost (Acosta, 2017).  

Acosta, Kanarachos and Blundell (2018) provide a comprehensive review of the available road-friction 

estimation methods, based on “cause and effect”. Most of the “cause and effect” methods require 

considerable excitation – by braking or steering – of the tyre forces. The main disadvantage of these methods 

is that the safety margin between detection and reaction is minimal. Thus, a dangerous situation may occur, 

for example hydroplaning. Furthermore, it is not possible to adapt pro-actively the operation of ADAS and 

AD systems, for example in platooning or Autonomous Emergency Braking (AEB). To this end, several 

methods for detecting the road friction, without requiring considerable excitation force have been explored. 

Panhuber et al. (2016) investigated the use of an onboard camera and various classifiers. Jonsson et al. 

(2015) have explored the use of a near-infrared camera. Bystrov et al. (2017) employed a 24 GHz radar and 

40 kHz ultrasonic sensor. Tuononen et al. (2009) used an optical sensor for detecting aquaplaning. Matlainen 

et al. (2011) used tie-rod force measurements for estimating the road friction, while Niskanen (2015) 

employed accelerometers embedded on the inner liner of a tyre. 

This paper contributes to the field of wet road detection by introducing a speed dependent detector using 

Support Vector Machines. For this, we used acoustic measurements near the tyre, octave-band frequency 

analysis and compared several machine learning algorithms. Our focus was at very low excitation levels, 

for example when driving at steady speed. For this, an experimental investigation took place at Coventry, 

UK. A vehicle instrumented with a microphone, GPS and CAN bus data logger was driven at a wide range 

of speeds and for different road wetness conditions. The potential of the developed road wetness detector is 

significant from a road safety and ADAS development point of view. First, the proposed solution is based 

on a relatively inexpensive technology and are expected to be widely used in AD; thus wide-scale 

implementation is possible4. Second, they can improve the reliability of road wetness detection by 

supporting detections in scenarios where other detectors do not perform well or serve as a second voter. 

The rest of the paper is structured as follows. The second chapter focuses on related work in acoustic 

measurements and road wetness detection. The third chapter details the experimental set-up and the data 

generation. The fourth chapter presents the machine learning algorithms used and the results. Finally, 

conclusions and future research directions are given. 

2 Related work 

Rain influences road friction in different ways. As tyres move over a wet surface, the water fills in the tiny 

pits in the road surface, effectively smoothing out the surface (Ressel, 2017). There are also substances on 

roads that can lead to a loss of friction when water is added. For example, most dry roads contain a layer of 

tar, rubber, and oil. When it starts to rain, these substances can mix with the water, creating a greasy layer 

that can be very slippery. Another case is that of third bodies sticking on the road surface, like wet leaves. 

Eventually, on wet road surfaces, the adhesive forces (direct contact between the tyre and road) and part of 

the tyre forces due to hysteresis (road surface micro-roughness) is lost. The actual friction loss also depends 

on the speed of the vehicle, as the force generation mechanism is different at low and high velocities (Al-

Assi, 2017). In the worst case, if there is a lot of water on the road, including standing water in puddles, the 

vehicle is moving at least with a moderate speed (> 13.88 𝑚/𝑠) and there is insufficient tyre tread depth 

then the tyre cannot remove the complete volume of water between the tyre and road. In these cases, tyres 

can completely lose contact with the road surface and start sliding (Li et al., 2015). When this occurs, it is 

called hydroplaning or aquaplaning, and it can be hazardous.  
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Tyre-road noise depends on a number of parameters that characterize either the tyre, the road or the interface 

between them. Bezemer-Krijnen et al. (2016) studied the influence of two key tyre tread parameters, the air-

ratio and pattern-continuity. For this, a range of tests was conducted in a controlled environment for a set of 

road surfaces and tyres. The tyre tread type heavily influenced the generated noise levels and different 

sensitivities for the frequencies 500, 1000 and 2000 Hz were recorded for each road surface type. The tyre 

tread was more influential for frequencies close to 1000 Hz, while the road porosity for frequencies close to 

2000 Hz. Kindt, De Coninck, Sas, and Desmet (2007) investigated the influence of road undulations on tyre-

road noise. Tests were conducted in a laboratory environment and speeds up to 8.33 𝑚/𝑠 (30 𝑘𝑚/ℎ) were 

achieved. The sound pressure was measured at a radial distance of 100 mm from the tyre surface. The sound 

pressure spectrum showed a dominant peak at 80,8 𝐻𝑧, which corresponded to the 1st vertical tyre resonance. 

Smaller peaks appeared at other resonance frequencies of the tyre, in the range 49-230 Hz. The spectral 

content of the radiated noise showed no important components at frequencies above 500 Hz. Therefore, it 

was concluded that the whole tyre vibrations were causing the radiated noise. The radiated noise in the 

frequency range up to 500 Hz is not influenced by the tread pattern, but only on the tyre construction. 

Mioduszeski measured the influence of speed on tyre/road noise spectra and illustrated that the exterior 

tyre/road noise was proportional to the logarithm of the speed5.  

The presence of water on the road is also an important factor of tyre-road noise but has not been studied in 

the same depth as other parameters. Cai et al. (2017) measured traffic noise on wet and dry road surfaces 

and found that the noise level increases by up to 10.09 dB due to road wetness. Furthermore, the results 

showed that for the wet road asphalt the sound pressure level is high at high frequency and low at low 

frequency, which was completely different from the response on a dry asphalt road. In addition, for a wet 

asphalt road the noise energy percentage changes little with speed, while for dry asphalt road, the vehicle’s 

noise energy percentage at low frequency decreases as the speed increases, whereas at high frequency, the 

percentage increases as the speed grows. Boyraz [46,131] presented an acoustic-based approach for 

automatically distinguishing different road surface types (asphalt, gravel, snowed and stone). Neural 

Networks were used for this purpose and a 91% accuracy was achieved in the worst case. The acoustic data 

were collected using a cardioid microphone. The microphone was installed on the suspension strut of a small 

electric vehicle. Data were collected at low constant vehicle speeds 2.77–8.33 m/s (10–30 km/h). Boyraz et 

al. processed the audio signals and extracted features such as linear predictive coefficients (LPC), mel-

frequency cepstrum coefficients (MFCC) and power spectrum coefficients (PSC) for the classification task. 

The features were extracted using time windows of 0.02, 0.05 and 0.1 s to facilitate real-time application. 

Alonso et al. (2014) presented a method for wet road surface conditions using Support Vector Machines. 

Trials in a controlled environment were conducted using an instrumented passenger vehicle, on the chassis 

of which an electret microphone was installed. Measurements took place on dry and then on wet asphalt. 

The method was validated for vehicle speeds between 8.33–19.44 m/s (30–70 km/h). The audio samples 

were processed in chunks by a 1/3 octave filter band, in the frequency range from 20 Hz to 20 kHz. Two 

different methods were applied for selecting the most informative features, which were then used to train a 

Support Vector Machine (SVM). The experimental results showed that when the vehicle was driven on the 

wet asphalt, the noise level increased. The level increase was noticeably higher in the 500 Hz to 8 kHz range. 

The proposed classifier had no misses for the wet asphalt status detection, and less than 12% misses for the 

wet to dry transition. Abdic et al. (2017) employed a deep learning approach for detecting road wetness 

using audio signals. For this they acquired approximately 800000 bins of audio, recorded while driving in a 

range of road surfaces, traffic conditions, precipitation levels, and speeds. A Long-Short-Term-Memory 

Recurrent Neural Network (LSTM-RNN) was developed using as inputs spectral features (0- 8000 Hz) 

computed using the short-time Fourier Transform. Each spectrogram had been converted to the Mel-

Frequency scale. Detection of road wetness was achieved with a 93.2 % accuracy in the worst case. 

3 Methods and tools  

We employed a portable experimental setup and simultaneously recorded the sound generated by the tyres, 

the vehicle GPS position and speed. Six experiments took place at a wide range of speeds and for different 

road surface and wetness conditions. Each test had a length of approximately 25 minutes. A ground-truth 

annotated database for the different labelled classes of road wetness was constructed. Various machine 
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learning classification algorithms were trialled to obtain the discrimination accuracy of the different 

algorithms. Furthermore, we analysed and identified the most significant audio features (principal 

components). 

3.1 Experimental set up and data acquisition 

The tyre-road noise was recorded with a microphone, mounted at a close distance to the tyre-road interface. 

Figure 1 shows the position of the microphone. Since sound waves travel almost omnidirectional, the side 

that is affected less by water spraying when the vehicle is moving on a wet surface was preferred. 

Furthermore, we selected to place the microphone close to the rear left tyre, as this tyre was the most distant 

from the engine and exhaust system. We covered the microphone with a waterproof film and a windshield 

to protect it from the water spray. For consistency, we kept the protection even during the experiments on 

the dry road surfaces. The microphone used (Vivanco EM35) was an electret condenser type powered by an 

AA 1.5-volt battery. It is a low cost but good quality clip-on microphone with a wide frequency response 

for the entyre audible spectrum. 

A digital audio recorder (Zoom H1), manually controlled from the inside of the vehicle, was used to record 

the audio signals in uncompressed PCM *.wav. We selected a sampling rate of 44.1 𝑘𝐻𝑧, because a higher 

sample-rate would result in larger data sizes, however without offering more information. A 24-bit depth 

was set for the digital coding of the samples so that the dynamic range was high enough and there was no 

need to adjust and change the input gain and the recording level throughout the entyre experimental process. 

In fact, the input gain was initially set during pilot experimental routes to obtain appropriate recording levels 

so that no clipping occurs and after that, it remained unchanged for all experiments.  

The vehicle GPS position and speed were acquired using Racelogic’s Videobox data logging system. Figure 

2 illustrates a log of vehicle speed during one of the experiments conducted. A wide range of speeds was 

achieved. Simultaneously with the GPS position and speed we video recorded the road in front of the vehicle 

using a forward-facing camera. Furthermore, CAN-bus signals, including the wheel speed, braking pedal 

position, acceleration pedal position, accelerometer and yaw rate, were retrieved from the vehicle’s On-

Board-Diagnostics (OBD) interface. The retrieved data were used to establish the ground truth database.  

 

Figure 1: Microphone position during the field trials 
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Figure 2: Vehicle speed during one of the naturalistic field trials. 

First, we executed two pilot trials to calibrate the equipment. Then six field trials took place on public roads 

and under real traffic conditions. We collected data on dry road, wet road while raining and wet road 

following a shortfall rain.   

From the whole set of experimental data, we selected three experiments for constructing the ground-truth 

database. The criteria for choosing the three routes were on the one hand the similarity of the vehicle route 

and on the other hand the differences in weather and road surface conditions (i.e. wet, slightly wet, dry). In 

some cases, it was difficult to retain all parameters needed to be constant because the experiments were 

conducted in a non-controlled environment. For example, the vehicle speed on the highway varied because 

of the different traffic situations. 

An illustration of the three routes that were finally selected for further analysis is provided in Figure 3. 

 

 

Figure 3: The vehicle trajectory in the three field experiments at Coventry, U.K.  

3.2 Data processing and labelling 

Before proceeding with the classification experiments, a preprocessing step was involved in which we 

removed redundant data such as start-stop pauses, and preparation intervals. Furthermore, to avoid extra 

data load the audio recordings were transcoded into a PCM *.wav format with a sampling rate of 44.1 kHz 

and a 16-bit depth dynamic range. 
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As already mentioned, the present study presents the classification results for three different road wetness 

conditions, for which the following 3-class annotation scheme was selected: 

• 3.15wet1: A recording that was conducted on 15 March 2018 on wet road surface conditions during 

light rain. 

• 4.13wet2: A recording that took place on 13 April 1018 on damp road surface conditions. In 

particular, the experiments were conducted following a shortfall rain. 

• 5.15dry: A recording that was captured on 15 May 2018 on a completely dry road surface. 

Since the feature extraction procedure demands a proper segmentation of the prolonged recordings, we 

decided to use a segmentation time window of 100 𝑚𝑠. The main reason for choosing this window length 

is that the tyre sounds are quasi-stationary signals and since the current research is focused on changes of 

the frequency distribution of the tyre sounds as the road surface wetness or dryness change, a time window 

offering a proper frequency resolution (10 𝐻𝑧) should be selected. The selected segmentation window is 

also aligned with the GPS and vehicle speed sampling rates. Finally yet importantly, a segmentation length 

of 100 𝑚𝑠 it is adequate from a road safety point of view, under the condition that the task is to identify the 

condition of the road wetness for low levels of tyre excitation. 

3.3 Feature extraction 

A variety of distinctive properties can be extracted from audio samples, from either the time or spectral 

domain signal representation. Since the interest lies in the detection of dry or wet road surface conditions, 

the investigation of changes in the quasi-stationary form of the signal is more appropriate. Time-domain 

properties such as zero-crossing rate, number of signal peaks, statistics etc. are not suitable for the 

classification task in this work (Lartillot et al., 2007, Kotsakis et al., 2012a, Kotsakis et al., 2012b). 

We decided to perform the classification task via the spectral analysis of the captured audio content, in 

particular by exploiting the frequency-domain properties for each audio sample (with duration 100ms). The 

feature vector included the energy-related parameters of the audio signals in predefined spectral bands. 

Several experiments were conducted while testing the efficiency of linearly-spaced versus octave spectrum 

representation for the computation of frequency bands energies (Lartillot et al., 2007). The comparisons 

revealed that octave-band features presented a better performance, since the linear audio signal brightness 

properties were strongly correlated to the octave-band ones without any additive value (Lartillot et al., 2007, 

Kotsakis et al., 2012a, Kotsakis et al., 2012b).  

Specifically, the audio spectrum of each audio sample was divided into 11 octave bands with central 

frequencies as shown in Table 1, while the range of each octave band has an upper frequency that is twice 

that of the lower one (ANSI S1.11). Based on the defined octave bands, an Infinite Impulse Response (IIR) 

bandpass Butterworth filter (order 4) was imposed on each audio sample, which returns each audio sample 

withholding only the corresponding frequencies (Bianchi, G.  and Sorrentino, R, 2007). Finally, a Fast 

Fourier Transform (FFT) was applied into the processed samples for each octave band, in order to calculate 

the FFT coefficients, from which the RMS (Root Mean Square) energy was computed for each octave band 

as the square root of the average of the sum of the squared values of the FFT coefficients. The 

aforementioned vector of RMS energies for each octave band was extracted, using MATLAB 2017a and 

the Machine Learning Toolbox, with the following notation: 

 

Band 

Nominal 

Centre  

Frequency 

Calculated 

Centre 

Frequency 

Lower 

Band 

Limit 

Upper 

Band 

Limit 

1 16 Hz 15.625 Hz 11 Hz 22 Hz 

2 31.5 Hz 31.25 Hz 22 Hz 44 Hz 

3 63 Hz 62.5 Hz 44 Hz 88 Hz 
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4 125 Hz 125 Hz 88 Hz 177 Hz 

5 250 Hz 250 Hz 177 Hz 355 Hz 

6 500 Hz 500 Hz 355 Hz 710 Hz 

7 1000 Hz 1000 Hz 710 Hz 1420 Hz 

8 2000 Hz 2000 Hz 1420 Hz 2840 Hz 

9 4000 Hz 4000 Hz 2840 Hz 5680 Hz 

10 8000 Hz 8000 Hz 5680 Hz 11360 Hz 

11 16000 Hz 16000 Hz 11360 Hz 22720 Hz 

Table 1: Octave bands for extracting the energy features of the audio signal 

The ground-truth database for the machine learning experiments was constructed using the octave-band 

features of the audio signals obtained in the field trials “3.15wet1”, “4.13wet2” and “5.15dry”. 

4 Results and discussion  

The first classification attempt included all sound segments that corresponded to speeds ranging from 

10km/h up to the maximum recorded speed (i.e. 108.2km/h). The classification scheme included the three 

classes 3-15wet1, 4-13wet2, 5-15dry, presented in Section 3. In total, 22 classification algorithms were 

trialed using as inputs the 11 octave band filtering energies. The classification was performed using Matlab 

2017a Classification Learner App. 

For the classification we employed the %-split training method. We preferred this method rather than the k-

fold training method, because of the large dataset size. The %-split method splits the data in two separate 

subsets. One part of the data is used for the training of the algorithm (i.e. training data) and the rest of the 

data is used for prediction and evaluation of the classification accuracy (i.e. control data). An efficient ratio 

of 75% training data to 25% control data split was therefore selected and used for each one of the 22 

classification algorithms that were checked. It is highlighted that the same 75-25% split ratio was used in 

all tests for all classification attempts and all classification schemes. 

In the first classification attempt the Quadratic SVM algorithm performed with the best accuracy of 81% 

(Joachims, 1999; González-Mendoza, 2005). From the confusion matrix results shown in Figure 4 it is clear 

the class 3-15wet1 is better categorized than class 5-15dry, and class 4-13wet2 but less than class 5-15dry. 

This seems reasonable since for the 3-15wet1 experiment the road surface was much wet than for the 4-

13wet2 experiment.  

We further investigated the above observation, by utilising binary classification schemes in the second 

classification attempt. The three classes were checked in pairs for the same speed range (10km/h to 

maximum) and the Quadratic SVM again performed best with an accuracy of 92.3% giving the best 

discrimination for the pair of flooded versus dry surfaces and the worst discrimination for the pair of slightly 

wet versus dry surfaces as was expected. The results of the second classification attempt are shown in Figure 

5. 

In the next classification attempts, the data were classified in “highway” and “city” driving, taking into 

account the vehicle speed and GPS location. For the highway driving condition, speeds ranging from 80 

𝑘𝑚/ℎ up to 108.2  𝑘𝑚/ℎ and for the city driving condition speeds ranging from 10 to 40 𝑘𝑚/ℎ were 

considered respectively. The two conditions were separately checked with the classification algorithms for 

the same as before three schemes first and the binary schemes after. In Figure 6 speed data selected for the 

highway driving condition are plotted. 

The Quadratic SVM algorithm again performed best for the 3-class scheme with an overall accuracy of 

86.3%. The resulted confusion matrix is shown in Figure 7. For the binary 2-class schemes the best 
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performance was observed for the pair 3-15wet versus 5-15dry i.e. wet versus dry with an accuracy of 98.4%. 

The resulted confusion matrix is shown in Figure 8. It is worth noting that for this binary 2-class scheme 

that had the best performance three algorithms i.e. Logistic Regression, Quadratic SVM and Cubic SVM  

resulted to this same overall accuracy of 98% as shown in Figure 9. 

 

Figure 4: Confusion matrix of the SVM classification for the three experiments (3-class scheme) and 

speeds from 10km/h to maximum 

  

Figure 5: Confusion matrix of the SVM classification in pairs (binary 2-class scheme) for speeds from 10 

𝑘𝑚/ℎ to the maximum achieved (a) best prediction 3-15wet1 versus  , (b) worst prediction 4-13wet2 

versus 5-15dry 
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Figure 6: Data selected for the highway driving condition for speeds ranging from 80 𝑘𝑚/ℎ up to the 

maximum achieved for each experiment 

 

 
Figure 7: Confusion matrix of the SVM classification for the three experiments (3-class scheme) at the 

highway driving condition for speeds ranging from 80km/h up to the maximum 

 

 
Figure 8: Best prediction 3-15wet1 versus 5-15dry confusion matrix of the SVM classification in pairs 

(binary 2-class scheme) at the highway driving condition for speeds ranging from 80 𝑘𝑚/ℎ up to the 

maximum 

For the city driving cases, speeds ranging from 10 to 40 𝑘𝑚/ℎ, similar in classification performance results 

were obtained. Quadratic SVM performed best with an accuracy of 84.4% for the 3-class scheme in the city 

driving condition, Figure 9. For the binary 2-class scheme the best prediction was again for the same pair 3-

15wet versus 5-15dry i.e. flooded versus dry. In this case the Cubic SVM algorithm performed best with an 
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accuracy of 93.7%, in Figure 10 slightly better than that of Quadratic SVM algorithm with an accuracy of 

93%. 

 

Figure 9: Confusion matrix of the SVM classification for the three experiments (3-class scheme) at the 

city driving condition for speeds ranging from 10 to 40 km/h 

 

 

Figure 10: Best prediction (3-15wet1 versus 5-15dry) confusion matrix of the SVM classification in pairs 

(binary 2-class scheme) at the city driving condition for speeds ranging from 10 to 40 km/h 

 

4.1 Feature ranking 

In order to get further insight regarding the classification accuracy and the features that enable the 

discrimination between the classes 3-15wet1, 4-13wet2, and 5-15dry, a feature significance analysis was 

conducted. For this reason, the specialized evaluation algorithm “OneR Attribute Evaluation” in WEKA 3.7 

Data Mining Software was implemented that functions as follows (Witten et al., 2016): 

 

1: For each input variable/ feature: 

2: For each value of audio property: 
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3: The number of appearances of each output class is counted 

4: The most frequent class is detected 

5: The current feature value is assigned to this class 

6: The total error of the above rule is computed for each feature 

7: The ranking is executed from the features with smallest to higher total errors 

Table 2: Pseudocode for feature ranking 

 

 City 
10-40km/h 

Highway 
80km/h-max 

Overall 
10km/h-max 

1 Oct125Hz Oct500Hz Oct2kHz 

2 Oct250Hz Oct250Hz Oct62.5 

3 Oct62.5 Oct125Hz Oct4kHz 

4 Oct500Hz Oct62.5 Oct31.25 

5 Oct31.25 Oct31.25 Oct125Hz 

6 Oct1kHz Oct1kHz Oct15.625 

7 Oct16kHz Oct16kHz Oct1kHz 

8 Oct2kHz Oct4kHz Oct250Hz 

9 Oct8kHz Oct8kHz Oct500Hz 

10 Oct15.625 Oct2kHz Oct8kHz 

11 Oct4kHz Oct15.625 Oct16kHz 

Table 3: Feature ranking for different speed ranges via the OneR Attribute Evaluation algorithm 

 

5 Conclusions and future work 

In this study, the feasibility of acoustic measurements and machine learning algorithms for discriminating 

between dry, wet and damp road surfaces was investigated. The results show that the classification can be 

performed with relatively high accuracy, comparable to results presented elsewhere in the literature. 

Furthermore, we presented for the first time a speed-dependent classifier, which increases the classification 

accuracy and robustness of the classification task. The equipment required for obtaining the acoustic 

measurements and processing is relatively low-cost, which can be an enabler for its wide-scale 

implementation. The audio signal was processed in sliding windows of 100ms lengths which fitted well with 

the sampling rate of GPS data. 

There are certain weaknesses or limitations of the adopted procedure that need to be addressed in future 

work. As already mentioned, the route experiments were carried out on public roads and not in controlled 

environments. For this reason, experiments at specific conditions were difficult to obtain. Speed was one 

parameter that was heavily influenced. For example, the highway 3-15wet1 route was conducted with an 

average speed of approximately 100 km/h, while the other two highway routes had average speeds of 90 

km/h. More experiments are required that will allow us to increase the information richness of our database. 

This includes experiments with other vehicles and tyres, as well as road wetness conditions.  

Another research direction is the utilization of more audio channels, by using more microphones, with the 

purpose to apply noise cancellation techniques to reduce the effect of other noises for example the engine 

noise. The use of microphones with higher directivities or microphone arrays, where practically possible, 

could also be assessed as a mean to increase the classification accuracy. 
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Abstract
The vibration contributions due to early stage bearing faults are usually weak and masked by strong back-
ground noise and mechanical interferences. In this scenario, blind deconvolution algorithms, such as Max-
imum Correlated Kurtosis Deconvolution (MCKD) and Multipoint Optimal Minimum Entropy Deconvolu-
tion Adjusted (MOMEDA), can be exploited for extracting impulsive patterns in rotating machines. How-
ever, their effectiveness on monitoring the progressive degradation of rolling element bearings has not yet
been exhaustively studied. In this paper, the experimental data from an endurance test are investigated by
means of MCKD and MOMEDA. The results in terms of incipient fault detection and fault identification
accuracy are discussed from different perspectives, highlighting advantages and limits of these blind decon-
volution methods. Furthermore, this research proposes an original diagnostic protocol based on a condition
indicator and a non-parametric statistical threshold.

1 Introduction

One of the most frequently failures in rotating machines is represented by bearing faults. The early detection
and identification of bearing faults through vibration analysis is a powerful strategy in order to prevent
catastrophic failures and to reduce machine downtimes as well. However, the bearing fault identification
may be very challenging since the impulsive pattern generated by periodic impacts due to localized faults
is often masked by strong background noise, the dynamic response of the structure and other mechanical
interferences.

Over the years, several strategies have been proposed for the detection and identification of bearing faults.
The most popular signal processing technique for bearing fault identification is the envelope analysis. The
envelope analysis is based on extracting the diagnostic information carried by the amplitude modulations
caused by the bearing faults after filtering around a resonance frequency band in order to maximize the
Signal-to-Noise Ratio (SNR) [1]. Furthermore, many other signal processing techniques have been proposed
such as: second-order cyclostationary analysis [2], the (fast) kurtogram [3], Blind Deconvolution methods
(BD) [4] and a number of other approaches well summarized in Ref. [5].

The proposed research work is focused on BD algorithms which can be exploited in order to extract a source
exhibiting a specific statistical property only from a noisy observation (response), under the hypotheses that
the system is unknown and linear time-invariant. The first BD algorithm was introduced by Wiggins [6] in
the field of seismic. Its methodology, called Minimum Entropy Deconvolution (MED), blindly estimates an
inverse filter which maximizes the kurtosis of the source. It should be noted that even if the name recalls
the minimization of the entropy, MED is actually based on the maximization of the kurtosis. In other words,
the MED extracts the source having the highest kurtosis. The main limit of this method in rotating machine
diagnosis is that it tends to extract the most impulsive source rather than a pattern of periodic impulses, that
is how the local faults of rotating machines appear in vibration signals.
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McDonald et al. [9] improved the MED proposing a novel BD method, named Maximum Correlated Kurtosis
Deconvolution (MCKD), that is rooted on a novel criterion called Correlated Kurtosis (CK). The CK is a
criterion sensitive to the impulsiveness related with a certain repetition rate.

Recently, McDonald and Zao [10] proposed another BD method, called Multi-point Optimal Minimum
Entropy Deconvolution (MOMEDA) that is an improvement of the BD method proposed in Ref. [11] by
Cabrelli. The MOMEDA is based on a criterion called Multipoint Kurtosis (MK) and estimates an inverse
filter which minimizes the least square error between the response and the target source that is assumed as a
Dirac comb. The MED and the most recent methods, i.e. MCKD and MOMEDA, proved to be effective for
the fault identification in rotating machines, with particular reference to gears and bearings.

In particular, the final values of the BD criteria can be exploited for assessing the bearing condition. In this
direction, Sawalhi et al. [4] used the kurtosis values after performing MED in order to improve the sensitivity
of kurtosis to the bearing faults. Analogously, McDonald et al. [9] exploited the CK after performing MCKD
together with a threshold for surveying the condition of a multi-stage gearbox. Despite these promising
applications [4, 9], the use of BD methods for monitoring the progressive damage of the system has not yet
been exhaustively studied. For instance, the kurtosis is not sensitive to the bearing fault type or the indicator
variance can make their interpretation difficult. Thus, these aspects should be investigated in more detail.

This research proposes a diagnostic protocol based on MCKD and MOMEDA exploiting the criteria max-
imized by the BD algorithms combined with a non-parametric threshold based on the Tukey’s test. The
core of the proposed methodology is rooted on two novel indicators, called Cumulative Correlated Kurtosis
(CCK) and Cumulative Multipoint Kurtosis (CMK) that are derived from CK and MK, respectively.

These indicators overcomes the kurtosis since they allow for identifying the bearing fault being dependent on
the fault frequency. Moreover, the CCK and the CMK have two valuable properties for diagnostic purposes:
(i) as the sample size increases their variance decreases and (ii) being cumulative quantities, they can keep
track of the progressive damage of the bearing. This methodology is then particularly fit for industrial
applications which require clear data interpretation and early fault detection capability.

The proposed procedure is validated by using the run-to-failure test provided by the Center of Intelligent
Maintenance System (IMS) of the University of Cincinnati [12]. The results show that the CCK and the
CMK overcome the performance of the raw values of CK and MK in terms of early fault detection and
identification as well as bearing damage assessment. The results are presented and discussed in order to
enlighten the improvements introduced by the proposed method.

Section 2 reviews the application of BD algorithms for bearing fault identification, with a specific focus on
MCKD and MOMEDA. Section 3 addresses the new diagnostic method for the detection and identification
of rolling elements bearing faults through the definition of a novel condition indicator. Section 4 concerns
the experimental validation by using the IMS dataset. Finally Section 5 summarizes the final remarks.

2 Bearing fault identification through Blind Deconvolution algorithms

In general, the response due to a localized bearing fault occurring in a rotating machine can be modeled
as a train of impulses convolved with an Impulse Response Function (IRF) that depends on the vibration
transfer path between source and excitation. A scheme about how BD works on a simplified signal model
is depicted in Figure 1. The term ”simplified” refers to the fact that the bearing fault signatures consist
of a blend of random (cyclostationary) and periodic contributions [13] but, for the sake of simplicity, we
consider only the contribution of the transfer path and the background Gaussian noise. More details about
the principle of model bearing fault signatures and how to model them can be found in [14]. Figure 1
is a Single-Input-Single-Output (SISO) model that considers response x as a convolutive mixture of two
contributions: (i) a repetitive train of impulses s0 which refers to the excitation due to the local fault and (ii)
a Gaussian background noise n. Note that all these quantities are a function of time. Both are convolved with
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Figure 1: General scheme of blind deconvolution.

their respective impulse response functions depending on the system properties (transmission path, natural
frequencies and damping). The schematic in Figure 1 can be then formalized as follows:

x = s0 ∗ gs + n ∗ gn (1)

where gs and gn are the IRFs related to s0 and n, respectively and ∗ is the convolution operator.

Frequently, gs and gn are unknown and the goal of BD methods is to estimate the inverse filter h, assumed
to be a FIR filter, that enables the extraction of s0 just through a noisy observation x. The estimation of the
source of interest, s0, can be achieved considering an arbitrary criterion based on a prior assumption, e.g.
assuming that a certain statistical property is strictly related to the target source. Therefore, the BD finds h
such that:

s = x ∗ h ≈ s0 (2)

where s is the estimation of s0 by means of h. It is important to underline that the approximation symbol
refers to the fact that BD methods are not designed for the system identification but for estimating an inverse
filter which extracts the source that exhibits the maximum value of a given (statistical) criterion. This research
work focuses on two recent BD methods specifically designed for the diagnosis of rotating machines: the
MCKD and the MOMEDA. Both criteria have been proposed considering the fact that a criterion which
describes the degree of impulsiveness of a vibration signal, e.g. the kurtosis, is often inadequate to deal with
mechanical fault signatures. For instance, the vibration signature of a developed bearing fault is typically
described by an impulsive contribution which is characterized by a series of impulsive components repeated
according to the rotational frequency and the bearing kinematics. Thus, these criteria do not consider only
the impulsiveness of the vibration signature but also the repetition rate of the impulses. Thus, they are
particularly fit to detect bearing faults.

2.1 Maximum Correlated Kurtosis Deconvolution

The MCKD is an iterative BD algorithm that aims to estimate the source having maximum CK. Unlike the
kurtosis which measures the tailedness of a probability distribution and reaches its maximum with signals
having a dominant peak, the MCKD is sensitive to signal peakedness according to a given periodicity. The
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definition of CK is given in the following:

CKM =

N∑
n=1

( M∏
m=0

sn−mT

)2

( N∑
n=1

s2n

)M+1
(3)

where T is the impulse period and M the number of shifts. The CK combines two features typical of the
localized fault signatures, i.e. high kurtosis and repetitive occurrence of the fault. It should be noticed also
that the CK is a cyclostationary criterion. Indeed, the numerator of Equation (3) with M = 1 is nothing
but the autocorrelation function of the instantaneous power of the signal. In this particular case, the CK is
a measure of the degree of autocorrelation referenced to a given lag T . Therefore, the CK with M = 1
quantifies if the autocorrelation function exhibits periodicities at the fundamental cyclic frequency 1/T . For
this reason, the CK can be considered a cyclostationary criterion since a process which exhibits periodicities
in its autocorrelation function is defined as a cyclostationary process.

It should be remarked that the CK [9] has been introduced empirically without explicit mention of its cy-
clostationary nature. By definition, the parameters of CK (i.e. the FIR filter length L and the number of
shifts M ) must be properly set in order to achieve satisfying results. In particular M has to be carefully set
if MCKD is applied to mechanical vibration signals. In fact, low values of M may not encourage enough
the deconvolution of sequential impulses while high values of M , from experience more than 8, could lead
to numerical precision issues since the CK can assume very low values.

2.2 Multipoint Optimal Minimum Entropy Deconvolution Adjusted

The MOMEDA is a non-iterative BD method and it is an improvement of the OMEDA. In brief, the MO-
MEDA estimates a optimal inverse filter (in the Least Square sense) for recovering a source that approximates
a target vector t, represented by a Dirac comb. The definition of the MOMEDA criterion is the following:

MK =
1

||t‖|
tT s

||s|| . (4)

Target vector t drives the deconvolution by imposing both spacing and weights of the impulses to be re-
covered. Since t is defined as a train of equispaced impulses having unit amplitude, this criterion can be
considered as a periodic one as opposed to the CK that is a cyclostationary criterion.

Since it is a periodic criterion, it naturally fits with the diagnosis of gears or in any case of periodic fault
signature. Indeed, its first application regards the identification of a chipped tooth in a 2-stage gearbox [10].
As said before, bearing fault signatures exhibit second-order cyclostationarity and thus MCKD appears to
be more suitable than MOMEDA for the fault detection and identification. However, a recent research [15]
proved the effectiveness of MOMEDA for extracting bearing fault signatures taking into account the Case
Western database.

3 Proposed diagnostic protocol

3.1 Theoretical formulation

The proposed method is based on condition indicators, namely CK and MK, capable to both detect and
identify bearing faults at their early stage. Specifically, this research investigates how the final values of the
criteria of MCKD and MOMEDA can be exploited as bearing condition indicators. Particular attention is
devoted to verify how these indicators can be used for the real-time monitoring of bearings and for detecting
trends related to the progressive degradation of the bearings.
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Let ψ[k] be the final value of the BD criterion evaluated from a vibration signal in the time window k. Let
us assume that ψ[k] is constituted of three different contributions: a constant (trend) part, a variable part and
a Gaussian noise. This model can be formalized as:

ψ[k] = ψ[k] + ψ̂[k] + n[k] (5)

ψ is the constant part of ψ, ψ̂ is the variable part of ψ, n is the additive Gaussian noise.

Hypothesizing that the diagnostic information is retained into ψ̂, ψ and n de facto represent masking contri-
butions. Furthermore, variable part ψ̂ is not supposed to be necessarily a monotonically increasing function.
This latter property is particularly useful for the design of robust indicators due to the fact that it allows for
keeping trace of the ”degree of damage” taking into account the whole time history of the component under
investigation.

In order to reduce the effects of ψ and n, a possible strategy is to consider the cumulative of ψ:

c[j] =
1

j

j∑

k=1

(
ψ̄[k] + ψ̂[k] + n[k]

)
. (6)

Equation (6) is nothing but the sum of the expected values of all the contributions of ψ. After some simple
manipulations, it can be noted that (under the hypothesis of large j) the estimated expected value of n
converges to zero while the estimated expected value of ψ converges to its true (constant) value. Thus,
Equation (6) can be rewritten as follows:

c[j] = E
[
ψ̄
]
+

1

j

j∑

k=1

ψ̂[k]. (7)

where E [•] stands for the expected value of •. From the physical standpoint, the constant part of ψ, ψ,
describes the healthy condition of the system and the variable one, ψ̂, reflects the occurrence of the bearing
fault. At this point, after reducing the Gaussian noise contribution through the cumulative, the constant part
ψ can be minimized as well by subtracting the expected value of ψ which is called E

[
ψ̄
]∗:

β[j] = c[j]− E
[
ψ̄
]∗

=
1

j

j∑

k=1

ψ̂[k] (8)

where E
[
ψ̄
]∗ is the expected value of data referenced to the healthy condition. E

[
ψ̄
]∗ is theoretically un-

known but a reasonable estimation can be done by estimating the mean value of ψ in the very first part of the
acquisition when the component is supposed to be healthy.

Indicator β describes the evolution of the bearing condition and has two important properties: (i) it is mono-
tonically increasing – so it retains all the variations in its whole time history – and (ii) it is consistent in the
sense that the random noise is reduced according to the considered number of samples. This indicator can be
therefore exploited for defining a diagnostic protocol in order to monitor bearings. Specifically, when β is
close to 0 it means that the variable part of ψ is negligible and thus the system is healthy. When β changes,
it means that the bearing condition is changing as well and an incipient bearing fault may be occurring. For
this purpose, a non-parametric statistical threshold can be used, such as the thresholds evaluated through the
Tukey’s method [16]: mild outlier threshold TH,1 can be used for establishing when the bearing degradation
process starts; outlier threshold TH,2 can be used for establishing when the fault is manifest. Such thresholds
are called also Tukey’s fences and can be calculated by means of the following formula:

TH = Q3 + k (Q3 −Q1) (9)

where Q3 and Q1 are the lower and upper quartiles while k is a constant that defines TH,1 if k = 1.5 and
TH,2 if k = 3. These thresholds are computed taking account the values of β referenced to the first day
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Figure 2: Flow chart of the proposed diagnostic protocol.

of test, under the hypothesis that in this time span the bearings are healthy. Note that the first hours have
been discarded since the vibration signature may affected by the contribution of running-in phenomena so
the values of β obtained in this time period can be biased and consequently the related thresholds can be
overestimated.

The proposed diagnostic protocol is reported schematically in Figure 2 and can be summarized as follows:

1. Training step: perform the BD algorithm on x[k], take the final value of the BD criterion (ψ[k]),
compute the cumulative function c[j] and then subtract the expected value in order to obtain β[j].
Repeat this step for the N time spans referenced to the healthy condition in order to compute the
thresholds TH .

2. On-line processing step: perform the BD algorithm on x[k], take the criterion after maximization ψ[k]
and compute the cumulative function reduced by the expected value β[j].

3. Compare the cumulative function β[j] obtained in step 2 and the thresholds TH calculated in step 1. If
β[j] < TH , the bearing is healthy and the procedure starts again from step 2. Otherwise, the bearing
fault is detected and identified.
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Figure 3: Experimental setup.

Note that in this paper, the novel indicator β will be called in two different ways: Cumulative Correlated
Kurtosis (CCK) and Cumulative Multipoint Kurtosis (CMK). The former refers to the diagnostic procedure
that exploits the MCKD while the latter refers to the diagnostic procedure that exploits the MOMEDA.

4 Experimental verification

4.1 Setup

The data used in this experimental verification have been provided by the Center of Intelligent Maintenance
System (IMS) of the University of Cincinnati [12]. The test rig is composed of four bearings type Rexnord
ZA-115 tied on the same shaft, as shown in Figure 3.

This test has been performed at constant speed of 2000 rpm with a load of 27.7 kN applied on bearings
2 and 3. The vibration signals have been collected by four accelerometers type PCB 253B33 mounted in
radial direction. The vibration signals have been recorded with a sampling frequency of 20.48 kHz with a
rate of 1 s of acquisition each 10 minutes. After 7 days, corresponding to 16.4 minutes of actual acquisition,
the test has been stopped and an outer race fault, occurred in Bearing 1, has been detected.

4.2 Results and discussion

The experimental data have been investigated by means of the BD algorithms described in Section 2, specif-
ically MCKD and MOMEDA. The final values of the BD criteria, respectively CK and MK, have been com-
puted for signal segments of duration 1 s in order to monitor the progressive damage of the bearings during
the endurance test. According to the technical report provided by the experimenters, an outer race fault has
been occurred in Bearing 1. Hence, only the accelerometer placed on bearing 1 have been considered.

Figure 4 and Figure 5 depict the application of the proposed diagnostic protocol on the IMS dataset, respec-
tively starting from MCKD and MOMEDA analysis: (a) represents the CK and MK values estimated for
each signal segments of the endurance test, (b) shows the smoothed values of the previous CK and MK val-
ues, called for simplicity Smoothed Correlated Kurtosis (SMK) and Smoothed Multipoint Kurtosis (SMK)
while (c) reports the values of the proposed indicator, namely CCK and CMK. All these figures include
the non-parametric statistical thresholds, calculated as described in Section 3, in order to compare the time
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Figure 4: Application of proposed method with MCKD: (a) CK values, (b) smoothed CK values (moving
average), (c) cumulative CK values. The considered prior period is referenced to the outer race bearing fault.

instant of appearance of the bearing fault. Note that the SCK and the SMK have been computed by means
of moving average and that these results are referenced to the prior period related to the outer race bearing
fault.

Figure 4(a) and Figure 5(a) clearly show that the trend of CK and MK is substantially constant taking into
account the first hundred hours of test. Reasonably, this behavior means that the bearings can be considered
healthy in this time span. Then, the values change, according to the model given in Equation (5): the variable
part ψ̂ is no longer negligible with respect to the other contributions. Therefore, it can be noticed a time-
dependent deviation with respect to the constant trend exhibited in the first part of test. From the physical
point of view, it can be deduced that this variation is directly related to the appearance of a bearing fault.
Moreover, the time-dependent variation of the indicators are not monotonically increasing but oscillatory.
This fluctuating trend reflects the different stages of the bearing fault development and propagation which
can be briefly summarized as consecutive phases of damaging and healing until the complete breakdown, as
explained in Ref. [17],

In order to estimate the time instants associated to the fault appearance, the indicators must be compared
with the thresholds calculated through the Tukey’s method. Considering Figure 4(a) and Figure 5(a), one
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Figure 5: Application of proposed method with MOMEDA: (a) MK values, (b) smoothed MK values (mov-
ing average), (c) cumulative MK values. The considered prior period is referenced to the outer race bearing
fault.

can immediately find two drawbacks on the use of the raw BD criteria, hereafter called ψ in general terms
but referenced to CK and MK. The first one is related to the dispersion of the values of ψ: although the
major part of the values remains below the thresholds during the early stage of the test, some values cross the
threshold although no fault has occurred. The second one regards the behavior of the variable part, ψ̂, during
the last stage of test: this variable contribution does not appear as a monotonically increasing function and
thus the raw indicator ψ is not a good candidate for describing the bearing damage level since the bearing
damage is irreversible.

The first issue, i.e. the variance of ψ, can be mitigated by using a smoothing technique, such as the moving
average. This approach improves the results by reducing the dispersion of the indicators, as reported in
Figure 4(b) and Figure 5(b). Indeed, the indicators (SCK and SMK) lie below the thresholds in the healthy
stage but, during the faulty stage, is not able to represent the evolution of the fault with a strictly growing
trend.

At this point, let us consider β defined in Equation (8) as the absolute error between the expected value
E
[
ψ̄
]∗ and the actual cumulative indicator c. By definition, β has two important properties: (i) its variance

CONDITION MONITORING OF ROTATING MACHINERY 817



106

108,3

116,5

105,5

SCK CCK SMK CMK

T
im

e
 (

h
)

Figure 6: Time associated to the appearance of the outer race bearing fault.

decreases when the number of observation increases and (ii) it is a strictly growing function in presence of
non-nil values of ψ̂. Figure 4(c) and Figure 5(c) show the values of CCK and CMK estimated through the
procedure depicted in Figure 2. As expected, CCK and CMK return a smoother trend with respect to the
raw values of CK and MK (see Figure 4(a) and Figure 5(a)). At the same time, the dispersion is reduced as
well with respect to the smoothed values of CK and MK (see Figure 4(b) and Figure 5(b)). CCK and SMK
show a strictly growing trend that makes the monitoring of the bearing conditions and the fault detection
easier and returns also a consistent information about the overall damage level of the bearing. Therefore, this
experimental verification demonstrates that β has a lower dispersion with respect to the raw indicator and
that β is actually a monotonically growing function. These properties open to different scenarios concerning
the industrial applications, in particular on the use of β as an indicator for the overall damage level of the
bearing. Furthermore, the use of thresholds for the bearing fault detection is strongly improved thanks to the
reduction of the data dispersion.

Figure 6 reports the time instants when the indicators cross threshold TH,1 with reference to the results
reported in Figure 4 and Figure 5. Considering the results related to the MCKD (first and second column
of Figure 6), both SMK and CMK provide approximatively the same time, specifically 108 and 106 hours,
respectively. This slight difference can be explained since MCKD is based on a cyclostationary criterion
and thus is particularly fit for the early fault detection of bearings. Considering the results related to the
MOMEDA (third and fourth column of Figure 6), SMK and CMK provide values that are significantly
different, i.e. 116 and 105 hours, respectively. Comparing the times related to the CK and the MK (first and
third column of Figure 6), it can be noticed a significant difference in favor of the CK, due to the fact that the
CK is a cyclostationary indicator – thus sensitive to cyclostationary signals as the bearing fault signatures –
while MK is a periodic indicator. This difference is reduced if we consider the times referenced to the CCK
and the CMK (second and fourth column of Figure 6). This demonstrates that the proposed method is able
to improve the effectiveness of the MK for the bearing fault detection in addition to its desired properties for
the definition of a robust bearing damage indicator.

Until now, the analyses have been performed by using as a prior period the one referenced to the outer race
fault. A further and necessary investigation is how the method behaves taking into account also the other
possible prior fault periods, i.e. the one related to the inner race fault and the one related to the ball bearing.
The results of this other analysis, in terms of CMK and CCK trend, is summarized and shown in Figure 7.
According to the previous considerations, the expectation is that the estimated trends should remain below
the thresholds throughout the test. It is possible to note that all the trends, after a first stage, are decreasing
so we can deduce that the only fault occurred on bearing is the one on the outer race, according to what has
been detected experimentally on the physical system. It is worth noting also that the CCK estimated by using
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Figure 7: Application of the proposed method considering (a-b) the inner race fault frequency and (c-d)
rolling element fault frequency.

the inner race fault frequency as a reference prior period (see Figure 7(b)) actually crosses the mild-outlier
threshold but just for a short time span and, above all, never crosses the outlier threshold.

5 Final remarks

BD methods proved to be effective for the diagnosis of bearings. In particular, the final values of the BD
criterion can represent a convenient strategy for the assessment of the bearing condition. Despite some
promising applications [4, 9], the use of BD methods for monitoring the progressive damage of the system
has not yet been exhaustively studied.

In order to partially fill this gap, this research focuses on the development of a diagnostic protocol based on a
novel condition indicator derived from the cumulative of the criterion maximized by the BD algorithm. The
fault detection is assessed by using Tukey’s statistic thresholds. Specifically, the proposed indicators, i.e.
CCK and CMK that are derived form the CK and MK, are sensitive to the fault frequency and keeps track of
the progressive damage of the bearing. Moreover, by definition, as the sample size increases their variance
decreases. This aspect represents an improvement with respect to the other similar applications reported in
[4, 9].

The proposed methodology has been verified on the IMS run-to-failure test by comparing the diagnostics
performance of the proposed indicator with respect to the raw values of the BD criteria. The results show
that the proposed methodology improve the effectiveness of the criteria of MCKD and MOMEDA for the
bearing fault detection in terms of early fault diagnosis and clarity of data interpretation.
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Abstract
Today, we are at the beginning of Industry 4.0. Machines are becoming increasingly sensorized and con-
nected to the internet. Streaming data will thus be sent continuously to cloud computing data-centers.
Condition monitoring techniques can leverage these huge volumes of available data to increase detection
potential and insights in system behavior by long-term trending, anomaly detection and learning approaches.
Additionally, the fact that data of similar machines of a fleet is collected allows for exploiting system sim-
ilarity. This paper illustrates an integrated monitoring approach for the Industry 4.0 context. Our cloud
processing approach is shown. Furthermore, we show an integrated failure detection and severity assessment
approach. Asset performance in the fleet is used as a proxy for potential failure. Health assessment and fault
localization combines state-of-the-art vibration signal processing on high frequency data (> 10kHz) with
machine learning models trained on low frequency (1Hz) bearing temperature data to create a health score.

1 Introduction

The wide implementation of the internet all over the world has made continuous data-connectivity possible
for a wide range of systems: machines, vehicles, OEMs and end-users of machines have taken this opportu-
nity to instrument their machines for condition monitoring purposes. Today, common practice is to perform
condition assessment intermittently on the different machines in a process chain. Typically, an engineer
goes around in the factory and acquires measurements manually using a hand-held device. Acquisition is
done from time to time for those machines that are important but non-critical. Today, permanent monitoring
systems only target plant critical machines. Those monitoring systems take measurements automatically
at intermittent moments in time. These measurements are then processed automatically on the monitoring
device or sent to a central location for interpretation. However, these practices are changing. With the rise
of Industry 4.0 and correspondingly the Industrial Internet of Things (IIoT), more and more instrumentation
will be available in machines, either directly mounted by the OEM or installed during lifetime by owner-
operators[1, 2, 3]. Particularly, the IIoT context brings sensors that are directly connected to the internet. As
such, measurements can be transferred continuously to a cloud data-center. These can be raw measurements
or data preprocessed at the edge.

These large amounts of sensor data can be used for condition monitoring purposes. In contrast to current
practices using intermittent data, it will be possible to collect continuous streams of data. Such streams have
both a finer granularity and longer signal length. These aspects allow to get a more detailed analysis and get a
better grasp on the normal system characteristics and behavior changes a healthy machine experiences. This
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is particularly interesting for modern machines designed for operation in a wide speed and load range. For
these machines the range of normal operation is widening and thus also the difficulty for anomaly detection
to distinguish between normal and abnormal behavior.

Nonetheless, only increasing data-amounts brings no added value. Processed data needs to be directly action-
able for machine operators. As such integrated condition monitoring techniques are necessary to automati-
cally process the data and combine the health indicators in conclusions about system condition. Long-term
data allows long-term trending and anomaly detection on features extracted using signal processing tech-
niques or from machine learning models. To get good insights in system health it is suggested to use a
combination of the methods mentioned above and fuse the results into a limited number of health scores.

To grasp this Industry 4.0 facilitated opportunity offered by continuous data streams, several challenges
need to be overcome. First, a balance needs to be found between data transfer to a cloud data-center and
local processing on the acquisition device. Second, given that continuous streaming results in large data
quantities, there is a need for automated condition monitoring approaches able to autonomously process
these large amounts of monitoring data. Third, the IIoT trend makes that a wider variety of sensor data types
is available for analysis. Each of these data sources requires a dedicated approach. Moreover, the resulting
multitude of indicators from all these analyses need to be fused into a joint conclusion about system health
by applying sensor fusion approaches.

2 Methodology

This paper addresses the opportunities and challenges linked to the Industry 4.0 monitoring trend by propos-
ing an integrated automatic multi-level monitoring approach specifically designed for continuous data from
IIoT sensors. This way of working is applicable for a multitude of systems. In this paper, we focus on
rotating mechatronic machines. Moreover, the approach is structured such that it is applicable to prognosis
by linking the properties of each monitoring workflow to the specifics of the failure modes. A schematic
representation of the methodology is shown in Figure 1. The goal of this paper is to introduce the different
techniques that are used and link them together into a single approach. For a detailed description of the
different sub-aspects the reader is referred to targeted references.

The suggested monitoring approach has the following sub-aspects:

• First, the important failure modes of the system are extracted from a historical failure database. Rank-
ing the failure modes has the advantage that the monitoring system targets the most relevant failure
modes of that specific machine family. Moreover, it allows to adapt the monitoring tools specifically
for each failure mode.

• Second, we exploit the fleet context for machine monitoring. Highly similar machines are combined
into a fleet. System similarity is learned based on historical data. We assume these similar systems to
be comparable in behavior and thus that it is possible to pinpoint underperforming machines based on
machine comparison. Such underperformance is linked to either control setting problems or potential
degradation of the system itself. If no control problems are known, the performance indication is used
as a proxy for machines with potential health problems.

• Third, we determine features using vibration signal processing algorithms. Complex pipelines of
signal processing algorithms are combined in order to extract characteristic health features. In this
paper an approach for bearing fault detection is illustrated.

• Fourth, operational machine parameters, such as temperatures, pressures, are modeled using machine
learning approaches combined with anomaly detection to detect abnormal behavior. The latter is
captured in health indicators. Again a bearing failure detection is illustrated.
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Figure 1: Monitoring approach overview

• Fifth, to take changing environmental conditions into account, loading information is used to normalize
the extracted features of step three and four. In case loads are measured directly these values are used
as input for machine learning models that describe and predict the variation of health features based on
operational parameters. If no direct load measurements are available loading information is extracted
from operational parameters originating from SCADA or other supervisory systems. Particularly for
mechatronic systems the use of torque loading calculated based on motor power and RPM is a good
approach to have an indication of load without the need for complex additional instrumentation.

• Sixth, status logs are used to gain additional information in the loading sequences a machine is ex-
posed to and particularly to better understand how the controller deals with these events. Each action
that a modern machine undertakes, is captured in logs. Extracting which events occur prior to ma-
chine alarms helps in better understanding what actions machines do in response to triggers from the
environment, such as alarms linked to machine protection activation (e.g. converter shutdown due
to overcurrent) or actions taken by external actors (e.g. emergency stop of a wind turbine after a
technician pushes a stop button).

• Seven, the information and health indicators originating from the previous steps need to be integrated
into a single assessment of machine health using sensor fusion approaches. A single health indicator
is defined using a fusion of the different calculated indicators by model ensemble. For the machine, an
overall health indicator is defined by cascading the individual failure mode alarms.

• Finally, since the availability of data for training and optimizing is a challenge for most methods, the
use of virtual training data is suggested. Acceleration signal simulations containing representative
faults are created in order for machine learning models to have accurate training data and to allow the
configuration parameters of the physics-based signal processing methods to be optimized. This allows
to maximally optimize monitoring approaches prior to usage.

3 Cloud implementation

The following subsections illustrate the integrated approach by means of several real-life examples from
onshore and offshore wind turbines. The wind application is used, since it is a challenging case due to the
continuously varying speed and changing loading conditions because of the variability of the wind.
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Figure 2: Cloud approach overview

3.1 Data collection

Different data sources are used in this research, ranging from vibration data, over embedded SCADA sensors,
to status logs. Today, the latter two sources are collected on a wider variety of machines. However, detailed
vibration measurements are typically only acquired for high-cost critical machines. In the near future, also
less critical machines will be instrumented with this type of vibration sensors due to the rise of IoT. Low-
cost accelerometers combined with dedicated acquisition systems will make instrumentation to be more
cost-efficient allowing to monitor also lower cost machines. We anticipate this evolution. However, in this
paper we focus on existing higher-cost monitoring systems and corresponding applications such as wind
turbine gearboxes.

3.2 Data storage and cloud processing

In order to be able to integrate the different monitoring approaches their data needs to be made available in
a central data-storage location. Figure 2 illustrates the approach that we are currently using. Sensor data
is being collected by a number of sensors. These can be embedded SCADA system sensors or additionally
mounted vibration sensors. Sensor data is typically collected by a data-acquisition system and then made
available to external data-clients by means of standardized ODBC or OPC servers[4].

Typically, this sensor data is stored at a local centralized data-cluster. Recently, there has been a trend to
move from traditional historian and SQL databases towards big data storage approaches such as Hadoop or
no-sql databases [5]. In case of the offshore wind turbines, the following data-sources are combined into a
single data-cluster: SCADA sensors sampled at 10-minutes internal, SCADA sensors sampled at 1 second
interval, status logs, and vibration time data from the condition monitoring system [6].

In addition to storage, also dedicated data-processing is necessary. Dedicated data-processing pipelines need
to be defined to transform raw sensor data into failure indicators. We opt to define dedicated pipelines for
each type of failure mode. In order to keep the cost of the infrastructure under control we use a hybrid-cloud
solution. Raw sensor data is processed locally at a local computation cluster close to the machines. Data-
processing pipelines convert the raw sensor data into machine specific health indicators for each individual
machine. The memory, CPU, and storage characteristics of the local cluster are optimized such that all
standardly running analyses on the data-streams can be handled. To facilitate multi-machine analytics in the
fleet context, a cloud computation cluster is used. The main goal of the cloud calculations is to combine the
health features extracted for the different individual machines to compare fleet wide behavior. Additionally,
Memory and CPU intensive calculations are performed in the cloud to maximally leverage these resources
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Figure 3: Failure statistics from GRC failure database [7, 8]

and minimize cost. In our case, we opt to work with the infrastructure of the Flemish Supercomputing
center. Data is transferred to the cloud, used in calculations and then discarded to keep resource utilization
as optimal as possible.

4 Failure database

Different failure modes for bearings and gears are illustrated in this paper. These failure modes were ex-
tracted from the Gearbox Reliability Collaborative (GRC) failure database of the National Renewable En-
ergy Laboratory (NREL) [7, 8]. This failure database contains information about the drivetrain failure rates
and specifics of the failure modes for the majority of the US wind turbine fleet. This makes it a world unique
collection of data. The main US owner-operators take part in this initiative and document the failures they
experience in a structured way to allow extraction of failure statistics for each failure mode. From these
statistics, it was found that the most important failure modes are high speed stage (HSS) bearing axial crack-
ing due to white etching cracks; and planet bearing failures, as shown in FIgure 3. Based on the failure
mode statistics from this database, our method development focus was targeted towards the planetary stage
and high speed stage (HSS) bearing and gear problems. In addition, converter switch faults are added, since
these power electronic components have been substantially scaled-up and are increasingly responsible for
turbine stand-still [9].

5 Fleet-wide benchmarking

To get a global overview of asset performance, fleet-wide operational monitoring is done to compare the
performance of systems that are alike. Different monitoring parameters can be used. In our case, we illustrate
this approach by means of an offshore wind farm example. We opt to monitor the power curve determining
parameters power and rpm. Underperformance is detected by means of turbine to turbine comparison of
turbines that are closely spaced and where it can be assumed that they are subjected to similar wind loading
conditions. Wake effects should therefore be taken into account, as well as the influence of sensor noise
should be considered. Comparison of behavior is done at each time block. If turbines start to deviate
from their neighbors for long periods of time, deeper investigations are done to unveil the cause of this
deviation. In general, the deviation can be related to problems with the control settings or malfunctioning of
subcomponents of the turbine. In order to have sufficient insights into the dynamics of the wind turbine, we
use SCADA signals sampled at 1 second time intervals.

In case of the offshore wind farm example, illustrated in Figure 4, underperformance was detected for the
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Figure 4: Fleet-wide benchmarking. Wind farm layout and exact values masked due to confidentiality.

red turbine. Prior to this time segment, the turbine was behaving similarly to its peers. The power curves
for three neighboring turbines are shown (two green and one red box). These power curves were constructed
using the operational data of one day. Based on the comparison of the three power curves (two green and
one red) of the neighboring turbines, it can be seen that the red turbine shows significantly different behavior
than the green turbines. Particularly for none-full load conditions the red turbine is underperforming, since a
significant amount of operational points (dots in the power curve) is below the expected power curve.

This underperformance could be due to many factors. Further failure mode analysis unveiled that the con-
troller was behaving strangely due to unreliable wind speed measurements. In Figure 4, the histogram of
the wind speed is shown for each turbine in the farm. For most turbines, the wind speeds measured by the
anemometers on the nacelle of the turbine show consistent results. For the red turbine on the other hand the
wind speed measurements show high variability. In other words, the turbine controller assumes the wind
speeds to be higher than is the case in reality. Thus, it will use other control settings. In this case the turbine
was using a control scheme tailored for higher wind speeds (pitch control), which resulted in the turbine
underperformance. Fleet-wide comparison was able to unveil this in a straightforward way.

Figure 5: Schematic representation of the processing procedure for bearing failure detection
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Figure 6: Speed estimation using MOPA, a) Spectrogram of CMMNO data, b) PDF map, c) estimated speed
profile, d) before and after angular resampling spectra

6 Data processing for condition indicator extraction

6.1 Vibration analysis

Vibration signal processing allows for extracting complex health features from raw data[10]. Signals are
processed by a sequence of data-cleaning and filtering steps. A typical flow is shown in Figure 5.
In case of wind turbine vibration signals, specific care should be given to compensation of speed fluctua-
tions. Due to the variability of the wind, the operational speed will continuously change in the vicinity of
the target value set by the controller[11]. To overcome this, the signal is transferred to the angular domain.
In this domain, signals are sampled at predefined angular rotation steps instead of time periods. A such the
influence of speed variation disappears. In order to be able to perform this correction, detailed knowledge of
the instantaneous speed is necessary. Detailed encoders can provide this information, however, on most com-
mercial machines only limited detail speed information is available. To tackle this problem, instantaneous
speed estimation techniques, so-called virtual tacho methods, are used.

Different virtual tacho methods are available. In our monitoring approach, we opt to use the Multi-Order
Probabilistic Approach (MOPA) originally developed by Leclère [12, 13]. This method makes use of mul-
tiple harmonic orders typically present in a gearbox, and assumes them to be probability density functions
that can be integrated in a single probability density function describing the speed profile. It is possible to
take all orders into account or choose optimal orders based on a least square optimization method. Figure 6
illustrates the use of the method on wind turbine data. The dataset originates from the International Confer-
ence on Condition Monitoring of Machinery in Non-Stationary Operations (CMMNO) condition monitoring
contest in 2014 [12]. The vibration signal was measured on a gearbox housing of a wind turbine near the
epicyclic gear train and sampled at 20kHz. Figure 6.a shows the spectrogram of the raw signal. Based on
the spectrogram, a probability density function is constructed that combines contributions of all harmonics.
Considering longer temporal periods ensures time stability in the probability density functions. The proba-
bility density function for the considered signal is shown in Figure 6.b. Extracting the most probable estimate
of the speed based on this results in the speed signal illustrated in Figure 6.c. Comparison to the true speed
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Figure 7: 2D-map of the cyclic spectral coherence applied on the vibration data of the NREL test turbine
gearbox data set. An outer race fault of the planet carrier bearing is detected at its characteristic frequency
of 8.84Hz around a carrier frequency of 4.6 kHz (red line)[14].

shows the high accuracy of the MOPA method, when compared to a more classical approach, such as band
pass filtering. Figure 6.d. illustrates the effect of using the extracted speed to resample the signal in the
angular domain. It can be seen that the smearing effect is substantially reduced.

For bearing failure detection it is necessary to remove the disturbances of the harmonic components orig-
inating from gears. Cepstrum based techniques proved to be highly effective for achieving this removal
[15]. Both targeted discrete component removal as well as cepstral pre-whitening are used [16, 17]. Once
the harmonic components are removed, envelope analysis allows to extract bearing failure related signal
modulations [18].

Detecting bearing faults is a challenge, since the signatures linked to the bearing fault impulsive excitations
are small compared to the other disturbances, particularly in the case of a multi-stage gearbox being part of
a complex machine. Thus, it is necessary to perform enveloping at the optimal frequency band, where the
signature is best visible. As such the use of cyclic spectral coherence is a powerful approach [19]. Determin-
ing the cyclic spectral coherence map allows to determine in which frequency band the bearing signature is
optimally amplified by the structural resonances of the system. Selectively performing the envelope analysis
on the strongest band can optimize the detection potential substantially. An example of such a cyclic spectral
coherence map for the GRC gearbox is shown in Figure 7. In this particular case the outer race planet carrier
bearing fault was clearly visible using the cyclic spectral coherence at its characteristic frequency 8.84Hz
[14].

6.2 Bearing temperature analysis

Time series machine sensor data (e.g. from SCADA systems) supports the extraction of information about
systems health. Depending on signal sampling rates, the corresponding granularity of this information allows
to perform a finer or more rough analysis. The data streams of embedded sensors are used in an anomaly
detection framework. A good example for which this can be used, is HSS bearing temperature modeling to
predict bearing problems by detecting abnormal heat conditions.

Machine learning approaches (e.g. regression techniques) are used to model healthy system behavior [20].
A training data set is created. To validate the created models the training data is split in a sub-dataset used
for training the machine learning model and a sub-dataset used for validation of the created model. System
variability due to e.g. non-steady-state operating conditions, seasonal effects on temperature, need to be
accounted for in the model. Therefore, the measured operational parameters linked to these influences, e.g.
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Figure 8: HSS bearing temperature signal (10 months sampled at 10-minutes intervals) classified using
instantaneous alarm levels.

rpm, power, should be taken into account as inputs for the model.

To avoid overfitting of the training data and increase the robustness of the detection approach an ensemble
of models is used. A variety of machine learning models is fitted to the training data. Each specific model
is allocated a particular subset of the training data. Random distribution of this data is done amongst the
different models. Once the training phase is over, the machine learning models are used to predict system
behavior, e.g. bearing temperature. The time series for the model input parameters are provided to the
model, which predicts the model output (e.g. bearing temperature). Determining the difference between
this predicted output parameter and the measured values of the output parameter allow to define a residual.
As long as these residual values remain small the system behaves normally. Once the residues exceed a
predefined threshold an anomaly is noted. This anomaly detection approach is done for each of the machine
learning models. As mentioned above, to avoid overfitting of the data an ensemble of models is used each
using different parts of the data. In the final step these models vote on anomalous state. A majority determines
whether the state at each timestamp is labeled as anomalous or not.

To illustrate this approach the failure of an HSS bearing is detected by means of 10 minute sampled SCADA
signals. Based on the failure database this type of failure is important for wind turbine gearboxes. Given that
there is an active cooling system to control the gearbox oil temperature, it is not straightforward to detect the
subtle temperature changes linked to the fault. Figure 8 shows the resulting classified temperature signal for
a period of 10 months. Three machine learning models are used in the ensemble. Only if all models indicate
anomalous behavior, the classification is set to anomaly (red), otherwise the indication is green. Based on the
colors it can be seen that there are clear time periods for which the bearing has increased temperature. During
those periods the bearings were showing high anomalous behavior. These were linked to high wind loading
periods that were probably enhancing the fault. At the end the temperature was consistently anomalous for
several weeks before turbine shutdown. It is expected that a failure was initiated in the first long anoma-
lous period (early winter period), worsened significantly (end winter period), started to become consistently
present (early spring) and was then detected by the vibration condition monitoring system.

7 Influence of varying loading conditions

In addition to the speed fluctuation, the load is continuously changing. Particularly for the absolute com-
parison of feature values between different time instances this is posing problems. To overcome this issue,
several approaches can be used: features can be classified based on predefined loading bins, features can
be chosen that are unsusceptible to the variation in load [21], or the load information can be included after
feature values were calculated. The first is often used in commercial condition monitoring systems. The last,
-modeling of features and load together-, is used in the context of this paper.

A machine learning model, e.g. regression technique, is used to interlink the features with the operational
parameters of the machine. The approach used, is similar to the one discussed in Section 6.2. In our case,
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Figure 9: Modeled feature for the gearbox problem.

we use the torque load and speed of the machine under investigation. These parameters are extracted from
the SCADA system. The model is trained during a period for which we know the machine has healthy
conditions. Using this approach offers two advantages; one, it becomes possible to continuously compare
feature values, even while machine operation is changing; second, anomaly detection is possible. Anomaly
detection allows to indicate in a more objective way if feature values are changing too much and thus to
indicate erroneous state.

To illustrate this concept, Figure 9 shows the resulting anomaly score for an example on real-life data. A
vibration feature similar to the ones illustrated in Section 6.1 was calculated based on the vibration signals
on the gearbox. Each dot indicates one sample point. It can be seen that the modeling approach succeeds in
taking abstraction of the normal load and speed fluctuations and thus avoid false alarms (all dots are marked
green). Towards the failure, a drastic change can be seen in the modeled feature and the anomaly is clearly
marked by the red color.

8 Status log analysis

Unfavorable loading conditions play a key role in the development of failures in rotating machines. It is
seen in the field that the same machine type can experience failures in one wind farm, while not at other
farms. This is not solely linked to variability in the production process or material properties. In order
to understand which machines are more susceptible to problems than others, we aim to gain insights in
the loading each specific machine is subjected to and how this differs from machine to machine in the
fleet. Linking this loading information to failure data can help in pinpointing where the designs might have
flaws. To achieve this goal it is possible to use time series data of load. However, load sensing is often not
present in the machine. To overcome this, torque loads can be estimated by combining power and speed
information together with the inertia properties of the machine. These loading time series need to have
sufficient granularity to be able to detect the specifics of the dynamic event: e.g. start-up. Often this forms
a problem, since time series data is only available through SCADA data sampled at 10-minutes rates. Status
log information on the other hand is stored continuously for most wind turbines. Each time the turbine
performs a control action, e.g. start-up, a log of this action is stored. As such the logs are not susceptible to
the loss of information due to data aggregation. These logs are often underexploited, but contain significant
information with regard to system behavior and to understand loading conditions leading to failure.

The most straightforward method to benchmark turbines is a direct comparison between the occurrence rates
of their status codes. This allows to pinpoint to the machine that is experiencing the most events of a certain
type. Figure 10 illustrates this for the example of the frequency converter alarm. It can be seen that there is
a clear outlier turbine. This turbine should be targeted for more detailed monitoring investigations. As such
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Figure 10: Converter alarm status code across the fleet.

this approach is useful to keep a global overview of the fleet and complementary to the approach discussed
in Section 5. However, there is more potential for the use of status logs.

In addition to the benchmarking of machines, status log analysis can play an important role in unveiling the
links between the different events that have led to an alarm or failure. Turbine controller behavior is expected
to be consistent and repetitive. We assume that the machine is expected to respond consistently to similar
external triggers. Thus, by extracting the status log sequences from historical data it is possible to capture
this behavior. Using this approach to learn the typical sequence of events that will lead to an alarm or failure,
can help in understanding which actions to take to change controller settings or modify controller design.

We suggest a pattern mining approach based on market basket analysis to extract these typical sequences. In
order to strategically target certain events and to avoid an overload of unmeaningful patterns the approach
uses an alarm trigger, e.g. occurrence of an alarm. Around this specific trigger, a period of data is extracted
and pattern mining using the eclat algorithm is performed on this window of data [22]. Typically, we opt for
a period of one day prior to or after the detection of the alarm. The extraction of these windows is done for
all turbines in the fleet in order to have a sufficiently big database of events. For details on the specifics of
our approach the reader is referred to [23]. We have shown that this approach was capable of detecting the
typical sequence of wind turbine shutdown due to very high wind speed alarms by comparing the episodes
resulting from the pattern mining approach to the expected sequences a domain expert was defining. This
showed the potential of the approach in detecting and understanding normal operating events of the machine.

However, still a high number of potential patterns was produced using the approach. Thus, in order to maxi-
mize the detection potential of the approach, the data was pre-conditioned by embedding expert knowledge
in the approach, so-called expert data-cleaning. Data is filtered taking into account the physical meaning of
the status logs and the inherent links there are between the occurrence of certain events, e.g. electricity grid
problems and changes in the voltages of the grid phases. As such, it is possible to remove all unnecessary
logs and focus is put on those logs contributing to the physical understanding of the investigated failure.

To illustrate the approach, the frequency converter alarm again serves as the case. The status logs for a
fleet of more than 50 turbines for more than two years serve as data-pool for the analysis. The data-set was
optimized using expert data-cleaning. Windows were extracted around the status log linked to converter
alarm and the remaining logs investigated. Based on the analysis we found that in some cases the wind
turbine initiated a converter alarm and linked shutdown action when there was high wind instability at the
site, combined with an alarm linked to the grid behavior after changing the turbine set point. This meant that
the rotor speed would (briefly) increase above the expected values. Based on these events the turbine detects
that there is a grid loss and responds to this by fast shutdown. This can pose high loads on the bearings and
other subcomponents of the wind turbine drivetrain.

CONDITION MONITORING OF ROTATING MACHINERY 833



Figure 11: Overview of the proposed framework. Left side represents acceleration signal generation. Right
side shows integrated automatic processing.

9 Health indicator fusion

Based on the previous sections, it is clear that detecting a failure and assessing its progression requires a
combination of different approaches. Particularly to avoid false alarms and increase confidence in anomalies
it is advisable to have multiple indicators. Automatic monitoring frameworks require these indicators to
be converted autonomously into a single health conclusion. Different fusion approaches are available to
achieve this, e.g. principal component analysis and neural networks. We opt for an approach that is more
physics based and still human interpretable: the model ensemble. Indicator processing pipelines are fed with
different subsets of the data. Each of the pipelines performs feature calculation and anomaly assessment.
Finally, a majority vote amongst the features decides on the anomalous state of the machine. More complex
voting algorithms are possible and part of future work. A health indicator is defined for each subcomponent
of the machine. These are propagated to machine level to indicate the total health of the machine.

10 Detection pipeline optimization based on simulation data (digital
twin)

Given that high quality failure data is rare, particularly if the machine is of a new design, usage of data-driven
techniques requiring a lot of high-quality training data is a challenge. On the other hand, the physics-based
signal processing techniques also have configuration parameters to be set. Based on the exact values set
for these parameters the monitoring techniques can be faster or slower in detecting problems. In order to
maximize the detection potential, we suggest tuning the configuration settings by calculating an optimization
problem on virtual training data. These virtual simulation data are generated for the most important failure
cases and allow to optimize the physics-based signal processing methods for each of these cases. As such,
optimized configuration parameters can be defined for the different failure modes that we are monitoring.
These configuration parameters form the basis for setting up the monitoring data-processing pipeline for
each specific failure mode.

To illustrate this approach a case is illustrated that links to the failure modes investigated prior in this pa-
per: a progressively growing bearing fault in the gearbox HSS. The fault is modeled using an acceleration
signal model containing the addition of the following components: deterministic harmonic components d(t),
random contributions of gears q(t), noise n(t), and the bearing fault signal b(t).

x(t) = d(t) + q(t) + n(t) + b(t) (1)

These bearing signals are built up based on expertise from analysing experimental data in the past. For the
case illustrated in this paper, the geometric characteristics of the NREL Gearbox Reliability Collaborative
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Figure 12: Left: Weibull cumulative distribution for Signal-to-Noise ratio evolution trend. Right: Spectro-
gram of a 60 second simulated vibration signal.

Figure 13: Envelope feature on CEP processed data before and after filtering.

(GRC) gearbox from the GRC condition monitoring round robin are used. We analysed experimental data
of this gearbox in the past and its properties are public domain. For details on the approach to simulate the
gearbox acceleration signals the reader is referred to [24].

In order to account for the changes in operating conditions the gearbox is subjected to, we simulate a year of
measurements. We assume that several one-minute datasets are collected each day. Power level effects on the
vibration signal are accounted for making the vibration signals and their modulations speed dependent. The
latter allows for the signals to be binned according to overall speed and RMS values, as is the case in most
wind turbine condition monitoring systems. We use an automated processing scheme on the generated data
consisting of a combination of techniques as described in [14, 15, 13]. The overall schema of the approach
is shown in Figure 11.

In our current example, an HSS bearing fault is simulated. Figure 12 Left shows the signal-to-noise ratio
(SNR) evolution (dB) of the introduced bearing fault represented by the in reliability engineering often used
degradation trend described by the Weibull distribution. The spectrogram of a representative simulated signal
is shown in Figure 12 Right.

Figure 13 illustrates examples of processing pipelines and their detection potential for the bearing fault. Two
envelope features trends are compared. One with and one without bandpass filtering after the cepstrum filter-
ing (CEP). A small improvement of (approximately 3dB) is seen. Based on the simulations and experimental
experience, we find it to be good practice to determine an optimal demodulation band after CEP even for
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bearing faults. For further details on the analysis the reader is referred to [24].

11 Conclusions

This paper illustrated an integrated fleet-wide approach for condition monitoring. The fleet level was used
to pinpoint underperforming machines. On machine level, different health indicators were defined. Both
signal processing and machine learning approaches were used. To account for variations in loading and
speed conditions, features were modeled using data-driven techniques. Finally, these features were fused to
global health indicators with higher confidence level. To overcome the challenge of minimal training data a
virtual simulation approach was suggested to optimize the settings of the different approaches and find the
optimal combination of methods to form the data processing pipeline for each specific failure mode.
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Abstract 
This paper presents the results of a research project in which special methods were developed and 

successfully applied for the health monitoring of the bearings of the traction system of rolling stocks. A 

prototype monitoring system was developed by the authors and installed on an Italian E464 locomotive. 

This regional train locomotive class is not equipped by any monitoring system for the bearings of the 

traction system. The locomotive has been monitored for about three years of service, during which it has 

undergone to a major maintenance and all the bearings of the traction system has been replaced. This 

allowed to examine them and to assess if damage indexes corresponded to actual faults.  

A huge amount of data, in commercial service, has been collected and it was possible to assess that the 

overall system cannot be considered as in stationary operation, neither when the train speed is constant nor 

when the same track is travelled. 

1 Introduction 

Condition monitoring offers new opportunities to increase reliability and availability of the traction system 

by detecting incipient damage and preventing mechanical damages and failures.  

There is a lot of literature regarding the monitoring of bearings, axles and gearboxes in industrial 

machinery [1]-[7]. Furthermore, experimental and theoretical studies conducted to understand and model 

the process of degradation of roller bearing due to wear and rolling contact fatigue [8],[9], with the aim of 

performing the prognosis of these components, i.e. once identified the amount of damage in the bearing, 

quantify the remaining useful life [10],[11] of the component. 

However, the application in the railway field of health monitoring and prognostics for roller bearings and 

gearboxes has been limited so far [12]. Some pilot studies are available for the condition monitoring of 

mechanical parts in the traction equipment of Electric Multiple Units [13] and Locos [14], including the 

testing on suitable test rigs of intentionally damaged bearings. Therefore, there is a need to transfer to the 

railway sector the conspicuous body of knowledge available in other fields of industrial engineering. At 

the same time, it is necessary to evaluate the advantages of the use of health monitoring and prognostics 

techniques in the traction equipment of railway vehicles, and especially to identify the most suitable 

sensors for this application and to define a complete set of specifications for these devices.  

The main components in the traction system for which monitoring of mechanical quantities is feasible 

including traction motor, gearbox and bearings. 

The traction motor is a converter driven 4-pole asynchronous motor, whose rotor is mounted on two 

different types of bearings: a single row, deep groove ball bearing and a cylindrical roller bearing on the 

driven end side. 

The gearbox follows the typical layout with single or double stages, with helical gearing. A coupling 

capable to allow the relative movements between motor and gearbox connects the helical pinion (input 
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shaft) of the gearbox to the electrical motor. In a single stage gearbox, there are two tapered rolling 

bearings for the output shaft, which can be mounted directly on the wheelset or on a hollow shaft fitted on 

the wheelset, two cylindrical roller bearings, and one split inner ball (four-point) bearing for the input 

shaft. The split inner ring ball bearing supports the axial thrust of the input shaft. 

Other components of the traction equipment, particularly shafts, toothed wheels and couplings, can also be 

the object of health monitoring to improve the reliability of the entire system. The physical quantities of 

interest to be monitored for these components include vibration, speed, pressure, misalignment, shaft 

deflection and lubricant temperature depending on the specific needs of the health monitoring application. 

The most common mechanical quantities worth of being monitored are mechanical vibrations. These can 

be measured on the outer surface of the casing of the motor and gearbox, at selected positions that are 

suitable to provide diagnostic information concerning vibrations originated by damaged bearings and/or 

gears. These vibration signals are then processed according to different data processing techniques [1] that 

are suitable to identify the signature of typical damages and possibly to quantify the degree of severity of 

the damage. 

Other sensors maybe used for this application, such as temperature sensor, subject to similar procedure in 

selection. The temperature sensors extract heat from the bearings to establish any indication of failure. 

Considering the feasibility in real application, the positions of interest for the sensors are both the flanges 

of bearings (only one side is shown in the figure) and the top on the motor case. The type and number of 

sensors will be determined after the characteristic analysis of the operating conditions of the traction 

system based on the comparisons of available sensors for this purpose in the market.  

2 Monitoring for the traction system of a regional train locomotive 

The E464 model (see Figure1) is an electric locomotive manufactured by Bombardier Transportation Italy 

at the Vado Ligure site since 1999 and intended primarily for regional and also interregional programs. 

The locomotive can develop a continuous power of 3000 kW at the wheels, up to a speed of 160 km/h. 

The car-body rests on two bogies with two axles, each with 2 three-phase synchronous motors of 800 kW. 

Between the motor and the wheel axle there is a two-stage gearbox with ratios 27/55 and 26/64. The 

connection between these two elements is achieved through a coupling joint on which is also keyed the 

disc brake system. 

The locomotive used for the installation of the monitoring system was built in 2008, and was close the 

first “2nd level” maintenance, scheduled to 1.2x106 km. 

The bearings monitored are those belonging to the powertrain motor (see Figure 2c) and gearbox (see 

Figure 2a) and those installed on the axle (bushings) as shown in Figure 2b. 

The vibrations of the bearings are measured by IEPE industrial accelerometers. A tachometer sensor is 

installed in correspondence of each motor for the detection of  the number of revolutions. The 

accelerometers installed on the gearbox-motor assembly have sensitivity of 100 mV/g range up to 50 g. 

On the bushings, accelerometers range up to 500 g are installed, due to the higher acceleration level 

available on the axle. All the used sensors are dual-sensors, namely also capable of providing a 

temperature signal. 

For each of the 4 drive units, on each gearbox-motor assembly, 5 accelerometers are placed, and 2 are 

located on the bushings of the axle. 
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Figure1: E464 regional train locomotive 

   

a) b) c) 

Figure 2: Gearbox a), axle b) and motor c) bearings. 

 

All the signals are acquired by two data acquisition systems, one per bogie that also have the task of data 

logging. Acquired data are sent for processing to a central system (industrial PC) that manages the entire 

apparatus. The data acquisition system for the leading bogie is positioned under the car-body and the other 

for the trailing bogie is placed on board the car-body. The connection between the PC and the on-board 

system is via Ethernet cable, while wireless connection is adopted for to the device of the leading bogie 

(see Figure 3). 

The industrial PC is placed on board the car-body, in the tail of the locomotive at the rear cargo area. It is 

connected to a GPRS module which allows a remote connection, and a Wi/Fi module ensures the local 

connection with the leading bogie acquisition system. 

The function of the PC is to manage the acquisition and connectivity, to perform data storage and then to 

process them. Locomotive’s BUS is also connected to the same network. 

 

 

Figure 3: Connection of electronic devices. 

 

Sensors

Sensors

Wireless connection
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2.1 Amplitude-based fault indicators 

The fault indicators must be able to be proportional to the severity of the fault but, at the same time, they 

should not be very reactive to instantaneous phenomena, which are not representative of a real problem. 

Several indicators have been developed during the project, but for the sake of brevity, only amplitude-

based ones are considered in this paper. 

Amplitude-based indicators are mainly based on the Square Envelope Spectrum (SES2) diagram [[14]]. 

The reason why the SES2 was used instead of the simple Square Envelope Spectrum resides in the fact 

that, the noise affecting the diagram was smoothed, allowing thus a better and simpler identification of the 

peaks in correspondence of the Characteristic Faults Frequencies (CFF). Theoretical CFF can be evaluated 

by means of the bearing geometry. 

The investigation of the faults starts from the identification of the peaks close to the CFF, paying attention 

to not detecting false peaks that could compromise the whole analysis. The automatic identification 

algorithm works in the following way: in correspondence of the CFF, with a range interval of ±5% of the 

value of theoretical Fundamental Train Frequency (FTF), it detects the maximum peak of the diagram, 

only if this peak is higher than a certain statistical threshold, which will be explained later. It should be 

noticed that this algorithm scans also to the 2X and 3X components, and this is a fundamental step in order 

to have a significant indication of fault. 

The reason of the choice of that particular range amplitude, equal for each kind of damage (corresponding 

to Ball Pass Frequency Outer race - BPFO, Ball Pass Frequency Inner race - BPFI, FTF or Ball/roller Spin 

Frequency - BSF), lies in the characteristic of the interval itself: it is indeed known that FTF is generally 

the smallest one. For this reason, a range of ±5% of FTF represents a good compromise between the 

necessity of identifying the real peak frequency (that can be slightly different from the theoretical one) and 

of avoiding peaks detection, which are not corresponding to effective damage, but are coming from other 

phenomena (for example, the harmonic component of the motor or of the gearbox). It is important to note 

that the 1X and 2X components of the motor have been researched singularly and a specific control 

algorithm has been implemented in order to avoid the superposition with the CFF. 

It is important to notice that if it was assumed to search the peaks in an interval range equal to ±5% of 

each CFF, absolutely inappropriate range length would be obtained, because they would be too large and 

the risk of identifying a false peak would become too high. 

The statistical threshold which was previously mentioned is used in order to be sure that the detected peak 

is significant and that it does not come from noise contamination.  

Borghesani et al. in [16] has defined this statistical threshold that allows to define a statistical limit on the 

amplitude of each spectral frequency. If the detected peak is higher than the punctual statistical threshold, 

it is possible to say that there is a probability equal to 
p

 that the considered peak represents a real damage 

on the bearing. 

This threshold is evaluated starting from the same analytic signal of the SES2, and so it is comparable to 

the harmonic amplitudes relative to the fault, because they have the same uncertainty sources coming from 

the environmental conditions and the filtering process. Thus, it is reasonable to state that the ratio between 

the peak amplitude and its corresponding threshold value is not affected by these uncertainties. 

The threshold is defined by the following formula: 

 ( )2
1 2

2

1
( ,2) ( )

2
SES x aThr p R x −  

=  
 

     (1) 

where xR  stands for the autocorrelation function, ( )ax  is the Fourier Transform of the analytic signal and
1( ,2)p −  is the inverse of the cumulative “chi-square” statistical distribution, with probability p with two 

degrees of freedom. 
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The coupling of Kurtosis based-indexes and envelope analysis represents one of the most successful and 

widespread procedure for the diagnostics of incipient faults on rolling element bearings [16]. 

The Band Kurtosis (BK) indicator has been defined as the ratio between the SES2 and its RMS4 on the 

filtered analytic signal; in formula, it can be expressed as:  

 
4

2 filt

filt

SES
BK

RMS
=


     (2) 

In the previous expression, the ratio is performed on the filtered signal. The expected behaviour of the BK 

indicator can be described by four different phases: 

- phase 1: no damage, stable indicator at its nominal value; 

- phase 2: incipient fault, indicator starts to arise because of the increasing values of CFF; 

- phase 3: growth of the damage, indicator stays stable due to the increase of the value of the RMS, 

elevated at the fourth power; 

- phase 4: rapid decrease and increase of the value due to the total damage of the bearing. 

On the other hand, if a simply RMS-based indicator was developed, the value of this indicator would not 

increase until the total seizing of the mechanical element; this cannot be accepted because the aim of the 

research is the detection of the fault in its incipient state and not when it has already happened, with its 

catastrophic effects consequences. 

Since the energy component of the CFF is not focused only in its characteristic frequency, the RCC 

parameter has been defined to overcome this problem. The reason of the smearing of the energy 

component of the harmonics is mainly due to the leakage effect: this causes an error on the Fourier 

Transform, that considers the signal as periodic. 

The RCC indicator has been defined by Borghesani et al. in [16], and it is: 
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This indicator performs the ratio between the sum of each component near the considered CFF and the 

sum of the totality of the signal; q  and r  are respectively the lower and upper limit in which the CFF 

have to be searched. 

The characteristic property of this indicator is its readiness: it is indeed able to detect a problem even 

before the BK indicator, thus allowing a better and earlier detection of the possible faults and allowing in 

this way a correct scheduling of the maintenance interventions. 

2.2 Condition monitoring results 

In this section the results of the whole analysis will be presented. Afterwards, a critical analysis on the 

state of the bearings will be performed, comparing the results of the previously presented indicators with 

the actual state of health of the bearings evaluated during the visual inspection after the maintenance 

operation in November 2015 in which all the bearings have been removed and replaced with new ones. 

Moreover, the comparison between the results of the analysis performed on the 2015 data with the results 

of the analysis of the 2016 data will be proposed. 

For the sake of brevity, only the results of the NDE bearing of the motor unit 4 (sensor SM41A) will be 

shown. 

The trends assumed by the indicators for each type of damage are shown in Figure 4, where 2015 data and 

2016 data are separated by a black line. It is necessary to remember that the reported diagrams are the 

moving averages of the indicators; this has been done in order to reduce the negative effects of some 

outlier values and to obtain more significant results.  
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The windows length of the moving average has been set as 50 samples for the 2015 data and 40 samples 

for the 2016 ones. The total number of the analyzed files is 605 for 2015 and 553 for 2016. 

 

BPFO 

 

BPFI 

 

FTF 

 

BSF 

 

Figure 4: Fault indicator results from sensor SM41A. 

 

By looking at the RCC diagrams shown in Figure 4, it is possible to observe: 

- the presence of a serious damage on the outer race (BPFO diagram) of the bearing in the year 

2015 with an evident upward trend. This means that this indicator was able to detect the increase 

of the fault over the time, and this can be useful for prognostics considerations. 

- it is reasonable to think that no serious damage of the inner race (BPFI diagram) was present in 

the 2015; no threshold alarm was reported since it would have a excessive high magnitude respect 

to the data values; 

- the presence of a serious damage on the cage (FTF diagram) of the bearing for the year 2015. 

Even if no trends can be clearly found, RCC was extremely higher than the threshold limit; this 

allows to say without doubt that a non-negligible problem of the FTF type was present, as it has 

been confirmed by the observation of the bearings performed during the maintenance operation of 

November 2015 and shown in Figure 5. 

       

Figure 5: Outer ring and cage damages as resulted from the inspection perfomed during the maintenance 

operations in November 2015. 
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As for the outer race, no significant damages could be found by the inspection of the RCC related to BSF 

diagram, as reported in Figure 4; the not-null value can be attributed to the normal wear of their lifecycle. 

The only thing that can be noticed is a slight periodic trend. One can notice that no threshold alarm was 

reported since it would have excessive high magnitude respect to the data values. 

3 Conclusions 

This paper shows the preliminary results of a long-lasting campaign of experimental tests, which aimed to 

apply a condition monitoring system for the traction system of locomotives for regional passenger service. 

Firstly, the monitoring system, which has been designed and developed specifically for this locomotive 

class is described. After the system was built and installed on the locomotive, it continued its commercial 

service until the second level maintenance, when the bearings of the traction system were disassembled 

and inspected. 

Some damage indexes, which are independent of the operating conditions of the system, have been 

developed on purpose and have been tested on the vibration measurements acquired during the operation 

of the locomotive. By analyzing the behavior of these indexes, and the definition of suitable threshold 

indexes, it was possible to diagnose some damages that were then actually found during the inspection of 

the bearings 
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Abstract
Perhaps the most used approach for vibration-based instantaneous angular speed estimation is based on
phase demodulation of a shaft-speed related harmonic. While this approach can deliver very accurate IAS
estimations in cases where such a single, constantly present, and dominant harmonic is existing, there are
ample cases where this approach has its limitations regarding applicability. In complex rotating systems, the
harmonics are not necessarily all harmonically related, causing crossing orders and skewing the extracted
instantaneous phase. Additionally, such systems often operate in strongly varying conditions which can
cause harmonics to fade into the noise. In order to more adequately utilize the amount of information
contained within the vibration signal, this paper proposes the use of a demodulation method that jointly
exploits multiple harmonics instead of only one. The proposed approach takes advantage of the multitude
of harmonics typically present in physical systems and promises to be more robust to changing operating
conditions.

1 Introduction

Nowadays, vibration analysis has become one of the primary tools in condition monitoring of rotating ma-
chinery. While the implementation of monitoring and diagnosis schemes is advancing [1, 2], there are still
major scientific improvements to be made for it to evolve into a fully mature technology. Many analyses
are currently still being done manually by a domain expert and often the available knowledge with which
decisions regarding maintenance are made, is far from complete. Therefore, understanding the machine and
component behavior is essential to advance the signal processing and data analysis methodologies used in
condition monitoring. One of the problems that has received a lot of attention over the past two decades
is the presence of speed variation in measured vibration signals. The importance of an accurate speed esti-
mation scheme is underlined by the existence of a special issue on Instantaneous Angular Speed processing
and angular applications in MSSP [3] and of a conference dedicated solely to condition monitoring in non-
stationary operations. This paper focuses on estimating the IAS based on the information contained within
the vibration signal. While it is possible to utilize the IAS itself as a form of indicator for the condition of the
machine, this typically involves installing a high-frequency encoder [4, 5, 6] in order to reach the required
accuracy of the IAS to be able to detect small faults. Analyzing signals in the angular domain is one of the
main reasons why most condition monitoring procedures include speed estimation.
The two techniques that are compared in this paper are based on phase demodulation of the harmonic or-
ders in the vibration signal. Speed estimation through phase demodulation has proven itself already multi-
ple times in the past to be a fairly reliable way to obtain accurate instantaneous angular speed estimations
[7, 8, 9, 10, 11]. It only requires a single well-excited and speed related harmonic order with preferably no
crossing orders and it is also very easy to implement. Despite its popularity, the possibility to employ more
than one harmonic simultaneously in the demodulation has not yet been investigated. This paper investigates
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the potential advantages of using a multi-harmonic demodulation approach compared to the single harmonic
approach.

2 Methodology

The method proposed in this paper is based on the idea of extending phase demodulation of just a single
harmonic to multiple harmonics. The name of the technique is therefore coined as the Multi-Harmonic
Demodulation method (MHD). The method does require an a-priori rough estimate of the speed (and is
partly inspired by Ref.[10]).

2.1 Multi-harmonic demodulation

To find an expression of the speed that takes into account multiple harmonics, the signal is considered to be
a sum of a set of K complex harmonic signals xk(n) with noise:

x(n) =
K∑

k=1

Ak(n)e
j(αkθ(n)+φk) + νk(n) (1)

with n being the sample number, k the harmonic number,K the total number of harmonics,A the amplitude,
α the harmonic order, φ the constant phase, θ the instantaneous angle of rotation. For one harmonic k this
becomes:

xk(n) = Ak(n)e
j(αkθ(n)+φk) + νk(n) (2)

Calculating the corresponding derivatives ẋk(n) (the notation means a sample of the time derivative) gives:

ẋk(n) = Ȧk(n)e
j(αkθ(n)+φk) +Ak(n)(e

j(αkθ(n)+φk)jαkθ̇(n)) (3)

Multiplying with the conjugate of xk(n) removes the unwanted exponentials:

x∗k(n) = Ak(n)e
−j(αkθ(n)+φk) (4)

ẋk(n)x
∗
k(n) = Ȧk(n)Ak(n) +A2

k(n)jαkθ̇(n)) (5)

Restructuring of the equation to find θ̇(n)):

θ̇(n)) = (
ẋk(n)x

∗
k(n)

αkA
2
k(n)

− Ȧk(n)

αkAk(n)
)j (6)

It can be assumed that usually the rate of amplitude variation Ȧk(n) is quite slow compared to the amplitude
values themselves, therefore the second term within the brackets becomes very small compared to the first
one so Eq.6 can be simplified to:

θ̇(n)) =
={ẋk(n)x∗k(n)}
αk|xk(n)|2

(7)

Eq. 7 can also be obtained by directly taking the imaginary part of Eq. 5.

Doing the same derivation but for all harmonics is not difficult and can be achieved by adding again the
summation over all harmonics K in the signal:

K∑

k=1

xk(n) =

K∑

k=1

Ak(n)e
j(αkθ(n)+φk) + νk(n) (8)
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This results in almost the exact same equation as for one harmonic but simply summed for all harmonics:

θ̇(n)) =

∑K
k=1={ẋk(n)x∗k(n)}∑K

k=1 αk|xk(n)|2
(9)

The advantage of this formulation is to embody several harmonics in the demodulation and, as compared to
classical demodulation based on the analytic signal, to guarantee a finite variance because the denominator
has a low probability of approaching zero. This reduces the need to do an a-posteriori smoothing of the
resulting speed profile (which is often necessary for standard single harmonic demodulation). For a single
harmonic, a band-pass filter is typically defined based on the minimum and maximum expected frequency
of that harmonic. Due to overlapping harmonic content, this approach limits the maximum bandwidth of
such a band-pass filter and thus the maximum amount of speed fluctuation. This can be mitigated by using
a windowed band-pass filtering approach. For the multi-harmonic demodulation method as proposed above,
this overlap issue can be avoided. In practice, the complex harmonic signals xk(n) can be obtained by
complex demodulation using a rough speed estimation. This way the harmonics get shifted towards zero
frequency (DC) and one can employ a simple and more narrow low-pass filter for every harmonic. The
required a-priori rough speed can be obtained in multiple ways that require little input, e.g. using maximum
tracking in the spectrogram. Using the rough speed for the complex demodulation does mean that when
calculating θ̇ as specified in Eq.7, the result is the deviation of the instantaneous frequency of the estimated
speed compared to the rough speed. Another reason to do complex demodulation plus low-pass filtering
prior to using the formula in Eq.7 is because of the differentiation involved. Differentiating filters usually
increase high-frequency noise as can be seen from their transfer function. Close to zero frequency they
have a linear response and the influence of the multiplication with the frequency in the spectral domain is
reduced when combined with low-pass filtering. An example of the transfer function magnitude responses
for four differentiation schemes are shown in Fig.1. In this paper a simple first order difference is employed
since it has the lowest computation time and the produced results do not depend significantly on the type of
differentiation.

Figure 1: Magnitude responses of four differentiators.

2.2 Single harmonic instantaneous phase demodulation

The method that is used for comparison of the MHD method on the experimental data is straightforward
and is based on using an ideal band-pass filter around a well-separated, high SNR harmonic of the rotation
speed. After defining the optimal lower and upper cutoff frequencies for the band-pass filter, the harmonic
is filtered out of the complex spectrum and translated around zero frequency. Next, the complex band-pass
filtered spectrum is inverse Fourier transformed to the time domain. The angle is then unwrapped of the
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complex signal after addition of the demodulation frequency to obtain the instantaneous phase. Finally, the
instantaneous angular speed is estimated based on the phase variation.

3 Experimental application

To illustrate the performance of the proposed multi-harmonic demodulation method, a comparison is made
with the conventional single harmonic demodulation (SHD) method on experimental wind turbine gearbox
vibration data. This data set originates from the diagnosis contest held in light of the International Conference
on Condition Monitoring of Machinery in Non-Stationary Operations (CMMNO) in 2014 [12].

The vibration signal used for this analysis was measured on the gearbox housing of a wind turbine near
the epicyclic gear train and sampled at 20 kHz. The goal was to estimate the IAS of the high-speed shaft
(carrying gear #7 in Fig.2). This estimate was then compared with a reference speed signal measured by an
angle encoder. The length of the measurement was approximately 550 seconds at a sample rate of 5 kHz.
The spectrogram of the measurement can be seen in Fig.3 (generated using a Hanning window of 1 second
and 50% overlap).

Figure 2: Visualization of the wind turbine gearbox used in the CMMNO 2014 diagnosis contest.

Figure 3: Spectrogram of the CMMNO 2014 diagnosis contest data.
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Table 1: Fundamental orders related to high-speed shaft.
Gear pair Order value
1 1
2/3,1/2 1.025459229
4/5 5.316666667
6/7 29
8/9 15.225
10/11 6.619565217

4 Results & Discussion

Since the measured signal is so long and contains strong speed fluctuations, the single harmonic demodu-
lation (SHD) is performed on windowed parts of the vibration signal. The signal is split up into windows
of 20 seconds with an overlap of 50%. The obtained speed profiles of overlapping sections are averaged
together using a weighted average based on a Hanning window with its center in the middle of the window.
This is done to reduce the influence of the end effects associated with using an ideal FFT band-pass filter.
The second harmonic of the high-speed shaft is chosen for the demodulation since it has a high SNR and no
crossing orders. Also other teams in the CMMNO contest chose this harmonic due to the good results they
obtained using it [12]. The second harmonic is also utilized for the rough speed estimation required by the
multi-harmonic demodulation method. A simple maximum tracking is employed in this case. The harmonics
used as input for the multi-harmonic demodulation method (MHD) are based on the fundamental orders that
can be observed in the system and are summarized in Table. 1.

All of the orders in Table. 1 are used as input for the MHD method together with 20 harmonics of each
order (if they are below the Nyquist frequency). Figure 4 shows the resulting profiles of the estimated
speeds together with the provided encoder speed. Small deviations from the encoder can be observed for
the single harmonic demodulation. Figure 5 provides a zoom of the estimated speed profiles between 55
and 90 seconds (illustrated by the black rectangle in Fig. 4). The main observation here is that the MHD
approach is able to accurately track very small speed fluctuations as indicated by the encoder speed. This can
be expected because the MHD allows to take into account higher order harmonics that emphasize those small
speed fluctuations. Figure 6 displays the relative error in percentage of the two estimated speeds compared
to the encoder. The error of the MHD speed is clearly smaller on average as is corroborated by the mean and
median absolute errors shown in Fig. 7.

Figure 4: Speed profiles of single and multi-harmonic demodulation methods compared to the encoder speed.
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Figure 5: Zoom of the estimated speed profiles between 55 and 90 seconds.

Figure 6: Relative error of the estimated speed to the encoder speed.

The results obtained by the single harmonic demodulation method are of course dependent on the window
size used and on the bandwidth setting of the moving band-pass filter. It would also be possible to improve
the result of the SHD method by optimizing the window lengths and bandwidths manually for every signal
part. However, manual optimization is not the focus of this paper nor is it a desirable practice in industry
nowadays. The MHD method on the other hand does not require any windowing or critical choice of a
bandwidth of a band-pass filter. The most important inputs are the harmonic orders to take into account. For
the case presented in this paper, this choice is not that critical since good results are obtained even without
paying close attention to which harmonics are well separated and with a high SNR. It is plausible however
that some data sets might contain low SNR harmonics with crossing orders. Therefore future work will focus
on finding a potential automatic weighting of the different harmonics since currently all the demodulated
harmonics are weighted equally. Such a solution would take away even the possible manual investigation of
the harmonic structure of a vibration signal in order to define a set of harmonics to demodulate. It would
also broaden again the automated application of the MHD method, due to the fact that then only design
information of the gearbox would be required, which a manufacturer naturally possesses.
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Figure 7: Mean and median absolute errors of the single and multi-harmonic demodulation estimated speeds.

5 Conclusion

This paper proposes a novel vibration-based speed estimation method based on the demodulation of multiple
harmonics as compared to the conventional way of only utilizing a single harmonic. The multi-harmonic
demodulation (MHD) method is used after an a-priori rough speed estimation and takes a set of speed-
related harmonic orders as input. Taking into account multiple harmonics increases the robustness and the
accuracy of the speed estimation at the same time, since the result is a type of average of the demodulation
of multiple harmonics. Lower order harmonics often have a good signal-to-noise ratio but are not sensitive
enough for small speed fluctuations, while the opposite is often true for the higher order harmonics. Another
major advantage of the MHD method compared to the single harmonic demodulation (SHD) method is the
finite variance of the resulting estimated speed. This reduces the need to do an a posteriori smoothing of the
resulting speed profile. The performance of the method is validated on experimental wind turbine gearbox
vibration data originating from the CMMNO 2014 contest. The results clearly indicate the improvement in
speed estimation accuracy. The average errors have decreased by a factor of three approximately, without
the need for windowing the signal. Since the MHD method relies on the input set of harmonics, the method
could be adapted such that it uses a particular set of harmonics based on the operating regime the system is in.
Another approach that will be investigated in future work is the automatic calculation of optimized weights
per harmonic order. This would allow for easy integration in an automated processing scheme which is often
required or at least desirable in industrial applications.
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Abstract
Discrepancy analysis is a novelty detection technique which can be used for bearing diagnostics under
varying speed conditions. In discrepancy analysis, features are extracted from the vibration signal and
used with a model of the healthy features to generate a discrepancy signal which is subsequently analysed
for bearing damage. However, the feature extraction process that is used affects the fault diagnosis
capabilities of discrepancy analysis. It is therefore important to ensure that the extracted features result in
a discrepancy signal that is not only sensitive to damage, but also robust to varying speed conditions. In
this paper, the suitability of different features is compared for performing bearing diagnostics with
discrepancy analysis under varying speed conditions. Investigations are performed on data generated with
a phenomenological gearbox model and on experimental data, with the results indicating that wavelet
packet features and cyclostationary features are well-suited for discrepancy analysis.

1 Introduction

Rolling element bearings are used as critical components in many rotating machines and therefore it is
imperative that they operate as intended. However, rolling element bearings are prone to failure which
makes it very important to use condition monitoring techniques capable of inferring the condition of the
bearing. Additionally, many rotating machines operate under unavoidable varying conditions which
impede the condition monitoring process and therefore it is also very important for the condition
monitoring techniques to be robust to varying operating conditions.
Signal processing and analysis techniques can be used to extract or enhance diagnostic information in the
signal [1,2] but can be difficult to implement and to infer the condition of the machine correctly by a non-
expert. It is therefore useful to combine the extracted diagnostic information with machine learning
techniques for automatic condition inference when historical fault data of all the damage modes are
available. However, the historical fault data are difficult or impractical to acquire which makes it
challenging to apply supervised machine learning techniques. This makes novelty detection approaches,
requiring only historical healthy data, attractive for condition monitoring applications [3].
Discrepancy analysis is a novelty detection technique that assigns a localised novelty detection score or a
localised discrepancy measure to different portions of a signal based on a healthy data model [4-6]. This
localised discrepancy measure is used to construct a discrepancy signal which is processed and used to
infer the condition of the machine. The localised discrepancy measure is usually assigned to diagnostic
features extracted from the vibration signal to improve the performance of discrepancy analysis. Hence, it
is important to use features that are rich with diagnostic information. In the work of Schmidt et al. [6], the
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wavelet packet transform is used in the feature extraction process. However, cyclostationary analysis
techniques and the empirical mode decomposition can also be used as potential alternatives for extracting
features and have not been investigated for discrepancy analysis yet.
The objective of this work is therefore to investigate and compare the performance of different features in
the discrepancy analysis process to perform bearing diagnostics under varying speed conditions. The
investigations are performed on numerical and experimental data in this paper. In the next section, an
overview of discrepancy analysis and the features investigated in this work are given, whereafter
numerical and experimental investigations are performed in Section 3 and Section 4, respectively.

2 Discrepancy analysis

2.1 Overview

A discrepancy analysis methodology for bearing diagnostics presented by Schmidt et al. [6] is followed in
this paper. The general steps for discrepancy analysis are as follows:
1) Process the vibration signal (e.g. filtering) and extract localised diagnostic information in the form of

features from the processed vibration signal.
2) Model the features of the healthy data with models such as Gaussian models, Gaussian mixture

models or hidden Markov models.
3) Calculate the discrepancy between the features extracted from the vibration signal and the features of

a healthy machine with the discrepancy measure associated with the healthy model. Construct a
discrepancy signal from the calculated localised discrepancies.

4) Process the discrepancy signal to attenuate the influence of operating conditions [6] or to enhance the
damage components [5] for example.

5) Analyse the processed discrepancy signals to infer the condition of the machine.
It is very important to have information related to the phase or rotational speed of the shaft when
performing discrepancy analysis. This is attributed to the vibration signals generated by damaged
mechanical components, being angle-dependent and therefore the features need to be described in terms of
shaft angle as opposed to time. This speed or phase information can be obtained with a tachometer or it
can be estimated from the vibration signal using tacholess rotational speed estimation approaches.

2.2 Feature extraction

It is necessary to extract diagnostic information from the measured vibration signal to improve the
condition inference capabilities of discrepancy analysis. In discrepancy analysis, the multi-dimensional
features should present information pertaining to the condition of the machine over angle. Another
important consideration of potential discrepancy features is that even though the modulation due to
bearing damage is angle-dependent, the carrier component is time-invariant [7,8]. The implication of this
is that the signal is approximately angle-time cyclostationary as opposed to time- or angle-cyclostationary
under varying speed conditions [7,8] and therefore the feature extraction methods should be carefully
designed.
The following signal analysis and processing tools are considered to perform feature extraction in this
investigation:
1. Wavelet packet transform
2. Spectrogram
3. Instantaneous power spectrum
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4. Empirical mode decomposition

The D-dimensional features extracted at angular instant n is denoted by a D × 1 vector nb in this section.

2.2.1 Wavelet Packet Transform (WPT)

The Wavelet Packet Transform (WPT) forms part of wavelet analysis where a signal is recursively
decomposed into approximation (i.e. low-frequency content) and detail (i.e. high-frequency content)
coefficients by using a filter bank of quadrature mirror filters [9]. A two-level wavelet packet
decomposition of the signal x(m) is shown in Figure 1 with the Wavelet Coefficients (WCs) of each level
presented as well.

Figure 1: Two-level wavelet packet decomposition of a discrete temporal signal x(m) with a filterbank of
low-pass (L) and high-pass (H) quadrature mirror filters. j

iWC indicates the ith coefficients of the jth level.

The impulse response function of the low-pass filter Lh and of the high-pass filter Hh are determined by
the specific wavelet basis function that is used [9]. For example, the filters are used to obtain filtered
versions of the original signal x(m)

LL hmxmx  )()( , (1)

and

HH hmxmx  )()( , (2)

where Lx and Hx denote the low-pass and high-pass filtered signals. The low-pass and high-pass filtered
signals are decimated with a factor of two to obtain the wavelet coefficients at the first level. This is
performed repeatedly on the wavelet coefficients as shown in Figure 1 to obtain a set of wavelet
coefficients.
The effectiveness of the WPT for diagnostics depends on the level of the decomposition as well as the
wavelet function that is used and therefore a few common wavelet basis functions are investigated.
In the paper by Schmidt et al. [6], the WPT is used in the feature extraction process for discrepancy
analysis with a similar procedure being used in this investigation. The WPT is performed on the temporal
vibration signal to decompose the signal into a set of narrowband WCs. The WCs of the final level are
order tracked to obtain an angle domain representation of the specific WCs which are subsequently used
as features in the discrepancy analysis process. The resulting features are given by

 TNNN
n nWCnWCnWC N )()(),(

221 b (3)

where )(nWCN
i is the n-sample of the ith order tracked wavelet coefficients at level N and the superscript

T indicates the vector is transposed.
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In the feature extraction procedure, the WCs are order tracked as opposed to the vibration signal to
preserve the angle-time cyclostationary properties of the bearing damage. In the feature extraction
procedure by Schmidt et al. [6], the WCs are windowed to extract localised statistics as features to
enhance the discrepancy signal. However, this is not performed on the wavelet packet features, because
this can be applied to all investigated features and does not convey their actual performance.

2.2.2 Spectrogram

The spectrogram is the squared magnitude of the Short-Time Fourier Transform (STFT) and can show
how the time-frequency components of the vibration signal evolve over time. However, there is a trade-off
between the time and frequency resolution of the STFT and therefore the STFT is ill-suited for
representing the time-frequency information of non-stationary signals in general. Despite its limitations,
some diagnostic information may still be contained within the spectrogram and it has the benefit that it is
relatively computationally efficient to calculate due to the Fast Fourier Transform (FFT) being an essential
part of the calculation process. The fact that the signal has a relatively poor time (or angle) resolution is
not problematic for discrepancy analysis where the sampling frequency of the signal is usually reduced by
windowing the signal [4,5]. The feature extraction procedure is as follows:
1. Order track the vibration signal
2. Calculate the STFT of the order tracked vibration signal.
3. Calculate the spectrogram, as the squared magnitude of the STFT, and use as features. The number of

frequency bins is equal to the number of features that is extracted. The discrete spectrogram of the
order-tracked vibration signal x(m) is given by
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and calculated for a windowing function )(mw of length wL and an overlap between consecutive
windows wO , where www OLR  . The D-dimensional features extracted from the spectrogram is
denoted by

 Twn LnSnSnS )1,(,),1,(),0,(  b (5)

where n relates to the shaft angle with 2/n rad, where  is the angular resolution of the spectrogram
in radians. Due to the fact that the angle-time cyclostationary properties of the bearing damage are not
preserved in the calculation of the features, it is expected that the features will be sensitive to varying
speeds, which is non-ideal under varying speed conditions.

2.2.3 Instantaneous Power Spectrum (IPS)

The interactions of rotating components (e.g. gear meshing, impacts due to bearing damage) of machines
operating under stationary conditions result in the generation of time-cyclostationary signals i.e. stochastic
vibration signals with periodic statistical properties in terms of time. This makes cyclostationary analysis
very powerful for performing rotating machine diagnostics [2]. However, for bearings operating under
varying speed conditions, the time-cyclostationary properties of the signal are lost and the signals are
rather cyclo-non-stationary. Abboud et al. [7] showed that the signals from damaged bearings can be
approximated as angle-time second-order cyclostationary under varying speed conditions and gave angle-
time cyclostationary estimators for classical second-order cyclostationary tools such as the spectral
coherence and the Instantaneous Power Spectrum (IPS). The IPS is very powerful for rotating machine
diagnostics [10,11] and is used as discrepancy analysis features in this work. The time-frequency IPS (TF-
IPS)
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describes how the energy of the signal manifest in its frequency bands over time where X2 is the time-
autocorrelation function. The Welch-based estimator of the TF-IPS [7]
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has a very similar form to Equation (4) and is used in this work with the same notation. Under varying
speed conditions, the Angle-Frequency IPS (AF-IPS) is more appropriate and obtained by order-tracking
each frequency band of the TF-IPS separately [7]

 ),(ˆ),(ˆ klIOTknI TFtAF  , (8)

where tOT indicates that the time index l is converted to an angle index n with Order Tracking (OT).
The features at angle index n is obtained by concatenating the values of the AF-IPS at all frequency bands
for angle increment n and given by

 TwAFAFAFn LnInInI )1,(ˆ,),1,(ˆ),0,(ˆ  b . (9)

It is evident from Equation (5) and Equation (9) that the dimensionality of the feature space is governed by
the length of the window that is used, while Equation (4) and Equation (7) indicate the time resolution is
dependent on the length of the window as well as the overlap between consecutive windows. In all
subsequent investigations the AF-IPS as opposed to the TF-IPS is used for feature extraction and is
shortened to IPS in the figures and when it is being referred to.

2.2.4 Empirical Mode Decomposition (EMD)

The Empirical Mode Decomposition (EMD) is a powerful self-adaptive time-frequency analysis technique
that decomposes a signal into a set of orthogonal Intrinsic Mode Functions (IMFs). The EMD is capable of
analysing non-stationary signals in contrast to the STFT and it does not rely on a priori assumptions on the
form of the signal components compared to the WPT [12]. However, the EMD has a few problems such as
the IMFs not being orthogonal and the occurrence of mode mixing, a phenomenon where a signal
component manifest within a few IMFs. The ensemble EMD and other techniques have been proposed in
literature aiming to circumvent the aforementioned problems of the EMD [12].
In this paper, the standard EMD without any improvements is used in spite of the aforementioned
problems, because this is an initial investigation of the EMD. The EMD is performed on the temporal
vibration signal to extract N temporal IMFs. The temporal IMFs are order tracked to obtain the angular
IMFs which are subsequently used as features in the discrepancy analysis process, with the features given
by

 TNn nIMFnIMFnIMF )(,),(),( 21 b . (10)

In discrepancy analysis, localised features are converted to a discrepancy measure. This means that
phenomena which result in spurious changes in features such as mode mixing will result in corresponding
spurious discrepancies. These spurious discrepancies may dominate the discrepancy signal which will
cause erroneous inferences to be made.
In the next section, the feature modelling and discrepancy signal generation processes are discussed.
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2.3 Feature modelling and discrepancy signal generation

The features extracted from a healthy machine are used to optimise a healthy model which is subsequently
used to generate a discrepancy measure or localised novelty detection score for new features. The features
can for example be modelled with a Gaussian mixture model [4], a hidden Markov model [5] or a
Gaussian model [6]. Gaussian models have closed form solutions for their parameters, which means that
convergence issues do not influence the results when comparing different features. Gaussian models also
do not have any data dependent hyperparameters, are sensitive to damage, and relatively robust to varying
speed conditions [13]. Therefore, Gaussian models are used in this work.
The negative log-likelihood of the Gaussian model is used as a discrepancy measure for the features
extracted from the angle index i and given by

),|(log)( Σμbii  (11)

where ),|( ΣμbiN is a Gaussian probability density function with its mean μ and covariance Σ
obtained by maximising the likelihood function of the model with the features of a healthy gearbox.
The robustness of the discrepancy signal could be improved by compensating for the varying speed
conditions [6], however, this is not investigated in this work. Instead, the discrepancy signal’s sensitivity
to varying speed conditions is compared for the investigated features.

2.4 Analysing the discrepancy signals

The synchronous average of the discrepancy signal is a useful tool for investigating the presence of gear
damage [4,5]. However, the synchronous average of the discrepancy signal is ill-suited for bearing
damage due to potential slip of the rolling elements in the bearing. Instead, the spectrum of the
discrepancy signal is used with the analytical defect frequencies to infer the presence of damage in the
signal [6]. The power spectral density using the Welch estimator is used in this work.

3 Numerical investigation

3.1 Overview of the phenomenological gearbox model

The phenomenological gearbox model presented by Abboud et al. [14] and used by Schmidt et al. [6] is
used in this work. The casing vibration signal consist of a deterministic gear component attributed to the
gear mesh component dgx , a random gear component attributed to distributed gear damage rgx , an outer

race bearing damage component bx and noise nx . The casing vibration signal is given by

)()()()()( txtxFStxtxtx nbrgdgc  (12)

where a Fault Severity (FS) factor is explicitly included to alter the magnitude of the baseline bearing
damage component and to simulate a deteriorating bearing. The deterministic gear component is given by
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where )(M simulates the sensitivity of the signal to changes in rotational speed  rad/s, )(thdg is a

single degree-of-freedom impulse response function, dg
kA and dg

k are the magnitude and phase of the kth
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harmonic component. The phase of the shaft is given by 
t

dt
0

)()(  and the number of teeth of the

gear connected to the shaft is denoted by teethN and is 40. The distributed damage component
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has a similar form as the deterministic gear component, except for the zero-mean Gaussian noise
component with unit standard deviation )1,0(~)( Nt . The outer race bearing damage component

 )()()()(
1 

 bN

i i
b
ibb TtAthMtx  (15)

consist of a Dirac comb convolved with the single degree-of-freedom transfer function. The coefficient
controlling the magnitude of the ith bearing impulse b

iA is a sample from a uniform distribution with a
mean of unity and a range of 0.2. The time-of-arrival of the ith bearing impulse is calculated from the
instantaneous speed of the shaft and the ball-pass outer race order of the bearing. Slip is also introduced in
the model by adding noise to the angle-of-arrival.
Finally, the noise is given by

)()()( tMtx nn   (16)

where n is the standard deviation of the noise signal if M(ω) =1. A more detailed overview of the model
can be found in Ref. [14] with a similar notation and implementation to this paper used in Ref. [6].
The impulse response function of the deterministic gear component, the random gear component and the
bearing damage have the same damping ratio of 0.05 and natural frequencies of 1.5kHz, 2.5kHz and
5.0kHz respectively. For all models,  )(M and the ball-pass outer race order of the bearing is 8.14
shaft orders.
Five operating condition profiles are separately used to generate the vibration data with the
phenomenological gearbox model and are presented in Figure 2.

Figure 2: Rotational speed profiles for the phenomenological gearbox model.

The vibration components that correspond to operating condition profile four is presented in Figure 3, with
the influence of the speed on the envelope of the signal components clearly being seen.
Six bearing conditions are investigated with the model namely FS = [0.0, 0.02, 0.04, 0.08, 0.12, 0.16]
which is separately used in Equation (12). Two damaged bearing signals corresponding to the vibration
signal components in Figure 3 are presented in Figure 4.
It is evident from the results that the gear mesh frequency component dominates the casing vibration
signal with the bearing damage component being small in comparison. Deterministic-random separation
methods [15] are not used to remove the gear mesh components in this investigation. This is to investigate
the ability of the features to detect the bearing damage without any pre-processing techniques being used.
However, it can certainly increase the robustness of discrepancy analysis and should be investigated in
future work.
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(a) (b)

(c) (d)

Figure 3: Vibration components generated by the phenomenological gearbox model corresponding to
operating condition four.

Figure 4: Bearing components for two different fault severities are presented, with operating condition
profile four being used.

3.2 Results

3.2.1 Implementation of discrepancy analysis

The first step of the discrepancy analysis procedure used in this work is to extract diagnostic features from
the vibration signal. The dimensionality of the features should be approximately the same to ensure that a
fair comparison between the different features can be given. The dimensionality of the features in this
paper is set to 16 unless it is not practically possible. The WPT decomposition level is set to four, which
results in 16 wavelet coefficients to be extracted from the vibration signal. Many wavelet basis functions
can be used to perform the decomposition, with the focus placed on Daubechies wavelets which is very
popular for bearing diagnostics. The following Daubechies wavelet basis functions are investigated in this
section: db1, db2, db4, db8, db10, db16, db20, and db44.
The spectrogram features are calculated by using a Hann windowing function with a window length of 16
and an overlap of 75% between consecutive windows. The TF-IPS is implemented with the same
characteristics as the spectrogram features, whereafter the TF-IPS is order tracked to obtain the AF-IPS.
The window length is selected to have the same dimensionality as the WPT features.
The EMD is a self-adaptive signal processing technique to extract multiple IMFs which are used to obtain
features as discussed in Section 2.2.4. It was found that a different number of IMFs is extracted for
different signals and to ensure that all measurements have the same dimensionality, the number of IMFs
that is extracted is set to 12. If more IMFs are used in the training phase, there is a risk that some datasets
in the testing phase may be unusable due to an insufficient number of IMFs being extracted.
The features of a system with a healthy bearing (i.e. FS = 0.0 in Equation (12)) for the first four operating
conditions are used to obtain the healthy model as discussed in Section 2.3. The negative log-likelihood,
given by Equation (11), is used to generate the discrepancy signals for the different datasets, whereafter
the spectra of the discrepancy signals are calculated. The spectra are presented in the next section.
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3.2.2 Discrepancy signal spectra

The spectra of the discrepancy signals are presented in Figure 5, where the bearing damage component at
8.14 shaft orders and its harmonics are clearly seen for the AF-IPS, spectrogram and most WPT features.
The spectra associated with the spectrogram features contain a relatively large gear mesh component at 20
shaft orders when compared to the other features. While only the fundamental bearing component can
clearly be seen in the spectra of the discrepancy signal associated with the WPT db44. In contrast to the
other results, the EMD features do not contain any clear diagnostic information in its spectra.

(a) WPT db1 (b) WPT db4

(c) WPT db44 (d) Spectrogram

(e) AF-IPS (f) EMD

Figure 5: Discrepancy spectra for the different features used for the phenomenological gearbox model
with a fault severity of 0.08.

It is difficult to compare the performance of the features from the spectra in Figure 5 and therefore their
performance is quantified and compared in the next section.

3.2.3 Quantifying the performance of the features

The amplitude of the fundamental ball-pass outer race component contains diagnostic information as seen
in Figure 5 and is investigated over fault severity to quantify the sensitivity of the features to damage. The
raw amplitude is presented in Figure 6(a) and the normalised amplitude is presented in Figure 6(b). The
normalised amplitude, calculated by dividing the amplitude of the different fault severities by the
amplitude of the healthy bearing component (FS = 0.0), is used to quantify the relative change of the
amplitude over fault severity.
The mean of the normalised amplitude presented in Figure 6(a) is presented Table 1. Surprisingly, the
spectrogram features are the most sensitive to the damage, with the AF-IPS being second most sensitive.
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The discrepancy signal associated with the EMD features are the least sensitive to damage. This is
attributed to mode mixing, which result in spurious discrepancies to be detected.

(a) (b)

Figure 6: The sensitivity of the amplitude of the fundamental bearing component versus fault severity.

EMD WPT
db10

WPT
db8

WPT
db44

WPT
db16

WPT
db1

WPT
db2

WPT
db20

WPT
db4

AF-
IPS

Spectr
ogram

1.84 27.68 31.56 32.92 36.73 42.06 42.14 42.36 44.79 58.53 202.77

Table 1: The mean normalised amplitude of the fundamental bearing component for the different features.

It is not only important to quantify the sensitivity of the features to damage, but also their robustness to
varying speed conditions. The amplitude of the fundamental outer race component is presented over
rotational speed in Figure 7(a) and the normalised amplitude is presented in Figure 7(b). The normalised
amplitude is obtained by dividing the mean amplitude of the fundamental component at different speeds
by the amplitude of the component corresponding to the minimum rotational speed. The results of the
EMD features are not included in Figure 7; the EMD features are relatively insensitive to changes in
operating conditions and distorted the results in the figure. In Table 2, the mean normalised amplitude
over rotational speed is presented for all investigated features.

(a) (b)

Figure 7: The sensitivity of the amplitude of the fundamental bearing component for different rotational
speeds.

EMD WPT
db10

WPT
db8

WPT
db44

WPT
db16

WPT
db1

WPT
db2

WPT
db20

WPT
db4

AF-
IPS

Spectr
ogram

1.36 1.50 1.50 1.47 1.49 1.58 1.55 1.47 1.53 1.39 1.47

Table 2: The mean normalised amplitude of the fundamental bearing component for the different features
over rotational speed.

The EMD features were the least sensitive to changes in speed, while the AF-IPS performed second best.
Even though the Spectrogram features’ average normalised amplitude was not the most, the variation of

864 PROCEEDINGS OF ISMA2018 AND USD2018



the features in Figure 7 was the most. This indicates that it is relatively sensitive to varying speed
conditions with fairly large fluctuations with respect to rotational speed.

3.2.4 Discussion

The spectrogram features performed the best of the features in terms of its sensitivity to damage, however,
the features were fairly sensitive to speed changes as seen in Figure 7(b). The spectrogram features and the
AF-IPS features are presented for the phenomenological gearbox model with operating condition profile
three being present in Figure 8. It is clear that the spectrogram features are very sensitive to rotational
speed changes because the bearing damage resides in different features as the speed varies which is in
contrast to the AF-IPS features. The characteristics of the features depend on the rotational speed which
makes feature selection approaches difficult to apply. This also means that a healthy Gaussian model,
which is likely non-isotropic, may be more sensitive to bearing damage for specific features than others
which is an undesirable characteristic.

(a) Spectrogram (b) AF-IPS

Figure 8: A comparison of the spectrogram features and the AF-IPS features over shaft rotations for the
phenomenological gearbox model with bearing damage. Operating condition profile three was used to
generate the results.

The WPT features also performed very well compared to the AF-IPS. The db4 features performed the best,
while the db10 features performed the worst. The db44 wavelet basis function, which has performed very
well in the literature [16], does not perform well in this numerical investigation. Hence, it is clear that the
performance of the WPT features is sensitive to the choice of wavelet basis functions and therefore care
should be taken when using it in a novelty detection framework. This also highlights the benefits of using
the AF-IPS; the basis function is fixed and does not have to be altered for different applications.
In contrast to the other feature extraction approaches, the EMD was time-consuming to apply and also did
not perform very well for discrepancy analysis due to mode mixing. However, there are many
improvements to the EMD such as the ensemble EMD that is not investigated in this work but can
potentially result in better features for discrepancy analysis.
In conclusion, the AF-IPS performed the best on the numerical data and is investigated with the
spectrogram features and the WPT features on experimental data in the next section. The EMD features
are not investigated in the next section due to their poor performance in the numerical investigation.

4 Experimental investigation

4.1 Overview of the dataset

A SpectraQuest, Inc. Machinery Fault Simulator dataset that contains vibration data for a healthy bearing,
a bearing with inner race damage, outer race damage and rolling element damage, is investigated in this
section. A more detailed description of the experimental data is given in Ref. [6]. The test bench was
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operated under constant loads, but varying speed conditions with the rotational speeds of the shaft
presented against time in Figure 9 for the different experiments.

Figure 9: Rotational speed profiles for the different datasets of the experimental data.

The y-direction vibration data of the testing bearing, sampled at 25.6 kHz, are used with the measured
rotational speed in Figure 9 for the discrepancy analysis investigation. In the next section, the performance
of the different feature extraction procedures is investigated for the vibration data.

4.2 Discrepancy analysis results

The discrepancy analysis procedure investigated in this section has the same properties compared to the
investigation in Section 3. The spectrogram features and the IPS features are compared to the wavelet
packet features with db4 (the best performing wavelet basis function), db1 (a robust wavelet basis
function), db44 (a wavelet basis function that has performed well in literature) being used. The Gaussian
model, optimised on the healthy vibration data, is used to generate discrepancy signals for the vibration
data with the corresponding spectra shown in Figure 11. The analytical characteristic frequency of the
bearing damage is presented for the different conditions as well.

(a) Healthy (b) Outer race damage

(c) Inner race damage (d) Rolling element damage

Figure 10: The discrepancy spectra for the different experimental bearing conditions and the different
features.

The spectra associated with the spectrogram features dominate the results in Figure 11; not only are the
characteristic frequency amplitudes larger, there is significant noise content in the spectra as well.

866 PROCEEDINGS OF ISMA2018 AND USD2018



Therefore, the spectra without the spectrogram features’ results are presented in Figure 12 to show the
characteristics of the IPS and wavelet features.
In Figure 11 and Figure 12, the outer race damage and the rolling element damage can clearly be seen for
all features. The inner race damage is small compared to contaminating components attributed to the
bearing being improperly installed and cannot be clearly seen in the spectra. It is difficult to compare the
performance of the features with Figure 11 and Figure 12 and therefore a similar process is followed as the
numerical investigation to quantify the performance of the features. In Table 3, the fundamental amplitude
of the characteristic component is divided by the average value of the healthy spectrum to indicate the
sensitivity of the features to damage. Hence, the features with a larger value are more sensitive to damage
than the features with a smaller value.

(a) Healthy (b) Outer race damage

(c) Inner race damage (d) Rolling element damage

Figure 11: The discrepancy signal spectra in Figure 11 are presented without the results obtained with the
spectrogram features.

Outer race
damage

Inner race
damage

Rolling element
damage

WPT db1 152.95 7.27 76.07
WPT db4 205.16 2.57 96.43
WPT db44 233.04 2.42 48.99
Spectrogram 1737.04 6.83 2550.54
AF-IPS 73.04 1.64 91.58

Table 3: The fundamental amplitude of the characteristic component divided by the average value of the
health spectrum for the different damage modes.

The results indicate that the spectrogram features are the most sensitive to damage. Even though the WPT
db44, has very small amplitudes for its characteristic components in Figure 12, it is the second most
sensitive to damage according to the results in Table 3. This is because the amplitude of the healthy signal
is significantly smaller than the amplitudes of the other features as seen in Figure 12(a). The IPS and WPT
db1 features have the smallest values which indicate that they are the least sensitive to damage from this
investigation, however, the results obtained from the features are still very good.
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5 Conclusion

In this investigation, the suitability of the spectrogram, the angle-frequency instantaneous power spectrum,
the wavelet packet transform and the empirical mode decomposition are investigated for bearing
diagnostics under varying speed conditions with discrepancy analysis. The results indicate that the angle-
frequency instantaneous power spectrum, the spectrogram and the wavelet packet features are well suited
for discrepancy analysis-based bearing diagnostics. However, the performance of the wavelet packet
features are very sensitive to the choice of wavelet basis function and the spectrogram features are
inherently sensitive to varying speed conditions, which is undesirable. The angle-frequency instantaneous
power spectrum is based on the theory of cyclostationarity, it respects the angle-time second-order
cyclostationary properties of bearing damage and is relatively robust to varying speeds and sensitive to
damage. Therefore, the angle-frequency instantaneous power spectrum features are suggested as a first
choice for applying discrepancy analysis. The results indicated that the empirical mode decomposition is
ill-suited for discrepancy analysis due to mode mixing problems which result in spurious discrepancies to
be detected.
In future research, it is suggested that more elaborate performance quantification indicators need to be
investigated for the different feature extraction approaches. It is also suggested that the extensions and
improvements of the empirical mode decomposition need to be investigated for discrepancy analysis. It is
expected that better results will be obtained by reducing the mode mixing problem. Pre-processing
techniques on the vibration signal can also be investigated to improve the robustness of discrepancy
analysis and to remove spurious frequency components. Lastly, it is suggested that more potential feature
extraction methods and datasets need to be used for a more complete discrepancy analysis investigation to
find optimal features.
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Abstract
One of the most promising technology in industries is undoubtedly the independent cart conveyor system.
It tries to replace induction motors and kinematic chains in several applications, especially in the field of
automatic packaging machines. The independent cart conveyor system is made up of several induction linear
motors. The carts are connected to the frame through a series of rollers, the bearings of which are subject to
wear. In a previous paper the authors developed a theoretical model of the expected vibration signal from a
faulted bearing, taking into account several design parameters. In this paper, the model is updated thanks to a
new formulation of amplitude modulation effect and it is validated on the basis of an experimental campaign
on a specific test-rig, where a bearing was artificially damaged on the external ring (the moving one). Finally,
experiments have been used to validate the model in different configurations, proving the effectiveness of the
proposed model and paving the way for future diagnostics of the independent cart conveyor.

1 Introduction

Independent Cart Conveyor System is an emerging technology in the automation field. It is an intelligent
transport system based on modular linear motors [1], which mainly consists of two components: modular
stators and several carts containing permanent magnets. The modular stators contain coils and in some cases
also drives, they have different length and different shapes (linear and curved with different angles). They can
be connected in different ways in order to develop machines with different shapes and functionalities. The
carts are placed along the motors and they are connected, through rolling bearings, to a rail set on the motors
themselves. They are directly moved through variable magnetic fields produced by the stators. Each cart
contains an encoder flag that can be a Hall sensor or a tag, which allows the position and velocity feedback.
The carts can be freely moved since they do not depend on one another, thanks to this function it is possible
to change the distance and the velocity among the carts during the execution of the tasks; moreover, they
can be moved back and forth. The carts can have high dynamics (e.g. they can reach a speed of 4 m/s) and
they can have different shapes depending on the function they must execute. They can be used in CNC and
robotic applications since the positioning of each mover is accurate.
The most important automation companies [2, 3, 4] produce this system in versions that differ from one
another in maximum payload, maximum current, drivers architecture, programmable environment etc.

This technology can be used for the most typical functions of automatic machines, such as pick and place,
cutting, stripping, screwing etc. The advantages in the use of Independent Cart Conveyor System are multi-
ple [5]: high flexibility in the layout of the machine and in the functionality of the system, reduction of cycle
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Figure 1: Beckhoff XTS independent cart system with 12 carts.

time and downtime.
The flexibility of the layout is obtained thanks to the modular stators, which allow the optimization of the
machine and the reduction of the footprint of the system. The functional flexibility is ensured by the indepen-
dent control of each cart. De facto, it is possible to dynamically adapt the functionality of the system to the
process only by means of the software implementation and without any mechanical changes. For example,
it is possible to work with products that have different shapes by defining a different motion profile for each
cart or the independent cart system can dynamically change its velocity with respect to the change of the
production rate.
This is not possible with the traditional motor-driven chains, belts and gears because in order to change the
functionality of the machine it is necessary to design different mechanical links for every type of product and
rate of production.
The reduction of cycle time is due to the possibility of defining an optimized motion profile for every single
product, while in chain, belt and gear drivers the possible motion profiles are reduced by the high number of
physical constraints of mechanics.
The other important advantage lies in the reduction of the downtime of the machine. De facto, with the Inde-
pendent Cart Conveyor System it is not necessary to stop the machine for mechanical changes when there is
a variation in the product because the end-effector is fixed to each cart and so it is only necessary to change
the motion profiles of the carts. On the contrary, with the chain, belt and gear system it is necessary to stop
the machine for the change of the mechanical parts so the downtime of the system increases.
Independent Cart Conveyor System can present the following problem: a high number of carts require a high
number of rolling bearings. Consequently, the possibility of a bearing fault due to the infant mortality and
wear of the components increases significantly.
Condition monitoring strategies are necessary to overcome this problem and increase the reliability of the
system. Several condition monitoring methods are capable of monitoring the health state of the bearings and
the future conditions of the system while it is working [6, 7, 8, 9]. The most used strategies in the bearing
diagnostics are based on the vibration analysis of the system [10]. There are several vibration analysis tech-
niques, such as statistical analyses [11], frequency domain analyses [10], time-frequency analyses [12, 13]
and machine learning algorithms [14].
All these techniques need historical data in order to define the standard condition vibration signature of the
system necessary to identify the possible changes due to a fault development [15, 16, 17, 18] or to define
learning patterns for machine learning algorithms.
With the Independent Cart Conveyor System it is difficult to have historical data of the machine because of
the high number of the possible configurations of the system. De facto, systems can have different length
and shapes of the track, different geometry of the carts, different motion and load profiles and different types
and positions of the bearings. In order to overcome this problem, a model of the vibration signal produced
by a definite fault for a definite system configuration can be carried out. It allows to model all the possible
configurations of the system and with the simulated data it is possible to analyze fault vibration signature
and develop vibration thresholds and learning patterns even without any historical data.
This paper defines a generic flexible model of the expected vibration signals produced by different types of
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damages on bearings and tracks for different configurations of the Independent Cart System. Thanks to this
model, all geometric and dynamic variations in the possible system configurations are parametrized in order
to reduce the modelling time. By simulating only some components of the vibration signal, this model helps
to reduce the complexity of the analysis since it focuses only on certain types of fault. This is not directly
possible with experimental data in particular in the presence of strong masking signals caused by other ma-
chine components.
The disadvantage in the use of a simulated vibration signal lays on the fact that too simple model cannot
represent the main effects of the phenomena taken into consideration.
Several authors propose different models for the expected fault signals of bearings, especially as regards ro-
tary motors. McFadden and Smith [19, 20, 21, 22] have proposed to model the faulted bearing as an epicycle
gear where the outer ring is the annular gear, the cage is the planet carrier, the rolling elements are the planet
gears and the inner ring is the sun gear. The modulation of the vibration signal due to the loading cycle of
the elements is taken into account by Su et alt. [22]. Ho and Randall [23] have modelled the bearing fault
vibration as a single-degree-of-freedom system.
The model proposed in this paper is an extension of the theoretic one [24] based on the work of D’Elia [25].
The model has been extended to the signal of multiple bearings for localized and distributed faults. More-
over a more accurate load modulation based on Tomovic [26], slipping effects and lubricant effect have been
taken into consideration and the model has been tuned and validated with experimental data.
This paper is organized as follows: Section 2 describes the analytic models for bearing faults on linear mo-
tors; Section 3 is focused on the algorithm for the model implementation; Section 4 deals with experimental
results and model tuning in case of constant speed and variable velocity motion profile; Section 5 explains
the conclusions of the research.

2 Vibration model

The vibration signal produced by a fault in a rolling bearing can be modelled as the repetition of impact forces
due to the collisions between the faulted part and the other components of the bearing or of the machine. The
collisions excite resonance in the bearing and in the whole machine. The repetition of the impacts is due to
the geometry and the velocity of the bearing, while the amplitude of the vibration signal depends on the load
of the bearing, the position of its internal components and the wear state of the faulted part.
As shown below, the vibration signal of a localized fault is modelled on the basis of the reading of a sensor
placed on the bearing [25].

x(t) =
∞∑

i=−∞
h(t− iT − τi)q(iT ) + n(t) (1)

Where h(t) is the impulse response to an impact on the damage point, T is the interval between two con-
secutive impacts, q(t) represents the modulation due to the load distribution, τ represents the uncertainties
due to the random slipping of the rolling elements and n(t) is the system noise. The T interval between
two consecutive impacts depends on the type of damage. De facto, each type of fault produces a unique
frequency component that depends on the geometry and rotational frequency of the bearing [9].
Through the fault frequency of each type of damage it is possible to determine the T interval between two
consecutive damages. In case of fixed inner race, the fault frequencies are the following:

fouter =
n

2
fr(1− λcosβ) (2)

finner =
n

2
fr(1 + λcosβ) (3)

fball =
fr
2

1− (λcosβ)2

λ
(4)
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fcage =
fr
2

(1 + λcosβ) (5)

where n is the number of rolling elements, d is the ball diameter, D is the pitch diameter, β is the ball contact
angle and fr is the rolling frequency of the outer ring. In case of linear motors, there are other two types of
possible fault: - the damage on the fixed rail, the characteristic frequency of which is equal to:

• the damage on the fixed rail, the characteristic frequency of which is equal to:

frail =
v

l
(6)

where l is the distance between the damages along the rail and v is the linear velocity of the bearing.
If multiple bearings are installed on the same rail, the signal will be repeated according to the number
of moving components and the distance among them.

• the damage on the external surface of the bearing, the characteristic frequency of which is equal to:

fsurface =
v

πDout
(7)

where v is the linear velocity and Dout is the external surface diameter.

3 Model implementation

The motion profile of the cart moving along the track (constant or variable velocity profile), the characteristics
of the cart (center of gravity (COG) of the cart, position of the bearings, mass, etc.) and of the track (length,
shape) are the inputs of the model. The implementation of the expected vibration signal is based on (Eq. 1).
where the T interval between two consecutive impacts is considered as the distance of two fault points along
the motion profile of the cart.
In order to perform these operations, all the fault frequencies have been rewritten as the projection of two
consecutive fault points along the external surface of the bearing. This formulation allows to transpose the
fault frequency as a position variation of the bearing. In this way the damage of an element of the bearing is
directly correlated with the position of the bearing itself along the motion profile. For example, in the case
of a fault on the outer ring, it is possible to write (Eq. 4) as the projection of the fault on the external surface
of the bearing as follows:

∆pe =
2π

n
Dout

1

1− dcosβ
D

(8)

where ∆pe is the distance between two damages projected on the external surface of the bearing. In this way
each fault is defined as a series of equispaced impulses, but fault signals are not actually equispaced because
of the slipping of the mechanical components on the rail. In order to simulate the random slipping of the
mechanical elements of the bearing, for each ∆pe a random slipping factor r(t) with a mean equal to zero
and a standard deviation equal to 1/100 of the ∆pe is summed. This factor is represented as the τ element of
the uncertainties in Eq. 1. The load modulation q(t) on the bearings consists of two elements. The former
represents the variation of the load on the whole cart computed on the contact point of each bearing. This
modulation is due to the inertia of the cart, the variation of acceleration during the process, the mechanical
cams that are used in order to move the end-effector placed on the cart. This contribution is calculated for
each bearing with respect to the position of the cart along the motion profile.
The latter represents the load variation on the rolling elements of the bearing due to the rotation of the bearing
itself. It depends on the azimuth position of the rolling element and it can be computed by analyzing the
geometry and the contact deflection of the bearing. Like in Sjovall [27], this phenomenon is modelled as a

874 PROCEEDINGS OF ISMA2018 AND USD2018



modulating factor multiplied by the radial load on the bearing. The modulating factor is computed through
the Sjovall integrals Jr(t) and Ja(t), the computation of the load zone parameter ε , the axial load Fa and
radial load Fr as follows:

W (Ψ) = Wmax

[
1− 1

2ε
(1− cos(Ψ))

]t
(9)

where W (Ψ) is the load distribution, t = 3/2 for ball bearings (t = 40/37 or 10/9 for roll bearings) and Ψ
is the half load-zone angle and it is equal to:

Ψ(ε)

{
cos−1(1− 2ε) ε ≤ 1

π ε ≥ 1
(10)

While the maximum load of a rolling element Wmax is equal to:

Wmax =
1

Z

√√√√
(
Fr
jr

)2

+

(
Fa
ja

)2

(11)

where Z is the spare number. In this way for each angle it is possible to compute the load on the rolling
element.

The implementation of the model can be divided into 5 steps:

1. Define a vector S filled with zeros. It represents the expected vibration signal recorded by a sensor
placed on the moving cart. Each cell of the vector corresponds to a period of time equal to t = 1/fs
where fs is the sampling frequency of the sensor in Hz and t is the time period between two data read
by the sensor.

2. Resample the defined motion profile M(t) and the load vector q(t) at the same sampling frequency fs
of the sensor.

3. . Place 1 in the cells of vector S with index values defined by dividingM(t) by ∆pe+r(ti)+Rsum(t).
Rsum(t) is the sum of all the previous random factors r(ti). In this way the phenomenon of slipping is
taken into account along the whole motion profile.
The factor ∆pe + r(ti) + Rsum(t) is a rational number and its value may be between two samples of
the motion profile. Therefore an error is introduced and it depends on the sampling frequency fs (the
greater is fs, the lower is the error), but it is possible to compute for each division the correlate error
as below:

E(ti) = |M(ti)−∆pe,i| (12)

4. Weight the vector S with the vector of the load q(t) computed on the contact point between the bearing
and the rail. In the case of a fault on a rolling element q(t), it also includes the modulation of the
internal dynamics of the bearing.

5. . Filter vector S with the FFT-based model with overlap-add method by choosing the acceleration of
the impulse response of a SDOF system as filter coefficients. The generated response of the SDOF
system to a unit impulse in the time domain is:

xSDOF (t) =
F/m

ωd
e−ζωntsin(ωdt) (13)

where F is the amplitude of the external excitation,m is the system mass, ζ is the damping coefficient,
ωn is the natural frequency in [rad/s] and ωd = ωn

√
1− ζ2.
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Figure 2: Motion profile and vibration signal of the cart

Figure 3: Test rig: A) lateral picture of the mover along the straight motor B) Top picture of the mover on
the rail .

In the case of simulation of multiple faults on the same bearings, Step 3 has to be repeated for each fault.
The model takes into consideration multiple bearings, for this reason the five steps listed above have to be
repeated for each bearing. If a bearing has not any fault, the model considers the vibration signal produced
by the healthy bearing to be equal to the rotational frequency of the bearing itself.

4 Experimental Validation

This section describes the experiments carried out with an XTS, a type of Independent Cart Conveyor System
produced by Beckhoff Automation (Fig.1), in order to verify and validate the proposed model. The system
taken into account consists in seven straight motors, each of which is 250 mm long; they are connected to
each other in order to develop a straight path that is 1750 mm in length. A cart, connected to a lubricated
straight rail as in Fig.3 and Fig.4 by means of three rolling bearings, moves along the motors. An accelerom-
eter placed on the top of the cart measures all the vibrations along the vertical direction. For the tests the cart
follows a trapezoidal motion profile consisting of three zones: an acceleration zone, a constant velocity zone
and a deceleration zone. First the motion profile is executed by cart from the right to the left side and then
from the left to the right side (Fig2).

The test has been run with three different velocity of the cart along the constant velocity zone:

• 500 mm/s,
• 1000 mm/s,
• 1500 mm/s,
• 2000 mm.
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Table 1: Bearings dynamic parameters and dimensions

Model parameters
Bearing A/B Dout (mm) 21.2
Bearing A/B d (mm) 17.7
Bearing A/B D (mm) 5
Bearing C Dout (mm) 31.1
Bearing C d (mm) 4.30
Bearing C D (mm) 20
Bearing A/B/C number of spheres 7
Bearing A/B/C Sample frequency fs (Hz) 20E3
Bearing A/B/C SDOF spring stiffness k (N/m) 2E13
Bearing A/B/C SDOF damping coefficient ζ 5%
Bearing A/B/C SDOF natural frequency fn (Hz) 300

Figure 4: Cart architecture: A) Right bearing , B) Left bearing, C) bottom bearing E) Permanent magnets,
D) Encoder flag.

The tests have been carried out at the aforementioned velocities with two different configurations of the
mover (Fig.4). In the former all the bearings of the mover are healthy, in the latter bearing B is damaged on
the outer ring surface. Bearing dimensions are listed in Table 1.

The actual position of the mover and the vibration signal recorded along the vertical direction have been used
for the verification and validation of the model.

4.1 Healthy bearings

For the sake of brevity, Fig.5 shows the raw vibration data in the case of healthy bearings at the speed of
500mm/s with respect to the position of the mover along the rail. The vibrations recorded show that there
are some vibration hits along the rail. The vibration hits are in the same positions even at different velocities.
Some of them depend on the transition between two different motors, while the other ones depend on the
configuration of the rail that presents some discontinuities due to the assembly of the mechanical system. The
positions correlated to the vibration hits are shown in Fig.6 and the following ones are the most important:

• Rail discontinuity : 122 mm, 1500mm, 1624 mm ,
• Motor-to-motor transition : 700 mm.
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Figure 5: Vibration signal along constant velocity section at 500mm/s and 1500 mm/s

Figure 6: Vibration correlated to rail discontinuity and motor-to-motor transition

For each position of the rail discontinuity there are three vibration peaks: the highest two are due to the two
bearings mover (A and B) placed on the upper part of the mover, while the other one is due to the bearing
(C) placed on the lower part of the mover. The time distance between the highest peaks is correlated to the
distance between bearing A and bearing B that is equal to 26 mm, while the time distance between the first
highest peak and the low peak is correlated to the distance between bearing A and bearing C that is equal to
13 mm. The different amplitude depends on the position of the accelerometer placed on the top of the cart.
Fig.7 shows the simulated signal produced by the model with the computation of the three rail discontinuities
and the motor-to-motor transition in the same positions as the real ones.

Figure 7: Simulated vibration signal with rail discontinuity and motor-to-motor transition
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Figure 8: Real vibration signal at 500 mm/s with B bearing faulted

Figure 9: Comparison between the FFT of real and simulated data

4.2 Faulted bearing

Fig.8 shows the raw vibration data in the case in which the mover has a velocity of 1500 mm/s and the
bearing B has a fault on the outer ring. Even in this case the vibrations due to the rail variation and the
motor-to-motor transition are evident. Through Hilbert transform of the signal along the constant velocity
zone of the motion profile it is possible to find the frequency of the fault of the outer ring of the bearing at
different velocities.

The model considers the rail variation, the motor-to-motor transition, the fault frequency of bearing B and
it uses the real motion profile and the load profile of the cart as inputs. The FFT of the simulated vibration
are compared withe the real ones in Fig.9. In the time domain the two signals have a very similar signal
periodicity while there is a difference in the amplitude of the signal. However, the principal goal of the
model is to simulate the frequency components of the experimental signal correctly. Fig.10 compares the
Hilbert transform of the experimental data and the simulated data in which the theoretical fault frequency
of outer ring is equal to 64.18 Hz.In the simulated data the spectrum components of the controller position
loop, velocity loop, current loop and the duty cycle of the transistors are not present in the frequency spectrum
since the model is focused on the fault frequency of the system; however, they can be added.

5 Conclusions

The paper details a flexible model for the simulation of the expected fault vibration signal for the Independent
Cart Conveyor System.

The model allows to:
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Figure 10: Comparison between the Hilbert transform of real and simulated data

• Choose any shape of the rail track
• Use variable velocity and constant velocity profiles
• Use variable load profiles
• Simulate several bearings of different dimensions
• Simulate the most common damage of a rolling bearing along a linear rail
• Consider the resonance of the system
• Consider random contributions
• Consider the modulation of the load on the bearings.

The model has been validated through several experimental tests carried out with a Beckhoff XTS system
for a cart moving along a path made up of 7 straight motors. The simulated vibration signal has the same
fault frequency components and the same resonance frequency as the experimental data. The model could
be used to simulate a model of the vibration signal produced by a definite fault for a definite system configu-
ration. With the simulated data it will be possible to analyze fault vibration signature and develop vibration
thresholds and learning patterns even without any historical data.
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Abstract
The current practice of machines health monitoring strongly relies on the use of condition indicators. They
ideally measure a certain property in the signal, whose occurrence is correlated with the symptom of a fault.
Despite their importance, the corpus of popular condition indicators is surprisingly narrow. In a recent pub-
lication, the first two authors introduced as statistical methodology to design new indicators from the time
domain which, among all possible indicators attached to a specific symptom, maximize the probability of de-
tection of the fault. The aim of this paper is to investigate the extension of this methodology to the frequency
domain. Cyclostationary symptoms only are of concern, due to their practical importance. Advantage is
taken of a recently proposed fast algorithm to compute the spectral coherence, on which all the proposed
condition indicators happen to be rooted. It is shown that different condition indicators can thus be designed
in a rather general setting, whether the fault frequency is known, partially known or even unknown.

1 Introduction

From its beginning, condition monitoring has strongly relied on the use of scalar indicators which aim at sum-
marizing the information contained in signals into single values [?]. The so-called ”condition” or ”health”
indicators are now routinely used, not only for monitoring, but also for fault detection, in machine diagnos-
tics and in prognostics. They also serve as the main inputs fed to statistical models for classification (e.g. in
diagnostics) and for regression (e.g. in prognostics). Typical examples are measures of non-Gaussianity (e.g.
kurtosis, crest-factor, power means [?]) and, to a lesser extent, measures of non-stationarity (e.g. indices of
cyclostationarity [?]). Surprisingly, the state-of-the-art on condition indicators has evolved slowly as com-
pared to new techniques that make heavy use of them, such as machine learning. The aim of this paper is to
contribute to bridging this gap.

In a recent publication, the first two authors introduced a statistical methodology to design new indicators
based on a probabilistic formulation of the symptoms to be tracked [?]. The resulting indicators are optimal
in the sense that they maximize the probability of detection of the symptoms for a given risk of false alarm.
It was shown that several known indicators could be recovered as particular cases of or as approximations
to this approach. Several new indicators were also discovered. At the same time, the proposed statistical
methodology has the benefit to provide a threshold against which the indicators can be compared, which is
crucial in applications and rarely available from other approaches.
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The goal of this paper is to investigate the possibility to extend the condition indicators of Ref. [?], which
were derived in the time domain, to the frequency domain. Since Gaussianity is generally preserved when
moving to the frequency domain, only condition indicators dedicated to the detection of cyclostationary
Gaussian signatures are investigated in this paper. They are indeed of prime importance in the condition
monitoring of rotating machines. Proceeding from the frequency domain may be advantageous for at least
two reasons. The first one is that it easily allows the consideration of non-harmonically related cyclic fre-
quencies (e.g. in the case of a sum of multiple cyclostationary signals, also called poly-cyclostationary
signals). The second one is that it allows the insertion of weights in the computation of the indicator, so as
to emphasize or reduce certain carrier and modulation frequencies. For the sake of simplicity, generalization
to cyclo-non-stationary configurations (e.g. non-constant rotating speed [?]) is not addressed in this work.

The description of Gaussian cyclostationary signals being completely contained in the spectral correlation, it
will appear without surprise that the proposed indicators are all rooted on this bi-spectral quantity; they will
try to resume its information into a single scalar value. At this stage, advantage will be taken of the recently
proposed fast algorithm to compute the spectral correlation [?].

The paper is organized as follows. First, a brief review is given in section ?? as how to design optimal
indicators from the methodology introduced in Ref. [?]. Next, the principle is extended to the frequency
domain in section ??. Two cases are investigated, whether the fault frequency is known or not. These
results are then used in section ?? to propose three plausible condition indicators: the first one is based on
known or partially known fault frequency, the second one applies when the fault frequency is unknown and
shows interesting similarity with a measure of roughness, and the last one is specifically designed to measure
accumulated fatigue damage.

2 Design of optimal indicators

This section briefly resumes the statistical methodology proposed in Ref. [?] to design condition indicators.
The starting point is two describe the health of the system under investigation by two alternative hypotheses,
H0 and H1, which correspond to the healthy and the faulty states, respectively. Let x = {x(n);n =
0, ..., L−1} be the measured signal from which a decision is to be taken, as whether the system is in stateH0

or in state H1. The next step is to describe the expected statistical properties of the signal states by means of
the probability density functions fX(x|H0) and fX(x|H1). A typical choice often found in the literature is to
assume that fX(x|H0) is Gaussian stationary in the healthy state and that fX(x|H1) reflects some departure
from this point of equilibrium, for instance through a non-Gaussian or a nonstationary behavior. Yet many
other scenarios are conceivable, as long as H1 includes H0 as a particular case (for instance a more general
scenario is to assume fX(x|H0) non-Gaussian stationary and fX(x|H1) non-Gaussian nonstationary). In
general, the probability density functions will depend on some vectors of unknown parameters θ0 and θ1
(with the dimension of θ1, say d1, greater than the dimension of θ0, say d0). The proposed condition indicator
is then defined as the time average of the logarithm of the ”generalized likelihood ratio” (GLR)

IX =

〈
ln

(
maxθ1 fX(x|H1, θ1)

maxθ0 fX(x|H0, θ0)

)〉
(1)

where symbol 〈· · · 〉 stands for the time average operator (the adjective ”generalized” refers to the fact that
the unknown parameters θ0 and θ1 are replaced by their maximum likelihood estimates in the likelihood
ratio). The so defined indicator has several properties:

• it is positive and theoretically nil (in the large sample limit) when H0 is true,

• it is optimal as it maximizes the probability of detection of state H1 given a probability of false alarm
pF under state H0,

• it comes with a statistical threshold – returned by Wilk’s theorem and equal to χ2
d1−d0,1−pF /L under

H0 – to be used in statistical tests.
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In the special case where H0 is Gaussian stationary and H1 is Gaussian cyclostationary with cyclic period
M , the corresponding indicator reads

IX = −
〈

ln

(
s2(n)

〈s2(n)〉

)〉
(2)

where

s2(n) =
1

K

K−1∑

k=0

|x(n+ kM)|2, K = [L/M ] (3)

is the synchronous average of the squared signal (the signal being assumed zero-mean). The associated
threshold under H0 and risk pF is χ2

N−1,1−pF /L.

It is noteworthy that, unless interpolation is used, the above formula applies only to cyclostationary signals
whose fundamental frequency is equal to α = 1/M with M ∈ N. This evidences one limitation of the time
domain approach.

3 Extension to the frequency domain

The aim of this section is to extend the previous methodology to the frequency domain. This is essentially
motivated by the needs to return indicators in frequency bands and to allow the weighting of frequency
components in the definition of indicators. There are several possible scenarios to be considered, essentially
divided into two families depending on whether the cyclic frequency of the signature to be detected is known
or not. From now on, signal x is assumed Gaussian (poly)cyclostationary with a set of cyclic frequencies
αp ∈ A, αp 6= 0, which are not necessarily harmonically related.

3.1 Known cyclic frequency

3.1.1 Strategy 1

In the case of a known cyclic frequency, an immediate extension of the GLR-based indicators to the frequency
domain is obtained after filtering the signal filtered in subbands. This is in principle quite trivial and should
not pose any practical problem, as long as the bandwidth of the subbands is set greater than the highest
cyclic frequency (i.e. ∆f > maxp αp) in virtue of the uncertainty principle. The resulting indicator, say
IX(fk,∆f), then depends on both the frequency fk (the center of the k-th subband) and on the frequency
resolution ∆f (the bandwidth).

3.1.2 Strategy 2

A second approach is to proceed from an estimate of the spectral correlation SX(α, f) of the underlying
stochastic process, which in theory is not subjected to the uncertainty principle [?]. The spectral cor-
relation is defined as the covariance function between two short-time Fourier transforms (STFT) when
the integration time grows to infinity (or equivalently the spectral resolution tends to zero): SX(α, f) =
limN→∞ E{XN (i, f)XN (i, f − α)∗} with XN (f) =

∑
n∈Zw(n − iR)x(n)e−j2πfn, w(n) a data win-

dow (e.g. a Hann window) of length N centered on time instant iR and R the time step (it is noteworthy
that SX(α, f) ultimately does not depend on i). Therefore, it appears that under H1 the set of STFTs
{XN (i, fk); i = 1, ..., I, k = 0, ..., F − 1} (assumed independent with respect to index i) arranged in col-
umn vectors Xi = (XN (i, f0), ..., XN (i, fF−1))T , i = 1, ..., I is distributed like a multivariate complex
Gaussian with covariance matrix CH1(A),

f(X1, ...,XI) =
e−

∑I
i=1 X

H
i CH1

(A)−1Xi

πI |CH1(A)|I , (4)
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where [CH1(A)]kl = SX(fk−fl, fk) for any combination fk−fl = αp ∈ A and is zero otherwise (the nota-
tion CH1(A) is to emphasize that the covariance matrix depends on the cyclic frequencies αp ∈ A). This is
now to be compared to the null hypothesis where the covariance matrixCH0 is diagonal with k-th diagonal el-
ement equal to the power spectral density (PSD) SX(0, fk). After replacing in the LR the covariance matrices
CH1(A) and CH0 by their maximum likelihood estimates [ĈH1(A)]kl = I−1

∑I
i=1XN (i, fk)XN (i, fl)

∗ =

ŜX(fk−fl, fk) and [ĈH0 ]kl = δkl[ĈH1(A)]kl = ŜX(0, fk)δkl, respectively, the following indicator is found

IX(A) = ln
|ĈH1(A)|
|ĈH0 |

= ln

∣∣∣∣Ĉ
− 1

2
H0

ĈH1(A)Ĉ
−H

2
H0

∣∣∣∣ . (5)

Note that IX(α) = 0 when ĈH1(A) = ĈH0 . The associated threshold at risk pF is χ2
F (F−1),1−pF /(2I).

Unfortunately, at first sight, this result is rather impractical as it involves the computation of a potentially very
large determinant. It has however a theoretical value since it establishes that the quantity of interest in the
GLR is actually the (empirical) spectral coherence, i.e. the normalized estimate of the spectral correlation,
γ̂X(α, f) = ŜX(α, f)/(ŜX(0, f − α)ŜX(0, f))−1/2.

From here on, several suboptimal indicators can be devised. The simplest one is probably to replace the
log-determinant measure in Eq. (??) by the Frobenious norm of the off-diagonal elements. This simply
reads

I
(1)
X (A) =

1

FP

∑

αp∈A

F−1∑

k=0

wk,p · |γ̂X(αp, fk)|2 (6)

where the sum is taken over P = |A| cyclic harmonics of interest and wk,p ≥ 0 is an optional weight used to
emphasize or reduce some frequency components. Another possibility is to replace the log-determinant by
its upper bound given in Hadamard theorem, that is

I
(2)
X (A) =

1

2F

F−1∑

k=0

· log


1 +

∑

αp∈A
wk,p · |γ̂X(αp, fk)|2


 (7)

These quantities are eligible candidates to define indicators, as long as γ̂X(αp, fk) is a valid estimator. In
particular, I(1)X = I

(2)
X = 0 when γ̂X(αp, fk) = 0, ∀p. In order to keep their variance low, it is recommended

to limit the number P of cyclic frequencies. A major drawback of the approximations (??) and (??) as
compared to definition (??) is that their associated statistical thresholds are no longer given in a systematic
way by Wilk’s theorem.

3.2 Unknown cyclic frequency

The case with unknown cyclic frequency is of practical importance, especially in the context of diagnosis
where the fault frequency is not always known to an arbitrary degree of precision or is sometimes completely
unknown. It can be approached in several ways, some of which which are described hereafter.

3.2.1 Strategy 1: tuned cyclic frequencies

The first approach is to include the cyclic frequencies as unknown variables in the GLR and then to maximize
the latter with respect to them. This leads to the indicator

I
(3)
X (A) = Arg max

αp∈A
ln

∣∣∣∣Ĉ
− 1

2
H0

ĈH1(A)Ĉ
−H

2
H0

∣∣∣∣ . (8)

and its related approximations given by Eqs. (??) and (??). The computation of I(3)X might become trou-
blesome if the number of unknown cyclic frequencies is high. An easier situation arises when the cyclic
frequencies are harmonically related, i.e. αp = pα, in which case the maximization in Eq. (??) is carried out
only over the fundamental frequency α.
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3.2.2 Strategy 2: full-scan

The second approach is to include in the indicator all possible cyclic frequencies, that is to replace the
covariance matrix ĈH1(A) in (??) by its counterpart ĈH1 computed for all frequency differences fk − fl
and not only those satisfying fk − fl = αp ∈ A. The ”full-scan” indicator then reads

I
(4)
X =

1

F1F2

F1−1∑

l=1

F2−1∑

k=0

wk,p · |γ̂X(νk, fk)|2, (9)

where the notation ν is used instead of α to emphasize the fact that ν is now a free variable and where care
is taken to not include the zero cyclic frequency ν0 = 0 in the sum.

If the approximation given in Eq. (??) is considered with unit weights wk,p = 1, F1 = F2 = L, it can be
shown that the full-scan indicator boils down to

I
(4)
X =

L

I2

∑

p

K(p)2
(
〈|x̃(n)|2|x̃(n− p)|2〉 − L

N
〈|x̃(n)x̃(n− p)|2〉2

)
, (10)

where x̃(n) stands for the whitened signal as obtained form the inverse STFT of Xw(i, f)/
√
SX(0, f) and

where the autocorrelation function of the data window, K(p) =
∑

iw(n − iR)w(n − p − iR), is found
almost independent of n and R when R � N . Interestingly, this is recognized as the total ”mass” of the
autocorrelation of the squared envelope, which is therefore justified as a valid indicator within the present
formalism. Incidentally, the relevance of the autocorrelation of the squared envelope to evidence diagnostic
information has been recognized in a recent publication [?]. A remarkable case is when N = 1 and thus
R = 1 – i.e. when no Fourier transformation is done – which then simply yields

I
(4)
X = 〈|x̃(n)|4〉 − 1 =

|x(n)|4
〈|x(n)|2〉2 − 1, (11)

a result which connects the kurtosis with the sum of the squared envelope spectrum and first established in
Ref. [?].

Here again, Wilk’s theorem cannot be invoked since this is an approximation to the GLR. There is another
drawback with indicator I(4)X . To see it, one should remark that the empirical matrix ĈH1 is generally
different from ĈH1(A): the former is a full matrix while the latter is sparse (made of a few non-zero elements
aligned along parallel diagonals, i.e. such that [CH1(A)]kl = [CH1 ]kl ·I[fk−fl ∈ A] with I the characteristic
function of set A). Consequently, when all frequencies are summed in the Frobenius norm, the estimation
errors in the complimentary set Ā are accumulated and might eventually mask the contribution from the set
A. This fact jeopardizes the capability of the indicator in terms of detection. This is equivalently seen in
Eq. (??), where the autocorrelation of the squared envelope mixes all frequencies with the risk to hide the
diagnostic information.

3.2.3 Strategy 3: measure of roughness

Based on the above observation, a different point of view is taken to design an indicator based on the spectral
coherence. The principle is to consider the squared magnitude of the estimated spectral coherence as the
random quantity of interest, rather than the signal. Note that a random field is now of concern, rather than a
random process. Under the null hypothesis H0, the random field |γ̂X(νl, fk)|2, seen as a function of the two
frequency variables νl and fk, can be shown to have zero probability of being nil at any ”position” (νl, fk)
even though having small values. Under the alternative hypothesis H1, it will have higher magnitudes along
parallel lines defined by νl = αp, αp ∈ A. The objective is to keep only these values and to zero all
the other ones. The following empirical steps are proposed. The presence of a possible bias (as typically
produced by transient disturbances in the signal or the presence of unexplained nonstationarities) in the
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squared magnitude of the estimated spectral coherence is first removed by subtracting a running median.
The results is then standardized by dividing it with a running median of the absolute deviation. This step is
necessary to produce a pivotal statistics, i.e. whose variance does not depend on the location in the frequency
plane (ν,f ). These two steps can be though as a ”normalization” of the H1 statistics with respect to the H0

statistics. The rationale for using a running median is to leave unaffected informative peaks in the spectral
coherence (i.e. under H1). Let γ̃2X(νl, fk) denotes the resulting statistics. The next step is to zero all non-
significant values in γ̃2X(νl, fk) which are found below a given threshold. A reasonable choice is to define
the threshold as a high percentile pc (e.g. pc = 0.99), which means that only the 100(1 − pc)% highest
values will be kept. Thanks to the standardization step, the threshold is constant over the full (ν, f) plane.
The resulting indicator reads

I
(5)
X =

1

F1F2

F1−1∑

l=1

F2−1∑

k=0

wk,p · γ̃2X(νl, fk) · I[γ̃2X(νl, fk) > pc]. (12)

By analogy with the result given in Eq. (??), the above indicator might be interpreted as a kurtosis, yet
sensitive only to cyclostationary components. It is proposed to call it ”roughness” indicator, for reasons to
become clear in the next section.

4 Condition indicators

This section exploits the theoretical results that have been established so far to define condition indicators.

1. The approximation of indicator (??) by the Frobenius norm of Eq. (??) has been used by the authors to
define a condition indicator dedicated to the diagnosis of rolling element bearings [?]. First, assuming
that the bearing fault is localized in a certain frequency band (which may be identified from a pre-
analysis with the kurtogram), the weights wk are designed as a bandpass filter; second, assuming that
the fault frequency is not exactly known but that it is contained in a band B, the indicator becomes

I
(6)
X = Arg max

α∈B
1

FP

P∑

p=1

F−1∑

k=0

wk,p · |γ̂X(pα, fk)|2 (13)

where P stands for the number of harmonics of interest. A slightly different version of this indica-
tor, based on the post-processed spectral coherence γ̃2X(νl, fk) introduced in subsection ?? instead of
|γ̂X(pα, fk)|2, has been proposed in Ref. [?].

2. A related condition indicator is directly obtained by specializing Eq. (??) in frequency bands where
the fault is expected, that is

I
(7)
X =

1

F1F2

∑

νl∈BP

F2−1∑

k=0

wk,p · γ̃2X(νl, fk) · I[γ̃2X(νl, fk) > pc] (14)

where AP is the union of the bands that contain the P harmonics of interest and F1 = |BP | is the
number of frequency lines in this set.

3. Another condition indicator is obtained by noting that I(5)X is very similar to Aures’ roughness measure
used in psychoacoustics [?]. The latter is well approached by setting the weights wk,p so as to select
the audible frequency range from about 20 Hz to 20 kHz and the audible modulation range from about
15 Hz to 200 Hz. One difference is that Aures’ roughness is based on a decomposition of the signal
through a Bark filter bank whereas a narrow-band decomposition is used in this paper, yet this is more
or less transparent after integration over the frequency plane (ν, f). Another difference is that Aures’
roughness does not involve any time average and is therefore prone to significant estimation errors. On
the contrary, the indicators introduced in this work are statistically ”consistent” (i.e. their variances
converge to zero when the signal length increases).
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4. Finally, a condition indicator is proposed which intends to measure the fatigue damage sustained in a
bearing. Let pα, p = 1, ...P be the bearing fault harmonics and m the exponent in the fatigue crack
growth model provided by Paris’ law. Then, using Miner’s rule, the accumulated damage during a
time duration T can be shown to be

I
(8)
X = CTα




P∑

p=1

∣∣∣∣∣
F−1∑

k=0

ŜX(pα, fk)

∣∣∣∣∣

2



m
2

(15)

where C is a constant of proportionality which depends on the bearing. It must be emphasized that this
formula theoretically applies to the stress history, which unfortunately is rarely observable. In order to
remove the effects of the transfer function when the vibration signal is observed instead of the stress,
it might be advantageous to substitute the spectral correlation for the spectral coherence γ̂X(pα, fk) in
Eq. (??).

5 Conclusion

This paper has investigated the possibility to define condition indicators directly from the frequency domain
by following a statistical methodology recently introduced by the first two authors. As compared to the
time-domain approach, the main advantages are that non-harmonic cyclic frequencies are easily handled and
that weights in the form of filters can be inserted so as to emphasize or reduce the contribution of some
carrier and modulation frequencies. The optimal indicator has been found to involve the determinant of a
large matrix filled with the values of the spectral coherence, whose computation seems unfortunately quite
impractical. Consequently, several suboptimal indicators have been proposed, all rooted on the spectral
coherence for which a fast estimator has recently been proposed. A challenging configuration is when the
cyclic frequencies of the signal are not known, which requires either to plug in estimates in the indicator or
to compute the latter for all possible values. This second strategy has led to the proposal of an indicator that
bears a strong similarity with a measure of roughness, as used in psychoacoustics.
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Abstract
Early detection of mechanical faults in large rotating machines is of crucial importance in today’s industry.
If not treated properly, such faults may lead to a deterioration of machine performance and eventually cause
critical failures. One of the most frequently occurring examples and hence of special interest is the presence
of unbalances in the shaft that have to be detected at an early stage. To this end, a model-based identification
algorithm capable of reliably estimating magnitude and position of mechanical unbalances in shafts has been
developed and is presented in this work. Based on the famous Extended Kalman Filter, the algorithm uses
online vibration measurements as well as a supplementary mathematical model of the system to obtain an
accurate estimation of the current vibrational state of the machine as well as its unbalance distribution.

1 Introduction

Large rotating machines such as electric motors and generators play a huge role in today’s industry. One
of the most prominent type are turbomachines that transfer energy between a rotor and a gas and that are
used in the production, transmission and consumption of electrical energy [1] as well as jet engines, fans or
pumps [2]. Due to their importance, it is clear that unexpected failures will not only lead to considerable
revenue losses but may have serious impacts such as jeopardizing energy supply as replacements are usually
not readily available due to the high acquisition cost. In addition to being costly, maintenance repairs can be
very time-consuming if they involve on-site root cause analysis and ordering spare parts. This is especially
critical for machines in remote locations that are not easily accessible. For those reasons, condition monitor-
ing techniques for rotating machines have been a strong research focus in the past aiming at detecting and
analyzing deviations from normal behavior during the operation of the machine. Assessing its health con-
dition based on the corresponding results is then facilitating the adoption of appropriate measures to avoid
system breakdown. This approach is best-known by the term predictive maintenance.

To this end, data-driven techniques are usually applied [3, 4]. Conclusions about the health state of the
machine are drawn solely based on the characteristics of the sensor by comparing them to reference signals
in order to detect anomalies. As faults in rotating machines are typically discernible in frequency domain,
signal processing methods able to track changes in spectral characteristics over time are often used to identify
such faults. Examples of the application of such time-frequency analysis to detect motor faults including
cracks in rotor shafts, misalignment or rotor-stator rub were presented in [5, 6].

Model-based techniques form a contrast to those purely data-driven approaches. They use a mathematical de-
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scription of the rotating machine which is running in parallel to the operation of the system and is frequently
updated using measurements. These methods have received increasing attention in the past [7, 8, 9, 10, 11].
One of the most important algorithms in this class is the Kalman Filter [12] yielding optimal state estimates
for linear system in the presence of Gaussian model and sensor noise. For nonlinear systems, multiple exten-
sions have been proposed, including the Extended Kalman Filter (EKF) [13, 14] and the Unscented Kalman
Filter (UKF) [15]. These extensions make it possible to apply the Kalman Filter to estimate system param-
eters by regarding them as additional state variables [16, 17, 18]. This approach can readily be applied to
fault identification problems if an appropriate parametrized fault model is available.

In this work, the fault identification problem is presented in the context of large rotating machines. An online
identification algorithm based on the Extended Kalman Filter is proposed that is able to estimate the magni-
tude and position of an imbalance in the rotor shaft. The algorithm uses vibration data, i.e. shaft displace-
ments, that are measured at the bearings and continuously updates its underlying mathematical description
of the system to estimate imbalance forces. This property makes the algorithm applicable for real-time fault
identification. Its ability to accurately localize and quantify the shaft imbalance is demonstrated using a shaft
model of a large industrial rotating machine.

In addition to presenting a model-based method for identification of a shaft imbalance, a frequency-based
approach is presented that can readily be applied to detecting changes in system stiffness properties. It is
shown that, by using a carefully chosen output function, changes in the system’s eigenfrequencies can be
detected reliably.

2 Problem Description

In this section we describe the mathematical model which is one of the key components of model-based
condition monitoring. This model is augmented by introducing fault parameters that will contain the infor-
mation on the health state of the machine. A zero fault parameter corresponds to a particular fault that is
not present in the machine whereas a nonzero parameters indicates that the machine is affected by this fault.
In order to correctly identify the parameters and their evolution in time during the machine operation, the
system has to be reduced in size to make a simulation feasible in real-time. This goal is achieved via Model
Order Reduction (MOR) which is also briefly described in this section.

2.1 Principles of Rotordynamics and Equations of Motion

The analysis of rotordynamical phenomena has been a field of research since the end of the 19th century.
In 1919, Jeffcott presented a simplified model consisting of a disk that was mounted onto a massless shaft
which, in turn, was supported by two bearings. This model, even though being an obvious oversimplifica-
tion of real-life rotor systems, inhibits typical effects that play an important role in the analysis of rotating
machinery and is therefore still used today.

Since we aim to analyze rotating systems, we briefly describe some of the most important phenomena ap-
pearing in rotordynamics. For additional information, confer [19, 20, 2].

• Gyroscopic effects
If a rotor shaft is rotating, a sudden impact will not lead to unidirectional vibrations but rather cause
a whirling motion. This natural whirling is caused by gyroscopic effects, similar to a top that is
precessing around a fixed vertical axis. The whirling frequency is determined by the rotational speed
and geometric and material properties.

• Dependence on the rotational speed
Apart from the gyroscopic effects there are additional quantities depending on the rotational speed.
Mechanical properties such as stiffness and damping values for fluid bearings generally vary with
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rotating speed and oil temperature. Numerical software is usually used to calculate those values for
certain speeds serving as interpolation for the remaining ones.

• Critical speeds
As the model depends on the speed of rotation, the eigenfrequencies are likewise depending on the
operating conditions. Unbalance forces as well as external harmonic input exciting the system with a
frequency close to an eigenfrequency will cause resonance to appear in the system leading to increased
and potentially unsafe vibration levels. A Campbell diagram is often created, showing the dependency
of the critical speeds on the rotational speed and therefore providing insight into the machine behavior.

In order to obtain a discrete system of equations, a rotating shaft is usually discretized along its axis of rota-
tion (which we assume to be the x-axis) into a finite number of nodes which are connected by beam elements
with varying dimensions and material properties [20]. The degrees of freedom of the system correspond to
the two lateral translations (in the direction of the y- and z-axis) and two additional rotational degrees of
freedom around these axes.

The global mass, damping, gyroscopic and stiffness matrices are obtained by assembling the respective
matrices of each beam segment. This assembly yields the equations of motion for the rotating shafts:

Msd̈s + (Ds +Gs(ω))ḋs +Ksds = Fs(ω). (1)

where ds is the vector of displacements of the shaft nodes andMs, Ds, Gs,Ks are the global mass, damping,
gyroscopic and stiffness matrices of the shaft. The right hand side Fs(ω) accounts for the ensemble of input
forces acting upon the shaft including gravity, imbalance forces and electromagnetic excitation to name a
few. Note that these forces may depend on the rotational speed ω.

Every shaft has to be supported by some kind of bearing. A variety of different bearing types exist for differ-
ent applications and purposes. Large industrial rotating machines are usually supported by fluid bearings in
which an oil film prevents direct contact between the rotating shaft and the bearing shell resulting in minimal
wear and friction. Fluid bearings can exhibit high stiffness and damping depending on the rotational speed.
The corresponding structural matrices may be obtained by modeling the fluid film inside the bearing using
the so called Reynolds equations [20] or by performing experiments [21]. A surrogate mass-spring model
of the bearings is constructed by calculating the oil stiffness and damping for various rotational speeds and
applying linear interpolation. The bearing housing and foundation may be included into the model by linear
springs and lumped masses. This way, a bearing model is obtained whose stiffness and damping values
depend on the rotational speed ω. Taking into account this dependency, the model of the shaft (1) supported
by fluid film bearings reads

Md̈+ (D(ω) +G(ω))ḋ+K(ω)d = F (ω) (2)

The omission of the subscript s indicates that not only the shaft nodes but also the bearing nodes are now
considered in the system formulation.

2.2 Model Order Reduction

Detecting faults via simulation during machine operation requires the underlying algorithms and numerical
integration schemes to be real-time capable. This can be achieved by reducing the size of the system of
equations using Model Order Reduction (MOR) and hence the computational effort of the simulation. In the
following, we briefly describe the MOR method used in this work.

A dynamic substructuring technique is applied to the supported rotor shaft [22] where the substructures have
been chosen as the rotating shaft and the two bearings. Note that the shaft may be further divided into the
drive-end, middle and non-drive-end part to conform to the interface nodes at the bearing positions.
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Following [22], the state vector d is reordered to reflect the distinction between interface degrees of freedoms
db and degrees of freedom in the interior of each substructure di:

d =




db

d
(1)
i
...

d
(Ns)
i



≈ TCB




db
η(1)

...
η(Ns)


 = TCB d̂

where Ns is the number of substructures and TCB is the Craig-Bampton transformation matrix which is
obtained by reducing each substructure individually using a modal approach and corresponding modal coor-
dinates η [23].

Note that TCB depends on the systems stiffness and damping matrix which in turn depend on the rotational
speed. Therefore, if ω is not constant, the transformation matrix has to be recalculated in each time step
which is computationally expensive. In order to mitigate the computational costs, parametrized model order
reduction based on interpolation can be applied [16]. Note that, for the remainder of this work, we will
refrain from indicating the reduced order model by mathematical accents for the sake of clarity.

2.3 Reduction to first order

System (1) is readily reduced to first order by writing

ẋ = Ax+Bu (3)

where

x =

(
d

ḋ

)
, A =

(
0 I

−M−1K(ω) −M−1 (D(ω) +G(ω))

)
, Bu =

(
0
F

)
.

This form is widely used and constitutes the basis for the application of the Kalman Filter. In the next section
we will show how the system is augmented by introducing mechanical faults.

Sensors allow the operator to monitor the vibrational behavior of rotating machines. Vibration sensors in-
clude displacement probes, velocity transducers and accelerometers which are mounted at certain machine
components. The measured values at time t can then be written as

y(t) = C(t)x(t) +D(t)u(t) + v(t) (4)

where C(t) is the system output matrix, D(t) the feedthrough matrix and v(t) ∼ N(0, R) is white noise
representing measurement errors. We will subsequently assume that we are able to measure the system
displacements at certain nodes directly such that the output equation reduces to

y(t) = Cx(t) + v(t) (5)

where C is a constant selection matrix. We let x ∈ Rn, y ∈ Rny .

2.4 Models of Mechanical Faults

In order to detect occurring faults an enriched system description is used incorporating information about
typical fault patterns. Each fault is represented by one or more additional parameters that are introduced
into the system equations. Two kinds of faults are generally distinguished [8, 10]. Additive faults affect
the sensors and actuators which are not inherent to the system itself but can be seen as external effects while
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multiplicative faults describe defects in the system’s components. A faulty system is then generally described
by a modified version of eq. (3) and (5):

ẋ(t) = (A+ ∆A)x(t) + (B + ∆B)u(t) + f(t) (6)

y(t) = Cx(t) + v(t) + g(t) (7)

Here, ∆A,∆B represent component faults while f, g denote actuator and sensor faults, respectively. For the
remainder of this work we will assume that g = 0, i.e. the measurements are only affected by measurement
noise.

Unbalances in a rotor shaft’s cross section appear if the center of rotation does not coincide with the center
of mass. This deviation will cause centrifugal forces to act upon the shaft that depend on the eccentricity
and the rotational speed. Consider the i-th node and denote by F iy, F

i
z the external forces acting upon this

node and corresponding to translation in y- and z-axis, respectively. Assuming that the rotational speed ω is
constant, an unbalance located at node i is introduced into the system via

(
F iy
F iz

)
=

(
biω

2 cos(ωt+ ψi)
biω

2 sin(ωt+ ψi)

)
= biω

2

(
cos(ψi) − sin(ψi)
sin(ψi) cos(ψi)

)(
cos(ωt)
sin(ωt)

)
(8)

Here, the scalar bi is the unbalance magnitude and ψi is the unbalance angle which is measured with respect
to a fixed reference angle. The total force matrix is naturally assembled by considering unbalance forces at
each shaft node.

3 Detection of Faults

In this section we describe how mechanical faults in rotating systems can be detected and identified using
the enriched system model introduced in the previous section. We will restrict ourselves to the analysis
of two particular mechanical fault types that appear frequently in large rotating machinery: the analysis of
imbalanced shafts and localized changes in the stiffness properties of the shaft, e.g. due to broken rotor bars
or wear.

In the following we will consider the system formulation introduced in the previous section. We apply a
numerical scheme to obtain the discrete system

xk+1 = Akxk +Bkuk (9)

which will be the basis for the fault identification methods presented in this work.

3.1 The Kalman Filter

The well-known Kalman Filter first introduced in 1960 [12] is the basis for the fault identification process.
In order to predict the state evolution, the Kalman Filter uses the mathematical model (9) of the system,
assuming that it is subject to a process uncertainty wk ∼ N(0, Q):

xk+1 = Akxk +Bkuk + wk (10)

yk = Cxk + vk (11)

A correction of the estimated state vector is then performed taking into account the actual measurements
yk+1 obtained via eq. (11) at the corresponding time step.

The optimal state estimation x+k+1 at time tk+1 is then obtained by application of the Kalman Filter equations:
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Prediction

x−k+1 = Akx
+
k +Bkuk (12)

P−k+1 = AkP
−
k A
>
k +Q (13)

Correction

Kk+1 = P−k+1C
>
(
CP−k+1C

> +R
)−1

(14)

x+k+1 = x−k+1 +Kk+1

(
yk+1 − Cx−k+1

)
(15)

P+
k+1 = P−k+1 −Kk+1CP

−
k+1 (16)

Note that the Kalman Filter incorporates the estimates for model and measurement noise. Additionally, it has
to be initialized providing initial estimates for the state variables and corresponding error covariance matrix
P0.

3.2 Extended Kalman Filter

For nonlinear systems given by

xk+1 = f(xk, uk) + wk (17)

yk = h(xk, uk) + vk (18)

the Extended Kalman Filter (EKF) again uses a two step process as before where the prediction is given by

x−k+1 = f(x+k , uk) (19)

and linearizes eq. (17) in each time defining the Jacobian matrices

Ak =
∂f(x, u)

∂x

∣∣∣
x=x+k

, Ck =
∂h(x, u)

∂x

∣∣∣
x=x−k+1

(20)

With these definitions, the usual Kalman Filter eqs. (12) to (16) are used to obtain state estimates. Note that,
in contrast to linear Kalman Filtering, optimality of the estimates might not be achieved.

3.3 Kalman Filter Augmentation

Kalman Filter based approaches for parameter identification have been under active research in the past. The
basic idea is to add the fault parameter vector θ to the system state and apply the conventional Kalman Filter
or EKF for state estimation. The augmented equations read

(
x
θ

)

k+1

=

(
Ak + ∆A(θk) 0

0 I

)(
x
θ

)

k

+

(
Bk + ∆B(θk)

0

)
uk +

(
w
η

)

k

(21)

yk = [C, 0]

(
x
θ

)

k

+ vk. (22)

Note that an additional parameter noise ηk is introduced into the system representing the assumption that
the fault may develop over time. In the following section we will describe how the system augmentation
is performed in order to identify the faults we are interested in. In this work we are concerned with the
quantification and localization of shaft unbalances.
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3.4 Unbalanced shaft

Unbalances in the rotor shaft can be modeled as a pure external force not affecting the system’s properties.
Therefore, considering eq. (21), one may set ∆Ak = 0. Furthermore, the unbalance force vector in eq. (8)
may be written as

(
F iy
F iz

)
= B(bi, ψi)u(t). (23)

Identifying the unbalance state of the machine now consists of determining the coefficients bi, ψi for each
node i of the shaft that are contained in the matrices B.

The complete set of equations in view of eq. (21) is now given as
(
x
θ

)

k+1

=

(
Ak 0
0 I

)(
x
θ

)

k

+

(
Bk(θk)

0

)
uk (24)

yk = [C, 0]

(
x
θ

)

k

+ vk (25)

whereBk is obtained via assembling the input matrix for every node i on the shaft and performing discretiza-
tion.

Generally, the imbalance force is given by a right hand side vector F (θ), where θ is a collection of imbalance
fault parameters. One possibility is to set θ = (bi, ψi), i ∈ 1, . . . , nnodes where nnodes is the total number of
nodes in the shaft. Note that other parametrizations are possible.

In order to apply the Extended Kalman Filter, the Jacobian matrices of the state equation with respect to the
physical state xk as well as the parameters θk needs to be calculated. Note that it has the form

Jk =

(
Ak

∂Bk(θ)
∂θ

∣∣∣
θ=θk

uk

0 I

)
(26)

and that ∂Bk(θ)
∂θ

∣∣∣
θ=θk

can be readily obtained using the formulation of the unbalance force.

3.5 Changes in the dynamic properties

Model-based parameter identification may also be applied to identify changes in the dynamic properties of
the shaft. Consider wear or crack formation in a particular component of the shaft. This effect may be
modeled as a change in the stiffness properties that has to be identified during the operation phase of the
machine. In this case, the stiffness is given as K(ω, t) = K0(ω) + ∆K(ω, t) where K0 represents the
nominal stiffness matrix in the fault free case and ∆K describes the stiffness change due to component wear.
The complete reduced and discretized system now reads

(
x
θ

)

k+1

=

(
Ak + ∆A(θk) 0

0 I

)(
x
θ

)

k

+

(
fk
0

)
(27)

yk = [C, 0]

(
x
θ

)

k

+ vk (28)

where we assume that the system is excited by an external force fk.
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Note that those kind of faults can be considered as fundamentally different from pure imbalance faults since
they affect system characteristics such as eigenfrequencies and corresponding modes. This motivates the
usage of Discrete Fourier Transform (DFT) to identify such shifts in the frequency domain. An additional
advantage of considering frequencies is the possibility to apply bandpass filtering effectively ignoring os-
cillating inputs which are usually present in rotating machines. Note that even unknown inputs that do not
affect the eigenfrequencies can be ignored but might disturb identification in time domain.

In order to apply DFT, we have to consider vibrations recorded over a time interval of length T . An extended
state Xk is introduced as

Xk = (x>k , . . . , x
>
k−T+1)

> ∈ Rn×T (29)

capturing a history of states with corresponding output

Yk = (y>k , . . . , y
>
k−T+1)

> ∈ Rny×T (30)

The extension makes it possible to take into account past states and measurements and to observe frequency
shifts on a time window. This approach was taken in [24] where a nonlinear output function h was used to
observe the first moment of the power distribution in a frequency interval. For a vector ŷ ∈ RT the function

h(ŷ) =

∑
`∈I ω`|â`|2∑
`∈I |â`|2

(31)

is defined, where ω` are the discrete frequency bands obtained by the DFT of ŷ inside a chosen frequency
band of interest I and â` are the corresponding Fourier coefficients. The total output vector is obtained by
applying h to the history of each observed component.

In the next section, the output function is applied to a model problem to illustrate how a change in stiffness
influences the first moment of the power spectrum. This dependency motivates the use of this nonlinear
output in the frequency domain for fault identification. Note that, in view of eq. (20), the formulation of the
EKF now involves the derivative of h with respect to the state variables and fault parameters.

4 Examples

In this section, the previously presented unbalance identification approach is applied to a motor-generator
system. Data is obtained by deliberately introducing a discrete unbalance at a particular node and numerically
integrating the system of equations. It is shown that the identification algorithm is in fact able to accurately
estimate the position and magnitude of the disturbance. Furthermore, a simple rotor system based on the
famous Jeffcott rotor is considered. It is shown how a change in the stiffness properties affects the eigen-
frequencies in a specific frequency band and how the nonlinear output function presented in the previous
section develops in time.

4.1 Unbalance Identification

The setup that is considered as an example consists of a generator that is coupled to a motor with a total
length of about 10m. The rotor was modeled by linear Timoshenkov beams and the supporting fluid bearings
are represented by springs whose coefficients depend on the rotational speed. A visualization of the shaft is
shown in fig. 1.

The system has 280 degrees of freedom. Using the substructuring method described in section 2.2 this
number was reduced to 44, considerably lowering computational cost.
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Figure 1: Visualization of the motor-generator setup that, in this work, is used as an example for the appli-
cation of unbalance identification based on the EKF.

We assume that displacement probes are available at the bearings measuring the relative distance between
the shaft and the bearing housing in horizontal and vertical direction. If the initial distance at rest is defined
to be zero, the output matrix is then given as

C = LB − LS ∈ R8×44 (32)

where LB, LS are selection matrices selecting the displacements in horizontal and vertical direction of the
Bearing housing and the shaft, respectively.

In order to validate the identification algorithm, data was created by numerically integrating system (2) using
the Newmark method with a time step of ∆t = 5 × 10−4 s. A discrete unbalance was placed near the
non-drive-end of the generator at a shaft position of 7.8 m with a magnitude of b = 0.1 kg·m and an angle of
ψ = 120◦. The rotor setup is accelerated with a constant angular acceleration of 60 RPM/s until a rotational
speed of 2400 RPM was reached. An input noise w(t) with standard deviation 0.1 was introduced as well as
a white measurement noise with standard deviation of 2× 10−6.

The unbalance identification algorithm presented in section 3 is applied to the motor-generator system given
the data that was created as described previously.

As the exact noise parameters are generally unknown, an over-estimated input model noise standard devi-
ation of 0.3 was prescribed. The exact measurement noise was provided during the identification process
since an accurate estimation of the measurement is often available either by relying on sensor specifications
or measuring fluctuations in the data while the machine is still at rest. The initial state was set to zero, rep-
resenting the machine being at rest at t0 = 0s. This assumption also justifies an initial zero error covariance
for the displacements and velocities. For the fault parameters the initial state is obviously unknown but it is
assumed that the unbalance configuration is not changing in time. This motivates the selection of nonzero
initial uncertainty and small or even zero model noise in the equations for the fault parameters.

In order to assess the quality of the identification, an estimated position, magnitude, and angle was extracted
from the model of the external force by considering its contribution at every single node. These three gen-
eralized parameters are compared to the exact values of the discretely placed unbalance. Figure 2 shows the
temporal convergence of the parameters with respect to the actual position, magnitude and angle.

It can be seen that the identification algorithm quickly manages to identify magnitude and position quite
accurately. This information can be used by the machine operator to assess the unbalance state of the shaft
and detect the occurrence of a fault, localize the faulty component and assess the severity of the damage.
Moreover, as the model is continuously being calibrated, the future development of faults can be predicted
by numerical simulation.

4.2 Changes in dynamic properties due to a change in stiffness

In this section the motivation for using time-frequency based identification methods to track structural
changes is illustrated using a model problem from a test case of the Finite Element software Code Aster
[25] that is based on the famous Jeffcott rotor. Consider a rotating shaft of length L with an unbalanced disk
mounted at L/3 that is supported by a bearing at position 2L/3 (fig. 3).
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Figure 2: Convergence plots for unbalance position, magnitude and angle. Solid line: Estimated parameters
for every time step. Dashed line: Exact parameters.
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Figure 3: A simple example of a rotating shaft. Both ends of the shaft are fixed. Vibrations are introduced
by an unbalanced disk mounted on the shaft.

We assume that the bearing is subject to wear resulting in an effective decrease of bearing stiffness and that
the shaft dynamics are described by the system of equations

Md̈+ (D(ω) +G(ω))ḋ+ (K0(ω) + θ(t)∆K)d = F (ω) + w(t) (33)

y(t) = Cd(t) + v(t). (34)

Here, F (ω) accounts for the unbalance forces and the output matrix C selects the displacement measure-
ments obtained at the bearing.

The matrix ∆K is a constant fault matrix and represents bearing wear affecting the stiffness of the system.
The goal is to identify the fault parameter θ and its evolution in time using information on eigenfrequencies
of the shaft.

In order to illustrate the expressiveness of the nonlinear output function from eq. (31), the dynamic system
was integrated between 0s and 60s using a time step size of 10−3s. The fault parameter θ was initially set to
zero and was gradually increasing over time until reaching the value 1.0.

We assume that shaft displacements are observed at the bearing in horizontal direction. These measurements
are obtained by extracting the respective components from the simulation results and disturbing them by
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adding white noise.

For each output component, the output function h was calculated using eq. (31) with a window size of
T = 213 corresponding to approximately 8s. The exact fault parameter used for the creation of the data and
the output obtained from the measurements are shown in fig. 4. It can be seen that the output clearly indicates
the change in the fault parameter. Note that, by definition of the extended state eq. (29), the output at time tk
is obtained from the previous T time steps explaining the lag between the exact parameter evolution and the
estimated counterpart (fig. 4). For the same reason the output function is only calculated for t ≥ T .
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(a) Exact evolution of the fault parameter θ affecting the bearing stiffness.
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(b) Output of the transformation eq. (31) applied to the measured displacements in y-direction.

Figure 4: Comparison of the exact evolution of the fault parameter and the observed first energy moment.
It can be seen that the nonlinear output is strongly correlated to the actual fault parameter facilitating the
identification of developing faults.

5 Conclusions

In this work, a model-based fault detection algorithm based on the Extended Kalman Filter was presented,
that is capable of identifying magnitude and position of a single unbalance in a rotating shaft. It was shown
that by using a mathematical model of the machine during the operation phase and calibrating it online with
measurements important insight into the health state of the machine can be gained, offering new possibilities
in diagnostics and predictive maintenance. Note that, as those models are usually created during the engi-
neering phase, the approach that was adopted in this work bridges the gap between design and operation.
The ability to localize and quantify unbalance faults was demonstrated on a motor-generator example where
a single unbalance magnitude and position was identified in the presence of random inputs and measurement
noise. In addition, a signal transformation was proposed that yields an accurate description of changes of
an eigenfrequency residing in a preselected frequency interval. This method was used to detect wear in a
bearing supporting a simple shaft. It was shown that the output of the transformation is strongly correlated
to the evolution of model parameters related to the change in system stiffness caused by wear. This property
motivates its usage in fault detection methods, e.g. by tracking the fault parameter based on the output of the
signal transformation using a Kalman filter based method.
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Abstract
Rolling element bearings are among the most common components which lead to machinery breakdown.
Lately, focus has been targeted to cyclostationary-based tools that show a good performance in describing
and detecting the bearing vibration signatures and early damage diagnosis. The Cyclic Spectral Correlation
(CSC) and Coherence (CSCoh) describe the signal in terms of frequency-frequency content, detecting
the hidden modulations and their carriers. Their integration results in an equivalent band-pass filtering
and demodulation of the signal. Angular resampling methods are also applicable on the CSC or CSCoh,
resulting in the signature description in the order-frequency or order-order domain. In this paper different
methodologies for bearing fault detection based on CSC tools are presented. An optimization criterion is
proposed in order to select the optimum integration limits. The methodologies are evaluated and compared
in terms of performance on a number of real data.
Keywords : Condition monitoring, Bearing diagnostics, Cyclostationarity, Cyclic spectral coherence

1 Introduction

Rolling element bearings are critical components of rotating machinery and their failure can cause sudden
breakdown of the system, leading to time-loss and increased costs. Condition monitoring is the field where
rotating machinery is analysed, including bearings and gears and damages that may be present on the
structures can be detected. Therefore, maintenance and faulty component repair can be performed before
breakdown. The diagnostics of bearings continues to be a challenge however, as their signatures are usually
masked under noise and other stronger component signatures (e.g. gears). Recently the interest of the
research community started focusing on condition monitoring of complex machinery due to their difficult
analysis under many component signatures [1, 2]. Diagnostics under varying speed conditions has also
attracted increased attention in the field, as they represent the real operating conditions of many structures
on which widely accepted methods are yet to be provided [3, 4, 5, 6, 7, 8]. Typical examples including wind
turbines, aircraft engines and helicopter gearboxes operate usually under varying load and speed conditions,
which limit the detectability of damage present on these rotating structures.

One of the most well established methods is the Envelope Analysis, where the signal is demodulated after
band-pass filtering around the resonant frequencies excited by the damage impulses, obtaining in the end a
filtered Squared Envelope Spectrum (SES). The main idea is to obtain an optimal filter band which presents
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a high Signal-to-Noise ratio (SNR) leading to a SES after demodulation where the fault harmonics are
enhanced. The frequency band for demodulation is commonly extracted through the Fast Kurtogram (FK),
which is an automated band selection tool based on the maximum kurtosis level [9]. Aside from this tool
there are other band selection tools that have been developed to obtain the SES. Moshrefzadeh and Fasana
[10] proposed the Autogram, a tool with the same representation and the same objective of selecting the
optimal band for demodulation to obtain the SES. It is also based on the maximum kurtosis, but unlike the
FK, it is calculated from the unbiased autocorrelation of the squared envelope of the demodulated signals.
Randall et. al. [5] and Smith et. al. [6] proposed the ICSgram, where the optimal band selection is based
on a feature that maximizes the cyclostationary value of a determined fault frequency. These and other
band selection tools show improvement on selecting an optimal band, resulting in enhanced fault frequency
harmonics in the SES when compared to classical FK.

The Cyclic Spectral Correlation (CSC) and the Cyclic Spectral Coherence (CSCoh) have been proposed
recently as an alternative for the SES-based methods [11, 12]. The main advantage of this method falls on its
ability to reveal hidden periodicities of second-order cyclostationarity, like bearing signals that are masked
under stronger signals. They are represented in bi-variable maps in the frequency-frequency domain, from
which its spectral axis can be integrated to obtain either the Enhanced Envelope Spectrum (EES) or the
Improved Envelope Spectrum (IES). These spectra, the EES and IES, have been seen to improve the detection
of cyclostationary faulty signals [13, 14]. However, to obtain the optimal band of demodulation for the CSC
or CSCoh, its bi-variable map needs to be analysed in order to select the optimal band for integration along
the spectral axis. The IESFOgram has been proposed as a band selection tool similar to the FK but for
application on the CSC and CSCoh [3]. This displays a 1/3 binary tree like the FK and is seen to provide an
optimal band of integration resulting in an IES allowing the detection of the fault frequency harmonics.

However, these cyclostationary-based tools are based on the notion that only small speed fluctuations occur
and not on the notion of varying speed conditions. Under varying speed conditions, SES-based tools are
usually re-sampled in the angular domain, resulting to the Order Tracked Squared Envelope Spectrum (OT-
SES). The same Order Tracking method has also been applied to the CSC and CSCoh with success, providing
robust diagnosis of bearings. The methods rely on the theory that bearing faults are dependent on the shaft
angle and independent of time. Therefore, the hidden periodicities remain on the angular domain although
the signal are non-stationary in the time domain. This fact generated the idea of classification of the bearing
signals under varying speed conditions as cyclo-non-stationary signals and as long as they are analysed
on the order domain, diagnosis is possible. Moreover the transformation of the signals into the angular
domain before the calculation of the CSC-based methods in order to obtain the Order-Order Cyclic Spectral
Correlation/Coherence (OO-CSC and OO-CSCoh) has been proposed [3]. The method has shown a robust
detection of the hidden modulations under carrier of random frequency. On the other hand, re-sampling
of the Time-Frequency domain on the angular domain, in order to obtain the Angular-Frequency domain
map leading to the Order-Frequency Cyclic Modulation Spectrum has also been proposed as a tool to detect
hidden modulations under varying speed conditions [7, 8]. These methods have shown good performance on
bearing diagnosis under varying speed conditions.

Therefore, the objective of this paper is the description of two methodologies based on CSC-based tools
for bearings diagnostics under varying speed conditions, by integration of the optimal band of frequencies
selected in an automated manner. The Order-Order domain and Order-Frequency domain maps are calculated
and the IESFOgram is applied to select the band that integrates the maps, in order to provide an enhanced
diagnosis. The methodologies are validated on real signals of two datasets (one from a Safran aircraft engine
and oned from a UNSW planetary gearbox). Furthermore, the performance of the methodologies is compared
with the OT-SES, the OT-SES filtered by the ICSgram band selection, and EES-based methods. The rest of
the paper is organised as follows. The state of the art for the cyclostationary spectral analysis is described
in Section 2. The proposed methodologies and their order tracked versions are detailed in Section 3. The
experimental setups used to capture the data are described in Section 4. The proposed methodologies are
validated and their results are presented in Section 5. Finally some conclusions are provided in Section 6.
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2 Overview of CSC based methods

The presence of cyclostationary (CS) based approaches is increasing in the research community. They
have been used to analyse vibration signals in order to diagnose damage on rotating machinery. This
increased attention is due to their good performance, as described in the recent published research. One
of the main advantages is that they allow the description of (second-order) CS signatures, thus providing a
good distinction between different signatures present in a single signal. For this reason, they have proven to
be extremely useful when diagnosing rotating components that are not completely phase-locked with shaft
speeds, such as the bearings, which show a second-order cyclostationary signature. Additionally, the bearing
signals are commonly masked by other stronger components of the first-order cyclostationary, like gears and
shafts. This results in a more difficult detection of damage unless an efficient differentiation of first-order
cyclostationarity from the second-order cyclostationarity is obtained.

A signal is said to be cyclostationary (CS) of first-order if its first-order moment or mean R1x is periodic
with time:

R1x(t) = R1x(t+ T ) = E{x(t)} (1)

where x(t) is the signal function of time t sampled at constant time intervals and E is the ensemble average.

Moreover a signal is said to be CS of second-order if the second-order moment (Autocorrelation function) is
periodic of period T as described by Eq. 2 :

R2x(τ, t) = R2x(τ, t+ T ) = E{x(t)x(t− τ)∗} (2)

where τ is the time-lag.

Randall et. al. [11] proposed the Cyclic Spectral Correlation (CSC) to detect first and second-order
cyclostationarity patterns present in the signals. CSC is a bi-variable map of two frequency values, the
spectral frequency f and the cyclic frequency α. The spectral frequency describes the carrier frequencies
while the cyclic frequency describes the modulation frequencies. The CSC describes in fact the correlation
value between these two frequency variables (f, α), justifying its name as Cyclic Spectral Correlation (CSC),
and can be described as in Eq. 3 :

CSCx(α, f) = lim
T→∞

T−1 E[F T {x(t)}∗F T {x(t− τ)} (3)

where F T {x(t)} is the Fourier transform of the signal x(t). The processing of the CSC reveals the hidden
modulations as high correlation values at which the carrier frequency f is modulated by the cyclic frequency
α.

In order to minimize uneven distributions, a whitening operation can be applied to the CSC. This extended
tool, named the Cyclic Spectral Coherence (CSCoh), describes the spectral correlations in normalized values
between 0 and 1, and is defined as in Eq. 4 :

CSCohx(α, f) =
CSCx(α, f)√

CSCx(0, f)CSCx(0, f − α)
(4)

Both the CSC and the CSCoh bi-variable maps can be integrated along the spectral frequency axis in order
to obtain a regular spectrum. The integration over the full band of frequencies results in a spectrum that
exhibits all modulations present in the signal, in a similar manner to the Squared Envelope Spectrum (SES).
This is useful for a simpler detection of the characteristic frequencies, as the analysis of a bi-variable map is
certainly more complex than the analysis of a single variable spectrum. The integration can also be made on
a specific band of frequencies instead of the full band. An optimal band of frequencies which can minimize
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the effect of other components in the signal can be extracted. In this manner, the integration over a specific
band on the frequency-frequency domain can improve the detection of the characteristic peak frequencies
in the resulting envelope spectrum. This method is similar to the application of a band-pass filter on the
signal. The resulting spectrum is then named Improved Envelope Spectrum (IES) and it is obtained from the
frequency-frequency domain according to Eq. 5 :

IES(α) =
1

F2 − F1

∫ F2

F1

|CSCohx(α, f)|df (5)

where F1 and F2 are the lower and upper frequencies of the band of integration over the spectral frequency
axis. It is interesting to note that EES can be described as a specific case of the IES obtained through the
integration of its full available band, or in other words, F1 is zero and F2 is the Nyquist frequency (Fs/2),
where Fs is teh sampling frequency. The IES has been described as an integration over the CSCoh but in
analogy a corresponding IES can be estimated over the CSC as well.

3 Proposed methodologies

3.1 Improved Envelope Spectrum via Feature Optimisation - gram – IESFOgram

An automated selection of the integration band can be obtained through IESFOgram. In the same manner
the Fast Kurtogram can be applied for an automated selection of the band-pass frequencies to be filtered on
the signal [9], the IESFOgram can be applied to extract the band-pass frequencies to be integrated on the
frequency-frequency domain [3].

The IESFOgram is a band selection tool based on an optimisation of a defined feature. The representation of
the method is done in a 1/3 binary tree analogous with the Kurtogram. The integration of the resulting band
with the maximum feature leads to the IES with the optimised feature, therefore explaining the acronym
for the method as Improved Envelope Spectrum via Feature Optimisation- gram (IESFOgram). A series of
bands following a 1/3 binary tree structure are integrated, with various bandwiths bw and center frequencies
cf . Each applied band results in a spectrum from which a feature is extracted. The feature values are then
represented as a function of the center frequency cf and bandwidths bw, in analogy to the Kurtogram. The
band of frequencies (cf, bw) that corresponds to the maximum feature value is selected as the optimal band
for integration on the frequency-frequency map.

The feature feat(cf, bw) can be defined as the sum of the amplitude of N−harmonics of the characteristic
fault frequency ffault normalized by the background noise level around each harmonic ranging by 2 times
a set bandwidth (2× fb) and can be described by Eq. 6 :

feat(cf, bw) =

N∑

k=1

IES(k ffault)

1
2fb

[∫ kffault+fb
kffault−fb IES(α)dα− IES(kffault)

] (6)

This feature is defined based on a specific fault frequency, meaning that the method is not blind and the
feature value should be calculated for each characteristic frequency of interest. On the other hand it could be
easily combined with an automated characteristic frequency identification tool. The background noise level
bandwidth for normalization is defined here as the 1/4th of the shaft speed on which the specific bearing is
mounted on. The band selection procedure is described in the diagram of Fig. 1.
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Figure 1: Procedure for the generation of IESFOgram.

3.2 Order-Order domain vs Order-Frequency domain

In the presence of a faulty bearing operating under constant speed condition, the bearing faults are described
on the CSC (or CSCoh) as modulations on the cyclic frequency axis α and as resonant frequencies (carriers)
excited by the impulses on the spectral frequency axis f .

However, under varying speed conditions, the impulses are no longer cyclostationary in time, thus becoming
smeared over the α axis. This phenomenon is due to the fault impacts occurring as a function of the shaft
angle position rather than time. In order to overcome this problem, two versions of order tracking can be
applied to obtain the bi-variable map.

The signal can be resampled into constant angle intervals before the calculation of the CSC (or CSCoh). As
the signal is no longer in the time domain but rather in the angular domain and providing the number of
samples per revolution as the new sampling frequency, the result of the CSC and CSCoh is a bi-variable map
in the Order-Order domain [3]. This causes smearing of the high frequencies on the spectral order variable
f which are time-dependent (resonant frequencies) but enhances the components that are angle-dependent
(harmonics). In other words, the carrier frequencies that are speed related (e.g. gearmesh frequencies)
are therefore enhanced through Order-Order analysis. On the other hand, the Order-Order CSC (OO-CSC)
and the Order-Order CSCoh (OO-CSCoh) can also identify the random carrier frequencies of semi-periodic
modulation and finally the fault frequency can be detected on a bi-variable map at the corresponding cyclic
order variable α. The OO-CSC values can be interpreted as the measure of spectral correlation of the
transformed version of the signal related to its angle xα(θ) and itself, as described in Eq. 7 :

OOCSC(α(θ), f(θ)) = lim
T→∞

T−1 E[F T {xα(θ)}∗F T {xα(θ)}] (7)

The second method allows the description of the bivariable map in the Order-Frequency domain. This
overcomes the smearing of the resonant frequencies over the spectral f axis while at the same time describing
the modulations in the order domain as being discrete over the cyclic α axis. Abboud et. al. [7] proposed a
methodology to obtain the Order-Frequency CSC (OF-CSC) and Order-Frequency CSCoh (OF-CSCoh) and
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later [8] proposed a method with less computational cost, the Order Frequency Cyclic Modulation Spectrum
(OFCMS), analogous with the OF-CSC.

The OFCMS is based on the angle-frequency spectrogram, where the Angle-Time Domain estimates the
impulses at a constant angle intervals correlated with the carriers in the frequency domain. This is obtained
by applying angular resampling on the Time-Frequency Instantaneous Power Spectrum (TF-IPS) on the time
axis alone. This results in the Angle-Frequency Instantaneous Power Spectrum (AF-IPS), on which the
second Fourier transform can be applied with respect to angle, thus obtaining the OFCMS. The OFCMS can
then be interpreted as the measure of the spectral correlation between the time signal x(t) and its transformed
version related to angle xα(θ), or in other words, equals to the Fourier transform of the angle/frequency
spectrogram and can be formulated by Eq. 8 :

OFCMS(α(θ), f(t)) = lim
T→∞

T−1 E[F T {x(t)}∗F T {xα(θ)} (8)

Figure 2: Methodologies diagram for analysis of cyclo-non-stationary signals.

Both methodologies result in bi-variable maps describing the cyclo-non-stationary time signals that show a
cyclostationary behavior as a function of angle. Therefore, partial or full integration of the maps to obtain
the EES or the IES remains applicable. Furthermore, the IESFOgram can be calculated in the same way for
the selection of the optimal band.

The procedures for obtaining the EES or the IES through the IESFOgram, by either the Order-Order or the
Order-Frequency bi-variable are described in the diagram of Fig. 2 .

4 Experimental Setups

In order to test and validate the proposed methodologies, vibration data have been captured from two separate
test rigs. One dataset corresponds to an aircraft engine with two damaged bearings and the second dataset
corresponds to a planetary gearbox with one damaged bearing.
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4.1 SAFRAN aircraft engine

This dataset has been measured on a civil aircraft engine under varying speed conditions. The vibration
dataset was provided by Safran and corresponds to the Safran contest which took place during the Conference
Surveillance [4].

The engine has two main shafts and an accessory gearbox. The kinematics of the gearbox are described in
Fig. 3.

Figure 3: Kinematics of the gearbox of the Safran engine [4].

On the gearbox there are two damaged bearings: one on the radial drive shaft L1 and one on the shaft L5.
The ball bearing on L1 is damaged on the outer race with a heavy scratch of 0.3 mm of depth and 1 mm of
width. The roller bearing on shaft L5 is also damaged on the outer race but spalled on a wide area with a
depth of 0.1 mm.

The signals were measured starting from idle to full power with a duration of 200 seconds at a sampling rate
of 50 kHz. The speed reference is obtained from the tachometer mounted on shaft L4, with a resolution of
44 pulses per revolution. The vibration signals came from two accelerometers. One accelerometer (named
’Acc1’) is mounted near the shaft L1 and second one (named ’Acc2’) is mounted in the vicinity of shaft L5.
The fault order for the ball bearing outer race damage on shaft L1 is 4.066 orders of the shaft L1 and the
fault order for the roller bearing outer race damage is 7.759 orders of the shaft L5.

One claimed problem was that signal Acc1 apparently did not contain any signature of the bearing faults.
Only signal Acc2 evidenced the presence of the outer-race fault in the bearing supporting shaft L5 [4].

4.2 UNSW Epicyclic gearbox

The second dataset has been provided by the University of New South Wales (UNSW) and has been measured
on a planetary gearbox test rig. The planetary gearbox test rig comprises of one parallel spur stage and a
planetary spur, as presented in Fig. 4 .

The planet carrier is the input of the planetary stage, while the sun gear is the output. The gear teeth are 80,
34 and 20 for the ring, the sun and the planets respectively. As the ring gear is fixed, the planet gears rotate
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Figure 4: (left) UNSW planetary gearbox close up, (right) Gearbox kinematics [5].

with a ratio 2.66 times the drive shaft. The damaged bearing is a radial cylindrical roller bearing (IKO RNAF
162812) and is mounted on one of the planets. The damaged bearing has a fault on the outer race with a
width of 1.6 mm, while its roller diameter is 3.0 mm. Thus the expected Ball Pass Order of the Outer Race
fault (BPOO) is 12.3 orders of the drive shaft. Due to the fact that the tachometer measures the speed of the
drive shaft, all characteristic orders of the mechanism are calculated and referenced in relation to the drive
shaft speed.

In order to capture the vibration signal, one external accelerometer was mounted on the gearbox over the
planet gears. The signals were acquired with a sampling frequency of 150 kHz and synchronised by a
National Instrument data acquisition system. Two tests have been performed under different speed operating
conditions: one at a constant rotational speed of 5.4 Hz and a second one at a varying speed between 2.8 Hz
and 4.2 Hz.

5 Results and Discussion

5.1 SAFRAN aircraft engine

The signal from the SAFRAN engine captured by the accelerometer ’Acc2’ is analysed in a first step. The
signal corresponds to 100 seconds at a sampling frequency of fs = 50 kHz, under a run-up from 180 Hz to
210 Hz of the shaft rotation speed. The speed signal is captured by a tachometer and the corresponding raw
signal can be seen in Fig. 5 .

Initially, order tracking using the speed reference has been applied to analyse the spectrum of the signal. The
characteristic orders of the mechanism have been detected confirming that a correct angular sampling has
been performed.

The Order-Order Cyclic Spectral Coherence (OO-CSCoh) is then estimated from the angular re-sampled
signal and the Order-Order Enhanced Envelope Spectrum (OO-EES) is estimated based on the integration of
the whole spectral order, as presented in Fig. 6 .

A vertical line at the cyclic order α corresponding to the Ball Pass Order of the Outer Race (BPOO) can be
identified in the OO-CSCoh. The diagnosis of the damage through the analysis of the map usually requires
some level of expertise but on the other hand, the OO-EES presents clearly the harmonics of the damage on
the spectrum, allowing a confident diagnosis.

Then the IESFOgram is obtained and the Order-Order Improved Envelope Spectrum (OO-IES) is estimated
based on the integration of the band returned by the IESFOgram, as presented in Fig. 7.
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Figure 5: (left) Safran speed signal, (right) Vibration raw signal.

Figure 6: (left) Order-Order CSCoh, (right) OO-EES.

The selected band is seen to be the centred around 52 orders on the spectral band. The method seems to select
an optimal band that maximizes the 2nd harmonic of the BPOO. Upon closer analysis of the OO-CSCoh, it is
noticed that the BPOO is excited across several bands over the spectral axis. The 1st harmonic of the BPOO
exhibits its carriers with high values centred around 30 orders, while the 2nd harmonic exhibits around the
50 orders band.

Unlike the OO-CSCoh, which is obtained through the angular re-sampled signal, the Order-Frequency Cyclic
Modulation Spectrum (OF-CMS) is obtained from the raw signal while providing the speed signal. The
OFCMS map for the ’Acc2’ signal and its OF-EES, from its full spectral band integration, can be seen in
Fig. 8.

The OF-EES shows a similar result when compared to its order-order version, as the integration is realised
over all the spectral content. However the bi-variable map shows the damage-related CS content to be more
centralized on the lower frequency band of the spectral axis and the gears and shaft harmonics are reduced
in the spectrum. This is most likely due to the nature of the OF-CSC theory, where the carrier information
is kept as a function of time and thus not smearing the time-dependent carrier frequencies over the spectral
axis.

When IESFOgram is applied on the OFCMS, the previous statement can be confirmed due to the selection
of a narrow band, in the lower frequency spectrum, as the optimal band. The IESFogram and the resulting
OF-IES can be seen in Fig. 9 .
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Figure 7: (left) IESFOgram for the OO-CSCoh, (right) OO-IES.

Figure 8: (left) OFCMS, (right) OF-EES from the OFCMS.

From the OF-IES the present fault frequencies are noticed to have been slightly enhanced when compared to
the OF-EES. Some of the remaining speed-related harmonics were further reduced while integrating on the
carrier band of the BPOO.

This dataset also provides a good example on the complexity of the analysis for bi-variable maps. While the
detection of the bearing damage cannot be extracted in a straightforward manner from the analysis of the 2D
maps, the analysis of the resulting envelope spectra provides a clear detection of the fault order.

5.2 UNSW Epicyclic gearbox

The methodologies are further applied to the UNSW measured vibration signal under varying speed operating
conditions. The vibration signal was truncated to contain the varying speed conditions fluctuating between
2.8 Hz and 4.2 Hz, as described in Fig. 10.

Spectral analysis and Envelope Analysis have been performed in order to detect the characteristic frequencies
of the system and to confirm that a correct order tracking has been performed. Despite confirming that the
signal has been correctly re-sampled in the angular domain, no bearing fault frequencies were detected in the
spectrum. However, filtering the signal with the band selected by ICSgram [5, 6] results in an Order-Tracked
Squared Envelope Spectrum (OT-SES) from which the first harmonic of the damage can be extracted, as can
be seen from Fig. 11 .
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Figure 9: (left) IESFOgram for the OFCMS, (right) OF-IES.

Figure 10: (left) UNSW speed signal, (right) Vibration raw signal.

The OO-CSCoh is then estimated and a weak component of the fault frequency can be detected on the
2D map. Integration on the full spectral axis results in the OO-EES where a small peak near the fourth
harmonic of the shaft can be detected as the fault frequency. Once again, the analysis of the 2D map is not
straightforward but obtaining the spectrum results in a simpler analysis. Furthermore, the IESFOgram is
applied and the OO-CSCoh is integrated on its selected band. This results in a more clear fault diagnosis
because two fault order harmonics can be detected from the spectrum as can be seen in Fig. 12 .

As for the OFCMS analysis, the fault order on the correspondent cyclic axis cannot be easily detected. Full
spectral integration also does not provide a clear detection, due to the fault order being completely masked
by the other components and noise level, as can be seen from Fig. 13.

On the other hand, when the IESFOgram is applied, a narrow band around 49 kHz is selected, where two
harmonics of the fault order are clearly exhibited. In this particular case, the second harmonic is detected
with more confidence than with the OO-IES case, due to its enhanced amplitude above the noise level.

For a performance analysis of the different methods explained on this paper for each dataset, Tab. 1 describes
the total number of harmonics that can be extracted and detected in the resulting spectrum of each case.
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Figure 11: (left) ICSgram , (right) OT-SES by ICSgram filter selection.

Figure 12: (left) OO-EES , (right) OO-IES .

6 Conclusion

In this paper, two novel spectral indicators, the OO-IES and OF-IES by IESFOgram, have been proposed for
the fault detection of rolling element bearings under varying speed operating conditions. The IESFOgram is
proposed as a band selection tool similar to the Kurtogram and is built as a binary tree in the same manner.
Spectral analysis using cyclostationary based tools, such as the Cyclic Spectral Coherence (CSCoh), are
seen to be powerful tools for bearing diagnostics. Furthermore, it has been demonstrated that the integration
on a specific band of the spectral axis of the bi-variable maps results in more enhanced exhibition of the
fault orders in the spectrum. The first procedure is based on the Order-Order Cyclic Spectral Coherence
(OO-CSCoh), which results from the estimation of the CSCoh on the angular re-sampled signal. The
second procedure is based on the Order-Frequency Cyclic Spectral Correlation (OF-CSC), where angular re-
sampling is applied on the Time-Frequency domain and Fourier transformed, leading to the Order-Frequency

Table 1: Number of harmonics detected for each dataset and each method.
OT-SES ICSgram OO-EES OO-IES OF-EES OF-IES

SAFRAN 3 3 3 3 3 3
UNSW 0 1 1 2 0 2
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Figure 13: (left) OF-EES , (right) OF-IES.

domain. The Enhanced Envelope Spectrum (EES) is estimated based on both procedures, leading to the OO-
EES and OF-EES. Both show good capabilities in the detection of damage. Furthermore, the Improved
Envelope Spectrum (IES) is also estimated based on both procedures, leading respectively to the OO-IES
and OF-IES and show consistently improved detection of the damage when compared to the EES based
methods.
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Abstract
In the last decades a plethora of signal processing tools have been proposed for the analysis of vibration
signals, focusing on fault detection and diagnosis of rotating machinery. Despite the existence of numerous
methodologies, there is still a need to construct more specific diagnostic algorithms. The informative fre-
quency band is a purely frequency-domain idea, so very often the approach of spectral selectors is pursued
and those are digital filters prepared in a custom way. In this paper a novel signal processing approach is
proposed based on the analysis of the time-frequency domain. The vibration signal is firstly transformed to
the time-frequency domain. Moreover the stationarity of the time series vectors within the discrete frequency
bins of the Time-Frequency (T-F) map is statistically tested by using the Augmented Dickey-Fuller (ADF)
test. A frequency band filter selector is then constructed by the aggregation of the ADF statistic values of
narrow frequency bins into a vector spanning over the whole Nyquist band of the given signal.

1 Introduction

The notion of introducing so-called intelligent solutions for maintenance of industrial machinery drives the
need for development of specialized analytical methods for more and more demanding diagnostic scenarios.
Machines with rotating components are in the center of research interest due to the high industrial relevance
and the high diversity of possible fault cases regarding components interacting with each other. Mechanisms
of signal generation by kinematic pairs (e.g. pair of gears) when one of the components is faulty have
been studied by many researchers [1–4]. The fault signature of rolling element bearings may be described
as impulsive [5], cyclic (or periodic) [6], nonlinear, non-Gaussian [7], amplitude/phase modulated [8], etc.
Most of these descriptors have been already used as detection criteria - kurtosis was used as a measure of
impulsiveness [9], cyclostationary analysis was developed to detect and identify cycles related to damage
[10, 11] etc. However in this paper the authors propose to use testing of the signal stationarity for machine
diagnostics. It is well known, that in case of healthy bearings, a vibration signal measured on the housing will
be stationary and will closely follow a Gaussian distribution. In case of local damage, two surfaces in contact
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will produce a disturbance. Effectively, a series of such impacts in the time domain will manifest itself as a
cyclic (or periodic) additive impulsive component. It will definitely introduce disturbance in the signal, which
will contribute to the degree of non-stationarity. This observation, made already also by other researchers
[12] is the basis for this paper. The key idea here is to test whether the signal is stationary or not and more
specifically, instead of evaluating the signal itself, a more structure-oriented approach is proposed. Due to
the complexity of machinery and the number of potential sources of non-stationarity, including accidental
disturbances [13, 14], the test of stationarity will be done in the time-frequency domain, for each frequency
bin – similarly to the Spectral Kurtosis (SK) or to other methods developed for informative frequency band
identification. A variety of techniques have been proposed for testing of stationarity of a signal [15–17].
In this paper the use of the Augmented Dickey-Fuller (ADF) test [15] is proposed. The distribution of the
ADF statistical value along the frequency scale can be estimated and used as a spectral selector similar to
SK, being the basis for digital filter characteristic for signal enhancement [18]. The approach is validated on
real signals captured on pulley bearings. As a further validation step, the results are compared with the SK
method in terms of the selector shape as well as of the quality of the obtained filtered signal. The rest of the
paper is organised as follows. The methodology is first proposed in Section 2 and it is further applied on real
signals and teh results are presented in Section 3. The paper closes with some conclusions in Section 4.

2 Methodology

In this section, the key aspects of the methodology are described. The main idea is to develop a frequency-
domain selector based on the spectral stationarity of the signal. The proposed approach in some sense is
an extension of the classical methodology based on the Spectral Kurtosis, which is a popular measure of
impulsiveness. However the ADF statistic (calculated for each frequency band) is considered here which
may indicate the nonstationarity of a subsignal corresponding to a given frequency band. The flowchart of
the proposed algorithm is presented in Figure 1.

First, the spectrogram of the input data is calculated as a time-frequency representation allowing to access
narrow frequency bands. Next, for each subsignal of the time-frequency representation the ADF statistic (see
Equation (2)) is estimated. It should be mentioned that the ADF test, based on the ADF statistic, is a classical
test often used to test the nonstationarity of real data. Finally the selector is smoothed and thresholded. In
the following subsections the proposed procedure is described in more details.

2.1 Time-frequency representation

The procedure begins with the calculation of a spectrogram (see Equations (1) and (2)). The spectrogram
parameters are selected based on empirical testing taking into account the length of the signal time series.
For the specific analyzed real signal (see section 3) the parameters are presented in Table 1.

The Short-Time Fourier Transform (STFT) for the discrete signal y0, y1, . . . , yN−1 is defined as follows [19]:

STFT(t, f) =
L−1∑

m=0

yt+mωme
−j2πfm/N (1)

for 0 ≤ f ≤ fmax and 0 ≤ t ≤ tmax. In the above equation ω is a shifted window of length L. Furthermore,
the spectrogram is estimated as the squared absolute value of the STFT:

Spec(t, f) = |STFT(t, f)|2. (2)
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Figure 1: Flowchart of the proposed procedure.

2.2 Augmented Dickey-Fuller (ADF) selector

The problem of testing stationarity of real data has been widely discussed in the literature. Different ap-
proaches applied in this issue can be found. Classical tests are for instance the Dikey-Fuller (DF), the
Kwiatkowski-Phillips-Schmidt-Shin (KPSS) and the Durbin-Watson [15–17]. However one of the most
popular tests for stationarity is the augmented DickeyFuller test (ADF). The null hypothesis of the ADF test
is that the unit root is present in the analyzed data, i.e. the data follow the model:

yt = c+ δt+ φyt−1 + β1∆yt−1 + . . .+ βp∆yt−p + εt, (3)

where ∆ is the differencing operator, p is the number of lagged difference terms and {εt} constitutes a
sample of independent identically Gaussian distributed random variables with mean zero and variance σ2(
N(0, σ2)

)
. The unit root is found when φ = 1, i.e. after differentiation, the signal corresponds to an

autoregressive process of order p (AR(p)). In this paper, the authors take under consideration the simpler
version with no drift (c = 0), no trend (δ = 0) and (p=0). In this case the model (3) takes the form:

yt = φyt−1 + εt, (4)

which is an autoregressive model of order 1 (AR(1)) in case φ 6= 1. In the considered case, the ADF statistic
used in ADF test with null hypothesis, defined as in (4), is given by:

ADFstats =
φ̂

se(φ̂)
, (5)
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where φ̂ is the AR(1) coefficient computed by using the Ordinary Least Squares method and se is the standard
error of the estimated value. According to the scheme of this procedure, presented in Figure 1, ADF statistics
are calculated for each frequency bin from the spectrogram. The ADF selector is set equal to the absolute
value of the ADF statistic.

2.3 Spectral Kurtosis

The Spectral Kurtosis has been introduced by Antoni and Randall [20, 21] and it is considered as one of
the most powerful and popular approaches to localize an Informative Frequency Band (IFB), especially for
vibration signal analysis. The general principle of operation is to calculate the kurtosis value (see Equation
(6)) for each frequency bin of the spectrogram:

Kurt[Spec(t, f)] =
m4

m2
2

=
1
n

∑n
i=1 (yi − y)4

(
1
n

∑n
i=1 (yi − y)2

)2 , (6)

where m4 is the fourth central moment, m2 is the second sample moment (sample variance), y is a single
time-domain vector corresponding to the given frequency bin f and 0 ≤ f ≤ fmax.

As a result, an indicator of impulsiveness across the signal spectrum can be obtained, allowing to determine
which frequency bands carry the most visible information about the damage-related impulsive behavior. The
indicator is named Spectral Kurtosis (SK) and a Vector of SK can be then used as a filter to extract the
impulsive components from the signal.

2.4 Post-processing of ADF selector

After obtaining an ADF selector (as well as the SK selector), it is proposed to post-process it for further
enhancement. First, it is smoothed using the moving average with a relatively small window (10 samples in
this case) just to eliminate the local variance between the adjacent frequency bands. Afterwards a noise gate
is applied by thresholding the smoothed selector with the central point of its histogram. The details of this
procedure can be found in [22].

As a final step, after the calculation of the proposed ADF selector in function of f , which is just an absolute
value of the ADF statistic obtained for each subsignal from the spectrogram, the signal can be further filtered.
It is expected that the filtered signal in time domain is more impulsive than the original one. This is related
to the fact that the filter characteristic emphasizes the frequency bands which contain the impulses related
to the damage. One of the classical measure of impulsiveness is the kurtosis, therefore this statistic is
finally calculated for the envelope of the filtered signal in order to prove the effectiveness of the proposed
procedure. As a comparison, the SK selector is calculated also for the original signal and is considered as
the filter characteristic. Finally, the kurtosis of the envelope of the SK filtered signal is calculated and is
compared to the kurtosis of the envelope of the signal filtered by the ADF filter characteristic.

3 Real-life data analysis

Vibration data have been captured by a commercial measurement system on the rolling ball bearing of the
drive pulley operating in a belt conveyor driving station, presented in Figure 2. The sensor for measuring the
vibration signal was located in the horizontal direction. The sampling frequency is equal to 19 200 Hz. In
Figure 3 are presented 2.5 seconds of raw vibration signals captured over a healthy bearing (top panel) and a
faulty bearing (bottom panel).
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Figure 2: A drive pulley operating in a belt conveyor driving station

Figure 3: Raw vibration data

The envelop spectrum of both analysed signals are presented in Figure 4. It should be noted, that analysing
the raw time signals, it is difficult to observe an impulsive behavior corresponding to the bad (faulty) condi-
tion. Moreover the envelope spectrum does not provide clear information about the damage.
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Figure 4: Envelope spectrum of raw vibration data.

Furthermore, the time-frequency representation (spectrogram) of the signals presented in Figure 3 are shown
in Figure 5. They have been calculated according to the parameters presented in Table 1. Some peaks
between 1 and 6 kHz are observed at the spectrogram corresponding to the signal from the machine in bad
condition.

Figure 5: Time-frequency representation (spectrogram) of the input data.

Next, the ADF statistic for each frequency bin of the spectrogram is calculated. In Figure 6 the values of
ADF statistic are presented.

The values of the statistic are lower for those frequencies for which an impulsive behavior is expected. This
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Table 1: Parameters of compared results.

Parameter Value
Sampling frequency 19200 Hz
Window Hamming, 256 samples
Overlap 60% window
FFT points 512

indicates that the subsignals corresponding to those frequencies are ”more nonstationary” compared to other
frequency bands.

Figure 6: ADF statistic for signal of the machine in good and bad condition.

The ADF selector, i.e. the absolute value of the ADF statistic and the corresponding filter characteristic are
presented in Figure 7.

Figure 7: ADF selector and ADF filter characteristic.

After its estimation, the filter function is applied over the signals. The filtered signal captured over the ma-
chine in a bad condition (using the obtained characteristics) is presented in Figure 8a while the corresponding
spectrogram of the filtered signal is presented in Figure 8b.

Finally the envelope spectrum of the filtered signal is analysed. Comparing Figure 4 and Figure 8c, it can be
observed that the impulsiveness can be easier detected at the filtered signal compared to the original signal.
Moreover, in order to compare the SK- and the ADF- selector results, a similar methodology have been
followed for the SK approach.

More precisely, the SK has been calculated for the raw signal corresponding to the machine in bad condition
and the signal is further filtered according to SK characteristic.

CONDITION MONITORING OF ROTATING MACHINERY 925



(a) Signal after filtration using ADF filter characteristic.

(b) Spectrogram of filtered signal.

(c) Envelope spectrum of filtered signal.

Figure 8: Presentation of signal in various domains after filtration procedure using obtain selector.

Similar to the ADF statistic, the SK statistic has been also smoothed and thresholded (see the red line in
Figure 9). Finally the kurtosis of the envelope of the filtered signals obtained after using the ADF and the
SK approach are compared. The kurtosis of the envelope of the filtered data for the ADF selector has been
calculated equal to 88.2290 while for the SK it was calculated equal to 66.7322.

4 Conclusions

In this paper, a novel method for fault detection in bearings, based on the Augmented Dickey-Fuller (ADF)
test has been presented, as an alternative to the classical Spectral Kurtosis approach. The ADF statistic is
used as a measure of nonstationarity which results from the impulsive behavior of a signal and further as
an Informative Frequency Band selector. The methodology has been applied on a signal captured over a
drive pulley operating in a belt conveyor driving station and has been compared to the classical SK approach.
Based on this comparison, the new algorithm seems to be more effective compared to the classical SK.
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Figure 9: Spectral kurtosis and SK selector.
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Abstract 
Wiener filtering is an important operation in vibration analysis of mechanical systems. It consists on 

estimating the linear-time-invariant filter that, when convolved with the signal, gives an optimal estimate of 

a signal of interest in the least mean square sense. This paper addresses the estimation of the Wiener filter 

in the case where the signal of interest is a vibratory contribution generated by a mechanical source. For this 

purpose, the paper starts by proposing the concept of mono-source cyclostationarity, before establishing a 

valuable link between the Wiener filter and the cyclic power spectra of the signal associated with the cyclic 

frequency set of the source of interest. Based on this relation, two estimators are proposed and their 

performances are compared through simulations. Last, the efficiency of the proposed approach is 

demonstrated on a real vibration signal captured from a helicopter gearbox and compared with the classical 

spectral kurtosis. Results have asserted the superiority of the proposed approach over the classical one. 

1 Introduction 

Mechanical systems are often subjected to defects that alter their normal operating conditions causing 

performance degradation or, ultimately, a complete breakage. In order to ensure operation continuity, 

systems need to be monitored and defects, when occur, must be detected at their earlier stages. Several 

methods have been developed for rotating machine fault diagnostics in the literature. Among these 

techniques, vibration analysis is perhaps the most efficient as vibrations carry a lot of information about the 

health of the machine as well as potential existing anomalies. Shock-like defects (e.g., pitting, spalling), 

frequently encountered in rotating machines, typically produce consecutive and periodic impulses in the 

vibration signal caused at each contact between the faulty element and its mating surface [1]. However, the 

signature of the defect is very often masked by high level noise and other interfering components from other 

mechanical sources, thus hardens its characterization. Therefore, the enhancement of such component in the 

signal is required for vibration based health monitoring. This is mainly achieved through an optimal filtering 

that enables the detection of transients in the vibration signal.  

The spectral Kurtosis (SK) is an efficient tool for characterizing non-stationarities in the signal. In [2], the 

theoretical foundations of the SK have been presented and a relationship between the SK and the noise-to-

signal ratio has also been established. As a consequence, the SK has been widely used to design the Wiener 

filter that blindly estimates the presumed non-stationary signal of interest carrying information about the 

defect from the presumed stationary noise in the least mean square sense. Other extensions have been also 

explored such as the kurtogram [3], fast kurtogram [4], protugram [5], infogram [6]. However, as shown in 

[3], the efficiency of these techniques may be highly deteriorated when the stationary Gaussian assumption 

is not satisfied. Many researches have proposed solutions to these issues. A common one is the separation 

into deterministic and random components. Several methods have been proposed to perform this separation 

such as linear prediction, time synchronous average, adaptive filtering etc. Reference [7], provides a 

comparison of these techniques. However, the performance of the SK may still be affected by the presence 

of other non-stationary random components [8,9].  
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Beside this, cyclostationarity offers a rigorous framework to model and analysis mechanical signals [10,11]. 

This paper attempts to address the shortcoming of the aforementioned filtering techniques by reconsidering 

the problem in the CS framework. The main idea relies on the use of an a priori knowledge on the periodicity 

of the defect in order to design a linear-time-invariant deconvolution filter that is able to extract the signature 

of the mechanical component of interest from the signal. More specifically, two estimators of the Wiener 

filter are derived from the cyclic power spectra of the signal and their performances are discussed afterwards. 

This paper is organized as follows. Section 2 recalls the concepts and some useful properties of mono-source 

CS. Section 3 discusses the steps of the designed filters. Numerical simulations are presented in Section 4 

and a real case fault detection in a helicopter gearbox is then discussed in Section 5. Finally, the paper is 

concluded in Section 6. 

2 Cyclostationary modeling of mechanical source 

This section opens with a brief introduction on cyclostationarity and its basic operators, then introduces the 

concept of mono-source cyclostationary signals which models mechanical signals (the responses) generated 

by a single mechanical source (the excitation). 

2.1 Mechanical signals and cyclostationarity 

Being generated by rotating or reciprocating machines, mechanical signals are likely to exhibit periodic 

statistics. This is principally due to the nature of their operation being based on repetitive motions. 

Therefore, when the machine operates under stationary condition (speed and load), the cyclostationary (CS) 

framework is effective to describe and process mechanical signals. CS signals enjoy an insightful 

representation in terms of a Fourier series 

                            𝑥(𝑡) =  ∑ 𝑥𝛼𝑖
(𝑡)𝑒𝑗2𝜋𝛼𝑖𝑡

𝛼𝑖∈𝒜                (1) 

whereof the Fourier coefficients 𝑥𝛼𝑖
(𝑡) are stochastic and jointly stationary signals, whereas the complex 

exponentials are parameterized by non-zero cyclic frequencies 𝛼𝑖 that belong to a cyclic frequency set 

denoted as 𝒜. This representation makes explicit the existence of hidden periodicities in the form of periodic 

modulations of the random carriers 𝑥𝛼𝑖
(𝑡). The statistical properties of 𝑥(𝑡) are completely described by the 

periodicity of the autocorrelation function ℜ2𝑥(𝜏, 𝑡) ≝ 𝔼{𝑥(𝑡)𝑥(𝑡 − 𝜏)∗}, which also decomposes into a 

series of non-zero cyclic frequencies at the cyclic frequency order set: 

 ℜ2𝑥(𝜏, 𝑡) = ∑ ℜ2𝑥
α𝑖 (𝜏)𝑒𝑗2𝜋α𝑖𝑡

α𝑖∈𝒜                   (2) 

where 𝜏 denotes the time-lag, ℜ2𝑧
α𝑖 (𝜏) is  the (angle\time) cyclic correlation function. This function associates 

the cyclic evolution of the modulation signal to the time variable (via the exponential kernels) and the 

waveform characteristics of the carrier to the time-lag variable (via the Fourier coefficients). A more relevant 

quantity is the bi-spectral counterpart of the autocorrelation function– called the “spectral correlation (SC)”– 

being defined as the double Fourier transform of ℜ2𝑥(𝜏, 𝑡): 

𝒮2𝑥(𝑓, α) ≝ ℱt→α
τ→f

{ℜ2𝑥(𝜏, 𝑡)}                  (3) 

where α stands for cyclic frequency in Hertz which has for role to describe the modulations (the periodicity) 

in the signal, contrary to the spectral frequency 𝑓 whose role is to describe the spectral content of the carrier. 

In the CS case, the SC returns the following characteristics: 

𝒮2𝑥(𝑓, α) = ∑ 𝒮2x
α𝑖(f)δ(α − α𝑖)α𝑖∈𝒜                         (4) 

where 𝒮2𝑥
α𝑖 (𝑓) = ℱτ→f{ℜ2x

α𝑖 (𝜏)}  is the cyclic power spectrum (CPS) associated with the cyclic frequency 

α𝑖. The above equation means that, in the case of a CS signal, the SC exhibits a collection of continuous 

parallel lines discretely distributed over the α-axis at the cyclic orders α𝑖 ∈ 𝒜. This symptomatic distribution 

is what makes the SC efficient to detect and identify CS components associated with distinctive mechanical 

sources. 
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2.2 The principle of mono-source cyclostationary signals 

As this paper deals with the optimal filtering of a CS source contribution, it is thus useful to consider an 

accurate model of this latter. In fact, a CS source contribution can be often seen as the response of a CS 

white excitation to a linear-time-invariant (LTI) system. In this regard, the concept of mono-source 

cyclostationarity is proposed hereafter to describe mono-source signals. Specifically, it is proposed to model 

a mono-source CS signal with a fundamental cyclic frequency 𝛽 as: 

                    𝑥(𝑡) = ℎ(𝑡) ∗ ∑ 𝑝𝛽
𝑘(𝑡)𝑒𝑗2𝜋𝑘𝛽𝑡

𝑘∈ℤ∗                  (5) 

where  denotes the convolution product, the coefficients 𝑝𝛽
𝑘(𝑡) are jointly stationary and white— i.e 

𝔼 {𝑝𝛽
𝑘1(𝑡1)𝑝𝛽

𝑘2(𝑡2)} =  𝜎
𝑝𝛽

𝑘1 ,𝑝𝛽
𝑘2

2 (𝑡1 − 𝑡2). The corresponding SC takes this particular form:  

𝑆2𝑥(𝑓, 𝛼) = 𝐻(𝑓)𝐻(𝑓 + 𝛼)∗ ∑ 𝑆2𝑝
𝑘 𝛿(𝛼 − 𝑘𝛽)𝑘∈ℤ                (6) 

where 𝑆2𝑝
𝑘 = ∑ 𝜎

𝑝𝛽
𝑘 ,𝑝𝛽

𝑘−𝑘′
2

𝑘′∈ℤ  , 𝐻(𝑓) denotes the frequency response function of ℎ(𝑡) and 𝛿(𝛼) is the 

Kronecker delta function. Obviously, mono-source CS signals consist a subclass of CS signals with a special 

structure. 

2.3 A signal/noise model 

This section provides the signal/noise model used afterwards to derive an optimal LTI filter. A mechanical 

signal, say 𝑦(𝑡), measured by a given sensor (accelerometer, microphone, etc.) comprises (i) a signal of 

interest (SOI) being related to a source of interest (e.g. gear, rolling element bearing, fan, etc.) and (ii) a 

noise: 

𝑦(𝑡) = 𝑥(𝑡) + 𝑛(𝑡).                                   (7) 

The SOI 𝑥(𝑡) is modeled as a mono-source CS signal; its description was previously addressed in subsection 

2.2. The noise 𝑛(𝑡) is modeled as a general CS with a cyclic frequency set 𝒩. This latter is characterized 

through its SC which reads as: 

𝑆2𝑛(𝑓, α) = ∑ 𝑆2𝑛
𝛼𝑖 (f)δ(α − α𝑖)α𝑖∈𝒩 .                        (8) 

Whereas the above model excludes potential non-CS noise components such as random impulses, it can 

enfold vibratory components generated by other rotating part in the system as well as stationary noise (e.g. 

measurement electric errors). For simplicity, it is assumed that the cyclic frequency set of 𝑥(𝑡) is known 

and does not intersect with that of 𝑛(𝑡), that is to say the periodicity of 𝑥(𝑡) is unique. 

3 LTI filtering of mechanical signals 

This section addresses the issue of LTI optimal filtering of a mechanical source contribution (i.e. a mono-

source cyclostationary signal). It starts by reviewing the Wiener filtering theory, before establishing a 

valuable link with the SC via the cyclic power spectra associated with the SOI cyclic frequencies. 

Eventually, two estimators are proposed based on the established relationship. 

3.1 The theory of Wiener filtering 

The Wiener filter is widely used in many engineering applications. Theoretically, it is defined as being the 

optimal LTI filter, say 𝑤(𝑡), that finds the best estimate of the SOI (the target), 𝑥(𝑡), from the noisy 

measurement 𝑦(𝑡) in the least mean square sense: 
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              𝑤(𝑡) = 𝑎𝑟𝑔𝑚𝑖𝑛{|𝑥(𝑡) − 𝑥(𝑡)|2}                          (9) 

where 𝑥(𝑡) = 𝑦(𝑡)⨂𝑤(𝑡) denotes the SOI estimate and ⨂ denotes the convolution product. The FRF of 

the WF has solution: 

         𝑊(𝑓) =
1

1 + 𝜌(𝑓)
                                                             (10) 

where 𝜌(𝑓) = 𝑆2𝑛(𝑓) 𝑆2𝑥(𝑓)⁄  stands for the NSR spectrum, 𝑆2𝑛(𝑓) and 𝑆2𝑥(𝑓) denotes the noise and SOI 

power spectral densities, respectively. Obviously, 𝑊(𝑓) is a real function of 𝑓 which approaches the unity 

in the frequency zones dominated by the SOI and approaches to zero when the signal is dominated by the 

noise. Therefore, its structure shapes the spectral content of the signal in such a way that optimally estimates 

the SOI. Despite its apparent simplicity, the construction of the WF assumes an a priori knowledge of the 

SOI and noise spectra, which is very restrictive in practice. A common practice is to use a reference signal 

being coherent with the source of interest (the notion of coherence expresses the linear relationship between 

the reference and the SOI) to estimate the NSR spectrum. As anticipated in the introduction, Ref. [4] 

proposed a relevant way to blindly estimate the WF without the need of a reference signal. It uses the square 

root of the spectral kurtosis to estimate a scaled version 𝑊(𝑓), whereas it has been proposed to estimate the 

scale factor by minimizing the kurtosis of the estimated noise – i.e. minimizing the kurtosis of 𝑦(𝑡) − 𝑥(𝑡). 

3.2 Relationship with the SC 

The aim of this section is to establish a relationship between the FRF of the WF and the CS, using the models 

provided in section 2. Without loss of generality, it is assumed hereafter that the SOI and the noise don’t 

share any cyclic frequency. Under this assumption and using Eq. (3), one can show that the cyclic power 

spectra of 𝑦(𝑡) associated with the SOI non-zero cyclic frequencies equals those of the SOI : 

𝑆2𝑦
𝑘𝛽(𝑓) ≝ 𝑆2𝑥

𝑘𝛽(𝑓) ∀ 𝑘 ∈ ℤ∗ 

 = 𝐻(𝑓)𝐻(𝑓 + 𝑘 𝛽)∗𝑆2𝑝
𝑘 ∀ 𝑘 ∈ ℤ∗

 =
𝑆2𝑥(𝑓)

𝜆𝑘𝜉𝑘(𝑓)
∀ 𝑘 ∈ ℤ∗

                    (11) 

where 

• 𝑆2𝑥(𝑓) ≝ lim
𝑊→∞

1

𝑊
𝔼{𝑆𝑊(𝑓)𝑆𝑊(𝑓)∗} = |𝐻(𝑓)|2𝜎𝑝

2 denotes the power spectrum 

• 𝜉𝑘(𝑓) =  𝐻(𝑓)∗/𝐻(𝑓 + 𝑘𝛽)∗  

• 𝜆𝑘 =  
𝜎𝑝

2

𝑆2𝑝
𝑘  

From the above equation, the relationship between the FRF of the WF and the CPS 𝑆2𝑦
𝑘𝛽(𝑓) can be found 

as: 

𝑊(𝑓) ≝
𝑆2𝑥(𝑓)

𝑆2𝑦(𝑓)
 

 = 𝜆𝑘𝜉𝑘(𝑓) 
𝑆2𝑦

𝑘𝛽(𝑓)

𝑆2𝑦(𝑓)
∀ 𝑘 ∈ ℤ∗

                   (12) 

The above equation relates the WF with the ratio 𝑆2𝑦
𝑘𝛽(𝑓)/𝑆2𝑦(𝑓) (that can be seen as a normalized SC), 

through a scaling factor 𝜆𝑘 and an error function 𝜉𝑘(𝑓). While the ratio can be estimated through common 

estimators of the SC (e.g. averaged cyclic periodogram, fast-SC, etc.), the estimation of 𝜆𝑘 and 𝜉𝑘(𝑓) could 

be more delicate.  The next subsection addresses two possible estimators to the WF. 

932 PROCEEDINGS OF ISMA2018 AND USD2018



 

 

 

3.3 Semi-blind estimation of the WF 

Let’s consider now the case where the SOI 𝑥(𝑡) is characterized through a finite number of cyclic power 

spectra and 𝑀 denotes the cardinal of the cyclic frequency set of the SOI. The goal is to estimate the WF 

using the cyclic power spectra of the signal 𝑦(𝑡) at the non-negative cyclic frequency set associated with 

the SOI, namely {�̂�2𝑦
1𝛽(𝑓), … �̂�2𝑦

𝑀𝛽(𝑓)}. It is the knowledge of the cyclic frequency set what makes the method 

semi-blind, as opposed to spectral kurtosis based estimate of the WF which does not require any a priori 

knowledge on the SOI. 

3.3.1 A simple estimator (est#1) 

The simplest and most straightforward way to estimate a scaled version of the Wiener filter is by neglecting 

the effect of  𝜉𝑘(𝑓). A typical scenario in which this assumption is respected is in the case where the period 

of the SOI is largely greater than the correlation time of the system impulse response. As the deviation of 

𝜉𝑘(𝑓)  from one increases with the variability of the transfer function 𝐻(𝑓) between 𝑓 and 𝑓 + 𝛼, the 

modulus of 𝜉𝑘(𝑓) can be approximated to the unity for low 𝛼-values. 

 

increases with the variability of the transfer function 𝐻(𝑓) between the frequency 𝑓 and 𝑓 + 𝛼, its effect is 

insignificant for the low 𝛼-values and, thus, its modulus can be approximated to the unity. Under this 

approximation, one can rewrite Eq. (11) as: 

𝜆𝑘
−1𝑊(𝑓) =  

𝑆2𝑦
𝑘𝛽(𝑓)

𝑆2𝑦(𝑓)
 ∀ 𝑘 ∈ ℤ∗              (13) 

The above equation comprises an overdetermined system to estimate a scaled version of the 𝑊(𝑓) since the 

coefficients 𝜆𝑘 are unknown.  By performing an empirical sum of both the equality side, one obtains the 

biased estimator of the WF as: 

�̂�(𝑓) = 𝜆 ∑
𝑆2𝑦

𝑘𝛽(𝑓)

𝑆2𝑦(𝑓)

 

𝑘∈ℤ∗

                (14) 

where 𝜆 = ∑ 1/𝜆𝑘
−1 

𝑘∈ℤ∗ . As the scaling factor  𝜆 is unknown, the above equation can only estimate a scaled 

factor of the WF. To estimate 𝜆, the authors propose to optimize this latter in such a way that minimize the 

cyclostationarity of the estimated noise. A simple way to do this is to minimize the magnitude sum of the 

cyclic power associated with the SOI cyclic frequency set: 

            𝜆 = 𝑎𝑟𝑔𝑚𝑖𝑛 {|𝑆2�̂�
𝑘𝛽

|
2

}                          (15) 

where 𝑆2�̂�
𝑘𝛽

 denotes the cyclic power of the estimated noise (i.e. �̂�(𝑡) = 𝑦(𝑡) − 𝑦(𝑡)⨂�̂�(𝑡) ) associated with 

the cyclic frequency 𝑘𝛽 and defined as: 

𝑆2�̂�
𝑘𝛽

= lim
𝑊→∞

∫ |�̂�(𝑡)|2𝑒−𝑗2𝜋𝑘𝛽𝑡𝑑𝑡
 

𝑊
                        (16) 

3.3.2 An more accurate estimator (est#2) 

An unbiased estimator of the WF can be derived from Eq. (12) by estimating first the error function 𝜉𝑘(𝑓) 

using the SOI cyclic power spectra. It can be shown from that 

𝜉𝑗−𝑖(𝑓) ≝
𝜆𝑖

𝜆𝑗

𝑆2𝑦
𝑖𝛽(𝑓 − 𝑖𝛽)

𝑆2𝑦
𝑗𝛽(𝑓 − 𝑖𝛽)

 ∀   (𝑖, 𝑗)𝑖≠𝑗 ∈ ℤ∗2                     (17) 
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By applying the variable change 𝑘 = 𝑗 − 𝑖, one can show that the following equation holds for any 𝑘 

𝜆𝑖+𝑘

𝜆𝑖
𝜉𝑘(𝑓) =

𝑆2𝑦
𝑖𝛽(𝑓 − 𝑖𝛽)

𝑆2𝑦
(𝑖+𝑘)𝛽(𝑓 − 𝑖𝛽)

 ∀   (𝑖, 𝑘) ∈ ℤ∗2            (18) 

In order to estimate the function 𝜉𝑘(𝑓) from Eq. (7), one has 𝑀 − 𝑖 estimation to estimate the function.  A 

possible estimator boils down to an empirical average over the possible cyclic frequencies: 

𝜉𝑘(𝑓) = 𝛾𝑘
−1 1

𝑀 − 𝑘
∑

𝑆2𝑦
𝑖𝛽(𝑓 − 𝑖𝛽)

𝑆2𝑦
(𝑖+𝑘)𝛽(𝑓 − 𝑖𝛽)

𝑀−𝑘

𝑖=1

 𝑘 = 1 … 𝑀 − 1           (19) 

where 𝛾𝑘 =  (∑ 𝜆𝑖+𝑘/𝜆𝑖
𝑀−𝑘
𝑖=1 )/(𝑀 − 𝑘)  . Then, from Eq. (12), an overdetermined system can be considered 

whereof a straightforward solution can be derived as: 

�̂�(𝑓) = 𝑘 �̂�𝑛(𝑓)                           (20) 

where 𝜁 =
1

𝑀−1
 ∑ 𝜆𝑘𝛾𝑘

𝑀−1
𝑘=1  is a constant that can be determined in the same way as 𝜆 in subsection 3.3.1 

appropriately and  

 

�̂�𝑛(𝑓) =  
1

𝑀 − 1
∑ 𝜉𝑘(𝑓) 

𝑀−1

𝑘=1

 
𝑆2𝑦

𝑘𝛽(𝑓) 

𝑆2𝑦(𝑓)

 =
1

𝑀 − 1
∑

𝑆2𝑦
𝑘𝛽(𝑓)

𝑆2𝑦(𝑓)

𝑀−1

𝑘=1

1

𝑀 − 𝑘
∑

𝑆2𝑦
𝑖𝛽 (𝑓 − 𝑖𝛽)

𝑆2𝑦
(𝑖+𝑘)𝛽(𝑓 − 𝑖𝛽)

𝑀−𝑘

𝑖=1

                           (21) 

 

Let’s try to arrange the above equation in a matrix form. To do so, let’s first define the (𝑀 − 1)-by-(𝑀 − 1) 

matrix 𝚨(𝑓) having for elements 

𝛼𝑖𝑘(𝑓) = {

𝑆2𝑦
𝑖𝛽(𝑓 − 𝑖𝛽)

𝑆2𝑦
(𝑖+𝑘)𝛽(𝑓 − 𝑖𝛽)

𝑖 ≤ 𝑀 − 𝑘

0 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

         (22)    

and the (𝑀 − 1)-by-1 vector 𝒃(𝑓) having for elements 

𝑏𝑘(𝑓) =
𝑆2𝑦

𝑘𝛽(𝑓)

(𝑀 − 𝑘)𝑆2𝑦(𝑓)
       (23)      

With that being sad, one can rewrite Eq. (21) in a compact form: 

�̂�𝑛(𝑓) =
1

𝑀 − 1
∑ (𝚨(𝑓)𝒃(𝑓))

𝑖

𝑀−1

𝑖=1

 

 =
1

𝑀 − 1
(𝚨(𝑓)𝒃(𝑓))

𝑇
𝟏          (24) 

 =
1

𝑀 − 1
𝒃(𝑓)𝑇𝚨(𝑓)𝑇𝟏  

 

where 1𝑇 = [1 … 1] is a 1-by-(𝑀 − 1) vector. 

4 Numerical evaluation of the performance 

This section aims at evaluating the performance of the proposed WF estimation method on synthetic signals. 

The synthetic signal comprises four common types of machine signal components. The sampling frequency 
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is equal to 12 kHz. The reference frequency is constant and will be given hereafter. The simulated signal 

comprises the following components: 

• A train of cyclic transients built from having a constant period equal to that of the reference (i.e. its 

order equals 1) and an impulse response equal to a single-degree-of-freedom (s.d.o.f) system with 

resonance frequency equal to 2 kHz and a bandwidth equal to 600 Hz.  

• A smooth CS signal consisting of five speed-varying sinusoids synchronized modulating a white 

noise, and exciting a single degree of freedom system with resonance frequency equal to 4 kHz and 

a bandwidth equal to 800 Hz. The five sinusoids have a fundamental order equal to 1.1 times the 

reference frequency.  

• An periodic signal consisting of five sinusoids with a fundamental frequency equal to 2.11 times 

the reference frequency.  

• A stationary white Gaussian noise. 

These components as well as the synthetic signal (i.e. their sum) are illustrated in Fig. 1 for a reference 

frequency equal to 80 Hz. The actual WF is calculated through Eq. (4) by calculating the power spectral 

densities of the signal and the noise. Then, the WF is estimated through estimators est#1 and est#2, 

previously proposed in subsections 3.3.1 and 3.3.2 respectively. The FRF of the actual and estimated WFs 

are normalized by their maxima and exposed in Fig. 2 for four different reference speeds, namely 25 Hz, 50 

Hz, 75 Hz and 100 Hz. In the low speed case (i.e. 25 Hz), both of the estimators were accurate in estimating 

the FRF of the WF. As the speed gets higher, the estimation error of est#1 gets higher whereas that of est#2 

remains consistent. This is caused by the fact that est#1 neglects the effect of 𝜉𝑘(𝑓) =  𝐻(𝑓)∗/𝐻(𝑓 + 𝑘𝛽)∗ 

which becomes significant for high speed (i.e. high 𝛽). On the contrary, est#2 does take into account this 

factor and thus the estimation performance remains consistent in the higher speeds. Eventually, another 

simulation is made and the WF is now estimated for 4 different SNR: 0 dB, -7.28 dB, -14.32 dB and -20.8 

dB. The results are exposed in Fig. 3. In the first 3 cases, the performance of est#2 are better than those of 

est#1. However, in the last case, where the noise is extremely strong, the performance of est#2 is 

compromised owing to the high error encountered in the SC (even though the averaged cyclic periodogram, 

the most efficient estimator in terms of statistical performances, has been used) when estimating the factor 

𝜉𝑘(𝑓). 

 

Fig. 1. (a) The SOI, (b) the smooth CS component, (c) deterministic sinusoidal component and (d) the total simulated signal. 
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Fig. 2. The FRFs of the actual WF (black plot), the est#1 and est#2 the WF (red and green plots, respectively) 

calculated for 4 different reference speeds: 25 Hz, 50 Hz, 75 Hz and 100 Hz. 

 

Fig. 3. The FRFs of the actual WF (black plot), the est#1 and est#2 the WF (red and green plots, respectively) 

calculated for 4 different SNR: 0 dB, -7.28 dB, -14.32 dB and -20.8 dB. 
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5 Application: Helicopter gearbox  

In this section, the proposed WF is validated on vibration signals acquired on a helicopter gearbox under a 

quasi-constant speed with a constant sampling frequency. A shock-like anomaly is inspected in one of the 

gears. For confidential issues, the sampling frequency is set to one, the speed is normalized by the sampling 

frequencies and the acceleration signal is normalized by its standard deviation. In order to enhance the gear 

fault detection, an optimal filtering operation is required to promote cyclic transients with gear period. To 

do this, the WF is estimated using the two estimators est#2 and the spectral kurtosis for comparison. Fig. 4 

shows the raw vibration signal and two FRFs of the estimated WFs. The SK-based estimate of the WF shows 

higher values in many— sometimes wide— spectral bands, while the proposed est#2 shows high values in 

a single narrow-band (around the normalized frequency 0.04) indicating the presence of a specific resonance 

probably triggered by a shock-like excitation. To make things clearer, the SOI estimates are then calculated 

by filtering the raw signal with both of these filters and the results are displayed in Fig. 5. Zooms between 

20 and 25 ksamples are also provided in Fig. 6.  The SK-based estimate comprises some repetitive impulses 

only seen at some specific regimes (e.g. between 20 and 25 ksamples), whereas est#2-based filtered signal 

reveals obvious repetitive transients. The results obtained by the SK techniques are obviously less 

convincing than the proposed estimator wherein the recovered SOI comprises clear fault symptoms. Results 

thus evidences the effectiveness of the proposed approach in promoting a mechanical SOI. 

 

Fig. 4. (a) Raw vibration signal, (b) WF estimates using the SK (continuous blue line) and the CCoh 

(red dashed line). 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

normalized frequency

 

 

SK-based WF

WF est#2

0 1 2 3 4 5 6 7

x 10
4

2.2

2.3

2.4

2.5

2.6

2.7
x 10

-3

samples

N
o

rm
a

liz
e

d
 s

p
e

e
d

1 2 3 4 5 6

x 10
4

-4

-2

0

2

4

samples

N
o

rm
a

liz
e

d
 m

a
g

n
it
u

d
e

a

b

CONDITION MONITORING OF ROTATING MACHINERY 937



 

 

 

      

Fig. 5. (a) The filtered signal by the SK-based WF and (a) the filtered signal by the est#2-based WF.  

 

 

Fig. 6. (a) The filtered signal by the SK-based WF and (a) the filtered signal by the est#2-based WF. 

 

6 Conclusion 

This paper has addressed the optimal linear-time invariant filtering problem of a vibratory contribution 

generated by a mechanical source of interests. The concept of mono-source cyclostationarity is proposed to 

model a mechanical contribution in a vibration signal. A useful relationship between the spectral correlation 

and the Wiener filter is then established, offering the possibility of estimating the latter via the cyclic power 

spectra of the vibration signal using the a priori knowledge of the mechanical source cyclic frequencies. 

Two estimators are also proposed and their performances are evaluated through multiple simulations. The 

proposed approach is eventually validated on a real case of a helicopter engine and compared with the 

spectral kurtosis based estimate of the Wiener filter. Results have demonstrated the superiority of the 

proposed approach over the classical one. 
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Abstract 
A major challenge in mechanical intelligent diagnosis process lies in how to full exploit potential 

information and extract robust features to achieve more reliable diagnosis results. In real environment, 

machines are usually running under variable speed and load conditions and the measured signals present a 

complex amplitude and frequency signature, making fault identification a difficult task. In this paper, 

Wavelet transform is firstly utilized to convert the time signals into (2D) time-frequency images to obtain 

good representative features. Then a deep learning method based on CNN is constructed to automatically 

learn discriminative features from inputs, which obstacles the deficiencies of manual feature extraction and 

selection stage. The proposed method is evaluated on datasets with gear and bearing faults acquired under 

variable speed operating conditions. Experimental results show that the proposed method has improved the 

performance of gearbox fault classification and outperforms other methods. 

1 Introduction 

Monitoring defects and failures of key components such as gears and bearings of gearboxes is crucial in the 

running operation of machines. With the emerging of large amounts of industrial data, fault diagnosis based 

data-driven methods are increasingly receiving more attention from the research community since they 

require less expertise and provide relative fast and accurate decisions. 

In the intelligent fault diagnosis field, a typical machine learning scheme involves two key steps including 

feature extraction and selection and fault recognition [1]. Feature extraction and selection methods are 

expected to extract and select a small set of informative features to describe the health condition of machines. 

Many different types of health indexes can be obtained by signal processing techniques such as the Fourier 

transform (FT), the Empirical Mode Decomposition (EMD) and the Wavelet Transform (WT) [2]. 

Additionally different data-driven techniques such as SVM and ANNs have been developed to built-up an 

intelligent decision-making system. 

In [3], permutation entropy has been proposed to detect the malfunctions of bearings while the Ensemble 

Empirical Mode Decomposition (EEMD) and the optimized Support Vector Machines (SVM) have been 

further adopted for motor fault diagnosis. Liu [4] proposed a multi-fault classification method for rolling 

element bearings based on the Empirical Mode Decomposition (EMD), distance evaluation techniques and 

Wavelet Support Vector Machines (WSVM). In [5], statistic features such as the mean, the kurtosis and the 

skewness are extracted from vibration signals and a feature selection is carried out using a decision tree 

algorithm. Moreover SVM has been used for hydraulic brakes condition monitoring. Ali [6] integrated time-

domain features and Intrinsic Mode Functions (IMFs) extracted by EMD to train an Artificial Neural 
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Network which achieved a good performance in automatic bearing fault diagnosis. In [7] features have been 

extracted from vibration signals using the Discrete Wavelet Transform (DWT) and a Genetic Algorithm 

(GA) has been further proposed to optimize the hyper-parameters of the neural network in order to improve 

the classification rates of gear faults. 

Feature extraction and selection are effective methods to reflect the health condition of machines by fully 

exploiting prior knowledge based on signal processing techniques and fault diagnostic expertise. However, 

the feature extraction and selection techniques are sometimes time-consuming and present a low level 

generation ability compared to other diagnosis techniques [8]. In order to effectively process massive data 

generated from online rotating machine and to overcome the overhead of feature engineering for specific 

fault issues, some automatic feature learning methods using deep neural networks are explored to capture 

the useful fault features from measurement based on hierarchical architectures and powerful non-linear 

mapping capacity. Oh [9] proposed a scalable and unsupervised feature learning method for rotor system 

diagnosis by using a vibration image and deep belief network. Jia [10] constructed an improved Local 

Connect Network (LCN) with Normalized Sparse AE (NSAE) to extract dissimilar and meaningful features 

for bearing and gear diagnosis. In [11], raw amplitudes of the frequency spectrum are firstly extracted and 

then a 2D CNN with one convolutional layer is designed to learn useful features for bearing fault detection. 

In [12] a deep auto encoder network has been designed to learn discriminative features from raw vibration 

signals and an artificial fish swarm algorithm is further applied to optimize the key parameters of the deep 

model to achieve high diagnosis result in an application of electrical locomotive roller bearings. Zhang [13] 

used the Deep Neural Networks (DNN) for bearing fault which could effectively recognize the type of 

bearing faults by taking advantage of the temporal coherence of the raw data. In [14], a two-dimensional 

Spectral Energy Maps (SEM) of the Acoustic Emission (AE) signals are first proposed and Convolutional 

Neural Networks (CNNs) are trained via the Stochastic Diagonal Levenberg-Marquardt (S-DLM) algorithm 

in order to perform diagnosis both for single and compound defects at six different operating speeds. 

Especially in [15], a Cyclic Spectrum Map (CSM) that shows the distribution of cycle energy across 

different bands of raw vibration signal has been generated and Deep Convolutional Neural Network is used 

for bearing fault diagnosis. 

As mentioned above, deep learning models seem to achieve satisfactory performance in many different fault 

diagnosis tasks. However, most of the models above have been validated on datasets collected at a steady 

working conditions. For rotating machines operating under variable speed operation conditions, time-series 

vibration signals are not able to directly reveal the inherent information of the running conditions of 

machines due to the variable frequency and amplitude. Additionally traditional spectral analysis techniques, 

based on Fourier transform lead to the frequency smearing phenomenon during speed and frequency 

transients [16]. Feature extraction based on EEMD used above also showed a limitation at the detection of 

impulses that are influenced by the presence of the mode mixing and the end effect [17]. Thus, it’s relatively 

difficult to extract machinery health information discriminative features which are able to reveal the entire 

running health condition by the original signal or selected features based on their time-varying 

characteristics. In the field of signal processing, time-frequency analysis techniques like Short-Time Fourier 

Transform, Wavelet Transform and Wigner–Ville distribution, are applied for machinery nonstationary 

signal fault diagnosis [18]. They are effective tools to identify the signal variant components and extract 

health information contained in nonstationary signals. Wavelet transform has achieved great success in the 

analysis of non-stationary signals due to its advantage of multi-resolution analysis and many distinct merits 

[19]. Order tracking is also effective to remove speed fluctuations by transforming the measured signals 

from time-domain to the angular domain. On the other hand the actual rotating speed is sometimes 

unavailable. In this paper, a Deep Learning model based on Convolution Neural Networks (CNN) and the 

Wavelet Transform is proposed in order to perform diagnosis of gearbox faults. Rather than extracting 

different statistical feature indexes, the work focuses on exploring the learning capacity of Convolutional 

Neural Network from time-frequency representations constructed from raw time-series signals operating 

under variable operating conditions. Amplitude scalogram based on the wavelet transform is first applied 

on speed-up vibration signals in order to build up feature representations. After that, CNNs are applied in 

order to learn discriminative features focusing towards robust and fast identification of different defects. 

The rest of the paper is organized as follows. The basic theory background and the diagnosis procedure of 

the proposed method is described in Section 2. The experimental setup and the results are introduced in 

Section 3. Finally some conclusions are summarized in Section 4. 
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2 Proposed methods 

This paper presents a fault diagnosis model based on CNN and wavelet transform to recognize gearbox 

faults. The method consists of two steps: the Wavelet transform for feature representation and the CNN 

training and diagnosis. In order to detect bearing and gear faults under variable speed conditions, it is rather 

difficult to design crafted features from vibration measurements. The scalogram of time-frequency 

transform could contain rich information by building the bridge between time domain and frequency domain 

which is more effective compared to the simple raw signals in varying speed operations. Therefore, in the 

proposed method, the scalogram obtained from wavelet transform is firstly used to represent different health 

conditions of gears and bearings. CNN is further applied in order to learn good discriminative 

representations. The Convolutional Neural Network being a variant of multi-layer feedforward neural 

networks is very suitable for two dimensional signal feature learning and classification. It has been proposed 

and used in hand-writing recognition [20] and then achieved a state-of-the-art performance in image 

classification of ImageNet large scale visual recognition challenge [21]. Due to its powerful capability to 

learn complex non-linear relationships from raw input, the Convolutional Neural Network model is chosen 

an efficient tool to learn distributed features from amplitude scalogram generated by the application of 

wavelet transform over the raw signals. 

2.1 Wavelet transform 

The Continuous Wavelet Transform (CWT) is used as a powerful tool for the detection and localization of 

signals in both the time and frequency domain. It decomposes the raw signal into localized components 

represented by scaling and translating operations. Compared to Short Time Fourier Transform (STFT), it 

can obtain good time-frequency features at various locations in space at different scales [22, 23]. The 

continuous wavelet transform of a signal x (t) is defined by the follow equation [23]: 

1
( ) (t) ( )dt

t b
W a,b x

aa







                                                         (1) 

Where the scale parameter a controls the frequency and the translation parameter b, provides the position 

of wavelet. ( )t  is the mother wavelet function, which can generate a family of local window basis 

functions. As such, the signal to be analyzed is matched and convolved with the set of basis functions and 

the original signal is expressed as a weighted integral of the wavelet basis function. In wavelets application, 

different types of basis functions have been developed and a number of mother wavelets have been proposed 

for fault detection and diagnosis include the Harr, the Mexican Hat and the Morlet wavelet function, 

depending on the application requirements. In this paper, the Morlet wavelet function is used to convert the 

raw time-series signals to time-frequency representations as it is especially applicable to impulse 

components extraction and has been successful used for fault diagnosis [23, 18].  

2.2 Convolutional Neural Networks 

The Convolutional Neural Network is composed of three basic operations: convolutional layer, pooling 

layer and fully-connected layer. Convolution and pooling layers are usually stacked alternately to combine 

a CNN, which can obtain distribution features from low-level to high-level layers. Convolution is a common 

technique which is used to create filters and extract useful features of each input. A convolution defined by 

a kernel is applied to the input by placing the kernel over the input to be convolved and sliding a window 

around every value in the original input. The size of the kernel corresponds to the length of the convolution 

window and the number of kernels is the number of the feature maps. In a CNN architecture, a set of k 

kernel matrices w(k, l) , k= 1, 2, … , K are used and the output feature maps zl , l = 1, 2, …, L are represented 

as follows: 
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Where * represents the convolution operation. The matrix w(k, l) is the filter and bl  is the bias term for each 

feature map l. After the convolution with a valid operation, feature maps with reduced dimension are 

obtained. An activation function is then applied on the output of the convolutional kernels to acquire a non-

linear expression of the input signal. The activation function f (·) is chosen to be a Rectified Linear Unit 

(ReLU) due to its good ability to accelerate the convergence of CNN. Max Pooling operation is employed 

to each feature map to reduce the spatial size of the convolutional features. This not only leads to less 

trainable parameters but also achieve robust feature representations with some degree of translation-

invariant characteristics. According to the features achieved from the last pooling operation, softmax 

function which is a generalization of the logistic function is used to convert the input into a categorical 

probability output. The function is given by: 
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w x

w x

                                         (4) 

Where the output value y is the predicted label, x is the input of the softmax, w is the weight of the classifier 

and c corresponds to the categories. In order to obtain an optimized set of parameters, the back-propagation 

algorithm is used to get each parameter’s gradient and gradient-based optimization is used to update each 

layer parameters. 

2.3 CNN based on Wavelet transform for fault diagnosis 

The model architecture of the proposed CNN using scalogram generated from raw vibration data for gearbox 

fault diagnosis under variable operating speed is displayed in Figure 1. The details of different layer 

parameters are listed in Table 1. The input signal corresponds to a short window of time and is analyzed 

using the wavelet transform. Then the amplitude scalogram is obtained and fed into the CNN for diagnosis. 

In the proposed CNN, there are two convolutional layers, two pooling layers, two batch normalization layers 

and one softmax output layer. The fist convolutional layer extracts local features from raw pixel values of 

the input scalogram by convolutional operation. Max Pooling is used to reduce the feature map size and 

create position invariance over larger local regions. Then batch normalization [24] (Shorthand BN in Figure 

1) is implemented to reduce the distribution of each layer’s input by performing the normalization for each 

training mini-batch. There are two advantages: (1) Allows to use much higher learning rates and be less 

careful about initialization. (2) Reduces the internal covariate shift to accelerate the training of CNN. 

Afterwards feature learning is conducted layer-by-layer by forward propagation. In the last layer, the 

softmax is added to estimate the class probability.   

The proposed approach for fault diagnosis involves four stages:  

(1) The vibration signals of the gearbox are collected and the scalogram using wavelet transform (WT) are 

generated. The scalogram is rescaled to a dimension 64*64 and is converted into gray images to reduce the 

computations. 

(2) Secondly, the samples are divided into training and testing samples and are further rescaled into [0, 1] 

as the input of network. 

(3) The network parameters are randomly initialized and the training samples are fed into CNN model for 

updating parameters using stochastic optimization method.  

(4) After the model is trained, the test instances are put into the CNN model for fault recognition. The 

predictions can be obtained by computing the softmax output probability of each category.  
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Figure 1: Model architecture of the proposed CNN 

Layers 0 1 2 3 4 5 6 

Name Input Conv Max 

Pooling 

Conv Max 

pooling 

Flatten Softmax 

Channel 1 6 6 12 12 / 5 

Filter size / 5*5 2*2 3*3 2*2 / / 

Output 64*64 60*60 30*30 28*28 14*14 2352 5 
 

Table 1: Parameters of the proposed CNN 

3 Experiment descriptions and Result analysis 

3.1 Experiment descriptions 

In order to validate the proposed method, gear and bearing fault experiments have been conducted on an 

automobile five-speed gearbox. Two levels of outer race faults, 0.2mm and 2mm are respectively introduced 

at the bearing of the output shaft. Moreover a chipped tooth fault has been introduced at the fifth-shift gear. 

Totally there are five types of health state conditions, including normal, outer race fault, gear chipped fault 

and two types of compound faults used for validation. In order to simulate the varying speed operation 

condition, the driving motor rotation speed is gradually increased from 500rpm to 1350rpm. Accelerometers 

are vertically installed on the bearing house of the output shaft and vibration signals are collected with a 

sampling rate of 12 KHz.  

For each type of health condition, a long signal of 120000 points has been collected from the gearbox. In 

order to realistically include the information of at least one cycle of fault characteristics and achieve a better 

time-frequency representation, 6000 points are used to form one sample without overlap, allowing the 

capture of the local characteristics. Each sample is further transformed into a magnitude scalogram by the 

wavelet transform. Total there are 200 samples obtained for each health condition. The details of dataset 

can be found in Table 2. And the time-series of the vibration signal and the corresponding wavelet scalogram 

of the chipped gear case through all the testing time is presented in Figure 2. 

From the time-series vibration signal, it can be seen clearly that as the operating speed increases with time, 

the amplitude of the signal rises gradually. The amplitude of signal at the next second is obviously larger 

than that of any amplitude at the begin. Additionally there is minor impulse information that can also be 

captured in time domain signal. The vibration signal responses of a chipped tooth fault in a gear can be 

considered as the repetition of impact forces when a defect gear meshes with another gear, which can also 
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excite resonances in the machine. For FFT, it is relative difficult to find the dominant frequency in a small 

time interval, so the scalogrom is given. As can be seen from the wavelet scalogram, there is an obvious 

resonance band in the range of 2000Hz to 4000Hz, which remains unchanged with the speed increases. 

Moreover there are some frequency components below 2000 Hz such as the gear mesh frequency and its 

harmonics which are related to the rotating speed and are changing with the time increases. 

Dataset      Speed Fault Types Number 

of Samples 

Label 

 (rpm) The Fifth shift gear Output bearing  

 500-1350 Normal Normal 200 1 

 Chipped tooth Normal 200 2 

 Normal 0.2mm outer  race 
fault 

200 3 

 Chipped tooth 0.2mm outer race 
fault 

200 4 

 Chipped tooth 2mm outer race fault 200 5 
 

Table 2: Description of dataset 

 

  

(a) (b) 

Figure 2: Time domain signal and scalogram in the case of a chipped gear: (a) Original vibration signal, 

(b) Scalogram 

  

(a) (b) 

Figure 3: Wavelet scalogram: (a) The first second, (b) The 100th seconds 

Resonance band 

Gear mesh frequency 
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In order to give more details in a short time interval, the scalogram using the vibration signal captured 
during the first second and the vibration signal captured at the 100th seconds are shown respectively 
in Figure 3. When the gearbox is operating on a constant speed, the scalogram of different time intervals 
should be nearly the same. In the variable load condition, the amplitude of different frequency 
component are changed. On the other hand, when the gearbox is working in speed-up conditions, the 
fault characteristic frequencies, the shaft rotation frequency, the gear meshing frequency and the 
corresponding harmonics and as well the amplitudes vary with the speed. It can be seen from Figure 3 
that in the early stage, only the meshing frequency and the natural frequency are dominant 
components. However, when the speed increases to a large value, more frequency components are 
present. The two stage scalograms are not exactly the same though they share the same fault types. 
Therefore, in case the early stage samples are used for training and the last stage samples are used for 
testing, it would be challenging to recognize the fault. As CNN are capable of learning a small degree of 
translation-invariant representations to the common transformations such as translation, rotation and 
small deformations [25], it is used and is expected to improve the fault classification capability under 
variable speed condition.   

The analyzed dataset consists of five health states and each health state has in total 200 samples. 
Therefore, in total 1000 samples have been obtained. All the samples for each class/state are divided 
into a training set and a testing set. In order to test different data input schemes, two cases are designed 
to estimate the proposed model.  

(1) Case 1 (C1): The first half of the samples (corresponding to the former 50 seconds) are used as 
training set and the second half samples are regarded as testing instances. 

(2) Case 2 (C2): The second half of the samples (corresponding to the 50-100 seconds) are used as 
training set and the rest is applied to test. 

The two types of cases represent two different diagnosis issues. In C1, the training samples are acquired 
in a low speed condition, while the testing samples are selected in a high speed condition, which will 
allow the estimation of the CNN classification capability from low speed to high speed condition. On 
the other hand in C2, the capability of CNN to generalize from high speed to low speed condition will 
be estimated. 

3.2 Evaluation metrics 

  True label 

  Normal Fault 

Predicted 

label 

Normal TP FP 

Fault FN TN 
 

 Table 3: Confusion matrix of a two class problem 

To assess how well the proposed model is able to predict different fault types, the evaluation metrics 

accuracy, precision, recall and f1-score have been calculated for all categories individually. For illustration 

purposes, Table 3 give a simple description of the confusion matrix for a binary label classification with a 

normal and a fault class. True Positives (TP) are the amount of correctly identified normal samples. False 

Negative (FN) are the number of misclassified samples as normal. False Positive (FP) means the number of 

misclassified samples as normal. True Negative (TN) is the number of corrected classified samples as fault 

categories. In the real condition monitoring system, in order to achieve good decision performance, it’s 

expected to detect as many of the fault cases as possible (high recall) and present a low false alarm rate (high 

precision). A good classifier is trying to optimize both [15]. The f1-score is the harmonic mean of precision 

and recall by taking both metrics into account. The accuracy is also used to reflect the mean correctly 

recognized samples rate from all samples. All metric computation equations are given in (5)-(8). 
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accuracy = (TP+TN)/ (TP+FN+FP+TN)                                                  (5) 

precision = TP/ (TP+FP)                                                              (6) 

recall  = TP/ (TP+FN)                                                              (7) 

f1-score = 2*(precision*recall)/ (precision + recall)                                 (8) 

3.3 Result analysis 

3.3.1 CNN classification in different datasets 

CNN with deep architectures usually can achieve better performance than the shallow ones. However, 

models with deeper architecture also lead to various hyper-parameters choice problems, over-fitting issues 

and to more computation time. For the CNN parameters, there is not a practically guild to choose. In order 

to get a relative good architecture, referred to [14, 15], small convolution kernel sizes are used in this paper 

and CNN with three architectures are studied: Layer 1: [Conv-Pool-BN-Softmax]; Layer 2: [Conv-Pool-

BN-Conv-Pool-BN-softmax]; Layer 3: [Conv-Pool-BN-Conv-Pool-BN-Conv-Pool-BN-Softmax]. In the 

first layer, 5*5 convolutional kernels with 6 filters has been used. Moreover in the second layers, 3*3 

convolutional kernels with 12 filters are set. Finally in the third layer, 3*3 convolution kernels with 24 filters 

are taken. 

The results of the loss curve of CNN with three architectures that have been trained on training data and 

have been tested on testing data in C1 and C2 respectively are shown in Figure 5. It can be observed that 

the training loss declines rapidly within the first 5 epochs in all the architectures, while the testing loss 

gradual decreases and then reaches a steady value after 40 epochs. The CNN with layer 2 presents the best 

result in terms of testing loss, which is selected as the final model. In contrast, the CNN with just one layer 

achieves a good result, but not better than the CNN with Layer 2 and Layer 3. It should be also noted that 

in CNN adding more layers (Layer 3) does not contribute to low testing loss. It is possible that CNN with 

deeper architecture could provide more powerful learning capability, but the increase of parameters may 

also have negative influence on the testing performance of CNN. 

  

(a) (b) 

Figure 4: Loss curve of training and testing samples with different architectures: (a) C1, (b) C2 

The confusion matrices for selected CNN models in C1 and C2 are presented to visualize the performance 

of CNN, where the actual and misclassified cases can be observed. The diagonal elements of the confusion 

matrix represent the number of correctly classified data samples while the non-diagonal elements indicate 

the incorrectly classified samples. According to the results presented in Figure 5(a), class 1, class 2 and class 

4 present high classification accuracy in C1. On the other hand there is also a large number of samples in 

class 5 and class 3 that are misclassified as class 2 and class 3, respectively. It is demonstrated that the 

testing samples in class 2, class 3 and class 5 present large similarity that make them hard to be 
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discriminated. In Figure 5 (b), a good accuracy is obtained in class 1, class 3 and class 5 but a number of 

samples are misclassified as class 2 and class 5. 

  

(a) (b) 

Figure 5: The Confusion matrices demonstrating the classification performance: (a) C1, (b) C2 

The results of precision, recall and f1-score for each health types/states are listed in Tables 4. From the 

results, it can be seen that the fault 2, fault 3 and fault 5 achieve a relative low f1-scores in both C1 and C2, 

which means that the model does not perform very well for those three fault types. Class 1 and Class 4 are 

relative well discriminated as there are large differences among the health conditions. In Table 4, there is a 

high precision of 100% in class 3, but a low recall of 70.77%. It shows that model tends to well recognize 

class 3, but many samples from other classes are misclassified as class 3. In Table 5, it can be observed that 

there is a low precision of 73.53% and a high recall of 100 for class 3, which is totally different with the 

result in C1. It is possible that for class 3, there is only a minor outer race 0.2mm fault which probably is 

not so obvious in the low speed condition. Therefore, in C2 where a dataset acquired from high speed 

condition is used for training, it’s difficult to diagnose class 3 instances acquired in low speed condition. 

This also demonstrates that for variable speed condition, it is relative difficult to achieve a good balance 

between precision and recall due to the similarity of different classes. 

Class (C1) Precision Recall f1-score 

1 93.42 98.61 95.95 

2 78.82 98.53 87.58 

3 100 70.77 82.88 

4 100 100 100 

5 96.71 74.67 75.68 

Average (%) 90.04 88.29 88.01 
 

Class (C2) Precision Recall f1-score 

1 98.28 80.28 88.37 

2 75.38 71.01 73.13 

3 73.53 100 84.75 

4 100 76.06 86.40 

5 71.83 79.69 75.56 

Average (%) 83.97 81.71 81.85 
 

Table 4: Classification result in C1 Table 5: Classification result in C2 

In the real industrial application, it is meaningful to know which samples are correctly judged and which 

one is misclassified. It could provide an intuitively understanding and a practical guild to improve data pre-

processing methods and model architectures. In order to reveal the distribution of the correctly classified 

and the misclassified testing samples for all the dataset, all testing samples class outputs are given and the 

misclassified samples and correctly classified samples are plotted based on the time sequence the testing 

samples are located.  

From Figure 6 (a), it can be clearly seen that most of the misclassification samples are classified as class 3 

and class 5. Additionally it can be noted that those misclassified samples are concentrated on the last part 

of the testing samples. In Figure 6 (b), a similar phenomenon can be found that most of misclassification 

samples are distributed in the former part of testing samples. This is in accordance with the fact that for C1, 
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training samples from the former 50 seconds are used, while testing samples from 50-100 seconds are used. 

Therefore, the misclassification testing instances acquired from a higher speed range presents more 

differences with training samples in amplitude and frequency components. Therefore, those samples are 

more difficult to be discriminated. This also demonstrates that the deep learning model could conduct a 

good decision when the testing samples are very similar to the training samples. When the testing samples 

present large differences with training samples, it is difficult to let the model to recognize those sample 

categories based on the knowledge trained from the training samples. Therefore, in order to improve the 

classification in the different tasks, it is necessary to collect more samples from different working conditions 

as soon as possible to reduce the distribution differences between training instances and real testing 

instances. 
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(a) (b) 

Figure 6: Classification result distribution for different classes: (a) C1, (b) C2 

3.3.2 Comparison with other methods 

In order to show its advantages, Four methods are used for gearbox fault diagnosis, including the proposed 

method, Deep neural network (DNN), CNN-SVM, SVM listed as follows: 

(1) DNN;  Two hidden layers are used to construct the deep neural network (DNN); The number of units in 

the first and second hidden layer are 400 and 200, respectively. Rectified Linear Unit (ReLU) is defined as 

the activation function in neural network. The maximum iteration is 100.  Additional, Adam optimization 

algorithm  an extension to stochastic gradient descent is used to update the network parameters. 

(2) CNN-SVM. In this method, a trained CNN is regarded as feature extractor to extract the last pooling 

layer output and then the features are fed into SVM for diagnosis and classification. That means that the top 

softmax layer of CNN is replaced by the SVM for the last diagnosis. 

(3)  SVM with a RBF kernel. The regularization parameter C is chosen from [0.1, 1, and 10,100] and kernel 

parameter gamma is chosen from [0.01, 0.001, and 0.0001] using grid search. 

(4)  SVM with linear kernel. The regularization parameter C is chosen from [0.1, 1, and 10,100] using grid 

search. 

The classification results in C1 and C2 are shown on Table 6 and Table 7. It can be observed that CNN 

achieves f1-scores equal to 88.36% and 81.85% in C1 and C2, respectively. It achieved at least 25% higher 

accuracy and f1-score compared to SVM. DNN also obtained a high recognition accuracy in two cases, 

which is better than SVM，but a little bit lower than CNN. In contrast, SVM with RBF or Linear kernel 

yields relatively poor scores in all the metric indexes. This result conforms to the intuition that when the 

dataset becomes more complex, the shallow architecture may not be suitable to conduct a complex map and 

achieves a relative poor performance. It should be also noted that the CNN-SVM achieves f1-scores scores 

equal to 81.72% and 78.08% in all indexes that obvious outperform the SVM one. The features extracted 
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from the CNN, are much more separable compared to those extracted from scalogram enabling the SVM 

classifier to diagnose different fault categories more easily. The reason why deep features perform better 

than the raw input itself may be due to the non-linear expression conducted from CNN. In scalogram, the 

fault types are not easily distinguished. After mapping the scalogram into high level abstract features, the 

difference between the classes of data is enlarged. Among all the results, CNN outperforms the other 

algorithms. This is due to the fact that the parameters of softmax are jointly optimized with previous layers, 

which can be further optimized to reduce the classification error. Thus, the proposed method presents better 

adaptability and higher diagnosis precision. It also reveals that layers learned from CNN could improve the 

generalization ability of the model. 

Classifiers (C1) Accuracy precision Recall f1-score 

CNN 

DNN 

88.57 

84.20 

89.54 

88.05 

88.57 

84.20 

88.36 

83.37 

CNN-SVM 81.43 85.09 82.86 81.72 

SVM (RBF) 53.71 72.50 62.00 58.03 

SVM(Linear) 53.14 71.99 60.29 55.89 
 

Table 6: Classification accuracy (%) of different algorithms in C1 

 

Classifiers (C2) Accuracy precision Recall f1-score 

CNN 

DNN 

81.71 

76.00 

83.97 

73.27 

81.71 

76.00 

81.85 

71.47 

CNN-SVM 77.14 83.74 78.57 78.07 

SVM (RBF) 56.57 66.56 56.29 57.84 

SVM(Linear) 56.57 67.18 56.57 58.10 
 

Table 7: Classification accuracy (%) of different algorithms in C2 

In order to further compare the diagnosis performance between CNN and CNN-SVM, the Receiver 

Operating Characteristic (ROC) curve and the Area Under the ROC Curve (AUC) are employed. ROC 

presents the confidence of CNN in decision for classifying different fault types. In the case of a good 

classifier, the area underneath the ROC should have a large value. Figure 7 shows the ROC area under ROC 

of CNN and CNN-SVM for each fault categories. From Figure 7 (a), it can be observed that for different 

methods almost all classes have a ROC curve near ideal in C1 and C2. In C1, the AUC has a low value of 

class 5, which means this type of fault (compound fault) is more difficult to separate than other health 

conditions. And in C2, the result of CNN in class 4 is worse than that of CNN-SVM. This means that 

classifying this type of category with CNN comes with a degree of uncertainty. It also can be seen that that 

CNN has a larger area under the curve than CNN-SVM in C1 and C2, which indicates a better performance.  

  

(a) (b) 
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(c) (d) 

Figure 7: ROC of each category in C1 and C2: (a) CNN in C1, (b) CNN-SVM in C1, (c) CNN in C2, 

(d) CNN-SVM in C2 

4 Conclusion 

The paper proposes a deep learning approach based on CNN and wavelet transform for fault diagnosis of 

gearboxes operating under variable speed condition. A scalogram is constructed from raw vibration data to 

represent the raw input of classifiers. The DNN and SVM algorithms are trained with scalogram to conduct 

classification. Deep features extracted from a trained CNN model is also regarded as the input of SVM for 

comparison. The results show that the SVM using deep features extracted from the CNN without additional 

pre-processing can obviously improve the classification compared to the raw scalogram. Compared to DNN, 

SVM and CNN-SVM, CNN achieves the best results with amplitude scalogram input, which implies that  

CNN is able to learn features effectively to diagnose different classes under various speed conditions. 

Although mechanical fault diagnosis under variable speed is still a challenge problem, deep learning provide 

a potential tool to deal with it. In CNN, the selection of hyper-parameters by manual is sometimes time-

consuming and low efficiency, therefore, it’s meaningful to find some efficient methods to optimize those 

parameters and explore more different architectures, which will be conducted in the future. 

References 

[1] R. Liu, B. Yang, E. Zio, X. Chen, Artificial intelligence for fault diagnosis of rotating machinery: A 

review, Mechanical Systems and Signal Processing, Vol.108 (2018), pp.33-47. 

[2] ] A. Boudiaf, A. Moussaoui, A. Dahane, A Comparative Study of Various Methods of Bearing Faults 

Diagnosis Using the Case Western Reserve University Data. J. Fail. Anal. and Preven. Vol. 16, No.2 (2016), 

pp. 271–284. 

[3]  X. Zhang, Y. Liang, J.  Zhou, J, A novel bearing fault diagnosis model integrated permutation entropy, 

ensemble empirical mode decomposition and optimized SVM, Measurement, Vol. 69 (2015), pp. 164-179. 

[4] Z. Liu, H. Cao, X. Chen, Z. He, Z. Shen, Z.  Multi-fault classification based on wavelet SVM with PSO 

algorithm to analyze vibration signals from rolling element bearings, Neurocomputing, Vol. 99 (2013),  pp. 

399-410. 

[5] R. Jegadeeshwaran, V. Sugumaran, Fault diagnosis of automobile hydraulic brake system using 

statistical features and support vector machines, Mechanical Systems and Signal Processing, Vol. 52  

(2015), pp. 436-446. 

[6] J. B. Ali, N. Fnaiech, L. Saidi, B. Chebel-Morello, F. Fnaiech, Application of empirical mode 

decomposition and artificial neural network for automatic bearing fault diagnosis based on vibration 

signals, Applied Acoustics, Vol. 89 (2015), pp. 16-27. 

952 PROCEEDINGS OF ISMA2018 AND USD2018



[7] S. Tyagi, S. K. Panigrahi,  A Hybrid Genetic Algorithm and Back-Propagation Classifier for Gearbox 

Fault Diagnosis, Applied Artificial Intelligence (2017), pp. 1-20. 

[8] F. Jia, Y. Lei, J. Lin, X. Zhou, N. Lu, Deep neural networks: A promising tool for fault characteristic 

mining and intelligent diagnosis of rotating machinery with massive data, Mech. Syst. Signal Process, Vol. 

72-73 (2016), pp. 303-315,. 

[9] H. Oh, J. H. Jung, B. C. Jeon, B. D. Youn, Scalable and Unsupervised Feature Engineering Using 

Vibration-Imaging and Deep Learning for Rotor System Diagnosis, IEEE Trans. Ind. Electron, Vol. 65, No. 

4 (2018), pp. 3539-3549. 

[10] F. Jia, Y. Lei, J. Lin, X. Zhou, N. Lu, Deep neural networks: A promising tool for fault characteristic 

mining and intelligent diagnosis of rotating machinery with massive data, Mech. Syst. Signal Process., 

Vol.72-73 (2016), pp. 303-315. 

[11] O. Janssens, V. Slavkovikj, B. Vervisch, K. Stockman, M. Loccufier, S. Verstockt, S., S. Van Hoecke, 

Convolutional neural network based fault detection for rotating machinery, Journal of Sound and Vibration, 

Vol. 377 (2016), , pp. 331-345. 

[12] H. Shao, H. Jiang, H. Zhao, F. Wang, A novel deep autoencoder feature learning method for rotating 

machinery fault diagnosis, Mech. Syst. Signal Process., vol. 95 (2017), pp. 187-204. 

[13] R. Zhang, Z. Peng, L.Wu, B. Yao, Y. Guan, Fault diagnosis from raw sensor data using deep neural 

networks considering temporal coherence, Sensors, Vol. 17, No. 3 (2017), pp. 549.  

[14] V. Tra, J. Kim, S. A. Khan, J. M. Kim. Bearing Fault Diagnosis under Variable Speed Using 

Convolutional Neural Networks and the Stochastic Diagonal Levenberg-Marquardt 

Algorithm, Sensors, Vol. 17, No. 12 (2017), pp. 2834. 

[15] M. M. Islam, J. M. Kim, J. M, Motor Bearing Fault Diagnosis Using Deep Convolutional Neural 

Networks with 2D Analysis of Vibration Signal, In Advances in Artificial Intelligence: 31st Canadian 

Conference on Artificial Intelligence, Canadian AI 2018, Toronto, ON, Canada, May 8–11, 2018, Springer 

International Publishing, Proceedings, Vol. 31, pp. 144-155  

[16] M. Blodt, D. Bonacci, J. Regnier, M. Chabert, J. Faucher, On-line monitoring of mechanical faults in 

variable-speed induction motor drives using the Wigner distribution, IEEE Transactions on Industrial 

Electronics, Vol. 55, No. 2 (2008), pp. 522-533. 

[17] H. Mahgoun, F. Chaari, A. Felkaoui,  Detection of gear faults in variable rotating speed using 

variational mode decomposition (VMD), Mechanics & Industry, Vol.17, No. 2 (2016), pp. 207. 

[18] Z. Feng, M. Liang, F. Chu, Recent advances in time–frequency analysis methods for machinery fault 

diagnosis: A review with application examples, Mechanical Systems and Signal Processing, Vol. 38, No.1 

(2013), pp. 165-205. 

[19] J. Chen, Z. Li, J. Pan, G. Chen, Y.  Zi, J. Yuan, Z.  He, Z. Wavelet transform based on inner product 

in fault diagnosis of rotating machinery: A review, Mechanical systems and signal processing, Vol. 70 

(2016), pp. 1-35. 

[20] Y. LeCun, L. Bottou, Y. Bengio, P. Haffner, Gradient-based learning applied to document 

recognition, Proceedings of the IEEE, Vol. 86, No. 11 (1998), pp. 2278-2324. 

[21] A. Krizhevsky, I. Sutskever, G. E. Hinton, Imagenet classification with deep convolutional neural 

networks, In Advances in neural information processing systems (2012). pp. 1097-1105. 

[22] Y. Meyer, Wavelets-algorithms and applications, Wavelets-Algorithms and applications Society for 

Industrial and Applied Mathematics Translation., (1993) , pp. 142 

[23] G. Strang, T. Nguyen, Wavelets and filter banks, SIAM (1996).  

[24] S. Ioffe, C. Szegedy, Batch normalization: Accelerating deep network training by reducing internal 

covariate shift, arXiv preprint arXiv:1502.03167 (2015). 

[25] E. Kauderer-Abrams,  Quantifying translation-invariance in convolutional neural networks, arXiv 

preprint arXiv:1801.01450 (2017). 

CONDITION MONITORING OF ROTATING MACHINERY 953



954 PROCEEDINGS OF ISMA2018 AND USD2018



Blade tip timing based condition monitoring of bladed disks

in rotating machines

N. Jamia 1,∗ , M.I. Friswell 1 , S. El-Borgi 2, P. Rajendran 3

1 Swansea University, College of Engineering,

Bay Campus, Fabian Way, Crymlyn Burrows,

Swansea SA1 8EN, UK
∗e-mail: 842543@swansea.ac.uk

2 Texas A&M University at Qatar, Mechanical Engineering Program,

Engineering Building, P.O. Box 23874,

Education City, Doha, Qatar

3 School of Mechanical Engineering, SASTRA Deemed University,

Thanjavur - 613 401,

Tamil Nadu, India.

Abstract
Several researchers have considered non-contact methods to monitor blade vibration such as the blade tip

timing method. This method uses contactless sensors mounted on the casing around the engine. Eddy

current sensors are investigated in this work due to their efficacy for monitoring blade vibration in harsh

environments compared to other type of sensors. Very little experience in the modelling of eddy current

sensors is available in the literature; therefore, a detailed 3D finite element model to simulate a rotating bladed

disk passing an eddy current sensor was performed. In addition, a laboratory scale test rig was designed

and manufactured in order to validate the proposed model with experimental measurements. Numerical

and experimental results are presented in this paper. The integrated measured output of the sensor was

investigated to show the effect of the blade deformation and clearance on the accuracy of the Blade Tip

Timing measurements. Finally, a demonstration of blade vibration based on measurements was performed.

1 Introduction

Vibratory loads are a main cause of blade failures in turbomachinery that can lead to total failure of the

engine. Therefore the maintenance of a rotating machine is vital and has enormous impact on the life cycle

cost of the engine. To realise efficient maintenance, an intelligent assessment is important for early damage

diagnosis and condition based maintenance activities. Several monitoring techniques based on using station-

ary sensors mounted to the casing around the rotating blades have been developed to measure and analyse

the Time of Arrival (ToA) of the blade tips passing by the sensors. In the 1960’s a contact method was firstly

used by Fragman et al. [1] to monitor and measure the rotating blade responses. They used strain gauges

mounted on the blade. This method has several shortcomings such as time and cost, and the low resistance

to the harsh environment found inside the machine. To overcome these shortcomings, many investigators

considered contactless methods as an alternative. This method is based on monitoring blade vibrations in the

rotating machinery due to the non-intrusive and easy installation of sensors which allows prompt detection

of potential damage.
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One of the well-known contactless method is the Blade Tip Timing (BTT) approach, which estimates the

blade vibration that is crucial in the assessment of machine operation and the prediction of blade failure due

to fatigue. The concept of this method relies on using a number of probes fixed to a casing of the machine

to detect the blade tip as it passes by the probes. Then, the difference between the time of arrival (ToA) of

non-vibrating and vibrating blades leads to the estimation of the vibration displacement utilized to identify

vibration parameters [2]. During the early 1970s, Zablotsky and Korostelev [3, 4] introduced the first non-

contact measurement based on their own device to measure vibration called ELURA. This technique was

extended by Heath and Imregun [5] based on an improved formulation to extract the blade arrival times

using optical laser probes. Dimitriadis et al. [2] simulated data from traditional BTT tests of rotating blades.

They performed a qualitative analysis of different phenomena that can affect the identification of blade

vibration parameters such as mistuning or coupling. A modal parameter identification of rotating machine

blades was presented by Salhi et al. [6] using BTT data. Liu and Jiang [7] monitored the blade vibration of a

rotating machinery test rig using the BTT method. They proposed a method to improve the accuracy of the

measurements in the presence of torsional vibration. Similarly, Madhavan et al. [8] conducted an experiment

to monitor vibration using the BTT technique.

The focus of previous research has been mainly on the experiment work to describe the BTT method. Several

sensing technologies have been proposed to monitor blade positions in turbomachinery relying on capaci-

tance, inductance, optics, microwaves and eddy-currents. The focus in this paper will be mainly on the eddy

current sensor (ECS) due to its potential to assess the health of a machine without any need for direct access

to the blade (e.g. the possibility to monitor through the casing) and therefore they are insensitive to the pres-

ence of any type of contaminant. Also, both tip timing and tip clearance of each blade could be measured by

these sensors in real time and at high resolution. Dowell and Sylvester [9] described the physical principles

of ECSs and the approach used to develop a health management program for turbomachinery. Lackner [10]

assembled a test rig of three spinning test blades to test the ability of ECSs in a simulated gas turbine envi-

ronment, and showed that ECSs could mitigate the drawbacks of other types of sensors, such as capacitive

sensors. The arrival times of a rotor blade based on ECSs have been measured by Chana and Cardwell [11]

in various machine trials to evaluate the ability of these sensors to detect pre-existing damage and to capture

dynamic foreign object damage events. More recently, Mandache et al. [12] developed a pulsed eddy current

technology to detect the blade and disk damage through the machine casing based on monitoring the blade

tip displacement. In addition, Jamia et al. [13] developed a detailed 2D and 3D model of the use of ECS

in blade tip timing. They investigated the accuracy of the timing measurement when the blades pass by the

sensor in addition to the effect of the rotation speed and the tip clearance between the blade tip and the sensor

on the sensor output.

The past investigations using eddy current testing in blade tip timing of rotating blades have been predomi-

nately experimental. Therefore there is a lack of modelling that can help to understand the error sources in the

estimation of the blade time of arrival and hence its effect on the accuracy of the timing measurement, which

depends on the blade deformation and clearance between the blade and the sensor. Further development of

BTT systems therefore requires detailed models of both the sensor and the rotating bladed disk. Hence, for

the first time, quasi-static 3-D finite element models of the electro-magnetic field have been developed to

simulate the integrated measured outputs from an Active Eddy Current Sensor (AECS) and a Passive Eddy

Current Sensor (PECS). An integrated test rig was designed and manufactured to generate BTT outputs in

order to validate the models of the ECS. The effect of the rotation speed and the tip clearance between the

blade tip and the sensor on the sensor output is investigated. Finally, a comparison between the data collected

from different types of sensors was performed to investigate the effect of system parameters on the accuracy

of Blade Tip Timing measurements of a vibrating blade.
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2 Operation principle of ECS monitoring a moving target

2.1 Basic theory

In this section the approach of using passive and active ECSs to monitor a moving target is described.

Starting with the operating concept of the AECS which is described as follows [14]. An alternating current

in the coil of the ECS generates a time-varying magnetic field around the coil. This magnetic field penetrates

the conductive target passing by the sensor to form a primary magnetic field that leads to variation of the

magnetic flux through the target. Based on Faraday’s law of induction, a flow of electric current is created

in a perpendicular plane to the magnetic field within the target. This current is named the eddy current.

Considering Lenz’s law, these induced currents generate a secondary magnetic field that opposes the primary

one and therefore the currents repel back on the primary magnetic field as shown in Figure 1.

Figure 1: Mechanics of ECS monitoring moving target

This reaction leads to a variation of the coil impedance which is captured by the sensor and it is very sensitive

to the distance between the target tip and the sensor. The commercial sensors are calibrated in order to convert

this variation to the relative displacement.

Similarly, the operation of a PECS is almost the same, except that a permanent magnetic field is generated

as a primary magnetic field, and the motion of the conductive target through the magnetic field generates

the induced eddy currents. The secondary magnetic field generated by these eddy currents is measured by

the sensor. The magnetic field needs to vary to generate an output in the sensor coil, and hence a PECS

essentially measures velocity. Thus a PECS is not used as a displacement sensor, but does work well for

blade tip timing where the blade is always moving past the sensor. A numerical model of a PECS and an

AECS are considered in this paper.

2.2 Basic Physical background

In this section, the model of an ECS for a moving target is developed. Describing the material properties in

relation to the electromagnetic fields and the corresponding flux densities, the following constitutive relations

are considered [15]:

D = εE (1)

B = µH (2)
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where E is the electric field vector, H is the magnetic field strength vector, D is the displacement flux

density vector, B is the magnetic flux density vector, ε is the electric permittivity and µ is the magnetic

permeability of the medium.

For a moving target, the general time-dependent Maxwell’s equations (Eqs. (3)–(6)) are used to describe

the electro-magnetic field in terms of sources as [16]. These equations are written in vector notation and in

differential form as:

∇×H = J+
∂D

∂t
(3)

∇×E = −
∂B

∂t
(4)

∇ ·D = ρ (5)

∇ ·B = 0 (6)

where J is the current density and ρ is the charge density. Satisfying the 4th Maxwell equation (Eq. (6)), a

magnetic vector potential A can be defined as,

B = ∇×A (7)

To define the electric field intensity, and satisfy the 2nd Maxwell equation (Eq. (4)), the field quantity can be

derived from the potential as,

E = −∇ϕ−
∂A

∂t
(8)

where ϕ is the electric scalar potential. In the particular problem of an eddy current sensor, the electric

current generated is composed of two parts and given by

J = Jt + Js (9)

where Jt is the current density induced in the electro-conductive target close to the coil sensor and Js is the

current density in the coil region of the sensor generated by the voltage supply in this coil. Following Ohm’s

law for a moving conductor, along with the presence of the magnetic field, the eddy current generated in the

target is defined as

Jt = σ (E+ ν ×B) (10)

where ν is the velocity of the target and σ is the conductivity of the target’s material.

Since the eddy current problem is a magneto-quasi-static problem [17], the displacement current can be

ignored, i.e. ∂D
∂t

≃ 0. Therefore, substituting Eqs. (7)–(10) and Eq. (2) into Eq. (3) yields

∇×B = µJ+ σ µ (E+ ν ×B) (11)

By rearranging the terms in Eq. (11) and replacing the electric field and magnetic flux density by their

expressions in Eqs. (7)–(8), we obtain, in terms of A and ϕ, the following magnetic governing equation

∇× (∇×A)− σ µ

(

−∇ϕ−
∂A

∂t
+ ν × (∇×A)

)

= µJs (12)

3 Numerical model description of an ECS and rotating blade

3.1 Initial work and model geometry

The authors have performed an initial investigation where they proposed a 2D model of a PECS monitoring a

moving target [13]. A simple rotating disk was composed of 4 rectangular blades and surrounded by a casing
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onto which a PECS was attached. The aim was to simulate the measurement process used for blade tip

timing using PECS. They investigated the sensitivity of the eddy current signal to different model geometry

parameters which led to fix strategically these parameters in order to increase damage sensitivity and in terms

of experimental work, the voltage picked can be chosen with no influence of the blade. Furthermore, this

modelling approach was utilized to design and optimize the bladed disk model geometry presented in this

paper.

Name Value Description

b 31 mm Blade width

l 100 mm Blade length

w 4 mm Blade thickness

Rout 200 mm Outer diameter of the disk

Rinn 60 mm Inner diameter of the disk

Wout 30 mm Outer thickness of the disk

Winn 20 mm Inner thickness of the disk

Table 1: Parameters of the bladed disk model geometry

Therefore, an integrated bladed disk composed of a rotating disk and 12 rectangular twisted blades was

designed using SolidWorks. Based on the parametric study performed in [13], the bladed disk geometry is

generated based on the parameters given in Table 1. The model geometry details are shown in Figure 2.

(a) (b)

(c)

Figure 2: The test rig (a) Blade design (b) Disk design (c) Bladed disk design
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3.2 PECS and AECS model description

In this section, the modelling of a PECS monitoring a rotating bladed disk is described. To achieve this task,

a commercial FEA software package, COMSOL Multiphysics R©was used [18]. The model geometry is first

uploaded as a 3D CAD object to the geometry interface of the software. A hollow cylindrical ECS with

3 mm inner diameter and 6 mm outer diameter is fixed at a distance δ which equals the gap between the

blade tip and the sensor. This sensor is mounted to a cylindrical casing that surrounds the bladed disk at a

distance of δ/2. Structural steel was assigned as the material of the bladed disk and the casing, and copper

was assigned to the core of the sensor. In order to have a reasonable time of computation, only two blades

were considered in the model geometry as shown in Figure 3.

Figure 3: Model geometry of the PECS case

First, the geometry of the model was discretized by cutting the geometry along the air gap between the blade

tip and the sensor into two parts: one containing the static part of the model (the sensor and casing), and the

other containing the moving part ( i.e. the disk, the blades and the surrounding air) as shown in Figure 4a.

These two parts share the cut boundary as highlighted in Figure 4b.

(a)
(b)

Figure 4: Bladed disk design with 2 blades

The model was meshed using tetrahedral elements for the different 3D parts and triangular element for the

cut boundary surface. To overcome the difficulties of handling the rotating mesh in finite element method, the

COMSOL interface uses a moving mesh approach to model the rotation. The static part remains stationary

while the moving part rotates. The two parts are then meshed separately as shown in Figure 5b by the

different positions of the mesh nodes on the two sides. Therefore, the meshes slide on each other, remaining

always in contact at the cut boundary. Finally, 861810 tetrahedral elements were used for the model, as

shown in Figure 5a.
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(a) (b)

Figure 5: (a) Mesh details of PECS model (b) A close up of the model mesh

The dynamics of the system is defined using the rotating domain interface of COMSOL by applying a

rotational velocity to the moving parts. Then, COMSOL enables the moving mesh for the rotating part and

guarantees suitable transformations of the electromagnetic field. In time dependent analyses, the quasi-static

approximation, which neglects the displacement current density, is applied by the software and therefore all

of the currents in the system are induced in the conductive parts or applied externally through the sensor

in this case. In order to compute the distribution of the electromagnetic field, COMSOL solves Maxwell’s

equations using mixed formulations. A vector potential formulation based on the magnetic vector potential

A in such away to fulfill two of Maxwell’s equations (Faraday’s law and the magnetic Gauss’s law). The

second formulation is the scalar potential formulation based on a magnetic scalar potential which used to

define the magnetic field such that Ampère’s law is automatically fulfilled and the magnetic flux conservation

law is solved. These two formulations are used together by combining the vector potential formulation for

conductive domains (e.g. bladed disk and sensor) and the scalar potential formulation for the free-current

domain, such as the surrounding air and air gap. In addition, due to convergence issues of the model, the

current value in the coil is ramped from a low value using a smoothed step function. For the case of the AECS,

(a) (b)

Figure 6: (a) Model geometry of AECS (b) Mesh details of AECS

the model is based on measuring the change in the coil impedance which is related to the gap between the

sensor and the target, and hence the sensor output gives the relative displacement. Therefore, compared to

the PECS model, the continuous rotation approach is ignored and replaced with a series of blade positions

using a sweep of geometry parameter defined as

rot angle = t para ∗ Ω ∗ 2 π (rad) (13)

where Ω is the rotational speed of the bladed disk, t para is a parametric time and the blade will rotate with an

angle equal to rot angle with respect to this time. Then, the model is solved as a series of frequency domain
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studies whilst rotating the blades in the geometry via a parametric sweep. A frequency domain study defines

that an alternative current is used for the coil excitation oscillating at a parameter f0. This excitation has been

set to be 1000 times the rotational speed, to ensure that the quasi-static approximation is valid. A slightly

simpler model geometry described in Figure 6a is used in the case of the AECS model. For the meshing of

this model, a very fine mesh is used for the fan and the coil. The mesh in the blades has been heavily refined

to resolve the currents well. Finally, 468634 tetrahedral elements have been used for the model as shown in

Figure 6b. Due to the absence of rotation, the model is solved using the vector potential formulation in all

domains.

Finally, to simulate the sensor in the two models, a coil feature from the magnetic fields interface in COM-

SOL was assigned to the hollow cylinder in the model geometry to model the sensor as a conductor subject

to an externally applied current or voltage. This feature transforms the applied excitation into local quantities

(e.g. electric field and electric current density), and calculates the lumped parameters such as the impedance

or voltage output.

3.3 Boundary Conditions

For both models, the tangential components of the magnetic potential is set to zero at the external boundary

with magnetic vector potential. In addition, since the magnetic scalar potential is used in the PECS model,

the normal component of the magnetic flux density is set to zero on external boundaries with magnetic scalar

potential. Finally, an identity pair is created connecting the static and moving part in the PECS model in

order to enforce the continuity for the magnetic scalar potential in the global coordinate system.

3.4 Model simulation results

A time-dependent analysis for an interval of time of 1.7 seconds and at a rotational speed of the rotor equal

to 100 rev/min was performed for the PECS model. Figure 7a shows the surface plot of the magnetic flux

(a) (b)

Figure 7: (a) Magnetic flux density (surface) and current density (arrows) for PECS model when a single blade passes

(b) PECS output when several blades pass

density at the instant when one of the blades passes by the PECS. The current density is also shown by

volume arrows induced through the bladed disk. We can notice a variation in the induced current density at

the blade tip. This variation is due to the interference between the primary magnetic field generated by the

ECS and the secondary magnetic field generated by the moving blades past the sensor. This agrees with the

concept of the PECS described in section 2. Figure 7b shows the corresponding coil voltage captured by the

PECS when a blade passes by it. A signal peak is obtained every time a conducting blade enters the field of

the sensor which alters the magnetic field through the induced eddy currents in the blades. This describes
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clearly the behavior of the PECSs signal output; based on a reference voltage which will correspond to a

known position on the blade, the time of blade passing can be determined. This gives information about the

time of arrival of the blade at the sensor probe. In addition, the shape of a single peak corresponding to the

PECS case, gives a reference to determine when the blade is positioned at the middle of the sensor which

gives more detail about the exact blade position.

(a) (b)

Figure 8: (a) Magnetic flux density (surface) and current density (arrows) for AECS model when a single blade passes

(b) AECS output when several blades pass

The AECS model is solved for a full period of rotation of the bladed disk, T0= 1

Ω
, for 1000 time steps within

that time interval. Figure 8a shows the surface plot of the magnetic flux density at the instant when one of the

blades passes by the AECS. The current density is also shown by arrows volume induced through the bladed

disk. The induced eddy currents by the coil in the blades results in variation of the current resistance of the

coil. This variation in the coil’s impedance causes an electrical signal which is measured by the sensor and

calibrated in order to be proportional to the distance between the blade tip and the sensor coil. This signal

is showed in Figure 8b. The shape of the signal gives more detail about the gap between the blade and the

sensor but is not that accurate as PECS regarding the exact position of the blade.

4 Experimental test rig

In order to increase the reliability of the models described in this paper, an integrated test rig is designed and

manufactured in order to replicate a BTT application and generate BTT measurements using commercial

AECS and PECS and therefore a validation of the model results can be performed.

4.1 Test rig design and fabrication

A test rig was designed using SolidWorks. The rig is composed of the bladed disk attached to a rotating shaft

supported by two bearings. In order to avoid any vibration caused by the flexibility of the shaft and not the

disk, a finite element analysis of the shaft was undertaken using ANSYS to ensure that the shaft is effectively

rigid. Finally, a shaft of 60 mm diameter and 600mm length was designed. The design of the full test rig is

shown in Figure 9.

The test rig was fabricated in the machine shop at Swansea University using a CNC machine which uses a

very thin wire cutter to provide an accurate joint between the blade and the disk and decrease the uncertainties

that could be introduced through contact regions. To provide support for the rotating shaft, two split Plummer

block housings are used with compatible ball bearings fitted in the housings. For safety, a plexiglass casing
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(a)
(b)

Figure 9: Test rig design: (a) Overall view (b) Side view

was used to cover the entire test rig while operating. Different manufactured parts of the test rig are shown

in Figure 10.

(a) (b)

Figure 10: (a) Manufactured blade and disk (b) Manufactured test rig

4.2 Test rig setup and validation of numerical models

In order to replicate a BTT application, the shaft is driven by a Schneider Electric servo drive system com-

posed of a BCH servo motor and a LXM28 (AC servo drive). Two commercial sensors, Active and Passive

ECSs, were mounted on the casing around the bladed disk through holes as shown in Figure 11. These

sensors were connected to a 4-channel Data Acquisition system (DAQ) in order to collect the sensor outputs.

Because of the high computational cost of the 3-D models of the PECS and AECS, only a model composed

of a disk with two blades was exported to COMSOL and analysed. Therefore, only two blades were kept on

the bladed disk for the validation of the numerical models, since the blades were manufactured so that they

can be easily removed from the disk.

At a rotational speed of 100 rpm and a gap of 3mm between the sensors and the blade tip, the BTT mea-

surements were collected from the AECS and PECS for a period of 1.28s with a sampling rate of 13kHz.

The comparison of measured outputs of the PECS and AECS and the numerical results from the models de-

scribed above are shown in Figures 12 and 13, respectively. These figures show a good agreement between

the simulated and measured data of BTT for a PECS and an AECS.
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(a) (b)

Figure 11: (a) Test rig setup (b) Mounting of sensors on the casing

(a) (b)

Figure 12: (a) Comparison of numerical results with experimental measurements for the PECS (b) A locally enlarged

graph of Fig. 12a

(a) (b)

Figure 13: (a) Comparison of numerical results with experimental measurements for the AECS (b) A locally enlarged

graph of Fig. 13a
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5 Effect of the gap and rotational speed on the sensor output

In this section, the effect of the variation of the gap (i.e. the distance separating the blade tip and the surface

of the sensor during the rotation of the bladed disk) and the bladed disk rotational speed on the output of

the AECS and PECS model was investigated. For the PECS model, Figure 14a shows that the amplitude of

the signal decreases when the gap increases. These results show that the PECS can still detect the blade at a

large gap (around 10 mm).

(a) (b)

Figure 14: The sensor output with time for different gaps (a) PECS model (b) AECS model

(a) (b)

Figure 15: The sensor output with time for different rotational speeds (curves shifted to a common point) (a) PECS

model (b) AECS model

For the AECS, the effect of the variation of the gap on the sensor output is shown in Figure 14b. The results

show a clear decrease in the signal amplitude when the gap increases from 1 mm to only 3 mm between the

sensor and the blade tip. This shows the high sensitivity of the AECS to small distance variations which

agrees with the fact that this type of sensor is considered as a displacement sensor but also shows that the

performance of this type of sensor is limited for larger gaps.

Finally, Figure 15 shows the effect of the rotational speed of the bladed disk on the PECS and AECS output.

Due to the difficulty in analysing the raw results in this case, the signal outputs have been shifted to a
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common point so that the blade passes the sensor at the same time. For the PECS, in Figure 15a, we notice

an increase of the signal amplitude with increasing rotational speed. This shows the sensitivity of this type

of sensor to the speed variation, since the PECS is considered as a velocity sensor and not as a displacement

sensor. However, Figure 15b shows the insensitivity of the AECS model output with speed variation which

agrees with the fact that the AECS is behaving as a displacement sensor. This parametric study leads to the

conclusion that the PECS could be more efficient for the BTT measurement due to its high sensitivity to the

velocity of the blade which can be a source of error affecting the accuracy of the BTT measurement.

6 Blade Tip Timing measurements of a vibrating blade

In this section, the setup of the test rig to generate a BTT measurement of a rotating and vibrating blade is

described and the identification of this vibration using the ToA of the blades is shown. In order to obtain a

BTT measurement for a vibrating and rotating blade, the blade needs to be excited to obtain the vibrating

behavior while it is rotating. Hence, a pair of piezoelectric patches was used as an actuator due to the inverse

piezoelectric effect. If a voltage is applied to the patches, they will strain and generate vibration or deflection

of the structure that they are bonded to. The piezo patches were bonded to the bottom surfaces of the host

blade using an EPOXY optical adhesive as shown in Figure 16a.

(a) (b)

Figure 16: (a) Piezo patches bonded to the blade (b) Setup of the process of the blade excitation

In order to obtain the first natural frequency of the blade, a hammer test was performed on the blade with

bonded patches. The first natural frequency was around 113Hz. Then, an excitation voltage was generated

from a wave generator with a excitation frequency around 113Hz and an amplitude of 7V. This voltage was

amplified by a piezo amplifier and then transmitted to the piezo patches through the slip ring as shown in

Figure 16b. An optical sensor was mounted to the casing in order to collect the BTT measurements of all

blades. To identify the vibration through the BTT measurement, the effect of vibration on the inter-blade

distance was monitored. A reference blade was designated and blade number 8 was excited. The 12 inter-

blade distances were calculated using the ToA of two successive blades multiplied by the speed of revolution

of the corresponding cycle. Figure 17 shows 4 inter-blade distances calculated during 20 cycles for the

non-vibrating and vibrating cases.

There is an important variation of the 8th and 9th inter-blade distances in the vibrating case compared to

the 6th and 10th inter-blade distances. This corresponds to the neighborhood of blade 8 and therefore a

demonstration of the blade vibration is realised based on the BTT measurement.
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Figure 17: Inter-blade distance during 20 cycles for non-vibrating and vibrating cases using measurements from an

optical sensor

7 Conclusion

A rotating bladed disk monitored by passive and active eddy current sensors on a casing surrounding the

bladed disk is simulated in this paper. The goal was to simulate the signal output of the sensor used for

blade tip timing using eddy current sensors. Due to their robustness in harsh environments, the eddy current

sensors have been considered in this paper. The governing equations modelling the magneto electric field of

a moving target have been described for a quasi-static problem. A detailed description of the 3-D models

for a PECS and an AECS were presented, together with the rotating mesh details, and the physics of the

electro-magnetic fields. An integrated test rig was designed and manufactured in order to generate BTT

measurement for PECS and AECS. These measurements were used to validate the numerical models. This

modelling approach can be utilized to design more complex BTT applications with multiple sensors and

complex geometries. In addition, a demonstration of blade vibration based on the BTT measurements was

performed. Finally, a BTT study to identify damage in vibrating blade while rotating will be the subject of

future research.
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Abstract
The Artificial Neural Network (ANN) and curve fitting are traditionally prevalent for prognosis of bearing
due to the simplicity of application. The fusion techniques are known to increase the diagnostic capabilities
of the damage identification parameters (such as RMS, Peak etc.). However, the role of the fusion techniques
in the prognosis of a bearing is still to be explored (attempted in this work). The Mahalanobis-Taguchi-
Gram-Schmidt (MTGS) technique is used to fuse various damage identification parameters into a single
fused parameter, Mahalanobis Distance (MD). The MD is used as a damage identification parameter for the
ANN and the curve fitting. Three methods (i) ANN with damage identification parameters (ii) ANN with
MD and (iii) Curve fitting with MD are compared for the effectiveness of the prognosis. The polynomial fit,
the Gaussian fit, the sum of sinusoidal fits, and the sigmoid shape fit are attempted. The vibration data for
these methods is acquired from a naturally induced and progressed defect through an accelerated life test.

1 Introduction

Rolling element bearing is a mechanical part with a wide application range. In the industry, the sudden
failure of the bearings may have severe consequences both direct and indirect. The direct consequences may
be in terms of the production loss and the indirect consequences may include the idle labor cost, the overtime
payments to compensate the lost production, and the cost of the scrapped components due to incomplete
manufacturing etc. [1]. In critical applications, such as the transportation industry, the failure of the bearing
may cause accidents resulting in the loss of human lives [2]. Therefore, a robust prognosis of the rolling
element bearing is required for remaining useful life (RUL) prediction.

Data fusion is an emerging field in the diagnosis of rolling element bearing. In the data fusion, the data
obtained from different sources are fused to increase the efficiency of the diagnosis [3]. The Artificial Neural
Network (ANN) and curve-fitting are the most commonly used techniques for the RUL prediction. In the
present work, an attempt is made to assess the effect of integrating the data fusion technique (MD) with the
commonly used RUL prediction techniques (ANN and curve-fitting) on the prediction of the RUL.

2 Experimental set-up

A life test has been performed to acquire the vibration data. Figure 1 shows the schematic of the test rig used
to perform the life test. The shaft of the test rig may rotate up to a speed of 5000 rpm and the applied load
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on the test bearings may go up to 50% of the bearing dynamic capacity. The RHP make 7917A5 angular
contact bearing was run under accelerated operating conditions. The radial load was kept constant at 23% of
rolling element bearing dynamic load capacity. The speed of the shaft was fixed at 2280 rpm. The vibration
data was recorded at every 10 minutes for a duration of 10 seconds using a PCI4472 card (from NI). A
sampling frequency of 50kHz is used for the vibration data acquisition. The first 9 second datasets are used
for training the ANN or the curve-fitting, the 10th second dataset has been used for prediction. The rolling
element bearing lasted for 137 hours and 40 minutes.

Figure 1: The schematic of the experimental set-up [1].

3 Data fusion technique

The vibration data acquired is processed in the time-domain, the frequency domain, and the time-frequency
domain. The RMS, peak, Kurtosis, and Crest Factor are computed in the time domain. The outer race
defect frequency amplitude (ORDFA), inner race defect frequency amplitude (IRDFA), and ball defect fre-
quency amplitude (BDFA) are computed in the frequency domain and the HHT peak is computed in the
time-frequency domain. These eight damage identification parameters (features) are fused together into
Mahalanobis distance (introduced by Mahalanobis [4]) using a data fusion technique Mahalanobis-Taguchi-
Gram-Schmidt method. The Mahalanobis distance is a distance between an observation (acquired vibration
data, depicted by the corresponding eight damage identification parameters) and the considered distribution
(vibration data from the healthy dataset).

3.1 Mahalanobis-Taguchi-Gram-Schmidt method

Using the Mahalanobis-Taguchi-Gram-Schmidt method [5], the eight features are fused into the Mahalanobis
distance. Initially, all the features (from different observations) are converted into standardized vectors (Zij).

Zij =
(Xij −mi)

Si
(1)

where Xij= value of the ith feature in the jth observation, mi = mean of the ith feature of the considered
distribution (healthy group), Si= standard deviation of the ith feature of the considered distribution (healthy
group).
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The standardized vectors are converted into the orthogonal vectors of the same linear span using the following
set of equations:

U1 = Z1 (2)

U2 = Z2 −
Z ′2U1

U ′1U1
U1 (3)

...

Uk = Zk −
Z ′kU1

U ′1U1
U1 − . . . . . .−

Z ′kUk−1
U ′k−1Uk−1

Uk−1 (4)

Where Zk = (Zk1, Zk2, ..........., Zkn) is the kth set of the standardized vector obtained as per equation (1)
and Uk = (Uk1, Uk2, ..........., Ukn) is the kth set of the mutually perpendicular vector with the same linear
span.

The Mahalanobis distance corresponding to the jth observation is given by the following equation:

MDj =
1

k

(
U2
1j

S2
1

+
U2
2j

S2
2

+ . . . . . .+
U2
kj

S2
k

)
(5)

where Ukj is the element of Uk, Sk is the standard deviation of the Uk and k is the total number of features.

4 Results and discussions

Three approaches (i) ANN with damage identification parameters (ii) ANN with the MD and (iii) Curve
fitting with the MD are compared for the effectiveness of the prognosis. The details of these approaches are
discussed in this section.

4.1 ANN with damage identification parameters (features)

In this approach, different sets of 8 damage identification parameters (features) are taken as inputs and the
corresponding actual remaining useful life (RUL) values are taken as the targets. The datasets from the first
9 seconds are used for the training of the ANN. A two-layered ANN with one hidden layer is trained using
Neural Network Fitting Tool in Matlab R©. The Levenberg-Marquardt algorithm is used for the training and
70% of the training dataset is used for training, 15% for the validation, and 15% for the testing. The overall
R− squared value for the training came out to be 0.978.

For the prediction of the remaining useful life (RUL) at a given time, 3 consecutive vibration datasets are
considered. The RUL is predicted at these 3 consecutive datasets using the ANN. The moving average of
these three predictions is used to indicate the RUL at the given time. This is done to avoid the effect of
the outliers. The RUL is predicted from the start of the life test, however, the importance of the prediction
increases towards the end of the life of the bearing (as towards the end of the bearing life the decision to
purchase a spare has to be made). Figure 2 shows the RUL prediction for the ANN with damage identification
parameters approach. It may be seen in Figure 2 that after 100 hours onwards, the difference in the actual
and the predicted RUL (error) is small, which indicates the robustness of the approach. However, it may be
noted that for a few points, the predicted RUL is negative clearly indicating that the physics of the problem
is not properly captured by the current approach.

Figure 3 shows the histogram of the RUL prediction error for the ANN with damage identification parameters
approach, which is useful for qualitative analysis of the RUL prediction error. The root mean square error
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Figure 2: The RUL prediction from the ANN with damage identfication parameters.

Figure 3: The histogram of the RUL prediction errors for the ANN with damage identfication parameters.

(RMSE) of the RUL prediction is computed to be 7.12 hours and the R − squared is 0.968. In addition,
the 56.2% of the RUL predictions are within ±5 hours (3.6% of the bearing life) and the 82.3% of the RUL
predictions are within ± 10 hours (7.2% of the bearing life).

4.2 ANN with the MD

As discussed in Section 3, using the MTGS method the 8 damage identification parameters are fused in the
Mahalanobis distance (MD). The different sets of the MD values are taken as the inputs and the corresponding
actual RUL values are taken as the targets and the ANN is trained. All the aspects of the ANN are kept same
as in the previous approach. The overall R− squared value for the training is computed to be 0.951.

Figure 4 shows the RUL for the ANN with the MD approach. A comparison with figure 2 clearly indicates
that the performance of RUL prediction has degraded while the ANN is trained with the MD. Figure 5 shows
the histogram of the RUL prediction error for the ANN with the MD approach. The RMSE of the RUL
prediction is 11.67 hours and the R− squared is 0.914. In addition, only 36.5% and 62.1% of RUL predic-
tions are within ±5 hours (3.6% of the bearing life) and ±10 hours (7.2% of the bearing life) respectively.
Therefore, the training of ANN with only MD results in poor performance of the RUL prediction in compar-
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Figure 4: The RUL prediction from the ANN with the MD.

ison with the training of ANN with damage identification parameters (the previous approach). This is on the
expected line as in the first approach, 8 features were used as input as opposed to only 1 feature (MD) in the
second approach. Though the overall performance is worse than the first approach, it may be noted that all
the predictions are non-negative (close to the physics of the problem).

Figure 5: The histogram of the RUL prediction errors for the ANN with the MD.

4.3 Curve fitting with the MD

The last approach is curve fitting with the MD (more of trial and error type). Initially, multiple curve-fits
such as polynomial fit, the Gaussian fit, the sum of sinusoidal fits, and the sigmoid shape fit are attempted.
The curve fitting is done between the RUL and the log10MD (as the range of the MD is high up to 106). In
addition, before curve fitting the values of the log10MD are smoothened using moving average method (of
span 3). The fit with the maximum R − squared value and practical suitability (the trend of the end of the
curve; a curve stabilizing towards zero RUL toward the end is desirable) is used for RUL prediction for the
10th dataset. In addition, it should be ensured that the RUL should not be negative and the 95% confidence
bounds of the higher order coefficients should not cross zero, which means overfitting of data.
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The following polynomial model is used for the curve fitting:

y =

n∑

i

pix
n+1−i (6)

where n is the degree of the polynomial and n+1 is the number of the coefficients to be fitted for the model
(denoted by pi).

Figure 6: Curve fitting for the family of the polynomial fits.

Figure 6 shows the curve fitting for the family of the polynomial fits. It may be noted from the Figure 6 that
towards the end of the curve (near the maximum value of the log10(MD)), none of the curve-fits remains
steady. Therefore, the prediction of the RUL is not accurate towards the end of the bearing life where it
matters the most. However, it may be noted in the Figure 6 that the extent of the overfit is small for the
family of the polynomial fits.

The following model is used for the sum of sinusoidal fits:

y =
n∑

i

ai sin(bix+ ci) (7)

where n is the number of terms in the series. The ai, bi, and ci are the amplitude, frequency, and phase
constant for the ith term of the series.

Figures 7 depicts the curve fitting for the fitting of the remaining useful life and the log10(MD). It may be
noted that towards the end of the bearing life (corresponding to the high value of the Mahalanobis distance)
the curve-fits do not stabilize (Figure 7). In addition, many of the fits from the family tend to overfit (multiple
valley and crests are visible in the fits). Therefore, the family of the sum of sinusoidal fits is not suitable for
the remaining useful life prediction of the bearings.

The following definition of the Gaussian fits is used for the curve fitting:

y =
n∑

i

ai exp[−(
x− bi
ci

)2] (8)

where n is the number of the peaks to fit. The ai, bi, and ci are the amplitude, centroid and a parameter
related to the width of the peak respectively.
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Figure 7: Curve fitting for the family of the sum of sinusoidal fits.

Figure 8: Curve fitting for the family of the Gaussian fits.

Figure 8, the curve-fits between the RUL and the log10(MD) for the Gaussian family, clearly shows that
toward the end of the bearing life most of the fits stabilize. However, for a couple of fits (Gaussian 7 and
Gaussian 8) tend to overfit is clearly visible. A comparison among the polynomial fits, sum of sinusoidal fits,
and Gaussian fits shows that the Gaussian 3 is the best curve-fit. However, it tends to overfit the data as the
95% confidence bound for a parameter crosses zero.

As the RUL should stabilize towards the start and end of the bearing life, a scaled form of the sigmoid shape
is a good choice. As many functions (hyperbolic tangent function, error function, inverse tangent function
etc.) have a shape similar to the sigmoid shape, a linear combination of these is used for curve-fitting. This
linear combination of functions having the shape closer to sigmoid is defined as follows:

y = a(tanh(x− 1)) + b

[
x√

1 + (x− 3)2

]
+ c

[
erf

(√
π

2
(x− 3)

)]
+ d

(
2

π
tan-1

π

2
(x− 3)

)
+ e (9)

Figure 9 shows the curve-fitting by the considered combination of functions having the shape similar to
sigmoid along with the previous best fit “Gaussian 3”. The RMSE and R − squared values are close for

CONDITION MONITORING OF ROTATING MACHINERY 977



Figure 9: Curve fitting for the Gaussian3 and sigmoid combination fit.

Type of fit RMSE R− squared
Gaussian 3 8.689 0.9469

Sigmoid shape 8.724 0.9464

Table 1: Comparison of parameters for the Gaussian 3 and sigmoid shape curve-fits

Figure 10: The RUL prediction from the sigmoid shape curve-fit with the MD.

Approach RMSE R− squared within ± 5 hours within ± 10 hours
ANN with DIP 7.12 hours 0.968 56.2%predictions 82.3% predictions
ANN with MD 11.67 hours 0.914 36.5% predictions 62.1% predictions

Curve fit with MD 12.16 hours 0.906 34.5% predictions 62.2% predictions

Table 2: Comparison of parameters for the Gaussian 3 and sigmoid shape curve-fits

both the fits, the Gaussian 3 being marginally better (see Table 1). However, as discussed earlier the Gaussian
3 tends to overfit (clearly seen towards the start of bearing life). The sigmoid shape fit does not overfit the data
and the RUL prediction also stabilizes towards the end (from the definition of the sigmoid shape functions).
Therefore, the sigmoid shape curve-fit is used for the RUL prediction for the 10th second dataset.
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Figure 11: The histogram of the RUL prediction errors for the sigmoid shape curve-fit with the MD.

Figure 12: The comparison of RUL prediction from all approaches.

Figure 10 shows the RUL for the curve-fitting approach (with the sigmoid shape fit). Figure 11 shows the
histogram of the RUL prediction error for the sigmoid shape fit on the MD. The RMSE of the RUL prediction
is 12.16 hours and the R − squared value is 0.906. In addition, only 34.5% and 62.2% of RUL predictions
are within ±5 hours (3.6% of the bearing life) and ±10 hours (7.2% of the bearing life) respectively. The
RUL prediction in the current approach is similar to the previous approach (ANN with MD) but worse in
comparison to the first approach (ANN with DIP). It may be noted that all the predictions are non-negative.

The RUL predictions of all the approaches are compared in the Figure 12. It may be noted that performances
of the second approach (ANN with MD) and the third approach (Sigmoid curve fit with MD) are comparable
at many time instants. To provide a better insight, different parameters related to all approaches are compared
in Table 2.
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5 Conclusions

Three different approaches are compared for the RUL prediction for a set of common data originating from
a naturally induced and progressed defect. In the first approach, the ANN is trained with the help of 8
damage identification parameters while in the second approach the ANN is trained with the help of the MD
(a fused feature obtained by data fusing the 8 damage identification parameters by the MTGS method). The
third approach is curve fitting a function of the MD and the RUL by a linear combination of the sigmoid
shape function. The first approach, the ANN with DIP, performs the best. The data fusion of 8 damage
identification parameters does not perform well as the ANN is trained by less amount of data in comparison
with the first approach.
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Abstract
Condition monitoring of rotating machinery is a field of intensive research. One of the most powerful di-
agnostic tools are based on the cyclostationary properties of the signals. In this paper an advanced signal
processing diagnostic tool is introduced based on Cyclic Spectral Coherence (CSC). The CSC is represented
in a 3D bi-frequency map, which can be integrated on the carrier frequency leading to 2D vectors. Fault
diagnosis is more challenging in the case of complex signals, which often contain many different sources of
noise and more than one fault components. Therefore, a new methodology is proposed, which focuses on
the separation of the information linked to different types of defects by applying tools for clustering on the
CSC map. As a result, each cluster will contain the separated information of each fault. Moreover, a CSC
map will be recreated based on each cluster and the integrated maps will include only one type of defect.
The methodology is tested on real signals recorder on heavy duty machine located in an underground mine.

1 Introduction

Modern condition monitoring techniques are able to diagnose damages at early stage, in complex machines
operating under varying speed/load conditions in presence of heavy impulsive noise [1–5]. In [6] a method
for cyclic source extraction from complex vibration signals has been presented. Moreover the application of
the Schur filter for local damage detection in machinery has been illustrated in [7]. However, in order to face
such challenging tasks in an industrial context, researchers continuously develop and propose new advanced
signal processing techniques and diagnostic procedures [8–10]. Often the methodologies are complex for use
by the machinery operators and an expert is required in order to interpret the results. This is a typical obstacle
for most 3-dimensional representations of signals, such as different Time-Frequency Maps, the Bi-Spectrum
and the Cyclic Spectral Coherence map[11]. Obviously, the final result depends on the level of complexity of
both the method and the analyzed signals. The real industrial signals are complex and usual contaminated by
noise. Experts prefer to use methods which are easy to be interpreted. Therefore, there is a ever growing need
for automatic damage detection methods [12]. To overcome the abovementioned limitations, an automatic
procedure is proposed in this paper in order to facilitate the understanding of such 3D maps and to provide a
simple picture commonly presented in textbooks. In some sense the proposed methodology can be consider
as a source separation technique in the bi-frequency domain.
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The Cyclic Spectral Coherence (CSC) is a 3D bi-frequency map, providing information about the modulation
and the carrier frequencies, which are present in vibration signals. Moreover, characteristic fault frequencies
related to the local damage can be observed in the CSC. Furthermore, these 3D maps can be integrated
over the whole frequency band or on optimally selected bands leading to 2D vectors which are considered
equivalent to the classical Squared Envelope Spectrum (SES). However, in case of heavy duty machines with
multiple faults located at different shafts (rotating at different speeds) it might happen that the fault related
patterns in a CSC map integrated to a 2D envelope spectrum are hard to be identified. On the other hand by
applying a clustering technique of the map, the content related to a given fault could be separated and finally
instead of one figure with multiple faults, several figures with a single fault could be obtained. In this way
the analysis and the interpretation of the results might be easier.

In this paper a complete procedure is proposed in order to automatically process a 3D CSC map where
two faults are present at different component (i.e. fault frequencies) and different carrier frequencies. The
procedure is applied on a real signal from a two stage gearbox operating in a heavy duty drive unit used in
mining applications. Based on the results, source separation in a bi-frequency domain is possible after the
integration of the new map in order to calculate an Envelope Spectrum (ES) [13]. The structure of ES is
much clearer and allows to easily identify the damage. The clustering algorithm used in this paper is based
on the Expectation Maximization (EM) algorithm [14, 15].

The paper is organized as follows. The proposed methodology is first described in section ??. The CSC
and the EM methods are presented and the clustering of the map is explained. Moreover in section 3 the
application of the method to real data is presented. The paper closes with some conclusions.

2 Methodology

The proposed procedure is a combination of three techniques, namely the CSC representation, the clustering
based on the EM algorithm and the integration of the obtained new CSC maps (for each cluster separately).
In fact all these techniques are well-known, however their combination is a novel approach in condition
monitoring, focusing specifically on multiple fault cases and provides promising results. In this section the
definitions and the main properties of the proposed methodology are briefly introduced. Furthermore, their
fusion is illustrated and described.

2.1 Cyclic Spectral Coherence

The Cyclic Spectral Coherence is a function, which depends on the modulation and the carrier frequency. It
has been introduced by Antoni in 2007 [16] and it has been proven as a powerful tool to indicate the cyclo-
stationary property of signals. The Cyclic Power Spectrum (CPS) SX(f ;α) of a signal x can be estimated
based on the equation:

SX(f ;α) = lim
L→∞

1

L
E
(
Fx,L(f +

α

2
)Fx,L(f − α

2
)

)
, (1)

where Fx,L(f) is the Fourier transform of the signal x calculated on an interval of length L. CPS is used in
order to measure the spectral dependency in the analyzed signal and it relies on the modulation (α) and the
carrier (f ) frequencies. It is expected that the CPS satisfy the equation |SX(f ;α)| > 0 for a cyclostationary
signal for some α 6= 0. Furthermore, the definition of CSC can be formulated as: [16]:

CSC(f ;α) = |γX(f ;α)|2 =
|SX(f ;α)|2

SX(f +
α

2
; 0)SX(f − α

2
; 0)

. (2)

The Cyclic Spectral Coherence is a normalized CPS and thus its value is bounded in the interval (0, 1). It
is expected that the CSC describe the spectral cyclic autocorrelation of the signal. Therefore, it can be used
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as a cyclostationary indicator. Once the |γX(f ;α)|2 is significantly higher than 0, then the signal presents a
cyclostationary property for a modulation frequency T = 1/α and a carrier frequency f .

The estimation of the CSC can be performed directly using the CPS estimator. Thus the following formula
is obtained:

|γ̂X(f ;α)|2 =

∣∣∣ŜX(f ;α)
∣∣∣
2

ŜX(f +
α

2
; 0)ŜX(f − α

2
; 0)

, (3)

where ŜX(f ;α) is an estimator of the CPS. It is worth mentioning that the CPS can be estimated based on
different methods[17] but here the Welch method is used.

2.2 Expectation - Maximization clustering algorithm

In this section the Expectation-Maximization method, for clustering the data, is described [14, 18]. The Ex-
pectation Maximization (EM) is an iterative optimization method for the estimation of unknown parameters
for given measurement data X . EM is particularly useful for separating mixtures of Gaussian distributions
(or any other distribution) over the considered feature space. It consists of two main steps: the Expectation
(E-step) and the Maximization (M-step), which are iterated until convergence.

Firstly, it is assumed that the following N data points are observed in a D-dimensional space

X = {−→x 1,
−→x 2, . . .

−→x N}
Furthermore, N points are drawn from a D-dimensional Gaussian distribution. The l-th distribution is char-
acterized by the parameters θl = {−→µ l,Σl}, where −→µ l is the D-dimensional mean and Σl is the covariance
matrix. we assign Then a prior probability αl is assigned to the l-th Gaussian, where

∑N
l=1 αl = 1.

In the first iteration, the algorithm has to be fed with some initial values of parameters Θ. This can be done
by picking random means, covariances and distribution weights, but it is a good practice to pre-estimate the
means −→µ l using a simpler algorithm like the k-means or the hierarchical clustering and then to compute the
covariance matrices Σl based on the results of this pre-clustering as well as the set weights αl in order to
normalized the amount of points in each cluster.

• E-step

This step is responsible for the estimation of the probability that a data point −→x i belongs to a cluster θl:

p(θl|−→x i) = α
1

(2π)
D
2 |Σl|

1
2

exp

(
−1

2
(−→x i −−→µ l)

TΣ−1l (−→x i −−→µ l)

)
. (4)

• M-step

In this step the algorithm estimates the new parameters Θ of the probability distribution of each cluster for
the next iteration. Firstly the mean for each cluster is computed by calculating the mean of all points in
function of the relevance degree of each point:

µl(t+ 1) =

∑N
i=1 p(θl|−→x i)

−→x i∑N
i=1 p(θl|−→x i)

. (5)

Then the covariance matrices can be computed, based on the conditional probability of the cluster occurrence:

Σl(t+ 1) =

∑N
i=1 p(θl|−→x i)(

−→x i −−→µ l(t))
T (−→x i −−→µ l(t))∑N

i=1 p(θl|−→x i)
. (6)
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At the end of the M-step, the probability of occurrence of each class is computed through the mean of
probabilities of each point from the cluster in function of the relevance degree:

αl(t+ 1) =
1

N

N∑

i=1

p(θl|−→x i), l = 1, . . . ,K. (7)

It is very important to remember the limitations of the EM methodology. It only approximates the maximum
likelihood estimate and do not find the theoretical value. If the likelihood function has multiple peaks (non-
concavity case) EM will not necessarily find the global optimum of the likelihood. In practice, it should
not been performed only once. It is very common to start EM multiple times with multiple random initial
guesses and choose the one with the largest likelihood as the final estimate for Θ. In this work EM has been
run 10 times.

2.3 Clustering of the map

In this section the clustering of the bi-frequency map is described. The CSC map defined in section 2 is
analysed. The procedure of map clustering is shown in Fig. 1. In the first step, the CSC map is computed for

Figure 1: The schema of CSC map clustering.

the given signal. Therefore the two dimensional function of modulation and carrier frequencies is obtained
having for example size N ×n. Then, the subsignals are extracted from the map. For example, for given i-th
modulation frequency αi the following one dimensional function SC(αi) = {SC(f1;αi), . . . , SC(f1;αi)}
is considered. These N dimensional vectors are the inputs of EM. In the next step, the number of clusters
should be selected. In order to determine the optimal number of clusters the Silhouette criterion can be used.
Each of the subsignals is assigned to an appropriate group using the EM. Finally, the CSC can be plotted
for each cluster separately. It is expected that each cluster will contain information about only one signal
component.
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2.4 CSC map integration

It can be observed that the CSC provides information about the excitation for given modulation and carrier
frequencies. On the other hand, the total energy of a given frequency band is also interesting for diagnostic
purposes. In such case, the CSC map can be integrated with respect to the carrier frequency and the given
modulation frequency [13]. Therefore, the following formula for the integrated CSC in the frequency band
[f1, f2] can be introduced:

ISC(α; f1, f2) =

f2∑

f=f1

|SC(α, f)| , (8)

where α is a modulation frequency bin. As a result, the one dimension function of modulation frequency is
obtained. The integrated map present values which are significantly higher than zero for a cyclostationary
signal and are related to the the well-known envelope spectrum.

3 Application

The proposed methodology is applied, tested and evaluated on a real data case. The processed signal has
been captured using an accelerometer positioned on a belt conveyor’s gearbox under operation. The gearbox
consists of a bevel stage and a spur stage. The machine is located in an underground copper mine. The
operational conditions are harsh and the signal is highly contaminated by external noise. The raw signal is
presented in Fig. 2. Its length is equal to 10 seconds while the sampling frequency is 17066 Hz and the
rotation frequency of the first shaft is equal to 16.5 Hz.

Figure 2: The raw vibration signal measured on a belt conveyor’s gearbox.

The machine under monitoring contains two different local gear faults, one mounted on the first shaft and
one on the second one. Their fault frequencies are equal to 16.5 Hz and 4.17 Hz respectively. Following the
methodology described above, it is expected that two separate clusters, one for each fault will be created. In
the first step, the Cyclic Spectral Coherence map is computed (Fig. 3). Analysing carefully the map, a cyclic
excitation can be observed at low carrier frequencies with a modulation frequency equal approximately to 4.1
Hz. Furthermore a wide range excitation can be identified for modulation frequencies around 16.5 Hz and
its multiples. Therefore, the SC contain the information about both local damages of the analyzed machine.
In order to automatically separate the information for both damages, the SC map could be clustered using
the EM method. In clustering methods, it is especially important to select a priori the appropriate number of
clusters. Therefore the Silhouette criterion has been used in order to determine the cluster number which is
selected equal to 5. The assigned clusters are presented in Fig. 3. Each cluster is marked with a specified
color. It can be observed that each local damage has been assigned to a different cluster. The clusters
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Figure 3: The Cyclic Spectral Coherence map (upper panel) and the assigned clusters from EM (bottom
panel).

contain only the components related to the local faults. In further analysis, only clusters no. 3 and no.
5 are considered as they contain information about the two local damages. Moreover the SC maps are
reconstructed based on the clusters and are presented separately. The map containing the information about
the damage on the second shaft (4.1 Hz) is presented in Fig. 4. It can be noted that the energy of the
reconstructed map is concentrated at a low carrier frequency band around to 1500 Hz. The SC map of the
cluster which contains diagnostic information for the damage related to the first shaft (16.5 Hz) is presented
in Fig. 5. In this case a wide band excitation can be identified. Finally the integrated maps for the clusters no
3 and no 5 are computed. In Fig. 6 the integrated SC for the cluster containing information about the damage
related to the second shaft is presented. The excitation of 4.1 Hz and its multiples are clearly observed. In
Fig. 7 the integrated map for the cluster no 5 is presented. In this case, the map contains information about
the damage of the first shaft. The excitation of 16.5 Hz and its multiples can be clearly identified. Therefore,
only the signal component related to the local damage of the gear mounted on the first shaft is present.

The presented results show that the SC map can be automatically clustered and information about several
different faults can be extracted and separated.

It is worth mentioning that the usage of the appropriate number of clusters is crucial. Each of the signal com-
ponents should be assigned to a different cluster. Indeed, in the analyzed signal two clusters are automatically
created containing the components related to two different local damages.
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Figure 4: The Cyclic Spectral Coherence map for the cluster containing information about the damage on
the second shaft.

Figure 5: The Spectral Coherence map of the cluster containing information about the damage on the first
shaft.
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Figure 6: The Integrated Spectral Coherence map of the cluster containing information about the damage on
the second shaft.

Figure 7: The Integrated Spectral Coherence map of the cluster containing information about the damage on
the first shaft.

4 Conclusions

In this paper the bi-frequency cyclostationary map has been considered. The well known Cyclic Spectral
Coherence has been computed in order to extract information about local damage on gears from a vibra-
tion signal. CSC has been proven as a powerful tool for condition monitoring of the rotating machinery.
However, it is often analyzed only visually and in case of signals with many different cyclic components its
interpretation can be challenging. Therefore in this paper an automatic method has been proposed applying
a clustering approach on the CSC map. The EM method, applied on the SC, has been used in order to cluster
the different subsignals. The proposed methodology was tested and evaluated on real vibration data capture
on a belt conveyor operating in a harsh environment in an underground copper mine. The analyzed belt
conveyor had two local gear faults (mounted on the first and the second shaft). Based on the results, it is
shown that the proposed method is able to automatically assign the information about separate local damages
to different clusters, facilitating the diagnostic procedure.
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Abstract 
In the Layer Method the damping matrix is written as a sum of several layers characterised by a semi-

definite positive elementary matrix. Each layer is modulated by an unknown damping coefficient and 

finally expanded to the system total dimensions, using a localisation matrix based on the system topology. 

The linear and nonlinear spatial damping distribution most close to the real dissipations can be identified 

directly from experimental FRFs combining the Stabilised Layer Method approach with the inverse 

receptance method. In this paper the Stabilised Layer Method is experimentally applied to a simple non-

classically viscous damping system and to a quite complex industrial example as a body in white chassis. 

Finally a nonlinear system with a localised magnetic eddy-current damping is numerically investigated. 

The nonlinear damping coefficients are identified from numerical nonlinear frequency response functions 

with additional random noise. 

Keywords: experimental identification, non proportional damping, describing function approximation, air 

dashpot, magnetic damping. 

1 Introduction 

Damping identification, localisation and quantification in mechanical system is still a challenging topic. A 

lot of different methods are available in literature [1, 2], among all the inverse receptance method [3, 4] 

seems to be the most performing for non-classical viscous damping matrix identification. This approach is 

one of the most promising methods for spatial damping identification directly from experimental 

frequency domain responses of the system. The application of the inverse receptance method for damping 

matrix identification implies a least square problem inversion and usually leads to unphysical results such 

as dampers acting between nodes not physically linked or locally unstable dampers. This problem can be 

solved by combining the above least square approach with the Stabilised Layer Method (SLM), presented 

in [5, 6]. SLM lets to impose topological constraints, known the system geometry, and stability constraint, 

when the system is known to be stable (as usual in passive systems). The inversion problem is therefore 

transformed in an optimisation problem to find out the vector of the unknowns damping coefficients, 

guaranteeing all the constraints. Possible applications of SLM for nonlinear damping identification are 

investigated. Nonlinear damping can be modeled with equivalent linear viscous damping [7], but the 

equivalent linear damping should be identified for each level of oscillation. Damping identification 

method is extended to nonlinear damping identification for system with a localised damping nonlinearity. 

The nonlinearity is replaced with its amplitude dependent describing function approximation [8]. All the 

coefficients of the nonlinear damping equation in frequency domain are identified by SLM using the 
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modal responses of the system at few different levels of constant displacements across the system 

nonlinearity. 

The robustness of the identified spatial damping distribution is checked through a stability diagram, 

introduced by the authors in [6], involving location and amount of spectral lines used in the identification 

process, to increase the robustness and correctness of the identification. 

The paper is organized as follow: in § 2 the inverse receptance method for damping matrices identification 

is presented in the general case of non-proportional damping: viscous, hysteretic and localised nonlinear 

damping. In § 3 the Stabilised Layer Method is explained and combined to the inverse receptance method 

for spatial damping identification. In § 4 the SLM is applied for the experimental identification of the non-

proportional viscous damping matrix of a simple test rig and in § 5 for the experimental identification of 

viscous and hysteretic damping in a body in white car chassis. In § 6 a numerical example of a nonlinear 

damped system is identified using the proposed method. Finally some conclusions are provided. 

2 Inverse receptance method for general damping identification 

The general equation of motion of multi degrees of freedom mechanical system with nonlinear amplitude 

dependent damping can be written as in Eq. (1): 

      i , t    C,nlM x C x K D x f x x f  (1) 

where M , C , K  and D are respectively the mass, non-proportional viscous damping, stiffness and non-

proportional hysteretic damping matrices,  ,C,nlf x x  is the amplitude dependent nonlinear damping force, 

 tf  is the vector of the external forces and x , x , x  are respectively the acceleration, velocity and 

displacement vectors. 

When the nonlinear force is localised on the structure, it acts on a single thd  DoF (absolute) or between 

two thd  and the  DoFs (relative), Eq. (1) can be simplified in: 

    ,i C nlf t    M x C x K D x g f  (2) 

where g  is a column null vector with a unitary entry in the thd  row in the case of absolute nonlinearity 

and also a negative unitary entry in the the  row in the case of relative nonlinearity. 

Eq. (2) can be written in frequency domain as: 

      2 T

,i i ,C nlF A           M C K D gg x F  (3) 

where  , ,C nlF A   is the constant amplitude describing function approximation of the nonlinear damping 

force. The location of only the nonlinear damping force has to be known. Since the nonlinear damping 

force  ,C,nlf x x  is a pure dissipative force, its describing function  , ,C nlF A   results in the form: 

    2

, 0 1 1 2 2, i t

C nl t tF A c z Ac z A c z A c       (4) 

where iz  are gain coefficients resulting from the describing function approximation, ic  are the unknown 

coefficients of the nonlinear damping force to be identified and t  is the order of the nonlinear damping 

force. Both iz  and t  depend on the type of nonlinear damping. 

The nonlinear dynamic stiffness matrix of the system at constant amplitude across the nonlinearity can be 

written as: 

      
1

2 T

0 1 1, iC t

t tA c z Ac z A c  


  
           

 
nl

D
H K M C gg  (5) 

and its imaginary part contains all the dissipation terms: 
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1

T

0 1 1,C t

t tA c z Ac z A c 


  
         

 
nl

D
H C gg . (6) 

Eq. (3) can also be written as: 

          1 T

,i i ,N

C nlF A              H x C D gg x F  (7) 

where  N H  is the real normal receptance matrix of the underlying undamped and linear system. 

Premultiplying Eq. (7) by  N H  yields: 

          fHGIX
N1

i


  (8) 

where  G  is the real transformation matrix 

       T

0 1 1, N t

t tA c z Ac z A c            
G H C D gg . (9) 

Comparing Eq. (3) and Eq. (7), the relationship between complex 
C

nlH  and normal receptance  N H  

matrices is given by: 

      i , ,N CA A       nlH I G H . (10) 

Since  G  has to eliminate the imaginary part in Eq. (10), it results: 

      
1

, ,, , ,C C

I RA A A  


    nl nlG H H  (11) 

where  ,

C C

R nl nlH H  and  ,

C C

I  nl nlH H . 

Finally  N H  can be obtained as: 

          
1

, ,I , ,I, , , , ,N C C C C

R RA A A A A    


    nl nl nl nlH H H H H . (12) 

The normal receptance  ,N A H  is also amplitude dependent, because it represents the equivalent linear 

and undamped system for each level of oscillation. All the damping coefficients can be estimate from 

Eq. (9) directly from experimental FRFs obtained at constant amplitude across nonlinearity: 
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C
GH H H H

D
GH H H H

gg

GH H H H
gg

 (13) 

where 1i i K    are selected spectral lines of the receptance matrix and 
T

0lin c C C gg  is the total 

viscous damping matrix. The zero order coefficient of the nonlinear dissipative describing function and 

the linear viscous coefficient acting in parallel to nonlinear dampers cannot be identified separately, but 

only the sum of the two coefficients together can be identified. Eq. (13) has 1t  solutions; to avoid the 

undetermination problem, the unknowns can be identified combining 1t   like-Eq. (13) systems, differing 

for the constant amplitude A  values. Calling A  the matrix on the l.h.s. in Eq. (13) and B  the known 

terms matrix in Eq. (13), the final problem can be written as: 

 T

1

T

lin

t

c

c

 
 
 
  
 
 
 
 

C

D

V gg Q

gg

, 

1

t

 
 


 
  

A

V

A

, 

1

t

 
 


 
  

B

Q

B

 (14) 
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where ,i iA B  with 1 1i t    are the matrix A  and B  when constant amplitude A  assumes the thi  

value. 

3 Stabilised Layer Method 

In the Stabilised Layer Method the damping matrices of a system are written as the sum of a finite number 

of element damping matrices jC  and jD , called “layers”: 

 
1

NL

lin j

j

C C , 
1

NL

j

j

D D  (15) 

where thj  is a generic layer and NL  is the number of layers. 

Each layer represents an elementary matrix expanded to the total system size, 

 jjel

T

jjj c TCTC , , 
,

T

j j j el j jdD T D T  (16) 

where , 0j jc d  , jT , jel ,C  and ,el jD  are respectively the damping coefficient value, the localisation 

matrix and the elementary matrices of the thj  viscous or hysteretic damping element. 

The elementary damping matrices can represent relative damping elements (
R

elC , 
R

elD ) or absolute 

damping elements (
A

elC , 
A

elD ): 

 
1 1

1 1

R R

el el

  
   

  
C D ,    1A A

el elC D  . (17) 

The elementary matrices are locally stable and symmetric; therefore also the global identified damping 

matrix will be globally stable and symmetric. 

The localisation matrices T  for an absolute and relative damper are defined as, 

    1
and ,1 1A A

j j mn
dof


 T 0 T , 

 

 

 2

,1 1
and

,2 1

R

j mR

j n R

j n

dof

dof






T
T 0

T
 (18) 

where mdof  and ndof  are the DoF index in which the damper acts. Only layers involving physically linked 

DoFs should be used in the identification choosing coherently the localisation matrices, because 

dissipations can occurs only between physically linked DoFs. 

Distinguishing the effects of absolute and relative dampers, the non-proportional viscous and hysteretic 

damping matrices may be written from Eq. (16) as 

 

, , , ,

1 1 1 1 1

, , , ,

1 1 1 1 1

p q

p q

N NNL NA NR
A T A A R T R R

lin j p p t el p t q q u el q u

j p t q u

N NNL NA NR
A T A A R T R R

j p p t el p t q q u el q u

j p t q u

c C c

d D d

    

    

  

  

  

  

C C T T T C T

D D T T T D T

 (19) 

where NA  and NR  are respectively the number of absolute and relative damping coefficients, pN  and qN  

are respectively the number of elementary absolute and relative dampers associated with damping 

coefficients pc  and qc , when it is know that more elements have the same damping coefficient. 

The nonlinear terms can be written as: 

 T

f fcC gg  with 1 f t  . (20) 

The vector of the unknown damping coefficients is defined as: 
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  1 2

T
T T T T

A R A R tc c cc c c d d  (21) 

where Ac , Rc , Ad  and Rd  are four column vectors containing respectively the absolute and relative 

viscous and hysteretic damper coefficients. Eqs. (19-20) become, 

 
 

, , , ,

1 1 1 1 1

22

, , , ,

1 1 1 2 1

p q

p q
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A T A A R T R R

lin j p p t el p t q q u el q u

j p t q NA u

N NNA NRNL NA NR
A T A A R T R R

j p p t el p t q q u el q u

j p NA NR t q NA NR u

c C c

c D c



     



       

  

  

    

    

C C T T T C T

D D T T T D T

 (22) 

 
 

T

2

A

f elNA NR f
c C

 
C gg  with 1 f t  . (23) 

Defining the absolute A

pP  and relative R

qP  patterns: 

 , ,

1

pN

A A T A A

p p t el p t

t

C


P T T ,    



qN

u

R

uq

R

el

TR

uq

R

q

1

,, TCTP  (24) 

and the pattern of the nonlinear term as 

 T

nl P gg  (25) 

then Eq. (8) may be re-arranged in the form: 
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 (26) 

  2f nl NA NR f
c

 
C P  with 1 f t   (27) 

or more compactly as 

 
 

 

1 1

1 2 2 1 2

T

lin NA NA NA NR

T

NA NR NA NR NA NR NA NR

c c c c

c c c c

 

    



 
 

C P I I I I

D P I I I I
 (28) 

with the obvious definition of matrix P . 

The stability of the elementary matrix are given from the condition 0jc  , the topological coherence of 

the damping matrix is ensured using layers involving only physically linked DoFs. The symmetry of the 

resulting damping matrix is guaranteed by the symmetry of the elementary matrices. 

Substituting Eq. (28) in Eq. (14) and using matrices properties, it results: 
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 Vc Q ,

1

2

n

 
 
 

  
 
 
  

VPZ

VPZ
V

VPZ

, 

1

2

n

 
 
 
 
 
 

QW

QW
Q

QW

 (29) 

where 

 diag A A

nl nl

t

 
 
  

P P P P P  (30) 

   , 1 , 1i i T n i t   Z 0 Z  with  1 2T NA NR t     (31) 

  , ,1 1i i i W 0 W  (32) 

The system can now be solved with a least square approach, guaranteeing the positive value of 0ic : 

  min 
c

Vc V , with 0c  (33) 

The identification is performed several times changing the number K  of spectral lines used in Eq. (13) 

and the range r  in which the spectral lines are equally spaced around each natural frequency. A robust 

identification should give the same results also changing slightly the number of used spectral lines: when 

this happens, the identification is defined to be stable. 

The stabilisation diagram can be developed for each element of the unknown vector, changing both the 

number of spectral lines K  and amplitude of the range r  around the system natural frequency where K  

spectral lines are spread: 

      
, ,

,

, 1 when 1 , 1 , 0,0
k r k j r i

f

k r

c c
k r i j i j

c


 
      S  (34) 

where iS  is a logical matrix related to the identified coefficient fc  with  1 2f NA NR t    . 

The identification is globally stable in the regions where the identification of all the coefficients is locally 

stable: 

 
 2

1

NA NR f

f

 



S S  (35) 

Usually a region of stable solution is identified; the identification result is the one with lower inversion 

error %E  among all the stable points: 

 
 

2

% 2
100

ii

i

i

E








Vc Q

Q

 (36) 
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4 Lumped system viscous damping experimental identification 

A lumped 3 DoFs viscous damped system shown in Fig. 1 is identified using the SLM. Two air dashpots 

damp the system vibrations: 
12D  is a relative damper between the first and the second DoFs, while 

3D  is 

an absolute damper acting on the third DoF. The reference viscous damping coefficients are: 

12 11.41 Ns/mc   and 3 13.39 Ns/mc  . 

 

Figure 1: Non-proportional viscous damping system 

The non-proportional viscous damping matrix of the system is a 3 by 3 matrix. It was identified using the 

SLM opportunely simplified to identify only the viscous damping matrix coefficients, therefore 

simplifying Eq. (14). The system is supposed linear, hence there is no necessity to control the oscillation 

amplitude and only viscous damping coefficients are identified. The simplified formulation becomes: 

 VC Q , 

 

 

1 1

N

N

K K

 

 

 
 

  
 
 

H

V

H

, 

 

 

1

k





 
 

  
 
 

G

Q

G

 (37) 

and the unknown vector: 

  
T

T T

A Rc c c  (38) 

Eq. (33) is used to identify the viscous damping matrix. 

Five physical dampers must be identified: three absolute dampers acting on each mass, called 1 2 3, ,c c c , 

and two relative dampers acting between two consecutive DoFs, called 12 23,c c . Thera are no directly links 

between the 1st and the 3rd DoFs, therefore the relative damper cannot be one of the damping matrix layers. 

The resulting identified viscous damping matrix is shown in Fig. 2 and the viscous damping coefficients 

values are listed in Table 1. The viscous damping coefficients identified for the dampers 3D  and 12D  are 

really close to the reference values, while as expected all the other viscous coefficients are close to zero. 

The viscous damping matrix is the identified result with the lowest inversion error (blue cross of Fig. 3 

left), corresponding to a point in the stable region, shown in Fig. 3 right. The global stabilisation, Fig. 3 

right, presents a stable green region, and the relative inversion error, Fig. 3 left, is quite low in the same 

region. More details on this example can be found in [6]. 
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Figure 2: Identified damping matrix 

Damper Value 

1c  -195 10  

2c  2.31  

3c  14.57  

12c  10.83  

23c  248 10  

Table 1: Identified damping coefficients 

  

Figure 3: Identification error (left) and stabilisation (right) maps 

5 Car chassis viscous and hysteretic matrix identification 

The dynamics of a body in white car chassis with front and rear suspensions system has been 

experimentally studied through impact test modal analysis in free-free conditions, Fig. 4. 

 

Figure 4: Body in white chassis test-rig 
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95 points, excited in 3 directions, are selected to have a good description of both mode shapes and 

structure geometry. The non-proportional viscous and hysteretic damping matrices of the system, reduced 

to 285 DoFs, were identified using Eq. 14 simplified to linear system with viscous and hysteretic dampers. 

  
 

 

C
V Q

D
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1 1 1

N N

N N

K K K

  

  

 
 

  
 
 

H H

V

H H

, 

 

 

1

K





 
 

  
 
 

G

Q

G

 (39) 

The unknowns vector becomes: 

  
T

T T T T

A R A Rc c c d d  (40) 

Eq. (33) is used to identify the viscous and hysteretic coefficients. The topology of the system requires 

1818 relative patterns to be identified, corresponding to all the physical links between the tested points in 

all the possible directions ( , ,c , , ,xx xy xz yy yz zzc c c c c ) and 285 absolute dampers in the three directions to 

identify localised damping sources at each tested point. Due to computational cost the identification is 

performed directly in a point inside the stable region, estimated as explained in [6]. 

The identified matrices in all the directions are shown in Fig. 5. Some patterns are clearly visible: shock 

absorbers and tyres damping in vertical direction, seals between glass and structure, the viscoelastic 

material covering almost all the floor of the chassis and glass dissipation in the sunroof. The identified 

viscous damping coefficient of the front shock absorbers is compared with the reference values from 

datasheet (see Fig. 6). The identified values results to be the linearisation of the nonlinear characteristic of 

the front shock absorber viscous coefficient value. More details on this work can be found in [5]. 

 

Figure 5: Body in white car chassis identified viscous damping matrix (left) and hysteretic matrix (right) 

 

Figure 6: Identified front shock absorber viscous damping coefficient 
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6 Magnetic damping numerical identification 

A five DoFs system with linear non-proportional viscous damping and nonlinear magnetic damping acting 

between the 4th and 5th DoFs is numerically studied. The magnetic damping represents two aluminium 

DoFs oscillating in the air gap between two permanent magnets. The dissipation force is due to the eddy 

currents induced by the magnetic field in the aluminium material; it is proportional to the frequency and 

presents elastic and dissipative components. The dissipative component of the force is amplitude 

dependent and can be written as a second order polynomial: 

  
4,5

2

, 0 1 2c nlf c c z c z z   , 
4 5z x x   (41) 

The system equation of motion becomes: 

  
4,5,c nlf t   M x C x K x g f  (42) 

and in frequency domain: 

        
4,5

2

, , T

c nlF A      
 

K M g g X f  (43) 

where  
4,5, ,c nlF A  is the describing function of the nonlinear damping force of Eq. (41): 

    
4,5

2

, 0 1 1 2 2 1 2

4 1
, i , ,

3 4
c nlF A c c z A c z A z z 


     , (44) 

where A  is the relative oscillation amplitude between 4th and 5th DoFs. 

The nonlinear FRFs with constant amplitude A  are necessary to apply the identification method presented 

in § 2. The nonlinear receptance matrix  ,nl AH  can be numerically computed using the Sherman–

Morrison formula [9, 10] from the linear receptance matrix  H : 
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, 4 5 4 5

, 4 5 4 5

,
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T

c nl

nl T

c nl

F s
A

F


 



 
 

  

H e e e e H
H H

e e H e e
 (45) 

where 4e  and 5e  are respectively the 4th and 5th column of the dimension 5 identity matrix. 

The order of the nonlinear damping describing function is 2t  , therefore three nonlinear FRFs with 

different levels of the constant amplitude A  are necessary. 

The identification can be performed by simplifying Eq. (13) to remove the hysteretic damping component: 
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GH H H
C

GH H H
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GH H H

 (46) 

The nonlinear numerical FRFs  ,nl AH  are contaminated with a random noise of 10% of the 

amplitude, to check the identification method robustness against the noise effects. 

The system matrices are: 
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  2 2 7 3

0 1 2

2 6 5

10 1 2 3 4 5 kg, 1 Ns/m, 100 Ns/m , 2 10 Ns/m

15 5 1

5 18 3 0.5 0.5

10 N/m 10 4 10 Ns/m3 21 8 0.5 0.5

8 23 5 0

5 15 0

diag c c c

 

    

   
   
  
   
         
   

    
      

M

K C M K

(47) 

The nonlinear FRFs at constant amplitude across the nonlinearity, with an additional Gaussian random 

noise, are shown in Fig. 7. It is worth noting that the FRFs are not perfectly symmetric due to the added 

noise. 

 

Figure 7:  ,nl AH  matrix for 3 different excitation amplitudes 

The system response in Fig. 7 is visibly nonlinear, in particular the second mode shape pick is affected by 

the damping nonlinearity. The results of the identification of linear viscous damping matrix and nonlinear 

coefficients are shown in Fig. 8 and in Table 2. 
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Figure 8: Identified linear and nonlinear damping matrix 

The identification results are quite close to the systems parameters, except for 1c , because its influence is 

much lower with respect to the linear and quadratic terms. The stabilisation diagram of the nonlinear 

coefficients and the global stabilisation diagram together with the error map are shown in Fig. 9. The 

numerical test provides an interesting result for the nonlinear damping identification issue. 

   

Figure 9: Error map (left) and stabilisation diagram (right) of the magnetic damped system. 

Damper Reference Identified 

,1lc  1.04  1.045  

,2lc  0.04  0.064  

,3lc  0.04  0.045  

,4lc  0.04  0.074  

,5lc  0.04  0.118  

,12lc  0.012  0.02  

,23lc  0.52  0.519  

,34lc  0.032  0.048  

,45 0lc c  1.02  0.999  

1c  100  361  

2c  72 10  71.97 10  

Table 2: Identified linear and nonlinear viscous damping coefficients 
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7 Conclusion 

Linear and nonlinear spatial damping identification through the Stabilised Layer Method is presented in 

the paper. The non-classical damping matrices (viscous, hysteretic and nonlinear damping) can be 

identified directly from common frequency domain responses of the system. Only the system topology 

and its dynamics response are necessary to identify the dissipation matrices of a linear system. Since the 

system is linear there is no need of controlling the response amplitude of the system and therefore it can be 

obtained with classical hammer test. When localised nonlinearity should be identified, also the location of 

the nonlinearity has to be known and the system response can be obtained with shaker test, controlling the 

oscillation amplitude across the nonlinearity. A stabilisation diagram is obtained for each linear and 

nonlinear identified damping coefficient to ensure a stable spatial damping identification. The SLM was 

applied experimentally to a simple three DoFs lumped system in order to validate the approach and to a 

quite complex system as a body in white car chassis. In both the examples the spatial identification is quite 

close to the expected results. The identification of a magnetic damping nonlinearity is then performed on a 

numerical system. The method seems to be quite robust in the linear and nonlinear damping identification 

also when the data are affected by noise. The future developments of the work are the application of the 

SLM for the experimental identification of an amplitude dependent nonlinear damping force and the 

extension to the identification of systems with multiple nonlinear forces. 
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Abstract 
In the design of lightweight structures, the construction of damping still is an unused design freedom. 
While material inherent damping of aluminum or composite materials is generally low, the internal 
damping of elastomers is significant. The basic concept of including local elastomer dampers into 
aluminum or composite components of aeronautic structures is addressed with the objective to increase the 
damping of specific vibration modes. The modelling from 1D rheological models of visco-elastic material 
up to 2D and 3D modelling using finite elements is addressed. Using the finite element method, a global 
damping matrix can be generated which enables forecasts of modal damping levels. A parameter study on 
a simple dynamic oscillator has been performed to better understand the influence of the parameters of 
visco-elastic material models. The experience gained on simple oscillators has been transferred towards 
damping design of a simple aluminum structure subjected to forced harmonic vibrations. 

1 Introduction 

Lightweight design is mandatory in the construction of aeronautic structures. As a consequence, such 
structures are prone to vibration. While sophisticated mathematical models are generated for the 
representation of structural stiffness and mass distribution, the modelling of damping is still very basic and 
mostly pursued in terms of modal damping with rough estimates of damping ratios. 

In general, damping can be attributed to distributed material damping or to local damping at joints. Since 
metallic materials or composites used in the design of aeronautic structures have little internal material 
damping, the overall damping ratios of such structures are rather low. Therefore, the design of damping 
e.g. by introduction of local dampers is considered as an objective, because it is a design degree of 
freedom that is currently not used. The design of damping e.g. for an aircraft fuselage or even for aircraft 
wings would be beneficial for the reduction of overall vibration levels and will lead to longer fatigue life 
and improved cabin comfort in terms of acoustics and vibrations. For example, local dampers on specific 
fuselage frames or fuselage stringers can help to dissipate vibration energy for the reduction of cabin 
interior noise levels. This is an attractive concept in particular in the vibro-acoustic domain e.g. when 
stationary excitation from turbulent boundary layer is considered in cruise flight or steady engine induced 
vibrations in the climb phase. In case of transient events, such as gust encounter or landing impact, rapid 
decay of vibrations achieved with proper placement of dampers would help to passively alleviate dynamic 
loads. Many more examples from aeronautics could be named where increase of damping is beneficial. 

Since the material damping is rather low and the damping at joints of metallic components is related to 
strong non-linear friction effects influenced by lubrication and wear, another source of damping is 
discussed in this paper: the visco-elastic material properties of elastomers. First, the material behavior is 
reviewed in the time- and in the frequency-domain leading to the definition of the relaxation function and 
the complex shear modulus. Afterwards, a 3D material law is formulated which allows the generation of 
frequency-dependent element stiffness- and damping matrices of 1D, 2D, and 3D solid elements. The 
inclusion of local elastomer dampers based on Free-Layer-Damping and Constrained-Layer-Damping is 
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discussed. They contribute to the overall damping when shear deformation is activated. The challenges in 
the damping design based on supplemental elastomer dampers and the difficulties in the dynamic response 
simulation of assembled structures with local elastomer dampers will be addressed in the paper. 

2 Theoretical background of visco-elastic material modelling 

In this section, different idealized material properties are discussed. Afterwards, the specific visco-elastic 
properties are reviewed in more detail together with appropriate equivalent rheological models. 

2.1 Hooke’s law for linear elasticity 

Linear elastic material deforms under external loads. After removing the load, the deformation will 
disappear and the material will return to its original geometric shape. When scaling the load by a certain 
factor, the deformation will appear with the same scale. When small strains and small stresses are 
considered, a linear-elastic material law can be formulated in matrix-vector-notation for a three-
dimensional (3D) body relating all elements of the generalized 3D strain tensor with the corresponding 
elements of the 3D stress tensor [1]: 

     E   (1) 

This is referred to as Hooke’s law for linear elasticity. When furthermore isotropic materials are 
addressed, e.g. metallic materials like steel and aluminum or elastomers like rubber, the number of 
independent parameters in the material law reduces significantly [1]: 
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 (2) 

The Young’s modulus E relates the 1D stress with 1D strain. The Poisson’s ratio ν is the ratio of 
transverse strain to longitudinal strain in the direction of loading in a 1D load case. The shear modulus G 
relates the shear stresses τ with the shear strains γ as follows [1]: 
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 (3) 

2.2 Viscosity of Newtonian fluids 

Pure viscous material behavior can only be attributed to fluids. Viscosity is the resistance of a fluid against 
shear deformation [2]. When a fluid is subjected to a relative transverse motion in the gap between two 
surfaces of solid material as sketched in Figure 1, a shear stress will be induced in the fluid. Integration 
over the surface exposed to the fluid will resistance force proportional to the relative (shear) velocity. In 
case of a linear relation between shear velocity and shear stress, the fluid is referred to as a Newtonian 
fluid. The factor μ relating the shear stress with the relative shear velocity is the dynamic viscosity of the 
fluid.  
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Figure 1: Shear deformation of a fluid 

2.3 Linear visco-elasticity 

Visco-elasticity is a combination of linear elasticity of solids and viscosity of fluids, [2]. It thus appears in 
materials that feature both properties at the same time. The essential difference to linear elasticity is that 
response of visco-elastic material to a given loading is time-dependent, see Figure 2. 

 

Figure 2: Time-dependent shear stress response of visco-elastic materials to step shear strain input 

This requires time-dependent material parameters, or respectively, a time-dependent material law. The 
essential time-dependent function G(t) is referred to as relaxation function : 

 0( ) ( )t G t   (5) 

The sketch of Figure 2 refers to a step function for the prescribed shear strain and the corresponding 
exponential decay of the shear stress with time. 

 

Figure 3: Arbitrary time-history of prescribed shear strain decomposed  
into a sequence of step functions according to [3] 

In general, the time-history of the prescribed shear strain γ(t) can be arbitrary. Nonetheless, arbitrary time 
histories of the prescribed shear strain can be decomposed into a sequence of steps as shown in Figure 3.  

The increment in shear strain dγ to the total shear strain γ at the time t of a particular step is: 

 ( ) ( )d t d t dt    (6) 

Consequently, when taking into account the time-dependence of the material law, the increment dτ in the 
shear stress is [3]: 

DAMPING 1007



  ( ) ( )d t G t t d t dt      (7) 

Summation of an infinite number of steps in the approximation of the γ(t) will finally lead to the following 
convolution integral [3]: 

  ( ) ( )
t

t G t t d t dt 


      (8) 

As can be seen, the constitutive equation for linear visco-elastic material is rather complicated in the time-
domain and will not lead to the desired global viscous damping model for damped multi-degree of 
freedom systems. 

The time-dependent reduction of the stress as output to prescribed strain as input is referred to as 
relaxation. This is caused by internal viscous effects in the material, e.g. friction between the 
macromolecules. For completeness, the relation between prescribed stress as input and strain as output is 
referred to creep. These equations are not developed here and will not be used later on. 

When harmonic motion is considered, e.g. in the circular frequency of excitation Ω, the equations for 
linear visco-elastic behavior can be simplified considerably. 

    ˆ ˆ ˆ ˆ( ) , ( ) ,linearj t j t
re im re imsystem

t e j t e j                  (9) 

 ˆ ˆˆ ( )G j    (10) 

When using complex notation for harmonic strain and harmonic stress, a frequency-dependent complex 
shear modulus can be derived: 

 ˆ ( ) ( ) ( )G j G jG       (11) 

Its real part G’(Ω) is called the storage modulus and its imaginary part G”(Ω) is the loss modulus. The 
ratio of storage and loss modulus is the so-called loss factor η: 

 
( )

( )
( )

G

G


 
 

 
 (12) 

It should be noted that all material parameters are frequency-dependent and also temperature-dependent. 
The dependence on temperature is however neglected in the following and constant temperature is 
assumed. 

For the development of a material law, an equivalent rheological model is required. Combinations of 
springs and Maxwell elements (i.e. an elastic spring and a viscous damper arranged in series) can be used 
to approximate the observed time-dependent behavior of visco-elastic material. In a so-called Prony-
Series, a number of Maxwell elements are arranged in parallel with an elastic spring to approximate the 
material behavior, see Figure 4. 

 

Figure 4: Setup of a Prony-Series (a) and typical time-dependent behavior (b) [4] 

Each Maxwell element has a spring stiffness Gi and a damper constant μi. The damper constant and the 
spring stiffness of the Maxwell element are related with its relaxation time constant τrel,i [3]: 
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With the Prony-Series as an equivalent rheological model at hand, the time dependent shear modulus in 
equation (5) can now be revisited [4]: 
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   (14) 

In this equation, the stiffnesses (or storage moduli) Gi of the different Maxwell elements can be expressed 
as a fraction of the modulus G0 [5]: 
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  (15) 

It should be noted that G∞ characterizes the storage modulus of the material for infinitely slow 
deformation, i.e. the static storage modulus at frequency of 0 Hz. At the same time, G0 characterizes the 
storage modulus of the material for infinitely fast deformation, i.e. the storage modulus at infinite 
excitation frequency. The αi are referred to as relative moduli for which the following relations exist [6]: 

 0 0
1 1

, 1 ,
n n

i i
i i

G G G G G     
 

       (16) 

When assuming harmonic stress and harmonic strain, the Prony-Series can be transformed into the 
frequency-domain so that the storage and loss modulus of the visco-elastic material can be determined [5]: 
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The typical evolution of storage modulus, loss modulus and loss factor with frequency is shown in 
Figure 5. Here, a Prony-Series consisting of an elastic spring G∞ and a single Maxwell element with the 
modulus G1=α1G0 and the relaxation time constant τrel,1=μ1/G1 has been used. It can be observed that the 
storage modulus starts at G∞ and increases with frequency and finally converges towards G0, which is the 
sum of all spring stiffnesses. The loss modulus starts at zero, increases significantly and reaches a 
maximum. Afterwards it decreases and seems to converge towards a lower value. The loss factor 
evolution with frequency is similar. However, the maximum of the loss factor is not at the same frequency 
than the loss modulus. This is caused by the frequency dependence of both, storage and loss modulus. 

 

Figure 5: Typical variation of complex modulus and loss factor of an elastomer with frequency 
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The frequency dependent material behavior has been developed for the complex shear modulus. The same 
relations can also be derived for the complex Young’s modulus for elongation of the material. When 
considering elastomers with visco-elastic behavior, it is justified to assume isotropy. In this case, the 
simple and well-known relation between shear modulus G and Young’s modulus E as stated in equation 
(3) can be applied. It should be noted that elastomers can be considered as incompressible fluid, so that the 
Poisson ratio is close to 0.5: 

  2 1 , 0.499
2(1 )

E
G E G  


    


 (19) 

    ( ) 2 ( ) 1 , ( ) 2 ( ) 1E G E G               (20) 

Using these relations, an extension to Hooke’s law, see equations (1) and (2), can be derived for the 
generic 3D state for stress and strain. A frequency dependent material law is obtained with real part (i.e. 
matrix of storage modulus) and imaginary part (i.e. matrix of loss modulus): 

        ˆˆ ( ) ( )E j E       (21) 

2.4 Implementation of visco-elasticity into the finite element method 

The availability of the 3D material law for visco-elastic materials has been derived in the previous section. 
It is a prerequisite for the modelling of local damping from visco-elastic materials using the Finite 
Element (FE) method. The FE method utilizes spatial discretization of continuous displacements fields. A 
continuous structure is virtually disassembled into a finite number of elements. Within each element, the 
continuous displacements u, v, w in x-, y- and z-direction are approximated by shape functions hi(x,y,z) and 
nodal point displacements Ui, Vi, Wi. for i = 1,..,N with N being the number of nodes of the element [1], 
[7]: 
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    ( , , ) ( , , )
T

g g gu x y z h x y z U     (26) 

Inserting this approximation into the kinematic relation between displacements and strains yields [1], [7]: 

         ( , , ) ( , , ) ( , , )
T

g g gx y z u x y z h x y z U         (27) 
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Finally, the equivalence of the virtual work of external loads with the virtual work of internal stress and 
strain yields an analytical expression for the stiffness matrix of a finite element: 

          
TT T

e g g

V

K h E h dV          (29) 

Now, the frequency-dependent 3D visco-elastic material law can be inserted in this equation. The real part 
of the material law (i.e. matrix of storage modulus) will lead to a frequency dependent element stiffness 
matrix. The imaginary part of the material law (i.e. matrix of loss modulus) will lead to a frequency 
dependent element damping matrix. 

          ( ) ( )
TT T

e g g

V

K h E h dV            (30) 

            ( ) ( ) ( ) ( )
TT T

e g g e

V

j D j h E h dV j K               (31) 

As can be seen, the damping of visco-elastic material in case of harmonic excitation leads to a structural 
damping matrix (i.e. a hysteretic damping matrix) instead of a viscous damping matrix. The essential 
difference to classical structural damping is the frequency-dependence of the loss factor and the 
frequency-dependence of the stiffness matrix 

As with other element stiffness matrices, they must be assembled to a global stiffness matrix. This is 
typically done with Boolean matrices relating the global degrees of freedom of the overall system with the 
local element degrees of freedom. Summation over all elements yields the global stiffness matrix. This 
approach can be applied here for the frequency dependent stiffness and damping matrices from elements 
with visco-elastic material as well: 

     e e globalU T U  (32) 

       ( ) ( )
T

e e e
e

K T K T    (33) 

       ( ) ( )
T

e e e
e

j D j T D T    (34) 

Finally, the equation of motion can be formulated only for harmonic excitation, or respectively, in the 
frequency domain. 

          2 ˆˆ( ) ( )M j D K u f       (35) 

For each frequency of excitation, the system is linear. However, due to the material being frequency 
dependent, the global stiffness and damping matrix must be evaluated for each frequency of interest. It 
should be noted however, that significant benefit can be obtained from the isotropic material. In fact, the 
frequency dependence can be factored out as a frequency-dependent scalar multiplier in the 3D material 
law. To this end, also the frequency dependence can be factored out in the same way for the element 
stiffness and damping matrices, and finally, also for the global stiffness and damping matrix. It would be 
possible to evaluate the global stiffness and damping matrix for one specific frequency. In this case, the 
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relative size of all elements in this matrix is correct. Just a global scaling by a frequency-dependent factor 
is required. However, the stiffness matrix must be scaled with a different frequency dependent multiplier 
than the damping matrix, because the storage modulus has a different frequency-dependent behavior than 
the loss modulus. 

When an overall assembled system is considered which has some components from standard linear elastic 
material and some other components from frequency-dependent visco-elastic material, the frequency-
dependent scaling must be applied only to a subpart of the stiffness matrix. It is therefore good practice to 
separate the linear-elastic part in the model from the visco-elastic part: 

            ( ) ( ) , ( ) ( )el vis el visK K K D D D         (36) 

3 Parameter study for linear visco-elastic materials 

The modelling of frequency-dependent stiffness and (hysteretic) damping has been discussed in the 
previous section. In this section, a basic oscillator is modelled with visco-elastic material to investigate its 
response characteristics from harmonic excitation. The sensitivities of the parameters of the Prony-Series 
used to model the visco-elastic material law are investigated for their impact on frequency response 
curves. 

3.1 Parameter study for one-dimensional state of stress 

In this study, the influence of the parameters of a Prony-Series on the dynamic response characteristic of a 
simple mechanical oscillator shall be investigated. To this end, the example is kept rather simple, i.e. a 
simple rod clamped at one end and excited harmonically at the other end, see Figure 6. The visco-elastic 
material is represented by a Prony-Series with one spring and one Maxwell element in parallel. The 
parameters of the Prony-Series, the material parameters and geometric parameters of the example are 
given in Table 1. They do not refer to real existing material, but are modified from existing material. 

 

Figure 6: 1D rod with visco-elastic material properties 

Table 1: Parameters of the 1D simulation example 

Parameter E0 [N/m2] α [-] τrel [s] l [m] A [m2] ρ [kg/m3] 

Value 4·105 0.1 0.1 1.0 0.0625 1100 

 

The Young’s modulus in the equation for the stiffness of the rod is now replaced by the frequency 
dependent complex modulus leading to frequency dependent element stiffness and frequency-dependent 
hysteretic damping: 

 
( ) ( )

( ) , ( ) ( ) ( )visco elastic

material

EA E A E A
k k d k

l l l
   

          (37) 
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Due to the frequency dependence of stiffness and damping properties, eigenvalue analysis is no longer 
possible. However, the frequency response can be obtained in the direct way from inversion of the 
dynamic stiffness matrix: 

  2

2

1ˆ ˆˆ ˆ( ) ( )
( ) ( )

m jd k u f u f
m jd k

       
    

 (38) 

The frequency response analysis has now been conducted under variation of the parameters of the Prony-
Series, i.e. variation of E0, the relaxation time constant τrel and the relative modulus α around their nominal 
values as given in Table 1. The effect of variation of E0 on storage modulus and loss modulus can be 
found in the left diagram of Figure 7, whereas in the right diagram, the effect of E0 on the frequency 
response of the rod is shown.  

     

Figure 7: Influence of E0 on storage modulus �′ and loss modulus �′′ (left) and 
influence of E0 on magnitude displacement response and phase response (right) 

The effect of variation of the relaxation time τrel on storage modulus and loss modulus can be found in the 
left diagram of Figure 8, whereas in the right diagram, the effect of the relaxation time τrel on the 
frequency response of the rod is shown. 

     

Figure 8: Influence of relaxation time τrel on storage modulus �′ and loss modulus �′′ (left) and 
influence of relaxation time τrel on magnitude displacement response and phase response (right) 

Finally, the effect of variation of the relative modulus α on storage modulus and loss modulus can be 
found in the left diagram of Figure 9, whereas in the right diagram, the effect of the relative modulus α on 
the frequency response of the rod is shown. 
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Figure 9: Influence of relative modulus α storage modulus �′ and loss modulus �′′ (left) and 
influence of relative modulus α on magnitude displacement response and phase response (right) 

Next to the sensitivity of the parameters of the Prony-Series, also the sensitivities of the geometrical 
parameters of the oscillator have been investigated. The following relevant results quantities were 
considered for the sensitivity study: the storage modulus E′, the maximum of the loss modulus ����

�� , the 

frequency ����
���  under which the ����

�� 	occurs, the maximum value of the loss factor ����, the maximum 

amplitude |��|��� of the displacement response, the frequency ����
|��|  under which the maximum response 

occurs, and the modal viscous damping ratio D. The results of the sensitivity study are summarized in 
Table 2. An upwards pointing arrow means results quantity increases with increasing parameter. A 
downward pointing arrow means results quantity decreases with increasing parameter. The equal sign 
means no change. Finally, ‘case dep.’ means that the observation is dependent on the case considered and 
cannot be generalized. 

Table 2: Influence of Prony-Series parameters and geometrical parameters  
on characteristic features of the 1D oscillator 

Parameter E′ ����
��  ����

���  ���� ����
�

 |��|��� ����
|��|  D 

�� ↑ ↑ = = = ↓ ↑ = 

α ↓ ↑ = ↑ ↓ ↓ ↓ ↑ 

τ ↑ = ↓ = ↓ case dep. ↑ case dep. 

l = = = = = case dep. ↓ case dep. 

A = = = = =  = = 

 

3.2 Parameter study for two-dimensional state of stress 

In a two dimensional study, the 1D rod has been exchanged by a 2D membrane element whose cross 
sectional properties are equivalent to those of the rod. Also the boundary conditions and loading 
conditions were retained. This example served to investigate the influence of the Poisson’s ratio ν on the 
dynamic characteristics of the mechanical oscillator. Since there is little influence on the Poisson’s ratio in 
the development of elastomeric materials, the results of this study are somehow academic and are not 
presented here. 
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Figure 10: 2D membrane element with visco-elastic material properties 

4 Parameter optimization for visco-elastic materials 

It has been discovered during the literature research that material properties of elastomers are not available 
as for example those of metallic materials like different alloys of steel or aluminum. The reason is that an 
almost unlimited number of different mixtures and vulcanisates exist for a given polymer type. This has 
posed problems in the mathematical modelling of the visco-elastic material. In fact, this is the main reason 
why artificial material parameters from a modification of real existing elastomers had to be used. 

Nonetheless, this opens up the possibility for material parameter optimization, because in case of the 
development of technical elastomers for specific applications, the material parameters like storage 
modulus, loss modulus, shore hardness, glass transition temperature, etc. can be influenced and adapted to 
a large extent - much more than e.g. the Young’s modulus for steel or aluminum. Based on this, the idea of 
optimizing the Prony-Series parameters for a given technical application has been considered feasible. 

The basic equations of finite element model updating can be applied here. A residual r must be defined 
between the desired dynamic properties atarget of an oscillator and the current dynamic properties a(p) 
obtained with the current set of material parameters: 

      ( ) ( )targetr p a a p   (39) 

The objective of the parameter optimization is the minimization of the following objective function: 

    ( ) ( ) min
T

J r p r p   (40) 

A Taylor-Series approximation is introduced to linearize the non-linear relation between the current 
dynamic properties and the material parameters: 

                0 0 0( ) ( )a p a p S p p a S p       (41) 

The sensitivity matrix [S] contains the partial derivatives of the dynamic properties ai used as output 
features with respect to the parameters pj of the Prony-Series. For example, the output features ai can be 

the viscous damping ratio D of the oscillator and the frequency ����
�

 under which the maximum of the 
loss factor occurs. On the other hand, the parameters of the Prony-Series can be the relaxation time τrel and 
relative modulus α: 

    

1 1

max
1

max
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i i
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a a
D fp p

S S
D fa a
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 (42) 

Inserting this linearization into the residual and into the minimization problem finally leads to the 
following linear equation, from which an incremental change of the material parameters can be deduced: 
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1

0 0

T T
p S S S a S a

 
    (43) 

Due to the linearization of the non-linear parameter dependence, the parameter changes are only 
incremental and the determination of parameter changes must be performed iteratively until convergence 
is achieved. 

Starting from given set of parameters of a Prony-Series, it is now possible to formulate target values for 

viscous damping ratio D and frequency of the loss factor maximum ����
�

 for a given application. The 
elements of the sensitivity matrix must be determined from finite differences in this case.  

 

Figure 11: Objective function and path of iterative parameter optimization for  
Prony-Series parameters viscous damping ratio and relaxation time 

It can be stated, that for a given application and for given initial values of a Prony-Series for a visco-
elastic material, optimized parameters can be obtained from model updating by providing target values for 
dynamic response characteristics. This is shown in Figure 11, where the objective function is plotted over 
the two Prony-Series parameters relaxation time τrel and relative modulus α. These optimized Prony-Series 
parameters can now be provided for the development of an optimized elastomer vulcanisate. 

5 Design of supplemental dampers based on visco-elastic materials 

The experience gained from the parameter studies of chapter 3 shall be now applied to design the damping 
of a given dynamic structure. One of the targeted applications is to increase damping of aircraft fuselage 
structures to reduce cabin noise levels through distributed energy dissipation by visco-elastic dampers. All 
tools required to implement visco-elastic dampers in a finite element model were presented above in 
chapter 2. 

5.1 Free-Layer-Damping 

The example considered here is a cantilever beam made from aluminum. A beam is selected here, because 
the fuselage frames to be supplemented by local dampers are ring-shaped bending beams made from 
aluminum. 

The setup is sketched in Figure 12. The beam is clamped at one end and a harmonic excitation force is 
introduced in vertical direction at the unconstrained beam tip. The aluminum material properties are listed 
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in Table 3. It should be noted that it also contains a structural damping coefficient. An additional damping 
layer is added onto the upper flange of the I-shaped cross section of the cantilever beam. This corresponds 
to the concept of Free-Layer-Damping (FLD). Butyl rubber has been identified as damping material and 
the frequency-dependent behavior is modelled by a Prony-Series with 10 parameters. The finite element 
software used is ANSYS Workbench. The resulting evolution of storage modulus and loss modulus of this 
material is shown in Figure 13. It must be noted, however, that these material properties are not from an 
existing material, but instead, they have been created from some other material because the required 
Prony-Series parameters for the targeted butyl rubber vulcanisate were not available when the numerical 
study has been conducted. 

 

Figure 12: Geometry of the cantilever beam example 

Table 3: Aluminum material properties used for the cantilever beam example 

Material ρ [kg/m3] E [N/m2] ν η 

Aluminum 2700 7.1·1010 0.3 0.005 

 

 

Figure 13: Storage modulus and loss factor of the butyl rubber as a function excitation frequency 

Of course, the FLD concept has been verified for an additional layer of butyl rubber all along the beam 
and parameters like thickness of the layer have been varied. However, in order to keep the amount of 
additional material and the weight penalty at a minimum, the volume of supplemental damping material 
shall not exceed 5% of the volume of the original metallic structure. This corresponds roughly to 2.5% 
increase in the weight of the overall structure due to the supplemental elastomer damper. 

This can be achieved by applying the damper not as a full layer, but instead as short segment placed onto 
the upper flange of the I-shaped beam. The placement of the segment along the beam largely influences 
the modal damping that can be achieved. In the FLD concept, the damping layer should be placed where 
the strain is significant. In Figure 14, the equivalent strain distribution is plotted for the 3rd mode and 5 
different locations zi, i=1,…,5, for the placement of the FLD damper segment are indicated. 
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For the evaluation of the effectiveness of the supplemental FLD damper segment, the parameter βD is 
introduced. It represents the ratio of the relative difference in the viscous damping ratio ΔD and the added 
elastomer material volume ΔV (in percent): 

 D

D

V






 (44) 

 

Figure 14: 3rd bending mode of the I-shaped beam and 5 locations for the application of damper segments 

Based on this effectiveness parameter βD, the results shown in the bar chart of Figure 15 have been 
obtained. 

 

Figure 15: Effectiveness of supplemental FLD damper segment 
for different modes and different damper positions 

It can be observed that the different modes can be damped with different effectiveness. This has basically 
two different reasons. 

The first reason can be found in the location of the damper. In case of FLD, it should be placed at a 
position with significant strain. This explains why mode 1 can be damped most effectively when the 
damper is located at the clamping position z1 and no damping can be achieved when located at the 
unconstrained beam tip z5. The same applies to z1 and z5 for the second and the third mode. Best damping 
effectiveness can be achieved for mode 2 and 3 when the damper element is located at an antinode, or 
respectively, a local deflection maximum, e.g. z4 in case of mode 3 and z3 in case of mode 2. 

The second reason for the different damping effectiveness can be found in the frequency dependence of 
the loss modulus and the storage modulus. In Figure 13, the variation of storage modulus and loss factor is 
shown for the butyl rubber used here. It can be seen in the lower diagram that the loss factor is higher for 
mode 1 than for mode 2 and the loss factor for mode 2 is higher than the one for mode 3. More important 
is, however, the strong linear increase in the storage modulus. When taking into account that the loss 
modulus is the product of loss factor and storage modulus, see equation (12), it is clear that the loss 
modulus also increases and is highest for mode 3 but almost a factor of 10 lower for mode 1. 

As indicated in Figure 15, the concept of FLD yields an increase of the damping ratio of the aluminum 
beam. The beam material was simulated with a structural damping coefficient of 0.005, see Table 3. This 
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corresponds to an equivalent viscous damping ratio of 0.25%, i.e. a weakly damped system. The additional 
5% (in volume) of elastomer can increase the damping of the aluminum beam by +172%, i.e. up to 0.43% 
damping ratio. This is still weakly damped. However, the material properties used are not from a realistic 
material. There is more potential of elastomer dampers e.g. when a specific damping material is designed 
for a specific application (i.e. defined in terms of frequency range, operating temperature, desired loss 
modulus, etc.).  

5.2 Constrained-Layer-Damping 

In the Constained-Layer-Damping concept, the damping can be introduced by a layer of visco-elastic 
material which undergoes shear deformation. In particular, the shear rate of this material shall be much 
higher than those of the material of the original structure for which damping shall be designed. Based on 
preliminary simulations, it can be anticipated that the Constraint Layer Damping concept is much more 
effective when applied to the aluminum beam example of chapter 5.1. It is based on the idea, that the 
damper segment can be activated significantly by an auxiliary mechanism. The concept studied is 
sketched in Figure 16. Unfortunately, the results from simulations with Prony-Series parameters were not 
complete at the time of compilation of this paper, so that this chapter is more like an outlook on future 
work. 

 

Figure 16: Constrained layer damping (CLD) concept applied to cantilever beam  
with auxiliary mechanism to increase shear strain in elastomer 

6 Summary and Conclusions 

The modelling of visco-elastic materials has been discussed, starting from rheological models like Prony-
Series and going towards frequency-dependent 3D material law. The generation of frequency-dependent 
element stiffness and damping matrices can be pursued based on this approach. It leads to an equation of 
motion similar to the classical structural damping (or hysteretic damping) approach. The essential 
difference is, however, that the loss factor is frequency-dependent and also the stiffness matrix. Numerical 
eigenvalue analysis no longer possible when frequency-dependent stiffness and damping matrices are 
involved. Instead, the direct frequency response analysis has been applied to simulate frequency responses 
from which eigenfrequencies and damping ratios have been identified using the Peak-Fit modal parameter 
estimator, [8]. 

Parameter studies demonstrated the feasibility of finite element analysis using 1D, 2D and 3D elements 
with visco-elastic material modelled with a Prony-Series. In the course of these studies, the sensitivities of 
the material parameters of the Prony-Series have been investigated. The experience gained from these 
simple applications has been used afterwards for the damping design of an I-shaped cantilever beam. The 
potential of the Free-Layer-Damping concept has been presented. Unfortunately, the increase in damping 
ratio cannot be determined precisely, because no reliable material data for elastomers was available so that 
modified material behavior of other elastomers had to be used. Nonetheless, the preliminary results 
obtained with the Constrained-Layer-Concept already indicate that more damping effectiveness can be 
achieved using this concept. 
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Finally, the selection of the right material for a given application is crucial for the success. The variation in 
material properties like storage modulus and loss modulus is immense even for a given type of polymer. 
Therefore, well-defined requirement for the targeted application can help the polymer chemists to develop 
a vulcanisate for this application with high damping effectiveness and low impact on structural weight or 
dimensions. However, temperature dependence and compatibility with substances like oil, oxygen, water, 
etc. must be considered. 
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Abstract
Dry friction is widely used in turbomachinery in the form of under platform dampers to limit resonant
vibration and avoid high-cycle fatigue failures of the blades. Most test rigs that are used to investigate the
behavior of dampers aim to evaluate their performance by reduction in blade vibration amplitude. This
approach is insufficient to understand local nonlinearities of the contact and influence of blade dynamics
on UPDs behavior. A newly developed test rig provides the user with an unprecedented set of information:
it measures contact forces and relative displacements between dampers and blade together with the overall
blade response. This controlled environment, together with a state-of-the-art numerical model of the test rig,
is used to provide an insight into the subject of model validation. The presented experimental and numerical
study of the damper is used to highlight the relevance of an accurate representation of the constraints induced
by friction contacts and to discuss the adequacy of state-of-the-art contact models.

1 Introduction

Dry friction damping is used, in the field of turbomachinery, to mitigate the structural vibrations caused by
fluctuating stresses[1, 2]. Under platform-dampers (UPDs) are small metallic components placed between
two consecutive blades of a turbine to minimize the blade vibration by dissipating the energy at contact
interface. Highly nonlinear behavior of the frictional contacts makes it challenging for researchers and
engineers to precisely model and predict the response of complete damper-blade structures at various load
conditions. In this regard, explicit numerical models of under platform dampers (UPDs) are used with a
multi-harmonic balance solver to predict its non-linear behavior. A detailed study on the modelling of UPDs
is presented by several authors [3, 4, 5, 6, 7, 8, 9, 10] in which a routine is adopted to compute the damper
contact forces as a function of given relative displacement between two contact surfaces. Such routines, also
known as contact models, require calibration. This step is crucial as numerical results are strongly dependent
on the chosen set of contact parameters [11, 12, 10]. Therefore, experimental measurements are necessary:

• to actually determine the performance of the damper in terms of blade amplitude reduction and fre-
quency shift;

• to estimate the contact parameters used to calibrate contact models.

These two necessities are sometimes fulfilled with the same set of experimental evidence. Experimental evi-
dences most commonly available are FRFs [7, 13, 14, 15]. Unfortunately fine tuning the contact parameters
to obtain the desired frequency response is not a viable practice, as multiple combinations of contact param-
eters may produce the same frequency response (i.e. under-determined problem). Another way to obtain
contact parameters is through the use of single-contact test arrangements[16, 17]. A test rig improved in [18]
is capable of measuring friction coefficients and contact stiffness values of a flat-on-flat contact interface.
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This test rig has a facility to control the relative displacement and high temperature of the contacting sur-
faces. However, the applied normal load is constant, which is not consistent with the real working conditions
of UPDs. An upgrade first proposed in 2010 [19] has a single damper constrained between two dummy
platforms. A feedback controlled displacement is provided with the help of piezoelectric actuator on one
of the platform whereas, damper contact forces are measured on the other platform by using two load cells.
Since then this test rig has been used to investigate the kinematics of several dampers [20, 21]. Nevertheless,
as this test rig does not have a blade, the effect of blade dynamics on kinematics of the damper is not present.
Therefore, a novel test bench [22, 23] has been designed and commissioned by the authors to overcome
these limitation. This novel test rig has been developed with the purpose of investigating the kinematics of
the dampers in the presence blade dynamics ( a topic of recent interest in the community [10]). This test
bench is composed of a single turbine blade with two UPDs and has a facility to measure damper contact
forces and its relative displacement with respect to the blade. This allows a direct investigation of the varia-
tion in damper kinematics and overall structure dynamics at various loading conditions. This is achieved by
recording:

• the FRFs of the blade with accelerometer to estimate damper performance (blade dynamics)

• Damper-blade contact behavior with the help of load cells and laser (contact forces and displacements)

These experimental measurements establish a base to study the behavior of dampers at their contact level.
Moreover, a multi-step model validation is possible using this experimental evidence.

1. Measured contact forces applied as external forces on the FE model of the blade (comparison of
numerical and experimental FRFs) - validation of the linear FE model of the blade constrained in the
rig.

2. Measured platform displacements fed to the damper model already presented in[] (comparison of
numerical and experimental contact forces) - validation of the damper model and of the contact model
used to represent friction.

These two steps give the unprecedented opportunity to verify separately and independently the adequacy of
the user-constrained blade FE model with the adequacy of the contact model. An endeavor which is simply
not possible if a standard experimental-numerical comparison of FRFs is the sole benchmark.

A brief description of this test rig is present in section 2 ( the reader is referred to [23] for a detailed de-
sign study). The numerical model of the blade and damper is addressed in Sect. 3. The first step of the
validation procedure described above is recounted in Sect. 4. Section 4.1 carries out a careful analysis of
the measurement error of contact forces, an indication the authors hope will be useful to other researchers.
The second step of the validation procedure is recounted in Sect. 5 and the adequacy of the contact model is
discussed.

2 Experimental Setup

Due to the complex and nonlinear behavior of friction, a test rig with a capability to directly measure parame-
ters at the damper-blade contact level is required. The novel test rig used to obtain the experimental evidence
presented in this article has several distinct features. However, the feature that best distinguishes the test rig
used in this research from other experimental setups is the direct measurement of the contact forces when the
damper is dynamically coupled with the blade. A top view of the test rig is shown in Fig.1 which presents a
single turbine blade is visible, placed inside a cavity engraved in the blade-adapter according to the geometry
of the blade root. This blade-adapter is a replaceable part thus allowing to accommodate a number of turbine
blades in test on the rig, provided that the maximum length of the blade is not exceeded. A controllable and
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Blade
L-Separator

Blade adapter

Blade pushing block
Casing Base Plate

Ground platform

Figure 1: Top view of test rig

measurable pushing force FP is applied on the root of the blade to simulate the actual centrifugal force which
acts on the blade while the turbine runs. Two under platform dampers are placed against the blade platforms
on each side of the blade. The dampers are in contact with the under-platform of the blade on one side and
with a ground platform on the other side.
The ground platform is linked to a contact force measuring system. Two contact force measuring systems are
used, one for each damper. A component named L-Separator, designed with two orthogonal limbs, separates
the contact forces into two components acting along each limb axes. A piezoelectric load cell is placed at the
end of each limb to measure the respective force component. The accuracy of the force measuring system
depends upon several factors. Electronics involved in force measurement, misalignment introduced by the
mechanical tolerances and contact angles are the major sources of uncertainty. A complete description of the
force measuring accuracy is given in [23].
The contact forces at the blade side are obtained from the measured contact forces at the ground platform
side through a simple force equilibrium, depicted in Fig. 2. In it, the damper inertia forces are neglected, a
perfectly valid assumption at frequencies lower than 5 kHz (cite my thesis). Forces can also be decomposed
into their normal (N) and tangential (T) components, as shown in Fig. 2 or along the blade axial-radial di-
rections (XYZ reference system). This last reference system is the same used in the FE model of the blade
and will be used throughout the paper.
The blade excitation is provided by means of an electromagnetic shaker. The shaker stinger is connected at
a point near the blade root (low mobility point) to excite the structure at desired frequency and excitation
level.

3 Damper and Blade Numerical Models

As stated in the introduction the experimental capabilities of the test rig allow for two separate and indepen-
dent validations. As a result, the numerical models used in the validation process will separately represent
the blade and damper environment. This section describes both models together with the chosen solution
techniques.
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Figure 2: Damper static force equilibrium, both dampers at their nominal positions
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3.1 The blade numerical model

The general forced response of any friction-damped structure can be written as follows:

MQ̈+ CQ̇+KQ = FE + FC (1)

where M , C and K corresponds to mass, damping and stiffness matrices of the elastic structure respectively.
Further details on the procedure used to obtain FE matrices representing the constrained blade are given in
Sect. 3.1.1 and 3.1.2. The vector Q represents the displacement of all degrees of freedoms (DOFs) of the
system. Vectors FE and FC correspond to external and contact forces respectively. In the present case, the
external force is applied to the system with the help of external excitation source i.e electromagnetic shaker,
at a given frequency and amplitude level. Whereas the contact forces FC are nonlinear forces acting on the
blade underplatform, i.e. at the blade-damper contact interface.

3.1.1 Craig-Bampton Reduction

The Craig-Bampton Reduction method, also known as CB-CMS, is a commonly used technique to reduce the
size of a large finite element model by acquiring the fundamental frequency modes of the structure [24, 25].
In this method, only a subset of physical DOFs of the full model, corresponding to chosen nodes, are retained
as master DOFs while the remaining DOFs are reduced in a set of orthogonal modes (slave DOFs). In the
blade finite model presented in this paper and shown in Fig. 3, master nodes include contact nodes at the
blade platforms and at the root attachment, one blade excitation node where the shaker is attached and a
blade response node where the accelerometer is positioned. In Fig. 3 a, master nodes corresponding to the
left platform and root are not visible due to given orientation of the blade.
It was here chosen to apply the CB-CMS technique to the free blade model, and to constrain the structure,
i.e. to reproduce the clamping of the root, at a subsequent step. Section 3.1.2 gives further details on this
matter.

3.1.2 Preliminary tuning of the clamped blade structure

A common method to tune a clamped blade is to fully constrain (i.e. impose zero displacement at all DOFs)
of a few nodes belonging to the blade root. This approach may be convenient, but has several drawbacks:

• It does not reproduce real contact conditions: since the zero displacement hypothesis is very strong,
only a subset of nodes must be constrained if the simulated and measured resonance frequencies have
to match.

• The level of approximation is too rough, it is sometimes impossible to match at least 2-3 measured
resonance frequencies with this method, thus producing a sub-optimal free model as input to the sub-
sequent nonlinear calculations.

For these reasons the authors decided to improve the way blade clamping is modeled by introducing a 3D
spring element at each node on the blade roots, as shown in Fig.3 b. The 3D spring element connects each
selected blade root node element either to a corresponding node on the surrounding structure (if the blade or
the disk is modeled) or simply to ground (if, as in this case, the bulkiness and stiffness of the blade adapter
allows for this simplification.)
The use of a 3D spring element (which may be easily upgraded to an actual contact element capable of slip
if deemed necessary) allows modeling the effect of compliance of the contact interface in all directions. The
user will notice that the 3D spring element needs three calibration parameters: kn, kt1 and kt2. The values
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of the springs are determined by imposing that the first three measured frequencies of the clamped free (i.e.
no damper) blade match the simulated ones:




f1,MEAS = f1,SIM (kn, kt1, tt2)
f2,MEAS = f2,SIM (kn, kt1, tt2)
f3,MEAS = f3,SIM (kn, kt1, tt2)

(2)

Since the fist three modes see the root moving along three different directions, the resulting system produces
a unique solution (i.e. set of contact springs) thus yielding a system with a unique solution (three conditions
for three unknowns).
The experimental clamped free blade response is also used to tune the structural damping level (i.e. matrix
C), see result in Fig. 3 c. The measured/simulated FRFs confirm that the clamping force applied to the blade
produce a minimal contribution to the damping at the root.

3.1.3 Forced response calculation

This section gives further details on the method used to solve Eq. 1. Harmonic balance is used to compute
the steady state solution of equations where an applied periodical excitation force of frequency ω results in
the periodical response of the system [26, 27].
If the damper is not present (i.e. clamped free blade), then FC = 0, the equilibrium is linear and can be
solved, in the frequency domain, as a simple system of algebraic equations:

Q
1
=
(
−ω2 ·M + i · C +K

)−1
F

1
E (3)

where Q1 and F 1
E represent the first harmonic Fourier components of the displacement and external force

vectors.
If, on the other hand, the damper is present, contact forces are non-zero FC(Q, Q̇). These forces are due to
Coulomb friction nonlinearities and are typically determined as a function of relative displacements at the
contact using a suitable contact model [28]. Given the dependence of contact forces on displacements, the
equations are clearly nonlinear. As a result, iterative techniques such as Newton-Raphson or Continuation
methods are applied [29].
At this first validation stage, the iterative procedure is avoided. Contact forces and external forces are directly
measured, transformed in the frequency domain using FFT, and applied to the clamped free blade model.

Q
1
=
(
−ω2 ·M + i · C +K

)−1 (
F

1
E,MEAS + F

1
C,MEAS

)
(4)

The dependence of contact forces on relative displacements is still present, in fact different experimental
conditions (different ω, different excitation levels FE) yield different measured values of FC . However, no
assumption on the formulation of this displacement-contact force relation is needed at this stage. The authors
are willingly separating the validation of the blade dynamic model (results in Sect. 4) from the assessment
of the adequacy of the contact model formulation (addressed in Sect. 5 ).

3.2 The damper numerical model

The damper here is considered as a rigid body with six degrees of freedom at its centre of mass. The rigid
body assumption is well justified by the bulkiness of solid-bar underplatform dampers, and has already been
validated against specific experimental evidence on underplatform dampers [8, 23, 25]. The same conclusion
has been reached for similar applications in [6].
A 2D view of the damper numerical model is shown in Fig. 4, together with the damper DOFs expressed in
the same reference frame as the blade. Only the YZ plane is shown here because this investigation is focused
on the first bending mode, which can be completely described in the YZ plane (i.e. no motion along the X
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Figure 3: (a) Selected master nodes for CB-CMS reduction. (b) Comparison between experimentally mea-
sured Free FRF with the FRF of tuned numerical model. (c) A 3D spring compliance introduced to tune the
free elastic blade structure

Figure 4: 2D view of the damper numerical model
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Figure 5: (a) Even side damper placed at its nominal position to measure contact forces. (b) Odd side damper
placed at its nominal position to measure contact forces

direction). The inputs to the model are the displacement vectors, (yLP , zLP ) and (yRP , zRP ), at the retained
contact nodes on the surface of the FE model of the blade.

Time discrete macroslip elements shown in the figure Fig. 4 and further analyzed in [28], are used to
obtain the contact forces as a function of the relative damper-platform displacements. Their adequacy will
be discussed in Sect. 5.
The damper equilibrium equations are solved using a time-marching method, whose complete description
can be found in [30]. This novel quasi-static method can be applied to systems whose inertial effects are
negligible (as in the damper-only case). Unlike Harmonic Balance, there is no risk of misrepresenting contact
forces with insufficient number of harmonics, and is more than ten times faster than standard Direct Time
integration.

4 Validation of the blade dynamic model

The purpose of this section is to verify whether the forced response computed using the clamped FE model
of the blade, fed with the measured contact forces values (see Eq. 4), matches the measured FRF. The ex-
citation level applied through the shaker (and mimicked in the numerical environment) is in all cases set at
‖F 1

E‖ = 1 N.
This validation procedure is attempted using two different configurations. As explained in Sect. 2 there are
two dampers on either side of a single turbine blade. The validation is performed by mounting only one
damper at a time (see Fig. 5).
Contact forces are measured at the ground platforms’ side. Force components applied on the blade are ob-
tained through the damper static force equilibrium as shown in Fig. 2. A detailed description and formulation
of the force diagrams can be found in [23]. The uncertainty level of contact force measurements is in the
[0.75-1] N range, and cannot be reduced further due to mechanical tolerances, electronics/signal noise and
uncertainty involved in the estimation of platform angles. It will be shown that, depending on the magnitude
of harmonic variation of the contact forces, the uncertainty level of the forces may hinder the validation
procedure.
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Figure 6: (a) Error sensitivity of blade response amplitude due to even side contact forces measurement at
FC = 26 N. (b) Numerical vs Experimental results comparison for damper forces measured on Odd side at
FC = 26 N

(a) (b)

Figure 7: (a) Typical contact forces harmonic variation when only the ”even” side damper is present. (b)
Typical contact forces harmonic variation when only the ”odd” side damper is present.

4.1 Noise effect on measured Contact Forces

At first, the left side of the blade is considered: contact forces measurements R12 and R14 from load cells
LC12 and LC14 are used to compute the corresponding contact forces at the blade side (FBE,Y and FBE,Z)
which are finally applied as external forces on the numerical model as shown in Fig. 5 a. The experimental-
numerical comparison is shown in Fig. 6 a. A large discrepancy between the measured FRF and the numer-
ical ”prediction” can be observed. The cause of this difference does not reside in the model itself, rather in
the measured contact force signals fed to the model.
It has been found that harmonic variation of the force components (i.e. then transformed in F 1

C) measured
by the even load cells (LC12 and LC14) at an excitation force of 1 N, ranges between 1 to 2 N at most (see
also Fig. 7 a). The magnitude of the harmonic variation of the force depends upon the contact angles and the
platform kinematics (i.e. blade mode shape and experimental set-up). The level of uncertainty on the contact
force signals ( ≈ 0.75 N) is of the same order of magnitude as the signal itself and this easily explains the
very large discrepancies between numerical and experimental results.
To evaluate further the effect of the force measurement error on the blade response amplitude, a sensitivity
analysis has been performed. A sinusoidal error has been added ”numerically” to the measured force signals.
The amplitude of this error is equal to the uncertainty level (0.75 N) with a phase shift with respect to the
contact force signals varying from 0 to 15 degrees. This sensitivity analysis is performed for a single experi-
mental condition, i.e. centrifugal load on the damper FC=26 N and excitation force ‖F 1

E‖=1. The maximum
and minimum values of the blade response produced by the perturbed contact force signals are shown in
Fig. 6 a. It can be seen that even a seemingly small noise signal can have a significant impact on the blade
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Figure 8: Comparison of numerical and experiment results for three different static damper centrifugal load
values FC = 26, 46 and 86 N

amplitude response. The following section addresses the second validation attempt, operated on the set up
shown in Fig. 5 b.

4.2 Successful experimental-numerical comparison

The experimental set-up shown in Fig. 5 b, thanks to a different combination of choice of contact angles and
platform kinematics, produces:

• higher harmonic variation of the measured contact forces (in this case recorded at the load cells LC11
and LC13), now ranging between 5 and 8 N (see also Fig. 7 b);

• increased stiffening effect, as shown in Fig.6 b, the peak for FC=26 N is now sharper and few Hz
higher than that shown in Fig. 6 a.

Furthermore, in this case, the uncertainty level guaranteed by the load cell measurement is adequate (rea-
sonably smaller than the force signals themselves). As a result, the validation procedure summarized in Eq.
4 can be safely applied. The experimental-numerical comparisons are shown, for different levels of cen-
trifugal load on the damper, in Fig. 6 b and 8: numerical results match their experimental counterpart quite
satisfactorily in all investigated cases.

5 Validation of the damper numerical model

This section seeks to assess the adequacy of the numerical model of the damper between a set of ideal
platforms shown in Fig. 4. This task requires:

• estimating a set of contact parameters to calibrate the contact model (Sect. 5.1);
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Figure 9: (Left) Relative platform kinematics p and reaction force FP , component of the contact force FLO

parallel to p. (Right) definition of the effective platform-to-platform stiffness KP starting from quantities p
and FP .

• comparing the result of the numerical model with that of the reference experimental evidence (Sect.
5.2).

This task is performed on the experimental configuration shown in Fig. 5 b where reliable contact force
measurements are available.

5.1 Contact parameter estimation

The contact model shown in Fig. 4 requires three calibration parameters: the friction coefficient µ and the
normal and tangential contact stiffness values kn and kt. It is here assumed that all contact points share the
same set of parameters, a reasonable assumption given to the identical geometry and material of the two
damper-platform interfaces.
The analysis of the Tangential/Normal force ratio at the two interfaces reveals that the contacts never reach
the gross slip condition (i.e. the force ratio never reaches a plateau [31]). Since the ratio is, in the investigated
cases, always lower than 0.25, a lower limit for the friction coefficient can be set at µ > 0.25.
The ”odd” damper is ”hidden” inside the blade cavity, therefore measuring the damper-platform relative
displacement to estimate the contact stiffness in a straightforward manner is not possible. A different formu-
lation, developed for In-Phase blade vibration in [32], is here extended to a more general case.
The damper acts as a constraint between two adjacent platforms, this effect is at its maximum during the
full-stick condition. The platform-to-platform relative kinematics can be easily determined, either through
the validated FE model or by direct measurement with a differential laser head. In Fig. 9 the relative plat-
form displacement for the experimental set up shown in Fig. 5 b is represented by the vector p = (py, pz) =

(yLP − yRP , zLP − zRP )
′ oriented with an angle γ = atan

(
zLP−zRP
yLP−yRP

)
with respect to the global reference

system. In the present case the relative platform displacement has a simple linear trajectory with γ = 22.5◦

for all investigated levels of excitation ‖FC‖/‖FE‖.
It is worth noting that only the component of the contact forces oriented along the direction of motion will

contribute to stiffening the structure, e.g. only the projection FP of the force on the ground platform FLO

acts as an effective constraint. Starting from the relation, valid in full stick condition:
(
FLO,y

FLO,z

)
=

[
Kyy Kzy

Kyz Kzz

]
·
(
py
pz

)
(5)

where Kyy, Kyz = Kzy and Kzz are simple linear combinations of the contact springs kn and kt which
depend on the position of the contact points and on the contact angles θR and θL.
If the direction of the relative platform kinematics γ is known, it is possible to isolate the corresponding force
component:

FP =
(
cos(γ) sin(γ)

)
·
[
Kyy Kzy

Kyz Kzz

]
·
(
cos(γ)
sin(γ)

)
· ‖p‖ (6)
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(a) (b)

Figure 10: (a) Measured platform-to-platform hysteresis cycles at resonance for increasing values of cen-
trifugal load on the damper (b) Measured vs. simulated platform-to-platform hysteresis cycle for FC = 26
N.

Then, the effective platform-to-platform stiffness can be defined as:

KP =
(
cos(γ) sin(γ)

)
·
[
Kyy Kzy

Kyz Kzz

]
·
(
cos(γ)
sin(γ)

)
(7)

The platform-to-platform stiffness KP = f (kn, kt, θL, θR, γ) value can be easily determined experimen-
tally, as shown in Fig. 10 a. Since parameters θL, θR, γ are known the comparison between the ”analytical”
value of KP and its measured counterpart can be used to estimate the kn and kt values.
The analytical-experimental comparison discussed above is not enough to uniquely estimate a kn, kt pair (one
equation with two unknowns). Fortunately, a validated estimate of the kn value can be found in Harris[33]
which sets kn in the 5 ·107−108 N/m range, depending on the effective length of contact (known with some
uncertainty). As a result the comparison between analytical and experimentalKP values yields estimates for
the tangential contact spring kt, shown in Table 1. The uncertainty band on each kt estimate is not due to the
KP measurement itself (remarkably repeatable), rather on the uncertainty of the kn value. Fortunately the
uncertainty band on kt is reasonably limited and still allows the user to detect a clear dependence of kt on
the load at the contact.

Table 1: Tangential contact stiffness estimates as a function of the centrifugal load on the damper

FC (N) kt (N/µm)

26 [3-6]
46 [6-8]
86 [9-11]

5.2 Results discussion

The proper estimates for kn and kt derived in Sect. 5.1 and the relative platform kinematics vector p are fed
to the damper numerical model (see Fig. 4). The resulting platform-to-platform hysteresis cycle (i.e. FP

vs. p) is compared to its measured counterpart (one example for FC = 26 N is shown in Fig. 10 b). The
comparison is quite satisfactory however two main points which require improvement can be detected.
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• The adopted contact model underestimates the (minor) damping contribution present in the microslip
regime. In fact, the numerical platform-to-platform hysteresis cycle has zero area (i.e. proportional to
dissipated energy), while the measured counterpart has a certain damping contribution which decreases
as the ratio ‖FC‖/‖FE‖ increases (see Fig. 10 a).

• The contact model has no built-in capability to catch changes in the contact conditions produced by
increased contact pressure. As a result, it requires re-calibration if the centrifugal load on the damper
increases (see different values of KP in Fig. 10 a and resulting kt estimates in Table 1).

6 Conclusions

The paper was successful in:

1. building an improved linear clamped blade model to faithfully reproduce the test rig condition and its
root constraints;

2. validating said model by feeding it measured contact forces signals and comparing numerical vs.
experimental FRFs;

3. providing unique estimates for the contact parameters values;

4. assessing the adequacy of the contact model by comparing numerical vs. experimental platform-to-
platform hysteresys cycles.

Steps 2 and 4 can be thought of as two equally important validation steps.
Step 2 validates the dynamics of the ”linear clamped FE model of the blade” in the nonlinear regime with-
out assumptions on the contact model, i.e. it answers the question: ”if the contact model was capable of
producing correct estimates of the friction forces, would the constrained blade FE model predict the correct
frequency response?”.
Step 4 addresses separately and independently the adequacy of the contact model, i.e. it answers the ques-
tion: ”if the contact model is fed the correct input displacements, is it capable of predicting correct estimates
of the friction forces?”.
Thanks to the test rig capabilities these two validation steps can be performed independently using a com-
plete set of experimental evidence: the blade response (FRF) and the corresponding set of contact forces.
Limitations of this approach due to insufficient resolution of the contact force signals for given damper con-
figurations are highlighted as an important warning for the experimenters.
Since the two validation steps have been achieved successfully, the authors are now working on the imple-
mentation of the validated damper model with the validated clamped FE model of the blade.
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Abstract 
We are interested in the modelling of the damping at the junction between two substructures. In previous 

works, we have represented the connection by a meta-model, which takes into account both dissipative 

and non-linear aspects: we used a Bouc-Wen model or a Dahl model, which are adapted to be inserted in a 

finite element system. The purpose of the present work is to identify the numerical values of the Bouc-

Wen or Dahl model parameters. The identification is carried out from the hysteresis curve (nonlinear force 

in function of displacement). First, we present the method, and then its application to academic cases. 

1 Introduction 

In structural dynamics, vibratory levels depend directly on damping. So it is necessary to have, from the 

design phase, tools and models allowing to correctly represent the damping. 

The origin of energy dissipation in the aeronautical structures is double: on one hand, materials intrinsic 

damping, and on the other hand, dissipation generated by the friction phenomena at the interfaces between 

the sub-structures. We are interested here in the representation of this second source of dissipation. For the 

metallic structures, the dissipation generated in the interfaces is the main damping source. 

In a previous study [1], we have represented the connection between sub-structure by what we called a 

meta-model, that is to say a relatively simplified model, which allows to correctly represent dissipative 

and non-linear aspects of the junction, without leading to excessively long time in the calculations of 

dynamic response. This meta-model is a Bouc-Wen model or a Dahl model, which are adapted to be 

inserted in a finite element system. The purpose of the present work is to identify the numerical values of 

the Bouc-Wen or Dahl model parameters. 

After a brief state of art in section 2, we present in section 3 the hysteretic models, and then, the 

identification methods, for the Dahl model in section 4, and for the Bouc-Wen model in section 5. We use 

these methods for identify parameters for academic cases in section 6. 

2 State of art 

As the Bouc-Wen model is widely used in various fields (earthquake dynamics, fluid dampers, seismic 

isolation, …), most of the papers deal with identification of the Bouc-Wen model. 

Identification can be done either from the hysteresis curve [3, 7, 8], taking advantage of its properties, or 

from time response [4, 5, 6], sometimes with the harmonic balance method [2]. Some authors have 

investigated the time interval of the answer which is used for identification [9], others have used the limit 
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cycle [4]. In reference [6], the hysteresis curve is split in four domains, according to the sign of speed, and 

the sign of the force derivate. 

As regards the identification itself, some approaches [2] use the Nelder-Mead optimisation algorithm or 

the least-square method [6, 11], and others [3, 5, 9, 10, 12, 13], more numerous, use genetic algorithm. 

Several papers highlight the difficulty in identifying the parameter 𝑛 (cf. equation (4) ); the method of 

reference [6], using the logarithm function, allows to overcome this difficulty. 

3 Hysteretic models 

3.1 Hysteretic curve 

We consider the dynamical equation for a one degree of freedom system, with a non-linear component 

𝐹𝑛𝑙 = 𝑧 : 

𝑚 �̈� + 𝑘 𝑥 + 𝑧 = 𝑓𝑒(𝑡) (1) 

where 𝑥 is the displacement, 𝑚 is the mass, 𝑘 the linear stiffness and 𝑓𝑒(𝑡) is the excitation force. 

For a multi degrees of freedom, we consider a similar matrix equation (cf. [1]): 

𝑴 �̈� + 𝑲 𝑿 + 𝑧 𝑭𝒇 = 𝑭𝒆(𝑡) (2) 

The non-linear component is 𝑭𝒏𝒍 = 𝑧 𝑭𝒇 where 𝑭𝒇 is a constant vector. 

So, in both cases (one or multi degrees of freedom), the non-linearity aspect is fully described by 𝑧. 

We consider an input periodical excitation, for instance 𝑓𝑒(𝑡) = 𝐴 sin (𝜔𝑡). The output answer converges 

to a stabilized periodic solution, and we can consider only the hysteresis curve (𝑥, 𝑧) on one period (cf. 

figure 1). 

In the following, we assume that we know 𝑥 = 𝑥(𝑡) and 𝑧 = 𝑧(𝑡) on one period. From these data, we can 

estimate  �̇� =
𝑑𝑥

𝑑𝑡
 and �̇� =

𝑑𝑧

𝑑𝑡
 if we need so. The data 𝑥(𝑡) and 𝑧(𝑡) can be obtained either by simulation 

(for instance a refined finite element calculation with friction) or by experience. 

 

Figure 1 : Hysteresis cycles 
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3.2 Dahl model 

The Dahl model is described by a differential equation which links the non-linear force 𝐹𝑛𝑙 = 𝑧 and the 

displacement: 

�̇� = 𝜎 �̇� (1 −
𝑧

𝐹𝐶
sign �̇�)

𝛼

 
(3) 

The Dahl model is fully described by 3 parameters: 𝜎, 𝐹𝐶 and 𝛼. For physical reasons (cf. [19]), we have 

𝐹𝐶 > 0 and > 0 : 𝐹𝐶 is the asymptotic force value, and 𝜎 is the quasi elastic stiffness when 𝐹 𝐹𝐶
⁄ ≪ 1. We 

have also 𝛼 > 0. 

3.3 Bouc-Wen model 

The Bouc-Wen model (cf. [15] for instance) is described by a differential equation which links the non-

linear force  𝐹𝑛𝑙 = 𝑧 and the displacement 𝑥: 

�̇� = 𝛼[𝐴 �̇� − 𝛽 |�̇�||𝑧|𝑛−1 𝑧 − 𝛾 �̇�|𝑧|𝑛] (4) 

Equation (4) is the usual writing for the Bouc-Wen model; it allows separating linear and non-linear 

components in the differential equation (1): 

𝑚 �̈� + (1 − 𝛼)𝐹linear⏟  
𝑘 𝑥

+ 𝛼 𝐹non-linear⏟      
𝑧

= 𝑓𝑒(𝑡) (5) 

In our case, the distinction between linear and non-linear components is useless; the linear component 

(stiffness component 𝑘 or stiffness matrix 𝑲 ) is well-known, and we are only interested by the non-linear 

component which models the junction. In this context, some parameters of (4) are redundant. We can set 

𝛼 = 1 and the Bouc-Wen equation becomes: 

�̇� = 𝐴 �̇� − 𝛽 |�̇�||𝑧|𝑛−1 𝑧 − 𝛾 �̇�|𝑧|𝑛 (6) 

One can note that for 𝛾 = 0 and 𝑛 = 1, the Bouc-Wen model is equivalent to a Dahl model with 𝛼 = 1. 

The Bouc-Wen model is fully described by 4 parameters: 𝐴, 𝛽, 𝛾 and 𝑛 (𝑛 is not necessarily an integer). 

The Bouc-Wen model satisfies the laws of thermodynamic if we have −𝛽 ≤ 𝛾 ≤ +𝛽 (cf. [15] and [18]). 

Otherwise, one can show that the model is stable and dissipative if 𝐴 > 0, 𝛽 + 𝛾 > 0 and 𝛽 − 𝛾 ≥ 0. 

These two last relations involve 𝛽 > 0 and satisfy the laws of thermodynamic. As the parameter 𝐴 can be 

considered as the quasi linear stiffness model, we also have the condition A>0. 

4 Dahl model identification 

We present in this part the identification method for the Dahl model. 

First, the hysteresis cycle is divided in two parts: one part where  �̇� > 0 and another one where  �̇� < 0 (cf. 

figure 2). For each of these sub-cycles, we have sign �̇� = constant = 𝜖 with 𝜖 = ±1. If we express time 

derivatives as  �̇� =
𝑑𝑥

𝑑𝑡
 and �̇� =

𝑑𝑧

𝑑𝑡
, equation (3) can be written: 

𝑑𝑧

𝑑𝑥
= 𝜎 (1 − 𝜖 

𝑧

𝐹𝐶
)
𝛼

 
(7) 

So the slope value 
𝑑𝑧

𝑑𝑥
 in 𝑧 = 0 allows to obtain the value of the parameter 𝜎. 
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Figure 2 : Hysteresis curve 

 

Then, we define the following quantities (cf. figure 2): 

 𝑥0 = 𝑥(𝑧 = 0) , 
 𝑧0 = 𝑧(𝑥 = 0) , 
 (+𝑥𝑚, +𝑧𝑚) and (−𝑥𝑚, −𝑧𝑚) the extreme points of the hysteresis curve defined by  �̇� = 0. 

 

We assume now either 𝛼 = 1 or 𝛼 ≠ 1. 

 If we assume 𝛼 = 1, then equation (7) leads to: 

−𝜖𝐹𝐶 ln (1 − 𝜖
𝑧0
𝐹𝐶
) − 𝜎 𝑥0 = 0 

(8) 

We can solve numerically equation (8) to obtain 𝐹𝐶 value. 

 If we assume 𝛼 ≠ 1, first, directly from equation (7), we obtain, denoting 𝑝0 the slope of ln (
𝑑𝑧

𝑑𝑥
) with 

respect to variable 𝑧, in 𝑧 = 0: 

𝛼 = −𝑝0𝜖 𝐹𝐶 (9) 

Then, integrating equation (7) between the two extreme points, with the help of equation (9), we obtain: 

𝐹𝐶
1 + 𝑝0𝜖𝐹𝐶

{(1 +
𝑧𝑚
𝐹𝐶
)
1+𝑝0𝜖 𝐹𝐶

− (1 −
𝑧𝑚
𝐹𝐶
)
1+𝑝0𝜖 𝐹𝐶

} − 2𝜎𝑥𝑚 = 0 
(10) 

We solve numerically equation (10) to obtain the value of 𝐹𝐶 parameter, and then we deduce the value of 

parameter 𝛼 with the help of equation (9). 

We have two opportunities to identify the values of the Dahl model parameters:  �̇� > 0 ou < 0 . For each 

parameter, we can choose for the final value the mean of the two values we have found. An important 

disparity between the sets of value means that the Dahl model is not suitable for the considered hysteretic 

curve. 
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5 Bouc-Wen model identification 

The identification process presented in this paragraph is inspired by some aspects of the work presented in 

[17]. 

First, the hysteresis cycle is divided into four parts: (�̇� > 0 , 𝑧 > 0), (�̇� > 0 , 𝑧 < 0), (�̇� < 0 , 𝑧 > 0) and 

(�̇� < 0 , 𝑧 < 0) (cf. figure 2). 

 For the case (�̇� > 0 , 𝑧 > 0), equation (6) can be written: 

�̇� = [𝐴 − (𝛽 + 𝛾) 𝑧𝑛] �̇� (11) 

Writing time derivatives as  �̇� =
𝑑𝑥

𝑑𝑡
 and �̇� =

𝑑𝑧

𝑑𝑡
, we obtain: 

𝑑𝑧

𝑑𝑥
= 𝐴 − (𝛽 + 𝛾)𝑧𝑛 

(12) 

The value of the slope 
𝑑𝑧

𝑑𝑥
 for 𝑧 = 0 leads to the value of parameter 𝐴. 

It has been shown in [15] that 𝛽 + 𝛾 > 0. So, by taking the logarithm of equation (12), we obtain: 

ln (
𝑑𝑧

𝑑𝑥
− 𝐴) = ln(𝛽 + 𝛾) + 𝑛 ln 𝑧 

(13) 

So, the values of 𝑛 and ln(𝛽 + 𝛾) (and consequently the value of 𝛽 + 𝛾) can be identified from the curve 

(ln 𝑧 , ln (
𝑑𝑧

𝑑𝑥
− 𝐴)), for instance with a least-square method. 

 For the case (�̇� > 0 , 𝑧 < 0), if we note 𝑧′ = −𝑧, equation (6) can be written: 

𝑑𝑧′

𝑑𝑥
= 𝐴 − (𝛽 − 𝛾)𝑧′𝑛 

(14) 

It has been shown [15] that 𝛽 − 𝛾 > 0. So, by taking the logarithm of equation (14), we obtain: 

ln [−(
𝑑𝑧′

𝑑𝑥
+ 𝐴)] = ln(𝛽 − 𝛾) + 𝑛 ln 𝑧′ 

(15) 

So, the values of 𝑛 and ln(𝛽 − 𝛾) (and consequently the value of −𝛾 ) can be identified from the curve 

(ln 𝑧′ , ln [−(
𝑑𝑧′

𝑑𝑥
+ 𝐴)]), for instance with a least-square method. 

At the end, we can calculate the values of 𝛽 and 𝛾 from the values of 𝛽 + 𝛾 and 𝛽 − 𝛾. 

In the particular case 𝛽 = 𝛾, the expression ln(𝛽 − 𝛾) doesn’t make sense. But in this case 𝛽 + 𝛾 = 2𝛽 

and equation (15) is useless. 

We have four opportunities to identify the values of 𝐴: (�̇� > ou < 0 , 𝑧 > ou < 0), and two opportunities 

to identify the value of 𝛽 and 𝛾 (�̇� > ou < 0). As for the Dahl model identification, we can choose for the 

final value the mean of the different values we have found. An important disparity between the sets of 

value means that the Bouc-Wen model is not suitable for the hysteretic curve. 

6 Application 

We have developed in Python language the methods we have presented in sections 4 and 5. In this section, 

the identification methods are applied to a single degree of freedom case. First, the hysteretic curve is 

computed solving the non-linear time equation (1), for a Dahl (resp. Bouc-Wen) model. Then, we 

identified from these curves the Dahl (resp. Bouc-Wen) parameters, and compare the results with initial 

values. 
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6.1 Dahl model 

The parameters of equation (1) are 𝑘 = 105 𝑁/𝑚 and 𝑚 = 1 𝑘𝑔. The Dahl model parameters are 

𝜎 = 2 105, 𝐹𝐶 = 1 and 𝛼 takes various values between 1 and 2.5. The excitation force is 𝑓𝑒(𝑡) =
𝐹 sin(2𝜋𝑓0𝑡) with 𝐹 = 1 𝑁 and 𝑓0 = 2 𝐻𝑧. The dynamic response is computed for the interval [0 − 8 𝑠] 
with a time step Δ𝑡 = 10−3 𝑠, using an explicit Runge-Kutta method of order 4(5) algorithm. The 

hysteretic loop is deduced from the dynamic response. 

 𝛼 = 1 𝛼 = 1.5 𝛼 = 2.5 

 hypothesis hypothesis hypothesis hypothesis hypothesis hypothesis 

 𝛼 = 1 𝛼 ≠ 1 𝛼 = 1 𝛼 ≠ 1 𝛼 = 1 𝛼 ≠ 1 

𝜎 1.99 105 1.99 105 2.00 105 1.99 105 2.00 105 2.01 105 

𝐹𝐶 1.04 1.01 0.74 1.00 0.49 0.99 

𝛼  1.016  1.505  2.46 

Table 1: Identified Dahl parameters for initial Dahl model (𝜎 = 2 105  , 𝐹𝐶 = 1) 

The identification results are presented in the table 1. The values of identified parameters are closed to the 

initial values when the hypothesis on 𝛼 is in agreement with the initial values. When 𝛼 = 1, the 

hypothesis “ 𝛼 ≠ 1 ” leads also to good results. Otherwise, when 𝛼 ≠ 1, the hypothesis “𝛼 = 1” leads to 

values for 𝐹𝐶 parameter which are far from the initial value. 

We compare on figures 4 and 5 the initial hysteresis loop with the hysteresis loop obtained with identified 

values. When initial and identified values are not in agreement, hysteresis loops are clearly different. 

The identification process has been carried out on modified initial systems, with various values of the 

stiffness value 𝑘, various values of the intensity 𝐹 or frequency 𝑓0 of the excitation force, or various 

values of the initial Dahl models. The results are consistent with previous results; we generally observe 

good agreement between initial and identified values using the hypothesis “𝛼 ≠ 1”.  

However, when the energy dissipated by the Dahl model is low, we encounter numerical difficulties 

during the identification process, and the identified parameters are far from initial values. For instance, 

with the set of initial values(𝜎 = 2 105 ,   𝐹𝐶 = 10 , 𝛼 = 1), either the identification process fails or 

identified values on each sub cycle differ strongly (cf. table 2). 

 

hypothesis 𝛼 = 1 hypothesis 𝛼 ≠ 1 

sub cycle  �̇� > 0 sub cycle  �̇� < 0 sub cycle  �̇� > 0 sub cycle  �̇� < 0 

no solution found for 

equation (9) 
𝐹𝐶 = 1.9𝑒5 𝐹𝐶 = 4.32 𝐹𝐶 = 0.65 

 𝛼 = 0.43 𝛼 = 0.11 

Table 2: Identified Dahl parameters for initial Dahl model (𝜎 = 2 105  , 𝐹𝐶 = 10  ,   𝛼 = 1) 

The damping is estimated through the equivalent damping rate 𝜉eq =
1
4𝜋⁄
𝐸𝑑

𝐸𝑒
⁄ , where 𝐸𝑒 is the elastic 

energy and 𝐸𝑑 the dissipated energy (hatched area, see figure 3). For the previous systems (𝜎 = 2 105 ,
𝛼 = 1), we have 𝜉eq = 0.15 when 𝐹𝐶 = 1 and 𝜉eq = 0.014 when 𝐹𝐶 = 10. 
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Figure 3 : Estimation of dissipated energy 

 

Except for low damping case, this identification process leads to satisfactory results. Failures of the 

process can be identified either by strongly different values according each sub cycle or by numerical 

difficulties solving equation (8) or (10) or by noticeable differences between initial and identified 

hysteresis loop. 

 

Figure 4 : Initial and identified Dahl model (1) 

 

 

Figure 5 : Initial and identified Dahl model (2) 
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6.2 Bouc-Wen model 

The parameters of equation (1) are 𝑘 = 200 𝑁/𝑚 and 𝑚 = 1 𝑘𝑔. The Bouc-Wen model parameters are 

𝛼 = 200 and 𝐴 = 1, and 𝛽, 𝛾 and 𝑛 take various values between 1 and 2.5. The excitation force is 

𝑓𝑒(𝑡) = 𝐹 sin(2𝜋𝑓0𝑡) with 𝐹 = 10 𝑁 and 𝑓0 = 5 𝐻𝑧. The dynamic response is computed for the interval 

[0 − 8 𝑠] with a time step Δ𝑡 = 10−3 𝑠, using the same Runge-Kutta algorithm. The hysteretic loop is 

deduced from the dynamic response. 

 

 𝐴 𝛽 𝛾 𝑛  

initial 1 0.5 0.2 1  

identified 0.99 0.50 0.15 1.09  

initial 1 0.5 0.2 3  

identified 1.00 0.48 0.17 3.18  

initial 1 0.5 -0.2 1  

identified 1.02 0.52 -0.22 0.98  

initial 1 0.2 0.2 1  

identified (1) 0.99 0.17 0.16 0.67 hyp. 𝛽 ≠ 𝛾 

identified (2) 0.99 0.17 0.17 1.33 hyp. 𝛽 = 𝛾 

Table 3: Identified Bouc-Wen parameters for initial Bouc-Wen model (𝛼 = 200  , 𝐴 = 1) 

The identification results are presented in table 3, and we compare in figures 6 and 7 the initial hysteresis 

loop with the hysteresis loop obtained with identified values. The values of identified parameters are 

closed to the initial values, even in the particular case 𝛽 = 𝛾. 

As for Dahl model, the identification process has been carried out on modified initial systems (various 

values of stiffness 𝑘,  mass 𝑚, excitation intensity 𝐹 or excitation frequency 𝑓0). The results are consistent 

with previous results; we generally observe good agreement between initial and identified values. 

However, when damping is very low, results are not so good. For instance, for the initial system (𝐴 =
1, 𝛽 = 0.005, 𝛾 = 0.001, 𝑛 = 1) for which 𝜉eq = 0.003, the identification process leads to noticeable 

different identified values of 𝑛 and 𝛽 + 𝛾 according to the considered sub-cycle ( �̇� > 0 or  �̇� < 0). 
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Figure 6 : Initial and identified Bouc-Wen model (1) 

 

 

Figure 7: Initial and identified Bouc-Wen model (2) 

7 Conclusion 

We have presented semi-analytical methods to identify the parameters of two hysteretic models: the Dahl 

model and the Bouc-Wen model. The implementation is very easy. We have shown the efficiency of these 

methods, and also their limits, in particular when damping is low. 

The next step of our research is to carry out identification from “real” hysteretic cycles, obtained either by 

simulation (refined finite element simulation with friction) or by experience. Such studies are presently in 

progress at Onera. 

DAMPING 1045



References 

[1] V. Kehr-Candille, Modelling the damping at the junctionbetween tawo substructures by non-linear 

meta-models, Journal Aerospace Labs, Issue 14 (2018) 

[2] Y.Q. Ni, J. M. Ko, C.W. Wong, Identification of non-linear hysteretic isolators from periodic 

vibration tests, Journal of Sound and Vibration Vol. 217, No. 4 (1998), pp.737-756  

[3] T. Sireteanu, M. Giuclea, A.M. Mitu, Identification of an extended BoucWen model with application 

to seismic protection through hysteretic devices, Comput Mech., Vol.45 (2010), pp. 431-441 

[4] F. Ikhouane, J. Rodellar, On the Hysteretic BoucWen Model, Part I: Forced Limit Cycle 

Characterization, Part II: Robust Parametric Identification, Non-linear Dynamics (2005) Vol. 42, 

pp. 63-95 

[5] A. Kyprianou, K. Worden, Identification of hysteretic systems using the differential evolution 

algorithm, Journal of Sound and Vibration Vol. 248, No. 2 (2001), pp. 289-314 

[6] Y. Rochdi, F. Giri, F. Ikhouane, F.Z. Chaoui, J. Rodellar, Parametric identification of nonlinear 

hysteretic systems, Nonlinear Dyn. Vol. 58 (2009), pp.393-404 

[7] S. Kwag, S.Y. Ok, Robust Design of Seismic Isolation System using Constrained Multi-objective 

Optimization Technique, Journal of Civil Engineering Vol. 17, No. 5, (2013), pp. 1051-1063 

[8] G.C. Marano, S. Sgobba, Stochastic energy analysis of seismic isolated bridges, Soil Dynamics and 

Earthquake Engineering Vol. 27 (2007), pp. 759-773 

[9] S. Talatahari, A. Kaveh, N.Mohajer Rahbari, Parameter identification of Bouc-Wen model for MR 

fluid dampers using adaptive charged system search optimization, Journal of Mechanical Science 

and Technology Vol. 26, No. 8 (2012), pp. 2523-2534 

[10] Y. Guo, J. Mao, Modeling of Hysteresis Nonlinearity Based on Generalized Bouc-Wen Model for 

GMA, ICIRA 2010, Part I, LNAI 6424, (2010), pp. 147-158 

[11] K. Guo, X. Zhang, H. Li, G. Meng, Non-reversible friction modeling and identification, Arch Appl 

Mech Vol. 78 (2008), pp. 795-809 

[12] Y. Qiang, Z. Li, W. Xinming, Parameter identification of hysteretic model of rubber-bearing based. 

on sequential non-linear least square estimation, Earthquake Engineering and Engineering Vibration, 

Vol. 9, No. 3 (2010), pp. 375-383 

[13] M. Ye, X.Wang, Parameter estimation of the BoucWen hysteresis model using particle swarm 

optimization, Smart Mater. Struct. Vol. 16 (2007), pp. 2341-2349 

[14] D. Capecchi, R.Masiani F.Vestroni, Periodic and Non-Periodic Oscillations of a Class of Hysteretic 

Two Degree of Freedom Systems, Nonlinear Dynamics Vol. 13(1997), pp. 309-325 

[15] M. Ismail, F. Ikhouane, J. Rodellar, The Hysteresis Bouc-Wen Model, a Survey, Comput. Methods 

Eng. Vol. 16 (2009), pp.161-188 

[16] A.E. Charalampakis, V.K. Koumousis, On the response and dissipated energy of Bouc-Wen 

hysteretic model, Journal of Sound and Vibration Vol. 309 (2009), pp. 887-895 

[17] F. Ikhouane, V. Maosa, J. Rodellar, Dynamic properties of the hysteretic Bouc-Wen model, Systems , 

Systems and Control Letters Vol. 56 (2007), pp. 197-205 

[18] S. Erlicher, N. Point, Thermodynamic admissibility of Bouc-Wen type hysteresis models, Compte 

rendus Mcanique Vol. 332 (2004), pp. 51-57 

[19] A. AL Majid, Dissipation de l’énergie en mécanique vibratoire, doctoral thesis report, INSA Lyon 

France, (2002) 

1046 PROCEEDINGS OF ISMA2018 AND USD2018



Semi-active damping of forced vibrations by means of pneu-
matic supports

G. Mikułowski 1

1 Institute of Fundamental Technological Research, Department of Intelligent Technologies,
ul. Pawinskiego 5 B, 02-106 Warszawa, Poland
e-mail: gmikulow@ippt.pan.pl

Abstract
Vibration mitigation and vibration isolation are problems existing in a variety of industry branches. Pneu-
matic suspensions and isolators are a widely utilized technology, and in many applications they need to
adapt their properties to a varying mass of the supported object, e.g., loaded or unloaded lorries. However,
the pneumatic solutions posses limitations in the field of adequate damping. The change in mass results in
a change in the required level of damping. This contribution presents and verifies a concept of an enhanced
damping pneumatic device using an example of a Pneumatic Adaptive Absorber (PAA) adapted to the task
of mitigation of forced vibrations. The investigation presents a concise introduction to the concept, as well as
analytical and numerical modelling of the conceptual device. The contribution proposes a control algorithm
based on performed analysis of mechanical energy dissipation process. The concept is verified experimen-
tally in a laboratory. The proposed modelling seems to be in agreement with the demonstrator response.

1 Introduction

Pneumatic vibration isolation is a well recognized and appreciated technique, which is utilized in many ap-
plications like precision measurements, fabrication, or suspensions in means of transport. The most widely
implemented pneumatic systems dedicated to suppress the vibration transmission are passive ones due to
their simplicity and maintainability. Much effort has been put into development of modelling, optimizing
and design methods associated with the passive solutions. Many of dedicated to double chamber pneumatic
suspensions are based on simplified linear models [1], and others are based on advanced non-linear ap-
proaches [2]. A comprehensive approach to the design of the passive pneumatic springs has been proposed
by Lee et. al., in which the values of three design parameters are precisely determined: ratio of the pneumatic
volumes, geometry of the capillary tube and dynamic stiffness of the rubber diaphragm [3]. The proposed
method allows for designing a proper isolator for particular steady vibration instances. Furthermore, a thor-
ough stability analysis and design procedures has been provided for multi point systems pneumatic vibration
isolation supports [4].

The uncontested advantages of the passive pneumatic vibration isolation systems have one major limitation,
which is demonstrated when the mass of the suspended object varies and also when the mechanical distur-
bances vary in the range of frequencies and amplitudes. The passive systems respond adequately in condition
of steady vibration and the performance drops when the conditions change continuously. For such instances
advanced systems of actively controlled pneumatic systems are developed, e.g. train suspensions [5, 6]. The
effectiveness in reduction of transmissibility in the active pneumatic vibration isolation systems is obtained
by utilization of external sources of energy for counter acting the vibrational forces. In comparison to the
passive systems, the active ones are much more effective in a wide frequency spectrum of frequencies, but at
the same time they are expensive and require a lot of space for packaging in applications. The active systems
require to be supplied with pressured gas from external sources, which significantly influence the response
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delays in the system [7, 8]. Recently, the performance improvement of the active pneumatic vibration iso-
lation systems with utilization of proportional valves[9] and employment of PID controllers [10] is being
investigated.

The extended requirements of the active systems in the area of energy supply and packaging drive researchers
to search among unconventional solutions e.g. based on a negative stiffness concept [11], which allows for
reducing of the required additional energy supply level. An investigation on this idea, on the example of
a suspension system configured with self contracting pneumatic springs has been presented by Pesik et.al.
[12]. Such solutions lead to savings in the pneumatic operational energy demands. The negative stiffness
configuration of coil springs combined with an active pneumatic actuator allows for development of vibration
isolation systems dedicated to the low frequency range (0.5 - 5 Hz), which is specifically difficult to stand
with [13, 14].

The trend of minimization of the additional energy supply level is also demonstrated in concepts of semi-
active [15, 16] and adaptive solutions [17], in which the elements of the isolation system posses a possibility
of the mechanical parameters modification. In those solutions the required additional energy is lower, since
it is only needed for setting of an operational state of actuators like valves or throttles. For example, the
parametric modification aims to adapt the stiffness of the spring by switching between several pneumatic
elements of various volumes [18, 19]. Another attempt has been carried out to tune the pneumatic vibration
isolators by means of a controllable throttling valve positioned in between two gas chambers [20], which is
reported as not an efficient method of the pneumatic springs tuning.

The common feature of the mentioned investigated systems is the desire of finding a method to tune adap-
tively the steady parameters of the isolation system adequately to the vibration conditions. In contrast, the
concept presented in this study proposes a real-time adaptive method of updating the mechanical response
of the isolating adaptive element to the recognized frequency and amplitude of the vibration. Therefore, the
proposed system has a potential to adapt itself to a variety of the mechanical excitation conditions, since it
monitors the kinematics of the object. Furthermore, the Pneumatic Adaptive Absorber allows for limiting
the problem of response delays thanks to positioning of a controllable valve directly in the piston between
the chambers. Additionally, it allows to receive short response delays due to the fact that the valve is based
on a piezoelectric actuator. The presented results are an introductory attempt to provide a broader study of
the concept.

2 Pneumatic Adaptive Absorber concept

PAA is considered as a piston-cylinder device with two sealed volumes divided by a piston equipped with a
controllable valve. The valve enables a gas mass transfer between the volumes and therefore a regulation of
the pressures difference between the volumes.

In principle, the device may be considered as a double chamber pneumatic spring, in which the reaction force
can be regulated by controlling the pressure difference acting on the piston. Simultaneously, the induced
spontaneous gas decompression results in dissipation of a mechanical energy supplied to the absorber. In that
meaning the device is a dissipative element. Furthermore, the operation of the valve introduces a change of
an instantaneous mechanical reaction of the absorber, which can be interpreted as modification of mechanical
parameter of the system. This feature defines the PAA as a semi-active actuator.

3 Mathematical model

Mathematical model of the PAA is based on thermodynamic relations coupled with equations of motion.
The objective is to reflect the response of the element to a kinematic excitation. The method of modelling is
based on previous work described in [22]. The model comprises three elementary issues: dynamics of the
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piston considered as a rigid body, thermodynamics of the gas in the absorber chambers and gas flow through
the valve. Assumptions made for the purpose of the analysis are formulated as:

1. inertia of the piston and piston rod is negligible in the considered configuration,

2. gas in the control volumes fulfils demands to be modelled as an ideal gas,

3. gas is in a uniform state,

4. gas mixes instantaneously in the chambers.

The assumptions related to gas flow through the valve can be stated as:

1. state of the mass entering the valve is constant within the time steps and uniform over the volume of
the valve where the flow occurs,

2. state of the mass within the control volumes can change with time, but at any instant of time the state
is uniform over the entire control volume,

3. changes in the kinetic energy of the gas are negligible,

4. inertia and gravity forces of the gas are negligible.

The total force equilibrium of the piston can be stated as:

Fp1(z, T1,m1)− Fp2(z, T2,m2)− Fa + Ff (ż) = Fe(t) (1)

where: Fe – external excitation, Fp1 – force resulting from pressure p1 in the chamber 1, Fp2 – force resulting
from pressure p2 in the chamber 2, Fa – force resulting from ambient pressure, Ff – friction force, z –
displacement of the piston, T1, T2 – gas temperatures in the corresponding volumes, m1 – mass of the gas in
volume 1, m2 – mass of the gas in volume 2.

The forces acting on the piston can be formulated as:

Fp1 = p1 (T1, ρ1) ·A1, (2)

Fp2 = p2 (T2, ρ2) · (A1 −A2), (3)

Fa = paA2, (4)

Ff = ff sgn(ż) (5)

denoted as: ρ1, ρ2 – gas densities in chambers 1 and 2, A1 – effective piston area, A2 – area of piston rod
radial cross section, pa – ambient pressure, ff – friction coefficient.

The thermodynamic model of the processes in the chambers can not be assumed as polytropic with constant
value of the coefficient, as the heat through the cylinder walls is not stabilized. Therefore, a dedicated
numerical algorithm is adopted in order to comprise that phenomenon. The calculation of the gas state in the
consequent time steps of simulation is performed as:

1. determination of the gas state change due to the volume change on the basis of the adiabatic model,

2. determination of the internal energy of the gas,
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3. determination of the heat exchange between the control volume and the surroundings (with the actual
area of the cylinder walls interfacing the gas computed),

4. determination of the energy balance in the control volume with the mass and heat exchange taken into
consideration,

5. recalculation of the gas state parameters on the basis of the energy balance equation.

The algorithm described above allows for reflecting the thermodynamic polytropic-like process in depen-
dence on the operating conditions.

The main equation of the energy balance in the system of two volumes denoted as 1 and 2 can be stated as:

Q̇1 + ṁ1ih2 = Ẇ1 + ṁ1oh1 +
d

dt
(m1u1), (6)

Q̇2 + ṁ2ih1 = Ẇ2 + ṁ2oh2 +
d

dt
(m2u2), (7)

where Q̇ is heat transfer, Ẇ is work done by the gas, h is specific enthalpy of the gas and m is mass of the
gas in particular volumes. The subscripts 1 and 2 refer to the volumes in the cylinder divided by the piston,
and subscripts i and o refer to inflow or outflow of the gas into or out of the volume.

The Q̇1 and Q̇2 depend on: (a) the difference between the temperatures of the gas in the control volume and
the surroundings, (b) the area of cylinder walls that the gas is in contact with, and (c) the material constants
and can be denoted as:

Q̇1 = A1(z) · α · (T1(t)− Ta(t)), (8)

Q̇2 = A2(z) · α · (T2(t)− Ta(t)), (9)

where: A1(z) – area of cylinder being in contact with gas in volume 1, α – heat transfer coefficient, Ta(t) –
ambient temperature. The quantities of index 2 describe the same values related to volume 2.

According to the continuity principle, the mass of gas leaving the control volume 1 is equal to the mass of
gas entering the control volume 2 and vice versa. That leads to the property of mass transferred between the
volumes as:

ṁ1t = −ṁ2t (10)

where

ṁ1t = ṁ1e − ṁ1i =

{
> 0 when p1 > p2
< 0 when p1 < p2

(11)

as well as

ṁ2t = ṁ2e − ṁ2i =

{
> 0 when p2 > p1
< 0 when p2 < p1

(12)

Let us denote the transferred mass of gas as:

ṁt = ṁ1t = −ṁ2t (13)

The specific enthalpies h1 and h2 of the gas in volumes 1 and 2 respectively are different in general. There-
fore, when the assumption of isenthalpic flow through the valve holds true, the specific enthalpy of the gas
transferred between the volumes depends on the flow direction, and is equal to:

h1 = cpT1, when the gas leaves volume 1 (14)
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and
h2 = cpT2, when the gas leaves volume 2 (15)

where: cp – specific heat of the gas by the constant pressure.

The work done by the gas is defined for the particular control volumes as:

Ẇ1 = p1(z)
dV1
dt

, (16)

Ẇ2 = p2(z)
dV2
dt

. (17)

In accordance with the throttled flow theory [21], the flow through the valve is modelled as one dimensional
and is assumed to be choked when the Mach number Ma is close to 1. Thus, the gas flow through the valve
is calculated as:

ṁt =




Cd

MaAp0
√
κ/RT0

[1+(κ−1)Ma2/2]κ+1/2(κ−1) , ifMa < 1

CdAp0
√
κ/RT0

(
2

κ+1

)κ+1/2(κ−1)
, ifMa = 1

(18)

where: A depicts cross-section of the flow duct, κ is isentropic coefficient, R is gas constant, Ma is Mach
number, T0 is initial temperature, p0 is initial pressure. The flow losses are described by means of a discharge
coefficient Cd treated as a characteristic design parameter of the valve [23].

4 Control algorithm

Control algorithm adopted to the considered instance of vibration isolation is based on a strategy called
Prestress Accumulation Release (PAR) [24, 25]. In the strategy an internal energy of an object, e.g. strain
energy, is monitored in real-time and managed by means of semi-active structural elements [26]. The prin-
ciple of the PAR strategy is to detect time instants in which the maximum accumulated potential energy of
the system is reached, and to release it in a controlled way by means of semi-active structural fuses. The
algorithm, in the presented investigation utilizes a sensing system for monitoring of the piston kinematics
and the piezoelectric valve positioned in the piston of the PAA for actuation.

Principle of the algorithm is based on referencing the instantaneous potential energy level with the kinematics
of the object. An assumption here is adopted that the maximum potential energy appears at the time instants
when the linear velocity of the piston in reference to the PAA cylinder equals to zero. Those time instants
indicate the maxima of the piston’s deflections, and therefore the maximum value of the energy accumulated
in the compressed gas.

The optimized control algorithm [26] is an on-off feedback type and can be formulated as follows:

CTRL(t) =





Cclose, if u̇(t) > 0

Copen, if u̇(t) = 0

Cclose, if u̇(t) < 0,

(19)

where Copen and Cclose refer to two opposed states of the valve.

The control algorithm introduces the velocity feedback signal to the pneumatic system, in which typically the
reaction is inherently dependent on displacement. The velocity feedback creates an enhanced performance
of the device.
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Figure 1: Experimental stand

5 Experimental investigation

Experimental investigation aims to demonstrate the principle of the PAR control algorithm applied to the
PAA absorber and to assess its feasibility. The objective is accomplished within a set of experiments con-
ducted on a dedicated setup designed for testing a PAA laboratory demonstrator.

5.1 Experimental stand and setup

The experimental setup is prepared to test vibration isolation systems in a uniaxial vertical configuration.
The setup is based on a hydraulic actuator (manufacturer MTS Corporation) positioned in a vertical steel
frame (Fig. 1). The PAA absorber is mounted on top of the hydraulic actuator, which provides mechanical
excitation to the system and from top is loaded with an inertial mass guided along the frame. The setup
allows for conducting tests in two configurations:

• the first for fixed configuration of the inertial element,

• the second for free vibration of the inertial element.

The configuration with the fixed inertial element allows for testing a mechanical response of the absorbers
faced to a predefined mechanical excitation provided with the hydraulic actuator, whereas the configuration
with the free inertial mass allows for testing an effectiveness of vibration isolation systems. The actuator is
equipped with two parallel servohydraulic valves which allow for testing with maximum velocities up to 3
m/s. The setup is equipped with a set of sensors described in Fig. 1.

The Pneumatic Adaptive Absorber demonstrator is a 32 mm inner diameter cylinder of 200 mm length with
a piston equipped with a built-in piezoelectric valve. The valve allows for transferring a predetermined mass
of gas between the volumes. A mechanical response delay of the valve opening is equal to 1.2 ms.

1052 PROCEEDINGS OF ISMA2018 AND USD2018



0 1 2 3 4 5 6 7 8

Time [s]

0

50

100

D
is

pl
ac

em
en

t [
m

m
]

-2

0

2

4

6

V
ol

ta
ge

 [V
]Piston displacement

Control signal

0 1 2 3 4 5 6 7 8

Time [s]

-1

-0.5

0

0.5

1

F
or

ce
 [k

N
]

-2

0

2

4

6

V
ol

ta
ge

 [V
]Force

Control signal

0 1 2 3 4 5 6 7 8

Time [s]

0

0.5

1

1.5

P
re

ss
ur

e 
[M

P
a]

-2

0

2

4

6

V
ol

ta
ge

 [V
]Pressure 1

Pressure 2
Control signal

Figure 2: Mechanical response of the PAA absorber controlled in accordance with the PAR algorithm

5.2 Testing programme

The presented testing programme aims to determine the performance of the demonstrator and is conducted in
the fixed mass configuration of the stand. The set of dedicated tests of the PAA is defined for determination
of the following features of the experimental object:

• a response time of the PAA operation, which determines its operational bandwidth,

• verification of the numerical model proposed for modelling of the device,

• assessment of the energy absorption process carried out with the absorber.

The response time of the demonstrator is defined as the shortest period, in which the pressure difference
generated by the PAA can be reduced. The delay depends on the gas transfer rate between the volumes and
it is restricted by performance of the valve in the piston. The maximum mass flow rate through the valve
depends on the gas pressure and temperature. The verification of the mathematical model is carried out by
means of a referencing it against the experimental results. The energy absorption capability of the device is
assessed on the basis of force-displacement curves that are generated.

5.3 Results and discussion

A mechanical response of the PAA to a sinusoidal excitation (amplitude 40 mm, frequency 0.5 Hz) in time
domain is presented in Fig. 2. The first graph depicts the time history of the displacement excitation in refer-
ence to the generated control signal. The second graph depicts the axial force generated by the demonstrator.
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Figure 3: PAA response to the PAR control algorithm - experimental results vs. numerical modelling.

During each period the force increases to a maximum value associated with coexistent decompression and
compression of the gas in the cylinder’s volumes. At the time periods of control signal application, the force
is reduced and therefore, dissipation of the accumulated mechanical energy takes place via the process of
spontaneous gas decompression. The third graph depicts pressure courses in the first and second volumes of
the cylinder. The switching of the valve results in a rapid reduction of the pressure difference between the
two sides of the piston and consequent immediate drop of the reaction force transmitted by the piston rod,
which represents the semi-active operation of the device. The opening period of the valve adopted for this
particular setup is 10 ms, That period allows for obtaining the operating frequency up to 12.5 Hz, assuming
that opening period should not exceed 12.5% of the period. In the presented results the axial force due to
operation of the algorithm is reduced to very low value, which may be unfavourable in the instance of pneu-
matic supports. This is an inherent feature of this particular demonstrator and the kind of experiment which
assumes the fixed mass configuration with the gravity reaction excluded. It is feasible to design a PAA in
order to provide a relevant value of the supporting force by adjusting the diameter of the piston rod. The
current design of the demonstrator allows for vibration testing with assistance of additional springs providing
the required stiffness for a support.

Verification of the numerical results obtained with the proposed mathematical model versus experimental
measurements is presented in Fig. 3. The graphs depict the excitation, force response and pressure time
histories in the volumes of the absorber. As it is depicted, the proposed model allows to properly reflect the
behaviour of the device under the analysed conditions. Additional validation of the model, which confirms
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Figure 4: Force–displacement curve acquired under 0.5 Hz sinusoidal excitation

its proper response for a variety of operational conditions is published in [22].

An example of the PAA mechanical response in a force-displacement graph is depicted in Fig. 4. The ex-
citation is sinusoidal with the analogical parameters to the test described previously. Initial pressure in the
cylinder is 0.25 MPa. The plotted data represent an elementary energy dissipation process, which demon-
strates the idea standing behind the concept. The mechanical energy accumulated in the compressed and
decompressed gas in volumes 1 and 2 during a stroke is dissipated in a controllable way. An important
feature of the system is that after reducing the pressure difference the process of the energy accumulation
restarts instantaneously, which inherently increases the energy absorbing capability of the conceptual device.
The presented curve depicts an instance of 40 mm amplitude and therefore the energy is accumulated on a
stroke equal to a double amplitude. The control algorithm adapts the system for random amplitudes and
frequencies within the previously described limits. The integration of the curve allows for obtaining energy
dissipated per a single period by the device as well as for estimating its absorption efficiency. The energy
absorbed by the device per a period is 47.2 J and the efficiency factor is 45%.

6 Conclusions

The presented study of the mechanical response of the PAA under harmonic excitation allows for enhancing
pneumatic supports dissipative behaviour and a possibility of a fast modification of its properties. The
proposed control algorithm, tested numerically and experimentally, appears to be effective. To conclude, the
presented concept of the pneumatic adaptive device shows a significant potential for further studies, and the
continuation of the investigation will be aimed at the development of a broader range of control methods and
defining the applicability limits.

Acknowledgements

The author gratefully acknowledge the support of the National Science Centre, Poland, granted through the
project Re-Con (DEC-2017/25/B/ST8/01800), and of the National Centre for Research and Development,
Poland, granted in the framework of the TANGO2 programme (TANGO2/341494/NCBR/2017).

DAMPING 1055



References

[1] X. Zeng, L. Zhang, Y. Yu, M. Shi, J. Zhou, The stiffness and damping characteristics of a dual-chamber
air spring device applied to motion suppression of marine structures, Applied Sciences, Vol. 6, 74 (2016)

[2] J.-H. Moon, B.-G. Lee, Modelling and sensitivity analysis of a pneumatic vibration isolation system with
two air chambers, Mechanisms and Machine Theory, Vol. 45 (2010), pp. 1828-1850

[3] J-H. Lee, K-J. Kim, A method of transmissibility design for dual-chamber pneumatic vibration isolator,
Journal of Sound and Vibration, Vol. 323 (2009), pp. 67-92

[4] V.M. Ryaboy Static and dynamic stability of pneumatic vibration isolators and systems of isolators,
Journal of Sound and Vibration, Vol. 333 (2014), pp. 31-51

[5] H. Kitada History of air spring development for Shinkansen trains, SEI Technical Review, No 84 (2017),
pp. 114-119

[6] R. Bogacz, R. Konowrocki, On new effects of wheel-rail interaction, Archive of Applied Mechanics,
Vol. 82, Issue 10-11 (2012), pp.1313-1323

[7] Y-H. Shin, K-J. Kim, Performance enhancement of pneumatic vibration isolation tables in low frequency
range by time delay control, Journal of Sound and Vibration, Vol. 321 (2009), pp. 537-553

[8] P-H. Chang, D.K. Han, Y-H. Shin, K-J. Kim, Effective suppression of pneumatic vibration isolators by
using input-output linearization and time delay control, Journal of Sound and Vibration, Vol. 329 (2010),
pp. 1636-1652

[9] Y-H. Shin, S-J. Moon, A mathematical model for a nonlinear pneumatic actuation system to control
dynamic pressure, Int. Journal of Precission Engineering and Manufacturing, Vol.19, No 3 (2018), pp.
325-337

[10] P.V. Kosenkov, G.M. Makaryants, Control algorithm design of the active pneumatic vibration isolator,
Proceedia Engineering, Vol. 176 (2017), pp. 653-660

[11] M.I. Friswell, E.I. Saavedra Flores, Y. Xia, Vibration isolation using nonlinear springs, in Proceedings
of ISMA2012 - USD2012 (2012), pp. 2333-2342

[12] L. Pesik, A. Skarolek, O. Kohl, Vibration isolation system with a throttle valve, The latest methods of
construction design, V. Dynybyl ed., Springer International Publishing Switzerland (2016)

[13] T.D. Le, K.K. Ahn, Fuzzy sliding mode controller of a pneumatic active isolating system using negative
stiffnaess, Journal of Mechanical Science and Technology, Vol. 26(12)(2012), pp. 3873-3884

[14] T.D. Le, K.K. Ahn, Active pneumatic vibration isolation system using negative stiffness structures for
a vehicle seat, Journal of Sound and Vibration, Vol. 333 (2014), pp. 1245-1268

[15] M. Michajlow, L. Jankowski, T. Szolc, R. Konowrocki, Semi-active reduction of vibrations in the me-
chanical system driven by an electric motor, Optimal Control Applications and Methods, Vol. 38, Issue
6 (2017), pp. 922-933

[16] D. Pisarski, Optimal control of structures subjected to travelling load, Journal of Vibration and Control,
Vol. 24, Issue 7 (2018), pp. 1283-1299

[17] R. Faraj, J. Holnicki-Szulc, L. Knap, J. Senko, Adaptive inertial shock-absorber, Smart Materials and
Structures, Vol. 25, Issue 3 (2016), No 035031

1056 PROCEEDINGS OF ISMA2018 AND USD2018



[18] A.J. Nieto, A.L. Morales, J.M. Chicharro, P. Pintado Unbalanced machinery vibration isolation with a
semi-active pneumatic suspension, Journal of Sound and Vibration, Vol. 329 (2010), pp. 3-12

[19] M.E. Shalabi, A.I. Abdel-Aziz, N.S. Elnahas, Performance of automotive air suspension control system,
Int. Journal of Engineering Research & Technology, Vol. 4, Issue 9 (2015), pp. 80-83

[20] H. Pu, X. Luo, X. Chen, Modelling and analysis of dual-chamber pneumatic spring with adjustable
damping for precision vibration isolation, Journal of Sound and Vibration, Vol. 330 (2011), pp. 3578-
3590

[21] M. A. Boles and Y. A. Cengel, Thermodynamics, McGraw-Hill, 2nd edition (1994)

[22] G. Mikułowski, R. Wiszowaty, Pneumatic Adaptive Absorber: Mathematical modelling with experi-
mental verification, Mathematical Problems in Engineering (2016), No. 7074206.

[23] G. Mikułowski, R. Wiszowaty, J. Holnicki-Szulc, Characterisation of a piezoelectric valve for an adap-
tive pneumatic shock-absorber, Smart Materials and Structures (2013), No. 125011.
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Implementation and comparison of advanced friction rep-
resentations within finite element models
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Abstract
Advanced friction models are often mathematically defined as nonlinear differential equations or complicated
algebraic operations acting in single degree-of-freedom systems; however, such simplified conditions are not
relevant to most design applications. As a result, current designers of practical structures typically simplify
friction modeling to classical, Coulomb-like descriptions. In order to be viable for design purposes, friction
models must be applicable to realistic structures and available in standard commercial codes. The goal of
this work is to implement several different friction models into the commercial code, Abaqus, as user-defined
contact models and to explore their properties in a dynamic simulation. A verification problem of interest to
the joints community is utilized to evaluate efficacy. Several output quantities of the model will be presented
and discussed, including frictional energy dissipation, amplitude, and frequency. The selected results are
comparable to commonly observed experimental phenomena in mechanics of jointed structures.

1 Introduction

Over the past century, many different mathematical descriptions of friction, or friction-like, behavior have
been developed beyond the standard Coulomb model. Several of these are of particular interest to the joints
community as whole-joint models, such as the famous Iwan-element [1], and their application can vary be-
tween modal models [2] or physical-domain models [3]. Regardless of their use however, these mathematical
reduced-order models are generally constructed to represent hysteretic, frictional behavior. In this work, a
set of models are used to represent tangential contact forces (friction) at each contact node in a continuum
FEA model, in contrast to a reduced-order representation of the joint. Specifically, the following models are
studied in this work,

• Coulomb

• Stribeck

• Jenkins/Mignolet Element

• 4 and 5 Parameter Iwan Element

• Bouc-Wen

• Dahl
∗Sandia National Laboratories is a multimission laboratory operated by National Technology and Engineering Solutions of

Sandia, LLC., a wholly owned subsidiary of Honeywell International, Inc., for the U.S. Department of Energy’s National Nuclear
Security Administration under contract DE–NA0003525.
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Figure 1: 2-D Implementation of Contact Models

• LuGre

• Elasto-Plastic

In this work, only 2D (planar) problems with contact are studied, and the contact models are implemented at
each node, as shown in Figure 1.

All of these friction models can be grouped into two distinct categories, rate-independent and rate-dependent
models. The friction force, Ff , for the rate-independent models: Coulomb, Jenkins/Mignolet, 4 and 5
Parameter Iwan, Bouc-Wen, and Dahl can all be characterized by the following form,

Ff = L(u, z), (1)

ż = g (u, z, sgn (u̇)) u̇, (2)

where L(·) is an affine function, z is an internal state variable, and u is the curvilinear nodal displacement
along to the contact line. The second requirement, that the evolution of z is dependent only on the sign, not
magnitude, of u̇, specifically implies that these models are rate-independent. Likewise, the rate-dependent
models need not satisfy either Eq. (1) or Eq. (2). Individual descriptions of each of the models are provided
in the following subsections where the force Ff is assumed to oppose the nodal velocity u̇.

1.1 Coulomb

Coulomb friction is the defacto standard for FEA users that require fictional contact in their models. Mathe-
matically, Coulomb friction can be stated as,

Ff = µcN sgn (u̇) , (3)

where µc is the coefficient of friction and N is the normal force for that degree of freedom. This model does
not involve any dependence on an internal state variable.

1.2 Stribeck

The Stribeck model is another standard tool for many engineers and offers a simple improvement on the
standard Coulomb model by incorporating a difference between static and dynamic coefficients of friction.
The model can take many forms, but here it is be described as,

Ff = µsN sgn (u̇) , (4)

µs = µc + γ [exp (β |u̇|)− 1] + α |u̇| , (5)

where µc has the interpretation of static friction, γ and β are parameters involved with the transition between
static and dynamic friction, and α is a parameter that controls linear viscous damping [4] Again, this model
does not require dependence on internal state variables.
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1.3 Jenkins/Mignolet

The classical Jenkins element is simply a Coulomb slider in series with an elastic element, as shown in
Figure 2. Mathematically, the combined Jenkins/Mignolet element can be represented as,

Ff = z, (6)

ż =

{
ku̇ during slip,
0 during stick,

(7)

where k is the elastic stiffness. The onset of slip is dictated by,

slip onset‖u(t−)− z(t−)‖ = φ, (8)

after slip‖u(t+)− z(t+)‖ = θφ, (9)

where φ is interpreted as the stick-slip force for the internal variable, and θ ≡ µD/µS ≤ 1 is defined as the
ratio of dynamic to static friction. Note that when θ = 1, the Jenkins element is recovered, but θ ∈ (0, 1] is
defined here as the broader class of Mignolet sliders [5, 6].

1.4 4 and 5 Parameter Iwan Models

Perhaps the most well-recognized whole-joint model in the joints community is the 4-Parameter Iwan ele-
ment by Segalman [CITE]. This model consists of a parallel arrangement of Jenkins elements with a distribu-
tion of stick/slip parameters chosen such that the energy dissipation per cycle is linear with forcing amplitude
on a log-log scale. An extension of this model is the 5-Parameter Iwan model by Mignolet, which is essen-
tially identical to the 4-Parameter model but with the Jenkins elements generalized to Mignolet elements and
θ being the 5th parameter. The 5-Parameter model technically encompasses the 4-Parameter model and can
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be described as,

Ff =
N∑

i=1

zi, (10)

żi =

{
kiu̇ during slip,
0 during stick,

(11)

(12)

slip onset‖u(t−)− zi(t−)‖ = φi, (13)

after slip‖u(t+)− zi(t+)‖ = θφi, (14)

In addition to θ, there are four other parameters needed to specify the model, (Fs,Kt, χ, β). Depending
on the methodology of the user’s application, it may be more useful to specify other parameters related to
the derivation of these model; however this work relies on the traditional interpretation given by these four
parameters. Please see the work of Segalman and/or Mignolet to clarify the proper parameter transformations
[7, 1, 6].

1.5 Bouc-Wen

The Bouc-Wen model as derived by Y.K. Wen [8], based on prior work by Bouc [9], defines the output
friction force as,

Ff = kj [c · u+ (1− c) z] , (15)

ż = {A− [α sgn (zu̇)− β] |z|n} u̇. (16)

Note that in this case, slightly different definitions of this model are available dependent on the source. The
Bouc model, from which Wen’s work draws from, is actually a subset of the parameter-space of Bouc-Wen
models when (β, n) = (0, 1),

ż = (A− α sgn (u̇) z) u̇. (17)

1.6 Dahl

Dahl’s model can be defined as,

Ff = z (18)

ż = σ0

∣∣∣∣1−
(
z

zc

)
sgn (u̇)

∣∣∣∣
n

sgn

(
1−

(
z

zc

)
sgn (u̇)

)
u̇, (19)

where zc has the interpretation of static friction, σ0 is analogous to a linear stiffness, and n is given specified
bounds in Dahl’s work as,

n ∈
{
[0, 1) for brittle materials,
[1,∞) for ductile materials.

(20)

The interesting features of this model are that it can reduce to either the Jenkins element or Bouc model
dependent on the parameter space. For the case of (n, σ0, zc) = (0, k, φ), Dahl’s model yields identical
results to the Jenkins element in a continuous-time sense. For the case of (n, σ0, zc) =

(
1, A, αA

)
, the model

reduces the differential equation exactly to the Bouc model. Sometimes in the literature, this Bouc form of
the Dahl model is what is colloquially referred to as the Dahl model, but Dahl’s original work is given by
Eq. (19). Dahl’s model was specifically included in this work because of its historical relation between the
Bouc-Wen and LuGre models, [10].
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1.7 LuGre Model

From Dahl’s model, the LuGre model was constructed as,

F = σ0z + σ1ż + f (u̇) , (21)

ż =

(
1− sgn (u̇)

(
1

g (u̇)

)
z

)
u̇, (22)

g (u̇) ≡ 1

σ0

(
zc + (zs − zc) e−

(
u̇
u̇s

)2)
, (23)

where f (u̇) is often defined as a linear function, i.e. linear damping, such that,

F = σ0z + σ1ż + σ2u̇. (24)

In terms of the mathematical structure, this model is similar to the Dahl model with n = 1, the Bouc model.
The LuGre model deviates from that model by introducing a Stribeck-like term, g (u̇). Additionally the
damping term f (u̇) gives additional flexibility to the model to capture viscous damping effects [11].

1.8 Elasto-Plastic Model

Using the LuGre model as a base, several other researchers have expanded on this work to incorporate
different phenomena. One popular LuGre variant is the Elasto-Plastic Friction Model, which attempts to
further reflect the original hypothesis of Dahl, that elasto-plastic deformation at the micro-scale, material
failure of surface asperities, is the primary culprit of friction forces [12].

The general concept for the description of the restoring force remains the same; however, the evolution of
the internal, hysteretic variable z changes,

F = σz + σ1ż + σ2u̇, (25)

ż =

(
1− α (z, u̇)

z

zss (u̇)

)
u̇, (26)

where zss is the steady-state friction value with respect to velocity, given by,

zss (u̇) =
g (u̇)

σ0
. (27)

The function g (u̇) has the same connotation as from before in the LuGre model; however the form changes
by adding an exponent,

g (u̇) = zc + (zs − zc) e−
(∣∣∣ u̇

u̇s

∣∣∣
)n

, (28)

where the authors specify integer n, i.e. n ∈ Z. The additional rate-dependent function α (z, u̇) is given by,

α (z, u̇) =





0, |z| ≤ zba ∧ sgn (u̇) = sgn (z) ,

αm (∗) , zba < |z| < zss ∧ sgn (u̇) = sgn (z) ,

1, zss ≤ |z| ∧ sgn (u̇) = sgn (z)

0, sgn (u̇) 6= sgn (z) ,

(29)

where zba is the break-away displacement such that,

0 < zba ≤ zmaxss , (30)

and
zmaxss = max (zss (u̇)) =

zs
σ0
. (31)
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The function αm (∗) is given by,

αm (∗) = 1

2
sin


π



z −

(
zmax
ss +zba

2

)

zmaxss − zba




+

1

2
. (32)

2 Numerical Implementation

In this work, the aforementioned advanced mathematical models for frictional contact forces are imple-
mented into Simulia’s commercial finite element code, Abaqus, through user-defined Fortran subroutines.
The models of interest to this work can be generally classified as phenomenological models which accept a
displacement input and give a force output. This is in contrast to stress/strain constitutive models. Because
of this phenomenological structure, these models are only capable of being directly implemented into the
Abaqus Explicit simulations using the VFRIC subroutine. In order to implement these models into Abaqus
Implicit simulations would require that they be reformulated as stress/strain relationships, a non-trivial en-
deavor and outside the scope of this work.

Despite the VFRIC subroutine allowing for direct input of phenomenological models, user-defined subrou-
tines in Abaqus are generally limited in the sense that Abaqus itself is still a black-box from the perspective
of any subroutine. One of the primary consequences of this code structure is that the evolution equations
for z in this study cannot be included in the set of coupled-nonlinear ODEs that Abaqus solves. Thus evo-
lution of the internal variables was calculated within each subroutine. The calculation method varied for
each model; however they can be grouped into three classes. The zero-dimensional models: Coulomb and
Stribeck, did not involve internal variables and did not require additional work. The differential models:
Bouc-Wen, Dahl, LuGre, and Elasto-Plastic, were all conceptually similar in that they merely required the
solution of a nonlinear ODE, and in this case, the ODE was solved for these models using the standard RK4
method. Test problems were used to ensure that the calculation accuracy was sufficient. In contrast, the
Iwan-type models: Jenkins/Mignolet and the 4 and 5 Parameter Iwan model are defined by complex alge-
braic relationships depending on the stick/slip state of the internal variables. Further, the incorporation of
the difference between static and dynamic friction, through θ, creates solutions with discontinuities. A more
sophisticated selection algorithm was developed to calculate the evolution of these models. For each node in
contact and for each Jenkins/Mignolet-type element in that contact model, two state variables were assigned,
z and slip. The variable z is the internal state variable as shown previously, but slip is a binary variable that
represents whether or not an individual slider is sticking or slipping. The algorithm can be concisely stated
for each time-step, n, as,

1) if: A reversal has occurred, i.e. sgn (u̇n) 6= sgn (u̇n−1).

– Slip state is automatically set to stuck, i.e. slipn = 0

– ż = 0 =⇒ zn = zn−1

– Fn = un − zn
2) else: No reversal has occurred, i.e. sgn (u̇n) = sgn (u̇n−1).

Predict the friction force using the internal state-variable from the previous time-step by Fpre =
un − zn−1

2a) if: The slider was stuck in the previous time-step, i.e. slipn−1 = 0; two possible sub cases:

2ai) if: The slider is still stuck, i.e. |Fpre| ≤ φ.
− slip state does not change, i.e slipn = slipn−1

− ẋ = 0 =⇒ zn = zn−1

− Fn = Fpre
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2aii) else: the slider was stuck and is now slipping
− Slip state changes from stick to slip, i.e. slipn = 1

− Fn = θφ

− Use the jump discontinuity to calculate x, i.e. zn = un − Fn
2b) else: The slider was and is sliding and nothing is changing, i.e. slipn−1 = 1

− slip state does not change
− Fn = θφ

− ż = u̇ =⇒ xn = un − Fn

Once the code evaluates the evolution of all of the Jenkins/Mignolet elements in the model at that node, the
total force at that node is evaluated as a summation of the forces of all of the elements.

Furthermore, there are additional physical conditions that need to be accounted for. In a contact problem
between two deformable bodies, one of the implicit requirements for a physically meaningful solution is
that the strongest possible friction forces are those that enforce no-slip conditions. The force required to
maintain no-slip conditions at a particular degree of freedom, Fstick, is problem-dependent, and solution
state-dependent. Many of the models in this study mimic this behavior for the internal state variable, z,
but only the Coulomb and Stribeck models are capable of enforcing this requirement in all cases. It is also
commonly known to engineers that friction forces generally scale with the normal force; however again,
only Coulomb and Stribeck account for this phenomena. In order to enforce these requirements in general
for all of the models, a “Meta-Coulomb” concept was developed. Using this concept, the tangential frictional
contact force in the FEA problem at a particular degree of freedom, Ft, can be mathematically be stated as,

Ft = min [Fstick, (µmN)Ff sgn (u̇)] , (33)

where µm is defined as the meta coefficient of friction, and N is the normal force for the degree of freedom.
By convention, Fstick is assumed to be positive in this work, but it is also assumed that Ft is always in
the direction opposing the slip direction. Multiplication of Ff by sgn (u̇) reorients the friction force to be
in the proper direction for this convention. These conventions are chosen to be consistent with Abaqus
documentation. In addition to the physically-motivated reasons shown previously, another benefit of this
approach is that because the normal load and meta coefficient of friction are used to provide appropriate
scaling, the hysteretic friction force, Ff should generally be of O(1).
A final consideration is that of numerical stability. Hysteresis phenomena are numerically difficult to solve
for a variety of reasons. At reversal points, the derivative of the internal state variables are discontinuous,
leading to non-smooth, potentially numerically-stiff solutions. The solution of the state-variables themselves
can also be discontinuous, as shown with the Mignolet-type models. Additionally, because many of these
contact models incorporate elastic stiffness effects, there are limited regions of the hysteresis curve during
which the friction force might not oppose the slip when the elastic element is releasing stored energy. In
the context of Eq. (33), this would be the case of Ft < 0. Such situations can actually lead to unstable
solutions, as stated in the Abaqus user-subroutine documentation. Interestingly, another scientific area where
hysteresis shows up is the numerical/mathematical electromagnetics community [13]. While the application
is different, the underlying differential equations are similar, and those hysteresis problems also suffer from
numerical stability in time-dependent problems. In the case of continuum mechanics problems, the reason
for this instability is that the time-marching algorithm used in Abaqus Explicit is of relatively low-order.
Specifically, Abaqus Explicit uses central-difference integration with limited adaptability based on wave-
propagation and damping through the structure. For this work, that algorithm was found to be insufficient
for realistic problems and it is not currently possible to adjust the time-marching algorithm within Abaqus
Explicit. To compensate for this difficulty, the absolute value of the friction force is taken to ensure the
stability requirements dictated by the Abaqus documentation,

Ft = min [Fstick, (µmN) |Ff | sgn (u̇)] . (34)
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This change can be thought of as a mapping to ensure stability. One interesting note regarding the map-
ping in Eq. (34) is that contact models involving only viscous and/or coulombic elements are mapped onto
themselves. An example of the effect of this change is shown in Figure 3

3 Verification

In order to ensure the efficacy of the calculations presented in this work, a representative, realistic test
problem was developed in order to verify that the advanced friction models are capable of representing
commonly observed experimental phenomena in problems with lap joints. The problem is derived from the
C-Beam used by the NOMAD Institute at Sandia National Laboratories.

3.1 Problem Setup

While nearly all lap-joints are three-dimensional problems by nature, the methods presented here are only
capable of representing two-dimensional (planar) problems involving contact. A schematic of the test prob-
lem is shown in Figure 4. The test problem used in this study is essentially a two-dimensional cross section
of the C-Beam with the shank of the bolt allowed to pass through the body of the beam. Tied contact was
used to fix the washers to the upper and lower faces of the beam, and because no other interactions were
prescribed between the bolt and beam, the shank of the bolt is allowed to move freely through the beam.
While this is certainly not a realistic way to design a structure with bolted connections, it is a reasonable
two-dimensional representation that captures a great deal of the physics of interest to this work.

Applying the bolt preload however was not nearly as simple. Abaqus Implicit has a built in subroutine
specifically designed to apply preload to bolts; however this algorithm has not yet been implemented in
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Figure 4: 2-D C-Beam Test Problem

Figure 5: 2-D C-Beam Test Problem Bolt

Abaqus Explicit. To compensate, a custom method was used. A small portion of the bolt was cut away near
the midpoint of the shank. The two revealed ends were each given a reference point and the revealed nodes
were kinematically-coupled to their respective reference points, i.e. the edge nodes are rigidly connected
to the reference point. The two reference points were then connected with an axial connector. This axial
connector acts as a slotted connection. The two reference points may translate axially along the connector,
but the connector does not allow for relative notation, only rigid rotation. A schematic of this connection is
shown in Figure 5. A relatively small preload of 2000N was applied as a connector force to act as a preload.
The actual magnitude of the preload is arbitrary in this situation, but it was found to be sufficient to uncover
significant phenomena.

This method of applying the bolt preload is applicable to both Abaqus Explicit and Abaqus Implicit simula-
tions. That fact is important because linearized mode shapes and natural frequencies can only be calculated
after Abaqus Implicit static preloading steps. For this test problem, the lowest mode that participates in the
joint occurs at 331Hz and the corresponding mode shape is shown in Figure 6.

The beam was loaded in two steps. First, a quasi-static preloading step was used to load the bolt as previously
described, and then a 1.0ms haversine impulse was applied to the midpoint of the upper branch of the C-
Beam. This approach was symmetric about the y-axis and thus reduced the problem size greatly. Several
different magnitudes of haversine impulse were applied to beams containing each of the different contact
models. The impulse magnitudes were: 10N , 50N , 100N , and 200N . Notably, no significant difference
was found between Abaqus’ built-in penalty friction model and a strict Coulomb friction model, thus Abaqus’
penalty, or default, friction was used as the baseline for this study. The transient response was calculated for
1.0 sec of simulation time.
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Figure 6: Dominant Mode of the Verification Problem

During the investigation of this work, it was found that the friction models were extremely sensitive to
parameter tuning. In order to glean meaningful comparisons between the different friction models, a tuning
scheme was used to ensure that the energy dissipation per cycle among the models was similar. A meta
coefficient of friction of µm = 0.5 was arbitrarily chosen. Additionally, because the Coulomb friction
model’s parameter, µc, is redundant within the meta coefficient of friction framework, it was set to unity,
i.e. µc = 1. The other friction models were then tuned in comparison to the Coulomb model by examining
the response of a single degree of freedom excitation. The output forces, Ff , for each of the models were
calculated assuming a sinusoidal input of,

uinp = uo sin (ωfd t) , (35)

where uo is a characteristic displacement and ωfd is the fundamental natural frequency of the system. Exam-
ining the results for different loading impacts on the beam with the Coulomb model revealed that a reasonable
characteristic displacement at the interface is approximately uo = 10−7m, and it is was shown previously
that the relevant fundamental natural frequency is ωfd = 331Hz. Note that the forcing frequency is relevant
only for the rate-dependent models. The tuned hysteresis curves are shown in Figure 7.

3.2 Results

Two metrics were primarily studied in this system, modal frequency response functions and frictional energy
dissipation. For each of the transient simulations, the displacement data was decomposed by the modeshapes
identified through Abaqus’ linear perturbation analysis to uncover the modal response of the mode shown in
Figure 8. In that figure, it can be seen that the tuning scheme is effective in calibrating the models somewhere
between 50N and 100N , but as the load changes, the response of the system can change considerably
depending on the model.

In addition to comparing the models, another goal of this verification problem is to assure that the different
models obey commonly observed experimental phenomena, particularly as the impact magnitude changes.
Figure 9 shows the effect of changes the loading impact magnitude on the Coulomb model and the Iwan
model. As the magnitude of the impact increases, the damped natural frequency decreases, and the damping
increases in a nonlinear fashion.

Finally, the total energy dissipated through contact is examined in Figure 10. This output quantity, known as
ALLFD in Abaqus, is able to shed light on the different regimes of the response. Note that this metric only
measures the dissipation through frictional contact, not material damping. In this case, the material damping
is extremely small, only large enough to mitigate numerical issues, such that microslip can be assumed to
be the only significant source of damping in the system. In the early portion of the response, up to 0.5 sec
depending on the model, the energy dissipation is large, indicating that micro-slip is a dominant effect. In
the later portions of the response however, the interface locks and only material damping is present. This
can be see as the frictional energy dissipated asymptotically approaches a steady-state value. Each model
approaches a slightly different value depending on its parameters and behavior.
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Figure 7: Tuned, Stabilized Hysteresis Curves
Coulomb: , Stribeck: , Jenkins/Mignolet: , Iwan:

Bouc-Wen: , Dahl: , LuGre: , Elasto-Plastic:

4 Conclusion

In this work, several of the best friction models available in academic literature have been combined with
commercially available software to open up new possibilities for physical-domain analysis of jointed-structures.
Using a representative verification problem, it was shown that standard experimentally observed nonlinear
damping phenomena can be recovered, and differences between the different models can be observed. Fu-
ture work in this research area will include extension of the methodology into three-dimensional contact
problems, and analysis of the effects of parameter tuning on system response.
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Abstract
Resonant metamaterials and phononic crystals are popular ways to design the dynamic properties of ma-
terials. Especially sought-for are frequency ranges with high damping, so-called bandgaps. A possible
approach to achieve forbidden frequency bands in plates is altering the bending stiffness in a regular pattern,
e.g. by varying the thickness profile or the material stiffness. The destructive interference of incoming and
reflected bending waves, due to impedance changes, results in a series of wide bandgaps. We investigate
a two-dimensional phononic crystal sandwich plate consisting of a pattern of rectangular unit cells. Each
cell’s core has an area with higher stiffness and mass density, captured between two thin homogeneous faces.
Unlike resonant metamaterials, such panels do not require expensive parts with a complex shape and are
therefore more economical. The dispersion relation is modelled using periodic boundary conditions on a
unit cell, which results in the prediction of highly anisotropic material properties.

1 Introduction

Lightweight panels are widely used for automotive and aerospace applications, but also as a flexible solution
for separation walls between offices and meeting rooms. The economic and practical advantages are clear:
a lower weight results in reduced fuel consumption and a higher flexibility due to easier handling. The
acoustic performance of such materials, however, is negatively influenced by the low weight [2]. The sound
transmission loss depends mainly on the mass in a large frequency range, and the general consensus is to
achieve a compromise between weight and acoustic restrictions [10].

Elastic waves can be efficiently attenuated in wave guides with an engineered structure. Resonators added
to a host structure absorb wave energy at their eigenfrequency [8]. Alternatively, a periodic alteration of
elastic properties (Young’s modulus, bending stiffness, mass, . . . ) leads to wave scattering and destructive
interference in certain frequency ranges [6]. Such structured materials are called resonant metamaterials
or phononic crystals, respectively [4, 5]. They are widely investigated for vibration and acoustic isolation
applications, since the attenuation is no longer ruled by the material constants, but by directly altering the
dynamic properties of the structure.

Several solutions for lightweight walls with high transmission loss based on the metamaterial approach exist.
The goal is to reduce out-of-plane motion of the walls, for which mainly bending waves are responsible.
Resonators can be added directly on a thin light plate [1], or two faces of a double-leaf wall can be decoupled
by highly attenuated connectors [3]. In the first case, wave energy is absorbed by the resonators, thereby
avoiding the host plate to vibrate at that particular frequency. In the second case, the vibration of one face is
not transmitted to the second face, leading to a reduced sound radiation. These resonant solutions are highly
efficient, but requires parts with a complicated geometry and is therefore not always cost effective.

In this paper, we investigate two-dimensional phononic crystals to achieve vibration attenuation in plates. It
is known that beams with a periodically varying cross section exhibit forbidden frequency bands for bending
waves [7, 12]. The width and efficiency of these band gaps depends on the geometry and material properties.
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Figure 1: Unit cell of a pure checkerboard plate (a), the areas with different bending stiffness are shown
in grey and white. Two transformations of the initial unit cell: scaling (b) and translation (c). Geometries
investigated in this work: 35× 35 mm translation (d) and 60× 30 mm translation (e).

Despite the easy design, very high wave attenuation can be achieved. This idea can be expanded to plates,
when filling a plane with rectangular tiles of alternating thickness. The band gaps depend on the wave
propagation direction, since the periodicity a wave encounters varies with the propagation angle. Extending
the attenuation efficiency of periodic beams to plates is therefore a non-trivial problem, and we will look into
some possible designs.

We present a possible geometry for sandwich panels with periodically varying bending stiffness. The bending
waves of a structure with a limited number of design parameters are modelled. Periodic boundary conditions
can be applied to calculate the wave dispersion in an infinite plate based on a single unit cell. Using an
inverse (f → k) dispersion calculation scheme allows for the computation of the real and imaginary part
of the wave numbers as a function of frequency. Thus, knowledge of spatial attenuation of waves in all
directions can be addressed.

The geometry and modelling method are shown in Sec. 2. Numerical dispersion results, including direction
dependent phase velocities, are shown in Sec. 3.

2 Modelling checkerboard phononic sandwich plates

2.1 Unit cell geometry

In order to realise a 2D phononic crystal for bending waves, the bending stiffness has to exhibit a periodic
pattern. We propose a rectangular tiling of the plane to achieve periodicity. The bending stiffness can be
altered by changing e.g. the thickness or material in each cell, but these possibilities are not very practical
for production. Therefore, we propose sandwich plates of which the core consists of two materials in a
chosen tiling. This results in a structure with flat outer faces but with a locally varying bending stiffness
depending on the core.

A perfect checkerboard structure, with alternating square tiles having 2 different bending stiffnesses, is an ill-
defined design due to the line contacts between individual tiles, leading to non-manifold edges (Fig. 1(a)). It
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Figure 2: Steps in the preparation of the FE model with periodic boundary conditions. Mesh (a), selection
of the master and slave surfaces in red (b), location of the master and slave nodes (c).

also lacks flexibility to change the overall dynamic behaviour of the sandwich plates. We introduce three ad-
ditional design parameters by defining two operations on one quarter of the initial unit cell: scaling (Fig. 1(b))
and a horizontal (dh) and vertical (dv) translation (Fig. 1(c)). In this example, the white material is expanded
so that the initial shape of the unit cell remains unchanged. After applying one or both transformations, there
are no more non-manifold edges.

For the study in this paper, we limit ourselves to translations only. In the models, the resulting octagons
are made out of aluminum (E = 71 GPa, ρ = 2770 kg/m3) and have a thickness of 10 mm. The octagons
are placed in a 150 mm×150 mm pattern between two plexiglass plates (E = 3.3 GPa, ρ = 1190 kg/m3)
with a thickness of 3 mm. The rest of the space between the plexiglass faces is left open. The filled space
has a considerably higher bending stiffness than the open parts, resulting in wave scattering. Two different
translations are considered in the model: one along the diagonal with dh = dv = 35 mm, resulting in an
octagon with point symmetry, and one asymmetric scenario with dh = 60 mm and dv = 30 mm.

2.2 Floquet boundary conditions for complex wave number calculation

Wave dispersion in an infinite, periodic assembly of plane unit cells can be calculated by applying Floquet
boundary conditions in two dimensions. This calculation can be conveniently performed starting from a
finite element model (FEM) of the unit cell. For this work, the FEM preparation and meshing is done in
Ansys 18.2 (Fig. 2(a)), for clarity the upper face is omitted), after which the mass and stiffness matrices M
and K are exported for further calculations. This offers the possibility to consider more complex geometries
than the one presented here.

The equation of motion, considering a harmonic excitation, of the FEM unit cell is given by

D̂q = [K − ω2M ]q = f ,

where D̂ is the dynamic stiffness matrix. Damping is included by adding an imaginary part to the stiffness
matrix, in our case equal to 5% of the real values: Kdamp = (1 + 0.05i)K. In the absence of external forces,
the force vector on the internal DOFs qI equals zero:

D̂

[
q�
qI

]
=

[
f
0

]
,

where q� denotes the DOFs on the boundary of the unit cell. Therefore, these nodes can be eliminated
out of the equation of motion in order to reduce the matrices and increase the calculation speed, according
to [9, 11]:

Dq� = f .
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A harmonic wave with wave vector k travelling through an assembly of unit cells relates the (slave) degrees
of freedom (DOFs) qS,R on the right side of the unit cell to the (master) DOFs qM,L on the left:

qS,R = exp(−ikxDx)qM,L,

where kx is the x-component of the wave vector, andDx the size of the unit cell in this direction. In the same
way, the DOFs on the top side can be related to those of the bottom side. The relation between the diagonal
corner DOFs is given by

qS,RT = exp(−ikxDx − ikyDy)qM,LB.

The master sides of the unit cell under consideration are shown in (Fig. 2(b)).

In matrix form, the DOF vector can now be reduced to

q = ΛRqM,

where qM contains the master DOFs only. Due to force equilibrium between the boundary nodes, the force
vector can be reduced using the relationship

ΛLf = 0.

The detailed structure of the reduction matrices ΛL and ΛR can be found in [9, 11].

Using these relations, the equation of motion can be rewritten as

D̄(ω; kx, ky)qM = [K̄(kx, ky)− ω2M̄(kx, ky)]qM = 0,

with K̄ = ΛLKΛR and M̄ = ΛLMΛR.

The direct dispersion calculation method, choosing a value for kx and ky, and calculating the eigenfrequen-
cies ω is a straightforward eigenvalue problem. However, the result is only valid in pass bands, and the spatial
attenuation of waves cannot be retrieved. It is also not a useful method if material damping is considered.

The inverse method, calculating the wave number for a chosen frequency, is more intricate but results in more
complete information. It can be shown that the reduced equation of motion can be written as a polynomial
eigenvalue problem in case kyDy/kxDx = m2/m1 is rational. The highest order of the eigenvalue is
pmax = 2(m1 + m2). Although relatively efficient to solve, the calculation time becomes exorbitant if
pmax > 20.

We implemented the inverse method in Matlab, keeping for each frequency the 12 wave numbers with the
lowest real part. The results for two geometries are shown in the next section.

3 Modelling results

3.1 Direction dependent dispersion

The result of the inverse calculation method described in the previous section is a set of complex wave
numbers for the frequency range 0-5000 Hz. An example is given in Fig. 3(a). Since only out-of-plane
waves play an important role for acoustic radiation, we filter out the in-plane wave modes, resulting in the
dispersion curve in Fig. 3(b).

The colours represent the imaginary part of the wave number. It can be seen that band gaps can both occur
on the edges of the first Brillouin zone, but there are also frequency bands with high damping at intermediate
wave numbers. This happens where two or more branches cross. These frequency bands appear as veering
if the direct calculation scheme is used: a certain branch of the dispersion curve bends back towards lower
frequencies, and veers a neighbouring branch. However, using the indirect method, it can be seen that a
single branch can be tracked continuously over the entire frequency range.
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Figure 3: Full dispersion curve for the 35× 35 geometry, in the 45◦-direction (a) and dispersion curve with
out-of-plane modes only (b).
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Figure 4: Out-of-plane-wave dispersion curve for the 35 × 35 geometry, in four different directions. The
colour represents the imaginary part of the wave number, blue for low attenuation and yellow for high
attenuation. (Partial) band gaps are highlighted in grey.
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Figure 5: Out-of-plane-wave dispersion curve for the 60 × 30 geometry, in four different directions. The
colour represents the imaginary part of the wave number, blue for low attenuation and yellow for high
attenuation.

In the 45◦-direction, this geometry has very high damping (=(k) > 20) over almost the entire frequency
range, except for the lowest frequencies up to 700 Hz, and some individual branches around 1500 and
3000 Hz.

Fig. 4 shows the dispersion curves in four different directions for the 35 × 35 geometry. The asymmetry
is clearly noticeable. However, in the 0◦ and 90◦, no wide total band gaps are present. On the other hand,
the areas in grey highlight zones with high damping for most waves. The steep dispersion branches with
low attenuation result in sharp frequency bands where elastic wave motion is possible. It can be expected,
however, that bending waves will be efficiently damped.

Fig. 5 shows the dispersion curves in four different directions for the 60 × 30 geometry. Once again, a
relatively high damping is achieved above 2500 Hz for the ±45◦-directions. On top of that, a full band gap
is clearly noticeable in the 0◦-direction, between 1000 Hz and 2000 Hz.

3.2 Frequency dependent phase velocity

From the dispersion curves, the phase velocity of the waves can be calculated directly using the relation
vp,x = ω/<(kx) and vp,y = ω/<(ky). We calculated the dispersion curve in 33 different directions in order
to create a polar plot of the phase velocity as a function of frequency. This gives useful insight in the wave
propagation behaviour and direction dependent wave attenuation.
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Figure 6: Phase velocity of out-of-plane waves for the 35× 35 geometry at four different frequencies.
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Figure 7: Phase velocity of out-of-plane waves for the 60× 30 geometry at four different frequencies.

At first sight, intricate wave speed patterns can be noticed at every frequency. Even in the low frequency
range, the typical circular/elliptical velocity which is expected in isotropic/orthotropic plates is absent. Eight-
shaped patterns that occur at multiple frequencies are usually found in layered structures.

From these images, it is easy to read the direction dependent wave attenuation. In the 35× 35 case (Fig. 6),
waves are highly damped in the horizontal direction at 400 Hz, and almost omnidirectional at 600 Hz. The
60× 30 scenario delivers an overall high damping at 1200 Hz (Fig. 7).

4 Conclusion

Despite the simple design, sandwich plates with a transformed checkerboard core results in intricate wave
dispersion. As an example of phononic crystals, the wave numbers, phase velocities and band gaps are
direction dependent. However, frequency areas with high omnidirectional attenuation can be created by
choosing a suitable core geometry.

Using octagonal core stiffenings, band gaps can be created both on the edges of the Brillouin zone, and
due to wave mode veering. The implementation of periodic boundary conditions with the inverse approach
(f → k) results in the prediction of broadband damping of bending waves. Since the out-of-plane waves are
responsible for acoustic transmission, we expect that reduced vibration amplitudes will improve the acoustic
transmission loss. For other applications, such as wave steering or lensing, the panels can be designed to
attain desired phase and group velocities.

Based on these initial numerical results, future work will consist of (1) making a prototype and compare the
predicted structural behaviour with measurements, (2) measure the sound transmission effects of a checker-
board sandwich core, and (3) implement an optimization scheme for attain predefined elastic and acoustic
properties. The limited number of free parameters allows a feasible topological optimization.
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Abstract
Advancements in 3D print technology now allows the printing of structured acoustic absorbent materials at
appropriate microscopic scale and sample sizes. Optimisation of parameter sets associated with a Kelvin
Cell structure have the potential to develop various metabehaviours in the associated acoustic responses.
The repeatability of the fundamental cell unit also provide a route for the development of viable macro
models to simulate built up structures based on detailed models of the individual cell units. This paper
describes a process to model, print and test of such a sample. Manufacturing restraints will initially guide
the optimised design. Micro to macro models based on a single cell structure which are cross checked against
a full visco thermal acoustic finite element model of the individual cell. A macro model based on a reduced
lossy helmholtz system is then used to predict the absorptive response response under normal incidence and
checked against a manufactured sample under experimental test.

1 Introduction

It is generally accepted that viable working models of the acoustic behaviour of certain classes of of
acoustically absorbent materials can be adequately predicted by empirical models calibrated by for example
Delaney, Bazely, Miki [1]. By these models the absorptive parameters can be expressed as frequency
(ω), flow resistivity (σ), density ρ0(ω, σ) and bulk modulus K(ω, σ) with the acoustical modelling then
proceeding using an equivalent fluid obeying a lossy Helmholtz equation. Due to the statistical nature of
the solidifcation process it is usually necessary to supplement the modelling with some static flow tests to
determine σ or alternatively to estimate this using reduced models in the case of fibrous materials at least
to estimate σ from the individual fibre geometries themselves. A 3D meta structure, on the other hand,
generates a regular repeated geometric structure which allows the modelling of the losses though the use of
an equivalent hydraulic radius and a companion equivalent cylindrical tube model. Bezemer-Krijnen et al
[2] successfully demonstrate this approach on a stacked sphere structure.

In this paper we analyse a single open kelvin cell using a full visco-thermal model and then determine the
equivalent hydraulic radius by comparison woth a lossy helmholtz model of the the same structure. Once r
is determined we can then build an efficient hardbacked model of a manufacturable system 10 cells deep and
estimate the absorbency. This is finally compared with experimental test results.
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1.1 Background models

The lossy acoustics in a fine absorptive medium can be modelled by linearised visco thermal fluid mechanical
models. These are governed by the equation system given for example in Nijhof et al. [3]

ρ0(∇.v) + jωρ = 0 (1)

jωρ0v = −∇p+ µ(∇.∇v +
1

3
∇∇.v) (2)

jωρ0CpT = κ∆T + jωp (3)

p = R(ρ0T + ρT0) (4)

where v, p, ρ, T, µ,R, ρ0, T0, κ, Cp and ω are the acoustic harmonic velocity, pressure, density, temperature,
dynamic viscosity, gas constant, static density, static temperature, thermal conductivity, specific heat at
constant pressure and angular frequency. In the above formulation the fluid is assumed to be Stoksian.
A finite element model implementing the above was constructed using a mixed weak formulation following
[3] and Zienkiewicz et al. [4] which can present the system in the matrix form

[K + jωM]a = F (5)

As the density variable may be eliminated using the equation of state, Equation 4, each node will have five
degrees of freedom including three velocity components, temperature and pressure stored in a. The forcing
vector F then models boundary pressure loads, material injection and heat flux. K and M were constructed
following the procedures for mixed formulations outlined in [4]. In order to develop a stable mixed model it
is critical to use shape functions of one order less for the pressure and its weighting functions, In this work
quadratic 10 noded tetrahedal elements were used with linear functions for pressure and quadratic functions
for the velocity and temperature. The redundant mid side nodal pressure degrees of freedom were decoupled
from the formulation and 2nd order volumetric integrations were used.

The general equation system in Section 1.1 has also shown itself to be amenable over the frequency ranges of
interest to efficient Padé type frequency sweeps such as the WCAWE method proposed by Slone et al. [5]. In
the cell system equation needed only to be solved at a single frequency with extrapolation using derivatives
up to order 25 being adequate to cover the frequency range,

1.2 From Micro to Macro visco thermal modelling

Solution of the full system equations is extremely expensive and precludes the solutions for structures
of conjoined cell models of practical interest. Unfortunately the equation systems themselves are poorly
conditioned and there does not seem to be a viable preconditioning method reported in the literature at
this time to enable iterative solution approaches. Therefore full visco-thermal simulations of absorptive
labrynthine structures of the scale needed for the application projects will not viable. Clearly a model
reduction strategy such as, for example, the Low Reduced Frequency approaches whereby a simple
Helmholtz model is formulated enabling the simulation of much more extensive structures with the lossy
elements modelled as boundary loads. The losses themselves are modelled approximately using equivalent
cylindrical duct losses following, for example, Allard and Atalla [6]. The link between more complex
structures such as stacked spheres by Bezemer-Krijnenet al [2] is through the use of an “hydraulic radius” r.
This is given by

r =
2V

A
(6)

where V is the volume of a single acoustic cell entrapped by the spheres and A is the wetted surface area.
Using the corrections for averaged density ρ(ω) and bulk modulus K(ω) in cylindrical bores provided for
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Figure 1: Kelvin Cell

example by [6] which can be summarised as

ρ(ω) =
ρ0
G(ω)

(7)

K(ω) =
K0

Γ(ω)
(8)

where

s = r

√
ωρ0
µ

(9)

B =

√
µCp

κ
(10)

G(ω) = 1− 2J1(s
√−j)

s
√−jJ0(s

√−j) (11)

Γ(ω) = 1 +
2(γ − 1)J1(Bs

√−j)
Bs
√−jJ0(Bs

√−j) . (12)

The modelling strategy gives consistent results when compared with experiments also in [2]. The concept of
a geometrically sensitive single parameter r which can be defined by a single (repeating) cell then defining
the losses is in a sense consistent with Delaney-Bazely-Miki type models [1] where the flow resistivity
defines the frequency dependent losses for more random fibrous type absorbent structures.

In this study we consider an absorbent layer 10 cells deep of the form shown in figure 1.2.

The lengths of the individual struts were 375 µm with diameters 250 µm. A one eight model of the
complementary acoustic cavity was geometrically modelled and meshed using gmsh 3.06. This had an
open outlet with a forced pressure inlet and a symmetry condition appiled to the side walls. No slip and zero
acoustic temperature was applied to the curved wetted surface areas. The geometric hydraulic radius r for
this structure using equation 6 yielded a value of 400 µm. The results for the temperature and axial velocity
are shown in figure 1.2 and 1.2 for the system running at 1000 Hz.

The computer resources required to model of higher complexity become very expensive, as in addition to the
high number of degree of freedom required per node (5) there is also clearly a requirement to locally refine
the meshes at the boundaries particularly as the frequencies rise.
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Figure 2: Acoustic Temperature

Figure 3: Axial Velocity
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Figure 4: Comparison of Cell Models

2 Equivalent Helmholtz Model

A lossy Helmholtz model of the same subsystem was then constructed using an Finite Element model of the
equation system following procedures described in [4] . . .

ω2Γ(ω

K0
p+

G(ω)1

ρ0
∇2p = f (13)

where the density and bulk modulus are given by 8 and 8. Comparative Padé WCAWE type [5] frequency
sweeps of both the Helmoltz system and the full viscothermal model were then run as shown in figure 2.

Two values of r are used for the lossy Helmholtz model. The geometric value of 400 µm is shown to
underestimate the loss, whilst a tuned value of 270 µm generates results which are indistinguishable from
the full visco thermal model. The same mesh was used for both systems.

3 Multi-Cell Macro model

The next stage is then to model the full 10 cell structure using the efficient Helmholtz model with the two
different values of r. The model is shown in figure 3 and can sustain a uniform mesh structure as there is no
specific boundary layer action. A closed boundary condition (hard wall) was implemented on the model end.

This model was also suitable for a WCAWE frequency sweep and the calculated absorbency at inlet is shown
in figure 3. Note that no inlet manifold has been included in this model so the blockage effect is directly
modelled as a simple area based porosity φ = 0.4883. Thus the inlet impedance was given by
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Figure 5: 10 Cell Lossy Helmholtz model

Zi =
pinlet
φūinlet

(14)

The absorptivity a was then calculated according to . . .

Ref =
Zi − ρ0c
Zi + ρ0c

(15)

a = 1− |Ref |2 (16)

The sensitivity to the choice of hydraulic radius r values is illustrated in the plot.

4 Experimental Measurements

The relevant ISO standard for the measurement of the acoustical properties of the material is ISO 10534-
2:2001. This standard describes the test rig and procedures for estimating the complex acoustic impedance
of a material under normal incidence using the ”two-microphone” or ”transfer function” method. This
methodology is used to calculate the reflection and absorption coefficients which are the usual measures
used to quantify the performance of an acoustic material.

4.1 Normal Incidence Impedance Tube Testing

In order to facilitate impedance tube testing samples were manufactured using additive techniques. Due to
the high resolution and precision required for the material selective laser melting was chosen as the additive
manufacturing technology. The 3D Systems Prox DMP 200 was used with the following capabilities:

• Resolution: x=100 µm ; y=100 µm ; z=20 µm

• Material: metals - Titanium, CoCr, Aluminium, SS

• Build Volume: x=140 mm ; y=140 mm ; z=125 mm

• Wall Thickness: 150 µm

• Surface Roughness: Up to 5 Ra µm
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Figure 6: Absorbtivity of 10 Cell model
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Normal incidence impedance tube tests are used to obtain the reflection factor R and absorption coefficient
α, in accordance with the international standard ISO 10534-2:2001. In these tests, the sample is placed in
an impedance tube as shown in figure 7 (a), which is taken from the ISO standard. The material is backed
by a hard, reflective termination. The custom rig used for this work is also shown in figure 7 (b). In the
experimental rig, the hard termination is provided by a 20 mm thick piece of aluminium which can be bolted
on the end of the tube.

The cut-on frequency for this tube means that it is only possible to perform tests reliably up to 5050 Hz. The
lower limit is determined by the speaker and is in the region of 300 Hz. On the left hand side of figure 7
(b) we can see the BMS 4591 speaker which is driven by the output signal of a National Instruments DAQ
which has been amplified by a power amplifier. The box bolts on to the end of the tube to provide a tight seal
with little leakage of sound. The square section on the right of figure 7 is the sample holder which opens to
hold cylindrical samples of 40 mm diameter and up to 50 mm thick. The sample holder is held shut by four
long bolts with wing nuts.

GRAS 40PH array microphones were chosen to instrument the rig as they have a frequency response of 10 Hz
- 20 kHz and upper limit of the dynamic range of 135 dB re 20 µPa allowing for testing up to high pressure
amplitudes. The microphones are connected to the National Instruments DAQ and the signals are recorded
in Matlab. The microphones are calibrated using the switching methods described in the standards to achieve
a calibration transfer function which corrects for any differences in the behaviour of the microphones.

The impedance tube requires samples of a 40 mm diameter but due to the periodic structure of the Kelvin cell
material a disc of this material will include many partial cells at the edges. These partial cells are impossible
to manufacture due to unsupported overhangs in the print so to avoid these the entire sample was printed
within a hard wall supporting ring. This hard wall ring was designed to have an inner diameter of 40 mm so
as to allow an exact flush fit with the walls of the impedance tube. Custom sample holders were designed to
enable this flush fit with the walls of the tube. The sample and holder is shown in figures 8 to 9.

(a)

(b)

Figure 7: (a) Impedance tube design ISO 10535-2 (b) TCD Impedance tube rig

A comparison of the experimental and numerical results obtained for this test sample are shown in figure
10. Despite the excellent print quality achieved this type of material design pushes current additive
manufacturing technologies to their limit. At the time of writing no detailed inspection of the manufactured
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Figure 8: CAD of Impedance Tube Sample

Figure 9: Sample attached to build plate manufactured with a 3D Systems Prox DMP 200 and sample in
holder for impedance tube testing.

sample has been conducted. However there is promising agreement between the experimental measurement
and the numerical simulation. Both sets of results identify a peak absorptivity in the region of 4-4.5 kHz. In
general the numerical models have over predicted the achieved experimental absorptivity. Further work will
continue to characterise the test sample and attempt to achieve closer agreement in the numerical simulations.

5 Conclusions

The use of a single parameter r to inform density and bulk modulus frequency variations in an efficient
equivalent fluid model for the present class of kelvin type meta structure would appear to be a viable
proposition to model acoustic losses. The lossy helmholtz model will still retain geometric detail and has
thus the potential model gross metabehaviour under more complex loadings.

The use of visco thermal models at a cell level to tune the loss model is a critical part of the procedure and
has the further potential to extend the modelling to more detailed local boundary behaviour which can then
subsequently be removed from the model in the micro to macro process.

Design optimisation will be facilitated by use of a clearly identifiable geometric parameter. The proposed
structure was realised using state of the art additive manufacturing technologies. Initial experimental results
conform well the numerical simulations and demonstrate the potential of the approach taken in this work.
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Figure 10: Comparison of experimental and numerical results.
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Abstract
The purpose of this work is to present and investigate the concept of adaptive sound absorbers, that is,
periodic porous media with modifiable micro-geometry, so that their ability of sound absorption or insulation
can be changed in various frequency ranges. To demonstrate this concept, a simple periodic porous micro-
geometry with small bearing balls inside pores is proposed. By a simple positioning of the periodic porous
sample the gravity force is used for the small balls to close some of the windows linking the pores, changing
in that way the flow path inside pores, which entails significant modifications of the relevant parameters of
permeability and tortuosity. Also the viscous characteristic length is changed, while the porosity as well as
the thermal characteristic length remain unchanged. Nevertheless, such significant changes of some crucial
transport parameters strongly affect the overall acoustic wave propagation in the porous medium. All this is
studied using an advanced dual-scale modelling as well as experimental testing of 3D-printed specimens.

1 Introduction

Porous materials are widely recognized as effective acoustic insulators. They owe their acoustic damping
properties to a specific internal structure and to the presence of voids (pores) in particular. Geometry of voids
and their spatial distribution are considered to be one of the main determinants of the acoustic performance
of porous materials. Such a correspondence between the internal constitution and the acoustic characteris-
tics opens up the possibility of designing structure with a required acoustic behaviour. This observation in
conjunction with the idea of controlling micro-flow paths inside porous medium led to the concept of an
adaptive sound absorber demonstrated in this work. Since with the advent and development of the additive
manufacturing technologies the issue of fabricating porous materials with a definite microstructure became
technically feasible, a simple demonstrator could be fabricated to illustrate potential behind the idea of the
aforementioned adaptive absorber.

In principle, the proposed adaptive demonstrator is 3D-printed, however, during fabrication, some large
pores of its open-cell periodic microstructure are used to trap steel bearing balls which would play the role of
adaptive valves controlling the character of airflow on the micro-scale inside the interconnected voids (and
between the large pores, in particular). From the macroscopic perspective, the flow in porous media depends
on the so-called transport parameters, which are also strongly related to the propagation and absorption of
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acoustic waves. The steel balls can change their position inside pores thanks to the gravity or inertial forces,
and modify – in that way – the flow and relevant transport parameters, and as a consequence – the sound
absorption of porous medium. Thus, loading the 3D-printed pores with the steel balls was found to be a
simple yet effective way to furnish the porous material with a rudimentary adaptation mechanism.

This kind of adaptive sound absorbers can be used, for example, in acoustic treatments of engines in aircraft
or vehicles. Usually, the engine noise and its predominant frequencies are related to the speed and accel-
eration: typically, a higher frequency noise is produced during the acceleration and at higher speeds. The
character of noise at various speed and acceleration conditions can be precisely determined during acousti-
cal testing of engines by applying signal analyses to the measured data. In an adaptive sound insulator the
acceleration forces may be used to switch the valve balls into the position which adapts the sound absorb-
ing/insulating properties of material to better comply with the expected noise conditions. For the investigated
demonstrator, the gravity is used for this purpose.

In this work, the adaptive sound absorbing porous material as well as its non-adaptive preceding version are
modelled according to the so-called equivalent-fluid approach for porous media with rigid frame [1], and
using an advanced model with 8 transport parameters related to the micro-geometry of solid and 5 additional
parameters of visco-thermal pore-fluid. The latter are some well-known parameters of air, while the trans-
port parameters are calculated for the designed materials from their periodic microstructure. Currently, this
approach is well established and has been successfully applied for various sound absorbing media, namely:
granular materials [2–4], open-cell aluminium foams [5, 6], perforated closed-cell metallic foams [7], ce-
ramic foams with spherical pores [8], polymeric foams [9–13], double-porosity foams [14], syntactic hybrid
foams (i.e., open cell polyurethane foams with embedded hollow microbeads) [15], 3D-printed foams [16],
and fibrous materials [17–20]. For the proposed demonstrator of adaptive porous material, the transport
parameters must be computed for for each case related to a particular adaptation position.

When the microstructre-based parameters of materials are found, the wave propagation in the investigated
porous media (or rather, in the homogenised effective fluids equivalent to them) can be determined on the
macro-scale level using the Helmholtz equation of time-harmonic acoustics. Relevant macroscopic finite
element solutions and also some analytical predictions allow to evaluate the sound absorption for a few
configurations, in particular, for the designed adaptive porous absorber in two extreme adaptation states.

The investigation scheme presented above is realised in the paper as follows. The designed periodic micro-
geometry of the adaptive sound absorbing porous material is described in Section 2.1, whereas the manufac-
turing of adaptive demonstrator and other necessary samples is explained in Section 2.2. Section 3 presents
the results of all microstructure-based calculations, while the macroscopic analyses are discussed in Sec-
tion 4, where the final modelling results – in the form of acoustic absorption curves – are presented and
confronted with the corresponding measurements of the adaptive demonstrator as well as other samples.

2 Design and manufacturing of an adaptive sound absorber

2.1 Design of periodic micro-geometry

Figure 1 shows the proposed periodic micro-geometry of an adaptive sound absorbing material. Notice that
the fluid domain of pores is depicted here, instead of the solid skeleton. The periodic porosity of such an
adaptive sound absorber can be represented by a single periodic cell visualised in Figure 1. The porous cell
is cubic and its micro-geometry of voids contains:

• a single large pore in the cell centre,

• 8 one-eights of small pores in the cell corners,

• 6 wide cylindrical channels (2 vertical and 4 horizontal ones) to link the large pore with its counterparts
in the neighbouring cells,
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(a) (b) (c)

Figure 1: The geometry of porosity: (a) a fragment of periodic fluid domain (i.e., voids filled with air) with
a single representative cubic cell distinguished in blue; (b) the designed (original) geometry of voids in a
single cell, and (c) the transparent “actual” (updated) geometry of voids in the periodic cubic cell with a
sphere (steel ball) inside the main pore

Void type Diameters [mm]
(designed) (“actual”)

large pore 4.6 4.4
small pore 2.0 1.8

wide channel 1.6 1.4
narrow channel 1.0 0.8

Table 1: Diameters of pores and channels in the porous periodic cube of size 5 mm

• 8 oblique narrow cylindrical channels linking the large central pore with the small corner ones.

The porous cubic cell is obviously scalable. The budget 3D-printing technology used for this research per-
mitted for fabrication of samples with rather large cells of 5mm in size. Table 1 shows the diameter values
for pores and channels in the cell of such a size. Two slightly different values are listed for each diameter:

1. the designed original value from the CAD model used for 3D-printing, see Figure 1(b),

2. the “actual” value valid for the updated model used for numerical calculations, see Figure 1(c) where
a 2.5mm steel ball inside the large pore is also visualised.

In the “actual” configuration, the steel ball centre is set 1mm below the centre of large pore, which means
that a narrow slit is left between the ball and the edge of the wide channel below. This thin regular aperture
simulates the effect of tiny openings which exist in the contact between the smooth steel ball and the rough
3D-printed edge of the channel. As a matter of fact, because of the roughness, the channel can be blocked
by the steel ball but not fully sealed.

2.2 Manufacturing of the adaptive sound-absorbing demonstrator

The sound-absorbing demonstrator was manufactured using a 3D-printing technology and steel bearing balls.
The FlashForge Creator Pro 3D Printer was used to fabricate all samples and also other useful elements,
see Figure 2, namely: a special tray device for precise placement of steel balls in a regular 6 × 6 array, see
Figure 2(b), and a square-to-circular-shape threaded adapter to replace a part of the impedance tube, see Fig-
ure 2(d). Many 3D-printing tests had been conducted before fabricating the final sound-absorbing samples.
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(a) (b) (c) (d)

Figure 2: Porous samples and their manufacturing: (a) porous cylinder (with empty pores), (b) an original
technique for the placement of steel balls into the large pores (during 3D-printing), (c) porous cuboid (with
steel balls hidden inside large pores), (d) the porous cuboid sample inside the 3D-printed threaded adapter
being a replacement for a part of the impedance tube

These tests allowed to choose a proper material and many important 3D-printing parameters (e.g., temper-
atures) suitable for the designed micro-geometry. It was found that the actual sizes (diameters) of voids in
3D-printed probationary specimens were smaller (roughly by 0.2mm) than the corresponding original de-
sign values in the CAD model presented in Figure 1(b). Therefore, a corrected CAD micro-geometry was
generated as shown in Figure 1(c), with the “actual” values of all diameters, see Table 1; this CAD model
served in all numerical calculations.

Three final complete samples were 3D-printed based on the same porous micro-geometry: a cylinder with
diameter 29mm and height 60mm – see Figure 2(a), and two cuboids with a 38mm × 38mm square base,
and 65mm in height – see Figure 2(c). These samples differ in two main features: the macroscopic shape,
and the presence (or absence) of steel bearing balls inside the large pores.

The CAD geometry for the cylindrical sample was generated as a 6 × 6 × 12 array of the cubic periodic
cells shown in Figure 1, each cell 5mm in size, and so the porous cylinder was virtually cut out from the
30mm×30mm×60mm porous cuboid. The cylinder diameter of 29mm was chosen so that the 3D-printed
sample could be tightly fitted into the smooth metal impedance tube. The cylindrical shape means that all
lateral cubic cells of the sample are to some extent not complete, i.e., cut (in fact, some of them are nearly
gone), see Figure 2(a), and it is impossible to fit a full 2.5mm steel ball in most of these partially 3D-printed
cells. Therefore, the cylindrical sample was manufactured without steel balls.

The cuboid samples were 3D-printed as a 6× 6× 12 array of the 5mm cubic periodic cells surrounded with
additional solid walls: 4mm thick on lateral faces, and 5mm thick at the bottom, while the top face was left
open, see Figure 2(c). Therefore, the cuboid specimen is, in fact, composed of the 30mm× 30mm× 60mm
porous cuboid 3D-printed together with (and inside) the solid square tube closed at one end with a thick
termination wall; now, the cuboid sample sizes can be explained as follows: the base edge-lengths equal
38mm = 6 × 5mm (cell size) + 2 × 4mm (wall), while the height is 65mm = 12 × 5mm (cell size) +
5mm (bottom). One of the cuboid samples was simply 3D-printed – with all empty pores, the other was
manufactured so that each of its large pores contains a 2.5mm steel ball. To this end, 12 pausing commands
had been added to the 3D-printer code to pause the 3D-printing process successively at the specified heights
when the large pores of the current layer are still wide open (unfinished) so that a 2.5mm ball may be easily
dropped into each of them, and then, stay below the currently 3D-printed surface. The special tray device,
which was designed and 3D-printed for the purpose, see Figure 1(b), allowed for quick taking and precise
placement of 6 × 6 = 36 steel balls into the array of (not yet completed) large pores. Finally, a square-
to-circular-shape adapter was designed and 3D-printed, see Figure 2(d). The cylindrical part of the adapter
has a well-fitted inner thread which permits to link it tightly with the set-up of impedance tube. The square
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part matches the cuboid samples so that each of them can be very well fitted inside the adapter. In that way,
the adapter with a cuboid sample inside forms a replacement for one end of the metal impedance tube. Of
course, in this case, the plane waves propagating in the original metal impedance tube pass into the slightly
larger cuboid porous absorber, where the propagation becomes a little bit more complex, that is, it is no
longer ideally planar, and this effect must be taken into account during modelling.

3 Calculations of transport parameters from microstructure

Both sound-absorbing porous media, which were designed and fabricated as discussed above, that is, the one
with empty pores and the adaptive one with valve balls inside large pores, can be modelled as homogenised
equivalent fluids which means that the Helmholtz equation of time-harmonic acoustics is used to describe the
acoustic wave propagation in such media. Their effective properties (i.e., the frequency-dependent complex-
valued density, bulk modulus, and speed of sound) are computed from the Johnson-Champoux-Allard-Pride-
Lafarge (JCAPL) model [1, 21–25] for rigid-frame sound-absorbing porous media. This model requires 8
transport parameters (listed in Table 2), which can be calculated from porous microstructure [2–4,6,17]. The
porosity and thermal length are found directly from the micro-geometry, whereas the remaining parameters
require solution of three static problems: (1) the Stokes flow, (2) the Laplace problem, and (3) the Poisson
problem. The first problem describes a steady, viscous, incompressible flow through pores and channels of
the periodic representative cell, with no-slip boundary conditions on solid surfaces. The Laplace problem
simulates the electric conduction of a porous material with dielectric skeleton and conductive pore-fluid,
whereas the Poisson problem simulates the thermal transport in the fluid inside pores with isothermal bound-
ary conditions on solid surfaces. For all problems, the appropriate periodic boundary conditions are applied
on fluid boundaries lying on the faces of the cubic representative cell. Their solutions serve to determine the
relevant transport parameters using formulas involving averaging over the fluid domain.

The transport parameters were calculated for the updated (“actual”) micro-geometry of periodic cell with and
without the valve ball, see Table 2. When the valve balls are present the material properties can be adapted,
because the balls can be used to block some channels and, in that way, change the material (viscous) perme-
ability and tortuosity, as well as the viscous characteristic length and static viscous tortuosity. This approach
is very effective when the main transport direction is parallel to the blocked channels, since the flow is then
directed through auxiliary channels which are oblique and narrow. Therefore, two cases were considered for
the adaptive material with valve balls: (1) the horizontal direction, and (2) the vertical direction – referring
to the direction of the pressure gradient driving the viscous flow, or the unit external electric field for the
re-scaled conduction problem (i.e., the Laplace problem), assuming that the position of valve balls is at the
bottom of large pores. Figure 3 compares the character of viscous flows for both cases, and also for the ma-
terial without balls. In this latter case, however, adequately the same results are obtained for the horizontal
directions, since the cell without ball has full cubic symmetry.

Transport parameter Unit Without
valve balls

Horizontal
direction

Vertical
direction

(open) porosity % 44.92 38.38 38.38
viscous permeability 10−9 m2 13.56 11.69 2.172
thermal permeability 10−9 m2 128.9 48.98 48.98

(inertial) tortuosity – 1.981 1.856 2.483
static viscous tortuosity – 3.255 3.092 5.289
static thermal tortuosity – 1.607 1.649 1.649
viscous charact. length mm 0.627 0.575 0.231
thermal charact. length mm 1.227 0.863 0.863

Table 2: Transport parameters for the “actual” micro-geometry
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(a) [m2] (b) [m2] (c) [m2]

Figure 3: Viscous flow through the periodic cell: (a) with empty pores, and (b,c) with a sphere (valve ball)
inside the main pore, at the bottom of it; the pressure gradient driving the flow is in the horizontal (b) or
vertical (a,c) direction

The results presented in Table 2 confirm that the thermal parameters are non-directional (therefore, the same
for both direction cases), as obviously is the porosity. For the horizontal direction case, that is, when the
channel blocked by the valve ball is perpendicular to the main transport direction, the inertial tortusity and
all viscous parameters tend to be quite similar to the corresponding values obtained for the material without
valve balls (with differences in the range from 5% to 14%). For the vertical direction case, the viscous and
inertial tortuosities are significantly larger, while the viscous permeability and characteristic length are much
smaller than their counterparts computed for any of the two other cases.

4 Macroscopic analyses and experimental testing of the adaptive
sound absorber

Nine macroscopic analyses of sound propagation were carried out for the porous media discussed in the
previous Sections, that is, for the material without balls and for the adaptive material with valve balls in two
different positions with respect to the direction of wave propagation. Therefore, one may speak here, in fact,
about three porous media characterised by different sets of transport parameters (see Table 2), since from
that perspective the adaptive material is treated as two different porous media. Consequently, three analyses
were carried out for each of the three sets of transport parameters from Table 2, namely:

1. a one-dimensional analytical analysis of plane waves propagating in air and penetrating into a porous
medium at normal incidence to its surface (see, for example, [26] for complete analytical formulas for
single- and double-layer configurations),

2. a three-dimensional numerical analysis of a quarter of porous cylinder with an adjacent layer of air,
see Figure 4(a) for the corresponding finite-element mesh,

3. a three-dimensional numerical analysis of a quarter of porous cuboid with an adjacent quarter of cylin-
der of air, see the corresponding finite-element mesh in Figure 4(b).

The adjacent air domain is added in these models only to ensure the plane waves at the top surface (i.e., at
some distance above the porous cuboid), where the surface acoustic impedance is to be computed in order
to determine sound absorption. The height of air domain is 20mm, which equals to one-third of the height
of porous domains which is 60mm (that is, twelve 3D-printed periodic porous layers). The diameter of
cylinders is 29mm and the full width of cuboid is 30mm (which means 15mm for the quarter of cuboid).
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(a)

← air

← porous cylinder
(a meshed quarter)

(b)

← air

← porous cuboid
(a meshed quarter)

Figure 4: Finite-element meshes to model (a) cylindrical and (b) cuboid samples – only quarters of both
macro-geometries are presented and meshed (taking advantage of symmetries)

The wave propagation in the porous domains and in air were modelled using the Helmholtz equation (for the
porous media using also the JCAPL model). In the case of three-dimensional analyses the quarters of the
porous and air domains could be modelled with finite elements because of symmetry, see Figure 4. The sym-
metry is realised by applying the sound-hard boundary conditions on the lateral surfaces of symmetry. On all
other lateral surfaces and also on the bottom surfaces of porous domains in both macroscopic configurations
presented in Figure 4, the sound-hard boundary conditions are also applied to simulate the rigid wall termi-
nations. In the case of the porous cuboid this condition is also applied on the ‘external’ part of the top surface
(the ‘internal’ part forms the interface with the cylindrical air domain). In reality, the rigid wall terminations
are metal walls of the cylindrical impedance tube and its closing piston – in the case of the porous cylinder;
or they are also 3D-printed as inherent parts of the cuboid samples or as the square-to-circular-shape adapter
– in the case of the porous cuboid.

On the top surfaces of the cylindrical air domains in both macroscopic configurations shown in Figure 4, the
pressure boundary condition is applied to simulate the plane acoustic wave propagating into these systems.
In the case of the purely cylindrical system, i.e., the one with porous cylinder as in Figure 4(a), the wave
propagation is planar everywhere and the problem and all results are in fact unidimensional, that is, they are
constant on all quarter-circle cross-sections and their variations along the cylinder height should be the same
as the corresponding results obtained analytically. In fact, the main purpose of this numerical analysis was
to check the applied finite element modelling. The one-dimensional problem and the corresponding three-
dimensional cylindrical configuration simulate the plane wave propagation in the impedance tube with the
cylindrical porous sample (or, in a vast porous layer of the same thickness as the cylinder height) and their
solutions are practically the same as confirmed by the results presented further in Figures 5–8.

In the configuration with porous cuboid, see Figure 4(b), the wave propagation is more complex and to some
point three-dimensional (especially, close to the interface between the air and porous medium), although the
waves are still planar in the air domain away from the porous cuboid and they become planar again inside
the porous cuboid away from its top surface. This configuration serves to model the case where the plane
acoustic waves propagate in the cylindrical metal impedance tube and pass into the 3D-printed thick-walled
internally-porous cuboid absorber which terminates the tube.

When any of the harmonic wave propagation problems is solved, the surface acoustic impedance is computed
on the top surface of air domain, where the waves are plane – as they are in reality, in the impedance
tube (at least at some distance from the surface of porous cuboid absorber) and in particular at the two
microphones measuring the acoustic pressure at two specified positions inside the tube, in accordance with
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the Two-Microphone Transfer Function Method [27]. The frequency-dependent complex-valued surface
acoustic impedance together with the known characteristic impedance of air allow to determine the real-
valued acoustic absorption coefficient in the considered frequency range [1, 27]. The wave propagation in
the air domain is lossless, so the sound absorption computed in that way for the meshed configurations
depicted in Figure 4 comes only from the porous absorbers.

Figure 5 presents the sound absorption results for the porous material without valve balls. In that case,
the cylindrical sample could be manufactured, so the predictions can be compared with the corresponding
measurements obtained not only for the porous cuboid, but also for the porous cylinder. The analytical
result and numerical calculations for the cylinder are similar with the experimental curve for the cylindrical
sample when comparing the peaks in absorption, however, there is some underestimation at frequencies
between the peaks, where the acoustic absorption is low, anyway. The same is observed when comparing the
numerical predictions for porous cuboid with the corresponding experimental curve, although in that case
the discrepancies are even larger, especially at frequencies exceeding 3.5 kHz.

The results obtained for the adaptive material with valve balls are shown in Figures 6–8 for the two extreme
cases, that is, when:

1. the valve balls block the channels perpendicular to the direction of wave propagation which means
that the impedance tube with adaptive porous sample is set in the horizontal position;

2. the valve balls block the channels parallel to the direction of wave propagation which means that the
impedance tube with adaptive porous sample is set in the vertical position.

Figure 6 presents the acoustic absorption of waves propagating in the horizontal directions in the adaptive
material – with respect to the vertical gravity force. Generally speaking, the character of absorption curves in
that case is quite similar to the absorption presented in Figure 5 for the material without valve balls, although
the porosity and other transport parameters are rather different. As expected, the numerical predictions for
the adaptive porous cuboid are closer to the measurements (possible only for the cuboid sample) than other
calculations: in particular, a small relative shift of absorption peaks to slightly lower frequencies is well
predicted. Nevertheless, the overall discrepancy of the experimental result from the numerical prediction
tends to be larger than differences between two different numerical calculations.

The numerical predictions shown in Figure 7 for the adaptive porous cuboid in vertical position are quite
correct under 3 kHz, but with large discrepancies at higher frequencies, especially over 4.5 kHz. However,
the overall character and low-frequency absorption peaks are well predicted in general. Now, by comparing
the corresponding absorption curves obtained for the two adaptive material states plotted in Figure 6 and
in Figure 7, respectively, it can be observed that the absorption of sound waves propagating in the vertical
direction in the adaptive porous material, (i.e., in the direction of gravity force, see Figure 7), is completely
different than in the case of the horizontal propagation (i.e., across the direction of gravity force, see Fig-
ure 6). In order to better see that difference, all numerical and experimental results obtained for the cuboid
adaptive sample are re-plotted together in Figure 8. It is clear that the overall absorption tends to be generally
better for the vertical position, however, there are wideband frequency ranges where the horizontal position
ensures the best absorption (for example, in the frequency range from 2.7 kHz to 3.3 kHz a local minimum
in absorption of the adaptive porous material in the vertical position can be changed to a local maximum of
the horizontal position). More precise and quantitative observations can be stated as follows:

• after changing the absorber from the horizontal to vertical position, the three absorption peaks are
dramatically shifted in frequency from about 1 kHz, 2.9 kHz, and 4.4 kHz to lower values of about
0.7 kHz, 2.2 kHz, and 3.8 kHz, respectively;

• in the vertical position the lowest-frequency absorption peak reaches 1.0, the next peak is 0.95, and
higher frequency peaks are about 0.9, while in the horizontal position the lowest-frequency peak is
about 0.85 and the maximal absorption value of 1.0 is gained by the third peak (of the highest fre-
quency in the considered frequency range).
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Figure 5: Predictions for the updated micro-geometry without steel balls (cylindrical and cuboid absorbers)
and the corresponding experimental results
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Figure 6: Predictions for the cylindrical and cuboid absorbers in the horizontal position, with steel balls (and
the “actual” micro-geometry), and the corresponding experimental result for the cuboid sample
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Figure 7: Predictions for the cylindrical and cuboid absorbers in the vertical position, with steel balls (and
the “actual” micro-geometry), and the corresponding experimental result for the cuboid sample
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Figure 8: Predictions and experimental results for the cuboid sample of the adaptive absorber
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5 Final remarks

The experimental investigations presented in this work demonstrated the feasibility and potential of the pro-
posed concept of adaptive sound absorbing materials. The applied advanced, dual-scale modelling proved
suitable, making possible the complex design process and allowing for correct (though not extremely pre-
cise) predictions. Moreover, it seems that poor quality of 3D-printing (a low-resolution budget 3D-printer
was used) is responsible for most of the discrepancies between the measurements and predictions. These
discrepancies should diminish or become quite negligible after using a fabrication technique or device of
better quality. Moreover, larger discrepancies appeared at higher frequencies which can usually be neglected
in most of the practical applications targeted here.

Nonetheless, new designs of adaptive sound absorbers should be developed and fabricated using techniques
and/or instruments and devices of much better quality. Even further developments of the proposed concept
should consider a semi-active approach, for example, using small switchable membranes (instead of valve
balls positioned by the gravity), which should also lead to the investigation of some additional effects related
to quick persistent membrane movements to and fro between the ‘open’ and ‘closed’ positions.
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Abstract
The development of metamaterial modelling tools requires agreed benchmark designs which are suitable
for manufacture and acoustic testing. A proposed design for a benchmark metamaterial consists of a
periodic structure of cubes with a spherical internal cavity connected through cylindrical openings on each
face of the cube. This design is highly amenable to both numerical modelling and manufacture through
additive techniques. This work will report on the design, manufacture, modelling and validation of this
benchmark metamaterial. The influence of manufacturing deviations on the predicted acoustic behaviour
will be quantitatively assessed through acoustic testing. Furthermore, deliberate deviations from the basic
design will be introduced during the manufacture to allow a systematic assessment of the impact of the
manufacturing tolerances on the targeted meta-behaviour. Thereby this work will produce initial guidance
on the impact of additive manufacturing approaches on the performance of acoustic metamaterials.

1 Introduction

The European COST action DENORMS (Designs for Noise Reducing Materials and Structures) has the
stated goal of providing a framework for efficient information exchange, avoiding duplication of research
efforts and channelling the work of groups involved towards the common goal of designing multifunctional,
light and compact noise reducing treatments. As part of this effort there is a need for benchmark designs and
materials which can be used to cross check and validate new numerical approaches as well as experimental
measurements and manufacturing technologies. The group proposed a design for a benchmark periodic
metamaterial which was amenable to numerical modelling, manufacture and experimental testing. This
work reports on initial results for the proposed design where the entire process of simulation, manufacture,
experimental testing and validation was attempted.

The recent surge in metamaterial research has been facilitated by a number of advances in enabling
technologies. Advances in numerical modelling and processing power have enabled the simulation of meta-
behaviours under realistic conditions. This has led to proposals for effective designs however, until recently,
these were often unrealisable. Research into advanced additive manufacturing technologies has opened the
door to complex geometries that are unsuited to traditional manufacturing techniques. At present there are a
number of additive manufacturing technologies available and these include:

• Stereolithography

• Jetting systems

• Direct Light Processing

• Laser Metal Deposition
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• Electron Beam Melting

• Lithography-based Ceramic Manufacturing

• Selective laser melting/sintering

• Fused Deposition Modelling

The various technologies provide different capabilities in terms of resolution and build volumes. These limit
the scale and quantity of metamaterial that can be produced. The design and manufacturing processes from
conception through to realization of a metamaterial is also of vital importance as is it currently unknown
to what extent manufacturing tolerances or defects will impact the targeted meta-behaviour. Therefore the
correct selection of manufacturing process and inspection of the produced material are topics which require
research.

A survey of the state of the art in terms of additive manufacturing technologies reveals the capabilities
currently available to metamaterial researchers. The key capabilities of build volume and minimum feature
size have been graphed in figure 1. The graph shows a clear relationship between the build volume and
minimum feature size and shows the overlap in the capabilities of the various technologies considered. As
a general rule an increase in build volume is matched by a corresponding increase in the minimum feature
size which can be achieved. There were three printing technologies used for this research which extend from
low cost desktop printers to the state of the art machines. One of the most widely used low cost (approx.
e3k) desktop printers is the Ultimaker series highlighted by a red 5 on the plot. The Formlabs Form 2 is
a relatively low cost desktop printer (approx. e5k) highly suited to laboratory research of metamaterials as
many prototype designs can be produced quickly and cost effectively and is highlighted with a red + on the
plot. The 3D Systems Prox DMP 200, highlighted by the red B symbol, can print in titanium, cobalt chrome,
aluminium and stainless steel. This is a state of the art machine (approx. e450k) and in this work was used
to manufacture in cobalt chrome at a cost of e200 per kilo of powder.

2 Design

The DENORMS benchmark design consists of a periodic structure of cubes with spherical internal cavities
connected through cylindrical openings on each face of the cube. This design, while basic, has a number
of features which can be varied to alter the acoustic performance of the periodic cellular material. It is also
amenable to manufacture at different scales and with the parameters of sphere and cylinder diameter easily
varied within a cell of a given size.

In this work a single 5mm cubed cell size was used with fixed interior spherical cavities of radius 2.25mm
with interconnecting cylinders of radius 1mm from all faces of the cell. These parameters were chosen in the
first instance to allow for a successful manufacture of the structure. Figures 2 and 3 show the dimension and
design design of the periodic cell.

While the DENORMS cell does not correspond closely to many of the wide range of metamaterial designs
currently published in literature the lessons learned for the manufacture, simulation and testing are still
widely applicable to other materials. For example, recent papers on: optimal sound absorber design [1], ultra
thin metasurfaces [2] and space coiling metamaterials [3, 4, 5] have all utilised periodic structures realised
through additive manufacturing.

3 Manufacture

Most low cost commercial 3D printers make use of fused filament fabrication which is a 3D printing process
that uses a continuous filament of a thermoplastic material, for example the Ultimaker desktop printers.
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Figure 1: Build volume and minimum feature size for commercial additive manufacturing systems

Figure 2: DENORMS benchmark design

Figure 3: DENORMS benchmark design- rotation of individual cell from zero to twenty five degrees
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The resolution of these machines is potentially insufficient to accurately manufacture the spherical internal
cavities and circular openings of the connecting cylinders which are included in this material’s design.
Additionally these ”fuzzy” internal surfaces may influence the achieved acoustic performance, potentially
leading to an enhanced broadband performance [4] due to additional losses caused by the spurs. It is not
possible to quantify the influence of these manufacturing defects on the achieved acoustic performance of
the material therefore they may be unsuitable for a benchmark validation material. The Formlabs Form 2
printer which is based on stereolithography technology can achieve a resolution which is, conservatively,
four times smaller than Ultimaker technology while still being a low cost desktop printer. It is hoped that
more accurate manufacturing will lead to greater agreement with the numerical simulations of the acoustic
behaviour. Finally the 3D Systems Prox DMP 200, based on selective laser melting/sintering, can achieve the
smoothest surfaces with the best resolution and will be the closest to the ideal benchmark material sample.
Manufacture with these three different technologies essentially introduces defects into the design which are
inherent to the technology chosen.

There are however significant disadvantages to all of these technologies when considering a periodic cellular
design. For the stereolithography based printers the entrainment of the resin material inside the cells leads to
blockages which are more difficult to remove deeper in the material. This limits the number of layers of cells
which can be manufactured in a single piece. This problem is not encountered in fused filament fabrication
as there is no excess material to be entrained inside the cells. In this work attempts were made to remove the
entrained resin material through compressed air cleaning, ultrasonic baths and manual evacuation. A decision
was made to print the cells in high resolution single and dual layers which could be combined for testing.
This introduces a new complication in that it is possible to have air gaps between layers of the cells, the effect
of which may be very significant on the acoustic performance. A move to selective laser melting/sintering
in metals avoids all of the above issues, however this technology can no longer be considered low cost. The
additive manufacturing process is outlined in figure 4.

Stage one occurs in the Computer Aided Design Laboratory where the component CAD files are analysed
and prepared for the additive manufacturing process. The following software packages are used at TCD for
this purpose:

• CAD Software: SolidWorks, Creo

• Finite Element Analysis: Ansys Workbench

• 3D Printing Software: Materialise, 3D Builder, PreForm

The second stage is the additive manufacturing process where the appropriate technology is chosen based on
consideration such as:

• Material: Polymer, ceramic, titanium, aluminium, cobalt chrome, stainless steel

• Build volume

• Resolution

• Manufacturing Time

In stage three the component must be extracted from the baseplate and support structure used in the additive
manufacturing process. In addition to traditional manufacturing tools Wire Electrical Discharge Machine
(EDM) is available to remove metals from AM baseplate with a cutting path as small as 21 µm .

In order to achieve the desired material properties the manufactured components must be post-processed.
Certain polymers may respond to curing under UV light and the metals may require heat treatment. Two
specialised industrial sintering furnaces designed for thermal processing of materials up to 1280 C are
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Figure 4: Additive manufacturing process
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available as well as UV curing facilities. This process may be necessary to achieve required microstructure
and removal residual stresses.

A number of inspection procedures are available in order to verify the dimensional accuracy of the
manufactured metamaterials. The influence of manufacturing defects on the meta-behaviour is currently
unknown and has not been reported in literature to date. The primary inspection procedures involve high
resolution microscopy and CT scanning technology.

The initial DENORMS cell design was created in the open source GMSH software. GMSH can produce a
mesh around the designed cell of varying levels of fineness depending on the needs of the design and export
the mesh as .stl file. Key quality factors that need to be addressed and inspected at this stage of design are
the quality of the feature mesh, the size of the files, any erroneous triangles added in meshing that deviate
from the design requirements and any impinged features such as intersecting struts.

Once the design is finalised it can be taken into the 3D builder software as a .stl file. 3D Builder allows the
cells to be propagated out in a regular pattern. Its inbuilt repair tools allows designs to be repaired at the joins
between cells, remove extraneous triangles formed by the merging of several cells and fill any holes between
cells in propagation.

A bottleneck in the production of the geometry relates to the file size and on board memory in the printers.
This stage of design is important as the reduction in file size by converting to alternative supported file
formats, such as .obj files, reduces the memory requirements by a factor of 5. An even greater reduction is
possible by converting to .3mf format but this is not supported by the next stage in the process, namely the
proprietary printer software, but might be a potential solution for even larger file sizes required in future.

The simplification tool can also be a strong means to reduce the file size by merging some of the finer features
in the design that are not of a resolution available in the manufacturing process. The CAD files are then sliced
to form the manufacturing code. Features that are significantly thinner than a single slice will not appear in
regular operation but use memory to be stored. The danger in the simplification process is the potential for
the simplification to join features across small gaps, thus altering the fundamental design of the cell. The
effect of this is that smaller square openings can become rounded or sealed in extreme cases.

As the simplification can also lead to feature removal, a visual inspection of the CAD is conducted using a
split tool to provide an internal view of the CAD file. This validation of the features allows errors or issues
to be addressed before manufacturing occurs.

This final optimized .obj file can be provided as input to whichever proprietary slicing software is available
for the desired printer. There are two main steps in the preparation of a design for print; orientation and
support. The design is oriented to reduce overhangs, flat bridging surfaces and other potential causes for
build failure such as cups. Overhangs are the most common cause for failure and these are produced by a
model which has a long distance before another section or support which can cause the material to sag and no
longer join correctly. Cups form in concave features and cause layer separation to occur producing a failed
layer in the build which can cascade into total failure.

If at any point a print is not supported from below the laser will solidify the material but it will not be
connected to the build. In the Form 2 printer, this cured resin remains in the resin tank and can cause issues
during the rest of the build as it can impact other section of the design or become embedded into another
feature. Care also has to be taken in the support placement as the support struts can be larger than gaps in the
design or the design struts. This can cause issues as the design cannot be extracted intact from the support
structure or the design can become compromised with extraneous features.

This problem is most frequently seen at the smaller scales where the support point is placed on the upper
bound of a designed hole and completely seals it. A check should be made of support placement and a full
visual inspection of the final sliced code should be carried out verifying the required support is present and
that no part is filled by a support structure.

Following this the part is ready for manufacture in the printer. There are a few checks that need to be made
in order to have a successful print. For example in the Form 2, the baseplate must be clean with no major
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gauges or scuffs, these defects will develop over time through regular usage. The resin tank can also develop
clouding or have partially cured resin that may interfere with the laser pass. Both of these possible errors
are easily corrected but can lead to failed prints if not addressed in a timely manner. The resin tank and
resin reservoir must sufficient material for a full print, if the material runs out the print will be paused and
potentially cause failure as restarting the print can have poor layer cohesion where the pause occurred.

Following a successful print the part must be removed from the support structure and build plate. The
first stage is removing the print from the build plate. The polymer prints include a solid resin base of
2mm attached to the aluminium build plate that keeps the print steady in manufacture however the build
plate cannot be put through the material washing system or it will not be able to form a strong bond with
subsequent prints. The metal build plates require specialist tools to successfully remove the parts. Once the
print is removed from the base plate excess uncured resin or metal powder must be removed. In the resin
case this is done using two absolute alcohol baths both for ten minutes. This removes the excess resin but
needs to be controlled as alcohol can be absorbed by the resin making it swell and can degrade parts if left
for a significant amount of time.

Completed prints undergo a rigorous inspection procedure. The initial inspection is a visual inspection after
print removal. This stage of inspection checks for large scale defects such as support failures, missing
or damaged cells and layer disconnects. These macro defects usually necessitate a new print or support
redesign.

The first quantitative check is to verify that all faces are level. This ensures that the print is not warped or
twisted it is possible that uneven curing causes the print to curl inwards on the more cured side, this is due
to entrapped and entrained liquid leaving the material and causing a modest amount of shrinkage. To avoid
this prints are rotated regularly over the curing period to achieve an even curing.

The next visual inspection is to check all corners are complete and undamaged. As the printing process
includes a wiper passing over the print it is possible, at the exposed corners, for a wiper crash to cause
damage. The corners are also where any damage in inserting the print into the test apparatus is likely to be
noticed as they are the weakest points. This weakness is due to fewer neighbouring cells being available to
dissipate force without deforming.

The final element of the visual inspection is to check that all designed channels are formed and clear. The
DENORMS cell design has a series of cylindrical channels that air passes through. Any internal defects can
usually be seen through these regular channels such as debris being embedded in the material or residue from
the support spur failing into the channel. These blockages could potentially impact the effectiveness of the
metamaterial.

4 Numerical Modelling

An initial 3D numerical model of the DENORMS cell was developed using a commercial finite element soft-
ware COMSOL Multiphysics. The proposed DENORMS design was simulated using a fully thermoviscous
acoustic model in the COMSOL acoustics module.

The structure of the proposed design as shown in Figure 2 consists of a sphere r=2.25mm enclosed by a box
of sides a=5mm and three cylinders with r=1mm.

In order to effectively model the losses associated with propagation of sound waves in this problem, the
thermal conductivity and viscosity effects which occur in the narrow regions were included. Due to the
small size of the unit cell it was appropriate to simulate this problem as a full thermoviscous model. Near
the walls, viscous and thermal boundary layers occur, a no-slip condition is applied to the velocity and an
isothermal condition for the temperature.

The model in consideration solves for the linearised Navier-Stokes equation,
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ωρ0u = −∇p+∇.(µ[∇u + (∇u)T )− [
2

3
µ− µb][∇.u]I) (1)

the conservation equation,
ωρ+ ρ0∇u = 0 (2)

and the energy equation in the frequency domain.

ωρ0CpT = ∇.(k∇T ) + ωpT0α0 (3)

where ρ0 , µ , µb , Cp, k and α0 are the fluids density, dynamic viscosity, bulk viscosity, heat capacity at
constant pressure, thermal conductivity and isobaric coefficient of thermal expansion, respectively and ω is
the angular frequency. This model requires careful consideration to correctly resolve the acoustic boundary
layer. Furthermore, while it is important to accurately capture the thermal and viscous losses by providing
refinement towards the boundaries, it is important to keep the number of elements to an acceptable minimum.
Far-away from the boundaries the size of the elements can be larger, this will avoid large computation time.
The thermoviscous acoustics model is computationally expensive as it solves for the pressure, velocity field
and temperature variations.

4.1 Numerical grid

The numerical grid used in the models of different numbers of layers of the DENORMS cell have the same
mesh. The appropriate boundary layer thickness required is frequency dependent and can be determined
from:

δ =
√

2ν/ω (4)

where ν is the kinematic viscosity of air.

Multiple numerical grids would have to be used for the frequency range of 0-4000 Hz . Due to significantly
large computation time required for a fully thermoviscous model for an array of up to ten cells deep, it was
decided to have a slightly thicker boundary layer to encapsulate the range of frequencies analysed. As with
increasing frequency the boundary layer’s thickness should become thinner, the boundary layer thickness
was automatically set by COMSOL Multiphysics.

The mesh used for the analyses is shown in 5. A manifold was added to the inlet of the unit cell to capture
the entry effects.

4.2 Boundary conditions

A quarter model of the unit cell was used for all models to reduce computation time. Therefore symmetry
boundaries were used to model the adjacent cells. A first model with an open ended outlet was used to
quantify the velocity entering the cell.

Air properties at P = 101kPa and T = 293K are used in these analyses.

A harmonic adiabatic pressure condition of amplitude p = 1Pa was set at inlet face of the manifold, and
p = 0Pa at the outlet face of the cell. The outer surface of the cells where set as walls. For the other models
the outlet surface is closed with ut = 0.

To reduce simulation time a Padé approximation was used in COMSOL so that the response is not calculated
at each frequency.
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Figure 5: Numerical grid for DENORMS unit cell with inlet manifold

4.3 Results COMSOL

The impedance is calculated at the inlet of the manifold by the following,

Z =
Pb

u
(5)

Where Pb is the inlet boundary pressure and the average velocity u over the surface. The impedance is then
translated by the width of the manifold to model the entry into the cell,

Zt = Zc[
Z − Zc tanKch

−Z tanKch+ Zc
] (6)

Where Zc , Kc , h are the characteristic impedance of air, the wave number, and the distance from the inlet
of the manifold and cell.

From this, the reflection coefficient R is obtained.

R =
Zt − Zc

Zt + Zc
] (7)

α = 1− |R2| (8)

The velocity and temperature distributions are presented at f = 1000Hz for the unit cell in Figure 6 and
Figure 7, and for 4 stacked cells in Figure 8 and Figure 9, respectively.

At the time of writing the modelling activity has not been finalised and absorption results as a function of
layer depth are not available. The results reported here are outline the modelling approach taken.
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Figure 6: Instantaneous local velocity (m/s) unit
cell, at f=1000 Hz

Figure 7: Total temperature variation(K) unit cell
at f=1000 Hz

Figure 8: Instantaneous local velocity (m/s) 4
cells, at f=1000 Hz

Figure 9: Total temperature variation(K) 4 cells,
at f=1000 Hz

5 Results

The performance of the acoustic metamaterials is to be assessed against numerical predictions. Modelling
work which considers the metamaterial behaviour as simply a surface boundary condition often requires the
material behaviour to be expressed in terms of the complex acoustic impedance of the material. Microscale
modelling of the interior structure of the material also attempts to predict the complex acoustic impedance
of the material. Therefore the primary lab based acoustic validation of the material performance is the
measurement of the complex acoustic impedance through impedance tube testing.

The relevant ISO standard for the measurement of the acoustical properties of the material is ISO 10534-
2:2001. This standard describes the test rig and procedures for estimating the complex acoustic impedance of
a material under normal incidence using the two-microphone or transfer function method. This methodology
is used to calculate the reflection and absorption coefficients which are the usual measures used to quantify
the performance of an acoustic material.
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5.1 Normal Incidence Impedance Tube Testing

Normal incidence impedance tube tests are used to obtain the reflection factor R and absorption coefficient
α, in accordance with the international standard ISO 10534-2:2001. In these tests, the sample is placed in an
impedance tube as shown in figure 10 (a) which is taken from the ISO standard. The material is backed by a
hard, reflective termination. The custom rig used for this work is shown in figure 10 (b).

(a)

(b)

Figure 10: (a) Impedance tube design ISO 10535-2 (b) TCD Impedance tube rig

In the experimental rig, the hard termination is provided by a 20 mm thick piece of aluminium which can be
bolted on the end of the tube. The reflection coefficient is given by the ratio of the reflected wave amplitude
(B) to the incident wave amplitude (A) i.e.

R = B/A (9)

The absorption coefficient α is calculated from the reflection using:

α = 1− |R2| (10)

Values of the absorption coefficient vary with frequency and range between 0 and 1, with 1 being complete
absorption.

The normalised acoustic impedance (Z/ρ0c) may also be determined from:

Z/ρ0c = (1 +R)/(1−R) (11)

During the test procedure white noise is played through the speaker and the sound pressures p1 and p2 are
measured by microphones 1 and 2. The complex sound pressures at the two microphones are given by the
sum of the forward and backward travelling waves in the tube:

p1 = Aejkx1 +Be−jkx1 (12)
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p2 = Aejkx2 +Be−jkx2 (13)

where x1 and x2 are the distances from the face of the sample to microphone 1 and 2 respectively. These
two complex pressures can then be used to find the transfer function H12

H12 = p1/p2 = (Aejkx1 +Be−jkx1)/(Aejkx2 +Be−jkx2) (14)

Using R = B/A we get

H12 = (Aejkx2 +RAe−jkx2)/(Aejkx1 +RAe−jkx1) (15)

which can then be rearranged to find the reflection factor:

R = (H12e
jkx1 − e−jkx2)/(e−jkx2 −H12e

−jkx1) (16)

This reflection factor can then be used to calculate the absorption coefficient and acoustic impedance using
the above equations.

The reflection and absorption coefficients are affected by factors such as porosity and surface finish of the
material, both of which cause viscous energy losses. If the material is compressible, energy can also be
lost to internal friction in the material as it is loaded and unloaded by the incident pressure wave. These
additional losses will be influenced by the print quality and material used in the manufacture.

5.2 Rig and Sample Design

All the analysis in the previous sections assumed that the waves were all plane waves. Beneath the cut
on frequency fc only plane waves propagate in a duct, higher modes decay exponentially and so when the
acoustic signal reaches microphone 1 it is composed of only plane waves. For a tube with circular cross
section the cut on frequency is given by

fc = 101/r (17)

where r is the radius of the pipe in meters and fc is in Hertz. For the current rig, the duct diameter is 40 mm
and so the cut on is

fc = 101/0.02 = 5050Hz (18)

This means we can only perform tests reliably up to a theoretical maximum of 5050 Hz. The lower limit is
determined by the speaker and is in the region of 300 Hz. On the left hand side of figure 10 (b) we can see
the BMS 4591 speaker which is driven by the output signal of a National Instruments DAQ which has been
amplified by a power amplifier. The speaker bolts on to the end of the tube to provide a tight seal with little
leakage of sound. The square section on the right of figure 10 (b) is the sample holder which opens to hold
cylindrical samples of 40 mm diameter and up to 50 mm thick. The sample holder is held shut by four long
bolts with wing nuts.

GRAS 40PH array microphones were chosen to instrument the rig as they have a frequency response of 10 Hz
- 20 kHz and upper limit of the dynamic range of 135 dB re 20 µPa allowing for testing up to high pressure
amplitudes. The microphones are connected to the National Instruments DAQ and the signals are recorded
in Matlab. The microphones are calibrated using the switching methods described in the standards to achieve
a calibration transfer function which corrects for any differences in the behaviour of the microphones.
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Figure 11 shows the ten layer deep DENORMS cell stacks produced by the three print methods. The high
quality polymer prints produced by the Form 2 printer were limited to either single or dual layer disks shown
in figure12. These were then stacked to produce a ten layer sample. The samples were simply manually
aligned and held together under their own weight while mounted vertically in the impedance tube. This
introduced a potential error as there may have been air gaps between disks and a slight misalignment of
the channels, with the alignment error increasing further from the centre of the disk due to any rotation. In
contrast the Ultimaker print had a low quality finish and many spurs within the channels. A photo of the
print quality compared to the 3D systems sample is shown in figure 13 where these defects are visible. A
section of the edge sample which included partially completed cells was chosen as a worst case example of
the finish.

Figure 11: 10 cell deep samples: Left - Ultimaker, Centre - Form 2, Right - 3d Systems

Figure 12: Form 2 single and dual layer disks

6 Experimental Results

The results for the ten layer deep prints from the three printers are shown in figure 14. From all three
prints there is a double peak in the absorptivity in the regions of 1000 Hz and 3500 Hz. There is excellent
agreement between the 3D systems sample and the Form 2 sample for the location and amplitude of the first
peak while there is some divergence on the frequency of the second peak. The Ulitmaker sample produces
both peaks at lower frequencies and high amplitudes. The increase in absorptivity can likely be attributed
to the remaining spurs and low quality surface finish of the sample introducing additional losses within the
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Figure 13: Comparison of print quality between the 3D systems (left) and Ultimaker (right) prints

channels. It appears from these results that any errors associated with the manual positioning of the polymer
disks are of less importance than the quality of the interior geometry and from this we can conclude that the
Form 2 may be a viable, low cost system suitable for producing sample for comparison to numerical models.
The divergence of the Ulitmaker samples form the 3D systems sample is likely too great to allow it to be
used for validation purposes.

Figure 14: Absorption coefficient for three different prints of the 10 layer deep DENORMS cell

Due to the necessity to limit manufacture to single and dual layer disks on the Form 2 it was also possible to
test other combinations of disks to produce different numbers of layers. Figure 15 reports the experimental
results for five to ten layers deep. A clear trend can be seen in the location and magnitude of the peaks. As
the number of layers decreases the location of both peaks shift to higher frequencies and the magnitude of
the absorptivity drops.
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Figure 15: Absorption coefficient for 5-10 layers deep of the DENORMS cell printed on the Form 2

7 Conclusion

This work has reported on the design of a periodic acoustic metamaterial that is suitable for use as
a benchmark validation case. The design was realised through three different additive manufacturing
technologies which ranged from low cost desktop printers to state of the art machines. Experimental testing
demonstrated good agreement between the Form 2 mid range printer and the state of the art 3D systems
machine. This indicated that manufacture of a benchmark validation material may be possible at relatively
low cost using current technologies. The use of a Ultimaker printer highlighted the potential for low quality
prints to significantly influence the achieved performance, this is considered an obstacle for the production
of validation data using this type of printer technology.

Clear trends as a function of depth were identified in the experimental results which were also achieved
using a simple mounting procedure of the disks of high resolution low cost samples from the Form 2. The
DENORMS design is therefore highly suitable for use as a benchmark and validation tool.

Initial modelling of the material was attempted in the COMSOL commercial tool set. At the time of writing
this modelling was not complete and no comparison to the experimental results has been attempted. Further
work will improve on the numerical results and attempt to match the experimental data.

The current scale of the design is at the limit of the low cost additive manufacturing technologies but finer
scales can readily be achieved in the state of the art machines. Additional test samples at smaller scales are
also planned to provide further data for model validation where parameters such as cell size, sphere size a
cyclinder size.
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Abstract 
To keep up with the stringent norms and regulations, a lot of research has been put into the design and 

development of quieter moving parts and spaces, popularly involving improvisation in the technology of 

ducts and silencers. Prominent theoretical research based on the Acoustic Black Hole (ABH) effect has been 

developed that focuses on achieving total absorption of sound through retarding structures. Numerical and 

experimental visualization of this effect for sub-wavelength absorbers is currently an ongoing study across 

several acoustic groups. Passive muffling mechanisms based open termination structures with internal 

metamaterial lining have been studied semi-analytically and numerically on the ABH effect. In the present 

paper, 3D printed silencers with open expansion lined chambers are analysed numerically and validated 

experimentally for their absorption capability. Once optimized, this work can potentially contribute to the 

modern-day systems within the automotive and built environments. 

1 Introduction 

In accordance with the reports by professional bodies like the World Health Organization and the European 

Environment Agency, the impact of noise pollution is gaining attention. As an effect of this, the government 

based pollution control boards as also the OEMs (original equipment manufacturers) have raised the 

stringency in regulations pertaining to the generated noise. Quieter machinery and systems are being 

designed and fabricated, as a continuous effort to meet such requirements. For several applications, the 

industrial ducts and silencers have been modified to deliver the desired performance. In order to attain low 

overall noise levels, hybrid mufflers are being developed, that make use of both absorptive and reactive 

elements [1].  

In recent times, technologies having significant contribution to the attenuation of low to medium frequency 

of sound are being explored. Prominent research work suggests the possibility of total absorption of sound 

through retarding structures having power law function based waveguides [2]. The work is based on the 

concept of Acoustic Black Holes (ABH) that have been theoretically realized. The numerical and 

experimental studies for such close termination structures that account for nearly perfect absorbers have 

been carried out by several research groups [3,4,5]. Based on the same principle, the ABH effect has been 

applied to silencing systems with essentially an open terminating structure. These silencers comprise of 

expansion chambers with varying wall admittance due to of the protruding flares having power law function 

based profiles. The theoretical and numerical modelling for several configurations with standard profiles 

have been analysed [6,7]. 

As an extension to the study of silencers based on the ABH effect, this research paper presents an 

experimental comparison between the linear and quadratic shaped profiles. The understanding developed 

with the numerical approach has been validated using 3D printed models. The study has been carried out 

for the transmission loss and sound absorption coefficients. The small B&K Impedance Tube setup has been 

used to characterize the performance of the silencer models in the low to medium frequency range (50 Hz – 

4 kHz). The results show that there is good agreement between the numerical and experimental approaches 
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for both the flare profiles. Keeping in mind the practicalities of the techniques used, it is aimed that further 

optimization of the models would lead to the desired silencing capability from such structures. 

2 Approach 

2.1 Concept 

In the present paper, the silencer models that have been experimented upon, have been initially analysed 

semi analytically. Using the first principles, plane wave propagating though an expansion chamber 

comprising of internal lined walls, is defined [6]. The lining of the walls accounts for the variation in the 

wall admittance to allow the visco-inertial exchanges. Solutions to the general wave equations, thus 

formulated in the presence of losses have been handled numerically using the Johnson-Champoux-Allard-

Lafarge (JCAL) model. Transmission matrix approach as described in detail in the work [7] has been used 

to conveniently slice the chamber into periodic units. These units have been combined taking into 

consideration their variation across the profile of the flaring wall of the expansion chamber. Thus the 

progressing change in the external radius defines the waveguide to be either linear or quadratic.  

2.2 Experimental Study 

The impact of linear and quadratic profiles for the silencer was investigated by performing the experimental 

studies. The prototypes of the silencers to be tested upon were fabricated by 3D printing technology as a 

fast alternative. For the printings, the Computer Aided Models were built using SOLIDWORKS 2017. The 

different sectional views for the linear and quadratic profiles are as shown in figure (1).   

 

 

Figure 1: Side and Front sectional views of linear (top) and quadratic (bottom) profiles of silencer models 

The prototypes are designed to be conveniently attached to the small B&K Impedance tube so that the 

complete frequency range (50 Hz – 6.4 kHz) can be observed for their performance. The inner radius of the 

chamber at its inlet and outlet section is 29 mm. The entire system is no longer than 100 mm and as wide as 

double the dimension of the inlet tube. The inner rings have a uniform thickness of 2mm arranged 

equidistantly in the chamber section. The PLA material based 3D printed prototypes are appended with 

metallic rings on both sides to maintain the flexibility in connection to the tube to accommodate both the 
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orientations. The different orientations have been termed as Narrow to Wide (N2W) and Wide to Narrow 

(W2N) for convenience in addressing simply based on the external flare variations. A detailed description 

of the experimental setup has been provided in a prior work [8]. 

 

3 Results and Discussion 

Here the four different cases have been compared for their transmission loss and absorption characteristics. 

The cases include both the orientations for the linear and quadratic shaped silencer models. Figure (2) 

depicts the transmission loss (TL) characteristics for both configurations considering the waves being passed 

through W2N and N2W orientations. It can be seen that the quadratic silencers have higher TL over linear 

at low frequencies. It can also be noted that the curves trace a similar path for the two orientations in the 

functional frequency range. 

 

 

Figure 2: Comparison of the transmission loss characteristics between linear and conical flare profiles 

The sound absorption coefficients have been plotted for the transmission regime as the open termination 

silencers are being studied. Figure (3) shows the dissipated absorption coefficient 𝛼𝑑 which is calculated as 

 𝛼𝑑 = 1 − [𝑅]2 − [𝑇]2 (1) 

Where [𝑅]2 and [𝑇]2 are the power reflection and power transmission coefficients respectively. At lower 

frequencies up to 2 kHz, the absorption capability of the linear profile is about 30-40% while that for the 

quadratic model, it starts from 30% and goes up to 80%. In the medium frequency range beyond 2 kHz, the 

N2W orientations for both linear and quadratic profiles reaches almost complete absorption indicating the 

ABH effect. The other orientation has much lower absorption, which could be due to the sudden expansion 

encountered by the waveguide on entering the system. The quadratic profile in both orientations shows 

better absorption capability over the linear profile. This again verifies the impact the higher order power-

law functions have on the sound absorption as per the ABH theory. 
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Figure 3: Comparison of the transmission regime based dissipated sound absorption coefficient between 

linear and conical flare profiles 

Figure (4) and figure (5) present the power reflection and transmission coefficients that help to define 𝛼𝑑 as 

in equation (1). The combined effects of the powered coefficients influence the overall dissipated absorption. 

For instance, at 1 kHz frequency, the quadratic curve has a trough for the power reflection coefficient tending 

to zero while the power transmission coefficient probes at 20%. The outcome of which appears at around 

80% in terms of the absorption capability of the silencer. 

 

 

Figure 4: Comparison of the normal incidence, power reflection coefficient for anechoic termination 

between linear and conical flare profiles 

1124 PROCEEDINGS OF ISMA2018 AND USD2018



 

Figure 5: Comparison of the normal incidence, power transmission coefficient for anechoic termination 

between linear and conical flare profiles 

 

The other sound absorption curve is considered with the presence of rigid termination as in figure (6). In 

comparison to the linear profile, the quadratic based plots have a higher variation with peak values reaching 

nearly complete absorption even at lower frequencies. After 2 kHz, the impact of orientations for both the 

configurations gains prominence. The W2N curves tend to show a decline in absorption capacity with the 

increase in frequency, which could be due to the narrowing of the silencing chamber. The N2W plots show 

continuous increase of the coefficient up to unity indicating total absorption satisfying the ABH principle. 

 

 

Figure 6: Comparison of the dissipated sound absorption coefficient with rigid hard backing between 

linear and conical flare profiles 
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4 Conclusion 

In this experimental study, a comparative investigation between the silencer profile variation has been 

conducted. The profiles have been chosen as simple linear and quadratic being based on power-law function. 

As a validation to the numerical studies carried out earlier, the experiments have been designed and 

modelled accordingly. The transmission and sound absorption characteristics have been plotted to 

understand the contribution of the ABH effect. For the two profiles, linear and quadratic, both the 

orientations have been tested.  

All through the frequency range and within its validity, there is significant transmission loss for both the 

configurations. The absorption coefficient is visibly higher at higher orders of the power function. At low 

frequencies, the effect of the flare profile is prominent while the orientation shows higher dominance for 

medium frequency range. It can be concluded that power-law profile contributes to ABH effect significantly 

even for open termination structures such as silencers. 

As the models have been 3D printed, there could be chances of certain concerns due to probable leakages 

while connections and overall material infill during fabrication as well. The precision of the test has been 

ensured by repeatability of the experiments. The experimental comparison has presented the potential of 

ABH effect based silencers to behave as effective sound attenuating devices.  
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Abstract
Modern sound packages often feature coatings which are, in most cases, made of porous media. Their
potentially strong impact on the acoustic performance underscores the need to include them in simulations
although their small thickness is an obstacle to precise characterisation. The usual physical models for
poro-elastic and porous media are either too crude to correctly account for the film effects (equivalent fluid,
limp, etc.) or may seem over-refined for the task (Biot theory). In this paper, a simplified approach based
on a transfer matrix representation and the Biot theory is presented and tested. It includes assumptions on
the evolution of fields in the films and lead to a sparser transfer matrix than the usual Biot model. The
proposed expression is shown to be accurate for a wide range of films and even outperforms other simplified
representations in some cases (for instance in a stochastic context).

1 Introduction

Over the last years, the acoustics community devoted an important effort to the development of more efficient
sound packages. The proposed strategies to mitigate noise often rely on the same design paradigm: a set
of layers are arranged and tuned to form an absorbing panel. In these panels, one may distinguish the core
(where most of the absorption occurs) from the other components (support, glue, coatings, etc.). The core has
been the object of most contributions recently and different strategies emerged to improve its performance.
For instance, some used the anisotropy inherent to poroelastic materials (PEM) as an advantage and tried
to optimise the orientation of the different layers [1], others embedded (resonant) structures periodically to
create meta-poroelastic materials [2, 3, 4], etc.

Independently from the type of core it uses, a sound package often bears coatings on its free surfaces.
Serving protective or aesthetic purposes in most cases, these coating are thin (sub-millimetre) permeable
layers (woven or not) bonded onto the absorber. Despite their size, the coatings tend to have a rather strong
impact on the acoustic response [5] and thus must be included in the simulations. Their geometry and usual
range of properties render their characterisation impractical though, and considerably lowers the confidence
in the measurements of some parameters.

The available models for films have evolved a lot during the years, Pierce for instance was aware of the impor-
tance of the resistive effect and proposed to use a pressure jump approach [6]. The only parameter at the time
was the flow based on power law such as the renown Delany-Bazley model (DB, see resistivity of the PEM
which was already central to earlier empirical models from Delany and Bazley [7, 8]). Other approaches to
model the dissipative effects emerged in the meantime and particularly, the Johnson-Champoux-Allard de-
scription (JCA, see Refs. [9, 10]) that provided semi-phenomenological expressions for a rigid-frame porous
material. This approach was designed to be used in conjunction with the broaderly scoped Biot theory
which describes both motion and stresses in the fluid and solid phases including the complex couplings at

1127



play [11, 12].

While able to capture many effects accurately in a general PEM, the Biot theory seems slightly over-refined
for very thin and plane layers. Indeed, one may argue that the complex interactions between the elastic and
acoustic waves described by Biot will not actually take place along such short propagation lengths. The main
advantage of this complete model is then to correctly account for the change of boundary condition between
the core and surrounding media.

While others proposed alternative forms of the Biot equations including assumptions based on the typical
properties of PEM [13], the present contribution intents to present a model based on the Biot theory assuming
very short propagation paths and decoupling of some physical effects.

The model is introduced in section 2 and tested against Biot’s theory in section 3. Section 4 challenges the
proposed model in a stochastic context, comparing the generated envelope curves for one varying parameter
with other models from the literature. Although incomplete, this opens the discussion about the use of sim-
plified model to account for the effects of imperfect characterisation of the films most important properties
in later works.

In this document, a positive (ejωt) time convention is assumed and all phenomena are considered time-
harmonic. The quantities typeset in bold face are vectors or matrices and j =

√
−1 which denotes the

imaginary number. The document makes use of the Einstein convention on repeated indices and a subscripted
comma followed by an axis denotes a partial derivative along this axis (e.g. gradu = ui,i).

2 Deriving the simplified model

The system under study is a plane poro-elastic material layer of infinite extent in the (x, y) plane and of
thickness d � 1. In the present case, the model chosen for the film is the {us,ut} form of the Biot
equations [14] which uses the total and solid displacement fields (resp. ut and us) to represent the acoustic
behaviour. This formulation then defines two motion equations which, under time-harmonic assumption,
read:

σ̂ij,j = −ω2ρ̃su
s
j − ω2ρ̃eqγ̃u

t
j , −p,j = −ω2ρ̃eqγ̃u

s
j − ω2ρ̃equ

t
j (1)

and two constitutive laws:

σ̂ij = Âusk,kδij +N
(
usi,j + usj,i

)
, p = −K̃equ

t
k,k (2)

where σ̂xz and σ̂zz are the shear and compression components of the in-vacuo stress tensor, us,ti (with
i = x, z) are the components of the solid and total displacement fields and p is the interstitial pressure.
Concerning the other variables, ρ̃s and ρ̃eq are densities, γ̃ an fluid/solid coupling parameter, Â and N the
Lamé parameters (sometimes combined as P̂ = Â + 2N ), K̃eq is a compressibility and δij the Kronecker
symbol. Note that ρ̃eq and K̃eq are equivalent fluid parameters.

A strategy to obtain a transfer matrix model of a poro-elastic slab is to rely on the so-called Stroh formalism
which consists in rewriting (1) and (2) as a first order partial differential equation in the state vector s along
z:

s,z = −αs, with s =
{
σ̂xz, u

s
z, u

t
z, σ̂zz, p, u

s
x

}T (3)

where each component of the state vector s implicitly depends on z and α is the so-called state matrix
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introduced in appendix A.1 of Ref. [15]:

α =




0 0 0 jkx
Â
P̂

jkxγ̃ − Â2−P̂ 2

P̂ 2
k2x − ρ̃ω2

0 0 0 1
P̂

0 jkx
Â
P̂

0 0 0 0 1
K̃eq

+ k2x
ρ̃eqω2 −jkxγ̃

jkx −ρ̃sω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

1
N jkx0 0 0 0




(4)

Solving this equation between the two sides of the layer (0 and d) leads to a transfer matrix expressed as a
matrix exponential:

s(0) = T (d)s(d), with T (d) = exp(−dα) (5)

Considering the small thickness of the film (d� 1), one may use a first order Taylor expansion around d = 0
to get a linear approximation of the propagation phenomenon:

T (d) ≈ I − dα+O(d2) (6)

Such an expansion reduces the description of the propagation in the layer to a value jump for each field, pro-
portional to the thickness d of the layer. Simplifying this model further implies identifying the components
of the transfer matrix T which can be neglected.

Denoting by ks the largest wave number in the layer (i.e. ks > kx,s) which often correspond to the solid-
borne compressional wave and considering the first constitutive equation in (2) it comes:

|σ̂xz| 6 2Nks(u
s
x + usz), |σ̂zz| 6 ks

(
P̂ usz + Âusx

)
(7)

Substituting the expressions of us from the expanded transfer matrix (6), it is easily shown that:

|usz(0)− usz(d)| 6 ksd

(
usz(d) + 2

Â

P̂
usx(d)

)
, |usx(0)− usx(d)| 6 ksd

(
2usz(d) + usx(d)

)
(8)

Provided that the thickness d or the frequency is small enough to have ksd � 1, it can be considered that
us(0) ≈ us(d). This allows to neglect all terms from lines 2 and 6 of α in (6).

It is proposed as well to assume that two other effects are irrelevant in thin films: the influence of the satu-
rating fluid on in-vacuo stresses and the coupling between tangential stresses and the normal displacement.
These two assumptions lead to cancel T14, T41, T15 and T36.

The last proposed simplification consists in neglecting the tortuosity effects in the film, setting α∞ = 1. This
is supported by considered the small thickness and usual topology of the perforations (see-through coatings).
Assuming such a property and using a low frequency approximation, one gets simplified expressions for the
JCA equivalent fluid parameters:

K̃eq ≈
P0

φ
, ρ̃eq ≈

ρ0
φ

+
σ

jω
(9)

Note that the imaginary part of ρ̃eq corresponds to the pressure jump model proposed by Pierce [6] and that
the real part is a correction term that mainly has an impact at high frequency. The simplified expression for
K̃eq correspond to the isothermal limit of this parameter.
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Figure 1: The two considered configurations featuring: a) a film directly laid on a rigid backing; b) an
inserted, 20mm thick PEM.

Table 1: Physical parameters of the foam and films used in the validation cases of section 3. The woven and
non-woven films parameters come from Ref. [16], the screen parameters from Ref. [17], Table 11.4 (Screen
2).

Parameters (unit) Foam Woven Non-woven Screen
φ 0.994 0.72 0.04 0.8
σ (N·s·m−4) 9045 87·103 775·103 3.2·106

α̃∞ 1.02 1.02 1.15 2.56
Λ′ (µm) 197 480 230 24
Λ (µm) 103 480 230 6
ρ1 (kg·m−3) 8.43 171 809 125
ν 0.42 0 0.3 0.3
E (Pa) 194.9·103 50·103 260·106 2.6·106

η 0.05 0.5 0.5 0.1

These approximations lead to the following simplified transfer matrix:

T (d) = I − d




0 0 0 0 0 − Â2−P̂ 2

P̂
k2x − ρ̃ω2

0 0 0 0 0 0

0 0 0 0 − 1
K̃eq

+ k2x
ρ̃eqω2 0

0 −ρ̃sω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

0 0 0 0 0 0




(10)

3 Agreement with Biot theory

In order to systematically validate the proposed approach, the results are compared with those given by a full
Biot model (as defined in Ref. [15]). The configurations considered (rigid- and PEM- backing) are depicted
in Figure 1 and are tested for two kinds of films (woven and non-woven). The material properties for the
backing foam and the different films are given in Table 1. The angle of incidence θ is varied from 0°to
89°and the frequency from 10 to 4000 Hz. The graphs on Figure 2 then show the evolution of the error
ε = |αbiot − αscreen| between the absorption coefficients computed with a complete or simplified model.

In the error maps of Figure 2, one clearly sees that the error, even if remaining low, increases with the
incidence angle for both films. This effect is particularly seen on graphs 2.a and 2.b but is smoothed out
by the absorption of the PEM on the other two. On these though one see a sudden rise of error near the
resonance frequencies of the system. This effect is explained by the fact most of the elastic effects were
neglected and some coupling are not accounted for in the simplified model albeit normally triggered at these
frequencies. Figure 2.c shows as well an error increase when the frequency goes up which is linked to the
approximations of the equivalent fluid properties ρ̃eq and K̃eq.

1130 PROCEEDINGS OF ISMA2018 AND USD2018



10 500 1000 1500 2000 2500 3000 3500 4000
0

30

60

89

In
ci

de
nc

e
A

ng
le
θ

a.

1.797

3.595

5.392

7.189
×10−2

10 500 1000 1500 2000 2500 3000 3500 4000

Frequency (Hz)

0

30

60

89

In
ci

de
nc

e
A

ng
le
θ

c.

1.142

2.285

3.427

4.569
×10−3

10 500 1000 1500 2000 2500 3000 3500 4000
0

30

60

89
b.

0.963

1.927

2.890

3.853
×10−3

10 500 1000 1500 2000 2500 3000 3500 4000

Frequency (Hz)

0

30

60

89
d.

0.515

1.031

1.546

2.062
×10−2

Figure 2: Evolution of the relative error in the (f, θ) plane. Left: (a. and c.) non-woven film; Right (b. and
d.): woven film. Top: (a. and b.) configuration as in Figure 1.a; Bottom: (c. and d.) configuration as in
Figure 1.b.

4 Ranged-defined parameters

The simplified model proposed in the present work was in the first place developed for statistical analysis.
The films being difficult to characterise, the measured properties comes with low confidence and they may
change vastly between samples. This effect associated with the potential strong impact films have on the
response of system requires to consider the envelope curves of the response in place of a single plot.

In this second validation case, the proposed model is compared to the complete Biot model as for the preced-
ing section but also to the so-called Limp model. This approach is based on the hypothesis that the material
rigidity is negligible and leads to neglecting the term σ̂ij,j in Equation (1). The result is a one compressional
wave model that is similar to an equivalent fluid with the same compressibility K̃eq and the density ρ̃limp
defined as [14]:

ρ̃limp = ρ̃eq
ρ̃s − γ̃2ρ̃eq

ρ̃s
, (11)

where the expressions of ρ̃eq and K̃eq are the complete ones [17]. Note that this model does not suppose a
motionless skeleton and includes the fluid-related inertial effects.

This validation case considers a situation where the flow resistivity is a random variable following a normal
paw. The draws are centred on the characterised value with a standard deviation of 10%. The statistical
parameters are computed from 200 draws and the generator is reseeded between each film and each model.
Figure 3 shows the standard deviation of the absorption coefficient for configuration shown in Figure 1.b
(inserted PEM) for all three models

It is observed that both the simplified and limp models give similar results for two of the films but differs in
the last case. Indeed, the (denoted Screen in Table 1) film is stiffer and this breaks the hypothesis underlying
the limp approximation though the proposed model keeps up with the reference.

A similar trend is seen on the standard deviation of the envelope where, for these films, both the reference
and proposed models agree while the limp model is inaccurate over the whole range. For a very soft veil
such as the woven one though, as the proposed woven film, the limp model performs better, staying closer
to the reference while the proposed approach drifts away as the frequency increases. Despite not fitting the
reference exactly as precisely as the limp model, the proposed approach remains reasonably accurate.

5 Conclusion

In this work, a new simplified model for acoustic screen is proposed and tested. It is demonstrated that
important assumptions on fields decoupling and parameters allow to drastically simplify the transfer matrix
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Figure 3: Figures generated for the films of Table 1 and the configuration of Figure 1.b at θ = 60◦ and with
σ drawn from a normal distribution centred on the characterised value with a standard deviation of 10%.
Left: Absorption coefficients and envelopes (the reference’s is hatched). Right: standard deviation of the
envelopes.

while still providing a reasonable accuracy. Initially developed for stochastic applications, the model is tested
in the case of a parameter drawn from normal law. This test case shows that the results how the proposed
models are comparable to those of a limp model for soft films and show a better accuracy for stiffer films.
Although a more detailed study must be performed regarding the behaviour of the proposed model in a
stochastic context, these preliminary results are encouraging for further application in such contexts.
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Abstract 
The present paper describes a study on the concept of using a periodic buried structure, made of rigid 
elements (e.g. concrete), disposed with a geometrical arrangement that may allow an efficient filtering of 
vibrations at specific frequencies. The work makes use of a 3D finite element model, formulated using 
tetrahedral elements, to perform a set of numerical simulations, assessing the effectiveness of the proposed 
shielding device. The model simulates a set of elastic inclusions, buried in a homogeneous host soil, in 
which a propagating wave impinges. The simulation is performed using a time-marching algorithm, 
allowing an efficient calculation procedure. Time signals are then transformed to the frequency domain, and 
insertion loss results are calculated at receivers placed at different positions behind the shielding device. 
The computed results are promising, clearly revealing the existence of band gaps where large attenuation 
occurs. 

1 Introduction 

Mitigation of vibrations that can interfere with sensible constructions, human comfort and well-being has 
been under discussion since the middle of last century when high-speed trains, with speeds above 200 km/h, 
emerged as regular intercity transport [1–3]. In this scope, transportation infrastructures in urban regions 
should receive special attention, and this is particularly relevant in the case of railways since the demand for 
increasing the railway infrastructure capacity in European countries is defined in the roadmap for railway 
2050. Indeed, this increase of railway infrastructure capacity will require efficient solutions for vibration 
mitigation in order to achieve the societal acceptance of this goal. 

Existing technical and scientific literature reports a significant number of works related to the mitigation of 
vibrations induced by railway traffic, with different solutions being proposed and analysed. These solutions 
can typically be grouped in those acting at the source level, those acting at the receiver, and those acting in 
the propagation medium. The first group includes the introduction of resilient elements on the track 
structure, such as under sleeper pads ballast mats or floating slab systems [4,5][1]; in the second group, one 
can include global base-isolation systems, globally protecting a building [6,7]; the third group includes all 
solutions that can be introduced within the propagation medium between the source and the receiver in order 
to change the propagation patterns of elastic waves, as is the case of buried walls, trenches (empty or in-
filled) or inertia blocks [3,8,9]. This last group is of significant interest, since it can help to protect groups 
of buildings or entire sites from traffic induced vibrations, complementing well interventions at the source 
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level. However, some difficulties are usually identified when dealing with trench solutions, since their 
efficiency is heavily based on their depth, in particular at low frequencies. As for in-filled tranches, recent 
studies by Barbosa et al [9] and by Coulier et al [10] show that stiff barriers provide protection mostly due 
to a wave guiding effect due to the coupling between surface waves propagating in the ground and the 
bending waves propagating in the barrier. A study by Van Hoorickx et al. [11] analysed the effect of double 
buried walls, showing that in general an improvement is registered when a second parallel buried wall is 
added to the system, although the resonances occurring between the two walls may give rise to a decrease 
in efficiency at some specific frequencies. 

A recent trend in acoustic and vibratory protection is related to the introduction of a new paradigm based in 
the concept of metamaterials, which are, in essence, artificial materials engineered to have properties not 
directly found in nature. A particular case of such materials is that periodic structures, such as those usually 
designated as “phononic crystals”, which have the fascinating property of stopping the energy passage at 
specific frequency bands (band-gaps); some practical applications of these metamaterials can already be 
found for acoustic shielding as described in [12,13]. The successful studies already developed for acoustic 
applications indicate that such concepts may also be extended for elastodynamic applications, in the sense 
of blocking vibrations at specific frequency bands. Some works concerning “seismic” protection by periodic 
structures can indeed be found in the literature. Kim and Das [14], analysed the effect of a periodic structure 
in the creation of a shadow zone to seismic waves. Alagoz and Alagoz [15] presented numerical studies 
concerning the effect of what they called “seismic crystals”, indicating an effective attenuation of seismic 
waves. Brûle et al [16] reported what is possibly the first evidence of the efficiency of such structures as a 
shield to seismic waves. More recently, Krödel et al. [17] and Dertimanis et al. [18] have shown that the use 
of metastructures can reflect acoustic signals with wavelengths well above the characteristic size of the 
material’s internal structure, opening doors for a huge number of applications where low frequency band 
gaps are demanded. Preliminary work by the authors has also demonstrated the attenuating properties of 
arrays of elastic scatterers (see [19]) in a 2.5D scenario, although also identifying possible limitations related 
to the propagation of bending waves along the scatterers. However, an important finding of all works is that 
this possible new concept for vibration protection based on buried periodic structures or on metamaterials 
(see Figure 1) may constitute a powerful future solution. 

The present paper follows previous works by the authors in which numerical simulations are used to better 
understand the propagation of vibrations in the presence of periodic buried structures [19–22]. Here, to help 
simulate the effect of the inclusion of those periodic structures, an innovative time-marching algorithm 
supported by the 3D finite element method was used [23]. 

 

 

Figure 1: New mitigation devices (inclusions) 
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2 Numerical model 

When a homogeneous halfspace is excited by a mechanical impulse, three important types of waves are 
generated. The compression waves (P) are those with the highest propagation velocity, defined by equation 
1 (E,  and  being the Young’s modulus, Poisson’s ratio and density). Those are longitudinal waves causing 
displacements in the medium, parallel to the direction of the wave. The shear waves (S) are transverse waves 
causing deformation at constant volume in the medium, giving rise to particle movements that are 
perpendicular to the direction of the propagation. These waves are slower than P waves and their speed is 
defined by equation 2. The surface waves are the slowest. For its low frequency, long duration and large 
amplitude these can usually be the most destructive. There are several types of surface wave (such as 
Rayleigh and Love in the case of layered ground). For the Rayleigh (R) waves, which propagate along the 
surface and are non dispersive in the case of homogenous ground, their velocity is approximately that 
defined in equation 3. These waves cause elliptical orbit displacements in the medium particles and their 
amplitude decreases rapidly with depth. 
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In the context of the present paper, a numerical model is used to simulate the full wavefield generated in an 
elastic medium excited by a line load. All the simulations are performed in the time domain, using a time-
marching algorithm. 

The time-marching algorithm presented here is based on the 3D finite element method and, applied to a 
dynamic, multidimensional and damped system, can be mathematically defined by equation 4, 

 �(�)= ��(�)+ �� (�)+ ��(�) (4) 

were �(�) is the applied load, ��(�)= ��(�) is the inertial force, �� (�)= ��(�) is the damping force 
(considering a viscous damping) and ��(�)= ��(�) is the elastic force. �(�), �(�), �(�) are respectively 
the acceleration, velocity and displacement vectors dependent on time, �. 

The governing equations of the algorithm and the time integration strategy are presented in [23], 
describing the basic aspects and the main parameters of this novel formulation using finite elements in 
the time domain. This paper presents only the time marching equations used in this new formulation, 
which are 
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– the velocity equation – and 
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– the displacement equation – where � is the damping matrix, � = � +
�

�
Δ�� is the effective matrix, � and 

� stand for the mass and stiffness matrices, respectively; �, � and � stand for the displacement, velocity 
and load vectors, respectively; � and Δ� are the time-step number and time-step length, respectively; � = 1, 
�� = 8.567 × 10�� and �� = 8.590 × 10�� are the time integration parameters of the new method; 

�
��� �⁄ = ��Δ��

� + ��Δ��
���, with �� = �� = 1/2, using trapezoidal quadrature rule or �� = 1 and �� =

0, extending the explicit feature of the technique to the load term (see [23] for more details). 
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The main features of this model, among others, are: the method is based only on single-step displacement-
velocity relations; it requires no system of equations to be dealt with; it is second-order accurate. In other 
words, this model is very effective, being able to provide accurate analyses considering relatively large time 
steps (thus, also being very efficient). Moreover, since it has high stability limits, it minimizes the main 
drawback of explicit procedures, allowing time-steps that are usual in accurate implicit analyses, rendering 
good results at reduced computational costs [23]. 

3 Numerical results 

The strategy used in this article to evaluate the effect of the presence of inclusions on the vibrations 
registered in receivers, placed in the downstream zone, was to determine the inclusions insertion loss and 
then compare the results with classical devices, in this case, using buried walls with the same material 
characteristics of the inclusions. 

To determine the inclusions’ insertion loss, it was performed a study without any type of mitigating devices 
and then, a set of three parallelepiped inclusions with quadrangular base. Sets of inclusions with three 
distinct depths, three distinct widths and two types of materials were studied. Finally, buried walls with the 
inclusion widths, at the distance of the closest inclusion of the load, with the same three depths and with the 
same material properties of the inclusions was considered. For all the studies a host medium with density 
ρm = 1700 kg/m3, Young’s modulus Em = 115.76106 Pa and Poisson’s ratio m = 0.33, was considered. 
These thirty-seven studies, summarized in the Table 1, where the mitigation devices material properties are 
defined, were performed using the finite element method that integrates the time-marching algorithm 
described above. 

 

Study 
Mitigating devices 

M1 I1 I2 I3 I4 I5 I6 W1 W2 W3 W4 W5 W6 

Type 

(n
o 

m
it

ig
at

in
g 

de
vi

ce
s)

 

3 Inclusions Wall 

Width [m] 0.2, 0.4 and 0.6 

Depth [m] 1 3 5 1 3 5 1 3 5 1 3 5 

Density [kg/m3] 2100 2700 2100 2700 

Poisson’s ratio 0.25 0.2 0.25 0.2 

Young’s modulus [Pa] 2.7  109 27  109 2.7  109 27  109 

Table 1: Summary of studies carried out 

The geometric scheme of the model is shown in Figure 3. Since the propagation domain is infinite it is 
considered only a slice to model. This slice contains the inclusion set, the loading line and adequate 
boundary conditions were used to simulate the infinite character of the problem. 

Figure 3 shows the 1.2 m wide slice witch was modelled and that is repeated infinitely along one direction 
(y). In this figure, an absorption layer is shown, 6 m wide, necessary to simulate the effect of an infinite 
medium in the model. This layer, which has the width of at least one wavelength, is responsible for absorbing 
all the energy that enters it, avoiding unwanted reflections in the system under study. The system is excited 
by a Ricker pulse whose source is located 10 m to the right of the system’s origin. The mitigation devices 
are placed 10 m to the right of the excitation point. Here, the mitigation devices composed of a set of three 
inclusions (along x) spaced 1.2 m between centres, and infinitely repeated along the y axis. Three sets of 
inclusions are considered, with different depths of (1, 3 and 5) m and for each depth the widths of (0.2, 0.4 
and 0.6) m are tested. In addition, two different materials were considered for the inclusions (see Table 1). 
To analyse the efficiency of these devices, the effect of a buried wall, also placed 10 m from the source of 
excitation, was also studied. Similarly to the three sets of inclusions, three wall depths and three wall widths 
were considered with the same materials used in the inclusions. Finally, a set of receivers was placed on the 
surface, in the total width of the slice, between (25 and 30) m from the source (after the mitigation devices). 

1138 PROCEEDINGS OF ISMA2018 AND USD2018



 

Figure 2: Schematic representation of the model used for the wave propagation analysis 

 

Figure 3: Schematic representation of the slice model used for the wave propagation analysis 

Numerical simulations were performed using the above described 3D finite element method in the time 
domain, formulated using 2 162 160 regular tetrahedral elements whose smallest edges are 0.1 m. This mesh 
was obtained from the Gmsh program (version 2.16.0). The time marching algorithm described above was 
recently developed by Soares Jr. [23] and is adopted to render the numerical process more efficient. A 
damping factor equal to 1% and a propagating Ricker pulse with a central frequency of 60 Hz were 
considered. 

 

Figure 4 shows the longitudinal amplitudes, over time, registered in a receiver placed at the surface of the 
medium, 25m from the source, in the alignment of the centre of inclusions. These results are obtained when 
a set of three lines of inclusions and a buried wall, both with 5 m depth, are considered. These responses are 
compared to homogeneous medium propagation considering different mitigation devices, with a) a poorer 
material and b) a stiffer material. Note that the modification in stiffness in the buried wall material does not 
lead to a significant difference in results. Of the studied cases, this difference is more pronounced in the 3 
m depth wall (not shown). Another note that can be made by observing this figure is that the set of poorer 
inclusions produces practically the same result as the buried stiff wall. 

Figure 5 shows snapshots of the wave field, in terms of horizontal displacements, computed in the presence 
of several sets of 5 m depth inclusions and different widths: a) 0.2 m, b) 0.4 m and c) 0.6 m. Note that the 
distance between centres of inclusions is 1.2 m in all situations. Here, the interference of the buried devices 
is clear, with a more complex wave pattern being visible when multiple inclusions are considered. Which 
becomes particularly evident for later times. These snapshots also evidence that a considerable fraction of 
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the energy is reflected back by all inclusions, showing the intended shielding effect. Additionally, from 
these figures surface waves seem to have a strong importance, as expected. It can also be seen that no 
spurious reflections from the artificial absorption layer seem to occur. 

 

 

Figure 4: Comparison between mitigation devices types, 5 m depth, and their stiffness: a) poor and b) stiff 

 
a) b) c) 

Figure 5: Time evolution of 5 m depth stiff inclusions: (0.2, 0.4, 0.6) m width, a), b) and c) respectively 

Figure 6 shows the vibration levels average detected on surface receivers 25 m from the source, beyond the 
several sets of 5 m depth inclusions with a poorer material (a) and a stiffer material (b). The vibration levels 
correspond to the various widths of the studied inclusions. These levels are computed in the frequency 
domain, after application of a Fourier-transform to the time signals computed using the TD-FEM algorithm. 
To better observe the global behaviour, the response is grouped in frequency bands 16 Hz wide. From this 
figure, it can be seen that all sets of mitigation measures allow a reduction of the vibration levels, although 
acting differently throughout the frequency range. It is important to note that different reductions can be 
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identified between the stiffer and softer inclusions, and clearly the use of a stiffer material to build these 
inclusions leads to a better overall efficiency of the solution. Indeed, the higher contrast between the 
propagation medium and the elastic material of the embedded scatterers allows a larger portion of the 
incident energy to be reflected and thus enhances the visible effect of the structure. An additional point that 
must be stated is related with the effect of the dimension of the scatterers, which, for both materials, seems 
to be a dominant factor; for both cases, as larger scatterers ate modelled a reduction in the vibration levels 
seems to occur, indicating that larger filling fractions of the matrix have a beneficial effect. 

 

 

Figure 6: Vibration levels: 5 m depth a) poor and b) Stiff inclusions with several widths 

Figure 7 shows the vibration levels average detected in the previously mentioned receivers, now comparing 
the various depths of inclusions (Figure 7a) and buried walls (Figure 7b), both with the same stiffer material 
and the same scatterer width (0.6 m). A qualitative comparison between both plots immediately allows 
identifying an important difference between the behaviour of both types of devices. When the discrete set 
of periodically spaced inclusions is considered, a larger vibration reduction is registered at intermediate 
frequencies, while the continuous walls seem to provide better vibration reduction at higher frequencies. 

 

Figure 7: Vibration levels: a) stiff inclusions and b) Stiff wall, both with 0.6 m width 

 

To better understand the results, Figure 8 shows the calculated reduction of vibration estimated for each 
scenario, for the three depths studied, and for the two types of elastic material composing the mitigation 
devices. To evaluate the effect of the presence of mitigation devices in the vibrations registered in the 
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previously mentioned receivers, the reduction is computed in terms of insertion loss, IL, that is defined as 
the difference between the vibration levels obtained in the presence of mitigation devices (L1) and the 
displacement vibration levels obtained without those devices (L0). The IL is given in dB by the following 
Equation 7: 

 �� = �0 �1 = 20 log|��| 20 log|��| (7) 

 

According to Equation 7, positive values correspond to a reduction of the displacement vibration levels in 
the presence of mitigation devices and negative values of the insertion loss stand for losing protective 
solutions efficiency. 

 

Figure 8: Insertion loss of the mitigation devices of 0.6 m width: a) set of inclusions and b) buried wall 

From the results in Figure 8 it becomes clear that the insertion loss tends to increase with the frequency of 
the excitation load. However, it seems that for the case of the periodic array of inclusions, a), a peak in the 
insertion loss occurs between 40 and 100 Hz, for which frequencies the efficiency of this solution surpasses 
that of the traditional buried wall, b). If surface (Rayleigh) waves are considered, which propagate in the 
soil with an approximate velocity of c = 149 m/s, and taking into account that the inclusions are equally 
spaced d = 1.2 m, this frequency range seems to match what is usually considered as the band gap frequency 
(f) in sonic crystals (f = c/2d), which should occur around 62 Hz. This finding is quite important, and 
indicates that the mitigation solution can be tuned depending on the frequency band to mitigate and on the 
properties of the host medium. It should be noted that this effect is even more pronounced when inclusions 
(and walls) 5m deep are considered. For this case, a peak is quite evident in the identified frequency interval, 
for which IL values around 0.15 dB higher than those computed for the buried walls of the same material 
are registered. It should also be said that the more traditional solution of a buried wall seems to reach 
improved performance for higher frequencies, and to have a broader frequency range for which vibration 
attenuation is provided. More interestingly, it should be noted that in the case of the poorest material, the 3 
m deep wall performs better than 5 m deep wall at higher frequencies. 

Regarding the type of material used in the protection devices, it can be seen that, as expected and as 
previously commented for Figure 6, using a stiffer material leads to a better global performance for all tested 
depths, with higher values of insertion loss being reached. Indeed, for this case a stronger contrast of 
properties between the soil and the devices exists, and allows stronger energy reflections to occur. 

When comparing the widths of mitigating devices (see Figure 9), it is concluded that they reproduce a more 
linear behaviour than the depth. That is, considering the cases studied and the bands between (40 and 140) 
Hz, it can be stated that the greater the width, the greater the mitigating power. If the depth figure (Figure 
8) is taken into account, this linearity is not evident. 
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Figure 9: Insertion loss of the mitigation devices of 5 m depth: a) set of inclusions and b) buried wall 

Although until now only sets of inclusions with the same depth have been analysed, it may be interesting to 
verify the behaviour of the periodic device when scatterers with different depths are considered. Some 
results obtained with inclusions 0.6 m wide and made of the stiffer material, now considering different 
depths, are presented below. The Figure 10 shows the comparison between the amplitudes, in time domain, 
resulting from sets of stiff inclusions with 3 (a) and 2 (b) different depths and the original set with a depth 
of 5 m. From plot (a) it is observed that the set of inclusions with (1, 3 and 5) m depth, positioned in this 
order relative to the source, leads to less favourable results, while the remaining combinations seem to lead 
to vibration reductions very close to those observed in the reference case. These conclusions can be 
confirmed in Figure 11 and Figure 12, which show the average vibration levels and insertion loss, 
respectively, detected on surface receivers 25 m from the source as mentioned before. From these images it 
is indeed visible that the configuration with (1, 3 and 5) m deep inclusion is significantly less effective when 
compared to the set of inclusions in which all of them are 5 m depth. The remaining sets seem to exhibit a 
better behaviour for frequencies above 90 Hz, although they also seem to be less effective in the region of 
the band gap above described (62 Hz). Overall, the plotted results seem to indicate that using a configuration 
with all inclusions 5 m deep still produces the best results. 

 

Figure 10: Comparison between set types of 3 inclusion, a) 3 and b) 2 different depths 
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Figure 11: Vibration levels of set types of 3 inclusion, a) 3 and b) 2 different depths 
 

 

Figure 12: Insertion loss of set types of 3 inclusion, a) 3 and b) 2 different depths 

4 Conclusions 

This paper has presented and studied the effect of a periodic set of buried inclusions in the propagation 
of vibrations in a homogeneous soil. A TD-FEM algorithm is used for that purpose, making use of a 
recently proposed and efficient time marching scheme. Several simulations were performed in order to 
better understand the attenuation patterns provided by different configurations, varying the depth and 
width of the scatterers and their material. The results presented are quite promising, and reveal the 
existence of a specific frequency band for which higher vibration attenuation seems to occur. These band 
can be related to the effect of multiple interactions between the buried inclusions, as is usually seen in 
acoustics when analyzing sonic crystals. This indicates that using buried sets of periodically spaced 
inclusions can constitute an interesting solution for mitigation of vibrations at specific frequency bands, 
while still ensuring interesting attenuations outside these specific bands.   
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Abstract
The need for improving indoor and outdoor acoustic comfort constantly drives the development of novel
sound insulation and sound absorption solutions. Optimising their performance becomes reachable today
by designing “metamaterials”. A pending question is whether the non-uniform spectral characteristics of
metamaterials is detrimental to the subjective appreciation of their sound absorption capabilities. By means
of a headphone listening test, the present study aims at perceptually comparing the pleasantness from sounds
transmitted through five office-like partitions, including classical- and meta- materials. The transmitted
sounds were synthesised from partition models and replayed to jurors by pairs for each stimulus. This
resulted in a ranking of the test sounds - and thus of the partitions – by order of annoyance. During the recent
DENORMS workshop in Leuven (Feb. 6-7, 2018), 35 jurors volunteered for the test. Furthermore, insights
are given towards a definition of a quantitative sound quality metric for acoustic material design.

Introduction

Working environments are rich of multiple noise sources causing annoyance/disturbance, while individuals
search for comfort and privacy. Using acoustic materials to address such issues is common as these are
passive and relatively cost-effective solutions. However, the final appreciation is deeply subjective and this
must be accounted for beyond the sole sound reduction properties.
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Metamaterials are widely studied in various branches of physics and engineering, especially with regards
to electromagnetic [1], acoustical and structural wave propagation [2, 3]. Metamaterials are man-made
structures that enhance or take advantage of physical principles not occurring naturally. Examples include
negative refraction, super lenses, sub-wavelength resolution, cloaking [1, 3].

One aim of these metamaterials for audible acoustic applications is to increase performance in both absorp-
tion and transmission loss; if possible on the widest frequency band [6]. Another goal is to reach such
performances without having to design bulky voluminous and expensive objects. A secondary aim is to in-
clude aesthetic aspects – or constraints, depending on the point of view – to the new metamaterials in order
to include these in urban or indoor, e.g. home or office, environments [4].

A high interest in acoustic metamaterials resides in their tunability in terms of their effective bulk modulus
and density (positive and negative), and in their suitability for design optimization. Typical examples are
phononic crystals (periodic media with band gaps effect), and metamaterials exhibiting subwavelength-scale
structures including for instance networks of resonators, which could be individually tuned [3, 5, 6].

Most of the studies focus on optimising objective markers such as the reflection and transmission coefficients
on a large frequency range [5, 6]. However these numbers do not account for the human perception, and its
appreciation of sound quality. Psychoacoustic studies could show that loudness is not the only factor for
annoyance, disturbance or, conversely, pleasantness and comfort. Other metrics describe multiple aspects
building the sound signature, when related to cognition, such as sharpness, roughness, fluctuation strength
(both related to signal modulation), tonality, pitch. . . [10, 11]. In fact, the perceptual comparison of meta-
material insulation/absorption solutions to classical structures is a relatively new topic and the present study
aims at contributing to defining the grounds for such a comparison.

One of the main research topics supported by the COST action DENORMS (CA15125) [12] is the under-
standing and design of metamaterials for sound absorption and insulation. The action encourages inter-
national cooperation, which has given rise to a group aiming at including psychoacoustics in models and
experimental setups in order to characterise and design such materials. For this preliminary study, percep-
tion is at the central point of the test, and the COST action DENORMS provided an opportunity to organise a
listening test during its recent workshop “Dedicated manufacturing and experimental techniques for acoustic
metamaterials and acoustic treatments” that took place in Leuven in February 6-7th, 2018. The test gathered
35 experts from 17 countries, with a large age range and 20% of women.

The test complements the ongoing RISE project PAPABUILD [13] regarding listening tests and cognitive
evaluation of partitions in building and architectural acoustics. In the present test, an office context is chosen
in which listeners are sitting in front of an insulation partition. The test procedure consists in pair compar-
ison of sounds from 4 different source signals transmitted through ’virtual’ partitions, some being classical
partitions (plexiglas, finite height rigid walls), some other being metamaterials (2 variants of a locally reso-
nant sonic crystal [8] and a metamaterial with multiple tuned resonators [6]). The transmitted sounds were
synthesised by performing a convolution of loudness-equalized source signals with each panel’s transfer
function at normal incidence and propagated to a single monaural receiver at the listener’s position (facing
the wall). The pair comparison criterion was to select the most annoying among two transmitted sounds, e.g.
the one that would prevent concentration on the job to be done. The tests were run at the laboratory for Soft
Matter and Biophysics of KU Leuven, in their silent room in which 6 parallel listening booths were setup.
The listening tests were ran on laptops running LMS Test.Lab Jury Testing software and replayed through
equalised Sennheiser HD600 open headphones. Finally, a comparison with objective sound quality metrics
is performed in view to extract a number of perceptual features from the metamaterials tested. The end goal
is to include such psychoacoustic targets as constraints in metamaterial design for use in everyday spaces.

1 Test scenario and test samples

As the present study aims at predicting the perception of insulation walls that do not exist yet, physical
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models are used to synthesise sounds that could be replayed to listeners through headphones. This allows to
fully design a virtual listening environment. In the present case, the following constraints are considered:

1. The listener is sitting in an ’infinite’ or anechoic room

2. The listener is sitting at 1m facing the partition and 1m above the floor;

3. The response perceived by each ear is identical (monaural sound synthesis);

4. The source signal is convolved with the impulse response of the partition and then propagated identi-
cally to each ear, accounting for a generic Head & Torso equalisation. The latter aims at simulating
the presence of a sitting person in the sound field;

5. Finally, another equalisation is applied to linearise for the response of the headphones.

To quantify the sound insulation from noise sources to the listener, the partitions from Table 1 are selected
for their transmission characteristics. More details are provided in the two next sub-sections.

A B C D E
3mm Plexiglas RSC(2) RSC(4) RTA 1.5m-high screen

Table 1: The five partitions used in the listening test. ’RSC(n)’ stands for ’Resonant Sonic Crystal, with n
referring to the number of unit cells in use; and ’RTA’ stands for ’Rainbow Trapping Absorber’. These are
described in section 1.2.

1.1 Classical samples

In view of comparing the sound transmission through metamaterials with classical sound insulation solutions
that have similar advantages in terms of not totally blocking the visual connection between the locations to
be acoustically insulated, we have considered a 3mm-thick Plexiglas panel and a 1.5m-high rigid wall, the
former type of separation being fully optically transparent, and the latter one only blocking the view for the
line of sight below 1.5m, relevant for subjects sitting, e.g. in an office.

For the calculation of the sound insulation of the Plexiglas panel, we assumed perpendicular incidence and
neglected the existence of flexural waves. The sound propagation was thus modeled through a 1D 3-layer
system air-Plexiglas-air. Table 2 summarises the properties of the plexiglas panel.

E (GPa) σ ρ (kg.m−3) d (mm)
3.3 0.37 1190 3

Table 2: Properties of the plexiglas panel, E the Young’s modulus, σ the Poisson’s ratio, ρ the density and d
the sample thickness.

For frequencies in the audio range, with wavelength significantly longer than the panel thickness, the acoustic
insulation - or transmission loss TL - follows the mass-law [9]:

TL(f) = 10 log10(1 + (mAπf/ZAir)
2) (1)

withmA = ρd the surface mass density (kg.m−2) and ZAir (Pa.s.m−1) the specific acoustic impedance of air.
The impulse response is obtained by inverse discrete Fourier transform of the transmission spectrum, i.e.,
the inverse of the insulation spectrum, filtered by a 4th order high-pass filter with a characteristic frequency
of 10Hz in order to ensure numerical stability for the low frequency transmission.

For the calculation of the sound insulation of the 1.5m wall, we used a 2D finite difference model in
10m×10m domain discretised by a staggered grid of 5000×5000 elements. The 1.5m high panel modeled
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was emulated by a infinitely rigid line with a thickness of 1 element, resting on the bottom in the middle of
the domain, where the displacement was forced to zero. For the other boundaries we used perfectly matching
layers of 20 elements thick. Figure 1 depicts the position of the Gaussian pressure source (radius r=2cm,
corresponding with low pass filter effect with cut-off frequency of about c/r=340/0.02=17kHz), the panel,
and the receiver.

Figure 1: Finite difference propagation model for 1.5m screen. (a) and (b) show a snapshot of a propagating
impulsive wave and response waveforms received at different locations behind the panel. The signal at 1m
high and 1m from the panel was retained for convolution with the stimuli.

1.2 Metamaterial samples

In this work we have analyzed three samples based on Metamaterials. The first two ones consist of 2D
resonant sonic crystals (RSCs) [8] with a broadband transmission loss (TL) in the range of frequencies
between 350 Hz and 3220 Hz. The second one is an acoustic metamaterial [6] designed to present broadband
quasi-perfect absorption in the range of frequencies between 300 Hz and 1000 Hz.

1.2.1 Resonant Sonic Crystals (RSC)

The 2D RSC is made of square cross-section scatterers arranged on a square lattice and incorporating both
quarter-wavelength resonators (QWR) and Helmholtz resonators (HR) as shown in Fig. 2. Viscothermal
losses are accounted for both in the QWR and HR resonators by using the Zwikker and Kosten formulae [7].
The unit cell is made of 4 square-rod scatterers placed face to face in the unit cell as shown in Fig. 2. Two
differents RSC are studied in this work: One made of 2 unit cells and the second one made of 4 unit cells
(see Fig. 2).

The scatterers consist of acoustically rigid square with cross-section side L = 0.05 m. The QWRs consist of
a slit drilled along one of the scatterer’s faces. Each QWR has a width dQ = 0.035 m and depth lQ = 0.04
m. HRs are obtained by inserting an ln-thick PVC plate on top of the QWRs. The inner slit of each PVC
annular plate plays the role of the HR neck. The neck width is dn = 0.004 m and its length is ln = 0.004 m.
The width of the HR cavity is dc = 0.035 m its depth lc = 0.036 m.

Numerical simulations are performed using the two geometries shown in Fig. 2. The excitation signal con-
sists in a plane wave impinging the structure from the left side, for frequencies in the range 100-24000 Hz
having a frequency step of 10 Hz. The transfer function of both structures is measured at a point placed at a
distance L = 4 × axy , where 2 × axy is the lattice constant of the metamaterial. The impulse response of
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Figure 2: Schematic of the calculation domain including (a) 2 unit cells and (b) 4 unit cells of the metamate-
rial in the propagation direction. Periodic boundary conditions are considered in the y-axis, which makes the
structure infinite in this direction. Anechoic conditions are simulated by means of perfectly matching layers
(PML).

the system is obtained from the transfer function by applying the inverse Fourier transform to the recorded
signal in the aforementioned point.

The combination of stop bands, due to local resonant scatterers generating multiple coupled resonances at
low frequencies, with bandgaps, due to periodicity, is exploited to produce the broadest and largest possible
value of the insertion loss (IL). The latter is the ratio of the transmitted energy through the RSC over
the transmitted energy without RSC. Numerical predictions show a strong broadband attenuation, the RSC
exhibits a large IL covering three and a half octaves from 350 Hz to 5000 Hz.

Figure 3 shows the results obtained for the structure having two (left) and four (right) unit cells. In both cases
the dispersion relation of an infinite RSC having the same unit cell as the semi-infinite metamaterials under
study is shown in the top of Fig. 3. The transfer function and the calculated impulse response are shown at
the bottom of the figure for both structures.

1.2.2 Acoustic Metamaterial

The acoustic metamaterial selected for this listening test was designed to address the problem of perfect and
broadband acoustic absorption using deep-subwavelength structures. The panels are composed of monopolar
resonators with graded dimensions, namely rainbow-trapping absorbers (RTA). The designed panels present
broadband, perfect and asymmetric sound absorption, and, due to slow sound, their thickness is reduced to
the deep-subwavelength regime.

In particular, the structures are composed of a rigid panel, of thickness L, periodically perforated with series
of identical waveguides of variable square cross-section loaded by an array ofN Helmholtz resonators (HRs)
of different dimensions, as shown in Figs. 4 (a, b). Each waveguide is therefore divided in N segments of
length a[n], width h[n]1 and height h[n]3 . The HRs are located in the middle of each waveguide section. In
particular the rainbow-trapping absorber (RTA) was composed of N = 9 HRs as shown in Fig. 4 (b).
The cost function was εRTA =

∫ fN
f1
|R−|2 + |T |2df , i.e., to maximize the absorption in a broad frequency

bandwidth, that was chosen from f1 = 300 to fN = 1000 Hz. In the case of the RTA the length of the
panel was constrained to L = 11.3 cm, i.e. a panel 10 times thinner than the wavelength at 300 Hz. The
geometrical parameters obtained by the optimization process are given in Table 3.
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Figure 3: Numerical results for the metamaterials having two (left) and four (right) unit cells. Top: dispersion
relation of the structures; middle: transfer functions H(f); bottom: extracted impulse responses h(t).

n a[n] (mm) h
[n]
3 (mm) h

[n]
1 (mm) l

[n]
n (mm) l

[n]
c (mm) w

[n]
n (mm) w

[n]
c,1 (mm) w

[n]
c,2 (mm)

9 7.9 25.6 14.0 1.1 21.4 1.2 14.0 7.2
8 9.5 24.2 14.0 1.0 22.8 1.2 14.0 9.0
7 11.0 22.8 14.0 1.7 23.6 1.4 14.0 10.6
6 12.6 21.6 14.0 0.7 25.9 1.0 14.0 12.0
5 14.1 20.2 14.0 1.5 26.5 1.2 14.0 13.6
4 15.7 18.8 14.0 1.1 28.3 1.0 14.0 15.2
3 17.3 17.4 14.0 1.6 29.2 1.0 14.0 16.8
2 18.8 16.0 14.0 1.1 31.2 0.8 14.0 18.4
1 6.4 1.0 1.0 3.0 44.7 0.6 14.0 5.6

Table 3: Geometrical parameters for the Rainbow Trapping Absorber (RTA) (N = 9).

2 Listening tests

The listening tests were conducted at the Physics department of KU Leuven on February 6th and 7th, 2018.
Six sessions were held, each one hosting up to six volunteers taking the test in parallel.

This section details the design of the test, including the selection of stimuli or source signals, the generation
and equalization of the transmitted signals to be replayed, the test type (A-B pair comparisons) and the
questions submitted to the jurors.

2.1 Selected stimuli and test signals generation

Stimuli were selected to be meaningful in an office or working environment. For the listening tests to be
comparable, each stimulus is scaled to equal loudness. The four selected stimuli (’source’ signals) are listed
in Table 4 together with their ISO532-1 loudness levels [15]. The pink noise stimulus was added to the list
as a reference, and also to evaluate the correlation with the traffic noise test results.

The four equalized stimuli are convolved with the impulse response (transfer function) of each of the five
panels from Table 1. Then, monaural signals are synthesized at the listener position, 1m away from the
partition. These include a correction to account for a ’virtual’ head and torso presence in the sound field. The
ISO532-1 loudness levels were calculated for each transmitted signals and added to Table 4. It appears clearly
that panel ’D’, the Rainbow Trapping Absorber, efficiently reduce the loudness level by approximately 40
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Figure 4: (Left panel) Conceptual view of a Rainbow Trapping Absorber (RTA) with N = 8 Helmholtz res-
onators. Scheme showing the geometrical variables for the RTA panels. (Right panel) Absorption obtained
by using the Transfer Matrix Method (continuous line), Finite Elements simulations (circles) and measured
experimentally (dotted line). (b) Corresponding reflection (red curves) and transmission (blue curves) coef-
ficients.

phons. Then the plexiglas appears to be effective in loudness reduction, closely followed by the Resonant
Sonic Crystal (RSC) with four unit cells, which only show a small improvement compared to the one with
two unit cells. Finally, the 1.5m-high rigid screen only reduces the perceived loudness by slightly less than a
factor 2 (=10 phons).

LN (phon)
Source A B C D E

Pink noise 80.6 62.9 66.2 64.5 42.5 71.3
Nokia phone 80.3 55.4 66.2 64.0 30.1 68.6

Voices (many) 80.4 65.4 65.1 63.7 45.5 72.6
Traffic noise 80.2 65.7 63.8 61.8 44.6 72.4

Table 4: ISO532-1 Loudness levels (LN ) [15] of the equalized source signal (emission side of the panel),
and transmitted through each of the five partitions from Table 1.

Twenty additional transmitted sounds were synthesized with the difference that these were equalized for
loudness. The common loudness level was set to 67 phons. The goal of these extra tests (tagged ’EQ’
throughout the paper) is to assess the contributions of other factors to the annoyance perception, such as
frequency content and its relation to tonality and sharpness, which are loudness-independent features [10].

2.2 Set up with multiple jurors

Figure 5 shows a photograph of the jury test setup. The setup is based on the Siemens LMS Test.Lab Jury
Testing application using a multi-channel output, enabling a total of 6 jurors to participate simultaneously.
Calibrated Sennheiser HD 600 open headphones were used. Ideally, jurors need to be as isolated as possible
from each other. The listening test took place in a silent room at the Physics department of the KU Leuven.
The jurors were positioned in such a way as to avoid eye contact.
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Figure 5: Jury test setup: Multiple jurors can participate via computers connected to a local network. The
test moderator machine sends and receives the test questions, and sends accordingly identical audio to all
calibrated headphones via a single, independent but synchronized audio chain.

The total duration of the listening test was about 30 minutes. The test sequence contained ten sub-parts:
Eight independent tests, see Table 5 between preliminary and feedback questions, as given in Table 6.

Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8
Pink Noise Voices Traffic Phone Pink noise Voices Traffic Phone

Non-EQ EQ EQ Non-EQ EQ Non-EQ Non-EQ EQ
1m39s 1m30s 1m50s 1m10s 1m30s 1m30s 1m50s 1m10s

Table 5: Per test, the rows refer to the stimulus; then to the loudness of the transmitted signals, equalized
(’EQ’) or not to 67 phons; and finally each sub-test duration.

Preliminary questions Feedback questions
What is your nationality? Was the test easy or difficult?
What is your age range? How did you find the test duration?

What is your gender? Was the test representative?

Table 6: The preliminary questions are meant to build statistical groups, while the final questions are meant
to gather direct feedback. A free text feedback was also offered to participants.

Each test consists of 10 pairs of sounds replayed one after the other. The number of pairs derive from the
five panels under test, per stimulus and equalization status. The user is presented with three choices, ‘A’, ‘B’
or ‘=’, allowing them to select A or B as the most annoying sound, or alternatively to judge them equally
annoying. Owing to its simplicity, ‘A-B comparison’ tests [14] allow for a statistical analysis based on a
relative ranking, in this case of the perceived annoyance.

2.3 Raw statistical results

The Siemens LMS Test.Lab Jury testing software produces direct statistics for each test on the answers
gathered from all jurors.

The raw output of the tool consists of a distribution of the jurors based on their answers to the preliminary
and feedback questions from Table 6. In addition, the concordance versus consistency per juror [14] is
correspondingly displayed. Concordance provides a measure of the similarity of the ranking of sounds
among jurors, and consistency provides a measure of the extent to which a juror repeats the same ranking of
the test sounds. Figure 6 shows two examples of such raw statistical results.
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Figure 6: Examples of results from preliminary questions and Test 1 (see Tables 5 and 6). The markers
indicate the concordance and consistency per juror, whose colors relate to a statistical group. The greater the
consistency and concordance, the more reliable the test result is.

The most reliable results are those with both concordance and consistency scoring high. It is therefore pos-
sible to apply a filter removing outliers from the further statistical study based on both criteria. It follows
that results from Figure 6 are reliable with few outliers with lower concordance. It is worth noting that out-
liers with poor concordance but high consistency are valuable as these represent listeners with very different
perception than the rest of the jurors.

Results after performing this same analysis on the eight tests (see Table 5) are gathered on Figure 7. Fig-
ures 7a and 7b show the annoyance ratings from all tests, respectively without and with filtering. The latter
focuses on answers with consistency greater than 80% and concordance greater than 50%. The minimum
amount of jurors in all filtered cases was 11 among the total of 35 participants.

A low concordance can be observed for all equalized tests (tagged ’EQ’), and especially for the voices and
phone stimuli. In fact, Figure 7c clearly shows that the concordance for the equalized phone sound is low,
whether it is filtered for high consistency or not. However, for the other equalized cases showing a typical
drop of concordance, the filtering among jurors led to greater concordance scores, therefore usable for further
analysis.

Another result of interest is the weighted average of the annoyance ratings through all stimuli except for the
unreliable phone sound, on Figure 7d. The weights apply to the filtered results to normalize the scores as
if all 35 jurors were kept. This allows to compare filtered with non-filtered results. It is striking that for
non-equalized test sounds, both filtered and non-filtered annoyance scores are almost identical. Indeed, as
Figure 7c shows, concordances are high, as are consistencies. This allows to conclude that the corresponding
annoyance rankings are highly reliable. With the phone stimulus excluded, the filtered and non-filtered
results for equalized sounds show greater uncertainties, while the main ranking is kept for the five panels
under test.

A final conclusion from Figure 7d is that the panels ’D’ and ’E’, respectively the Rainbow Trapping Absorber
and the 1.5m high rigid screen, are highly affected by the equalization of the transmitted test sounds, inverting
their ranking in terms of annoyance rating. Moreover, as summarized in Table 7, the classical partitions are
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(a) Annoyance ratings including all 35 jurors. (b) Annoyance ratings limited to highly consistent jurors.

(c) Concordance between all jurors (blue and gray bars);
and within the subset (orange and yellow bars).

(d) Weighted average of the annoyance ratings (without
the phone stimulus).

Figure 7: Statistical results from the listening test. In each figure, ’EQ’ means that the transmitted signals
have equalized loudness. The ’filtered’ refer to subsets of jurors exhibiting a consistency greater than 80%
and a concordance greater than 50% - except for the ’Phone’ ring stimulus, for which concordance barely
exceeds 20%. It clearly appears that with and without equalization, annoyance ratings remain similar for
panels A, B and C, while panels D and E are highly impacted by loudness perception.

A B C D E
Non-equalized 4 2 3 5 1

Equalized 5 2 1 3 4

Table 7: Ranking per order of annoyance of the five panels (1 representing the greatest disturbance). For the
equalized sounds, panels ’D’ and ’E’ become ex-aequo after filtering jurors’ answers (see Figure 7d).

the preferred ones when equalization of the transmitted sounds is applied. This gives a hint that there exist
other sources of annoyance for the metamaterials. In most of the feedback, the frequency coloration (strong
filtering induced by the severe sound reduction) was mentioned. This coloration is indeed strongly amplified
in the equalized tests. Other sound quality metrics are needed to evaluate the annoyance based on frequency
content in parallel to level perception alone.

3 Sound quality analysis and discussion

The responses to the listening tests, with their repeatable ratings and clear rankings of annoyance, call for
the usual correlation study with objective sound quality metrics. These were defined throughout years of
psychoacoustic research [10].

The starting point for further analysis is usually to compare the averaged spectra from the transmitted sounds
with the ones from the source signals. This study is no exception and the A-weighted spectra for each
stimulus are presented on Figure 8. The noticeable features are:
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1. Very similar spectral features between pink noise and traffic noise, also in terms of levels;

2. Spectra from Resonant Sonic Crystals (RSC) and Rainbow Trapping Absorber (RTA) show peaks
that could appear tonal, as well as a level increase at higher frequencies, which could be linked to
sharpness;

3. The phone sound is definitely tonal, with largest components around 4kHz, a frequency the human ear
is very sensitive to;

4. While the RTA shows an effective level decrease throughout the frequency range, the two RSC variants
display a complex spectra with still a relatively high and constant averaged level.

Figure 8: A-weighted spectra for each of the four stimuli (Pink noise, phone, voices and traffic noise). The
references without partitions are the red spectra.

It is still difficult from spectra only to extract values that could be compared with the jury testing results.
These give hints on what to apply as sound quality metrics, in which frequency range, etc. For instance,
from time signals and spectra, tonal peaks appear as well as higher frequency content. Therefore, we target
mostly tonal and speech metrics as well as sharpness as main metrics.

Regarding the features of the sounds and the test context, we focused on level, tonal and speech metrics, such
as ISO532-1 loudness N (perceived sound level) [15], DIN45692 sharpness S (a normalized weighted loud-
ness as a feature for annoyance) [16], articulation index AI (intelligibility of speakers towards an audience),
and prominence ratio PR (quantifying the emergence of tonal components within critical bands) [17].

3.1 Sound quality metrics

Sound quality metrics are here presented, and calculated altogether in Siemens LMS Testlab software. For
each metric, single values are extracted. Typical ones of greater use are linear averages, maxima and 5th to
95th percentiles.
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For each source signal and partition, Table 8 groups the relative gains of each metric with respect to their
references, i.e. the corresponding metrics values without partitions. For instance, it appears clearly that
the RTA is the best material for loudness reduction; that the screen improves only slightly the intelligibility
(AI); and that the three metamaterials induce a noticeable increase of sharpness (related to annoyance, thus
negative), prominence ratios (associated with unpleasantness, tonality, negative as well), and articulation
index (positive impact).

source material N gain (%) S gain (%) AI gain (%) PR gain (%)
PinkNoise Plexiglas -66.88 -56.57 209.17 -21.19
PinkNoise RSC(2) -60.91 29.80 158.29 177.35
PinkNoise RSC(4) -64.90 31.15 173.56 293.21
PinkNoise RTA -89.50 -45.63 222.01 507.05
PinkNoise screen -44.85 -29.50 105.52 -2.52

Phone Plexiglas -81.24 -11.55 71.01 -0.89
Phone RSC(2) -64.89 8.41 40.28 4.85
Phone RSC(4) -69.67 10.00 46.94 9.37
Phone RTA -96.86 -7.32 96.84 -7.89
Phone screen -55.90 -6.78 32.10 -1.64
Voices Plexiglas -60.87 -48.76 182.89 -0.08
Voices RSC(2) -64.59 15.69 164.88 23.08
Voices RSC(4) -67.84 13.91 178.26 41.26
Voices RTA -88.36 -55.01 211.32 67.43
Voices screen -39.14 -25.48 106.63 0.91
Traffic Plexiglas -59.50 -51.59 210.86 -11.56
Traffic RSC(2) -65.44 18.08 179.14 39.00
Traffic RSC(4) -69.43 18.74 196.74 104.60
Traffic RTA -88.21 -53.19 240.24 175.11
Traffic screen -39.24 -26.03 115.15 -7.83

Table 8: Relative gains between the transmitted sounds and the source signals. Orange and red cells indi-
cate moderate and noticeable deviations in directions opposite to targets. The three metamaterials impact
negatively sharpness S and prominence ratio PR, assuming these should be as low as possible in an office
environment. Finally N stands for Loudness and AI for Articulation Index.

A similar analysis can be performed on the equalized transmitted sounds, yielding similar results for the
selected subsets of jurors, and loudness excluded. A side note is that for the phone stimulus, the AI only
slightly improves. This can be interpreted as a desired feature since the aim of a phone ring is to trigger
attention!

These results clearly show that sharpness and tonal metrics are key factors to account for in designing meta-
materials for insulation partitions, and that their relationships toward these metrics are opposite to the ones
of classical partitions.

3.2 Correlation, material design and discussion

The ultimate goal of this work is to establish correlations between material properties and perceptual metrics.
Based on Table 8, the focus falls upon sharpness S, articulation index AI and prominence ratio PR.

To discard as much as possible the impact of loudness on subjective scores, the equalized results are selected,
using the subset of jurors showing sufficient consistency and concordance. Figure 9 show that indeed for
sharpness and prominence ratio, these tests give the best correlations. The correlation is logarithmic for
prominence ratio because it is expressed in decibels.
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For sharpness, the phone stimulus was indeed found to be a clear outlier, as concluded from the preliminary
tests. In figure 9, it may be observed that the traffic results are also outliers despite its similarity with the
pink noise stimulus. This conclusion poses the risk that in order to improve the linear regression, the amount
of points is reduced. Reassuringly nevertheless, with and without the traffic results, the linear regressions are
almost identical.

For the prominence ratio (PR), the correlation is limited to the three metamaterials, without the phone
stimulus, which is too tonal in itself to describe an intrinsic feature of the panels. This was necessary as
table 8 shows a specific trend in PR restricted to these materials.

For articulation index and loudness, the non-equalized test sounds must be used as these are level-dependent
metrics. Results with and without the filtering of poorly consistent and/or concordant jurors can be compared.
In both tests, it appears that the filtering of jurors has a low impact. Indeed, non-equalized test results show
high consistency and concordance, with only a few outliers. For the articulation index, Figure 9 shows a
good correlation for every stimumus, including that of the phone. Only the 1.5m high screen shows really
off results, which could be imputed to the nearly unaltered broadband spectrum, except in level. Indeed
metamaterials affect narrower frequency bands on which the articulation index calculation is based on.

For loudness, only the metamaterials are meaningful as the level reduction is a key feature of their design.
This reduces drastically the number of points on which to perform the linear regression, but this gives a trend,
found almost identical with and without juror filtering.

These trends in correlation need to be manipulated with care. First, the test accuracy must be assessed;
then, the test data must be grouped in meaningful bundles (metamaterials together, level-dependent or not
metrics...) on which a simple psychoacoustic model could be defined. Stability and reliability of these trends
must be evaluated by testing under- and over-filtering. This is the present ongoing stage in this research,
which aims at finding the best psychoacoustic model valuable for the different material characteristics under
different stimuli by means of an optimization procedure. The psychoacoustic model would be able to rank
the most probable preference for materials and stimuli similar to that obtained with human jurors.

4 Conclusion

The present jury testing activity within the COST action DENORMS (CA15125) is a preliminary study. The
starting point was to compare how listeners (here mostly experts) would rank these new materials against
classical partitions as used today.

The results is somehow surprising, the plexiglas panel performing better than the two variants of the resonant
sonic crystals. The rainbow trapping absorber shows good scores due to an efficient broadband sound reduc-
tion, which also impacts positively the speech intelligibility, measured here with the articulation index. In
order to understand other characteristics of such metamaterials, the tests were repeated with equalized trans-
mitted sounds. These show that all metamaterials displayed an increase of sharpness and tonality induced
by a severe alteration of the ’usual’ sound spectra. This coloration was perceived as an annoyance factor by
some jurors, thus reversing the preference ranking to the more classical partitions.

Both equalized and non-equalized tests were also useful to extract independent trends from sound quality
metrics through correlation analysis; some common to all insulation panels (sharpness, articulation index),
some specific to metamaterials (prominence ratio, loudness).

Future work will partly consist in building psychoacoustic models of such structured materials. These models
could be included in upfront material design as constraints to reach known targets, e.g. privacy in an office,
speech intelligibility in an auditorium, level reduction in outdoor environments such as streets or stations,
while keeping key features so that safety constraints are guaranteed. The challenge therein is to get enough
reliable subjective tests scores to optimally converge to such models.

Further research efforts in this field could also be concentrated on correlating sound quality metrics to the
inner (micro)structure of the materials. This would allow to obtain an optimal set of design parameters such

13
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Figure 9: Correlations between calculated sound quality metrics and subjective annoyance ratings from the
listening test. As expected, sharpness and prominence ratio give the best correlations from the equalized
tests. Articulation index and loudness are level-dependent and therefore correlate better with the results from
non-equalized test sounds. ’None’ means no equalisation and no filtering.

as the geometry of the unit cell of a sonic crystal, thus allowing to reach a target sharpness value together
with a target loudness reduction in transmission.

Acknowledgments

This article is based upon work from COST Action DENORMS CA15125, supported by COST (European
Cooperation in Science and Technology) [The authors would like to thank for their support before and during
the listening tests Prof. Nicolas Dauchez, Dr. Nicolas Côté, Agnieszka Mroz, Dr. Claudio Colangeli, Dr.
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Abstract
The properties of open-cell porous materials for acoustic applications are known to be influenced by
the micro-structure and micro-geometry of the material, possibly inducing anisotropy in the macroscopic
properties of the material. This has obviously repercussions on the modelling of the elasto-acoustic
behaviour of such materials. With the rapidly increasing quality and resolution of the additive manufacturing
capabilities, some of these questions can now be studied in some more detail and under controlled conditions.
The main contributions of this paper are to discuss a jointly pursued complete design-to-test of a Kelvin
model based cell micro-structure. From a given micro-structure, the thickness of struts, the aspect ratio of
the cell, the stiffness controlled by the joints between struts, etc., the macro-scale properties required for
modelling the elasto-acoustic behaviour will be deduced from a combination of numerical simulations and
inverse estimation techniques.

1 Introduction

The final objective of the current work is to design an anisotropic homogenised elastic constitutive material
model on a macro level. We base our methods on previously published research focussed on anisotropic
constitutive material properties and their influence on the vibroacoustic behaviour in different applications,
see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9].

Our approach is to start from a defined micro-structural geometry that may be parametrised in a systematic
and controlled way. We have chosen to work with the well-known Kelvin cell (KC), i.e. the tetrakaidecahe-
dron which is known to fill space completely, see for example the original publication by Lord Kelvin, [10]
which was recently reprinted as [11]. Some more recent works on KC mechanics include [12, 13, 14, 15, 16,
17, 18, 19].

In a dual-scale modelling approach, we build a micro-structural numerical model that is used to predict a
certain physical field response, that is then used to extract a homogenised equivalent model through the steps
outlined below.

2 From Micro to Macro elasticity modelling

We propose to employ a combined homogenisation-inversion method that takes a well-defined micro-
structural geometry as a starting point. We then use the micro-structural model to extract elastic and acoustic
properties for a homogenised, equivalent continuum.
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For static elasticity this is achieved by computing a series of displacement fields for a given set of static
loads and boundary conditions, that are replicated in a homogeneous continuum based elastic model, which
is solved using (nominally) the same boundary conditions and loads.

Details on the applied procedures are given in the following. We will first give a general overview of the
procedures developed and then get more specific in some cases investigated within the current framework.

2.1 Numerical Kelvin Cell Model

We start from a unit cell template as shown in Figure 1, holding 24 unique struts that may be repeated in
x, y, z-directions to form a porous block with known micro-structural geometrical properties. The unit cell
dimensions are defined through a set of parameters, i.e. Lcellx , Lcelly and Lcellz of the length, width and height
respectively. In addition to these, each of the 24 struts are assigned individual radii, ri, i = 1, ..., 24. In the
investigations performed, we have started our parametrisations from a fixed, nominally isotropic cell with
the sizeHc, and from this computed the lengths of the individual struts as Ls =

√
2Hc/4. We then introduce

a set of scaling parameters that allow us to distort the unit cell, sx, sy, sz , such that e.g. Lcellx = sx4Ls/
√

2
etc.

To design a numerical test sample, we then choose the number of cells in each direction as Nx, Ny, Nz ,
and complement the missing struts at the boundaries, x = 0 and x = NxL

cell
x ; y = 0 and y = NyL

cell
y ;

and z = 0, as illustrated in Figure 2 for Nx = Ny = Nz = 15. For ease of reference, the different
faces of the cubic sample are indicated by their outgoing normal in the coordinate system attached to the
sample, x−, x+, y−, y+, z−, z+. The displacement components are defined as u = x0 − x1, v = y0 − y1
and w = z0 − z1, where x0, y0, z0 and x1, y1, z1 are the positions of a point in the material before and after
loading, respectively. The data used for the approach consists of a set of displacements from the KC model
ukelvin. A solid model is constructed to calculate the displacements usolid for a set of elastic moduli, which
are varied within an optimisation routine until the difference between measured and predicted displacements
is minimised. In the present investigation, the displacements ukelvin = [u, v, w] are obtained as the result
of a prescribed static compression d in the z direction. The shear displacement is applied subsequently in x
and y directions, and three spatial components of the displacement are extracted at the four free faces of the
sample.

Detail boundary and load conditions for inverse estimation during optimization simulations are

• Boundary conditions: all movements constrained on the z+ surface nodes, where u = v = w = 0,
Fig. 2.

• Load Step 1: Compression displacements w = 0.01 mm on z− surface, Fig. 2.

• Load Step 2: Shear displacements u = 0.01 mm on z− surface.

• Load Step 3: Shear displacements v = 0.01 mm on z− surface.

2.2 Elastic Material Model

Biot [20] described the constitutive laws for porous materials consisting of a solid phase and a fluid phase in
acoustic applications. In the case of open-cell porous materials, only the fluid phase takes part in the dynamic
deformation. Therefore, the static structural properties of the material, such as elasticity, can conveniently
be described in the absence of the fluid phase. Thus, only the solid frame of the material is considered here
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and the Hooke’s law for the anisotropic material in stiffness form is:

σ =




σxx
σyy
σzz
σxy
σxz
σyz




=




D1111 D1122 D1133 D1112 D1113 D1123

D2222 D2233 D2212 D2213 D2223

D3333 D3312 D3313 D3323

D1212 D1213 D1223

sym D1313 D1323

D2323







ε11
ε22
ε33
γ12
γ13
γ23




= Haε (1)

where Ha is the anisotropic stiffness or Hooke’s matrix, σ = [σ11, σ22, σ33, σ12, σ13, σ23]
−1 is the stresses

and ε = [ε11, ε22, ε33, 2ε12, 2ε13, 2ε23]
−1 = [ε11, ε22, ε33, γ12, γ13, γ23]

−1 are the strains. If the structure is
orthotropic, only 9 parameters are included in the Hooke’s stiffness matrix Ho,

Ho =




D1111 D1122 D1113 0 0 0
D2222 D2233 0 0 0

D3333 0 0 0
D1212 0 0

sym D1313 0
D2323




(2)

If the cell structure is isotropic, the linear elastic materials have their elastic properties uniquely determined
by any two moduli, e.g. Young’s modulus, E, and ν, Poisson’s ratio. The Young’s modulus and Poisson’s
ratio can be calculated according to the relationship between moduli and stiffness parameters in Hooke’s
matrix, Equation 3.

D1111 = D2222 = D3333 =
E(1− ν)

(1 + ν)(1− 2ν)
, (3a)

D1122 = D1133 = D2233 =
Eν

(1 + ν)(1− 2ν)
, (3b)

D1212 = D1313 = D2323 =
E

2(1 + ν)
. (3c)

2.3 Inverse estimation

The inverse estimation routine is implemented in Matlab using the globally convergent method of moving
asymptotes (GCMMA) by [21, 22, 23]. The GCMMA routine pursues a strict decrease of the object function,
guaranteeing a set of parameters which is a preferable solution. A detailed description of the GCMMA
algorithm is given in the original paper [21]. The criterion to assess whether the optimisation is converged is
that a variation in the objective function and in each of the parameters must be less than 10−4 between two
subsequent iterations.

As has been discussed by Van der Kelen et al [9], the static inversion problem using prescribed displacements
is undetermined and one of the moduli has to be estimated in a different numerical experiment. In the present
work, prior to the optimization, a separate setup is required to estimate the stiffness component D3333

through a numerical compression test where constraints are set for all nodes u = v = 0. The estimated
D3333 = σ33/ε33, where σ33 = F r3ZminSet/A, ε33 = d3/Lz , F r3ZminSet is the reaction force in z direction of
on z− nodes, A is the area of the z− surface, d3 is the compression displacement on the strain z− surface,
and Lz is the thickness of KC model in z direction. In the inverse estimation procedure, a the material model
(moduli) is varied to approximate the measured displacements. In each iteration of the optimisation routine,
a homogenised solid model representing the experimental setup is solved for a proposed set of constitutive
parameters.
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The error between the measured (here from a numerical experiment) and the predicted displacements using
the solid model is used as the objective function, defined as the square of the L2-norm of the difference
between the predicted displacements and the measured displacements, summed over all free faces f ,
Figure 3, in each loading step s for all points per face,

Πtotal =

3∑

s=1

4∑

f=1

∥∥∥sfUsolid
k −sf UKelvin

k

∥∥∥
2

∥∥∥sfUKelvin
k

∥∥∥
2 (4a)

Usolid = [u, v, w]solid (4b)

UKelvin = [u, v, w]kelvin (4c)

where UKelvin is the target displacements of the average displacements from Load Steps s, Usolid is the
displacement of the solid model extracted at the same locations as in the KC model by interpolating the
nearest point displacement on the solid material surface. Note that the average displacement of the individual
KC was obtained from the displacement of its vertex nodes and compare to the solid ones. Thus increasing
the KC number would decrease the possible displacement discontinuities from cell to cell and the fixed
boundary effects on z+ surface.

Figure 1: Single Kelvin cell: (a) single cell grouped beam elements based on directions; (b) isotropic cell
with same beam elements in all direction; (c) orthotropic cell extended in x direction

To get an understanding of how the differences between simulated and measured displacements are spread,
a symbolic representation of the measure of this difference is given for each loading step s,

Πs
m =

4∑

f=1

∥∥
fUsolid

k −f UKelvin
k

∥∥2
∥∥
fUKelvin

k

∥∥2 (5)

which can be written as a matrix,

Πc =
[
Πu Πv Πw

]
=




Πu,1 Πv,1 Πw,1

Πu,2 Πv,2 Πw,2

Πu,3 Πv,3 Πw,3


 (6)

The component µu,1 for example gives the square of L2-norm difference on the displacement components u
for Load Step 1 in the x direction over all four free surfaces, relative to the displacement of the KC model.
Note that the subscript c has been introduced in order to identify the results for the different cases tested and
discussed in later sections.

2.4 Validation of The Inverse Estimation Approach

There are a number of different possible ways to validate the approach selected here, and we will recapitulate
some interesting investigations that we have performed so far. We verified that the inversion would identify
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an isotropic KC material, even when the optimization was performed using either an orthotropic constitutive
model. Thus, the known material symmetry is not taken into account in the inverse estimation, and each
material is addressed as if it were orthotropic.

We also investigated the effects of the number of Kelvin cells used, thus studying the influence of the
boundaries; as well as the order of the (linear) beam elements used to model the struts; and finally the required
mesh resolution in the solid model, i.e. the number of solid elements used in the simulated displacement
computations.

In all the validation cases studied, it is expected that for a symmetric KC geometry, after the displacement
error has reached a stable minimum, the estimated Hooke’s matrix should have the relationship of Equation 3,
where other parameters in the Hooke’s matrix are small or close to zero.

We tested different number of cells as well as different beam element types of KC model, in order to
investigate the boundary effects and the beam displacement approximation on the final optimization results.
In the same way, different number of elements in the mesh of the solid FE model are used to find a reasonable
mesh size for optimization.

Equation 7 shows the Hooke’s law in compliance form found from the inverse of the compliance matrix in
stiffness form Equation 2, where 9 elastic constants in orthotropic constitutive equations are comprised of 3
Young’s moduli Ex, Ey, Ez , 3 Poisson’s ratios νxy, νxz , νxy, and the 3 shear moduli Gyz , Gzx, Gyz .

Ho =




1/Ex −νyx/Ey −νzx/Ez 0 0 0
−νxy/Ex 1/Ey −νzy/Ez 0 0 0
−νxz/Ex −νyz/Ey 1/Ez 0 0 0

0 0 0 1/Gxy 0 0
0 0 0 0 1/Gxz 0
0 0 0 0 0 1/Gyz




−1

(7)

where νyz
Ey

=
νzy
Ez

, νzxEz
= νxz

Ex
, νyzEy

=
νzy
Ez

.

The Young’s moduli and Poisson’s ratios for the isotropic KC model could be inverse calculated from
following four methods with the optimized Hooke’s matrix,

• Method 1: solve Equations 3(a)–(b);

• Method 2: solve Equations 3(a)–(c);

• Method 3: solve Equations 3(b)–(c);

• Method 4: solve Equations 2 and Equation 7;

The measure of the varition used in order to quantify and validate the proposed method is given by

εEm =

∣∣Eopt,m − Ēopt
∣∣

Ēopt
(8a)

ενm =
|νopt,m − ν̄opt|

ν̄opt
(8b)

where Ēopt is the mean value of the Young’s moduli Eopt,m best fit of the model, resulting from the inverse
estimation of Method m above.
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Figure 2: Boundary constraint on the surface nodes with maximal z surface z+ and compression
displacements on the minimal z surface z−.

3 Validation of Inverse Estimation Method Results

3.1 Isotropic KC Models with Different Size

Three sizes (15×15×15, 30×30×30 and 40×40×40) of a symmetric (and thus expected to be isotropic)
KC model were used to verify the inverse estimation method and find an economical and efficient size for
both the experimental and the simulation model. Linear and quadratic beam elements were used for the struts
(ligaments) of the KC models. As an example of the observations made, Figure 4 shows that the stiffness
of D3333 decreases as the number of cells are increased in each direction or when using quadratic beam
elements (B32) instead of linear elements (B31). This indicates that the stiffening effects of the boundaries
are reduced (the KC model becomes softer) as the number of cells are increasing or when quadratic beam
elements, but the influence on the estimated moduli is small (< 3%).

In the solid FE model, 3D quadratic reduced Hex (hexahedral) mesh (C3D20R) elements. For the symmetric
(isotropic) KC model, seven cases were addressed to verify the estimation method and find a proper balance
between accuracy and computationa cost in modelling the structure,

1. Case 1: 15× 15× 15 cell isotropic KC model with linear beam elements and 20× 20× 20 Hex solid
model, named ‘15Kelvin20Hex’;

2. Case 2: 15 × 15 × 15 cell isotropic KC model with quadratic beam elements and 20 × 20 × 20 Hex
orthotropic solid model, named as ‘15QKelvin20Hex’;

3. Case 3: 30 × 30 × 30 cell isotropic KC model with linear beam elements and 30 × 30 × 30 Hex
orthotropic solid model, named as ‘30Kelvin30Hex’;
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Figure 3: Inverse estimation flowchart.

4. Case 4: 30 × 30 × 30 cell isotropic KC model with quadratic beam elements and 30 × 30 × 30 Hex
orthotropic solid model, named ‘30QKelvin30Hex’;

5. Case 5: 40 × 40 × 40 cell isotropic KC model with linear beam elements and 40 × 40 × 40 Hex
orthotropic solid model, named ‘40Kelvin40Hex’;

6. Case 6: 30 × 30 × 30 cell isotropic KC model with quadratic beam elements and 30 × 30 × 30 Hex
anisotropic solid model, named ‘30QKelvin40HexAniso’;

7. Case 7: 30 × 30 × 30 cell isotropic KC model with quadratic beam elements and 40 × 40 × 40 Hex
orthotropic solid model, named ‘30QKelvin40Hex’.

As an alternative, for the isotropic KC model, an initial Poisson’s ratio could have been estimated through a
compression test instead of using a random value to improve the convergence, by comparing the deformation
in x and y directions with a displacement loading in the z direction, where the KC model has a constraint
w = 0 on the z+ surface and a compression displacement w = 0.01mm on the z− surface. A good starting
point for the Hooke’s matrix was given from Equation 3 with the estimated Poisson’s ratio ν = 0.3786 and
D3333 in Figure 4. Note that the starting point for the optimisation can be chosen arbitrarily and the final
solution does not depend on the chosen starting point.

Figure 5 shows the iteration history of the convergence error as the objective function in Cases 1–7 with
the same starting Hooke’s matrix. Cases 1–4 show the objective function does not change much even when
quadratic beam elements (B32) were used instead of linear beam elements for KC model. Case 5 and Case 7
show increasing numbers of Kelvin cells could decrease the convergence error, which decreases the boundary
effects. Case 4 and Case 7 show increasing mesh numbers of the solid model from 30×30×30 to 40×40×40
for the 30× 30× 30 quadratic KC model could decrease the convergence error. Case 6 and Case 7 show that
using an anisotropic solid model to simulate the isotropic KC model could also decrease the convergence
error by over-fitting the boundary effects with 21 non-zero parameters of a full anisotropic matrix.
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Figure 4: Estimated stiffness D3333 variation as the number of cells of KC model with linear and non-linear
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Figure 5: Iteration history of objective function for isotropic KC model.
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Since the solid model needs to be solved many times before finding a convergent result, the computational
time should be traded against the error in the cost function. Much larger computation times are required if
we increase the solid meshes, e.g., from Case 4 and Case 7. Thus models of 30× 30× 30 Hex and KC were
suggested with a good convergence behaviour, final estimated moduli and acceptable computational time. A
more accurate result could be obtained by using finer meshes with a starting point found from a coarse mesh,
e.g., using the optimized Hooke’s matrix of Case 1 as a starting point in Case 5.

Figure 6 shows the average Young’s modulus (Eavg = (Ex + Ey + Ez)/3) and Poisson’s ratio (νavg =
νx + νy + νz) in Case 1, Case 3 and Case 5 estimated from Methods 1–4. Method 1 and Method 4
give very close results. As the cell numbers increased from 15 to 30 in each direction, the variation of the
averaged Young’s modulus and Poisson’s ratio of the four methods decreased. The average Young’s modulus
of Method 1–4 is 10.7MPa, 10.5MPa and 10.6MPa and the average Poisson’s ratio is 0.378, 0.380 and 0.379
for Cases 1, 3 and 5, which are very close, within 2% of the average Young’s modulus and 0.6% of the
average Poisson’s ratio.

Figure 7 shows the estimated stiffness and the convergence errors of the 30 × 30 × 30 Kc quadratic beam
model compared to the 10×10×10, 20×20×20, 30×30×30, 40×40×40 Hex solid models respectively.
The same starting Hooke’s matrix was given as for the other cases in this section. After 4 iterations, a stable
convergence error was reached for all cases. Figures 7 (a)–(c) show that the case of 30 × 30 × 30 Hex
solid model gives a minimal variation of stiffness. The variation of coupling stiffness [D1122, D1113, D2233]
and shear stiffness [D1212, D1313, D2323] decreases as the number of Hex increasing from 10 × 10 × 10 to
30× 30× 30. However, if the number of Hex increases to 40× 40× 40, the variation increases a little since
a finer solid model catches the boundary effects, but the convergence error decreases to less than 1%.

Table 1 shows the estimated engineering constants for the isotropic KC model in Cases 1–7 from Method
4. All cases give a modulus in each direction which is close but there exist small acceptable deviations, e.g.,
Young’s moduli deviate < 1% in Case 6 from mean value of Cases 1–7. The solid orthotropic model with
finer meshes, Case 7, gives the lowest deviations for Young’s moduli, Poisson’s ratios and shear moduli.
One main reason is that a finer mesh solid structure is more close to the KC model since a single KC has
more free points (24 for linear beam KC) than a Hex (20 point for C3D20R Hex). A solid model with coarse
meshes would be stiffer than a KC model, which could be equivalent to a applied stiffer boundary constrain
and generate a stiffer Young’s modulus in the z-direction, Table 1.

Table 1: Engineering constants for the isotropic KC model

Eng.const Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 mean
Ex [MPa] 10.84 10.68 10.75 10.43 10.77 10.73 10.51 10.67
Ey [MPa] 10.84 10.65 10.75 10.43 10.77 10.73 10.51 10.67
Ez [MPa] 12.01 11.1 11.37 10.30 11.13 11.13 10.31 11.05
νxy [-] 0.447 0.405 0.416 0.365 0.401 0.403 0.361 0.400
νyx [-] 0.447 0.404 0.416 0.365 0.401 0.403 0.361 0.400
νxz [-] 0.317 0.352 0.344 0.390 0.357 0.356 0.392 0.359
νzx [-] 0.351 0.366 0.364 0.385 0.369 0.369 0.384 0.358
νyz [-] 0.318 0.354 0.344 0.390 0.357 0.356 0.392 0.359
νzy [-] 0.352 0.369 0.364 0.385 0.369 0.369 0.384 0.370
Gxy [MPa] 3.85 3.77 3.81 3.77 3.81 3.80 3.72 3.79
Gxz [MPa] 3.66 3.62 3.78 3.57 3.77 3.79 3.56 3.68
Gyz [MPa] 3.64 3.61 3.78 3.57 3.77 3.78 3.56 3.67

3.2 Robustness of the Method

The robustness of the proposed characterisation method was studied for the isotropic KC model. The
uncertainties in the experiment were studied, e.g., 5% of the measurement error of the loading displacement,
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Figure 6: The average Young’s modulus and Poisson’s ratio for linear beam KC model by inverse estimated
methods with data from optimization results, Section 2.4.
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Figure 7: The estimated stiffness and convergent error for 30× 30× 30 isotropic KC model respectively to
different number of Hex in the solid model.

or 5% of the measurement error of the sample dimensions. The difference in the engineering constants is
smaller than the uncertainty on the sample dimensions.

In the cases where an isotropic constitutive model was fitted using an orthotropic, the optimization tends to
compensate for the error related to the boundariy effects, when fewer elements were used in the solid model
than the number of cells in the KC model. For example, Figure 8 shows the shear modulus D1212 decreased
from a convergence point (iteration 4) after 15 more iterations where Πtotal decreased less than 10−4 but one
component, Πw, increased more than the decreased Πtotal. Thus an over-fitting of the shear modulus Gxy
might happen if a stiffer solid model was used after the convergence criterion was reached. In order to avoid
this, the optimized Hooke’s matrix could be checked if any of the error components (Πi, U = u, v, orw)
increased when the total error decreased when the convergent error decreased less than 10−4 after several
iterations. One way to increase the robustness of the optimization is to use a starting point from a coarsely
meshed optimization in a finely meshed solid model. Then only a few steps are required to capture a more
accurate result for the shear modulus.

4 Orthotropic Kelvin Foam

The proposed method was subsequently applied to an orthotropic KC model, which is obtained by stretching
the Kelvin cells in the x direction twice (sx = 2 × sy = 2 × sz) but keeping the cell height Hz as before,
Figure 1 (c). Here a KC model using 30 × 30 × 30 and the same number of Hex elements were used.
A starting point for the inverse estimation was taken from the isotropic Case 3 in Table 1. Table 2 shows
the optimized results of convergence error, stiffness, Young’s moduli and Poisson’s ratios of the orthotropic
Kelvin foam. The total convergence error is 2.34% and the v displacement has the smallest error compared
to that of u and w. After applying the inverse estimation method, the cost function found a minimum and
an equivalent Hooke’s matrix was found. Comparing the obtained Young’s moduli with mean data of the
isotropic KC models in Table 1, Ex increased 76.3%, and Ey, Ez decreased 87.2% and 84.8% respectively.
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Figure 8: The iteration history of the cost function and the estimated stiffness of Case 5: (40Kelvin40Hex).
(a), the cost function error and its contributions from components related to displacements u, v and w; (b),
the estimated stiffness; (c), cost function and its components normalised to their initial iteration error; (d),
the estimated stiffness components normalised to their initial iteration one.

5 Discussion of the Inverse Estimation Method

The proposed characterisation method is verified for symmetric Kelvin cell models, using different number
of cells and shape function order in the beam elements in the experimental models and different number of
elements in the solid models. For all cases, the objective function decreases monotonically as is expected
for the optimisation algorithm used. For the isotropic KC model, the difference between different settings of
the engineering constants is small and a finer meshed model gives a lower convergence error and deviations
between moduli and Poisson’s ratios in each direction. If a good start point was given from a coarse mesh
or compression tests, the inverse estimation converged within a relatively small number of iterations. Note
that, although the material is isotropic, the optimal Hooke’s tensor deviates slightly from isotropy, as a result
shear moduli D1212, D1313 and D2323 are not converged to exactly the same value, and perfect isotropy is
not reached. If the inverse estimation had been allowed similar freedoms (flexibility) in both solid and KC
models, full convergence and perfect isotropy would have been reached. But even using coarse meshes for
the solid model, the basic characteristics including shear moduli are found. The relative square of L2-norm
difference in displacement between KC and solid with finer meshes, Case 7, is smaller than 0.8% for all four
surfaces, and is smallest for the longitudinal displacement components, Πw.

The verified inverse estimation method was extended to the application of orthotropic models. The target
displacements are obtained with very good accuracy for all components. These numerical examples confirm
that the computational part of the inverse estimation works accurately, for structures from isotropic to fully
anisotropic.
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Figure 9: The displacements computed for a Kelvin cell model and for a solid FE model.
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Table 2: Engineering constants for the orthotropic KC model

Quantity Value Unit
square of L2-norm displacement error, Π 2.34 %
components of Π, [Πu,Πv,Πw] [0.78 1.08 0.49] %
Stiffness parameters [D1111, D2222, D3333] [42.35, 3.38, 4.44] MPa
Stiffness parameters [D1122, D1133, D2212] [7.68, 8.82, 1.89] MPa
Stiffness parameters [D1212, D1313, D2323] [1.66,2.13,0.91] MPa
Young’s moduli, [Ex, Ey, Ez] [18.82,1.95,2.57] MPa
Poisson’s ratios, [νxy, νxz; νyx, νyz; νzx, νzy] [1.53, 1.34; 0.16, 0.11; 0.18, 0.14] -
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Abstract
A class of periodic structures consisting of the repetition of unit cells exhibiting local resonances referred
to as "acoustic/elastic meta-materials", achieve extreme properties via the combination of mechanical ele-
ments, resulting to negative effective stiffness and/or mass, at frequencies near these local resonances. Due
to their unique wave propagation properties they are rendered especially suitable in low-frequency range ap-
plications. To overcome obstacles like heavy internal masses and narrow band-gaps, encountered in periodic
structures based on traditional oscillators, a "KDamper" based structure is proposed. This concept, incorpo-
rates negative stiffness elements in addition to the internally resonating masses, leading to significantly lower
required masses while exploiting the negative stiffness damping phenomenon. The dispersion relations of a
1D mass-in-mass lattice are derived via Bloch’s theory. Preliminary results and comparisons with "m-k-m"
and TMD based structures, indicate broader band-gaps and increased damping ratio in lower frequencies.

1 Introduction

The terms "acoustic/elastic meta-materials" [1] describe a class of periodic structures with unit cells ex-
hibiting local resonance. An intuitive description of such designs lies in use of a simple "mass-in-mass"
lumped parameter model, resulting in negative effective stiffness and/or mass at frequency ranges close to
the local resonances. Unlike phononic crystals [2,3], which are based on Bragg scattering, this localized res-
onant structure has been shown [4–7] to exhibit band-gaps at wavelengths much longer than the lattice size,
thus enabling low-frequency vibration attenuation, wave guiding, and filtering, among other applications.
Preliminary applications include among others vibration absorption in beams [8, 9] and plates [10, 11].

However, low frequency range applications of such locally resonant meta-materials, may require very heavy
internal moving masses, as well as additional constraints at the amplitudes of the internally oscillating locally
resonating structures, which may prohibit their practical implementation. For example, current applications
of locally resonant meta-materials in acoustics [12,13] often address frequencies well above 500 [Hz]. How-
ever, there are some notable applications in low frequency noise isolation based on thin membrane-type
acoustic meta-materials, serving as a total reflection nodal surface at certain frequencies [14]. Another
example is the sound absorption and reflection from a resonant meta-surface [15], achieving total sound ab-
sorption at resonance observed in an impedance tube, below 400 Hz. However, it should be mentioned, that
in this frequency range, the performance of conventional noise insulation materials is quite poor.

To contribute to the solution of low frequency sound attenuation, the paper considers the application of the
KDamping concept towards the design of highly dissipative low-frequency elastic/ acoustic meta-materials.
The KDamper [16] is a novel passive vibration isolation and damping concept, based essentially on the
optimal combination of appropriate stiffness elements, which include a negative stiffness element. The
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KDamper can be considered as an extension of the traditional Tuned Mass Damper (TMD), by the addition
of a negative stiffness element to the internal oscillating mass. This idea was first suggested in [16] and was
further treated in a systematic way in [17], within the context of the design of a general class of tuned mass
dampers. A preliminary review of the reported physical principles for the design of negative stiffness ele-
ments can be found in [17]. These principles include conventional pre-stressed elastic mechanical elements,
such as post-buckled beams, plates, shells and pre-compressed springs arranged in appropriate geometrical
configurations, or other sources of forces, such as gravitational, magnetic or electromagnetic.

Contrary to the TMD and its variants, the KDamper substitutes the inertial forces of the added TMD mass by
the stiffness force of the negative stiffness element. Among others, this can provide significant comparative
advantages, especially in the very low frequency range. As a result, the KDamper can achieve better damping
characteristics, without the need of additional heavy masses, as in the case of the TMD. Moreover, since the
isolation and damping properties of the KDamper essentially result from the stiffness elements of the system,
further technological advantages can emerge, in terms of weight, complexity and reliability.

Based on the periodic repetition of KDamper elements, a novel class of meta-materials can be designed,
in the same way that the periodic repetition of TMDs consists the conceptual framework under which the
locally resonant meta-materials in [16] are analysed. Preliminary results [19, 20] confirm the efficiency of
this approach. Towards this direction, it should be noted that recently, numerous periodic cellular structures
with advanced dynamic behaviour have been also proposed, [21–24] combining high positive and negative
stiffness elements, such as buckled beams or chiral structures.

Application of Bloch’s theory (Subsec. 2.2) for the one- dimensional mass-in-mass lattice is analysed and
the corresponding dispersion relations are derived. The results (Sect. 3) indicate significant advantages over
the conventional mass-in-a mass lattice, such as broader band-gaps and increased damping ratio and reveal
significant potential in the proposed solution. A preliminary feasibility analysis (Sect. 3) for low frequency
acoustic isolation-damping confirms the strong potential and applicability of this concept.

2 KDamper Meta-materials

2.1 Overview of the KDamper Concept

Figure 1 presents the basic layout of the KDamper concept [17], which is designed to minimize the response
uS(t) of an undamped SDoF system of mass m and static stiffness k0 to an external excitation f(t).

m

Figure 1: KDamper vibration absorption concept

In order to overcome limitations regarding the static loading capacity of the structure -which may result in
unsolvable problems (e.g. collapse of structure), especially for vertical vibration isolation- the KDamper
uses a negative stiffness element kN along with the basic requirement that the overall static stiffness k0 of
the system is maintained as

k0 =
kPkN
kP + kN

+ kS (1)
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and the natural frequency comes as
ω0 =

√
k0/m (2)

Compared to the conventional TMD, the additional negative stiffness element kN , is inserted between the
additional mass and the ground. Thus, the equation of motion of the KDamper becomes:

müS + cD(u̇S − u̇D) + kSuS + kP (uS − uD) = f(t) (3)

mDüD − cD(u̇S − u̇D) + kNuD − kP (uS − uD) = 0 (4)

Assuming a harmonic excitation in the form of f(t) and a steady state complex response of uS(t), uD(t):

f(t) = F̃ eωt (5)

uS(t) = ŨSe
ωt (6)

uD(t) = ŨDe
ωt (7)

the equations of motion of the KDamper can be expressed as

− ω2mŨS + kSŨS − ω2mDŨD + kN ŨD = F̃ (8)

− ω2mDŨD − ωcD(ŨS − ŨD)− kP (ŨS − ŨD) + kN ŨD = 0 (9)

Examination of Eq. (8) reveals that the amplitude FMD of the inertia force of the additional mass mD and
the amplitude FN of the negative stiffness force are exactly in phase, due to the negative value of kN .

FMD = −ω2mDŨD (10)

FN = kN ŨD ≤ 0 (11)

Thus, the KDamper presents an indirect way of increasing the inertia effect of the additional mass mD

without however increasing directly the mass mD itself. Moreover, it should be noted that the value of
−ω2mD, see Eq. (10), depends on the frequency, while the value of kN , see Eq. (11), is constant in the entire
frequency range, a fact which is of particular importance in low frequency vibration isolation.

The basic parameters of the KDamper concept [15] are µ,κ and ρ, which are defined as

µ = mD/m (12)

ρ = ωD/ω0 (13)

κ = − kN
kN + kP

(14)

where ωD =
√

(kP + kN )/mD. The optimal value of ρ where the transfer function of the displacement uS
(Fig.1) with regard to the excitation is minimized at a selected frequency, is defined as

ρopt =

√
1

(1 + µ+ κµ)(1 + µ)− κ2µ (15)

in terms of the parameters µ and κ.

By setting the denominator of ρopt equal to zero, the maximum value that can be reached for κ is determined
as

κmax =
(1 + µ)(1 +

√
1 + 4/µ)

2
(16)

Therefore the value of κ can be selected as a fraction of κmax, namely

κ = (0 : 1) · κmax (17)

As explained in detail in [17], the oscillator presents better vibration absorption capabilities when κ→ κmax
but at the same time needs to be considered that for κ → κmax, the static stability margin of the oscillator
tends to be nullified, because the overall static stiffness k0 of the system in Eq. (1) becomes negative.
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2.2 Bloch analysis

The KDamper based meta-materials essentially comprise a periodic repetition of unit lattice cells of KDamper
elements, as presented in Fig. 2.

Figure 2: Unit cell of KDamper meta-material

As evident from Fig. 2, setting the value of the negative stiffness element of the KDamper unit cell as kN = 0,
makes it equivalent to the TMD based, acoustic/elastic locally resonant meta-materials. In view of Fig. 2,
the equations of motion of a typical unit cell become:

müS,j + cS(u̇S,j − u̇S,j−1) + cS(u̇S,j − u̇S,j+1) + kS(uS,j − uS,j−1) + kS(uS,j − uS,j+1)+

+ kP (uS,j − uD,j) + kN (uS,j − uD,j−1) = 0
(18)

müD,j + cD(u̇D,j − u̇S,j) + kP (uD,j − uS,j) + kN (uD,j − uS,j+1) = 0 (19)

2.2.1 Application of Bloch’s theorem

For each of the system of Eqs. (18) and (19), the generalized form [25] of Bloch’s theorem is applied

uS,j = US e
λt (20)

uS,j+1 = US e
kl+λt = US,j+1 e

λt (21)

uS,j−1 = US e
−kl+λt = US,j−1 eλt (22)

uD,j = UD e
λt (23)

uD,j+1 = UD e
kl+λt = UD,j+1 e

λt (24)

uD,j−1 = UD e
−kl+λt = UD,j−1 eλt (25)

where US , UD are the wave amplitudes at node j, l is the unit-cell length, k is the wave number and λ is
a complex frequency function that permits wave attenuation in time. In the limiting case of no damping,
λ = ω, and the usual form of Bloch’s theorem is recovered. Substitution of Eqs. (20)-(22) and (23)-(25)
into Eqs. (18)-(19), leads to:

[λ2m+ λ(γcS + cD) + (γkS + kP + kN )]US − (λcD + kP + eklkN )UD = 0 (26)

[λ2mD + λcD + (kP + kN )]UD − (λcD + kP + e−klkN )US = 0 (27)

where
γ = 2− (ekl + e−kl) = 2(1− cos kl) = 2(1− cos q) (28)

q = kl (29)

Substituting UD from Eq. (27) into Eq. (26), leads to

[α4λ
4 + α3λ

3 + α2λ
2 + α1λ+ α0]US = 0 (30)
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where

α4 = mDm (31)

α3 = (mD +m)cD + γcSmD (32)

α2 = (mD +m)(kP + kN ) + γ(cScD + kSmD) (33)

α1 = γcS(kP + kN ) + γcD(kS + kN ) (34)

α0 = γkS(kP + kN ) + γkPkN (35)

2.2.2 Bandgap estimation and properties

Equation (30) yields a characteristic equation of the form:

α4λ
4 + α3λ

3 + α2λ
2 + α1λ+ α0 = 0 (36)

The roots obtained from Eq. (36) may be expressed as:

λB = −ζB(k)ωB ± ωB
√

1− ζ2B(k) , B = 1, 2 (37)

where B = 1 represents the lower branch number and B = 2 represents the upper branch number of the two
dispersion curves and ωB , ζB represent their corresponding natural frequency and damping ratio. Assuming
an undamped system, the following are defined (α3 = α1 = 0 , λB = ±ωB):

α4 = mDm (38)

α2 = (mD +m)kI + γ kSmD = α2,0 + γ α2,γ (39)

α0 = γ[kS(kP + kN ) + kPkN ] = γα0,γ (40)

kI = kP + kN (41)

The bandgap limits can be obtained from Eq. (42)

α4ω
4 − (α2,0 + γα2,γ)ω

2 + γα0,γ = 0 (42)

which leads to:

γ = ω2 α2,0 − α4ω
2

α0,γ − α2,γω2
(43)

Therefore

cos q = 1− ω2

2

ω2
Hω

2
I − ω2

ω2
0ω

2
I − ω2

Sω
2

(44)

where

ωI =
√
kI/mD (45)

ωH = ωI
√

1 + µ (46)

ωS =
√

(kS/m) (47)

In view of the denominator and numerator of Eq. (44), the band gap limits are [26]:

ωL ≤ ω ≤ ωH (48)

where

ω2
L =

ω2
0

1
ρ2

+ κ(1 + κ)µ
=

ω2
I

1 + κ(1 + κ)µρ2
(49)
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bW =
ωH − ωL
ωL

=
√

(1 + µ)[1 + κ(1 + κ)µρ2]− 1 (50)

ρ = ωI/ω0 (51)

By setting κ = 0, the corresponding band-gap limits of the unit cell are obtained from Eqs. (49)-(51) as:

ωL
κ→0−−−→ ωI = ωD =

√
kP /mD (52)

bW
κ→0−−−→

√
1 + µ− 1 (53)

Observation of Eqs. (49) and (50), shows that the normalized band gap width bW can be increased not only
by increasing the parameter µ (i.e., the value of the internally oscillating mass mD), but also the value of
the parameter κ (i.e., the magnitude of the negative stiffness element kN according to Eq. (14)). This can be
considered among others as a consequence of Eq. (11), since the usage of a negative stiffness element can be
considered as an indirect approach to artificially increase the inertia of the system.

Figure 3 presents the resulting normalized band gap widths bW for a simultaneous variation of both the κ
and µ parameters of the KDamper meta-material. As it can be observed, a normalized band gap width of
bW = 3 may already be achieved for values of κ close to κmax, even for negligible values of the internal
oscillating mass (µ ≈ 0) . Band-gaps of such a width may not be accomplished by conventional acoustic
meta-materials, even for extremely high values of the internal oscillating mass (µ ≥ 10).

The value of ρ and consequently the value of κ, are determined according to the traditional KDamper design
concept [17] from Eqs. (15)-(17).

µ
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b
W
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14
Normalized Band-gap Width
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κ=0.5κmax

κ=0.8κmax

κ=0.95κmax

Figure 3: Normalized band-gap width as a function of the κ and µ KDamper parameters.

3 Application for Acoustic Isolation

Although the KDamper concept can find multiple applications in low-frequency damping and absorption, an
indicative concept for the implementation of KDamper based meta-materials towards the design of acoustic
isolation-absorption panels is examined here.
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3.1 Examination of KDamper Metamaterial

Figure 4: KDamper acoustic meta-material

For a selected value of the frequency fL:

ωL = 2πfL (54)

and for a selected damping ratio ζD, the damping constant is calculated as:

cD = 2ζD
√

(kP + kN )mD = 2ζDωImD (55)

The values of ρ and κ, are determined from Eqs. (15)-(17) according to the selected parameter µ. Thus, from
Eq. (49), the natural frequency should be:

ω0 = ωL

√
1

ρ2
+ κ(1 + κ)µ (56)

Finally the values of ωI , ωH and bw can be calculated according to Eqs. (2),(46) and (50). Consequently, the
equation of motion of the meta-material, for M number of unit cells is expressed in matrix formulation as:

M ¨u(t) +C ˙u(t) +K u(t) = F f(t) (57)

where Mn×n, Cn×n, Kn×nün×1, u̇n×1, un×1, Fn×1 and n = 2M + 1 is the number of degrees of
freedom of the meta-material. For a single unit cell, M=1, the mass (M), damping (C) and stiffness (K)
matrices are:

M =



m 0 0
0 mD 0
0 0 m


 , C =



cs + cD −cD −cs
−cD cD 0
−cs 0 cs




K =



kS + kP −kP −kS
−kP kP + kN −kN
−kS −kN kS + kN


 , F =



1
0
0


 (58)

For M > 1, the above matrices of the single unit cell, are added appropriately. Therefore, the transfer
functions of each degree of freedom to the excitation may be calculated via the following expression:

TF = (−ω2M+  C+K)−1F (59)

where
TFn×1 =

{
ŨS,1

F̃

ŨD,1

F̃

ŨS,2

F̃

ŨD,2

F̃
...

ŨS,M+1

F̃

}T
(60)

The transfer function of the KDamper is defined as TKD =
ũS,M+1

F̃
, which is subsequently examined further.
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Figure 5.a shows a comparison between the transfer functions of the KDamper based meta-material for
M = 1, 5, 10 and 15 number of unit cells for a selected low band-gap frequency fL = 100 [Hz], damping
ratios ζ = cs/(2ω0m) = 0.15, ζD = 0.707 and κ is taken as 0.9κmax.

It is observed that this meta-material offers satisfactory band-gap depth, namely over 20 [dB] attenuation
inside the band-gap, even for as low as M = 5 number of unit cells. Thus, for further examination regarding
the behaviour of the meta-material at various frequencies fL, the number of unit cells is chosen as M = 5.
The corresponding transfer function for fL = 100 is presented in Fig. 5.b.
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Figure 5: Transfer function of KDamper meta-material: (a) for increasing number of unit cells, (b) with M=5
number of unit cells for various frequencies fL, (c) with M=5 number of unit cells

fL [Hz] 50 100 200 500

fH − fL [Hz] 73 145 290 726

Table 1: Band-gap width for each fL selection

The corresponding frequencies f0,fH and fL are noted with dashed lines. In order to examine the effect of
the low frequency choice fL on the band-gap depth and width, Fig. 5.c is generated. In all cases the acoustic
meta-material consists of M = 5 unit cells. The conclusion from this figure is that the width of the band-gap
is decreased along with the selected frequency fL which was expected. For fL < 100[Hz], the band-gap
width becomes very narrow, but still offers considerable attenuation at the resonant frequencies.

3.2 Comparison of "m-k-m", TMD and KDamper Based Acoustic Metamaterials

A conventional "sandwich type" noise isolation panel, consisting of two plates with a noise insulation mate-
rial between them and can be considered as a simple mass-spring-mass ("m-k-m") system, with some degree
of internal damping. In view of Fig. 4, this corresponds to a system withM = 1,mD = cD = kN = kP = 0.
Periodic repetition of this lattice results to a primitive form of a "phononic crystal" type of acoustic insula-
tion meta-material. The introduction of an internal structure between the masses in the form of a TMD
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(mD, cD, kP 6= 0) results to an acoustic meta-material design. The additional inclusion of a negative stiff-
ness element (kN 6= 0), results to a KDamper based meta-material.

The isolation-absorption properties of these three alternative concepts are compared here. The various meta-
structures implemented have relevant unit lattice parameters summarized on Table 2 along with the resulting
corresponding stiffness and damping elements in each case. The selection of the parameters ensures that all
three unit lattice types have the same overall static stiffness. For this last reason, the overall static stiffness kS
of the periodic mass-spring-mass system is the same as the static stiffness of the TMD based meta- material.
However, in view of Eq. (1), the value of kS has to be increased for the KDamper meta-material, so that its
overall static stiffness (now k0) is equal to the overall static stiffness kS of the other two types. Finally, the
parameter κ of the KDamper meta-material is selected as 0.9κmax.

µ ζ ζD
m-k-m - 0.15 -
TMD 0.5 0.15 0.707

KDamper 0.01 0.15 0.707
fL [Hz] m[kg] mD[kg]

m-k-m - 0.035 -
TMD 100 0.035 17.5× 10−3

KDamper 100 0.035 0.35× 10−3

kS [ Nm] k0 [
N
m ] kP [Nm ]

m-k-m 1.67× 104 - -
TMD 1.67× 104 - 6.91× 103

KDamper 9.98× 104 1.67× 104 8.69× 103

kN [Nm ] cS [Nsm ] cD [Nsm ]

m-k-m - 7.26 -
TMD - - 31.10

KDamper −7.87× 103 7.26 0.76

Table 2: Values of the basic parameters of the meta-materials

Generally, Transmission Loss (TL) describes the accumulated decrease in intensity of a waveform energy, as
a wave propagates through a certain type of structure and can be expressed as

TL = 10 log10

∣∣∣Pi
Pt

∣∣∣ [dB] (61)

where

• Pi : power of incident wave coming towards a structure,
• Pt : power of transmitted wave going away from a structure.

The theoretical prediction of the Transmission Loss in cases like this is a complicated procedure and sensitive
to errors. However, the simplistic approach followed for this comparison provides an inside to the general
behaviour of these meta-materials and the benefits of the demonstrated KDamper meta-material. Considering
an incident plane wave on the surface of the 1st mass of the meta-material in question, with frequency
f = fL = 100 [Hz] which can be expressed in terms of acoustic pressure as:

p(r, t) = p̃eωt (62)

p̃ = p̂eφ (63)

φ = kr (64)
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where p̃ is the complex magnitude. Denoted by φ is the phase angle, where k is the wavenumber and r [m]
is the distance from the centre of the sound source. The surface in question is considered circular with an
area A = 0.01 [m2]. Consequently, considering a harmonic excitation force as:

F (t) = F0e
2πfLt (65)

where
F0 = p̂A , p̂ =

2√
2
pref10

Lp/20 (66)

Lp = 70 [dB] is the considered sound pressure level and pref = 20 × 10−6 [Pa]. This level of noise is
chosen in order to simulate the response of the meta-materials under typical conditions inside a car interior
or an aircraft cabin.

Since the volume velocity is expressed as
Q = υA (67)

and the sound power of the wave as
P = pQ (68)

the power of the incident plane wave, assuming r = 0, comes as

Pi =
p̂2

ρ0c0
Ae2ωt (69)

where ρ0, c0 are the air density and speed of sound respectively. Considering the surface of the last mass
to be a source of sound waves equivalent to a circular piston in an infinite rigid baffle, the generated sound
pressure is expressed as

p(r, t) = ZQeωt (70)

where
Z =

ρ0c0
A

[e−kr − e−k
√
r2+α2

] (71)

is the free space transfer impedance and α is the radius of the last mass. Therefore, for r = 0 considering
the velocity v = u̇S,M+1(t) as the velocity of the last mass, the power of the transmitted wave comes as

Pt = −ρ0c0Aω2(1− e−k2)ũ2S,M+1e
2ωt (72)

Consequently the ratio of incident to transmitted sound power becomes:

Pi
Pt

=
1

−A2ω2(ρ0c0)2(1− e−kα2)

( ũS,M+1

F̃

)−2
=

1

−A2ω2(ρ0c0)2(1− e−kα2)
T−2KD (73)

The comparisons between the three different concepts of the TL transfer function of each system are pre-
sented in Fig. 6. The "m-k-m" system essentially acts as a low pass filter for the noise with a cutoff frequency
of f0 = 219.87[Hz]. Observation of Fig. 6 indicates that the repetition of unit cells does not improve the
low pass behavior. It just increases the high frequency filtering capability of this system. This behaviour is
typical of the current noise isolation panels.

The TMD based meta-material retains this low pass filter behaviour, while introducing a deep but very narrow
band gap. The width of this band-gap is approximately [100 Hz : 122 Hz]. However, in order to achieve this
band-gap, an additional mass of 50% of the original mass of the meta-material is required. The repetition
of unit cells does not improve the low pass behaviour or the band-gap boundaries. It just increases the high
frequency filtering capability of this system, as well as the depth of the band-gap.

The KDamper meta-material essentially operates as a band-stop filter. Although its high frequency behaviour
is less satisfactory than the periodic "m-k-m" system and the TMD based meta-material, it is very effective
in introducing a very wide band gap of a [100Hz:245Hz] width while incorporating an added mass of only
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1% of the value of the mass m. The repetition of unit cells, as presented in Fig. 6 increases the depth of the
band-gap, while bearing a marginal effect on the high frequency behaviour of the system.
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Figure 6: Comparison of the transmission loss (TL) transfer functions of the three acoustic isolation-
absorption systems for M = 1,M = 2,M = 5 and M = 10 for fL = fD = 100[Hz]

3.3 Structural Realization of Negative Stiffness Element

In structural mechanics, negative stiffness is generally obtainable through post-buckling processes (snap-
through phenomenon). In this case, a single Belleville spring is chosen to act as the negative stiffness
element of the oscillator. The exerted force and the equivalent stiffness of this type of springs, are non-linear
functions of the vertical displacement s of the inner diameter Di. The height of the spring is denoted by
l0, De is the external diameter and h0 ≈ l0 − t, where t is the thickness. More specific informations are
provided by manufacturers [27].

s

Figure 7: Structural realization of the negative stiffness element kN , using a Belleville spring.

Figure 7 shows the shape of the spring along with the corresponding dimensions. As demonstrated in Fig.8,
the range of the vertical displacement s corresponding to the snap- through region, exhibits the desired
negative stiffness characteristics. This of course, translates to the application of a certain pre-stress condition
on the spring, so that its stiffness falls in the negative stiffness region, at the equilibrium state of the oscillator.
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Figure 8: (a) Exerted force of the Belleville spring, as a function of the vertical displacement of its inner
diameter. (b) Equivalent stiffness of the Belleville spring, as a function of the vertical displacement of its
inner diameter.

Figure 8.b shows the equivalent stiffness of the spring as a function of the vertical displacement s. The dotted
orange line, indicates the mean value of kN in the negative stiffness region, which corresponds to the kN
value used in the linear models, on which the dimensioning of the Belleville spring is based.

3.4 Response to Noise Excitation

3.4.1 Non-Linear Negative Stiffness - Pure Tone Sound Absorption

Initially, in order to investigate the time response of the meta-material and the effect of the non-linear negative
stiffness element as realized via the Belleville spring, the same harmonic excitation is applied as in Sect.3.2.
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Figure 9: (a) Time response of KDamper meta-material with M = 5 unit cells to harmonic excitation
with frequency f = fL = 100 [Hz] (b) Time response of the non-linear stiffness of the negative stiffness
elements realized with Belleville springs, for a KDamper meta-material with M = 5 unit cells. Comparison
with linear kN .

Observation of Fig.9.a, does not show any significant deviations between the linear and non-linear negative
stiffness simulations. The required, initial, vertical displacement s of the Belleville springs (pre-stress),
comes from the static equilibrium equations of the unit cell. Figure 9.b shows the time history of kN,1 to
kN,M=5 values, along with the linear kN stiffness, denoted by the green dotted line. Namely, the kN,i values
of the Belleville springs, oscillate around the corresponding stiffness value of the aforementioned equilibrium
position, which is approximating the linear kN value.
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3.4.2 Broadband Noise Absorption

In order to further examine the behaviour of the KDamper meta-material, a case of random noise acting as the
excitation is considered. The content of this noise, is composed by a number of plane waves at frequencies
between 100 and 300 Hz with random phase angles and amplitudes. Specifically, these features are generated
as follows:

fi = fL (N(0, 1) + 2) (74)

F =
h∑

i=1

|Ci|e2πfit (75)

where

Ci =α0e
φ (76)

α0 = F0 N(0, 1) , φ = N(0, 1) (77)

and N(0, 1) are random numbers from a Gaussian distribution with zero mean and variance equal to unity.
Considering a KDamper meta-material with M=5 unit cells, the response of the transmitted sound pressure
along with the incident sound pressure is presented in Fig.10 (top). The corresponding sound pressure levels
are displayed in Fig.10 (bottom).
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Figure 10: (Top) Time response of KDamper meta-material with M = 5 unit cells to random broadband
noise with frequencies fn ε [100 : 300] [Hz] (Bottom) SPL sample of the random broadband noise, with
frequencies fn ε [100 : 300] [Hz], used as excitation of the meta-material.

From Fig.10, comparing the incident sound (pi, SPLi) at the 1st mass to the transmitted sound (pt, SPLt)
from the last mass/circular piston, the expected attenuation indicated by the corresponding TL transfer func-
tion presented in Fig.6.c is observed here.

4 Conclusion

Although acoustic meta-materials have been long considered to present the only available direction to cre-
ate band-gaps at wavelengths much longer than the lattice size, and thus enable low-frequency vibration
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attenuation, the width of the resulting band gaps is generally very narrow -especially when referring to the
conventional "m-k-m" and TMD based periodic structures considered in the presented comparisons- since it
depends on the ratio of the internal oscillating mass to the external mass of the unit lattice. Meta-materials
based on the KDamper concept can overcome this disadvantage, since they exploit the additional synergy
of a negative stiffness element inclusion. Thus, they prove highly efficient in generating wide band-gaps in
low frequency applications, with only a small fraction of the external mass. Appropriate technological im-
plementations of this concept can lead to drastic improvements in all types of low-frequency technological
applications, with emphasis in low-frequency noise isolation-absorption. Future research objectives regard-
ing this concept, include further examination of the meta-material response to broadband low frequency
noise, involving computational simulations and experimental tests of practical implementations like panels,
for determination of properties such as Transmission Loss and sound reflection among others.
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Abstract
When airborne acoustic waves penetrate porous media their carrier becomes the air in pores, but also the
solid skeleton – provided that it is sufficiently soft. Then, there is a coupled propagation of fluid-borne and
solid-borne waves in a poroelastic medium. The coupling of fluid and solid phases of such media can be
responsible for significantly better or weaker sound absorption in medium and lower frequency ranges. It has
been observed that adding some well-localised small mass inclusions inside a poroelastic layer may improve
its acoustic absorption in some medium frequency range, however, at the same time the absorption is usually
decreased at some slightly higher frequencies. This situation can be improved by applying additionally
an active approach using small piezoelectric inclusions which actively influence the vibrations of the solid
skeleton with added masses, so that the interaction between the solid-borne and fluid-borne waves is always
directed for a better mutual energy dissipation of the both types of waves.

1 Introduction

This work investigates the potential of an active enhancement of sound absorption in poroelastic foams by
influencing the dissipative interaction between the solid and fluid phases by means of piezoelectric inclusions
and locally added masses. Depending on its mounting, a piezoelectric inclusion can also play the role of a
locally resonating mass (i.e., when it is not fixed to the backing wall). Thus, the work essentially combines
the concepts of passive foams with inclusions and active acoustic foams.

A passive enhancement of acoustic treatments at some frequency ranges thanks to inserted inclusions was
reported in many works. Experimental investigations by Kinder, Fuller and Gardner [1] showed a significant
improvement of the insertion loss of standard acoustic blankets at lower frequencies by the addition of
randomly placed masses. Yamamoto et al. [2] applied the techniques of topology optimization for passive
layers consisting of one or two poroelastic media, elastic inclusions, and air cavities, in order to minimise
the sound pressure levels in a coupled structural-acoustic system. The influence of small but heavy elastic
inclusions on sound absorption of poroelastic foams was studied in [3] showing that the inclusion mass
and scattering effects are important, while the elastic behaviour can be neglected for small compact (bulk)
metal inclusions. The acoustic absorption of porous absorbers with different elastic inclusions was also the
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subject of research in [4, 5, 6] where the fluid-equivalent models were used for porous media, assuming that
their frames are rigid. Recently, the multiple scattering formalism has been applied in [7] to model sound
absorbing poroelastic materials with embedded elastic inclusions.

The concept of smart acoustic foams was proposed by Gentry, Guigou, and Fuller [8, 9, 10] in experi-
mental works on the application of control algorithms to polyurethane foams with pieces of piezoelectric
PVDF film embedded inside. A piezoelectric composite smart foam for underwater noise reduction was
also studied experimentally by Tang and Wang [11]. The feasibility of an active or adaptive enhancement
of sound absorption and other desirable properties by applying a magnetic field was demonstrated on vari-
ous samples of magnetorheological foams, i.e., highly porous materials coated with the magnetorheological
fluid [12, 13, 14]. An experimental research was also conducted by Lee et al. [15] to investigate panels
made up of a layer of sound-absorbing porous material and an aluminium faceplate with a piezoelectric
patch, or two faceplates and an air gap in case of the so-called double panel. An advanced approach to
model the problem of hybrid active-passive acoustic panels with poroelastic core was applied in a series of
works [16, 17, 18, 19, 20], which present mainly a rigorous fully-coupled finite element modelling involving
the Biot’s poroelasticity [21] and the piezoelectric equations [22], but also some analytical developments
and experimental tests. Active absorbers using a control system to cancel the acoustic pressure at the rear
face of a porous layer, so as to obtain a purely real impedance at the front face (the value of which depends
only on the resistivity and thickness of the porous material) was studied in [23, 24, 25]. Hybrid acoustic
treatment was also investigated in [26] through experimental tests in a specific laboratory flow duct, as well
as in modelling using the fluid-equivalent (rigid-frame) model for a porous material.

Smart foams with a PVDF film as a piezoelectric actuator embedded inside were extensively investigated by
Leroy et al. [27, 28, 29], who performed finite element analyses (using, i.a., poroelastic finite elements) and
some experimental validation tests to demonstrate the validity in the passive state. The acoustic absorption
of poroelastic composites with active piezoelectric inclusions was examined in [30, 31, 32] using the fully-
coupled modelling of poroelastic, elastic, piezoelectric, and acoustic media [33, 34].

The present work effectively combines the approaches proposed in [30, 31, 32] and [3, 35]. In Section 2 the
problem configurations are described with all necessary geometric and material data. The applied poroelastic
modelling and the passive state behaviour are discussed for one of the configurations in Section 3, while the
active approach is analysed in Section 4 for both configurations and compared with the results of passive
analyses (as well the sound absorption of the porolestic layer without inclusions).

2 The problem description and two configurations

Figure 1 shows a two-dimensional configuration of a 30 mm thick poroelastic layer (with inclusions) backed
by a rigid wall. The adjacent semi-infinite layer of air is also depicted since a part of it will be considered
in the model. The inclusions are embedded periodically every 16 mm along the poroelastic layer. There are
two types of inclusions: (1) pieces of 0.25 mm thick PZT ceramics, (2) steel rods with diameter 0.8 mm.

Two configurations will be considered with respect to the attachment and cross-sectional length of the PZT
ceramic actuators, namely: (A) the actuators are freely embedded inside the poroelastic layer at 5 mm dis-
tance from the wall 5 mm distance from and the steel rods on the other side; their cross-sectional length is
10 mm; (B) the actuators are fixed to the wall backing the poroelastic layer and their cross-sectional length
is 15 mm. In both cases, the steel inclusions are set 10 mm from the layer’s surface and 5 mm in front of
the PZT actuators. Figure 1 depicts configuration A, although the alternative dimensions for the variant B
are also shown (in the parenthesis). Both configurations are visualised in Figure 2, where the finite element
meshes of modelled domains are presented. The modelled domains are drawn in Figure 1 as the adjacent
rectangles P1P2P4P3 (the poroelastic domain) and P3P4P6P5 (the adjacent air domain). The symmetry along
the lines P1P3P5 and P2P4P6 is accounted for, and the poroelastic domain contains only the upper halves
of the PZT and steel inclusions. At the boundary P5P6 the normal-incidence plane wave pressure boundary
condition is applied.
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Figure 1: Poroelastic layer with inclusions and an adjacent air layer
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Figure 2: Finite element meshes for both configurations

The poroelastic material is a macroscopically-isotropic PU foam with properties listed in Table 1. The
additional properties of pore-fluid (the mass density, the viscosity, the Prandtl number, the ratio of specific
heats, and the ambient mean pressure) were taken as for air in standard conditions. The PZT ceramics are
transversally-isotropic. For the material orientation as in Figure 1, where it is assumed that the material
x1-axis is horizontal and the x2-axis is vertical, the relevant material constants for PZT are listed in Table 2.
The problem is stated as two-dimensional using the plane-strain assumption, so only indispensable material
constants are provided using the Voigt notation (where the fourth order elasticity tensor is represented by a
symmetric matrix 6×6, and the third order piezoelectric tensor is represented by a matrix 3×6). Finally, the
following properties of steel were used in calculations: the mass density %steel = 7850 kg/m3, the Young
modulus Esteel = 210 GPa, and the Poisson ratio νsteel = 0.3.
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Parameter Symbol Unit Value
porosity φ % 97

tortuosity α∞ – 2.52
flow resistivity σ kPa·s/m2 87
viscous length Λ mm 0.037
viscous length Λ′ mm 0.119

bulk density %b kg/m3 31
bulk Poisson ratio νb – 0.3

shear modulus µs kPa 55 · (1 + 0.055i)

Table 1: Poroelastic parameters of PU foam

mass density: %PZT = 7500 kg/m3

relevant elastic moduli (in the Voigt notation):
C11 = 127 GPa, C22 = 117 GPa, C12 = 84.7 GPa, C66 = 23 GPa

relevant piezoelectric coupling coefficients (in the Voigt notation):
d21 = −274 · 10−12 m/V, d22 = 593 · 10−12 m/V, d26 = 0 m/V

Table 2: Properties of PZT ceramics

3 Analyses in the passive state

The Biot-Allard or, more precisely, Biot-JCA model (JCA = Johnson-Champoux-Allard) [21, 36, 37, 38]
was used for the poroelastic domian. The mixed displacement-pressure formulation [39, 40, 41] of the time-
harmonic version of the Biot’s equations of poroelasticity [21] was applied where the primary dependent
variables are the complex amplitudes of the solid-phase displacements us and the pore-fluid pressure p. The
fluid-phase displacements uf and the total displacements ut = φuf + (1 − φ)us are the secondary fields
determined from the primary variables [39, 40].

In the model the symmetry conditions are applied on the boundaries P1P3P5 and P2P4P6. (The piezoelectric
effect will be approximated with initial strains so there is no electric field in the model which otherwise
would involve antisymmetry.) The sound hard boundary condition is set at the rigid wall boundary P1P2 and
the harmonic pressure condition of (amplitude) 1.0 Pa is applied at the boundary P5P6. The coupling on the
interfaces between the poroelastic material and elastic inclusions is naturally handled [40, 41] in the com-
bined weak form of the relevant problems, so that only the continuity between the solid-phase displacements
and elastic displacements must be satisfied, which allows to use the same variable us also for the fields of
displacements in elastic materials. Similarly, the continuity between the pore-fluid pressure and the pressure
field in the adjacent air layer allows to use the same pressure variable p, although also an additional coupling
integral must appear on the interface P3P4 between both media.

Several numerical analyses were carried out for both configurations using the Finite Element Method (FEM)
and the finite element meshes shown in Figure 2. At the first stage the analyses were for the passive state of
the poroelastic composite, that is, when there is no voltage (nor electric field) applied and the PZT actuators
are passive. Time-harmonic problems governed by the Biot’s equations of poroelasticty (in the poroelastic
domain P1P2P4P3) coupled at the interface P3P4 to the Helmholtz equation (in the air domain P3P4P6P5) are
solved yielding as results the complex-amplitude fields of the pore-fluid or acoustic pressure and the total
or particle velocity, respectively, in the appropriate domains. This permits to compute the surface acoustic
impedance at various points, in particular, at the surface of the poroelastic layer and at some distance from it
in the air domain.

From the acoustic impedance, the reflection and acoustic absorption coefficients can be determined [36], and
since the propagation in the open air is assumed lossless, the poroelastic layer/composite is solely responsible
for the sound absorption computed from the double-layer configuration of the poroelastic domain P1P2P4P3
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Figure 3: Sound absorption of the poroelastic layer (with passive inclusions in configuration A) computed at
various points (see Figure 1) on the surface of in the lossless adjacent layer of air

and the adjacent domain of air P3P4P6P5. Therefore, one may speak here about the double-layer configura-
tion only from the purely computational point of view. From the physical point of view, this is a single-layer
absorber (with inclusions, so a non-homogeneous one). On the other hand, the obvious single-layer compu-
tational configuration, defined as the sole poroelastic domain P1P2P4P3 with the pressure excitation applied
directly on the boundary P3P4, could be used only for some trivial or specific cases (see below), and not for
the analyses of active approach. As a matter of fact, in case of the poroelastic layer without inclusions, the
acoustic impedance (and therefore the acoustic absorption coefficient) is exactly the same no matter whether
the calculations (which can be done analytically, see for example [42]) were carried out for the single- or
double-layer computational configurations (although the pressure or velocity computed in various points are
obviously completely different). The double-layer computational configuration is useful for the poroelastic
composite, because the presence of inclusions locally violates the plane-wave regime and in some frequency
ranges the vibrations and pressure may vary along the layer surface, whereas in the air at some distance from
the layer the waves are plane. This is well illustrated in Figure 3, where the sound absorption results are
compared for the layer without and with inclusions (for the configuration A): the absorption above 2200 Hz
computed at points P3 and P4 on the poroelastic layer are fairly different from each other, although their mean
value tends to be similar to the results computed in the air domain at points P5 and P6, which are practically
identical. Below 2200 Hz the absorption results are almost the same for all calculation points on the interface
P3P4 or on the boundary P5P6. It was found that, in practice, for the passive analyses in the frequency range
of interest: (1) the single-layer approach could be used provided that the acoustic impedance is computed as
an average from the integral taken on the boundary P3P4, or (2) in case of the double-layer computational
configuration (which is obviously a little bit more computationally demanding) at least the thickness of air
layer could be much smaller than the assumed half of the poroelastic layer.

The absorption curve for the layer with passive inclusions (configuration A) has three major peaks (see
Figure 3): the one exceeding 0.7 at about 570 Hz, the value of about 0.87 at 950 Hz, and the maximal value
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of nearly 1.0 at 1470 Hz. Two of them are manifestations of the presence of resonating inclusions fixed to
the elastic skeleton and working as additional localised masses and wave scatterers inside the poroelastic
domain. The first peak and the third one are responsible for the passively enhanced absorption (with respect
to the case without inclusions) in the lower and higher frequency ranges, whereas the middle peak repeats
to some extent the extreme performance found for the layer without inclusions in the medium frequency
range. As a matter of fact, the absorption curve for the poroelastic layer without inclusions has a single
major absorption peak of 0.97 at about 900 Hz. There is also a distinct absorption drop, observed at about
620 Hz for the layer without inclusions, which results from the first resonance of the elastic skeleton: it
is the so-called quarter-wavelength resonance of the poroelastic layer set on the rigid wall [43]. In case
of the layer with inclusions as in the configuration A, it is shifted to lower frequencies (namely, to 430 Hz),
because of the added mass of inclusions – the mass effect is, therefore, more important than the locally added
stiffness, which would shift the resonance to a higher frequency (see the discussion for the configuration B
in Section 4). Finally, it seems that the effect of inclusions can be neglected above 2100 Hz: the difference in
sound absorption is very small and tends to diminish completely when increasing the frequency. In the next
Section, the active approach will be investigated for both configurations, A and B, in the frequency range up
to 2 kHz.

4 Numerical analyses of the active approach

The active approach will be investigated in this Section, which means that a control signal is supplied to the
electrodes of the PZT actuators and the piezoelectric effect plays an important role. However, since the PU
foam is incomparably much softer than the stiff PZT ceramics a simplified approach can be applied to model
the piezoelectric behaviour of the actuators. One may assume that the deformations of poroelastic foam
caused by the acoustic waves induce no significant deformations inside the piezoelectric ceramics; only the
other way around is possible. Thus, the direct piezoelectric effect can be neglected and instead of using the
fully-coupled piezoelectric model only the inverse piezoelectric effect must be considered. This can be done
is a simple way through the initial strains. It means that the PZT actuators can be treated as made up of a
purely elastic material with some (time-harmonic) fields of initial strains, which happen to be caused by a
dynamic external electric field. In that way the stress-strain relations of the material are affected as follows:

T1 = C11

(
S1−S0

1

)
+C12

(
S2−S0

2

)
, T2 = C22

(
S2−S0

2

)
+C12

(
S1−S0

1

)
, T6 = C66

(
S6−S0

6

)
. (1)

Here, only the non-zero terms of the relations in the modelling plane are given, and the Voigt notation is used
in which: T1 ≡ σ11, T2 ≡ σ22, and T6 ≡ σ12 are the relevant components of the stress tensor, S1 ≡ ε11,
S2 ≡ ε22, and S6 ≡ ε12 are the relevant components of the elastic strain tensor, and similarly, S0

1 ≡ ε011,
S0
2 ≡ ε022, and S0

6 ≡ ε012 are the relevant components of the tensor of initial strains. (See also Table 2 for the
elastic material constants C11, C12, C22, and C66.) The initial strains are induced by an external electric field
caused by a voltage signal sent to the electrodes of the PZT actuator, which are on the opposite lateral faces
normal to the x2-axis. Since the direct piezoelectric effect can be neglected, the electric field is spatially-
constant in the whole domain of the PZT actuator, and moreover, E1 = E3 ≡ 0 V/m. Thus, only the E2

component can be non-zero, and it generates the (dynamic) initial strains through the piezoelectric coupling
coefficients (see Table 2), namely:

S0
1 = d21E2 , S0

2 = d22E2 , S0
6 = d26E2 . (2)

(Notice that S0
6 = 0, because d26 = 0 m/V, see Table 2.) The electric field depends (through the Maxwell’s

law) on the gradient of the electric potential, and in the simple case of the PZT actuator this relation can be
written as follows:

E2 = − U

tPZT
, (3)

where tPZT = 0.25 mm is the thickness of PZT elements, while U is the electric voltage difference between
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the two electrodes. The latter is here, in fact, the complex amplitude of the electric signal, namely:

U = Uamp
(

cos(Uphase) + i sin(Uphase)
)
, (4)

where Uamp and Uphase are the real amplitude and phase shift of the electric voltage U , respectively. The
phase shift Uphase is defined with respect to the acoustic pressure signal set on the boundary P5P6 (which has
no phase shift and therefore is real with the amplitude of 1.0 Pa).

The harmonic acoustic pressure of amplitude 1.0 Pa means the root-mean-square pressure of 1.0 Pa/
√

2 =
0.707 Pa and sound pressure level of about 91 dB. It was found that such harmonic plane wave excitation,
when applied to the layer of the poroelastic PU foam without inclusions, causes deformations of the solid
skeleton phase of the order of 10−5. The maximal amplitude of the normal solid phase strain εs

11 at about
5 to 10 mm from the rigid wall exceeds 2 · 10−5 (at about 770 Hz). At this position (i.e., rather deep inside
the layer) the piezoelectric inclusions would be embedded. For the amplitude Uamp = 20 V of the electric
signal applied to the piezoelectric actuator, the amplitude of the initial strain S0

1 ≡ ε011 is almost 2.2 · 10−5,
and for Uamp = 50 V it’s nearly 5.5 · 10−5. The deformations of this order should satisfy the linear regime
of vibrations of PU foam.

The introduced dynamic deformations of piezoelectric inclusions are supposed to move the elastic skeleton
of PU foam so that the viscous interaction of the solid frame and the pore-fluid is directed in the way
which increases the wave-attenuating effects. It has been shown (see Figures 3 and 4) that in the passive
state the inclusions embedded inside the poroelastic layer may significantly change the sound absorption in
some frequency ranges: the absorption is increased in the lower (470–750 Hz) and higher (above 1400 Hz)
frequency ranges, however, it is moderately decreased at medium frequencies between 750 and 1400 Hz,
although the peak at about 950 Hz is to some extent the major absorption peak observed for the layer without
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Figure 4: Sound absorption of the poroelastic layer (without or) with passive inclusions (configuration A)
and for the active approach with the control signal of the fixed amplitude Uamp = 50 V and the optimised
phase Uphase
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inclusions at 900 Hz. The mechanism of passive influence is as follows: the steel inclusion and the non-fixed
(in the configuration A) ceramic inclusion form two local masses which affect the vibrations of skeleton,
but also they locally stiffen the foam, and moreover, they play a role of non-homogeneous scatterers. The
active approach should affect the vibrational motion of both masses in order to: (1) increase or adjust the
frequency-dependent amplitudes of the relative displacements of inclusions with respect to the displacements
of elastic skeleton, and (2) appropriately change the relative phase shift between the vibrations of the solid
frame (understood as the PU skeleton with the attached inclusions) and the pore-fluid. The superior goal
is, of course, enhancement of the visco-thermal dissipation of the energy of acoustic waves penetrating the
poroelastic composite. In the analyses presented below the amplitudes of the applied control signal are the
same at each frequency – for the configuration A: Uamp = 50 V. Therefore, it is the relative phase shift Uphase,
which is optimised for each (computational) frequency during the analyses of active approach.

Figure 4 compares the results of the active and passive approaches for the configuration A in the frequency
range up to 2 kHz: the acoustic absorption for the control signal with the optimised phase is at each frequency
higher than the absorption in the passive state, however, in some frequency ranges (i.e., 760–900 Hz and
1120–1400 Hz) it is slightly lower than the absorption of the poroelastic layer without inclusions. It is
important to notice that a steady and significant enhancement in absorption is observed especially at low
frequencies under 520 Hz, with the peak of 0.9 at this frequency. At about 750 Hz the enhancement is very
weak, but this effect is isolated there to an extremely narrow band around this frequency. It fully exhibits
itself above 1400 Hz where the active enhancement is very small or negligible, but the passive absorption is
still clearly better than for the layer without inclusions.
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The active absorption curve shown in Figure 4 was obtained for the optimal phase shift Uphase. The choice
of a correct phase shift for each frequency is indispensable, since for active signals with wrong phases the
absorption will be weakened instead of being enhanced. However, the choice of the signal phase may not
be so precise, which is illustrated (for the configuration A) by Figure 5 showing the active sound absorption
computed for the full sweeps of phase-shift carried out at each computational frequency from the considered
range (i.e., every 10 Hz from 50 to 2000 Hz). Here, the active result is compared with the absorption of the
passive state which is phase-independent (since no control signal is applied) to observe that at each frequency
the phase-shift tolerance exceeds a hundred of degrees if we require simply that the active absorption must
only be higher (that is, not worse) than the passive one. In Figure 5 the optimal phase-shift which ensures
the best absorption enhancement is also shown as the red path on the active absorption surface.

Similar analyses of the sound absorption in the passive state and with the optimised active enhancement
were carried out for the configuration B. In this configuration, the PZT actuators are fixed to the rigid wall
backing the poroelastic layer. Therefore, the inertial effect of the ceramic inclusions is negligible, however,
they significantly stiffen the interior of the poroelastic layer and scatter the waves. On the other hand, the
advantage of this configuration is that the effect of active influence is much stronger, because the vibrating
(and 50% longer) piezoelectric actuators are supported by the wall. Consequently, the control signal of a
smaller voltage amplitude is required, e.g., Uamp = 20 V, in order to effectively drive the vibrations of the
steel inclusions and the elastic skeleton.

The passive and active absorption results for the configuration B are confronted in Figure 6, where the
passive-state result for the configuration A is also recalled for comparison, so it is easy to notice that the
passive absorption for both configurations is practically identical for frequencies above 1 kHz. Under this
frequency the passive absorption for the configuration B tends to be similar to the sound absorption of the
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Figure 6: Sound absorption of the poroelastic layer (without or) with passive inclusions (both configurations)
and for the active approach (configuration B) with the control signal of the fixed amplitude Uamp = 20 V and
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layer without inclusions, although the maximal performance (at about 850–900 Hz) is slightly smaller when
the inclusions are present, and in the lowest frequency range under 680 Hz the absorption is increased by the
presence of inclusions. There is also a shift of the quarter-wavelength resonance from 620 Hz (no inclusions)
to the higher frequency of 700 Hz (with inclusions in the configuration B), because the ceramic elements
makes the poroelastic layer more stiff and their mass can be neglected since they are fixed to the rigid wall.

The active (phase-optimised) enhancement of the acoustic absorption in the configuration B is generally very
good. The absorption is steadily increased at lower frequencies till 700 Hz where it is 1.0. Then, there are
some fluctuations with peaks reaching again 1.0 around 950 Hz and 1400 Hz, however, one should notice that
the active absorption anywhere above 500 Hz always exceeds the value of 0.8, and it becomes constantly 1.0
above 1600 Hz. Nevertheless, although the phase-shift is optimised, there are also two narrow band ranges,
namely, 800–850 Hz and 1430–1530 Hz, where the active absorption is slightly lower than the passive one
(which is generally very good there, with local peaks, and reaches the maximum 1.0 in the second of the two
ranges). Obviously, it means that at these frequencies the active approach should be simply switched off.
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Figure 7: Optimal phase shift of the control signals for both configurations of PZT actuators

Figure 7 compares the optimal phase-shifts (at each computational frequency, i.e., every 10 Hz in the range
50–2000 Hz) for both analysed configurations. They are significantly different for most of the considered
frequencies. They tend to be similar only at very low frequencies under 400 Hz, and also above 1450 Hz.

5 Final remarks

The analyses presented in this work show a great potential of the active-passive enhancement in sound
absorption of poroelastic layers with various active and passive inclusions. The inclusions play the role of
local masses (if they are not fixed to the backing wall) and wave scatterers; they also locally stiffen the
poroelastic layer. Therefore, their presence has a substantial effect for the coupled wave propagation in the
solid and fluid phases of a poroelastic material, which leads to a significant change in the acoustic wave
dissipation in a wide frequency range. This mechanism can be to some extent controlled using the active
inclusions which may locally drive the vibrations of the visco-elastic skeleton and other inclusions, but
also induce local acoustic waves. More numerical analyses should allow for more theoretical developments
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to better understand all these effects. In particular, investigations to optimise the locations and sizes of
inclusions should be carried out. Regarding the further analysis of the obtainable numerical results it seems
useful to find, for example, the relation between the essential enhancement in absorption and the correlated
motion of the steel inclusion and/or the relative motions between the piezoelectric and steel inclusions which
leads to such an enhancement. Such relations should be very helpful when developing a reliable control
strategy. Even further research would be to design a feasible control filter able to reproduce a frequency
response function close to the optimal one.
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[32] T. G. Zieliński, Numerical investigation of active porous composites with enhanced acoustic absorp-
tion, J. Sound Vib., Vol. 330 (2011), pp. 5292-5308.

[33] T. G. Zielinski, Fundamentals of multiphysics modelling of piezo-poro-elastic structures, Arch. Mech.,
Vol. 62 (2010), pp. 343-378.

[34] S. Rigobert, F. C. Sgard, N. Atalla, A two-field hybrid formulation for multilayers involving poroelastic,
acoustic, and elastic materials, J. Acoust. Soc. Am., Vol. 115 (2004), pp. 2786-2797.
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Abstract
The first passage time refers to the time required for a dynamical system to reach a target energy level
for the first time, departing from a known initial state. Analytical studies of the first passage time of a
linear Mathieu oscillator under stochastic forced and parametric excitations defined asδ-correlated Brownian
noises identified three behavioral regimes for the first passage time. The current work describes the design
and use of an experimental set-up in order to validate the existence of the regimes. This paper successively
describes the design and the finite element modeling of the set-up consisting in a pre-stressed steel strip,
the reduction of the system to a single-degree-of-freedom system to match the framework of the theory,
numerical studies on the influence of the frequency bands of the excitations on the first passage time and
the experimental tests. Qualitatively, two of the three regimes are successfully observed in the experiment.
Quantitatively, a good match is observed between the experimental and model results.

1 Introduction

The dynamics of many systems can be described by the Mathieu equation

z′′ + 2ξz′ + [1 + u(τ)] z = w(τ), (1)

wherez is the dependent state variable,τ is a dimensionless time andξ is the damping coefficient of the
system. The right-hand sidew(τ) represents an external force applied to the system and will be referred to as
the forced excitation in the following. By contrast, the functionu(τ) is a parametric excitation, as it induces
variation in time of the stiffness of the oscillator. This equation can for instance model the oscillations of
a pendulum in the gravity field when its support is subjected to a vertical motion, the parametric vibrations
of cables subjected to axial oscillations at one extremity or the rotative equilibrium of a crane in a turbulent
wind [4, 5, 8].

Equation (1) has been widely studied in the deterministic case,i.e. when the forced and parametric excita-
tions have known deterministic analytical expressions, inparticular in the harmonic case, with the aim of
characterizing its steady-state solution and its stability [1, 6]. However, in most realistic applications, the
system is slightly damped and the forced and parametric excitations are stochastic processes, so that the
system spends most of its time in a stochastic transient regime. In the stochastic context, the classical sta-
bility theories are no longer relevant and the theory of firstpassage time has been developed as an efficient
alternative. It consists in determining the statistics of the first passage time, defined as the time required for
a stochastic process to leave a domain for the first time when starting from a given initial state inside the
domain.
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Closed-form expressions of the first and second order moments of the first passage time have been derived
when both the forced and parametric excitationsw andu areδ-correlated Brownian noises [9, 10]. These
analytical developments, based on a multiple-scale approach, have highlighted the influence of some dimen-
sionless groups impacting the dynamics and the existence ofthree different behavioral regimes, namely the
additive, the incubation and the multiplicative regimes.

The aim of this paper is to design an experiment with an intrinsically multi-degree-of-freedom system to
relate the equivalent linear Mathieu equation to the physical parameters of the system and to provide new
experimental evidence of the existence of the three regimesidentified in [9].

This paper starts with the description of the experimental set-up. Then, a finite element model of the structure
is built and experimental modal analysis techniques are used to update this model. The multi-degree-of-
freedom governing equations are then reduced to a set of decoupled single-degree-of-freedom equations
to fit in the framework defined by the theory. The conditions under which an efficient use of the reduced
model can be done are determined. They naturally lead to a numerical study of the first passage time of
systems subjected to narrow-band excitations for which analytical results are not yet available. Eventually,
first passage time maps are built experimentally and compared with the predicted results.

2 Experimental set-up description

The experimental part of the work is conducted in the “LTAS - Vibrations et Identification des Structures”
(LTAS-VIS) laboratory unit of the Department of Aerospace and Mechanical engineering at the University
of Liège. The experimental set-up consists in a vertical strip pre-stressed by a massm = 1.816 kg. A
schematic representation of the set-up is given in Fig. 1. The strip is characterized by a lengthℓ = 0.501 m,
a widthw = 25 mm and a thicknesst = 0.4 mm. The structure is made of carbon steel (Young’s modulus
E = 206 GPa and densityρ = 7767 kg/m3). The strip is clamped at its top end while a lateral guide
constrains the bottom end of the strip to move only in the vertical direction.

Steel strip

Massm

Fixation

ℓ

x

z

y

Fu

Fw

w

t

Lateral
guide

Mass

ZOOM

Figure 1: Schematic view of the designed experimental set-up. Figure 2: Experimental set-up.

The forced and parametric excitationsFw andFu are applied by means of two electrodynamic vibration
exciters. The first shaker is mounted horizontally and is used to excite the strip out of its plane close to its
bottom fixation. This force constitutes the forced excitation of Mathieu equation (1). The second shaker is
mounted vertically at the bottom of the structure, below themass. This force modifies the pre-stress of the
strip and therefore induces variation in time of the strip stiffness, giving rise to the parametric excitation of
Mathieu equation. A picture of the physical prototype of thestructure with the two shakers is given in Fig. 2.
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Besides the two shakers, the structure is also instrumentedwith two impedance heads located at the two
points where the shakers act and used to measure the force andthe acceleration at these points. A Polytec
MSA-400 OFV-552 laser transducer is used to measure the response of the structure in term of velocity at a
single point. Data acquisition and signal processing are carried out using theLMS Test.Lab software and
theLMS SCADAS Lab acquisition system [11].

3 Numerical modeling

In order to build an accurate numerical model of the physicalset-up, both theoretical and experimental modal
analyses are followed. The modal properties identified withthese two approaches are then compared and
the experimental results are used to update the finite element model. As a first step, a model of the non-
instrumented structure (without the shakers) is built. Then, the influence of the shakers on the dynamics of
the structure is modeled.

3.1 Non-instrumented structure

On the one hand, the steel strip is modeled inMATLAB using Bernoulli beam elements. The pre-stress is
taken into account by the means of a geometrical stiffness matrix added to the usual linear stiffness matrix [3].
This numerical model is used to obtain a first estimate of the six lower natural frequencies and corresponding
mode shapes of the strip.

On the other hand, experimental modal analysis is carried out on the real non-instrumented structure. The
structure is excited close to its bottom fixation with an instrumented impact hammer and the response is
successively measured at 8 other points equally spaced along the whole strip. The “Least Square Complex
Exponential” (LSCE) and “Least Square Frequency Domain” (LSFD) methods are used to identify the modal
properties of the structure [2].

The two sets of modal parameters obtained with the theoretical and experimental modal analyses are then
compared. The natural frequencies obtained with the numerical model systematically overestimate the cor-
responding natural frequencies identified with the experimental modal analysis by 3-4%, which leaves room
for improvement. The model is more rigid than the real structure. This can be ascribed to the modeling of
the supports as perfect clampings. The finite element model is therefore corrected by introducing a stiffness
in rotation about they-axis (Fig. 1) at both ends of the strip. To simplify the analysis, the stiffness coefficient
is assumed to be the same on both sides. The rigidity of the clamping is determined in such a way that it min-
imizes the difference (in a least-square sense) between thenatural frequencies obtained with the numerical
and experimental modal analyses. An optimum value ofk = 3.83 Nm/rad is found.

This modification of the finite element model allows to decrease the relative errors on the natural frequencies
below 0.2%. The Modal Assurance Criterion (MAC) [2] is used to quantify the correlation between the two
sets of modes as represented in Fig. 3.

3.2 Instrumented structure

While the above derived model provides an accurate description of the dynamics of the strip itself, the shakers
mounted on it have a non-negligible influence on the dynamics. Their influence has to be taken into account.

Experimental modal analysis is carried out by exciting the structure with the horizontal shaker located near
the bottom fixation. The vertical shaker does not excite the structure but is mounted on it in such a way
that its interaction with the structure is taken into account. The identification of the modal parameters of the
structure is performed with the “Stochastic Subspace Identification” (SSI) method [7].
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Figure 3: MAC matrix (non-instrumented structure). Figure 4: MAC matrix (instrumented structure).

The natural frequencies identified appear to differ by up to 20% from the natural frequencies computed with
the original finite element model. The interaction of the shakers with the structure has therefore to be taken
into account to get a reliable model.

The horizontal shaker, the stinger and the impedance head glued to the strip (Fig. 5) are modeled by a spring-
mass system as shown in Fig. 6. The influence of the impedance head is modeled by adding a concentrated
mass equal to the mass of the impedance headmhead= 3 · 10−2 kg where the horizontal shaker acts. The
aluminum stinger connecting the shaker to the strip is modeled by a spring of stiffnesskstinger= 4.5·106 N/m.
The shaker itself is modeled by two masses connected by a spring. The massmshaker= 1.7 kg represents the
main body of the shaker and the massmmoving = 1.5 · 10−2 kg corresponds to the small moving mass. The
spring of stiffnessksuspension= 4 · 103 N/m represents the moving mass suspension. This modification of the
finite element model reduces the relative errors on the natural frequencies below 5%.

Figure 5: Horizontal shaker picture.

mshaker

mmoving mhead

kstinger

ksuspension

Figure 6: Horizontal shaker modeling.

The impedance head glued to the strip where the horizontal shaker acts prevents the strip from exhibiting
significant curvature near the clamping. To reduce the errors, the stiffness of the finite elements in contact
with the impedance head is artificially increased by 2%. Thisincreased stiffness is adjusted to minimize the
errors on the first six bending natural frequencies of the structure in a least square sense.

As a result of these two new modifications of the numerical finite element model of the structure, the relative
errors on the natural frequencies are less than 1.2%. The corresponding MAC matrix is represented in Fig. 4
and shows a good correlation between the mode shapes and the corresponding frequencies. It is checked that
the modes identified experimentally are real. A damping matrix that guarantees diagonal modal damping is
built from the identified damping ratios using the assumption of proportional damping as proposed in [3].
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4 From multiple-degree-of-freedom to single-degree-of-f reedom
equations of motion

The studied structure subjected to an external excitationf(t) is governed by the general equation of motion

Mẍ(t) +Cẋ(t) +K(t)x(t) = f(t), (2)

wherex is the vector of generalized coordinates,M the mass matrix,C the damping matrix andK(t) the
time-varying stiffness matrix. The stiffness matrix can bedecomposed into its constant and time-varying
partsK(t) = K0 +Kprestress(t), whereK0 is the constant stiffness matrix andKprestress(t) characterizes the
time modulation of the stiffness induced by the zero mean parametric excitationFu(t). The multi-degree-of-
freedom structure is therefore governed by a multi-dimensional version of the Mathieu equation.

The analytical results related to first passage time developed in [9] apply to single-degree-of-freedom Math-
ieu oscillators subjected to broadband forced and parametric excitations. In order to fit in the particular
framework of the analytic model, several adaptations are required. This section focuses on the single-degree-
of-freedom system model assumption. The multi-degree-of-freedom governing equations are reduced to a
set of uncoupled single-degree-of-freedom Mathieu equations. The conditions under which a profitable use
of this model reduction can be done are then identified.

4.1 Model reduction

The response of the structurex(t) can be written in the modal basis asx(t) = Φq(t), whereΦ is the modal
matrix andq(t) is the vector of modal coordinates. Pre-multiplying the dynamical equation (2) byΦT and
defining modal matrices and vectors as the projections of thephysical structural matrices and vectors on the
modal basis, the equation governing the dynamics of the modal coordinates can be written as

M∗q̈(t) +C∗q̇(t) + [K∗ + Fu(t)K
∗
prestress,1]q(t) = f∗(t), (3)

whereK∗
prestress,1denotes the modal stiffness matrix due to the application ofa unitary parametric force.

In the ideal case whereM∗, C∗, K∗ andK∗
prestress,1are diagonal, theN equations of system (3) can be

decoupled and the dynamics of the structure in the differentmode shapes can be studied separately. In such
a case, the system ofN coupled equations behaves likeN single-degree-of-freedom uncoupled equations.
By definition, matricesM∗ andK∗ are diagonal. MatrixC∗ is also diagonal due to the assumption of modal
damping. By contrast, there is no reason for matrixK∗

prestress,1to be perfectly diagonal. Actually, it can be
verified that its diagonal elements are only one order of magnitude larger than its out-of-diagonal elements.
As long as the product ofFu(t) by the out-of-diagonal elements ofK∗

prestress,1is well below the diagonal
elements ofK∗, the coupling between modes remains small. In the following, parametric excitations of
small amplitudes will be considered in order to limit the excitation of nonlinearities and to keep a quasi-
Hamiltonian system. It is therefore expected that this condition will be met to good approximation.

According to these assumptions, the equations of motion canbe decoupled for each modal coordinate. The
single-degree-of-freedom equation governing thei-th modal coordinate takes the form

meqz̈(t) + ceqż(t) + [keq+ Fu(t)kp,eq]z(t) = p(t), (4)

wherez(t) = qi(t), the equivalent parametersmeq, ceq, keq andkp,eqare the generalized parameters of mode
i defined according to [2] as the diagonal elements of the modalmatrices normalized by[Φ(xi, i)]

2, where
xi is the coordinate of an antinode of vibration of modei, andp(t) is the participation factor of the forced
excitation to modei,

p(t) =
Φ(xw, i)

[Φ(xi, i)]
2Fw(t) = αFw(t), (5)

wherexw is the coordinate where the forced excitation is applied.
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In conclusion, for parametric excitations of sufficiently small amplitude, the modal responses of the structure
are uncoupled. If the structure is excited in such a way that it responds only (or mainly) in a unique mode,
then the response of the structure at a given point is the solution of an equivalent single-degree-of-freedom
equation of the form (4), which is a linear Mathieu equation that can be rewritten in the dimensionless form
of Equation (1). Indeed, introducing the characteristic timeTcharact=

√
meq/keq and the dimensionless time

τ = t/Tcharactand defining

ξ =
ceq

2
√

keqmeq
, u(τ) = Fu(τ)

kp,eq

keq
and w(τ) =

αFw(τ)

keq
, (6)

Equation (4) becomes
z′′(τ) + 2ξz′(τ) + [1 + u(τ)]z(τ) = w(τ), (7)

wherez′(τ) denotes the first derivative ofz with respect to the dimensionless timeτ .

4.2 Validity of the single-degree-of-freedom governing eq uation

Different aspects of the problem have to be taken into account to select the mode used for the reduction.
First, the equivalent parameters of the selected mode must allow to cover the largest possible part of the first
passage time map in a limited amount of time. Then, to ensure that the other modes have little influence on
the dynamics, the selected mode must be such that the out-of-diagonal terms ofKprestress,1are much smaller
than the diagonal elements. The chosen natural frequency must be far enough from other natural frequencies
in order to avoid multi-modal excitation of the structure. Based on these remarks, the second bending mode
is selected. It is characterized by the equivalent parameters

kp,eq= 39 m−1, keq = 3273 Nm−1, ceq = 0.08 N[m/s]−1 and meq = 0.05 kg. (8)

The frequency of this second bending mode isf0 = 39.3 Hz.

In order to identify the conditions under which an efficient use of the reduction of the multi-degree-of-
freedom system can be done, both single-degree-of-freedomand multi-degree-of-freedom equations of mo-
tion are integrated forward in time using a Newmark integration scheme. On the one hand, the equations of
motion of the multi-degree-of-freedom system (2) subjected to given stochastic forced and parametric exci-
tations are solved and the response at an antinode of vibration of the studied mode is extracted. On the other
hand, the reduced single-degree-of-freedom equation of motion (4) is solved for the same excitations. The
objective is the determination of excitation characteristics that provide a satisfying superposition of the two
responses. The modal responses are compared at an antinode of vibration in order to minimize the influence
of the other modes.

The forced excitation needs to be defined on a limited frequency band centered onf0, otherwise, several
modes are excited and the single- and multi-degree-of-freedom governing equations provide qualitatively
different solutions. When the system is subjected to a forced excitation only, a good match is observed be-
tween the responses of the single- and multi-degree of freedom governing equations as long as the frequency
band is contained in[0.8f0 ; 1.2f0]. When the frequency interval is expanded beyond [0.8f0 ; 1.2f0], the
closest modes are excited in such a way that the reduction is not legitimate anymore.

The uncoupling of the equation remains valid as long as the diagonalization of the equations is valid.Fu

should therefore remain sufficiently small so that the out-of-diagonal elements ofFu(t)K
∗
prestress,1 remain

small with respect to the diagonal elements ofK∗.

The well known theory of the deterministic Mathieu equationhighlights that parametric instabilities occur for
parametric excitation frequencies close to2f0/k (k integer) [1], even if the instability becomes less critical
when damping increases. In this stochastic context, the frequency bandwidth of the parametric excitation
must be sufficiently small to avoid triggering the other modes of the structure. It is numerically observed that
the frequency interval should not include the second harmonics of the other bending modes, unless they are
sufficiently damped.
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5 Influence of narrow-band excitations on first passage time

The analytical results about first passage time of systems governed by Equation (7) rely on the assumption
of broadband white noise excitations. The forced and parametric excitationsw andu are characterized by
constant power spectral densitiesSw andSu. The Hamiltonian of the quasi-Hamiltonian system (w, u and
ξ ≪ 1) is defined as

H =
z2

2
+

[z′]2

2
. (9)

The analytical studies conducted in the case of broadband excitations allowed to derive closed-form expres-
sions of the mean first passage timeU1 [9]. They revealed that the reduced average first passage timeU1Su/4
only depends on the reduced initial energy and energy increment

H∗
0 =

H0Su

2Sw
and ∆H∗ =

∆HSu

2Sw
(10)

and on the damping factora = 8ξ/Su. This suggests to represent the results by maps of the reduced average
first passage timeU1Su/4 as a function ofH∗

0 and∆H∗. For instance, Fig. 7 (dotted lines) represents
the analytical results for an undamped system and highlights the three regimes. ForH∗

0 ≪ 1, U1Su/4 is
independent fromH∗

0 . This is called the additive regime. ForH∗
0 ≫ 1, the curves show constant slope

and the first passage time depends on by how much the initial energy level is multiplied to obtain the target
energy level, which corresponds to the multiplicative regime. The incubation regime in whichU1Su/4 scales
linearly with∆H∗ is identified for∆H∗ ≪ 1 +H∗

0 .

In the current case, it was shown to be necessary to limit the frequency bands of the excitations for the
response of the multi-degree-of-freedom system to be approximated by the response of an equivalent single-
degree-of-freedom system. This section is therefore devoted to the numerical study of the influence of such
limitations on the frequency band on the first passage time ofthe single-degree-of-freedom oscillator. The
forced and parametric excitationsw andu are defined as narrow-band random processes of constant power
spectral densitiesSw andSu.

5.1 Influence of the frequency band of the forced excitation

As a first step, the system is studied for broadband parametric excitations and several different narrow fre-
quency bands for the forced excitation (including the natural frequencyf0 of the oscillator or not). The
first passage time maps are obtained numerically using MonteCarlo simulations. The HamiltonianH of the
single-degree-of-freedom system is computed at each time step. When it reaches a given maximal value, the
simulation is stopped and a new simulation is initiated. Theaverage first passage time is eventually obtained
by averaging the results of a large set of simulations.

The three incubation, additive and multiplicative regimescan only be recovered if the frequency band of the
forced excitation includes the natural frequency of the system. Fig. 7 compares the analytical map obtained
under the assumption of broadband excitations with the numerical map built by Monte Carlo simulations of
the oscillator subjected to broadband parametric excitation and narrow-band forced excitation in the interval
[0.8f0 ; 1.2f0] (a = 0, Su = 10−3, Sw = 5 · 10−4). For limited frequency intervals around the natural
frequency of the oscillator, a nearly perfect match betweenthe narrow-band and broadband results is ob-
served in the whole map. The results are only significantly different in the bottom left corner corresponding
to small values ofH∗

0 and∆H∗. This is not surprising since the bottom left corner corresponds to the limit
case where there is no parametric excitation; the forced excitation therefore has a dominant influence in this
zone.
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Figure 7: Reduced average first passage time
U1Su/4. Comparison of the maps obtained nu-
merically for broadbandu and narrow-bandw on
[0.8f0 ; 1.2f0] and analytically for broadband exci-
tations (a = 0, Su = 10−3, Sw = 5 · 10−4).

Figure 8: Reduced average first passage time
U1Su/4. Comparison of the maps obtained numeri-
cally for narrow-band excitations (u on [0.1f0 ; 3f0]
andw on [0.8f0 ; 1.2f0]) and analytically for broad-
band excitations (a = 0, Su = 10−3, Sw = 5·10−4).

5.2 Influence of the frequency band of the parametric excitat ion

Fig. 8 compares the maps obtained numerically for narrow-band excitations (Fu on [0.1f0 ; 3f0] andFw on
[0.8f0 ; 1.2f0]) and analytically for broadband excitations in the absenceof damping (a = 0, Su = 10−3,
Sw = 5 · 10−4). Visual inspection of the maps reveals that the broadband results are not recovered when the
system is subjected to narrow-band random processes. Although the additive, multiplicative and incubation
regimes can still be clearly identified, the curves do not superimpose. This means that the analytical results
obtained for broadband excitations do not simply transfer to narrow-band random processes. Here, the
frequency band is limited and the corresponding first passage times are larger than those computed with
broadband excitations. A more systematic study is requiredto characterize the influence of the parametric
excitation.

The undamped system (a = 0) is studied. The parametric excitation is defined as a narrow-band process
of constant power spectral densitySu = 10−3 on the frequency interval[f1 ; f2] and the boundsf1 andf2
are varied. The forced excitation is defined as a narrow-bandprocess of constant power spectral density
Sw = 5 · 10−4 on the frequency interval[0.8f0 ; 1.2f0], in agreement with the conclusions of the previous
section.

An indicatorI is introduced and defined as

I =

∣∣∣∣
UNB
1 − UBB

1

UBB
1

∣∣∣∣ , (11)

whereUNB
1 andUBB

1 are respectively the mean first passage time obtained from Monte Carlo simulations
with narrow-band processes at some observation point of themap and the corresponding analytical mean
first passage time for broadband processes. Based on the comments of the previous section, the initial
energyH∗

0 and the energy increment∆H∗ are chosen far from the bottom left corner of the map where the
influence of the narrow band of the forced excitation is largeand for moderate values ofH∗

0 and∆H∗ to
limit the computation time.
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Fig. 9 shows the value of the indicatorI (11) as a function of the lower and upper frequenciesf1 andf2
(normalized by the natural frequencyf0) that define the parametric excitation at the observation point of the
map characterized byH∗

0 = 10−1.5 and∆H∗ = 100. This figure shows that it is necessary to include the
second harmonic of the natural frequency,2f0, in the frequency interval to be close enough to the analytical
results for broadband excitations. In fact, when the secondharmonic of the natural frequency does not belong
to the frequency interval of the parametric excitation, thefirst passage time map looks completely different;
even the three regimes do not appear. By contrast, it is not necessary to include the natural frequency itself in
the frequency interval[f1 ; f2]. This can be supported by the deterministic theory of Mathieu equation [1].
Instabilities occur at frequency2f0/k (k integer). While the instability fork = 1, i.e. atf = 2f0, is the most
critical, the other instabilities do not develop when forced excitation or damping is introduced in the system
unless the amplitude of the parametric excitation is large.

Figure 9: IndicatorI (11) at pointH∗
0 = 10−1.5 and∆H∗ = 100 as a function of the lower and upper bounds

of the frequency band of the parametric excitation (a = 0, Su = 10−3, Sw = 5 · 10−4).

It should be noted that, even if this study is based on a singlepoint of the map located in the additive
regime, the same exercise has been performed at other pointslocated in other regimes and the same general
conclusions have been drawn. The numerical study of systemscharacterized by other values ofa, Sw and
Su also lead to the same general conclusions.

6 Experimental study of first passage time

The above numerical studies provide useful information to prepare the experimental study of first passage
time. The forced excitationFw and the parametric excitationFu applied to the experimental set-up (Fig. 1)
must be such that the conditions for the model reduction to bevalid are verified and the influence of the
narrow bands remains limited.

The forced excitationFw is defined as a narrow-band process of constant power spectral density S̃w =
5 · 10−3 N2/Hz on the frequency interval[0.87f0 ; 1.13f0] = [34 ; 44] Hz. This frequency interval does
not cover any of the other natural frequencies of the set-up.The parametric excitationFu is defined as a
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narrow-band process of constant power spectral densityS̃u = 5 · 10−3 N2/Hz on the frequency interval
[0.77f0 ; 2.57f0] = [30 ; 100] Hz. This frequency interval covers the natural frequencyf0 and its second
harmonic. It can be regretted that the second harmonic of thefirst bending mode and the natural frequency
of the third bending mode are also included. But, this is not an issue thanks to the high damping ratios of
these modes.

Equation (6) shows that the dimensionless parametersa, Sw andSu are related to the dimensional parameters
through

a =
4ceqkeq

k2p,eqS̃u

= 132, Sw =
S̃w

Tcharact

(
α

keq

)2

= 2.5 · 10−10 andSu =
S̃u

Tcharact

(
kp,eq

keq

)2

= 1.8 · 10−4. (12)

The force intensitiesSw andSu are much smaller than one, as required by the theory to have a quasi-
Hamiltonian system. The high value ofa does not mean that damping is intrinsically high (ξ = 4·10−3 ≪ 1)
but, merely, that damping is high with respect to the amplitude of the parametric excitation.

The structure is excited by the horizontal and vertical shakers for 30 minutes and the velocity of the structure
is measured at a vibration antinode with the laser transducer. The response is numerically integrated to
compute the evolution of the position with time. It is then checked that the structure responds only in its
second bending mode by analyzing the response in the frequency domain. The dimensionless Hamiltonian
corresponding to Equation (7) is eventually computed by Equation (9).

The average first passage time map corresponding to the evolution of the Hamiltonian of the system with
time can be built from the experimental results (solid linesin Fig. 10). If the time signal is sufficiently long,
the same level of energy is reached several times and the system passes many times from initial energies
H0 to higher energiesHc = H0 +∆H. Both energy axes are discretized in a finite number of values. The
intervals between these values are chosen with uniform sizes on a logarithmic scale as this is the physical
scaling suggested by the stochastic model. The mean first passage time corresponding to each point of the
map (i.e. each combination of initial energyH∗

0 and energy increment∆H∗) is obtained by averaging all the
first passage times corresponding to the transitions between these levels of energy [8].

(a) (b)

Figure 10: Reduced average first passage timeU1Su/4 as a function ofH∗
0 and∆H∗. Comparison of the

maps obtained experimentally and numerically for narrow-band excitations (Fu on [0.77f0 ; 2.57f0] andFw

on [0.87f0 ; 1.13f0]) and analytically for broadband excitations (a = 132, Sw = 2.5·10−10,Su = 1.8·10−4).
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Fig. 10(a) compares the experimental results with the analytical map obtained under the assumption of broad-
band excitations. The results are qualitatively similar and the general trend of the average first passage time
is recovered experimentally but, as expected, the curves donot superimpose.

Fig. 10(b) compares the experimental results with the map obtained by Monte Carlo simulations of the
numerical system subjected to the same narrow-band excitations as in the experimental tests. Globally, a
good match between the maps is observed and the global behavior of the mean first passage time is recovered.
The different regimes can be analyzed separately.

The additive regime is well represented. In the left part of Fig. 10(b), the experimental curves tend towards
horizontal asymptotes, at least for sufficiently large values of the increment∆H∗. The incubation regime
can be highlighted by considering cross-sections of the mapat constant values ofH∗

0 . Fig. 11 shows the
evolution of the average first passage time as a function of∆H∗ for H∗

0 = 2 · 10−2 and2 · 10−3. As hinted
by the linear trends represented as a guide, the average firstpassage times (cross markers) are fairly well
aligned, which is the specific feature of the incubation regime.

Figure 11: Cross-sections of the reduced average first passage time map (Fig. 10) in the incubation regime
for H∗

0 = 2 · 10−2 andH∗
0 = 2 · 10−3. Experimental data (crosses) and linear trend (lines).

The multiplicative regime cannot be rigorously observed inFig. 10(b). In the right part of the figure, the
curves show the same negative slope but the multiplicative regime is not yet reached since the highest value
of H∗

0 is of the order of10−1.5 while the multiplicative regime appears forH∗
0 ≫ 1. On the one hand, such

high values ofH∗
0 must be avoided here since it can cause the excitation of nonlinearities in the system.

On the other hand, for damped systems subjected to broadbandexcitations, the asymptotic slope in the
multiplicative regime equals2 − a. This result is certainly not directly valid in the narrow-band excitations
case but suggests that, given the high value ofa = 132, the part of the multiplicative region reachable in
a limited amount of time reduces to the bottom right corner. Because this corner is characterized by high
coefficients of variation [10], very long time signals wouldbe required to get a smooth map in this region.

The differences between the numerical and experimental results can be ascribed to different factors. The
experimental conditions never match exactly the numericalones. For instance, the power spectral densities
of the excitations are not perfectly constant on the frequency band of definition, and do not drop to zero
outside this interval. Then, the structure is inherently a multi-degree-of-freedom system and it is not possible
to excite a single mode of the structure. Structure nonlinearities can also be a source of differences between
the numerical and experimental results. Indeed, even if theintensities of the excitations have been chosen
extremely small to limit the excitation of the nonlinearities, those are inherent to the structure.
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7 Conclusions and perspectives

This work aims at designing and testing an experimental set-up to illustrate and provide empirical evidence
of the main analytical results of the theory of first passage time described in [9]. The current theory applies
to quasi-Hamiltonian linear single-degree-of-freedom systems subjected to broadband forced and parametric
excitations (δ-correlated Brownian processes).

The selected structure consists in a vertical steel strip pre-stressed by a mass. First, a finite element model
of the structure is built. The inherently multi-degree-of-freedom system is reduced to match the assumption
of a single-degree-of-freedom system behind the theory of first passage time. This is done by defining the
forced and parametric excitations as narrow-band random processes triggering only one bending mode of
the structure. Since analytical results are not available for the first passage time of systems subjected to
narrow-band excitations, a numerical study is performed and some general conclusions are drawn about
the influence of the frequency bands of the forced and parametric excitations on the first passage time.
The global behavior of the average first passage time is recovered in the whole map as long as the natural
frequency of the oscillator is included in the frequency band of the forced excitation and the frequency band
of the parametric excitation contains the second harmonic of the natural frequency. When these conditions
are met, small quantitative differences can be observed when broadband or narrow-band excitations are used
but the dynamics remains qualitatively similar.

The previous steps provide a rationale for selecting the appropriate parameters of the experimental testing.
The experimental first passage time map is built and comparedwith the theoretical and model results. A good
quantitative match is observed between the experimental map and the numerical results obtained with Monte
Carlo simulations with narrow-band excitations. The experimental results are also qualitatively similar to the
theoretical ones for broadband excitations. Both the additive and incubation regimes are clearly identified.
Only the beginning of the multiplicative regime can howeverbe observed.

This study contributes to broadening the scope of the first passage time theory introduced in [9, 10] beyond
the context of single-degree-of-freedom linear systems subjected to broadband excitations considered so far
by numerical and experimental studies of oscillators subjected to narrow-band processes. It is also a first
physical evidence that the first passage time of real multi-degree-of-freedom mechanical systems can be
characterized with the physical properties of the structure.

This study also suggests that work is still needed to go further with analytical, numerical and experimental
studies of systems subjected to narrow-band excitations. In particular, analytical studies of the first passage
time of systems subjected to colored excitations, and in particular to narrow-band excitations, could be
conducted to get a better insight into the phenomena.
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[10] H. Vanvinckenroye, V. Denoël,Second-order moment of the first passage time of a quasi-Hamiltonian
oscillator with stochastic parametric and forcing excitations, Journal of Sound and Vibration, Vol. 427
(2018), pp. 178-187.

[11] Siemens website.http://www.plm.automation.siemens.com. Last view 24th May 2018.

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1221



1222 PROCEEDINGS OF ISMA2018 AND USD2018



Response of a curved panel subjected to
local heating and base excitation

David A. Ehrhardt1,2,Brian T. Gockel2,Timothy J. Beberniss2

1 Ehrhardt Engineering LLC, Monticello, IL 61856, USA.

2 Structural Sciences Center, RQHF, Air Force Research Lab,
Wright Patterson Air Force Base, OH 45433, USA.

Abstract
S
tructures operating in aero-thermal environments greater than the speed of sound will experience large pres-
sure and temperature gradients over small areas due to shock-wave impingement in addition to large ampli-
tude distributed acoustic and/or mechanical loading from vehicle dynamics. Such combined environments
complicate the dynamic response of these structures since the localized thermal loading affects their global
dynamic response. This work experimentally explores the static and dynamic response of a 248 mm x 400
mm curved stainless steel panel subjected to localized thermal loading and distributed mechanical loading.
The linear and nonlinear dynamic response of the panel is measured with high-speed 3D digital image corre-
lation, and the temperature distribution is measured with a Forward Looking InfraRed camera. The resulting
data set demonstrates how localized heating affects global dynamics in linear and nonlinear regimes.

1 Introduction

Structures operating in supersonic or hypersonic environments experience large temperature gradients over
small surface areas as well as extreme acoustic and mechanical loading [1, 2]. Such temperature gradients,
or localized thermal loading, modifies the local stiffness characteristics of these structures, and alters their
dynamic response when combined with distributed acoustic and/or mechanical loading.

Experimentally producing controlled, repeatable, and local temperature gradients is difficult. Radiant heat-
ing with halogen lamps is widely used to thermally load structures in dynamic environments [3–5]. However,
the time scale for heating and the distributed, radiant nature of halogen lamps makes their use in dynamic
and local heating environments difficult. Radiant heating using infrared lasers, provides a shorter time scale
for thermal loading and the benefit of pin point localization; however, loading over any larger area is dif-
ficult. Alternatively, inductive heating [6, 7], offers a method to quickly control a temperature distribution
and modifying the coil of an inductive heater leads to a wide array of temperature distributions which are
reproducible provided the coil geometry and distance from test article is kept constant. An inductive heater
with a custom coil is used in this work to provide the desired temperature distribution.

The localization of temperature distribution and structural responses requires greater spatial measurement
resolution. Full-field temperature measurement is typically limited to calibrated infrared cameras, such as
the forward looking infrared (FLIR) camera used here, since large thermocouple arrays will effect the dy-
namic structural response. Full-field response measurement techniques include continuous scan [8, 9] or
scanning [10] laser Doppler vibrometers (LDVs), accelerometer or strain gauge arrays, and 3D digital image
correlation (3D-DIC) [11, 12]. Similar to thermocoules, accelerometer and strain gauge arrays affect the
dynamic structural response. LDVs can be subject to error with large deformation and scanning techniques
are a limit the type of measurable response. Alternatively, 3D-DIC has been used to measure large dynamic
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deformations [9] and can be used at high temperatures with modification [13, 14]. A high speed 3D-DIC
system is used in this work to provide full-field 3D coordinate of the panel deformation.

The dynamic behavior of a cylindrically curved stainless steel panel, previously examined in [15], is the
focus of this work. The combination of localized thermal gradients and full field measurement techniques
allows the identification of nonlinear coupling of resonant behavior under well defined thermal loading. The
shape and location of the thermal loading is motivated by previous work examining shock-wave boundary
layer interactions [16].

2 Experimental Setup

2.1 Overview

The 248 mm x 400 mm 304 stainless steel panel used in this study is cold rolled to a cylindrical curvature
of 2540 mm and mounted to a slip table as shown in Fig. 1. This slip table, connected to a 110 kN shaker,
provides 150 Hz-500 Hz band limited random base excitation at several excitation amplitudes. In addition
to base excitation, a 6 kW inductive furnace is used to apply localized heating to the panel during excitation.
Several measurement systems are used in tandem to fully capture the dynamic response of the panel to the
outlined combined loading conditions. In addition to strain gauges and thermocouples mounted to the panel,
two non-contacting fiber optic laser Doppler vibrometers (LDVs) and a non-contacting pyrometer are used
to measure single point velocity and temperature, respectively. Images of the panel surface are measured at
2000 Hz using two Photron SAZ cameras for 3D-DIC and at 2 Hz using a FLIR camera and provide full
field coordinates and temperature measurements, respectively.

Figure 1: Experimental Setup

2.2 Loading Conditions

The 6 kW inductive furnace head and coil are mounted approximatly 300 mm behind the panel and suspended
above the shaker slip table as shown in Fig. 1. This furnace, previously used in [7], heats the article by
inducing eddy currents in the material with a magnetic field via an oscillating current through a coil attached
to the head of the furnace [6]. A 860 mm copper tube is bent to specific shape and attached to the coil
to induce localized temperature gradients the horizontal center line of the panel and the quarter line of the
panel as shown in Fig. 2a and Fig. 2b, respectively. Throughout testing, the inductive heater is controlled
at the single points shown using a Microepsilon pyrometer. During heating, A 110 kN electrodynamic
shaker provides single axis base excitation controlled with a 10 mV/g PCB 352C22 uni-axial accelerometer
mounted at the edge of the slip table. DataPhysics Abacus hardware and software is used to maintain control
at a specified root-mean-squared (RMS) value of white noise acceleration in the frequency range of 150 Hz
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-500 Hz with 3 sigma clipping. Several RMS acceleration levels are selected to span from linear to nonlinear
dynamic regimes. A measurement of the control signal at each RMS acceleration amplitude is shown in
Fig. 2c. Motion outside of the frequency range of interest was recognized and attributed to dynamic motion
from the slip table. At each base excitation amplitude, temperature at a single point within the compact
thermal gradient is controlled at several temperatures between 30 ◦C and 260 ◦C.
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Figure 2: Thermal and mechanical loading conditions. Induced temperature distribution at (a) 1/2 length
and (b) 1/4 length. Red indicates an area of high temperature (260 ◦C) and blue indicates an area of low
temperature (20 ◦C). (c) Profile of base excitation applied to the panel

2.3 Response Measurements

The full-field temperature response of the panel is measured at 2 Hz using a FLIR camera. A Surface Optics
E10 reflectometer s used to measure the emissivity of the painted surface of the panel after the paint is cured.
The emissivity of 0.94 at room temperature calibrates the FLIR temperature measurements. Additionally, the
full-field coordinate position of the surface of the panel is determined post-test using 3D-DIC techniques on
high speed images captured at 2000 Hz using Photron SAZ cameras following a similar procedure described
in [9,17]. The calibration accuracy is 0.022 pixels and a facet size of 17 pixels x 17 pixels is used to determine
the 3D coordinates of the surface in the grid shown in green in 3. Single point measurements include type-K
thermocouples (T1, T2, and T3) sampled at 1Hz, fiber optic laser vibrometers (V1 and V2) sampled at 6000
Hz, and fiber optic strain gauges (ε 1 and ε 2) as shown in 3.

3 Results

3.1 Static Response to Varying Thermal Loading

The localized temperature distribution results in a local ‘in plane’ strain field which is dependent on the
thermal state of the panel and frame, as well as the location of the coil. The thermal state of the panel in the
frame is key to defining the ‘out of plane’ deformation the panel will undergo, similar to the buckled state
of slender structures [18]. However, the curvature in the panel prevents buckling in the traditional sense,
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Figure 3: Image of panel illustrating single point sensor locations

so there is no bifurcation to an alternate equilibrium. Instead the ‘out of plane’ deformation will grow as
temperature is increased.

The thermal strains induced on the panel are constant for each thermal loading case; therefore, the dynamic
deformation of the panel for each case will occur around a different static equilibrium. The temperature
dependent static equilibrium is identified by calculating the mean of the dynamically measured z-coordinate.
The z-coordinate at each temperature step is shown for vertical center line of the panel in Fig. 4. When the
coil is placed near the horizontal center line of the panel, the peak deformation of the panel is 4.2 mm at 260
◦C. Similarly, when the coil is placed near the quarter line of the panel, the peak deformation of the panel is
4.4 mm at 260 ◦C. In each heating case, Fig. 4 shows the change from an initially cylindrically curved panel
to a heavily biased curvature because of the local thermal gradients.
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Figure 4: Static deformation response to thermal loading when applied to the (a) center and (b) quarter point
of the panel from 20 ◦C (purple) to 260 ◦C (dark red).

3.2 Dynamic Response with Varying Thermal Loading

At each temperature step, the dynamic response of the panel to a 0.5 g’s RMS base acceleration is examined.
For illustration, an averaged power spectral density (PSD) [19] of the velocity measured with laser Doppler
vibrometers using a blocksize of 6000 samples is presented for the center line heating case (Fig. 5a) and for
the quarter line heating case (Fig. 5b). For each heating case, the resonant behavior of the panel is identified
by peaks in the PSD and plotted in the temperature vs. frequency domain (Fig. 5c and Fig. 5d) to identify
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general trends as the panel is heated. The clearest distinction between the center heating case (Fig. 5c) and
the quarter heating case (Fig. 5d) is how the first peak in PSD demonstrates a spring hardening (increase in
frequency) for the center heating case, whereas a small spring softening (decrease in frequency) is observed
for the quarter heating case. Additionally, for the quarter heating case, the peaks in the PSD coalesce into
three distinct regions at higher temperatures, where the peaks in the PSD for the center heating case remain
well separated after 150 ◦C. For both heating cases, the frequencies show strong variation because of heating
and potentially lead to veering/crossing of the resonant behavior [20].
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Figure 5: PSD of the panel measured with the laser Doppler vibrometers when heated at the (a) center line
and (b) quarter line. The first 7 resonant peaks of the dynamic response were identified and detailed in the
projection of temperature vs. frequency for heating at the (c) center linear and (d) quarter line.

In addition to the temperature dependent behavior of the resonant frequencies of the response, the deforma-
tion shapes of the panel at each resonant frequency are also temperature dependent. Using the methodology
to compute frequency response functions of random data described in [19], the shape at each peak of the
frequency response function (Gza) of the dynamic coordinates measured with 3D-DIC and the base accel-
eration is identified using singular value decomposition. For brevity, only a select number of shapes are
presented in Fig. 6 for the center heating case and Fig. 7 for the quarter heating case.

The first five deformation shapes identified for the center heating case at 20◦C (Fig. 6p-t) closely match the
first five mode shapes of the curved panel previously identified in [15], as expected. For quantification, the
RMS value of the maximum deformation across the panel is added in the caption, and the colormap scale can
be identified from blue (negative value) to red (positive value). As temperature is increased the deformation
shape corresponding to the first peak of the PSD is only active on the right side of the panel (Fig. 6a,f,k,p).
Interestingly, the second peak’s deformation shape is only active on the left of the panel at increased tem-
peratures (Fig. 6b,g,l,q). The third peak’s deformation shape initially merges to match the second peak’s
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shape, but at higher temperatures, the deformation shape resembles a mode 3 deformation. However, the
third peak’s deformation shape is primarily active in the lower part of the panel (Fig. 6c,h,m,r). The third
and fourth peak’s deformation shapes also initially couple then separate as the temperature increases, and
both peak’s shapes appear to interact at higher temperatures. It should also be noted, heating does not pro-
portionally increase the rms value of the resonant peaks as quantified by the summation of RMS values.
The resonant behavior has a total RMS value of 11.75 µm, 12.85 µm, 18.87 µm, and 18.92 µm at nominal
temperature steps of 20 ◦C, 70 ◦C, 100 ◦C, and 260 ◦C, respectively. Finally, it is important to identify that
the dominant resonance in the dynamic response becomes the second resonance peak at 260 ◦C, changing
the frequency of importance from 250 Hz to 300 Hz.

(a) 5.74 µm (b) 6.19 µm (c) 3.56 µm (d) 1.67 µm (e) 1.76 µm

(f) 9.64 µm (g) 4.26 µm (h) 2.46 µm (i) 2.04 µm (j) 0.47 µm

(k) 6.22 µm (l) 1.74 µm (m) 3.04 µm (n) 1.41 µm (o) 0.44 µm

(p) 4.70 µm (q) 2.34 µm (r) 2.80 µm (s) 1.58 µm (t) 0.37 µm

Figure 6: Resonant shapes of the first five peaks in the Gza during heating of the center line at temperature
conditions Near 260 ◦C (a-e), 100 ◦C (f-j), 70 ◦C (k-o), and 20 ◦C (p-t). The color scale from blue to red is
negative to positive deformation with the RMS value of the peak deformation given in the figure caption.

A similar examination of the temperature dependence of the resonant deformation shapes when the panel is
heated at the quarter point of the panel is shown in Fig. 7. Again, the first five deformation shapes at room
temperature resemble the experimental mode shapes identified in [15], and demonstrate consistency between
the two tests. Similar to the center heating case, the first peak’s deformation shape when heated at the
quarter point becomes more active on the right side of the panel with increasing temperature (Fig. 7a,f,k,p).
The second peak’s deformation shape is also more active on the right side of the panel for increasing quarter
line temperature (Fig. 7b,g,l,q) differing from the center heating case. As temperature is increased, the
fourth peak’s deformation shape couples with surrounding resonances (Fig. 7i,n,s), but the third and fifth
peak’s deformation shape remains consistent until the peak temperature is 260 ◦C. At 260 ◦C, the third
peak’s deformation shape (Fig. 7c) resembles the room temperature shape of the fourth peak (Fig. 7s), and
the fourth and fifth peak’s deformation shapes appear as combinations of several shapes (Fig. 7d and e,
respectively). For the resonances of interest, the total RMS value at temperature steps of 20 ◦C, 70 ◦C, 100
◦C, and 260 ◦C is 13.22 µm, 17.36 µm, 13.55 µm, and 22.47 µm, respectively. Finally, it is important to
identify that the dominant resonances in the dynamic response become the third and fourth resonance peak
at 260 ◦C, changing the frequencies of importance near 350 Hz.
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(a) 1.36 µm (b) 5.25 µm (c) 6.97 µm (d) 7.49 µm (e) 1.67 µm

(f) 4.03 µm (g) 3.67 µm (h) 3.56 µm (i) 0.81 µm (j) 1.48 µm

(k) 7.12 µm (l) 4.48 µm (m) 5.44 µm (n) 0.32 µm (o) 0.47 µm

(p) 5.10 µm (q) 2.74 µm (r) 4.28 µm (s) 0.66 µm (t) 0.44 µm

Figure 7: Resonant shapes of the first five peaks in the PSD during heating of the quarter line at temperature
conditions Near 260 ◦C (a-e), 100 ◦C (f-j), 70 ◦C (k-o), and 20 ◦C (p-t). The color scale from blue to red is
negative to positive deformation with the RMS value of the peak deformation given in the figure caption.

3.3 Dynamic Response to Combined Loading

The dynamic response of the curved panel to a combination of large amplitude base acceleration and thermal
loading leads to more interesting dynamic behavior. For brevity, only the dynamic response of the panel
at 9g’s of base excitation combined with thermal loading up to 260 ◦C is presented. Following the process
outlined in 3.2, the composite PSD’s for the center and quarter heating cases are shown in Fig. 8a and Fig. 8b,
respectively. The temperature vs. frequency projection is shown in Fig. 8c and Fig. 8d. Similar to the center
heating case presented in 3.2 with a base excitation of 0.5g’s (Fig. 5c), the trend of the resonant frequencies
for the center heating case at 9g’s are a spring hardening as shown in Fig. 8c. However, at 160 ◦C, the first six
resonant peaks appear to coalesce into three regions, and maintain this ‘closeness’ as temperature is further
increased. This close behavior indicates strong coupling between the resonant peaks further detailed when
we examine the deformation shapes at each peak. The first resonant peak for the quarter heating case at 9g’s
(shown in Fig. 8d) follows a similar trend when only 0.5g’s of base excitation is examined (Fig. 5d). The
next five resonant peaks also show a similar coalescence observed in the 0.5g’s case; however, the ‘closeness’
is tighter. From these examples, it is shown that at high temperature and large base excitation, the trend of
the resonant peaks is toward a tighter coalescence. This apparent interaction between resonant peaks greatly
affects the deformation shapes observed at each peak.

The deformation shapes for the center heating case with a 9g’s base excitation are presented in Fig. 9. The
deformation shapes of the first (Fig. 9a,f,k,p) and second (Fig. 9b,g,l,q) resonant peaks follow the exact trend
identified in the center heating cases under 0.5g’s base acceleration. However, the deformation shapes of the
third, fourth, and fifth resonant peaks demonstrate different behavior. This behavior is most notable at the
150 ◦C case (Fig. 9h-j). At this temperature, the deformation shapes of the third and fourth resonant peaks are
a combination of their room temperature counterparts, and the deformation shape of the fifth resonant peak
is rotated so the top half of the panel is out of phase with the bottom half of the panel. At 260◦C (Fig. 9c-e),
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Figure 8: Composite power spectral densities of the panel measured with the laser Doppler vibrometers when
heated at the (a) center line and (b) quarter line combined with a base excitation of 9 g’s. The first 7 peaks of
the dynamic response were identified and detailed in the projection of temperature vs. frequency for heating
at the (c) center linear and (d) quarter line.

the deformation shapes of the third and fourth resonant peak change order with the deformation shape of the
now fourth resonant peak resulting in a more active top half of the panel. For the resonances of interest, the
total RMS value at temperature steps of 20 ◦C, 70 ◦C, 100 ◦C, and 260 ◦C is 309 µm, 409 µm, 373 µm,
and 350 µm, respectively. Above 70 ◦C the ‘smearing’ of the resonant peaks results in a lower RMS value
following a similar trend identified in [15] for large amplitudes of dynamic response. Finally, it is important
to identify that the dominant resonances in the dynamic response are the first and second resonance peaks at
260 ◦C, changing the frequencies of importance near 260 Hz.

The deformation shapes for the quarter heating case with a 9g’s base excitation are presented in Fig. 10.
The deformation shapes of the first (Fig. 10a,f,k,p) and second (Fig. 10b,g,l,q) resonant peaks follow the
exact trend identified in the quarter heating cases under 0.5g’s base acceleration except in the case for the
second resonant peak at 210 ◦C which resembles the third resonant peak at room temperature. The remaining
deformation shapes presented have limited correlation to the room temperature shapes except in the case of
the third resonant peak at 260 ◦C. For the resonances of interest, the total RMS value at temperature steps of
20 ◦C, 70 ◦C, 150 ◦C, and 260 ◦C is 300 µm, 363 µm, 421 µm, and 481 µm, respectively. It is interesting
to note that the reduction in total mean resonant response observed in the center line heating case is not
observed in the quarter heating case. Instead, an consistent increase is observed in the total RMS value and
the first resonant response, setting 200 Hz as the resonance of interest for this thermal case.
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(a) 101. µm (b) 103. µm (c) 36.3 µm (d) 79.5 µm (e) 30.5 µm

(f) 83.4 µm (g) 93.6 µm (h) 57.4 µm (i) 83.7 µm (j) 54.8 µm

(k) 213. µm (l) 88.6 µm (m) 19.9 µm (n) 65.2 µm (o) 22.2 µm

(p) 142. µm (q) 79.4 µm (r) 46.7 µm (s) 24.9 µm (t) 15.6 µm

Figure 9: Resonant shapes of the first five peaks in the Gza during heating of the center line at temperature
conditions combined with 9g’s of base acceleration near 260 ◦C (a-e), 150 ◦C (f-j), 70 ◦C (k-o), and 20 ◦C
(p-t). The color scale from blue to red is negative to positive deformation with the RMS value of the peak
deformation given in the figure caption.

4 Conclusions

The experimental methodology presented in this work demonstrates the ability to apply a controlled sharp
temperature gradient in dynamic environments while measuring full field temperature and coordinates of a
cylindrically curved stainless steel panel. The combined FLIR and 3D-DIC measurements result in rich data
set for understanding the static and dynamic response of the panel. The full-field nature of the data also
provides enough information for the validation of finite element models. Future work will explore localized
heating in combined thermal and acoustic environments.
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Abstract 
Experimental modal analysis is a useful tool in the aircraft industry to evaluate the effect of vibration in the 

structural endurance and the generation of noise in the cabin. Advances on High Speed Digital Image 

Correlation have made it possible to extend the use of this technique to real in service structures in a full-

field non-invasive manner. In this work the passenger window area of a front fuselage full-scale 

demonstrator has been analysed. The natural frequencies and the full-field Operational Deflection shapes 

have been obtained to evaluate the effect of in-flight environmental conditions in the modal behaviour. An 

image decomposition procedure has been performed to reduce the full-field information to a vector of shape 

descriptors coefficients, without relevant loss of information. Results reveals the effect of static deflection 

due to the differential pressure in the deflection shapes and the stiffening in the natural frequencies shifting. 

1 Introduction 

In the aerospace industry the level of noise inside aircraft is a main concern where the selection of materials 

and design are critical issues regarding the modal behaviour. Moreover, the different environment conditions 

that aircrafts undergo alter the modal response. Therefore, experimental modal analysis provides 

fundamental background to improve the design and numerical models [1]. In this industry, this 

characterization is commonly performed using accelerometers or other pointwise transducers that introduce 

some sources of error due to their invasive nature. Moreover, the instrumentation is time consuming in this 

large structures with a very low spatial resolution.  

Alternative techniques have been recently employed for experimental modal analysis providing contactless 

full-field information. Unlike traditional sensors, the dynamic response is not modified by mass and 

damping of transducers and cabling. Scanning Laser Doppler Vibrometry (LDV) is a interferometric 

technique that performs full-field velocity measurements in the laser beam direction by scanning the surface 

[2], [3]. In the last years digital image correlation with a stereoscopic system of high-speed cameras (HS 

3D-DIC) is gaining popularity in experimental modal analysis [4]. It is an optical technique for displacement 

and strain measurement [5]. HS 3D-DIC for experimental modal analysis is still in its infancy a there is no 

commercial software that deals with the data and longer processing is required. Nevertheless, this technique 

is able to provide dynamic information with higher spatial resolution in the three spatial directions using a 

simpler setup [6]–[8]. Moreover, HS 3D-DIC currently involves a cost reduction for 3D measurements. 

The full-field information is especially useful to characterise mode shapes and operational deflection shapes 

(ODS) using HS 3D-DIC. The most straightforward way is to carry out force normal excitation tests using 

sinusoidal signals at resonance of the system [6], [9]–[12]. Additionally, with broadband excitation it is also 

possible to obtain the full-field response of the specimen, such as frequency response functions (FRF) or 

other frequency domain transfer function. By analysing the peaks that maximize the response it is possible 

to estimate the natural frequencies and the damping ratios [7], [8], [13]–[16]. In some studies, image 

decomposition approaches have been proposed to reduce redundancies and the size of full-field data to just 

a few shape descriptors [17], [18].  
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Here, HS 3D-DIC has been explored for the evaluation of changes in the modal response of a front fuselage 

full-scale demonstrator due to different environmental conditions. In-flight conditions were experimentally 

simulated by applying differential pressure to the demonstrator. HS 3D-DIC measurements were conducted 

on the passenger window area, considered as relevant from the vibroacustic perspective. The experiments 

aimed for characterising the specific vibration modes with major significance in this sense. Firstly, sine tests 

were proposed for full-field ODS determination. Later, broadband random excitation test was applied to 

obtain the full-field transfer functions between the excitation and the window response. Hence, both natural 

frequencies and full-field ODSs could be obtained. For ODSs comparison, shape descriptor decomposition 

was performed to optimise the full-field data and find differences in the behaviour of the window. It was 

possible to identify changes in the modal behaviour and relate it with the deformation suffered due to 

pressure. 

2 Experimental tests 

Experiments were conducted using a full-scale composite cockpit demonstrator shown in Figure 1. This 

full-scale cockpit demonstrator was used for a comprehensive series of tests, including static and structural 

fatigue tests, impact damage tolerance, as well as vibroacoustic tests. It was in this context that the potential 

of HS 3D-DIC testing technology was evaluated for non-invasive structural dynamic testing, 

complementing conventional measurements using accelerometers.  

 

Figure 1: Full-scale cockpit demonstrator. 

 

Figure 2: Excitation of the cockpit demonstrator using a shaker. 

Measurements using HS 3D-DIC were performed in the window passenger area considering different types 

of tests hereafter described. The demonstrator was laterally excited by an electrodynamic shaker model LDS 

V450 (Bruel and Kjaer) using a stinger, as shown in Figure 2. 

(a) (b) 

1236 PROCEEDINGS OF ISMA2018 AND USD2018



Under atmospheric pressure conditions, sine and random excitation signals were performed. In sine tests the 

ODSs at relevant natural frequencies of the structure were obtained. An impact hammer test was carried out 

to identify the natural frequencies for subsequent sine tests. A multi-input multi-output analysis was 

performed considering three measuring points and three excitation points. The location of these points was 

defined so that an optimal characterisation of the whole passenger window area could be made, as shown in 

Figure 3. The remaining accelerometers observed in the figure were intended for purposes unconnected with 

this study. A Photon+ Real Time Analyser of Bruel&Kjaer was employed to record the signals from three 

accelerometer together with  Bruel&Kjaer 8206-003 hammer with a sampling frequency of 5120 Hz. 

Frequency Response Functions were obtained by processing these signal considering 16384 frequency lines 

and 10 averaged windows. Eventually, natural frequencies were detected using the principal response 

functions (PRFs) as indicator through single-value decomposition of the FRFs matrix [1]. Two significant 

frequencies are selected for sine tests from the first two PRFs, as highlighted in Figure 4. From random 

excitation tests using HS 3D-DIC, natural frequencies and ODSs could be obtained and compared with the 

sine tests results. 

 

Figure 3: Setup for impact hammer tests on the passenger window (exterior view). 

 

Figure 4: Two first principal response functions from impact hammer tests. 

The influence of in-flight conditions was evaluated by applying a differential pressure of 5.5 psi (34,473.8 

Pa). Under these conditions, random excitation was applied in order to reveal variations in the natural 

frequencies and ODSs previously studied under atmospheric conditions.  
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3 HS 3D-DIC full-field measurements 

HS 3D-DIC measurements were carried out on the window from the inside. This setup consisted in two high 

speed cameras FASTCAM SA4 (Photron), providing a three-dimensional view, and a set of illumination 

lamps (Figure 5). In order to avoid the effect of the mass of these elements on the dynamic behaviour and 

isolate the cameras from vibration, the whole system was mounted on a rigid supporting bar which was 

designed to be fixed to the pressure bulkhead in the structure that supports the whole demonstrator. 

 

Figure 5: (a) Optical system mounted on the supporting bar. (b) 3D model of the global setup. 

For the sine tests, cameras sampling was set at 2000 fps (frames per second) to achieve a good definition of 

the vibration cycle, considering that the highest mode was 240 Hz. The same frame rate was employed for 

random tests to analyse the spectrum from 0–640 Hz, satisfying the Nyquist criterion. The spectral analysis 

was performed considering a frequency resolution of 1 Hz, anti-leakage Hanning windows, and an overlap 

of 50%. 

 

Figure 6: Speckle pattern painted on the passenger window. The area for shape descriptor analysis is 

highlighted in dotted line. 

3D-DIC processing was performed using the commercial software Vic-3D by Correlated Solutions. The 

surface was treated with paint to provide a grey random speckle pattern (Figure 6) to enable the correlation. 

The analysis was conducted using 19 pixels facets with a 5 pixel overlap. Hence, about 35,000 measurement 

points were obtained. Despite that 3D-DIC also provide in-plane motion quantification, out-of-plane 

displacements were employed as the main direction for the bending deformation of the window.  

(a) (b) 
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Full-field transfer functions were obtained in random tests. The excitation was monitored by an 

accelerometer on the shaker armature, shown in Figure 2b. NI USB-6251 DAQ system (National 

Instrument) was employed to synchronise cameras and accelerometer sampling. The natural frequencies 

were identified by peak-picking and ODSs by full-field depicting the amplitude of the peaks for every single 

point.  

4 Shape descriptors 

In the tests, a very large number of points were obtained using HS 3D-DIC (~35000 points). In order to 

perform an efficient comparison of the results an image decomposition method was employed. This method 

essentially consists on compressing large amounts of two-dimensional data by reducing to a feature vector 

while preserving the information [19]. These feature vectors can be directly compared and are independent 

from original sized map or orientation [20]. The 2D data field could be reconstructed from a feature vector, 

as well. The adopted image decomposition method was based on Chebyshev polynomials Tk(i,j) to 

decompose contours I(i,j) into a set of coefficients or shape descriptors, sk, with the same units as the original 

sets of data: 

 I(i, j) = ∑ skTk(i, j)
N
k=0  (1)  

In this work, this method was applied to full-field ODSs considering the transparent region of the window 

of analysis, as highlighted in Figure 6, where the largest displacements occur.  

To ensure that the feature vector preserves the information, an appropriate number of shape descriptors must 

be used for the image decomposition. To find it, a sensitivity study was performed looking into 

improvements on the correlation coefficient between the original and the reconstructed results. In this case, 

only 20 shape descriptors are sufficient to represent the displacement (ODSs) maps analysed in this work 

with a correlation coefficient over 98%. 

5 Results 

From the impact tests, two natural frequencies were selected (124 Hz and 214 Hz) to obtain their ODSs 

during fixed-sine test. Analogous information can be extracted from random tests using HS 3D-DIC. In this 

case, the matrix of transfer functions represents the full-field behaviour of the window in the spectrum. By 

choosing a point at the centre of the window as representative of the main behaviour of the whole window, 

a wide variety of modes are detected from the transfer function, as shown in Figure 7. Although excitation 

covered up to 640 Hz, for illustration purposes the transfer function is truncated at 300 Hz, considering that 

the most relevant modes for this study were below this limit. Despite that the excitation was different for 

impact and random tests, similar resonance peaks to impact results were identified at 124 Hz y 214 Hz. 

ODSs analyses were subsequently performed. Fixed-sine ODSs were obtained from displacement 

measurements at the window during excitation. ODSs from random tests were determined by depicting the 

response at local peaks of the full-field Transfer Functions. ODSs are shown in Figure 8 for each mode 

previously identified. They were normalized to enhance the visual and numerical comparison of the shape 

descriptors. Results show a good agreement between fixed-sine and random tests with a correlation 

coefficient between shape descriptors of 0.9803 for the first mode (124 Hz) and 0.9593 for the second mode 

(214 Hz). In the first mode the window experiences a single bending with maximum displacement in the 

middle. The second one is in a more complex shape as it is expected from a higher order mode, showing 

alternative bending regions. 
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Figure 7: Transfer function obtained with HS 3D-DIC for a point at the centre of the window. 

 

Figure 8: Normalised Operational Deflection Shapes obtained using DIC under different excitation 

signals. 

 

Sine tests provide interesting advantages: the excitation energy is concentrated in just one single frequency 

considering ODSs and the results are less affected by noise due to higher displacements, additionally the 

execution and processing times are considerably shorter as only a small number of images are required. On 

the other hand, random test provides natural frequencies information in a broadband spectrum at a time and 

does not thus required additional tests. Despite that more structural information can be extracted, it is also 

more time-consuming if the number of modes is low and ODSs could be slightly noisier.  
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For instance, some additional resonance ODSs are shown in Figure 9 from random excitation. The resonance 

at 78 Hz corresponds to a global fuselage mode. In this study, impact energy is not enough to excite this sort 

of modes. The remaining two ODSs at 155 Hz and 267 Hz imply local behaviour and correspond to bending 

modes of increasing order of the window. Considering the high geometrical complexity of the presented 

ODSs, a sensor instrumentation, as that in Figure 3, would be sparse. 

  

Figure 9: Additional normalised Operational Deflection Shapes obtained using DIC in random test. 

5.1 Modal response under in-flight environmental conditions 

Differential pressure introduces static deformation in the structure that modifies the modal behaviour. This 

deformation is shown in Figure 10 measured by 3D-DIC. It is observed that maximum deformation, more 

than 8 mm outwards, occurs at the centre of the window where the stiffness is lower. Hence the shape of the 

window has been perturbed, increasing the curvature and, thus, providing a stiffer configuration. In the 

random tests this fact is confirmed by the resonant frequency shifting of the corresponding modes in ambient 

conditions towards higher frequencies, as shown in Table 1.  

 

Figure 10: Static deflection under differential pressure. 
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Mode designation Non-Pressurized (Hz) Differential Pressure (Hz) 

1 124 148 

2 155 196 

3 215 252 

4 267 276 

 

Table 1: Frequency shifting of the resonances identified in both pressurized states in specimen 1. 

The ODSs are shown in Figure 11. To evaluate the variations of the four modes regarding the ambient 

behaviour, the differences between the features vector of both environmental states were reconstructed. 

Results of the subtractions are presented as percentages in Figure 12, considering the ambient state as a 

reference. It was found that the maximum positive difference is located in the centre of the window, where 

maximum static deformation due to pressure was found. Therefore, this region experienced more 

deformation with no differential pressure. Thus, the correlation between variations in ODSs and the pressure 

deformation is shown. The third mode is an exception as a consequence of the non-symmetrical shape. 

 

Figure 11: Normalised Operational Deflection Shapes obtained using DIC in random test under in-flight 

environmental conditions. 
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Figure 12: Normalised Operational Deflection Shapes obtained using DIC in random test under in-flight 

environmental conditions. 

6 Conclusions 

This work has presented the evaluation of the modal behaviour of the passenger window of a real aircraft 

structure using HS 3D-DIC under different environmental conditions. Additionally, the potential of HS 3D-

DIC for sine and random excitation has been demonstrated. Sine excitation is more suitable to obtain low 

noise results of individual modes with few images. On the other hand, random allows to determine ODSs 

of many modes in a unique tests as well as natural frequencies. 

It has been shown the effect of a local structural modification due to in-flight pressure conditions. The 

resonance shifting indicated the stiffening of the window. Moreover, the changes of ODSs showed a 

common deformation trend due to differential pressure. For this purpose, shape descriptor decomposition 

was employed to ease the managing and enhance the analysis of the full-field data.  

Besides the advantages of the contactless measurement, the full-field results demonstrate the capabilities of 

the technique, avoiding spatial aliasing of pointwise sensors and showing potential for comparison with 

numerical simulations. Furthermore, this study involves an industrial application of HS 3D-DIC for modal 

characterisations in a final stage of assembly, presenting it as a complement to traditional instrumentations.  
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Abstract
An experimental approach was undertaken at the University of Cincinnati’s Structural Dynamics Research
Laboratory (UC-SDRL) to gather nonlinear data in a controlled sense from a real world, continuous me-
chanical specimen exhibiting multiple isolated modes in the frequency range of interest. The design phase
consisted of preliminary hand calculations for setting the dimensions of the test rig and iterations on the
finite element model, using both static and dynamic analyses results. The design was such that the dynamic
interference of the support structure on the test specimen was minimized. The paper outlines the construc-
tion of the test rig and the testing carried out for validation post installation. Static stiffness test was used
to identify the stiffness curve of the test specimen. Impact testing was used to verify dynamic behavior as
a linear system (small amplitude oscillations) and sufficient isolation from the support structure’s modes of
vibration in the frequency range of interest, and signs of non-linearity for larger amplitudes of vibration.

1 Nomenclature

CMIF - Complex Mode Indicator Function
E - Modulus of Elasticity
FEM - Finite Element Method
FRF - Frequency Response Function
MIMO - Multiple Input Multiple Output
MPE - Modal Parameter Estimation
RFP-Z - Rational Fraction Polynomial - Z-domain
SDRL - Structural Dynamics Research Laboratory
UC - University of Cincinnati
ρ - density
ν - Poisson’s ratio

2 Introduction

The importance of the study of nonlinear systems in structural dynamics has been increasing steadily with
improving system models and higher computational power. Significant work has been done towards the
identification, characterization and modelling of such systems [1]. Even though most commercial analyses
use linear system methods by limiting ranges of interest, a more complete mathematical model in terms of
structural dynamics is of widespread research interests. Under operating conditions, variations in amplitude
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ranges and boundary conditions are some ways that can deteriorate the health of structures by introducing
nonlinear dynamics into the picture. Numerical analyses during the design phase can only provide certainty
up to the degree of robustness of the mathematical model, but experimentation for validation is critical. To
develop such models, it is also imperative that real world data be used. This is the motivation of this project -
to gather data from a physical structure vibrating in a nonlinear regime, for further research into system iden-
tification methods. Previous studies have been carried out at the UC-SDRL [2], [3], [4] for nonlinear system
dynamic analysis, and the presented work would facilitate widening the scope of experimental validation for
such studies [5].

Historical efforts towards experimental analysis of nonlinear vibrating systems have utilized either simulated
data, or acquired data without leveraging the spatial aspect of the dynamic problem. Either (i) isolated modes
in a continuous system [6], or (ii) rigid body modes in multiple degree of freedom systems with nonlinear
connecting elements (nonlinear springs [7], for example) have been the basis of experimental evaluations.

Taking the experimental rig used by Ferreira [6] as a reference, a test rig was constructed such that experi-
mental data could be gathered for a continuous test specimen, in a Multiple Input Multiple Output (MIMO)
sense.

3 Theoretical background

The general equation for a single degree of freedom system is given as:

finertial + fdamping + fspring = fexternal (1)

Figure 1: Common types of structural nonlinearities [8].

A special case of this equation is the linear, time-invariant form:

mẍ+ cẋ+ kx = f (2)
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Here m, c and k represent the mass, damping and stiffness of the single degree of freedom system and are
constants, rather than being time or amplitude dependent values.

Figure 1 indicates common types of nonlinearities observed in structural dynamics and more often than not,
multiple types may be found to occur in a real world system. Typically, nonlinearities are classified into three
types [8]:

1. Geometric: When assumptions of small angles and deflections do not hold true, nonlinear behavior
may be observed for structures with fixed boundary conditions.

2. Material: Variation in thermal conditions or material exhibiting plastic deformation may result in
material nonlinearities.

3. Contact: An example is a system with clearance, where being in contact with another body results in
an abrupt stiffness change.

The Duffing oscillator equation (Eq. 3) is often used in analysis of nonlinear systems [8] and is the basis
of construction of the test rig presented in this paper. Here, the spring force (fspring in Equation 1) is
represented in a polynomial sense (i.e. fspring = kx+ k0x

2 + k1x
3).

mẍ+ cẋ+ kx+ k0x
2 + k1x

3 = f (3)

Assuming a symmetric cubic stiffness in the system, k0 = 0. The “hardening” stiffness condition occurs
when k1 > 0, while for the “softening” condition k1 < 0.

4 Test rig design

4.1 Theoretical considerations

For a thin fixed-fixed beam, undergoing vibrations of large amplitudes (greater than the thickness of the
beam), the stiffness coefficients in Equation 3 may be obtained using [8]:

fspring = 197.8
EIY

L3
+ 11.92

EAY 3

L3
(4)

Here Y is the deflection at the center point, E is the elastic modulus, A is the area of cross section, I is the
area moment of inertia and L is the length of the beam. Hence,

k = 197.8
EI

L3
; k1 = 11.92

EA

L3
(5)

Additionally, in the case of a thicker beam the polynomial stiffness may not come into the picture for the
same deflections seen by the thin, fixed-fixed beam referred to above.1 Figure 2 and Table 1 show the bending
mode shapes and natural frequencies of fixed-fixed and cantilever beams made of steel (E = 200 GPa, ν =
0.3, ρ = 7861 kg/m3).

1For the sake of simplicity, the terms “thin” and “thick” in reference to the beams will refer to the dimensions and boundary
conditions indicated in Table 1
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Figure 2: First three mode shapes of a fixed-fixed beam (left) and a cantilever beam (right).

Boundary Conditions “Thin” fixed-fixed “Thick” cantilever
Dimensions 431.8× 12.7× 1.5875mm 381× 12.7× 7.9375mm

Mode 1 39.4 Hz 44.58 Hz
Mode 2 108.6 Hz 279.41 Hz
Mode 3 212.9 Hz 782.36 Hz

Table 1: Theoretically evaluated beam bending modes for steel specimens.

4.2 Preliminary simulations

Three cantilever beams were combined as shown in Figure 3 to create a three degree-of-freedom system. The
modes of interest were the three combinations of the first bending mode of the cantilever beams, separated
in modal frequencies due to their connection with the thin beam at its various locations.

(a) Preliminary design for support structure (b) Junction of two beams

Figure 3: Preliminary test specimen as a single part, attached to the preliminary support structure.

There was also a need to design a support structure that would offer fixed supports to the specimen ends. The
goal for the design of such a structure was high stiffness in the frequency range of interest. Also, a “vertical”
orientation of the beam specimen was envisioned to prevent the static deflection due to gravity, which would
introduce asymmetry in the stiffness curve. To begin with, a steel frame made of hollow square pipes was
considered (Figure 3 (a)).

For initial simulations, welds, fillets etc. were ignored and all the connections were modelled as rigid. The
aim of the preliminary simulations was to investigate the modal frequencies of the specimen and the frame,
the interaction between them and to confirm the theoretical ideas.
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4.2.1 Test Specimen simulations

The rectangular contact surfaces were split and assigned a “fixed” support. The same material properties were
assigned as were used to derive the theoretical values of bending mode frequencies in Table 1. Meshing was
done using tetrahedral elements with edge controls applied to obtain a structured mesh, resulting in about
3500 elements. Element mid-side nodes were included to capture bending effectively, and the first eight
modes were computed (Figure 4).

Figure 4: The first eight modal frequencies for the preliminary test specimen, corresponding to the respective
mode shapes are, (a) 53.38 Hz, (b) 83.64 Hz, (c) 113.06 Hz, (d) 256.69 Hz, (e) 266.93 Hz, (f) 286.14 Hz, (g)
370.01 Hz, (h) 386.28 Hz.

The first three modes computed were the modes of interest, and were banded fairly close together - within
about 60 Hz and separated from the higher modes by about 150 Hz. The fifth, seventh and eighth modes
computed (Fig. 4 (e), (g) and (h)) indicated no modal displacement in the Z-direction. In an absence of
excitation in the X-Y plane, these were expected to contribute minimally.

4.2.2 Frame Simulations

For the box-beam frame, meshing was done with high relevance and fine sizing applied resulting in about
26,000 elements. The bottom face was fixed and the first eight mode shapes were computed, as shown in
Figure 5.

The second, fifth and eighth modes (Fig. 5 (b), (e) and (h)) indicated deflections in the X-Y plane and hence,
were discarded from future considerations. The rest of the modes having deflections in the Z-direction
especially the first and third modes (Fig. 5 (a) and (c)) needed to be pushed higher in frequency by stiff-
ening the structure appropriately. The interaction between the specimen and the structure can be clearly
seen in the results shown in Figure 6. The first eight modes computed were closely spaced with respect
to modal frequencies. The fourth and eighth modes (Fig. 6 (d) and (h)) apparently required stiffening for
non-interference with the specimen’s modes of interest. Modes with deflections in the X-Y plane were not of
importance again, since the Z-direction displacements were under consideration. Even so, it was recognized
that the ideal application of unidirectional forces would be difficult.
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Figure 5: The first eight modal frequencies for the preliminary frame structure, corresponding to the respec-
tive mode shapes are, (a) 153.91 Hz, (b) 231.97 Hz, (c) 279.43 Hz, (d) 831.85 Hz, (e) 899.77 Hz, (f) 1044.5
Hz, (g) 1116.4 Hz, (h) 1315.7 Hz. The undeformed shape is also shown for easy visualization.

Figure 6: The first eight modal frequencies for the preliminary assembly of the frame and test specimen,
corresponding to the respective mode shapes are, (a) 52.734 Hz, (b) 83.018 Hz, (c) 112.35 Hz, (d) 153.98
Hz, (e) 229.26 Hz, (f) 252.15 Hz, (g) 263.65 Hz, and (h) 279.09 Hz.
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4.2.3 Static simulation

A static structural simulation was carried out for the assembly in the preliminary stage to confirm the cubic
stiffness characteristic. The ramped input force was assigned at the junction of the thin (lateral) and the
middle, thick (vertical) beam, labelled as node ”A” (Figure 7). Using the large deflection FEM analysis
[9], a plot of the reactionary force and the displacements of the three junctions marked in Figure 7 as “A”,
“B” and “C” was created (Figure 7), in which the hardening characteristic is clearly observed (compare with
Figure 1, hardening stiffness).

Figure 7: Mesh for the preliminary assembly for static analysis (left). The labels for the named selections of
nodes at the center, left and right junctions are “A”, “B” and “C” respectively. Geometric hardening observed
by plotting the applied static force at the center (A) junction, against the deflection caused by it at locations
of the left (B), center(A) and right (C) junctions (right).

4.3 Finalizing the design

Figure 8: The solid model rendering of the final nonlinear test rig assembly.
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Using the discussed simulation results, various configurations of stiffening members for the support structure
were evaluated by means of similar FE workflows. The rendering of the final test rig is shown in Figure 8.
The Y-Z motion was stiffened by two gussets and the X-Y plane motion was stiffened by a single smaller
gusset. The final assembly’s modal simulation results are shown in Figure 9.

Figure 9: The first eight modal frequencies for the final assembly, corresponding to the respective mode
shapes are, (a) 54.548 Hz, (b) 85.74 Hz, (c) 119.13 Hz, (d) 266.76 Hz, (e) 275.52 Hz, (f) 288.22 Hz, (g)
310.43 Hz, (h) 382.23 Hz.

For the modal simulation of the final test rig assembly meshing was done in a structured manner. Since the
model was of greater complexity than the previous, simplified models, care was taken to include at least three
layers of elements to capture bending effectively. Even so the mid-side nodes were included. The bottom
plate was assigned a fixed boundary condition. The modal frequencies varied slightly from the previous
results. This was mainly because of addition of stiffening members and small changes in the length of the
beam due to manufacturing considerations like fillets and chamfers. A static stiffness curve was also plotted
similar to Figure 7, and is shown in Figure 11.

4.4 Practical considerations

Post manufacturing, a few practical adjustments were made for the test rig’s installation.

• The bottom surface of the base plate was skimmed flat to remove distortions resulting from welding
operations. The base plate was then dog-clamped to a concrete isolation block, with rubber elements
between all connection points between the rig and the ground.

• The test specimen was clamped onto the support frame and an equal torque of 3N.m was applied to
all screws holding the specimen in place.

• With alternate placements of the support blocks and the shims holding the specimen in position, it is
also possible to create clearance nonlinearity for further investigation.

5 Testing for model validation

5.1 Stiffness curve

The experimental setup is shown in Figure 10. A fishing line strung over a pulley with masses on one side
was attached to the central node of intersection between the lateral and vertical beams. The force applied
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due to the tension in the string was continually increased by placing masses of known value on the other end
of the fishing line. The deflections of the three junctions were recorded using three dial gauges.

Figure 10: Fishing line wound over a pulley with a hanger with known masses on the other side, pulling on
the center junction (left). Dial indicators attached magnetically to the frame to measure displacement (right).

Figure 11: Comparison of static curves obtained experimentally and from the finite element model (left) and
cubic polynomial fit for the static stiffness curve (right).

The applied static force was then plotted against the recorded deflections, to verify the cubic stiffness char-
acteristic. Since the experiment was only performed for unidirectional force, and the agreement with the
simulation results was good, the simulation values were used to obtain a cubic curve fit for positive and
negative deflections (Fig. 11). The equations for the fitted curves in Figure 11 are shown in Table 2.

Spring force(fspring) = kx+ k1x
3

Left and Right Junctions fspring = 11750.1x3 + 218x

Center Junction fspring = 2034.2x3 + 114.25x

Table 2: Curve fit equations showing stiffness coefficients.

5.2 Impact testing

The wire-frame model indicating the reference and response points for impact testing is shown in Figure 13.
Data acquisition was carried out using X-Modal III with a VXI system. The test specimen was instrumented
with uniaxial (PCB 352C23) accelerometers having a nominal sensitivity of 0.5 mV/(m/s2) and weight of
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0.2 grams while the support structure was instrumented using the larger uniaxial (PCB B352A56) accelerom-
eters. Impacts on the specimen were performed using the PCB 086D80 “mini” hammer, while those on the
frame were performed by the larger PCB 086C01 hammer (Fig. 12).

Figure 12: Sensors used for impact testing (bottom to top) PCB 352C23 accelerometer, PCB B352A56
accelerometer, PCB 086D80 impact hammer and PCB 086C01 impact hammer.

Figure 13: Instrumented test rig (left) and the corresponding wire-frame model (right).

5.2.1 Impacts on the support frame

Impacts were performed using an acrylic tip on the PCB 086C01 hammer (Fig. 12). The maximum frequency
limit was set to 1600 Hz, with a frequency resolution of 0.5 Hz.
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Figure 14: Complex Mode Indicator Function (CMIF) for impacts on the frame (bottom). A comparison
with the CMIF with test specimen responses sieved out (top) indicates the modes circled do not appear in the
figure at the top and are the test specimen modes of vibration.

The Complex Mode Indicator Functions (CMIFs) obtained from the Frequency Response Functions (FRFs)
are shown in Figure 14 for the case with all the response degrees of freedom included and where those from
the test specimen are sieved out.

The frame mode shapes obtained from modal parameter estimation are shown in Figure 15. These were
about 300 Hz above the highest mode of interest, and hence would cause minimal interference modally.

Figure 15: Modes of deflection at 412.41 Hz (left) and 532.75 Hz (right), obtained using impact testing on
the frame and observing acceleration data on the frame.
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5.2.2 Impacts on the test specimen

Figure 16: Frequency response functions for an impact on location 2 on the test specimen. The blue FRFs
represent the responses from locations 1-10 on the test specimen, while those in red correspond the responses
from the locations 102, 105, 106, 107, 108 and 111 on the frame.

The smaller PCB 086D80 was used with two rubber coverings on the tip to reduce high frequency overloads
[10]. The frequency content was limited to 1000 Hz. Due to the lightness of the specimen and low damping
of the system, double impacts and high frequency overloads were a recurring issue. Even so, for a preliminary
check, the modal frequencies needed to be observed and impact testing provided sufficiently usable results.

As can be observed from Figure 16, the frame’s response is not much more than the noise floor for the test
specimen’s response. This validates that the frame provides an almost rigid support in the frequency range
of interest, marked by the vertical cursor in Figure 16.

Figure 17: CMIF for impact on test specimen, with responses from the frame sieved out.

1256 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 18: Experimentally obtained mode shapes using RFP-Z MPE algorithm in the range 20 Hz to 600
Hz.

From the Figure 17, the modes of interest can be identified to be at 48.2 Hz, 71.5 Hz and 99.5 Hz. A more
complete set of mode shapes were computed using the Rational Fraction Polynomial - Z domain (RFP-Z)
[11] in the frequency range 20-600 Hz and can be seen in Figure 18. The modal frequencies and shapes
are compared to the frequencies from the simulation (in brackets) and are in general agreement with the
simulation values. Due to the scope being limited to construction of a real nonlinear system, verification of
the finite element model was not deemed necessary.

Impact tests were also carried out using the larger hammer with a view to elicit large deflection nonlinearity
from the test specimen. Frequency content was limited by using a soft tip on the larger hammer (as seen in
Fig. 12).

Figure 19: Comparison of coherence for the linear and nonlinear case ((a) and (c) respectively), and for the
magnitudes for the linear and nonlinear case ((b) and (d) respectively).

As can be seen from visual comparison in Figure 19, the FRF was distorted for the “nonlinear” case. The
low coherence observed also indicated that the nonlinearity in the measurement was not being captured by
the linear formulation. Even though averaging was performed, which subdues the nonlinear characteristics,
the test was carried out as proof of concept that when subjected to large deflections, the specimen would
exhibit a cubic, hardening stiffness characteristic [3].
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6 Conclusion

The iterative process behind the design of the nonlinear vibration test rig has been outlined. The experimental
and simulation static stiffness curves match closely, and were approximated by cubic polynomial fits. The
support structure was shown to interact minimally and provided a practically rigid base for the multi-degree
of freedom test specimen. The modal frequencies of the test specimen were in general agreement with those
obtained from finite element simulations, and the differences may be minimized by applying model updation
techniques to the finite element model. Acquisition of data using impact testing was challenging due to
presence of high frequency overloads and difficulties in eliminating double impacts.

Overall, the test rig provided an excellent specimen for gathering real data sets from a nonlinear system
having hardening stiffness in multiple degrees of freedom. The design was kept modular and as an example,
testing may be done by rotating the test specimen by 90◦ in addition to introducing clearances at contact
locations.
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Abstract
This paper proposes an innovative fully automatic target definition procedure to fill in the Multiple-Input
Multiple-Output (MIMO) random reference matrix in cases where no information about the CSD terms is
available. The developed method yields a set of coherences and phases of the CSD terms that is able to
minimize the drives power needed to reach the test specifications. Additionally, the retrieved target complies
with the required property of the spectral density matrix being positive semi-definite and with the constraint
imposed on the PSDs, considered as test specifications. A series of tests with a three-axial electrodynamic
shaker is carried out comparing the proposed target definition procedure with respect to other state-of-the-art
solutions.

1 Introduction

Vibration control tests are performed to verify that a system and all its sub-components can withstand the
vibration environment during the operational life. These tests aim to accurately replicate via controlled
shaker excitation the in-service structural response of a unit under test in the main axis of vibration and in all
the possible axes where the levels exceed the acceptance thresholds [1].
Due to the multidirectional nature of the field environments, multi-axis random control tests are the nowadays
best solution to represent real-life structural responses of test specimen [2], [3], [4]. Although several works
[5], [6], [7] underline the advantages of using Multiple-Input Multiple-Output (MIMO) vibration control
strategies, their practice still needs to grow. The high degree of expertise needed to perform these tests and
decades of single axis controlled excitation built meanwhile a legacy of Single-Input Single-Output (SISO)
standards that currently represent the main reference for the environmental test engineers. For these reasons
nowadays MIMO vibration control tests are still considered as a pioneering testing methodology.

There are different types of MIMO tests (random, sine, time waveform replication), depending on the envi-
ronment a test article needs to be exposed. For automotive and aerospace systems and subsystems, a random
vibration test is required for all the main mechanical and electrical components. This type of test is performed
to simulate the response of the unit under test to a broadband random Gaussian vibration environment. For
the SISO case the test specification is a Power Spectral Density (PSD, usually in g2/Hz) profile that needs
to be replicated for a user-defined control channel by exciting the unit under test with a single-axis shaker.
In the MIMO case, it is possible to define required test levels for multiple control channels that will be con-
trolled simultaneously. Additional information about the cross-correlation between the control channels is
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also included. This information must be provided in terms of Cross Spectral Densities (CSDs) between pairs
of control channels defining desired phase and coherence profiles [4], [8], [9]. The definition of these terms
is essential to also replicate the cross-correlation that naturally exists between difference responses. These
terms are also controlled by modern vibration controllers. For these systems the control target is thus a full
reference Spectral Density Matrix (SDM). The target definition process plays already a key role for MIMO
random control tests as documented in recent studies [10], [11].
Theoretically, a successful MIMO random control test can be performed in case the operational environment
is fully replicated in the laboratory. As pointed out in [2], unfortunately operational measurements are not
always available and often the test specifications are provided just in terms of PSDs at the control locations.
This is due to several reasons. First of all, the gradual transition from sequential SISO testing to simultaneous
multi-axial testing needs to face the aforementioned legacy of SISO standards and specifications, provided in
terms of PSDs. Second, the standardization of the CSD terms is impractical to implement in a specification
due to a lack of knowledge that makes challenging (and even impossibile) to average, smooth or envelope
coherence and phase information from different operational conditions. In this case, the choice of setting
appropriate values to fill in the full reference matrix must reflect the desires of a knowledgeable environ-
mental test engineer [2]. Defining the reference matrix with no a-priori knowledge of the cross-correlation
between control channels is very challenging. Filling in the off-diagonal terms, in fact, must guarantee that
the reference matrix will have in the end a physical meaning (realizable). This is translated in the algebraic
constraint that this matrix needs to be positive semi-definite and at the same time the test needs to guarantee
the required PSDs at the control locations. The solution of finding a full reference matrix with fixed PSD
terms is not unique. These considerations reflect the need of having a method rather than standardized values
to define the specification of a multi-axial test.

The objective of this work is to provide a fully automated method to define the MIMO random reference
matrix in case of missing operational measurements and the test specifications are provided in terms of
(SISO) PSDs only. The full reference matrix returned by the method needs to be positive semi-definite in
order to be used for actual testing and ensure good narrowband control performances on the provided PSDs.
In [12] a solution to the aforementioned problems has been shown to be directly linked to the solution of
the so-called problem of meeting the minimum drives criteria [2]. In [12] the author proposes the so-called
Extreme Input/Output method. The idea behind the method is to find the CSDs that minimize the input
power required to reach the (specified) PSDs. Unfortunately, this target definition procedure is not able to
guarantee that the final target will be positive semi-definite. This makes the method not suitable for practical
testing, as will be shown in the section 2. This issue is further tackled by the same author that proposes, in
the later work [13], a constrained optimization algorithm to superimpose the required property.
Extending the work of Smallwood [12], rather than solving an optimization problem as proposed in [13], the
fully automated procedure developed in this paper, named Minimum (Maximum) Drives Method, makes use
of a direct phase selection as introduced in [14] and [15], to overcome the limitation of obtaining positive
semi-definite target matrices.

Following this introduction, Section 2 explains the mathematical formulation of the Minimum (Maximum)
Drives Method. In Section 3, a series of normal-end tests will be used to validate the developed procedure
using an electrodynamic three-axial shaker. An industrial test case is considered to show how the method
can be applied for testing automotive components.

Since in this work most of the derivations are in the frequency domain, all the arrays are functions of the
frequency f (in Hz), if not specified otherwise. Vectors are denoted by lower case bold letters, e.g. a, and
matrices by upper case bold letters, e.g. A. An over-bar� is used to indicate the complex conjugate operation
and the Hermitian superscript �H to indicate the complex conjugate transpose of a matrix, e.g. a and AH .
The dagger symbol �† is used to indicate the Moore-Penrose pseudo-inverse of a matrix, whereas the hat �̂
is used to emphasize the estimation of a quantity, e.g. Â is an estimate of the matrix A.
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2 Drives power reduction procedure

In a MIMO random control test where m inputs (the so-called drives) and ` outputs (the so-called controls
or pilots) are considered, if the full dynamic system is linear and time invariant, it is possible to write the
Input-Output relation in terms of SDMs as [16]

Syy = HSuuH
H (1)

where Syy ∈ C`×` and Suu ∈ Cm×m are the output SDM and the input SDM respectively, and H ∈ C`×m

is the Frequency Response Functions (FRFs) matrix.
The objective of the MIMO random vibration control test is to replicate a full referecnce SDM Sref

yy . The-
oretically, the test target can be directly achieved by sending the input drives that have the specified input
spectral density matrix [17].

Suu = ZSref
yy Z

H (2)

where the Z = H† ∈ Cm×` is often referred as the System’s Mechanical Impedance Matrix.
In case a full set of measurements is not available and test specifications provided in terms of PSD-only
breakpoints, the choice of setting the cross-correlation information between pairs of control channels is
given to the test engineer. Most of the MIMO vibration controllers give the possibility of defining element-
wise the CSDs in terms of (ordinary) coherence and phase profiles [2] (typical values of low coherence and
high coherence are 0.01 - 0.05 and 0.95 - 0.98, respectively). All the CSDs are then easily computed as

Sjk = |Sjk| exp(iφjk) =
√
γ2jk SjjSkk exp(iφjk) ∀j, k j 6= k (3)

where i is the imaginary unit and j and k are the j-th and the k-th control channels, respectively.

2.1 The state-of-the-art solution: Extreme Inputs/Outputs Method

The idea of the method proposed in [12] is to find, with fixed PSD levels, the set of coherences and phases
between the control channels that minimizes the trace of the drives SDM. The choice of the drive trace as
quantity to be minimized is undoubtedly advantageous because a closed form expression can be derived
in terms of the specified PSDs and the unknown coherences and phases between pairs of control channels.
Considering the basic equation (2) for Linear Ttime Invariant (LTI) systems, the diagonal terms of the input
SDM can be expressed as

Suu,ii =
∑̀

j=1

∑̀

k=1

ZikS
ref
yy,jkZ̄ij ∀i = 1 : m (4)

The trace of the drives SDM is the sum of the diagonal terms [18], where for the sake of brevity, the super-
script �ref will be dropped in the following derivation

P = Tr(Suu) =
m∑

i=1

(∑̀

j=1

∑̀

k=1

ZikSyy,jkZ̄ij

)
=
∑̀

j=1

∑̀

k=1

Syy,jk

m∑

i=1

Z̄ijZik (5)

where the single sum on the right-hand-side of equation (5) can be interpreted as the kj-th entry of an
hermitian matrix F , ZHZ.
By noticing that Sref

yy needs to be hermitian too, the trace P must be a real number [18] and equation (5) can
be rewritten as

P =
∑̀

j=1

∑̀

k=1

Syy,jkFkj =
∑̀

j=1

Syy,jjFjj + 2
`−1∑

j=1

∑̀

k=j+1

|Syy,jk||Fjk|cos(φjk − θjk) (6)
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where Sjk = |Sjk| exp(iφjk) and Fjk = |Fjk| exp(iθjk).
Equation (6) is explicit in the unknown reference matrix CSD terms. By using the relation (3), equation
(6) can be finally expressed in terms of coherences and phases between the pairs of control channels (the
information that needs to be provided to the vibration controller)

P =
∑̀

j=1

Syy,jjFjj + 2
`−1∑

j=1

∑̀

k=j+1

√
γ2jk
√
Syy,jSyy,k |Fjk|cos(φjk − θjk) (7)

The matrix F can be easily computed from the identified system Ĥ, and therefore the terms |Fjk| and θjk can
be considered as known quantities. Also the PSD terms are known and considered as test specifications. The
first term on the right hand side of equation (7) is always positive and fixed for the given test specifications
and test setup. The second term contains the quantities φjk and γ2jk, unknowns of the target definition
procedure. This term can be negative because of the cosine contained in the double sum and can therefore
be a negative contribution, reducing the drive trace.
The expression in equation (7) has a minimum (maximum) when the coherences are all unitary and the
cosines all equal -1 (1). This observation leads to the following conditions (addressed here as Extreme
Drives Conditions) that lead to the theoretical minimum (maximum) drive traces

P is minimum ⇐⇒
{
γ2jk = 1

φjk = θjk + π
∀j, k = 1 : `, j 6= k (8a)

P is maximum ⇐⇒
{
γ2jk = 1

φjk = θjk
∀j, k = 1 : `, j 6= k (8b)

In the following the conditions (8a) and (8b) will be referred as the Minimum Drives Condition and the
Maximum Drives Condition, respectively. All the other possible combinations of coherences and phases
return drive traces that fall in the range between the minimum and the maximum value.

2.2 Proposed solution: Minimum (Maximum) Drives Method

Condition (8a) requires to fill in the MIMO reference matrix element by element with
(
`(` + 1)/2 − `

)

unitary coherence and phase profiles equal to the (θ + π) phase angle of the F matrix corresponding entry
(the same considerations hold for (8b)). This could result in the reference matrix being negative definite. A
mathematical proof can be found by analyzing the simple case of three control channels. Stated that the only
physical values that the coherence can assume are between 0 and 1, for the reference matrix to be positive
semi-definite it is necessary and sufficient that the Sylvester’s Criterion holds [18] and therefore that

det(Sref
yy ) = 1− γ212 − γ213 − γ223 + 2 cos(φ12 − φ13 + φ23)

√
γ212 γ

2
13 γ

2
23 ≥ 0 (9)

Unitary coherence implies also the cosine to be unitary, in order for the determinant to be greater or equal
than zero and thus the cosine’s argument must nullify

{
det(Sref

yy ) ≥ 0

γ212 = γ213 = γ223 = 1
⇒ φ12 − φ13 + φ23 = 0 (10)

A strong deterministic relation needs to exist between the phases to be selected. This can be physically
explained by associating these phases to the ones of the respective recorded spectra, as shown in Figure 1.
Setting the phases φ12 and φ13 means to set a relative constraint in the phase information carried by the
two pairs of recorded signals, i.e. that between controls 1 and 2 and controls 2 and 3 there are phase angles
(in radians) of φ12 and φ13, respectively. Therefore, the phase φ23 between the control channels 2 and 3
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Figure 1: Example of phase relation for three fully coherent control channels. Given the phases φ12 and φ13,
the phase φ23 is unequivocally defined as the difference between the other two.

is unequivocally defined as the difference between φ13 and φ12. Keeping unitary coherence, equation (10)
highlights that, unless the (θ + π) angles does not already respect the aforementioned relation, a physical
realizable target to be used for testing purposes cannot be set with the conditions (8).

Nevertheless, equation (7) still provides a solution to reduce the drives power. A positive semi-definite matrix
can be obtained, according with the condition (8a), selecting just (` − 1) phases equal to the respective
(θ + π) phase angles whereas all the others needs to be obtained in order to fulfill the condition (10), i.e. as
the difference between the selected ones. This means that an automatic target definition procedure can return
positive semi-definite reference matrices and drastically reduce the drives power (without any modification
on the PSDs) if these (` − 1) phases are opportunely chosen and the remaining ones calculated in order to
agree with this simple principle. Depending on the value of the resulting phase angle, they can contribute or
not to the drive trace’s reduction. It is worth to notice that, increasing the drive traces with respect to the one
obtained from the standard method, is a direct consequence of the resulting reference matrix being positive
semi-definite. A negative definite matrix can have a reduced traces due to the effect of negative eigenvalues
(potentially, in the standard method, nothing prevents the drive traces to be also negative). In order to
guarantee the biggest trace reduction, the (` − 1) chosen phases can be defined as the one corresponding
with the vectors with biggest amplitude |Fjk|

√
Syy,jj Syy,kk. More details of the proposed procedure can be

found in [19].

The same procedure can be applied choosing the phases according to the condition (8b) in place of the
condition (8a), hence maximizing the drive traces. However, although the advantages of having reduced
drives are clear, the applicability (rather than purely comparative) of a method that requires maximum drives
is still under investigation.

3 Test Cases

In order to show the general applicability of the algorithm, the Minimum (Maximum) Drives Method is
tested with the electrodynamic three-axial shaker Dongling 3ES-10-HF-500 at the University of Ferrara,
shown in Figure 2. This advanced actuation system is an assembly of three independent electrodynamic
shakers, connected via a patented coupling hydrostatic bearing. The head expander is a squared 0.5 m plate
with blunt corners and a total mass of 14 Kg. As data acquisition system and vibration controller, a Siemens
LMS SCADAS Mobile SCM205V is used, driven by Simcenter LMS Test.Lab MIMO Random Control.
More details related to the applicability of the algorithm can be found in [19], where the developed procedure
is tested considering different actuation mechanisms, number of drives and control channels.

Two different series of tests are performed. First, the bare head expander (HE) is tested for the maximum al-
lowed bandwidth. Subsequently, an automotive component is tested in a single simultaneous three-axial test
to match the single axis specifications (longitudinal, lateral and vertical) in a simultaneous three-axial test.
In order to avoid possible energy sinks associated with the pseudo-inversion, just square well-conditioned
configurations are considered with realizable PSDs [20].
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Figure 2: Dongling 3ES-10-HF-500 three-axial shaker at the University of Ferrara.

All the results are shown for normal end tests, meaning that the full level (0 dB) has been successfully run
for 1 min (within the abort limits). The results in terms of control SDM are just shown for the tests run with
the Minimum Drives Target. These results are illustrated in a matrix subplot fashion. The subplots on the
diagonal show the reference profiles and the PSDs achieved at the normal end, together with the abort and
alarm thresholds; in the upper and lower triangular parts of the plot the amplitude (in g2/Hz) and phases
(in degrees) of the upper triangular CSDs are reported, respectively. Since the matrices are positive semi-
definite and therefore hermitian, the subplots are also representative for the lower triangular CSDs (complex
conjugates). It is fundamental to notice that for the same test setup, different tests are run with the same PSD
profiles, considered as test specifications, and different CSDs, coming from the application of the Minimum
Drives Method and also with common choices of coherence and phases between control channels.

To show the advantage of the developed procedure, the comparison with other choices for the CSDs is shown
in terms of:

• predicted drives RMS from a system verification run prior to the test (to check the tests levels). These
values are simply the RMS (over the selected bandwidth) calculated from the drive PSDs returned by
equation (2);

• drive traces, to show the narrow band drive traces reduction;

• drive traces RMS, as global indicator for the drives’ power reduction. During the test narrowband
unpredictable differences could arise due to the several reason, such as the randomness of the process,
the on-line control action that tunes the drives to match the target and/or system’s non-linearities.
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(a) bare head expander test configura-
tion.

(b) test configuration with the EGR valve
mounted on the head expander, top view.

(c) test configuration with the EGR valve
mounted on the head expander, side view.

(d) test configuration with the EGR valve
mounted on the head expander, front view.

Figure 3: test configuration for the tests performed with the three-axial shaker at the University of Ferrara.

3.1 Bare head expander

The HE is tested in the full frequency range allowed by the shaker’s manufacturer ([10− 2000] Hz) with the
test configuration shown in Figure 3a and a frequency resolution of 1.5625 Hz. The control channels are the
X, Y and Z axis of the accelerometer C1. The bandwidth pushes the limits of the shaker system. In order to
get meaningful PSDs to be set as diagonal elements for the MIMO random control test, an open-loop pre-test
is run with uncorrelated drives (pseudo random signals with a random phase randomization). The X, Y and
Z response RMS levels are 1.29, 1.25 and 1.45 gRMS, respectively.

Figure 4 shows the predicted drive levels VRMS and their sum from the pre-test System Verification. The
different bars correspond to different choices in defining the CSDs. In the figure, the threshold for the
overload of the data acquisition DAC is also reported. The figure allows to make some considerations.
Low coherence between responses does not mean low power, as shown via the equation (8a). The phase
information set between the control channels is playing a major role. Choosing the phases with the Minimum
Drives Method returns minimum predicted drives power, compared to the other choices.

It is relevant to notice that the method shows a reduction of the single drives VRMS. In case the test levels
need to be increased, the method provides the biggest scaling factor. In case the same test levels are kept,
choosing the CSDs with the Minimum Drives Method preserves the shakers and the amplifiers, subjected to
lower voltages.

The control results for the normal end test with the target set with the Minimum Drives Method are shown in
Figure 5 and the resulting drive traces are reported in Figure 6. The drive traces of the tests run by setting the
CSDs with the Minimum and the Maximum Drives Method bound the drive traces returned by other phase
and coherence selections.
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Figure 4: predicted drives and their sum, for the tests performed on the bare head expander with reference
PSDs from an open loop pre-test.
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Figure 5: MIMO random control results (solid blue curve) for the test performed on the bare head expander of
the three-axial shaker by setting the target (solid green curve) with the Minimum Drives Method. PSDs (di-
agonal subplots) and CSDs amplitudes (upper triangular subplots) in g2/Hz, phase angles (lower triangular
subplots) in degrees. The solid red and dashed orange lines are the abort and alarm thresholds, respectively.
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Figure 6: drive traces for the tests performed on the bare head expander with reference PSDs from an open
loop test.

3.2 Automotive test article: Exhaust Gas Recirculation (EGR) valve

The successful tests motivated to use the Minimum Drives Method on an automotive OEM (Original Equip-
ment Manufacturer) component to be tested to random vibration in the three different directions. The test
specification are defined in terms of PSDs only, inherited from single axis test standard practices. The
automotive component tested is an Exhaust Gas Recirculation (EGR) valve, used to reduce the internal com-
bustion engines emissions. The test configuration is shown in the Figures 3b, 3c and 3d. For these tests,
the same control channels adopted for the bare head expander test case are used. The PSD shapes come
from single axis test specifications. They are defined in the frequency range [10− 500] Hz, with a frequency
resolution of 1.5625 Hz.
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Figure 7: predicted drives and their sum, for the tests with the EGR valve mounted on the head expander.
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Figure 8: MIMO random control results (solid blue curves) for the test performed with the EGR valve
mounted on the bare head expander of the three-axial shaker by setting the target (solid green curve) with
the Minimum Drives Method. PSDs (diagonal subplots) and CSDs amplitudes (upper triangular subplots)
in g2/Hz, phase angles (lower triangular subplots) in degrees. The solid red and dashed orange lines are the
abort and alarm thresholds, respectively.
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Figure 9: drive traces for the tests performed with the EGR valve mounted on the head expander.

The predicted drive voltages are illustrated in Figure 7 and show again the drives reduction obtained by
the method. In this application the advantage in terms of voltage’s reduction is evident but less significant
compared to the previous test case. This is due to the reduced bandwidth, limited to a region where the
cross-coupling between orthogonal axes is small and therefore the reference matrix’s CSDs influence on the
drives power reduces consequently.

Figure 8 shows the narrowband results of the MIMO random control process, with the response SDM con-
trolled to achieve the Minimum Drives Target. The difference in the narrowband drive traces at the normal
end can be seen in Figure 9, plotted in linear scale. The Minimum Drives Method shows a non negligible
drives trace reduction. In the figure the theoretical Minimum (Maximum) drives trace are also reported.
These traces are calculated substituting in equation (2) the response SDM with the target obtained applying
the developed method and the system’s FRF matrix with the one obtained from the system identification.
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The only region with an unexpected behavior is a narrow band around 300 Hz, possibly due to the control
action performed to try to control the system’s non-linearities. The adaptive feature of the Siemens LMS
MIMO Random Control can cope with system non-linearities, as shown in the good control results of Figure
8. On the contrary, the assumptions made to derive the Minimum Drives Target will be no longer valid and
the effects of the drives correction could be unpredictable.

4 Conclusions

This paper proposes the Minimum (Maximum) Drives Method as innovative target definition procedure for
MIMO random control tests. The only information needed for this target definition method is the System
Identification, anyhow required for the vibration control algorithm, and the PSD profiles, representing the
test specifications. The target definition process can therefore be fully automated.
With the developed procedure it is possible to generate the missing CSDs in such a way that (i) the reference
matrix is positive semi-definite in the whole test bandwidth and (ii) the drives power needed to reach the test
specifications (the PSDs) is systematically reduced with respect to other possible state-of-the-art solutions.
These features open the possibility to candidate the proposed methodology as attractive solution to the prob-
lem of meeting the minimum drives criteria and therefore to be included in the current standard practice for
multi-axial testing.
Compared to standard choices or methods currently used to fill in the CSDs, the added value of reducing the
total drives power is undoubtedly advantageous: for fixed test response levels, it guarantees that the delicate
and expensive excitation hardware (shakers and amplifiers) is driven with reduced voltages. In case the test
levels need to be increased, the proposed solution would allows a maximum scale factor.
Furthermore, the generated targets incorporate information coming from the system identification, that could
result in exciting the system in agreement with its dynamic behaviour.
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Abstract
In order to analyze the dynamic behavior of aircraft fuselage structures in the mid to high frequency range a
large number of measurement positions is necessary. This is especially true if advanced methods of evaluation
like structure intensity analysis (STI) are to be used. The amount of measurement positions necessary for the
vibroacoustic evaluation of full sized aircraft fuselage structures has previously been shown to be in the order
of multiple thousands requiring extensive measurement campaigns using hundreds of rowing sensors and a
large team working for weeks. Presented here is a novel approach to Laser-Doppler-Vibrometer (LDV) based
measurements of aircraft fuselages. A mobile laser scanning system capable of fully automatic vibration
measurements of fuselage sections using a commercial single-point LDV was developed. The system can
be deployed within the excited structure due to its vibration isolation and is able to autonomously match a
predefined measurement geometry with the real structure using only a couple of reference markers.

1 Introduction

The vibration analysis of complex aircraft fuselage structures in the mid-frequency range requires a dense grid
of measurement points. In 2014 the German Aerospace Center (DLR) measured and analyzed the dynamic
behavior of the A400M acoustics fuselage demonstrator [1, 2], an actual aircraft fuselage re-purposed as
a laboratory structure located at the Helmut Schmidt University of the Federal Armed Forces in Hamburg.
Vibrations data was acquired at a total of approximately 2800 measurement positions with accelerometers
deployed in a rowing sensor grid process. A total of 4 different excitation positions was used. Due to project
requirements the campaign was repeated after several changes to the fuselage demonstrator. Each measure-
ment campaign took a team of 5 scientists and technicians a total of 4 weeks. While the data was of high
quality regarding signal-to-noise ratio an analysis at higher frequencies than 150 Hz was only possible using
methods of spatial averaging [3], as the grid density was not sufficient.

In 2016 DLR performed another measurement aiming at the dynamic characterization of an aircraft fuselage
structure, the Flight-LAB Acoustics Demonstrator [4, 5] located at the ZAL in Hamburg. The data needed
to be of sufficient spacial density to allow for the updating of the Finite-Element-Model up to a frequency
of 300 Hz. This was made possible by measuring a total of approximately 12000 positions using, again,
accelerometers in a rowing grid configuration. The measurement was performed within 4 weeks. The higher
number of measurement positions was possible due to trade-offs in data quality versus installation speed,
no mass dummies were used and the sensors were fixed using wax instead of threaded mounts, and the
Flight-LAB structure being more accessible than the A400M fuselage due to its lower diameter and central
floor.

Both measurements were quite successful but several problems arose: The team members needed to carefully
place and move hundreds of sensors following a predefined pattern and eventually evaluate the results and
dismantle the system. This workflow is accompanied with a lot of repetitive work that demands concentration
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and precision throughout the measurement campaign over the course of weeks. As every sensor also requires a
wired connection to the measurement system a lot of effort is put into sustaining organized cable management.
Overall the process is prone to errors alleviated only by constant on-site checks and occasional repetitions of
configurations. In addition having a team of 4 to 5 people working for weeks is quite expensive and makes
new measurements to confirm the effect of smaller changes to the structure unlikely due to cost and time
constrains.

To alleviate these problems DLR developed a highly specialized laser scanning system dubbed ‘fuselage laser
scanner’ (FLS). This system utilizes a single point Laser-Doppler-Vibrometer (LDV), a sensor allowing for
velocity measurements along an optical axis and quite common in vibration measurements. A problem with
LDV measurements [6] is the angle of incidence of the laser beam on the structure. The designed system is
specifically built to measure aircraft fuselages or similar cylindrical structures. By designing the system to be
deployed within the vibrating structure and close to its radial center the angle of incidence can be kept close to
90◦ for every measurement position, reducing the need for angular corrections. In addition the scanning unit
is modular in longitudinal direction, in principle allowing for a cylinder of extreme length to be measured.

The system is designed to autonomously perform the task of acquisition and excitation of vibration data. It
can be deployed and configured in a couple of hours by a 2 person team and performs the measurement
automatically and without the need of downtime resulting in very cost efficient measurements. Due to a single
point LDV based system operating effectively in serial mode, i.e. measuring one point after another, this
does not necessarily transfer into an advantage when considering total measurement time depending on the
parameters chosen. By designing the system to autonomously map its internal coordinates to a given structure
and measurement grid once a couple of reference markers are glued to the target near perfect reproducability
of tests is achieved. In principle a given structure can be reevaluated after every structural change if time
allows. Without the need of a sizable team the costs for measurements are low.

To show the system is able to perform as designed several test were conducted. Besides smaller, component-
wise laboratory tests of the system, a proof of usability in its intended environment was provided by two tests
utilizing the system within actual aircraft structure. The system was used once within DLR’s DO728 aircaft
as seen in Fig. 1 and another test was conducted returning to the A400M acoustics fuselage demonstrator.

Figure 1: The fuselage scanning system deployed at the D728. Due to time constrains the fuselage was not
completely freed of additions and secondary structures.
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2 System overview and features

The fuselage scanning system is utilizes on a single-point LDV (PolyTec OFV-505) mounted at one end of
an aluminum beam of variable length. A carriage carrying the scanning mirror, a digital camera (AVT Mako
G-032 Mono 12) and a light source is placed on top of this beam. It is able to move along the beam utilizing
a ‘rack-and-pinion’ setup allowing for a simple extension of the systems longitudinal span by adding more
beams. The traverse beam is placed on top of two or more crossbeams.

Currently the system can be set up either with a 3 m or 6 m span. Expanding beyond this range can be done by
getting more beams, longer cables and an accompanying cable carrier as long as the maximum measurement
range of the vibrometer of up to 300 m (depending on the lens used with the Polytec OFV-505) is not exceeded.
Utilizing two small brushless servomotors chosen from the Novotron NN3 series for their high precision
encoders and the availability of controllers with CANopen protocoll support the carriage is the only moving
part of the system. The LDV itself stays fixed at one end of the beam.

(a) Overview of the system setup in short configuration with a 3 m beam (b) Close-up of the scanning head.

Figure 2: The Laser-Doppler-Vibrometer scanning system in a laboratory environment

The longitudinal beam of the system is placed on two or more crossbeams. These are meant to either stand
on their own on the floor of the structure to be measured or being directly fixed towards the rail system of
an aircraft cabin. The longitudinal beam of the system is isolated from the crossbeams by a foam which
functions as a vibration dampener. When loaded with the weight of the longitudinal beam and the carriage
the foam functions as a low-pass vibration filter isolating the system from most vibrations over a desired
frequency. The actual amount and type of foam elements used depends on the weight loaded upon them (i.e.
the longitudinal beam length) and the isolation required for the task at hand. Using less dampening elements
results in a lower suspension frequency and lower isolation frequency but also a less stiff system. Reducing
the possible movement speeds of the servomotors due to self-induced vibrations.

2.1 System control

All control systems needed to operate the LFS, an embedded real-time controller (National Instruments
CompactRIO or cRIO), the LDV controller and the two motor controllers are placed within a single rack
forming the control unit.

The cRIO acts as the central controller of the whole system and due to its modular nature can be expanded with
modules for data acquisition, output signal generation or inter-system communication among other options.
It features a built-in FPGA processor and a complete Linux based operating System. Besides making use of
the FPGA for analog data acquisition of currently 8 channels, providing analog output signals for excitation
systems like shakers and performing image processing it is also utilized to control the servomotors through
a CANopen Bus Network. The result is a real-time scanning system with a built-in controller unit that does
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not need another PC to perform measurements. The current overhead (i.e. time in between the measurement
of two points) of the system is in the range of 200-300 ms. Long compared to commercial LDVs (which
have an overhead of about 50 ms [6]), but further optimization was currently not of interest due to average
measurement times of 5-15 s per point in the mid-frequency range.

The embedded controller can be connected to a Host-PC through a TCP/IP network interface. The Host-PC
is being used to configure the measurement, presenting a live preview of collected data and analyzing the
data. Non of these are required to run the actual measurement once it is configured. The Host-PC can be
(dis-)connected at any time during the measurement process.

2.2 Deployment and automated position calibration

Deployment of the FLS within a new measurement environment is rather simple. The traverse and crossbeam
structure of desired length has to be set up, the carriage and LDV are positioned on the traverse and the beam
optics have to be checked and if needed recalibrated. For optimal results the system should be placed as close
to the radial center of the fuselage as possible. If that cannot be achieved corrections for the angle of incidence
are applied in post-processing. In addition a couple of QR codes are placed on the structure at predetermined
positions whose coordinates within the measurement grid are well known.

Once the system is in position it can determine its own position relative to the surrounding structure using the
QR-Codes and a data file containing the QR-codes position in the desired measurement grid. The system can
scan its full field of view using the camera mounted on the carriage for QR-Codes. It is also able to determine
the position of the LDVs laser spot in the camera image. By centering the laser spot on the QR-Codes a
lookup table of points coinciding in the predefined measurement grid and FLS coordinates is created. Using
this lookup table an algorithm calculates the coordinate transformation between measurement grid and FLS
system coordinates. In essence this process allows the system to repeat measurements even years later in the
same structure if the QR-codes are placed with care and in the best case are kept on the structure. Deviations
occurring due to slight LFS placement differences are suppressed by the self-calibration process. To this end
all information which is needed to reproduce the a measurement is saved inside a database file accompanying
each measurement.

3 Performance tests

Several small scale tests aiming for a component-wise validation of the systems capabilities were conducted.
The results for reproducability of the measurements and the vibration isolation are shown below. In addition
the long term stability of the system under high data loads was tested. The system was able to perform for 70
hours continuously without problems acquiring data at a sampling rate of up 51 kHz.

3.1 Repeatability of the positioning system

A design goal of the LFS system is high repeatablility of the LDV beam position on a given structure. A
significant effort was put into the automated position calibration. Without a robust positioning that effort would
yield no benefit. The electric motors used for mirror rotation and longitudinal positioning were chosen with
that condition in mind. High repeatability was of primary concern. While the scanning mirror of the system is
directly attached to the rotating motor and benefits directly from the motors capabilities the longitudinal axis
uses a ”rack and pinion” setup. This comes along with slight clearance between the motors gear (pinion) and
the linear gear (rack) of the beam. Even though this introduces a slight disadvantage compared to a toothed
belt setup it makes that up in flexibility. The system can be setup at any length desired for the longitudinal
axis.
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To test the precision of the positioning system, the scanning system was instructed to repeatedly position
itself on three different QR-markers. A total of 500 positioning events was analyzed by calculating the laser
spot and marker position using image processing from the camera data. This data was used to calculate the
precision of the systems in terms of a 3σ deviation. While this data includes an uncertainty caused by the
cameras limited resolution and the efficiency of the processing algorithms it should be noted that analyzing
the camera images is the only way a user of the system can see if the positioning was successful in an actual
test. Thus the method chosen gives an estimation of the full systems reliability rather than an individual
components.

Image Processing 3σ deviation at 1.68 m
Marker Pos. X / Y 0.70 / 0.87 mm
Laser Pos. X / Y 1.64 / 1.41 mm

(a) Image processing error

Axis 3σ deviation at 1.68 m
Rotation φ → Y 0.017◦ → 0.48 mm
Longitudinal X 1.42 mm

(b) Total positioning error.

Table 1: Results of positioning testing by analyzing 500 repetitions. A 3σ deviation equals 99.7% (or 369
in 370) of positioning attempts falling within the given positioning precision. The system does not perform
y-positioning. The angular positioning error was propagated to that axis as an estimate.

Results of these tests are compiled in Table 1. As shown there the total 3σ deviation of both axes is well below
2 mm. In fact, given a circle with a radius of 2 mm, approximately a 4σ area, only 1 in 15787 points would fall
out of this area. These results show the robustness of the positioning of the system. An important characteristic
when used in conjunction with the ability to repeat measurements at structures just be repeating the process of
the automated positioning calibration. The system fully satisfies its design goal of high positioning precision
and repeatability.

3.2 Positioning precision

With the repeatability of positioning shown, the quality of the positioning algorithm used to map a predefined
grid to the structure was tested. A complex aluminum structure with easy to localize shapes was used for this
test.

(a) The vibroacoustic test structure with 6 QR markers. (b) An operational deflection shape (ODS) at 4 kHz.

Figure 3: The vibroacoustic test structure (a) is fitted with 6 QR markers providing positioning information.
The markers placed on a skin field and a stiffener provide necessary depth information while the wide spread
of the remaining markers help with the orientation of the structure. The ODS (b) shows a complex vibration
pattern fitting well into the measured shape.
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A measurement grid consisting of 32365 points, resulting in a spacing of 5 mm was matched to the plate
using six QR markers placed to fully cover the geometry in all directions. According to the calculations done
for the repeatability of positioning the measured grid is at the limit of what the system is currently capable of.
The structure, a stiffened aluminum plate with irregular stiffeners and a measurement result are shown in Fig.
3. As can be seen the resulting operational deflection shape (ODS) is as expected. A multitude of vibration
patterns, different for each of the irregular skin fields and confined to the skin fields.

3.3 Vibration isolation

The first out-of-lab test of the LFS system was performed in the DO728 aircraft structure located at the DLR
in Göttingen. The structure is a real aircraft with no engines attached and clipped wings. Bosbach et. al. [7]
provide further details on the DO728 laboratory. For the test performed it was important to simulate the
intended use case of having the fuselage scanning system located within an aircraft structure to measure
during vibration excitation. The structure was excited using the same Prodera EX 520 C50 modified for high
frequencies as in [1, 2].

Fig. 1 shows the system set up in the DO728 cabin. Due to time constrains the fuselage was not fully rid
of secondary structures like cables and tubes. While it was possible to test the systems vibration isolation
without any problems, as the structure itself was of no concern for that, evaluating the more than 12000 points
measurement was problematic. In principle the system was running well and performed the measurement
without problems for more than 30 h. Checking the camera images saved for each measurement position also
proved the positioning was working well. The acquired data itself was not useful for any structural analysis.
Besides a lot of the measurement points being not on the structure itself but rather some of the tubes, cables
and other systems it was also not possible to run the shaker at very high amplitudes due to noise concerns at
the test facility as the test had to run over night.

Figure 4: Example of measured vibration amplitudes and isolation efficiency of the scanning system at 52 Hz.
(A) – Floor vibration near suspension points. (B) – Suspension beam vibrations. (C) Vibration of system
traverse beam and carriage (barely visible due to low amplitude)

To test the efficiency of the vibration isolation the fuselage scanning system was fitted with accelerometers at
its crossbeams, traverse beam and its mirror carriage. In addition accelerometers were placed at the floor close
to the stands of the system to measure the undamped vibration transmitted into the system. The damping of
the traverse beam and carriage is realized using foam dampers in between the crossbeam and the traverse
beam. In the case of the 3 m traverse beam used for this test 8 die of 15 mm edge length of Cellasto MH
24-35 PUR foam (Elastogran GmbH) are used, resulting in rigid body eigenfrequency of 10.2 Hz. This is
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well below the first bending mode of the traverse beam at 32 Hz and far below the desired excitation range
for the fuselage of 50 Hz and upwards.

The test of the isolation was performed by exciting the DO728 structure using a multisine signal of 2-1000 Hz
and measuring the acceleration at the previous described positions. Fig. 4 gives an overview of the setup
and shows the resulting vibration amplitudes at 52 Hz. The isolation of the traverse beam and carriage from
ground floor vibrations seem to work very well. To get a good estimation of the efficiency of the vibration
isolation the relative vibration levels of the unisolated crossbeams and the traverse beam and carriage, as
shown in Fig. 5 were analyzed. The vibration is show to drop to by an order of magnitude in the range of
50 Hz to 120 Hz. At higher frequencies it drops by two orders of magnitude.

There are several possible changes to the system to improve upon the current setup to get a better isolation.
The simplest being to change the type and amount of foam used for isolation purposes and by changing to the
feet of the system to include a second layer of isolation by using rubber isolation instead of the current rigid
setup. Especially when using the system in a environment of transient, irregular low-frequency excitation
events, as would certainly be the case in a flying aircraft, another step might be necessary. As shown in [8]
LDV measurements can in principle be corrected for errors caused by measurement system vibrations. To
this purpose an additional accelerometer can be fitted to the beam steering mirror of the scanning system and
provide the necessary data to correct for external vibrations in post-processing.

Figure 5: Efficiency of the vibration isolation as deployed in the DO728 fuselage. Shown here is the ratio of
vibration measured on the beam steering mirror versus the vibration on the crossbeams carrying the traverse
beam.

4 Preliminary test at A400M acoustics fuselage demonstrator

The dynamic characteristics of the A400M acoustics fuselage demonstrator has been analyzed by DLR in
2014 in great detail [1, 2]. The Flight-LAB project provided the opportunity to return to this facility. The
fuselage has been slightly modified in the years in between measurements making a direct match of data
impossible.

The fuselage scanning system was not used ‘as is’ in the A400M acoustics fuselage demonstrator but rather
combined with an existing microphone array and its longitudinal traverse which uses a toothed belt setup
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specifically fitted to that structure. The LDV scanners rotational axis and carriage setup was kept as is. All
control elements were directly used from the fuselage scanning system, as the longitudinal axis of the A400M
acoustics fuselage demonstrator setup could easily be integrated into the FLS controller. All relevant modules
and functionalities for positioning control and measurement were kept as is.

Figure 6: Comparison of LDV and accelerometer data (integrated to get velocity data) for two different
positions on the A400M acoustics fuselage demonstrator. P000001 is close to the acoustic excitation while
P000002 is at the opposite site of the structure. The data coincides well across a frequency range of 50-300 Hz.

For these measurements the combination of the systems was not completed, but preliminary data showing the
usability of the system is available. This data was acquired using a preliminary setup with some limitations in
terms of stability. In Fig. 6 frequency response data as shown comparing the spectra of two sensors towards
data measured using the LDV scanner positioned at the back of the sensor. For this test the excitation system
was a loudspeaker array close to one side of the fuselage structure driven by a broadband random signal of
40-400 Hz. The acquisition time was 60 s. The whole structure was vibrating with the scanning system inside.
The data of the LDV coincides well with the accelerometer data after integration in frequency domain. Up to
300 Hz the deviation is negligible. At higher frequencies deviations show but are more likely to originate from
slight angle deviations between the two sensors. The acceleromter is perfectly perpendicular to the structures
skin while the LDV will always have an angle of incidence depending on how close to the radial center it is.

Even though the setup at the A400M acoustics fuselage demonstrator is not yet finished, a first measurement
aiming for a general prof of concept was performed. The high density measurement grid designed for the
campaign in 2014 [1, 2] was reused to get some data to compare with previous measurements. The results of
this effort are shown in Fig. 7.

The operational deflection shape shown at both measurements looks superficially similar. Several differences
need to be pointed out: Since the measurements in 2014 several structural changes were applied to the
A400M acoustics fuselage demonstrator. Most importantly a cargo-door mockup was installed closing the
cavity and adding considerable weight. In addition previously installed acoustic boundaries where removed
thus changing the dynamic characteristics of the structure.

The LDV data was acquired using only 6 s of acquisition time per point resulting in a total measurement time
of 4 h. The accelerometer data is the result of an extensive measurement campaign taking 4 weeks and more
crucially was acquired using 5 min of measurement time. In addition the accelerometer data used an 500 N
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electromagnetic shaker with an excitation signal optimized for maximum response. For the quick test of the
fuselage scanning system only acoustic excitation with a simple broad band random signal was available. The
stark contrast in data quality is most certainly a result of these differences. As shown in Fig. 6 when using
the same measurement time the data the FLS and an accelerometer do not differ much.

(a) LDV measurement with 6 s acquisition time per
measurement position

(b) Accelerometer measurement with 5 min acquisition time
per sensor

Figure 7: Comparison of deflection shapes of the A400M-MSN5 fuselage acquired at 47 Hz from broad band
excitation. The LDV measurements are significantly more noisy due to a very short measurement time of 6 s
versus 5 min for the accelerometer data.

5 Conclusion

The fuselage laser scanner (FLS) proved to be an easy to use and efficient system for fuselage vibration mea-
surements. It operates within the desired specifications regarding the positioning precision and repeatability
of measurements. A two person team is able to deploy it within a couple of hours inside a new structure and
start a long term measurement if a measurement grid was defined before or if a generic grid can be used. Mea-
surements run without failure for days due to a lot of stability optimization. A need to pause measurements
can still be introduced. The excitation system might run hot, a problem more likely to occur when using
loudspeakers instead of electromagnetic shakers for excitation. Or external factors like noise concerns at
certain hours of the day might prevent 24 h non-stop measurements. A scheduled operation mode is available
within the system software for this purpose.

The test at the DO728 showed the system working within a vibrating aircraft structure as intended. The
vibration isolation was working as designed and a grid of 12000 points was scanned to repeat the amount of
data acquired during the previous measurement campaign at the Flight-LAB acoustics demonstrator that used
accelerometers for measurement. The data was not of any use for further dynamic characterization though,
as the structure could not fully freed of secondary systems and the vibration amplitudes had to be kept very
low for the long term stability tests. This was caused by time constrains within the project.

A second test within a real aircraft structure, the A400M acoustics fuselage demonstrator, was conducted.
While this was only a rather short preliminary test it proved to be of success in two different ways: Using
the system to measure at exactly the same spot as an accelerometer provides nearly identical data. A best
case result considering the measurement system is still subject to some of the vibration inside the fuselage.
In addition it was possible to measure an operational deflection shape with a high similarity to what has been
measured with accelerometers before, although with much higher noise due to a very short measurement
time.
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Abstract
An optimal configuration of sensors that maximizes the insight on the structure is essential for reliable con-
dition monitoring. This work presents an approach for optimally placing sensors of different types. The
objective of the optimization process doesn’t only search for sensor locations that maximize the information
gain of each sensor type, but rather builds a network of sensors that collectively reduce the estimation er-
ror as their signals are fused to reconstruct the structure’s state. Fitness criterion is derived for each sensor
type by extending the classical effective independence approach. Based on that, measures of system’s ob-
servability are used as a metric of information gain and uniqueness for the respective sensor arrangements.
Numerical studies are presented to demonstrate the robustness and effectiveness of the method in finding the
optimal configuration for an electric motor and a steel structure operating under typical loading conditions
and anomalies.

1 Introduction

Advances in 3D simulation and modeling as well as high performance computing make it possible to push
designs of complex components to the limit, where weight can be reduced and borne loads conditions can
be maximized. With the emergence of Internet of Things (IoT) and the Digital Twin (DT) concept into
the industrial field, simulation is progressively contributing to modeling various operating scenarios, while
coupling their input and output ends to sensing and control systems to extend insight on the machinery,
leverage control precision, and improve steering decisions. One application which can be incubated in a
digital twin environment is the optimization of sensor placement to capture the responses of the structure.
Such captured signals can be exploited in state estimation, failure identification, damage assessment, and
other forms of on-line condition monitoring.

The estimate of the structure’s state involves uncertainties resulting from the limitations of the mathemati-
cal/simulation models, and measurement error in the acquired signal. The reliability of such estimations is,
thus, very sensitive to the properties of sensors feeding them with signals and their deployment. An influen-
tial parameter in such is the positioning of sensors with respect to the structure, as well as their arrangement
relative to one another.

Related Literature

An optimal sensors configuration that maximizes the insight on the structure is a challenging problem, that
has been attempted over the last decades. Many methodologies have been proposed to find the optimal sen-
sor positions that minimize the estimation error between the actual structure’s responses and their expected
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values estimated by mathematical models. Various methods derive the objective estimation error to be mini-
mized based on the Fisher Information Matrix (FIM). One of which is the modal kinetic energy (MKE) first
proposed in [1]; where the locations of maximum response amplitudes are favored as optimal. In [2] and [3],
the Effective Independence (EI) method was proposed, where the positions that increase the independence
between the significant estimated mode shapes are chosen. In [4] and [5], the locations of sensors are based
on minimizing the information entropy (IE) - a scalar measure representing the uncertainty in the estimated
response. In [6], Zhang et al. have proposed a more elaborate way to define the optimality criteria, based on
the covariance error in a generalized-state reconstructed using Kalman filter. A significant advancement in
this approach of deriving the estimation error is its robustness to tackle problems involving multiple sensor
types. A similar approach has been used in [7]. The drawback, however, is the exhaustive underlying mathe-
matical derivation and its involvement of matrices inversion, making it a tedious approach for structures with
large number of degrees of freedom (DOFs). In [8] and [9], the authors focus on optimal sensors placement
for parameter estimation in a multi-physics system; namely thermo-elastic systems. When employed to find
the optimal positions for a group of sensors, the aforementioned methods can be tackled through heuristic/-
greedy optimization approaches, summarized in [10], by step-wise addition or subtraction of optimal sensor
locations from a given candidate set of possible locations. Zhang et al. in [11] have employed a heuristic
approach for a Kalman-filter-based error estimation measure. An alternative approach to reach the optimal
set of sensors is using genetic algorithms [7, 12] by iteratively exploring the domain of candidate sensor
positions to find the optimal set. Papadimitriou in [5] concludes that heuristic approaches generally show
a computational advantage over genetic algorithms, as they require less number of computation and, as the
algorithm progresses, the domain of computation gets progressively smaller.

Another category of optimality measures for sensor locations is based on the observability of the system,
quantified by the smallest eigenvalue, determinant, or trace of the inverse of the system’s observability ma-
trix or Gramian, as presented in [13]. Van der Berg et al. [14] and Georges [15] have utilized the concept
in various applications involving linear systems. Singh and Hahn in their work [16] have employed this
approach for non-linear system, and proven that it can be related to the FIM. The advantage however is the
ability to account for the dynamic behavior of certain processes, overcoming such shortcoming in FIM-based
approaches. The formulation of a minimization problem including the measures of a non-linear observability
Gramian is difficult, especially with large systems, making it a challenge to incorporate such an approach
[17]. Accordingly, Serpas et al. proposed the empirical observability Gramian as a computationally effective,
yet less complex equivalent, to substitute the true observability Gramian. In such, the same measurements
of the observability Gramian mentioned above are employed. In [17], the convexity of the scalar measure
of the empirical observability Gramian is exploited to formulate a mixed-integer gradient-based constrained
optimization problem, and propose a solution algorithm to solve it using non-linear programming methods.
Hinson in [18] addresses the issues arising when employing mixed-integer programming to large systems,
and proposes solutions to relax and regularize the associated binary constraints.

An additional objective to be borne in mind when using FIM-based approaches for sensor placement is the
uniqueness of the sensor information. In civil applications, e.g. buildings and bridges, where it is com-
mon to approximate the spatial and physical models of the structure by simplified mathematical models,
e.g. beam or truss finite elements, this might be irrelevant since the spatial distance between the model’s
evaluation points (nodes in FEM context) guarantee the uniqueness of sensor information. This, however,
is particularly important for structures described by mathematical models involving dense spatial discretiza-
tion, e.g. non-isogeometric solid finite elements, where nodes can be closely positioned to one another to
ensure the model’s accuracy. Without considering the uniqueness of information as an objective, the FIM-
based algorithm alone can result in clustered sensor positioning, which are chosen because they satisfy the
formulation’s fitness criteria (maximizing the FIM), yet don’t account for the information correlation gained
from the existing sensors and the sensor to be added to the optimal set. In this regard, different methods
have been proposed to tackle this problem. Gibanica has extended Kammer’s classical EI approach to reject
positions contributing to redundant information based on the their corresponding contribution to the trace
of the observability Gramian [19]. Feng et al. have derived a modal-shapes-based measure to evaluate the
similarity between the modes observed by adding a new sensor to the optimal set and the already existing
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optimal sensors [20]. Liu et al. in [21] have utilized the nodal contribution to the structure’s stiffness matrix
to evaluate its redundancy with respect to the existing optimal sensor positions.

Structure of Work

This work presents an approach for optimally placing sensors of different types; namely yet without losing
generality, accelerometers, strain gages and displacement probes. As an optimal sensor configuration should
minimize the estimation error between the expected and measured states, the objective of the optimization
process doesn’t only search for sensor locations that maximize the information gain for each sensor type, but
rather builds a network of sensors, that collectively reduce the estimation error when their signals are fused
to reconstruct the structure’s state. This inherently considers maximizing the uniqueness of information
obtained from the deployed sensor configuration.

In section 2, the problem statement for the multi-type optimal sensor placement is derived. First, a fitness
criterion is defined for each sensor type by utilizing the classical effective independence approach. Based on
the calculated fitness criteria, measures of system’s observability are investigated to determine an adequate
metric of both information gain and uniqueness for the respective sensor arrangements.

In section 3, numerical studies are presented to demonstrate the robustness and effectiveness of the method.
An industrial example of this work in the field of rotary machines is exhibited by applying the algorithm
on an electric motor operating under loading conditions and anomalies commonly experienced in ventilation
applications. Another application of the algorithm is demonstrated through a steel structure subject to random
ground vibrations.

2 Theoretical Formulation

Problem Statement

In systems theory, e.g. [22], the equation of motion describing the dynamics of a system, having n degrees
of freedom (DOFs) and is getting excited by p inputs, is given by

Mz̈(t) + V ż(t) +Kz(t) = Lu(t), (1)

where M ,V ,K ∈ Rn×n are the system’s mass, damping and stiffness matrices, respectively, u ∈ Rp and
z ∈ Rn are the inputs and displacements vectors, respectively, and L ∈ Rn×p is the mapping matrix relating
the system DOFs to the excitation inputs. The suffix (t) denotes the time dependency of displacements, and
the ˙(·) and (̈·) operators denote the first and second time derivatives.

Applying the coordinate transformation z = Φq and pre-multiplying eq. (1) by Φ, where Φ ∈ Rn×n is
the mass-normalized mode shapes matrix (obtained by performing an eigenvalue analysis on the undamped
system in eq. (1)), results in the modal representation of the equation of motion, given by

q̈ + 2ΞΩq̇(t) + Ω2q = ΦTLu(t), (2)

where Ξ ∈ Rn×n and Ω ∈ Rn×n are diagonal matrices holding the modal damping ratios ξi, and modal
eigen frequencies ωi, where i ∈ {1..n}. Deriving the state-space representation of the equation of motion
based on the modal representation, the system dynamics are described as

x(t) =

{
q(t)
q̇(t)

}
, y(t) =




x(t)
ε(t)
ẍ(t)





ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

(3)
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where the system matrices are defined as:

A =

[
0 I
−Ω2 −2ΞΩ

]
, B =

[
0

ΦTL

]
,

C =




Φ 0
Ψ 0
−ΦΩ2 −2ΦΞΩ


 , D =




0
0

ΦΦTL


 ,

(4)

where A ∈ R2n×2n,B ∈ R2n×p,C ∈ Rm×2n and D ∈ Rm×p are the state, input, output and transmission
matrices, respectively, m is the number of outputs, and Ψ ∈ Rn×n is the strain mode shapes matrix. Due
to the measurement noise associated with real applications, a discrepancy between the actual output of the
system y(a), and the estimated output y(e) is prone to exist. The measurement noise is denoted by v ∈
Rm ∼ N(0,R), where R = rI, I ∈ Rm is the noise covariance, assuming that the noise at each sensor r
is identical to and independent from others. Herein, the covariance matrix of the estimation error P can be
defined as

P = E
[(

y(a) − y(e)
)(

y(a) − y(e)
)T
]
=

simplifying to· · · =
[
ΦTR-1Φ

]-1
=

1

r

[
ΦTΦ

]-1
= Q-1, (5)

where Q is the known Fisher Information Matrix (FIM). Hence, the reduction in the estimation covariance
is directly related to, and can be achieved through maximizing the FIM; precisely one of its norm measures,
e.g. the determinant. In most cases, the noise term r is dropped from the formulation of Q, thus reducing
the definition in eq. (5) to Q = ΦTΦ.

Optimal Sensor Placement

Exploiting the mathematical model of the structure, different input vectors, corresponding to different oper-
ation modes, can be simulated and the estimated system’s output y(e)(t) can be evaluated. Adopting a time
space discretization scheme, as common in many transient FE solvers, the output can be evaluated only at
distinct time steps ti ∈ {t1, t2, .., ts} that can sufficiently describe the dynamics of the system.

Let Y = [y1,y2, ..,ys] ∈ Rn×s be the matrix of responses snapshots captured at discrete time steps.
The column space spanning Y can be represented in a reduced space in terms of d linearly-independent
columns U f ∈ Rn×d, if a proper set of the snapshots is chosen, where d = min(n, s) [23]. Singular value
decomposition (SVD) guarantees the existence of real, positive eigenvalues σ1 > σ2 > .. > σd > 0, and
two sets of orthogonal basis vectors U f ∈ Rn×d and Zf ∈ Rs×d such that

Y = U f Σf Z
T
f ; Σf = diag(σ1,σ2, ..,σd) ∈ Rd×d (6)

According to [24], for such a set of snapshots Y , having orthogonal basis vectors U f and Zf , there exists a
reduced sub-space represented by fewer basis vectors U r that can express the data contained in Y ∈ Rn×r
and Zr ∈ Rs×r, whose components are given by

U r, ij = U f, ij for i ∈ {1..n} , j ∈ {1..r},
Zr, ij = Zf, ij for i ∈ {1..s} , j ∈ {1..r}, (7)

where r is defined as

σ1 > σ2 > .. > σr � σr+1 > .. > σd i ∈ {1..d}, such that δ(r) =
∑r

i=1 σi∑d
i=1 σi

≈ 1 (8)

In [25], Park and Kim have proven that for an existent Y , the formulation of FIM in eq. (5) can be re-
written based on the SVD set of vectors U f , given as Q = UT

fU f . Introducing the definition of reduced
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basis vectors in eq. (7) (which, from here on, will be referred to as U , without the subscript r, for notation
simplicity), Q can eventually be defined as

Q = UTU (9)

In relation to the optimal sensor placement problem, the minimum number of sensors Nmin should equal to
the reduced number of basis vectors r representing the structure’s responses; Nmin ≥ r.

To identify minimal set of optimal sensors indices Smin, the definition of effective independence (EI) is
recalled. From the matrix U , a projection matrix P ∈ Rn×n can be defined, whose diagonal terms are
proportional to the leverage gained by each estimated value, y(e), on its actual measurement, y(a), in eq. (3)
[10]. From this definition, the EI values are defined as

E = diag (P ) = diag
(
UQ-1UT

)
(10)

The purpose, however, of utilizing the EI is not to determine the final solution, but rather to filter the minimal
set of optimal sensors indices, Smin. Smin is defined as the subset of the candidate nodal indices, Sc, at
which the EI value is maximum for each EI iteration, where Smin ⊆ Sc ⊆ Sf , Sf = {1, 2, .., n}. The
process of determining Smin through EI iterations is described in full detail in literature such as [2], [26] and
[27], and a similar approach would be applied in this work on the definition in eq. (10).

Given the objective of the work to determine an optimal configuration of positions for different sensor types,
the filtering process of the minimum set of optimal indices should be repeated for each sensor type; that’s
determine the minimal set of optimal sensor positions to monitor a given physical response. The sets would
be denoted Sϑmin, where the superscript ϑ ∈ Θ = {x, ε, ẍ} distinguishes the corresponding measured
physical properties. It should be understood that any Sϑmin is a sub-optimal solution for our problem, and
that uniqueness of information within such sub-optimal solution could not be guaranteed, as it is possible for
a certain index to be present in more than one Sϑmin; i.e. sensors of different types could end up being placed
at the same position.

Attempting to find the optimal configuration comprising different sensor types is achieved through exploiting
the properties of the observability Gramian, W o, of the linear time-invariant system in eq. (3), evaluated by
solving the following discrete Lyapunov equation [28]

ATW oA−W o = −CTC (11)

According to [22], for a given linear time-invariant system, the system is considered observable if observ-
ability Gramian W o is non-singular. The Gramian characterizes the degree of observability, or correspond-
ingly unobservability [29], of the system, through quantifying how far W o is from being singular. Various
Gramian norm functions can be defined to measure the observability of the system, e.g. the determinant,
the condition number, the max-to-min singular value ratio, the trace [29]. In [30], Hinson has demonstrated
the adequacy of using those observability measures as metrics for the optimality of the sensor placement.
Their adequacy is proven on the basis of the inherent relationship between the effective independence and
the different metrics of the estimation error ellipsoid, and their relation to the covariance matrix of estimation
error of the system in eq. (5). Herein, the optimal sensor placement problem is an optimization problem with
an objective to find an optimal set of indices So of the system output matrix C including information about
the locations and the types of the sensors. This can be formulated as

So = argmax
i∈n,j∈Θ

ϕ

(
W o

(
C̃
))
6= {φ}, C̃ =

(
C lk

)
∀ (k, l) ∈ S̃

S̃ =
⋃

ϑ∈Θ
S̃ϑmin, S̃ϑmin ∈ Cϑmin = {φ} ∪ C

(
Sϑmin
ν

)
∀ ν ∈ {1, ..., Nϑ

min},
(12)

where {φ} is the empty set,
⋃
ϑ

is the set union operator running over all sensor types, C
(
Sϑmin
ν

)
is the

set of combinations of ν elements in the set of minimum optimal indices of the sensor type ϑ, Nϑ
min is
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minimum number of sensors of the corresponding type and S̃ϑmin is an element of the union set containing

the aforementioned combinations and the empty set. ϕ
(
W o

(
C̃
))

is a Gramian norm function, where the

Gramian is calculated by solving eq. (11) given the test output matrix C̃, holding only rows corresponding
to the sensor types and locations dictated by S̃.

The complete workflow of the proposed method to find an optimal network of multi-type sensors is summa-
rized in algorithm 1.

Algorithm 1 Algorithm for the Optimal Sensor Placement Problem

1: Define the set of sensor types, Θ = {θ1, θ2, ...}.
2: Define the set of candidate sensor indices for each sensor type, Sϑc .
3: Build the state space system of equations in eq. (3).
4: procedure FILTER THE SETS OF MINIMUM OPTIMAL POSITIONS, Sϑmin
5: for all ϑ ∈ Θ do
6: Solve eq. (3) for s time steps to build the matrix of response snapshots, Y = [y1,y2, ..,ys].
7: Solve the SVD problem in eq. (6); Y = U f Σf Z

T
f .

8: Reduce U f to U r = U , according to eq. (7).
9: Apply a proper EI algorithm to eq. (10) to find Sϑmin

10: end for
11: end procedure
12: procedure FIND THE OPTIMAL SENSOR COMBINATION, So
13: Generate the sets of possible filtered sensor combinations, Cϑmin ∀ ϑ ∈ Θ
14: for all S̃ϑmin ∈ Cϑmin do
15: Generate a network of sensors, S̃ =

⋃
ϑ∈Θ
S̃ϑmin

16: Build the selected output matrix, C̃

17: Evaluate and store the Gramian norm function, ϕ
(
W o

(
C̃
))

18: end for
19: Identify the sensor network So corresponding to the highest value of ϕ
20: end procedure

The method proposed here outperforms the classic EI approach by introducing the influence of sensor output
combination on the estimation error. In addition, the FIM-based approaches fail to describe the dynamics of
the system. Both drawback are proposed to be overcome by observability-based approaches [18]. Comparing
the proposed method to the observability-based approaches for linear, time-invariant systems in [14] and [15],
one can see that the sheer effort of formulating a discrete gradient-based optimization problem and deriving
a consistent objective function derivative with respect to the design variables is spared. Even the empirical
Gramian evaluation proposed by [16] can be seemingly more exhaustive, since the empirical functional
has to evaluated at each DOF of the system. This can be computationally costly, especially in real-world
applications, where systems with large number of DOFs can be typically encountered. On the other hand,
through the pre-requisite filtering process, the size of the problem can reduced down drastically to m � n
DOFs.

3 Numerical Investigation

The proposed algorithm for finding the optimal sensor configuration can be used for industrial various appli-
cations. In this section, two demonstration examples, a steel structure and an electric motor, are presented to
investigate the efficiency of the method in maximizing the system’s observability. An intuitive interpretation
of the results of the algorithm is also discussed for each case.
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Electric Motor

Figure 1: Electric Drive

The first investigated example is a 250-Watts asynchronous electric drive, see fig. 1, typically used for ven-
tilation applications and domestic appliances. The drive’s four feet are fully supported, an 8 N.m torque is
exerted on its shaft’s drive end. The intention of this sensor deployment is to be able to monitor the health
condition of the motor during operation and identify the presence of failures. One of the most frequent fail-
ures a motor is prone to is misalignment in its shaft’s drive-end. This in turn can cause severe overloading on
the bearings and high cyclic loading on the shaft’s root, both which can in practice drastically shorten the life
of the motor in service. In this case, the drive is subjected to a 0.1 mm parallel misalignment at its drive-end,
simulated by the external excitation.

For this investigation, finding the optimal network is attempted given three sets of sensor; (a) a set of only
uni-axial accelerometers in x-, y-, and z-directions, (b) a set of only uni-axial strain gauges oriented in x-,
y- and z-directions, and (c) a set of both uni-axial accelerometers and uni-axial strain gauges. The purpose
of this study is to examine the extent to which the proposed algorithm can reduce the hardware required for
observing the structure’s. The initial unfiltered result of eq. (10); i.e. the nodes corresponding to the minimal
set of sensors indices for each sensor type Sϑmin, are summarized in tables 1 to 3, along with evolution of
each set when the network optimization problem in eq. (12) is solved to obtain So. Additionally, the second
and third best network configurations are also listed, denoted by the subscript suffixes, 2 and 3, respectively.
The positions of the sensors on the motor’s housing are displyed in fig. 2

Table 1: Initial optimal set for each sensor type Sϑmin and final optimal network configuration So for attempt (a)

Initial Sets Optimal Networks

Sensor type ϑ Sϑmin So So,2 So,3
accelerometer x z̈x 319413 319413 319413 -

accelerometer y z̈y 323914 323914 - 323914

accelerometer z z̈z 307903 307903 307903 307903

ϕ
(
W o

)
−1.05× 10−3 −1.05× 10−3 −1.06× 10−3 −1.06× 10−3
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Figure 2: Positions of the initial set of sensors on the electric drive

Table 2: Initial optimal set for each sensor type Sϑmin and final optimal network configuration So for attempt (b)

Initial Sets Optimal Networks

Sensor type ϑ Sϑmin So So,2 So,3
strain gauge xx εxx 320174 320174 - 320174

strain gauge yy εyy 306300 306300 306300 -

strain gauge zz εzz 306301 306301 306301 306301

ϕ
(
W o

)
4.6× 10−4 4.6× 10−4 4.55× 10−4 4.54× 10−4

It is clear from tables 1 and 2 that trying to find a further optimal configuration of sensors using eq. (12) after
applying the EI algorithm doesn’t change the results. Even the second and the third optimal configurations
are only one-sensor different from the optimal one. That is explained by the relationship between the ob-
servability Gramian, and correspondingly its metrics, and the Fisher Information Matrix Q in eq. (5), which
the objective of the EI approach is to maximize. On the other hand, observing the configurations in table 3, a
significant reduction in the sensors required can be observed between the individual sets generated by EI and
the optimal and two sub-optimal sets. When attempting to deploy sensors to monitor different signal types,
the EI has the shortcoming that it can only handle the reduction of estimation covariance for the different
sensors independently. The observability metrics, on the other hand, overcome such a deficiency, as they
consider the presence of other system outputs.

Figure 3 shows the correlation between accelerometers’ signals, and strain gauge signals. Let aix denote the
acceleration signal in x-direction at node i, and respectively for other signals. Figure 3b shows an existent
correlation between the the strain signals y and z, and the acceleration signals in x and z. It also shows
another correlation between the strain signal x and the acceleration signals y and z. Although the correlation
between the acceleration signals is not as high, yet, the redundancy of information in the acceleration signals
with respect to the strain signals can be observed. This explains the rejection of the accelerometers from the
optimal configuration in table 1. A strong correlation can be also observed between the strain signals in y-
and z-directions. Referring to fig. 2, this can be explained by the close spatial positioning of the two sensors.
In theory, either of those two sensors could have been excluded as well since it is not adding any unique
information about the structure’s strain behavior. Exactly these are the two sub-optimal configurations in
table 3, with a reduction in the objective function of 1 %.
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Table 3: Initial optimal set for each sensor type Sϑmin and final optimal network configuration So for attempt (c)

Initial Sets Optimal Networks

Sensor type ϑ Sϑmin So So,2 So,3
accelerometer x z̈x 319413 - - -

accelerometer y z̈y 323914 - - -

accelerometer z z̈z 307903 - - -

strain gauge xx εxx 320174 320174 320174 320174

strain gauge yy εyy 306300 306300 306300 -

strain gauge zz εzz 306301 306301 - 306301

ϕ
(
W o

)
−1.04× 10−3 4.6× 10−4 4.55× 10−4 4.54× 10−4
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Figure 3: Cross-correlation between the electric drive signals

As mentioned before in section 2, the number pf modes resulting from the SVD of the snapshots corresponds
to the least number of sensors required to observe the system. Hence, a trivial approach to configure an opti-
mal sensor network would be to compile all results from eq. (10); i.e. position sensors at their corresponding
locations for each sensor type. However, it can be shown from table 3 that considering the dependency of
sensor positions on one another in proposed method results in notably less number of sensors than the least
requirement when the dependency between sensors is overlooked.

Steel Structure

The steel structure shown in fig. 4 consists of an arrangement of connected I-beams. The structure dimensions
are 4 m × 5 m × 9 m, and its four bottom nodes are subject to the 10-seconds long random displacement
excitation shown in fig. 5 in the Y-direction of an amplitude varying between -1 and 1 mm.

For this example, the sensor pool investigated consisted of three uni-axial accelerometers (x-, y-, z-directions)
and a uni-axial strain gauge in the x-direction. Similar to the previous investigation example, the network
consisting of all initial sets of individual sensors Sϑmin, the optimal network as well as the second and third
optimal networks are compared. The results are summarized in table 4.

The optimization algorithm in eq. (12) iterated over 255 sensor combinations. The advantage of the algo-
rithm is clearly indicated by the significant reduction in the hardware required to maximize the system’s
observability. For an optimal configuration, only the strain gauges were necessary, and the accelerometers
were all rejected. As well, none of the second and third optimal network did comprise any accelerometers.
The locations of the sensors resulting from the initial and the optimal sets are shown in fig. 6.
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Figure 4: Steel Structure
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Figure 6: Positions of sensors on the steel structure
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Table 4: Initial optimal set for each sensor type Sϑmin and final optimal network configuration So

Initial Sets Optimal Networks

Sensor type ϑ Sϑmin So So,2 So,3
accelerometer x z̈x 35 - - -

accelerometer y z̈y 49, 63, 64, 65 - - -

accelerometer z z̈z 47 - - -

strain gauge xx εxx 41, 56 41, 56 41 56

ϕ
(
W o

)
−4.69× 10−3 1.07× 10−3 1.05× 10−3 1.01× 10−3

In contrast to what would be presumed, table 4 shows that the observability metricϕ
(
W o

)
increases notably

when the accelerometers are removed from the network. This can be interpreted by examining the correlation
coefficients between the signals. Figure 7 shows the correlation between accelerometers’ signals, and strain
gauge signals. Let a35x denote the acceleration signal in x-direction at node 35, and respectively for other
signals. It is clearly shown the correlation coefficients are notably high between different accelerometers,
indicating a large correlation (positive or negative) among accelerometers’ signals. Additionally, correlation
can be observed between the strain gauge signal at node 41 and the accelerometers’ signals. One can hence
conclude that the additional information obtained from the accelerometers are redundant with respect to one
another, and with respect to the strain gauge at node 41. In comparison, the cross-correlation coefficients
between the two strain gauges responses in fig. 7c indicates almost no correlation between the two signals,
hence no redundancy of information resulting from adding the second strain gauge. This result goes in line
with the inherent property of the observability metrics as being a viable measure of information redundancy,
as well as a measure of system observability [30].
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Figure 7: Cross-correlation between the signals of the steel structure

4 Conclusion

In this paper, a method was proposed to optimally configure a network of sensors of multiple types; namely,
accelerometers, displacement probes, and strain gauges. The method is based on the simulation results of the
structure’s behavior under given operating conditions and excitation loads. The method runs in two steps:
first, an initial set of sensors for each type are independently obtained using the classic EI approach, from
which sensor network configurations are created. Following, observability metrics are used as objective
functions to evaluate the respective configurations. The proposed method was evaluated on two industrial
applications; an electric drive and a steel structure under typical operating conditions. The results have
demonstrated the strength of the method to configure multi-type sensor networks and exclude sensors with
redundant information. Additionally, it has been shown that the method is able to propose sensor networks
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Figure 8: Output signals for accelerometers (top) and strain gauges (bottom) at the different positions of the initial
sensor set Sϑmin

containing less hardware when compared to methods that find optimal sensor positions individually without
accounting for the dependency among sensors.

In the context of this work, the approach was only derived for uni-axial sensors; i.e. the sensor positions
are spatially independent. This is not the case for tri-axial accelerometers and strain-gauge rosettes, which
are frequently used in industrial applications for structural health monitoring. Further, as an outlook, the
efficiency of the method should also be investigated in finding the optimal sensor configuration for state
estimation of the structure.
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Abstract 
Mechanical and aerospace structures often contain nonlinearities arising from frictional contact at joints.  In 
order to calibrate response predicting models, these nonlinearities must be experimentally quantified to 
provide information about the type and strength of nonlinearity.  For amplitude dependent nonlinearities, 
such as frictional contact, the nonlinear response is obtained by gathering ring down accelerometer data 
from impact testing with varying amplitudes. These accelerations are then spatially filtered to obtain a single 
degree-of-freedom response, which is used to identify a pseudo-modal model. This work examines a small 

test article with embedded frictional nonlinearities, in which accelerometers cannot be placed.  Using a laser 
doppler vibrometer (LDV) to determine linear mode shapes and digital image correlation (DIC) to obtain 

response data during various amplitude hammer strikes, the nonlinearity in this small system is quantified.   

* Sandia National Laboratories is a multimission laboratory managed and operated by National Technology 
and Engineering Solutions of Sandia, LLC., a wholly owned subsidiary of Honeywell International, Inc., 
for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-NA-

0003525.  

1 Introduction 

Most real-world structures include nonlinearities introduced due to frictional contact, like those observed at 
the interface within bolted joints. These nonlinear surface interactions are extremely difficult to model. Even 
when joints behave in a linearly, the stiffness and damping properties can be non-repeatable and difficult to 

predict. Often this modeling task is neglected and experimental measurements and conservative design 

margin are used to compensate for this inaccuracy. 

Recently researchers have shown that many bolted structures tend to display weakly nonlinear behavior. In 
such cases, the mode shapes of the structure do not change with amplitude, instead small changes in 
frequency and damping are observed. In addition, the energy transfer between modes of the structure are 
assumed to be negligible in the frequency range of interest; thus, any effects of modal coupling are ignored. 
Several bolted assemblies have been analyzed in this weakly nonlinear framework using traditional 

accelerometer measurements. [1-3] 

In this work, the structure of interest is so small that it is not feasible to instrument the structure with enough 

accelerometers to develop a quality pseudo-modal model. Instead full-field (laser doppler vibrometer and 
digital image correlation) techniques are implemented to assess the structure’s nonlinear behavior. This 
offers some distinct advantages for this type of model identification as spatial density of your measurements 

locations must form an independent basis for each of the nonlinear modes of interest. 

This paper is organized as follows. Section 2 contains an overview of the approach used for the identification 
of nonlinear modal models as well as a few of the tools used to analyze the system nonlinearity. Section 3 
describes the experimental setup as well as some of the challenges with testing the small hardware of 
interest. Section 4 shows an example set of results from the nonlinear modal testing. Finally, Section 5 

contains closing remarks and plans for future work. 
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2 Theory 

2.1 Nonlinear Pseudo-Modal Model Identification 

The pseudo-modal model identification process used here has been thoroughly detailed in previous works 

[2, 3] for many large structures. The main methodology and process is repeated here in order to focus on the 
portions that are affected by the use of full-field laser doppler vibrometer (LDV) and digital image 
correlation (DIC). In a typical linear system, the dynamics of a structure are represented by a sum of modal 
degrees of freedom, or modal models. Each modal model contains a modal mass connected to ground with 

a modal spring, representing the frequency, and modal damper, representing the modal dissipation. 

 A nonlinear pseudo-modal model augments the traditional linear system with the addition of a nonlinear 
forcing element. This element can take any form from a cubic polynomial spring and damper to a complex 
constitutive model like a Palmov [4, 5] or Iwan [6, 7] model. In this work, a cubic and quadradic polynomial 

spring and damper are used to represent the nonlinear dynamics for each mode of interest. An example linear 

modal model and nonlinear pseudo-modal model are shown in Fig. 1  

 

Figure 1: (a) Linear modal model (b) Nonlinear pseudo-modal model  

A restoring force surface approach is implemented to identify these nonlinear parameters from high-level 
modal testing. This requires a series of tests at both high and low-levels of input excitation. Because the 

system is so small, usual accelerometer placement would not provide enough measurement locations for 
spatial filtering. Instead full-field measurement techniques were implemented to gather both linear and 
nonlinear information on the system. To begin, a low level modal test is performed, with a laser doppler 
vibrometer, in order to capture the linear mode shapes, frequencies, and damping ratios of the system at low 
vibration amplitude. Next, the system is tested with a high level of excitation to induce its nonlinear 
dynamics. This response is measured using a digital image correlation set-up as this allows all the data to 
be taken in one measurement frame which is essential to the nonlinear post processing. These measurements 

are spatially filtered using the linear shapes in order to develop a single degree-of-freedom system that is fit 

using the restoring force surface method.  
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Figure 2: 𝑃𝑟𝑜𝑐𝑒𝑠𝑠 𝑓𝑙𝑜𝑤𝑐ℎ𝑎𝑟𝑡 

In this work, depending on the measurement system, velocity or displacements are used instead of the 

acceleration measurements that would typically be achieved in a dynamic test using traditional 
instrumentation A simple numerical integration or differentiation in the frequency domain is used to obtain 
the displacement, velocity, and acceleration measurements. With these measurements a modal filter can be 
used to obtain a single degree-of-freedom response for each mode of interest. This modal filter is shown in 

Eqn. 1 using a pseudo-inverse of the mode shapes to transform from physical measurements, �̈�,  to modal 

signals, �̈�. Because of the weakly nonlinear assumptions, the mode shapes are assumed to not change with 

amplitude and thus the linear mode shape matrix can be used to complete this filtering. 

 �̈� = 𝛷+�̈� (1) 

The equation of motion for a linear modal model is shown in Eqn. 2 

 �̈� + 𝑐0�̇� + 𝑘0𝑞 = 𝛷𝑇𝐹 (2) 

while the nonlinear pseudo-modal model is shown in Eqn. 3 with the addition of quadradic and cubic 

polynomial terms. 

 �̈� + 𝑐0�̇� + 𝑘0𝑞 + 𝑐1�̇�|�̇�| + 𝑐2�̇�3 + 𝑘1𝑞|𝑞| + 𝑘2𝑞3 = 𝜙𝑇𝐹 (3) 

The nonlinear forces can be gathered into a single nonlinear restoring force,  

 𝐹𝑟𝑠 = 𝑐1�̇�|�̇�| + 𝑐2�̇�3 + 𝑘1𝑞|𝑞| + 𝑘2𝑞3 (4) 

The values for 𝑐0, 𝑘0, and 𝛷 can be obtained from a linear low-level modal test, while measurements of 

the modal acceleration, �̈�, velocity, �̇�, and displacement 𝑞 are obtained from a high-level test using 
integration and differentiation in the frequency domain. The only remaining unknowns are in the nonlinear 

coefficients 𝑐2, 𝑘2, 𝑐2, and 𝑘2. The equation of motion from Eqn. 3 can be set up to solve these 
coefficients in a least squares sense as shown in Eqn. 5 and Eqn. 6. The process from [2,3] is followed to 
complete these least squares, in particular real and imaginary signals are stacked and these equations are 

solved in the frequency domain. 

 𝜙𝑇𝐹 − �̈� − 𝑐0�̇� − 𝑘0𝑞 = [�̇�|�̇�| �̇�3  𝑞|𝑞| 𝑞3] [

𝑐1

𝑐2

𝑘1

𝑘2

] → �̅� = 𝑃 [

𝑐1

𝑐2

𝑘1

𝑘2

] (5) 

 [

𝑐1

𝑐2

𝑘1

𝑘2

] = 𝑃+�̅� (6) 
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As a simple approximation of amplitude-dependent damping and frequency, the nonlinear model’s 
stiffness and dissipation terms can be gathered and related to linear damping and frequency. From linear 

modal theory we can relate 𝑘0 to natural frequency. 

 𝑘0𝑞 = 𝜔𝑛
2𝑞 (7) 

Using the stiffness terms in the nonlinear pseudo-modal modal we can get an estimate for effective natural 

frequency. 

 𝑘0𝑞 + 𝑘1𝑞|𝑞| + 𝑘2𝑞3 = (𝑘0 + 𝑘1|𝑞| + 𝑘2𝑞2)𝑞  = 𝜔𝑛𝑒𝑓𝑓
2 𝑞 (8) 

A similar effective damping ratio can be obtained using the dissipation terms as shown in Eqn. 9. These 
nonlinear modal estimates are not perfect and would benefit from a more rigorous multiple-scales 

perturbation approach but they provide a quick sanity check while testing in the lab. 

 𝑐0�̇� + 𝑐1�̇�|�̇�| + 𝑐2�̇�3 = (𝑐0 + 𝑐1|�̇�| + 𝑐2�̇�2)�̇�   = 2𝜁𝑒𝑓𝑓𝜔𝑛𝑒𝑓𝑓
�̇� →  𝜁𝑒𝑓𝑓 =

(𝑐0+𝑐1 |�̇�|+𝑐2�̇�2)

2𝜔𝑛𝑒𝑓𝑓

 (9) 

2.1.1 Hilbert Transform 

Beyond simply investigating the nonlinear pseudo-modal model, the Hilbert transform [7-8] was used to 
investigate the nonlinear characteristics of measured responses. This tool is widely used for nonlinear system 
identification. The Hilbert transform is usually used on ringdown data from an impact hammer test. First, it 
is assumed that the modal response can be rewritten in an exponential form as shown in Eqn. 10 where 

𝜓𝑟(𝑡) is the Hilbert envelope and 𝜓𝑖(𝑡) is the unwrapped phase. 

 �̈� = 𝑒𝜓𝑟(𝑡)+𝑖𝜓𝑖 (𝑡) (10) 

The amplitude envelope and unwrapped phase obtained in this exponential form can be used to find time 

varying damped natural frequency and dissipation. 

 𝜔𝑑(𝑡) =
𝑑𝜓𝑖

𝑑𝑡
 (11) 

 −𝜁𝜔𝑛(𝑡) =
𝑑𝜓𝑟

𝑑𝑡
 (12) 

These values can then be plotted against response amplitude to obtain amplitude dependent curves for 

frequency and dissipation to quantify the nonlinearity observed in each mode. 

3 Experimentation 

3.1 Experimental System and Challenges 

The experimental structure of interest is shown disassembled in Fig. 3. It consists of two shelled-beam 
specimens that connect with two bolted interfaces in the center of the beam. The goal of the experiment was 
to extract amplitude dependent frequency and damping relationships to aid in the finite element model 

updating for the small structure.  
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Figure 3: 𝑇𝑤𝑜 𝑏𝑒𝑎𝑚 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑤𝑖𝑡ℎ 𝑚𝑜𝑑𝑎𝑙 ℎ𝑎𝑚𝑚𝑒𝑟 𝑓𝑜𝑟 𝑠𝑖𝑧𝑒 𝑐𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛 

This structure provided many experimental challenges. The beam has two internal gages shown in the sketch 

from Fig. 4 but when exciting the structure at high force levels the internal sensors would over-range or 
reach the nonlinear saturation of the sensor, making it difficult to determine if the measured nonlinearity 
was from the jointed structure of the sensor response. In addition, two sensors would not be adequate to 
perform the spatial filter as calculated in Eqn. 1. The spatial resolution of the measurement locations would 
not be able to separate the measurements into single degree-of-freedom modes; thus, full-field measurement 

was necessary for this application.  

 

Figure 4:  𝐴𝑠𝑠𝑒𝑚𝑏𝑙𝑒𝑑 𝑡𝑤𝑜 𝑏𝑒𝑎𝑚 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑣𝑖𝑒𝑤 𝑠ℎ𝑜𝑤𝑖𝑛𝑔 𝑖𝑛𝑠𝑡𝑟𝑢𝑚𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 

The nonlinear analysis presented in Eqns. 3-6 requires that all measurement points be taken with a consistent 
loading. With accelerometers this is a simple task but it is much more difficult with a LDV system that scans 

point by point. This process was considered but would require a highly repeatable force in order to obtain 
the same nonlinearity at each measurement location. Instead, the team chose to pursue a digital image 
correlation (DIC) measurement technique using high-speed cameras to capture the motion of the beam 
specimen under high loading. This decision came with more challenges, mainly the noise floor of DIC 
measurements. In the free-free configuration a large enough force was difficult to obtain while remaining 
in depth of field for the camera system. Several individual hammer strikes were obtained but averaging 
tended to wash out the nonlinearity as repeatable hammer strikes were not obtainable. To alleviate this issue, 
the system was attached to a large fixture from a higher-level assembly. This frame provided a sturdier 

structure for modal testing, allowing for larger force levels bringing the signal out of the noise floor of the 

system. 
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3.2 Experimental Set-Up 

The final framed experimental setup is shown in Fig. 5. DIC speckle patterns were applied to the beam while 
66 accelerometer measurements were placed onto the framed structure.  The structure was suspended by 

bungees to represent a free-free boundary condition on the entire fixture-beam assembly.  

 

Figure 5: 𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚 𝑠𝑒𝑡𝑢𝑝 𝑤𝑖𝑡ℎ 𝑐𝑎𝑚𝑒𝑟𝑎𝑠 

The speckle pattern used for DIC analysis is shown in Fig. 6. Note, the hammer blocks a significant portion 
of the view so only measurements where the speckle subset is identified for all time steps are used in this 

analysis. 

 

Figure 6: 𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙 𝐷𝐼𝐶 𝑠𝑝𝑒𝑐𝑘𝑙𝑒 𝑝𝑎𝑡𝑡𝑒𝑟𝑛 

Nonlinear, high-level, testing was performed with an impact hammer swung from a pendulum to strike the 
beam at the same location with approximately the same force. The testing was completed at multiple forces 
to assess the nonlinearity of the joint in various configurations and loadings. These high-level impact 
measurements were processed through a series of signal manipulations (filtering etc.) to obtain useful 

nonlinear relationships between vibration amplitude and damping. 
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Figure 7: 𝐻𝑎𝑚𝑚𝑒𝑟 𝑝𝑒𝑛𝑑𝑢𝑙𝑢𝑚 𝑝𝑖𝑐𝑡𝑢𝑟𝑒 

4 Example Experimental Results 

This section will walk through the processing of a single data set and then overlay the results of many data 
sets to see the experimental repeatability of this test practice. This section will highlight any unique 

processing that occurs due to the mix of modal digital image correlation measurements and more 

traditionally used modal accelerometer measurements. 

To begin, the digital image correlation measures displacements which contains rigid body motion and high 
frequency noise. A bandpass filter is used to remove this unwanted frequency content, an example signal is 

shown in Fig. 8. 

 

 

Figure 8: (a) 𝑅𝑎𝑤 𝐷𝐼𝐶 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑓𝑜𝑟 𝑎 𝑠𝑖𝑛𝑔𝑙𝑒 𝑝𝑜𝑖𝑛𝑡  (b) 𝐹𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝐷𝐼𝐶 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑓𝑜𝑟 𝑎 𝑠𝑖𝑔𝑛𝑙𝑒 𝑝𝑜𝑖𝑛𝑡 

beam specimen 
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After filtering, the displacement measurements were converted to acceleration in the frequency domain. The 
data from the DIC measurement and the accelerometers must be combined into one set to complete the 

modal filter calculation. The data from both sets was resampled at a high rate and then decimated so the 
signals had the same temporal resolution. Because the cameras and modal accelerometer DAQ were not 
synchronized the signals needed to be aligned in time. To do this the displacement measurements were 
shifted in time until the phase of the DIC and accelerometer measurements were aligned. At this point the 
data sets could be combined into one file containing a force, acceleration measurements from the 

accelerometers, and calculated acceleration measurements from the DIC system. 

 

Figure 8: Combined responses from DIC and Accelerometers 

Using Eqn. 1 the signals can be spatially filtered into single degree-of-freedom responses. In this work, the 
filter was successful at removing nearby frequencies for the two modes of interest but did not successfully 
remove much of the low frequency (under 1000 Hz) content. This undesired frequency content was removed 

with a high-pass filter. The results from the spatial filter are shown in Fig. 10. 
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Figure 10: 𝑆𝑝𝑎𝑡𝑖𝑎𝑙𝑙𝑦 𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝑚𝑜𝑑𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑠𝑖𝑔𝑛𝑎𝑙𝑠 

A nonlinear pseudo-modal model was created using the process from Eqns. 3-6, where the linear parameters 
were found from low-level excitation tests, and the filtered high-level data was used to obtain the modal 

states 𝑞, �̇�, and �̈�. For the tested force level, the nonlinear coefficients were determined in a least squares 
sense from Eqns. 5-6 for the first bending mode of the beam specimen. These coefficients are contained in 

Table 1.  

Parameter Value 

k1 -4.45E11 
k2 1.20E15 

c1 1449 
c2 -2472 

Table 1: Nonlinear pseudo-modal model coefficients 

The obtained nonlinear pseudo-modal model was simulated using a high-level impact excitation force and 

compared to modally filtered test response data to ensure the accuracy of the obtained modal model. Figure 
11 shows the results of this time-domain simulation. Here the amplitude of the modal response at early and 
late time correlate very well, meaning the nonlinear pseudo-modal model obtained from test data provided 

a quality fit. 
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Figure 11: Nonlinear pseudo-modal model simulation 

The RFS estimate, from Eqns. 8-9, and Hilbert transform, from Eqns. 10-12, were used to determine the 
amplitude-dependent frequency and damping for the first bending mode of the structure. Figure 11 shows 

the amplitude dependent damping which provides a quality match between both the RFS estimate and the 
Hilbert approach. At low level the two estimates agree to a similar damping ratio (around 0.006). This is 
significant because the RFS low level damping is determined solely by the low level linear test of the system. 
At higher levels we see similar levels of increased damping, with added end-effects due to the polynomial 

nature of the Hilbert approach. 

 

Figure 11: Nonlinear amplitude dependent damping 
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Figure 12 shows the nonlinear amplitude-dependent frequency calculation and here we can see a large 
discrepancy between the Hilbert and RFS estimate of frequency. As can be observed in Fig. 12 both methods 

have around the same level of linear frequency. The Hilbert method observes a very small change in 
frequency (~0.2%), while the RFS estimate see a much larger shift at high levels (2%). The Hilbert results 
suggest that the mode really had very little nonlinear stiffness change, future work will investigate modes 

such as this using RFS to fit damping only, versus damping and stiffness nonlinear pseudo-modal models. 

 

Figure 12: Nonlinear amplitude dependent frequency 

Additional hammer impacts were taken at higher load levels. Figure 13 shows the nonlinear damping results 
of these high-level hits. Here, both loading cases agree (as expected) at lower levels, additionally, the high-
level response data follows a similar microslip trend as the low-level impacts. This means in future work on 
this structure high-level impacts with appropriate ringdown can be used to capture the entire amplitude range 

of interest. 

 

Figure 13: High versus low-level comparison 
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5 Conclusions and Future Work 

This paper provided a nonlinear identification example using both accelerometer and digital image 
correlation data. To identify the desired nonlinear pseudo-modal models a nonlinear restoring force surface 
technique was used. The pseudo-modal models were assumed to be cubic and quadradic polynomial 
elements and were able to capture the nonlinearity present in the main mode of interest for this beam 
specimen. The Hilbert transform was implemented to understand the degree of nonlinearity present in the 
main mode of interest. A simple calculation was performed using the form of the nonlinear pseudo-modal 
model to validate the nonlinearity observed in the Hilbert response. In addition to the identification exercises 
the bolted specimen was tested at multiple levels to see if the nonlinearity would shift as force was slightly 

increased. 

There are a few follow-up tasks from which this study would greatly benefit. First, the range in which the 
pseudo-modal model is accurate could be increased by testing at even higher force levels. Ideally a model 
would span a large range, but a study comparing the model extracted at different forcing levels could provide 
insight into some of the pitfalls of this methodology. Second, some optimization would could be done on 
the node selection from the DIC measurements. Spatial averaging may be implemented to eliminate drop 
the noise floor at higher frequencies and allow this technique to target higher frequency modes otherwise 
riddled with noise. Finally, investigating data at multiple torque levels (especially lower ones), would allow 

the system to experience more micro-slip and potential observe larger stiffness changes. These tasks would 
help to prove out and enlighten the nonlinear community on what appears to be a promising technique for 

nonlinear joint measurement and model identification. 
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Abstract
The present work investigates cavitation in external gear machines by means of a dedicated experimental
campaign. Four different pump prototypes have been designed and manufactured to perform this research,
one of them specifically built up to not be affected by such a phenomenon. Vibro-acoustic measurements
performed by a hydrophone and a high-frequency accelerometer are put in comparison with measurements
of inlet and outlet pressure ripple, in order to enlighten their capability to follow the development of the
phenomenon. Waterfall spectra are investigated and later Root Mean Square (RMS) values of the filtered
signals are shown with respect to the cavitation number and compared with efficiency measurements. Re-
sults demonstrate that vibro-acoustic measurements associated to a dedicated signal processing procedure
represent a powerful tool to detect cavitation inception in gear pumps. In addition, effect of oil temperature
is investigated, showing its contribution in spreading the phenomenon on a wider speed range.

1 Introduction

Cavitation detection in fluids machinery represents a central but demanding task in defining the performances
of pumps and turbines throughout a wide range of working conditions. Characterizing the machines behavior
from the onset of the phenomenon until its full development usually requires a well-assessed measurement
procedure and accurate post-processing. One of the first works on this subject pertains to I. S. Pearsall [1],
that focused the attention on determining the effects of cavitation by means of acoustic measurements on the
performances of various hydraulic machines, such as axial-flow and centrifugal pumps, as well as Francis
and Kaplan turbines. Measured data demonstrated that acoustic measurements were more sensitive to the
phenomenon inception than efficiency one. These first results have been later supported by more extended
experimental campaigns performed on centrifugal pumps [2], demonstrating the effective capability to detect
cavitation inception by using hydrophone sensors.

The measurements approach described in [1, 2] has been lately developed and applied to various Kaplan and
Francis turbine prototypes [3, 4], underlining the chance to improve the experimental detection with blade-
passage frequency demodulation techniques. More recently, different signal processing techniques have
been proposed for detecting cavitation inception: M. Čudina demonstrated the possibility to characterize the
phenomenon in centrifugal pumps by using audible sound [5]; later, uncertainty of the results was evaluated
by the same authors [6]. Adamkowski et al. focused the investigation on monitoring the pump shaft torsional
vibrations induced by cavitation erosion [7]. In the same years, Zhaoli et al. presented an assessed method
to detect cavitation in pumps with the help of phase demodulated ultrasonic signals [8]. More recently, Azizi
et al. developed an algorithm to estimate the severity of the phenomenon in centrifugal pumps [9].

Various other experimental studies on this challenging subject may be found in the literature, however, de-
spite the wide interest shown by the scientific community, a lack of results concerning the detection of
cavitation in volumetric machines has been observed by the authors. A small amount of research regards the
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effects produced by air release/absorption and oil vaporization in volumetric pumps and motors. Moreover,
such works are generally restricted to the numerical approach and focused on the assessment of models for
performance prediction. In particular, in [10] Borghi et al. evaluated the influence of cavitation in external
gear pumps and motors by proposing a lumped parameter model restricted to the meshing zone, only. More
recently, in [11, 12] Zhou et al. presented a lumped parameter approach to evaluate external gear pumps
performances under cavitation conditions based on simplified transport equations. The model described in
[12] is supported by experimental data referring to the pressure ripple around gears, but no effective data
regarding the cavitation detection are provided. Several other works are focused on determining the pump
performance taking into account a number of design parameters and working conditions [13, 14, 15, 16], but
the cavitation phenomenon is always neglected.

As far as the authors are aware of, the only one experimental work focused on cavitation monitoring in volu-
metric pumps pertains to Buono et al. [17], that presented an experimental campaign aiming at characterizing
the phenomenon in gerotor pumps by means of pressure ripple and vibration measurements. Experimental
measurements on cavitation in gear pumps cannot be found in the literature even if this machine type is
commonly known to be affected by such a phenomenon [10, 12, 18, 19]. This lack of data might be justified
by considering that gear pumps are traditionally driven by electric motors or low speed engines since the
requested delivery flow rate is obtained by increasing the pump displacement. Nowadays, in particular in the
automotive field, the need to reduce weight and dimensions of the overall system requires to reduce the pump
displacement as much as possible and then to guarantee the requested delivery flow rate by increasing the
working speed. Based on this brief literature review, the goal of the present work is to characterize cavitation
in gear pumps experimentally and define a systematic procedure to detect the inception of the phenomenon
with respect to the pump working speed. For this reason, results obtained from the signal processing of
different sensors such as accelerometers, hydrophone and pressure pulsation sensors are shown and dis-
cussed. Moreover, the analysis of measured data referring to different pumps is supported by measurements
of volumetric efficiency and actual detection of various damages produced by cavitation.

The following Section describes the characteristics of the cavitation phenomenon in fluid machines. Section
3 outlines the test setup, concentrating on the description of the test bench adopted to evaluate both pumps
efficiency and vibro-acoustic performances, the data acquisition system together with the various transducers
installed on the rig and, lastly, the four external gear pumps designed for the experimental campaign and the
measurement procedure. Section 4 describes the signal processing techniques applied to measured data,
while Section 5 presents the obtained results, with the aim at characterizing gear pumps behavior under
cavitating conditions. Finally, last section is devoted to concluding remarks.

2 Cavitation in fluid machinery

The literature survey in Section 1 demonstrates that the cavitation phenomenon in axial/centrifugal pumps
and turbines has been widely studied throughout the last five decades. Several experimental campaigns
contributed in addressing its characteristics, from a machine performance point of view, as in refs. [1, 2], as
well as from a physical point of view, as in ref. [20]. The former approach is based on the evaluation of the
machine efficiency with respect to its working condition, which is usually defined in terms of the cavitation
number σ:

σ =
pin − psat
0.5ρu2

(1)

where pin is the mean inlet pressure, psat is the saturation pressure at the reference oil temperature, ρ is the
oil density at the reference temperature and u is the mean flow velocity at the inlet port. As described in ref.
[21], the cavitation number is a scaling parameter adopted to extrapolate data from one working condition
to another by assuming complete similitude guaranteed by a constant cavitation number itself. However, in
practice, σ does not include all the variables influencing the phenomenon, e.g. boundary geometry, absolute
pressure, local velocity or pressure drop, and therefore such a parameter is still affected from scale effects.
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Figure 1: Qualitative trend of volumetric efficiency ηV and generic vibro-acoustic quantity χ with respect to
the cavitation number.

Once the cavitation number is assumed as a control parameter, starting from a cavitation-free working con-
dition, by reducing σ the generic turbomachine cross three main regions: the first one coincides with the
initial condition, then as the machine approaches the cavitation inception region, small, isolated and local-
ized bubbles start appearing. As σ keeps decreasing, the phenomenon intensifies till the machine enters the
fully-developed cavitation region and starts working in chocked conditions.

These considerations explain the results obtained in [1, 2], which demonstrated that efficiency measurements
cannot follow the evolution of the phenomenon entirely, since the delivery flow rate starts being influenced
by cavitation when the machine enters the fully-developed cavitation region. On the contrary, measurements
based on hydrophones, accelerometers, acoustic emission sensors and pressure transducers were shown to
be much more sensitive to the phenomenon, being able to detect it from the inception to its complete de-
velopment. In particular, several experiments demonstrated that vibro-acoustic measured quantities always
follow a common trend as the cavitation number is decreased from the free-of-cavitation region till the fully-
developed one, as shown in Figure 1. Volumetric efficiency ηV remains unaltered till the chocked condition,
when it finally shows a sharp drop; on the contrary, generic vibro-acoustic quantity χ starts increasing as
soon as the inception takes place, it reaches a maximum and then suddenly drops down as the phenomenon
intensifies. If σ is further decreased, chocking starts appearing and χ starts increasing again.

These results are usually obtained by executing a large number of measurements where σ is gradually de-
creased by reducing the inlet pressure while the working speed is set as a constant. The practical advantage
given by this kind of approach stands in the possibility to fully characterize the phenomenon by simply reg-
ulating a valve placed on the inlet side. Moreover, since this kind of machines is typically designed to work
at a fixed constant speed while the inlet pressure depends on the installation layout, the proposed approach
also gives an accurate representation of the real case.

In order to have a complete overview of the problem, it must be clarified that the necessity to detect cavitation
inception comes from a practical reason. Although fully-developed cavitation affects volumetric efficiency
seriously, it is proved to be less damaging than the inception condition in terms of wear and erosion. As ex-
plained in refs. [21, 22], when cavitation becomes well developed, the flow aggressiveness tends to decrease
due to a smaller production of vapor bubbles or weaker implosions. For this reason, detecting cavitation from
its inception becomes a crucial task to define the working condition range where the machine can operate
safely.

Despite the large amount of specialized literature regarding cavitation on hydraulic machines, similar studies
have never been performed for gear pumps. For this reason, a clear description regarding how and where the
phenomenon takes place and evolves is not available in the literature. Concurrently, experimental data for
correlating cavitation in gear pumps with respect to vibro-acoustic measurements cannot be found. However,
by taking advantage of the numerical results in ref. [11] regarding the vapor and air mass fractions evolution
around the gears, it is possible to assume a realistic description of its development. Since bubble generation
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requires a consistent drop of the local pressure, air release and vaporization must necessarily take place in
the meshing zone, when the trapped volume opens to the inlet chamber. Within this context, the oil suddenly
flows from a high pressure zone to a low pressure one by means of an extremely small orifice, which causes
the flow velocity to increase significantly. Since oil speed sudden increases, a further decrease of the local
pressure is produced with the consequent effect of promoting cavitation. Once bubbles are generated, they
can either collapse in the suction chamber or be trapped by gear pockets, dragging them into the pressurizing
zone. As soon as the pressure inside the pockets increases, bubbles collapse and produce undesired noise,
vibration and, potentially, wear.

On the basis of this description, it is clear that both working speed and suction pressure are crucial parame-
ters. If the speed is increased, the oil pressure inside the meshing zone tends to increase as well and therefore
the subsequent pressure drop becomes more and more intense. Moreover, the speed increase produces a
slight reduction of the mean suction pressure that contributes in intensifying the phenomenon. On the other
hand, cavitation can be also induced by decreasing the mean inlet pressure till the bubble generation can
take place directly inside the suction chamber. Although the two mechanisms lead to the same final effect of
promoting cavitation inside the pump, they cannot be considered equivalent since speed increase and suction
pressure reduction have a different influence on the pressure course around the gears. As described by Muc-
chi et al. in [23, 24], the speed increase produces a consistent reduction of the pump sealing capability; since
the pressure increase in the pressurizing zone is delayed, the bubble collapse is also expected to be delayed.
The proposed explanation clarifies the reason why cavitation tests in gear pumps for automotive applications
should be performed by increasing the working speed rather than reducing the inlet pressure. This kind of
pumps are designed to work safely throughout an extended speed range, while the installation layout is fixed;
in this way, each specific pump is designed for a specific lubrication system. Therefore, in this framework,
the inlet pressure does not actually represent a control parameter of the phenomenon, which appears to be
mainly governed by the working speed.

3 Experimental setup

3.1 Test rig description

The test rig adopted to carry out the experimental campaign is shown in Figure 2. The gear pump is installed
inside a sealing box that makes it working submerged and driven by a brushless AC motor with speed
controller; a torque meter is located along the shaft connecting the pump with the electric motor. The
pipeline for the oil supply system is constituted by two branches: one connecting the tank to the sealing box
and the other one connecting the pumps outlet chamber to the tank. An automatic servo valve located on the
latter branch of the pipeline allows for the fast regulation of the oil delivery pressure. The oil temperature is
regulated with an additional pipeline connected to the tank and controlled by a dedicated system, namely the
temperature controller. Such a system monitors the oil inside the tank by using a thermocouple and regulates
the temperature with a number of electric resistances.

Both pipeline systems described above are equipped with a drainage system, various valves and filters in
order to allow for a safe and easy management of the test rig during the measurement procedures. The
description of such auxiliary parts of the test rig is neglected being out of the scope of the present work.

3.2 Sensors and data acquisition system

Two different sets of transducers have been adopted to carry out the experimental campaign. As shown in
Figure 2, a first set of sensors has been used to control the test rig and monitor the working condition of
the pump under examination. In particular, two digital pressure gauges have been placed on the suction and
delivery ports, respectively, in order to check the mean inlet and outlet pressure. A Kracht Gear Type Flow
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Figure 2: Test rig configuration and sensors disposition adopted for the experimental campaign.

Figure 3: Transducers setup in the real test configuration. As underlined in Section 3.1, the sealing box does
not allow for a direct access to the pump casing.

Meter has been used to measure the outlet flow rate, while the instantaneous angular speed can be directly
acquired from the tachometer connected to the speed controller of the electric motor.

The second set of sensors has been specifically designed to detect the presence of cavitation by means of
vibro-acoustic measurements (see Figure 3). With this purpose, two high frequency piezoelectric transducers
(model PCB S102B with resonant frequency above 500kHz) have been place on the suction and delivery
ports respectively, in order to measure the pressure ripple generated by the pump. Moreover, a miniature
hydrophone (model B&K 8103), located in proximity of the suction chamber and connected to a conditioning
amplifier (model B&K Nexus 2692), monitors the acoustic pressure of the oil. Finally, a high-frequency
single-axis accelerometer (model PCB 352A60 with resonant frequency above 95kHz) has been located on
the sealing box, close to the beginning of the pressurizing zone related to the driving gear. This choice is
justified by the fact that while bubbles are generated in the last part of the meshing zone, they are supposed
to collapse in the first part of the pressurizing zone. This assumption is supported by direct observation of the
wear produced by cavitation on the pump casing. This second set of sensors, together with the signal provided
by the tachometer, has been acquired with a LMS Scadas 305 acquisition system and then postprocessed
in Matlab environment. In order to capture the signature produced by cavitation phenomena, the sample
frequency fs has been set to the maximum value allowed by the adopted acquisition system, which is equal
to 204800Hz.

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1313



3.3 Gear pumps type and measurement procedure

Four different gear pump prototypes have been designed and manufactured in order to perform a wide ex-
perimental campaign allowing for a satisfactory characterization of the phenomenon. The first prototype,
namely Pump A, is constituted by helical gears, with 14 teeth on the driving gear and 9 teeth on the driven
one. Since the pump casing is made by steel, no running in process is required and therefore radial clear-
ances between gears and casing are entirely defined by design. The second prototype, namely Pump B, is
composed by the same gearpair used for Pump A, but the casing is milled from a single block of aluminum.
For this reason, radial clearances are reduced during the design process since the gear pair can mill its own
grooves into the casing during the running in process. The third prototype, namely Pump C, is made up by
a spur gearpair, with 13 teeth on the driving gear and 10 teeth on the driven one. As described for Pump
B, Pump C has an aluminum casing that requires the running in process before the pump can be considered
ready to be tested. Finally, the last prototype, namely Pump D, is made by an aluminum casing and helical
gears, with 11 teeth and transmission ratio equal to one. All the four prototypes have similar global dimen-
sions and displacement (around 14cm3/rev). Pump D has been specifically designed to avoid the presence
of cavitation inside the range of working conditions tested. The main design features of the four described
prototypes are summarized in Table 3.3.

The four pumps have been tested by following the same measurement procedure: the prototype is installed
on the test rig and the servo valve is set to maintain a mean delivery pressure equal to 30bar. The oil
temperature is set at 60oC and kept as a constant by the temperature controller. With these constraints settled
up, each pump is tested at different speed values, starting from 800rpm till 6000rpm, with a constant step of
100rpm. The maximum speed is limited by the maximum torque provided by the electric motor. Moreover,
experimental tests regarding prototype A have been repeated at 90oC and 120oC in order to evaluate the
influence of the oil temperature. Tests have been performed without reducing the inlet pressure by regulating
a valve in the inlet piping, but the speed increasing solely induces cavitation. Despite this testing procedure is
uncommon when evaluating the influence of cavitation in fluid machines, it is a more realistic representation
of the phenomenon that may take place in actual gear pump applications, e.g. in the auxiliary systems for
automotive applications. These pumps are usually driven by the engine and therefore must properly work
throughout a wide speed range; on the contrary, the installation can be designed to minimize pressure losses
on the inlet pipeline making this parameter less dominant on the evolution of the phenomenon.

Pump Type z1/z2 Tooth Type Case Material pout
A 14/9 Helical Cast iron 30bar
B 14/9 Helical Aluminum 30bar
C 13/10 Spur Aluminum 30bar
D 11/11 Helical Aluminum 30bar

Table 1: Main design characteristics of the four tested prototypes.

In order to verify the presence/absence of cavitation in each pump prototype, endurance tests have been
performed on each gear machine and later the potential presence of wear has been assessed. Endurance tests
have been performed for 60 hours at the most severe working condition, which corresponds to a combination
of angular speed/delivery pressure equals to 6000rpm/30bar. As expected, wear has not been detected on
pump prototype D, while various marks of erosion due to cavitation have been observed on prototype A, B
and C. In particular, endurance tests on various samples of pump prototype A had to be stopped before the
expected time due to severe wear that compromised the correct machines operation.

4 Post processing

The early detection of cavitation phenomena in hydraulic machines by means of vibrational and acoustic
measurements requires the design of specific post processing procedures, typically based on the evaluation
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of the demodulated signal at the blade passage frequency [3, 4, 20, 25]. However, the application of these
methods in the present study did not provide any valuable result. It is the author’s belief that such a negative
outcome is linked to the methodology adopted in this study to promote cavitation, which is induced by
increasing the working speed of the pump, without modifying any other working condition parameter. This
method differs considerably from the classical approach that has been described in the literature since the
very first publications, in which cavitation is promoted by the reducing the suction pressure at constant
nominal speed. This latter method has the benefit to freeze the dynamics of the machine with respect to the
working condition; as a consequence, any change recorded in the machine response can be attributed to the
cavitation development. Concurrently, as explained in Section 2, the approach is a well representation of
real cases: axial/centrifugal machines are designed to work at fixed nominal speed, but they may encounter
different suction pressure values depending on the installation layout. On the contrary, gear pumps are
often designed to be installed on a specific layout, e.g. in the automotive field a specific pump is designed
for a specific driveline transmission, but they are required to work safely throughout a wide speed range.
Within this framework, it is therefore clear that promoting cavitation by increasing the working speed is a
more realistic reproduction of the real case, even if the machine dynamics becomes to be influenced by both
the working condition and the cavitation development. As a matter of fact, the speed increase causes the
amplitude of the harmonics of the mesh frequency, together with their sidebands potentially present, to vary
through the considered speed range depending on (i) the dynamics of the gearpair, (ii) the dynamics of the
overall pump body and (iii) the fluid-dynamics of the machine. This particular behavior masks the signature
of cavitation throughout the low frequency range typically excited by the first 10−15 harmonics of the mesh
frequency.

On the basis of these considerations, the phenomenon has been characterized by using an energetic approach
applied to a frequency range less involved by the pump dynamics. The first step of the developed procedure
consists of calculating the waterfall diagrams of the acquired signals. Waterfall charts are not determined
by performing a Short Time Fourier Transform on a single run up, since they can be directly estimated by
piling the data acquired at constant speed and expressed in frequency domain on a single chart. By repeating
this procedure for each sensor, a general overview of the pump behavior is obtained and the frequency limit
value that bounds the low frequency range can be defined by direct observation of such charts. Moreover,
as it will be shown in Section 5, waterfall diagrams allow for a preliminary and qualitative evaluation of the
presence of cavitation.

The second step of the post processing procedure starts with filtering the data by using a high-pass filter with
cutoff frequency equals to the frequency limit value determined in the previous step. Filtered signals at each
working speed are then analyzed by calculating their RMS value and displayed with respect to cavitation
number σ [2]. The methodology is able to determine the presence of high frequency cavitation noise, in
particular when enlightened by the presence of resonances inside the analyzed frequency range.

5 Results and discussion

In the current section, results obtained from the signal processing procedure described in Section 4 are
shown and discussed. Attention is particularly focused on showing the signature caused by the presence of
cavitation and the different capability of the four adopted sensors in capturing the phenomenon. Moreover,
in order to misleading conclusions, the capability to distinguish the cavitation noise from the structural one
is verified by applying the the proposed method to a non-cavitating pump.

In order to better understand the importance of the first step of the post processing procedure, waterfall charts
of the signals referred to pumps B and D are reported in Figure 4. The latter is specifically designed to not
be affected by cavitation in the analyzed working range conditions. Results, that are displayed in logarithmic
scale, have been previously normalized by their minimum value and divided by the reference value k = 10−3

(the normalized quantity is indicated with symbol X̃). For each plot, two main regions can be distinguished:
the low frequency region, which extends to the 40kHz limit in the currently analyzed pumps, and the high
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Figure 4: Waterfall plots (in logarithmic scale) of the acquired data referred to pump prototype B, affected
by cavitation, and prototype D, not affected by cavitation. In each plot, symbol X̃ refers to the measured
quantity normalized by its maximum value.

frequency region, which involves the remaining frequency range. The former region is mainly influenced
by the periodic components of the signal, typically harmonics of the angular speed and the mesh frequency.
The latter, on the contrary, refers to a frequency range that is usually too high to be crossed by harmonics
of the mesh frequency with a relevant amplitude. Concurrently, as also observed in [2, 3, 20], the high
frequency range is usually the one characterized by the cavitation signature. Based on these considerations,
the waterfall plots become a powerful tool for the determination of the frequency limit that will be used to
set the cutoff frequency of the high-pass filter in the following step of the post processing.

Waterfall charts in Figure 4 represent also a valuable tool for a preliminary detection of cavitation. Focusing
the attention on the suction chamber pressure ripple, for example, the signals referred to the two pumps
show a completely different behavior in the high frequency region. For each arbitrary frequency band within
this region, the noncavitating one (prototype D) is characterized by the absence of amplitude gradient along
the entire speed range, except for the presence of some high order harmonics of the mesh frequency. On
the contrary, the signal referred to the cavitating one (prototype B) outlines the presence of high frequency
broadband components between 40 and 70kHz. Such broadband components start being appreciable, in
terms of amplitude, qualitatively from 4200rpm, reach a maximum amplitude value at around 5500rpm and
then a decrease is observed. The described phenomenon is recognized also in the signals obtained from
the other transducers; in particular, hydrophone measurements appear to be the most sensitive, since such a
behavior is present throughout the entire bandwidth of the high frequency region.

By following the signal processing procedure defined in Section 4, data referred to pump prototypes B
and D have been high-pass filtered at 40kHz and then the RMS value for each transducer at each working
speed condition has been calculated (Figure 5). Results are reported together with the measured volumetric
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Figure 5: RMS values of the four measured signals and volumetric efficiency as a function of the cavitation
number σ, for pump prototypes B and D. In each plot, symbol X̃ refers to the measured quantity normalized
by its minimum value, while symbol η∗V refers to the volumetric efficiency normalized by its maximum
value.

efficiency and expressed with respect to the cavitation number σ. For the sake of clarity, measurements
performed with hydrophone, accelerometers and pressure transducers are normalized by their respective
minimum value. Volumetric efficiency is normalized with respect to its maximum value for confidentiality
reasons. As can be appreciated from Figure 5, the efficiency referred to pump B shows the typical sharp
drop caused by the presence of intense cavitation; on the contrary, no efficiency reduction is detected for
pump D. By focusing the attention on the cavitating one, it is possible to observe that in conformity with the
efficiency drop that starts taking place at about σ = 5, all the four signals show a strong increment of the
RMS value. Moreover, as often described in the literature [1, 2, 25, 5], the RMS value reaches a maximum
when cavitation is close to the fully developed condition and then starts decreasing. It is therefore clear that
intense cavitation phenomena are captured by pressure pulsation measurements as well as acceleration and
acoustic measurements. However, since it is well known that incipient cavitation takes place well before
the efficiency drop [1, 2, 25], it is interesting to notice that pressure pulsation measurements appear not to
be able to detect it. In particular, suction chamber pressure pulsation results to be the least sensitive to the
phenomenon since the RMS value begins to increase when the efficiency drop is already developed. On the
contrary, both acceleration and acoustic measurements start rising considerably before the efficiency drop,
and in particular around σ = 15. In analogy to the observations made in [25], it is reasonable to assume
that incipient cavitation takes place in the range between σ = 10 and σ = 15, where pressure pulsation
measurements are not affected by a significant variation in their RMS values.

The behavior described by vibration and acoustic measurements can be also appreciated in Figure 6, which
reports the results of the post processing applied to acoustic measurements performed on prototype A at three
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Figure 6: RMS values referred to the hydrophone measurements on pump prototype A at different oil tem-
perature. Symbol X̃ refers to the measured quantity normalized by the minimum value recorded for the 60oC
case, while symbol η∗V refers to the volumetric efficiency normalized by its maximum value.

different temperature values. The cutoff frequency of the high-pass filter has been set at 45kHz and results
have been normalized by the minimum value obtained for the 60oC case. By focusing the attention on the
60oC case, it can be noted that the analyzed speed range (from 800rpm to 6000rpm) is able to characterize
the entire development of the phenomenon, which starts being detected at σ = 14. By increasing the speed,
i.e. by reducing the cavitation number, RMS value increases and reaches a maximum at σ = 3.10; after this
value, the RMS of the filtered signal shows a sharp drop till the minimum value recorded at σ = 2.38 and
it then starts raising again. Such a particular behavior has been described several times in the literature for
rotordynamic machines [1, 2, 25, 5, 26] but no similar data are already available in the literature for positive-
displacement machines. Figure 6 allows also for the evaluation of the effect produced by the oil temperature
on the cavitation phenomenon. As it can be appreciated, temperature variation does not cause a significant
modification of the overall behavior since the maximum of each curve is bounded by σ = 2.97 and σ = 3.43.
However, since for a given working speed the temperature increasing makes the cavitation number to reduce,
measurements performed at 90oC and 120oC cannot describe the development of the phenomenon entirely.
Practically speaking, the increase of oil temperature spreads the phenomenon on a wider speed range and, in
particular, it moves the fully developed cavitation condition at higher speed values.

The comparison between pump prototypes A and B allows for the evaluation of the effects related to the
choice of a different casing technology. As described in Section 3.3, pump A has been designed with a cast
iron casing that does not require running in processes; this means that radial clearances are entirely defined
during the design procedure. On the contrary, prototype B is constituted by an aluminum casing, which
undergoes a dedicated running in process allowing for the gearpair to produce a certain amount of wear and
therefore modify the radial clearances by itself. Apart from this aspect, the two pumps are identical. On the
basis of these considerations, Figure 7 shows the comparison between the two pumps in terms of the vibro-
acoustic response, normalized with respect to the minimum value calculated for pump prototype A; measured
efficiency is given as standard proof of the presence of cavitation. Although the overall behavior is similar,
RMS values referred to pump B are considerably smaller in the range where the cavitation takes place;
on the contrary, outside this range, calculated values are similar both regarding acoustic and acceleration
measurements. It is therefore reasonable to assume that, since the running in process permits the gearpair
to self-adjust its radial clearances through a controlled wear, it also actively contributes in reducing the
intensity of the cavitation phenomenon. As underlined in Section 3.3, the higher intensity of cavitation in
pump prototype A is also proved by the presence of an excessive amount of wear observed by performing
endurance tests on various samples of such a prototype. From these considerations, it results that vibro-
acoustic measurements performed on external gear pumps are able to quantitatively define the intensity of
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Figure 7: Comparison between pump prototypes A and B in terms of hydrophone and accelerometer response
(RMS values); efficiency measurements are shown as a benchmark indicator. In each plot, symbol X̃ refers
to the measured quantity normalized by its minimum value recorded for pump prototype A, while symbol
η∗V refers to the volumetric efficiency normalized by its maximum value.

the cavitation phenomenon, in addition to their capability to detect it in advance with respect to pressure
ripple and efficiency measurements.

6 Concluding remarks

An extended experimental campaign aiming at detecting cavitation in external gear pumps by means of
acceleration and acoustic measurements has been presented. With this purpose, a dedicated test rig has
been instrumented with a hydrophone and a high frequency accelerometer, together with pressure ripple
transducers located both on the suction and delivery chambers. Moreover, a flow meter, a tachometer and
two digital pressure gauges complete the set of transducers adopted to control the pump working conditions.

In order to perform the present study, four different pump prototypes have been designed with the aim at eval-
uating the phenomenon under the effects of different design solutions. In particular, last prototype has been
specifically designed to not be affected by cavitation throughout the entire working conditions range exam-
ined; this characteristic makes it as the reference point to assess the results. The effective presence/absence
of cavitation in the four prototypes has been checked with the help of efficiency measurements and endurance
tests, showing examples of various cavitation erosion marks observed.

The application of the post processing procedure has underlined the necessity of a general overview of the
signals, which is achieved with the help of waterfall spectra extended to the entire measured frequency range.
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This first step identifies two different regions: the low frequency one, which is mainly influenced by the mesh
frequency and its harmonics, and the high frequency one, which is mainly characterized by the wideband
cavitation noise.

Experimental data are filtered to enlighten the high frequency region and then RMS values of such signals
are plotted with respect to the cavitation number. Comparison between pump B (cavitating) and D (not cavi-
tating) has underlined the effective capability of the procedure in detecting the presence of the phenomenon.
In particular, acceleration and acoustic measurements appeared to be highly sensitive to the phenomenon if
compared to efficiency measurements as well as pressure ripple measurements. All the calculated results
qualitatively reproduce the behavior usually detected in rotordynamic pumps and turbines, demonstrating
that the cavitation phenomenon can be analyzed also in volumetric pumps in a similar manner. Results
obtained on pump prototypes A and C (both cavitating) confirm these observations.

Influence of the oil temperature has been evaluated by reproducing the tests at three different temperature
values: 60oC, 90oC and 120oC. Results seem demonstrating that the temperature increasing tends to spread
the development of cavitation throughout a wider speed range and, in particular, to move the fully developed
cavitation condition at higher speed values. Moreover, influence of the casing technology has been evaluated:
pumps made by aluminum casings resulted to be less affected by cavitation. This result may be explained by
considering that aluminum casings require the pumps to undergo a dedicated running in process that allows
the gearpair to self-adjust its radial clearances through a controlled wear process. This aspect seems to
contribute in reducing the intensity of the cavitation phenomenon, as verified by endurance tests performed
on various samples of pump prototypes A and B. The capability of the proposed procedure to capture the
intensity of the phenomenon, a characteristic that efficiency curves cannot detect, can be clearly appreciated
by comparing the maximum RMS values calculated for the two pump prototypes. As a consequence of this
assessment, the method resulted to be able to evaluate the severity of the cavitation in gear pumps.

The proposed study therefore demonstrates that vibro-acoustic measurements coupled with a dedicated sig-
nal processing procedure are a powerful tool for the early detection of cavitation in external gear pumps
and a quantitative estimation of the intensity of the phenomenon. However, it also underlines that such a
phenomenon is still not completely addressed and further studies should be devoted to analyze the nature of
cavitation in gear pumps in correlation with the nature of the produced signals.
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Abstract
In recent years high-speed cameras have seen great progress, both in hardware performance as well as in the
progress of image processing methods. Digital image correlation methods have been around for decades, but
only in recent years those methods have been extended to the experimental modal analysis. If compared to
classical still cameras, the high-speed cameras are expensive. Still as well as high-speed cameras offer great
spatial resolution.
This article presents a new approach, the Spectral Optical Flow Imaging (SOFI), where classical (still) cam-
eras are used to capture spectral components (real and imaginary) of a vibrating structure. It is shown that
one spectral component can be obtained from three still pictures. Theoretical background is supported with
an experiment; the results are compared to the high-speed camera approach.

1 Introduction

Photogrammetric displacement measurements using high-speed cameras and various optical flow image pro-
cessing algorithms such as digital image correlation [1] and other frequency based methods [2, 3], are in-
creasingly being used in modal analysis [4]. Displacement measurements from images are non-contact and
produce dense, simultaneous, full-field measurements accurate to within 1/100 of a pixel between frames
and 1/10000 of a pixel in the amplitude spectrum [5]. Implementing a stereoscopic camera set-up, three-
dimensional displacements can be measured [6].

Photogrammetric measurements suffer from high equipment costs in case of using high-speed cameras,
which typically cost many tens of thousands of euros, and up to a few hundred thousand euros for a stereo-
scopic pair of higher-end cameras. To reduce the equipment costs, single-camera measurement approaches
have been explored; the stereo information can be acquired with repeated measurements at different an-
gles [7] or by using a dividing mirror, producing two viewing angles for a single camera [8, 9]. A num-
ber of researchers have used lower-speed cameras to measure structural dynamics, by under-sampling and
remapping the time instances [10], or by using frequency zooming and allowing for aliasing [11], also the
researchers that extracted sound from vibrations in videos [12] were able to use the rolling-shutter effect to
sample high frequencies from a normal DSLR camera video. Compared to high-speed cameras, still-frame
cameras typically boast a higher colour-intensity resolution (typically 14-bit) and a higher pixel resolution,
ranging in multiple tens of mega-pixels, at a cost of only 500–2000 euros.

This research reviews the Spectral Optical Flow Imaging (SOFI) measurement technique introduced in [13]
that uses a still-frame camera and harmonically varying illumination to measure individual displacement
spectral components.
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2 Spectral Optical Flow Imaging

Spectral optical flow imaging (SOFI) was introduced in [13]. The method is briefly explained here, however,
for more details, please refer to the original publication.

A radiance field r((x, y), L) is produced by light L being reflected from the structure’s surface P (x, y)
(where (x, y) are the coordinates of the camera’s image plane):

r
(
(x, y), L

)
= P (x, y)L (1)

The radiance is converged by a lens and projected on the camera’s sensor where it gets integrated over a set
exposure time Te to produce pixel intensities I(x, y):

I
(
(x, y), L

)
=

∫ Te

0
r
(
(x, y), L

)
dt, (2)

By assuming small displacements, a displacement s will produce a change in the radiance approximately
equal to:

r
(
(x, y) + s, L0

)
= r
(
(x, y), L0

)
+ s∇r

(
(x, y), L0

)
, (3)

where ∇r is the radiance gradient. Relation (3) is based on brightness conservation and is commonly used
to estimate the displacements based on the intensity gradient in Optical Flow methods, such as Lucas-
Kanade [1]. The equation is typically written in the form of pixel intensities instead of radiance. Unlike
typical Optical Flow, Spectral Optical Flow implements a harmonically varying illumination:

L(t) = L0 + LA sin(ωl t), (4)

which produces the following radiance relation:
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(5)

By integrating both sides of the equation (5) over the exposure time Te and neglecting non-significant terms,
the following relation can be produced:
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(6)

the above equation indicates that an image of a vibrating structure illuminated with a harmonically varying
light (blinking & vibrations image) is composed of a motionless image under constant illumination (reference
image) and the distortion caused by the displacement spectral component, which is a product of the illumi-
nation scaling, the reference image gradient and the displacement spectral component Ss

(
(x, y), ωl

)
of the

frequency equal to the frequency of the varying light ωl. The displacement spectral component Ss
(
(x, y), ωl

)

can be obtained as:
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By using different illumination frequencies ωl and by changing the phase of the lights relative to the vibra-
tions, other spectral components can be measured. The frequency of interest is not limited by the camera
and can be very high (in the range of kHz) as long as the displacements are significant enough to be identi-
fied. Relatively small displacement amplitudes can be measured, because a typical displacement resolution
between two images is in the range of a hundredth of a pixel, provided that the gradient in the pixel (x, y) is
appropriate [5].

The displacement amplitudes Ss((x, y), ωn) and Sc((x, y), ωn) are displacements in the direction of the im-
age gradient only. The 2D displacements can be determined by identifying displacements of larger subsets of
the image (e.g. 20×20) containing various gradient directions. Perhaps the most prominent 2D Optical Flow
is the Lucas-Kanade method. To obtain appropriate 2D results using SOFI, the identified displacements using
Lucas-Kanade need to be scaled according to the illumination 1/(LA/L0), as indicated by Equation (7).

3 Practical considerations

Spectral Optical Flow Imaging is analogous to the Fourier transform and is therefore affected by windowing
effects [14]. To avoid windowing effects, the exposure time Te should preferably match multiples of the
displacement and illumination harmonic periods.

To obtain valid results, the cumulative motion should be very small, so as not to violate the small motion
assumptions made in Equation (3). The motion should not exceed the area of gradient linearity, the size of
which depends on the filmed pattern, however a rough value would be 1 pixel of motion.

When performing experiments a problem was made apparent. It was observed that sequential frames cap-
tured by the consumer camera produced apparent displacement fields. Since SOFI works by identifying
displacements between frames, these apparent displacements can cause erroneous data. The apparent dis-
placements were observed for completely stationary conditions measured on a vibro-isolated granite block.
We believe that the source of the apparent displacements is the result of the jerk caused by the retraction of
the mirror and the operation of the mechanical shutter of the camera taking still images. It is believed that
the jerk causes shifts of the lenses, thereby distorting the image ever so slightly. Figure 1 shows an example
of such apparent displacements. The apparent displacements typically range around 0.1 pixel, which is sig-
nificant. The problem can be solved by filming a video instead of taking still images, because in that case no

0.2 pixel

Figure 1: Apparent displacement fields believed to be caused by the jerk of the camera shutter and / or the
mirror retraction

mechanical operation is present during the capture. Still images can be produced from video by setting the
exposure time to match the period of the camera’s frame rate, this way no significant discontinuation of the
intensity integration (2) are present when cumulating the video frames into a still frame.
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Another reason for displacements between frames can be the result of actual displacements, such as rigid
motion between the reference image taken for stationary conditions and the blinking & vibrations image.
To account for these displacements we would acquire the reference image during operation, but keeping the
light constant. This is because such an image is approximately equal to the reference image:

I
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(x, y) + s
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(x, y), t

)
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=

=
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because the integral of the s
(
(x, y), t

)
∇r
(
(x, y), L0

)
part is zero for harmonic motion when the exposure

time Te is a multiple of the periods of motion s(t) and the displacements are small (within the area of gradient
linearity).

4 Experimental set-up

To capture a frequency component three images need to be acquired; a reference image, an image at sine
phase illumination and an image at cosine illumination. Figure 2 shows an example of a capture procedure
with orange indicating the excitation force, which for the given case was single harmonic, and blue indicating
the measured light intensity. The close-up shows the three different illumination conditions, which each
produce their separate images. During the acquisition of the separate images the response is considered to
be indifferent. It should be noted that the excitation does not need to be single harmonic for SOFI to work,

sinereference cosine

time [s]

time [s]

Figure 2: Measured illumination and force during five repetitions of a SOFI measurement for the frequency
component fl = 32.71 Hz

SOFI captures only a selected frequency component even for a multisine excitation (for example see [13]).

The phase matching between the SOFI measurement and the force measurement is achieved by syncing the
illumination with the excitation.
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To produce a harmonically varying illumination a simple feedback-loop circuit can be created to linearly
control the LEDs (Light Emitting Diodes), or some other light source. The feedback should preferably be
intensity based, for instance from the current sense of a reference photodiode placed in line of the illumi-
nation. Another control strategy could be using pulse width modulation (PWM) to power the LEDs. Our
experiments were produced using the feedback regulation.

5 Operational modal analysis experiment

SOFI was demonstrated for an operational case of an electric motor running at a set frequency in [13]. The
motor’s frequency of rotation was PID-controlled and set to be 125 Hz. The PID kept the motor’s rotation in
phase with the lights with an error lower than 4.5◦ over the 3 s required to capture the reference image and the
two images with varying illumination. This experiment was performed before the inconsistencies between
frames were noticed, this is why the still images were acquired with a Nikon D5300 DSLR consumer camera
at 24 megapixel (the area of interest was later limited to 3576×3616 to fit the front of the motor fixture). The
DSLR exposure time was set to 1/5 s to be in line with the assumptions made in Section 3. The other capture
settings were fixed to produce an optimal exposure spanning the full 14-bit intensity resolution of the camera.
The colour images were transformed to black and white and blurred with a 8×8 subset before processing.
A high-contrast dotted sticker was stuck on the face of the motor fixture, to make the displacements more
apparent due to high gradients.

The experimental set-up is shown in Figure 3. The high-speed camera in Figure 3 is present to monitor the
process, after the SOFI measurement it replaced the DSLR to produce results for the comparison shown in
Figure 4. Figure 4 shows the reconstructed trajectories from the SOFI (DSLR) and the high-speed camera

DSLR

high-speed

camera

LED

lights

tachometer

motor

fixture

proportional

LED controll

Figure 3: The SOFI electric motor experiment set-up

(HS) for the 125 Hz component. The elliptical trajectories are scaled by a factor of 250× and overlaid on
the image captured by the DSLR. The comparison shows agreeing results. The divergence is now believed
to be mostly the result of the inconsistencies between frames caused by the shutter operation, although other
effects, such as non-stationary response, spectral leakage and the small motion assumption may have an
effect as well.

6 Experimental modal analysis experiment

In a later study [15] SOFI was used to perform an experimental modal analysis of a cymbal.
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Figure 4: Overlaid reconstructed trajectories of the measured 125 Hz harmonic using the DSLR (SOFI) and
the high-speed camera (HS). Trajectories are scaled by a factor of 250×.

The cymbal was rigidly fixed at its centre hole and excited using a shaker attached close to the ridge as
indicated in Figure 5.

accelerometer

fixture

lights

light
regulator

excitation
point

DSLR
camera

Figure 5: The SOFI cymbal experiment using shaker excitation

Alongside the images captured by the Nikon consumer camera the excitation force and responses in two
points were measured (one using an accelerometer and one using a laser vibrometer). The single point
response measurements produced by the accelerometer and the laser vibrometer were used to identify the
eigenvalues of the cymbal. The eigenvalues were then combined with 39 full-field frequency components,
measured using SOFI, in a hybrid modal parameter identification [16] to produce the full-field mode shapes.

Figure 6 shows some of the 39 mode shapes (modal constants) obtained from the SOFI measurement in the
hybrid modal parameter identification with the accelerometer eigenvalues. Each shape is accompanied by
the identified eigenvalue in the form of an eigenfrequency fr and damping ζr. Green colour indicates the real
values of the modal constants and red indicates the imaginary values. The intensity of the colours indicate
the magnitude.
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Figure 6: Set of identified mode shapes using the consumer camera and SOFI

7 Conclusion

Spectral Optical Flow Imaging enables the acquisition of full-field operational shapes for frequencies far
above the camera’s sampling rate (frame rate), enabling modal measurements using consumer cameras.
Examples of use are demonstrated for a case of operational modal analysis and experimental modal analysis.

Compared to high-speed camera measurements SOFI is much cheaper, because it works with affordable
still-frame cameras, which have the added benefit of a high pixel count and high bit depth. SOFI produces
valid results comparable to high-speed cameras, however it has proved to be considerably sensitive, due
to the required assumptions. The method requires a set time-varying illumination and only works for small
displacements in the range of approximate gradient linearity. Since the method typically uses three sequential
frames to produce a single frequency component, any inconsistencies between frames produce errors. The
inconsistency between frames caused by the shutter operation force the use of video acquisition instead of
still-frame images, limiting the image quality and resolution. Also, compared to high-speed measurements,
SOFI measurements do not benefit from the noise reduction due to the effect of dithering enabled by high
counts of acquired images [5].

References

[1] B. Lucas, T. Kanade, An iterative image registration technique with an application to stereo vision,
International Joint Conference on Artificial Intelligence (1981) 674–679.

[2] H. Foroosh, Z. B. Zerubia, M. Berthod, Extension of phase correlation to subpixel registration, IEEE
Transactions on Image Processing 11 (3) (2002) 188–200.

[3] D. J. Fleet, A. D. Jepson, Computation of component image velocity from local phase information,
International journal of computer vision 5 (1) (1990) 77–104.

[4] J. Baqersad, P. Poozesh, C. Niezrecki, P. Avitabile, Photogrametry and optical methods in structural
dynamics - a review, Mechanical Systems and Signal Processing 86 (2017) 17–34.
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Abstract 
In aerospace engineering, experimental testing is mandatory for certification. In case of assembled 

structures, the interaction of dynamic loads between substructures largely determines the overall dynamic 

behavior. However, testing of large assembled structures is not always feasible or may be unreasonable 

from economic considerations. Hardware-in-the-loop (HIL) simulation is a testing technique based on 

dynamic substructuring of large assembled structures, where one part of an assembled structure is 

available as hardware while the remaining part is represented by a simulation model. The interaction 

between the virtual and the physical substructure requires the measurement of interface forces and the 

emulation of interface motion using a dedicated test facility. In this paper, the feasibility of HIL is 

investigated using a six-axis hydraulic shaking table. The theoretical foundation for HIL is reviewed and 

the critical factors for the success of HIL are being discussed. An exemplary application is presented. 

1 Introduction 

The Institute of Aeroelasticity of the German Aerospace Center (DLR) operates the six-axis hydraulic 

shaking table MAVIS (Multi-Axial VIbration Simulator), see Figure 1. Its hydraulic and mechanical 

hardware components originate from the 1980’s but still meet state-of-the-art requirements for hydraulic 

test facilities. The multi-axis vibration controller of MAVIS has been upgraded with a retro-fit solution 

compatible with the existing hydraulic and mechanical hardware in November 2015. Next to the standard 

test sequences for qualification tests like random, sine or swept-sine in single or even multiple axes, the 

new vibration controller can process uploaded long duration time-histories (e.g. results of a numerical 

simulation) to be used as target signals for the table motion. Furthermore, the new controller has a 

provision for the input of external transient signals to be used as instantaneous target motion signals for all 

six axes simultaneously. 

        

Figure 1: Six-axis hydraulic shaking table MAVIS 
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The feasibility of HIL testing on MAVIS with its new vibration controller has been investigated within a 

Master Thesis conducted at the DLR Institute of Aeroelasticity, [1]. The setup for HIL is sketched in 

Figure 2: A state-space model of the virtual substructure is implemented on a real-time controller. This 

controller analyses in real-time the displacement at the interface of the virtual and the physical 

substructure comprising all 6 degrees-of-freedom (DoFs). The state-space model uses the interface forces 

measured with a 6-axis force measurement platform (force measurement device, FMD) as input. The 

calculated 6-axis displacement responses are provided to the MAVIS facility as transient external signals 

for the target displacements. The physical substructure is installed on the table of the MAVIS facility and 

responds dynamically to the enforced base excitation. The resulting dynamic constraint forces of the 

physical substructure (i.e. the interface forces) are fed as input into the real-time controller. As a 

consequence of the coupling, the dynamic response of the physical substructure corresponds represents the 

response of the overall assembled system. The six-axis hydraulic test facility MAVIS is the key enabler 

for HIL, because it provides the controlled interface motion in six axes simultaneously. 

2 Theoretical background and modelling considerations 

Reasons for HIL testing are manifold. It is a means to investigate the local dynamic behavior of a specific 

substructure of an overall assembled structure. The particular advantage over component testing is that the 

dynamic interactions between the physical substructure and the rest of the structure are taken into account. 

Consequently, the local dynamic behavior of the substructure is observed with the correct boundary 

conditions (i.e. frequency dependent mechanical impedance) representative for the in-situ installation in an 

assembly of substructures. The essential feature is: one substructure is hardware (i.e. the physical 

substructure), and the other substructure is a simulation model (i.e. the virtual substructure). Continuous 

real-time simulation is required for real-time dynamic interaction between simulation and test. This is 

mostly achieved by employing numerically efficient state-space models solved on a dedicated real-time 

controller. To reduce the computational effort, these are realized in most cases as discrete-time state-space 

models, modal state-space models, or even a combination of the two. 

In the applications considered here, the setup shall be limited to two substructures, i.e. one physical 

substructure and one virtual substructure. Furthermore, the two substructures shall have a single statically 

determined interface, i.e. no more than 6 DoFs in case of 3 dimensional substructures. In this case, the 

MAVIS test facility is able to emulate the interface motion. 

The following discussion of the interactions of substructures in a HIL setup and the related notation of 

quantities refers to Figure 2 and to references [2], [3], and [4]. The superscript p in Figure 2 indicates 

quantities of the physical substructure, while the superscript v indicates quantities of the virtual 

substructure. The subscript a indicates unconstrained DoFs, whereas the subscript b indicates constrained 

DoFs, or respectively, interface DoFs. 

 

Figure 2: Subsystems and dynamic interactions of a Hardware-in-the-Loop simulation 
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Like in all substructuring applications, two basic requirements must be fulfilled also in HIL: 

(i) compatibility of the motion and (ii) equilibrium of forces at the interface. The peculiarity with HIL is 

that one substructure is physically available while the other is represented by a simulation model. The 

compatibility of the motion at the interface is ensured by the hydraulic test facility. Its vibration table can 

move as a rigid body in all six axes and the physical substructure must be installed properly on the 

vibration table. Compatibility requires that the motion {𝑢𝑏
𝑝

} at the interface (subscript b) of the physical 

substructure (superscript p) and the motion {𝑢𝑏
𝑣} at the interface (subscript b) of the virtual substructure 

(superscript v) are identical: 

    p v

b bu u  (1) 

It remains as a difficulty to ensure that the motion of the vibration table accurately emulates the interface 

motion calculated in real-time with the simulation model of the virtual substructure. This can be achieved 

e.g. by proper control of the test facility within a frequency range of interest. 

The equilibrium of forces at the interface requires that the constraint forces {𝑓𝑏
𝑝

} at the interface (subscript 

b) of the physical substructure (superscript p) and the constraint forces {𝑓𝑏
𝑣} at the interface (subscript b) 

of the virtual substructure (superscript v) compensate each other: 

    p v

b bf f   (2) 

Also here, the difficulty is that the interface forces between the substructures must be measured, e.g. using 

an FMD. The measured forces are being provided as input to the simulation model of the virtual 

substructure  

2.1 Modelling of the virtual substructure 

The virtual substructure is addressed first, because the corresponding models are easier to obtain. 

According to Figure 2, the constraint forces {𝑓𝑏} are the input into the virtual substructure and the 

calculated interface motion {𝑢𝑏} is the output of the virtual substructure (the superscript v for virtual 

substructure is skipped in this subchapter). In general, the virtual substructure is considered as multi-

degree of freedom systems. The notation used here refers to [5]. 

For HIL testing, a real-time simulation model is required for the virtual substructure. Consequently, a 

state-space model must be derived from the equation of motion of this substructure.  

           M u D u K u f    (3) 

In general, the DoFs may be partitioned into unconstrained DoFs (index a) and interface DoFs (index b): 

    ,
a a

b b

u f
u f

u f

   
    
   

 (4) 

Conversion of a structural system into state-space models is discussed e.g. in [6] for single-input, single-

output systems, and in [7], [8] for multiple-input, multiple-output systems. The state-space model for time-

domain simulation comprises two equations. The first one is the state equation with the system inherent 

dynamics (i.e. differential equation of motion), whereas the second is the output equation whose matrices 

are strongly dependent on the desired outputs or the physical output quantities: 

        c c ex A x B u   (5) 

        c c ey C x D u   (6) 

The index c indicates that the state-space model is defined in continuous time-domain. The corresponding 

vectors and matrices of this continuous-time state-space model are: 
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u

x
u

 
  
 

 ,    e bu f  ,    by u  (7) 

   1 1

0
c

I
A

M K M D 

 
    

 ,   1

0
c T

b

B
M I

 
  
 

 ,    0c bC I  ,    0cD   (8) 

It should be noted that the matrix [Ib] as part of the matrices [Bc] and [Cc] is a boolean matrix selecting the 

interface DoFs from the full displacement vector: 

     b bu I u  ,      
T

b bf I f  (9) 

If acceleration responses are required as physical output quantities of the virtual substructure, the matrices 

[Cc] and [Dc] change correspondingly and also the output vector {y}: 

    v

by u  ,   1 1

c b bC I M K I M D       ,   1 T

c bD M I     (10) 

Next to the state-space model of the virtual substructure, the frequency-domain transfer function matrix 

[Gv] is required for stability analysis using the Nyquist criterion later on. It can be obtained by 

transforming the equation of motion into the frequency domain: 

          2 ˆˆM j D K u f      (11) 

Solving this frequency-domain equation of motion in a direct manner for the desired complex response 

vector {�̂�} as a function of the complex excitation {𝑓} yields the transfer function matrix [Gv] involving all 

DoFs of the virtual substructure: 

              
1

2ˆˆ
v vu G f G M j D K



        (12) 

In this application, only the partition related to the interface DoFs (index b) is required from the full 

matrix [Gv]. In this case, a modal series expansion is more appropriate to improve the numerical efficiency 

in processing the simulation model of the virtual substructure: 

    
  

 
, ,

, , 2 2

ˆˆ
2

T

b r b r

b v bb b v bb

r r r r r

u G f G
m j D

 

 
        

  
  (13) 

The modal parameters of the virtual substructure required to compute the above mentioned modal series 

expansion can also be used to establish a modal state-space in the time-domain. A truncated set of mode 

shapes covering the frequency range of interest can be used in this case which significantly reduces the 

order of state equation of the state-space model. 

2.2 Modelling of the physical substructure 

In principle, no model is required for the physical substructure for HIL tests, because it is available as 

hardware. However, when the overall HIL setup shall be simulated in the time-domain during the 

preparation of the test, a state-space model of the physical substructure is required. Furthermore, when 

stability assessment is considered, a frequency-domain transfer function matrix of the physical 

substructure is required. 

The physical substructure is mounted on the table of the hydraulic test facility. Therefore, the DoFs of this 

substructure can be partitioned into index a, i.e. unconstrained DoFs with unknown displacement {𝑢𝑎} but 

known excitation forces {𝑓𝑎}, and index b, i.e. DoFs at the interface to the virtual substructure with known 

displacement {𝑢𝑏} but unknown constraint forces {𝑓𝑏}, see [5]. 
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aa ab a aa ab a aa ab a a

ba bb b ba bb b ba bb b b

M M u C C u K K u f

M M u C C u K K u f

            
              

            
 (14) 

The input into this physical substructure is the base motion {𝑢𝑏} which generates a dynamic response {𝑢𝑎} 

at the unconstrained DoFs. This is contained in the upper partition of the equation of motion: 

                    aa a aa a aa a a ab b ab b ab bM u D u K u f M u D u K u       (15) 

It is reasonable to separate the dynamic response at the unstrained DoFs into a quasi-static part and a 

relative dynamic part: 

      
static rel

a a au u u   (16) 

The quasi-static response would occur if the enforced interface motion was applied infinitely slow. It 

therefore represents a rigid body motion where the structure perfectly follows the enforced motion of the 

interface. The relative dynamic part represents the additional response due to the system inherent 

dynamics. It should be noted that the interface motion {𝑢𝑏} does not have a relative dynamic part. Figure 3 

illustrates the two parts of the dynamic response of a structure with enforced interface motion. 

 

Figure 3: Illustration of quasi-static and relative dynamic response in case of enforced interface motion 

In case of statically determined interfaces as considered here, the quasi-static response at the 

unconstrained DoFs {𝑢𝑎
𝑠𝑡𝑎𝑡𝑖𝑐} is a rigid body displacement. When assuming small interface motion, a 

simple linear relationship can be formulated between the quasi-static part of the response at the 

unconstrained DoFs {𝑢𝑎
𝑠𝑡𝑎𝑡𝑖𝑐} and the enforced interface motion {𝑢𝑏}: 

          
1static

a aa ab b G bu K K u T u


    (17) 

In particular, when assuming small interface rotations the time-derivative of the matrix [TG] can be 

neglected and the following relations exist for the quasi-static velocity and acceleration response: 

     
static

a G bu T u  (18) 

     
static

a G bu T u  (19) 

When inserting these relations into the upper partition of the equation of motion, the following differential 

equation can be established from which the relative dynamic response can be determined. This relative 

dynamic response comprises all elastic deformations that occur due to the dynamic nature of the enforced 

motion. The enforced interface motion can be converted into an equivalent effective excitation force 

vector {𝑓𝑒𝑓𝑓}: 

bu

x  

y  

yf

zzm

enforced base 

acceleration 

effective 

excit ation forces 

fixed 

support 

quasi- static 

response 

relative dynamic 

response 

x  

y  
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rel rel rel

aa a aa a aa a eff

eff a ab aa G b ab aa G b

M u D u K u f

f f M M T u D D T u

  

    
 (20) 

The coupling of the unconstrained and interface DoFs by inertia forces or damping forces can be neglected 

in most cases so that a simpler, approximate relation exists for the effective excitation force vector: 

            eff a aa G b aa G bf f M T u D T u    (21) 

When lightly damped systems are considered, the viscous damping part in the effective excitation force 

vector is considerably smaller than the part from the inertia forces: 

        eff a aa G bf f M T u   (22) 

Inserting this simplified relation into the equation of motion allows for the determination of the relative 

dynamic acceleration response at the unconstrained DoFs: 

                   
1 1 1rel rel rel

a aa aa a aa aa a aa a G bu M K u M D u M f T u
  

      (23) 

Now, modelling for HIL requires the dynamic constraint forces {𝑓𝑏} as output, see Figure 2. These 

constraint forces can be determined from the lower partition of the equation of motion: 

 
          

                    

rel rel rel

b ba a ba a ba a

ba G bb b ba G bb b ba G bb b

f M u D u K u

M T M u D T D u K T K u

   

    
 (24) 

It can be shown that in the absence of external forces {𝑓𝑎} at the unconstrained DoFs, the last term on the 

right hand side vanishes: 

       0ba G bbK T K   (25) 

This relation actually means that in case of a statically determined interface, a displacement of the 

interface does not produce constraint forces. Consequently, the following equation remains for the 

determination of dynamic constraint forces: 

 
          

             

rel rel rel

b ba a ba a ba a

ba G bb b ba G bb b

f M u D u K u

M T M u D T D u

   

  
 (26) 

Of course, the damping term and the damping coupling term can be neglected compared to the inertia 

effects on the constraint forces and the following simplification is reasonably accurate: 

                  rel rel rel

b ba a ba a ba a ba G bb bf M u D u K u M T M u      (27) 

Now, equation (23) for the acceleration response {�̈�𝑎
𝑟𝑒𝑙} at the unconstrained DoFs can be inserted here: 

 
                   

       

1 1

1

rel rel

b ba ba aa aa a ba ba aa aa a

ba aa a bb b

f K M M K u D M M D u

M M f M u

 



    



 (28) 

This is a differential equation for the desired dynamic constraint forces {𝑓𝑏} required as output from the 

physical substructure. A state-space model can now be established for the physical substructure: 

        c c ex A x B u   (29) 

        c c ey C x D u   (30) 

Here again, the index c denotes a state-space model defined in continuous time-domain. The 

corresponding vectors and matrices of this continuous-time state-space model are: 
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   1 1

c ba ba aa aa ba ba aa aaC K M M K D M M D       ,   1

c ba aa bbD M M M     (33) 

With this state-space model, the constraint forces of the physical substructure can be calculated from the 

interface acceleration input into the system. 

For time-domain simulation of the complete HIL setup, i.e. for preparation of the HIL test, it is required 

that the state-space model of the virtual substructure provides the acceleration response at the interface 

output, because this interface acceleration is used as input for the state-space model of the physical 

substructure. In HIL tests as discussed later on, the displacement response at the interface is required as 

output from the physical substructure, because this output quantity is used as target commands for 

controlling the hydraulic test facility. Furthermore, a state-space model of the physical substructure is not 

required for HIL tests, because this part is available as real hardware. 

When stability assessment using the Nyquist criterion is addressed, the frequency-domain transfer 

function of the physical substructure [Gp] is required. This model would provide the constraint forces {𝑓𝑏} 

as output with the enforced interface motion {𝑢𝑏} as input: 

                  2 2ˆˆ ˆ
aa aa aa a a ab ab ab bM j D K u f M j D K u           (34) 

External forces {𝑓𝑎} can be ignored when using the Nyquist criterion and the following relation between 

the response at unconstrained DoFs {�̂�𝑎} and the response at the interface DoFs {�̂�𝑏} can be established: 

                 
1

2 2ˆ ˆ
a aa aa aa ab ab ab bu M j D K M j D K u



           (35) 

The constraint forces {𝑓𝑏} are determined from the lower partition of the equation of motion in case of 

enforced interface motion {�̂�𝑏}: 

                  2 2 ˆˆ ˆ
ba ba ba a bb bb bb b bM j D K u M j D K u f           (36) 

Inserting the relation between the response at the unconstrained DoFs {�̂�𝑎} and at the interface DoFs {�̂�𝑏} 
into this equation yields the required transfer function matrix [Gp] of the physical substructure: 

 

                 

               

2 2

1
2 2

ˆ ˆ

ˆ

b p b bb bb bb ba ba ba

aa aa aa ab ab ab b

f G u M j D K M j D K

M j D K M j D K u


              

        


 (37) 

3 Stability analysis 

As HIL is a closed-loop application. Therefore, stability of the overall setup must be checked a priori. Two 

approaches for stability analysis are presented in the following, namely the Nyquist criterion and the 

eigenvalue analysis of the system matrix of the state-space model of the closed-loop system. Both have 

specific advantages which will be highlighted accordingly. 
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3.1 Nyquist criterion 

The stability margin of the system in closed-loop can be assessed from the open-loop transfer function, see 

e.g. [6]. At this point, ideal transfer behavior with unit magnitude and zero phase is assumed for the 

hydraulic test facility and for the force measurement platform. In addtion, the process time delay of the 

real time simulation is neglected. The underlying block diagram of this simplified setup is shown in 

Figure 4 and will be used for the determination of the critical delay time that must not be exceeded e.g. by 

the hydraulic test facility and/or the process time delay of the real-time simulation.  

 

Figure 4: Simplified block diagram of closed-loop HIL system with transfer functions 

 of virtual and physical substructure 

When neglecting the feedback in Figure 4, the so-called open-loop transfer function [Go] can be obtained 

from the transfer functions of the physical and the virtual substructures arranged in series: 

    o p vG G G     (38) 

The closed-loop transfer function [Gc] can be obtained from the open-loop transfer function: 

                
11

c o o p v p vG I G G I G G G G


            (39) 

According to the Nyquist criterion, the stability margin of the closed-loop system can be determined from 

open-loop transfer function. In case of HIL, the open-loop transfer function has no physical unit, i.e. it is 

dimensionless. The magnitude of this complex quantity is the gain of the open-loop system and the 

argument is the phase delay. An example open-loop transfer function is illustrated in Figure 5. As a 

stability requirement for the closed-loop system, it must be ensured that the Nyquist plot of the open-loop 

transfer function does not encircle the point (-1,0) in the complex plane, i.e. the black point in the Nyquist 

plot on the right hand side of Figure 5. 

The simplified Nyquist stability criterion shall be introduced here, see [6]. It is valid for single-input, 

single-output (SISO) systems only. Even though a generalized Nyquist criterion has been proposed for 

multiple-input, multiple-output (MIMO) systems, see [7] and [9], the simplified Nyquist criterion can be 

applied to the individual elements of the transfer function matrix. The benefit of the simplified Nyquist 

criterion over the generalized one is the allocation of the stability margin, which is typically not provided 

by the generalized Nyquist criterion as proposed in [7]. If the open-loop transfer function Go of a SISO 

system crosses the point (-1,0) in the complex plane, the denominator of the closed-loop transfer function, 

i.e. 1+Go, would become zero, i.e. 1+(-1)=0. In this case, the closed-loop system would have an undamped 

pole (critically stable). If the point (-1,0) is encircled by the open-loop transfer function, the pole of the 

closed-loop system will be unstable. When the point (-1,0) is not encircled, like shown in the Nyquist plot 

in Figure 5, the pole of the closed-loop system will be stable. 
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Figure 5: Bode plot (left) and Nyquist plot (right) of open-loop transfer function 

It can be seen from the Nyquist plot in Figure 5 that the open-loop transfer function crosses two times the 

unit gain circle – one time with positive slope of the gain curve, one time with negative slope of the gain 

curve. These points can also be observed as red points in the Bode plot in Figure 5 where the magnitude of 

the open-loop transfer function crosses 1 (or respectively 0 dB). The corresponding frequencies will be 

referred to as cross-over frequencies Ωc in the following. 

The black point in the Nyquist plot of Figure 5 indicates the stability limit. It is placed on the unit circle at 

-180° phase angle. The difference in phase angle at the red marked cross-over point to the black marked 

stability limit point at -180° phase angle is referred to as the phase margin φM: 

   argM o cG      (40) 

So far, the stability of closed-loop systems has been addressed from analyzing the open-loop transfer 

function. Now, the maximum delay can be deduced from this simplified analysis. This maximum delay 

must not be exceeded by the delay of the hydraulic test facility and of the real-time simulation of the 

virtual structure. In general, a delay-time will lead to a linear increase of the phase angle of the open-loop 

transfer function with frequency, while the magnitude of the open-loop transfer will remain unaffected. 

For stability of the closed-loop system, it must be ensured that the critical delay-time τcrit does not fully 

consume the phase margin φM at the cross-over frequency Ωc: 

 M
M c crit crit

c


     


 (41) 

When inspecting the phase angles at the two cross-over frequency in the phase response of Figure 5, it can 

be seen that the distance to the phase angle of -180° is significantly higher at the cross-over frequency 

below the resonance. At the cross-over frequency beyond the resonance the phase margin is significantly 

lower and consequently, the conditions at this specific point determines the stability margin. 

In HIL applications, the actuation system will always have a delay time and these should be considered as 

a system property which cannot be changed. Accordingly, it can be seen from equation (41) that for a 

given delay time the stability margin is higher for lower delay times. It can also be seen, that the stability 

margin can be increased by shifting the cross-over frequencies towards lower frequencies. For a given 

system with multiple resonances, it can be concluded that those having higher cross-over frequencies are 

most critical for stability. It should be noted that not all resonances of the open-loop transfer function have 

cross-over frequencies. If the gain of the resonance remains below 1 (or respectively below 0 dB) no 

cross-over frequencies will occur and the corresponding resonance will not make the closed-loop system 

unstable. 

The effect of damping on the stability margin is illustrated in Figure 6. The dashed light blue line in the 

diagrams represents the system with nominal damping as shown in Figure 5. The solid blue line represents 

the same system with damping increased by a factor of two. It can be seen from the Bode plot that 

damping is not sensitive to shift the cross-over frequencies. However, the sensitivity of damping can be 

M
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observed in the phase response of the Bode plot. It increases the phase distance to the -180° phase angle 

and thus increasing the phase margin for the stability of the closed-loop system. 

 

Figure 6: Bode plot (left) and Nyquist plot (right) of open-loop transfer functions 

 with different damping levels 

As a closing statement of this section on stability assessment using the Nyquist criterion, it should be 

mentioned that the open-loop transfer function can be obtained from either numerical models, from 

experiments, or from a combination of the two. The particular advantage is that stability assessment of the 

closed-loop system is performed on the open-loop transfer functions. Furthermore, a stability margin is 

provided which indicates the distance from unstable conditions. Next to the phase margin, the Nyquist 

criterion also indicates a gain margin. This is an important parameter needed for adjusting the static gain 

of a controller in open-loop while taking into account the stability of the closed-loop system. This criterion 

has not been used here. 

3.2 Eigenvalue analysis of system matrix of discrete-time state-space model 

The stability of the closed-loop system can be assessed from the eigenvalues of the state matrix of a state-

space model representing the closed-loop system. For example, a series arrangement of the state-space 

models of the virtual and the physical substructure forms the state-space model of the open-loop system. 

The output of this state-space model can be fed back to its input to form the closed-loop system. These 

operations can easily be performed using the MATLAB Control System Toolbox and the corresponding 

commands “series” or “feedback” applicable to dynamic system objects. The different possibilities for 

setting up numerically efficient state-space models have been mentioned at the end of chapter 2.1. In 

particular the discrete-time state-space models are interesting for stability assessment of systems with 

delay. The modelling of systems with delay can be obtained easily when assuming that the total delay in 

the closed-loop system is an integer multiple of the process delay (i.e. the sampling interval) of the real-

time simulation. State-space models can be transformed into the discrete-time domain by introducing a 

constant sampling interval Δt and integrating the state equation over one time interval, see e.g. [8]. As a 

consequence, the resulting state matrix [Ad] and the input matrix [Bd] are then dependent on the sampling 

interval, but at the same time, the state equation is no longer a differential equation: 

        1 ,i d i d e ix A x B u    (42) 

        ,i c i c e iy C x D u   (43) 

          ,c c

t t
A t A t

d d c

t

A e B e dt B


 

    (44) 
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In case of a delay for a single input of three sampling intervals, a closed-form discrete-time state-space 

model can be defined as follows, see e.g. [7]: 
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At first, the input ue is assigned to the state x3 and the output y is 0. In the next loop, the state x3 is assigned 

to the state x2 and still the output y is 0. In the third loop, the state x2 is assigned to the state x1 and the 

output y is the input from 3 sampling intervals ago. The advantage is that this model has memory that 

transfers the input some sampling intervals later. The disadvantage of this model is the increased number 

of states. When the delay is long, i.e. many sampling time intervals, the model will become inefficient. In 

case of a delay of n sampling intervals, n additional states per input signal are required for modelling the 

delay. Furthermore, if this model is arranged in series with other state-space models, n additional 

eigenvalues (or poles) will appear due to the n additional states. These may have to be separated from the 

original eigenvalues of the system under consideration. Nonetheless, eigenvalues and eigenvectors can be 

computed from eigenvalue analysis of the state matrix of a discrete-time state-space model of the closed-

loop system including delay. This can be repeated for a set of different delay times and the changes in 

eigenfrequencies and damping ratios can be tracked and plotted as a function of the delay time. This is the 

main advantage of this method over the simplified Nyquist criterion. While the Nyquist criterion indicates 

the stability margin, the eigenvalue analysis (when performed for a set of different delay times) indicates 

changes of poles/eigenvalues of the closed-loop system. 

When approaching the critical delay time, it is quite interesting to note that none of the structural modes 

becomes unstable. Instead, one of the additional poles introduced by the additional states from the delay 

model turns the closed-loop system into unstable condition. The damping of the critical pole becomes zero 

at the stability limit and its frequency corresponds to the critical cross-over frequency. In Figure 7, an 

example of stability diagrams are presented for a simple mass-spring-damper system as virtual 

substructure coupled with an additional mass as the physical substructure. The blue line in the lower 

diagram of Figure 7 represents the evolution of damping of the coupled system (i.e. the closed-loop 

system) with increasing delay. At about 7 ms, the damping reaches a maximum and decreases afterwards 

until it becomes unstable at about 9 ms (i.e. damping crosses zero). Approximately at the same delay, the 

corresponding eigenfrequency (blue line in the upper diagram) increases from 4.5 Hz to 5.5 Hz. It can be 

seen that the frequency of a second pole (i.e. the red line) is entering into the upper diagram of Figure 7. It 

is a consequence from modelling of the delay using a discrete-time state-space model according to 

equations (45) and (46). For delays longer than 6 ms, coupling of the additional pole with the structural 

pole can be observed. Finally, the interaction with the additional pole makes the structural pole to become 

unstable. As will be shown in the example in chapter 5 later on, this is not a numerical artefact, but it is 

confirmed by experimental validation. 

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1341



 

Figure 7 Stability diagram for a simple spring-mass-damper system as virtual substructure  

with an additional mass as physical substructure with delay in the coupling 

4 Hydraulic shaking table MAVIS 

The hydraulic shaking table MAVIS (Multi-Axial Vibration Simulator, see Figure 1) is a dynamic testing 

facility which has been used for qualification testing of spacecraft structures, earthquake simulation of 

piping components of power-plant cooling systems, road-load simulation of large battery-packs of electric 

vehicles and passenger comport related investigations with human test persons. The vibration table is a 

rib-stiffened steel platform having the dimensions of 1,5m x 1,5m x 0.2m and a mass of approximately 

500 kg. The table is driven by 7 hydraulic actuators: 4 actuators in vertical z-direction (each having 40kN 

static force), 2 actuators in the x-direction (each having 80 kN static force), and a big single actuator in y-

direction (120kN static force). The maximum stroke of the cylinders is ±50mm. In order to allow 

unconstrained table motion in multiple directions, ball joints are installed at the connection points of the 

actuators to the table and at the connection points of the actuators to their static reaction support. The 

stroke of the actuators allows for table rotations of about ±4.5° about each rotational axis. 

The 6-axis vibration controller has an internal signal generator for the standard operating modes like sine, 

sine-sweep, random. For these operating modes, a frequency-domain controller actively controls the 

motion of the vibration table. This can run in multiple axes simultaneously. 

For HIL testing, transient external signals are fed into the vibration table controller and are used as target 

signals. For this operation, each actuator has a PID-controller on its own whose parameters can be 

adjusted to tune the transfer behaviour. So called modal control provides multiple drive signals for the 

actuators involved in the desired motion of the vibration table. It is based on the coordinates of the 

actuator connection points and on the actuator directions. For example, if displacement in pure x-direction 

is requested, the modal control will generate quasi identical target signals for the 2 x-direction actuators, 

whereas all other actuators will receive a zero target command. 

At the beginning of the experimental HIL validation tests, the transfer functions of the table have been 

identified in all 6 axes with the default PID-settings. The blue curve in Figure 8 shows the initial transfer 

function of the shaking table in x-direction. Since there was significant drop of the magnitude of the 

transfer function in the targeted frequency range up to 30Hz, tuning of the PID settings was performed. In 

particular the gain for the P (proportional) part and the gain of the D (differentiating) part were increased. 

Afterwards, the magnitude and the phase of the transfer functions were significantly improved as indicated 

by the red curve. The amplitude is represented well in the investigated frequency range but the phase 

shows a nearly linear drift, just like a pure delay element. In order to further improve the phase drift in the 

transfer function of the vibration table, a model based feed-forward control has been applied. The transfer 

function of the shaking table with improved PID settings was curve-fitted by a rational function in 

frequency domain, i.e. numerator and denominator polynomial. With an analytical expression for the 

transfer function at hand, the inverse of this transfer function has been used as a filter to modify the input 
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signal for the shaking table. Since the inverse of a stable transfer function is unstable, an additional low 

pass filter has been to be introduced for stabilization purposes. Of course, this additional low pass filter 

will increase again the delay, but as the green curve in Figure 8 indicates, the phase drift in the transfer 

function is significantly improved. Also a slight improvement can be observed for the amplitude of the 

transfer function. 

 

Figure 8 Transfer function of the x-axis. The initial state in blue, 

tuned PID parameters in red and delay commpensation in green. 

The slope of the linear phase drift of the transfer function indicates the delay time of the hydraulic shaking 

table. Finally, with the compensated transfer function, the remaining delay time is about 6 ms. 

5 Test case: Coupling of a virtual rod with a rigid mass 

The analytical equations for response analysis and stability assessment of HIL tests were derived in the 

previous sections. The applicability of the theory will be demonstrated in this section on an illustrative 

example. As sketched in Figure 9, the virtual substructure consists of a rod fixed at one end. The physical 

substructure is a point mass to be coupled with the free end of the virtual rod. The rod has a single output 

displacement DoF at the interface to the physical substructure. Several modes may however contribute to 

the dynamic response in the longitudinal direction of the rod. It can therefore be considered as a SISO 

system with multiple interior dynamic DoFs. 

 

Figure 9: Virtual substructure (rod) and physical substructure (point mass) with interface 

Usually the eigenfrequencies of a rod with reasonable cross-sectional dimensions are quite high. 

Therefore, the material parameters of the rod were artificially adapted to achieve multiple 

eigenfrequencies below 30 Hz envisaged for HIL applications with the hydraulic test facility. In order to 

maintain stability, the virtual model of the rod had to be reduced the first two modal DoFs only (i.e. the 

first two eigenfrequencies as listed in Table 1). The first eigenfrequency is at 4.03 Hz and the second at 
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12.19 Hz. The modal damping ratio has been set to 1% for both modes. The weight of the rigid mass is 

12.5 kg.  

Table 1 Modal paramemmeters of the rod without the rigid mass attached up to 30 Hz 

fr [Hz] Dr [%] mr [kgm2] 

4.03 1.0 53.78 

12.19 1.0 52.04 

20.65 1.0 48.73 

29.61 1.0 44.17 

 

Even though the setup of this example appears to be constructed, artificial and far away from the targeted 

HIL applications, it is nonetheless adequate and appropriate to verify the feasibility of HIL with the six-

axis hydraulic shaking table. 

First, the Nyquist criterion according to chapter 3.1 is applied for the determination of the stability of the 

closed-loop system and the critical delay which indicates the stability limit. In a second step, the state-

space approach of chapter 3.2 is employed to study the changes in the dynamic behavior for an array of 

different delays from which the stability diagrams are generated. Finally, the HIL test is conducted for 

validation purposes. 

For application of the Nyquist criterion, the frequency-domain transfer functions of the virtual and 

physical substructure are needed. The modal representation of the transfer function of the virtual 

substructure is shown in equation (13) and was evaluated with the modal parameters of rod shown in 

Table 1. The rod has a single output DoF and mode shape scaling has been used so that the mode shape at 

this single output DoF is equal to 1. The transfer function of the physical substructure according to 

equation (37) is simple to establish for the rigid mass. In this case, no unconstrained DoFs (index a) exist 

in the physical substructure but just interface DoFs (index b). Consequently, no coupling matrices exist 

among the unconstrained DoFs and the interface DoFs. What remains from equation (37) is the following: 

     2 2ˆ ˆ ˆˆ ˆp p v

b bb b b b bf M u f mu f        (47) 

 
2

ˆ ˆ

ˆ ˆ

p v

b b
p

b b

f f
G m

u u
       (48) 

When arranging the virtual and the physical substructures in series, the open-loop transfer function 

without delay is obtained according to equation (38). In Figure 10, the Bode plot of the open-loop transfer 

function is shown. The two resonances of the rod can be observed together with the four cross-over 

frequencies related to the resonances. A statement with respect to the limitation to only two modal 

contributions: With the contribution of the third and/or fourth mode of the rod to the open-loop transfer 

function, the gain of the open-loop transfer function converges towards a value larger than one. This 

makes the system unstable, because disturbances with high frequency content would always be amplified. 
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Figure 10: Open-loop transfer function for the virtual rod with point mass example 

In general, four different critical delays can be computed from the four cross-over frequencies in the open-

loop transfer function. The smallest critical delay determines the stability limit. Two of the cross-over 

frequencies are uncritical in this respect, namely those, where the gain-curve has positive slope (i.e. the 

cross-over frequencies located below the resonance peaks). For the other two, the one with the higher 

frequency is more critical, because a given delay produces a linearly increasing (negative) phase drift and 

consequently consuming more phase margin at higher frequencies. In this example, the highest crossover 

frequency is at 14.7 Hz and the corresponding phase is 2.3°, i.e. the phase margin to the critical phase of -

180° is 182.3°. From this phase margin, a critical delay of 34.3 ms can be deduced according to equation 

(41). With an approximate delay time of 6 ms for the hydraulic shaking table (identified from the phase 

drift of the optimized experimental transfer functions), it can be concluded that there is enough phase 

margin to ensure stability of the closed-loop system. 

Now, the second approach based on eigenvalue analysis of the system matrix of the time discrete state 

space models is utilized to investigate the dynamic behavior when approaching the stability limit. The 

closed-loop system must be considered in this case. Equations (5) to (9) are used to establish the state-

space model of the virtual substructure, whereas equations (29) to (33) are used for the physical 

substructure. These equations are formulated in continuous-time domain. Transformation into discrete-

time domain is needed and can be performed according to equations (42) to (44). The discrete-time state-

space models of the virtual substructure, the physical substructure and the delay can be arranged in series 

(i.e. the output of the first system is equals the input into the second system, etc.) to form the open-loop 

system. Afterwards, the closed-loop system is established by feedback of the output of the open-loop 

system to its input. The eigenvalues of the closed-loop system matrix can then be computed, where the 

delay is explicitly part of the model. It should be noted that the hydraulic test facility has a delay of 6 ms 

after optimization of the transfer functions. An additional delay was introduced to study the change in the 

dynamic behavior when approaching the stability limit. This additional delay has been varied 

systematically and the eigenvalues of the closed-loop system have been analyzed for discrete values for 

the delay. The eigenfrequencies and damping ratios of the closed-loop system can then be plotted as a 

function of the delay and the poles can be tracked until zero-crossing of one of the damping ratios. This 

indicates the stability limit. 

In Figure 11, the stability diagram computed for the virtual rod and the point mass are shown. As already 

discussed in section 3.2 the number of eigenvalues increase with increasing delay because of the 

additional states introduced by the model of the delay. In this diagram, only the first three eigenvalues are 

plotted but additional (high frequency and high damping) eigenvalues can be found but are omitted from 

the display. It is anticipated that the eigenfrequencies of the closed-loop system are lower than those of the 

open-loop system due to adding a rigid mass to the tip of the rod. The theoretical eigenfrequencies of the 

first two modes drop from 4.03 Hz to 3.62 Hz and from 12.19 Hz to 10.98 Hz when attaching the rigid 

mass to the tip of the rod. 
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Figure 11: Variation of the delay time and its impact on the stability of the closed-loop system 

With increasing delay in the closed-loop system, the two eigenfrequencies of the rod vary slightly. It is 

also observed that the damping ratios of these two modes are increasing with increasing delay. But the 

most interesting phenomenon is the new eigenfrequency which appears as a consequence of the delay 

model and shown as a green line in the upper diagram of Figure 11. It starts from infinite frequency at 

zero delay and converges towards the critical cross-over frequency when reaching the stability limit. The 

corresponding damping ratio of this additional pole is about 20% for small delays. But with increasing 

delay, the damping ratio starts to decrease until it becomes negative. At this point, the closed-loop system 

goes unstable. 

Time-domain simulations have been conducted with the state-space model of the closed-loop system but 

are not shown here. They give the proof that both methods indicate the same stability limit. However, the 

second approach based on eigenvalue analysis provides more engineering insight into the behavior of the 

closed-loop system. Only with this approach it is possible to understand that the additional pole from the 

delay drives the closed-loop the system into unstable conditions. 

The numerical stability analysis with the two different methods has been validated experimentally. The 

real-time simulation of the virtual rod is performed on an ADwin Pro II controller. The implementation of 

the simulation model on the controller hardware is achieved with MATLAB and Simulink and dedicated 

compilers to transform Simulink models into executables to run on the CPU of the controller. The 

displacement of the hydraulic test facility is measured by displacement sensors integrated in the hydraulic 

actuators of the test facility. An acceleration sensor has been placed on the rigid mass for an independent 

acceleration measurement. The coupled structure is excited using an impulsive virtual force. It has been 

generated with a battery connected to a push-button operated manually. The output of this simple impulse 

generator was introduced into one of the analog input channels of the real-time controller. Inside the 

Simulink model running on the controller, the impulse excitation is transformed into a force introduced at 

the interface DoF. It has to be mentioned, however, that the repeatability of the impulse generated from 

manual execution of the push-button was not satisfactory. It was “just good enough” for disturbing the 

closed-loop system and observing a decay or a growth of the impulse response. 

In general, the response to an impulse is a free vibration. It has been measured in terms of the actual 

displacement of the hydraulic test facility in this example. This has been repeated for different values of 

artificial delay until the system turned unstable. Afterwards, the Least-Squares Complex Exponential 

modal parameter estimator, see [10], has been applied to the recorded free vibrations in order to determine 

the damping ratios and the eigenfrequencies of the closed-loop system. The identified frequencies and 

damping ratios were compared to the simulated behavior obtained from eigenvalue analysis. Variation of 

the delay has been achieved by manipulating a delay block in the Simulink model and re-compiling the 

model for the real-time simulation on the ADwin Pro II controller. This artificial delay is added on top of 

the delay of the test facility which cannot be changed. The total delay is the sum of the delay of the test 
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facility and the artificial delay. With this total delay, the poles identified from the measured impulse 

responses were plotted as discrete points into the stability diagram in Figure 11. The simulated and the 

measured poles are matching quite well for the first mode of the coupled system (i.e. blue curve in Figure 

11). It does not match very well for the damping of the second mode (i.e. red curve in the lower diagram 

of Figure 11). The reason is the poor excitation of this mode from the impulse generated manually with 

the push-button. It is known from practical experience with modal analysis, that the damping of poorly 

excited modes is hard to identify accurately. 

In Figure 12, impulse responses recorded for different delays are shown. The curve in the left diagram 

corresponds to a delay slightly below the critical limit. It can be seen that towards the end of the recording, 

an oscillation at a higher frequency does not seem to decay. When slightly increasing the delay, the system 

becomes unstable and the diagram on the right hand side is obtained with exponential growth of the 

response. The frequency related to this growing amplitude oscillation was found to be the critical cross-

over frequency. Such impulse excitation and recording of the response has performed for a set of different 

delay times but only two particular examples are presented here. 

 

Figure 12: Impulse responses recorded in closed-loop HIL conditions 

stable with exponential decay (left) – unstable with exponential growth (right) 

With this example, the feasibility of HIL on the DLR six-axis hydraulic shaking table MAVIS has been 

demonstrated. Here, a single axis has been used but the theoretical foundation has been presented for the 

generic case of 6-DoFs interfaces.  

6 Summary and conclusions 

The modelling aspects for hybrid dynamic substructuring tests have been discussed. In the form presented 

here, the equations are directly applicable to generic MIMO systems for the physical and for the virtual 

substructure. However, due to the targeted application using a six-axis hydraulic shaking table, the 

assumption of a single and statically determined interface between the two substructures has been 

introduced and must be taken into account when adapting the theoretical foundation to other applications. 

The feasibility of hardware in the loop testing with the DLR six-axis shaking table MAVIS has been 

demonstrated numerically and subsequently by experimental verification. Two different approaches for 

stability analysis have been employed: i) using the simplified Nyquist criterion based on the open-loop 

transfer function to assess the stability margin of the closed-loop system, ii) based on eigenvalue analysis 

of the state matrix of a discrete-time state-space model of the closed-loop system including a model for the 

total delay. The first approach provides the safety margin, whereas the second approach provides insight 

into the dynamic behavior of the closed-loop system with delay when approaching stability limit. 
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The frequency range up to 30Hz has been addressed here for HIL. This is the relevant frequency range for 

the targeted applications in aeronautic research like testing of aircraft wing stores using the HIL approach. 

In the test case of chapter 5, the limitation mainly arises from the delay time of the hydraulic shaking 

table. The process time delay of the real-time simulation of the virtual substructure is one order of 

magnitude smaller in this case, mainly due to the simplicity of the simulation model. However, when more 

complex models for the virtual substructure must be solved, the process time delay of the real-time 

simulation will become more significant leading to a further reduction of the stability margin. 

A rather simple test case with only a single DoF at the interface has been considered where the physical 

structure is not a flexible body but a rigid mass. A more complex demonstration test case is currently 

under investigation with flexible dynamic MIMO systems for the virtual and for the physical substructure. 

In this test case, not only stability will be addressed, but also the concept of virtual excitation and 

additional virtual responses. This is already indicated in Figure 2. With this more complex setup, 

frequency response functions of the fully assembled system will be measured and the feasibility of 

experimental modal analysis from HIL tests will be assessed, and in particular, the impact of the total 

delay on the accuracy of the identified modal parameters. 
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Abstract 
Cup-horn transducers are ultrasonic transducers with very consistent resonant frequencies.  This makes 

them ideal for applications requiring a focused array, such as particle manipulation/levitation.  In this 

paper, we present a statistical analysis of the variation in transducer response at the quoted resonance of 40 

kHz, as well as the variation in electrical impedance.  The results show that variation in Q-factor is 

significantly greater than variation in resonant frequency.  Despite the statistically significant variation 

between individual transducer outputs, the implication for arrays is minimal, with a predicted maximum 

loss in peak focal pressure of 1.25 dB.  Finally, we show that the response of the coupled electro-

mechanical structure of the transducer is highly nonlinear.  The same nonlinear phenomena are less 

significant at low excitation voltages, as would be used for sensing applications.  This nonlinearity has 

implications for the design and selection of transducers for high power applications. 

1 Introduction 

Arrays of ultrasonic transducers have been developed for many applications, including noncontact 

manipulation of particles in air, microfluidic particle manipulation and micro-surgery [1] [2].  An 

ultrasonic transducer type of particular interest is the cup-horn transducer, which is most commonly 

utilised for proximity sensing applications, for example car parking sensors.  Recently, cup-horn ultrasonic 

proximity sensor transducers have been utilised in research applications requiring large arrays of 

transducers operating in air, as they produce reliable and controllable acoustic fields with desired 

characteristics at a competitive price.  Such applications include ultrasonic levitation [3] and low cost 

parametric speakers [4].  Such transducers consist of a piezoelectric disk, with a cup shaped horn attached 

using adhesive.  Cup-horn transducers have several major advantages, including low cost, low operating 

voltages (10-20 V) and very stable and repeatable resonant frequencies in comparison to other options, 

such as Langevin horn transducers.  Whilst the variability of such transducers is known to be low, 

manufacturers don’t provide statistical data on transducer output.  In particular, data is not available as to 

the variation in phase and output sound power between transducers of the same model, how this varies 

with driving voltage, and how transducers of different models compare. 

 

In this paper, we provide a statistical analysis of the performance and variability of two off the shelf cup-

horn transducers, the Prowave 400ST160 [5] and the Murata MA40S4S [6], both of which are relatively 

cheap and readily available from multiple suppliers.  Both transducers are designed for proximity sensing 

applications and have a rated resonant frequency of 40 kHz.  In Section 2, the statistical variation in 

acoustic output and phase for both transducers is presented.  In addition, the relative efficiency of each 

transducer is assessed as a function of excitation voltage.  In Section 3, the frequency response of both 

transducers is presented, highlighting a nonlinear response that is dependent on the excitation voltage.  

The frequency response was measured to try and understand the source of the measured output variation.  

In Section 4, an analysis of the influence of individual transducer variation on the peak acoustic pressure 

generated by a focused array is assessed.  Finally, we presented our proposed future work based on the 

findings in this paper in Section 5. 
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2 Transducer Variation at Resonance 

To test and quantify the variation in performance, 10 Prowave and 10 Murata transducers were randomly 

selected from a batch of several hundred transducers purchased from 3
rd

 party suppliers.  The response of 

each transducer was measured at the quoted resonant frequency of 40 kHz using a microphone at a 

distance of 70 mm from the transducer surface (Figure 1).  As well as the acoustic response of the 

microphone, the excitation voltage and current applied to the transducer was also recorded to ensure phase 

and power draw could be quantified.  The microphone used is a GRAS 46BG high pressure microphone 

coupled to a GRAS 12AX power module.  To generate the required sine wave input signal, an Iso-Tech 

AFG-21005 function generator was used in conjunction with an A.A. Lab A-303 high voltage amplifier, 

with a gain of 20.  The current applied to the transducer was measured using a CP35 current probe.  In all 

measurement cases, the function generator was set to supply a sine wave at 40 kHz with a user determined 

rms voltage.  Prior to each measurement, a transducer is located in the transducer mount for testing.  All 

data was acquired using the National Instruments LabView software in conjunction with an NI 9222 

acquisition module and an NI 9171 chassis.  All data processing was performed using Matlab and 

statistical analysis was performed using Minitab. 

 

 

Figure 1:  Test rig used for characterizing transducer output. 

 

 

 

 

 

Transducer 

Mount 

Transducer 
Microphone 

Input Signal 
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2.1 Statistical Variation 

The measured response of the transducer samples are presented in Figure 2 for the Prowave transducers 

and Figure 3 for the Murata transducers.  The response characteristics recorded for each transducer are the 

rms acoustic pressure amplitudes measured by the microphone at a distance of 70 mm from the transducer 

surface, the true rms voltage amplitude of the excitation signal, the rms current amplitude of the excitation 

signal, and the phase difference between the acoustic pressure and the excitation voltage.  70 mm was 

chosen as a reasonable trade-off between maximizing the signal to noise ratio and limiting the reflections 

from the microphone interfering with the acoustic field.  Data was recorded at three rms excitation 

voltages; 6 V, represented a low power signal that would be used for sensing applications; 14 V, 

represented a mid-level power signal; and 22 V, representing a high power signal at the upper limit of the 

transducer power rating and relevant to particle manipulation. 

 

 

Figure 2:  Response measurements of 10 randomly selected Prowave transducers at low (6 Vrms, blue 

markers), medium (14 Vrms, red markers) and high (22 Vrms, black markers) excitation voltages.  The 

stared line is the response of a single transducer at intervals of 2 Vrms. 
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Figure 3:  Response measurements of 10 randomly selected Murata transducers at low (6 Vrms, blue 

markers), medium (14 Vrms, red markers) and high (22 Vrms, black markers) excitation voltages.  The 

stared line is the response of a single transducer at intervals of 2 Vrms. 

In addition to measuring the response of each of the 10 sample transducers, 10 repeat measurements were 

taken for one transducer, with the transducer removed from and placed back into the mount between each 

test.  This was done to estimate the statistical error of the test setup itself, which is presented as part of the 

statistical results in Table 1.  By comparing the statistical error between 10 transducers and 1 repeated 

transducer, the significance of the variation in output between different transducers over random error 

could be estimated.  The full statistical results are presented in Table 1.  The statistical results are 

presented for low and high excitation voltages only, as these are of most interest in terms of comparing 

sensing and particle manipulation applications. 
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Transducer Excitation Voltage Measurement 𝝁𝒄𝒐𝒎𝒑 σ comp σ ref σ ratio P-value 

Prowave 

 

 

 

 

 

 

 

 

6 Vrms 

Response (Pa) 208.50 8.12 5.95 0.733 0.433 

Excitation Current (mA) 8.46 0.75 0.46 0.607 0.411 

Phase (deg) -142.12 7.12 2.50 0.351 0.008 

22 Vrms 

Response (Pa) 503.77 17.69 6.21 0.351 0.031 

Excitation Current (mA) 15.92 0.80 0.25 0.302 0.027 

Phase (deg) -167.98 6.22 1.75 0.282 0.011 

Murata 

6 Vrms 

Response (Pa) 90.16 6.76 2.34 0.346 0.013 

Excitation Current (mA) 6.43 0.40 0.05 0.112 0.000 

Phase (deg) -104.67 16.00 2.68 0.168 0.000 

22 Vrms 

Response (Pa) 255.49 12.85 3.68 0.286 0.020 

Excitation Current (mA) 14.78 1.20 0.05 0.039 0.000 

Phase (deg) -133.42 14.08 1.41 0.100 0.000 

 

Table 1:  Statistical analysis of the response, excitation current and phase of 10 Prowave and 10 Murata 

transducers when excited with a low (6 Vrms), medium (14 Vrms) and high (22 Vrms) excitation voltage. 

𝜇𝑐𝑜𝑚𝑝 is mean value from 10 transducers, σcomp is the standard deviation between 10 transducers, σref is the 

standard deviation of 10 repeated tests with one transducer, σratio is the ratio of σcomp and σref, Given is the 

P-value of the likelihood that there is no difference between σcomp and σref. 

 

In order for the data to be a valid representation of the error in transducer response, the standard deviation 

ratio should be less than 1 with a high confidence.  Apart from the response of a Prowave transducer with 

a low excitation voltage, it can be said with at least 95% confidence that there is a statistically significant 

difference in the standard deviation of the response of the 10 tested Prowave and Murata transducers 

compared to a single transducer repeated 10 times (P-value less than 0.05).  As all ratios are less than 1, it 

can be said that the measurement error of the test rig is smaller than the error between individual 

transducers, validating the data obtained.  This statement is less valid for the Prowave transducer at a low 

excitation voltage due to the relatively high ratio and P-value.  In this paper, we are predominantly 

interested in the high voltages cases. 

It is noted that there is not a significant difference in the output variation of the tested Prowave and Murata 

transducers, with the Murata having a more consistent response in terms of output sound power and the 

Prowave having a more consistent phase.  It cannot be reasonably said that the performance of either 

model is better or worse with regards to variation between apparently identical transducers. 
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2.2 Transducer Efficiency Comparison 

The data presented in Figure 2 and Figure 3 was used to calculate the throughput of the transducers at each 

of the three voltage levels.  Throughput is measured as the pressure recorded at 70 mm above the 

transducer per Watt of power usage.  It is clear that there is a difference between the Prowave and Murata 

transducers, however, as the measurement is taken at a single point, it does not take into account 

differences in directivity, and hence cannot be used to compare the efficiency of the two types.  What is of 

interest is the change in throughput of both transducer types as a function of voltage, which represents the 

relative change in efficiency.  It can be seen in Table 2 that the throughput drops by two thirds from the 

low voltage to high voltage levels.  The potential cause of this efficiency loss is discussed in the next 

section. 

 

Transducer Applied Excitation Voltage Throughput (Pa/W) Throughput Ratio (6V/22V) 

Prowave 6 V(rms) 4132 

2.91 14 V(rms) 1996 

22 V(rms) 1420 

Murata 6 V(rms) 2326 

3.00 14 V(rms) 1109 

22 V(rms) 775 

Table 2:  Throughput of both transducers as a function of excitation voltage. 

 

3 Frequency Response 

As well as a statistical analysis of the response at resonance, it is of interest to analyse the frequency 

dependent response of both transducer models.  This is to try and link the observed statistical variation in 

output to the transducer operation, as well as to quantify variation in resonant frequency and Q-factor.  

Two methods were used to do this.  The impedance of each sample transducer was measured without load 

using a Cypher Instruments C-60 and the CypherGraph software.  This information is used to assess the 

variability of the transducers when unloaded in terms of both resonant frequency and Q-factor, both of 

which are calculated within the software.  Secondly, frequency sweeps were performed using the test 

equipment shown in Figure 1.  To do this, the microphone was moved to a height of 270 mm above the 

transducer surface and the acoustic response and excitation current were recorded whilst sweeping the 

frequency of the excitation signal around 40 kHz using the function generator. 

3.1 Impedance Measurements 

The statistical analysis from the impedance measurements is presented in Table 3 for resonant frequency 

and Table 4 for Q-factor.  The results are a measure of the electro-mechanical impedance of the 

transducers, and do not correlate directly to acoustic output as the acoustic impedance of the horn is not 

directly included in the measurement.  It can be seen that the variation in resonant frequency is indeed 

very low compared to the magnitude of the mean for both transducer types.  There is, however significant 

variation in the Q-factor.  This variation in Q-factor will result in a variation in output acoustic power 

when driving all transducers at a constant frequency of 40 kHz, as at least some of the transducers in the 

sample will be driven off-resonance.  It is therefore likely that the high variation in Q-factor can at least 

partly explain the variation in output acoustic power presented in Table 1. 
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Transducer Mean Resonant 

Frequency 

σ comp σ ref Coefficient of 

Variation 

Prowave 40203 Hz 99.5 Hz 33.6 Hz 0.20% 

Murata 40205 Hz 77.3 Hz 30.0 Hz 0.19% 

Table 3:  Statistical analysis of the resonant frequency of 10 Prowave and 10 Murata transducers. σcomp is 

the standard deviation between 10 transducers, σref is the standard deviation of 10 repeated tests with one 

transducer and the coefficient of variation is the ratio of the standard deviation to the mean. 

 

Transducer Mean Q-factor σ comp σ ref Coefficient of 

Variation 

Prowave 33.06 3.69 0.60 11.16% 

Murata 22.60 2.16 0.22 9.56% 

Table 4:  Statistical analysis of the Q-factor of 10 Prowave and 10 Murata transducers. σcomp is the 

standard deviation between 10 transducers, σref is the standard deviation of 10 repeated tests with one 

transducer and the coefficient of variation is the standard deviation to the mean. 

 

3.2 Acoustic Response Measurements 

The measured frequency response of the 10 sample transducers subject to low, medium and high 

excitation voltages are depicted in Figure 4 for the Prowave transducers and Figure 5 for the Murata 

transducers.  Frequency sweeps were conducted between 34 and 54 kHz to capture all phenomena of 

interest in the vicinity of the quoted resonant frequency of 40 kHz.  The responses were measured with the 

microphone at a distance of 270 mm to minimize reflections from the microphone interfering with the 

acoustic field.  The signal to noise ratio of the magnitude of the field was not a consideration as we are not 

comparing absolute magnitude values. 

 

 

 

Figure 4:  Frequency response of 10 Prowave Transducers at low (6 Vrms, blue), medium (14 Vrms, red) and 

high (22 Vrms, black) excitation voltages.  (a)  acoustic intensity measured at 270 mm from the transducer 

surface, (b) excitation current. 

(a) (b) 
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Figure 5:  Frequency response of 10 Murata Transducers at low (6 Vrms, blue), medium (14 Vrms, red) 

and high (22 Vrms, black) excitation voltages.  (a)  acoustic intensity measured at 270 mm from the 

transducer surface, (b) excitation current. 

The measured excitation current with a constant excitation voltage (Figure 4b and Figure 5b) suggest that 

both the Prowave and Murata transducers demonstrate a nonlinear softening behaviour, with the 

impedance minimum (maximum current) shifting down by approximately 2 kHz in both cases.  This 

phenomenon is manifested in the acoustic output of the transducers (Figure 4a and Figure 5a), which 

depict a secondary resonant peak forming below the 40 kHz resonance (between 36 and 38 kHz) for the 

case of high voltage inputs.  The secondary peak is better resolved in the Prowave transducer response due 

to the higher Q-factor.  In addition to the secondary peak, the response at 40 kHz is a nonlinear function of 

voltage, as is apparent from the acoustic response curves of Figure 2 and Figure 3.  Despite the nonlinear 

softening behaviour observed in the excitation current as a function of excitation voltage, the acoustic 

response remains strongest at 40 kHz for both transducer types, with no statistically significant frequency 

shift observed.  This would suggest a relatively linear response with input voltage.  A possible hypothesis 

is that the nonlinearity of the driving piezo is responsible for the nonlinear response observed in the 

current signal, whilst the emitting horn itself is very linear, resulting in the consistent resonant peak 

observed in the acoustic response signal.  The coupling between the nonlinear driving piezo and the linear 

emitting horn could produce the observed response.  A model of the full coupled physics would be 

required to verify this hypothesis, which is discussed in the Future Work section. 

The nonlinearity of the frequency response could also explain the observed drop in throughput efficiency 

that was highlighted in Section 2.2.  As the point of minimum impedance of the transducer shifts to lower 

frequencies, the impedance at 40 kHz increases as a function of voltage.  The result is a greater loss of 

energy through heating, reducing the efficiency of the transducer to convert input electrical power into 

acoustic power. 

Finally, it is interesting to note that a secondary peak occurs in the excitation current response of the 

Prowave transducer in the region of 46-50 kHz.  However, the same phenomenon is not observed in the 

Murata transducer response.  The cause of this secondary peak is not fully understood, but is likely a 

secondary resonant mode of the piezo disk element itself.  This secondary peak does appear to manifest in 

the acoustic response of the Prowave transducer, however, the acoustic amplitude is significantly lower 

than the main peak at 40 kHz, suggesting high acoustic impedance from the emitting horn.  To confirm 

this hypothesis, it would be desirable to study the resonant properties of the driving piezo disk and 

compare this to the design parameters of both transducer models.  This is discussed further in the Future 

Work section. 

(a) (b) 
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4 Simulated Array Variation 

The statistical data from Section 2 was used to simulate the variation in peak acoustic pressure of a 

focused array as a representation of the variation in acoustic radiation force.  The response of a single 

transducer at a single point in space can be assumed to be harmonic with a variable amplitude and phase 

term. 

𝑃 = 𝐴e𝑖(𝜔𝑡−𝜙), 
(1) 

where 𝐴 is the output pressure amplitude of the transducer, 𝜔 is the excitation angular frequency and 𝜙 is 

the phase of the transducer output.  For a focused array of N transducers, the total acoustic pressure at the 

focal point will be a simple summation. 

𝑃𝑡𝑜𝑡 = (∑𝐴𝑛e
−𝑖Φn

𝑁

𝑛=1

)e𝑖𝜔𝑡 
(2) 

 

Using the statistical data from Table 1 (𝜇𝑐𝑜𝑚𝑝 and 𝜎𝑐𝑜𝑚𝑝), the 5
th
 and 95

th
 percentile can be found for any 

sized array using a Monte Carlo simulation and equation (2).  The results are presented in Table 5 for the 

Prowave transducers and Table 6 for the Murata transducers.  The transducers are assumed to have a 

Gaussian distribution.  A total of 100,000 trials were run for each case, at which point sufficient 

convergence was achieved. 

 

No. 

Transducers 

5
th

 and 95
th

 percentile due to 

Transducer Variation 6 Vrms (dB) 

5
th

 and 95
th

 percentile due to 

Transducer Variation 22 Vrms (dB) 

5
th
 95

th
 5

th
 95

th
 

1 -1.38 1.19 -0.90 0.82 

10 -0.81 0.17 -0.59 0.10 

50 -0.56 -0.11 -0.42 -0.10 

100 -0.50 -0.18 -0.37 -0.15 

Table 5:  Variation in focused array acoustic pressure due to individual variation in transducer output for 

an array of Prowave transducers.  The 5
th
 and 95

th
 percentiles are in dB relative to the acoustic pressure 

from an array of identical, mean valued transducers operated at 6 Vrms and 22 Vrms. 

 

 

No. 

Transducers 

5
th

 and 95
th

 percentile due to 

Transducer Variation 6 Vrms (dB) 

5
th

 and 95
th

 percentile due to 

Transducer Variation 22 Vrms (dB) 

5
th
 95

th
 5

th
 95

th
 

1 -0.69 0.64 -0.62 0.58 

10 -0.28 0.15 -0.24 0.15 

50 -0.16 0.03 -0.14 0.04 

100 -0.14 0.00 -0.11 0.01 

Table 6:  Variation in focused array acoustic pressure due to individual variation in transducer output for 

an array of Murata transducers.  The 5
th
 and 95

th
 percentiles are in dB relative to the acoustic pressure 

from an array of identical, mean valued transducers operated at 6 Vrms and 22 Vrms. 
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The variation in output is more pronounced at lower excitation voltages for both transducer types, 

predominantly due to the greater variation in phase.  At high excitation voltages, as would be used for 

particle manipulation/levitation applications, the variation in individual transducer output results in no 

more than a -0.9 dB reduction in peak focal acoustic pressure, compared to pressure levels in the region of 

160 dB often used for particle manipulation applications [7].  The variation in output of the two tested 

models of cup-horn transducers hence should not be a significant issue when incorporating them into 

arrays for particle manipulation applications.  It is noted that both the range and the lower bound loss in 

peak acoustic intensity of the 95
% 

confidence interval reduces as the array size increases.  This is due to 

the reduced phase deviation between individual transducers, as the number of transducers increase whilst 

the individual variation in phase remains constant. 

5 Future Work 

This paper has presented an experimental analysis of two cup-horn transducers used in research 

applications involving large arrays operating in air.  It has been demonstrated experimentally through 

frequency response analysis that the operating mode of two existing off-the-shelf cup-horn transducers 

varies significantly depending on the applied excitation voltage.  It is important to understand not only 

how this influences the application of cup-horn transducers, but also how design parameters influence the 

voltage dependent operating mode.  To complete the picture, it would be desirable to construct a model of 

the coupled system, consisting of an approximately linear resonant horn and nonlinear piezoelectric-

actuated disk.  An analysis of the coupling between the two would give an insight into how the frequency 

response of a cup-horn transducer varies with excitation voltage, and would be a valuable tool for 

specifying design parameters, depending on whether a transducer is required for high or low power 

applications (for example sensing vs. acoustic levitation). 

6 Conclusion 

The results of our experimental investigation demonstrate that while the tolerances on resonant frequency 

are well controlled (less than 1%), there is measurable variation in measured Q-factor (on the order of 

10%).  It is suggested that this variation in Q-factor is the main driver of variation in sound power output 

for a given driving voltage.  In addition to resonant frequency and output sound power/Q-factor, we 

measure the frequency response of both transducers at high and low excitation voltages.  The results show 

a significant nonlinearity of the transducer, with two coupled resonances forming at high voltages, which 

we propose is a result of the coupling of a relatively linear resonant horn and a highly nonlinear 

piezoelectric disk.   Taking into account the measured variation in transducer response when considering a 

focused array, a maximum variation in peak focal acoustic pressure of 1.38 dB at the 5
th
 percentile was 

calculated for high voltage excitation.  This is a small deviation compared to the acoustic pressures 

normally required for particle manipulation/levitation applications (on the order of 160 dB) and is unlikely 

to be a significant consideration. 
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Abstract  
When performing an experimental modal test, the user has to define (i.e. draw) a geometry of the structure 
which includes the 3D locations and orientations of the vibration sensors (accelerometers, strain gages, etc.). 
This step is often tedious and time-consuming, especially for complex geometries containing a large number 
of sensors. Incorrect placement of sensors can lead to important errors [1]. 
In this paper, we propose a camera based method to semi-automatically link the geometry of an object under 
test with an available geometry in a CAD file.  The technique uses low-cost equipment (a compact camera).  
Our method will be demonstrated on three test objects: a car, a bicycle frame and a drone aircraft model. In 
the case of the drone, the curved shape of the wing makes it very difficult to measure the position and 
orientation of the sensors manually. We show that we are able to detect the sensors with an accuracy of 
about 5 mm in the studied cases.  

1 Introduction 

When performing an experimental modal test, the user has to define (i.e. draw) a geometry of the structure 
which includes the 3D locations and orientations of the vibration sensors (accelerometers, strain gages, etc.). 
This step is often tedious and time-consuming, especially for complex geometries containing a large number 
of sensors. Incorrect placement of sensors can lead to important errors [1]. 
In this paper, we propose a camera based method to semi-automatically link the geometry of an object under 
test with an available geometry in a CAD file. Our methodology can assist vibration test engineers in two 
ways: 
Our camera-based method can be used to determine the positions and orientations of vibration sensors which 
are attached to a structure. The coordinates of the sensor positions are then transferred to the corresponding 
locations (and orientations) in a CAD geometry.  
The used technique uses low-cost equipment (a compact RGB camera). The proposed procedure allows 
users to test prototypes faster and in a more repetitive manner because physical measurement positions are 
determined with less user interaction. 
The proposed procedure consists of two main steps.  

1. Firstly, a camera image of the object under test is recorded (it is assumed that parts of the contours 
of the object are visible in the camera image).  
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2. Next, the camera is aligned with a 3D CAD file using an image segmentation technique and pose 
estimation [2]. To do this, the user first manually aligns both geometries after which an 
optimization technique is used to improve the accuracy of the alignment.  

Although the method relies on a camera our method does not need a calibration procedure to obtain the 
position between the camera and object. The fact that we do not need this calibration allows the user to 
quickly switch between large and small objects by simply zooming and focusing the camera. 
Our method will be demonstrated on three test objects: a car , a bicycle frame and a drone aircraft model. In 
the case of the drone, the curved shape of the wing makes it very difficult to measure the position and 
orientation of the sensors manually. We show that we are able to detect the sensors on this complex shape 
object with a reasonable accuracy (of about 5 mm).  

2 Methodology 

2.1 State-of-the-art 

The main idea is to align an image with a 3D CAD model of a test object. With this alignment sensors can 
be indicated in the image and the 3D location on the object can be calculated. In this work, the alignment of 
an image with a 3D CAD model is called pose estimation. 
Algorithms for fully automatic pose estimation exist, but they need a large training set of images with known 
poses and/or accurate and textured 3D models of the test object [3,4]. Obtaining this training set and textures 
can be hard and time-consuming. Therefore in this work, it is assumed that this data is not available. Also, 
pose estimation using 3D range cameras exist, but material properties (colour, high surface reflectivity 
(metal),…) can often distort the 3D range image and disrupt the pose estimation [5]. Also, the size of the 
objects is limited to the used sensor. This work proposes a methodology with low-cost equipment that can 
be applied on various objects with various material properties and both small and large sizes. Therefore we 
propose a method using standard 2D cameras (smartphone camera, compact camera,…) that are low cost, 
easy to use, and by simply zooming or focusing they can be used to photograph small and large objects. 
Also, the pose estimation algorithm should be robust to small errors in the 3D CAD model. 
There are various algorithms used for pose estimation of 3D models using 2D cameras. The most common 
algorithms for pose estimation use solutions of the perspective-n-point-problem (pnp-problem). The pnp-
problem solutions estimate the 3D location of a camera to an object given a set of N 3D points in a chosen 
world coordinate system and their corresponding 2D projection in the image. In practice, this means that a 
user can select 2D points in an image, and when corresponding points are selected in a 3D CAD-model, the 
pnp-solution can calculate the position of the camera to the 3D model. Although in theory this should work, 
when the user only selects 4-6 points, the pose will not likely to be a good estimate since the algorithm is 
not robust to noise, outliers (wrongly selected points) and even the camera resolution will distort the results 
when using few points. Therefore an extra optimization algorithm is needed to calculate a good pose.  In 
this paper a Matlab implementation of optimization algorithms described in [2,3,6] is used. Other 
(commercial) libraries exist like vuforia [7] and visionlib [8] that have similar working principles and results.  
The original PWP3D pose estimation [2,6] assumes that the camera parameters are known. In this 
methodology this is not needed because we are not interested in the exact position of the camera, only the 
mapping between the image and 3D CAD model is needed. Therefore we only need to know the resolution 
of the camera. A rough estimate of the perspective angle can be used for the camera parameters. Errors on 
this estimate will not alter the alignment between the image and 3D CAD model. 
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2.2 Tools and Methodology 

 
Figure 1 Flowchart of summarized methodology.  

The methodology (Figure 1) starts with taking an image of a test object with sensors attached (Figure 2 a). 
Next the user roughly aligns the image with the 3D model by selecting points on the mesh and corresponding 
points in the image (Figure 2 b-c). Subsequent the pose of the object is optimized with the PWP3D 
optimization routine (Figure 2 d). After this optimization the sensor location can be manually selected in the 
image (Figure 2 e). The position of the sensor on the 3D model can then be calculated with the previously 
calculated pose (Figure 2 f). In this work we assume that the measuring direction (blue arrow Figure 2 f) of 
the sensor is normal to the surface of the measured object.  
Figure 2 shows that the method also works when the 3D model slightly deviates from the real object. In this 
example the real car is an Opel Corsa 2016 while the CAD file corresponds to a 2014 model. This can be 
seen at the rear spoiler, rear light and the front bumper (Figure 2 d).  
The method is tested with a standard compact camera (Nikon Coolpix S6300). The method allows to use 
any standard camera or smartphone camera given that the lens distortion (e.g. fish-eye effect) is low or 
compensated [9]. As a virtual rendering environment, an educational version of Vrep 3.5 [10] is used. This 
environment is linked with Matlab (r2017a). The pose of the object is initialized with the standard settings 
of the pnp solution of OpenCV (solvePnPRansac() [11]), and optimized using PWP3D. Due to speed and 
memory constraints of the link between Matlab and  Vrep, images are downsampled to 500x275 pixels 
where the original image is 5500 x 3096 pixels. When properly implemented in C++ with GPU processing 
this downsampling is not needed as stated in [2,6].  
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(a) Picture of object with sensor attached (b) 3D model and picture with selected points 

highlighted  for visualisation 

  
(c) Picture of object initial pose (manually set 

in Vrep-model environment) 
(d) 3D model pose after pose optimization. 

*misalignment due to error in 3D model 

  
(e) Sensor is manually selected in image (f) Sensor located on CAD file. (red-green-

blue coordinate system) 

Figure 2 Methodology in pictures. The user starts with taking an image of the test object and ends with the 
location and orientation of the attached sensor in the 3D model coordinate system. (a) reference image (b) 

3D model (c) initial pose (d) optimized pose (e) image sensor (f) sensor location 

  

* 
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3 Case studies 

3.1 Car 

An accelerometer is placed at two position on a car. Two pictures are taken of the car (Figure 2 a-b). The 
method described in 2.2 is executed for each picture (2 pose estimations). As a result sensor locations where 
obtained (Figure 3 d). Only the measurement direction is plotted in the image. In this case this direction is 
assumed to be normal to the car-surface.  
 

 
(a) Image sideview 

 
(b) Image front view 

 
(c) Sensor (zoomed from figure a)  

 
(d) Sensors location and direction (blue 

arrow) on CAD model 

Figure 3 (a) Accelerometer placed on door panel (b) Accelerometer placed on bonnet (c) close up of 
accelerometer (picture not used in methodology) (d) Placement of sensors (blue arrows) on 3D model 

using images (a) and (b). 

3.2 Bicycle Frame 

A bicycle frame is placed on a table and an image is taken with a relatively cluttered background. In this 
case sensor locations where indicated with white stickers (Figure 4 a).  The bicycle frame is initialized by 
selecting 4 corresponding points in the 3D model and image. The optimized pose is visible in Figure 4 b. 
Only a small deviation (1 pixel) is visible in some parts of the image. The sensor locations are selected 
manually in the original image and plotted on the 3D model (Figure 4 c). The Z-direction (blue arrows) are 
normal to the surface other directions (x,y ; red, green arrow) are chosen randomly.  

PCB 333B30 
Size:+- 10mm*10mm*10mm 
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(a) Image bicycle frame (with zoomed part of 

locations) 
(b) 3D model (green) plotted on original 

image 

 

 

(c) Sensor locations in Vrep-enviroment  

Figure 4 Example of sensor location selection on a bicycle frame (a) Image of frame (b) Image aligned 
with 3D model (c) Sensor locations 

3.3 Model Drone 

To benchmark the accuracy of the pose estimation with real world images, a piece of mm-paper is placed 
on a curved wing of a model drone. Locations are indicated on this paper (see Figure 5 a). The exact distance 
between points on paper is summarized in Table  1.  After placing the paper with indicated points, the 
complete methodology is executed (see Figure 5 b-d). After selecting the indicated points (i.e. sensor 
locations) the distances between points are calculated (see Table  1). 
In this small benchmark the maximum deviation is 4 mm. The spatial resolution of the image is 
approximately 1.2 mm per pixel (on the left wing). The deviation is dependent on the indication of the points 
and the pose estimation. Note that the measured distance is the Euclidian distance between points and the 
added distance due the curvature is neglected. As a more reliable test a semi-synthetic repeatability test is 
executed in section 4.  
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     (a) Image of drone with mm-paper attached to 
left wing 

     (b) 3D model (light-yellow) plotted on orignal 
image.  

  
     (c) Zoomed image (orignal resolution) with an 
overlay of the 3D model. Locations are numbered 
in red.  

     (d) 3D scanned mesh model of (top part) of the 
drone.  

Figure 5 Example of Pose estimation on a model of a drone. (a) Image of drone (b) Image aligned with 3D 
model (c) Sensor locations (d) Used 3D model 

 
Table  1 Measurement results 

Point Point Distance (mm) Distance Measured (mm) Deviation (mm) 

1 2 130 133 3 
2 3 100 96 4 

3 4 70 68 2 
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4 Validation 

As a (synthetic) repeatability test we manually initialized the pose on an image of a bicycle frame. This 
initialization is used as the standard initialization. The initialized pose is randomly translated and rotated 
(slightly) to mimic other manual initializations. Next the PWP3D routine optimizes this pose. The random 
initialization and optimization is repeated a thousand times. From all the calculated poses the amplitude of 
the translation is saved. The procedure is summarized in Figure 6. An example of the initialization is given 
in Figure 7 (a). The deviation of the calculated amplitude is plotted in Figure 7 (b). This figure shows that 
for this experiment 95% of the measurements had a deviation (relative to the mean amplitude) less than 7.5 
mm. 99% of the measurements is below 15.5 mm and 66% of the measurements have a deviation below 2.8 
mm.  
 

1. Manual initialization of pose 
2. Add noise on this initialization (Translation +- 12,5 mm, Rotation +- 0.5° ) 
3. Optimizer Pose 
4. Save Translation 
5. Repeat step 2 to 5 a 1000 times 
6. Calculate Amplitude of Translation 
7. Calculate Mean Translation 
8 Amplitude of Translation = abs(Amplitude of Translation – mean(Amplitude of Translation)) 

Figure 6 Synthetic repeatability tests 

 

  
(a)  (b) 

Figure 7 (a) Example of a (semi) random initialized pose (b) Distribution of the amplitude of the calculated 
translation. Total number of measurements = 1000.  

In our experience when the deviation is larger than 5 mm the user can easily see that the pose is not optimal. 
In this case/image 5 mm corresponds with approximately 8 pixels  In Figure 8 a visually bad pose and 
visually good pose is shown. The visually bad pose had a deviation on the amplitude of 8.5 mm and the 
good pose has a deviation of  2 mm. 
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(a) Visually Bad Pose Estimation |T| = 8.5mm     (b) Visually Good Pose Estimation |T| = 2 mm 

Figure 8 Example of (a) a visually good pose and (b) a visually bad pose. 

5 Conclusion 

In this work a system is proposed that locates sensor locations and orientation from a picture taken with a 
standard compact camera. 
The proposed system is aimed at industrial testing, prototyping and quality control where it is important to 
know the location of placed sensors on a test object. This location can be used for visualization, 
documentation and/or comparison with finite element simulations. A repeatability test shows that in our 
setup 95% of the sensor localization had a deviation of below 7.5 mm.  
Parts of the methodology require manual intervention. This is specifically done to avoid object detection 
techniques that often require large data-set of images and/or highly accurate and textured models of the 
object. These conditions are often not achieved, and the proposed manual intervention also forces/allows 
the user to visually check the positions of the calculated sensor positions.  
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Abstract 
There are many methods described in the literature for the modal analysis of turbine blades, using well-

established technologies. The aim of this paper is the introduction of a new method, based on continuous 

optical fiber sensors and on optical backscatter reflectometer (OBR) technique. Contrary to other methods, 

the sensor is not invasive and all the measuring points are aligned in sequence on the same wire (i.e. the 

same optical fiber) characterized by a limited length. In the literature, many optimal positioning methods 

for the sensors have been proposed, but none of them considers sensors arranged sequentially along the 

same wire, limiting to independent sensors, such as strain gauges or accelerometers. On the contrary, in 

this paper, an optimal method is proposed and illustrated in detail to arrange the optical fiber along the 

blade to perform the modal analysis. Finally, some numerical and experimental tests performed on a blade 

will be presented. 

1 Introduction 

Experimental modal analysis (EMA) is well-known and material tool for the identification of the dynamic 

characteristics of a structure [1],[2], including also blades employed in rotating machines [3]. In this case, 

the analysis is aimed at: 

• predicting the locations of possible energy introduction. This permits the determination of fluid-

structure interactions, which could be critical for the blade structure, and the design of devices for 

vibration damping [4]-[7]; 

• identifying the presence of possible cracks from the mode shapes and, with a suitable real-time 

system, controlling fatigue crack growth [8],[9]; 

• validating FE models, when complex geometries or inhomogeneous materials are used. 

To completely decouple EMA from the use of numerical models, a high number of sensors is required to 

properly fit the different mode shapes of the structure and to distinguish between them, avoiding the so-

called spillover effect [10]. 

One of the most promising solutions for this purpose is the use of optical fiber sensors [11]-[13], like the 

well-known fiber Bragg grating (FBG) sensors. Recently, other measurement techniques based on optical 

fiber sensors have been developed, allowing a continuous strain measurement along the fiber. This is the 

case, for example, of the optical backscatter reflectometer (OBR) technology, which is considered in this 

paper. 

A further advantage consists in the fact that the optical fiber sensor can be embedded into blades made of 

composite material, e.g. the optical fiber can be directly woven inside the carbon fiber matrix or can be 

installed between different layers composing the blade (see Figure 1). This technical solution allows the 

sensor to be always installed in the blade, so that it can perform continuously the condition monitoring of 

1371



this component. Given these remarkable advantages, the exploitation of the great potential of this type of 

sensor must be done by positioning the optical fiber correctly along the turbine blade. 

 

Figure 1. Optical fiber arrangement on layers. 

Indeed, differently from classical sensors, which can be placed independently from the others, in this case 

all the measurement points are placed on the same wire (the fiber itself) and this wire is characterized by a 

finite length. Moreover, due to the physical characteristics of the fiber, some constraints on how the fiber 

is placed, such as the maximum allowed fiber curvature, must be considered, especially for highly twisted 

blades. Moreover, blade strains are measured and a proper position is required to be able to properly 

reconstruct the displacement modal shapes from strain measurements. 

Many optimal placement methods for sensors have been proposed in the literature [14]-[18], but they are 

generally referred to independent sensors, like accelerometers, strain gauges, etc., while no methods can 

be found for this kind of continuous sensors, to the best knowledge of the authors. Aim of this paper is to 

propose an optimal method for continuous optical sensor placing on the structure for modal analysis. 

After a brief recall of the optical sensing technology considered here (section 2), the paper describes the 

optimal placement method, based on genetic algorithms (section 3). Finally, section 4 shows some 

significant numerical and experimental tests, which prove the good results obtained by using the proposed 

approach. 

2 Optical backscatter reflectometry sensors 

Fiber optic sensors are an excellent solution for embedding in composite materials, thanks to their reduced 

cross-section and the consequent negligible load effect on the structure. Moreover, they can be embedded 

inside the structure during the manufacturing process, thus avoiding any surface alteration that may com-

promise the correct working of the structure, for example when a specific surface shape is required for 

fluid-structure interaction (e.g. turbine blades), or a free surface is necessary for the interaction with other 

components (e.g. mechanisms or joints). 

Many different sensing technologies based on optical fibers are available, each one suitable for a range of 

applications depending on many parameters like the number of sensors, the fiber length or the frequency 

range. Among them, one interesting solution for vibration monitoring and modal analysis purposes is 

represented by OBR sensors [19],[20]. 

OBR fiber optics relies on the optical backscatter reflectometry physical principle: when an 

electromagnetic radiation, like a light beam or a laser, propagates in a medium, it collides and interacts 
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with the incident atoms causing secondary electromagnetic waves, called “scattered”, which are coherent 

and interact in a constructive way defining a weak, but detectable signal. If the medium is not 

homogeneous in terms of density (thus, in terms of refraction index), as a real fiber, the propagating wave 

gets scattered and then a back scattered wave is created. This phenomenon is called spontaneous Rayleigh 

scattering.  

By varying the frequency of the laser wave, a periodic signal is created at the light sensor, whose 

frequency depends on the location of the respective fiber segment that scatters the light back. The further 

the segment away from the light sensor, the greater the frequency of the interference signal. As the light 

sensor receives the backscattered signal from all the segments simultaneously, the total signal must be 

split into its frequency components using a Fourier transform technique. The frequencies then correspond 

to the signal location along the fiber. The amplitude of each frequency component indicates the strength of 

the respective reflection. 

When a commercially available optical fiber is scanned, a fluctuating intensity profile of the Rayleigh 

scattering along the fiber will be detected. This profile is stable when the measurement is repeated under 

unaltered external conditions (i.e. no loads are applied), so that it represents a characteristic “fingerprint” 

for a given fiber segment. This phenomenon is typical of Rayleigh scattering, being caused by the elastic 

scattering process and refractive index variations at local defects. If the temperature varies, or an external 

mechanical load is applied to the fiber, its fingerprint is spatially stretched or compressed. This 

phenomenon is at the basis of the Rayleigh sensor technology, since the changes to the local Rayleigh 

pattern can be converted into local temperature or strain values. 

3 Optimal sensor placement method 

3.1 From strain measurements to displacement estimation 

The procedure for optimal placement of continuous sensors should allow reconstructing the displacement 

modal shape of the structure starting from the available measurements 

Being the measurement output a strain measure, a strain-to-displacement procedure has to be implemented 

to obtain the structure displacements. In the literature, this is typically obtained by using the so-called 

DST-matrix method [21], which is based on a full a-priori knowledge of the modal shapes of the structure 

(displacement and strain modal shapes are linked by the numerical model itself). Anyway, for the purpose 

of this work, the modal shape estimation should rely on the model as less as possible. For this reason, the 

reconstruction of the displacement field of the structure must be obtained from the measurement of the 

strain in a number of points and in a given direction (i.e. the fiber direction in that points). 

Considering the strain theory for thin plates, the surface strain of the plate can be expressed as 
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where x, y and z represent the reference system (see Figure. 2), u, v and w are the displacements along x, y 

and z respectively, xx and yy are the axial strain along x and y, while xy represents the planar shear strain 

at 45°. All the other strain terms generally present in 3-D structures are equal to zero for thin plates. 
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Figure. 2. Reference system for the thin plate under analysis. 

Under a theoretical point of view, to obtain the displacement field (w), a few surface strain measurements 

with any direction are sufficient, since the displacement field can be obtained by double-integrating the 

strain field based on one of the two expressions in eq. (1). In practice, this leads to non-robust results, 

because “information” from one direction only is employed, without considering what happens along the 

other ones. 

For this reason, a different approach is adopted with the aim at considering strain information coming 

from different directions. Starting from 
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where i represents the axial strain along a general i-th direction in a certain structure point, the shear 

strain xy can be computed in the same structure point. Then, once the shear strain is known, the 

displacement w is computed by integrating twice the expression in eq. (1). To do that, the complete strain 

field along at least three directions must be known. By placing the optical fiber sensors along three 

directions, it is possible to interpolate them, obtaining the complete axial strain field along these directions 

and then to calculate xy by using eq. (2). An example of this procedure is shown in Figure. 3, while 

Figure. 4 shows an example comparing the displacement reconstruction obtained with this approach and 

using the axial strain measurements along the x-axis only. Both results are obtained considering 20 

“virtual” sensors placed randomly on the structure. 

 

Figure. 3. Computation of the shear strain field from axial strain measurements. 
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Figure. 4. Computation of the displacement field from axial strain along x (center) and from shear strain 

(right) compared with the correct displacement (left): lower order mode (on the top) and higher order 

mode (on the bottom) 

3.2 Optimal sensor placing algorithm 

The optimal placing algorithm proposed in this paper is based on genetic algorithms (GA) [19]. Unlike 

FBG optical sensors, for which some optimal sensor placement methods can be found in the literature 

[14], OBR optical-fiber contains a huge number of embedded gauges. GA has to place the fiber dealing 

with a physically constrained continuous device. The continuity of the fiber-sensor is a tricky constraint to 

be dealt with. No kind of suggestion has been found in the literature concerning how to manage this 

specific aspect. Therefore, some new procedures have been implemented according to this fact. 

It is necessary to develop a fiber-placement algorithm that works in the GA framework and tracks a 

potentially valid path for the fiber starting from a reduced number of encoded design variables (DVs). 

This approach permits producing valid sensor arrangements at each generation, depending on a fixed 

logic. As a matter of fact, too many constraints exist to allow the survival of whichever valid 

configuration, after a crossover if the whole fiber-path is encoded. For these reasons, the genetic coding 

and crossover procedure will not involve the whole fiber arrangement, but just a set of outstanding 

positions. These points, namely their position and orientation, represent the genes of each individual and 

build the chromosome, as represented in Figure. 5. The position is described by a number univocally 

representing a structure point, while orientation is described by another number representing the possible 

orientations allowed. In this example three possible orientations, identified by numbers 1, 2, and 3, are 

considered. 
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Figure. 5. Structure of the individual chromosome. 

To obtain the full fiber path, these points will be connected in deterministic manner, providing the 

complete configuration of the fiber. Then, the individual fitness is computed accounting for the 

information available by the complete configuration. If the configuration exceeds the maximum fiber 

length, it is excluded by setting the corresponding fitness function to zero. Being the connection strategy 

deterministically dependent on the relative position and orientation of the outstanding locations, the 

genetic heritability of fiber arrangement is guaranteed among generations. Figure. 6 resumes how the 

fitness function of the GA is calculated, as described above. 

 

Figure. 6. Procedure for the definition of the fitness function of the genetic algorithm. 

The fitness function, to be maximized by the GA, has been defined based on the scope of the algorithm 

and on the physical constraints the OBR sensor is subject to: 
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The fitness function is composed by: 

• a main contribution (MSEweighted), representing the mean square error between the estimated and 

real modal shape for all the considered modes. The weight is an user-defined coefficient that can 

be introduced to provide more importance to some modes; 

• a penalty function (detFIMfiber) able to drive the optimization procedure to those points containing 

more significant strain information if compared to the global strain information of the structure; 

• a penalty function, based on AutoMAC, to avoid fiber configurations for which two different 

modes cannot be distinguished one from the other; 

• a penalty function (bendsfiber) to penalize configurations containing more fiber curves along the 

path than the minimum required ones. 

While the first three elements of the fitness function depend on the target of the optimization procedure, 

the last one is strongly sensor-dependent and it is due to the fact that OBR sensors are characterized by a 

strong reduction of the measurement quality if the fiber is placed with many low-radius bends. The same 

optimization method can be used for any other kind of continuous sensor without losing generality, just 

removing this last penalty element. 
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4 Experimental tests 

The proposed method for the experimental modal analysis has been tested on two structures. The first one 

is a simple PVC thin plate, while the second one is a more realistic structure, consisting in a scaled model 

of a gas turbine. 

4.1 Test rig setup with a simple plate 

For the first test setup, a thin rectangular plate made by PVC has been equipped with a 2 m OBR optical 

fiber. The optimal fiber configuration has been obtained considering the following parameters: 

• available optical fiber length equal to 1.5 m (this value is due to the fact that the first part of the 

fiber length must remain free as suggested by the producer); 

• targeted modes from the 2nd to the 9th except to the 8th: the algorithm will optimize the fiber 

position to optimally identify these modes; 

• minimum fiber radius equal to 10 mm (limit imposed by the loss of light and consequent reduction 

of signal quality induced by small-radius curves); 

• three possible sensor directions (0°, 45° and 90° with respect to the x-axis). 

• 100 individuals for the genetic algorithm; 

• mutation probability of 0.4. 

Figure. 7 shows the result obtained for the algorithm in this case. The segments of the fiber along the three 

allowed directions, representing the portions of the optical fiber that is used for the mode estimation, are 

represented with dots having different colors, namely blue for 0°, black for 45° and yellow for 90° with 

respect to the x-axis. The thin red lines represent the parts of the fiber used to connect the active measuring 

portions. 

 

Figure. 7. Fiber configuration provided by the optimization algorithm. 

 

Figure. 8. Application of the optical fiber on the structure following the path identified by the optimal 

placing method. 
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As shown in Figure. 8, the fiber has been glued to the plate surface using an epoxy glue following the 

profile provided by the optimal placing method. The structure has then been tested on an 

electromechanical shaker, forcing both torsional and bending modes (Figure. 9). 

 

 

Figure. 9. Plate clamped at his basement and mounted on the shaker to excite the torsional modes (on the 

left) and the bending modes (on the right). 

4.2 Numerical and experimental mode estimation results 

Both numerical and experimental tests have been carried out on the setup shown in the previous section. 

The numerical tests have been done simulating the optical fiber and forcing the FEM numerical model of 

the structure through an imposed movement of the clamp constraint. The experimental tests have been 

done replicating the same behavior through the shaker excitation, as shown in the previous section. 

Numerical and experimental results are expected to be similar, since the structure is very simple and thus 

easy to model precisely. Anyway, some differences can be found in the measurement system, since the 

numerical tests are performed assuming ideal sensor output, while the experimental measurements are 

affected by poor signal quality and quantization. As a consequence, the experimental output of the modal 

analysis could be significantly worse than the numerical one. 

In order to reduce this negative effect, the experimental modal analysis have been performed by averaging 

the output obtained by multiple vibration cycles. Thus, the modal analysis of the structure cannot be 

performed punctually (i.e. a point-by-point estimation cannot be performed unless a high estimation error 

is accepted), but it must be performed on an acquisition window. Anyway, it must be underlined that the 

general validity of the proposed procedure is not nullified by this issue, being it a characteristic of the 

particular fiber type used in this test setup. 

In the following, some results obtained on some significant modes are reported. All the figures are 

organized as follows: the left figure represents the ideal modal shape (from FEM model), the central figure 

shows the result obtained by the numerical estimation, while the right one shows the results of the 

experimental modal analysis. In particular, figure Figure. 10 and Figure. 11 show the estimation result for 

5th mode (second torsional one) and 6th mode (fourth bending one). It can be observed that in both cases 

the modal shape reconstruction provided by both numerical and experimental data are able to reproduce 

the real characteristics of the mode. 

Different considerations can be drawn when analyzing the reconstruction of 8th mode (see Figure. 12), 

which was intentionally not included in the optimization procedure. 

In this case the mode shape reconstruction is not satisfactory, neither in the case it is computed from 

simulated strains, neither in the case of experimental measurements. Anyway, for the algorithm validation, 

this is a very good result, confirming the effectiveness of the fiber-placement. Indeed, since 8th mode was 

not included as target mode in the optimization process, its correct reconstruction is not considered by the 

algorithm itself, and thus it cannot be guaranteed. 
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Figure. 10. Estimation results for the 5th mode: real mode from FEM (left), mode reconstructed from 

numerical data (center) and experimental data (right). 

 

Figure. 11. Estimation results for the 6th mode: real mode from FEM (left), mode reconstructed from 

numerical data (center) and experimental data (right). 

 

Figure. 12. Estimation results for the 6th mode: real mode from FEM (left), mode reconstructed from 

numerical data (center) and experimental data (right). 

4.3 Tests on a composite blade 

Once the good results obtained by the placing algorithm and by the measurement technique has been 

verified by means of the simple thin plate, a second test set-up has been considered. This setup is more 
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representative on a real condition, since modal analysis on turbine blades is a very important research 

topic. 

Due to the simplicity of construction and to some frequency limitation of the used optical fiber 

measurement system (limitations which can be overcome with the new designed OBR interrogators), the 

blade used for the tests was made of ABS by additive manufacturing. The blade geometry was reproduced 

by means of the 3D reconstruction of a standard steam turbine blade (Figure. 13), but due to the different 

material the natural frequencies are scaled down, while the modal shapes remain the same. 

 

Figure. 13. From the 3D model of the real blade to the ABS model 

In this setup, the accentuated 3D geometry due to the blade twist involves two remarkable differences with 

respect to the thin plate case described in section 0 and 4.2: 

• The strain theory for 3D solids requires a modification of the procedure shown in section 2, which 

is based on the idea of flat 2D structures; 

• The second difference is relative to the precise 3D reference for the positioning of the optical fiber 

on the blade. This fact has required the development of a suitable blade mapping algorithm.  

Also in this case, the optical fiber sensor has been glued to the blade surface, optimizing its arrangement 

according to the algorithm introduced in section 3.2. The blade has then been mounted on the shaker 

through a properly designed support simulating the real connection between the blade and the rotor. Only 

one mounting condition has been considered since due to the blade twist bending and torsional modes are 

coupled and can be excited simultaneously. The results are shown in Figure. 14 and Figure. 15 for the first 

two blade modes and for the displacements along the three reference axes (x,y,z from left to right) and are 

compared with those obtained with the FEM model of the blade. The results show a good estimation of the 

modal shapes and, at the same time, a good fitting between numerical results (obtained assuming ideal 

sensors) and experimental results obtained using the OBR sensors. 
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Figure. 14. 3D-blade 1st mode-shape at 15 Hz: numerical (top figures) and experimental (bottom figures). 

 

Figure. 15. 3D-blade 2st mode-shape at 58.8 Hz: numerical (top figures) and experimental (bottom 

figures). 

5 Conclusions 

A new method for optimally placing continuous sensors such as optical fiber ones for modal analysis 

purpose is proposed in this paper. This method finds the best fiber configuration to identify a number of 

structure modes under some constraints through a genetic algorithm. 

The paper describes this method and proposes some numerical and experimental tests to validate it. The 

tests are firstly performed on a simple 2D thin plate and then on a scaled model of a steam turbine blade. 

In both cases the optical fiber sensor placed following the output of the optimization algorithm is able to 

correctly reconstruct the desired modes both in the numerical analysis and in the experimental validation. 

Thanks to the advantages of optical fiber sensors, this approach can be used in several of applications, 

such as vibration monitoring of composite structures, where the optical fiber can be embedded in the 

structure during the lamination process. 
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Abstract 
 
The modelling of nonlinear dynamic behaviour of interfaces is of great interest, with one of the main 

challenges being the provision of reliable friction interface parameters. One of these parameters is the 

tangential contact stiffness which represents the in-plane compliance at the interface. It is traditionally 

assumed to be constant, but recent findings in the literature indicate a dependence of the tangential contact 

stiffness on the normal load.  

To investigate this behaviour in detail, the 1D friction rig at Imperial College London was fitted with a 

High-Speed Camera and Digital Image Correlation system to initially validate its accuracy and then 

investigate the relationship between tangential contact stiffness and contact pressure. A strong increase of 

contact stiffness at low contact pressure was observed, followed by a saturation of the contact stiffness at 

higher values. An increase in contact stiffness due to wear was also present, indicating that current modelling 

approaches may need to be refined.  

 

1 Introduction 

The modelling of the nonlinear dynamic behaviour of interfaces is of great importance, since every 

assembled structure contains a large amount of joint interfaces, which all provide potential sources of 

nonlinearity to the system. Advanced modelling techniques [1]-[4] are available today to predict such 

nonlinear dynamic behaviour which allow for very detailed modelling. These simulations heavily rely on 

the provided interface input data, which often are the friction coefficient, , which in combination with the 

contact pressure, p, governs the transition from stick to slip, and the tangential and normal contact stiffness, 

kt and kn, which represent the elastic compliance at the interface in in-plane and out of plane direction. The 

most common approach to obtain these interface parameters accurately is to measure them with the help of 

an experimental setup [5]-[12] under varying test conditions.  

Often the assumption is being made that the frictional input parameters are independent of the contact 

interface conditions and that they can be represented with constant parameters in the analysis. Recent 

observations for low frequency tests at the University of Oxford [11] have shown that this may not be strictly 

true, and that in particular the tangential contact stiffness, kt, depends on the contact pressure, p, at the 

interface. Unfortunately, an accurate measurement of this behaviour under high frequency cyclic oscillation 

is not straight forward and it has been so far neglected in most measurements and analysis.  

To obtain a better understanding of the importance of such pressure dependent tangential contact stiffness 

under high frequency loading, an evaluation was conducted with the help of the 1D friction rig [9] at Imperial 

College London. For this purpose, the rig was equipped with a high speed camera and DIC setup to ensure 
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accuracy of the measurement system, and a series of different tests were conducted to quantify the tangential 

contact stiffness behaviour under different contact pressures.  

2 Experimental setup 

Friction input parameters for a nonlinear dynamic analysis are predominantly measured with the help of 

experimental test rigs. One of the available rigs thereby is the 1D friction rig at Imperial College London.  

2.1 1D friction rig 

 

Figure 1 1D friction rig at Imperial College London 

The 1D friction rig in the Dynamics and Vibration Laboratory at Imperial College London (see Figure 1) 

was recently developed [9] to replace a previous design [10] providing a stronger clamping force, a 

minimisation of the number of joints, a better measurement system and a stiffer frame, to ensure fast and 

accurate measurements of the friction coefficient, , and the tangential contact stiffness, kt. A detailed 

description of the working principle of the rig can be found in [9], but a short discussion will be included 

here for completeness.  

The rig is excited via an electro dynamic shaker (Data Physics V20) which drives a large inertia mass, siting 

on leave springs, to ensure a harmonic displacement of the test specimen (see Figure 1). Attached to the 

mass via the knife edge joint in Figure 2b) is the moving arm which contains the actual specimen at its free 

end. The round specimens from Figure 2a) have normally a 1mm contact flat, where the moving upper 

specimen is oriented orthogonally to the static lower specimen, providing a nominal 1mm2 contact area. The 

static arm is attached via three force gauges to the static mass, which provides a rigid ground connection. A 

pneumatic actuator system is used in combination with a static load cell to apply and monitor the normal 

contact loading, N0, to the upper specimen, which in combination with the contact area, A, provides the 

nominal contact pressure, p. Two single point Laser Doppler Vibrometers are used to measure the absolute 

displacement of the moving and static specimen as close as possible to the contact interface (see Figure 2c).  
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Figure 2 Details of the test rig: a) one specimen with manufactured contact area, b) knife edge joint of the 

moving arm, c) relative velocity measurement location and d) measured hysteresis loop 

During a measurement the moving mass is excited at a constant frequency somewhere between 20-200Hz, 

normally at 100Hz, leading to a harmonic horizontal motion of the upper specimen. Due to the applied 

normal load, elastic and/or friction forces are transmitted via the contact zone to the lower specimen, which 

are measured with the help of the force transducers on the static arm. Combining the measured forces with 

the computed relative displacement between the two specimens from the LDV data, leads to a hysteresis 

loop such as in Figure 2d). 

A major factor for the accuracy of the measurement is the reliability of the relative displacement extraction 

between the moving and the static specimen. It will determine the gradient of the tangential contact stiffness, 

kt, which can have a significant impact on the nonlinear dynamic response of a system. The use of the two 

single point LDVs to obtain the relative displacement data is highly efficient and deemed accurate enough 

for standard input parameter testing, but with the intended evaluation of the pressure dependency of the 

tangential contact stiffness, highest accuracy at very small amplitudes must be ensured. Experience with the 

rig has shown that: (i) during very low level excitation a significant amount of measurement noise can be 

observed and resolution limits can be reached, resulting in poor data quality; (ii) the distance between the 

laser measurements cannot be decreased below 1 mm due to the chamfer of the bottom specimen (see Figure 

2c), raising the question of contact versus specimen deflection due to bulk material properties; iii) linked to 

the latter is a potential additional compliance in the system due to the specimen clamping mechanism.  

To investigate the scale of these uncertainties in the rig on the measurement accuracy and ensure an accurate 

measurement can be provided for the following tangential contact over contact pressure measurements, a 

high-speed camera setup in combination with digital image correlation (DIC) was introduced to obtain 

higher resolution measurements closer to the contact surface, minimising the impact of the rig and specimen 

compliance. 

2.2 DIC setup for the 1D friction rig 

A high-speed camera system was set up to verify the accuracy of the LDV setup and to gain further 

knowledge of the specimen motion during excitation. A Photron FASTCAM Mini UX100 was used in 

combination with a Navitar x12 Microscopic lens, set to its highest magnification level. The camera lens 

was placed 30-40 mm away from the contact interface as seen in Figure 3a). Considering the 10° chamfer 

of the top specimen in Figure 2a), the camera was rotated by 5° out of the horizontal plane in order to 

allow focusing directly on the outer edge of the surface contact. 
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Figure 3 The DIC test setup 

Two VD-7000LP LED spots with 7280 lm each were used to light the contact surfaces. A major problem 

thereby was to get enough light onto the edge of the contact, due to the small gap between the upper and 

lower arm (see Figure 3b). It was found that the LEDs placed at a 45° angle in plane with the gap provided 

the highest illumination for the high speed camera. The camera was set to its widest aperture to allow as 

much light as possible onto the sensor and a shutter speed of 1/12000s was used and minimise blur. This 

allowed a frame capture at 4000fps at full HD resolution, which was deemed more than satisfactory for the 

100Hz vibration of the contact interface.  

A few vibration cycles were recorded with the high speed camera for each test, and the post processing was 

conducted with the open source software NCORR v1.2 [13] in MATLAB. This tool allows the analysis of 

individual images to track relative motion of subsets of pixels in the area of interest (ROI). In this particular 

case it can be used to track the vibrational motion of the upper and lower specimen at the interface, from 

which a highly accurate relative motion can be computed. Initial tests to gauge the influence of the post 

processing parameters including region of interest (ROI), DIC subset radius and spacing led to an optimised 

DIC setup which was used throughout.  

Figure 4 shows the high speed camera image of the interface edge. The coloured region thereby contains 

the analysed data in the ROI, while the red boxes highlight the areas on the moving and static specimen 

from which an average displacement was extracted to compute the relative motion between the upper and 

lower specimen.  The DIC system was calibrated against the LDV data for an unloaded test, where the free 

motion of the moving arm resulted in a sensitivity of 6.2m/pixel for the used lens setup. 

 

 

Figure 4 NCORR data processing at interface with ROI in color and actual displacement measurement 

regions in the red boxes. 
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2.3 Tangential contact stiffness extraction 

The tangential contact stiffness, kt, can be extracted from the hysteresis loop in Figure 2. Initially the 

absolute displacement of the top and bottom specimens are measured, from which the relative displacement 

can be computed. Plotting this over the transmitted tangential force in the contact then leads to the hysteresis 

loop. The tangential contact stiffness, kt, is then extracted from the slope of the stuck zone, where it is 

assumed that only elastic deformations of the contact asperities occurs, and no plastic or frictional motion 

is present. The extracted values are then normalised by the contact area to provide generally applicable input 

parameters with the unit of N/mm3 to the analysis. 

To investigate the impact of the contact pressure at the interface on the tangential contact stiffness, kt, a 

series of tests were conducted with contact pressures, p, ranging from 10-180MPa. Experience from 

previous tests [9] has shown, that the specimen undergo a running in phase during which the contact 

condition changes due to wear at the interface. In order to take this effect into account, tests were conducted 

at different instances in time, to gain a better understanding of the time dependence of the tangential contact 

stiffness. 

3 Results 

3.1 DIC calibration of the LDV system 

Figure 5a) shows a comparison of the relative displacement measured by the LDV and DIC data along with 

the resulting hysteresis loop in Figure 5b). It can be seen that a very good agreement between the two 

measurement systems was achievable for both the time and hysteresis trace. The results confirmed the 

accuracy of the LDV setup to capture the relative motion, and demonstrate that any compliance from the rig 

or the bulk material of the specimens does not affect the measured relative motion between the two 

interfaces. The good agreement also highlighted the ability of the developed High Speed Camera DIC setup 

to measure vibration amplitudes in the order of m accurately, demonstrating the great potential that such a 

system has to study interface motion of dynamic joints.  

 

Figure 5 Comparison of DIC and LDV measurement for a 100N load and 100 Hz excitation a) relative 

displacement and b) resulting hysteresis loop. 

 

In addition to confirming the accuracy of the LDV measurement system in the horizontal sliding direction, 

the analysis of the DIC data also revealed a small motion in the vertical plane. The specimens thereby 

experience a downward motion when the contact moves forward, and an upward motion during its return. 

To better understand the impact of the vertical motion on the global behaviour of the rig, the displacement 

difference between the front and back end of the contact area of each specimen was computed. The resulting 

relative displacement over one vibration cycle for each specimen can be seen in Figure 6. The vertical 
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displacement of the top and bottom specimen are similar in phase and amplitude, indicating that the surfaces 

do not separate or rotate in respect to each other during a vibration cycle, and consequently not affecting the 

contact condition at the interface. A further concern was the impact on the horizontal motion due to the 

rotation, but it could be shown that the impact was less than 0.5 % due to the small angles which was deemed 

negligible. It should be mentioned that the normal load supplied by the pneumatic actuator may show some 

periodic variations as a result of this vertical movement, which will need to be further investigation in the 

future to ensure an accurate extraction of the friction coefficient. 

 

Figure 6 Relative vertical displacement between the front and rear of the top and bottom contact surface 

edge.  

Overall the DIC measurement confirmed that the current LDV setup is of sufficient accuracy to determine 

the relative displacement of the two specimens in the sliding direction, making the latter approach the system 

of choice for the following investigation due to its significantly easier setup and lighter post processing 

requirements. 

3.2 Tangential contact stiffness measurements 

After confirming the accuracy of the LDV measurement system with the high speed camera and DIC setup, 

the investigation focused on the contact pressure dependency of the tangential contact stiffness, kt. 

 

Figure 7 Change of tangential contact stiffness with contact pressure for different contact areas 
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Initially six independent measurements of the tangential contact stiffness, kt, were performed. Each test 

consisted of the mounting of the specimen pair (304 steel) to the rig, loading the contact with a 

predetermined normal load, and then very gently exciting the system to ensure that no micro or macroslip 

was present in the measured loops. Six measurements using three available specimen sets of the same 

material were conducted. For each new test the contact surface was refurbished by removing any onset of 

a wear scar that may have developed during testing, leading to slightly different contact areas for each test. 

Figure 7 shows the resulting contact stiffness measurements, which have been normalised with regards to 

the contact area, A. A strong increase of the contact stiffness at low contact pressure was observed, 

followed by a gentler and more linear increase of the contact stiffness at higher pressure values. This is in 

good agreement with the findings from the literature [11], and highlights the fact that the tangential 

contact stiffness can strongly vary at low contact pressures. The contact stiffness behaviour with regards to 

the contact pressure is very repeatable, but the scatter of the absolute values is somewhat large, 

highlighting the great challenge to get repeatable results out of a joint reassembly. It should also be noted 

that there is no apparent link between contact area and stiffness behaviour, indicating that the 

normalisation by contact area is a good approach to provide design independent contact stiffness data to 

the analysis.  

 

Figure 8 Time dependency of the tangential contact stiffness  

Wear at the contact interface during the previous tests, also minimal due to the small excitation amplitudes, 

could not be entirely prevented, and a further test was conducted to gauge the influence of wear at the 

interface on the stiffness behaviour. To induce a significant amount of wear at the interface, the contact was 

excited under full slip condition, leading to a fully developed hysteresis loop. Initial measurements were 

taken right at the beginning of the test (0s), followed by measurements after 5-10-15 minutes. At the 

beginning of each 5-minute wear period the normal contact pressure was varied quickly to obtain a set of 

loops for different contact pressures. During the three 5-minute periods the slip distance was held constant 

at 33m resulting in an accumulated total sliding distance of  ~2950 mm at 100Hz. Figure 8 shows that the 

pressure dependency of the tangential contact stiffness stays intact, but as time progresses a steeper increase 

in stiffness at low pressures and a much flatter behaviour for higher contact pressures develops. While the 

stiffness does not saturate under the maximum applied pressure for the shorter runs, this is nearly the case 

for the 15 min runs. These results suggest that a similar running in period, similar to the previously identified 

requirement for stable friction coefficient, , extraction [10], is needed for the tangential contact stiffness.  

To better understand this time dependency, a profilometer measurement of the worn contact surface was 

carried out (see Figure 9). The images, taken after 15min of running time, show the formation of an elevation 

on the bottom specimen and a corresponding groove on the upper specimen. These strong contact features 

are assumed to lock much faster than the smooth initial contact patch, helping to explain the higher pressure 

dependency of the worn specimen at lower contact pressures and the relatively flat behaviour at higher 

pressures.  
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Figure 9 Profilometer measurement of worn contact surface after 15 minutes for measurement 3  

To further investigate the impact of the large-scale contact features which develop over time, an additional 

test was carried out. After taking the initial stiffness-contact pressure measurement at t=0s, the measurement 

was repeated after 5 minutes of sliding, after which the test was stopped, and the specimen contact surface 

was un– and reloaded and the test started again. The same process was repeated at 15min. Figure 10 shows 

the resulting tangential contact stiffness to pressure behaviour. Not surprisingly the first five miutes of 

testing time lead to an increase in stiffness, but once the contact is separated and newly loaded (no 

refurbishment), the contact behaviour is reset. Indeed, the resulting contact stiffness is below the original 

one, which may indicate that due to the development of an elevation and a small misalignment between the 

two specimens after reloading, not all of the contact surface is properly engaged at this stage. Running the 

specimens for 15 minutes, brings everything back to the expected behaviour, with a strong increase in 

tangential contact stiffness at lower values, and a relatively flat behaviour for higher ones. Unloading and 

reloading in this case seems to have less of an impact, probably due to the much larger wear features at the 

interface, which are less likely to misalign during reloading, and leading to a more repeatable joint 

reassembly. 

 

 

Figure 10 : Influence of unloading & reloading of specimen on tangential contact stiffness.  

4 Conclusion 

The contact pressure dependency of the tangential contact stiffness at an interface was investigated with the 

help of the 1D friction rig at Imperial College London. To ensure accuracy, initially a high-speed camera 

and DIC setup was developed to validate the accuracy of the traditionally used LDV measurement system 

and to gain more detailed insight on the motion of the specimens.  
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The measurements of the tangential contact stiffness revealed a very sensitive dependence on the contact 

pressures for low loading values, and a more constant behaviour above 70 MPa where the tangential contact 

stiffness values were changing from 10-50kN/mm3. The behaviour was repeatable across several tests and 

seemed to be independent of the contact area. Further measurements showed a dependence of the contact 

stiffness behaviour on time, which could be linked to the wearing of the contact interface.  
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Abstract
Multiple coherence analysis is a well-known approach to address MIMO problems. It allows the estimation
of the contribution of partially coherent inputs to one or several outputs. This analysis can be conducted
either in the frame of waterfall subtraction [1] or using a diagonalization of the inputs [2]. Those techniques
are well established when dealing with converged cross-spectral estimates. However, some difficulties can
appear in practice because those quantities have never completely converged, due to the finite nature of time
records. The purpose of this work is to introduce some statistical significance tests in those approaches to
avoid the systematic overestimation of the multiple coherence that is due to estimation errors. The proposed
approach is applied to signals recorded inside and outside the cabin of an aircraft during a flight test. The
multiple coherence is applied either from outside to inside signals, to analyse the contribution of outside
noise sources to the interior noise.

1 Introduction

The Coherent Output Power Spectrum [3], introduced in the 70’s, is a concept related to noise source iden-
tification, in which a linear relationship is assumed between an output signal and a given reference. A linear
relationship is estimated (H1 estimator) and the Coherent Output Power Spectrum is obtained by combining
the Reference Power Spectrum and the estimated filter. In multiple input cases, this approach is limited by
the correlation between inputs. This issue led to the development of more advanced analysis techniques,
like partial and multiple coherence approaches[4, 5, 1], or virtual source analysis [2, 6, 7], that have proven
some efficiency in several industrial applications [8, 9, 10, 11]. Coherence-based methods have been exten-
sively used in the field of aeroacoustics [12, 13, 14, 15], which can be explained by the fact that aeroacoustic
sources are often physically distributed with relatively short coherence lengths, facilitating their separation
using statistical approaches. The difficulty is then to be able to represent the source of interest with a suffi-
cient number of references, in a context where the SNR can be strongly affected by flow noise.

The originality of the present work is to propose the implementation of a thresholding step in the multiple co-
herence calculation based on the consideration of the statistical laws of coherences estimated on finite length
time records. The first section is dedicated to theoretical aspects, including the establishment of asymptotic
probability laws for the coherence and multiple coherence. An hypothesis test is proposed so as to determine
if a coherence is significantly greater than 0 or not. An approach based on a Principal Component Analysis
of the reference cross spectral matrix is proposed to implement the test for the multiple coherence. Those
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theoretical developments are then illustrated in a second section dedicated to an experimental application to
microphone signals recorded during aircraft flight tests.

2 Theoretical aspects

2.1 Probability laws of the estimated coherence between uncorrelated signals

Let x(t) and y(t) be two uncorrelated Gaussian signals. Let X and Y be the Fourier coefficients of these
two signals at a given frequency (excluding 0 and Nyquist frequency bins), X and Y are random variables
following centered complex Gaussian laws. The expected value and variance of instantaneous auto and cross
spectra are in this case

E(|X|2) = σ2x ; V (|X|2) = σ4x (1)

E(|Y |2) = σ2y ; V (|Y |2) = σ4y (2)

E(XY ) = 0 ; V (XY ) = σ2xσ
2
y (3)

where σ2x and σ2y represent by definition the expected value of the power spectral density of signals at the
frequency of interest. If instantaneous auto and cross spectra are averaged over a numberN of time snapshots
with N high enough to apply the central limit theorem, then averaged results are following in the limit
Gaussian laws (complex for the cross spectrum) :

Sxx =
〈
|X|2

〉
N

∼
N → +∞

N
(
σ2x;σ2x/

√
N
)

(4)

Syy =
〈
|Y |2

〉
N

∼
N → +∞

N
(
σ2y ;σ

2
y/
√
N
)

(5)

Sxy =
〈
XY

〉
N

∼
N → +∞

Nc
(

0;σxσy/
√
N
)

(6)

The coherence function is defined as the following ratio

γ2xy =
|Sxy|2
SxxSyy

(7)

The probability law of the estimated coherence function of two uncorrelated signals is given by Carter [16] :

fγ2xy(x) = (N − 1)(1− x)N−2 for 0 < x < 1 (8)

fγ2xy(x) = 0 for x < 0 or x > 1

Asymptotically, assuming that N is high enough to replace Sxx and Syy by their expected values, then the
probability law of the coherence can be approximated by a chi-squared with 2 degrees of freedom:

γ2xy ∼
N → +∞

χ2
2

2N
, (9)

with an expected value and variance equal to 1/N and 2/N , respectively. In order to illustrate the conver-
gence of this approximation, simulations are conducted for different values of N . For each value of N , 105

realizations are drawn using complex centered normal distributions. The resulting histograms are drawn in
Fig. 1 together with the approximation (9). It can be seen that for values above N = 50, the histogram
perfectly fits the approximation.

These probability laws are obtained for non overlapping time segments. When using some overlap between
time segments, the number of average can artificially strongly increase, however it does not change the
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Figure 1: Histograms of coherence values for different average sizes. Solid lines : theoretical pdf (solid
black), asymptotic distribution (dashed red).

total record length and induces some redundancy between time snapshots [17]. However, using a Hanning
window, it is found that for an overlap greater or equal to 65%, the probability law of the coherence is

γ2xy =
χ2
2

2κ N0
= χ2

2

nsnap
2 κ ntot

, (10)

where nsnap and ntot are the number of samples of a snapshot and of the total record, respectively, verifying
ntot = N0nsnap, and where κ = 2.07 ( Hanning window).

2.2 An hypothesis test for the significance of the coherence

The probability law of the coherence given by Eq. (10) can be used to implement a statistical test so as to
decide if the two signals can be assumed as fully uncorrelated or not. Under a H0 hypothesis that the two
signals are fully uncorrelated, there is a user-defined small probability α (risk of the test) that the coherence
is greater than a given threshold depending on α and N0. If the observed value is smaller than the threshold,
the coherence is considered as not significantly different from 0 (signals are uncorrelated). If the observed
value is greater than the threshold, the H0 hypothesis is rejected, the value of the estimated coherence is kept
as is. The threshold is given in the following table for different values of α and N0, with a Hanning window
and an overlap greater than or equal to 65%:

α 5% 1% 0.1%
N0 = 50 0.0289 0.0445 0.0667
N0 = 200 0.0072 0.0111 0.0167
N0 = 500 0.0029 0.0044 0.0067

Table 1: Threshold T such that p(γ2xy > T | H0) = α, Hanning window, overlap ≥ 65%.

2.3 The coherent output power for SISO and MISO cases

Let x(t) and y(t) be two signals recorded simultaneously in a given experimental context. Assuming that x
is an input, the Coherent Output Power (COP) of y (with respect to x) is defined by

S(x)
yy = γ2yxSyy, (11)
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and can be interpreted as the part of Syy that is linearly explained by x at the frequency of interest. If y
represents a source signal, S(x)

yy is the contribution of x to y. The COP is in fact related to the H1 estimator
of the FRF Y/X that assumes that the noise is on the output signal only:

S(x)
yy = γ2yxSyy =

|Syx|2
SxxSyy

Syy =
|Syx|2
Sxx

=

∣∣∣∣
Syx
Sxx

∣∣∣∣
2

Sxx = |H1yx|2 Sxx, (12)

where H1yx = Syx/Sxx. It is clear using that formulation that the the COP represents the contribution of x
to y, the remaining part of Syy (equal to (1− γ2yx)Syy) representing the contribution of the noise.
In some situation it can be interesting to estimate the contribution of n reference signals, a(t), b(t), c(t),
... µ(t) to the output y(t). However, reference signals are rarely uncorrelated, such that the energy of the
output cannot be simply defined as the sum of the COPs with respect to each reference. Bendat and Piersol
proposed 40 years ago [] to proceed iteratively, reference by reference (Conditioned Spectral Analysis - CSA
framework). The COP is firstly calculated with respect to a :

S(a)
yy = γ2yaSyy =

|Sya|2
Saa

. (13)

Then the contribution of the first reference is removed from auto and cross spectra of other channels :

Sij.a = Sij −
SiaSaj
Saa

, ∀i, j ∈ {y, b, c...µ}. (14)

Sij.a are called auto and cross spectra conditioned by a. The second step is to calculate a COP with respect
to a second reference b using quantities conditioned by a :

S(b)
yy.a =

|Syb.a|2
Sbb.a

. (15)

The contribution of the second reference is removed to obtain cross spectral quantities conditioned by a and
b :

Sij.a,b = Sij.a −
Sib.aSbj.a
Sbb.a

, ∀i, j ∈ {y, c, ...µ}, (16)

and so on up to the last reference. At the end, the multiple coherent output power can be obtain as follows :

S(a,b,...µ)
yy = S(a)

yy + S(b)
yy.a + S

(c)
yy.a,b + ....S

(µ)
yy.a,b,..., (17)

the multiple coherence coresponding to the ratio between this result and the total output power :

γ2y(a,b...µ) =
S
(a,b,...µ)
yy

Syy
(18)

This multiple coherence can be interpreted as the part of the ouptut signal that can be linearly explained by
the set of references. If the reference are representing sources, the multiple coherent output power can be
interpreted as the contribution of the referenced sources to the output signal.
An alternative to Conditioned Spectral Analysis for the estimation of the multiple coherence is obtained
through the Virtual Source Analysis (VSA), proposed by Price and Bernhard [] in the 80’s. This approach
leads theoretically to the same result for the multiple coherence than CSA, yet it is more suited for the further
developments proposed in present work. VSA is based on an eigen decomposition of the cross spectral
matrix of the reference signals. Let λ2v be the vth (real positive) eigenvalue and Φjv the jth element of the
vth eigenvector (v, j ∈ [1...n]). Eigenvalues can be interpreted as a set of n uncorrelated virtual sources
contributing to reference channels. The cross spectrum between the output and the vth virtual source is

Svy =
n∑

j=1

ΦjvSjy (19)
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The virtual coherence represents the contribution of the virtual source to the output:

γ2vy =
|Svy|2
SvvSyy

=
1

λ2vSyy

∣∣∣∣∣∣

n∑

j=1

ΦjvSjy

∣∣∣∣∣∣

2

(20)

with a corresponding virtual COP given by

S(v)
yy = γ2vySyy (21)

Virtual sources have the property to be uncorrelated, such that their contribution can be simply added ener-
getically :

S(1,2,...n)
yy =

(
γ21y + γ22y + ...γ2ny

)
Syy (22)

Thus, the multiple coherence is simply obtained by adding virtual coherences between the output and each
virtual source component.

γ2y(1,2...n) =
n∑

v=1

γ2vy (23)

2.4 Probability law of the multiple coherence

As suggested by Eq. (23), if the number of averages is sufficiently high to satisfy Eq. (9), and under the
assumption that the output is fully incoherent with references, then the multiple coherence is the sum of
n independent random variables following chi-squared laws with 2 dofs. This is true whatever the level of
coherence between inputs, as far as it is considered that a set of n inputs can always be split into n incoherent
sources through eigen decomposition. In those conditions, the multiple coherence follows a chi-squared law
with 2n dofs :

γ2y(1,2...n) =
χ2
2n

2κ N0
(24)

The expected value of the multiple coherence is n
κ N0

and its variance n
κ2 N2

0
. In order to validate and illustrate

this result, the multiple coherence is estimated between n = 1, 5, 20 uncorrelated reference signals and one
output (Hanning window, N0 = 100, overlap=70%). Histograms of multiple coherence values are drawn
in Fig. 2 together with theoretical pdfs (Eq. (24 )). The effect of increasing the number of references is

Figure 2: Histograms of multiple coherence values for different number of references (from left to right :
n = 1, 5, 20) with N0 = 100. Solid lines : theoretical asymptotic distributions.

clearly illustrated by Fig. 2 : the expected value increases, and the dispersion decreases. For instance, for
n = 20, half of coherence values are between 8 and 11%. Of course, this can lead to difficulties in the
analysis because it means that phenomena that are contributing to less than 10% of the output energy will
not be detected. However, it is possible to implement the significance test proposed in section 2.2 to try to
improve the detectability. The test can be easily verified for each of the n virtual components, using the
virtual coherences (20).
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3 Experimental application to aircraft flight tests

Developments proposed in this work are used in the frame of the analysis of aircraft flight tests involving a set
of 14 interior microphones (distributed in the cabin) and a set of 35 external microphones (distributed along
the fuselage, on one side of the plane, downstream to the wing). The source of interest here is composed
of all noise sources that are located outside, mainly the engine and the trailing edge of the wing. External
microphones are strongly disturbed by the turbulent boundary layer developed on the fuselage, with a signal
to noise ratio that can be extremely poor (negative values). Internal microphone records are composed of
external source contributions (transferred through the fuselage, here considered as the signal) but also of
contribution of several interior sources such as the ventilation system (here considered as noise). In this
application, several outputs are considered, and a global multiple coherence is defined as the ratio between
the average output COP and the average output :

γ2glob(1,2...n) =

∑
i γ

2
yi(1,2...n)

Syiyi∑
i Syiyi

(25)

Internal and external microphones are recorded simultaneously during stationary flight conditions. The total
record length is 60s, the cross spectral matrix is calculated with a resolution of 4Hz (Hanning window,
overlap 70%, N0 = 240). Output signals are internal sensors, and references are external ones distributed on
the fuselage. The global multiple coherence (Eq. (25)) is calculated for different values of α = 100%, 5%
and 1%, the α = 100% case corresponding to the classical approach without the thresholding step. Results
are drawn in Fig. 3, with the global COP on the left and the global multiple coherence on the right. The global

Frequency

Average Output Spectra (int. microphones)

COP  = 100%
COP  = 5%
COP  = 1%
Total output power

Frequency
10-3

10-2

10-1

100
Global multiple coherence

 = 100%
 = 5%
 = 1%

10dB

Figure 3: Left : total (black) and Coherent (colours) output spectra with the classical approach (α = 100%,
blue) and with α = 5% − 1% (red− green). Right : Global multiple coherence with the classical approach
(α = 100%, blue) and with α = 5%− 1% (red − green).

multiple coherence can be interpreted here as the contribution of external sources located on the left side of
the plane to interior noise, because external sensors that are used as references are distributed exclusively on
the left side of the fuselage. This explains why the global coherence never exceeds 50% (maximum global
coherence at about 35 to 45% in the low frequency range). Assuming a symmetry between the contribution of
external sources on both sides, this global coherence could be multiplied by 2 to account for the contribution
of external sources on the right side. In mid and high frequency, the global multiple coherence decreases,
and strong differences are observed between the different values of α used for the test. For α = 100%, the
coherence never goes below about 7 or 8%, this value corresponding to the theoretical expected value of
the multiple coherence for uncorrelated signals ( n

κ N0
see section 2.4, with N0 = 240 and n = 35 here).

Using the proposed test for the thresholding of the virtual coherence, the multiple coherence drops to 2%
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(α = 5%) and even less than 1% (α = 1%). Some tonal components, that can be seen on either COPs
or coherences, are emerging in the high frequency range. The emergence of these tonal components on
microphones installed on the fuselage skin, as compared to the background noise of the COP, is strongly
improved using the proposed approach : the emergence of these tonal components, equal to 3 to 5dB for
α = 100%, increases to 8 to 10 dB and even to 12 to 15dB for α = 5% and 1%, respectively.

4 Conclusion

The originality of this work is to propose the implementation of a simple statistical test to put to zero co-
herence values of two finite length time signals that cannot be considered as significant. A development
for MISO cases is also proposed, for the multiple coherence, a situation that can be problematic using the
standard approach with several references. The method has been applied to aircraft flight tests, illustrating its
efficiency, in a case with several references with a poor SNR, to identify the contribution of external acoustic
sources to interior noise. Future work will be dedicated to the use of the method to denoise microphones
placed on the fuselage.
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Abstract 
The Institute of Aeroelasticity of the German Aerospace Center (DLR) in Göttingen has analysed means 
to passively minimise gust load encounters within the DLR project ALLEGRA. One goal was to develop 
and test a highly flexible forward-swept wind tunnel model which is aeroelastically optimised for 
maximum tip deflection while constraining the tip twist. Stiffness optimisation tools offer the possibility 
to design wings with very specific aeroelastic constraints. From the optimised stiffness distribution a 
feasible stacking sequence needs to be derived to reach the full potential of the stiffness optimisation 
process. After manufacturing, the wind tunnel model needs to be validated thoroughly. Here, a two-step 
validation process will be shown. First, static tests obtaining deflection and strain measurements are 
utilised to adjust the finite element model by a computational model updating (CMU) approach [1-3]. 
Second, experimental eigenfrequencies and strain shapes are used to check the validity of the updated 
model  

 
Figure 1: long exposure photo for angle of attack variation during wind tunnel testing 

1 Introduction 

The main objective of this work is to integrate new measurement technique in the model validation 
process. Composite structures offer the possibility to vary the stiffness properties of a wing fluently in 
span direction. Abrupt stiffness changes result in strain discontinuities under static and dynamic loading, 
which can hardly be identified from conventional measurements like displacement, velocity or 
acceleration signals. 
Most commonly acceleration measurements are employed to determine mode shapes from modal 
identification for validation purposes. There are two simple reasons for this: an acceleration sensor is easy 
to apply and deflection mode shapes can directly be estimated from acceleration signals by experimental 
or operational modal analysis techniques. In the past strain gauges have played a minor role in modal 
identification because they were of single use and more difficult to apply. Another drawback is that strain 
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modes do not represent deflections and are not easy to interpret. They need to be converted into deflection 
modes [4]. Recent progress in strain measurement technology with fibre-optical strain sensors offering 
spatially near-continuous measurements at sampling rates of 250Hz raise the interest especially for 
aeroelastic applications [5]. 
Within DLR’s internal project ALLEGRA, passive load alleviation techniques have been studied 
thoroughly. A special task within this project was to validate the design of an aeroelastic tailored 
composite wing structure optimized with the in-house tool chain. Therefore new measurement techniques 
have been explored. For this reason a fibre-optical strain sensor was installed during the manufacturing 
process to analyze the strain distribution along the span during static, dynamic and wind tunnel testing. 
The strain sensor offers a spatial resolution of 2.5mm for a total length of 2m at a sampling rate of 250Hz.  
The benefits of these measurements for model validation of composite structures will be highlighted in 
this work. The wing model used in this study is a forward-swept aeroelastically tailored composite wing 
[6]. The wing was designed for maximum flexibility using an in-house aeroelastic tailoring framework. 
Wind-tunnel tests demonstrated a maximum deflection of ~20% of the wing semi-span. The wing was 
fabricated with an optical strain measurement fibre, embedded in the lower skin. Static and dynamic tests 
were performed outside the wind-tunnel while deformations and strains were measured for the purpose of 
model-updating. 
In the present paper, finite element model updating is performed using experimental data from different 
tests. The updated model is validated with measurements that have not been integrated in the updating 
process. 

2 Design and manufacturing of an aeroelastically tailored wing 

2.1 Model design 

The wing model used in this experimental study is a forward-swept wing with a sweep angle of 15°, a 
wing half-span of 1.6m, root and tip chord of 0.36m and 0.12m respectively, a full wing aspect ratio of 
13.33 and a custom unsymmetrical airfoil. In order to tap the stiffness-tailoring potential of composites, 
the entire wing was designed having five design fields each in the upper and lower skin. Each design field 
is defined as a region having constant stiffness properties, effectively constant laminate stacking sequence. 
Laminate blending rules are followed in order to ensure ply continuity while manufacturing and improve 
structural integrity between the regions with varying laminates. The geometry of the wing and the 
distribution of the design fields are shown in Figure 2. 

 
Figure 2: Wing planform showing distribution of the design fields in the skins (shown within brackets are 

design field numbers in lower skin) 
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The wing was tailored for maximum flexibility, while ensuring that the resulting twist-deformation at the 
tip was zero. The requirement on the twist was placed in the optimization, since forward-swept wings tend 
to produce a nose-up twist when bending upwards, which then aggravates toward static aeroelastic 
instability in the form wing divergence. Figure 3 shows the polar distribution of the 𝐴𝐴11 term in the ABD 
composite stiffness matrix of the upper skin. This distribution highlights the main direction of stiffness in 
the upper skin of the wing. In this case, it is a distribution characteristic of bend-twist coupling that aims 
to produce a nose-down twist when experiencing an upward-bending deflection. Details of the wing 
design and the DLR in-house aeroelastic tailoring framework is presented in [6]. 
 

Field    1         |          2            |             3            |           4           |            5          | 

Figure 3: Design stiffness distribution in upper skin 

 

 
Field 6 7 8 9 10 
Plies 30° 

90° 
30° 

30° 
90° 
30° 

30° 
 

30° 

 
 

30° 

 
 

30° 

 
Table 1: Optimized ply layup of design fields in 

lower skin  

2.2 Manufacturing 

With wing flexibility being the design objective of the wing, a uni-directional glass fibre material (E-
glass/epoxy) was used in the design. A load-carrying skin concept was applied in order to keep the 
modelling and manufacturing simple, while a foam core (Styrodur 3035CS) filled between the upper and 
lower skin ensured structural stability. The wing was manufactured using a hand layup and vacuum-
bagging technique.  
The optic strain measurement fibre was placed along the 25%-chord line at the interface between the 
lower skin and the foam core. Near the root of the wing, the chord-wise position was adapted in order to 
allow a safe transition while exiting the wing. From this root segment until the adapter outside, the entire 
fibre is enclosed within protective tubing in order to prevent any possible damage whilst manufacturing 
and handling during tests. 

2.3 Sensor instrumentation 

The aeroelastically tailored wing can be characterized by a very complex stiffness distribution along the 
wing span which is realized by stiffness variations that can only be made with composite material. The 
manufacturer gets a ply book with the composite layer setup. Angles and number of plies must exactly 
match the ply book which itself must match the stiffness distributions. This process describes that the 
stiffness properties from the manufacturing are much more uncertain. 
To identify errors in the stiffness properties of the manufactured wing experimental tests are needed to 
compare with results from finite element method (FEM). Stiffness variations from ply drops result in 
discontinuities of strain. Therefore a measurement technique was chosen which yields continuously strain 
information along a 2m fibre. The strain fibre was installed in the lower skin of the wing. In contrast to the 
technology of fibre Bragg grating for measuring strain at a maximum of ~30 locations the fibre used can 
measure a very high spatial resolution with up to 800 locations. Additionally to static measurements the 
system can acquire data at a sampling rate of 250Hz. The technology behind is the optical frequency 
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domain reflectometry (OFDR) described in [7]. OFDR is already available since late 90’s. Applications to 
structural health monitoring in the field of aerospace have been demonstrated in [8, 9]. Since the 
technology is still improving it now gets interesting for dynamical measurements and therefore also modal 
identification. 
The sensor itself is easy to install and just needs to be bonded with superglue to the skin of the monitored 
structure. 

 
 a) Fibre installation b) Fibre position in structure 

Figure 4: Strain fibre sensor 

3 Experimental characterization of the composite structure 

The experimental characterization was done in three steps using (i) an ultimate load test, (ii) a static test 
and (iii) a vibration test. While the ultimate load test was to validate the design and manufacturing process 
for maximum stress and to ensure wind tunnel testing safety the two other tests should gain data for model 
validation. 

3.1 Limit load testing 

Prior to testing the wing in a wind-tunnel, a limit load test was performed with the forward swept wing 
structure. The limit loads for which the wing was sized were applied during static testing. This was done 
to ensure validity of the assumed allowable for the material and the modelling process. Equivalent loads 
were introduced at four sections using load-scissors, such that the resulting displacements were as close as 
possible to the actual distributed aeroelastic loads. Figure 5 shows the setup and the deflection of the wing 
in the limit load test together with force and pressure cp-distribution from the NASTRAN aeroelastic 
analysis using the Doublet Lattice Method (DLM). 

 
a) Limit load test with equivalent aerodynamic loading b) DLM forces and cp for angle of attack α=10° and v = 50m/s 

Figure 5: Calculation of aerodynamic forces and application to limit load test 
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3.2 Static testing 

Static tests were conducted on the wing structure with the LUNA ODiSi-B measurement system designed 
to read and process the optical strain data from strain fibre embedded inside the wing. The objective of the 
measurements was to obtain model validation data and concurrently demonstrate the utility of optical 
strain fibres for such measurements. In the Figure 6b, instant data visualization through the LUNA system 
is depicted along with the wing in loaded condition. The live data monitoring enabled a quick check of the 
structural response and therefore, ensured that the deflection did not exceed allowable limits. The strain 
variation was measured along the full length of the strain fibre at a high spatial resolution. 
Measurements using the Polytec Laser Doppler Vibrometer were also taken in tandem with the strain 
measurements as a check for wing deflection under bending loading. Here, the geometry laser was used to 
measure the deflections along different sections of the wing span. Since the deflection cannot directly be 
measured the difference between the actual laser point position under load and the zero position was 
calculated. The measurement points can be identified by the reflector marks in Figure 6a. 
A single point force was introduced into the structure near the tip at approximately 1.5 m from the base of 
the wing. The applied load was introduced using a clamp for uniform load distribution across the cross-
section. The loading was done using physical weights and a measure of the applied load was taken using 
load cells attached at the point of load introduction which is depicted in Figure 6c. 

   
 a) Reflector marks for deflection scan b) Setup with optical strain fibre system c) Static deflection 

Figure 6: Measurement setup for static tests 

3.3 Vibration testing 

A ground vibration test (GVT) was performed on the forward swept wing using to identify the structural 
dynamic properties. To excite the structure an electrodynamic shaker was used. The responses were 
measured (i) with a Polytec PSV-400 Laser Doppler Vibrometer (LDV) using a high spatial resolution of 
measurement points and (ii) with the LUNA ODiSi-B system using the continuous fibre optic sensor with 
a spatial resolution of 2.5mm and a sampling frequency of 250Hz. 
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The structure was excited with an electrodynamic shaker using a random signal in the frequency range 
from 10 to 1200 Hz. The shaker was connected to the structure by superglue. A force cell between 
structure and stinger provided the input force signal. The shaker was supported by ropes as depicted in 
Figure 7a and b. This type of suspension decouples the excitation from the supporting structure. In the 
higher frequency range > 100 Hz each supporting structure will show its own resonance frequencies, 
which can interfere with the test object. Additionally the test was carried out on DLR’s seismic block that 
can also be decoupled from the building by air cushions. The fixation of the structure was the same than 
for the static test. 

3.3.1 LDV and accelerometer measurements 

Before setting up the test the structure was treated with a reflector spray to enhance the signal quality of 
the laser. Random excitation with signal duration of 125 seconds was applied for each scan point. The 
random signal was generated before and played as user defined signal for each scan point again to 
guarantee high repeatability. A sampling frequency of 2.56 kHz was used. The complete structure was 
scanned at 343 measurement points across the wing surface and 16 points on the clamp at the wing root. 
Additionally 10 accelerometers used for in-plane vibration measurement have been installed on the 
leading edge of the wing. LDV measurements have been carried out with a Polytec Scanning Vibrometer 
PSV-400 while the accelerometers have been acquired with an LMS Scadas III measurement system. On 
both systems time data signals of the input force and the structural responses were stored together with the 
time data from reference an accelerometer at the driving point. Modal testing was carried over three 
consecutive days due to the high scan density of the measurement grid. 

    
 a) Wing with shaker b) Close up of shaker attachment c) Valid scan points on structure 

Figure 7: Experimental setup and scan points of LDV measurements 

The recorded time data signals shown in Figure 8a have been processed into velocity frequency response 
functions (FRF) by referencing on the input force measured by the force cell in order to estimate mode 
shapes within the framework of experimental modal analysis. As depicted by missing points in Figure 7c 
some of the time data signals were corrupted and needed to be eliminated for further modal analysis. A 
good indicator for corrupt measurement signals from random excitation is to look at the skewness or 
kurtosis which describe the 3rd and 4th statistical moment of the time data signals. These values indicate 
bad measurement signals and need to be eliminated before further analysis. 
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 a) Time data from random excitation b) Velocity frequency response functions 

Figure 8: Data acquisition and signal processing of LDV measurements 

Transfer functions have been obtained using the H1 estimator by applying Welch’s modified periodogram 
[10] with an overlapping Hanning window. The signal processing has been performed using DLR’s 
object-oriented modal analysis MATLAB toolbox. The FRFs obtained from flap-wise excitation are 
presented in Figure 8b. The transfer functions in log-scale show very clear resonance peaks up to the 
maximum excitation frequency of ~1200Hz. 

3.3.2 Strain fibre measurements 

The strain fibre measurements make use of the OFDR technique as explained in [7]. T vibration 
measurements have first been carried out in the same boundary and shaker conditions as for the LDV 
measurements. Unfortunately the sampling frequency was only set to 10 Hz which was recognized after 
the test was disassembled. Nevertheless data from shaker testing before wind tunnel entry was available 
for analysis with a maximum sampling rate of 250 Hz. Though the structural dynamic characteristics 
between fixation on seismic block and wind tunnel wall do slightly differ the results are similar and the 
capabilities of such a fibre can be discussed in this paper. 
The model mounted to the wind wall was also excited with an electrodynamic shaker using random 
excitation. The length of the excitation was this 180 seconds. The data was stored in a raw data format on 
the computer attached to the LUNA ODiSi-B system. One drawback of the current system is that no 
external analogue signal can be measured as reference signal and therefore the input force is not available. 
Also time synchronization is not available for the ODiSi-B system, but seems to be implemented in the 
current system. 

  
 a) Time data before correction b) Time data after correction 

Figure 9: Data acquisition and signal processing of strain sensor 
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The recorded time data signals shown in Figure 9 have been processed into strain cross power spectral 
density functions (CPSD) by referencing on a stain sensor location itself in order to estimate mode shapes 
within the framework of operational modal analysis. As depicted in Figure 9a many time data signals were 
corrupted and needed to be purified for further modal analysis. Missing data points needed to be 
interpolated using common splining functions within MATLAB. After purifying the data nice random 
signals could be obtained. 

 
Figure 10: cross power spectral density functions of strain fibre 

From 819 time data signals cross power spectral densities (CPSDs) were calculated in the same manner as 
described for the LDV data. The reference sensor was chosen according to strain mode amplitudes after 
first modal identification results had been processed. It is important to reference on a sensor location with 
a significant strain mode contribution. The CPSDs already indicate some resonance frequencies (see 
Figure 10). 

4 Results 

4.1 Static data 

The load application was done in a sequence of 11 steps up to the estimated maximum allowable load. 
Strain and displacement measurements were stored for each of these 11 load steps. Due to frictional forces 
acting along the load application path, the actual bending loads measured at the force cell were smaller 
than the applied load. The strain and displacement results are depicted in Figure 11. In the strain vs length 
diagram, strain discontinuities are clearly visible at distinct positions within the structure. These indicate 
the change in the composite layup within different sections of the wing. The applied load steps varied 
from 0.7 to 16.3 N for maximum tip deflection. The increase in load is clearly implied in Figure 11a 
through the superimposed strain plots for the different load steps. 

 
 a) Strain variation along the length of the fibre b) Displacement increment with load  

Figure 11:  Strain and displacement response from the static tests 
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In Figure 11b, displacements at 9 different measurement locations along the span with increasing load 
magnitudes are shown. The deflection curves, as expected, are found to have a linear variation with load 
increments. The peak deflection near the tip was observed at 32 cm for an applied load of 16.3 N which is 
20% of the wing span. 

4.2 Modal identification 

4.2.1 Identification of displacement modes 

Figure 12a shows the stabilization diagram of the FRF modal analysis including a summation of 
experimental (red) and fitted (blue) FRF amplitudes. The eigenvalues and eigenvectors are estimated using 
the well-known least-squares complex frequency method (LSCF) [11], from which the stabilization 
diagram is constructed using the DLR’s Modal Analysis MATLAB toolbox. 

  
 a) Stabilization diagram and curve fit of sum of absolute values of FRFs d) MAC matrix for identified modes 

Figure 12: modal identification results from LDV and accelerometers 

 
a) 1st wing bending 10.5Hz b) 1st wing torsion 139 Hz c) 4th wing bending 146 Hz d) higher torsion mode782 Hz 

Figure 13: some bending and torsions modes from LDV measurements 

The Auto-MAC matrix in Figure 12b shows a number ~30 modes that are well separated from each other. 
A selection of identified modes is presented in Figure 13. The identification of modes was possible even 
above 1200 

4.2.2 Identification of strain modes 

Strain gauge modal analysis can be applied on strain transfer functions in the same way as on transfer 
functions calculated from acceleration, velocity or displacement signals. Figure 14a shows the 
stabilization diagram of the strain modal analysis including a summation of experimental (red) and fitted 
(blue) SCPSD amplitudes. The eigenvalues and eigenvectors are also estimated using the well-known 
least-squares complex frequency method (LSCF) [11], from which the stabilization diagram is constructed 
using the DLR’s Modal Analysis MATLAB toolbox. 
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Within the frequency range up 125 Hz six stable poles can be detected see Figure 14a. The curve fit in the 
same figure shows a good representation of the SCPSDs. The MAC matrix in Figure 14b shows  

 
 a) Stabilization diagram and curve fit of sum of absolute values of SCPSD’s d) MAC matrix for identified modes 

Figure 14: modal identification results from strain sensor 

 
Figure 15: strain modes 

The identified strain modes are depicted in Figure 15. Though six modes could be identified, two of them 
are spurious modes which do exist neither in finite element model nor in results from LDV modal 
identification. The spurious modes are already indicated by the low mode indicator function value (MIF), 
which is plotted into the text field of each graph. Mode 1, 2 and 5 represent flap bending modes while 
mode 3 is an edge bending mode.  
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5 Model updating and validation 

Differences between the idealized simulations models used in a structural design and the actual behavior 
observed in experiments are inevitable and can arise from several sources. In the present case, the design 
of the wing with the aeroelastic tailoring process uses GFEM/dynamic type of FE models that are well-
suited for structural dynamic and aeroelastic applications. For the model generation, the parametric model 
generator ModGen [12] at the DLR – Institute of Aeroelasticity is used. Such a model typically includes 
an approximate representation of the non-structural masses for instance, glue, additional resin and paint. 
The mass in the FE model is then adapted to the measured wing mass and the center of gravity. A second 
important source of difference results from deviations arising out of material scatter and manufacturing 
discrepancies, observable only after the structure is manufactured.  
In order to update the simulation FE models such that they represent the actual manufactured structure, 
information from static or vibration tests can be used to update the FE models.  

 
Figure 16: Wing FE model showing tuning beams (in red) connected to inner structure of wing 

 
Figure 17: Tip-displacement for Model-1 – initial FE model, FE model after CMU, experimental results 

(for three different load magnitudes) 

In this case, the static tests explained in the previous section were used to update the FE model with a 
CMU approach. The FE model shown in Figure 16 contains dummy ribs that are used for the aero-
structure splining. ‘Tuning-beams’ are added between two ribs totaling 16 such beams in this case. The 
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properties of the beams are grouped such that 5 unique beams exist. Using the bending-stiffness term of 
these tuning beams as design variables, an optimization problem is setup within NASTRAN’s 
optimization framework – the SOL 200. The objective of the optimization is to minimize the difference 
between the displacements at defined points in the measured test results and the FE model. The drawback 
of using such a tuning-beam is that the update is a purely mathematical adaptation of the model without 
necessarily providing any metric of the physical parameters changed. However, as a first quick approach 
at model-updating, it is effective on account of its simplicity.  
The results from the CMU step are shown in Figure 17. The displacement from the experiments 
corresponding to the largest load (shown in green) is used as the target displacement in the optimization. 
The updated model (denoted as Model-1) agrees well with the experimental measurements for other 
measurement points as well, thus showing the consistency of the update over the different load sets. 

 
a) Model-1 

 
b) Model-2 

Figure 18: Span-wise strain distribution along the strain-fibre and in the FE model (dashed lines represent 
the boundaries of the design regions in the lower skin) 

The strains measured using the optic fibre are compared with the updated Model-1 in Figure 18a. The 
trends observed are comparable and of particular interest are the sharp jumps in strain observed at the 
interfaces between two design regions, between which plies are dropped. A noticeable discrepancy 
between the experimental results and strains in Model-1 occurs at the first ply-drop junction between 
design regions 1 and 2 (at span location 0.20m). The FE model predicts a sharp increase in strain, which 
can be expected given the sudden drop in thickness. This drop is observable in the experimental results 
shifted slightly outward (at a span location of ~0.40m).  
A possible explanation could be a simple manufacturing defect wherein the ply in consideration was 
dropped at a false location further outboard than had been initially planned. Such a manufacturing 
oversight is quite difficult to detect once the wing has been assembled and closed. 
In order to further investigate on this, the FE model was re-generated with the possibly shifted ply-drop 
location, a CMU was performed similar to Model-1 using the experimental displacements as objective and 
the strains were recalculated. For the sake of convenience, this model is denoted as Model-2 henceforth. A 
strain comparison between the FE model and the experiment for Model-2 is shown in Figure 18b. Even 
though the comparison for the strains in the mid-span section is slightly deteriorated, the strains near the 
root and tip seem to have a much better correlation with the FE model. This manufacturing defect could in 
fact be present in the actual wing and the complete set of measured data will be next processed in order to 
confirm this. 
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An observable artefact in the measured strain data are the gaps in measured strains. This arises due to the 
sharp gradient in the experimental strains along the span, mostly at the ply-drop locations, which is 
beyond the specification limits of the used optic-fibre.  
For comparisons with strain mode shapes measured using the fibre, strain modal data was extracted using 
a SOL103 analysis in Nastran. First, the FEM elements were correlated to the previously measured strain 
fibre location in the wing and an element set was created for strain computation. The strains in Nastran 
were computed in the material coordinate system, of which the x-axis aligns approximately with the 
direction of strain fibre and therefore, strain transformation along the direction of the strain fibre was not 
necessary. The comparisons for the static analysis and mode shapes have been done with a direct 
utilization of local x-strain for each element extracted from the SOL103. 

 
a) 1st wing bending strain mode 

 
b) 2nd wing bending strain mode 

 
c) 3rd wing bending strain mode 

Figure 19: comparison of strain modes from experimental fibre (solid line) and numerical results (square) 
The analytical and measured strain modes are compared for all flap bending modes in Figure 19a-c. The 
figure shows analytical (squares) vs. experimental strain (solid line). The color code and vertical position 
gives the strain mode values while in gray the finite element deflection mode shape of the wing is 
overlaid. The plot shows quite nicely that the strain curves match quite well. Mode 1 and 2 indicate still a 
slight discrepancy in position for the last ply drop. Also turning points of mode shape bending can be 
detected as points of zero strain. 
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6 Conclusions and Outlook 

An aeroelastically tailored forward swept wing has been designed for high flexibility and zero tip twist. To 
realize maximum flexibility a glass fibre – epoxy based material was chosen in the design. The 
manufacturing of the wing was done using hand layup and vacuum bagging technique. The OFDR 
measurement technique was employed using a strain fibre for continuous static and dynamic strain 
information along the span of the forward swept wing. The sensor was embedded within the wing during 
the manufacturing. The wing was then subjected to a sequence of experimental tests to determine its 
characteristics. An initial limit load test was conducted to validate the assumed design allowable in the 
FEM structural model. A static test was then conducted with simultaneous strain measurement using the 
optical strain fibre and relative displacement measurement using geometry laser of an LDV. The strain 
variation plotted along fibre length was found to be a good indicator of the composite layup in different 
sections of the manufactured wing. The displacement data at several points on the wing obtained using the 
LDV was then utilized for a computational model update of the FEM model. A comparison of the 
experimental displacement measurements with the updated model shows a good agreement. Furthermore, 
a comparison of the element strain along the fibre location in the FEM model with the strain data obtained 
from the strain sensor gives a reasonably good correlation. This, to some extent, gives a good validation of 
the experimental measurement using strain fibre. 
Vibration tests with a classical GVT were also conducted for the wing to obtain a dynamic 
characterization of the wing. A good prediction of the mode shapes and modal frequencies of the wing 
was obtained using measurements from the LDV and the in-house DLR tool for data analysis. The 
sampling rate of 250 Hz for the strain fibre of 2 m length provided time response for >800 sensor 
locations. It was possible to extract all four strain modes of the structure within the frequency range up to 
100 Hz. After update the match between analytical and experimental strain modes was fairly good. 
Such strain fibres provide detailed data about the stiffness distribution of a composite structure. It is much 
more sensitive than other measurement techniques like displacements and accelerations. Since now even 
modal identification is possible the value of this technique has risen significantly. In the future the strain 
modes will be integrated in the CMU process. Furthermore the strain sensor information should be used to 
do real time monitoring during wind tunnel testing. 
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Abstract 
The use of experimental tools such as electrodynamic shakers, hammers, accelerometers, and microphones 

are reviewed as part of the educational curriculum for the young mechanical engineer and science degree 

student. A list of unique 10 laboratory experiments are described as part of a good foundation for engineers 

interested in the fields of vibration dynamics, acoustics, and mechanical systems. 

1 Introduction 

Mechanical engineering curriculum includes many facets of dynamics, thermodynamics, fluids, control 

systems, design, manufacturing, and other fields. One important sub-field within mechanical engineering is 

Noise, Vibration, and Harshness (NVH). Mechanical product designers and test engineers need to have an 

introduction to NVH in order to design consumer products that meet customer expectations in terms of 

sound and vibration quality. Excess vibration in mechanical systems can lead to product damage/failure or 

user discomfort. Mechanical engineering curriculum varies worldwide in terms of the content of NVH 

materials taught to undergraduate and graduate students.  

The objective of this paper is to present 10 NVH experiments that we have found useful in teaching 

fundamental NVH concepts to mechanical engineering students. These experiments cover both acoustics 

and vibration and provide a basis for graduates with basic knowledge in NVH principles. These experiments 

may be useful to the new professor developing a program in NVH, the seasoned professor looking to update 

current classes, or the industry professional interested in training new NVH engineers.  

Because of the nature of this paper, the format is developed to present each experiment in a single page 

format as a figure that incorporates text and images to portray the experiment. Figures 1-10 in the 

Experiments section show an overview of the 10 experiments.  

2 Experiments 
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Motivation for the lab:

Many mistakes in collecting data can be 

avoided by some up-front understanding of 

the measurement system. Making a good 

measurement starts early in the process. 

This lab emphasizes performing calibration 

of sound and vibration equipment as an 

entire signal chain, not just a single 

transducer. Understanding the system 

noise floor is also important to interpreting 

the recorded data. The importance of 

background noise testing is demonstrated.

Measurement chain calibration and noise floor

Required equipment:

• Free-field microphone

• Pistonphone and/or speakerphone

• Accelerometer

• Accelerometer calibrator

• Cables and signal conditioners

• Data acquisition system

• 50 Ohm terminator

Process:

1. Calibrate the microphone data chain using the speakerphone or pistonphone. Calibrate at different 

SPL levels (94 dB and 114 dB) and discuss the importance of linearity. Change the gain of the 

signal conditioner to demonstrate sensitivity changes of the system with the same sensor. 

2. Calibrate the accelerometer data chain using the calibrator. Have students calibrate using RMS and 

Peak acceleration. Change the gain of the signal conditioner and repeat. 

3. Measure the background electrical noise floor spectra of the system using the 50 Ohm terminator 

at the data acquisition system and calibrate it using the sensitivity for the sensor.

4. Measure the background noise spectra in the facility (sound pressure and acceleration) using the 

now-calibrated sensors. 

5. Compare the background noise spectra of the data system and the facility. Test at different gain 

settings to understand the importance of gain selection. 

Outcomes and suggestions:

Students should understand that a good NVH test starts and ends with calibration of the entire in-situ 

signal chain and understanding of the ambient noise floor. It is helpful to discuss the 10 dB signal-to-

noise ratio rule-of-thumb with students during this lab and, if possible, demonstrate a low SNR 

measurement compared to a high SNR measurement. Students should understand that analog gain can 

be used to increase the sensor signal above the noise floor of the data acquisition system, but not to 

separate desired signal from extraneous signals in the facility also picked up by the sensor. This lab 

provides a good hands-on introduction to use and handling of NVH instrumentation.

Frequency = 159.2 Hz

( = 1000 rad/s)

Acceleration = 1 g (9.81 m/s²)

Frequency = 1000 Hz

SPL = 94 dB or 114 dB

 

Figure 1. Experiment #1 – calibration and noise floor 

1420 PROCEEDINGS OF ISMA2018 AND USD2018



Motivation for the lab:

This lab will help students understand how 

sound propagates from a source. They will 

observe the difference between a direct 

field and a reverberant field. It serves as a 

good introduction to hand-held sound level 

meters and how to use them correctly. A 

simple demonstration of the source-path-

receiver paradigm, this lab instills the fact 

that as the source is held constant, the 

receiver measurement changes due to a 

changing path. 

Sound propagation: direct field vs. diffuse field

Required equipment:

• Handheld Sound Level Meter (SLM) or 

free-field microphone and data 

acquisition system 

• Sound source (a band limited white 

noise from a speaker works well)

• Tape measure or ruler

• Tape to mark positions on the floor

Process:

1. Place the source on the edge of a table. Using the tape and tape measure, mark out distances on 

the floor moving away from the source in a straight line. A room where you can get at least 4 m 

away from the speaker works best. Logarithmically spaced locations works best. 

2. Calibrate the SLM and measure background noise in the room.

3. Play band limited white noise through the source so that the Sound Pressure Level (SPL) is about 

90 dB(A) near the source.

4. Do not use tones as they will not produce good results due to destructive interference effects.

5. Have the students measure SPL using the SLM at the same height as the source at each horizontal 

location marked on the floor. Ensure students hold the SLM correctly so their bodies do not 

provide extraneous reflections.

6. Plot the SPL data versus logarithmic distance. The slope should be -6 dB per doubling the 

distance in the direct field and start to flatten out in the reverberant field. 

Outcomes and suggestions:

Intuitively, students know that sources sound quieter as they move farther away from them. However, 

they don’t know about the transition between the direct and reverberant fields in an enclosed space. 

This lab helps to reinforce the concept of the reverberation radius. It also helps the students to think in 

terms of logarithmic distances, common in acoustics, but not intuitive for the beginner. Discuss point 

source and spherical spreading and the inverse square law using these results to provide an Ah-Ha 

moment. Later in the class, these results can be revisited to discuss room absorption coefficients.

Direct Field
Reverb

Field

Near

Field

- 6 dB per octave

Source

Receiver

 

Figure 2. Experiment #2 – direct field vs. diffuse field 
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Motivation for the lab:

Sound from mechanical devices is 

everywhere. The noise control engineer’s 

job is to make these systems pleasant for 

the customer. Different customer segments 

have different expectations for product 

noise. Sound quality testing helps the 

engineer to match objective measurements 

with subjective customer feedback. One 

way this is achieved is through 

comparative measurements, or benchmark 

testing.

Product sound quality

Required equipment:

• Free-field microphone and data 

acquisition system

• Several versions of a consumer product 

(blenders, hair dryers, power tools, etc.)

• A black sheet to conceal the products 

from the students

Process:

1. Develop a survey for the students. Ask questions like “Which product sounds more powerful?”, 

“Which product sounds cheaper?”, or “Which product would you buy based on sound?” Conduct 

a short jury study in class where the students can’t see the products. 

2. Compile the jury data and show the students the products. Have them guess which one had which 

sound based on looks. Reveal the sounds and discuss cost relative to sound.

3. Make operator ear sound pressure level measurements of each of the products. View the data in 

the time domain and as spectra and compute overall levels. 

4. Try to identify what parts of the sound pressure spectra contributed to the results of the jury study 

and how the poorer rated products may be improved.

Outcomes and suggestions:

The students will appreciate the importance of sound quality in product design. It is surprising that 

loud products are usually the least expensive but also have lower power ratings than more expensive 

and quieter products. This is a great time to discuss the economics of NVH design and the different 

demands of different customer segments. Another observation is that more expensive parts with tighter 

tolerances typically produce better sounding products. We have conducted this experiment with 3 

blenders ranging from $20 USD to $150 USD, and students almost always say they prefer to buy the 

loudest (least expensive) blender because it sounds like it is the most powerful, even though it is not. 
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Figure 3. Experiment #3 – product sound quality 
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Motivation for the lab:

Sound power is a source specific quantity 

that is important for the noise control 

engineer to understand. When trying to 

quiet a loud product, the engineer may 

quantify the product sound using sound 

power techniques. This type of 

measurement is independent of the path 

and receiver and is, therefore, a good way 

to characterize sources. This lab helps 

students to see the difference between 

sound pressure and sound power. Noise 

labeling is becoming a practice for some 

consumer products, e.g. dish washers.

Source sound power

Required equipment:

• 2-4 Free-field microphones

• Data acquisition system

• Measuring device

• Small mechanical product to test

• ISO 3744 or ISO 3745

Optional equipment:

• Indexing turntable

• Anechoic chamber

Process:

1. Set up the sound source on a hard surface and select a measurement radius (1-2 meters works well 

for small sources and high frequencies). The source can be put on the turntable for indexing.

2. Locate one microphone in a stationary position directly over the source. Place the other roaming 

microphones at locations from the standards in your measurement hemisphere.

3. Measure sound pressure on all of your microphones simultaneously. 

4. Move the roaming microphones to all the other locations in the standard and record sound 

pressure level. Repeat as necessary, each time recording the stationary microphone as well

5. Compare all data from the stationary microphone position to ensure no changes over the test

6. Use ISO standards to compute sound power based on averaged mean-square sound pressure

7. Optionally, use other measurements techniques to compare and show the same measured sound 

power levels

Outcomes and suggestions:

Students will learn how to conduct a sound power test. Importantly, they will see the difference 

between sound power and sound pressure. They can also look at the measured SPL data as a function 

of measurement angle to observe product directivity. Using the standards will help students to 

understand how to read and follow a standard, a useful skill in industry. By using fewer than the 

required number of microphones, students will learn the challenges of making measurements with real-

world restrictions. If you don’t have an anechoic chamber, this can be done outside in a paved parking 

lot away from reflecting sources like cars or buildings. 

7 bar compressor

 

Figure 4. Experiment #4 – source sound power 
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Motivation for the lab:

Acoustic resonators are used to silence 

mechanical equipment through exhaust or 

intake pipes and ducts. They are an 

important tool for the noise control 

engineer. The fundamentals of a Helmholtz 

resonator will connect single degree of 

freedom (SDOF) vibratory systems with 

SDOF acoustic systems. Mode splitting of 

a tuned mass damper can also be 

demonstrated with this lab. 

Acoustic resonators

Required equipment:

• Free-field microphone and data 

acquisition system with spectrum 

analyzer

• Beaker and graduated cylinder

• Beverage bottle

Option equipment:

• PVC pipe connected to a speaker and 

open on one end

Process:

1. Explain the fundamentals of Helmholtz resonators

2. Hold microphone near the bottle neck and blow over the bottle (like a flute) to create a Helmholtz 

tone

3. Measure and record the frequency of the tone using the microphone and a spectrum analyzer

4. Add 50 mL of water to the bottle using the graduated cylinder and repeat step 3

5. Continue adding water in 50 mL increments and recording the frequency of the resonator

6. Linearize the natural frequency equation and plot added water volume (Vadded) as a function of the 

variable shown above. The result is a line whose slope is the negative inverse of the effective 

neck length and whose offset is acoustic volume

7. Use this information to predict how much water would need to be added to attenuate a sound of 

known frequency

Outcomes and suggestions:

Students learn about Helmhotz resonators and relate to understood concepts of a SDOF vibratory 

system. Linearizing an equation to use a least-squares fitting approach is good to review in a practical 

situation. It is fun to create a game with step 7 using an driven open ended pipe with a hole in the side 

wall to insert the resonators. The students try to predict the amount of water needed to attenuate a tone 

and must account for the difference between a flanged and unflanged end condition. They compete 

with other groups to get the best attenuation and many groups try many times. When they get an 

increase in SPL at the end of the pipe, it’s a good time to discuss mode splitting of tuned dampers.
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Figure 5. Experiment #5 – acoustic resonators  
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Motivation for the lab:

Machinery vibration can easily be 

transmitted through floors and foundations 

and quickly become the source of 

structure-borne noise problems in 

buildings such as hotels, hospitals or 

schools. Refrigeration machines, chillers, 

air compressors, pumps, fans, boilers, 

rooftop HVAC equipment, can be 

vibration isolated so to limit the overall 

impact of vibration on people, structures, 

and other equipment nearby.

Vibration isolation

Required equipment:

• Two general purpose accelerometers, 

data acquisition system with spectrum 

analyzer software

• Mini air compressor

• Anti-vibration rubber mounts

Optional equipment:

• 1g handheld vibration calibrator

Process:

1. Check the data acquisition and measurement chain using the 1g hand-held shaker (see Lab 1)

2. Place the compressor on the laboratory bench, mount an accelerometer on the compressor (near 

its foot) and one accelerometer on the working bench.

3. Measure the vibration with the compressor turned off to stablish a baseline. Measure the vibration 

again with the compressor turned on and compare the difference

4. Install 4 isolation rubber mounts under the compressor and repeat the measurement with the 

compressor running. How does it look like?

5. Look at the vibration spectrum and its frequency content. Zoom in the lower frequencies and 

identify its fundamental frequency and its harmonics

Outcomes and suggestions:

1. Discuss the basic principles of vibration isolation and the equations of motion of a single degree of 

freedom spring-mass-damper system

2. Analyze the different regions of the transmissibility curve for an isolated system, discuss how the 

isolation system must be designed with a natural frequency much lower than any major frequency 

present in the compressor (vibration source)

3. Discuss how the principles of vibration isolation apply not only for isolating unwanted machinery 

vibration to be transmitted to its surroundings, but also to prevent environmental excitation (e.g. 

aerodynamic turbulences, highway and railroads, earthquakes) to impact critical equipment such as 

microscopes, telescopes, MRI (Magnetic resonance imaging) machines, etc.

attenuation

compressor

bench

 

Figure 6. Experiment #6 – vibration isolation 
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Motivation for the lab:
In physics, the observer effect is the theory 

that simply observing a situation 

or phenomenon necessarily changes that 

phenomenon. Instrumentation is generally 

perceived as non-intrusive, but, in reality, it is. 

The accelerometer used to measure vibration 

will affect the vibration itself. As we know, the 

natural frequency of a structure is related to the 

square root of the ratio of stiffness to mass. 

This lab analyses the mass loading effect of an 

accelerometer while measuring the natural 

frequency of a structure.

Using accelerometers and mass loading

Required equipment:

1. Impact hammer with force sensor

2. Accelerometers with same sensitivity: 

lightweight teardrop style, general 

purpose accelerometer

3. Lightweight disk drive bracket

4. Bungee cords to suspend the bracket in 

a free-free boundary condition

5. Data acquisition system

Process:

1. Hang the bracket using the bungee cords and glue the small accelerometers under one of the 

edges of the bracket.

2. Tap the plate with the impact hammer on top, directly above the accelerometers and measure the 

Frequency Response Function between the force and acceleration (drive point measurement).

3. Repeat the experiment using the heavier accelerometer.

4. Compare the measurements and watch for natural frequency peaks (resonances) and any 

frequency shifts of these peaks.

Outcomes and suggestions:

1. Discuss in general how the test set up can have an effect over measurement data especially on 

lightweight structures.

2. Review the frequency response function again and note how the higher frequencies experience a 

larger frequency shift while the two lower frequency peaks don’t appear to be significantly 

affected by the mass of the accelerometers. Discuss how the mass loading effect won’t be 

perceived if the accelerometer is mounted on a node of a mode.

3. Discuss different accelerometer design and its impact on accelerometer sensitivity and frequency 

range 

1.2 gram vs. 27 gram 

ceramic vs. quartz 

100 mV/g 

piezoelectric 

accelerometers
Disk drive bracket

 

Figure 7. Experiment #7 – accelerometers and mass loading 

1426 PROCEEDINGS OF ISMA2018 AND USD2018



Motivation for the lab:

Mechanical resonances occur when 

dynamic forces excite the natural 

frequencies of a structure. Resonance 

measurements can be used to understand 

the vibration behavior of structures, from 

musical instruments to machines, vehicles 

and buildings. An impact hammer or an 

electrodynamic shaker are ideal tools to 

excite a structure at all frequencies while a 

dynamic transducer such as an 

accelerometer or microphone can be used 

to capture the structure’s resultant motion 

and acoustic response signature.

Fundamentals of mechanical resonance

Required Equipment:

• Impulse hammer with force sensor

• Microphone (or accelerometer)

• 2 channel data acquisition system

• A sample structure. A metal part 

(vehicle component) works great

• Some rubber bands (or a piece of foam 

or exercise bands) to support the 

structure (free-free boundary condition)

Process:

1. Use a rubber band and a pencil to hang the sample metal part with one hand

2. Use the other hand to hit the metal part with the impact hammer

3. Measure the response using an accelerometer and using a microphone and compare the results

4. Repeat the impact measurement 5 times averaging out the measurements in the frequency domain

5. Repeat the measurements with the other sample and compare the results

6. Imagine how this measurement can be implemented to perform 100% inspection on hundreds of 

parts on the plant floor, as part of a an end-of-line quality check system. What type of information 

can be obtained from the test?

Outcomes and suggestions:

Students will learn how to perform impact testing to measure the natural frequencies of a structure. 

Explain the relationship between natural frequency, mass and stiffness, and how to use this relationship 

to tune a particular structure. Discuss how damping affec the width of the resonant peak. Introduce the 

concepts of Frequency Response Function (FRF) and Coherence Function measurements used in 

experimental modal analysis. 

Statistical distribution a 

natural frequency of 

several metal parts with 

the same exact geometry, 

but made with two 

different types of steel.

Two parts, 

same 

geometry, 

different 

materials.

 

Figure 8. Experiment #8 – mechanical resonance  

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1427



Motivation for the lab:

Damping is an important concept for the 

NVH engineer. When mechanical 

structures are vibrating near resonance, 

large displacement, velocity, acceleration 

can occur. This can have adverse effects 

on the structure (such as fatigue and 

failure) or on people (such as high noise 

and vibration exposure levels). Damping is 

one way to limit high vibration levels. This 

lab will explore free-layer and constrained-

layer damping treatments and ways to 

measure damping. 

Principles of mechanical damping

Required equipment:

• Instrumented impact hammer

• Lightweight accelerometer

• Thin plates (3), fiberglass or metal

1. Bare plate

2. Plate with free-layer damping

3. Plate with constrained-layer damping

• Bungee cords to suspend the plate in a 

free-free boundary condition

• Data acquisition system

Process:

1. Hang the bare plate using the bungee cords or strings and glue accelerometers at the center and 

corner, under the plate

2. Tap the plate with the impact hammer on top, directly above the accelerometers and measure the 

Frequency Response Function between the force and acceleration (drive point measurement), and 

the time domain decay of the accelerometer

3. Evaluate damping as a function of frequency using several techniques (-3 dB bandwidth, slope of 

the phase at resonance, log decrement, reverberation time)

4. Repeat the experiment for the free-layer and constrained-layer damped plates

5. Discuss the importance of shear in damping treatments and discover why constrained-layer 

damping may perform better than free-layer damping

Outcomes and suggestions:

Students will learn the challenges in making a good damping measurement. Several techniques can be 

tested and compared. Pros and cons of each method can be evaluated. For example, if there are closely 

spaced modes at higher frequencies, the -3 dB bandwidth method may not produce accurate results due 

to high modal overlap. Using different methods also provides an opportunity to discuss data quality 

and selecting the right method based on the quality of results. Students should learn the differences 

between free-layer and constrained-layer damping, and that adding damping is an effective NVH 

mitigation technique when a system vibrates at a mechanical resonance. 
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Figure 9. Experiment #9 – mechanical damping 
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Motivation for the lab:

Vibration is a great indication of machine-

health. It reflects the behavior of a 

machine’s mechanical components as they 

react to internal and external forces. 

Vibration measuring and trending provides 

a picture of component wear, helping with 

maintenance planning, saving time and 

money by preventing unexpected 

machinery failure. Through vibration 

monitoring, and analysis, it is possible to 

detect common faults such as unbalance, 

mechanical looseness, misalignment, and 

local bearing or gear faults.

Machine-Health monitoring

Required equipment:

1. Accelerometer

2. Data acquisition system

3. Running motor or other rotating 

machine

4. Laser tachometer

Process:

1. Mount the accelerometer to the machine using a mounting base or a magnet base

2. Mount the laser tachometer to measure the shaft speed of the device under test

3. While the machine is running, record averaged vibration data simultaneously with motor RPM 

Block sizes of 1-2 seconds work well with 20-50 averages. Synchronous averaging is also good to 

demonstrate here

4. Look at the overall RMS vibration levels in acceleration and velocity units

5. Look for peaks, shapes, and patterns present in the vibration signature spectrum

6. Try to identify and correlate those peaks with potential machine issues, e.g. high 1x RPM is an 

indication of out of balance, gear mesh frequencies, 2x RPM as indication of misalignment

Outcomes and suggestions:

Vibration is a big part of a condition based maintenance program. Instead of a “running to failure” 

approach, companies can take advantage of vibration measurements and analysis to perform machine-

health monitoring and decide the right time for maintenance, not too early, not too late. The benefits of 

vibration monitoring include improved predictability, reliability, safety (e.g. avoid catastrophic 

failures),  increased maintenance intervals, time and money savings, and peace of mind.

Ref.: SKF Vibration Diagnostic Guide (CM5003)

 

Figure 10. Experiment #10 – machine-health monitoring 
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3 Conclusion 

We have described ten laboratory experiments that can provide engineering and science students with good 

hands on experience and exposure to practical aspects of sound and vibration measurements, equipment, 

and real world problems. The labs can be used in support or in addition to existing sound and vibration 

undergraduate classroom curriculum.  

As it is not possible to cover all the details of every experiment in a short paper, the authors efforts are to 

provide a concise teaching laboratory framework covering most of the import concepts that will be valuable 

for the future sound and vibration practitioner. The authors would encourage the teaching community to use 

and modify these labs as needed, provide feedback, create and add labs that can be shared with universities 

and with the sound and vibration community around the world.  
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Abstract
Impact testing has always been an attractive method when exciting all types of structures to estimate fre-
quency response functions (FRFs). For most structures, the option of using single or multiple input excita-
tion with shakers is also a reasonable possibility. Lightweight structures made of carbon fiber construction,
thin metal panels or plastics pose problems for both excitation methodologies. For these lightweight struc-
tures, the use of shaker excitation, even with very small shakers, is often undesirable since the attachment of
the shaker(s) may result in constraining or altering the structure. While impact testing does not have these
constraints, using very small excitation hammers create practical problems as well. Some of these are well
known (like multiple impacts) and some are less well known (high energy signal distortion in the delta-sigma
ADCs). This paper reviews some of these problems, shows examples of data collected demonstrating these
problems and suggests ways that these problems can be minimized once the problems are understood.

1 Introduction

The validation of models for lightweight structures raises several practical problems that, while similar to
past testing situations, raise new concerns with respect to the excitation of these structures. Lightweight
structures are those made of carbon fiber or fiberglass construction, thin metal panels or plastics which have
high stiffness to mass ratios with very low weight. These types of structures are used more frequently in
various current products and need to be experimentally tested in order to validate an associated dynamics
model. The experimental testing is critical since there is more uncertainty in these models due to the evolving
nature of the materials and associated material properties. In any fiber based materials, the orientation of the
fiber ply material in multiple layers, with different potential orientations of the fiber ply material, together
with the fiber density and the amount of resin impregnation means that these materials, even in a simple
validation coupon structure (for example, flat rectangular plates), are difficult to model accurately. Examples
of these types of structures are shown in Figure 1 and Figure 2. Structures that have been recently tested
include the structures in Figures 1 and 2 along with the blade for an aero-drone and military aircraft helmet.

Experimental testing of these lightweight structures is mostly conducted in a free-free environment to match
an associated modeling boundary condition. Due to the lightweight structure, great care must be taken to
minimize the effect of instrumentation on the dynamics of the structure. Small lightweight accelerometers
are most often used to measure response. Non-contacting sensors like laser velocimeters are desirable but
the amount of rigid body motion in a free-free test configuration frequently will cause the laser to fall out of
registration. The small mass of an accelerometer can be added to the associated model as a small lumped
mass for most validation exercises. As long as the mass is accurately located and not moved during the
testing, small accelerometers are quite acceptable. Excitation is quite another concern. Small shakers are
a possibility but the structural impedance associate with attaching the shaker, stinger and load cell is a
significant problem. With free-free testing, the constraint that a small shaker adds to the test is notable and
not easy to model. All in all, impact testing provides minimum issues when compared to small shakers.
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Figure 1: Validation Coupon Structure Example

Figure 2: Small Engine Intake Plenum Example
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2 Impact testing (pulse testing, tap testing)

Impact testing has been used for structural dynamics testing since the late 1960s when the FFT was starting to
be available in stand-alone testing equipment [2]. The seminal reference reviewing many of the advantages
and limitations of impact testing is the paper by Halvorsen and Brown [5]. Since those early days, many
references have appeared that discuss many aspects and nuances of impact testing applied to various test
situations (see references [1]).

A recent paper [1] summarized the particular issues associated with impact testing and various digital signal
processing hardware, particularly delta-sigma ADCs. This information is reviewed in the following sub-
sections.

3 Data acquisition issues

Data acquisition concepts/issues related to impact testing and, particularly, modern delta-sigma ADCs need
to be reviewed. While these modern ADCs effectively involve the same sampling-quantization result, the
mechanisms that are used are a little different. This causes some particular concerns with respect to impact
testing. Some of the subtle differences include anti-aliasing filters (both analog and digital), the location and
purpose of the anti-aliasing filters, the number of bits in the ADC that are available to quantify the amplitude
of the time domain signal, the detection of signals that are too large for the input gain chosen (overloads),
the location of the detection of the overloads and the number of simultaneous channels. The year 1980 is
chosen as the crossover point where the hardware began moving toward fewer sampling frequencies with
fewer analog filters to the design of the current delta sigma (or sigma delta) ADC technology with only one
sampling frequency and one analog anti-aliasing filter, relying increasingly on digital filtering. By 1980,
most hardware systems had added the ability to pre- and post-trigger, the last piece of hardware and software
technology that is commonly used in impact testing today. Note that most of the current impact testing
guidelines and techniques were developed long before the introduction of current ADC hardware/software
in the time period of 1970 to 1990.

3.1 Historical ADC hardware/software (pre-1980)

Figure 3 gives a block diagram of the typical hardware that was used prior to 1980 for each channel of the
data acquisition. It is important to note that there were generally not more than four channels of simultaneous
data acquisition in the Fourier transform analyzers of this time period. From the first commercial Fourier
transform analyzers, the traditional frontend hardware input utilized a user selectable, low-pass filter (LPF)
that was placed before the analog gain portion of the ADC to protect against the aliasing error (noted by
location A in Figure 3). This filter was not generally part of the Fourier analyzer during this time period
and the user had to choose the LPF based upon the Nyquist frequency that would be used in the ADC. The
general rule was to choose the cutoff frequency of the LPF around 80 percent of the Nyquist frequency to
eliminate the frequency information above the Nyquist frequency, thus avoiding the aliasing error.

Several design issues are important to note. The analog, anti-aliasing LPF needs to have significant roll-off
to prevent the aliasing error based upon the 80 percent, Nyquist frequency rule and the same filter must be
applied to all channels of data acquisition to prevent phase mismatch between channels. This requires an
instrumentation quality filter to be both adjustable and to have the desirable pass band characteristics. The
overload detection was generally a visual indicator on each channel (LED) but the software interface with
the hardware rarely provided any feedback to the user. The overload detection circuitry that triggered the
visual indicator was in the output of the analog gain section of the ADC or in the input of the digital section
of the ADC (location B in Figure 3). The ADC typically had only 10-12 bits together with numerous input
gain settings to allow for optimization of the analog signal to the ADC. The optional digital filter (noted by
location C in Figure 3) was limited by the computer performance of the mini-computers available in these
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Figure 3: Historical ADC Design

data acquisition systems (computer speed, computer word size, computer memory, etc.). For this reason,
the digital filter was only used to perform banded frequency analysis within the chosen Nyquist frequency
bandwidth. With respect to impact testing, it is important to note that the analog, anti-aliasing LPF performed
a secondary function that is distinctly different in the current ADC design. Since the cutoff frequency of the
LPF filter was always set at 50-80 percent of the desired Nyquist frequency, this filter removed the frequency
information (energy) above the Nyquist frequency on every signal before the signal entered the analog gain
section of the ADC (at location B). This allowed the input gain to be set according to the signal frequency
content that was in the users frequency band of interest. Note that in the mid 1980s, when DSA manufacturers
first integrated the LPF into the frontend, it was not uncommon for the manufacturer to choose a maximum
frequency (cutoff frequency equal to 50-80 percent of the Nyquist frequency) to protect the quality of the
users data through an additional frequency guard-band (frequency band from maximum frequency to Nyquist
frequency). The high cost of this ADC design had a significant cost per channel that made multiple channel
analyzer designs cost prohibitive. The high cost was a function of both the design of the ADC itself and the
requirement for an instrumentation quality filter for each ADC channel.

3.2 Current ADC hardware/software (post-1995)

Figure 4 gives a block diagram of the typical hardware that is now used for each channel of the data acquisi-
tion. The delta-sigma design currently used allows for a digital signal analyzer to have a much lower cost per
channel since this design takes advantage of the delta-sigma ADC/DAC design that is widely used through-
out many consumer electronics devices (CD and DVD players, HD-TV systems, etc.). The delta-sigma ADC
design uses a different process that takes advantage of the bundling of the operations into a single electronics
chip along with increased computer speed, computer word size and computer memory to give a superior final
result (24 bits) at a much lower cost. This means that more channels can be made available at a lower and
lower cost per channel. The changes in the design concept give the same final result but the operation is a bit
different. In Figure 4, the significant difference in the delta-sigma design is the single sampling rate that is
utilized. The ADC is a one-bit ADC with a sampling rate at a very high frequency when compared to struc-
tural testing, or even acoustic testing, requirements. The actual sampling rate is often in the 5-10 MHz region,
(noted by location B in Figure 4) and is generally chosen at 128 times the effective sampling rate associated
with the highest effective Nyquist frequency. Note that other oversampling rates are used in specialized
application areas when the decimated frequency may be chosen to match a particular application need; for
example in audio applications where the effective sampling rate is chosen to match the CD audio data rate.
As an example, if the highest desired Nyquist frequency is 25 kHz, then the highest effective sampling rate
would be 50 kHz. The actual sampling rate would then be 6.4 MHz. The 24 effective bits of the delta-sigma
ADC, at the highest effective sampling rate, comes via the digital filtering and down-sampling that occurs

1434 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 4: Current ADC Design

in the delta-sigma ADC chip beginning with the one bit sampling that occurs at 6.4 MHz. The user selected
Nyquist frequency is determined by the digital filter characteristics (noted by location C in Figure 4). The
difference in the delta-sigma ADC design that affects experimental testing, and particularly impact testing,
comes from the analog, anti-aliasing LPF that is utilized (noted by location A in Figure 4). Note that the
analog, anti-aliasing LPF (at location A) is positioned early in the signal processing and separated from the
digital filter that is set by the user selected Nyquist frequency (at location C). In the example cited above,
the cutoff frequency of the LPF can be chosen anywhere between 80 percent of the highest effective Nyquist
frequency (25 kHz) up to 80 percent of the actual Nyquist frequency (3.2 MHz). Since the digital filter (at
location C) removes the high frequency energy in the signal after the input gain and quantization, the input
gain cannot be optimized as in the historical ADC design. In order to make sure that the characteristics of
the LPF do not affect the magnitude and phase characteristics of any data in the frequency range up to the
effective Nyquist frequency, vendors will often choose a less aggressive anti-aliasing filter design set at a
frequency that is well above the effective Nyquist frequency. This gives an effective anti-aliasing design at a
minimum cost per channel.

Regardless of the oversampling rate, the type of anti-aliasing filter that is used and/or the cutoff frequency
chosen by the vendor in a delta-sigma design, the anti-aliasing filter no longer limits the higher frequency
energy that may be present in impact testing. At a minimum, this cutoff frequency would be at 80 percent of
the highest Nyquist frequency (25 kHz) in a digital signal analyzer. Most structural testing involving impact
testing is at 5 kHz or below. While there are no issues involving the aliasing error, the anti-aliasing LPF now
allows this high frequency energy from the impact input or response to reach the ADC.

The overload detection in a delta-sigma ADC design occurs at the same location as in the historical ADC
design. The overload is detected at the output of the analog gain section of the ADC or in the input of the
digital section of the ADC. The problem for impact testing is that the data signals now have energy in the
frequency range well above the actual Nyquist frequency desired (100-500 Hz). This means that the analog,
input gain on each channel will be set using the higher energy level of the frequency range up to the analog,
anti-aliasing LPF. This is distinctly different from the historical ADC design. As an example, the delta-
sigma ADC may require that the input gain be set to a plus/minus 10 volt range to satisfy the high frequency
characteristics in the data (25 KHz or above) but the final time waveforms may be only a volt or less once
the digital filter reduces the data to the desired Nyquist frequency (100 Hz). This means that the choice of
the hammer and hammer tip, to limit the frequency content above the desired Nyquist frequency, is critical.
This will be discussed further in a later section concerning auto-ranging, overloads and overload detection.

3.3 Other data acquisition hardware/software issues

There are a number of other issues concerning the delta-sigma ADC design that affect impact testing. With
the move to a delta-sigma ADC design with 24 effective bits (more dynamic range than previous designs),
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Figure 5: Typical Mini Hammers

most manufacturers have reduced the number of input gain settings as the number of effective bits in the
ADC have increased.

While the need for fewer input ranges may be true for most steady state testing situations, it is another
complication for impact testing since there are fewer input ranges to choose from to avoid the overload
problem.

Other changes that are common in current ADC designs involve a number of trends. Most systems have more
channels than previously with 8 to 16 channels very common. More channels means that visual checking
of each channel for overload or undesirable characteristics is often overlooked or compromised. To reduce
this problem, most overload detection is now integrated with the software so that a hardware overload is
communicated to the data acquisition software. This allows for a software auto-ranging algorithm to assist
the user in detecting overloads. Current data acquisition designs also offer the ability to pre- and/or post-
trigger to make sure that the initial portion of transient signals, like those involved in impact testing, is not
missed.

4 Data acquisition sensors

When testing lightweight structures the size and mass of the sensors needs to be very small as well. The
hammers are nothing more than the tiniest load cell mounted on the end of a small plastic tube (see Figure
5). This configuration means that the hammer will be tapped on the structure to input the force (truly the
meaning of a tap test). Alternatively, since the handle is now a small plastic tube, the input force can be
achieved by bending or pre-loading the plastic tube and releasing the hammer head in a flicking motion. This
gives a much higher force input.

While it is desirable to use non contacting response sensors, this is often not possible since free-free boundary
conditions are most often used. Even the small force input will cause sufficient rigid body motion in the
structure. This will often cause a non-contacting sensor like a laser vibrometer to lose registration with
respect to the structure.

Generally, very small accelerometers like those in Figure 6 are used. These accelerometers must be very
small with low mass in order to avoid alteration of the modal parameters, particularly modal frequencies,
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Figure 6: Typical Small Accelerometers

of the structure. It is very difficult to find small sensors with reasonable sensitivity (0.1V/g or greater).
Normally very small accelerometers have very minimal sensitivity as they are used in shock environments.
Low sensitivity is complicated by the small amplitude impacts (taps) as well as the limited number of input
gains available in delta sigma ADCs.

5 Impact testing guidelines - revisited

Impact testing lightweight structures requires that all of the guidelines for traditional impact testing need to
be reconsidered due the challenging characteristics of the testing environment. Figure 7 is representative of
a typical test environment with a lightweight structure. Impact testing is normally performed with several
response sensors held at fixed locations with the impact force moved to each degree of freedom (DOF) of
interest. This form of impact testing is single-input, multiple output (SIMO) and is referred to as a multiple
reference impact test. Since most modern data acquisition systems can be configured with four, eight or
sixteen data acquisition channels, it is easy and efficient to utilize three, seven or fifteen references for each
input DOF. This SIMO data, repeated at each input DOF is an excellent test method that acquires FRF data
needed for multiple reference (polyreference) modal parameter estimation. The lightweight structure, an
engine intake plenum in this example is supported on foam to approximate a free-free boundary condition.

Several impact testing guidelines are reviewed in the following subsections. These are not new guidelines
but many are even more difficult to achieve, and may need to be redefined, when impact testing lightweight
structures.

5.1 High frequency energy

Many of the problems associated with impact testing in delta sigma ADCs are a function of the analog
to digital conversion process that occurs well above the user’s frequency range of interest along with the
summation and down-sampling that occurs when the digital signal is processed into the final frequency range
of interest. The high frequency energy (from the user’s desired maximum frequency to the analog aliasing
filter’s frequency cutoff) arises from the nature of the small hammer and resulting impact force spectrum.
Due to the small physical nature of the impact hammer, it is difficult to adjust the force spectrum of the
impact hammer. The only possible frequency spectrum adjustment may be utilization of a viscoelastic tip
cover. The possible force spectrum versus frequency achievable in such a small hammer is shown in Figures
9 and 10.
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Figure 7: Typical Test Setup

Figure 8: Typical Test Object, Engine Intake Plenum
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Figure 9: Impact With Tip Cover

Figure 10: Impact Without Tip Cover

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1439



Figure 11: Overload Indication GUI

It is imperative that frequency range analysis be initially conducted at 5-10 times the user’s desired maximum
frequency in order to fully understand the nature of the force spectrum. This is particularly important in order
to understand the overload characteristics of both the input and the response.

5.2 Overloads

Overloads can occur due to the voltage signal in the input and/or response for two different reasons. First,
the measured voltage can too large with respect to the analog nature of the signal limited by the analog
anti-aliasing filter frequency cutoff (above the input gain setting). This frequency is fixed as a function of
the fixed sampling rate of the delta sigma ADC and may be as high as 3.2 MHz. This is often a quite
high frequency relative to the frequency range of interest. Overload detection hardware/software can easily
detect this situation but the clipping of the time domain signal is not normally visually observed due to the
delta-sigma processing (digital filtering and summation) from one bit to 24 bits of dynamic range.

The second reason for which an overload can occur is due to the level of the high frequency energy associated
with the magnitude of the frequency spectrum in the frequency region from the desired maximum frequency
(approximately at the digital anti-aliasing filter cutoff) up to the analog anti-aliasing cutoff frequency. Over-
load detection hardware/software has a more difficult time detecting this situation. Likewise, if this sort of
overload occurs at one of the downsampling/processing stages of the delta-sigma ADC, it will be hard to
detect visually in the time domain signal.

For both overload cases, the user must trust the overload detection hardware/software. Sometimes this is
a single overload indicator (red LED) that does not delineate the nature of the problem. Frequently, there
may be more than one overload indicator as shown in Figure 11. In this example, there is a series of colored
indicators that indicate the status of the voltage level for each channel.

The meaning of the colors of the status of the voltage signal, based upon the current input gain setting are
shown in Table 1.

5.3 Dynamic range optimization

In general, for steady state data acquisition, it is desirable to optimize the input gain setting on each data
acquisition channel to be above, but as close as possible, to the maximum voltage level of the signal on each
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Color Data signal meaning
black Low data signal (below 10 percent)
yellow Minimum data signal (below 50 percent)
green Good data signal (50 - 100 percent)
orange High data signal (above input range but below overload)
red Analog overload
pink Common mode ground signal overload
dark red Digital overload (high frequency energy)

Table 1: Meaning of Overload Indicators
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Figure 12: Time Domain Signal, No Filtering

channel. With fewer analog gain settings on each channel (no more than 5-10), this is more complicated
than in historical data acquisition systems that had as many as 32 analog voltage gain settings. A further
complication is that the time domain voltage signal is only observable after the delta-sigma processing has
been completed. In the case of impact testing, the maximum level of the transient signal will often appear to
be quite low when compared to the input gain setting for that channel. This occurs due to the high frequency
energy that is above the maximum frequency of interest.

Unfortunately, the true levels of the analog signal cannot be observed in modern data acquisition systems. It
is difficult if not impossible for the average user to turn off the digital and/or analog anti-aliasing filters to see
what is going on. One way to check for the associated filtering problems is to ”tee” the input analog signal
to a high frequency scope to observe the actual signal. This is not practical for the average data acquisition
situation but can be instructive in order to understand what is really happening. Sometimes, this will be
observable by viewing the data at an increased sampling rate as shown in Figure 12.

The green curves are the signals with a proper input gain setting. The blue curves exhibit an overload
situation that should be captured by the hardware/software overload detection. The important observation is
that at an improper input gain situation, there is little visual difference in the green and blue curves at the
lower (digital) anti-alias setting associated with the lower maximum frequency (200 Hz) even for severely
clipped data. Note that all data for Figure 12 was taken from the same two input/output analog signals.
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Figure 13: Double Impact Signal- Single Ensemble

For the above reason, it is very important to trust the analog input gain setting from the auto-ranging process
(and very important to auto-range with each new input DOF location/direction). Frequently, this will mean
using an input gain setting that gives a visual time domain signal that seems very small compared to the
channel gain setting. This is also indicated in Figure 12 when the magnitudes of the acquired signals are
compared, from the higher frequency sampling rate to the lower frequency sampling rate. The actual voltage
levels (associated with the high frequency energy) require a gain setting four to ten times greater than the
apparent voltage level at the lower digital anti-aliasing filter cutoff frequency associated with lower maximum
frequency. This is detailed further in [1].

This situation means that the input gain setting will often be higher than what is apparently necessary. With
the limited gain settings available, it is advisable to utilize the overhead or headroom feature associated with
each channel of data acquisition during auto-ranging. This feature allows the user to set a percentage (above
100 percent) of the observed maximum voltage witnessed during auto-ranging to be used in the choice of
the available input gain. This prevents getting into the voltage level region that is not easily detected by the
hardware/software overload detection process. It is much better to give an gain setting that is larger than
necessary rather than to risk the distortion caused by an undetected overload condition.

5.4 Multiple impacts

The general rule in impact testing is to avoid double or multiple impacts. With lightweight structures and
small hammers, it is very difficult to not have multiple impacts. However, there is no theoretical reason
that double or multiple impact data cannot be utilized. The fundamental rule is that the observed input
and response must be totally observed. This is not a problem for the hammer input signal but for very
lightly damped systems, having double or multiple inputs will extend the response signal in time and may
cause leakage (time domain truncation) issues. In both cases, though, the conventional force and response
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Figure 14: Poor Impact Signal - Single Ensemble

windows may need to be altered so that the windows do not remove portions of the signals that are valid.
Figure 13 is a typical example of a double impact input signal.

If the spacing between the double impacts is not the same for each ensemble, the oscillation in the magnitude
of the force frequency spectrum will be different for each ensemble. The average will then be a smoother
auto power spectrum. As long as really poor impacts are not included, as in Figure 14, the result can be
acceptable.

Figure 15 shows the result with three averages. Some evidence of the double impact data is observable but
overall, this result is not unreasonable. With more averages, the result can become quite smooth. Impact data
with ten ensembles normally smooths the low level oscillation in the FRF data. However, with the difficulty
obtaining clean impact data on a lightweight structure, moving to more ensembles is sometimes not easy.
The focus should be on taking clean data (low noise) with a reduced focus on avoiding double impacts.

5.5 Digital aliasing filter

Frequently, the digital anti-aliasing filter may be observed in the time domain signals, particularly on the
input. The oscillation that is observed in the time domain signal in Figures 16 and 17 is the convolution of
the transient data with the digital anti-aliasing characteristics. This is normal and should not be construed as
a multiple impact signal.

5.6 Impact location issues

In addition to all the previously mentioned measurement challenges, the very nature of the test article affects
the process of acquiring quality data. For structural objects made of layered materials, as can be seen in
Figure 8, the surface variations can include surface roughness issues. Because of the very small size of

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1443



Figure 15: FRF: 3 Averages Including Double Impacts

Figure 16: Impact with noticeable aliasing filter artifact
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Figure 17: Impact with noticeable aliasing filter artifact

the impact hammer tip, it can become difficult to impact the structure to a desired force level or in the
same location/direction consistently. A tip cover (viscoelastic) can widen the impact hammer contact and,
in addition to altering the frequency content of the force spectrum, can make effects due to the surface
roughness less noticeable.

The small size of these lightweight test structures also makes it very difficult to tap at the same location
and in the same direction. Even small shifts in the impact location from ensemble to ensemble, which
can be exacerbated by the limited manual dexterity of the tester, results in significant distortions in the
computed FRFs. This distortion is generally accompanied by a loss of coherence and an obviously bad FRF
measurement.

6 Conclusions and future work

In this paper, it has been shown that impact testing techniques on light weight structures can, just as in larger
structures, be used successfully. However, the dynamic characteristics of these types of structures, often of
small size, high stiffness, low mass and associated small sensors means that greater care must be used in these
situations. Just getting consistent impact and response data, that satisfies known impact testing guidelines, is
much more difficult. Good quality FRF measurement results can be obtained with great patience. However,
the nature of these structures increases the need for careful testing techniques.
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Abstract 
Professional drivers of off-road vehicles are often exposed to high levels of vibrations. The continuous 

exposure to those vibrations can lead to discomfort and physical injuries. Clutch engagement is one of the 

sources of vibrations. Accelerometers are in general appropriate sensors to measure vibrations. However, 

due to the historical cost of these sensors, current strategies to control the clutch engagement do typically 

not take vibration data into account, they mostly rely on rotational shaft speed data. Nowadays, affordable 

accelerometers are available. Yet, little is known about the feasibility to include accelerometer data into the 

feedback loop of the clutch control strategy. The goal of this study was to assess the feasibility of quantifying 

the clutch engagement quality based on accelerometer data and based on a comfort metric resulting from 

frequency-weighted accelerometer data. It has been demonstrated that the quality of the clutch engagement 

can be monitored based on accelerometer data acquired at the transmission of the vehicle. 

1 Introduction 

Driving an off-road vehicle, operators are nearly continuously subjected to vibrations resulting from one or 

multiple sources. Vibrations result from extrinsic sources such as the interaction between the tyres and the 

road surface, and from intrinsic sources such as the motor and the clutch system e.g. [1], [2], [15]. This 

study focusses on the vibration phenomenon that occurs during the clutch engagement process, referred to 

as judder [15], in a forklift truck. Clutch judder is a friction-induced vibration between sliding-contact 

masses resulting in (torsional) vibrations and oscillations of the driveline. They excite the vehicle body 

frame causing a forward-afterward vibration of the vehicle at low frequencies. 

As any vibrations, judder is transferred from the excitation source to the driver’s seat, where it can be sensed 

by the driver. The impact on the driver’s comfort depends on the transfer path and the driver’s subjective 

perception [8]. Especially in case of off-highway vehicles, such as forklift trucks, where high torques are 

transmitted between input and output shaft under strongly varying operating conditions, these torsional 

vibrations may become cumbersome in light of the driver’s comfort as well as lifetime of the clutch 

components [10], [18]. 

Accelerometers are the dedicated measurement instruments to obtain information about vibrations. In 

automotive for example, the control of (semi-) active suspensions relies on the accelerometer data to 

minimize the amount of vibrations and hence, to maximize the driver’s comfort [17]. Typically, control of 

clutch engagement in forklift trucks does not rely on accelerometer data. The reason for this is historical: 

accelerometers were too expensive, and as such, excluded from implementation on the transmission. 

Nowadays, low-cost accelerometers are available. This opens perspectives towards incorporation of 
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accelerometers in the control loop of clutch engagement to impose a smooth clutch engagement and hence 

to maintain driver’s comfort in the future. Before we can close the control loop, as schematically presented 

in figure 1, we need to gain insight in the feasibility of using accelerometers to quantify the quality of clutch 

engagement which depends on the controller parameters. Earlier, [12] described the need of smooth clutch  

 

 

Figure 1: A schematic representation of the control loop, including virtual comfort sensor, to enhance the 

comfort of drivers. 

 

engagement in relation to comfort in a tractor. They avoid to use accelerometers under the assumption that 

the signal is contaminated, hence not only capturing vibrations related to clutch engagement, but also 

resulting from other vibration sources. Apart from this, a major concern towards their approach lies in the 

presented reference slip profile.  In this profile,  discontinuities are present indicating that the jerk, being the 

second derivative of the slip, reaches infinity. As the jerk is strongly related to discomfort, a comfortable 

shift is achieved by minimizing the maximum jerk in the slip profile [18]. As a consequence of the choice 

of their slip profile, it is unlikely that the shifts in the tractor of  [12]  are perceived as ‘comfortable’. 

In our study, we start from the idea of a virtual comfort sensor which later on can be included in a control 

loop as schematically presented in figure 1. Accelerometers are mounted on the seat of the driver, and on 

the transmission. The accelerometers on the seat allow us to extract a comfort metric conform the metrics 

described in ISO standard 2631-1 [8]. The aims of our study are to gain insight in the feasibility of using (i)  

accelerometer data, and (ii) a comfort metric [8] to quantify the quality of clutch engagement in a forklift 

truck. 

Our paper is organized as follows: Section 2 provides background information on wet clutches and comfort 

metrics. The experimental set-up, the data acquisition and data processing are described in Section 3.  

Section 4 presents the results, whereas Section 5 provides the discussion of the results. Finally, Section 6 

summarizes our conclusion and lists future steps. 

2 Background 

2.1 Wet clutches and controller parameters  

A wet clutch transmits power from input to output shaft when it is engaged. The ratio between input and 

output torque is defined by the size of the gears and is referred to as the transfer ratio. The gearbox of the 

forklift truck contains five wet clutches with different transfer ratios. Friction plates are installed on the 

shafts, coupling of the shafts is realized by pressing the plates together. Whenever the shafts are aligned, 

torque is transmitted. 
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Figure 2: Schematic representation of a clutch, which transfers power from the input shaft to the output 

shaft when the friction plates are pressed together by internal oil pressure. 

 

 

 

Figure 3: For a fill phase indicated by the vertical dashed lines, a good tuning (opt) of kiss (P) and fill (t) 

parameters is shown in solid line, and a suboptimal (sub) tuning of these parameters is shown by the dotted 

line. When tuning is suboptimal, (i) the speed of oil inflow is much higher than in the case of optimal tuning: 

the piston moves fast towards the friction plates; (ii) the pressure drop is high, the deceleration of the piston 

is fast. As a result, the impact of the piston on the friction plates is higher compared to optimally tuned 

parameters, and the level of vibrations induced by engagement of the clutch rises. 

 

Figure 2 illustrates the physical appearance of a clutch. The input shaft of the clutch is connected to a drum, 

which is a hollow cylinder with grooves on the inside. Through these grooves, a first set of friction plates 

can slide. This set is referred to as the clutch friction plates. The second set of friction plates, can slide over 

a grooved bus that is connected to the output shaft. To engage the clutch, a signal is sent to the valve in the 

hydraulic line of the clutch. When the valve opens, oil flows to the clutch chamber which fills up and the 

pressure starts to raise. At a certain point in time, the pressure is sufficiently high to compress the return 

spring and the piston starts to move towards the friction plates. This is the so called filling phase of the 

clutch engagement and is controlled by two process parameters, a fill parameter and a kiss parameter. The 

fill parameter determines the speed of the oil inflow, the kiss parameter determines the pressure drop. When 

the piston has advanced far enough to start pressing the friction plates together, oil flows out the chamber 

and the pressure drops so that the impact between piston and friction plates would be minimized. At this 

moment, the slip phase begins and torque starts to be transferred from input to output shaft. At the transition 

from filling phase to slip phase, the dynamics change considerably, causing strong vibrations [18]. These 

torsional vibrations are transferred to the wheels resulting in a forward/backward vibration of the vehicle’s 

body frame. 

The fill and kiss parameter of the filling phase control the piston, hence the possible impact between piston 

and friction plates causing the vibrations and affecting the driver’s comfort. A non-smooth clutch 

Optimal 
Suboptimal 
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engagement is the result of e.g. a fast oil inflow making the piston move fast forward and a high pressure 

drop avoiding a proper deceleration of the piston as illustrated in figure 3. As a result, the contact between 

piston and friction plates is harsh and clearly experienced by the driver. 

2.2 ISO 2631-1 for comfort quantification 

Discomfort is an important issue in automotive industry, and is regulated by e.g. the international standards 

ISO 2631-1 and -4 [8] on ‘Mechanical vibration and shock: Evaluation of human exposure to whole-body 

vibration’. The standard basically models the generalized subjective comfort perception of humans to 

vibrations. It is applicable to motions transmitted to the human body via supporting surfaces, hence the seat 

surface and back of a driver’s seat are relevant location of measurement. Because the driver’s comfort is 

frequency dependent, the standard prescribes frequency weightings which should be applied depending on 

the location of the measurements and on the considered direction. For comfort, the frequency weighting 

curves are shown in figure 4: frequencies are attenuated below 0.5 Hz and above 80 Hz. 

To combine vibrations in multiple directions, specific multiplication factors are provided to scale the 

frequency weighted vibrations again depending on location and direction. The vibrations are combined to a 

single comfort metric which reflects the perceived comfort level by the driver. The comfort metric can be 

interpreted in light of the discomfort scale provided in the standard ranging from not uncomfortable for a 

value below 0.315 m/s2 to extremely uncomfortable for a value larger than 2 m/s2. An in-depth description 

of the standard is presented in e.g. [13]. There are numerous studies on this topic aiming at capturing comfort 

perception of the driver under different circumstances and for different vehicles, see e.g. [11], [14]. 

3 Experimental Set-up 

3.1 Experimental set-up and data acquisition 

Experiments were performed with a Hyster forklift truck at the test infrastructure of Dana Belgium NV in 

Brugge, Belgium. The forklift truck was equipped with an automatic transmission comprising five clutches: 

forward, reverse and high, first and second. 

Three tri-axial MEMS accelerometers (type ADXL326) were placed: one at the driver’s seat surface, one at 

the back of the seat, and one on the transmission as shown in figure 5. The sensors measured linear 

acceleration in X- (forward/backward), Y- (lateral) and Z- (vertical) direction. For each clutch, a digital 

progress signal was logged indicating the state of the clutch. When this signal is high it indicates the instance 

the clutch reached the friction plates. A push button was pressed whenever an experiment was started and 

stopped. Data were logged at 3 kHz using a DEWESoft DAQ Sirius and DEWE-43 system. The clutch 

progress signals were also logged with the DEWE-43 system at 50 Hz on the forklift truck, corresponding 

to the sampling frequency of the transmission controller. 

In the preprocessing step, we removed the DC offset of the vibration signals, which is intrinsic to MEMS-

based accelerometers. 
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Figure 4: Frequency weighting filter curves for comfort vibrations measurement at seat and back of the 

driver’s chair. The black is the Wd filter applied for the seat in X (scale factor: 1) and Y (scale factor: 1) and 

for the back in Y (scale factor: 0.5) and Z (scale factor: 0.4). The dotted silver line is the Wc filter applied 

for the back in X (scale factor: 0.8). The striped grey line is the Wk filter applied for the seat in Z (scale 

factor: 1). 

 

 

Figure 5: Experimental setup showing the mounting of the MEMS accelerometers and the DAQ system on 

the test vehicle. The dots in figure (a) indicate the position of the accelerometers at the driver’s seat, the star 

represents the accelerometer at the transmission, XYZ-directions are indicated. Figure (b) shows the 

accelerometer on the transmission, figure (c) shows the mounting of the accelerometers on the seat. 

3.2 Experimental protocol 

We performed power reversal (PR) experiments during which the vehicle with slick tires, drove back and 

forward on a straight and flat track while the vehicle speed was rather low and the forklift was unloaded. 

We have focused our experiment on the shifts from gear 1 to gear 2 to evaluate the smoothness of the clutch 

engagement. In this case clutch 1 opens, while clutch 2 engages. Clutch forward remains engaged. 

Wd 

Wc 
Wk 
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We perturbed these kiss and fill parameter stepwise from 0%, 33%, 67% to 100% in a 1/1 ratio, hence when 

kiss was perturbed with 33%, fill was also perturbed with 33%. The most optimal and suboptimal controller 

settings were empirically defined. The best case values (i.e. 0%) for clutch 2 were 0.86 s and 2.7 bar for the 

kiss and fill parameter respectively. The worst case values (i.e. 100%) for clutch 2 were 0.4 s and 1.6 bar 

for the kiss and fill parameter respectively. The effect of the fill and kiss parameter perturbation on the 

pressure profile is illustrated in figure 3. For each perturbation level, three experiments were conducted. An 

experiment contained 10 repetitions of the vehicle maneuver. Hence, in total, we performed 120 tests for 

the PR experiments. The order of the experiments was randomized as shown in table 1 in order to avoid bias 

by habituation of the driver. 

 

Test no 1 2 4 5 6 7 8 9 10 11 12 

Perturbation 

level (%) 

67 0 100 33 67 0 100 33 100 33 67 

Table 1: Randomized experimental protocol. 

3.3 Data processing 

Vibration data were captured during the power reversal tests. As we are interested in vibrations resulting 

from clutch engagement, we isolated the time intervals where the vibrations of interest occur in the signal, 

and hence the vehicle is excited by the clutch engagement. The rising edge of the progress signal indicated 

the start 𝑡𝑠𝑡𝑎𝑟𝑡 of the clutch engagement. Typically, the influence of clutch engagement lasts 1.5 s. Hence, 

the end 𝑡𝑒𝑛𝑑 of the clutch engagement is set at 𝑡𝑠𝑡𝑎𝑟𝑡 + 1.5 𝑠. Upshifts are grouped per parameter 

perturbation level. Outliers defined as follows (1), were removed: 

 𝑄3 + 𝑊 𝐼𝑄𝑅 < 𝑂𝑢𝑡𝑙𝑖𝑒𝑟 < 𝑄1 − 𝑊 𝐼𝑄𝑅 (1) 

Where Q1 and Q3 are the 25% and 75% percentile respectively, IQR is the interquartile range defined as 

the difference between Q3 and Q1 and W is the whisker, here set to 1. 

In the time domain, we evaluated two different ways of signal processing. In the first case, we segmented 

and low pass filtered (2nd order Butterworth filter with cutoff frequency at 100 Hz) the accelerations for the 

upshift from 1st to 2nd gear in each direction. The low-pass filter was applied since the clutch-induced 

vibrations are expected in the lower frequency bands e.g. [15]. We used the root mean square (RMS) to 

obtain scalarized quantifications of the vibration levels. In the second case, we segmented the accelerations 

for the upshift from 1st to 2nd gear and calculate the comfort metric according to [8]. All vibration responses 

were also combined over the directions per sensor (2): 

 

𝑎𝑠 =  √𝑘𝑥
2 𝑎𝑤𝑥

2 + 𝑘𝑦
2 𝑎𝑤𝑦

2 + 𝑘𝑧
2 𝑎𝑤𝑧

2  

 

(2) 

With k the scale factors, aw the frequency-weighted RMS accelerations, as the vibration total per 

accelerometer with s = 1 …S with S=3 here. The frequency weightings and scale factors are discussed in 

subsection 2.2. For the transmission sensor, we applied the same frequency weightings as for the seat surface 

sensor. Hence, we introduced a virtual seat surface which should enable us to compare the difference in 

comfort perception. The change in vibration levels are calculated for the different parameter perturbation 

levels. The optimal parameter settings are used as a reference. 

In the frequency domain, the amplitude spectrum of the segmented signal is calculated using a fast Fourier 

transform, which converts the time-domain discrete signal in the frequency domain discrete spectrum. The 

spectra are compared between the perturbation levels and between the sensor locations. 
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4 Results 

4.1 Low-pass filtered data 

Figure 6 summarizes the results for the PR experiments for low-pass filtered accelerometer data. The 

combined amount of vibrations (shown in figure 6a) are more than twice as large for the transmission sensor 

compared to the back and the seat support sensor: e.g. for 100% perturbation, the levels are 3.3 m/s2 for the 

transmission sensor versus 1.3 m/s2  and 1.2 m/s2 for the back and the seat sensor respectively. 

As shown in figures 6b, 6d and 6f, the differences between the sensor on the transmission and the sensors 

on seat and back are between 0.44 and 0.49 m/s2 in the X-direction, and between 1.83 and 2.12 m/s2 in the 

Y-direction. Standard deviations on the vibrations levels resulting from back and the seat support sensors 

are between 0.18 m/s2 and 0.23 m/s2 in the X-directions, and between 0.07 m/s2 and 0.13 m/s2 in the Y- and 

Z-directions. Standard deviations on the vibrations levels resulting from transmission sensor are between 

0.03 m/s2 and 0.07 m/s2 except for the Y-direction at 0% perturbation which is 0.11 m/s2. 

The difference in the amount of vibrations with respect to the optimal situation (0% perturbation) is shown 

in figures 6c, 6e and 6g. The effect of perturbing the controller parameters is manifested in the X-direction 

(forward/backward direction) for the back rest and the seat support sensor: the difference increases gradually 

between 0% and 100% perturbation to 0.15 m/s2. The maximum differences in Y and Z are -0.04 m/s2 and 

0.02 m/s2 respectively, although there is no specific correlation with the level of perturbation of the controller 

parameters. The effect of perturbing the controller parameters is clearly manifested in the X- and Y-direction 

(forward/backward and lateral) for the sensor on the transmission (see figure 6g). The differences increase 

gradually between 0% and 100% perturbation to 0.14 m/s2 in X-direction and 0.25 m/s2 in Y-direction. 

Maximum difference in Z-direction is -0.04 m/s2. Again, for the Z-direction no specific trend is observed in 

relation to the level of perturbation of the controller parameters. 

 

4.2 Comfort filtered data according to ISO 2631-1 

Figure 7 summarizes the results for the PR experiments for accelerometer data filtered according to ISO 

standard 2361-1 [8] for the estimation of the perceived comfort. The combined amount of vibrations (shown 

in figure 7a) are the comfort metrics according to ISO standard 2631-1 [8] (i.e. frequency weighted and 

weighted for combining each direction). In terms of the comfort classification prescribed by the ISO 

standard, the vibrations at the seat are classified as ‘uncomfortable’, at the back as ‘a little uncomfortable’, 

and at the transmission (when evaluated as a ‘virtual’ seat surface) as ‘fairly uncomfortable’. 

The average amount of frequency weighted vibrations in each direction is shown in figures 7b, 7d and 7f. 

For the transmission, vibrations related to comfort are between 0.33 m/s2 and 0.44 m/s2 (all directions) 

whereas standard deviations are between 0.11 m/s2 and 0.19 m/s2. For the seat support sensor, vibrations 

related to comfort are always lower than 0.12 m/s2 with standard deviations lower than 0.04 m/s2. For the 

back sensor, there is a gradual increase in the level of frequency weighted vibrations for all directions 

between 0.27 m/s2 and 0.51 m/s2 with a maximum standard deviation of 0.2 m/s2. 
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Figure 6: Vibrations levels as resulted from low pass filtered acceleration data (cutoff 100Hz) for three 

sensors: ‘back’ is placed on the backrest of the driver’s chair, ‘seat’ is placed on the seat support of the 

driver’s chair and ‘transmission’ is placed on the transmission of the forklift truck. (a) are the combined 

averaged vibration levels; (b), (d), (f) are the averaged vibration levels in each direction for back, seat and 

transmission respectively, standard deviations are provided by the error bars; (c), (e), (g) are the absolute 

differences between vibration levels under optimal controller conditions (0%) and the different levels of 

perturbation for back, seat and transmission respectively. 

 

 

 

Figure 7: Vibrations levels as resulted from comfort metrics as described by ISO standard 2631-1 for three 

sensors: ‘back’ is placed on the backrest of the driver’s chair, ‘seat’ is placed on the seat of the driver’s chair 

and ‘transmission’ placed on the transmission of the forklift truck. (a) are the combined averaged frequency 

weighted (fw) vibration levels representing the comfort metric; (b), (d), (f) are the averaged fw vibration 

levels in each direction for back, seat and transmission respectively, standard deviations are provided by the 

error bars; (c), (e), (g) are the absolute differences between fw vibration levels under optimal controller 

conditions (0%) and the different levels of perturbation for back, seat and transmission respectively. 
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The differences in the amount of frequency weighted vibrations with respect to the optimal situation (0% 

perturbation) are shown in figures 7c, 7e and 7g. The difference increases gradually with increasing levels 

of perturbation for back sensor for all directions: up to 0.17 m/s2 in the X-direction, up to 0.15 m/s2 in the 

Y- and Z-direction. There is no consistent correlation to the level of perturbation observed for the seat and 

the transmission sensors after applying the ISO frequency weightings. 

4.3 Amplitude spectra  

The amplitude spectra of the accelerations measured at the seat, the seat back and the transmission are shown 

in figure 8. For the low-pass filtered vibrations in the X-direction, all sensors show the presence of a large 

amount of vibrations in the frequencies lower than 15 Hz in comparison to the Y- and Z-direction. Besides 

that, the vibrations measured at the transmission are dominated by vibrations between 60 and 80 Hz. Those 

higher frequency vibrations are also present in the spectrum of the seat support sensor (mainly in X-

direction), but the amplitude is much lower compared to what is observed for the transmission. 

The increased vibration amplitudes between 60 and 80 Hz are severely attenuated in the amplitude spectra 

of the frequency weighted accelerations that are used for the comfort analysis according to ISO 2631-1. 

There is some content left in the lower frequencies: in the X-, Y-, Z-direction peaks occur lower than 5 Hz, 

3 Hz and between 3 and 15 Hz respectively. 

 

 
Figure 8: The amplitude spectra of low-pass filtered acceleration data and the frequency weighted 

acceleration data according to ISO standard 2631-1 are shown in all directions for back (a, b, c), seat (d, e, 

f), and transmission (g, e, h). In each subfigure, the lower spectra result from low-pass filtered acceleration 

data, the upper spectra result from the frequency weighted acceleration data. In every subfigure, the black 

spectra result from an experiment where controller parameters were suboptimal (100% parameter 

perturbation), the gray spectra result from an experiment where controller parameters were optimal (0% 

parameter perturbation). 
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5 Discussion 

5.1 Low-pass filtered data 

In the amplitude spectra of all sensors, we observed dominant frequencies in the lower frequency bands (< 

15 Hz), mainly in the X-direction during clutch engagement of the 2nd gear. This is consistent with 

literature: Reitz et al. [15] state that forward/backwards vibrations mainly occur between 5-20 Hz. Khaksar 

et al. [9] found dominant frequencies below 10 Hz at the seat support in all directions for experiments with 

a tractor, albeit for a combined influence of excitations during the entire experiment. Ahlin et al. [1] state 

that low frequencies, < 7 Hz, are typically not well damped by the chair, and hence whenever those low 

frequency are measured due to clutch engagement at the transmission, they are undamped transferred to the 

driver’s seat. Indeed, in our result we observe that the lower frequencies are barely damped between the 

transmission and the driver’s seat. At the higher frequencies, we also observed an increased amplitude 

spectrum between 60 and 80 Hz for the transmission sensor in all directions. These higher frequency 

components are also shown in the spectrum (X-direction) of the seat support sensor, albeit to a lesser extent, 

and is barely visible in the spectrum of the back sensor. This suggests that its origin lies within the 

transmission, and that the vibrations are damped when passed to the seat surface, closest to the transmission, 

and even more damped when further passed to the back-rest [1]. Hence, the driver will therefore only be 

limited subjected to the vibrations within this 60-80 Hz frequency range. The results of Khaksar et al. [9] 

also show some increased frequency content mainly in X- and Y-direction between 40 and 50 Hz measured 

by accelerometers at the driver’s seat. Yet, the authors do not discuss this as they focused on the dominant 

low frequencies. Altogether, our data indicate that the gear shifting mainly results in vibrations in the lower 

frequency bands (< 15 Hz), and between 60-80 Hz. 

In the time-domain analysis shown in Figure 6a, we observed the highest combined vibration levels at the 

transmission sensor. Again this is expected as we measure at the source of excitation of the judder whereas 

these vibrations are damped when transferred to the driver’s seat. For the sensors at the driver’s seat, shown 

in Figure 6b, the vibrations in the X-direction (forward/backward) are dominant, whereas at the transmission 

the dominating direction is the Y-direction (lateral). 

For the seat support and back rest sensor, we found that the vibrations levels in the X-direction rise as a 

function of the controller parameter perturbations (see Figure 6c). The rising trend is clearly present when 

the controller parameters are set to optimal versus the suboptimal parameters. In contrast, we observed no 

trend related to parameter perturbation in Y and Z direction. Yet, we measured vibration components both 

in Y and Z-direction, but these vibrations are most likely resulting from other sources of excitation as among 

others the road surface (mainly Z-direction) e.g. [1], [5], [16] or the engine [4], [16]. Hence, we can state 

that the main change in vibrations due to clutch engagement measured at the driver’s seat is observed in the 

forward/backward X-direction. This observation matches with what has been reported in literature regarding 

judder related effects [7], [15]. 

For the transmission sensor, in contrast to the observations at the driver’s seat, we found that the vibration 

levels rise as a function of the controller parameter perturbations in both the forward/backward (X) and 

lateral (Y) directions. The largest vibration levels are measured in the Y-direction. The sensor at the 

transmission is directly subjected to the torsional vibrations which result from the impact between the piston 

and the friction plates. These torsional vibrations are exciting the sensors in the X- and Y-direction. These 

vibrations are passed to the vehicles body, resulting in forward/backward vibrations which are captured by 

the sensors at the driver’s seat. We can state that the main change in vibrations due to clutch engagement 

measured with an accelerometer at the transmission is observed in the forward/backward direction (X) and 

lateral direction (Y).  

Considering the standard deviations at each sensor location, these are up to seven times larger for data 

resulting from the accelerometers at the driver’s seat and seat back than compared to the accelerations 

measured at the transmission. The smaller the standard deviation, the higher the repeatability of the 

experiments. During our experiments, the accelerometer at the transmission appears to capture consistently 

the clutch behavior over repetitions for specific sets of controller parameters. The variability between 
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repetitions can at least partly be ascribed to the interaction with the road as this is not strictly repeatable 

[16]. The large standard deviations as observed for the accelerometers at the driver’s seat indicate an inferior 

repeatability. Again this can be explained by the interaction between the vehicle as well as the movements 

of the drive itself. Altogether, we observed that the best results were obtained by the sensor at the 

transmission itself instead of the sensors at the driver’s seat to monitor the quality of the clutch engagement. 

 

5.2 Comfort filtered data according to ISO 2631-1 

Comparing the amplitude spectra of the low-pass filtered data with the amplitude spectra of frequency 

weighted accelerations for comfort estimation, the amplitudes of the higher frequencies are strongly 

attenuated, as shown in Figure 8. For the lateral (Y) direction of the transmission, barely any frequency 

content remains. The evaluation of the accelerations measured at the transmission gives us insight in the 

transformation of the comfort perception between the source of excitation and the actual driver’s seat. Also, 

we are not studying the comfort during the entire experiment, but specifically want to quantify the comfort 

as perceived during clutch engagement. Related to the time interval under consideration for comfort 

evaluation, the ISO standard does not define the length of the interval, but states that ‘the reactions at various 

magnitudes depend on passenger expectations with regard to trip duration and the type of activities 

passengers expect to accomplish’. Earlier studies stated that the standard is applicable to off-highway 

vehicles [6] to quantify comfort perception. The standard is intensively applied for quantification of comfort 

both in lab setups (overview in [14]) as in outdoors experiments e.g. [9], [16]. However, the standard has 

never been applied to verify whether it can be used to relate the comfort metric to the quality of the clutch 

engagement.  

In the time-domain, frequency weighted vibrations are largest at the back rest sensor instead of at the 

transmission sensor in contrast to the results obtained from the raw data. For the seat support and back rest, 

we can compare the levels of vibration to literature. E.g. Paddan et al. [11] report frequency weighted 

accelerations of 0.53-1.00 m/s2 in the most severe axis of a lift truck; Khaksar et al. [9] found a combined 

metric at the seat support between 0.4-1.6 m/s2 depending on the experimental conditions; Scarlett et al. [16] 

report frequency weighted accelerations between 0.5-0.75 m/s2 at low speed for a tractor; Deboli et al. [5] 

report combined frequency weighted accelerations between 0.15-0.42 m/s2 for a tractor driving on an asphalt 

track via a sensor at the cabin’s floor close to the seat mounting point. Although our results show comparable 

values, there is no evidence about the feasibility of extracting information on the quality of the clutch 

engagement based on the comfort metric. Moreover, we did not find a difference in perceived comfort at 

the seat surface nor at the transmission as a function of perturbation of the controller parameters which is 

an effect of the frequency weighting. We can state that applying the ISO standard for comfort filters at least 

part of the information related to gear shift quality out. Therefore, it is not feasible to relying on the ISO 

comfort metric to identify the clutch engagement quality, but that it is more feasible to rely on the low-pass 

filtered accelerations as discussed in Section 5.1. 

6 Conclusions 

The aim of our study was twofold: analyzing the feasibility of monitoring clutch engagement quality (i) 

based on accelerometers mounted both on the driver’s seat or/and the transmission and (ii) based on comfort 

metrics resulting from frequency weighted accelerometer data after applying ISO standard 2631-1 [8]. 

Our results showed that it is feasible to capture clutch engagement quality based on lowpass filtered  

accelerometer data. Relying on one accelerometer mounted on the transmission is the most promising 

approach given the high repeatability. To quantify the clutch engagement quality, both lateral and 

forward/backward accelerations should be taken into account. If one would choose to rely on accelerometers 

mounted on the driver’s seat despite the lower repeatability, only the forward/backward accelerations should 

be taken into account.  
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In contrast, our results did not show a reliable correlation between the comfort metric defined according to 

ISO standard 2631-1 [8] and the quality of clutch engagement. 

The fact that the quality of clutch engagement can be obtained with one accelerometer placed on the 

transmission, is particularly interesting for manufacturers of transmissions. The monitoring solution can, 

first of all, be used to gain insight in the quality of the clutch engagement. Secondly, it can also be used to 

optimize the working of an automatic transmission of an off-road vehicle to improve the gear shift quality 

and hence increase the comfort perception and reduce health risks of drivers. In the latter case, the 

monitoring system could be integrated in a feedback loop, as presented in the virtual sensor node in figure 

1. Therefore, future work should contain the determination of the relation between the vibration level and 

the perturbation of the controller parameters for all clutches, and merging these results with a dedicated rule-

based algorithm for clutch control as e.g. presented by Witters et al. [18]. 
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Abstract 
This paper attempts to experimentally evaluate a new two-microphone measurement technique for 

determining the modal amplitude distribution and far-field radiation of the broadband noise from hard 

walled ducts. The new technique is based only on the complex coherence function of the acoustic pressure 

measured by two closely spaced microphones located at the duct wall. Particularly, the cuton ratio, rather 

than an index couple of azimuthal and radial mode orders (m, n), was introduced to represent the 

behaviour of individual propagating modes. The hard-walled circular duct was excited at one end by a 

diffuse sound field, and the other open end is terminated within an anechoic chamber with which to 

measure the radiated sound field. The measured complex coherence was used to infer the mode amplitude 

distribution and far field directivity, based on the underlying Fourier transfer relationship. The results 

verified the good agreement between direct measurements of sound power and directivity.  

1 Introduction 

Various common noise sources radiate sound into finite-length ducts, from which the sound escapes into 

the far field via radiation from an un-baffled open end. Examples are exhaust mufflers, large exhaust 

stacks, and aircraft turbofan engines. The sound field within a duct can be considered as the 

superimposition of propagating modes. In-duct modal analysis allows the amplitude of each modal 

component to be determined from the sound pressure measured at the duct wall. The mode amplitude 

distribution can be used for source diagnostics and for the in-duct liner design. Meanwhile, it is also 

important to understand the far field directivity and sound power radiating from the duct opening, either as 

an index of insertion loss in order to assess silencer performance, or as a means of quantifying and ranking 

the total noise output for predicting community annoyance. 

Broadband noise generally comprises all propagating modes, which would require at least as many 

microphones to deduce the amplitude for each mode index pair (m, n). At the blade passing frequency of a 

typical aeroengines, for example, the number of modes can easily exceed 100, making the simultaneous 

measurements of all modes unrealistic. One current method to determine the amplitude of each mode (m, 

n) requires a large circumferential array that typically requires a large number of microphones in each ring 

[1-4]. A second method requires long axial arrays within the duct to determine modal amplitude 

distribution versus propagation angle [5]. Both methods use a large number of microphones, and they are 

not very efficient, financially or practically, as the microphones required to take such measurements are 

expensive and each requires calibration. Therefore, the new measurement technique [6] validated in this 

paper is only based on the complex coherence function of two measurement points at the duct wall, and is 

has the potential to replace current techniques at a reduced cost and increased productivity. Moreover, in 

the case exhaust stack and turbofan engines, for example, locating microphones in the far field is difficult. 
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In the case of turbofan engines very large anechoic facilities are needed. In new two-microphone method, 

far field noise measurements can be inferred from measurements of the coherence function from two 

closely space microphones located at the duct wall. In this paper, the experimental prediction of the far 

field noise directivity by using two-microphone method were also evaluated. 

2 Theory of two-microphone method 

2.1 Mode amplitude distribution 

The detail of the theory basis of the two microphone method can be found in Ref. [6]. In this paper we 

only briefly introduce the important deviation to the final formulas which was used in the measurement 

and data analysis. A uniform mean flow were included in the derivation in the Ref. [6], but in this paper 

the effects of flow are ignored for consistency with the measurements presented in Section 3.  

Above its cutoff frequency, a single mode propagating along the duct of pressure amplitude mnA  at a 

single (angular) frequency can be written as  

     mnkxi t

mn mn mnp y,x e A e
     y                 (1) 

Here, the superscript ± denotes the modes propagating in the positive and negative x directions, 

respectively. A point on the duct cross section is represented by y = (r, θ), and x denotes the axial distance 

along the duct relative to some arbitrary origin.  mn y  denotes the modal shape function with the 

normalisation property,    
21 1mn

A
A dA  y y , where A is the duct cross sectional area, and k = /c is 

the free space wavenumber and c is the sound speed. Of central importance in Eq. (1) is the non-

dimensional quantity mn , which is referred to as the modal cuton ratio 

  
2

1mn mn k                                                            (2) 

where mn are a set of eigenvalues that are characteristic of the duct cross section such that the 

corresponding mode shape functions mn , defined by    2 2 0mn mn y    , also satisfy the duct-wall 

boundary conditions and the normalization condition    
21 1mn

A
A y dA y   [6]. The cuton ratio 

0  corresponds to the modal cutoff frequency cmnmn   , and while 1   corresponds to

mn/   , and the modes well above cuton.  

The significance of the cuton ratio, or its related quantity cutoff ratio  
1

21 k / 


  , to duct acoustics 

was highlighted in the seminal work of Rice [7]. It is an important quantity in duct acoustics for various 

reasons: (1) Different modes with the same cuton ratio have similar transmission and radiation 

characteristics [7]. (2) Cuton ratio is uniquely related to the angle with which the mode propagates along 

the duct and therefore the angle radiated most strongly to the far field (the angle of the main lobe). (3) The 

mode amplitude distribution for many physical source distributions are a smoothly varying function of . 

Joseph [6] has recently shown that providing the relative mode amplitude distribution is independent of 

frequency, and can therefore be written in the form  

     
2

2E mn mnA S a
T

     
  

                                                    (3) 

where S(ω) is a source strength with units of squared pressure per unit frequency, the non-dimensional 

mode amplitude distribution  2

mna  versus mn  can be deduced from only the complex coherence 

1462 PROCEEDINGS OF ISMA2018 AND USD2018



function  12
ˆ  between two acoustic pressure measurements made at the duct wall separated by a 

distance ∆x . In the high frequency limit (ka = ωa/c > 10 has been found to be sufficient, where a is the 

duct radius), we may treat  2

mna   as a continuous variable so that the discrete summation over  2

mna   

may be replaced by an integration over α. Finally, it has been shown that  2a   and  12
ˆ   are related 

via the Fourier Transform relationship, 

   1

2

2

1

2

i ˆ
 a dˆ ˆe    










                                                        (4) 

where �̂� = 𝜔𝑥/𝑐 and  12
ˆ   is given by, 
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where  12S ̂  is the acoustic pressure cross spectrum between the two measurement positions and  11S ̂  

and  22S ̂ are the acoustic pressure Power Spectral Densities measured at the two microphones. Note 

that in Eq. (4) positive and negative a values refer to positive and negative-going modes, respectively, i.e., 

     2 2 0mn mna a ,     and      2 2 0mn mna a ,      .  

 

2.2 Far field directivity 

Knowledge of the mode amplitude distribution versus  is sufficient to determine the variation of far field 

PSD, 𝑆𝑓𝑓 (𝜔, 𝜃) versus polar radiation angle  measured relative to the duct axis. Given that,  = cos  in 

Ref. [6] we show that  
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The integral expression on the right hand side of Eq. (6) is an integral over �̂� and is therefore frequency-

independent. A consequence of making the separability assumption of Eq. (3), therefore, is that the 

normalised directivity function, similar to the mode amplitude function, is independent of frequency. The 

validity of this prediction will be examined experimentally in Section 3.   

2.3  Sound power radiation 

The mode amplitude distribution versus  is sufficient to determine exactly the sound power transmitted 

along the duct on both positive and negative direction. Joseph [6] has shown that the sound power  W 

may be computed directly from the complex coherence function from the expression,   
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In the absence of flow and reflections,  Ω ̂
 is given by 
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2.4 Assumptions and limitations 

The validity of Eq. (4) relating the mode amplitude distribution to the coherence function relies on the 

following assumptions about the multi-modal sound field in the duct:  

• The modes in the sound field are mutually uncorrelated. 

• The separability assumption of Eq. (3) is met. Rice [7] and more recently Joseph [6] have shown 

that this is a valid assumption for a broad class of physically important mode amplitude 

distribution functions such as spatial distributions of monopoles, dipoles and the case where each 

mode has identical energy. 

• The excitation frequency is sufficiently high to ensure that there are a sufficient number of modes 

so that its distribution versus a may be approximated as a continuous function. This is believed to 

be correct for 10ka  .  

3 Experiments 

This section describes the experimental arrangement used to validate the measurement theory outlined in 

Section 2. In order to validate this new measurement technique, two different sets of measurements were 

taken of broadband sound propagating through a duct. The first of these measurements was taken by two 

in-duct electret microphones, from which the complex coherence could be calculated. The second set of 

measurements taken was the direct measurement of the sound in the far-field radiated from the end of the 

duct, measured using a microphone array. By comparing the results obtained from the application of the 

theory to the in-duct microphones with the direct far-field measurements the validity of the method can be 

gauged.  

A schematic of the experimental set up is shown in Figure 1, with the duct spanning reverberant (left) and 

anechoic (right) room, and the arrow represents the direction of the propagating sound field. A circular 

duct manufactured from hard plastic duct of 0.2m internal radius and 4.34m in length was located through 

the wall separating a reverberation chamber (on the right) and an anechoic chamber (on the left). Four 

loudspeakers positioned in the corners of the reverberation chamber were driven by independent 

broadband random signals to generate a broadband reverberant sound field in the reverberation chamber. 

The sound field in the source room approximates to a diffuse sound field. The random sound field 

impinging on the open of the duct was then transmitted through the duct, which was then partially 

transmitted to the other side and then radiated into the anechoic chamber from the open end.  Two electret 

microphones on the duct wall separated by a distance ∆x and xD from the source end was used to measure 

the complex coherence function. The location of the microphone pair 𝑥𝐷  was varied between xD = 0.5m to 

xD = 3.0m (xD = 0m corresponds to the position at the source room end of the duct. The separation distance 

between the microphones was varied between 𝑥 = 0.01m and 0.1m in increments of 0.01m. Eleven 

Bruel and Kjaer microphones distributed over an arc in the anechoic chamber at a distance of R = 3m from 

the duct centre were used to measure the directivity and sound power from the duct. The directly measured 

directivity and sound power were then compared against that predicted from the in-duct measurement. 
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Figure 1: Basic layout (not to scale) of the experimental set-up 

3.1  Measurement procedure 

Acoustic pressure data was acquired at a sampling frequency of 50 kHz for a duration of 10s. For a sound 

field with fully uncorrelated mode amplitudes, Eq. (5) predicts that the coherence function, and hence 

inferred mode amplitude distribution function, are independent of the microphone separation distance and 

position within the duct. To assess the validly of this assumption the In-duct acoustic pressure 

measurements were made using pairs of microphones at varying distances along the duct and different 

separation distances.  

Measurements were taken in order to ensure that the experiment had been conducted in accordance with 

the assumptions and limits outlined in Section 2.4. Assumption 1 was not directly tested as this was not 

possible, however the electronic setup ensured that sound sources were uncorrelated. Further to this, a set 

of measurements were taken in the source room to ensure that the sound field was diffuse. These 

measurements were taken for a variety of different microphone and speaker positions and spectrums 

checked for any frequency spikes. Secondly, the assumption that the sound field was uniform and the 

same everywhere within the duct was tested. In order to test that the sound field was uniform, in-duct 

measurements were taken at 90 degree intervals around the duct wall. The separability assumption is not 

one that can be physically tested as it is a statistical assumption which has previously shown to be true [7].  

3.2 Data processing for far-field measurement 

The generic equation for calculating the sound power spectrum across an angular region from 0° to 90° 

can be calculated by 

 
 2

2

0

2 sin
ff   iS ,

W     R  d
c

 
  





                                                     (9) 

To implement Eq. Fout! Verwijzingsbron niet gevonden., continuous data would be required across all 

angles in order to apply the integral correctly. The experiment was not carried out with a continuous array 

of microphones in the far-field, an array of 11 microphones was used. These were equally spaced from 0° 

to 100° at a radius of 2.5m from the end of the duct. In order to complete the calculation, the power 

spectral densities of each of the 11 signals were averaged in neighbouring pairs to give new power spectral 

densities in 10° intervals between 5° to 95°.  

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1465



As the variable being integrated over was discrete rather than continuous, the integral was replaced with a 

summation. The result of this is Eq. (1), which was applied to calculate the directly measured far-field 

power PSD. 
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To obtain the directly measured far-field directivity as a function of both angle and frequency, the PSDs 

averaged between each position (as outlined above) were plotted directly onto polar plots (one plot per 

frequency and mirrored about 0°) with no further calculation required. As the averaging meant that no 

PSD was calculated for the central 10° of the plot, the results were shifted to avoid having a large gap in 

the centre of the polar plot. 

3.3 Data processing for in-duct measurement  

The modal amplitude distribution within the duct was evaluated by Eq. Fout! Verwijzingsbron niet 

gevonden.. As the independent variable in this equation is not one that could be physically measured, the 

calculation was done by looping the equation through a pre-defined vector of the cuton ratio ranging 

from −1 ≤ 𝛼 ≤ 1. Eq Fout! Verwijzingsbron niet gevonden. outlines how far-field directivity can be 

calculated from the complex coherence at the duct wall. Directly evaluating the left hand side of Eq. Fout! 

Verwijzingsbron niet gevonden.; the ratio of the pressure PSD of the far-field radiation to the pressure 

PSD at the duct wall, leads to a results which is independent on frequency. One can multiply both sides of 

Eq. Fout! Verwijzingsbron niet gevonden. by the pressure PSD to obtain the directivity  ff  S ,   

which was dependent on frequency.  

4 Results and analysis 

4.1 Complex coherence function 

The underlying assumption of the two-microphone method is that the frequency dependence mode 

amplitude can be separated as a purely frequency-dependence source terms and a non-dimensional mode 

amplitude distribution, as shown in Eq. (3). A consequence of making this assumption is that the complex 

coherence function is only a function of the non-dimensional frequency ˆ x c   , as indicated in Eq. (4) 

and explained more fully in ref [6]. We now test this assumption on the measured in-duct pressure data by 

computing the magnitude and phase of the complex coherence function up to a maximum frequency of 

25kHz at the three microphone separation distances of ∆x = 0.03, 0.07 and 0.10m located arbitrarily at xD 

=1.5m along the duct. The magnitude and phase are plotted against ̂  in Figure 2. Note that ka/ ̂  = a/∆x. 

Good collapse of the measured magnitude and phase are observed over the frequency range ̂  < 14 where 

the spectra overlap. The jump in the phase spectrum for ∆x = 0.07m in the frequency range ̂ > 7 arise due 

to 2 phase unwrapping issues. The main assumption made in the measurement technique therefore 

appears to be reasonably valid in this test. 

A notable feature of Figure 2 is the slow rate of decay of the coherence function with increasing frequency 

for ̂  up to about 6. Above this frequency the coherence function remains roughly flat with an average 

value of about 0.7 over the frequency range shown and beyond. The reason for this behaviour is mostly 

likely due to the presence of strong axial standing waves in the pipe rig even though the phase spectrum is 

indicative of waves propagating away from the source. Note that the coherence measurements presented in 

Figures 2 were repeated at different positions xD along the duct and found to have comparatively little 

effect on the results, and are therefore not shown here.  
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(a) Magnitudes of coherences      

 

     

 (b) Phases of conherences 

Figure 2: Measured complex coherences 

 

4.2 Mode amplitude distribution 

The measured coherence functions at the three microphone separation distance x = 0.03, 0.07 and 0.10m 

were used to predict the mode amplitude distribution versus cuton ratio  propagating in the duct. The 

non-dimensional normalised mean square amplitude distribution  2a  deduced from Eq. (4) is plotted in 

Figure 3 versus  for the three cases.  

 

 

Figure 3: Predicted modal amplitude distribution 
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The upper non-dimensional frequency limit ̂ max is related to the maximum frequency fmax of the 

frequency spectrum (equal to half the sampling frequency) through ̂ max = 2fmaxx/c. The separation 

distance x should therefore be sufficiently large to ensure that the coherence function due to the acoustic 

field has decayed to sufficiently low levels so that it is fully captured by the spectrum. Figure 3 shows a 

clear dominance of modes propagating in the direction away from the source represented by α ≥ 0. Modes 

propagating towards the source due to multiple reflections between the open ends of the duct, represented 

by α ≤ 0, are observed to be about 10dB below that of the ‘incident’ modes. For modes propagating away 

from the source α ≥ 0 the predicted mode amplitude distribution is reasonably consistent, with variations 

being less than about 3dB for a values greater than 0.2. For a values less than 0.2, associated with modes 

close to cutoff. The estimates deviate considerably more than 3dB. These modes radiate more strongly in 

the sideline directions. 

4.3 Far-field directivity 

As the far-field directivity is a function of both radiation angle and frequency, only a small selection of the 

results are able to be presented in this paper. Plots have been chosen to represent certain features of the 

results, although discussion about a larger portion of the data set will be included in this section. For 

further ease of discussion, results will be split into low, middle and high frequency ranges. It can be seen 

that there is a definite match in overall shape and amplitude at nearly all frequencies between the two data 

sets, although there are patterns that can be become more pronounced with increasing frequency.  

Figure 4 shows the comparison of the directivities which were directly measured and calculated from the 

complex coherences, for the separation distances of ∆x = 0.03, 0.07 and 0.10m, at three frequencies (at low 

frequency - 2875Hz, middle frequency - 6625Hz and high frequency - 12125Hz). The larger the 

microphone separation distance, the more ‘lobed’ the directivity pattern becomes. Lobing is a high 

frequency characteristic of radiation from ducts and the larger non-dimensional frequency range one 

obtains when measuring with a larger microphone separation distance gives rise to the lobes in the 

directivity calculation. For the ∆x = 0.03 and 0.10m, the overall calculated shape is reasonable, but the 

amplitude is an underestimate at nearly all angles, especially with approximately 5dB difference in the 

central radiation angles. For the ∆x= 0.07m, the agreement across all radiation angles is excellent with a 

near perfect match at low, middle and high frequencies. But in overall, the directivity evaluated by the 

complex coherence is reasonable accurate. 

 

 

                                         

(a) ∆x = 0.03m 
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(b) ∆x = 0.07m 

 

               

(c) ∆x = 0.10m 

Figure 4: Directivity comparison at different frequencies  

4.4 Far-field sound power PSD 

Figure 5 show that the spectra obtained from the direct measurement of the far-field sound at ∆x = 0.07m. 

It is clear that the application of Eq. (10) has been successful in calculating the far-field sound power PSD 

from the complex coherence and PSD at the duct wall. The calculated spectra (blue) not only follows the 

overall shape of the measured spectra (red), but is accurate to the extent of matching the prominent peaks 

and dips in the measured spectra. 

 

Figure 5. Comparison of the calculated (∆x = 0.07m) and measured far-field sound power PSD  
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Where the measured spectra exhibits a peak, the calculated curve does but also the peak tends to be 

exaggerated in amplitude. This can be explained by the inclusion of the S11 term in Eq. (7). The theory 

behind this measurement technique states that the far-field spectra is the same as the in-duct spectra 

multiplied by the area of radiation, impedance of the propagation medium and the integral of the complex 

coherence. This means that the spectrum shapes will be the same with the amplitude of determined by the 

other factors in Eq. (7). 

5 Conclusions  

This paper has used experiments to verify the two-microphone method in mode decomposition and far-

filed directivity of in-duct sound field. Using the complex-coherence to calculate the modal amplitude 

distribution inside the duct was successful. Although there were limited means of predicting the 

distribution, the results agreed with what was expected and the variation in the microphone separation 

distance had little effect on the observed behaviour. Perhaps the most successful application of the 

measurement technique was the agreement between the measured and calculated far-field spectra. The 

theory relies on the in-duct and far-field spectra having the same shape and this has been shown to be true. 

Overall, the comparisons between the calculated and measured far-field characteristics of the sound 

radiated from the duct have proved the new measurement technique to be valid for the case of zero Mach 

number. As the potential applications of this new measurement technique are so vast and have specific 

potential in the aeronautical industry and turbo-fan jet engine design, and we would recommend that the 

experiment is repeated with flow (of various Mach numbers) present in the duct. Overall, the accurate 

mode detection and far-filed directivity prediction on the broadband noise in ducts by using the new 

technique provides a critical guidance for acoustics liner designer in modern turbo-fan jet engines. 
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Abstract 
Precise seismic measurements and active isolation in the low-frequency domain are more and more required. 

In order to meet the requirements, an optical inertial sensor is developed, where a lightly damped mechanical 

structure (high Q factor) is employed. The sensor consists of two parts. The first part is a homemade 

interferometric readout which has a resolution below 1 pm/√Hz at 1 Hz, and the other one is a mechanical 

part which has a low resonance frequency and a high Q factor. For the developed sensor at hand, the 

mechanical structure of STS-1 vertical seismometer is used and adapted for hosting the interferometric 

readout. The sensor is then placed inside a vacuum chamber to be immune from the ambient noise. The 

sensor resolution is experimentally examined using huddle tests. 

Keywords: Q factor, interferometric, low-frequency domain, huddle test. 

1 Introduction 

Inertial sensors are often used to measure either linear or angular motions. A good review about rotation 

sensors can be found in Lee et al. [1]. In this paper, only linear motion is considered, and a thorough 

discussion about this kind of sensors can be found in Collette et al. [2]. Inertial sensors are widely used in 

many fields like seismology, structural engineering, and navigation. However, traditional inertial sensors 

cannot meet the requirements for active vibration isolation of large instruments like the Laser Interferometer 

Gravitational-Wave Observatory (LIGO). Novel inertial sensors are required which should incorporate the 

features of a high resolution in a low-frequency domain, an ambient noise (magnetic field, temperature 

variations, etc.) insensitivity, and a low tilt-horizontal coupling [3, 4]. 

In order to improve the performance of inertial sensors, one way is to use homodyne quadrature 

interferometric readout to increase the sensor resolution. The advantages of using optical readouts are 

twofold: they are coil free and thus insensitive to magnetic field; the quadrature interferometric signal 

processing methods [5-7] provide a picometer resolution. Using the optical readout, a vertical sensor based 

on leaf springs structure was developed by Otero et al [8, 9], which reaches the resolution around 1 pm/√Hz 

at 1 Hz. A horizontal sensor based on a folded pendulum structure was developed by Acernese et al. [10, 

11], the resolution of which is lower than 1 pm/√Hz at 1 Hz.  

Developments of optical inertial sensors are also conducted by the PML of ULB [12-13]. Currently, it is 

coupled with the mechanics of an STS-1V seismometer [14], which has a Q factor of 30 and resonant 

frequency of 0.28 Hz. In this paper, recent developments of our prototype are presented. A description of 

the optical readout and mechanical part is discussed in Section 2. Section 3 presents and discusses the results 

of the huddles tests of two optical inertial sensors and two Guralp CMG-6T sensors. Section 4 contains the 

conclusions and presents the future plans. 
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2 Optical inertial sensor 

Our optical inertial sensor is designed to measure the vertical motion, which is shown in Figure 1. A is our 

homemade optical readout. B is the STS-1V seismometer. C is the horizontal pendulum of the seismometer, 

on which a corner cube is mounted.  D is a mirror mounted at 45 degrees to reflect the laser beam. When 

the horizontal pendulum vibrates, the laser beam is reflected by the corner cube and the 45 degrees mounted 

mirror, the relative motion between the horizontal pendulum and the monolithic structure can be obtained 

by the optical readout. E is a vacuum chamber which can provide a vacuum environment down to 0.5 mBar 

in order to avoid disturbances from the air fluctuation.  

 

Figure 1.  The overall view of the inertial sensor  

2.1 Optical readout 

As Shown in Figure 1, the homemade optical readout is one of the important parts of the inertial sensor. The size 

of the monolithic readout is around 120mm × 80 mm × 60mm, which can be easily combined with the 

mechanical structure of STS-1V. The optical readout is schematically shown in Figure 2.  
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 3 

Figure 2. Scheme of the optical readout. [15] 

The laser is a 1550 nm fibered laser source, which generates a single polarization laser beam. The red arrows 

show the propagation direction of the laser beam. After passing through a polarizing beamsplitter (PBS), a 

quarter-wave plate, a non-polarizing beamsplitter (BS) and a half-wave plate, the two polarization states of 

the laser beam are separated by a PBS and the two beams with orthogonal polarization states are reflected 

by corner cubes. The corner cube 1 is a fixed reflector in the reference arm. The corner cube 2 is a movable 

reflector in the measuring arm. When the laser beam is reflected by the corner cube 2, the information of 

the displacement of the corner cube 2 is carried by the laser beam. After reflection, the two beams recombine 

and arrive at the BS where one part of the laser beam reaches the photodiode 1 (PD1) and the other reaches 

the photodiode 2 (PD2). Thanks to different polarizing components, the orthogonal polarization states of 

the two laser beams reaching on the two photodiodes are guaranteed. Ignoring the non-linearity and noises 

in measurements, the power of the laser beams measured by the PD 1 and PD 2 are given by 
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where 0P  is the original laser power from the laser source;   is the wavelength of the laser beam, which is 

1550 nm; d  is the path difference between the reference arm and the measurement arm. Then, the 

unwrapping dynamic range of d  is calculated by 
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However, several noises affect the performance of this optical readout, which includes the intensity noise 

from the laser source, electronic noises in photodiodes, and analog to digital converter (ADC) noise from 

the data acquisition (DAQ) system. To study the properties of different sources of noise, and their influence 

on the optical readout, a noise budgeting analysis is provided in Watchi et al. [13] 

In order to measure the resolution of the optical readout, the movable corner cube 2 was blocked during the 

measurement. The output power of the laser source is 8 mW, and the amplitude of the two photodiodes is 

set to 20 dB. A 16-bit DAQ system with a sampling frequency of 2 kHz is used to record the data. The 

amplitude spectrum density (ASD) of the optical readout resolution is shown in Figure 3. 

 

Figure 3.  The optical readout resolution. 

The resolution of the optical readout is around 3×10-13 m/√Hz above 10 Hz, 1×10-12 m/√Hz at 1 Hz,   
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1×10-11 m/√Hz at 0.1 Hz and 1×10-10 m/√Hz at 0.01 Hz. Peaks around 20 Hz are the resonance frequencies 

of the optical table.  

2.2 Mechanical structure of STS-1V 

As the inertial sensor is dedicated for the low-frequency applications, the mechanical structure is required 

to have a very low fundamental resonance frequency, which provides a good sensitivity curve in the desired 

low-frequency domain. Meanwhile, the material of the mechanical structure also needs to be carefully 

designed to reduce the thermal noise of the optical inertial sensor. At this stage, three optical inertial sensors 

with the mechanical structures of three STS-1V seismometers have been built. The original electronic 

readout of the seismometer is a pair of linear variable differential transducers (LVDT), which has been 

replaced by our optical readout in the project. The mechanical part of the STS-1V is based on a Lacoste 

suspension structure, which is a horizontal pendulum coupled with a spring. The horizontal pendulum 

swings vertically, and the spring is a leaf spring to counterbalance the gravity. According to the manual of 

the STS-1V, the original fundamental resonance frequency is around 0.3 Hz. To mount a corner cube, the 

horizontal pendulum of the STS-1V is modified slightly (shown in Figure 1) and the resonance frequency 

after modification is 0.28 Hz.  

The dynamic equation of the STS-1V reads 

  wmkyycm  y                                                         (4) 

where, c  is the dashpot, x  is the displacement of the seismic mass, w  is the ground motion and g  is the 

gravity constant. The gravity is counterbalanced by the leaf spring. As the optical readout measures the 

relative motion between the mass displacement and the ground displacement, wxy 
. 

Transforming Eq.4 to the Laplace domain, the transfer function between the ground motion )(sW  and 

the relative motion )(sY  is derived  
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Where s  is the Laplace operator. Once the resonance frequency 0  and the Q factor are known, the Eq. 5 

can be rewritten in the Fourier domain as 
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Thermal noise is one of important noise source in low frequency range [16], and it can be estimated by  

 )(
4 2



m

TkkB
thermal     [m/√Hz]                                             (7) 

where,   is the loss factor of the material, which is approximated as Q1 . Q  is the quality factor (Q 

factor) of the horizontal pendulum known from the datasheet of STS-1V. Bk
 
is the Boltzmann constant, T  

is the Kelvin temperature, k  is the spring constant and be modeled as mk 2

0 , m  is the mass of the 

structure of the STS-1V. The 
2  in the denominator is to convert the acceleration to displacement. The 

numerical values of the above mentioned parameters are shown in Table 1 

No. Parameter Symbol 
Numerical 

values 
Unit 

1 Loss factor   0.05 [-] 

2 Q factor Q  20 [-] 
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3 Boltzmann constant Bk  1.38×10-23 [m2∙kg∙s-2∙K-1] 

4 Kelvin temperature T  300 [K] 

5 Spring constant  k  1.857 [N∙m-1] 

6 Mass m  0.6 [Kg] 

7 
Resonance 

frequency 0  0.28 [Hz] 

Table 1: Numerical Values of Parameters 

2.3 Theoretical resolution of the Optical inertial sensor 

Based on the optical readout and the mechanical structure of STS-1V, the theoretical resolution (blocked 

test) of the optical inertial sensor is shown in Figure 4. The green curve is the model of the thermal noise 

based on Eq. 7. The blue curve is the measured optical readout resolution (shown in Figure 3) multiplied 

with the inverse dynamics of the mechanical structure. The red curve is the resolution of the inertial sensor 

which includes the thermal noise and the readout noise. For the sake of comparison, we also show the 

resolution of Geotech Instrument GS-13 (the gray dash-dot line), which is a first choice geophone, and 

Nanometrics Trillium T-240 (the black dash-dot line), which is a first choice broadband seismometer.  

 

Figure 4.  The theoretical resolution of the inertial sensor.  

3 Huddle test of Optical inertial sensors 

Huddle test is often used to determine the incoherent noise floor of a sensor. The working principle of the 

huddle test is discussed in Holcomb [17]. When at least two sensors are placed close to each other to capture 

the same motion (coherent signal), the incoherent noise of the sensors can be extracted from the sensors 

outputs. Meanwhile, we also use two Guralp CMG-6T sensors as a reference to measure the vertical motion. 
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The layout of the instruments on the optical table is shown in Figure 5.  A is two CMG-6T sensors. B and 

C are the optical inertial sensors inside two vacuum chambers.   

 

Figure 5.  The layout of the huddle test  

                                      

The coherence of signals from different sensors is plotted in Figure 6. The blue and the orange curves are 

the coherence between one of the optical inertial sensors and the same CMG-6T sensor. They show that the 

coherence is good below 30 Hz. The yellow curve is the coherence between two optical inertial sensors. The 

purple curve is the coherence between two CMG-6T sensors.  

 

Figure 6. The coherence between sensors during the measurement. 

The noise floor of the two optical inertial sensors and two Guralp CMG-6T sensors are extracted from the 

huddle test and are shown in Figure 7. The blue and the purple curves are the signals extracted from the 

sensor signals, which refer to the vertical table motion. They show that both of optical inertial sensors and 

both of Guralp CMG-6T sensors output similar signals, which indicate that our homemade optical inertial 

sensors work well. The green curve is the noise of the data acquisition system (DAQ) multiplied with inverse 

dynamics of CMG-6T, which predicts the resolution of a CMG-6T sensor with a 16-bits DAQ. The red 

curve is the theoretical resolution of our optical inertial sensor (in blocked mass tests), which is taken from 

Figure 4. The curve is used to predict the noise floor of the optical inertial sensor in the huddle test. The 

A 

B                        C 
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black and gray dashed-dot curves are the resolution of T-240 and GS-13, which are references from Figure 

4. 

 

Figure 7. The results of the huddle test and the resolution comparison.  

The orange curve is the noise floor of the two Guralp CMG-6T extracted from the huddle test. Compared 

with the green curve, it is close to the DAQ noise above 1 Hz, but there is a gap below 1 Hz.  The yellow 

curve is the noise floor of the two optical inertial sensors. It is close to the noise floor of the two Guralp 

CMG-6T, which is higher than the prediction of the red curve. About 30 Hz, the yellow curve is close to the 

purple curve (signal from the optical inertial sensor), which means the two sensors measure incoherent 

signals. Both of the noise floors are higher than the predicted resolution. Below 0.7 Hz, due to the drop in 

the coherence in Figure 6, the difference between coherence signal and incoherence noise is not obvious in 

Figure 7. 

The reason for the difference between the resolution from the huddle test and the resolution from the blocked 

mass test is investigated. Firstly, the two optical inertial sensors are not on the optical table directly. To 

avoid air fluctuation in low-frequency domain, they are put inside two vacuum chambers. Therefore, it is 

not a compacted surface for both optical inertial sensors. Secondly, the culture noise is relatively high during 

the measurement. We need an isolation platform to hold all sensors and perform the huddle test on a 

relatively quiet condition. Thirdly, in the low-frequency domain different noise sources will be investigated 

in the next step. Fourthly, the two mechanical structures of the STS-1V seismometers are assumed as linear 

systems, which might be not the case in practice leading to the estimation errors for the huddle test. 

4 Conclusion 

An optical inertial sensor is presented in this paper. The optical readout and the mechanical structure of the 

inertial sensor are introduced. The sensors are compared with Guralp CMG-6T sensors, and the resolution 

from blocked mass test and huddle tests are shown. There is a difference between the resolution from the 

huddle test and blocked mass test. In the future, the quality of the huddle test will be improved.    
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Abstract 
Helmholtz resonators (HR) are devices used to control the acoustic field inside cavities in a specific 

frequency band. Its impedance depends on the geometry, the radiation and viscous damping effects, whose 

models need to be improved. This study consists of an experimental investigation using a cylindrical 

cavity, a loudspeaker and some HRs. The volume velocity of the source is estimated by a lightweight 

accelerometer attached to the loudspeaker cone and the sound pressure is measured by a microphone 

inside the cavity. The Frequency Response Functions measured represent the acoustic impedance itself 

(ratio between sound pressure and volume velocity). Four HR were used (two tuned to 170 Hz and two 

tuned to 250 Hz, having its volumes as the difference). The main results are: (i) well measured impedance 

functions using the proposed volume velocity source, (ii) identification of the HR behavior on the 

functions, and (iii) possibility in discriminating the acoustic attenuation capacity of each device. 

1 Introduction 

Helmholtz resonators (HR) are devices with resistive and reactive characteristics widely used to control 

the acoustic behavior inside cavities in a narrow frequency band [1]. Its natural frequency depends on the 

dimensions and geometry of the HR and it is tuned to the frequency whose amplitude must be suppressed 

into the cavity.  

A HR consists of a cavity and a neck. For this work, the HR is attached to a tube (Figure 1), at which the 

sound will be attenuated. The HR dimensions must be smaller than the minimum wavelength of interest in 

order to consider it as an element with lumped parameters connected to a geometric discontinuity. The 

condition of attachment is that the oscillatory volume flow in the neck is equal to that imposed on the fluid 

in the cavity, thus the air elastic property of the neck fluid is neglected, being treated as an incompressible 

volume [2]. 

Acoustic impedance [2] is related to how coupled regions of fluid or the contact of fluid and solid system 

interacts between them, indicating their acoustic properties. It can be possible to determine quantitatively 

the reflection and transmission of the sound wave between two fluid volumes with different shapes and the 

sound absorption, reflection and transmission occurred in the fluid and solid system. 

The formulation for acoustic impedance (Z) is basically expressed by the ratio of complex amplitude of 

harmonic pressure (p) to the associated volume velocity (Q). Thus, the acoustic impedance is a complex 

quantity and can be stated as [2]: 

 𝑍 =
𝑝

𝑄
=

𝑝

𝑣.𝑆
 (1) 

where v is the particle velocity and S the associated surface area. 

The acoustic impedance of a tube, with a source at one end inducing a velocity inside it, can be obtained at 

a central point on the surface (the same one where it is applied the excitation). It can be expressed as [2]: 
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 𝑍𝑡𝑢𝑏𝑒 = (
𝜌𝑐

𝑆
) 𝑗 ∙ cot𝐾𝑙𝑇 (2)  

where K is wave number represented for 𝐾 = 𝜔 𝑐⁄ , S is the cross-sectional area of the tube, c is the sound 

velocity, ω is the frequency and lT is the length of tube. 

 

Figure 1: Schematic of a HR attached to a tube 

For the HR, the reactance (imaginary part of impedance) depends on the resonator geometry and the 

frequency. It is well modelled and validated. The resistance (real part of impedance) models need to be 

improved. The RH resistance is explained by two portions: (i) the radiation resistance of the neck, and (ii) 

the viscous damping effect of the air mass while it oscillates inside the neck. In this way, the 

manufacturing issues (as neck roughness or neck termination) influence the resistance behavior.  

The natural frequency of a Helmholtz Resonator depends on its dimensions:  

 𝜔𝑅𝐻 = 𝑐√
𝐴𝑝

𝑙𝑒𝑓𝑓𝑉𝑐
 (3) 

where and Ap is the neck area, Vc is the cavity volume and leff is the effective neck length, which includes 

a correction factor (δ) for mass-loading due to air entrainment at the neck extremities 𝑙𝑒𝑓𝑓 = 𝑙 + 𝛿 [3]. 

The acoustic impedance can be written as a function of frequency and can characterize acoustic systems 

[4]. In this way, such impedance can be obtained as a function of frequency, a sort of Frequency Response 

Function.  

This work presents an experimental investigation on the acoustic impedance estimation using a volume 

velocity source based on the measurement of the loudspeaker cone acceleration. The goal focuses on the 

identification of HR behavior when coupled to a cavity.  

2 Acoustic impedance function estimation 

ASTM E1050-12 standardizes a well-known method to measure acoustic impedance of absorbing 

material, using the two-microphones methodology. Such standard method uses a cylindrical tube as main 

cavity. At one end is mounted the specimen and a sound source is placed at another end, which provides a 

broad band signal. Two microphones are placed near the specimen. In order to guarantee a plane wave 

propagation for a specific frequency range inside the tube, its dimensions are calculated [5]. 

The present study considers a tube as main cavity also. A sound source is located at one extremity and a 

fixture is placed at the other extremity to receive the Helmholtz resonator under test (Figure 1). A 

lightweight accelerometer is attached to the sound source (loudspeaker cone). The pressure response can 

be measured by a microphone in some points inside the tube, but one at a time.  

Loudspeaker 

Microphone 

fixture 

Typical 

resonator 
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In this way, it is presented here the estimation of the acoustic impedance via one microphone e one 

volume velocity sensor approach.  

Since the volume velocity of a portion of fluid very closed to a surface can be approximated by the 

velocity of such surface, the volume velocity of a loudspeaker cone can be estimated by the product of the 

velocity and the cone surface, as can be seen from equation (1): 𝑄 = 𝑣. 𝑆.  

Based in the fact that the measurement of acceleration implies in low cost instrumentation in recent years, 

the cone velocity can be expressed by the acceleration signal integration, and the volume velocity can be 

estimated from the cone area (S) and acceleration (a) by: 

 𝑄(𝑡) = S∫𝑎(𝑡) ∙ 𝑑𝑡 (4) 

Considering the estimation process [6] of frequency response of a time-invariant system, the Frequency 

Response Function (FRF) H(ω) of an acoustic system (whose volume velocity (Q) is the input and 

pressure (p) is the output) can be reached [4] by: 

 𝐻𝑝𝑄(𝜔) =
𝐺𝑄𝑝

𝐺𝑄𝑄
, whose unit is [

𝑃𝑎

𝑚3
𝑠⁄
] (5) 

where 𝐺𝑄𝑝 is the cross spectral density function between volume velocity and pressure, and 𝐺𝑄𝑄 is the 

power spectral density function of the volume velocity. 

The acoustic impedance from equation (1) can be rewritten as the Acoustic Impedance Function, which 

depends on the frequency: 

 𝑍(𝜔) =
𝑃(𝜔)

𝑄(𝜔)
 (6)  

If the acoustic system input is the volume velocity quantity and the output is pressure quantity, the 

estimated FRF is the acoustic impedance function itself: 

  𝑍(𝜔) =
𝐺𝑄𝑝

𝐺𝑄𝑄
 (7) 

3 Methodology 

A test rig was developed to estimate the acoustic impedance function of cavities. Four Helmholtz 

resonators were coupled, one at a time, to the cavity. Five test configurations were performed. The first 

one considers the tube without HR (one end closed, the other end with the sound source). The other 

configuration considers each one of the HR presented below. 

A comparative analysis was done indicating the effect of each HR on the behavior of the tube, using the 

acoustic impedance function approach. 

3.1 Experimental setup 

The experimental setup shown in Figure 2 consists of a steel tube 650 mm long and 155.6 mm in diameter. 

Such dimensions allow a frequency range up to 1000 Hz, as calculated by the standard [5]. The sound 

source (loudspeaker JBL 6W4P Selenium Pro Woofer) was installed in right extremity of the tube. The 

loudspeaker low frequency cutoff is around 80 Hz. Then, the setup frequency band is considered from 80 

to 1000 Hz. The source was supplied by an amplifier (NCA – AB 100, mono, 100 W @ 4 Ohms) which is 

controlled by a notebook soundboard, that provides a random noise covering the frequency band of 

interest. 

The HR under test was installed at the left extremity, one at a time. Two microphone positions were 

considered: one very close to the loudspeaker (10 mm distance), whose acquisition and processing 

provides the point FRF; the other close to the resonator (10 mm distance), that provides the transfer FRF. 
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The microphone (G.R.A.S., Type 40PH. Sensitivity: 49.84 mV/Pa) positioning details can be observed in 

the Figure 3 (left). 

The volume velocity of the source (or source strength) was estimated using a lightweight low-cost MEMS 

accelerometer (Analog Devices ADXL335 triaxial. Sensitivity 0.3 g/V) attached to the loudspeaker cone 

(Figure 3 - right). The accelerometer yields signals related to three axes. In this way it was possible to 

perform a compensation for misalignment and/or positioning errors of the sensor. 

The sensors were connected to the acquisition module (National Instruments, NI 9234, ±5 V, IEPE, 4 

Analog input, 51.2 kS/s/ch) that is connected to a notebook with LabVIEW 2015 SP1. 

The algorithm was developed in LabVIEW. It performs the acquisition of the sound pressure and the 

acceleration simultaneously. The signal from the accelerometer are integrated to achieve the cone velocity 

and then multiplied by the cross-sectional area of the cavity (as presented in equation (4)), in order to 

estimate the instantaneous volume velocity (units in m3/s) of the source. 

The FRF is calculated considering the volume velocity as the excitation and the sound pressure (units in 

Pa) as the response (equation (5)). In such configuration, the FRF is the acoustic impedance function itself 

(equation (7)). 

 

Figure 2 – Experimental setup overview 

 

Figure 3 - Microphone positioning (left) and the accelerometer attached to the loudspeaker cone (right) 

Microphone 

Rod 

Fixture 

HR 

Mic. Position 

(Transfer FRF) 

Tube 
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(Point FRF) 

Loudspeaker 
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3.2 Helmholtz resonators 

Four HRs were used into the investigation. The HRs topology were based on a cylindrical shape, having a 

piston to vary the cavity volume (Figure 4) and hence its natural frequency (the tuning process).  

Two HRs were tuned to 170 Hz and the other two tuned to 250 Hz. In fact, there are one type of resonator 

with a smaller neck volume (type A) and another with a larger neck volume (type B) to each tuned 

frequency. The HRs dimensions can be observed in Table 1. 

 

Figure 4: Helmholtz resonator topology 

[mm] 170-A 170-B 250-A 250-B  

d 5 16 5 16  

D 20 40 20 40  

l 45 65 45 65  

L 53.1 121.7 23.2 55.0  

Table 1: Helmholtz resonators dimensions 

4 Results and discussion 

The module and phase angle plots for point and transfer FRFs, or the acoustic impedance functions, 

related to the tube without HR (or with closed end) can be observed in Figure 5. Such functions presented 

clear resonance peaks and phase angle inversions of 180 degrees at the acoustic natural frequencies of the 

cavity. The anti-resonances could be observed between two resonance peaks in the point FRF module for 

acoustic system as it is verified in mechanical (solid) systems [7]. The high pass filter roll of related to the 

microphone channel can also be observed close to 20 Hz. The results outside the nominal frequency range 

(80 up to 1000 Hz) were also presented. In general, the measured impedance functions presented an 

expected behavior using the proposed volume velocity source.  

Tube adaptor 

HR Piston 

HR Body 

D 

HR Body 

(longitudinal 

section) 

L 

l 

d 
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Figure 5: Module (above) and phase angle (below) for closed tube: Point and Transfer FRFs 

A comparison among the impedance functions (point FRFs) measured for the cavity without resonator and 

with each one of the HRs are presented in Figure 6 (tuned to 170Hz) and Figure 7 (tuned to 250Hz). 

The influences of the HRs tuned to 170 Hz (Figure 6) are evidenced when compared to the impedance 

function of the closed tube. Such frequency corresponds to the FRFs low pressure (response) levels 

region. Nevertheless, the presence of the HR behavior could be verified. For the smaller volume HR (170-

A) a very slight variation was observed in the impedance function around 170Hz. For the larger volume 

HR (170-B) an extra resonance peak is present, comparing to the closed tube. This behavior was expected, 

considering the HR as an additional one-degree-of-freedom system attached to the tube. The resonator 

with smaller volume presented smaller influence over the impedance function, while the resonator with 

larger volume presented higher effect on the tube impedance function.  

In the closed tube impedance function (without resonator), there is an acoustic natural frequency in 250 

Hz (Figure 7). For the HRs tuned to this frequency, two resonance peaks in the impedance functions 

became present around the closed tube natural frequency for the first mode. Such behavior is similar to the 

last case (Figure 6), but the efficiency in attenuating the response is higher. For the smaller HR (250-A) 

the average attenuation is 10 dB at the frequencies around the tube natural frequency. Two smoothed 

peaks were noted, confirming the degree-of-freedom increment. For the larger HR (250-B) the attenuation 

at the natural frequency of the tube is higher than 25 dB. The two peaks are more spaced each other, 

creating a band with considerable attenuation. Again, the difference between both HR could also be 

verified and can be associated to the HR neck volume: the higher the HR neck volume, the higher the 

attenuation. 
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Figure 6: Impedance functions (point FRF) for 170 Hz resonators 

 

Figure 7: Impedance functions (point FRF) for 250 Hz resonators 

5 Conclusion 

This investigation indicates that the proposed volume velocity estimation (using the accelerometer as the 

sensor) for the acoustic source resulted in well measured impedance functions. Similar behavior could be 

observed in FRFs obtained from commercial volume velocity sources [4]. More investigation need to be 

made to promote the method to a higher level of development, including the measurement uncertainty 

analysis.  

It was possible to identify the HR behavior on the functions when compared to the cavity without 

resonator. In addition, it was possible to discriminate the acoustic attenuation capacity of each device. The 

higher the volume of the resonator neck, the greater the mass of air contained in this region and 

consequently the greater the attenuation, as well as presented in the results from an equivalent numerical 

study [8].  

The results were considered suitable to continue the development in the next steps of the research, that 

aims the identification of the HR parameters, i. e., to perform the parametric identification from the non-

parametric model (impedance functions). 
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Abstract
The compressive sensing-moving horizon estimator (CS-MHE) is an approach for joint state/input estima-
tion. It integrates compressive sensing principles into a moving horizon estimator, enabling to exploit shape
functions to model an input, resulting in better observability and wider input bandwidth in comparison to
other input models. The authors have recently extended the CS-MHE to the estimation of complex quanti-
ties. In particular, Fourier shape functions can be instrumental to model a load which exhibits some form of
periodicity. This paper presents an experimental validation in which a structure is excited by a shaker with
several force profiles whose Fourier transforms include up to four components. This allows to investigate
the performance of the CS-MHE on a physical setup, by taking into account aspects such as the necessary
window length of the MHE and the number of measurements points for a certain sparsity, which is governed
by the spectral content of the force input.

1 Introduction

The compressive sensing-moving horizon estimator (CS-MHE) is a multi step time domain approach for
joint state/input estimation [1, 2, 3]. It exploits the capabilities of the moving horizon estimator (MHE)
of minimizing the noise while correlating a model with measurements [4, 5], together with compressive
sensing (CS) principles [6], which enable the observation of a relatively large number of input locations for a
small set of measurements, whereas other existing techniques are characterized by intrinsic limitations when
estimating multiple input locations, due to an observability decrease [2]. Furthermore, compressive sensing
for input representation [7, 8, 9, 10, 11, 12] offers an alternative to the widely employed random walk model
[13, 14]. In comparison to the latter, CS allows to efficiently model a high input bandwidth by exploiting a
known input shape, resulting in the need for a coarser sampling.

The CS-MHE has been shown able to jointly estimate the states and a force impulse on a mechanical system
in terms of input magnitude, time and position, provided that the input is sparse [1]. Furthermore, its appli-
cability was recently extended to the estimation of complex quantities, which can be instrumental to model
a load which exhibits some form of periodicity (e.g., through Fourier components). Specifically, handling
complex representations such as Fourier basis functions can be instrumental to estimate forces and torques
in rotating machines, since their characteristics are of quasi-periodic nature [3]. This is particularly relevant,
since physical quantities such as forces and torques are important for condition monitoring and control engi-
neering, but are difficult or even impossible to be measured in a cheap, accurate and non intrusive manner.

This paper summarizes the formulation of the CS-MHE in case of a complex input representation through
Fourier components (section 2), and presents an experimental validation in which a structure (a “U shaped”
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Figure 1: MHE strategy. Figure reproduced from [2].

assembly consisting of a horizontal beam clamped between two vertical mounts) is excited by a shaker with
several force profiles whose Fourier transforms include up to four components (section 3). The structure is
modeled by finite elements (FE), being such representation widely employed for industrial applications. The
model is then reduced to a few mode shapes (each associated to a structural eigenfrequency). The measure-
ment system relies on high-speed camera recordings, since they offer the possibility to build a flexible sensor
array with respect to number of measurement points and their positioning, without modifying the system
dynamics. Consequently, section 3 includes the image processing steps to extract displacement information
from a sequence of images. The experiments allow us to discuss a few aspects related to the practical ap-
plicability of the CS-MHE, such as the window length of the MHE and the number of measurements points
required for a certain input sparsity, which is governed by the spectral content of the load. Section 4 contains
the experimental results, which we discuss in section 5.

2 The CS-MHE with a Fourier dictionary

This section gives the formulation of the CS-MHE for the case of an input described by Fourier components,
which we employ for the experiments in this paper. Further details can be found in [3]. The formulas
consider a generic discrete time state-space system such as eqs. (1–2), where xk is the state vector, and the
input uk is represented by a linear superposition of (Fourier) basis functions ψj multiplied by a scale factor
αk. Subscript k denotes the current time step, and the elements ψk,j belong to a (Fourier) dictionary Ψ.
Subscripts k and j refer to a sampling point and to a Fourier component, respectively, i.e., each column
of Ψ models one basis function of the dictionary [3]. We employ regular sampling and equal amount of
samples and Fourier components, and consequently Ψ is a square matrix of sizeN−1 that applies the inverse
discrete Fourier transform (DFT) to a signal [15]. An estimation window of length N is defined between the
discrete time steps k = T−N+1 and k = T , as shown in Fig. 1. wk and vk are two noise terms associated
to model and measurements, respectively. Under the hypothesis of additive noise (which can always be
satisfied thanks to discretization [14, 16]), the noise terms can be written down explicitly and substituted in
the CS-MHE problem, that we present in eqs. (3–4) [2, 3]. Eqs. (1–2) are linear, and can also be obtained by
linearizing a nonlinear system.

xk+1 = Akxk +Bkuk + wk = Akxk +Bk

T−1∑

j=T−N+1

ψk,jαk + wk (1)

yk = Ckxk +Dkuk + vk = Ckxk +Dk

T−1∑

j=T−N+1

ψk,jαk + vk (2)
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minimize
xk,αk

(
xT−N+1 − x̄T−N+1

)>
P−1a

(
xT−N+1 − x̄T−N+1

)

+
T−1∑

k=T−N+1


xk+1 −Akxk −Bk

T−1∑

j=T−N+1

ψk,jαk



>

Q−1k


xk+1 −Akxk −Bk

T−1∑

j=T−N+1

ψk,jαk




+
T∑

k=T−N+1


yk − Ckxk −Dk

T−1∑

j=T−N+1

ψk,jαk



>

R−1k


yk − Ckxk −Dk

T−1∑

j=T−N+1

ψk,jαk




+
(
α− ᾱ

)>
P−1α

(
α− ᾱ

)
+ λ

T−1∑

k=T−N+1

‖αk‖`1 (3)

subject to x ∈
[
xLB, xUB

]
, α ∈

[
αLB, αUB

]
(4)

Eq. (3) is the cost function of the optimization problem that the CS-MHE solves at every time step, and
contains five terms to be minimized, which are weighted through covariance matrices. From top to bottom,
they refer to the arrival cost Pa ∈ RNS×NS , the model error Qk ∈ RNS×NS and the measurement error
Rk ∈ Rnr×nr , whereNS and nr are the number of states and transducers, respectively. Qk andRk are related
to the noise terms in eqs. (1–2), being wk ∼ N (0, Qk) and vk ∼ N (0, Rk). Furthermore, covariance Pα
weights the propagation of any estimated input to the next time step [1], and finally the `1-norm minimization
of the sparse representation αk of the input is balanced with the other components of the cost function through
a constant weight λ, i.e., λ balances the noise on model and measurements with the input sparsity. In fact,
the `1-norm minimization promotes a sparse solution [17]. Pa and Pα in eq. (3) weight any information prior
to the current estimation window, which is marked with a bar (x̄T−N+1 for the arrival cost and ᾱ for any
input). The arrival cost (a.c. in Fig. 1) carries the information from k= 0 to k= T−N+1. We computed
it through a smoothing approach, exploiting the covariance matrix of the optimization problem [18, 19, 20].
Finally, eq. (4) contains some bounds on the optimization variables (superscripts LB and UB denote lower
and upper bounds, respectively).

The optimization problem (3–4) can be written in matrix form. It includes complex variables and it can
be recast into a standard form second order cone problem (SOCP) [3, 21, 22]. We solved the SOCP in
MATLAB R© by exploiting the modeling language YALMIP [23] and the solver MOSEK [24].

3 Experimental test setup

The test setup on which we demonstrate the CS-MHE for the estimation of a periodic load consists of a 1 m
long aluminum beam clamped on each side to a vertical mount, which is fixed to the ground (Fig. 2). Nine
steel masses are attached to the beam every ∆x= 0.1 m with the aim of lowering the eigenfrequencies and
add complexity to the system. Table 1 indicates the geometry of the beam. The reference system is sketched
in Fig. 2 (the y axis forms a right handed reference system with x and z), the origin being on the neutral axis
of the beam at the left mount.

We built a FE model of the beam assembly and we updated it based on a series of three experimental modal
analyses (EMAs) [25], using three uniaxial accelerometers at a fixed location and one impact hammer. We
extracted the experimental eigenmodes in LMS Test.Lab [26]. First we considered solely the aluminum bar
in free-free conditions in order to determine its Young’s modulus (given its mass and Poisson ratio). Next
we added the nine masses and we characterized the stiffness of the contact between the aluminum steel (we
chose to model the contact as a uniform isotropic stiffness of the steel Esteel, given its mass and Poisson
ratio). Finally we determined the stiffness of the vertical mounts Emount, including the clamping stiffness.
Table 2 reports the material properties that resulted from all three model updating procedures.
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Figure 2: Beam setup.

Feature Along axis Size [m]
Beam length (L) x 1.000
Beam width y 0.015
Beam thickness z 0.010
Steel mass height z 0.050
Steel mass width x 0.020
Steel mass thickness y 0.015
Mount height z 0.500
Mount cross-section plane xy 0.080× 0.080

Table 1: Geometry of the beam setup.

Part Property Value
ρalu

[
kg/m3

]
2655.56

Aluminum beam Ealu [GPa] 63.84
νalu 0.33
ρsteel

[
kg/m3

]
8013.33

Steel masses Esteel [GPa] 198.93
νsteel 0.29
ρmount

[
kg/m3

]
2700.00

Vertical mounts Emount [GPa] 43.45
νmount 0.33

Table 2: Material properties after model updating.

The model updating considered nine eigenfrequencies (up to 200 Hz) involving all three Cartesian planes,
including a torsional mode around x. However, for the experiment that we discuss in this paper we applied a
force along z (see the shaker position in Fig. 2), and three eigenmodes in the plane xy govern the dynamical
behavior of the system. Table 3 and Fig. 3 show the results of the model updating for these three eigenmodes
and their shapes, respectively. The ID numbers 1, 3, 8 derive from the whole mode set. We made use of the
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Mode ID Freq. EMA [Hz] Freq. MoUp [Hz] Error [%]
1 25.74 25.79 0.19
3 68.93 69.19 0.38
8 134.71 136.00 0.96

Table 3: Model update for the first three beam modes in plane xz.

Mode 1 Mode 3 Mode 8

Figure 3: Mode shapes of the first three beam eigenmodes in plane xz.

model update procedure implemented in Siemens NX, which is parametric and works on a reduced model.
The structure is made of simple components, such that beam and shell elements can represent the dominant
mode shapes. In particular, we chose shell elements for the beam and the masses, and beam elements for the
vertical mounts (we modeled the vertical mounts as a beam with cross-section 0.050× 0.050 m). We set the
damping values by comparing several FRFs between the FE model and the EMA acceleration measurements.
We modeled each of the two clamping points through two rigid connections going from the top node of the
vertical mounts to the top and bottom nodes of the aluminum beam.

In order to run the CS-MHE, we need the model of the test setup to be available in MATLAB R©. We tackled
this problem by extracting the FE mass and stiffness matrices and projecting them on modal coordinates
[25]. This allows to build a reduced order state-space model in the form of eqs. (1–2), that takes into account
only the eigenmodes under examination. Literature offers a few model order reduction (MOR) techniques
[27, 28], but for the beam setup we selected the mode shapes based on the participation factors of the
excitation configuration. This allows to improve the observability of the system at the expense of a very
small loss of modeling accuracy.

Beside the state-space representation, we employed camera based measurements to investigate the influence
of the number of measurement points. Compared to other sensor arrays (e.g., accelerometers and strain
sensors), camera measurements offer high spatial resolution and contact-less properties, such that a huge
amount of information is available in one picture, and the model does not have to include any extra mass
related to a sensor. In other words, a high speed camera is a flexible measurement system for what sensor
number and placement are concerned. This choice is also supported by recent advances in vision technology
and high-speed recording. We cite references [29, 30, 31, 32, 33, 34] for a few applications of camera
measurements in structural dynamics.

If we look back at Fig. 2 we see how the beam was instrumented. In particular, there are three adhesive paper
strips on the beam, each of them resulting in 53 markers equally distributed on a length of 0.260 m, i.e., a
marker every 0.005 m. Due to the lighting condition, we employ only the central strip (“BEAM STRIP 2” in
Fig. 2). This corresponds of having up to 53 contact-less displacement transducers spanning the range from
x = 0.370 m to x = 0.630 m. Furthermore, there are one shaker (THE MODAL SHOP Miniature Inertial
Shaker K2002E01) and one impedance head (PCB ICP R© 288D01), both located at x= 0.750 m and acting
along the z axis. The impedance head measures the shaker force for validation purposes. Additional marker
patterns are located on the beam for calibrating the system.
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Figure 4: Schematic representation of the test setup.
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Figure 5: Beam deformed under the static load of the shaker (F), obtained through a FE analysis.

Next, Fig. 4 shows the schematic data flow when an experiment is running. The settings for the data acqui-
sition system (LMS SCADAS) and for the camera (Ximea MQ042CG-CM) are defined via two dedicated
programs. In LMS Test.Lab we set the duration of the experiment, the sampling rate, the signal for the shaker
and the trigger for the camera. In the camera software we set the camera such that each frame is activated by
the rising edge of the trigger signal and the exposure has a fixed duration. Furthermore, a signal indicating
the exposure time is sent back to the LMS SCADAS for synchronization purposes. The camera software
takes also care of saving the images on the PC. The LMS SCADAS is a data acquisition system with mul-
tiple inputs and outputs. Two outputs send the signal to the shaker and a trigger to the camera, while two
inputs record the validation signal from the impedance head and an exposure active signal from the camera.

When performing vision based measurements, the first phase involves the estimation of the parameters for
correcting the lens distortions (typically barrel or pincushion distortions) as well as the parameters to cal-
ibrate the scene, i.e., transforming the pixel information into metric measurements. This requires standard
digital image processing techniques, which can be found in references such as [35, 36]. Their implementa-
tion in MATLAB R© is documented in [37], and many functions are now available in the image processing
and computer vision toolbox (MATLAB R© R2017a). For this reasons, we refer the interested reader to the
MATLAB R© help and references therein.

Once all the parameters of the camera and of the scene are available, we can apply a procedure to all images
(i.e., to every frame of a video acquired during an experiment) in order to extract displacement information
in metric units. First, we determine the markers position up to sub-pixel resolution, and then we apply all
adjustments. Finally, we need to correct the displacement measurements with the model. This step is not
a standard procedure in image processing, and we will discuss it further here. If the shaker is attached
to the structure and it is not active, we expect the beam to be deformed under its static weight (Fig. 5).
Unfortunately, the displacement measurements do not match the expected deformation shape. This is the
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Figure 6: Displacement measurements at the first time step. From image processing (top) and corrected with
the FE deformed shape (bottom).

consequence of multiple systematic uncertainties such as the boundary conditions of the beam (in particular
the geometry of the connection, since it can cause static deformations) and the gluing of the marker strips,
as well as stochastic uncertainties such as the markers printing accuracy and errors during image processing.
We can spot some of these issues in Fig. 6 (top), which shows the measurements at the first frame of the
simulation, i.e., when the shaker is still off. For this reason, we corrected the measurements with the FE
static simulation, obtaining the displacements in Fig. 6 (bottom). We applied such correction to all frames.

3.1 Observability considerations of the experimental setup

Before presenting the experimental results, let us briefly discuss the observability of the system in relation
to number of measurements (nr), number of inputs (nu) and window length (N ). For the system to be
observable, matrices A and C of the state space representation need to satisfy condition rank(O) = N ,
whereO is the observability matrix in Eq. 5 (left) [14, 38], which holds also in case of an augmented system
for joint state/input estimation. Fig. 7 (left) shows the region in which observability is satisfied, assuming
a random walk model for the input representation [2, 13], and referring to the best theoretical situation in
which the locations of both inputs and measurements are not critical. In fact, observability can decrease due
to local problems (typically sensor and/or load applied to a nodal line. In such situation, other tests such
as the Popov-Belevitch-Hautus (PBH) test for local observability can provide further information [38, 39].
Each plane in Fig. 7 (left) refers to a constant number of inputs. We note that the system is not observable
with less than 2 sensors and 3 time steps, and observability gets more critical with a higher number of inputs.

O =




C
CA

...
CAN−1


 nr ≥ c · S log

(
N

S

)
(5)

The rank of the observability matrix saturates quite fast, i.e., after the rank is satisfied it is not worth to add
any further information (that may come from additional sensors or time steps). Accordingly, we can infer
that the random walk works well for a short window. On the other hand, let us consider Eq. 5 (right) of
compressive sensing [6], which indicates how the number of required measurements scales with the signal
length N and its sparsity S ↔ nu, i.e., S is the number of nonzero components of a signal of length N , and
it is connected to the number of inputs [2] (c is a small constant).∗ Fig. 7 (right) shows a numerical example
of Eq. 5 (right) for a signal up to N = 100 and S = 50 (with c = 3). We note that nr scales strongly with

∗For the details concerning the validity of Eq. 5 (right) we refer to reference [6].
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Figure 7: Left: region of observability in function of the number of time steps (N ), inputs (nu) and mea-
surement points (nr). Right: number of measurements required by compressive sensing in function of signal
length N and sparsity S, according to Eq. 5 (right), with c=3.

S and smoothly with N especially for small values of S, indicating that given a certain sparsity S a longer
signal may bring in extra information at a price of a very reasonable amount of extra measurements. In other
words, a long MHE window may be worth if CS is used for input modeling. In a previous research we
have already indicated that the number of measurements required by the CS-MHE scales with S [2], and for
the specific case of this paper the CS-MHE requires a higher number of measurements in comparison with
the random walk model, especially in the case of the estimation of multiple Fourier components (since S
increases). However, it can generate very accurate results at a relatively low sampling rate. In this sense, we
can consider compressive sensing as a complementary approach to other approaches for input modeling such
as the random walk. The exact domain of applicability of compressive sensing requires further investigation,
and remains an interesting open point for future developments of the CS-MHE.

4 Experimental results

In this section we present the experimental results, and we investigate the influence of a force input composed
by an increasing number of sine waves on the CS-MHE accuracy. We remind that input sparsity is a key
ingredient of the CS-MHE. In Fourier domain, this means that only a few shape functions belonging to a
dictionary should represent the load. An increasing amount of sines deteriorates the sparsity, and the major
aim of the experiment is to investigate how to cope with this issue. Table 4 shows the settings for a series
of tests. Notation “min(nr)” in the third column refers to the minimum number of measurement points
which is required to satisfy an observability requirement, and scales linearly with the number of sines (i.e.,
with the input sparsity) [2]. The electrical signal that goes to the shaker has the same amplitude for each
component. However, the dynamic response of the system composed by shaker and structure acts as a filter
(with a low-pass tendency), causing the smoothing of higher frequencies. We acquired the data at 512 Hz,
i.e., the camera operated at 512 frames per second (fps).

From the fourth column of Table 4 we notice that the window lengthN varies with the number of sine waves.
We made this choice a posteriori by choosing the smallest window length that generates a sufficient sparsity
and guarantees that all frequencies are modeled, in order to avoid spectral leakage that would degenerate the
sparsity level. We remind that a single sine wave consists of two complex conjugate peaks, and a further
nonzero element is due to the static weight of the shaker (DC component).

Let us now present the estimation results. Fig. 8 refers to one sine and three measurement points (located at
x=0.370 m, x=0.500 m, x=0.630 m). The two graphs on left hand side refer to the state estimation (three
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Sinusoid # Sinusoid Freq. [Hz] min(nr) N

1 128 3 17
2 64 128 5 33
3 64 128 192 7 33
4 64 128 160 192 9 33

Table 4: Settings for the experiment with multiple sines.
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Figure 8: Results at iteration 1 for one sinusoid, obtained by considering 3 displacement sensors. Legend
(state estimation): 1st mode (—–); 2nd mode (- - -); 3rd mode (· · ·). The thick green lines are a reference from
the model, the thick blue lines are the CS-MHE estimation, confined into two thin blue lines that represent the
confidence level (MPFn ± 3σn). Legend (input estimation): reference values (- - -×); CS-MHE estimation
(—–◦); CS-MHE nonzero components (—–•).
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Figure 9: Results at iteration 1 for two sinusoids, obtained by considering 5 displacement sensors. Legend:
see Fig. 8.

position modal participation factors (MPFs) – top, and their time derivatives – bottom). We obtained the
green curves by evaluating the states with the model and the measured force, while the CS-MHE estimates
are in blue. Consequently, a mismatch between those curves indicates a poor model accuracy for that specific
load. The third eigenmode (mode ID 8 in Table 3) dominates the beam response, not surprisingly since this
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Figure 10: Results at iteration 1 for three sinusoids, obtained by considering 7 displacement sensors. Legend:
see Fig. 8.
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Figure 11: Results at iteration 1 for three sinusoids, obtained by considering 15 displacement sensors. The
± 3σ interval that falls outside the graph equals approximately ± 30. Legend: see Fig. 8.

eigenmode is the closest to the excitation frequency. The results of the input estimation are in the remaining
four graphs of Fig. 8 (middle and right hand side). The reference values (green curves) come from the
impedance head, to which we added the static weight of the shaker. By looking at the real and imaginary
parts of the input (middle graphs) as well as the magnitude and time domain transformation (right graphs),
we see that the input estimation (solid blue) follows well the measurements.

Next, Fig. 9 shows the results with two sine waves. We did not manage to estimate accurately both compo-
nents keeping the same window length as the previous case, due to the deteriorated sparsity resulting from the
extra component. Consequently, we choseN = 33, being this the next smallest number that includes the two
frequencies indicated in Table 4. For an idea about the sparsity requirements we refer again to Eq. 5 (right)
[6]. It is worth mentioning that in general every combination of number of sensors and sparsity requires a
different calibration of the system, and this applies especially for the balancing weight λ. Accordingly, we
tuned each scenario following the procedure indicated in reference [1].

Adding a third component produces the results of Figs. 10 and 11, where the importance of a good calibration
becomes clear. From Fig. 10 we see that the third component is not being captured, which may suggest that
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Figure 12: Results at iteration 1 for four sinusoids, obtained by considering 9 displacement sensors. Legend:
see Fig. 8.
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Figure 13: Results at iteration 1 for four sinusoids, obtained by considering 15 displacement sensors. Legend:
see Fig. 8.

the window is too short. However, we can detect all components by keeping the same window length and
adding measurement points (Fig. 11). This encourages the following two considerations:

• In case we want a minimum number of measurement points (governed by observability requirements),
we may need to rely on the results in Fig. 10. These offer the smallest mean square error (MSE) for
the given set of tuning parameters. The third component has a small amplitude in comparison with the
other components, and it is likely that the filter treats it as noise.
In case the third component is crucial for a specific application, we could attempt a finer tuning or
alternatively we could choose a lower λ in order to relax the weight on the sparsity requirement, at the
price of a possible higher MSE [1].

• In case the number of measurement points is not fixed, then adding measurements may be the way to
proceed, as we pointed out in Fig. 11. In this context, it is important to underline that adding measure-
ments also come with additional noise, which clearly reflects on the covariance of the optimization
problem. In other words, adding a measurement does not always generate better results, since it may
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# sines N nr λ εQ εR
[
mm2

]
Error [%] Fig.

1 17 3 0.34 2.0 2·10−4 0.6 8
2 33 5 0.17 1.9 1·10−3 4.1 9
3 33 7 0.17 0.3 1·10−3 5.2 10
3 33 15 0.21 0.3 1·10−3 4.8 11
4 33 9 0.04 0.3 1·10−3 6.7 12
4 33 15 0.07 0.3 1·10−3 6.8 13

Table 5: Settings for the experiment with multiple sines.

deteriorate the matrix conditioning. Such aspect plays an important role with our camera based mea-
surements, where each point offers a different uncertainty due to the quality of the marker detection
(that involves the marker itself in terms of typology, condition, positioning and light level), which we
assumed to be the same for each marker. We can see how this affects the numerical stability of the
covariance matrix by looking at the wide uncertainty bands of the third component in Fig. 11. Con-
cerning this aspect, we believe that a rigorous noise assessment of the camera measurement system
can improve the estimation results.

Finally, Figs. 12–13 show the results with four Fourier components and nr = 9 and 15, respectively. To
obtain these graphs we lowered λ not to fall into the problems that we already mentioned with regard to
Fig. 10. In Fig. 12 we can see that with 9 sensors the CS-MHE does not capture the component with the
lowest amplitude, whereas its neighboring frequencies become active instead. Having 15 sensors such as in
Fig. 13 overcomes this issue. Further simulations indicated that this tendency applies also in case of longer
windows, suggesting that it is not worth to further extend the estimation window.

5 Discussion and conclusions

We preformed the exercise of an increasing number of Fourier components in order to investigate the require-
ments and limits of the CS-MHE in terms of number of measurements, window length (and consequently
number of basis functions in the dictionary) and tuning parameters (covariances and weight of the CS term)
for an increasing sparsity. We showed good estimation results, but at the same time we are not yet able to
identify clear relations that would bring the CS-MHE to a more mature technological stage. Table 5 shows
the settings for the CS-MHE, where εQ and εR are weights on the diagonal of the model and measurements
covariances (Q and R), respectively. In the second-last column we indicate an error in time domain (i.e.,
after the inverse Fourier transform), averaged within the estimation window and computed as percentage
with respect to the peak-to-peak amplitude that results from the sum of all active Fourier components. It is
not a rigorous metric since a small phase discrepancy can have a big influence, but it gives an indication on
the results accuracy, which we expect to further increase after a few iterations of the CS-MHE.

The model error has a significant effect on the experimental results, especially in relation to the input, i.e.,
the accuracy of the modal participation factors is a key element for the force estimation. Different Fourier
components at different frequencies do not have the same weight in the estimation, since their amplitude
is scaled according to the dynamics of the system. Furthermore, different Fourier components excite the
structure eigenmodes in a different way. Each eigenmode has a certain modeling error, resulting in the
need to vary the covariance associated to the model in order for the filter to perform better. Accordingly, a
comparison that takes into account only the number of Fourier components can be misleading, since their
magnitude and frequency (connected to a certain modeling error) play an important role. In addition, a poorly
modeled damping (which is likely to happen in practice) affects the dynamic response in neighborhood of
the eigenmodes in a much stronger way than in other portions of the spectrum. In other words, a model may
result to be less accurate in case of a broadband excitation. All these statements are typical considerations in
model based estimation problems, where in general a good model improves the estimation accuracy.
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Several factors determine the accuracy of the measurements. These include systematic as well as stochastic
phenomena. First, the light has a strong influence on the measurement error. Furthermore, the quality of the
markers, the accuracy of their locations and the chosen image processing algorithm cause systematic errors.
At the same time, the stochastic behavior which is typical of measurement system is present. All uncertainties
are also linked to the hardware, and in particular to the camera location, resolution, quantization and optics.
Consequently, different measurement points have a different accuracy. Some points add less noise to the
problem than others, and thus an increase in the amount of measurements may result in an improvement as
well as a deterioration of the estimates. This aspect links to numerical stability and constitutes an interesting
open point for future research.

The size of a Fourier dictionary depends on the length of the estimation window, within which the input
should be as sparse as possible due to compressive sensing and observability requirements. This raises
the question weather a relatively long window (static or possibly shifting in time by a whole window length)
would outperform a more traditional MHE scheme for what the accuracy of the input estimation is concerned
(we refer to a traditional MHE scheme as a MHE that aims at a short window for computational speed,
shifting in time by one time step and relying on an accurate arrival cost). In the experiments of this paper we
did not vary the window length by unity steps, not to introduce spectral leakage, i.e., we always made sure
that the frequencies of all active Fourier components of the input were modeled within the window. Current
research is investigating a few approaches to cope with possible spectral leakage.

In this paper we showed a few experimental examples in which we employed a Fourier dictionary in order to
model a periodic load. We chose a linear model, but the procedure can be extended to nonlinear systems pro-
vided that the state-space matrices are adapted accordingly. Possible applications include rotating machinery,
where loads have a quasi-periodic nature. The experiments involved the topics of FE modeling, modal anal-
ysis, model update, model order reduction and high-speed camera measurements. We presented a series of
experimental tests with an increasing number of Fourier components, in order to assess the feasibility domain
of the CS-MHE in terms of number of measurement points, window length and system calibration needed in
relation to sparsity. The experiments showed an accurate input estimation and at the same time they allowed
to spot a few open points for future research, with the final aim of finding mathematical relationships that
can bring the CS-MHE to a more mature technological stage.
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[30] J. Javh, J. Slavič, M. Boltežar, The subpixel resolution of optical-flow-based modal analysis, Mechani-
cal Systems and Signal Processing, Vol. 88, (2017), pp. 89–99.
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Abstract 
In order to study the phenomena that surrounds structure-borne noise mechanisms, it is necessary to have 

complete control over the structural excitation source, or equivalently, control over the forces injected into 

a structure. In other words, it is necessary to accurately reproduce operational forces on the structure under 

study. The control over the excitation source is usually managed simply by defining a desired input signal 

with a particular amplitude or frequency profile. However, this approach is rather incomplete since the 

profile defined does not take into account the modifications resulting from the interaction between source 

and structure. If the idea is to inject into the structure an exact copy of a reference force signal, an active 

controller can be used prior to the amplification stage in order to adjust amplitude and phase to obtain such 

copy of the reference force at the injection point on the structure. The following work describes the 

adaptive controller implemented for such an objective and discusses test results obtained in the laboratory. 

1 Introduction 

In the aeronautics industry, Ground Vibration Tests (GVT’s) are a well stablished testing procedure meant 

to characterize structural behavior of aircrafts. Such applied methodology serves as key part not only in 

the understanding of aeroelastic stability but also provides relevant data used to validate analytical models 

that ultimately become part of the certification process of airworthiness [1]. In summary, GVT’s are able 

to accurately describe the fuselage response by means of artificial excitation of the structure. There are 

two other closely related methods to achieve similar objectives, Taxi Vibrations Tests (TVT) and Flight 

Vibrations Tests (FVT), the former consists in the replacement of the artificial shaker excitation by the 

natural vibrations generated during aircraft taxiing [2] and the later uses the operational vibration 

generated on the fuselage during flight [3].  

Any current structural testing procedure in the field of aeronautics uses one, or a variation, of these 

methods. From the excitation point of view, the most common strategy is to use arbitrary, but known, 

excitation signals, e.g. white noise or sine sweeps. This provides the necessary flexibility to obtain, for 

instance, frequency response functions, modal parameters, etc.  

One could easily argue that a FVT will provide the perfect type of excitation since it is in fact an 

operational condition, however the elevated costs associated with flight tests make this option unfeasible 

in most cases. Moreover, such type of excitation, although ideal for many applications, is completely 

unknown and difficult to quantify since there are multiple sources acting on the fuselage during flight. The 

unavailability of such excitation reference will limit the types of processing that can be performed, e.g. 

modal masses can’t be obtained. 

During recent years [4], vibroacoustic topics had drawn considerable attention in the aeronautic industry. 

This is given by the fact that concerns have been shifted from safety and reliability topics of previous 

decades of research to cabin quality and passenger comfort. This current trend has pushed the 
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development of new tools and methodologies in order to face these new challenges [5]. A set of refocused 

topics has emerged from the interest in understanding how vibroacoustics play a crucial role in the cabin 

noise. 

Given the fact that the starting points of all vibroacoustic phenomena are vibrations propagating on a 

structure, it is necessary to have a suitable excitation system capable of reproduce real flight operational 

conditions. If we forget for one second the effect of the Turbulent Boundary Layer, the solely source 

responsible for vibrations on the fuselage at low frequencies are the loads generated by the rotating 

components of the engines. 

Through simulation, it is possible to accurately calculate the loads generated at connection points between 

engines and fuselage. However, a key problem arises at the moment when you try to reproduce those loads 

on the structure, since there is no way to compensate for the modifications introduced by the system 

created between amplifier, shaker and structure. Such unaccounted system will certainly change the 

predefined reference loads. Nonetheless, if the reference loads signal is available, it can be used to design 

an active excitation system able to generate and inject into the structure an exact copy of the simulated 

loads. As we will show in the following sections, such real-time excitation system is based on an adaptive 

controller. As part of the development process, as a first step a single-input single-output (SISO) controller 

was investigated and implemented. The fundamentals of this system served later on as a stepping stone for 

the more complex multi-input multi-output (MIMO) controller. Such multichannel system is part of our 

long-term goal to create a system able to reproduce forces in the three directions of space plus its 

associated moments.  

Therefore, if we could implement a system able to excite a structure in a realistic manner, mimicking true 

loads, such system will allow to study the vibroacoustic behavior of a structure in the most accurate way 

possible. Such opportunity will help, for example, in the better understanding of structure—borne noise 

mechanisms of different parts of a fuselage or will assist in the determination of relevant energy 

transmission paths between sources and receivers. 

2 Controlled excitation 

The type of problem presented in this scenario, where it is required to inject on a structure a copy of an 

arbitrary reference force signal, seems to be a perfect candidate for an active control solution. The two 

main reasons for this are the availability of a reference signal, in this case the load forces, and the need to 

compensate a relatively stable plant. In this particular case the plant consists of the path created between 

amplifier, electrodynamic shaker, the structure and a force cell used to quantify the injected force, Figure 

1 shows the configuration of the plant. 

 

Figure 1: Schematic of the plant which consists of a shaker, a structure and a force cell (denoted by the red 

dot) that quantify the injected force into the structure. 

The type of configuration described above is known as inverse control, since the task of adaptive process 

is to generate an inverse system �̂� of the plant P. If this is successfully accomplished, the output of the 

plant will be an unmodified copy of the reference force signal. The typical schematic of an idealized 

inverse controller is shown in Figure 2, where �̂� represents the compensation filter of the plant P, driven 

by the adaptive procedure. The error signal represents the deviation of the output of the plant in 

comparison with the reference force signal at the input of �̂�. 
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Figure 2: Diagram of an idealized adaptive inverse controller. 

There are multiple options available to implement the adaptive algorithm. From the most simple and 

reliable LMS variations to the most sophisticated and demanding RLS variations.  

According with this type of application, the following algorithms were tested in order to find the best 

tradeoff between speed of convergence and overall quality of output signal: NLMS, Correlation-LMS, 

DCT-LMS and RLS. The comparisons showed that all algorithms performed fairly well. After this 

comparison and considering that there is no requirement of high speed tracking of the reference signal, it 

was decided that the NLMS was the proper choice at this stage. Having the simplicity of an NLMS 

algorithm will make it easier to debug any problem that could potentially appear during the 

implementation on hardware.  

The idealized system shown in Figure 2 is the most basic configuration for an inverse controller. However 

this simplicity helps to illustrate how such configuration works. Unfortunately, such idealized controller is 

not able to work properly on a real implementation since it requires conditions that are almost impossible 

to obtain, e.g. that there is no internal disturbance at the output of P. One of the options suggested in the 

literature [6]  that can be used for an actual implementation, has a configuration similar to what is called 

filtered-x LMS (Fx-LMS) algorithm. This configuration is well known and widely used in Active Noise 

Control applications [7].  

One of the characteristics of this configuration is that the control filter �̂� is not applied directly to the plant 

P but rather to a modeled version �̂� of the plant. The Fx-NLMS configuration ensures stable inverse 

control of the plant even in the case where there are errors in the modeling of �̂�. Independently of how �̂� 

is modeled, online or offline, the complete control system can be summarized in Figure 3. In this schema 

it is assumed that on a previous process the plant �̂� was identified and now a copy is connected at the 

input of the control filter �̂�. Under certain conditions it could be desired that the plant does not track 

directly the Reference signal but rather a delayed or modified version of the Reference. The introduction 

of the Reference model M serves this purpose. 

 

Figure 3: Diagram of inverse controller with added reference model. 
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3 Simulations 

Although multiple simulations were performed during the development processes in order to test different 

algorithms, a simple example is presented here for the purpose of illustrating the general behavior of the 

controller. In this example, an arbitrary plant P with a low-pass characteristic was chosen. This fact is 

evidenced by the spectral profile of the Control OFF curve in Figure 5, which will be discussed shortly. 

The reference signal was defined as the sum of four sinusoids with frequencies 30, 50, 170 and 240 Hz. 

In the following figures, time and frequency comparisons are presented between the Reference that 

represents the desired signal that should be injected into the structure, Control OFF that represents the 

signal obtained at the output of the plant when no control is performed (bypassing �̂�) and Control ON is 

the same as the latter but now the controller �̂� is operating. All these curves are shown in Figure 4 and 

Figure 5. The time domain comparison, in Figure 4, presents two important characteristics, firstly, the 

evident difference between the Reference signal and the Control OFF signal given by the effect of the 

transfer function of the plant P. This means that when there is no control applied, the injected signal into 

the structure does not resemble the predefined Reference signal. The second characteristic worth to 

mention is the evolution of the Control ON signal and its convergence to the Reference signal as time 

passes. This means that, as it was designed, after some time the controller �̂� will compensate the influence 

of the plant P and will inject a proper copy of the Reference signal into the structure. The spectral 

comparison presented in Figure 5 shows a similar result, a disparity between Reference and Control OFF 

signals; and subsequently a perfect matching between Reference and Control ON signals. 

 

Figure 4: Comparison of signals evolution. 
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Figure 5: Comparison of resulting spectra. 

The task performed by the adaptive filter �̂� can be described by the evolution of its coefficients. Equally 

important, at the core of the adaptive process is the evolution of the error signal, which is responsible for 

driving the coefficients of �̂� in the update equation of the LMS algorithm. The relationship between the 

progression of the error and the controller �̂� can be observed in Figure 6. 

4 Hardware realization and Experimental results of a SISO system 

The last stage in the development process of the active controller was the implementation of the 

previously described algorithm into specialized hardware running in real time. The whole controller was 

implemented in two separate steps, firstly the plant P was identified and then a copy of P was used to run 

the Fx-NLMS inverse control. For this purpose the algorithm was developed using Simulink and an 

ADwin-Pro II T12 system. 
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Figure 6: Illustration of error and coefficients evolution of the presented simulation. 

In order to evaluate the correct operation of the system, a laboratory experiment was designed. The idea 

was to define a reference signal with a narrow band profile that resembles a low pass filter characteristic 

but with a non-flat response, as seen in Figure 7. In this way, the performance of the controller will be 

evaluated under, although limited, broadband condition that is still relevant for the use cases of structural 

excitation. The chosen frequency range was from 0 to 120 Hz. 

The test structure used was a single aluminum plate of 1 x 0.8 x 0.03 m, with an asymmetric milled pattern 

that resembles the skin fields, stringers and frames typically found in fuselage structures. The thickness of 

the skin fields, stringers and frames was 1, 5 and 10 mm respectively. The plate was suspended using 

bungee cords in order to generate free displacement boundary conditions. As seen in Figure 8, a shaker 

and an impedance head were screwed to an anchor point of the plate. From the impedance head, the force 

signal was used to generate the error signal by comparing the actual injected force with the predefined 

force reference signal. 

A spectral comparison of the reference and control signals is shown in Figure 7; there it is possible to 

assess the correct operation of the controller under narrow band excitation. In addition, a second 

evaluation is made by calculating the transfer function between the input and the output of the whole 

system, from the Reference signal fed into the controller �̂� up to the output of the plant using the signal 

coming from the force cell. As before, two conditions are evaluated, Control ON and OFF. The 

comparison of the frequency response function for both conditions is made in terms of their magnitude 

and phase, as shown in Figure 9. The results presented there provide evidence about the correct operation 

of the controller. Firstly, the adjustment of the magnitude around 1 means a close match between the 

injected force into the structure and the predefined reference. Secondly, a similar behavior takes place 

with the phases of both cases, where the Control ON condition displays a relatively flat line around 0 rad. 

All this means that the controller is properly working and is able, for the most part, to calibrate the 

injected force using the predefined Reference signal.  
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There are, however, three distinctive peaks that appear in the higher frequency region, this peaks are 

associated with the natural modes of the plate. Their presence there is somewhat expected; it is possible to 

identify two important factors that can influence their appearance here. In the first place, the structure used 

is highly undamped which can greatly increase the interaction between the injected force and response of 

the plate. Near resonances, any small out-of-phase displacement between the structure and the force cell 

can generate a seemingly large signal at the output of the force cell. Secondly, the assumption that the 

shaker is behaving as a linear time invariant (LTI) system is not necessarily true, at least up to some 

degree. One option to minimize this effect could be to perform an online identification of the plant �̂� in 

order to compensate any variation over time while the inverse controller is running. 

 

 

Figure 7: Spectral comparison of reference and control signals. 

 

Figure 8: Aluminum plate used as test structure in a SISO configuration. 
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Figure 9: Frequency response function comparison in terms of magnitude and phase relatively to the 

reference signal. 

5 Hardware realization and Experimental results of a MIMO system 

The next step in the development of the system was to extend its capabilities to be able to provide three-

dimensional controlled excitation, i.e. in each direction of space. The extension from a SISO controller, as 

described previously, to a MIMO implementation required certain modifications of the algorithms. The 

previously shown implementation relies on the fact that SISO system are commutative, i.e. P(z) C(z) = 

C(z) P(z). However, such a property is in general not true for MIMO systems as pointed out by Plett [8]. 

Special care needs to be taken in the order of how the transfer function matrix of the controller C is 

manipulated. Plett also introduces a highly efficient controller by using a Recursive Least Square (RLS) 

update strategy. It is a well-known fact that RLS algorithms, although fast, are computationally 

demanding. During the development phase it was clear that the AD-win system was not able to run the 

controller at the required sampling rate with a RLS algorithm. Therefore, a simplified version was 

implemented with an LMS algorithm, in a similar manner as the SISO controller. The cost of this decision 

is carried by the speed of convergence, however for our application it has a low impact if we have to wait 

a little longer before the control coefficients settle and the optimal solution is reached. 

For the evaluation of the MIMO implementation, the same aluminum plate was used but this time three 

shakers were attached, one per spatial direction as seen in Figure 10. In this case, three different frequency 

profiles were arbitrarily defined. As in the previous SISO case, these profiles serve as the target reference 

that the controller will try to replicate at the injection point of the structure. The profiles were integrated 

into the controller as part of the reference model M, see Figure 3. The input signal was wide band white 

noise. The result of the evaluation is summarized in Figure 11, where the Reference profiles and the 

Control ON condition are shown. There, each color represents one direction in space, the solid and dashed 

lines represent the Reference and the Control ON respectively. From Figure 11 it is possible establish the 

correct operation of the controller. The good agreement among references and resulting profiles illustrates 

the proper generation of control coefficients and the successful application of the compensation filter C to 

the input signal. In X direction, it is possible to notice a relatively small difference of 0.6 dB between 
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Reference and Control ON in the region of interest. In Y direction, vertical excitation, the difference 

between both curves seems to increase in the upper frequency range. We assume that in this direction the 

suspension of the plate negatively affects the result. It is not unreasonable to assume that the non-linear 

effect of the bungee cords suspension escapes the control capabilities of the system making it appear as a 

less favorable result. In order to validate this assumption, a new configuration of suspension is being 

designed to minimize its influence and will be evaluated in the near future. The Z direction presents an 

almost perfect match between Reference and Control ON profiles. 

 

Figure 10: Aluminum plate with MIMO configuration. 

 

 

Figure 11: Spectral comparison of MIMO controller, references vs. control ON condition. 
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Concluding remarks 

In this paper we examine the application of an active system to perform controlled structural excitation. 

Simulations and laboratory test show that it is possible to successfully apply a calibrated excitation for 

either multi-tonal or broadband signals in accordance with an arbitrary predefined signal reference or 

model reference. A SISO and a more sophisticated MIMO controller were presented and evaluated. The 

successful implementation of both configurations was demonstrated through laboratory experiments. Both 

controllers were able to reproduce reference forces with great accuracy.  

Future work will move forward by improving control around resonances, improve speed of convergence 

and extending the current system to be able to control moments. 

Acknowledgement  

This project has received funding from the Clean Sky 2 Joint Undertaking under the European Union's 

Horizon 2020 research and innovation programme under grant agreement No  

CS2‐LPAGAM‐2014‐2015‐01.  

 

References 

 

[1]  D. Göge, M. Böswald, U. Fullekrug and L. Pascal, "Ground Vibration Testing of Large Aircraft - 

State-of-the-Art and Future Perspectives," in Proceedings of the 25th International Modal Analysis 

Conference (IMAC XXV), Orlando, 2007.  

[2]  M. Böswald and Y. Govers, "Taxi Vibration Testing - An Alternative Method to Ground Vibration 

Testing of Large Aircraft," in Proceedings of the International Conference on Noise and Vibration 

Engineering - ISMA 2008, Leuven, 2008.  

[3]  J. Meijer, "Introduction to Flight Test Engineering - "Aeroelasticity"," RTO AGARDograph 300 Vol. 

14, 2005. 

[4]  J. Biedermann, R. Winter, M. Norambuena and M. Böswald, "Classification of the mid-frequency 

range based on spatial Fourier decomposition of operational deflection shapes," in 24th International 

Congress on Sound and Vibration (ICSV24), London, 2017.  

[5]  R. Winter, J. Biedermann, M. Böswald and M. Wandel, "Dynamic characterization of the A400M 

acoustics fuselage demonstrator," in Inter-Noise 2016, Hamburg, 2016.  

[6]  B. Widrow and E. Walach, Adaptive Inverse Control, Prentice-Hall Inc., 1995.  

[7]  S. Elliott, Signal Processing for Active Control, London: Academic Press, 2001.  

[8]  G. Plett, "Efficient linear MIMO adaptive inverse control," Adaptation and learning in control and 

signal processing, vol. 34, no. 14, pp. 89-94, 2001.  

 

 

1512 PROCEEDINGS OF ISMA2018 AND USD2018



Microphone random arrangements for near-field acoustic 
holography based on compressive sampling 

B. Du1, X. Liu1, X. Wu1, Z. Wang1 

1 Kunming University of Science and Technology, Faculty of Mechanical and Electrical Engineering 

No. 727 Jingming South Road, Kunming, Yunnan, China 

e-mail: liuxqsmile@gmail.com 

Abstract 
In traditional near-field acoustic holography (NAH), regular grid array microphone is used and distance 

between adjacent microphones has to be less than half wavelength of the highest frequency. This makes 

unacceptable array cost for large sound sources. The Microphones can be arranged randomly in NAH 

based on compressive sampling, which can reduce microphones potentially. In this paper, NAH principle 

with compressive sampling is introduced firstly. Then reconstruction accuracy of random arrangements is 

compared with grid ones on premise of signal sparse representation. To reduce the microphone number 

further, random arranged microphones are optimized by Particle Swarm Optimization. It shows that most 

microphones are concentrated on the sound sources. Finally, the method of microphone arrangement with 

mixture Gaussian distribution is proposed. Both simulation and experimental results show that this method 

can achieve better reconstruction results with less microphones than random arrangement. 

Keywords: planar near-field acoustic holography; compressive Sampling; microphone arrangement; 

mixture Gaussian distribution 

1 Introduction 

Near-field acoustical holography (NAH), firstly proposed by Maynard et. al., is an effective sound source 

localization and sound field visualization technology [1, 2]. The NAH theory research and development of 

the measurement system are mostly based on spatial Fourier transform, which has many advantages such 

as completeness, easy to implement, and fast calculation [2-4]. However, the method requires that the 

microphones of holography must be arranged regularly as grid, and the interval between adjacent 

microphones should be less than half of minimum wavelength of the sound, according to the spatial 

sampling theorem. A large number of microphones are needed to perform NAH on large sound sources 

with high frequency. The limits the application of NAH [5]. In 2010, Mingsian R. Bai compared 

microphone arrays of sparse, random and regular arrangement based on Equivalent Source Method 

(ESM), and concluded that the reconstruction accuracy has no particular advantage when the microphone 

is arranged randomly [6]. 

In 2012, Gilles Chardon introduced Compressive Sampling (CS) into planar NAH, and the feasibility of 

the method was verified by experiment [7]. The main advantage of this method is that high reconstruction 

accuracy can be obtained with fewer microphones placed sparsely and randomly on holography, which 

brings great potential for the practical application of NAH. 

Literature [7] proves that if the microphones on the array are arranged randomly or pseudo-randomly under 

the condition of signal sparsity, the velocity distribution of the planar sound source can be reconstructed 

with high accuracy. Hald recommends using random, uniform microphone arrays in Wideband Acoustical 

Holography (WBH) as well [8]. However, the sound sources of literature [7] are from the modes of an 

aluminum plate, whose vibration states are more uniform on the natural frequencies of excitation signal, 

which means, the noise source are evenly distributed. In real applications, the actual noise source is 

uneven in many cases, and the number and location of the noise sources are predictable generally. If the 
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microphones on the array can be arranged according to the predictive information, it will be able to obtain 

higher reconstruction precision with fewer microphones. 

In this paper, firstly, the method of NAH based on Compressive Sampling is analyzed from three aspects: 

signal sparse representation, measurement matrix design and signal optimization and reconstruction. Then 

the reconstruction results are compared between regular arrangement and random arrangement of the 

microphone array on uniformly distributed sound sources. On this basis, the microphone distribution is 

optimized with Particle Swarm Optimization (PSO) method on the sound sources of uneven distribution. 

Finally, a random placement method based on mixture Gaussian distribution for microphone array is 

proposed, and the effectiveness of the method is verified by simulation and experiment. 

2 Planar NAH based on compressive sampling 

Compressive sampling based NAH is an innovative application of the compressive sampling theory to 

solve the inverse problem of acoustic radiation. The procedure of the method includes the sparse 

representation of the signal, the linear observation of the signal and the reconstruction of the signal [9]. 

2.1 Sparse representation 

The sparsity of the signal is the basis and premise of the theory of compressive sampling. Whether the 

sparsity of the signal can be represented flexibly and comprehensively, indicates a direct impact on the 

perceived efficiency of the signal [10]. In planar NAH, it is assumed that the particle velocity of the 

reconstructed surface is approximately sparse in an appropriate transform basis: 

𝑉𝑧(𝑥, 𝑦, 𝑧𝑠) ≈ 𝐷𝜃                                                                          (1) 

Where 𝑉𝑧(𝑥, 𝑦, 𝑧𝑠)  denotes the particle velocity of on the reconstruction plane located at 𝑧𝑠  in wave 

number domain, 𝑥  and 𝑦  denote the spatial coordinates on directions x and y, 𝐷 ∈ 𝑅𝑁×𝑁 denotes the 

transformation base, and 𝜃 ∈ 𝑅𝑁×1 denotes the sparse coefficient.  

For different transformation base, the numbers of nonzero elements in the sparse coefficients 𝜃  are 

different. The less the nonzero elements, the sparser the particle velocity is on the transform base, and the 

original signal can be reconstructed with higher precision. 

According to Kirchhoff-Love, the particle velocity of the planar source can be decomposed as propagating 

waves and evanescent waves:     

𝑣𝑧(𝑥, 𝑦, 𝑧𝑠) ≈ (∑ (∝𝑛 𝑒𝑖𝑘𝑛⃗⃗⃗⃗  ⃗∙𝑥 
𝑛 + 𝛽𝑛𝑒𝑘𝑛⃗⃗⃗⃗  ⃗∙𝑥 )) ∙  1 ,S x y                                        (2) 

In the equation (2),  1 ,S x y  limits the plane wave to the range of the source 𝑆, which is a rectangular 

region of the wavenumber field, and the length and width are 𝐿𝑥 = 2𝜋 𝑘𝑥⁄ , 𝐿𝑦 = 2𝜋 𝑘𝑦⁄  respectively. 

Since the distance between the holography surface and the reconstruction surface is very small, evanescent 

waves are approximated as propagating waves in the sparse representation of the particle velocity. In other 

words, the particle velocity is sparse on the Fourier transform base, and the Fourier transform of the sparse 

coefficient   can obtain the particle velocity on the reconstruction surface. 

2.2 Measurement matrix 

Theoretically, it is necessary to construct the measurement matrix to observe the particle velocity of the 

reconstruction surface, and obtain the sound pressure values on the holography surface. In NAH based on 

compressive sampling, the measurement matrix is corresponding to the pattern of the microphone array. 

Each column of measurement matrix 𝐻 ∈ 𝑅𝑁×𝑁 (𝑀 ≪ 𝑁) can be regarded as a sensor and senses part of 
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the information of particle velocity on holography surface 𝑣𝑧. The measured sound pressure 𝑝𝑧(𝑥, 𝑦, 𝑧𝐻) ∈
𝑅𝑀×1 is obtained by the linear observation of 𝑣𝑧 by H, as equation (3). 

𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) ≈ 𝐻𝑉𝑧(𝑥, 𝑦, 𝑧𝑠)                                                             (3) 

where 𝐻 = 𝐹(ℎ𝑁(𝑥, 𝑦, 𝑧𝐻)), and 𝐹 represents two-dimensional Spatial Fourier Transform, and 

ℎ𝑁(𝑥, 𝑦, 𝑧𝐻) = −𝑖𝜌𝑐𝑘𝑒−𝑖𝑘�⃗⃗� 

2𝜋�⃗⃗� 
                                                       (4) 

Where 𝑐 is the velocity of sound in the air, 𝜌 is the air density, 𝑘 is the wave number, and 𝑟  is the position 

of the microphone. 

The time domain convolution of the equation (3) is calculated to avoid the truncation caused by the 

spatial Fourier transform, as equation (5). 

𝑝𝑧(𝑥, 𝑦, 𝑧𝐻) = ℎ𝑁(𝑥, 𝑦, 𝑧𝐻)⨂𝑣𝑧(𝑥, 𝑦, 𝑧𝑠)                                              (5) 

2.3 Optimization and reconstruction 

By combining equations (1) and (3), the sound pressure Pz on the holography surface can be calculated by: 

   𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) = 𝐻𝐷𝜃                                                                   (6) 

The reconstruction of the signal is achieved by solving an optimization problem as the following equations

： 

   {
min‖𝜃‖0

𝑠. 𝑡. 𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) = 𝐻𝐷𝜃0
                                                                    (7) 

According to the above equation, a unique sparse coefficient 𝜃0 can be found. The particle velocity 𝑉𝑧 . of 

the reconstruction surface can be restored by multiplying 𝜃0 with the dictionary 𝐷. However, equation (7) 

is a non-convex optimization problem under 𝑙0 pseudo-norm. In order to solve the sparse coefficient 𝜃0, 

we must search all possible nonzero combinations in 𝜃.  

Obviously, solving the above problems is extremely difficult. Donohue et al. proposed that the non-

convex optimization objective of equation (7) can be replaced by the 𝑙1 norm under the condition that the 

matrix HD satisfies the Restricted Isometry Property (RIP) [11]. 

{
min‖𝜃‖1

𝑠. 𝑡. 𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) = 𝐻𝐷𝜃
                                                                      (8) 

Thus, the optimization problem of (7) is transformed into a convex optimization problem, which can be 

solved by optimization algorithms. In practice, due to the presence of noise, it is necessary to balance the 

reconstruction accuracy and computational complexity. If the required accuracy is too high, the 

calculation will consume a lot of time. In this paper, the Basis Pursuit De-Noising (BPDN) algorithm 

developed by M. P. Friedlander is used to solve the convex optimization problem [12]. The reconstruction 

error is denoted by , and equation (8) can be rewritten as: 

    {
min‖𝜃‖1 

𝑠. 𝑡. ‖𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) − 𝐻𝐷𝜃‖2
2 ≤ 𝜀

                                              (9) 

3 Array optimization for evenly distributed sound sources 

3.1 Simulation settings 

In order to compare the reconstruction results of microphone arrays with the regular grid arrangement and 

random arrangement, 25 uniformly distributed point sources are combined as a planar sound source. The 

point sources are on a 5×5 rectangular grid with grid interval of 0.6m. The radius of each sound source is 
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0.01m. The square holography surface with edge of 4m is 0.1m parallel to the sound source. A total of 

1600 microphones on a 40×40 square grid (grid size 0.1m) are placed on the holography surface. The 

reconstruction results from the 1600 microphones are used as reference for other settings.  

Three simulations are carried out with the frequencies of the sources are set to 300, 1600, and 3200Hz, 

respectively. For each simulation, a regular grid array and a random array with the same number of 

microphones are constructed on the same holography surface of the 1600-microphone array. The number 

of microphones for the three frequencies are 144, 400, and 784, respectively. Therefore, the regular arrays 

for the three frequencies are 12×12, 20×20, and 28×28. 

To quantitate the reconstruction errors of different arrays, the particle velocity reconstructed from the 

1600-microphone array is taken as true value. The reconstruction errors on particle velocity of other arrays 

are calculated by the correlation coefficient between the arrays and the 1600-microphone array, as in 

equation (10). 

𝐸𝑟𝑟𝑜𝑟 = 1 −
𝑣𝑧(𝑥,𝑦,𝑧𝑆)𝑇𝑣𝑧(𝑥,𝑦,𝑧𝑅)

‖𝑣𝑧(𝑥,𝑦,𝑧𝑆)‖2·‖𝑣𝑧(𝑥,𝑦,𝑧𝑅)‖2
                                             (10) 

Where 𝑣𝑧(𝑥, 𝑦, 𝑧𝑆) is the particle velocity of regular 1600-microphone array, and 𝑣𝑧(𝑥, 𝑦, 𝑧𝑅) is particle 

velocity of regular or random array with less microphones. 

3.2 Simulation results 

Figure 1 shows the particle velocity of the reconstruction surfaces from the three arrays when the 

frequency of the sound sources is 300 Hz. Compared with the particle velocity obtained by reference array 

(Figure 1a), the random array with 144 microphones (Figure 1b) can also identify the exact location of the 

25 sources, and the boundaries between neighboring sources are clear. While on the regular grid array 

(Figure 1c), the 25 sources are mismatched as 9 sources only. 

 

a) 40×40 grid array;   b) random array of 144 microphones;  c) 12×12 grid array; 

Figure 1: Particle velocity on reconstruction surface of source frequency 300Hz  

Figure 2 shows the results of sound sources with frequency 1600Hz. The reconstructed result of random 

array with 400 microphones (Figure 2b) is nearly identical to the result of reference array (Figure 2a). 

While the sound sources cannot be identified from the result of grid array with 400 microphones (Figure 

2c). Similar results are obtained on sound sources of 3200Hz with arrays of 784 microphones, shown in 

Figure 3.  

Figure 4a shows the reconstruction errors of the regular and random microphone arrays with different 

number of microphones calculated by the equation (10). For sound of 300Hz, when the reconstruction 

error is below 0.2, more than 200 microphones are needed on the grid array, while only about 100 

microphones are needed on the random array. For all three frequencies, the random array shows great 

precision with less microphones than the regular array. 
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a) 40×40 grid array;   b) random array of 400 microphones;  c) 20×20 grid array; 

Figure 2: Particle velocity in reconstruction surface of source frequency 1600Hz 

 

a) 40×40 grid array;  b) random array of 784 microphones;  c) 28×28 grid array; 

Figure 3: Particle velocity on reconstruction surface of source frequency 3200Hz 

 

a) sound sources of 300Hz  b) sound sources of 1600Hz  c) sound sources of 3200Hz 

Figure 4: Reconstruction errors of regular and random arrays with respect to the number of microphones 

From Figure 4, we can see that as the frequency increases, the number of points required to achieve the 

same precision also increases. In general, it is better to arrange the measuring points randomly than 

regularly when the microphone number is limited, and the advantage is more obvious in the middle and 

low frequency band. 

4 Array optimization for unevenly distributed sound sources 

We have proved that random array needs fewer microphones than the grid array for evenly distributed 

sources. In practice, the distribution of the sound sources is generally uneven on the measurement surface. 

The number of microphones may be reduced further by placing microphones densely on the sources. In 

this section, Particle Swarm Optimization (PSO) is used to study the patterns of the optimal arrays for 

unevenly distributed sound sources. 
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4.1 Particle swarm optimization 

PSO is a random search algorithm which simulates the foraging behavior of birds. The algorithm is widely 

used and easy to implement. The flowchart of PSO is shown in Figure 6. 

  

Figure 6: flow chat of PSO 

Firstly, the initial population of M arrays are generated. Each array is an individual or a particle in the 

PSO. The microphones’ positions on each array are generated randomly. Then the optimized array can be 

fund by updating generations. In every iteration, each particle is updated by following two "best" values. 

The first one is called pbest, and is the best solution (fitness) this particle has achieved so far. Another 

value is a global gbest that is the best value obtained so far by any particle in the population. 

After finding the two best values, the particle updates its velocity as equation (11). 

𝑣𝑖(𝑡 + 1) = 𝑣𝑖(𝑡) + 𝑐1 × 𝑟𝑎𝑛𝑑() × (𝑝𝑏𝑒𝑠𝑡𝑖 − 𝑝𝑖(𝑡)) + 𝑐2 × 𝑟𝑎𝑛𝑑() × (𝑔𝑏𝑒𝑠𝑡𝑖 − 𝑝𝑖(𝑡)) (11) 

Where 𝑣𝑖(𝑡 + 1) is the new velocity for the i-th particle, 𝑐1 and 𝑐2 are the weighting coefficients for the 

personal best and global best positions respectively, 𝑝𝑖(𝑡) is the i-th particle’s position at time t, 𝑝𝑏𝑒𝑠𝑡𝑖 is 

the i-th particle’s best known position, and 𝑔𝑏𝑒𝑠𝑡𝑖  is the best position known to the population. The 

𝑟𝑎𝑛𝑑() function generates a uniformly random variable ∈ [0, 1]. 

The position of a particle is updated using: 

𝑝𝑖(𝑡 + 1) = 𝑝𝑖(𝑡) + 𝑣𝑖(𝑡 + 1)                                                    (12) 

The best values are found by evaluating the particle, which is to calculate the fitness of each particle in the 

population. In this paper, the fitness function is the reconstruction accuracy calculated by the equation 

(10). The algorithm does not need additional auxiliary information for judgment and only the fitness 

function is used to distinguish the individual's adaptability, which is the basis for the further operation of 

the subsequent particle group.  

Start

Initialization: Set maximum iteration number, seed 
number, learning rate, threshold, etc.

Particle For evaluation :individual optimal particles 

and global optimal particles

Update particles

Meet the threshold ?

Satisfies the number of 
iterations ?

Output optimization particle and optimization 
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Stop

NO

YES

YES

NO
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If the maximum number of iteration is reached, or the change of fitness values between adjacent iterations 

is less than a given threshold, the process terminates, and the particle with the best fitness is taken as the 

optimal solution, otherwise, the iteration continues. 

4.2 Simulation of array optimization 

Four point sound sources are simulated, two of which are located on the upper left corner and the other 

two on the lower right corner of the source plane(Figure 7). Sound source’s frequency is 300Hz, and the 

other options are the same as that in Section 3.1. Arrays containing 50 microphones are taken as particles 

in the particle swarm optimization algorithm. The population has 24 particles. 

The optimized array is shown in Figure 7c as small circles. And the particle velocity recovered is shown 

as color map at back ground. Figure 7a shows the reconstruction of particle velocity from the 40×40-

microphone array as ground truth of the sources. Figure 7b shows the recovered result and the pattern of a 

random array with 50 microphones. 

 

b) regular array of 1600 microphones  b) random array of 50 microphones   c) optimized random array of 50 

microphones 

Figure 7: Particle velocity of reconstruction with respect to arrays of microphones 

Compared to the result of the random array of Figure 7b, PSO optimized random array in Figure 7c 

achieves better reconstruction accuracy. The four sources can be distinguished nearly as clearly as the 

40×40 array. Moreover, it can be seen that the microphones on the optimized array are mainly distributed 

on the sound sources or their vicinities. 

In compressive sampling based NAH, the construction of the measurement matrix is equivalent to the 

arrangement of the microphones’ positions. Candes states that the measurement matrix obeying the 

Gaussian distribution is irrelevant to any orthogonal dictionary or over-completed dictionary [13]. As two-

dimensional Gaussian distribution has more samples on the center, which is similar to the optimized array 

shown in Figure 7c. So the Gaussian random matrix can be used as a universal measurement matrix. 

5 Microphone array of mixture Gaussian distribution 

5.1 Theory 

For the case where the sound sources are not evenly distributed, arrays obeying two dimensional Gaussian 

distribution are setup for the sources. Each array is concentered on a source or serval sources in 

conjunction. 

The probability density function of two-dimensional Gaussian distribution is defined as equation (11): 

   𝑁(𝑥, 𝑦, 𝜇𝑥, 𝜇𝑦 , 𝜎𝑥 , 𝜎𝑦) =  
1

2𝜋𝜎𝑥𝜎𝑦
𝑒𝑥𝑝 [−

1

2
(

(𝑥−𝜇𝑥)2

𝜎𝑥
2 +

(𝑥−𝜇𝑦)
2

𝜎𝑦
2 )]       (11)                            
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Where x  and y  are the ordinates of the microphone position, respectively. ,x yu u  are the means of the 

distribution. ,x y 
 
are the standard deviations of the distribution, which represent the lateral and 

longitudinal ranges of the array. For multiple sound sources, the probability density of the microphones 

obeys the mixture Gaussian distribution (MGD), which is defined as: 

𝑝(𝑥, 𝑦) = ∑
1

𝐶

𝑐
𝑘=1 𝑁(𝑥, 𝑦, 𝜇𝑥

𝑘 , 𝜇𝑦
𝑘 , 𝜎𝑥

𝑘 , 𝜎𝑦
𝑘)                                  (12) 

Where C is the number of two-dimensional Gaussian distributions. 𝜇𝑥
𝑘  and 𝜇𝑦

𝑘  are the means of i-th 

Gaussian distribution. 𝜎𝑥
𝑘 and 𝜎𝑦

𝑘

 
are the standard deviations of the i-th Gaussian distribution. 

In practical application, if we know the possible locations and sizes of the sources, the parameters in 

equation (12) can be estimated, and a microphone array obeying the distribution can be generated. 

5.2 Simulation and results 

In the simulation, the sound sources are the same as in Section 4.2. The four sources are placed at the 

upper left and lower right corners. Two Gaussian distributions located on the two corners overlap to 

compose the mixture Gaussian distribution as equation (12).  The standard deviations of the two Gaussian 

distributions are the same. The other parameters are shown in Table 1. The 50 microphone positions 

generated from the mixture Gaussian distribution are shown in Figure 8 as small circles. The 

reconstruction results are also shown in Figure 8. The recovered sound sources are as clear as in Figure 7c 

by PSO method. The four sources are separated from each other, and the equality of the strength of the 

four sources is also preserved. 

  k=1 k=2 

𝜇𝑥  -1.1 1.1 

𝜇𝑦 1.2 -1.2 

𝜎𝑥 0.9 0.9 

𝜎𝑦 0.4 0.4 

Table 1: Parameters of Mixture Gaussian Matrix 

 

 

Figure 8: Particle velocity of reconstruction surface from microphones of MGD 
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6 Experimental verification of mixture Gaussian distribution array 

6.1 Experiment settings 

The experimental measurement is carried out on a refrigerator in a semi-anechoic chamber, shown in 

Figure 9. The main sound sources of the refrigerator are the compressor at the bottom and the fan in the 

middle. The back of the refrigerator (0.65m on width and 1.8m on height) is taken as the reconstruction 

surface, and the holography surface is 0.1m from the reconstruction surface. The linear array of 10 

microphones (MPA416, BSWA, China) spacing at 2.5cm is used to scan the entire holography surface, 

with the reference microphone off the back of the refrigerator. The linear array scans 3 positions on the 

width direction and 80 positions on the height direction, thus a total number of 2400 points on the 30 × 80 

grid (spacing 2.5cm) are measured on the holography surface. The data acquisition device is LMS 

SCADASIII and the Spectrum Test module in LMS Test.Lab software is used to record the data. 

The mixture Gaussian distribution contains two two-dimensional Gaussian distributions located on the 

compressor and the fan respectively. The measurement points generated by the mixture Gaussian 

distribution are selected approximately from the 2400 grid points, shown as circles in Figure 10b.  

 

Figure 9: Experimental setup 

6.2 Experiment results 

Figure 10a shows the contour map of particle velocity of 63Hz by 2400-microphone array, while figure 

10b is obtained by a 50-point array from mixture Gaussian distribution. Comparing Figure 10a with Figure 

10b, the reconstruction results of two methods are similar, and both of them can show that the main sound 

source on the reconstruction map is the compressor. The boundary and strength of the sound from the 

compressor are also reserved. The drawback of the MGD method with much less microphones is the 

presence of the false sound sources above the compressor. As the false sound sources are very weak 

compared to the compressor, the identification and estimation of the main sound source can still be done 

with high accuracy. 

Figure 11a and Figure 11b show the contour maps of particle velocity of 230Hz by the 2400-point array 

and 50-point array from MGD method (same as the array in Figure10b), respectively. Three sources 

indicated by the three peaks in the Figure 11b are identical to that of the figure 11a. The boundaries and 

strength of the three sources are also nearly the same on Figure 11a and Figure 11b. There is a false sound 

source located on x =1.1m in Figure 11b, and the particle velocity is relatively low, thus the false source 

has no significant effect on the sound source identification. 
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b) 30×80 grid array;     b) random array of 50 microphones from MGD 

Figure 10: Particle velocity of 63Hz on reconstruction surfaces of the refrigerator  

 

a) 30×80 grid array;     b) random array of 50 microphones from MGD 

Figure 11: Particle velocity of 230Hz on reconstruction surfaces of the refrigerator  

7 Conclusions 

The Nearfield Acoustic Holography based on Compressing Sampling has the advantage of retrain the 

reconstruction accuracy with much less microphones compared to traditional NAH using grid array. As 

sound sources usually take a small area compared to the entire measurement surface, this paper proves that 

further less microphones are needed to achieve nearly the same reconstruct accuracy when the microphone 

array obeys mixture Gaussian distribution and is centered on the sources. This method is practical because 

the possible locations of sound sources can be estimated in many cases, and the microphone array obeying 

two dimensional Gaussian distribution can also be built. This research has the potential to greatly improve 

the applicability of NAH method on large objects. 
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Abstract
This paper is a comparison of analytical and numerical evaluations for a model system, which consists of a
suspended beam-like structure, guided by a pair of sleeves subjected to transverse displacements. The goal of
these analyses is to evaluate and describe the mechanical behavior of this system during situations involving
significant misalignment of the guiding sleeves caused by seismic motion. The analytical evaluation of the
beam is performed using a solver in the novel tool PIRAT, and the numerical calibration uses a finite element
solver called Cast3M. Illustrative computations are performed in order to verify that both methods are able
to produce the same results / trends using a static deformation profile for the guiding sleeves. Additionally,
the preliminary dynamic response of the system is also presented. The work in this paper signifies the next
step in developing a set of tools for considering dynamic responses to ensure the proper behavior of such
systems during seismic activities through the use of analytical evaluations.

1 Introduction / Background

Because they ensure essential safety functions, Reactivity Control Systems (RCS) are critical components
for any nuclear reactor. Seismic events, which require operational RCS, in order to achieve reactor shutdown
with a high reliability, represent the most challenging situations for the RCS design. Indeed, the large
structural deformations that an earthquake could induce have the potential of preventing the anti-reactivity
insertion into the reactor core, necessary to stop the nuclear reaction,.

This topic applies to a large variety of reactor types: Pressurized Water Reactors (PWR) [1, 2], Boiling Water
Reactors (BWR) [3] and Sodium-cooled Fast Reactors (SFR) [4, 5, 6, 7]. As illustrated in Figure 1, RCS
designs, such as the CSR and the RBC systems, respectively described in [8] and [7], both instances for
SFR-type reactors, are typically composed of:

• A Mobile Part (MP), which embeds the neutron absorbing material, retracted above the fissile core
during reactor operation, and inserted into it during shutdown phases.

• Two static sleeves, which guide the MP during the insertion phase triggered by the reactor scram.
The sleeves are respectively suspended underneath the Above Core Structure (ACS), for the Upper
Sleeve (US), and supported by the Below Core Structure (BCS), for the Lower Sleeve (LS), which is
surrounded by neighboring fuel assemblies forming a densely packed lattice.

Under seismic situations:

• The collective movements of the core assemblies, induced by the horizontal BCS excitation, lead to
bending deformations of the LS. Because of the important stiffness provided by the close packing of
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Figure 1: Example RCS Components

core assemblies, the LS deformation constitutes a rigid boundary condition for the lower part of the
MP.

• The US also undergoes bending deformations, induced by the horizontal ACS excitation, albeit of
lesser amplitude. These deformations constitute a semi-rigid boundary condition for the upper part of
the MP, due to the finite stiffness of the US and absence of close packed structures surrounding it.

As illustrated in Figure 2, the resulting misalignment between the LS and the US can generate multiple
contacts with the MP, implying horizontal reaction forces that could be detrimental in two ways:

• Friction forces, resulting from these contacts, could counter-balance the gravitational force that drives
the passive insertion of the MP into the reactor core, and thus delay reactor shutdown.

• Bending deformations and contact pressure, could induce various damages, such as excessive stress,
relative to accepted design limits, and premature wear of the coated guide levels, where contacts are
nominally expected to occur.

The French Atomic & Alternative Energy Commission (CEA) recently started a multi-year program to de-
velop a set of simulation tools, and the associated experimental qualification tests, dedicated to RCS insertion
reliability assessment. This work plan was initiated with a static tool, referred to as RC3, developed with
the Cast3M Finite Element solver [9]. It is presently continued with the ongoing development and validation
of a set of tools, based on analytic formulations and implemented with the Python programming language,
within a toolbox called the Python Implementation for Reliability Assessment Tools (PIRAT) to cover:

• Static studies: the Static Bresse Implementation tool (StaBI) is a finalized substitute for a finite element
analysis, based on the Bresse formulation [10], designed for computing reaction forces (and resulting
deformations, contact pressures, etc) induced by static displacements imposed by the sleeves.
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Figure 2: Possible Contacting Surfaces

• Dynamic studies: the Dynamic Euler-Bernoulli Implementation for Seismic Events tool (DEBSE),
whose development is in progress, solves the dynamic Euler-Bernoulli equation, designed for produc-
ing outputs similar to those of StaBI, but taking into account their time evolution under some dynamic
excitation relevant to seismic situations.

• Kinetic studies: the Step-by-step Insertion Kinetic Implementation tool (SIKI) will be developed to
perform an iterative computation of the MP insertion, by relying on friction forces evaluated by means
of the static/dynamic tool for each time step of the shutdown sequence, starting from scram, and until
full insertion, including the final damping phase.

This paper discusses the progress and validation of the first two studies.

2 PIRAT

PIRAT uses Python as the script interpreter. Possible future development of the analysis performed by
PIRAT, currently in discussion, could be to develop within the Cast3M framework. The current use of PIRAT
is for an exploratory analysis that was only previouslly performed in [7] with issues that created a desire for
analytical robustness. This desire was to allow a more flexible implementation for various geometries and
desired outputs. The modular structure offered by PIRAT, in addition to the simple interface for numerical
tools, are well adapted to the exploratory work considered. Within PIRAT, the full static solver and the
preliminary work on the dynamic solver are presented in this section. Results from both of these solvers are
compared against similar computations made with custom implementations of Cast3M to verify the accuracy,
pending future comparison to experimental testing.

One of the unique characteristics of PIRAT, thanks to the Python implementation, is the ability to easily
create new geometries and material properties. Geometry is inputted into PIRAT using an Excel spreadsheet
containing the geometric properties and a material flag to be matched to user-defined properties. Adjusting
the geometry, for example increasing the diameter of a section, is a simple change in the spreadsheet. With
RC3, any geometric changes require a new model to be generated, meshed, and then analyzed. This is more
time consuming since the intended use of PIRAT is for the initial design phases. During this phase, the
geometry can vary over many iterations that can accumulate to a large amount of time for remodeling.
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2.1 StaBI

For the first solver, a 1-to-1 replacement for RC3 is envisioned. The mathematics used in the StaBI solver
are based on the Bresse formulations as presented in [10] and summarized as:

θ(z) = θ(z0) +

∫ z

z0

Mfy(ζ)

E(ζ)IGy(ζ)
· dζ (1)

ν(z) = ν(z0) + θ(z0) · (z − z0) +

∫ z

z0

Mfy(ζ)

E(ζ)IGy(ζ)
· (z − ζ) · dζ, (2)

where θ(x) is the angular displacement, ν(x) is the transverse displacement,Mfy(x) is the effective moment,
E(x) is the Young’s modulus, and IGy(x) is the area moment of inertia at location x. Since the system of
interest is a combination of multiple sections, the analysis is split into sections with both the transverse and
angular displacement being continuous across each transition.

One of the major desired outputs of StaBI is the contact force values and locations between the MP and the
sleeves (LS and US). Due to this, the effective bending moment is not known a priori. In order to calculate
the force values, the superposition principle is used. At each location of possible contact, the response of the
beam is computed for a unitary force. These responses are then collected into a matrix and used to solve for
the forces via

Fk = [V̄ (zk)]
−1 · [∆(zk)], (3)

with [∆(zk)] being the collection of displacements caused by the sleeves and [V̄ (zk)] is the collection of
responses at each contact location due to a unitary force at each contact zk. Then these forces are used
to determine the final deflection of the MP and can be post-processed in order to get relevant data such as
friction magnitude and bending stress in the beam.

The current implementation of StaBI has several assumptions; some are based on the Bresse theory and
other are based solely on current implementations. The first assumption is that the beam is cantilevered at
one end. Due to previous testing using RC3, this assumption is not expected to have a large effect on the
results as compared to being pinned at the end. Past RC3 computations indicate that there is no large effect
on the force locations and magnitudes due to the boundary condition at the top of the MP. Secondly, the
force due to contact is assumed to be a point force that does not cause any surface deformation. This is to
allow a simple determination of the applied forces due to the contact. Another implementation assumption
is that for each section in the model is treated as a homogeneous and uniform cylinder. This creates the
opportunity to avoid numerical integration; For a single point force, the effective moment within the beam
can be known and then integrated analytically. The simplification comes in Equations 1 and 2 where the
integrals are determined external to Python and the resultant is programmed in, reducing computational time
and complexity in the program. There is a version of StaBI that utilizes numerical integration. However,
there is a very large increase in computational time for the systems tested. For example, one evaluation using
specific parameters using the analytical integration would take StaBI approximately one minute, and the
same parameters but using a numerical integrator that is built into Python takes approximately 17 minutes
on a fairly standard desktop computer. If only a single analysis is performed, this is still acceptable, but this
might be constraining if StaBI is used for a kinetic evaluation that assumes quasi-static state at each time
step via SIKI.

The last major assumption, which creates the most challenge, is how StaBI detects contact. This is done
differently from the method used in RC3, which assigns a constraint on the stiffness matrix in order to
account for contact. StaBI is a solver that does not require a mesh in order to determine the deflection of the
MP, which RC3 requires. However, in order to determine if there is contact, a conforming mesh is assigned to
all parts of the system. The current algorithm sweeps through that mesh and determines if the outer radius of
the MP is in contact or past contact with the inner radius of the sleeves. Then StaBI assigns the point with the
largest discrepancy as another contact point, and the algorithm is looped until there are no additional contact
points. One major caveat found during testing is that enforcing a displacement very close to the actual sleeve
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location will result in the algorithm detecting contact very close to previously determined locations, since
each force is treated as a point force. This creates force values that are very large and nonphysical. In order
to alleviate this issue, a clearance adjustment factor is used. This makes it such that there is a very small
gap between the MP and the sleeve. Doing this generally produces larger force values, but allows for a more
robust analysis. For the majority of the work performed in this paper, an adjustment factor of 80% of the
clearance is applied. This is selected as an all-around value for the systems tested to produce reasonable
results with no numerically determined parasitic contact.

2.1.1 Pseudo-code

While there are many detailed steps in StaBI, the general work flow is broken-up into four major parts: 1)
Setup and Geometry, 2) Quasi-Rigid Convergence, 3) Contact Determination, and 4) Post-Processing. These
are the steps currently implemented into the static solver and are similar steps to those that are expected to
be implemented into the dynamic solver as well. Step 1 is specific to each system tested. This includes:
generating the geometry, setting material properties, determining convergence criteria, setting the sleeve
locations, and determining the step size for the contact determination. These all are different depending on
the system being investigated and what the user desires. Step 2 is a large loop that contains step 3 within
it. If a subsystem (US for example) is determined to be quasi-rigid, then iterations on the displacement of
that subsystem must be performed to create a quasi-static equilibrium state of the system. Currently, this is
done by comparing the calculated force value on the MP and the force value on the quasi-rigid subsystem at
the same location. Step 3 loops through adding contact locations until there is no additional contacts found.
Once step 2 is converged, then the post-processing of the data can occur in step 4. This would output values
such as: bending stress, total friction in the system, and Hertzian contact pressure. A more detailed step flow
chart is presented in Figure 3.

Figure 3: Flow Chart of StaBI for Guided Systems with Both Rigid and Quasi-Rigid Sleeves

2.2 Preliminary DEBSE

One of the main goals of the PIRAT tool is to perform the analysis in the dynamic domain to ensure the
insertion reliability during a seismic event. Initially, the expansion of PIRAT to handle dynamic situations is
to replace the Bresse’s equations of motion with the dynamic Euler-Bernoulli beam equations of motion. This
increases the dimension of the system by introducing a dependency of time. Current use of one dimension
in space is a simplification for the current work that can be expanded in the future to account for any drop
velocity. The governing differential equation of motion becomes:
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∂2

∂x2
(EI(x)

∂2w(x, t)

∂x2
) + ρA(x)

∂2w(x, t)

∂t2
= q(x, t), (4)

where w(x, t) is the transverse displacement of the beam, EI(x) is the structural rigidity, ρA(x) is the
linear mass density, and q(x, t) is the externally applied distributed load. One thing to note is that this
formulation does not account for axial stretching. As will be discussed in the comparison of DEBSE to
Cast3M, this stretching might be an important factor for select modes. For the majority of the analysis in this
paper, it is assumed that all driving loads are either internal to the system or are applied as a time-dependent
boundary conditions. The implementation of these boundary conditions are similar to the method used in
[11]. Simply, the displacement of the beam is a combination of the free-vibration and the time-dependent
boundary conditions. One example of how this can be written is:

w(x, t) = ϕ0(t)δ(x) + ϕL(t)δ(x− L) + u(x, t) (5)

where ϕx(t) is the time dependent boundary condition at x, δ(x) is the Dirac delta function, and u(x, t) is
the free-vibration of the beam subject to elementary boundary conditions such as: pinned, clamped, and free.

With the knowledge that future work will include free-vibration, the preliminary dynamic analysis is a veri-
fication of the dynamic properties of the example system, in particular the MP subsystem. The free-vibration
analysis being used in DEBSE is currently based on modal decomposition. This allows for a separation of
time and space in the governing equations of motion and can be written as:

u(x, t) =
∑

n

ψn(x)qn(t), (6)

where ψn(x) are the deflection shapes, also called mode shapes, and qn(t) is the time dependent contribution
of mode n [11]. While this summation is countably infinite, it is typically truncated based on frequency
via the natural frequencies. Using this modal decomposition allows for the partial differential equation in
Equation 4 to become a summation of independent ordinary differential equations.

This system of interest contains some interesting aspects that require some special considerations. The major
interesting aspect is the geometric discontinuities across different sections of the MP. Each section of the MP
is modeled as a homogeneous, uniform cylinder with the difference between sections occur instantaneously,
providing no derivative at that point of the beam. The cylinder model is a current simplification to allow
for a more simple evaluation. There are analytical representations of mode shapes for functionally variant
cross-sections [12, 13, 14] that will be included as this tool is further developed. This is mainly an issue
with the first term in Equation 4 that looks at how the structural rigidity changes along the beam. In order
to account for this step change, each section is thought up as a homogeneous beam with specified boundary
conditions, similarly to the method used in [15]. The external boundary conditions are still enforced, but at
the internal boundaries, mode shape continuity is enforced. This can be expressed as:

ψn,i(Li) = ψn,i+1(0) (7a)
∂ψn,i

∂x
(Li) =

∂ψn,i+1

∂x
(0) (7b)

EIi
∂2ψn,i

∂x2
(Li) = EIi+1

∂2ψn,i+1

∂x2
(0) (7c)

EIi
∂3ψn,i

∂x3
(Li) = EIi+1

∂3ψn,i+1

∂x3
(0), (7d)

with Li being the length and ψn,i being the mode shape of section i for mode n. Using this formulation, it
is assumed that each section has a local coordinate system and the modal deflection at any location can be
determined by:
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ψn(x) = ψn,i(x− x0i) if x ∈ [x0i, xfi], (8)

where x0i is the starting location and xfi is the ending location of section i in the global coordinate system.

For the validation of DEBSE, Cast3M is used to provide natural frequencies and mode shapes for the MP
system. These are chosen in order to test the basic uses for the dynamic solver. Both natural frequencies and
mode shapes are not dependent on user-input. Other dynamic data, such as frequency response functions and
time history, require the analyst to decide some damping factor and time-dependent boundary conditions in
order to evaluate. Since this can be chosen to be the same for Cast3M and DEBSE, any differences found in
these two are primarily due to the differences in the mode shapes and frequencies.

Applying the modal decomposition to Equation 4, the space component of this equation becomes:

∂4ψn,i(x)

∂x4
= β4

n,iψn,i(x), (9)

where βn,i is an unknown coefficient that is related to the natural frequency of the mode n and the material
properties of section i. The general solution to this differential condition is:

ψn,i(x) = a1,n,i sin(βn,ix) + a2,n,i sinh(βn,ix) + a3,n,i cos(βn,ix) + a4,n,i cosh(βn,ix), (10)

with ak,n,i being unknown coefficients for the mode shapes. These coefficients are determined based on the
constraints of the system, which can be written as:



Ex 0
0 D
G







...
an,i

...


 = [0] (11)

or

[B][an] = [0], (12)

where Ex is the external boundary condition for x = 0 and D is the external boundary condition at x = L
applied to the mode shapes, G is the continuity conditions given in Equation 7, and an are the collection of
mode shape coefficients with an,i = [a1,n,i, a2,n,i, a3,n,i, a4,n,i]

T .

The constraint matrix [B] is a function of the coefficient β that is a function of frequency. When the frequency
is set to a natural frequency, the constraint matrix is rank deficient, meaning that the determinate is equal
to zero [16]. In order to determine the natural frequency in DEBSE, a Newton-Raphson method is used on
the determinate of the constraint matrix. For the initial points of the Newton-Raphson method, the natural
frequency of a uniform beam containing the mean properties of the MP subject to the external boundary
conditions is used. Since a uniform beam with elementary boundary conditions contains a known analytical
solution, that value is used. This makes the assumption that this mean natural frequency is relatively close to
the true natural frequency. In order to ensure this, a redundancy check is performed on the natural frequencies
to ensure that the same mode is not considered multiple times. Additionally, the natural frequencies found
in Cast3M are also inputted as initial points to determine the natural frequencies before the redundancy
check. It was found during testing, that using an uniform beam with average material properties would
occasionally skip a mode of vibration. Alternate initial starting points for the Newton-Raphson method are
being investigated, such as an interactive input showing the frequency response function to ensure that each
peak is selected and evaluated. The mode shapes are determined at each natural frequency by setting one
component to a specified value since the constraint matrix is rank deficient.

Once these are determined in DEBSE, they can be compared to the results from Cast3M. The error on the
natural frequencies is calculated by a percent difference once the desired mode in the model is selected. In
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order to select which DEBSE mode corresponds to the Cast3M mode, a comparison between the mode shapes
is required. For this analysis, the modal assurance criterion (MAC) is used. The MAC can be determined by:

MACij =
(ψT

i ψj)
2

(ψT
i ψi)(ψT

j ψj)
, (13)

where i and j are mode numbers. The MAC calculation is performed for each mode generated by DEBSE and
by Cast3M. This MAC value has a range of [0, 1] with a MAC value of 0 implying that there is no correlation
between the modes and a value of 1 implying that there is a perfect correlation between the modes. An
important note to make is that the MAC values do not prove orthogonality, they just imply correlation. This
is similar to the saying “Correlation does not ensure dependency” from the statistics field. Using a method
like this will allow a quantitative proof of the corresponding mode shapes. This is used to filter out motion
that is not described by a method, in this report the axially coupled modes of Cast3M, and show if there is
any issue with the convergence of the Newton-Raphson approach to determine the natural frequencies.

3 Example System

In order to test PIRAT, a simplified but realistic RCS system is used. The requirement for the type of system
is a beam like object that is guided by sleeves, such as the one pictured in Figure 4. This is taken as a similar
system to the one analyized in [5, 6, 7]. There are some differences in these systems and the dimensions are
not given. An estimation of the length of the beam and comparative dimensions was performed, resulting in
the example system used in this work. In order to represent the sleeves, a polynomial is used for the LS and
the US is treated as quasi-rigid. Some features, such as the dash-pot, are removed for simplification since
previous testing showed no significant changes due to these additional complexities.

(a) Zero Stroke (b) Full Stroke

Figure 4: Geometric Configuration of the Example System

This system has a maximum stroke around 1000mm, meaning that the MP can move vertically by that
amount. To test this range, stroke values from 0 to 1000mm in increments of 10% the maximum stroke are
simulated using StaBI. There are three main points of reference that correspond to expected guide regions
shown in Figure 4. The first is the bottom section of the MP, thus causing the contact location to vary in
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the global coordinate system. If the global reference frame is considered, the Lower Guide (LG) produces a
moving contact, which could add some difficulties to the dynamic analysis if the MP is allowed to drop. The
second area is the guide region at the top of the LS, call the Intermediate Guide (IG). This area has a larger
clearance compared to the other guide regions, but is expected to produce the largest contact force due to the
large imposed displacements. The final expected contact location is the Upper Guide (UG). This is located
at the bottom of the US and has the smallest clearance. The UG is also the location used for the quasi-rigid
convergence loop.

4 Static Misalignment

For this static solver, both StaBI and RC3 produced the same contact points for stroke values up to 800mm.
In the cases with stroke values greater than 800mm, StaBI detected a parasitic contact between the LG and
the IG. The first result to report is the deformation shape of the MP in Figure 5a. This figure shows the
center-line deflection of the three subsystems, contact locations (as cyan dots), and the minimum clearance
of the MP at each altitude point for the case of a stroke value of 0mm. This shows that there is contact at
each of the guide areas that contain a reduced clearance resulting in a total of three nominal contacts. One
interesting aspect of Figure 5a is the near parasitic contact within the US. Figure 5b shows the same data for
when there is a full stroke. Some interesting things to note are the parasitic contact between the LG and IG
and the change in sign for the contact force of the LG.

(a) Zero Stroke (b) Full Stroke

Figure 5: Example Deformation Shape of Example System with Vectors Representing Relative Force Mag-
nitude and Direction

These deflections are compared to the results from RC3 using the same displacement for the quasi-rigid US,
which is scaled to the displacement at the UG, and can be seen in Figure 6a. In Figure 6, the values for
the detected contacts are also presented. These include both using a tolerance adjustment factor of 80% and
90% to show the increase in accuracy. One thing to note, the RC3 simulations are re-performed for each
adjustment factor. This is due to each case having a slightly different US profile due to the deflection at the
UG.

There is some small differences between RC3 and StaBI shown in Figure 6a. First, for the areas that are
bounded by the sleeves, StaBI reports less deflection than RC3 and the opposite of that when the MP is not
bounded by the sleeves (between the IG and UG). Besides that small shift, there is a noticeable discrepancy
near the LG. The cause of this is unknown, since there is a tight tolerance at the LG level. One possibility is
the discrepancy between StaBI and RC3 on the force magnitude. For the LG on this particular example, StaBI
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(a) Stroke Value of 0 mm (b) Stroke Value of 700 mm

Figure 6: Comparison of Deflected Shape of Example System

detected a force of 240N while RC3 detected a force of 220N . This is one of the largest differences found
between the two methods but is still within 10%. Another possibility is based on the contact algorithm. The
contact algorithm used in RC3 sweeps through the mesh on the sleeves and finds the closest mesh point of the
MP within tolerance. There is a possibility that for this stroke value, the algorithm did not evaluate a mesh
point on the LG, but only to another section of the MP. One thing to note is that for a stroke value of 0mm,
StaBI and RC3 has the worst agreement among the cases where the same contact zones are determined. To
show a closer agreement, a stroke value of 700mm is shown in Figure 6b. This shows that there is almost
no difference between StaBI and RC3 except a very small shift that was also noted in Figure 6a, but with a
smaller magnitude of difference.

Qualitatively, the benchmark between StaBI and RC3 produces satisfactory results. By looking at the per-
centage difference between the magnitude of the contact forces, a similar conclusion can be determined. For
the cases where StaBI and RC3 produced the same contact zones, there was an average percent difference of
5.6% with a maximum difference of 9.9%. This level of accuracy is sufficient to say that when the contact
algorithms detect the same locations, either StaBI or RC3 will give a good result.

It is an important note that these results used a tolerance adjustment factor of 0.80, meaning that 80% of
the clearance is enforced for the contacts. If this factor is increased to 90%, the accuracy increases. For
this system, the average percent difference is 1.5% with a maximum of 5.0% in magnitude. One interesting
effect of this increase is that the forces from StaBI are not always higher in magnitude compared to RC3.
This shows that there is not a guaranteed conservative estimate on the contact forces as originally thought.
When the adjustment factor is increased to 95%, StaBI detects parasitic contact within the same zones as
other previously determined contact locations. In particular, StaBI usually detects a second contact at the
LG causing the forces at the LG to increase substantially, on the order of 100N to 20, 000N . There is still
future work in the determination of the tolerance adjustment factor and the contact algorithm in general.
This can only be done with either a known benchmark (simplified system tested by various methods) or
some experimental validation.

5 Preliminary Dynamic Analysis

In order to test the accuracy of the DEBSE solver, six different configurations are tested for the MP using a
combination of free (F), clamped (C), and pinned (P) boundary conditions applied to the top of the MP and
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the LG. These same configurations were also used in Cast3M in order to verify the natural frequencies and
mode shapes. The algorithm used in Cast3M for modal analysis requires one of two inputs, a set number of
modes or a range of frequencies. For this comparison, the frequencies of interest are those less than 100Hz.
This was chosen since the seismic frequencies are expected to be in the low range. The MP has between 10
and 13 elastic natural frequencies within this range depending on the boundary conditions.

The first results for validation purposes is the comparison of mode shapes. This is done by applying the
MAC formula in Equation 13 to the modes generated by DEBSE and the modes generated by Cast3M. The
results from these calculations can be seen in Figure 7 for the six combinations of boundary conditions. As a
note of nomenclature, the first word in the sub-caption refers to the boundary condition at the bottom of the
MP, the LG, and the second word refers to the condition at the top. For the majority of the modes, there is
an almost one-to-one relationship between the DEBSE modes and the Cast3M modes. In a typical analysis,
a MAC value greater than 0.90 would be considered the same mode.

For the majority of the modes, the MAC value is around 0.99 for the corresponding mode and values less
than 0.10 for the non-corresponding modes with the exception of the Free-Pin and Free-Clamped boundary
conditions. In the Free-Pin configuration, there is no Cast3M mode for the tenth elastic mode discovered in
DEBSE. Additionally, the tenth mode in Cast3M is very similar to the ninth mode from DEBSE producing a
MAC value of 0.63. These four modes are shown in Figure 8a with the blue curves being from Cast3M and
the red curves being from DEBSE. The first thing to note is that Mode 9 for both Cast3M and DEBSE overlap
nearly perfectly and are indistinguishable from each other on this plot. Mode 10 for each produce similar
shapes, but with a phase shift and different amplitudes. The true cause of this is unknown, but it is expected
to be due to in part by the stepped-beam properties. With drastic changes in the geometry and material
properties, there is a possibility of local stretching that is characterized in Cast3M that is undetectable by
DEBSE in the current implementation. DEBSE uses the small deformation version of the Euler-Bernoulli
beam equation. Alternate formulations are possible that can account for axial stretching, but it not currently
implemented. Further investigation is being performed to determine the exact cause of this discrepancy. A
similar case can be seen for the Free-Clamped boundary conditions. For this, there is no missing DEBSE
mode, but there is a strong coupling between Cast3M mode 10 and 11. The MAC value for DEBSE mode
10 and Cast3M mode 11 is 0.835. This is a very large MAC value for separate modes. To further investigate,
these modes shapes are plotted in Figure 8b. Cast3M and DEBSE mode 10 are almost identical with mode
11 from Cast3M matching the curve but with different amplitudes further along the beam. The cause of
this is also unknown, but might be due to the local stretching that was previously discussed for the Free-Pin
boundary condition.

The other main validation is the difference in natural frequencies between the two methods. This is computed
as a percentage difference of the corresponding modes that contained MAC values larger than 0.90. The
results from this comparison can be seen in Table 1. For the modes that matched well, there is very good
agreement in the natural frequencies, resulting in a maximum percent difference of 0.36%. This shows that
for a given bending mode, DEBSE is able to correctly identify the natural frequency and mode shape.

Boundary Conditions Nmodes Mean Difference [%] Max Difference [%]
Clamp-Clamp 11 0.14 0.34

Pin-Pin 11 0.13 0.33
Free-Free 11 0.16 0.36
Free-Pin 10 0.13 0.34

Free-Clamp 12 0.14 0.34
Pin-Clamp 11 0.14 0.33

Table 1: Mean and Maximum Percentage Difference Between DEBSE and Cast3M
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Figure 7: MAC Plots for Various Boundary Conditions

1536 PROCEEDINGS OF ISMA2018 AND USD2018



0.0 0.2 0.4 0.6 0.8 1.0

Normalized Position Along Beam

−0.5

0.0

0.5

1.0

N
o
rm

a
liz

e
d
 M

o
d
a
l 
D

is
p
la

ce
m

e
n
t

Cast3M Mode 9

Cast3M Mode 10

DEBSE Mode 9

DEBSE Mode 10

(a) Free-Pin

0.0 0.2 0.4 0.6 0.8 1.0

Normalized Position Along Beam

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

N
o
rm

a
liz

e
d
 M

o
d
a
l 
D

is
p
la

ce
m

e
n
t

Cast3M Mode 10

Cast3M Mode 11

DEBSE Mode 10

(b) Free-Clamp

Figure 8: Normalized Mode Shapes for Select Boundary Conditions

6 Remarks/Future Work

The static solver, StaBI, is shown to produce similar results to RC3 when the contact algorithms produce
the same contact locations. This is the major part of the future work for this solver. The contact algorithm
of adding an additional contact for each iteration with no ability to remove a contact is the portion of the
solver that requires the most investigation. It is currently unknown how this algorithm will be changed, but
it is difficult to determine which algorithm is a better match to the real system without any experimental
data to compare to. Gathering of this experimental data is currently being discussed and planned. This data
is expected to be gathered at either the CARNAC facility in Cadarache [17] or at the TAMARIS facility in
Saclay [18].

The next step for using the static solver would be to introduce the SIKI tool using the StaBI solver. This
system is expected to drop in case of a seismic event. So in order to get some information about this insertion,
a kinetic analysis is expected to be performed. This entails using an explicit ”time-marching” algorithm with
each time step being treated as quasi-static. The analysis would not require much changes to the solver, but
might require some optimization in order to allow for performing the analysis within a reasonable time.

While the natural frequencies and mode shapes are not the desired end result for the dynamic expansion, they
do provide a useful foundation to show that the solver can handle the simple calculations. There is a possible
issue when it comes to computational time for each simulation. Since the natural frequencies are determined
by taking the determinate of the constraint matrix, as the matrix increases in size, the required time to
determine each natural frequency increase. This matrix increases in size as more sections are introduced
since there are four additional coefficients and four continuity equations that are added to the system. While
this is not an issue for just looking at the MP, this might become more of an issue when contact is added.
One possible method to introduce contact is to replace the location of contact with a moving Pin boundary
condition. Using this method, along with modal decomposition, would require an initial determination of
frequencies and an additional determination for each addition and removal of contact locations. Currently
for the MP, it takes roughly ten minutes to compute the first fifteen natural frequencies while checking for
duplicates. It also takes approximately ten minutes to calculate the mode shapes for the MP with 1206 node
points. One expected future work is to better optimize these procedures or find an alternative approach to
determine the time history of the system. A possible alternative would be to apply the contact as constraints
on the system. This would allow for a single modal characteristics evaluation and provides extra equations
that might allow for the determination of the contact force required.

The next steps in DEBSE are to essentially perform the same analysis as the static solver, but also as a func-
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tion of time. This includes: contact determination, force calculation at contact locations, contact removal,
modeling contact, and moving contact. One interesting aspect about performing this dynamic analysis is
that this type of analysis has not previously been performed at CEA. Previous iterations used a quasi-static
approach to simulations and then used experimental systems to ensure dynamic capabilities for qualification.
Using this dynamic simulations will be able to replicate the dynamic experiments at a fraction of the cost,
and allow for additional information to be determined providing more information to the design engineers.
While a dynamic experiment will still be required for qualification, there is less chance of geometric changes
due to failure resulting in requiring additional experimentation with a new geometry. Using this PIRAT tool
will allow for engineers to produce a safer system at an expectantly lower cost.

7 Conclusions

PIRAT is a novel tool that allows the calculation of contact location and forces using an analytical approach.
The static solver uses the Bresse’s formulations that allow for the determination of the displacement of a
system due to a force and also allows for an inverse solution in order to determine the force magnitudes due
to constrained displacements. This tool is used on an example prototype system and is compared to previous
work done using finite elements in Cast3M called RC3. These two methods show very good agreement for
the majority of cases. This agreement did not occur when the different contact algorithms produced different
contact locations. Without experimental validation data, it is unsure of which algorithm is more realistic to
the physical system, thus experimental testing is currently being planned.

The final desire for this PIRAT tool is to perform the same analysis in a dynamic sense. While this is a
complicated expansion, some preliminary work has been performed for the dynamic solver. This work is
comprised of a modal analysis of the Mobile Part with no contact with the Lower or Upper Sleeve. The
results presented are the natural frequencies and the mode shapes of the step-changed Mobile Part beam.
These results are compared to a similar analysis performed in Cast3M using the built-in eigen solvers. This
compares the shape and natural frequencies for the modes less than 100Hz. DEBSE was able to produce
nearly identical results for the natural frequencies and mode shapes except when there was possibly axially
stretched modes found in Cast3M, which uses 2D finite elements compared to 1D equations of motion for
DEBSE. For modes that had a MAC value larger than 0.90, the difference in the natural frequency was less
than 0.4%.

This StaBI tool has proven to be accurate for the static analysis compared to the work previously performed
using finite elements in a custom implementation in Cast3M. While there are differences in the contact algo-
rithms, these tools provide very similar results for most cases tested. The differences between the algorithms
and the physical system are not yet known, but are in planning. Since the desire of analysis is to predict
if there is a failure during a seismic event, preliminary steps are performed in creating a dynamic solver
within PIRAT. Initially, this work compares the natural frequencies and mode shapes of DEBSE and those
produced by finite elements in Cast3M. DEBSE shows to be extremely accurate while being much easier to
make design changes compared to Cast3M due to the implementation. The PIRAT tool is able to take beam-
like structures that are bounded by guiding sleeves and determine the contact force and deflection caused
primarily by the seismic induced misalignment.
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Abstract 
The present study investigated the dynamic behaviour of an irregular 32-storey reinforced concrete, 

Vancouver-style, high-rise, podium tower by assessing the influence of the floor diaphragm modelling 

stiffness assumptions on the structure’s modal properties. The state-of-the-art diaphragm modelling 

approaches and their effect on structures’ dynamic performance are currently related to symmetrical 

buildings with multiple shear walls. The influence of horizontal floor diaphragms on the dynamic behaviour 

of irregular, high-rise buildings with concrete core has not been sufficiently investigated either on a 

numerical or experimental basis. In this context, the primary objectives of the current study are: (a) to 

enhance the comprehension of the horizontal floor diaphragm behaviour of a high-rise building with a 

concrete core and, (b) to quantify the effect of varying diaphragms modelling approaches on the dynamic 

properties of the structure. 

1 Introduction 

Most existing civil engineering structures as buildings, bridges and other infrastructures are unique 

structures and the real dynamic performance capacity of these structures are relatively uncertain. For 

designers’ convenience and saving computational power, the code-confronted design of structural systems 

is commonly subjected to several simplifications and crude assumptions that may not reflect the actual static 

and, primarily, dynamic performance of structural systems. The latter is more profound for complex 

structures that deviate from symmetrical configurations and typical structural systems with regular 

distribution of the mass and stiffness both in plan and elevation. Today engineers are challenged more than 

never by the request of designing irregular and code-breaking structures, where the fundamental engineering 

principles are deficient as the design basis. Therefore, it is of high importance to address the accuracy of 

those assumptions thoroughly and investigate their effect on the structural response evaluation that, in turn, 

constitutes the concrete basis of any decision needs to be made by the relevant stakeholders for repairing or 

retrofitting of existing structures. Future design of structures and infrastructure systems can benefit and be 

optimised by revising the primary design considerations, and quantifying their impact on the actual 

structural performance. Designers frequently treat the horizontal plates at each storey level, as rigid 

diaphragms and this simplification, though a convenient approach regarding modelling perspective, 

dominates the current design practice. Such an infinite stiffness assumption for the diaphragm modelling 

may be suitable for somewhat regular and symmetrical reinforced concrete (RC) buildings. For complex 

structures, the validity of this assumption is questionable, in which the diaphragms response affects the 

lateral performance of the entire structural system. The engineering society is missing, how accurate is the 
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real diaphragm performance captured both in experimental and numerical investigations, to identify a 

refined modelling approach for the diaphragms. 

Current research efforts describe the suitability of the rigid diaphragms modelling approach, evaluated for 

different structural systems. For example, Saffarini and Qudaimat [1], investigated 37 reinforced concrete 

structures of varying height, structural configuration and dimensions for the storeys as well as the columns 

and the shear walls. They concluded that the rigid-floor assumption captures less accurately the dynamic 

response of buildings with shear walls compared to structural systems that the beam-column frames have 

been designed to resist the lateral forces. Moreover, Ju and Lin [2] undertook a thorough response analysis 

of 520 buildings with varying configurations, i.e., T-shaped, U-shaped and rectangular shaped buildings, 

and they highlighted that the rigid diaphragm assumption was found to be associated with the less accurate 

calculation of the building response compared to the flexible diaphragm approach. A study to assess the 

influence of floor diaphragm flexibility on the dynamic response of torsional-sensitive asymmetric buildings 

was carried out by Basu and Jain [3], and they found the flexible diaphragms modelling approach is 

somewhat deficient in capturing the accuracy of lateral performance of buildings with torsional sensitivity. 

Additionally, the lateral performance of three existing building systems, modelled with both flexible and 

rigid floor diaphragms respectively, was comparatively assessed by Tena-Colunga and Abrams [4] revealing 

higher deformations (i.e., accelerations and displacements) calculated for the building systems with the 

flexible diaphragms. The torsional response was also found reduced by increasing the diaphragms flexibility 

that, in turn, affected the dynamic properties of the building by elongating their natural building period.  

Moeini and Rafezy [5], assessed the diaphragm modelling relation to the code provision, who performed 

modal response spectrum analysis of RC buildings with T-shaped, U-shaped and rectangular structural 

configuration. The study divides existing building codes and standards into two categories regarding the 

recommended diaphragm modelling assumptions. Primarily, according to the Eurocode 8 (EN1998-1), the 

New Zealand code (NZS4203) and the Chinese one (GSC-2000) the decision regarding the diaphragms 

modelling is based on qualitative criteria associated with the shape of the floor diaphragm. On the other 

hand, the Iranian 2800 code as well as the UBC 97, SEAOC-90 and FEMA-273, prescribe quantitative 

criteria related to the in-plane deformation of the plates to define whether the diaphragm should be treated 

as fixed or flexible. However, the latter approach was concluded deficient due to the deformation of the 

diaphragm is dependent on the acting force. Moeini and Rafezy [5] were in favour of modelling the 

horizontal floor plated with shell elements rather than beam finite elements, widely used in the engineering 

practice. 

The studies mentioned above addressed the influence of different diaphragms modelling approaches on the 

dynamic properties (i.e., Eigen frequency and mode shapes) and the numerically-calculated response of 

various structures, missing the investigation of typical RC high-rise podium towers with irregular 

distribution of mass and stiffness along the height and in-plane. Therefore, the City Crest Tower, being an 

emblematic tall building from early 1990’s located in downtown Vancouver (British Columbia, Canada), 

was chosen as the testbed to investigate whether the rigid or flexible diaphragm modelling approach 

respectively captured more accurately the actual dynamic response. To this end, the measured response data 

sets were used to identify the modal properties of the building that, in turn, enabled the refinement of a 

detailed finite element model increasing, eventually, the reliability and accuracy of the investigation results. 

The primary objectives of the current study are summarised below: 

 Identification of the benchmark structure’s modal properties based on the measured response data 

that was obtained during the ambient vibration tests. 

 Development of the structure’s finite element model, which is refined further by experimentally, 

identified dynamic properties. 

 Investigation of the suitability of the different diaphragms modelling approaches and the related 

assumptions (i.e., rigid or flexible diaphragm) for the specific structural system accounting for the 

identified dynamics properties. 

 Assessment of the effect the diaphragm modelling assumptions have on the dynamic response for 

the high-rise RC building presented in this study. 
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2 Constraints of Diaphragms and Numerical Modelling Aspects 

Floor diaphragms/slabs in multi-storey buildings are often modelled as shells elements and discretisation of 

the diaphragms can be considered massive computational power-wise. To avoid massive computational 

models kinematic constraints are applied, and the constraints are often “master-slave” nodes for many 

automated structural analysis programs. A floor system in three dimensions with the shape of a rectangle 

and has four corner nodes. Each node has six degrees of freedom three translations and three rotations ones 

before any constraints are applied. If a structural element as columns or beams is attached to the floor system, 

this introduces additional six degrees of freedom per node. For large structures, the in-plane definition of 

the lower floors is often considered to be small compared with the horizontal inter-storey drift, and the 

applied master-slave approach will provide safe computation power, [6]. Reducing the degrees of freedom 

has disadvantages regarding the response of the floor system. Simplifying the behaviour of the floor leads 

to significant errors and non-conservative estimations, [3].  Figure 1, illustrates the master-slave approach 

for the floor system, the centre of mass is located at the point 𝑂, and a random point 𝑖 is considered.  By 

assuming the kinematic constraint, the diaphragm is rigid; the displacement of any node can be expressed 

as a linear function of the master node, in the point 𝑂. The figure shows displacements in the x-direction is 

illustrated as 𝑢𝑥
(𝑂)

, the corresponding y-direction is 𝑢𝑦
(𝑂)

 and the rotational displacement is illustrated as 

𝑢𝜃𝑧
(𝑂)

, [7].  

 

Figure 1: Master-slave diaphragm assumption. Left: 6 degrees of freedom node. Right: slave node with 3 

degrees of freedom.  

The compatibility equations yields, the displacement of any slave node is  

  

𝑢𝑥
(𝑖) = 𝑢𝑥

(𝑂) − 𝑦(𝑖)𝑢𝜃𝑧
(𝑂) 

𝑢𝑦
(𝑖) = 𝑢𝑥

(𝑂) + 𝑥(𝑖)𝑢𝜃𝑧
(𝑂)

 

𝑢𝜃
(𝑖) = 𝑢𝜃𝑧

(𝑂) 
 

(1) 

The kinematic constraints further yields any external force f𝑥
(𝑂𝑖)

 associated with the rigid displacements, 

estimated with the equation above, is transform with respect to the master node. By static equilibrium, the 

slave node force is transformed to the master node, which yields, [7]. 
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3 The City Crest Tower 

The building adopted for investigation by the current study is the City Crest Tower (Figure 2), which is a 

Vancouver style high-rise 32-storey RC building reaching 83.2 m in height. The high-rise podium was 

constructed from autumn 1992 to January 1994 and is located in downtown Vancouver (British Columbia, 

Canada). The structure is representative of high-rise podium towers in Vancouver and was designed 

according to Vancouver Buildings By-law 6134, CAN/CSA-S413-87 for the parking structure and the 

Canadian RC concrete design standard CSA CAN3-A23.3-M84. The basement of the tower and a pair of 

walkway bridges constructed at the second level are used to facilitate the connection between the high-rise 

building and a two-storey townhouse. However, the latter is not a central part of the primary structural 

system of the tower and hence, is not further considered in this study. The typical storey height is 2.6 m 

except for the ground floor, designed deliberately higher, i.e., 4.0 m, to facilitate commercial activities.  

  

  

Figure 2: South-East (left) and South-West (right) side of the City Crest Tower. 

The main seismic force resisting system of the high-rise tower is the concrete core, located in the centre of 

each floor above the ground and designed to resist lateral forces. Additionally, the columns are a part of the 

load-bearing gravity system. The core and edge columns are continuous at each floor to support the in situ-

cast floor slabs. From the 30th level and above, the columns at the perimeter are replaced with walls of 204 

mm thickness. Regarding the concrete core per se, it measures 10.3 m by 7.6 m in the plan (Figure 3) with 

a varying wall thickness from 457 mm at the basement to 356 mm at the top floors. The core houses 

mechanical and electrical conduits, stairwells and elevator shafts. Figure 3 also illustrates the plan layouts 

for different floor levels. The lower floors (3-10) measure 24.7 m in East-West and 22.4 m in North-South 

direction respectively while the floor area is reduced thought out the height of the tower, from 600 m2 for 

levels three to ten, 500 m2 for levels 11 to 25, and the floor area is further reduced from levels 25 to 32. 

Additionally, the floor slabs are typically 191 mm thick with varying reinforcement, concentrated mainly 

around the columns and the concrete core while diaphragm reinforcement is placed along the slab edges. 

Significant variation regarding size, geometry and material properties (Table 1) are found for the columns, 

the shear walls and the beams designed for the entire building stemming from its basement up to higher 

elevations. 
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Figure 3: Level 2 (left) and level 3-10 (right) floor layout of the City Crest Tower. 

Table 1: Material properties adopted for designing the City Crest Tower [8]. 

 

An extensive setback, found from level 10 at the Southeast corner of the City Crest Tower (Figure 2), 

reduces the number of the perimeter columns introducing, in such a way, non-uniform mass and stiffness 

distribution along the height of the structure’s height. The latter, commonly considered as a primary source 

of structural irregularity, is heightened by additional, smaller though, setbacks that can be found for the 

higher floors of the tower. The extension of the second floor by 9.8 m, being connected to the tower with a 

monolithic slab connection, contributes further to the asymmetric configuration of the high-rise tower 

increasing its structural irregularity. It is notable that the slab of the extended second floor has been designed 

with a varying thickness between 178 mm and 229 mm while the slab thickness of the second floor’s central 

area is 216 mm. 

Regarding the basement of the podium tower, six staggered levels were constructed to accommodate parking 

areas measuring 62.3 m in the East-West direction and 35.8 m in the North-South direction while the sixth 

parking level is located 9.4 m below the ground surface. Different types of slab bands with varying thickness, 

i.e., from 406 mm to 457 mm, were applied for the parking-related levels. Finally, both strip and footing 

foundations were used to support the entire building and designed to undertake loads of the columns. The 

footing foundations are varying significantly regarding their size since the smaller ones measure 2.1 m by 
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2.4 m in plan and 0.7 m thick while the most massive footing column foundations were calculated to be 

square of 4.1 m length and 1.2 m thickness. The concrete core was also supported by a stiff mat foundation 

measuring 12.8 m by 16.2 m with a thickness of 3.1 m. The line foundations varying in width (0.6 m up to 

1.8 m) and thickness (0.3 m up to 0.5 m) were used to support the shear walls. 

4 Ambient Vibration Tests and Operational Modal Analysis 

The ambient vibration test of the City Crest Tower was performed in the summer of 1993 with eight 

Kinematic Inc. force balance sensors, i.e., the FBA-11 accelerometer, connected with the signal conditioner 

by using cables of 90 m up to 300 m length. The signal conditioner filtered and amplified the raw FBA 

signals that, afterwards, were converted from analogue to digital format. The sensor locations, as illustrated 

in Figure 4, were carefully chosen to capture the dynamic characteristics of the building, i.e., the natural 

frequencies and mode shapes efficiently. Primarily, the guidelines of the California Strong Motion 

Instrumentation Program, [9], were followed to place the sensors and ensure adequate isolation of the 

translational and rotational vibrations at each storey level in both the North-South and East-West direction 

respectively. It is worth mentioning that during the ambient vibration tests, the City Crest Tower was under 

construction and partition walls had been installed only for the first five floors while the building’s roof had 

been cast two weeks prior the test. The sensors were mounted with anchor bolts to the concrete floor slabs. 

The ambient vibrations experimental campaign included 19 different test setups, with four roving sensors 

and four reference sensors each. The latter was placed at the 29th floor at antinodes of the vibration modes 

of interest. The sampling rate was set to 40 Hz, ensuring a Nyquist frequency of 20 Hz while the acceleration 

measurements were filtered onsite with a high pass filter of 0.1 Hz and a low pass filter of 12.5 Hz. The 

duration of each measured acceleration signal was 13 minutes and 39.2 seconds, corresponding to 32768 

data points. 

The measured response of the City Crest tower during the ambient vibration tests was used to identify the 

dynamic properties of the building by applying the Operational Modal Analysis (OMA) is a widely used 

method for system identification [10] of civil engineering structures. Figure 5 (left) illustrates the 

geometrical model of the high-rise structure created by using the commercial software ARTeMIS Pro Modal 

(v4) [11], applied to perform the OMA. The blue arrows represent the data channels being associated with 

the reference sensors placed on the 29th floor while the pink and the green arrows are the projection and data 

channels respectively. Furthermore, the singular values of the spectral densities, calculated for calculated 

for all measurement setups by using ARTeMIS Pro Modal (v4), were plotted by Figure 5 showing well 

identified (tapered bell shape) natural frequencies of the high-rise structure within the frequency range of 0-

12 Hz. It is notable that the spectral density estimation/segment size used was taken equal to 1024 while no 

additional filters were applied to derive the singular values. 

A pair of OMA-based identification techniques, namely the Enhanced Frequency Domain Decomposition 

(EFDD) and the Stochastic Subspace Identification – Unweight Principal Component (SSI - UPC) technique 

respectively, was used to estimate the dynamic properties of the City Crest Tower including the natural 

frequencies and the modal damping as well as the mode shapes. Table 2 lists the identified properties for 

the first eight translational and first four rotational modes respectively ranging, regarding natural 

frequencies, from 0.55 Hz (NS – first translational mode, EFDD) to 10.27 Hz (fourth rotational mode, SSI-

UPC). Furthermore, the first two translational modes along the North-South and East-West directions were 

identified as closely spaced modes since the EFDD identification technique resulted in 0.55Hz and 0.65 Hz 

respectively. The first rotational mode was identified with a natural frequency of 1.29 Hz. As can be seen, 

by Table 2, the two identification techniques, i.e., the EFDD and the SSI – UPC, led to estimating somewhat 

similar natural frequencies for the 12 modes investigated with the highest difference being of 4.4%. On the 

other hand, the EFDD and SSI-UPC techniques resulted in slightly different estimates for the modal 

damping ratios that were found to be in the range of 0.8% to 3.53% with a maximum difference of 130.1%. 

The latter is mainly attributed to the increased uncertainty, generally related to the damping estimation. It is 

to the best knowledge of the authors that the SSI-UPC technique usually provides estimates of modal 

damping ratios with higher accuracy compared to the EFDD-based estimates especially when the duration 

of the acceleration signals is shorter than 20 minutes [12]. Finally, the first four translational (NS1, EW1, 
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NS2 and EW2) modes and the first two torsional modes (T1 and T2) determined with the SSI – UPC method, 

are illustrated at Figure 6. 

 

Figure 4: Sensors layout at different levels 

  

Figure 5: Computer model in ARTeMIS for the Operational Modal Analysis (left) and the singular values 

of spectral densities (right). 
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Method EFDD SSI - UPC Frequency EFDD SSI - UPC Damping 

Mode 
Frequency 

[Hz] 

Frequency 

[Hz] 

Difference 

(%) 

Damping 

(%) 

Damping 

(%) 

Difference 

(%) 

NS 1 0.55 0.57 4.4 3.53 2.88 -18.4 

EW 1 0.65 0.64 -2.0 2.09 3.41 63.7 

T 1 1.29 1.26 -2.1 1.04 2.31 121.8 

NS 2 2.33 2.35 0.8 1.05 1.71 62.4 

EW 2 2.92 2.93 0.2 1.04 0.92 -11.8 

T 2 3.66 3.55 -2.8 0.80 1.42 77.6 

NS 3 4.82 4.83 0.2 1.17 1.61 37.7 

EW 3 6.03 6.03 0.0 1.62 1.94 19.9 

T 3 6.76 6.80 0.6 1.20 1.91 59.3 

NS 4 7.74 7.49 -3.2 1.67 1.93 16.0 

EW 4 8.62 8.79 2.1 1.71 2.06 20.5 

T 4 10.01 10.27 2.6 1.35 3.11 130.1 

Table 2: Natural frequencies and damping ratios identified from the ambient vibration test 

      

NS 1 EW 1 T 1 NS 2 EW 2 T 2 

Figure 6: The first six mode shapes from the ambient vibration test. 

5 Finite Element model 

A linear Finite Element (FE) model of the City Crest Tower was developed to investigate the effect of 

different diaphragms modelling approaches on the dynamic performance of the high-rise structure. By 

strictly following the building’s drawings being available to the authors, a high level of details were applied 

for the development FE model, with beams, columns, shear walls and slabs of varying size and complexity, 

found at each floor level, was modelled by the use of SAP2000 [13]. To utilise the OMA-based identification 

of the dynamic properties of the structure, for the refinement of the finite element model, the FE model 

should reflect precisely the structure, for which the ambient tests were performed. Therefore, under normal 

operating conditions of a building the opening and closing of microcracks in the elements of a building is 

very small and that the assumption of an "uncracked" section is justifiable. The detailed modelling of the 

reinforcement was outside the scope of the current study. Hence, the applied concrete mass density was 
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adopted equal to 2500 kg/m3 accounting, in such a way, for the additional mass density related to the 

reinforcement steel bars [14]. Moreover, the different strength used for the concrete material (Table 1) led 

to different values for Young’s modulus that was applied for the structural members modelled as either 

beam elements (columns and beams) or shell elements (floor slabs, shear walls and basement walls). The 

shell elements enable modelling of the transverse shear deformation by the Mindlin/Reissner formulation, 

while the bending shell stiffness is also considered [15]. 

Regarding the diaphragms considered at each story level, three modelling approaches were adopted to 

investigate their influence on the structure’s global dynamic response, captured already during the ambient 

vibration test campaign. Along these lines, the diaphragms were modelled by the current study as flexible, 

semi-flexible and rigid ones. For the latter case, being the most common chosen for designers and engineers 

due to the computation power savings and simplicity, a constraint is applied to the nodes of the slab and the 

total mass is concentrated at the centre of the diaphragm condensing, in such a way, the associated stiffness 

matrix. Infinite in-plane stiffness properties are also related to the rigid diaphragm while, for the earthquake-

induced lateral loads, the accidental eccentricity is applied to the centre of mass of the diaphragm [15]. On 

the other hand, no constraints are assigned for the diaphragms flexible modelling approach, and the floor-

associated masses are not lumped while no modification is applied to both the flexural and shear stiffness 

of the shell elements, used to model the diaphragm. The semi-rigid diaphragm assumption, which lies 

between the rigid and the flexible assumptions, accounts for the actual in-plan stiffness of the slab.  The 

accidental eccentricity, generally considered in seismic analysis, is applied to each node of the shell 

elements. 

  

FE-Model with basement FE-Model without basement 

Figure 7: The two FE-models with and without the basement. 

As it concerns the RC tower’s six-story basement, an investigation was carried out to identify the effect that 

such a rigid RC block underneath the soil surface may have on the dynamic performance of the high-rise 

building studied. To this end, two numerical models were created with and without the multi-storey 

basement (Figure 7). For both FE models, fixed boundary conditions were considered due to the firm soil 

found on the structure’s site, i.e., Soil Class C according to NBCC 2015 with average shear wave velocity 

at the upper 30 m of the soil profile (vs30) equal to 450 m/s [16] that limits the soil-structure interaction 

phenomena [17]. The results of the eigenvalue analysis, carried out by using SAP2000, are presented by 

Table 3 listing the modal frequencies for both the FE models, i.e., with and without the basement. For the 

12 modes considered, the numerical model of the high-rise structure without the basement led to estimating 

natural frequencies that are in better agreement with the experimentally derived ones in section four. 

Notably, the average difference between the FE model and the experimental frequencies for the first three 

modes was found to be equal to 11.0 % and 9.1 % for the model with and without the basement respectively. 

Therefore, the authors chose to disregard the FE model of the high-rise structure with the basement and 

continue the investigation by using the FE model without the basement since its associated frequencies were 

found to be in closer agreement with the experimentally derived modal frequencies. The investigation 

concerning the effect of the diaphragms modelling approaches on the dynamic response of the City Crest 
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Tower was solely based on the non-basement numerical model. The latter was found to be associated with 

mode shapes (Figure 8) that are in agreement with ones estimated using the ambient vibration analysis 

results (Figure 6). 

 

 OMA (SSI) Without basement With basement 

 Frequency Frequency Difference Frequency. Difference 

Mode [Hz] [Hz] (%) [Hz] (%) 

NS 1 0.57 0.54 -5.3 0.49 -14.0 

EW 1 0.64 0.68 6.3 0.61 -4.7 

T 1 1.26 1.46 15.9 1.44 14.3 

NS 2 2.36 2.50 5.9 2.30 -2.5 

EW 2 2.93 3.18 8.5 2.91 -0.7 

T 2 3.55 4.33 22.0 4.25 19.7 

NS 3 4.83 5.38 11.4 5.08 5.2 

EW 3 6.03 6.82 13.1 6.49 7.6 

T 3 6.80 7.31 7.5 7.08 4.1 

NS 4 7.49 8.38 11.9 8.07 7.7 

EW 4 8.79 9.32 6.0 9.10 3.5 

T 4 10.27 10.58 3.0 10.01 -2.5 

Table 3: Frequencies and the modal mass participation ratios for both FE models. 

      

NS 1 EW 1 T 1 NS 2 EW 2 T 2 

Figure 8: The first six mode shapes from the FE model without the basement 

6 Effect of diaphragms assumptions on dynamic performance 

Engineers use analysis to verify the design of a structure, and need to make simplifications and implement 

modelling assumptions that can affect significantly the reliability of the analysis results, and could 

potentially lead to erroneous conclusions about the expected behaviour of the structure. Along these lines, 

the choice of the most appropriate diaphragm modelling approach is not a trivial task, and hence, the rigid, 

semi-rigid and flexible diaphragm’s numerical modelling approaches considered enabled investigating their 

influence on the estimated dynamic properties of the City Crest Tower. To this end, Table 4 provides the 

basis for a thorough comparative assessment modal behaviour (i.e., vibration frequencies), estimated by 

performing eigenvalue analysis of the FE model of the high-rise building with different diaphragm’s 

modelling approaches. The suitability of the diaphragm above’s assumptions is assessed by comparing the 
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FE model-estimated modal frequencies with the ones identified by performing OMA on the measured 

vibration responses. Comparing the first four translational (NS1, EW1, NS2 and EW2) and the first two 

torsional FE model-related modes (T1 and T2) with their experimental counterparts obtained by using the 

SSI-UPC technique, it is seen that the rigid diaphragm modelling approach led to natural frequencies that 

deviate significantly (i.e., the average difference is equal to 35.1 %) from the OMA-identified ones. On the 

other hand, both the semi-rigid and the flexible diaphragm modelling approaches were found to result in 

modal frequencies being significantly closer to the ones identified by using the measured vibration 

responses, i.e., the average relative difference was calculated to be equal to 9.9 % and 8.7 % for the semi-

rigid and flexible diaphragms modelling approach respectively. Indeed, for the first two translational modes 

along the main directions of the high-rise building (NS, EW), the latter two approaches led to quite accurate 

prediction of the modal frequencies since the relative difference from the OMA-identified ones were found 

to be within the range of 5.3 % and 8.5 %. Contrarily, the rigid diaphragm modelling approach led to 

translational frequencies deviating from the experimental ones with relative difference higher than 54%. 

Slightly lower, though still excessive, deviation (i.e., relative difference up to 44%) was calculated for the 

first two rotational modes-related frequencies, which were estimated almost identically by applying the 

semi-rigid and flexible diaphragm’s modelling approaches leading to a maximum relative difference of 

22.0% from the OMA-identified frequencies. 

 OMA (SSI) Flexible Semi-rigid Rigid 

Mode 
Frequency 

[Hz] 

Frequency 

[Hz] 

Difference 

(%) 

Frequency 

[Hz] 

Difference 

(%) 

Frequency 

[Hz] 

Difference 

(%) 

NS 1 0.57 0.54 -5.3 0.54 -5.3 0.88 54.4 

EW 1 0.64 0.68 6.3 0.68 6.3 0.97 51.6 

T 1 1.26 1.46 15.9 1.45 15.1 1.79 42.1 

NS 2 2.35 2.50 6.4 2.50 6.4 2.61 11.1 

EW 2 2.93 3.18 8.5 3.17 8.2 3.14 7.2 

T 2 3.55 4.33 22.0 4.31 21.4 5.12 44.2 

Table 4: Experimental and FE model-based natural frequencies of the benchmark building accounting for 

the three different diaphragm modelling approaches considered.   

Based on the results presented by Table 4 and briefly discussed above, the rigid diaphragm assumption, 

widely adopted by building designers, was found to result in natural frequencies significantly different than 

the experimental ones. The latter, estimated significantly higher than the corresponding OMA-identified 

natural frequencies, can be attributed to the artificially high floor stiffness, being related to the simplified 

modelling approach of rigid diaphragms. On the other hand, such a deviating modal behaviour was not 

detected for the semi-rigid, and flexible diaphragms are modelling approaches since the corresponding FE 

model-related estimates for the natural frequencies are in good agreement with those experimentally 

identified from the actual vibration response of the 32-storey RC building. It is observed that the first NS 

translational natural frequency estimated by the FE model accounting for either the semi-rigid or the flexible 

diaphragms, was found slightly lower than the OMA-identified one while, for the rest five frequencies 

presented (Table 4), the FE-model based estimates were lower than the experimental ones. This peculiar 

result, already reported by Schuster [18] by OMA identification results for the City Crest Tower, may be 

attributed to deviations between the designed structural members and the ones eventually constructed at the 

building’s site. For example, construction imperfections regarding the appropriate reinforcement of the 

tower’s walls can modify the stiffness distribution along the height of the structure that, in turn, affects the 

vibration frequencies. A thorough on-site investigation is necessary to elaborate on this peculiar result 

identification result. 

In addition to evaluating the effects of diaphragm flexibility on the modal frequencies, these effects were 

also investigated by comparing the modes shapes obtained from the FE-models and those obtained 

experimentally.  This was done by using the Modal Assurance Criterion (MAC) to compare the vectors of 

the mode shapes. Notably, the MAC values calculated higher than 91% (Table 5 for the semi-rigid and the 
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flexible diaphragm modelling approaches corroborate their superiority in predicting with increased 

reliability the modal behaviour of City Crest Tower. The less accurate prediction of the building’s mode 

shapes was found to be associated with the rigid diaphragm since an average MAC value of 73.0 % was 

calculated for the first translational and two rotational modes considered. 

Mode Shapes Flexible MAC (%) Semi-rigid MAC (%) Rigid MAC (%) 

NS 1 95.3 95.3 85.8 

EW 1 97 97.0 76.1 

T 1 98.2 98.2 88.3 

NS 2 95.3 95.3 60.4 

EW 2 91.9 91.9 58.2 

T 2 92.8 92.7 69.3 

Table 5: Modal Assurance Criterion values for the three different diaphragm-modelling approaches. 

7 Conclusion 

The outcome of the current study carried out for an existing RC high-rise irregular building located in 

Vancouver, Canada, highlights the effect of three different, widely adopted though, floor diaphragms 

modelling approaches on the reliable prediction of the global modal behaviour of the structure. Along these 

lines, the natural frequencies of the City Crest Tower, being a single RC core structural system with irregular 

stiffness distribution both in-plane and elevation, were experimentally identified by applying OMA 

techniques. These modal estimates were compared with the natural frequencies found on FE model basis 

accounting for three diaphragm’s modelling approach: flexible, semi-flexible and rigid. The latter approach 

led to natural frequencies deviating significantly from the experimentally obtained ones (i.e., the relative 

difference was calculated, on average, equal to 35.1 % considering the first four translational and the first 

two rotational modes). On the contrary, both the flexible and the semi-rigid diaphragm modelling 

approaches resulted in natural frequencies that deviate, on average, from the experimental ones with less 

than 10 % considering the first four translational and first two rotational modes respectively. The 

assumptions of flexible and the semi-rigid diaphragm in the FE model led to closer modal results 

(frequencies and mode shapes) with those obtained experimentally than those obtained based on a rigid-

floor assumption. MAC values higher than 91% were calculated for the FE models with the semi-rigid and 

flexible diaphragms while, on the other hand, the rigid diaphragm affected the estimation of the mode 

adversely shapes adversely since the associated, on average, MAC value for the six modes considered was 

calculated equal to 73.0%. 
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Abstract
This contribution addresses the compensation of disturbing effects on performance indicators in the frame-
work of structural health monitoring of bridge structures. Basis of this study is the ambient acceleration
response of a freeway bridge located in the Austrian Alps, recorded in a long-term monitoring campaign
over five years. The two investigated effects are the non-stationary added mass of the traffic volume and the
exposure of the bridge to seasonal ambient temperature changes. In the first part, the impact of added mass
on an identified natural frequency is quantified. With trucks crossing the bridge modeled as rigid lumped
mass, the mass loading effect on the performance indicator is rather small. In the second part, three different
black-box input-output models for compensating the influence of the ambient temperature on the identified
frequency are developed. It is shown that the developed black-box models facilitate at least partially the
desired compensation of the temperature effect on the considered bridge frequency.

1 Introduction

The basic idea of structural health monitoring (SHM) is to continuously or periodically monitor a kinematic
response quantity (strains, deformations, velocities, accelerations) that serves as input for performance in-
dicators of the considered structure. A change of a performance indicator indicates a modification of the
structural state due to degradation or damage, and allows to take immediate appropriate measures. Many
SHM approaches and aspects have been discussed in the literature, see for instance literature survey [1].
So-called operational modal analysis (OMA), also referred to as output-only SHM methodology, is based
on the ambient dynamic structural response due to inherent excitation, such as micro-seismicity, wind loads,
and traffic loads ([2],[3]). Since the spatial and time evolution of these, in general, non-deterministic exci-
tation sources without pre-defined load pattern is not explicitly known, in a common assumption ambient
excitation is modeled as a stochastic stationary Gaussian white noise process. Consequently, frequency re-
sponse functions (FRFs) of the monitored structure can be derived using only the recorded response data.
Then, in the next step, system identification algorithms are applied to the FRFs to identify modal structural
parameters (natural frequencies, damping values, mode shapes) [4], which may serve itself as performance
indicator (i.e. damage sensitive parameter) or may be processed to performance indicators [5]. Particularly
for bridges, where the time-varying traffic is the main excitation source, the stationarity assumption is a
rather crude description of the reality. In practical applications, thus, before parameter identification, FRFs
from several time frames of the observation period are sufficiently averaged.

Although in the last decades various SHM methodologies have been developed, their application in engi-
neering practices still faces several difficulties. In particular, the effect of pronounced varying environmental
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boundary conditions such as the ambient temperature on the structural response may distort performance
indicators, thus, potentially hiding structural damage. Yet another difficulty in SHM of bridges is related to
the crossing of heavy goods traffic because any significant additional mass (truck, train, etc.) changes the
modal system properties.

In the present contribution, several approaches to reducing the impact of both ambient temperature and
mass loading on performance indicators are proposed and discussed. These approaches are derived from
the ambient acceleration response of a freeway bridge located in the Austrian Alps, recorded in a long-term
measurement campaign [6], [7].

2 Considered bridge, traffic volume, and environmental condition

The Lueg bridge, located close to the Brenner Pass in Austria, carries the four-lane Brenner freeway along a
mountain slope connecting Austria and Italy. The bridge, which was completed in 1969, is separated into five
segments of about equal length and exhibits a total span of 1800m. Four segments are made of prestressed
concrete, whereas the cross-section of the central segment is composed of a steel truss and a concrete deck.

(a) Arial photograph [8]

21.00 m

3.004.504.503.00
6.00

sensor

(b) Composite cross-section of the central bridge segment, adopted
from [8]

Figure 1: Lueg bridge of the Brenner freeway, Austria

At an altitude of 1370m the Brenner Pass is the only major mountain pass within the area, and hence, the
Brenner freeway represents one of the most important transit routes between Northern and Southern Europe
both for freight and holiday traffic. Figure 2 shows the total number of vehicles passing the bridge per day
in 2008. As observed, during the holiday seasons the traffic volume is higher, with peaks on Saturdays
throughout the year. In [9] the number of trucks (i.e. vehicles exceeding a mass of 8.7 t) crossing the Europa
bridge, which is also part of the Brenner freeway, is specified for this observation period. It is reasonable to
assume that the Lueg bridge carries the same trucks, because the Europa bridge is situated only 25 km north
without major exits in-between. In Figure 2 the counted trucks per day are shown by red circular markers,
except for the period mid of May till the end of June, where no data are available. In contrast to the total
traffic volume, the daily truck traffic is from Monday to Saturday relatively constant throughout the year,
with a mean of about 7000 trucks per day. However, on Sundays and on public holidays a significant drop of
the heavy goods traffic is observed, due to the truck driving ban in Austria from Saturday 3 p.m. to Sunday
10 p.m. and on public holidays from midnight to 10 p.m. This ban is also in place every night from 10 p.m.
to 5 a.m.

From these data, for every day of 2008 the diurnal variation of traffic across the bridge can be presented in
terms of a histogram, here selecting one hour intervals. When normalizing the total area below the histogram
to one, it represents an approximation of the corresponding probability function of the daily traffic. Then, the
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normalized histograms of all Mondays (Tuesdays, Wednesdays, etc.) in the observation year 2008 are added
up and divided by the number of Mondays (Tuesdays, Wednesdays, etc.). In this respect, public holidays are
treated as Sundays, i.e. the histogram of Sunday also includes the traffic information of those holidays. As
the result of this statistical analysis, in Figure 3(a) the arithmetic mean normalized histograms of the daily
traffic volume is displayed. Inspection of Figure 3(a) confirms that most of the traffic crosses between 5 a.m.
and 10 p.m. the bridge, partially due to the driving ban on heavy goods traffic beyond this time period. It is
also observed that during weekdays the daily distribution of the traffic is similar, however, on Saturdays and
Sundays the characteristics of the traffic flow is different.

Figure 2: Number of all crossing vehicles and trucks per day recorded close to the Lueg bridge in 2008

(a) Daily distribution of total traffic (b) Daily number of trucks as a function of vehicle
mass

Figure 3: Arithmetic mean histograms of the daily traffic distribution crossing the Lueg bridge in 2008

According to Figure 2, trucks represent approximately 20% of the total traffic volume. Considering that in
Austria the gross vehicle mass of trucks is limited to 44 metric tons (t), which is one order of magnitude
larger than the mass of passenger cars, this implies that the mass added to the bridge is dominated by the
heavy goods traffic. In [9], the mass of each truck crossing the Europa bridge in 2008 is specified, and the
trucks are categorized into nine mass classes: mass class 1 (8.7-10t) collects the vehicles carrying little to
no loads, whereas mass class 9 (40-44t) comprises the fully loaded trucks. Figure 3(b) shows for each mass
class the arithmetic mean truck number of each day of the week, evaluated over the observation period 2008.
Public holidays are treated as Sundays, as before. It is readily observed that most of the trucks belong to mass
classes 1 and 9. The number of unloaded trucks is relatively stationary throughout the week, however, on
Sundays the quantity of fully laden trucks is much smaller compared to the remaining six days of the week.
Despite the traffic ban, due to exception permits, on the weekends the heavy goods traffic is still considerably.
From this discussion it can be concluded that the traffic across the Lueg bridge is highly non-stationary.

Since located at an altitude of about 1300m, the Lueg bridge is exposed to pronounced climatic seasonal
changes. Figure 4 shows the annual ambient temperature, recorded in 2008 close-by at the Brenner Pass. As
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Figure 4: Daily ambient mean temperature recorded close to the Lueg bridge in 2008

observed, the ambient temperature fluctuates in a range of 45 ◦C, and frost is present during half of the year.

3 System identification

In a long-term monitoring campaign, conducted in the framework of a funded research project [10], the
company VCE Vienna Consulting Engineers ZT GmbH recorded from December 2006 to September 2011
ambient accelerations of the Lueg bridge continuously at a sample rate of 100Hz. The position of the
Kinemetrics triaxial force-balance accelerometer in the steel truss of the central bridge segment, which mea-
sured the acceleration data used in this study, is shown in Figure 1(b). Based on these data, subsequently
a characteristic natural frequency of the bridge structure is identified. This frequency is considered as the
performance indicator of the bridge.

To identify the characteristic natural bridge frequency, the recorded acceleration signals serve as input for
Welch’s estimator [11], applied to estimate the power spectral densities (PSDs) of these signals. The fre-
quency resolution of the PSDs depends on the considered time frame of the signals. In general, the required
time frame increases, the lower the expected natural frequencies and damping coefficients are. Rules of
thumb for estimating the time frame are provided, for instance, in [2], [3]. In the present study, PSD analysis
is based on a time frame of 14400 s = 4h to obtain the targeted frequency resolution of 0.0025Hz. To sta-
tionarize the signal in the time frame, it is divided into a sequence of 100 partial segments with 64% overlap.
The arithmetic mean of the 100 segment PSDs is the representative PSD of the signal in the considered time
frame, implying that non-stationary effects have been minimized through averaging. The PSD of the next
time frame is based on the signal with 75% overlap to the signal of the previous time frame, thus, resulting
in a PSD update rate of 1h.

As an example, Figure 5 depicts the resulting auto PSDs, Sxx, of the three orthogonal acceleration compo-
nents recorded at two different seasons in logarithmic scale. The underlying signals of the left plot were
recorded in winter at night (December 10 2006) from midnight to 4 a.m., the PSDs of the right plot are based
on accelerations measured in summer at noon (June 29 2007) from 10 a.m. to 2 p.m. As observed, the lon-
gitudinal vibrations are orders of magnitude smaller than in the other directions, and therefore, they are not
further considered. On the other hand, PSDs of the transverse and vertical vibration components are of the
same scale, and they exhibit in the depicted frequency domain from 1 to 4Hz several pronounced resonance
peaks. The bridge is supported by long piers of up to 50m (see Figure 1(a)), and thus, the recorded transverse
response in mainly associated with bending of the piers. Since the focus of this study is on the structural
condition of the bridge deck but not on the piers, the transverse response component is not elaborated in
more detail.

In both subplots of Figure 5, the PSD of the vertical acceleration shows at a frequency of about 2.2Hz a well
separated peak. This apparent natural frequency is chosen as performance indicator for potential structural
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changes in the bridge deck. Since only one sensor output is available, peak-picking is the obvious choice to
identify the frequency at this peak from the PSDs in one hour intervals in the entire observation time from
December 2006 to September 2011. In Figure 6 this identified natural frequency, fid, is depicted for two
time intervals of 50 days in the winter and summer seasons: the left plot refers to the December-January
period of three different winters, and the right plot to the July-August period of three subsequent years. This
figure reveals that the frequency is not stationary over time.

Figure 5: Auto spectral density of the three acceleration components for two different periods of time

Since in the entire monitoring period no structural damage was observed, it can be, thus, concluded that
the bridge structure is sensitive to the variable mass-loading effect and/or the environmental impact. The
frequency varies in the range from 2.15Hz (summer) to 2.35Hz (winter), which can be attributed mainly
to seasonally different climatic different conditions. In the cold season the mean of this frequency is larger,
because subsoil, abutment (due to formation of ice), asphalt, etc. are stiffer at low temperatures. It is also
observed that the frequency fluctuation in winter is larger than in summer, a result of frost-thaw cycles in the
winter. The small variations of the frequency in the summer period are most likely related to the variation of
the heavy goods transport over the day and the week, as discussed before. In the legends of Figure 6, mean
± two times the standard deviation σ of this natural frequency in the considered time intervals are specified.
Assuming a normal distribution, the range ±2σ approximates the 95% confidence interval of the frequency,
representing its uncertainty.

(a) December-January period (b) July-August period

Figure 6: Variation of the identified natural frequency in two 50 day periods of three subsequent years

This natural frequency may only serve as performance indicator if the effects of traffic volume and ambient
temperature in this frequency are compensated. That is, the scatter with respect of time is eliminated, or
at least, reduced, thus resulting in a significant decrease of the 95% confidence interval of the frequency.
Subsequently, those effects on the identified frequency are quantified, and procedures for their compensation
proposed, tested, and evaluated.
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4 Assessment of mass-loading effect

At first, effect and extent of variable mass-loading on the identified natural frequency is discussed, based
on stochastic finite element (FE) simulations of the bridge-truck system. To this end, a two-dimensional
FE beam model of the considered bridge segment is built. The fundamental frequency of this bridge model
without truck loading is fsim,0 = 2.292Hz.

Heavy goods traffic on the bridge is stochastically simulated. Fundamentals of this simulation are the sta-
tistically evaluated data of the counted traffic for every day of the week, as described in section 2, compare
with Figure 3. The number of trucks of each mass class is assumed to be a standard-normal distributed
random variable, with mean according to Figure 3(b) and corresponding standard deviation. These random
variables are combined in vector x1 ∈ R9 ∼ N (0, 1). Random vector x2 ∈ R24 ∼ N (0, 1) contains the set
of 24 standard normal-distributed random variables describing the distribution of the heavy goods traffic in
one-hour intervals during the course of the day, taking into account mean values depicted in Figure 3(a) and
corresponding standard deviations. The arrival time x3 of the individual trucks at the bridge in each one-hour
interval is assumed to be uniformly distributed. The mass of a truck in a mass class is captured by another
uniformly distributed random variable denoted as x4. A further assumption is that the trucks cross the bridge
with constant but random speed with mean 50 km/h and standard deviation 10 km/h. As such, at each time
instant, the position of a truck on the bridge can be determined.

Lumped masses representing the truck are attached to the two adjacent nodes of the FE beam bridge model.
Modal analysis of 100 random coupled bridge-truck samples is performed at discrete time instants in ten-
seconds intervals for the seven days of a week. Averaging results in one-hour intervals yields estimates for
the considered natural frequency fsim,∆m taking into account mass-loading. Figure 7 shows the range of this
frequency in terms of mean values µ ± 2 standard deviations σ. It can be concluded that the lumped mass
truck model reduces consistently the considered natural bridge frequency at all time instants. The extent of
reduction is directly related to the diurnal variation of the traffic, compare with Figure 3(a). Consequently,
on Sundays and during the nights the predicted frequency shifts are much lower. According to Figure 7 the
maximum mean frequency reduction due to the heavy goods traffic is less than 0.02Hz, i.e. 1%. Variations
of the identified natural frequency observed in summer can, thus, be attributed partially to mass-loading
effects, compare with Figure 6. However, the larger deviations observed in winter still remain to be tackled.

Figure 7: Simulated natural bridge frequency (mean±2 standard deviations) considering the traffic variation
of one week

5 Compensation of temperature effect

The main input variable for compensating the temperature effect on the selected performance parameter is
the ambient temperature recorded continuously at the closely located meteorological station on the Brenner
Pass, shown in Figure 4.
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The complex physical processes, which govern the relation between ambient temperature and the dynamic
bridge properties, are unknown, and thus, no thermo-mechanical model can be developed. Instead, empirical
black-box models in the form of input-output relations y(t) = g (u(t)) are established, where the input u(t)
is the ambient temperature, and the output y(t) the identified natural frequency.

The most basic and straightforward approach assumes a static relation, y = g(u), representing a direct
correlation between actual temperature and frequency. In reality, the underlying processes are more dynamic
than static. The dynamic nature of such processes may be captured by a linear time-invariant (LTI) model
with a single input and a single output (so-called SISO model). Most generally, a time-discrete SISO LTI
system subjected to additive random disturbances is mathematically structured as [12]

A(q)y(t) =
B(q)

F (q)
u(t)− C(q)

D(q)
e(t) (1)

where e(t) is an additional noise process, and A(q), B(q), C(q), D(q), F (q) are polynomials in q in the
form, for instance,

B(q) = b1q
−1 + b2q

−2 + . . .+ bnq
−n =

n∑

k=1

bkq
−k (2)

Parameter q represents the forward shift operator [12] with the properties qu(t) = u(t + 1) and q−1u(t) =
u(t − 1). Variables are, thus, parameters bk (k = 1, ..., n), analogously, parameters ak, ck, dk, fk, and the
corresponding model orders n, which are not necessarily equal for all polynomials.

From the time-discrete SISO LTI model, Equation 1, several special cases can be deduced that are typically
used in system identification. For instance, choosing A(q) = 1 yields the class of Box-Jenkins (BJ) models,
F (q) = D(q) = 1 ARMAX (auto-regressive moving average with exogenous input) models, and A(q) =
C(q) = D(q) = 1 Output Error (OE) models. When only the dynamics of the process but not the noise is of
interest (i.e. the relation between u(t) and y(t)), OE models are a common choice [13]. Note that Equation 1
is equivalent to a model described in the z-domain [14], typically used for describing discrete-time systems.
Assuming a discrete-to-continuous time conversion method of any choice (e.g. bilinear transform s = 2

ts
z−1
z+1

with sampling time ts), the transfer function can be expressed in the Laplace domain as G(s) = B(s)/F (s).

From another perspective, the input-output relation between ambient temperature u(t) and frequency y(t)
can be modeled in terms of process models known from control engineering. For instance, a plant including
a proportional gain K and a time constant T linked with underlying energy storage and delayed response is
described by the following transfer function in the Laplace domain [14],

G(s) =
K

Ts+ 1
=
Y (s)

U(s)
(3)

or, alternatively, in the time domain by the first-order differential equation T ẏ(t)+y(t) = Ku(t). This model
describes, for instance, non-stationary heat exchange problems, which are expected to govern the underlying
relation between temperature and natural frequency. SISO LTI systems can be extended either to linear
parameter-varying (LPV) systems or to nonlinear models. In a more sophisticated approach, Equation 1 is
extended by multiple inputs instead of one. Such models are referred to as MISO systems.

In the present study, the following three models are developed to reduce the temperature effect on the iden-
tified natural frequency:

• For model 1 (”direct correlation”) a static relation between current ambient temperature ϑ and natural
frequency fsim,∆ϑ is developed.
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• Model 2 (”OE(2,3)”) applies a discrete-time Output-Error-Model with polynomial orders nb = 2
for B(q) and nf = 3 for F (q), and an input-output delay of one sample, i.e. of the form y(t) =

b1q−1+b2q−2

1+f1q−1+f2q−2+f3q−
u(t)− e(t) (compare with Equation 1).

• In model 3 (”MISO”) two first-order systems according to Equation 3 are connected in parallel. In one
subsystem the temperature variable serves as input, in the second one the temperature gradient, i.e. the
time derivative of the temperature. The input-output relation reads as y(t) = g (u(t), u̇(t)). A block
diagram of the model structure is depicted in Figure 8.

G1(s) =
K1
T1s+1

G2(s) =
K2
T2s+1

u(t)

u(t)
+

y(t)

Figure 8: Structure of model 3 (MISO)

To find the “best” analytical static frequency-temperature relation of model 1, initially at each discrete time
instant the identified natural frequency and the corresponding mean temperature of the four hour time frame
for data acquisition (as described in section 3) is paired. These data are clustered in temperature bins with
a width of 1◦C, and histograms are computed for each bin. The histograms are normalized to a maximum
value of 1, and interpolation between the individual histograms yields a density function, shown in Figure 9
in terms of a contour plot.

Figure 9: Correlation function applied for model 1

This figure reveals that ϑ and fsim,∆ϑ are correlated, however, particularly for temperatures below the freez-
ing point a rather large scatter is observed. Application of regression analysis to the peak values of the
density function displayed in Figure 9 yields the following quadratic function fsim,∆ϑ(ϑ),

fsim,∆ϑ(ϑ) = 2.22− 3 · 10−3ϑ+ 5 · 10−5ϑ2 (4)

which represents model 1 for temperature compensation. Application of Equation 4 to the identified natural
frequency fid(t) at a certain time instant t, utilizing the temperature recorded at t as input, results in the
frequency fmodel(t). Then, the compensated natural frequency is obtained as

fcomp(t) = fid(t)− fmodel(t) + fref (5)
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where fref is the reference natural frequency to be monitored.

The structure of model 2 (OE(2,3) with input-delay of one is the result of a parametric study on the identified
natural frequency of nine time frames of 50 consecutive days each (compare Figure 6). Three of the time
frames contain the frequency data of the December-January winter period, three the March-April spring
period, and the last three the July-August summer period. As such, the full ambient temperature range of
a year is captured. When testing different approaches, for a single time frame higher order models (i.e.
models with nb > 2 and nf > 3) have shown to compensate better the temperature effect on the frequency.
However, when condensing the individual models derived for each time frame to a global model applicable to
the entire monitoring period, lower-order models have proven to be more robust. Yet no general single model
for predicting the temperature effect uniformly throughout the monitoring period could be found. Instead,
two OE(2,3) sub-models have been developed. The first one is calibrated to data recorded in December
and January, thus referred to as winter sub-model, whereas the second one is calibrated to data from July
and August (summer sub-model). The derived transfer function of the winter and the summer sub-model,
respectively, in the Laplace domain read as

Gwinter(s) =
1.34 · 10−4s3 + 1.30 · 10−11s2 − 4.12 · 10−11s− 4.01 · 10−18

s3 + 3.29 · 10−4s2 + 6.52 · 10−9s+ 6.75 · 10−19

Gsummer(s) =
3.15 · 10−4s3 − 1.81 · 10−11s2 − 9.71 · 10−11s+ 5.60 · 10−18

s3 + 6.27 · 10−4s2 + 1.10 · 10−7s− 4.53 · 10−19
(6)

An optimization procedure is applied to determine the four model parameters of MISO model 3 according
to Figure 8, providing that the frequencies of the nine considered time frames are approximated as good
as possible by a single model. The normalized root-mean-square-error between model output and identified
frequency is used as objective function to be minimized [13]. This procedure yields the following expressions
for the transfer functions,

G1(s) =
K1

T1s+ 1
with K1 = −0.0025Hz/◦C , T1 = 0.4h

G2(s) =
K2

T2s+ 1
with K2 = 0.1Hz/ (◦C/h) , T2 = 44h (7)

Application of model 2 yields the compensated natural frequency shown in Figure 10 for the underlying
time frames. The outcomes of Figure 10(a) are based on the winter sub-model, application of the summer
sub-model yields the graphs shown in Figure 10(b). Comparing Figure 10 with the original data displayed
in Figure 6 shows visually that this model reduces the scatter of the natural frequency with respect to time
significantly. Mean ± two standard deviations specified in the legends of Figures 10 and 6 confirm this
observation, i.e. the standard deviation is considerably reduced after implementation of compensation model
2.

Now, the performance of all three developed compensation models is discussed in more detail based on the
95% confidence interval (i.e. two times the standard deviation) specified in Table 1 for both original and
compensated frequency data. For each of the nine considered time frames and each model the confidence
interval (in Hz) and its relative change, ∆, in % with respect to the raw data is provided separately. A
negative ∆ (%) indicates the desired reduction of the confidence interval. In this respect, model 1 (“CI
direct corr.”) does not perform satisfactorily, because both a reduction and amplification of the confidence
interval, depending on the time frame, is observed. For instance, performance is worst for the time series
March-April 2010, where an increase of 55% is observed. Model 2 (“CI OE(2,3)”), which combines a winter
and a summer sub-model, reduces significantly the 95% confidence interval in winter and summer periods
(with one exception in December-January 2006/07). In the time frames of the spring season, where the
climatic conditions of winter and summer interfere, the summer sub-model can only compensate partially the
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temperature effect, i.e. the reduction of the confidence interval is minor (approximately 6% mean reduction).
Application of the winter sub-model to this transition period even increases the scatter of the frequency. From
the results it can be concluded that model 2 does not capture appropriately the seasonal transition periods.
Application of model 3 (“CI MISO”), on the other hand, yields a reduction of the confidence interval in all
but one time frame (March-April 2010). It is, thus, the most favorable model developed here to compensate
the effect of ambient temperature on the identified natural frequency. However, the confidence intervals of
the winter and spring periods still remain considerably larger than in summer, also when employing this
model. Mean confidence intervals are 0.03 and 0.01Hz, respectively. In future investigations it should be
studied whether more sophisticated models may further reduce this gap.

(a) December-January period (b) July-August period

Figure 10: Variation of the temperature compensated natural frequency according to model 2 in two 50 day
periods of three subsequent years

period CI raw CI direct corr. CI OE(2,3) CI MISO
(Hz) (Hz) ∆ (%) (Hz) ∆ (%) (Hz) ∆ (%)

06/07 0.025 0.031 +24.0 0.034 +33.8 0.019 -26.8
dec/jan 08/09 0.054 0.041 -24.1 0.031 -42.8 0.043 -20.1

10/11 0.048 0.035 -27.8 0.026 -45.9 0.034 -29.6
2008 0.029 0.031 +5.9 0.027 -7.7 0.025 -16.5

mar/apr 2010 0.027 0.041 +55.4 0.026 -3.1 0.031 +14.5
2011 0.044 0.039 -10.8 0.040 -7.6 0.037 -16.1
2009 0.015 0.015 +2.1 0.013 -11.1 0.012 -23.5

jul/aug 2010 0.020 0.017 -17.6 0.016 -22.6 0.012 -42.6
2011 0.019 0.017 -11.3 0.016 -16.4 0.013 -32.2

Table 1: 95% confidence interval (CI) of the mean of the performance indicator in nine 50 day periods before
and after temperature compensation, and relative change in %

6 Summary, conclusions, and outlook

In this contribution, from acceleration response data of the Lueg bridge located in the Austrian Alps, con-
tinuously recorded in a long-term monitoring campaign over five years, a characteristic natural frequency
has been identified at discrete time instants of the observation time. In the framework of structural health-
monitoring, this frequency serves as performance indicator. Since in the monitoring period no damage has
been reported, temporal scatter of this frequency has been attributed to disturbance effects. Two possible
sources of the observed frequency scatter have been addressed. That is, (i) the non-stationary variation
of the mass due to the heavy goods traffic crossing the bridge, and (ii) the ambient temperature, which is
significantly different in winter with long frost periods and summer with peak temperatures up to + 30 ◦C.
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A numerical study utilizing a finite element model of the bridge and a simple mechanical model of a truck,
the mass-loading effect has been quantified to reveal how the traffic mass contributes to the frequency scatter.
The crossing traffic volume has been modeled stochastically, based on statistical data of the diurnal traffic
variation, and the hourly and weekly distribution of the truck mass. From the results of this analysis it can be
concluded that the overall impact of the mass-loading effect on the identified natural frequency of the bridge
is rather small.

The second study concerns the impact of the ambient temperature recorded at a close meteorological station
on the considered bridge frequency and its compensation. Since the underlying processes between tempera-
ture and dynamic bridge properties (respectively stiffness) is not well understood, three different black-box
models have been developed, describing empirically a relation between recorded temperature (and/or tem-
perature gradient) and identified natural frequency. As first model, a static relation between temperature and
natural frequency has been established, thus, neglecting the dynamic character of the underlying thermo-
mechanical process. The second approach, a linear time-invariant single input-single output model has been
calibrated to the temperature and frequency data, accounts for this process dynamics in a simple manner.
Since no uniform model applicable to an entire year has been found, it consists of two separate Output-
Error sub-models, one for the cold season and one for the summer season. In an effort to create a single
temperature-frequency relation, in the third model the time derivative of the temperature serves as second
input variable. It was shown that the static model cannot capture the temperature effect on the identified
frequency. Both dynamic models, and here in particular the most sophisticated model 3, have their merits to
compensate the temperature induced scatter of the frequency in the seasons of less pronounced temperature
variations (winter and summer). However, in the transition periods between winter and summer and vice
versa the performance of both models is less satisfying.

Additional studies are needed to find better models for temperature compensation that can be applied through-
out the year. Such models can be either nonlinear or linearly time-varying. On the other hand, sources of
disturbance not directly related to ambient temperature should be considered.
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Abstract
Ground-borne vibration and re-radiated noise are an important design consideration for many modern build-
ings that are close to railways. The induced vibration field may be assumed as an incoming wavefield. The
response of the soil-foundation-building system can be then obtained in two stages with reference to the
sub-modelling technique. This paper refers to the first stage that is associated with the modification of the
free-field vibration due to the coupling of a foundation to the ground (i.e. added-foundation effect). Here,
the foundation model consists of a series of rigid regions representing the subsequent coupling points with
a building. Iguchi’s method is investigated as a simplified procedure to obtain the response of surface rigid
foundations resting on a homogeneous and elastic half-space subjected to incoming plane wavefields. The
case of rigid footings on an elastic layer overlying the half-space (i.e. slab foundation) is also investigated.
The results obtained with Iguchi’s method and the rigorous boundary-element model are in good agreement.

1 Introduction

Ground-borne vibration and re-radiated noise, generated by surface and/or underground railways, are an
important design consideration for modern buildings. This is particularly so in metropolitan cities because
of the expanding transportation infrastructure and the available areas for new residential and office build-
ings, which are often located in the vicinity of railways. The vibration generated at the source propagates
through the ground and reaches the building through its foundation. The ultimate concern is the disturbance
of the occupants caused by the vibration and re-radiated noise in the interior of a building. Because of the
multidisciplinary nature of the topic, research efforts involve the study of the excitation mechanisms at the
source, the propagation of vibration through the ground, the dynamic response of the building and poten-
tial mitigation measures [1, 2]. The latter have the goal of reducing the ground-borne vibration by acting
either at the source [3, 4], along the propagation path [5] or at the receiver (building) [6]. A rather common
example of mitigation at the receiver is the implementation of a thick slab foundation [7, 8] at the base of
the building. Significant literature exists on the soil-foundation interaction of both flexible [9–11] and rigid
foundation systems [12–15] subjected to incoming wavefields. The response of the foundation is often con-
sidered rigid in earthquake-related problems, which involve low frequencies and long wavelengths. With
reference to ground-borne vibration induced by railway traffic, the frequency range of interest lies between
approximately 20 Hz and 200 Hz, reflecting both the frequency content of the source and the range of human
perception. Therefore, problems related to ground-borne vibration involve relatively short wavelengths that
may be comparable with the dimensions of a typical concrete slab foundation. In this case, the flexibility of
the slab should be considered. Previous work by Auersch [16] has considered the response of finite and in-
finite plates resting on a half-space to Rayleigh wave excitation. The case of a slab foundation as an infinite
elastic layer on an elastic half-space subjected to incoming P-, SV-, or Rayleigh waves has been investi-
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gated [17] by means of the Dynamic Stiffness Method (DSM) [18] and the Elastodynamics Toolbox [19] in
MATLAB [20].
In the framework of ground-borne vibration, this paper adopts Iguchi’s method [13, 15] as a simplified pro-
cedure for obtaining approximate transfer functions between the free-field vibration amplitude of the ground
as a homogeneous and elastic half-space subjected to incoming plane wavefields, and the free-surface vibra-
tion amplitude at the foundation level. The procedure refers to rigid regions that represent the subsequent
coupling points with a portal-frame building. The rigid regions may be thought either as rigid foundations,
in the case of direct coupling with the half-space, or rigid footings, if they are on top of a flexible foundation
resting on the ground. The following section presents the general soil-structure interaction problem with the
focus on the added-foundation effect.

2 Soil-Structure Interaction and the Added-Foundation Effect

Let us consider the general case of the construction of a building in the vicinity of a source of vibration
represented by buried or surface train lines. Figure 1 shows the main construction stages that are also rep-
resentative of the modelling steps for such a vibration problem. The vibration generated at the source can
be expressed in terms of a free-field displacement u0(x, y, 0, t) that may represent either on-site vibration
measurements that are taken prior any construction activities or the displacement field obtained by some
source-propagation modelling of the railway and the ground. For sake of simplicity, the wavefield is as-
sumed to be harmonic so that u0(x, y, 0, t) = ũ0(x, y, 0) eiωt where ω is the angular frequency and the
exponential term in the time variable t is omitted in the following. The construction of a foundation at the
free-surface of the ground modifies the initial free-field displacement because of the soil-foundation inter-
action (added-foundation effect), with the resulting free-surface displacement field ũf (x, y, hf ) at the top
of the foundation. The vibration levels are further changed with the construction of the building. The cou-
pling between the structure and the soil-foundation system leads to a displacement field ũb(x, y, hf ) at the
foundation-building interface (added building effect).
This paper presents a discussion of the added-foundation effect with an attempt at applying well-known
soil-foundation interaction concepts to problems related to ground-borne vibration. In a general scenario as
illustrated in Figure 1, the building can be modelled by means of a beam-bar formulation of its main frame.
This is convenient when looking for simplified models that are able to give physical insights with regard to
specific aspects of the problem (i.e. added-building effect [21]).

Figure 1: Overview of the general vibration problem: (a) free-field displacement generated by underground and/or sur-
face railways; (b) free-surface displacement field on the upper surface of the foundation accounting for soil-foundation
interaction; (c) displacement field at the base of the building accounting for soil-foundation-building interaction.

It is then necessary to ensure the compatibility of the displacement field at the foundation-building interface
with regard to the degrees of freedom of the rigid regions at the base of the building’s columns. The soil-
foundation model must then refer to rigid foundations or alternatively to rigid footings on a larger domain
of a flexible foundation (i.e. slab foundation). The soil-foundation models used in this paper refer to the
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application of the Boundary Element Method (BEM) [22, 23] by means of the BEMFUN [24] and EDT [25]
toolbox in MATLAB [20]. The EDT toolbox can conveniently provide fundamental solutions for an elastic
and layered half-space that can be used in the BEM formulation for evaluating the response of rigid footings
resting on a layered soil. Hence, the presence of a flexible foundation of infinite extent along the x and y di-
rections may be obtained by including an elastic layer with appropriate material properties (i.e. concrete) on
top of the half-space representing the ground. The response of rigid footings, representing the rigid regions
on top of the flexible foundation, can be obtained with the same BEM formulation used for the case of rigid
foundations.
The use of a rigid foundations and/or footings model limits the range of incoming wavefields that can be
properly studied because of the relatively short wavelengths involved in ground-borne vibration. Similar to
the argument valid for the discretization in finite-element analysis, the discussion is then limited to incoming
wavefields whose shortest apparent wavelengths are at least 5-8 times larger than the dimension of the col-
umn [26, 27]. Considering typical soil and column properties encountered in practice (see Table A.1), this
condition can be generally satisfied up to about 80 Hz, which covers only partially the frequency range of
interest in ground-borne vibration. While the latter argument sets limitations on the use of a rigid founda-
tions and/or footings model in ground-borne vibration, the authors believe that it is a necessary assumption
for approaching the soil-structure interaction problem in its simplest form.
The following section presents a review of the response of rigid foundations subjected to an incoming wave-
field.

3 Multiple rigid foundations subjected to an incoming wavefield

This section presents a review of the formulation for the evaluation of the response of a number (nf ) of rigid
foundations subjected to an incoming wavefield [12, 14]. The discussion is extended to Iguchi’s method for
obtaining an approximate solution of the response [13, 15]. The general case of embedded rigid foundations
is presented and reduced to the case of surface foundations. Figure 2 illustrates such a foundation model for
two embedded foundations with the soil-foundation interfaces Ω1 and Ω2.

Figure 2: Multiple, embedded, rigid foundations in a homogeneous and elastic halfspace: a) the incoming wavefield,
in absence of foundations, is represented by ũ0(x) at a generic location x in the half-space and by ũ0i(x̄i) at a location
x̄i on the domain Ωi of the ith foundation; b) the displacement field in the presence of foundations is represented by
ũf (x) at a generic location x in the half-space and by ũfi(x̄i) at a location x̄i on the domain Ωi of the ith foundation.

The ground is represented by a homogeneous and elastic half-space that is subjected to an incoming wavefield
with a resulting free-field displacement ũ0(x, ω) expressed as:

ũ0(x, ω) = U0(x, ω) u0 (1)
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where U0(x, ω) is a describing function of the incoming wavefield at x ≡ (x, y, z) for the angular frequency
ω. Examples of incoming wavefields are P-, SV-, SH- or Rayleigh waves propagating in the half-space from
a given source. The latter is assumed to reside in the far-field so that the source-receiver interaction can be
neglected [28]. For sake of simplicity, the propagating waves are assumed to be plane, as shown in Figure 2,
with a vertical incidence angle θV (θV = 0 for Rayleigh waves), and an horizontal incidence angle θH . The
describing function of the incoming wavefield can then be expressed as:

U0(x, y, z, ω) = exp{−iω cos θV
V (x cos θH + y sin θH + z tan θV )} (2)

with V the velocity of the propagating wave. The vector u0 = [u0x u0y u0z]
T is the free-field amplitude at

the origin of the reference system. It depends on the type of incoming wave, the incidence angles θV and θh,
and the properties of the half-space.
In general, the presence of a foundation induces a scattered wavefield in terms of displacement ũs(x, ω) and
traction t̃s(x, ω) such that:

ũf (x, ω) = ũ0(x, ω) + ũs(x, ω) (3a)

t̃f (x, ω) = t̃0(x, ω) + t̃s(x, ω) (3b)

with ũf (x, ω) and t̃f (x, ω) representing the free-surface displacement and traction field accounting for the
added-foundation effect and t̃0(x, ω) the traction field originated by the incoming wavefield.
The nf rigid foundations of arbitrary shape are embedded in the half-space with the centroids Oi being the
origin of the local reference systems xi. The free-surface displacement on the footprint of the ith footing can
be expressed as:

ũf i(x̄i, ω) = Si(x̄i) uf i(ω) with x̄i ∈ Ωi, (i = 1, . . . , nf ) (4)

with uf i = [ufi vfi wfi ϕfxi ϕfyi ϕfzi]
T the rigid displacement of the ith foundation referring to the 6

degrees-of-freedom. The 3× 6 transformation matrix Si(x̄i) can be expressed as:

Si(x̄i) =




1 0 0 0 zi −yi
0 1 0 −zi 0 xi

0 0 1 yi −xi 0


 (5)

The force that the ith rigid foundation exerts on the soil can be evaluated as:

ff i(ω) =

∫

Ωi

ST
i (x̄i) t̃f i(x̄i, ω) dΩi (6)

with ff i = [ffxi ffyi ffzi qfxi qfyi qfzi]
T. The global equilibrium condition for the ith foundation can be

obtained by pre-multiplying Equation 3b by ST
i (x̄i) and integrating over the domain Ωi so that:

ff i(ω) = f0i(ω) + fsi(ω) =

∫

Ωi

ST
i (x̄i) t̃0i(x̄i, ω) dΩi +

∫

Ωi

ST
i (x̄i) t̃si(x̄i, ω) dΩi (7)

with f0i and fsi the forces induced by the incoming wavefield and by the scattered wavefield respectively.
Introducing the Green’s function matrix G(x,x′, ω) that relates the displacement ũ(x, ω) to the traction
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t̃(x′, ω), the scattered displacement field is given by:

ũsi(x̄i, ω) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) t̃sj(x̄j, ω) dΩj (8)

Following the approach of Thau [29], the scattered traction field can be divided in one part directly related to
the unknown rigid displacement of the foundations and another one required to make the foundation system
immobile under the incoming wavefield:

t̃si(x̄i, ω) =

nf∑

j=1

TjiR(x̄i, ω) ufj(ω)− TiD(x̄i, ω) (9)

The matrix TjiR(x̄i, ω) gives the traction field across the domain x̄i ∈ Ωi of the ith foundation due to a
rigid motion ufj of the jth foundation. Let us consider Equation 3a for the ith foundation and substitute the
term ũs(x̄, ω) as in Equation 8 with the traction expressed as in Equation 9. The following integral equa-
tions related to the ith foundation and referring to the two distinct radiation (Equation 10a) and diffraction
(Equation 10b) problems are obtained:

Si(x̄i) uf i(ω) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω)

nf∑

r=1

TrjR(x̄′j, ω) ufr(ω) dΩj (10a)

ũ0i(x̄i, ω) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) TjD(x̄j, ω) dΩj (10b)

Equation 10a may be further divided into the nf integral equations that yield the unknown matrix TijR:

Si(x̄i) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) TijR(x̄′j, ω) dΩj (11a)

0 =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) TrjR(x̄′j, ω) dΩj with r = 1, ... , nf ∧ r 6= i (11b)

By definition of the matrix TjiR(x̄′i, ω), the dynamic stiffness matrix relating the forces at the ith foundation
due to the rigid displacement at the jth foundation is given by:

Kf ij(ω) =

∫

Ωi

ST
i (x̄i) TjiR(x̄′i, ω) dΩi (12)

The forces associated with the ith foundation originated by the scattered wavefield can be then expressed as:

fsi(ω) =

∫

Ωi

ST
i (x̄i)



nf∑

j=1

TjiR(x̄i, ω) ufj(ω)− TiD(x̄i, ω)


 dΩi =

=
∑

j=1,2

Kf ij(ω) ufj(ω) −
∫

Ωi

ST
i (x̄i) TiD(x̄i, ω)dΩi

(13)
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Consider the ith foundation to be massless and free of external forces so that from Equation 7:

fsi(ω) = −f0i(ω) (14)

The rigid displacement uf i(ω) can then be expressed as:

uf i(ω) =

nf∑

j=1

Hf ij(ω)

∫

Ωj

ST
j (x̄j) TjD(x̄j , ω) dΩj −

nf∑

j=1

Hf ij(ω) f0j(ω) with i = 1, ... , nf (15)

Equation 15 yields the displacement of multiple, massless, rigid foundations embedded in an elastic half-
space subjected to an incoming wavefield but free of external forces. The term TjD(x̄j , ω) is related to the
displacement wavefield ũ0(x, ω) by Equation 10b while the forces f0j(ω) can be retrieved by the traction
field t̃0(x, ω) (see Equation 7). The frequency response function (FRF) matrix Hf (ω) can be found as the
inverse of the dynamic stiffness matrix Kf (ω).
Let us consider the special case of massless and surface foundations. Because of the free-surface condition,
the force f0i(ω) is null and by substituting Equation 13 into Equation 14 we obtain:

fsi(ω) =

∫

Ωi

ST
i (x̄i)



nf∑

j=1

TjiR(x̄i, ω) ufj(ω)− TiD(x̄i, ω)


 dΩi = 0 (16)

A sufficient condition for the latter Equation is that:

nf∑

j=1

TjiR(x̄i, ω) ufj(ω) = TiD(x̄i, ω) (17)

Equation 17 can be related to Equations 10a and 10b by considering the rigid displacement of the rth foun-
dation. Pre-multiplying the left- and right-hand side by

∑nf

i=1 Gri(x̄r, x̄′i, ω) and integrating over the domain
Ωi, the following identity holds:

nf∑

i=1

∫

Ωi

Gri(x̄r, x̄
′
i, ω)

nf∑

j=1

TjiR(x̄′i, ω) ufj(ω) dΩi =

nf∑

i=1

∫

Ωi

Gri(x̄r, x̄′i, ω) TiD(x̄′i, ω) dΩi (18)

By substituting Equations 10a and 10b in the latter identity one can relate the rigid displacement ufr(ω) of
the rth foundation to the displacement field ũ0r(x̄r, ω) on the footprint of the same foundation:

Sr(x̄r) ufr(ω) = ũ0r(x̄r, ω) (19)

Equation 19 represents only an approximate solution since the condition in Equation 17 is not a necessary
condition. For instance, it is clear, by physical intuition, that Equation 19 completely neglects the through-
soil coupling between the foundations and that the same expression is obtained for the case of a single foun-
dation subjected to an incoming wavefield. Moreover, by inspection of the transformation matrix Sr(x̄r), it
is clear that the solution of Equation 19 can only be found in approximate terms for instance by means of the
least square method [13]. The rigid displacement of the foundation can then be found as a weighted average
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of the displacement field on its footprint (Iguchi’s method):

ufr(ω) = P−1
r

∫

Ωr

ST
r (x̄r) ũ0r(x̄r, ω) dΩr

with Pr =

∫

Ωr

ST
r (x̄r)Sr(x̄r) dΩr

(20)

It can be shown that by choosing the origin of the coordinate system at the centroid of the foundation the
matrix P = diag[Af , Af , Af , Ifx, Ify, Ifz] is diagonal with the components being the area Af , the second
moment of area Ifx and Ify, and the polar moment of area Ifz of the single rigid foundation.
The integral equations presented in the previous discussion can be reduced to sets of algebraic equations
expressed at collocation points x̄c of boundary elements [24] and both the rigorous and approximate rigid-
body displacement of the foundation can be expressed as:

uf (ω) = A(ω) u0 (21)

The following sections present the validation and a general discussion for the case of a single [12] and two
adjacent [14] squared, surface, rigid foundations resting on a homogeneous and elastic half-space subjected
to incoming plane P- and SV-waves.

3.1 The case of a squared rigid foundation

In the case of a single rigid foundation, the matrix A in Equation 21 for an incoming plane wave impinging
the free-field at a vertical angle θV and a horizontal angle θH = 0 can be expressed as:

A =




Axx 0 Axz

0 Ayy 0

Azx 0 Azz

0 Aϕxy 0

Aϕyx 0 Aϕyz

0 Aϕzy 0




(22)

The components of the matrix A in Equation 22 for the case of a surface and square foundation are repro-
duced and reported in Figure 3 for the cases obtained by Wong [12] (Poisson’s ratio νs = 1/3). Considering
the case of incoming P- or SV-waves, one can notice that the horizontal-vertical contributions Axz andAzx
have limited values when compared with the direct terms Axx andAzz respectively. So that, the latter terms
will dominate the translational response uf andwf of the rigid foundation. Similarly, the rocking response
ϕfy depends mostly on the component Aϕyz related to the vertical displacement u0z . Figure 4 shows the
application of Iguchi’s method for a square, surface, rigid foundation subjected to an incoming P- or SV-
wave at θV = 45◦ and θH = 0◦. The comparison of the foundation response with the rigorous solution is
favourable with the approximate magnitude response that oscillates about the rigorous solution [30].
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Figure 3: Components of the matrix A obtained for incoming wavefield at a vertical incidence angles θV = 45◦ and
60◦, and horizontal incidence angle θH = 0◦ for a homogeneous and elastic half-space with Poisson’s ratio νs = 1/3.
Comparison is made with the result of Wong [12] by using 8 x 8 constant elements for the rigid foundation.

Figure 4: Results for the horizontal uf , vertical wf and rocking ϕfy response of a square, surface rigid foundation on
a homogeneous and elastic half-space (Poisson’s ratio νs = 1/3) subjected to incoming plane P- (left) and SV-waves
(right) at an incidence angle θV = 45◦. Comparison is made for the magnitude (top) and phase (bottom) of the rigid-
body displacement between the rigorous solution obtained with BEM (using 8 x 8 quadratic elements) and the solution
obtained with Iguchi’s method.
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3.2 Two adjacent rigid foundation

The discussion in Section 3 illustrates the validity of Iguchi’s method to the case of multiple rigid foundations
on the free-field or embedded in an elastic half-space. This can be explored with reference to two square,
surface rigid foundations of half-width b at a centre-to-centre distance d (along x axis) and subjected to
incoming plane P- or SV-waves. An extensive study on the rigid-body response of such a foundation system
has been undertaken by Qian [14] via application of the BEM. The purpose of the present paper is not
to extend such an investigation, but rather to contextualize the case of multiple rigid foundations to the
application of Iguchi’s method. Figure 5 shows a comparison of the magnitude of the response for the
upstream and downstream rigid foundations between the rigorous BEM solution and the one obtained by
means of Iguchi’s method. The fluctuation of the amplitude of the rigorous solution can be noted for both the
translational and rotational response, with the latter being more accentuated, as anticipated by Qian [14]. A
qualitative result from the study of Qian states that the intensity and the “period” of such fluctuations along
the frequency-spectrum decrease with increasing the foundation separation d.
The purpose of this paper is to apply Iguchi’s method for evaluating the added-foundation effect, as described
in Section 2, in the case of rigid foundations representing the subsequent coupling regions with a beam-bar
representation of a portal-frame building. With reference to typical building typologies (e.g. reinforced
concrete and/or steel buildings), the centre-to-centre distance d is most likely greater than 2.5 b. Due to
space limitations, only the results attaining the specific case in Figure 5 are shown.

Figure 5: Results for the horizontal uf , vertical wf and rocking ϕfy response of two square, surface rigid foundations
on a homogeneous and elastic half-space at a centre-to-centre distance d = 2.5 b subjected to incoming plane P- (left)
and SV-waves (right) at θV = 45◦ and θH = 0◦. Comparison is made for the magnitude of the response for the
upstream (top) and downstream (bottom) foundation between the results obtained with the rigorous solution (BEM -
8 x 8 quadratic elements for each foundation) and that with Iguchi’s method.

Although the aforementioned fluctuations of the actual response are in general different depending on the
distance d/b, the type of the incoming wavefield and the Poisson’s ratio of the soil, the approximate solution
is in good agreement with the results obtained with the rigorous BEM. Iguchi’s method can then be adopted
as a simplified procedure for considering the added-foundation effect in ground-borne vibration of buildings.
The next section examines the more realistic case of rigid footings on top of a flexible foundation (e.g. con-
crete slab) resting on the half-space representing the ground.
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4 Rigid footings on a flexible foundation

The presence of a flexible foundation on top of the ground can be modelled, as a first approximation, as
an elastic layer of infinite extent along both the x and y direction with density ρc, shear wave velocity Vc,
Poisson’s ratio νc and damping loss factor ηc that can be representative, for instance, of a concrete slab
foundation. As for the previous discussion, incoming plane P- or SV-waves can be considered at some
vertical and horizontal incidence angle θV and θH with the resulting free-field displacement ũ0(x, ω).

Figure 6: Schematic of the added-foundation effect with reference to rigid footings on a flexible foundation. a) A ho-
mogeneous and elastic half-space representing the soil is subjected to an incoming wavefield due to P-, SV- or Rayleigh
waves with the resulting free-field displacement ũ0(x); b) the addition of a flexible foundation as an elastic layer leads
to the displacement ũl(x) at the free-surface of the layer; c) consideration of rigid footings as regions that will be
coupled with a beam-bar representation of a portal-frame building leads to the modified displacement ũf (x) at the
free-surface and the displacement ũf1(x1) and ũf2(x2) on the domain Ω1 and Ω2 of the two rigid footings.

Prior to the coupling of the elastic layer, the displacement field ũ0(x, ω) is related to the displacement
amplitude u0 by means of Equation 2. The addition of a flexible foundation changes the displacement field
at the surface of the half-space into ũ1(x, ω) with the resulting displacement field ũl(x, ω) at the free-surface
of the elastic layer. The displacement field at the lower and upper surface of the elastic layer can then be
written as:

ũ1(x1, ω) = U0(x1, ω) u1(ω) (23a)

ũl(xl, ω) = U0(xl, ω) ul(ω) (23b)

where U0(x, ω) is the describing function of the incoming wavefield as in Equation 2 and u1(ω) and ul(ω)
represent the displacement amplitude vectors at the lower and upper surface of the layer respectively. They
can be related to the traction amplitude vectors at the same z locations by considering the dynamic stiffness
matrix Kc(ω) of the elastic layer [18]:

(
tl(ω)

t1(ω)

)
=


K

(l l)
c (ω) K

(l 1)
c (ω)

K
(1 l)
c (ω) K

(11)
c (ω)



(

ul(ω)

u1(ω)

)
(24)

Similarly, the traction and displacement amplitude vectors at the surface of the half-space are related through
the dynamic stiffness matrix Ks. By consideration of the equilibrium and compatibility between the half-
space and the layer, the resulting displacement amplitude u1(ω) at their interface can be found as:

u1(ω) =
[
I + [Ks(ω)]−1 K

(11)
c (ω)

]−1
u0 (25)
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The displacement amplitude vector at the free-surface of the layer can be found by imposing the traction-free
condition by means of Equation 24, so that:

ul(ω) = −[K
(l l)
c (ω)]−1 K

(l 1)
c (ω) u1(ω) (26)

For the results shown herein, the displacement amplitude vectors u1 and ul are obtained from Equations 25
and 26 by using the dynamic stiffness matrices from EDT [19]. The addition of an elastic layer, on top of
the half-space, restrains the vibration levels at relatively high-frequencies. The extent to which this effect
manifests depends, in general, on the type of the incoming wavefield, on the material properties of both the
layer and the half-space and on the dimensionless frequency a0 = ω hf/Vs, with hf the thickness of the
layer, as summarily described in Equation 27.

ul
u0
∝ Ψ

(
Vs
Vc
,
ρs
ρc
, νs, νc, θ,

ωhf
Vs

)
(27)

For the vertical displacement component, a region of amplification at relatively low-frequencies precedes the
restraining effect so that there is a divide somewhat analogous to the concept of coincidence frequency in
thin plates [16, 17, 31].
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Figure 7: Restraining effect on the vertical displacement amplitude of a concrete foundation modelled as an elastic
layer of infinite extent along x and y axes and resting on top of a homogeneous and elastic half-space representing the
ground. Incoming plane P-waves at vertical incidence angles θV = 60◦, 75◦ and 90◦ are considered.

Figure 7 shows such a feature for incoming P-waves at vertical incidence angles of 75◦ (dashed line)
and 60◦ (dotted line). For these values of the incidence angle θV , the restraining effect is evident with a
constant high-frequencies limit for the interface displacement amplitude u1z and a free-surface displace-
ment amplitude ulz that tends to the null value. The solid line in Figure 7 explores the case of normally
incident P-waves, for which the interface displacement u1z is restrained at the dimensionless frequencies
a0 = π

2
Vc
Vs

(2n + 1) and released at a0 = π VcVs (n + 1) when the layer is dynamically de-coupled from the
half-space with regard to the normally incident wavefield. Although general comments have been presented
here, the reader is redirected to the relevant literature for a more thorough discussion on the influence of slab
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foundations on ground-borne vibration levels [16, 17].
Let us consider the case for which, in the framework of soil-foundation-structure interaction as shown in
Figure 1, the building is represented by a portal-frame model referring to a beam-bar formulation with the
implications already mentioned in Section 2. The foundation-building coupling regions on top of the flexible
foundation can be then idealised as surface, rigid footings on the elastic layer as schematically illustrated in
Figure 6c. The displacement field ũl(x) at the free-surface of the layer can be obtained by Equation 23b, and
the response of the rigid footings on the free-surface of the elastic layer can be approached as in Section 3.
The equivalence of Equation 18 to Equation 19 in Section 3 still holds so that Iguchi’s method is applicable
with the due limitations related to the conditions in Equations 16 and 17. The approximate response of the
rigid footings can be then obtained as weighted average of the displacement field ũl(x) on the footprint of
the rigid regions.

Figure 8: Results for the horizontal uf , vertical wf and rocking ϕfy response of two square, surface rigid footings
on an elastic layer, representing a flexible foundation, resting on a homogeneous and elastic half-space subjected to
incoming plane P- (left) and SV-waves (right) at θV = 22.5◦, 67.5◦ and θH = 0◦. The centre-to-centre distance of the
rigid footings is set to d = 2.5 b. Comparison is made for the magnitude of the response for the upstream (top) and
downstream (bottom) footing between the results obtained with the rigorous solution (BEM - 8 x 8 quadratic elements
for each foundation) and those obtained with Iguchi’s method.

The magnitude in decibels of the horizontal ufi, vertical wfi and rocking ϕfyi displacements referring to
two square footings at a distance d = 2.5 b are shown in Figure 8 for the upstream (i = 1) and downstream
(i = 2) footings subjected to incoming plane P- and SV-waves at vertical incidence angles θV = 22.5◦, 67.5◦

and horizontal incidence angle θH = 0◦. The rigid footings response is scaled to the related horizontal or
vertical component of the displacement amplitude vector ul of the incoming wavefield at the free-surface of
the layer. Iguchi’s method provides approximate solutions that agree reasonably at low-frequencies with the
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rigorous counterparts, especially for the rocking motion of the footings. However, the agreement seems to
be limited at higher frequencies. In general, the agreement of the approximate solution improves for larger
centre-to-centre distances between adjacent footings.

Figure 9: Results for the horizontal uf , vertical wf and rocking ϕfy response of two square, surface rigid footings
on an elastic layer, representing a flexible foundation, resting on a homogeneous and elastic half-space subjected to
incoming plane SV-waves at θV = 22.5◦ and θH = 0◦. The centre-to-centre distance of the rigid footings is set to
d = 20 b. Comparison is made for the magnitude of the response for the upstream (top) and downstream (bottom)
footing between the results obtained with the rigorous solution (BEM - 8x8 quadratic elements for each foundation)
and those obtained with Iguchi’s method.

This is evident in Figure 9, which shows the response of two squared rigid footings at a distance d = 20 b
to incoming plane SV-wave at θV = 22.5◦. This represents a more realistic scenario for common building
typologies (e.g. reinforced concrete buildings). From the results in Figure 8 and 9, it is possible to acknowl-
edge the influence of the rigid footings assumption, whenever can be deemed valid, with an order of 0-20 dB
reduction of the vibration levels depending on the specific incoming wavefield.

5 Conclusions

This paper has presented a general overview of the response of surface foundations to incoming wavefields
with the application to ground-borne vibration. Iguchi’s method has been reviewed and adopted as a sim-
plified procedure for the response of rigid foundations resting on the ground and subjected to incoming
wavefields. Both the case of rigid foundations resting directly on the ground or rigid footings on a flex-
ible foundation resting on the ground have been considered. The simplified procedure aims at obtaining
approximate transfer functions between the free-field vibration amplitude of the ground as a homogeneous
and elastic half-space subjected to incoming plane wavefields, and the free-surface vibration amplitude at the
foundation level. The rigid foundations and/or footings are representative of rigid regions for the subsequent
coupling of a portal-frame building.
Iguchi’s method holds favourable agreement with rigorous solutions for the response of adjacent rigid foun-
dations, even for relatively short centre-to-centre distances between the foundations and for typical soil
properties (as in Table 1). The agreement is, in general, less satisfactory in the case of adjacent rigid footings
with relatively short centre-to-centre distances. This is probably due to the interaction of the rigid footings
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through the elastic layer representing the concrete slab. However, considering more realistic values for the
centre-to-centre distance between the footings, typical of common building typologies (e.g. reinforce con-
crete buildings), the effect of the through-slab coupling between adjacent footings may be less significant.
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A Reference data

Footing Area Af = 0.25 m2 Slab Young’s Modulus Ec = 3 x 1010 N/m2

half-width b = 0.25 m Density ρc = 2400 kg/m3

Poisson ratio νc = 0.15
thickness hf = 1.5 m
Damping loss factor ηc = 0.1

Soil Shear wave velocity Vs = 200 m/s
Poisson ratio νs = 1/3, 0.49
Density ρs = 1980 kg/m3

Damping loss factor ηs = 0.03

Table 1: Reference data for the soil and the foundation properties
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Abstract
In this contribution the dynamic response of a short simply-supported girder bridge belonging to a High-
Speed railway line is analysed with the aim of evaluating the influence of a proper modelling of decks with a
significant participation of modes different from the longitudinal bending one (torsion, transverse bending)
and also the influence of the transverse beams usually present at the supports position bracing the longitudinal
girders of the deck. The numerical results will be compared with the measurements from an experimental
campaign in terms of frequencies, mode shapes and deck vertical acceleration response. Additionally, a
representative ensemble of girder bridges has been studied to numerically evaluate the influence of the deck
characteristics (deck skewness, span length and flexibility of the neoprene bearings) on the effect of the
bracing beams.

1 Introduction

The increase of the operating train velocity with the advent of the modern railway transport systems can
entail harmful consequences on the railway infrastructures, since the resonance effects caused by the trains
at circulating speeds above 200 km/h can induce inadmissible levels of vertical acceleration on the railway
bridge decks. In this regard short-to-medium span simply supported (SS) bridges are especially critical, due
to their low mass and structural damping [1, 2] and therefore, the Serviceability Limit State of vertical accel-
eration prescribed by The European Standard Eurocode (EC) ([3]), limited to 3.5 m/s2 for ballasted tracks,
is one of the most demanding specification for the design or upgrading of these structures. Therefore the
development of accurate numerical models able to realistically predict the dynamic response of the structure
with a reasonable computational cost becomes crucial.

Traditionally planar numerical SS beam models and other numerical methods based on Bernoulli-beam the-
ory have been quite popular in literature due to their low computational costs, however they are only valid
for bridges with a dynamic response mainly governed by the contribution of longitudinal bending modes
[4, 5, 6], which could not be the case for skewed or double-track bridges [7]. The quick development of the
computational technologies has encouraged the use of more sophisticated three dimensional models, espe-
cially for research purposes [8, 9]. Their application to bridge dynamic analysis in engineering consultancies
is still less frequent unless a singular structure is designed, since they are a tool to guarantee that the prescrip-
tions of the regulations in force at each particular country are met. In these cases, superfluous refinements
are to be avoided.
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According to [10] the dynamic response of short-to-medium-span SS bridges is difficult to predict during
the design or upgrading stages, due to the uncertain influence of several aspects such as super-structure
components (rails, ballast) or the environment. In this context the calibration of numerical models with ex-
perimental measurements becomes an issue and a number of research works on this topic have been presented
[11, 12, 13]. The cited studies, performed on bridges of long spans, are focused on the determination of the
modal parameters of the structure from ambient or train induced vibrations. The documented experimental
campaigns devoted to short SS structures are less common in literature unless a particular behaviour of the
bridge is expected, as is the case of portal frames or soil-steel composite railway bridges [14, 15], where the
soil-structure interaction effects (SSI) can play an important role.

The authors of the present manuscript have performed in a previous work an experimental campaign on a
short SS girder bridge belonging to a High-Speed railway line in Spain (Arroyo Bracea I bridge) [16]. The
bridge was chosen due to the high level of obliquity of the deck, with a skew angle of 45◦, and due to the
main dimensions, with a span length similar to the deck width, which make this structure susceptible of
experiencing a dynamic response with a significant contribution of modes different from the ones of a beam-
like structure. In the work several FE models which adopt common assumptions in engineering practice
are updated with the experimental measurements, showing a reasonable good correspondence in terms of
frequencies and mode shapes, and also in terms of the deck vertical acceleration response under the passage
of High-Speed trains. However, the calibration of the first torsion mode and other modes with transverse
deformation is less accurate. In the authors opinion this could be caused by the presence of transverse beams
bracing the longitudinal girders of the deck at the supports position, which were not included in the numerical
models.

In the present work the effect of the transverse bracing beams on the dynamic response of the deck is analysed
in Arroyo Bracea I bridge. The study is extended to an ensemble of SS girder bridges of short-to-medium
spans, in a view to evaluate how several aspects such as the span length, deck stiffness and flexibility of
the elastomeric bearings at the supports, can influence the effect of the transverse bracing beams on the dy-
namic response, with the main purpose of contributing to the development and validation of safe an accurate
numerical models useful for practical applications.

2 Case studies: SS girder bridges

2.1 Arroyo Bracea I bridge

This bridge belongs to the first High-Speed railway line opened in Spain in 1992, Madrid-Sevilla. The
structure is a double ballasted track railway bridge composed by two identical SS bays with a span length of
15.25 m, and crosses the Bracea stream with a 45◦ skew angle. As can be seen in Figure 1 each deck consists
of a 25 cm thick, 11.6 m width concrete slab resting over five prestressed concrete longitudinal I girders. The
girders rest on the supports through laminated rubber bearings. As per the substructure, the bridge deck is
supported on reinforced concrete abutments in its outermost sections and on a pile foundation in the inner
ones. At the supports position, the ends of the longitudinal girders are tied one another with a cast-in-situ
transverse bracing beam.

As regards the railway track, the rails have a UIC60 cross section and are supported by rail pads and fixed
with clips on monoblock concrete sleepers with a spacing of 0.6 m, The monoblock sleepers are 2.60 m long,
0.30 m wide at the base and 0.24 m high, the total mass being 533 kg/m along each of the two tracks.

On the 22nd and the 23rd of July 2016 the authors performed an experimental campaign on this bridge,
which included a dynamic characterisation of the soil and of the structure. A detailed description of the
experimental tests can be found in [16]. As regards the structure, the acceleration response was measured
at 11 points of the lower flange of the pre-stressed concrete girders (points 1-11 in Figure 2) and at the pile
abutment upper horizontal surface close to the girders support (point 12 in Figure 2), using Endevco model
86 piezoelectric accelerometers. The sensors, with a nominal sensitivity of 1000 mV/g and a low frequency
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Figure 1: Deck cross section of Arroyo Bracea I bridge (Units [m]).

limit of 0.1 Hz, were attached to the lower flange of the girders using circular aluminium plates of 0.09 m
diameter and 0.006 m thickness, glued with epoxy resin.

SEVILLA

Figure 2: Sensor location.

The ambient vibration response was acquired in 4184 s per channel, and the signals were decimated by 16
to carry out data analysis in the frequency range of interest 0-30 Hz. Also two third-order Chebyshev filters
with high-pass and low-pass frequencies of 1 Hz and 30 Hz were applied to the signals. From these data five
modes were identified, which correspond to the first longitudinal bending, first torsion and first transverse
bending mode shapes. Table 2 and Figure 6 show, respectively, the identified frequencies and mode shapes.

2.2 Representative ensemble of girder bridges

Apart from Bracea I bridge, a representative ensemble of girder bridges, covering the range of span lengths
[10 25] m and with slenderness ratio (depth/span) lower than 1/13, has been dimensioned to numerically
evaluate the influence of the span length and other bridge properties on the effect of the transverse bracing
beams. Figure 4 shows a general cross section of the decks, where the main dimensions h, dg and hg and
other mechanical properties are provided in Table 1.

The first row of Table 1 corresponds to the mechanical properties of Bracea I bridge after performing a model
updating in terms of frequencies and mode shapes with the measurements of the experimental setups. For
each span length a different number of longitudinal girders Ng is considered and also several stiffness ratios
L/δ (span length/maximum vertical displacement under static UIC-71 train loading [17]) in the range 2000-
4000, which is the stiffness ratio usually found in girder bridges belonging to conventional and high-speed
lines. Additionally, each deck will be calculated considering rigid supports kv,dyn=rigid and also considering
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Figure 3: Accelerometers setup.

the flexibility of the laminated rubber bearings as a vertical stifness kv,dyn. Furthermore, two different levels
of deck skewness will also be considered, 0◦ and 45◦.

Figure 4: Cross section of the girder bridges of study.

3 Numerical model

A finite element (FE) model which adopts common assumptions in engineering practice has been imple-
mented in the commercial code ANSYS to numerically evaluate the dynamic behaviour of the girder bridges
(see Figure 5). The main features are the following: (i) the upper slab deck behaviour is simulated by means
of and isotropic thin place discretised in shell elements with 6 degrees of freedom (dof) per node; (ii) dif-
ferent mass density elements are defined in order to concentrate the weight of the ballast, sleepers and rails
over the central portion of the plate; (iii) the longitudinal girders and the transverse bracing beams located at
the abutment position are included in the model as beam elements with 6 dof per node; (iv) The longitudinal
girder nodes are connected to the upper plate by means of rigid kinematic constraints that couple the dofs
of the beam nodes to those of the plate nodes right above them, and also the same constraints are used to
link the transverse bracing beams to the upper slab and also to the end nodes of the longitudinal girders;
(v) the laminated rubber bearings of the bridge are introduced in discrete positions by means of longitudinal
springs with vertical stiffness kv,dyn; (vi) a point load model is adopted for the railway excitation, therefore
neglecting vehicle-structure interaction effects; (vii) the dynamic equations of motion are transformed into
modal space and numerically integrated by the Newmark-Linear Acceleration algorithm.

1586 PROCEEDINGS OF ISMA2018 AND USD2018



Bridge
Slab Girders Mass Supports

L/δ
h (m) E (Pa) Ng dg (m) hg (m) Ih(m4) E (Pa) (kg/m) kv,dyn(N/m)

Bracea I 0.27 3.99E10 5 2.275 1.05 0.08802 4.59E10 28355 1.4E9 3847

L=10 m

0.25 3.34E10 5 2.275 0.6 0.01098 3.85E10 19066 rigid, 9.7E8 2049
0.22 3.34E10 6 2.0 0.6 0.01098 3.85E10 18765 rigid, 8.34E8 2119
0.25 3.34E10 5 2.275 0.65 0.02150 3.85E10 21395 rigid, 1.57E9 3320
0.22 3.34E10 6 2.0 0.65 0.02150 3.85E10 21560 rigid, 1.47E9 3740

L=12.5 m
0.25 3.34E10 6 2.0 0.8 0.02278 3.85E10 19995 rigid, 7.56E8 2229
0.22 3.34E10 5 2.275 0.85 0.04446 3.85E10 21542 rigid, 1.60E9 3607
0.22 3.34E10 6 2.0 0.85 0.04339 3.85E10 22100 rigid, 1.31E9 3560

L=15 m

0.22 3.34E10 5 2.275 1.05 0.03703 3.85E10 19485 rigid, 8.93E8 2154
0.25 3.34E10 6 2.0 1.0 0.03961 3.85E10 20355 rigid, 7.44E8 2154
0.25 3.34E10 5 2.275 1.05 0.08258 3.85E10 23221 rigid, 1.54E9 3710
0.25 3.34E10 6 2.0 1.05 0.07423 3.85E10 23510 rigid, 1.26E9 3657

L=17.5 m

0.25 3.34E10 5 2.275 1.2 0.09131 3.85E10 22018 rigid, 9.89E8 2506
0.25 3.34E10 6 2.0 1.2 0.06195 3.85E10 20715 rigid, 6.88E8 2090
0.25 3.34E10 5 2.275 1.25 0.11476 3.85E10 22745 rigid, 1.22E9 3079
0.25 3.34E10 6 2.0 1.25 0.11476 3.85E10 24050 rigid, 1.01E9 3495

L=20 m

0.25 3.34E10 5 2.275 1.4 0.13457 3.85E10 22393 rigid, 9.26E8 2441
0.25 3.34E10 6 2.0 1.4 0.09029 3.85E10 21075 rigid, 6.42E8 2031
0.25 3.34E10 5 2.275 1.45 0.17098 3.85E10 23896 rigid, 1.27E9 3387
0.25 3.34E10 6 2.0 1.45 0.16571 3.85E10 24590 rigid, 1.06E9 3351

L=22.5 m

0.25 3.34E10 5 2.275 1.6 0.18768 3.85E10 24590 rigid, 8.72E8 2383
0.25 3.34E10 6 2.0 1.6 0.18768 3.85E10 24078 rigid, 8.27E8 2717
0.25 3.34E10 5 2.275 1.65 0.23652 3.85E10 24396 rigid, 1.18E9 3387
0.25 3.34E10 6 2.0 1.65 0.22778 3.85E10 25130 rigid, 9.85E8 3223

L=25 m

0.25 3.34E10 5 2.275 1.7 0.21812 3.85E10 22956 rigid, 7.26E8 2037
0.25 3.34E10 6 2.0 1.7 0.21812 3.85E10 24303 rigid, 6.89E8 2320
0.25 3.34E10 5 2.275 1.85 0.131500 3.85E10 24896 rigid, 1.11E9 3126
0.25 3.34E10 6 2.0 1.85 0.16087 3.85E10 25670 rigid, 9.23E8 3106

Table 1: Main properties of the girder bridges of study

4 Results

4.1 Dynamic behaviour of Arroyo Bracea I bridge

In the following subsections the results of the experimental campaign performed on Bracea I bridge and the
comparison with the numerical predictions are shown and discussed.

4.1.1 Natural frequencies and mode shapes

The experimental campaign performed in July 2016 allowed the identification of the modal parameters of the
bridge from ambient vibration by state-space models using MACEC software [18]. Table 2 shows the identi-
fied natural frequencies for the first five modes (fexp), where the lowest ones in frequency order correspond
to the first longitudinal bending, first torsion and first transverse bending mode shapes. The Modal Phase
Collinearity (MPC) provided in Table 2 shows the consistency of the identified structural modal parameters,
with values higher than 0.95.

This table also shows the numerical natural frequencies provided by the updated FE model using two ap-
proaches: neglecting the beam elements used for the transverse bracing beams of the bridge (fnum) and
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Figure 5: FE model.

including them as commented in section 3, (fnum,brace). The Modal Assurance Criterion (MAC), which
is a measure of the level of correspondence between the experimental and numerical mode shape, is also
provided. MAC values vary from 0 to 1, where MAC=1 implies perfect correlation between the compared
mode vectors.

fexp (Hz) MPC (-) fnum (Hz) fnum,brace (Hz) MACexp,num (-) MACexp,brace (-)
1 9.25 0.99 9.13 9.13 0.95 0.96
2 10.63 0.97 9.86 10.17 0.93 0.93
3 12.75 0.99 11.83 12.81 0.95 0.96
4 17.92 0.99 16.71 18.89 0.96 0.95
5 24.57 0.99 24.62 28.12 0.98 0.96

Table 2: Experimental and numerical natural frequencies, AutoMAC and MPC values.

As can be seen the correspondence between the experimental measurements and the numerical predictions is
reasonably accurate with both numerical approaches in terms of frequencies and mode shapes. The presence
of the transverse bracing beams in the numerical model is especially affecting the frequencies of the modes
with significant transverse deformation (all the modes different from the first one), leading to an increment
of them. As a result, the numerical model that neglects the transverse bracings predicts the deck natural
frequencies with errors lower than 8% for the first five modes. However, in the model with transverse beams
the errors are lower than 6% for the first four ones, since the prediction of the second and third frequencies
corresponding to the first torsion and first transverse bending mode are significantly improved. Conversely,
the prediction of the fifth natural frequency worsens with respect to the model without transverse bracings.

The experimental and numerical mode shapes for the first five modes are plotted in Figure 6. In this case
the influence of the transverse bracing beams is almost negligible, as can be derived from the observation of
the MAC values, due to the discrete position of these elements that are only present along the deck edges at
the supports. Both numerical approaches provide MAC values higher than 0.95 for all the modes different
from the first torsion one, in which the MAC value attains 0.93 and is not improved by the presence of the
transverse bracing system in the FE model.
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Figure 6: Experimental (black solid line) vs. numerical with transverse bracing beams (red dotted line) and
numerical without transverse bracing beams (blue dotted line) first five identified mode shapes. Undeformed
shape (dashed grey line).

4.1.2 Bridge response under High-Speed traffic

During the experimental campaign several trains crossed Bracea I bridge with circulating velocities in the
range [100 280] km/h. In what follows the experimental and numerical vertical acceleration response of
the deck due to the circulation of two of these trains, RENFE Class 103 (ICE 3 or S103) and 130 (Talgo
250 or S130), is shown and discussed. S103 and S130 have been chosen in this work due to their speeds
of circulation along the structure. The circulating velocity of S103 is 279 km/h, which is very close to the
theoretical third resonance speed of the fundamental mode (275 km/h); and S130 circulates at 247 km/h,
which is also close to a second resonance speed of one of the modes more affected by the transverse bracing
beams, the second mode (251.4 km/h).

RENFE Class 103 is a train with distributed traction, with powered bogies located in alternate carriages,
being the coach distribution a-6xb-a (eight cars, with an integrated driver and passenger car at each end).
Renfe Class 130 has two power cars, with a coach distribution L-a-9xb-a-L. Figure 7 shows the axle schemes
and coach distribution of both trains.

Figures 8 and 9 show, respectively the vertical acceleration response under the passage of S103 and S130
trains at different points of the deck, corresponding to point 5 (mid-span girder number 1), 6 (mid span girder
number 3) and 10 (second abutment girder number 3). The response is plotted in the time domain (first row
of the figures) and frequency domain (last row of the figures). In all the plots the experimental response is
represented in solid black trace, the predictions without transverse bracing beams in blue, and the numerical
response including the transverse bracing beams in red colour. The measurements and predictions at point 5
are shown in the first column of the figures, the results at point 6 in the second column and the response at
point 10 in the third one.

As expected the dynamic response of the structure is caused by different mode contributions apart from the
longitudinal bending one, due to the length to width aspect ratio of the bridge and the skewness, that make
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Train

d [m] P [kN] d [m] P [kN] d [m] P [kN]

Axle 1 3.51 147.2 Axle 21 4.9 145 Axle 1 4.4 180

Axle 2 2.5 147.2 Axle 22 2.5 145 Axle 2 2.8 180

Axle 3 14.875 141.4 Axle 23 14.875 154.7 Axle 3 7.85 180

Axle 4 2.5 141.4 Axle 24 2.5 154.7 Axle 4 2.8 180

Axle 5 4.9 149.3 Axle 25 4.9 154.3 Axle 5 6.67 156

Axle 6 2.5 149.3 Axle 26 2.5 154.3 Axle 6 8.97 161

Axle 7 14.875 148.5 Axle 27 14.875 154.6 Axle 7 13.14 170

Axle 8 2.5 148.5 Axle 28 2.5 154.6 Axle 8 13.14 167

Axle 9 4.9 149.4 Axle 29 4.9 148.4 Axle 9 13.14 159

Axle 10 2.5 149.4 Axle 30 2.5 148.4 Axle 10 13.14 166

Axle 11 14.875 142.5 Axle 31 14.875 153.1 Axle 11 13.14 166

Axle 12 2.5 142.5 Axle 32 2.5 153.1 Axle 12 13.14 170

Axle 13 4.9 133.5 Axle 13 13.14 166

Axle 14 2.5 133.5 Axle 14 13.14 170

Axle 15 14.875 130.9 Axle 15 13.14 166

Axle 16 2.5 130.9 Axle 16 8.97 163

Axle 17 4.9 128.8 Axle 17 6.67 180

Axle 18 2.5 128.8 Axle 18 2.8 180

Axle 19 14.875 135 Axle 19 7.85 180

Axle 20 2.5 135 Axle 20 2.8 180

Renfe S103 Renfe S130

Renfe Class 130

Renfe Class 103

a bL

ba

Figure 7: Train coach distribution and axle distances

this structure to behave different from that of a beam structure. However, in Figure 8 a predominant mode
contribution of the fundamental frequency is clear from the observation of the frequency domain plots, with a
very poor contribution of other modes. This is caused by the resonance of the fundamental mode induced by
S103 at 279 km/h, which is perceptible in the time-history plot as a progressive increase of the acceleration
amplitude. In this particular case, the bridge behaves as a beam-like structure. The circulation of S130 also
induces a resonance of the torsion mode, which is also perceptible in Figure 9, but its effects in terms of
acceleration amplitudes are less noticeable when compared to the resonance of the fundamental mode. This
can be explained due to the presence of a theoretical cancellation speed in the vicinity of the circulation
speed of S130 [16].

The numerical predictions are reasonably accurate with both approaches, especially for the sensors located
at mid-span (points 5 and 6) and in the frequency range 1-13 Hz, which is the frequency interval of the first
three modes of the structure. The frequency peak associated to the excitation and corresponding to the bogie
passing frequency (4.5 Hz for S103 in Figure 8 and 5.2 Hz for S130 in Figure 9) is present in all the plots and
well predicted by the numerical models. Also the peak corresponding to the contribution of the first mode
of the structure, which is more noticeable in Figure 8, is well predicted by both numerical models, as could
be expected due to the good correspondence in terms of frequency and MAC value with the experimental
measurements. Both models predict the amplitude of this peak with the same level of accuracy, leading to a
certain overestimation with respect to the experimental measurements at points 5 and 6, that is more visible in
the resonant recordings of Figure 8. The contribution of the torsion mode is also visible both experimentally
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and numerically, with the peak amplitude being higher in point 5 of Figure 9. In this recording it can be
observed that the numerical model with transverse bracing beams reproduces the frequency and amplitude
associated to the torsion mode more accurately than the model without them, which is consistent with the
better correspondence in terms of torsion frequency with the experimental measurements.
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Figure 8: Time history and frequency content of the acceleration at point 5 (left), point 6 (centre) and point
10 (right) induced by S103 Renfe class train: experimental (black line), numerical without transverse bracing
beams (blue line) and numerical with transverse bracing beams (red line).
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Figure 9: Time history and frequency content of the acceleration at point 5 (left), point 6 (center) and point
10 (right) induced by S130 Renfe class train: experimental (black line), numerical without transvere bracing
beams (blue line) and numerical with transverse bracing beams (red line).

The difference between the accuracy of the predictions of the two numerical approaches is minor in the
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frequency range 1-13 Hz. The model with bracing beams improves the prediction of the torsion mode
contribution and by contrast, however, the predictions at higher frequencies do not appear better than the
ones of the model without bracing beams: it is noticeable at point 5 the appearance of a peak at a frequency
around 18 Hz predicted by the model with bracing beams that is not present in the experimental response;
and conversely, the peak that appears at point 6 at a frequency around 25 Hz with the model without bracing
beams is not predicted by the other model nor present in the experimental response.

In general, at the points far from the abutments (points 5 and 6) both numerical models tend to overestimate
the dynamic response, as can be derived from the observation of the time-history curves. At the points
close to the abutments (point 10) the acceleration response is, in general, underestimated by the numerical
models with the exception of the results at point 10 shown in Figure 8, where the acceleration predicted
by the model with transverse bracings in the time domain shows a similar amplitude with respect to the
experimental response. It can be concluded that the introduction of the transverse bracing beams in the
numerical model does not appear to significantly improve the prediction of the vertical acceleration levels in
Bracea I bridge.

4.2 Dynamic behaviour of the representative ensemble of girder bridges

In this subsection the dynamic response of the set of girder bridges of Section 2.2 is analysed in a view
to evaluate whether the effect of the transverse bracing beams is influenced by other aspects such as the
deck stiffness, skewness, number of longitudinal girder beams, the span length or the flexibility of the lam-
inated rubber bearings. With this purpose their natural frequencies and mode shapes are calculated with
the numerical model of Figure 5 using also the two approaches already employed with Bracea I: neglecting
the transverse bracing beams and including them in the FE model as seen in Figure 5. Additionally, the
frequencies and modes have been calculated for two skew angles, 0 and 45◦.

Since in this case experimental results are not available to compare with the numerical predictions, the
comparison is only made between the results obtained with the two approaches used in the numerical model.
The attention is focused on the first three frequencies and mode shapes, since the frequencies of the second
and third mode are significantly influenced by the transverse bracing beams.

4.2.1 Natural frequencies and mode shapes

First of all, in Figure 10 the fundamental frequency f1 of all the bridges of study, which corresponds to the
first longitudinal bending mode, is presented as a function of the span length. As can be seen, all the values
are enclosed by the two solid black lines that represent the frequency band of EC, which entails that at speeds
lower than 200 km/h significant vibrations are not expected.

Figures 11 and 12 show the differences in terms of frequency in the prediction of the first three modes of the
bridges, corresponding to the first longitudinal bending, first torsion and first transverse bending mode. This
difference is defined as (Equation (1))

Diff fi(%) =
f inum,brace − f inum

f inum
· 100, (1)

where i is the mode number. In both figures the markers in grey correspond to bridges with a stiffness ratio
L/δ in the range 2000-3000, which is an usual ratio for girder bridges belonging to conventional railway
lines. The results in black correspond to stiffness ratios between 3000-4000, which is more common in high-
speed lines. Bracea I bridge belongs to this category, with L/δ= 3847. Furthermore, the square marker has
been assigned to bridges with Ng= 6 longitudinal girders, whereas the diamonds correspond to bridges with
Ng= 5. For a better visualisation, note that the scale of the vertical axes changes for each mode.
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Figure 10: First natural frequency of the bridges of study versus their span length

Figure 11 shows the results obtained when considering rigid supports (i.e. the flexibility of the laminated
rubber bearing is not included in the numerical model) in the girder bridges. The plots on the top of the figure
correspond to non-skewed decks, while the plots of the bottom to decks with 45◦ skew angle. In Figure 12
the results considering the vertical stiffness of the laminated rubber bearings are shown; a new marker in red
appears that corresponds to the results of Bracea I bridge.

As can be seen from the plots, the presence of transverse bracing beams leads, in general, to an increment of
the natural frequencies of the deck. This increment of the frequencies is more noticeable for the modes with
significant transverse bending, such as the first torsion mode and the first transverse bending mode, where
the differences may attain values up to 15% for the frequency of the third mode. For the fundamental mode
the effect of the transverse bracing beams is less noticeable, with maximum differences lower than 2% and
also some negative differences have been measured specially for the bridges with elastic supports shown in
Figure 12.

Additionally, the results show that effect of the transverse bracing beams on the prediction of the natural
frequencies of the first two modes (longitudinal bending and first torsion) appears to be more significant for
the skewed decks and the shortest spans (L= 10 m). The highest differences in these bridges have been found
for the stiffness ratio L/δ in the range 2000-3000 and with the lower number of longitudinal beams, with
values that attain 1.2% and 5.8% for the frequencies of the first and second mode, respectively. However, as
regards the third mode, this tendency is only observed for the bridges with rigid supports (Figure 11), where
the maximum difference attains 10.8% for the shortest span.

Finally, the influence of the vertical stiffness of the laminated rubber bearings kv,dyn on the differences in the
frequency prediction caused by the transverse bracing beams does not seem an issue. As regards the mode
shapes, no results have been shown since the variation of the mode vectors caused by the introduction of the
transverse bracing beams in the numerical model is almost negligible, as was also seen in the MAC values
of Bracea I bridge shown in Table 2.

5 Conclusions

This work evaluates the influence of the transverse bracing beams, usually present at the supports position
in many girder bridges, on the dynamic response of railway girder bridges of short-to-medium span lengths.
With this purpose a numerical FE model that adopts common assumptions in engineering practice, where
the transverse bracing beams can be introduced, is implemented to predict the dynamic behaviour of several
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Figure 11: Differences in the prediction of the first three natural frequencies caused by the effect of the
transverse bracing beams for the bridges with rigid supports (kv,dyn=rigid): results for deck skewness = 0◦
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bridges of study. The numerical results are compared with the measurements from an experimental campaign
performed on a real short simply-supported girder bridge (Arroyo Bracea I bridge) in terms of frequencies,
mode shapes and deck vertical acceleration response. Furthermore, in a view to obtain more general conclu-
sions and to evaluate the potential influence of other aspects such as the deck stiffness, skewness, number of
longitudinal girder beams, the span length or the flexibility of the laminated rubber bearings on the effect of
the transverse bracing beams, the natural frequencies and mode shapes of a representative ensemble of girder
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bridges have also been calculated and compared. The following main conclusions are derived:

• The transverse beams bracing the longitudinal girder along the deck edges at the supports position
lead to an increment of the natural frequencies of the structure, which is more noticeable for the mode
shapes with significant transverse deformation, such as the first torsion mode and the first transverse
bending mode.

• Due to the discrete position of the transverse bracing beams in the bridge deck, their effect on the
predominant mode shapes of the structure in terms of MAC values is almost negligible.

• Among the different girder bridges that have been analysed, the effect of the transverse bracing beams
on the natural frequencies of the first two modes is, in general, more significant for the skewed decks
with the shortest spans (L= 10 m), with a stiffness ratio L/δ in the range 2000-3000 and with the lowest
number of longitudinal beams. However, this tendency is not clear for the frequency of the third mode
since it has only been observed when the flexibility of the laminated rubber bearings is neglected in
the numerical model.

• The comparison of the numerical predictions with the results from an experimental campaign per-
formed on a short SS girder bridge (Arroyo Bracea I) has shown that the introduction of the transverse
bracing beams in the numerical FE models allows a better calibration of the first torsion and first trans-
verse bending mode of the structure in terms of frequency. However, the level of correspondence with
their corresponding experimental mode shapes in terms of the MAC values is almost unaffected. In
terms of deck vertical acceleration response, the introduction of the transverse bracing beams in the
numerical model does not appear to significantly improve the prediction of the maximum dynamic
response when compared to the experimental measurements.
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[5] L. Frỳba, Vibration of solids and structures under moving loads, Thomas Telford (1999).

DYNAMICS OF CIVIL STRUCTURES 1595



[6] C. Johansson, C. Pacoste, R. Karoumi Closed-form solution for the mode superposition analysis of the
vibration in multi-span beam bridges caused by concentrated moving loads, Computers & Structures,
Vol. 119, Elsevier (2013), pp. 85-94.

[7] E.Moliner, M.D. Martı́nez-Rodrigo, P. Museros, Dynamic performance of existing double track railway
bridges at resonance with the increase of the operational line speed, Engineering Structures, Vol. 132,
Elsevier (2017), pp. 98-109.

[8] Y-S. Lee, S-H Kim, Structural analysis of 3D high-speed train-bridge interactions for simple train load
models, Vehicle System Dynamics, Vol. 48, 2, Taylor & Francis (2010), pp. 263-281.

[9] W. W. Guo, H. Xia, G. De Roeck, K. Liu, Integral model for train-track-bridge interaction on the Sesia
viaduct: Dynamic simulation and critical assessment, Computers & Structures, Vol. 112-113, Elsevier
(2012), pp. 205-216.

[10] C. Rebelo, L. Simoes da Silva, C. Rigueiro, M. Pircher, Dynamic behaviour of twin single-span bal-
lasted railway viaducts. Field measurements and modal identification, Engineering Structures, Vol. 30,
Elsevier (2008), pp. 2460-2469.

[11] K. Liu, E. Reynders, G. De Roeck, G. Lombaert, Experimental and numerical analysis of a composite
bridge for high-speed trains, Journal of Sound and Vibration, Vol. 320, Elsevier (2009), pp. 201-220.

[12] J. Malveiro, D. Ribeiro, R. Calçada, R. Delgado, Updating and validation of the dynamic model of a
railway viaduct with precast deck, Structure & Infrastructure Engineering, Vol. 10, 11, Taylor & Francis
(2014), pp. 1484-1509.
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Abstract 
The paper describes the use of operational modal analysis (OMA) as a tool that can contribute to the 

improvement of quality and unambiguity of results obtained in dynamic load trials that bridge structures are 

subjected to. Three experiments of varying scope and at various stages of use were carried out on the selected 

double truss railway bridge. Apart from the effective identification of basic modal parameters, these 

experiments have revealed the phenomenon of interaction between two trusses supported on common 

abutments. Dynamic response specific to truss bridges was observed. OMA has confirmed its usefulness in 

the process of dynamic load testing of a complex railway bridge. 

1 Introduction 

Dynamic tests in the form of dynamic load trials of newly built bridges are common practice in many 

European countries. In Poland, the law enforces the dynamic load trials, among others, for all newly 

constructed steel railway bridges with a theoretical span length of more than 21 m. Dynamic response is 

particularly important in the case of railway bridges. This is due to the specific load in the form of sets of 

evenly distributed forces moving with varying, often very high speeds. The most common approach applied 

to this type of tests, consisting of vibrations forcing with various passages of the heavy locomotive, vibration 

recording with just a few sensors, and the use of simple signal analysis methods to extract modal data, is 

unfortunately often insufficient. 

The goal of the majority of dynamic bridge tests is to search for information on the modal model of the 

tested structure in the range of vibration frequencies important for dominant forcing. In the case of simple 

beam structures, this information can be obtained from recorded free response data gathered using a small 

number of appropriately located vibration transducers and basic signal processing methods. However, in the 

case of structures with a complex dynamic response, with high modal density, e.g., trusses, this approach 

may lead to incorrect identification. 

Dynamic testing of responsible structures requires the unambiguity of the results obtained. The specific test 

conditions described in this contribution allow the use of only Operational Modal Analysis (OMA) [1]. 

Therefore, the proposed solution for improving the quality of identification of modal parameters in dynamic 

load tests is the expansion of the measurement chain. Additional transducers for the registration of useful 

OMA signals are required. This can be done without interfering with the typical dynamic load trial program. 

Thanks to this approach, the requirements of contemporary tests are still met, and the duration of the 

experiment is not extended significantly. Therefore OMA can be seemingly integrated into the routine 

commissioning dynamic trials of newly built and renovated bridges. 

Operational modal analysis has been proven in the dynamic studies of many types of complex structures. 

Especially those where the use of controlled excitations is difficult or very expensive. This group includes 

building and civil structures [2]. An example of the use of OMA in the study of a railway bridge under 

normal traffic is described in the paper [3]. Dynamic interaction of two adjacent spans with common ballast 
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was observed. Another example of dynamic testing of a railway bridge, this time a double track truss railway 

bridge was studied in [4]. The examined truss had a span of 128.6 m, and the measurements were carried 

out under the normal traffic. The possibility of conducting tests without the necessity for closing traffic is 

one of the greatest advantages of OMA. 

2 Dynamic load tests of railway bridges 

The load tests are a specific form of tests to which newly constructed, modernized or existing bridge 

structures are subjected. Their goal is to get to know/assess the real behavior of these structures in response 

to the known load [5]–[8]. Such tests are often part of the commissioning procedures that the bridge must 

go through before it is put into operation. In the case of railway bridges, they usually consist of two types 

of tests, static and dynamic. 

In a static test, a known load (usually a heavy locomotive or multiple locomotives) is used to induce 

measurable deflections in the structure. Their measurement serves primarily as indirect verification of the 

rigidity of the structure. The paper focuses on dynamic load tests. In Poland, a dynamic load test usually 

consists of a series of passages of a particular type of rolling stock with different gradually increasing speeds. 

Usually, due to financial constraints, it is the same vehicle that was used in the static load test i.e., one or 

more heavy locomotives. The speed of the test vehicle starts from the quasi-static one (usually 10 km/h) up 

to the maximum possible for the available rolling stock. Displacements and accelerations of few 

representative points of the bridge located usually in the middle of the bridge span are observed. The attempt 

to identify modal parameters is usually made by the analysis of the free vibration response (after the test 

vehicle left the structure and its mass is not influencing dynamic response) of the tested bridge. The 

identification of modal parameters is based on the Spectral Analysis (SA) of registered free response signals. 

Identified modal parameters in the form of natural frequencies and mode shapes can be used to indirectly 

verify the Finite Element (FE) model regarding stiffness and mass of the structure. The actual damping 

properties of the structure can be described by the identified modal damping parameters. Also, during the 

tests, the relation of the passage speed of the test vehicle to the dynamic response level of the tested span is 

observed. The primary purposes of the dynamic load trials include: 

• identification of modal parameters – natural frequencies, mode shapes and modal damping, 

• indirect verification of design assumptions, 

• observation of the dynamic response caused by the passing vehicle. 

Test loads of new bridges are usually carried out on a track that is under temporary administration of 

construction company. This involves problems of a formal and technical nature. Usually, at this stage, the 

railway track is not yet adapted to the target traffic speed. Also, restrictions related to other works carried 

out on access roads to the bridge may be an issue. Available section of the closed track may be insufficient 

to achieve the desired speeds of the test vehicle. Therefore, the use of OMA may contribute to the 

improvement of the quality of such experiments without the need to modify the procedures used so far.  

The significant natural frequencies of railway bridges are usually in the range of 0-30 Hz. In case of medium 

span bridges as one described in this contribution the lower end of the range is the most important.  Reliable 

identification of basic modal parameters is even more important the higher the allowed speed on a given 

bridge. It stems from the possible problem of resonance of rolling stock traveling with various speeds (being 

a stream of evenly distributed and rhythmically applied forces) and a bridge [9], [10]. 

2.1 Selected aspects of Operational modal analysis in dynamic load tests 

By using the most significant advantage of OMA that is to use freely available alternate sources of excitation 

and performing experiment under regular rail traffic goals specified above could be achieved without the 

necessity for expensive renting of vehicles for dynamic trials. However, infrastructure managers in Poland 

rarely decide on such a solution. For this reason, work on the use of OMA as an extension of the standard 

test program without significant interference in contemporary procedures has been undertaken. 
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It should be remembered that the load tests in Poland are almost routine. Therefore they are often limited 

by time and financial constraints. The test date must be adapted to the ongoing construction works. 

Therefore, tests are usually carried out immediately before putting the bridge into operation. In turn, the 

range of measurements, i.e. number of measurement locations and the duration of the experiment are also 

limited. This translates, for example, into the fact that experiments with many setups of accelerometers (such 

as those described in the paper [11]) do not work well in routine dynamic load tests. Single setup experiments 

are preferred. Single setup experiment should enable unambiguous identification of the most critical modes 

of vibrations. Renting test vehicles is a significant cost of the static and dynamic trials. The striving to 

optimize the costs associated with the tests means that there could be several bridges to be tested in one day. 

This is an additional obstacle to the implementation of time-consuming experiments with many transducer 

setups, mainly when the measuring system uses standard wired connections. Single setup with a limited 

number of transducers is the tradeoff between identified modes observability and measurement time (cost). 

3 Tested structure 

  

Figure 1: Discussed truss railway bridge 

The subject of the described research is a truss railway bridge crossing the Biala River near Tarnow in 

Poland (Figure 1). This modern truss was built during the modernization of the Third Pan-European corridor: 

Brussels - Aachen - Cologne - Dresden - Wroclaw - Katowice - Krakow - Lviv - Kiev. The new truss 

replaced the old deteriorated bridge (an open deck truss with parabolic upper chord). The new commercial 

speed on the described bridge is 160 km/h. Modernization of the line (also the replacement of civil 

structures), was carried out with the constant maintenance of rail traffic on one track. It required dividing 

the construction works into stages. Likewise, commissioning load tests were carried out in stages, the 

elements of which was the work described in the contribution. 

3.1 Structure characteristics 

The bridge consists of two steel truss spans; each carries one ballasted railway track (Figure 3). Trusses are 

supported on common abutments. Beside common supports, the two trusses are in principle independent. 

They share only small-sized elements supporting inspection ladders (visible in Figure 1). The lower chord, 

the upper chord, and the extreme diagonals are designed as box cross-sections. The deck is made as a steel-

concrete composite. Reinforced concrete deck slab is supported by transverse steel I-beams. The basic 

dimensions of the structure are shown in Figure 2 and Figure 3. 
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Figure 2: Side view of the analyzed truss 

 

Figure 3: Cross section of analyzed truss 

The discussed structure has been subjected to dynamic load tests five times in total (Table 1). The first two 

experiments (not described in the contribution) were ordinary load tests (as described in pt 2). Three others 

were supplemented with additional measurements (pt 4) specially selected for the acquisition of time data 

useful from the OMA perspective. 

 

Order Structure Year Type of test Description 

1 Track 1 2013 SA A previous experiment with SA 

2 Track 2 2014 SA A previous experiment with SA 

3 Track 1 2016 OMA First OMA experiment (see 4.1) 

4 Track 2 2017 OMA Second OMA experiment (see 4.2) 

5 Track 1 and 2 2017 OMA 
Third OMA experiment (see 0), additional 

dynamic trials with faster locomotive 

Table 1: Conducted experiments  

4 Field tests 

Initially, the concrete deck slab was constructed as a continuous element along the entire span. However, it 

cracked and was leaking, so repair of the slab was requested by the investor. The deck slab was replaced by 

a new one. Two expansion joints marked in Figure 2 were introduced to the new slab. These structural 
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changes were the reason for additional load tests, during which OMA was applied. Because OMA was an 

extension of a typical dynamic load test, standard test program had to be executed. In Table 2 all the trial 

runs completed during all five experiments are listed. Each of them was conducted at least twice – in both 

directions. 

 

Order 

of DLT 
Track 

Dynamic Load Test trial speed Type of 

locomotive 10 20 30 40 50 60 70 80 100 120 140 160 30b 

 SA 1 

1 

o   o   o o             o Class ST43 

OMA 1 x x x x x x x x         x Class TEM2 

OMA 3 x   x   x   x   x x x x   Class EP09 

SA 2 

2 

o   o   o   o           o Class TEM2 

OMA 2 x   x   x   x           x Class M62 

OMA 3 x   x   x   x   x x x x   Class EP09 

    o – structure before modification of deck slab – typical dynamic load test (Spectral Analysis) 

    x – structure after modification of deck slab – dynamic load test with additional OMA measurements 

Table 2: Summary of the completed trial runs during all conducted Dynamic Load Tests 

Additional measurements were to have the least impact on the current approach to this type of tests. In 

addition to the typical dynamic trail runs (passage of a single locomotive with various speeds – unusable 

from the perspective of OMA), available sources of excitation forces included the influence of wind (very 

useful due to developed spatial form of the bridge), pedestrian traffic and the passage of trains on the active 

track. In the case of each OMA experiment, efforts were made to maximize the length and sustain sufficient 

quality of recorded time histories of accelerations. Measurements were recorded in the form of long time 

histories with a duration ranging from 600 to 1800 sec. The research team performing the tests is part of the 

Bridge Structures Research Laboratory with the ISO/IEC 17025 accredited quality system. The 

measurements were carried out using the LMS Scadas Mobile Frontend. Accelerations of the superstructure 

were recorded with piezoelectric accelerometers with a sensitivity of 1 V/g (with simultaneous measurement 

by 12 to 14 single axis accelerometers). Vertical displacements were recorded with two LVDT linear 

displacement transducers. The Test.Xpress software was used for the management of the test equipment. 

For the estimation of modal parameters, a two-step Stochastic Subspace Identification algorithm based on 

correlation functions (SSI-COR) was used [12]. 

4.1 First OMA experiment – track 1 

 

Figure 4: Schematic measurement layout in the first experiment 

In the first experiment, truss span carrying track no. 1 was tested. Twelve single-axis accelerometers were 

used for measurements of vibrations time histories. The test was planned as two setup experiment, where 

six of available transducers were reference points. This allowed measuring vibrations of eighteen degrees 
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of freedom. The location of the measurement points is shown in Figure 4. In each of the three observed cross 

sections, six accelerometers were installed what was schematically drawn in Figure 5a. This approach has 

proven to be too time-consuming. 

 

Figure 5: Schematic layout of measurement directions instrumented with single axis accelerometers in 

typical cross sections of a truss: a) six transducers; b) four transducers; c) two transducers 

4.2 Second OMA experiment – track 2 

 

Figure 6: Schematic measurement layout in the second experiment 

In the second experiment truss span carrying track no. 2 was tested. Due to the difficulties encountered in 

the identification process of the first experiment (e.g., closely spaced and repeated modes of vibrations) the 

measurement strategy was changed. The number of accelerometers in the observed cross-sections has been 

reduced (Figure 6) from six to four (Figure 5a, b). Two of the six accelerometers were acquiring redundant 

information. The transducer layout has been reorganized to obtain an unambiguous picture of the basic 

modes in one setup of accelerometers (12 measurement directions). It was decided that in addition to the 

examined span the neighboring one will also be observed. Two single axis accelerometers were mounted on 

it (Figure 6). Two additional accelerometers were oriented according to Figure 5c. This decision was made 

because of the difficulties encountered previously in the identification of basic global modes of vibrations, 

especially vertical bending and torsional. As mentioned earlier in the first experiment, repeated forms of 

vibration were observed. One possible reason was the dynamic interaction of two adjacent lattice spans. 

Described transducers layout was planned, e.g., to verify this hypothesis. 

4.3 Third OMA experiment – track 1 I 2 

The third experiment was carried out during additional dynamic tests conducted after the completion of all 

construction works. In this case, the tests included structures in both tracks and were carried out during the 

night closures of the railway line that was fully functional at that time. Scheduled test runs (of light and fast 

electric locomotive) included speeds ranging from 10 to 160 km/h (Table 2). Three cross-sections in each 

truss were observed (Figure 7). In all cross sections, two accelerometers were installed according to the 

sketch in Figure 5c. The tests had to be carried out with one setup of sensors, so it was decided to use this 

a) b) c) 
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opportunity to finally verify the observations made in the second experiment. That is the observed 

interaction of the two truss spans. 

 

Figure 7: Schematic measurement layout in the third experiment 

5 Results 

The most important effect of using modal operational analysis is the unambiguous identification of basic 

modes of vibrations. This is something that would not be possible to achieve using spectral analysis. 

Especially in the case of this structure, which is characterized by a complex dynamic behavior. 

Spatial distribution of transducers used in the first and second experiment (described in point  4) allowed 

for unambiguous observation of almost all basic forms of natural vibrations up to the second, vertical 

bending mode. It was possible to observe several higher order modes. However, only some of them were 

characterized by satisfactory observability. The results of the first experiment, in which only one truss was 

observed, indicated the repeated modes.  

 

Mode description 
Mode Number 

OMA 

𝑓𝑂𝑀𝐴 

[Hz] 

𝑈(𝑓𝑂𝑀𝐴) 

[Hz] 

𝜉𝑂𝑀𝐴 

[%] 

𝑈(𝜉𝑂𝑀𝐴) 

[%] 

horizontal bending 1 1.83 0.02 1.39 1.10 

torsional 2 2.93 0.01 0.44 0.22 

vertical bending 3 3.10 0.01 0.31 0.37 

horizontal bending II 4 4.46 0.07 1.35 0.48 

torsional II  5 6.27 0.05 1.04 0.57 

torsional – alternative form 6 6.80 0.06 0.26 0.07 

vertical bending II 7 6.95 0.06 1.20 0.68 

Table 3: First experiment - identified global modes of vibration 

In Table 3 the results of identification carried out in the first experiment i.e., obtained during measurements 

on the structure in track no. 1 (Figure 3) are presented. At the stage of the first experiment, the possible 

interaction of two trusses was not taken into account. In the case where one of the modes was identified as 

a repeated root, it was concluded that the most important (of the physical meaning) is one that had more 

energy content in the vibration spectrum. In addition to the frequency of the identified mode (𝑓𝑂𝑀𝐴) the 

table shows the damping estimate (𝜉𝑂𝑀𝐴) and extended experimental uncertainties (𝑈(𝑓𝑂𝑀𝐴) i  𝑈(𝜉𝑂𝑀𝐴)) 

of those parameters. 

In Table 4 the results of identification carried out in the second experiment, i.e., obtained during 

measurements on the structure in track no. 2 (Figure 3), were presented. Two of the seven modes were 

identified as conjugate pairs. Not every identified mode had its conjugated counterpart identified. This may 

be due to low excitation of these modes or ineffective identification. 
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Mode description 
Mode Number 

OMA 

𝑓𝑂𝑀𝐴 

[Hz] 

𝑈(𝑓𝑂𝑀𝐴) 

[Hz] 

𝜉𝑂𝑀𝐴 

[%] 

𝑈(𝜉𝑂𝑀𝐴) 

[%] 

horizontal bending 1 1.82 0.02 1.05 0.28 

torsional 2 2.94 0.01 0.84 1.23 

vertical bending in phase 3 2.95 0.03 1.37 0.77 

vertical bending out of phase 3 3.15 0.02 0.67 0.70 

horizontal bending II 4 4.48 0.09 1.69 0.70 

torsional II  5 5.79 0.03 0.29 0.86 

torsional (alternative form) in phase 6 6.74 0.01 0.25 0.07 

vertical bending II 7 7.01 0.03 0.96 0.35 

torsional (alternative form) out of phase 6? 7.74 0.24 0.36 0.18 

Table 4 Second experiment - identified global modes of vibration 

Despite the annual gap between experiments no. 1 and 2, and the fact that they focused on various trusses, 

the results overlap quite well (Table 3 and Table 4). The only significant difference is the frequency of the 

second torsional mode, which takes the value of: 

• in experiment no. 1 – 6,27±0.05 Hz, 

• in experiment no. 2 – 5.79±0.03 Hz.  

This may indicate an identification error or a pair of repeated characters. Where in different experiments 

two variants of the same mode were observed. 

The detailed results of the third experiment were not cited. Observations made in it coincided with those 

described above. However, most of the forms had observability issues. It stems from the adopted layout of 

vibration transducers. The primary purpose of this experiment was to verify the occurrence of duplicated 

conjugate modes and was programmed to identify global modes with the dominant vertical component. 

 

  

  
Figure 8: Two warrants of first vertical bending mode identified in the third experiment compared against 

FE model prediction: a) FEM out of phase; b) FEM in phase; c) OMA out of phase 2.92 Hz; d) OMA in 

phase 3.17 Hz 

Experiment two and three (see pt 4.1 and 4.2) allowed observation of the dynamic interaction of two trusses. 

In Figure 8 an example of a pair of conjugate vertical bending modes is shown. The two calculated from the 

FE model and identified during the identification experiment are shown. Additionally, in Figure 9 an 

example of a pair of conjugate higher-order modes associated with one of the torsional vibration modes are 

shown. 

a) b) 

c) d) 
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The effect of expansion joints introduced to the deck slab was not observed in any of the three experiments 

(see 4). This may be due to the insufficient number of measurement points within the structure deck. The 

results of previous dynamic load tests (using less reliable transducers and basic signal processing see 3.1) 

were considered unreliable and therefore could not provide information on the impact of the discussed 

changes of the structural system on the modal parameters. Significant limitations of the conducted research 

were: 

• a limited number of available vibration transducers, 

• conditions encountered on the site in individual experiments - water level in the river, access to the 

structure, other works carried out on the bridge or in its vicinity, 

• the sensor layout did not allow the integration of results from various experiments 

• the third experiment had an insufficient number of transducers to identify any modes with 

significant transverse motions unambiguously. 

 

  

Figure 9: Two variants of one of the torsional modes identified in the third experiment: a) – 6.78 Hz; b) 

7.0 Hz 

5.1 Comparison with other tested railway trusses 

The described truss exhibits dynamic behavior similar to other truss bridges of a similar type. In Figure 10 

the frequency relationship of three primary forms of natural vibrations against the background results 

obtained by authors on other truss railway bridges (OMA was used in all those cases) is shown. Attention 

should be paid to the closely spaced vertical bending and torsional modes of vibrations. In addition to the 

dynamic interaction of the two spans described above, it is the proximity of these two modes that cause the 

greatest identification difficulties. Therefore, the use of simple signal analysis methods may lead to 

misidentification.  The most troublesome is the reliable detection of a torsional form of vibrations. 

 

Figure 10: First three fundamental modes of vibration compared to other similar structures tested by 

authors using OMA 

Discussed 

truss 

a) b) 

DYNAMICS OF CIVIL STRUCTURES 1605



6 Discussion and conclusions 

The described research was carried out during an identification experiment which was an extension of a 

typical dynamic load test. Operational modal analysis fits well into the practice of performing the load tests 

on dynamic railway bridges. The advantages of OMA are particularly visible in the analysis of complex 

structures such as truss bridges. The spatial character of their vibration forms is undisputed, and it is 

necessary to include this observation in the planning process of identification experiments. The correct 

identification of dynamic parameters of these bridges is made more difficult by the frequent occurrence of 

closely-spaced modes of vibrations. 

The applied research approach allowed to disambiguate the identified modal model together with the 

extension of the range of identified modes of vibrations over what is possible using simple signal analysis 

methods. The conducted experiments showed the phenomenon of interaction between two trusses based on 

a common supports. Repeated conjugate modes of vibrations were observed. The first of the described 

experiments focusing only on one truss gave results difficult to interpret, e.g., repeated forms of vibrations. 

Only simultaneous measurements on two trusses allowed to explain the source of these difficulties. 

Multi-setup experiments are impractical in case of routine commercial dynamic load tests. The inability to 

give up the test runs of rented locomotives means that it is necessary to carry out this type of work efficiently. 

Changing the location of transducers based on wired technology is too time-consuming. With one setup 

experiments, it is possible to perform tests of several neighboring bridges on the section of the railway line 

in one day. This allows for optimization of the costs of renting rolling stock. 

The identified modal model can be used to confirm the validity of design assumptions made at the design 

stage, in the process of updating the numerical model and as a dynamic bridge metric for future use. 
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Abstract 
This paper presents a linear finite element model for a prestressed concrete beam, which was part of a real 

bridge. Static and dynamic tests were carried out and compared to the numerical simulation responses. A 

solid finite element model was created including the prestressed concrete beam, permanent dead load, two 

additional live loads and a shaker. A well planned finite element model is very important for later detection 

and localization of damage. Therefore, a mapped mesh was used to define so-called ‘slices’, which enables 

describing stiffness changes, e.g. damage. The model validation was performed by comparing simulated 

results to measured responses in the healthy state of the beam. After validation of the reference model, it is 

possible to modify the bending stiffness along the longitudinal axis of the beam by modifying Young’s 

moduli of different slices to adapt for the effect of damage.  

1 Introduction 

Model updating is often used for damage detection in civil engineering structures. Prerequisite is a 

parameterized model using finite element method to validate at first the healthy reference state. For a 

successful damage assessment, the reference model has to present the real structure as accurately as possible. 

The model updating includes a complex procedure, containing also model errors resulting from idealizations 

and assumptions. On the other hand, measurements of physical properties are never absolutely accurate due 

to measurement uncertainty. An elaborated review on numerical and application aspects for model updating 

was reported in [1]. It described the choice of updating parameters and the definition of residuals, which 

may be used to compare the physical measurements and analytical results. The difference between measured 

and simulated physical quantities may be reflected by a weighted sum of the residual vector which is the 

core of an objective function. An optimal model parameter set can be found to minimize this function.  

The number of parameters to be updated is often an important issue as it largely influences the computational 

cost or the convergence. The definition of ‘damage function’, proposed by Abdel Wahab et al. [2], allows 

reducing efficiently the number of parameters. The technique was further developed by Teughels et. al. [3] 

by combining element groups and using dimensionless parameters. As revealed clearly in its name, damage 

function can describe mathematically a damage for example by modeling stiffness reduction. In [3, 4], 

damage localizations were carried out with beam models and a number of damage functions summing up 

Legendre polynomials.  

The present study examines a part of a real prestressed concrete bridge in Luxembourg that artificial damage 

was provoked with increasing severity. Static and dynamic responses were measured in each damage 

scenario. Further than the simple beam models in [3, 4], the damage localization is here performed with a 
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more detailed solid model including prestressed tendons. Moreover, only one damage function was used, 

based on a Gaussian Bell curve, which enables a fast model updating procedure. Differences between model 

responses and measurements are assessed and summed-up in an objective function, which depends of course 

on chosen parameters. At a second stage, a set of measurements is considered and the model is updated by 

varying parameters in order to minimize the objective function. It is recommended to keep the number of 

parameters low to reduce computational effort and to achieve convergence. But the focus of the present 

paper is the generation of the solid model and its important features for its later use in model updating with 

damage functions. 

2 Test set-up 

The tests were carried out on a part of a real prestressed concrete bridge. The original bridge crossed the 

river Mosel between Grevenmacher (Luxembourg) and Wellen (Germany). Built from 1953 to 1955, the 

bridge was demolished in 2013 for safety reasons. It was a 5-span bridge and each field composed of 5 

adjoining concrete T-section beams. These beams were prestressed by internal steel tendons in longitudinal 

direction.  

For the test set-up, two of these beams with a length of 46 m and a mass of approximately 120 t each, were 

transported to the port of Mertert (Luxembourg). One of them with 19 tendons was used as the test beam 

and was supported at the two ends by a sliding and a fixed bearing. For the fixed bearing, the beam was 

molded with concrete and the sliding bearing was realized by two steel plates. Grease was spread between 

the two steel plates to reduce the friction. Before the demolition of the original bridge, the asphalt layer had 

been removed. However, a purpose of the test was to reproduce the condition during the lifetime of the 

bridge as far as possible. A part of the second beam with a length of 12 m and a weight of about 30 t was 

used to simulate an additional dead load due to the removed asphalt layer. Live load due to traffic was 

represented by two additional loads of about 2  13 t = 26 t put on top of the test beam. During the static 

tests with the live loads, the additional dead load stayed on top of the beam. For vibrational testing, an 

electromagnetic shaker was positioned between the additional dead load and the live loads. The whole test 

set-up is shown in Figure 1.  

 

Figure 1: Test set-up at the port of Mertert 

Additional           

dead load (𝟑𝟎 𝒕) 

Sliding 

bearing 

Shaker 

(𝟏 𝒕) 
2 live loads 

for static 

tests 

(𝟏𝟑 𝒕 each) 
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The beam was equipped with 8 displacement transducers, 8 temperature sensors and 26 accelerometers for 

the vibrational testing. The location of the sensors is presented in Figure 2. During the whole test period of 

about 1 month, the vertical deflection versus ground was recorded by 7 transducers (SV1-SV6, SV8) at the 

bottom of the beam. Another sensor (SH7) was attached to register horizontal displacement of the sliding 

bearing. In addition, the concrete temperature (T1-T7) and the ambient air temperature (Tamb) were 

measured.  
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Figure 2: Side and top view of test set-up with sensors 

Artificial damage was applied in 4 steps by cutting tendons at a distance of 5 m off the middle of the beam, 

as shown by the cutting line in Figure 2. Hence, totally 5 pre-defined damage scenarios (DS) were studied. 

The first DS#0 represents the undamaged reference state and DS#4 the most severe damaged state of the 

beam. DS#1 to DS#4 correspond to the cutting of 2, 4, 6 and finally 9 tendons. The damage was always 

introduced symmetrically on both sides of the beam. Figure 3 demonstrates the lower part of the                        

cross-section at the damage location with the position of the 19 tendons. In the last scenario DS#4, 6 tendons 

were only partly cut, when clearly visible cracking was observed. Fully cut cables are marked by a cross, 

while a partially cut is marked by a half-filled circle. 
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Figure 3: Damage scenarios 
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3  Finite Element (FE) Model 

The measurements were analyzed and used for a model updating procedure based on a parameterized                   

FE-model in order to identify local stiffness reduction. Hence, the chosen parameters should be able to 

represent stiffness reductions in the model. Damage may be evaluated by tracking the selected parameters 

starting from the initial model in the healthy state. The main characteristics of the T-shaped cross-section of 

the beam are shown in Figure 4. 
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Figure 4: Cross section of the beam in the middle of the span (dimensions in [mm]) 

A finite element model was prepared with ANSYS Classic 17.0. The Ansys Parametric Design Language 

(APDL) was used to create the parametric model and to implement batch processing allowing large numbers 

of automatic simulations that optimization often requires. Therefore, a linear model was chosen. In addition 

to linear elastic material models, the contact conditions were defined in a way so that no nonlinearities 

(e.g. contact) occurred in the model. A volume model of the test set-up was created with mainly solid 

elements. Table 1 shows the most important elements used in the model.  

 

Table 1: Element types 
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A local stiffness loss due to cracking or reduction of stiffness along the beam’s length can be simulated by 

reducing YOUNG’S modulus. The idea was to split the beam into narrow “slices”, whose stiffness can be 

reduced as a whole to limit the number of free parameters. This was implemented by a mapped mesh. 

“SOLID186”  a hexahedral element with 20 nodes and with “brick” shape was used allowing an easy 

definition of slices. Each slice can be defined and assigned with its own material. At the beginning, the 

material properties were uniform and Young’s moduli can be modified during the model updating. The 

mapped mesh does not only reduce the number of elements compared to a free mesh but also avoids distorted 

elements and thus increases the mesh quality. 

Figure 5 illustrates the mapped meshing with solid elements, e.g. around the sliding bearing side. Different 

colors present different materials and material properties can be varied individually. In the present model, 

the beam was divided into 227 individual “slices” of 20 cm thickness. The YOUNG’s modulus of the 

concrete was initially set to 30.000 MPa and for the steel tendons to 200.000 MPa.  

 

Figure 5: FE-model of the test set-up with mapped mesh; diverse colors show different materials 

The tendons in longitudinal direction were also simulated and meshed with the concrete beam. In reality, 

each tendon consists of 12 individual round bars with a diameter of 7 mm. They were arranged in a thin 

jacket pipe and held in position by a spiral spring. After a pre-tensioning the tendons were grouted as 

illustrated in Figure 6. In this model, a tendon is represented by a pipe with area and moment of inertia 

equivalent to the ensemble of 12 round bars. It was assumed here that the round bars did not move relatively 

to each other due to the grouting. Thus, the tendons were simulated by pipe with an inner diameter 

di = 21.4 mm and an outer diameter da = 32.4 mm.  

Dead load 

Beam with slices 
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Figure 6: Cross section of the tendons 

Then in order to connect the tendons to the surrounding concrete elements, node-to-node connections were 

created by additional dummy (beam) elements as detailed in Figure 7. Those dummy elements had material 

properties like the tendons, but zero density, and hence they added no mass to the system. As a beam element 

has 6 Degrees of Freedom (DOFs) per node and a solid element has only 3 translational DOFs, the                      

3 rotational DOFs of a beam element remain free in such a connection. To solve this problem, each node of 

the tendons was in addition connected to 3 nearest neighboring nodes of concrete (solid) elements. These 

multiple connections allow transmitting moments between the connected elements. An overview of the 

prestressed-tendons is shown in Figure 8. 

 

Figure 7: Part of a tendon (red) with additional dummy beam elements (green) connecting it in the model 

to the concrete 

a) drawing with dimensions b) photo of a real tendon of a cut beam, 

filled with mortar 
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Figure 8: Internal tendons inside the test beam 

Then the permanent additional dead load of 30 t was also modeled by elements without intermediate nodes 

(SOLID185). The last step concerns the modeling of the bearings. The bridge part was set up as a simply 

supported beam but in reality, the fixed bearing and especially the sliding bearing did not show behavior of 

ideal bearings. On the fixed bearing, the beam was surrounded by concrete for a length of about a half meter. 

So it was not only supported at one point, but in a certain area. The concrete of the bearings was quite young 

and hence not completely rigid. Therefore, a rotation around the transverse axis was possible but not 

completely free. The sliding bearing was realized by two steel plates with grease between. The cast concrete 

including the foundation and a part of the soil were also modeled as volume elements. In addition to the 

contact between these volume bodies, the contact between the bearings and the beam had to be defined. 

Therefore, surface contact elements with the “always bonded” option were used for both bearings, which 

hence merged the two FE-meshes. Furthermore for the sliding bearing, additional movement possibilities 

had still to be modeled. Therefore two joints were simulated by using elements of type MPC184-revolute 

and -planar joint. Nonlinearity can be avoid by switching off the alteration of underlying constraint equations 

in case of large deformations for the MPC184-elements. The soil under a bearing was modeled by a cube as 

shown in Figure 9. To fix the soil, the movements of 3 surfaces of this cube were blocked in the direction 

perpendicular to the surfaces. As the sliding bearing was not perfect, its horizontal displacement was blocked 

for the dynamic test due to friction, while the friction was zero for the static loading. For this phase, elements 

of type MPC184-planar was changed by MPC184-rigid.  

                        

 

Figure 9: FE-models of the bearings 

a) Sliding bearing b) Fixed bearing 

Soil Soil 

Revolute joint 
Planar joint 

Baseplates made 

of casted concrete 

DYNAMICS OF CIVIL STRUCTURES 1613



The shaker used for vibration tests was represented by a lumped mass. Furthermore, ‘live loads’ including 

two 13 t weights put on the beam only for static loading tests were also considered. Their weight was 

represented by pressure load on the contact area between two supporting wooden beams and the tested 

concrete bridge. The present paper does not describe the model updating procedure and its criteria in detail, 

which will be done in another paper. The focus is here the modeling itself: solids clustered in slices with a 

mapped mesh and beams for the tendons. 

4 Model Validation 

The validation of the model is performed by comparing simulated results to the measurements in the healthy 

state (DS#0). Figures 10-15 present the simulation in comparison to the measurements. The first result 

shows the deflection in a loaded state. Figure 10 reveals that the measured and the simulated results match 

well. The measured displacements had been compensated for temperature effects, which is detailed in a 

former paper [5].  

 

 

Figure 10: Comparison of the measured deflection in a loading - healthy state due to test weights and 

simulated vertical displacements  

Results of the modal analysis are displayed in the following. The first simulated mode is bending in the 

horizontal plane, i.e. x-y plane in Figure 11, however this mode was not identified by the Experimental 

Modal Analysis (EMA), as only vertical DOFs were measured. The second simulated mode at 3.00 Hz 

shown in Figure 12 is a vertical bending mode, which could be correlated to the measured mode named B1, 

identified at 2.88 Hz. The correlation based on Modal Assurance Criterion (MAC) between these two mode 

shapes led to a good value with MAC = 0.982.  
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Figure 11: Bending mode in y direction at 1.37 Hz 

 

Figure 12: Simulated bending mode at 3.00 Hz juxtaposed with measured mode B1 at 2.88 Hz 

(MAC = 0.982) 

The next two simulated modes are torsional; mode at 5.21 Hz correlated with mode T1 measured at 4.48 Hz. 

Torsional modes were not well identified in the EMA, because the sensors were positioned too close to the 

middle of the web of the beam, resulting in inadequate MAC values.  
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Figure 13: Torsional mode at 3.78 Hz  

 

Figure 14: Simulated torsional mode at 5.21 Hz compared with mode T1 measured at 4.48 Hz                   

(MAC = 0.632) 

The correlation between simulated and experimental modes scores better with the next bending mode as 

shown in Figure 15. In the next step of model updating, 3 modes B1, T1 and B2 shown in Figure 12, 14 

and 15 are used with their corresponding MAC values and eigenfrequencies.  
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Figure 15: Simulated bending mode at 7.58 Hz correlated with mode B2 measured at 7.54 Hz 

(MAC = 0.970) 

After the validation of the initial reference model, the effect of damage can be simulated by modifying the 

bending stiffness along the longitudinal axis of the beam. This is done by changing Young’s moduli of the 

predefined slices. Totally 227 slices in the model lead to 227 parameters that describe the bending stiffness. 

This number of free parameters is too large for updating and hence has to be reduced. An interesting 

approach is ‘damage function’, introduced by Abdel Wahab et al. [2], Teughels et. al. [3]. It consists in using 

dimensionless parameters and in combining element groups and so that only some parameters of these 

groups are used for the updating. The damage function uses a predefined pattern reflecting the influence of 

damage on stiffness. It thus enables a physically reasonable optimization with reduced number of variables. 

Those damage functions are described and discussed in our former works [6, 7] and are not presented in 

detail in this paper.  
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Figure 16: Reduction of Young’s modulus along the longitudinal axis by the optimal parameter sets 

In our current model, the slices have an axial length of about 20 cm and so lead to a quite coarse localization 

of damage. The results given in Figure 16 and distinguish well the level of stiffness reduction and show the 

damage locus near the cutting line. The abscissa presents the length of the beam that the origin is defined in 

the middle and the cutting line is 5 m off the origin.  

In order to improve the accuracy of the localization, the axial widths of the slices need to be reduced. As the 

width of a crack is only in the order of magnitude of millimeters, the mesh has to permit very local stiffness 

reduction. On the other hand, a large stiffness reduction occurs directly at the location of a crack due to the 

diminution of the cross-section. But at only small distance from the crack, the cross-section is intact again. 

In the current work, a damage function with the shape of a Gaussian Bell curve was used, which is given by 

 𝑝 ∙ 𝑒
−0.5(

𝑥−𝜇

𝜎
)

2

 (1) 

 

Hence the 3 parameters describe damage provided the axial mesh is sufficiently fine: 𝑝 for the 

maximal reduction, 𝜎 for the width of the curve and  𝜇 for localization. With a finer mesh, we can define a 

more narrow bell curve, that allows a more accurate localization of damage. Of course, any reduction of the 

element size evolves higher computing effort.  

As the outputs from the coarse meshing provide us already a coarse localization of damage, the mesh at the 

identified location can be refined. The idea was carried out with a second model with refined mesh in a 

region of 1 m left and right of the cutting line. The axial width of slices was there reduced to 10 mm in the 

middle of this region as shown in Figure 17. To avoid skewed elements with large ratio of height to width, 

the element size in the vertical direction were also reduced. Simultaneously a transition needs to be created 

between the refined and the coarse mesh. For this purpose, a transitional mesh was generated with the same 

elements of SOLID186, however with tetrahedral or pyramidal shapes. The resulting mesh in the refined 

region is shown in Figure 17. 
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Figure 17: Mesh refinement in the refined region 

This refined mesh leads to a more accurate damage localization, as shown in Figure 18. The damage was 

localized exactly at 5 m off the middle of the beam for state DS#1, DS#3 and DS#4; corresponding exactly 

to the cutting line. Only in DS#2, there is a little deviation of less than 20 cm due to convergence issue. 

However, by considering the whole length of the beam, the detection based on the refined mesh gives good 

results.  

 

Figure 18: Reduction of Young’s modulus along the beam in the refined FE-model 

a) Refined mesh b) Transition mesh shown with 

shrinked elements 
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5 Conclusion 

A part of a prestressed concrete bridge was tested in the presented work. The test-structure was exposed to 

real environmental conditions, such as temperature fluctuations and solar radiation, so the assessment was 

confronted with the same challenges as testing of a bridge still in operation. The FE-model consisting of 

solid elements allowing better accuracy than a classical simple beam analysis. An advantage is the mapped 

mesh allowing reduction effectively the computation cost and furthermore splitting the beam into 

controllable narrow slices. In this manner, it was possible to reduce the YOUNG’s modulus of groups 

including adjacent elements to simulate the decrease of local stiffness due to cracks or reduction of the 

bending stiffness along the length of the beam.  

Regardless of nonlinearities presented in bridges, the current work choose a linear FE-model for reasons of 

efficiency and practical application. Therefore, the model can be improved by considering nonlinearities, 

for instance on contact conditions. Another perspective relies to substructure-techniques that could reduce 

the computational effort.  
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Abstract 
Filler beam railway bridges are usually constructed as single span beam bridges. Due to high slenderness of 

this bridge type, calculated fundamental frequencies are usually in a range where resonance effects at rather 

slow crossing speeds are expected. Measurements however show repeatedly that filler beam bridges behave 

much better than predicted and resonance effects eventually may occur at significantly higher speeds. 

In Europe, design of filler beam bridges usually requires a high number of simulated train crossings. To 

reduce modelling effort and computational time, the authors present a simplified approach using an equiv-

alent single degree of freedom (SDOF) system. All parameters relevant for the design are considered and 

response values required can be determined. Furthermore, positive restraining effects of tracks exceeding 

bridge ends can be included to the design without increasing the computational time. The simulation results 

obtained with the new method are significantly enhanced in comparison to conventional design methods. 

1 Introduction 

Filler beam railway bridges have proven themselves as reliable and durable constructions. They have been 

built in Germany since the 19th century. Currently, approximately a quarter of all German railway bridges 

are filler beam bridges [1][2][3]. They usually have ballast beds and are constructed as simply supported 

beam systems. They are very popular replacement structures due to their relatively small construction 

heights. A typical example is given in Figure 1. 

 

Figure 1: Cross section of sample bridge EÜ Erfttalstraße 

The bridge EÜ Erfttalstraße in Figure 1 is a twin bridge, i.e. it consists of two decks separated by a longi-

tudinal gap, which share a joint ballast bed. If necessary, the decks could thus be replaced individually. 
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Though measurements have revealed interaction between twin decks of several bridges via their shared 

ballast beds (e.g. [4][5][6][7]), the decks are usually considered individually in dynamic design. Therefore, 

only the southern deck of the bridge in Figure 1 will be used as a sample structure throughout this paper. 

The bridge EÜ Erfttalstraße is part of the European high-speed connection between Brussels, Aachen and 

Cologne with a local maximum design speed of 69 m/s (250 km/h). It has been discussed previously in 

[2][3][4][6][8]. The span length L is 24.6 m. As usually with filler beam bridges, mass and stiffness prop-

erties of the simply supported beam system are constant over the span length. The fundamental frequency 

n0 of such a system (see Figure 2b) can thus be calculated with Equation (1) [9][10]. 

 𝑛0 =
𝜋

2𝐿2 √
𝐸𝐼

𝜇
 (1) 

Where EI is the bending stiffness and µ is the mass per length. The southern deck (EI = 29796 MNm², µ = 

25.98 t/m) has a fundamental frequency n0 =2.8 Hz, when calculated according to (1). The fundamental 

frequency is of great importance in the design process. 

As railway bridges are subjected to periodic excitation due to regular distances between train axes, designers 

have to predict if one of the natural frequencies of the bridge can be excited in resonance during a train 

passage. When performing simulations of train passages on filler beam bridges using numerical models, one 

can expect amplified dynamic structural responses at resonance speeds according to Equation (2) [10], 

where LüP,k is the wagon length of the respective train type k and i is 1, 2 ,3 or 4 (ith harmonic excitation). In 

Germany generally all vertical bending frequencies nj up to the upper limit in Equation (3) have to be con-

sidered, where n2 is the third bending frequency. Eurocode 1 [9] considers it sufficient for simply supported 

bridges to consider only n0 in Equation (2).  

 𝑣𝑟𝑒𝑠,𝑖,𝑗,𝑘 = 𝑛𝑗
𝐿ü𝑃,𝑘

𝑖
 (2) 

 𝑛𝑗 ≤ 𝑛𝑚𝑎𝑥 = 𝑚𝑎𝑥{30 𝐻𝑧, 1.5 ∙ 𝑛0, 𝑛2} (3) 

Anyway, it is very likely that the decisive dynamic reactions will occur at resonance speeds dependent on 

n0. Moreover, as demonstrated for ICE1 trains crossing the sample deck in Table 1, the resonance speeds 

related to higher frequencies often exceed the possible maximum speeds of current train types. 

 nominally pinned beam system beam system with rotational springs 

nj [Hz] n0 = 2.78 n1 = 11.11 n2 = 25.00 n0 = 3.14 n1 = 11.50 n2 = 25.39 

vres,1,j,ICE1 264 1056 2376 299 1093 2413 

vres,2,j,ICE1 132 528 1188 149 547 1207 

vres,3,j,ICE1 88 352 792 100 364 804 

vres,4,j,ICE1 66 264 594 75 273 603 

Table 1: Critical velocities vres,i,j,ICE1 [km/h] of an ICE1 on the southern deck of EÜ Erfttalstraße [11] 

For simply supported bridges with spans L ≤ 40 m (this applies to most German filler beam bridges) and 

design speeds ≤ 55.6 m/s (200 km/h), it can be sufficient to check the fundamental frequencies n0 of un-

loaded decks against lower and upper limits of a simplified resonance check according to [9][10]. In case 

of simply supported bridges the respective limits depend on the span length L, see Figure 2. If n0 is between 

the limits, dynamic train loads can be exclusively represented by static load models, combined with dynamic 

factors. If n0 is outside the limits, additional dynamic simulations of train passages have to be performed.  
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Figure 2: a) Calculated and measured fundamental frequencies n0 of filler beam bridges [16] b) nominally 

pinned beam system c) beam system with rotational springs d) equivalent SDOF system 

Figure 2a compares calculated and measured fundamental frequencies of 28 filler beam decks to their re-

spective limits, among them the sample deck of EÜ Erfttalstraße. The bridges were investigated before 

introducing the ICE3 train to the German railway network [2][3]. While most of the fundamental frequencies 

calculated with Equation (1) (depicted with green diamonds) are below the lower limits, the measured values 

(depicted with orange squares) are mostly between the limits. The measured frequency n0 of both decks of 

EÜ Erfttalstraße is 3.5 Hz, which is just the lower limit according to Equation (4) (for 20 m< L ≤ 100 m).  

 𝑛02 = 23,58 ∙ 𝐿−0,592 = 23,58 ∙ 24.6−0,592 = 3.54 𝐻𝑧 (4) 

  

Figure 3: a) Combined track/structure system b) Resistance of sleeper in ballast, converted to a sleeper 

distance d = 0.6 m 

Such differences between calculations and measurements have been observed for a while and are usually 

attributed to additional stiffness contributions of non-structural elements, such as ballast bed, rails, etc. 

[2][3][6]. Though there is a lot of ongoing research regarding possible additional stiffness contributions, 

e.g. of the ballast bed [2][4][5][11][12][13][14][15], current standards [9][10] permit only the consideration 
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of restraining effects of tracks exceeding the bridge ends (Figure 3) and restoring forces in bearings (the 

latter are negligible for filler beam bridges, which usually have elastomer supports). 

A consideration of a combined track/structure system as in Figure 3a causes an increased modelling effort 

and usually a high increase of computational time. Practical engineers therefore usually neglect this addi-

tional contribution to system stiffness. 

To minimize the effort, an equivalent rotational spring characteristic was derived in [11][16][17], which can 

be applied to the beam system (Figure 2c). Using the (linear) rotational spring stiffness 𝑐𝜑 of unloaded 

tracks can already improve the results of n0 visibly (see Figure 2a, where the respective values are depicted 

with blue circles). The calculated frequency of the EÜ Erfttalstraße sample deck (𝑐𝜑= 897 MNm/rad) can 

be improved by 11 % to n0 = 3.1 Hz. The simplified resonance check still cannot be satisfied for this partic-

ular bridge though (n02 =3.5 Hz). A high number of (high speed) train crossing simulations have to be 

performed between 40 m/s (lower limit for passenger trains [9][10]) and 83 m/s (300 km/h = 1.2 local 

maximum design speed). However, the respective critical speeds are enhanced (see Table 1). As n0 is below 

the lower limit n02, [9][10] permit simulations of train crossings with series of moving loads (if n0 exceeds 

the upper limit, simulations considering train/track interaction are mandatory). 

2 Equivalent SDOF system 

2.1 Initial systems 

To minimize the modelling and computational effort of train passage simulations, both systems given in 

Figure 2b and c can be represented by an equivalent single degree of freedom (SDOF) system (Figure 2d). 

It consists of an equivalent mass ME, equivalent stiffness kE and is subjected to an equivalent load vector FE, 

which represents a crossing train. Equation (5) displays the linear differential equation of motion of the 

system, where c is damping, �̈� vertical acceleration, �̇� vertical velocity and 𝑢 vertical deflection. 

 𝑀𝐸 ∙ �̈� + 𝑐 ∙ �̇� + 𝑘𝐸 ∙ 𝑢 = 𝐹𝐸(𝑡) (5) 

With the approach given by [18], the total mass of the initial system Mt can be transformed into ME using a 

mass factor KM. The stiffness k of the initial system (inverse of vertical deflection in mid-span due to a given 

load distribution) can be transformed into kE with a load factor KL. With Equation (6) respective load factors 

KL for systems with distributed loads p can be derived. If the initial system is subjected to single loads Fr, 

KL can be derived with Equation (7). As filler beam bridges have uniformly distributed masses, Equation 

(8) can be used to calculate the respective mass factors KM; [18] gives additional equations for systems with 

single masses. Equations (6) to (8) require a shape function Φ(𝑥) according to Equation (9), which is the 

product of stiffness k and bending line w(x) of the initial system and thus depends on the load distribution. 

The selected approach assumes that Φ(𝑥) is also affine the fundamental mode shape of the initial system. 

 𝐾𝐿 =
∫ 𝑝∙𝛷(𝑥)𝑑𝑥

𝐿

0

𝑝∙𝐿
 (6) 

 𝐾𝐿 =
∑ 𝐹𝑟𝛷𝑟

𝑟

∑ 𝐹𝑟
𝑟  (7) 

 𝐾𝑀 =
∫ µ ∙𝛷²(𝑥)𝑑𝑥

𝑙

0

µ∙𝐿
 (8) 

 Φ(𝑥) = 𝑘 ∙ 𝑤(𝑥) (9) 

Table 2 lists the respective parameters k, KL, and KM for an nominally pinned system (rows I, II) according 

to [18] and of a system with additional rotational springs (rows III, IV) according to [11][16]. In both cases 

distributed loads and a single load in mid-span are distinguished. The parameters in row I are based on Φ(𝑥) 

according to Equation (10), those in row II are based on Φ(𝑥) according to Equation (11); both are given in 
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[18]. For rows III and IV an auxiliary parameter �̃� according to Equation (12) is required. The parameters 

in row III are based on Φ(𝑥) according to Equation (13). A derivation of this Φ(𝑥) is given in [11][16][17]. 

 

 Φ(𝑥) =
16

5𝐿4
(𝐿3𝑥 − 2𝐿𝑥3 + 𝑥4) (10) 

 Φ(𝑥) =
𝑥

𝐿3
(3𝐿2 − 4𝑥2) (11) 

 �̃� =  𝐿 +
2𝐸𝐼

𝑐𝜑
 (12) 

 𝛷(𝑥)  =
16𝑐̃

(5𝐿3∙𝑐̃−4𝐿4)
∙ [

𝑥4

𝐿
− 2𝑥3 +

𝐿2𝑥2

𝑐̃
+ 𝐿2 ∙ 𝑥 (1 −

𝐿

𝑐̃
)] (13) 

 𝑀(𝑥) = 𝐹 (
1

2
𝑥 −

𝐿2

8𝑐̃
) (for 𝑥 ≤ 𝐿 2⁄ ) (14) 

 𝑤(𝑥) = ∬
−𝑀(𝑥)

𝐸𝐼
𝑑𝑥 =

𝐹

16∙𝐸𝐼
[−

4

3
𝑥3 +

𝐿2

𝑐̃
𝑥2 + (𝐿2 −

𝐿3

𝑐̃
) 𝑥] (15) 

 𝛷(𝑥)  =
3

𝐿3∙(1−
3

4

𝐿

�̃�
)

∙ [−
4

3
∙ 𝑥3 +

𝐿2

𝑐̃
∙ 𝑥2 + (𝐿2 −

𝐿3

𝑐̃
) ∙ 𝑥] (16) 

 

The parameters in row IV are based on Φ(𝑥) according to Equation (16); Equations (14)(15) present steps 

of its derivation [11]. 

 Loading 𝒌 𝑲𝑴 𝑲𝑳 

I 

 

384 𝐸𝐼

5𝐿3
 

3968

7875
≅ 0.50 

16

25
= 0.64 

II 

 
48 𝐸𝐼

𝐿3
 

17

35
≅ 0.49 1.0 

III 

 

384 ∙ �̃�  ∙ 𝐸𝐼

5𝐿3 ∙ �̃� − 4𝐿4
 

256�̃�2

(5𝐿3 ∙ �̃� − 4𝐿4)2
∙ [

31

630
𝐿6 −

17

210

𝐿7

�̃�
+

1

30

𝐿8

�̃�2
] 

8(6�̃� − 5𝐿)

15(5�̃� − 4𝐿)
 

IV 

 

48 ∙ 𝐸𝐼

𝐿3 ∙ (1 −
3
4

𝐿
�̃�

)
 

18

(1 −
3
4

𝐿
�̃�

)
2 ∙ [

17

630
−

61

1440

𝐿

�̃�
+

1

60

𝐿2

𝑐̃2
] 

1.0 

Table 2: Transformation factors [11][16][18]  

The fundamental frequency of the equivalent SDOF can be calculated according to Equation (17). Though 

the form functions Φ(𝑥) of the initial systems under distributed loads (rows I, III) technically are in slightly 

better agreement with the actual mode shape, the differences between n0 calculated with the respective pa-

rameters given in rows I and II are very small. The same applies to the differences between n0 calculated 

according to rows III and IV. 

 𝑛0 =
1

2𝜋
∙ √

𝑘𝐸

𝑀𝐸
=

1

2𝜋
∙ √

𝐾𝐿∙𝑘

𝐾𝑀∙𝑀𝑡
 (17) 
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For the simulation of train crossings the parameters given in rows II and IV have to be considered, as the 

passing trains are considered as series of (moving) single loads. As the equivalent SDOF represents one 

point in mid-span of the initial system, the load vector has to be applied here. 

2.2 Equivalent load vector 

One moving load F crossing a beam system can be approximated quite well if it is applied only in mid-span 

as a half sine function F(χ), see Figure 4 and Figure 5. The complete load vector to be applied to the equiv-

alent SDOF system can be created with Equation (18). 

 

Figure 4: Beam system under moving load a) nominally pinned, b) with rotational springs, c) d) bending 

lines resulting to load F at position a, e), f) deflection in mid-span: analytical vs. approximate solution [11] 

 𝐹𝐸(𝑡) = ∑ 𝐹𝑖(𝑡) = ∑ 𝐹𝑖 ∙ 𝑠𝑖𝑛(Ω ∙ 𝑡) = ∑ 𝐹𝑖 ∙ 𝑠𝑖𝑛 (
𝑣∙𝜋

𝐿
∙ 𝑡) (18) 

 

Figure 4 compares the two discussed systems under a moving load F. Consideration of the additional springs 

has a positive effect on the vertical deflection. Nonetheless, the rotational spring stiffness 𝑐𝜑 is sufficiently 

small to allow the vertical deflection in mid-span to be approximated with the half sine function. In case of 

fully fixed supports the shown approximation leads to false results. 

1626 PROCEEDINGS OF ISMA2018 AND USD2018



  

Figure 5: Representation of a moving load with a single load in mid-span [11] 

2.3 Derivation of further parameters 

Solving Equation (5) delivers vertical accelerations, velocities and deflections in mid-span of the respective 

initial system. The results presented within this paper were obtained using a numerical approach (Newmark 

algorithm, see e.g. [19]).  

  

Figure 6: Vertical reactions in mid-span to an ICE 1 crossing at vres,1,j,ICE1 = 299 km/h a) deflections b) ac-

celerations 

  

Figure 7: Solution of differential equation u(t) b) inhomogeneous solution up(t)  c) homogeneous solution 

uh(t) [11] 
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To perform the simulations with the SDOF systems a MATLAB [20] routine was written. The code is given 

in [11]. Comparative calculations were performed using a commercial software InfoCAD [21] to simulate 

moving loads crossing a beam system. As demonstrated in Figure 6 for the southern deck of EÜ Erft-

talstraße, the obtained results are very similar. Depicted are the results due to an ICE1 crossing the system 

with rotational springs (Figure 2c, with 𝑐𝜑= 897 MNm/rad) at resonance speed vres,1,j,ICE1 = 299 km/h 

(83 m/s) according to Equation (2). To derive further parameters relevant for design, static and dynamic part 

of the vertical deflection in mid-span have to be separated, as visualized with Figure 7 and Figure 8. 

  

Figure 8: Total, inhomogeneous and homogeneous solution of an ICE1-crossing [11] 

The static or inhomogeneous part of the solution up(t) can be easily calculated with Equation (19). Subtract-

ing it from the total solution u(t) obtained by the numerical simulations delivers the dynamic or homogene-

ous part of the solution. 

 𝑢𝑝(𝑡) =
𝐹𝐸(𝑡)

𝑘𝐸
 (19) 

 𝑢ℎ(𝑡)  = 𝑢(𝑡) − 𝑢𝑝(𝑡) (20) 

The static reactions to the crossing trains can easily be calculated for any position in the initial system. 

Equations (21) to (27) are valid for the initial system with rotational springs (Figure 2c). They can also be 

used for the nominally pinned system (𝑐𝜑 → 0).  

 𝜑𝑝(𝑥, 𝑡) =  𝑤′(𝑥, 𝑡) (21) 

 𝑤′(𝑥 = 0) =
𝐹

6∙𝐸𝐼
∙ [

𝑎

𝐿
(𝑎 − 𝐿)(𝑎 − 2𝐿) −

𝑎𝑏

𝐸𝐼

(𝑎−𝑏)(
𝐿

𝐸𝐼
+

2

𝑐𝜑
)+3𝐿(

𝑏

𝐸𝐼
+

2𝑏

𝑐𝜑𝐿
+

2

𝑐𝜑
)

(
𝐿

𝐸𝐼
+

2

𝑐𝜑
)(

𝐿

𝐸𝐼
+

6

𝑐𝜑
)

] (22) 

 𝑤′(𝑥 = 𝐿) =
𝐹

6∙𝐸𝐼
∙ [−3𝑎𝐿 + 2

𝑎𝑏(𝑎−𝑏)

𝐸𝐼(
𝐿

𝐸𝐼
+

6

𝑐𝜑
)

+
𝑎

𝐿
(𝑎2 + 2𝐿2) + 3

𝑎𝑏𝐿

𝐸𝐼

(
𝑏

𝐸𝐼
+

2𝑏

𝑐𝜑𝐿
+

2

𝑐𝜑
)

(
𝐿

𝐸𝐼
+

2

𝑐𝜑
)(

𝐿

𝐸𝐼
+

6

𝑐𝜑
)
] (23) 
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 𝑀𝑝(𝑥, 𝑡) = {
(

𝐹(𝐿−𝑎)

𝐿
+ �̃̃�) 𝑥 + �̃�           𝑓o𝑟  𝑥 ≤ 𝑎

(
−𝐹𝑎

𝐿
+ �̃̃�) 𝑥 + 𝐹𝑎 + �̃�       𝑓o𝑟    𝑥 > 𝑎

 (24) 

 𝑉𝑝(𝑥, 𝑡) = {
(

𝐹(𝐿−𝑎)

𝐿
+ �̃̃�)   𝑓o𝑟   𝑥 ≤ 𝑎

(
−𝐹𝑎

𝐿
+ �̃̃�)   𝑓o𝑟      𝑥 > 𝑎

 (25) 

 �̃� =
−𝐹∙𝑎(𝐿−𝑎)

𝐸𝐼

(
𝐿−𝑎

𝐸𝐼
+

2(𝐿−𝑎)

𝑐𝜑𝐿
+

2

𝑐𝜑
)

(
𝐿

𝐸𝐼
+

2

𝑐𝜑
)+(

𝐿

𝐸𝐼
+

6

𝑐𝜑
)
 (26) 

 �̃̃� =
𝐹∙𝑎(𝐿−𝑎)(𝐿−2𝑎)

𝐸𝐼∙𝐿2(
𝐿

𝐸𝐼
+

6

𝑐𝜑
)

 (27) 

Dynamic rotations and bending moments can be calculated with Equations (28) to (35) considering Equation 

(12). Here Φ(𝑥) of the initial system under distributed load has to be considered according to Equation (16) 

or (10) respectively, as it is in better accordance with the actual mode shape. 

 𝜑ℎ(𝑥, 𝑡) = 𝑢ℎ(𝑡) ∙
𝛷′(𝑥)

𝛷(
𝐿

2
)

= 𝑢ℎ(𝑡) ∙ 𝛷′(𝑥) (28) 

 𝑀ℎ(𝑥, 𝑡) = −𝑢ℎ(𝑡) ∙ 𝐸𝐼 ∙
𝛷′′(𝑥)

𝛷(
𝐿

2
)

= −𝑢ℎ(𝑡) ∙ 𝐸𝐼 ∙ 𝛷′′(𝑥) (29) 

 𝛷′(𝑥)  =
16𝑐̃

(5𝐿3𝑐̃−4𝐿4)
[4

𝑥3

𝐿
− 6𝑥2 + 2

𝐿2𝑥

𝑐̃
+ 𝐿2 (1 −

𝐿

𝑐̃
)] (30) 

 𝛷′′(𝑥)  =
32𝑐̃

(5𝐿3𝑐̃−4𝐿4)
[6

𝑥2

𝐿
− 6𝑥 +

𝐿2

𝑐̃
] (31) 

 𝛷′(0)  =
16(𝑐̃−𝐿)

(5𝐿𝑐̃−4𝐿2)
 (32) 

 𝛷′(𝐿) = −𝛷′(0)  =
16(𝐿−𝑐̃)

(5𝐿𝑐̃−4𝐿2)
 (33) 

 𝛷′′(0) = 𝛷′′(𝐿) =
32

(5𝐿𝑐̃−4𝐿2)
 (34) 

 𝛷′′(𝐿/2)  =
16(2𝐿−3𝑐̃)

(5𝐿𝑐̃−4𝐿3)
 (35) 

To calculate dynamic vertical forces one has to consider the system’s inertia force I, see Figure 9. I is dis-

tributed in accordance with Φ(𝑥) [18]. Dividing the system in half (Figure 9b), where the resulting ½ I acts 

in the distance 𝑥𝑆,𝛷 (37) from the support, and solving the equilibrium of forces leads to the vertical forces 

at the supports in Equation (38). 

  

Figure 9: Dynamic equilibrium of homogeneous solution a) complete bridge b) half bridge [11] 
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 𝐴Φ = ∫ 𝛷(𝑥)𝑑𝑥 =
2∙𝐿(12∙𝑐̃−10∙𝐿)

15(5∙𝑐̃−4∙𝐿)

𝐿/2

0
 (36) 

 𝑥𝑆,𝛷  =
1

𝐴Φ
∫ 𝑥 ∙ 𝛷(𝑥)𝑑𝑥

𝐿/2

0
=

𝐿(61∙𝑐̃−50∙𝐿)

16(12∙𝑐̃−10∙𝐿)
 (37) 

 𝑉ℎ(0, 𝑡) = 𝑉ℎ(𝐿, 𝑡) =
𝑀ℎ(𝐿/2,𝑡)−𝑀ℎ(0,𝑡)

𝑥𝑆,𝛷
 (38) 

Combining dynamic and static part of the respective solution leads to the total solution in consequence of a 

passing train. Figure 10 shows again a very good agreement between results obtained with the SDOF system 

and the beam system. Here, exemplarily bending moment and vertical force at the left support due to a train 

crossing the initial system with rotational springs at resonance speed vres,1,j,ICE1 = 299 km/h (83 m/s) are 

presented. 

 

Figure 10: a) Reactions at left support to an ICE 1 crossing at vres,1,j,ICE1 = 299 km/h bending moments b) 

shear forces [11] 

Figure 11 compares vertical deflections and accelerations in mid-span due to an ICE1 crossing at 

vres,4,j,ICE1 =273 km/h (resonance speed of the second bending frequency n1), see also Table 1. The results 

are also very good considering the fact that the SDOF only represents the fundamental mode shape. More-

over, a comparison to the reactions to a train crossing with different velocities (selected maximum and 

minimum reactions are plotted against the respective crossing velocity v in Figure 12), shows that the reso-

nance speed vres,1,j,ICE1 = 299 km/h (see also Figure 6) is decisive for design. 

  

Figure 11: ICE1 crossing with vres,4,j,ICE1 =273 km/h; mid-span: a) deflections b) accelerations [11] 
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Figure 12: Comparison of maximum values due to ICE1 crossings a) deflection in mid-span b) accelera-

tion in mid-span c) rotation at left support d) bending moment in mid-span e) bending moment at left sup-

port f) vertical force at left support [11]  
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2.4 Discussion of results 

Figure 12 plots minimum and maximum reactions to ICE1 trains crossing the southern deck of EÜ Erft-

talstraße against the respective crossing velocity v. For verifications in the Serviceability Limit States SLS 

velocities up to the maximum design speed of 250 km/h (69/s) have to be considered (Figure 12 a-c). For 

verifications in the Ultimate Limit States ULS velocities up to 300 km/h (83/s) have to be considered 

(1.2 • maximum design speed). A consideration of the additional rotational spring stiffness 𝑐𝜑= 

897 MNm/rad already improves the obtained results visibly (to create conservative results only the stiffness 

of an unloaded track on the embankment is used during the complete calculation). While some of the max-

imum and minimum reactions (a deflection, c rotation, d moment in mid-span) are also reduced in their 

amount by consideration of the additional rotational stiffness, the key benefit is that the decisive resonance 

speed vres,1,j,ICE1 is increased from 264 km/h to 299 km/h. SLS criterions given by [9][10] regarding maximum 

vertical acceleration (az ≤ 3.5 m/s²) and rotation cannot be satisfied with the nominally pinned system (with-

out 𝑐𝜑) but can be satisfied with the system with rotational springs (with 𝑐𝜑). 

However, it has to be acknowledged that the rotation limit (9.14 •10-4 rad) for the linear spring stiffness 𝑐𝜑= 

897 MNm/rad is exceeded for velocities v >240 km/h (67 m/s). This means that at least one of the spring 

elements on the embankment (Figure 3a) reaches the critical value u0 (Figure 3b), which (slightly) decreases 

the stiffness. Strictly speaking a recalculation of all ICE1 crossings with v >240 km/h would be recessary. 

As shown in [11], the stiffness decrease is very small and the results differ only slightly in the range of the 

resonance speed. 

3 Conclusions 

Dynamic simulations of train passages on filler beam bridges can be performed with equivalent SDOF sys-

tems. The SDOF system represents the mid-span of the initial beam system. Required bridge parameters for 

the simulations are span length L, bending stiffness EI, total mass Mt and damping. Compared to computa-

tions of complete beam systems, this procedure saves effort and especially computational time as vertical 

accelerations, velocities and deflections are calculated in mid-span only and any additional design parame-

ters are derived afterwards at required points of interest everywhere else in the initial system.  

The additional stiffness contribution of a combined track/super structure system can be included by adding 

equivalent rotational springs (with stiffness 𝑐𝜑) at the supports of the initial beam system. This adjusted 

initial system can also be represented with an equivalent SDOF system without increasing the computational 

time. As the equivalent spring characteristic 𝑐𝜑 is non-linear, rotations at the support have to be checked 

against a bridge specific rotation. The presented sample calculations were performed using a linear spring 

stiffness 𝑐𝜑. It was shown that the rotation, until which the stiffness characteristic 𝑐𝜑 is linear was exceeded 

for crossing velocities over 240 km/h (67 m/s). Next, recalculations of these train crossings will be per-

formed considering a non-linear spring characteristic. 

Further steps will also include a discussion if higher rotational a spring stiffness (representing a loaded track 

on the embankment) can be considered during parts of the train crossing simulation. 
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Abstract 
Rail induced ground-borne vibration, which often causes structure-borne noise, adversely impacts on human 

wellbeing and building serviceability. As current architectural trends are to adopt complex lightweight 

structures, centered on stronger, more lightly damped materials, a general rise in building vibration 

responsiveness should be expected. In limiting the impact of rail induced ground-borne vibration, 

countermeasures may turn out to be highly complex, incurring significant additional costs. Given that the 

vibration propagation is affected by the structural design, structural elements can be tuned to control, to 

some extent, the transfer of vibration. To assess the contribution, in terms of ground-borne noise reduction, 

of critical substructural elements, sensitivity analysis has been carried out via 3d numerical modelling. The 

study investigates the benefits of tuning the raft foundation, the secant wall and basement/ground floor slabs 

(i.e. unisolated slabs). 

1 Introduction 

Vibration generated by the track-train interaction, if not adequately mitigated, has the potential to be 

transmitted through the ground to adjacent buildings, setting floorplates and walls in to a vibratory motion. 

More often than not, this causes plate-like structural elements to radiate noise into sensitive spaces, giving 

rise to general annoyance, discomfort, potential sleep disturbance and interference with specific activities, 

including the operation of vibration sensitive devices.  

With the densification of urban spaces, the tendency is for deeper basements, occasionally bringing 

buildings closer to underground rail tunnels. In addition, modern construction tends to rely on complex 

lightweight structures centered on stronger, more lightly damped, materials (e.g. pre-stressed concrete and 

steel frames, with fewer joints) raising the building’s responsiveness. 

Depending on the characteristics of the impinging vibration, countermeasures may turn out to be highly 

complex, often incurring significant additional costs to the development, not only financially, but also in 

terms of design impact, constructability and maintenance. As vibration propagation, and the manner in 

which it manifests itself, is affected by the structural design (including materials and geometry) [1], 

structural elements can be tuned to reduce the transfer of vibration. Tuning structural components, such as 

thickening the raft foundation, have been suggested (via industrial studies) in assisting mitigation strategies.  

To assess the scope of potential countermeasures, mainly through the tuning of structural elements, this 

paper presents a theoretical study that centers on a contemporary lightweight structural building design. A 

sensitivity analysis is then carried out to evaluate potential rail-induced ground-borne noise isolation 

benefits as a function of structural tuning. 

After evaluating the ground-borne noise isolation benefits when employing the conventional “Base-

isolation” strategy, this study will go on to investigate the benefits of tuning a set of substructural elements, 
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as measured by the reduction in ground-borne noise throughout the building. The substructural elements 

under investigation are the raft foundation, the basement slabs and the secant wall. 

2 General Mitigation Strategies 

2.1 Base-isolation 

Rail-induced ground-borne vibration, and subsequently radiated noise, can be mitigated by disrupting the 

vibration path. An effective way of controlling incoming vibration is to employ the “Base-isolation” 

concept, isolating the entire building at its foundations (or part of the building at a designated point). 

The principle of Base-isolation is to decouple, using isolation units, the superstructure from the substructure 

resting on the ground which is affected by vibration, thus breaking the vibration path. Isolation units (e.g. 

helical springs or elastomeric bearings) are basic elements of the isolation system that enables the 

mechanical decoupling. Whether the building should be isolated using helical springs or elastomeric 

bearings depends on the degree of isolation required, which is given in terms of frequency and magnitude 

requirements. When considering buildings, spring systems can naturally isolate down to 3 Hz, whilst 

elastomeric bearing will typically only go down to 6 Hz (although, there are bearing manufactures that have 

managed to bring the isolation frequency down to 3.5 Hz).  

The Base-isolation performance is dependent on the natural frequency of the isolation unit (which is a 

function of exerted load and stiffness), the damping of the isolation unit, number of isolation units (and how 

they’re mounted, either in parallel or series, which will impact differently) and the mechanical properties of 

the ground structure in which the building is implanted [1]. 

The drawback with Base-isolation is that it impacts on the building’s firmness making it vulnerable mainly 

to lateral motions; such effects will need to be counteracted through additional means, raising complexity 

to the structural design. As a rule of thumb: lowering the isolation frequency will raise the complexity of 

the required countermeasures. 

According to isolation unit manufactures and suppliers, spring systems, although more effective, require 

higher level of maintenance as oppose to elastomeric bearings. Additionally, with elastomeric bearings, a 

higher degree of control over the lateral movement can be achieved. Therefore, from a structural engineering 

point of view, the preferable option, if the isolation requirement allows, tends to be elastomeric bearings. 

2.2 Structural Tuning 

As vibration flows from one medium to another a change in vibration magnitude (and/or phase) will occur 

as the incoming signal becomes modified by either the boundary and/or the different characteristics of the 

consecutive intervening medium (e.g. density), causing a rise or decay in vibration levels as a function of 

frequency [2]. When considering buildings, the structural elements, such as beams, columns and slabs, make 

up the media through which vibration travels. Generally, the greater the impedance mismatch between both 

coupled structures, the greater the loss in vibration levels when transferring from one structural element to 

another. In some cases, depending on the relationship between both intervening structural elements, a 

significant portion of vibration energy will fail to transfer due to reflections at the boundaries of both 

intervening structures. This feature can be exploited by thickening the raft foundation – more mass, more 

reflections will be expected. Another aspect that impacts on the vibration transfer is the mechanical joints 

coupling structure elements, such as bolts, rivets and welds; however, mechanical joints are outside the 

scope of this study. 

In line with the above, isolation can be achieved by tuning key parameters of the influential structural 

elements. The “structural tuning” method can also be used to complement the Base-isolation mitigation 

scheme. It has the potential to lower the Base-isolation requirements (subsequently raising the natural 
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frequency of the isolation units), hence lowering the degree of complexity that the structural design will 

have to address. 

Within the substructure there may be some structural components that have a higher influence on the 

building’s response than others. However, their degree of influence is linked to extraneous conditions such 

as ground composition and building design [1]. As this study only examines a specific building arrangement 

planted onto a soft ground, conclusions should not be generalized without caution. 

To carry out the study, a numerical model has been used, which is presented in the section below. 

3 Numerical Model 

When considering Base-isolation, the ground, which acts as a spring in line with its mechanical properties 

(e.g. stiffness), needs to be considered [3]. Because of the ground’s elasticity, the isolated building can no 

longer be considered as a mass on a spring attached to a fixed frame. Therefore, simple dynamic models 

cannot be used.  

Although numerical models have proved to be a highly efficient tool for studying rail-induced vibration 

phenomena, their accuracy, in terms of absolute levels, are somewhat questionable due to the difficulty in 

acquiring accurate actual data concerning the properties of the components of the model [4]. However, due 

to their geometrical flexibility when representing complex structures, numerical models are justified when 

predicting the insertion loss (i.e. relative changes) offered by a mitigation scheme of a complex. 

Additionally, as demonstrated in reference [5], the ground in which the building lays is required to be 

included in the model as it will bring the evaluated response closer to the actual response of the building. 

Given the size of the domain being modelled, FINDWAVE® [6], a finite-difference time-domain method 

(FDTD), offers a way of computing the generation, propagation and reception of vibration for establishing 

relative changes to rail-induced noise and vibration levels [7]. Structure-borne noise is then evaluated by 

employing an empirical formulation, commonly referred to as the Kurzweil formula [8], which converts the 

vibration levels measured (or predicted) at the room floor into a sound level. 

4 Scenario Being Examined 

The building is an 9-storey, steel frame structure, built off a concrete substructure, with four basement levels. 

The substructure, which is 30m long and 20m wide, is approximately 20m deep. 

The ground in which the building sits consists of an upper layer formed of approximately 2m of made 

ground, 3.5m Alluvium (silts) layer and 2.5m Gravels (terrace) layer above London clay. 

4.1 Substructure 

The substructure (see Figure 1) is formed by a secant pile wall (pile diameters are approximately 900mm) 

lined with a 250mm reinforced concrete wall. Male piles extend downwards beyond the raft foundation by 

circa 8m. The embedded retaining wall (the secant walls) are supported by five levels of 200mm thick 

reinforced concrete slabs. A 1.2m deep reinforced concrete raft slab is provided at Basement 4 to support 

the vertical loads of the whole building and to prop the base of the wall. 
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Figure 1: Substructure of the specimen building 

The closest railway tunnel runs parallel to the secant wall, approximately 7m from the nearest edge of the 

raft foundation. There are twelve internal reinforced concrete columns located directly beneath the main 

columns of the superstructure. These columns are approximately 650mm square. 

4.2 Superstructure 

The superstructure (see Figure 2) is supported on a regular grid of closely spaced steel columns positioned 

within the middle third of the building. The 16 steel columns continue through the basement as reinforced 

concrete columns. 

A 150mm thick concrete slab (see Figure 3) is provided throughout the superstructure floors. The slab acts 

compositely with MD60 trapezoidal decking. The floor slabs span circa 3.3m in the north-south direction 

between steel floor beams, and approximately 4.5m in the east west direction. Primary floor beams are 

typically 300mm deep internally and 350mm deep on the perimeter. The typical maximum depth of the 

internal steel floor beams is 300mm. The beams are positioned so that the top flanges are at the same level 

as the top of the slab. 
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Figure 2: Substructure of the specimen building 

(left: view from the south-west; right: view from the north) 

  

Figure 3: First floor level slab (same throughout the entire superstructure) 

(left: representation of the slab and beams arrangement; right: FDTD discretization)   

5 Assessment 

As shown in Figure 4, the rail induced vibration levels are unevenly distributed across the floorplate, which 

is commonly taken to be the main radiating surface throughout the superstructure. As expected the floorplate 

expresses lower vibration levels around areas close to its supporting beams. Note that vibration velocity 

levels in Figure 4 have been A-weighted so as to conform to the Kurzweil formulation, enabling a direct 

comparison to the expected sound pressure level experienced throughout the floorplate. 
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Figure 4: Evaluated rail induced vibration at the floorplate of the first floor level  

(normalized A-weighted vibration velocity levels) 

5.1 Base-isolation 

In contrasting the Base-isolation requirements, as given by the natural frequency of the isolation system, 

with the isolation performance, as measured by the evaluated A-weighted ground-borne noise level, a set of 

rail induced ground-borne noise evaluations using a range of Base-isolation frequencies have been carried 

out. Figure 5 reveals how ineffective a 10 Hz bearing is for this specific scenario (i.e. ground characteristics 

and building design), reducing the vibration transfer into the superstructure by circa 4 dB around the 

frequencies of interest.  

Note that the isolation performance given herein cannot be generalized. As demonstrated in references [9] 

the isolation effectiveness is a function of the ground conditions, meaning that this same configuration under 

a different set of ground conditions could achieve a much higher isolation performance. 

 

Figure 5: Relative change in vibration levels as a function of isolation system  

measured at a specific point on the floorplate of first floor level 
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Figure 6 maps out the ground-borne noise isolation benefits, in terms of LAmax,s (as given by the Kurtzweil 

formulation), for a set of Base-isolation frequencies. The noise levels, in dB(A), have been normalized to 

the noise response of the unisolated building; positive values represent the A-weighted evaluated noise 

reduction for a given Base-isolation frequency. The LAmax,s values, which are then used for assessing the 

relative ground-borne noise reduction, are computed by averaging a set of evaluated LAmax,s values across 

the floorplate. As seen by the missing blue bars, not all isolation frequency points were evaluated. As 

illustrated by the green curve in Figure 6 (which has been sketched to characterise a plausible regression 

curve), modelling results suggest a slight deviation from a linear relation between isolation frequency, in 

Hz, and isolation performance, in dB. This, to a degree, enables interpolating the isolation performance 

when approximating the optimal bearing isolation frequency.  

 

Figure 6: Normalized noise isolation benefits as a function of Base-isolation frequency (blue bar: 

evaluated through modelling; green curve: sketched arc depicting a representative regression curve) 

Whenever the isolation frequency is required to go below 6 Hz, the mitigation strategy tends to employ 

helical springs; however, if the preference is for elastomeric bearings (which may arise due to maintenance 

and constructability requirements), the design might consider tuning structural elements so as to increase 

the required isolation frequency. 

5.2 Structural Tuning 

By thickening the raft foundation, a change in vibration transfer is expected. To evaluate the benefits of 

thickening the raft foundation, three observation points were chosen: basement level -2 (unisolated 

substructure); ground floor level (unisolated substructure); and first floor level (6 Hz isolated 

superstructure). Figure 7 shows the isolation benefits at each of the locations being assessed. For the ground 

floor and first floor level there is a diminishing return on isolation benefit, suggesting that there is an 

optimum raft thickness: 2.5m for first floor level and 3m for the ground floor. At the basement, given the 

base configuration, there seems to be an ever-increasing benefit in thickening the raft foundation (at least 

up to 4m thick). 
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Figure 7: Contrasting the impact on ground-borne noise reduction at three areas  

of the building as a function of raft foundation thickness 

Assuming the substructure is somewhat behaving as a lattice structure (as given by the columns-slabs 

arrangement), this study goes on to assess the isolation benefits of stiffening the lattice structure via 

thickening the substructure slabs (i.e. basement and ground floor slabs). This is believed to limit the 

vibratory motion of the substructure as a whole, limiting the freedom of movement. The sensitivity 

analysis evaluating the benefits in changing the substructure slab thickness, from 200mm to 400mm in 

steps of 100mm, fixes the raft foundation at 1.2m. Figure 8 reveals some isolation benefits, especially at 

ground level where the ground-borne noise falls by as much as 7 dB if the basement slabs are to increase 

from 200mm to 400mm. Another aspect worth noting is that the benefit of thickening the baseman slabs 

are not consistent throughout every floor level. 

 

Figure 8: Evaluating the changes in ground-borne noise as a function  

of substructure slab thickness 
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Fixing the raft foundation thickness at 2.5m and the basement slab thickness at 400mm, this study goes on 

to investigate whether there are further ground-borne noise isolation benefits by thickening the secant wall 

from 1.25m to 1.75m. Figure 9 reveals a slight ground-borne noise reduction as a result of thickening the 

secant wall. This suggests that, under these selected circumstances, and considering practical structural 

adjustments, the reduction in ground-borne-noise through the substructure tuning process is reaching its 

limit. However, it is possible that higher ground-borne noise isolation benefits could be achieved if the 

sensitivity analysis employed, for its fixed conditions, a 200mm slab thickness throughout its substructure.  

 

Figure 9: Evaluating the changes to ground-borne noise as a function  

of secant wall thickness: from 1.25m to 1.75m.  

6 Conclusion 

A representative contemporary lightweight structural building design has been used to assess the 

contribution of critical substructure elements to the dynamic response of the building, as measured by the 

A-weighted rail-induced ground-borne noise across relevant parts of the building.  

The Base-isolation preliminary study demonstrated that not all scenarios (i.e. combination of ground 

properties and building design) respond effectively to high frequency Base-isolation (e.g. >10 Hz); hence it 

follows that structural tuning could be employed to relax the Base-isolation requirements. 

The study confirmed that a share of ground-borne noise levels can be reduced via tuning specific 

substructure elements. For the selected scenario, a 9-storey steel frame structure built off a four-basement 

levels concrete substructure sitting in London clay, up to 7 dB reduction was attained by thickening the 

basement and ground floor slabs. Whilst assessing the response to structural changes, the study also revealed 

diminishing returns on ground-borne noise isolation benefit, indicating that there are optimum structural 

configurations.   
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Abstract 
The authors constructed a mathematical model of a dynamic process in a loaded beam on the elastic 

Winkler foundation in a sudden formation of a defect in the form of a change in the boundary conditions. 

The solution of the static problem of bending of the beam pinched at the ends served as the initial 

condition for the process of forced vibrations hinged supported at the ends of a beam, which arose after a 

sudden break in the connections that prevented the rotation of the end sections. The authors determined 

the dynamic increments of stresses in a beam for various combinations of a beam and foundation 

parameters. 

1 Introduction 

An important problem of construction mechanics is the analysis of the sensitivity of load-bearing 

structures to structural rearrangements under load such as suddenly disconnected connections, cracks, 

fractures, etc. Obtaining such information for real constructions requires the development of special 

methods, since this problem cannot be solved by universal methods. From the standpoint of structural 

mechanics in these problems, it becomes necessary to calculate such systems as constructively nonlinear, 

changing the design scheme under load, i.e. with dynamic overloads, caused by sudden beyond projected 

effects. 

In the present work, the task is to construct a mathematical model of transient dynamic processes in a 

beam on an elastic foundation when a defect is suddenly formed in the form of a change in the boundary 

conditions. Before the formation of a defect, the reaction of the structure is determined by a static action. 

The sudden formation of a defect leads to a reduction in the overall rigidity of the structure, which does 

not ensure the static equilibrium of the system. The inertial forces that have arisen cause a dynamic 

reaction, redistribution and growth of strains and stresses. As a result, there may be a violation of the 

regular functioning of the structure, or loss of load capacity and destruction. 

2 Statement of the problem 

The elastic beam with flexural stiffness EI rests on the entire length l on the elastic Winkler foundation 

with stiffness coefficient k, rigidly clamped at the ends. The uniformly distributed intensity load q and the 

foundation reaction affect the outer layers of the beam. It is assumed that at some point in time 0t  , the 

connections in a statically deformed beam, which prevent the rotation of the end sections in the supports, 

suddenly collapsed, forming hinges in the place of sealing. The static state of the loaded beam ceases to be 
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in equilibrium and the beam will move into motion ( , ),x t during which the deformations and stresses in 

the beam acquire dynamic increments. 

3 Solution of the problem 

The problem is solved in the following sequence: 

1) we determine the static deflection of a (“undamaged”) beam with clamped ends on an elastic 

foundation, which is used subsequently as the initial condition of a dynamic process, which is 

initiated in the system by a sudden transformation of the boundary conditions;  

2) we determine the frequencies and forms of bending vibrations of a (“damaged”) beam with hinged 

ends on an elastic foundation; 

3) we study the forced bending vibrations of a loaded beam. In this case, the load, the static 

deflection of the “undamaged” beam and the desired dynamic deflection are decomposed into 

series according to the modes of natural vibrations of the “damaged” beam. 

3.1 The static bending of a beam, which is pinched at the ends on Winkler foundation, in dimensionless 

variables and parameters 

3 4
4, , , .

4
st

x ql kl
w q

l l EI EI


      

is described by equation [1, 2] 
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The general solution of equation (1) in the case of pinching ends has the form [1, 2] 
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are the initial parameters, respectively, the dimensionless bending moment and the shear force at 

the origin 0.   
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The dimensionless bending moment in a static state is determined by the function 

      2 0 4 0 .stw qk w k w        (3) 

Figure 1 shows the diagrams of bending moments in a beam with clamped ends for various values of the 

generalized rigidity of the “beam-foundation” system 
44 .   It is worth paying attention to the 

somewhat “unusual” form, which takes the moment epures with increasing rigidity of the system – the 
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moments in the central part of the beam are much lower than in the quarter of spans. This is the result of 

the combined effect of external unloading on the beam and the reaction of the elastic foundation. 
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Figure 1: Epures of bending moments in the initial static state, depending on the rigidity index 

of the “beam-foundatio” system  

 

3.2 The resulting motion  ,dyn x t  after a sudden transformation of the restraints of the beam into 

the hinges is described by equation [2] 
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k
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A
 is a parameter having a frequency dimension and, 

therefore, called a “conventional” frequency. 

Equation (4) describes the forced vibrations of a loaded beam. The Winkler model does not imply 

dynamic phenomena in the elastic foundation. The required eigenfunctions and frequencies of the problem 

will be obtained from equation (4) with the zeroed right-hand side, which after separation of the variables 

by representation 

  sin ,dynw W    (5) 

takes the form  

  
4

4 2

4
4 1 0,

d W
W

d
 


    (6) 

where 
0





  is a dimensionless eigenfrequency of the bending vibrations of a beam on an elastic 

foundation. 

Using the “conventional” frequency 0, characterizing stiff and inertial properties of the “beam-
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foundation” system, and the known basic frequency of bending vibrations of a free beam supported in the 

same way (without foundation support)  

2

1 ,f
EI

l A






 
  
 

 

we bring the equation to the form (6) 
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where 0
0

1 f





 is a relative “conventional” frequency;

1 f





  is a relative required frequency. 

Using Euler substitution 

 ,rW Ae   (8) 

we find the characteristic equation for differential equation (7) 

 4 4 2 2
0 0,r       

roots of which can be represented in two ways, depending on the ratios of frequencies 0 and : 

1) if 0,  then the roots of equation (9) are real and purely imaginary 

 
2 24

1,2 1 3,4 1 1 0, , ,r r i            (10) 

the deflection function (8) has the form 

 1 1 2 1 3 1 4 1cos sin ;W A ch A sh A A            (11) 

2) if 0,   then the roots of equation (9) are complex 

   4 2 2
1,2,3,4 2 21 ,

2
r i


         (12) 

and the deflection function 

 1 2 2 2 2 2 3 2 2 4 2 2sin cos sin cos .W A sh A sh A ch A ch                    (13) 

It was shown in [3, 4] that for a beam completely supported on the Winkler foundation, in the case of 

canonical boundary conditions  – pinch- pinch, pinch - hinge, hinge-hinge, console – only variant (10) is 

realized. 

Using the initial parameters 

       0 0 0 00 , 0 , 0 , 0W W W W W W W W        
 

instead of integration constants  1 4 ,iA i    we write the relations characterizing the state of arbitrary 

cross-section  of the beam, using version (10), (11). 

In this case, the deflection function has the form 

          0 4 1 0 3 1 0 2 1 0 1 1 ,W W R W R W R W R               (16) 

where  1 4iR i    – Krylov functions of the form 
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The state of the arbitrary beam section is described by the matrix equation 

    1 0 ,W V W   (17) 

where  W  is a state vector of arbitrary section  
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  0W  is a vector of initial parameters 
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3.3 We will conduct an analysis of free frequencies and forms of flexural vibrations of a beam on an 

elastic foundation when the ends are hinged. In this case, the boundary conditions and the deflection 

function have the form  
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 (18) 
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Satisfying the second pair of boundary conditions (18), from function (19) and its second derivative, we 

obtain a system of two algebraic equations of relatively unknown initial parameters and 0W   и 0W   
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 (20) 

The condition for the existence of nonzero solutions of a given homogeneous system is that the 

determinant of the coefficient matrix of this system is equal to zero 
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Expanding the determinant, we obtain the frequency equation 

1 14sin 0,sh    

whence it follows that  
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Taking into account formula (10), we obtain the frequency spectrum 

 
2 4
0 .n n    (22) 

From any equation of the system (20) with n n  , it follows that 
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then, according to (19), the n-th form with frequency ,n  has the form 

   sin ,n nW A n   (23) 

where п is a number of half-waves of a sinusoid on length l of a beam; 

nA
 
is an unknown amplitude of vibrations in n-th form. 

Thus, the forms of free vibrations of the beam on an elastic foundation remain the same as for the free 

beam, but with frequencies ,n which are larger than the corresponding frequencies of the free beam 
nf



in 
2 4
0 n  times, i.e. according to (22) 

2 4
0 .

nn fn     

3.4 The solution of the differential equation of forced vibrations (4) will be sought by expanding the 

function  ,dynw   in a series of eigenfunctions  nW   (23) with coefficients in the form of unknown 

time functions  nQ   

    
1

.dyn n n
n

w Q W 




  (24) 

We find functions  nQ  using the following procedures: substituting the series (13) and the expression 

(2) into equation (4), multiplying both sides of this equation by   ,nW  integrating both parts of  from 0 

to 1 and, using the property of orthogonality of the modes of free vibrations   ,nW  we obtain the 

differential equation for defining functions  nQ   
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where 
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The general solution of the inhomogeneous equation (25) 

 1 2 2
0 0

cos sinn n n
n n n

n

S
Q D D

 
 

  
    (26) 

is a sum of the solution of the relevant homogeneous equation (the first two terms) and the particular 

solution corresponding to the right-hand side of (25) (the third term). 
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Now, according to (24), the dynamic deflection function takes the form 

 1 2 2
0 01
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  (27) 

The constants of integration 1nD and 2nD are determined from the initial conditions 
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 (28) 

From the second condition (28) we determine one constant 

 2 0.nD   (29) 

Multiplying both sides of the first condition (28), taking into account (27) and (29), by sin n , and 

integrating on   from 0 to 1, we obtain another constant 

 1 2
,n

n n
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S
D B


   (30) 

where  
1

0

2 sin .n stB w n d     

Substituting (29) and (30) into (27), and taking into account the trigonometric identity 
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we get 
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where
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The dimensionless bending moment is obtained by differentiating the series (31) twice 

2 2 2

0 01

cos sin sin ,
2
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n
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4 A numerical example 

The Maple software package helped to calculate the dimensionless deflections ( )w 
 

and bending 

moments ( )w  in a beam, which is loaded by a uniformly distributed intensity load 1q , on the elastic 

Winkler foundation 

 in an initial static state, when the ends are pinched: ( ),stw  ( )stw  ; 
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 in a static state formed after a quasi-static transformation of pinches into hinges ( ),qw  ( )qw  ; 

 in a dynamic process that occurs when in a sudden transformation of pinches into hinges: wdyn(, 

), ( )dynw  . 

In practical calculations, 20 series members (19) and (20) were taken into account. In this case, we obtain 

a practical coincidence of epures of the dynamic deflection wdyn(, 0) and the static deflection wst(), that 

is, 

20

1

sin ( )n st

n

B n w 


 . 

The results of the calculations are shown in Figures 2 and 3, as well as in Table 1. In Figures 2 and 3 are 

shown respectively: epures of bending moments ( )qw 
 
in a beam after quasi-static of transformation of 

pinches into hinges, and during vibrations 0( , )dynw  
 
after sudden transformation of pinches into hinges at 

the time 0  
of reaching the highest values. The epures are constructed for different values of the stiffness 

parameter of the “beam-foundation” system . 

 

 

 

=102,5 
=103,5 

=102,5 

 

=103,5 

 

=104,5 

 

=105 

Figure 2: Epures of bending moments after quasi-static transformation of boundary conditions depending  

on the rigidity index of the “beam-foundation” system  
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Figure 3: Moments in the cross section ξ = 0,16 (time scanning). Mmax = 0,047 

 

 

max
stw  max

qw  Кst 
max
dynw  Кdyn 

0 0,083 0,125 1,506 0,3 3,614 

10 0,082 0,112 1,366 0,269 3,28 

101,5 0,079 0,093 1,177 0,225 2,848 

102 0,071 0,06 0,845 1,156 2,197 

102,5 0,0544 0,0265 0,487 0,07 1,287 

103 0,0334 0,0104 0,311 0,0346 1,036 

103,5 0,018 0,0055 0,305 0,0186 1,033 

 

Table 1: Influence of the rigidity of the “beam-foundation” system on the increment of bending moments 

5 Conclusions 

If we consider the transformation of the boundary conditions in the given “beam-foundation system” 

under the load as a defect, then the conducted study shows that the quasi-static formation of a defect, that 

is, a reduction in the rigidity of the end supports, leads to an insignificant increase in the maximum 

stresses in the beam (Кst> 1) if there is no foundation ( = 0) and low values of the indicator of the “beam-

foundation” system (0< ≤ 101,79). For beams resting on more rigid foundations (> 101,79), the formation 

of the same defect, on the contrary, leads to a decrease in the greatest stresses (Кst< 1). 

A sudden formation of a defect gives more than three times (Кdyn = 3,614) an increase in the maximum 

stress in a free beam (= 0). For systems with higher rigidity, the effect of transforming the boundary 

conditions is reduced. There is a redistribution of stresses along the span, but the greatest stress at  >104 

does not exceed the initial static value (Кdyn = 1). In addition, regardless of the rate of defect formation 

with increasing rigidity of the system, the greatest stresses move from the center of the beam to the 

periphery of the span. 

 

The work was conducted within the framework of the basic part of the state task 1.5265.2017/BP 

(1.5265.2017/8.9) 
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Abstract 
Railway bridges may experience important vertical vibrations under the circulation of High-Speed (HS) 

convoys. Especially critical in this regard are short simply-supported (S-S) structures composed by slab or 

girder decks, with usually associated low masses and damping levels. The dynamic amplification 

experienced by a S-S bridge under the passage of equidistant moving loads is intimately related with 

resonance and cancellation phenomena. In this contribution the free vibration response of rectangular S-S 

orthotropic plates after the circulation of a single load travelling at constant speed is first formulated, 

following an analytical approach. Secondly, the effect of the plate obliqueness, supports flexibility and 

structural damping on the cancellation and maximum free vibration conditions are numerically investigated. 

Then, the phenomena of cancellation of resonance and maximum resonance are presented and their effects 

are shown through the experimental measurements performed on a bridge from the Spanish railway network. 

1 Introduction 

Short-to-medium span S-S railway bridges may experience excessively high deck vertical accelerations 

under passing trains, especially as the operating speed increases. For this reason the Serviceability Limit 

State for traffic safety [1] has become one of the most restrictive design limits in such structures. Since the 

opening of the first HS railway lines in Europe and Japan, there has been experimental evidence of excessive 

transverse vibrations in railway bridges which was attributed to resonance of the bridge deck [2]. Resonance 

takes place when the loading frequency of the equidistant axle or bogie loads coincides with a natural 

frequency of the structure. Resonance is generally characterized by a noticeable dynamic amplification of 

the structural response. A resonant behaviour builds up from the free vibrations that each axle load leaves 

on the structure after exiting it. The amplitude of these free vibrations depends on the ratio between the load 

speed and the deck natural frequency. Maximum free vibration and cancellation conditions have been 

formulated for S-S and elastically supported (E-S) beams in the past [3]-[4], but not for plates as far as the 

authors know. In the resonant case, depending on the amplitude of these free vibration waves and on how 

they combine with each other when a train of loads crosses the structure, resonances entailing noticeable 

amplification levels or almost imperceptible ones could develop. 

For what has been previously said, understanding the free vibration behaviour of bridges under a single 

moving load and its dependence on the travelling speed becomes crucial. In what follows, the conditions for 

maximum free vibration and cancellation, as well as those for resonance and cancellation of resonance are 

studied in the case of S-S rectangular orthotropic plates. Double track bridges with length to width ratios 

close to unity or with oblique plans can present modes different from the longitudinal bending ones (i.e. 

torsion and transverse bending modes) with natural frequencies below 30 Hz that may significantly 

contribute to the total response. Therefore, the dynamic response of such structures should not be analysed 
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using beam-type models. Due to the usual typologies of bridges with lengths in the range 12-25 m (slab, 

girder decks etc.) an orthotropic plate model is selected instead. These conditions are formulated analytically 

for rectangular S-S orthotropic plates and their evolution with the level of obliquity, structural damping and 

supports vertical flexibility are numerically evaluated. 

The importance of understanding the phenomena of cancellation or maximum free vibration under a single 

load is the relation of this issue with the amplification at resonance when a train of successive loads acts on 

the bridge. If the resonant velocity coincides or is close to a cancellation condition, the resonance peak will 

be moderate or sometimes even imperceptible. On the other hand, when resonance takes place close to a 

maximum free vibration situation an important amplification of the structural response should be expected. 

Equating resonance conditions with maximum free vibration or cancellation conditions, length to train 

characteristic distance ratios are derived leading to these two scenarios. 

Finally, the experimental response of a bridge belonging to the Madrid-Sevilla HS railway line is presented 

illustrating the conclusions derived in the previous sections. 

2 Free vibration of rectangular S-S orthotropic plates after de 
circulation of a single moving load at constant speed 

2.1 Analytical formulation 

The partial differential equation governing the transverse oscillations w(x,y,t) of a thin orthotropic 

rectangular plate under a generic load distribution qz(x,y,t) (Figure 1a) neglecting shear deformation and 

rotary inertia, and being X and Y the principal directions of orthotropy, is given by 
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where Dx and Dy are the flexural rigidities per unit of length of the plate with respect to the XZ and YZ planes 

(moment-curvature proportionality constants), respectively, 2H=D1+D2+2(Dxy+Dyx), D1 and D2 are the 

coupling rigidities and Dxy and Dyx the torsional rigidities with respect to the same planes [5]. Equation (1b) 

represents the particular source of excitation of a train of constant moving loads travelling parallel to the X 

axis (Figure 1b) at constant speed V. In equation (1b)  and  stand for the Heaviside unit and Dirac Delta 

functions. 

 

Figure 1: Orthotropic rectangular plate subjected to (i) a generic transverse load distribution and (ii) a set 

of moving loads. Axes nomenclature and dimensions 
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Admitting S-S conditions on two opposite sides of the plate, the transverse displacement of the neutral plane 

w(x,y,t) under the circulation of the moving loads may be expressed as a linear combination of the normal 

modes of vibration ij(x,y) 
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where Cij is a constant depending on the mode normalization. For the details of the derivation of the natural 

frequencies and mode shapes of a rectangular S-S orthotropic plate the reader is referred to [6]. In equation 

(2): 
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In equations (3b-c), ij is the circular frequency of the orthotropic plate which is related to the roots of the 

frequency equation (4b) ij as per 
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Expressing w(x,y,t) as a linear combination of NmNn modes and in virtue of the modes orthogonallity 

condition [6], the differential equation governing the mn-th modal amplitude neglecting structural damping 

may be expressed as 
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where Mmn stands for the mn-th modal mass. If only one load crosses the plate at a constant velocity, equation 

(5) presents the following solution 
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In equation (6b) Kmn is a nondimensional speed defined as 

 
L

Vm
K

mn

mn



  (7) 

Notice that in the previous equations m corresponds to the number of half-sine waves travelled by the load 

when crossing the plate admitting a deformation of the mn-th mode. As the load travels parallel to the X axis 

the modal deflection along the load path is always a sinusoidal function multiplied by a constant. When the 
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load exits the plate, the latter is left in free vibration. The amplitude of this free vibration stage may be 

obtained solving equation (8) with initial conditions given by equation (6) at t=L/V. 

     VLttt mnmnmn /02
..

   (8) 

If the amplitude of the free vibrations is divided by the static solution, 
st

mn , a nondimensional amplitude in 

free vibration may be defined and expressed as 
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Figure 2 shows the evolution of Rmn with the nondimensional speed Kmn in S-S rectangular orthotropic plates 

computed analytically for modes with m=1,2,3. On the right hand side of each graph three mode shapes with 

1, 2 and 3 half-sine waves along a hypothetical load path are represented as examples. Provided the 

nondimensionalization of Rmn, curves of Rmn (Kmn) are superimposed for different values of n (i.e. different 

modes with the same number of half-sine waves along the load path). 

 

Figure 2: Amplitude of the free vibrations Rmn for modes of orthotropic S-S rectangular plates with 

m=1,2,3 computed analytically 

2.2 Cancellation and maximum free vibration conditions 

The amplitude of the free vibrations in a particular mode of the orthotropic plate after the circulation of a 

moving load depends on the nondimensional velocity Kmn. From Figure 2 it can be concluded that maximum 

free vibration and cancellation conditions alternate as the velocity increases. From equation (9) these 

conditions may be obtained as: 
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In equation (10) 
ci

mnK  for i=1, 2… stand for the values of Kmn for cancellation as the velocity decreases (i.e. 

1c

mnK  is the first cancellation taking place at the highest speed of circulation). Likewise, 
i

mnK max
 designates 

the nondimensional speeds leading to a local maxima of the plate free vibrations, corresponding 
1max

mnK  to 

the maximum taking place at the highest speed. In Table 1 the values for the first four cancellation and 

maximum free vibration speeds are included for modes with m=1, 2 and 3. 

 

Table 1: Maximum free vibration and cancellation conditions for a S-S orthotropic plate corresponding to 

modes with m=1,2,3 

The analytical expression of normalized Rmn coincides with that of a S-S Bernouilli-Euler (B-E) beam [14]. 

Therefore, in the absence of damping, the nondimensional conditions for maximum free vibration and 

cancellation of rectangular S-S orthotropic plates for modes with 1, 2 and 3 half-sine waves along the load 

path (Table 1) coincide with those of a S-S B-E beam for the first, second and third longitudinal bending 

modes of vibration (Figure 3a). 

 

Figure 3: (a) Simply-supported and (b) elastically-supported Bernouilli-Euler beams 

In the following section the influence of the plate obliquity, level of structural damping and supports 

flexibility on the cancellation and free vibration conditions of orthotropic plates are numerically 

investigated. 

3 Influence of plate obliquity, structural damping and supports 
flexibility on the cancellation and maximum free vibration conditions 

In what follows a particular orthotropic plate Finite Element (FE) model is considered. The plate properties 

are obtained from a real railway bridge with two S-S 15.25 m span identical bays and double track pre-

stressed concrete girders deck. The structure is fully described in section 4. This bridge has been selected in 

particular as (i) the span length to with ratio is close to unity; (ii) it presents a pronounced obliquity (45º 

skew angle); (iii) experimental measurements are available under ambient vibrations and railway traffic. 

Due to the deck geometry and the eccentric excitation several modes contribute to the dynamic response of 
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the bridge deck under railway traffic, and its behaviour considerably differs from that of a beam type 

structure. The plate properties are included in Table 2: 

 

Table 2: Orthotropic plate properties and ranges for parametric analysis variables 

In this section the variation with (i) the plate obliquity, (ii) structural damping and (iii) the supports vertical 

flexibility of the cancellation and maximum free vibration conditions after the passage of a single load are 

investigated. 

3.1 Influence of the plate obliquity 

The plate is subjected to the circulation of a load travelling parallel to the longitudinal axis X with an 

eccentricity equal to ¼ of the width of the plate (i.e. yP=2.9 m). Rmn (equation (9)) is obtained for the first 

20 modes in a wide range of circulating velocities (Kmn  [0.0, 0.7]), considering two levels of the plate 

obliquity, =22.5º and =45º.  is defined as the complementary angle to the angle formed between the 

track direction and the plate supported border. It must be stated at this point that Kmn=0.5 is a realistic 

upperlimit considering existing structures and railway lines design velocities. Figure 4 shows the 

aforementioned results for modes with m=1 and n=1,2 (plots (a-d)), modes with m=2 and n=1,2 (plots (b-

e)) and modes with m=3 and n=1,2 (plots (c-f)). In each plot the natural frequencies of the two modes 

represented along with the deformed shape along the load trajectory are included. Also, in red continuous 

trace Rmn for the plate with straight angles (=0) is superimposed, which is obtained analytically (Eq. 9). 

Finally the analytical conditions for cancellation and maximum free vibration neglecting the plate obliquity 

(those included in Table 1) are also represented in black and red dashed lines, respectively. 

From the analysis performed it can be concluded that as long as the mode deformed shape along the load 

path is approximately sinusoidal, (i) cancellation conditions do occur (leading to zero free vibration levels 

in the absence of damping); (ii) maximum free vibration conditions take place in between two cancellation 

conditions; and (iii) the values of Kmn for these two situations may be approximated with analytical values 

for straight plates. For the particular plate under study, it can be observed that for the first bending and first 

torsion modes (modes 11 and 12), represented in Figure 4 (a)-(d), the free vibration amplification, Rmn, is 

almost coincident with the analytical trace even for the highest level of obliquity considered (=45º). This 

fact is important as these two modes (first bending and first torsion modes) participation in the total response 

is in general of major importance in these structures. 

3.2 Influence of structural damping 

Secondly, the influence of structural damping on the evolution of Rmn with the non-dimensional speed is 

evaluated considering modal damping values in the interval [0.0, 5.0]%. In Figure 5 Rmn is represented for 

the first 20 modes of the straight plate and for four levels of structural damping. Modes with m=1 are 

included in plot (a). All the modes with the same number of half sine waves along the load path (same value 

of m) and the same modal damping overlap. Plots (b) and (c) represent Rmn for m=2 and m=3, respectively. 

The analytical solution given by Eq. (9) coincides with the curves of 0% damping. Analytical cancellation 

and maximum free vibration conditions for the rectangular plate neglecting damping are also represented in 

discontinuous traces. 
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Figure 4: Rmn of orthotropic S-S plate under study for modes with m=1,2,3 and n=1,2 considering skew 

angles of 22.5º and 45º. Red trace: analytical evolution of Rmn for rectangular plates. Black and red dashed 

lines: analytical cancellation and maximum free vibration conditions for straight plates 

 

Figure 5: Rmn of orthotropic S-S rectangular plate under study for modes with m=1,2,3 for different 

structural damping levels. Black and red dashed lines: analytical cancellation and maximum free vibration 

conditions (=0) for undamped straight plates 

According to standards [7] prescribed values of damping to be assumed for design purposes in bridges are 

considerably low. Considering span lengths in the range [10, 25] m, recommended damping values lie 

between 1-1.7% for pre-stressed concrete bridges and between 0.5-1.75% for steel and composite bridges. 

Nevertheless, a higher interval has been considered in this analysis to clearly observe the main tendencies. 

Due to the low damping that generally characterizes these structures modal parameters do not vary 

significantly with it. For this reason, as shown in Figure 5, cancellation and maximum free vibration 

conditions remain unmodified, even for the highest level of damping considered. As damping increases, the 

amplification in free vibration far from the cancellation velocities decreases. Also, in the presence of 
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damping, the modal response of the bridge when the load travels at a cancellation velocity does not 

completely vanish. The higher the level of damping, the lower the amplification at maximum free vibration 

and the higher the amplification at cancellation. 

3.3 Influence of the supports flexibility 

As a third step in the sensitivity analysis the existence of neoprene bearings introducing certain vertical 

flexibility at the supports sections (x=0 and x=L) is considered. In the orthotropic plate model this is 

included in a first approach as a uniform distributed vertical stiffness along the plate supported borders. A 

nondimensional parameter  is used as an approximation of the ratio between the flexural rigidity of the 

plate and the stiffness of the supports, using a beam analogy. The fundamental frequency of a E-S beam 

leaning on constant vertical linear springs may be approximated by the following expression (see [4]): 

 
211

28

4









 SSBESB

 (11) 

where 
SSB

1  is the circular frequency of the beam in the S-S case, =EIz3/(Kv L3), and E, Iz, L and Kv are 

the beam Elastic Modulus, moment of inertia, length and supports vertical stiffness. The plate distributed 

stiffness along the borders is adjusted such that the first natural frequency accomplishes equation (11) for 

two levels of supports flexibility: =0.05 and =0.15. =0 corresponds to infinitely rigid supports (S-S case) 

and the supports flexibility increases with . In the structures under study generally   0.1. 

 

Figure 6: Rmn of orthotropic S-S rectangular plate under study for modes with m=1,2,3 and n=1,2 for 

different support flexibility levels (). Black and red dashed lines: analytical cancellation and maximum 

free vibration conditions for the E-S B-E beam 1st, 2nd and 3rd bending modes 
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In Figure 6, Rmn is represented for the first two modes with m=1, 2 and 3. Plots (a)-(b)-(c) correspond to the 

most rigid supports (=0.05) and plots (d)-(e)-(f) to the most flexible ones (=0.1). In all the graphs the 

corresponding modal shapes and natural frequencies are included. In dashed black and red lines the 

analytical cancellation and maximum free vibration conditions for a E-S beam are also represented. At this 

point it should be noted that the nondimensional velocity in the abscissa axis is defined as in equation (7), 

that is to say referred to the circular frequency in the S-S case. This is convenient because this ratio is 

independent of . From the analysis of Figure 6 it can be concluded that (i) the evolution of the amplitude 

of the free vibrations presents a similar form when flexible distributed supports are included, i.e. cancellation 

and maximum free vibration situations take place as the load speed increases; (ii) the cancellation and 

maximum free vibration conditions reduce mildly as a consequence of the reduction experienced by the 

plate natural frequencies when the supports are introduced; (iii) in the particular case under consideration 

the analytical cancellation conditions derived from the analytical E-S B-E beam equations predict 

excellently the real cancellation conditions in the case of the first two modes in frequency order with a 

number of half-sine waves m=1,2 and 3. The particular values of these conditions may be consulted in [4]; 

(iv) the cancellation phenomenon does take place in the elastically supported case implying that when 

individual modal contributions are considered and in the absence of damping the free vibration levels 

following the circulation of a single load travelling at constant speed theoretically vanish. 

4 Maximum resonance and cancellation of resonance 

The main application of the investigation presented herein is the dynamic response of bridges under railway 

traffic. Railway convoys consist of groups of axle loads regularly spaced. Repetitive distances between the 

loads are usually known as characteristic distances. When the time interval between the passages of these 

repetitive actions is a multiple of one of the structure natural periods, resonance takes place. At resonance, 

the free vibrations that each axle load leaves on the bridge when exiting it accumulate, leading to a 

progressive increase of the dynamic amplification and, in certain cases, to excessive vertical accelerations 

at the platform area. Therefore, the amplification that should be expected at resonance depends not only on 

the periodicity of the loads but also on the amplitude of these free vibrations. If the resonant velocity 

coincides or is close to a cancellation condition, the resonant peak will be moderate or sometimes even 

imperceptible. On the other hand, when resonance takes place close to a maximum free vibration condition 

an important amplification of the structural response should be expected. 

Let dk be the characteristic distance causing resonance in a train of loads. Resonant speeds associated to the 

mn-th mode are then given by: 

 ...3,2,1,  j
j

fd
V mnkr

jmn
 (12) 

Values of j indicate resonance orders: i.e. a second resonance (j=2) implies that mode mn-th experiences 

two complete cycles of oscillation between the passage of two loads separated the characteristic distance dk. 

As the resonance order is higher, generally the amplification is lower as only the first cycle happens under 

loading and the rest of the cycles tend to damp out due to damping mechanisms. If the resonant speed is 

expressed as a non-dimensional speed: 
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Equating expression (13) with the analytical cancellation or maximum free vibration conditions included in 

Table (1) it is possible to obtain L/dk ratios causing very soft (Equation 14a) or considerably amplified 

resonances (Equation 14b): 
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In Table 3 L/dk values for maximum resonance and cancellation of resonance in a generic rectangular 

orthotropic S-S plate are included for m=1,2 (modes with 1 or 2 half-sine waves along the load path), j[1,4] 

(first 4 resonance orders) and i[1,4] (first 4 cancellation and maximum free vibration conditions): 

 

Table 3: L/dk ratios for cancellation of resonance and maximum resonance of an orthotropic S-S 

rectangular plate for modes with m=1,2 

As the cancellation and maximum free vibration conditions for an orthotropic S-S rectangular plate (Table 

1) are the same as the conditions for a S-S B-E beam [4], the L/dk ratios for modes with 1 and 2 half-sine 

waves along the load path correspond to those of the S-S B-E beam for the first and second longitudinal 

bending modes. In the following section the response of a real bridge under High-Speed railway traffic is 

presented. Resonance is detected for two different trains leading to different amplification levels. 

5 Real response of an existing structure 

5.1 Structure description 

Arroyo Bracea bridge belongs to the Madrid-Sevilla High-Speed railway line. It is composed by two 

identical S-S bays of 15.25 m of span. The deck is made of a 25 cm thick concrete slab resting over five 

prestressed concrete girders (see Figure 7 and 8). The girders lean on the supports through laminated rubber 

bearings. As per the substructure, the bridge deck is supported on reinforced concrete abutments in its 

outermost sections and the inner sections of both bays lean on a pile foundation. The structure crosses the 

Bracea stream forming an angle of 45º. The deck accommodates a double track ballasted platform. The 

singularity of this structure is that due to the span to width ratio and deck typology, it presents 5 natural 

modes below 30 Hz. Also, due to the eccentricity of the excitation and the skew angle, the contribution of 

modes different from the longitudinal bending ones (i.e. first torsion and first transverse bending modes) is 
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of importance. This bridge dynamic behaviour was numerically analysed by the authors in the past using an 

orthotropic plate FE model which showed a good correspondence between numerical predictions and 

experimental measurements, both under ambient vibration and under railway traffic [8]. 

 

Figure 7: Arroyo Bracea bridge photographs 

 

Figure 8: Arroyo Bracea bridge deck cross section 

5.2 Experimental campaign 

In 2016 the authors carried out an experimental campaign with the purpose of characterizing the structure 

and soil dynamic properties along with the bridge dynamic response under railway traffic. During the 

campaign, the vertical acceleration of the bridge deck was measured at 11 points of the lower flange lower 

horizontal face of the pre-stressed concrete girders (points 1 - 11 in Figure 9), and at the pile foundation 

upper horizontal surface, close to the central girder support (point 12 in Figure 9). 

 

Figure 9: Arroyo Bracea bridge plan and sensors locations 
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First, the modal parameters of the bridge were identified from ambient vibration data by state-space models 

using MACEC software [9]. Five modes were identified with frequencies below 30 Hz, in particular: 9.25 

Hz, 10.63 Hz, 12.75 Hz, 17.92 Hz and 24.57 Hz. The first three modal shapes correspond to the first 

longitudinal bending, first torsion and first transverse bending modes. Modal damping values were identified 

as well for the first five modes as 2.0%, 1.61%, 1.30%, 0.80% and 0.95 %. 

5.3 Bridge response under railway traffic. Detection of resonances 

During the campaign, several trains crossed the bridge with circulating velocities in the range [100, 280] 

km/h. In this paper the structural response under two of these trains is presented as the velocity was in the 

vicinity of a theoretical resonant velocity for the first two modes of the structure. These trains are RENFE 

Class 103 (ICE 3 or S103) and RENFE Class 130 (Talgo 250 or S130). The circulating velocities for these 

two trains were 279 and 247 km/h, respectively. In Table 4 the theoretical resonant velocities associated to 

the first and second modes of the bridge deck and to the characteristic distances of both trains are included 

for the first 3 resonance orders. The characteristic distance may be any repetitive distance, but the length of 

the passengers coaches has been selected in this case as it is the one usually associated with maximum 

acceleration values when resonance takes place in this type of bridges [10]. For the S103 and S130 trains 

these distances are 24.8 and 13.1 m, respectively. In Table 4 two resonant speeds are highlighted: the third 

resonance of the fundamental mode induced by S103 train and the second resonance of the first torsion 

mode induced by S130 train. It can be observed that these two theoretical resonant velocities are in the 

vicinity of actual circulating velocities of the trains and, therefore, could lead to a certain structural 

amplification. 

 

Table 4: First three resonant speeds for first and second modes associated to the length of the passengers 

cars 

In what follows the structural response is shown for these two convoys. In Figure 10 the bridge vertical 

acceleration is represented at sensor number 5 located at mid-span below girder #1 for the two trains S103 

and S130 travelling at 279 and 241 km/h, respectively. Plots (a) and (b) show the acceleration time history 

and plots (c) and (d) the frequency content. From Figure 10 it is evident that train S103 travelling at 279 

km/h induces resonance of the fundamental mode. The response progressively builds up and a peak in the 

frequency domain close to the identified fundamental frequency (9.25 Hz) prevails. This type of response 

is observed as well in the rest of the sensors. It should be stressed at this point that the maximum acceleration 

of the bridge is admissible despite the resonant situation according to the Serviceability Limit State of 

vertical acceleration in ballasted bridges (amax < 3.5 m/s2). 

On the other hand, the circulation of S130 train at 247 km/h induces a second resonance of the first torsion 

mode as well. The comparison of the bridge responses at sensors 5 and 6 (not included) confirms this 

statement. Also, in Figure 10(d) it may be observed that the acceleration peak at the second mode frequency 

(torsion mode) of 10.63 Hz exceeds that of the fundamental mode. 
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Figure 10: Vertical acceleration at point 5 in the time and frequency domains induced by trains S103 (a)-

(c) and S130 (b)-(d) 

It can be affirmed that both trains induce resonance on the bridge. Nevertheless, the amplification associated 

to the circulation of train S103 is more evident than the one associated to train S130, even though the former 

is a third resonance (one loaded and two empty cycles of oscillation between repetitive loads) and the latter 

is a second resonance (one loaded and one empty cycle of oscillation). In the view of the authors this 

difference in amplitude could be related, at least partially, with the level of free vibrations that every axle 

load leaves on the structure at the particular velocity of circulation in each mode. If ratios L/dk are calculated 

for both trains neglecting the flexibility of the supports in a first approach: 
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Equation (15a) shows how the L/dk ratio for the S103 train is close to a condition of maximum resonance 

for the third resonance of modes with m=1 (one half-sine wave in the longitudinal direction) (see Table 3). 

On the other hand, equation (15b) shows that the L/dk ratio for the S130 train is close to a cancellation 

condition for second resonances of also modes with m=1. 

6 Conclusions 

First, the free vibration response of rectangular S-S orthotropic plates under the circulation of a single load 

travelling at constant speed has been investigated. As the speed increases, the amplitude of the free 

vibrations associated to every normal mode may be maximum or may cancel out in the absence of damping. 

Nondimensional velocities for these two situations are obtained analytically. It is shown how the 

nondimensional conditions for maximum free vibration and cancellation of a rectangular S-S orthotropic 

plate for modes with m half-sine waves along the load path coincide with those of a S-S B-E beam for the 

m-th longitudinal bending mode of vibration. 
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Second, the influence the plate obliquity, structural damping and flexibility of the plate supports on the free 

vibration response of the plate is investigated numerically. Concerning the plate obliquity the following is 

concluded: as long as the mode deformed shape along the load path is approximately sinusoidal, (i) 

cancellation conditions do occur (leading to zero free vibration levels in the absence of damping); (ii) 

maximum free vibration conditions take place in between two cancellation conditions; and (iii) the values 

of the nondimensional speed for these two situations may be approximated with analytical values for straight 

plates. 

Regarding the presence of structural damping, cancellation and maximum free vibration conditions remain 

unmodified when compared to the undamped case, even for the highest level of damping considered. As 

damping increases, the amplification in free vibration far from the cancellation velocities decreases. Also, 

in the presence of damping, the modal response of the bridge when the load travels at a cancellation velocity 

does not completely vanish. 

As per the flexibility of the supports, it is concluded that (i) the evolution of the amplitude of the free 

vibrations presents a similar form when flexible distributed supports are included; (ii) the cancellation and 

maximum free vibration conditions reduce as a consequence of the reduction experienced by the plate 

natural frequencies when the supports are introduced; (iii) in the particular case analysed considering the 

analytical cancellation conditions derived from the E-S B-E beam equations predicts excellently the real 

cancellation conditions in the case of the first two modes in frequency order with a number of half-sine 

waves m=1,2 and 3. 

Finally, ratios of length-characteristic distance leading to maximum resonance and cancellation of resonance 

when the plate is subjected to a train of equidistant loads are determined for the analytical case (rectangular 

straight plates with no damping and rigid supports). To support the conclusions derived theoretically, the 

experimental response of a real bridge from the Spanish HS railway network is presented and two resonant 

situations with different amplitudes are shown and analysed. 
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Abstract 
In the traditional design of passive anti-roll tanks (ART), the energy associated with the tank fluid motion 

is dissipated. The work reported in this paper explores the possibility that this energy is instead harvested. 

It is analytically determined in the paper how the natural frequency and the damping ratio of a U-tube ART 

should be tuned to maximise the power absorbed by the tank fluid. To this end, a perfectly flat spectrum of 

the moment representing the excitation of the ship by waves has been assumed. It is found that a tuning that 

maximises the power absorbed by the ART fluid motion also minimises the average kinetic energy of the 

ship roll. This is a result of the fact that the power input of the wave excitation moment into the ship plus 

tank system does not depend on how the ART is tuned. Therefore, different tunings of the ART natural 

frequency and damping ratio only affect the distribution of the power dissipated by the ship roll damping 

and the power absorbed by the ART. 

1 Introduction 

Whereas all angular degrees of freedom (roll, pitch and yaw) are important for sea-keeping characteristics 

of any ship, roll motion is known to be the critical one [1–3]. This is because ship roll is typically lightly 

damped and the restoring moment of the ship is small in the cross-plane in comparison with the other planes. 

As a result, excessive roll can occur under unfavourable or extreme sea conditions. This can lead to reduced 

effectiveness of the crew, damaged or lost cargo, limited operability of the on-board equipment, or even to 

catastrophic sea accidents which include capsizing of the ship and the loss of human lives. 

Roll reduction devices include keels, fin stabilizers, [4,5], rudders, [6], gyro stabilizers [7,8], azimuthing 

propellers, [9], and anti-roll tanks (ARTs), [10–14]. Among these devices, anti-roll tanks have raised a 

considerable attention. Contrary to fin stabilisers, ARTs are effective at low forward speeds. This is relevant, 

for example, for offshore service vessels such as the wind farm installation vessels, [15]. ARTs do not cause 

highly concentrated loads, like for example gyro stabilisers, and do not require complicated mechanisms 

such as Weis–Fogh flapping fin stabilizers, [16]. The operational costs related to ARTs are low. A drawback 

of ART technology is a remarkable space required for the installation which reduces the space available for 

transport of cargo. Also, the tank free surface effect reduces the metacentric height of the ship. 

Probably the first attempt to use a fluid-filled tank to control the ship roll was at the end of the 19th century 

[11,17,18]. In 1911 an ART in the shape of a U-tube was proposed, having the horizontal channel below the 

centre of gravity of the ship, [10].  U-tube ARTs were installed in over 1,000,000 tons of German shipping 

before WWII, [12]. By 1975 nearly two thousand ships of various types had been fitted with different types 

of tank stabilisation systems, [19]. Later on, many authors developed mathematical models for analysis of 

1671



seakeeping of ships equipped with ARTs, and evaluated the ART performance with respect to the control 

of roll motion, either actively or passively, [20–24], including the control of parametric roll [13,14,25]. For 

example, a linearized two-degree-of-freedom (dof) model for the analysis of the roll of a ship equipped by 

a U-tube ART has been developed by Stigter, [26]. The two dofs are the angle of the ship roll and the angle 

of the free surface of the tank fluid. The author also discussed the validity of the model by a comparison 

with experimental results on a scaled model. 

Contemporary anti-roll tanks can be designed either in the form of a free-surface ("flume") tank or in the 

form of a U-tube tank, [5]. A theoretical and experimental comparison of the two designs can be found in 

[19,27]. With free-surface tanks, an existing liquid reservoir on board can be adapted to perform additional 

function, that is, to impede the roll motion [19,28]. This may be done without major interventions into the 

tank construction, apart from installing flooded baffles in order to the increase the damping of the oscillatory 

fluid sloshing [29,30]. The control of the period of sloshing requires adjusting the level of the liquid in the 

tank: the higher the level, the lower the period, [19]. On the other hand, U-tube tanks are designed so as to 

have separated port and starboard portions of the tank connected by a channel between them, [10]. The 

damping ratio is normally tuned through the size and shape of an orifice (a valve) in the connecting channel 

of the U-tube. The natural frequency is controlled by a careful sizing of the device. This is predominantly 

done through choosing the width of the two portions of the tank and their separation distance, which enable 

adjusting the moment of inertia of the free surface with respect to the symmetry line of the tank installation. 

Fine tuning can be achieved with the level of filling of the U-tube and dimensioning the height of the 

connecting channel. If properly designed, a U-tube tank can reduce the roll motion of a ship excited by 

waves in a way similar to how Tuned Vibration Absorbers (TVA) reduce the response of a mechanical 

structure to simple harmonic or stochastic forcing, [31–34]. In fact, apart from proposing his U-tube anti 

roll tank, Frahm had also patented in 1911 an entirely mechanical “device for damping vibrations of bodies”, 

[31]. This device, effectively a TVA, can be modelled as a mass suspended to the controlled structure 

through a spring and a damper. It creates an anti-resonance condition at its natural frequency. A U-tube 

ART works in a similar manner and it can be represented by a simplified mechanical scheme with lumped 

parameters and linear motions. The equivalent mechanical scheme, however, is somewhat more complex 

than the TVA scheme [35]. Thus the various optimum tuning strategies developed for TVAs [36–40], cannot 

be directly used to tune ARTs. 

The natural frequency and the damping ratio of ARTs have been typically tuned according to the H∞ 

criterion. This criterion aims at minimising the amplitude of the ship roll angle at wave excitation 

frequencies where maxima of the roll response occur. The roll of a ship without the ART installation is 

characterised by one such frequency, roughly corresponding to the roll natural frequency. However, the roll 

of a ship equipped with a lightly damped ART is characterised by two resonance frequencies, due to the 

additional degree of freedom of the liquid in the tank. Then the optimum natural frequency and damping 

ratio of the tank can be determined using the H∞ criterion by employing the so-called “fixed point theory”, 

originally introduced by Den Hartog [32] for the control of mechanical vibrations, and adapted to the 

problem of tuning a U-tube ART for ship roll control by Stigter [26]. Using this criterion minimises (and 

equalises) the roll response at the two resonance frequencies.  

The energy associated with the tank fluid motion in traditional U-tube ARTs is normally dissipated, mostly 

through the viscous damping at the valve in the channel connecting the port and starboard reservoir of the 

U-tube. The investigation reported in this paper explores the possibility that this energy is instead harvested.  

In fact, the specific aim of the work presented in this paper is twofold. On one hand, it is investigated how 

the natural frequency and damping ratio of an ART should be tuned to maximise the power absorbed by the 

ART. On the other hand, it is investigated how this tuning corresponds to a tuning that minimises the kinetic 

energy of the ship roll. The two tuning criteria are compared assuming a perfectly flat spectral distribution 

of the moment representing the excitation of the ship by waves. Although this assumption is far from the 

real conditions at sea, it facilitates analytical estimation of the optimum natural frequency and damping ratio 

of the ART.  

The paper is structured as follows. In Section 2 the mathematical model for the analysis of the roll of a ship 

equipped with an ART is presented. Equations of motion are given and the balance of the power input into 

the ship plus tank system with the power dissipated by the system is introduced. In Section 3 the roll of a 
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ship equipped with an ART is discussed assuming the flat spectrum of the roll excitation moment. Analytical 

expressions for the natural frequency and damping ratio of the ART either to minimise the average kinetic 

energy of the ship roll, or to maximise the power absorbed by the ART installation are derived.  

2 Mathematical model 

2.1 Equations of motion 

The schematic representation of the ship equipped with an anti-roll tank is shown in Figure 1. 

 

Figure 1: The scheme of a ship equipped with an anti-roll tank 

According to Stigter’s linearized model of a ship plus tank, [26], equations of motion can be written as : 

 1 2 3 1 3a a a c c m         ,  (1) 

 1 3 1 2 3 0c c b b b         ,  (2) 

where   is the ship roll angle,   is the tank fluid angle measured relative to the ship (Figure 1), an m is 

the wave excitation moment.The coefficients , ,  and i i ia b c  are: 

1a   the moment of inertia of the ship+ART system, assuming a “frozen” tank fluid (
2kgm ), 

2a   the linear roll damping coefficient of the hull (Nms/rad), 

3a   the righting moment of the ship+ART system assuming a “frozen” tank fluid (Nm/rad),  

1b   the moment of inertia of the tank fluid assuming a motionless ship (
2kgm ) 

2b   the total linear angular damping coefficient between the tank fluid and the tank walls (Nms/rad)   

3b   the restoring moment of the tank fluid assuming a motionless ship (Nm/rad) 

1c   the moment of inertia of the “frozen” tank fluid (
2kgm ) 

3 3c b , [26]. 

All moments of inertia, restoring moments and the righting moment are with reference to the centre of 

gravity of the ship plus ART system ([26]). Full details on how to calculate all model coefficients for a given 
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ship can be found in [26]. A discussion on the assumptions required to derive the linearized model and its 

experimental validation can also be found in the reference. 

The equations of motion (1) and (2) can be written in the matrix form as: 

   Mx Cx Kx F ,  (3) 

where M is the generalised inertia matrix, K is the generalised restoring moment matrix, C is the damping 

matrix,  tx ,  tx ,  tx  are the angular displacement, velocity and acceleration column vectors 

respectively, and F(t) is the generalised excitation moment column vector. These matrices/vectors are given 

by the following expressions: 
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Assuming a simple harmonic oscillation of the wave excitation moment,  iˆ e tm M





 , the steady state 

forced response of the ship and the tank are also simple harmonic,  iˆ e t   , and  iˆ e t   , 

where i 1   and   stands for the real part. Therefore Eq. (3) can be written as: 

      i i i  S x F ,  (6) 

where S(iω) is a dynamic stiffness matrix with the following form: 

   2i i     S M C K .  (7) 

The solution of Eq. (6) can be obtained by inversion of the dynamic stiffness matrix S(iω) as 

      1i i i  x S F .  (8) 

Differentiating Eq. (8) in order to obtain ship roll and tank fluid angular velocities results in the following 

expression: 

      i i i  x Y F ,  (9) 

where    i i i  x x  is a vector containing ship and tank free surface angular velocities and 

   1i i i  Y S  is the angular mobility matrix (2×2) containing frequency response functions (FRFs) 

between angular velocities and excitation moments: 
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Y .  (10) 

Taking into account Eq. (5b), the steady-state angular velocity responses of the ship and tank system to the 

moment exciting the ship, are the two FRFs located in the first column of the angular mobility matrix ,mY


, and ,mY
 . ,mY

  is the FRFs between the ship roll angular velocity,  , and the excitation wave moment, 

m , whereas ,mY
  is the FRFs between the angular velocity of the tank free surface,  , and the excitation 

wave moment, m . The wave excitation moment m  can be represented in terms of the wave slope  , [26], 

as: 
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 3m a  , (11) 

so that the two FRFs expressed in terms of the wave slope are: 

 , 3 ,mY a Y
   ,  (12) 

 , 3 ,mY a Y
    . (13) 

By taking M, K and C matrices from Eq. (4)a-c, and noting that 3 3c b , the two FRFs in Eqs. (12),(13) can 

be calculated as 
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. (15) 

The minus sign in the tank free surface angular velocity FRF is due to use of the relative angle  , i.e. if the 

tank free surface remains parallel to the calm sea level, then the angle    . 

2.2 The power balance 

As can be seen by inspecting Eqs. (1),(2) the only dissipative terms are the total coefficient of the linear 

damping of the ship roll, 2a , and the coefficient of the tank linear damping, 2b . Therefore, the power input 

into the ship plus tank system must be a sum of the power dissipated by the ship roll and the power absorbed 

by the tank fluid motion: 

 IN S TP P P  .  (16) 

The power dissipated by the ship roll motion can be written as: 

       
2

1
i i i

2
S aP m     ,  (17) 

where ()

 denotes complex conjugate, and the moment 

2am  is the moment produced by the damping of the 

ship roll, which is given by: 

    
2 2i iam a   ,  (18) 

so that using Eq. (17) the power dissipated by the ship roll equals: 

 2

21
(i ) (i )

2
SP a   .  (19) 

Assuming that the wave slope,  , is represented by its spectrum, ,S  , the mean squared value of the angular 

velocity of the ship roll (i.e. the expectation value of the squared velocity) can be written as: 
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where  E  denotes the expectation value. The mean power dissipated by the ship roll damping is thus 

  
2

, ,

22 2 i d
2 2

S

a a
P E Y S     





  
   .  (21) 

On the other hand, the power absorbed  by the tank water motion is equal to that absorbed through the total 

coefficient of the linear damping of the tank, 2b , which can be written as: 

     
2

1
i i

2
T bP m     ,  (22) 

where the moment 
2bm  is the moment produced by the damping of the tank fluid motion given by: 

    
2 2i ibm b   .  (23) 

This is because   is the angular velocity of the tank free surface relative to the tank structure. Therefore 

the power absorbed by the ART equals: 

 2

21
(i ) (i )

2
TP b   .  (24) 

The expectation value of the squared angular velocity of the tank fluid is: 

  
2

, ,

2
i dE Y S     





  
   . (25) 

Thus the mean power absorber by the tank fluid motion is 

  
2

, ,

22 2 i d
2 2

T

b b
P E Y S     





  
   .  (26) 

3 Maximisation of the power absorbed by the tank - minimisation of 
the roll kinetic energy 

3.1 Absorbed power, dissipated power and input power 

At this point it is convenient to express the steady state response of the system by using the following six 

dimensionless parameters: 

1676 PROCEEDINGS OF ISMA2018 AND USD2018



 1
1

1 1

1 1
2

11 1

T

S

c

b a

b b

ab a

f










 



          
2

2
1

1 3

2

1 3

2

2

S

a

a a

b

b b













 

 (27)a-f 

where  

 3

1

S

a

a
  , (28) 

is the natural frequency of the ship roll assuming a “frozen” tank liquid, and 

 3

1

T

b

b
  , (29) 

is the natural frequency of the tank fluid free oscillation in an otherwise motionless ship. The frequency 

ratio f  is thus the ratio between the two natural frequencies, 1  is the damping ratio of the ship roll free 

oscillations assuming again a frozen tank liquid, 2  is the damping ratio of the tank fluid free oscillations 

assuming again a motionless ship. Furthermore, 1  is the frozen tank fluid rotary moment of inertia ratio, 

and 2  is the tank fluid rotary moment of inertia ratio assuming a motionless ship. Finally,   is the 

dimensionless frequency, that is, the ratio of frequency to the ship natural frequency. 

Two dimensionless frequency response functions can now be defined in the form analogue to that in Eqs. 

(14),(15) as: 
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where 
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  (32) 

If it is assumed that the spectrum of the wave slope, ,S   is independent of frequency, i.e. the wave slope 

spectrum has the characteristics of white Gaussian noise, the power dissipated by the ship roll expressed in 

terms of the dimensionless FRFs can be obtained by using (30) and (32): 
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The corresponding dimensionless power ratio, can be expressed as: 

 
1 ,

4S

S

S

a

P
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Note that the unit of ,S   is second, so that the denominator of (34), used to make the power index 

dimensionless, has the dimension of power in Watts.  

Similarly, the power absorbed by the tank fluid motion expressed in terms of the dimensionless FRFs using 

(31) and (32) can be written as: 
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The corresponding dimensionless power ratio is: 
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The integrals in Eqs. (33) and (35) can be respectively calculated as [41]: 
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and 
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By substituting from (32) into (37) and (38), and using (34) and (36) it is obtained: 
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  (39) 

for the dimensionless index of the dissipated power for the ship, and 
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for the dimensionless absorbed power index for the tank. 

The sum of the two dimensionless powers is the dimensionless power input, which using (39) and (40) 

greatly simplifies and becomes: 

 
2

11
IN S T




 


  .  (41) 

where  

 4

1IN IN SP a  .  (42) 

It can be seen that the power input 4

1IN S INP a   does not depend on how the ART is tuned. Furthermore, 

the rotational inertia ratio 1 , can be neglected in Eq. (41), since the value of 1c   is normally small in 

comparison with 1 1 and a b , Eq. (32), see also [26]. Therefore, it can be stated with sufficient accuracy that 

the power input only depends on the moment of inertia of the ship plus tanks system, 1a  multiplied by the 

natural frequency of the ship roll to the power of four. Since the sum S T   is invariant, even if 2

1  in 

Eq. (41) is not neglected, it becomes clear that maximising the power absorbed by the ART, T , minimises 

the power dissipated by the ship roll, S . Given that the average kinetic energy of the roll of the ship is 

proportional to the mean squared angular roll velocity through the moment of inertia of the ship plus tank 

system, 1a , minimising the power dissipated by the ship roll is equivalent to minimising the roll kinetic 

energy. Therefore a maximisation of the power absorbed by the tank also leads to minimisation of the roll 

kinetic energy. 

3.2 H2 optimisation 

A type of optimisation which minimises (or maximises) energy in signals is often referred to as H2 

optimisation. This is in contrast to the other widely used criterion, H∞, which optimises for the maximum 

expected amplitudes. The combination of the frequency ratio f and the tank fluid damping ratio 2  which 

maximises the power absorbed by the tank can be obtained by requiring that the derivatives of the 

dimensionless absorbed power index of the tank, T , by the frequency ratio f and by the tank damping ratio 

2  both vanish. Alternatively, the same procedure can be used to minimise the power dissipated by the ship, 

S  which, according to Eq. (41) must yield the same result. The rotational inertia ratio 1 , can be neglected 

in the expressions for the two derivatives. Also, the ship roll damping ratio, 1  ,is normally low, especially 

if the ship is not equipped with bilge keels, and can also be neglected in the expressions for the two 

derivatives. The conditions that must be satisfied for the two simplified derivatives to vanish are: 
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Solving (43) simultaneously for f   and 2  results in eight roots, of which the physically meaningful one 

for a typical ship plus ART system, which maximises the power absorbed by the ART is: 

 

  2 2

2 2

2

2

2

2

2,

2 1 3 1 8

,
2(1

1 1
.

)

8

4

OPT

OPT

f

 






  




 


  (44) 

The validity of the expressions (44) is limited to the inertia ratios 2  below the ratios of at most 35%. 

However the inertia ratio 2  is normally less than that, since the moment of inertia of the tank fluid, 1b ,  is 

smaller than the moment of inertia of the ship plus frozen tank, 1a . In fact, given that 2

2 is small in 

comparison to one, the optimum frequency ratio is just above unity. It is a physically sound and acceptable 

result that the best power absorption by the tank is obtained by tuning its natural frequency close to the 

natural frequency of the ship roll, 1OPTf  . Even when applying different optimisation criteria on other 

types of oscillation absorber systems [34,36–40] the optimum natural frequency ratio close to unity has been 

obtained.   

An illustrative example of a ship equipped with a U-tube ART is considered next. The system is 

characterised by the following dimensionless parameters: 1 0.048  , 2 0.192  , and 1 0.075  . The 

example ship is taken from [26]. It is assumed for convenience that 1

, 1 s, and 1 sSS     .  Two tuning 

criteria of the ART are compared, the H∞ criterion, aiming at minimising the maximum roll angle, and the 

present H2 criterion, aiming at maximising the power absorbed by the ART. It is seen in Figure 2 that both 

tuning criteria significantly reduce either the roll angle or the roll angular velocity squared in comparison to 

the situation where the ship is not equipped with an ART.  

 

Figure 2: a) the roll velocity squared b) the roll angle as a function of frequency per unit excitation wave 

angle 

The area under the solid curve in Figure 2a) is in fact minimised by using the optimum tuning parameters 

of Eq. (44). If interpreted in terms of the maximum ship roll angle, Figure 2 b), it is seen that the present 

tuning is somewhat inferior to the tuning using the H∞ criterion, as one would expect, given the different 

aims of the two tuning principles. Still, the increased roll angle near the first natural frequency of the H2 

optimised ship plus ART system is not excessive, as seen by comparing the solid line with the dashed line 

at the frequency of about 0.9 S .   

a)           b) 
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Figure 3a) shows the dimensionless index of the power dissipated by the ship and Figure 3b) shows the 

dimensionless index of the power absorbed by the ART. 

 

Figure 3: a) The dimensionless absorbed power index of the tank and b) the dimensionless index of the 

power dissipated by the ship, as functions of the frequency ratio and the ART damping ratio with 

1 0.046  , and 1 0.075   

 Both powers are calculated using Eqs. (39),(40) and plotted are as functions of the frequency ratio and the 

ART damping ratio. It can be seen that the maximum of the power absorbed indeed corresponds to the 

minimum of the power dissipated, as shown by the diamond markers in the two plots. Also note that the 

levels of corresponding contours in each plot sum to approximately . However, the optimum damping-

frequency ratio pair, calculated using Eqs. (44) and designated by the circle, does not exactly correspond to 

the extreme values calculated by numerically maximising T (minimising S ) of the two power indices, 

designated by the diamond marker.   

This is due to the combined effects of neglecting the ship roll damping ratio, 1 , and the moment of inertia 

ratio, 1 . In order to illustrate that the discrepancy is due to the neglects made, a situation is considered in 

which the ship roll damping ratio, 1 , and the moment of inertia ratio, 1 , are both reduced by a factor of 

ten.  

As shown by Figure 4, the optimum damping-frequency ratio pair, calculated using Eqs. (44) now overlaps 

with the exact extreme values of the two power indices. The optimum tuning pair obtained using the H∞ 

criterion on the roll angle is designated by the pentagon markers in Figure 3, indicating somewhat smaller 

optimum damping and frequency ratios than those obtained in this study. Both criteria suggest the frequency 

ratio of about unity and a tank damping ratio of about 10% for the example ship considered.  

The absorbed power is in fact mostly dissipated through the boundary layer friction between the tank fluid 

and its walls, the vortices that occur due to the non-ideal flow of the water in the two reservoirs, and the 

losses in the “knee” between the reservoirs and the connection conduit. Therefore only a fraction of total 

absorbed power could be converted to, for example, electricity. This could be done by integrating a turbine 

in the channel connecting the port and starboard reservoirs of the ART that drives an electrical generator. If 

the generator is shunted with a variable electrical load, then, even if this load is a pure resistance, the 

temperature developed on the load could be monitored in order to maximise the power absorbed, by varying 

the load. This could potentially enable an automatic tuning of the damping ratio of the ART which would 

ensure a maximum power absorbed as the conditions at sea change. As discussed in Section 2 this means 

also a minimum of the expected value of the roll angular velocity which is a valid criterion for the 

performance of roll control techniques. 

a)           b) 
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Figure 4: a) The dimensionless absorbed power index of the tank and b) the dimensionless index of the 

power dissipated by the ship, as functions of the frequency ratio and the ART damping ratio with 

1 0.0046  , and 1 0.0075   

4 Conclusions 

In this paper it is investigated how the natural frequency and the damping ratio of an ART should be tuned 

to maximise the power absorbed by the tank. It is also studied how this tuning corresponds to a tuning that 

minimises the kinetic energy of the ship roll. It is found that the two tuning criteria are exactly equivalent 

assuming the flat spectrum of the roll moment. This is a result of the fact that the power input of the wave 

excitation moment into the ship plus tank system does not depend on how the ART is tuned. Rather, different 

tunings of the ART natural frequency and damping ratio only affect the distribution of the power dissipated 

by the ship roll damping and the power absorbed by the ART. The optimum tuning parameters, the natural 

frequency and the damping ratio of the ART are calculated analytically assuming the flat spectrum of the 

wave excitation moment. The optimum tuning parameters are found not to be particularly different from 

those minimising the maximum roll angle for the example ship considered. The power input into the ship 

plus tank system is found to be proportional to the natural frequency of the ship roll to the power of four 

multiplied by the moment of inertia of the ship for the flat spectrum of the wave slope. According to this 

theoretical result, if specialised offshore installations are considered for harvesting the wave energy by using 

U-tube ARTs, they should be designed with an as high roll natural frequency as possible. Finally, it is 

important to emphasize that the study is carried out using a linearized model in which a number of effects 

has been neglected, like, for example, sloshing of the fluid in the ART. 
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Abstract 
In this paper, a modelling methodology of a partially covered piezoelectric energy harvester (PEH) 

connected to an standard energy harvesting (SEH) interface circuit is developed. The PEH is based on a 

cantilevered beam structure. First, the free end of the PEH cantilever is assumed to be mounted with a tip 

mass that is much heavier than the weight of the cantilevered beam itself. The PEH is represented by a 

single-degree-of-freedom (SDOF) model and the equivalent lumped parameters are derived. Subsequently, 

for the case when the tip mass is removed, a correction factor is proposed to ensure the accuracy of the 

SDOF model. The developed SDOF models of the PEH are verified by finite element analysis. Finally, the 

equivalent impedance method (EIM) is modified and employed for analysing the derived SDOF PEH 

model with SEH interface circuit. The results are compared with those obtained by using the existing 

analytical method. 

1 Introduction 

Vibration energy harvesting has attracted considerable research interests in the past decade [1, 2], as this 

technology has a promising potential for enabling widely utilized micro-electromechanical systems 

(MEMS) to substitute electrochemical batteries in some circumstances where environmental vibrations 

exist. A comprehensive study of a practical energy harvester often requires the consideration of both 

mechanical and electrical aspects. Hence, reliable modelling methods for both the mechanical structures 

and electrical interfaces are the fundamentals for the research in this field. In addition, bridging the 

mechanical and electrical models is essential to achieve accurate estimation.  

One of the most typical design of piezoelectric energy harvesters (PEHs) is a cantilevered beam covered 

with one or multiple piezoelectric transducers. When the structure is excited around its resonant 

frequencies (especially the fundamental one), the cantilevered PEH could deliver a maximum power 

output. Several modelling methods have been proposed for describing the behavior of this type of PEHs 

and predicting the energy harvesting performance. Erturk and Inman [3] introduced the mathematical 

representation of the cantilevered PEH using a continuous model and derived the close-form analytical 

solution. However, in that model the piezoelectric layer was assumed to cover the entire substrate of the 

beam. In a lot of other research, the cantilevered PEH is represented by using a SDOF model [4, 5]. Erturk 

and Inman [6] then pointed out that the commonly used SDOF model may yield a significant prediction 

error and proposed to use a correction factor to improve the SDOF model. However, their study was only 

based on a plain beam without piezoelectric coverage. Thus, their corrected SDOF model only has the 

ability to describe the mechanical behavior of the cantilevered beam, but is incapable of including the 
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piezoelectric effect into consideration for predicting the energy harvesting performance. Yang and Tang 

[7] proposed an equivalent circuit representation for the cantilevered PEH. The advantage of this 

modelling method is that after the equivalent circuit representation of the mechanical structure, the 

mechanical and the electric parts of the PEH system are bridged and can incorporate more complicated 

structures and nonlinear circuits. However, in their model, the piezoelectric layer was also assumed to 

cover the entire cantilevered beam. In other reported literature, the cantilevered beam is partially covered 

by piezoelectric layer but the modeling is simplified during the derivation of equivalent parameters [8, 9]. 

Therefore, the main aim of this paper is to develop a model of the cantilevered PEH with partially covered 

piezoelectric layer for predicting the energy harvesting performance. 

In addition, practical design of a PEH often requires a standard energy harvesting circuit (i.e., an AC-DC 

interface circuit) [10] to power real applications, or sometimes a complicated nonlinear interface circuit 

for efficiency improvement, such as, synchronized charge extraction (SCE) [11, 12], synchronized switch 

harvesting on inductor (SSHI) [13-15] etc. The existence of the complicated interface circuits poses 

difficulty to investigate the energy harvesting performance analytically. A simplest way to evaluate the 

power output of a PEH shunted to a SEH interface circuit is by uncoupling the mechanical part and the 

electrical part [4]. However, this method is only valid for weakly coupled systems. A method for 

estimating the energy harvesting output of a PEH shunted to a SEH or SSHI circuit is presented in [15] by 

assuming that the external forcing function and the velocity of the mass are in phase. It can be anticipated 

that the in-phase assumption is also only valid in limited circumstances where the electro-mechanical 

coupling is not strong. Shu and Lien [4] later proposed an analytical method to model PEHs with SEH 

interface circuit that is accurate for both weak and strong couplings. By comparing with simulation and 

experimental results, the reliability of that method was confirmed. Based on the same idea, Shu et al. [14] 

extended this analytical method for the analysis of the P-SSHI interface circuit. From another point of 

view, by using the harmonic decomposition method and only taking the fundamental component, Liang 

and Liao [15] presented an equivalent impedance modelling (EIM) method that was capable of analyzing 

the SEH, P-SSHI and S-SSHI interface circuits even for strong coupling cases. However, in that method, 

the final expression of the harvested power is a function of the rectifier block angle and cannot calculate 

the rectified voltage. Therefore, another objective in this paper is to make an improvement of the EIM 

method, and together with the proposed SDOF modelling method, to give a comprehensive modelling of 

practical cantilevered PEH with partial piezoelectric coverage and shunted to a SEH interface circuit.  

The content of this paper is arranged as follows: In section 2, the cantilevered PEH that carries a tip mass 

with partial piezoelectric coverage is represented by a SDOF model. The equivalent lumped parameters of 

the SDOF model are derived. The developed SDOF model is then compared with a finite element model. 

In section 3, the same cantilevered PEH model but without tip mass is considered. After removing the tip 

mass, the prediction performance of the SDOF model declines significantly. A correction factor to 

improve the SDOF model is derived. In order to simplify the calculation procedure of the correction factor, 

an approximate method is then proposed. The corrected SDOF model is then also compared with a 

corresponding finite element model. In section 4, the EIM method is modified and improved for the 

modeling of the PEH shunted to a SEH interface circuit and the results are compared with those obtained 

by analytical method proposed in [4]. 

2 SDOF model of partially covered PEH with tip mass 

2.1 Derivation of equivalent lumped parameters 

The cantilevered PEH with partial piezoelectric coverage is shown in Figure 1(a). The beam sections with 

and without piezoelectric coverage are of lengths 1L  and 2L , respectively. Mt is the tip mass which is 

regarded as a point mass. Throughout this paper, the subscripts 1 and 2 will be used to denote the beam 

sections with and without piezoelectric coverage, respectively. Assuming that the piezoelectric layer and 
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the substrate layer are of the same width b, the masses per unit length and the bending stiffnesses for the 

two beam sections can then be calculated:  

 
      3 3 3 3

1 1

3

2 2

3

12

s s p p s pb a c b

b s s s

h hm b EI b Y Yh h h h

m h b EI Y bh

 



       

  

  (1) 

where s  and p  are the mass densities of the substrate and the piezoelectric materials, respectively; sY  

and pY  are their Young’s modulus; and sh  and ph  are their thickness. Setting the origin of the coordinate 

system along the composite cross section be at the neutral axis, ah  is the distance from the bottom of the 

substrate layer to the neutral axis. bh  and ch  are the distances from the bottom and the top of the 

piezoelectric layer to the neutral axis, respectively. They are determined by the two component material 

properties and the thicknesses of the two component layers. 
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  (2) 

  

(a) (b) 

Figure 1: (a) Cantilevered PEH with partial piezoelectric coverage; (b) the equivalent SDOF model. 

By using the relationships between the bending moment and the beam deflection from Euler beam theory, 

the functions that describe the static deflections under gravity of the two beam sections with and without 

piezoelectric coverage are derived. For the section with piezoelectric coverage (i.e., 10 x L  ): 

         4 3 22

1 1 1 1 2 2 1 1 2 2 1 2 1 2

1

4 6 22
24

t t

g
y m x m L m L M x xm L m L ML L L Lx

EI
            (3) 

where g is the gravitational constant. Combining with the continuity conditions of displacement and slope 

at the intersection, the deflection of the section without piezoelectric coverage (i.e., 20 x L  ) is: 

          4 3 22
2 2 2 2 1 11 12 2 2

2

1
4 6

24
t t

y m gx m L M gx gx y x yL Lm L M Lx
EI

           (4) 

To represent the cantilevered PEH by a linear SDOF model as shown in Figure 1(b), the equivalent 

lumped parameters (i.e., the equivalent stiffness K and the equivalent mass M) are assumed to be 

concentrated at the free end. The following procedure determines K and M. First, the static deflection at 

the free end of the beam under gravity is calculated: 
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   (5) 

where Mstatic is the equivalent static mass of the beam. Also the static deflection at the free end caused by 

the weight of the beam only without tip mass is: 

  2 2 , 0static
t

M g
y L M

K
    (6) 

Combining Eq.(5) and (6), the equivalent stiffness of the beam can be derived: 
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  (7) 

The Rayleigh’s method is used to find the natural frequency of the cantilevered beam without tip mass, 

then the dynamic equivalent mass at the free end of the beam. The maximum potential energy P in the 

beam is: 
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    (8) 

The maximum kinetic energy T in the beam is: 
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where ωn is the natural frequency. Equating P and T yields: 
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where  
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Recall that the equivalent stiffness of the beam at the free end is already derived in Eq.(7), the equivalent 

dynamic mass of the beam itself is thus: 
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   (11) 

By including the tip mass Mt, the total equivalent mass of the system is: 

 dynamic tM M M    (12) 

Note that this is an electromechanical system, because there is a piezoelectric transducer. Therefore, for 

the piezoelectric effect, one more lumped parameter is needed to be determined which is the equivalent 

electromechanical coupling coefficient of the piezoelectric transducer. The linear-electroelastic 

constitutive relation for the piezoelectric material is expressed as: 

 31 33 3

SD e S E    (13) 

where S is the strain, D is the electric displacement, e31 is the piezoelectric constant, 
33

S  is the permittivity 

at constant stress. The electric field in the piezoelectric transducer in terms of the voltage across it can be 

expressed as: 

  
 

3

p

v t
E t

h
    (14) 

Therefore, from the constitutive equation of the piezoelectric materials, one obtains: 

    
 

31 33, ,
S

p

v t
D e Sx t x t

h
    (15) 

According to beam theory, the average bending strain in the piezoelectric transducer can be expressed as: 
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,
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w x t
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  (16) 

where hpc is the distance of the center of the piezoelectric layer to the neutral axis of the cross section of 

the piezoelectric covered beam section,  ,w x t  is the transverse deflection of the beam during vibration. 

Substituting Eq.(16) into Eq.(15) gives: 
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31 332
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  (17) 

Integrating the electric displacement over the electrode area and then differentiating with respect to time 

gives the current i(t) flowing out of the piezoelectric transducer as follows. 
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    (18) 

The clamped boundary condition at 0x   implies that 
 2
0,

0
w t

x t




 
, Eq.(18) thus becomes: 

DYNAMICS OF ENERGY HARVESTERS 1689



  
   

2

1 33 1
31

, S

pc

p

w L t bL dv t
i e h bt

x t h dt


  

 
  (19) 

In order to evaluate the equivalent parameters at the free end 
2x L , Eq.(19) is rearranged as: 
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  (20) 

where 33 1

S

p pC bL h  is the capacitance of the piezoelectric transducer. By using the modal superposition 

method and representing the transverse deflection w(x,t) by using the series of mode shape functions. 
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, r r

r

w x t x t 




   (21) 

where  r x  and  r t  are mode shape functions and modal coordinates of the beam. Only the dynamic 

behavior around the first mode is of interest. Substituting Eq.(21) into Eq.(20) and keeping the first mode 

only yields: 

  
 

 
 

   1 1 1
31 1 2

1 2

1
pc p

d L d dvt t
e h bi CLt

dx L dt dt

 




 
  
 

  (22) 

   1 12 d dtL t   is actually the velocity of the beam at the free end, i.e.,  2 ,dw dtL t . The 

electromechanical coupling coefficient is obtained as: 
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     (23) 

And the circuit governing equation is obtained as: 

  
   2 ,

p

dw L t dv t
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dt dt
     (24) 

By using the previously derived static deflection function to approximate the first mode shape function of 

the beam, the equivalent electromechanical coupling coefficient can be expressed as: 
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  (25) 

Therefore, the dynamic behavior of the cantilevered PEH with partial piezoelectric coverage can be 

equivalently represented by the SDOF model and the governing equations can be expressed as: 
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  (26) 
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where 2 nD M   is the damping coefficient that can be calculated according to the damping ratio   of 

the continuous system, R is the electric resistor connected to the piezoelectric transducer, and ub is the base 

displacement. The displacement at the free end  2 ,w L t  is redefined as u for conciseness. In fact, this 

electromechanical system has an additional electrical degree-of-freedom (DOF). Throughout of this paper, 

it is simply referred to as a SDOF system as this system has only one mechanical DOF.  

2.2 Comparison with finite element model 

To verify the equivalent SDOF representation, a finite element (FE) model is developed by using the 

commercial software ANSYS for comparison. In this case study, the substrate material of the beam is steel 

and modelled by using the 3D 20-node structural solid element (SOLID186 in ANSYS). The piezoelectric 

material is modelled by using the 3D 20-node coupled-field solid element SOLID226 to take into account 

the piezoelectric effect. The voltage DOFs on the top and bottom surfaces of the piezoelectric sheet are 

coupled separately to ensure uniform electrical potentials, thus to emulate the electrodes. The 

displacement DOFs of the left hand side of the beam are forced to be zero in the dynamic analysis to 

reflect the clamping condition. An acceleration field 21 /cca m s  is applied onto the whole structure to 

ensure a constant input power level over the spectrum under investigation. A harmonic analysis is then 

performed to investigate the steady-state open-circuit voltage output of the system. The detailed 

parameters of the FE model are listed in Table 1.  

Parameters Values Materials Parameters Values 
Substrate beam length 62.5 mm 

Steel 
Mass density 7800 kg/m3 

Substrate beam width 10 mm Young’s Modulus 180 GPa 

Substrate beam thickness 1 mm 

Piezo 

Mass density 5440 kg/m3 

Piezoelectric layer length 28 mm Young’s Modulus 30.336 GPa 

Piezoelectric layer width 10 mm d31 -170 pC/N 

Piezoelectric layer thickness 0.2 mm T  1.3281×10-8 F/m 

Table 1: Geometry parameters and material properties of the sample system 

For the FE model with the given parameters, by using the proposed SDOF representation method, the 

equivalent lumped parameters are calculated as: M = Mdynamic + Mt, Mdynamic = 0.4 g, K = 907.5 N/m,  = 

4.5097×10-4 N/V, Cp = 18.59 pF. The damping ratio of the system is set as 0.008 in this case study. Under 

the same constant acceleration field, by sweeping the excitation frequency, the open-circuit voltage of the 

SDOF and the FE models with tip mass Mt = 10 g are obtained (Figure 2). The natural frequencies 

predicted by the SDOF and the FE models are 47.3 Hz and 47.22 Hz, respectively. The maximum open-

circuit voltage amplitudes predicted by the SDOF and the FE models are 17.26 V and 17.47 V, 

respectively. The prediction errors of the SDOF model, as compared to the FE model, in terms of the 

natural frequency and maximum open-circuit voltage amplitude are about 0.17% and 1.20%, respectively. 
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Figure 2: Open-circuit voltage of the developed SDOF and FE models with tip mass Mt = 10 g 

Table 2 lists more comparison results by varying the tip mass 
tM . It can be found that with the increase of 

the tip mass 
tM , the prediction error for the natural frequency based on the SDOF model slightly varies, 

while the prediction error for the maximum open-circuit voltage becomes evidently smaller.  

Mt 
Natural Frequency Maximum ocV  

SDOF model FE model Relative error SDOF model FE model Relative error 

6 g 60.30 Hz 60.21 Hz 0.14 % 10.66 V 10.92V 2.45 % 

7 g 56.08 Hz 55.99 Hz 0.16 % 12.31 V 12.56V 2.01 % 

8 g 52.63 Hz 52.55 Hz 0.16 % 13.96 V 14.20V 1.68 % 

9 g 49.75 Hz 49.67 Hz 0.16 % 15.61 V 15.84V 1.42 % 

10 g 47.30 Hz 47.22 Hz 0.17 % 17.26 V 17.47V 1.20 % 

11 g 45.18 Hz 45.10 Hz 0.18 % 18.91 V 19.11V 1.03 % 

12 g 43.32 Hz 43.24 Hz 0.19 % 20.57 V 20.75V 0.88 % 

Table 2: Comparison of the natural frequencies and maximum open-circuit voltage amplitudes predicted 

by the developed SDOF model and FE model with different tip masses 

In general, it can be stated that the proposed SDOF model demonstrates almost the same dynamic 

behavior of the original continuous model around the first natural frequency. With an acceptable accuracy, 

the proposed SDOF representation provides a fast and concise means to evaluate the performance of such 

kind of piezoelectric energy harvesters. 

3 SDOF model of partially covered PEH without tip mass 

3.1 Analytical model 

For the sake of simplicity and by using the Euler-Bernoulli beam theory, the piezoelectric effect (or short 

circuit the piezoelectric transducer) is excluded. The governing equation of the beam section with 

piezoelectric coverage can be expressed as: 
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  (27) 

The governing equation of the beam section without piezoelectric coverage is in a similar form as: 
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where  1 1,w x t  and  2 2 ,w x t  represent the relative displacements to the base of the beam sections in 

1 10 x L   and 2 20 x L  , respectively. Using the modal superposition method, the relative displacement 

along the beam can be expressed as the series of the product of mode shape functions and modal 

coordinates as: 
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  (29) 

where  1, 1r x  and  2, 2r x  are the rth mode shapes of the beam sections in 1 10 x L   and in 2 20 x L  , 

respectively. By using the boundary conditions at the two ends of the beam and the continuity conditions 

at the intersection, one can obtain the following orthogonal relations. 
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  (30) 

Substituting Eq.(29) into Eqs.(27) and (28), multiplying by  1, 1r x  and  2, 2r x , integrating over each 

beam section, and then using the orthogonal relations, the modal governing equation can be obtained: 
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The modal response can then be obtained as: 
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where Ub is the magnitude of the base displacement, ω and ωr are the excitation and rth natural 

frequencies, respectively, and j is the unit of imaginary number. The relative displacement transmittance at 

the free end of the beam can thus be expressed: 
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3.2 Correction factor for the SDOF model without tip mass 

From the mechanical governing equation of the SDOF model, 

 bMu Cu Ku Mu      (34) 

one can easily obtain the relative displacement transmittance as follows: 
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  (35) 

In order to represent the continuous beam model with equivalent lumped parameters only around the first 

natural frequency, contributions from higher modes are neglected in Eq.(33) to give: 
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  (36) 

where  1,1 1x  and  2,1 2x  are the first mode shapes of the sections in 1 10 x L   and in 2 20 x L  , 

respectively. Based on the comparison between Eq.(35) and (36), a correction factor μ should be 

introduced to improve the prediction based on the SDOF model as given below. 

      
1 2

1 2

1 1,1 2 2,11 22,1 2

0 0

L L

x x

m dx m dxx xL   
 

 
  

  
    (37) 

The analytical mode shape function of the beam with varying cross-section is difficult to be calculated. 

Therefore, to simplify the calculation of μ, the derived static deflection functions Eq.(3) and Eq.(4) are 

used to approximate the exact first mode shape. μ can thus be derived in the explicit form: 
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Therefore, the forcing term in (34) should be corrected by multiplying μ and the governing equations of 

the electromechanical system become: 
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  (39) 

3.3 Comparison with the finite element model 

The open-circuit voltage of the corrected SDOF model and the corresponding FE model are compared. 

The same system parameters listed in Table 1 are used, except that the tip mass is removed. The loading 

and boundary conditions are the same as used in the previous case study. Figure 3 shows the open-circuit 

voltage responses of the SDOF model with and without the correction factor and the corresponding FE 

model. It can be seen that the maximum open-circuit voltage amplitudes of the uncorrected SDOF, 

corrected SDOF model and the FE model are 0.72 V, 1.16 V and 1.15 V, respectively. So, the relative 
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errors for the uncorrected SDOF model and the corrected SDOF model are 37.64% and 0.89%, 

respectively. The natural frequency of the uncorrected SDOF and the corrected SDOF models are the 

same of 242.7 Hz, and the natural frequency of the FE model is 239.94 Hz, indicating a prediction error of 

0.97%. It can be seen that after introducing the corrected factor, the SDOF model is greatly improved. 

 

Figure 3: Open-circuit voltage of the uncorrected SDOF, corrected SDOF and FE models without tip mass 

4 SEH circuit interface 

In this section, the cantilevered PEH with tip mass is connected to a SEH interface circuit. The equivalent 

impedance method is introduced, modified and applied for analyzing the system. 

4.1 Equivalent impedance modelling 

 

Figure 4: Equivalent circuit representation of a SDOF PEH shunted to a SEH interface circuit 

By using the mechanical-electrical analogies, the mechanical part can be equivalently represented by an 

electrical model. The mechanical part and the electric circuit part are bridged as shown in Figure 4. The 

mechanical parameters are correspondingly converted into the electrical parameters as follows. 

  2 2 2

0 0 0 0 b eqL M C K R D V Mu i ut             (40) 

Due to the existence of the full-wave rectifier bridge, nonlinearity is introduced in the system. The 

characteristic waveform of the voltage across the piezoelectric element is not harmonic anymore. By using 

the equivalent impedance modelling (EIM) method which decomposes the voltage response into harmonic 
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components and only takes the fundamental one ,p FV , the equivalent impedance of the SEH interface 

circuit can be derived as [15]: 

  
, 21

sin sin cos
p F

circuit

eq p

V
Z j

I C
   


        (41) 

where   is the rectifier blocked angle in a half cycle that is related to the rectified voltage 
rectV  by: 

 cos 1 2 rect

oc

V

V
     (42) 

where 
ocV  is related to the displacement amplitude by [15]: 

 oc

p

U
V

C


   (43) 

where U is the magnitude of the relative displacement. From Eq.(41), it is to be noted that the resistance 

and the reactance corresponding to the real and imaginary components of the equivalent impedance for the 

SEH interface circuit are 
hR  and 

EX , respectively. 

  21 1
sin ,     sin cosh E

p p

R X
C C

   
 

     (44) 

It is known that the imaginary component (i.e., reactance) stores and releases energy periodically but does 

not dissipate energy. Only the real component (i.e., resistance) of the equivalent impedance absorbs 

energy from the source, i.e., converts mechanical energy into electric energy. Assuming that the full-wave 

rectifier bridge can realize the AC-to-DC conversion ideally, the harvested energy by the SEH interface 

circuit can then be evaluated by the energy consumed by the real component 
hR . 
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where 
0LX  and 

0CX  are the reactances of 0L  and 0C , respectively. 

4.2 Derivation of power 

When the system is under steady state which implies that the variation of the charge stored in the filtering 

capacitance is null over a cycle, by considering the balance of the charge flowing through the DC 

resistance load, the rectified voltage can be expressed by the amplitude of the displacement as follows [4]. 
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Combining Eq.(46) and Eq.(43) gives: 
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Substituting Eq.(47) into Eq.(42), one can express the rectifier block angle by using the resistance load R 

as: 
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The expression of the harvested power is then obtained by substituting Eq.(44) into Eq.(45). 
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  (49) 

Thus, instead of using φ, we could express the harvested power in terms of R, which is the modification to 

the conventional EIM method [15], that gives the advantage of determining the optimal resistance. As the 

rectified voltage 
rectV  is nearly constant under steady-state operation and has the relationship with the 

harvested energy as 2

h rectP V R , the rectified voltage can thus be calculated: 

 rect hV P R   (50) 

4.3 Comparison with analytical method 

The mechanical part of the cantilevered PEH is already represented by the developed SDOF model and 

converted into an equivalent circuit model (Figure 4). The SEH interface circuit is also converted to an 

equivalent AC electrical component by using the modified EIM method. The energy harvesting 

performance of this system can then be evaluated. Figure 5 shows the optimal power response by tuning R 

at each frequency, the corresponding rectified voltage and the optimal resistances, respectively. The 

results obtained by using the analytical method proposed by Shu and Lien [4] are also provided for 

comparison. In terms of the optimal power, the results from the modified EIM method match well with 

those from the analytical method. For the rectified voltage and the optimal resistance, when near the 

resonant frequency, the predictions by both the methods are almost the same. When farther away from the 

resonant frequency, there appears a non-negligible difference, especially in the predictions of the optimal 

resistance. However, from the perspective of the optimal power prediction, the modified EIM method 

shows a satisfied accuracy. 
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(a) (b) (c) 

Figure 5: Comparison of the results from the modified EIM method and the analytical method (a) the 

optimal power response, (b) the rectified voltage, and (c) the optimal resistance 

5 Conclusions 

In this paper, we propose a modelling methodology for a partially covered cantilevered PEH that is 

connected to a SEH interface circuit. A SDOF representation method is first proposed to describe the 

dynamic mechanical behavior. In the first case, the free end of the cantilevered beam is mounted with a tip 

mass that is much heavier than the beam weight. The equivalent lumped parameters concentrated at the 

free end are derived. A corresponding FE model built by using the program ANSYS confirms the 

reliability of the developed SDOF model. In the second case, the tip mass is removed. By comparing the 

relative displacement transmittances at the free end of the analytical model and the lumped SDOF model, 

a correction factor is proposed to improve the SDOF model and ensure the accuracy. The corrected SDOF 

model is verified by the corresponding FE model. The EIM method is modified and improved for 

converting the SEH interface circuit into an equivalent AC electrical component that is then connected 

with the equivalent circuit representation of the developed SDOF mechanical model. Finally, the energy 

harvesting performance of the partially covered PEH can then be evaluated and the results have been 

validated by the existing analytical method for SDOF model. 
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Abstract 

A nonlinear energy sink, which using a compressed beam as nonlinear stiffness element, is constructed for 

whole-spacecraft vibration reduction. The beam is fixed at both ends. A two-degree-of-freedom equivalent 

model of the scaled whole-spacecraft with the NES is presented. The systematic dynamic equations under 

the transient loading are solved by using 4th-order Runge-Kutta method. Based on these calculating 

results, it is shown that the NES exhibits the efficiency of energy transfer from the whole-spacecraft 

system as well as broad band vibration absorption. Furthermore, this study explores the potential of using 

the nonlinear energy sink for energy harvesting. The electromagnetic system is included in the equations 

of motion for the equivalent model. Using the compound model, a simulation is carried out to 

investigating the device’s performance under transient responses in terms of energy harvesting. According 

to the calculating results, the system is shown to be capable of harvesting energy. 

1 Introduction 

The nonlinear energy sink (NES), as a useful method to suppress vibration without introducing new 

natural frequencies into the primary system, has attracted many researchers’ attention [1-3]. In contrast to 

a linear vibration absorber, the NES exhibits some advantages, for instance, absorbing vibration energy 

over a wide spectrum of frequency, relatively small mass and without the need for additional energy. 

These merits are very important in the cases of whole-spacecraft and some key payloads that are subjected 

to complicated excitations during the launch stage and on-orbit stage, respectively. 

Recent years, the nonlinear energy sink is used to capture vibration energy. This research field is getting 

more and more active. Some attempts to combine the functions of vibration reduction and energy 

harvesting have been conducted [4-5]. Kremer provided a novel electromagnetic energy harvester using 
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NES, which refers to several key parameters determined by using experimental identification [4]. 

Apparently, this method can be used to parametric study with the designing values of the NES. Li et al. [5] 

mainly focused on the energy transfer mechanism for the whole-spacecraft with the NES-piezoelectric 

system. 

To enlarge the application range of NES-electromagnetic system, this paper investigates the dynamic 

performance of an equivalent scaled whole-spacecraft model with a NES-electromagnetic system. The 

content is organized as follows. Section 2 addresses the modelling procedure of the NES based on 

fixed-fixed beam. Section 3 develops a combined model of the whole-spacecraft with the 

NES-electromagnetic system. Section 4 the nonlinear dynamic equations are solved by using 4th-order 

Runge-Kutta method under transient excitations in time domain. The last part of this manuscript 

summarizes the conclusions based on calculating results. 

2 Modelling of Nonlinear Energy Sink 

The model of the nonlinear energy sink (NES) is built by a single beam fixed at both ends and a lumped 

mass located in the middle position of the beam, as shown in Figure 1. 

The force along X direction can be obtained from the potential energy stored in the deflected beam. The 

stored potential energy in the beam is given by 

2

0

1

2
c y

AE
U u

l
                                     (1) 

where a slender beam held at a constant axial displacement uy under compressed force P, l0 and lc 

represents the free length and the compressed length of the beam, respectively, A is the cross-sectional 

area of the rectangle beam, E is the Young’s modulus of the material. 

The transverse shape of the deflected Euler beam with fixed-fixed boundary follows the first-modeshape 

 
2

1 cos
2

x

c

u y
x y

l

  
   

   

                               (2) 

where ux represents the displacement in the direction X induced by the transverse force Ft and y represents 

the distance of the beam along the direction Y. 

The reduction of the compressed beam under the transverse load equals to the change of the arc length of 

the deflected beam. 

2 2
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                        (3) 

The corresponding decrease ΔUc in the potential energy stored in the deflected beam can be provided by 

equation (4) due to the changing of the beam’s length. 
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                               (4) 
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Figure 1: Schematic of the nonlinear energy sink 

The bending energy in the deflected beam due to the influence of transverse Ft yields 

4
2

3b x

c

EI
U u

l


                                     (5) 

where I represents the area moment of inertia of the rectangle beam, I=bt3/12. 

The work from the force Ft over distance ux equals to the total change in energy from the initial 

compressed state to the final bending shape for the deflected beam. The corresponding expression is 

defined as follows 

4 2 4
3

3 2

0 0

2
( ) ( )

2 2 4
t c b y x x

x x c c c

U EI AE AE
F U U u u u

u u l l l l l

   
      
 

                   (6) 

It can be easily known that the transverse force Ft is combined by linear and nonlinear components. Based 

on the results from reference [1], the linear component can be omitted. For simplicity, a new term k3 is 

introduced as follows 

4
3 3

3 2

02 4
t x x

c

AE
F k u u

l l


                                   (7) 

3 Modelling of Whole-spacecraft with NES and Energy Harvester 

In launch phase of the satellite, all types of shocks are induced due to stage separation, fairing jettisoning 

and clamped-band release. And then, these transient loads propagate through the launcher structure and the 

payload adaptor up to the sensitive device interface. To control the influences from these transient 

excitations on the satellite, a NES-electromagnetic system is introduced into the whole-spacecraft, as 

shown in Figure 2. A combined model, which includes a two-degree-freedom equivalent whole-spacecraft 

model, a NES and an electromagnetic harvester, is developed in order to investigate the influences of the 

NES and the harvester on the dynamic responses of whole-spacecraft under transient excitations. 
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Figure 2: Equivalent model of whole-spacecraft with NES-electromagnetic system 

The electrical circuit of the electromagnetic harvester is exhibited in Figure 3. 
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Figure 3: Electrical circuit of the energy harvester 

The dynamic equations of the coupling system can be obtained 
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  (8) 

where mi, ki, and ci (i =1,2) represent the masses, linear stiffnesses and damping coefficients of the 

whole-spacecraft’s equivalent model, m3, k3 and c3 represent the mass, the nonlinear stiffness and the 

damping coefficient of the NES, x1, x2 and x3 represent the displacements of the first rigid mass, the 

second rigid mass and the NES, Fe represents the electromagnetic force induced by the interaction of the 

oscillating magnet and the coils, u=Usin(Ωt) represents a harmonic excitation. 

Based on Lenz’s law, the electromagnetic force is proportional to the coil current i 

e tF k i                                      (9) 

where kt is the transduction factor. 

According to Kirchoff’s voltage law to the electrical circuit of Figure 3, the equation of electrical circuit is 

obtained 

   3 2L i t

di
L R R i k x x

dt
                                (10) 
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where L is the inductance of the coil, Ri is the internal resistance of the coil and RL is the resistance of the 

external load. 

For simplification, the coil inductance is omitted in the equation of electrical circuit. Letting L=0 and 

rearranging equation (10) yields 

   3 2L i tR R i k x x                                 (11) 

An equation for induced voltage in the electrical circuit is provided by applying Faraday’s law 

 3 2tk x x                                    (12) 

The relationship for the power delivery to the electrical load is given by 
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                          (13) 

4 Numerical Simulations 

4.1 Parameters for calculations 

The initial parameters for the equivalent model of the whole-spacecraft are: m1=60kg, m2=12kg, 

c1=300Ns/m, c2=10Ns/m, k1=1.8677×106N/m, k2=2.1346×106N/m. 

Above values are based on reference [2]. The parameters of the NES and the energy harvester are: m3=6kg, 

k3=4×108N/m3, c3=50Ns/m; RL=500Ω, Ri=200Ω, kt=100Tm 

4.2 Dynamic responses 

In order to compare, all responses are induced by the displacement of the primary system, that is, 

 1 0x X ,    2 30 0 0x x  ,      1 2 30 0 0 0x x x   ,  0 0u  . 

The influences of the NES and NES-electromagnetic system designing parameters on controlling the input 

energy will be studied in order to estimate the effectiveness of the NES-electromagnetic system. From the 

view of energy, the initial energy is stored in the spring k1 obtained as follows 

2

1

int
2

k X
E                                     (14) 

The energy dissipated by the NES is given by 

     
2

NES 3 3 2
0

t

W t c x x d                               (15) 

The power dissipated by the external load of the energy harvester defined by 
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The energy dissipated by the whole-spacecraft system is expressed as follows 

       
2 2

P 1 1 2 2 2
0 0

t t

W t c x x d c x d                             (17) 

To better understand the performance of different components in the combined system, the percentage of 

the initial energy dissipated by the whole-spacecraft system, the NES and the energy harvester are 

addressed. 

The percentage of the input energy dissipated by the NES is given by 

 
 NES

NES

int

100%
W t

t
E

                               (18) 

The percentage of the input energy dissipated by the energy harvester is expressed as follows 

 
 elec

elec

int

100%
W t

t
E

                               (19) 

The percentage of the energy dissipated by the dampers of the whole-spacecraft is given by 

 
 P

P

int

100%
W t

t
E

                                (20) 

A simulation is conducted to investigate the effects of the initial displacement x1(0) on the percentage of 

the dissipated energy by the NES damper in Figure 4. 

Figure 4 displays that there is an optimized value (about X≈0.014m) for the initial input energy where the 

NES exhibits the highest efficiency in vibrational absorbing. In addition, the influence from the 

electromagnetic harvester is also considered in this plot. It can be found that the energy dissipated 

percentage of the NES reduced in the displacement range of 0.013m～0.05m due to the input energy 

dissipated by the energy harvester partially. In two cases, the maximum energy is dissipated by the NES 

about 41% and 36%, respectively. 
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Figure 4: Percentage of the NES dissipated energy as a function of the initial displacement: – – only with 

NES, – . – with NES and energy harvester 
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Figure 5(a) and Figure 5(b) describe the percentage of dissipated energy by the whole-spacecraft system 

and the electromagnetic harvester under the same input displacement values, respectively. Compared with 

the NES and the NES-electromagnetic system, it can be seen that the varying trend of the dissipated 

energy by the primary system dampers is reversed. Especially, the input energy (X=0.014m) is harvested 

by the harvester amounts to about 7.1%. 

The displacement responses of the primary mass m1 among different systems under the initial 

displacement X=0.014m are obtained in Figure 6. It can be observed that the NES could reduce the 

response amplitudes significantly. Moreover, it can be seen that the displacement amplitude of the primary 

system, which includes the NES and the energy harvester, are larger than the one only with the NES. 
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Figure 5: Percentage of the dissipated energy as a function of the initial displacement: (a) the 

whole-spacecraft system and (b) the electromagnetic harvester, – – only with NES, – . – with 

NES-electromagnetic system 
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Figure 6: Displacement responses in the time history for the primary mass m1: (a) 0s～8s and (b) 0s～1s, - 

- without NES and energy harvester, – . – only with NES，– – with NES and energy harvester 

Figures 7(a), 7(b) and 7(c) depict the percentages of the energy dissipated by the whole-spacecraft 

dampers ηP(t), the NES damper ηNES(t) and harvested by the electromagnetic harvester ηelec(t), respectively. 

The captured input energy for the system only with the NES is dissipated by the primary system and the 

NES about 50% and 41%, respectively. Under the same situation in the system with the electromagnetic 

harvester, the effectiveness of the NES is weakened, the corresponding values is about 53% and 32%. 

Beside, the harvested energy by the electromagnetic harvester is about 6.5%. It is evident that, a part of 

input energy can be harvested or stored as electric energy. 
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Figure 7: Percentage of energy dissipated or harvested by the compound systems: (a) the whole-spacecraft 

system, (b) the NES, (c) the energy harvester, - - only with NES, – . – with NES and energy harvester 

The simulation results are presented at the initial displacement X=0.014m, as shown in Figure 8. In this 

section, the Morlet mother wavelet is used to process the time history. Figure 8(a) and 8(b) describe the 

displacement responses of the mass m1 and its wavelet transform spectra. As it can be seen, the response is 

dominated by the primary system oscillating at its first-order natural frequency about 20Hz. There is some 

voltage induced in the coils and electric power available across the load resistor. 

Figure 9 describes the transient relative displacement responses among the mass m2, the 
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NES-electromagnetic harvester system, and the corresponding wavelet transform spectra. As displayed in 

Figure 8(b), the main frequency of the whole-spacecraft system is nearly 20Hz, while the relative 

displacement response of the NES-electromagnetic system exhibits frequency components over a large 

frequency band between 10Hz and 20Hz, as shown in Figure 9(b). After about 0.5s, the escaping 

phenomenon from resonance capture occurs due to the input energy decreased. For investigating the 

influences from the harvester on the energy dissipated by the NES, the transient response among the mass 

m2, the NES, and the wavelet transform spectra, which are shown in Figure 10. Compared with the 

NES-electromagnetic system, the transient response of the NES has two main frequency components at 

about 20Hz and 24Hz, at the same time, the NES exerts the effect over the frequency range between 10Hz 

and 30Hz. From the view of vibration control, the NES presents great efficiency than the 

NES-electromagnetic system under the same conditions. 
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Figure 8: Simulation results for initial displacement of X=0.014m: (a) displacement curve of the primary 

mass m1, (b) wavelet transforms, (c) voltage across the external load, (d) electrical power 
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Figure 9: Relative response between the primary mass m2 and the NES-electromagnetic system: (a) 

relative displacement x3-x2, (b) wavelet transforms 
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Figure 10: Relative response between the primary mass m2 and the NES: (a) relative displacement x3-x2, (b) 

wavelet transforms 

5 Conclusions 

A compound model, which includes the whole-spacecraft, NES and electromagnetic harvester, has been 

conducted. In order to investigate the efficiency of the NES-electromagnetic harvester under transient 

excitations, the numerical calculations are performed by using the 4th-order Runge-Kutta method. The 

dynamic characteristics of the developed system subject to different initial displacement have been studied. 

It has been displayed that a well-defined critical threshold of the initial energy where the NES and the 

electromagnetic harvester perform well. Compared with the combined system only with the NES, the 

latter system presents great efficiency than the NES-electromagnetic system under the same conditions. 

The Morlet mother wavelet transforms are used to describe the phenomenon of transient resonance capture 

between the primary system and the NES. In addition, the efficiency and the difference between the NES 

and the NES-electromagnetic harvester are also been verified based on the time-frequency analysis results. 
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Abstract 
Increasing challenges on recovering of wasted energy has opened the new directions in railway 

technologies. The example of such technology applied for railway sleepers (crossties) is the 

implementation of novel type of energy harvesters developed recently. The approximate estimates show 

that the usage of proposed crossties equipped by energy harvesters allows get around 500 kW per one 

running US or Canadian freight train. It must be underline that these 500 kW now are known as lost 

energy and never used. The composed vibration energy harvester consists of two main components: 

regular tuned mass damper and electricity generator. The results of theoretical analysis combined with 

experiments on prototypes illustrate the proof of selected mathematical modeling. Test results illustrate the 

high efficiency of proposed vibration energy harvesters and some new opportunities for their applications.  

1 Introduction 

The energy harvesting is the nowadays technology allowing capture, convert and transfer small amount of 

wasted power [1], [2].  Energy harvesting is widely used for instance for feeding autonomous electronic 

devices. The authors did not include in present paper the detailed analysis of a various published materials 

regarding considered subject trying to concentrate only on authors results. First Vibration Energy 

Harvesters (VEH) developed by authors in [3] – [5] were based on controlled tuned mass dampers. The 

implementation of VEH in railways was dictated by two combined reasons: necessity of a reduction of 

intensive vibrations and proper usage of damped vibration energy. The interesting results were obtained 

using electromagnetic and piezoelectric schemes ([6] – [8], [16]-[23]). The application of developed VEH 

in railway environment for reaching two goals: reduction of vibration levels and effective usage of wasted 

vibration is demonstrated in current study. An evaluation of possible maximal power Po obtained from 

one running US or Canadian freight train could be done approximately based on formula from theory of 

vibrations for certain vibrating object: Po = 0.5 Am
2 2, where Am is a resonance amplitude of object,  

is a resonance frequency,  is a viscous damping coefficient. Taking the conservative numbers for 

amplitude as 2 mm, and resonance frequency as 10 Hz, the values of the possible maximal extracted 

power would be in the range 495 kW – 550 kW for regular running freight train (2,000 meters long). The 

schematic and structural components of proposed compositions are presented. Theoretical modeling and 

analysis are supported by recommendation of parameter's selection. Further the dynamical behaviour of 

device is analyzed and advantages of different approaches are discussed. The results of the theoretical 

analysis are supported by experimental tests showing the effectiveness of implementation of proposed 

VEH. It is highlighted that the usage of controlled tuned mass damper scheme for purpose of vibration 

energy harvesting in railway application provides the independent reliable source of electrical power for 

the electricity consumers. 
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2 General scheme of vibration energy harvester    

There are several types of energy harvesters however Electromagnetic Vibration Energy Harvesters 

(EVEHs) are nominated for usage in railway industry, the main reason for this choice is that running train 

operates practically with constant speed. EVEH is presented in “rectilinear vibration operation” general 

version. The core graphical model of rectilinear operating EVEH ([9] – [14]) is shown in Figure 1. 

 

Figure 1: EVEH arrangement for linear one-dimension application. 

Let's assume that a certain object (for instance, a crosstie) is vibrating along coordinate axis X as shown in 

Figure 1. The mass of vibrating object is M. The body 1 of EVEH is attached firmly to object. EVEH 

consists of two major parts: tuned mass damper and alternator. Tuned mass damper having mass m is 

attached to EVEH's body by means of spring 2 and damping element 3. Alternator part consists of pick-up 

coil 4 and magnet 5 (for instance, configured as a ring). Magnet 5 is attached firmly to the mass m of 

tuned mass damper. Tuned mass damper has to have own resonant frequency equal to crosstie operational 

frequency. The amplitude of mass m vibrations would be maximal in this case, and “productivity” of an 

alternator would be the maximal as well. Hence the accepted scheme for that study is described as EVEH 

mounted in a crosstie (see Figure 2).  

 

Figure 2: Typical crosstie / sleeper 
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Since EVEH is coupled to a crosstie, it could be assumed that the external force is caused by a train 

moving with constant speed. The mono harmonic low frequency (up to 30 Hz) vibrations of concrete 

crosstie would be considered for that simplified case. A crosstie is modeling by solid body.  

3 Parametric modeling of EVEH  

The simplified modeling of EVEH could be done using the scheme shown in Figure 1. Let's suppose that 

the object - crosstie M is mounted on site and assembly is modeling by spring having stiffness ko and 

viscosity factor bo. Let’s consider that it would be vibrating in one direction only. Its movement 

coordinate is X(t), where t is time. The outer casing of EVEH is firmly attached to the crosstie, and the 

mass of casing is included in M. Tuned mass damper m is connected to casing by means of springs having 

the stiffness k1 and viscosity factor b1. Mass m is vibrating in the same direction as mass M. The 

coordinate of vibrations of m is x(t). The electromagnetic subsystem is inducing current i, and L is 

inductance, R is electrical resistance, where Rc  is coil resistance and Rd  is load resistance, and R = Rc + 

Rd. The EVEH dynamics is described by system of ordinary differential equation (see for instance [1], 

[2], [5], [17], [21], [22]) 

 MX``+ ko X + bo X` + k1 (X – x) + b1 (X` – x`)= H sin (t) (1) 

 mx`` -  k1 (X – x) - b1 (X` – x`) + mi = 0 (2) 

 Li`+ Ri - ei = 0 (3) 

where H is the magnitude of external force,  is the frequency of external force,  m  is the linkage 

factor between mechanical and electromagnetic subsystems in mechanical terms, e is the linkage factor 

between electromagnetic and mechanical subsystems in electromagnetic terms.    

The system of equations (1) – (3) is written purposely focusing on specific link between vibrations of 

tuned mass damping subsystem (equation (2)) and dynamic behaviour of current generating subsystem 

(equation (3)). Furthermore it is possible to pay attention on a specific of the dynamic properties of tuned 

mass damper coupled to an alternator.  

Assuming that at considered case for crosstie: M=300 kg, bo=25000 kg/s, ko=1.2*106 kg/s2, H=3140  kg 

m/s2, it is possible to build the amplitude - frequency characteristic (red solid curve) as shown in Figure 

3A or linear acceleration – frequency characteristic as shown in Figure 3B. The abscissa horizontal axis is 

for excitation frequency in these Figures (further similar on following Figures) and ordinate vertical axis is 

for amplitude (mm) in Figure 3A, and for linear acceleration (m/s2) in Figure 3B.  

 

                                                            A                                                                                                                          B 

Figure 3: Dynamical characteristics for crosstie. 

Analyzing the amplitude - frequency characteristic in Figure 3A, one can see that the amplitude of 2.6 mm 

is presented at all excitation frequencies starting from 0 up to 6 Hz, and then it declines with raised 

frequencies. On the contrary the analysis of linear acceleration – frequency characteristic in Figure 3B 

shows that the values of acceleration are climbing up with increasing of excitation frequencies to number 

of 10.6 m/s2, and after that the value of acceleration is practically stable.     
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The model presentation of crosstie’s dynamical behaviour in form of the amplitude - frequency 

characteristic is very convenient for the applied analysis, for example, one can see that amplitude of 

vibrations at 10 Hz is equal to 2.0 mm. It means that the selected crosstie will be operating at 10 Hz 

having amplitude of 2.0 mm if there is no additional devices installed on that crosstie, for example, no 

tuned mass dampers. Using the approximate evaluation of possible maximal power Po obtained from one 

such vibrating crosstie, one can get the result equals to 115 Watt.   

Prior to examination of implementation of EVEH into crosstie structure let’s formulate the purpose of this 

implementation. The main target of design of proposed EVEH is to satisfy two conditions: a. generation of 

an additional power which could be used, b. possible reduction of the vibration levels of crosstie by 

controlled tuned mass dampers. 

There is no information at the beginning of study, so suppose that the mass of tuned mass damper is 

selected equal to 10% of crosstie’s mass following the standard recommendations. This tuned mass 

damper will be tuned to 10 Hz. Let's assume for simplicity that the initial parameters of an alternator for 

trial study are dimensionless, m = e =, and all of them are equal to unit, or L=1, R=1,  = 1. 

The amplitude - frequency characteristics of considered system (case 1) is presented in Figure 4A. A red 

curve reflects the vibration behaviour of main system (mass M) without installed EVEH, and this curve 

coincides to red curve in Figure 3A.The amplitude - frequency characteristic of tuned mass damper could 

be reflected by brown dashed curve as shown in Figure 4A.The resonant amplitude of tuned mass damper 

is equal to 20.868 mm at 10 Hz. The blue dotted curve in Figure 4A stands for damped vibrations of main 

system (tuned mass damper installed). The resulted damped amplitude (according to blue dotted line) is 

0.554 mm at 10Hz, so the reduction of resonance amplitude is in 2/0.533= 3.617 times, which is sufficient 

for technical system.  

EVEH induced current would be presented by green dash – dotted curve as shown in Figure 4B, and 

EVEH peak of useful power could be plotted by solid magenta curve in Figure 4B. EVEH useful power is 

calculating by formula P() = 0.5 Rd  i2, where Rd  = 0.5 R. 

One can see that the shape and location of green dash – dotted curve (induced current) in Figure 4B is 

coinciding with the shape and location of brown dashed curve (tuned mass damper) in Figure 4A. The 

shape and location of magenta solid curve (peak of useful power) in Figure 4B is coinciding with the 

shape and location of green dash – dotted curve (induced current) in this figure. It is the confirmation that 

alternator's parameters are dictated by dynamics of tuned mass damper. The maximal values at 10 Hz are: 

for induced current is 6.27 A, peak of useful power is 1.97 Watt, such result is very far from desired 115 

Watt, and demonstrates the 10% mass of tuned mass damper allows get sufficient vibration level 

reduction, but does not work as the energy harvester.  

    

                                       A                                                                           B 

Figure 4: Dynamical characteristics for crosstie when EVEH installed. Case 1. 

There are the results of model simulation for considered system in Figure 5 when the mass of tuned mass 

damper still is equal to 10% of crosstie’s mass and the initial dimensionless parameters of an alternator are 

equal to 4, or L=4, R=4,  = 4 (case 2). 

The resonant amplitude of tuned mass damper (brown dashed curve in Figure 5A) is equal to 25.827 mm 

at 10 Hz. The resulted damped amplitude (according to blue dotted line) is 0.439 mm at 10Hz, so the 
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reduction of resonance amplitude is in 4.556 times, which is sufficient for technical system. The maximal 

values at 10 Hz are: for induced current is 7.76 A, peak of useful power is 12.04 Watt, and again that 

result is very far from desired 115 Watt. 

The preliminary cycle of study indicates that the parameter's selection of tuned mass damper in first 

approximation mass should be equal to 1% of crosstie’s mass: m=3 kg, and b1=51 kg/s, k1=1.2*104 kg/s2 .                                                                                  

Let’s examine the impact of each electromagnetic parameter on tuned mass damper amplitude and useful 

power. Suppose that each of parameter variation is in interval (1...4), or 1 < L < 4; 1 < R < 4;1 < < 4; 

and = 62.8 1/s = 10 Hz. 

    

                                              A                                                                                 B 

Figure 5: Dynamical characteristics for crosstie when EVEH installed. Case 2.  

The relationship between amplitude of tuned mass damper and an inductance L is plotted by blue curve in 

Figure 6; and on the same figure there is a relationship between the peak of useful power P and an 

inductance L plotted by red curve. Other parameters are R=  = 1. The horizontal axis (dimensionless) is 

standing for inductance, and the vertical axis is standing for amplitude of tuned mass damper (in cm), and 

useful power (in Watt). The analysis of this chart shows that the amplitudes of tuned mass damper are 

reducing slightly with increased numbers of inductance, and values of useful power are falling down with 

increased numbers of inductance. It could be concluded that for power efficiency it is better to select the 

inductance with minimal values.      

The relationship between amplitude of tuned mass damper and a resistance R is plotted by the similar blue 

curve in Figure 7; and a relationship between the peak of useful power P and a resistance R is plotted by 

red curve. Other parameters are  = L = 1. The horizontal axis (dimensionless) is standing for resistance, 

and the vertical axis is the same as per Figure 6. The analysis of this graph shows that the amplitudes of 

tuned mass damper are reducing slightly down to some minimum, and the values of useful power at this 

time are reducing as well. It could be stated that for power efficiency it is better to select the resistance 

values with minimal numbers. 

 

Figure 6: Amplitude of tuned mass damper and peak of useful power vs. inductance       
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Figure 7: Amplitude of tuned mass damper and peak of useful power vs. resistance 

 

Figure 8: Amplitude of tuned mass damper and peak of useful power vs. linkage factor 

The relationship between amplitude of tuned mass damper and a linkage factor  is plotted by the similar 

blue curve in Figure 8; and a relationship between useful power P and a linkage factor  is plotted by red 

curve. Other parameters are R = L = 1. The horizontal axis (dimensionless) is standing for the linkage 

factor, and the vertical axis is the same as in Figure 6.  

The analysis of this graph shows that the amplitudes of tuned mass damper are growing up, and the values 

of useful power are growing up significantly. The rise of amplitudes is restricted by technical requirements 

– amplitude of tuned mass damper vibrations could not be more than 100 mm. The values of useful power 

may reach more than 300 W. It is necessary to highlight that the upper magnitude of a linkage factor was 

less than planned  =4 because of the vibration amplitude restrictions.  It could be stated that for power 

efficiency it is better to select the maximally possible linkage factor values in this case. 

This study illustrates that the implementation of an alternator subsystem into tuned mass damper design 

leads to changes of magnitudes of its amplitudes, and increasing values of useful power means the 

reduction of tuned mass damper 's amplitudes numbers. The analysis of graphs presented in Figures 6 – 8 

tells that the linkage factor provides the most significant influence on amplitudes of tuned mass damper.    

It was assumed until now that the external excitation force has unchangeable constant frequency, for 

example 10 Hz. If the frequency does not have the constant nature, the additional control apparatus [15] 

could adjust properly the EVEH parameters using the algorithms “catch and match frequency”.  

4 Rectilinear EVEH prototype design  

A crosstie is an example of a solid object vibrating in one line direction (rectilinear) or objects having 

single degree of freedom. Its model is shown in Figure 1 and can be described by system of equations (1) 

– (3). An attachment of tuned mass damper completed with an alternator to a crosstie is providing two 
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opportunities to engineer: a reduction of level of body vibrations and an effective conversion of damped 

vibrations into useful power. Actually these opportunities could involve tuned mass damper completed 

with an alternator in conflict situation.     

Trying to reach the best result for reduction of a crosstie vibration at 10 Hz, there were considered two 

options: “heavy” EVEH having the mass of tuned mass damper equal to 1.9% of crosstie mass, and: 

“light” EVEH having the mass of tuned mass damper was equal to 1.0% of crosstie mass. The “heavy” 

version of a system was readjusted in the following way: the viscosity coefficient b1 was selected as 

b1=51 kg/s, an inductance was nominated as L=2, the electrical resistance was selected as R=1.52, and a 

linkage factor was assumed to be 3.03.The “light” version of a system was readjusted in the following 

way: the viscosity coefficient b1 was selected as b1=50 kg/s, an inductance was nominated as L=1.5, the 

electrical resistance was selected as R=1.2, and a linkage factor was assumed to be 2.924.   

The dynamical characteristics of “heavy” system are shown in Figure 9. The abscissa axis stands for 

frequency (in Hz) of external force in Figure 9, and ordinate axis stands for a. amplitudes of tuned mass 

damper vibrations in mm b. peak value of useful power in W. 

 

Figure 9: The dynamical characteristics of “heavy” system. 

On that chart the amplitude - frequency characteristic of tuned mass damper could be reflected by brown 

dashed curve, and relationship of useful power vs. frequency reflected by magenta solid curve. The 

maximum value of amplitude of tuned mass damper is 86.36 mm at 10 Hz, and maximal number of useful 

power is 204.2 W. There is a straight line in Figure 5 equals to 87 mm. It was found during design that the 

actual maximum value of amplitude of tuned mass damper must be limited geometrically to 87 mm.  

The dynamical characteristics of “light” system are shown in Figure 10. The coordinate axis and curves 

are similar to those presented in Figure 9. The maximum value of amplitude of tuned mass damper is 

86.89 mm at 10 Hz, and maximal number of useful power is 218.5 W, or it means that average extracted 

useful power is 109.25 W, which is close to desired 115 Watt. The analysis of obtained results 

demonstrates that the proper selection of EVEH parameters could provide the sufficient values of expected 

useful power, but it would be done at expense of quality of reduction of crosstie’s vibration levels, for 

instance the magnitude of damped resonant amplitude for the last case is 1.86 mm (amplitude reduction in 

1.075 times), or practically no appreciable result of a reduction.      

DYNAMICS OF ENERGY HARVESTERS 1719



 

Figure 10: Dynamics of EVEH focused on “light” system 

Hence there is an attractive result in using the wasted power, but practically no vibration reduction in 

latest case. This case is illustrating the design of EVEH focused on the effectiveness of using wasted 

power only. Furthermore, it is obvious that the case of “light” system is more preferable in comparison to 

case of “heavy” system – less weight, less mass – geometry characteristics, and more useful power.  

 

Figure 11: Selection of load resistance. 

The final step in design parameters selection is the elaboration of relationship between Rd load resistance 

and average extracted useful power. The results of a digital analysis are presented in Figure 11 (abscissa 

axis is the dimensionless Rd, and ordinate axis is average useful power). The designer could see that the 

modelling predicted power would be obtained at Rd = 0.53.  

5 EVEH prototype test  

The prototype of EVEH focused on extracting the possibly maximum power from vibrating crosstie was 

designed and fabricated. The design parameters were composed specifically for prototype mounting on a 

crosstie vibrating at 10 Hz with amplitude 2 mm. Its main characteristics were based on values presented 

in last modelling case. EVEH was vertically installed. The EVEN photo is shown in Figure 12 in left side, 
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and pick-up coil (solenoid) is in right side of Figure 12. There was a specifically designed shaker used for 

experiments (see Figure 13).  

               

Figure 12: Rectilinear EVEN 

 

Figure 13: General photo of Shaker 

The shaker has the driving device – DC Motor 1, electrically connected to speed controller 2 for 

controlling DC rpm. The DC Motor is providing rotation to input shaft of shaker 3 through clutch. The 

shaker was configured (see Figure 14) to generate a steady state sinusoidal force acting in the vertical 

direction. For that purpose the input shaft has the drive gear 4 (see Figure 14) contacted to two counter – 

rotating wheels 5, each of counter – rotating wheels are equipped by counter - rotating masses 6. Such 

design provides a shaker by the adjustable controllable speeds (hence, the frequencies of excitation). The 

shaker could have the stable certain vertical vibrations in frequency range of 1.5 Hz – 20 Hz. The shaker 

was installed on test platform (see Figure 15).  
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Figure 14: Internal view of shaker   

 

Figure 15: Shaker on test platform  

The vibration of test platform were recorded, analyzed and control by means of Hewlett Packard Handheld 

Dynamic Spectrum Analyzer 3 (see Figure 16) getting signal from measuring accelerometer 2. A speed 

controller marked as 1 is shown in Figure 16 as well.   The EVEH prototype focused on getting power was 

assembled on test platform and experimentally examined. The comparison of magnitudes measured in an 

experiment to data obtained in previous theoretical study was done. The recorded useful power was 

visualized specifically for convenience purposes as a graph in coordinates “useful power in W” vs. “time 

in seconds” (see Figure 17). The analysis of presented graph brings us to conclusion that the measured 

average useful power is 114.03 Watt.  
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Figure 16: Data recording  

 

Figure 17: The recorded useful power           

The comparison of values metered during test to data received theoretically (115.78 Watt) shows that the 

deviation of obtained data from theoretically predicted ones is 1.53% and one can say that this result 

confirms that it is a satisfactory compliance of real manufactured EVEH to theoretically predicted model.  

6 EVEH application for tuned mass damper feeding  

One of the perspective ways of EVEH usage was practically missed in R&D practice. It is the rerouting of 

produced power to tuned mass damper subsystem for reducing its viscosity factor b1 [10],[11]. Such 

EVEH usage significantly improves the tuned mass damper efficiency. It could be demonstrated 

graphically as shown in Figure 18 which reflects the modelling and simulation of system (1) - (3) for 

“heavy” option.  
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Figure 18: Amplitude – frequency charts for system without EVEH and with improved EVEH installed 

Figure 18 is built similar to Figure 4A, but the amplitudes of tuned mass damper are not plotted. During 

modelling and plotting these graphs it was accepted that all EVEH useful power was directed for 

compensation of viscosity factor.  

The red solid curve reflects the initial dynamical behaviour (amplitude – frequency chart) of previously 

examined crosstie without tuned mass damper. The value of amplitude is 2 mm at 10 Hz. The amplitude - 

frequency characteristic of a crosstie equipped by tuned mass damper could be reflected by blue dotted 

curve as shown in Figure 18. Now the value of amplitude is 0.294 mm at 10 Hz, or reduction of amplitude 

level is in 6.8 times. The engineer can see that the rerouting the useful power signal for viscous factor 

compensation gives the magnificent opportunity for further suppression of negative crosstie vibrations. 

However the designer must take into account that this phenomenon is caused by increasing amplitude of 

tuned mass damper [18], which could cause (in its turn) the further raising of magnitudes of useful power. 

It is important to keep that process of damper's displacements increasing combined to power rising in 

stable dynamic zone. It should be done using, for instance, the control schemes described in [15]. 

It is necessary to mention that the presented design solutions are not restricted, and they could be 

applicable in various situations in railways generally. 

7 Summary / Conclusions 

Elaborated vibration energy harvesters based on electromagnetic tuned mass dampers has several 

improved features. The universality of application of proposed scheme for “rectilinear vibration 

operation” is one of the most important issues among others. The main purpose of design and 

implementation of proposed electromagnetic vibration energy harvester demonstrated in current study is to 

serve dual goals:  

 reduction of the vibration levels of a crosstie by controlled tuned mass dampers, 

 generating an additional power which could be used in an industry. 

The implementation of suggested electromagnetic vibration energy harvesters gives flexibility in 

applications: it gives a possibility to use them in such formats as  

 focused  on tuning damping of crosstie vibrations, 

 focused on reasonable balance between tuning damping of crosstie vibrations and effectiveness of 

using wasted power,  

 focused on the effectiveness of using wasted power only.    

Usage of proposed design solutions allows redirect the useful power for compensation of tuned mass 

damper’s viscous factor. Due to composed control system it is possible to build electromagnetic vibration 

energy harvester operating in stable zones.   

1724 PROCEEDINGS OF ISMA2018 AND USD2018



The developed electromagnetic vibration energy harvesters could be installed and used successfully in 

various branches of railway business having vibrating modules, units and parts.  
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Abstract 
Energy need have increased in time, hence there is an obvious trend in seeking non-traditional energy 

sources, such as ambient mechanical vibrations. This paper focuses on the energy harvesting efficiency of 

piezoelectric-based cantilever beam type vibration energy harvesters. The aim is to increase efficiency by 

homogenizing the axial stress along the beam. For this purpose, a counter mass is attached to the beam via 

a simple lever mechanism. This way, an inertial force is applied on the beam, having a direction opposite of 

the inertia force of the tip mass, thereby obtaining a loading close to pure moment. A detailed analytical 

model for this structure is constructed. The analytical model is used to assess the effect of two design 

parameters on efficiency. It is shown that efficiency increases by means of the proposed method. The future 

work includes finite element analysis and experimental verification. 

 

1 Introduction 

The interest in generating energy from vibrations has increased over the past years. Typical current and 

prospective applications of vibration energy harvesters (VEH) comprise wireless sensor networks, body 

sensor networks, implanted biomedical devices and portable electronics [1,2]. Three main transduction 

methods have been the focus of vibration energy harvesting research: electromagnetic [3], electrostatic [4] 

and piezoelectric [5]. The focus of this paper is a popular and promising harvester type: piezoelectric-based 

cantilever beam VEH.  

 

There is a great effort on increasing the efficiency of piezoelectric-based cantilever beam VEHs. During 

vibration, voltage is generated on the piezoelectric layer at the surface of the beam, and this voltage is 

proportional to average axial stress on the beam surface [6]. In a typical cantilever beam with uniform width, 

the axial stress is maximum at the base of the cantilever beam and is close to zero at the beam tip [7]. This 

situation poses a serious limitation on the energy harvesting efficiency, due to the non-uniform stress 

distribution along the cantilever beam surface. 

 

To improve the stress distribution in piezoelectric based beam VEHs, various solutions were offered. As an 

example, Kong et al produced micro-sized cantilever beams with piezoelectric thin films, at which the 

polarization of the piezoelectric layer is tilted from the out-of-plane direction [8]. Although this method 

increases the overall efficiency, it cannot be applied to batch fabricated piezoelectric patches. Introducing 

cavities into the beam cross-section also resulted in improved stress profile, but posed difficulty in 

fabrication [9,10].  
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Using a varying beam width profile to improve stress distribution was first proposed by Roundy et al [7]. It 

was suggested to use a tapered beam, i.e. a beam with linearly decreasing width profile from the base to the 

tip.  However, no theoretical or experimental study was presented. Recently, it was shown via theory [14,15], 

finite element analysis [16]  and experiments [15] that tapered beams exhibit higher efficiency compared to 

beams with uniform width.  

 

Recently, Ma et al proposed an outer mechanism with compliant hinges to improve the cantilever beam 

stress distribution [11]. By affecting the dynamic load at the beam tip with the proposed mechanism, it was 

possible to obtain a more homogenous stress distribution on the beam surface. In another research, the 

response of a pre-stressed piezoelectric beam to vertical impact loads have been analyzed [12]. In a recent 

study, the stress distribution is homogenized by using a mechanical amplifier [13]. Both of these researches 

resulted in improved stress distribution, but the proposed devices are suitable to harvest energy only from 

impact type excitations.  

 

In this study a force, in opposite direction of inertial force due to tip mass motion, is applied to the beam 

during oscillation. Thus, it is aimed to obtain approximately a pure moment as the net load acting on the 

beam. Because of this, a counter mass is used with a simple lever mechanism, connected to the beam with 

a hinge. The inertial force affecting the counter mass is applied to the beam by changing direction, with the 

help of the lever mechanism. In this paper, a comprehensive analytical model of the proposed approach is 

explained and the preliminary results are presented. 

 

2 Working Principle 

The main goal of the proposed method is to obtain a more uniform stress distribution on the cantilever beam 

during harmonic excitation. To achieve this goal, a counter mass is connected to the beam with a lever 

mechanism. The counter mass is located at the left end of the lever beam, and the other end of the lever 

beam is pin connected to a rigid link, which is pin-connected to the beam. The lever is also connected to the 

support with an L-shaped frame. A simple schematic of the mechanism is shown in Figure1(a).  

During oscillation, the inertia forces exerted by the tip mass and the counter mass will have the same 

direction (see Figure1(b)). Due to the lever mechanism, the counter mass inertia force on the beam will have 

a direction opposite to the inertia force of the tip mass. This way, these two forces acting on the cantilever 

beam will have a moment effect, which in turn will result in a more uniform stress distribution on the beam.  

 

 

 

 

 

 

 

 

 

 

To assess the effect of geometrical parameters on the stress uniformity and demonstrate the improvement 

on stress uniformity with the proposed mechanism, a mathematical model is constructed, which is presented 

next. 

 

Figure 1: Schematic of the proposed structure when there is no oscillation 

(a), when there is oscillation (b).  
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3 Mathematical modeling 

An extensive model of the proposed design is given in this section. The model includes the lever mechanism 

model, modal analysis of the beam and finally the harmonic response analysis based on modal expansion 

method. 

Some assumptions are used to facilitate the modeling process; which are listed below: 

• The piezoelectric beam is modeled using the Euler-Bernoulli beam theory, so the length to thickness 

ratio of the beam is assumed to be large. In addition, it is assumed that the beam consists of a single 

homogenous material. The effect of piezoelectric layer on beam response is neglected. 

• The links that form the mechanism are assumed to be rigid and massless. All the joints that form 

the mechanism are assumed to be frictionless hinges. The tip mass and the counter mass are assumed 

to be point masses. 

• The beam is rectangular, therefore it is assumed that the stress on the beam does not vary in the z 

(i.e. width) direction. 

• The damping on the beam is assumed to be viscous and to depend on the beam deflection rate with 

respect to the beam base. The damping effects on the lever mechanism are neglected. 

• The rigid link which connects the lever to the beam is assumed to remain vertical during oscillation. 

As a result of this assumption, the force transmitted to the beam by this link will be in the transverse 

direction. 

• The beam possesses small deformations, and the angle of rotation of the lever is assumed to be 

small. 

• The stress induced on the beam in the static case is neglected. 

3.1 Modeling of the lever mechanism 

The static analysis is skipped based on the assumption that the stresses induced on the beam when there is 

no vibration is negligible. Figure 2(a) shows the lever and the beam on the same schematic at an arbitrary 

time during oscillation. The angle of rotation of the lever is given as 𝛽(𝑡), measured positive counter 

clockwise. The lengths of the left and right portion of the lever are L1 and L2, respectively. The counter mass 

is denoted as mc. 

 

Figure 2: The design parameters of the lever and the beam (a); the free-body diagram (b) and the kinetic 

diagram (c) of the lever. 
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A vertical link connects the right end of the lever to the beam, at the location 𝑥 = 휀𝐿. The deflection of the 

beam as a function of spatial coordinate and time is 𝑦(𝑥, 𝑡), and thus the deflection at  𝑥 = 휀𝐿 will be 

𝑦(휀𝐿, 𝑡). From geometry, and by using small angle assumption for the lever angle, the relation between the 

lever angle and the beam deflection is given as 

 𝛽(𝑡) = 𝑦(휀𝐿, 𝑡) 𝐿2⁄  (1) 

The free-body diagram and the kinetic diagram of the lever are given in figures 2(b) and 2(c). The 

acceleration due to support motion is given as 𝑎base. If the base excitation is harmonic, i.e. 𝑦𝑏(𝑡) = 𝑌0 cos 𝜔𝑡, 

then 

 𝑎𝑏𝑎𝑠𝑒(𝑡) = −𝑌0𝜔2 cos 𝜔𝑡 (2) 

where Y0 and ω are amplitude and the frequency of harmonic base excitation, respectively. The equation of 

motion by summing moments about the lever support gives 

 (𝑅𝑦𝐿2 − 𝑚𝑐𝑔𝐿1) cos 𝛽(𝑡) = 𝑚𝑐(−𝑌0𝜔2 cos 𝜔𝑡)𝐿1 cos 𝛽 −𝑚𝑎β̈(𝑡)𝐿1
2  (3) 

Using the small angle approximation cos 𝛽(𝑡) ≈ 1 and using equation (1) for equation (3) will give the 

following expression for 𝑅𝑦(𝑡): 

 
𝑅𝑦(𝑡) =

𝐿1

𝐿2
𝑚𝑐 (𝑔 − 𝑌0𝜔2 cos 𝜔𝑡 − �̈�(휀𝐿, 𝑡)

𝐿1

𝐿2
) (4) 

Equation (4) is a summation of three terms. The first term is the static term due to gravity, and its effect on 

the beam is neglected. The second term is the desired harmonic force due to the oscillation of the counter 

mass. The third term is the inertia force due to the accelerated rotation of the counter mass. The application 

of 𝑅𝑦(𝑡) on the beam and derivation of the beam deflection function is provided in the next sections. 

 

3.2 Modeling of the cantilever beam 

The transverse vibration of a cantilever beam with harmonic base excitation is an extensively analyzed 

problem in mechanical vibrations. However, application of the force 𝑅𝑦(𝑡), given by equation (4), on the 

beam requires attention. The first term of 𝑅𝑦(𝑡) is neglected, so only the second and third term should be 

applied to the beam. However, third term,  −𝑚𝑐�̈�(휀𝐿, 𝑡)(𝐿1 𝐿2⁄ )2 includes an unknown function �̈�(휀𝐿, 𝑡). 

Applying a force with this unknown term complicates the solution for the beam deflection function, 𝑦(𝑥, 𝑡). 

Since �̈�(휀𝐿, 𝑡) equals the acceleration of the beam at the location 𝑥 = 휀𝐿, it is possible to represent the third 

term as a virtual point mass, located at  𝑥 = 휀𝐿. As seen in figure 3, this virtual mass is shown with mv. To 

accurately model the third term in 𝑅𝑦(𝑡), the following equation should be set 

 𝑚𝑣 = 𝑚𝑐(𝐿1 𝐿2⁄ )2 (5) 

Excluding the first and third term from 𝑅𝑦(𝑡), the force that is applied to the cantilever beam, denoted as 

f(t), can be expressed as 

 
𝑓(𝑡) = −

𝐿1

𝐿2
𝑚𝑐𝑌0𝜔2 𝑐𝑜𝑠 𝜔𝑡 (6) 

The solution for deflection function for the problem shown in figure 3 involves two steps. In the first step, 

the external force is omitted and a modal analysis is performed for the undamped beam. After solving for 

the natural frequencies and the mode shapes, harmonic response is solved for the forced and damped beam, 

using mode superposition method.  
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Figure 3: The flexible beam with virtual intermediate mass mv, with base excitation. 

 

3.3 Modal analysis 

 

To perform the modal analysis of the cantilever beam with a tip mass and an intermediate mass, the beam 

length is divided into two regions with deflection functions defined as 𝑦1(𝑥, 𝑡) and 𝑦2(𝑥, 𝑡). These regions 

are shown in figure 3. Using the Euler-Bernoulli theory, the dynamic equation for the pure transverse 

oscillation of the unforced and undamped beam can be written as 

 
𝐸𝐼𝑦𝑖

𝐼𝑉(𝑥, 𝑡) + 𝜌𝐴�̈�𝑖(𝑥, 𝑡) = 0 (7) 

for i = 1, 2. In this equation, E, I, ρ and A are the Young’s modulus, area moment of inertia for transverse 

bending, density and section area, respectively. The boundary conditions for the left and right end can be 

expressed as 

 𝑦1(0, 𝑡) = 0 (8) 

 𝑦1
′(0, 𝑡) = 0 (9) 

 𝐸𝐼𝑦′′(𝐿, 𝑡) = 0   

(10) 

 𝐸𝐼𝑦′′′(𝐿, 𝑡) = 𝑚𝑡�̈�(𝐿, 𝑡) (11) 

For the location 𝑥 = 휀𝐿, the contiunity equations are given below 

 𝑦1(휀𝐿, 𝑡) = 𝑦2(휀𝐿, 𝑡) (12) 

 𝑦1
′(휀𝐿, 𝑡) = 𝑦2

′(휀𝐿, 𝑡) (13) 

 𝑦1′′(휀𝐿, 𝑡) = 𝑦2
′′(휀𝐿, 𝑡)   (14) 

 𝐸𝐼𝑦1
′′′(휀𝐿, 𝑡) − 𝑚𝑣𝑦1̈(휀𝐿, 𝑡) − 𝐸𝐼𝑦2′′′(휀𝐿, 𝑡) = 0 (15) 

The last continuity equation includes the change in internal shear due to the inertia force of the intermediate 

mass. 

 

For both regions, modal expansion is applied and the deflection function is written as the infinite summation 

of temporal and spatial terms: 

 
𝑦𝑖(𝑥, 𝑡) = ∑ ∅𝑖𝑟(𝑥)𝑇𝑖𝑟(𝑡)

∞

𝑟=1

 (16) 
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Here, ∅𝑖𝑟(𝑥) and 𝑇𝑖𝑟(𝑡) are the mode shape function and the temporal term for mode r of region i, 

respectively. Using equation (16) in equation (7), the dynamic equation becomes 

 
𝑐2∅𝑖

𝐼𝑉(𝑥)𝑇𝑖(𝑡) + ∅𝑖(𝑥)�̈�𝑖(𝑡) = 0 (17) 

where 𝑐2 = 𝐸𝐼 𝜌𝐴⁄ . Arranging equation (17) gives 

 

𝑐2
∅𝑖

𝐼𝑉(𝑥)

∅𝑖(𝑥)
= −

�̈�𝑖(𝑡)

𝑇𝑖(𝑡)
= 𝜔𝑖

2 (18) 

which yields two differential equations 

 
∅𝑖

𝐼𝑉(𝑥) − 𝛽𝑖
4∅𝑖(𝑥) = 0 (19) 

 
�̈�𝑖(𝑡) + 𝜔𝑖

2𝑇𝑖(𝑡) = 0 (20) 

with 𝛽𝑖 = √𝜔𝑖 𝑐⁄ . 

 

The general solution for the mode shape functions is expressed as 

 ∅1𝑖(𝑥) =  𝑐1𝑖𝑠𝑖𝑛(𝛽1𝑖𝑥) + 𝑐2𝑖𝑐𝑜𝑠(𝛽1𝑖𝑥) + 𝑐3𝑖𝑠𝑖𝑛ℎ(𝛽1𝑖𝑥) + 𝑐4𝑖𝑐𝑜𝑠ℎ(𝛽1𝑖𝑥) (21) 

 ∅2𝑖(𝑥) = 𝑐5𝑖𝑠𝑖𝑛(𝛽2𝑖𝑥) + 𝑐6𝑖𝑐𝑜𝑠(𝛽2𝑖𝑥) + 𝑐7𝑖𝑠𝑖𝑛ℎ(𝛽2𝑖𝑥) + 𝑐8𝑖𝑐𝑜𝑠ℎ(𝛽2𝑖𝑥) (22) 

where the terms c1i to c8i are the coefficients for mode i. Applying the boundary conditions (8-11) and the 

continuity equations (12-15) results in  

 𝛽1𝑖 = 𝛽2𝑖 = 𝛽𝑖  (23) 

 𝜔1𝑖 = 𝜔2𝑖 = 𝜔𝑖 (24) 

Hence, the mode shape functions (equations (21-22)) can be rewritten as 

 ∅1𝑖(𝑥) =  𝑐1𝑖𝑠𝑖𝑛(𝛽𝑖𝑥) + 𝑐2𝑖𝑐𝑜𝑠(𝛽𝑖𝑥) + 𝑐3𝑖𝑠𝑖𝑛ℎ(𝛽𝑖𝑥) + 𝑐4𝑖𝑐𝑜𝑠ℎ(𝛽𝑖𝑥) (25) 

 ∅2𝑖(𝑥) = 𝑐5𝑖𝑠𝑖𝑛(𝛽𝑖𝑥) + 𝑐6𝑖𝑐𝑜𝑠(𝛽𝑖𝑥) + 𝑐7𝑖𝑠𝑖𝑛ℎ(𝛽𝑖𝑥) + 𝑐8𝑖𝑐𝑜𝑠ℎ(𝛽𝑖𝑥) (26) 

 

Equations (25-26) lead to the eigenvalue problem, where the eigenvalues are the 𝛽𝑖s and the eigenvectors 

are the related mode shape functions. Finding the eigenvalues and eigenvectors by using the boundary 

conditions and continuity equations completes the modal analysis part. 

3.4 Harmonic Response Analysis 

The modal analysis results will be used to determine the response to harmonic base excitation. As seen in 

Fig.3, the beam is subjected to harmonic base excitation, and as a result of the lever mechanism, a force f(t) 

is applied at 𝑥 =  휀𝐿. Since the third term of the force 𝑅𝑦(𝑡) derived in equation (4) is already modeled as 

a virtual mass (equation (5)) and the static effects (i.e. the gravity term in equation (4)) are neglected; the 

force f(t) will only include the inertia due to harmonic base excitation on the counter mass: 

 
𝑓(𝑡) = −

𝐿1

𝐿2
𝑚𝑐𝑌0𝜔2 𝑐𝑜𝑠 𝜔𝑡 (27) 

The dynamic equation for the whole beam can be expressed as 

 𝐸𝐼𝑦𝐼𝑉(𝑥, 𝑡) + 𝜌𝐴�̈�𝑡(𝑥, 𝑡) + 𝛾�̇�(𝑥, 𝑡) = 𝐹(𝑥, 𝑡) (28) 

 

where 
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 𝑦𝑡(𝑡) = 𝑦(𝑡) + 𝑌0𝑐𝑜𝑠(𝜔𝑡) (29) 

 𝐹(𝑥, 𝑡) = 𝑓(𝑡)𝛿(𝑥 − 휀𝐿) (30) 

Arranging equation (28) we reach 

 𝐸𝐼𝑦𝐼𝑉(𝑥, 𝑡) + 𝜌𝐴�̈�(𝑥, 𝑡) + 𝛾�̇�(𝑥, 𝑡) = 𝑓(𝑡)𝛿(𝑥 − 휀𝐿) + �̅�𝑐𝑜𝑠(𝜔𝑡) (31) 

where 

 
𝑌 = 𝜌𝐴𝑌0𝜔2 (32) 

Applying modal expansion theorem to the deflection function, we reach 

 

𝐸𝐼 ∑ ∅𝑟
𝐼𝑉(𝑥)𝑇𝑟(𝑡)

∞

𝑟=1

+ 𝜌𝐴 ∑ ∅𝑟(𝑥)�̈�𝑟(𝑡)

∞

𝑟=1

+ 𝛾 ∑ ∅𝑟(𝑥)�̇�𝑟(𝑡)

∞

𝑟=1

= �̅� 𝑐𝑜𝑠 𝜔𝑡 + 𝑓(𝑡) 𝛿(𝑥 − 휀𝐿) 

(33) 

The mode shape function ∅𝑟(𝑥), defined for the whole beam, can be expressed as a combination of mode 

shape functions defined for each region (equations (25-26)), using the Heaviside step function: 

 
∅𝑟(𝑥) = ∅1𝑟(𝑥)(𝑢(𝑥) − 𝑢(𝑥 − 휀𝐿))+∅2𝑟(𝑥)𝑢(𝑥 − 휀𝐿) (34) 

To solve equation (33), each term is multiplied by the mode shape ∅𝑠(𝑥) and integrated over the beam 

length. The function arguments shown in parentheses are omitted for clarity. 

 

𝐸𝐼 ∑ 𝑇𝑟 ∫ ∅𝑟
𝐼𝑉∅𝑠𝑑𝑥

𝐿

0

∞

𝑟=1

+ 𝜌𝐴 ∑ �̈�𝑟 ∫ ∅𝑟∅𝑠𝑑𝑥
𝐿

0

∞

𝑟=1

+ 𝛾 ∑ �̇�𝑟 ∫ ∅𝑟∅𝑠𝑑𝑥
𝐿

0

∞

𝑟=1

= ∫ 𝑌
𝐿

0

∅𝑠 𝑐𝑜𝑠(𝜔𝑡)𝑑𝑥 +𝑓(𝑡) ∫ ∅𝑠𝛿(𝑥 − 휀𝐿)𝑑𝑥
𝐿

0

 

(35) 

Since the mode shapes are orthogonal, the integrals on the right-hand side of equation (35) will be non-zero 

only when 𝑟 = 𝑠. Therefore, equation (35) simplifies as 

 
[𝐸𝐼𝑇𝑠(𝑡)𝛽𝑠

4 + 𝛾𝑇�̇�(𝑡) + 𝜌𝐴�̈�𝑠(𝑡)]𝛹 = 𝑌𝑐𝑜𝑠(𝜔𝑡) 𝛤 + 𝑓(𝑡)∅𝑠(휀𝐿) (36) 

where 

 

𝛹 = ∫ ∅𝑠
2(𝑥)𝑑𝑥

𝐿

0

 (37) 

 

𝛤 = ∫ ∅𝑠(𝑥)𝑑𝑥
𝐿

0

 (38) 

Substituting equation (27) in equation (36) results in 

 
𝜔𝑠

2𝑇𝑠(𝑡) +
𝛾

𝜌𝐴
𝑇�̇�(𝑡) + �̈�𝑠(𝑡) =

𝑐𝑜𝑠(𝜔𝑡)

𝛹
[𝑌𝛤 −

𝐿1

𝐿2
∅𝑠(휀𝐿)𝑚𝑐𝑌0𝜔2] (39) 

The steady-state temporal solution to the above differential equation is [19] 

 

𝑇𝑠(𝑡) =
𝑌𝛤 −

𝐿1
𝐿2

∅𝑠(휀𝐿)𝑚𝑐𝑌0𝜔2

𝛹√(𝜔𝑠
2 − 𝜔2)2 + (2휁𝑠𝜔𝑠𝜔)2

𝑐𝑜𝑠 (𝜔𝑡 − 𝑡𝑎𝑛−1
2휁𝑠𝜔𝑠𝜔

𝜔𝑠
2 − 𝜔2) 

(40) 

where 

 휁𝑠 = 𝛾 (2𝜌𝐴𝜔𝑠𝜔)⁄  (41) 
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Finally, the temporal function 𝑇𝑠(𝑡) and the mode shape function 𝜙𝑠(𝑥) are multiplied and infinite 

summation is performed, to obtain the deflection function. 

 

𝑦(𝑥, 𝑡) = ∑ ∅𝑠(𝑥)𝑇𝑠(𝑡)

∞

𝑠=1

= ∑ 𝑌𝑠(𝑥) 𝑐𝑜𝑠 (𝜔𝑡 − 𝑡𝑎𝑛−1
2휁𝑠𝜔𝑠𝜔

𝜔𝑠
2 − 𝜔2

)

∞

𝑠=1

 (42) 

where 

 

𝑌𝑠(𝑥) = ∅𝑠(𝑥)
𝑌𝛤 −

𝐿1
𝐿2

∅𝑠(휀𝐿)𝑚𝑐𝑌0𝜔2

𝛹√(𝜔𝑠
2 − 𝜔2)2 + (2휁𝑠𝜔𝑠𝜔)2

 
(43) 

The expression of ∅𝑠(𝑥) in equation (43) is already given in equation (34). If it is assumed that the phase 

(tan−1 2𝜁𝑠𝜔𝑠𝜔

𝜔𝑠
2−𝜔2) is negligible, then the deflection function can be simplified as follows 

 𝑦(𝑥, 𝑡) = 𝑌(𝑥) 𝑐𝑜𝑠(𝜔𝑡) (44) 

where 

 

𝑌(𝑥) = ∑ 𝑌𝑠(𝑥)

∞

𝑠=1

 (45) 

Deriving the deflection function 𝑦(𝑥, 𝑡) completes the mathematical modelling. 

4 Results and Discussion 

There are various geometrical parameters and material properties that are expected to affect the stress 

uniformity on the beam. Assuming that the piezoelectric patch spans the top surface of the beam within the 

range (0, 휀𝐿), the uniformity parameter, denoted by η, is calculated as follows 

 
휂 =

∫ 𝑌(𝑥)′′𝑑𝑥
𝜀𝐿

0

max(𝑌(𝑥)′′)
 (46) 

 

The second derivative of deflection with respect to x is proportional to stress, according to the Euler-

Bernoulli beam theory. The numerator of equation (46) represents the area-averaged surface axial stress of 

the beam. Dividing this value to the maximum value of stress, the uniformity is found.  

 

In this study, the effect of two non-dimensional parameters on fundamental frequency and uniformity are 

analyzed and preliminary results are presented. These parameters are the non-dimensional counter mass, 

defined as the counter mass to tip mass ratio (𝑚𝑐 𝑚𝑡⁄ ), and the leverage ratio 𝐿1 𝐿2⁄ . The non-dimensional 

counter mass is varied from 0 to 2, with increments of 0.5, and the leverage ratio is varied from 0 to 1, with 

increments of 0.25. The other geometrical parameters and material properties are provided in table 1. The 

modal summation is performed by using the first five modes and the damping ratio is taken as 0.01 for all 

modes.  
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Parameter Value Unit 

Beam length 100 mm 

Beam width 10 mm 

Beam thickness 2 mm 

𝜺 0.8 - 

Tip mass 0.01 kg 

Young’s modulus 69 GPa 

Density 2700 kg m3⁄  

𝜻𝒔 0.01 - 

Table 1: Parameters used in the simulation 

 

The effect of non-dimensional counter mass and leverage ratio on the fundamental natural frequency is 

analyzed first. The analysis is performed by plotting the tip deflection as a function of frequency, as seen in 

figure 4. The frequency response when there is no lever mechanism is also included in the plots for 

comparison. Each frequency response is divided to its maximum for normalization. As seen from the plots, 

increasing the counter mass, as well as the leverage ratio results in a decrease in the fundamental natural 

frequency. The results are expected, since increasing these parameters results in a higher effective inertia.  

  

Figure 4: The normalized tip deflection as a function of excitation frequency. 𝑚𝑐 𝑚𝑡⁄  is varied when 

𝐿1 𝐿2⁄ = 0.5 (a); 𝐿1 𝐿2⁄  is varied when 𝑚𝑐 𝑚𝑡⁄ = 1 (b). 

 

To assess the effect of 𝑚𝑐 𝑚𝑡⁄  and 𝐿1 𝐿2⁄  on uniformity, the mean uniformity within the excitation 

frequency range 200-400 rad/s is computed, and tabulated in table 2 for different 𝑚𝑐 𝑚𝑡⁄  and 𝐿1 𝐿2⁄  values. 

The standard deviation of uniformity within the same range is also given.  

 

𝒎𝒄 𝒎𝒕⁄  𝑳𝟏 𝑳𝟐⁄  mean(𝜼) stdev(𝜼) 𝒎𝒄 𝒎𝒕⁄  𝑳𝟏 𝑳𝟐⁄  mean(𝜼) stdev(𝜼) 

0.5 0.25 0.5748 0.0074 1.5 0.25 0.5981 0.0087 

0.5 0.50 0.5420 0.0239 1.5 0.50 0.5732 0.0008 

0.5 0.75 0.5925 0.0089 1.5 0.75 0.5582 0.0027 

0.5 1 0.5737 0.0015 1.5 1 0.5445 0.0050 

1 0.25 0.5467 0.0231 2 0.25 0.5864 0.0021 

1 0.50 0.5819 0.0019 2 0.50 0.5678 0.0018 

1 0.75 0.5673 0.0011 2 0.75 0.5513 0.0040 

1 1 0.5551 0.0029 2 1 0.5367 0.0066 

0 - 0.58 0.0051     

Table 2: Mean and standard deviation of uniformity within 200-400 rad/s excitation frequency range. The 

results when there is no lever mechanism are shown in bold. 
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The last row of the table shows that the mean uniformity when there is no lever mechanism (𝑚𝑐 𝑚𝑡⁄ = 0) 

equals 0.58. Mean uniformity values greater than this value are highlighted with gray color. The results 

clearly show that it is possible to obtain higher stress uniformity on the beam with the proposed lever 

mechanism. It is also advantageous to have low variation of uniformity within the given frequency range. 

The combination 𝑚𝑐 𝑚𝑡⁄ = 2, 𝐿1 𝐿2⁄ = 0.25 has a mean uniformity of 0.5864 and a low standard deviation 

of 0.0021. Both of these values are improved, compared to the case without lever mechanism. It can be 

inferred that the once the design parameters are correctly tuned, the proposed mechanism exhibits higher 

efficiency in a wide frequency range, compared to a conventional piezoelectric beam energy harvester.  

 

The results given in table 2 reveals that the effect of non-dimensional counter mass and leverage ratio on 

performance is complex, and requires further investigation. These parameters influence the virtual mass mv 

and the external harmonic force f(t), which in turn affect the natural frequencies, mode shapes as well as 

harmonic response. This preliminary study demonstrates the possible benefits of the lever mechanism.  

 

5 Conclusion 

In this paper, the analytical model of a cantilever beam type vibration energy harvester with a lever 

mechanism and a counter mass has been proposed. The objective is to increase energy conversion efficiency 

by obtaining a more uniform stress distribution within the piezoelectric cantilever beam. A comprehensive 

analytical model is constructed using the Euler-Bernoulli beam theory. The effect of counter mass and 

leverage ratio on stress uniformity within the excitation frequency range 200-400 rad/s are analyzed. It is 

shown that by tailoring the non-dimensional counter mass and leverage ratio values, stress uniformity can 

be improved, compared to a conventional cantilever beam energy harvester. As for future work, a thorough 

optimization on stress uniformity will be performed and the analytical model will be verified with finite 

element analysis and experimental study. 
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Abstract 
Random vibration of a structure dissipates energy at a rate proportional to the Power Spectral Density of 

the vibration and the mass of the structure. This energy must be directed away from damaging processes, 

especially fatigue, into non-damaging damping mechanisms. A portion of the available energy can be 

extracted as useful work, for example to power a condition monitoring system. Perpetuum manufacture 

just such a system. The issues raised by this approach are the extraction of the highest proportion of the 

available energy, and the overall durability of the system in its environment. This paper reports efficiency 

measurements of an energy harvesting condition monitoring system applied to a rail vehicle, along with a 

design rule and figures of merit for operation in harsh environments. 

1 Introduction 

It is often necessary to operate equipment under severe mechanical vibration. For example, the wheel-rail 

interface of a rail vehicle is a high-speed, high-load, metal-to-metal contact, exposed to the elements 

without intentional surface coating or lubrication. Surface degradation in service is almost certain. It may 

be desirable to mount equipment near the wheel, axle, or axle-bearing, for purposes of condition 

monitoring (CM) [1]. This region is below the vehicle suspension and the structure has low compliance. 

Any surface imperfections in the rail, wheel or bearing can be expected to give rise to large forces and 

accelerations. By implication, however, small or even subsurface defects may be perceptible. 

An energy harvester is essentially a tuned mass damper in which energy is extracted as electrical current 

which can perform useful work. Perpetuum have commercialised a complete wireless CM system powered 

by electromagnetic energy harvesting, which avoids technical issues associated with access, connection, or 

battery changes in environments where these are unwelcome – for example, retrofit to the underside of a 

train bogie. However, new issues are raised by this approach: 

• What power can be extracted from the vibration environment? 

• How might such a system be made most resistant to the environmental vibration? 

1.1 Wheel-rail interface 

Forces at the wheel-rail interface can be expected to vary as the vehicle travels along the rails. That is, the 

force will have a substantially ‘random’ character, as opposed to any repeating waveform, and this means 
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that there will be components of the vibration across a continuous range of frequencies. This range of 

frequencies will almost certainly excite resonances in the structure. 

Random vibration is described as a function of frequency by a measure known as Power Spectral Density 

(PSD). It is known that the energy dissipated by random vibration in a structure with a resonant frequency 

𝑓 depends only on the modal mass and the PSD at 𝑓 [2]. This energy must be dissipated somewhere, and it 

is this that drives the use of tuned mass dampers where resonances cannot otherwise be avoided. The 

vibrational energy must be diverted away from the damaging processes of fretting and fatigue. 

The aims of this work are to address two issues arising from the use of an electromagnetic mass damper in 

this way: 

• Efficiency – what is the greatest proportion of the available power that can be extracted from a 

given PSD? 

• Durability – could the power extraction be designed so as to optimise the mechanical durability of 

the system? 

Brennan et al. [3] have shown that, for random vibration, an optimised energy harvester can act as an 

optimised mass damper. 

2 Background to vibration energy  

The calculation of resonant response to random vibration is commonly credited to Miles [4]. Crandall’s 

text [5] is more direct: the mean squared displacement 𝑦2̅̅ ̅ is given by equation (1), 

 𝑦2̅̅ ̅ =
𝜋

2

𝑆0

𝜁𝜔𝑛
3 (1) 

Here 𝜔𝑛 is the resonant frequency in radians per second and the value 𝜁 represents the damping in the 

structure, otherwise expressed by the Q-factor, equation (2): 

 𝑄 = 1 2𝜁⁄  (2) 

Vibration is an acceleration signal, and 𝑆0 is the Power Spectral Density (PSD) of the vibration at 

frequency 𝜔𝑛, in (m/s²)² per radian per second. Importantly, 𝑆0 is defined at both positive and negative 

frequencies. We would rather concern ourselves with a more intuitive definition of PSD, 𝐴, such that 

frequency 𝑓 is in Hertz, there are no negative frequencies, and 𝐴(𝑓) ∙ 𝑑𝑓 simply ‘represents the 

contribution to the variance from frequencies between 𝑓 and (𝑓 + 𝑑𝑓)’ [6]. In other words, 

 𝐴 = 4𝜋𝑆0 (3) 

We note that the mean squared velocity 𝑣2̅̅ ̅ of the resonant response is given by equation (4): 

 𝑣2̅̅ ̅ = 𝜔𝑛
2𝑦2̅̅ ̅ (4) 

Substituting (2-4) into (1), 𝑣2̅̅ ̅ =
𝐴𝑄

4𝜔𝑛
 (5) 

Now consider the moving (modal) mass in the resonance, 𝑚. Clearly the average energy �̅� (elastic + 

kinetic) stored in the resonant motion is given by equation (7): 

 �̅� = 𝑚𝑣2̅̅ ̅ (6) 

Substituting into (5), �̅� =
𝑚𝐴𝑄

4𝜔𝑛
 (7) 

The Q-factor is defined so that the average power �̅� dissipated in the system is given by equation (8): 

 �̅� =
𝜔𝑛�̅�

𝑄
 (8) 
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By substitution again, �̅� =
𝑚𝐴

4
 (9) 

This means that the power dissipated in a system by random vibration depends only on the modal mass 𝑚 

and the PSD 𝐴 at the resonant frequency. This is a remarkable result, not least for its recent ‘rediscovery’ 

in the fields of energy harvesting [2] and automotive suspensions [7]. Recent authors [8-11] have shown 

that equation (9) holds for all nonlinear resonators, though this might be suspected from dimensional 

analysis. The only exception would seem to be a potential increase in effective 𝑚 caused by rotational 

motion in the system [12]. 

For a designer, equation (7) is pertinent. It implies that a structure must store elastic energy which depends 

only on mass, PSD, and the value of 𝑄 𝜔𝑛⁄ . The presence of 𝜔𝑛 here must not be taken too seriously: 

𝑄 𝜔𝑛⁄  should rather be interpreted as the characteristic decay time 𝑡 of the system. Alternatively, for 

viscous damping 𝑐 (force proportional to velocity) acting on a mass 𝑚,  

 
𝑚

𝑐
=

𝑄

𝜔𝑛
= 𝑡 (10) 

In other words, the only way to control the total stored elastic energy in a structure of a given mass 

exposed to random vibration is to manage the damping in the structure. Finite element analysis can help 

distribute the energy beneficially, but it cannot easily comment on structural damping. 

3 Durability of an energy harvester 

Following Williams [13] (though similar illustrations can be found at least as far back as 1954 [14-15]), an 

electromagnetic energy harvester is completely described by the equivalent circuit of Figure 1, where 𝑎 is 

mounting-point acceleration, 𝑣 is response velocity, and 𝑉 is the EMF (electromotive force) induced in the 

coil: 

 

Figure 1 – Harvester equivalent circuit after Williams [13] 

We omit the coil self-capacitance, which is negligible at the frequencies of interest. The system is then 

described by the parameters listed in Table 1. Note subscripts ‘C’ for coil parameters and ‘0’ for 

mechanical parameters. Similar presentations exist in the literature, e.g. [11-12, 16]. 

  

𝐼 =
𝑚𝑎

Φ
 𝑅0 

𝐶0 =
𝑚

Φ2
 𝐿0 =

Φ2

𝑘0
 

𝑅𝐶  

𝐿𝐶  

𝑉 = Φ𝑣 

𝑅𝐿 
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Parameter Symbol Unit 

Coil resistance 𝑅𝐶 Ω 

Coil inductance 𝐿𝐶 Ω 

Load resistance 𝑅𝐿 Ω 

Moving mass 𝑚 kg 

Spring stiffness 𝑘0 N·m-1 

Magnetic coupling Φ N·A-1, V·s·m-1 

Mechanical damping, represented 

by an internal shunt resistor 
𝑅0 Ω 

Table 1 – Parameters of an electromagnetic energy harvester 

For random vibration, there are three dissipative elements, 𝑅𝐶, 𝑅0 and 𝑅𝐿, and the total average power 

dissipated in these elements is fixed by the mass 𝑚 and the PSD 𝑎, equation (9). The system therefore 

reduces to Figure 2: 

 

Figure 2 – Simplified equivalent circuit at resonance 

3.1 Design for durability 

A system is most resistant to applied vibration when the energy �̅� stored in the resonance is minimised. 

Equation (7) indicates that this occurs for a harvester when the damping is maximised. Therefore, the 

harvester is most durable when 𝑅𝐿 = 0. Unfortunately this results in zero power delivery to the load! A 

better question is therefore this: 

What load resistance maximises load power 𝑃𝐿 for a given stored energy �̅�? 

At resonance, 𝐶0 and 𝐿0 cancel, and we assume that 𝐿𝐶 is small (for inductive corrections, see [17-18]). 

The voltage 𝑉 dissipates fixed power �̅� in a total resistance 𝑅𝑇 given by equation (11): 

 𝑅𝑇 =
(𝑅𝐿 + 𝑅𝐶)𝑅0

𝑅0 + 𝑅𝐿 + 𝑅𝐶
 (11) 

From (8) and (10) we have �̅� =
𝑐�̅�

𝑚
 (12) 

�̅�

=
𝑚𝐴

4
 

𝑅0 

𝑅𝐶  

𝑅𝐿 

𝑉 = Φ𝑣 
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and we know from first principles �̅� = 𝑐𝑣2̅̅ ̅ =
𝑉2̅̅̅̅

𝑅𝑇
=

𝑣2̅̅ ̅Φ2

𝑅𝑇
 (13) 

Now from (13) we can see 𝑐 =
Φ2

𝑅𝑇
 (14) 

so combine (12) and (14) to get �̅� =
Φ2�̅�

𝑅𝑇𝑚
 (15) 

We are interested in the power in the load 𝑃𝐿
̅̅ ̅, and it’s fairly easy to show that 

 
𝑃𝐿
̅̅ ̅

�̅�
=

𝑅0𝑅𝐿

(𝑅0 + 𝑅𝐿 + 𝑅𝐶)(𝑅𝐿 + 𝑅𝐶)
 (16) 

Multiplying (15) and (16), 𝑃𝐿
̅̅ ̅ =

Φ2�̅�

𝑚
⋅

𝑅𝐿

(𝑅𝐿 + 𝑅𝐶)2
 (17) 

For fixed �̅�, 𝑚, 𝑅𝐶 and Φ, this is maximised for 𝑅𝐿 = 𝑅𝐶, at which point, 

 𝑃𝐿
̅̅ ̅ =

Φ2�̅�

4𝑅𝐶𝑚
 (18) 

In equation (18) we can clearly see that a figure of merit for the energy harvester is given by Φ2 𝑅𝐶𝑚⁄ , or 

in other words the electrical damping at short-circuit divided by the mass. This figure of merit has units of 

s-1, and can be physically interpreted as the reciprocal of the characteristic decay time of oscillations due 

to electromagnetic damping. 

For a given energy stored in the spring, an energy harvester with a higher figure of merit will produce 

more power. Note that this figure of merit is somewhat different to those derived by other authors, [16-

17]; this will be discussed later. 

3.2 Measuring durability figure of merit 

To measure the figure of merit Φ2 𝑅𝐶𝑚⁄  which characterises the durability of an energy harvester, we 

must measure the coil resistance 𝑅𝐶 and the electromagnetic coupling Φ. A Perpetuum harvester with 

moving mass 𝑚 = 0.6kg was obtained for this purpose. 

The mechanical motion of the harvester was temporarily suppressed, so that the coil resistance 𝑅𝐶 = 26Ω 

and inductance 𝐿𝐶 = 22mH could measured with a standard impedance meter. Then the harvester was 

mounted axially on a small permanent-magnet shaker (DataPhysics V55) to measure the magnetic 

coupling Φ. 

Measurements of the magnetic coupling Φ were performed with a sine wave excitation 𝑎 at the resonant 

frequency, with the coil inductance 𝐿𝐶 cancelled at this frequency by a suitable series capacitor. The fixed-

power source of Figure 2 is therefore replaced with the current source of Figure 1, resulting in Figure 3: 
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Figure 3 – Harvester being driven at resonance with appropriate series capacitor 

The procedure is to start with large 𝑅𝐿 and small 𝑎, so that the output is most sensitive to frequency, and 

to find the resonant frequency for a particular amplitude of motion (indicated by 𝑉). Note that: 

• the measured load voltage is always less than 𝑉 by a factor 𝑅𝐿 (𝑅𝐶 + 𝑅𝐿)⁄ . 

• nonlinearities in the harvester will tend to inject overtones into the acceleration signal, unless the 

shaker has a very large ‘ballast’ mass, so acceleration must be measured carefully at the 

fundamental frequency only. 

• the acceleration must be kept constant as the frequency is varied. 

The resonant frequency at 𝑉 = 1VRMS was found to be 68.59Hz, giving 𝜔𝑛 = 431 radians·s-1. This 

necessitated a series capacitor of 1 𝐿𝐶𝜔𝑛
2⁄  = 250μF. 

The object is then to measure load current 𝐼𝐿 as a function of 𝑎, at constant 𝑉 (constant amplitude). The 

load current is given by equation (19): 

 𝐼𝐿 =
𝑚𝑎

Φ
−

𝑉

𝑅0
 (19) 

A plot of 𝑅𝐿 against 𝑎 will then have slope 𝑚 Φ⁄  and negative y-intercept 𝑉 𝑅0⁄ .  

3.3 Durability figure of merit: results 

Measurements of the magnetic coupling Φ, for a Perpetuum energy harvester of mass  𝑚 = 0.6kg, are 

plotted in Figure 4:  

  

𝐼 =
𝑚𝑎

Φ
 𝑅0 

𝑅𝐶  

𝑅𝐿 

𝑉 = Φ𝑣 
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Figure 4 – Shaker measurement of Perpetuum energy harvester magnetic coupling 

The results of the measurements are summarised in Table 2: 

Mass 𝑚 0.6 kg 

Slope 𝑚 Φ⁄  21.594 mA/m·s-2 

Negative y-intercept 𝑅0 1089 Ω 

Magnetic coupling Φ 27.8 N·A-1 

Figure of merit Φ2 𝑅𝐶𝑚⁄  49.5 s-1 

Table 2 – Measured parameters of Perpetuum harvester 

4 Efficiency of an energy harvester 

As we have seen, for a given PSD, total dissipated power �̅� is fixed. For reasons of brevity we leave it as 

an exercise for the reader to show from equation (16) that: 

𝑃𝐿
̅̅ ̅ is maximised for  𝑅𝐿 = 𝑅𝐶√1 +

𝑅0

𝑅𝐶
 (20) 

at which point the efficiency is 𝜂 =
√1 +

𝑅0
𝑅𝐶

− 1

√1 +
𝑅0
𝑅𝐶

+ 1

 (21) 

As 𝑅𝐶 is fixed for a given harvester, it remains to measure 𝑅0. The figure of merit in this case is 𝑅0 𝑅𝐶⁄ , 

which can be interpreted as the ratio of the short-circuit electrical damping to the mechanical damping, in 

agreement with [16]. 

𝑅0 is a function of mechanical amplitude. There are many contributions to 𝑅0 [19]. In addition it may be 

desirable to introduce extra mechanical damping in high-vibration environments, to prevent the harvester 

resonant response becoming excessive. 
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In general, it is observed that 𝑅0 decreases with increasing mechanical amplitude. In other words, the 

damping increases with amplitude. This allows us to take the novel step of building the harvester into a 

test circuit which is essentially a bridge oscillator, Figure 5: 

 

Figure 5 – Measuring harvester damping 

First we mount the harvester on a large suspended (‘floating’) mass 𝑀 so that it can resonate freely, with 

minimal interaction with the wider environment. This has the effect of replacing the mass 𝑚 with the 

‘reduced mass’ 𝑚′ (equation 22), as shown in Figure 6: 

 

 𝑚′ =
𝑚𝑀

𝑚 + 𝑀
 (22) 

 

Figure 6 – Equivalent circuit for harvester isolated on ‘floating’ mass 

The impedance of the harvester is a maximum, 𝑅0 + 𝑅𝐶 + 𝐿𝐶 , at the system resonance. If this is greater 

than the impedance 𝑅1 + 𝑅𝐶 + 𝐿𝐶 in the positive-feedback arm of Figure 5, then the resonance will 

increase in amplitude, and vice-versa. The resonant amplitude will change until 𝑅0 = 𝑅1. 

At that point the harvester EMF, 𝑉 = Φ𝑣, is duplicated across 𝑅1, where it can be measured. 
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With a pair of measurements, (𝑉, 𝑅0) we can calculate the optimum load resistor (equation 20) and the 

optimum efficiency (equation 21). We can then calculate (equation 17) the power that would be dissipated 

in an installed harvester with this load, operating at the point (𝑉, 𝑅0), which gives us an estimate of the 

random PSD associated with the point (𝑉, 𝑅0). Finally we can associate estimated PSD with efficiency 

and optimum load. 

4.1 Efficiency measurements: results 

A Perpetuum harvester with 𝑅𝐶 = 26Ω, 𝐿𝐶 = 22mH, and 𝑚 = 0.6kg was measured as described above. 

Optimum load, equation (20), was estimated as a function of PSD 𝐴 and also load power 𝑃𝐿
̅̅ ̅. The 

calculated values are shown in Figure 7: 

 

Figure 7 – Estimated optimum load for Perpetuum energy harvester 

Ways of achieving specified resistive loads, and yet supplying constant DC voltage to payload electronics, 

are suggested in [17, 20-21]. 

Estimated efficiency, equation (21), is shown in Figure 8, again as a function of PSD 𝐴 and load power 𝑃𝐿
̅̅ ̅. 

In this case, the data can be approximated by a piecewise straight line fit on log-linear axes: 
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Figure 8 – Estimated efficiencies for Perpetuum energy harvester 

5 Discussion 

5.1 Design for durability 

The electromagnetic durability figure of merit for the Perpetuum energy harvester was measured to be  
Φ2 𝑅𝐶𝑚⁄  = 49.5 s-1 (Table 2). This is the reciprocal of the characteristic decay time of oscillations due to 

electromagnetic damping. 

We can compare this with data from other authors who publish electromagnetic parameters, Table 3: 

 

Author Moving mass 𝑚 / kg (Φ2 𝑅𝐶𝑚⁄ ) / s-1 

Present authors 0.6 49.5 

Hendijanizadeh et al. [12] 8 5.5 

Elliott & Zilletti, [16] 2.2 45.5 

Table 3 – Comparison of Perpetuum device with those of other authors 

It would seem that the Perpetuum device performs well because of its relatively low moving mass. 

Moving mass is easy to increase, but at the cost of reduced durability, unless the magnetic circuit is 

strengthened accordingly.  

The mechanical damping of the Perpetuum device at 𝑉 = 1VRMS was Φ2 𝑅0⁄  = 0.71 N/m·s-1 [13]. The 

frequency was 68.59Hz, giving 𝜔𝑛 = 431 radians·s-1. Two electrical damping conditions were considered: 

a simple mass damper (𝑅𝐿 = 0) and an energy harvester designed for maximum power at a given stored 
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energy (𝑅𝐿 = 𝑅𝐶). Table 4 gives us insight into the proportional bandwidth, 1 𝑄⁄ , of the Perpetuum 

device: 

Condition Electrical damping Total damping 𝑐 𝑄 = 𝜔𝑛𝑚 𝑐⁄  Bandwidth 

𝑅𝐿 = 0 Φ2 𝑅𝐶⁄  = 29.7 N/m·s-1 30.4 N/m·s-1 8.5 12% 

𝑅𝐿 = 𝑅𝐶 Φ2 2𝑅𝐶⁄  = 14.9 N/m·s-1 15.6 N/m·s-1 16.6 6% 

Table 4 – Bandwidth of Perpetuum device as mass damper and maximally durable harvester 

5.2 Design for efficiency 

Figure 7 and Figure 8 show the optimum load and efficiency estimated for the Perpetuum energy 

harvester, over several orders of magnitude of power. As the optimum load varies from 120Ω to 40Ω, the 

efficiency drops accordingly from 60% to 20%, equation (21). This variation in required load has been 

discussed by Halvorsen [17] and Ghandchi-Tehrani & Elliott, [22]. Theoretical optimisation of efficiency 

is further discussed by Hawes & Langley, [18]. Note that equation (20) implies that the optimum load 

should never drop below the durability condition, 𝑅𝐿 = 𝑅𝐶. 

Comparable efficiency measurements in the literature are few and far between. However, we can present 

the data in terms of the figure of merit 𝑅0/𝑅𝐶 proposed by [16], as shown in Figure 9: 

  

Figure 9 – Measured efficiency presented as ratio of electrical to mechanical damping 

The measured values of 𝑅0/𝑅𝐶 shown in Figure 9 are for the most part substantially higher than the value 

of 1 proposed by [16]. Note the piecewise power-law fit in this case. 
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5.3 Dynamic range 

The dynamic range of the measurements might at first seem excessive. However, it is known [23-26] that 

the vibration of a typical vehicle in service is not well characterised by a single PSD measurement; rather, 

the vibration is best characterised as non-stationary [27]. The statistics of some related non-stationary 

processes are discussed by Beck [28]. For our purposes, a constraint on the behaviour is that the power 

dissipated in the vibration must be finite, which means that any distribution of PSD must have a defined 

mean. (A general introduction to some systems which do not behave in this way is given in [29].) 

In the range of PSD from 0.0001 to 0.2 g²/Hz, we estimate optimised power delivery to vary between 

1mW and 0.6W. Standards for accelerated vibration tests, e.g. EN 61373, tend to specify PSD levels 

towards the high end of the measurements presented here. 

The breaks in the curves of Figure 7, Figure 8 and Figure 9 are associated with a deliberately engineered 

increase in mechanical damping and spring rate at high amplitudes, as discussed in e.g. [2, 8-11, 22]. 

Although these nonlinearities cause the displacement and acceleration response of the system to deviate 

from a Gaussian distribution, the energy constraints discussed above cause the velocity to remain 

Gaussian [10-11]. Similar behaviour in a more complex system is discussed in [30-31]. The implication of 

well-behaved kinetic energy is well-behaved strain energy, meaning that some traditional fatigue analyses, 

e.g. [32-34], remain applicable. 

6 Conclusions 

The aims of this work were to characterise the efficiency and durability of an energy harvester applied in a 

condition monitoring system.  

An electromagnetic energy harvester used to power a commercial condition monitoring system was found 

to be able to extract between 60% and 20% of the available vibration energy, a range of 1mW to 0.6W, by 

measurement in a novel bridge circuit. This efficiency is greater than some recent literature might suggest. 

Calculation shows that these systems can be expected to be most durable when the load impedance equals 

the coil impedance, at which point a figure of merit for the system is given by the square of the magnetic 

coupling (N·A-1 or V/m·s²), divided by the coil resistance and the moving mass. The figure of merit for 

this 0.6kg device was found to be 49.5 s-1, in excess of results suggested in the literature. 
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Abstract 
Structural dynamic models of mechanical, aerospace, and civil structures often involve connections of 

multiple subcomponents with rivets, bolts, press fits, or other joining processes. Recent model order 

reduction advances have been made for jointed structures using appropriately defined whole joint models 

in combination with linear substructuring techniques. A whole joint model condenses the interface nodes 

onto a single node with multi-point constraints resulting in drastic increases in computational speeds to 

predict transient responses. One drawback to this strategy is that the whole joint models are empirical and 

require calibration with test or high-fidelity model data. A new framework is proposed to calibrate whole 

joint models by computing global responses from high-fidelity finite element models and utilizing global 

optimization to determine the optimal joint parameters. The method matches the amplitude dependent 

damping and natural frequencies predicted for each vibration mode using quasi-static modal analysis.  

1 Introduction 

Due to their cost effectiveness, mechanical interfaces from joining processes are commonly found within 

structural assemblies and introduce nonlinear behavior localized in these regions. Common types of joints 

include welds, bolted connections and compression fits, all of which introduce frictional contact between 

mating surfaces. In the aerospace and defense industries, vibration mitigation in electronic and 

electromechanical devices can be achieved by press fitting shock and vibration sensitive components 

within foam packaging material. This leads to mechanical interfaces that maintain their strength with 

normal contact pressure and friction to resist relative slipping between subcomponents. Under time-

varying loads, these normal pressures fluctuate and the tangential pressures vary with time, and may 

ultimately exceed slip values. These interfaces can have a significant influence on the overall stiffness and 

dissipation of a built-up assembly, which can account for up to 90% of the damping in a structure [1].  

Many strategies have been developed over several decades to model structures with frictional contact. 

Review papers by Gaul and Nitsche [2] and Bograd et al. [3] summarize various friction models that have 

been developed to model joint forces. The most common and readily available approach in industry is the 

finite element method with Coulomb friction. Commercially available software packages include frictional 

contact algorithms in both implicit and explicit solvers to predict the nonlinear response of structures with 

detailed geometries and complex material models. While many commercially available software exists, 

this paper uses the Sierra Solid Mechanics (Sierra/SM) finite element code [4] developed at Sandia 

National Laboratories to perform the high-fidelity model simulations. The drawback to using this 

approach to solve problems involving contact is the computational burden associated with the iterative 

contact solvers. Commercial finite element codes require an excessive amount of computational resources 

to solve transient response simulations with direct time integration.  
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Simplified representations of jointed interfaces have been developed over several decades to overcome the 

excessive computational cost of full-scale problems. This paper utilizes the four-parameter Iwan element 

developed by Segalman [5] to capture the constitutive behavior of the frictional interface. The Iwan 

element is a one-dimensional constitutive model that is a parallel arrangement of spring and slider 

elements with a power-law distribution describing the population density of slider strengths. A reduced 

order structural dynamics model is developed by connecting Hurty/Craig-Bampton superelements [6, 7] 

with whole joint models to capture the nonlinear physics localized at the joint. In these reduced 

representations, the nonlinear element forces are applied at a single node location that is constrained to 

multiple nodes along the interface surface using multi-point constraints (MPCs). Other simplified joint 

models in the literature include various Iwan type elements [8, 9], Bouc-Wen hysteresis models [10, 11], 

and parallel Jenkins elements [2, 12].  

One practical challenge associated with simplified, whole joint modeling is parameter identification of the 

constitutive model. Typically, the unknown parameters require calibration with either experimental data or 

simulated data from high-fidelity finite element analysis. The whole joints are optimized by searching for 

the optimal parameter set that best matches data metrics readily measured or extracted from the reference 

system. Examples of parameter identification of whole joint models include the work by Charalampakis et 

al. [13, 14] who developed a method to determine Bouc-Wen element parameters using different global 

optimization schemes. Recent work by Dong et al. [15] has extended the Iwan element to capture non-zero 

stiffness in the macro-slip regime and curve-fit the parameters of a single bolted joint using high-fidelity 

FEA simulations of oscillatory and monotonic loading. Wang et al. [16] presented a joint model updating 

scheme using analytical mode decomposition to extract the instantaneous modal characteristics of the 

measured and numerically time integrated response. Oldfield et al. [12] fit the parameters of a Bouc-Wen 

and parallel Jenkins element to match the joint hysteresis predicted from a detailed finite element model.  

This paper presents a framework that calibrates a reduced order model of a structure assembled with 

whole joint models to capture the global response of the assembly. This is achieved by defining a multi-

objective function with the amplitude-dependent natural frequencies and damping ratios computed from a 

high-fidelity solid mechanics model using quasi-static modal analysis (QSMA) [17, 18]. QSMA applies a 

quasi-static modal force to the preloaded model to estimate the frequency and damping as a function of the 

modal response amplitude. Lacayo has recently demonstrated this approach on experimentally obtained 

data from a beam structure with a lap-joint [19], and Jewell et al. [20] extended this approach to high-

fidelity finite element models. This technique provides two unique advantages for optimization of whole 

joints that are not readily captured by existing techniques. First, the simulated data does not require 

expensive dynamic simulations and can be readily obtained from both high-fidelity and reduced order 

models with Iwan elements. Second, the QSMA captures the amplitude-dependent modal behavior of the 

assembly and reveals how the joints influence the global response with increasing amplitudes. QSMA 

provides the opportunity to choose which frequency bandwidth to preserve by tailoring which modes to 

calibrate to the reference data. The genetic algorithm implemented in [21] is combined with the multi-

objective function and QSMA to search for the optimal parameters of the four-parameter Iwan elements in 

a reduced order model.  

The paper is organized as follows. Section 2 develops an overview of the whole joint reduced order 

modeling framework to represent high-fidelity models with mechanical interfaces. The calibration 

workflow is described along with a brief overview of the QSMA theory. Section 3 introduces the 

Ministack hardware consisting of a foam-to-metal interface held together with a press fit joint. The results 

of the QSMA and model calibration are applied to the Ministack example and discussed in Section 4, 

followed by the conclusions in Section 5. 

 

2 Whole Joint Modeling  

A flowchart of the model calibration is shown in Fig. 1. Section 2.1 reviews the theory of model order 

reduction with whole joint representations created from preloaded finite element models. The preloaded 
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model is simulated using the QSMA algorithm in Section 2.2 to estimate the nonlinear damping and 

natural frequencies as a function of modal response amplitude. The high-fidelity model data combined 

with the reduced order model feed into the multi-objective optimization routine in Section 2.3 to 

determine the correct whole joint model parameters to capture the nonlinear physics at the frictional 

interface.  

 

Figure 1. Flowchart of whole joint reduced order model calibration. 

2.1 Hurty/Craig-Bampton Reduction with Whole Joint Models 

A whole joint modeling approach provides efficient structural dynamic models that speed up computation 

time required to predict expensive transient responses of nonlinear dynamical systems. A whole joint 

model condenses the frictional interface down to a single, discrete nodal location. An example of this for a 

lap-joint with three bolted connections is shown in Fig. 2 (note that the exploded view helps visualize the 

modeling approach). The orange lines represent rigid bar elements tying a single point to a patch of nodes 

along the assumed contact area of the bolted interface. The red bars represent the pointwise constitutive 

model, referred to as the whole joint, between two discrete nodal locations to describe the linear or 

nonlinear behavior at the interface. Each whole joint has six linearly independent degrees-of-freedom that 

can be connected by various element types (e.g. linear springs, dashpots, four-parameter Iwan elements, 

etc..). A whole joint model significantly reduces the time and length scales of the mechanical interfaces 

for time simulations requiring many time steps. Rigidly tying each interface to a single point assumes that 

the local kinematics at the interface do not significantly contribute to the response.  
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Figure 2. Example of a whole joint model of three bolts in a lap-joint [19]. 

The modeling approach assumes that each individual subcomponent behaves linearly (i.e. linear elastic 

materials, small deformations, etc..) in the absence of joints. The linear portion of the model is reduced 

using the Hurty/Craig-Bampton (HCB) substructuring approach [6, 7], which reduces the linear, interior 

degrees-of-freedom (DOF) with a truncated set of fixed-interface dynamic modes. The interface DOF are 

preserved with static constraint modes. Each linear subcomponent is represented with the standard HCB 

equations-of-motion,  

 [
𝐈𝑘𝑘 �̂�𝑘𝑏

�̂�𝑏𝑘 �̂�𝑏𝑏

] {
�̈�𝑘
�̈�𝑏
} + [

𝚲𝑘𝑘 𝟎

𝟎 �̂�𝑏𝑏
] {
𝐪𝑘
𝐱𝑏
} = {

𝟎
𝐟(𝑡) + 𝐫(𝑡)

} (1) 

The 𝑁𝑘 × 1 vector 𝐪𝑘 represents the truncated fixed-interface modal coordinates and the 𝑁𝑏 × 1 vector 𝐱𝑏 

corresponds to the physical boundary DOF of the whole joint interface nodes. The 𝑁𝑘 × 𝑁𝑘 matrices 𝐈𝑘𝑘 

and 𝚲𝑘𝑘 respectively correspond to the identity matrix and diagonal matrix of fixed-interface mode natural 

frequencies. The unknown 𝑁𝑏 × 1 vector 𝐫(𝑡) accounts for the unknown reaction force applied at the 

interface between adjacent structure(s).   

Without loss of generality, assume that two subcomponents denoted with superscripts (A) and (B) are 

assembled by applying a nonlinear joint model, 𝐟𝑁𝐿(𝐱𝑏, 𝛉), at the physical boundary DOF, 𝐱𝑏. These joint 

forces replace the unknown reaction force, 𝐫(𝑡), resulting in the assembled equations, 

[
 
 
 
 
 𝐈𝑘𝑘

(𝐴) �̂�𝑘𝑏
(𝐴) 𝟎 𝟎

�̂�𝑏𝑘
(𝐴)

�̂�𝑏𝑏
(𝐴)

𝟎 𝟎

𝟎 𝟎 𝐈𝑘𝑘
(𝐵) �̂�𝑘𝑏

(𝐵)

𝟎 𝟎 �̂�𝑏𝑘
(𝐵) �̂�𝑏𝑏

(𝐵)
]
 
 
 
 
 

{
 
 

 
 �̈�𝑘

(𝐴)

�̈�𝑏
(𝐴)

�̈�𝑘
(𝐵)

�̈�𝑏
(𝐵)
}
 
 

 
 

+

[
 
 
 
 
 𝚲𝑘𝑘
(𝐴) 𝟎 𝟎 𝟎

𝟎 �̂�𝑏𝑏
(𝐴)

𝟎 𝟎

𝟎 𝟎 𝚲𝑘𝑘
(𝐵) 𝟎

𝟎 𝟎 𝟎 �̂�𝑏𝑏
(𝐵)
]
 
 
 
 
 

{
 
 

 
 𝐪𝑘

(𝐴)

𝐱𝑏
(𝐴)

𝐪𝑘
(𝐵)

𝐱𝑏
(𝐵)
}
 
 

 
 

+⋯ 

 …+

{
 
 

 
 

𝟎

𝐟𝑁𝐿 (𝐱𝑏
(𝐴)
, 𝐱𝑏
(𝐵)
, 𝛉)

𝟎

−𝐟𝑁𝐿 (𝐱𝑏
(𝐴)
, 𝐱𝑏
(𝐵)
, 𝛉)}

 
 

 
 

= {

𝟎
𝐟(𝑡)(𝐴)

𝟎
𝐟(𝑡)(𝐵)

} (2) 

The nonlinear joint forces, 𝐟𝑁𝐿, are generally dependent on the physical displacements of the interface 

nodes, 𝐱𝑏, and any applicable internal variables of the whole joint model or frictional contact elements, 𝛉.  

In this work, the shear frictional forces in the mechanical interface are modeled as four-parameter Iwan 

elements originally derived for lap-type joints in [5]; the theory is briefly reviewed here. This constitutive 

model captures the nonlinear dependence of damping and loss of stiffness with increasing response 

amplitude, which are the result of microslip. The force of a parallel-series Iwan model is written as, 

 𝑓𝑁𝐿 = ∫ 𝜌(𝜙)[𝑢(𝑡) − 𝑥(𝑡, 𝜙)]𝑑𝜙
∞

0
 (3) 

with the stick/slip condition definitions, 

 �̇�(𝑡) = {
�̇�(𝑡) if ‖𝑢(𝑡) − 𝑥(𝑡, 𝜙)‖ = 𝜙   and   �̇�(𝑡)[𝑢(𝑡) − 𝑥(𝑡, 𝜙)] > 0
0 otherwise

 (4) 
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The dimensionless values, 𝑥(𝑡, 𝜙), are the displacements of the Jenkins elements with a slip displacement, 

𝜙. The population density of Jenkins elements is 𝜌(𝜙), and 𝑢(𝑡) and 𝑓𝑁𝐿 are the joint displacement and 

internal nonlinear force, respectively.  

The population density of the Jenkins elements assumes a power-law distribution that is terminated at a 

finite displacement as,  

 𝜌(𝜙) = 𝑅𝜙𝜒[𝐻(𝜙) − 𝐻(𝜙 − 𝜙max)] + 𝑆𝛿(𝜙 − 𝜙max) (5) 

Substituting the power-law distribution into Eq. (3) results in the force-displacement relationship,  

 𝑓𝑁𝐿 = ∫ [𝑢(𝑡) − 𝑥(𝑡, 𝜙)]𝑅𝜙𝜒𝑑𝜙
𝜙max
0

+ 𝑆[𝑢(𝑡) − 𝑥(𝑡, 𝜙max)] (6) 

where the parameters of the Iwan element are defined as, 

 𝑅 =
𝐹𝑠(1+𝜒)

𝜙max
𝜒+2

(𝛽+(
𝜒+1

𝜒+2
))

 (7) 

 𝑆 =
𝐹𝑠𝛽

𝜙max(𝛽+(
𝜒+1

𝜒+2
))

 (8) 

 𝜙max =
𝐹𝑠(1+𝛽)

𝐾𝑇(𝛽+(
𝜒+1

𝜒+2
))

 (9) 

The Iwan element in Eq. (6) in conjunction with Eqns. (7) - (9) is completely defined by the following 

parameters:  

 Slip force, 𝐹𝑠   
 Joint stiffness when no slip occurs, 𝐾𝑇  

 Exponent describing slope of force-dissipation curve,  𝜒 

 Shape parameter of the force-dissipation curve near transition to macroslip, 𝛽   

As discussed in [5], these parameters are preferred since they are “measureable” quantities. The slip force 

has physical meaning since it can be estimated from the normal force calculations with an assumed 

Coulomb friction coefficient. The joint stiffness is estimated by performing vibration tests at low 

excitation levels. Determining the values for 𝜒 and 𝛽 is more challenging, requiring specific experiments 

or simulations to calibrate.   

2.2 Quasi-Static Modal Analysis 

The recently developed quasi-static modal analysis approach [17, 18] shows promise as an efficient 

method to estimate the amplitude dependent frequency and damping with quasi-static simulations within 

commercial finite element software. The technique is amenable to computational models, such as reduced 

order models with Iwan elements [17] or high-fidelity finite element models [20], but does not have an 

experimental counterpart since it relies on an external force proportional to the mode shape of interest. We 

start from the discretized equations-of-motion of a system with frictional contact nonlinearities,   

 𝐌�̈� + 𝐂�̇� + 𝐊𝐱 + 𝐟𝑁𝐿(𝐱, 𝛉) = 𝐟𝑒𝑥𝑡(𝑡) (10) 

These equations generally represent any nonlinear system, such as the reduced order model in Eq. (2) or 

the full-order equations within a commercial finite element package. Ignoring the mass and damping terms 

in Eq. (10), and defining a static preload force, 𝐟𝑝𝑟𝑒, results in the quasi-static form of the equations,  

 𝐊𝐱 + 𝐟𝑁𝐿(𝐱, 𝛉) = 𝐟𝑝𝑟𝑒 (11) 

These equations are solved directly using an appropriate nonlinear static solver to calculate the preloaded 

deformation, 𝐱𝑝𝑟𝑒. The system is linearized about this preloaded state to approximate the low amplitude, 

linear vibration modes of the preloaded structure. The eigenvalue problem is obtained by linearizing the 

nonlinear internal force vector, 𝐟𝑁𝐿(𝐱, 𝛉), about the deformed state, resulting in,  
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 (𝐊 +
𝑑𝐟𝑁𝐿(𝐱,𝛉)

𝑑𝐱
|
𝐱=𝐱𝑝𝑟𝑒

−𝜔𝑟
2𝐌)𝛟𝑟 = 𝟎 (12) 

where 𝛟𝑟 is the rth mode shape vector and 𝜔𝑟 is the corresponding natural frequency. The quasi-static 

modal analysis defines a static external force proportional to the rth mode shape to be applied to the 

preloaded equations in Eq. (11). This applied force statically deforms the system into the linear mode 

shape of interest at low amplitudes (i.e. when the joint remains stuck).  Mathematically, this is achieved by 

defining the rth modal force vector, 

 𝐟𝑟(𝛼) = 𝐌𝛟𝑟𝛼 (13) 

where 𝛼 is a scalar amplitude of the modal force. The modal force is appended to the righthand side of Eq. 

(11) and solved for displacements over a range of modal force amplitudes, 𝐱(𝛼). For low amplitudes, the 

joint remains stuck and the external force leads to a deformation shape isolating only the rth mode shape. 

For increasing values of 𝛼, the joint begins to slip within low-pressure regions of the interface (i.e. 

microslip), resulting in a change in stiffness and dissipation of the modal response. This phenomenon is 

observed by applying a modal filter to the full-field displacements, 

 𝑞𝑟(𝛼) = 𝛟𝑟
T𝐌𝐱(𝛼) (14) 

Following the theory in [17], the natural frequency as a function of amplitude is approximated using the 

secant of the modal hysteresis curve, 

 𝜔𝑟(𝛼) = √
𝛼

𝑞𝑟(𝛼)
 (15) 

while the amplitude dependent damping ratio is defined as,  

 𝜁𝑟(𝛼) =
𝐷(𝛼)

2𝜋[𝑞𝑟(𝛼)𝜔𝑟(𝛼)]
2 (16) 

The modal dissipated energy is determined using Masing’s rules [17], 

 𝐷(𝛼) = 2∫ [𝑓𝑟 (
𝑞𝑟(𝛼)+𝑞𝑟

2
) + 𝑓𝑟 (

𝑞𝑟(𝛼)−𝑞𝑟

2
) − 𝛼]

𝑞𝑟(𝛼)

−𝑞𝑟(𝛼)
𝑑𝑞𝑟 (17) 

The amplitude dependent natural frequencies and damping ratios in Eqs. (15) and (16), respectively, are 

used as metrics in the objective function to calibrate the four-parameter Iwan elements in the reduced 

order model. The advantage to using QSMA is that the unknown parameter space in the reduced order 

model can be sampled quickly since the model only needs to be simulated for static loads. Furthermore, 

the amplitude dependent modal parameters capture the change in stiffness and dissipation for each mode 

of interest, capturing the global response of the structure rather than the local response of the joint in 

isolation. 

2.3 Multi-Objective Optimization 

The parameters of the Iwan element(s) in the whole joint reduced order models are calibrated using multi-

objective optimization with reference data generated from QSMA on the full-order finite element model. 

The algorithm used in this paper is the Non-dominated Sorting Genetic Algorithm II (NSGA-II), which is 

implemented in Python using the DEAP package [21]. NSGA-II was chosen because it has been shown to 

outperform other multi-objective optimization algorithms [22] in its ability to find a better spread of 

solutions by explicitly diversifying the pareto front. NSGA-II generates a random population of candidate 

solutions which are assigned a “fitness” based on whether they are considered being non-dominated or 

not. Non-domination is satisfied when there is no alternative solution with a better fitness in at least one of 

the objectives. The best candidates are chosen based on their fitness and recombined with other solutions. 

The set of best solutions from the original population and their offspring make it to the next generation 

and the process is repeated. NSGA-II pays special attention to “crowding distance” which is a measure of 

the uniformity of the spread of the Pareto-optimal front. The Pareto-optimal front is composed of all the 

non-dominated individuals in a population.  
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The multi-objective fitness function to be minimized is defined as,  

 ΓGA = [
1

𝑁𝛼
∑ |

𝜔𝑟(𝛼𝑖)−�̃�𝑟(𝛼𝑖,𝐩)

max(𝜔𝑟(𝛼𝑖))
|

𝑁𝛼
𝑖=1 ,

1

𝑁𝛼
∑ |

𝜁𝑟(𝛼𝑖)−�̃�𝑟(𝛼𝑖,𝐩)

max(𝜁𝑟(𝛼𝑖))
|

𝑁𝛼
𝑖=1 ] (18) 

The amplitude dependent natural frequencies, �̃�𝑟(𝛼𝑖 , 𝐩), and damping ratios, 𝜁𝑟(𝛼𝑖, 𝐩), are computed 

from the whole joint reduced order model using QSMA for an arbitrary set of whole joint parameters, 𝐩. 

The modal data from the full-order model, 𝜔𝑟(𝛼𝑖) and 𝜁𝑟(𝛼𝑖), are computed offline. The advantage to 

using the QSMA in the reduced model is the cost efficiency to evaluate one instance of the objective 

function. Other approaches that rely on dynamic, time integrated solutions are costlier to simulate, and 

more difficult to automate with signal processing tools within an optimization scheme. 

3 Ministack Assembly Models 

The model calibration is demonstrated on the Ministack assembly, a benchmark structure developed at 

Sandia National Laboratories to better understand the nonlinear damping and stiffness behavior of 

compression fit interfaces. A schematic and picture of the hardware is shown in Fig. 3. The structure 

consists of an outer can that houses an aluminum slug that fits tightly in between two foam cups. The 

foam-slug subassembly fits into the can, and a cover plate is inserted to apply a nominal preload force. 

Once preloaded, the threaded ring nut is fastened to the can to maintain the compressive load on the foam-

slug subassembly. The foam-to-metal interfaces are the primary source of nonlinear energy dissipation due 

to frictional losses when the slug vibrates within the foam packaging.  

 

 

Figure 3. Ministack assembly. 

A finite element model of the Ministack geometry was created using 406,720 first order hexahedral 

elements; a schematic of the mesh is shown in Fig. 4a. The materials of each subcomponent (i.e. ring nut, 

cover plate, outer can, foam cups, slug) are modeled with the linear elastic properties given in Table 1. For 

simplicity, the foam is assumed to behave as a linear elastic material and no other viscous damping is 

included, leaving the only source of energy dissipation within the model as slip occurring at the frictional 

interfaces. Frictional contact is defined between all blocks using the Dash search algorithm, augmented 

Lagrange enforcement, and face-face constraints [4]. A Coulomb friction value of 0.4 is used at all 

interfaces denoted with black dashed lines in Fig. 4b. An implicit solver is used within Sierra/SM to 

gradually apply a preload as a distributed force to the top face of the retaining ring. The preload is 

maintained by applying glued constraints between the ring nut and aluminum can, as shown by the red 

dashed lines in Fig. 4b, and removing the externally applied force. The bottom of the can is fixed during 

all simulations and this preloaded state is used as the equilibrium for the linearized modal analyses 

presented in Section 4.1. 
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Figure 4. Finite element mesh of Ministack model. 

Table 1. Linear elastic material properties of Ministack. 

Material Component(s) Young’s Modulus Density Poisson’s Ratio 

Aluminum 6061-T6 Slug, Outer Can 68.9 GPa 2644 kg/m3 0.33 

Structural Steel Ring Nut, Cover Plate 206.8 GPa 7800 kg/m3 0.33 

PMDI10 Foam Cups 162 MPa 288.6 kg/m3 0.30 

 

A reduced order model was created from the mesh in Fig. 4a by adding rigid bar elements to constrain the 

nodes on the frictional interfaces of interest down to a single node at the midpoint of the surface. The 

schematic in Fig. 5 shows the locations of the constraints on the side, top, and bottom slug-to-foam 

interfaces. Two variants of reduced order models are created: a one-joint model with only the side 

interface represented, and a three-joint model with the side, top and bottom interfaces. A HCB model was 

generated for each case with a total of 25 fixed-interface modes (up to 14.6 kHz) and either 18 or 42 static 

constraint modes for the one- and three-joint models, respectively. These constraint mode sets include an 

additional 6 DOF to account for the spidered node at the bottom surface of the can. The reduced order 

models are augmented with linear spring and Iwan elements to create the whole joint model between the 

spidered nodes; these elements are summarized in Table 2. The DOF corresponding to rotation about the 

y-axis is modeled with four-parameter Iwan elements since these rotational DOF are expected to slip 

during modal excitation, as discussed further in the next section. The remaining DOF of the whole joint 

are modeled as stiff springs. 

Table 2. Element definitions at HCB interfaces. 

DOF Side Interface Top Interface Bottom Interface 

X Linear Spring Linear Spring Linear Spring 

Y Linear Spring Linear Spring Linear Spring 

Z Linear Spring Linear Spring Linear Spring 

RX Linear Spring Linear Spring Linear Spring 

RY Four-parameter Iwan Four-parameter Iwan Four-parameter Iwan 

RZ Linear Spring Linear Spring Linear Spring 
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Figure 5. Ministack reduced order model with whole joints between slug-to-foam interfaces. 

4 Numerical Results 

4.1 Quasi-Static Modal Analysis 

The QSMA results for the full-order Ministack finite element model were computed using the Sierra Solid 

Mechanics software [4]. The model was first preloaded to 3,114 N to simulate the assembly process. From 

the preloaded equilibrium, the deformation and stress states were transferred to the Sierra Structural 

Dynamics software [23] for the computation of the linearized vibration modes. The code used a search 

algorithm to tie nodes and faces within a certain distance from one another with multi-point constraints. 

All the nodes and faces along the slug-to-foam and foam-to-can interfaces were in contact following the 

preload simulation. The first six linear vibration modes with fixed boundary conditions at the base are 

provided in Table 3, corresponding to the preloaded, linearized modes in Eq. (12). The mass normalized 

mode shapes show that these first few elastic modes were dominated by slug translations and rotations 

within the foam packaging.   

Table 3. Linear vibration modes of preloaded Ministack assembly. 

Mode 1 & 2 (repeated): 1649.4/1649.5 Hz 

 

Mode 3: 2390.7 Hz 
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Modes 4 & 5 (repeated): 2772.0/2772.1 Hz 

 

Mode 6: 2809.0 Hz 

 

 

Mode 6 was chosen as the mode shape of interest to demonstrate the model reduction and calibration for 

an isolated modal response. The 6th mode shape in Table 3 corresponds to a pure rotation of the slug about 

the vertical y-axis, and thus was expected to load the frictional interfaces between the slug and foam 

subcomponents. The modal force in Eq. (13) was calculated using the displacements of the 6th mode shape 

and the mass matrix, and the force was applied to the preloaded model at 150 values over a log-scale 

ranging from 1e0 to 1e5 to compute the QSMA results. The amplitude dependent natural frequency and 

damping ratio are shown in Fig. 6 as a function of the modal displacement, 𝑞6(𝛼). The quasi-static results 

were solved with a nonlinear implicit solver to obtain solutions at each modal force amplitude needed to 

calculate the modal backbone curve.  

 

Figure 6. Quasi-static modal analysis results for mode 6 of Ministack assembly.  

At low amplitudes, the slug-to-foam interface remained stuck and thus the natural frequency remained 

unchanged for modal displacements less than 10−6𝑚/√𝑘𝑔. Similarly, the damping ratio was relatively 

small below this amplitude since no frictional losses contributed to the energy dissipation. Above a 

displacement of 10−6𝑚/√𝑘𝑔, the frictional interface began to slip as evidenced by the drop in natural 

frequency and sharp increase in damping ratio. This data serves as the reference data to calibrate the whole 

joint reduced order models in Section 4.3. 

The QSMA damping ratio in Fig. 6 was estimated from the modal backbone curve using Masing’s rules to 

construct the cyclic hysteresis curve. This assumption was investigated by directly calculating the modal 

hysteresis curve by loading/unloading the structure over three cycles to a maximum loading amplitude of 

𝛼 = 970 𝑁/√𝑘𝑔. The third cycle of the modal hysteresis loop was assumed to reach steady state and is 

compared to the Masing’s hysteresis curve in Fig. 7. The backbones from each simulation were essentially 
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identical, and the hysteresis curves were in relatively good agreement. The modal dissipated energy 

calculated from Eq. (17) was 7.0 × 10−3 𝑁 − 𝑚/𝑘𝑔 for the Masing’s rule approach and 7.5 × 10−3 𝑁 −
𝑚/𝑘𝑔 for the direct approach, resulting in approximately 6.7% error in the damping ratio estimate. The 

efficiency and accuracy of the QSMA approach relies on the assumption that Masing’s rules apply for the 

interfaces and that the modal hysteresis curve can be adequately reconstructed from the backbone curve. 

 

Figure 7. Comparison of modal hysteresis curve computed directly and indirectly using Masing’s rules. 

4.2 Self-Calibration 

A self-calibration study was performed on the one-joint reduced order model to assess the ability of the 

global optimizer to find a known solution. A single Iwan element corresponding to the radial slug-to-foam 

interface was defined by an arbitrary set of parameters for 𝐹𝑠, 𝐾𝑇, 𝜒, and 𝛽, and the amplitude dependent 

frequency and damping ratio for the multi-objective function were computed using the QSMA approach 

on the reduced order equations. The global optimizer was then used to minimize this multi-objective 

function and evaluate how well it could recover the known parameters. The known and optimized 

parameters are listed in Table 4 and Fig. 8a shows the comparison between the amplitude dependent 

frequency and damping ratio obtained with the known solution and the optimized parameters.   

The difference between the target Iwan element parameters and the parameters found by the optimizer is 

less than 1%. The natural frequencies were in near perfect agreement over the entire response range. The 

damping ratio was also in near perfect agreement for modal amplitude greater than 10−6𝑚/√𝑘𝑔, but there 

were noticeable differences at amplitudes below this value. It was observed that the damping ratio was 

particularly sensitive to small perturbations in the parameter space. This discrepancy at low damping 

levels was not considered important because the interfaces tend remain stuck at low response amplitudes 

and do not contribute to energy dissipation in the system. The plot in Figure 8b shows the fitness of the 

frequency and damping objectives for the entire population in the genetic algorithm history. The evolution 

trend was fairly linear towards the known solution (shown in red). The known solution does not have an 

absolute zero objective value because there is interpolation involved during the error calculation of Eq. 

(18).  

Table 4. Comparison of target and optimized Iwan element parameters. 

 Target Optimization Difference 

𝐾𝑇 3.74E+07 3.76E+07 0.47% 

𝐹𝑠 10.00 10.00 0.00% 

𝜒 -0.650 -0.653 0.48% 

𝛽 0.0040 0.0040 -0.54% 
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Figure 8. Plot in (a) shows response comparison using known and optimized Iwan parameters of one-joint 

reduced order model. Plot in (b) shows frequency and damping ratio objective for (blue) entire population 

of genetic algorithm history and (red) known solution objective value. 

4.3 Whole Joint Calibration with Full-order Model Data 

The Ministack whole joint calibration was performed by running the global optimization algorithm to find 

the optimal set of Iwan parameters in the one- and three-joint reduced order models. This was achieved by 

minimizing the objective function defined by the amplitude dependent natural frequency and damping 

ratio for the sixth vibration mode such that the reduced order models reproduce the modal characteristics 

of the high-fidelity model. The one-joint reduced order model with a single Iwan element is presented and 

discussed first. As discussed in the previous section, the single Iwan element represents the radial slug-to-

foam interface in the Ministack assembly. The high-fidelity QSMA results were truncated below a modal 

response amplitude of 10−5𝑚/√𝑘𝑔 since the data appears to contain a unique bend in the frequency and 

damping curves. This data feature indicates that a second interface slipped and the one-joint reduced order 

model would not capture this since it only contains a single nonlinear interface.   

As described in Section 2.3, a multi-objective optimization technique was used to find the optimal set of 

Iwan parameters that reproduce the high-fidelity response. Figure 9a shows the fitness of the frequency 

and damping objectives for the entire population of the genetic algorithm history, with the pareto front 

shown in green. It was observed that both objectives could not be minimized simultaneously, and the 

optimization algorithm found a pareto front of solutions that best approximated the target. The comparison 

of the amplitude dependent frequency and damping ratio between the optimized reduced order model and 

the high-fidelity model are shown in Fig. 9b such that the reduced order model was assigned a subset of 

the solutions residing in the pareto front. The solutions were close to the target data in the range of 10−6 to 

10−5𝑚/√𝑘𝑔, the region in which the interface began to slip. At low amplitude, the damping ratio was in 

significant disagreement with the reference solution. It was expected that the high-fidelity QSMA 

damping data was in error since the model should not dissipate energy at low levels and the damping 

estimate was in the noise of the implicit solver tolerance. At higher response levels above 10−5𝑚/√𝑘𝑔, 

the one-joint reduced order model was unable to match the QSMA results, likely due to other interfaces 

beginning to tangentially slip in this forcing range.  
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Figure 9. One-joint reduced order model calibration: (a) frequency and damping ratio objective for (blue) 

entire population of genetic algorithm history, and (green) resulting pareto front; (b) comparison of the 

(red) QSMA results and (blue) reduced order model using parameters from pareto front. 

Two additional nonlinear interfaces were added to the reduced order model to account for the second slip 

feature observed in the high-fidelity data. The three-joint model included Iwan elements for the top and 

bottom slug-to-foam interfaces, as well as the radial interface from the one-joint model. This resulted in a 

total of 12 independent joint parameters to be optimized for each four-parameter Iwan element. The 

optimization algorithm ran over 350 generations with 90 individuals per generation. The plot in Fig. 10a 

shows the fitness of the frequency and damping objective for the entire population of the genetic algorithm 

history, with the pareto front shown in green. The pareto front shows that it was difficult to minimize both 

objectives at the same time, although the error in Fig. 10a is lower compared to the one-joint model 

optimization in Fig. 9a. The comparison of pareto front solutions in Fig. 10a show that the large error 

values stem from the difficulty in matching damping at very low levels; frequency matched well at all 

amplitudes, even above 10−5𝑚/√𝑘𝑔. In the linear frequency estimate, the smallest difference was only 4 

Hz compared to 40 Hz for the one-joint model.   

 

Figure 10. Three-joint reduced order model calibration: (a) frequency and damping ratio objective for 

(blue) entire population of genetic algorithm history, and (green) resulting pareto front; (b) comparison of 

the (red) QSMA results and (blue) reduced order model using parameters from pareto front. 

The improvement in response calibration suggests that it was important to model all the relevant interfaces 

that could slip during modal excitation, even at low amplitudes. Capturing these additional interfaces in 

the three-joint reduced order model resulted in good agreement of the overall shape of the amplitude 

dependent damping and frequency with the high-fidelity model. The most difficult region of the data to 
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match was the onset of slip of the first interface. The high-fidelity model had a more gradual transition 

(more evident in the damping) than the reduced order model, which appeared to change more abruptly. 

For reference, the Iwan parameters corresponding to the best match in frequency from Fig. 10a are 

provided in Table 5. The top interface had a higher slip force, 𝐹𝑠, and a relatively lower stiffness value 

than the side and bottom interfaces. This difference is a bit unexpected since the preload forces on the top 

interface should be similar to the bottom interface. Nevertheless, this set of parameters provided optimal 

solutions to match the full-order model response. 

Table 5. List of optimized Iwan element parameters. 

 Radial Iwan Top Iwan Bottom Iwan 

𝐾𝑇 1.73E8 9.15E5 5.49E8 

𝐹𝑠 12.65 50.00 24.14 

𝜒 -0.8140 -0.9843 -0.2644 

𝛽 1.05E-5 4.33E-5 0.0016 

5 Conclusion 

A whole joint model calibration routine was developed and demonstrated on the Ministack finite element 

model to evaluate how modeling decisions of frictional interfaces affect the ability to obtain an optimal 

parameter set that predicts matching responses. A multi-objective function is defined based on the 

amplitude dependent frequency and damping ratio for a mode of interest computed from the quasi-static 

modal analysis technique recently developed in [17, 18]. The reference data is calculated from high-

fidelity model simulations that are obtained from a nonlinear statics solver available within most 

commercial finite element codes. A whole joint reduced order model of the structure is developed by 

reducing the linear portion of the model with Hurty/Craig-Bampton substructured models and reducing the 

nonlinear, frictional interfaces down to a single node location with multi-point constraints. A whole joint 

model connects the linear substructured models, and four-parameter Iwan element are used to represent 

the nonlinear slip behavior.  

The results from the Ministack example reveal that the reduced order model needs sufficient flexibility in 

the interface degrees-of-freedom to accurately represent the slip occurring within the full-order model. 

Even after optimization, the one-joint reduced order model only captured a small portion of the modal 

response. However, adding more nonlinear degrees-of-freedom with two additional slip interfaces allowed 

for the optimization to better match solutions from the high-fidelity model. In future works, these models 

will be validated by comparing transient response predictions from the calibrated reduced order model to 

high-fidelity model simulations. In addition, this work will extend the multi-objective optimization to 

simultaneously fit whole joint parameters to two or more nonlinear modes for capturing excitations 

beyond a single mode response.      
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Abstract
The tension level in a bolt is difficult to determine and control. Based on simple hammer impacts, a novel
technique is proposed to quantify the level of bolt tightness by analyzing natural frequencies and damping
ratios of the bolt. The technique is investigated experimentally by testing two different bolts (short and long)
and measuring accelerations in the transverse directions. At low tension the squared natural frequency of the
first bending mode increases strongly with tension. As the bolt is gradually tightened, the squared frequency
starts changing more weakly and approximately linearly with tension. By signal processing the transient
response from the hammer impact, and treating problems of beat-frequencies due to the near cross sectional
symmetry in the bolt, the corresponding effective linear damping ratios can also be obtained. Further, a
scanning laser Doppler vibrometer (SLDV) is used to measure the mode shapes of the long bolt and it is
studied how these change with tension.

1 Introduction

Bolts are used in numerous engineering structures and the tightness of a bolted joint is of high importance,
especially if the joint secure e.g. wind turbine blades or large machinery elements, where failure is unsafe
and unacceptable. If the tightness of a bolted joint could be estimated by analysing measured accelerations
from a single impulse hammer impact, it could reduce maintenance costs and allow a way to check the health
of a bolted joint without using heavy equipment such as hydraulic tensioners.

Various techniques are used to estimate bolt tension, most commonly torque control [1], turn control [1], and
ultrasonic methods [2, 3, 4]. Here the potential in estimating bolt tension from transient bolt vibrations is
studied, by analysing a set of experiments. Signal analysis of a transient response in a bolt, when impulse
hammer impacted, is used to examine the first transverse natural frequency and corresponding damping
ratio. To see how these dynamic properties relate to tension, it is studied how these change when subjected
to different levels of tension. Furthermore a scanning laser Doppler vibrometer (SLDV) is used to measure
mode shapes of a bolt when tightened to different levels of tension, to reveal how the boundary conditions
effectively change as the bolt is tightened.

2 Experimental setup

Figure 1 shows the experimental setup. A single bolt is tightened with a nut to a solid aluminium structure
with washers on the outside, and uni-axial accelerometers (B&K 4397) are mounted on the bolt head to
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measure vibrations. A force washer (HBM KMR 100kN) is placed beneath the bolt head to measure the
tension. The setup is isolated mechanically as it is placed on a foam block. The hit surface is filed flat, and
the impact is applied by a pendulum hammer to decrease variations between hits.

force washer

protective washers

nut

bolt

bolt head

acc 1

alu structure
washer

impact
acc 3

acc 2

foam

hammer force tranducer

bolt

z
y

x
y

point

Figure 1: Experimental setup

Tests are made on two bolts with the same properties except for the length: one is referred to as short
(M12×140) the other as long (M12×250). The bolts are tightened in ten load steps between σ/σy = 0.05
and σ/σy = 0.79, where σy = 640 MPa is the bolt material yield stress, and σ the actual axial stress. The
nominal tension in a bolt is typically σ/σy ≈ 0.7 [1]. The tightening is done with a hydraulic tensioner
(HBM model HTS 9 M12×1.75). The force F applied by the tensioner translates to stress σ by σ = F/As,
whereAs is the stressed cross section of the bolt [1]. After ten load steps the bolted structure is disassembled
and reassembled before the test is repeated (3 tests for each bolt).

A long narrow gap in the aluminium structure enables the SLDV (Polytec PSV-500 [6]) to measure vibrations
along the bolt length so the mode shapes can be obtained. Figure 2 shows the scanning points on the long
bolt. There are fourty points along the bolt length. A hammer impact is applied, and the SLDV measures
one point, then a new impact is applied, and the next point is measured, and so on. The boundaries are of
most interest because they are expected to change with tension [5]. However, near the bolt ends, vibrations
can only be measured on nut and force washer, and not directly on the bolt shaft, which will unavoidably
introduce some error in the extracted mode shapes. Despite this obstacle, the end points are still relevant,
because it is expected that if vibrations are measured on the nut and force washer then the bolt must be
vibrating too.

Figure 2: SLDV measurement points (red/green dots) for the long bolt.
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3 Theoretical natural frequencies for an axially stressed clamped-
clamped beam

A simple model is to consider a bolt as a Bernoulli-Euler beam exposed to axial tension. The j’th transverse
natural frequency can then be calculated as [7]:

ωj =
λ2j
ls

√√√√√E

ρ


1 +

σ

E

(
Kjs

λ2j

)2

, (1)

where λj is an eigenvalue for mode j (depends on the boundary conditions), l the bolt length, E Young’s
modulus, ρ the density, σ the applied axial stress, Kj a mode shape dependent constant, s = l

√
A/I the

slenderness ratio, where A is the cross-sectional area of the bolt and I the area moment of inertia. The
squared natural frequencies increase linearly with axial stress σ in Eq.(1), with a proportion depending on
the slenderness s of the bolt; the more slender a bolt, the bigger the influence of the axial stress term on
natural frequency. In the particular case of a clamped-clamped beam λ1 = 4.73, λ2 = 7.85, K2

1 = 12.3026,
and K2

2 = 46.05. In Section 5.1 Eq. (1) is compared to the experimental data for varying σ.

4 Signal processing

At each level of tension the accelerations of freely decaying vibrations measured at the bolt head are signal
processed to obtain the dynamic properties. Figure 3 shows a typical acceleration time history after an
impulse hammer impact, prior to signal processing. Figure 4 shows this signal filtered with a 4th order
Butterworth passband filter, so that it only contains energy from the first transverse natural frequency ω.
Figure 5 shows the Fourier transforms of the unfiltered signal, and also the signal filtered around each of the
first two transverse natural frequencies. As wanted, the first filtered signal only has a significant magnitude
at the first natural frequency peak, and likewise for the second natural frequency.
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Figure 3: Free decay of acceleration (stress σ/σy=0.43).
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Figure 4: Filtered acceleration signal, 1st natural frequency.
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Figure 5: Fourier Transforms of accelerations. Solid line: unfiltered signal; Dashed line: filtered around 1st
natural frequency; Dotted line: filtered around 2nd natural frequency; Box insert: zoom of the double peaks,
5 Hz apart.

The equivalent linear damping ratio ζ of the first transverse mode can be estimated by fitting an exponential
decay envelope to the filtered signal in Figure 4. The exponential fit function has the form A0e

−βt, where
A0 is the initial amplitude, and β = ζω the decay rate. However, the signal in Figure 4 is beating, i.e. the
amplitude is slowly modulated, due to the near-symmetry in the bolts. The two transverse frequencies in the
xy and xz plane (cf. Figure 1) are almost identical. In this example they are 5 Hz apart, which also shows
as a double peak in the box insert on Figure 5. To overcome this problem, the accelerations measured by
the accelerometer perpendicular to the impact directions are also used, and the total vibration amplitude is
calculated as:

A =
√
A2

1 +A2
2 (2)

where A1 and A2 is the vibration amplitude in each transverse direction. Figure 6 shows the filtered signals,
in both directions, of mode 1, and the corresponding envelope, and also the total envelope determined from
(2). Using the total amplitude eliminates the beating, and a reasonable exponential envelope fit and a mean-
ingful decay rate β can be obtained. In this way, the effective linear damping ratio ζ can be estimated for the
bolts at each tension level.
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Figure 6: Filtered time signal of 1st natural frequency in two directions and envelopes. Dark/blue: direction
of hit; Light/grey: perpendicular to hit direction; Dashed line: A1 and A2; Solid line: A.
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5 Results

5.1 Natural Frequency

Figure 7a and 7b shows the squared first transverse natural frequency as a function of tension for the long
and short bolt, respectively. The dashed line is the squared frequency as a function of axial stress σ for a
clamped-clamped beam (cf. Eq. (1)). The model fits the data well for the long bolt (Fig.(a)), when the bolt
is tightened more than about σ/σy = 0.2, suggesting that the boundaries are effectively clamped. In [5] Sah
sets up a model that explains the frequency increase for the whole tension range by a beam model with linear
springs at the boundaries, whose stiffness increase with tension. For the short bolt (Fig.(b)) the gradient of
the linear beam model does not fit as good as for the long bolt. This can partially be attributed to the bolt’s
short length: for very short bolts the Bernoulli-Euler beam model is insufficient, as rotary inertia and shear
deformation significantly influence beam vibrations which the model does not account for. For every tension
level there are three successive hammer hits, but as the measured frequency is the same for all hits it does not
show on the figure. The three test series (given by different markers), with full axial unloading in between,
follow the same frequency-tension relation. Conclusively, the estimated natural frequencies are reproducible
for the setup, both in case of immediate repetition, and when the setup has been reassembled.
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Figure 7: Measured 1st natural frequency squared as a function of tension. (a) long bolt (b) short bolt. Each
test series indicated by ◦, �, �. For every tension level there are three measurements. Dashed line: squared
natural frequency for a clamped-clamped beam as a function of axial tension (cf. (1))

5.2 Damping ratio

Figure 8 shows the estimated linear damping ratio as function of tension for the two bolts. As appears, the
damping ratio decreases with tension for both bolts. For tension below about σ/σy = 0.2 the damping ratio
is significantly larger than for the more tightened bolt. While measuring, one can by listening to the dull
sound from the hammer impact hear that the bolt is weakly tightened. The short bolt’s first mode is much
more damped than the long bolt, possibly ascribed to the fact that the boundaries make up a larger part of
the bolt, thus the boundary friction influence more. A similar damping-tension relation (not shown) exists
for the second mode, but the decrease in damping with tension is less pronounced.
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For every tension level there are three successive hammer hits. For the lowest tension level the estimated
damping ratio vary slightly between hits, but for higher tension there is only insignificant variation between
hits. The three test series (given by different markers) generally follow the same damping ratio-tension
relation, although there is more variation than for the natural frequencies (cf. Figure 7). Conclusively, the
estimated damping ratios are generally reproducible for the setup, both in case of immediate repetition, and
when the setup has been reassembled.
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Figure 8: Damping ζ as a function of tension. (a) long bolt (b) short bolt. Markings as for Figure 7.

5.3 Mode shapes

The lowest mode shapes for the long bolt are measured with the SLDV. Figure 9 shows the first three trans-
verse bending modes. The measured modes to the left are of a weakly tightened bolt, along with the theo-
retical mode shapes for a free-free Bernoulli-Euler beam. The right shows the modes for three higher levels
of tension together with the corresponding theoretical mode shape for a clamped-clamped Bernoulli-Euler
beam. For the weakly tightened bolt the S/N-ratio for the first mode is small, why the emphasis in this case is
on the second and third mode. Here there are deformations and slopes at the boundaries, however not to the
degree of the free-free beam model, thus indicating that the small tension in the bolt induces at least some
elastic stiffness at the boundaries. Beside this, the curvature at the boundaries is small, also indicating that
the boundaries are not completely free, but weakly elastic. As soon as the bolt is tightened to σ/σy = 0.19 no
significant deformations at the boundaries are observed, and the slope of the mode shapes approaches zero at
the boundaries, supporting the theory of the well-tightened bolt effectively behaving as a clamped-clamped
beam (cf. the dashed line in Figure 7a).
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Figure 9: The first three mode shapes of the long bolt for different tension levels. Left: Measured modes
(filled circle markers) for a weakly tightened bolt (σ/σy = 0.03), and theoretical free-free beam modes
(solid line); Right: Measured modes ([black, grey, white] circle markers) for a stronger tightened bolt (σ/σy
= [0.19, 0.34, 0.65]), and theoretical clamped-clamped beam modes (solid line).

6 Conclusions

The mode shape tests are not applicable for estimating tension, as bolts are can be hidden inside structures,
but the tests support the theory of bolts gradually approaching an effectively clamped-clamped beam as tight-
ened. The mode shapes show that there is less and less translation and rotation movement at the boundaries
when the bolt is tightened. Therefore it is expected that the boundary friction decreases, which seems to also
be the case, as the experimentally estimated damping ratio decreases with tension.

If a bolt is so weakly tensioned that it is unsafe, a single hammer hit could reveal it, as the damping ratio
will be strikingly large; it is a good measure for discovering a not strongly tightened bolt without much
effort. During initial mounting, one could carry out three successive hits, tightening the bolt in between; if
the damping ratio stops decreasing between the second and third impact, the bolt could be considered tight
enough. Along with the measured first bending natural frequency, this can give an indication of the tightness
of the bolt so far.

The tests show that the measured vibrations depend on bolt tension, and the results contributes insights into
a vibration based estimation of bolt tension. Future tests could be to study the effect of impact strength,
amplitude level, other bolt dimensions, and multi-bolt structures, as well as in-situ tests of real structures, to
see how robust these changes are.
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Abstract
We present a strategy for identification of contact parameters for dry friction joints. The contact stiffness in
normal and tangential direction is obtained from a halfspace simulation of the rough surface contact, while
the slip limit and a slip stiffness are identified from measured hysteresis data. Calculated FRF obtained from
time domain calculations simulating a swept sine measurement and a multi-harmonic balance solution are
compared to measured FRF data of a Gaul-type resonator.

1 Introduction

The efficient identification of contact parameters for friction joints is still an interesting topic in structural
dynamics. The present paper proposes a mixed approach, where the contact stiffness in normal and tangential
direction are determined by a halfspace simulation of the contacting rough surfaces [8]. This step can be done
a priori without any dynamic measurements. The slip limit however has to be determined from measured
hysteresis data, since there is so far no reliable way to predict friction coefficients exactly.

This approach is demonstrated on an isolated friction joint experiment, the so-called Gaul-resonator, in-
troduced by Gaul and Bohlen in [2] and subsequently investigated in [3, 6, 7]. The identified parameters
are subsequently used in the time-domain simulation of a swept-sine measurement of the resonator exper-
iment. Frequency response functions (FRFs) obtained from actual and simulated measurements show very
good agreement. Comparison with FRFs obtained from a multi-harmonic balance method show also good
agreement, however a very high number of harmonics has to be used.

The following two sections introduce the resonator experiment and the corresponding finite element model
with some basic parameter identification regarding global masses and stiffness, respectively. The identifica-
tion of the contact parameters is shown in Sec. 4. Time domain results are presented in Sec. 5 and compared
to frequency domain results in Sec. 6. Finally, a short conclusion is given in Sec. 7.

2 Experimental set-up

The experimental set-up consists of two monolithic masses shown in Fig. 1.

One of the masses (the left one in Fig. 1) has a cut-out such that the thin remaining bars can act as bending
springs. The parts can be joined by a simple bolted lap joint to form the two-mass system shown in Fig. 2.
The system is driven by an electromagnetic shaker at the left mass. Accelerations are measured at the left
mass opposite to the excitation point (a1), opposite to the joint (a2), and on the right mass (a3). Compared
to the soft bending spring, the masses can be assumed rigid, such that the transmitted joint force T can be
simply evaluated by

T = ma3 , (1)
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Figure 1: Gaul-type resonator: Parts

where m is the mass of the right part. The relative displacement in the joint can be obtained by integrating
twice the differential acceleration

∆a = a3 − a2 . (2)

The bolt is instrumented by strain gauges to measure the normal load and a washer-like piezo-actor is used
to adjust the normal load.

By driving the system close to the first resonance frequency comparatively large transmitted forces can be
generated in an isolated joint free from other boundary conditions except for the unavoidable suspension.

Figure 2: Gaul-type resonator: Experimental set-up
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3 Finite element model

The resonator is meshed with a total of 1100 HEX8-elements and 2031 nodes, the contact interface is meshed
using 48 zero-thickness elements. The bolt is modeled by a single beam element, which is coupled to the
resonator parts by kinematic constraints. The bolt head, nut, and the piezo-actor are accounted for by simple
lumped masses. The normal force N is applied by an initial overlap of the contact interface.

Figure 3: Finite element mesh

3.1 Identification of material parameters

Material data is given in Table 1, where the density is fitted to match the masses of the parts, see Table 2,
while the Young’s modulus is fitted to match the first eigenfrequencies of the mass with spring, which are
obtained by standard EMA, as shown in Table 3.

% E ν N

8040 kg/m3 2.07 · 1011 N/m2 0.32 2 kN

Table 1: Material and loading parameters

Mass Measured Calculated
with spring 5.900 kg 5.900 kg
without spring 5.225 kg 5.257 kg

Table 2: Masses of the resonator parts including eye-bolts
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Mode Measured Calculated
1 541 Hz 541 Hz
2 834 Hz 843 Hz
3 1120 Hz 1127 Hz

Table 3: Measured and calculated eigenfrequencies of mass with spring

4 Identification of contact parameters

4.1 Rough surface measurements

The surface roughness is measured by an optical measurement system (GOM-ATOS) providing STL-data of
the surface with a lateral resolution of about ∆x = 50µm and a vertical resolution of about ∆z = 1µm. The
raw measured surface data for the mass without spring together with the height distribution data is shown
in Fig. 4. Obviously, the height distribution is close to Gaussian as can be expected for a polished surface.
Since we are only interested in the elastic deformation of the surfaces, assuming that all plastic deformation
will take place during the initial loading, only the long-wave content of the surface roughness is relevant.
Therefore the relative low resolution of the ATOS-system compared to a stylus profilometer or an optical
interferometer is acceptable. Figure 5 shows a representative surface element with height data interpolated
from the STL-data of the ATOS-measurements.

Figure 4: ATOS measurement: STL data (left), height distribution (right)

4.2 Halfspace model

The contact between the the two rough surfaces was simulated employing an elastic halfspace model [8] with
a local Coulomb friction law with an assumed local friction coefficient of µ = 0.45.

The normal contact behavior is then obtained as the nominal pressure p as a function of the average ap-
proach g, see Fig. 6. The halfspace results are fitted using a least-squares method by

p(g) = p1

[
exp

(
p2

g

Rq

)
− 1

]
, (3)

where the approach g is normalized by the rms roughness Rq of the joint surfaces. The identified parameters
are shown in Table 4.

The tangential contact behavior shown in Fig. 7 is fitted by an Iwan-model with five parallel Jenkin-elements.
Each Jenkin-element has the same pressure dependent stiffness ck, which is given by

ck =
p

xt
, (4)

1780 PROCEEDINGS OF ISMA2018 AND USD2018



-6

14

-4

12

-2

14

0

10

10
-3

12

2

8 10

4

8

6

6
6

4
4

2 2

Figure 5: Representative surface element

p1 p2 Rq

0.5443 N/mm2 3.1589 0.0031 mm

Table 4: Parameters for normal contact model

with the elastic slip distance xt. The slip distance and the individual friction coefficients for each Jenkin-
element are again identified by a least-squares fit to the halfspace results and given in Table 5.

Since the friction coefficients depend on the assumed value of the local friction coefficient µ in the halfspace
simulation, the absolute values are not yet determined. However, the distribution of the friction coefficients
is close to linear, such that we can assume a distribution of the form given by (5)

µk = µ0
k
n∑

k=1

k

, (5)

where we will use the value of µ0 to fit our experimental data.
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Figure 6: Normal contact law: Halfspace simulation and fitted contact law (3)
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xt 0.0068 mm
µ1 0.0266
µ2 0.0561
µ3 0.0867
µ4 0.1180
µ5 0.1500

µ0 =
∑
µk 0.4374

Table 5: Parameters for tangential contact
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Figure 7: Tangential contact: Halfspace simulation

4.3 Identification of friction coefficient

The unknown friction coefficient µ0 is identified from a comparison of a static hysteresis calculation to a
measured hysteresis close to resonance, where the normal contact parameters are taken from Tab. 4 and the
slip distance xt from Tab. 5. The static solution is obtained using the finite element model by fixing the
right part (mass without spring) at the accelerometer attachment point and applying a given displacement at
the left part at the shaker attachment point,1 see Fig. 2. Since the measured hysteresis shows a significant
stiffness during ”full slip” an additional slip stiffness c0 has to be added to the Iwan-model. The reason for
this additional stiffness are cold welded junctions formed by severe fretting of the rough surfaces during the
experiments as shown in Fig. 8.

The slip stiffness c0 and the total friction coefficient µ0 are obtained using Matlab’s fminsearch, where
the objective function is the weighted sum of the least squares deviations of the time histories of relative
displacement ∆x and tangential force T over one period. Optimized parameters are shown in Tab. 6 and the
resulting hysteresis in Fig. 9.

1Additionally, some soft springs have to be used to suppress rigid body modes.
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Figure 8: Surface with severe fretting

c0 µ0

156 N/mm3 0.576

Table 6: Slip stiffness and friction coefficient

4.4 Modal analysis

As a first check, an experimental modal analysis of the assembled system is performed using very light
hammer excitation to stay in the linear regime at full stick. The results are compared to the numerical results
in Tab. 7 for the first four modes with very satisfactory agreement.
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Figure 9: Fit of calculated static hysteresis to measured hysteresis at f = 329.7 Hz
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Mode Measured Calculated Error
1 150 Hz 150 Hz 0.0%
2 191 Hz 190 Hz 0.5%
3 340 Hz 337 Hz 0.9%
4 441 Hz 428 Hz 2.9%

Table 7: Measured and calculated eigenfrequencies of assembled system

5 Time domain results

The assembled finite element system is now subjected to a simulated swept-sine-measurement in the fre-
quency range f = 320 Hz to f = 340 Hz with a sweep rate of ḟ = 1 Hz/s, resulting in a sweep duration
of tsweep = 20 s. The excitation force is F0 = 50 N. Time integration is performed using standard New-
mark’s method with γ = 0.5 and β = 0.25 without any numerical damping. The fixed time step size is
∆t = 5 · 10−5 s resulting in n = 400000 time steps. The system is completely free without any boundary
conditions. In order to avoid rigid body drift resulting from start-up disturbances, the system is initialized
using a linear harmonic solution (full stick) at the start frequency.

In the following, we will compare the measured and calculated frequency response function (FRF) of the first
harmonic of the acceleration signal at the right mass (mass without spring) due to a harmonic force excitation
at the left mass (mass with spring), simulating the experiment shown in Fig. 2. The FRF is obtained by short-
time FFT using a moving Tukey-window with window size twindow = 0.5 s.

5.1 Original data

Figure 10 shows the calculated FRFs for a up- and a down-sweep in comparison to the measured data. The
agreement is quite good. Beside a small difference in amplitudes, there is some offset in the resonance
frequencies between measured and calculated data and also a slight difference between the numerical up-
and down-sweep data.

The latter effect can be attributed to a too high sweep rate, since calculations with higher sweep rates show
an even greater difference, which vanishes with decreasing sweep rates. However, a calculation with a lower
sweep rate was not deemed feasible, since a single sweep at the given time steps size and sweep rate takes
already about a week wall time on a standard PC. So, the chosen values are already a compromise between
accuracy and calculation time.

Both eigenfrequencies, measured and calculated, are below the corresponding eigenfrequencies of the linear
system at full stick, see Tab. 7. This is to be expected, since the stiffness is reduced during slip in the
nonlinear case. However, the drop is more significant in the experiment (∆f ≈ 10 Hz) than in the simulations
(∆f ≈ 2 Hz). The reason for this effect is not clear and will be the topic of future investigations.

5.2 Tuned damping

To obtain a better fit of the amplitudes, some Rayleigh damping is added to the model. Using stiffness
proportional damping only with a damping factor of dk = 10−6 results in the FRFs shown in Fig. 11.

5.3 Tuned Young’s modulus

To obtain a better fit of the eigenfrequencies, we will finally tune the Young’s modulus toE = 2.014 N/mm2.
The resulting FRFs are given in Fig. 12, showing an excellent agreement between measured and calculated
data.
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Figure 10: Comparison between measured and calculated FRFs (Original data)
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Figure 11: Comparison between measured and calculated FRFs (Added damping)
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Figure 12: Comparison between measured and calculated FRFs (Tuned Young’s modulus)
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6 Frequency domain results

Using the tuned data from the time domain calculations, we perform a multi-harmonic balance analysis [7],
where the nonlinear terms are treated by the alternating-frequency/time domain method (AFT) [1]. One
period was discretized using n = 64 time steps. The tangent matrix was obtained by finite differencing,
resulting in an inefficient but robust and general scheme.

Figure 13 shows the calculated FRFs for different numbers of used harmonics. Obviously, a very high
number of harmonics is needed to obtain a converged result. Convergence is also non-monotonous, since
the amplitude curve for 19 harmonics is slightly higher than for nharm = 13. However, the result for 19
harmonics seems to be converged, since a calculation with 25 harmonics (not shown) will give the same
result in the eyeball norm.

Figure 13: FRFs from multi-harmonic-balance method using different numbers of harmonics

Interestingly, a comparison of the MHB result with the FRF obtained from the time integration shows some
differences, see Fig. 14. There is a very slight shift in the resonance frequency. This shift can be attributed
to the Newmark integration scheme, which has some numerical dispersion leading to a period prolongation,
which results in turn in an underestimation of the resonance frequency [4]. Also the amplitude is not exactly
the same, this may be attributed to a still insufficient number of harmonics. However, a higher number of
harmonics would require an even finer time discretization during the time-domain part of the AFT method,
resulting in very long calculation times. The calculation for nharm = 19 in the given frequency range and
using a coarse frequency increment of ∆f = 0.5 Hz takes already about 5 days wall time on a standard PC,
thus coming close to the time domain calculations.

7 Conclusions

The presented method of parameter identification for dry frictions joints shows, at least for the quite simple
demonstration problem, excellent results. A comparison between time domain and frequency domain results
shows some small differences, which can be attributed to some deficiencies of either method. Since a very
high number of harmonics seems necessary in the multi-harmonic balance method, no clear advantage in
terms of computing time for the frequency domain method can be observed. This can be improved by
substituting the finite difference approximation of the MHB tangent, by a more efficient approximation, see
for example [5], albeit at some loss of generality. But the same holds true for the time domain method, which
would benefit from a proper model reduction.

1786 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 14: Comparison between FRFs from time-integration and multi-harmonic-balance method
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Abstract
Bolted joints in assembled structures are responsible for much of the structure's damping and give rise to
nonlinear behavior. This work explores the application of a new static reduction method to reduce the com-
putation costs associated with analyzing built-up structures. This novel method applies a Gauss-Seidel algo-
rithm to a model that has been statically reduced to retain only the DOF at the contact interface in which the
geometry, contact pressure and friction in the joint are modeled in detail. The problem considered consists
of two 2D cantilever beams in a sandwich configuration, with a load applied to simulate a bolt joining the
beams at the tip. The quasi-static simulations were used to predict the damping in the first mode of vibration
of the sandwich beam. It was found that the static reduction method resulted in dramatic computational sav-
ings while providing good accuracy as compared to simulations in commercial finite element software. This
approach could facilitate future studies in which different friction laws are applied between the interfaces.

1 Introduction

Airplanes, automobiles and various machines are all constructed from multiple parts joined by bolts or other
fasteners, and one of the greatest challenges in structural dynamics is to predict the damping in a structure
due to slip in the interfaces between its parts. When two parts are bolted together, the clamping pressure
provided by the bolt and the Poisson effect creates a distribution of contact pressure at the interface, which
possibly goes to zero if the joint opens up away from the contact. It is possible, although not trivial, to predict
the area of contact for a bolted joint if the interface geometry and friction behavior are known. In contrast,
damping is much more challenging to model since it arises due to slip in small regions at the edges of the
contact, where a very fine mesh is needed to resolve slip accurately; to date no truly predictive models have
been both presented and effectively validated. The fine mesh and the nonlinear nature of the contact makes
the problem very computationally expensive.

A nonlinear simulation of a bolted interface includes several steps. First, the preload step must be simulated,
where the torque applied to the bolt clamps the connecting members together. As the members come into
contact, friction is generated at the joint interface that limits lateral motion. In a second step, external forces
or displacements are applied, causing the bolted surfaces to try to slip relative to each other. As the strength
of the external forces increases, the contacting members will experience microslip, or slipping near the edge
of contact where the clamping pressure is lowest. For very large forces the joint may slip completely and
transition from microslip to macroslip where in the macroslip regime, severe nonlinearity can be observed.
Microslip is responsible for energy dissipation at the joint and therefore causes damping, up to 90 percent of
the damping in some systems [?], and softening in the joint that varies with loading as the microslip region
evolves. Various studies have shown that structures with bolted joints can exhibit variations in damping of
hundreds of percent with response amplitude, so a new analysis method for bolted joints should examine
a spectrum of loads. If dynamic loads are of interest, then the area of contact, frictional forces, stresses,
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etc... must be solved for at every time step and, extrapolating based on the static simulations presented in
[?], computation times within conventional FEA can be expected to be measured in decades or centuries.
In an attempt to reduce the costs required to simulate the response of a structure with joints, Festjens et al.
[?] proposed a model reduction technique that spatially decomposes a structure into a linear domain away
from the joint and a nonlinear domain near the joint. Then the inertial term in the joint domain is neglected
and the joint is assumed to behave quasi-statically. Allen et al. later [?] presented a variant on this method,
known as Quasi-Static Modal Analysis, and applied it to structures where the joints were modeled as discrete
Iwan elements. It was found that Quasi-Static Modal Analysis produces very accurate estimates of nonlinear
behavior of the joint, especially the amplitude-dependent modal damping and natural frequency when the
response is dominated by a single mode.

For Lacayo and Allen's work, Iwan elements were selected since they can capture the opening and closings
experienced by the joint, which gives rise to energy dissipation and nonlinear behavior of the joint (to be
discussed later). However, Iwan elements require four parameter inputs that must be tuned based upon
prototype experiments since they cannot be deduced from first principles [?],[?]. Thus a better method
would simply require a full element model of the assembly which would eliminate the need for prototype
experimenting and producing a new model for every variation of joint geometry, preload, material, etc. Using
the best available methods to date, this is still very computationally expensive. For example, Jewell et al.
[?] implemented quasi-static modal analysis method within a commercial finite element package. In that
work they found computation times ranging from 16-50 hours for relatively simple 3D finite element models
with one or two bolted joints. Ahn and Barber [?] proposed a static reduction procedure as a way to speed
up contact mechanics simulations. This work proposes to combine their approach with quasi-static analysis
to seek to predict the nonlinear stiffness and damping of a joint at a significantly reduced cost compared
to existing analysis methods. Several enhancements are presented for the approach in [?] to speed up the
analysis, in order to make it practical for the joints that are of interest.

The following sections review the quasi-static modal analysis method and the approach used by Ahn and
Barber. Then, the proposed enhancements are outlined and the algorithm is applied to a test structure.

2 Review of the quasi-static modal analysis method

The Quasi-Static Modal Analysis method implemented in this paper is similar to one developed by Festjens,
Chevallier, and Dion, [?], where the effective natural frequency and modal damping ratios are extracted from
a nonlinear static analysis. This is done by imposing a quasi-static load to the model that would excite only
a single mode of the linearized structure. Allen and Lacayo, [?] recently elaborated on this method, and
used the modal load-displacement curves to construct a hysteresis curve from which the effective natural
frequency and damping were estimated. The method is reviewed below.

Suppose that a preload is applied to a structure such that the members come into contact in at least one
location. The equation of motion for the coupled structure(s) can then be written as,

Mẍ + Cẋ + Kx + fj(x, θ) = fext(t) (1)

where M, C, and K are, respectively, the mass, damping, and stiffness matrices of the system, and x, ẋ, and
ẍ are the displacement, velocity, and acceleration vectors, respectively. The vector fj represents the internal
forces due to a joint model containing internal sliders, and θ is a vector that captures the state (slip or stick)
of each slider element.

At low amplitudes the joints can be replaced with springs equivalent to the zero-load equilibrium stiffness of
the joints,

KT =
∂fJ
∂x
|x=0 (2)
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and an eigenvalue problem can be solved to estimate the mass-normalized mode shapes, Φ0 , of the structure

([KT + K]− λrM)Φ0r = 0 (3)

To characterize the effect of the joints on each mode of vibration, a force fext = MΦ0r is applied which
distributes a load over the entire structure such that only mode r of the system would respond if the structure
were linear. Using the approach in [?],[?], this force is applied to the nonlinear model resulting in the
following quasi-static problem,

Kx + fj(x, θ) = MΦ0rα (4)

where α is a scalar which sets the load amplitude. This is then solved to find x(α), which can then be mapped
onto the rth mode using:

qr(α) = ΦT
0rMx (5)

Using this approach, the hysteresis curve can be constructed from a single, linearly increasing loading from 0
to α if the nonlinear forces are independent of the velocity and if each mode obeys the Masing assumptions,
Using mass-normalized mode shapes, the modal force is

fr(α) = ΦT
0rMα = α (6)

Then using Masing'rules, the force (and similarly displacement) over a full loading cycle can be estimated
from the following forward and reverse loading curves.

f̂1(qr) = 2fr(
qr + qr(α)

2
)− α (7a)

f̂1(qr) = α− 2fr(
qr − qr(α)

2
) (7b)

The secant of this hysteresis curve is then used to estimate the instantaneous natural frequency of the mode
in question:

ωr(α) =

√
α

qr(α
) (8)

The area enclosed by the loop is the total energy dissipated D(αj) per cycle of vibration, which is readily
obtained with trapezoidal integration of the difference (f̂ j1 (qr) − (f̂ j2 (qr) with respect to qj . Then, using an
energy balance between the dissipation and an equivalent viscous damper, the effective damping ratio can
then be calculated as follows.

ξr(α) =
D(α)

2π(qr(α)ωr(α))2
(9)

Jewell et al. [?] used this approach within a commercial finite element package to estimate x(α), which
proved costly and the static solver was not always reliable. As mentioned previously, this work will employ
static reduction and an algorithm based on [?] to solve the reduced problem.

3 Static Reduction

In this section, the mathematical and theoretical basis of the static reduction procedure is described. First,
the case of a single elastic body in contact with a rigid surface is considered, which is then extended to the
case of contact between two elastic bodies.
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3.1 Single Elastic Body

Following [?] and using equation (??), as done in [?] we relate the dynamic response to the quasi-static
response over a single loading cycle. For example, in the case study that follows we have a finite element
model containing 2158 nodes, of which 124 are located at the interface and may potentially come into
contact. The force vector may also be partitioned between the forces at the interface fCand the other forces
fE . A standard Guyan reduction [?] is performed to reduce the system to only the nodes at the interface,
with displacements uC and to obtain the reduced stiffness matrix KC . Then we can write the equilibrium
for the contact nodes as,

fC = fw + KCuC (10)

where the force and displacement vectors can be decomposed into forces and motions normal to and parallel
to the surface as,

fC =

[
Q
P

]
; fw =

[
Qw

Pw

]
;uC =

[
v
w

]
(11)

where, Qw and Pw are the time-varying nodal reaction forces in the lateral and vertical directions respec-
tively, that would be generated by the given external load if all the nodes were restrained from moving. The
displacement of the contact nodes, are denoted v in the lateral direction and w in the direction normal to the
surface.

Figure 1: Example of a mesh with the directions of the displacements and loading specified. The mesh is
statically reduced so that only the interface or contact nodes, shown in red, are retained.

3.2 Two Elastic Bodies

To extend this procedure to the case of two elastic bodies in contact, first, a separate finite element model
must be created for each body, the global stiffness matrix of each individual model must then be extracted,
and the reduced contact stiffness matrix KC

j , and the loading vectors fwj , must be computed by fixing the
interface nodes and computing the reaction forces at the interface when the external loading of interest is
applied to the structure.

When the two bodies are in contact, Newton's third law requires that the forces between the bodies be equal
and opposite, which is equivalent to the statement fC = fC1 = fC2 , where the subscripts 1, 2 denote the body
to which the vector of contact force relates. Therefore, we can write the following.

fC1 = fw1 + KC
1 u

C
1 (12a)

fC2 = fw2 + KC
2 u

C
2 (12b)
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The contact displacements must satisfy the following conditions.

uC1 = uC2 + uC2 (13)

We merge the equations (??) and (??) and finally, for two elastic bodies we can write,

fC = fw + KCuC (14)

where
fw = [KC

1 [KC
2 ]−1 + I]−1 + (fw1 + KC

1 [KC
2 ]−1fw]) (15a)

KC = [KC
1 [KC

2 ]−1 + I]−1KC
1 . (15b)

Hence, a contact problem involving two bodies has been reduced to a form equivalent to contact between one
body and a rigid surface, and the same algorithm can be used for both. Therefore, from this point forward
the focus is on an algorithm to solve eq. (??).

4 Solution Algorithm: Block Gauss Seidel

To solve the contact problem, the authors initially employed the algorithm by Barber et al [?], which uses a
standard Gauss Seidel algorithm and iterates one node at a time, adjusting the forces and contact conditions
at each node until equilibrium is satisfied. This algorithm may have advantages in some cases, but in the
applications explored here this approach was found to be somewhat expensive since many iterations were
often required to obtain convergence. Furthermore, since the authors’ ultimate goal is to apply this reduction
to 3D Finite Element models, and Gauss Seidel is known to perform poorly in three dimensions, an alternative
was sought.

Therefore, a variation on the Block Gauss Seidel [?] procedure was developed for this application. For this
method, the displacements at nodes beyond the contact interface are assumed to remain unchanged. Then
the nodes at the contacting surfaces are placed into one of three baskets (nodes that are stuck, slipping, or
separated) at each point in time. The algorithm then cycles over the basket until the governing equations at
all basket nodes are satisfied to within a set tolerance. Then the nodes are evaluated and updated and the
procedure repeats for the remainder of the contact analysis. In order to speed up the analysis further, two
types of baskets were used: temporary and final. All nodes for which the contact condition is uncertain at
a given time step t are place in a temporary basket, while nodes that either cease to change state for two
successive iterations, or have never changed, are placed into a ”final” basket. Doing this, the algorithm does
not need to check the contact conditions for many of the nodes and this can help to speed up the computations.
However, if convergence involves large changes in the displacements of the nodes then there is a risk that the
solution would be inaccurate if some nodes end up in the wrong baskets.

4.1 Baskets

4.1.1 Contact/Stuck region (Contact region basket):

The nodes are in contact and there is no relative motion, so for each node in this category,

wi = 0v̇i = 0. (16a)

For this state to hold, the normal reaction must be compressive and the tangential reaction must satisfy the
Coulomb friction inequality, giving

Pi > 0;−µPi ≤ Qi ≤ µPi (16b)

where µ is the friction coefficient.
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4.1.2 Separation region (Separation region basket):

The node is not in contact, so the reaction forces are zero, giving

Pi = 0;Qi = 0 (17a)

For this to hold, the gap between the block and the plane surface must be non-negative, which requires

wi ≥ 0 (17b)

4.1.3 Slip region (Slip region basket):

The node is in contact and slipping, so
wi = 0; v̇i 6= 0 (18a)

The normal contact reaction must be compressive and the Coulomb friction law implies that sum of Qi and
Pi opposes the motion, giving

So we will find the Qi and Pi as follows

Qi = sign(Qi)µPi (18b)

4.2 Algorithm

A flow chart documenting the algorithm is given in Figure 2. The algorithm begins each time step by placing
all contact nodes in the temporary contact/stuck basket. From this assumption, the reaction forces at the
interface are found and the inequalities in equations (??) and (??) above are checked. If equation (??) or
(??) is found to be satisfied, the nodes are moved into the final contact basket, if not, they would move into
the appropriate temporary sliding or temporary separation basket. Then the algorithm progresses to the next
basket as shown in Fig.1, and the procedure is repeated and each of the baskets checked again until every
node is in the final basket, or in other words until the status of each node has remained unchanged for two
iterations so that it is transfered to the final basket.

The convergence tolerance is defined based on the change in displacements. Specifically, in each iteration
the changes ∆vi, ∆wi in the displacements vi , wi at all slipping and separated nodes during the last iteration
are less than a given proportion of the corresponding displacement. In other words, when ε0 ≤ ε, where

ε = maxvi,wi

(
∆vi
vi

,
∆wi

wi

)
. (19)

The tolerance is then checked and if it is not satisfied then another iteration begins in which the final baskets
of the previous iteration become the temporary ones for the new iteration (i.e. moving the nodes from the
final basket of the contact/stuck region to the temporary basket of the contact/stuck region, and similarly for
the separation and slip). Typically a few iterations are required until the tolerance would be satisfied for the
current time. Then we can proceed to the next time step with the same procedure as before. .

5 Modeling, Results and Discussion

5.1 Modeling

In this section the algorithm is applied to evaluate its robustness and also the results are compared with
the result from a commercial software package, Abaqus®. A 2D model was constructed consisting of two
cantilever beams stacked on each other with a bolted joint joining the free ends. Hence, when the joint sticks
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Figure 2: Flow chart explaining the proposed algorithm

DYNAMICS OF JOINTS 1795



Figure 4: Von Mises stress results from quasi-static modal analysis on 2D model.

axially the beam has an effective height that is twice as large. Each beam is 203 mm [8 in] long, 6.35 mm
[0.25 in] thick and is assumed infinite in width due to the selection of plane strain CPE4 elements. A fixed
boundary condition is applied to one end of the structure. The bolt is modeled by a line pressure load on
both the top and bottom faces of the stacked beams in a 6.35 mm [0.25 in] wide section 25.4 mm [1 in] from
the free end of the structure. A pressure of 288 Nm [2546 lb-in] is applied on each segment, corresponding
to the clamping pressure that would be applied by a 6.35 mm [0.25 in] diameter bolt with 4450 N [1000 lb]
of preload.

Both the bolt and beams were made of steel with material properties E = 200 GPa, ν = 0.285, and ρ = 6600
kg/m3. The material is linear elastic so that the only damping in the model comes from Coulomb friction
and material damping is neglected since it can be readily added after the analysis if need be. The structure
is then meshed with smaller elements around the bolt and washer regions which are expected to experience
microslip. The final mesh used for the quasi-static analysis is shown in Fig. ?? where the elements are
colored to highlight key regions within the model. The contact is considered only near the bolt and not along
the full length of the beams, with a coefficient of friction µ = 0.6. This same structure was considered in [?]
using Abaqus®to solve the quasi-static problem so it provides a good test case for this new algorithm.

Figure 3: Finite element model of 2D bolted structure model composed of top beam (dark green), bottom
beam (light green), bolt region with pressure line loads (maroon), and washer region (blue).

5.2 Quasi-Static Analysis

After creating the finite element model, the quasi-static analysis method was implemented. The analysis
procedure consists of three parts, 1.) Pre-processing, which includes computing the forces acting on the
beam for each time step, 2.) Solving for the displacements x =

[
uT vT

]
T using the proposed algorithm ,

3.) Post processing the displacements to construct the force-displacement curve and compute the effective
natural frequency and damping ratio.

5.2.1 Pre-processing: Loading

For this part, the first bending mode was extracted from a modal analysis using Abaqus (shown in Fig. ??)
and it is the focus of further analysis. Once the first mode shape was extracted, the shape of the load in Eq. ??
was determined. The load magnitude was specified by giving a desired vertical tip deflection at the free end
of the structure. This displacement value was then translated to a maximum forcing amplitude that would
scale the forced mode shape to yield the specified tip deflection at the final analysis step. The distributed
load was then applied to the beams with the interface nodes fixed in order to compute the reaction force at
the interface nodes, fw in Eq. ??.
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Figure 5: The force-displacement curve,

5.2.2 Solving the Quasi-Static equation

The force, fw, found above, was applied to the reduced model and the corresponding displacement uC was
found in each step using the enhanced GaussSeidel algorithm. The results from this quasi-static analysis
were requested at 50 points. After solving the problem for the first time step, the time required to solve the
problem would significantly be reduced because the force varies minimally between each time step and we
can use the result from the previous step as a guess for the next time step. Therefore, the number of iteration
in each time step decreases making the algorithm more efficient.

5.2.3 Post-processing

After computing uC at each time step, the displacement of full model is reconstructed by finding uC for
both beams and using the recovery procedure associated with the static reduction. Also, Eq. 5 is then used
to compute the modal displacement at each load step. The nonlinear part of force displacement curve is
constructed, shown in Fig. ??. The algorithm computes only the loading portion of the force-displacement
curve (red circles) from which Masing's rules were used to obtain the complete hysteresis curve, shown in
blue. The energy dissipation was then calculated from the full hysteresis curve using the trapezoidal rule
from which Eq. ?? was used to calculate the damping ratio that the structure would have when vibrating in
this mode. Then the secant of the hysteresis curve was used in Eq. ?? to determine the natural frequency
as a function of amplitude. The resulting damping ratios and natural frequencies are plotted versus the peak
velocity amplitude in Fig. ?? and the results are compared with the Abaqus solution.

5.3 Discussion

To solve the 51 load cases in Abaqus took 201 seconds. In contrast, the algorithm presented here took
approximately 4 seconds on a 2.2GHz Intel i7 mac in Matlab using uncompiled code. This represents a 50x
speed up compared to Abaqus.

Upon examining the natural frequency plot, the lowest forcing magnitudes gave an initial natural frequency
around 198 Hz. This is in quite close agreement with the first mode found by the eigensolver at 198.4 Hz,
which therefore confirms the accuracy of the stiffness in the quasi-static model. Moreover, the damping curve
matches that computed in Abaqus almost identically, and the damping is seen to change by a factor of about
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Figure 6: Damping ratio and natural frequency of the model versus the peak velocity, compared to the
Abaqus results,
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3 for the range of loading amplitudes considered. This is encouraging because the study in [?] revealed that
it was challenging to be sure that Abaqus did not contaminate the damping due to the forces used to stabilize
the solution, and having a second, independent solution that agrees is encouraging. At this point, the cause
of the small offset between the natural frequency computed by Abaqus and by this algorithm is unknown.
There could be inaccuracy in the stiffness computed by this algorithm due to static reduction or the way in
which the applied load at the interface is approximated as the load when the interface is completely fixed.
This will be explored further in future studies.

6 Conclusion

This work has presented a variant of a method used in the contact mechanics community that combines the
standard Guyan static reduction method with a block Gauss-Seidel algorithm efficiently simulate contact
problems. Recent works such as [?, ?] show that the dynamics of low frequency modes are governed by the
quasi-static response at the interface, and so using the methods there one can apply approaches such as these
to dynamic problems. A basket concept was developed that solves the largest possible portion of the whole
model at each iteration, while allowing the contact condition of the nodes to change between iterations.
The algorithm was found to provide a dramatic reduction in computational cost compared to commercial
software. This provides a welcome alternative to commercial code, which is more difficult to customize
should different friction laws be of interest. Future works will seek to extend this algorithm to 3D models,
where QSMA has been found to take between 16-50 hours even for relatively simple models.
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Abstract 
If measurements are made of the free vibration decay of a structure, then, the usual approach is to use 

Fourier transforms to give a spectrum which separates out all the resonance peaks. Each resonance may 

then be analysed to determine natural frequencies and damping ratios. A novel alternative method is 

proposed here. This method involves narrow band filtering the vibration decay to extract a simple 

oscillating decay curve for each resonance. The advantage of this method is that nonlinear decay curves 

can be analysed. A particular feature of the method is that the data is reversed in time before the filtering 

is performed, thus, avoiding the excitation of filter resonances which would otherwise contaminate the 

data. This procedure is illustrated using nonlinear experimental data and theoretical data. It is shown that 

for a linear decay time history the filtering method does not alter the natural frequency and damping ratio 

of the data. For nonlinear decays, a method is given for removing minor distortions of the data.  

1 Introduction 

A measured time history of free vibration decay contains information about natural frequencies and 

damping ratios. The challenge is to extract this information. A novel method is presented here for 

analysing decaying time histories. A significant benefit is that it can be used on data that is nonlinear. 

A standard procedure in experimental modal analysis is to determine the natural frequencies and damping 

ratios of the resonances of a structure. Extensive techniques are available for this process with the 

restriction that the structure must behave in a linear manner. These methods are described in Ewins [1] and 

consist of two stages; i) an experimental stage where the structure is set into vibration and response data 

captured and ii) a data analysis stage where the measured data is processed to extract the natural 

frequencies and damping ratios. Many software packages are available to assist with these tasks.  

Stage ii) typically involves Fourier transforms to convert the measured data into frequency response 

functions. For linear structures, these frequency response functions can be modelled as rational 

polynomials with frequency as the independent variable. These models can then be fitted to the measured 

frequency response functions and in this process the natural frequencies and damping ratios of the 

structure determined. A review of these methods may be found in Formenti and Richardson [2].  

The analysis approach above is restricted to linear systems. When a structure is nonlinear, there is no 

standard method to determine how to proceed. The key difficulty is that parameters such as natural 

frequency and damping ratio may no longer exist with the vibration frequency and damping depending on 

the amplitude of the vibration.  

A key issue when analysing a decaying time history is that it is generally composed of the response of 

several modes of vibration with the responses of each mode being combined in the data. The use of 

spectra to separate the frequencies associated with each mode makes the spectral approach very attractive. 

However, when the response is nonlinear, the spectra are very difficult to interpret and for this reason a 

time domain approach has been developed. The challenge is to separate modes with different frequency 

content in the time domain. 
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An alternative to working in the frequency domain in stage ii) is to work in the time domain. Here for 

linear structures is the well-established Prony algorithm, and its variants, which dates back to 1795 [3]. 

These methods are also reviewed in Formenti and Richardson [2]. Methods involving the Hilbert 

transform are being developed by Feildman [4], Roettegen [5] and Sracic, Allen and Sumali [6]. The 

Hilbert transform is useful once a simple decaying time history is obtained which is part of the objectives 

of this work. Attempts to use the frequency domain to determine instantaneous methods for natural 

frequency and damping are also ongoing. The method by Kuether and Brake [7] involves taking short 

intervals of a decay time history and then transforming them into the frequency domain. A similar 

approach has been developed by Allen and Mayes [8] who take intervals of the decay curve starting at 

various times within the decay and then continuing to the end of the data. Both these methods enable the 

resonances to be sorted into individual frequency bands and allow the development of nonlinearities to be 

observed.  

The new method proposed here is based on conducting stage ii) in the time domain but not making the 

assumption of linear behaviour. As will be explained the method relies on using narrow band filters to 

determine details of the behaviour.  

2 The method of reverse filtering 

The measurement method proposed here starts, in the same way as a standard experimental modal 

analysis, by exciting the structure with an instrumented hammer (or any equivalent method). The response 

to this excitation is captured, sampled and stored as a digital signal. An example of a response time history 

is shown in Figure 1. This data is taken from a beam-like structure with bolted connections. Details are 

available in [9]. It can be seen that there are many frequencies superimposed. Figure 2 is the Fourier 

transform of this response time history. Unlike a normal modal analysis, this spectrum is not divided by 

the Fourier transform of the excitation time history. Two resonances of the structure are shown; many 

more were also present in the spectrum at higher frequencies. Care must be taken in calling the peaks 

resonances since there are clear nonlinear features. However for simplicity the term resonance peak will 

continue to be used. For the resonance at approximately 188 Hz, there are two peaks one rounded and one 

sharp which are difficult to interpret since they express nonlinear features. The peak at approximately 

270 Hz also has nonlinear characteristics. It is clear that due to the nonlinearity not much progress can be 

made by continuing in the frequency domain. 

A fourth order narrow band Butterworth filter was applied to the data in Figure 1 with a bandwidth of 

167 Hz to 208 Hz (the bandwidth is shown in Figure 2). This revealed the time history shown in 

Figure 3 (a). This time history clearly explains the data seen in the spectra of Figure 1. There are two parts 

to this time history. For times between 0 s and 0.13 s, the time history decays rapidly with a relatively low 

frequency. After 0.13 s the time history decays very slowly with a relatively high frequency. These two 

frequencies explain the two peaks see in Figure 1 at approximately 188Hz. Figures 3 (b) and 3 (c) will be 

discussed later. They relate to corrections to the filtered data and the error involved in the filtering process.  

 

 

 

 

 

 

 

 

 

Figure 1. A measured time history. 
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Figure 2. Spectrum of data in Figure 1 derived via a Fourier transform. The pink lines 

show the bandwidth of the filter.  

 

 

 

 

 

 

 

 

Figure 3 (a). Data in Figure 1 reverse filtered. 

 

 

 

 

 

 

 

Figure 3 (b). A corrected (deconvolved) version of Figure 3 (a) 
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Figure 3 (c). The error in the filtering process. 

 

 

 

 

 

 

 

 

Figure 4. Data in Figure 1 forward filtered.  

It is important to note that the narrow band filtering was not performed in a conventional manner. The data 

was reversed in time before passing it through the filter. This was done to avoid the filter resonance being 

excited. The difficulty with narrow band filters is that they have resonances which can ring and their 

characteristics can pollute the desired time history. By reversing the time history this effect is avoided.  

When reversed, the amplitude of the data starts at zero and grows slowly and finally comes to an abrupt 

finish. This avoids initiating transients in the filter. After the filtering is completed the filtered data is 

reversed again so that it is in its original order. If the time history is not reversed before filtering, then a 

filtered response such as that shown in Figure 4 is produced. 

It can be seen that filtering in a conventional manner, Figure 4, considerably distorts the time history 

particularity at the start. Note that in Figure 4 the effects of the filter last until about 0.1 s. This is a 

considerable loss of fidelity. The procedure of reversing the time history before filtering will be called 

reversed filtering while the conventional filtering process will be called forward filtering.  

The nonlinear effects shown in Figure 3 are due to friction in the bolted joint. At large amplitudes, the 

joint has a slipping contact patch that causes damping and a low frequency, while at small amplitudes the 

contact path locks-up resulting in small damping and a relatively high frequency. More details in [9].  

Instantaneous values for damping and natural frequency can easily be extracted from time histories such 

as those shown in Figure 3(a). The advantages of reverse filtering are clear in this example and provide a 

much better approach for understanding the dynamics of this structure, than working in the frequency 

domain. For this reason, this method of reverse filtering is being developed. 

From the signal processing viewpoint, the key question is how the time history is affected by the reverse 

filtering process. To what extent is the time history shown in Figure 3(a) contaminated by the filter? Do 

corrections have to be made to get the true information? These important questions are investigated in the 

rest of this paper.  

3 The effect of reverse filtering a linear system decay time history 

As a starting point, the effect of reverse filtering the decay time history from a linear, single-degree-of-

freedom (SDOF), system is examined. This process can be analysed by using Laplace transforms. Since 

reverse time histories are being considered it is necessary to use a double sided Laplace transform so that 

negative times can be considered. Details of Laplace transforms may be found in Bracewell [10]. The 

Laplace transform and its inverse are given by 

 

 𝑋(𝑠) = ∫ 𝑥(𝑡)ⅇ−𝑠𝑡 ⅆ𝑡
∞

−∞
  and 𝑥(𝑡) =

1

2𝜋ⅈ
∫ 𝑋(𝑠)ⅇ𝑠𝑡 ⅆ𝑠
∞

−∞
 (1) 

 

where 𝑥(𝑡) is the time history and 𝑋(𝑠) its Laplace transform. Here t is time and s is the Laplace variable. 
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Figure 5. The poles in the complex plane; the poles of the SDOF are shown as circles. 

The poles of the filter as crosses. Contours of integration are shown as Γ+ and Γ−. 

 

In the theory of Laplace transforms the output of the filter, 𝑌(𝑠), is given by  

 

 𝑌(𝑠) = 𝐻(𝑠)𝑋(𝑠) (2) 

 

where 𝐻(𝑠) is the Laplace transform of the filter transfer function and 𝑋(𝑠) the Laplace transform of the 

time history that is input to the filter (i.e. the measured time history).  

To determine the time history of the filter output, the inverse Laplace transform of 𝑌(𝑠)must be 

calculated. This is best done by considering the poles of both 𝑋(𝑠) and 𝐻(𝑠). 

Figure 5 shows the Laplace plane for a SDOF system filtered by a fourth-order Butterworth filter. The 

configuration for forward filtering is shown in Figure 5 (a) while for reverse filtering the configuration is 

shown in Figure 5 (b). The SDOF system has two complex conjugate poles marked by circles. For the 

forward filtering case, these are shown on the left half plane while for the reverse case these are shown on 

the right half plane. Their position on the right half plane follows naturally if it is recognised that the 

reversed time history looks like an unstable system.  

The poles of the Butterworth filter are shown on the left half plane and are marked by crosses. The poles 

of the filter occur in complex conjugate pairs and are clustered in half-circles centred on the mid 

frequency of the pass band.  

In order to calculate the time history of the filtered signal, the inversion integral is used. This integral must 

be applied carefully so that convergence is achieved. For times less than zero, the integral is completed 

using a contour on the right half plane (𝛤− in Figure 5 (b)). For times greater than zero the integral must 

use the contour on the left half plane (𝛤+ in Figure 5 a and b). Use of the Cauchy integration theorem may 

be made where the integral is equal to 2𝜋ⅈ times the sum of the residues. The problem with forward 

filtering is thus clear; use of the contour on the left hand plane will result in the response of the SDOF 

time history and the response of the filter as well. Thus for the fourth order filter illustrated, there will be 

four oscillating decaying responses from the filter as well as the oscillating decaying response from the 

SDOF system. These responses interact to produce a composite oscillating decaying output. This is 

unsatisfactory because it is a mixture of the characteristics of the structure as well as the filter. The 

mixture is clearly seen in the start of Figure 4. For the reverse filtering case there are two parts. For times 
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less than zero, the output of the filter is that of the SDOF system only. For times greater than zero, the 

output is from the filter only. For reverse filtering and times greater than zero, the filter output can be 

ignored.  

How does the reverse filtering effect the measured time history? This important question can be 

completely answered for a SDFS. Let the time history of the filter input, 𝑥(𝑡), be  

 

 𝑥(𝑡) = ⅇ−𝛽𝑡(𝐴cos(𝛼𝑡) + 𝐵sin(𝛼𝑡)) (3) 

 

where the poles of the SDOF system are −𝛽 ± ⅈ𝛼 and A and B are coefficients which can be used to select 

the initial conditions. In more standard terminology  

 

 𝛼 = √1 + 𝜁2𝜔0and 𝛽 = 𝜁𝜔0 (4) 

 

where 𝜔0 is the undamped natural frequency in radians per second and 𝜁 is the damping ratio.  

Calculation of the filter output for the reverse filtering case gives  

 

 𝑦(𝑡) = ⅇ−𝛽𝑡|𝐻|(𝐴cos(𝛼𝑡 + 𝜙) + 𝐵sin(𝛼𝑡 + 𝜙)) (5) 

where  

 |𝐻| = √𝐻𝑟
2 + 𝐻ⅈ

2 and tan(𝜙) = −𝐻ⅈ/𝐻𝑟 with 𝐻𝑟 + ⅈ𝐻ⅈ = 𝐻(𝛽 + ⅈ𝛼) (6) 

 

Here the filter transfer function, H, has entered the solution during the evaluation of the residue at the 

poles of the SDOF system. Note that just the magnitude and phase of the filter at one pole is used. 

Examination of Equation 5 shows that the output of the filter is just the same as the input with a factor, 

|𝐻|, scaling the amplitude and with a phase shift of 𝜙. Thus the filter has made a negligible change to the 

input time history.  

In contrast for the forward filtering case the time history of the response is much more complicated and is 

given by  

 

𝑦(𝑡) = ⅇ−𝛽𝑡|𝐻|(𝐴cos(𝛼𝑡 + 𝜙) + 𝐵sin(𝛼𝑡 + 𝜙))

+∑ⅇ−𝛽𝑛𝑡(𝑅𝑛cos(𝛼𝑛𝑡) + 𝑆𝑛sin(𝛼𝑛𝑡))

𝑁

𝑛=1

 
(7) 

 

where the summation covers the response from the poles of the filter. For a forth order filter N = 4 and 

there are filter poles at −𝛽𝑛 ± ⅈ𝛼𝑛. The coefficients 𝑅𝑛 and 𝑆𝑛 are values that determine the initial 

conditions for the filter. They also contain contributions from the residues of the SDOF. 

The important point to note is that the frequency and damping of the SDOF are unaltered by reverse 

filtering. In contrast, for forward filtering, the SDOF decay time history is contaminated by the decay of 

the filter, and it is difficult to pick out the SDOF from the characteristics of the filter. This is illustrated in 

Figure 6 (a), (b) and (c) 
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Figure 6 (a). Time history of a SDOF system 

 

 

 

 

 

 

 

 

Figure 6 (b). Data in Figure 6 (a) forward filtered. 

 

 

 

 

 

 

 

 

Figure 6 (c). Data in Figure 6 (a) reverse filtered. 

 

It can be seen that forward filtering, Figure 6 (b), considerably distorts the data while reverse filtering, 

Figure 6 (a) leaves it uncontaminated except for a decrease in amplitude and a change in phase.  

A further stage in signal processing would be to use a curve fitting method to determine the value of the 

natural frequency and damping precisely. The data in Figure 6 (c) would be fitted to the model in 

Equation 3. A method for doing this is described in Goyder and Lancereau [11]. This method is valid for  

fitting linear or nonlinear decay time histories. If the phase angle and scaling factor |𝐻| need to be 

removed from the output, this can be done easily since they can be deduced from Equation 6 once the 

frequency and damping are determined. Reverse filtering a nonlinear system decay time history 
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A nonlinear example is examined in this section. The objective is to see how a nonlinear decay is affected 

by reverse filtering. The synthetic decaying time history investigated here has two intervals each with 

different natural frequencies and damping ratios. The details are given in Table 1.  

 

 Time ranges (s) 

Natural 

frequency Hz Damping ratio A B 

Interval 1 0 ≤ 𝑡 ≤ 0.15 123.4 0.015 1 0.5 

Interval 2 0.15 < 𝑡 135.74 0.005 0.3190 -0.1753 

Table 1. Parameters for a decaying time history composed of two intervals. 

The amplitude values for the second interval are chosen so that the function and its derivative are 

continuous at the junction of the two intervals. This corresponds to displacement and velocity being 

continuous; while the acceleration is discontinuous. This system is similar to the measured example shown 

in Figure 1.  

The nonlinear time history and the reverse filtered version are shown in Figure 7 and Figure 8. It can be 

seen that the reverse filtering has reduced the amplitude of the time history but that the time histories are 

substantially similar. Unlike the case of the linear system, there is no easy way of determining how to 

correct the decrease in amplitude that is due to the filter.  

The general problem of correcting a time history for the effects of a filter is known as deconvolution. 

There is an extensive literature on deconvolution which is a problem that is known to be ill poised and 

sensitive to noise [12]. Much of the literature considers continuous time histories, rather than the transient 

ones of interest here. The standard method for deconvolving a continuous time history is Weiner 

deconvolution [13]. It should be noted that the simple expedient of dividing 𝑌(𝑠) by 𝐻(𝑠) in Equation 2 to 

calculate 𝑋(𝑠) is not appropriate since this will just bring back the original time history with all the 

resonances superimposed.  

 

 

 

 

 

 

 

Figure 7. A nonlinear time history composed of two intervals with different properties 

 

 

 

 

 

 

 

Figure 8. The data in Figure 7 reverse filtered.  

 

An interesting point to note is that if a candidate for a deconvolved time history is available, then it may 

be checked to see if it correct by applying the reverse filtering procedure and comparing this output to the 

output obtained from the original reverse filtered time history. They should be identical. If they are not 
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then an error time history can be generated by subtracting one from the other. This idea forms part of an 

iterative method developed by Van Cittert [14] and Bracewell and Roberts [15]. The problem, however, is 

to determine the candidate for the deconvolved time history.  

A novel approach has been developed for deconvolving the time history for the type of transient being 

investigated here. It can be noted that forward filtering approximately compensates the effects of reverse 

filtering. Thus if the reverse filtered data is forward filtered the decrease in amplitude is compensated by 

an increase in amplitude. However, as has been seen, forward filtering results in the contamination of the 

time history by filter components. The approach used here to avoid this contamination is to extrapolate the 

reverse filtered time history backwards to times less than zero. If this extrapolation is carried back far 

enough then when forward filtering the filter components will have decayed before time zero is reached.  

This approach has been developed and Figure 9 shows the deconvolved time history. Most importantly an 

error signal, Figure 10, is also constructed between the original reverse filtered time history and the 

reverse filtered time history of the deconvolved signal. As can be seen this error signal is small suggesting 

a successful deconvolution. 

This deconvolution process was also applied to the data in Figure 3 (a). The results of the deconvolution 

and the error in the process are shown in Figures 3 (b) and 3 (c) respectively.  

 

 

 

 

 

 

 

 

Figure 9. The deconvolved time history of Figure 8. 

 

 

 

Figure 9. A deconvolved version of Figure 8. 

 

 

 

 

Figure 10. The error in the deconvolution process of Figure 8. 

4 Discussion 

The examples show that the reverse filtering technique can extract one resonance from a decaying time 

history and reject other resonances. This is the key starting point of the method. Further, the contamination 

of the data by the filter is small. In particular, the reversing of the data prevents filter oscillations from 

combining with the desired output. This is clearly a useful tool, particularly for nonlinear time histories.  

The example with a linear system shows that the natural frequency and damping ratio are not influenced 

by the filtering process. This is another strong argument in favour of this method.  
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For the nonlinear system there is an issue with deconvolution. The challenge is to correct for the minor 

modifications to the data due to the filter. This modification is mostly a change in amplitude and a small 

shift in phase. A method has been presented that requires the data to be extrapolated backwards and then 

forward filtered. Other methods are probably possible and some are being considered. However, the 

corrections required for deconvolution are small, so this is a secondary problem.  

A good feature of the reverse filtering method is the ability to check the quality of the data by calculating 

an error signal. One approach is to model the data obtained from reverse filtering. This model can be 

useful in providing instantaneous values of natural frequency and damping ratio. Further, the model can be 

used to generate a set of model data and this data can be reverse filtered and compared to the measured 

reverse filtered data. This approach, as well as providing a basis for an error time history, can add 

confidence to the whole data analysis process.  

The deconvolution method described can also produce an error time history, and in this case, there is no 

need to generate a model (except for the backward extrapolation).  

A question that has not been investigated here is how narrow a filter band can be used. Narrow filter bands 

are useful in separating close natural frequencies. The limitation will be the need for the decay time of the 

filter to be much shorter than the decay time of the resonance being investigated. This requirement can be 

formulated in the frequency domain for a linear system where the resonance has a bandwidth that depends 

on the damping ratio. The resonance bandwidth is given by 2𝜁𝑓0 where 𝜁 is the damping ratio and 𝑓0 the 

natural frequency (in Hz). The filter similarly has a bandwidth and the requirement would be that this 

bandwidth be larger than the resonance bandwidth. This condition should be straightforward to satisfy.  

In the title of this paper, it is suggested that the reverse filtering technique, operating in the time domain, is 

better than working in the frequency domain. For the nonlinear example with the spectrum shown in 

Figure 2, it would be difficult to see how working in the frequency domain could proceed. The clarity of 

the reverse filtered data in Figure 3 (a) explains the entire nonlinear phenomenon. For data with only a 

small nonlinearity, it is often difficult to spot that nonlinearity is present from examination of the 

spectrum. However, with the reverse filtering technique even small nonlinearities are clear in the time 

domain. The disadvantage of the reverse filtering technique is that some deconvolution may be necessary. 

For a linear system the deconvolution is trivial. For a nonlinear system a method has been proposed, i.e. 

extrapolating and then forward filtering, which has been found to be adequate.  

The reverse filtering method has been successfully used for investigating nonlinear behaviour [9] and it is 

recommended as a good approach.  

5 Conclusions 

The following conclusions may be drawn. 

1. Using a narrow band filter allows individual decaying oscillations from a resonance to be selected. 

This selection works even when there are other oscillations from other decaying resonances 

present.  

2. Reversing the time history prior to filtering prevents the filter ringing and avoids contamination of 

the data by the filter. 

3. It has been shown that for a linear system, the reverse filtering method results in a time history 

that preserves the natural frequency and damping ratio exactly.  

4. Some second order modifications are made to the output time history by the filtering process. For 

a linear system these are just a change in scale and a phase shift. A process of deconvolution has 

been demonstrated that enables almost all these modifications to be corrected.  

5. Either by deconvolution or by developing a model using curve fitting it is possible to determine an 

error time history. This gives confidence to the reverse filtering method.  
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Abstract
In modeling jointed interfaces, it becomes necessary to understand how properties of joints, estimated in
situations removed from the contexts of their assemblies, correspond to the system-level dynamical behavior
of the total assembly. The current study presents, along with the results of preliminary efforts at examining
it, the Surrogate System Hypothesis for Joint Mechanics. The hypothesis states that joint interface properties
are independent of the structural context it is found in. If the hypothesis finds support, experimental char-
acterization of surrogate structures can be used to develop predictive models for jointed assemblies, which
will enable significant advances in the design and optimization of jointed structures. In the current study,
the dynamics of modified versions of the Brake-Reuß Beam (BRB) are captured using an established joint
model (Segalman’s 4-parameter Iwan friction elements) tuned using experimental data from a regular BRB.
Quasi-Static Modal Analysis (QSMA) and related methods are employed for the numerical characterization.

1 Introduction

The lack of accurate predictive models for capturing the dynamics of jointed connections is an issue that
has persisted in the community for a long time now [24, 3]. The main sources of difficulty in modeling
interfacial friction may broadly be understood as two-fold: (1) Uncertainty in characterizing the interface
and its evolution, and (2) computational overhead in incorporating the local kinematics of the interface
in a macro-level simulation. There are several studies working on developing constitutive models with
increasing sophistication (see, for example, [13, 11, 10]) as well as developing better experimental setups
& techniques for hysteresis measurements [12]. The most popular alternative to fully predictive models
is the use of experimentally derived empirical models. The key drawback here lies in the fact that this
necessitates expensive, often destructive testing of assembled structures. The current work strives to provide
a cheaper alternative to this by attempting to establish the correlation between experimental measurements
of identical joints in dissimilar structural contexts. Parameter sets for different friction models are evaluated
using experimental data for three different lap-jointed (bolted) beams by first posing the estimation problem
in a Multi-Objective Optimization framework (MOOP), and then using the resulting model form deviation
metrics for the analytics.

In applying friction constitutive models in a system-level model, one is sure to come across the second
challenge — computational expense. Physically, since friction is thought to be a multi-scale phenomenon;
with micro-scale interfacial characteristics influencing the macro-scale system level performance, it is neither
possible nor practical (with the current state-of-the-art) to develop minutely resolved full-scale computational
models for simulating real world structures. Consequently, various reduced order modeling techniques have
been employed to facilitate simulations [20, 21, 18, 14]. In the current study, a fairly simple interface
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reduction methodology is followed, in order not to make simulations prohibitively expensive, while at the
same time retaining computational accuracy. The interfaces are reduced to “patches” governed by the so-
called whole-joint models [24], with dynamic simulations cast into a quasi-framework as in [1].

2 Background

2.1 Quasi-Static Modal Analysis

Following the developments in [14], the authors in [1] developed a framework for the simulation of weakly
nonlinear systems. The method uses the linearized mode shapes of the full dynamical system in order
to apply “modal” forcing on the nonlinear structure in a quasi-static manner. Employing Masing friction
models enables one to obtain the steady state dynamic response using quasi-static simulations alone. The low
computational cost of the method allows one to conduct fairly sophisticated parameter estimation procedures
in a reasonable amount of time. The interested reader is referred to [1] and [2] for a detailed exposition of
the same.

2.2 Modeling

Figure 1 illustrates the whole-joint patches used in the current study. Discretization is not conducted along
the Y direction since the mode-shape of interest is not expected to have tangential relative displacements in
that direction.

  RP

  RP

  RP

  RP

  RP
  RP

  RP

  RP

  RP

  RP

K

K

K

K

K

XY

Z

1
2

3
4

5

Figure 1: The five-patch whole-joint interface with correspondingly labeled regions. By symmetry, regions
1 & 5 and 2 & 4 can be taken to have identical properties.

Each patch is represented by a “virtual node” whose six Degrees-Of-Freedom (DOFs) are all retained for the
model reduction step that follows. A Hurty/Craig-Bampton component mode dynamic substructuring [15, 7]
is conducted retaining the said DOFs as well as 26 constrained modes for each structure. This provides a
comparatively small system (86× 86 matrices) representing the structure.

The Masing model [4] places the following conditions on the hysteresis loop of a friction model,

• The forward part of the hysteresis curve is identical to the reverse part of the hysteresis curve, only
stretched by a factor of two and reflected across the axes when oscillating between two extremes.
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• The equation of any hysteretic response curve is determined from the last point of the loading cy-
cle before reversal and requiring that if the loading curve crosses a previous loading curve, it must
correspond to the previous loading curve.

Essentially, this allows one to establish a functional relationship between the hysteretic backbone and the
loop itself. There are however a large class of models which do not follow these rules. The violations arise
mostly because of explicit normal force dependence which is absent in most Masing models. The previously
described quasi-static framework may still be used in order to simulate such systems, but the quasi-static
solver will have to trace out the full hysteretic loop as opposed to just the backbone for Masing models.
The current study uses Segalman’s four-parameter Iwan model [23], which is an example of a model that
follows Masing’s conditions strictly. These models, as the name suggests, are formulated with four unknown
parameters, the estimation of which will form the crux of the current work.

2.3 Systems of Interest

(a)

(b)

(c)

Figure 2: Three different configurations of the Brake-Reuß Beam: (a) Nominal (BRB), (b) Spring-modified
(SBRB), and (c) Length-modified (LBRB) [6].

Figure 2 depicts the three different configurations of the Brake-Reuß Beam (BRB) that will be considered
presently. The nominal configuration consists of two steel half beams bolted together through a lap-joint with
three bolts torqued to 20Nm. The length of the total assembly is 720cm, with the cross-sections described
by a square of side 1 inch (25.4cm). As can be seen, the other two modifications, the SBRB & the LBRB,
modify different aspects the nominal system, rendering different structural contexts for the bolted lap joint
in the middle. The main aspect that will be dealt with here will be the viability of considering one of
the structures as a “surrogate structure” for the others, i.e., using information collected from experimental
measurements of just one of the beams to develop predictive models for the others. The interested reader is
directed to [2] for the exact dimensional drawings of the beams.

Figure 3 depicts the linearized mode shapes corresponding to the first bending mode of each of the beams.
As previously stated, the frictional excitation is majorly expected to be in the relative X direction. All of
the models have a static prestress load applied along the bolt axes corresponding to the 20Nm bolt torque
(calculated to be 11,580N for the current geometry [16, 5]).

Table 1 summarizes the low amplitude experimental behavior of the assembled beams in terms of the natural
frequency and damping factor. As a representation of the nonlinearity, fig. 4 depicts the deviation of these
modal properties for varying displacement amplitudes. A Hilbert transform technique was used to process
ring down experimental data into amplitude dependent characteristics (see [17] and references therein for
details). The signs of the deviations are retained in order to illustrate the fact that increasing displacement
amplitudes will result in reduced frequencies and increased dissipation (damping factors). Both of these are
oft-observed phenomena in numerical (as well as experimental) investigations of stick-slip friction [19, 4].

DYNAMICS OF JOINTS 1815



X

Y

Z

(a)

X

Y

Z

(b)

X

Y

Z

(c)

Figure 3: Linear mode shapes of (a) the BRB, (b) the LBRB, and the (c) the SBRB (Contours colored by
displacement magnitude)
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Figure 4: Experimental (a) frequency and (b) damping factor deviations from low-amplitude values, shown
for the BRB ( ), LBRB ( ), and the SBRB ( ∗ ).
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Table 1: Mean low amplitude modal parameters for the different beam configurations

Beam
Frequency Damping factor

(Hz) (×10−6)
BRB 169.48 1665.9340
LBRB 80.82 924.3096
SBRB 91.96 946.0959

2.4 Multi-Objective Optimization

In order to use the experimental data in fig. 4 for fitting friction models to the interface, the first aspect that
will have to be understood is that there are two seemingly independent quantities (natural frequency and
the damping factor) that any acceptable model will have to predict. This naturally lends itself to a Multi-
Objective Optimization Problem (MOOP) wherein a lot of features not readily apparent in single objective
problems start coming up. For example, it may not always be possible to find one optimal model that will be
able to best predict the trends in terms of all the objectives. Instead, one may obtain what are referred to as
Pareto optimal/nondominated sets of solutions. A set of solutions (referred to interchangeably as designs) is
said to be nondominated if no solution in the set performs better than any other solution in terms of both the
objectives [8]. Using this as a criterion, it is also possible to rank the designs based on the number of designs
that “dominate” it. Rank 1 designs are those which have no other solution that dominates them, while rank 2
are those which are dominated by rank 1 alone, and so on.

Another important issue that comes up in MOOPs is the diversity of population. Any unbiased design
exploration must result in diverse population in both the parameter as well as the error-space. There are
evolutionary algorithms (see [9], for example) which tackle the same in order to obtain the nondominated set
for a given problem. But when the parameter space is very large (say 15 independent parameters), clustering
tends to happen in the parameter space. This effect scales up dramatically with dimension. For the current
investigation however, large numbers of random samples are generated and numerical studies conducted on
them.

Several ranked pareto sets are extracted and their parameter distributions studied. While it is true that a strict
optimization study will reject all solutions except the rank 1, this is not followed here since in most cases,
there might be many higher ranked solutions that will still have satisfactory predictive capabilities. When
interpreting parameter distribution estimates, it must be noted that the there is a high tendency for spurious
clustering and bias owing to the dimensionality of the problem (see “curse of dimensionality” in [22]).
Although little can be done about the bias, a better picture, sans the spurious peaks, may be obtained by
considering pareto solutions of multiple ranks. Using too many ranks may however lead, once again, to
wrong results. Thus, a trade-off will have to be achieved for choosing the number of ranks.

3 Results and Discussions

Table 2: Parameter limits for design exploration

Parameter Min. Max. Sampling
FS 101N 1011N Log-scale
KT 102Nm−1 1014Nm−1 Log-scale
χ −0.99 −0.01 Linear-scale
β 10−4 104 Log-scale
KZ 102Nm−1 1014Nm−1 Log-scale
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Design exploration was conducted on the three beam models using 5,000,000 Latin Hypercube Sampled
(LHS) points. The parameter limits (fixed through trial & error to obtain well-pronounced Pareto sets) are
given in table 2. In (a)-(c) of fig. 5, the error-space plots of the design exploration for each of the three beams
are depicted along with several ranks of non-dominated sets. Designs showing more than 1Hz rms frequency
deviation are not considered for the Pareto analysis. It can be observed that the larger ranked designs tend to
cluster together in the error-space, i.e., rank improvement offers lesser and lesser utility. Another important
feature that can be made out is the dense error space structure for the SBRB. For ranks larger than about 100,
the Pareto sets become approximately horizontal, meaning that the two objectives are no longer completely
independent and an absolute minima becomes more and more well-defined. In (d), kernel density estimates 1

of the fraction of designs as a function of the non-dominated rank is provided. As expected, SBRB has the
maximum designs in the range 1-100, while the corresponding region is 1-1000 for the other two.
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Figure 5: Error space design exploration for the (a) BRB, (b) LBRB, and (c) SBRB, with sorted non-
dominated sets. (d) Distribution of number of designs with Pareto rank. Designs with rms frequency de-
viation of more than 1Hz were rejected directly.

In order to understand why the results are all slightly different for the SBRB, one has to observe the nature
of the interfacial loading. In fig. 3, it is evident that in both the BRB as well as the LBRB the largest amount
of bending energy is borne at the nonlinear interface. But for the SBRB, the far-field stiffness modifications
show considerable bending which seems to result in a reduced loading condition for the interface2.

1Gaussian Kernel’s with Scott’s normal reference bandwidth [22] used everywhere unless otherwise stated
2This is observed experimentally where the SBRB is nearly linear (near-horizontal response curves in fig. 4).
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Figure 6: Parameter distribution estimates on the first one hundred nondominated sets for the (a)-(e) BRB,
(f)-(j) LBRB, and (k)-(o) SBRB. (a),(f),(k) shows the estimation for FS , (b),(g),(l) for KT , (c),(h),(m) for χ,
(d),(i),(n) for β, and (e),(j),(o) for KZ . Also depicted in each figure is the distribution for each patch (labeled
1,2 & 3).

Figure 6 depicts the parameter distribution estimates for the first 100 ranked non-dominated designs for the
three beams. The BRB, LBRB & the SBRB have 6337, 6999, and 14599 designs respectively (out of a total
sample of 5 million each). Each panel depicts the density of a parameter in all the three regions, labeled
accordingly. It can be observed that the peaks in each distribution fall close to each other in the estimates
of all the three beams, but there are significant disparities in the tail regions. This is also reflected in the
absolute values of the density estimates at each value, where a larger tail will bring the peak down, while
a thinner tail will increase the density at the peak location. The tail effect seems to be most pronounced in
the case of the SBRB. As mentioned earlier, the extent of non-linearity that gets excited in the case of the
SBRB is lesser in comparison to the other two. Hence, many of the nonlinear parameters have very little to
no influence on the actual response. This leads to what may be regarded as a large “plateu” (or a degenerate
set) of minima in the design-space which leads to the tailing behavior. This is also the reason why the SBRB
has more than twice the number of designs as compared to the other beams in the same 100 ranks.

On the other hand, the agreement between the BRB and the LBRB estimates are remarkably similar. Al-
though these fail any classical sampled hypothesis test due to the smaller features, the importance of the
structure has to be understood. The similar but non-identical structure of the density indicates that only a
subset of the selected designs belong to the same family, and there are still some factors contributing to
dissimilarity.

In [2], the authors have expanded on this idea of “incomplete equivalence”, where the choice of designs
has been made based on a region in the error-space and fractions of designs falling within have been used
to come up with a metric of confidence with which estimates from one beam can be used for making pre-
dictions in another. A factor-level study is also conducted in order to estimate the dependence on various
modeling choices. The current investigation, based on density estimates serves as a supplement to the study
in confirming the numbers obtained therein.

Figure 7 depicts the same estimates for the first five hundred ranks. It can be observed that the tails are
thicker and in a few places, have even made the peaks imperceptible. But the basic trends are intact.
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Figure 7: Parameter distribution estimates on the first five hundred nondominated sets for the (a)-(e) BRB,
(f)-(j) LBRB, and (k)-(o) SBRB. (a),(f),(k) shows the estimation for FS , (b),(g),(l) for KT , (c),(h),(m) for χ,
(d),(i),(n) for β, and (e),(j),(o) for KZ . Also depicted in each figure is the distribution for each patch (labeled
1,2 & 3).

It must, however be noted that both the sets of estimates in figs. 6 to 7 represent only single-dimensional
densities. The actual parameter space is 15-dimensional and one must be very cautious in making conclusions
from just the above figures.

4 Conclusions

The Quasi-Static Modal Analysis (QSMA) technique offers a highly efficient way of computing the amplitude-
dependent modal properties of nonlinear systems using quasi-static simulations alone. This was exploited
in the current study to fit experimental data to a computational model and observing the trends in the re-
sulting parameter estimates. The MOOP framework followed provides interesting ways of looking at the
estimation problem, in terms of Pareto optimality. The markedly similar trends in the parameter density esti-
mates indicate at least partial support to the surrogate system hypothesis. In order to proceed further, it will
be necessary to obtain quantitative estimates of the confidence. A preliminary effort may be found in [2],
where a slightly different approach has been taken to tackle the problem. However, characterizing the high
dimensional density structure is an issue that persists.
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Abstract 
The joints in a structure may be a significant source of damping and may have uncertain stiffness 

properties. Experimental and theoretical investigations are presented that suggest there are two extreme 

types of bolted lap joint. If the joint has a limited contact patch, due to the bolt stress, then the edges of the 

contact patch have large static normal stresses which prevent sliding under dynamic loading. 

Alternatively, if the contact patch occurs naturally, due to bolting two surfaces together, then outside the 

contact patch the joint interfaces will separate. This type of joint can slip at the edges of the contact patch 

and this can lead to changes in the stiffness and the generation of significant damping. It is shown that the 

joint behaviour is nonlinear with damping increasing and stiffness decreasing as vibration amplitudes are 

increased. It is suggested that all joint damping falls between the extremes of a limited contact patch and a 

natural contact patch.  

1 Introduction 

Which type of joint on a structure causes damping? This is an important question because damping from 

joints is difficult to model in computer simulations. Further very little is known about how joints provide 

stiffness and damping. This paper describes two types of joints which are believed to be the two extreme 

cases for joint dynamic behaviour.  

A typical structure is built-up from components connected together by joints. A component may be a 

single homogeneous manufactured block of material. Each component is attached to other components by 

connections which may be bolted joints, glues or fasteners. In this paper, we only consider bolted lap 

joints. 

The long term objective of the work considered here is to enable computer simulations to model built-up 

structures with many joints correctly. This is currently not feasible, and there is no guidance on how to 

model joints dynamically.  

The objective of the work presented here is to suggest that there are two bolted joint configurations that 

represent the extremes of behaviour. For one case there is constant stiffness and no damping. For the 

opposite case there is significant damping and variable stiffness. It is suggested that typical joints fall 

between these two extremes. The important consideration is the nature of the contact patch that connects 

the two parts of the joint.  

The approach taken here combines both experimental measurements and simulation studies. Joint 

behaviour is very nonlinear, so special experimental methods have been devised to enable the stiffness and 

damping to be investigated. Similarly, special computer simulations have been conducted to help better 

understand the behaviour of a bolted joint.  
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Bolted joints are usually designed for static considerations. The bolt tension is selected to prevent the joint 

slipping due to the loads. Bolt tensions range from about 50% of yield to 100% yield. The static design 

does not usually consider dynamics which is the main concern of this study.  

Previous work on the dynamics of joints has recently been assembled in a book edited by Brake [1]. 

Reviews of significant experimental work on joints have been performed by Gaul [2], Seagleman [3] and 

Peyret, Dion and Chevallier [4]. The main conclusion from these reviews is that the joint behaviour is 

nonlinear in stiffness and damping [5]. 

The nonlinearity causes difficulties for experimental work when extracting information while undertaking 

the necessary signal processing to determine relevant parameters such as natural frequencies and damping 

ratios. Kuether and Brake [6] use short time Fourier transforms which identify the nonlinearity as the 

amplitudes change. Allen and Mayes [7] have a method that involves examining free vibration decay time 

histories by choosing a range of starting times. The method used in this paper has been developed by 

Goyder and Lancereau [8] using special filtering methods and curve fitting to obtain instantaneous natural 

frequencies and damping values (see below). Recent experimental work has shown the importance of the 

size of the contact patch within a joint; Lancereau and Goyder [9]. 

Typical computational investigations have been made by introducing Iwan models [10] into finite element 

descriptions of a structure and tuning them to experimental results. This approach is usually successful and 

has been performed by Denear and Allen [11] and  Schwengshackl [12]. There has been no detailed stress 

analysis of contact patches under dynamic loading.  

2 Joint Contact Patches 

The forces acting at a joint location consist of three types. First there is the static force generated by the 

tightening of the bolt and nut. Second there are static forces generated by the structure. Finally there are 

the dynamic forces that exercise the joint during operation.  

Figure 1 (a) and (b) show two types of lap joint. In Figure 1 (a) the contact patch has been constructed to  

 

Figure 1. (a) A joint with a limited contact patch (complete contact).  

(b) A joint with flat surfaces which has a gap surrounding the contact patch (receding contact). 

 

be of a specific size; in this case the same size as the washer. In Figure 1 (b) the joint has been constructed 

to hold two flat surfaces together. In this case the surfaces find their own contact patch size and spring 

apart in a region outside the contact patch. This may be identified as the natural contact patch which is 

larger than the limited contact patch in Figure 1 (a). These contact patches arise from the static loading 

due to the bolt tension. An important question is how these contact patches are altered by the application 

of dynamic loading.  

The investigation of static contact patches has received considerable attention due to their importance in 

stress calculations where loads are applied to structures. The basic contact patch was first described by 
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Hertz for a sphere pressed into a surface. Various different types of contact patches have been identified; 

for basic information see Hill, Nowell and Sackfield [14].  

The two joint types identified in Figures 1 (a) and (b) are known as complete contacts and receding 

contacts respectively. More details on this type of contact may be found in Hills and Parel [15] and 

Ramish and Hills [16]. 

In order to gain an understanding of the stresses involved in a contact patch simplified calculations have 

been made using the two-dimensional model illustrated in Figure 2.  

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Simplified version of a joint in two dimensions. A rectangular strip of material of length 

L and height h is pressed on a rigid contact patch of length Lc. The stress applied by the bolt is 𝜎0 

distributed over a length LB. External dynamic forces M, Fs and Fa may also be applied.  

The joint is modelled as a rectangular component (plain stress) which is pressed onto a contact patch of 

length Lc by a bolt acting on the top surface. The bolt applies a stress of magnitude 𝜎0 over a length of LB. 

The length of the strip, L, is long compared to the strip height, h. This is because the bolt stress does not 

spread out far beyond the contact patch so that the dimension L can be ignored. The lengths in the 

calculation can be rendered non-dimensional by dividing by the height, h. It is assumed that the inertial 

effects due to the mass of the joint are negligible compared to the dynamic forces so that the joint may be 

considered as a static component loaded by the dynamic forces generated within the surrounding structure.  

The dynamic loads are indicated by a moment, M, a shear force Fs and an axial force Fa. The effect of the 

shear force and bending moment are similar and only the effect of the bending moment has been 

investigated. The effect of the axial force Fa is not reported here. Although these are dynamic loads the 

assumption of ignoring the inertia of the joint itself means that they can be treated as static loadings. 

The calculations have been made using a finite element code within the Mathematica computer program 

[17]. Particular attention was paid to the mesh size at the contact patch which was refined to check that the 

stress calculations converge. The calculations were performed with the bolt stress distributed over a length 

equal to LB/h = 0.5. 

The contact patch due to the bolt stress was investigated first with all other forces (M, Fs and Fa) set to 

zero. Figure 3 shows the normal stress for various lengths of the contact patch. The notable feature is the 

large value of the stress at the edge of the contact patch. This holds the edge of the contact patch firmly 

and will prevent slipping. As the contact patch is made larger the stress at the edges decreases and the 

stress in the middle of the contact patch increases. It can be expected that for small contact patches the 

joint is held firmly together and no slipping will occur when dynamic loads are applied. This is the typical 

behaviour of a complete contact.  
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Figure 3. Stress on a complete contact patch for a range of contact patch lengths. 

 

Figure 4 shows the stress on the contact patch of a receding contact. The precise positions of the edges of 

the contact patch have to be found by iteration. Outside of the contact patch the joint surfaces separate as 

shown in Figure 1 (b). It is notable that the location of the edge of the contact patch is independent of the 

load. For this receding contact the stress is largest in the middle and drops to zero at the edges. 

Consequently for receding contacts it can be expected that slip may occur at the edges of the contact patch 

when the joint is loaded dynamically. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. The stress on the contact patch of a receding contact. The location of the edges of the 

contact patch is found by iteration. 
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Figure 5. Stress on a receding contact showing regions where friction is acting. Internal region 

friction prevents sliding. External region sliding with friction can occur.  

A more complicated variant of Figure 4 is shown in Figure 5. Here the vertical lines separate different 

regions of frictional constraint. In the inner region the shear stress is insufficient to cause slipping, and the 

surfaces are locked together by friction. Here the coefficient of friction is 0.7.  In the outer region slipping 

may occur. This type of condition arises when the two thicknesses of the joint parts are unequal or 

additional forces are applied. The location of these lines must be found by iterating their location until 

constraints on stress and deflection conditions are satisfied.  

Figure 6 shows the influence of a bending moment on a contact patch for receding conditions. The loading 

from the bolt is the same as those in figure 5. However, the addition of a bending moment (positive 

according to Figure 2) has caused asymmetry with a shorter slipping region on one side and a longer 

slipping region on the other side. The portion where sliding is prevented has also moved.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. The stress on the contact patch with a moment applied to the joint. The central region, 

where slip cannot occur has moved. The outer regions have changed their dimensions. 
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The change in the stress on the contact patch, due to the moment, is significant for stiffness and damping. 

It can be seen that the evolution of the surfaces in the outer regions will lead to damping. Further the 

change in the location of the central contact patch has implications for stiffness.  

For complete contacts the large forces at the edges of the contact patch may stop any sliding when a 

bending moment is applied. However, if the bending moment is sufficient to overcome these large forces 

then some sliding could occur. 

3 Experimental method 

Experimental measurements were made on joints that are both complete contacts and receding contacts. 

For both cases a series of small beams was assembled into a chain of bolted joints. The two configurations 

are shown in Figure 7 (a) and (b). For configuration (a) the component beams were made with a circular 

boss the size of a washer (outside diameter 20mm) at the joint interface. This corresponds to a complete 

contact. Previous experiments using these complete contacts have been described by Goyder, Ind and 

Brown [17].  For configuration (b) each component beam had a uniform cross-section. These beams were 

simply bolted together to give receding contacts.  In each case, there are 11 bolts and 12 component 

beams. The overall length of the assembled beam for configuration (a) was 478 mm with each component 

beam being 60 mm  50 mm  12mm.  The overall length of the assembled beam for configuration (b) 

was 1160 mm with each component beam being 170  30  10 mm. For both assemblies, there was a 

10.2 mm clearance hole taking an M10 bolt with two washers and a nut. All joint interfaces were ground 

to give a flat finish.  

Considerable attention was given to the suspension system so that the beam was supported in a free-free 

configuration. Support strings of 1350 mm were located at the nodes of the first mode of vibration and tied 

onto a stiff overhead beam.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7 (a) and (b). The two beam configuration used in the experimental study. The 

configuration (a) is a complete contact with a circular boss forming the joint interface. 

Configuration (b) has simple lap joints. 

(b) 

(a) 
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Figure 8. Fourier transform of time history from (a) beam with complete contacts (b) beam with 

receding contacts. The pink lines indicate the bandwidth of the filter that was applied to the time 

history.  

The experimental method had four stages. First, the beam was set into excitation by means of a standard 

modal impact hammer applied at one end. The vibration data were collected using an accelerometer 

located at the other end.  The data were digitized using a sample rate of 10000 samples/second. The 

vibration was allowed to decay over 30 seconds for configuration (a) and 15 seconds for configuration (b).  

Second, the discrete Fourier transform of the acceleration was determined and examples of the spectra 

obtained are shown in Figure 8. Note that these spectra were not divided by the Fourier transform of the 

force as is usual in modal analysis. The first resonance frequency of each beam is shown in the spectra. 

In the third stage, each time history was filtered using a second order bandpass Butterworth filter with a 

bandwidth corresponding to the position of the pink lines shown in Figure 8. The filtering was done using 

the reverse filtering technique described in Goyder and Lancereau [8]. In this procedure, the time history 

is reversed before it is passed through the filter and then returned to its original sequence afterwards. This 

resulted in time histories of decay that are shown in Figure 9.  

 

In the final stage, the data was divided into intervals of about four cycles of vibration and a curve fitting 

procedure was used to determine the instantaneous frequency, damping ratio and amplitude.  

The experiments were repeated 10 times and the four stages applied each time to build-up a good set of 

data. The instantaneous frequency and damping as a function of time are shown for the complete contact 

in Figure 10 (a) and (b). Similar plots for the receding contact are shown in Figure 11 (a) and (b).  
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Figure 9. Filtered data for the first mode of (a) beam with complete contacts and (b) beam with 

receding contacts.  

 

 

 

 

 

 

 

 

 

 

Figure 10. Results of 10 tests and curve fitting for the beam with complete contacts. (a) 

Instantaneous natural frequency and (b) instantaneous damping ratio as a function of time. 

 

 

 

 

 

 

 

 

 

 

Figure 11. Results of 10 tests and curve fitting for the beam with receding contacts.  

(a) Instantaneous natural frequency and (b) instantaneous damping ratio as a function of time.  

 

In order to compare the results for the two beams, the data are plotted again on the same graph. For the 

instantaneous natural frequency, the percentage change in frequency is most relevant. The absolute 

frequency is determined by the mass and stiffness of the structure while the change in frequency is due to 

the change in stiffness of the joint. The percentage change was calculated by determining a mean value for 

the final natural frequency reached as the decay was completing and entering the noise floor. The 

percentage change in natural frequency was then determined using the equation  

100
𝑓 − 𝑓𝑚
𝑓𝑚

 (1) 

Where f is the value of the instantaneous frequency at one time and 𝑓𝑚 is the mean value of the frequency 

at the end of the decay.  The mean values were 186.8 Hz and 33.6 Hz for the complete contact case and 

receding contact case respectively. Figure 12 shows the percentage change as a function of amplitude. The 

damping ratios for both beams are plotted against amplitude on Figure 13.  
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Figure 12. Percent change in natural frequency as a function of amplitude, all tests.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13. Damping ratio as a function of amplitude, all tests.  
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4 Discussion 

Examination of the experimental results shows that as the vibration decays and the amplitude decreases 

the natural frequency increases and the damping decreases. This is most marked for the beam with 

receding contacts. For the beam with complete contacts there is a notable initial change in frequency and 

damping but the subsequent change is small. The increase in frequency suggests that the constraint 

provided by the joints is increasing with decreasing amplitude. This observation can be explained by an 

amplitude dependant change in the size of the contact patch. The damping can be explained by sliding of 

surfaces within the contact patch.  

The theoretical calculations for the contact patch of the complete contact suggested that this configuration 

had large forces around the edges of the contact patch and that these large forces would prevent slip at the 

interface of the joints. In contrast the theoretical calculations for the receding contact suggested that the 

normal stress was decreasing to zero at the edges of the contact patch, thus allowing slip.  

These suggestions are supported by the measured data. Examination of the percentage changes in natural 

frequency in Figure 12 shows that there was a considerable change in frequency for the receding contact, 

about 1.5%, while only a  0.35% change for the complete contact. For the damping the relatively large 

values for damping ratio ( 0.005) and spread in values for the receding contact suggests that there is 

considerable friction and slip occurring. In contrast for the complete contact the damping ratio is small ( 

0.0005) and only changes slightly for large amplitudes.  

The small change in frequency and damping for the complete contact at large amplitudes may be due to 

some slipping of the contact patch when the amplitudes are large. Once the amplitude drops then the 

complete contact has only small damping and a small change in frequency.  

The suggestion was made at the beginning of the paper that joints with receding contacts and complete 

contacts represent extremes of behaviour. The complete contact is one extreme that appears to prevent all 

sliding and thus has only a small contribution to damping and preserves a constant stiffness. However, if 

the amplitudes are large, then this joint configuration may allow some slip. This lack of slip is attributed to 

the large normal stresses generated at the edge of the contact patch.  

In contrast, joints with receding contacts have a very different behaviour. When the bolt is tensioned, a 

gap appears between the joint surfaces leaving a contact patch which has small normal forces at the 

periphery and a large force in the centre. When an external bending moment is applied, due to the 

dynamics of the vibration, sliding can occur at the joint interfaces. This leads to a loss of stiffness and 

large values of damping. The receding contact is thus the opposite extreme to the complete contact.  

5 Conclusions 

The following conclusions may be drawn: 

1. The geometry of the contact patch in a bolted joint has a large effect on the dynamic behaviour. If a 

contact patch is made with a limited size this is a complete contact and this configuration prevents 

sliding at the edges.  

2. If a contact patch is formed by bolting two surfaces together and the size of the contact patch is not 

limited, then, there are small forces at the edge of the contact patch and a gap opens outside of the 

contact patch. This is known as a receding contact. 

3. The small forces at the edge of a receding contact allow slip of the interfaces within the joint. This 

leads to significant damping and a variation of stiffness depending on the amplitude of vibration.  

4. The experimental results show a considerable difference in behaviour between joint interfaces forming 

a complete contact and a receding contact. The receding contact shows large values of damping and 

significant changes in natural frequency as vibration amplitude changes. Whereas a complete contact 

has a small change in frequency and damping. 

5. Joints with complete contacts and receding contacts represent extremes of behaviour. Typical joint 

conditions will fall between these extremes.  
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Abstract 
The purpose of this research is to identify the influences caused by local changes in contact regions of an 

aero-engine casing assembly on its dynamic and thermal behaviours through Finite Element (FE) methods.  

The creation and updates of the FE model are demonstrated in this paper.  Two types of FE analyses are 

performed in this research.  The first analysis is in the frequency domain, which focuses on the changes in 

natural frequencies caused by the different contact conditions.  The second analysis is in the time domain to 

study the changes in frictional heat generation caused by alternate contact conditions of the interface regions. 

In the concluding observations of this paper, results from these two types of analyses are interpreted to 

demonstrate that the local changes in contact regions can alter the dynamic and thermal responses of the 

aero-engine casing assembly by affecting several determining parameters differentially, and these changes 

caused by the different contact conditions are summarised, analysed and explained. 

1 Introduction 

Engineering structures are tending to become more complex with an increasing number of components.  The 

components are usually connected by bolts, which creates jointed interfaces.  There is a possibility that these 

joints and interfaces can cause noticeable changes to the dynamic and thermal behaviours of the structure, 

which must be fully understood to ensure the structure functions stably and safely. 

There are several parameters that may determine the effects caused by the joints and the interfaces, which 

include the bolt preload, material type and size of the bolts, contact area of the interface regions, and bolt 

tightening sequence [1].  This research focuses on the influences caused specifically by changes in the 

contact area of the interface regions.   

Experimental studies on the effects caused by different contact areas can be arduous because it requires 

several samples of the structure to be made, each having a contact region with a different profile.  These 

experimental tests are economically achievable for small and simple structures that do not require high 

manufacturing time and cost.  However, due to the fact that the dynamic behaviours of larger and more 

complex structures are more difficult to predict, analyses of these structures appear to be more necessary.   

The structure being studied in this research is an aero-engine casing assembly, which has three components: 

a Combustion Chamber Outer Casing (CCOC), a High-Pressure Chamber (HPC) and a Low-Pressure 

Chamber (LPC).  There are two jointed interfaces in this assembly, which are between the CCOC and HPC 

and between the HPC and LPC.  As explained above, making several samples of this complex structure for 

experimental testing is economically impractical.  Instead, Finite Element (FE) methods can be used. 
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In the preparation phase of this research, the dimensions of the aero-engine casing assembly are measured, 

based on which a preliminary FE model is created.  The FE model is then updated according to the modal 

parameters acquired from an Experimental Modal Analysis (EMA).  Two criteria, the Modal Assurance 

Criterion (MAC) and Natural Frequency Difference (NFD), are used to evaluate the updated FE model.  

After the FE model is updated to an acceptable level, subsequent FE models are created, which all have 

contact interfaces with different profiles. 

Firstly, a frequency domain FE modal analysis is performed on each model.  The natural frequency is 

selected as the parameter to be studied, which aims to identify the effects caused by the different profiles of 

the contact regions on the dynamic responses and modal parameters of the structure.  Strain energy density 

is used to analyse and explain the changes in the natural frequencies. 

After the completion of the frequency domain analysis, several simplified models are created for the time 

domain coupled temperature-displacement dynamic analysis.  In the time domain analysis, each model is 

excited by a single-point sinusoidal force for a same amount of time.  The thermal data, namely temperature 

increase and frictional heat generation, at the end of each analysis are collected to evaluate the changes in 

friction and energy loss caused by the different contact conditions of the interface regions.  

2 Preliminary FE modelling and frequency domain modal analysis 

In the first stage of this research, an FE model of the aero-engine casing assembly needs to be created.  The 

structure is composed of three parts – a CCOC, an HPC and an LPC, as shown in Figure 1 (a).  The CCOC 

and HPC are connected by 60 bolts and the HPC and LPC are connected by 80 bolts.  The total mass of the 

aero-engine casing assembly is 266 kg, with the exact dimensions and material properties being unknown.   

The dimensions of the aero-engine casing assembly are measured, based on which a preliminary FE model 

is created.  Most major geometric features are included in the FE model.  Minor features that are considered 

unable to alter its dynamic behaviours significantly are excluded from the FE model to reduce computational 

time.  The created preliminary FE model is shown in Figure 1 (b). 

It is not necessary to model the bolts physically because the FE software Abaqus has built-in engineering 

fastener features that can be used to simulate the bolts while saving the computational costs.  140 engineering 

fasteners are added corresponding to their actual locations, for which proper connector properties are defined 

so that stiffness properties are added for one Degree of Freedom (DOF), with the other DOFs being fully 

constrained [2].  The interaction properties are defined for the interface regions so that there are tangential 

behaviours which model the friction, normal behaviours which prevent penetration of the surfaces [3], as 

well as thermal behaviours including heat generation and thermal conductance which model the heat 

generation and transfer that will be involved in the time domain analysis section of this research. 

As for material properties, because the exact material of the structure is unknown, a density value of 

4.25 × 103 kg/m3 is used, so the total mass of the FE model matches the real mass of the structure.  A 

Young’s modulus value of 100 GPa is used in this preliminary model for the ease of model update as it is 

between the Young’s modulus of several potential materials of this structure.  Similarly, a Poisson’s ratio 

value of 0.30 is used.  The boundary condition is set to be free-free to match the condition in the EMA. 

     

                                             (a)                                              (b) 

Figure 1: The aero-engine casing assembly and its FE model 
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(a) (b) (e) (c) (d) 

(f) (g) (j) (h) (i) 

The FE analysis step used in this part is a frequency domain eigenvalue extraction procedure that calculates 

the natural frequencies and mode shapes of the structure.  The first 20 no-rigid modes are requested to match 

the number of modes from EMA.  Lanczos algorithm is used because of its general capabilities [4]. 

The last step before the FE simulation becoming executable is to mesh the structure.  Considering that during 

this step of the analysis, the parameters being studied are the natural frequencies and mode shapes of the 

structure and that 20 modes are studied, it is essential to create a fine-mesh model of the entire structure.  A 

coarse mesh on any part of the structure is possible to cause inaccuracies in the results of at least one mode. 

Due to the high complexity of the structure, only the tetrahedral element shape is usable.  Mesh convergence 

is performed to calculate the proper element size, which decides that a 20 mm global element size with 10% 

minimum element size control is small enough to obtain accurate results.  However, because the profiles of 

the interfaces will be changed which creates smaller areas, the element size of these regions is further 

decreased to 5 mm for improved accuracy.  Eventually, the interface regions have a 5 mm initial element 

size and 0.5 mm minimum element size.  The rest of the model has a 20 mm initial element size and 2 mm 

minimum element size.  The results from the FE modal analysis will be shown in the next section. 

3 Experimental Modal Analysis (EMA) results and model updates 

An EMA is performed on this aero-engine casing assembly to measure the natural frequencies and mode 

shapes of the first 20 non-rigid modes of the structure.  The results of natural frequencies from the EMA are 

shown in Table 1.  The first 10 mode shapes from the EMA are shown in Figure 2.  Because of the symmetry 

of the structure, each mode has its pair with almost identical natural frequency and mode shape.  Only the 

first 10 modes are used for the model updates, as keeping the accuracy of FEA results will be increasingly 

difficult for higher order modes because of more complex deformation shapes and dynamic responses.   

     

                                   

      

 

Figure 2: Mode shapes of the first 10 non-rigid modes measured from EMA 

The results of the natural frequencies calculated from the FE analysis and their differences from the EMA 

results are listed in Table 2.  The NFD is used to compare the natural frequencies from EMA and FE modal 

analysis, which is defined as shown in Equation 1, where 𝑓𝐹𝐸 is the natural frequency calculated from FE 

modal analysis, and 𝑓𝐸𝑀𝐴 is the natural frequency calculated from EMA. 

                                                              NFD =
𝑓𝐹𝐸−𝑓𝐸𝑀𝐴

𝑓𝐸𝑀𝐴
× 100%                                                               (1) 

The mode shapes calculated from the FE modal analysis are shown in Figure 3. 
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(a) (b) (e) (c) (d) 

(f) (g) (j) (h) (i) 

Mode 1 2 3 4 5 6 7 8 9 10 

Freq (Hz) 39.141 39.685 53.128 53.21 58.51 58.935 82.256 82.348 125.73 125.8 

Mode 11 12 13 14 15 16 17 18 19 20 

Freq (Hz) 180.50 180.56 187.68 189.35 196.75 201.06 206.03 229.84 230.28 232.72 

Table 1: Natural frequencies of the first 20 non-rigid modes measured from EMA 

Mode 1 2 3 4 5 6 7 8 9 10 

Freq (Hz) 38.951 39.129 60.304 60.307 75.056 75.119 99.926 99.932 155.51 155.52 

NFD (%) -0.49 -1.40 13.51 13.34 28.28 27.46 21.48 21.35 23.69 23.62 

Table 2: Natural frequencies of the first 10 non-rigid modes calculated from the preliminary FE analysis 

 

 

 

 

Figure 3: Mode shapes of the first 10 non-rigid modes calculated from the preliminary FE analysis 

It can be observed that, although there are discrepancies between natural frequencies, in general the mode 

shapes and their sequences in the FE modal analysis results match those in the EMA results.  However, it is 

important to note that, despite the visual agreements in the mode shapes between the FE results and EMA 

results, quantitative methods are still required to evaluate the correlations. 

Before comparing the mode shapes quantitatively, the first step of model update should be improving NFD. 

Theoretically, the entire model updating process can be completed automatically as there are several 

software packages available to perform this task, most of which update the model based on NFD and MAC.  

However, these engineering fasteners used in this model, as explained in the previous section, are part of 

the built-in features of Abaqus, hence unable to be read and processed by the model updating software.   

There are several potential solutions to this problem.  Firstly, the bolts can be modelled without using the 

engineering fastener features so that they can be processed by the model updating software.  However, 

modelling the bolts will increase the number of components in this structure.  Moreover, these bolts will 

require high-quality mesh with very small element sizes, which increases computational cost significantly. 

The second solution is to update the three components separately using modal updating software.  This 

method requires the mass properties and modal parameters of each component of the structure, which needs 

disassembly of the structure.  Considering the difficulties in practical execution, this solution is not optimal. 

The third solution involves editing the input file generated by Abaqus that is going to be imported into model 

updating software, where the sections containing the engineering fasteners can be forced to be skipped by 
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the model updating software and added back when the model updating software uses Abaqus as the external 

solver to perform FE modal analyses with the updated parameters.  However, this method is only achievable 

if the model updating software interacts with Abaqus and uses Abaqus as the external solver. 

The last solution, which is most general and straightforward, is to update the model manually without relying 

on any model updating software.  This process seems arduous, but if the relationship between the natural 

frequencies and the potential determining factors can be found, a manual model update is achievable. 

Firstly, the parameters to be updated need to be selected.  The determining factors to the modal parameters 

of the FE model include density, Young’s modulus and Poisson’s ratio of the material, the geometry of the 

structure and minor factors such as contact properties and properties of the engineering fasteners. 

The geometry of the FE model should be kept unchanged, as changing it will require the largest amount of 

work.  The density of the material for each part is also preferably unchanged because the mass of the FE 

model already matches the actual mass of the structure.  Between Young’s modulus and Poisson’s ratio, the 

model update should begin with changing Young’s modulus because the Poisson’s ratio values of all 

possible materials are very close, changing Poisson’s ratio is not expected to make a considerable difference. 

Theoretically, for an undamped system, if the geometry and density remain unchanged, its natural 

frequencies should be in direct proportion to stiffness.  When damping is considered, the positive correlation 

between natural frequencies and stiffness still exists, although the mathematical relationship becomes more 

complicated.  Changing Young’s modulus of material will alter the stiffness matrix of the structure.  A 

higher value of Young’s modulus will increase the natural frequencies of the structure because of the 

increased stiffness.  Following this relationship between Young’s modulus and natural frequency, it is 

possible to perform the model update iteratively in a more strategic way. 

By inspecting the results in Table 2, it can be observed that apart from the first two modes, all other FE 

modes appear to have higher natural frequencies, which indicates the overall stiffness of the FE model is 

higher than the actual value.  Reducing the Young’s modulus of all three components blindly can be 

misleading, as the natural frequencies of the first two modes are very close between FE and EMA results.  

In these two modes, the large deformations appear to be on the CCOC and LPC.  Compared to the first two 

modes, the deformations on the CCOC are significantly smaller in the other eight modes.  Reducing the 

Young’s modulus of HPC and LPC while increasing the Young’s modulus of CCOC is possible to decrease 

the natural frequencies of the other modes while keeping the first two modes relatively unchanged. 

For HPC and LPC, the Young’s modulus of both parts should be decreased.  Mode 5 and 6 have the largest 

NFD, where the large deformations concentrate on HPC, while both CCOC and LPC deforms moderately.   

Based on these analyses, the Young’s modulus of LPC should be decreased moderately while the Young’s 

modulus of HPC should be decreased by a larger percentage.  The Young’s modulus of CCOC should be 

increased moderately, as the sole purpose of increasing Young’s modulus for CCOC is to balance the natural 

frequency decrease in the first two modes because of the changes in HPC and LPC. 

As described in the previous section, the initial Young’s modulus is 100 GPa for all three parts.  After several 

iterations, it is decided to increase the Young’s modulus of CCOC by 30 GPa, decrease the Young’s modulus 

by 30 GPa for LPC and 60 GPa for HPC.  The results after the First Model Update (MU1) are shown in 

Table 3.  It should be noted that, because of the excluded features and inaccurate geometries in the FE model, 

the Young’s modulus of the materials in the FE model may not reflect the values of the materials used in 

the real structure, especially in the HPC where the thickness is very difficult to measure, and many small 

features are excluded during the creation of the FE model. 

Mode 1 2 3 4 5 6 7 8 9 10 

Freq (Hz) 39.198 39.391 49.332 49.334 57.755 57.818 82.572 82.577 129.59 129.59 

NFD (%) 0.15 -0.74 -7.15 -7.28 -1.29 -1.90 0.38 0.28 3.07 3.01 

Table 3: Results of natural frequencies from FE analysis after MU1 

The results verified that the overall strategy of the model update is correct, although mode 3 and 4 are overly 

adjusted.  Following the same algorithm, the Young’s modulus of LPC is increased, and to balance the first 
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two modes, the Young’s modulus of CCOC is decreased.  Eventually, the Young’s modulus of HPC is 

adjusted slightly to fine-tune the natural frequencies. 

The material properties after the model updates and the results from the FE modal analysis after the final 

model update are displayed in Table 4 and Table 5 respectively. 

 
CCOC 

(Initial) 

HPC 

(Initial) 

LPC 

(Initial) 

CCOC 

(MU1) 

HPC 

(MU1) 

LPC 

(MU1) 

CCOC 

(Final) 

HPC 

(Final) 

LPC 

(Final) 

Young’s modulus 

(GPa) 
100 100 100 130 40 70 125 42 80 

Table 4: Changes in material properties during the model updates 

Mode 1 2 3 4 5 6 7 8 9 10 

Freq (Hz) 39.379 39.569 52.808 52.811 58.674 58.737 89.684 89.689 141.03 141.03 

NFD (%) 0.61 -0.29 -0.60 -0.75 0.28 -0.34 9.03 8.91 12.17 12.11 

Table 5: Results of natural frequencies from FE analysis after the final model update 

As the modal updating theory suggests, although the NFD values for the first six modes are very small, as 

the mode number increases, the discrepancies between the FE modal analysis results and EMA results 

increase correspondingly.  Considering that the FE model is created manually based on the measured 

dimensions, as well as the exclusion of small features, the FE model after the final model update is 

considered acceptable in terms of natural frequencies. 

With the natural frequencies of the FE model updated successfully, it is now necessary to compare the FE 

results and EMA results quantitatively in terms of the mode shapes.  The quantitative method used to 

compare the mode shapes is Modal Assurance Criterion (MAC), which is defined as shown in Equation 2, 

where {𝜑𝐹𝐸}𝑖 is the 𝑖𝑡ℎ mode shape of the FE model and {𝜑𝐸𝑀𝐴}𝑗 is the 𝑗𝑡ℎ mode shape from the EMA. 

                                      MAC(𝑖, 𝑗) =
|{𝜑𝐹𝐸}𝑖

𝑇{𝜑𝐸𝑀𝐴}𝑗
∗|

2

({𝜑𝐹𝐸}𝑖
𝑇{𝜑𝐹𝐸}𝑖

∗)({𝜑𝐸𝑀𝐴}𝑗
𝑇{𝜑𝐸𝑀𝐴}𝑗

∗)
                                                (2) 

A MAC value equal to one indicates a perfect correlation, and a MAC value equal to zero indicates zero 

correlation between these two mode shapes [5].  Generally, 80% is used as the threshold for good correlation 

between the two mode shapes.  However, there is not a formal standard as MAC values vary from case to 

case.  Simpler models tend to have higher MAC values while achieving an equivalently high MAC value 

for a complex model is significantly more difficult. 

All mode shapes from the EMA and the FE modal analysis after the final model update are used to calculate 

the MAC.  Necessary rotations of mode shapes were performed due to the symmetry of the structure.  The 

calculated MAC plot is shown in Figure 4.  The matched mode pairs and their MAC values are listed in 

Table 6, where mode pairs are in this format: EMA mode – paired FEA mode. 

 

                                                         (a)                                       (b) 

Figure 4: MAC plot, FEA modes vs EMA modes 
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Mode Pair 1-1  2-2 3-3 4-4 5-5 6-6 7-7 8-8 9-9 10-10 

MAC (%) 82.1 78.2 91.5 91.3 64.9 62.9 95.5 95.5 96.7 96.7 

Mode Pair 11-13 12-12 13-12 14-14 15-16 16-15 17-16 18-17 19-18 20 

MAC (%) 77.0 96.1 95.3 74.8 42.5 82.7 77.1 74.7 79.1  

Table 6: MAC values, EMA modes vs FEA modes 

By inspecting the MAC values, it can be observed that in the first ten EMA modes, seven modes have found 

their correlated FE modes with MAC values greater than 80%.  In the first 20 modes, there are ten mode 

pairs with MAC values greater than 80%, with another six MAC values close to 80%.  By observing the 

mode shapes shown in Figure 3, modes with large deformations on LPC have higher MAC values while 

modes with large deformations on HPC have lower MAC values. 

In summary, the FE model is acceptable in terms of both natural frequency and mode shape.  The natural 

frequencies for the first 6 modes are very close between the EMA and FE results.  As for mode shape, seven 

out of the first ten non-rigid FE modes have found their correlated EMA mode with MAC value greater than 

80%.  The LPC region has the highest correlation while the HPC region contributes poorly to the MAC 

values.  The most likely reason is that there are many small features on the HPC of the aero-engine casing 

assembly that are excluded in the FE model, as shown in Figure 1.  The accurate thickness of the HPC region 

is very difficult to measure, which is another possible factor that leads to the discrepancies.  As a comparison, 

the LPC region has few small features so that a high agreement between the FE and EMA results is easily 

achieved. 

Additionally, techniques such as Coordinate Modal Assurance Criterion (COMAC) can be used to identify 

the more precise locations of the nodes contributing poorly to the MAC values, so the inaccurately modelled 

regions can be located [6].  Because of the algorithm of COMAC, which is shown in Equation 3, it has high 

precision so that every individual node can be sorted according to its contribution to the MAC values.  The 

geometries and material properties of these locations can be further updated to improve the correlations 

between the FEA and the EMA results. 

                                                        COMAC(𝑘) =
(∑ |(𝜑𝐴)𝑖𝑘(𝜑𝑋)𝑖𝑘

∗ |𝑛
𝑖=1 )

2

∑ (𝜑𝐴)𝑖𝑘
2𝑛

𝑖=1 ∑ (𝜑𝑋)𝑖𝑘
∗2𝑛

𝑖=1

                                                       (3) 

In Equation 3, (𝜑𝐴)𝑖𝑘  is the value, such as displacement, of the 𝑘𝑡ℎ  element in the 𝑖𝑡ℎ  analytical mode 

shape, (𝜑𝑋)𝑖𝑘 is that value for the 𝑖𝑡ℎ experimental mode and 𝑛 is the total number of correlated mode pairs.  

The COMAC, which is a vector, has the same size as the original mode shape vector and every node can be 

placed back to their original location, so the locations of the regions that contribute poorly to the MAC 

values can be revealed clearly.  Although COMAC is not necessary here for model updating of this FE 

model, it is used and interpreted in this research, which is demonstrated in the next section of this paper. 

4 Effects of changes in contact condition on dynamic behaviours 

After the completion of the model update, several subsequent models are created, where different profiles 

are created for the interfaces.  Figure 5 demonstrates the creation of the interfaces with different profiles, 

where a 2 mm deep annular gap is created on the top and bottom surfaces of HPC respectively.  The location 

of the gap is selected so that the engineering fasteners pass through the gaps, by which the gaps can have 

considerable impacts on the behaviours of the fasteners.  In total, 19 subsequent FE models are created, 

where the widths of the gaps are from 1 to 19 mm.  The same FE modal analysis procedure is performed on 

every model.  The changes in natural frequencies of the first six modes as the width of the gap increases are 

shown in Figure 6 (a) to (f) respectively, where OM represents ‘Original intact model after the final model 

update’ and CMx represents ‘Created model with 𝑥 mm wide gap’. 
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(a) (b) (c) 

(d) (e) (f) 

 

Figure 5: Creation of the alternate contact interface profile 

 

 

 

                          

Figure 6: Changes in natural frequencies of the first six modes as the width of the gap increases 

As demonstrated clearly in Figure 6, for every mode the natural frequency decreases monotonically as the 

width of the gap increases.  Additionally, as the size of the gap increases, the changes in natural frequencies 

appear to be more drastic.  The percentage changes in natural frequencies between OM and CM19 are listed 

in Table 7.   

Mode 1 2 3 4 5 6 7 8 9 10 

OM (Hz) 39.379 39.569 52.808 52.811 58.674 58.737 89.684 89.689 141.03 141.03 

CM19 (Hz) 39.330 39.520 52.680 52.684 58.420 58.482 89.574 89.579 140.95 140.96 

NFD (%) -0.124 -0.124 -0.242 -0.240 -0.433 -0.434 -0.123 -0.123 -0.057 -0.050 

Table 7: Percentage changes in natural frequencies between OM and CM19 

This result seems counter-intuitive considering that the total mass of the model decreases as the width of the 

gap increases, which theoretically should increase the natural frequencies of the structure.  A possible 

explanation is that the reduction of contact area changed both the mass and stiffness matrix of the model.  

Although the decrease in mass suggests increased natural frequency, the overall decreasing trend of natural 

frequencies as the width of the gap increases indicates that the stiffness of the structure has decreased.  It is 

theoretically comprehensible that the overall stiffness of the structure decreases because the gaps created on 
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(a) (b) (c) 

(d) (e) (f) 

the interfaces make the model more flexible, which decreases the local stiffness.  However, this explanation 

needs to be verified on this model.   

Mathematically, strain energy can be used to reveal the changes in flexibility.  The strain energy density for 

a volume element subjected to arbitrary stress can be calculated as described in Equation 4. 

                                     𝑢 =
1

2
(𝜎𝑥𝑥𝜀𝑥𝑥 + 𝜎𝑦𝑦𝜀𝑦𝑦 + 𝜎𝑧𝑧𝜀𝑧𝑧) + (𝜎𝑥𝑦𝜀𝑥𝑦 + 𝜎𝑦𝑧𝜀𝑦𝑧 + 𝜎𝑧𝑥𝜀𝑧𝑥)                             (4) 

                                         =
1

2𝐸
(𝜎𝑥𝑥

2 + 𝜎𝑦𝑦
2 + 𝜎𝑧𝑧

2 ) −


𝐸
(𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎𝑦𝑦𝜎𝑧𝑧

+ 𝜎𝑧𝑧𝜎𝑥𝑥) +
1

2𝜇
(𝜎𝑥𝑦

2 + 𝜎𝑦𝑧
2 + 𝜎𝑧𝑥

2 ) 

If the model has a higher strain energy after the gap is created, it suggests an increase in flexibility hence 

the decrease in stiffness.  Strain energy density data for the first ten non-rigid modes of all 20 models are 

extracted.  The strain energy density map of the 6th mode from the intact model OM, which is superimposed 

on its mode shape, is displayed in Figure 7 as an example to show the strain energy density distribution. 

 

Figure 7: Strain energy density of the 6th mode from the original model 

As for the data extraction, strain energy density at the integration points are selected, instead of the values 

at the individual nodes (element corners).  In FE analysis, the integration points provide data with the highest 

accuracy, while the nodal solutions are extrapolated from the results at the integration points.  

With the strain energy density data for every integration point extracted, the average strain energy density 

of the whole model can be calculated.  The changes in average strain energy density of the first six modes 

as the width of the gap increases are shown in Figure 8 (a) to (f) respectively.  

 

 

 

       

Figure 8: Changes in average strain energy density as the width of the gap increases 
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The average strain energy density of the structure increases monotonically with the size of the gap.  The 

monotonic increase of average strain energy density confirms that the structure becomes more flexible as 

the size of the gap increases, which indicates the decrease in stiffness of the structure.  Additionally, as the 

size of the gap increases, the decrease in stiffness becomes more drastic.  Mathematically, the strain energy 

density in the interface regions is expected to approach infinity as the area of contact approaches zero 

because of the extremely high stress caused by the infinitesimal contact area, which can be derived based 

on Equation 4.  This explains the reason why the natural frequencies change more drastically as the size of 

the gap increases.   

By using strain energy, the decreases in the natural frequency of the structure have been explained.  

However, as demonstrated in Table 7, the natural frequencies changed differentially for the ten modes.  It 

can be observed that the changes in mode 5 and 6 are significantly larger than the changes in other modes. 

This phenomenon can be explained using strain energy as well.  As the changes in geometry are made at the 

interface regions of the structure, the average strain energy density of the interface regions can be calculated 

for each mode and compared with the average strain energy density of the whole structure, based on which 

the relative impacts from the local changes in the interface regions on the overall dynamic behaviours of the 

structure can be evaluated. 

To perform this task, the strain energy density data for both interfaces of the OM model are extracted, which 

include the strain energy density of integration points on all four surfaces constituting the two interface 

regions.  The average strain energy density data of the interface regions are calculated and listed in Table 8, 

which also has the average strain energy density of the whole model and the ratio between them. 

Mode 1 2 3 4 5 6 7 8 9 10 

𝑢𝑖𝑛𝑡. (J/m3) 17.50 18.58 22.94 22.99 291.81 293.16 25.14 21.66 18.45 18.54 

𝑢𝑚𝑜𝑑𝑒𝑙  (J/m3) 24.03 25.62 18.27 18.35 147.63 146.53 35.86 31.19 59.29 59.38 

Ratio 0.7680 0.7251 1.2554 1.2527 1.9767 2.0007 0.7011 0.6943 0.3113 0.3122 

Table 8: Average strain energy density data of model OM 

As displayed in Table 8, in mode 5 and 6 the average strain energy density in the interface regions are 

significantly higher than the average strain energy density of the whole model.  The ranking of the ratio 

between strain energy densities matches exactly the ranking of the natural frequency change.  In mode 5 and 

6, the local changes in the interface regions have the highest impacts to the stiffness of the structure, which 

causes that the natural frequency changes in these two modes are significantly higher than the changes in 

the other modes.  Similarly, in mode 9 and 10, the influences caused by the local changes in the interface 

regions are relatively small, which leads to smaller changes in natural frequencies. 

To confirm that the changes in average strain energy density are caused by the gaps created on the interfaces, 

instead of other unexpected factors acting on other locations of the model, COMAC is used to compare the 

strain energy density data of CM1 and CM19.  The strain energy density data for the first 10 non-rigid modes 

of both models are used.  The calculated COMAC values of all nodes constituting the FE model and the 

recovered model with superimposed COMAC values are shown in Figure 9 (a) and (b). 

 

                          (a)                                                                           (b)                         

Figure 9: COMAC between the first 10 non-rigid modes of CM1 and CM19 
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In Figure 9 (a), it is shown that for most of the nodes, their strain energy density values did not change or 

changed very slightly between CM1 and CM19.  There are two regions in Figure 9 (a) that have noticeable 

decreases in COMAC, which indicates the strain energy density changed significantly in these regions.  In 

order to determine the locations of these regions, the COMAC values are then superimposed onto the 

geometric grid of the engine model, which is created by exporting the coordinates of the nodes from Abaqus 

and importing them into MATLAB.  The created figure is shown in Figure 9 (b).  As a matter of fact, it is 

‘1 − COMAC’ that is used in Figure 9 (b), so that nodes with smaller COMAC values will be in red hence 

more noticeable.  In Figure 9 (b), it can be observed clearly that, these two regions with noticeably smaller 

COMAC values are the areas around these two interfaces.  Nodes on HPC experience overall greater 

changes in terms of strain energy density compared to nodes on CCOC and LPC, which is comprehensible 

because they are influenced by both interfaces, while for nodes on CCOC or LPC the influence from one 

interface is always very small, even almost negligible.   

By using COMAC, the locations with the most significant changes in strain energy density have been 

identified.  It has been verified that the changes in natural frequencies are caused by the effects of creating 

gaps on the interfaces locally, which leads to a reduction in stiffness of the structure. 

From this section of the research, it can be observed that, despite the decrease in mass of the structure caused 

by the creation of the gap on the interfaces, the natural frequencies of the structure still decrease because of 

the increased flexibility.  The decrease in stiffness has been verified by the use of strain energy density.  The 

extent to which the natural frequencies change can be evaluated based on the ratio between the average 

strain energy density of the interface regions and the average strain energy density of the whole model.  It 

has also been shown that, apart from mode shapes, the COMAC is also capable of being used on other 

parameters, such as strain energy density in this case, to determine and locate the discrepancies between two 

sets of data. 

5 Effects of changes in contact condition on thermal behaviours 

In the second part of this research, the effects of changes in contact conditions on the thermal behaviours 

caused by the friction on the interfaces are studied.  This is achieved by focusing on the energy loss due to 

friction using thermal parameters including temperature increase and frictional heat generation. 

An important reason for studying the friction through energy loss is that contact friction is one of the main 

causes of nonlinear behaviours in coupled structures.  If contact friction can be decreased, the nonlinear 

behaviours in the structure can be reduced effectively. 

Theoretically, friction causes energy loss, during which heat is generated.  The total frictional heat 

generation on area 𝐴 over time 𝑡 can be calculated as shown in Equation 5, where 𝑃𝑓𝑟  is frictional heat 

generation of a unit area over time 𝑡, 𝜏 is shear stress and 𝛾 is total length of the overall slip path, which is 

the total distance of the relative movement between the two surfaces [7]. 

                                                                            𝑃𝐴 = ∬ 𝑃𝑓𝑟 𝑑𝐴  = ∬ 𝜏𝛾 𝑑𝐴                                                        (5) 

Shear stress in contact regions can be calculated from the contact pressure 𝑝 and friction coefficient 𝜇: 

                                                                                           𝜏 = 𝜇𝑝                                                                                 (6) 

Theoretically, the creation of gap on the interfaces will increase contact pressure, which increases shear 

stress hence accelerates frictional heat generation in a unit area on the contact region.  However, the 

reduction in contact area is likely to decrease the total frictional heat generation.  Additionally, the increased 

contact pressure is also possible to cause slip rate and slip distance to decrease. 

All three factors determining the total frictional heat generation are affected by the changes in contact area.  

The contact pressure will increase, which causes an increase in shear stress but decrease in slip rate.  The 

total contact area will also decrease.  The combined effects of changes in the three factors make the total 

frictional heat generation very difficult to predict theoretically. 
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Because of the challenges in predicting the frictional heat generation theoretically and performing the test 

experimentally, accurate FE simulations must be performed to identify the effects caused by the changed 

contact conditions on the frictional heat generation and temperature increase in this structure.   

In order to obtain accurate thermal results from FE analysis, a coupled temperature-displacement dynamic 

analysis must be used because of the mutual influences between the thermal and dynamic behaviours. 

In general, the coupled temperature-displacement analysis requires extreme computational cost and time, 

which is one of the reasons that alternative methods have been used extensively for this type of analyses.  

Exporting the results from a dynamic analysis and importing them back to a thermal analysis is one of these 

theoretically sensible methods.  This method requires considerably lower computational cost and time.  

However, the interactions between the thermal and dynamic behaviours are neglected in this method.  These 

interactions can only be reflected in a fully coupled temperature-displacement analysis. 

The FE model used in the first part of this research is too complicated for a coupled temperature-

displacement analysis.  Performing a coupled temperature-displacement analysis on it will be practically 

impossible even with a supercomputer.  A new FE model is created, in which the model is further decreased 

to a more basic shape.  The meshed model is shown in Figure 10.  The element size for the interface regions 

is 20 mm with 10% minimum element size control.  The rest of the model is meshed with 100 mm tetrahedral 

elements with 10% minimum element size control.  The model is updated following a similar strategy used 

in the first part of this research.   

 

Figure 10: Meshed FE model for coupled temperature-displacement analysis 

The input force has a frequency matching the natural frequency of the 5th and 6th mode of the structure to 

achieve resonance.  The selection of this frequency for excitation is because it has been concluded that the 

interface regions have the highest impacts on the overall behaviours of the structure in these two modes.  

For the same reason, the location of the input force is selected to be located approximately at the middle of 

the outer surface of the HPC section, so that both interface regions can be excited effectively.  The exact 

location is determined based on an algorithm for automatic selection of candidate sensor locations [8]. 

Due to the high computational cost and time of this analysis, the time period of the analysis cannot be 

extended to match a realistic test.  As a compensation, a very high force magnitude is selected to scale the 

simulation so that there is a detectable amount of heat generation within the short time period of the 

simulation, which is only one second.  It should be noted that plastic behaviours are excluded in this FE 

model, which means the model will not experience plastic deformation or damage under large forces, so the 

high force magnitude only acts for scaling purposes without being able to cause unexpected behaviours. 

Additional material properties including thermal conductivity and specific heat capacity have been added, 

so that heat transfer can be simulated correctly.  The boundary condition of this analysis is set to be free-

free so only phenomena caused by the vibration of the structure itself are considered.  The initial temperature 

of the structure is set to 20 degrees Celsius, so as the environmental temperature.  Average temperature and 

frictional heat generation of the model are calculated at the end of the analyses, which are listed in Table 9. 

It needs to be noted that, despite the decrease in complexity of the model and the use of a supercomputer, 

performing a coupled temperature-displacement analysis is still time-consuming.  In this research, the 

coupled temperature-displacement analyses are performed on BlueCrystal, a High-Performance Computing 

(HPC) machine of University of Bristol.  64 Intel Xeon E5-2670 processors and 256GB of Random Access 
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Memory (RAM) are requested for each analysis, with which each analysis takes approximately 100 hours 

to complete. 

Temp. (℃) Average Increase Percentage  Heat Gen. (W/m2) Average 

OM 20.00907 0.00907 0.045349%  OM 2.57788 × 102 

CM3 20.21050 0.21050 1.052498%  CM3 1.25427 × 104 

CM6 20.19675 0.19675 0.983756%  CM6 8.29843 × 103 

CM9 20.12195 0.12195 0.609764%  CM9 4.12921 × 103 

CM12 20.06030 0.06030 0.301520%  CM12 2.13393 × 103 

CM15 20.03463 0.03463 0.173170%  CM15 1.21155 × 103 

CM18 20.02543 0.02543 0.127148%  CM18 9.47077 × 102 

Table 9: Thermal data at the end of the coupled temperature-displacement dynamic analyses 

It can be observed from the results that, after the gap is created, the frictional heat generation decreases as 

the size of the gap increases, which is likely caused by the decreased slip rate and reduced total contact area.  

However, due to the location of the gap, the creation of the gap will affect the effectiveness of the fasteners 

significantly, which is expected to have high impacts on the relative movement between the contact surfaces.  

The increased slip rate caused by this will benefit the frictional heat generation and temperature increase, 

which explains the significant discrepancies between the model OM and the models with the gap created.   

It is comprehensible that the contact pressure will increase due to the reduced contact area, however, the 

changes in the slip rate and distance still need to be verified.  In order to achieve this, the average total slip 

distance of the nodes (the total distance of the relative movements between the nodes in the two surfaces) 

on the interfaces are calculated and listed in Table 10. 

Slip dis. (m) Int. 1 Int. 2 Average  Slip dis. (m) Int. 1 Int. 2 Average 

OM 0.00026 0.00001 0.00013  CM12 0.00122 0.00049 0.00085 

CM3 0.00310 0.00051 0.00181  CM15 0.00117 0.00040 0.00079 

CM6 0.00233 0.00069 0.00151  CM18 0.00091 0.00037 0.00064 

CM9 0.00145 0.00056 0.00100      

Table 10: Average total length of the slip path of the nodes on the interfaces 

It is demonstrated clearly that, as the width of the gap increases, the average slip distance of nodes on the 

interfaces decreases monotonically, which verifies the assumptions made at the beginning of this section.  

Similar to the phenomena observed in the thermal data, the creation of gap alters the relative motion between 

the contact surfaces significantly, which causes distinct differences between models with and without the 

gaps on the interfaces. 

In summary, as the width of the gap increases, the contact pressure will increase but the slip rate and total 

contact area will decrease.  Despite the fact that the increased contact pressure may accelerate frictional heat 

generation in each unit area on the contact region, the reductions in contact area, slip rate and slip distance 

are able to cause more significant influences that surpass the influences from increased contact pressure so 

a monotonic relationship between the frictional heat generation and size of the gap is obtained.  The 

combined effects of the three parameters cause total frictional heat generation to decrease as the size of the 

gap increases.  However, the creation of the gap will affect the effectiveness of the fasteners, which increases 

the temperature rise and total frictional heat generation significantly.   

For the sake of completeness, running a coupled temperature-displacement dynamic analysis on a complex 

FE model is achievable by using mass scaling to alter the time increment so that the total number of iterations 
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can be controlled.  However, mass scaling can only be used situationally as using mass scaling can put the 

accuracy of the results in risk [9], which is one of the main reasons that it is not used in this research. 

6 Discussions and conclusions 

In this research, the effects of changing contact conditions of interface regions in an aero-engine casing 

assembly on its dynamic and thermal behaviours have been studied by using FE methods. 

Firstly, the creation of the FE model and the mesh configurations have been explained.  The model updating 

strategy for a manual model update of a complex coupled structure, such as the aero-engine casing assembly 

in this research, has been demonstrated.  It has been shown that, without the usage of model updating 

software, performing model updates on a complex coupled structure is still possible to succeed.  It has also 

been demonstrated that MAC and NFD can be used as the two main criteria for a model update to guide the 

model updating process to success.  Additionally, the COMAC is available for more precise model 

improvements if model updates based merely on MAC and NFD are unable to obtain a decent FE model. 

In the frequency domain analysis section of this research, it has been confirmed that local changes on the 

interfaces in a coupled structure are able to alter its dynamic responses and modal parameters.  This research 

shows that, despite the decrease in total mass of the structure due to the creation of the gap on the interfaces, 

the natural frequency is still possible to decrease because of the increased flexibility and decreased stiffness 

in the structure.  Additionally, it has been demonstrated that the sensitivity to same changes in contact 

conditions can be different for each mode.  Some modes appear to be more sensitive than the others, which 

has been explained by calculating the ratio of average strain energy density in the interface regions to the 

average strain energy density of the whole model.  The results showed high agreements between the trends 

of changes in strain energy density and changes in natural frequency, which concludes that strain energy 

density is capable of predicting and explaining the changes in dynamic responses and modal parameters of 

the structure by revealing the changes in stiffness.  Additionally, it has been shown that the COMAC is 

capable of being used on parameters apart from mode shapes, such as strain energy density in this research, 

where it demonstrates successfully that it is the creation of gaps locally on the interfaces that affected the 

dynamic behaviour of the entire structure. 

In the time domain part of this research, frictional heat generation and temperature increase are used to 

demonstrate that, besides dynamic behaviours, local changes on interfaces are also able to alter the thermal 

behaviours of the structure.  The mathematical relationship between the temperature increase (or total 

frictional heat generation) and size of the gap is apparently monotonic, despite the opposite influences from 

the three determining parameters.  The creation of the gap, however, alters the effectiveness of the fasteners 

significantly because of its location, which amplified the frictional heat generation greatly. 

It has been shown that alternate designs for the interfaces are able to change the friction in the contact areas, 

which may benefit the control of nonlinear behaviours.  Although the alternate profile of contact regions in 

this research caused an increase in friction because of the location of the gap, it shows the possibility of 

controlling the friction in the interface regions using an alternate contact profile, with which the nonlinear 

behaviours in the structure can be reduced effectively. 

Despite the successes of obtaining and analysing the results and observations in this research, there are 

several potential improvements that can be made.   

Firstly, it is possible to increase the quality of the FE model further by using COMAC to locate the small 

regions on the FE model that have large disagreements with the EMA structure.   

In the frequency domain analysis, despite the changes in the width of the gaps, its depth was kept constant 

at 2 mm in this research.  It is worth studying if a deeper gap is able to cause different results.  As a matter 

of fact, the change in mass caused by a 2 mm deep gap is very small.  It is possible that with a deeper gap 

or a change in profile, the effects from reduced mass may surpass the effects caused by the reduced stiffness, 

which eventually lead to an overall increase in natural frequency.  Moreover, the changes in natural 

frequencies are not very large in this research, performing a similar study on a coupled structure with more 

and larger interface regions can be valuable.  For this specific research on the aero-engine casing assembly, 
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it is also possible to continue increasing the width of the gap, to verify if the changes in strain energy density 

and local stiffness of the interface regions and changes in the natural frequencies of the structure are still 

able to become more drastic as the size of the gap increases. 

In the time domain analysis, it has been mentioned that a simplified FE model was used due to the limitations 

of computational time and cost.  It is possible to use an FE model with a higher quality mesh, like the model 

used in the frequency domain analysis of this research, to repeat this time domain analysis and study if the 

results can be different.  In this research, the structure was stimulated by a single-point sinusoidal force that 

matches the natural frequency of the 5th and 6th mode.  Changing the excitation frequency so that it matches 

the natural frequency of the first 10 or 20 non-rigid modes respectively to study if the differences in 

sensitivity between modes that appeared in the frequency domain analysis are still significant in the time 

domain analysis is also a potential direction for the future work of this research.  Additionally, it might be 

necessary to study the changes in parameters when several random loads are applied at several different 

locations on the structure simultaneously, which is closer to the actual working condition of the structure so 

that the results can have higher values for practical applications.  For this specific research, the size of the 

gap can be further increased to evaluate if the monotonic relationship between total frictional heat generation 

and size of the gap still holds when the size of the gap keeps increasing. 

Finally, it might be worth trying to repeat the analyses performed in this research experimentally, although 

a simpler coupled structure could be used as an alternative because of the high cost for producing several 

samples of this complex aero-engine casing assembly. 
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Abstract 
Modelling of frictional contact systems with high accuracy needs the knowledge of several contact 

parameters that are mainly related to the properties of the contact interfaces. While the interface parameters 

cannot be directly obtained by performing local measurements, the values estimated by means of 

analytical/numerical models are not reliable to describe the contact behavior, which affects in a prominent 

way the complex contact phenomena. This work presents a newer approach for identifying reliable values 

of the normal contact stiffness between rough surfaces as a function of contact pressure, surface roughness 

and materials. The combination of dynamic experimental tests, on a dedicated set-up, with finite element 

modelling allowed for an indirect determination of the normal stiffness at the contact. 

1 Introduction 

The correct modeling of contact interfaces is a key factor in many engineering applications that inherently 

include contacts between components: e.g. joints, clamping devices, robotic contacts, rolling bearings [1, 

2], brake systems [3], etc. The contact mechanics between component surfaces plays also a key role for 

understanding many tribological processes such as, contact induced vibrations [4-6], frictional instability[4, 

7, 8], stick-slip phenomena [9], adhesion and wear [10]. Accurate contact modeling of such systems requires 

knowledge of interface contact parameters [11], such as contact stiffness, which are not easily available and 

completely understood. The first works dealing with contact stiffness dealt with analytical approach of 

simple elastic model using Hertzian spherical contact.  In the GW model [12] the contact interface is 

considered nominally flat with single scale roughness where the contact stiffness is obtained by statistical 

model. Less common are papers dealing with direct techniques for measuring the properties of rough 

contacts. Many attempt in estimation of contact stiffness were made and, for instance, Hattori and Serpa 

[13] have proposed the use of an artificial neural networks. Drinkwater et al. [14] measured the contact 

stiffness of an aluminum–aluminum interface using an acoustic technique. Mulvihill et al. [15] compared 

contact stiffness that it has been measured by using Digital Image Correlation (DIC) and ultrasound 

techniques. A completely different method to measure contact stiffness is based on ultrasonic methods 

where high frequency waves are used to derive the stiffness from the interface [14]. Another method to 

measure contact stiffness and damping at the nano-scales has been presented by Asif et al [16]. A few works 

[17, 18] in literature are based on combined experimental and analytical/numerical approach for indirect 

measurement of the contact stiffness [19]. In this context the objective of the present work is the estimation 

of surface contact stiffness using a newer methodology that combines experiments and finite element 

approach for an indirect measure of its value in static and sliding condition. On one hand, an experimental 
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setup has been developed for measuring the contact stiffness both in sticking and sliding conditions, for 

different surface topographies, materials and average contact pressures. The frequency analysis of the 

system response allowed for identifying its dynamics, which is related to both the dynamics of the 

considered system and the interface contribution. On the other hand, a finite element model of the 

experimental setup has been developed, taking into account the dynamics of the system and the contact 

interface contribution. Comparison between numerical and experimental results allows for estimating the 

normal contact stiffness for different contact pairs. 

2 Methodology 

The proposed methodology for the estimation of the normal contact stiffness of the materials in contact is 

based on a dynamic method, developed through a combined numerical and experimental approach (Figure 

1). By an experimental point of view, a newer setup has been designed and then used to perform dynamic 

tests, controlling and identifying its dynamic response.  Afterwards, a 3D finite element model, updated and 

to be representative of the experimental setup, has been utilized to compare the numerical and experimental 

results for estimating the normal contact stiffness between the investigated materials in contact. 

 

 

Figure 1. Overview of the proposed approach for the estimation of the contact stiffness. 

 

Through the comparison between the results from the numerical model and the system frequency response 

from experiments, the value of the normal contact stiffness can be estimated by fitting the numerical eigen-

frequencies with the results of the frequency analysis performed on the experimental setup. 

3 Experimental setup 

The experimental tribometer, designed to perform the experiments dedicated to the contact stiffness 

estimation, is presented in Figure 2. The setup has been designed to perform tests with different materials 

(samples) in contact, different length of the samples and a range of the average contact pressure up to 1 

MPa. The system is mainly characterized by a material sample in contact with a disc and loaded by the 

weight of a massive support. In order to minimize the friction between the massive support and the frame, 

along the normal direction to the contact surface, an air bearings technology is used. In such a way, the 
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massive support is free to move and vibrate in the normal direction. The experimental setup is equipped 

with a DC motor and a digital motion controller, making possible to perform measurements in both static 

and sliding condition at a well-controlled rotational speed. After the characterization of the geometry and 

the mechanical properties of the tested material, the samples have been machined obtaining three different 

lengths to ensure reproducibility of the results. After the cutting process, a face milling is used with a right 

combination of cutting head (diameter and cutters shape), rotational and feeding speed, allowing for 

obtaining a surface with desired surface parameters (Ra) and topography. After the milling process, the 

specimens have been cleaned in an ultrasound cleaning machine and then left to dry. At this point, every 

single sample has been visually inspected and then tested by a profilometer in order to compute the 

roughness parameter in terms of Ra. The specimens which surfaces have met the roughness and planarity 

requirement have been used for the contact stiffness evaluation tests. Each measurement is carried out by 

placing the specimen in contact between the disc surface and the guide bar; successively, a dead mass is 

added on the top of the guide bar to obtain a desired average pressure at the contact interface between the 

sample and the disc. The dynamic response of the system to an impulsive excitation (hammer impact) is 

recorded, by an accelerometer placed at the top of the guide bar (Figure 2). The signal of the impulsive force 

and the system response have been recorded by a signal acquisition system with a sampling frequency of 10 

kHz. 

 

 

Figure 2: Scheme (left) and photograph(right) of the setup. 

4 Finite element model  

A finite element model (Figure 3) of the experimental setup has been developed using the ANSYS software; 

in order to reduce the model size and the complexity of the system, the numerical model includes only the 

disc assembly and the air bearing support with its guide bar. The presence of the shaft and bearings, the belt 

and the drive motor and the related global dynamic contributions, have been taken into account adding an 

elastic support on the base of the disc assembly with a stiffness value calculated by updating the model with 

preliminary dynamic tests. 
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Figure 3: Finite element model of the developed experimental setup and zoom related to the sample in 

contact. 

A hexahedral-dominated mesh has been used in the numerical model. Each 3D solid element has 16 nodes, 

for a total of 48 degrees of freedom. The model is composed of four main bodies:  the disc, the guide bar, 

the air bearing and the specimen. A fine mesh has been used for the specimen meshing, while a coarser 

mesh turned out to be sufficient for an accurate description of the other bodies, for a total of 13884 elements 

in the model. The contact region between the guide bar and the air bearing has been modelled as frictionless; 

a pure penalty method has been used to describe the contact between the specimen surfaces, the disc and the 

guide bar. The same contact stiffness value has been introduced for both the contact between specimen and 

disc and the contact between the specimen and guide bar. A fixed support on the side of the air bearing has 

been added, in order to model the effect of the support beam. A point mass on top of the guide bar is used 

to vary the average contact pressure on the specimen surfaces and to account for the dynamic effect of the 

dead mass on the guide bar as in the experimental setup. As shown in Figure 3 an elastic support on the joint 

between disc and shaft has been placed where the disc physically joins the shaft, with a magnitude of 

20N/mm2 in order to modelling the stiffness of the shaft bearings assembly. 

The updating of each component and then of the whole system have been carried out by experimental 

dynamic tests. In the first step, the normal contact stiffness has been simulated introducing in the model an 

equivalent layer on the top and on the bottom of the sample in contact with the disc. In a second step, the 

method has been also validated by taking in account the contact stiffness directly by the value of the contact 

stiffness parameter in the penalty modelling of the interfaces. The results of the modal analysis (frequency 

of the investigated mode) of the updated numerical model have been compared with the experiments 

(frequency response function) to fit as better as possible the value of the contact stiffness. A parametrical 

modal analysis has been performed as a function of the different lengths of the sample and as a function of 

different average contact pressures imposed experimentally.  

5 Contact stiffness estimation 

5.1 PMMA material 

An extensive measurement campaign has been conducted for the estimation of the contact stiffness in static 

conditions for PMMA material samples. 
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Figure 4: 1D-profile for PMMA material and roughness parameter Ra=6µm. 

Three specimens for each length (L=10 mm, L=15 mm, L=20 mm) and for two values of the roughness 

parameter, Ra=1 µm and Ra=6 µm (1D-profile in Figure 4), have been tested, according to the following 

protocol: 

▪ At first, the specimen is put in contact between the disc and the guide bar; 

▪ In the second phase, the system is excited with an hammer impact on the top of the bar and then the 

impulsive system response is recorded by the accelerometer positioned in the normal direction respect 

to the contact (Figure 5);  

▪ At the end, the recorded signals are used to compute the frequency response function in order to 

identify the natural frequency of the investigated mode (Figure 5). 
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Figure 5: (Up) Acceleration and force signals over the time recorded due to the impact excitation for a 

single measurement; (down) frequency response function of the system for different lengths of the tested 

samples. 

The previous mentioned protocol has been repeated, maintaining the same material sample, for each of the 

following average contact pressure values: 0.14 MPa, 0.25 MPa, 0.35 MPa, 0.57 MPa and 1 MPa. After 

performing the test with the highest pressure, a last measurement is made with the lower value of the average 

contact pressure in order to verify the repeatability of the test and to verify as well the occurrence of residual 

plastic deformation at the interface that could modify the natural frequency of the investigated mode. 

However, for the tested pressure range, no plastic deformation is emerged from the measurements. 

Figure 6 shows a comparison of the results between numerical and experimental tests in terms of the natural 

frequency of the investigated system mode. A good quantitative agreement between experiments and 

numerical results is shown in the figure for an average contact pressure of 0.14 MPa and for a surface 

roughness of Ra=1 µm.  

With the same model and same boundary conditions used in the previous case, the default penalty contact 

stiffness value, calculated automatically by the software as a function of different parameters (penetration 

tolerance, mesh size, contact pressure, etc) has been introduced in the model. The comparison with the 

experiments highlights a crucial difference in term of natural frequency of the considered system mode, 

confirming the unrealistic values of the contact stiffness in the commercial codes, which lead to completely 

wrong results, overestimating the frequency of the investigated mode (grey point in Figure 6).  
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Figure 6: Experimental and numerical results for PMMA samples and for surface roughness of Ra=1µm 

and average contact pressure of P=0.14 MPa.  

 

Figure 7: Experimental and numerical results for PMMA samples and for surface roughness of Ra=6µm 

and average contact pressure of P=0.14 MPa. 

Figure 7 shows the numerical and experimental results for PMMA material in the case of roughness value 

of Ra=6 µm. The value of the contact stiffness (Kc=2.7e11 [Pa/m]), introduced in the numerical model 

allowed for a good fitting with the experiments in terms of the natural frequency of the investigated mode. 

Varying the contact stiffness parameter, used in the penalty method to solve the contact, it has been possible 

to fit the value of the natural frequencies for each combination of specimens, average contact pressure and 

surface roughness parameter (Ra). Figure 8 shows the trend of the contact stiffness as a function of the 

average contact pressure for both surface roughness parameters of Ra=1 µm and Ra=6 µm for PMMA 

material. Figure 6 highlights how the contact stiffness value increases as a function of the average contact 

pressure for both roughness parameters, as found in the literature by analytical and simplified numerical 

models [12, 17]. A difference in the contact stiffness value is remarkable (Figure 8) as a function of the 

different surface roughness and as expected a lower surface roughness leads to a higher contact stiffness 

value for the entire investigated pressure range. 
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Figure 8: Normal contact stiffness as a function of the average contact pressure: surface roughness 

parameter of Ra=1µm (red curve) and Ra=6µm (green curve) for PMMA material. 

 

5.2 Aluminum alloy material 

Once the model has been validated using PMMA material, only two different specimen heights, 15mm and 

20mm, have been used for the contact stiffness estimation for aluminum alloy material, which is stiffer than 

PMMA. As for PMMA material, the specimens have been cut and then machined with well-controlled 

parameters (rotational and feeding speed) in order to obtain the two desired values (Ra=1 µm and Ra=6 µm) 

of the surface roughness to be tested. The same protocol, explained in the section 5.1, is applied for 

Aluminum specimen as well. Figure 9 shows the experimental frequencies (blue points) calculated from the 

Frequency Response Function (FRF) of the system and the natural frequencies coming out from the 

numerical model for a contact stiffness value of Kc=1.15e12 [Pa/m]. Aluminum material is stiffer than 

PMMA material and as expected the measured frequency are higher respect to PMMA (Figure 8) both for 

h=15 mm and h=20 mm (the frequency contribution is due to the bulk stiffness and the stiffness of the 

contact interface of the sample). The results highlighted a good matching between experiments and 

numerical results in terms of the frequency of the investigated mode.  

Figure 10 shows the evolution of the contact stiffness as a function of the average contact pressure for 

Aluminum alloy material. The contact stiffness increases as a function of the contact pressure for both 

roughness values (Ra=1 µm and Ra=6 µm). As expected, an higher roughness value leads to a lower contact 

stiffness as found for PMMA material. 
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Figure 9: Experimental and numerical results for Aluminum alloy samples and for surface roughness of 

Ra=1µm and average contact pressure of P=0.14 MPa 

 

Figure 10: evolution of contact stiffness as a function of the average contact pressure for aluminum alloy 

material. 

5.3 Frictional material  

In this section, a preliminary result on contact stiffness estimation for frictional material for automotive 

brake application is shown. The cylindrical specimens have been cut directly from the disc brake pads and 

three different heights were tested: 3mm, 9.3 mm and 13 mm. For each sample height, two different 

diameters, 12 mm and 20 mm were tested as well. The same protocol, explained in section 5.1, is adopted 

and a parametrical analysis has been carried out as a function of the following average contact pressures: 

0.05, 0.15, 0.5 and 1 MPA. The surface topography and roughness is preserved the same as in the 

commercial pads and a pairs of each sample height is tested in order to investigate the effect of the 

heterogeneities of such complex material as well. 

Figure 11 shows the numerical and the experimental results for sample diameter of 12 mm and for a contact 

pressure of 0.15 MPa and 1 MPa. The results highlighted a dispersion of the experimental results in terms 

of the measured natural frequencies of the tested samples. The dispersion of the results could be attributed 

to the heterogeneity of the bulk and surface material properties. However, with the developed approach it 

has been able to identify an average value of the contact stiffness �̅� for each value of the average contact 

pressure as shown in Figure 11 and summarized in Figure 12.  
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Figure 11: Comparison between numerical results and experiments for average contact pressure of 0.15 

MPa (Up) and 1 MPa (down) for sample diameter of 12mm. 

Figure 12 shows the evolution of the contact stiffness for all tested materials: PMMA, aluminum alloy and 

friction material. The figure highlighted the increasing of the contact stiffness as a function of the average 

contact pressure for all tested materials. Moreover, frictional material and PMMA have a lower contact 

stiffness with respect to Aluminum alloy in the pressure range from 0.1 MPa up to 1 MPa.     

 

 

 

Figure 12: Comparison of the contact stiffness for different contact pairs as a function of the average 

contact pressure.  
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6 Conclusions 

The quantitative estimation of contact stiffness between bodies in contact represents a significant 

improvement in the finite element modelling of frictional systems. To achieve such a result, an experimental 

and numerical procedure has been designed, allowing to investigate the contact stiffness evolution as a 

function of the contact pressure, surface roughness for different contact material pairs , obtaining consistent 

and reproducible results. In frictional systems, the contact stiffness affects both the global dynamic response 

of the system and the local contact behaviour (stress and strain at the contact interface). The developed 

approach allows for estimating the contact stiffness in sticking conditions under well controlled parameters, 

useful to be introduced into finite element models for both static and dynamic contact simulations, such as, 

for example, CEA and nonlinear transient analysis for brake squeal prediction. 
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Abstract
Finite element (FE) modal analysis of monolithic structures with negligible damping belongs to routine
tasks even in the industry. However, in case of assemblies, there is no off-the-shelf solution due to the
stiffness uncertainties and the unavoidable increase in damping due to contacts. A relevant part of structural
damping originates in dry friction between the conforming surfaces of the assembled machine parts, and the
modelling of this mechanism is extremely challenging. Our goal is the quantification of dry friction-induced
modal damping by experiments in order to enhance the quality of existing contact models in FE algorithms.
First, a new theoretical model was set up for the prediction of the friction-induced additional damping of
each mode shape based on the FE analysis of a monolithic assembly. Second, the fundamentals of a new
practical method were established that can be used for the designed increase of damping in certain structures.

1 Introduction

In mechanical engineering, design processes are mainly based on numerical simulation methods, like the
finite element (FE) method. The FE analysis of structures provides reliable results – based on geometrical
data and material properties – if static problems are considered. The accurate treatment of dynamic problems
is more challenging since the damping characteristics of structures are related to several different phenomena.
In this case, the parameters of the FE model cannot be determined merely on the basis of material parameters,
but experimental validation is also necessary. Luckily, the internal (material) damping of metals is usually
quite small, which means that the aforementioned problem does not lead to large errors if vibrations of
monolithic structures are examined.

However, in case of assemblies, a relevant part of damping is related to the dry friction contact among
the various components of the structure. Even small modifications of the assembled structure may lead to
significant changes of damping, requiring the repetition of experiments for the validation of the new FE
model. Moreover, the proper numerical modelling of contacts is a rather difficult task and the simulations
are time consuming, see e.g. [1] and [2]. In some cases, damping of a mechanical structure plays a key role
in the stability of the process, particularly in case of high speed machining [3], [4]. A significant part of the
damping is related to dry friction in this case, too.

The goal of the present contribution is to propose a method for the estimation of contact damping by the
modal analysis of the monolithic structure. The method is based on the idea that each vibration mode can be
characterized by a dimensionless quantity δi, describing the possible dissipative processes on a chosen inter-
nal surface – where the contact is realized in the assembled structure. According to our assumption, relevant
δi values can be determined by simple FE analysis and contact-related modal damping can be characterized
by them. A possible application of this approach is the validation of friction models in forthcoming finite
element solvers.
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To check the proposed idea, two test-specimens had been designed and manufactured. One of the specimens
is monolithic, the other one consists of two shrink-fitted parts. The shrink-fitted disc has the same geometry
as the monolithic one and the overlap of the shrink-fitting was designed to obtain a contact pressure distri-
bution that corresponds to a realistic case: the spindle-tool holder connection in a medium-size industrial
machine tool.

An automated pneumatic ball shooter (see [5] and [6]) was used for the excitation to ensure the initial condi-
tions to be as identical as possible. Free vibration decays had been measured both by laser Doppler vibrom-
eters and lightweight accelerometers. Short-time Fourier transform was applied on the acquired velocity and
acceleration signals, and characteristic amplitude peaks had been traced during the decays. The measured
modal damping values were compared with the dimensionless δi parameters that were determined by the FE
modal analysis of the monolithic disc and the traced peaks were selected based on the finite element results.

2 Design and numerical analysis of the test specimens

2.1 Preliminary studies, design process

The test specimens had been designed to be suitable for both free vibration decay experiments and forced
vibration experiments by using an available electrodynamic shaker. In order to achieve higher amplitudes on
a shaker, the weight of the specimens was kept reasonably small, and to exploit the optimal frequency ranges
of the accelerometers and laser Doppler micrometers, natural frequencies were tuned to the preferred 300 Hz
- 3 kHz range.

Figure 1: Test specimen geometries, left: monolithic, right: shrink fitted assembly.

For the proper evaluation of the measurement results, well-defined contact surface geometry and pressure
distribution are preferred: threads should be avoided because of their relatively complex shape, and shrink-
fit is preferred to provide prestress.

The realized specimen geometries are shown in Figure 1. In case of the specimen that consists of two bodies
(Figure 1, right panel), the overlap of the shrink-fitted cylindrical surfaces is 0.03 mm in diameter, and the
magnitude of the calculated prestress on the contacting surfaces varies between 10 and 40 MPa. The outer
part was heated to 180 ◦C prior to the shrink-fitting. After the assembly, the two specimens were adjusted on
an ultra precision milling machine, hence ensuring that the two discs are as identical as possible.

In order to avoid duplex modes, the rims were snipped by electrical discharge machining and two oval
windows were also cut in the membranes of both specimens. In a previous study [7], the results regarding to
axisymmetric specimens were presented, where beat phenomena occured due to the relatively close natural
frequencies.
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Since the aim of the experiment is to quantify damping, contactless devices, like laser Doppler vibrometers
(LDVs) were preferred in order to avoid the increase of damping and/or mass. These vibrometers were
used in two different measurements setups. First, forced vibration experiments were performed by using an
electrodynamic shaker. Unfortunately, the power of the shaker was not sufficient, and at frequencies close
to resonance (520-530 Hz) the vibration amplitude of the disc core was not in the detectable range of the
LDVs. After that, an experiment was performed with suspended specimens, but the LDVs were not usable
in this case either because of the large-amplitude swinging motion.

2.2 Modal analysis of the monolithic disc

In order to identify mode shapes and natural frequencies of the test specimens, modal analysis was carried
out by using ANSYS finite element software and 3D solid elements. Figure 2 presents the result regarding
the monolithic disc.

Figure 2: Natural frequencies and mode shapes of monolithic disc. Top row: 486.4 Hz, 602.3 Hz, 709.7 Hz;
bottom row: 2018.6 Hz, 2448.6 Hz

The natural frequency of the first mode is 486.4 Hz, and this mode corresponds to the translational motion
of the outer rim opposite to the inner core. The second and third natural frequencies are 602.3 Hz and 709.7
Hz, which belong to the tilting motions of the rim. The fourth and fifth natural frequencies are 2018.6 Hz
and 2448.6 Hz, and these correspond to the bending vibrations of the outer rim.

3 Ultralight accelerometers

After the unfavourable experiences with contactless vibrometers, ultralight MEMS based accelerometers
were tested (Xtrinsic FXLN8361QR1). These accelerometers were mounted on a printed circuit board
(PCB), and the power supply was also constructed. The total weight of the accelerometer with the PCB
was 0.065 grams, and the wire diameters were 0.08 mm. Compared to the 1590 grams of a disc, both the
stiffness of the wires and the mass of the sensors could be neglected.
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Figure 3: Left: ultralight accelerometer, power supply. Right: calibration of the accelerometers.

3.1 Calibration with Bruel & Kjaer accelerometers

The product sheet of the Xtrinsic sensors specified 2.7 kHz as the upper frequency limit, therefore the cal-
ibration of these sensors was necessary. Two Xtrinsic sensors were placed on an electro-dynamic shaker
with a Bruel & Kjaer DeltaTron Type 4397 accelerometer as a reference for the calibration. The shaker was
driven with an exponential chirp signal from 10 Hz to 10 kHz, and the three channels were recorded with a
sampling frequency of 100 kHz.

Figure 4: Calibration of the MEMS based accelerometer. Left panel: time signals, right panel: deviation
curve in the frequency domain.

The time signal (thin curves) together with the RMS ∗
√
2 values (thick curves) are presented in the left panel

of Figure 4, and the ratio of the Bruel & Kjaer and Xtrinsic RMS values are shown in the right panel in
the 300 Hz - 3 kHz frequency range. A low pass FIR filter was created with a cut-off frequency of 3 kHz,
and the frequency response of the filter was adjusted to the fitted curve in the right panel of Figure 4, hence
compensating the inaccuracies of the Xtrinsic sensors.

1866 PROCEEDINGS OF ISMA2018 AND USD2018



4 Free vibration decay measurements

4.1 Measurement setup

Free vibration decays had been measured on both the monolithic and the shrink-fitted discs. The discs were
drilled through the rims at±60◦ positions relative to the top quadrant point, and suspended with kevlar fishing
lines. An automated pneumatic ball shooter was used for the excitation to ensure the initial conditions to be
as identical as possible. The places of impacts were at -45◦ on the rim. Between +30◦ and +165◦ relative to
the top quadrant point, 8 locations were selected to measure accelerations. On each disc 40 vibration decays
were recorded at these points.

Figure 5 illustrates the measurement setup. In the left panel, the automated pneumatic ball shooter can be
seen with the suspended disc, a red laser dot shows the place of impact. In the right panel the Xtrinsic
accelerometers are shown attached on the side of the assembled disc.

Figure 5: Left: suspended disc, automated pneumatic ball shooter. Right: Xtrinsic accelerometer attached
on the side of the rim.

4.2 Measurement results

The accelerometer signals were recorded with 100 kHz sampling frequency with a Rohde & Schwarz RTE
1104 digital oscilloscope. The free vibration decay time signals are shown in the top row of Figure 6. The
difference in the decays can be clearly seen between the monolithic (top left panel) and the shrink-fitted disc
(top right panel).

In order to identify the natural frequencies, fast Fourier transform (FFT) of the two decays were calculated on
5 s samples as illustrated in the bottom panels of Figure 6. The identified frequencies in case of the monolithic
disc were in good accordance with the FEM results; moreover, there were no significant differences either
between the frequency peaks of the shrink-fitted disc and the FEA results with the monolithic disc. These
frequencies are listed in panel headers of Figure 7.

In Figure 7, the decays of the acceleration magnitudes are shown; each curve corresponds to the average of
10 shots. A 0.25 s wide Blackman-Harris window [8] was used for the short-time Fourier transform with a
window overlap of 95%.

Charts in the left column correspond to the monolithic disc, charts on the right correspond to the shrink-
fitted assembly. Each row shows the decays of different acceleration magnitude peaks, i.e., vibration modes.
Different colours belong to different measurement locations, and solid lines represent the average decays in
response to 10 shots.
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Figure 6: Free vibration decays. Left: monolithic disc, right: shrink-fitted assembly.

Exponential curves were fitted onto the measured decays, these fitted curves are illustrated by the dashed
lines. The fitted ζ decay ratios are listed in the legends of these charts.

According to the results, a significant difference was experienced in the decay ratios between the monolithic
disc and the shrink-fitted assembly, which cannot be explained by the differences in material damping or air
resistance, since both the material properties and the macroscopic geometry were identical of the specimens.
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Figure 7: Free vibration decays of the acceleration magnitude peaks at eight points of the specimens. Left:
monolithic disc, right: shrink-fitted assembly.
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5 Analysing friction-induced contact damping

Since the only feasible approach of the finite element modelling of vibrating assemblies with dry friction is
the use of full transient solution, it is an excessively intensive task from computational viewpoint. On the
other hand, finite element modal analysis of the monolithic structure can be carried out much faster, and
besides nodal displacements, stress and strain distribution is also resulted, however, the resulted values of
stresses and strains do not have physical meanings, only their ratios, just as in case of displacements.

Let us define the σeq average equivalent stress as follows:

σeq =

∫
(V )(σ1 − σ3)dV

V
, (1)

where σ1 and σ3 are the highest and lowest principal stresses, respectively, and V is the volume of the body.
We can describe the possible dissipative processes on a chosen internal surface by a dimensionless quantity,
δi, calculated as the ratio of σcmax maximal equivalent stress on the contact surface and σeq, the average
equivalent stress:

δi =
σcmax

σeq
(2)

Based on the fitted results presented in Figure 7, the increase in the decay ratios can be determined. In
the vertical axis of Figure 8, ζa denotes the damping ratio regarding to the shrink fitted assembly, and ζm
correspond to the monolithic body, therefore the friction-induced modal damping can be characterized by
ζa/ζm, and can be computed for the 5 examined modes and 8 measurement locations. The correlation
between the damping increase and δi appears to be convincing.

Figure 8: Friction-related damping ratio increase versus dimensionless contact stress

6 Conclusions

According to the presented free-vibration decay experiments, a significant difference was experienced in the
damping ratios between the monolithic disc and the shrink-fitted assembly. Since both the material properties
and the macroscopic geometry were identical, the source of the damping increase was identified as the dry
friction on the contact surface. Based on these measurement results, the particular damping increases of each
modes were determined. By using finite element modal analysis, a dimensionless quantity, δi was introduced,
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and a strong correlation was found between the dry friction-induced damping increase and the numerically
determined δi values corresponding to the particular modes.

On basis of the aforementioned correlation, it is possible the predict the extent of the additional damping
related to dry friction, and also to differentiate the induced damping increase between particular mode shapes.
This correlation depends on surface quality, surface measure, material properties and static prestress. These
relationships are willing to be explored in future experiments.
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Abstract 
Multi-stage cyclic symmetry is used since several years for the modal and dynamic response analyses of 

turbo-machineries where it allows the use of detailed models at limited cost. With this method, each stage 

of the machine is cyclically modelled and inter-stage coupling combines the different stages. The 

coupling is either mesh compatible or not. Though it is an approximate method, it provides high quality 

results in the low frequency range. For higher frequencies, approximations may occur and they are mainly 

detected at the inter-stage junctions. The use of harmonic decomposition allows to detect missing harmonics 

for some stages. The method has therefore been enriched in order to automatically add basic fundamental 

harmonics. The different cyclic fields are then coupled at the inter-stage junctions. 

1 Introduction 

The design of aerospace turbomachines is the result of multiple compromises between performance, mass 

and thermo-mechanical behavior. From the mechanical point of view, these evolutions result in refined 

designs with respect to previous experience, including a strong reduction in the number of mechanical 

connections between components. Some turbomachine bladed disks, the most mechanically loaded 

components, are increasingly made in a single piece (BLISK). Conventional bolted connections between 

bladed disks give way to continuous connections, obtained for example by inertial friction. These advances 

in manufacturing and machining processes lead to significant gains in on-board weight compared to 

conventional technologies and, to a lesser extent, the aerodynamic performance of the machine. On the other 

hand, the reduction in the number of these mechanical links generates a significant reduction in the structural 

damping of the rotor as well as the appearance of greater dynamic coupling between components. The 

evolution of these technologies therefore poses new vibration problems for turbine engine designers. In this 

context, it is more important than ever for engine manufacturers to have reliable prediction tools for the 

dynamic behavior of their machines, at the earliest of the design phase, in order to prevent vibration fatigue 

problems and costly induced re-designs. 

Design methods based on mono-stage dynamic analysis, exploiting the properties of cyclic symmetry, do 

not respond adequately to the technology evolution. Vibration phenomena, previously unobserved, coupling 

several bladed disks, whether adjacent or not, have been identified on some turbomachines. 

On the other hand, a direct approach based on the modeling of the 360 ° complete multi-stages assembly 

remains very expensive in terms of data setting, computation time and post-processing. As a result, the 

possibility to analyze multi-stage assemblies in a nearly similar manner as the one used for the mono-stage 

case is an asset.  

However, the multi-stage methodology is an approximated one. It gives good results in the lower frequency 

range but at higher frequencies, approximations may occur and they are mainly detected at the inter-stage 

junctions. A way to remove these approximations consists to simultaneously use several fundamental 

harmonics. 
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2 Theoretical Background 

2.1     Mono-Stage Cyclic Symmetry 

A cyclically periodical structure is a structure composed of a set of identical sectors which closes on itself 

to form the complete structure. If a finite element discretization of these structures is performed, the 

corresponding structural matrices are block circulant and a discrete Fourier transform produces block 

diagonal matrices. These diagonal matrices are expressed in cyclic coordinates and the number of diagonal 

blocks is equal to the number N of sectors. The eigenvalue problem to be solved to obtain the eigen-modes 

is replaced by a set of reduced eigenvalue problems each one function of the propagation wave number n. 

 𝑛 = 0,1,⋯ ,𝑁 2⁄               𝑁 𝑒𝑣𝑒𝑛    ;       𝑛 = 0,1,⋯ ,
(𝑁 − 1)

2
⁄               𝑁 𝑜𝑑𝑑 (1) 

The number of different wave numbers or fundamental harmonics is bounded by the number of sectors. 

Usually, a complex formalism is used to describe the cyclic coordinates and the wave number is included 

in the mathematical constraint linking the right and left boundaries of the sector [1].  

 𝐪 =𝑙 𝑒
2𝑗𝜋𝑛

𝑁 𝐪𝑟 = 𝑒𝑗𝛽 𝐪𝑟  (2) 

 

The reduced eigenvalue problem has still the classical form for a rotating structure described in the rotating 

frame 

 [𝜆2𝐌 + λ(𝐁 + 𝛺𝐂) + (𝐊𝟎 + 𝐊𝝈 − 𝛺𝟐𝐍)]𝐪 = 𝟎 (3) 

 

Or 

 [𝜆2𝐌 + 𝜆𝐁 + 𝐊] 𝐪 = 0 (4) 

 

For a not rotating structure modelled in the inertial frame; where M is the mass matrix, B the viscous 

damping matrix, C the Coriolis matrix, K0 the elastic stiffness matrix, K the geometrical stiffness matrix 

and N the centrifugal stiffness matrix. 

2.2     Harmonic Decomposition 

The harmonic content related to one fundamental harmonic is described by the so-called Zigzag diagram. 

For the wave number n, its contents is 

 𝑚 = 𝑛,𝑁 − 𝑛,𝑁 + 𝑛,⋯ , 𝑘𝑁 − 𝑛, 𝑘𝑁 + 𝑛,⋯ ,∞ (5) 

In some industrial cases, a sector of a bladed disk may be made of several blades. This is for 

example due to assembly methodology where the blades are grouped by packet and where the 

cyclic periodical property is lost for a sector made of one blade.  An analysis performed for a given 

wave number yields modes with a mixed harmonic content. If the number of blades of the sector 

is equal to M, the sector is considered to be made of M subsectors. Each node of the finite element 

model of the first subsector is related to (M-1) nodes of the other subsectors. If the meshes of the 

subsectors are not identical, the displacements of these nodes are obtained by interpolation. The 

displacements are expressed in cylindrical coordinates in order to perform the harmonic 

decomposition.  
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Where         

 

𝛽 =
2𝜋𝑛

𝑁

𝛽1 =
2𝜋𝑛

𝑀𝑁

𝛽2 =
2𝜋(𝑁−𝑛)

𝑀𝑁

𝛽3 =
2𝜋(𝑁+𝑛)

𝑀𝑁

⋮

 (7) 

 

This decomposition is performed for each node of the subsector. By weighting the obtained decomposed 

displacements with respect to the maximum displacement of the mode and by summing the weighted 

decompositions, it is possible to assign at each harmonic a percentage of its contribution to the mode. The 

process may be done for the radial, axial and azimuthal displacements. It is therefore possible to classify the 

modes as mainly radial, axial, azimuthal or mixed. 
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Figure 1: Zigzag Diagram (even or odd number of sectors) 

2.3     Multi-Stage Cyclic Symmetry 

The direct multi-stage cyclic symmetry has been proposed by Laxalde [2] and is, for example, implemented 

in the SAMCEF code [3]. The method is direct with respect to other approaches where each stage model is 

separately condensed and a reduced assembled multi stage model is analysed. With the direct method, the 

idea is to describe each stage i by its basic sector with the classical wave propagation condition applied on 

its left and right boundaries 

 - 𝐪(𝒊) =𝑙 𝑒
2𝑗𝜋𝑛

𝑁𝑖 𝐪(𝒊) =𝑟 𝑒𝑗𝛽𝑖 𝐪(𝒊)𝑟  (8) 

Where l and r indexes correspond to the left and right boundaries of stage i made of Ni sectors. The q vectors 

are complex. The fundamental wave number (number of nodal diameters, engine order) n is the same for 

each stage. The fundamental wave number is bounded by the number of sectors Nmin of the stage with the 

lower number of sectors. For the other stages, based on their number of sectors and on the fundamental 

wave number, additional wave numbers may be taken into account. These additional wave numbers are 

obtained from the zigzag diagram and are bounded by the number of sectors of the considered stage: 

 𝑚 = 𝑛,𝑁𝑚𝑖𝑛 − 𝑛,𝑁𝑚𝑖𝑛 + 𝑛,⋯ , 𝑘𝑁𝑚𝑖𝑛 − 𝑛, 𝑘𝑁𝑚𝑖𝑛 + 𝑛,⋯ ,≤  
𝑁𝑖

2⁄  (9) 

It is then necessary to express the continuity of the displacement field at the inter-stage junction.  Based on 

the number of sectors of each stage, the condition is either expressed on 360 degrees or on a sector. In order 

to manage industrial applications, the finite element meshes may not be congruent at the inter-stage 

junctions. In this case, the condition linking one node of stage 1 to a facet of stage 2 is written as follows  

 
ms kj qBqC 1 ))1(())1(( 211    (10) 

 

Where s and m indexes respectively correspond to the slave node and the master nodes of the facet. The C 

matrix rotates the slave node (j-1) times at a physical location where it is projected on a facet. The B matrix 

includes the (k-1) times rotation and the projection. Based on the numbers of sectors in stage 1 and 2, the 

same slave node will appear in N continuity constraints corresponding to different physical locations. On 

compact form, these constraints may be written 
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Ms

AqDq   (11) 

Where M index corresponds to all the master nodes necessary to define the N different facets used by the 

constraints.  

 

In order to include these constraints in the cyclic symmetrical formalism, it is necessary to come back to the 

cyclic coordinates. As the D matrix is made of a set of rotation matrices, we have  

 
MTs

N
AqDq

1
  (12) 

In practice, the mathematical constraint is applied using N gluing elements sharing the same Lagrangian 

multipliers. In the cyclic coordinates, the continuity at the inter-stage junction is only expressed in a weak 

form. 

 

 
 

Figure 2 Two stages case with 7 and 13 sectors 

 

If the finite element meshes are compatible at the inter-stage junction, equation (12) only expresses that the 

displacements of the slave node in cylindrical coordinates are the mean values of the displacements of a set 

of master nodes.  This weak character of the constraint is related to the approximation of the method. The 

exact solution requires the use of several harmonics in order to express the continuity of the displacement 

field at the inter-stage junction. 

 
For example, for a structure made of stages having different prime numbers of sectors as shown in figure 2, 

the final assembly is no longer isotropic with respect to the structure axis. Normal modes with nodal 

diameters don’t anymore exist in orthogonal pairs. Assuming that each normal mode of the whole structure 

is only described by the contribution of one fundamental wave family per stage removes the asymmetry of 

the system. This assumption has to be kept in mind when using this method. Recombined results show that 

the continuity at the inter-stage junction is not respected when strong asymmetrical cases are considered.  

 

If a Fourier harmonic decomposition of the obtained solution is performed, the application of (5) to the 

different stages where the numbers Ni of sectors are different gives different lists of harmonics. If some of 

these harmonics have an important contribution to the solution of one stage in the junction area and are 

missing in the coupled stage, the continuity of the solution may strongly be not respected at the inter-stage 

junction. 

 

The harmonic decomposition described in section 2.2 may also be applied in multi-stage cyclic symmetry. 

In this case, an additional weighting is performed based on the contribution of each stage to the kinetic 

energy of the modes. For each stage, the harmonic content corresponds to  

 𝑚𝑖 = 𝑛,𝑁𝑖 − 𝑛,𝑁𝑖  + 𝑛,⋯ , 𝑘𝑁𝑖 − 𝑛, 𝑘𝑁𝑖 + 𝑛,⋯ (13) 
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Where the number of harmonics is based on the number of subsectors of the stage. 

2.4     Improved Multi-Stage Cyclic Symmetry 

According to relation (13), the harmonic content usually differs from one stage to the other except 

for the fundamental harmonic. The improvement of the method consists to use several fundamental 

harmonics in the same analysis. For example, if the first additional harmonic of stage i has to be 

included, the additional fundamental harmonic is obtained as follows based on the zigzag diagram 

of the stage with the lower number of sectors. 

 𝑛𝑎𝑑𝑑 ± 𝑘𝑁𝑚𝑖𝑛 = 𝑚𝑖 = 𝑁𝑖 − 𝑛    (14) 

This procedure is repeated for each stage. In practice, adding a cyclic field for one sector 

corresponds to automatically duplicate the finite element model of the sector and to update the 

cyclic constraints on its boundaries by using the corresponding additional fundamental harmonic. 

The coupling between the harmonics is done by the inter-stage junctions.  

 ∑ 𝐂𝑖
𝑛𝑠
𝑖=1 ((𝑗 − 1)𝛽𝑖)𝐪𝑖

𝑠 = ∑ 𝐁𝑖
𝑚𝑠
𝑖=1 ((𝑗 − 1)𝛽𝑖)𝐪𝑖

𝑠 (15) 

Where ns is the number of fundamental harmonics of the slave stage and ms the number of 

fundamental harmonics of the master stage. 

3 Applications 

Let us consider an academic structure made of two stages with respectively 50 and 60 blades. It is the 

idealization of a bladed drum where the deformation of the drum induces coupling between both stages. 

 

 
 

 

 

The structure may either be modelled by one sector including 5 blades of stage 1 and 6 of stage 2 or be 

modelled by two sectors including one blade.  

 

The mono-stage cyclic symmetry approach yields exact results used as reference. The standard multi-stage 

approach yields correct results for low frequencies and for modes where the main harmonic corresponds to 

the fundamental one (figure 4). 

 
 

Figure 3 Two stages with 50 and 60 blades  
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For higher frequencies and for some modes, the standard multi-stage approach produces approximated 

frequencies and discontinuity at the inter-stage junction (figure 5). 

 

 
 

 

 

 

By adding one fundamental harmonic, it is possible to reach the exact solution and to improve the continuity 

at the inter-stage junction (figure 6). 

 

 

 

 

 

Figure 4 Low frequency correct mode 

Figure 5 Harmonic 25 – 6925 Hz Approximation 
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Conclusions 

The extension of the multi-stage cyclic symmetry methodology has been presented. Its application to a 

simple two stages structure shows the efficiency and the interest of such method. When applied to rotors of 

turbo-machines like compressor rotors of aero-engine, this method allows the taking into account of 3D 

models at affordable computing costs. 

 

The method has been integrated in the finite element system SAMCEF [3]. 
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Abstract 
This paper describes the analysis of natural and forced vibrations of a two-pole induction motor mounted 

on an elastic steel frame foundation. A simplified vibration model is derived which can be used for 

calculating the natural vibrations in the transversal plane of an electrical motor mounted on a soft foundation. 

The natural vibrations of the motor are calculated using the simplified vibration model as well as a numerical 

calculation using a finite element model. These calculations are compared to each other and validated by 

measurements using experimental modal analysis. In addition to the natural frequencies, also forced 

vibrations are measured while the motor is operated by a converter. The frequency spectrum is analyzed by 

using FFT, regarding the forced vibrations. 

1 Introduction 

Vibration problems often occur for induction motors in the upper power range (> 1 MW). The most common 

reason is that large induction motors are usually designed for operation on a massive foundation, but in the 

application, the motors are often mounted on an elastic steel frame (Figure 1). Therefore, the vibrational 

behavior of the motor changes completely, compared to the measurements, carried out at the motor 

manufacturer, where the motor is mounted on a massive foundation [1-3]. The electrical motors are tested 

on a massive foundation because the vibrations of the motor itself shall be proved. The problem now is, that 

a motor which runs perfectly on a massive foundation may show high vibrations when it is mounted on a 

steel frame foundation and operated near or in resonances. 

 

Figure 1: Powertrain mounted on an elastic steel frame foundation [4] 
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The idea now is to solve this problem by using an active vibration control system, where actuators are 

mounted between the motor feet and the steel frame foundation (Figure 2), to influence the vibration 

behavior actively [4], [5]. Since the investigation of the concept for an induction motor with a power of 

1 MW and higher is difficult, the concept is first examined using a small induction motor. For the small 

motor similar conditions have to be created such as for huge motors, because this vibration problems usually 

occur only for motors with high power. Therefore, a machine test bed consisting of a small two-pole 

induction motor (11 kW) and a steel frame foundation was developed which can be extended by actuators 

later. To check the suitability of the machine test bed, natural vibrations as well as forced vibrations are 

investigated. 

 

Figure 2: Electrical motor with actuators between the motor feet and elastic steel frame foundation [5] 

2 Rotor eccentricities 

Different kinds of excitations exist which cause vibrations in electrical motors. In addition to mechanical 

excitation there are also electromagnetic forces. The cause for these excitations is often rotor eccentricity. 

Generally there are two different kinds of rotor eccentricity, static eccentricity and dynamic eccentricity [6]. 

The difference between both is, that the smallest air gap remains at the same position for static eccentricity 

and changes for dynamic eccentricity (Figure 3). 

 

Figure 3: Two different kinds of eccentricity. a) Static eccentricity and b) dynamic eccentricity [6] 

2.1 Static eccentricity 

Reference [7] shows a number of reasons causing static rotor eccentricity in electrical motors with roller 

bearings. The most common reasons are production tolerances (Figure 4a), radial bearing clearance 

(Figure 4b) and static deflection (Figure 4c). 
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Figure 4: Static rotor eccentricities of an electrical motor caused by a) production tolerances, b) radial 

bearing clearance, c) static deflection [7] 

Static rotor eccentricity leads to an unequal air gap in the induction motor and results in an electromagnetic 

force – which acts between rotor and stator – oscillating with double angular supply frequency 2·ω1 [7-9]. 

For two-pole induction motors (pole pair number: p = 1) the double angular supply frequency 2·ω1 can be 

assumed to be equal to the 2x rotational angular frequency (2·Ω) of the rotor when the slip is very small 

(s << 1) [7]. This is the case when the motor is operated in steady state. 

  Ω = 
ω1 · (1 - s)

p
     

p = 1; s ≈ 0
→            Ω ≈ ω1 (1) 

Thus the excitation angular frequency ωF of the oscillating magnetic force becomes [7]: 

 ωF = 2 · ω1 ≈ 2 · Ω (2) 

2.2 Dynamic eccentricity 

There are different kinds of dynamic eccentricity in electrical motors. The most important are eccentricity 

of rotor mass (Figure 5a), magnetic eccentricity (Figure 5b) and bent rotor deflection (Figure 5c) [4]. 

Eccentricity of rotor mass results in mechanical unbalance. This is caused e.g. by residual unbalance, which 

remains in the rotor after balancing. Magnetic eccentricity e.g. is caused by a deviation of concentricity 

between the inner and outer diameter of the rotor core. Bent rotor deflection e.g. is caused by unequal 

thermal expansion of the rotor or plastic deformation of the shaft. All these excitations occur with rotor 

angular frequency Ω. 
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Figure 5: Dynamic rotor eccentricities of an electrical motor caused by a) eccentricity of rotor mass, b) 

magnetic eccentricity, c) bent rotor deflection [4] 

3 Analytical vibration model 

First a theoretical investigation of the natural vibration behavior of the motor on an elastic steel frame 

foundation is done. In [10] a simplified analytical vibration model is used for calculating the natural 

vibrations in the transversal plane (yz plane) of an electrical motor mounted on a soft foundation. It is shown, 

that the used vibration model shows good results regarding the calculation of the natural vibration behavior. 

Since the motor of the machine test bed is mounted on a steel frame foundation and therefore the motor is 

mounted on a soft foundation, a similar vibration model following [10] is used to calculate the natural 

vibrations. Reference [10] has shown that the angular foundation stiffness has nearly no influence on the 

natural frequencies and thus the angular foundation stiffness is neglected in the analytical vibration model 

(Figure 6) of this paper. In the analytical vibration model from [10] the mass of the foundation is neglected 

because the mass of the foundation is much lower than the mass of the motor in that case. However, for the 

machine test bed the masses of motor and foundation (steel frame foundation) are in the same range. To 

investigate the influence of the mass of the foundation on the natural vibrations, the natural frequencies are 

calculated once with and without the mass of the foundation. 

 

Figure 6: Vibration model of an electrical motor mounted on a soft foundation (Based on [10]) 

The mass mges of the motor is concentrated at the centre of gravity S and has the inertia θsx. The inertia θsx 

is only the inertia of the stator, because the rotor must be free to rotate around the x-axis. The structure of 

the motor is assumed to be rigid compared to the soft foundation. This assumption is only valid when the 
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motor is mounted on a soft foundation or on soft rubber elements. The points FL (L: left side) and FR (R: 

right side) describe the foundation points, where the motor feet are fixed to the foundation and where the 

modal masses of the foundation mfL and mfR are positioned. The foundation stiffness is described by the 

stiffness coefficients cfyL, cfyR, cfzL and cfzR and the damping of the foundation is neglected, because it has 

only a small influence on the natural frequencies. Three fixed coordinate systems are included in the 

vibration model. The movement of the mass mges is described by the coordinate system (zs, ys
, φ

s
) which is 

positioned in the point S. The coordinate system (zfL, y
fL

) is positioned in the point FL and describes the 

movement of the mass mfL and the left motor foot. The movement of the mass mfR and right motor foot is 

described by the coordinate system (zfR, y
fR

) which is positioned in the point FR. 

4 Mathematical description 

To derive the mathematical description, the vibration system is cut free (Figure 7) and the equilibriums of 

forces and moments have to be analyzed. 

 

Figure 7: Vibration system cut free 

Equilibrium of forces in vertical direction: 

 mges · z̈s + mfL · z̈fL + mfR · z̈fR + cfzL · zfL + cfzR · zfR = 0 (3) 

Equilibrium of forces in horizontal direction: 

 mges · ÿs
 + mfL · ÿ

fL
 + mfR · ÿ

fR
 + cfyL · y

fL
 + cfyR · y

fR
 = 0 (4) 

Equilibrium of moments around S: 

 θsx · φ̈
s
 + mfR · z̈fR · b + cfzR · zfR · b - mfR · ÿ

fR
 · h - cfyR · y

fR
 · h  

 - mfL · z̈fL · b - cfzL · zfL · b - mfL · ÿ
fL

 · h - cfyL · y
fL

 · h = 0 (5) 

Due to the small displacements of the motor mass zs, ys
, φ

s
, compared to the dimensions of the motor h, b, 

ψ, an linearization is possible. The displacements of the mass from the foundation zfL, zfR, y
fL

, y
fR

 can be 

described by the displacements of the stator mass zs, ys
, φ

s
: [10] 

 zfL = zs - φ
s
 · b          zfR = zs + φ

s
 · b (6) 

 y
fL

 = y
s
 - φ

s
 · h          y

fR
 = y

s
 - φ

s
 · h (7) 

Foundations are usually designed, that the mass and the stiffness is identical for both sides and following 

additional simplifications can be made: 

 mfL = mfR = mf          cfzL = cfzR = cfz          cfyL = cfyR = cfy (8) 
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With the kinematic constraints, the movement of the masses from the foundation can be described by the 

movement of the centre of gravity. The equations (6) and (7) are inserted in the equations (3) – (5) and the 

simplifications in (8) are applied, so the following equations can be deduced: 

Equilibrium of forces in vertical direction: 

 mges · z̈s + mf · (z̈s - φ̈s
 · b) + mf · (z̈s + φ̈

s
 · b) + cfz · (zs - φ

s
 · b) + cfz · (zs + φ

s
 · b) = 0 (9) 

Equilibrium of forces in horizontal direction: 

 mges · ÿs
 + mf · (ÿs

 - φ̈
s
 · h) + mf · (ÿs

 - φ̈
s
 · h) + cfy · (y

s
 - φ

s
 · h) + cfy · (y

s
 - φ

s
 · h) = 0 (10) 

Equilibrium of moments around S: 

 θsx · φ̈
s
 + mf · (z̈s + φ̈

s
 · b) · b + cfz · (zs + φ

s
 · b) · b - mf · (ÿs

 - φ̈
s
 · h) · h - cfy · (y

s
 - φ

s
 · h) · h  

 - mf · (z̈s - φ̈
s
 · b) · b - cfz · (zs - φ

s
 · b) · b - mf · (ÿs

 - φ̈
s
 · h) · h - cfy · (y

s
 - φ

s
 · h) · h = 0 (11) 

Based on the equilibrium of forces and moments, following homogenous differential equations system can 

be derived with the mass matrix M, the stiffness matrix C and the coordinate vector q: 

 M · q̈ + C · q = 0 (12) 

The homogenous differential system becomes: 

 (

mges + 2 · mf 0 0

0 mges + 2 · mf -2 · mf · h

0 -2 · mf · h θsx + 2 · mf · (b
2
 + h

2)

)  ·  (

z̈s
ÿ

s

φ̈
s

) 

 + (

2 · cfz 0 0

0 2 · cfy -2 · cfy · h

0 -2 · cfy · h 2 · (cfz · b
2
 + cfy · h

2)

)  ·  (

zs
y

s
φ

s

)  =  (
0

0

0

) (13) 

It can be seen from the differential equation system that it can be split into two independent differential 

equation systems. One system describes the vertical movement and one system the horizontal and angular 

movement. 

The translation zs of the centre of gravity without horizontal and angular movement (y
s
 = 0; φ

s
 = 0) can be 

described by: 

 (mges + 2 · mf) · z̈s + 2 · cfz · zs = 0 (14) 

In vertical direction only one natural angular frequency occurs: 

 ω0, z, 1=√
2 · cfz

mges + 2 · mf
 (15) 

Figure 8 shows the mode shape of the natural frequency in vertical direction. Here only a vertical translation 

occurs. 

 

Figure 8: Mode shape in vertical direction (Based on [11]) 
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The horizontal translation y
s
 and rotation φ

s
 of the centre of gravity S without vertical translation (zs = 0) 

can be described by: 

 (
mges + 2 · mf -2 · mf · h

-2 · mf · h θsx + 2 · mf · (b
2
 + h

2)
)  ·  (

ÿ
s

φ̈
s

) 

 + (
2 · cfy -2 · cfy · h

-2 · cfy · h 2 · (cfz · b
2
 + cfy · h

2)
)  ·  (

y
s
φ

s
)  = (

0

0
) (16) 

Here also a differential equation system in the form M · q̈ + C · q = 0 occurs. The formulation with the 

eigenvalue λ and eigenvector q 

 q = q̂ · eλ · t (17) 

results in the eigenvalue equation: 

 [C + λ
2
 · M] · q̂ = 0 (18) 

To determine the eigenvalues of the differential equation the determination equation is established: 

 det [C + λ
2
 · M] = 0 (19) 

In contrast to the vertical translation, in horizontal direction two natural angular frequencies occur: 

 ω0, yφ, 1 = √
B - √B2 - 4 · A · C

2 · A
 (20) 

 ω0, yφ, 2 = √
B + √B2 - 4 · A · C

2 · A
 (21) 

With: 

A = mges · (θsx + 2 · mf · b
2) + 2 · mf · (mges · h

2
 + θsx + 2 · mf · b

2)  

B = 2 · (cfy · θsx + 2 · mf · b
2
 · (cfy + cfz) + mges · (cfy · h

2
 + cfz · b

2))  

C = 4 · cfy · cfz · b
2
    

Figure 9 shows the mode shapes of the horizontal angular frequencies. In both mode shapes a horizontal 

translation occurs, coupled with a rotation around the x-axis. In the first mode shape (Figure 9a) translation 

and rotation are inphase, in the second mode shape (Figure 9b) translation and rotation are out of phase. 

 

Figure 9: Mode shapes in horizontal direction (Based on [11]) 

 

a) b) 
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5 Machine test bed 

The machine test bed (Figure 10) which was developed consists of a two-pole induction motor (Table 1) 

which is mounted on a steel frame foundation and this system is mounted on a machine bed foundation. The 

steel frame foundation consists of two square hollow profiles to which the motor is screwed. The motor is 

mounted on the steel frame foundation so the motor feet are in the middle of the hollow profiles with regard 

to the front view of the shaft. The steel frame foundation is designed so that a second motor can be mounted 

on the steel frame and coupled to the induction motor later. Therefore, the concept for active vibration 

damping can also be tested for a whole powertrain. The machine test bed was developed, so three natural 

frequencies occur in the operating speed range of the motor and they can be excited by 1x-excitation. Since 

it was difficult to reduce the natural frequencies so that they occur in the speed range of the motor, another 

special design, regarding the mounting of the motor feet was necessary. In [10] it is shown that natural 

frequencies of a motor on a soft foundation can be strongly influenced by varying the contact area between 

the motor feet and the foundation. Therefore, steel blocks were placed between the motor feet and the steel 

frame to reduce the contact area and thus the natural frequencies. Since the machine test bed should mainly 

be used stationary, the square hollow profiles were mounted on a huge steel plate and screwed to it. This 

system – consisting of motor, steel frame and steel plate – is anchored to a machine bed foundation with 

clamping claws. The machine bed foundation itself is mounted on soft rubber elements which decouple the 

machine bed foundation from concrete foundation with regard to vibrations. 

Data of the two-pole induction motor   

Rated power PN 11 kW 

Rated voltage in star connection UN in Y 400 V 

Rated current in star connection IN in Y 21.2 A 

Rated speed nN 2915 1/min 

Rated frequency f
N

 50 Hz 

Limiting frequency f
max

 80 Hz 

Mass of the motor mges 62 kg 

Moment of inertia of the stator θsx 0.5055 kg·m² 

Distance between feet 2b 254 mm 

Height of the centre of gravity h 158 mm 

Data of the steel frame foundation   

Square hollow profile EN 10219 150 x 100 x 3 

Height of the profile hp 100 mm 

Width of the profile bp 150 mm 

Thickness of the profile sp 3 mm 

Length of the profile lp 1100 mm 

Width of the steel blocks bsb 20 mm 

Length of the steel blocks lsb 20 mm 

Modal mass of the foundation per side (identical for both sides) mfL = mfR 2.15 kg 

Substitute foundation stiffness vertical direction per side (identical for both sides) cfzL = cfzR 4.47 kN/mm 

Substitute foundation stiffness horizontal direction per side (identical for both sides) cfyL = cfyR 5.2 kN/mm 

Table 1: Data of the two-pole induction motor and data of the steel frame foundation 
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Figure 10: Machine test bed: Two-pole induction motor on steel frame foundation and machine bed 

foundation 

6 Semi-analytical calculation of natural frequencies 

The natural frequencies of the machine test bed are determined in this chapter. Therefore, the analytical 

vibration model from chapter 3 is used to calculate the natural frequencies semi-analytically. The calculation 

is named semi-analytical because the foundation stiffness coefficients cfyL, cfyR, cfzL and cfzR were derived 

using numerical calculation, like it is shown in [10]. Also the modal masses of the foundation mfL and mfR 

were determined with finite element calculation, so the calculation of the natural frequencies according to 

chapter 4 is not only analytical. Table 1 shows the data of the motor and the foundation which are used for 

the analytical vibration model. Since the derivation of the modal masses from the foundation is usually very 

difficult, a simplified finite element model was used to determine the modal masses of the foundation 

roughly. To investigate the influence of the modal masses from the foundation to the natural frequencies, 

the natural frequencies are calculated once with and without (mf = 0) the masses of the foundation (Table 2). 

The results show, there is a small deviation (< 4 %) in the first two natural frequencies when considering 

and neglecting the modal masses of the foundation. For the third natural frequency, the values clearly differ 

from each other. The deviation for mode 3 is about 18 %. 

Mode Mode shape Natural frequency 

considering foundation mass 

Natural frequency 

neglecting foundation mass 

1 Horizontal translation coupled 

with rotation at the x-axis 

(inphase) 

36 Hz 36.4 Hz 

2 Vertical translation 58.4 Hz 60.4 Hz 

3 Horizontal translation coupled 

with rotation at the x-axis (out of 

phase) 

128.9 Hz 152.2 Hz 

Table 2: Natural frequencies of the analytical vibration model considering and neglecting foundation mass 
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7 Numerical analysis of natural vibrations 

To validate the results from the semi-analytical calculation, a complete three dimensional finite element 

model of the machine test bed (Figure 11) is used. The soft rubber elements under the machine bed 

foundation are implemented in the finite element model using substitute stiffnesses by springs in x-, y-, and 

z-direction. The concrete foundation under the rubber elements is not considered in the model, because it 

has nearly no influence regarding the vibrations. The values for the substitute stiffnesses of the rubber 

elements were derived using experimental modal analysis. For this, the natural frequencies of the machine 

bed foundation itself – without motor and steel frame foundation – mounted on the rubber elements were 

determined. So this system can be assumed simplified as one mass oscillator and the substitute stiffnesses 

of the rubber elements were derived from the natural frequencies of the rigid body modes of the machine 

bed foundation. 

 

Figure 11: Finite element model of the whole System: Machine bed foundation with induction motor and 

steel frame foundation 

Figure 12 shows the first four mode shapes of the whole system, where the motor performs the main 

movement. Table 3 shows the corresponding natural frequencies. Before the first mode of the motor occurs, 

six rigid body modes – translation in x-, y- and z-direction and rotation around the x-, y- and z-axis – of the 

machine test bed occur. There the whole system – motor, steel frame foundation and machine bed foundation 

– moves nearly as rigid body. However, this paper only focuses only on the mode shapes where the 

deformation of the steel frame is dominant. In the first mode (Figure 12a) a rotation of the motor around the 

transverse axis (y-axis), coupled with an axial translation (x-direction) occurs at a frequency of 31.4 Hz. In 

the second mode (Figure 12b) the motor performs a horizontal translation (y-direction), coupled with a 

rotation around the rotor axis (x-axis) at a frequency of 37.1 Hz. In the third mode (Figure 12c) a vertical 

translation (z-direction) of the motor occurs at a frequency of 53.9 Hz. The fourth mode (Figure 12d) occurs 

at a frequency of 114 Hz. In the fourth mode the motor performs a horizontal translation (y-direction), 

coupled with a rotation around the rotor axis (x-axis). However, the translation and rotation are out of phase. 

Mode Mode shape Natural frequency 

1 Axial translation coupled with rotation at the y-axis 31.4 Hz 

2 Horizontal translation coupled with rotation at the x-axis (inphase) 37.1 Hz 

3 Vertical translation 53.9 Hz 

4 Horizontal translation coupled with rotation at the x-axis (out of 

phase) 

114 Hz 

Table 3: Natural frequencies calculated with the finite element model 
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Figure 12: Mode shapes finite element model: a) mode 1; b) mode 2; c) mode 3; d) mode 4 

8 Experimental analysis of natural vibrations 

After the theoretical investigation of the natural vibration behavior of the machine test bed, experimental 

modal analysis is used to validate the simulation results and results from the semi-analytical calculation. 

The result of the experimental modal analysis is the transfer function of the system. Figure 13 shows 

exemplary the amplitude and phase response of the system in horizontal direction. From the transfer function 

the natural frequencies of the system can be determined on the basis of the resonances. Here in horizontal 

d) 

a) 

b) 

c) 
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direction, two dominant resonances occur. The first dominant resonance is the natural frequency of mode 2 

and the second dominant resonance is the natural frequency of mode 4. Table 4 shows the natural 

frequencies of the first four modes of the motor. 

 

Figure 13: Amplitude and phase response of the experimental modal analysis in horizontal direction 

Mode Mode shape Natural frequency 

1 Axial translation coupled with rotation at the y-axis 30.5 Hz 

2 Horizontal translation coupled with rotation at the x-axis (inphase) 35.3 Hz 

3 Vertical translation 52.8 Hz 

4 Rotation at the x-axis coupled with horizontal translation (out of 

phase) 

109 Hz 

Table 4: Natural frequencies measured using experimental modal analysis 

9 Comparison between semi-analytical calculation, numerical and 
experimental analysis 

In this paper the natural frequencies of the motor were determined in different ways. Semi-analytical 

calculation – using a plane vibration model – was used as well as numerical modal analysis and experimental 

modal analysis. Now the results from different analyses are compared to each other. Table 5 shows the 

natural frequencies of the first four modes for the semi-analytical calculation with and without the mass of 

the foundation, the numerical analysis using the finite element model and the experimental modal analysis. 

In brackets the percentage deviations of the natural frequencies for the semi-analytical calculation and the 

simulation with the finite element model regarding the results of the experimental analysis are shown. Since 

the vibration model in the semi-analytical calculation is only a plane model which describes the natural 

vibrations in the transversal plane (yz plane), the mode shape of the motor is not captured where an axial 

translation coupled with a rotation at the y-axis occurs. Thus, the numbering of the mode shapes for the 

semi-analytical calculation, the finite element model and experimental analysis is different. Therefore, the 

letters A to D are used for the mode shapes and the comparison. 

The natural frequencies derived from the finite element model fit good to the measured natural frequencies 

for all modes from A to D. The maximum deviation occurs for mode B and is +4.85 %. For the semi-
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analytical calculations with and without the mass of the foundation, the deviations increase with the higher 

modes. For mode B the results for both semi-analytical calculations fit good to the measured natural 

frequencies. Thus the mass of the foundation in the semi-analytical calculation has nearly no influence for 

mode B. For mode C the results from the semi-analytical calculations differ more clearly. One reason for 

this is the steel plate under the steel frame. The stiffness of the foundation was calculated for the static case 

and there the influence of the high mass of the steel plate mostly disappears, but there is a dynamic system 

here, where the mass of the steel plate influences. The deviation is +9.59 % when considering and +12.58 % 

when neglecting the mass of the foundation. Here also the mass of the foundation has only a small influence. 

For mode D the deviations of the semi-analytical calculations are clearly higher than for mode C. Here the 

influence of the steel plate occurs again. The deviation of the semi-analytical calculation with foundation 

mass is +15.44 % and without foundation mass even +28.38 %. Different to the modes before, the influence 

of the foundation mass in the semi-analytical calculation is obvious for mode D, because in the 

corresponding mode shape a large, related movement of the steel frame foundation occurs. 

Mode Mode shape Semi-analytical 

calculation 

neglecting 

foundation mass 

Semi-analytical 

calculation 

considering 

foundation mass 

Finite 

element 

model 

Experimental 

modal analysis 

A Axial translation 

coupled with rotation 

at the y-axis 

- - 31.4 Hz 

(+2.87 %) 

30.5 Hz 

B Horizontal translation 

coupled with rotation 

at the x-axis (inphase) 

36.4 Hz 

(+3.02 %) 

36 Hz    

(+1.94 %) 

37.1 Hz 

(+4.85 %) 

35.3 Hz 

C Vertical translation 60.4 Hz 

(+12.58 %) 

58.4 Hz 

(+9.59 %) 

53.9 Hz 

(+2.04 %) 

52.8 Hz 

D Horizontal translation 

coupled with rotation 

at the x-axis (out of 

phase) 

152.2 Hz 

(+28.38 %) 

128.9 Hz 

(+15.44 %) 

114 Hz 

(+4.39 %) 

109 Hz 

Table 5: Comparison natural frequencies analytical model, finite element model and measurements 

10 Experimental analysis of forced vibrations 

In addition to the natural vibrations of the machine test bed, also forced vibrations are investigated. 

Therefore, the bearing housing vibrations are measured while the motor is operated by a converter and in 

no-load. The results are derived from different rotor speeds and when the motor is driven in steady state 

condition. The focus is on the vibrations caused by the oscillating magnetic force with double supply 

frequency (chapter 2.1) and by the 1x-excitation (chapter 2.2). Regarding the investigation of the 1x-

excitation, the vibrations are measured once with inserted half feather key – the rotor is half-key balanced 

so only the residual unbalance after the rotor balancing occurs – and once without the half feather key, so 

there is a large mechanical unbalance. For the investigation of the vibrations resulting from the 2·f
1
-

excitation, the measurements are done for half and full magnetization of the motor (
U

f
 = const.). Figure 14 

shows the bearing housing vibration velocity (RMS) in horizontal direction for different supply frequencies. 

The vibration limits according ISO 10816-3 [12] are not exceeded in the measurements, so the vibrations 

could not be measured for all frequencies. Also, the measurements without half feather key are only done 

up to a frequency of 25 Hz, because the unbalance force increases by the square of the speed and so very 

high vibrations could occur for high rotor speeds. 

The results (Figure 14) show, that the highest vibrations in horizontal direction occur at a frequency of about 

17.5 Hz with full magnetization of the motor. This is due to the magnetic force oscillating with double 
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supply frequency which excites the second mode (Mode B: natural frequency: 35.3 Hz). By reducing the 

magnetization of the motor, the vibrations in the range of 17.5 Hz decrease clearly. Figure 15 shows the 

corresponding FFT (0-peak) at a supply frequency of 17.1 Hz with full and half magnetization of the motor. 

Here is clearly illustrated that the vibrations are mostly caused by 2·f
1
-excitation and also the influence of 

the magnetization on the amplitude of the 2·f
1
-excitation is shown. For supply frequencies up to about 

20 Hz, the 1x-excitation – caused by unbalance from the missing half feather key – has nearly no influence 

on the vibrations. With higher supply frequencies the influence of the 1x-excitation increases. The vibrations 

in horizontal direction also show higher values at a frequency of about 35.5 Hz. Here now the 1x-excitation 

causes mostly the higher vibrations and the effect of the magnetization is small. 

 

Figure 14: Bearing housing vibration velocity in horizontal direction (RMS) 

 

Figure 15: FFT bearing housing vibrations (0-peak) horizontal direction at supply frequency of 17.1 Hz   

a) full magnetization; b) half magnetization 

a) b) 
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11 Conclusion 

Vibration problems often occur for induction motors in the upper power range (> 1 MW) mounted on an 

elastic steel frame foundation. The idea to solve this problem is using an active vibration control system, 

where actuators are mounted between the motor feet and the steel frame foundation, to influence the 

vibration behavior actively. Therefore, a machine test bed consisting of a small two-pole induction motor 

and a steel frame foundation was developed. The aim of this paper is the investigation of the machine test 

bed regarding natural and forced vibrations. A simplified vibration model is derived which can be used for 

calculating the natural vibrations in the transversal plane of an electrical motor mounted on a soft foundation. 

The natural vibrations of the motor are calculated using a simplified vibration model as well as a numerical 

calculation using a finite element model. These calculations are compared to each other and validated by 

measurements using experimental modal analysis. The natural vibration analyses have shown that the results 

of the finite element model fit good to those of the experimental modal analysis. Only for low frequencies, 

the calculation based on the vibration model shows good accordance. The forced vibrations are measured 

while the motor is operated by a converter. High vibrations are clearly seen according to 1x-excitation and 

according to 2·f
1
-excitation. By reducing the magnetization of the motor, the vibration amplitudes with 

double supply frequency decrease clearly, which was expected from theoretical view. 
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Abstract
An overhung rotor model is explored to determine the effect of friction on the nonlinear dynamics of an
aero-engine. The model has two degrees of freedom with rotor stator contact and the equations of motion
are non-dimensionalised. A parametric study of the friction coefficient and eccentricity is conducted and
the results displayed on bifurcation plots, waterfall plots, orbit plots, Poincaré maps and Lyapunov spectra.
In the presence of friction, for bouncing type motion, the synchronisation of rotor spin speed, backward
whirl and forward whirl is the main driver in sustaining such motion. Furthermore, it was observed from
the bifurcation plots that besides the primary resonance there is a region with high radial displacement. In
this region the dominant frequency component was the backward whirling frequency of the stiffened system.
The region with backward whirling solutions expands as the friction coefficient is increased.

1 Introduction

Efficiency in rotors is often achieved through high operating speeds, bearings with reduced clearances and
lighter shafts. These changes increase the probability of faults such as rub and fatigue cracking. Internal
resonance can lead to the onset of bouncing-type partial contact motion away from the primary resonance
[1, 2] and this leads to the approximate prediction of speeds at which contact occurs [3]. Most studies do not
account for the gravitational and frictional effects in sustaining such bouncing-type solutions and whether
the synchronisation condition holds in the presence of such phenomena. Studies on the effect of introducing
imperfections to a system via a gravity sag or simply the effect of gravity on the internal resonance and
synchronisation prove that gravity should be included for low shaft stiffness but for high shaft stiffness
gravity can be ignored [2, 4]. For the case with gravity, internal resonance still led to the onset of bouncing-
type motion but additional solutions not seen in earlier studies were found, such as chaotic solutions and
multi-periodic solutions for different values of the gravity parameter.

Alber and Markert [5] gave a compact and comprehensive overview of rotor-stator contact in rotordynamics.
A general two degrees of freedom system with no gyroscopic effects that accounts for most of the phenomena
in the rotor-stator contact problem was described. A variety of motion patterns was observed including
synchronous, subhamornic, super-harmonic, backward whirling (BW), forward whirling (FW) and chaotic
motion. It was observed in their studies that dry friction in the contact surfaces causes backward components
in the frequency spectrum and led to backward whirling. Other authors such as [6, 7, 8, 9, 10] also observed
the same effect of friction from numerical and experimental studies. Some authors such as Nelson [11] have
argued that the BW mode vector is orthogonal to the unbalance force vector and therefore energy cannot be
fed into the BW and thus its inception can safely be attributed to a frictional effect. BW is also referred to
as dry friction whirl, dry friction whip or counter whirl and can either be BW rolling or BW sliding. Some
work, such as in [12], have modelled the rotor system as a continuous rotor including gyroscopic effects and
modelled the rotor system using partial differential equations
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Varney and Green [13] developed a novel model for rotor stator rub which they argued replicates reality by
treating the contact surfaces as a series of stochastically distributed asperities. For a more comprehensive
explanation of how the method is implemented readers are directed to a second paper by Varney and Green
in [14]. The motivation for the new model was that most studies employ the simple piecewise-smooth linear-
elastic contact model (LECM) where the rotor switches between non-contacting and contacting states. They
argued that though useful as a first step, the LECM relies on a contact stiffness estimate, in addition to assum-
ing point contact which does not fully emulate the actual contacting surface. A comparison between shaft
speed bifurcation diagrams obtained for LECM and the new method showed significant differences between
the predicted dynamics. Furthermore, the results they obtained showed that the new contact model worked
well for partial/light rubs in which the primary mechanism for contact is actually asperity deformation.

Alzibdeh et al. [15] analysed the effect of drive speed modulation on a rotor with continuous stator contact.
The drill string was modelled as an extended Jeffcott rotor and has a torsional degree of freedom with
sinusoidal modulation. Their results show that for a rotor that is whirling either forward or backward, the
addition of sinusoidal excitation to the drive speed (modulation) can cause an increase in the equivalent
torsional stiffness, smooth the discontinuous friction force at the contact and the region with negative slope
in the variation of friction coefficient with respect to relative velocity became smaller. Experimental studies
with a laboratory scale drill string showed a good correlation with the simulation from a reduced order model.
The results obtained also show that drive-speed modulation is useful in reducing drill string vibrations.

In this work, the role friction plays in influencing the dynamics and its effect in sustaining bouncing-type par-
tial contact solutions and synchronisation is revealed. The model used is an overhung disc with contact, has
two degrees of freedom and the equations of motion are non-dimensionalised. The equations are similar to
those used in [2] and [3] except that friction is included. Following studies done by [2] and [4] for stiff rotors
such as aero-engines where gravity can be ignored, here we also ignore gravity as we assume that the rotor
is very stiff. This is advantageous to this study because any qualitative changes in the nature of the dynamics
will solely be attributed to the inclusion of friction in the system. ODE45 in MATLAB is employed to calcu-
late the solutions of the nonlinear differential equations. Three dimensional bifurcation diagrams with rotor
spin speed for different values of the coefficient of friction are plotted with their corresponding Lyapunov
exponents to characterize the nature of the solutions. Vibration responses, orbit trajectories, Poincaré maps
and waterfall plots are presented and a discussion of the effect of friction is given.

2 Theoretical model

A lumped parameter model of the rotor is used which is described using differential equations. This work
makes use of a two degrees of freedom model whose formulation was inspired by Zilli et al. [3] and further
work by Chipato et al. [2]. The idealized model is shown in Figure 1.

The equations of motion were derived using the Lagrange method and are given by




Jsφ̈y − Jpθ̇φ̇x +Dφ̇y + kφφy = ame(θ̇2 cos θ + θ̈ sin θ) +Mφy

Jsφ̈x + Jpθ̇φ̇y +Dφ̇x + kφφx = ame(θ̈ sin θ − θ̇2 cos θ) +Mφx

Mφy = H(||rc|| − c∗)ksb2(φy + αµφx)

(
c

b
√
φ2x+φ

2
y

− 1

)

Mφx = H(||rc|| − c∗)ksb2(−φx + αµφy)

(
c

b
√
φ2x+φ

2
y

− 1

)
(1)

where φx and φy are rotations about the x and y axes respectively, D is the damping, m is the mass of disk,
kφ represents the angular stiffness of the bearing, g is the acceleration due to gravity, θ is the rotation angle,
Js is the equivalent moment of inertia of the overhung rotor system and is given by Js = (Jt + a2m), Jt is
the transverse moment of inertia, Jp is the polar moment of inertia, e is mass unbalance eccentricity, Mφx
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Figure 1: Schematic of the overhung rotor

andMφy are the generalized moments associated with the normal snubbing force Fn and tangential snubbing
force Ft due to friction and ks is the stator stiffness. The equations of motion of this system are given in
dimensionless form as





φ̂′′y − Ĵpθ′φ̂′x + 2ζφ̂′y + φ̂y = m̂ê(θ′2 cos θ + θ′′ sin θ) + M̂φy

φ̂′′x + Ĵpθ
′φ̂′y + 2ζφ̂′x + φ̂x = m̂ê(θ′′ sin θ − θ′2 cos θ) + M̂φx + m̂ĝ

M̂φy = H(||r̂c|| − 1)β(φ̂y + αµφ̂x)

(
1√

φ̂2x+φ̂
2
y

− 1

)

M̂φx = H(||r̂c|| − 1)β(−φ̂x + αµφ̂y)

(
− 1√

φ̂2x+φ̂
2
y

+ 1

)
(2)

where a caret (ˆ) and apostrophe ( ′ ) represents a nondimensional quantity and a derivative with respect
to nondimensional time respectively. Nondimensional time is given by τ = ωnt, where ω2

n = kφ/Js, and
the rotations are scaled as φ̂x = φx

a
c∗ and φ̂y = φy

a
c∗ . H(||rc|| − 1) is the Heaviside step function which

activates the equations for the generalized moments M̂φy and M̂φx when there is contact in the system and
introduces non-linearities in the equations of motion. rc is the radial displacement of the disk’s centre given

by
√
φ̂2x + φ̂2y, c is the radial clearance, c∗ = ca

b is the displacement of the disk centre that leads to contact,

m̂ = ma2

Js
is the equivalent mass, ê = e/c∗ is the eccentricity, β is the ratio between the snubbing stiffness

and the linear stiffness of the rotor, that is the degree of non-linearity, ks
kr

, kr =
kφ
b2

and ĝ = g
c∗ω2

n
is the

gravity parameter which in this study is zero because we assume the rotor is very stiff.
Friction has been reported to cause instability in numerical simulations using time marching methods [16]
and therefore one has to exercise caution when handling friction. The friction force opposes the motion of
the rotor and thus can lead to a reduced rotor spin speed or even result in the sticking of the rotor. In these
cases the relative velocity between the stator and the rotor will have to be checked for each iteration/ time
step to ensure that an appropriate direction of the friction force is chosen. The appropriate direction of the
frictional force is obtained by assigning a value to α.

α =





-1 if vrel > 0

0 if vrel = 0

1 if vrel < 0

(3)
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The relative velocity is obtained as

vrel = θ′ + φ̂′x

(
φ̂x
rc

)
− φ̂′y

(
φ̂y
rc

)
(4)

For a system with friction the motion of the rotor can be sliding, rolling or sticking. In sliding motion there
is relative motion at the contact point between the rotor and stator. If the rotor is rolling then the contact
point has no motion but the rotor keeps spinning. When stuck the driving force of the rotor has completely
been overcome by the frictional force. For the chosen parameters of this system no sticking was observed.
In this study the Coloumb friction model is used. The variation of the coefficient of friction, µ, with relative
velocity, vrel, for the Coulomb friction model is shown in Figure 2. It is apparent from this figure that the
friction force is discontinuous when the relative velocity at the contact point is zero. Reality dictates that if
there is no relative slipping then the friction force can take any bounded value, and this leads to problems
with the numerical integration. To solve this problem, the friction coefficient is modified to (vrel/vmin))µ
if vrel < vmin where vmin = 0.01 for the red line in Figure 2. This force can be further smoothed using
the function µ = µ0 tanh(vrel/v0), where µ0 is the maximum friction coefficient and v0 is a parameter to
change the profile of required curve.

-0.05 0 0.05
v

rel

-0.1

-0.05

0

0.05

0.1
Optimised for numerical integration
Smoothed using Tanh()
Coloumb Friction model
+vmin
-vmin

Figure 2: Coloumb friction model

3 Numerical analysis and results

In this study numerical calculations were performed using ODE45 in MATLAB. Representative test param-
eters are shown in Table 1 following the studies done by Chipato et al. [2]. Nonlinear systems can exhibit a
number of different qualitative solutions or responses. For the bifurcation diagrams, the simulation was run
for a thousand forcing periods to ensure that the initial transients die out and then the last two hundred cycles
are sampled to give the Poincaré return points. In this way, periodic solutions on the bifurcation diagram
will appear as a single point, and multi-periodic solutions will appear as multiple points, for example, for
period-2 solutions only two Poincaré return points will be observed on the bifurcation diagram.

Figure 3 shows three dimensional bifurcation plots with µ as the control parameter for different values of
unbalance forcing. The two figures are plotted for two different values of rotor spin speed. Figure 3(a) is for
a rotational speed where no contact occurs and Figure 3(b) is for a rotational speed with contact. It is evident
from these two plots that for the non-contacting rotor spin speed, for five different levels of unbalance forcing,
the dynamics of the system remain periodic as shown by a single Poincaré return point for all values of the
control parameter µ which give straight lines on the bifurcation diagrams. However as the forcing increases
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Table 1: Nondimensionalised system parameters

Symbol Parameter Value
m̂ Normalised mass 0.9285
Ĵp Normalised polar moment of inertia 0.143
β Stiffness nonlinearity 1.32
ê Normalised rotor eccentricity 0.494
µ Coefficient of friction 0.1
ζ Damping ratio 0.01

the response amplitude in the form of the radial displacement, r̂c, grows. This is expected since when the
system is not contacting, it is a linear system and any quantitative change in the system’s parameters, in this
case ê, results in a quantitative change in the nature of the response and thus r̂c increases. For the contacting
speed, we see that for the first two eccentricities we get similar periodic solutions as obtained in Figure 3(a).
For higher eccentricities a series of Poincaré return points appear as quasi-periodic solutions. It is also
observable that after a particular cut off value of µ the solution jumps to larger values of r̂c. This analysis
therefore helps in making sure that one captures all the values of eccentricity, ê with interesting nonlinear
phenomena.

(a) Ω̂ = 3.0 (b) Ω̂ = 3.8

Figure 3: Three dimensional bifurcation plots with µ as the control parameter for varying levels of forcing

To better understand the nature of dynamics being experienced in this system, two values of eccentricity
were chosen based on results obtained from Figure 3 for further analysis, namely ê = 0.353 and 0.494.
Furthermore, bifurcation diagrams with Ω̂ as the control parameter for different values of µ are shown in
Figure 4.

Figure 5 shows the bifurcation, Lyapunov spectra, and waterfall plots for ê = 0.353. Figure 6(a) shows a
quasi periodic solution for µ = 0.1 at Ω̂ = 3.39. Figure 7(a) shows the Campbell diagram for the linear
system which can safely be used to predict the natural frequencies at a given rotor spin speed with minimal
difference for partial contacting cycles. The FFT in Figure 6(b) clearly shows that for this value of unbalance
forcing, in the presence of friction, the synchronisation of the three frequencies namely, FW, BW and Ω̂, still
holds the key to causing bouncing type solutions in the presence of friction. Also at higher speeds between Ω̂
= 6 and Ω̂ = 7 we see a bifurcation occurring from periodic to very high amplitude quasiperiodic. Figure 6(c)
shows an orbit taken at Ω̂ = 6.9, where the Poincaré section that is superimposed to the orbit is a closed loop
and the Lyapunov exponent is close to zero and therefore this is a quasiperiodic solution. A look at the FFT
of this orbit in Figure 6(d) sheds more light on the exact type of solution, as there are two peaks identifiable
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(a) ê = 0.353 (b) ê = 0.494

Figure 4: Three dimensional bifurcation plots with Ω̂ as the control parameter for varying levels of friction
at different levels of unbalance forcing obtained from Figure 3

at 1.10 and 6.90. Clearly the 6.9 corresponds to the rotor spin speed and the 1.10 is something else. The
natural frequencies of the linear system are 1.61 and 0.62 and there is no relationship with the peak at 1.10.
A closer look at the orbit in Figure 6(c) shows that the orbit is in a full annular rub and thus the natural
frequencies of the linear system will not be related to the frequencies in the FFT for this orbit. To investigate
this problem we use the Campbell diagram for the nonlinear stiffened system, which assumes that the system
is always in contact. Therefore, after considering equilibrium at one of the bending planes of the model, the
linear stiffness terms in Eq. (2) are scaled by (1 + β).

Figure 7(b) shows the Campbell diagram of the stiffened system and gives the natural frequencies at the
corresponding speed. The natural frequencies of the nonlinear stiffened system at Ω̂ = 6.9 now become
2.0945 and 1.10, which are the FW and BW frequencies of the stiffened system. Therefore, it is apparent
that the other peak in the FFT which is dominating the response is in fact the BW natural frequency and
therefore the solution at Ω̂ = 6.9 is a quasiperiodic backward whirling solution.

For higher levels of forcing, that is ê = 0.494, we see that for the zero friction case, there is an increase
in the number of contacting solutions shown in Figure 8(a) than the previous case shown in Figure 5(a) .
Furthermore, for the case with friction, for ê = 0.353 we see that backward whirling solutions start to appear
at speeds above Ω̂ = 6. For ê = 0.494 we see that backward whirling solutions start to appear as early as Ω̂
= 3.78 and all solutions above Ω̂ = 5.24 are backward whirling solutions. The Lyapunov exponents for both
friction cases are either negative or equal to zero and therefore only periodic and quasiperiodic solutions
exist. The waterfall plots in Figure 8 show that for bouncing solutions at higher forcing, the synchronisation
condition still holds. Figure 9(b) shows a close up of the FFT of a typical bouncing solution for Ω̂ = 3.39
and clearly shows the three frequencies required for synchronisation. Furthermore, a close up look at the
waterfall plot in Figure 8(f) shows the shifting of the backward whirling solution frequencies towards higher
frequencies, which shows that there is more stiffening in the BW solutions compared to the bouncing partial
contacting solutions. Figures 9(c) and 9(d) shows the orbit and FFT of the BW solution is similar to Figure
6 with the FFT showing peaks at 1.22 and 4. The Campbell diagram predicts the BW natural frequency as
1.26, which is close to the peak frequency. Also, the magnitude of the rotor spin speed peak is higher than
the ê = 0.353 case and this could be due to the increase in unbalance forcing in this case.
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Figure 5: Bifurcation, Lyapunov spectrum and waterfall plots for ê = 0.353 at two different values of µ
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Figure 6: Quasiperiodic and BW orbit and their corresponding FFTs at Ω̂ = 3.39 and 6.9 at µ = 0.1
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Figure 7: Campbell diagram showing forward and backward whirl frequencies
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Figure 8: Bifurcation, Lyapunov spectrum and waterfall plot for ê = 0.494 at two different values of µ
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Figure 9: Quasi-periodic bouncing orbit and Quasiperiodic backward whirling orbit and their corresponding
FFTs at Ω̂ = 3.39 and 4 at µ = 0.1

4 Conclusions

This paper has explored the effects of friction on the synchronisation of partial contact in an overhung
rotor which is subjected to different unbalance excitation. A two degrees of freedom system with gyro-
scopic effects included was used. The equations of motion are non-dimensionalised with respect to time
and normalised. The nonlinear equations were then placed in state space form for numerical integration
using ODE45 in MATLAB. It was observed that for different values of unbalance forcing, in the presence
of friction, the synchronisation condition holds as seen by the presence of the BW, FW and Ω̂ frequency
components in the bouncing type solutions. A high amplitude response was also observed for lower unbal-
ance forcing, and the frequency content of this response showed that the BW frequency was the dominant
frequency component followed by a highly attenuated rotor spin speed peak. For lower unbalance forcing the
backward whirling solutions are only observed at higher rotational speeds for a very small region but as the
forcing becomes stronger, the region with backward whirling solutions is seen to expand towards lower rotor
spin speed values. The waterfall plots also showed that these BW solutions, which have full annular contact
have a frequency content that migrates towards higher frequency values because of the stiffening effect as
compared to the bouncing type solutions. For this reason the natural frequencies of the BW solutions were
predicted better using the Campbell diagram of the stiffened system where permanent contact is assumed.
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Abstract 
The paper presents an improved mass balancing procedure for fast rotating machinery, while it is being 

rotated at speeds considerably slower than the "critical speeds", where dangerously high vibration 

amplitudes may arise. By utilizing tuned dual frequency parametric excitation along with optimized 

nonlinear feedback terms, the slow imbalance forces are projected onto a chosen mode of vibration. This 

allows to identify the imbalance projection on that specific mode, and to cancel these forces by adding or 

reducing mass. The scheme benefits from two kinds of parametric excitation yielding combination and 

principal parametric resonances. The former is used to project the imbalance forces onto a selected vibration 

mode, and the latter significantly amplifies the response. By tuning the parametric excitation and the 

nonlinear terms in an optimal manner, a pseudo-linear behavior is formed. This behavior enables to increase 

both amplification and sensitivity to the imbalance forces without having to compromise between the two. 

1 Introduction 

Mechanical vibrations in rotating machinery is an undesired phenomenon, and its main excitation source is 

rotor imbalance. Because the local center of mass at each cross-section along the rotor does not coincide 

with the geometric center, a rotating distributed force arises at the rotation frequency. This force excites all 

the vibration modes of the structure, and each mode's participation in the response is proportional to the 

imbalance projection on it [1,2]. To minimize the imbalance, a mass balancing procedure (MBP) is often 

carried out, where small correction masses are added or removed. Usually, the MBP is performed at the 

machinery full operational speed range. 

Rotors exhibiting bending oscillations at their operational speed range are referred to as “flexible”, and are 

common in high speed machinery. This kind of machinery is customarily designed to operate close to a 

specific critical speed where a single "flexible mode" dominates the response. Implementation of MBP for 

such machinery is impossible in many cases due to safety reasons or harsh conditions, e.g. high temperatures 

or inaccessibility, which prevent the ability to take measurements or even to run the system at such speeds. 

The inability to perform flexible MBP may lead to conservative over-design, adding damping elements 

which add weight and unacceptable complexity [3,4], and performing MBP using commercial balancing 

machines [5], where the rotor is not balanced in its full operational speed range. The latter assumes a rigid 

rotor type of behavior, hence the projection of the imbalance on flexible modes is not seen by sensors. At 

the related critical speeds which are not balanced, large vibrations are exhibited during operation [6,7]. 

In all MBP approaches designed for flexible rotors (e.g., “Influence Coefficient Method”, “Modal 

Balancing” and “Unified Balancing Approach” [6–14]), the machinery is span in the vicinity of critical 

speeds within its full operational speed range and the vibration levels are measured [6,8–10]. Then, these 

data are post-processed to calculate the correction masses. Since these methods are based on vibration 

readings, a sufficiently good signal to noise ratio is required. The latter is achieved when the vibration levels 

are sufficiently high, therefore, it is required to rotate the machinery close to its critical speeds [6]. 

Furthermore, when this occurs, a single vibration mode dominates the response, allowing separating its  
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Figure 1: A linear SDOF oscillator subjected to a controlled force. 

contribution to the measured response. This procedure has to be repeated for all modes of interest, therefore 

at several critical speeds. The latter cannot be carried out unless all critical speed in the range are balanced. 

Recently, a different MBP approach was reported [15,16], based on [17–20], which enables to detect the 

imbalance projection on high frequency modes while rotating at speeds much lower than the critical speeds. 

The reported scheme allows to overcome the aforementioned limitations by utilizing dual-frequency 

parametric excitation (also known as pumping) along with a cubic nonlinear feedback term which limits the 

vibration levels and leads to a steady oscillation amplitude. The latter approach was implemented in [15,16], 

and it was shown that the imbalance can be found with high accuracy both numerically and experimentally. 

It was found in [16] that the suggested MPB is robust, however, when very weak imbalance forces are 

considered, high precision in the amplifier’s parameters estimation is needed. Moreover, lower sensitivity 

levels were obtained with respect to cases with larger imbalance. This fact leads to a compromise, when 

tuning the parameters, between the amplification and sensitivity levels.  

An improved scheme for which optimal parameters tuning is given in a closed form was recently introduced 

[21]. The scheme was developed for a nonlinear single-degree-of-freedom (SDOF) parametric amplifier, 

which behaves in a pseudo-linear manner. This unique dynamic behavior is achievable by a carful tuning of 

the cubic and quadratic nonlinear terms [21–23]. Furthermore, it eliminates the need to make a comprise 

between amplification and sensitivity levels, and permits to lower the precision requirement in the amplifier 

parameter estimation. In what follows, the scheme of [21] is extended to accommodate a multi-degree-of-

freedom (MDOF) rotating machinery dynamic behavior. The ability to detect the imbalance force projection 

on any desired vibration mode, while rotating much slower than the critical speeds, without the 

aforementioned compromise is demonstrated via a test case. 

The paper begins with a brief mathematical summary of the pseudo-linear parametric amplifier scheme, and 

the stages required to tune the amplifier parameters. Then, the improved MBP scheme is introduced, 

followed by a concise mathematical description of the scheme extension to a rotating MDOF system. In the 

following sections, a numerical verification of the suggested optimal scheme is carried out, and the 

performance is compared to the previously reported scheme. 

2 Approximate analytical solution of a pseudo-linear parametric 
amplifier 

A linear SDOF oscillator which is subjected to the aforementioned controlled external force is analyzed in 

this section. The discussion below is related to a oscillator and the nature of forces acting on it as illustrated 

in Figure 1. The model considered here consists of an ordinary differential equation having lumped 

parameters and is characterized by a point mass m, linear dashpot c and a linear stiffness k1. The applied 

force consists of three components: (1) a dual-frequency parametric excitation term with frequencies ωa, ωb, 

appropriate phase shifts φa, φb and corresponding magnitudes αa, αb, (2) nonlinear stiffness feedback terms 

– quadratic (k2) and cubic (k3), and (3) an external force at a known frequency, ωr, and unknown phase shift 

φr and amplitude F. The third term, the harmonic force (at frequency ωr), is the input signal to be amplified.  
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Figure 2: (a) The amplitude of the harmonic term near the natural frequency and (b) at the external force 

frequency vs. the detuning parameter when κe =5. (c) The amplitude of the harmonic term near the natural 

frequency and (d) at the external force frequency vs. the detuning parameter, when κe =0. Continuous lines 

represent stable solutions while dashed lines represent unstable solutions. 

The governing equation of motion is: 
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The analytical solution is approximated by utilizing the multiple scales perturbation method [24], therefore 

the equation of motion is transformed to the following: 
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Whereas, /     @ , and it is assumed that the amplifier is lightly damped  ~ / 2 1O c km = . 

Considering a second order expansion in the form 

        2

0 0 1 2 1 0 1 2 2 0 1 2, , , , , , , , i

ix x x x                   ,  (3) 

and setting the pumping frequencies as: 

  2 1 , 1a b r        ,  (4) 

whereas σ is a detuning parameter. The selected frequencies in Eq.(4) mean pumping the system at a 

frequency (Ωa) close to twice the natural frequency yielding a principal parametric resonance [25], and a 

frequency combination (Ωb+Ωr) close to the natural frequency yielding a combination resonance [25]. For 

the assumed scaling of the parameters, the steady-state approximated solution consist two dominating 

harmonic terms: one close to the natural frequency Ωa/2 and the other at the external force frequency Ωr. 

    2

0 0cos cos
2

a
r r rx a a O    

 
      

 
.  (5) 

The detailed derivation of the parameters a0, ar, ψ0 and ψr is provided in [21], and a0 as a function of the 

various parameters is provided in Appendix A, Eq.(A.1). 

The nonlinear stiffness terms have a significant influence on the response and their mutual contribution can 

be quantified by a single parameter κe, which is the effective nonlinear stiffness:  
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Figure 3: (a) The sensitivity with respect to the external force amplitude, P and (b) with respect to the 

external phase, φr when κe =5. (c) The sensitivity with respect to the external force amplitude, P and (d) 

with respect to the external phase, φr, when κe =0. Continuous lines represent stable solutions while dashed 

lines represent unstable solutions.  
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Setting positive effective stiffness leads to a hardening type system, while setting it negative leads to a 

softening type system [26]. By setting κe to zero, the amplifier behaves linearly up to the second order (i.e., 

ε2). Analytically computed characteristic frequency sweeps for two cases are shown in Figure 2. In the first 

case, depicted in Figure 2 (a) and (b), the effective stiffness is positive, and one can witness a stiffening 

behavior. In the second case, depicted in Figure 2 (c) and (d), the effective stiffness equals zero, and the 

amplifier behaves pseudo-linearly.  

Another important attribute of the amplifier is its sensitivity to variations in the external force amplitude,  

and phase φr, which can be computed in a closed form as shown in Appendix B of [21]. The sensitivities for 

the previous cases are depicted in Figure 3. It is noticeable, that when a single stable solution exists (for κe 

=5, σ<−2 or 4.8<σ, and for κe =0 the whole σ domain) higher sensitivity levels can be achieved when κe =0. 

Observing Figure 2 and Figure 3, it is also noticeable that the pseudo-linear amplifier sensitivities and 

amplitude a0  behave similarly with respect to σ, which means that no compromise has to be made between 

the two, unlike when κe ≠0. 

2.1 Optimal parameters tuning 

By properly setting the tunable parameters of the scheme parameters, the oscillator becomes as a sensitive 

amplifier. To produce large amplification while maintaining the sensitivities, it was found that the effective 

stiffness should be tuned to zero, therefore, it is suggested to set κ2=1 and κ3=10/9. The pumping magnitudes 

should be tuned to allow the linear system to lose its stability, thus producing large amplitudes. The suitable 

value of γa as a function of the system parameters and γb can be computed by solving a sixth order 

polynomial: 

        6 4 2

6 4 2 0, , , , , , , , 0.r a r b a r b a rG G G G                    (7) 

The functions Gi are provided in Appendix A of [21]. Because γb is unknown prior to the computation of γa, 

one can set the maximum allowable stiffness modulation (Δk1, 0< Δk1<1) as a design parameter. Then, the 

following algebraic relation can be substituted to Eq.(7): 

   1a b k     , (8) 

for simple computation of the pumping magnitudes. 
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Figure 4: κe =0, the response amplitudes and sensitivities vs. the detuning parameter. (a) The amplitude of 

the harmonic term near the natural frequency and (b) at the external force frequency. (c) The sensitivity 

with respect to the external force amplitude, and (d) with respect to the external phase. The dots mark 

σ≈−1.19. 

Once the nonlinear stiffness terms and pumping magnitudes were computed the detuning parameter σ should 

be set. This can be done graphically, as shown in Figure 4, where the selected detuning parameter was 

chosen to be −1.19, and is marked in the subfigures by a circular marker. Finer adjustments can then be 

made by tuning φa [21], while φb is used to obtain φr as briefly explained in Section 3; a detailed explanation 

is provided in [16]. 

3 Suggested mass balancing procedure exploiting the amplifier 

During the MBP one seeks the distribution of the imbalance forces, amplitude and phase along the rotor. To 

simplify the discussion, consider the case of an unbalanced rigid disc mounted on a flexible weightless shaft 

as shown in Figure 5. As depicted in the figure, the center of mass does not coincide with the geometrical 

center, and is located at a phase φr relative to the initial position.  

 

Figure 5: Two views of an unbalanced rigid disc mounted on a weightless flexible shaft. 

The resulting imbalance force has the general form AΩr
2cos(Ωrt+φr) where Ωr is the rotation speed and A is 

related to the imbalance magnitude. When the SDOF scheme is implemented (i.e., tuned parametric 

excitation), and the amplitude of vibration close to the natural frequency due to the imbalance is plotted as 

a function of φb+φr, it  has a period of π, as shown analytically and numerically in Figure 6. 
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Figure 6: The amplitude of the harmonic term near the natural frequency vs. the sum of phases φb+φr. 

Analytically computed (continuous lines) and numerically simulated responses (hollow circular markers).  

 

Figure 7: (a) Possible solutions for φr in the first and the trial runs. (b) Extraction of the imbalance. 

Because φb and φr have the same influence on the system [16,18,19,21], and φb is controllable, identifying 

the minima (or maxima) of a0 vs. φb is equivalent to identifying the imbalance phase. However, because the 

two minima are π radians apart, an additional, controlled measurement is required, where a trial mass is 

placed at a known phase. 

First, the amplitude vs. the phase φb is measured until a minimum is found, this phase is denoted φb0. The 

location of the imbalance, φr is found according to the analytical solution of a0(φb0+φr), (e.g., for the SDOF 

discussed in Section 2 see Eq.(A.1), and for a MDOF system see Eq.(16) and Eq.(20)). To distinguish 

between the two possible locations of φr (π radians apart, as shown in Figure 7(a)), a trial mass is added, 

and the total imbalance force at the trial run is: 

  
0e e e rT r

ii i

TF F F
   

   ,  (9) 

whereas |F0| is the force due to the unknown imbalance, |ΔF| is the force due to the trial mass, and φr+α is 

the total trial mass phase. The phase φT is found by sweeping φb (two possible solutions π radians apart, as 

shown in Figure 7(a)). The trial mass should be placed about π/2 apart from φr to achieve maximum change 

in φr. Since the imbalance at the trial run must lie between φr and φr+α, the true location of φr can be found. 

And the imbalance magnitude is computed as: 
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,  (10) 

graphical explanation is depicted in Figure 7(b). 

4 Extension of the method to a rotating MDOF system 

In this section, the scheme is extended to accommodate rotating structures via a test case, for which an 

experimental rig was designed and built. As shown in Figure 8, two rigid discs are fixed to a rigid rotor 

which  is mounted on a plate free to move only in the horizontal plane (x-z). A lumped parameters model of  
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Figure 8: Rotor balancing demonstrator, comprises a rotating rigid shaft and discs (1), flexible foundation 

supports (2), and two linear voice coil actuators (3) that induces position and time dependent forces. 

the system is used, and the governing equations of motion in matrix and vector notation are: 

     2 3 2, rt     p nl ibMx Cx K K x f x x f&& &    (11) 

Here, M is the mass matrix, C the damping matrix, K the stiffness matrix, Kp the pumping matrix, fnl the 

nonlinear feedback force vector and Ωr
2fib is the imbalance force vector. In this case, the matrix Kp and force 

vector fnl are fully controllable and are manipulated to excite every desired system vibration mode as 

described below.  

By assuming low damping levels, setting the parametric excitation and nonlinear forces to the same order 

of magnitude, and using the mass normalized modes of the linear undamped system, the equations of motion 

can be transformed to the following: 

     2 2

32         γ 2 2 3Iη χ η P ζχη K η κ η κ η% % .  (12) 

Here the time was scaled as t  %, and η is the modal coordinate vector which is related to the physical 

ones according to Eq.(B.4). A detailed mathematical description regarding the transformation from Eq.(11) 

to Eq.(12), and parameter definitions are provided in Appendix B. 

4.1 Approximate analytical solution 

To derive the approximate analytical solution, the method of multiple scales is employed. First the 

imbalance force projection on the first mode is computed, hence 
1 % . It proves convenient to apply the 

controlled forces in a manner leading to minimal coupling between the modes, while choosing the 

frequencies leading to combination and principal parametric resonances. Therefore, the following 

parametric excitation matrix is used: 
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Moreover, the nonlinear forces should also have minimal influence on the unexcited mode: 
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Following the multiple scales procedure up to the 2nd order, as detailed in [21], the solution in modal 

coordinates is: 
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It is clear that Eq.(16) is practically the same as Eq.(A.1), therefore the optimal parameters can be tuned as 

described in Section 2.1. Furthermore, the suggested balancing procedure (Section 3) can be employed and 

the imbalance projection on the first mode can be found.  

To find the imbalance projection on the second mode, the parameters are tuned to have minimal influence 

on the first mode. In this case, 
2 % and the pumping and nonlinear terms are tuned as: 
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And the solution is: 
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Figure 9: first mode amplitude close to the natural frequency (a10) (a) vs. σ, and (b) vs. φb. Analytical 

solutions are shown bycontinous lines, and numerical results by markers. 

As before, Eq.(20) is practically the same as Eq.(A.1). The optimal parameters can be tuned as previously 

described, and the suggested balancing procedure can be employed. 

4.2 Numerical verification 

In the following section a numerical verfication of the suggested optimal schem is performed via 

simulations. The parameters used in the simulation match the experimental rig shown in Figure 8, and were 

experimentally identified: 

  
0.6411 0.6312 18.9 0 1 0

, Hz , .
0.6230 -0.6645 0 29.1 0 0.45

n 
     

         
     

  (21) 

The numerical verification shown herein was performed for a known level of imbalance. The goal was to 

find its projection on each mode, and to study the ability to change the sensitivity by tuning the pumping 

frequency, σ.  

First, the imbalance projection on the first mode was sought, therefore the parameters were tuned according 

to Eqns.(13) and (14), where κ2,11 and κ3,11 were chosen according to Eq.(6) leading to κe=0. Moreover, the 

pumping magnitudes γa1 and γb1 were tuned according to Eqns.(7) and (8), where Δk=0.1. In Figure 9 (a) the 

analytical and numerical results of the amplitude close to the natural frequency (a10) vs. the detuning 

parameter σ are shown. The analytical solution is shown by a black continuous line, while, the numerical 

results are depicted by markers. The values depicted by diamond shaped markers in Figure 9 (a)  are used 

in the following stage, the phase (φb) sweep. One can witness the good agreement between the analytical 

and numerical solutions for relatively low amplitudes. As the amplitude grows the solutions deviate due to 

nonlinear effects, this is anticipated whereas the analytical model was derived for small amplitudes. 

Moreover, it is noticeable that according to the analytical model a single solution exists at each frequency, 

in contrast to the previous method. A discussion regarding that is provided in Section 4.3. 

The following stage is a frequency sweep as shown in Figure 9 (b) for different detuning values. The 

numerical solutions (markers) are in agreement with the analytical solution (continuous lines), and the 

agreement is better as the amplitude decreases. Because the numerical solution agrees with the model, the 

imbalance phase φr can be computed from Eq.(16). As discussed in Section 2, the amplification and 

sensitivity behave similarly with respect to σ when the equivalent stiffness is set to zero. This phenomenon 

can be seen in Figure 9 (b); as the detuning parameter is increased higher amplitudes are produced and also 

better sensitivity is achieved. The sensitivity can be interpreted as the difference between the maximum and 

minimum measured amplitudes in the phase sweep.  
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Figure 10: second mode amplitude close to the natural frequency (a10) (a) vs. σ, and (b)  vs. φb. Analytical 

sulutions are shown by lines, and numerical results by markers. 

A similar process to identify the imbalance projection on the second mode was preformed, and shown in 

Figure 10. For this case, the parameters were tuned according to Eqns.(17) and (18) where κ2,21 and κ3,21 

were chosen according to Eq.(6) leading to κe=0. Moreover, the pumping magnitudes γa1 and γb1 were tuned 

according to Eqns.(7) and (8), where Δk=0.1. The observations in this case are similar to the ones in the 

previous case, hence the imbalance phase φr can be computed from Eq.(20), and the amplification and 

sensitivity are controllable via σ.  

4.3 Comparison to the previous MBP method 

The previous MBP method, which is discussed in [15-20], differs from the current by two main aspects. It 

neither includes a quadratic stiffness term, nor it includes the parameter optimization stage for selecting the 

parametric excitation magnitudes. Therefore, the previous method has two main drawbacks: (1) a 

compromise between amplification and sensitivity has to be made, and (2) multiple stable solution branches 

may exist very close to each other for the same σ. In practice, two close branches results in a major decrease 

of the sensitivity, since the solution jumps from one stable branch to the other as shown Figure 11 (and 

[16]), by the circular and diamond shaped markers. These results, depicting two close stable solution 

branches were obtained experimentally.  

By implementing the quadratic nonlinear stiffness, the system behavior is pseudo-linear, hence omits the 

need to compromise between sensitivity and amplification, and it also eliminates the second stable solution. 

The use of optimized pumping magnitudes enables higher sensitivity, and also results with a single stable 

solution, because the pumping level of the principal parametric resonance is lower than its linear threshold 

[21].  

Comparison between the two methods applied to the same system [16] is shown in Figure 11. It is noticeable 

that while similar maximal amplitudes were produced, the sensitivity is about five times higher when the 

optimal method is used. Note that the methods result in different values for φb0, since the phase of the 

response ψ differs. For the experimental results, φb0 is located at the minimum of the black dashed line 

(~84°), while for the optimal method it is located around 60°. 
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Figure 11: first mode amplitude close to the natural frequency (a10) vs. φb, a comparison between the 

current optimal to the previous metod. Previous method, experimentally obtained results: circular orange 

(diamond shaped yellow) markers depict the first (second) stable solution branch. Current method, 

numerically obtained results are shown by blue square markers. 

5 Summary and conclusions 

A modified optimal mass balancing procedure scheme has been introduced, whose performance surpassed 

the previous one [16], as discussed in Section 4.3. The current scheme is an extension of the SDOF 

parametric amplifier scheme, which was discussed in Section 2, to a rotating MDOF system. The current 

MBP utilizes tuned dual frequency parametric excitation and nonlinear feedback term, to project the 

distributed imbalance force on any selected vibration mode, while rotating the structure slowly. The latter 

enables to identify the imbalance and correct it by adding or removing mass from the rotor, while avoiding 

the difficulties and risks involved in rotating the rotor close to a critical speed. 

Implementing tuned dual parametric excitation leads to two kind of resonances. First, a combination 

resonance that couples the external signal (i.e., the imbalance force) with one of the vibration modes, which 

is appropriate to a selected natural frequency. Second, a principal parametric resonance that considerably 

amplifies the response close to the selected natural frequency. The resulting dynamic response due to both 

resonances is the underlying mechanism that allows energy transfer from the imbalance force at frequency 

ωr to the rotor's response close to a selected natural frequency ~ ωn. The optimal parameters tuning by which 

the pumping magnitudes are selected, leads to a marginally stable system [21], thus making it very sensitive. 

In addition, proper tuning of the nonlinear feedback term (i.e., setting the equivalent stiffness to zero) leads 

to a pseudo-linear dynamic behavior. As a result, the amplification and sensitivity behaves similarly with 

respect to the detuning parameter σ, therefore no compromise between the two has to be made as in the 

previous method. 

In Section 4.3, a comparison between the optimal and previous methods was briefly discussed. The data for 

the previous method was obtained experimentally, while for the current method it was simulated. In future 

work, the optimal method would be implemented experimentally on the same system to validate its 

superiority. In addition, the method will be tested on a different system which has "flexible" modes [27]. 
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Appendix A 

The analytical solution of a0, as reported in [21]: 
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Whereas, ψ0 are the roots of a 10th order polynomial, whose coefficient are omitted for brevity. 

Appendix B 

The governing equations of the experimental rig are: 
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It is assumed that using the normal modes of the linear system, the parametric excitation matrix can be made 

diagonal: 

 ,T p pηΦ K Φ K   (B.2) 

whereas, Φ is the modal matrix of the linear undamped system, containing the normal modes of the system 

in the following form: 

  1 2Φ     (B.3) 
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Next, the following transformation is defined: 

  ˆ, O  x = Φη ~   (B.4) 

Here, ε is some measure of the modal amplitudes and is assumed small, and ̂  is the modal damping. 

Substituting Eq.(B.4) to Eq.(B.1) and pre-multiplying it by Φ, the equations reduce to: 
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Introducing the dimensionless time t  %, where % is the response typical frequency, to Eq.(B.5): 

 

     
2

2 32 2

2 2 2 2

1

2

1 1 1ˆ2

0
,

0

T T Tr     
   

 


 







      

 
  
 

pηIη ζχη χ η K η Φ B Φη Φ D Φη Φ Q

χ

% % % %

%

  (B.6) 

Where /     . Moreover, Eq.(B.6) can be written as Eq.(12)  where light damping, weak pumping and 

large nonlinearity are assumed: 
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Abstract 
Sometimes, deposits of carbonized oil may cause the obstruction of the available radial clearance between 
shaft and oil deflectors in the area close to oil-film journal bearings of steam turbines. As a result, the friction 
forces generated by light rotor-to-stator rubs usually cause a shaft thermal bow and changes in the 
synchronous vibration. Owing to the continuous increase of vibration levels and rub-induced contact forces, 
the blocking material can be abraded quickly. Therefore, intermittent onsets of high peaks in the shaft 
vibration may occur also under stable operating conditions. This paper shows a case history in which 
deposits of carbonized oil caused rubbing phenomena in a steam turbine. A diagnostic method that has 
allowed the cause of the fault to be identified is described. Besides, comparisons between experimental data 
and numerical results obtained with a model-based diagnostic method are also shown. 

1 Introduction 

The diagnosis of faults in rotating machinery is often based on the analysis of the symptoms pointed out by 
vibration data collected by condition monitoring systems. However, some different faults can cause similar 
symptoms. This may make it difficult to perform a proper diagnosis of the malfunction. Therefore, in order 
to obtain reliable results, diagnostic techniques must be able to take into account additional information like 
the historic trend of vibration data and process parameters, along with some basic mechanical and 
geometrical characteristics of the rotating machine. 
The friction forces generated by rotor-to-stator rubs often cause a shaft thermal bow whose main effect on 
the machine dynamic behaviour is a progressive change in the synchronous (1X) vibration. However, most 
of the rotor-to-stator rubs are a consequence of a further primary fault that causes an initial increase of the 
vibration level such as to exceed the radial clearance between shaft and stationary parts. For instance, this 
primary fault can be represented by residual imbalances and shaft thermal bows, thermally induced changes 
in the machine alignment, blade loss events, wrong adjustments of the radial clearance of some machine 
components carried out during maintenance actions. Therefore, if the machine alignment is correct and the 
available radial clearance between rotating and stationary parts is sufficiently high, it is rather unlikely that 
rubbing phenomena start when the vibration levels, caused by common excitations, are low. However, the 
accidental presence of hard carbonized coke-like deposits in the radial clearance between rotating and 
stationary parts, like lube oil labyrinth seals, may cause occasional obstructions of the clearance. As a result, 
rubbing phenomena and a consequent shaft thermal bow are generated. 
This malfunction, which commonly occurs at the machine operating speed, can cause intermittent severe 
peaks of the 1X vibration. In fact, owing to the continuous increase of the shaft bow and vibration levels, as 
well as of the contact forces between the shaft and the deposit of carbonized oil, the hard and brittle material 
that obstruct the radial clearance can be abraded. As a consequence of that, the rubbing phenomenon 
extinguishes and the heat input vanishes. Hence, the magnitude of the shaft thermal bow decreases. Owing 
to this, and to the rotary motion of the shaft, which is often characterized by a rather high angular speed, a 
fairly fast and complete straightening of the rotor occurs. However, a new deposit of carbonized oil can 
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again obstruct the radial clearance between rotating and stationary parts, so that a further event of rotor-to-
stator rubs may take place after an unpredictable time interval. 
Owing to the particular characteristics of this fault, the symptoms caused, in the machine vibration, by the 
rub-induced thermal bow are similar to those due to Newkirk effects and spiral vibrations. However, the 
casual repetition of the rub events and the absence of a cyclicality of the vibration peaks make this machine 
dynamic behavior quite different from that represented by common spiral vibrations that can cause a limit 
cycle or an outward spiraling of the 1X vector whose magnitude expands, continuously, until a machine trip 
is triggered. 
This paper shows a case history in which the 1X vibration of a steam turbine, monitored in operating 
condition, have been affected by temporary very high levels. The shaft vibration continuously increased and 
decreased without any significant change of the process parameters. The events of high 1X vibration were 
intermittent and casual. According to these symptoms it was suspected the occurrence of light rotor-to-stator 
rubs. However, it was unclear why these phenomena also started when the vibration levels were rather low. 
Besides, it was not clear what caused the temporary cessation of the rubs and the subsequent occurrence of 
further onsets of similar phenomena, after time intervals whose length was causal. 
In fact, the effects of an unbalance, like that caused by a blade loss, are permanent, while the amplitude of 
the spiral vibration due to a rub-induced thermal bow of the shaft tends to increase continuously or to be 
affected by a limit cycle, especially when rather light rubs occur. In the latter case, the 1X vibration is often 
affected by recurrent changes, of both amplitude and phase, which are nearly periodic. Conversely, in the 
present case study, the peak values of the shaft vibration approached or exceeded the alarm limit only for 
short time intervals. Moreover, the recurrent peaks of the vibration levels did not happen at regular intervals 
and their maximum amplitudes were fairly different from time to time. 
A visual inspection allowed finding the presence of a large amount of deposits of carbonized oil in the oil 
deflectors mounted in the area close to a turbine journal bearing. The formation of hard carbonized coke-
like deposits caused occasional temporary obstructions of the radial clearance between the shaft and the oil 
deflectors. The friction forces due to the consequent rubs caused a shaft thermal bow and changes in the 
synchronous vibration. Sometimes, spiral vibrations, characterized by a short spiraling of the 1X vectors, 
occurred. The increase of the vibration level caused an increase of the contact forces. As a result, the hard 
and brittle deposits of carbonized oil were abraded and the rubbing phenomena ceased, until a new 
obstruction of the radial clearance occurred again. This caused unusual intermittent peaks in the historic 
trend of the 1X vibration. 
Rotor-to-seal rubs caused by the presence of deposits of carbonized oil is not one of the most common faults 
in rotating machines but when this phenomenon occurs the consequences in the rotor-system vibration can 
be rather serious, while the fault symptoms may be as evident as ambiguous. In fact, the occurrence of 
intermittent peaks of the 1X vibration, detected at the rated speed, even when only negligible changes in the 
process parameters happen, is really an uncommon behaviour. 
The analysis of the case history described in the paper has been carried out with a diagnostic method that 
can provide some indications that are useful to confirm the suspect of the occurrence of rubbing phenomena 
caused by the presence of deposits of carbonized oil. Rather complex mathematical models can be used to 
simulate the spiral vibrations induced by rotor-to-stator rubs, rigorously [1-8]. Conversely, in the present 
investigation, a simplified method that simulates the dynamic effects caused by the rub-induced thermal 
bow of the shaft has been applied. The numerical results obtained with this method are shown and compared 
to the corresponding experimental data. 

2 Case history 

The dynamic behavior of a 135 MW steam-turbine power unit that has been affected by rotor-to-seal rubs 
has been analyzed. This paper shows some results of this diagnostic analysis. The steam-turbine unit was 
installed in a 360 MW combined cycle power plant. This unit could operate as a stand-alone machine-train, 
being it separated from the turbogas power unit. Figure 1 shows the machine diagram of the unit, which was 
composed of a generator, a high-pressure (HP) steam turbine, an intermediate-pressure (IP) and a low-
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pressure (LP) steam turbine. The stages of the HP turbine were mounted on a shaft supported on a single 
oil-film journal bearing, while the stages of the IP and LP turbines were mounted on a shaft supported on 
two oil-film journal bearings. The turbine shafts were connected by means of a rigid coupling. Each support 
was equipped with a pair of XY proximity probes. The support numbering and the angular position of the 
proximity probes are shown in Figure 1. An elliptical journal bearing was mounted at the support #2 while 
six shoes tilting-pad journal bearings, having a load-on-pad (LOP) configuration, were mounted at the 
supports #1 and #3. The rated speed of the shaft-train was 3000 rpm. A distributed control system (DCS) 
performed the continuous basic monitoring of machine vibrations and process parameters. 

 
Figure 1: Machine-train diagram 

The overall amplitude of the turbine vibration measured in operating condition, with a nearly constant load, 
suddenly experienced temporary peaks that occasionally reached considerable levels. This abnormal 
dynamic behavior occurred at all the supports of the steam turbines. Figure 2 shows the historic trend of the 
overall amplitude of the vibrations measured at bearings #1, #2 and #3, in the X direction, during a time 
interval of about thirteen hours. The highest amplitude of the turbine vibration approached 140 µm pp. 
In correspondence of each peak the vibration amplitude increased continuously, starting from rather low 
values, then it reached a maximum level that remained at the peak value only for a few minutes. In the end, 
it decreased with a rate of change just a little slower than that with which it had raised. Each peak of vibration 
affected the machine dynamic behavior for about one hour. The decreases of the vibration amplitude always 
occurred without doing any significant change of the main process parameters of the plant. Every time, at 
each measurement point, the vibration level returned to low starting values. That is, the phenomenon of the 
abnormal vibration was recurrent and almost reversible, but the length of the period that separated two 
consecutive peaks of vibration was rather casual. Moreover, the maximum vibration amplitude sometimes 
occurred at bearing #2, while other times it occurred at bearing #3. The vibration of the two turbines was 
actually affected by intermittent peaks that occasionally reached considerable levels. 
Figure 3 shows the overall amplitude of the vibrations measured at bearings #1, #2 and #3, in the X direction, 
during a planned coastdown. In this case, the unit slowdown started when the vibration level was rather low 
at all three supports of the steam turbines. However, when the rotational speed approached the range from 
1200 rpm to 1800 rpm, which contains the first two flexural critical speeds of the turbine shafts, the vibration 
levels increased significantly. The maximum amplitude, which occurred at bearing #2, reached 262 µm pp. 
These vibration levels were noticeable and quite different from those experienced during previous runups 
and coastdowns of the unit. However, it was possible to exclude the occurrence of rotor-to-bearing rubs 
because of the normal values of the white-metal temperature measured during the machine coastdown. 
Conversely, it was suspected that rubbing phenomena between rotating and stationary parts occurred, likely 
in the area of the turbine shafts where packing-glands were mounted. That is, in the area before the first 
stages of both HP and IP turbines. In the latter case, the gland seals are rather close to the journal bearing 
#2 (Figure 4). An advanced monitoring system that performed the order analysis of the machine vibrations, 
continuously, was installed in order to detect the recurrent noticeable intermittent peaks of the turbine 
vibration that occurred in the operating condition. This monitoring activity has allowed finding out that the 
harmonic content of the turbine vibration measured at the rated speed was always dominated by the 1 × rev. 
(1X) harmonic order, as proved below. 
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Figure 2: Overall amplitude of the shaft vibrations 
measured at bearings #1, #2 and #3, in the X 
direction, in operating condition (3000 rpm) 

Figure 3: Overall amplitude of the shaft vibrations 
measured at bearings #1, #2 and #3, in the X 

direction, during a coastdown 

 
Figure 4: Steam turbine shafts 

Figure 5 shows the historic trend of amplitude and phase of the uncompensated 1X vibrations measured at 
bearings #1, #2 and #3, in the X direction, in a time period during which a significant peak amplitude 
occurred (Case A). This abnormal behavior was detected in operating condition, with a nearly constant load. 
It is possible to note that when the vibration peak occurred, the corresponding phase was affected by a 
significant change. Besides, when the abnormal dynamic behaviour ceased, both amplitude and phase of the 
1X vibrations returned to the values of the respective “reference vibrations” that correspond to the 1X 
vectors measured before the occurrence of the peak amplitude. 
This confirmed that the residual imbalance of the shafts was rather low and that the malfunction was caused 
by a reversible phenomenon. However, the phase of the 1X vibration vector caused, at each measurement 
point, by the unidentified fault was not the same in occasion of each occurrence of a peak amplitude. 
Therefore, the maximum vibration level sometimes occurred at different bearings of the turbine shafts. 
Figure 6 shows the historic trend of the so called “not-1X” amplitude of the vibrations measured at bearings 
#1, #2 and #3, in the X direction, during the time period of the Case A. The curves shown in this figure 
confirm that during the occurrence of the rubbing phenomena the machine dynamic behaviour was 
dominated by the 1X vibration, while the contribution of both sub-synchronous and super-synchronous 
vibrations was negligible. 
In order to bring out the effects caused by the fault, the 1X reference vectors measured at 3000 rpm, with 
the unit operating in normal state, that is with low stable vibrations like those occurred at the beginning of 
the observation period, were subtracted from the corresponding 1X vibration data collected at any time 
instant. This data processing is similar to the run-out compensation sometimes used for the analysis of the 
vibration data collected during machine runups. This investigation method is based on the assumption that 
the nonlinear effects caused by the unidentified phenomenon were unimportant. Figure 7 shows the historic 
trend of the shaft vibrations obtained compensating the 1X vectors previously illustrated in Figure 5. It is 
possible to note that the amplitude of the 1X vibration that can be mainly ascribed to the fault increases 
continuously before reaching its maximum value. Similarly, after having reached the top of the peak, the 
vibration amplitude decreases continuously and it nullifies asymptotically. 
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Figure 5: Case A: historic trend of the 1X 
vibrations (uncompensated) measured at bearings 

#1, #2 and #3, in the X direction, in operating 
condition (3000 rpm), during the occurrence of a 

rubbing phenomenon 

Figure 6: Case A: historic trend of the not-1X 
amplitude of the vibrations measured at bearings 

#1, #2 and #3, in the X direction, in operating 
condition (3000 rpm), during the occurrence of a 

rubbing phenomenon 

  

Figure 7: Historic trend of the compensated 1X 
vibrations measured at bearings #1, #2 and #3, in the 

X direction, in operating condition, during the 
occurrence of a rubbing phenomenon (Case A) 

Figure 8: Polar plot of the compensated 1X 
vibrations measured at bearings #1, #2 and #3, 

in the X direction, at 3000 rpm, during the 
occurrence of a rubbing phenomenon (Case A) 

The phase of the compensated 1X vibration is affected by a slow continuous rotation. With reference to the 
data illustrated in Figure 7, the rate of change of amplitude and phase of the compensated 1X vibration 
vectors is nearly the same at all journal bearings of the turbine shafts. These characteristics of the 
compensated 1X vibration are clearly pointed out by the polar plot shown in Figure 8. When the vibration 
levels decrease, the values of the 1X phase are different from those found during the continuous increase of 
the vibration amplitude. Nevertheless, when the additional 1X vibration caused by the fault nullifies, the 
phase of the uncompensated vibration tends to return to the corresponding reference value. The main 
symptoms of this phenomenon are consistent with the occurrence of rubs between rotating and stationary 
parts of the steam turbine. In fact, it was possible to suppose that the friction forces generated by the rubs 
caused a reversible shaft thermal bow that, in turn, caused additional 1X vibrations of the turbine shafts. 
However, it was not clear what primary fault caused the rotor-to-stator contacts since the amplitude of the 
turbine vibration always started increasing from rather low levels. This was not in accordance with normal 
values of the available radial clearance of seals and journal bearings. 
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The amplitude of the 1X vibration measured in operating condition by a given proximity probe increased 
continuously, or it showed a more complex trending, depending on the relative phase between the additional 
1X vibration caused by the shaft thermal bow and the respective 1X reference vector. The sudden extinction 
of this phenomenon and the consequent continuous decrease of the shaft vibration levels could be explained 
as a temporary end of the rubs. If the rotor heating caused by the friction forces generated by the rubs 
nullifies, the high rotational speed is able to straighten the shaft in a rather short time period. However, it 
was not clear what caused the sudden extinction of the rubs and the intermittent recurrence of this 
phenomenon. 
Figure 9 shows the 1X filtered orbits evaluated, at bearings #1, #2 and #3, considering the compensated data 
collected, in operating condition, in concomitance with the occurrence of the maximum vibration amplitude. 
The major axis of the 1X elliptical orbit evaluated at bearing #3 is nearly horizontal. This orbit, which is the 
largest one, is also rather flat. These characteristics are rather unusual for an orbit measured at a six shoes 
tilting-pad journal bearing whose anisotropy is not so much important as that of elliptical oil-film journal 
bearings. Therefore, it was possible to suspect that the rubbing phenomena were caused by a machine 
misalignment, perhaps influenced by the machine thermal state. 
Figure 10 shows the polar plots of the compensated 1X vibrations measured, at bearings #1, #2 and #3, in 
operating condition, over a time period of thirteen minutes, in occasion of a further event (Case B) of a 
temporary peak of the turbine vibration levels, caused by rubbing phenomena occurred in operating 
condition. In this case, since the maximum vibration amplitude exceeded the precautionary trip level that 
had been set to prevent serious damage, an automatic shutdown of the power unit occurred. The comparison 
between the polar plots illustrated in Figures 8 and 10 points out that the phase of the 1X vibration vectors 
caused by the fault, in the two case studies, at the corresponding measurement points, is quite different. 
Conversely, the relative phase of the compensated 1X vibrations measured at each pair of measurement 
points is nearly the same for both case studies A and B. These findings confirmed the suspect that the 
temporary increase of the 1X vibration amplitude was caused by rotor-to-seal rubs. However, with reference 
to the area of the rotor that was affected by the rubs, the angular position of the point of the shaft orbit at 
which the rotor-to-seal contacts occurred was not the same for each rubbing event. This is in accordance 
with the readings of different phase values of the 1X additional vibrations caused by the rubs. Therefore, 
the unidentified fault that caused the rubs gave rise to dynamic effects that were not entirely repetitive. 
 

  

Figure 9: 1X filtered orbits obtained considering the 
compensated vibrations measured at bearings #1, 
#2 and #3, at 3000 rpm, in concomitance with the 

maximum vibration amplitude (Case A) 

Figure 10: Polar plot of the compensated 1X 
vibrations measured at bearings #1, #2 and #3, in 
the X direction, in operating condition, during a 

rubbing onset (Case B) 

Figure 11 shows the Bode plot of the 1X vibrations of the steam turbines measured at bearings #1, #2 and 
#3, in the X direction, during the machine shutdown. Since the vibration levels were just rather high even 
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at the beginning of the turbine slowdown, being the turbine shaft already affected by a thermal bow, the 
vibration amplitudes increased considerably when the rotational speed crossed the flexural critical speeds 
contained in the range from 1200 rpm to 1800 rpm. The highest vibration amplitude measured on bearing 
#2 reached 488 µm pp at the rotational speed of 1685 rpm. Also in this case the white-metal temperature of 
all journal bearings was normal and almost unaffected by the vibration levels. This confirmed the suspect 
that rubbing phenomena occurred at some seals rather than at the turbine bearings. In this case, it is likely 
that when the rotational speed approached the first balance resonance with vibration levels that were already 
rather high, further light rubs also occurred at the packing glands of the IP turbine, which are close to bearing 
#2. It is also possible to note that the amplitude of the 1X vibration measured in the final part of the machine 
slowdown is very low. This means that the rubs, and the consequent friction forces, caused only a temporary 
shaft thermal bow, which disappeared during the coastdown, after crossing the first balance resonance of 
the turbine shafts. The rotor straightening, which occurred in about thirty minutes, confirmed that the rotor-
to-stator contacts certainly ceased during the machine slowdown, when the rotational speed was lower than 
the first flexural speed of 1670 rpm. It is well known that reversible shaft thermal bows may vanish in a 
rather short time, if the heat input is eliminated, by operating the machine at a significant rotational speed. 
Otherwise, the unit can be operated in barring mode, that is at a very low rotational speed, for a longer time. 
 

 

 

Figure 11: Bode plot of the 1X vibrations of the 
shaft measured at bearings #1, #2 and #3, in the X 

direction, during a machine coastdown 

Figure 12: Evolution over time of the 1X filtered 
orbits measured at bearing #2, at 3000 rpm, during 

the occurrence of rotor-to-seal rubs 

The vibration data illustrated in Figure 10 show that the phase of the 1X vectors collected at each 
measurement point, at the rated rotational speed, is affected by a slow but continuous rotation that 
approached 35° degrees, over a time interval of only thirteen minutes. This symptom is in accordance with 
the occurrence of spiral vibrations [1-13]. The increasing spiraling motion of the rub induced thermal bow 
happens in a direction opposite to that of the shaft rotation. This is a typical phenomenon that may affect 
the dynamic behavior of rotating machines that are subjected to light rubs between rotating and stationary 
components, especially when the rotational speed is lower than a flexural critical speed and not very far 
from it. This behavior is confirmed by the analysis of the 1X filtered orbits obtained processing the 
compensated synchronous vibrations measured at bearing #2 during the rub evolution (Case B). 
Figure 12 shows the evolution of the shape of the above mentioned orbits measured at different times during 
the rubbing phenomenon. The orbit flatness is weakly affected by the rubs although its amplitude increased 
significantly in the time as a result of the growing magnitude of the shaft thermal bow. The angular position 
of the key-phasor dot, as well as that of the hot spot, moves backwards along the orbit. This phenomenon 
has been pointed out in Figure 12 by drawing the segment that connects the key-phasor dot with the center 
of the corresponding elliptical orbit. This segment rotates continuously during the rub evolution, in the 
opposite versus of the shaft rotation, in accordance with the symptoms of common spiral vibrations. 
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As a consequence of these findings, it was decided to stop the unit and perform a visual inspection of the 
oil deflectors mounted at both sides of bearing #2. Figure 13 shows a picture of one of these components 
that were both found significantly damaged. Besides, a large amount of deposits of carbonized oil was found 
in the machine area close to the journal bearing #2. 
These deposits are agglomerations of hard and brittle material that occasionally caused the obstruction of 
the available radial clearance between shaft and seal (Figure 14). Therefore, rotor-to-seal rubs started 
occurring even when the amplitude of the turbine vibration was rather low, but sufficient to cause contacts 
between shaft and blocking material. Moreover, the continuous increase of the vibration levels and the 
consequent increase of the contact forces abraded the deposits of carbonized oil that temporarily occluded 
the seal radial clearance. This explains the sudden cessation of the rubs detected during the machine 
monitoring in operating conditions during which the process parameters were nearly constant. 
 

  

Figure 13: Oil deflector mounted at bearing #2 and 
deposits of carbonized oil 

Figure 14: Example of a radial clearance 
obstruction 

Since the angular position where these occlusions formed was casual, the phase of the 1X additional 
vibration induced by the consequent shaft thermal bow was not repetitive. Therefore, in accordance with the 
experimental findings, the 1X vibration measured by the probes, given by the sum of the synchronous 
additional vibration vector and the corresponding 1X reference vibration, could reach the maximum level at 
different journal bearings of the turbine shafts. The blockage of the radial clearance occurred occasionally, 
at the unit rated speed. However, this phenomenon was more likely during rotational speed transients when 
the crossing through the first balance resonance of the shaft caused an unavoidable increase of the vibration 
amplitude and possible interactions with deposits of carbonized oil. Likely, the hot alignment of the 
machine-train was improper. This may have caused lube oil to leak into the area, close to bearing #2, 
between oil rings and the seal vacuum chamber. 
 

 
Figure 15: Bode plot of the 1X vibrations of the shaft measured at bearings #1, #2 and #3, in the X 

direction, during a machine runup performed after the maintenance 
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Under this assumption, high-temperature-steam and oil-vapor mixed together in the vacuum chamber. 
Besides, the flow of this mixture through the turbine may have came in contact with hot spots. Therefore, 
the consequent thermal loading suffered by the oil caused the buildup of hard carbonized coke-like deposits 
that occasionally blocked the clearance between shaft and oil deflectors [11, 18-19]. 
At the end of a maintenance outage, during which the deposits of carbonized oil were removed and the oil 
deflectors substituted, the power unit was restarted without doing any rotor balancing or modifying the 
machine alignment. Figure 15 shows the Bode plot of the 1X vibrations measured at bearings #1, #2 and #3, 
in the X direction, during the machine runup. When the rotational speed crossed the range from 1200 rpm 
to 1800 rpm the amplitude of the 1X vibration of the steam turbines reached a maximum level of only 
75 µm pp. This amplitude is significantly lower than that measured before removing the deposit of 
carbonized oil because of the absence of a rub-induced thermal bow of the shaft, caused by temporary 
obstructions of the oil deflector radial clearance. The amplitude of the turbine vibration was sufficiently low 
also at the operating speed, in accordance with the low value of the residual imbalance of the shaft. A long-
term monitoring of the unit dynamic behavior showed that rotor-to-seal contacts no longer occurred. 

3 Model-based analysis 

Spiral vibrations in rotating machines can be studied and simulated by means of well-known methods based 
on mathematical models of the rotor system [1-8]. A finite element model of the shaft-train is integrated 
with further mechanical parameters that allow the effects caused by the dynamic stiffness of the journal 
bearings and those caused by the machine supporting structure to be taken into account. Moreover, these 
investigation methods allow one to simulate both heavy and light contacts between rotating and stationary 
parts, as well as to estimate the heat introduced into the shaft by the friction forces generated by the rubbing 
phenomena. These methods need to integrate, in the time domain, partial differential equations based on the 
Fourier’s law. As a result of the local heating of the rotor, a thermal bow is generated in the area close to 
the hot-spot [1-8]. This phenomenon causes changes in both shaft imbalance and machine response. 
In particular, the phase lag between excitation and shaft vibration can be subjected to a continuous change. 
Therefore, the solution of the differential equations contained in the thermal model must be combined with 
the integration of the equations of motion of the rotor system. This study often needs a high computational 
time. Moreover, it needs a preliminary fine tuning of the model of rotating and stationary parts. 
In addition to this, the results obtained with these methods can be significantly influenced by some 
parameters of the thermal model whose values are often rather uncertain. A further critical aspect of the 
simulation of rubbing phenomena is that the growth of the shaft thermal bow is considerably slower than 
the period of a complete revolution of the shaft. This problem is often solved assigning equivalent values to 
the most important parameters of the thermal model of the system in order to obtain a growth of the shaft 
bow, similar to the real one, in a much shorter time period. Therefore, an accurate reliable estimate of the 
amount of the thermally-induced bow of the rotor may be difficult to obtain. However, these methods can 
provide an interesting qualitative simulation of the main physical phenomena caused by rotor-to-stator rubs, 
like the buildup of the shaft thermal bow, the consequent increase of the additional imbalance and the phase 
lagging of the 1X vibration vectors caused by the continuous changes of the rubbing spot. 
In the case studies considered in this paper many parameters that needed to be taken into account in the 
thermal model of the rotor system were unknown. Unfortunately, it was impossible to obtain reliable results 
from investigations based on rigorous methods that need to use an accurate model of the rub-induced thermal 
phenomena, like that described in [4], as the geometrical and mechanical characteristics of the obstacle, 
represented by the deposits of carbonized oil, were unknown. Therefore, it was preferred to apply an 
alternative technique in which the shaft bow caused by the rotor-to-stator contacts is roughly modeled by 
means of a pair of opposite coplanar bending moments, which rotate with the rotor, whose magnitude and 
phase depend on the rub evolution over time [14, 15]. As said above, the dynamic behaviour of rotating 
machines can be studied with methods in which the shaft-train is represented by finite element models 
(FEM). In general, beam finite elements are used to model short portions of the shaft, having a circular 
cross-section, which are characterized by a constant diameter. The mechanical characteristics of the journal 
bearings that support the shafts can be modelled by means of dynamic stiffness coefficients that can depend 
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on the machine rotational speed. In the end, the dynamic effects caused by pedestals and foundation structure 
can be simulated with different techniques [14, 16, 17], here not described in detail for the sake of brevity. 
Figure 16 shows the finite element model (FEM) of the shafts of generator and steam turbines. The equation 
of motion of the rotor-system can be written in the following matrix form: 

 [ ] [ ] ( )( ) [ ]+ + + = (t)Ω  M x C G x K x F   (1) 

where M , C  and K  are the mass, damping and stiffness matrices, respectively, of the fully assembled 
system, while G  is the gyroscopic matrix of the shaft-train. The vector x  contains the displacements and 
rotations of shafts and foundation. Besides, the vector F  contains the system excitations, that is, forces and 
moments that can be applied to the degrees of freedom of the model. 
The most important faults in rotating machines can be simulated by means of suitable sets of equivalent 
excitations represented by harmonic orders of forces and moments whose magnitude, phase and axial 
position along the rotor-train can be identified by minimizing the error between experimental vibration data 
and the corresponding numerical results provided by the machine model [14, 15]. In the present case study 
the axial position of the equivalent excitations was known, as the cross-section where the rotor-to-stator 
rubs occurred, and the consequent shaft thermal bow was generated, had been identified with a visual 
inspection. By assuming that the nonlinearities of the system are negligible, the following equation can be 
written for each harmonic component, of order n, of the machine excitations: 

 ( ) ( ) ( )2 t t+ + + =i n in
n nn i n e n eΩ Ω − Ω Ω Ω Ω M C G K X F  (2) 

where Ω is the shaft angular velocity, while the terms contained in vector nF  are the equivalent harmonic 
excitations used to model the fault that must be identified. The harmonic content of the excitations, as well 
as the number of not-null terms of vector nF , depends on the type of the fault. The quantity contained in the 
square brackets of eq.(2) is the mechanical impedance matrix of the system. Eq.(2) can be solved to evaluate 
the harmonic component of order n of the machine vibration. This can be obtained as follows: 

 ( ) ( ) ( )
12= + + +n nn i n n

−
 − Ω Ω Ω Ω X M C G K F  (3) 

Let us denote nH  the transfer matrix obtained as the inverse of the mechanical impedance matrix. That is: 

 ( ) ( )
12= + + +n n i n

−
 − Ω Ω Ω H M C G K  (4) 

Therefore, we can rewrite eq.(3) as: 

 ( )=n n n nΩX H F  (5) 

The absolute vibrations of the shafts are commonly measured at a limited number of cross-sections that are 
often rather close to the machine supports. Therefore, the theoretical lateral displacements associated with 
the degrees of freedom along which the radial vibrations of shafts and supports are measured can be inserted 
into a vector mX . In the present case study the machine dynamic behaviour must be investigated only at 
the rated speed. Therefore, eq.(5) must be solved for a unique value of the angular speed Ω. The rows of the 
matrices contained in eq.(5) can be rearranged, partitioning the transfer matrix nH , in order to split the 

vector mX  from the vector rX , the terms of which are the displacements evaluated at the remaining degrees 
of freedom of the rotor-system model. Therefore, eq.(5) can be rewritten in the following form, in which 
any dependence on both Ω and order n has been omitted for the sake of brevity: 

 
=
=

m m n

r r n

X H F
X H F

 (6) 
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The experimental lateral vibrations that correspond to the terms of vector mX  can be inserted into a vector 

expX . This way, it is possible to evaluate the error, δ , between theoretical vibrations and experimental data: 

 = =m exp m n exp− −X X H F Xδ  (7) 

The corresponding squared error, ε, can be defined as: 

 
*T

= m exp m expε    − −   X X X X  (8) 

Then, magnitude and phase of the equivalent excitations nF  can be estimated by means of least squares 
error methods. A preliminary tuning of this model, including the dynamic stiffness coefficients of the oil-
film journal bearings, has been carried out comparing the eigenvalues of the model to the corresponding 
experimental findings obtained by the analysis of vibration monitoring data collected during machine runups 
and coastdowns. Afterwards, a pair of opposite coplanar bending moments, M1 and M2, have been applied 
to the nodes of the FEM mesh of the shaft located at the opposite sides of the journal bearing #2 (Figure 16), 
mounted on the IP-LP steam turbine. These two cross-sections are close to the axial position of the oil 
deflectors where the rotor-to-seal rubs occurred in the operating condition. Since these bending moments 
rotate with the shaft and the model of the rotor system is linear, only synchronous vibrations are generated 
by these excitations. In this investigation, the two bending moments, M1 and M2, are the only not null terms 
of vector nF . 

The identification of magnitude and phase of these bending moments has been carried out at six time instants 
spaced over the period, thirteen minutes long, during which the rubbing phenomena that are the subject of 
this investigation occurred (Case B). Only the compensated 1X vibrations of shafts have been considered in 
this investigation, in order to simulate the response only caused by the rub-induced thermal bow. 
In order to facilitate the comparison between the numerical response of the rotor system and the 
corresponding experimental data, at each cross-section of interest of the shaft-train, the main parameters 
that allow the 1X journal orbit to be defined, have been evaluated. These parameters are the major and minor 
principal axes of the 1X elliptical orbit, along with the angle formed by the horizontal axis and the 
aforementioned major axis of the orbit. With reference to the major and minor axes of the 1X orbits 
evaluated at bearings #1 and #2, Figure 17 shows a comparison between the numerical results provided by 
the mathematical model and the corresponding experimental findings. The accordance between numerical 
results and experimental data is really satisfactory over the whole period during which the rubbing 
phenomena occurred. 
 

 

 

Figure 16: Finite element model of the shafts of 
generator and steam turbines along with the axial 

position of the bending moments M1 and M2 

Figure 17: Major and minor principal axes of the 
1X orbits: comparison between experimental data 

and numerical results 

All the estimates of the major and minor axes of the 1X orbits evaluated, at the bearings #1, #2 and #3 of 
the steam turbine, by processing the numerical results provided by the model have inserted into a vector 
denoted thZ . Conversely, the values of the principal axes of the same orbits, evaluated by processing the 
experimental 1X vibrations measured during the rubbing phenomena, have inserted into a vector denoted 
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expZ . The accuracy of the results provided by the model has been estimated by means of the Coherence 
Factor, CF, given by: 

 

2T

T TCF =
*
exp th

* *
exp exp th th

Z Z
Z Z Z Z  (9) 

The value of this factor is 0.9862. The accuracy of the estimate of the evolution over time of the 1X bending 
moments that simulate the changes in the rub-induced thermal bow of the shaft can be assumed satisfactory 
as the value of the Coherence Factor is rather close to the ideal unity value. Besides, the comparison between 
the experimental and theoretical values of the inclination angle of the major axis of the 1X elliptical orbits 
evaluated at bearings #1 and #2 is shown in Figure 18. Also in this case, the accordance between 
experimental data and numerical results is fairly good, especially with reference to the bearing #2. 
In the end, Figure 19 shows the evolution over time of the magnitude and phase of the identified bending 
moments that have been used to simulate the rub-induced thermal bow of the turbine shaft. It is possible to 
note that the phase of these bending moments deceases continuously. That is, it rotates in the opposite versus 
of the shaft rotation, slowly. This phenomenon is in accordance with the phase lagging caused by the 
continuous changes of the rubbing spot position. In this case study, the magnitude of the equivalent bending 
moments and then that of the shaft thermal bow seems to reach an asymptotic value. 
 

 

 
Figure 18: Inclination angle of the major axis of 

the 1X elliptical orbits at bearings #1 and #2: 
comparison between experimental data and 

numerical results 

Figure 19: Evolution over time of the identified 
bending moments that simulate the rub-induced 

thermal bow of the shaft 

4 Conclusions 

Light rubs between shaft and stationary parts is one of the most common faults in rotating machines. 
However, rubs are always the secondary effect of primary faults like: high imbalances, machine 
misalignments, thermal expansions, inaccurate adjustments of the radial clearance of seals. The friction 
forces generated by the rubs usually cause a shaft thermal bow and additional synchronous vibrations. 
Sometimes, unstable lasting spiral vibrations are generated. However, it is also possible that deposits of 
carbonized oil form in the area close to oil-film journal bearings, especially in steam turbines. These deposits 
may cause the obstruction of the available radial clearance between shaft and oil deflectors. In this case, 
light rubs can be generated even starting from rather low vibration amplitudes of the shaft. 
As a consequence of the continuous increase of vibration levels and rub-induced contact forces the blocking 
material can be quickly abraded. This causes the end of the input, into the shaft, of the heat generated by the 
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friction, as well as a continuous decrease of the shaft thermal bow and vibration amplitudes. Therefore, 
intermittent onsets of high vibration levels may occur in the operating condition. Owing to these uncommon 
ambiguous symptoms, standard root-cause-analysis techniques may involve the identification of false faults. 
A case history in which deposits of carbonized oil have caused recurrent temporary peaks of the 1X vibration 
levels of a steam turbine has been shown in this paper. The analysis of the compensated 1X vectors has 
allowed the additional vibrations caused by the rub-induced thermal bow of the shaft to be estimated. Owing 
to this, some typical symptoms of rotor-to-seal rubs, like those of spiral vibrations, have been better 
highlighted. 
Complex rigorous methods can be applied to simulate the shaft vibration caused by rubbing phenomena. 
However, as some parameters of the system thermal model were unknown, it has been preferred to simulate 
the experimental behaviour of the steam turbine by means of an approximated approach in which the rub-
induced thermal bow has been modeled with a pair of coplanar opposite bending moments applied to suitable 
cross-sections of the shaft. The evolution over time of magnitude and phase of these 1X bending moments 
has been studied, in the frequency domain, with methods based on parameter identification. The satisfactory 
accordance between numerical results and experimental data has confirmed the effectiveness of this 
investigation method, which can be used for diagnostic purposes successfully. 
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Abstract
A non-linear model for simulations of a dual mass flywheel (DMF) for heavy-duty applications is proposed.
The model includes internal clearances and friction. LuGre friction model is used, which depends on normal
force, relative velocity between the two surfaces and an internal deflection variable. Measurements on the
DMF are performed in a test rig and the test rig properties are analysed. The correlation shows that the
general behaviour of the DMF is reproduced by the proposed simulation model. The viscous part of the
friction is dominant for the analysed cases with zero mean torque, and a conventional Coulomb friction
model would not suffice for this application. Near resonances, the model also shows a high sensitivity to
internal clearances and spring stiffness. This indicates that correlation could be improved further if the static
stiffness was measured with good accuracy for the relevant range of deflection angles.

1 Background

The increasing demand for higher efficiency in engines currently drives development towards down-sized
and down-speeded engines and higher cylinder pressure. This leads to increased torsional vibrations and as
a consequence puts higher demands on the driveline vibration damping capabilities.

Dual mass flywheels (DMFs) have the past decades proved their ability to significantly reduce torsional
vibrations in passenger cars. In heavy-duty commercial vehicles conventional flywheels are still standard
though and there is a need to better understand the potentials of DMFs for such applications. This work
focuses on simulations of DMFs in heavy-duty applications, with the goal to accurately predict torsional
vibrations in powertrains with DMFs for the complete operating speed and torque range.

A DMF consists of two flywheels torsionally connected by a series of springs at a radius. By exchanging
a conventional flywheel for a DMF, the torsional resonance frequencies in the powertrain are affected in an
advantageous way, leading to less excitation in the operating speed interval.

The most common way to connect the two flywheels is by means of curved springs, so called arc springs,
located in a channel in the primary flywheel. Modelling and simulation approaches for this type of DMF for
passenger cars have been studied before. In [1], [7], [5] and [3] the arc springs are modelled as several lumped
masses connected by massless springs and with Coulomb friction introduced between these masses and the
primary flywheel. In [4] a lumped mass model of the arc spring is combined with a LuGre friction model.
The LuGre friction depends on the normal force, the relative velocity between the two contact surfaces and
an internal deflection variable.

An alternative way to design the DMF is to instead of arc springs have several straight shorter springs
connected by sliding shoes. This type of DMF exists for heavy-duty applications with engine torques up to

1935



3500 Nm. No previous work regarding simulations for this type of DMF has been found. Although similar
modelling as for the arc springs can be used, there is a need to build experience regarding realistic parameter
values and to investigate the validity of the models for operating points valid for heavy-duty applications. In
this paper a model for this type of DMF is proposed and evaluated.

2 The DMF

The analysed DMF has an outer diameter of about 490 mm to fit in an industry-standard SAE1 engine-
gearbox interface. It is composed of a primary flywheel and a secondary flywheel torsionally connected by
three parallel spring sets. Each spring set consists of two sliding shoes and two spring caps connected by
three spring packages in series. This is illustrated in figure 1.

Secondary flywheel

Prim
ary flywheel

Spring cap 1

Spring package 1

Sliding shoe 1

Spring package 2

Sliding shoe 2

Spring package 3

Spring cap 2

Figure 1: DMF design

The spring packages consist of two or three springs located inside each other and with slightly different
lengths. The spring sets are located in a channel in the primary flywheel, with friction occurring at the contact
surfaces between the primary flywheel and the sliding shoes and spring caps. When the spring packages are
compressed and decompressed, the sliding shoes and spring caps slide against the primary flywheel. This
results in friction forces. The normal forces at the contact surfaces depend on the compression of the springs
and the centrifugal action. There is grease between the sliding shoes and the primary flywheel, and the
resulting coefficient of friction will depend on the properties of the grease. These properties are generally
very temperature dependent. All this means that the properties of the DMF are highly non-linear and detailed
models are needed in order to accurately simulate the DMF.

2.1 Engineering model

In figure 2, the proposed torsional engineering model for the DMF in study is shown. The mass moment of
inertia jp corresponds to the primary flywheel and js to the secondary flywheel. It is assumed that all three
spring sets are equivalent and they are modelled as one spring set represented by moments of inertia j1 to
j4. Each spring cap can be in contact with either the primary or the secondary flywheel. For spring cap 1
this is modelled as gap activated springs with impact stiffness b1 and gap angles θ1p and θ1s to primary and
secondary flywheel respectively. For spring cap 2 the modelling is similar, with impact stiffness b5 and gap
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Figure 2: Engineering model of the DMF

Table 1: DMF model data

Moments of inertia Gap angles Stiffness
jp = 1.8000 kgm2 θ1p = 0 rad b1 = 3.00e9 Nm/rad

θ1s = 0 rad
j1 = 0.0297 kgm2 θ2a = 0 rad k2a = 2.10e4 Nm/rad

θ2b = 0.0070 rad k2b = 5.35e4 Nm/rad
j2 = 0.0426 kgm2 θ3a = 0 rad k3a = 1.02e4 Nm/rad

θ3b = 0.0030 rad k3b = 5.26e3 Nm/rad
j3 = 0.0426 kgm2 θ4a = 0 rad k4a = 2.10e4 Nm/rad

θ4b = 0.0070 rad k4b = 5.35e4 Nm/rad
j4 = 0.0297 kgm2 θ5s = 0 rad b5 = 3.00e9 Nm/rad

θ5p = 0 rad
js = 0.9000 kgm2

angles θ5p and θ5s. If cases with low average torque are to be analysed, it is important to model the individual
springs in each spring package separately. This is because the small differences in lengths of the different
springs result in a non-linear stiffness which will influence the resonance behaviour. Spring package 1 is
represented by springs k2a and k2b, spring package 2 by springs k3a and k3b and spring package 3 by springs
k4a and k4b. Table 1 shows the data used. The torque in the measurements is not large enough for the spring
caps and sliding shoes to be in contact, so the angular gaps between spring caps and sliding shoes, θ2, θ3,
and θ4 and the corresponding impact stiffnesses b2, b3 and b4 will not affect the simulation results presented
in this paper.

The friction torques at the contact surfaces between the spring caps and sliding shoes to the primary flywheel
are represented by f1 to f4. The friction between the primary and secondary flywheel is represented by fps.
The main part of this friction is believed to occur in the bearings between the two flywheels.
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2.2 Friction

The geometry of the tangential connection between the flywheels and the spring caps is such that it will also
take up much of the radial force. It will therefore be assumed that the friction between the spring caps and
the primary flywheel will be only viscous. The friction between the sliding shoes and the primary flywheel
will be modelled with the LuGre friction model. This model is described and evaluated in [6]. The friction
force F depends on the relative velocity v between two surfaces, a deflection variable z and the normal force,
Fn, at the interface. Equations (1) describe the standard parametrisation of the model used in this work.

F =σ0z + σ1ż + σ2v

ż =v − σ0
|v|
g(v)

z

g(v) =Fc + (Fs − Fc)e
−
(

v
vS

)2

(1)

The Coulomb friction force Fc at each contact is a function of the corresponding normal force Fn and given
as Fc = µcFn. The normal force depends on spring compressions, the angles between the sliding shoes and
spring caps, the radial position of the springs and on the centrifugal action. The static friction force Fs is
calculated as Fs = min(µsFn, Ft), where Ft is the total tangential force at the friction surface. In table 2,
the used friction parameters are shown. The parameters are presented for one spring set and for translational
direction. The friction between the primary and secondary flywheel fps is estimated as viscous damping
coefficient of 5 Nms/rad. The static and kinetic friction coefficients are the same, since parameter studies
have shown no significant influence of the static coefficient of friction for the analysed load cases. For higher
mean torques and higher rotational speeds, the influence is expected to be higher.

Table 2: Friction parameters

Parameter Description
σ0 = 105 N/m stiffness parameter
vs = 0.01 m/s Stribeck velocity
σ1 = 350 Ns/m velocity dependent damping coefficient
σ2 =120 Ns/m viscous damping coefficient
µc = 0.08 kinetic coefficient of friction
µs = 0.08 static coefficient of friction
r = 0.166 m radial position of springs
rf = 0.191 m friction contact radius

α2,3,4 = 0.547 rad angle between sliding shoes and between sliding shoes and spring caps
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3 Measurements

Measurements have been performed in order to study the properties of the DMF and to enable validation
of the simulated results. A rig was used that consisted of a large flywheel connected to a propeller shaft,
which had a universal joint set at an angle. For a constant input angular speed, the universal joint creates
an oscillating speed with oscillation frequency twice that of the input speed. The angular velocity of the
rig flywheel was accelerated and then kept at a constant speed by means of a belt connected to an electric
motor. The DMF was connected to the other side of the propeller shaft with some adapters and a torque
meter in between as shown in figure 3. Measurements were performed for propeller shaft angles ranging

Prop. shaft

Adapter 1 Torque meter

Adapter 3

Adapter 2

Adapter 4

Support

DMF

Figure 3: Rig

between 3 and 15 degrees and rotational speeds up to 1200 revolutions per minute (rpm). Angular velocities
were measured at the rig flywheel and at the primary flywheel of the DMF with magnetic pickups, detecting
motion of gear wheels connected to the flywheels. The number of gear teeth was 60 on the rig flywheel and
153 on the primary flywheel of the DMF. The angular velocity of the secondary DMF flywheel was measured
using an optic sensor and a zebra tape with 60 black and white fields glued to the flywheel.

The friction between the sliding shoes and the primary flywheel depends on the properties of the grease.
Since these properties are believed to be very temperature dependent it was considered important to measure
and control the temperature. Initially, the DMF was heated until a temperature of 80 ◦C was obtained
at the DMF surface. The temperature inside the flywheel at a distance of about 3 mm from the contact
surface between the sliding shoes and the primary flywheel was recorded during the measurements. These
temperatures were very stable during all measurements with values around 55 ◦C. The repeatability of the
results was evaluated by measuring at 700 rpm both at the beginning of the measurements for a specific
joint angle and after measurement had been done for all speeds under evaluation. No big deviations between
the 700 rpm measurements could be seen which indicates that there were no huge differences in friction
properties between the measurements. More information regarding the test procedure can be found in [2].
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Table 3: Rig model structural parameters

Part Stiffness Moment of inertia label
/ [Nms/rad] / [kgm2]

Rig flywheel 40.0000 rig
Half propeller shaft 0.0640 joint

Propeller shaft 356000 prop
Half propeller shaft 0.0640

Adapter 1 0.1800
Adapter 2 0.1100

Half torque meter 0.0485
Bolts 0.0629

Total: 0.4654
Torque meter+adapter 5997256 tm

Half torque meter 0.0485
Adapter 3 0.3700
Adapter 4 0.2100

Bolts 0.0740
Total: 0.7025

Support 853000 fw1
Primary flywheel 1.8

Secondary flywheel Non-linear 0.9 fw2

3.1 Rig modelling

In measurements a resonance around 15 Hz was observed, involving mainly the DMF. There also appear to
be resonances of higher frequencies that depend on propeller shaft joint angles. A good model of the rig
contributes to the understanding of the measured vibrations and simplifies evaluation.

For steady-state conditions and linear rig properties, the displacements at different positions in the rig can
be estimated based on the measured torque τtm and the measured angular velocity at the primary flywheel
ϕ̇fw1 as follows.

A lumped mass system of the rig can be formed according to figure 4. Here τ denotes torque and ϕ angular
displacement. How the different parts have been lumped is shown in table 3. For steady-state solutions, the

jrig

Universal joint

jjoint

kprop
jprop jtm

ktm
jfw1

kfw1

jfw2

ϕ̇jointϕ̇rig ϕ̇prop ϕ̇tm ϕ̇fw1 ϕ̇fw2

τtmτprop τfw1

Figure 4: Schematic picture of the rig (encircled variables are measured)

different variables can be estimated as complex series according to equation (2).

ϕtm =
n∑

q=−n

Aqe
iqωt, ϕfw =

n∑

q=−n

Bqe
iqωt, τtm =

n∑

q=−n

Tqe
iqωt (2)
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Here Aq, Bq and Tq are complex constants, t is the time and ω is the average angular velocity. The integer n
is selected in order to estimate the measured signals with good accuracy. In this work, a value of 8 has been
used. The angular velocities and accelerations can also be expressed accordingly. From angular momentum
balance, we obtain

jtmϕ̈tm =τtm + kfw1(ϕfw1 − ϕtm)

⇒ jtmϕ̈tm + kfw1ϕtm =τtm + kfw1ϕfw1

(3)

Inserting the expressions from (2) into (3) gives

n∑

q=−n

(
−ω2q2jtmAq + kfw1Aq

)
eiqωt =

n∑

q=−n

(Tq + kfw1Bq) e
iqωt (4)

Due to the orthogonality of the functions eiqωt we have for all q that

Aq =
Tq + kfw1Bq

−ω2q2jtm + kfw1
. (5)

Once ϕtm is calculated, ϕprop can be obtained from equation (6).

ϕprop =
τtm + ktmϕtm

ktm
(6)

The displacement, on the DMF side of the universal joint, ϕjoint is then given by equation (7).

ϕjoint =
jpropϕ̈prop + τtm + kpropϕprop

kprop
(7)

Based on this, τprop can be calculated according to equation (8).

τprop = −kprop(ϕprop − ϕjoint) (8)

The equations presented here are based on linear stiffness and no damping. It should be noted, that for
higher orders, a correct timing between the signals and very accurate stiffness in the model are of extreme
importance. Small deviations in timing can introduce unrealistically high oscillations for higher orders.

4 Simulations

4.1 Computational method

Due to the big number of gap activated springs in the model, conventional time integration methods require
very small time steps in order to converge. In the correlation work, a method inspired by [8] has been used.
The algorithm first solves a linear complementary problem, assuming that the friction forces are the same
as the previous time step and then iterates in order to solve for the updated friction forces. The steady-state
harmonic response of a linearised model has been used to impose realistic initial conditions. The simulations
have been run until steady-state and the last two cycles have been used for evaluation.
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4.2 System modelling

There are several alternatives for the engineering model used in simulation that can be considered in correla-
tion work. The simplest approach is to include only the DMF in the model and impose the measured angular
velocities at the primary flywheel in the simulation. Another alternative is to include all parts between torque
meter and DMF and apply the measured torque in the simulation. The drawback with these alternatives is
that resonance frequencies in the models differ from the full rig system.

A third alternative is to include the rig in the model. The universal joint in the propeller shaft imposes some
problems, though. Besides difficulties with implementation and increased simulation time, there are some
uncertainties regarding internal clearance, joint angle and joint angular position. A simplification is to model
the rig system from the propeller shaft joint to the DMF and apply ϕjoint, as derived in section 3.1, as a
boundary condition.

In figure 5 the relative displacement amplitudes between the primary and secondary flywheel in the DMF are
shown for the second vibration order for different propeller shaft joint angles and different rotational speeds.
Measured results are shown as solid lines. Simulated results, using only the DMF in the model, are shown
as dashed lines. We see that the correlation is not as good for speeds below 500 rpm as for the higher speeds.
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Figure 5: Measured (solid lines) and simulated (dashed lines) relative displacement amplitudes between
primary and secondary flywheel

In particular, there is a clear resonance peak in the measurements with 14 and 15 degrees joint angle at 400
rpm that is not captured very well in the simulations. The resonance peak is only visible for the two highest
propeller shaft joint angles. Considering that the stiffness of the DMF is lower for lower deflection angles,
resonance peaks for lower joint angles can be expected at lower speeds. This is not what is observed in the
measurements.

The explanation to this is probably the non-linearities in the rig propeller shaft. As shown in section 3.1, the
displacement ϕprop at the propeller shaft end closest to the DMF can be estimated from the measured signals
τtm and ϕ̇fw1. If the angular position of the universal joint relative the rig flywheel is known, the velocity
just after the joint (assuming a stiff joint), can be calculated based on the joint angle and the measured rig
flywheel velocity, ϕ̇rig. If calculated this way, it will be labelled ϕ̂joint. The relative displacement in the
propeller shaft can then be estimated as

∆prop = ϕprop − ϕ̂joint (9)
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In this work, the angular position of the rig flywheel could be determined thanks to small deviations in the
rig timing gear geometry. These deviations caused reoccurring spikes in the measured signal that were used
to determine the position. How the universal joint is rotated relative the rig flywheel determines the phase of
the angular velocity oscillation after the joint. By inspecting the angular velocity after the joint, ϕ̇joint, as
derived in section 3.1, the angular position of the universal joint relative the rig flywheel could be estimated.

Figure 6 shows the relationship between the estimated second order of the torque at the end of the propeller
shaft τprop as a function of the second order of the estimated propeller shaft deflection, ∆prop. The squares
denote speeds below 700 rpm and the dashed line shows the propeller shaft stiffness calculated from the
geometry. As can be seen we have a fairly linear relationship for speeds at 700 rpm and higher. The curve
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Figure 6: Propeller shaft stiffness

follows the expected stiffness of the propeller shaft well, but with an offset. This indicates that there is an
internal clearance and a very non-linear stiffness in the propeller shaft joint for small deflection angles. At
small deflection angles, the resonance behaviour is governed both by high non-linearities in the DMF and in
the propeller shaft joint.

Several different rig modelling approaches have been used and compared, in order to capture the resonances
in a better way. Improvement for some joint angles lead to worse results for other angles. Apart from near
resonances, there are small differences in the results from the different approaches.

Since the focus of this work is the DMF model and not the rig it was decided to concentrate on correlation
for speeds above the resonance. Results for the lowest propeller shaft joint angles were also omitted in the
correlation work, since those results are extremely sensitive to the internal clearances in the DMF. Additional
measurements are needed in order to model these non-linearities in an accurate way.

In section 5, the simulated results are based on the model including only the DMF and with measured angular
velocities as boundary conditions for the primary flywheel.
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5 Correlation

In figure 7, the relative angular displacement between the primary and secondary flywheel is shown for mea-
surements and simulations. Far from resonance, the friction and damping parameters have relatively small
influence on the relative displacement, so the good correlation is not surprising. In order to better assess the
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Figure 7: Relative angular displacement between secondary and primary flywheel for different speeds from
measurements (solid lines) and simulations (dashed lines). Colours denote joint angles as in figure 5.

validity of the friction model the hysteresis curves are analysed. In figure 8, the torque into the secondary
flywheel is shown as a function of the relative displacement between the two flywheels. Only orders up to
12 are included in order to filter out noise and high-frequency vibrations. It should be noted that small mea-
surement errors in the angular velocity of the secondary flywheel can have a significant impact on the higher
orders of the calculated torque. It has been difficult to determine if the deviations between measurements
and simulations that exist are due mainly to the modelling or to the resolution in the measurements.

Even though the measured results are not exactly reproduced, the general behaviour of the DMF is captured.
We can see clear trends of higher energy dissipation per cycle at higher speeds and also higher effective
stiffness. At higher speeds the sliding shoes do not move in a uniform manner, which explains the non-linear
variation of the torque.

The effect of the Coulomb coefficient of friction is illustrated in figure 9a for the case with rotational speed of
800 rpm and 15 degrees propeller shaft joint angle. Simulated results are shown with coefficients of friction
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Figure 8: Torque-displacement relationship at different speeds from measurements (solid lines) and simula-
tions (dashed lines). Colours denote joint angles as in figure 5.

of zero and 0.08. The difference is quite small and the reason is the low normal force. For higher mean
torques the coefficient of friction is expected to affect the results in a more significant way.

In the measurements there is generally a steep increase in torque at secondary flywheel for small relative dis-
placements. This indicates that there is significant viscous damping, since this is where the relative velocities
between the sliding shoes and the primary flywheel are high. In figure 9b simulated results without the vis-
cous part in the friction model are shown for two different coefficients of friction. We can note much lower
torque magnitudes at small relative displacements than in corresponding results from the measurements. The
impact of the different friction parameters is similar at higher speeds.

6 Conclusions

The proposed model of the DMF has shown to produce realistic results for a big range of speeds and load
amplitudes. The results indicate that there is a significant amount of viscous damping between the sliding
shoes and primary flywheel. This must be included in the friction modelling and considering only Coulomb
friction does not produce satisfactory results. The effect of the Coulomb friction in the analysed model is
quite small compared to the viscous part, but it is expected to be more important for higher average torque
and higher rotational speeds.
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Figure 9: Torque-displacement relationship from measurements (solid lines) and simulations (dashed and
dotted lines) with different parameter settings

There are several resonances in the analysed system and accurate modelling of the internal gaps and spring
stiffnesses is very important to capture the oscillating behaviour of the systems near these resonances. Corre-
lation could be improved further with accurate measurements of the internal clearances. However, for higher
mean torques which corresponds to normal operating conditions, the impact of internal clearances is not as
big.

Future work will focus on the validity of the model for higher mean torques at different load amplitudes and
frequencies.
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Abstract
Predicting the response of a system containing rolling-element bearings often encounters numerical difficul-
ties when time integration is performed. The problem originates in a sudden contact-state transition, which is
governed by the bearing clearance and the bearing nonlinear contact characteristics. The response of a shaft-
bearing-housing assembly can be especially unstable in the transient regions, e.g., at the start of a system
run-up or when passing the critical speed of a system. In this paper, a new analytical bearing-stiffness model
is presented that is capable of overcoming these problems by smoothing the nonlinear bearing deformation-,
force- and stiffness-displacement characteristics in the discontinuous regions. Based on a simple case study
it is shown that already a small value of the smoothing parameter significantly improves the numerical sim-
ulation in terms of speed and stability.

1 Introduction

The transmission of vibrations through rolling-element bearings is one of the main topics of interest with
respect to rotating machinery. Thus, the dynamic characterization of rolling bearings has been investigated
for many decades; however, due to its complexity it remains an important matter in ongoing research. Due
to the nonlinear nature of the contact formulation in rolling bearings, the prediction of the system’s response
remains a demanding task.

Over the past few decades, many approaches and results have been presented in the field of bearing models.
A first general theory for elastically constrained ball and roller bearings was developed by Jones [1] and later
on further derived by Harris [2]. This theory was in fact very general and it was not able to properly determine
the cross-coupling stiffness between the radial, axial and the tilting deflections. Simplified bearing models
were instead introduced by other researchers, where the bearings were modelled as ideal boundary conditions
for the shaft, as presented by Rao [3]. Meanwhile, the idea of interpreting the bearings with a simple one-
or two-degrees-of-freedom (DOFs) model with linear springs was introduced by While [4] and Gargiulo [5].
Later, more precise bearing models were derived. A major improvement in predicting the vibration transmis-
sion through rolling-element bearings was made by Lim and Singh [6], who derived a model that provides a
comprehensive bearing-stiffness matrix. The model is capable of properly describing the nonlinear relation
between the load and the deflection, taking into account all 6 DOFs and their interplay. The model of Lim
and Singh was the basis for many subsequent investigations. Later, Royston and Basdogan [7] introduced
a model for predicting the vibration transmission through self-aligning (spherical) rolling-element bearings.
Liew and Lim [8] extended the model of Lim and Singh to analyse the time-varying rolling element bearing
characteristics that occur due to the pass of the rolling element. A bearing-stiffness matrix formulation for
double raw angular contact ball bearings was derived by Gunduz and Singh [9]. Lee and Choi [10] presented
an analysis approach where they investigated the speed-dependent ball-bearing stiffness in a flexible rotor
with a nonlinear bearing characteristic based on Jones’ model. Sheng et al. [11] studied and derived the
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bearing speed-varying stiffness model. With the development of the finite-element-method (FEM) models,
new techniques for calculating the proper bearing dynamics have appeared. Guo and Parker [12] proposed
a stiffness matrix calculation for a rolling-element bearing using a finite-element/contact-mechanics model.
The authors precisely modelled each integral part of the bearing and implemented a special contact model
between the rolling elements and both raceways. Recently, Zhang et al. [13] presented a general model for
preload calculation and stiffness analysis for combined angular contact ball bearings.

Many authors have studied the bearing dynamics by analysing a rotor-bearing-housing assembly. Lim and
Singh investigated a geared-rotor system [14] and performed a statistical energy analysis [15]. Bai et al. [24]
went step further and analysed the acoustic response. They evaluated the radiation noise of the bearing
applied to the ceramic motorized spindle based on the sub-source decomposition method. Čermelj and
Boltežar [17] presented an indirect approach to investigate the dynamics of a structure with ball bearings.
Lately, Razpotnik et al. [18] investigated the vibration transmission in a statically indeterminate system that
is supported by bearings. The dynamic behaviour of a system containing bearings where the time response
was calculated was presented by Xu and Li [19, 20] for a planar multibody system with multiple deep groove
ball-bearing joints. Fonseca et al. [21] studied the influence of unbalance levels on nonlinear dynamics of
a rotor-backup rolling bearing system. Wang et.al. [22] conducted dynamic modelling of moment wheel
assemblies with nonlinear rolling bearing supports. They performed dynamic tests to verify the nonlinear
dynamic model. The effect of bearing preload on the modal characteristics of a shaft-bearing assembly was
investigated by Gunduz et al. [23]. Similarly, the effect of the axial preload of the ball bearings on the
nonlinear dynamic characteristics of a rotor-bearing system was investigated by Bai et al. [16]. It was shown
that the bifurcation margins of an unbalanced rotor-bearing system enhance markedly when the axial preload
increases and relates to the system’s resonance speed.

Predicting the response of a system with rolling bearings often encounters numerical difficulties when a time
integration is performed. The problem originates in a sudden contact-state transition, which is governed by
the bearing clearance and the nonlinear force- and stiffness-displacement characteristics. Several attempts
have been made to increase the stability of the calculation. Fleming and Poplawski [25] showed that a
moderate amount of damping eliminated the bistable region in their response, but this damping is not inherent
in the ball bearings and introduces additional artificial forces. Another approach was presented by Xia et
al. [26] for the rotor-bearing system with journal bearings. They presented two calculation methods (the
Ritz model and a one-dimensional FEM) to overcome the numerical shortcomings of the extremely time-
consuming Reynolds equations.

We present a new formulation for the contact-state transition in rolling-element bearings, operating under
radial clearance, to ensure a stable numerical calculation. The original non-smooth contact-dynamics formu-
lation implies numerical issues in a time-integration process. In order to avoid these problems the proposed
formulation introduces smoothing of bearing deformation-displacement characteristics in the region of the
impact contacts. The idea is somehow similar to the modelling of a non-smooth friction force using an ap-
proximate single-valued friction law [27]. The bearing model from Lim and Singh [6] represents the basis
for our study. The formulation proposes the smoothing of deformations, therefore the whole existing bearing
model has to be reformulated and new equations have to be derived. Finally, a comprehensive bearing-
stiffness matrix is obtained. The modularity of the proposed bearing model allows the implementation of
an arbitrary smoothing value for each individual rolling element. The applicability of the developed bearing
model is demonstrated on a simple unbalanced rotor that is supported by two bearings. It is shown that
already a small value of the smoothing parameter significantly improves the numerical simulation in terms
of speed and stability.

1950 PROCEEDINGS OF ISMA2018 AND USD2018



2 Assumptions

Besides the assumptions given in [6] the following also have to be taken into account:

1. The radial load is dominant.

2. It is applicable to bearings that operate under a radial clearance. Therefore, ball and cylindrical roller
bearings are of primary interest.

3. The coordinate system follows the direction of the radial load (always pointing directly to one rolling
element). Consequently, any fluctuation due to a rolling-element pass cannot be modelled.

3 The existing analytical bearing model

Having the bearing mean-load vector fb = {Fx, Fy, Fz, Mx, My, Mz}T and the bearing mean-displacement
vector qb = {δx, δy, δz, βx, βy, βz}T as shown in Fig. 1, we can express the radial and axial displacements

Figure 1: Rolling-element bearing loads and displacements; (a) Global representation (inner ring relative to
the outer ring), (b) Local displacements of the jth rolling element.

of the jth rolling element as
δrj = δx cosψj + δy sinψj − rc (1)

and
δzj = δz + rj(βx sinψj − βy cosψj), (2)

where x and y point to the radial direction and z to the axial direction (Cartesian coordinate system). The
moment around z-axis is zero by default (no friction). For ball bearings the contact angle of the jth ball

is defined as tanαj =
δ∗zj
δ∗rj

, where δ∗zj = A0 sinα0 + δzj and δ∗rj = A0 cosα0 + δrj . For cylindrical

roller bearings it is assumed that αj = α0 = 0. The loaded distance between the inner- and outer-raceway
curvature centres for the jth ball is given as:

A(ψj) = Aj =
√

(δ∗rj )
2 + (δ∗zj )

2. (3)
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From the ball-bearing kinematics, the resultant elastic deformation of the jth ball is defined as:

δBj =

{
Aj −A0, δBj > 0
0, δBj ≤ 0

, (4)

whereas for cylindrical roller bearings, the resultant elastic deformation of the jth roller is equal to:

δRj =

{
δrj , δRj > 0
0, δRj ≤ 0

. (5)

Following the Hertzian contact stress principle as Fj = Kn δ
n
j (n is equal to 3/2 for ball bearings and 10/9

for roller bearings), we can connect fb and qb by summing the contribution from the rolling elements:

fb =





Fx
Fy
Fz
Mx

My





=





∑z
j=1 Fj cosαj cosψj∑z
j=1 Fj cosαj sinψj∑z
j=1 Fj sinαj∑z
j=1 rj Fj sinαj sinψj

−∑z
j=1 rj Fj sinαj cosψj





, (6)

where z is the number of all the rolling elements in a bearing. Finally, the symmetrical bearing-stiffness
matrix with dimension five is expressed as:

Kb =
∂ fb
∂ qb

=




kxx kxy kxz kxβx kxβy
kyy kyz kyβx kyβy

kzz kzβx kzβy
sym. kβxβx kβxβy

kβyβy



. (7)

It is important to note that Kb is symmetrical and in general with dimension 6× 6; however, due to the zero
stiffness terms connected with βz we obtain a matrix with a rank of five.

The existing bearing model is of great use in all kinds of implicit calculations. However, when it comes to
explicit dynamics – using either the Finite Element Method (FEM) model or Multi-Body Simulations (MBS)
– some numerical difficulties arise due to the bearing clearance. The derived equations for deformation,
force and stiffness are not smooth functions, i.e., are not continuously differentiable, which originates from
the piecewise definition of the bearing deformation.

When running explicit calculations it is important to have a system whose integral parts exhibit continuously
differentiable stiffness-displacement characteristics. Otherwise, a time step during the integration process
decreases significantly. Consequently the calculation might results in a longer computational time or even
leads to non-converged solutions.

4 Smoothing the contact-state transition

When the transition of a contact change from open to closed is very fast in terms of time, we can talk about
impacts. They change the dynamic properties of a system significantly in a very short time. In the case of
bearings, this happens when the rolling elements eliminate the clearance and suddenly hit the raceways. This
sudden change of the bearing load vector and the corresponding bearing stiffness represents the root cause
of many problems in a time-integration procedure.

An efficient way to improve the calculation of a system with a sudden contact-state transition is to derive
the smoothed deformation, force and the corresponding stiffness characteristics in the area of the transition.
A sudden hit appears every time each single rolling element eliminates the clearance and hits between both
raceways. The transition is especially problematic for the first rolling element coming into a contact. The
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smooth contact transition introduces “simplification”, which helps the integration process to pass that region
flawlessly. Smoothing a function implies an approximate final solution in the region where the smoothing
is applied. Obviously, there is a trade-off between the exact solution with numerical difficulties and the
approximate one with numerical ease.

4.1 Theoretical background

A sudden transition of the force- and stiffness-displacement characteristics originates in piecewise-defined
ball- and roller-bearing kinematics as given in Eq. (4) and (5). Thus, it is reasonable to smooth the function
regulation in the region between both pieces. Furthermore, this change is to be conducted on the deforma-
tion level so that the derived expressions for the force- and stiffness-displacement characteristics are to be
smoothed as well. From Eq. (4) and (5) it follows that

Aj −A0 = 0 and δrj = 0 (8)

represent the points between both function intervals of the jth rolling element for a ball and cylindrical roller
bearing, respectively. Since radial load is dominant and most sensitive to the impacts, we have to find the
roots of Eq. (8) in radial (x′) direction. The roots represent the radial displacement of each jth rolling element
(as a function of all other DOFs), needed to overcome a clearance. First, we define a new rotating Cartesian
coordinate system as shown in Fig. 2. The axes z′ and z are aligned, whereas the axes x′ and y′ rotate

Figure 2: Fixed and rotating coordinate systems.

around z′. Such a coordinate system enables the definition of a radial displacement entirely in the x′z′ plane,
having a displacement in the y′ direction always equal to zero. The new mean-load and mean-displacement
vectors are defined as:

fb′ = {Fx′ , Fy′ = 0, Fz′ , Mx′ , My′Mz′ = 0}T,
qb′ = {δx′ , δy′ = 0, δz′ , βx′ , βy′ βz′}T.

(9)

The transformation from the fixed to the rotating coordinate system is equal to

qb′ = Rqb, (10)

where R is a rotational transformation matrix. Hereinafter, all the parameters and properties that refer to the
rotating coordinate system are denoted as (...)′.
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4.1.1 Ball bearings

By transforming Eq. (8) to the rotating coordinate system we can express the roots of Eq. (8) in x′ direction
as a function of all other displacements and rotations:

Aj′ −A0 = 0

(
A0 cosα0 + δx′ cosψ

′
j − rc

)2
=
(
A2

0 − (δ∗z′j )
)2

δx′B0j
=

1

cosψ′j

(
rc −A0 cosα0 +

√
A2

0 − (δ∗
z′j
)2
)

(11)

Having an arbitrary qb′ , Eq. (11) gives the exact radial displacement δx′B0j
at which every jth ball is coming

into contact. Going back to Eq. (4) with all the radial roots δx′B0j
known, we have to make the transition

smooth. In order to achieve that, the value of the deformation δB′j below which the smoothing is to be
applied has to be defined. This value is initially given by the user and we denote it as µ0j . If δB′j is a
linear function (valid only when all the other than radial displacement are equal to zero), we calculate the
corresponding radial displacement as:

λj = δx′B0j
+
µ0j
k0j

, (12)

where k0j is the slope of δB′j at δx′B0j
. However, in general δB′j is not linear (Eq. (3)) and the slope in the

radial direction is a function of qb′ , which can be expressed as:

kj = kj(qb′) =
∂ δB′j
∂ x′

=
δ∗r′j
A′j

cosψ′j . (13)

Thus, an exact deformation µj , which is equal to δB′j (λj) differs slightly from µ0j , as demonstrated in
Fig. 3. Based on the initial µ0j we can calculate the parameters λj , µj and kj , which are crucial to define a

0 δx′B0j
λj

Displacement δx′

0

µ0j

µj

D
ef

or
m

a
ti

on
δ B
′ j

k0j

kj

Figure 3: The parameters of the smoothing algorithm.

smoothing function. For the latter we use a hyperbolic tangent function of the form:

δT ′j = µj

(
tanh

(
kj
µj

(δx′ − λj)
)
+ 1

)
. (14)

Fig. 4 shows δB′1 and δT ′1 as a function of the radial displacement δx′ for a chosen bearing with rc = 20µm.
It is clear that a combination of the functions δB′j and δT ′j results in a smooth, i.e., continuously differentiable
function, since their values and derivatives at λj are exactly the same.
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Figure 4: Resultant elastic deformation and corresponding smoothing function for the 1st rolling element of
the chosen bearing.

4.1.2 Cylindrical roller bearings

Analogously to the derivation of the roots in the radial direction for ball bearings, we can write the roots of
Eq. (8) for cylindrical roller bearings as:

δr′j = 0

δx′R0j
=

rc
cosψ′j

(15)

Concerning the cylindrical roller bearings, loads other than radial loads are negligible [6]. Therefore, δR′j
can be treated as a linear function of the radial displacement δx′ . As for ball bearings we define:

λj = δx′R0j
+
µ0j
k0j

, (16)

where µ0j = µj and k0j = kj due to the linear δRj characteristics for cylindrical roller bearings. The slope
of δR′j is equal to:

kj =
∂ δR′j
∂ x′

= cosψ′j . (17)

By knowing all the necessary parameters (λj , µj , kj) we use a smoothing function of the form given in
Eq. (14). Consequently, the deformation characteristics are smoothed as shown in Fig. 4.

4.2 Application of the smoothing algorithm to the existing bearing model

The idea of smoothing a piecewise-defined bearing kinematics is applied to the well-established bearing
model of Lim and Singh [6].

4.2.1 Ball bearings

The resulting elastic deformation of the jth ball is redefined as:

δB′j =

{
A′j −A0, δB′j > µj

µj

(
tanh

(
kj
µj

(δx′ − λj)
)
+ 1
)
, δB′j ≤ µj

. (18)

It is important to note that δB′j in Eq. (18) cannot be smaller than zero, since the defined hyperbolic tangent
function asymptotically approaches zero. Additionally, a radial displacement δx′ is never negative due to the
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definition of the rotating coordinate system. Taking into account that cosαj =
δ∗rj
Aj

[6] we can write the force
in the radial direction as:

Fx′ = Kn

z∑

j=1

δnB′j

δ∗r′j
A′j

cosψ′j . (19)

By inserting Eq. (18) into Eq. (19) we obtain:

Fx′ = Kn

z∑

j=1

δ∗r′j
A′j

cosψ′j

{
(A′j −A0)

n, δB′j > µj(
µj

(
tanh

(
kj
µj

(δx′ − λj)
)
+ 1
))n

, δB′j ≤ µj
. (20)

Other elements of the load vector fb′ retain the original form (except Fy′ = 0 as defined in Eq (9)). The
stiffness in the radial direction is further derived as:

kB′xx = Kn

z∑

j=1

(
∂

∂ x′

(
δnB′j

) δ∗r′j
A′j

+ δnB′j
∂

∂ x′

(
δ∗r′j
A′j

))
cosψ′j . (21)

Due to the piecewise definition of δB′j , Eq. (21) has the form:

kB′xx = Kn

z∑

j=1

{
PBi, δB′j > µj

RBi, δB′j ≤ µj
, (22)

where

PBi =
1

(A′j)
3
(A′j −A0)

n cos2 ψ′j ·



nA′j(δ

∗
r′j
)2

Aj −A0
+ (A′j)

2 − (δ∗r′j )
2


 (23)

and

RBi = δnB′j



nkj δ

∗
r′j

δB′j A
′
j

(
1− tanh2

(
kj
µj

(δx′ − λj)
))

+
(δ∗n′j

)2

(A′j)
3
cosψ′j


 cosψ′j . (24)

When δB′j > µj , Eq. (22) yields the same expression as in the existing 6-DOFs model [6]. However, when
δB′j ≤ µj , a new, smooth force and stiffness characteristic is calculated.

4.2.2 Cylindrical roller bearings

Similarly to the ball bearings, the resultant elastic deformation of the jth roller is redefined as:

δR′j =

{
δx′ cosψ

′
j − rc, δR′j > µj

µj

(
tanh

(
kj
µj

(δx′ − λj)
)
+ 1
)
, δR′j ≤ µj

. (25)

The force in the radial direction can be expressed as:

Fx′ = Kn

z∑

j=1

δnR′j
cosψ′j . (26)

After considering Eq. (25) we obtain:

Fx′ = Kn

z∑

j=1

cosψ′j ·





(
δx′ cosψ

′
j − rc

)n
, δR′j > µj(

µj

(
tanh

(
kj
µj

(δx′ − λj)
)
+ 1
))n

, δR′j ≤ µj
. (27)
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So like in the ball-bearing formulation, the other elements of the load vector fb′ retain their original form.
The radial stiffness term transforms to:

kR′xx = Kn

z∑

j=1

(
∂

∂ x′

(
δnR′j

)
cosψ′j

)
. (28)

By inserting Eq. (25) into Eq. (28) we obtain the following expression:

kR′xx = Kn

z∑

j=1

{
PRi, δR′j > µj

RRi, δR′j ≤ µj
, (29)

where
PRi = n δn−1

R′j
cos2 ψ′j (30)

and

RRi = kj δ
n−1
R′j

(
1− tanh2

(
kj
µj

(δx′ − λj)
))

cosψ′j (31)

Again, when δR′j > µj , Eq. (29) yields the same expression as in the existing 6-DOFs model for the cylin-
drical roller bearings [6]. Additionally, when δR′j ≤ µj , a smooth stiffness characteristic is obtained.

The proposed model introduces a smooth transition between the open- and the closed-contact states in the ra-
dial direction. Initially, it is necessary to specify the level of deformation µ0j (for every jth rolling element),
below which the smoothing is applied. All the µ0j are joined together in a bearing-smoothing vector:

m = {µ01, µ02 . . . µ0z}T . (32)

It is important to note that the first element in m represents the first rolling element coming into contact. If
the smoothing vector m contains zeros only, no smoothing is applied and the theory yields the formulation
of the existing 6-DOFs model.

4.3 Comparison between the existing and the proposed bearing models

Chosen ball and cylindrical roller bearings are investigated. Fig. 5 shows the deformation as a function of
the radial displacement. The characteristics for the ball and the cylindrical roller bearings are identical due
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Figure 5: Comparison of deformations between existing and proposed bearing models (µ01 = 1µm).

to them having the same main geometry and equal number of rolling elements. As seen from the zoomed-
in region, the smoothing is applied to the first rolling element coming into contact (µ01 = 1µm). The
other rolling elements are left without smoothing. Such a smoothed deformation characteristic leads to the
modified force- and stiffness-displacement relations, as shown in Fig. 6 and Fig. 7 for ball and cylindrical
roller bearings, respectively. Already a small value of smoothing, e.g., 1µm, causes a significant change in
the force and stiffness characteristics.
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Ball bearings in comparison to the cylindrical roller ones express additional dependency on the other DOFs.
For instance, if a ball bearing is already a bit axially displaced, but still within the clearance area, a smaller
radial displacement will cause an impact as in the case where there is no axial displacement. Fig. 8 illustrates
the phenomenon, presenting an interplay of the axial and radial displacements on the radial stiffness. The
characteristics before and after the smoothing are shown. Similar applies also to rotational DOFs, yielding
comparable plots. The applied smoothing vector m contains the elements as follows: µ01 = 2µm and
µ0j = 1µm, j = 2, 3 ... 8. The effect of the smoothing is clearly shown in all the transitions where a certain
ball is coming or leaving the contact. The proposed analytical bearing model has a modular nature, i.e., every
contact adjustment can be achieved with smoothing vector m.

0.000 0.005 0.010 0.015 0.020 0.025 0.030
Displacement δx′ [mm]

(a)

0.0

0.2

0.4

0.6

0.8

1.0

F
or

ce
[N

]

×103

FBx
FB′x

0.000 0.005 0.010 0.015 0.020 0.025 0.030
Displacement δx′ [mm]

(b)

0.0
0.2
0.4
0.6
0.8
1.0
1.2

S
ti

ff
n

es
s

[N
/
m

m
]

×105

kBxx
kB′xx

Figure 6: Existing and proposed ball-bearing models (µ01 = 1µm); (a) Force-displacement characteristic,
(b) Stiffness-displacement characteristic.
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Figure 7: Existing and proposed cylindrical roller bearing models (µ01 = 1µm); (a) Force-displacement
characteristic, (b) Stiffness-displacement characteristic.
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posed model with µ01 = 2µm and µ0j = 1µm, j = 2, 3 ... 8.
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5 Case study

The applicability of the proposed bearing model is presented in a case study. A simple FEM model assembly
(Fig. 9) consists of a shaft, two different bearings (ball and cylindrical roller) and a housing, connected to
the rigid base. Two separate masses simulate the dynamic load. The geometrical parameters of the bearings

Figure 9: Schematically presented FEM model assembly used for the case study.

are given in Table 1. The inner and outer rings of both bearings are modelled with conventional FEM solid

type code d [mm] D [mm] rc [µm] z rb [mm] leff [mm]

ball 6306 30 72 20 8 6 /
roler N306 30 72 45 12 / 11

Table 1: Properties of the ball and cylindrical roller bearings for the presented case study.

elements, whereas the rolling elements are not modelled, but incorporated into the bearing-stiffness matrix.
Both raceways of a single bearing are connected into two separate central nodes. The analytically calculated
nonlinear bearing-stiffness matrix is prescribed between both central nodes, as demonstrated in Fig. 10.

Figure 10: A bearing in the FEM model (black – outer ring, grey – inner ring); (a) Spider elements connecting
both raceways, (b) Bearing-stiffness matrix prescribed between the central nodes.

The aim of our case study is to present the time response during the system’s run-up. The shaft (and eccentric
masses), together with both bearing’s inner rings and associated spider elements rotate by prescribed move-
ment. In every time step the displacements and rotations between both central nodes of each bearing are
calculated (displacement vector qb). Based on qb the bearing stiffness is provided. The original and the pro-
posed bearing models are utilized. For the latter we prescribe µ01 = 2µm, whereas the other elements of the
smoothing vector are equal to zero. It is important to note that µ01 has, in general, the greatest influence on
the performance of the calculation. The shaft is governed by a constant angular acceleration ω̇ = 0.8 rev/s2,
starting with ω = 0. The damping ratio used in the FEM model is equal to 0.1 and the numerical method
employed for the time integration is Runge-Kutta-Fehlberg.
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The initial stage of run-up represents the first 8 seconds of the simulation. The initial conditions are as
follows: both bearings have their inner and outer rings concentrically aligned and the shaft is not rotating.
When the simulation starts, the inner rings of both bearings move towards the rolling elements due to gravity
and eliminate the clearance (the rolling elements collide with both raceways). At the same time the shaft is
subjected to a constant angular acceleration. The radial response δx′ is shown in Fig. 11 for both bearings. It
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Figure 11: Radial response of both bearings for the original and the proposed bearing model.

is clear that the results obtained with the proposed bearing model exhibit a much more attenuated response.
The effect is especially significant in the first second of the simulation, when the shaft reaches the equilibrium
position. A small oscillations in the original bearing model appear due to numerical issues, i.e., a high contact
force and a stiffness change in a very short time. Two sections, A and B, (Fig. 11) are shown separately in
Fig 12. The areas A and B reveal details of how the proposed bearing model follows the general behaviour of
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Figure 12: Radial response of both bearings for the original and the proposed bearing model; (a) Region A,
(b) Region B.

the original bearing model. Besides the amplitude of the displacement response in a time domain, the orbital
motion of both bearings is also shown in Fig. 13 and Fig. 14. Both figures consist of orbits obtained using
the original bearing formulation as well as with the proposed one. The clearance of the bearing is marked
as a grey circle in the centre. The attenuated response is also clearly seen in the orbital motion, especially
for the ball bearing at the beginning of the simulation. After both bearings reach their equilibrium positions
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Figure 13: Orbit of a ball bearing (0 to 8 s); (a) Original bearing model, (b) Proposed bearing model.

they enter into another region, where a sudden hit from one side to another occurs. This happens since the
centrifugal force of the rotating shaft at a certain speed is not yet high enough to push both bearings to the
side completely (Fig. 11, region B). The region expresses unstable movement of the inner ring with respect
to the outer ring. After the angular velocity and, consequently, the centrifugal force are high enough, the
inner ring starts to rotate together with the shaft. It is clear that the smoothed bearing model does not provide
exactly the same orbits as the original one; however, the motion, in general, is the same.
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Figure 14: Orbit of a cylindrical roller bearing (0 to 8 s); (a) Original bearing model, (b) Proposed bearing
model.

One of the main advantages of the proposed bearing model is a reduction in the computational time. Fig. 15
shows the comparison of the computational times for the first 8 seconds at different smoothing levels. The
presented case study with µ01 = 2µm reduced the computational time by up to 40 % compared to the original
bearing model. Employing a smoothing value only helps to a certain extent. Small smoothing values help to
avoid numerical issues in the contact-state transition, whereas larger smoothing values do not contribute any
further to a reduction in the computational time.
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Figure 15: The effect of smoothing value µ01 on the overall computational time for the first 8 s of the
simulation.

6 Conclusion

An improved dynamic model of rolling-element bearings is presented. The proposed bearing model is able to
smooth the deformation-, force- and stiffness-displacement characteristics in the region of the contact-state
transition. It is applicable for explicit calculations of the bearings that operate under radial clearance and
are subjected to a dominant radial load. The smoothed bearing’s nonlinear dynamic characteristics lead to a
more stable calculation and a reduced computational time.
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Abstract 
A new reduced order modelling technique based on Relative Cyclic Component Mode Synthesis 

(RCCMS) is presented. RCCMS results in an efficient and highly compact reduced-order model (ROM) 

suitable for nonlinear forced response analysis of mistuned bladed disk with friction interfaces. 

Implementation of relative coordinates not only reduces the computational time but also enhances the CB-

CMS basis by incorporating the fully stuck modeshapes. In the proposed ROM, it is possible to introduce 

the small sector-level mistuning directly into the reduced model. In this way, reduction is performed only 

once in case of multiple analyses, necessary for statistical characterization of the nonlinear response levels 

of the system. Numerical simulations revealed a very good accuracy between the ROM and the baseline 

for nonlinear forced response analysis of a mistuned bladed disks. 

1 Introduction 

Bladed disk in turbomachinery applications, are critical components with peculiar characteristics. Because 

of their high modal density, crossing the resonance frequencies in the broad operating range of the engine, 

is inevitable. This could result in high amplitude vibrations of the blades and makes them susceptible to 

high cycle fatigue (HCF) [1]. 

To limit the vibration amplitudes of the blades and the related stresses, the dry friction damping is 

extensively incorporated in the design of bladed disks. Due to the presence of friction interfaces (e.g. as 

shrouds, blade roots and rigid/flexible dampers) the bladed disk behavior is nonlinear. 

In practice, the nominally identical sectors of a bladed disk are slightly different, because of operating 

conditions, wear and manufacturing tolerances. These small structural deviations are called mistuning. 

The lack of cyclic symmetry properties increases the computational burden, since, the full-order model is 

needed for design purposes. It is shown that, even in the presence of small mistuning, forced response 

levels of blades increase remarkably [2]. 

The design of bladed disks in realistic operating conditions, demands forced response analysis in the 

presence of mistuning and nonlinearities, to accurately assess the maximum vibration amplitudes and 

avoid HCF [3]. Also, because of the random nature of mistuning, it is necessary to statistically 

characterize the forced response levels. The large size of Finite Element (FE) models of industrial bladed 

disks (typically millions of degrees of freedom per sector) makes the analysis of the full-order model 

unfeasible. Therefore, efficient and accurate reduced order models (ROMs) are needed to reduce the 

computational time. 
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In contrast to mistuning modeling of linear system (in the absence of friction contacts), the research on 

mistuning modeling of nonlinear systems (in the presence of friction contacts) is few. The effects of 

contact mistuning on dynamics of shrouded bladed disk was investigated in [4]. The same authors, showed 

in [5] that a set of mode shapes (Adaptive Microslip Projections) corresponding to linear system with 

different contact states, can be used as a basis for system-level reduction of the tuned/mistuned bladed 

disks with contact interfaces. Reduced order models for nonlinear dynamics of blisks with friction ring 

dampers in the presence of small and large geometric mistuning were developed in a series of work [6,7]. 

Recently, a reduced order model based on a triple nonlinear modal synthesis was proposed for nonlinear 

dynamics of bladed disks in the presence of structural mistuning [8]. 

This study introduces a new reduced order modeling technique based on Relative Cyclic Component 

Mode synthesis (RCCMS). In its development, the following requirements and features are addressed: 

1. The ROM must be obtained by performing only sector-level calculations. 

2. The whole reduction must be performed once, and then the small mistuning is directly introduced 

into the final ROM. 

3. The ROM should be capable of modeling the mistuning in sector-levels (i.e. for both blade and 

disk). 

4. It is preferable that the ROM retains only physical degrees-of-freedom (DOFs) at contact 

interfaces, to avoid transitions between modal and physical DOFs, during forced response 

calculations. 

5. It is preferable to enhance the accuracy of fixed interface component modes, as their boundary 

conditions differ from actual kinematics at friction interfaces. 

6. It is preferable to implement system-level reductions, to obtain compact ROMs and avoid ending 

up with component assembly and the need of multiple secondary reductions. 

RCCMS results in an efficient and highly compact ROM suitable for nonlinear forced response analysis of 

mistuned bladed disk with friction interfaces. The developed ROM consists of two steps: First, 

representing the absolute displacements of the nodes lying on adjacent friction interfaces in terms of 

relative displacements between the node pairs. Afterwards, performing the Craig-Bampton Component 

Mode Synthesis (CB-CMS) on the full-order model already transformed into relative coordinates. 

Implementation of relative coordinates is beneficial in different ways. First, it results in efficient forced 

response calculations by reducing the number of unknowns by half. Secondly, in the CB-CMS framework, 

by selecting the relative displacements of contact node pairs as master DOFs, the fixed interface normal 

modes yield fully stuck modeshapes (system modes with merged friction interfaces). This will increase the 

accuracy of the reduction basis especially for microslip regime. 

The idea of using relative coordinates was first introduced in [9], for forced response analysis of cracked 

bladed disks. Later in [10], the idea of relative DOFs was used for the same application. They 

implemented the Component Mode Mistuning (CMM) [12] to model small blade mistuning in the 

pristine/uncracked structure, in the absence of contact interactions between crack surfaces. The relative 

notation has been used more often to reduce the computational burden of nonlinear forced response 

calculations [4,5]. 

In this research the application of relative notation is extended and generalized for nonlinear forced 

response analysis of mistuned bladed disks with friction interfaces. 

In RCCMS coordinates, the final ROM is composed of a statically reduced component corresponding to 

relative contact DOFs (referred to as nonlinear partition), and a modal reduced component corresponding 

to the linear system with merged friction interfaces (referred to as linear partition). 

This makes the RCCMS unique and very flexible for the mistuning modeling. Since it allows analysts and 

designers; in a systematic way; to benefit from powerful theories of mistuning modeling of linear system 
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(e.g. SNM [11], CMM [12], IMM [13] and NEWT [14]) for mistuning analysis of nonlinear system with 

friction interfaces. 

In particular, the current study introduces the small mistuning in the sector-level by employing the 

principle assumption of the SNM theory. This results in a highly reduced ROM by using system-level 

modes. However, all the calculations are performed only on a single sector. In RCCMS, the reduction is 

performed only once in case of multiple analyses, necessary for statistical characterization of the nonlinear 

response levels of the system. 

In the following, the theory of RCCMS is first described for tuned systems. Afterwards, the introduction 

of small mistuning directly into the final ROM (at sector-levels) is discussed. Finally, RCCMS is applied 

on a mistuned bladed disk with blade root friction damping, to evaluate its performance in predicting 

nonlinear forced response levels. The last section contains concluding remarks on the new developed 

reduction technique. 

2 Methodology 

2.1 Equations of motion 

The equations of motion of a general bladed disk system can be represented as: 

( ) ( ) ( ) ( ( ), ( )) ( )nl exMx t Cx t Kx t F x t x t F t     (1) 

where M and K are system mass and stiffness matrix, respectively. C denotes the linear viscous damping 

and is assumed to be proportional to mass and stiffness (i.e. C M K   ). x(t) denotes the displacement 

vector of the full system. Fnl represents the vector of nonlinear friction forces and is dependent on relative 

displacements and velocities at contact nodes. Fex denotes the external periodic forces applied on the 

system. 

 

 

 

Figure 1: Fundamental sector of the studied bladed disk and its partitioned DOFs 
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Figure. 1 shows the fundamental sector of the studied mock up bladed disk and the defined partition of 

DOFs. To assess the friction damping at blade roots, the nodes laying on blade-disk interfaces, are denoted 

as contact nodes (subscripts c). Other remaining DOFs are denoted by subscripts o. Superscripts b and d 

are used to distinguish between the blade and the disk degrees-of-freedom.  

Prior to performing the new reduction steps, it is convenient to first reorder the full displacement vector 

and the corresponding structural matrices, as follows: 
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(2) 

It should be noted that, Eqn. (1) represents the partitioned full displacement vector of the system and for 

instance, b
cx , denotes the contact DOFs of all blades. As evident from Fig. 1, the partitions corresponding 

to blade DOFs are block diagonal and the partition corresponding to other DOFs of the disk (i.e. d
ooK  and 

d
ooM ) are block circulant, due to the coupling between the interfaces of disk sectors. 

2.2 RCCMS theory 

2.2.1 Relative coordinates 

The first step in RCCMS is to represent the absolute displacements of contact nodes in terms of the 

relative displacements between contact node pairs. The relative displacements between contact nodes can 

be determined by: 

b d
rel c cx x x   (3) 

Note that, xrel denotes relative displacements in local coordinate systems of contact surfaces. Accordingly, 

the full displacement vector can be expressed in relative coordinates by using Eqn. (3) and introducing the 

following transformation [10]: 
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(4) 

It is evident that, the displacement vector in relative coordinates (i.e. xr in Eqn. (4)), can be divided into 

two distinct groups, namely nonlinear and linear DOFs, as follows: 

 rel N

d
c N

r b
Lo L

d
o

x x

x x
x

xx x

x



 


 
 
         
    
  
    

 

(5) 

In Eqn. (5), xN is the vector of nonlinear coordinates and only contains relative displacements of contact 

nodes which is used to calculate nonlinear friction forces. On the other hand, xL is the vector of linear 

coordinates and contains DOFs of the linear system with no friction interfaces. In fact, xL denotes a linear 

system in fully stuck condition (i.e. merged contact nodes). 
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Introducing Eqn. (4) into Eqn. (1), yields the transformed equations of motion in relative coordinates: 

0
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(6) 

where 
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In Eqn. (7), Mr and Cr matrices are partitioned in the same fashion as the stiffness matrix and are not 

shown here for brevity. Fnl is the vector of nonlinear friction forces, acting on nonlinear (relative) 

partition. Fex is the vector of external force and it is assumed that it applies on linear partition only. Note 

that, in RCCMS, moving to relative coordinates is a preliminary step, and size reduction comes only 

afterwards. The benefits of this transformation will become apparent in the following sections. 

2.2.2 CB-CMS 

Full FE models of an industrial bladed disk may contain millions of degrees of freedom. Thus, computing 

the forced response levels of the full order model by solving Eqn. (7) is prohibitively expensive. To 

overcome this, the CB-CMS reduction technique is employed to reduce the size of the full order model. 

The objectives of performing the CB-CMS on equations of motion in relative coordinates, is threefold: 

1. First, to retain the relative contact DOFs after the reduction, for nonlinear forced response 

calculations. 

2. Second, to enhance the accuracy of the reduction basis by employing normal modes with fully 

stuck boundary conditions. 

3. Third, to achieve a highly reduced ROM by taking the advantage of system level modeshapes 

during the reduction. 

It should be noted that, in classical CB-CMS techniques, the contact nodes laying on both blade and the 

disk interfaces are retained as master nodes. This could result in a final ROM with large number of 

retained nodes (usually a secondary reduction technique should be performed as an extra step [8]). 

Moreover, the utilized modeshape have boundary conditions (clamped at interface), different from real 

kinematics of friction interfaces. Consequently, to reduce the errors arisen from the choice of modal bases, 

usually more number of modes should be retained in the reduction basis. 

Performing the new reduction technique; based on RCCMS; could alleviate many of these difficulties. To 

do so, xN (relative DOFs) is retained as master DOFs while xL is represented by modal coordinates. The 

final reduced displacement vector in RCCMS coordinates is given by: 

0
N N

r cb rom
c fL

Ix x
x R x

x 
  

 

    
    

    
 

(8) 

where Rcb is the CB-CMS transformation matrix composed of static constraint modes  and fixed 

interface modeshapes . In the relative context, constraint modes can be obtained by imposing a unitary 

relative displacement at each retained contact node pair while holding the other node pairs fixed. 

Moreover, fixed interface modeshapes are normal modes of a bladed disk system with zero relative 
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displacement at contact node pairs, which are in fact the vibration modes of a fully stuck system. At this 

step, both  and  can be computed using the cyclic symmetry properties of the system. 

The equations of motion of the final reduced system in RCCMS coordinates can be represented as: 

N N N
rom rom rom nl ex

x x x
M C K F F

  
   

     
     
     

 
(9) 
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(10) 

Different partitions of final reduced mass and stiffness matrices are given below: 

1
Guyan NN NL LL LNK K K K K


  , T

i f LL fK     

T T
Guyan NN c LN NL c c LL cM M M M M      , T

N NL f c LL fM M M      (11) 

 

2.3 Mistuning modeling in RCCMS 

Since the proposed reduction technique is a CMS-based approach, in general, it is suitable for both small 

and large mistuning problems. However, the focus of this study is on small sector-level mistuning. 

A general reduced stiffness matrix of a mistuned system can be written as: 

0

0

mistT mist T mist
Guyanmist r mist mist r mistmist

rom
T mist T mist mist
mist r mist mist r mist i

KK K
K

K K

   
 

    

  
  
     

 

(12) 

where 
T

mist
mist cI   

 
 are mistuned static constraint modes.  

In RCCMS coordinates, the final ROM is composed of two distinct partitions: 

1. Statically reduced component corresponding to relative displacements between contact node pairs 

(retained for nonlinear forced response calculations); called the nonlinear partition. 

2. Modal reduced component corresponding to the fully stuck system (with merged friction 

interfaces); called the linear partition. 

This will split the introduction of mistuning into a classical linear mistuning problem (for the linear 

partition) and the mistuning problem of the static component (for the nonlinear partition). In practice, 

these two components are dealt with, independently. 

This makes the RCCMS unique and very flexible for mistuning modeling. Since, powerful classical 

theories (e.g. SNM, CMM, and etc.), are readily applicable for the reduction of the so-called linear 

partition. 

In this research, the principle assumption of SNM theory is employed, to make the ROM suitable for 

statistical analyses and also to obtain a highly compact ROM by using system-level modes. Accordingly, 
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it is assumed that modeshapes of the mistuned system can be represented as a linear combination of the 

tuned system modes (in the presence of small mistuning). This assumption yields: 

0

0

mist
Guyanmist

rom
T mist

r

K
K

K



 

 
 
 
 

 

(13) 

where Φ are cyclic tuned modeshapes of the linear system in fully stuck conditions. It should be noted 

that, even implementing tuned modeshapes in Eqn. (13), the linear and nonlinear partitions/DOFs of the 

system are still statically uncoupled. 

In practice, the lower right partition of the mistuned ROM stiffness matrix (Eqn. (13)), is calculated by 

sector-level calculations. One may only need sector-level tuned modeshapes that are computed by 

imposing cyclic symmetry boundary conditions at disk interfaces. 

By defining a non-dimensional mistuning parameter n , as small deviations of nominal Young’s modulus 

of the fundamental sector, the final stiffness matrix of the mistuned ROM can be determined by: 

0
, ,

1..
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0 (1 )
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n n n

n N

K
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(14) 

where 
0

K  is the tuned stiffness matrix of a single sector and ,n  are tuned sector-level modeshapes of 

nth sector DOFs. More details on performing this sector-level projection can be found in [15]. 

The next step in mistuning modeling; which is needed whenever contact node pairs are retained for 

nonlinear forced response analysis; would be the computation of the  
1

mist mist mist mist mist
Guyan NN NL LL LNK K K K K



  , 

which in general could become a formidable task. Since, it demands the inversion of the stiffness matrix 

of the fully stuck system. 

Accordingly, to alleviate the computational burden of computing the relative constraint modes of the full 

wheel, a simplifying assumption is made by restricting the relative static modes to the sector-level. 

In many industrial applications, the disk might be much stiffer than the blades. In this case, strain energy 

is mostly confined in blades rather than in the disk. So, it can be assumed that, the relative constraint 

modes are restricted to the sector level and are not distributed along the full wheel, considerably. 

In RCCMS coordinates, relative constraint modes are static responses of the system, while a unitary 

relative displacement is applied on a retained contact node pair at blade-disk interface, while other node 

pairs are held fixed. When the disk component is much stiffer than the blade, it can be assumed that the 

relative static response is only confined to the sector-level and does not propagate beyond the disk 

interfaces. 

Accordingly, sector-level relative constraint modes can be simply computed by clamping each sector at its 

interfaces. This will isolate each sector and will result in zero static response in other remaining sectors. 

Moreover, by isolating the relative static modes, the nonlinear partition (i.e. statically reduced component 

of the ROM) is computed once and mistuning can be directly introduced into it. 

It should be noted that, this assumption is only applied on the nonlinear component of the final ROM, and 

the linear partition remains unaffected. 

Consequently, the final stiffness matrix of the mistuned ROM; computed with isolated relative static 

modes and sector-level calculations; can be computed by: 
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where Bdiag denotes a block diagonal matrix and 
0
GuyanK  is the tuned Guyan stiffness matrix of a tuned 

sector with fixed interfaces. The same logic is applied to the mass matrix which is not shown here for 

brevity. The mistuned stiffness matrix defined in Eqn. (15), is obtained based on sector-level calculations. 

In addition, the mistuning is directly introduced into the final ROM, which makes the ROM suitable for 

statistical nonlinear forced response analyses. 

3 Numerical solution 

In this study, node-to-node state-of-the-art contact elements are used to model the nonlinear friction forces 

[18]. In the final ROM, semi-3D contact elements (two perpendicular Jenkins contact elements with 

variable normal load) are imposed at all retained contact node pairs to model the friction contacts. 

Nonlinear friction forces are then calculated based on the contact states and relative displacements at each 

contact node pair [18]. 

The steady state response of the system is computed using the Harmonic Balance Method [16]. It is 

assumed that the response of the system under a periodic excitation is periodic. Accordingly, the 

displacements and forces in Eqn. (10), are approximated as a sum of harmonic functions: 

0 ( )

1..

( )0

1..

0 ( )

1..

( ) Re

( ) Re

( ) Re

h ih t
rom rom rom

h H

h ih t
nl nl nl

h H

h ih t
ex ex ex

h H

x t x x e

F t F F e

F t F F e













 

 

 

 
 
 

 
 
 

 
 
 







 

(16) 

where the H denotes the number of considered harmonics and ω is the frequency of the excitation force. 

The zeroth harmonic terms 
0
romx , 

0
nlF  and 

0
exF  represent static equilibrium solutions, static contact and 

static external forces, respectively. It is assumed that the static solutions are not affected by dynamic state 

of the system. Thus, the static equilibrium state and the corresponding static nonlinear forces are 

calculated by applying nodal static loads (due to centrifugal forces) to contact node pairs and solving the 

zeroth order balance equation. 

Substituting Eqn. (16) into Eqn. (10) and performing a Galerkin projection, yields the following algebraic 

balance equations for each harmonic h: 

0
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(17) 

where   2
D h M ih C K      is the so-called dynamic stiffness matrix. An iterative scheme 

(predictor-corrector) based on the Alternating Frequency/Time (AFT) approach [17], is used to first solve 

the nonlinear core of the balance equations: 
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And only afterwards, the solution of the linear partition, is readily available by: 

 1h h l h h h
LL ex LN ND F D x


   
(19) 

It is evident from Eqn. (18) that one another advantage of relative coordinates is that it reduces the number 

of final unknowns (to be solved iteratively) by half, which result in a highly efficient ROM. 

It should be noted that, the nonlinear friction forces are dependent on all harmonic functions of the 

displacement vector. So, the algebraic balance equations (h=1..H) are coupled to each other through the 

nonlinear 
h

nlF  terms, and they should be solved simultaneously. To increase the efficiency, the Jacobian of 

the residual function in Eqn. (18) is computed analytically. Finally, forced response curves are obtained 

using a path following technique based on the pseudo-arclength continuation. 

4 Results and discussions 

The developed reduction technique and numerical simulations are performed on a mock up bladed disk 

with 12 blades, shown in Fig. 2. The bladed disk is made of steel of Young’s modulus 200GPaE  , 

density 
3

8000kg/m   and Poisson’s ratio 0.3  . The full-order FE model where the blades are attached 

to the disk, comprises 42,432 nodes and 127,296 DOFs in total. Each contact surface contains 21 contact 

node pair and the full-order model is composed of 1512 relative contact DOFs. 

 

Figure 2: Full wheel FE model of the mock up bladed disk 

The contact stiffness in both normal and tangential directions is considered identical. This user defined 

value is equal to 100 N μmtk  , and is defined in a way to make the stuck natural frequencies of the ROM 

(computed by introducing linear springs of kt stiffness into the ROM) close to the ANSYS stuck natural 
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frequencies (computed by merging contact node pairs). The reference model for forced response results, is 

a CB-CMS ROM of the full wheel. A convergence analysis was performed for the ROM in the considered 

frequency range of the study. The mistuned bladed disk model is obtained by defining a random mistuning 

pattern with uniform distribution and standard deviation of 3%. 

 

Figure 3: Natural frequencies versus nodal diameters for the tuned 

bladed disk in fully stuck condition 

 

 

 

Natural frequencies versus the number of nodal diameters plot for the tuned bladed disk in fully stuck is 

shown in Fig 3. Red circle shows Nodal Diameter one (ND1) mode of the second frequency family. All 

forced response calculations are performed under engine order one excitation (eo1) of amplitude F0 and 

near the depicted mode of the second family, unless otherwise stated. Static loads are modeled by applying 

a constant normal preload (i.e. N0) on all the retained contact node pairs. Forced response levels are 

computed based on a mono-harmonic balance procedure. The tangential component of steady state 

solutions (calculated for a response node located at the tip of nominal blade #1) are plotted here. 

Forced response level of the mistuned bladed disk in fully stuck condition is depicted in Fig. 4. As it is 

seen, RCCMS can mimics the Baseline behavior very good. A frequency shift of   0.12% is evident in 

the RCCMS predicted response. This is because of the simplifying assumption made on computation of 

the relative static modes. In fact, restricting the relative static modes into the sector level, introduces more 

stiffness into the ROM. This becomes more evident for the bladed disk with a thinner disk component 

(like the case study in this paper) and near lower ND modeshapes. 
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Figure 4: Forced response level of the mistuned bladed disk in 

fully stuck (eo1 excitation) 

Figure 5 shows nonlinear forced response levels of the mistuned bladed disk in microslip regime. RCCMS 

shows a good accuracy in predicting the nonlinear behavior of the system. A slight frequency shift is seen 

for higher values of N0/F0 ratio and near the resonance peaks. The effect of preload-to-excitation ratio on 

the damping performance is evident in Figs. 5(a) to (b). Near high amplitude resonance peaks, because of 

high relative displacements at contact nodes, contacts are in microslip and the friction damping decreases 

the response amplitude. By further decreasing of N0/F0 ratios, contact states will change into gross slip 

and as a result, the amplitude of the vibration will be damped within the full frequency range. 

 
a 

 
b 

Figure 5: Nonlinear forced response levels of the mistuned bladed disk in microslip regime (eo1 excitation) 

The studied mock up bladed disk is composed of a rather thin disk component. It is also favorable to 

evaluate the performance of the RCCMS in predicting the forced response levels of systems with a stiffer 

disk component. To this end, the Young’s modulus of the disk component was artificially doubled to 

resemble a stiffer disk component. 

Figure 6 shows the forced response levels of the mistuned bladed disk with an artificially stiffer disk 

component. The system is under an eo5 excitation. As it can be seen, RCCMS has predicted forced 

DYNAMICS OF ROTATING MACHINERY 1975



response levels with an excellent accuracy. In fact, restricting the relative constraint modes to sector 

levels, becomes a more valid assumption as the disk stiffness increases. 

 

Figure 6: Forced response level of the mistuned bladed disk with an 

artificially stiffer disk component, in fully stuck (eo5 excitation) 

 

 

Figure 7 shows nonlinear forced response levels of the mistuned bladed disk under eo5 excitation, for the 

system with the stiffened disk component. Results reveal the high accuracy of RCCMS in predicting the 

response of system in microslip. In fact, the simplifying assumption of using sector-level relative 

constraint modes for computation of RCCMS, will result in highly accurate ROMs for systems with a stiff 

disk component. 

 

 
a 

 
b 

Figure 7: Nonlinear forced response levels of the mistuned bladed disk with an artificially stiffer disk component in 

microslip regime (eo5 excitation) 
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5 Conclusions 

In this paper, a new reduction technique was developed based on Relative Cyclic Component Mode 

Synthesis (RCCMS). RCCMS results in an efficient and highly compact ROM suitable for nonlinear 

forced response analysis of mistuned bladed disk with friction contacts. The final ROM in RCCMS 

coordinates benefits from different features, such as: 

 Final ROM is obtained by performing sector-level calculations 

 Mistuning is introduced directly into the final ROM at sector-levels (i.e. both blade and disk). 

 Physical DOFs corresponding to relative displacements of contact nodes are retained for highly 

efficient forced response calculations. 

 Fully stuck modeshapes are implemented in the reduction basis, with boundary conditions more 

similar to kinematics of friction interfaces. 

 Highly compact ROM, due to the implementation of system-level modes, with no need of 

secondary reduction techniques. 

It was shown that, in mistuning modeling, RCCMS allows analysts to readily employ powerful classical 

theories in the construction of the final ROM. To perform all calculations on single-sector only, a 

simplifying assumption was made. It was assumed that relative constraint modes are restricted to sector-

levels. The accuracy of the ROM in predicting the nonlinear forced response levels of a mistuned bladed 

disk with blade root friction damping was evaluated. Numerical simulations revealed a good accordance 

between the ROM and the baseline results. It was shown that implementing isolated relative constraint 

modes (restricted to sector-level) gives even more accurate results for bladed disks with a stiffer disk 

component. 
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Abstract
Rotor stator contact is an issue affecting many industrial applications, and causes some very rich dynamic
responses. There is a need for new analytical approaches in these systems, due to the current reliance
on costly brute force numerical methods. Recent work has shown that many contacting limit cycles are an
internal resonance between two whirling modes. This insight makes these responses ideally suited to analysis
with the method of normal forms, which works by reducing a system to just its resonant components, in a
form that can be solved exactly. After briefly outlining the method, this paper applies it to single and multiple
rotor systems, and uses it to gain insights into the effects of system parameters such as damping and stator
stiffness.

1 Introduction

Rotor stator contact is an issue affecting many industrial applications, and causes some very rich dynamic
responses [1–24]. Out of the huge variety of responses and phenomena seen in these systems, an intruiging
subset are asynchronous bouncing solutions. These are solutions where the fundamental frequency has no
obvious relation to the shaft drive speed, and are inherently harder to deal with for the following reasons:

1. They are aperiodic in the stationary coordinate system.

2. The response frequency cannot be directly inferred from the forcing frequency.

3. They can occur at drive speeds significantly removed from the critical speeds of the rotor [25].

These solutions are high amplitude limit cycles involving repeated contacts with the stator, and therefore can
be very destructive. They occur in rotor systems that may be considered isotropic. There is a need for new
analytical approaches in these systems, due to the current reliance on costly brute force numerical methods
to investigate these behaviours.

Two general insights make these responses far easier to understand, and guide the current approach. Firstly,
asynchronous responses are found to be periodic in a coordinate system that rotates with the shaft [26]. Sec-
ondly, it has been shown that they typically occur as an interaction between the underlying linear resonances
of the rotor, and in fact this becomes a straightforward case of internal resonance when viewed in the rotating
coordinate system [25,27]. The fact that these cycles are interactions of typically just two interacting modes
makes them ideal for analysis with the method of Normal Forms, which works by transforming the system
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to a simpler one that consists of the resonant response components [28-32]. However, in this case it must be
adapted for use with complex modes and for non-smooth nonlinearity.

In what follows, the analysis method is briefly outlined in Section 2. Then it used to investigate the effects
of various system paramters on a single disc rotor in Section 3 and then a multi-disc rotor in Section 4.

2 Normal Form analysis

What follows is a relatively brief outline of the method; for more detail please see [33]. The systems under
consideration have the following form in a coordinate system that rotates with the shaft:

Mq̈ + ΩGq̇ + Kq + Cq̇ + Kcq + nq(q, q̇) = b (1)

where M, G, K and C are the mass, gyroscopic, stiffness and damping matrices respectively and Ω is the
shaft speed in radians per second. Note that G and K will contain inertial terms that arise from the time-
varying transformation from stationary coordinates. The matrix Kc contains ‘stiffness like’ terms that arise
from applying the rotating transformation of damping effects and nq(q, q̇) represents the nonlinearity. The
vector b represents the out of balance forcing, which becomes a constant term in the rotating coordinate
system; note that this system is autonomous whereas the stationary definition is not. The form of equation
(1) is chosen to separate linear conservative terms from everything else.

System (1) is transformed into first order form:

ẏ = Ay + ny(y) (2)

where y = {q, q̇}T , A =

[
0 I

−M−1K −ΩM−1G

]
contains the underlying linear conservative terms,

and therefore all nonconservative and nonlinear terms are contained within ny(y). The system is then
transformed to complex modal form using the eigensolutions of A:

ṗ = Λp + np(p) (3)

where Λ is a diagonal matrix of eigenvalues and y = < (Φp) and Φ contains eigenvectors. Note that this
system has the same number of degrees of freedom as system (1) because only one of each conjugate pair of
eigensolutions is used. Furthermore, the retained eigenvalues have form ±ωi where it is important that the
sign reflects the direction of the physical whirling i.e. positive if it is the same as the shaft rotation.

The method of normal forms seeks a near-identity transformation p = u + h(u) such that the variable u
results in a system

u̇ = Λu + nu(u) (4)

that is much simpler equation than (3) to solve, and can be solved exactly. Note that the actual form of the
transformation is decided in the frequency domain as a trial solution is implemented. If we subtract (4) from
(3) we obtain:

ṗ− u̇ = ḣ = Λh + np(p)− nu(u) (5)

A problem occurs in trying to eliminate p from this equation; this has to be done by approximation. Many
texts apply the approximation np(p) ≈ np(u) to accuracy O(h). In this method the more accurate approx-
imation

np(p) ≈ np(u + h−1) = np(p−1) (6)

may be used with accuracy of O(h0 − h−1) where h−1 is an estimate from a previous iteration or initial
guess and h0 is the true value for h. After incorporating this approximation equation (5) can be rearranged
to give

ḣ−Λh− np(u + h−1) + nu(u) = 0 (7)
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The general solution of (4) is assumed to be of form:

u =

nf/2−1∑

i=−nf/2

Uie
iωrt = Ut (8)

i.e. a summation of vectors multiplied by exponential time functions, so that each transformed modal variable
is a complex Fourier series with unknown fundamental frequency ωr and signed harmonics. In the matrix
form Ut, U will have dimensions N × nf where nf indicates the length of the Fourier transform, and t is
a vector of all the terms eiωrt with length nf . The aim is a system where u is simple, and therefore it is
desirable that U is as sparse as possible. Similar representations are made for all other variables:

h = Ht , nu(u) = Nut , np(u + h−1) = Npt ,
h−1 = H−1t , p−1 = P−1t

(9)

Differentiation can also be achieved by noting that

ḣ = Hṫ = HΨt (10)

where Ψ is an nf × nf diagonal matrix where the diagonal entries are all of form iωr. Thus equation (7)
may be written:

HΨt−ΛHt−Npt + Nut = 0 (11)

In order to evaluate the trial nonlinear frequency components Np the Alternating Frequency/Time (AFT)
method is used. This consists of firstly approximating the time series of p at all time steps using p =
(U + H−1) t (obtained from using the forms of (9) in (6)). Then, all nonlinear and nonconservative forces
np(p) are evaluated based on this time series. Finally a Fast Fourier Transform is used to return the frequency
components of the forces Np = F(np(p)). Note that because our state variables give velocity as well as
displacement, there is no need to know ωr to evaluate this stage. Note that U is to be very sparse, whereas
H−1 is a matrix of constants from a previous solution or initial guess, and is in general full except where U
is nonzero.

The corresponding elements k, ` of the matrices in (11) can be compared separately because they each
relate to a different harmonic of a different modal variable. Hence equation (11) (with t eliminated) can be
considered term by term:

Hk,`Ψ`,` − Λk,kHk,` −Np(k,`) +Nu(k,`) = 0 (12)

At this point a slight shorthand is introduced; since we have to deal with negative (or perhaps zero) harmonics
we allow the index representing harmonics ` to be zero or negative. Clearly, matrix indices need to be positive
integers so when ` is non-positive, it should really be converted to whichever positive value is needed. But for
brevity we ignore this and just assume that when needed matrices have columns relating to negative values.

In general, because we want to simplify equation (4), equation (12) is solved by choosing:

Nu(k,`) = 0 , Hk,` =
Np(k,`)

Ψ`,` − Λk,k
(13)

However, if Ψ`,` ≈ Λk,k, this will cause Hk,` to be large, violating the assumption of a near identity trans-
formation. These terms are known as resonant terms and must be solved by choosing:

Nu(k,`) = Np(k,`) , Hk,` = 0 (14)

Typically interesting solutions (i.e. not simply synchronous whirling in or out of contact) occur when exactly
two modes become internally resonant [27]. Therefore, expressing the harmonic components of the resonant
equation of motion (4) will give a harmonic balance problem of the form:

Ui,jΨj,j − Λi,iUi,j −Nu(i,j) = 0

Uk,`Ψ`,` − Λk,kUk,` −Nu(k,`) = 0
(15)
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Figure 1: A snubbed overhung rotor.

Hence our system of N degrees of freedom results in this greatly reduced form. Equation (15) has 5 un-
knowns; the real and imaginary parts of Ui,j and Uk,` and also the unknown fundamental frequency ωr
which is within Ψj,j and Ψ`,` (see the definition of Ψ following equation (10)). However, we may impose
that one of the transformed modal variables is purely real; this constrains the phase of this modal variable
and therefore locks the solution in time. Therefore, with this imposition equation (15) is solvable.

In order to start solving the problem, a guess for h−1 and the resonant variables must made. It seems that
typically h is close to the linear synchronous out of balance response, so this is chosen for the intial h−1.
The guesses for resonant variables can be chosen to just give a reasonable amount of stator penetration,
and perhaps try different phase angles between the complex amplitudes. After a solution of the resonant
variables, h can be populated with equations (13) and (14), and then this value can be used as h−1 in another
iteration. In this way repeated iterations of the process improve accuracy.

The method outlined is very general with regard to the form of nonlinearity in nq(q, q̇) due to the use of the
AFT step. Furthermore, it is also very general with regard to the size of the system matrices, so should scale
to rotor systems with many degrees of freedom with appropriate modal truncations.

3 An overhung rotor

3.1 System description

This is a two degree of freedom system similar to that presented in [25]. The disc is supported on a rigid in-
ertialess shaft which in turn is mounted on a rotational spring damper with stiffness and damping represented
by k and c respectively. The disc has mass m, polar moment of inertia Ip and diametral moment of inertia
Id. Out of balance forcing occurs due to the mass centre of the disc at CG being slightly away from its
rotational centre CR. Nonlinearity occurs due to the snubber ring at distance a from the root, which exerts
a force whenever the shaft at this point exceeds clearance δ and this is represented by the nonlinear force nx

in the stationary frame.

The system is nondimensionalised using the undamped natural frequency of the underlying nonrotating sys-
tem ωn =

√
k

meff `
to scale time wheremeff = m+ Id

`2
is the effective inertia, and the displacement required

to make contact with the stator ∆ = δ`
a is used to scale displacement:

τ = ωnt , û = u
∆ , v̂ = v

∆ , Îp =
Ip

meff `2

Ω̂ = Ω
ωn

, f̂ = ε
∆ , ζ = c

2`2ωnmeff

(16)
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Figure 2: Campbell diagram showing rotating coordinate system whirl velocities for the underlying un-
damped linear rotor. Circles at Ω̂ = 3.198 and Ω̂ = 5.455 indicate the nonlinear critical speeds for 2:1 and
3:2 internal resonance respectively.

This leads to equations of motion of the form of equation (1) with matrices as follows:

M = I2×2 , G = −(Îp − 2)J , K = (1− Ω̂2(1− Îp))I2×2

C = 2ζI2×2 , Kc = −2ζΩ̂J , b =
{
f̂Ω̂2, 0

}T (17)

and

nq(q) =

{
−β(|q| − 1) {q1, q2}T /|q|, if |q| ≥ 1

{0, 0}T , if |q| < 1,
(18)

where β = ksa
k expresses the ratio of stator stiffness to the underlying linear stiffness and J =

[
0 −1
1 0

]
. The

vector q represents the horizontal and vertical deflections of the point CR, taken in the rotating coordinate
frame. Note that since the nonlinearity is isotropic and purely a function of radial displacement, the rotat-
ing coordinate system nonlinear force function nq is in this case identical to the the stationary coordinate
function nx.

3.2 Results

The results are presented for a rotor with Îp = 0.1 (Note that this parameter and the drive speed Ω̂ completely
define the linear conservative part of the system). Figure 2 shows the Campbell diagram for this system; note
that unlike the traditional representation that shows unsigned whirl frequencies from the stationary frame,
this shows signed whirl velocities from the rotating frame (for more detail see [33]). Figure 2 also includes
some multiples of the whirl velocities, and it may be seen that these having crossing points. We describe
these drive speeds as nonlinear critical speeds because they indicate the lower bound of a region of Ω̂ where
internally resonant responses may be encountered.
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Figure 3: Amplitudes of the resonant complex variables in 2:1 resonance against nondimensional drive speed
for ζ = 0.01, f̂ = 0.100, β = 5.

3.2.1 2:1 resonance

A range of results are shown in Figure 3 for a rotor with ζ = 0.01, f̂ = 0.100, and β = 5. The drive speeds
are considered in the region of the 2:1 nonlinear critical speed in Figure 2, and nf = 1024. The intial value
for h−1 is chosen as the linear out of balance solution, and 3 iterations are performed. In order to enforce
our assumption of 2:1 resonance, we populate equation (15) with i = 1, j = −2, k = 2 and ` = −1. The
indices are found with reference to Figure 2 ; in words we are looking for a response where complex modal
variable 1 responds at −2 times the response frequency ωr, and modal variable 2 responds at −ωr, and both
are responding at close to their linear natural frequencies.

The results of this are shown in Figure 3. The results where both variables are zero are linear synchronous
whirls which for the purpose of this paper are considred trivial. As expected, the non-trivial solutions begin
at just above the nonlinear critical speed of Ω̂ = 3.198 found in Figure 2 . We then see two rows of solutions
( the upper and lower branches correspond for each modal variable ).

As an example of stable and unstable orbits, the orbits of two solutions found at Ω̂ = 3.4 are shown in
Figure 4, superimposed on time simulation results intiated at the same inital condition as the predicted orbit.
The time simulation runs for 25 periods of the predicted cycle. The orbit in Figure 4 (a) comes from the
higher amplitude solution from Figure 3, and as can be seen the match with time simulation is perfect. This
is because this solution has included the full system dynamics, with a high value for nf . In principle, with
further iterations and a higher nf any required accuracy could be reached. By contrast the time simulation
in Figure 4 (b) follows the analytical orbit initially, but then gradually divergese. The fact that the solution is
followed initially suggests that it is not erroneous, however it is clear that this solution is not stable. This trend
of the lower amplitude being unstable is followed throughout the results in Figure 3, and as the drivespeed
increases it is seen that the divergence becomes more rapid.

The advantage of having an analytical method to explore this system’s behaviour is that it is now far quicker
to explore the effect of various parameters than was previously possible when relying on brute simulation
approaches such as those used in [27]. Given the observation that solutions always appear at a drive speed
slightly above the nonlinear critical speed, a key question is what governs this differnce. To begin answering
this, a series of parameter sweeps taken near the nonlinear critical speed are presented.
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Figure 4: Orbit paths in rotating coordinates 2:1 resonance at for Ω̂ = 3.4. (a) Stable orbit. (b) Unstable
orbit. Circle indicates the threshold for stator contact, asterisk (∗) indicates the beginning of the analytical
orbit and numerical time simulation.

In Figure 5, the effect of the non-contact damping ratio ζ is seen. As the damping ratio falls, the onset of
limit cycles is seen to move further toward the nonlinear critical speed. Note that there appears to be a single
line of ‘stray’ solutions found beyond the main region of stable and unstable solutions. These never seem to
be stable, but are the subject of ongoing investigation.

The effect of the out of balance forcing term f̂ is shown in Figure 6. With regard to the onset drivespeed
for stable responses, it seems to have an opposite effect to that of damping, with higher f̂ moving the onset
point toward the nonlinear critical speed. However, it is seen that increasing the out of balance forcing also
seems to increase the separation between the amplitudes of the upper and lower branches.

The contact stiffness parameter is seen in Figure 7 to have a noticeable effect on the onset drive speed, but
it is less dramatic than the effects of out of balance and damping. It also has an effect on the separation of
the upper and lower solution branches. As expected for a parameter that governs the amount of nonlinear
stiffening, it also appears to affect the rate that amplitude increases with regard to drive speed.

3.2.2 3:2 resonance

The process is repeated in the region of the nonlinear critical speed for 3:2 resonance, found to be Ω̂ = 5.455
in Figure 2. Solutions of equation (15) are sought with i = 1, j = −3, k = 2 and ` = −2, again using
nf = 1024 and three iterations for a rotor with ζ = 0.01, f̂ = 0.100, and β = 5. The results are shown
in Figure 8. As seen in the 2:1 case, regions of higher and lower amplitude response start at drivespeeds
slightly above the nonlinear critical drive speed. Again, these branches give stable and unstable orbits, and
example orbits are shown in Figure 9. Similar trends regarding non-contact damping, out of balance forcing
and stator stiffness to the 2:1 case may also be observed although they are omitted here for brevity.
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Figure 5: Sweeps with varying ζ showing |U1,−2| near the nonlinear critical speed critical speed for 2:1
resonance of a rotor with f̂ = 0.100, β = 5. The vertical dot-dash line marks the nonlinear critical speed as
predicted using Figure 2.
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Figure 6: Sweeps with varying f̂ showing |U1,−2| near the nonlinear critical speed critical speed for 2:1
resonance of a rotor with ζ = 0.010, β = 5. The vertical dot-dash line marks the nonlinear critical speed as
predicted using Figure 2.
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Figure 7: Sweeps with varying β showing |U1,−2| near the nonlinear critical speed critical speed for 2:1
resonance of a rotor with ζ = 0.010, f̂ = 0.1. The vertical dot-dash line marks the nonlinear critical speed
as predicted using Figure 2.
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Figure 8: Amplitudes of the resonant complex variables in 3:2 resonance against nondimensional drive speed
for ζ = 0.01, f̂ = 0.100, β = 5.

DYNAMICS OF ROTATING MACHINERY 1987



-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Figure 9: Orbit paths in rotating coordinates for 3:2 resonance at Ω̂ = 5.8. (a) Stable orbit. (b) Unstable
orbit. Circle indicates the threshold for stator contact, asterisk (∗) indicates the beginning of the analytical
orbit and numerical time simulation.

4 A multi disc rotor

In this section we consider a four disc rotor, with a stator clearance at the centre as shown in Figure 10.
The shaft is a hollow tube with inner diameter of 3mm, outer diameter 5mm, length 500mm and made from
steel assumed to have Young’s modulus 210GPa, Poisson’s ratio 0.3 and density 7810kg/m3. The shaft is
simply supported at each end. There is an inertialess stator at the midpoint of the shaft, with a clearance of
1mm and a contact stiffness of 10N/mm. Using standard methods such as those described in [34], this may
be represented by an 80 degree-of-freedom finite element model and transformed to the rotating coordinate
system using the approach found in [27]. The rotating system Campbell diagram showing just the lower
modes of this system is given in Figure 11, and it is clear that there are many potential nonlinear critical
speeds for this system.

  Brg Type 1   Brg Type 1

N
od

e 
1

N
od

e 
2

N
od

e 
3

N
od

e 
4

N
od

e 
5

N
od

e 
6

N
od

e 
7

N
od

e 
8

N
od

e 
9

N
od

e 
10

N
od

e 
11

N
od

e 
12

N
od

e 
13

N
od

e 
14

N
od

e 
15

N
od

e 
16

N
od

e 
17

N
od

e 
18

N
od

e 
19

N
od

e 
20

N
od

e 
21Figure 10: A four disc rotor.

1988 PROCEEDINGS OF ISMA2018 AND USD2018



0 5 10 15 20 25 30 35 40 45

-80

-60

-40

-20

0

20

40

Figure 11: Signed rotating system Campbell diagram for the four disc rotor in Figure 10.

The method set out in Section 2 is very general and can be scaled to larger systems quite easily. However
it is found that the inclusion of higher harmonics can cause very large Hk,` values to arise from equation
(13); these are not physical and they can prevent the solution from converging. Therefore, it is necessary to
truncate higher harmonics from the response of larger systems, although a high nf can still be beneficial to
deal with potential issues such as aliasing. In some cases more than two modes can become resonant and in
these cases it is necessary to add extra equations to (15). However, despite the additional complexity, many
results and features can be found that are very similar to the phenomena seen in the simple two degree of
freedom system presented earlier.

Figure 12 (a) shows a typical orbit for a 2:1 resonance between the first backward and the first forward linear
whirl modes of the rotor. and shows the familiar ‘double loop’ shape seen for the overhung rotor in Figure
4. In Figure 12 (b) the harmonic content of this response is represented. Firstly, note that at ` = 0 there
are visible contributions from all modes. This is the synchronous component of the response, and although
classified as non-resonant this has an important symmetry-breaking role in the solution. However, away
from this component the response is dominated by the resonant terms, as marked by asterisks. Note that the
content for |`| ≥ 3 has been zeroed as discussed above; in a fully physical solution there would be some low
amplitude noise here. Figure 12 (a) compares the analytical solution to a time simulation, and it can be seen
that the time solution does not exactly follow the analytical orbit. However, it does settle on a very similar
orbit suggesting that the analytical solution has closely approximated a stable response, with some accuracy
lost due to the truncation of higher harmonics.

5 Conclusions

This work has discussed how the method of normal forms adapted for complex modes and using an AFT
step can be used to explore intermittently contacting responses of a rotor stator system. Results are highly
accurate for a simple rotor, as there is no requirement to truncate higher harmonics from the response. For a
more complex rotor, the need to truncation means that solutions are approximate, but still useful.

The approximate onset of these limit cycles can be predicted using a Campbell diagram approach, using
the underlying linear modes to predict a so-called nonlinear critical speed. However it has been observed
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Figure 12: (a) Orbit taken at the midpoint of the four disc shaft. Circle shows threshold for contact. Thick
black line shows analytical orbit, dashed orange line shows time simulation. (b) Fourier components of
the analytical solution, showing all modes of the shaft. The resonant modes are in thicker lines, and their
resonant harmonics are marked with asterisks.

that this always slightly under predicts the onset drivespeed. The normal forms analysis has been used to
show that the difference between the nonlinear critical speed and the true onset of limit cycles is governed
primarily by damping and out of balance forcing. Increasing damping moves the true onset point further
away from the nonlinear critical speed, whereas increasing the out of balance force has the opposite effect.
The contact stiffness only has a secondary effect on the onset drivespeed.
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Abstract
The present paper describes a computational methodology adapted to the analysis of the nonlinear dynamical
behavior of a detuned bladed disk. The context of the analysis is the following : (1) the detuning is taken into
account by voluntarily breaking the cyclic symmetry of the structure with the use of a pattern constituted
of different blade types; (2) the structure is assumed to undergo large strain/displacements induced by the
geometrical nonlinear effects; (3) the prestresses and the gyroscopic effects induced by the rotating motion
are considered in the nonlinear dynamical analysis. The computational strategy has to be compatible with
the industrial context. Consequently, a particular attention is paid to the construction of an adapted nonlinear
reduced-order model. Finally, the proposed methodology is applied on a complex bladed disk structure.

1 Introduction

In turbomachinery, the mistuning of bladed-disks structures caused by the manufacturing tolerances and the
small variations in the mechanical properties from blade to blade is known to amplify and to localize the
dynamical response of some blades [1, 2]. There have been various researches concerning the computational
modeling of mistuned structures, with the development of reduced-order models (see for instance [3, 4, 5]
for linear reduced-order models and [6, 7] for nonlinear reduced-order models) and probabilistic approaches
[8, 9]. One possible strategy is also to intentionally mistune (detuning) the structure by assembling generating
sectors of different types according to a given pattern [10, 11, 12]. The pattern optimization is known to be
efficient for reducing the response amplitudes in the linear context. Nevertheless, geometrical nonlinear
effects can no longer be neglected with the current technological improvements, including the use of more
flexible and lighter materials which sometimes leads to large displacements and strains. In this context,
the present research is devoted to the computational analysis of geometrical nonlinear effects on a rotating
detuned bladed disk. The research is focused on a computational strategy for which a nonlinear reduced-
order model compatible with the consideration of both mistuning and detuning phenomena is introduced.
In the present context, we limit the investigation only to the case of detuning. The paper is organized as
follows. The first Section is devoted to the development of the methodology. In particular, an adapted
nonlinear reduced-order basis is constructed for the detuned structure with a double projection method. Such
method involves a first projection of the nonlinear dynamical response on the usual eigenmodes of vibrations
followed by a Proper Orthogonal Decomposition of the related nonlinear response including the gyroscopic
coupling effects. In a second Section, a numerical application concerning a realistic computational model of
bladed-disk is considered. The nonlinear responses of the tuned rotating structure and of a detuned rotating
structure corresponding to a given pattern are analyzed.
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2 Methodology

In this Section, a methodology adapted to the nonlinear dynamical analysis of a rotating detuned bladed-
disk is developed. In this context of detuning, it is assumed that the bladed-disk is constituted of N sectors
that can be different from one sector to another one. A detuned bladed disk is constructed according to a
given pattern P which defines the distribution of the different sectors that constitute the detuned bladed-disk
structure. Furthermore, the constitutive equations are assumed to be linear elastic but the external loads are
assumed to be sufficiently large so that the structure undergoes geometrical nonlinear effects induced by the
large displacements and strains.

2.1 Nonlinear finite element model of the detuned bladed-disk

The computational model is constructed by using three-dimensional isoparametric solid finite elements. Let
P be the number of available sectors whose mesh is assumed to be compatible at the interface of each sector.
The full bladed-disk is constructed by the assembly of each sector type according to a given pattern P. Let
n be the number of dofs of the finite element mesh. The nonlinear finite element computational model that
describes the nonlinear dynamical behavior of the detuned structure at a given rotational velocity Ω consists
in finding the Rn-vector U of the displacements, solution of the following nonlinear differential equation

[M ]Ü(t) +

(
[D] + [Cg(Ω)]

)
U̇(t) +

(
[Ke] + [Kc(Ω)] + [Kg(Ω)]

)
U(t) + FNL(U(t)) = F(t) , (1)

in which the (n× n) real matrices [M ], [D], [Cg(Ω)], [Ke], [Kc(Ω)] and [Kg(Ω)] are respectively the mass
matrix with symmetry and positive definiteness properties, the damping matrix with symmetry and positive
semi-definiteness properties, the gyroscopic coupling matrix with antisymmetry property, the elastic stiffness
matrix with symmetry and positive definiteness properties, the centrifugal stiffness matrix with symmetry and
negative definiteness properties, and the geometrical stiffness matrix with symmetry and positive definiteness
properties. Matrix [Kg(Ω)] is beforehand constructed using the stress state issued from a linear static analysis
for which each type of sector is subjected to a centrifugal load [13]. It is assumed that the finite element
matrix [Ke] + [Kc(Ω)] + [Kg(Ω)] remains symmetric positive-definite for the considered valued of Ω. In
equation (1), the Rn-vector F(t) is issued from the discretization of the external loads and the Rn-vector
FNL(U(t)) describes the nonlinear finite element internal forces induced by the geometrical nonlinearities.
In the present strategy, we are interested in analyzing the nonlinear forced response in the time domain. In
consequence, the external load is defined for t ∈ R. A Fourier transform performed on the solution of Eq.(1)
allows then the nonlinear dynamical response in the frequency domain to be analyzed.

2.2 Nonlinear reduced-order model for a detuned bladed-disk

In this Section, the method used for constructing the nonlinear reduced-order model of the detuned bladed-
disk is presented. The main idea is to use a double projection method. A first projection basis is constructed
by solving the generalized eigenvalue problem related to the conservative and homogeneous dynamical equa-
tion for which the gyroscopic coupling is ignored. In a second step, this projection basis is used for con-
structing the nonlinear reduced-order model related to Eq.(1) (that includes the gyroscopic coupling effects).
A new projection basis is then computed from this nonlinear reduced-order response with the Proper Orthog-
onal Decomposition method [14].

2.2.1 Construction of the first projection basis

First, let us consider the following generalized eigenvalue problem
(

[Ke] + [Kc(Ω)] + [Kg(Ω)]

)
ϕα = λα [M ]ϕα . (2)
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Note that such projection basis does not correspond to the homogeneous conservative equation since the
gyroscopic coupling term is ignored in the definition of the present generalized eigenvalue problem (if the
gyroscopic coupling was taken into account, a nonsymmetric complex eigenvalue problem should be solved).
In (2), the eigenvalues λα, α = {1, ..., n} related to the elastic modes ϕα are sorted by increasing order
0 < λ1 6 λ2 6 · · · 6 λn. The m≪ n eigenvectors related to the first m eigenvalues are computed. Let
[Φ] be the (n×m) real modal matrix defined by

[Φ] = [ϕ1 . . .ϕm] . (3)

2.2.2 Construction of the second projection basis

The second projection basis is obtained by considering the first nonlinear reduced-order model that is con-
structed by projection of Eq. (1) on the subspace spanned by {ϕ1, . . . ,ϕm},

U(t) = [Φ] Q0(t) , (4)

[M0]Q̈0(t) +

(
[D0] + [C0(Ω)]

)
Q̇0(t) + [K0(Ω)]Q0(t) + FNL(Q0(t)) = F0(t) , (5)

in which the Rm-vector Q0(t) = (Q1(t), · · · , Qm(t)) is the vector of the generalized coordinates and
where the generalized mass, damping, gyroscopic coupling, and stiffness matrices [M0], [D0], [C0(Ω)],
and [K0(Ω)] are defined by

[M0] = [Φ]T [M ][Φ] , [D0] = [Φ]T [D][Φ] , [C0(Ω)] = [Φ]T [Cg(Ω)][Φ]

[K0] = [Φ]T
(

[Ke] + [Kg(Ω)] + [Kc(Ω)]

)
[Φ] (6)

In Eq. (5), the Rm-vectors of the reduced external load and of the nonlinear reduced internal load are written
as

F0(t) = [Φ]TF(t) , FNL(Q0(t)) = [Φ]TFNL([Φ] Q0(t)) . (7)

In the present context, the reduced nonlinear stiffness operators are first explicitly constructed with the finite
element method from the knowledge of the projection basis [15] and the nonlinear reduced internal loads are
computed from these nonlinear reduced operators. Note that such strategy is compatible with the possibility
of implementing random uncertainties [16], which is not considered in the present work. The nonlinear
differential equation (5) is solved in the time domain and the corresponding solution Q0(t) is then used for
constructing a new reduced-order basis with the POD method. Let nt be the number of time steps and let
{tj , j = 1, . . . , nt} be the sampling time points. We then introduce the (m × nt) real matrix [Y ] and the
(m×m) real correlation matrix [A] such that

[Y ]ij =Q0,i(tj)
√
tj − tj−1 , [A] = [Y ] [Y ]T . (8)

The projection basis is then defined as the eigenvectorsW1, · · · ,Wp of the correlation matrix [A] related to
the p most contributing eigenvalues µ1 ≥ · · · ≥ µp such that

[A]Wα=µαWα . (9)

Let [W] be the (m × p) matrix whose columns are these p eigenvectors. The new projection basis that will
be used for solving the nonlinear dynamical problem is characterized by the (n× p) matrix [Ψ] such that

[Ψ] = [Φ][W] . (10)

The nonlinear reduced-order model is then obtained by projecting the solution U of the nonlinear finite
element equation such that

U(t) = [Ψ]Q(t) , (11)
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in which Q(t) is the Rp-vector of the generalized coordinates solution of the nonlinear differential equation

[M]Q̈(t) +

(
[D] + [C(Ω)]

)
Q̇(t) + [K]Q(t) + FNL(Q(t)) = F(t) , (12)

in which the generalized mass, damping, gyroscopic coupling, and stiffness matrices [M], [D], [C(Ω)],
[K(Ω)], the reduced external load vector F(t) and the nonlinear reduced internal load vector FNL(Q(t)) are
defined similarly to (7).

This nonlinear reduced-order model can be useful for two main reasons. For instance, let us consider all the
patterns related to a given number of sectors for each sector type. This leads us to parameterize the nonlinear
reduced-order model with respect to a given parameter µ for which nµ is the number of possible different
patterns. At this point, the calculation of the reduced-order basis [Ψ(µ)] can be carried out for mµ < nµ
judicious values of µ following for instance greedy strategies. Such parameterized reduced-order basis is
then wisely merged for constructing an optimal global reduced-order basis [Ψ], which is use for solving any
pattern of interest. Otherwise, let us consider the case for which both detuning and mistuning phenomena
are investigated for a given pattern. In such case, if the mistuning is implemented through the nonparametric
probabilistic approach, an optimal reduced-order basis is required in order to solve the related stochastic
nonlinear differential equations.

3 Numerical application

In this section, a numerical application concerning the nonlinear dynamical analysis of a bladed-disk struc-
ture is investigated in the detuning context.

3.1 Description of the finite element computational model

The geometric features of the generating sector are summarized in Table 1. Such given reference sector will
be called the sector of type 1. The computational model of this reference sector and issued from the finite
element method is provided with the commercial software ANSYS. This computational model is then used
for constructing the computational model of the whole tuned bladed-disk with N = 24 blades, which will
be taken as a reference. The structure is made of steel, and is assumed to be homogeneous and isotropic
with Young modulus E = 2 × 1011N ×m−2, Poisson ratio ν = 0.3, and mass density ρ = 7 650Kg ×
m−3. The structure is clamped at the inner radius of the disk sector. The numerical finite element mesh
is constituted of tridimensional solid finite elements with 20 nodes (bricks element), tridimensional solid
finite elements with 13 nodes (pyramidal elements) and tridimensional solid finite elements with 10 nodes
(tetrahedral elements), corresponding to a quadratic interpolation. The numerical data related to the finite
element model are summarized in Table 2. Figure 1 displays the 3D finite element mesh of the bladed-disk
structure.

Inner disk Radius 19.8 mm
Outer disk Radius 100 mm

Disk width 20 mm
Blade thickness at root section 4.8 mm
Blade thickness at tip section 2 mm

Table 1: Geometric parameters of the generating sector

The detuned bladed-disk structure is then considered by defining another generating sector, which is obtained
by decreasing the Young modulus E of the blade of the type-1 generating sector by 25 %. Consequently,
there is type-1 generating sector with Young modulus E = 2 × 1011N ×m−2 for the blade and a type-2
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Structure Elements Nodes DOFs
Blade sector 2,714 6,896 20,688
Disk sector 836 4,554 13,662

Full structure 85,200 265,080 787,176

Table 2: Numerical finite element parameters for the generating sector and for the full structure

generating sector with Young modulus E = 1.5 × 1011N ×m−2 for the blade, the Young modulus of the
disk remaining to E = 2 × 1011N ×m−2. In the following, it is assumed that there are 2 blades of type 2
and 22 blades of type 1, which defines many possible patterns. The assembly of the full detuned bladed-disk
computational model is then performed according to a given pattern.

Figure 1: Finite element model of the bladed-disk.

The analysis is performed for two patterns. A cyclic pattern denoted as P1 that is defined by

P1 = [1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1] , (13)

and we consider a detuned pattern denoted by P2 and represented in Fig.2 such that

P2 = [1 1 1 1 1 1 1 1 1 2 1 1 1 2 1 1 1 1 1 1 1 1 1 1] . (14)

3.2 Choice of the excitation force

Figure 3 represents the graph of the eigenfrequencies να =
√
λα, solution of Eq. (2) related to the tuned

structure defined by P1 with a rotating velocity Ω = 465 rad × s−1 with respect to its circumferential wave
number h.

This graph allows the excitation frequency band favorable to drastic mistuning effects to be defined. In
the present case, a h = 4 engine-order excitation is chosen because there are two close eigenfrequencies
issued from two different class of vibrational modes. In consequence, the time repartition of the load g(t)
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Figure 2: Pattern P2 for the detuned bladed-disk
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Figure 3: Graph h 7→ να(h) of the eigenfrequencies να related to the tuned pattern P1 of the rotating
bladed-disk with respect to its corresponding circumferential wavenumber h.

is constructed so that an excitation frequency band Be = [1000, 1600]Hz is uniformly excited. Let νmin=
1 000Hz and νmax=1 600Hz. We then have

g(t) =

Q∑

i=1

2

π t
sin(π δν t) cos(2πsi δν t) , (15)

in which Q is chosen such that Q=10. In Eq.(15), we have

δν=
νmax − νmin

Q
, si=

νmin
δν

+

(
i− 1

2

)
. (16)

As a consequence, the Fourier transform of function g(t) is such that |ĝ(2πν)|=1 on Be. Note that function
g(t) is theoretically defined for t ∈ R in order to consider in the time domain the problem of forced response.
In the numerical process, the signal is truncated by choosing tini = −0.065 s such that g(tini) = 0 with
a time duration T = 0.35 s, ensuring the low frequencies located outside Be to possibly be captured when
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considering geometric nonlinear calculations. The sample frequency and the number of time steps are chosen
as νe = 10 000Hz and nt = 4 096 yielding a frequency resolution δν0 = 2.44Hz . The dynamical analysis
is carried out in the frequency band of analysis B = [0 , 4 000]Hz. Figure 4 shows the graph of the time
repartition of the load t → g(t) and its Fourier transform ν → |ĝ(2πν)|. The spatial repartition of the
external load is a normalized vector F for which all directions related to the node located at the tip of each
blade are simultaneously excited. The load intensity f0 is given by f0 = 1.2N for which it will be shown
below that geometrical nonlinear effects can be observed. The load vector F(t) is then defined in the time
domain by

F(t) = s0 g(t)F . (17)
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Figure 4: Representation of the external load in the time domain and in the frequency domain: graph of
t 7→ g(t) (left graph) and ν 7→ |ĝ(2πν)| (right graph) for Be = [1000 , 1600]Hz.

3.3 Convergence analysis

Let nobs=N be the number of observation points located at the tip of each blade of the detuned bladed-disk.
Let Uobs,j

i (t), with j = 1, . . . , nobs and i = 1, 2, 3, be the displacement at observation node j according to

dof i and let Û
obs,j

i (2πν) be its Fourier Transform. We then define the scalar quantity W obs such that

Ŵ obs(2πν) =

√√√√
nobs∑

j=1

||Ûobs,j
(2πν)||2 , ||Ûobs,j

(2πν)||2=

3∑

i=1

|Ûobs,j

i (2πν)|2 . (18)

Let Ŵ obs,(m,p)
LIN (2πν) or Ŵ obs,(m,p)

NONLIN (2πν) be the observation computed with the linear or with the nonlinear
reduced-order model obtained with the first reduction, p = m, or with the second reduction, p < m.
Subscript LIN and NONLIN are omitted as soon as there is no possible confusion. A first convergence
analysis is performed with respect to the number m of modes kept in the first reduced-order model. Let
Conv1(m) be the function defined by

Conv1(m) =

√∫

B

(
Ŵ obs,(m,m)(2πν)

)2
dν , (19)

for which observation Ŵ obs,(m,m)(2πν) is constructed by solving Eq. (5). Figure 5 displays the graphs of
functions m 7→ Conv1,LIN (m) and m 7→ Conv1,NONLIN (m). It can be seen that a good approximation
is obtained for m = 60 for the linear case and for m = 100 for the nonlinear case. In the following, all the
computations are carried out with m = 100.

DYNAMICS OF ROTATING MACHINERY 1999



number m of modes
0 50 100 150

C
on

v
1
(m

)

#10 -7

0

0.5

1

1.5

2

2.5

Figure 5: Convergence analysis related to the first reduced-order model: graphs of m 7→ Conv1,LIN (m)
related to the first linear reduced-order model (thin line, ◦ marker) and of m 7→ Conv1,NONLIN (m) related
to the first reduction (thick line, � marker).

For fixed m, a second convergence analysis is then carried out with respect to the number p of basis vectors
calculated with Eqs. (9) and (10). Let Conv2(m, p) be the function defined by

Conv2(m, p) =

√∫

B

(
Ŵ obs,(m,p)(2πν)

)2
dν , (20)

for which observation Ŵ obs,(m,p)(2πν) is constructed by solving Eq. (12). Figure 6 displays the graph of
functions m 7→ Conv2,NONLIN (m = 100, p). It can be seen that a good approximation is obtained for
m=100 and p=20, which proves the efficiency of this proposed second reduction method.
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Figure 6: Convergence analysis related to the second nonlinear reduced-order model : graphs of p 7→
Conv2,NONLIN (m, p) related to the second reduction (thick line, ? marker).

3.4 Load sensitivity analysis

In this section, a load sensitivity is performed for pattern P1 in order to determine from which load intensity
f0, there are geometrical nonlinear effects in the dynamical response of the structure. Such analysis is
performed by quantifying the energy outside the excitation frequency band Be for f0 belonging to [0 , 1.9]N .
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We then define by ConvF (f0) the quantity written as

ConvF (f0) =

√∫
B\Be

(
Ŵ

obs,(m,m)
NONLIN (2πν; f0)

)2
dν

√∫
B\Be

(
Ŵ

obs,(m,m)
NONLIN (2πν; 1.9)

)2
dν

. (21)

Figure 7 displays the graph of f0 7→ ConvF (f0). It can be seen that geometrical nonlinear effects can

be seen for f0 > 0.3N . Figure 8 displays the graphs of ν 7→ ||Ûobs,10

NONLIN (2πν)|| corresponding to the
nonlinear dynamical responses obtained with four different load intensities f0. The yellow band represents
excitation frequency band Be. The upper left figure clearly shows a dynamical response which remains in the
linear domain since there is numerically a negligible response contribution. On the other hand, subsequent
contributions with unexpected resonances appear below and beyond excitation frequency band Be for larger
load intensities.
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Figure 7: Sensitivity analysis with respect to the load intensity : graph of f0 7→ ConvF (f0).

3.5 Nonlinear dynamical response analysis

In this paragraph, a nonlinear dynamical analysis is performed for both tuned and detuned patterns P1 and
P2. The time domain observation is chosen as Uobs,j02 (t), which corresponds to the transverse dof expressed
in the local frame related to observation node number j0. The observation node is defined by

j0=arg

{
max
j
|||Uobs,j |||

}
with |||Uobs,j |||=max

t
||Uobs,j(t)|| , (22)

in which ||Uobs,j(t)|| is defined similarly to Eq. (18). The frequency domain observation is then chosen as

||Ûobs,j0
(2πν)||. The linear and the nonlinear analyses are presented with a load intensity f0 = 0.60N for

both patterns P1 and P2, which correspond to moderate geometrical nonlinear effects. Figure 9 displays the
graphs of t 7→ Uobs,j02,LIN (t) for both patterns. It can be seen that both tuned and detuned structures yield dif-

ferent responses in the time domain. Figure10 displays the graphs of t 7→ Uobs,j02,NONLIN (t) for both patterns.
By comparing these figures, it can be seen that there are subsequent geometrical nonlinear effects. Further-
more, the observed nonlinear time response related to the considered detuned pattern P2 is clearly irregular,
suggesting numerous resonances contributions outside Be. The nonlinear analysis is then carried out in the

frequency domain by using a Fourier transform. Figure11 displays both graphs of ν 7→ ||Ûobs,j0
LIN (2πν)|| and

ν 7→ ||Ûobs,j0
NONLIN (2πν)|| for both patterns. The main effect induced by the present detuning is to shift the
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Figure 8: Sensitivity analysis with respect to the load intensity : representation of excitation frequency

band Be (light yellow zone), graphs of ν 7→ ||Ûobs,10

NONLIN (2πν)|| for f0 = 0.17N (upper left figure),
f0 = 0.64N (upper right figure), f0 = 1.43N (lower left figure), f0 = 1.90N (lower right figure)

two main resonances related to the linear response to the left in the excitation frequency band. It is clearly
observed that the geometrical nonlinear effects are stronger for the considered detuned pattern P2. For both
patterns secondary resonances induced by the geometrical nonlinear effects appear below and above the ex-
citation frequency band. This phenomenon is amplified for detuned pattern P2 and unexpected resonances
with non negligible amplitudes exist for higher frequencies around 3 000Hz .
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Figure 9: Linear dynamical analysis in the time domain: graphs of t 7→ Uobs,j02,LIN (t) corresponding to patterns
P1 (left figure) and P2 (right figure).
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Figure 10: Nonlinear dynamical analysis in the time domain: graphs of t 7→ Uobs,j02,NONLIN (t) corresponding
to patterns P1 (left figure) and P2 (right figure).
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Figure 11: Nonlinear dynamical analysis in the frequency domain: graphs of ν 7→ ||Ûobs,j0
LIN (2πν)|| (red line)

and ν 7→ ||Ûobs,j0
NONLIN (2πν)|| (blue line) corresponding to patterns P1 (left figure) and P2 (right figure).

4 Conclusions

A methodology that allows the nonlinear dynamical analysis of rotating detuned structures is proposed in the
context of geometrical nonlinearities. It should be noted that the nonlinear reduced-order model presented
in this work is also adapted for simultaneously modeling both detuning and mistuning.The results validate
the numerical efficiency of the method and highlight the indirect excitation of the structure through the
geometrical nonlinearities. Note that the numerical analysis is carried out on one tuned and one detuned
pattern. The pattern optimization regarding the detuning is not considered in this work.
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Abstract
The aim of this work is to provide a new model describing the dynamic behavior of the rotating machinery
working under non-stationary conditions with no assumption on the IAS. This new model will provide an
identification tool for the rotor parameters. An example of a simple rotor made of a flexible shaft, a rigid
disk, bearings and a mass unbalance is considered. The model shows a coupling between the torsional
and flexural behavior and it is proven that, owing to this coupled behavior, the signal of the IAS contains
information about, not only the rotation frequency of the response of the rotor, but also about its flexural
behavior, when operating under non-stationary conditions.

1 Introduction

Rotor dynamics are widely present in different engineering fields. In the automotive field for example, with
the growing use of the electric motors rotating at very high speeds, it has become crucial to understand the
dynamic behavior of rotors spinning at very high velocity especially when going through critical speeds.
This critical working condition, as well as the presence of bearings or gears in the rotor structure, leads to
a fluctuation of the instantaneous angular speed (IAS). However, conventional vibration-monitoring tech-
niques are based on some assumptions on the IAS. The latter is often considered either constant or following
a perfect linear or exponential law of variation [1]. Those assumptions lead to models which are not able to
simulate rotating machinery under fluctuating load conditions.
Even though the major part of the scientific works on rotor dynamics focus on the study of the stationary
working conditions, the transient response analysis is considered as the most inclusive analysis since it allows
the study of different working conditions of the rotating machinery as the start up and shut down processes,
stability, and impact [2].
Since many rotors operate above their critical speeds, a main interest was particularly given to the study
of the behavior of rotating machinary when going through one or more critical speeds. Al-Bedoor [3] de-
veloped a model for the coupled torsional and lateral vibrations of unbalanced rotors that accounts for the
rotor-to-stator rubbing. He showed that a split in resonance is observed due to the rubbing condition when
the rotor torsional flexibility is considered. Zhou et Shi [4] gave an analytical solution for the unbalance
response of the Jeffcott rotor during acceleration.They showed that, quantitatively, the motion consists of
three parts: a transient vibration at damped natural frequency, a synchronous vibration with the frequency of
instantaneous ‘synchronous’ frequency, and a suddenly occurring vibration at damped natural frequency. Li
and Singh [5] studied also the analytical solutions of the transient response but focused on the envelopes of
the lateral displacement, velocity and acceleration of a linear torsional oscillator excited by an instantaneous
sinusoidal torque. They also gave a new analytical approximation to find the maximum amplifications and
corresponding peak frequencies.
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When the dynamic model takes as an input the induced driving torque and not the speed of rotation as a
function of time, one must add an equation that describes how the energy source supplies the energy to the
equations that govern the corresponding dynamical system. Mutual interaction between the driving source
and the rotor motion is observed and we deal in this case with non-ideal problem of passage through reso-
nance or what is also called sommerfeld effect [6]. This interaction manifests itself as a modification of the
motor frequency or regime of operation near the resonance and changes in the stable-unstable portions of the
dynamical system response [7].
In the following study, since we consider as a given of the dynamic problem the induced torque and as an
unknown the speed of rotation (IAS), we will be dealing with a non-ideal system. A new dynamic model
is then built to simulate the non-stationnary working conditions especially when going through one or more
critical speeds. This model is developeed in order to serve as a tool for identification, based on the IAS, for
certain parameters of the system as the mass unbalance and damping.

2 New model describing the rotordynamics

We consider a simple idealized rotor made of a flexible shaft, a rigid disk and supported by flexible damped
bearings. The main excitation of the rotor is the mass unbalance (fig.3). In our approach we consider that a
torque is induced to the rotating machinary and we make no preliminary assumption on the rotating speed.

Mass unbalance

Disk

Shaft

Supporting
components

𝑻𝒆𝒙𝒕
 𝑍

 𝑋

𝑌

Figure 1: Rotor simplified model

Euler angles are used to discribe the motion of the rotor. The coordinate systems used in developing the
model are shown in the following figure, wherein, (XYZ) is the fixed reference frame and (UVW) is the
rotating reference frame which coincides with the principle axis of the cross section of the shaft. A first
rotation by an angle Φ about the Z−axis is done then by an angle θ about the new X’-axis and finally by
an angle Ψ about the final W’-axis. The latter, combined to the torsional deformation, is considered as an
unknown of the dynamic problem.

The angular displacement about the X and Y axis as well as the spinning angle about the Z axis are calculated
using Euler angles as follows:

θx = θ.cos(φ) (1a)

θy = θ.sin(φ) (1b)

θz = φ+ ψ (2)

It is very important to notice here that θz accounts for both the free body rotating motion as well as for the
torsional deformation.
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Figure 2: Euler angles

First the kinetic energy calculation is done. This energy is obtained by the sum of the contribution of the
different components of the rotor, namely the disk, the shaft and the mass unbalance.

T = TD + Ts + Tu (3)

The finite element method is used and the dsiplacement fields are approximated using shape functions. We
denote by {δ} the nodal displacement vector. Then the Lagrange equations are applied, which leads to the
following matrix form:

d

dt

(
∂T

∂δ̇

)
− ∂T

∂δ
= ([MDconst] + [MDvar({δc})])

{
δ̈
}

+
[
CD(θ̇z)

]{
δ̇
}

+ [Mu(θz)]
{
δ̈
}

+ {Fnlu(θz)}

+ [Ms] ¨{δ}+ [Sgyr ({δ})]{δ̈}+ {Fnlgyr( ˙{δ})}

(4)

where:

• [MDconst] and [Ms] are the classical mass matrices of the disk and the shaft respectively.

•
[
CD(θ̇zc)

]
is the classical skew-matrix related to the gyroscopic effects of the disk.

• {Fnlu(θzc)} is the centrifugal force resulting from the mass unbalance and proportional to the square
of the spinning speed.

The two matrices [MDvar] and [Mu] respectively related to the disk and the mass unbalance result from the
assumption of non-stationnary working condition where:

[MDvar({δ})] =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 0 0 IDw
2 θyc

0 0 0 0 0 − IDw
2 θxc

0 0 0 IDw
2 θyc − IDw

2 θxc 0




(5)
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[Mu(θz)] = dmu




0 0 0 0 0 cos(θzc)
0 0 0 0 0 −sin(θzc)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

cos(θzc) −sin(θzc) 0 0 0 d




(6)

We notice that, by considering non-stationnary working conditions, matrices with extra-diagonal terms ap-
pear in the equation of dynamics of the rotor. Those terms clearly include coupling between the flexural and
torsional degrees of freedom.
Finally, the matrix [Sgyre ] and the force vector {Fnlgyre} derive from the new formulation of the gyroscopic
effect of the shaft under non-stationnary regime such as:

[Sgyre ({δ})] = −〈N3(l)〉t {δ}t [Mg
67(l)]

t − [Mg
67(l)] {δ} 〈N3(l)〉

+

〈
∂N3

∂z

〉t

{δ}t [Mg∗
67 (l)]t + [Mg∗

67 (l)] {δ}
〈
∂N3

∂z

〉 (7)

and,

{Fnlgyr( ˙{δ}, ˙{δ})} = −〈N3(l)〉t
(

˙{δ}t[Mg
67(l)]

˙{δ}
)

− 2
(
〈N3(l)〉 ˙{δ}

)(
[Mg

67(l)]
˙{δ}
)

+

〈
∂N3

∂z

〉t (
˙{δ}t[Mg∗

67 (l)] ˙{δ}
)

+ 2

(〈
∂N3

∂z

〉
˙{δ}
)(

[Mg∗
67 (l)] ˙{δ}

)

(8)

where 〈N3〉 is a vector with polynomial shape functions of first order. [Mg
67] and [Mg∗

67 ] are skew-symmetric
matrices with constant terms obtained by the multiplication of shape function vectors.

Once the strain energy of the shaft and the virtual works of the bearings, assumed to be with linear stiffness
and damping are calculated, the classical stiffness matrix is obtained and we finally write the equation of the
dynamics of rotating shaft element such as:

([Ms] + [MDconst ])
¨{δ}+ [Cs] ˙{δ}+ [Kc]{δ} =

− ([Sgyr({δ})] + [MDvar({δ})] + [Mu(θzc)])
¨{δ}

−
[
CD(θ̇zc)

]
˙{δ}

−
(
{Fnlgyr( ˙{δ})}+ {Fnlu(θzc)}

)

+ {Fext}

(9)

3 Results and discussions

We consider an example of an idealized rotor with the properties detailed in table 1. The rotor is made of a
flexible shaft, a rigid disk and is excited by the presence of a mass unbalance.
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Figure 3: rotor exemple

Symbol Quantity Value
L shaft length 0.6m
R1 shaft radius 0.01m
R2 disk radius 0.08m
h thickness of the disk 0.03m
ρ mass per unit volume 7800 kg.m−3

E young modulus 2.1011 N.m−2

mu mass unbalance 1% of the mass of the disk
d eccentricity of the mass unbalance 0.1m
kxx1, kxx2 stiffness along x-axis of the left and right

bearings
1.e8 N.m−1

kyy1, kyy2 stiffness along y-axis of the left and right
bearings

1.e8 N.m−1

cxx1, cxx2 damping along x-axis of the left and right
bearings

2e2N.s.m−1

cyy1, cyy2 damping along y-axis of the left and right
bearings

2e2N.s.m−1

Table 1: Proprieties of the studied rotor

In this exemple we simulate the start up of a rotor. Therefore a driving torque following the law shown in
figure 4 is induced to the system. The aim of applying a constant torque before the linear time-varying one
is to better intialize the simulation for the non-stationary regime. It is important to mention that, for this
exemple of rotor with the mentioned properties, the first critical speed is at 2527 rpm and the second one is
at 26364 rpm. During the accelerarion period the rotor will go through the two mentioned critical speeds.

The simulation results are used for time-frequency analysis for both lateral displacement and instantaneous
angular speed.
Figure 5 shows the results for the lateral displacement. As we can see, both the excitation frequency fe and
the first natural frequency f1 contributes to the motion of the rotor. The results are qualitatively coherent
with the analytical solution proposed by Zhou et Shi [4] saying that, during acceleration, the motion consists
of three parts: a transient vibration at damped natural frequency, a synchronous vibration with the frequency
of instantaneous ‘synchronous’ frequency, and a suddenly occurring vibration at damped natural frequency.
We can see that the rotor has more difficulties crossing the second natural frequency than the first one.

The spectrogram of the instantaneous angular speed ( fig.6) shows a coupling between the excitation fre-
quency fe and the first eigen frequency f1. This simulation result proofs that the IAS, whose analyses is
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Figure 4: Torque law as a function of time

Figure 5: Spectrogram of the lateral displacement

neglected by previous research works, contains informations about the system dynamic properties. Consid-
ering the IAS as an unknown of the dynamic problem and not as a given law as a fonction of time provides
us with a new source of informations about the rotor dynamics. Further analysis using Kalman filters will
allow a better exploitation of the IAS in order to do a better tracking of the frequencies in the time-frequency
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domain.

Figure 6: Spectrogram of the instantaneous angular speed

4 Conclusion

The big majority of previous works on the non-stationary rotordynamics were conducted under the assump-
tion of a given law of the rotational speed. In our study, a new dynamic model is built considering no
assumption on the IAS. It was shown, for a simple exemple of rotors, that when the IAS is considered as
an unknown of the dynamic problem,it is highly influenced by the rotor dynmic properties. Based on the
obtained results, we assume that the IAS is a physical quantity which is rich enough with informations about
the studied system and that a better analysis using kalman filters is of big intesrest in order to identify the
system parameters using the new proposed dynamic model for non-stationnary rotor dynamics.
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[7] José Manoel Balthazar, Dean T Mook, Hans Ingo Weber, Reyolando MLRF Brasil, A Fenili, D Belato,
and JLP Felix. An overview on non-ideal vibrations. Meccanica, 38(6):613–621, 2003.

2012 PROCEEDINGS OF ISMA2018 AND USD2018



Influence of internal friction dampers on global dynamics
of discrete cyclic structure

M. Byrtus 1, M. Hajžman 1, L.Pešek 2, L. Půst 2
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Abstract
This paper deals with vibration of a bladed disk containing internal friction dampers (FD). The disk is
considered as a weakly coupled discrete cyclic structure where the blades are moreover mutually coupled
by means of friction couplings. The global dynamics of the structure is studied. First, two limit cases are
considered: unlocked FD and completely locked FD. Further, the behaviour of the structure is analysed with
respect to time-dependent excitation (external force pulses). Different local behaviour is analysed along with
discontinuity induced bifurcations like crossing-sliding and adding-sliding bifurcations. The stress is laid on
the evaluation of dissipated power in FD per a defined time frame.

1 Introduction

Cyclic structures are commonly used in large number of mechanical and civil engineering applications.
Typically, bladed disks assemblies represent such a system with cyclic symmetry. These structures usually
involve small deviations from the idealized structural models and can show unexpected localized behaviour
in the response of the system [3, 10, 11]. In turbomachinery and in other applications, these structures
are subjected to non-stationary, high-amplitude external excitation which can exhibit unstable behaviour
of the structure considering different bifurcation scenarios [6, 2, 4]. To capture dynamical properties of
the structure more accurately, special reduced-order methods are employed [5, 1]. Such a large structural
models need to be validated using experimental setups. To suppress large amplitude vibrations regimes,
different damping mechanism are employed. Specifically, in turbomachinery, friction couplings by means of
wedge or shrouding dampers are designed and their damping capability is studied in detail [8].

This paper deals with vibration of a bladed disk containing internal friction dampers (FD). The disk is
considered as a weakly coupled discrete cyclic structure where the blades are moreover mutually coupled
by means of friction couplings. The global dynamics of the structure is studied. First, two limit cases are
considered: unlocked FD and completely locked FD. Further, the behaviour of the structure is analysed with
respect to time-dependent excitation (external force pulses). The main goal is to study the behaviour of FD in
dependence on amplitude of normal contact forces and on the shape of the excitation. There appear different
phases of motion with locally either locked or unlocked friction dampers. The stress is laid on the evaluation
of dissipated energy in FD per a defined time frame.

The main contribution of the work lays in the investigation of a cyclic symmetric structure with respect to
resonance dynamical states which are undesirable from operational point of view and which can be sup-
pressed by means of properly designed friction dampers. A case study is performed using a structural and
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experimental data from an experimental set-up of a bladed wheel which has been designed installed at In-
stitute of Thermomechanics of the Czech Academy of Sciences in Prague. All the analyses are performed
using an in-house computational model created in MATLAB based on the developed mathematical models
and corresponding modelling methodology.

2 Problem description

2.1 Motivation

In many engineering applications, especially in turbine bladed disk, the usage of damping elements is nec-
essary. The friction dampers play a significant role and are often used. Their efficiency depends on complex
tuning of the system for a particular application with respect to operational states. For the purpose to analyse
the influence of friction dampers experimentally and to validate different computational models an experi-
mental bladed disk has been designed and manufactured [9], see Fig. 1.

The experimental disk is equipped with thirty prismatic blades. Picture of a design of bladed wheels with
so-called tie-boss couplings and additional weights is shown in Fig. 1. The tie-bosses are shoulders of blades
whose ends are in a contact with shoulders of the neighbouring blades. The ends of the shoulders are cut so
that its areas, i.e. contact areas, are parallel to a direction of the flexural vibration of a single blade.

Because of setting up the pre-stress in the contacts between the tie-bosses of the neighbouring blades, the
tie-bosses were consisted of extensible shoulders screwed with left (right side) and right (left side shoulder)
winding into the suspension bolt that was fixed to the blade by two nuts. By screwing the bolt in the nuts
the shoulders extend simultaneously on both sides. The detail of the tie-boss structure is in Fig. 1, too. Each
blade is fixed to the disk by the system of two small finger consoles. Bottom console is bolted down to the
disk and upper console is bolted to the blade. The consoles are bolted together and their mutual position is
set by angle 45◦ before their bolting together. At the end of the blades an additional mass is bolted to lower
its first flexural eigen-frequency.

Figure 1: Experimental bladed disk

2014 PROCEEDINGS OF ISMA2018 AND USD2018



2.2 Dry friction force modelling

The way how is the dry friction modelled plays a key role in the dynamics which can be excited. The
dry friction coupling allows two modes of motion: sticking and sliding. In the literature, there exist many
approaches (models) which are capable to capture basic properties of the dry friction coupling [7, 2]. The
models differ each other especially by the way how they can capture the sticking and sliding phases of the
motion within the dry friction coupling. Three different models for unidirectional motion are depicted in
Fig. 2.

Figure 2: Friction characteristics

The model in Fig. 2 a can be managed by using the tools of non-smooth mechanics, one can express the
friction coefficient by means of inclusions [2, 4]

f(vrel) ∈




−g(vrel) vrel > 0,
[−fs, fs] vrel = 0,
g(vrel) vrel < 0,

(1)

where g(vrel) is a velocity-dependent function which can reproduce Coulomb and friction effect, vrel is
relative (sliding) velocity. Typically, one can express the velocity-dependent function as [7]

g(vrel) = fd + (fs − fd)e−
( |vrel|
vStribeck

)α
. (2)

The Stribeck velocity vStribeck defines the point at which the steady-state friction force starts decreasing.
The real valued coefficient α has a value between 1 and 2.

The dry friction model (1) cannot be implemented into numerical simulations schemes directly because of
the properties of the inclusion. The corresponding mathematical model of a dynamical systems with dry
friction (1) is then formulated by means of differential inclusion. Such a dynamical system is discontinuous
of Filippov-type [4].

The first approach how to deal (especially numerically) with the discontinuous function is to use its smoothen-
ing approximation, typically smoothening of the sign-function which is contained in the definition of the
friction coefficient function. It is commonly used the arctangent approximation of (1)

f(vrel) =
2

π
arctan(γvrel)g(vrel), γ � 1, (3)

where γ is a coefficient which shapes the slope of the characteristic around zero sliding velocity. Based on
the smoothed approximation, the sticking phases of the motion can not be captured with required accuracy.
The sticking is then given by micro-slipping whose rate is given by the slope of the friction characteristic
in the neighbourhood of the zero relative velocity, see Fig. 2b. The dynamical system which includes this
approximation of dry friction suffers from stiff differential equation within the sliding mode.

A numerical technique for integrating differential inclusions with sliding modes without suffering from stiff
differential equation is represented by switch model which is an improved version of the Karnopp model
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[7, 4]. The switch model is based on the fact that it introduces a vector field in the stick band, such that the
state of the system is pushed to the middle of the stick band. Therefore, the numerical instabilities can be
avoided.

Another group of dry friction models is represented by so called dynamic friction models. These models
are based on the Coulomb friction model with a lag in the change of the friction force during the switching
the direction of motion. The models can reproduce Coulomb friction and Stribeck effect, e.g. Dahl model,
LuGre model and their modifications like Gonthier model [7]. In the next, the attention will be paid at LuGre
dry friction model where the coefficient of friction is formulated in following form [7]

f(z, vrel) = σ0z + σ1ż + σ2vrel, (4)

where σ0 is a stiffness, σ1 corresponds to micro damping and σ2 stands for viscous damping. The state
variable z connected with the friction coupling satisfies following differential equation

ż = vrel

(
1− σ0z

g(vrel)
sign(vrel)

)
. (5)

Other parameters used in (4) and (5) were defined above.

It is worthy to note, that there are some limitations of the mentioned dry friction models. Regarding multi-
body systems, especially with cyclic structure, the switch model and simillar models, which assume set
valued function philosophy, are not suitable. Within the switch model, in case of (almost) zero relative slip
velocity, there is necessary to decide on the absolute value of the force transmitted by the friction coupling.
The cyclic structure implies that the force transmitted e.g. by ith coupling is dependent even on forces
transmitted by (i − 1)th and (i + 1)th couplings, i.e. the definition tends to be recursively defined which is
not suitable for numerical integration scheme. While the smoothing models or dynamic friction models are
suitable for cyclic structures because the friction models depend on relative velocity only, or an additional
state variables are added.

In the next sections, switch model and LuGre model are chosen and some comparison of them will be
provided. The LuGre model is then employed with formulation of mathematical model of a dynamical
system with cyclic structure.

2.3 Friction damped and friction induced vibration

Dynamical system with dry friction couplings can exhibit different vibration regimes. Usually, the presence
of dry friction in any mechanical system is understood as an element which dissipates energy. This holds for
example in cases of non-autonomous systems, e.g. externally forced spring-mass oscillator, see Fig. 3a. Such
a system represents friction damped vibration. On the other side, e.g. spring-mass model on a moving belt
represents autonomous system, where the friction is a source of internal excitation. This case is designated
as friction induced vibration, see Fig. 3 b.

Mathematical model of the spring-mass model displayed in Fig. 3a (upper friction coupling is neglected),
completed by viscous damping can be written as follows

ẍ+ 2DΩẋ+ Ω2x =
1

m
(f(vrel)N0 + F (t)) , (6)

where D is damping ratio, Ω =
√
k/m, k is spring stiffness, m is mass of the mass point, friction function

f(vrel) has been defined above,N0 is normal contact force, F (t) stands for external excitation and vrel = −ẋ
is relative velocity between the mass and the frame.

Mathematical model of the spring-mass model with two belts displayed in Fig. 2 b, completed by viscous
damping has following form

ẍ+ 2DΩẋ+ Ω2x =
N0

m
(f1(vrel1) + f2(vrel2)) . (7)

2016 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 3: Spring-mass models: (a) friction damped vibration model, (b) friction induced vibration model,
(c) combination of friction damped and induced vibration

where, comparing the previous model (6), friction functions f1(vrel) and f2(vrel) are defined for each friction
coupling separately. The relative velocities between the mass and the belt are vrel1 = −ẋ + vdr1, vrel2 =
−ẋ+ vdr2.

Mathematical model of a single triplet of spring-masses taken out form a general cyclic structure displayed
in Fig. 3c, where each spring is completed by viscous damping, has following form

ẍi−1 + 2DΩẋi−1 + Ω2xi−1 =
1

m

(
f(vrel(i−1))N0 + Fi−1(t)

)
,

ẍi + 2DΩẋi + Ω2xi =
N0

m

(
−f(vrel(i−1)) + f(vrel(i))

)
,

ẍi+1 + 2DΩẋi+1 + Ω2xi+1 = − 1

m

(
f(vrel(i))N0 + Fi+1(t)

)
.

(8)

The vibrating masses are mutually interconnected by friction couplings only. The outer masses are forced
externally, since the inner one not. This mechanical system can exhibit both friction damped and friction
induced vibration. The relative velocities between two adjacent masses are defined as vrel(i) = ẋi − ẋi−1.
For further usage, we will suppose three masses system and the indices will have values i − 1 = 1, i = 2
and i+ 1 = 3.

2.4 Sliding bifurcations

The presented three mechanical systems can be classified as Filippov-type systems, as mentioned above. The
approaches to modelling and analysing dynamical systems by the tools of non-smooth mechanics can help to
understand their behaviour [2, 4]. Here, we try to focus on sliding bifurcations or adding-sliding bifurcations.
It is convenient to define the sliding region locally with respect to particular dry friction coupling. Let us
assume, we have a non-autonomous dynamical system with NC friction couplings. With respect to a jth
coupling, one can formulate the mathematical model on a local region D ∈ Rn as follows

ẋ =

{
F1(x, µ, t) hj(x) > 0,
F2(x, µ, t) hj(x) < 0.

(9)

The surface defined by the condition hj(x) = 0 defines a boundary

Σj = {x ∈ D : hj(x) = 0} (10)

separates D locally with respect to Σj into two regions

Sj1 = {x ∈ D : hj(x) < 0} ,
Sj2 = {x ∈ D : hj(x) > 0} . (11)

We consider Filippov systems for which F1(x, µ, t) 6= F2(x, µ, t) for all x ∈ Σj . The boundary Σj contains
sliding region Σ̂j with a boundary ∂Σ̂±

j . Based on the above terms, in general four different codimension-one
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discontinuity induced bifurcations involving interaction with the boundary ∂Σ̂±
j of a sliding region can be

identified [2]. They are a crossing-sliding bifurcation, a grazing-sliding bifurcation, a switching sliding and
adding-sliding bifurcation. During all the bifurcations, the topological change of the trajectories is observed.
The trajectories which cross the boundary change after meeting the bifurcation point and they undergo a
segment of sliding motion and then leave the switching manifold.

Figure 4: Spring-mass model (a): sliding bifurcation appear there where zero velocity points
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Figure 5: Spring-mass model (a): time courses of displacements and velocities for different values of relative
excitation frequency: 0.1, 0.12, 0.2, 0.45. Sliding bifrcation appear there where zero velocity points.

As has been mentioned above, there are many ways to model the dry friction. The switch model (numerical
scheme based on the approaches of non-smooth formulations) is numerically effective and can capture the
sliding motions but its drawback lays in the impossibility to implement it in systems having two or more
friction couplings acting at one body simultaneously. It has been shown that dynamics of a system with
friction modelled by switch model and by LuGre model show good agreement. Therefore, all numerical
simulations are performed using LuGre dry friction model and the evaluation of the results is carried out by
means of formulations of non-smooth mechanics.

In case of friction damped model (Fig. 3 a) the (switching) boundary has a following form h(x) = vrel =
−ẋ2 = 0. The boundary is formed by by all points in state space of the system which correspond to zero
velocity, i.e. the mass point is sticking. Because of the external excitation (we assume to be periodic) the
system response is expected to be predominantly periodic as well. Let us assume the relative excitation
frequency ω = ω/Ω is a bifurcation parameter µ. At certain parameters of the friction coupling and under
harmonic excitation with frequency ω > 0.5, the trajectory of the system crosses the switching boundary
transversally. Decreasing the frequency ω a crossing-sliding bifurcation appears at ω ≈ 0.4 (see Fig. 5).
Continuing the decreasing the frequency adding-sliding bifurcation occurs (the number of sliding regions
during one period of the motion grows). Moreover, there are amplitude jumps in the response which are
connected with interaction of excitation frequency, eigen-frequency of the linear spring-mass model and of
the sliding motions.
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Figure 6: Spring-mass model (c): bifurcation diagram for displacements and velocities in both contacts,
phase shift ϕ = π/2

Figure 7: Spring-mass model (c): bifurcation diagram for displacements and velocities in both contacts,
phase shift ϕ = π

To have a more insight in the dynamics, both displacement and velocity has been subjected to Monte-Carlo
bifurcation diagrams which are displayed in Fig. 4 for subharmonic range of excitation frequency. The
numerical simulations have shown that discontinuity induced bifurcations arise in the subharmonic range
only. In case of the resonant and superharmonic response to harmonic excitation, the dry friction has a
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damping influence only. There do not arise any nonlinear dynamical phenomena. Therefore, these areas are
not studied. The presence of zero-valued velocities indicates sliding motions in the response. Based on the
bifurcation diagrams, the adding-sliding bifurcation cannot be detected. Another maps has to be employed
as presented in [3].

Similarly, the mechanical system from Fig. 3 c can be studied. Its dynamic is influenced by the presence of
two dry friction couplings. The excitations are assumed to be harmonic (sine function) with a phase shift ϕ.
Monte-Carlo bifurcation diagrams are plotted in Fig. 6 for phase shift ϕ = π/2 and Fig. 7 for phase shift
ϕ = π.

3 Bladed disk as a cyclic structure

The bladed disc creates rotationally periodic structure where the basic structure is formed by a single blade
structure. The structure studied here is equipped with 30 prismatic blades fixed to a rotating disc. Blade
tips are designed with friction couplings between adjacent blades. The prismatic blades have a rectangular
cross-section which influences the form of flexural vibration mode shapes. Moreover, the vibration modes
fluctuate between two regimes. The first one corresponds to open friction contacts and the second one to
locked friction couplings. In the next, we will focus only on the first flexural vibration mode of each blade
including the dry friction coupling.

Figure 8: Scheme of a discrete cyclic structure with dry friction couplings

3.1 Simplification - cyclic structure (non-autonomous system)

In case of autonomous system, there exist boundary conditions induced vibration only. The dry friction
couplings serve as friction dampers and the vibration vanishes. The dynamical behaviour will be investigated
considering periodic excitation, i.e. non-autonomous system. The mathematical model of ith substructure of
a discrete cyclic structure with N point masses displayed in Fig. 8 can be written as

ẍi + 2DΩẋi + Ω2xi =
N0

m

(
−f(vrel(i−1)) + f(vrel(i)) + Fi(t)

)
, (12)

where all used quantities were already generally defined in the text above. Particularly here, the stiffness k
corresponds to flexural stiffness of the blade, xi displays the displacement of the blade tip and m is mass of
the blade concentrated into its tip.
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3.2 Tuning of the model structural parameters based on modal properties

An experimental modal analysis of the experimental bladed wheel with dry friction couplings has been
performed (see Fig. 1). Based on the results, parameters of the model (12) have been tuned. Especially,
the natural frequency of a particular blade. During the experiment, two limit cases have been analysed.
First, the bladed wheel with open contacts and second, the bladed wheel with closed (bonded) contacts.
Simultaneously, a computational model has been created and compared with the experimental one [9]. To
perform the modal analysis using the model (12), the dry friction couplings has been replaced by linear elastic
couplings. The linearization enabled to model the two limit cases: open and bonded (closed) contact. The
elastic coupling stiffness has non-zero values in both cases of open and bonded contact because, regarding
the real experimental model, the contact geometry is geometrically complex and even in case of open contact
some residual stiffness remains. In case of bonded contact, the modal properties depend on the structural
stiffness of the coupling which is mostly given by normal contact force resulting from prestressing of the
contact.

Figure 9: Mode shapes of a discrete cyclic structure with 1 and 2 nodal diameters (ND)

open contacts bonded contacts
ND experiment discrete model experiment discrete model
0 — 43.00 — 43.00
1 37.34 43.28 43.66 47.47
1 37.71 43.28 46.85 47.47
2 43.51 43.10 62.51 58.72
2 — 43.10 66.92 58.72

Table 1: Modal analysis - overview of eigen-frequencies gained experimentally and couputationally

Here, we have chosen mode shapes which are characterized by one and two nodal diameters and are de-
picted in Fig. 9. Corresponding eigen-frequencies which were found out experimentally and numerically are
presented in Tab. 1. The differences in eigen-frequencies for bonded contact are caused by the fact, that the
computational model (12) takes into account the first flexural mode of each blade only, since the behaviour
of the experimental model is more complex due to its geometry which influences the motion shapes with
bonded contact.

4 Computational analysis

Based on the above presented mathematical model of the discrete cyclic structure, a computational model
has been created. In many applications like steam turbines, the bladed disks are force by nozzle excitation
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which is formed by stator bladed wheel. Generally, we consider following form of the excitation acting on
the ith blade

Fi(t) = Ai(1− e−βt) sin(ωt+ (i− 1)∆ϕ)H(sin(ωt+ (i− 1)∆ϕ)), i = 1, . . . , Nb. (13)

Ai represents the amplitude, the function (1 − e−βt) constitutes exponential ramp of the excitation with
coefficient β. ∆ϕ is a phase shift between blades and it enables to model running waves on the cyclic
structure. H is standard Heaviside function which practically assures that the excitation simulates positive
sine force pulses and Nb designates the number of blades.

Even if the model parameters are tuned based on the experiment data, the model is non-dimensionalised with
respect to blade flexural eigen-frequency to perform simulations in time domain. The dynamic behaviour is
investigated locally with respect to particular friction coupling, i.e. the attention is paid on time courses of
relative displacements and velocities between adjacent blades. There are two significant parameters which
influence the dynamics. The first one is the normalized excitation frequency ω and the second one is the
ration between normal contact force and the excitation amplitude N0/Ai, i = 1 . . . Nb. In all simulations,
we assume Ai = const. ∀i.

(a) (b)

(c) (d)

Figure 10: Phase trajectories on relative displacements and velocities of dry friction contact couplings caused
by excitation with 1 nodal diameters (ND)

4.1 Running wave with 1ND

First, a running wave with a shape corresponding to eigen-mode with 1 ND is excited and the excitation
frequency is chosen as a parameter. Four cases are presented: (a) the excitation frequency is close to the
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(a) (b)

(c) (d)

Figure 11: Normalised dissipated power of all frictionn couplings

Figure 12: Chosen timespan of relative contact displacements, velocities and excitation of four neigbouring
contacts for the case (c)

Figure 13: Dissipated normalised power in chosed dry friction contacts in dependence on excitation fre-
quency

eigen-frequency of the 1 ND mode-shape Ω1ND, i.e ω = ω/Ω1ND ≈ 1, (b) ω = ω/Ω1ND = 0.78, (c)
ω = ω/Ω1ND = 0.56 and (d) ω = ω/Ω1ND = 0.49.

Fig. 10 shows phase trajectories of steady-state of relative contact displacements and velocities for either all
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or chosen contacts for excitation frequencies (a) – (d), respectively and the normalised dissipated power is
shown in Fig. 11. The behaviours can be classified as follows:

(a) There are localised three different limit cycles in the coupling around the circumference, all contact
show full slip motion.

(b) There are localised different limit cycles in the coupling around the circumference. Some contacts are
sticking which corresponds to almost zero value of dissipated power; even if the vibration of blades
follows the running wave excitation. The activity of contacts is not evenly distributed, some contact
crossed the crossing-sliding bifurcation.

(c) Here, the behaviour shows a chaotic pattern with sticking and slipping motions. The dissipated power
significantly decreased. Time courses of chosen contact displacement and velocities along with exci-
tation force are plotted in Fig. 12.

(d) The phase trajectories of all contacts tend to a single limit cycle. The dissipated power is higher than
in case (c).

Further, the so called normalised dissipated power which is related to the period of excitation can be evalu-
ated. Fig. 13 clearly shows that the most energy is dissipated around the resonant state and the amount of the
energy dissipated depends on the contact position on the bladed wheel circumference.

4.2 Running wave with 2ND

Secondly, a running wave with a shape corresponding to eigen-mode with 2 ND is excited. The same
cases and quantities have been investigated as in previous case for 1 ND. Fig. 14 shows phase trajectories
of steady-state of relative contact displacements and velocities for all contacts. The normalised dissipated
power is plotted in Fig. 15.

Comparing to the previous case, the response in contacts is not described localised limit cycles, the behaviour
is more complicated. On the other side, the normalised dissipated power in dry friction contacts is higher
than in the case of 1ND running wave excitation.

To have a more insight into the response, contact kinematic properties for the case (a) are displayed in Fig. 16.

5 Conclusion

The work focuses on discrete mechanical systems with cyclic structure containing dry friction couplings.
The motivation lays in designing of elements for vibration suppression of bladed wheels which are operated
i.e. in steam turbines. In the first part, a short overview of dry friction couplings modelling and basic prop-
erties of friction induced and friction damped systems is presented. The 1 DoF spring-mass oscillators show
discontinuity induced bifurcation in the subharmonic area with respect to its linear eigen-frequency. Espe-
cially, crossing-sliding and adding-sliding bifurcations are detected. The dynamics is influenced not only by
the excitation frequency but also by dry friction coupling parameters (especially by friction characteristics,
normal contact force). To analyse the system a hybrid approach is used. The conditions of discontinu-
ity induced bifurcation are formulated analytically using the non-smooth approaches applied on Filippov’s
systems, since the computational implementation uses dynamic dry friction model. The results gained us-
ing LuGre model show very good agreement with results gained by switch model which cannot be easily
implemented in systems with multiple dry friction couplings acting on one body.

The methodology is applied on a simplified model of an experimental bladed wheel with especially proposed
design of blades with tunable friction couplings. The dynamics of the bladed wheel is investigated for two
different excitations, for two running waves with 1 nodal diameter and with 2 nodal diameters. From the
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(a) (b)

(c) (d)

Figure 14: Phase trajectories on relative displacements and velocities of dry friction contact couplings caused
by excitation with 2 nodal diameters (ND)

(a) (b)

(c) (d)

Figure 15: Normalised dissipated power of all frictionn couplings

dissipated power view, the most energy is dissipated around the resonance states when the blades vibrate
with greatest amplitudes with no sticking phases. In subharmonic areas, the amount of dissipated energy is
low but the vibration is accompanied by crossing-sliding and adding-sliding bifurcations.
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Figure 16: Chosen timespan of relative contact displacements, velocities and excitation of four neigbouring
contacts, case (a)
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Abstract 
The present work describes an experimental method that aims at providing a description of the dynamic and 

vibratory behavior involved by non-circular pulleys in timing belt drives. The experiments are carried out 

on an simple two-pulley transmission. The very simple architecture of this transmission offers an easy 

analysis of the phenomena. Two setups of the transmission are tested: one configuration comprising two 

circular pulleys (reference case) and the other one for which the driving pulley is substituted by an oval 

sprocket. The study focuses particularly on the pulley rotational vibrations by measuring rotational motion 

and torques. A comparative analysis is performed between experimental results obtained on the two setups 

enabling to point out the dynamic effect of the oval pulley. Finally, these results are compared with 

simulation results obtained from a numerical model developed in parallel of this work. 

1 Introduction 

In an automotive engine, the timing belt is a key component in charge of synchronizing the valve train 

system and the crankshaft (Figure 1). This synchronization constitutes one of the essential functions of the 

engine. It insures the correct timing of the valves opening and closing with respect to the piston movement 

and prevents the risk of piston-valve clash that can cause severe damages to the engine. 

In running conditions, timing belt drives can be subjected to vibrations due to the belt elasticity and several 

excitation sources such as variable load torques and crankshaft velocity. Excessive vibrations can cause belt 

fatigue and wear, leading to a decrease of the belt life. These vibrations can also induce other undesirable 

phenomena such as noise, overconsumption, and instantaneous desynchronization of engine components 

that can degrade the global engine efficiency. 
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Within the objective of reducing these phenomena, car manufacturers have recently introduced non-circular 

pulleys in timing belt transmissions. When they rotate, such pulleys cause periodic elongation of their 

adjacent belt spans. According to a patent owned by the car equipment supplier Litens Automotive [1], this 

periodic elongation is assumed to generate a fluctuating corrective torque on the driven pulleys. Directly 

dependent on the pulley geometrical profile and its phasing in the transmission, this corrective torque can 

be set to counteract the excitation sources causing rotational vibrations of the driven pulleys. Thus, with 

optimal profiles and phasing, the non-circular pulleys may enable a significant reduction of these vibrations. 

Determining the optimal design parameters of a non-circular pulley to obtain an efficient design of the 

transmission is not easy to accomplish. To achieve this, it is important to clearly understand and identify the 

impact of such pulleys on the dynamic behavior of a timing belt drive. 

The literature concerning the use of non-circular pulleys and their dynamic impact is relatively poor. Most 

works focus only on kinematic and quasi-static analyses [2,3]. Recent papers referenced in [4] and [5], 

propose numerical models developed to predict the dynamic behavior of a transmission comprising non-

circular pulleys. Using these models, the authors perform numerical studies that show how an oval 

crankshaft pulley can significantly reduce the rotational vibrations of a camshaft pulley in a four-cylinder 

engine (fourth order periodic load torque on the camshaft). The models are based on discrete approaches 

similar to that implemented by Hwang et al. [6] for poly-V belt transmissions comprising circular pulleys. 

In his model, Hwang considers the belt spans as linear spring-damper elements connected to the pulleys 

represented by rotational inertias. 

The present work is an extension of the study presented in [5]. It aims at proposing an experimental method 

for characterizing and understanding the impact of a non-circular pulley on the dynamics of a timing belt 

transmission. Here, the study focuses on the effect of a marketed oval pulley. Nowadays, this kind of profile 

is commonly used in four-cylinder engines. The experiments are conducted for a simple two-pulley 

transmission offering an easy analysis of the system. The transmission is mounted on a test stand fully 

instrumented that is described in section 2. Two different setups of the transmission are studied: 

• The circular setup (C-C): the driving and driven pulleys are both Circular (reference case), 

• The oval setup (O-C): the driving pulley is Oval and the driven pulley is Circular. 

In section 3, the results obtained for both setups are analyzed. In particular, a comparison analysis between 

the two considered transmission setups, points out the effect of the oval pulley on the dynamics of the 

system. Finally, in section 4, these experimental results are compared with some preliminary numerical 

Figure 1 : Valve train system of a car engine with a 

timing belt drive 
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results obtained from the model developed in [5]. This comparison enables to assess the modelling validity 

and to interpret the phenomena observed experimentally. 

2 Test stand 

The experiments are conducted on a simple two-pulley transmission. The transmission is composed of one 

driving pulley (1) whose motion is imposed and one driven pulley (2) subject to a constant load torque.  
 

 

Figure 2: Test setups of the transmission. 

As illustrated in Figure 2, two configurations of transmission are considered: 

• The circular setup (C-C): pulley 1 Circular – pulley 2 Circular. 

• The oval setup (O-C): pulley 1 Oval – pulley 2 Circular. 
 

The oval profile has a geometrical periodicity of 0.5 over the pulley circumference. When the pulley is 

mounted on the transmission and rotates, this geometrical periodicity induces periodic length fluctuations 

of the belt spans with a frequency of 2 events per revolution of the oval pulley (see Figure 3). These 

fluctuations affect the dynamic behavior of the transmission. 

For confidential reasons, the detailed characteristics of the transmission components (pulleys and belt) are 

not presented in this paper. 
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Figure 3: Length variations of belt spans caused by an oval profile 

(geometrical periodicity of second order). 

2.1 Architecture 

The global architecture of the test stand is illustrated in Figure 4 and Figure 5. The bench comprises two 

rotary shafts on which the pulleys of the test transmission are mounted: 

• The driving shaft (1) is coupled with a speed-controlled electric brushless servomotor (51.3 kW) in 

charge of imposing the rotational motion of the driving pulley with a maximum speed of 2000 rpm. 

• The driven shaft (2) is coupled with a torque-controlled electric brushless servomotor (11.03 kW) 

that applies the load torque on the driven pulley. 

The center distance between the two shafts is adjustable, enabling a custom setting of the initial belt tension. 
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Figure 4: Face view of the test stand. 

 

 

Figure 5: Diagram of the global test stand architecture. 

2.2 Measurement devices 

The instrumentation of the bench is similar to usual devices employed for experimental investigations on 

gear transmission error [7] and belt transmissions [8,9]. It enables measuring all the quantities depicting the 

transmission rotary dynamics. Pulley rotations are measured by means of optical encoders (2500 pulses/rev). 

Torque meters are mounted on both shafts (see Figure 6) to measure the driving and load torques with 

respective ranges of 20 and 50 N.m. When the driving pulley is oval, a laser proximity sensor (0.1 mm/V) 

is used to measure the variation of its pitch radius. The orientation of the non-circular pulley is deduced 

from this measurement (see Figure 7). 
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Figure 6: View of the driven shaft and its instrumentation. 
 

The data acquisition system is custom made within a N.I. PXI frame including classical data acquisition 

boards and a four-channel counter board permitting the use of the pulse timing method [7]. Each optical 

encoder delivers a square signal (TTL) as it rotates. Between two rising edges of this signal, a counter 

records the number of pulses given by a high frequency clock (80 MHz), see Figure 9. For each encoder, it 

is therefore possible to build a time vector that contains the times of occurrence of the TTL signal’s rising 

edges. Hence, the total rotation angle of each shaft is determined and instantaneous rotation speed and 

acceleration are deduced. In this application, the measurement is triggered on the reference encoder mounted 

on the driving shaft. The analog signals (torque meters and laser sensor) are recorded at a sampling 

frequency of 1 kHz. 
 

 

Figure 7: Principle of the measurement of the oval profile orientation. 
 

 

Figure 8: Laser proximity sensor. 
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Figure 9: Pulley rotation measurement principle. 

3 Experimental analysis 

For both transmission configurations C-C and O-C, the following measured quantities are observed and 

compared: 

• Instantaneous driven pulley rotation speed, 

• Instantaneous driven pulley angular acceleration, 

• Instantaneous Transmission Error (TE), 

• Torque applied by the belt to the driven pulley. 

The analysis is performed in the angular and angular frequency domains, where the reference is the driving 

pulley rotation angle. The comparison is made for constant average driving rotation speed (1000 rpm) and 

resisting torque (10 N.m). 

3.1 Kinematic analysis 

Instantaneous angular speed and acceleration variations of pulley 2 (driven) are plotted in Figure 10 and 

Figure 12 versus the pulley 1 (driving) number of revolutions for the two transmission configurations C-C 

and O-C. It can be seen that for the O-C transmission, the speed and acceleration fluctuation amplitudes for 

the driven pulley are amplified by a factor seven compared to the C-C configuration. 

The spectral representations of the speed and acceleration fluctuations are plotted in Figure 11 and Figure 

13. In the C-C case, the fluctuations are modulated by harmonics corresponding to the meshing frequency 

and disturbing excitation sources such as misalignments in the rotary assemblies or geometry faults on the 

pulleys. These harmonics are still present in the O-C configuration but are dominated by a second order 

harmonic with amplitude of 10 rpm. This harmonic corresponds to the oval profile effect. 

Another important characteristic of timing belt drives is the Transmission Error (TE) that has to be minimum 

for efficient engine operation and synchronization of the valve train with the crankshaft. The use of non-

circular pulley may affect the amplitude of the TE. The TE is plotted in Figure 14 for the C-C and O-C 

configurations. The fluctuation amplitude is multiplied by two with an oval pulley. The frequency content 

(see Figure 15) of the TE is dominated by the harmonic corresponding to the oval pulley in the O-C case. 

 

DYNAMICS OF ROTATING MACHINERY 2035



 

Figure 10: Instantaneous angular velocity fluctuations of pulley 2  

vs. driving angle for C-C and O-C setups. 
 

 

Figure 11: Frequency content of the instantaneous angular velocity fluctuations 

of pulley 2 for C-C and O-C setups. 
 

 

Figure 12: Instantaneous angular acceleration fluctuations of pulley 2 

vs. driving angle for C-C and O-C setups. 
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Figure 13: Frequency content of the instantaneous angular acceleration fluctuations 

of pulley 2 for C-C and O-C setups. 

 

 

Figure 14: Transmission Error vs. driving angle for C-C and O-C setups. 

 

 

Figure 15: Frequency content of the Transmission Error for C-C and O-C setups 
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3.2 Driven pulley torque analysis 

As shown in the previous section, the use of an oval driving pulley in a two-pulley transmission induces 

some second order angular oscillations of the driven pulley. These angular oscillations are related to 

fluctuations of the torque 𝐶𝑝 generated by the belt span tensions applied to the driven pulley. This torque is 

deduced from the torque measured on the driving and driven axes of the test bench. 

Figure 16 and Figure 17 show the torque 𝐶𝑝 fluctuations and frequency content in both C-C and O-C cases. 

When using two circular pulleys, the fluctuations of the torque 𝐶𝑝 are mainly governed by the harmonics 

corresponding to the tooth meshing and the disturbing excitation sources (misalignment, pulley geometrical 

faults …). In the O-C configuration, the torque is additionally modulated by a dominant harmonic of order 

2 corresponding to periodic belt span length variations induced by the oval profile. 

 

 

Figure 16: Fluctuations of the torque 𝐶𝑝 for C-C and O-C transmissions. 

 

 

Figure 17: Frequency content of the torque 𝐶𝑝 fluctuations for C-C and O-C transmissions. 
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4 Comparison with numerical results 

In this section, the modeling method presented in [5] is applied to the O-C setup. The transmission is 

considered as a discrete 2D-system. The belt is represented by a linear elastic wire related to rotating rigid 

bodies representing the pulleys (see Figure 18). 

 

 

Figure 18: Modelling principle of a belt transmission. 

 

The motion of the driving pulley 𝜃1 is imposed and the rotation of the driven pulley 𝜃2 is actuated by the 

effect of the belt span tensions 𝑇𝑎 and 𝑇𝑏 applied at the seating/unseating points (see Figure 19). The angle 

𝜃2 is the degree of freedom of the system governed by the equation of motion (1) obtained by applying the 

fundamental principle of the dynamics on the driven pulley rotation: 

𝐼2𝜃2̈ = 𝐶𝑝 − 𝐶2 (1) 

Where 𝐼2 is the rotational inertia of the pulley 2 and its shaft, 𝐶2 is the constant load torque and 𝐶𝑝 is the 

torque resulting from the belt tensions applied to the driven pulley given by: 

𝐶𝑝 = 𝑅2(𝑇𝑎(𝑡) − 𝑇𝑏(𝑡)) (2) 

 

 

Figure 19: Modeling of the O-C setup. 
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Figure 20 shows a comparison of the instantaneous rotational speed variations of the driven pulley for the 

O-C transmission obtained from experiments and simulation. Second order variations due to the oval effect 

are present on both cases and have the same phase and amplitude. However, the fluctuations of other 

frequencies visible on the experiments (pulley eccentricity, meshing frequency, etc.) do not appear in the 

simulation results. Indeed, these phenomena are not taken into account in the current model. Similar 

comments can be made for the TE plot in Figure 21. 

The simulated and experimental fluctuations of the torque 𝐶𝑝 are plotted versus the driving angle in Figure 

22. It can be seen again that the second order fluctuation caused by the oval pulley is well described by the 

model. From these observations, one can deduce that the model is able to predict rather well the dynamics  

of a two-pulley transmission comprising an oval pulley. 

 

 

Figure 20: Simulated and experimental instantaneous angular velocity fluctuations of pulley 2 vs. driving 

angle (O-C transmission). 

 

 

Figure 21: Simulated and experimental transmission error vs. driving angle (O-C transmission). 
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Figure 22: Simulated and experimental torque 𝐶𝑝 (O-C transmission). 

5 Conclusion 

The experiments presented in this paper enable highlighting the effect of an oval pulley on a two-pulley 

transmission dynamics. The experimental analysis has been conducted for two transmission setups: one 

reference setup comprising circular pulleys only (C-C) and the other setup comprising an oval driving pulley 

(O-C). The comparison between the results obtained for the C-C and O-C setups clearly shows that the 

periodic belt span elongations generated by the oval profile, cause fluctuations of the torques applied to the 

pulleys. These torque variations induce rotational acceleration and speed fluctuations on the driven pulley 

with a frequency of two events per non-circular pulley revolution. These fluctuations lead to instantaneous 

desynchronization of the transmission quantified by periodic TE variations with the same angular frequency. 

These experiments have also confirmed the relevance of the model developed by Passos et al. [5]. 

Future works will concern the enrichment of the test stand in order to perform experiments on belt 

transmission setups fully representative of real running conditions encountered in a combustion engine. It 

is planned to study transmissions equipped with a dynamic tensioner pulley for higher rotational velocities 

(till ~5000 rpm on the driving pulley). Also, fluctuating load torque and driving speed acyclism will be 

introduced in order to test the non-circular pulley capability of counteracting these excitation sources. 
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Abstract
Instantaneous Angular Speed (IAS) has appeared to provide a new source of information on the rotating
machine and the diagnosis of faults. Recently, different methods have been developed to estimate IAS,
each method have attempted to improve the measurement using different techniques. In this study, we
examine the precision of frequency demodulation, and we show that IAS spectral estimation depends on
several parameters. The effect of temporal aliasing is studied. We show that under certain conditions, the
aliasing phenomenon can be detrimental to IAS spectral estimate. For IAS estimation under non stationary
conditions, a new approach is proposed and shown to yield good results.

1 Introduction

Nowadays, most of rotating machines are equipped with rotary encoders to track the angular position of
the shaft. The information of speed can be then deducted from the variation of the position with regard to
the time. The encoder is directly mounted on the shaft allowing a direct IAS measurement which makes it
more robust to noise compared to vibration sensors. Besides its relatively low price, the incremental encoder
doesn’t need a periodic calibration. In certain cases, the environment of the machine,e.g cutting process,
makes the use of vibration sensor more complicated. In this context, Lamraoui et al.[1] used IAS measure-
ment to develop new indicators for the detection of chatter in high speed machining process. Yang et al.[2]
proposed a new model based on IAS fluctuation ratio for fault detection in diesel engine. Gu et al.[3] car-
ried out a study on IAS characteristics of engines and compressors, and used them for diagnosis. Ben Sasi
et al.[4] demonstrated the effectiveness of IAS monitoring based for the diagnosis of broken bar failure in
electrical motors. Recently, Zhao et al.[5] proposed a new method called Kurtosis-Guide Local Polynomial
Differentiator (KLPD) to detect the weak speed jitters for the diagnosis of planetary gearbox. These investi-
gations show why IAS has attracted many researchers in condition monitoring.

In the literature, direct IAS measurement methods are classified into two major groups : timer/counter based
methods [6, 1, 7], and Analog to Digital Converter ADC-based methods[8, 9, 10]. The main difference
between the two methods is the type of sampling (Angular sampling for timer/counter based methods and
temporal sampling for ADC-based methods).

The accuracy of IAS measurement is a key point in early fault detection. Previous works showed that an
increase of the counting frequency (high clock counter frequency) is definitely beneficial to IAS estimation
[11, 7]. Meanwhile, this method provides low accuracy for high angular speeds [11]. Gu at al.[8] evaluated
the influence of noise on IAS estimation using frequency demodulation method and showed that using higher
encoder resolution improves the accuracy of IAS estimation. Frequency demodulation using Gabor’s analytic
signal is widely used for the estimation of the instantaneous frequency in different domains like reflection
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seismology[12], communication engineering[13, 14], and vibration analysis[15, 16]. Meanwhile, the tools
dedicated to IAS estimation were developed in the context of stationary conditions[8, 11, 10]. Feldman[15]
proposed a new method for IF estimation under non stationary conditions for modal identification . The
results have shown that this promising tool can be used for IAS estimation.

To overcome the limitation of timer/counter based methods in high speed applications, and the necessity to
use higher encoder resolution to detect the different events related to machine operating and health condi-
tions. Frequency demodulation using analytic signal provides a good alternative. Meanwhile, the influence
of the different operating and acquisition parameters is not yet shown.

This paper will mainly focus on the precision of ADC-based method since any general-purpose board can be
used for data collection. This analog approach is used to estimate IAS using signal processing techniques al-
ready developed in communication engineering. The results are compared to the original speed in frequency
domain, since we are interested on IAS spectral estimation, via an appropriate comparison indicator.

This paper is organized into 5 sections. Section 2 presents the system modeling and the methods used for
IAS estimation. Section 3 covers the influence of the different parameters on IAS estimates and shows the
proposed algorithms for an appropriate selection of these parameters. In Section 4, an experimental study
is performed for the detection of impulsive cyclic faults. The last section presents the major funding of this
study and perspectives to improve the IAS accuracy for high angular speed.

2 System modeling and simulation setup

2.1 System modeling

A set of signals are simulated in order to evaluate the influence of the IAS acquisition technique on the pre-
cision of its spectral estimation. This simulation yields speed signal containing one cyclic train of impulses.
the cyclic train can be seen as the repetition of a defect due to the angular movement of a shaft, while the
impulse corresponds to the natural vibration of the structure when it is excited.

The impulse is defined through a linear Single Degree Of Freedom (SDOF) system represented by it’s trans-
fer function as following:

θ(t) = Ae−ξwdtsin(w0t) (1)

where :

• ξ: damping factor

• w0 = 2πν0: natural angular frequency (ν0 : resonance frequency)

• wd =
√

1− ξ2w0: damped angular frequency

• A: constant

After setting the speed initial conditions, the angle/time function is constructed by integrating the speed
signal. At each revolution traveled by the shaft, an impulse is added to the angle signal. The spectrum
of the simulated speed is composed form a pulse train with a fundamental cyclic frequency corresponding
to 1ev/rev in order domain. By integrating the resulting IAS, the encoder signal is generated from the
angle/time function at the desired encoder resolution. An analog anti-aliasing filter is implemented, and it’s
cut-off frequency is set as a function of the number of harmonics allowed in the signal.
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2.2 Frequency demodulation and instantaneous frequency

In this part, we are interested in estimating the instantaneous speed from a rotary encoder signal using
frequency demodulation method which consists in calculating the instantaneous frequency considering the
encoder signal as a Frequency Modulated (FM) signal.

2.2.1 Stationary conditions

In IAS condition based monitoring, angular speed is composed from two components:

f(t) = f0 + δf(t) (2)

where f0 represents the average speed, and δf(t) represents the time-varying component dependent on the
dynamics of the mechanical system.

IAS signal is a FM signal [8, 9]:
s(t) = Acos[2π(Fct+ ϕ(t))] (3)

where Fc = Rf0 is the carrier frequency, andR refers to encoder resolution. ϕ(t) =
∫ t
0 δf(τ)dτ is the phase

deviation where δf is the modulating signal containing the dynamic charcteristics of the system. The FM
signal is conditioned further by a comparator to generate the TTL encoder signal[9]. Theoretically, the spec-
trum of a square FM signal is composed only from odd harmonics symmetrically surrounded by an infinite
number of sidebands around the carrier frequency.

FM signals are widely analyzed by the scientific community and many techniques developed in communi-
cation engineering can be used for IAS estimation. This leads us to the concept of Instantaneous Frequency
(IF) discussed in many works and different techniques were used to estimate it [14, 17, 13]. Vakman[17]
showed that IF estimation using Gabor’s [18] analytic signal is more accurate compared to local estimation
methods.

The analytic representation of a signal s is defined as following :

Sa(t) = s(t) + iH[s(t)] (4)

where H represents Hilbert Transform (HT) defined by :

H[s(t)] =
1

π

∫ +∞

−∞

s(τ)

t− τ dτ (5)

HT operator is a convolution integral of s with the impulse response h(t) = 1/(πt). Physically, HT operator
is a kind of a linear filtering process where all the amplitudes of spectral components are left unchanged, but
their phases are shifted by π/2 for positive frequencies and by−π/2 for negative frequencies. The spectrum
of the analytic signal is zero for negative frequencies, and two times the spectrum of the signal for positive
frequencies.

HT operator attributes a unique Amplitude-Phase couple (A(t), φ(t)) at each instant t to the analytic signal :

Sa(t) = A(t)eφ(t) (6)

The instantaneous frequency is then calculated by the derivation of the instantaneous phase:

f(t) =
dφ(t)

dt
= Im(

Ṡa
Sa

) (7)

In frequency domain, the first derivative of the analytic signal is obtained by multiplying the AS sequence
by the frequency sequence. In the case of multi-component signals, a bandpass digital filtering should be
performed before applying the HT operator. The filter bandwidth is determined by Carson’s formula[19] :

B = 2(∆f + fmax) (8)
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where fmax is the highest frequency in the modulating signal, and ∆f = R max(|δf(t)|) is the peak
frequency deviation where R refers to encoder resolution. This bandwidth requirement allows the extraction
of at least 98% of the power of modulating signal with a limited number of sidebands. For chirp FM signal,
Gaussian window filter has been demonstrated to give the best results[20]. In this study, a rectangular
window is used. The influence of signal-to-noise ratio on IAS estimation is characterized in[8] and showed
to be proportional to peak frequency deviation :

SNR ∼ (
∆f

fmax
)2 (9)

Finally, IAS estimation process is implemented using a frequency domain approach as following :

• Apply FFT to TTL encoder signal

• Apply rectangular window for bandpass filtering using the bandwidth according to Eq.8

• Set negative frequencies to zero to obtain the AS sequence

• Multiply the AS sequence by the frequency sequence to obtain the first derivative of the AS

• Apply IFFT to obtain both AS and it’s first derivative

• Calculate IAS according to Eq.7

This FFT-based implementation provides the advantage of a high efficiency and reduces considerably the
computation time compared to FIR filter implementation of HT operator. The frequency demodulation using
HT developed in this section works only for stationary and narrowband signals . In the case where the signal
is non stationary, a different scheme is proposed in the next part.

2.2.2 Non stationary conditions

In this section, we propose a method for IAS estimation under non stationary conditions. Let’s consider a
double component signal x(t) composed of two signals as following :

x(t) = x1(t) + x2(t) (10)

where x1(t) = A1cos(w1t), and x2(t) = A2cos(w2t) where A1 > A2.

Feldman[16] demonstrated that the IF w(t) of the double component signal x(t) is:

w(t) = w1 +
(w2 − w1)[A

2
2 +A1A2cos[(w2 − w1)t]

A(t)2
(11)

where A(t) = [A2
1 +A2

2 + 2A1A2cos[(w2 − w1)t]].

The IF w(t) is composed from the largest energy component and a time-varying asymmetrical component.
For w1 > w2 , the IF exhibits negative frequencies. It is not the case for TTL encoder signal where the
conditionsA1 > A2,w1 < w2 are always verified. Assuming thatA1 > A2, if we integrate the asymmetrical
part with integration limits corresponding to one full cycle T = 2π

w2−w1
, we will obtain a definite integral

equals to zero[16]: ∫ T

0

(w2 − w1)[A
2
2 +A1A2cos[(w2 − w1)t]

A(t)2
dt = 0 (12)

This averaging process allows the extraction of the frequency of the largest harmonic w(t) =
∫ T
0 w(t)dt =

w1. In the case of slow varying amplitude and frequency: A1(t)e
i
∫ t

0
w1(τ)dτ + A2(t)e

i
∫ t

0
w2(τ)dτ , the in-

tegration over one full cycle period is replaced by the convolution with a low pass filter[15]. The low pass
filtering, instead of the integration, will cut down the fast asymmetrical oscillations and leave only a slow
varying frequency of the main signal component w1(t) (Flowchart in Fig.1).
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Figure 1: IAS estimation under non stationary conditions

2.3 Comparison indicator

To evaluate the influence of parameters on IAS estimation. The spectral components of each estimation
method are compared to the spectrum of the original IAS via the Sum of Squared residuals (SSR) which is a
second order distance :

L2 = log10(
∑

i

(Wi −Wi)
2) (13)

where Wi is the FT of the original speed, and Wi is the FT of the estimated speed.

Under non stationary conditions, the indicator is calculated in order domain where the frequency sequence
is expressed in Events/revolution instead of Hertz. For this purpose, IAS signal is resampled in the
angular domain. The angular resampling process adopted in this work is described in[21]. By integrating
the resulting IAS signal, the angle/time function returns the instants corresponding to every angle position
where the IAS signal is sampled Fig.2. These instants are used to resample IAS signal using a cubic spline
interpolation[22].

Figure 2: Angle/time function (André et al)

2.4 Selection of the sampling frequency

To evaluate the influence of the sampling frequency, an analog anti-aliasing filter is introduced before the data
collection. The cut-off frequency is set as function of the number of the harmonics . This part is dedicated
to stationary conditions where the carrier frequency is kept constant.
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The alias frequency of each harmonic is calculated as a function of the sampling frequency as following :

Fa(Fk) = |E(
Fk
Fs

)Fs− Fk| (14)

where :

• E(.) : integer part function

• Fk = kFc : the frequency of the kth harmonic where Fc is the carrier frequency

• Fs : sampling frequency

• Fa : apparent frequency (i.e the position of the aliased harmonic)

In the case where the alias frequencies are located around the carrier frequency in the range of the bandpass
filter bandwidth, they will be seen as modulating frequencies leading to a wrong interpretation of IAS spectral
components as they could be associated to some real phenomenons. For this purpose, we propose new
algorithms to calculate the optimal parameters for an accurate estimation. Therefore, these parameters will
be used to control the sampling frequency and the bandwidth of the bandpass filter.

The algorithm consists in calculating the distance of the nearest alias frequencies from the carrier frequency
Fc as following:

Dh(Fk) = |Fa(Fk)− Fc|; k > 1 (15)

WhereDh(Fk) is the distance of the kth aliased harmonic from the carrier frequency. MinDh =
⋂
k>1min(Dh(Fk))

is the vector describing the nearest alias frequency as a function of Fs. The sampling rate is then selected
so as MinDh is maximal providing a large choice of the filter’s bandwidth. If the ADC-board does not
allow the selection of the sampling frequency, the algorithm allows also the selection of the optimal encoder
resolution since Fa can be calculated as a function of the carrier frequency and it’s harmonics.

3 Results and discussion

3.1 Influence of the average speed

In this part, we examine the impact of the average speed on IAS spectral components. Theoretically, the
IAS spectrum is composed of an infinite number of harmonics amplified by the system’s response around
the natural frequency. Thus, the maximal frequency in the signal is infinite. Figure 3. shows IAS spectrum
where the parameters are set as following :

• The natural frequency of the mechanical system f0 = 400Hz

• The average speed is set to 20Hz

• The filter’s bandwidth is set to 4, 000Hz which represents 10 times the natural frequency of the system.

In this case, the choice of the filter’s bandwidth depends on: the natural frequency of the system since the
fault detection is easier in this frequency range, and the average speed since 100 harmonics are considered.
Different cases are considered:

• Constant number of cycles

Figure 4. illustrates the impact of the average speed on IAS estimation. As mentioned in Eq 3., IAS accuracy
depends on the peak frequency deviation. its value is set to 0.314Hz for all speeds and the number of cycles
is set to 100 revolutions . Two configurations were tested:
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Figure 3: IAS spectrum

1. Constant filter’s bandwidth : The number of harmonics contained in the bandwidth range decreases
with the average speed due to the cyclicality of the fault. As a result, less energy is considered in the
calculation of the indicator when the speed increases what explains the improvement of the estimation.

2. Constant number of harmonics: In this case, The filter’s bandwidth depends on the average speed.
Thus, the indicator shows no evolution with the average speed because the energy of the signal is kept
constant.

0 50 100 150 200
Average speed (Hz) 

-10

-8

-6

-4

-2

0

L 2

L
2

0 50 100 150 200
Average speed (Hz) 

-10

-8

-6

-4

-2

0

L 2

L
2

Figure 4: Influence of average speed on IAS estimation (duration=100 revolutions): B = 100 harmonics
(left), B = 5000Hz (right)

• Constant acquisition duration

In this part, the acquisition duration is set to 1 second and the peak frequency deviation is kept constant.
Figure 5. shows the influence of the average speed on IAS estimation. For both configurations tested in the
previous part, similar behavior is observed.

These results show that the accuracy of frequency demodulation method using analytic signal does not de-
pend on the average speed since the peak frequency deviation is kept constant. Compared to timer/counter
based methods, this method is suitable to high speed applications and allows the use of high encoder resolu-
tions. But, it is still limited by the properties of the acquisition system in terms of sampling rate.
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Figure 5: Influence of average speed on IAS estimation(duration=1 second): B = 100 harmonics (left),
B = 5000Hz (right)

3.2 Influence of encoder resolution

To evaluate the impact of the encoder resolution, The comparison indicator is calculated in the range of the
filter’s bandwidth since all the information is contained within this range.
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Figure 6: Influence of encoder resolution on IAS estimation

The results of the simulation show that IAS estimation can be improved by using a higher encoder resolution
Fig.6. The study carried out in [8] showed similar results that using a higher encoder resolution improves the
signal-to-noise ratio (SNR) as the frequency demodulation is very sensitive to noise due to the differentiation
operator used to calculate the instantaneous frequency. Thus, a zero mean white Gaussian noise is added to
examine the influence of SNR on IAS estimation. Figure 7. shows the influence of SNR on IAS estimation.
These results show that using a higher encoder resolution is beneficial to IAS spectral estimation. Similarly

to the average speed, this operation is only limited by the capability of the ADC-board to collect the data.

3.3 Influence of the sampling frequency

Figure 9 shows the aliasing diagram describing the evolution of the apparent frequency with the sampling
frequency. As encoder signal is composed only from odd harmonics, the filter cut-off frequency is set to
keep the 7th harmonic. The carrier frequency is set to 10kHz.
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Figure 7: Influence of SNR on IAS estimation, R = 1024points/rev

Under these conditions, sampling data at Fs = 40kHz will result in aliasing all the harmonics at the same
position Fa = 10kHz. Thus, it is nearly impossible to distinguish the alias frequencies from the carrier fre-
quency Fig 8. Consequently, IAS estimation is corrupted by this phenomenon and provides higher estimation
error.
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Figure 8: Effect of aliasing on IAS estimation, Fs = 40kHz (left), Fs = 38.5kHz (right)
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Figure 9: Aliasing diagram (left), Distance of each harmonic from the carrier frequency Fc = 10kHz (right)
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Figure 9. shows the evolution of the distance of aliased harmonics from the carrier frequency with the
sampling rate. In the case where the ADC-board provides possible sampling rates from 20kHz to 80kHz,
the algorithm proposes two solutions : sampling with 50kHz or with 70kHz. Both solutions guarantee that
the nearest alias frequency is located at 10kHz from the carrier frequency. The bandwidth of the filter can
be then selected within this range to avoid aliasing. Meanwhile, collecting data with 60kHz sampling rate
is detrimental to IAS estimation as the 5th harmonic is aliased exactly at the carrier frequency.

3.4 Non stationary conditions
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Figure 10: Linear varying speed: Generated IAS (left), IAS spectrum (right)

Generally, rotating machines are working under non stationary conditions where the speed variation is 10%
up to 20% of the starting speed. Figure 10. illustrates a generated linear increasing speed where the starting
speed is set to 20Hz with a variation rate of 20%. The IAS estimation is therefore resampled in angular
domain and compared to the original speed. The sampling rate is set to 100kHz with an encoder resolution
of 1024points/rev.

The results show that IAS estimation exhibits slightly higher error compared to the stationary conditions
Fig.10. This difference is due two factors : The angular sampling since IAS estimation is used to resample
itself. As a result, the error estimation is accumulated through this operation. The other factor is that the
comparison indicator is calculated for the whole spectrum instead of a limited interval since no bandpass
filtering is used. We believe that using different resampling strategies can improve the accuracy of IAS
estimation in non stationary conditions.

4 Experimental validation

4.1 Test bench description

The signals were acquired on one-stage gearbox where a shock is introduced in the output gear. To measure
IAS, an optical encoder with a resolution of 4096 points/rev is mounted on the primary shaft via a flexible
coupling to reduce the torsional forces. The gearbox is driven by 3-phase asynchronous motor controlled
with a variable speed drive. A vibration sensor is mounted for the verification of the results Fig.11.

4.2 Data acquisition

The signals are acquired using two data acquisition systems. A frequency divider is used to acquire the sig-
nals with different resolutions. The sampling frequency is set to 51.2kHz for the ADC-based measurement
where both vibration and speed signals are acquired synchronously. An 80Mhz counter is used for Elapsed
Time (ET) measurement.
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Figure 11: Gearbox test bench

4.3 Results and discussion

In the experimental study, the main goal is to examine the ability of the frequency demodulation method
to detect the mechanical phenomenons particularly in non stationary conditions. ET measurement is taken
as IAS reference since it’s accuracy was already tested for low speed applications. The meshing ratio is
meshratio = N1

N2
= 23

38 = 0.6052, where N1 = 23 the number of the teeth of the input gear, and N2 = 38
the number of teeth of the output gear.

The tests were performed under non stationary conditions where a low frequency generator to control the
variable speed drive. A triangular wave is used to generate a linear varying speed and no load is applied Fig.
12. The encoder resolution is set to R = 1024points/rev. Different speeds were also tested and the results
showed no significant difference.

Figure 13. illustrates IAS spectrum with both ET method and frequency demodulation method. We can
see that ADC-based method yields good results compared to ET based method. The meshing frequency
fmesh = 23 ev/rev is well detected by both methods as well as the sidebands at 0.6052 ev/rev . As it is
explained in the simulation section, the difference is due to the resampling process in which a part of the
information is lost.
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Figure 12: IAS estimation, ET measurement (left), frequency demodulation method (right)
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Figure 14: Effect of aliasing on IAS spectrum, Fs = 51.2 kHz (left), Fs = 19 kHz (right)

To examine the effect of aliasing, we perform a data acquisition under constant speed f0 = 800rpm and the
encoder resolution is set to 256points/rev. The acquisition board does not allow the control of the cut-off
frequency of the anti-aliasing filter. The cut-off is set automatically to Fs/2. Therefore, the encoder signal
is down-sampled with a sampling rate of 19kHz. The nearest alias frequency is located at 1475Hz from the
carrier frequency. The bandwidth of the bandpass filter is set to 4000Hz.

Figure 14. illustrates the IAS spectrum using the frequency demodulation method. As it is expected, the
largest energy component( f = 1475Hz) is present in the spectrum due to the aliasing effect as the aliased
harmonic is located within the filter bandwidth. This component could be considered as a local resonance
leading to a misinterpretation of the spectral components. The results of this study can be extended to tempo-
ral resampling of angularily acquired signals for Blade Tip-timing (BTT) measurement for the identification
of resonance frequencies[23]. The sampling rate and the cut-off frequency of the anti-aliasing filter can be
controlled to avoid aliasing.

5 Conclusion

The accuracy of IAS estimation is key feature to ensure a better fault detection. The theoretical study per-
formed in this paper show that the IAS measurement is influenced by different parameters. The results show
that frequency demodulation is suitable for high speed application compared to timer/counter based methods
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aliasing effect has been proved to be detrimental to IAS spectral estimation, and the proposed tools allow an
optimal choice of these parameters.

The proposed approach in non stationary conditions has been shown to provide good results. Meanwhile,
the accuracy of IAS estimation can be improved by revisiting angular sampling techniques. For high speed
applications, a combined method can be used. These issues will be studied in future works.
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Abstract
This paper deals with a computational methodology for analyzing a fluid-structure system taking into account
sloshing and capillarity phenomena. The fluid is assumed to be linear acoustic and the structure is assumed
to undergo large displacements/deformations, which induce geometrical nonlinearities in the fluid-structure
system. An adapted nonlinear reduced-order model is constructed using a modal characterization of each part
of the coupled system. A numerical application is considered in order to study the effects of the geometrical
nonlinearities on the dynamical forced response of the structural acoustic system.

1 Introduction

The understanding of fluid-structure dynamic interactions has always received a great attention and is of
fundamental interest with respect to numerous applications (see for instance [2, 14, 10]). In particular, the
sloshing phenomenon and the influence of the surface tension on the vibrational motion of the free surface of
a fluid have been widely studied these last decades (see [10, ?, 6, 12]). Note that the physics and modeling of
surface tension can be found, for instance, in [7, 8]. The present work is devoted to a computational nonlinear
dynamical analysis of a fluid-structure system, for which the fluid is a liquid is presence of a gravity field,
taking into account both surface tension and sloshing effects. The structure is assumed to undergo large dis-
placements and large deformations that could possibly influence the dynamical response of the fluid-structure
system. Hence, the formulation used to analyze such fluid-structure system is the one recently proposed in
[12, 13] that allows for considering the geometrical nonlinearities related to the structure through the use of
an adapted computational nonlinear reduced-order model. This nonlinear reduced-order model relies on pro-
jecting the fluid-structure boundary value problem onto an adapted reduced-order basis that is constructed by
considering several generalized eigenvalue problems related to the dynamics of the structure, of the acoustic
fluid, and of the free surface. A detailed computational methodology for constructing this projection basis in
the context of large scale fluid-structure systems has been proposed and validated in [1].

The computational model is constructed with the finite element method [15, 9] for which the unknowns of
the problem are the nonlinear displacements of the elastic structure, the acoustic pressure in the liquid, and
the free-surface normal elevation of the liquid. Furthermore, each reduced operator (linear or nonlinear)
of the reduced-order computational model is explicitly calculated. The algorithm for solving the nonlinear
reduced-order computational model uses simultaneously the arc-length algorithm (see [5]) and the fixed-
point method.

The paper is organized as follows. Section 2 is dedicated to the formulation of the fluid-structure problem. In
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particular, the construction of the nonlinear reduced-order model is explained in details. Section 3 is devoted
to a numerical application that consists in a large scale computational model of an elastic cylindrical tank
partially filled with the liquid (water). The nonlinear response of the fluid-structure system is analyzed in
details.

2 Formulation of the fluid-structure problem

2.1 Notations and hypotheses

The equations of the fluid-structure system are written with a total Lagrange formulation and the related
reference configuration is described in Figure 1. The structure, which is taken in its natural state without
prestresses, occupies a bounded domain ΩS and is assumed to be constituted of a homogeneous isotropic
linear viscoelastic material without memory. The structure contains a linear dissipative acoustic fluid occu-
pying a bounded domain ΩF . Gravitational and surface tension effects are taken into account in the present
formulation but internal gravity waves are neglected. It should be noted that the geometry of the free surface
is obtained by a pre-computation allowing the static equilibrium to be found. The acoustic fluid is assumed
to be dissipative. This dissipation is modeled by an equivalent damping term in the Helmholtz equation [11].

Figure 1: Reference configuration of the fluid-structure system (figure from [13])

The boundary of ΩF is written as ∂ΩF = ΓL ∪ γ ∪ Γ (with ΓL ∩ γ = ∅, Γ ∩ γ = ∅, ΓL ∩ Γ = ∅),
where ΓL is the fluid-structure interface, Γ is the free surface of the fluid and γ is the contact line between
the structure and the fluid. The boundary of ΩS is denoted by ∂ΩS = ΓE ∪ ΓL ∪ γ ∪ ΓG, where ΓE and
ΓG are the external structural boundary of the structure and the part of the internal structural boundary that
is not in contact with the fluid. The structure is submitted to a given body force field b in ΩS and to a
given surface force field f on ΓE . The external unitary normals to ∂ΩS and ∂ΩF are denoted by nS and
n. Let ν and νL be the external unit normals to γ belonging respectively to the tangent plane to Γ and
to the tangent plane to ΓL. The structure is assumed to be fixed on a part of its boundary ΓE . We are then
interested in analyzing the vibrations of the coupled fluid-structure system around its reference configuration.

Let x = (x1, x2, x3) be the generic point in a Cartesian reference system (O, e1, e2, e3). The gravity vector is
g = −g e3 with g = ‖ g ‖. The boundary value problem is expressed in terms of the structural displacement
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field u(x, t), of the internal pressure field p(x, t), and of the normal displacement field of the free surface
η(x, t). In order to simplify the notations, the convention for summation over repeated Greek and Latin
indices is considered and parameters x and t are removed if there is no possible confusion. Let a(x, t) be a
given function, the following notations are used : a, j = ∂a/∂xj , ȧ = ∂a/∂t and ä = ∂2a/∂t2.

2.2 Finite element computational model

In this work, the computational model is constructed with the finite element method. We are interested in
analyzing the nonlinear forced response of the fluid-structure system and the equations are formulated in the
time domain. Let nPHS = nP +nH +nS be the total number of dof on the computational model, where nP ,
nH , and nS correspond to the number of dofs of the fluid, of the free surface, and of the structure. We then
denote by P, H, and U the RnP -vector, RnH -vector, and the RnS -vector corresponding to the finite element
discretization of the pressure field in the acoustic fluid, of the normal elevation of the free surface, and of the
nonlinear structural displacement. The computational finite element model of the fluid-structure system is
then described by the following set of nonlinear coupled differential equations,

[M ] P̈+ [D] Ṗ+ [K]P− [Cpη]
T Ḧ− [Cpu]

T Ü = 0 , (1)

[Cpη]P+ [Kgc]H+ [Cηu]U = 0 , (2)

[Cpu]P+ [Cηu]
T H+ [MS ] Ü+ [DS ] U̇+ [KS ]U+ FNL(U) = FS . (3)

In Eq. (1), the (nP × nP ) symmetric positive definite matrix [M ] is the fluid mass matrix. The (nP × nP )
symmetric positive semidefinite matrices [D] = τ [K] and [K] are the damping and stiffness matrices of
the fluid, in which τ is the acoustic damping coefficient. In Eq. (2), the (nH × nH) symmetric positive
definite matrix [Kgc] is the matrix related to the sloshing/capillarity effects on the free surface. In Eq. (3),
the (nS × nS) symmetric positive definite matrices [MS ], [DS ] = τS [KS ], and [KS ] are the mass, damping,
and stiffness matrices of the structure with τS the elastic damping coefficient. The rectangular (nS × nP ),
(nH ×nP ), and (nH ×nS) real matrices [Cpu], [Cpη], and [Cηu] are the coupling matrices between the fluid
and the structure, between the fluid and the free surface, and between the structure and the free surface. In
Eq. (3) the RnS -vectors FS and FNL(U) correspond to the discretization of the external force field applied to
the structure and to the nonlinear internal forces in the structure induced by the geometrical nonlinearities.

The numerical resolution of the set of nonlinear coupled differential equations (Eqs.(1) to (3)) appears to
be time consuming or even impossible when considering large finite element models. It is thus essential to
introduce an efficient reduced-order model.

2.3 Nonlinear reduced-order computational model

The nonlinear reduced-order model is constructed by projecting the equations on an adapted reduced-order
basis, whose basis vectors are represented by the (nPHS ×NPHS) real matrix [Ψ]. The corresponding approx-
imated solution is denoted by the RnPHS-vector (P,H,U) that is written as follows




P
H
U


 =



[ΦP ] [ΦPH ] 0
0 [ΦH ] 0
0 0 [ΦS ]






qP

qH

qU


 = [Ψ]Q , (4)

in which the RNP -vector qP , the RNH -vector qH , and the RNS -vector qU are the generalized coordinates.
The total number of generalized coordinates is NPHS = NP+NH+NS . In Eq. (4), the (nP×NP ) real matrix
[ΦP ] is made up of the acoustic modes of the internal fluid, the (nH ×NH) real matrix [ΦH ], of the sloshing
modes of the free surface, and the (nS × NS) real matrix [ΦS ], the eigenmodes of the linearized structure
for which the added mass matrix effect is taken into account [10]). It should be noted that the (nP × NH)
real matrix [ΦPH ] is made up of the corresponding acoustic part associated with each sloshing modes. For
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more details concerning the computational aspects of the construction of such proposed reduced-order basis,
we refer the reader to [1]. The RNPHS-vector Q = (qP , qH , qU ) is then solution of the following set of NPHS

nonlinear coupled differential equations

[MFSI] Q̈(t) + [DFSI] Q̇(t) + [KFSI]Q(t) + FNL(Q(t)) = F (t) , (5)

in which the (NPHS × NPHS) matrices [MFSI ], [DFSI], [KFSI], and the RNPHS vectors F and FNL are such
that

[MFSI] = [Ψ]T



[M ] −[Cpη]

T −[Cpu]
T

0 0 0
0 0 [MS ]


 [Ψ] , (6)

[DFSI] = [Ψ]T



[D] 0 0
0 0 0
0 0 [DS ]


 [Ψ] , (7)

[KFSI] = [Ψ]T




[K] 0 0
[Cpη] [Kgc] [Cηu]
[Cpu] [Cηu]

T [KS ]


 [Ψ] , (8)

F (t) = [Ψ]T




0
0

FS(t)


 , (9)

FNL(Q(t)) = [Ψ]T




0
0

FNL(Q(t))


 . (10)

In Eq. (5), vector FNL(Q(t)) denotes the nonlinear internal forces induced by the geometrical nonlinearities
of the structural part that are computationally constructed from the knowledge of the nonlinear reduced
operators [4].

3 Numerical Application

3.1 Computational finite element model

The fluid-structure system is constituted of a thin circular cylindrical tank made up of aluminum. This
cylinder is closed at both ends by a circular aluminum disk. Let Ri = 0.03m and ecyl = 10−4m be the
internal radius of the cylinder and its thickness. Let eb = 2 × 10−4m be the thickness of the two circular
aluminum disk at the top and at the bottom. The total height of the cylinder is h = 0.1504m. The Young
modulus of aluminum is E = 62× 109N.m−2, Poisson ratio ν = 0.33, mass density ρS = 2,700Kg.m−3,
and damping coefficient τS = 10−6 s. This tank is partially filled (at 30%) with water (see Figure 2)for
which the sound velocity is c0 = 1,480m.s−1, mass density ρ0 = 1,000Kg.m−3, damping coefficient
τ = 10−6 s, surface tension coefficient σΓ = 7.28 × 10−2N.m−1, and the contact angle between water
and aluminum is α = 70◦. The origin O of the Cartesian coordinates system (O, e1, e2, e3) is located at
the center of the bottom of the cylindrical tank. Axis e3 coincides with the revolution axis of the tank. The
equilibrium position of the fluid in the cylindrical tank is precomputed using the software Surface Evolver
[3]. The cylinder is clamped at its bottom. The finite element model of the fluid-structure requires to use
high orders elements due to the slenderness of the cylinder wall and of the high flexibility of the free surface
motion. The finite element discretization of the system is thus constructed using 27-nodes 3D-solid finite
elements for the structure and for the acoustic fluid. The free surface of the liquid is meshed using 9-nodes
2D finite elements and the triple line is meshed using 3-nodes 1D finite elements. Table 1 summarizes the
numerical data concerning the finite element mesh.
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Figure 2: Finite element meshes of the structure (left) and of the liquid with its free surface (right).

Nodes Dof Elements
Fluid 21,097 21,097 2,400
Free surface 1,241 1,241 300
Structure 16,806 50,418 1,400

Table 1: Table of the finite element mesh numerical data

3.1.1 Observation points

The dynamical response of the fluid-structure system is analyzed at different observation nodes. The first
observation node is common to both structure and free surface, in order to see the coupling between the
structural displacement and the elevation of the free surface. It is denoted by xobsH1

on the free surface and
by xobsU on the structure. Then, two observation points denoted by xobsP1

and xobsP2
, and corresponding to

a node located at the fluid bottom and to a node located at mid-depth in the fluid are chosen. Finally,
another observation node, denoted by xobsH2

and that is located at the center of the free surface is chosen. The
coordinates of these observation points are summarized in Table 2. In the following, for the sake of clarity,
the notations Pi and Hi are introduced for representing the pressure and the elevation of the free surface at
the observation point xobsPi

and xobsHi
for i = 1, 2. The notation Uj is used for representing the component

number j of the structural displacement observed at observation node xobsU .

3.2 Computational reduced-order bases

The computational reduced-order basis [Ψ] is constructed according to Section 2.3, by solving three gen-
eralized eigenvalue problems associated with P, H, and U [12, 1]. Some acoustic, sloshing, and elastic
eigenmodes are represented with their respective eigenfrequencies denoted by ν a

i , for i = 1, . . . , Na with
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Location Name x coordinate y coordinate z coordinate
Fluid xobsP1

0.0147 0 0.0002

xobsP2
0.0147 0 0.0185

Free surface xobsH1
0 0.03 0.0497

xobsH2
0 0 0.0452

Structure xobsU 0.0168 −0.0168 0.0467

Table 2: Localization of the observation nodes for the fluid, the structure and the free surface

a ∈ {P,H, S}.

3.2.1 Acoustic eigenmodes of the internal fluid

Figure 3 displays some acoustic eigenmodes of the liquid computed with zero pressure on the free surface,
and their respective eigenfrequencies. For the present numerical application, it should be noted that the
resonance of the internal fluid is a high-frequency phenomenon since the fundamental frequency of the fluid
is νP1 = 7,824Hz.

νP1 = 7,824Hz νP9 = 30,718Hz νP15 = 39,279Hz νP18 = 41,226Hz

Figure 3: Example of acoustic modes of the internal fluid

3.2.2 Sloshing eigenmodes of the free surface

Figure 4 displays some sloshing modes of the free surface for which the fundamental eigenfrequency is νH1 =
3.68Hz, which is of order 103 smaller than the fundamental frequency of the internal fluid. Moreover, it can
be seen that the modal density of the sloshing is high since the 500-th eigenfrequency is νH500 = 56.38Hz.
The corresponding acoustic part of the sloshing modes [ΦPH ] is displayed in Figure 5. It can be seen that
there is effectively an exponential decreasing of the pressure as function of the distance to the free surface.

3.2.3 Elastic eigenmodes of the structure

Figure 6 and 7 display some elastic eigenmodes of the structure related to the empty and the partially filled
fluid-structure system. In particular, since these modes have been calculated by including the added mass
effect induced by the fluid, this influence can be quantified regarding both modal shapes and relative eigen-
frequencies. Note that the eigenmodes and the associated eigenfrequencies, whose modal contribution is
concentrated at the top of the structure remain unchanged.

2062 PROCEEDINGS OF ISMA2018 AND USD2018



νH1 = 3.68Hz νH15 = 8.28Hz νH22 = 9.89Hz νH28 = 11.22Hz

νH37 = 13.06Hz νH59 = 16.99Hz

Figure 4: Example of sloshing modes of the free surface.

νH1 = 3.68Hz νH15 = 8.28Hz νH22 = 9.89Hz νH28 = 11.22Hz

νH37 = 13.06Hz νH59 = 16.99Hz

Figure 5: Example of corresponding acoustic part of the sloshing modes.

3.3 Dynamical excitation of the system

The dynamical excitation of the system is defined in the time domain and is chosen in order to uniformly
excite a frequency band of interest that corresponds to some of the structural and sloshing resonances of the
fluid-structure system. Since the fundamental sloshing eigenfrequency of the free surface is νH1 = 3.68Hz
and since the fundamental frequency of the internal liquid is νP1 = 7,824Hz, the time domain excitation is
chosen such that the corresponding excitation frequency band is Be = [νmin , νmax]Hz, with νmin = 15Hz
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νS1 = 510Hz νS7 = 1,461Hz νS9 = 1,514Hz

Figure 6: Example of elastic modes of the empty structure.

νS8 = 510Hz νS5 = 530Hz νS9 = 639Hz

Figure 7: Example of elastic modes of the structure when considering the influence of the liquid.

and νmax = 1,550Hz. In this frequency band, the first 9 eigenmodes of the structure are excited. The
dynamical excitation is located on the surface zone defined by r = R + ecyl, θ ∈ [−π/32, π/32] and x3 =
[h/2−hf , h/2+hf ] with hf = 0.02m in cylindrical coordinates. Figure 8 displays the graph t 7→ g(t) of the
time repartition of the excitation (whose maximum over the time domain is set to 1) and of its corresponding
Fourier transform. It can be seen that such a choice allows the frequencies between 15Hz and 1,550Hz to
be excited. The maximum load intensity is given by f0 = 2,000N that corresponds to subsequent nonlinear
geometrical effects. The computations is carried out with a sampling frequency νe = 15,500Hz and with
nt = 106 time steps. The initial time is chosen as tini = −1.30 s yielding a null initial load and the time
duration is chosen as T = 67 s. Consequently, these computational parameters are adapted for observing the
resonances related to the sloshing motion, which is also known to be a low-frequency and weakly damped
phenomenon in the present numerical application. It should be noted that the nonlinear dynamical response
of the fluid-structure system is calculated in the time domain with a Newmark algorithm for which the
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Figure 8: Graph of the dynamical excitation of the fluid-structure system (left) and its Fourier transform
(right).

nonlinearity is solved using either the fixed point method or arc-length based algorithms. The nonlinear
dynamical analysis is carried out a posteriori in the frequency domain by evaluating its Fourier transform
from a FFT algorithm. The frequency band of analysis is given by Ba = [0 , νmax] with νmax = 5,000Hz.
In the following, the notation Â(2πν) denotes the Fourier transform of quantity A(t).

3.4 Reduced-order model convergence

In order to construct an efficient reduced-order model, a convergence analysis is performed in order to de-
termine the optimal number NP , NH , and NS of bases vectors. Due to the large dimension of the finite
element model, the computation of the solution (P,H,U) of Eqs. (1) to (3) is not calculated. Thus, the so-
lutions (P,H,U) obtained by using the nonlinear reduced-order model cannot be compared to the reference
solution. For circumventing this problem, we assume that the solution is converged for a high number of
eigenmodes Nmax

P = 500, Nmax
H = 500, and Nmax

S = 200. Then, three convergence analyses are per-
formed with respect to NP , NH and NS . In the following, the results presented are calculated using the
optimal number of eigenmodes.

3.5 Linear and nonlinear dynamical responses of the fluid-structure system

The influence of the geometrical nonlinearities of the structure on the fluid-structure system is quantified
by comparing the linear and the nonlinear dynamical responses of the fluid-structure system. The linear
dynamical response of the system is calculated by solving the set of differential equations defined by Eq.
(5) for which FNL(Q(t)) = 0. These results are then compared to the nonlinear dynamical analysis of the
fluid-structure system. For convenience, we denote by superscript L the quantities calculated for the linear
system and by superscript NL the quantities calculated for the nonlinear system. Figure 9 displays the graphs
of ν 7→ |P̂L

i (2πν)| (left figure) and of ν 7→ |P̂NL
i (2πν)| (right figure) for i ∈ {1, 2}. Figure 10 displays

the graphs of ν 7→ |ĤL
i (2πν)| (left figure) and of ν 7→ |ĤNL

i (2πν)| (right figure) for i ∈ {1, 2}. Figure 11
displays the graphs of ν 7→ |ÛL

i (2πν)| (left figure) and of ν 7→ |ÛNL
i (2πν)| (right figure) for i ∈ {1, 2, 3}.

These results show that the geometrical nonlinearities that are taken into account in the computational mod-
elling have a significant impact on the responses of the fluid-structure system. When considering the linear
responses of the fluid-structure system, we clearly see that the resonances that are located in the excita-
tion band Be well match with the elastic and sloshing eigenfrequencies. The nonlinear responses of the
fluid-structure system are more interesting. Unexpected resonances that are localized below and beyond Be

appear. Moreover, their contribution appear to be significative with resonance amplitudes of the same order
as the resonance amplitudes that are localized in Be.
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Figure 9: Graph of the linear (left) and nonlinear (right) FRF of the pressure in the internal liquid seen at the
observation points.
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Figure 10: Graph of the linear (left) and nonlinear (right) FRF of the elevation of the free surface seen at the
observation points.
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Figure 11: Graph of the linear (left) and nonlinear (right) FRF of the structural displacement seen at the
observation point.

4 Conclusion

This paper proposes a computational methodology adapted to a fluid-structure system for which sloshing and
capillarity effects are taken into account and for which the structure is assumed to undergo large displace-
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ments/deformations. The construction of an adapted nonlinear reduced-order model is required for reducing
the computational costs, mostly if large finite element models are considered. The formulation used for
such nonlinear reduced-order model allows for constructing a projection basis for each part of the fluid-
structure system in order to circumvent the possible gap between the eigenfrequencies of each sub-system.
This means that if the eigenmodes of the coupled fluid-structure system were directly calculated, about ten
thousands eigenmodes should be computed in the considered frequency band of analysis instead of the 500
that have been computed. In addition, the mesh should considerably be refined for computing this huge
number of sloshing modes. The numerical application constituted of a cylindrical tank partially filled with
a fluid demonstrate the efficiency of the proposed method. In particular, the results show that the responses
are strongly modified by the presence of the geometrical nonlinearities.
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Abstract
Sloshing in fuel tanks of commerical vehicles has to be considered for dynamic truck simulations. These
tanks typcially possess perforated plates as baffles inside to reduce the sloshing amplitudes and the related
forces. Besides the estimation of the eigenfrequencies and corresponding modes the dissipative effects have
to be correctly described for simulating the sloshing forces using linear potential theory. The energy dissi-
pation mechanisms - namely the viscous boundary layer damping, the bulk damping and the pressure drop
at the baffles - are studied in detail. The calculated damping ratio as well as the simulated transfer function
are validated with experimental findings. The results from simulations and experiments show only small
deviations.

1 Introduction

Dynamic effects of a fluid with a free surface caused by the motion of the surrounding container, usually
referred to as sloshing, have to be regarded in different applications. It is of crucial importance to know
the occuring sloshing amplitudes and the corresponding forces in spacecrafts [1], liquid cargo ships [2] and
tuned liquid dampers [3]. The focus of this contribution is set on fuel tanks of commercial vehicles. For an
accurate simulation of the entire truck, the fluid behaviour and the resulting sloshing loads in the tanks with
filling volumes up to 1000 liters have to be correctly depicted. Typical features of fuel tanks of commercial
vehicles are a mainly translational excitation in all directions, many used variants regarding the size of the
tanks and especially perforated plates used as baffles to subdivide the tank volume and to reduce the sloshing
amplitudes.

Horizontal excitation causes vibrations of the fluid surface whereas parametric sloshing occurs for verti-
cal excitation above a threshold when the fluid surface becomes unstable. To describe the observed fluid
behaviour the eigenfrequencies and corresponding modes as well as the dissipative effects have to be deter-
mined. The eigenfrequencies and the free-surface shapes can be estimated using linear potential flow theory
(see e.g. [2]). Extending the formulas enables the calculation of eigenfrequencies also for the baffled tank
which agree well with measured values [4]. The reduction of the sloshing amplitudes is related to different
dissipative effects: viscous boundary layer damping, bulk damping and especially the pressure drop at the
holes of the baffles.

After introducing the test rig (section 2.1) and derivating the modal equations of motions based on linear
potential theory (section 2.2), the influences of the baffles (section 2.3) and the possiblities to determine
the eigenfrequencies and modes are given (section 2.4). The main part of this contribution focuses on the
energy dissipation, including the descriptions of the different effects (section 3.1-3.3) and a semi-empirical
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approach for the baffles used in truck tanks. The numerical results are discussed in section 4 in comparison
with experimental values. This contribution closes with a conlusion and a short outlook (section 5).

2 Sloshing in rectangular tanks

2.1 Test rig

Besides analytical and numerical approaches to describe the sloshing behaviour for translational excitation,
experiments have been used to understand the physical effects and to validate the numerical results. All in-
vestigations are conducted for a baffled rectangular tank (dimensions 317mm× 217mm× 188mm) which
is the scaled simplification of a typical truck tank. Scaling the geometrical dimensions of the tank leads to
modification of other physical quantities according to the dimensional analysis. The releveant fluid dynamic
dimensionless parameter for gravity driven sloshing is the Froude number Fr = ρv2c

ρglc
= ω2

c lc
g with character-

istic velocity vc, length lc and eigenfrequency ωc and density ρ and graviational constant g. The test rig is
given in Figure 1. Silicone oil is used instead of diesel having the same viscous properties. The tank is hori-
zontally excited by a shaker and the force, the accelerations and the displacement are measured. Investigated
positions of the baffle dividing the tank at the ratio of 1/4 (A), 1/3 (B), 1/2 (C), 2/3 (D) und 3/4 (E) are noted
with capital letters in Figure 1.

possible
baffle positions

A B C D E

Excitation direction

laser triangulation
sensor

Load
cell

Acceleration-
sensor

Figure 1: Side view of the tank including the investigated baffle positions and the sensor positions.

2.2 Derivation of modal equations of motions

Assuming an incompressible fluid (∇ · v = 0), neglecting viscous stresses, surface tension effects and
postulating an irrotational fluid motion allows for applying potential flow theory, i.e. v = ∇Φ. With this,
the field equations of linear sloshing read:

∆Φ = 0,
p

ρ
+

∂Φ

∂t
+ ẍ0x+ (g + z̈0) ζ = 0. (1)

The first equation represents the continuity equation and the second Bernoulli type equation the momentum
balance. Φ denotes the velocity potential, p the pressure, g the gravitational constant and ζ the (small) surface
elevation. For the sake of brevity, only translational excitations of the untilted tank in x- and z-direction with
the related accelerations ẍ0(t) and z̈0(t) are regarded.
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Additionally, the kinematic boundary conditions at the solid walls (2) and the linearized kinematic and
dynamic boundary conditions at the free surface ((3) and (4)) are (see also [4]):

0 =
∂Φ

∂x

∣∣∣
x=± bx

2

, 0 =
∂Φ

∂y

∣∣∣
y=± by

2

, 0 =
∂Φ

∂z

∣∣∣
z=−h

, (2)

0 =
∂Φ

∂z

∣∣∣
z=0

− ∂ζ

∂t
, (3)

0 =
∂Φ

∂t

∣∣∣
z=0

+ ẍ0x+ (g + z̈0) ζ. (4)

The rectangular tank and the relevant quantities are given in Figure 2.

O

bx

ez

ex

ey

by

h

ζ
bz

Figure 2: Rectangular tank of dimensions bx, by, bz , fill level h and free surface elevation ζ. The origin of
the coordinate system is centered at the fluid surface at rest.

Using a modal approach, i.e.writing the elevation of the free surface as ζ(x, t) =
∑∞

i=1 βi(t)ϕi(x, 0) and
the velocity potential as Φ(x, z, t) = ẋ0(t)x + ż0(t)z +

∑∞
i=1Ri(t)ϕi(x, z) with Ri(t) = g

ω2
i
β̇i(t) and

generalized coordinates Ri(t) and βi(t), results in the following linear modal equations of motion

β̈i(t) + 2ξiωiβ̇i(t) + ω2
i

(
1 +

z̈0(t)

g

)
βi(t) = −λxi

µi
ẍ0(t) (5)

with the hydrodynamic coefficients µi =
ρg
ω2
i

∫
∂Vf

ϕi(x, y, 0)
2 dx dy and λxi = ρ

∫
∂Vf

ϕi(x, y, 0)x dx dy as
integrals over the fluid surface ∂Vf . ωi are the eigenfrequencies and ϕi(x, y, z) the corresponding eigen-
modes.

For z̈0(t) = 0 and ẍ0(t) 6= 0 equation (5) describes the known behaviour of a linear oscillator with force
excitation, whereas for pure vertical exciation (ẍ0(t) = 0, z̈0(t) 6= 0) we obtain a Mathieu equation and
expect parametric instabilities.

The horizontal fluid force FF,x due to sloshing is the reaction force to the external force on the fluid F =
mF ẍcog with the acceleration of the center of gravity ẍcog and can be written as

FF,x = −mF ẍ0(t)−
∞∑

k=1

β̈k(t)λxk. (6)

The transfer function between the acceleration ẍ0 of the tank and the corresponding force FF,x reads

F̂F,x = HFF,xẍ0
(iΩ)

(
−Ω2x̂0

)

HFF,xẍ0
(iΩ) = −mF −

∞∑

k=1

λ2
xk

µk

Ω2

ω2
k − Ω2 + i2ξkωkΩ

,
(7)
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where underlines indicate complex quantities. It describes the so-called apparent mass and is used for vali-
dation with measured transfer function.

2.3 Influence of baffles

As already mentioned, the baffles as a characteristic feature of fuel tanks and their influence on the sloshing
behaviour have to be investigated. Therefore, the measured transfer functions for different baffles and screens
are plotted in Figure 3. For the tank without baffles (dark blue curve) the highest apparent mass along with
strong amplification of the free surface occurs at the eigenfrequencies, especially for the first mode with the
greatest movement of the center of gravity. Placing a solid wall (red curve) in the middle of the tank (position
C) results in a shift of the eigenfrequencies to higher values (see also (8)). Dividing the tank by screens with
low solidity ratios1 (turquoise and light blue curve) - typically used in tuned liquid dampers - reduces the
sloshing amplitudes and apparent mass [4, 5]. If perforated plates with high solidity ratios are applied as
subdividing elements (orange and yellow curve) a shift of the eigenfrequencies beside the reduction of the
sloshing amplitudes can be observed. Both effects depend on the specific geometry of the baffles [4, 6]. As
these kinds of baffles are installed in truck tanks, the shift of the eigenfrequencies as well as the reduction
of the sloshing amplitudes have to be regarded. The first part is addressed in [4] whereas this contribution
focuses on the energy dissipation effects.
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20
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Figure 3: Influence of baffles and screens placed in the center of the tank on the transfer function (white
noise excitation in x-direction, fill level 33.3 %).

2.4 Sloshing eigenfrequencies and modes

For a rectangular tank as depicted in Figure 2 the eigenfrequencies and eigenmodes can be given analytically
[2] with the mode numbers n and m in x- and y-direction, respectively:

ω2
mn = gγmn tanh (γmnh) with γmn = π

√(
m

bx

)2

+

(
n

by

)2

, (8)

ϕmn(x, y, 0) = Cmn cos

(
πm

bx

(
x+

bx
2

))
cos

(
πn

by

(
y +

by
2

))
. (9)

Faltinsen and Timokha [5] show an analytical approach to describe the shift of the eigenfrequencies for a
rectangular tank with a screen in the middle. These formulas can be extended to the case of a rectangular tank

1The solidity ratio is defined as the shadow area projected on a plane parallel to the baffle to the total cross sectional area of the
tank.
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with one or two perforated plates at arbitrary positions [4]. The simulated eigenfrequencies and modes agree
reasonably with experimental ones. For complex tank shapes an eigenvalue analysis using finite elements is
an appropriate possibility to obtain the eigenfrequencies and corresponding mode shapes, which can be used
to calculate the hydrodynamic coefficients.

3 Energy dissipation

In addition to the eigenfrequencies and modes a correct description of the dissipative effects is crucial for the
determination of the sloshing amplitudes and the resulting forces on the tank and the surrounding structure.
Three different sources of energy dissipation can be identified: damping due to the viscous boundary layer,
bulk damping (inner fluid damping) and the pressure drop resulting from the flow through holes and slits of
the baffles. If baffles are present, the third dissipative effect will be the most important one. In general, the
resulting reduction of the sloshing loads depends on the excitation frequency and amplitude, the examined
fluid and especially on its viscosity and density as well as on the geometrical shape of the baffles.

3.1 Viscous boundary layer damping

Regarding the incompressible Navier-Stokes equations, the following term of viscous energy dissipation can
be identified with the viscous stress tensor τ :

Ėvb = −
∫

V (t)
τ · (v · ∇) dV. (10)

Using the laminar boundary layer approximation and assuming an oscillating flow outside of the boundary
layer of area A with small velocity amplitude v̂ as well as a Newtonian fluid leads to

〈Ėvb〉 = −η

2

√
ω

2ν

∫

A(t)
v̂2 dA (11)

after averaging over one period T [2, chapter 6]. Following Keulegan [7], the energy disspation can be
related to the total energy E = Epot + Ekin by

〈Ė〉 = −2
δ

T
E (12)

and the modal damping ratio ξ is obtained as

ξ =
δ

2π
. (13)

For the rectangular tank (Figure 2) the total energy dissipation in the viscous boundary layer can be expressed
as the sum

〈Ėvb〉 = 〈Ėvb〉
∣∣
x=− bx

2
+ 〈Ėvb〉

∣∣
x= bx

2
+ 〈Ėvb〉

∣∣
y=− by

2

+ 〈Ėvb〉
∣∣
y=

by
2

+ 〈Ėvb〉
∣∣
z=−h

. (14)

The velocity amplitudes v̂ are the corresponding derivatives of

Φ̂(x, z) =
g

ωm
Cm cos

(
πm

bx

(
x+

bx
2

)) cosh
(
mπ
bx

(z + h)
)

cosh
(
mπ
bx

h
) (15)

in parallel direction to the boundary layer with Cm being a constant. The given two-dimensional formulas
can be extended to the third dimension. Baffles can be also included using the formulas in [4] neglecting
holes and taking only the first order approximation into account.
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The resulting damping ratio [8], which can be incorporated in equation (5),

ξvb =
δvb
2π

= − 1

2π

〈Ėvb〉Tm

2E
= − 1

2ωm

〈Ėvb〉
E

=

√
ν

2ωm




1
2 sinh

(
2mπ
bx

h
)
− mπ

bx
h+ 1

2mπ

bx sinh
(
mπ
bx

h
)
cosh

(
mπ
bx

h
) +

1

by


 .

(16)

is proportional to the square root of the kinematic viscosity ν.

3.2 Bulk damping

The energy dissipation in the bulk of the fluid with the dynamic viscosity η

Ėbd = −η

∫

V (t)

(
(v · ∇) + (v · ∇)T

)
· (v · ∇) dV (17)

can be formulated in the two-dimensional case with the given velocity potential in the previous subsection as

〈Ėbd〉 = −ηby

∫ bx
2

x=− bx
2

∫ 0

z=−h

(
2

(
∂2Φ̂

∂x2

)
+ 2

(
∂2Φ̂

∂z2

)
+ 4

(
∂2Φ̂

∂x∂z

))
dz dx

= −ηbxbyC
2
mg

(
mπ

bx

)2

.

(18)

The corresponding damping ratio follows as

ξbd =
δbd
2π

= − 1

2ωm

〈Ėbd〉
E

= 2ν

(
mπ

bx

)2 1

ωm
, (19)

which is proportional to the kinematic viscosity ν. As the values of ν are small for the investigated fluids,
the bulk damping is only relevant for higher modes [9].

3.3 Pressure drop at the baffles

Baffles in commercial vehicle tanks normally divide the tank volume vertically in three compartments of
similiar size. In Figure 4a the transfer function for this tank configuration being divided at position B and D
with two baffles of the given shape is plotted. The corresponding mode shapes are given in Figures 4b-4d.

The excitation amplitude dependent reduction of the sloshing amplitudes due to the pressure drop at the
baffles can be seen in Figure 4a. This pressure drop which is caused by jet flow, cross flow and flow separation
at the baffle can be described by

pl − pr =
1

2
ρK∆p|vs|vs (20)

with the pressure p at the left (l) and right (r) side of the baffle, the approach velocity vs and the pressure
drop coefficient K∆p. For most cases the higher the exicitation amplitudes the stronger the apparent mass is
damped. Mode (3,0) is an exception, for which the damping ratio is nearly the same and much lower than
for the other two modes. For this (3,0) mode the approach velocity at the baffles (tangent to the mode in 4c)
is zero and only viscous boundary and bulk damping occur. The approach velocity can be written as

vs(z, t) =

Nm∑

i=1

β̇i(t)g

ω2
i

(
cosh(k0(z + h))

N0
B0

)
(21)
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(a) Transfer function for different sine sweep excitation levels.

(b) (1,0) mode. (c) (3,0) mode. (d) (1*,0) mode.

Figure 4: Transfer function and mode shapes for the rectangular tank with baffles at position B and D at fill
level 66.6 %.

with the number of regarded modes Nm and N0 and B0 being defined in [4]. The pressure drop can be
integrated in the modal equations of motion [6, 10] and modified nonlinear modal equations of motion
follow:

β̈i(t) + 2ξiωiβ̇i(t) + ω2
i

(
1 +

z̈0(t)

g

)
βi(t)

− K∆p

4h

αl
i + αr

i

µi

∫ 0

−h
vs(z, t)|vs(z, t)| dz = −λxi

µi
ẍ0(t)

(22)

with the terms αl
i = ρ

∫ xs

x=− bx
2

ϕi(x, 0) dx and αr
i = ρ

∫ x= bx
2

xs
ϕi(x, 0) dx, the baffle position xs and the

already given hydrodynamic coefficients. An extension of the formulas to two baffles is also possible.

The empirical pressure drop coefficient K∆p depends on the solidity ratio, the Reynolds number and the
Keulegan-Carpenter number. Different literature values for baffles are given in Table 1 including the value
for the investigated baffle (Figure 4). The differences of the pressure drop coefficients are up to the value of
2 for the different applications and sources.

As there is no appropriate formula available for the pressure drop coefficient for the used perforated plates
with few holes in truck tanks, a different, semi-empirical approach for tanks being equidistantly divided by
two baffles is followed: Based on the known dependencies for a rectangular tank the formulas are fitted to
experimental results using least-square approximation.

The total damping ratio ξ = ξvb + ξbd + ξ∆p consist of the viscous boundary and bulk damping part

ξvb+bd,m = C1

√
ν

fm




1
2 sinh

(
2mπ
bx

h
)
− mπ

bx
h+ 1

2mπ

bx sinh
(
mπ
bx

h
)
cosh

(
mπ
bx

h
) +

1

by


+ C2

ν

fm

m2

b2x
(23)

and the pressure drop at the baffles. The coefficients C1 and C2 are fitted to experimental damping ratios
obtained by modal analysis for a clean rectangular tank and result in C1 = 0.3928 and C2 = 7.3303.
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Formulation Application Reference Example K∆p

K∆p =
(

1√
Dc(1−Sn)

− 1
)2

,

Dc = (0.405 exp(−πSn) + 0.595)
2

Plate with slits,
Sn ≥ 0.3,KC ≥ 15

Tait [3] 145.79

K∆p =

(
0.707Sn

3
8 +Sn

)2

(1−Sn)2

Perforated sheet with
sharp-edged orifices Idelchik [11] 158.21

K∆p = Sn
Dc(1−Sn)2 , Dc = 0.78

Screen made of metal
wires Idelchik [11] 73.93

K∆p = Sn
Dc(1−Sn)2 , Dc = 0.5 Plate with holes Molin [12] 115.51

Table 1: Different empirical formulas for the pressure drop coefficient K∆p for different applications and an
example value for a baffle with a solidity ratio of Sn = 0.8768.

For the amplitude reduction due to the flow through baffles a linearization procedure according to Tait [14]
is followed. The force due to the baffle is Fs,m(x, z, t) =

∫ 0
−h fs,m dz = ∆p dA [15] with fs,m(x, t) =

1
2ρbyK∆pvs,m|vs,m| and the horizontal component of the velocity at the baffle vs,m. Minimization of the
error ǫ = 1

2ρbyK∆pΞs,mΞg,mβ̇m|β̇m| − dmβ̇m with the terms

Ξg,m =

∫ 0

z=−h

cosh3
(
πm
bx

(z + h)
)

sinh3
(
πm
bx

h
) dz =

bx
πm


1

3
+

1

sinh2
(
πm
bx

h
)


 (24)

and

Ξs,m =

Ns∑

j=1

sin3
(
πm

bx

(
xjs +

bx
2

))
(25)

leads to the linear amplitude dependent damping term

ξ∆p,m =
K∆pΞs,mΞg,m

bx


1

3
tanh

(
πm

bx
h

)
+

1

sinh
(
πm
bx

h
)
cosh

(
πm
bx

h
)


 4

3π
β̂. (26)

The term Ξs,m reflects the number of the baffles and their positions and has to be nonzero for all modes which
are unsymmetric to the baffles. The obtained pressure drop coefficient after curve-fitting to experimental
values is K∆p = 45.69.

4 Results

4.1 Tank without baffles

The modal equations (5) are solved using the Dormand-Prince integration scheme and the measured displace-
ment as excitation. For a rectangular tank without baffles only viscous boundary layer and bulk damping
occur. Using the formulas in equations (16) and (19) the apparent masses in Figure 5 can be simulated.

The simulated damping values are too small and therefore the peak is too high. One possible reason could
be the neglected sloshing amplitudes: Evaluating the integrals with the actual wetted area, i.e. replacing the
undisturbed surface z = 0 by z = ζmax|ϕ(x, y, 0)| results in a better approximation. However, the values are
still too small.
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ẍ
0
|[k

g
]

Exp.
Sim. ξana

Sim. ξexp

Figure 5: Comparison of measured and simulated transfer functions with experimental ξexp and analytical
ξana damping ratios for the unbaffled rectangular tank at sine sweep excitation and fill level 50.0 %.

4.2 Consideration of the pressure drop

In Figure 6 the numerical results using equation (22) and different values of K∆p for the given baffle being
placed at position A (ratio 1:3) are compared to the test results.
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Figure 6: Comparison of experimental and simulated transfer functions for different values of K∆p (sine
sweep excitation, fill level 50.0 %).

The measured transfer function can not be reproduced without accounting for the pressure drop (K∆p = 0,
red curve). Inserting higher values for K∆p reflects the measured curves.

4.3 Semi-empirical approach

The modal damping values due to viscous boundary layer and the material damping for the clean tank filled
up to 33.3% and 66.6% are plotted in Figure 7 for the first five modes. The blank symbols are related to the
modal analysis values of the measurements and the filled ones show the curve-fitting results. A very good
approximation for the damping ratios, which are in general less than one percent, is obtained. For 66.6%
fill level, both dissipative contributions are plotted seperately. Whereas the viscous boundary layer damping
decreases slowly with higher modes, the bulk damping becomes at all relevant only for higher frequencies.
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Figure 7: Experimentally determined modal damping ratios (blank symbols, mean value and standard devi-
ation) for a clean tank with 33.3 % and 66.6 % fill level as well as the curve-fitting results (filled symbols,
seperately for viscous boundary (vb) and bulk damping (bd) for 66.6 % fill level).

In the case of a tank equidistantly divided by two baffles, the damping ratios for the relevant first three modes
are plotted in Figure 8 for three different excitation levels. The highest reduction of the sloshing amplitudes
with damping ratios up to 15 % occur for the (1,0) mode. As already mentioned, there is no pressure drop for
sloshing with the (3,0) mode and consequently the damping ratios are quite small. For the (1*,0) mode values
up to roundabout 5 % can be measured. If the fluid moves through the openings at the baffle, the damping
ratios increase strongly with the excitation amplitude. Again the curve-fitted values are plotted with filled
symbols in comparison to the experimental blank marks. A satisfactory agreement is achieved, especially
the amplitude dependent behaviour can be depicted correctly.

(1,0) (3,0) (1*,0)
0

5

10

15

20

Mode

ξ
[%

]

×1
×2
×3

Figure 8: Experimentally determined modal damping ratios (blank symbols) and curve-fitted values (filled
symbols) at different excitation amplitudes (×1 . . .× 3) for sine weep excitation at 66.6 % for the tank with
two baffles (positions B and D).

Using the curve-fitted modal damping ratios and the numerical determined eigenfrequencies and modes with
the finite element method in equation (5) results in the transfer function given in Figure 9. The comparison
with the experiment shows a good depiction of the measured fluid behaviour.
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Figure 9: Experimental transfer function in comparison to simulated one using the curve-fitted damping
ratios (sine sweep excitation, 66.6 % fill level, baffles at positions B and D).

5 Conclusion

The sloshing behaviour in rectangular tanks can be described with the linear potential theory for the investi-
gated fluid. Besides the excitation which is normally known from the application case, the eigenfrequencies
and corresponding modes as well as the dissipative effects have to be determined. This contribution focuses
on the energy dissipation due to viscous boundary layer damping, bulk damping and especially the pressure
drop at the baffles. Analytical formulas of all mentioned effects are given and the integration in the modal
equations of motion is shown. For perforated plates, which are typically used in truck tanks, semi-empirical
formulas are derived and validated with measurements resulting in good agreement.

It is shown how the dissipative effects due to sloshing can be modelled and simulated. The outlined procedure
can be easily transfered to real-size truck tanks. Furthermore, the derived eigenfrequencies and modes in [4]
and the calculated damping ratios given in this contribution can be utilized to parametrize an equivalent
mechanical model, for example.

The consideration of nonlinear sloshing effects for higher amplitudes and the derivation of an optimal tank
design using the given approaches could be part of further investigations.
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Abstract
High-fidelity dynamic models of floating structures must take into account the fluid-structure interaction, for
example by considering frequency-dependent added mass and damping matrices. This translates to convolu-
tion integrals in the time-domain, which are computationally expensive. This paper shows how the convolu-
tion terms can be replaced with an approximate state-space representation to establish a time-invariant global
system model, which also can be modally reduced. The state-space approximation is generated by fitting its
input-output transfer function to the transfer function of the retardation forces from the added mass and
damping. The methodology is numerically validated in a case-study of a long-span floating pontoon bridge,
using first-order wave loads as input forces in a time-domain simulation. A time-invariant state-space model
of the bridge is created using the mentioned approach. It is shown that both the calculated dynamic response
and the retardation forces are highly accurate, when compared with a frequency-domain reference solution.

1 Introduction

The linear dynamic behavior of marine structures subjected to ambient loading is often analyzed in the
frequency-domain, using a frequency-domain characterization of first-order wave loads and the wave-to-
motion transfer function of the structure [1]. These transfer functions take into account the fluid-structure
interaction (FSI) with the surrounding water. However, a frequency-domain solution it is not always possible
or desired, e.g. in case of control systems design, cycle counting for fatigue in broadband vibration pro-
cesses, long term extreme value estimation or non-linear wave loads. In time-domain analysis, the Cummins
equation governs the dynamics of the system [2]. Due to the FSI, this equation contains convolution terms,
which can be inconvenient in terms of computational efficiency.

The convolution terms can be approximated by equivalent state-space models, utilizing the property that the
convolution is a linear operator [3–5]. This approach yields a time-invariant linear model of the system.
The approximate state-space model can be established through either a time-domain or a frequency-domain
identification [6]. The time-domain identification is based on fitting the input-output impulse response of
the state-space model to the fluid-memory retardation function. In the frequency-domain identification, the
input-output transfer function of the state-space model is fitted to the transfer function of the retardation
forces, which is related to the so-called added mass and damping from the fluid, which is obtainable from
commercial software such as WAMIT [7] or WADAM [8]. A thorough review of various methods that deals
with the convolution in marine applications can be found in [9].

In this article, the frequency-domain identification approach is given attention. We show a framework for
establishing of time-invariant linear models of floating structures, combined with a modal truncation to
reduce the model order. The methodology is exemplified in a real case-study of the Bergsøysund Bridge,
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a long-span floating bridge. A similar methodology has been tested before on the same structure, where
a hydro-elastic element was developed for use in a (non-reduced) finite element (FE) model [10]. Using
simulated wave loads as input forces, we evaluate the accuracy of the response obtained from the approximate
model and compare it to a reference solution.

2 System formulation for the dynamic behavior of floating structures

2.1 Time-domain model and convolution replacement by parametric transfer func-
tions

Consider a (stationary) floating structure modeled with nDOF degrees of freedom (DOFs). The dynamic
response u(t) ∈ RnDOF is governed by the equations of motion, which can be formulated in the frequency-
domain as follows:

− ω2
(
Ms + Mh(ω)

)
u(ω) + iω

(
Cs + Ch(ω)

)
u(ω) +

(
Ks + Kh

)
u(ω) = Spp(ω) (1)

where p ∈ Rnp is the vector of np external forces, and the boolean matrix Sp ∈ RnDOF×np assigns these forces
to the designated set of DOFs. The FSI is taken into account in Eq. 1 by the hydrodynamic mass Mh(ω)
and damping Ch(ω) ∈ RnDOF×nDOF , which are frequency dependent, in addition to the hydrostatic restoring
stiffness Kh ∈ RnDOF×nDOF . The elements of these three matrices generally are zero except for the matrix
elements corresponding to the wetted DOFs. Ms,Cs and Ks ∈ RnDOF×nDOF represent the mass, damping and
stiffness matrices of the structure.

By taking the inverse Fourier transform (F−1), Eq. 1 can be formulated in the time-domain as follows:

(Ms + Mh,∞)ü(t) + Csu̇(t) + (Ks + Kh)u(t) + pmi(t) = Spp(t) (2)

This formulation is commonly known as Cummins equation [2]. Here, we have defined the limit quantity
Mh,∞ = limω→∞Mh(ω), which in practice converges for frequencies far less than infinity. Due to the
frequency dependency of the hydrodynamic mass and damping the so-called radiation forces or motion-
induced forces pmi(t) ∈ RnDOF become a convolution integral:

pmi(t) =

∫ t

0
h(t− τ)u(τ) dτ (3)

The impulse response h(t) is defined as F−1(h(ω)), where h(ω) is the following transfer function:

h(ω) = iωCh(ω)− ω2
(
Mh(ω)−Mh,∞

)
(4)

The convolution term is not efficient in time-domain simulations. We therefore seek to replace it by first
assuming h(ω) can be approximated by the following parametric expression of order Nl:

ĥ(ω) =

Nl∑

l=1

al
iω

iω + dl
(5)

This type of expression is common for parametric models of self-excited forces in wind engineering [11–
13], and is sometimes referred to as Roger’s approximation [14]. The applicability of Eq. 5 to model marine
structures in particular is further elaborated in Section 2.2. Eq. 5 can be separated into the following real and
imaginary parts:
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Re(ĥ(ω)) =
N∑

l=1

al
ω2

d2l + ω2
(6)

Im(ĥ(ω)) =
N∑

l=1

al
dlω

d2l + ω2
(7)

From the real and imaginary part of Eq. 4, we see that the mass and damping can be reconstructed in the
parametric model by the following expressions:

M̂h(ω) =
Re(ĥ(ω))
−ω2

+ Mh,∞ =
N∑

l=1

al
−1

d2l + ω2
+ Mh,∞ (8)

Ĉh(ω) =
Im(ĥ(ω))

ω
=

N∑

l=1

al
dl

d2l + ω2
(9)

Assuming that the hydrodynamic matrices are given at discrete frequencies (ωr > 0), the coefficients of
al ∈ RnDOF×nDOF and dl > 0 (l = 1 . . . Nl) can be found by minimizing the objective function:

∑

r ∈ {ω}

∑

i,j

W (ωr)
((
M̂h,ij(ωr)−Mh,ij(ωr)

)2
+
(
Ĉh,ij(ωr)− Ch,ij(ωr)

)2) (10)

where the indexes ij now selects the non-zero matrix elements (i.e. the wetted DOFs). This fit is a weighted
non-linear least squares problem where the objective is the parametric reconstruction of the hydrodynamic
mass and damping by Eqs. 8 and 9. The weighting coefficients W (ωr) are optional and can be used to
emphasize a frequency range of interest.

Next, a modal truncation is performed by first solving the following eigenvalue problem:

[Ks + Kh − ω2
j (Ms + Mh,∞)]φj = 0 (j = 1 . . . nm) (11)

We assume u(t) ≈ Φz(t), where Φ ∈ RnDOF×nm contains nm mass-normalized eigenvectors and z(t) ∈ Rnm

is the modal coordinate vector. From the truncation the following relations hold true:

ΦT(Ms + Mh,∞)Φ = I (12)

ΦT(Ks + Kh)Φ = Ω2 (13)

ΦTCsΦ = 2ΩΞ (14)

where Ω = diag(ωj) ∈ Rnm×nm and Ξ = diag(ξj) ∈ Rnm×nm . Proportional damping was also assumed in
Eq. 14 so that Φ diagonalizes Cs and the damping from the structure only can be described by the modal
damping ratio ξj . When Eq. 2 is premultiplied with ΦT, a modal equation of motion is obtained:

z̈(t) + 2ΩΞż(t) + Ω2z(t) + ΦTpmi(t) = ΦTSpp(t) (15)

Next we consider the parametric modeling of the (modal) motion-induced forces:

ΦTpmi(ω) = ΦTh(ω)u(ω) ≈ ΦTĥ(ω)Φz(ω) =

Nl∑

l=1

ΦTalΦ
iω

iω + dl
z(ω) =

Nl∑

l=1

ΦTalΦµl(ω) (16)
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where in the last step we introduced the definition:

µl(ω) =
iω

iω + dl
z(ω) (17)

When the inverse Fourier transform is applied to Eq. 17, a first order time-domain differential equation is
obtained:

µ̇l(t) = −dlµl(t) + ż(t) (18)

Alternatively, this can be formulated for all terms l = 1 . . . Nl:



µ̇1(t)

...
µ̇Nl

(t)


 =



−d1I

. . .
−dNl

I






µ1(t)

...
µNl

(t)


+




I
...
I


 ż(t) (19)

or written in matrix state-space form:

q̇(t) = Âq(t) + B̂ż(t) (20)

where we define q(t) = [µ1(t)
T . . . µNl

(t)T]T ∈ RNlnm . Next, Eq. 16 can also be written in matrix form:

ΦTpmi(t) =
[
ΦTa1Φ . . . ΦTaNl

Φ
]


µ1(t)

...
µNl

(t)


 = Ĉq(t) (21)

The obtained matrices Â ∈ RNlnm×Nlnm , B̂ ∈ RNlnm×nm , and Ĉ ∈ Rnm×Nlnm are now constant (time-
invariant), which was desired in order to replace the convolution in Eq. 3. Eqs. 15, 20 and 21 can be
combined to describe the total (coupled) system dynamics in state-space form:




ż(t)
z̈(t)
q̇(t)


 =




0 I 0

−Ω2 −2ΩΞ −Ĉ

0 B̂ Â






z(t)
ż(t)
q(t)


+




0
ΦTSp

0


p(t) (22)

which finally is written in compact matrix form:

ẋ(t) = Acx(t) + Bcp(t) (23)

The state vector is now x(t) = [z(t)T ż(t)T q(t)T]T ∈ Rns with corresponding system matrices Ac ∈ Rns×ns

and Bc ∈ Rns×np , where the state order is ns = (2 +Nl)nm.

Finally, the ny linear response outputs are considered, which typically are displacements or accelerations.
Using the boolean matrices Sa and Sd ∈ Rny×nDOF to select the desired output DOFs, the output vector
y(t) ∈ Rny is constructed as follows:

y(t) = Saü(t) + Sdu(t) ≈ SaΦz̈(t) + SdΦz(t) (24)

=
[
SdΦ− SaΦΩ2 −SaΦ2ΩΞ −SaΦĈ

]



z(t)
ż(t)
q(t)


+

[
SaΦΦTSp

]
p(t)
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This equation can be written on compact matrix form, where Gc ∈ Rny×ns and Jc ∈ Rny×np :

y(t) = Gcx(t) + Jcp(t) (25)

Eqs. 23 and 25 together form the continuous state-space system. This formulation is an approximation
of Eq. 2, and is efficient and easy to use in time-domain problems. In digital simulations, a formulation
in discrete time is required. The continuous state-space model is discretized by a time step ∆t such that
tk = k∆t (k = 0, 1 . . . , Nt − 1):

xk+1 = Axk + Bpk (26)

yk = Gxk + Jpk (27)

where xk = x(tk), yk = y(tk), and pk = p(tk). The discrete time system matrices have the following
definitions:

A = exp
(
Ac∆t

)
, B = (A− I)A−1c Bc, G = Gc, J = Jc (28)

2.2 Properties of the parametric transfer function

The focus is now directed to the chosen transfer function ĥ(ω) in Eq. 5. In this section, we investigate if
this parametric expression is adequate for modeling of floating structures, and also point out some of the
similarities and differences to other approaches found in the literature. The inquiry is performed in terms of
the transfer function k(ω) = h(ω)/(iω) and its retardation impulse response k(t) = F−1(k(ω)). This is
analogue to a reformulation of Eq. 3 using velocity as the input in the convolution instead of the displacement,
which is an equally possible choice.

In the general form, a matrix of rational transfer functions with relative degree 1, denoted k̂′(ω) ∈ CnDOF×nDOF ,
may be structured as follows:

k̂′(ω) =




k̂′11(ω) . . . k̂′1 nDOF
(ω)

...
. . .

...
k̂′nDOF 1(ω) . . . k̂′nDOF nDOF

(ω)


 (29)

where an element of order n is given by:

k̂′ij(ω) =
bn−1(iω)n−1 + · · ·+ b1(iω) + b0

(iω)n + an−1(iω)n−1 + · · ·+ a1(iω) + a0
(30)

This form is a common starting point in parametric modeling of marine structures, as utilized by the authors
in for example [5, 15]. Here, it is the individual element k̂′ij(ω) that is fitted by the polynomial coefficients
{a0, . . . , an−1} and {b0, . . . , bn−1}. We now check how the formulation with basis in Eq. 5 differs from
Eq. 29. It is clear that k̂(ω) = ĥ(ω)/(iω) from Eq. 5 is a partial fraction expansion, which can be factorized
back into the full form:

k̂(ω) =

Nl∑

l=1

al
1

iω + dl
=

∑Nl
l=1

(
al
∏Nl

j=1,j 6=l(iω + dj)
)

∏Nl
l=1(iω + dl)

=

∑Nl
l=1

(
al(b

(l)
Nl−1(iω)

Nl−1 + · · ·+ b
(l)
1 (iω) + b

(l)
0 )
)

(iω)Nl + aNl−1(iω)
Nl−1 + · · ·+ a1(iω) + a0

(31)
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We observe that Eq. 31 represents a special case of Eq. 29. In general, the poles of Eq. 30 appear as complex
conjugate pairs, whereas Eq. 31 represents the special case where the poles −dl are strictly real. This is an
advantage in terms of the stability properties. Since dl > 0 is enforced, the poles (−dl) are always negative
real, constraining k̂(ω) to be stable. This is not necessarily the case for Eq. 30, where unstable poles can
occur in the identification when the polynomial coefficients are fitted. The instability can however usually
be mended by reflecting the unstable poles about the imaginary axis [5].

Moreover, in the formulation presented in this paper, ĥ(ω) is fitted for all wetted DOFs at once, and the the
poles (−dl) are shared among all the wetted DOFs, as the denominator in Eq. 31 is the same for all matrix
elements, also called a common-denominator model. This has the advantage that the size of the resulting
system matrices (Â, B̂, and Ĉ) can be reduced compared to the case where each DOF is fitted individually.
This comes at the cost of having fever parameters to be fitted in total, which can make the fit less flexible.
All the elements in Eq. 31 have the same polynomial order, this is not necessarily the case in Eq. 29.

From [6], it is known that the limit properties in Table 1 should be fulfilled to correctly represent the physics
of the fluid memory:

No. Property
(i) limω→0 k(ω) = 0
(ii) limω→∞ k(ω) = 0
(iii) limt→0 k(t) 6= 0
(iv) limt→∞ k(t) = 0
(v) Passive mapping ẋ→ pmi

Table 1: Properties of fluid memory models, from [6].

We now check whether the parametric expression for ĥ(ω) in Eq. 5 can model these properties. With the
help a similar inquiry in [15], and the initial/final value theorem from Laplace theory, we evaluate property
(i)-(iv):

lim
ω→0

k̂(ω) = lim
ω→0

ĥ(ω)

iω
=

Nl∑

l=1

al/dl (32)

lim
ω→∞

k̂(ω) = lim
ω→∞

ĥ(ω)

iω
= 0 (33)

lim
t→0

k̂(t) = lim
iω→∞

iωk̂(ω) = lim
iω→∞

ĥ(ω) =

Nl∑

l=1

al (34)

lim
t→∞

k̂(t) = lim
iω→0

iωk̂(ω) = lim
iω→0

ĥ(ω) = 0 (35)

We see that property (ii)-(iv) in Table 1 hold, while (i) is not explicitly fulfilled since in general
∑Nl

l=1 al/dl 6=
0. This means a small erroneous contribution can occur in the model at the zero-frequency. If instead the
general form Eq. 30 was used with b0 = 0, property (i) would be fulfilled [6], which is an advantage of that
approach.

The passivity property (v) states that the diagonal elements k̂ii(ω) should be positive real [15], because
negative potential damping is unphysical. Re(k̂ii(ω)) > 0 is however not enforced in the parametric model,
so it must be checked for every generated model that this condition holds.

2.3 Frequency-domain solution of the equations of motion

For completeness we also include a frequency-domain solution of the equations of motion, which will later
be used as a reference solution for comparison with the solutions from the state-space model. The frequency-
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domain solution is based on Eq. 1. The truncation u(t) ≈ Φz(t) and Eq. 11 is still used, so that Eqs. 12-14
also hold.

We assume a temporal load history p(t) is available, which first is transformed into the frequency-domain:

p(ω) = F(p(t)) (36)

Eq. 1 is pre-multiplied with ΦT:

(
− ω2

(
I + ΦT(Mh(ω)−Mh,∞)Φ

)
− iω

(
2ΩΞ + ΦTCh(ω)Φ

)
+ Ω2

)
z(ω) = ΦTSpp(ω) (37)

We now define the force-to-motion (modal) transfer function hpz(ω) ∈ Cnm×nm as follows:

hpz(ω) =
[
− ω2

(
I + ΦT(Mh(ω)−Mh,∞)Φ

)
− iω

(
2ΩΞ + ΦTCh(ω)Φ

)
+ Ω2

]−1
(38)

and obtain the following modal frequency response:

z(ω) = hpz(ω)Φ
TSpp(ω) (39)

The temporal response u(t) is then recovered by the inverse Fourier transform:

u(t) = Φz(t) = ΦF−1(z(ω)) (40)

It can also be desired to obtain the resulting motion-induced forces, since these are the origin of the convo-
lution term which was replaced in Section 2.1. The modal motion-induced forces then become:

ΦTpmi(ω) = ΦTh(ω)u(ω) = ΦTh(ω)Φz(ω) (41)

These forces can be recovered in the time-domain:

ΦTpmi(t) = F−1(ΦTpmi(ω)) (42)

The outlined solution method quite efficient when the Fast Fourier Transform (FFT) is used. Frequency-
domain solutions are however not always desirable or possible.

3 Case study example

3.1 Description of the Bergsøysund Bridge

An example of the theory in Section 2 is now shown, with application to the Bergsøysund Bridge (Fig. 1).
This bridge is located in Norway and is a floating pontoon-type bridge with end-anchoring only, making it
very flexible. The bridge is is 840 m long, and consists of a steel superstructure supported by seven pontoons
spaced approximately 100 m apart. For more information about the bridge under consideration, we refer to
[16, 17].

Correct modeling of the motion-induced forces on floating bridges is critical, especially since the majority
of the damping in the system is due to the fluid. As will be shown, the hydrodynamic mass in the system is
highly frequency dependent, which is also important to take into account.
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Figure 1: The Bergsøysund Bridge seen from the southwest end. Photo: K.A. Kvåle/NTNU.

Figure 2: a) panel model of a pontoon; b) plan view of pontoon; c) pontoon seen from the bridge deck.

3.2 System model and parametric fit

The steel superstructure of the bridge is elastic and is modeled in the FE software Abaqus, see [18] for
details. The concrete pontoons are very stiff, and are modeled as rigid bodies. The motion of each pontoon
can therefore be described by six (wetted) DOFs in which the FSI occur. A panel model of the pontoons is
made in the wave-structure interaction software HydroD WADAM [8] (Fig. 2 a), which is based on linearized
potential theory. From the HydroD model, the non-parametric hydrodynamic mass (Mh(ω)) and damping
(Ch(ω)) are obtained. The pontoons have two planes of symmetry (xz and yz, cf. Fig. 2), so that the
hydrodynamic mass matrix has the following (local) structure for a single pontoon [15]:




Mh,11(ω) 0 0 0 Mh,15(ω) 0
0 Mh,22(ω) 0 Mh,24(ω) 0 0
0 0 Mh,33(ω) 0 0 0
0 Mh,24(ω) 0 Mh,44(ω) 0 0

Mh,15(ω) 0 0 0 Mh,55(ω) 0
0 0 0 0 0 Mh,66(ω)




(43)

Here, DOFs 1-3 are the x, y and z translations, while DOFs 4-6 are the rotations about the x, y and z axes.
The hydrodynamic damping matrix is populated in the same fashion as the hydrodynamic mass matrix.

The coefficients of al and dl are now fitted by minimizing the term in Eq. 10. The weighting coefficients
W (ωr) are chosen as the curve in Fig. 3, showing log(Σ(ω)/ω2)−min(log(Σ(ω)/ω2)) where Σ(ω) (ω ∈
(0, 15]) is the largest singular value of an acceleration spectrum from measurements on the bridge during
wave excitation. In practice this means that frequency range with highest response is emphasized, which is
around 2 rad/s for the present case. The fit is made for the orders Nl = 6 and Nl = 10 to study the accuracy
of the model approximation for different orders. Since non-linear optimization can be sensitive to initial
parameter guesses, a three-step approach is used for the fit:

(i) Set dl constant by the initial guess dl = d0+(l−1)∆d. Fit al by linear least squares. Different values
for d0 and ∆d may be tried here, in the order of 0.1− 1 and 0.1− 0.2 respectively.
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Figure 3: Weighting coefficients W (ω) in the non-linear least squares problem.

(ii) Use a non-linear least squares solver to fit dl, but update al by linear least squares in all iterations. The
initial guess for the coefficients in this step is taken from (i).

(iii) Use a non-linear least squares solver to fit both dl and al, with the initial guess taken from (ii).

Fig. 4 and 5 show the reconstructed hydrodynamic mass (Eq. 8) and damping (Eq. 9) compared to the
non-parametric data from the HydroD model. In general the two orders give a quite similar fit, except for
e.g. DOF 5 (Fig. 4 e) where there is a visible difference and the higher order (Nl = 10) clearly provides a
better reconstruction. The lower order fit (Nl = 6) tend to give some unwanted oscillations, a common issue
with fitting polynomial fractions.

It is seen in Fig. 5 e-f that the reconstructed damping can reach negative values, in particular for the lower
order model. This indicates a non-passivity, and violates property (v) of Table 1. According to [19], this
does not necessarily imply that the model is unstable. For the present case, we believe this small damping
inaccuracy is insignificant. The structural damping, which is set to ξj = 0.5% for all modes, also contributes
to the total damping of the system.

3.3 Response to simulated wave loads

The established state-space models are now tested in forward numerical simulations considering wave loads
on the pontoons, generated from a (positive) wave load spectrum Λpp(ω) ∈ Rnp×np . The sea state is de-
scribed using a wave elevation spectrum measured at the bridge site (see [17]) with a peak period of 3 s, and
Λpp(ω) ∈ Rnp×np is established using the approach in [20]. The load history is then generated by Monte
Carlo simulations as follows:

pm(t) =
√
2∆ω Re

(
m∑

l=1

n∑

k=1

Lml(ωk) exp (i(ωkt+ αlk))

)
(m = 1 . . . np) (44)

where αlk is a phase angle uniformly random in [0, 2π) and Lml are the elements of a Cholesky decomposi-
tion matrix L(ω), defined as Λpp(ω) = L(ω)LH(ω). In the simulation there are six wave force components
on each of the seven pontoons, so the total number of forces is np = 42. The sample time step is set to
∆t = 0.025 s with a total simulation time of 1000 s.

Next, the dynamic response to the wave forces is solved using both the time-domain state-space approach
(Section 2.1) and the frequency-domain approach (Section 2.3), which in this context is deemed an "exact"
reference solution. The first 100 s of the time series are discarded to avoid the initial transient phase in the
time-domain solution, dependent on the initial conditions (x0 = 0). For the two state-space models, nm = 26
modes are included with natural frequencies in the range 0.6–11 rad/s. In the frequency-domain approach
nm = 60 modes are used to ensure that this method provides a precise reference solution.

Fig. 6 shows the response for the six DOFs of the pontoon in the middle on the bridge. By visible inspection
both time-domain model responses matches very well with the response calculated by the frequency-domain
approach. The following error metric is introduced to benchmark the error:
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Figure 4: Hydrodynamic mass (Mh(ω) −Mh,∞) for the middle pontoon. The figure shows both the non-
parametric data from HydroD and the parametric reconstruction.
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Figure 5: Hydrodynamic damping (Ch(ω)) for the middle pontoon. The figure shows both the non-
parametric data from HydroD and the parametric reconstruction.
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εu =

√√√√ 1

Nt

Nt−1∑

k=0

(uFD(tk)− uTD(tk))2 (45)

Here, uFD(t) and uTD(t) represents the response solved by the frequency-domain and time-domain ap-
proaches, respectively. Tab. 2 shows the error εu of the six responses in Fig. 6. Overall, the higher order
model (Nl = 10) performs better, although there is not is not a significantly difference for all six DOFs.

DOF
Order 1 2 3 4 5 6
Nl = 6 1.16e-4 3.90e-4 5.98e-4 4.86e-5 4.57e-6 5.98e-6
Nl = 10 1.15e-4 2.59e-4 4.68e-4 3.31e-5 3.36e-6 5.66e-6

Table 2: Standard deviation of the response error (εu) at the middle pontoon. DOFs 1-3 denote the x, y and
z translation response, and DOFs 4-6 denote the rotation about the x, y, and z axes (cf. Fig. 2)

Lastly, a validation of the resulting modal motion-induced forces (ΦTpmi(t)) from Eqs. 21 and 42 is shown
in Fig. 7 for five selected modes. Also here a good agreement is seen, indicating that the convolution re-
placement by state-space models is a highly appropriate approximation.

4 Conclusion

This paper has presented a methodology for establishing reduced order time-invariant linear models of float-
ing structures with FSI. The methodology is based on replacing the convolution integral in Cummins’ equa-
tion with an approximate state-space model. The state-space model was identified by fitting a parametrized
rational transfer function to a non-parametric hydrodynamic transfer function, which accounts for the added
hydrodynamic mass and damping. This can be combined with a modal truncation to reduce the model order.

The modeling approach was validated in a case study of a floating bridge subjected to irregular wave forces.
It was shown that approximate state-space models of low order can effectively solve the dynamic response
of the bridge with high accuracy.
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Figure 6: Displacement response at the middle pontoon, obtained both from the time-domain and frequency-
domain solution methods. DOFs 1-3 denote the x, y and z translation response, and DOFs 4-6 denote the
rotation about the x, y, and z axes (cf. Fig. 2)
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Figure 7: The modal motion-induced loads for mode 5-10.
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Abstract
An ongoing experimental study of high-speed fluid structure interaction by the Structural Sciences Center
of the United States Air Force Research Labs is presented. Previous work incorporated novel full field mea-
surement techniques like high-speed 3D digital image correlation (DIC) and fast reaction pressure sensitive
paint (PSP) for full field characterization of the phenomena. To further quantify the complex nature of the
experiment, full field strains calculated from the DIC displacement results were included in the most recent
analysis. Most recent tests also addressed thermal loading including buckling and resulting snap-through
response. The real-time strain results from a single foil strain gauge indicated the level of strains at the panel
edge were not sufficient to produce high cycle fatigue failure. However, full field DIC strain results showed
that areas near the center of the panel experienced levels of dynamic strain that would cause panel cracking
in relatively short order. Post test panel inspection revealed a 76mm crack along the spanwise trailing edge.

1 Introduction

High-speed air vehicles experienece a range of harsh conditions including high level fluctuating pressures
from a turbulent boundary layer, large thermal gradients from panel skin friction, oscillating shock wave im-
pingement, and snap-through buckling [1]. To withstand the high-speed fluctuating pressure and the 1000oF
heating from skin friction the lightweight skin stringer structure could be constructed from a lightweight
high temperature metallic such as titanium. These more traditional structural designs and materials are fairly
well understood, however certain phenomena such as shock impingement and panel thermal buckling com-
bined with dynamic snap-through lack sufficient predictive capabilities and the experimental data to validate
the required methods. The US Air Force Research Labs (AFRL) Structural Sciences Center (SSC) has
been involved in a series of high-speed fluid-structure interaction experiments in a Mach 2 wind tunnel [2].
The experiments are intended to recreate an environment a high-speed aircraft structure would encounter
but in a ground based testing environment as flight tests are either prohibitively expensive or simply not
possible. Therefore, the experiments have been able to take advantage of many new and novel high-speed
full-field measurement techniques. The desire for the full-field measurements stem from the complex nature
of the loading and resulting nonlinear skin panel response. More traditional measurement techniques like
accelerometers mass-load the lightly damped skin structure or if non-contact laser Doppler velocimetry is
available there remains a limitation on the number of simultaneous measurement points. Various configura-
tions of baseline, shock impingement, and thermal buckling load conditions were explored and displacement
and specifically strain results will be presented. The ultimate goal of the experiment was to dynamically snap-
through a buckled panel with an impinged shockwave to induce high cycle fatigue failure. This combined
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loading environment was intended to represent and better understand a worst case scenario for a high-speed
vehicle outer-mold-line structure.

2 Experimental Setup

The basic setup for the experiment did not significantly change from the previous work by the authors in the
Mach 2 wind tunnel, research cell 19 (RC-19) at AFRL [3, 4, 5, 6]. The most significant changes include the
upgrade to 4 SA-Z Photron high-speed cameras for the digital Image correlation (DIC) vibration measure-
ment of the flexible panel from the back non-flow side, the pressure sensitive paint (PSP) and temperature
sensitive paint (TSP) for full-field flexible panel pressure and temperature measurement from the front flow
side, and the high-speed shadowgraph to measure the dynamic motion of the shock impingement as seen
in figure 1. All experiments were run at a tunnel flow speed of Mach 2 and a stagnation pressure of 50 psi
and a stagnation temperature on average of about 75oF. Five shock impingement conditions were explored
including no shock, panel 1/2 length point, 1/4 length point, 1/8 length point, and panel leading edge. The
panel was machined out of a 304.8 x 152.4 x 12.7mm solid block of 4140 steel. The thin flexible region is
254 x 127 x 0.635mm. All high-speed cameras were synchronized and sampled at 5000 frames per second.
The panel thermally buckled conditions were created by heating the flow with a furnace while diverted to
atmosphere. Once the flow temperature stabilized at about 200oF the flow was directed to the test section.
The panel was thermally ”shocked” causing very large temperature difference between the panel and its tun-
nel wall boundary and therefore a very high level of buckling. As the tunnel heat soaked the temperature
difference between the two decreased until a suitable temperature difference between the tunnel and panel
was achieved for panel snap-through. Data of the panel snap-through was acquired until the temperature
difference became too low for panel buckling.

Figure 1: RC-19 fluid-structure Interaction general setup
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3 Results

Unfortunately calculated strains from DIC displacements tend to be noisy. Typical vibration displacements
are near the limit of DIC measurement sensitivity [5]. Calculating strains from measurements so near the
noise tend to amplify that noise making adequate strain results difficult to achieve. In past FSI experiments
the focus was largely on the displacements and any strain results were limited to the traditional foil strain
gauge at the steamwise center edge of the panel. More recent FSI experiments in the RC-19 included thermal
buckling with dynamic snap-through. Typically, buckled panel maximum displacements are more than twice
as much as the unbuckled panel vibration displacements [7]. The fully buckled panel peak to peak displace-
ments were on the order of 3mm. For reference the panel thickness is 0.635mm. Considering the buckled
panel displacements were so large, DIC strain results of the FSI experiment were thoroughly explored for the
first time. The most dynamic unheated panel response once again occurred with a shockwave impingement
at approximately 1/8 the panel length from the leading edge. For reference figure 2 is a snapshot of the
pressure distribution across the panel with the 1/8th panel length shock impingement. The x and y axes are
pixels where a pixel covers approximately 0.4 x 0.4mm of the panel therefore about 270 x 127mm of the
panel is represented.

Figure 2: Panel pressure distribution at a moment in time with a 1/8th panel length shock impingement

Figure 3 shows a qualitative comparison of a single moment in time full field displacement and resulting
strain of the panel with a shock impingement. It is perhaps immediately apparent the increase in noise
between the displacement in figure 3a and the strain in figure3b. This panel response case is basically
considered the lowest level random dynamic strain reasonably possible with high-speed DIC. Figure 4 shows
the time history and power spectral density (PSD) of the panel strain along the streamwise centerline at
discrete points near the leading edge, center line, and trailing edge. The root mean square (RMS) strains at
the leading edge, center line, and trailing edge are 134µε, 302µε, and 398µε respectively. It can be seen from
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the PSD that the measurement noise floor was already beginning to limit the dynamic range at about 500 Hz
resulting in only the panel first mode being fully characterized.

(a) Panel displacement (mm) (b) Panel strain (µε)

Figure 3: Contour of panel response from a shock impingement at 1/8th panel length from leading edge

Figure 4: PSD panel streamwise direction strain of (-blue) leading edge, (-green) centerline, and (-red)
trailing edge

Since the tunnel top wall consists of three separate pieces as described in Spottswood [4] the center top wall
section was removed and used for panel system identification with the expected boundary conditions. Great
care was taken to install the panel into the test frame (middle top wall section) during system identification
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testing outside of the wind tunnel. Consistent boundary conditions were achieved across multiple panel
installations following a set procedure including torquing bolts to a specified level in a consistent pattern.
Unfortunately, despite great effort the panel was not in a nominal state once it was installed into the fully
assembled wind tunnel test section. The state of the panel once installed into the wind tunnel can be seen
in figure 5. The maximum deflection near the center of the panel was nearly 0.8mm which is considered
quite large when compared to the panel nominal thickness of 0.635mm. Once again the initial deflection
condition was unavoidable however, with the aid of DIC the initial shape of the panel was explicitly known.
This bowed state of the panel combined with the panel being heated was what eventually led to the panel
flutter condition discussed next. The temperature differential was not always sufficient for the panel to be
completely buckled however, the thermal condition caused the panel to transition from one bowed state to the
other which did not occur when the flow was not heated. Flutter is being defined as large panel deflections
that are not attributed to a panel linear mode of vibration while also not technically being in a thermally
buckled state.

Figure 5: Static DIC displacement of the installed panel in the wind tunnel at atmosphere

The panel flutter condition displacement and strain contours can be seen in figure 6. Clearly the displacement
levels are now at a level that make robust dynamic strain results possible. The strain PSD in figure 7 shows
the strains are now above the measurement noise floor all the way out to the 2500 Hz Nyquist frequency. The
strain RMS at the leading edge, centerline, and trailing edge are 2109µε, 1892µε, and 1491µε respectively.
These strain levels are quite large when compared to the unheated panel and highlight the effect thermal
gradients can have on a thin constrained structure.
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(a) Panel displacement (mm) (b) Panel strain (µε)

Figure 6: Contour of panel response from first thermal condition, panel flutter

Figure 7: PSD panel streamwise direction strain of (-blue) leading edge, (-green) centerline, and (-red)
trailing edge due to flutter

An example of the thermally buckled state can be seen in the time history of three points along the spanwise
centerline of the panel in figure 8. The blue line is near the leading edge, the green line is near the streamwise
centerline, and the red line is near the trailing edge. Between the 1.5 and 2.4 second region it can bee seen
that the panel was in a buckle state. The preferred stable equilibria of the panel was the 3rd bending mode like
shape depicted by the negative displacement on the leading and trailing edge and the positive displacement
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at the streamwise centerline. The study of the panels buckled equilibria and quasi-static snap-through was
investigated by Perez [7] prior to the wind tunnel tests. Dynamic snap-through can be seen prior to 1.5
seconds and after 2.4 seconds in figure 8 with the panel continuously snapping between the two equilibrium
positions.

Figure 8: DIC displacement of buckled panel at discrete locations (-blue) leading edge, (-green) centerline,
and (-red) trailing edge

The panel thermal buckling condition displacement and strain contours are pictured in figure 9 . Shown is
the stable buckled configuration that resembles the panel third linear mode shape however, was skewed due
to the high speed flow condition. Clearly the strain results are now well above the measurement noise floor.
The strain PSD in figure 10 once again shows discrete point strain at the leading edge, centerline, and trailing
edge. It should be noted that the buckled case PSD is 1/6th the time record of the previous cases in this study
and hence the reduced number of ensemble averages. The RMS strains at the leading edge, centerline, and
trailing edge are 2093µε, 2685µε, and 1332µε respectively.

(a) Panel displacement (mm) (b) Panel strain (µε)

Figure 9: Contour of panel response from thermal buckling
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Figure 10: PSD panel streamwise direction strain of (-blue) leading edge, (-green) centerline, and (-red)
trailing edge due to snap-through buckling

The RMS strains of both the flutter and buckled cases highlight a significant point. The strain levels experi-
enced by the panel during the thermal cases are sufficient to result in high cycle fatigue. The panel material
was 4140 steel which is the same material used in the wind tunnel test section. This panel specimen ma-
terial was an attempt to avoid large coefficient of thermal expansion (CTE) differential between the tunnel
walls and the panel. Unfortunately, steel 4140 is a particularly strong material with an ultimate strength of
approximately 1034MPa. According to the DIC full field strain results the peak RMS strain experienced by
the panel was equivalent to approximately 552MPa. However, the 552MPa loading experienced by the panel
was accumulating cycles at about 250Hz. Approximations of panel life at these loading levels would indicate
the panel would crack and thus fail in less than 30 minutes of test time under those conditions. To highlight
the importance of the full field results obtained with high-speed 3D DIC, the discrete foil strain gauge at the
panel edge streamwise centerline for the same buckled panel test conditions measured only 420µε as seen
in figure 11. Unfortunately, as the panel was being initially installed into the wind tunnel the foil gauge
bond to the panel failed. A new gauge was quickly applied to the panel however, it was not possible to
properly reapply a DIC pattern therefore no direct comparison of DIC strain to gauge strain was possible. A
qualitative comparison is instead shown in figure 12 where the DIC strain line is calculated using facets 130
and 147 further confirming the relatively low strain levels at that particular location. Based on the real-time
foil gauge results during testing it was believed the strain the panel was experiencing was not of sufficient
level and therefore it was decided the panel would not crack thus failure was not pursued further. However,
once the panel was removed from the wind tunnel it was discovered that the panel had indeed experienced a
76mm crack along the trailing edge as seen in figure 13.
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Figure 11: Digital zoom of panel foil strain gauge at streamwise panel centerline and surrounding DIC
measurement points

Figure 12: PSD of panel spanwise direction strain of (-blue) DIC strain line and (-red) foil gauge
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Figure 13: Panel specimen trailing edge post-test with highlight around crack

3.1 Conclusions

An extensive study of high-speed fluid-structure interaction on a flexible panel has been conducted in a Mach
2 wind tunnel. Most recently a study of the strain results from thermal buckling of the panel was undertaken.
In previous tests the noise associated with the high-speed 3D DIC strain results made a study of the full
field strain difficult if not unproductive. With the addition of thermal buckling to the test procedure sufficient
levels of displacements and therefore strain were achieved to make a full field strain analysis feasible. Results
indicate that not only were the random dynamic strain levels large enough to be quantified by DIC, but were
of a sufficient level to induce high cycle fatigue failure. Initial fatigue predictions of the panel based on
the maximum strains measured with DIC indicate that the panel would fail in a relatively short test time
of approximately 30 minutes. However, due to the real-time foil gauge strain results further efforts to fail
the panel were abandon. Ultimately, it was discovered during post-test inspection that the panel had indeed
cracked just before testing was concluded achieving the final test goal of panel failure due to combined
loading of turbulent boundary layer and thermal buckling with snap-through.
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Abstract
In this paper we accurately describe the dynamics of a dAFM (dynamic atomic force microscope), by deeply
investigating the relationship between the cantilever thermal fluctuations and its interactions with the sur-
rounding liquid. To this end, we discuss the Brownian thermal noise, which affects the cantilever dynamics,
both when it works in air and in presence of water. We present an analytical model of the drag of the liq-
uid on the cantilever, which takes into account both the fluid inertia and diffusivity terms, whose crucial
influence for the correct evaluation of the cantilever response to the thermal excitation is widely discussed.
By fitting our analytical model with experimental or numerical data, the coefficients of the liquid response
can be calculated, as a function of the distance of the beam from the substrate. Our analytical model is
assessed by comparison with numerical and experimental results previously presented in literature, and with
our experiments conducted with a dAFM working in air.

1 Introduction

The dynamic atomic force microscope (dAFM) consists of an oscillating microcantilever which holds a
sharp nanoscale tip that intermittently interacts with the sample, close to its first resonance frequency. There
are many fields of applications of dAFM, and ranges from measuring topography of organic and inorganic
materials at nanometer length scales, to the accurate quantification of sample properties in materials science.
Despite many years of investigations on dAFM dynamics [1], several aspects still demand further attention
from the research community. Because of the complexity related to the small scales involved, where different
physical effects coexist together, it is a very common approach to study each phenomenon separately, and
to draw conclusions from each analysis [2, 3]. This is often a very good way to clarify aspects completely
unknown before, but for more detailed insights, it is also necessary to analyze different effects together.
This is the case of the dAFM research field, in which, in particular, it is extremely important to analyse
both the tip-sample and the fluid-structure interactions. For such instruments a clear signal is one of the
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utmost requirements in order to extract correct information from the measurement at so small length scales.
However this is not a so straightforward task to be achieved because of the forces which act on the cantilever
in operational conditions, especially when a liquid environment is required, e.g. in physiological buffer
solutions [4, 5, 6, 7]. In such case, in particular, besides the tip-sample interaction, the presence of a liquid
deeply modifies the response spectrum and is the origin of the so called Brownian thermal noise. Indeed,
even though the molecular size of the fluid molecules is negligibly small in comparison to the size of the
cantilever, the dynamics of the cantilever itself is strongly dependent on Brownian fluctuations, since the
same molecular processes are responsible for both the dissipation and the fluctuations, due to the collisions
between the fluid molecules and the cantilever. But to achieve a good AFM resolution, noise sources must
be reduced as much as possible, since the lowest signal level that can be considered as a valid information
must be not mixed up with external noise. In spite of this, the cantilever thermal motion is also utilized to
calibrate the cantilever’s spring constant [8] and to extract the resonance frequencies and quality factors of
its resonances as well [9]. Therefore, a good understanding and theoretical modelling of this effect related
to the equilibrium of the cantilever with the surrounding liquid is of paramount importance, whatever is the
scope, i.e. either to study ad hoc control system to separate the signal from noise, or to obtain useful insights
about the cantilever properties. With such an aim, several studies have been presented up to now [10, 11, 12],
but the main difficulty for a proper description of the cantilever response to the thermal fluctuations is the
fluid-structure interaction modelling. In order to overcome the complexity of the problem, some assumptions
have been made in the previous studies, such as those of neglecting inertia [13] and the diffusivity [14, 15]
terms, which, instead, become important from intermediate to high frequency range. In this paper the authors
present an analytical model to describe the drag of the liquid on the cantilever which takes into account, in a
relatively simple way, all the three mentioned contributions: (i) the fluid viscosity, (ii) fluid inertia, and (iii)
the fluid vorticity diffusivity. It is shown, in particular, that the correct evaluation of the cantilever response
to the thermal excitation cannot neglect the above mentioned effects. Moreover, experimental results of an
AFM cantilever working in air are presented, which definitively assess the accuracy of the model.

2 Cantilever dynamics

We study the dynamics of a cantilever immersed in a viscous fluid (see Figure 1) near a rigid flat wall, with
L, B, and H respectively the length, the width and the thickness of the rectangular cross section. We will
assume that L � B � H , as well as that the transversal displacement |w (x, t)| � L. This enables us to
use the Bernoulli theory of transversal vibrations and therefore neglect the influence of shear stress in the
beam. The general motion equation of the cantilever is therefore:

EI
∂4w (x, t)

∂x4
+ ρA

∂2w (x, t)

∂t2
= fB (x, t) + fL (x, t) (1)

where ρ is the bulk density of the material the cantilever is made of, E is the Young’modulus and A is the
area of the cross section of the beam, i.e. A = BH . In the RHS of the above Eq. (1) we have introduced two
terms. The first term fB (x, t) is the chaotic force per unit length acting on the beam as a consequence of the
thermal fluctuation of the molecules constituting the liquid: we will refer to this type of excitation term as
the Brownian force.

The term fL (x, t) is the force per unit length which the liquid, in a continuum sense, exerts on the cantilever,
which is usually calculated by means of complex numerical simulations. However, under the hypothesis of
small transversal displacements |w (x, t)| � B, we can assume that the response of the fluid is linear. Under
this condition the force fL (x, t) can be expressed in terms of the response function G (x, x′, t):

fL (x, t) =

∫ t

−∞

∫ L

0
dx′G

(
x, x′, t− τ

) ∂v (x′, τ)

∂τ
dτ (2)

where v (x, τ) is the transversal velocity of the generic cantilever section, i.e. v (x, τ) = wt (x, t) , where
the subscript t denotes the partial time-derivative. Causality implies the linear response function of the liquid
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Figure 1: dAFM microcantilever.

must vanish for t < 0. This also implies that the quantity

G
(
x, x′, ω

)
=

∫ +∞

−∞
dtG

(
x, x′, t

)
exp (−iωt) (3)

must be analytic in lower half-plane of the complex domain, and therefore must satisfy the Kramer-Kronig
relations [21]. However, measurements or numerical calculations contain always some errors or approxima-
tions that do not guarantee the Kramer-Kroning relations to be exactly satisfied. This restriction in general
leads to some difficulties in the calculations of the linear response function G (x, x′, t) of the liquid from the
measured or numerically calculated frequency response, i.e. it is often not possible to determine the quantity
G (x, x′, t) by simply taking the inverse Fourier transform of the measured frequency response of the sys-
tem. However the task is much more simplified if the analytical form of this function is already known. For
this reason, the authors have derived a new analytical model of the liquid response G (x, x′, t), that will be
presented in the next section.

3 Fluid-cantilever interaction

We first observe that some hypothesis about the time dependence of the liquid response function G (t) must
be fulfilled. Indeed, the assumption that L � B � H allows us to consider that the response of the fluid
depends only on local quantities, i.e. the fluid motion is locally two dimensional [13, 15]. In such case we
can write G (x, x′, t) = G (x, t) δ (x′ − x). Now, the leading-order incompressible flow generated by an
isolated body oscillating at small amplitude is governed by the unsteady Stokes equation

ρL
∂v

∂t
+ ρL (v · ∇)v = −∇p+ η∇2v (4)

∇ · v = 0

where v is the velocity of the fluid, η is the liquid viscosity, ρL the liquid density. Observe that the non-linear
term ρL (v · ∇)v can be neglected in comparison with the time derivative of Eq.4. Indeed, by estimating
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the two terms, we obtain that ρL (v · ∇)v ∼ (w0ω)2 /B, and the time derivative ρL∂v/∂t∼w0ω
2, being B

the characteristic dimensions of the moving bodies and w0 the amplitude of the oscillations. Therefore the
non linear convective term can be neglected if w0 � B, which is indeed one of the hypotheses of our model.
Moreover, Eq. (4) can be rephrased in terms of the vorticity W=∇×v as ρL (∂W/∂t) = η∇2W, showing
that the vorticity is governed by a diffusive-like equation which generates an exponential decay of the velocity
as we move far from the walls of the bodies towards the interior of the liquid. The exponential decay allows
to estimate the thickness h of the layer of fluid within which the flow is rotational and velocity diffusion is
important. It is known [16] that h ∼ ω−1/2 where ω is the characteristic frequency of the motion. Out of the
layer the term∇2v can be neglected in Eq. 4 so that we have potential flow. Since the value of h depends on
the frequency ω, it follows that at large frequencies the thickness h will be very small and the response of the
fluid will be then governed by inertia effects, i.e. it will depend proportionally on the acceleration vt (x, t) of
the moving bodies. In this limiting case G (x, t) = −µ (x) δ (t), where δ (t) is the Dirac delta function. If,
on the contrary, the motion is sufficiently slow (low ω-values) then the term ∂v/∂t can be neglected and the
quantity h becomes larger than the characteristic dimensions of the moving bodies. The motion of the fluid
becomes steady and the response of the fluid should depend linearly on the velocity v of the moving bodies,
i.e. for t ≥ 0, we have G (x, t) = −c (x). At intermediate frequency the effect of diffusivity should be very
important. It is known [16] that for the in-plane motion of flat plate the motion of the liquid is governed by
a pure diffusive equation, and in this case G (x, t) takes the form G (x, t) = −α (x) t−1/2 for t ≥ 0, which
represents the contribution to the fluid force coming from the diffusion of the tangential velocity of the plate
into the interior of the liquid. Since Eqs. (4) are linear, the force the liquid exerts on the body will be given
by the sum of the three contributions and we can heuristically give a general expression for G (x, t) as

G (x, t) = −c (x)− α (x)√
t
− µ (x) δ (t) ; t ≥ 0 (5)

G (x, t) = 0; t < 0

where c (x) is the damping, α (x) is the diffusive coefficient, and µ (x) is the inertia term. Eq.(5), therefore,
satisfies the causality principle. We observe, in particular, that for the case of a sphere moving in a liquid, the
response of the fluid has exactly the form given by Eq. (5), see for example [16]. Moreover, by substituting
Eq.(5) and Eq.(2) in Eq.(1), we get

EI
∂4w (x, t)

∂x4
+ [ρA+ µ (x)]

∂2w (x, t)

∂t2
+ c (x)

∂w (x, t)

∂t
+ (6)

+α (x)

∫ t

−∞

1√
t− τ

∂2w (x, τ)

∂τ2
dτ = fB (x, t)

and in particular, the linear response function χ (x, x′, t) of this equation, also referred to as susceptibility,
can be obtained by solving the fundamental problem (see [17]):

EI
∂4χ (x, x′, t)

∂x4
+ [ρA+ µ (x)]

∂2χ (x, x′, t)
∂t2

+ c (x)
∂χ (x, x′, t)

∂t
+

(7)

+α (x)

∫ t

−∞

1√
t− τ

∂2χ (x, τ)

∂τ2
dτ = δ

(
x− x′

)
δ (t)

Eq. (5) is, of course, approximated, but in what follows it will be shown that it works very well. In Eq. (5)
the x-dependence can be present only as a consequence of the x- dependent distance of the cantilever cross
sections from the wall, i.e. only when the beam is tilted, which is a case also covered by this study. Once
the analytical form of the response function is known, the three coefficients can be determined by finding
the best fitting with the existing accurate computational fluid dynamics non-dimensional solutions of a 2D
fluid flowing around a vibrating rectangular cross-section, as reported in Ref. [15]. In Table1, the three
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Figure 2: The total displacement wtot of the laser beam on the photodiode is given by the weighted sum of
both the vertical displacement s (x, t) and the rotation γ (x, t) of the cantilever.

coefficients are shown, calculated in correspondence of the cantilever free end x = L, for different values of
∆ = 2d/B, where d is the wall distance. Now, Fourier transforming Eq. (6) we obtain

∂4w (x, ω)

∂x4
−B (x, ω)4w (x, ω) = fB (x, ω) (8)

where we define the function B (x, ω)

B (x, ω) =
4

√

− iωc (x)− [ρA+ µ]ω2 + iω α (x)
√
iωπ

EI
(9)

∆ c [kg s−1] α [kg s−1/2] µ [kg]

0.5 0.157 8.32× 10−6 5.73× 10−7

1 0.042 1.25× 10−5 4.65× 10−7

2 0.016 2.13× 10−5 4.13× 10−7

4 8.6× 10−3 3.72× 10−5 3.81× 10−7

6 6.05× 10−3 4.91× 10−5 3.65× 10−7

8 4.91× 10−3 5.65× 10−5 3.56× 10−7

10 4.31× 10−3 6.1× 10−5 3.51× 10−7

Tab.1 - The three coefficients of the fluid response, at the free end of the cantilever x = L, for different values of the
distance ∆ = 2d/B of the cantilever from the substrate.

4 The fluctuation dissipation theorem

In AFM systems the micrometer size of the cantilever makes it particularly sensitive to Brownian fluctuations
so that the thermal induced fluctuations of the cantilever displacement cannot be neglected, thus making the
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measurement of the response function of the cantilever through its thermal fluctuations a viable technique.
This is done by employing the Fluctuation Dissipation Theorem (FDT) (see [17]). The FDT states that the
susceptibility function χ (x1, x2, t) of the cantilever, which is the displacement w (x1, ω) at point x1 due to
the action of a concentrated unit force F at point x2, is proportional to the time-derivative of the correlation
function of the thermal fluctuations of the cantilever displacements [17], [18], that is

χ (x1, x2, t) = −βH (t)
∂

∂t
〈w (x1, 0)w (x2, t)〉 (10)

where β = (kBT )−1 and kB is Boltzmann’s constant, T the absolute temperature and H (t) is the Heaviside
unit step function. The susceptibility function can be used to rephrase the solution of Eq. (1) as

w (x1, t) =

∫ t

−∞
dτ

∫ L

0
dx2χ (x1, x2, t− τ) fB (x2, τ) (11)

Moving from Eq.(10), the relation between the Cross Power Spectral Density (CPSD) R (x1, x2, ω) =∫
dt 〈w (x1, 0)w (x2, t)〉 exp (−iωt) of the cantilever thermal fluctuations and the imaginary part of the

time-Fourier transform of the susceptibility function, i.e. the imaginary part of the complex compliance
χ (x1, x2, ω) =

∫
dtχ (x1, x2, t) exp (−iωt), can be easily derived (see [17], [19]) as

R (x1, x2, ω) = −2kBT

ω
Imχ (x1, x2, ω) (12)

Eq. (12) will be used to calculate the PSD of the thermal oscillations of the free end of the cantilever. We
observe that the CPSDR (x1, x2, ω) is, in general, not ω-independent (as it should be in case of white noise),
since, as we show later, the velocity-diffusive and the inertia terms of the liquid response, do not make
Im[χ (x1, x2, ω)] proportional to the radian frequency ω. Equation (12) shows that, in order to calculate
the CPSD of the cantilever displacement fields, it is enough to measure or calculate the response function
χ (x1, x2, ω). However, this quantity is strongly affected by the presence of the liquid. By solving Eq.
(8) it is possible to determine the complex compliance of the cantilever for the transversal displacement
and therefore determine the CPSD R (x1, x2, ω). In order to define the correct signal information which is
actually read by the AFM system, we point out that the angular rotation of the beam cross section gives a
huge contribution to signal read by the photodiode. In Fig. 2, indeed, one can clearly observe that the total
displacement wtot (t) of the reflected laser spot on the photodiode surface can be calculated as the weighted
sum of both the vertical s (x, t) = w (x, t) displacement and the angular γ (x, t) = ṡ (x, t) = (∂w/∂x)l,t
rotation of the cantilever, i.e.

wtot (x, t) = c1s (x, t) + c2γ (x, t) (13)

Therefore we will assume in what follows that the CPSD of the quantity wtot (x, t) is Stot (x1, x2, ω) =∫
dt 〈wtot (x1, 0)wtot (x2, t)〉 exp (−iωt). So we get, at the cantilever free end x1 = x2 = L

〈wtot (L, 0)wtot (L, t)〉 = c21 〈w (L, 0)w (L, t)〉+ (14)

+ c1c2 [〈wx (L, 0)w (L, t)〉+ 〈w (L, 0)wx (L, t)〉] + c22 〈wx (L, 0)wx (L, t)〉
Now recall that ∫

dt 〈w (L, 0)w (L, t)〉 e−iωt = R (L,L, ω) = −2kBT

ω
Imχ (L,L, ω) (15)

so taking the derivative we also obtain
∫
dt 〈wx (L, 0)w (L, t)〉 e−iωt = R1 (L,L, ω) = −2kBT

ω
Imχ1 (L,L, ω) (16)

∫
dt 〈w (L, 0)wx (L, t)〉 e−iωt = R2 (L,L, ω) = −2kBT

ω
Imχ2 (L,L, ω)

∫
dt 〈wx (L, 0)wx (L, t)〉 e−iωt = R12 (L,L, ω) = −2kBT

ω
Imχ12 (L,L, ω)
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Figure 3: The cantilever thermal power spectrum in water (red curve) and in air (black curve), ∆ = 2d/B =
10.

where (·)i = ∂ (·) /∂xi and (·)ij = ∂2 (·) /∂xi∂xj . The power spectrum of the signal recorded by the
photodiode is then

S (ω) = Stot (L,L, ω) =

∫
dt 〈wtot (L, 0)wtot (L, t)〉 exp (−iωt)

= c21R (L,L, ω) + c1c2 [R1 (L,L, ω) +R2 (L,L, ω)] + c22R12 (L,L, ω) (17)

= −2kBT

ω
Im
{
c21χ (L,L, ω) + c1c2 [χ1 (L,L, ω) + χ2 (L,L, ω)] + c22χ12 (L,L, ω)

}

5 Results

In this section we discuss the main results of our investigation. We compare the thermal response of the
cantilever tip in air and in water, show how important is the influence of the diffusive-velocity term related to
the parameter α (x), and also discuss the influence of the distance between the cantilever and the underlying
substrate. The geometrical and mechanical properties of the cantilever, we have investigated, are listed in
Tab.2. At first, we will focus on the PSD of the transversal displacement of the free end of the cantilever, i.e.
we will focus on the quantity S (ω) = S (x1 = L, x2 = L, ω).

Quantity Value
L 232.4 µm

B 20.11 µm

H 0.573 µm

Young Modulus 3.92× 1011 Pa

Air density 1.2 kg/m3

Air -dynamic viscosity 1.83× 10−5 Pas

Water density 1000 kg/m3

Water-dynamic viscosity 1.0× 10−3 Pas

Tab.2 - The geometrical and physical quantities utilized to carry out the analysis.
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Figure 4: The influence of the velocity-diffusive term on the cantilever thermal power spectrum, for ∆ =
2d/B = 10.

Figure 5: The thermal power spectrum for different values of the dimensionless distance ∆ = 2d/B.

Figure 3 shows the PSD of the cantilever tip deflection S̄ (ω) = S (ω) /2kBT , when the dimensionless
distance ∆ = 2d/B of the cantilever from the substrate is constant and equal to ∆ = 10 (d is the distance in
µm), for a cantilever thermally excited in water (red curve) and in air (black curve). Observe the large peak
shifting towards the low frequency range when the system is in water. At a first sight one may be surprised
to see that the heights of the two peaks for water and air are not significantly different. However this can
be easily explained considering that, although the imaginary part of the complex compliance is larger in
air if compared to water, the peak frequency is about 3 times larger in air than in water. Hence, these two
opposite effects partially balance each-other when the quantity S̄ (ω) is calculated. Beside this, one should
also consider that, even in air, the presence of the wall makes non negligible the viscous dissipation related
to the term c (x) in Eq.5. Thus, a blunted resonant peak is expected to be observed as indeed shown in Fig.
3. In Fig.4, the thermal power spectrum S̄ (ω) is shown, for α 6= 0 as results from numerical fitting, and for
α = 0. Fig. 4 shows the very large influence of the velocity-diffusive parameter in terms of peak resonance
position and the Q-factor values. This means that neglecting such effect can lead to a strong overestimation
of the first resonance frequency and also to strongly underestimate the noise affecting the dAFM at larger
frequencies. This error in the evaluation of the cantilever thermal response to Brownian forcing, can in turn
lead to a wrong calibration of the instrument. In particular, a bad estimation of the cantilever resonances
and damping properties, yields an invalid estimation of the system properties and therefore may result in a
non-correct operation of the instrument. This means that our drag model can be an extremely useful tool in
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(a) (b)

(c)

Figure 6: The thermal power spectrum
√
P ∗ (ω∗) in water near a wall. Comparison between experiments

(dashed black curve) and theoretical predictions (solid black curve) presented in Ref.[14] with our analytical
model (solid red curve) for a tilt angle π/12 to the wall and separations d = 70µm (a) and d = 8.87µm (b).
Theoretical predictions from Ref.[14] (solid black curve) are also compared with our analytical model (solid
red curve) for a tilt α = 0 and separation d = 8.87µm (c).

the calibration process of a dAFM.

In Fig. 5 the cantilever thermal power spectrum S̄ (ω) at different distances from the substrate is shown.
Three beam-wall distances are considered. The figure shows that the closer the cantilever is to the wall, the
more the spectrum is shifted toward lower frequencies, whereas the second resonance peak occurs at higher
frequencies. In particular, for the lowest value of ∆ here considered, i.e. ∆ = 1, the first resonant peaks
almost disappears. The reason for such a strong influence of the substrate distance should be sought in the
change of the viscous response of the liquid. Indeed at small beam-wall distances the viscous coefficient c
increases with d−3 as the distance d is reduced.

Considering that in many applications the cantilever is slightly tilted along its length, the effect of the x-
dependent distance of the beam cross section from the substrate should be accurately taken into account to
correctly estimate the cantilever response. This is the case of the experimental data shown in Ref.[14], where
a cantilever in water is moved close to the substrate, with a tilt α = π/12 (geometrical and physical quantities
are the same listed in Table 2), and the angular oscillations are measured. In order to compare our analytical
model with the numerical and experimental thermal power spectra presented in [14], we have numerically
calculated the interpolating functions of the three coefficients of the functionG (x, t) (Eq.5), i.e. c (x),m (x),
and α (x), by means of the values reported in Table 1. Then we have calculated the PSD S (ω) (see Eq.17)
given by both the vertical displacement and the angular rotation of the cantilever free end, and finally we have
defined P ∗ (ω∗) =

(
Ā2/ω0

)
S (ω), where Ā =

√
kBTL3/ (EJ), ω∗ = ω0ω, and ω0 =

√
EJ/ (ρAL4). In

Figure 6 we show the comparison of the quantity
√
P ∗ (ω∗) calculated by employing our analytical model

(with c1 = 0 and c2 = 0.86 in Eq.17) and the experimental data and theoretical predictions presented in
[14], conducted in water, using a molecular force probe with pyramidal tip. In Fig.6-a the cantilever is
tilted at π/12 to the wall with a separation d = 70µm, in Fig.6-b the distance is reduced to d = 8.87µm
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Figure 7: Our experimental thermal power spectrum
√
P ∗ (ω∗) in air (solid black curve), far from the wall,

compared with our theoretical predictions (solid red curve) and the theoretical results presented in Ref.[14]
(dashed black curve). Our analytical model perfectly fit the experimental curve, also at the second resonant
peak, as shown in the inset.

(same tilt), in Fig. 6-c the cantilever has no tilt (α = 0) and the separation is d = 8.87µm. In this last
case no experimental data are presented in Ref. [14] and we show the comparison between our analytical
model and the one utilized in [14], where the fluid - cantilever interaction is described considering the
Stokes’ expression for the drag on an oscillating circular cylinder. It is possible to observe a good agreement
between our results (solid red lines), the experimental data (dashed black lines) and theoretical predictions
(solid black lines) reported Ref.[14]. It is worth of being mentioned that our analytical model is able to fit
very well the experimental data (see Fig. 6-a). When the tilted cantilever is much closer to the wall (i.e.
for ∆ < 1) we expect to have a smaller degree of agreement, confirmed in Fig. 6-b, for the data presented
in literature showed results for only a couple values of ∆. In particular, considering the near wall case, we
have found data only for ∆ = 0.5, 1 (see Table 1) that are not sufficient for an accurate estimation of the
damping coefficient c. To completely assess our analytical model, we have carried out experiments with
an AFM NT-MDT Ntegra Aura (Tribolab, Politecnico di Bari, Bari, Italy) on a CSG01 rectangular silicon
cantilever with tip, and dimensions (L,B,H) = (350, 30, 1)µm. The thermal oscillations of the free-end
of the cantilever have been acquired, in the frequency range 0 < ω∗ < 105 kHz, where the first and the
second resonant peaks of the beam are present. In Figure 7 our experimentally measured thermal power
spectrum

√
P ∗ (ω∗) is compared with our theoretically predicted response. An almost perfect agreement

between the experimental data and our theoretical model is obtained. The inset shows, in particular, that this
almost perfect matching still holds true for the second resonant peak, a condition not easy achievable with
other techniques (see dashed black curve in Fig.7 corresponding to the model reported in Ref.[14]). Our
results definitively show that the presented analytical model is able to accurately predict the dynamics of a
dAFM cantilever in a wide frequency range, thus making it a possible tool for calibration procedures and
high performance measurements.

6 Conclusions

The present study deals with the dAFM cantilever dynamics. The attention is focused on the interactions of
the cantilever with the surrounding fluid. The impacts of the fluid molecules on the beam, indeed, generate
the so called Brownian thermal noise, which is related to the macroscopic linear response of the system. We
have presented an analytical model of the fluid-structure interactions, which takes into account of inertial,
damping, and diffusive terms. In particular, the force the liquid exerts on the body has been heuristically
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derived, and it is described as the sum of three contributions, which have been evaluated through the best
fitting of accurate computational fluid dynamics (adimensionalized) data of a 2D fluid flowing around an
oscillating rectangular cross section, found in the literature. Experiments have been also carried out, and the
thermal oscillations of a dAFM cantilever operating in air have been acquired. The experimental data have
been perfectly fitted by means of our analytic response of the beam, in a wide frequency range. Our results
clearly demonstrate that the presented analytical model is an extremely useful and accurate tool to predict
the cantilever dynamics, and therefore could be utilized to calculate the cantilever spring constants in the
common calibration procedures, thus improving the quality of the measurements.
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Abstract 
Rain noise inside car cabins and buildings can be predicted with knowledge of the time-dependent impact 

force from individual raindrops. Previous experiments to measure the liquid drop impact force are based 

on the piezoelectric transducer with direct methods. This paper describes experimental work using both a 

wavelet deconvolution approach with a glass plate and a force transducer to quantify the force applied by 

2 and 4.5 mm diameter drops with terminal velocity onto a dry surface and with a shallow water layer. 

The validity of the wavelet deconvolution approach is indicated by the close agreement with the force 

transducer measurements for the initial impact force. A particular advantage of the wavelet approach is 

that it is able to measure the forces that occur with a natural splash when a drop impacts upon a shallow 

water layer; these include the initial impact, formation of the crater and crown. 

1 Introduction 

Knowledge of the impact force applied by a liquid water drop on dry or wet surfaces is useful in many 

different areas of engineering including blade erosion in steam turbines, soil splash from raindrops, and 

rain noise in car cabin or buildings. For the latter the raindrop impact on windows and roofs in buildings 

or cars can generate high levels of re-radiated sound that has a negative effect on speech communication 

and comfort. To predict the sound and vibration resulting from raindrop impact, it is necessary to know 

the time-dependent force that is applied to a structure when it is dry or covered with a shallow surface 

layer of water. 

The time-dependent force from liquid drops has previously been measured using a variety of direct 

approaches. Nearing et al [1] used pressure sensors and noted that the time-dependent force and average 

pressure were not adequately predicted by theory. Nearing and Bradford [2] used a pressure transducer to 

measure the force although the sensing area was sufficiently small that many drops did not fall on the 

sensor. Grinspan and Gnanamoorthy [3] used PVDF film to measure the impact force applied by a low 

velocity water drop on a solid surface and showed that impact force depends on drop velocity and liquid 

density. Soto et al [4] used two different approaches to measure the force from a water drop: piezoelectric 

quartz and a thin glass lamella. In general, the literature indicates problems with a piezoelectric transducer 

due to resonances of the transducer disc (e.g. [5]). For this reason an alternative inverse approach using 

wavelets is considered here.  

Recent work by Yu and Hopkins [6] validated a wavelet deconvolution method to experimentally 

determine the force applied by liquid water drops on a dry and wet surface. In this paper, the initial impact 

force for 2 and 4.5 mm diameter drops travelling at terminal velocity is determined using Doyle’s wavelet 

deconvolution method [7]. This is chosen because of its robustness to noise and the ability to use a glass 

plate which provides a realistic surface condition that is relevant to roof glazing on cars and in buildings. 

The wavelet approach is validated through comparison with measurements using a glass disc fixed to a 

force transducer. After the initial impact of the drop on a water layer, forces exerted from a range of 
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complex features can also be predicted by the wavelet method. This has been used to experimentally 

determine empirical formulae for the time-dependent force which can be used to assess prediction models 

based on an idealized drop shape. For the empirical formulae, the reader is referred to [6].  

2 Experiment implementation 

2.1 Wavelet approach  

When an unknown force, 𝐟, excites a noiseless LTI system, a matrix of transfer accelerances, X, describes 

the acceleration, 𝐞 , at points on this system by a linear convolution integral. Each transfer accelerance is 

the ratio of complex acceleration at a specified position to the complex force applied at another specified 

position. The discrete time domain acceleration can be expressed as [8]: 

𝐞 = 𝐗𝐟 (1) 

Wavelet deconvolution is used to determine the time-dependent force using an approach described by 

Doyle [7]. Doyle’s theory assumes that there is no noise; hence, the unknown force is estimated according 

to [7]: 

𝐟 = 𝚽H𝐟𝐰 = 𝚽H(𝚿𝚿H)
−𝟏

𝚿𝐞 (2) 

where superscript H is the Hermitian, 𝚽 is an M  N matrix of wavelet functions with elements 𝜙𝑚(𝑡𝑛) =

exp [− (
𝑡𝑛−𝑚𝑡0

𝛼
)

2
], tn is the n

th
 sample in time (subscript w indicates wavelet),  is the scaling factor 

(which is dependent on the frequency range of analysis), m is the time shift integer, 𝐟𝐰 is a vector with 

dimension M to replace the original unknown vector 𝐟 with dimension, N, and 𝚿 is defined as 

𝚿 = 𝚽𝐗H (3) 

where the elements are a matrix of functions 𝜓𝑚(𝑡𝑛) = ∑ 𝑥(𝑡𝑛 − 𝜏𝑘)𝜙𝑚(𝜏𝑘)𝑛−1
𝑘=0 . 

In practice there will always be some unwanted noise. To consider the effect of additive noise in Eq. (1) 

requires the unknown force to be transformed to the wavelet domain, so it can be rewritten as:  

𝐞 = 𝐗𝚽H𝐟𝐰 + 𝐧 = 𝚿H𝐟𝐰 + 𝐧 (4) 

where n is the noise vector. 

The aim is to estimate the M-dimensional vector 𝐟𝐰 from an N-dimensional observation vector, 𝐞. 

Assuming that the matrix 𝚿H = 𝐗𝚽H has been determined from measurements in the presence of noise, 

the likelihood function of the signal, 𝐞, given the parameter vector, 𝐟𝐰: 

𝑓𝐄|𝐅𝐰
(𝐞|𝐟𝐰) = 𝑓𝐧(𝐧 = 𝐞 − 𝚿H𝐟𝐰) (5) 

 

Assuming that n is random noise with a Gaussian distribution of mean, 𝝁𝐧, and a covariance matrix, 𝚺𝐧𝐧, 

and that the parameter vector, 𝐟𝐰, is also a Gaussian process with mean, 𝝁𝐟𝐰
, and a covariance matrix, 

𝚺𝐟𝐰𝐟𝐰
then the likelihood function is: 

𝑓𝐄|𝐅𝐰
(𝐞|𝐟𝐰) = 𝑓𝐧(𝐧)

=
1

(2𝜋)
𝑁
2 |𝚺𝐧𝐧|

1
2

exp [−
1

2
(𝐞 − 𝚿H𝐟𝐰 − 𝝁𝐧)

H
𝚺𝐧𝐧

−𝟏(𝐞 − 𝚿H𝐟𝐰 − 𝝁𝐧)] (6) 

 

The Maximum Likelihood Estimate (MLE) is obtained from maximization of the log-likelihood function, 

ln[𝑓𝐄|𝐅𝐰
(𝐞|𝐟𝐰)], with respect to 𝐟𝐰 and is given by [8]: 

𝚿𝚿H𝐟𝐰 = 𝚿(𝐞 − 𝝁𝐧) (7) 
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and when 𝚿𝚿H is well-posed, 

𝐟𝐰 = (𝚿𝚿H)
−1

𝚿(𝐞 − 𝝁𝐧) (8) 

The system impulse response is measured using force hammer with accelerometers at different positions. 

The unknown force applied by the real impact can then be related to the impact force, 𝐟,̅ applied by the 

force hammer, and the associated acceleration signal, �̅�, [9] by 

𝐞 ∗ 𝐟̅ = �̅� ∗ 𝐟 (9) 

Eqs. (7) or (8) can be solved by substituting 𝐞 ∗ 𝐟 ̅for 𝐞 and �̅� for X. When 𝝁𝐧 = 𝟎, the noise is defined as 

white Gaussian noise; Eq. (8) is the same as Eq. (2); and the wavelet approach is therefore robust against 

this form of noise. Depending on the experimental conditions, X can be sparse causing matrix 𝚿𝚿H to be 

ill-conditioned which can lead to instability in the solution of Eq. (8); a solution to this problem is to solve 

Eq. (7) using the LSQR algorithm [10] to give fw. 

In the experiment, an impact force is applied at the excitation position, pe, using a force hammer with a 3 

mm diameter steel tip (Brüel & Kjær Type 8203) to determine the matrix of transfer accelerances, X. The 

acceleration at sensing positions, p1, p2 and p3 was measured using three accelerometers (Brüel & Kjær 

Type 4375) fixed with cyanoacrylate glue to the underside of the glass plate at randomly located positions. 

Ten hits were averaged to give each transfer accelerance value. 

When a liquid water drop hits the plate, Eqs. (2) and (8) are used to calculate the time-dependent forces 

from the acceleration measured at the same three accelerometer positions that are used to determine the 

matrix X. Impacts from eight drops are averaged in the time-domain.  

The wavelet approach requires measured transfer accelerances with point excitation at the same position 

as the drop impact. These measurements used a force hammer with a 3 mm diameter tip, which is 

approximately mid-way between the 2 and 4.5 mm drop diameters used in the experiments. For this reason 

the accelerance measurements are considered valid for the initial impact force because the excited areas 

are similar. It should be noted that forces which occur after the initial impact are not all applied at the exc 

position. The features that occur after the initial impact such as the formation of the crater apply forces 

over the perimeter of a circle with a diameter up to 7 mm, whereas the crown or vortex ring would apply 

forces over the perimeter of a circle with diameters between 15 and 31 mm. The jet emanates from a point 

that is close to the drop impact position; hence any forces associated with it should be reasonably 

estimated with point excitation. Some, but not all of the rebounding drops emanating from this jet will fall 

within the maximum crater diameter. To estimate the error in the forces applied after the initial impact it is 

assumed that in-phase forces are applied around the perimeter of a circle. Assuming an infinite plate, the 

driving-point accelerance with a response point at a distance, R0, can be calculated for in-phase forces 

around the perimeter of a circle with radius, rc, and for point excitation. The ratio of these two 

accelerances is given by 

∫ 𝐻0
(1)(𝑘B𝑅(𝜃)) − 𝐻0

(1)
(𝑖𝑘B𝑅(𝜃))

2𝜋

0
d𝜃

2𝜋 [𝐻0
(1)(𝑘B𝑅0) − 𝐻0

(1)
(𝑖𝑘B𝑅0)]

 (10) 

where kB is the wavenumber for bending waves, H0
(1)

 represents the Hankel function of the first kind and 

  𝑅(𝜃) = √(𝑅0 + 𝑟c cos 𝜃 )2 + 𝑟c
2 sin2 𝜃  (11) 
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Figure 1. Ratio of accelerance for a circle of in-phase force with radius, r, to point excitation (a) 

magnitude and (b) phase. 

Fig. 1 shows calculated values using Eq. (10). Below 6k Hz the error in the impact force is <1 dB in the 

magnitude and up to 0.2 in the phase. It is reasonable to assume that the maximum measurement 

uncertainty in narrow band accelerance would be 1 dB for the magnitude and that for the phase the 

variation between different accelerometers would be <0.4 [11]. Hence it is concluded that after the initial 

impact the wavelet approach can still be used to estimate the forces that are applied by the crater, crown, 

jet, vortex ring, or oscillating bubbles. However, rebounding drops can fall at many different positions on 

the plate and therefore it is difficult to assess the accuracy for these forces. Low-level forces applied by 

capillary waves propagating away from the crater will not be correctly estimated by the wavelet approach. 

For rebounding drops the forces tend to be negligible in comparison with the initial impact and the 

oscillating bubble, although this may not apply to the capillary waves. 

2.2 Experimental set-up  

The experimental set-up is shown in Fig. 2. Reverse osmosis water is used with a burette that produces 

4.5 mm diameter drops. The velocity was 8.2 m/s for the 4.5mm drop (the velocity was the average of 10 

measurements with the absolute error estimated to be <8%).  

The drops impact upon a plate of 6 mm thick glass of dimensions 1.2 m × 1 m. Glass typically has an 

internal loss factor of 0.006; hence, to increase the overall damping of the plate (up to a loss factor of 

≈0.05), 50 mm wide strips of 13 mm thick Sylomer SR55 are positioned on both sides of the glass around 

the entire perimeter with the upper layer of Sylomer compressed under a static load applied by 13 mm 

thick steel.  

Water depths, d, of 1, 2, 4, 6, 8, and 10 mm (estimated variation over the surface is at ±0.5 mm) were 

used.  
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Figure 2. Experimental test rig: (a) force transducer disc, (b) glass plate used for wavelet deconvolution. 

2.3 Results 

Fig. 3 shows the initial impact force in the time and frequency domains to allow comparison of the 

wavelet deconvolution method and force transducer. All of the curves are carried out by zero padding the 

time signal before and after the initial impact. With a water layer, there are differences between the force 

transducer and wavelet approach in terms of the peak force and pulse width in the time domain but these 

only result in differences less than 3 dB between 10 and 2k Hz in the frequency domain. The differences 

between the force transducer and wavelet approach are more apparent with deeper water depths. Close 

agreement between the force transducer and wavelet deconvolution indicates that the latter could be used 

to overcome any errors due to the modal response of the force transducer-disc system and the effect of 

artificially constraining a water layer on the 30 mm disc. Hence the wavelet approach can now be used to 

assess impacts of drops on shallow water layers where forces are applied after the initial impact. 
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Figure 3. Measured force from the initial impact using the wavelet approach (solid line) and force 

transducer (dotted line). (a) time dependent force and (b) ESD for 4.5 mm drops with velocity 8.2 m/s 

impacting the dry glass surface (d=0 mm) and different water layer depths on the glass from d=1 mm to 

d=10 mm. 

Fig. 4a shows the time domain impact force determined using wavelet deconvolution. For a dry surface, 

the estimated time-dependent force increases rapidly in the first 0.1ms, and decays within 1ms. For 

shallow water layers the peak force is reduced and the pulse width broadens compared to the dry surface. 

Fig. 4b shows the energy density spectrum for the initial impact and features which occur after initial 

impact. With a shallow water layer, the force applied by the initial impact tends to increase below 200 Hz. 

In addition, forces applied by features such as the crater, crown, jet, vortex ring tend to increase with 

increasing water layer depth. As shown in Fig. 4b, the energy applied by these features is highest below 

100 Hz.  

Fig. 4c shows the distinct features relating to the splash, specifically the crown formation. During the 

formation of the raised crown-like perimeter after the initial impact, a negative force occurs as the water 

moves upwards, and drops detach from the tines around the perimeter of the crown (see Fig. 4c). The 

crown diameters are 31 mm for the 4.5 mm drops with impact velocity 8.2m/s.  
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Figure 4. Impact from a 4.5 mm drop with a drop velocity of 8.2 m/s: (a) Force measurements in the time 

domain using the wavelet approach with different water layer depths on the glass ranging from d=1 to 

10 mm (average of ten drops), (b) Energy Spectral Density for the initial impact and features after the 

initial impact, (c) High-speed camera images of a single example of a 4.5 mm drop impact on a water 

layer depth of 1 mm.  
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3 Conclusions 

Wavelet deconvolution has been used to determine the force applied by a liquid water drop impact onto a 

dry glass plate and the same plate with shallow water layers. For the initial impact force there is agreement 

between measurements with the force transducer and wavelet deconvolution. However, only the latter 

approach is able to measure forces that naturally occur after the initial impact with water layers. With a 

shallow water layer, the force applied by the initial impact tends to increase below 200 Hz. In addition, 

forces applied by features such as the crater, crown, jet, vortex ring tend to increase with increasing water 

layer depth. 
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Abstract 
Identification of structural nonlinearities has been of great interest over recent decades. In addition, due to 

high cost and time requirements, it is not practical to have complete experimental measurements. This 

study is initially focused on the localisation of structural nonlinearities using an approach based on 

spatially incomplete experimental frequency domain data from a structural vibration test. A cantilever 

beam with a nonlinear restoring force is considered under stepped-sine base excitation. An updated linear 

finite element model and the Craig-Bampton reduction method is used to obtain the reduced nonlinear 

forces (RNFs) in the measured region, leading to the location decision for nonlinear elements. Then, the 

Equivalent Dynamic Stiffness Mapping technique is used for characterization and mathematical modelling 

of the unknown nonlinearities. This technique utilizes the ratio of internal forces and the displacement 

response of the unknown elements (F/X) in the frequency domain as the Equivalent Dynamic Stiffness. 

 

Key words: Nonlinear structural dynamics, Identification, Frequency response function, Finite element 

model updating, Equivalent Dynamic Stiffness Mapping, Base excitation. 

 

 

1 Introduction 
 

Nonlinear behaviour is very likely to occur in most practical structures due to the effects of material 

properties, structural joints and boundary conditions. In many cases, the nonlinearity of the structure is not 

small enough to be approximated as a linear structure. Therefore, nonlinear modal analysis has to be 

applied in order to localize, identify, and characterize the nonlinearities of the structure. 

Nonlinear elements in practical engineering systems are often considered to be localized, and mostly the 

localization of such nonlinearities has to be performed before a parametric study in the nonlinear system 

identification process. There has been a wide range of studies in the literature focusing on location, 

identification and characterization of the nonlinear elements. One may find comprehensive reviews of 

system identification approaches in [1-4]. The following provides a brief literature review of localization 

and system identification methods for nonlinear dynamical structures. 

To identify the position of the localized nonlinearities, methods are usually categorized in two groups. The 

first includes the methods which need complete coordinate measurements [5,6] and the second group are 

applicable with incomplete spatial measurements [7]. 

The force-state mapping method was used by Al-Hadid and Wright [5] to identify the nonlinearity of 

single- and multi-degree-of-freedom nonlinear systems. They presented an extension of force-state 

mapping to the location of nonlinear elements in a lumped-parameter system. Lin and Ewins [6] 

developed an approach to detect the location of a localized stiffness nonlinearity using a correlated 
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analytical model with measured vibration test data. It requires the data at no more than one mode with no 

need for complete coordinates of measurement. Wang et al. [7] presented a method for localization of the 

localized nonlinear elements in structural dynamics using frequency response data measured at incomplete 

coordinates from the vibration test. 

The literature has an extensive range of identification approaches such as the force-state mapping 

technique, the restoring force surface method, the Hilbert transform, Bayesian system identification, 

Volterra series approximation, and the Equivalent Dynamic Stiffness Mapping technique [8-20]. Some 

methods assume the type of the nonlinearity is pre-known, and others don’t rely on this assumption. 

Kerschen et al. [12] investigated the performance of the restoring force surface method in identifying 

nonlinear structural elements. In this regard, they considered the vibrations of a clamped beam with two 

different types of nonlinearities. Their method requires the displacement, velocity, acceleration and force 

of all degrees of freedom to be measured in the time domain. Feldman [13] recommended a nonparametric 

technique for identification of nonlinear elastic force functions based on the Hilbert transform. The 

method presented by Feldman does not require a priori information about the system structure or its 

parameters. Worden and Hensman [15] surveyed the benefits and limitations of using the Bayesian 

approach for identification of nonlinear structural systems. This approach is not limited to any assumption 

regarding the type and parameters of the system nonlinearity. Using a combination of time and frequency 

domain techniques, Haroon et al. [19] presented a method to identify nonlinear systems in the absence of 

input measurements. The Equivalent Dynamic Stiffness Mapping technique was proposed by Wang and 

Zheng [20] for identification of nonlinear structural elements in dynamical systems using steady-state 

primary harmonic frequency response functions (FRF). There is no need for the type and parameters of the 

system nonlinearity to be pre-known in this method, however having knowledge of the type of nonlinear 

element leads to a better parameter estimation and identification of the system. 

In this study, a numerical simulation is used to examine the performance of the localization procedure 

introduced by Wang et al. [7]. However, because base excitation is used in this study instead of force, we 

introduce a method to evaluate the equivalent force. For this purpose, the assumed mode method and the 

complex averaging technique are used to obtain the response of the system under base excitation and the 

finite element method is used to estimate the equivalent force due to base excitation. After detecting the 

location of the nonlinear elements, the next step is to identify the nonlinearity of the system using the 

EDSM technique recommended by Wang and Zheng [17]. Finally, the results of the simulation are 

discussed and the conclusions of the study are made. 

 

2 Localization and Identification 
 

The equation of motion of an Euler-Bernoulli beam, subject to base excitation, is considered as 

 

 𝐌�̈� + 𝐂�̇� + 𝐊𝐳 + 𝒇𝑖𝑛
∗ (𝐳, �̇�) = 0, (1) 

   

where 𝐌, 𝐊, 𝐂 denote the mass, stiffness, and damping matrices, respectively. 𝐳(𝑡) is the vector of 

displacement, and �̇�, �̈� are its first and second time-derivatives, respectively. 𝒇𝑖𝑛
∗ (𝐳, �̇�) denotes the internal 

nonlinear force of the system excited by the base excitation. Replacing 𝐳(𝑡) by relative displacement 𝐰 =
𝐳 − 𝑧0, where 𝑧0 denotes the base movement, the equation of motion of the system can be rewritten as  

 𝐌�̈� + 𝐂�̇� + 𝐊𝐰 + 𝒇𝑖𝑛(𝐰, �̇�) = 𝒇𝑏(𝑡), (2) 

where 𝒇𝑏(𝑡) is the equivalent force vector due to base excitation.  

The problem here is to detect the exact location of the localized nonlinear elements of the system, and then 

identify the nonlinearity. In the following paragraphs, the localization process and the Equivalent 

Dynamic Stiffness Mapping Technique for identification of the nonlinear elements are briefly explained.  

In this study, the localization procedure introduced by Wang et al. [7] is developed for vibration tests with 

base excitation. To use this method, experimental data from two vibration tests is needed. One is a low-
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amplitude excitation test to measure the response of the underlying linear system, and for the second test 

the excitation amplitude should be considered high enough to ensure that the system responds with 

nonlinear behaviour. The localisation method described in [7] does not require measurement at all 

coordinates. 

For this purpose, displacement (or acceleration) and forces of the system need to be measured for two tests 

with low and high amplitude excitation, respectively, providing the response of the underlying linear and 

nonlinear systems. However, this measurement doesn’t need to be spatially complete. Therefore, the 

system is separated into measured and unmeasured regions: 

 𝐰 = {
𝐰𝑚

𝐰𝑢
}, (3) 

where the indices 𝑚, 𝑢 represent the measured and unmeasured DOFs, respectively. 

Base excitation is the excitation method used in this study. The external force applied to the system is not 

directly measured in base excitation tests. Hence, the external force vector calculation step precedes the 

localization and identification processes in this study. Consequently, the whole identification process used 

in this study is described in three steps as below: 

I. Updating the linear finite element model: 

Experimental data obtained from the low-amplitude test is used to update the linear finite element 

model of the system using well-developed updating methods [21-22]. The updated linear FE 

model is used for both localization and identification of nonlinear elements, described later in this 

section. 

 

II. Finding the equivalent external force vector resulting from the base excitation: 
There have been approaches proposed to find the equivalent force of the base excitation. In this 

paper, the equivalent force vector of base excitation may be calculated as [23]:  

 𝒇𝑏(𝑡) = −�̈�0[𝐌]{𝐠}, (4) 

where �̈�0 is the base acceleration and 𝑔𝑖 = 1 if 𝑧𝑖 and 𝑧0 are in the same direction. 

Here, in this study, by applying the Galerkin approach to a cantilever Euler-Bernoulli beam, the 

equivalent force for a single element of the beam is obtained as 

 𝒇𝑏
𝑒 = −𝜌𝐴�̈�0 ∫ 𝜑𝑖(𝑥)𝑑𝑥

𝑙𝑒

0

− �̈�0 ∑ 𝑚𝑎𝜑𝑖(𝑥𝑎)

𝑁𝑎

0

, (5) 

where 𝜌𝐴 is the mass per length of the beam, 𝑙𝑒  is the length of a beam element, and 𝜑𝑖(𝑥) 

denotes for the shape function in Galerkin method. Here it is assumed that 𝑁𝑎 point masses with 

the mass of 𝑚𝑎 are located at 𝑥𝑎 along the beam. 

 
III. Detecting the location of the localized nonlinearities [7]: 

a) A criterion is defined to evaluate the difference between the underlying linear and nonlinear 

responses of the system. Accordingly, data selection is carried out to select the measured data 

for frequencies at which the criterion is satisfied. 
b) As the measurement is not spatially complete, the updated linear model is separated into 

measured and unmeasured regions. Then, the Craig-Bampton reduction method is used to 

project the unmeasured DOFs onto the measured region. As a result, the reduced nonlinear 

force (RNF) is calculated as a summation of measured nonlinear forces and the projection of 

unmeasured nonlinear forces onto the measured region.  

 𝐅𝑟𝑒𝑑𝑢𝑐𝑒𝑑 = 𝐅𝑒𝑞𝐻
− (�̅�𝑚𝑚 − �̅�𝑚𝑘�̅�𝑘𝑘

−1�̅�𝑘𝑚)𝐖𝑚, (6) 

where �̅�𝑚𝑚, �̅�𝑚𝑘, �̅�𝑘𝑘, �̅�𝑘𝑚 are dynamic stiffness sub-matrices [7]. The index of the reduced 

nonlinear force is calculated as a summation of the RNFs at the measured DOFs over a range 

of measured frequencies, 
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 𝐈𝐅𝑟𝑒𝑑𝑢𝑐𝑒𝑑
∗ = ∑ |𝐅𝑟𝑒𝑑𝑢𝑐𝑒𝑑

∗ (𝜔𝑖)|

𝜔𝑖

, (7) 

The suspect region for the location of the nonlinearity is determined using the resulting RNFs, 

the index of RNFs, and the phase of RNFs. Consequently, the preliminary decision for the 

location of nonlinear elements is made. 
c) Finally, the result of the location is verified by comparing the nonlinear forces for the 

suspected region with the reduced nonlinear forces for the measured region. 
 

IV. Identifying the nonlinear element using the Equivalent Dynamic Stiffness Mapping technique 

[17]: 
The nonlinear dynamical system described by Eq. (1) is considered. Using the Fourier 

transform, the nonlinear internal force is obtained in the frequency domain as 

 𝐅𝑁 = 𝐅𝑒𝑥 − (𝐊 + 𝑗𝜔𝐂 − 𝜔2𝐌)𝐖, (8) 

a) The nonlinear internal force 𝐅𝑁 may be composed of both nonlinear damping and stiffness 

 𝐅𝑁 = (𝐊𝑒𝑞 + 𝑗𝜔𝐂𝑒𝑞)𝐖, (9) 

where 𝐊𝑒𝑞 and 𝐂𝑒𝑞 are, respectively, the equivalent stiffness and damping elements of the 

system.  
b) Define the Equivalent Dynamic Stiffness as the ratio of the nonlinear internal force to the 

displacement response of the system in the frequency domain, 

 𝐃𝑠𝑡𝑖𝑓𝑓(𝜔, 𝐖) =
𝐅𝑁

𝐖
, (10) 

The equivalent dynamic stiffness and damping is obtained as, 

 𝐾𝑒𝑞 = ℜ(𝐷𝑠𝑡𝑖𝑓𝑓), 𝐶𝑒𝑞 =
ℑ(𝐷𝑠𝑡𝑖𝑓𝑓)

𝜔
. (11) 

In the following section, an example of a cantilever beam is simulated numerically in MATLAB. The 

results of the numerical simulation are provided in Section 3.  

 

3 Theoretical Simulation 
 

The stainless-steel cantilever beam shown in Fig. 1 has a length of 0.30 m, a width of 30 mm, and a 

thickness of 1.5 mm and is considered for numerical simulation. The modulus of elasticity and the density 

of the beam are taken as 𝐸 = 205 GPa and 𝜌 = 7800 kg/m3, respectively. The beam is assumed to have 

a damping coefficient per length of the beam as follows 

 γ = 0.2
kg

m. s
. (12) 

In order to consider the effect of the accelerometers’ masses on the dynamics of the beam, point masses 

𝑝𝑚 = {6, 6, 6, 8} g are located at positions 𝑥𝑚 = {
𝑙

6
,

3𝑙

6
,

5𝑙

6
, 𝑙}, respectively, where l is the beam length. The 

beam is attached to a grounded (to the base plate) nonlinear spring creating the nonlinear restoring force 

 𝐹𝑁 = 𝑘𝑙𝑤 (
2𝑙

3
, 𝑡) + 𝑘𝑁𝑤 (

2𝑙

3
, 𝑡)

3

, (13) 

where  

 𝑘𝑙 = 20
N

m
, 𝑘𝑁 = 1 × 105

N

m3
. (14) 

and 𝑤 (
2𝑙

3
, 𝑡) denotes the deflection of the beam at the distance of 

2𝑙

3
 from the clamped end.  
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Figure 1: Base excitation of a cantilever beam attached to a grounded nonlinear spring at the distance of 
2𝑙

3
 

from the clamped end. 

 

 

Applying the assumed-mode method [24] and the semi-analytical complex-averaging technique [25] to the 

Euler-Bernoulli equation of the beam, the dynamics of the above-described cantilever beam has been 

studied under base excitation with constant acceleration. The amplitude of base acceleration is set to 

constant values of 0.025 and 2.5 m/s2 for low and high-amplitude tests respectively.  For this purpose, 

three modes have been considered in the assumed-mode method in order to discretize the equation of 

motion of the beam. Then, complex-averaging and Arc-length continuation are applied to the discretized 

equations in order to obtain the steady state response of the system for the primary harmonic (dynamics of 

the system is dominated by the primary harmonic). The responses at DOFs 1, 5, and 9 (having distances of 

5, 15, and 25 cm from the clamped end of the beam) are measured. 

 

3.1 Results and Discussion 
 

Figure 2 illustrates the measured frequency domain steady state responses of the beam at the three 

measured points, respectively. In fact, applying low amplitude base excitation led to the underlying linear 

system to be excited, as shown in Fig. 2 by blue dash-dot line. The high amplitude stepped-sine excitation 

resulted in the nonlinear behaviour of the system, shown by green triangles (stable solution) and red 

crosses (unstable solution) in Fig. 2. 

The localisation process was applied to the simulated data and resulted in the reduced nonlinear forces of 

the three measured DOFs, shown in Fig. 3(a). Based on the difference between the linear and nonlinear 

responses of the beam, data within the frequency range of [11.5-14.75] (Hz) has been selected for further 

analysis. 

Figure 4 shows the index of the RNFs of the measured DOFs. The magnitude of the indices of the three 

measured DOFs indicates that the nonlinearity of the system may be closer to DOF 5 and 9. However, 

there is a possibility that more than one nonlinearity exists.  

 

 

 

 

 

 

 

INVERSE METHODS - LOAD IDENTIFICATION 2131



 

Figure 2: Response amplitude in terms of excitation frequency at DOFs 1, 5, and 9; blue dash-dot line: 

linear response (low amplitude excitation), green triangle: stable nonlinear response (high-amplitude 

excitation), red cross: unstable nonlinear response. 

 

 

 

Figure 3: (a) Magnitude and (b) phase of the reduced nonlinear forces at the measured DOFs of the 

cantilever beam. 
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Looking at the phase diagram of the RNFs, one can see the same phase at DOFs 5 and 9, and π rad of 

phase difference at DOF 1 with respect to DOFs 5 and 9. Hence, it can be concluded that all these RNFs at 

DOFs 1, 5, and 9 arise because of a nonlinearity at an unmeasured DOF. Therefore, DOFs 1, 5, and 9 are 

discarded from the suspected regions. The RNFs are calculated at DOFs 3, 7, and 11, as suspected regions, 

using the linear constraint modes of the Craig-Bampton reduction method [7]. The indices of the 

calculated RNFs, shown in Fig. 6, indicates the existence of a nonlinear element at DOF-7. 

 

 

 

Figure 4: Indices of the reduced nonlinear forces at measured DOFs 1, 5, and 9. 

 

 

 

Figure 5: Indices of the RNFs in the suspect regions. 

 

 

Figure 6 illustrates the indices of the RNFs at DOFs 1, 5, 7, and 9 with direct measurement at DOF7. This 

plot shows that the nonlinear element is truly located at DOF7, which is in accordance with the result of 

the preliminary location decision.  
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Figure 6: Indices of reduced nonlinear force including direct measurement at DOF7. 

 

 

Subsequent to defining the exact location of nonlinearity, identification of the nonlinear element is carried 

out using the equivalent dynamic stiffness mapping method. To this end, direct measured data at the 

location/s of the nonlinear element is needed. However, in many practical engineering cases, direct 

measurement at some points such as joints is not possible or results in damaging the structure. Therefore, 

in this study, the aim is to find an identification approach with no need for direct measurement at the 

location of the nonlinearity. For this purpose, System Equivalent Reduction Expansion Process (SEREP)  

is used to expand the measured data to all required DOFs [21]. After expansion of the data, nonlinear 

identification of the system is carried out according to the identification process described in Section 2. 

Fig. 7(a) shows the 3D plot of the real part of the equivalent dynamic stiffness in terms of the excitation 

frequency and the amplitude of vibration at the location of the nonlinearity. In Fig. 7(b), the real part of 

the equivalent dynamic stiffness is shown in terms of the amplitude of the system. 

 

 

 

Figure 7- Mapping of the real part of the EDS in terms of excitation frequency and response amplitude at 

the location of the nonlinearity; (b) the equivalent stiffness is estimated by curve-fitting the real part of the 

EDS as a function of response amplitude. 

 

 

In the results of the identification, in case of the nonlinear stiffness, 
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 𝑓𝑁 = 𝑘𝑙𝑊 + 𝑘𝑛𝑊3, (15) 

the real part of the equivalent dynamic stiffness gives the nonlinear stiffness as [20], 

 𝑟𝑒𝑎𝑙(𝐷𝑠𝑡𝑖𝑓𝑓) = 𝐾𝑒𝑞 = 𝑘𝑙 +
3

4
𝑘𝑛𝑊2. (16) 

Figure 7 illustrates both linear and cubic nonlinear part of the spring attached to the beam. 

 

4 Conclusion and future work 
 

The location detection and identification of localised nonlinear structural elements of a base-excited 

dynamical system was carried out using an approach based on spatially incomplete experimental 

frequency domain data. Base-excited vibration of a cantilever beam attached to a grounded nonlinear 

spring near the tip has been numerically simulated and the results of the simulation were used to locate the 

nonlinear elements of the system using the frequency domain data. The results illustrate the acceptable 

performance of the localisation method used in this study. The identification method used in this study 

shows that the method is capable of identifying type of nonlinearity, i.e. cubic nonlinearity. However, 

there are errors in identified parameters of the model and further investigation is required to investigate 

this. 

Also, an experimental set-up, shown in Fig. 8, is considered for experimental study. In this set-up, a 

stainless-steel cantilever beam is selected for the vibration tests. The beam is mounted on a shaker bed, 

and divided into six equal longitudinal elements. Figure 9 illustrates the finite element model of the 

experimental set-up. The acceleration of the base and the beam is measured using four accelerometers, one 

on the base and three on the beam, as shown in Figs. 8 and 9. Two permanent magnets, attached to the tip 

of the beam, along with two electromagnets placed on two sides of the permanent magnets, create and 

apply the nonlinear restoring force to the beam. Figure 10 shows the linear and nonlinear frequency 

response of the beam resulted from low and high amplitude tests, respectively. The results of the analysis 

of the experimental data will be presented at the conference. 

 

 

 

Figure 8: Experimental set-up for the base excitation vibration test of a cantilever beam. 
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Figure 9: Finite element model of the experimental set-up. 

 

 

 

Figure 10- Linear and nonlinear frequency response of the beam resulted from low and high-amplitude 

test. 
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Abstract
Several engineering applications demand in-operation dynamic forces exerted on structural component to be
modeled. Although direct input measurements would be the first option to solve this lack, in many instances
an appropriate and feasible instrumentation is hard to be accomplished due to reduced space, especial en-
vironment conditions, etc. New methods have to be explored to solve instrument limitations. In the field
of virtual sensing, augmented-state Kalman Filter (AKF) based techniques have recently been introduced in
the field of force estimation. The ability of the AKF for predicting a point force random in time, based only
on accelerometer measurements, is evaluated experimentally in the present work. The present experimental
approach features a cantilevered structure, instrumented with two pairs of accelerometers, mounted approx-
imately at its mid-length and at its free tip. A force sensor is used to measure the actual input force on the
beams free end. Measured and predicted force time histories show a good agreement.

1 Introduction

Shell-and-tube heat exchangers are the most common type of heat exchanger found in industrial processes
[1]. These devices are also used in more complex systems, for example, in pressurized water reactors of
nuclear power plants, which represent a critical application since a mechanical failure implies significant
economical losses, unexpected shut downs, not to mention critical radioactive accidents. In this sense, design
engineers must take care not only of thermohydraulic efficiency but also of the structural integrity of the
heat exchanger. Flow-induced vibration (FIV) is the most important dynamic issue in the design of heat
exchangers. Furthermore, almost half of all shell-and-tube heat exchangers in the industry operate under
two-phase flow condition in the shell side [2, 3], which corresponds to a more critical condition for FIV if
compared with the single-phase flow case. Therefore, the experimental database that can be obtained on FIV
is key to understand the phenomena and develop design guidelines to avoid extreme conditions that may
shorten the apparatus lifetime.

In two-phase crossflow conditions, there are four types of vibration mechanisms that may take place in
the tube bundle, namely: (i) fluidelastic instability, (ii) vortex shedding, (iii) turbulence-induced excitation
and (iv) acoustic resonance, their definitions are detailed in many references [4, 5, 6, 7, 8]. According to
Pettigrew et al. [9], fluidelastic instability and turbulence-induced excitation are the most important vibration
mechanisms in tube bundles during two-phase crossflow, while periodic shedding and acoustic resonance are
unlikely to occur.

Although there are some design guidelines to estimate the vibration amplitude in turbulence-induced vibra-
tion [10, 11, 12], the database about this phenomenon is limited if compared to that available for fluidelastic
instability mechanism. This is somewhat surprising since the turbulence-induced vibration mechanism in
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tube bundles cannot be avoided, and can only be due to the challenges imposed by both, theoretical and ex-
perimental approaches, in tackling this problem. Further, this vibration mechanism is a necessary evil since
it helps to improve heat transfer through the external fluid. On the other hand, turbulence-induced vibration
without supervision may generate fretting wear between tubes and fatigue of structural components, thereby
shortening heat exchanger lifetime. In this sense, a deeper knowledge on the turbulence-induced vibration
mechanism would help in designing tasks, leading to enhanced heat exchanger performance and security.
For this, further experimental studies on this vibration mechanism are required, mainly when it comes to
identifying the nature of loads acting on such structures. However, an appropriate instrumentation is hard to
be accomplished, mainly due to reduced spaces in tube bundles and because typical instruments are hardly
liquid resistant.

In recent years, virtual sensing has arisen as a solution for determining forces when direct measurements
are not feasible or present important technical challenges. Virtual sensors, based on a previously modeled
system, take readings from real physical sensors to calculate the desired outputs by using some process
models [13, 14]. Moreover, these readings are used to get the system model continuously updated, thus
model imperfections or non considered in-operating modifications are taken into account for every time
instant. This feature enables the assessment of uncertain parameters or variabilities within the system [15],
which, with the present application in mind, could mean tracking dynamic changes in the tube bundles
promoted by the surrounding fluid and flow conditions and flow - induced forces.

Recently, deterministic - stochastic methods have attracted more attention of researchers since these meth-
ods can be used to model the noise as stochastic processes and assume that noise is present not only on the
measurements, but also on the state variables, which is a feature that set them apart from purely deterministic
techniques. Furthermore, they differ from purely stochastic techniques because force values are still consid-
ered to be deterministic quantities [16]. In this context, Kalman filtering (KF) [17, 18] based techniques have
been introduced in the field of force estimation. This method provides a particularly practical and efficient
state estimation algorithm for linear systems which leads to an optimal result with respect to the expected
error covariance [19]. In order to do that, the approach adopted by some authors [20, 16, 15, 19] is to imple-
ment a coupled state - disturbance - parameter estimator based on a state-augmented Kalman filter (AKF).
In other words, the regular states are augmented with the unknown forces in order to estimate them together
[16]. Such kind of estimator is needed in order to distinguish whether changes in time history result from
inherent system dynamics or external excitation [14].

The AKF algorithm stability and methods to avoid divergence on estimates are currently being discussed
[16, 19]. For instance, Naets et al. [19] propose the addition of displacement dummy measurements for all
the degrees of freedom (DOF) in order to prevent drift on predictions. Moreover, one of the most important
questions to be clarified in this matter is what type of forces can be estimated reasonably via AKF algorithm.
In this context, Berg and Keith Miller [20] implemented the AKF algorithm to estimate random wind loads,
while Lourens et al. [16] used the method to predict impulse and sine-sweep forces, showing acceptable
results in both cases. Naets et al. [15] tested the AKF algorithm for the identification of an impulsive force
applied on a beam free-end, showing good results. In this context, it is expected that the flow turbulence
delivers a random in time force to the tube, therefore it is worth testing if the AKF-DM algorithm is able
to predict this kind of force. Thus, a structure can be immersed in a two-phase flow aiming to estimate
flow-induced forces based on its acceleration response.

The present work focuses on checking the validity of the AKF-DM algorithm to estimate a known point
force, which is applied at the free end of a cantilever structure. The applied force is random in time, whose
prediction represents a new challenge for this kind of approach. As the aim of this study is to validate a
concept for turbulence-induced vibration under two-phase flow, the structure is mounted on a heat exchanger
mock-up, which mimics the same boundary conditions that the structure will present in the actual test section.
Moreover, the structure is designed so that future tests in two-phase flow can be performed. The remainder
of this document is organized as such: the next section present the formulation of the Kalman filter and the
necessary modifications to grant stability to the process. Next, a description of the test set-up is presented
and the system’s identification via Experimental Modal Analysis (EMA) is detailed. Finally, the AKF-DM
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algorithm is implemented to estimate the input force, then the results are discussed and compared with
measured data.

2 Augmented Kalman filter and dummy measurements for force es-
timation

This section is devoted to define the formulation used in the implementation of the AKF-DM algorithm. First,
since the present analysis is performed on an existent physical system, the modeling equations are expressed
in terms of the modal space representation. Subsequently, the discrete state space notation is introduced,
which is helpful in the KF algorithm definition. After that, some modifications on KF formulation are
proposed in order to obtain the AKF algorithm. Finally, the inclusion of displacement dummy measurements
in the algorithm is explained and implemented.

2.1 State equations for the mechanical system

Mechanical systems can be formulated in several ways, including those based on experimental results, such
as Experimental Modal Analysis (EMA) procedure. After the corresponding tests are performed, and under
the assumptions that the system is Linear Time - Invariant (LTI) with proportional damping, related algo-
rithms are used to obtain the system modal matrix Ψ, undamped natural frequencies ωn, and damping ratios
ζn. This set of data enables the derivation of a completely defined modal model of the system.

In order to define the system in physical generalized coordinates 1, the following equations can be used to
calculate the mass M, stiffness K, and damping C matrices, respectively [21]:

M = Ψ−TΨ−1, (1)

K = Ψ−T



�

ω2
r

�


Ψ−1, (2)

C = Ψ−T



�

2ζrωr
�


Ψ−1, (3)

where r denotes the r-th vibration mode. Matrices M, C and K characterize the system in its spatial model
defined by the system of second - order differential equations

Mξ̈ + Cξ̇ + Kξ = bf + bdfd, (4)

where ξ is the vector of physical generalized coordinates. The terms f and fd represent the forces and
unknown disturbances, which are applied on the system at positions coordinates described by the selection
matrices b and bd, respectively.

Mechanical systems can also be represented as a system of first order differential equations, which is referred
to as state space model [22]. In the same way, for a LTI system, Eq. 4 can be written as:

ẋ(t) = Ax(t) + Bu(t) + B1w(t), (5)

with measurements
y(t) = Hx(t) + v(t), (6)

1In this case, physical generalized coordinates are preferred over modal coordinates since it facilitates the choose of displacement
dummy measurements in further sections
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where x(t) is the state vector, u(t) is the known control inputs vector, y(t) represent the sensor outputs
vector, and w(t) and v(t) are the process and measurement noise, which are assumed as stochastic processes
[16].

The state matrix A, the input matrix B and input disturbance matrix B1 are formulated in terms of the
system’s mass, stiffness and damping as follows:

A =

[
0 I

−M−1K −M−1C

]
B =

[
0

M−1b

]
B1 =

[
0

M−1bd

]
(7)

The measurement matrix, H, is used to theoretically formulate the measurements as a linear combination
of the states at a given time. The measurement matrix will be formulated further for an augmented-state
formulation.

The state space nomenclature given by Eqs. 5 and 6 is derived in continuous time domain. However, the
simulation analysis using the KF algorithm is performed by sampling the system dynamics at regular time
intervals, therefore it is convenient to define the system equations in the discrete time domain. In this manner,
these differential equations can be expressed as recursive difference equations [23]

x(k + 1) = Φx(k) + Γu(k) + Γ1w(k), (8)

with measurements
y(k) = Hx(k) + v(k), (9)

where Φ, Γ and Γ1 are the discrete versions of matrices A, B and B1, respectively. There are some methods
to convert continuous system matrices in their discrete - time versions that have already been implemented
in MATLAB R©. In the present study, the zero-order hold (ZOH) method is adopted.

Regarding the properties of process and measurement noise, w(k) and v(k), respectively, it can be assumed
that they are random stationary sequences, mutually uncorrelated, with zero mean, that is:

E {w(k)} = E {v(k)} = 0,

have no time correlation or are “white” noise, that is:

E
{
w(i)wT (j)

}
= E

{
v(i)vT (j)

}
= 0 if i 6= j,

and their covariances or mean square “noise levels” are defined by

E
{
w(k)wT (k)

}
= Rw, E

{
v(k)vT (k)

}
= Rv.

as detailed in [23] and acknowledged in references [20, 16, 19].

2.2 Kalman filter equations

The Kalman filter [17, 18] can be defined as a recursive linear state estimator designed to be optimal in a
minimum - variance unbiased sense [16].

The main feature of Kalman filtering is the propagation of the covariance of the state estimates, P [19]. The
basic idea behind this algorithm is to calculate the best state estimate x̂(k), by combining a previous estimate
x̄(k) with the current measurement ȳ(k), based on the relative accuracy of both, which is in terms of the
covariance of the prior estimate, G(k), and the covariance of the current measurement Rv. Furthermore,
the other key idea is to use the known dynamics of x to predict its behavior in order to estimate x̄(k) given
x̂(k − 1) [23].

The discrete KF algorithm can be arranged in two-stages: measurement update and time update. Based on
[23], a summary of the required relations is:
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• At the measurement time (measurement update)

x̂(k) = x̄(k) + P(k)HTR−1v (y(k)−Hx̄(k)) , (10)

where
P(k) = G(k)−G(k)HT

(
HG(k)HT + Rv

)−1
HG(k). (11)

• Between measurements (time update)

x̄(k + 1) = Φx̂(k) + Γu(k), (12)

and
G(k + 1) = ΦP(k)ΦT + Γ1RwΓ1

T , (13)

where the initial conditions for x̄(0) and G(0) must be assumed to be some value for initialization.

2.3 Augmented Kalman filter for input estimation

The discrete Kalman filter algorithm can be rearranged in order to allow the coupled state - disturbance
estimation. For that purpose, the input vector is included in the state vector. However, as it was noted by
Naets et al. [19] and Berg and Keith Miller [20], the dynamics relating u̇ to the new state vector, now
composed by ξ, ξ̇ and u, are likely unknown. This lack of knowledge can be modeled setting:

u̇(t) = 0 + z(t), (14)

where z is a random vector, thus making u constant except for model uncertainty. In this manner, Eq. 8 can
be rearranged as [20]:

[
x(k + 1)
u(k + 1)

]
=

[
Φ Γ
0 L

] [
x(k)
u(k)

]
+

[
Γ1 0
0 ∆tL

] [
w(k)
z(k)

]
,

[
w(k)
z(k)

]
∼ N

(
0,

[
Rw 0
0 Rz

]) (15)

where ∆t is the time step and L must be set according to the position where the force is applied. Furthermore,
in the case of acceleration measurements on each DOF, the measurements equation is given by [19]

y(k) =
[
−M−1K −M−1C M−1b

] [x(k)
u(k)

]
+ v(k), v(k) ∼ N (0,Rv) (16)

In this manner, the AKF for coupled state - disturbance excitation can be implemented by substituting the
non-starred matrices by the starred ones in Eqs. 10 - 13:

Φ? =

[
Φ Γ
0 L

]
, Γ? = 0, Γ?1 =

[
Γ1 0
0 ∆tL

]
,

R?
w =

[
Rw 0
0 Rz

]
, H? =

[
−M−1K −M−1C M−1b

] (17)
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2.4 Dummy measurements implementation in augmented Kalman filter algorithm

Aiming at stable simulations and trying to maintain a generally applicable approach for coupled state/input
force estimation, that relies only on acceleration measurements, Naets et al. [19] propose to add displacement
dummy measurements for the positions in which the acceleration response is measured. This AKF-DM
algorithm was validated via numerical and experimental procedures in [19]. It was found that the inclusion
of such dummy measurements to the AKF algorithm (AKF-DM) present stable and consistent results on
force predictions, while force estimation through regular AKF diverges from the real force values over longer
estimation periods. This is a solution similar to that initially proposed by Chatzi and Fuggini [32] for civil
structure monitoring purposes. They indicate that this artifice is plausible since, in structural systems, the
deformation of the structure is bounded and it can typically be estimated a priori via analytical models or
finite element models. In this way, the estimated deformation can then be considered as the uncertainty on a
dummy measurement with an actual zero value [19].

The displacement dummy measurements have equations

Hdmx + vdm = 0, (18)

with
Hdm =

[
In 0 0

]
. (19)

Equation 18 states that the position of the DOF is zero with an uncertainty vdm with covariance Rdm.
Moreover, the entries of Rdm can be used for the tuning of the KF. In this context, Naets et al. [19] suggest
that displacement dummy values should be chosen an order of magnitude higher than the actual motion of
the system. Furthermore, covariances smaller than the suggested will constrain the estimates too much and
may lead to erroneous results. On the other hand, if too high covariances are set, the dummy measurement
will not be able to properly restrict the drift on the estimates [19].

In order to include the displacement dummy measurements in the AKF algorithm, some definitions must be
updated. The measurement matrix has to include information about displacement dummy measurements in
Eq. 18,

H?
T =

[
H?

Hdm

]
. (20)

Furthermore, the sensor outputs vector must contain the displacement dummy measurements values, ydm,
which are zero displacement,

yT =

{
y

ydm

}
=

{
y
0

}
, (21)

and the measurement covariance matrix must include the dummy measurements covariance, as follows,

RT =

[
Rv 0
0 Rdm

]
. (22)

Naets et al. [19] point out that, due to the relatively large uncertainty on these dummy measurements, they
will not contribute considerably to the fast estimation, typically required in force estimation for on-line
control tasks. However, they will prevent the long-term drift created by the force estimation based on only
acceleration measurements. In fact, since the objective of the present work is to estimate a point force rather
than control a system, a fast estimation is not required.

3 Validation

In the present work, the capacity of the AKF-DM algorithm to predict a random in time point force applied
on a cantilevered mounted structure is tested. In the following subsections the test apparatus and the used
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instrumentation are described. Furthermore, the results of the EMA procedure are presented and used to
represent the system in the modal space. Subsequently, the values for the process noise covariance matrix
and input covariance matrix are set, while the dummy measurements covariance values are tuned. Finally,
results on force identification are presented.

3.1 Instrumentation and section - model

The stainless steel structure (386 mm length, 19 mm diameter), shown in Fig. 1, has been manufactured in
order to allow the installation of the instruments that will sense the structure vibration which are, presently,
due to the external point force. In this manner, the structure is instrumented with four piezolectric uniaxial
accelerometers model 352A24 with broadband resolution of 0.002 m/s2 RMS (0.0002 g RMS), from PCB
Piezotronics. They are installed at positions A1 (185 mm from fixed end) and A2 (345 mm) with sensing
axes perpendicular to each other so that they can measure vibration in x and y coordinates.

A2y

386 mm

A1y

A2x

A1x

housing

housing

o´rings/sealing

o´rings/sealing

x

y

z

Figure 1: Instrumented cylinder.

After the sensors are installed, four 3D printed housing components are mounted on the structure, as shown
in Fig. 1, in order to provide a uniform cylindrical profile. Furthermore, the structure is coated with a
heat shrink tube, which is devoted to isolate the instruments from liquid when in-flow tests are performed.
Although the present tests are performed in air, it was decided to maintain the heat shrink tube since it
belongs to the actual structure design. It is worth mentioning that the inclusion of the mentioned coating
must increase the system effective damping. Conversely, stiffness and inertia are expected to remain the
same. Two aluminum rings are used to compress the o-rings mounted at the end and close to the clamping
edge, and a stainless steel bolt is used to compress the heat shrink tube against the structure tip, adding some
redundancy to the sealing of the instrumentation compartments.

The structure is mounted in cantilever on a section-model that represents an actual heat exchanger, whose
dimensions (381 mm long and 95 mm width) and its lateral walls have been manufactured identical to the
original test section. In this manner, the mounting and boundary conditions are as close as possible to
those found in the actual tube bundle; the only difference being the absence of the remainder tubes that
would prevent the shaker installation. Furthermore, this configuration facilitates tests with force aligned to y
coordinate, however tests with force applied in x coordinate require the tube to be rotated 90◦ and reinstalled
to allow the positioning of the shaker.
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The structure is excited with an electrodynamic shaker model K2007E01 from Modal Shop, which is mounted
at point A2 in order to allow collocated measurements since, as reported by Lourens et al. [16], more ac-
curate results can be obtained with the AKF algorithm. Force is measured with a force transducer model
Y208C01 from PCB Piezotronics, it is set next to the shaker (rather than the structure) in order to avoid
contact with water in further experimental campaigns. The described set-up is shown in Fig. 2.

cantilever

structure

shaker

stinger

heat transfer

section mockup

clamping plate

force transducer

Figure 2: Experimental set-up for tests in water with electrodynamic shaker mounted at point A2.

Data is acquired with a SCADAS Mobile system running Siemens Test.Lab. The authors have devised the
methodology for data acquisition and signal processing based on the form that these results are typically
presented in the recent literature as well as the qualitative evolution of the data during the initial runs. Based
on these criteria, acceleration and strain were measured in periods of 2 s, with a sampling frequency of 4096
Hz and a resolution of 0.5 Hz. Moreover, the obtained FRFs are the result of 30 linear averages.

3.2 System identification

The system dynamic behavior can be approximated via experimental identification. It is worth mentioning
that a successful identification is very valuable since it can reduce the dependence of state estimation on the
modeling of system (plant) uncertainties.

In the present study, EMA techniques are used to identify and represent the cantilevered structure described
above. For this, the structure is excited at point A2 and responses are measured at points A1 and A2 since
the structure design is intended to induce a 2 DOF behavior in the low frequency range, below 500 Hz.
After acquiring the FRFs, the data post processing comprises two stages: (i) the poles and damping ratios
are estimated via Least Squares Complex Exponential (LSCE) method, and (ii) residues and mode shapes
coefficients are estimated via Least Squares Frequency Domain (LSFD) method.

This analysis is performed in the 0 - 500 Hz frequency bandwidth, which presents the two expected resonance
frequencies, as seen in Fig. 3. This process is performed for x and y coordinates, according to the system
coordinates in Fig. 1. The undamped natural frequencies, damping ratios and modal vectors are shown in
Tab. 1. The modal vectors shown in these tables have been normalized according to the unity modal mass
criterion.

As it can be seen from values in Tab. 1, the natural frequencies in x coordinate are distinct from those in y
coordinate, which is intentional and due to the structure design, as discussed before. Moreover, in order to
check the hypothesis of proportionally damped structure, mode complexity indicators such as Modal Phase
Collinearity (MPC) and Mean Phase Deviation (MPD) are included in Tab. 1 for each calculated mode.
Considering that for real modes MPC approaches to unity and MPD scatter value should be zero, it can be
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Figure 3: Experimental and synthesized receptance FRFs in x and y coordinates.

said that calculated mode shapes are normal modes, thus proportional damping is a good approximation for
the present study.

The synthesized and experimental receptance FRFs are compared and shown in Fig. 3. As it can be seen
from these FRFs, the models have been truncated to represent only the first two modes in each direction,
since acceleration is measured only at two distinct points. Furthermore, as it can be noticed, there is some
cross sensitivity, that is, the accelerometers in A1 and A2 in x coordinate are also sensing a little portion of
the tube vibration in y coordinate and vice versa. This must be related to manufacturing imperfections in the
surfaces where the accelerometers are installed as well as on the fixturing of the sensors themselves. This
effect is more accentuated in x than in y coordinate. Despite this, the identified system, represented by the
synthesized FRFs, presents high correlation with experimental data for the frequency bandwidth in which
the EMA algorithms are implemented 2.

2Correlation values are obtained from LMS Test.Lab - Modal Analysis module.

Parameter
x coordinate y coordinate

Mode 1 Mode 2 Mode 1 Mode 2
f [Hz] 38.4 258.4 34.7 227.1
ζ [%] 0.26 1.32 0.52 0.42

ψ
A1 9.81× 10−1 −2.61× 100 9.96× 10−1 −2.78× 100

A2 2.67× 100 1.68× 100 2.50× 100 1.60× 100

MPC 1 1 1 1
MPD 1× 10−14◦ 3× 10−15◦ 3× 10−15◦ 3× 10−15◦

Table 1: EMA results in x and y coordinates.
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3.3 Covariance matrices

The present Kalman filtering implementation entails in tuning of process, input and dummy measurements
covariances, whereas measurement covariance related to accelerometers is obtained from calibration tests or
provided by the instrument manufacturer.

The process noise covariance matrix, R?
w, as defined in Eq. 17, contains information about the uncertainty

on the proposed model for the system and input force. Since the system has been identified in situ via
EMA techniques in section 3.2, it can be assumed as exact [19] in the analyzed frequency bandwidth even
though the modal model was truncated for its first two vibration modes. Assuming an exact system model
the tuning variables related to process covariance can be eliminated and all the uncertainty can be charged to
the unknown covariance. This criterion agrees with that proposed by Berg and Keith Miller [20], who used
very low covariance for the system in comparison to the input force covariance. On the other hand, the input
force is totally unknown. Therefore, for tests in both coordinates, a very low covariance values in Rw are
assumed, given in the form:

Rw =

[
Rξ̇ 0

0 Rξ̈

]
, (23)

with
Rξ̇ = 1(m/s)2, Rξ̈ = 1(m/s2)2. (24)

Moreover, it is worth noting that all the covariance matrices in this section are assumed as diagonal matrices
since disturbances are mutually uncorrelated. Furthermore, the input covariance matrix Rz is defined as:

Rz =

[
Ru̇1 0

0 Ru̇2

]
. (25)

where Ru̇1 = 0 N2 because no force was applied at point A1 and Ru̇2 is tuned and set equal to 4× 1010 N2.
According to Naets et al. [19], Ru̇2 must be a high value in order to avoid inhibiting the estimation. This
value has been used for both directions.

The instruments covariance, RT, given by Eq. 22, contains information about the uncertainty on the dummy
measurements, whose matrix covariance is defined by

Rdm =

[
Rdm1 0

0 Rdm2

]
, (26)

where Rdm1 and Rdm2 are tuning variables chosen an order of magnitude higher than the actual motion
of the system [19]. In this sense, estimates for displacement are obtained by using the model identified in
section 3.2 and simulating its time response to the measured force applied on A2. Thus, for the present study
it is assumed that Rdm1 = Rdm2 = 1× 10−5 m2, which are maintained for tests in both coordinates.

Regarding the accelerometers covariance, Rv, it is given by

Rv =

[
R1 0
0 R2

]
, (27)

where R1 and R2 correspond to the covariance of accelerometers in A1 and A2, respectively, which were
obtained via calibration and are detailed in Tab. 2.

Table 2: Accelerometers covariance in (m/s2)2.
Point x coordinate y coordinate

A1 40× 10−4 33× 10−4

A2 42× 10−4 22× 10−4
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3.4 Results on force identification

The results on the prediction of a random in time point force via AKF-DM algorithm are discussed in this
section. Since the force is predicted via a recursive type algorithm, which is based on actual acceleration
measurements for its updating, it is necessary to define the time step for its implementation. It is convenient
to define the same sampling time used for data acquisition as the time step for system discretization, this is
∆t = 2.4414× 10−4 s.

First, a comparison between the predicted and measured forces in the x coordinate is shown in Fig. 4. In order
to do that, the results are presented in a time window of 2 s with detailed views in two time lapses of 0.04s.
These time lapses are taken at the beginning and at the end of the complete window. As it can be noticed
from these time lapses, the AKF-DM algorithm is able to predict the actual force in a relatively good manner
based only on acceleration measurements and by introducing the displacement dummy measurements. In the
same manner, as it can be noticed from Fig. 5, predicted forces for the y coordinate are in good agreement
with measurements. For results in both coordinates, it can be seen that predicted forces differ slightly from
the actual values at the beginning of the time window, however, these differences decrease rapidly.
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Figure 4: Measured and estimated force at DOF 2 in x coordinate shown for a complete time window and in
detail for two distinct time lapses.

In general, it can be said that forces predicted via AKF-DM are in good agreement with the measurements.
However, it must be noted that this result cannot be completely extrapolated for the other state variables. In
other words, predicted ξ and ξ̇ may present distinct behavior if compared with values estimated via numerical
simulation in MATLAB R©, as shown, for example, for the x coordinate in Fig. 6. These differences can be
better analyzed when comparing the Power Spectrum Densities (PSD) of displacement at each instrumented
point, which is shown in Fig. 6. As it can be noticed, the main difference between simulated and predicted
values is that the former presents a higher peak amplitude at the resonance frequency, which makes sense
with the results presented in time domain.
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Figure 5: Measured and estimated force at DOF 2 in y coordinate shown for a complete time window and in
detail for two distinct time lapses.

4 Conclusions

The ability of the AKF-DM algorithm for predicting a random in time, point force, applied on a cantilever
structure was checked. For this, the KF was tuned at hand.

The comparison between experimental and predicted force time histories showed good agreement in x and y
coordinates. Hence, it can be said that the AKF-DM algorithm is capable of predicting random point forces.
However, it was seen that the AKF-DM algorithm fails to predict the other state variables; i.e. displacement
and velocity.

Based on these results, further works can be proposed on the study of two-phase flow-induced forces via KF
based techniques. These studies, currently under investigation, will present a set of more complex surround-
ing conditions, e.g. flow velocity and buffeting forces due to two-phase flow.
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Abstract
This work discusses the estimation of model parameters in resonant coupled systems over a wide frequency
range. Such problems are known to be subjected to local minima, which represent a major obstacle in the
field of parameter identification. This work evaluates various approaches to finding the global minimum,
i.e. the true model parameters. The L2 norm between a target and a model frequency response function is
used as the objective function. The estimation is performed through deterministic and statistical inversion
frameworks, using both full-spectrum and step-wise approaches. The occurrence and the background of
local minima are discussed and the performance of the different solution methods is evaluated. In particular,
the correlation between different model parameters is analysed and observed to control the path towards
the solution. Two illustrative examples are proposed, including the estimation of geometrical and material
properties of an expansion chamber coupled to a limp porous material.

1 Introduction

Material and geometrical properties are observable individually by using direct methods. However, direct
measurement requires dedicated setups for each individual parameter and such measurements are rarely
practicable on a single material sample. An example of this is the case of porous media, where several
separate setups are required for a direct observation of all acoustic and mechanical properties, e.g. [1–3].
In addition and most importantly, due to the mutual independence of individual parameter observations, the
estimated material parameters are not guaranteed to satisfy a constitutive model.

As an alternative, inverse estimation methods rely on the ability for a model to describe an experimental
observation. The material and geometrical properties are obtained indirectly as model parameters, as a result
of a curve-fitting procedure. This guarantees that any set of trial parameters satisfies the constitutive model.

Typically the inversion procedure relies on optimisation algorithms, ensuring a low number of model
evaluations. The most commonly used inversion frameworks rely on a gradient-based minimisation of an
objective function. One of the major obstacles in such approaches is the presence of local minima, which
can arise as a consequence of multiple factors. Recent work has shown that anisotropy in material properties
leads to similarities in the behaviour of a structure for specific spatial orientations, which in turn results in
local minima [4, 5]. In the case of inverse estimation of material or geometrical properties using frequency-
dependent data, a major source of local minima is the presence of multiple resonances. Indeed, the inherent
similarity among multiple resonances is a cause of wrong parameter estimations.
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Other inversion paradigms do not suffer from local minima in the same manner, but generally require a large
number of model evaluations. For instance, Bayesian inversion framework enables to investigate the inverse
problem in a probabilistic sense. However, a significant number of model evaluations is required in order to
provide a reliable estimate of the probability density function [6].

Effectively a trade-off exists between a low number of model evaluations and the assurance of finding the
global minimum of the problem. Strategies to overcome the problem of multiple local minima in inverse
estimation problems include, for instance, the use of multiple starting points with randomly distributed
values [7], the use of neural networks or related paradigms [8], or the simultaneous use of different
optimisation algorithms concurrently exploiting common evaluation points.

The present paper addresses the problem of inverse estimation of material and geometrical properties of
structures exhibiting a non-monotonous behaviour with frequency. A strategy is here employed in order
to overcome resulting local minima, based on physical principles governing the dynamic behaviour. The
method, proposed in a recent paper [9], decomposes the broadband inverse estimation problem into a number
of subsequent subproblems over increasingly broad frequency ranges. In the case of a coupled fluid-structure
problem, a starting subproblem over a frequency band where the structure exhibits an asymptotic behaviour
governed by a partial set of the unknowns has been shown to guide the solution towards the true solution.
In the present paper, the method is presented and applied to problems of reduced complexity, thus allowing
for analytical derivations to support the observations. A gradient-based framework is used as the underlying
inversion method in the proposed method. This is used in combination with a Bayesian framework, which
provides an insight into the nature of the multiple local minima, including the true solution of the problem.
The combined use of deterministic and statistical approaches thus allows to benefit from a low number
of model evaluations while gaining additional knowledge on the problem. The focus of the present paper
is nonetheless on the physical aspects governing local minima rather than on the computational efficiency
itself.

2 Inverse estimation problem

2.1 Observation model

This paragraph describes the general aspects of the inverse estimation problem, without a particular focus
on a specific physical system. As described in the introduction, the goal is to measure material and/or
geometrical properties of frequency-dependent systems. Accordingly, the system under consideration is
characterised by an observation

g0(ωm), m ∈ [1,M ], (1)

where ωm is a sequence of discrete circular frequencies at which the observation is performed.

It is assumed that a known model describes the behaviour of the system as a function of its material and
geometrical parameters, in the additive form

g0(ωm) = g(x0, ωm) + e, (2)

where x0 is the set of unknown model parameters, considered as the true properties of the observed system,
and e is a model of the measurement error (assumed to be Gaussian).

The primary goal is to find an estimate x̃0 of x0 by means of a suitable inversion framework for the available
model. The focus of the present paper is on dynamic problems and in particular those exhibiting resonances
which frequently lead to multiple wrong estimations.
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2.2 Gradient-based inversion

The objective function is here defined as the 2-norm distance between the modelled response and the
observed response, which can be written as

d(x,M) =

M∑

m=1

|g(x, ωm)− g0(ωm)|2 . (3)

An estimate x̃0 of the unknown model parameters x0 is thus obtained by minimising the objective function,
in the form

x̃0 = argmin (d(x,M)) . (4)

In the present paper, the Globally Convergent Method of Moving Asymptotes (GCMMA) [10] is used.

In addition to the global minimum of Eq. (4), resonant problems often exhibit a series of local minima,
which arise as a consequence of the similarity of the system’s behaviour for different values of its properties.
A direct inversion thus proves to be ineffective, as multiple starting points will lead to multiple solutions.
Furthermore, in a general sense it is not guaranteed that the value of the objective function is strictly lower
at the true solution, as shown in the first example below.

2.3 Bayesian inversion framework

In the Bayesian framework [11,12], all quantities are modelled as random variables. The Bayesian inference
is based on the Bayes’ rule and results in the conditional probability distribution of the unknowns x given
the measurements g0. This distribution is commonly called as the posterior probability distribution of the
unknowns x and can further be used for computing not only point estimates for x but also spread estimates,
such as credible intervals.

For the sampling of the posterior densities, we use the Metropolis-Hastings algorithm with an adaptive
proposal distribution scheme [13, 14], referred to as MCMC (Markov chain Monte Carlo) in the following
sections. The point estimate for the parameters we use in this work is the maximum a posteriori and as an
indication of the uncertainty in the point estimates we use the narrowest 95% credible interval. For more
detailed discussion of the Bayesian framework used in this work, we refer to [9].

2.4 Incremental-frequency inverse estimation

The method proposed in this paragraph consists of solving the inversion problem as a sequence of sub-
problems where the solution to a given sub-problem is used as the starting point for the next sub-problem.
By doing so, the aim is to guide the model parameters towards the true solution, without terminating at a
local minimum.

The sequence of sub-problems is chosen following an a priori behaviour of dynamic systems, and as such is
potentially suitable for a large number of problems. An initial sub-problem is defined by constraining Eq. (4)
to a narrow frequency range in which the system can be expected to behave in an asymptotic manner, that
is, with a dependence on a subset of the model variables and away from resonant behaviour. The solution
to such sub-problem is used as the starting point for a second sub-problem, whose frequency range is wider.
The process is continued until the frequency range is that of the original full problem. The strength of such
a process lies in the fact that the solution to the first sub-problem lies in a subspace that contains the true
solution.

The sub-problems can be formally stated as

x̃
(n)
0 = argmin (d(x,M(n))) , n ∈ [1, N ], (5)

where M(n) is the number of frequencies in sub-problem n. Accordingly, x̃(N)
0 = x̃0 ' x0 is the final

solution, expected to provide a good estimate of the true model parameters.
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3 Application examples

3.1 General framework

The two examples considered in this section rely on the knowledge of the sound transmission loss (STL) of
the studied component, for instance as measured in an impedance tube setup. A transfer matrix approach [15]
is used, providing a relation between the acoustic pressure and particle flow at the inlet and outlet in the form

[
pin(ω)
Sinvin(ω)

]
= T(ω)

[
pout(ω)

Soutvout(ω)

]
, (6)

where p, v and S are respectively the acoustic pressure, particle velocity and tube cross-section area, at the
inlet or outlet. By assuming that the studied component is composed of N equivalent homogeneous fluid
layers. its transfer matrix may be written as the product

T(ω) =

N∏

n=1

Tn(ω). (7)

The transfer matrix of layer n can be written in the form

Tn(ω) =




cos(knln)
−Zn

iSn
sin(knln)

iSn
Zn

sin(knln) cos(knln)


 , (8)

where ln, Sn, kn and Zn respectively denote the layer’s length, cross-section area, wavenumber and
characteristic impedance. It is worth noting that equivalent fluid models of complex media will exhibit
a dependence of the wavenumber and impedance on intrinsic material properties. The STL of the full
component is given by

STL = 20 log10

(
1

2

∣∣∣∣T11 + T12
Sout

Zout
+ T21

Zin

Sin
+ T22

Zin

Zout

Sout

Sin

∣∣∣∣
)
. (9)

3.2 Expansion chamber

3.2.1 Model

As a first application example, a simple expansion chamber is considered, as illustrated in Fig. 1. The
measured quantity is chosen as the sound transmission loss within a plane-wave approximation, which may
be written as

STL(x) = 20 log10

(
1

2

∣∣∣∣2 cos(kl) +

(
r2

R2
+
R2

r2

)
i sin(kl)

∣∣∣∣
)
, (10)

where R is the radius of the inlet and outlet ducts and l and r are respectively the length and radius of the
expansion chamber, considered as the two unknowns of the problem, denoted as

x = {l, r}. (11)

The true values of the model parameters are denoted

x0 = {l0, r0}. (12)
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R
r

Figure 1: Expansion chamber with unknown length and radius.

The aim of the following is to retrieve arbitrarily chosen values for l0 and r0 from the knowledge of the
sound transmission loss of the system. Following Eq. (2), the observation is here modelled as

STL0(ωm) = STL(x0, ωm) + e, (13)

where e is a normally distributed random variable, representing an additive noise. The objective function is
defined as

d(x) =
∑

m

|STL(x, ωm)− STL0(ωm)|2 . (14)

First, the gradient-based inversion is applied in the full frequency spectrum, defined as f ∈ [1, 1200] Hz. The
target values of the chamber length and radius are chosen as l0 = 0.5 m and r0 = 0.12 m and the inlet/outlet
duct radius is set to R = 0.04 m.

3.2.2 Full-spectrum gradient-based inversion

This paragraph discusses the gradient-based inverse estimation of model parameters l and r. As a
convergence criterion, the GCMMA algorithm is set to stop after 5 consecutive iterations where the variation
in the objective function and design variable values is less than 10−4 relative to the previous iteration.

Figure 2 shows a map of the objective function as a function of (l, r) and the solutions found from running
the gradient-based algorithm 1000 times using a random multi-start procedure. It shall be noted that e is
chosen to be different for each run, in order to quantify the spread of the solution, rather than a solution bias.
The standard deviation of the additive noise is set to 2 dB in this case.

The figure shows that the gradient-based algorithm terminates at multiple local minima, including the true
solution. This allows to conclude that the solution of this inverse problem on the full available spectrum is
not viable.
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Figure 2: (a) Map of the full frequency range objective function (color) and local minima (dots); (b) closeup
around the true solution.
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An additional observation can be made on this simplified problem. In fact, Fig. 2 displays two sets of local
minima, distributed horizontally. This is attributed to the dependence of the sound transmission loss on
the expansion chamber radius, in the form

(
r2/R2 +R2/r2

)
. The expression is symmetric with respect to

r = R, which implies that the objective function and its local minima within r ≤ R are a mirror image of
those within r ≥ R. Therefore the observation of the sound transmission loss does not allow to distinguish
an expansion from a constriction, unless a constraint such as r > R is imposed onto the inversion algorithm.

3.2.3 Incremental inverse estimation

The inverse estimation of the length and radius of the expansion chamber is here solved using the proposed
incremental approach. As the starting sub-problem, a low-frequency narrow band where the system is non-
resonant is chosen. An asymptotic expansion of the sound transmission loss for small kl yields

STL(x) ' 10 log10

(
1 +

(
r2

R2
+
R2

r2

)2
(kl)2

4

)
. (15)

The behaviour of the system is thus monotonous in l and symmetric in r. The roots of the objective function,
Eq. (14), at the limit kl� 1, can be derived as functions of l and r and expressed as

r± = R

√
r20
R2

+
R2

r20

(
l0
l

)±1/2
(16)

as shown in Fig. 3. Therefore, by constraining the first sub-problem to a low frequency range, the
corresponding estimate of x0 is expected to fall onto one of the curves.

0

0.05

0.1

0.15

0.2

0.25

0 0.2 0.4 0.6 0.8 1 1.2

r
(m

)

l (m)

Figure 3: Roots of the objective function in the low frequency limit for the expansion chamber problem.

The sub-problem frequency ranges are chosen as

f ∈ [1 Hz− fmax], fmax = {50, 100, 200, 400, 700, 1200}Hz. (17)

Each subproblem is solved using GCMMA with identical stabilisation criteria as for the full-range
estimation.

An example of solution using the proposed approach is here presented in detail. Table 1 summarises the
sub-problem frequency ranges, the final estimate per sub-problem and the deviation from the true solution
for an arbitrary starting point. Figure 4 shows a map of the objective function for each sub-problem, together
with the path of the design variables x = (l, r). It is worth noting that similar results are obtained by using
different starting points. It has been observed for the present case that the procedure invariably converges to
the true solution (l0, r0), or to its mirror image (l0, R

2/r0).
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Sub-problem Stable estimate (l, r) Absolute relative deviation

f ∈[1,50] Hz (0.2663, 0.1601) m (46.74, 33.43) %
f ∈[1,100] Hz (0.7709, 0.1011) m (54.18, 15.73) %
f ∈[1,200] Hz (0.5088, 0.1202) m (1.75, 0.20) %
f ∈[1,400] Hz (0.5003, 0.1202) m (0.06, 0.18) %
f ∈[1,700] Hz (0.4992, 0.1196) m (0.16, 0.33) %
f ∈[1,1200] Hz (0.4997, 0.1203) m (0.07, 0.27) %

Table 1: Sub-problem frequency ranges, final estimates and deviation from the target values x0 =
(0.5, 0.12) m.
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Figure 4: Objective function map and path of the design variables in the successive sub-problems. —• Path
and final state of the design variables within a given sub-problem; × true solution. The frequency ranges of
the sub-problems are indicated within the figures.

3.2.4 Bayesian inversion

The MCMC algorithm is here applied to the present problem and the solution for each of the frequency
ranges is given in Fig. 5. The posterior densities are consistent with the maps of Fig. 4 and moreover allow
for point estimates and credible intervals to be evaluated. These are given in Tab. 2, providing an increasingly
accurate and narrow estimation as the frequency range is widened. It is worth noting that, due to the shape
of the posterior density the proposal density is relatively wide, enabling the chain to jump between separate
branches, e.g. local minima, of the solution. The existence of two solutions is thus apparent in the first
sub-problem, as predicted in Eq. (16).

Sub-problem MAP estimate (l, r) l95% (min,max) r95% (min,max)

f ∈[1,50] Hz (0.1103, 0.2480) m (0.1025, 1.1631) m (0.0125, 0.2241) m
f ∈[1,100] Hz (0.2648, 0.1599) m (0.1035, 0.5981) m (0.1033, 0.2361) m
f ∈[1,200] Hz (0.4863, 0.1209) m (0.4268, 0.5352) m (0.1173, 0.1257) m
f ∈[1,400] Hz (0.4995, 0.1194) m (0.4955, 0.5035) m (0.1176, 0.1213) m
f ∈[1,700] Hz (0.4995, 0.1192) m (0.4973, 0.5017) m (0.1179, 0.1206) m
f ∈[1,1200] Hz (0.5000, 0.1196) m (0.4990, 0.5009) m (0.1186, 0.1206) m

Table 2: Sub-problem frequency ranges, MAP estimates, and 95% credible intervals.
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Figure 5: 2D posterior densities for sub-problems. The black cross denotes the maximum a posteriori (MAP)
estimate, the black triangle is the initial condition (based on Matlab’s lsqnonlin estimation), and the red circle
is the true value. The dots represent a sample of the MCMC points, PCC is the Pearson correlation coefficient,
and f indicates the frequency range of the corresponding sub-problem. The black curves on the bottom and
left side of each plot are the 1D marginal densities. For the 1D densities, the light gray zone denotes the
narrowest 95% credible interval (bounds are given in Table 2).

3.3 Expansion chamber coupled to a porous material

3.3.1 Model

As a second example, a coupled problem involving an expansion chamber and a porous material is
considered, as illustrated in Fig. 6. The porous material is assumed to have a limp frame and is placed
adjacent to the air expansion. Such a configuration is expected to ensure a strong coupling between the
two components. The inverse estimation problem consists of 5 unknowns, namely the length and radius
of the expansion chamber and the porosity, flow resistivity and tortuosity of the porous material. All other
parameters are considered to be fixed.

r

l

(φ, σ, τ)

Figure 6: Expansion chamber coupled to a porous material. The unknown properties are the length and
radius of the expansion chamber and the porosity, flow resistivity and tortuosity of the porous material.
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The porous material is modelled by means of the Johnson-Champoux-Allard model [16, 17], providing the
equivalent density ρ̃(ω) and bulk modulus K̃(ω) as

ρ̃(ω) =
τρ0
φ

(
1 +

σφ

iωρ0τ

√
1 +

iωρ04τ2η

σ2Λ2φ2

)
(18)

and

K̃(ω) =
γP0

φ


γ − (γ − 1)

[
1 +

σφ

iωρ0τPr

√
1 +

iωρ04τ2ηPr
σ2Λ′2φ2

]−1

−1

, (19)

with the parameters of air defined as ρ0 the mass density, η the viscosity, Pr Prandtl’s number, P0 the
atmospheric pressure and γ the heat capacity ratio, and the parameters of the porous material defined as
φ the porosity, σ the flow resistivity, τ the tortuosity, Λ the viscous characteristic length and Λ′ the thermal
characteristic length.

Under the assumption of a limp frame [17, 18], the equivalent density of the porous material can be
approximated as

ρ̃limp(ω) =
ρtρ̃(ω)− ρ20

ρt + ρ̃(ω)− 2ρ0
, (20)

where ρt = ρs + φρ0 is the total apparent mass density of the porous material, ρs being the mass density
of the frame. For the purposes of the present model, the equivalent characteristic impedance Z̃(ω) and
wavenumber k̃(ω) are used, defined as

Z̃(ω) =

√
ρ̃limp(ω)K̃(ω), k̃(ω) = ω

√
ρ̃limp(ω)

K̃(ω)
. (21)

The unknowns of the problem are denoted

x = {l, r, φ, σ, τ} (22)

and the true values of the model parameters are denoted

x0 = {l0, r0, φ0, σ0, τ0}. (23)

Table 3 summarises the model parameters and their values, as well as those considered as unknown for the
inverse estimation problem.

The full-spectrum estimation and the proposed approach are applied below, using the sound transmission loss
of the coupled system as the data to be reproduced by the inverse estimation, with Eq. (14) as the objective
function. The numerical experiments are performed with identical settings to the previous example on the
single expansion chamber, with the exception of the additive noise, here set to 0.5 dB.

3.3.2 Full-spectrum gradient-based inversion

The inverse estimation is here performed on the full frequency range of the problem. A multi-start scheme
with 400 starting points with randomly generated values is used. Figure 7 shows the ensemble of solutions
and the histogram of objective function residual values. The figure shows a high sparsity of the objective
function residual values and a wide scattering of the model parameters, i.e. the appearance of multiple local
minima. The model parameter values can be obtained as the solution exhibiting the lowest objective function
residual value. However, such a full-spectrum multi-start procedure is only guaranteed to provide the true
solution for a sufficiently large sample of starting points.
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Property Symbol Target value Unknown Range
Geometry
Expansion chamber length l0 0.5 m l [0.01, 1] m
Expansion chamber radius r0 0.12 m r [0.005, 0.25] m
Porous material length lp 0.15 m
Porous material radius rp 0.09 m
Inlet/outlet radius R 0.04 m
Air
Mass density ρ0 1.2 kg·m−3
Viscosity η 1.81·10−5 Pa·s
Prandtl’s number Pr 0.71
Atmospheric pressure P0 101325 Pa
Heat capacity ratio γ 1.4
Porous material
Frame density ρs 10 kg·m−3
Porosity φ0 0.98 φ [0, 1]
Flow resistivity σ0 104 N·s·m−4 σ [103, 105] N·s·m−4
Tortuosity τ0 3 τ [1, 4]
Viscous characteristic length Λ 180·10−6 m
Thermal characteristic length Λ′ 270·10−6 m

Table 3: Values used for air properties and porous material properties for the Johnson-Champoux-Allard
model within the limp frame limit. The ranges used for the inversion procedures are specified.
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Figure 7: Parameter values obtained for 400 runs of the full-spectrum gradient-based inversion and histogram
of objective function residual values. © true solution, � solution with the lowest objective function residual.
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3.3.3 Low frequency asymptotic behaviour

An expression for the low-frequency asymptotic behaviour of the coupled system may be obtained by
considering the limp Johnson-Champoux-Allard model at the limit ω � 1, which yields

Z̃(ω) ' ρtcp, k̃(ω) ' ω

cp
, (24)

where cp =

√
P0

φρt
is the low-frequency limit of the speed of sound in the limp porous medium. This in turn

leads to a low-frequency approximation of the sound transmission loss,

STL(x) ' 10 log10


1 + ω2



(
l

2c
ψ

(
r2

R2

)
+

lp
2cp

ψ

(
ρ0cr

2
p

ρtcpR2

))2

− lpl

cpc
ψ

(
ρ0cr

2
p

ρtcpr2

)


 , (25)

where
ψ(x) = x+ x−1. (26)

The expression is comparable to Eq. (15) in that it is monotonous in l and presents a similar dependence in
r. The dependence on the porosity of the foam is weak, only appearing through its total mass density ρt.
Furthermore, this low-frequency asymptotic expression does not depend on the flow resistivity or tortuosity
of the foam.

The roots of the objective function, Eq. (14), are given by

l±(r, φ) =
−
(
α(r)β(φ)− γ(r, φ)

)
±
√(

α(r)β(φ)− γ(r, φ)
)2 − α(r)2

(
β(φ)2 − δ2

)

α(r)2
, (27)

where

α(r) =
1

2c
ψ

(
r2

R2

)
, β(φ) =

lp
2cp

ψ

(
ρ0cr

2
p

ρtcpR2

)
, γ(r, φ) =

lp
2cpc

ψ

(
ρ0cr

2
p

ρtcpr2

)
,

δ2 = (α(r0)l0 + β(φ0))
2 − 2γ(r0, φ0))l0.

The root l+ is positive and is shown in Fig. 8 for φ = 10−6 and φ = 1. The figure shows that the behaviour
of the coupled system in the low frequency range is governed by the parameters of the expansion chamber,
while the dependence on the porosity is rather weak. The first step of the incremental estimation will thus
provide the relation between l and r, the rest of the parameters being estimated in the subsequent steps.
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Figure 8: Root of the objective function in the low frequency limit for the coupled expansion-foam problem.
— φ = 10−6, — φ = 1.
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3.3.4 Incremental inverse estimation

The proposed incremental approach is here applied to the case of a coupled expansion chamber and porous
material. The inverse estimation is performed with identical incremental frequency ranges as in the previous
example. Analogously to the full-spectrum estimation, a multi-start scheme with 400 randomly generated
starting points is used here. Figure 9 shows the ensemble of solutions and the corresponding ensemble of
values of the objective function, for the final substep of the method, f ∈ [1, 1200] Hz. The figure shows
that the proposed incremental frequency approach invariably converges to the true solution. Furthermore,
the histogram of objective function residual values is densely distributed, its dispersion being consistent with
the noise model.
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Figure 9: Parameter values obtained for 400 runs of the incremental-frequency gradient-based inversion
and histogram of objective function residual values. © true solution, � solution with the lowest objective
function residual, × mean value over the ensemble.

3.3.5 Bayesian inversion

The Bayesian inversion is here applied to the coupled problem. The solution for the first and last of the
frequency ranges are given in Figs. 10 and 11. The marginal densities for the first frequency range exhibit
a strong dependence on the length and radius of the expansion chamber, while the densities associated with
the material properties of the porous material are close to the assumed uniform prior model. This result is
consistent with the low-frequency asymptotic behaviour derived above, which predicts a strong dependence
on the radius and length of the expansion, a weak dependence on the porosity of the foam, and no dependence
on the flow resistivity and tortuosity. Furthermore, the point estimates and credible intervals evaluated in
Fig. 11 are consistent with the solution using the incremental-frequency gradient-based inversion procedure.
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Figure 10: 2D marginal densities for the substep f ≤ 50 Hz data. The black cross denotes the MAP estimate,
the black triangle is the initial condition (based on Matlab’s lsqnonlin estimation), and the red circle is the
true value. The dots represent a sample of the MCMC points and PCC is the Pearson correlation coefficient.
The black curves on the bottom and left side of each plot are the 1D marginal densities, for which the light
gray zone denotes the narrowest 95% credible interval (bounds are given in the figure).

4 Conclusion

A method for the inverse estimation of material and geometrical properties of resonant coupled systems
including duct components and porous media is proposed. The method consists in performing an inverse
estimation procedure by steps over increasingly broader frequency ranges, in the present case starting from
a low frequency limit. It has been shown, here and in a recent paper [9], that the proposed method allows to
obtain the global solution of the inverse estimation problem in cases where the full spectrum inversion fails.

A crucial aspect is the availability of a frequency band where the system is non-resonant, as a starting point
for the method. This ensures that the solution to the starting sub-problem belongs to a subspace containing
the global solution. It is important to note that the method relies on the physical nature of resonant systems
and therefore its success is in principle independent from the inversion algorithm used. In fact, both a
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Figure 11: Results for the substep f ≤ 1200 Hz. Otherwise same caption as in Fig. 10.

deterministic and a Bayesian framework have been implemented and shown to benefit from the robustness
of the procedure for the cases under consideration.

Future work will focus on evaluating the performance of the proposed incremental frequency approach to
experimental cases.

The gradient-based implementation of the method presented herein is used in another paper in this
conference [19] for the purpose of identifying the geometrical properties of muffler components.
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Abstract
Knowledge of the loads on long-span bridges are important for assessing the dynamic behavior. To reduce the
uncertainties in the adopted load models, full-scale studies of existing structures can be performed. Recently
developed methods for inverse identification can estimate the unknown forces on a structure from a limited
set of dynamic response measurements. In this contribution, a pilot study of full-scale force identification is
performed in a practical case study of the Bergsøysund bridge, a floating pontoon bridge with a span of 840
m, that is also instrumented with accelerometers. A state of the art filtering technique is applied to identify
the wave forces on the bridge. This article also presents a method for frequency-domain reconstruction of
the wave forces, based on a parametric wave field model from measured wave elevation data. The obtained
force estimates from the two approaches shows a reasonable agreement. The practical results are reviewed
from the viewpoint of this case study and sources of uncertainties are discussed.

1 Introduction

Floating bridges with spans of 3-5 kilometers are currently being reviewed as a fjord-crossing solution in the
infrastructural project Coastal Highway Route E39 in Norway. Suspension bridges with floating towers [1] or
pontoon-type bridges [2] are two of the considered concepts. A good understanding of the dynamic behavior
of such bridges is essential to ensure the structural safety through the life-time. However, the dynamic
behavior is uncertain due to the complexity, novelty and operational environment of these structures. The
floating bridges must endure large-amplitude vibrations since the natural frequencies occur in the super-low
region (< 0.05 Hz) that is prone to wind and second-order wave forces, as well as in the frequency range of
swell and wind sea (∼ [0.05, 0.3] Hz).

In the design phase, established load models dictated by design codes are used to evaluate the dynamic
response of the structure. One approach to better understand the true loading is to perform full-scale mea-
surements. This can either be performed on the desired structure after it is built, or alternatively, on already
existing similar structures to learn about the in-operation behavior. The dynamic loads are however not possi-
ble to measure directly in full-scale, which has lead to the development of inverse methods for identification
of forces. These methods utilize response measurements together with a system model to estimate the input
forces on a structure.

This article presents a case-study of full-scale force identification on the Bergsøysund bridge, an existing

2171



pontoon-type bridge with a floating span of 840 m. The bridge has been monitored since 2013, and the ex-
tensive measurement data has been used in for example studies of response statistics [3], operational modal
analysis [4], and full-field response estimation [5]. The force identification method used in the presented
study is a joint input-state estimation algorithm [6, 7], a popular Kalman-type filtering method. In addi-
tion, separate method for frequency-domain reconstruction of the wave forces from wave elevation data is
considered.

2 The Bergsøysund bridge

Figure 1: a) The Bergsøysund bridge seen from the northeast end; b) acceleration sensor mounted on the
truss; c) wave radar mounted on the walkway.
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Figure 2: a) Overhead view of the Bergsøysund bridge showing the locations the accelerometers and wave
radars. The compass indicates the definition of the wave direction; b) surrounding area of the bridge (Google
maps, 2018).

2.1 Description of the bridge and monitoring system

The Bergsøysund bridge (Fig. 1 a) is located on the northwest coast of Norway. The bridge is 840 m long,
and consists of a steel truss that is supported by seven pontoons. The structure is only anchored to the
ground at the ends, which makes it very flexible and susceptible to dynamic excitation from wave actions on
the pontoons. The bridge is surrounded by other islands and fjords (Fig. 2 b), causing the waves to mainly
approach from the north sector (∼ [30◦, 90◦]) or the south sector (∼ [220◦, 320◦]).

A monitoring system at the site records the triaxial acceleration response in 14 locations (Fig. 1 b) and the
wave elevation in six locations (Fig. 1 c). The positions of these sensors are shown in Fig. 2 a. More details
about the monitoring system are given in [3].
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2.2 State-space system model in the time-domain

This section gives a brief overview of how a time-domain state-space model of a floating bridge can be
established. The bridge is discretized into nDOF degrees of freedom (DOFs), and is assumed to be excited
primarily by np wave forces. The governing equations of motion can be formulated in the frequency-domain
as follows:

− ω2
(
Ms + Mh(ω)

)
u(ω) + iω

(
Cs + Ch(ω)

)
u(ω) +

(
Ks + Kh

)
u(ω) = Lppw(ω) (1)

The vectors and matrices and their respective sizes are summarized below:

• u ∈ RnDOF : response vector

• pw ∈ Rnp : wave force vector

• Lp ∈ RnDOF×np : force selection matrix

• Ms ∈ RnDOF×nDOF : structural mass

• Cs ∈ RnDOF×nDOF : structural damping

• Ks ∈ RnDOF×nDOF : structural stiffness

• Mh(ω) ∈ RnDOF×nDOF : hydrodynamic mass

• Ch(ω) ∈ RnDOF×nDOF : hydrodynamic damping

• Kh ∈ RnDOF×nDOF : restoring stiffness

The mass, damping and stiffness matrices are obtained from a finite element model of the structure coupled
with a fluid-structure interaction model of the pontoons [8].

For purposes of force identification using time-domain filter techniques, it is common to establish a reduced-
order modal model [6]. Here, we use the modal base Φ ∈ RnDOF×nm obtained from the following eigenvalue
problem:

[Ks + Kh − ω2
j (Ms + Mh,∞)]φj = 0 , (Mh,∞ = lim

ω→∞
Mh(ω)) (2)

Φ =
[
φ1 φ2 . . . φnm

]
(3)

However, the traditional mode-based reduction approach cannot directly be applied here due to the frequency-
dependency of the hydrodynamic matrices Mh(ω) and Ch(ω) in Eq. 1, which give rise to so-called motion-
induced forces or radiation forces that are represented by convolution integrals in the time-domain. However,
Eq. 1 is still linear, and it is possible to create a high-fidelity state-space model approximation. The details
behind this type of state-space modeling, and in particular the handling of the motion-induced forces, is
given in [8] and is excluded here for brevity. The result is a time-invariant reduced-order state-space model
based on nm selected modes, given in continuous form as:

ẋ(t) = Acx(t) + Bcp(t) (4)

where p(t) ∈ Rnm contain the modal wave forces (ΦTLppw(t)) and x(t) ∈ Rns is a state vector that takes
into account the vibration modes as well as the motion-induced forces.

The output equation considering ny acceleration or displacement measurements in the vector y(t) ∈ Rny can
be established as:

y(t) = Saü(t) + Sdu(t) = Gcx(t) + Jcp(t) (5)

where Sa and Sd ∈ Rny×nDOF are used to select the measured DOFs. The special definition of the state-space
system matrices Ac ∈ Rns×ns , Bc ∈ Rns×nm , Gc ∈ Rny×nm and Jc ∈ Rny×nm are given in [8]. In our case
the state-space model of the Bergsøysund bridge is constructed using nm = 18 modes, with frequencies ωj
in the range [0.6, 4] rad/s. The total number of system states is ns = 180.
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We now discretize the state-space formulation by a time step ∆t such that tk = k∆t (k = 0, 1, . . . , Nt − 1),
and consider the presence of stochastic noise:

xk+1 = Axk + Bpk + wk (6)

yk = Gxk + Jpk + vk (7)

where xk = x(tk), pk = p(tk) and yk = y(tk). Assuming the force is constant between the sample instants
(tk < t < tk+1), the discrete time system matrices can be shown to have the following definition:

A = exp
(
Ac∆t

)
, B = (A− I)A−1c Bc, G = Gc, J = Jc (8)

The following covariance relations are used to describe the white-noise processes wk ∈ Rns and vk ∈ Rny :

E[wkw
T
l ] = Qδkl, E[vkvT

l ] = Rδkl, E[wkv
T
l ] = Sδkl (9)

3 Methods for estimation of wave forces

3.1 Estimation by inverse identification algorithms

In this study we apply a joint input-state estimation algorithm [6, 7], which is a stochastic-deterministic
method utilizing the system description in Eq. 6 and 7. The algorithm is a Kalman-type filter, where the
input is unknown and thus jointly estimated with the system states. The filter equations are omitted here; the
reader is referred to the cited references for an explanation of the algorithm.

It is chosen to identify modal forces (p(t)) rather than the physical pontoon wave forces directly (pw(t)).
This necessary due to theoretical limitations of the number of forces that can be identified, which generally
cannot exceed the number of acceleration outputs or the number of modes in the model [9]. Note that for
algorithms with time-delayed inversion rather than instantaneous inversion, this criterion can for certain cases
be given some slack [10]. In addition, it is an advantage to use modal forces when the additional unknown
excitation from wind and traffic cannot be neglected, since any unmodelled sources of excitation conflicts
with a system description where only localized inputs are considered. The modal forces covers by definition
any kind of external loading to the system. We expect that the modal forces that are identified still should be
dominated by the wave force content, since in comparison the wind and traffic excitation are much smaller.

3.2 Frequency-domain reconstruction using wave radar data

This sections shows idea behind the frequency-domain reconstruction of the wave forces, using a parametric
model of the sea state together with a panel model of the pontoons.

We assume the sea surface elevation η(x, y, t) is a zero-mean, homogeneous and stationary stochastic pro-
cess. The wave field is described by the directional wave spectral density Sηη(ω, θ) ∈ R, where θ represents
the wave direction, which here is defined as the polar angle shown in Fig. 2. The one-dimensional wave
spectrum Sηη(ω) can be obtained by integration over the directions:

Sηη(ω) =

∫ 2π

0
Sηη(ω, θ) dθ (10)

The directional wave spectrum can be estimated from wave elevation measurements, for example by using
the DIWASP Toolbox for MATLAB [11]. This toolbox implements the Extended Maximum Entropy Prin-
ciple (EMEP) [12], a robust estimation method which utilizes the cross-spectral density of wave elevation
measurements from a distributed array of wave radars.
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Figure 3: Panel model of the pontoon geometry. The numbers denotes the six local DOFs.

Provided that Sηη(ω, θ) is known and equal at all the pontoon locations (homogenenous wave field), the
cross-spectral density of the first-order wave forces on pontoonm can be calculated by the following integral:

S
p
(m)
w,i p

(m)
w,j

(ω) =

∫ 2π

0
Sηη(ω, θ)Q

(m)
i (ω, θ − αm)

(
Q

(m)
j (ω, θ − αm)

)∗ dθ, i, j = {1 . . . 6} (11)

where the asterix denote the complex conjugate and m ∈ {1 . . . 7} are indices for the seven pontoons. The
subindexes i and j denote the six local DOFs, where 1−3 are displacements and 4−6 are rotations, see Fig. 3.
Q

(m)
i (ω, θ) ∈ C is the directional transfer function relating wave elevation to the wave forces on pontoon

number m, and depends on the incoming wave direction θ. αm is the local rotation of the a pontoon with
respect to the global xy-coordinate system (α1 = 14◦, . . . , α7 = −14◦). Finally, note that the formulation
in Eq. 11 assumes the waves are fairly short-crested compared to the distance between two pontoons, which
is reasonable since in this case the distance is ∼ 105 m.

The transfer functions Q(m)
i (ω, θ) can be obtained by hydrodynamic codes. Here, we have created panel

models of the pontoons in the software HydroD WADAM [13], with a geometry similar to the one shown in
Fig. 3. The obtained transfer functions are shown in Fig. 4 and 5, using the middle pontoon (m = 4) as an
example. The export resolution for the frequency and angle is set to 0.05 rad/s and 10◦, respectively.

To establish a global picture of wave loads, the power spectral density (PSD) matrix Spwpw
(ω) ∈ Cnp×np

containing all the wave forces (np = 7× 6 = 42) is populated with the elements S
p
(m)
w,i p

(m)
w,j

(ω) from Eq. 11.

Since modal forces are identified with the inverse methods, Spwpw
(ω) can be transformed to the modal form

Spp(ω) ∈ Cnm×nm for a common basis of comparison:

Spp(ω) = ΦTLpSpwpw
(ω)(ΦTLp)

T (12)

4 Estimation of forces on the Bergsøysund bridge

4.1 Processing of the measurement data

A time series recorded 2017-10-29 12:39 with length 30 minutes is used in the full-scale identification.
The acceleration and wave data is resampled to a sample rate of 10 Hz (∆t = 0.1 s), corresponding to
Nt = 1.8 ·104 time steps. In addition, the acceleration data is low-pass filtered to only include content below
4.5 rad/s. Above this limit, the contribution to the total response is negligible, and cannot be accounted for
by the modal basis of the reduced-order state-space model. Sample time series from the wave radars and
accelerometers are shown in Fig. 6 and 7, respectively. The peak wave frequency is 2.45 rad/s, which also
leads to the highest dynamic response around this frequency.

For simplicity, only acceleration data and no displacement data is used in the inverse algorithms. In this
case, this leads to a so-called marginally stable system inversion [9]. As will be shown, this mainly results
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Figure 4: The real value of the transfer functions Qi(ω, θ) (i = 1 . . . 6) for the middle pontoon.

Figure 5: The imaginary value of the transfer functions Qi(ω, θ) (i = 1 . . . 6) for the middle pontoon.

in spurious low-frequent content in the input estimates due to the lack of static-sensitive data, which is
necessary to stabilize the filter solution.

The cross-spectral density between all the six wave radar measurements, which goes into the EMEP estima-
tion, are calculated using a Welch-estimate with a section division of 512 samples and no overlap.

4.2 Force estimation results and discussion

The wave forces are now estimated using the methods presented in Section 3.1 and 3.2, respectively driven
by acceleration data and wave elevation data.

The resulting estimate of the directional wave spectrum is illustrated in Fig. 8. The waves mainly approach
from a skew angle of 65◦, coming from the fjord north of the bridge. Using the estimated directional wave
spectrum, the modal waves forces are predicted using Eq. 11 and 12, as shown in Fig. 9. The figure also shows
the PSD of the modal forces identified using the inverse algorithms. The covariance matrices Q = 10−2 · I,
S = 0, R = 10−6 · I have been prescribed as the tuning variables for the filter.

Neglecting the frequency range [0, 1] rad/s, the force estimates obtained from the two approaches are similar.
Overall, this indicates that estimates of the forces are reasonable. A direct comparison of the forces obtained
from the two methods should be interpreted with caution, however, since the methods are based on different
assumptions. Both approaches are expected to have sources of uncertainties or assumptions that in reality
are violated. The most important can be summarized as:

2176 PROCEEDINGS OF ISMA2018 AND USD2018



200 400 600 800 1000 1200 1400 1600 1800

Time [s]

-0.4

-0.2

0

0.2

0.4
W

av
e 

el
ev

at
io

n 
[m

]

0 2 4 6

Frequency [rad/s]

10 -4

10 -3

10 -2

P
S

D
 W

av
e 

el
ev

at
io

n

 [m
2

/(
ra

d/
s)

]

a) b)

Figure 6: Sample wave elevation measurement from one of the wave radars.
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Figure 7: Sample acceleration measurements from pontoon number 3 in the horizontal (y) and vertical (z)
direction. The data is low-pass filtered below 4.5 rad/s.

•• Errors on the state-space model, coming from model errors in the structural finite element model or
the model for the fluid-structure interaction.

• Sensor uncertainty in the accelerometers and wave radars, in particular for the low-frequent range
below 1 rad/s.

• EMEP estimation errors of the directional wave field, leading to for example waves approaching from
unlikely directions such as 180◦ in Fig. 8 a.

• Inhomogeneities of the global wave field in the strait cannot be detected when the wave radars are
clustered closely together (cf. Fig. 2 a).

• Multibody pontoon interaction through the fluid is not considered here. This influences the transfer
functions Q(m)

i (ω, θ), as well as Mh(ω) and Ch(ω) and so also the state-space model.

• Second-order sum and difference wave forces are not considered in the wave force reconstruction.

• Presence of additional excitation (wind or traffic) will show up in the identified forces, although their
magnitude is small when compared to the wave loads.

Further work should consider more recordings from the measurement database with various ambient wave
conditions, such as SWH, wave direction and peak frequency.
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Figure 8: a) Estimated directional wave spectrum using EMEP in the DIWASP Toolbox; b) marginal wave
spectrum for frequency only; c) marginal wave spectrum for direction only.
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Figure 9: Auto PSD of the estimated modal forces for all the 18 modes. Both the force estimate from the
wave field reconstruction and the input estimate from the inverse identification is shown.
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5 Conclusion

This paper has presented has presented a case-study of the full-scale identification of wave forces on a floating
bridge. Two different approaches was used: 1): force identification by a joint input-state estimation algorithm
using measured acceleration data; 2): frequency-domain reconstruction of the forces using measured wave
elevation data. The force estimates obtained from the two methods appear to have a reasonable agreement
when compared in the frequency-domain. The discrepancies that occur can be explained by the different
simplifications, modelling uncertainties and assumptions behind the two methods. The study shows that
different approaches for obtaining the ambient forces have advantages and disadvantages, so that the methods
can complement each other in the total assessment of the forces.
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Abstract
The identification of external loads acting on a mechanical system represents a challenging target for many
applications. The knowledge of these forces in operational conditions represents a potential benefit for dur-
ability and NVH assessments. In this paper, two indirect load identification strategies are presented: i) a
time-domain TPA approach based on matrix inversion, and ii) a Kalman approach combining operational
measurement data with a system FE model. These two approaches are investigated on a complex twistbeam
rear suspension application. The potential of the two techniques for multiple input/state estimation is dis-
cussed together with implementation hurdles that need to be overcome for both approaches. A measurement
campaign on the twistbeam was performed by acquiring strain responses together with force measurements
for validation purposes.

1 Introduction

The identification of loads acting on a mechanical component together with the estimation of full-field re-
sponses during its operational life is very active topic of research in structural dynamic applications. The
input loads are often difficult to measure directly since dedicated sensors can be expensive, intrusive and
can rarely be equipped during the operational life of the system. Within the last decades, inverse load iden-
tification strategies have been researched and developed to deal with these issues. Experimental-based and
model-based techniques are available in literature. An experimental-based approach commonly used for
industrial scale applications is the Transfer Path Analysis (TPA) Matrix Inversion (MI) [1,4]. The purely ex-
perimental nature of TPA MI and the low computational cost represents great advantages over other available
inverse identification methods. However, several disadvantages might limit its usability. It results easily in
ill-conditioned problems and leads to some erroneous estimation especially when stiffer load directions have
to be estimated [2]. To guarantee the over-determination of the inversion, a large set of sensors is needed and
thus big effort is required for the acquisition of a large amount of data. In the last years, some model-based
approaches are developed by combining experimental and numerical data to improve the results. Estimators
such as Kalman Filters have been used to approach the inverse load identification problem [5, 8], where the
link between responses and loads is defined by the numerical model. The load estimation problem can be
solved using a joint state-input estimation algorithm, giving the possibility to estimate full-field e.g. displace-
ments, strains, accelerations concurrently with the unknown loads. An efficient algorithm is the Augmented
Kalman Filter (AKF) [6] that was recently applied to structural dynamics [9, 11].
Within the present work, a comparison between the experimental-based TPA MI and the model-based AKF
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is proposed to solve the load identification problem on an industrial test case, such as a rear twistbeam sus-
pension [12]. The Optimal Sensor Placement (OSP) strategy, developed in [13], is adopted in this work to
select the sensors location for a successful application of the AKF algorithm. The full-field strain estimation
is also analyzed.
The paper is structured as follows: a theory section about TPA Matrix Inversion approach is proposed in
Sec. 2, followed by the derivation of Augmented Kalman Filter algorithm applied on a dynamic system.
After the description of the analyzed structure in Sec. 3, the comparison of loads and strain field estimation
through both techniques is shown. Finally, in Sec. 4, conclusions and future development are discussed.

2 Theoretical Background

2.1 TPA Matrix Inversion

Transfer Path Analysis (TPA) is an experimental technique aimed to identify vibro-acoustic transfer paths.
The external loads acting on a system are obtained by solving an inverse problem. In the analyzed system,
the active i.e. source and passive i.e. receiver parts are defined. The energy is generated by the active part and
transferred to the passive part through physical connections. One common example is a mechanical system
as a car or an aircraft in which the engine represents the source of energy and it can be identified as active
part. The main strong advantage of TPA is that it allows engineers perform simulation using only test data.
Two main ways are available for TPA load identification: Mount Stiffness and Matrix Inversion. The first
approach is adopted when active and passive parts are connected through flexible mounts. In this paper, only
Matrix Inversion (MI) is analyzed. Its formulation requires the inversion of the FRFs matrix which has to
be measured off-line, when the source is disconnected from the receiver. The so-called indicator responses
are also measured on the receiver in operational conditions and they are usually located close to the source
connection. The relationship in frequency domain between the FRFs matrix and the indicators data is the
following:

y(ω) = H(ω)f(ω) (1)

where y and f are the vector of the measured quantities (as accelerations or strains) and the vector of the
loads acting on the receiver respectively, both functions of the spectral lines ω. By inverting the FRF matrix
H and by multiplying this with the operational data y, the load identification can be performed:

f(ω) = H(ω)−1y(ω) (2)

This equation is evaluated for each frequency line. In order to minimize the ill-conditioning of the problem,
the number of responses must exceed the number of forces with a factor 2. This hence leads to the calcu-
lation of the pseudo-inverse matrix in Eq. 2. Inaccuracies in the measured FRFs data e.g. impact direction
can results in large errors on the estimated loads. It is important to include responses that can give useful
information: if, for example, two accelerations too close to each other are measured, the same transfer path
is added in the FRFs matrix and it leads to noisy results.

2.2 Augmented Kalman Filter for joint state-input estimation

In this section, an overview of the Kalman Filter (KF) applied on a dynamic system and the following
derivation of the Augmented Kalman Filter (AKF) are proposed. Lets start from the dynamic equation of
motion:

Mzz̈(t) + Czż(t) + Kzz(t) = Bzu(t) (3)

where z(t) ∈ <ndof is the Degrees of Freedom (DoF) vector (ndof number of DoFs of the model), Mz, Cz,
Kz denote the mass, damping and stiffness matrices respectively; u(t) ∈ <ni (ni number of loads) is the
input vector and Bz ∈ <ndof×ni is the Boolean input shape matrix that distributes the inputs over the DoFs
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of the system.
Considering a mechanical system, the FE numerical model is used in the filter. In order to reduce the size of
the problem and thus the computational costs needed for computing the Kalman Filter equations, a Model
Order Reduction (MOR) has to be used. As in [11, 13, 14], the following reduction basis is used:

Ψ = [Ψram Ψnm] (4)

where Ψram ∈ <ndof×nram is the residual attachment modes [15] matrix and Ψnm ∈ <ndof×nnm is the
normal modes matrix. The reduced FE model has a total of nred = nram + nnm DoFs. From the model
order reduction, the DoFs vector can be approximated as:

z ' Ψq (5)

where q ∈ <nred contains the generalized coordinates of the system.
Since the Kalman Filter formulation is based on a space-state approach, the second-order equation of motion
has to be formulated as a first-order equation. Coupling Eq. 3 (projected onto the reduction basis in Eq. 4)
with the response equation, the state-space form is written as:

{
ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)
(6)

where x = [q q̇]T defines the state vector. A, B, C, and D are real matrices. The firsts two are functions
of mass, stiffness and damping matrices [14], while C and D depend on the output response type y. The
latter defines the measurement vector containing the observed quantities. Detailed explanation on how to
build C and D in relation with acceleration, strain or position measurements is reported in [14]. If both
measurements and input are known, Eq. 6 is sufficient to define a linear Kalman Filter and a simple state
estimation (i.e. full-field response) can be performed. Since the joint state-input estimation is of interest in
this paper, the augmented state vector has to be defined as follows:

x∗ = [x u]T (7)

The dynamics of the input has also to be modeled for the augmented filter. In this work, a zeroth-order
random walk model is introduced for the input [10, 11, 13, 16]:

u̇(t) = 0 + wu(t) (8)

with wu stochastic process associated to the covariance matrix Qu.
Using a sampling time ∆t, the time-discrete formulation of Eq. 6 in an augmented form is:

{
x∗k = F ∗x∗k−1 + w∗k−1
yk = H∗x∗k + v∗k

(9)

where the symbol ∗ is assigned to indicate all the augmented quantities. Vectors w∗ and v∗ are mutually
uncorrelated Gaussian variables (process and measurement noise), not usually included in the equations of
motion. They are now introduced to take into account model and measurement uncertainties, with associated
covariance matrix Q∗ and R. Q∗ is defined as a block diagonal matrix composed by Q and Qu, that
are the covariance matrices referred to the model and input uncertainties respectively. F ∗ and G∗ are the
discretized-time and augmented form of the matrices A, B, C, D. Their formulation depends on the
discretization scheme (see [17] for more details). In this work, an exponential time integration is used [14].
The discrete-time version of the Augmented Kalman Filter can be formulated as following, by considering
the time and measurement update. The a priori x̂∗−k (without taking into account the new measurement at
time k) and a posteriori x̂∗+k augmented states are easily obtained:
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Time update
x̂∗−k = F ∗x̂∗+k−1
P−k = F ∗P+

k−1F
∗T + Q∗k−1

(10)

Measurement update
Kk = P−k H∗T

(
H∗P−k H∗T + Rk

)−1

x̂∗+k = x̂∗−k + Kk

(
yk −H∗x̂∗−k

)

P+
k = (I −KkH

∗)P−k

(11)

The estimator is designed to be optimal in the sense that it minimizes the trace of the error covariance Pk,
which is defined as:

Pk = E
[
(x∗k − x̂∗k) (x∗k − x̂∗k)T

]
(12)

In order to have a stable estimator, the augmented system in Eq. 9 has to be observable. The requirements
for guaranteeing the observability of a structural system can be summarized as following [8, 9]:

• the number of DoFs of the reduced model has to be equal or greater than the number of external loads
to be estimated: nred ≥ nf ;

• the number of position/strain measurements has to be greater than the number of external loads to be
estimated: ny ≥ nf ;

• in the case of full position measurement the AKF leads to a fully observable system and to a stable
estimator. Performing only acceleration measurements will typically not lead to a stable AKF for
structural systems.

In the following section, the Optimal Sensor Placement (OSP) criterion [13] is briefly described. It aims to
select the optimal number, type and location of sensors for the loads identification, satisfying the observab-
ility requirement of the system.

2.2.1 OSP: theory and experimental validation

Experimental applications for inverse load identification often use to locate the sensors close to the inter-
ested input area or, more in general, in the areas that are more sensitive to the external excitation. This
selection criterion is adopted for TPA MI identification analysis. The safety of the sensors is lower if they
are installed in the loaded area. How to locate sensors is an open question also for numerical reasons, since
inverse load identification methods results often in ill-conditioned and ill-posed problems. In [5], an Optimal
Sensor Placement (OSP) strategy is developed to deal with these issues for Kalman-based load identifica-
tion, by allowing a smart selection of optimal type, number and sensors location. Five steps are identified
and schematically shown in Fig. 1:

• Pool of sensors: First large random selection of position/strain/acceleration over all the FE model.
Choosing sensors located on all available nodes and elements is the optimal way, but a subset has to
be selected for reducing the computational cost.

• Training scenarios: The FE model is simulated under loads with different direction, amplitude and
frequencies. The excitation is applied on the known input location of the external loads to identify.

• Coarse screening: From the previous step, a data set of position/strain/acceleration responses is col-
lected. This step removes all the sensors with lowest contribution for each training scenario. A second
screening removes selected sensors too close to each other.
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Figure 1: Optimal Sensor Placement strategy

• Merge sensors and scaling: All the measurements identify the C matrix of the state-space system.
The rows of the matrix is scaled so that the following step doesn’t take into account different type of
sensors.

• Observability screening: a loop is performed by selecting the sensors with main contribution to force
identification. The observability is quantified as follows [13]:

Om =
1

ni · cond(PBH(0))
(13)

where ni is the number of loads to estimate and PBH is the observability matrix. The latter matrix
is evaluated at 0Hz since that is the frequency related to the random walk eigenvector.

Some numerical results in [5] show the performance of this strategy. The experimental validation is proposed
in [18] on the same twistbeam setup and it is used in this paper for the application of AKF.

3 Experimental investigation of a twistbeam rear suspension

The structure under investigation is a twistbeam rear suspension shown in Fig. 2. The physical setup in the
picture consists of the twistbeam mounted on an ad-hoc built setup excited with a 6DoFs hydraulic shaker.
The latter is a unique piece of equipment that allows to retain full control on the desired excitation spectrum
up to high frequency (around 200Hz) and in 6 directions independently. All the following analysis are related
to the setup shown in Fig. 2, consisting in clamped bushings and one clamped tyre. The right side tyre is
in free condition and it is excited by the shaker. This setup is indicated in the following as operational
configuration. A force cell is also used to collect experimental load data for validating the estimated results.
Accelerometers and strain gages are installed all over the structure. The advantages of the presented methods
are defined starting from the effort needed for instrumentation and measurement campaign, followed by the
data-processing. In the following, these two tasks aimed to load identification are separately described for
TPA MI and AKF. In the proposed analysis of this paper, only strain measurements are taken into account.

TPA Matrix Inversion

The MI load identification of Eq. 2 needs the knowledge of the full FRFs matrix and the indicator responses.
The greater effort during the measurement campaign resides in the FRFs measurements. Firstly, active and
passive parts have to be defined. In the operational configuration of Fig. 2, they can be easily identified by
the twistbeam and the shaker respectively. The frequency domain data has to be acquired off-line, when the
source is disconnected from the receiver. The excitation point is identified at the corresponding connection
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Figure 2: Twistbeam rear suspension setup - operational configuration

point of the source on the passive side, which is located at the free tyre. The point where the structure is
excited is the one where the external loads are estimated in operational conditions. The main assumption that
was made before performing FRFs data acquisition resides in the fact that transmission between the active
and the passive part in off-line mode through the clamping supports of the twistbeam is negligible. This is
a reasonable assumption because the clamping system is sufficiently isolated from the shaker. The Fig. 3a
shows the loaded section of the tyre, where a plate is bolted: the loads are identified at the central point.
Two sets of loads are acting on the tyre, identifiable in 3 forces and 3 torques in each direction. For effects
overlapping, a general output response can be written as:

y = yf + yt (14)

where f and t are force and torque indices. As consequence, the full FRF matrix has the size [ny×(nf +nt)].
The disadvantage of the TPA MI method is thus that all forces acting in the interested input point need to be
analyzed simultaneously, because all of them may cause motion and deformation throughout the structure.
Even if the analyst could be interested in estimating only one force direction or more in general a subset of
all 6 loads, the knowledge of the full FRFs matrix is still needed. Indeed Eq. 2 can be rewritten in a general
form as:

fu(ω) = Hu(ω)+ (y(ω)−Hk(ω)fk(ω)) (15)

where the indices k and u are referred to known and unknown loads respectively. In this contribution, all the
loads are estimated. Consequently Hk(ω) is an empty matrix and Eq. 15 reverts into Eq. 2.
In order to collect a dataset of force and torque FRFs, a data reduction at the central point of the tyre section
is needed. Four points are excited by a shaker in three directions, as shown in Fig. 3b (four aluminum
blocks). Thus a total number of [ny × 12] FRFs are acquired and then reduced on the central point to obtain
a matrix with size [ny × 6]. The map of indicators is described later together with the ones used for AKF.
The sensors are located both close to and far from the load area. This choice aims to verify which area is
more sensitive in a clamped configuration of the system subject to the external excitation. The strain-based
TPA MI is performed and compared against the results of AKF.
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(a) (b)

Figure 3: Free tyre which is subject to the external excitation

Augmented Kalman Filter

The adopted Kalman-based strategy needs the knowledge of a well validated FE model. In this paper, a
linear model is used. A first validation was performed in free-free conditions, as reported in Ref. [12]. The
operational configuration needs further validation that take into account the contribution of the two bushings.
Under these boundary conditions, the following measures were recorded respectively for static and dynamic
validation:

• 30 and 80 N (static load) along z direction at the free tyre

• FRFs measurements along the three directions, with input excitation at the free tyre (same dataset
acquired for TPA)

The results of dynamic validation are shown in Fig. 4: the second mode represents the first mode of the
torsional bar and it is not matched since no accelerometers were located in that area. Good validation can be
reached till 60Hz. This four modes are included in the reduced space Ψnm of Eq.4.

Exp. [Hz] FEM [Hz] |Err| %
1 10.1 10.7 5.9
2 50.1 48.7 2.8
3 57.8 59.1 2.2
4 60.5 60.9 0.6

Figure 4: MAC representation and natural frequencies comparison between experimental and FEM normal modes in
the frequency range [0-60]Hz - operational configuration
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The static validation requires matching between measured strain and FE model information. It is particularly
challanging to match the exact location and direction of a strain gage and locate it on a finite element model.
This issue has particular relevance for strain measurements that are located in areas with high stress gradi-
ent. After the instrumentation phase, the location and measurement direction of each sensor were acquired
through the use of an optical device AICON ProCam camera [19]. This system comprises an active mobile
probe with a high resolution camera. Thanks to this data acquisition, a sensors map of the experimental setup
is available. Overlap the obtained map on the FE model is not a straightforward task. A common issue is the
not exact geometry representation of the model, combined to the inaccuracies of the camera device. For this
end, an optimal procedure for finding the exact location of the used sensors on the FE model was developed
in [18] and briefly reported in the following. The results reached from this selection criterion are very useful
for the application of a successful Kalman-based strategy.

Looking at the Fig.5, the following steps are performed in the optimization procedure:

Figure 5: Optimization steps for matching measured and simulated strain

1. Starting from the location (red) identified by ProCam camera, it is possible to define an area of uncer-
tainties (yellow) where the sensor could really take place. The size of the area is defined considering:
geometry of the model and ProCam errors

2. Evaluation of strain value of each element in the considered grid: local rotation of strain quantities is
needed on each element. Find the element that minimize the error between numerical and experimental
data

3. If rosettes are considered, another step is needed: a new uncertainty area (green) is defined around the
optimal location (orange) found by the previous steps (for one of the two measured directions). This
area is smaller because takes into account only the size of the rosetta. The same previous steps can be
performed on the green area for the remaining direction

The application of the proposed method needs to start from the knowledge of a strain dataset corresponding
to a certain load case. Before performing the load identification through AKF, this preliminary step is hence
introduced for a static load case.

3.1 Inverse load identification and full-field estimation: TPA MI vs AKF

In order to compare TPA MI and AKF, the operational data reported in Tab. 1, were collected under sine and
pseudo-random excitations, covering a range of frequency up to 50Hz. A coupled state-input estimation is
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Run Type Freq. [Hz] Amplitude [mm]
1 sine 1 5
2 pseudo-random 5-50 30

Table 1: Excitation of operational data

performed for Kalman-based strategy and 12 optimal sensors selected in [18] are used for the estimation of 6
loads. It is worth to note that, even if the minimum requirement for the system observability is ny = nf , more
measurements are needed for a good estimation to balance the inaccuracies occurring when experimental data
are used, e.g. inaccuracies in the measurement data itself and in the matching on the FE model. The number
of needed measurements is however case dependent. In [18], 18 sensors are proved to be the minimum
number needed to obtain the best possible estimation through TPA MI. The sensors are distributed at the
load and clamp area respectively, as shown in Fig. 6. Two analysis are proposed in the following:

Figure 6: Location of selected sensors for load identification. KF: 12 optimal between 38 available sensors. TPA: all
(18) available sensors.

1. Load identification: the estimation for run 1 and 2 are respectively reported in Fig. 7/8 and Fig. 9/10
(frame of reference shown in Fig. 2) both in time and frequency domain. In order to evaluate the quality
of the estimation, the results are compared with the measured loads. Main attention is paid to the loads
Y and Z that are referred to the stiffer and the more flexible directions respectively. In Fig. 7 and Fig. 9,
a loss of accuracy occurs on the load Z estimated through TPA MI. A first explanation lies in the quality
of the measured FRFs used for MI. Before applying the method, a correction of each strain FRFs at
low frequencies had to be performed, since issues about noise, bridge settings and temperature drift
occur on the static value. If the problem concerns a wide number of FRFs involved in the computation
of the matrix inversion, a loss of accuracy can occur on the estimation. On the other hand, issues about
quality of the measured FRFs occur also in high frequency range, where giving good excitation to the
structure is always a challenging task. This observation is reflected on the results shown in Fig. 9/10,
that are referred to pseudo-random excitation (run 2). Loss of accuracy occurs in the frequency range
of interest for TPA MI estimation, with the exception of load X and torque Y. The direction of the
stinger of the shaker used for FRFs acquisition is also a source of influence for the estimation.
Regarding the performance of AKF, the results show the same trend of estimation from run 1 to run 2,
even if worse prediction is given for load Z in Fig. 9. Looking at all the frequency range, some loss in
accuracy is present also for AKF by increasing the frequency. The explanation resides in the dynamic
validation of the model, that means the load prediction is also affected by model errors.
The accuracy of the estimation of load Y needs further explanation since it regards the stiffer direction
of the twistbeam, identified by the axial direction. The load Y results indeed in a wrong estimation
from both techniques. The reason resides in the stiffness of the structure along Y direction which
is definitely the stiffer one i.e. axial direction. The wrong order of magnitude estimated from TPA
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is given by the ill-conditioning problem caused by the different stiffness distribution of the structure
along the different directions of estimation. Indeed, applying a static load to the input location of the
FE model along Y direction results in a much lower deformation as compared to the same static load
applied along Z or X directions. Defining the static stiffness K for each direction as the ratio between
the amplitude of the load and the displacement evaluated at the same input point, it results in large
ratios Ky/Kz and Ky/Ky. That is directly translated into an ill-conditioned inverse problem. An
improvement is obtained from AKF: it has to be noticed that in the model-based inverse problems,
the only link between the estimated forces and the responses is the model itself. Contrarily, the link
for TPA is given by measured FRFs which results in the issues mentioned above. Simultaneously
estimation of 6 loads can be hence considered acceptable through AKF, both for run 1 and 2. Some
parameters of the filter had to be set for the shown analysis. The initial state of the system was assumed
to be known and equal to zero, that means P0 is set to be zero. The block-diagonal covariance matrix
Q∗ was chosen by considering that the higher source of uncertainty in the model is given by the
unknown input, such that Qu >> Q. The matrix Q is thus set to zero, as the extra-diagonal terms of
Qu. The diagonal matrix R assumes the values of the covariance associated to each measurement. A
noise acquisition data was performed during the test campaign for this purpose.

Figure 7: Run 1. Time histories of estimated loads. Comparison between AKF (12 optimal sensors), TPA MI (18
sensors) and measured data by load cell.

2. Full-field strain estimation: since coupled state-input estimation is performed, a coupled experi-
mental and FE model approach is also proposed for TPA MI to compare the strain field estimation.
That means the response of the FE model is simulated under the loads which are estimated by TPA
MI. The strain comparison between AKF and TPA MI is shown in Fig. 11. The marked points in the
picture are to indicate which sensors are used for both estimations. Even if Fig. 7 shows significant
inaccuracies in the estimation of load Z through TPA MI, the strain estimation in Fig. 11 shows an
accurate trend in according with the measured strain field. High RMSE values are instead obtained for
the strain field of run 2 in Fig. 11 through TPA MI. Little discrepancies in the load estimation can result
in high error on the FE simulation, since the model itself is well validated at relatively low frequen-
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Figure 8: Run 1. Frequency content of estimated torques. Comparison between AKF (12 optimal sensors), TPA MI
(18 sensors) and measured data by load cell.

Figure 9: Run 2. Time histories (zoom) of estimated loads. Comparison between AKF (12 optimal sensors), TPA MI
(18 sensors) and measured data by load cell.
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Figure 10: Run1. Frequency content of estimated torques. Comparison between AKF (12 optimal sensors), TPA MI
(18 sensors) and measured data by load cell.

cies. The optimal but not exact position of the sensors on the FE model, where the strain responses
are evaluated, has also high influence on the lost in accuracy on the strain estimation for run 2. Even
if the location of the sensors is not exact or other inaccuracies in the model occur, better estimation
is possible trough AKF because of the nature of the filter itself which can tune the model to match
the measured data. The covariance matrix Q∗ and R plays a significant rule in the joint state/input
estimation through AKF. As mentioned before, the higher source of uncertainty in the model is given
by the unknown input and it is considered in the Q∗ matrix, such that Qu >> Q. The effect of
Q∗ on the estimation can be then understood comparing its value with the one assumed by R, which
represents the response uncertainties. Since Qu >> R, the model is considered to be less reliable
and consequently the estimated response field follows the measured data. In Fig. 12, the quality of
the estimation proposed in Fig. 11 is better quantified by showing the time-histories of strains Ind.
Channel n. 38 and 29 related to both run 1 and 2.

4 Concluding remarks and future developments

Two strategies are compared in the paper regarding the problem of inverse load identification. A Kalman-
based strategy and TPA Matrix Inversion techniques are proposed and applied on a real industrial case to
identify the advantages with respect to the effort needed for the setup preparation, for the data-processing
and the quality of the estimation. A setup of a rear twistbeam suspension is investigated by simulating the
structure under different excitation scenarios. The results showed that better load estimation can be obtained
through Augmented Kalman Filter. Less sensors are needed against the application of the Matrix Inversion
technique. The effort needed for both applications is detailed compared starting by measurement acquisitions
and data-processing. These preliminary analysis led to the conclusions that both proposed techniques need
high effort in FRFs acquisition and FE modelling issues for TPA MI and Kalman Filter respectively. The
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Figure 11: Left: run 1, amplitude value of strain. Right: run 6, RMS value of time histories. Comparison between
AKF (12 optimal sensors), TPA MI (18 sensors) estimated strain and measured data.

Figure 12: Run 1 (left) and run 2 (right). Time histories of two strains: comparison between AKF (12 optimal sensors),
TPA MI (18 sensors) estimated strain and measured data.

quality of strain field (state) estimation over the structure is also tested through the knowledge of the FE
model. The analysis showed that inaccuracies of the model combined with the ones of the estimated loads
can lead to high errors in the state estimation. That is overcame through the application of a Kalman strategy
which can tune the model finding a right compromise between load and state estimation. Future investigation
aims to evaluate the improvement of the results combining strains and accelerations data. External excitation
scenarios with different frequencies and amplitudes will be also explored in order to evaluate the consistency
of the results.
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Abstract 
The study reported in this paper shows the importance for taking into account the manufacturing simulation 

on the performance of a composite component. First the different type of manufacturing simulations are 

discussed after which the influence of the draping on an omega shaped stiffener is assessed. The predicted 

response is compared to experimentally measured FRFs. It is concluded that for this components the 

influence of having the accurate local thickness distribution and material properties are crucial for predicting 

the correct response. In a final step an inverse identification of the local thickness profiled is attempted by 

evaluating the predicted and measured FRF and trying to match them by changing the local thickness. 

1 Introduction 

Composites are promising materials in terms of lightweight and structural performance, although their 

manufacturing is still posing some challenges and the prediction of their structural performance is not yet 

straightforward. Manufacturing of composites is often a cumbersome trial and error process, in which 

designers learn by doing and by designing variant after variant. First benefits can be achieved by virtually 

simulating the composites manufacturing process, so that designers can optimize and understand better the 

design process, and create corresponding tooling optimally for the specific process and application at hand. 

For a thermoset composite material, this includes draping simulations, i.e. to simulate the manufacturing 

step where the reinforcement is ‘wrapped’ onto a mould, infusion modelling to predict the resin flow during 

the composites impregnation process, and curing simulation to predict the densification of the composites 

matrix under thermal treatment (see Figure 1).   
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Figure 1. Typical thermoset composite manufacturing steps, enabled by simulations: drape, flow, cure.  

Using the manufacturing simulation tools and analysing their results are only a first step in understanding 

the virtual product. A second step must still be taken: predict the product performance (in terms of stiffness, 

noise and vibration, durability, etc.) and the impact that the manufacturing parameters have on this 

performance. Only then, one can virtually optimize the manufacturing process and simultaneously optimize 

the product performance. In reality, the properties of composites are highly dependent on the manufacturing 

process parameters and hence it is crucial to include the influence of manufacturing in the design process of 

composites structures. In addition, non-deterministic effects (variability in manufacturing tolerances, 

uncertainty in material properties …) influence the composites performance, and should therefore be 

characterized and included as well in the product design process. It will be shown in this paper how we 

enable to link the manufacturing simulation and the multi-attribute functional performance engineering 

(FPE) process loops for continuous fibre-reinforced composites.  

1.1 Manufacturing simulation of composite components 

In this section a general overview of several methodologies, all related to a specific aspect of composite 

manufacturing, will be given. First the prediction of draping the reinforcement onto the mould will be 

discussed, followed by an introduction to the simulation of the impregnation with the resin of a draped, but 

‘dry’ reinforcement. The final section of this paragraph will show how to address the prediction of residual 

stresses and the associated distortion of the demoulded component due to the curing of the resin. 

1.1.1 Simulation of the draping of composite materials 

During the draping stage, an initially flat sheet, often referred to as the blank, will be forced to adjust to the 

desired configuration. The main deformation modes during the draping are (a) in-plane shear and (b) 

bending, which are indicated in Figure 2. The effect of in-plane shear is a local re-orientation of the fibres, 

while the low bending rigidity makes these type of material prone to the occurrence of wrinkles. In order to 

have a good product performance, it is necessary to be able to (i) predict correctly the local fibre orientation, 

as they determined the local stiffness and strength and (ii) to avoid the occurrence of wrinkles as these 

defects give rise to weak spots in the final product. 
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Figure 2. Key deformation mechanisms during draping a composite reinforcement are (a) in-plane shear 

and (b) bending [1] 

In the state of the art, there exist two different approaches for draping simulations: 

 The Kinematic approach: an approximate approach that allows predicting the in-plane shear and 

bending (no stretching, no forces are calculated). Siemens Fibersim [2] can simulate the laminate 

composite layup by accounting for draping and avoid manufacturing-induced defects such as 

wrinkling by introducing darts or splits in the blank. With the kinematic approach, the material is 

allowed only to distort in the shear direction, while the bending resistance is considered negligible. 

Hence, no extensive material characterization routines are required. 

 The Mechanical approach: a complex constitutive model is built, including exact boundary 

conditions also for shear forces / shear angles predictions. Leading tools for this are AniForm [3] 

and PAM-FORM [4]. A disadvantage of this approach is that you have to do an extensive material 

characterization routine, including picture frame or bias-extension, bending characterization, uni-

axial or bi-axial tensile test [1] and even friction characterization [5] to get all the parameters you 

need, which is not straight-forward.  

1.1.2 Infusion simulation of composite materials 

During infusion, the dry and draped reinforcement is gradually impregnated with the uncured resin. The 

main goal is to obtain a fully impregnated structure. During the infusion, defects such as dry spots and voids 

can occur. Components with dry spots are scrapped, while excessive void content has an influence on the 

product performance. Therefore, the void content should be as low as possible (target is 1-2 % vol).  

Simulation-based predictions of the infusion process help in predicting where such defects can occur by 

tracking the flow front, and can enable improving the manufacturing process such that the defects are 

reduced.  

Two different approaches exist for infusion simulations (see Figure 6):  

 A general CFD solver [6]: solving the Navier-Stokes equation. This just assumes that the fluid is 

incompressible, and preserves a lot of the physics of the flow in the solution sequence, such that 

physical phenomena can be predicted more accurately.  

 The CFD solver for Darcy’s law [7]: This approach comes with a number of assumptions (assume 

steady flow, low Reynolds number (Stokes flow) and no external body forces). While this approach 

is computationally less demanding, certain aspects associated to typical high-volume composite 

production require a numerical identification, e.g. race-tracking. 
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Race-tracking occurs when there is a mismatch between the edge of the draped reinforcement and the mould, 

i.e. there is a small channel that does not contain reinforcing material. As been shown by Kobayashi et al. 

[8] (see Figure 3(a)), there is an important influence in the resulting filling profile. Using a general CFD 

solver, Siemens CD-ADAPCO Star-CCM+ [6], the resulting flow front could be predicted well, without 

any additional assumptions as shown in Figure 3(b). 

  

a b 

Figure 3. Development of the flow front with the presence of race-tracking (a) according to the 

experimental measurement by Kobayashi [8] and (b) the prediction of the flow front with CD-ADAPCO 

StarCCM+ 

1.1.3 Curing simulation of composite materials 

When the polymer used has a thermoset nature, a curing reaction is needed to induce a continuous 3D 

molecular network which results in a solid structure. Due to the exothermic nature of this reaction the 

temperature control is crucial, a too fast rise in temperature might result in a (locally) degrade polymer as 

the (local) temperature has risen above the thermal degradation temperature [9].  

Additionally during curing and subsequent cooling, residual stresses are build-up within the composite 

material, the main cause of these stresses are (i) the densification of the matrix during curing, (ii) the 

shrinkage of the matrix during cooling, due to the thermal expansion mismatch between the fibres and matrix 

and (iii) the mismatch between the part and mould thermal expansion, which are coupled with a certain 

friction coefficient [10]. 

The effect of the residual stresses are two-fold, at first too high residual stresses lower the strength of the 

component as less externally applied stresses are required to reach the strength of the reinforced polymer. 

Second, during demoulding the residual stresses will cause the structure to achieve an equilibrium shape, 

where the residual stresses are in a local minimum. However, this will create a mismatch between the as-

designed shaped and as-manufactured shape. Tolerances are often in the range of millimetres while typical 

part sizes are in the order of decimetres to metres [11], any unexpected deviations will create stresses in 

the structure or connections between different structures beyond what was originally planned.  

 

Figure 4 shows an application of the method on a similar component that will be studied throughout this 

work. The local temperature profile (in combination with several material parameters) forms an input in 

order to predict the local degree of cure, which allows to predict the residual stress state inside the 

component. 
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1.2 Performance simulation of composite components 

Composites performance is linked to the application domain of interest, and may cover several attributes 

(e.g. stiffness, strength, durability) that need its mechanical behaviour under various loading conditions [18]. 

This paper deals with the vibration behaviour of composites, which is driven by its stiffness, mass and 

damping properties. In the work presented here, the focus was to compare the resonance frequencies and 

associated mode-shapes. Therefore, in the simulated predictions, only the local equivalent homogenized 

elastic properties together with the local mass were considered. The different manufacturing process steps 

alter the local material micro-structure, hence influencing the performance of the material. In this work, the 

local fibre architecture changes due to the draping process was considered. The homogenization of the 

elastic properties are either done analytically (e.g. Chamis equation [12]) or numerically by FE calculations 

(e.g. using Virtual Materials Characterization (VMC) Toolkit [13]). 

 

  

(a) (b) 

Figure 4. Curing simulation uses as input (a) the local temperature profile applied to the component and 

gives as a result (b) the local degree of cure. 

1.3 Production and experimental modal analysis of composite stiffeners 

In the previous section both the different manufacturing and performance simulation tools for composite 

components have been introduced. The remaining part of this paper will describe a case study performed on 

an omega-shaped stiffener (Figure 5(a)), where the influence of certain simulation parameters, 

manufacturing induced aspects and material parameters on the modal behaviour is assessed. 

The simulated results are compared with experimentally obtained Frequency Response Functions (FRFs), 

of which the set-up is described below. 

1.3.1 Production of composite omega-shaped stiffeners 

Two different types of omega-shaped stiffeners have been produced, namely a thermoplastic and thermoset. 

The thermoplastic fibre reinforced stiffener is made from glass fibre 2/2 twill woven reinforcement and 

polyamide matrix. The commercial name is Vizilon SB63G1 produced by DuPont [14]. The thermoset 

material is made using a dry non-crimp fabric (Carbon fibre UD 430g/m2) with a lay-up of [0/90]s and an 
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epoxy resin system from Sicomin (Sicomin SR 8500 and Sicomin SA 8525). The weight ratio between the 

resin and the hardener is 100/25. 

 

  

a b 

Figure 5. Investigated omega-shaped stiffener with (a) the CAD model and (b) a produced thermoplastic 

stiffener 

The thermoplastic component is made via thermoforming (Figure 6(a)), while for the thermoset 

component vacuum infusion has been chosen (Figure 6(b)). For both types of components the same mould 

has been used. After production of the components, they were trimmed using waterjet cutting.  

  

a b 

Figure 6. Production of the stiffener with (a) thermoforming for the thermoplastic stiffener and (b) the 

infusion of the thermoset component – see the flow front.  
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1.3.2 Modal analysis of the produced stiffeners 

After production and machining of the stiffeners, the modal response has been experimentally measured. 

To excite the component, a small modal hammer (MODEL 086E89) was used. This serves to excite the 

component at a predetermined point, in order to make it vibrate and acquire the necessary information as 

displacement, speed or acceleration. This particular hammer is equipped with an accelerometer on the head 

that impacts on the component in order to measure the impact force with the specimen. The component 

response was measured using a laser vibrometer. The choice of excitation and response measurement is 

motivated by the lightweight properties of the structures. In Figure 7, you can see the tools used and the 

chosen measurement points. 

 

Figure 7. Measurement tools and points of measurement on the sample [15] 

To reproduce the free-free boundary conditions, the component was suspended using two thin rubber bands. 

Additionally to the hammer method, the mid frequency volume source method has also been used to excite 

the specimen. This type of excitation avoids the contact between the parts and combined with the laser 

vibrometer, it allows to obtain a contactless excitation.  

In order to compare with the simulated results, it was chosen to not measure the full modal shapes of the 

stiffeners, instead FRF in the same points for different stiffeners has been identified. To determine the best 

points, a verification based on the coherence function was carried out. The average value of the coherence 

over the desired bandwidth was calculated for each measured point in a reference modal analysis from this 

measurement the point 28832 (see Error! Reference source not found., indicated with the red circle) was 

then chosen based on the maximum achieved coherence values.  
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1.4 Linking manufacturing and performance simulation of composite 
components 

In this study, the fibre orientation after draping are predicted using the geometrical approach (see section 

1.2.1) is applied with the help of Fibersim, a Siemens software package. The first step to perform a draping 

simulation is to associate an initiation point on the component surface and associated to this point the fibre 

orientation in this point, this combination is typically called the rosette (see Figure 5(a)). The rosette defines 

the reference orientation for the part and all plies composing the part. Hence, the fibre orientations elsewhere 

in the part are calculated based on that rosette. When modifications are made to the rosette, the orientations 

of all plies referencing the rosette are updated automatically, so that subsequent producibility analyses 

reflect the change. 

Besides the rosette, different draping strategies can be chosen, in this study we applied the ‘traditional’ 

simulation method combined with the geodesic approach, other approaches were assessed but no influence 

on the result has been identified. 

 

 

Figure 8. Typical result of a draping simulation using Siemens Fibersim (±45 fibre orientation) [15] 

The resulting fiber orientation can be exported in different file formats and serve as an input in Siemens 

Simcenter 3D. In Simcenter 3D the CAD model is meshed using 2D elements (CQUAD4), see Figure 9(a). 

The fiber orientations from Fibersim are imported (Figure 9(b)) and automatically create the lay-up within 

Simcenter that was generated in Fibersim. Finally, the composite material properties are assigned to the 

plies in the lay-up. These properties are calculated from Chamis equation in case of the NCF material [12] 
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and they are determined using Virtual Materials Characterization (VMC) Toolkit with Simcenter in case of 

the woven reinforcement [13]. 

 

 

a b 

Figure 9. Within Simcenter 3D the CAD is (a) meshed and (b) the Fibersim result is imported. 

After the fibre orientation is imported and the material properties have been assigned, NX Nastran will be 

used to predict the modal behaviour of a structure (using the Simcenter 3D native SOL 103 - Response 

Dynamics). As the experimental measurement aimed to reproduce free-free conditions, there are no 

boundary conditions applied in the simulation. The obtained results can be seen in Figure 10, where some 

of the predicted modal shapes are depicted. The shape of the first mode is of the torsional type, while the 

second shape is bending, while at higher frequencies the modal shapes become more complex. 

 

 

Figure 10. Indication of the different flexible mode shapes of the omega-shaped stiffener [15] 
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When comparing the measured flexible mode shapes (rigid ones are not considered) with the predicted ones 

by means of the Modal Assurance Criterion (MAC) matrix, it is noticed that the first six predicted flexible 

mode shapes agree well with the experimentally determined once. The mode shapes at higher frequencies 

however could not be captured well by the model. As seen in Figure 10, at higher mode shapes, local zones 

are contributing to the general mode shape, since manufacturing of composites and the material itself are 

prone to a mix of undeterministic effects, these start to play a role at higher frequencies. 

1.4.1 Influence of the rosette on the modal behaviour 

Using Siemens Fibersim, the fibre orientation after forming an omega-shaped component can be assessed. 

One of the key input parameters is the location of the ‘Rosette point’, i.e. the start point of the draping 

simulation.  

 

Figure 11. Influence of the variation of the rosette point on the frequency response function (FRF) of a 

thermoset composite omega shaped stiffener obtained using Simcenter and OPTIMUS. [15] 

1.4.2 Influence of the local thickness on the modal behaviour 

Additionally, the influence of the local thickness has been investigated, since during experimental 

measurements it is noticed that the thickness of the component is not constant as visualized in Figure 12(a). 

This thickness variation is introduced into the numerical model by defining 2 zones with a different 

thickness. One zone has a thickness of approximately 1.7 mm, represented by the vast blue area, while the 

orange area represented higher thickness area of the measured component, and is assigned a thickness of 

either 2.5mm or 3.0mm. The influence on the FRF can be seen in Figure 13, where it can be noticed that 

although only a relatively small area has a different thickness, the resulting FRF is affected throughout the 

whole frequency spectrum.  
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a b 

Figure 12. Local thickness profile of the thermoset omega shaped stiffener (a) as measured and (b) 

simplified within Simcenter by defining 2 zones with different thickness. [15] 

 

Figure 13. FRF obtained with the 2-zone model with variable thickness (red = 2.50mm and green = 

3.00mm), compared to the test result and the constant thickness (1.70mm) model. [15] 

A similar exercise was done for the thermoplastic case, with that difference that the thickness profile 

showed a more complex distribution. To mimic the real thickness distribution, the CAD shape was 

divide in 49 zones which are all assigned the average as-measured thickness zone. 

  

Figure 14. Local thickness profile of the thermoplastic omega shaped stiffener (a) as measured and (b) 

simplified within Simcenter by defining 49 zones with different thickness. [15] 

Similar to the thermoset case, the change in thickness also affects the FRF of the thermoplastic case. The 

modal frequencies tend to be closer to the measured values at low frequency values, the high modal 

behaviour in the higher frequency range cannot be captured correctly in spite of having the correct geometry 

and thickness distribution. 

1.4.1 Influence of the material properties on the modal behaviour 

A third feature that causes uncertainty when dealing with composite material are the material properties. As 

been indicated before the properties of the woven reinforced thermoplastic were determined by VMC 

Toolkit [13], which makes use of an idealized woven unit cell representation. Since the representative unit 

cell is prone to variability, the influence of the material properties, namely density and elastic constants on 
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the FRF have been investigated. Figure 15 shows the resulting FRF with changing the density (-10%) and 

increasing the elastic properties (E11, E22, E33, G12, G13 and G23) with 15%.  

 

 

Figure 15. FRF obtained with the 49-zone model with variable thickness and adjusted density (-10%) and 

elastic material properties (+10%) [15] 

1.4.1 Inverse identification of thickness profile 

The availability of both a parameterized model of the omega shaped stiffener and the reference FRF have 

allowed creating a procedure that is aimed at the identification of the thickness distribution that ensures the 

best match between the numerical and experimental FRF. To this end, the 49 zones variable thickness model 

has been integrated into an automated input update and output evaluation schema as indicated in Figure 16. 

The identification of the thickness in each area has been reformulated as an optimization problem, where 

the thicknesses are the design variables and the objective is the minimization of the difference between the 

numerical and experimental FRF. The depicted workflow has been implemented using the Product 

Integration and Design Optimization (PIDO) platform Optimus by Noesis Solutions. The operations 

performed within this workflow are: 

 The mapping of the thickness on the omega shaped model. 

 The analysis of the FEM model using Simcenter and the FRF extraction. 

 The post-processing of the FRF and the evaluation of the total frequency shift 

 

 

Figure 16. Optimus workflow for the evaluation of the local thickness. 

2208 PROCEEDINGS OF ISMA2018 AND USD2018



The used performance indicator is the sum of the differences between the first 4 evaluated and measured 

resonances. The measurements taken on the build sample have indicated that the real thickness values were 

to be expected in the 1.5 to 2.5 mm range with a minimum step of 0.05 mm. The boundaries of the thickness 

design variables have been set accordingly.  

The created structure, and the software that encompasses it, are suitable both to study how thickness 

influences the FRF and what are the areas that have a greater impact on it, and to determine the thickness 

distribution associated with the best match using a selection of optimization methods. 

The first point is addressed by performing a design space exploration (DOE); due to the number of design 

variables (49) a Latin Hypercube Design (LHD) has been preferred over Factorial approaches, as in this 

methodology the number of experiments is not a function of the number of design variables [16]  and at the 

same time ensures at least partial decoupling among them. The number of experiments has been set to 300. 

A correlation analysis using the Pearson coefficient, which is a measure of the linear correlation between 

two variables between zonal thickness and total shift, is also performed.  The chart, shown in Figure 17(a), 

highlights some aspects of the thickness-to-total-shift relationship: symmetry of the model is verified, thus 

right-side elements of the model have the same influence on the outputs as their left-side counterparts; the 

contribution of each area on the frequencies can be evaluated too, as an example 1 and 15 thicknesses (flat 

flanges of the narrow part of the component) have a strong linear correlation with the first mode whereas 

the reduction of 41 and 42, central panels of the wide side, would improve the match with the second mode.  

The same analysis also confirmed the (at least partial) decoupling among inputs, as testified by the low 

correlation values, but still not zero due to the random component in the LHD behaviour. 

The DOE has been used as entry point for the optimization; due to the time required by each computation 

(about 4 minutes), a surrogate model built on the DOE data has been used as replacement for the analysis. 

The interpolated cubic Radial Basis Function model has been cross-validated before the optimization 

resulting in a R2
press value of .93, high enough to provide reliable global optimization results but predicted 

results still need validation by actual analysis [17].  

Using Differential Evolution [18] as optimization method (better suited to problems with discrete or stepped 

variables) and the best configuration found from the DOE as starting point, the candidate solution has been 

found after 25 iterations, each composed of 250 experiments. The candidate design point has been validated 

with a dedicated run, the difference between the estimated and the actual frequency shift is 3 Hz 

 

 

 

a b 

Figure 17. The Pearson chart where (a) correlation values, zonal thickness to first modes and total shift. 

Blue indicates minimum (absolute) correlation and (b) thickness distribution for the thermoplastic omega 

shaped stiffener after numerical optimization. 
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Figure 18. Thickness profile determination of the thermoplastic omega shaped stiffener through 

optimization. 

The thickness profile of the optimized model depicted in Figure 17(b) has similarities with the real thickness 

profile of the omega shaped stiffener shown in Figure 14. The displayed thicknesses are only the result of a 

global optimization performed using a surrogate model; the achieved configuration could be further refined 

performing a local search based on actual analysis. 

The results of the optimization, resumed in Figure 18, show a good match with the frequencies of the second 

and fourth mode whereas first and third are only partially influenced. As the previous analysis have 

suggested, the thickness is not the only parameter whose influence has to be accounted for in order to 

correctly model the modal behaviour.  

Conclusions 

The manufacturing process has a significant impact on the performance of modern industrial products, 

including lightweight composites components in automotive industry. Even if we can predict how a 

product's design should be and how it should be manufactured, the next step is to predict the product 

performance and its impact on the manufacturing parameters and vice versa. Only then, can you virtually 

and simultaneously optimize the manufacturing process and product performance, thus closing the loop.  

In this paper, we have done a case study derived from an industrial context for which we closed this loop. 

There is some further investigation necessary on other sources of uncertainty that have not yet been 

modelled, but the analysis process showed its value in order to identify major parameters that are subject to 

uncertainty and improve model fidelity/confidence. 
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Abstract
In this article, a method for wave propagation analysis of textile composites at a mesoscopic level is presented
for the first time. This study is performed in the vibro-acoustic and ultrasonic frequency ranges. The pre-
sented method combines a mode-based reduction method, allowing for great CPU cost saving, and the Wave
Finite Element Method (WFEM), which associates the Periodic Structure Theory (PST) and standard Finite
Element Method (FEM). The PST allows to analyse the wave propagation properties of a periodic structure
by modelling only a periodicity (unit cell) of it. A standard wave propagation analysis of textile composite
structures is also performed, using homogenized properties in the unit cell, and used as a comparison. It is
shown for different types of textiles that using the standard method results in errors in the dispersion curves.

1 Introduction

Textile composites are widely used for their excellent mechanical properties [1] in many industries. It is
greatly applied in aerospace industry in particular thanks to a low weight and high strength when compared
to metallic alloys. These composite structures are periodic and can be considered as an assembly of identical
unit cells assembled in an identical manner. These periodic structures and their applications have attracted a
lot of research for the past decades [2, 3, 4, 5, 6].

However, textile composites are subject to failure such as fibre breakages, cracks or delamination. In the
aerospace industry, damage in the structure can lead to catastrophic scenarios, and that is why intensive
research has been conducted on Non Destructive Testing (NDT) and Structural Health Monitoring (SHM),
which would allow for safest flight while reducing the maintenance costs. One popular technique for ’on-
line’ inspection is ultrasound guided waves spectroscopy [7]. Guided wave propagation in thin plates is
dispersive, and therefore the velocity of wave propagation depends on the frequency. For this reason it is of
the upmost importance to know the dispersion relations for use in NDT and SHM.

As the behaviours of textile composite structures are complex, numerical simulations are more and more
required for the design of inspection processes. When excited in the mid-frequency range, the material allows
for the mechanical energy to propagate through the entire structure but wave localization in the periodic cell
will also be produced. This makes this frequency range suitable for the detection of small cracks. In order to
study this frequency range, the composite textile needs to be modelled at a mesoscopic scale, which means
modelling the yarns and matrix.

The Wave Finite Element Method (WFEM) is an efficient tool to study wave propagation in periodic struc-
tures. The WFEM has been widely used in precedent research for various structure types such as beam-like
structures [8, 9], cylinders [10, 11], plates [10, 12, 13], thin-walled structures [14]. It has also found applica-
tions in predicting the vibroacoustic and dynamic performance of composite panels and shells [15, 16, 17],
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with pressurized shells [18] and complex periodic structures [19] having been investigated. The variability
of vibroacoustic transmission through layered structures [20, 21, 22], as well as structural identification [23]
and complex wave interaction phenomena in anisotropic composites [22, 24] have been modelled through
the same methodology. However, applying the WFEM to textile composites means that a fine mesh is needed
in order to describe the geometry precisely, which implies high computational expenses and that is why an-
other model reduction method is applied to the model. This method is called the component mode synthesis
(CMS) and it has been extensively used in the literature [25, 26, 6, 27].

The principal novelty of this work is the investigation of ultrasonic wave propagation analysis in anisotropic
periodic structures such as textile composites. The mesoscopic properties of the material are taken into
account for the first time for this type of analysis and it is shown that mesoscale models can successfully
predict stop-band behaviour which is indispensable for guided wave inspection purposes. This paper is
organised as follows.

In section 2, the method used to model the textile composite structure at a mesoscopic scale is presented.
Then the Craig-Bampton reduction method is described. It will be coupled with the WFEM in the following
section. Thus in order to perform ultrasound wave propagation analysis of a 2D weave textile composite
structure. This results are presented in the last section.

2 Mesoscale modelling of textile composites

A mesoscale modelling suggests a detailed geometric representation of fabrics such as the yarns and the
matrix. By opposition to a macroscale modelling which consists in homogenized mechanical properties
along the unit cell. Mesoscale modelling of textile composites starts with the definition of the geometry of a
unit cell using a specialist pre-processor such as TexGen [28, 29, 30, 31, 32]. This open source software is
developed by the Composites Research Group at the University of Nottingham and is used for modelling the
geometry of fabric such as 2D fabric weave or 3D woven textiles (see Fig.1). The model is then exported to
a FE software and the M and K matrices of the unit cell are extracted.

(a) Unit cell of a periodic 2D weave (b) Unit cell of a periodic 3D weave

Figure 1: Periodic textile composite examples

A macroscale model, obtained through a homogenization process of the mechanical properties of the mesoscale
model, is considered as well, allowing for comparison.

3 Model reduction using the Craig-Bampton Method

The equation of motion of the unit cell is written as:

Mq̈(t) + Cq̇(t) + Kq(t) = f(t) (1)
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If a time-harmonic behavior is assumed and no damping is considered, Eq.1 can be rewritten as follows
(Eq.2):

[
K − ω2M

]
q = F (2)

The nodal DOFs of the unit cell are partitioned in the following way: boundary DOFs (themself partitioned as
bottom, top, left, right, left-bottom corner, right-bottom corner, left-top corner, right-top corner) and internal
DOFs (see Fig.2), which gives the following equation (subscript bd stands for boundary):

q =
{
qT

bd qT
I

}T
=
{
qT

B qT
T qT

L qT
R qT

LB qT
RB qT

LT qT
RT qT

I

}T
(3)

Figure 2: DOFs partitioning

Component Mode Synthesis (CMS) are methods used for reducing the complexity of structural dynamics
models leading to a decrease in CPU time cost. The Craig-Bampton Method [33] is one of these approaches.

For free wave propagation, no external force acts on the internal nodes of the structure. This leads to fI = 0.
The equation of motion of the unit cell (Eq.2) becomes:

([
Kbdbd KbdI

KIbd KII

]
− ω2

[
Mbdbd MbdI

MIbd MII

]){
qbd

qI

}
=

{
fbd

0

}
(4)

The key to this method is to reduce the number of internal DOFs by selecting component modes ΦC among
a subset of the local modes of the unit cell when the boundary DoFs are fixed. The boundary modes Φbd are
calculated by static condensation. The projection matrix B is determined as shown in Eq.5, on which the M
and K matrix are then projected (see Eq.6).

{
qbd

qI

}
=

[
I 0

Φbd ΦC

]{
qbd

qΦ

}
= B

{
qbd

qΦ

}
(5)
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qΦ is the reduced set of the physical internal DOFs qI, whereas the boundary DOFs are kept as physical
coordinates [34].

K̃ = BTKB, M̃ = BTMB (6)

4 Overview of the WFE method

The WFEM uses both the periodic structure theory (PST) developed in [35] and the finite element method.
The advantage of that method is that only a period of the structure needs to be modelled to find the dispersion
relations for the whole structure. The number of boundary DoFs from the unit cell (and thus unknown of the
problem) can be reduced thanks to the PST. A reduction matrix ΛR on which the reduced mass and stiffness
matrix will be projected is created based on the relations from the PST.

For example for a two dimensional periodic composite plate-like structure, the wave motion is in the Oxy
plane. This gives





qB

qT

qL

qR

qLB

qRB

qLT

qRT

qI





=




I 0 0 0
Iλy 0 0 0
0 I 0 0
0 Iλx 0 0
0 0 I 0
0 0 Iλx 0
0 0 Iλy 0
0 0 Iλxλy 0
0 0 0 I








qB

qL

qLB

qI





= ΛR(λx, λy)





qB

qL

qLB

qI





(7)

Equilibrium at the right-top corner nodes gives:

ΛL(λx, λy)

{
fbd

0

}
= 0 (8)

with ΛL(λx, λy) the conjugate transpose of ΛR(λx, λy).

The following eigenvalue problem appears

ΛL(K − ω2M)ΛR





qB

qL

qLB

qI





= 0 (9)

5 Numerical investigation of a 2D weave fabric

A 2D weave fabric composite is presented as a case study. In this section, dispersion curves for the modelled
textile composites are presented. Even though the WFE calculations are performed in 2D, the results will be
displayed in the Θ = 0o direction for the sake of clarity. A unit cell is extracted from the fabric as shown in
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Fig.1(a), its dimensions are 2x2x0.2 mm, and the WFE/CMS method is performed on it as explained in the
previous sections.

A macroscale model, containing the homogenized mechanical properties of the mesoscale model, is created;
the aim being to compare both models. The modelled elements need to have the same dimensions as the ones
of the mesoscale model. The WFE method is then performed on a model composed of one element in both
the x and y directions and of ten elements in the z direction (1x1x10) to comply with the mesoscale model
(composed of 6250 elements: 25x25x10).

The dispersion curve for the flexural mode of this model is displayed in Fig.3, as well as the one of the 6250
elements mesoscale model.

Figure 3: Dispersion curve of the flexural mode of the mesoscale model and the macroscale model; pre-
senting a stop-band (grayed area) for the the mesoscale model; ’- -’ mesoscale model and ’–’ macroscale
model

In Fig.3, we notice some important differences between the curves from the meso- and macroscale models.
The mean relative frequency difference for the flexural mode (Fig.3) is of 30 %, and the dispersion curve
present a stop-band when modelled at a mesoscopic scale.

It can be noted that stop-band occurs (Fig.3) when the wavenumber reaches kx =
2π

∆x
, which means when

the wavelength is of the size of a periodicity of the structure. A stop-band means that the concerned wave
(flexural in our case) will not propagate in this frequency range.

6 Conclusion

In this paper, a method for wave propagation analysis of textile composites at a mesoscopic level is presented
for the first time. It is shown that mesoscopic scale design increases the computation accuracy. An example
of a 2D fabric weave is presented and modelled.

• It can be seen that there are some significant differences in the dispersion relations between the differ-
ent scales.

• It appears that when studied at a mesoscopic scale, the textile show stop-bands for certain ranges of
frequency and modes.
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• Computational times are feasible while modelling the entire textile with FE would be very costly.
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Abstract
In composite materials, previous studies show that carbon-fiber reinforced polymers (CFRP) can be designed
in terms of damping characteristics by acting on its physical and geometric features. In recent years, the
development of automatic fiber placement (AFP) allows the realization of variable stiffness composite lami-
nates (VSCL), among which tow steered composites are considered very promising. Therefore, the objective
of this paper is to present a numerical assessment of the influence of fiber steering on the modal damping
of CFRP plates for different fiber trajectories. The dynamic model is derived by using a semi-analytical
approach based on the combination of the Classical Lamination Theory with the Rayleigh-Ritz (Assumed-
Modes) approach. The modal damping factors are calculated using the Strain Energy Method, which is based
on the ratio between the stored and the dissipated energies, giving the specific damping capacity (SDC) for
each vibration mode.

1 Introduction

It is widely recognized that composite materials, especially fiber-reinforced ones, have enormous potential
for applications to lightweight structures. One of the main advantages of these materials is the possibility of
being designed to comply with specific performance criteria by changing the relative fiber orientations of the
plies. In addition, the current emergence of novel manufacturing techniques, such as automatic fiber place-
ment, opens new possibilities for further improvement of composite structural components. In particular, it
is currently possible to manufacture the so-called variable stiffness composite laminates (VSCL), which en-
compass those made with variable fiber spacing (VFSL) and those in which the fibers are deposited following
curvilinear paths. These latter are known as tow-steered composites (TSCL) [1]. As compared to traditional
composite laminates, VSCL provide the designer with a broader range of options to design composite plates
considering multiple design goals, while minimizing weight penalties [2]. Under these motivations, various
researchers have been investigating the vibrational work [3, 4], aeroelastic [5, 6, 7] and buckling behavior of
tow-steered laminates [8, 9].

In terms of vibration behavior, damping of composite materials can be several orders of magnitude higher
than that of traditional engineering materials, making them appealing for use in components undergoing
dynamic loading [10]. Various authors have investigated the influence of layup on the damping levels of
traditional composite plates [11, 12, 13, 14, 15, 16]. However, to the authors’ best knowledge, studies on the
damping characteristics of tow-steered composite laminates have not been reported in the literature hitherto.
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The identification of modal damping can be achieved through experimental modal analysis. An alternative,
more appropriate to be used in design phase, is the use of theoretical or hybrid theoretical/experimental mod-
els, which require few experimental analyses. Severals approaches have been proposed to model damping
in composite materials. [14] uses the concept of specific damping capacity (SDC) [17] to predict the modal
damping of thin unidirectional laminates. [13] presents damping analysis of unidirectional laminates with
two different boundary conditions using the SDC method. The authors conclude that modal damping factors
are determined by the corresponding vibration mode shapes.

Among the methodologies available for damping characterization, the SDC model represents an adequate
approach to study the effect of fiber steering on the modal damping of composite laminates. Therefore, this
method is adopted herein. Based on the hypotheses of Kirchhoff plate theory, a dynamic model is formulated
by associating the Classical Lamination Theory with the Rayleigh–Ritz (Assumed-Modes) approach. The
modeling approach duly accounts for the curvilinear trajectory of the fibers on each lamina. The modal
damping factors are calculated using the Strain Energy Method, which is based on the ratio between the
stored and the dissipated energies, giving the specific damping capacity (SDC) for each vibration mode. The
values of natural frequencies and modal damping factors are evaluated for different fiber trajectories.

2 Theory

In this work, the procedure for the modeling of damping follows the approach proposed by [17], which is
based on the assumption that the dissipated energy is associated to principal stress components at the ply
level. The specific damping capacity (SDC) is defined as the ratio of the dissipated strain energy (∆U ) per
cycle of vibration to the maximum strain energy (U ) [14].

Ψ =
∆U

U
(1)

When U and∆U are computed for the displacement fields corresponding to a set of natural vibration modes,
the SDC provides the modal damping factors associated to those modes. Hence, U and ∆U are formulated
herein for the tow-steered laminate.

Considering a thin individual ply illustrated in Fig. 1, for which plane stress state is assumed, the strain
energy is given by:

U =
1

2

∫

V
εT(x,y)σ(x,y)dV, (2)

where:

ε(x,y) =





εx
εy
γxy



 and σ(x,y) =





σx
σy
τxy



 . (3)

The dissipated energy takes a form similar to Eq.3, being given by [18]:

∆U =
1

2

∫

V
εT(x,y)ψσ(x,y)dV, (4)

where:

ψ =



ψ11 0 0
0 ψ22 0
0 0 ψ66


 . (5)
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In the equations above, the subscripts (x, y) indicate that the stress and strain components are represented
in terms of their components in the x, y axes shown in Fig. 1. In addition, the factors ψii, i = 1, 2, 6
characterize the damping properties of the material [14].

The composite laminate is modeled according to the Classical Lamination Theory (CLT). For that purpose,
the constitutive equations of each lamina are formulated in the principal coordinates (1−2), shown in Figure
1. Then, rotation transformations are performed to obtain the constitutive equations in the global coordinate
system x− y. It should be noticed that, in Fig.1 θ indicates the angle between both coordinate systems, and
can also be interpreted as the angle defining the local fiber orientation with respect to the global coordinate
system.

z // 3

x
θ

y
1

2

Figure 1: Lamina in the principal (1,2 and 3) and off-axis coordinates(x, y and z).

The constitutive equations of a lamina in its principal coordinate system are expressed as:





σ1
σ2
τ12



 =



Q11 Q12 0
Q12 Q22 0

0 0 Q66







ε1
ε2
γ12



 , or σ(1,2) = Qε(1,2) (6)

where the components of the stiffness matrix are given by:

Q11 =
E1

1− ν12ν21
, Q22 =

E2

1− ν12ν21
, Q12 = Q21 =

ν12E2

1− ν12ν21
, Q66 = G12. (7)

The transformations of the stress and strain vectors from axes x− y to axes 1− 2 are expressed as follows:





σ1
σ2
τ12



 =




c2 s2 2cs
s2 c2 −2cs
−cs cs c2 − s2







σx
σy
τxy



 or σ(1,2) = Tσσ(x,y) (8)





ε1
ε2
γ12



 =




c2 s2 cs
s2 c2 −cs
−2cs 2cs c2 − s2







εx
εy
γxy



 or ε(1,2) = Tεε(x,y) (9)

where c = cos θ , s = sen θ:

Substituting Eq. 8 and Eq. 9 into Eq. 6, one obtains:

Tσσ(x,y) = QTεε(x,y). (10)

Multiplying both sides by T−1
σ , result in:
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σ(x,y) = T−1
σ QTεε(x,y). (11)

The above equation can be recast as follows:

σ(x,y) = Q̄ε(x,y). (12)

where Q̄ = T−1
σ QTε.

At this point, it is worth noticing that for traditional composite plates all the fibers on a same ply have the
same orientation angle, which makes matrix Q̄ independent of the coordinates x and y. However, for tow-
steered composite plates, the fiber orientation angle changes as a function of coordinates x and y. In this
case, matrix Q̄ is expressed as follows:

Q̄(x, y) =



Q̄11(x, y) Q̄12(x, y) Q̄16(x, y)
Q̄12(x, y) Q̄22(x, y) Q̄26(x, y)
Q̄16(x, y) Q̄26(x, y) Q̄66(x, y)


 . (13)

Associating Eq.12 and Eq. 2, the strain energy is expressed as:

U =
1

2

∫

V
εT(x,y)Q̄(x, y)ε(x,y)dV. (14)

Appying similar transformation to matrix ψ, one gets R = T−1
σ ψQTε, and the dissipative strain energy is

found to be expressed as:

∆U =
1

2

∫

V
εT(x,y)R(x, y)ε(x,y)dV. (15)

The strain vector is given by:




εx
εy
γxy



 =





ε0x
ε0y
γ0xy



+ z





κx
κy
κxy



 or ε(x,y) = ε0(x,y) + zκ(x,y) (16)

where the first vector on the right-hand side is formed from the membrane strains, while the components of
second vector are the bending strains, expressed in terms of the curvatures:

κx = −∂
2w

∂x2
, κy = −∂

2w

∂y2
, κxy = −2

∂2w

∂x∂y
, (17)

where w = w(x, y, t) indicates the transverse displacement field.

Therefore, Eq.16 can be written as:
ε(x,y) = zκ(x,y) (18)

Neglecting membrane strains, associating Eqs. 16, 15 and 14, the strain and dissipated energies as expressed
as:

U =
1

2

∫

V
z2κT

(x,y)Q̄(x, y)κ(x,y)dV (19)

∆U =
1

2

∫

V
z2κT

(x,y)R(x, y)κ(x,y)dV (20)
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The strain and dissipated energies of the laminate are obtained by simply adding the corresponding contri-
butions of each layer:

U =
1

2

∫ a/2

−a/2

∫ b/2

−b/2
κT
(x,y)

N∑

k=1

(∫ zk

zk−1

Q̄k(x, y)z2dz

)
κ(x,y)dxdy (21)

∆U =
1

2

∫ a/2

−a/2

∫ b/2

−b/2
κT
(x,y)

N∑

k=1

(∫ zk

zk−1

Rk(x, y)z2dz

)
κ(x,y)dxdy (22)

or

U =
1

2

∫ a/2

−a/2

∫ b/2

−b/2
κT
(x,y)D (x, y)κ(x,y)dxdy (23)

∆U =
1

2

∫ a/2

−a/2

∫ b/2

−b/2
κT
(x,y)d (x, y)κ(x,y)dxdy (24)

where

D(x, y) =
N∑

k=1

(∫ zk

zk−1

Q̄kz
2dz

)
=

N∑

k=1

∫ zk

zk−1



Q̄11 Q̄12 Q̄16

Q̄12 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66



k

z2dz =
1

3

N∑

k=1

(z3k − z3k−1)Q̄k (25)

d(x, y) =
N∑

k=1

(∫ zk

zk−1

Rkz
2dz

)
=

N∑

k=1

∫ zk

zk−1



R11 R12 R16

R21 R22 R26

R61 R62 R66



k

z2dz =
1

3

N∑

k=1

(z3k − z3k−1)Rk (26)

Finally, the strain and dissipated energies are expressed in terms of the components of matrices D(x, y) and
d(x, y) as:

U =
1

2

∫ a/2

−a/2

∫ b/2

−b/2

{
D11

(
∂2w

∂x2

)2

+ 2D12
∂2w

∂x2
∂2w

∂y2
+D22

(
∂2w

∂y2

)2

+4D16
∂2w

∂x2
∂2w

∂x∂y
+ 4D26

∂2w

∂y2
∂2w

∂x∂y
+ 4D66

(
∂2w

∂x∂y

)2
}
dxdy (27)

∆U =
1

2

∫ a/2

−a/2

∫ b/2

−b/2

{
d11

(
∂2w

∂x2

)2

+ (d12 + d21)
∂2w

∂x2
∂2w

∂y2
+ d22

(
∂2w

∂y2

)2

+2(d16 + d61)
∂2w

∂x2
∂2w

∂x∂y
+ 2(d26 + d62)

∂2w

∂y2
∂2w

∂x∂y
+ 4d66

(
∂2w

∂x∂y

)2
}
dxdy (28)

The kinetic energy of the laminate is expressed as [19]:

T =
1

2

∫ a/2

−a/2

∫ b/2

−b/2

∫ h/2

−h/2
ρ

(
∂w

∂t

)2

dxdydz. (29)
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According the Rayleigh-Ritz method, the transverse displacement field w(x, y, t) is approximated as:

w(x, y, t) =
M∑

m=0

N∑

n=0

Xm(x)Yn(y)qmn(t), (30)

The functions Xm(x) and Yn(y) must be differentiable, at least to the maximum order of the derivatives that
appear in the expressions of strain energy, and must obey at least the geometric boundary conditions of the
problem. Here, these functions Xm(x) and Yn(y) have been chosen as Legendre polynomials, so that Eq.
30 is rewritten in terms of dimensionless coordinates (ζ = 2x/a and η = 2y/b) as follows [9]:

w(ζ, η, t) = (1− ζ2)c(1− η2)c
M∑

m=0

N∑

n=0

Xm(ζ)Yn(η)qmn(t), (31)

where

Xm(ζ) =
1

2m

m∑

k=0

(
m
k

)2

(ζ − 1)m−k(ζ + 1)k,

Yn(η) =
1

2n

n∑

k=0

(
n
k

)2

(η − 1)n−k(η + 1)k.

(32)

It should be noticed that the parameter c enables to account for different boundary conditions, c=0,1,2 corre-
sponding to free, simply-supported and clamped edges, respectively. Equation 31 can be written in a compact
form as:

w(ζ, η, t) = Φ(ζ, η)q(t), (33)

Then, considering the absence of external forces and applying Lagrange’s equations, the equations of motion
are found in the form:

Mq̈(t) + Kq(t) = 0, (34)

with the following associated eigenvalue problem:

(
K− ω2

wM
)
q = 0, (35)

where

K =
ab

4

∫ 1

−1

∫ 1

−1

{
D11

∂2Φ

∂x2

T
∂2Φ

∂x2
+ 2D12

∂2Φ

∂x2

T
∂2Φ

∂y2
+D22

∂2Φ

∂y2

T
∂2Φ

∂y2

+4D16
∂2Φ

∂x2

T
∂2Φ

∂x∂y
+ 4D26

∂2Φ

∂y2

T
∂2Φ

∂x∂y
+ 4D66

∂2Φ

∂x∂y

T
∂2Φ

∂x∂y

}
dζdη, (36)

and

M = hρ
ab

4

∫ 1

−1

∫ 1

−1
ΦTΦdζdη, (37)
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such that

U =
1

2
qTKq, T =

1

2
q̇TMq̇. (38)

In addition,

∆U =
1

2
qTKdq, (39)

where

Kd =
ab

4

∫ 1

−1

∫ 1

−1

{
d11

∂2Φ

∂x2

T
∂2Φ

∂x2
+ (d12 + d21)

∂2Φ

∂x2

T
∂2Φ

∂y2
+ d22

∂2Φ

∂y2

T
∂2Φ

∂y2

+2(d16 + d61)
∂2Φ

∂x2

T
∂2Φ

∂x∂y
+ 2(d26 + d62)

∂2Φ

∂y2

T
∂2Φ

∂x∂y
+ 4d66

∂2Φ

∂x∂y

T
∂2Φ

∂x∂y

}
dζdη. (40)

According to [20], the relation between the specific damping capacity and the modal damping factor of the
laminate for the r−th mode is given by:

ζr =
Ψr
4π

=
1

4π

∆U

U
=

1

4π

qTKdq

qTKq
(41)

3 Numerical results

In this section, the results of numerical simulations are first presented aiming at validating the Rayleigh-
Ritz model by means of comparisons with finite element and experimental results reported in the literature
[14] comprising natural frequency and damping factors of constant stiffness composite plates. Then, further
model validation is carried-out by comparing the natural frequencies obtained from the Rayleigh-Ritz model
with finite element and experimental counterparts found in the literature for a ten layer tow-steered composite
laminate [21]. After the validations, the Rayleigh-Ritz model is then employed to assess the influence of fiber
steering on the damping characteristics of laminates. As mentioned previously, this assessment had not been
done before.

The material properties and geometric parameters of the laminates of dimensions a× b× h (length × width
× total laminate thickness, respectively), are presented in Table 1 and Table 2. All the simulations in this
work considers the plates with the free-free boundary condition.

Table 1: Material properties of the laminates used in the simulations.

Material E1 (GPa) E2 (GPa) G12 (GPa) ν12 ψ1 (%) ψ2 (%) ψ12 (%) ρ (kg/m3)

913C-TS1 110.0 9.0 3.9 0.34 0.75 5.95 6.79 1513
Hexply AS4/85522 126.3 8.765 4.92 0.31 - - - 1600
1 Data from [14]
2 Data from [21]

3.1 Natural frequencies and damping factors of non-steered laminates

Table 3 shows the values of the first six natural frequencies and SDC’s obtained from the Rayleigh-Ritz (R-
R) model with N = M = 9, with the counterparts drawn from [14], for the non-steered laminate identified
as Plate 1 in Tab. 2, made of eight layers using the material 913C-TS and the lay-up is [0,0,0,0]s, with
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Table 2: Geometrical properties of the plates used in the simulations

Name Type Lay-up a (mm) b (mm) h (mm)

Plate 11 non-steered [0,0,0,0]s 252 192 1.155
Plate 22 steered [(<30,10>,<-30,-10>)2,<90,90>]s 400 300 1.75
1 Material 913C-TS
2 Material Hexply AS4/8552

a = 252 mm and b = 192 mm, h = 1.155 mm. Also illustrated are the mode shapes corresponding to the
six vibration modes considered.

It can be seen that the values of the three sets of results are very close to each other, which serves an indicator
of the satisfactory accuracy of the Rayleigh-Ritz model developed in this study.

Table 3: Comparison between the Rayleigh-Ritz simulation results and those from [14] for Plate 1

Mode shapes

Freq. (Hz) R-R 40.9 78.5 114.5 160.0 179.2 217.8
FEM1 41.0 83.4 118.0 161.1 180.3 234.6
Exp.1 39.2 76.4 111.8 161.9 178.6 215.5

SDC (%) R-R 6.69 5.94 6.30 0.76 2.06 5.88
FEM1 6.69 5.94 6.31 0.76 2.06 5.88
Exp.1 8.33 5.36 7.13 0.67 2.31 5.51

1 Data from [14]

3.2 Natural frequencies of tow-steered laminates

Many strategies can be adopted to define the fiber trajectories in tow-steered laminates. In this paper, ac-
counting for typical limitations of AFP machines, which precludes the use of complicated paths, especially
those exhibiting small radii of curvature, the fiber course is chosen so as to vary only along one of the coor-
dinates. Therefore, Figure 2 shows the fiber path and the two angles T0 and T1, which are used to define the
curve indicated with thick line, according to:

θ(x) =
2(T1 − T0)

a
|x|+ T0 (42)

where T0 and T1 are fiber orientations at the center and on the left and right edges of the plate, the dimensions
of which are b and a in directions x and y, respectively. The paths of the other fibers are obtained by shifting
the one defined by Eq. 42 along the y-axis [23].

The tow-steered laminate is identified by the notation <T0,T1>, which has been used in Tab. 2 [22].
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Figure 2: Fiber path of the tow-steered laminate.

The first objective is to compare the accuracy of Rayleigh-Ritz method in calculating the natural frequencies
of the composite plate. Therefore, the results were compared to those from FE modeling and experimental
data obtained from the literature. The composite plate is made of ten layers of the material Hexply AS4/8552.
The lay-up is [(<30,10>,<-30,-10>)2,<90,90>], with a = 400 mm and b = 300 mm, h = 1.75 mm. Fig. 3
depicts each type of layer of the laminate.

(a) ply <30,10> (b) ply <-30,-10> (c) ply <90,90>

Figure 3: Illustration of the fiber orientations of the three types of layers used in the ten-layer laminate with lay-up
[(<30,10>,<-30,-10>)2,<90,90>]s [21].

Table 4 shows the values of the first six natural frequencies obtained from the Rayleigh-Ritz (R-R) model
with N = M = 9, with the counterparts provided by [21], for the tow-steered laminate. Also illustrated are
the vibration mode shapes corresponding to the six vibration modes considered.

It can be seen that the values of the three sets of results are very close to each other, which serves an indica-
tor of the satisfactory accuracy of the Rayleigh-Ritz model developed for modeling tow-steered composite
laminates.

3.3 Natural frequencies and specific damping capacity of tow-steered laminates

The interest here is to examine the influence of various fiber paths on the undamped natural frequencies and
specific damping capacities of a set of laminates obtained by changing the values of T0 and T1 appearing
in 42. For this purpose, one considers a laminated made of 913-TS with lay-up [(< T 0, T 1 >)4]s and
dimensions a = 252 mm, b = 192 mm, h = 1.155 mm.

Figures 4 and 5 show, in color maps, the values of the first six natural frequencies and SDC obtained for
combinations of T0 and T1 in the range −90◦ − 90◦, with 5◦ increments. The values on the diagonal dashed
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Table 4: Values of the natural frequencies obtained from Rayleigh-Ritz, FE and experimental analyses for
the ten-layer tow-steered laminate

.

Mode shapes

Freq. (Hz) R-R 47.193 49.421 84.318 106.34 115.88 158.57
FEM2 47.126 49.449 84.279 106.16 115.65 159.40
Exp.2 50.897 57.522 85.777 109.28 120.14 162.36

2 Data from [21]

lines correspond to non-steered composites, for which T0 = T1. In each graph, the circle markers indicate the
maximum values of natural frequencies and SDC for the corresponding vibration mode, while the triangles
indicate the corresponding minimum values.

Table 5 summarizes the results of Figs. 4 and 5, indicating the maximum and minimum values of the natural
frequencies and SDC obtained for each vibration mode in the range of T0 and T1 considered. It can be seen
that the range of variation of the natural frequencies and SDC vary considerably from one vibration mode to
another. As, according to the formulation developed in Section 2, both the natural frequencies and SDC are
determined by the modal strain energies, it can be concluded that the sensitivity of a given natural frequency
or SDC depend on the corresponding vibration mode shape. However, a regular variation pattern cannot be
identified. Fig.6 illustrates the fiber trajectories of some of the plies corresponding to maximum values of
natural frequencies and SDC.

Figure 4: Influence of steering angles T0 and T1 on the undamped natural frequencies of the first six vibration modes.
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Figure 5: Influence of steering angles T0 and T1 on the SDC of the first six vibration modes.

Table 5: Summary of the influence of the steering angles T0 and T1 on the first six natural frequencies and specific
damping capacities.

Freq. (Hz) Max. (Hz) Lay-up Laminate Min. (Hz) Lay-up Laminate Diff.1 (%)

f1 52.42 [(<70,-90>)4]s steered 40.27 [(<90,90>)4]s non-steered 26.2
f2 111.9 [(<30,-90>)4]s steered 45.45 [(<-75,-55>)4]s steered 84.5
f3 152.0 [(<25,-90>)4]s steered 94.41 [(<90,90>)4]s non-steered 46.7
f4 181.6 [(<10,90>)4]s steered 124.14 [(<-55,50>)4]s steered 37.6
f5 200.2 [(<25,90>)4]s steered 139.02 [(<-75,10>)4]s steered 36.1
f6 297.3 [(<85,-90>)4]s steered 189.72 [(<-65,-10>)4]s steered 44.2

Damp. (%) Max. (%) Lay-up Laminate Min. (%) Lay-up Laminate Diff.1 (%)

SDC1 6.726 [(<90,90>)4]s non-steered 5.210 [(<-75,90>)4]s steered 25.4
SDC2 6.589 [(<70,60>)4]s steered 3.123 [(<-45,90>)4]s steered 71.4
SDC3 6.511 [(<90,90>)4]s non-steered 1.663 [(<-30,65>)4]s steered 118.6
SDC4 6.269 [(<70,40>)4]s steered 0.761 [(<0,0>)4]s non-steered 156.7
SDC5 6.294 [(<90,90>)4]s non-steered 1.690 [(<10,90>)4]s steered 115.3
SDC6 5.921 [(<70,90>)4]s steered 1.224 [(<55,80>)4]s steered 131.5

1 Relative difference computed as 2(Max.−Min.)/(Max.+Min.).
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(a) Lay-up: [(<70,-90>)4]s (b) Lay-up: [(<30,-90>)4]s (c) Lay-up: [(<25,-90>)4]s

(d) Lay-up: [(<10,90>)4]s (e) Lay-up:[(<25,90>)4]s (f) Lay-up: [(<85,-90>)4]s

(g) Lay-up: [(<70,60>)4]s (h) Lay-up: [(<70,40>)4]s (i) Lay-up: [(<70,90>)4]s

Figure 6: Lay-up configurations of some steered plies corresponding to the maximum values of the natural frequencies
and SDC given in Table 5.

Figure 7 shows the driving point frequency response functions (receptances corresponding to the point
x = a/4 and y = b/8) for some of the lay-ups given in Table 5, compared to the associated undamped
configurations. Table 6 shows the first six vibration mode shapes of the tow-steered plates. This results en-
able better evaluation of the influence of fiber steering on the natural frequencies, mode shapes and vibration
amplitude levels. It can be seen that a large range of diversity in terms of dynamics characteristic is provided
for the steered configurations.

4 Conclusion

This work presented a numerical assessment of the influence of fiber steering on the natural frequencies,
specific damping capacities and natural vibration modes of CFRP plates, for different fiber trajectories.
A numerical procedure has been developed to enable the calculation of specific damping capacities of tow
steered composites. It has been shown that a semi-analytical Ritz-type modeling combined with the Classical
Lamination Theory was capable of providing a sufficiently accurate dynamic model of tow steered plates and
to capture the effect of fiber steering on damping. Due to the typical low number of degrees-of-freedom, such
a model is very convenient to alleviate the computation cost involved in the analyses.
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Figure 7: Frequency response function (FRF) of the results presented in Table 5.
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Table 6: Mode shapes of the non-steered and some steered composite plates presented in Table 5.

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6

[(<0,0>)4]s

[(<70,-90>)4]s

[(<30,-90>)4]s

[(<25,-90>)4]s

[(<10,90>)4]s

[(<25,90>)4]s

[(<85,-90>)4]s

[(<70,60>)4]s

[(<70,40>)4]s

[(<70,90>)4]s

In the present investigation, the steering configurations considered were defined by only two geometrical
parameters, θ0 and θ1, whose values were extensively combined for the analyses of a large number of possible
steering configurations. From those, the configurations presenting maximum and minimum values of natural
frequencies and SDC for the first six vibration modes of the laminate were identified. It was possible to
verify that broad ranges of values of these dynamic were covered by the steering configurations considered.
This confirms that fiber steering can be an effective strategy for the design of composite laminates in terms
of their dynamic behavior. In particular, it has been found that damping levels can be significantly increased
by exploring fiber steering.

However, since the influence of fiber steering on the natural frequencies and modal damping factors are
driven by the strain and dissipated energies associated to the vibration modes, the improvement of the dy-
namic behavior of laminates in a given frequency band encompassing various vibration modes certainly
involves the concurrence of many candidate configurations, each of which favors a particular dynamic fea-
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ture. Hence, in these cases, numerical multi-objective optimization must be used, and is being presently
investigated by the authors.

Despite the existence of a number of technological and scientific issues to be tacked, it seems clear that the
emergence of tow steered composites broadens the possibilities of achieving improved dynamic performance,
as compared to traditional unidirectional composites.
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Abstract 
The paper analyzes the influence of prestressing force on the natural frequencies on Glass Fibre 

Reinforced Polymer (GFRP) composite beams. Prestress is introduced by applying initial tensile forces to 

the fibres embedded in selected layer of the composite material during the manufacturing process. Release 

of prestressing forces results in deformation and self-equilibrated state of stress of the entire composite 

which changes both its static properties and dynamic characteristics. The paper is focused on analysis of 

shifts in natural frequencies corresponding to initial bending modes of the composite beams of various 

fibre volume fraction and prestressed layer location. The problem is analyzed with the use of finite 

element simulations and experimental modal analysis. The conducted numerical and experimental work 

reveals that shifts in the natural frequencies caused by non-axial prestressing can be significant and they 

are important phenomenon which has to be taken into account during design of the composite material. 

1 Introduction 

Initial prestressing is effectively used in reinforced concrete structures, such as girders and slabs, in order 

to minimize tensile stresses generated during bending and to overcome low tensile strength and brittle 

behaviour of concrete. Large number of applications of prestressed concrete structures in civil engineering 

proves that such technique is efficient and allows to design lighter and more durable structures. In the 

recent years the concept of prestressing was generalized and applied to fibre reinforced laminates of 

polymeric matrix. In such case prestressing refers to initial pre-tensioning of the reinforcing fibres of 

selected layers of the laminate, which produces clamping load generating compressive stresses in the 

surrounding matrix and self-equilibrated state of stress of the entire laminate. Depending on the location 

and orientation of the layer the introduced prestress may evoke various state of deformation and state of 

stress of composite material. Therefore, prestressing provides wide possibilities for modifying initial state 

of composite elements and enables influencing their response to external loading. 

From technological point of view the process of composite prestressing is relatively simple. The first step 

is pre-tensioning of the fibres, which is conducted after moulding but before curing of the matrix. In this 

stage the external tensile force is applied to the fibres of selected composite layer causing their elongation 

and corresponding tensile stresses. Since polymeric matrix remains in uncured state and it is not yet 

solidified, it is not affected by applied pre-load. Further, the laminate is cured in a standard manner, 

causing the matrix to harden, to adhere and bond to prestressing fibres. Once the composite is entirely 

cured and cooled down to room temperature the external tensile force is released. The pre-tensioned fibres 

tend to contract and static friction forces cause that compressive stresses are locally induced to the 

surrounding matrix. This results in generation of the initial state of deformation and initial state of stress in 

the entire composite specimen.  
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Most of the publications devoted to prestressed fibre reinforce polymer (FRP) composites analyze the 

influence of prestress on their static properties. The researchers had reported significant advantages of 

prestressing such as improvement of load-carrying capacity [1, 2, 3], reduction of thermally induced 

residual stresses and increased durability to fatigue [4], reduction of fibre misalignment [5] and increase of 

resistance to stiffness degradation [6]. The paper [7] presents simple analytic model of the prestressed 

laminated composite, which is verified by standard numerical model and experimental analysis of 

prestressed composites samples, and further used for optimization of the applied prestressing forces.  

In contrast, the number of publications related to dynamic properties of prestressed structures is very 

limited. In particular, the influence of the prestress on modal characteristics and mode shapes is not well 

recognised. In fact, there seems to be certain contradiction in conclusions drawn by particular authors. 

Several researchers observe decrease in natural frequencies of prestressed concrete structures [8, 9, 10], 

which corresponds to “compression-softening” effect occurring in externally, axially loaded homogenous 

beams. Other researchers suggest that natural frequencies of prestressed concrete structures are unaffected 

by prestressing forces [11, 12]. Finally, there are papers reporting that prestressing causes increase of 

natural frequencies of the reinforced concrete structures [13, 14, 15]. The extensive experimental 

investigation of the natural frequencies of prestressed composites beams with various  location of the 

prestressing strand and various magnitude of prestressing force is presented in [16]. Unfortunately, the 

analysis does not reveal any non-random, statistically relevant correlation between application of 

prestressing force and direction of the shift of natural frequencies. According to above discussion the 

problem of the influence of the prestressing force magnitude and location on the natural frequencies of the 

prestressed FRP composites remains an open question.  

The paper attempts to fill the above gap in the theory of prestressed structures by detailed numerical and 

experimental analysis of fibre reinforced composite polymer beams of various fibre volume fraction, 

location and  magnitude of the prestressing force. The remainder of the paper is organized as follows. The 

second section briefly describes fundamentals of the finite element modelling of prestressed composites. 

The third section presents results of finite element simulations aimed at determination of natural 

frequencies of composite beams subjected to non-axial prestressing. In the fourth section the modal 

characteristics of the same composite beams are analyzed with the use of Experimental Modal Analysis. 

Finally, the conclusion section attempts to identify two phenomena responsible for shifts in natural 

frequencies of prestressed structures and shed a new light on interpretation of the prestressing effect.  

2 Finite element model of prestressed composite 

The complete derivation of the equations governing the finite element model of the prestressed composites 

was presented in previous paper of the authors [17]. Therefore, herein we will discuss exclusively the  

basic assumptions of the analysis and final form of the equations describing small-displacement static 

model, large-displacement static model and large-displacement dynamic model of the composite structure.  

The proposed model will be based on layer-wise (LW) method, which utilizes three dimensional modeling 

of each layer of the composite and does not directly apply classical kinematic hypotheses of the plate 

theory. 

In all considered problems the material will be assumed as linear elastic. We will apply standard 

constitutive equation for the prestressed material, which links the strain tensor  o
ε ε  with the stress tensor 

 o
σ σ . The upper index “zero” indicates initial strains and stresses. 

In the case of assumption of small displacement theory the relation between strains and stress will be 

expressed in a standard manner, with the use of first order linear differential operator including derivatives 

with respect to subsequent space variables. The corresponding equation of the Finite Element Method 

describing static equilibrium of the composite takes the form: 

  0 0K q R P  (1) 

where q  are nodal displacements, P  are nodal forces, 0K is the global linear stiffness matrix composed 

of element matrices K 
(e):  
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 T

V

dV 
(e)

K B DB  (2) 

where B  is the so-called strain matrix involving derivatives of elements’ shape functions and V is the 

volume of the finite element. Finally 
0R  expresses internal elastic bonds resulting from prestress and is 

composed of element vectors (e)

0R  given in the form: 

 T

V

dV 
(e)

0 0R B σ  (3) 

Eq.1 can be solved with the use of standard methods of linear statics in order to obtain displacement field 

caused by initial prestress and applied external loading. 

In contrast, in the case of adopting the large displacement theory the relation between strains and stresses 

is expressed with the use of nonlinear differential operator, which includes the products of derivatives with 

respect to subsequent space variables. In this case, the equation of the Finite Element Method describing 

equilibrium of the composite takes the form: 

    NL σ 0K K q R P  (4) 

where NLK  is the “geometrically nonlinear” global stiffness matrix corresponding to current configuration 

of the structure, composed of elements’ stiffness matrices 
(e)

NLK : 

 T

v

dV 
(e)

NLK B DB  (5) 

in which the integration is performed over actual (deformed) volume of the finite element, while σK  is 

global stress stiffness matrix composed of elementary stress stiffness matrices 
(e)

σK : 

 
v

dV 
(e) T

σK B σB  (6) 

where σ  is the tensor of Cauchy stresses and integration is also performed over actual volume of the finite 

element. Let us note that matrix NLK  reflects large deformation of the prestressed structure, while matrix 

σK  describes the so-called “stress-stiffening” effect. Eq. 4 can be solved with the use of standard iterative 

methods of non-linear statics in order to obtain displacement field caused by initial prestress and applied 

external loading. 

When large displacement theory is assumed the finite element equation governing the dynamics of 

prestressed structure takes the form: 

       ( ) ( )t t t t   NL σ 0Mq K K q R P  (7) 

where M  is the global mass matrix composed of elementary mass matrices (e)
M : 

 ( ) T

v

dV 
e

M N N  (8) 

where   is material density, N  is the shape functions matrix, whereas NLK , σK  and 
0R  are defined in 

the same way as previously. By assuming that there are no external forces acting on the system, we obtain 

homogenous equation describing free vibrations of the structure. Further, by assuming that harmonic free 

vibrations in the form    sint t  q q , where q  is  vector of vibration amplitudes, we obtain system 

of linear homogeneous algebraic equations: 

  2  NL σK K ω M q 0  (9) 

which has non-zero solutions when: 
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  2det 0  NL σK K ω M  (10) 

We obtain a polynomial of degree n in respect of 
2

ω , where ω  are natural frequencies of vibrations of 

the prestressed structure. The corresponding eigenvectors indicate its mode shapes.  

Let us once again highlight the fact that components of the stiffness matrices NLK  and σK  depend on 

deformation of the structure and state of stress resulting from prestress. Therefore, the modal analysis of 

the prestressed structure has to be always preceded by nonlinear static analysis. Otherwise, the effect of 

prestress will not be observed.  

3 Numerical simulations of prestress effect 

The model of the prestressed composite analyzed the numerical tests was uni-directionally reinforced 5-

layer composite beam with geometrical dimensions: length L=0.2 [m], height h=0.00131 [m] and width 

w=0.01 [m]. Each layer of the composite was constructed of the resin (=1200 kg/m3, E=3.5 GPa, v=0.35) 

and reinforcing fibres (=2600 kg/m3, E=60 GPa, v=0.22). The fibre volume fraction in the subsequent 

analysis was modified in the range between 20% to 90%. The finite element analysis always consisted of 

two separate steps: 

 static prestressing of the lowest layer of simply supported composite beam by forces of a various 

magnitudes, aimed at determination of the stiffness matrix for further computations, Fig. 1a;  

 modal analysis of prestressed composite with modified boundary conditions (static scheme of a 

cantilever), aimed at finding natural frequencies corresponding to initial bending modes and their 

change caused by prestressing, Fig. 1b. 

 
Figure 1: Boundary conditions applied in simulation: prestressing step (a), modal analysis step (b), 

scheme of the layers numbering (c) 

 

The static analysis of the prestressing process enabled comparison of the deflection obtained with the use 

linear and nonlinear layer-wise (LW) model, as well as linear and nonlinear equivalent single layer (ESL) 

model. In all cases comparable values of maximal displacement were obtained (Fig. 2a). However,  it was 

observed that both nonlinear model results in slightly smaller value of displacement.  

Maximal deflection difference between linear and nonlinear LW models was analyzed for various fibre 

volume fractions and magnitudes of prestressing forces (Fig. 2b). The smallest difference was obtained for 

the highest fibre volume fraction (below 1% for prestressing force of 200N), while the largest discrepancy 

was observed for the smallest fibre volume fraction (above 8% for prestressing force of 200N). This 

confirms intuitive conclusion that linear model provides much better estimation of stiff prestressed 

structure with high volume fraction then compliant structure with small fibre volume fraction.  

 

2242 PROCEEDINGS OF ISMA2018 AND USD2018



 

Figure 2: Comparison of deflection obtained from linear and nonlinear LW and ESL models (a), 

comparison of linear and nonlinear LW models for various FVF and magnitude of prestressing force (b) 

 

The elaborated numerical model also allows to analyze change of longitudinal strains and stresses in 

prestressed beam. Fig. 3a shows that applied non-axial prestress being a superposition of compression and 

bending causes that maximal shortening of the lowest layer is significantly larger than maximal elongation 

of the upper one. Moreover, it reveals that dependence between the absolute values of the longitudinal 

strains and fibre volume fraction of the composite is nonlinear. In turn, Fig. 3b shows exemplary 

distribution of stresses which clearly corresponds to applied loading combining compression and bending. 

It includes transparent shift of stress at the boundary of the prestressed layer.   

 

 

 

Figure 3: Comparison of maximum strain obtained for various fibre volume fractions (a),  exemplary 

stress distribution in the middle cross section of the beam (b) 

 

In the following stage of numerical simulations the modal analysis was used to compute natural 

frequencies and modal shapes of prestressed composite beams and their shifts caused by change of  

magnitude of the applied prestressing force. In order to observe the effect of prestress the  stiffness matrix 

used in computations included both the effect of prestressing and structure deformation (cf. Eq.7, Sec.2). 

The analysis was focused exclusively on bending modes, which are the most sensitive to prestress. The 

initial bending modes of the prestressed structure are presented in Fig. 4. They appear to be qualitatively 

similar to the bending modes of straight non-prestressed beam, however they are imposed on deformed 

configuration of the structure. 
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Figure 4: Three initial bending modes of the non-prestressed straight composite beam (a) and deformed 

prestressed composite beam (b) 

 

 

The comparison of natural frequencies corresponding to three initial bending modes of prestressed  

composite beams with various fibre volume fraction is presented in Table 1. It is observed that for the first 

bending mode the applied prestressing force causes increase of the natural frequency. The effect is more 

transparent for the fibre volume fraction equal to 20%, which is associated with larger compliance and 

deformation of the composite structure. Moreover, the effect of increase of the first natural frequency 

gradually decreases when the prestressed layer is located closer to the natural axis of the beam, which 

corresponds to smaller flexural deformation caused by prestress.  

The influence of prestress for the second and third bending mode is reversed, i.e. prestressing force causes 

decrease of the natural frequency of these modes. Similarly as in previous case, the effect is more 

transparent for smaller fibre volume fraction and it decreases when prestressed layer is located closer to 

the natural axis of the beam.  

 

 
0 MPa 

(20%) 

100 MPa 

1st layer 

(20 %) 

100 MPa 

2nd layer 

(20%) 

100 MPa 

3rd layer 

(20%) 

0 MPa 

(50%) 

100 MPa 

1st layer 

(50 %) 

100 MPa 

2nd layer 

(50 %) 

100 MPa 

3rd layer 

(50 %) 

1 mode 18,62 19,00 18,70 18,63 24,07 24,19 24,11 24,09 

2 mode 116,61 106,94 114,20 117,06 150,72 147,72 150,16 150,99 

3 mode 326,25 315,29 324,13 327,43 421,50 418,18 421,24 422,25 

 

Table 1: Natural frequencies [Hz] of three initial bending modes for non-prestressed and prestressed 

composite beams of fibre volume fraction 20% and 50%. 
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The last investigated topic was detailed analysis of the influence of prestressing force of the same 

magnitude, applied to various layers of the beam. The conducted simulations confirm that the largest shift 

in natural frequency occurs in case of prestressing of the lowest layer of the composite (Fig. 5). The 

corresponding frequency shift is the largest in case of 20% fibre volume fraction. It exceeds 2% for the 

first mode, -8% for the second mode and -3,4% for the third mode. Although the frequency shifts 

corresponding to fibre volume fraction 50% are significantly smaller, they are also the largest in case of 

prestressing of the lowest layer. When prestressing is applied to the layer located closer to the middle 

surface of the composite the relative change in each natural frequency decreases. In particular, in the case 

of axial prestressing the shifts in frequency are almost negligible. An illustrative example can be the 

frequency shift observed in the most compliant, axially prestressed composite with FVF=20%, which does 

not exceed 0,4%. Therefore, it can be concluded that the factor which has the largest influence on modal 

characteristics of prestressed composite is the change of composite shape.  

 

 

Figure 5: Relative change of frequency caused by prestressing force of magnitude  260 N applied to 

different layers of composite. Results presented for the first (a), second (b) and third (c) bending mode 

4 Experimental verification 

In order to identify influence of the prestress on the modal behaviour of the composite beams, two types of 

composite plates were prepared: 

 one plate composed of 5-layer of bidirectional E-glass fabric and epoxy resin with no external 

force applied during fabrication, 

 one plate composed of 5-layer of bidirectional E-glass fabric and epoxy resin with tension applied 

to the outer layer during fabrication. 

Both plates were manufactured simultaneously by the vacuum bag technique and cured in identical 

conditions. The prestressed plate was manufactured using a so-called prestressing bed presented in Fig. 6a. 

Methodology of preparation the prestressed composite with the use of such device was described by 

Krishnamurthy in [4]. The main part of the prestressing bed was a plane table, made of two blocks: one of 

them was fixed to a base plate and the other one was movable. A load screw was installed in the moving 

block in  that way, that the screw end was blocked in the fixed part of the prestressing bed and the 

movable part was shifted by the rotation of the screw. For the purpose of alignment of the moving and 

fixed blocks two guide bars were used. The glass fabric was mounted on the prestressing bed by the use of 

clamps placed at its opposite ends and prestress was applied by screw rotation. Prestressing force was 

measured by the load cell installed in the fixed part of the prestressing bed. The force acting on the sensor 

was a reaction force due to the tensioning of the fabric. After finishing the plates preparation, each plate 
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was cut into beam samples with 0.02 [m] width and  0.2 [m] length and tested by the use of experimental 

modal analysis procedure.   

 

Figure 6: Prestressing bed scheme (a), view of the prestressing bed during samples preparation (b), view 

of the modal shaker with specimen during modal test experiment (c). 

 

The experimental test-stand for modal analysis research was composed of modal shaker ModalShop 

2100E11, Polytec Scanning Vibrometer PSV-400-3D and acceleration sensor B&K 4507 B 004. The 

modal shaker created wide band pseudorandom excitation according to control signal produced by Polytec 

PSV-400-3D internal signal generator. Velocity of vibrations of the specimen were measured by the 

Scanning Vibrometer in 1D configuration, in direction normal to surface of the specimen. The acceleration 

sensor B&K 4507 B 004 was used as a reference sensor measuring the vibrations in direction of shaker 

excitation. Signals from the scanning head and the accelerometer as well as from the generator were 

recorded by PSV-400-3D acquisition system for purpose of further analysis. 

During modal experiments, the tested specimens were mounted in special mounting clamp, attached to the 

shaker, which allowed to create repetitive boundary conditions for all experiments. The reference sensor 

was constantly mounted on clamp not influencing vibrations of the specimens. It has been decided to 

focus only on identification of bending modes. Due to this, measurement points created a straight line on 

the surface of the specimen. 

For each specimen the test procedure was repeated ten times. Between repeating measurement, the sample 

was removed from mounting clamp and mounted again before start of a test. This approach allowed to 

identify dispersion of experiment. The frequencies measured for successive tests of given beam did not 

differ more than 0,8%. Averaged values of  identification of modal parameters as well as relative 

differences between frequencies measured for prestressed and non-prestressed sample are presented in 

Tab. 2. Fig. 7 shows Complex Mode Indicator Function for examined prestressed and non-prestressed 

composite beams.  

 
Figure 7: CMIF functions for examined prestressed and non-prestressed composite beams: for 

frequency range 0 -700 Hz (a), for frequency range 0-50 Hz (b). 
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Mode number 

natural frequencies of 

non-prestressed sample 

[Hz] 

natural frequencies of 

prestressed sample 

[Hz] 

relative 

frequency 

change [%] 

1st 17 17.3 1.8 

2nd 107.5 101.5 -5.6 

3rd 303.4 288.2 -5.0 

Table 2: Results of experimental measurements. 

 
The increase of fundamental frequency was observed for the prestressed samples of composite cantilever 

beam. In turn, the second and third bending frequency for those beam decreased with prestress application. 

Character of frequency change observed in the experiment reflect the overall character of frequency 

change revealed by numerical computations. 

5 Conclusions 

Prediction of changes of the natural frequencies of fibre reinforced polymer composites caused by applied 

prestressing force appeared to be relatively complex numerical and experimental problem. Conducting 

numerical simulation requires taking into account the effect of structure deformation and the effect of 

generated non-uniform state of stress, and their influence on stiffness matrix of the model. In turn, the 

challenging problems during experimental analysis include obtaining required thickness and stiffness of 

the specimens, as well as taking into account the processes such as relaxation and creep. The presented 

study clearly shows that non-axial prestressing of the fibre reinforced polymer beams significantly 

changes their dynamic characteristics including natural frequencies and mode shapes. The most important 

conclusions from above numerical and experimental work are as follows: 

 the influence of prestress on natural frequencies of the composite beams is significant when 

prestressing causes their large flexural deformation;  

 prestressing causes increase of the natural frequency associated with the first bending mode of the 

composite beam; 

 prestressing causes decrease of the natural frequencies associated with the second and third 

bending mode of the composite beam (and probably the same holds for subsequent modes); 

Conducted research indicates that shifts in the natural frequencies of prestressed composite beams are 

caused by two concurrent but counteracting effects: i) the stress-stiffening effect and ii) prestress-induced 

change of beam geometry. The following hypothesis can be drawn. In the case of the first bending mode 

the stress-stiffening effect prevails over the geometry-change effect and thus the natural frequency 

increases. In turn, for the subsequent bending modes the stress-stiffening effect gradually diminishes while 

geometry-change effect raises and thus the corresponding natural frequencies decrease.  

The entire analysis reveals that in case of non-axial prestressing the resulting frequency changes can be 

significant. Therefore the observed frequency shift it is a practically relevant phenomenon, which has to 

be taken into account during potential application of prestressing technology in FRP composite structures.   
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Abstract
The design and evaluation of lightweight structures is a multi-step process that involves several different at-
tribute evaluations. In the early design phase, specific functions of the structure have to be decided, geometry
may not yet be fixed and materials must be assigned. Only rough values of attributes such as mass, stiffness
and Noise, Vibration & Harshness (NVH) behavior can be estimated. On the other hand, in the final design
process, full finite element models predict detailed product performance. The links between early design
decisions and final product performance are not always apparent. More importantly, the variation of differ-
ent concept models, which are most efficiently evaluated in the early design stage, must also be correlated
to final design specifications. This work aims at defining a work-flow for the multi-attribute evaluation of
concept variants, using a lightweight car door as an example.

1 Introduction

Weight reduction is one of the cornerstones of structural design, however it needs to come together with a
minimal impact on other key attributes such as cost, performance or robustness. Manufacturing industries
such as aerospace or automotive look for lightweight designs since weight is one of the main factors influ-
encing fuel consumption and vehicle emissions, so providing such designs represent a strong competitive
advantage and a way to accomplish the more and more strict regulations on emissions. On top of being
lightweight, these designs should be at the same time reliable, cost-competitive and easy to manufacture,
among other characteristics.

This research aims to provide a tool to evaluate in an objective way the main attributes that are relevant in
a conceptual design of a mechanical structure. For every attribute of every new concept, a metric value is
calculated/assigned on which the evaluation of the concept will be assessed. In this sense, our approach is
based on Concurrent Engineering (CE), since different attributes coming from different engineering fields
(mechanical, manufacturing, design, ...) are integrated simultaneously in order to reduce the product’s time-
to-market [1]. The end goal is to determine which concept is the most promising to elaborate in the next
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phases of the design process based exclusively on objective information on the metric values and therefore
enriching the designers experience in unexplored yet design spaces.

Several tools have been developed in the past to assist during the concept phase of the development process,
such as CDSTsped [2], AIDA [3], MODESSA [4], Schemebuilder [5], EFDEX [6], 2nd CAD [7], IDEA-
INSPIRE [8], Concept Generator [9], DFX [10], DEE [11]. Some of these tools are designed for generating
concepts from a database, whereas others cover the conceptual design process including an evaluation of the
generated concepts. They all use varieties of approaches for representation and categorization of designer
knowledge, however most of them are limited to specific domains. In general, the main focus of these tools
is on concept generation, while the evaluation and scoring is still a manual process (based on knowledge and
past experience) instead of using a model-based approach with metric values of the attributes.

Since this research focuses on application in the manufacturing industry for the transport sector, one of the
most important attributes to evaluate in the design is the Noise, Vibration and Harshness (NVH) behavior.
NVH affects decisively the comfort and user-experience of the passenger, being a key decision maker for
potential customers when using or acquiring the product, and furthermore because NVH becomes one of the
more complex attributes to master when considering the overall trend towards lighter structures and design.

Section 2 focuses on the flowchart and general way of working of the proposed methodology, while section
3 deepens on the implementation of the multi-attribute evaluation within the selected tools selected. Section
4 shows a preliminary strategy for filtering and ranking of the concepts, and section 5 presents an application
example consisting of a door frame structure, for which five different concepts are ranked based on an
objective multi-attribute evaluation. To end, section 6 draws some conclusions.

2 General methodology

Figure 1 shows the general flowchart of the proposed methodology. As a preliminary step, the user should
provide a list of requirements that the product must fulfill (i.e. mass should be less than 10 kg, first vibration
frequency must be above 50 Hz). A spreadsheet gathers this information.

Figure 1: General flowchart of the methodology proposed

Since the goal is to compare different concepts (in geometry, functionality or any other characteristic), the
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first step should be to represent them in a formal and consistent way (step A of Figure 1). Thus, an integrated
concept model will encode all the information describing a concept from different viewpoints in a computer-
readable form. This can be done by using basic spreadsheets [12], computer aided design (CAD) tools [13]
and more abstract formalization languages, such as Systems Modelling Language (SysML, [14]).

To be able to objectively score each concept a number of attributes will be evaluated. The list of attributes
evaluated may vary depending on the product, however those included in this research are more biased to-
wards the conception of automotive or aerospace components. Therefore, attributes such as mass, stiffness,
strength, fatigue, NVH, cost, manufacturability and robustness are considered. The approach is to create at-
tribute models based on the formalized concept models, (step B in Figure 1) obtaining a unique performance
metric for each attribute of the concepts (step C in Figure 1). This is straightforward in some cases (mass
or cost), but may be more difficult for others (manufacturability or NVH). By doing so, the concept scoring
(step D in Figure 1) is enriched with model-based input.

Special mention to NVH, since all the information regarding such an extensive and key discipline for auto-
motive and aerospace design needs to be simplified to a value. Within this study, the following expressions
are used to assess the NVH behavior: (i) the first dynamic eigenfrequency of the considered structure, (ii)
the Sound Transmission Loss value and (iii) the Sound Absorption Loss value.

The framework selected to implement our methodology is FreeCAD [15], since it provides an open-source
environment for CAD/CAE and FEA and it is based on Python, which eases the implementation of in-house
codes within it. Consequently, a new workbench is created in FreeCAD, which includes all the capabilities
of the methodology proposed. This workbench and the way of working proposed for the methodology is
shown in Figure 2

Figure 2: Workbench implementation based on python codes visualized in FreeCAD environment.

However, it has to be highlighted that this methodology is modular, flexible and easily transferable to other
frameworks (Figure 3). For instance, attributes related to NVH or others that require complex FEA can be
also obtained using external commercial software.

The specific steps required to use the workbench in the FreeCAD framework are stated below:

• Define the requirements of the product or import them from the reference product.

• Define or import the geometry of the concept.

• Decompose the geometry of the concept in different parts or components, extracting the connectivity
between them.

• Define the materials and load cases existing in the concept.

• Perform the multi-attribute evaluation of the concept.

• Perform the filtering and ranking of the concepts.
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Figure 3: Workbench implementation based on python codes visualized in other environments and coupled
with other conception tools.

3 Multi-attribute evaluation

This section describes in detail the implementation of the evaluation methods behind the attributes mentioned
in Section 2. Most of the attributes are evaluated using in-house Python scripts that either directly perform
the calculations or that link the FreeCAD framework with external software.

Attribute Metric
Mass Total mass [kg]
Strength Stress ratio [-]
Stiffness Stiffness [N/m]
Fatigues Number of cycles [-]
Modal analysis First eigenfrequency [Hz]
Sound absorption loss Integrated SAL [dB]
Sound transmission loss Integrated STL [dB]
Robustness Robustness [%]

3.1 Mechanical attributes

The mechanical attributes that are considered in the framework of the research project are mass, stiffness,
strength and fatigue. The magnitude of these attributes can already be estimated in the early design phase
and therefore these attributes can be used as one of the key decision factor whether to further elaborate the
concept or not.

Mass The mass calculation is based on the volume of the geometries within the concept and the density of
the materials involved. The metric to be used in the filtering and ranking algorithms is the total mass of the
concept.

Strength and stiffness The evaluation of strength and stiffness is based on Finite Element (FE) simulations
that can be performed either directly within FreeCAD or by using an external software. The results of the
FE analysis are further processed to extract the relevant information, such as maximum displacements and
stresses for all the components of the assembled concepts. The information is then filled in in the table,
as shown in Figure 4, where ”Beam” and ”Plate” refer to the individual components that together build up
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the concept. These values will be reused in the fatigue estimation. The metric to be used in the filtering
and ranking algorithms for strength is the maximum tensile and compression stress at each material, and for
stiffness is the inverse of the structural compliance, which is calculated as:

C =
1

2
· uT · f (1)

where u is vector of displacements and f is the vector of forces (both in all nodes of the structure).

Figure 4: Overview of stiffness, strength and fatigue results in FreeCAD.

Fatigue For the assessment of fatigue in early design phases, when the geometry is not yet fixed, the de-
signer cannot rely on detailed time-domain simulations because they are both time consuming and highly
dependent on the geometry. Therefore, the approach followed in this project is based on S-N curves. How-
ever, since the methodology is flexible, fatigue results could be extracted from a specific external software
as well. The S-N curves relate the cyclic stress (S) within a product to the number of cycles (N) to failure.
These curves are commonly used to describe the material fatigue performance.

The implementation of the S-N curves within FreeCAD is based on information in CES Selector [16]. Once
the S-N curves of the materials are incorporated to the workbench (see Figure 5), the number of cycles until
failure is obtained by looking up the number of cycles corresponding to the maximum stress within each
material. The results are shown in the results table in Figure 4). The table indicates whether the current
concept fulfills the requirements defined by the designer. The metric to be used in the filtering and ranking
algorithms for fatigue is the minimum amount of cycles that can be withstand by all the components within
the concept.
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Figure 5: S-N curve defined for a specific material.

3.2 NVH attributes

Three descriptors, whose implementation can be seen in Figure 6, are used to assess the NVH behavior of
the considered structures:

First eigenfrequency [Hz] The first resonant frequency (f1 = 2πw1) is automatically computed from
the mass (M ) and stiffness (K) matrices. It is defined by solving for the smallest value of w verifying the
equation det(K − w2M) = 0.

Sound transmission loss (STL) Integrated [dB Hz] The sound transmission loss represents the amount
of sound, in decibels (dB), that is isolated (not transmitted) by a layer. In the project, the layer is assumed
infinitely large and can be a fluid, a plate or a mixt of both. It is computed using the transfer matrix method
[17]. In order to get a metric, the STL is integrated over the frequency range of interest (frequency in log
scale).

Sound absorption loss (SAL) Integrated [dB Hz] The sound absorption loss represents the amount of
sound, in decibels (dB), that is absorbed by a layer. In the project the layer is assumed infinitely large and
can be a viscoelastic or a poroelastic material. It is computed using the transfer matrix method [17]. In order
to get a metric, the SAL is integrated over the frequency range of interest (frequency in log scale).

3.3 Non-functional attributes

The main non-functional attributes that are considered within this research are cost, manufacturability and
robustness. Apart from these, there are also some use case dependent attributes such as thermal behavior,
recyclability and paintability, but these will not be tackled within this paper.

Cost To evaluate the cost of a design, an external tool: the Eco Audit tool from CES Selector [16] will be
coupled to the FreeCAD environment. The Eco Audit tool includes a broad set of information about material
prices, but also about the cost of manufacturing and joining processes (including energy and labour costs).
Basically, the cost model can be formulated as:

Cproduct =
∑

components

Cc +
∑

joints

Cj +
∑

manuf

Cmp (2)
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(a) First vibration mode. (b) Interface for STL analysis. (c) Interface for SAL analysis.

Figure 6: Implementation of the NVH attributes within FreeCAD.

where Cc, Cj and Cmp are respectively the cost of a component (material cost), the cost of a joint (labour
cost, adhesive cost, process cost) and the cost of the manufacturing process (machining cost, labour cost,
finishing cost, etc.). Figure 7a shows a view on the Eco Audit tool related to the cost of a product. For
detailed information about the cost formulation, interested readers are referred to [18].

The Eco Audit tool will be coupled to the FreeCAD environment, which allows the designer to calculate
the cost in the background without needing to know the details of the specific software. Eco Audit expects
as input from the user the materials, the mass, the primary and secondary manufacturing process and some
geometrical parameters of the concept. By extracting this information automatically from the design and
passing it to the Eco Audit tool, the designer will not be burdened with the manual look up and entry of
information. The total cost can be retrieved by FreeCAD from the exported cost report as shown in Figure
7b. The metric to be used in the filtering and ranking algorithms for cost is the total cost of the concept, from
raw materials to assembled product, that includes the raw materials cost, the assembly cost of the production
and the cost of the human labor.

Manufacturability The manufacturability information is obtained using the method developed by Flan-
ders Make in the Design For Manufacturing and Assembly project(DFMA, [19]). Within this project, a
generic scoring tool is developed to asses the manufacturability of both conceptual and detailed designs. The
DFMA tool consists of a set of generic questions, derived from some best practices in manufacturing and
design experience. Based on the answers on these questions, a relative score can be given to indicate how
easy it is to manufacture the product.

The methodology of the DFMA tool is implemented within FreeCAD. Since both geometrical information of
the concept, as well as additional information such as mass, joints, manufacturing processes, etc. is available
within the CAD environment, the answers on several of these questions is extracted automatically and a
metric value is calculated/assigned. For each metric value, a weighting factor and a reference needs to be
specified. This can be for instance extracted from a reference design. By comparing the answers for the
concept to the the answers for the reference case, a score can be given to indicate whether it is easier or more
difficult to manufacture the concept. In the end, the scores for each metric values are weighted and combined,
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(a) Cost calculation using Eco Audit tool. (b) Cost report as interface to FreeCAD.

Figure 7: The use of the Eco Audit Tool by CES as external tool to calculate the cost.

to come to a final score on manufacturability. Figure 8 shows the implementation of the manufacturing tool
in the workbench. The single value to be used in the filtering and ranking algorithms for manufacturability is
the weighted sum of all the metric values of the manufacturability combined. It is a percentage score which
indicates whether the concept is easier to manufacture (>100%) or more difficult (<100%).

Figure 8: Manufacturing evaluation.
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Robustness Robustness can be defined as ’reducing variation in a product without eliminating the causes
of the variation’ [20]. In other words, a product is robust if it is insensitive to variation (i.e., replacing one
of its components does not have an effect in the rest). In this project, the metric for robustness is obtained
based on the study of [21], which defines R as follows:

R = 1−
n∑

i=1

PXi · I ′Xi
(3)

where PXi is the probability (that a change occurs at a certain component i) and I ′Xi
the normalized impact

(of a specific component i in the whole product), respectively. The value of R can go from 0 to 1, being 0
non-robust and 1 robust. The values of PXi and I ′Xi

are derived based on the bi-directional dependencies
that a component Xi has with respect to other components Xj . In this project, the relations or dependencies
between components are based on geometrical connectivity. This information is extracted automatically
from the workbench, and summarized in a table similar to the one of Figure 9. In this table, the value ’1’
means that there is a dependency between components Xi and Xj (geometrical connectivity), whereas ’0’
means no dependency between Xi and Xj .

Figure 9: Table for definition of dependencies between the components of a concept.

The formulations required to obtain PXi , I
′
Xi

andR have been implemented in python codes that are included
within the workbench. Weighting factors are added since there might be components that are more critical
than others in a product design.

4 Filtering and Ranking of concepts

The end goal of performing a comprehensive multi-attribute evaluation in a vast variety of concepts is to be
able to discard most of them based exclusively on their insufficient performance in any of the attributes, and
later on rank the filtered concepts and determine in an objective way which one is the best candidate to pass
to the next design phase (Figure 10).

The filtering of the concepts is based on the information provided by the designer in the requirements file.
As an example, if the designer sets that the mass of the concept should be less than 10 kg, all the concepts
with a mass above 10 kg will be discarded. Among the concepts that pass the filtering phase, a scoring of
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Figure 10: Filtering and Ranking

the attributes is assessed in order to rank them. To do so, decision matrix [22] techniques can be applied.
These techniques are commonly used in design theory in different engineering/non-engineering domains. In
such a decision matrix, there are a number of concepts to be assessed on a number of attributes, respectively
the rows and columns of the decision matrix (Table 1). The relative importance of each attribute can be
altered by applying weighting factors (WF), since the relevance of an attribute may change depending on the
product. In this research, the acquisition of the required performance metrics from the models is automatic,
whereas the choice of the WF is a manual process to be filled in by the designer (last row of Table 1).

Mass Stiffness Strength Fatigue NVH Cost Manufact. Robustness
Concept 1
Concept 2

...
Concept n

WF

Table 1: Decision matrix for ranking of concepts

However, one can think that the concepts that the designer proposes are not always the best possible ones.
Therefore, this methodology is able to generate automatically new feasible concepts based on the informa-
tion gathered in the filtering and ranking phase, exploring the full design space available using algorithms
and an architecture-based model synthesis methodology. Further information about the automatic concept
generation in the framework of this research can be found in [23].

5 Application to a door frame structure

The methodology proposed in this research is applied to the design of an automotive door frame. Five differ-
ent concepts were defined, being three of them identical in terms of geometry, but with different materials.
Figure 11 shows the different concepts to be evaluated.

The attributes considered for evaluation are: mass [kg], stiffness [N/m], strength ratio (which is the relation
between the maximum stress and the maximum stress allowed), fatigue [#cycles], NVH (frequency of the
first eigenmode in [Hz]), cost [eur], manufacturability [%] and robustness [].
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Figure 11: Different concepts for evaluation of an automotive door frame

Once the multi-attribute evaluation is completed using the tools and scripts implemented in the workbench,
the upper part of the table of Figure 12 is automatically filled in. Moreover, the requirements set by the
designer at the beginning of the process are also stored. Then the metrics obtained during the analyses for
all attributes are compared against the corresponding requirements, and only the concepts that fulfill all the
requirements are filtered for the upcoming scoring and ranking phase. As seen in Figure 12, Concept 4
(Ramp Door) and Concept 5 (Rolling door) do not fulfill the requirements related to strength and fatigue.
This is reasonable since those concepts are built-in using weak materials such as net and PVC.

However, to continue with the explanation of the scoring and ranking strategy, let us filter all the concepts.
The next step should be to define weighting factors for the different attributes and assess a preliminary
ranking based exclusively on the objective performance of the concepts. The scoring of each attribute is
directly linked to the weight defined for it, meaning that the concept with the best metric value will score the
value defined as weighted factor, and the others will be scored proportionally. For instance, in the lower part
of the table of Figure 13, one can see that the ramp door scores 9 in weight, since it is the lighter concept
and the weighting factor defined for the attribute ’Weight’ is 9. With this approach, it can be seen that all
the values for the metrics lie in the range of [0,10]. The ranking is just a weighted sum of the normalized
metrics, expressed as follows:

TOTAL =

n∑

i=1

WFATi ·MET ′
ATi

(4)

where WF are the weighting factors, MET ′ are the normalized metrics and ATi is the attribute i.

However, this first approach is not always pertinent, since it can happen that one concept scores much better
than all the rest in one specific attribute, leading to a strong biasing towards that concept in the ranking.
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Figure 12: Filtering of the concepts

Figure 13: First approach for ranking of concepts

Focusing on Figure 13, one can see that the fixed door scores much better than the others in fatigue (at
least one order of magnitude higher), meaning that in the normalized metrics, that concept will scores the
maximum (5 in this case), whereas the others will scores 0. This gives an extra advantage in the ranking
phase, although it might happen that the concept is not the best. Indeed, it can be seen that the ramp door is
the 2nd best ranked concept, even if it was discarded in the filtering phase. This is because this concept is
light, cheap and easy to manufacture (the best in these 3 attributes), but it scores equally than the baseline
and sliding door in fatigue (even though they are much better).

To correct this biasing, an extra correlation was added to the scoring for the second approach. It is reasonable
to state that if the values of an attribute metrics for two different concepts are better than a qualified value,
they will score equally in that specific attribute. In our case, for instance, different concepts will score
equally in fatigue if the # of cycles are above 1e7. This method makes the values more comparable and takes
engineering input into account, hence a more realistic comparison can be assessed ( Figure 14).

The way to proceed now is to use the ’qualified requirements’ as the reference values for scoring, instead of
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Figure 14: Second approach for ranking of concepts

the best metric. Therefore, in the upper part of the table of Figure 14 the metric values that perform better
than the qualified requirements are directly replaced by these values (see numbers colored in blue).

If we look at the ranking results, now it is clear that the three concepts that pass the filtering phase are the
best ranked, which is somehow expected. The best concept is still the fixed door, due to its superior stiffness,
cost and robustness, as a result of being a concept with a small number of connections and made of a cheap
and stiff material like steel. Having a deeper look at the table, we can think of further improvements to find
an even better potential concept. We see that the worst attribute regarding the fixed door is the mass, and
at the same time we see that the sliding door (made of CFRP + PMMA) is very light (but very expensive
compared to the others due to the price of the CFRP). Therefore, if we replace the steel or the CFRP by other
stiff (but much cheaper) composite, like GFRP, in the fixed and sliding door, these concepts may score even
better.

6 Conclusions

This paper presents a methodology to objectively evaluate the general performance of a product based on a
multi-attribute analysis. In this sense, different concept variants of the same product can be analyzed in order
to determine which one should be used in later stages of the design phase. The methodology proposed has
proven to be flexible since it can be combined with different external tools and solvers available. Moreover,
details of the implementation for the calculation of attribute metrics, such as mass, stiffness, strength, NVH,
cost, manufacturability and robustness are described. Afterwards, a first approach for filtering and ranking is
proposed, providing information about automatic concept generation. Finally, an application example con-
sisting of a door frame structure is studied, discussing the results of the filtering and ranking and proposing
further enhancements for the ranking strategy, based on the results obtained. To end, two different concept
variants are proposed based on the information provided by the decision matrix.
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Abstract
In this article, the structural damping induced by the weaving architecture of composite structures is stud-
ied at a mesoscale level. A method allowing to calculate the loss factor depending on the direction of a
propagating wave and the frequency in any periodic woven architecture is proposed. The scheme associates
two reduction methods, the Craig-Bampton method that reduces the size of the dynamic stiffness matrix of
a periodicity is the first, while the second is the Wave and Finite Element Method (WFEM) that uses the
Periodic Structure Theory (PST) to lower the size of the problem by allowing to model only a unit cell of a
periodic structure. The presented methodology can be used to optimize the structural damping induced by
the weave architecture. Predictions of the structural damping for complex architectures are shown.

1 Introduction

Textile composites are widely used for their excellent mechanical properties [1] in many industries. It is
greatly applied in aerospace industry in particular thanks to a low weight and high strength when compared
to metallic alloys. These composite structures are periodic and can be considered as an assembly of identical
unit cells assembled in an identical manner. These periodic structures and their applications have attracted a
lot of research for the past decades [2, 3, 4, 5, 6].

When it comes to the design of composite materials, damping is a very important factor as the dynamic
response of an engineered structure often needs to be controlled. An extensive number of analytical models
have been developed throughout the years for calculating this parameter in composites. The effect of the
macroscopic lay-up sequence of a composite on the damping have been studied. However when considered at
a mesoscopic scale, the yarns and matrix arrangements are of concern. The damping capacity of a composite
is usually higher than of a traditional material, because of the viscoelastic properties of the matrix. This
capacity can be used to enhance the uses of composite materials. Composites can be adjusted to fit particular
mechanical properties, such as the strength or the damping properties by modifying parameters such as the
lay-up, the mesoscale arrangement of the composite or the volume fraction of the matrix etc. [7]. Damping of
the propagating guided wave modes results in a reduction in inspection ranges, and therefore knowing these
properties for Non Destructive Evaluation (NDE) purposes and for Structural Health Monitoring (SHM) is
very important.

The effect of the fibre properties on the damping has been investigated in early experimental work [8, 9].
Layup and fibers orientation are factors with a great effect on the damping as well and thus have been
studied in numerous publications [10, 11, 12, 13, 14]. Theoretical models for predicting damping emerged
at the same period [15, 16, 17, 18] and it was shown that the angle of the fibre has an influence on the modal
damping. With the progress of numerical methods, the effect of the micromechanical arrangement of the
fibers has been thoroughly investigated, using finite element methods (FEM) for example [19, 20, 21, 22].
FEM was used as well for establishing damping model at a macroscopic scale [23]. Finite element methods
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were finally used to study the damping characteristics of woven fabric-reinforced for the first time in [24].
However, the effect of undulate fiber bundles on the damping properties is not considered in that study, this
was investigated later in [25] and once again a correlation between the decreasing of the loss factor with an
increasing fiber volume fraction was shown.

In this paper, the vibro-acoustic and ultrasonic wave propagation properties of the structure are studied using
the Wave and Finite Element Method (WFEM). This is an efficient tool to study waves in periodic structures.
The one-dimensional WFEM has been applied in numerous previous works and for various type of structures
such as beams like structures [26, 27], plates [28, 29], thin-walled structures [30] and curved layered shells
[31] and then extended to two-dimensional by [32]. In order to reduce the size of the problem and therefore
the computation cost, the component mode synthesis (CMS) approach is used. This has been widely used in
the literature [33, 34, 6, 35]. The textile composite is modelled at a mesoscopic scale which will allow for
establishing the effects inherent to the micromechanics of the material. The mass and the stiffness matrix are
computed using a FE software.

The principal novelty of this paper is the vibrational analysis of damped textile composites at a mesoscopic
scale, taking into account the undulation of the fibers. The paper is organised as follows. In Sec.2 an overview
of the used modelling approach is presented. In the following section (Sec.3), the damping modelling method
is introduced: the model used in this paper is shown, as well as the loss factor calculation method. Finally a
case study is displayed in Sec.4.

2 Modelling textile composites through a full FE approach

Mechanical modelling of textile composites can be achieved at different scales [36]. A macroscale modelling
consists in homogenizing the mechanical properties along the unit cell, while a mesoscale modelling suggests
a detailed geometric representation of fabrics such as the yarns and the matrix (here the assembly of fibre is
homogenised). In this paper, the analysis is performed at a mesoscopic scale so that the effect of the fibers
arrangement and volume fraction can be investigated.

The modelling of this textile composite is performed using an open source software developed by the Poly-
mer Composites Group at the University of Nottingham and named TexGen [37, 38]. It is used for modelling
the geometry of complex composite structures such as 3D woven textiles or braid fabric for example. The
model is then exported on a FE software where the mass and stiffness matrices M and K of the unit cell will
be extracted.

The nodal DOFs of the unit cell are partitioned in the following way: bottom, top, left, right, left-bottom
corner, right-bottom corner, left-top corner, right-top corner and internal DOFs, which gives:
q =

{
qT
B qT

T qT
L qT

R qT
LB qT

RB qT
LT qT

RT qT
I

}T . Assuming time-harmonic behaviour leads
to q̈ = −ω2q, the equation of motion of the unit cell is written as:

[
K+ iC− ω2M

]
q = F (1)

In order to reduce the size of the model, a Component Mode Synthesis (CMS) method named the Craig-
Bampton reduction method is applied. It will allow for reducing the use of CPU time and memory. In this
method, the internal DOFs are reduced, while the boundary DOFs are kept as physical coordinates [39]. A
set of ’fixed boundary modes’ are selected among the local modes of the unit cell when the boundary DOFs
are clamped and no force is acting on the internal nodes.

After reduction of the problem, the periodic structure theory (PST) is employed. The PST states that when a
free wave travels along a waveguide, the displacements between two opposite boundary sides of a cell differ
only by a propagation factor. Combining those two methods allows us to reduce significantly the number
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of unknown in the eigenvalue problem and thus the calculation time. In our case, the wave motion is in the
Oxy plan, which gives the following relations

qR = λxqL; qT = λyqB

qRB = λxqLB; qLT = λyqLB; qRT = λxλyqLB

(2)

λx and λy being respectively the propagation factors along the x and y axis.

The propagation factors are obtained through this relation:

λx = e−ikx∆; λy = e−iky∆ (3)

and the direction of propagation θ can be computed using the following equations

kx = kcos(θ); ky = ksin(θ) (4)

3 Damping calculation in composite structures using FE

There are several ways of modelling the damping using FE. In this paper, the complex modulus approach is
used. It consists of introducing complex components in the material’s stiffness matrix. The complex modulus
approach is widely used for modelling the damping in FE codes [40, 41, 42, 43]. The ’iC’ term in Eq.1 is
suppressed and the stiffness matrix K is treated as complex [44]. The real part of the newly formed matrix
represents the storage modulus referring to the elastic behaviour of the material, while the imaginary part
represent the loss modulus referring to the dissipative behaviour.

The global stiffness matrix K is then given as in Eq.5.

K = K′ + iK′′ =
n∑

k=1

(K′k + iK′′k) (5)

Where n is the total number of solid elements used in the FE discretisation. K′i and K′′i are respectively
the real and imaginary stiffness matrix contributions to the ith finite element to the global stiffness matrices
K′ and K′′.

In this paper, structural damping is assumed: the viscoelastic properties of each material involved are charac-
terised by complex component in the stiffness matrix. The imaginary part K′′ of the global stiffness matrix
K is inspired from the strain energy method, stating that the contributions of each component are divided
based on the energy the constituent material stores, and thus we use

K′′ = ηyarnK
′
yarn + ηmatK

′
mat (6)

With ηyarn and ηmat respectively the yarn and matrix loss factor. K′yarn and K′mat being respectively the
stiffness matrix of the yarn and matrix elements.

Once the damping has been modelled, the CMS and WFE methods are applied to the problem.

In this paper, the eigenvalue problem formulation consists of choosing real and known wavenumbers and
seeking for the frequencies of the propagating waves.

The equation of motion is thus solved for complex frequencies ω = ωr+iωi. The loss factor associated with
the ith propagating wave can be calculated as proposed in [43, 45].

ηi(ω, θ) = 2
ωrωi

(ω2
r − ω2

i )
(7)
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4 Case study: 2D weave fabric

As an example, a unit cell of a 2D weave fabric was modeled (Fig.1) and the loss factor has been calculated
in function of the propagation angle and the frequency. This FE model is composed of 6250 elements
(25x25x10) and has a fiber fraction volume of 0.5338. We use ηyarn = 0.0001 and ηmat = 0.02.

Figure 1: Unit cell of a 2D weave fabric

Using the method presented in section 3, the loss factor associated to any propagating wave can be calculated,
in function of the wave direction of propagation and the frequency.

In Fig.2, the loss factor, associated to the flexural mode, as function of the frequency, propagating in the x
direction is displayed for a larger frequency range. The dispersion curve for this mode is shown as well on
the figure allowing for comparison. A stop-band is present in the dispersion curve, and the loss factor seem
to have an asymptotic behavior next to it. This confirm that the first flexural wave will not propagate for this
frequency range as the loss factor tends to infinity.

Figure 2: Loss factor in a 6250 elements model of a 2D weave fabric, function of the frequency, propagating
in the x direction, associated to the flexural mode of the anisotropic plate

Parametric study 1: fiber volume fraction
Two new models have been created based on the one described above. The difference between these models
is the width of the fibers, which has an impact on the fiber volume fraction (see Fig.3), and therefore on the
structural damping performance. The external dimensions are the same for these three unit cells.
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Figure 3: Parametric study: change of the fibers width (the model in the middle of the figure is the reference
model used in the previous part of the subsection)

The results of this study are displayed in Fig.4-5. As expected, the lower the fiber volume fraction is, the
more effective the model is in dissipating energy, and this is true for the first flexural, shear and pressure
modes. All three models present similar loss factor curve shapes for the three first modes.
The loss factor curves of the three models present an asymptotic behavior when the frequency reaches the
stop-band for the first flexural mode (see Fig.4). The loss factor has a lower value on the higher frequency
part of the figure when considering dividing the figure by its asymptote.
In Fig.5, the dissipative characteristics slightly decrease until reaching a frequency of around 300 kHz. The
loss factor then increases until overcoming its initial value.
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Fiber volume fraction: 0.4813
Fiber volume fraction: 0.5338
Fiber volume fraction: 0.5709

Figure 4: Loss factor displayed for three 6250 elements models of a 2D weave fabric as a function of the
frequency, associated to the flexural mode of the anisotropic plate (angle of propagation null: x direction):
structure with larger fibers (–), reference structure ( ), thinner fibers (-.)

Parametric study 2: direction of propagation
The effect of the direction of propagation is studied. As the model presents a symmetry axis, the dispersion
curves and loss factors are symmetric as well. The directions of propagation with an angle superior to 45o

will not be studied. However, directions of propagation such as [30o, 45o] can be studied. The results of this
study are displayed in Fig.6.

It can be observed in the left part of the figure that the first flexural wave is more attenuated for the highest
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Figure 5: Loss factor displayed for three 6250 elements models of a 2D weave fabric as a function of the
frequency, associated to the shear mode of the anisotropic plate (angle of propagation null: x direction):
structure with larger fibers (–), reference structure ( ), thinner fibers (-.)

angles of propagation, and yet, both values of the loss factor for the 30o and 45o angles of propagation start
decreasing for a frequency around 100 kHz until reaching and following the curve representing an angle of
propagation of 0o. In the right part of the figure, after the asymptotic behavior, it seems that the angle of
propagation with the most damping (among the studied ones) is of 30o, followed by 45o and then 0o. It can
be concluded from this paragraph that the damping is clearly affected by the direction of propagation.
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Figure 6: Loss factor displayed for a 6250 elements model of a 2D weave fabric (with changing direction of
propagation), function of frequency, associated to the flexural mode of the anisotropic plate
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5 Conclusions

In this paper a method allowing for prediction of the structural damping in textile composite at a mesoscopic
scale is presented. A 2D weave textile is used as a case study, the dispersion relations are computed as well
as the variation of the loss factor versus the frequency for the first modes.

• It can be seen that the damping is strongly affected by the direction of propagation of the waves in a
textile composite.

• It appears that when the textiles show stop-bands, the damping loss factor tends toward infinity.

• It can be seen that the damping is affected by the fiber volume fraction of the textile. However the
values of the damping loss factor change but the shapes remain quite similar.
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Abstract 
A panel is often used with a layer of soft material applied on its ‘interior’ surface. Regarding sound 

insulation, the layer of soft material can improve the panel’s acoustic performance by two mechanisms: 

(1) adding mass to the panel to enhance sound reflections; and (2) absorbing part of the otherwise 

transmitted sound power. To study the mechanism of the panel’s acoustic performance, a more general 

predictive model is established in this paper. A comparison is made between the model established in this 

paper and models based on plane wave assumptions. Sound transmission loss (TL) of panels with different 

sound absorbing materials are calculated using this model. In the end, TLs of the plate considering the 

effects of sound absorbing and mass, separately and then combinedly, are given to explore which 

mechanism is dominant. 

1 Introduction 

Sound insulation performances of panels are important in many applications such as vehicle engineering 

and architectures. On the basis of the mass law, an effective way to increase a panel’s acoustic 

performance is to increase the mass of the panel. For high speed trains, panels are often used with a layer 

of soft material applied on the ‘interior’ surface. The layer of soft material may serve different purposes, 

e.g. for usage safety and comfort, heat and sound insulations, and decorations. The soft material can also 

improve the acoustic performance of the panel either by increasing the mass or by sound absorption, and 

which way is dominant is yet to be explored. Nowadays, to be energy-efficient light-weight structures are 

commonly used in many engineering applications. However, light-weight and low-noise designs are often 

contradictory [1]. Therefore, exploring the sound transmission loss mechanism of a plate with absorbing 

material is very meaningful and may provide guidance for design. 

Over the years, acoustic and vibrational characteristics of a panel has been studied extensively by a large 

number of researchers in past years [2-3]. For the radiation problem, Xie G et al [4] presented an 

approximate model for calculating the radiation efficiency of a strip using the Rayleigh integral equation 

and modal superposition method. Putra A et al [5] compared the radiation efficiencies of baffled and 

unbaffled plates for a single mode and for multi-modal responses. Wallace C E [6] used a simplified 

Rayleigh integral equation method to model the absorption of oblique incidence sound by a finite micro-

perforated panel absorber. Davy J L et al [7] calculated the radiation impedance of the panel due to the 

combined effect of two different types of fields when the panel is excited by an incident diffuse sound 

field or by transverse point or line forces. 

When coming to the sound field in an enclosure, sound transmission loss of a panel is normally 

investigated. Trevathan J W et al [8] studied the effect of angle of incidence on the apparent sound 

transmission loss of thin panels. In that paper, they suggested that a reconsideration of the traditional 

definition of the sound transmission should be made, but without specified how to revise it. Mana [9] 

pointed out that if the panel is set in a baffle, the power reflected by the baffle cannot be ignored, 

otherwise the TL may become negative at low frequencies. London A [10] calculated the sound 

transmission loss of a homogeneous single wall by assuming the reflected and transmitted pressures are 
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both plane waves, but this assumption may cause an inaccuracy in TL at low frequencies. Zhang Y et al 

[11] used the wave-based method and modal superposition method to model the sound transmission loss 

of high speed train windows and investigated parameters affecting TL. 

In this paper, a panel with an absorbing layer hinged in an infinite baffle is considered. Equations which 

are required to calculate the transmission loss of the panel are derived in Section 2. Firstly, the Rayleigh 

integral equation is used to link the reflected and transmitted pressures with the vibration velocity of the 

panel. The vibration of the panel is expressed using modal superposition with modal participation 

parameters to be determined. Secondly, by dividing the plate into a number of small elements, and letting 

the above equations be satisfied at the centers of those elements, a set of linear algebraic equations are 

established from which the modal participation parameters can be solved. Then the sound transmission 

loss can be calculated. In Section 3, after validating the model, sound transmission loss of panels with 

different sound absorbing materials are calculated using this model. In the end, TLs of the plate 

considering sound absorbing and mass, separately and then combinedly, are given to explore which 

mechanism is dominant. And finally, this paper is concluded in Section 4. 

2 TL model 

2.1 Governing equations  
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(a)                                                               (b) 

Fig. 1: Coordinate configuration of the plate hinged in an infinite baffle 

Consider a finite rectangular thin plate which is simply supported in an infinite rigid baffle. The panel’s 

dimensions are a bL L h  , as shown in Fig. 1(a). One of the surfaces (the incident surface) of the plate is 

plain and smooth and the other is acoustic absorbent due to that absorbing material is applied. In Fig. 1(b), 

the solid-line curve represents the deformed bare panel and the dotted-line curve represents the absorbing 

material. The absorbing material layer is assumed to be thin and acoustically local, and therefore the 

acoustic property of the layer may be represented by impedance Z which is equal to sound pressure 

applied on the layer divided by the layer’s compressional velocity. 

Based on the classic thin-plate theory, the equation of motion governing the bending vibrations of the 

plate is given by 

 

4 4 4 2

1 24 2 2 4 2

( , , ) ( , , ) ( , , ) ( , , )
2 i r r t

w x y t w x y t w x y t w x y t
D h p p p p

x x y y t


    
       

     
 (1) 

where, 
3 2(1 i ) /12(1 )D E h     is the bending stiffness of the plate, E , h ,   and   are the Young’s 

modulus, thickness, damping loss factor and Poisson’s ratio of the plate, respectively. w  is the 

displacement of the plate, ip  is the incident pressure, 1rp  is the blocked pressure due to the reflection of 
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the baffle, and its amplitude is equal to the amplitude of the incident pressure. 2rp  is the reflected 

pressure, and tp  is the transmitted pressure. 

The incident pressure is assumed to be an obliquely incident travelling plane wave, given by 

 
i( )

( , , , ) e x y zt k x k y k z

i ip x y z t p
   

  (2) 

where, ip  is the amplitude of the incident pressure,   is the angular frequency, 0 0/k c  is the acoustic 

wavenumber, 0 sin cosxk k   , 
0 sin sinyk k   , 0 coszk k   are the acoustic wavenumbers 

along the directions of x, y, z directions, 0c  is the sound speed in air,   and   are the angles of incidence. 

The blocked acoustic pressure satisfies Snell’s law [12], and therefore can be written to be  
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The reflected and transmitted acoustic pressures are related to the surface normal velocity via the 

Rayleigh’s integral equation [12]  
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where, 0  is the air density, ( )u x  is the surface normal velocity amplitude of the plate at location 

( , )x yx , ( )v x  is the surface normal velocity amplitude of the absorbing material. The integral is 

evaluated over the plate surface S . The distance between the source point and the acoustic response point 

is R  r - x , as shown in Fig. 1(a). 

Applying the definition of the impedance, Eq. (4) can be written as 
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The surface normal velocity of the plate at any location x  can be calculated by using the modal 

superposition method 

 
i i

,

( , ) ( )e =i ( , )et t

mn mn

m n

u t u x y    x x  (7) 

where mn  is the modal participation coefficient of the (m, n) mode, which depends on the form of the 

excitation as well as frequency, ( , )mn x y  is the associated mode shape function, which depends on the 

boundary conditions. 

The mode shape function ( , )mn x y  for the simply supported rectangular plate can be expressed as 

 
π π
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and the natural frequencies mn  are given by 

 
2 2π π

[( ) ( ) ]mn

a b

D m n

h L L



   (9) 

LIGHTWEIGHT STRUCTURES AND MATERIALS 2277



2.2 Discretization of the plate 

In this section, the reflected and transmitted pressures are calculated by dividing the panel into a number 

of small elements and assuming a uniform pressure for each element, as shown in Fig.2. The spacings 

between the centers of adjacent cells are dx in the x direction and dy in the y direction. Each cell can be 

considered as a discrete monopole source. This requires that the size of the elemental source must be much 

smaller than half the acoustic wavelength ( 0 0d π, d πk x k y ) [13].  

Lax
y

z

xs=(x,y)

p(r)

 

Fig. 2: Discretization of the plate 

In Ref. [14], Morse and Ingard give the radiation impedance of a rectangle piston, so the impedance at a 

given cell generated by itself alone of the plate can be written as 

 

2 2 2
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 (10) 

Rewriting the Rayleigh’s integral equation into matrix form, the reflected sound pressure can be given 

  rP Mu  (11) 

where M  is an impedance matrix, and its elements are given as 
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Similarly, the transmitted pressure can be written as 

  
1

tP MuI+N  (13) 

where, I  represents the unit matrix, and the elements of N  matrix are 

 

0i

0 0 0

2 2 2
2 20 0 0 0 0 0

i e
( )d d ,

2π

i8 d d d d
(d d ) ( ),

16 9π d d

rsk R

rs

rs

c k
x y r s

Z R
N

c k c k x x y y
x y r s

Z Z x y



 





 

    
 

 (14) 

2278 PROCEEDINGS OF ISMA2018 AND USD2018



Substituting Eq. (11) - 
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 (14) into 

Eq. (1), and written it into matrix form 

   -1

iAw Mu [I + N] Mu 2P  (15) 

In relation with iu w = Bx , Eq. (14) can be written as 
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Taking M × N points on the plate, then the modal participation coefficient α can be obtained by solving a 

set of linear algebraic equations.  

2.3 TL under oblique incidence 

Using the modal participation coefficient calculated in the previous sections, the transmitted pressure can 

be given by 

  
1

tP MBxI+N  (21) 

The normal velocity amplitude of the absorbing material surface is 

 =
Z

tp
v u -  (22) 

So, the transmitted sound power can be calculated by the following equation  

 Re *( , )d dtrans t
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  (23) 

The incident sound power can be calculated by 

 Re *( , )in

S

W pu x y dxdy
 

  
 
  (24) 
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And the sound transmission loss of the plate with sound absorbing materials under oblique incidence can 

be calculated [15] 

 ( , ) 10lg in

trans

W
TL

W
    (25) 

where,   and   are the incident angles as defined in Fig. 1(a).  

3 Results 

3.1 Model validation 

3.1.1 Convergence check 

Dimensions and material parameters of the plate are listed in Table 1. The thickness of the plate is 2 or 8 

mm. The air density is 1.21 kg/m3, the sound speed in air is 343 m/s. The amplitude of the incident 

acoustic pressure is fixed at 1 N/m2. Frequency resolution is taken to be 10 Hz. 

Length 

（a） 

Width 

（b） 

Elastic modulus 

（E） 

Density 

（ρ） 

Passion ratio 

（υ） 

Loss factor 

（η） 

Incident angle  

(θ = φ) 

0.5 m 0.6 m 7.1×1010 Pa 2700 kg/m3 0.33 0.04 45° 

Table 1: Plate’s dimensions and material parameters 

To calculate the TL of the plate, the convergence of the solution is checked first. Since the vibration of the 

plate is calculated based on the modal superposition method, it needs to determine how many modes are 

required in the simulation. Only if enough modes are used can the convergence and accuracy of the result 

be assured. 

The convergence check result is shown in Fig. 3. According to Ref. [13], the size of the elemental source 

must be much smaller than half the acoustic wavelength, so for 4000 Hz, the element size can be set to be 

0.008 m in x and y directions. Two frequencies are checked by using different numbers of modes in the 

calculation. It can be seen that, for both of the frequencies, when the number of modes in each direction 

exceeds 6, the predicted TL almost remains unchanged, indicating convergence.  Thus, up to 4000 Hz, the 

number of modes in each direction may be taken to be 15.   
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Fig. 3: Convergence check of the plate (h = 8 mm) 

3.1.2 Model validation 

In this section, model validation is made by using commercial software. The panel’s material parameters, 

boundary conditions, incident angles, size of cells are the same as those in Section 3.1.1. Results are 

shown in Fig. 4. It can be seen that the results produced by this model agree well with those from the 

commercial software, showing the effectiveness of the model and the corresponding MATLAB program. 

 

Fig. 4: Model validation (h = 8 mm) 

Features of TL in the frequency range [100-1000] Hz are shown and explained in Fig. 5. It can be seen 

that, there are six dips at 133, 298, 370, 530, 800 and 930 Hz. Comparing these with the natural 

frequencies of the panel, it can be seen that both these frequencies are corresponds to the natural 

frequencies of the panel. 
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Fig. 5: TL of the bare plate  

3.1.3 Limitation of the plane wave assumption for the transmitted and reflected waves 

 

Fig. 6: TL predicted using different methods (h = 8 mm) 

In the past, many researchers assumed the transmitted and reflected waves to be plane waves, without 

considering the effect of the baffle. To assess the validity of this assumption, the TL model established in 

this paper is compared with the model based on plane wave assumptions [10]. Results are shown in Fig. 6, 

from which it can be seen that there is significant difference below the critical frequency of the plate, 

which is given by 
2

0/c h Dc  , equal to 1490 Hz for the parameters considered here. When 

f (1,1) = 133 Hz 

f (1,2) = 298 
Hz 

f (2,1) = 370 Hz 

f (2,2) = 530 
Hz 

f (2,3) = 800 
Hz 

f (3,2) = 930 
Hz 
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frequency is higher than the critical frequency, results calculated from these two methods are agree well. 

In other words, the plane wave assumption is valid only when frequency is sufficiently high. 

3.2 Plate with sound absorbing material 

As demonstrated before, the layer of the absorbing material may increase the panel’s acoustic performance 

by two mechanisms: (1) adding mass to the panel to enhance sound reflections; and (2) absorbing part of 

the otherwise transmitted sound power. In order to reveal which mechanism is dominant, three typical 

sound absorbing materials are considered in this paper: glass wool (GW), melamine (Mel), and carbon 

fiber (CFR). Experimental measurements are carried out to obtain the impedances of these materials in an 

impedance tube according to ISO standard 10534-2 “Acoustics - Determination of sound absorption 

coefficient and impedance in impedance tubes - Part 2: Transfer-function method”.  

Material parameters of those three sound absorbing materials and the bare plate (BP) are listed in Table 2, 

the sound absorption coefficients and impedance of them are shown in  Fig. 7(a) – (b).  Fig. 7(a) illustrates 

that the sound absorption coefficients of the three materials increase with frequency. The sound absorption 

coefficients of the three materials are basically the same below about 250 Hz, but with frequency increases, 

the sound absorption coefficients of the GW and Mel are higher than that of the CFR. The average sound 

absorption coefficients of the Mel, GW and CFR are 0.51, 0.53 and 0.39, respectively.  

From Fig. 7 (b) it can be seen that, the reactive part is much larger than the resistive part, which may lead 

to a decrease in TL.   
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Materials Mel GW CFR BP 

Density (kg/m3) 9.12 57.51 11.45 2700 

Thickness (mm) 36.35 30.33 50.53 2 

Mass per unit area (kg/m2) 0.332 1.744 0.579 5.4 

Table 2: Parameters of sound absorbing materials 
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(a) Sound absorption coefficients of the sound absorbing materials 
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(b) Impedance data of the sound absorbing materials 

Fig. 7: Experimental data of the three sound absorbing materials 
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3.2.1 Comparison with bare plate 

Taking the GW absorbing material for example, a comparison is made between the bare plate and plate 

with absorbing material. Results are shown in Fig. 8. It depicts that the sound absorbing material can 

largely improve the panel’s acoustic performance at frequencies higher than 400 Hz. However, the 

transmission loss of the bare plate is higher than the plate with absorbing material at some low 

frequencies. This is due to that the surface density of the absorbing material is not too small compared to 

that of the bare plate, effectively shifting the resonance/anti-resonance frequencies to a lower value. Fig. 8 

also gives the transmission loss of the classical infinite plate (see Ref. [13]). It can be seen that the 

transmission loss of the bare plate agrees well with the classical transmission loss at high frequencies. 

 

Fig. 8: Transmission loss of plate (h = 2 mm) with or without absorbing material GW 

3.2.2 Comparison between different sound absorbing materials 

Fig. 9 illustrates the transmission loss of the plate with different sound absorbing material layers (CFR, 

GW, Mel) from 50 to 4000 Hz in terms of narrow frequency band and one-third octave frequency band. 

From Fig. 9(a), it can be seen that the three absorbing materials can increase the transmission loss of the 

plate at high frequencies. Mel and CFR have no benefit to the transmission loss below 800 Hz, while the 

GW can increase the transmission loss below 100 Hz, which is because the mass of the Mel is larger than 

the other two materials, the sound transmission mechanism is mainly influenced by the mass law at low 

frequencies.  

An important observation can be made by comparing Fig. 9(a) and Fig. 7(a) that the transmission loss has 

no specific correlation with the sound absorption coefficient. In other words, a higher sound absorption 

coefficient does not necessarily have a higher transmission loss. This is because sound transmission loss is 

affected by a combination of the impedance and the mass of the absorbing material, while sound 

absorption coefficient is a function of the impedance only. Therefore, care must be exercised when 

applying absorbing material to improve TL. 
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(b) One-third octave frequency band 

Fig. 9: TL of the plate (h = 2 mm) with different sound absorbing materials 

As has stated that, the layer of the sound absorbing material can increase the panel’s acoustic performance 

by two mechanisms: (1) adding mass to the panel, and (2) absorbing part of the otherwise transmitted 

sound power. In order to illustrate which mechanism is dominant, Fig. 10 gives TL for the following four 

cases:  

(1) just a bare plate;  

(2) plate with sound absorbing material but only the mass effect being considered, termed as the 

mass effect;  

(3) plate with sound absorbing material but only the sound absorption coefficients being considered, 

termed as the sound absorbing effect;  

(4) plate with sound absorbing material and both the mass and sound absorbing effects being 

considered.  
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(a) Plate with Mel absorbing material  

 

(b) Plate with GW absorbing material  

 

(c) Plate with CFR absorbing material  

Fig. 10: TL of the plate (h = 2 mm) with sound absorbing materials 
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Materials Mass ratio (%) Mass effect (%) Sound absorbing effect (%) 

Mel 6 6 94 

GW 32 33 67 

CFR 10 8 92 

Table 3: Contribution of mass effect and sound-absorbing effect 

 

Materials Mel GW  CFR  BP 

Rw (dB） 34.8 34.9 36.8 Rw0 = 30 dB 

Rwm (dB) 30.5 32.4 31.3  

Rwa (dB) 34.3 32.5 35.5  

Table 4: Weighted TL of different sound absorbing materials 

 

Results are shown in Fig. 10(a) - (c). Fig. 10(a) - (c) show that at low frequencies, sound absorbing effect 

has no benefit to the sound transmission loss, and the increased TL is mainly caused by the mass effect to 

enhance sound reflection. 

To be more quantitative, contributions of the mass effect and sound absorbing effect in frequency range 

[800-3000] Hz of the three materials are listed in Table 3. In Table 3, the mass ratio is defined as the ratio 

of the mass of the sound absorbing material to that of the bare plate, the percentage of the mass effect is 

defined as the ratio of the average TL of case (2) to that of case (4), the percentage of the absorbing effect 

is defined as the ratio of the average TL of case (3) to that of case (4). Table 3 shows that in frequency 

range [800-3000] Hz, the increased TL of the plate is mainly influenced by the sound absorbing effect, 

Mel has the most excellent sound absorption performance compared with the other two materials. 

Interestingly, for those three types of absorbing materials, the percentage of mass effect is close to the 

mass ratio.  

In engineering, the so-called weighted TL is often used to quantify a panel’s sound insulation 

performance. As shown in Fig. 9(b), the weighted transmission loss Rw of Mel, GW, CFR and BP are 

34.9, 34.8, 36.8 and 30 dB.  According to the four cases defined before, the weighted benchmark TL of the 

bare panel, Rw0, the weighted mass effect TL, Rwm, and the weighted sound-absorbing effect TL, Rwa, can 

be calculated in one-third octave frequency band in [50-3150] Hz.  

Results are shown in Table 4. It can be seen that, for the absorbing material of GW, Rwm is approximately 

equal to Rwa, while for the other two kinds of absorbing materials, Rwm is much lower than Rwa. So, it can 

be concluded that for Mel and CFR absorbing materials, the increased TLs are dominant by the sound 

absorption properties, but for GW, the increased TL is affected by a combination of its mass and sound 

absorption property. 

It can also be seen that the sound absorption performance of CFR is better than the other two materials, 

although its mass per area is not the greatest and sound absorption coefficients are smallest at high 

frequencies. There seems to have an optimal combination of mass and impedance for panel sound 

transmission loss which is to be investigated in the future. 
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4 Conclusions 

A sound transmission loss prediction model is established in this paper for a panel with sound absorbing 

materials set in a baffle. The vibration of the plate is obtained by the modal superposition method and the 

reflected and transmitted pressures are calculated by the Rayleigh’s integral. A discretion is made to the 

plate to simplify the calculation. The following conclusions can be made: 

(1) Models with the plane wave assumption are inaccurate below the critical frequency, and therefore 

a more general model like the one developed in this paper should be used; 

(2) The sound transmission loss of the plate with sound absorbing material is dependent not only on 

its acoustic impedance but also on its mass. At low frequencies, the increased transmission loss is 

mainly dependent on the mass effect, while at high frequencies, the sound-absorbing effect is the 

main influence factor; 

(3) However, a higher sound absorption coefficient does not necessarily have a higher transmission 

loss. Therefore, care must be exercised when applying absorbing material to improve transmission 

loss; 

(4) The sound absorption performance of CFR is better than the GW and CFR in terms of the 

weighted transmission loss, but Mel and CFR are much better than GW at high frequencies if the 

average transmission loss is used;  

(5) There seems to have an optimal combination of mass and absorbing coefficient for panel sound 

transmission loss which is to be investigated in the future. 
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Abstract 
Vibroacoustic predictions of structure borne noise in cars/aircrafts are highly sensitive to modeling errors 

and input data uncertainties. Seriality of wave propagation paths cumulates errors, scattering predictions. In 

FEM, model and boundary conditions are idealized. Some fuzziness must be introduced for better simulation 

of dispersions observed between vehicles. In SEA, the partition in subsystems is unknown and may evolve 

when frequency increases due the simultaneous presence of global and local modes. The Virtual SEA 

(VSEA) method is a way of mixing FEM and SEA dynamical information in a single stochastic model with 

frequency-variable subdomains. Due to its dual nature (FEM & SEA) VSEA provides more accurate local 

predictions on narrower frequency analysis bandwidths than classical SEA models. After documenting how 

VSEA may handle narrowband vibration predictions, simple test cases are detailed for validating the 

concept. Measurement/prediction comparisons from industrial VSEA cars models are presented. 

1 Introduction 

Stochastic analysis is necessary in vibroacoustic predictions over the mid and high frequency range (200 

Hz-10000 Hz for transport industry). The amplitude of distributed uncertainties in related models increases 

when wavelength decreases. This is a natural trend of field descriptors distributed over space when 

propagating in non-homogeneous supporting medium. Shannon [1] taught us that knowledge might be 

characterized by an information entropy function diminishing when information content grows. An 

engineering project developing a new type of vehicle carries a growing amount of information for its starts 

and the shared entropy function will be constantly decaying along with its realization. Acquiring expertise 

is interpreted as reducing his own entropy and gaining knowledge from projects. Vibroacoustic methods 

may then be scaled against the information content they carry.  

Finite Element Methods (FEM), based on discretization, are generally qualified by the adjective 

"deterministic" while Statistical Energy Analysis (SEA) which works with random data inputs is 

intrinsically "stochastic". SEA and FEM are complementary both working as twins for efficiently reducing 

the project information entropy. SEA models are obviously defined by poor geometrical information and a 

few spectra in band-integrated format defining the subsystems. Nevertheless, the modeling tasks provide a 

global picture of the dynamics of the whole system. Instead, FEM details all aspects of heterogeneity at the 

local scale (the component) but cannot generally model the full system or at least up to some frequency 

limit. Working with SEA or FEM is like working on one hand with a large (global) picture but pixelated 

and on the other hand with smaller (local) detailed pictures without an overview of the total picture. 

In the early 2000s, cooperation between SEA and FEM was reinforced by introducing the Virtual SEA 

method or VSEA [2]. The latter acts as a compressional algorithm of the informative content of any FEM 

model to fit with the pixelated system-level picture of the dynamics handled by SEA. Reducing the size of 

models may then make the engineering outputs more interpretable, inducing a gain in reducing entropy. 
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Compared to classical analytical SEA method, VSEA is providing extra information as the ability of 

working in narrow band format and retrieving some dynamic information at local scale. Next, an overview 

of VSEA method is presented, followed by application examples. 

2 Virtual SEA for mid-frequency range 

2.1 From structural FE model to Virtual SEA representation 

Structural dynamic in non-homogeneous systems cannot be modelled accurately by analytically computed 

SEA parameters. Presence of global modes strongly coupling all parts of the system domain is also a 

limitation in using analytical formulas. Only FE models are currently able to describe these complex 

behaviors. 

VSEA method is implemented in SEA+ software as a specific solver that reduces the dynamical information 

content of the FE model. Inputs of the solver are the real modes of the FE structural model. SEA+ is relying 

on NX-NASTRAN for extracting modal amplitudes exported at a limited set of reference nodes (typically 

1000 to 2000 nodes) mapping the structure. Alternate FE-solver like ABAQUS are also supported. 

From modal amplitude, the VSEA solver synthesizes a complex velocity FRF matrix of which elements are 

the transfer velocity, vij = vi/fj, between each pair (i, j) of the nodal set in the global x, y and z directions where 

a unitary force is applied at a turn.  

The FE dynamical information may be equated to the synthesized transfer velocity matrix V made of vij 

elements. 

The assumed global damping loss factor for modal synthesis is taken equal to some default value for all 

modes and generally decreasing with frequency to get a rather constant modal overlap factor over frequency 

i.e. a constant uncertainty vs. frequency [3]. V² matrix is compressed into a selected frequency band format 

(constant or 1/Nth octave bands) and projected in the direction ni and nj of maximal input/output 

conductances (real part of driving point mobility). 

The conductance vector is given for at all nodes by 

Y =Re{Diag(V)}.n 

2
V is then reduced dividing 2

ijv  by 4 times the product of conductances at points i and j. The resulting reduced 

FRF has the dimension of modal energy as seen in equation (6). 

The final FRF matrix 2
V , further used in the SEA-parameter identification process, is expressed in band-

averaged format at center radial frequency c  and bandwidth B with elements given by  

 2 21
( , ) ( ) ij c ij

B

v B v d
B

 (1) 

The new transfer matrix is finally auto-partitioned by SEA+ peripheral algorithm, which groups nodes into 

a set of weakly coupled subsystems k  as required by SEA for a clean inversion of the matrix. 

The SEA transfer matrix 2
V  is obtained from the previous by averaging response nodes over subdomains 

of k  for each excitation nodes. The related compressed SEA matrix is rectangular with size equal to the 

number of reference node times the number of subsystems. Elements of the matrix are given by 

 2 2

' '

1



 
k

kk i kk ij

jk

v v
N

 (2) 

SEA parameter identification is performed by solving the SEA inverse problem relating 2
V  to SEA loss 

matrix L through the normalized SEA power balanced equations: 
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m is the subsystem mass vector; * indicates the pseudo-inverse introducing the unknown subsystem modal 

density N , the following expression relates m, Y and N  
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Equation set (3) is reshaped for direct solve of modal density vectorN . It leads to the local modal energy 

matrix power balanced equations given by 
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ε  has dimension of modal energy and leads to accurate identification ofL  thanks to SEA+ algorithm that 

performs auto-partitioning into weakly coupled regions. 

In practice, with lossless junctions, system is solved for identifying separately modal density and coupling 

loss factors. Model quality is assessed by comparing 2 1*4 /TY Y V L  with direct 2
V  FRF input. 

Difference 2 2V V gives the reconstruction error matrix plot as a reconstruction performance index useful 

in SEA+ for checking the quality and the global loss of information due to compression [4]. 

The MS-VSEA (MS for Multi-Scaled) patch method is a variant formulation of the inverse SEA problem 

where the auto-partition is applied to pre-defined group of nodes (the patch) instead of nodes. This method 

is thus providing a partition into subsystems per frequency band corresponding to specific groupings of 

patches into subsystems. Its main advantage is to accurately reconstruct FE transfers over the whole 

frequency range. Figure 1 shows the flow chart of the VSEA or MS-VSEA process. 

If upper frequency limit of the VSEA model exceeds the frequency limit ft of the modal extraction, it is 

complemented by dynamical analytical operators to derive SEA subsystem parameters in the high frequency 

domain. Interior fluid volumes and acoustic trims are treated by analytical modeling over entire frequency 

range due to their assumed homogeneity. Acoustic trims are located in subsystems and their insertion loss 

is used for filtering the radiated power of the un-trimmed structure and perturbing the mass and damping of 

the bare car body or Body-In-White (BIW). 

Below ft, VSEA or MS-VSEA subsystems are coupled to analytical SEA cavities through a specific 

statistical radiation integral calculated by spatial windowing of an elementary infinite structural wave [5]. 

The related structural VSEA wavenumber is estimated from ratio of rotational over translational nodal 

principal-direction conductances.  

For a subsystem of domain k , 

 
 

k

k

R

T

Trace
k

Y





Y
 (8) 

where RY  and TY are respectively the matrix of the local rotational conductances and the local maximal 

principal translational conductance, both averaged over nodes in domain k . 
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The transformation of FE into SEA has been progressively automated and now delivers the VSEA/MS-

VSEA dynamic model within a few hours.  
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Figure 1: VSEA data flow 

2.2 Narrow band reconstruction from VSEA model 

At each reference node 0M  of a VSEA model, the local transfer conductance matrix can be reconstructed 

from real modal amplitudes. The translational conductance matrix of a thin shell provides three eigenvalue 

vectors 
,   ix y or z

 corresponding to flexural, shear and extensional energy directions of oscillation. 
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The quadratic velocity computed at 0M  by the VSEA model depends on its total related subsystem energy 

from following reconstruction formula: 

  2 0

0 0

0

4
, c

Y EE
V M f

m
 

N
 (10) 

0Y  is the maximal principal conductance at 0M . A tensorial expression is deduced from (10).  

    2
00 0 , 4 /cV M f Y E N  (11) 

From (11), the quadratic velocity is expressed in global axis from the SEA smooth energy response and 

from the local conductance tensor at selected response point. The latter can be expressed in narrow band 

using modal synthesis at 0M from the global modes of the FE model stored within the SEA database of the 

model. From global modal amplitudes at reference nodes, stored in the SEA+ database, the nodal narrow 

band conductance matrix is interactively synthesized to weight the mean-spaced and frequency band 

averaged response of the VSEA model. 

Formula (11) is not an exact formulation of the velocity but an approximation derived from (6): any point-

to-point band-averaged transfer over a band B, 2

' '( , , , )kk ik jk cV M M f B , may be approximated by the product 

of three quantities:  
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where 
'

' , k
kk B

e


 is the mean energy transfer (per unit power) between two subsystems k and k' and yi, yj the 

driving point conductance at excitation and response points in the respective principal directions. When 

working in narrow band and applying a force at a given point of the SEA model and exporting the total 

energy transfer 'kkE , the response is then given by (11). 

'
' , k

kk B
e


 is a smooth scalar function, low variant vs. frequency and space, at least within each subsystem 

domain and when its vibration state is governed by local modes. The local conductances contain the primary 

information of the local variability of response inside the subsystem domain. Their spectrum is including all 

resonance peaks of underlying modes and is not smooth at all. In short, 
'

' , k
kk B

e


 describes long distance 

drop of mean amplitude between subsystems and conductances terms describes local variability of responses 

inside subsystems. This explains that the system must be portioned in each frequency band into subdomains 

required to be weakly coupled i.e. showing a significant drop of energy between them when one is excited. 

Then the auto-substructuration process in the VSEA method conditions the accuracy of the resulting SEA 

model over the low and mid frequencies. Over the high frequency range, the SEA partition into weakly 

subsystems is performed by their natural boundary conditions and is no more an issue. 

 

Therefore, due to (12), there is no lower limitation on the width of the frequency band of SEA computation. 

When the external force vector contained a lot of peaky harmonics, it is then enough computing the injected 

power in narrow band for each x, y and z global directions and integrating it over the SEA frequency band, 

prior to the solve for robust estimates of responses after solving. 

2.3 Applying VSEA to simple sandwich panel with mounted equipment 

The supporting panel (1x1 m²) is a typical spacecraft sandwich made of two aluminum skins of 1 mm 

thickness maintained at a distance of 10 mm by honeycomb aluminum core.  

A box equipment is mounted on the plate through four connecting points. The equipment bottom panel is 

meshed with solid elements. All other system parts are meshed with FE plate elements. For identifying the 

VSEA parameters from FE, 113 real modes of the FE model are extracted up to 2500 Hz. Modal amplitudes 

are exported at 746 reference nodes as shown in Figure 2 (left). For further comparisons, a pure analytical 

SEA model is built from scratch following intuitive partition of the model into subsystems (discontinuity at 

boundary) as also shown in Figure 2 (right).  

In Figure 3, the 1/3rd octave band mean accelerations for the subsystems are given for a point force applied 

on Equipment Top panel. Responses, from classic analytical SEA and from VSEA, are compared in Figure 

3 and as expected both models are given the same results above 2500 Hz. Below 500 Hz, the system behaves 

as a two-subsystem model (full Equipment and Supporting panel as two weakly coupled subsystems). 

Related PSD accelerations are lower than the predicted ones delivered by the analytical SEA model. In the 

latter, components are always weakly coupled (softer and liter) all over the frequency bands. In contrast, the 

VSEA model follows the FE-behavior; when frequency increases, the various parts of the equipment 

gradually decouple. It clearly shows the interest of VSEA modeling as in a single model are embedded at 

the same time the low, mid and high frequency behaviors. 

FE-FRF synthesis is now performed per constant band of 20 Hz and the SEA parameters are identified over 

all bands up to from 50 to 2500 Hz. For comparing the 1/3rd octave and the 20 Hz-band results, a 

corresponding rms force spectrum is generated in both models. The excitation force is taken equal to 1 N 

rms over 20 Hz in the narrow band model and is taken equal to 
0.23

20
 cfF  in the 1/3rd octave one. 
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Comparisons between both models are given for excited Equipment Top and Supporting Sandwich Panel in 

Figure 4.  

Working with VSEA in narrow band captures more dynamical features than in 1/3rd octave. It is worthwhile 

to note the two models are different in their intimate structure: SEA parameters are identified in each band 

by the VSEA inverse solver in both models. There is then much more SEA models in the 20 Hz-band one 

than in the third octave i.e. more information content. 

The injected power at the selected node of Equipment Top panel is given for the two models in Figure 5 

(left) and the various conductances (active power injected/N²) inside this small panel are seen on right 

picture over the band 50-2500 Hz. 

The latter picture shows the potential high variability of the power vs. node given by direct excitation of 

local modes of the Top panel. Lower levels are found on nodes located on panel edges. 

At all reference nodes, responses can be recover in the direction of global axis as well the nodal rotations, 

as shown in Figure 6. As expected the strongest response is found in the normal direction of the panel 

containing the reference node but at low frequency the direction of maximum response may not be the 

normal direction as observed around 400 Hz. 

 

  

Figure 2: On left FE reference nodes of sandwich panel system and on right related ASEA model 

 

 

 

Figure 3: Comparison of acceleration PSD distribution in both VSEA (plain) and ASEA (dashed) models 

(left) and around 500 Hz grouping of patches into two effective subsystems 
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Figure 4: Comparison of Equipment Top (left) and Supporting panel (right) PSD mean acceleration 

responses in the 20 Hz-band model and the 13rd octave band model 

  

Figure 5: On left, injected power in vertical direction in Equipment Top at a particular node in the 20-Hz 

band model and in the 1/3rd octave-band model; on right, conductances at all reference nodes in 

Equipment Top panel 

 

Figure 6: Output response in the global axis x, y and z of the VSEA model (here rotation at central node of 

equipment lateral X+ panel) 

3 Structure borne sound prediction in a full-trimmed car 

A BIW is complex (local curvatures and re-enforcements, spot welded points…). No analytical SEA 

representation provides, in the low and mid-frequency range, a sufficient accuracy of modal densities and 

coupling loss factor (CLF) spectra, required by the SEA modeling process. On the contrary a FE model of 

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2297



the BIW with suitable mesh usable up to 1000 Hz (transition frequency, ft ) is more representative of the 

"true" dynamic of the system. Above 1000 Hz, due to progressive decoupling of the various BIW subparts, 

analytical SEA becomes appropriate. 

The structural dynamic of the vehicle is then adequately represented by a VSEA model up to 1000 Hz and 

by ASEA above. ASEA subsystem description is embedded within the VSEA and the final VSEA model 

may then be run over the entire frequency range. A Peugeot 208 car (Figure 7) is modelled using SEA+, 

starting from a FEM of the car body, transformed into VSEA model. The VSEA model is expanded to high 

frequency and enriched by acoustic trims computed from transfer matrix approach. Only a fraction of trims 

is modeled deterministically due to availability of data, the other trim properties being inferred from similar 

trims on other vehicles.  

 

Figure 7: Peugeot 208 vehicle 

The full-trimmed VSEA model of Peugeot 208 is displayed within SEA+ modeling environment in Figure 

8. The interior of car body is darker indicating the presence of acoustic trims mounted on inner faces, 

following requirement of the car manufacturer. Internal fluid volumes are seen on the Figure 8, right picture; 

five cavities for describing the fluid volume above seats, four cavities at seat level, one cavity for trunk and 

a few additional ones when necessary, such as the under-body cavity. The model has to cover the mid 

frequency range and its behavior is fully described by the VSEA parameters below 1200 Hz: modal density, 

wavenumber, mass, conductance and CLF. From 1200 Hz and above, model parameters are computed from 

analytical SEA+ operators by defining the subsystem type following its main topology: plate, singly or 

doubly curved shell, with or without rib distribution for better evolution of the dynamic stiffness vs. 

frequency. 

 

Figure 8: BIW coupled to acoustic trim in SEA+ modelling environment 

The model was compared to reciprocal vibroacoustic test performed by the manufacturer. In the test, a point-

acoustic source delivering a calibrated power is installed at driver's ear location while accelerations are 

measured at a set of locations over the body. 

Transfer functions between acceleration response point and source is then predicted by the SEA model from 

reciprocity theorem: applying a unitary force in the direction of each measured acceleration and prediction 

of acoustic pressure level in the cavity containing the driver's ear source.  
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Damping of the bare BIW is assessed to a mean value as used in the FE-FRF modal synthesis. Applied 

acoustic trims interaction with BIW is also simulated in SEA+ model and may lead to damping change as 

porous material are efficient dampers of structural vibration around the breathing frequency of trims. 

Acoustic cavities are inheriting of BIW trims and are damped by theoretical absorption they generate. All 

predictions are done in 10 Hz bandwidth, the resolution of the synthesized FE-FRF, for verifying the 

capability of reproducing detailed spectra of the vibroacoustic response over the range 0-800 Hz. 

Figure 9 shows the acoustic pressure level (green curve) at passenger's ear predicted from the SEA model, 

force being applied in the X-direction (vehicle direction) on the pivot cross-beam. This pressure level is 

compared to the measured pressure (red curve) along with the manufacturer uncertainty bounds (blue curve). 

VSEA prediction is following the measured curve. Maximal deviation of about 5 dB is observed around 400 

Hz, still staying within uncertainty bounds.  

Figure 10 shows the comparison of predicted and measured windscreen-to-driver's ear sound pressure 

transfers. Predicted transfer is close to measurement except between 125 and 250 Hz. Windscreen has a 

sandwich cross section with PVB-like core and is mounted on joint and seems actually behaving in a softer 

way on first modes than its FE/VSEA-description, which may explain the 10 dB discrepancy in 125-250 Hz 

range. 

At engine mounting points, results are similar to previous ones, despite the engine was present in 

measurement but not simulated in the model. Best results are obtained in the direction of principal 

conductance as seen in Figure 11. 

 

        

Figure 9: Excitation of pivot cross-beam in X axis and measured and predicted sound pressure level at 

driver's ear 

 

Figure 10: Excitation of windscreen in normal direction and measured and predicted sound pressure levels 

at driver's ear 
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Figure 11: Excitation at engine mounting points in principal direction of point conductance and measured 

and predicted sound pressure levels at driver's ear 

4 Conclusions 

For structure-borne analysis, Virtual SEA method extends the applicability of SEA over the low and mid-

frequency range thanks to the determination of all SEA structural parameters from a discretized FE model. 

Above FE limit of modal extraction (about 1000 to 2000 Hz for a car-body), the SEA parameters are 

computed from analytical operators and a user-defined typology (beam, plate, curved shell…). The model 

is based on the calculation of local modal energy transfers of which remarkable properties are observed: act 

as a smooth operator of frequency with low spatial variation from point to point. A Virtual SEA model has 

more locality than its analytical SEA counterpart: responses can be computed in narrow bands and 

decomposed in the global axis of the system at each reference nodes used for constructing the model from 

synthesized FE frequency response functions. Applied to the modeling of a full-trimmed car, the VSEA 

model is able to reproduce measured pressure-over-force transfers within their confidence intervals. The 

VSEA model of the car gives more accurate results in 10 Hz-frequency bands. This gain of information is 

due to the preservation of all local tensors of driving point mobility at model reference nodes. 

VSEA acts as a compressor of the modal FE information and preserves the mean transfers between the 

subsystems with an accuracy similar to the original FE model. Interactive solves with randomly distributed 

sources or correlated sound pressure fields as used in SEA method can be then performed at no 

computational cost in an interactive way, leading to more understanding about dynamical behavior and 

system-level prediction. 
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Abstract 
Dynamical Energy Analysis (DEA) has been introduced as a mesh-based high frequency method modelling 

structure borne sound for complex built-up structures. DEA has been used to calculate the structure borne 

sound of an assembled agricultural tractor and good agreement between measurements and DEA 

calculations has been shown. However, it is still difficult to model a solid structure because currently DEA 

is based on wave transmission calculations through plate/plate junctions. We propose here to integrate 

measurement data into DEA to improve the effectiveness of DEA modelling. Advanced Transfer Path 

Analysis (ATPA) is employed to extract energy transmission characteristics of a structure. DEA elements 

connecting interface points and representing energy transmission characteristics of the structure are created 

based on the ATPA result. The proposed method is verified with a finite element model of a simple structure. 

1 Introduction 

Simulations of the vibro-acoustic performance of cars, trains, airplanes as well as heavy goods vehicles such 

as lorries and tractors are routinely carried out at various design stages. To understand the transmission of 

structure-borne sound in such mechanical structures, it is necessary to have effective and efficient modelling 

tools to support the structural design process, ideally before a prototype vehicle is built. Numerical 

calculations are widely used to aid the understanding and estimation of noise and vibrations. In particular, 

the Finite Element Method (FEM) is used routinely for noise and vibration simulations in complex structures 

in the low frequency regime. It requires extremely fine meshes at high frequencies, however, to capture 

shorter wave lengths leading to large model sizes. Additionally, since the structural response at high 

frequencies is very sensitive to small variations in material properties and boundary conditions, the 

simulation result from FEM become less reliable. Statistical representations such as the Statistical Energy 

Analysis (SEA) [1] have been developed, leading to relatively small and simple models in comparison with 

FEM. SEA has found widespread applications in the automotive and aviation industry, as well as in 

architectural acoustics. However, SEA is based on a set of often hard to verify assumptions, which 

effectively require diffuse wave fields and quasi-equilibrium of wave energy within sub-systems. In 

addition, SEA gives results only on a relatively course scale and cannot deal with details of the structure 

[2,3,4]. 

Here, we start from a ray-tracing ansatz reformulated in terms of integral equations. This leads to linear flow 

equations for the mean vibrational energy density and forms the basis of the Dynamical Energy Analysis 

(DEA) method introduced first in [5]. DEA includes SEA as special case via a low order representation of 

the so-called transfer operator. Higher order implementations enrich the DEA model with information from 

the underlying ray dynamics, leading to a relaxation of SEA assumptions. In particular, DEA allows for 

more freedom in sub-structuring the total system and variations of the energy density across sub-structures 

can be modelled. Hence, DEA can resolve the full geometrical complexity of the structure. An efficient 

implementation of DEA on meshes has been presented in [6, 7]. Vibro-acoustic energy densities are 

computed for multi-modal propagation, including energy transport over curved surfaces. Connections at 
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material interfaces are described in terms of reflection/transmission matrices. DEA has been used to 

calculate the structure borne sound of an assembled agricultural tractor and good agreement between 

measurements and DEA calculations have been shown [8]. In particular, it has been demonstrated that DEA 

can model shell structures accurately. However, it is still difficult to model a solid structure because 

currently DEA is based on wave transmission calculations through plate/plate junctions. Additionally, it is 

often difficult to generate accurate FE meshes of assembled complex structures because of welds, bolts and 

rubber bushes between each of the components. To overcome these limitations, we suggest to integrate 

measurement data into DEA to improve the effectiveness of DEA modelling. 

In this paper, we propose a novel method to generate DEA elements based on the Advanced Transfer Path 

Analysis (ATPA) [11]. ATPA is employed to extract energy transmission characteristics of a structure. 

Firstly, Frequency Response Functions (FRFs) are measured between interface points on a structure. Then 

the direct transfer functions between all interface points are calculated using ATPA. Finally, DEA elements 

connecting interface points and representing energy transmission characteristics of the structure are created 

based on the ATPA result. The proposed method is verified with a finite element model of a simple structure. 

 

2 Theory 

2.1 Dynamical Energy Analysis on complex meshes 

We will give a brief account of the major ideas behind DEA here – for a detailed description of the theory 

and the implementation on 2D meshes, see [6, 8]. In the high frequency regime, the dynamics described by 

linear wave equations can be approximated using semi-classical or ray-tracing methods describing the 

transition from wave acoustics to ray acoustics; this serves as a starting point for DEA. By neglecting phase 

information, DEA approximates the transport of wave energy by a Hamiltonian flow [5] described by the 

Liouville equation. The flow is phase space volume preserving and can be formulated in terms of trajectories 

or rays. In contrast to ray tracing, DEA does not work with individual rays, but describes how ray densities 

are transported along the flow. In this work we are primarily interested in the stationary solution of transport 

problems corresponding to wave problems in the frequency domain with time-harmonic driving terms. 

Interference (or phase) effects are neglected. 

The ray density can be related to a wave energy density and is defined on a phase space, that is, it depends 

both on position and direction. For two-dimensional systems (as considered in this work), the phase space 

is four dimensional and is parametrized by two position and two momentum coordinates. The momentum 

coordinates are equivalent to the wave vector. For fixed frequency ω and a given wave mode, the modulus 

of the wave vector, that is, the wavenumber, is fixed. Hence, there is only one free parameter necessary to 

describe the direction. 

The transport problem can be conveniently solved on a mesh as described in [6, 8]. In particular, it is 

advantageous to restrict the Hamiltonian flow to sections on the union of all the edges of the mesh describing 

the two-dimensional structure in question. The coordinates used to describe this restricted two-dimensional 

phase space, the so-called Surface of Section (SoS), are the arc-length along each edge i, si, and the 

corresponding component of the wave vector along the direction of the edge, pi. The continuous Hamiltonian 

flow is thus transformed into a discrete map, also called the Discrete Flow Map (DFM) [6].  

DEA describes the transport of ray densities from the SoS to itself using a linear transfer operator which is 

now discretised and represented as a matrix with entries of the from [6, 8] 

 

where Pm is a scaled Legendre polynomial of order m as detailed in [8], and the energy is propagated along 

a trajectory through the mesh element j with propagation speed cj. This trajectory starts at position sj on edge 
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l of element j and is transported to position s’i on the common edge l’ of the boundary of element i. The 

tangential component of the momentum (or slowness) of the trajectory at sj is denoted pj and likewise for 

p’i at s’i. Note, that p’i and s’i  are uniquely determined by pj at sj. Also L(sj,s’i) is the length of the trajectory 

from sj to s’i, η is a (viscous) damping parameter. Furthermore, Al is the length of edge l from element j, and 

likewise A’l is the length of edge l’ from element i. The weight function wrt gives the reflection/transmission 

coefficients which are obtained from wave scattering theory [9]. Mode conversion between in-plane and 

flexural waves at boundaries can be included in the treatment. Shell effects leading to curved rays [10] are 

included by treating the meshed structure as set of plate-like elements, see [6-8] for details. 

Once the matrix B has been constructed, the energy density on the boundary phase-space of each element is 

given by the solution of a linear system of the form 

  

where I is the identity matrix and T has entries as defined by equation (1). Here, ρ0 is the initial density 

produced by a source term. Once ρ has been computed, the energy density at any location inside the structure 

can be computed in a post-processing step. 

2.2 DEA-TPA modeling 

In many practical applications, providing meshes for some parts of the structure may be very time-

consuming and thus costly due the internal complexity of the parts. Typical examples are the engine, the 

gear-box or the drive train as a whole and adjacent parts. In these circumstances, it would be easier to do 

local measurements and include effective transmission parameters into the DEA calculation. In order to 

extract the energy transmission parameters, the Transfer Path Analysis (TPA) approach is taken here [11]. 

The DEA-TPA method is based on the same principle as the RBE-patch method introduced in [8]. The 

difference to the RBE-patch method is that we use frequency dependent transition rates obtained from 

measurements. Energy transitions are assumed to take place between connecting interfaces. Labelling the 

interfaces with k, k´ = 1, n, we define a transition matrix Sk,k’ between these interfaces. An interface is 

normally made up of different edges of the mesh. Let us assume the edge Eb’’ is part of interface k and the 

edge Eb’ is part of interface k’ which is shown in Figure 1. We now allow a transition between Eb and Eb’ via 

the edge Eb’’ using the equation, 

 

                                        (1) 

 

Here, Ab , Ab’ are the lengths of the edges Eb, Eb’, β, β’, the indices for the momentum basis and T(b’,β’),(b,β) 

is the transfer operator matrix element between two edges not including weighting factors. The first term in 

(1) represents overall damping, the fraction in the middle gives the relative transition rates for a single edge. 

The denominator represents the total outgoing energy flux from interface k.  

In [8], the RBE-patch method was introduced to account for coupling between different sub-meshes 

provided by an FE-modeler.  For combining measurement results with DEA, we determine the rates for the 

transition matrix S using the ATPA method which is ideal to derive local transition rates from global 

response functions. The basic theory of ATPA is described in the next session. 

 

 

 

 

 

 

Figure 1: Schematic sketch of the connection between mesh edges using patch elements   

b’’ b’ 

b 
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2.3 Advanced Transfer Path Analysis 

ATPA is a variant of the transmission path analysis method using so-called Direct Transfer Functions 

(DTFs) calculated from a Global Transfer Functions (GTFs) [11]. The GTFs correspond to the common 

concept of a measurable transfer function. The GTFs represent transitions between measured points via all 

transmission path. The DTF elements represent the quotient between two specific points where all the other 

paths remain blocked.  

The GTF Gg
ij  from point i to j is defined as the scenario where one applies an external excitation fext (for 

example a force) at point i and the external excitation at all other points is set to zero [11], that is, 

𝐺𝑖𝑗
𝑔

=
𝑆𝑗

𝑆𝑖
  with  𝑓𝑒𝑥𝑡(0, ⋯ ,0, 𝑓𝑖

𝑒𝑥𝑡, 0, ⋯ ,0)
𝑇

                                               (2) 

where si and sj represent a measured signal which can describe quantities such as acceleration, velocity, 

displacement or energy. The DTF TD
ij from i to j is defined as the scenario where one applies an external 

excitation at point i with vanishing external excitation at point j and vanishing displacements at any point 

other than i or j, that is 

𝐺𝑖𝑗
𝐷 =

𝑆𝑗

𝑆𝑖 
with 𝑆𝑘 = 0, 𝑘 ≠ 𝑖, 𝑗.                                                            (3) 

As already mentioned, the DTF between two points gives the quotient of their signals when all the other 

points in the system are blocked. Consequently, the DTF is normally difficult to measured but it can be 

calculated by using the GTF as follows: 

𝐺𝑘𝑘
𝐷 =

1

[(𝐺𝑔)−1]𝑘𝑘
                                                                                 (4)  

𝐺𝑗𝑘
𝐷 =

−[(𝐺𝑔)−1]
𝑗𝑘

[(𝐺𝑔)−1]𝑘𝑘
      for      𝑗 ≠ 𝑘 .                                                    (5)  

In this paper, an energetic approach of the ATPA is employed as we focus here on the mid-high frequency 

regime. In the energetic approach, the measured signal si represents the energy at point i. Therefore, the 

energy density is used which is calculated using 

𝑠𝑖 = 𝜌ℎ𝑣𝑖
2                                                                            (6) 

where ρ is the material density, h is the thickness of the plate and vi
 is the velocity at point i. 

3 FE model for DEA-TPA 

In order to validate the DEA-TPA approach, the method is tested with an FE model of a simple structure 

made up of three plates connected via 4 connecting beams. We assume that the middle plate, plate 2, 

represents the complicated part and is modelled as the DEA-TPA element. Four interface points are defined 

at the boundaries of the connecting beams as shown in Figure 2. The GTFs is calculated here using FEM 

instead of measuring a real structure, validation is also performed doing an FE calculation of the full 

structure. To define the transition matrix described in Eq. (1), several steps are introduced as follows: 

• We first normalise the outgoing flow to 1, that is 

  

 
 

• We then set in the case that interface i and j are not on the same plate. 

• The diagonal terms correspond to reflection from the interface and we set if i and 

j are on the same plate.  

• We set Sij = 0, if i and j are different points on the same plate. 

The excitation point is on plate 1 (lower right plate) and shown in Figure 2. 
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(a) Original structure                           (b) DEA-TPA modelling 

Figure 2: The FE models for the full structure and the TPA model. The thicknesses of the plates are shown 

in the left figure. The orange dot shows excitation point. The blue dots give measurement points, see the 

results in Figure 4.  

 

4 Results 

4.1 Energy distribution calculation 

Entities of the transition matrix are calculated based on Eq. (4) and (5). However, for frequencies below 

1000Hz negative value of the calculated GTFs have been observed. Therefore, here, we focus on the 

frequency above 1000Hz for the ATPA results. Figure 3 shows a comparison of the acceleration 

distributions between averaged FEM result over 1/3 frequency band, a full DEA calculation and DEA-TPA 

result for 2500 Hz. Figure 4 also shows results for the energy calculated at the points depicted in Figure 2 

clearly demonstrating that both the DEA and the DEA-TPA capture the energy distributions accurately at 

2500 Hz. A comparison between DEA, DEA-TPA results and FEM at selected points and over the full 

frequency range from 250Hz to 2500Hz are presented in Figure 5 showing good agreement over the whole 

available frequency range.  

 

4.2 Vibrational energy flow calculation  

The ray density ρ(r,p) computed in DEA provides more information than just the energy density. In 

particular, it allows one to estimate the momentum density vector I(r) (sometimes called intensity vector) 

directly, and thus gives information about the direction of mean energy flow at each point on the structure. 

This can be done as a post-processing step by computing the vectoral quantity  

 

at each point on the structure. Here r is the position and p is the (two-dimensional) momentum variable. 

Figure 6 shows calculated result.  
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(b) 

Figure 3: Comparison of FEM, DEA and DEA-TPA model at 2500Hz; (a) averaged FEM over 1/3 octave 

frequency region at 2500Hz, (b) DEA and (c) DEA - TPA 

 

 

Figure 4: Comparison of FEM, DEA and DEA-TPA model at 2500Hz 
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(1)                                                                                  (2) 

 

 

      (3)                                                                          (4)   

Figure 5: Comparison of FEM, DEA and DEA-TPA model over the frequency range 250Hz to 2500Hz 

 

           

(a)                                                                                (b) 

Figure 6: Comparison of calculated energy flow between DEA and DEA-TPA at 1600Hz 

5 Conclusions 

In this paper, the DEA-TPA modelling method was proposed and compared with an FEM calculation. It 

was shown how ATPA input can be integrated into a transition matrix calculation giving rise to a hybrid 

DEA-TPA method. Both the DEA-TPA modelling as well as a DEA computation compares favorably with 

the FEM results with DEA-TPA giving a slightly more accurate description as expected.  
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Abstract
An approach for simulating transient wave propagation in periodic waveguides is presented. Free and forced
propagation of ultrasonic waves is modelled in one dimensional periodic structures. The interaction of ultra-
sonic waves with structural inhomogeneities is also studied. The approach is a combination of a hybrid Wave
and Finite Element Method (WFEM) for free wave propagation, a coupling element for forced response and
a time domain reconstruction technique. WFEM is used to obtain dispersion characteristics of the waveguide
along with the basis functions for calculating the excitation response from the coupling element. The time
domain response is obtained by taking an inverse Discrete Fourier Transform (DFT) of the frequency domain
amplitudes. The results are compared with a full explicit FE simulation done in Abaqus. The presented ap-
proach is found to accurately simulate the excitation response of periodic waveguides as well as to drastically
reduce the overall computation time.

1 Introduction

Ultrasonic guided waves are of particular importance for structural health monitoring (SHM). They can travel
long distances without much energy loss and require minimal equipment. Hence, they have been the focus of
the SHM community for decades. The transient wave propagation characteristics of a structural waveguide
can give information about the health of the structure and the presence of potential defects. Usually this
is done by comparing the signal with a database of possible responses and concluding the type of defect
present. Generating a baseline experimentally is often not practical, hence simulations are used to generate a
library of baseline states. From here arises the need for fast and efficient simulation tools. The most reliable
and widely used method is explicit FE but due to very short wavelengths in the ultrasonic regime, a very high
resolution in spatial and temporal domain is required. Hence, the approach quickly becomes computationally
prohibitive. Over the years different methodologies have been developed to overcome this issue, the foremost
being semi-analytical finite element method (SAFE) [1],[2]. It uses finite element method to describe wave
behaviour in thickness direction whereas a complex exponential function to describe displacement field in
direction of wave propagation is used [3]. There is also the scaled boundary finite element method (SBFEM)
used for modelling guided waves and detecting damage in structures [4]. The dominant feature of these
approaches is a combined analytical and numerical framework to reduce computational complexity. The
hybrid wave and finite element method (WFEM) is one such methodology developed in the last decade [5].
It is used in a number of research areas like structural identification [6], damage detection [7], multiscale
wave propagation [8] and wave steering in composites [9]. There have been efforts recently to develop a full
transient simulation method based on WFEM [10],[11], but none addressing ultrasonic guided waves exists
so far.

2311



The main novelty introduced in this paper is a comprehensive transient analysis technique which can simulate
ultrasonic guided wave propagation and their interaction with defects in period structures orders of magnitude
faster than conventional methods. The organisation of this paper is as follows. After a brief introduction on
the need to develop a new approach, the entire methodology is presented in Section 2. A brief overview
of WFEM is given in Section 2.1 and its use in the transient analysis framework. This is followed by a
frequency domain forced response analysis described in Section 2.2, scattering from defects in Section 2.3
and time domain reconstruction in Section 2.4. A comprehensive numerical example is presented in Section
3. That is followed by some conclusions as well as an outlook for possible future extensions.

2 Transient analysis

An approach for the modelling ultrasonic guided waves is presented in this section. The methodology is
based on the hybrid wave and finite element method (WFEM), hence it brings all the benefits of this approach
to model wave propagation in periodic structures. The wave solution obtained from the WFEM for the free
wave propagation in frequency domain is used as basis for projecting the solution on the entire structure.
The forced response is obtained by transforming transient excitation functions into the frequency domain
and applying it to the dynamic equilibrium of coupling elements to obtain the outgoing amplitudes. A
simplified illustration of the structure under consideration is shown in Figure 1. The entire approach is
illustrated schematically in Figure 2.

Waveguide Waveguide WaveguideCoupling  
element

Sc
at

te
re

r
External excitation

Waves propagating into waveguides

Figure 1: Wave propagation due to external excitation.

2.1 Hybrid wave and finite element method

The hybrid wave and finite element method is a technique to model wave propagation in periodic structures.
It is presented in detail in [12] and [13]. This section closely follows the steps presented in these articles. The
first step is to model a periodic section in FE software. The cross-section of the periodic element can be of
arbitrary complexity. Hence, this approach is quite useful for modelling wave propagation in layered media.
It is necessary for structure to be uniform in the direction of wave propagation and to have same number
of degrees of freedom on the left and right side of the waveguide. The finite element model of the periodic
section is used to obtain the stiffness K, mass M and damping C matrices. These are used to establish the
governing equations of motion as follows:

[
K+ iωC− ω2M

]
q = f + fp. (1)

Here, q is the vector of nodal displacements and f and fp are vectors of internal and external forces. For a
system with n degrees of freedom on each side of the waveguide K, C and M are [2n× 2n] matrices where
q, f and fp are [2n× 1] vectors. There is a time harmonic dependence of the form eiωt assumed throughout
this work which has been suppressed for brevity. Rearranging the degrees of freedom into left (L), right (R)
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Figure 2: Schematic of approach.

and internal (I) leads to the following expression for Eq. (1):



DLL DLR DLI

DRL DRR DRI

DIL DIR DII







qL

qR

qI



 =





fL
fR
fI



+





fpL
fpR
fpI



 (2)

or
D(ω)q = f + fp, (3)

where D is a frequency dependent dynamic stiffness matrix of the waveguide. The free wave propagation
characteristics are obtained by simplifying Eq. (2) with the knowledge that there are no forces on internal
degrees of freedom and no external excitations. This helps in condensing the internal degrees of freedom
and reducing Eq. (2) as follows:

[
D̃LL D̃LR

D̃RL D̃RR

]{
qL

qR

}
=

{
fL
fR

}
, (4)

where

D̃LL = DLL −DLID
−1
II DIL

D̃LR = DLR −DLID
−1
II DIR

D̃RL = DRL −DRID
−1
II DIL

D̃RR = DRR −DRID
−1
II DIR

. (5)

This condensation technique is the simplest of its kind, other methods are available for better accuracy and
computational speed [14],[15]. According to Bloch’s theorem for free wave propagation in waveguides of
length lx, the propagation constant λ = eiklx relates the nodal degrees of freedom on the left and right hand
side by [13]

qR = λqL, fR = −λfL. (6)
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An eigenvalue problem for λ is formulated by substituting Eq. (6) into Eq. (4) as follows

λ

{
qL

fL

}
= T

{
qL

fL

}
, (7)

where T is the transfer matrix given in Eq. (8). Based on eigenvalue problem in Eq. (7), the propagation
constants λ are eigenvalues of the transfer matrix T. They exist in pairs of [λ+, 1/λ+] for the positive
and negative travelling waves, respectively. The eigenvalue problem can be poorly conditioned leading to
numerical issues. Different formulations are used to mitigate this effect which are mentioned in [16], that is,

T =

[
−D̃−1

LRD̃LL D̃−1
LR

−D̃RL + D̃RRD̃
−1
LRD̃LL −D̃RRD̃

−1
LR

]
. (8)

The propagation constants for positive and negative going waves are used to obtain wavenumbers k+j and k−j
of propagating waves where j = 1, ..., 2n. The number of waves N retained to be used as basis functions
are less than the total number of modes computed as many of these modes are numerical artefacts. Only the
propagating modes and the least rapidly attenuating evanescent modes are retained, hence N < 2n. Actual
basis functions are eigenvectors φφφj accompanying the propagation constants. They exist for both positive
φφφ+j and negative φφφ−j going waves and can internally be partitioned to represent displacement and forces as
follows:

φφφj =

{
φφφq
φφφf

}
, where φφφ+j =

{
φφφ+q
φφφ+f

}
, φφφ−j =

{
φφφ−q
φφφ−f

}
. (9)

2.2 Coupling element

The section of the waveguide under influence of external excitation is modelled as a coupling element.
This part can be of arbitrary complexity and is completely modelled using finite elements. An important
consideration is to satisfy continuity and equilibrium conditions at the interface with the waveguide. The
coupling element and the waveguide must therefore have consistent degrees of freedom at the interface. A
finite element model of the coupling element is used to obtain the stiffness Kc, mass Mc and damping Cc

matrices. The dynamic equilibrium for the coupling element is established as follows:
[
Kc + iωCc − ω2Mc

]
qc = fc + fcp

or Dc(ω)qc = fc + fcp,
(10)

where Dc(ω) is the frequency dependent dynamic stiffness matrix and qc are the displacement degrees of

Coupling 
element Waveguide 1 Waveguide 2

Outgoing  
amplitudes

a
−

1
a
−

2sdfsd

Figure 3: Amplitudes generated due to external excitation.

freedom for the coupling element while fc and fcp are internal and external forces acting on the coupling el-
ement. They are related to the waveguide degrees of freedom by using continuity and equilibrium conditions
as shown in [17], that is,

qc = Rq (continuity)

fc −Rf = 0 (equilibrium),
(11)
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where R is a rotation matrix to transform the degrees of freedom of the waveguide from a local coordinate
system to a global coordinate system assuming that the coupling element degrees of freedom are already
in a global coordinate system. Based on the approach presented in [17], a wave solution is imposed on the
equations of motion using the wavemodes of the waveguide as basis functions, that is,

q = R
[
φφφ+q a

+ +φφφ−q a
−]

f = R
[
φφφ+f a

+ +φφφ−f a
−
]
.

(12)

Since the goal is to calculate wave propagation in a waveguide due to external excitation, it can safely be
assumed that there are no amplitudes incident on the coupling element. This assumption leads to setting
incident amplitudes a+ to zero. The external excitation applied to the coupling element is a transient force
f(t) in the time domain. It is introduced in Eq. (10) by converting the force into the frequency domain using
the discrete Fourier transform (DFT). The time domain signal is sampled at m points and converted into the
frequency domain as follows:

Fcp(ωj) =
m∑

i=1

fcp(ti)e−itiωj where j = 1, ...,m. (13)

This step is also crucial because the resolution in the frequency domain influences the final result in the time
domain and hence should be given special consideration. The result is a frequency dependent force vector.
Equations (12) and (13) are used to establish a dynamic equilibrium for the coupling element in the frequency
domain by substituting them into Eq. (10). The solution are frequency dependent outgoing amplitudes a−

from the coupling element.

2.3 Scattering from the defect

The wave propagates through the structure due to external excitation and is incident on a defect present in
the structure. The incident wave is reflected and transmitted which is known as scattering. This is illustrated
in Figure 4. The incident wave is represented as incoming amplitudes which have already been calculated in
section 2.2. Once again, the degrees of freedom at the interface of the waveguide and the region encapsulating
the defect must be consistent and must satisfy continuity and equilibrium conditions. The region containing
the defect is modelled in finite element software from which the stiffness KJ, mass MJ and damping CJ

matrices are obtained to establish the dynamic equilibrium as follows
[
KJ + iωCJ − ω2MJ

]
qJ = fJ

or DJ(ω)qJ = fJ,
(14)

where qJ and fJ are displacement and internal force vectors of the region containing the defect while DJ(ω)
is the frequency dependent dynamic stiffness matrix. The continuity and equilibrium conditions are applied
to Eq. (14) similar as done for the coupling element. It is important to state here that the waveguides sur-
rounding the region of the defect can be different from each other and can support different wavemodes. The
formulation described here will still be able to obtain the amplitudes travelling into the structure as a result
of scattering. We obtain

qJ = Rq (continuity)

fJ −Rf = 0 (equilibrium).
(15)

R is once again used to transform all vectors into a global coordinate system. The wave solution is imposed
on Eq. (14) using the relation shown in Eq. (12). As mentioned at the start of this section, amplitudes incident
on the defect are known from section 2.2, hence the only unknowns are amplitudes scattered from the defect
which are obtained as follows:

DJR
[
φφφ+q a

+ +φφφ−q a
−] = R

[
φφφ+f a

+ +φφφ−f a
−
]
. (16)
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Figure 4: Scattering of waves from the defect.

2.4 Reconstruction in the time domain

The amplitudes are calculated with contribution factors for each wave over a range of frequencies. Hence
these amplitudes are in the frequency domain and represent the wave motion of an entire cross-section instead
of individual nodes. The nodal displacement is obtained by projecting amplitudes on individual degrees of
freedom by means of basis functions, that is,

q(ω) = φφφ+q a
+ +φφφ−q a

−, (17)

where nodal displacements q of the waveguide are a function of frequency ω. The contribution of the
wavemodes and their respective amplitude determines the nodal displacement in the time domain. This is
achieved by performing an inverse DFT as follows:

q(tj) =
1

m

m∑

i=1

q(ωi)e−iωitj where j = 1, ...,m. (18)

The time domain result from this step gives the response at the point of excitation. In order to obtain the

Waveguide WaveguideCoupling  
element

Sc
at

te
re

r

External excitation

Observation point

Incident Reflection Transmission

xi xs

Figure 5: Wave propagation due to external excitation.

complete time history at some arbitrary point of observation in the structure, it is necessary to sum up all
amplitudes arriving at that point. In Figure 5, we see the response at an observation point in the structure at
some distance from the point of excitation showing the incident waves with displacement vector qI passing
through it, impinging on the defect and reflecting from it with displacement vector qR and again passing
through the observation point. Then total frequency domain displacement at the observation point is then
given as

qO(ω) = qI(ω) + qR(ω), (19)
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where qO is the wave signal recorded at the observation point. There can be any number of waves passing
through the observation point which will simply be added to the signal in Eq. (19) to obtain the final fre-
quency domain response. Each of these signals will have a time of flight depending on the distance travelled
by the wave to reach the observation point. This is calculated for each wave separately. The amplitudes
arriving at the observation point for the first incident wave are obtained as

aI = a · eikxi , (20)

where a is the amplitude generated from the external excitation, k is the corresponding wavenumber of the
mode, xi is the distance the incident wave travels to reach the observation point and aI the amplitudes of
incident wave at the observation point. The same wave travels further and is scattered due to the defect.
Obtaining reflected amplitudes from scattering at the observation point is done in three steps as shown in Eq.
(21). The first step obtains the amplitudes reaching the scatterer, in second step describes scattering from
the defect which acts as a new source with modified amplitudes going back into the waveguide and in a final
step, we obtain the reflected amplitudes reaching the observation point. That is,

a1 = a · eikxs

a2 = [S] · a1

aR = a2 · eik(xs−xi ),

(21)

where a are the amplitudes generated in the waveguide due to the external excitation, xs is the distance of the
scatterer from the excitation point, [S] is the scattering matrix which is intrinsic in the formulation presented
in Section 2.3, a2 are reflected amplitudes due to scattering and aR are reflected amplitudes reaching the
point of observation. Once all amplitudes are obtained they can be projected onto individual degrees of
freedom using Eq. (17) and added together as in Eq. (19). The final time domain response at the observation
point is obtained by taking the inverse DFT of the complete signal using Eq. (18).

3 A numerical example

In this section, a numerical case study is presented and results are compared with those obtained from a full
explicit finite element simulation performed in Abaqus. The entire methodology developed in this paper is
coded in MATLAB. The waveguide under consideration is illustrated in Figure 6. The waveguide is made of
steel with material properties shown in Table 1. The defect is simulated by inserting a single-element thick
layer of aluminium in the waveguide which lead to reflection. The material properties of aluminium are also
stated in Table 1. Dimensions of the structure are marked on Figure 6. The final goal is to obtain a complete
transient response at the point of observation.

Material Young’s modulus Density Posisson ratio
(E,GPa) (ρ, kg/m3) (ν)

Steel 210 7800 0.3
Aluminium 70 2700 0.3

Table 1: Material properties

It is important to list all wave packets passing through observation point in order to make sense of the
resulting displacement profile. The simulation is done for 150 microseconds and the external excitation is a
30 microsecond signal. Considering the time window being simulated, the following waves will pass through
the observation point:

• Transmitted wave (w1) from scattering of first incident wave on the aluminium scatterer.

• Reflected wave (w2) generated from w1 reflecting from fixed boundary.

• Reflected wave (w3) generated from w2 reflecting from aluminium scatterer.
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Figure 6: Illustration of the structure used in the numerical example.

• Transmitted wave (w4) generated from the initial reflected wave from the scatterer which travels back
to the free end of the structure, gets reflected again and is incident again on the scatterer and is then
transmitted.

• Reflected wave (w5) generated from w4 reflecting from fixed boundary.

The external excitation applied to the structure is a Hanning windowed sinusoid with central frequency at
100 kHz in the time domain. This signal is shown in Figure 7a and is used directly as input in Abaqus. For
the approach developed in this paper, it is converted into nodal forces in the frequency domain using Eq. (13)
as shown in Figure 7b.

(a) Time domain (b) Frequency domain

Figure 7: Excitation signal used for exciting the symmetric Lamb wave mode in the waveguide.

The waveguide is modelled as single periodic element with dimensions 0.001m×0.005m×0.003m using
the solid element C3D8R which is an 8-node linear brick element in Abaqus standard element library [18].
The mass and stiffness matrices are obtained for this single periodic element to compute the dispersion
characteristics of the steel waveguide as explained in Section 2.1. The wavemodes obtained from the wave
finite element method are then used as basis functions for the entire waveguide. The dispersion plots for
waves retained to be used as basis are shown in Figures 8a and 8b.
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Applying the methodology presented in Section 2.2, the amplitudes generated in the waveguide due to exter-
nal excitation are calculated. A frequency domain resolution of 976 Hz is used with a total of 256 steps. After
obtaining the amplitudes, the response at the point of observation is calculated using the technique presented
in Sections 2.3 and 2.4. The resulting displacement of a single node in the direction of wave propagation
is plotted in Figure 9 against values obtained from an Abaqus simulation. Abaqus simulation is carried out
using 3500 elements. The element selected is the same as that used for modelling periodic waveguide el-
ement. Both simulations are performed on the same computer with a 7th Generation Intel Core i3-7100U
2.50 GHz processor with 8 GB RAM. The simulation in Abaqus takes approximately 28 seconds whereas
the same results are obtained using the developed approach in 5.365 seconds. It is important to mention here
that the MATLAB codes are not optimised and the main goal of a full two-dimensional simulation with this
approach coded in C environment is expected to be at least an order of magnitude faster than conventional
FEM. Moreover the results plotted in Figure 9 are found to be in good agreement.

(a) Negative waves (b) Positive waves

Figure 8: Dispersion curves for steel waveguide Pressure, Shear, Vertical bending, Lateral
bending, Evanescent, Evanescent

Figure 9: Displacement in direction of wave propagation of a node at observation point Matlab,
Abaqus.
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4 Conclusions

The approach developed in this paper is capable of simulating ultrasonic wave propagation in periodic struc-
tures. The main objectives achieved are listed below

• Free wave propagation in one dimensional waveguides.

• Forced wave propagation in one dimensional waveguides.

• Reflection from boundaries and scattering from defects.

• Complete transient response.

It is observed that sorting of wavemodes is not necessary for time domain response which is a major strength
of this method. Moreover a very high resolution in frequency domain is also not required to get sufficient
resolution in the time domain. The computational complexity can further be reduced by only considering
amplitudes in the vicinity of the central excitation frequency. The methodology can also be extended easily
to simulate layered media because the base formulation in WFEM is capable of handling arbitrarily complex
cross-sectional geometry. The approach developed in this paper will be used as groundwork to build a more
comprehensive approach to simulate wave propagation in complex two dimensional waveguides.
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Abstract
The hybrid deterministic - statistical energy analysis method is a versatile framework for vibro-acoustic anal-
ysis. Stiff system components are modelled deterministically, while the wave fields in flexible components
are modelled as diffuse. In this paper, the hybrid method is extended such that the ensemble mean and
variance of the band-averaged system response can be computed. The variance represents the uncertainty
that is due to the assumption of a diffuse field in the flexible components of the hybrid system. After gen-
eralizing the diffuse field reciprocity relationship, explicit expressions are derived for the cross-frequency
and band-averaged variance of the vibrational energies in the diffuse components and the cross spectrum of
the response of the deterministic components. These expressions are extensively validated against detailed
Monte Carlo analyses of coupled plate systems in which diffuse fields are simulated by randomly distributing
small point masses across the flexible components, and good agreement is found.

1 Introduction

Effective vibro-acoustic analysis tools are essential for the design of engineering systems with adequate noise
and vibration performance. Ideally such tools would be applicable over the entire frequency range of interest,
but in practice, the workability of specific methods is restricted to a limited frequency region. Straightforward
application of deterministic field-based analysis techniques such as finite element (FE) analysis is possible
at low frequencies, where the wavelength of deformation is long in all system components and the response
is dominated by a limited number of eigenmodes. However, as the frequency increases, the wavelength of
deformation becomes short in the flexible components of the built-up system, resulting in refined meshes and
a large computation cost. At the same time, the response at a specific location in such a flexible component
becomes highly sensitive to the possible presence of small entities with a wave scattering effect, such as local
inhomogeneities or small objects attached to the component.

In contrast to what might be initially expected, one can exploit the sensitivity of the local response of a flexi-
ble component to small wave scattering entities for setting up an effective high-frequency component model.
This is achieved by modelling the wave field due to random wave scattering directly, rather than modelling
the physical mechanisms behind the wave scattering. If the randomness of the wave scattering is sufficiently
large such that a state of maximum uncertainty, termed maximum entropy, is reached, then the related wave
field is called diffuse [9]. The notion of a diffuse field has evolved over time with increasing level of so-
phistication. The conventional definition of a diffuse field is a random field, composed of plane waves with
statistically independent phases and statistically independent and uniformly distributed directions.

Such a model can only describe the behavior of a random system in an exact way when it has diffusely re-
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flecting boundaries. In built-up systems where the mechanic interaction between different components needs
to be analyzed, a generalization is therefore necessary. This is possible by establishing a harmonic linear re-
lationship between the mean total energy in the diffuse field and the mean squared amplitude of the blocked
interface reverberant forces, i.e., the forces that are caused by the diffuse field at the blocked deterministic
interface degrees of freedom. This relationship is termed the diffuse field reciprocity relationship [9]. Its
evaluation requires the computation of the radiation impedance matrix of the deterministic interface degrees
of freedom at the considered frequency. A further generalization of the diffuse field concept has been driven
by the search for an accurate quantification of the variance of the energetic response. Weaver [11] found that,
in high-frequency regime, the statistics of the natural frequency spacings conform to those of the eigenvalues
of a Gaussian Orthogonal Ensemble (GOE) random matrix. The GOE model is a substantial generalization
of the conventional diffuse field model. The formal connection is that, in the GOE model, the mode shapes
are independent Gaussian random fields. Assumptions other than on the nature of the statistics of the natural
frequencies and mode shapes are not needed.

The analysis of the total vibrational energy of and the power flows between diffuse components of a built-up
system is termed statistical energy analysis (SEA) [4]. The key to modern SEA is the diffuse field reciprocity
relationship because it enables the computation of coupling loss factors in a rigorous and straightforward
way, and therefore it resolves the problems related to ad hoc approaches that make a distinction between
resonant and non-resonant transmission. It also allows combining reverberant system component models
with other component models, such as finite element or boundary element models, within a single, hybrid
framework of analysis. The resulting hybrid deterministic-SEA method [10] can therefore be also employed
for the analysis of built-up systems in the medium frequency range, where the stiff components of the built-
up system (e.g., the beam-column frames of a building) still exhibit long-wavelength deformation while the
flexible components (e.g., the floors and walls of a building) already exhibit short-wavelength deformation.

The hybrid deterministic-SEA method has been extended such that not only mean energetic response quan-
tities can be computed, but also their variance [3]. This variance represents the uncertainty that is due to the
assumption of a diffuse field in the flexible components of the hybrid system. At present, only the variance
of the harmonic energetic response can be computed. However in technical acoustics, energetic responses
are usually averaged or integrated over frequency bands because such integration correlates well with human
perception and because it results in a reduced uncertainty. Therefore, in the present paper, the hybrid method
is extended such that also the ensemble variance of the band-averaged system response can be computed.
The present paper is an abbreviated version of a more detailed analysis to be found in reference [7].

2 Hybrid deterministic-statistical energy analysis

2.1 Definitions and equations of motion

A built-up vibro-acoustic system is considered. It is decomposed into a set of deterministic components and
a set of homogeneous random components. The random components carry a diffuse wave field. The deter-
ministic components and all interfaces are referred to as the “master system”, while each random component
is referred to as a “subsystem”. When the displacement degrees of freedom of the master system are grouped
in a vector q, its equations of motion at a given frequency ω can be written as

Dd(ω)q(ω) = f(ω) +
∑

k

fk(ω) (1)

where Dd is the dynamic stiffness matrix of the master system, f the vector with external forces and fk the
vector of forces that are exerted onto the master system by subsystem k. Phasor notation is being employed,
so the time history of the master system’s response, for example, is obtained as q(t) = Re

(
q(ω)eiωt

)
. In

what follows, the dependence on frequency is omitted for ease of notation, e.g., q(ω) is denoted simply as
q. The equation of motion of subsystem k is

Dkq = −fk (2)
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where Dk is the dynamic stiffness matrix of the subsystem. This is a random matrix, which can be decom-
posed into a deterministic (mean) part and a random part with zero mean:

Dk = D
(k)
dir + D(k)

ran, where D
(k)
dir := E [Dk] (3)

so that (2) can be re-written as

D
(k)
dirq = −fk + f (k)

rev , where f (k)
rev := −D(k)

ranq (4)

This subsystem equation of motion can be interpreted in the following way [9]. When a known displacement
q is applied to the subsystem at the interface degrees of freedom, waves travel into the subsystem. If these
waves would never be reflected back to the interface, the reaction force −fk would be deterministic and
equivalent to the reaction force of the unbounded system without any wave scattering, D

(k)
dirq. The corre-

sponding wave field is called the “direct field” of the subsystem. The reflections back to the interface are
accounted for by means of a “blocked reverberant force” −f

(k)
rev in order to yield the correct value for fk.

Substitution of (4) into (1) yields

Dtotq = f +
∑

k

f (k)
rev where Dtot := Dd + D

(k)
dir (5)

The dynamic stiffness matrix Dtot is deterministic. It can be computed as the deterministic stiffness matrix
of the master system with unbounded subsystems attached. This implies that, for a known external loading
f , the master system response q can be computed as soon as the blocked reverberant subsystem forces f

(k)
rev

are known. There are stochastic quantities which by definition have zero mean, so the ensemble average of
the master system displacement q follows directly from (5). However, in many applications the energetic
responses of the master system and the subsystems are of interest, and these require the knowledge of the
higher order statistics of f

(k)
rev .

2.2 Ensemble average of the harmonic energetic response

In order to compute these statistics, the following assumptions are needed.

Assumption 1. The random wave scattering in each subsystem is statistically independent from the random
wave scattering in the other subsystems and independent from the external loading.

Assumption 2. The response of each random subsystem, when viewed across the ensemble of random struc-
tures, constitutes a diffuse wave field, in the sense that the random wave scattering is such that a state of
maximum entropy is reached.

When assumption 1 is valid, it follows directly from (5) that the cross-frequency correlation matrix of the
complex response amplitudes at angular frequencies ω1 and ω2 is given by

E


q(ω1)qH(ω2)︸ ︷︷ ︸

:=Sq1q2


 = D−1

tot(ω1)


E


f(ω1)fH(ω2)︸ ︷︷ ︸

:=Sf1f2


+

∑

k

E
[
f (k)
rev (ω1)f (k)

rev

H
(ω2)

]

D−H

tot (ω2) (6)

For the auto-frequency response, ω1 = ω2 = ω, and in this case it has been demonstrated [9] that when
assumption 2 is valid,

E
[
f (k)
rev f (s)

rev

H
]

= δks
4ak
ωπnk

E [Ek] Im
(
D

(k)
dir

)
and E

[
f (k)
rev f (s)

rev

T
]

= 0 (7)

where nk denotes the modal density (i.e., the number of modes per radial bandwidth) of subsystem k and
δks the Kronecker delta (so δks = 1 when k = s, and δks = 1 when k 6= s). The factor ak is the diffuse field
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correction factor that has been introduced in [3]. In most cases ak will be close to unity, which means that
the conventional definition of a diffuse field and the GOE definition lead to approximately the same result.
Eq. (7) is the field reciprocity relationship; it is the basis for computing the ensemble average harmonic
energetic response. Substitution into (6) yields

Ŝqq = D−1
tot

(
Ŝff +

∑

k

4Êkak
ωπnk

D̃
(k)
dir

)
D−H

tot (8)

where ensemble averages are noted by a hat and imaginary parts by a tilde. This shorthand notation will be
employed throughout the remainder of this work. From this result, the ensemble average of the harmonic
energetic response of the master system can be computed, once the ensemble averaged total energies of the
subsystems are known.

In order to compute the mean subsystem energies, one may write a time-averaged power balance for each
subsystem in stationary conditions [10]:

P
(k)
in,dir + Pk = P

(k)
out,rev + P

(k)
diss (9)

where P (k)
in,dir denotes the power injected into subsystem k by the master system, Pk the power that is directly

injected into the reverberant field of subsystem k, P (k)
out,rev the power output, and P (k)

diss the dissipated power,
all in a time and ensemble averaged sense. Following the physical interpretation of (4), the excitation coming
from the master system acts onto the direct field of the subsystem (before scattering), while the output power
comes from the reverberant field (after scattering). In principle, all interfaces belong to the master system
and therefore all input power is contained within P (k)

in,dir, leaving Pk equal to zero. However, an excitation
source with known power may act directly onto a subsystem at a location remote from other interfaces, and
in such case it is more convenient to describe that excitation via Pk when the subsystems are weakly coupled
through the master system, such that the power Pk that is directly injected into a subsystem by external
loading can be approximated to that obtained from a decoupled subsystem. In such case, Pk can be readily
computed with conventional SEA procedures [4].

Shorter and Langley [10] have shown that, in an ensemble averaged sense, the power balance (9) can be
written as

ω(ηk + ηd,k)Êk +
∑

j

ωηjk
nk
ak

(
akÊk
nk
− ajÊj

nj

)
= P̂k + P̂ ext

in,k (10)

where

ηd,k :=
2ak
πnk

∑

r,s

D̃d,rs

(
D−1

totD̃
(k)
dirD

−H
tot

)
rs

ηjk :=
2ak
πnk

∑

r,s

D̃
(k)
dir,rs

(
D−1

totD̃
(j)
dirD

−H
tot

)
rs

(11)

P̂ ext
in,k :=

ω

2

∑

r,s

D̃
(k)
dir,rs

(
D−1

totSffD
−H
tot

)
rs

(12)

Note that (10) has the same structure as a power balance in conventional statistical energy analysis [4], so ηjk
has the physical meaning of a coupling loss factor between subsystems j and k. P ext

in,k represents the power
input into the direct field of subsystem k due to external loading on the master system only; obviously it is a
part of P (k)

in,dir. A power balance of the form of Eq. (10) can be constructed for all random subsystems, i.e.,
for k = 1, . . . , Nr. This leads to the following linear system of equations, which can be solved for the mean
subsystem energies:

C0Ê = P̂ + P̂ext
in where C0,jk := δjkω


ηk + ηd,k +

∑

j

ηjk


− ωnk

ak

∑

j

ηjk
aj
nj

(13)

Once Ê is known, Eq. (8) can be solved for the master system energetic response.
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3 Cross-frequency response of a single diffuse subsystem

In the previous section, it was discussed how the ensemble mean of the harmonic energetic response of a
combined deterministic-stochastic model of a built-up vibro-acoustic system, the stochastic parts of which
carry a diffuse field, can be obtained. The ensemble variance of the harmonic response can also be computed
[3], however, for computing the variance of the band-averaged response which is the aim of the present
work, a cross-frequency generalization of the diffuse-field reciprocity relationship (7) is needed. Since the
correlation between the energetic response at different frequencies is known to decrease in amplitude with
increasing frequency separation, it is reasonable to invoke the following assumption.

Assumption 3. The considered frequency band is sufficiently narrow such that, within this band, both the
external loading and the mean random properties of the built-up system are constant.

From (4), one has that
f (k)
rev = D

(k)
dirq− fk = D

(k)
dir

(
Hk − Ĥk

)
fk (14)

where
Hk := D−1

k and Ĥk = D
(k)
dir

−1
(15)

The last equality was proven in [1]. If assumption 1 is valid, the external loading onto subsystem k is
statistically independent from the properties of that subsystem. From assumption 3, both the external loading
on the subsystem and the mean random properties of the subsystem itself are constant. Application of both
assumptions leads to

E
[
f (k)

rev,r(ω1)f (k)
rev,s(ω2)

]
=
∑

t,u,α,β

D
(k)
dir,rtD

(k)∗
dir,suCov

[
H

(k)
tα (ω1)H

(k)∗
uβ (ω2)

]
E
[
fk,αf

∗
k,β

]
(16)

From this expression, it is clear that the cross-frequency covariance of the reverberant forces of subsystem k
can be computed as soon as the cross-frequency covariance between the elements of the frequency response
function (FRF) matrix of that subsystem are known.

Therefore, an explicit relationship between a cross-frequency FRF covariance function of a diffuse subsystem
and the corresponding auto-frequency FRF covariance function is now derived. This is achieved by general-
izing Schroeder’s work on the cross-frequency correlation of diffuse field FRF’s [8] to arbitrary source and
receiver positions. Consider first the impulse response functions h(k)

tα (t) and h(k)
uβ (t). They are, respectively,

the inverse Fourier transforms of the frequency response functions H(k)
tα (ω) and H(k)

uβ (ω) which appear in
Eq. (16). Since the considered subsystem carries a diffuse field (assumption 2), the joint ensemble average
of these impulse response functions satisfies

E
[
h

(k)
tα (t)h

(k)
uβ (t)

]
= E

[
h

(k)
tα (0)h

(k)
uβ (0)

]
e−t/τk , t ≥ 0 (17)

where τk is the time constant of subsystem k. It relates to the damping loss factor ηk as

τk =
1

ωηk
(18)

In practice, both ηk and τk vary slowly and smoothly with frequency, so they can be considered as constant in
a limited frequency range. When Eq. (17) is extended to negative values of t as an even function, it represents
a cross-power spectral density (in the time domain). This power spectral density is related to the correlation
function of the real or imaginary part of the FRF (in the frequency domain) via a Fourier transform. Applying
the Fourier transform then results in the following covariance functions in the frequency domain:

Cov
[
Re
(
H

(k)
tα (ω1)

)
,Re

(
H

(k)
uβ (ω2)

)]
= Cov

[
H̃

(k)
tα (ω1), H̃

(k)
uβ (ω2)

]
=

C

1 + (τk(ω2 − ω1))2 (19)
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Figure 1: Real and imaginary part of ck, which represents the ratio between the cross-and auto-frequency
spectrum of the reverberant forces of subsystem k, for different values of damping.

where C is a normalization constant, equal to the auto-frequency covariance. Following the lines of [8], one
can make use of the fact that the FRF is a causal function and show that

Cov
[
Re
(
H

(k)
tα (ω1)

)
, H̃

(k)
uβ (ω2)

]
=

Cτk(ω2 − ω1)

1 + (τk(ω2 − ω1))2 . (20)

Combining (19) and (20) results in

Cov
(
H

(k)
tα (ω1)H

(k)∗
uβ (ω2)

)
= Cov

[
Re
(
H

(k)
tα (ω1)

)
,Re

(
H

(k)
uβ (ω2)

)]
+ Cov

[
H̃

(k)
tα (ω1), H̃

(k)
uβ (ω2)

]

+ i
(
−Cov

[
Re
(
H

(k)
tα (ω1)

)
, H̃

(k)
uβ (ω2)

]
+ Cov

[
H̃

(k)
tα (ω1),Re

(
H

(k)
uβ (ω2)

)])
(21)

=
1 + iτk(ω2 − ω1)

1 + (τk(ω2 − ω1))2 Cov
(
H

(k)
tα (ω)H

(k)∗
uβ (ω)

)
, ω ∈ [ω1, ω2] (22)

This expression provides an explicit relationship between the cross-frequency FRF covariance function and
the auto-frequency FRF covariance function.

Substitution of the cross-frequency FRF covariance expression (22) into the cross-frequency reverberant
force covariance expression (16) and application of the auto-frequency diffuse field reciprocity relationship
(7) results in

E
[
f

(k)
rev,i(ω1)f

(s)∗
rev,j(ω2)

]
= ck(ω1, ω2)δks

4Êkak
ωπnk

(
D̃

(k)
dir

)
ij

where ck(ω1, ω2) :=
1 + iτk(ω2 − ω1)

1 + (τk(ω2 − ω1))2

(23)
This implies that, under the stated assumptions, the diffuse field reciprocity relationship can be generalized
to the cross-frequency spectrum of the reverberant forces by multiplying the auto-spectrum with a factor
ck(ω1, ω2), which depends only on the relative difference between both frequencies and the subsystem damp-
ing. This factor is displayed in Fig. 1 for different values of damping. It can be observed that ck decays to
zero when the relative frequency difference increases, and it does more rapidly so for low values of damping.
This can be understood from the modal structure of the FRF (see, e.g., [6]): when the damping is low, indi-
vidual modes only contribute significantly to the FRF in the immediate vicinity of the corresponding natural
frequency.
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4 Ensemble cross-frequency covariance of the energetic response

A power balance of the form (13) can also be written for each individual member of the random ensemble of
the hybrid deterministic-nonparametric random system:

C(ω)E(ω) = P(ω) + Pext
in (ω). (24)

From assumption 3, one has that the average loading and system quantities that appear in (13) are constant
within the considered narrow frequency band. A first-order perturbation of (24) then results in the following
expression for the covariance of the subsystem energies:

Cov[Ei(ω1), Ej(ω2)] =

Nr∑

k=1

Nr∑

s=1

C−1
0,ikC

−1
0,js

(
δksCov[Pk(ω1), Ps(ω2)] + Cov[P ext

in,k(ω1), P ext
in,s(ω2)]

)

+

Nr∑

k=1

Nr∑

s=1

Nr∑

r=1
r 6=k

((
C−1

0,ik − C−1
0,ir

)
C−1

0,js +
(
C−1

0,jk − C−1
0,jr

)
C−1

0,is

)
ÊrCov[Ckr(ω1), P ext

in,s(ω2)]

+

Nr∑

k=1

Nr∑

p=1

Nr∑

s=1
s 6=k

Nr∑

r=1
r 6=p

(
C−1

0,ik − C−1
0,is

)(
C−1

0,jp − C−1
0,jr

)
ÊsÊrCov[Cks(ω1), Cpr(ω2)]. (25)

where C−1
0,ik represents element ik of matrix C−1

0 . All terms on the right-hand side arise also in the compu-
tation of the mean response, except for the covariance terms. These terms can be derived by generalizing the
single-frequency approach of [3] with the results of section 3. The results of this derivation are provided in
the remainder of this section. The interested reader is referred to [7] for the detailed derivation.

Under assumptions 1, 2 and 3, the relative cross-frequency covariance of the power input into two subsystems
k and r due to external loading on the master system satisfies the following expression:

Relcov
[
P ext

in,k(ω1), P ext
in,r(ω2)

]
:=

Cov
[
P ext

in,k(ω1), P ext
in,r(ω2)

]

E
[
P ext

in,k

]
E
[
P ext

in,r

] (26)

=
∑

s

as
πm′s

Re
(
cs(ω1, ω2)q(0)H

Hksrq
(0)
)(

q(0)H
D̃

(s)
dirq

(0)
)

(
q(0)H

D̃
(k)
dirq

(0)
)(

q(0)H
D̃

(r)
dirq

(0)
) (27)

where

Hksr := 4D̃
(k)
dirD

−1
totD̃

(s)
dirD

−H
tot D̃

(r)
dir + δkrδksD̃

(k)
dir − 2δrsiD̃

(k)
dirD

−1
totD̃

(r)
dir + 2δksiD̃

(k)
dirD

−H
tot D̃

(r)
dir (28)

q(0) := D−1
totf . (29)

and m′k represents the effective modal overlap factor of subsystem k, which is defined as [4]

m′k := ωη′knk, where η′k :=
1

ωnkC
−1
0,kk

, (30)

Again under assumptions 1, 2 and 3, the relative cross-frequency covariance between any two entries of the
power balance matrix C satisfies the following expression:

Relcov[Ckm(ω1), Crp(ω2)] = δmp|cm(ω1, ω2)|2
Tr
(
D̃

(k)
dirG

(m)D̃
(r)
dirG

(m)
)

Tr
(
G(m)D̃

(k)
dir

)
Tr
(
G(m)D̃

(r)
dir

) (31)

+
∑

s

as
πm′s

Re


cs(ω1, ω2)

δmp|cm(ω1, ω2)|2Tr
(
HksrG

(m)
)

Tr
(
D̃

(s)
dirG

(m)
)

+ Tr
(
HksrG

(p)D̃
(s)
dirG

(m)
)

Tr
(
G(m)D̃

(k)
dir

)
Tr
(
G(p)D̃

(r)
dir

)
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where

G(m) :=
4am
ωπnm

D−1
totD̃

(m)
dir D−H

tot (32)

Still under assumptions 1, 2 and 3, the relative cross-frequency covariance between the power input into
subsystems k due to external loading on the master system and any two entries of the power balance matrix
C satisfies the following expression:

Relcov
[
P ext

in,k, Crp
]

=
∑

s

as
πm′s

Re
(
cs(ω1, ω2)q(0)H

HksrG
(p)D̃

(s)
dirq

(0)
)

(
q(0)H

D̃
(k)
dirq

(0)
)

Tr
(
G(p)D̃

(r)
dir

) (33)

Once the cross-frequency covariance of the subsystem energies has been obtained, the cross-frequency co-
variance of the master system can be computed as follows. Under assumptions 1, 2 and 3, the relative
cross-frequency covariance between any two elements of the master system’s cross-spectral response matrix
satisfies the following expression:

Cov
[(

qqH(ω1)
)
ij
,
(
qqH(ω2)

)
ij

]
= 2

(
D−1totff

HD−Htot

)
ij

∑

k

Re (ck(ω1, ω2)) ÊkG
(k)
ij

+
∑

k

∑

s

G
(k)
ij G

(s)
ij

(
Cov [Ek(ω1), Es(ω2)] (1 + ck(ω1, ω2)cs(ω2, ω1)) + ÊkÊsck(ω1, ω2)cs(ω2, ω1)

)
(34)

5 Band-averaged hybrid deterministic-statistical energy analysis

The band-averaged mean energetic response quantities can be directly obtained from the related harmonic
quantities by integration over the considered frequency band. For example, the band-averaged energy of
subsystem k over frequency band ∆ = ωu − ωl is defined as

Ek∆ :=
1

∆

∫ ωu

ωl

Ek(ω)dω (35)

It follows immediately that for relatively narrow bands, in which the external loading and the system statistics
are approximately constant, the mean band-averaged energetic response quantities are approximately equal
to the corresponding harmonic ones. The mean band-averaged master system response, Ŝqq∆, is obtained in
the same way.

Evaluation of the variance of the band-averaged energetic response quantities requires the computation and
integration of the cross-frequency covariances. For example, one has for the variance of the band-averaged
energies that

Cov (Ei∆, Ej∆) =
1

∆2

∫ ωu

ω1=ωl

∫ ωu

ω2=ωl

Cov (Ei(ω1), Ej(ω2)) dω1dω2 (36)

Application of (25) results in

Cov[Ei∆, Ej∆] =

Nr∑

k=1

Nr∑

s=1

C−1
0,ikC

−1
0,js

(
δksVar[Pk∆] + Cov[P ext

in,k∆, P
ext
in,s∆]

)

+

Nr∑

k=1

Nr∑

s=1

Nr∑

r=1
r 6=k

((
C−1

0,ik − C−1
0,ir

)
C−1

0,js +
(
C−1

0,jk − C−1
0,jr

)
C−1

0,is

)
ÊrCov[Ckr∆, P

ext
in,s∆]

+

Nr∑

k=1

Nr∑

p=1

Nr∑

s=1
s 6=k

Nr∑

r=1
r 6=p

(
C−1

0,ik − C−1
0,is

)(
C−1

0,jp − C−1
0,jr

)
ÊsÊrCov[Cks∆, Cpr∆]. (37)
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The relative covariance of the band-averaged external power inputs follows from the integration of the cross-
frequency relative covariance expression (27), leading to

Relcov[P ext
in,k∆, P

ext
in,r∆] =

Nr∑

s=1

asbs(∆)

πm′s
·

Re
(
q(0)HHksrq

(0)
) (

q(0)HD̃
(s)
dirq

(0)
)

(
q(0)HD̃

(k)
dirq

(0)
)(

q(0)HD̃
(s)
dirr

(0)
) (38)

where

bs(∆) :=
1

∆2

∫ ωu

ω1=ωl

∫ ωu

ω2=ωl

cs(ω1, ω2)dω1dω2 =
1

∆2

∫ ωu

ω1=ωl

∫ ωu

ω2=ωl

1 + iτs(ω2 − ω1)

1 + (τs(ω2 − ω1))2dω1dω2 (39)

=
−1

τ2
s∆2

ln
(
1 + τ2

s∆2
)

+
2

τs∆
arctan (τs∆) (40)

The relative covariance of the band-averaged entries of the power balance matrix follows from the integration
of the cross-frequency relative covariance expression (31):

Relcov[Ckm∆, Crp∆] =
∑

s

asbs(∆)

πm′s

Re
(

Tr
(
HksrG

(p)D̃
(s)
dirG

(m)
))

Tr
(
G(m)D̃

(k)
dir

)
Tr
(
G(p)D̃

(r)
dir

) (41)

+ δmpRe



∑

s bsRm(∆) as
πm′

s
Tr
(
HksrG

(m)
)

Tr
(
D̃

(s)
dirG

(m)
)

+ bm(∆)Tr
(
D̃

(k)
dirG

(m)D̃
(r)
dirG

(m)
)

Tr
(
G(m)D̃

(k)
dir

)
Tr
(
G(p)D̃

(r)
dir

)




where

bsRm(∆) :=
1

∆2

∫ ωu

ωl

∫ ωu

ωl

cs(ω1, ω2)Re (cm(ω1, ω2)) dω1dω2 (42)

=
1

∆2

∫ ωu

ωl

∫ ωu

ωl

1 + iτs(ω2 − ω1)(
1 + (τs(ω2 − ω1))2

)(
1 + (τm(ω2 − ω1))2

)dω1dω2 (43)

= δms
arctan (τs∆)

τs∆
+ (1− δms)

β (m,∆)− β (s,∆)

(τm − τs)(τm + τs)∆2
(44)

β(t,∆) := 2∆τt arctan (τt∆)− ln
(
1 + τ2

t ∆2
)

(45)

The relative cross-covariance between the external power inputs and the energy matrix entries follows from
the integration of the cross-frequency relative covariance expression (33), leading to

Relcov
[
P ext

in,k∆, Crp∆
]

=
∑

s

asbs(∆)

πm′s

Re
(
q(0)H

HksrG
(p)D̃

(s)
dirq

(0)
)

(
q(0)H

D̃
(k)
dirq

(0)
)

Tr
(
G(p)D̃

(r)
dir

) (46)

The factors bs(∆) which appear in this expression are the same as in the expression for the power inputs,
Eq. (38), so band averaging has the same effect here. As discussed in section 2.2, when a subsystem is loaded
directly at a location that is remote from the master system, then the resulting power input may be described
via Pk instead of via P ext

in,k. A corresponding band-averaged variance expression has already been derived in
the literature, yet with a more sophisticated diffuse field model than the one of assumption 2. The interested
reader is referred to [2] for details.

Evaluation of the variance of the band-averaged energetic master system response requires, just as for the
subsystems, the computation and integration of the cross-frequency covariances:

Var
[(

qqH
)
ij,∆

]
=

1

∆2

∫ ωu

ω1=ωl

∫ ωu

ω2=ωl

Cov
((

qqH(ω1)
)
ij
,
(
qqH(ω2)

)
ij

)
dω1dω2 (47)
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After substituting the cross-frequency master system covariance expression (34), one has that

Var
[(

qqH
)
ij,∆

]
= 2

(
D−1

totff
HD−H

tot

)
ij

∑

k

bk(∆)ÊkG
(k)
ij (48)

+
∑

k

∑

t

G
(k)
ij G

(t)
ij

(
Cov [Ek∆, Et∆] + Covm [Ek∆, Et∆] + ÊkÊtbkt(∆)

)

where bk(∆) has been defined in (39),

bkt(∆) :=
1

∆2

∫ ωu

ω1=ωl

∫ ωu

ω2=ωl

ck(ω1, ω2)ct(ω2, ω1)dω1dω2 (49)

=
1

τkτt(τk + τt)∆2

(
2τkτt∆ (arctan (τk∆) + arctan (τt∆))− τt ln

(
1 + (τk∆)2

)
− τk ln

(
1 + (τt∆)2

))

(50)

and

Covm [Ek∆, Et∆] :=
1

∆2

∫ ωu

ω1=ωl

∫ ωu

ω2=ωl

Cov [Ek(ω1), Et(ω2)] ck(ω1, ω2)ct(ω2, ω1)dω1dω2 (51)

Note that bkk(∆) = bk(∆) and that Covm [Ek∆, Et∆] can be computed in the same way as Cov [Ek∆, Et∆],
but with the following substitutions:

bs(∆)→ bskt(ωl, ωu) :=
1

∆2

∫ ωu

ω1=ωl

∫ ωu

ω2=ωl

cs(ω1, ω2)ck(ω1, ω2)ct(ω2, ω1)dω1dω2 (52)

bsRm(∆)→ bsRmkt(ωl, ωu) :=
1

∆2

∫ ωu

ωl

∫ ωu

ωl

cs(ω1, ω2)Re (cm(ω1, ω2)) ck(ω1, ω2)ct(ω2, ω1)dω1dω2

(53)

These integrals can be analytically evaluated but the related expressions are unwieldy. In the special case
where the time constants of all subsystems take the same value, the following concise expressions are ob-
tained:

bskk(∆) = bsRk(∆) (54)

bsRsss(∆) =
1

4(1 + τ2
s∆2)

+
3

4τs∆
arctan(τs∆) (55)

The functions bs(∆), bsRs(∆) and bsRsss(∆) are displayed in Fig. ?? for different values of damping. They
are quantitatively different but the differences are relatively small.

6 Numerical example

In this section, the proposed method is verified in a numerical example involving a stiff, simply supported
master plate connected to two flexible, simply supported plates with 20 point masses attached at random
locations, see Fig. 2. Each of these point masses has 0.75 % of the total mass of the plat.e In the mid-
frequency range, the stiff plate exhibits long-wavelength deformation and it are modeled as deterministic,
while the thin plates show short-wavelength deformation, and they are modeled as nonparametric random
subsystems. The considered assembly is sufficiently simple in order to allow a comparison of the hybrid
deterministic-SEA model with an ’exact’ model, in which the attached point masses are modeled in detail.
The exact model is constructed with the assumed-modes method [5], in which the location of the attached
point masses is varied randomly in a total of 1000 Monte Carlo realizations.

The dimensions of the master plate are 1.05 m × 0.95 m × 5 mm, those of the first and second randomized
plate are 1.9 m × 2.1 m × 1.25 mm and 2.625 m × 2.375 m × 1.67 mm, respectively. The randomized
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Figure 2: Built-up structure with two flexible plates with point masses attached at random locations, rigidly
connected to a common stiff plate.

plates are rigidly connected to the master plate, the first one at the coordinates (0.464,0.762), (0.832,0.525),
and (0.161,0.268), which are in meters relative to one corner of the master plate, and the second one at
(0.809,0.209), (0.402,0.181), and (0.764,0.723). The material properties of all plates are the same: a density
of ρ = 2800 kg

m3 , a Young’s modulus of E = 7.2 · 1010 N
m2 , a Poisson’s ratio of ν = 0.3 and a damping loss

factor of η = 0.01. The considered loading consists of a single point force applied to the first random plate
at a location that is fixed across the random ensemble. The force has an amplitude of 1 N at all frequencies.

The mean and relative variance of the plate energy and the master plate’s squared amplitude are plotted
in Figs. 3 and 4. Fig. 3 displays results for the entire frequency range and two fixed bandwidths, 0 Hz
and 10 Hz. Fig. 4 displays results for a single frequency (200 Hz) and a range of bandwidths. The hybrid
deterministic-SEA predictions are compared with the ‘exact’ results from a Monte Carlo analysis with the
Lagrange-Rayleigh-Ritz model that captures the wave scattering and modal behavior of the random plates in
detail. Very good agreement between the hybrid method and the Monte Carlo simulation is obtained.

Averaging over the relatively narrow frequency band of 10 Hz does not significantly affect the mean energetic
response quantities. This indicates that assumption 3 is satisfied in the present example. However, band
averaging results in a clear and substantial decrease of the relative variance that is well predicted by the
present theory. As seen in Fig. 4, the relative variance predictions remain accurate even when the bandwidth
is increased to relatively large values.

7 Conclusions

The hybrid deterministic-SEA method for vibro-acoustic analysis has been extended to predict the variance
of band-averaged energetic response quantities. This variance represents the uncertainty caused by the as-
sumption of a diffuse field in the SEA subsystems. The main results are Eq. (37), Eq. (47) and the related
expressions. They have a similar structure as the harmonic variance expressions of Langley and Cotoni [3],
but additional band-averaging factors are present. An important theoretical result in underpinning the band-
averaged variance expressions is the cross-frequency diffuse field reciprocity relationship, Eq. (23). The
accuracy of the band-averaged variance expressions has been investigated in a numerical validations against
Monte Carlo simulations involving a built-up plate assembly. A very good prediction accuracy has been
found. Further details are given in reference [7].
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Figure 3: Mean and relative variance of (a) total energies of the driven and nondriven subsystems and (b)
squared velocity amplitude of the master plate response at coordinates (0.255,0.142) and (0.760,0.503).
Dashed lines: hybrid predictions; solid lines: Monte Carlo simulations. Upper curves: harmonic response,
lower curves: band-averaged response for a 10 Hz bandwidth.
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Figure 4: Relative variance of the total energies of the random plates (top line: nondriven subsystem, bottom
line: driven subsystem) and relative variance of the squared velocity amplitude of the master plate response
at coordinates (0.255,0.142) and (0.760,0.503), for a center frequency of 200 Hz. Dashed lines: hybrid
predictions; solid lines: Monte Carlo simulations.
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Abstract
During a root canal treatment, fluid streaming and acoustic effects generated by irrigation tip’s oscillation,
in combination with root canal irrigant dissolve tissue and kill microbes effectively. For a gentle passive
ultrasonic irrigation, the frequencies and displacement amplitudes as well as the tip’s temperature increase
are required to predict streaming effects and the device’s fatigue behaviour. As an initial step an operating
deflection shape analysis was performed to understand the free vibration behaviour of irrigation tips. The
operating frequency and the three-dimensional displacement of two specimens of irrigation tips (IRRI S
21/25, VDW) driven by an ultrasonic irrigation device were measured by means of scanning laser vibrometry.
Both irrigation tips oscillated sinusoidally at a frequency of 30 kHz. With growing power level the maximum
deflection increased up to 30 µm at the tip’s free end. This study can be seen as preliminary investigations of
the vibration characteristic of a metallic endodontic tip and will be used to design further experiments under
realistic conditions.

1 Introduction

Ultrasonic tips driven by a piezoelectric ultrasonic generator are widespread for dental treatments, especially
for effective root canal treatments [1]. Passive ultrasonic irrigation (compare [2, 3]) is the cleaning of root
canal systems by means of irrigants and a small tip or wire. The passive ultrasonic irrigation tipes oscillates
freely in the root canal and induces acoustic microstreaming. Collis et al. describe, that the effects of
cavitation and microstreaming as well as shear stress fields are introduced by microbubbles [4]. The irrigant
sodium hypochlorite (NaOCl) reduces friction between the instrument and dentine to prevent the dentine’s
removal during the dental treatment, dissolves tissue and kills microbes effectively [5]. Ultrasonic vibrations
move the irrigant to hard reachable areas, such as lateral canals, isthmi and ramifications [5]. In this way,
the impact to root canal walls not touched by mechanical instrumentation is significantly improved by means
of irrigant. The deformation of the irrigation tip generates a temperature increase, which can influence
the tissue dissolving properties of root canal irrigants [3]. An extensive literature review about ultrasonic
irrigation was given by van der Sluis et al. in 2007 [3]. The intensity of the acoustic streaming is directly
related to the driving frequency, the diameter of the instrument and the displacement amplitude [3]. The
understanding of the ultrasonic irrigation tip’s vibration characteristics helps to improve the efficacy of root
canal treatments. The investigated ultrasonic irrigation tips operate at frequencies between 28 and 36 kHz
and have a displacement amplitude from 4 to 200 µm [6]. Endodontic instruments’ oscillations have a high
impact, especially the load cycling, on material fatigue and the prediction of canal perforations or instrument
fractures [7, 8, 9]. Preliminary investigation of endodontic instruments made of fibre-reinforced polymer
composites show that the usage of non-metal irrigation tips has a great potential [10]. Another important
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Figure 1: Cross-sectional and longitudinal dimensions of ultrasonic endodontic tip (Irri S 21/25).

aspect to design new dental instruments is the shaping ability of the tip in curved root canals of human
teeth. Therefore an assessment and a statistical evaluation of the root canal geometry, especially root canal’s
curvature and cross-sectional dimensions, is required [11].

There are several studies considering the displacement amplitude of ultrasonic endodontic instruments.
Walmsley et al. [12] investigated the effects of constraint on the oscillatory pattern of endosonic irriga-
tion tips compared to the free oscillations in air by means of photomicrograph. Lea et al. measured the
vibration characteristic of ultrasonic scalers [13] and endosonic tips using scanning laser vibrometry (SLV)
[14]. Similar studies are carried out by Verhaagen et al. [15]; simulating the oscillation characteristics of
endodontic tips and validate their numerical results by SLV measurements. Compared to earlier studies
[12, 15], the new approach in this study provides the benefit to examine all velocity components and not
only an one-dimensional deflection of the transverse bending vibration by means of simultaneously three-
dimensional SLV. The employed SLV is an established vibration measurement method and applied on various
applications, such as experimental characterisation of sensor-actuator arrays for ultrasonic applications [16]
or novel developed sandwich structures for adaptive vibration control [17] and is particularly suitable for
measurements of small and light objects.

The aim of this study is the accurate and non-invasive measurement of the temperature development and the
three-dimensional operational deflection shapes (ODS) of two ultrasonic irrigation tips for different power
levels. The temperature variation of the instrument’s active parts and their deflection with the beginning and
the operating at driving frequency were determined by means of infrared thermography (IR) and SLV. This
study can be seen as a preliminary investigation for further experiments on ultrasonic oscillating endodontic
instruments.Using the non-surface-contacting method , the three-dimensional of were measured.

2 Materials and methods

2.1 Specimens and geometrical dimensions

For this study a commercially available ultrasonic irrigation tip (IRRI S 21/25, VDW) was selected. The
investigation was carried out for two specimens; in the following denoted as irrigation tip A and irrigation
tip B. A high resolution 3D scanner (ATOS SO 4M, GOM) was used to measure the dimensions of these
ultrasonic irrigation tips. Resembling the real tip, a CAD geometrical model was created to visualise the
tip’s dimensions (Figure 1). The instrument’s active parts were divided into the sonotrode of the ultrasonic
handpiece, and the ultrasonic irrigation tip. The irrigation tip was connected by an angle adapter with the
sonotrode. The tip had a blade, a shaft and a transition section between these parts. The total length of the
tip’s free end was 18 mm with a 15.2 mm long working part, which was made of stainless steel. The shaft’s
diameter amounted 0.6 mm. The blade had the shape of a right-hand helix with a pitch length of each helix
of 3.6 mm and a taper of approximately 0.25 percent. From Figure 1 it can be seen, that the blade had a
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Figure 2: Measurement of the vibration characteristic of ultrasonic irrigation tips using three-dimensional
scanning laser vibrometry.

square cross-section with an edge length of 0.22 mm at the beginning of the helix. The edges of the square
were rounded and had a corner radius of 0.05 mm.

2.2 Measurement equipment

Due to the irrigation tip’s visibility, both measurements were performed for the free oscillation of the ultra-
sonic irrigation devices in air at a relative air humidity of 52.8 ± 4.2 percent and a temperature T = 22.8 ◦C
± 0.7 K. The operating tip’s temperature development was measured for a period of 200 s at a frame rate
of 2 Hz by means of an infrared camera (Variocam, Jenoptik). The camera system had a temperature reso-
lution at 30◦C up to 0.04 K with a measurement accuracy of ± 1◦C for a temperature measuring range of
-40...1,200◦C. The temperature measurements were performed with different power settings.

A high voltages generator delivered the power supply of the ultrasonic device (ultrasonic handpiece, VDW);
driving the ultrasonic irrigation tip by means of piezoelectric elements at a constant driving frequency. For
this excitation, an operating deflection shape analysis was carried out. The ultrasonic tip’s vibration charac-
teristics were investigated using a SLV (PSV 500 3D Xtra, Polytec). The SLV consisted of three scanning
heads and allowed the measurement of a three-dimensional velocity vector at different measurement posi-
tions at the device to obtain the velocity field of the visible measured objects. The vibrometer operated at
a velocity range up to 30 m/s with a maximum sampling frequency of 2 MHz. This measurement set-up
had the benefit, that all relevant velocity amplitudes of the ultrasonic irrigation tip’s oscillating parts were
accurately measured and thus the main amplitude can be securely derived.

Using an industrial robot systems, the scanning heads with the integrated video camera were placed perpen-
dicular above the ultrasonic tip at a distance of approximately 450 mm (Figure 2). The camera was used
for the alignment and the spatial calibration of the scanning heads. The three scanners of the SLV covered
a common area with a diameter of approximately 50...100 µm. A virtual measurement grid was adjusted
at the sonotrode, the angle adapter and along a line upon the working part. Using the manufactures orig-
inal software, a fast Fourier transform (FFT) was performed for a bandwidth from 0...50 kHz for 400 data
point, which yielded an frequency resolution of 125 Hz. For the evaluation, a flat top window function with
75 percent overlap and the average of 200 frequency spectra was used. This approach allowed the measure-
ment of all fundamental frequencies as well as higher harmonics.

The operating deflection shape analysis was performed for two new and previously unused ultrasonic tips.
Using the oscillation pattern, the displacement ui at the antinodes (points of maximum oscillation) and half
wavelength λ, which represent the distance between two consecutive nodes (points of minimum oscillation),
were calculated. For three different power settings P (10 percent power, 20 percent power, 30 percent power)
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Figure 3: (a) Temperature distribution of ultrasonic irrigation tip A after an operating time of 60 s (between
dashed vertical lines at t0 and t1) and (b) curve of temperature variation with 30 percent generator power
setting at different measurement positions denoted as point 1 to point 4.

Power level (%) Temperature increase ∆T (K) at different measuring positions

Free end (1) Shaft (2) Connection (3) Thread (4)

10 0.1 0.1 0.2 0.1

20 1.6 1.5 1.7 1.1

30 3.8 5.5 6.7 3.8

Table 1: Temperature increase of a ultrasonic irrigation tip A with different generator power levels at the
measurement positions illustrated in Figure 3

according to the manufacture’s original control dial; markings ensured a repeatable adjustability. During the
measurement the irrigation device was mounted to an optical table. The displacement was measured after
a setting time of 10 s due to the transient change of the velocity amplitude of the excitation after starting
the ultrasonic device. Between each measurement, there was a interruption of 300 s. The oscillation of
the ultrasonic tip was damped due to interaction with the surrounding air and material damping. For the
estimation of the damping behaviour of the irrigation tip, the velocity’s decay curve of one tip was measured
and hence the logarithmic decrement Λ was calculated for all investigated power settings and all velocity
components.

3 Results

3.1 Temperature development

Due to dissipation effects during the operating of piezoelectric driven generator, the device’s active parts
warm up. The dashed vertical lines at t0 and t1 in Figure 3 represent the generator’s operating time interval
t1 − t0 = 60 s. For all power setting, the highest temperatures were reached at the connection between
working part and the angle adapter. As expected, it can be seen that with increasing power level the maximum
temperature increased (Table 1). The temperature of the irrigation tip’s free end quickly grew to a maximum
value in less than 10 s and cooled down fast to ambient temperature T0 = T (t = t0) when the generator was
switched off (Figure 3, b). The heating process of the tip had a proportional transfer function with first order
time-delay. This yields the following temperature variation

∆T (t) = T∞ − T0

(
1− e−

t
τ1

)
for t0 ≤ t < t1, (1)

where T∞ = T (t → ∞) is the maximum temperature and τ1 is the time constant. For 30 percent power
level, an evaluation of the time signal of the tip obtained a time constant of T1 = 1.1± 0.1 s. The temperature
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Figure 4: a) Velocity amplitude of the angle adapter of irrigation tip B with 30 percent generator power
setting, b) Measured velocity in y-direction after the ultrasonic device’s operating (dashed vertical line at
t− t1 = 0) and its exponential decay curve

Direction i Logarithmic decrement Λ at different generator power levels

10 % 20 % 30 %

x 0.011 0.011 0.012

y 0.011 0.01 0.013

z 0.01 0.011 0.01

Table 2: Estimation of logarithmic decrement using the free vibrations method of ultrasonic irrigation tip A
at different power settings

increased to T∞ − T0 = 0.1 K for the smallest power level and 3.8 K for 30 percent power. After operating,
the temperature rapidly decreased to ambient temperature with according to the time curve of an transient
cooling process

∆T (t) = T∞ − T0

(
e
− t
τ2

)
for t ≥ t1. (2)

The temperature delay time τ2 was 3.1 ± 0.14 s for the highest investigated power level. Considering the
other investigated positions, the temperature did not reach their maximum value and it decreased much more
slowly than the tip’s blade.

3.2 Excitation and damping of the endodontic irrigation tip

The piezoelectric driven sonotrode induced vibrations of the angle adapter. For a period of 10 ms, the angle
adapter was excited with a transient changing velocity amplitude. The velocity in each direction was up to
three times higher than in steady-state condition. After this transient period, the velocity amplitude v̂i became
stationary over the measured time period. The angle adapter’s velocity reached values of vl = 7.7·10−1 m/s
in longitudinal direction and velocities from vt1 = 1.1·10−2 m/s to vt1 = 1.2·10−3 m/s in transversal direction
(Figure 4a). The time signals of the angle adapter in longitudinal and transversal directions can be approx-
imated by sine curves and oscillated in a frequency of f = 1/T = 30.6 kHz. Taking into consideration the
displacement amplitudes, there was, as expected, an almost longitudinal movement of the sonotrode which
excited the angle adapter.

Using the time signal after the piezoelectric generator’s operating, an exponential decay curve with a decay
time of less than 10 ms was determined for irrigation tip A at 30 percent power (Figure 4b). The logarithmic
decrement
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Figure 5: (a) Frequency spectrum of the displacement amplitude with 30 percent generator power setting at
the free end of irrigation tip A and (b) of irrigation tip B.

(µ
m

)

Figure 6: Comparison of displacement amplitude ûi of irrigation tip A with 30 percent generator power
setting.

Direction i Specimen Displacement amplitude ûi with different generator power levels (µm)

10 % 20 % 30 %

x Tip A 0.8 ± 0.003 2.5 ± 0.014 5 ± 0.046

Tip B 0.4 ± 0.052 1.5 ± 0.100 3 ± 0.469

y Tip A 4.7 ± 0.012 14.7 ± 0.023 28.4 ± 0.430

Tip B 4.9 ± 0.054 15.6 ± 0.548 30.8 ± 1.490

z Tip A 0.1 ± 0.010 0.2 ± 0.018 0.6 ± 0.134

Tip B 0.4 ± 0.068 1.4 ± 0.313 2.3 ± 0.190

|(ûi| Tip A 4.8 14.9 28.8

Tip B 4.9 15.7 31

Table 3: Mean and standard deviation of the maximum measured displacement amplitude of the top end of
two ultrasonic irrigation tips at different power settings (f = 30,6 kHz)

Λi =
1

k
ln

∣∣∣∣
v̂i(t0)

v̂i(t0 + kT )

∣∣∣∣ , (3)

where k is the number of investigated periods T . The value differed between 1.0·10−2 and 1.3·10−2 for the
different power settings and the different three-dimensional direction (Table 2). Averaging all logarithmic
decrements, a mean value of Λ = 1.1·10−2 ± 9·10−4 was obtained.
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Figure 7: Operating deflection shapes of the ultrasonic irrigation tip A with increasing generator power
setting illustrate at both reversal point of the oscillation: (1a, b) P = 10 percent, (2a, b) P = 20 percent,(3a,
b) P = 30 percent.

3.3 Vibration characteristics and oscillation pattern

As expected, the irrigation tip’s ODS analysis obtained a operating frequency of f = 30.6 kHz; both tips
oscillated at the same frequency as the angle adapter (Figure 5). During the steady state oscillation, the
highest amplitudes could be seen at driving frequency. Vibrations at other frequencies were excited as
well, however theirs amplitudes were very small. The highest displacement amplitude was measured at
the irrigation tip’s free end at z = 0 (Figure 6). With increasing power level, the displacement components
increased (Table 3). Considering magnitude of the displacement vector it can be seen that the results differed
for the investigated irrigation tips. The tip showed a three-dimensional deflection. The main deflection was in
transversal x- and y-direction; the transversal displacement amplitude ûy achieved the highest values. There
was a axial elongation as well which can be mainly seen as the result of the angle adapter’s bending. The
bending resulted in a longitudinal displacement of the irrigation tip (compare Figure 7). The axial amplitudes
ûy were smaller compared to transversal amplitude.

Both irrigation tips had the transverse oscillating pattern of a standing wave (Figure 7) with five nodes
and five antinodes. Denoting the antinodes and nodes, starting from the tip’s free end, the displacement
amplitudes decrease whereas the wavelength simultaneously increased (Figure 8). The nodes and antinodes
in x- and y-direction had similar positions (Figure 6). The irrigation tip’s displacement amplitudes follow an
exponential trend, comparable to Verhaagen et al. [15]

ûi,n = ûi,0e
αin for n ∈ N, 0 ≤ n ≤ nmax, (4)

where n is counted from the tip’s free end, ûi,0 is the displacement amplitude of the antinode and αi is the
exponential component. Analogously, the wavelength increases linearly and can be approximated by [15]

λi,n = λi,0 + n∆λi. (5)

The wavelength λi,0 represented the distance between the first and the second node. Using (4), (5), the
maximum number of nodes nmax and the driving frequency of the irrigation tip can be characterised. The
resulting parameters are listed in Table 4.
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Figure 8: Experimental results of wave pattern characteristics of ultrasonic irrigation tips (Irri S 21/25)
starting from the tip’s free end: (a) x-component’s wavelength and (b) displacement amplitude of the of the
transverse wave, (c) y-component’s wavelength and (d) displacement amplitude of the transverse wave.

4 Discussion

The characterisation of the ultrasonic irrigation tip’s vibration shapes placed high demands on the applied
measurement technology due to the small dimensions and design as well as the oscillations at high frequen-
cies. The quantification of the vibration pattern by means of SLV enabled an accurate and non-contacting
measurement method of the ultrasonic oscillations. Furthermore, the usage of IRT allowed to measure the
temperature variation during the tips sinusoidal oscillation.

The irrigation tip’s helical shape consisted of only a few areas approximately perpendicular to beam direction,
which allow a correct focusing of the laser beams and ensure a high reflection. Upon the blade this areas
restricted the number of measurement positions and thus spatial resolution of the operational deflection
shape analysis. However, the number of scanning points allowed the determination of the occurring bending
vibration mode. Furthermore, a minimal gradual displacement of the irrigation device was not avoidable and
yielded a minimal shifting of the scanning points’ position during the measurement. Both effects influenced
the results of deflection amplitude and could justify the different measured displacement amplitudes of both
investigated specimens. Similar studies on ultrasonic driven endodontic instruments had shown that the
deflections differed for structurally identical tips as well [13]. The alignment of the scanning heads to the
measured object influences the individual components of the deflection vector. This results in the demand
for a subsequent transformation of the coordinate directions according to the irrigation tip’s orientation.
However, the analysis of the magnitude of the displacement vector allowed a comparison of the vibration
characteristics of the measured specimens.

The measurement of vibration characteristic at driving frequency showed that there were lower as well as
higher order harmonics, which are around three to four orders smaller than the amplitude at operating fre-
quency and thus were neglected. The longitudinal oscillation of the sonotrode and the angle adapter resulted
in bending vibration of the irrigation tip. Comparable to [12, 15], the oscillation pattern had the form of a

2344 PROCEEDINGS OF ISMA2018 AND USD2018



Direction i Specimen Generator Power level
(%)

ûi,0 (µm) −αi λi,0 (mm) ∆λi (mm)

x Tip A 10 0.8 0.16 2.77 0.45

Tip B∗ - - 2.64 0.54

Tip A 20 2.5 0.16 2.77 0.45

Tip B∗ - - 2.78 0.5

Tip A 30 5 0.16 2.78 0.45

Tip B∗ - - 2.74 0.5

y Tip A 10 4.7 0.11 2.78 0.49

Tip B 4.9 0.05 2.71 0.51

Tip A 20 14.7 0.11 2.78 0.49

Tip B 15.6 0.06 2.82 0.47

Tip A 30 28.4 0.11 2.78 0.48

Tip B 30.8 0.06 2.87 0.44

∗ The measured displacement amplitudes did not shown an exponential trend.

Table 4: Oscillation pattern characteristic of endodontic tip (Irri S 21/25)

standing wave with five nodes and five antinodes. Counted from the tip’s free end, the wavelength increased
linearly whereas the displacement amplitude at the antinodes showed an exponential decrease. The discrep-
ancy of this trend, especially for the amplitudes in x-direction could be justified by the finite resolutions of
the measuring grid and the lower signal-to-noise ratio. The antinode’s and node’s position did not change;
the deflection amplitude at the antinodes increased with growing power level (Figure 8). In this way it can be
seen that the different power settings did not influence the operational deflection shape, though the displace-
ment amplitudes. The highest displacement amplitude was measurable at the free end in transversal direction
with an amount of 5 µm (10 percent power), 15 µm (20 percent power) and 30 µm (30 percent power), which
represent y-direction in Figure 8. These results were similar to the results of Lea et al. [14] and Verhaagen
[15]. Walmsley et al. [12] and Verhaagen et al. [15] considered a transverse oscillation of the irrigation
tip. Verhaagen et al. [15] measured the vibrations perpendicular to main direction and identified a sinu-
soidal oscillation pattern but did not investigate this effect for all endodontic tips. The measurements in this
study showed that there were vibrations in all directions (Table 3). According to the coordinate directions
in Figure 8, the displacement amplitudes ûx and ûz differed between almost 0.1 µm and 5 µm. Compared
to this investigation, which was performed in air, the majority of the irrigation tip is immersed in irrigant
and interacts with the solution in practical use. Taking into consideration the three-dimensional motion
of the tip, the fluid-structure interaction (FSI), as argued by Verhaagen et al. [15], had to be considered
as three-dimensional as well. This results in more complex relation between the displacement amplitude
and the streaming velocity in the irrigant [3]. Further investigations are required, which quantify the three-
dimensional FSI of the acoustic microstreaming and the caused shear flow. Especially at the beginning of
the irrigation tip’s excitation an increase of displacement amplitude was measured. This transient behaviour
have to take into consideration for practical use of the endodontic tips. The risk of a fatigue fracture is most
probable during this time. To prevent the fracture due to fatigue, the irrigation tip should be replaced after a
certain operating time which is not quantified in this study.

The investigation had shown a temperature increase of oscillating parts and obtained the highest value at the
connection between the angle adapter and the irrigation tip. This can be seen as dissipation due to friction in
the clamping. Further dissipative processes were the transformation of deformation energy into thermal en-
ergy, especially at the angle adapter. Both effects causes the damping of the system and obtained an averaged
damping ratio of 1.1·10−2. Compared with the damping in a liquid, the influence of the damping effected by
FSI decreases in air [15]. Due to the small tip’s front-facing area, a small volume, small displacements am-
plitudes and the low density of air, the interaction with the surrounding air had a neglectable influence [18].
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It has to be admitted that the measured temperatures are not completely comparable to the temperature dis-
tribution and development in practical use. The boundary conditions, mainly of the irrigation tip’s immersed
part, differ from a freely oscillating tip in air. However, even in practical use, most vibrating components are
surrounded by air and therefore the thermal behaviour, apart from the irrigation tip’s behaviour, differs only
slightly.

At this stage it should be noted that the deflection shape and the displacement amplitudes will change de-
pending on effects such as the contact pressure, the form and the condition of the contact surface, dentine’s
material properties and the surrounding fluid. As Walmsley described [12], different constraints influence the
irrigation device’s oscillations. However this investigation of ultrasonic oscillating irrigation tips can help to
quantify the structural-dynamic and thermal FSI related to the movement of ultrasonic irrigation tips.

5 Conclusions

The usage of non-contacting measurement technique enabled the determination of the oscillation charac-
teristics, geometry and operating temperature of ultrasonically driven low mass passive ultrasonic irrigation
tips. Using scanning laser vibrometry, the transient, as well as the steady state conditions of the irrigation
tip was measured successfully. The sonotrode’s longitudinal excitation results in three-dimensional bending
vibrations of the irrigation tip; having the highest displacement amplitudes in transversal direction at the tip’s
free end. The amplitude grows with increasing power level and obtains much higher values when operation
starts than in steady-state condition. The irrigation tip’s oscillation pattern at steady-state conditions is a
sinusoidal wave with antinodes and nodes. During operating, the irrigation tip’s temperature increase and
reaches the highest values in the clamping due to friction between the irrigation tip and the angle adapter.
With increasing power level, the temperature rise grows. The temperature development and operational de-
flection shape are both different compared to measurements of an immersed instrument. Permanent changing
boundary conditions influence the temperature variation as well as the vibration characteristic and are dif-
ficult to quantify. Further research is required to investigate the temperature distribution and vibration of
immersed irrigation devices within natural root canals and the interaction with the irrigant during a root
canal treatment. Nevertheless this study shows the three-dimensional deflection shape and the influence of
different power levels on the operating of an ultrasonic irrigation tip and can be used for further investigation
in the field of endodontic research.
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[10] N. Modler, W. A. Hufenbach, S. Gäbler, R. Gottwald, F. Schubert, M. Dannemann, Endodontic instu-
ments made of fibre-reinforced polymer composites - preliminary FEM and experimental investigations,
Composites Theory and Practice, Vol. 15, No. 2, The Polish Society of Composite Materials (2015), pp.
95-100.

[11] M. Dannemann, M. Kucher, J. Kirsch, A. Binkowski, N. Modler, C. Hannig, M.-T. Weber, An approach
for a mathematical description of human root canals by means of elementary Parameters Journal of
Endodondics, Vol. 43, No. 4, Elsevier (2017), pp. 536-543.

[12] A. D. Walmsley, A. R. Williams, Effects of constraint on the oscillatory pattern of endosonic files,
Journal of Endodontics, Vol. 15, No. 5, Elsevier (1989), pp. 189-194.

[13] S. C. Lea, G. Landini, A. D. Walmsley, Vibration characteristics of ultrasonic scalers assessed with
scanning laser vibrometry, Journal of Dentistry, Vol. 30, No. 4, Elsevier (2002), pp. 147-151.

[14] S. C. Lea, A. D. Walmsley, P. J. Lumley, G. Landini, A new insight into the oscillation characteristics of
endosonic files used in dentistry, Physics in Medicine and Biology, Vol. 49, No. 10, IOP Science (2004),
pp. 2095-2102.

[15] B. Verhaagen, S. C. Lea, G. J. de Bruin, L. W. van der Sluis, A. D. Walmsley AD, M. Versluis, Os-
cillation characteristics of endodontic files: numerical model and its validation, IEEE Transactions on
Ultrasonics, Ferroelectrics, and Frequency Control, Vol. 59, No. 11, IEEE (2012), pp. 2448-2459.

[16] K. Holeczek, E. Starke, A. Winkler, M. Dannemann, N. Modler, Numerical and experimental char-
acterization of fiber-reinforced thermoplastic composite structures with embedded piezoelectric sensor-
actuator arrays for ultrasonic applications, Applied Sciences, Vol. 6, No. 3, MDPI (2016), pp. 1-13.

[17] J. Kozlowska, A. Boczkowska, A. Czulak, B. Przybyszewski, K. Holeczek, R. Stanik, M. Gude, Novel
MRE/CFRP sandwich structures for adaptive vibration control, Smart Materials and Structures, Vol. 25,
IOP Publishing (2016), pp. 1-14.

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2347



[18] M. Wesolowski, E. Barkanov, Air damping influence on dynamic parameters of laminated composite
plates, Measurements, Vol. 85, Elsevier (2016), pp. 239-248.

2348 PROCEEDINGS OF ISMA2018 AND USD2018



Tunnelling corrections to wave transmissions on shell struc-
tures

N. M. Mohammed 1,3, S. C. Creagh 1, G. Tanner1, D. J. Chappell 2

1 University of Nottingham, School of Mathematics, Nottingham, United Kingdom
e-mail: pmxnm3@nottingham.ac.uk

2 Nottingham Trent University, Nottingham, United Kingdom

3 University of Sulaimani, Iraq

Abstract
In this paper mid-frequency effects below the ring frequency of curved plates for a cylindrical region
smoothly connected to two flat plates using Donnell shell theory has been analysed. We perform ray tracing
based on Hamilton’s equations derived in the short wavelength regime for bending incident waves. Simple
ray tracing gives either total reflection or total transmission; the numerical solution of the full wave equations
shows in contrast a smooth transition and exhibits resonant states. In this paper a method that captures wave
effects in a ray-tracing treatment on curved plates is presented. We use graph models to account for resonant
tunnelling in such curved plates. We successfully find a theoretical expression for the scattering matrix for
such bending rays which accounts for tunnelling mediated by resonant states. Our model agrees well with
the full wave solution.

1 Introduction

Studying the vibration of mechanical systems and waves in solids especially for very large curved complex
structures in the mid-high frequency range is necessary for understanding mechanical waves in structures
and how they interact with and radiate into adjacent media. This plays an important role in noise control.
Furthermore standard modelling tools, such as finite and boundary element methods for predicting vibra-
tional properties are not scalable to higher frequencies due to the prohibitive increase in model size. One
approximation which is well suited for capturing such propagation is ray tracing.

To model the vibro-acoustic response of complex curved solid structures, we want to use the Dynamical
Energy Analysis (DEA) method to work on meshed shell structures [1]. DEA is based on local ray tracing
approximations with ray trajectories moving along straight lines in each mesh segment and can estimate the
flow of vibrational energy in complex structures [2]. DEA describes the ray dynamics well in homogeneous,
isotropic, flat plates or on curved shells at high frequencies in the geodesic ray limit. In the case that the
curvature of the shell being considered is of the same size of the wavelength, the situation will change as the
underlying equations of motion for the curved rays depend on the local radii of curvature. Equations of ray
dynamics for energy transport on arbitrarily curved and homogeneous smooth thin shells can be derived from
the equations of motion. One of the conventional approaches to describe ray theories for bending waves and
in-plane waves (longitudinal and shear) on thin shells has been done by Pierce [3], starting from the general
equations for thin shells of arbitrary curvature. Pierce has shown that one can find a local dispersion relation
for short wavelength disturbances that includes both bending and in-plane waves. Later, Norris and Rebinsky
[4] also derived separate dispersion relations for in-plane and bending waves on arbitrarily shaped shells,
which is a simpler form of Pierce’s equation. In this work we will use the dispersion relation presented in
Norris and Rebinsky [4] for short wavelength that includes both bending and in-plane waves.
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We consider wave propagation and the dispersion relation in isotropic complex curved structures. For the
sake of simplicity, we start with cylindrical shells. Søndergaard et al. [5, 6] studied the ray dynamics for a
particular example of two plates joined to a segment of a cylindrical shell below the ring frequeny. This is
an important parameter used to indicate the range in which curvature effects are important. They analyzed
mid-frequency effects on the dispersion curves in curved plates and their effect on the ray dynamics. Their
result depended on a threshold incident wave direction which separates waves that exhibit total reflection and
total transmission.

A classical ray incident on a bend can either reflect or pass over it, depending on the angle between the
incident ray and the position axis. Therefore, classical ray tracing gives total reflection or total transmission,
but the solution of the full wave equations has smooth transition. This smooth transition in one-dimension
can be treated using the Wentzel-Kramers-Brillouin (WKB) approximation. Thus to describe the WKB
approximation, rays must be extended to complex rays, analogous to tunnelling in quantum mechanics.
Complex rays can be found by assuming that time is complex t = −iτ and changing the position and
momentum to complex values: x = xr + ixi and k = kr + iki in the equations of motion. For systems with
many degrees of freedom, tunnelling is more complicated and this simple picture of tunnelling is no longer
valid (see Refs. [7, 8] for more discussions). This work is intended to improve a calculation described in [5]
by accounting for tunnelling. In addition to gaining insight into the underlying tunnelling phenomena, we
wish to implement these features of ray tracing on curved shell in a DEA treatment.

We will present a thin shell theory on two flat plates joined by a segment of a cylindrical shell below the ring
frequency with smooth Gaussian curvature profile in Section 2, an approach similar to [5, 6]. In section 3,
we will analyze the dispersion curves in curved plates and their effect on the ray dynamics for bending and
in-plane wave propagation. In Section 4, we will derive the ray dynamics for waves propagating on shell
from Hamilton’s equations of motion which we considered in the Section 3. We will analysis the dynamics in
phase space plane for bending rays. Next, we will interpret resonant states in the system in term of resonance
condition using a graph model. We will also present a theoretical expression for calculating the scattering
matrix for bending rays which accounts for tunnelling mediated by resonant states. We will find complex
trajectories for bending incident rays. In the last section, we compare our result with the solution for the full
wave equations.

2 Thin Shell Theory

The shell equations employed here are discussed in more detail by Pierce [3], and Norris and Rebinsky [4].
Both [3, 4], use Donnell shell theory, one of the most widely adopted shell theories. Here, the transverse
forces and moments are expressed by the displacement w of the middle surface as known from the theory of
laterally loaded plates. For a special case of a shell being curved only along the x direction as shown in Fig.
1, the theory is discussed in more detail by Søndergaard et al. [5, 6]. Following Søndergaard et al. [5, 6], we
start from an isotropic cylindrical shell with radius of curvature R, density ρ, thickness h, Youngs modulus
E and Poisson ratio ν. It is assumed that the shell is thin, i.e. h � R. The coordinate system representing
the position on the shell with respect to the direction perpendicular to and tangential to the ridge, shown
in Fig. 1, is denoted by X = (X,Y ). The corresponding curvilinear coordinates on the shell are (x, y),
where X = X(x, y). We consider a Gaussian curvature profile defining smoothly varying curvature along x
to interpolates the curvature between zero (flat) and constant (cylinder):

κ(x) = κmax exp

(
−1

2

(
x

σx

)2
)
, (1)

where σx is the width of the transition region, and κmax is a constant corresponding to the maximum curvature
in the cylindrical region. The PDE system in [5] can be reduced here to a set of ordinary differential equations
(ODEs). We will use this to extract scattering properties that are independent of the position along the ridge
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Figure 1: A model of a wind turbine gearbox from Romax Technology; A quarter cylindrical ridge connected
to flat plates on either side.

Figure 2: The curvature profile for the problem setting: a cylindrical ridge with the maximum curvature κmax
connected to flat plates on either side.The subdivision of the cylindrical ridge geometry into interior Ω− and
exterior Ω+ regions for the scattering problem. The interfaces between Ω+ and Ω− lie with the flat regions
where κ(x) = 0. The curvature increases smoothly to κ(0) = κmax for x ∈ Ω−.
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by exploiting the translational symmetry and assuming that the ridge is of infinite extent in the y- direction.
Under these assumptions we may write

u(x, y, t) = û(x)eikyy−iωt, (2)

where û = [û v̂ ŵ]T are the coefficients of (2) in the in-plane directions x and y, and the normal direction,
respectively; furthermore ky is the component of the wavenumber in the y-direction and ω is frequency.
Substituting the ansatz (2) into the PDE system yields the following fourth-order ODE system in the variable
x:

c2p
d2û

d2x
+
(
ω2 − c2sk2y

)
û+ iky

(
c2p − c2s

) dv̂
dx

+ c2p
d

dx
(κŵ) = 0, (3a)

c2s
d2v̂

d2x
+
(
ω2 − c2pk2y

)
v̂ + iky

((
c2p − c2s

) dû
dx

+ νc2pκŵ

)
= 0, (3b)

B

ρh

(
d4ŵ

dx4
− 2k2y

d2ŵ

dx2
+ k4yŵ

)
+
(
c2pκ

2 − ω2
)
ŵ + c2pκ

(
dû

dx
+ iνkyv̂

)
= 0, (3c)

B =
Eh3

12(1− ν2) , C =
Eh

1− ν2 ,

are the bending and extensional stiffnesses; and the system has been simplified by writing the constants in
terms of pressure and shear wave velocities,

cp =

√
E

ρ(1− υ2) and cs =

√
E

2ρ(1 + υ)
,

respectively. We used the following relations

c2p =
C

ρh
,
c2s
c2p

=
(1− υ)

2
and c2p − c2s =

(1 + υ)c2p
2

.

The numerical solution of the full wave equations (3) using finite difference methods is discussed in detail
in Ref. [6]. The solution typically exhibit a smooth transition between reflective and transmissive behaviour
and show anti-resonances (see Fig. 3), which we interpret using a graph model later on.

3 Dispersion Relation in Short Wavelength Asymptotics

Furthermore, we can obtain a dispersion relation which relates the wavelength or wavenumber of a wave to
its frequency by assuming:

u(x) = a(x)eikS(x), v(x) = b(x)eikS(x) and ŵ(x) = c(x)eikS(x), (4)

where S(x) is a phase function and k =
√
k2x + k2y . Substituting (4) into the equations of motion (3), and

choosing the leading order terms regarding the wave number, we can obtain the full dispersion relation for
waves propagating over the shell below the ring frequency. For the configuration in Fig. 1 with zero curvature
in the y direction we obtain:

H(x, k, ω, t) =

(
Ω2 − 1

2
k2(1− ν)

)((
Ω2 − k2

)(
Ω2 − h2k4

12

)
− Ω2Ω2

ring

)

+(1− υ2)
(

Ω2κ2k2y −
1

2
(1− ν)κ2k4y

)
,

(5)
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Figure 3: Reflection and transmission probabilities for the bending mode, by solving the full wave equations
Eq. (3), as a function of ky plotted on a linear scale. The plot shows anti-resonances close to ky = 318.9,
ky = 311 and ky = 298. There is a switch in the dominant behaviour from transmission to reflection close
to ky = 319.5.

where Ω = ω/cp is a wavenumber, and Ωring denote the wave number at the ring frequency. This dispersion
relation includes both bending and in-plane wave. This asymptotic is obtained under the assumption that the
wavelength of interest are much shorter than R. For the configuration shown in Fig. 1, Søndergaard et al.
[5, 6] set Ωring = κ(x). The parameters of this work are listed in the appendix. We depicted the dispersion
curve at zero curvature see Fig. 4a, i.e. at the flat plates, and at maximum curvature see Fig. 4b, i.e in the
cylindrical region. These figures show that in the flat and cylindrical regions we have three different type of
modes: bending modes, shear modes and pressure modes. In the cylindrical, region the dispersion surface
changes character, the bending mode sheet has a peanut shape which has also been observed experimentally
in [9].

4 Ray Dynamics

The ray equations for energy transport on arbitrary curved and homogeneous smooth thin shells can be
derived from the dispersion relation (5) in terms of the Hamilton’s equations of motion, that is

ẋ =
∂H

∂kx
, k̇x = −∂H

∂x
,

ẏ =
∂H

∂ky
, k̇y = −∂H

∂y
,

ṫ = −∂H
∂ω

, ω̇ =
∂H

∂t
.
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(a) (b)

Figure 4: Dispersion relations represented by plotting Ω(kx, ky) at zeros of the Hamiltonian H; (a) Isotropic
dispersion relation at flat plate; the outer circle correspond to bending modes, the middle circle is shear modes
and the smallest circle represent pressure modes (b) Anisotropic dispersion relation at cylinder region.

It is clear from Eq. (5) that the Hamiltonian does not depend on t and y explicitly. Thus ky and ω are
constants, i.e. H(x, k, ω, t) = H̃(x, kx). It suffices to study the above Hamiltonian system in the (x, kx)
phase-plane only. The remaining coordinates are suppressed due to the translaional invariance of the cylinder.
Fig. 5 shows the bending phase-space; one can see that rays are reflected until they cross the stable manifold
(red line) of the fixed points (the blue stars). Those classical trapped rays in the waist of the cylindrical curve
are oscillating along the ridge x = 0 and form interior resonances. Above the red line the rays transmit. To
find the fixed points whose stable and unstable manifolds separate transmission from reflection, we solve for:

H(x = 0, kx, ky) = 0,
∂H

∂kx
(x = 0, kx, ky) = 0.

This gives the threshold value for kx and ky in the cylinder region. We find solution numerically, (kx, ky) =
(196.8, 320) that coincides with the fixed point (x, kx) = (0, 196.8), see the blue star above the central
island region in Fig. 5.
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Figure 5: Phase-space plot for bending rays for Gaussian curvature profile; the red star (kx, ky) =
(315.7, 320) indicate the threshold value at x = −2.86x∗; the blue stars below and above the central is-
land region are the fixed points (0, 196.8) and (0,−196.8) respectively; (b) is a close-up plot of the fixed
point (0, 196.8).

The next step is for this threshold value of ky to find the corresponding value kx in the flat region for rays
starting in the left region. For practical purposes, we take x = −2.86x∗, where ±x∗ denote the centres of
the transition regions. For ky = 320, we solve:

H(x = −2.86x∗, kx, ky = 320) = 0.

These results are similar to those found by Søndergaard et al. [5]. We see that for almost normal incidence
rays are totally transmitted and for oblique incidence the rays are totally reflected. Thus the smooth transition
and anti-resonances in the full wave solution (see Fig. 3) can not be interpreting using simple ray tracing.
Next we interpret the phase-space as a graph model to find theoretical expressions for the scattering matrix
accounting for resonant tunnelling mediated by resonant states.

5 Graph Model for Resonant Tunnelling

As shown in the phase space for bending incident rays, we have two types of classical rays, see Fig. 5:
those with classically transmission behaviour and with classically reflective behaviour and also some rays
oscillating in the waist of cylindrical regime which can lead to resonant states. These resonant states can be
found using a graph model. We treat the curvature profile as we would a quadratic real potential barrier. We
have an explicit formula for the reflection and transmission coefficients following Berry [10] for a potential
barrier with quadratic top which has two real classical turning points, given by:

r =
−i exp(−iδ)√
1 + exp(−2I)

, (6)

t =
exp(−I) exp(−iδ)√

1 + exp(−2I)
, (7)
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Figure 6: Graph model for resonant tunnelling for ray with classically transmission behavior.

where I is the action along complex orbits and is real valued, which we will discuss in the next section, and
the action is defined by

I = −i
∫ x+

x−
kxdx, (8)

where x−, x+ are the classical turning points and δ is defined as

δ(I) =
I

π
ln

∣∣∣∣
I

πe

∣∣∣∣+ arg Γ

(
1

2
− iI

π

)
, (9)

where e is the exponential number. We find the scattering matrix for this problem setting as follows: first,
we focus on those rays that are classically transmitting and how they are connected to those rays that are
oscillating in the waist of cylindrical regime, Fig. 6. We define a−, b−, c− and d− as amplitudes of incom-
ing rays, and a+, b+, c+ and d+ represent outgoing rays from the turning points. We describe the relation
between incoming and outgoing ray amplitudes from the turning points as:

[
a+

b+

]
=

[
r t
t r

]
=

[
a−

b−

]
, (10)

[
b−

c−

]
=

[
0 eiS

eiS 0

]
=

[
b+

c+

]
, (11)

where S =
1

2

∮
kxdx is the action along closed real rays trapped in the central island. Furthermore, due to

symmetry [
d+

c+

]
=

[
r t
t r

]
=

[
d−

c−

]
. (12)

By solving (10), (11) and (12) for a+ and d+ as a function of a− and d−, we obtain the scattering matrix:
[
a+

d+

]
=

[
T R
R T

]
=

[
a−

d−

]
, (13)
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Figure 7: Graph model for resonant tunnelling for ray with classically reflective behavior.

where

T = r

[
1 + e2iS(t2 − r2)

1− r2e2iS
]
, (14)

R =
t2eiS

(1− r2e2iS)
, (15)

are the transmission and reflection coefficients. Note that both T and R include the term

1

1− r2e2iS '
1

1 + e2iS
if r ' −i,

which diverges when
1

π
S = n +

1

2
, where n = 0, 1, 2, ... (resonance condition). That means each time the

resonance condition is satisfied a resonance state can form. By a process of analytical continuation that is
also valid for the classical rays with reflective behaviour case, Fig. 7. In the next section we will present the
method used to find the complex trajectories and then calculate the action along them.

6 The complex method for treating classical turning points (Tun-
nelling phenomena)

The smooth transition and resonant states in the solution of the full wave equations shown in Fig. 3, in one-
dimension can be described using the Wentzel-Kramers-Brillouin (WKB) approximation. To describe the
WKB approximation, rays must be extended to complex rays. We want to find the complex trajectories for
rays starting at the left interface with the initial position x0 = −2.86x∗ and an initial wave number kx = kx0 ,
ky = ky0 . First, we transform the equation of motions for the same rays into a new real valued system by
substituting t = −iτ , x = xr + ixi and kx = kr + iki as:

dxr
dτ

+ i
dxi
dτ

=
dx

idt
= −idx

dt
, (16a)
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(a) (b)

Figure 8: Ray trajectories in complex (x, kx) plane.

dkr
dτ

+ i
dki
dτ

= −idkx
idt

= −idkx
dt

. (16b)

∫ x+

x−
kxdx =

∫ x+

x−
(krdxr − kidxi) + i(krdxi + kidxr) = Ir − iIi. (16c)

Next step, we find the classical turning points by fixing ky = ky0 , first for rays with classically transmission
behavior, by imposing x = 0 and solving

H(x = 0, kx, ky = ky0) = 0⇒ (x, kx) = (0, kα),

where α = 1, 2. For rays with the classically reflective behavior, we solve

H(x, kx, ky = ky0) = 0

dx

dt
(x, kx, ky = ky0) = 0

⇒ (x, kx) = (xα, kα).

We calculate reflection and transmission coefficients by solving this new real valued system (16) to find
the action I = Ii which is a path integral along complex trajectories from one turning point until it hits
the classical trajectories at another turning point. For example from (0, k1) to (0, k2) for rays with classi-
cal transmission behavior starting at the left interface, and for rays with classical reflective behavior from
(x1,−k1) to (x2,−k2). Calculating the action along the real trajectories S which is area under the classical
ray, for example from (0, k2) to (0,−k2) for rays with classical transmission behavior, and for rays with
classical reflective behavior from (x1,−k1) to (x2,−k2), plus Ir. Ir = 0 for classical transmitted rays. In
the next section we show a comparison between our model and the full wave solution.

7 Result

We compare our result with the numerical solution of the full wave equation Fig. 3 for the Gaussian curvature
profile. Our model agrees well with the full wave solution see Fig. 9. We find two more resonant states at
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Figure 9: Reflection and transmission probabilities for the bending mode, by solving the full wave equations
vs our graph model for resonant tunnelling for Gaussian curvature profile, as a function of ky. The plot
shows anti-resonances close to ky = 318.9, ky = 311, ky = 298, ky = 277.5, ky = 237. There is a switch
in the dominant behaviour from transmission to reflection close to ky = 319.5.
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ky = 277.5 and ky = 237. These resonances are extremely narrow and and required a very small step size
in the ky initial condition. Our model provides the location of resonances using the condition described in
section 5. The local reflection and transmission coefficients given in equations (7) and (6) assume generic
hyperbolic fixed points as produced by a quadratic maximum in the curvature profile, but may break down
for very flat maxima.

8 Conclusion

We analyse the dispersion curves for both in-plane and bending waves for a cylindrical ridge smoothly
connecting to two flat plates using Donnell shell theory. We perform ray tracing from Hamilton’s equations
of motion in the short wavelength regime for bending incident rays with a Gaussian curvature profile. When
waves propagate over the shell structure, this gives rise to tunneling due to the fact that varying curvature from
one point to other behaves as a potential barrier in quantum mechanics. These tunnelling correction alter the
reflection and transmission coefficient from those obtained by a ray tracing analysis only. There is a smooth
transition and resonant states in the solution of the full wave equations which can not be interpreted using
classical ray tracing. Tunnelling for this one-dimensional structure can be treated by the WKB methods.
We find the scattering matrix and an analytical formula for refection and transmission coefficients for such
bending waves by presenting a graph model for resonant tunnelling.Then we compare our results with the
numerical solution of the full wave equations. Our model agrees well. Furthermore, we can successfully
predict the locations of resonant states occurring in term of a resonance condition from our formula for
refection and transmission coefficients.
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Parameter values

• R = 0.1666m.

• h = 1× 10−4m.

• σx = 0.047m.

• x∗ = 0.121m.

• E = 1.95× 1011Pa.

• ρ = 7700
kg

m3
.

• ν = 0.28.

• ω = 9742π
Rad

s
.
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Abstract 
This paper develops a theory of propagation based on connectivity templates. Connectivity describes how 

the elastic connections distribute. A visual counterpart is the structure of the stiffness matrix. D’Alembert 

equation refers to classical elasticity based on closest neighbors connectivity and is characterized by 

propagation of waves, which can be classified as one-to-six, since each particle of the scheme is connected 

only with two other particles for each direction. However, very different connectivity schemes can be 

introduced, e.g. a one-to-all connectivity scheme, in which one particle can be connected with a cluster of 

particles, or all-to-all where each particle is connected with any other. Moreover, connections are not 

instantaneous: the information flows is delayed due to the connection length. Waves exhibit unbelievable 

behaviour changing the system connectivity. Nondissipative structures shows damping. Energy can 

propagate backwards in respect to wave direction. Waves can stop or localize at some points. Negative mass 

effect can emerge. These effects will be discussed in the present paper.  

1 Introduction 

This paper has its focus in synthesizing new results in the field of vibrations and waves the authors and the 

group of structural dynamics of Sapienza introduced in some recent works [1-37]. The dominant concept is 

that of topological connectivity and its effect on wave propagation, vibration characteristics, damping, 

modal behavior.  

The connectivity in a vibrating system (or more in general, in a dynamical system) is the attribute that 

indicates the topology of the force exchange among the degrees of freedom of the system under 

investigation. Thinking to linear systems, interactions can be reduced to displacement proportional force, 

and the concept of connectivity becomes, for discrete systems, a characteristic of the stiffness matrix. For 

continuous systems, a general connectivity scheme is represented by integral-differential equations of 

motion and the connective topology is characterized by the properties of the integral kernel.    

Conventional vibrating systems, especially continuous elastic structures, are characterized by closest 

neighbors interactions: each mass interacts only with its adjacent masses. This connectivity paradigm, 

denominated here short-range interaction, is the basis of the traditional theory of local elasticity. This way 

to build the connectivity texture in a three-dimensional space and in a regular cubic lattice, includes a six-

connection topology: each particle in the lattice is elastically connected to 6 other particles, namely the 

preceding and the following particles along the three axes x, y, z, respectively. It appears clearly a more 

arbitrary topological connectivity can be introduced, deeply different from the standard local elasticity, since 

many others connective schemes can be proposed. Broadly speaking, any other connective template that is 

more general than the paradigm of the six-connection topology, implies to connect particles in the lattice 

that not adjacent, but located at distant positions. The reason to indicate these connective schemes as long-

range [3-5].  
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This paper makes the point on some fundamental differences that can be expected when passing from a 

purely short-range connectivity to a long-range type in vibration characteristics. Correspondently, we 

highlight some structural differences between the dynamics of local-elasticity and nonlocal-elasticity. 

However, our previous investigations show that, in the family of long-range interactions, the emergence of 

a wide class of different behaviors is observed  [3-5, 8, 10, 16-18]. Note, in fact, the long-range interaction 

textures can be deeply different, including many different topologies of connections [3-5].  

In this paper we analyze three main types of long-range connectivity to compare to short-range or closest 

neighbors: all-all full-range, , all-all limited range , all-all randomly and sparsely connected, one-all. The 

general mathematical framework is given, but the focus is to outline only the general scenario, and any 

mathematical detail can be found in the references.  

The particles of the scheme behave as individuals of a population, and our investigation represents an 

attempt to classify the collective behavior of these individuals depending on their freedom to communicate. 

Implications of this point of view are in vibration properties of the populations as a collective behavior that 

can affect wave propagation, synchronization, decoherence, damping properties, mode shapes, modal 

density and localization. These implications can be of practical use in the analysis of microscopical 

vibrations of lattices (thermal baths) in design of new metamaterials, design of new vibration absorbing 

devices and waves at interface between two different media [1, 6, 7, 10, 12-14, 16-20, 24-27, 30].        

2 Connectivity topology scenarios and properties  

In this paper we analyze four main types of long-range connectivity to compare to short-range or closest 

neighbors: one-all, all-all full-range, all-all randomly and sparsely connected, all-all limited range. 

A set of individuals in a population of masses are connected in a circle (the representation is useful 

graphically, the system has not to be mechanically connected necessarily in a closed chain), called ring. 

Figure 1 represents the typical connections in a short-range interaction fashion, where individuals can 

communicate, i.e. exchange forces, only with those individuals that are adjacent (red connecting line 

represent the short-range interactions). This is the typical connectivity that mechanically represent the world 

of local-elasticity. The behaviour of such a connected system is well known. One of the main characteristic 

is the chance of having travelling disturbances we call waves. Energy travels across the ring and two typical 

speeds can be introduced: phase and group. The spectral properties of theses kind of systems are associated 

to eigenvectors the shape of which is typically an oscillating space function that involves the whole ring. 

The characteristic correlation expressed by the waves is the motion of the particles is strongly correlated at 

a given distance, depending on the propagation velocity (phase or group, depending on the characteristic we 

desire to correlate).  

 

Figure 1. Connectivity based on neighbors interaction, short-range classical case 
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(a)                                        (b)                                            (c)                                            (d) 

Figure 2. 

Different kind of connectivity: (a) one-all, (b) all-all, (c) all-all random sparse, (d) all-all limited range 

 

However, very different topology of connections can be introduced and each characterized by the common 

fact the interaction is long-range in the sense that, along the ring, the connectivity is not only between 

neighbors, but among distant individuals along the ring. In particular, we would like to describe four basic 

connectivity templates, that emerge form a previous experience in detailing the dynamics of such systems 

[3-8, 11, 17, 18, 25, 26, 29] that enter the domain of the propagation in nonlocal elasticity.  

The one-all scheme is the case in which only a single mass, we call leader, generally larger with respect to 

the other in the ring, communicates with all the individuals of the ring. The short-range connections are 

general of smaller intensity with respect to the long-range, or they can be even completely absent. This kind 

of system has been investigated for a long time by the authors and exhibits completely new characteristics 

with respect to the short-range properties [7, 8, 11, 17-19, 25, 26, 29, 31, 32, 36, 37].  

We observed, using mathematical models, simulations and experiments the following: 

(i) Waves propagate along the ring, and this happens even in the absence of the short-range 

forces(!); the propagation speed depends on the distribution law of the intensity of the 

connections of the scheme. 

(ii) For some particular distribution of the interaction forces, one-all connectivity produces a 

phenomenon of wave stopping: the energy transported along the ring when exciting the 

connected mass, can stop and the excited mass does not receive any echo from the ring; this 

means the group velocity along the ring exhibits frequencies at which it vanishes. 

(iii) Modes of the ring are localized, and the leader location is never the place at which the modes 

localize; 

(iv) The energy initially stored in the leader tends to be very fast transferred to the ring and it is 

possible to modulate the intensity of the connections in a way this process is irreversible.  

(v) The modes of the ring tend to group at a special frequency, where they are accumulated 

producing a singularity in the modal density. 

The all-all scheme full-range is realized in such systems in which any possible connection between any 

arbitrariy pair of individuals in the ring is promoted. A recent analysis carried on in  [3-5], shows the 

following remarkable results: 

(i) All-all full-range produces a phenomenon of wave stopping along the ring; 

(ii) Moreover, at some frequencies, an anomalous propagation phenomenon appears: superluminal 

propagation of waves along the ring can be observed, meaning the waves transported along the 

ring itself reach an infinite group velocity. 

(iii) Modes of the ring are localized. 
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(iv) Singularity in the modal density are observed at those frequencies at which the wave stopping 

is produced. 

For the case (d), all-all limited range, the same phenomena, under a qualitative point of view, are identical 

to those observed in the all-all full-range. 

The case (c), in which a small number of connections are present, randomly involving pair of individuals 

along the ring, i.e. the connections are randomly sparse, exhibits additional effects [41], that are based on 

the small world theory, originally proposed in social sciences [38-40]: 

(i) The number of long-range connections to be introduced to deeply depart from the short-range 

characteristic propagation is very small. Even a few percent of activated long-range 

connections permit to observe the following phenomena: 

(ii) Strong synchronization of the individual motion, meaning the motion of a large group 

of masses along the ring move in-phase, and no phase-delay is observed as it happens 

in the propagation of conventional waves. 

(iii) Very high speed of propagation of the disturbance along the ring, with amplification of 

the group velocity of the system, in part analogous the case observed for limited range 

and full-range long-distance interaction.    

  

3 Long-range effects general modelling 

The mathematical model to which we can reduce all the examined cases has a common root into integral-

differential equations. Differential equations, both in space and time, is the typical ground on which the 

local-elasticity operates. A theory of long-range connections includes in general integral convolution terms, 

analogously in space and time. All the previous cases can be included in the same general model, but with 

different definition of the kernel of the convolutional part. This kind of model are certainly claimed in the 

new generation of metamaterials, where the connections can be built up by using, for example, adding 

manufacturing techniques. The field of vibration absorbers based on new concepts is also part of the 

possibilities of these methods. The investigation of thermodynamic systems, as the thermal bath used in 

physics to model Brownian motion for the meso-scale analysis is presented in [6, 14, 16, 20]. In the next 

section, as an example of more conventional system, generally investigated by coupled differential 

equations, is considered: the case of a fluid-loaded plate. We show that, even these kind of coupled problems, 

can be reduced to an integral-differential model governed by topological connectivity features. 

The general structure of the cases (a), (b), (c), (d) is kept by the general integral-differential equation: 

 

𝐿𝑥
(𝑛){𝑤(𝑥, 𝑡)} + 𝑚′(𝑥)

𝜕2𝑤(𝑥, 𝑡)

𝜕 𝑡2
+ 𝐾(𝑥, 𝑡) ∗∗ 𝑤(𝑥, 𝑡) = 0 

 

where double convolution indicates, in general, space and time are involved. Differential terms involve 𝐿𝑥
(𝑛)

, 

a n-th order differential operator with respect to space x, and an inertia term second-order in time 
𝜕2𝑤(𝑥,𝑡)

𝜕 𝑡2 . 

The nature of the kernel K is the key to describe the kind of connections. If the connections are simple elastic 

elements, then the convolution is only space-based and the time t does not play any role and the term can be 

reduced to: 

𝐾(𝑥, 𝑡) ∗∗ 𝑤(𝑥, 𝑡) = ∫ 𝐾(𝑥, 𝜉) 𝑤(𝑥 − 𝜉, 𝑡)𝑑𝜉
−∞

−∞
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However, if the channel of communication between the pair of individuals of the ring implies delayed 

information transport itself (or also waves mechanisms), then the double convolution 𝐾(𝑥, 𝑡) ∗∗ 𝑤(𝑥, 𝑡) 

brings both space and time effects: 

𝐾(𝑥, 𝑡) ∗∗ 𝑤(𝑥, 𝑡) = ∫ ∫ 𝐾(𝑥, 𝜉, 𝑡, 𝜏) 𝑤(𝑥 − 𝜉, 𝑡 − 𝜏)𝑑𝜉
−∞

−∞

+∞

−∞

𝑑𝜏 

   

The general physical interpretation of the double convolution term is simple: it brings at the place x all the 

information that is coming from other locations of the ring that are distant 𝑥 − 𝜉  in space and of which the 

flight time to reach x from the place 𝑥 − 𝜉 is τ = 𝑥 − 𝜉/c(𝑥 − 𝜉). 

Most of the propagation properties that are involved in the previous schemes can be determined in the 

frequency and wavenumber counterpart of this equation: 

 

𝑃(𝑛)(𝑘) − 𝑚′𝜔2 + 𝐾(𝑘, 𝜔) = 0 

 

where P is a polynomial of order n in the wavenumber k and 𝐾(𝑘, 𝜔) is in general a complicated expression 

depending on both the wavenumber and the frequency. 

This is the basis to investigate the wave dispersion relationship, that because of the highly unconventional 

term 𝐾(𝑘, 𝜔), produces very new and characteristic effects that are related to propagation in the field of 

nonlocal elasticity. 

4 An example: interface waves as a long-range connectivity 
problem 

Propagation of waves at the interface between two different media is an example that can be approached 

with the connectivity analysis presented in section 2. The case of a fluid-loaded flexural elastic plate is 

considered. The most frequent modelling of this system is made by coupling the differential equation of the 

plate (simplified in a beam for a two dimensional problem in the x,y plane), governed by its displacement 

w(x.t) and the differential equation of the compressible fluid, governed by the potential φ(x,y,t): 

 

𝐸𝐼
𝜕4𝑤(𝑥, 𝑡)

𝜕 𝑥4
+ 𝜌𝐴

𝜕2𝑤(𝑥, 𝑡)

𝜕 𝑡2
= 𝑝,   𝛻2𝜑(𝑥, 𝑦, 𝑡) −

1

𝑐2

𝜕2

𝜕 𝑡2
𝜑(𝑥, 𝑦, 𝑡) = 0 

 

where the coupling condition, relating the potential and the pressure, is: 

  

𝑝(𝑥, 𝑦, 𝑡) = −𝜌
𝜕

𝜕𝑡
𝜑(𝑥, 𝑦, 𝑡) 

 

Therefore, the two partial differential equations can be solved with the help of the coupling condition, that 

is the conventional way to formulate the problem.  

Let us try to bring the problem on the ground of the connectivity explained in section 2. We can consider 

that the sections of the beam are the nodes of the network, connected by short-length interactions represented 

by the differential term 𝐸𝐼
𝜕4𝑤(𝑥,𝑡)

𝜕 𝑥4 , but there is a further channel of communication among them represented 

by the waves that propagate in the compressible fluid. Therefore, the effect of the displacement signal of the 

beam connects distant sections, providing the long-range channel among the nodes of the network.  
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The last condition implies that along the plate surface, one can write: 

 

𝑝(𝑥, 𝑦, 𝑡) = −𝜌
𝜕

𝜕𝑡
𝜑(𝑥, 𝑦, 𝑡)     →     

𝜕

𝜕𝑥
 𝑝(𝑥, 𝑦, 𝑡) = −𝜌

𝜕

𝜕𝑡

𝜕

𝜕𝑥
𝜑(𝑥, 𝑦, 𝑡) = −𝜌

𝜕

𝜕𝑡
𝑣(𝑥, 𝑦, 𝑡) 

 

i.e.: 

𝜕

𝜕𝑦
 𝑝(𝑥, 0, 𝑡) = −𝜌

𝜕2

𝜕𝑡2
𝑤(𝑥, 𝑡) 

𝛻2𝜑(𝑥, 𝑦, 𝑡) −
1

𝑐2

𝜕2

𝜕 𝑡2
𝜑(𝑥, 𝑦, 𝑡) = 0     →       𝛻2𝑝(𝑥, 𝑦, 𝑡) −

1

𝑐2

𝜕2

𝜕 𝑡2
𝑝(𝑥, 𝑦, 𝑡) = 0 

Transforming into the Fourier domain the beam equation and the last two pressure equations (space and 

time): 

𝐸𝐼𝑘𝑥
4𝑊 − 𝜌𝐴𝜔2𝑊 = 𝑃,     𝑗𝑘𝑦𝑃 = 𝜌𝜔2𝑊,    𝑘𝑥

2 + 𝑘𝑦
2 =

𝜔2

𝑐2
  

and after substitution: 

  

𝐸𝐼𝑘𝑥
4𝑊 − 𝜌𝐴𝜔2𝑊 = ±𝑗𝜔𝑊𝐺   

 

𝐺 (
𝑐𝑘𝑥

𝜔
) =

𝜌𝑐

√1 − (
𝑐𝑘𝑥
𝜔 )

2

,   
𝜔

𝑐
𝐻0

(1)
(|

𝜔

𝑐
𝑥|) = 𝐹𝑘𝑥

−1 {𝐺 (
𝑐𝑘𝑥

𝜔
)} 

and finally: 

 

𝐸𝐼
𝜕4𝑤(𝑥, 𝑡)

𝜕 𝑥4
+ 𝜌𝐴

𝜕2𝑤(𝑥, 𝑡)

𝜕 𝑡2
= ±

1

𝑥
ℎ0

(1)
(

𝑐𝑡

𝑥
) ∗∗ 𝑤(𝑥, 𝑡) 

 

where:  ℎ0
(1)(𝑡) = 𝐹𝜔

−1 {𝐻0
(1)(𝜔)} 

 

revealing the convolution long-range nature of the phenomenon described in the previous section. 

Concluding Remarks 

This paper highlights some effects that are disclosed in a series of researches, some very recent, developed 

by the authors. The point considered here is related to characteristic response that a population of oscillators, 

connected through communication channels of given topology that bring force information, exhibits as a 

collective behavior. The problem is based on consideration of long-range interaction forces, opposed to the 

short-range, characteristic of the classical local-elasticity. Relevant effects, in this field of non-local 

elasticity propagation, emerge as synchronization, wave stopping, superluminal group velocity, mode 

localization and singularity in the modal density. 

Different scenarios are considered, and the mathematical framework is based on the theory of integral-

differential equations. It put the basis for the analysis of dispersion relationship of unconventional form that 

is responsible of the investigated effects. 
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Abstract 
Nonlocal long-range effects are at the base of new phenomena investigated by the authors. In one 

dimensional systems, this permits the chance of modifying the phase and group velocity of the waveguide, 

even producing waves transporting energy backwards. In the two-dimensional case a richer scenario is 

opened. This paper investigates the chance of transporting the energy over a two-dimensional domain 

through vibrations that can follow a given path. The relationship between the path and the connection 

template is investigated. This directional effect is shown presenting the theoretical analysis and 

corroborating its results through numerical simulations. 

1 Introduction 

Tailoring and combining different geometries with not necessarily identical elastic properties may give rise 

to a certain type of materials, which are called metamaterials, that can be used in wide range of applications 

such as noise cancelling and acoustic cloaking [1-9]. On the other hand, the nonlocal interactions have 

attracted many researchers’ attention in different areas of science and engineering. Several studies have 

shown how the introduction of unconventional connection leads to a more complicated wave propagation 

behavior, as those investigated in [10-18]. The present paper is an attempt to investigate the way that waves 

travel in an unbounded rectangular membrane made of linearly elastic materials with long-range 

interactions. Such materials induce some propagation regimes that have not been in typical elastic solids. It 

is not the first time that unconventional effects are discussed for plates and membranes [19-22], but not even 

in these cases the correlation between nonlocality and waves is directly appreciated. 

Very recently, Carcaterra and co-authors [23-25] have studied the characteristics of plane waves travelling 

in one-dimensional elastic media with long-range interaction and their related propagation regimes. Their 

research has been often carried out by linearizing the force in order to achieve closed form solutions which 

can shed light on the propagation of waves in such media. Their approach has been applied on both 

continuous systems and their discrete counterparts, and it unveil the existence of peculiar propagation 

regimes, as for instance the backward energy flow.  

This paper has a double nature. Indeed, it combines the linearized long-range approach developed by 

Carcaterra et al. [26] to the membrane theory, extending what so far determined for one-dimensional 

structures. In the present paper, the equation of motion for an elastic membrane, containing a region of 

interaction in which each point is connected to nonadjacent counterparts by spring-like connection is 

formulated. In order to provide an insight into the wave propagation characteristics, the plane wave solution 

is considered and, the nondimensional form of the dispersion relation is derived. Using this, purely 

dispersive modes are identified. The numerical results illustrate how the propagation regimes are dependent 

upon the value of the nondimensional regulator parameter 𝜒 and some discontinuities may be found in the 

modal density function if the aforementioned parameter is large enough. It implies that the envelope of the 

wave pocket tends to move in the opposite direction. 
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2 Mathematical description 

The equation of motion for linear free vibration of a rectangular membrane is 

 𝜌�̈� − 𝑃 ∇2𝑊 = 0 (1) 

where 𝑊(𝑥, 𝑦, 𝑡) is the deflection of the membrane, 𝜌 is the mass per unit area and 𝑃 denotes the tension 

per unit length. A wave equation which is typical of a topological structure of elastic connections that 

involve only the closest neighbors. New advances in additive manufacturing open the chance to include into 

this systems elastic connections that involve points of the membrane at far distance. To fit their presence 

into the previous equation, an additional integral term is added: 

 𝜌�̈� − 𝑃 ∇2𝑊 − ∬ �̃� [𝑊(𝑥, 𝑦) − 𝑊(𝜉, 𝜂)]𝑑𝜉𝑑𝜂 = 0 (2) 

where �̃� represents the spatial stiffness modulation of the elastic connections. Indeed, ∬ �̃� [𝑊(𝑥, 𝑦) −
𝑊(𝜉, 𝜂)] mechanically resembles simple springs, which connect each point to nonadjacent counterparts in 

a defined region. This mathematical model carries two distinct elastic behavior: the short-range interaction, 

described by the differential term ∇2𝑊, and the long-range interaction described by ∬ �̃� [𝑊(𝑥, 𝑦) −
𝑊(𝜉, 𝜂)]. 

Introducing in the plane the axis-symmetric rectangular window function 𝐻(𝑟) = 𝐻(√𝑥2 + 𝑦2) (Figure 1) 

in order to control the region of interaction, equation (2) reads into: 

 𝜌�̈� − 𝑃 ∇2𝑊 − �̃�𝑆𝑊 + 𝑘 𝐻(𝑟) ∗ 𝑊 = 0 (3) 

where S is the area of the region of interaction and ∗ denotes the convolution operation.  

(𝑟) can be chosen as follows: 

 𝐻(𝑟) = {
1, |𝑟| ≤ 𝑎
0, |𝑟| > 𝑎

 (4) 

 

Figure 1: Two-dimensional circularly symmetric window 

where 𝑎 is a positive quantity representing the interaction radius. In order to determine the dispersion 

relationship, the Fourier transform with respect to time and space variables is applied, and the following 

dispersion relationship is obtained: 

 𝜌𝜔2 = 𝑃(𝑘𝑥
2 + 𝑘𝑦

2) + �̃�𝑆 −
�̃�𝑎

√𝑘𝑥
2+𝑘𝑦

2
𝐽1 (𝑎√𝑘𝑥

2 + 𝑘𝑦
2) (5) 

Here 𝐽1 is the Bessel function of first kind. This equation is fundamentally different with respect to the 

conventional short-range interaction equation that leads trivially to 𝜌𝜔2 = 𝑃(𝑘𝑥
2 + 𝑘𝑦

2). 
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For the sake of simplicity, the dispersion relation is rewritten in nondimensional form, as follows: 

 Ω2 = (𝐾𝑥
2 + 𝐾𝑦

2) + 𝜒 [𝜋 −
𝐽1(√𝐾𝑥

2+𝐾𝑦
2)

√𝐾𝑥
2+𝐾𝑦

2
] (6) 

where the nondimensional parameters are: 

 

Ω2 = 𝑎√
𝜌

𝑃
 𝜔

𝐾𝑥,𝑦 = 𝑎 𝑘𝑥,𝑦

𝜒 =
�̃�𝑎4

𝑃

 (7) 

The parameter 𝜒, which stems from the physical and geometrical parameters, regulates the relation between 

the nondimensional frequency Ω and the nondimensional wavenumbers (𝐾𝑥  , 𝐾𝑦); moreover it contains 

information on the ratio between the long-range interaction and the short-range elasticity. The 

nondimensional dispersion relation reveals that the frequencies are always real, assuming positive 𝜒. This 

fact is shown in Figure 2, where the variations of the nondimensional frequency is plotted against 𝐾 =

√𝐾𝑥
2 + 𝐾𝑦

2. One should also note that the horizontal axis does not intersect the curves, demonstrating that 

there is no region in the 𝐾𝑥 − 𝐾𝑦 plane in which the system’s frequencies are imaginary. 

 

Figure 2: Dispersion relationship for the long-range membrane 

3 Numerical results 

The solution to equation (6) is represented as dispersion surfaces in Figure 3. This figure shows the trend of 

Ω versus 𝐾𝑥 and 𝐾𝑦. Since 𝐶𝑔 = ∂Ω/ ∂K, a direct measure of group velocity is the surfaces’ slope, and its 

variation discloses the chance to achieve particular trends of the group velocity itself, by changing the 

frequency. Namely, the presence of multiple crests for each surface, at which the group velocity vanishes, 

implies potential wave-stopping phenomenon. 
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Figure 3: Dispersion surface for different values the nondimensional parameter 𝜒 

The phase and group velocities as well as the modal density [27] are as follows:  

 

𝐶𝜑𝑥
=

Ω

𝐾𝑥

𝐶𝜑𝑦
=

Ω

𝐾𝑦

𝐶𝑔𝑥
=

∂Ω

𝜕𝐾𝑥

𝐶𝑔𝑦 =
∂Ω

𝜕𝐾𝑦

n(Ω) ∝ ∫ 𝐾
𝜕𝐾

𝜕Ω
 𝑑𝜃

𝜃2

𝜃1

 (8) 

Figure 4 shows the variations of 𝐶𝜑𝑥
 as a function of the wavenumbers. The phase velocity in the 𝑥-direction 

grows rapidly as 𝐾𝑥 approaches zero, because of the presence of 𝐾𝑥 in the denominator. Plotting 𝐶𝜑𝑦
 against 

the wavenumber along 𝐾𝑥 and 𝐾𝑦 generates surfaces like those presented in Figure 4. However, in this case 

the frequency grows rapidly as 𝐾𝑦 becomes smaller.  

Figure 5 demonstrates the changes in the group velocity and modal density for a long-range membrane with 

fairly small long-range interactions. As depicted, the group velocity is always positive, showing that no 

wave-stopping phenomenon appears, when 𝜒 is small enough. These surfaces are in good agreement with 

those of modal density where no singularity could be observed. 
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Figure 4: Phase velocity for long-range membranes for different values of 𝜒 

 

(a) 
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(b) 

Figure 5: Different low values of  : (a) Group velocity, (b) modal density 

For larger values of 𝜒, which indicate stronger long-range interactions (Figure 6), the negative terms in 

group velocity relation overcome the positive ones for some sets of (𝐾𝑥, 𝐾𝑦), leading to negative group 

velocity. This identifies the wave-stopping phenomenon when the group velocity vanishes. Hence, this 

interesting propagation regime occurs only when the long-range interactions are strong enough. 

 

Figure 6: Group velocity for long-range membranes for different values of 𝜒 (High values) 
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Figure 7 shows the modal density in case of stronger long-range interaction, for which two discontinuity 

rings appear, where wave-stopping phenomena occurs [14].  

 

Figure 7: Modal density for long-range membranes (𝜒=500). 

4 Conclusions 

This paper analyzes the plane wave dispersion characteristics of an elastic membrane. The configuration 

consists of a finite area in which there are spring-like connections with similar stiffness between nonadjacent 

points. The solution for plane waves is analytically obtained in the wavenumber domain for the medium 

under investigation. Note that the mechanisms contributing to wave attenuation are disregarded in this study. 

Since this paper is an attempt to identify the purely propagating modes, complex-valued wavenumbers are 

not taken into account. Such modes are found by solving the dispersion equation for real frequencies. The 

main effects observed in this study are as follow: 

 Relatively small values of the regulator parameter do not cause any significant effect on the group 

velocity surface of the system, since the group velocity is always positive and the waves propagate 

normally along the membrane.  

 As the crests of group velocity surface become larger by increasing the regulator parameter, we are 

able to observe some sectorial areas in which the group velocity is negative, indicating wave-

stopping phenomena.   
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Abstract 
In this work, a strategy for the model order reduction of large stroke flexure mechanisms is presented. In 

this, geometrically nonlinear finite element models of each flexible body within the mechanism are projected 

onto a reduction basis. This basis consists of the body’s Craig-Bampton modes and corresponding modal 

derivatives. Validation simulations that are performed on commonly used flexure mechanisms show good 

accuracy of the reduced order models. Therefore, the proposed reduction strategy can be efficiently applied 

to reduce computational costs of structural optimizations that are required to improve the design of flexure 

mechanisms.  

1 Introduction 

Flexure hinges are commonly used in precision engineering because of the absence of friction, hysteresis 

and backlash [1]. Typically, these hinges are designed such that they have high compliance in their driving 

directions and high stiffness in supporting directions. Many modern applications require the flexure hinges 

to be well-behaved in a large range of motion. In particular, this means that the hinge should maintain its 

support stiffness for deformations outside of the driving direction’s linear range. Because the support 

stiffness of standard hinges dramatically drops with deflection, more sophisticated flexure hinges are 

required to meet the stiffness requirement.  

Due to the geometrical nonlinear nature of large stroke flexure hinges, the use of nonlinear finite element 

models is typically required for their design, as expressions for stiffness as a function of deflection are 

difficult to obtain analytically. In order to further increase the performance of flexure hinges, shape and 

topology optimization is used, which requires many finite element calculations. Moreover, in order to study 

the dynamic behavior or stability of an entire mechanism, larger finite element models or flexible multibody 

models are required. The high computational costs of such advanced analyses, ask for model order reduction 

techniques that can deal with geometric nonlinearities.  

In this work, a model order reduction technique based on modal derivatives is proposed. The modal 

derivatives can be interpreted as the sensitivity of a structure’s vibration modes to a deflection in the 

generalized direction of any vibration mode. The success of adding modal derivatives to a reduction basis 

of vibration modes in order to reduce geometrical nonlinear flexible multibody problems was demonstrated 

before [2]. In previous work, the authors have demonstrated that this technique can also be used to compute 

so-called frequency derivatives [3]. It was explained that in this way, a flexure hinge’s first parasitic 

frequency can be determined for the large range of motion with great computational efficiency. Because the 

first parasitic frequency is an often-used measure for the performance of a flexure hinge, this has the 

potential to significantly speed-up optimization procedures.  
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In this work, the efficient reduction of the geometrical nonlinear models of large stroke flexure hinges will 

be explained. To this end, a reduction basis consisting of Craig-Bampton modes and their corresponding 

modal derivatives is used to reduce the model of a single flexible body. In contrast to vibration modes, the 

use of Craig-Bampton modes does not require any a priori knowledge of how the body is constrained, which 

makes the method generally applicable. This strategy is validated with the equilibrium analysis of a number 

of compound flexure mechanisms.  

The remainder of this work is organized as follows: Chapter 2 describes how the modal derivatives of  

vibration modes can be determined by differentiation of the appropriate eigenvalue problem. This 

summarizes the essentials from the method as it is reported in literature. Chapter 3 describes how the modal 

derivatives of Craig-Bampton modes can be determined by differentiation of the appropriate equation of 

equilibrium. This summarizes the general strategy for the model order reduction of a flexible body that may 

undergo large deformations. Chapter 4 describes the model order reduction of a flexible multibody system 

based on Craig-Bampton modes and their modal derivatives. Relevant simulation results are presented and 

discussed. The paper is finalized by the most important conclusions. 

2 Modal derivatives of vibration modes 

Consider a structure that is constrained to the fixed world. It is assumed that a nonlinear finite element model 

is available from which the mass matrix 𝐌 and a configuration dependent tangent stiffness matrix 𝐊(𝐪) can 

be extracted. When the geometric nonlinearities are described using the nonlinear Green-Lagrange strain 

definition, the sensitivities of the tangent stiffness matrix with respect to the generalized coordinates can be 

determined analytically. Alternatively, when for instance a corotational finite element formulation is used, 

these sensitivities can be determined numerically. 

Free vibrations about the system’s equilibrium configuration are considered. From the relevant eigenvalue 

problem, the natural frequencies 𝜔𝑖 and corresponding vibrations modes 𝛟𝑖 can be determined, which 

satisfy: 

 (𝐊 − 𝜔𝑖
2𝐌)𝛟𝑖 = 𝟎 (1) 

 

In linear modal expansion, the generalized coordinates are expressed as a linear combination of the system’s 

vibration modes. The response of the system is expressed in terms of the modal coordinates 𝜂𝒊 that describe 

the contribution of vibration mode 𝛟𝑖 to the response: 

 𝐪 = ∑ 𝛟𝑖𝜂𝑖 (2) 

 

The modal derivatives 𝛉𝑖𝑗 are defined as the sensitivity of vibration mode 𝛟𝑖 with respect to modal 

coordinate 𝜂𝑗 [2]. To this end, the eigenvalue problem (1) is differentiated with respect to the modal 

coordinates 𝜂𝑗: 

 
(

𝜕𝐊

𝜕𝜂𝑗
−

𝜕𝜔𝑖
2

𝜕𝜂𝑗
𝐌) 𝛟𝑖 + (𝐊 − 𝜔𝑖

2𝐌)𝛉𝑖𝑗 = 𝟎 (3) 

 

From literature, it is known that the influence of the inertia terms on this sensitivity can in general be 

neglected [4]. Therefore, the following expression for the modal derivatives is obtained: 

 
𝛉𝑖𝑗 = −𝐊−1

𝜕𝐊

𝜕𝜂𝑗
𝛟𝑖 (4) 
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In this way, it is possible to determine the modal derivatives of any structure of which a nonlinear finite 

element model is available. As an example, Figure 1 shows a cantilever beam’s lowest 2 vibration modes 

(𝜙1, 𝜙2) and the related modal derivatives (𝜃11, 𝜃12, 𝜃22). Note that the vibration modes describe a 

deformation in the transverse direction 𝑣(𝑥), whereas the modal derivatives describe a deformation in the 

axial direction 𝑢(𝑥). In fact the modal derivatives describe the shortening of the beam, that occurs when it 

is subjected to bending. 

[  

Figure 1: Vibration modes and modal derivatives of a cantilever beam 

 
As soon as the modal derivatives are determined, it is possible to express the generalized coordinates as a 

combination of the vibration modes and the modal derivatives, which spans a quadratic manifold [5]: 

 𝐪 = ∑ 𝛟𝑖𝜂𝑖 + ∑ ∑ 𝛉𝑖𝑗 𝜂𝑖𝜂𝑗  (5) 

3 Modal derivatives of Craig-Bampton modes 

Consider a flexible multibody system in which multiple flexible bodies are coupled together or to the fixed 

world by joints located at the bodies’ interface points. In general these joints may allow for large rigid body 

motions in between bodies. Unfortunately, the possibility for the system to move in these rigid body motions 

is the reason that modal derivatives cannot be computed for the multibody system as a whole. To explain 

this, note that for determining the modal derivatives, the inverse of the stiffness matrix is required in Eq. 

(4). Because systems that allow for rigid body motions have a singular stiffness matrix, this inverse does 

not exist. Hence, modal derivatives can only be computed for systems that do not allow for rigid body 

motions. 

In order to allow for the efficient study of such flexible multibody systems as well, it is proposed to apply 

model order reduction to each individual flexible body within the multibody system. To keep this solution 

strategy as general as possible, no constraints may be imposed on the interface points of individual bodies. 

Hence, a strategy is developed that works without any pre-knowledge about how a certain body is 

constrained to the rest.  
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For this purpose, Craig-Bampton modes [6] are used for the model order reduction of a body’s linear elastic 

behavior. The Craig-Bampton modes consist of so-called boundary modes and internal vibration modes. A 

Craig-Bampton boundary mode is determined by fixing all-but-one boundary degrees of freedom and 

prescribing the remaining interface degree of freedom a unit displacement. The Craig-Bampton internal 

vibration modes are the vibration modes of the structure with all boundary degrees of freedom fixed. 

Without loss of generalization, only the boundary modes are considered in this work. Let 𝐪𝑖 and 𝐪𝑏 denote 

the internal and boundary degrees of freedom, respectively. Then the body’s equation of equilibrium can be 

partitioned as follows: 

 
[

𝐊𝑖𝑖 𝐊𝑖𝑏

𝐊𝑏𝑖 𝐊𝑏𝑏
] [

𝐪𝑖

𝐪𝑏
] = [

𝟎
𝐅𝑏

] (6) 

 

The Craig-Bampton modes 𝚽𝐶𝐵 are obtained from static condensation to the boundary degrees of freedom: 

 
[

𝐪𝑖

𝐪𝑏
] = [−𝐊𝑖𝑖

−1𝐊𝑖𝑏

𝟏
] 𝐪𝑏 = 𝚽𝐶𝐵𝐪𝑏 , 𝚽𝐶𝐵 ≡ [−𝐊𝑖𝑖

−1𝐊𝑖𝑏

𝟏
] (7) 

 

Next, the modal derivative 𝛉𝑖𝑗 related to a Craig-Bampton mode 𝛟𝑖 is determined from a modified version 

of Eq. (4) as follows: 

 
𝛉𝑖𝑗 = −𝐊−1

𝜕𝐊

𝜕𝑞𝑗
𝛟𝑖 (8) 

 

where 𝐊 should be interpreted as the stiffness matrix of the body with all boundary degrees of freedom 

fixed, except for the degrees of freedom of the boundary node of which 𝑞𝑖 is a degree of freedom. As an 

example, Figure 2 shows the Craig-Bampton bending modes of a beam’s right boundary node and the 

corresponding modal derivatives.  

 

Figure 2: Craig-Bampton modes and modal derivatives related to a beam’s right boundary point 
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For the comparison between a reduction basis of vibration modes and their modal derivatives and a reduction 

basis of Craig-Bampton modes and their modal derivatives, the equilibrium analysis of a cantilever beam is 

considered as an example. The nonlinear equations of equilibrium can be formulated in the following form: 

 𝐊𝐪 = 𝐅 (9) 

 

where it should be understood that 𝐊 = 𝐊(𝐪) is the nonlinear stiffness matrix and 𝐅 are the applied external 

forces. Let 𝐑 denote the reduction basis consisting of a set of mode shapes and modal derivatives, then the 

reduced form of (9) can be written as: 

 𝐑𝑇𝐊𝐑�̅�  = 𝐑𝑇𝐅, 𝐑 ≡ [𝚽 𝚯] (10) 

 

where �̅� is the set of reduced generalized coordinates. Figure 3 shows the deflected shape of a cantilever 

beam that is subjected to a vertical tip load. The load is such that the beam is deformed slightly beyond its 

linear range, such that a geometrical nonlinear analysis is required. It can be seen that the solution of the 

unreduced model is the same as the solution by nonlinear finite element package Ansys. Model order 

reduction is applied using 2 vibration modes and the 3 corresponding modal derivatives or using 2 Craig-

Bampton bending modes and the 3 corresponding modal derivatives. It is observed that both reduced models 

produce similar results, but that they are slightly stiffer than the exact solution. 

 

Figure 3: Equilibrium analysis of a cantilever beam subjected to a tip load                                        

 

4 Model order reduction of a flexible multibody system 

For simulating flexible multibody dynamics, the floating frame formulation is a commonly used and well-

developed formulation. In the floating frame formulation, the rigid body motion is described by the position 

and orientation of the body’s floating frame relative to the inertial frame. Elastic deformation is described 

locally, relative to the floating frame. When this elastic deformation is small, linear theory can be applied 

and model order reduction techniques, such as the Craig-Bampton method, can be applied locally. For our 

present purposes, a nonlinear finite element model is used for describing local elastic deformations and it is 

not demanded that these remain small. The local mass and configuration dependent stiffness matrices of 

each body are reduced using the Craig-Bampton boundary modes and associated modal derivatives.  

For equilibrium analysis of a multibody system, the equations of equilibrium for each flexible body need to 

be solved simultaneously with the kinematic constraint equations that connect different bodies together. 

This forms a set of combined differential-algebraic equations of the following form: 

 
[
𝐊𝑠𝑦𝑠 𝚿𝐪

𝑇

𝚿𝐪 𝟎
] [

𝐪
𝛌

] = [
𝐐𝑎

𝟎
] (11) 

 

In this, 𝐊𝑠𝑦𝑠  is the assembly of the reduced stiffness matrices of all flexible bodies, 𝚿𝐪 is the Jacobian of 

the kinematic constraint equations 𝚿 = 𝟎, 𝐐𝑎 is the vector of externally applied generalized forces and 𝛌 is 

the vector of Lagrange multipliers used to enforce the constraints.  
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For geometrically large deformations, the constrained equations of equilibrium (11) need to be solved 

numerically with an incremental method. To this end, the tangent stiffness matrix is derived, which consists 

of both the material stiffness matrix and geometrical stiffness matrix. The externally applied generalized 

forces are applied in increments. For each load increment, Newton-Raphson iterations are applied until the 

solution is converged with sufficient accuracy.  

As validation of this solution strategy, an equilibrium analysis is performed on two flexure mechanisms that 

are commonly used in precision engineering: a parallel leaf spring mechanism and a cross flexure 

mechanism. These mechanisms are subjected to a static load that deforms the mechanisms beyond the linear 

range. A nonlinear finite element model of each leaf spring is created using 10 beam elements and is reduced 

subsequently using Craig-Bampton modes and their model derivatives. As a comparison, an equilibrium 

analysis of both flexure hinges is performed using the nonlinear finite element formulation of Ansys. Figures 

4 and 5 show the deformed configuration of the parallel leaf spring mechanism and cross flexure, 

respectively. It can be seen that the proposed reduction basis again produces results that are slightly stiffer 

than the exact solution.  

   

Figure 4: Equilibrium analysis of a parallel leaf spring mechanism subjected to a horizontal load                                      

 

 

Figure 5: Equilibrium analysis of a cross flexure mechanism subjected to a bending moment                                    

 

It is observed that when the applied external load increases such that the mechanism’s deformation becomes 

exceedingly large, the reduction basis is no longer successful. To demonstrate this, Figure 6 shows the 

results of the equilibrium analysis of the parallel leaf spring mechanism for increased loading. It is concluded 

that for such large deformations, additional higher order terms should be included. Taking only first order 

changes of the linear basis into account is clearly not sufficient.  
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Figure 6: Equilibrium analysis of a parallel leaf spring mechanism subjected to an increased load 

5 Conclusions 

It is found that the equilibrium analysis of flexible multibody models of large stroke flexure hinges can be 

reduced successfully by the proposed model order reduction strategy. For each flexible body of which the 

elastic deformations may become large, its nonlinear finite element model is projected onto a reduction basis 

consisting of a limited number of Craig-Bampton modes and related modal derivatives. Comparison 

between the full and reduced simulations of a number of standard flexure hinges shows the high potential 

of this strategy. In future work, the method will be applied to reduce computational costs of shape and 

topology optimization of large stroke mechanisms. This potentially leads to more sophisticated designs with 

improved performance. Additional research is required for determining a reduction basis for situations in 

which the deformations become exceedingly large.  
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Abstract
This work proposes a full algorithm to compute Nonlinear Normal Modes (NNMs) using a Proper Gener-
alized Decomposition (PGD) approach combined to a continuation method. Because periodic solutions are
sought, a harmonic balance method (HBM) is implemented to process the time-dependent functions. The
interest of this study is first to couple this approach to a continuation method with a progressive enrichment
of the PGD modes family and second to improve some of the PGD steps to get a robust algorithm. In partic-
ular, the initializations of solvers are chosen consistently with the available physical data through the use of
LNMs shapes. The reduced basis is kept as small as possible since it is computed with on the fly enrichment,
possibly from a unique mode. No particular assumptions on the non linearity have been made and hence
a wide class of mechanical problems can be processed. The resulting method is applied on several beam
models with localized nonlinearities which allows for an accurate analysis of its performance.

1 Introduction

The computing power currently achieved allows to take into account nonlinear effects in physical models
and allows to deal with systems with a very large number of degrees of freedom. As systems became more
and more realistic and sophisticated, model reduction techniques had to be developed in order to save digital
resources while obtaining a physically satisfactory result.

Nonlinear Normal Modes (NMMs) are objects that can be exploited as part of modal reduction methods,
similar as with Linear Normal Modes (LNMs). Their properties are studied to estimate and interpret more
precisely the dynamics of mechanical systems [1, 2]. In this paper, only the Rosenberg’s definition of NNMs
[3] will be considered, i.e. a family of periodic solutions of the underlying free and conservative mechanical
system. The reader can refer to the work of Shaw and Pierre [4, 5] or Kerschen and Renson [6, 7, 8] for more
information about NNMs.

From a numerical point of view, the algorithms used to compute the NNMs of high-dimensional structures
do not have yet reached maturity [9, 8] and the nonlinear effects causes convergence issues. NNMs require
large sets of variables to be properly described which make them hard to compute in short times and hard
to reuse even if some work still take advantage of their computations [10]. This remark serves as a starting
point for the work presented in this article.

The reducted model developed in this paper falls within the framework of Proper Generalized Decomposition
(PGD) methods. This class of reduction techniques is based on the separation of the unknowns and a fixed
point algorithm which allows to deal with smaller systems in order to reduce the computation times. PGD
was already used by Grolet and Thouverez [11] to compute free and forced responses of nonlinear systems.
The reader can refers to Chinesta and Nouy [12, 13, 14, 15] to learn more about the possibilities offered by
this approach.
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In this work, a full algorithm is proposed in order to compute NNMs using a combination of a PGD approach
and classical continuation schemes. A quick reminder of the NNM framework investigated here is given in
Sec. 2. Then the PGD method is detailed in Sec. 3, including the use of a harmonic balance method (HBM) to
deal with temporal aspects of the problem. The contributions of this work are highlighted in this section: first
the PGD approach is coupled with a continuation method and a progressive enrichment of the PGD modes
family is made and second some of the PGD steps are improved to get a robust algorithm. The PGD/HBM-
based continuation scheme is described in Sec. 4. The last section, Sec. 5, is dedicated to illustrative cases to
show some possibilities introduced by this algorithm.

2 Mechanical framework and Nonlinear Normal Modes (NNMs)

The equations of dynamics describing the behavior of a set of general coordinates can be obtained after a
spatial discretization process using for example the Finite Elements method. It usually takes the following
form:

Mü+Cu̇+Ku+ fnl(u, u̇) = f(t) (1)

Eq. (1) is a set of N second order nonlinear differential equations, the vector of the unknowns u – or vector
of the degrees of freedom (dof) – is a vector of RN . M ,C andK are respectively the linear mass, damping
and stiffness matrices, with {M ,C,K} ∈ MN (R)3. f(t) is the vector of excitation forces and lies in RN

too. Finally fnl(u, u̇) is the vector of non linear forces and belongs to RN . The general system described
by Eq. (1) represents a very wide class of mechanical problems. Indeed, the fnl term can be any nonlinear
expression (e.g. cosine function, polynomial terms like uiu3

j , non smooth function, etc.).

This paper focuses on the particular study of NNMs, which will be considered as the periodic solutions
of Eq. (1) in the particular case when no forcing neither damping is considered, or as an extension of the
definition of LNMs which takes into account the nonlinear vector fnl. In this framework, introduced by
Rosenberg, a NNM is a set of limit cycles – or periodic solutions – of the following system:

R(u(t)) = Mü+Ku+ fnl(u, u̇) = 0 (2)

Unlike LNMs, NNMs do not decouple the equations, and there exists a frequency-amplitude dependency.
However, they take into account non linear effects and can be useful to investigate modal interaction between
widely spaced modes or modal bifurcations [7, 8]. Numerically, building a NNM branch requires a large
number of descriptors and consequent computation times [8]. This observation motivates the developments
described in this work.

3 PGD and HBM combination to describe periodic solutions

3.1 Harmonic Balance Method

As NNMs are periodic solutions, a HBM framework is used. It does not require a time integration scheme as
in shooting methods [16, 9]. Detailed explanations about this method and its advantages are given in works
[17, 18, 19, 20]. Dealing with algebraic equations in the frequency domain has the disadvantages first to
introduce a truncation order dependence and second to become costly as the number of dof increases and
more harmonics are involved in the underlying physics of the system. A combination with a PGD reduction
technique will permit to compute smaller systems without losing HBM advantages.

Some notations used later are here introduced. We are looking for a T -periodic signal u(t), with T = 2π/ω:

u(t) =
a0√

2
+

H∑

k=1

(ak cos(kωt) + bk sin(kωt)) (3)
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where ak and bk are respectively the cosine and sine coefficients of the Fourier series. A compact way to
write u(t) is then:

u(t) = UHhH(t, ω), where
{
UH = [a0,a1, b1, . . . ]

hH = [1/
√

2, cos(ωt), sin(ωt), . . . ]T
(4)

This formalism first shows computing u(t) is equivalent to compute both UH and ω, second allows to link
the Fourier coefficient of u(t) to those of its temporal derivative u̇(t) via a matrixD:

D = diag
(

0,

[
0 1
−1 0

]
, . . . ,H

[
0 1
−1 0

])
(5)

As HBM is a Galerkine method, this decomposition is injected in Eq. (2) and the equations are projected on
each element of the Fourier basis hH using the inner product:

< f, g >T=
2

T

∫ T

0
f(t)g(t)dt (6)

This leads to a set of N(2H + 1) equations with N(2H + 1) + 1 unknowns, where N is the number of dofs.
As there is no external forcing in Eq. (2), ω is also an unknown, and the final problem can be written:

H(a0,a1, b1, . . . , ω) = 0 (7)

Whether a HBM is applied on the forced equation Eq. (1), ω is taken equal to the forcing frequency, and
the system described by Eq. (7) is square. In the case of NNMs computation, an extra equation usually
called phase condition [21] is needed. Indeed, no “initial time” exists for a given periodic solution u(t) so
the phase condition allows to define the Fourier coefficients uniquely. Here are given some possibilities of
equations: to lock the amplitude or the velocity of a given dof at t = 0 in Eq. (3) [21], or to nullify one of the
Fourier coefficient components [22]. Considering a conservative system, please note that nullifying one sine
coefficient implies that all sine coefficients are null, hence only (H+1) ak coefficients must be computed.

Considering Eq. (7) again, it is possible to analytically establish the expression of the projection of the linear
part H l(ω)uH of Eq. (2), where uH = {aT

0 , . . . ,a
T
k , b

T
k , . . . }T. Hence, Eq. (7) is rewritten H l(ω)uH +

Hnl(uH , ω) = 0, with:
{
H l(ω) = diag(Λ0,Λ1, . . . ,ΛH)
Λ0 = K, Λk = diag(K − (kω)2M ,K − (kω)2M)

(8)

The term Hnl(uH , ω) corresponds to the projections of nonlinear forces fnl(u, u̇) onto the Fourier ba-
sis. Evaluating this nonlinear contribution is time consuming as analytical expressions can scarcely be de-
rived. The most commun approach to deal with this term is to use the Alternating Frequency/Time (AFT)
method introduced by Cameron and Griffin [23]. Basically, u(tk) and u̇(tk) are evaluated for specific tk
values in [0, T ] using an Inverse Fast Fourier Transform (IFFT) based on ak and bk coefficients. Then,
fnl(u(tk), u̇(tk)) is computed for each time tk; finally, a Fast Fourier Transform (FFT) is used to evaluate
the projections, that is the coefficients of the Fourier series of fnl(u, u̇).

3.2 PGD combined to HBM

For the purpose of this work, the PGD process is divided in three main steps, which are separating variables
(space and time here), obtaining as many subproblems as there are variables (time and space problems here),
and run an alternated directions fixed point loop which solves each subproblem with the other variables fixed,
for a given loop iteration. Here both subproblems are coupled with HBM features introduced in Sec. 3.1 to
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produce a global PGD/HBM algorithm. Many variants of the PGD method exist and we chose to describe
the one usually called optimized PGD (oPGD) [11, 15] in the following theoretical developments. A lighter
adaptation of the oPGD from a computational point of view and called progressive PGD (pPGD) is detailed
in Sec. 4.1.3.

Given a positive integer m << N , we look for a space-time separated solution u(t) of Eq. (2) such as:

u(t) ≈
m∑

j=1

pjqj(t)⇔ u(t) ≈ Pq(t) with P = [p1, . . . ,pm] ∈MN,m (9)

Assuming this notation, the m PGD modes are defined by their PGD mode shapes pj and their time de-
pendences qj(t), assembled in a vector q(t) ∈ Rm. In this two-term product, the amplitude information is
chosen to be given by qj(t) only so the pj PGD mode shapes are normalized to 1.

This decomposition will to split the problem into two smaller problems (cf. Sec. 3.2.1 and Sec. 3.2.2) whose
sizes depend on m. As NNMs are periodic solutions of Eq. (2), the temporal part q(t) will be decomposed
using HBM:

q(t) = QHhH(t, ω), where
{
QH = [a0,a1, b1, . . . ]

hH = [1/
√

2, cos(ωt), sin(ωt), . . . ]T
(10)

Computing a NNM point by a combined PGD/HBM approach is then equivalent to compute a {P ,QH , ω}
set.

3.2.1 Temporal problem Tm

The objective of this section is to compute the temporal part – i.e QH and ω – knowing the PGD mode
shapes – i.e. the matrix P . A weak formulation is written on an oscillation period IT = [0, 2π/ω], with the
test function u?(t) = P q?(t):

∀t ∈ IT ∀q?(t)
∫

IT

q?T (t)P TR(Pq(t))dt = 0 (11)

The final temporal problem is established from the weak formulation Eq. (11):

∀t ∈ IT Mrq̈(t) + Krq(t) + fnlr(Pq(t),P q̇(t)) = 0 (12)

where {Mr = P TMP ,Kr = P TKP } ∈ Mm(R)2 and fnlr = P Tfnl ∈ Rm. This system of m second
order nonlinear ODEs is solved by HBM. Using the same notations as in Sec. 3.1, the temporal problem Tm
is defined as a square algebraic system with m(2H + 1) + 1 unknowns in the following manner:

Tm(QH , ω|P ) = 0⇔
{
H l(ω)qH +Hnl(qH , ω) = 0
c(qH , ω) = 0

(13)

where qH = {aT
0 , . . . ,a

T
k , b

T
k , . . . }T are the Fourier coefficients put into a vectorial form, H l is the lin-

ear contribution, Hnl is the vector of Fourier coefficients of the nonlinear contribution of Eq. (12), and
c(qH , ω) ∈ R is an arbitrary constraint equation which allows to get a square system. c(qH , ω) will be
specified in Sec. 4.1 as a continuation criterion.
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3.2.2 Spatial problem Sm

The objective of this section is to compute the spatial part – i.e the matrix P – knowing the temporal part –

i.e. QH and ω. This time, a weak formulation is obtained with the test function u? =
m∑

k=1

p?
kqk, leading to a

set of m systems with N equations:

∀k ∈ [[1;m]],

m∑

j=1

(∫

IT

qkq̈j dtM +

∫

IT

qkqj dtK

)
pj +

∫

IT

qkfnl(Pq(t)) dt = 0 (14)

Finally, these equations can be condensed in a N ×m algebraic system denoted Sm:

Sm(P |QH , ω) = 0⇔ Sl p̃ + Snl(p̃) = 0 (15)

where p̃ = {pT
1 , . . . ,p

T
m}T ∈ RN×m contains the columns of P , Sl is the linear contribution with respect to

p̃, and Snl(p̃) = [
∫
IT
qkfnl(Pq(t)) dt]1≤k≤m the nonlinear one. Snl is computed using the AFT approach,

and Sl can be established analitically:

Sl = I2 ⊗M + I0 ⊗K , with Ik = πωk−1QHD
kT
QT

H (16)

The spatial subproblem Sm is more expensive to solve than Tm as its size depends on N >> m.

3.2.3 PGD/HBM fixed point algorithm

The last step of the PGD process consists in integrating both temporal and spatial subproblems into a fixed
point algorithm. The full fixed point loop is detailed in Algorithm 1. The subproblems resolution lies at
lines 6 and 7. Two main issues have to be adressed: the choice of an error measure ε and the way in which
potential additional PGD modes are initialized.

The error measure ε, defined at lines 1 and 11, compares the norm of the residue vector R(u(t)) – where
u(t) = PQHhH(t, ω) – to ||Ku(t)|| over a period IT . Unlike in Grolet and Thouverez work [11] in which
k < kmax = 3 was the only stopping criterion of the loop, here the convergence is checked by the use of
this physical criterion, introduced at line 4. Moreover the fixed point loop is broken when k > kmax or if
the current iteration does not reduce ε enough, that is, when ε is greater than rfpεprev where rfp < 1 and εprev
denotes the error measured at the end of the previous iteration.

If the convergence criterion ε ≤ εmax is not fulfilled at the end of the fixed point loop, the choice is made to
add a new PGD mode (from line 13): a new column pj is added to P and the associated row is added to the
QH matrix. In previous works [11], random values were used to fill these new vectors, and the order in which
subproblems are dealt with in the algorithm did not seem to be important. Here, the initial observation is that
it is difficult to initializeQH with new temporal information. Hence, the temporal problem is computed first
into the fixed point loop, with a new row filled with zeros. The new column pj is initialized with the shape of
the (n0 +m)-th LNM, with n0 being the index of the n0-th NNM being computed. Indeed, this spatial data
is easily computable and it seems relevant to add new shapes from the LNMs as they form a basis. Moreover,
avoiding random initializations makes the algorithm more robust and results reproducible.

4 NNM continuation using PGD/HBM modes enrichment

In this section, a full NNM computation algorithm combining PGD/HBM and continuation schemes is de-
tailed. Near the n0-th LNM, first NNM points are searched using a single PGD mode (m = 1) which initially
has the shape of the n0-th LNM. When the mechanical energy is growing, new PGD modes are included to
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Algorithm 1: PGD/HBM global algorithm
Parameters: Values for mmax, kmax, εmax and rfp;

Definition of c(qH , ω) used in Tm;
LNMs: Φ = [φn0

, . . . ,φn].
Data: Initial values for m, P ,QH and ω.

1 ε← maxt∈IT (||R(u(t))||/||Ku(t)||);
2 while m ≤ mmax and ε > εmax do
3 k ← 0, εprev ← 2 ε;
4 while k ≤ kmax and ε ≥ εmax and ε ≤ rfpεprev do /* FP loop */
5 k ← k + 1, εprev ← ε;
6 QH , ω← solutions of Tm(QH , ω|P ) = 0;
7 P ← solution of Sm(P |QH , ω) = 0;
8 for j ← 1 to m do /* Mode normalization */
9 pj ← pj/||pj ||;

10 end
11 ε← maxt∈IT (||R(u(t))||/||Ku(t)||);
12 end
13 if ε ≥ εmax then /* Next mode initialization */

14 P ← [P ,φn0+m],QH ←
[
QH

01,2H+1

]
;

15 m← m+ 1;
16 end
17 end
18 Return m, P ,QH , ω and ε;

the decomposition only when it is necessary along the path. The hightlights of the method are a dimension
varying continuation scheme which keeps the number of NNM descriptors as small as possible and with an
on the fly enrichment of the PGD modes set as the system behavior becomes more complex.

Before giving some details about the continuation scheme, we will define yn as the the n-th point on the
current path. As explained in Sec. 3.2, a point of the NNM is fully determined by its {P ,QH , ω} set. Hence
we will note:

yn ≡ {P n,QHn, ωn} (size: N m+ (2H + 1)m+ 1) (17)

A distance d between two consecutive points yn−1 and yn is also defined. It is weighted by a set of positive
constants {αP , αQ, αω} which are arbitrary continuation control parameters, such as:

d(yn−1,yn) =
√
α2
P ||P n − P n−1||2 + α2

Q||QHn −QHn−1||2 + α2
ω|ωn − ωn−1|2 (18)

The prediction and correction equations used in Sec. 4.1 both rely on this choice of distance.

4.1 Prediction/Correction continuation process

Although more complex continuation procedures exist [24], the algorithm presented in this work can be
used with a choice of simple predictor and correctors. The next point sought, denoted y?, is computed
from a predicted point ypred? obtained with a secant method whose the arclength is set by ∆s. This pre-
dictor is chosen because of its simplicity. The correction step relies on the PGD/HBM solver described
previously in Sec. 3.2 with a specific choice of constraint equation c(qH , ω) = 0, linked to a classical cor-
rection method (e.g. arclength, pseudo-arclength, etc.). The global algorithm is depicted in Algorithm 2.
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Algorithm 2: Continuation with on the fly PGD enrichment algorithm

Parameters: Values for ∆m, mmax tot, rε, rmult
s , rdivs and ∆s;

Values for Algorithm 1:
- kmax, εmax and rfp;
- LNMs: Φ = [φn0

, . . . ,φn];
- Constraint equations: c2(qH , ω) and cp(qH , ω).

Data: Circular frequency of n0-th mode ωn0 .
1 y1 ← {φn0

,01,2H+1, ωn0}; // First point
2 c(qH , ω)← c2(qH , ω), mmax ← mmax tot; // Second point
3 Compute y2 using Algorithm 1 with y1 as initial value;
4 c(qH , ω)← cp(qH , ω); // Continuation loop
5 p← 2;
6 while m ≤ mmax tot do
7 mmax ← m+ ∆m;
8 Compute y? using secant method with yp, yp−1 and ∆s; // Prediction

9 Compute y? using Algorithm 1 with y? as initial value; // Correction
10 if ε < εmax then
11 yp+1 ← y?;
12 p← p+ 1;
13 if ε < rεεmax then
14 ∆s← rmult

s ∆s;
15 end
16 else
17 ∆s← rdivs ∆s;
18 end
19 end

4.1.1 Prediction step features

The prediction arclength ∆s is managed in a classical way, as follows: if the error ε measured after a
correction step is too large (see Algorithm 1 in Sec. 3.2.3), ∆s is decreased by multiplying it by rdivs < 1
(see line 17) leading to a closer prediction point ypred? . On the contrary, if ε < rεεmax with rε < 1, ∆s is
multiplied by rmult

s > 1 (see lines 13 and 14). Else ∆s is kept constant for the next prediction step.

A secant prediction needs two solution points computed beforehand. The first point of the n0-th NNM is
already known: y1 ≡ {φn0

,01,2H+1, ωn0}. An amplitude condition imposed on the j-th dof at t = 0 is
chosen to compute y2: uj(t = 0) = uj0 with uj0 6= 0. This particular constraint, denoted c2(qH , ω) in
Algorithm 2, is injected into Algorithm 1 to find y2 starting from y1.

The reader could remark that during the prediction step, yn can have a greater size than yn−1 because of
the possibility to get different problem dimensions m along the path. The distance given by Eq. (18) need
summations of matrices that do not have the same sizes, and the choice of padding yn−1 missing components
with zeros instead of truncating yn is made. Hence, all computed data are taken into account to reach a better
prediction.

4.1.2 Correction step features

The startpoint of the correction step is ypred? . It is injected in the PGD/HBM solver described in Algorithm 1,
in which the constraint equation involved in the temporal problem Tm is set to cp(qH , ω), as denoted in Algo-
rithm 2. cp(qH , ω) defines the correction method and can be freely chosen among the classical possibilities
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[19]. Here an arclength correction is used: cp(qH?, ω?) = d(yn,y?)
2 − ∆s2. This condition involves P ?

which is the last value of the spatial modes returned after the spatial problem Sm when processing the current
temporal problem Tm.

A remarkable point of this continuation scheme is the ability to increase the size of the problem when a new
point yn+1 is computed from yn. At line 7 in Algorithm 2, the highest difference of size between yn and
yn+1 is defined as ∆m. Consequently, two consecutive points can have different sizes, which has to be taken
into account when cp(qH , ω) is evaluated. Indeed, an arclength condition requires d(yn,y?). This time, a
truncation is applied for the current point y? so the arclength condition is evaluated in a space which has the
size of yn. Thus, no geometrical condition is imposed on the new component introduced in y?.

4.1.3 Progressive PGD – a lighter variant

As said in Sec. 3.2.2, considering the oPGD method, Sm is more expensive to solve than Tm as its size is
N ×m. This observation motivates the use of a variant of the oPGD approach developed before, in which
Sm is solved as few times as possible, and in which only a few number of Sm equations is solved. In order
to reach these goals, severals choices are made:

• During the correction step, the spatial problem is only solved when a new PGD mode is added, i.e.
when the condition at line 13 in Algorithm 1 is fulfilled. Hence, most of the fixed point loops only
solve the temporal problem. The matrix P ? is put as the initialization of Tm. This is consistent with
the fact that in practice, the nature of many points close together in the NNM branch is not sufficiently
different to require the introduction of a new PGD mode shape.

• In addition to that, in order to deal with the case when Sm has to be solved, a new lighter spatial
problem is defined. The PGD mode shapes contained in P are definitively locked once computed, and
only the new pj added at line 13 in Algorithm 1 is updated by the spatial solver. This constitutes a gain
in algorithmic complexity since the new size of the spatial problem is only N . The procedure leading
to the analytical expression of the spatial problem is analogous to the Galerkine process described in
Sec. 3.2.2, except that this time the projection is only made on the new PGD mode shape pj . The
expression of this N -sized system can be found in [11].

This variant is usually called progressive PGD (pPGD). It allows to improve the numerical performance
of the algorithm described before. However, its main disavantage is the lack of flexibility of the PGD
mode shapes, which can finally generate NNM branches of higher dimension mmax because more spatial
information is needed when the system behavior becomes more complex.

5 Numerical application on two beam models

The main branch of the first NNM of a beam model with a cubic nonlinearity described in Sec. 5.1 is built
using the full PGD/HBM continuation algorithm. The main results proper to the presented approach are
given in Sec. 5.2. This numerical study has been performed for the presented oPGD/HBM method and its
pPGD/HBM variant, but for the sake of clarity only the pPGD results are presented on the figures of this
section. Finally in Sec. 5.3 some numerical considerations are made for the presented example and another
similar beam model with a localized contact. Hence, two different classes of conservative nonlinearities are
adressed in this paper.

5.1 Description of the beam models

The considered system is an Euler-Bernouilli bending beam with one end clamped and a spring at its free
end; it is spatially discretized by FEM, as illustrated in Fig. 1. The beam properties are: Young modulus
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E = 210 GPa, density ρ = 7800 kg.m−3, area of the square section S = 9 10−4 m2, second area moment
I = 6.71 10−8 m4 for an in-plane bending and length L = 1 m. The linear stiffness of the spring is
k = 4 104 N.m−1. The first eigenvalues of the underlying linear system consisting of the beam plus the
linear spring are {ω1, ω2, ω3, ω4, ω5} = {217, 999, 2769, 5420, 8960} rad.s−1. There are Ne = 20 elements
with two dof per node: a transverse displacement u and a rotation θ, so there are N = 40 dof.

Figure 1: Euler-Bernouilli cantilever beam (a) with a transverse cubic spring at dof 1 (b) with a transverse
gap between dof 1 and the linear spring.

• On the left in Fig. 1, a polynomial non linearity is chosen by introducing a cubic stiffness knl to
the spring. The nonlinear contribution is fnl(t) = [knlu

3
1(t) 0N−1]T with knl = 9.2 105 N.m−3.

Otherwise, we consider an underlying linear system made of the mass and stiffness matrices of the
beam plus the linear stiffness of the spring – i.e. K11 = K11beam + k. H = 50 harmonics are
considered on an exploratory basis, in particular because the algorithmic complexity stays reasonable.
Indeed, about twenty harmonics would be enough to deal with the involved physics.

• On the right in Fig. 1, a one-sided contact problem is also described: a gap g = 2 cm is introduced
between the free end of the beam and the linear spring. The underlying linear system is the Euler-
Bernouilli cantilever beam. The unilateral contact is modelled as follows:

fnl(t) =

{
[k(u1(t)− g) 0N−1]T , if u1(t) > g
0N , otherwise

(19)

This unsmoothed contact is quite hard as k/
3EI

L3
= 94.56% with

3EI

L3
the equivalent stiffness of the

cantilever beam taken alone. A contact problem between two identical beams would be similar from
the stiffness point of view. Consistently with this class of problem, the arbitrary value H = 70 is
chosen.

The results obtained for this second model will not be detailed in this paper. However, some numerical
values will be given in Sec. 5.3 to extend some conclusions to this class of nonlinearities.

Parameters required by Algorithm 2 are given in Table 1. As both problems are conservative, a cosine basis
is sufficient to describe the harmonic behavior of the system, so only (H + 1) Fourier coefficients have to be
computed instead of (2H + 1).

5.2 Bending beam with a cubic spring at its free end

A convenient way to present the NNM branches is a Frequency-Energy plot (FEP) [1, 8], E being the
mechanical energy of the NNM. The cubic spring case NNM1 (tangent to φ1 at almost null amplitudes) is
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∆m mmax tot rε rmult
s rdivs ∆s kmax εmax rfp y2 : u1(t = 0) {αP , αq, αω}

1 10 0.1 1 0.5 1.5 10 10−3 0.8 10−3 m {10−6, 10−1, 10−4}
(5) (0.5) (1.2) (1) (5 10−4 m) ({0, 10−6, 1})

Table 1: Algorithm 2 required parameters for the cubic spring case. The contact case parameters are given
in parentheses on the second line, only when they differ from the previous ones.

displayed in a FEP given in Fig. 2. Npt is the index of converged solution points through the 131 points
computed during this pPGD/HBM continuation. Only 7 PGD modes are required by the pPGD algorithm
(cf. Fig. 3) to build this branch which reaches about Emax = 2.25 105 J. The same branch can be computed
with only 6 PGD modes using oPGD. Indeed the shapes of the PGD modes are always the same through a
pPGD/HBM continuation process because the method involves blocking the shapes once they are integrated
into the P matrix. This lack of flexibility can lead to the introduction of more PGD modes than with oPGD.
Both variants obviously give identical FEP.

The interpretation of the modal interactions drawn in Fig. 2 (interaction tongue and final internal resonance)
are deliberately limited in order to focus on the aspects specific to the numerical method developed.
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Figure 2: (a) Main branch of NNM1 in a FEP and (b) its mode shape at null velocity points for four contin-
uation points. Squares: solution points where a PGD mode is added.

It is recalled that the NNM framework used in this paper is the Rosenberg’s one [3]. In particular, all
dofs reach their maximum at the same time, hence the NNM shapes at null velocity plotted in Fig. 2 gives
interesting physical data. The more energy grows the more the nonlinear spring takes importance against
the bending inertia of the beam, generating localized curvature inversions near the free end. Qualitatively
similar results are obtained by Kerschen for another cantilever beam with cubic spring in [25].

On Fig. 3, the error measure ε along the path is depicted along with the number of PGD modes. The
process for adding PGD modes is clearly identified: ε reaches the limit value εmax then a new PGD mode
is embedded in the calculations leading to a decrease of the error. Fig. 2 shows that the PGD modes are
gradually added along the branch as expected with a smooth cubic nonlinearity. Please note that the error
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for the first point Npt = 1 is not displayed as it is null and cannot appear in a logarithmic scale. All these
interpretations are retrieved in oPGD results.

0 20 40 60 80 100 120
0

2

4

6

8

Figure 3: (a) Number of PGD modes m and (b) error measure ε against point index Npt. Squares: solution
points where a PGD mode is added.

An analysis of the seven PGD mode shapes pj is provided on Fig. 4. An interesting feature proper to
both pPGD and oPGD approaches is the presence of PGD modes which involve the participation of several
LNMs. For instance such “combined mode” is here the PGD mode 3, which gathers contributions of the
first 6 LNMs. With such an approach, high order LNMs can be taken into account in a reduced range of
PGD mode shapes: here 5 PGD modes are sufficient to describe the system behavior until the interaction
tongue and they involve the contributions of at least the first ten LNMs. Analoguously only 4 PGD modes
are required to build the same area using oPGD, with the contributions of the first 6 LNMs.
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Figure 4: Analysis of PGD spatial modes. (a) PGD mode shapes. Normalization is made at the maximum
deflection point. (b) Participation factors of LNMs in each PGD mode. In each bar group, LNMs participa-
tions are numbered in ascending order until the tenth linear mode. p1 is not displayed as it is LNM1 shape.
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The temporal information associated with each PGD mode shape is plotted on Fig. 5. The significant vari-
ations of the temporal part through the NNM branch are expected as the previously described spatial part
does not change through the pPGD/HBM continuation and the temporal part contains all the amplitude in-
formation. Only odd harmonics are plotted as all the even ones are null because of the cubic nature of the
nonlinearity. As a global trend high order harmonics have less influence: at the higest energy point, all the
amplitudes |ak| are sub-millimetric from k = 23, for all the PGD modes.

The PGD mode 1 has the simplest behavior as it stays mainly led by the fundamental cosine |a1| all along
the continuation. Other PGD modes have a richer harmonic behavior with shared influences of the cosine
coefficients. For example at the end of the branch, the fifteen first odd harmonics are predominant in PGD
modes 2–4 and the highest harmonics are more represented by PGD modes 5–7. PGD mode shapes are com-
bination of LNMs, as shown on Fig. 4, and this partly explains why the harmonics spectrum is complex on
Fig. 5. All these qualitative interpretations also highlight the growing complexification of the beam behavior
and the growing influence of high harmonics as energy grows. Here also similar results and interpretations
about the temporal information are found with oPGD.
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Figure 5: Amplitudes of (cosine) Fourier coefficients of PGD modes. Crosses: coefficients when the PGD mode is
first introduced; Circles: coefficients at the end of the branch (Npt = 131).

Finally the main objectives of the method are met: a NNM branch is built with a few variables, the number
of PGD modes is kept as small as possible by incrementingm only when the convergence criterion ε ≤ εmax

is not fulfilled, and all physical data belonging to the case under study is retrieved. In the next section some
details about the algorithmic performance are detailed. The presented oPGD algorithm is compared with its
pPGD variant. Not only information about the the cubic spring case is given but also about the contact model
described in Sec. 5.1.

5.3 Numerical considerations

Few descriptors are stored to describe the NNM branch so the main objective of reduced model approaches
is reached. Table 2 shows this improvement for both PGD/HBM algorithms.

Please note that the first NNM of the contact problem has been obtained with the parameters given in Table 1
until a mechanical energy E ≈ 6.3 104 J. Succintly, 8 PGD modes and 115 points were required to compute
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the whole branch and setting ∆m = 5 allowed to directly add 3 PGD modes in a single solution point (that
is when the beam first hits the spring). This shows that describing sharp or gradual changes of the system
behavior by the PGD/HBM continuation scheme with on the fly enrichment is feasible.

pPGD/HBM oPGD/HBM HBM
Σm{Nm

pt × (m(H + 1) + 1) +N∆m} Nptm(N +H + 1) Npt (N(H + 1) + 1)

Cubic Spring case 33266 58695 267371

Contact case 39161 60606 326715

Table 2: Comparison between the number of descriptors needed by pPGD/HBM, oPGD/HBM and classical HBM for
both examples. The reference for the Nm

pt values are the ones provided by pPGD/HBM computation.

Only m× (N +H + 1) descriptors by solution point are required by the oPGD/HBM continuation whereas
a classical HBM continuation needs N(H + 1) + 1 ones. In the case of the pPGD implementation, a single
spatial problem of size N ×∆m is solved for a whole NNM segment with m PGD modes: the total number
of required descriptors is further reduced to reach Σm{Nm

pt × (m(H + 1) + 1) +N∆m}, where Nm
pt is the

number of solution points in the NNM segment with m PGD modes.

Obviously calculating a solution point via PGD/HBM is relevant if and only if m × (N + H + 1) <
N × (H + 1). An easy proof gives the necessary condition for the PGD/HBM method to be more interesting
than a classical HBM approach: m < H + 1. In other words, the PGD/HBM method is useful for problems
which require a large number of harmonics.

In both examples the saving of variables with respect to a classical HBM can be assessed with the following
ratios: 1− m×(N+H+1)

N×(H+1) for oPGD, and 1− m×(H+1)
N×(H+1) or 1− m×(H+1)+N∆m

N×(H+1) for a pPGD solution point. The
oPGD reduction is very efficient, with 78% and 81% less variables than HBM for the cubic spring and the
contact cases respectively. The pPGD reduction goes further with about 88% less variables than HBM for
both examples.

We focus now on the underlying trust-region solver and its iteration data used to solve the subproblems.
This algorithm requires function and abscissa tolerances – set on 10−12 here – and allows to set a maximum
number of iterations Nite max. The values Nite max = 100 and Nite max = 25 are set respectively for the cubic
spring and the contact cases but this limit is reached for only very few points (maxima reached when a PGD
mode is about to be added or at the first turning point of the interaction tongue). In Table. 3 are given mean
and maximum numbers of solver iterations for temporal and spatial problems through the continuation,
for both examples and both PGD approaches. The oPGD iteration data is obtained with the same values
than with pPGD (cf. Table 1) except the following ones to improve the continuation: αP = 10−6 and
y2 : u1(t = 0) = 10−3 m for the cubic spring case, and rmult

s = 1.2 for the contact case.

Mean Standard Maximum
iteration number deviation iteration number

Cubic spring case
oPGD

Tm 6.23 4.89 22
Sm 16 10.92 54

pPGD
Tm 6.56 17.96 206
Sm 1.29 6.23 46

Contact case
oPGD

Tm 2.18 1.53 16
Sm 9.77 8.68 49

pPGD
Tm 3.56 5.52 42
Sm 0.35 1.92 14

Table 3: Mean, standard deviation and maximum of iteration numbers for Tm and Sm problems, through the continu-
ation.

In a oPGD framework the spatial problem is heavier as expected. The pPGD allows to compute less spatial
subproblems so many solution points include a zero iteration number for the spatial problem in the mean and
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standard deviation calculation. The cost of the space problem is thus well bypassed by this variant. Otherwise
Nite max could be an interesting control parameter for bigger problems as one can keep it very small and save
computation time by “converting” convergence issues into new PGD modes or a reduced arclength ∆s.

6 Conclusion

A full PGD/HBM-based continuation technique with on the fly enrichment is presented in this paper. It
is applied to two examples of beam models representing different classes of nonlinearies. These examples
show that a highly reduced description of the NNMs branches can numerically be obtained. It is to be noted
that spatial initializations rely on the LNMs of the system, which gives to the PGD mode shapes a physical
meaning that a classical PGD approach provide a priori. As many parameters are let free (cf. Table 1), this
algorithm has a certain flexibility.

The presented approach can be used to compute bigger structures with different kinds of nonlinearities. In
order to exploit the physical potential of NNMs, future prospects could include the computation of damped
NNMs or forced responses of a structure.
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Abstract
Most engineering applications involving solutions by numerical methods are dependent on several param-
eters, whose impact on the solution may significantly vary from one to the other. At times an evaluation
of these multivariate solutions may be required at the expense of a prohibitively high computational cost.
In the present work, a multivariate finite element approach is proposed, allowing for a fast evaluation of
parametric responses. It is based on the construction of a reduced basis spanning a subspace able to capture
rough variations of the response. The method consists in an extension of the Well-Conditioned Asymptotic
Waveform Evaluation (WCAWE) to multivariate problems, by an appropriate choice of derivative sequences,
and a selection of the most relevant basis components. It is validated and demonstrated for its potential on a
semi-industrial sized 3D application involving coupled poroelastic and internal acoustic domains.

1 Introduction

In order to limit the high computational burden associated with the evaluation of multivariate Finite Element
(FE) solutions, an approach based on a Reduced-Order-Model (ROM), derived after a univariate moment-
matching method, is proposed. This univariate method, namely the Well-Conditioned Asymptotic Waveform
Evaluation (WCAWE) method, proposed by Slone et al. [1], is shown to allow for a robust generation of ba-
sis components with good convergence properties of the associated reduced systems [1–3]. It relies on a
sequence of successive derivatives of the system of interest, leading to multiple Right-Hand-Side (RHS)
problems to be solved sequentially, with intermediate orthonormalization steps and correction terms ensur-
ing the robustness of the procedure and the good conditioning of the resulting transformation matrix. This
univariate basis generation procedure may be extended to a multivariate procedure. However, the cost as-
sociated with the orthonormalization and correction steps, may lead to a computationally prohibitive cost,
particularly as the dimension of the variable space increases [3]. Additionally, not all cross-derivative terms
may contribute significantly to the convergence of the ROM, and it may be critical to be able to reduce them
to a minimum. In this contribution, an effort is made to bring the WCAWE to multivariate problems, starting
with a bivariate illustration, and attempting to limit the transformation bases to a minimum in view of higher
dimensionality applications. The foundation for a multi-interval strategy is also presented in view of the
reconstruction of wide parametric ranges. The approach is shown to benefit from the superior robustness of
the WCAWE compared to the so-called component-wise Padé approximants [3–6], previously used to derive
the Nested Padé approximant method [7, 8].
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In the following Section, reminders are made about the WCAWE, the details of its procedure, and the pro-
posed extension to multivariate problems. Then, the basis for a multi-interval strategy relying on error
estimation following contours of convergence intervals is introduced. Finally, the accuracy and potential of
the method are presented on a 3D poro-acoustic problem.

2 The WCAWE, a moment-matching, projection-based ROM

2.1 Generic multivariate problem and associated transformation

The starting point of the WCAWE-based parametric sweep is given by a linear system of the following form,

Z(x)U(x) = F(x), (1)

where x may be a vector of Nx independent variables corresponding to the parametric problem of interest,
e.g. including the angular frequency ω, material parameters, ... For the original univariate case [1], the vector
reduces to a scalar such that x = [x]. In an FE problem, Z(x), U(x), and F(x) respectively represent the
system matrix of the discretized problem, the solution vector and the vector of externally applied loads.

The projection-based approach, allowing to solve for a reduced set of equations associated with Eq. (1), relies
on the construction of a transformation basis emerging from successive derivatives of the solution vector in
Eq. (1) at a specific point x0 in the parameter space. The WCAWE algorithm provides a robust generation
of this sequence of successive derivatives, overcoming the inherently ill-conditioned transformation matrix
emerging from the direct approach used in the component-wise Padé approximants [3, 4], also used for
the generation of Nested Padé approximants [7, 8]. The resulting well-conditioned transformation matrix
VN, consisting of N orthonormalized basis vectors, allows for a robust, non-stagnating convergence upon
increasing the size of the subspace spanned. The associated approximation of the solution in Eq. (1), to the
order N, is such that

ÛN(x) = VN α(x) ≈ U(x), (2)

α being a vector of N generalized coordinates. This transformation leads to a reduced system corresponding
to Eq. (1), solving for the generalized coordinates in α(x),

VN
TZ(x)VNα(x) = VN

TF(x). (3)
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2.2 A multivariate WCAWE basis generation procedure

A generic expression of the multivariate WCAWE algorithm, as proposed in this contribution, may be given
in x = x0 by the following multiple right-hand-side procedure,





Z(0)v1 = F(0)

Normalization v1 −→ v1

Z(0)v2 = F(1)eT1 PQ1(2, 1)e1 − Z(1)v1

Othonormalization v2 −→ v2

...

Z(0)vn =




(n−1)∑

j=1

(
F(n)eT1 PQ1(n, j)en−j

)
− Z(1)vn−1

−
(n−1)∑

j=2

(
Z(j)vn−jPQ2(n, j)en−j

)



Othonormalization vn −→ vn

...

Z(0)vN =




(N−1)∑

j=1

(
F(N)eT1 PQ1(N, j)eN−j

)
− Z(1)vN−1

−
(N−1)∑

j=2

(
Z(j)vN−jPQ2(N, j)eN−j

)



Othonormalization vN −→ vN

(4)

where a modified Gram-Schmidt orthonormalization step is performed between each vector generation by
the multiple RHS systems in Eq. (4), and where

• Z(k) stands for the differentiation of the system matrix Z, in x = x0, to the ”cumulative” order k, re-
gardless of the distribution of the differentiation between the independent variables xi. In other words,
given the notation ∂ijxj (·) for the partial derivative with respect to xj at order ij , and the convention
∂0xj (·) = (·), then Z(k) results from the partial derivative orders summation such that

Z




Nx∑

j=1

ij




=




Nx∏

j=1

∂
ij
xj


Z, (5)

with the aforementioned convention implying that Z(0) = Z.

• ek is a unitary standard basis vector associated with the kth component of the solution vector,

• vk is the non-orthonormalized vector generated in the kth iteration of the procedure,

• vk is the basis vector orthonormalized against vk−1, generated after the kth iteration of the procedure,

• PQω(α, β), ω = 1, 2, corresponds to the RHS correction terms, chosen to be associated with the
modified Gram-Schmidt orthonormalisation process [1].

The orthonormalized and non-orthonormalized bases, VN and VN respectively, are related by

VN = VNQ
−1, (6)
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where Q is an N×N upper triangular, nonsingular matrix containing the modified Gram-Schmidt coefficients.
More precisely, column k of Q contains the successive coefficients resulting from the projection of partially
orthonormalized vk on the orthnormalized vectors vj , j < k, and Qkk corresponds to the norm of vk before
its normalization. The correction terms PQω(α, β), ω = 1, 2, are given by the following product of block
matrices extracted from Q,

PQω(α, β) =

β∏

t=ω

Q−1
[t:α−β+t−1,t:α−β+t−1] (7)

Further discussions on the choice of the RHS correction coefficients other than associated with the Gram-
Schmidt coefficients, may be found in Ref. [1].

The approximated solution is evaluated at all DOFs from the generalized coordinates vector α, after Eq. (2).

Adapting the WCAWE algorithm from univariate problems to multivariate ones lies in the generation of
sequences of RHS vectors, emerging from sequences of iteratively differentiated matrices Z(k). The choice
adopted here is to generate such sequences independently, thus generating a set of NV bases

{
V1

N, · · · ,VNV
N

}

associated with NV sequences of iteratively differentiated matrices Z(k). These bases, in principle all of the
same size N, each consist of orthonormalized basis vectors, but these are naturally not mutually orthonor-
malized from one to the next basis. These are not even guaranteed to produce linearly independent subsets of
vectors upon merging these bases. A simple way to ensure this, as well as to reduce the basis to a minimum
number of basis vectors is to proceed to a compression, or a component selection, via a Singular Value De-
composition (SVD) of the merged set of bases. Either way, the initial step consists in an SVD of the merged
basis after concatenation, Vmer

N =
[
V1

N · · ·VNV
N

]
, resulting in

Vmer
N =

Nmer∑

i=1

σiw
l
iw

r
i
T , (8)

where Nmer corresponds to the total number of basis vectors in Vmer
N , i.e. Nmer = N · NV; σi, wl

i, and wr
i

correspond to the singular values, left and right singular vectors respectively.

From the SVD, either the (left) singular vectors associated with the highest singular values are selected as
the components of the reduced merged basis, or the compression of the merged basis associated with the
highest singular values is performed from the selected left singular vectors, right singular vectors and their
corresponding singular values. Here the former approach is used, such that assuming a descending-ordered
sequence of singular values (σ1 · · ·σNmer), the reduced, merged basis V∗ is

V∗ =
{
wl
i | i ∈ (1,Nmer) ∧ σi ≥ σthresh

}
, (9)

where σthresh corresponds to the empirically chosen threshold value for the selection of the singular values
resulting from the decomposition in Eq. (8).

The resulting reduced basis V∗, consisting of NV∗ vectors, is then used in place of the univariate transforma-
tions corresponding to Eq. (2) and Eq. (3), in order to solve a reduced set of equations at most involving Nmer
DOFs.

2.3 Sequences of multivariate differentiation

The sequential WCAWE procedure above depends on the generation of sequences of differentiated system
matrices to successive ”cumulated multivariate orders” k, i.e. Z(k). The choice of these sequences is ad-
dressed empirically in this contribution, and illustrated for the case of bivariate problems. For the bivariate
case, the cumulated differentiation orders and the associated differentiation paths may be represented in a
matrix form, see Fig. 1.
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Figure 1: Illustration of three possible bivariate derivation paths for the system matrix Z up to the ”cumulated
order” (m+ n).

The matrix sequences obtained from these differentiation paths of the system matrix subsequently feed the
procedure presented in Eq. (4).

The rationale behind choosing a limited number of derivation paths is connected to the potential inefficiency
resulting from the attempt to calculate all multivariate derivatives for a given set of maximum orders. Pre-
liminary tests based on the methodology introduced in the previous section rapidly confirm the emergence
of quasi-linearly dependent basis vectors associated with different differentiation orders from distinct se-
quences. In practice, it is estimated that a number of sequences of the order of the dimensionality of the
multivariate problem may be sufficient in order to provide good convergence properties of the ROM. For in-
stance, 2 sequences may be sufficient for a bivariate problem. Note that this observation addresses in part the
issue of dimensionality and the associated efficiency of the approach: the number of successive derivatives
necessary grows linearly with the dimensionality as opposed to an exponential growth if all cross-derivatives
are calculated in a fully multivariate approach.

3 Multi-interval, multivariate WCAWE approach

In practice, the size of the reduction basis may be limited due to the increase of the computational cost
of the procedure in Eq. (4) [3]. This implies that there may be a tradeoff between increasing the order of
approximation, reflected in the size of the basis for a given reference point, and a multi-interval strategy. In
order to proceed with an approximation based on multiple intervals, an error estimator is first necessary.

3.1 Error estimation

A Cauchy-type of convergence test is chosen in order to estimate the accuracy of the approximation without
having to calculate the full solution. Provided an approximated output (scalar) quantity of interest, to the
order N, in point x, of the form

ŜN(x) = 10 log

(
ÛN(x)2

Uref(x)2

)
, (10)

the convergence is estimated in a given point x with the Cauchy convergence test associated with the relative
error ε(N)(x) = Ŝ(N+2)(x)− Ŝ(N)(x), such that

ε(N)(x) ≤ εmax, ∀x ∈ [xmin,xmax] . (11)

Note that the convergence test involves the solutions associated with several orders of difference. Two orders
of difference is suggested here for examples associated with bivariate problems; more may be required for

MODEL ORDER REDUCTION 2407



higher dimensionality. Despite a slight reduction of the convergence range achieved, a sufficiently enriched
basis reduces the possibility of an erroneous estimate to occur, and leads to a conservative measure of the
actual approximation error.

A Cauchy-type of convergence test however requires an evaluation of two solutions in each point of interest.
It is consequently necessary to limit the number of evaluations of the relative error for each interval in order
to limit the extra cost associated with the error estimation.

3.2 Contour-following and multi-interval strategy

In order to reduce the number of points at which the error estimation needs to be made, a contour-following
strategy is implemented. Starting from the reference point for each interval, an isocontour is determined
(Moore-Neighbour Tracing algorithm), associated with the max error εmax in Eq. (11). This contour subse-
quently allows to fit a regular shape (e.g. a rectangle for a bivariate problem) providing a simplified measure
of the interval of convergence. The successive dimensions of the intervals of convergence may further be
used in order to anticipate the choice of subsequent reference points for approximation of the solution on
neighbour intervals.

There are several simple strategies possible in order to fill an entire parametric solution space with smaller
intervals of convergence. One may iteratively choose reference points in direct connection with the range of
convergence of the previously calculated intervals, as adopted for instance in Ref. [8]. Another possibility
is to successively choose the reference points such that they are the furthest away from any boundary of the
parametric space or the converged contours.

4 Application: poro-acoustic parametric sweep

The proposed multivariate approach is tested on an average-sized problem consisting of the interior cavity
of a passenger train, treated with a 15-cm layer of sound absorbing porous material on the top surface.
A time-harmonic point source is defined at a corner of the cavity, and parametric sweeps with respect to
both the frequency and the static airflow resistivity of the porous layer are performed. All boundary walls
are considered as rigid walls, except from the porous boundary. The porous boundary is modelled by an
equivalent fluid formulation, consisting of a modified Helmholtz equation where the equivalent speed of
sound is complex and frequency-dependent, given by

c̃p =
c0√

1− iΦ
ρ0ω

, (12)

where (̃·) denotes a complex-valued quantity, ρ0 = 1.21 kg.m−3 is the ambient density of the air saturating
the pores and c0 = 343 m.s−1 the speed of sound in the air. ω = 2πf is the angular frequency associated
with the time-harmonic excitation, and Φ is the static flow resistivity, associated with the viscous dissipation
in the porous material.

After a standard expression of the problem in its weak form and subsequent discretization by a Galerkin
method, the finite element problem has the general form

(
Ka −

ω2

c20
Ma + Kp −

ω2

c̃p
2Mp

)
Ũ = F, (13)

where �a correspond to air cavity global matrices, and �p to porous global matrices. Ũ is the vector of
nodal unknowns (acoustic pressure fluctuation here). The right-hand-side vector F, associated with the time-
harmonic acoustic excitation is in practice only non-zero at a few DOFs. The FE problem in Eq. (13) is
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Figure 2: Sound pressure level of the damped solution at 63 Hz, Φ = 25000 N.s.m−4, scale 40− 110 dB.

evidently of the form of the generic problem in Eq. (1), thus suitable for the multivariate approach proposed.
The discretized problem consists of around 300000 acoustic pressure DOFs.

Fig. 2 illustrates the solution at a given point of the parametric sweep, for a frequency of 63 Hz, and a flow
resistivity of 25000 N.s.m−4.

The reference solution for the bivariate parametric sweep, where f ∈ [50, 150] Hz and Φ ∈ [3000, 50000] N.s.m−4,
at a point in the cavity, is plotted in Fig. 3.

Figure 3: Reference solution. Sound pressure level at a point in the acoustic cavity, parametric solution, in
dB.

The multivariate WCAWE procedure proposed here is applied for an approximated solution based on one
reference point in the parametric space for the construction of the transformation basis.
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Two configurations are tested regarding the number of sequences necessary in order to produce the reduced
merged basis V∗ of Eq. (9). The first configuration includes 3 sequences: the 2 ”outer” sequences, and one
”diagonal” sequence, as presented in Fig. 1. Given that in this configuration, some components added by
the third sequence are not selected by the SVD, and that the increased size of the reduced basis V∗ does
not noticeably improve the accuracy of the approximation, the second configuration includes only the two
”outer” sequences. The singular value threshold σthresh, used for the selection of the main components for
the reduced basis V∗, is chosen to be such that σthresh = σmax · 10−15, where σmax corresponds to the largest
singular value in the decomposition of Eq. (8).

In Fig. 4, the convergence of the approximated bivariate solution is illustrated for three different orders of
approximation, for a reduced basis V∗ based on the two ”outer” sequences.

Given the smooth variation of the solution with respect to the static flow resistivity, it is natural that a lower
order of approximation is required than for the frequency. In this illustration, the order of differentiation for
the static flow resistivity is set to 9. Three increasing orders of differentiation are plotted for the frequency,
from order 19 to order 55. The degree of accuracy reached for the latter case, although using one point
only at f = 88 Hz and Φ = 25000 N.s.m−4 for the construction of the basis, highlights the potential of the
method.

Table 1 provides a brief comparison of the size of the bases obtained from the proposed procedure when 2 or
3 sequences of differentiation are used prior to the SVD. A combination of the facts that some vectors added

N vec/basis Nmer NV∗

2-sequence 29 (9+19+1) 56 (29+27) 56
3-sequence 29 (9+19+1) 83 (29+27+27) 79
2-sequence 41 (9+31+1) 80 (41+39) 80
3-sequence 41 (9+31+1) 119 (41+39+39) 112
2-sequence 65 (9+55+1) 128 (65+63) 128

Table 1: Overview of the size of the reduced basis V∗ emerging from the 2- and 3-sequence procedure
associated with the results in Fig.4.

by the 3rd sequence are filtered out by the SVD, while all vectors emerging from the combination of the
2 ”outer” sequences are kept, indicates that a 2-sequence approach may be sufficient for the bivariate case.
In particular, no improvement of convergence and accuracy was observed by adding the third sequence,
thus indicating a minor contribution from the basis vectors emerging from this additional sequence. This
also reflects a conservative threshold value for σthresh. Finally, the fact that no basis vector is filtered out
by the SVD, when all vectors emerging from the combination of the 2 ”outer” sequences are kept, implies
that the SVD is in this case not associated with a selection of the basis components, but rather with a re-
orthogonalization of the reduced basis V∗.

Limiting the expansion to derivative orders 20/12 for the frequency and flow resistivity, respectively, Fig. 5
illustrates the contour-following, filling and shape-fitting approach in order to define sub-intervals of conver-
gence. The error estimation is calculated along the contours only, in Figs. 5a and 5c, assuming a monotonous
increase of the relative error inside the contours around the reference point of expansion, and a tolerance of
εmax = 0.02 dB. These contours may subsequently be fitted, as plotted in grey in Figs. 5b and 5d, with a
regular shape connected to the shape of the parametric space, i.e. a rectangle for this bivariate example.

A first attempt for a multi-interval approximation of the full bivariate parametric space is plotted in Figs. 6.
This approach is based on a surface-fitting matching the surface area of the estimated contour, augmented
by an overestimation factor, here set to 1.5. This over-estimation factor is justified by the slow increase of
the error beyond the convergence contours, provided that the error tolerance is low enough (here 0.02 dB).
The first reference point, associated with the first interval in Fig. 6a, is chosen following a preliminary
step testing the convergence range associated with a reference point in the center of the parametric space.
Then, subsequent intervals are chosen based on the dimensions of the last 2 calculated intervals, in the
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Convergence of the one-point WCAWE-approximated solution. SPL at a single point, in dB.
Reference parametric point for the WCAWE basis procedure: f = 88 Hz and Φ = 25000 N.s.m−4. (a)-
(b) Derivative orders 19/9 for frequency/resistivity; (c)-(d) Derivative orders 31/9 for frequency/resistivity;
(e)-(f) Derivative orders 55/9 for frequency/resistivity. Approximation (left) and relative difference to the
reference solution (right).
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(a) (b)

(c) (d)

Figure 5: Illustration of the contour-following and shape fitting strategy for a single interval associated with
the poro-acoustic bivariate problem. (a) and (c) Isocontour following of the max relative error; (b) and (d)
Isocontour filling and fitting with a regular shape (rectangle).

closest neighbourhood possible to the last calculated interval. When the parametric space has been entirely
covered, the algorithm attempts to bridge the largest gaps, based on the dimension of the smallest interval
of convergence. Fig. 6b shows in white the estimated range of convergence after 3 intervals (starting from
the low frequency and low flow resistivity ranges). Fig. 6c shows the estimated range of convergence after
9 intervals, after which the entire parametric range is ”covered”. Finally, Fig. 6d plots the estimated range
of convergence after the largest gaps have been added extra reference points, including 16 intervals in total.
This implies the calculation of 16 multiple RHS problems consisting of 33 RHS vectors in order to build the
complete set of reduced bases, to be contrasted with the full solution to be calculated at 101 × 48 = 4848
points for the reference solution.

The proposed approach is currently being tested for its robustness with respect to a wide range of problems,
starting, as done here, with bi-parametric problems.
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(a) (b)

(c) (d)

Figure 6: Convergence of a multi-interval approach for bases with fixed derivative orders 20/12, with a
tolerance of εmax = 0.02 dB. (a): 1 convergence interval, (b): 3 convergence intervals, (c): 9 convergence
intervals, (d): 16 convergence intervals.

5 CONCLUSIONS

In this contribution, a multivariate approach based on the Well-Conditioned Asymptotic Waveform Evalua-
tion algorithm is proposed. It relies on the generation of basis vectors emerging from sequences of incremen-
tally differentiated system matrices at parametric points of expansion. These sequences, efficiently generated
by a multiple right-hand-side type of problem, are subsequently merged and further reduced via a singular
value decomposition.

The convergence of the approach is illustrated on a bivariate poro-acoustic application of about 300000
degrees of freedom. The limitation to a reduced set of sequences is promising in the scope of using the
proposed approach for higher dimensionality. An extension to a multi-interval approximation strategy, based
on the efficient use of error estimator is also tested and currently under further developments in connection
with its robustness.
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Abstract
In order to fully exploit available computer aided engineering (CAE) models for modern mechatronic sys-
tems they need to be merged with measurement data in order to obtain reliable Digital Twins. These Digital
Twins are evolving to become instrumental assets that accompany the product throughout its lifetime, en-
abling virtual quality assurance, virtual sensing and model-based control.
However, in mechatronics, the typical CAE design models are relatively expensive physics based models
which cannot be directly used throughout the entire lifecycle as Digital Twins. Model order reduction ap-
proaches for these nonlinear dynamic applications allow to reduce the computational cost sufficiently for use
in a Digital Twin setting.
This work gives an overview of nonlinear dynamics engineering applications in modern mechatronics prod-
ucts design, and demonstrates the role of (novel) MOR techniques in the design engineering process.

1 Introduction

Over the past decades, the design of mechatronic systems has relied more and more on model driven design
cycles. Where initial efforts, starting from the ‘50s, were mainly focused on component level design analysis,
recent efforts show a strong tendency towards model based system engineering (MBSE). In these approaches,
component models are not evaluated in isolation, but in their dynamic interaction with other components in
the mechatronic system. Typical examples include the dynamic structural component interaction included
in flexible multibody models, or the control-system interaction typically described with lumped-parameter
models.

Up until recently, these efforts were rooted in a pure modeling framework, with only limited touch point
with experimental data through e.g. finite-element model updating based on modal analysis. However, in the
current internet-of-things (IoT) and connected machine context prescribed by Industry 4.0, much more data
is becoming continuously available. A novel trend is therefore arising to combine both models and data to
enable predictive engineering analytics. This leads to the concept of Digital Twins. This concept entails the
continuous synchronization of models with reality to better understand and predict the behavior of complex
machinery.

Even though the concept of Digital Twins has been around for about two decades [1], the concept of fully
exploiting engineering design models in this concepts is rather recent [2, 3]. The reason for this is sim-
ple: these models require relatively large computational effort, which is difficult to introduce in the online
requirements pose on Digital Twins.
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This work discusses how the KU Leuven Noise and Vibration Research group and Siemens Industry Soft-
ware (SISW) develop and exploit physics based models to construct robust digital twins for mechatronic
applications. Through the introduction of novel model order reduction techniques, the computational load of
these models can be brought down sufficiently such that they serve purposes far beyond their initial design
analysis purpose.

In section 2 it is discussed how different types of models are exploited through different stages of the mecha-
tronic product lifecycle. Section 3 then provides an overview of different reduced order modeling (ROM)
techniques for mechatronic systems.

2 Digital Twin to couple engineering with data driven models

A Digital Twin is a digital replica of a physical asset, process or system. The digital representation can be
exploited for a range of different purposes. In the context of mechatronic systems, these purposes can be
the evaluation of dynamic system quantities, monitoring of the condition of the system, the evaluation of
new (optimized) control strategies, etc. A reliable replica can be obtained by combining both physics based
models of the system with (operational) measurements on the same (nominal) real-life system [4].

Depending on the stage of use, a distinction can be made between three different Digital Twin categories for
mechatronic systems [2], as shown in figure 1.

Figure 1: Mechatronic digital twins from system ideation to realization and utilization.

During the ideation and design stage, a Digital Product Twin can be exploited to evaluate the dynamic sys-
tem behavior before the full physical system is available. As measurement data becomes available during the
physical prototyping, these Digital Twins can be updated and refined to better match the physical behavior.
Digital Production Twins allow to evaluate and optimize the realization of the designed products. The appli-
cations range from production process control to supply chain management. Finally, during the utilization
of the system, a Digital Performance Twin allows to continuously monitor the performance of performance
of the physical asset and to test different product updates without interrupting regular operation.

These different digital twins manifest themselves during different stages of the product lifecycle. Whereas
classically the use of models was limited to the first ‘leg’ of the V-cycle design process, the paradigm as
shifted to a square-root cycle [5], as shown in figure 2.

As many companies in the mechatronic domain are shifting to new business models like product-service-
systems and X-as-a-service, enabled by new building blocks as Big Data [6] and the Internet of Things,
they remain responsible for (and make profits from) their product further along their lifecycle, beyond the
point-of-sale. It therefore becomes key to monitor and evaluate the products beyond their design and into
their general operation. Digital Twins provide an essential tool to perform this product tracking during this
entire process.

A particular challenge encountered in mechatronic system design and deployment are the different types
of models used during the different stages of the design, as shown in figure 2. During the initial stages
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Figure 2: Square-root product cycle with different model categories.

of the model based design, lumped parameter models which roughly describe the overall system behavior
are typically employed. These models have as main benefit that no detailed design information on specific
components is required yet. As the design progresses, more detailed information becomes available and
(flexible) multibody models can be used to assess the dynamic machine behavior with an accurate assessment
of e.g. component loads. In the final model based design phase, a highly detailed analysis can be performed
by exploiting (multi-physical/nonlinear) finite element models, which allows a detailed assessment of e.g.
component stresses and fatigue. In the frame of the square-root cycle and the development of Digital Twins,
the aim is now to exploit these models to obtain more and more reliable information on the product during the
physical prototyping and operational stage of the product [4, 7]. During these stages, each of these models
offers a unique value proposition and the potential to obtain dedicated information for specific applications.
However, a direct application of these models during the latter stages of the square-root cycle is practically
infeasible due to their computational load.

In order to enable the exploitation of these different design models during the physical prototyping and
operation, model order reduction (MOR) techniques are key. These approaches allow to construct low-cost
models which preserve the dominant dynamic phenomena of the original models. As the mathematical model
structures of the different approaches used during the design span a wide range of methods, the approaches
for model order reduction need to be equally diverse. The specific model order reduction approach depends
both on the original model structure and final application of the reduced order model. In the following
section, several approaches are discussed which have been developed with the aim of generating practical
Digital Twins for (diverse aspects of) mechatronic systems in the square-root cycle.

3 Model order reduction for dynamic mecha(tro)nic models

In this section we provide an overview of the range of model order reduction techniques which are being
developed (collaboratively) at the Noise and Vibration research group and Siemens Industry Software with
the aim of tackling different challenges encountered in the Digital Twin setup for mecha(tro)nic systems.
These approaches span the entire spectrum for low order lumped-parameter models to high-fidelity nonlinear
finite-element models and their use through the square-root cycle shown in figure 2.
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3.1 State-time reduction for low-order models

3.1.1 Methodology

During the early design stages and for mechatronic system integrators, 1D or lumped parameter simulation
present a suite of tools to effectively assess the full system behavior. These models are typically based on
idealized components with clearly defined interface ports which enable an effective graphical representation
of their connection on the full system level. A particular example of this type of software is Simcenter
Amesim from SISW [8]. This software is based on a causal bond-graph approach, which enables a highly
efficient model representation which allows to include a wide range of elements from different physical
domains. A typical graphical representation of a Simcenter Amesim model is shown in figure 3.

Figure 3: Example of the graphical representation of a Simcenter Amesim model.

Even though these models are directly translated to C-code and compiled, the computational load during
multi-query applications can still become considerable and hence requires model order reduction.

However, regular state-projection based model order reduction schemes do not offer a good solution for these
models. The key issue here is the typically limited number of states (fewer than 100 states), such that there
is limited margin for state-reduction. Moreover, as each model block with limited states has to be added
manually, the model developer typically already selects only the most relevant states. On the other hand,
these models are typically solved through explicit time integrators over relatively large time horizons. This
opens up the possibility to use MOR to limit the time dimension and hence reduce the computational burden
for a model evaluation.

In this framework, the state-time reduction order modeling (ST-MOR) scheme has recently been proposed
[9]. In this approach, the full response over the simulation horizon is considered to set up a reduced order
basis which spans the states and their time variations. For the reduced evaluation of the model equations,
the sequential time problem is concatenated and projected as a fully coupled problem. In order to prevent a
back-transformation to the original time-dependent model size, a hyper-reduction scheme is applied which
selects only the most significant time-steps for evaluation.

3.1.2 Application

The proposed state-time reduction scheme for low order models can be applied in a range of settings. The
presented approach is mainly valuable in multi-query settings where the same model topology is evaluated
repeatedly for different parameter values. This is encountered amongst others in design parameter optimiza-
tion and parameter identification problems. An example is the parameterized evaluation of a mechatronic
drivetrain, for which a conceptual sketch is shown in figure 4.
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Figure 4: Mechatronic powertrain model.

For this system, an evaluation of the model states for different system parameters can be performed, as shown
in figure 5.

Figure 5: Mechatronic powertrain model response (full time response and zoom).

This figure shows the response for different training parameters in blue, the full order response for a certain
design parameter in red and the response for the ST-ROM in green. Even though this model is limited in size
(only double-digit states), a speed-up of an order of magnitude is obtained through the proposed approach.

3.2 Efficient geartrain simulation through MOR

3.2.1 Methodology

One of the key components in mechatronic drivetrains are gears. These classical mechanical components
have become the target of a large body of numerical analysis techniques due to their large impact on the effi-
ciency, reliability/durability, and dynamic performance of many modern applications, ranging from precision
mechanics to efficient vehicles and wind turbines. However, the numerical assessment of these systems has
always been very challenging due to the high importance of small geometrical alterations and complex con-
tact dynamics between the gears. In classical approaches the full gears and their contact conditions are either
modelled through analytical approaches, which often lack the accuracy required for detailed dynamic anal-
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ysis, or through full nonlinear finite element models, which present an enormous computational load. In
more recent years many researchers have started using (flexible) multibody approaches in order to describe
the gear dynamics. However, due to the inherent nature and complexity of the contact conditions, even these
models often lead to excessive computational loads when e.g. accurate stress evaluations are required.

In order to offer solutions for efficient gear simulation in a range of applications, a comprehensive set of
model order reduction schemes has been developed. As outlined in figure 6, these methods focus on each
step involved in the gear modeling:

Figure 6: Gear simulation workflow.

• Pre-processing: Tools have been developed to effectively set up the meshes for different gear con-
figurations and accounting for specific micro-geometries. Moreover, the controlled mesh setup allows
to exploit e.g. symmetry properties in the model order reduction. These methods will be brought to
market in the Simcenter 3D [10] product offering of SISW, as the “Advanced FE-preprocessor” tech-
nique [11], an innovative method that combines the advantages of FE methods, model order reduction
schemes and analytical formulas, while offering significantly reduced computation time.

• Processing: During the solution of the motion, a range of different aspects are exploited to reduce the
model size and limit the contact evaluation cost. On the one hand the reduced order basis to describe
the model deformations is dependent on the gear angle θ and hence optimized to resolve a certain
configuration [11, 12]:

ud = V(θ)δ, (1)

and on the other hand parametric model order reduction techniques are further exploited to construct
robust bases for different contact conditions such as misalignment [13]. Moreover, in order to reduce
the contact evaluation cost, the discrete empirical interpolation method (DEIM) is used for hyper-
reduction such that the full contact conditions do not need to be evaluated for each time step [13,
14]. The resulting model is time-integrated through an optimized integration scheme for gear-contact
simulation.

• Post-processing: During the post-processing, the results of the simulations are transformed back to
the original model space such that detailed analyses of local stresses and gear transmission errors can
be evaluated.

Further speed-ups of the developed models are possible through the use of stiffness maps and quasi-analytic
contact conditions. Through the developed suite of approaches, accurate gear models can be incorporated in
detailed mechatronic model simulations, enabling a reliable digital twin assessment of geared systems.

3.2.2 Application

For gear applications, the reduced order models are employed in a range of applications. A first step in this
research track was to perform experimental validation of the developed gear models, which was previously
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Figure 7: Gear model validation for different load torques and different friction conditions.

difficult due to the very high cost of these models. A comparison of measured and simulated transmission
error is shown in figure 7.

These validated models are then exploited in an automated toolbox for transmission model creation. By
exploiting the stiffness map approach, these models can be made highly efficient for rapid design evaluation
on the Digital Twin [15]. Through these developments the impact of teeth coupling and lightweight gear
design on the transmission dynamics and NVH can be effectively evaluated [13].

3.3 Reduced flexible multibody towards real-time performance

3.3.1 Methodology

Over the past decades, flexible multibody simulation has become a key tool for evaluating system level
dynamic interaction between different structural components in mecha(tro)nic systems. In these approaches,
since the seventies, each component is already represented in a reduced fashion by projecting each (linear)
body deformation on a modal basis in a floating-frame-of-reference component-mode-synthesis (FFR-CMS)
approach. Overall this provides a very general formalism to describe (flexible) mechanisms, leading to a set
of equations of motion in the form:

M(q)q̈+ fgyr(q, q̇) +Kq−CTλ = f ext (2)

c(q) = 0 (3)

Even though highly efficient formulations exist to solve these equations of motion, as implemented in Virtu-
alLab Motion, the differential algebraic (DAE) nature of these equations often makes them not particularly
suitable for a range of applications. These general DAE’s can typically not be solved effectively through
explicit integrators, which are required for hard real-time applications and state-estimators.

In order to circumvent these issues, a range of model order reduction schemes have been developed to
reformulate the (flexible) multibody models as a set of low-order ordinary differential equations (ODEs):

Mr(q)q̈+ fgyr,r(q, q̇) + f int,r(q) = f ext,r. (4)
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A range of different approaches have been developed to enable this model reduction and transformation.
On the one hand, methodologies have been developed which approximate the nonlinear (flexible) multibody
dynamics by setting up an approximation through a set of locally linear models which fit the motion manifold.
A first effort in this respect was the introduction of the Global Modal Parameterization (GMP) [16, 17]. In
order to further solidify this concept in a more generalized setting, more recently a strongly data-driven
approach has been proposed for multibody model order reduction [18]. These approaches lead to a set of
equations in the form of:

Mr(q)q̈+ fgyr,r(q, q̇) +K(q)q = f ext,r (5)

On the other hand, a novel approach based on global nodal coordinate reduction has been developed which
allows to describe the nodal coordinates as an affine projection from the reduced degrees-of-freedom, de-
noted as the System-Level Affine Approximation (SLAP) [19]. The main benefit of this approach is the
resulting constant mass matrix, lack of gyroscopic contributions, and the avoidance of setting up a piecewise
approximation of the motion manifold. The resulting equations of motion take the form:

Mrq̈+ f int,r(q) = f ext,r. (6)

3.3.2 Application

A typical application of explicit (flexible) multibody models is found in the analysis of vehicle suspension
components under dynamic loading. The aim is often to track the loads, deformations and stresses in these
components on test-rigs and operational conditions. The multibody model for a quarter car suspension
system is shown in figure 8 on the left. For the motion, a clustering can be set up to construct the different
linearized models, as shown in figure 8 on the right.

Figure 8: Quarter-car suspension multibody model (left) and motion clustering (right).

Through the proposed model order reduction approaches, these general multibody models are converted in a
very low order model with a simple ODE structure, while maintaining accurate results, as shown in figure 9.

In the future, these model order reduction approaches will be deployed in real-time systems and state-
estimators for Digital Twin purposes.
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Figure 9: Data-driven model order reduction results on quarter car model.

3.4 Reduced order linear finite element models for real-time estimation

3.4.1 Methodology

State and load identification are key in a range of mechatronic systems. This is required both for control
purposes and for monitoring the system condition. However, direct instrumentation is often not feasible due
to costs or practical constraints. In these applications (coupled) state(-input) estimation offers a powerful
solution to obtain a wide range of measurement signals. However, in order to exploit these approaches,
accurate low cost models are required which allow to fuse data coming from a number of distributed sensors.
Finite-element models offer the perfect framework for these applications. For these models, the dynamics
are described through the mass and stiffness matrices M,K ∈ Rn×n:

Mü+Cu̇+Ku = f ext, (7)

with u ∈ Rn the finite element degrees-of-freedom. In regular structural models, these are typically nodal
displacements, but in vibro-acoustic models these can be generalized to nodal displacement, pressures and
fluid velocities. However, as typical estimators rely on the time-discretized equations of motion, these models
needs to be explicitly integrated in time. Due to the high (spurious) frequencies present in these full order
FE models, the explicit integration is practically infeasible as the required time steps would be unacceptably
small. In order to circumvent this issue, projection based model order reduction can be applied [20]:

u ≈ Vq (8)

with V ∈ Rn×m the reduced order basis and q ∈ Rm the reduced DOFs. The resulting reduced order model
is then evaluated as:

Mrq̈+Crq̇+Krq, (9)

with the reduced order matrices obtained from a Galerkin projection:

Mr = VTMV, Cr = VTCV, Kr = VTKV. (10)

For these estimation applications, the main aim of the model order reduction is not only to reduce the model
size, but particularly also to limit the highest frequencies and numerical conditioning of the model such that a
range of explicit integrators can be effectively applied. The reduced model size also allows to reliably apply
an exponential integration scheme, such that large time steps are possible in an explicit integration scheme.

3.4.2 Application

The linear reduced order modeling approach for state and input estimation can be applied in a wide range
of applications. One important application is the load estimation on e.g. vehicle suspension [21]. A vehicle
rear suspension system is shown in figure 10.
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Figure 10: Loaded vehicle suspension.

Using the reduced order finite element model, the vertical input load can be accurately estimated, in contrast
to approaches based on alternative simplified models. These estimation results are shown in figure 11.

Figure 11: Input load estimation on vehicle suspension.

Using the appropriate model order reduction schemes [22], these estimation approaches can also be applied
to a vibro-acoustic model, where the full sound field can be accurately reproduced from a limited number of
accelerometer and microphone measurements, as shown in figure 12.

3.5 Reduced order nonlinear finite element models for vision based estimation

3.5.1 Methodology

For highly dynamical and large deformation mechatronic application, nonlinear finite element models are
required to accurately describe the system motion. This is also true when optical (camera based) measure-
ments are used to evaluate the system state, as these measurement can be particularly sensitive to geometric
nonlinear effects. Even though these nonlinear finite elements models have proven highly valuable for high
fidelity applications over the past decades, they are also associated with (very) high computational loads and
are often run on cluster computers. This high computational load is the result of the fine semi-discretization
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Figure 12: Vibro-acoustic test setup (left) and estimated sound field (right).

required for the spatial domain, resulting in a high number of degrees-of-freedom u ∈ Rn and large number
ne of finite elements. The resulting equations of motion take the form:

Mü+ f int(u) = f ext. (11)

Contrary to linear finite-elements, each element needs to be re-evaluated at every time step to evaluate the
internal forces:

f int =

ne∑

i=1

f inti (ue), (12)

which rapidly leads to large computational loads. Combined with the large system of equations to solve
for each time step, this leads to unacceptable computational loads in anything but large scale offline design
evaluations.

In order to enable the use of these models in multi-query, online and Digital Twin applications, model order
reduction techniques have been developed which reduce the model size and limit the evaluation cost of the
elements. In common nonlinear model order reduction schemes like discrete empirical interpolation (DEIM)
[14] or energy conserving sampling and weighting (ECSW) [23], the reduced order model is set up by first
performing a (number of) reference simulation(s). However in many practical applications, these reference
simulation might already pose an unacceptable computational load. For these applications we therefore
propose a semi a-priori approach which allows to set up the reduced order model based on a limited set of
static analyses, rather than full time domain analyses. The reduction scheme is based on two aspects [24]:

• First a reduced order basis V ∈ Rn×m is constructed together with a reference configuration ρ ∈ Rn

to approximate the full model state:
u ≈ ρ+Vq, (13)

with the reduced order DOFs q ∈ Rm. The reduced order basis V results from a truncated singular
value decomposition on a set of nonlinear static deformation shapes and a set of linearized eigenmodes
around these static deformation shapes.

• Next a reduced number of elements is selected to approximate the internal forces, in correspondence
to the ECSW approach:

VT f int ≈
∑

i∈se
wif

int
i (ue), (14)

with se a subset of the full element set and wi a set of corresponding nonlinear weights. In order to
avoid the necessity of training forces, the elements and weights are selected from a nonnegative L1
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optimization problem on the undeformed stiffness matrix K:

min |w|1w ∈ Rne
+ s.t.V

TKV −wiV
TKi(ρ)V (15)

This approximation is the hyper-reduction which also reduces the evaluation cost of the model.

Through this multi-expansion modal (MEM) approach the computational load for high-fidelity mecha(tro)nic
model can be brought down sufficiently for a range of new applications.

3.5.2 Application

A typical application encountered in automotive mechatronic systems is the assessment of wheel loads. This
is possible by combining flexible suspension models with appropriate measurements from strain gauges
and/or optical sensors. It was shown by means of virtual exercises in [25] that an optimal sensor placement
strategy can be very beneficial in achieving a reliable force estimation by using a very limited set of well-
chosen and well-positioned sensors.

However, the inclusion of a flexible suspension model becomes very challenging in the case of the common
twistbeam rear suspension. In this case a geometrically nonlinear finite element model is required to describe
the dynamics. As shown in figure 13, a typical finite element model for this system consists of around 100k
elements and DOFs.

Figure 13: Twistbeam finite element mesh.

Through the MEM approach this model can be brought down to a model with 16 reduced order DOFs and
129 elements (as shown in figure 13). This allows to make the model sufficiently low cost to run full analyses
such that the response can be shown over long timeframes, as shown in figure 14.

4 Conclusion

In recent years, it has become clear that Digital Twins offer an important added value throughout the mecha-
tronic product development and exploitation. Preferably, these Digital Twins exploit all information available
in the physics based engineering models used during the initial design V-cycle. However, these models’ high
computational load limit their direct applicability in an extended square-root cycle for the product. Model
order reduction has therefore proven to be a key technique in (automatically) transforming different design
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Figure 14: Twistbeam response from nonlinear reduced order model.

models into lower cost counterparts that maintain the required accuracy.
Given the wide range of models encountered in mechatronic system design, an equally wide range of model
order reduction techniques has been developed tailored to the different model structures and applications.
These techniques result from a close collaboration between Siemens Industry Software and the KU Leuven
Noise and Vibration research group. The developed techniques allow high efficiency by actively exploiting
the key physical properties of the different models and allow to be exploited in virtual sensor applications to
extend classical measurement with the available model data.
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Abstract 
Artificial neural networks, currently a backbone behind many data driven artificial intelligence applications, 

have been growing in popularity in different domains, from speech recognition over image processing to 

control tasks with complex sensory inputs and multiple outputs. Mechatronic systems have in the meantime 

been growing in complexity requiring a dedicated model based systems development process to assure the 

functional and performance design attributes. A complex mixture of 1D and 3D multi-physics models and 

test based characterization is used to design the hardware as well as the controls. In this paper the aid of 

artificial neural networks in mechatronics system development is demonstrated based on examples from the 

different phases of the development cycle of vehicle systems. The applicability of various types of neural 

networks (DNN, CNN, RNN) is explored for the different engineering tasks. The work fits into a broader 

context of merging data driven and model based approaches, a topic attracting major interest today [1]. 

1 Introduction 

Different terms are used in the addressed field. Artificial Intelligence (AI) covers a very broad domain and 

range of technologies, which in general try to enable the growing intelligence of machines, which means to 

have them execute tasks that are typically done by humans. It started in the 60’s with the game computers 

like chess. This involves complex programming of rules and sequences. Machine learning is a subdomain 

of AI (or a way to realize AI) where during the process of usage of the algorithm, the algorithm itself 

becomes smarter. The algorithm “learns”. One of the first examples is the sorting of the spam mails which 

came up in the 90’s. 

Neural Networks are one way to achieve machine learning next to other methods such as for example 

inductive logic programming, support vector machines, clustering, reinforcement learning, and Bayesian 

networks. Although neural networks have been around for a long time, only recently from 2010 onwards 

their usage has come into an acceleration phase mainly due to 3 reasons: 

 The availability of training data based on the Internet of Things (IoT) boom but also based on the 

abundance of simulation data. 

 The constant improvement of computer speed and the usage of GPUs instead of CPUs as 

calculation servers. 

 The improvement of the neural network training algorithms and the variety of neural network 

architectures. 

Today artificial neural networks are the main driver behind the artificial intelligence technology growth and 

are typically seen as a subcategory of machine learning. They can generally be used for 3 types of learning 

[2, 3]: 
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 Supervised learning where labelled data is used for inputs and their connected outputs. 

 Unsupervised learning where only inputs are known (for example feature extraction). 

 Reinforcement learning where actions need to be decided based on a reward/penalty (for example 

in optimal control algorithms). 

In this paper only the supervised learning is addressed while also unsupervised learning and reinforcement 

learning are finding their way into the mechatronic systems development process. In supervised learning a 

collection of inputs and outputs of a system are known and the learning process allows to find the best 

possible correlation between the inputs and the outputs by adapting parameters of the neural network in a 

smart iterative way. Different type of learning algorithms are available but the Levenberg-Marquardt 

optimization [4, 5] is the most widely applied in connection with neural networks. 

2 Neural network architectures 

Artificial Neural Networks (ANN) come today in many different architectures but essentially, they can be 

classified in 3 main categories: 

 Feedforward neural networks (FNN) which make a direct connection between input and output 

data through one or more combinatorial layers [6]. 

 Recurrent neural networks (RNN) which have a memory that allows to remember previous inputs 

and store data in “context nodes” [7].  

 Convolutional neural networks (CNN) which keep in mind a spatial relation between the inputs 

[8-10]. 

Feedforward neural networks can be used for the correlation of inputs and outputs without any relationship 

between the current inputs or outputs in function of time nor space. The word “deep” learning [6] is used if 

the neural network has many hidden layers between inputs and outputs. A recurrent neural network with 

one hidden layer can in that context also be seen as a deep neural net since the training process to perform 

it uses an unwrapped version of the recurrent neural net. 

In case there is a correlation between the inputs in terms of their spatial arrangement, convolutional neural 

networks (CNN) are a more appropriate architecture since during training the proximity between the inputs 

in the architecture is already a-priori taken into consideration by optimizing filter values. This is for example 

useful for extracting signal features, analyzing 2 dimensional pictures or spatially correlated multisensory 

data. Also in condition monitoring, CNN can be applied to detect if a given vibration signal can lead to 

faulty or correct operation. 

In case there is a time historical relationship between the current inputs and their past values, a recurrent 

neural network is a more appropriate architecture since it contains memory that allows to make relationships 

between past values and the current value. This is in particular very useful for time data, for sequences (as 

in text) or for describing system-like behavior. This time dependency can however lead to difficulties in 

training the network as large variations of the weights lead to small changes in the gradients. This is known 

as the “vanishing gradient problem”. As a consequence, several innovative approaches have been made over 

the last few years to the RNN architecture to improve the learning for particular relationships between inputs 

and outputs. Some best known forms are: 

 Layered Recurrent Nets (LRNN) [11]. 

 Long Short Term Memory (LSTM) [12]. 

 Gated Recurrent Unit (GRU) [13]. 

In case of an LRNN, the hidden layer neuron outputs are artificially delayed during a pre-defined amount 

of time steps to maintain a longer memory. 

In case of an LSTM, the hidden layer neuron outputs are kept artificially based on thresholds which are also 

variables during the training process. This allows to combine slowly varying phenomena with dynamically 

changing phenomena in the identification process. 
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3 Neural networks and system identification 

LRNN have proven to be particularly useful to identify low damped resonances in non-linear systems as 

shown in the example of figure 1. LSTM have proven to be particularly useful to understand speech since 

it can recognize sentences and words in the same learning process. In this paper the application of the LSTM 

to model data has not been handled yet and will be the subject of future research. 

A neural network in supervised learning can be used directly as a model identification method using input 

and output time data to train an RNN. However the training might not always be successful because the 

starting values of the neural network coefficients cannot always easily be iteratively updated towards a 

global optimum. 

Figure 1 shows the concept of training a neural network based on simulation data. The upper right picture 

shows the model in Simcenter Amesim. It is a mass-spring-damper system with 5 masses and thus 10 states. 

The model input is a force on 1 mass, either a random excitation or a swept sine. A random excitation is 

used to train the neural network. A swept sine signal is used to validate if the neural network can deal also 

with other input arrangements in function of time. The outputs of the neural network are the accelerometer 

sensors on each mass. The system has 5 resonances below 100Hz and the excitation signals are defined up 

to 100Hz. 

A layered recurrent neural network in Matlab is used as architecture to train the data. An optimal size of 6 

neurons in the hidden layer and 6 delayed neuron values in the feedback loop are used for training. This 

gives 36 states in total (6x6) when the model is linearized but it is the experience of the authors that an 

under-determination is needed for a neural network to arrive to a stable minimum. 

The inputs and outputs of the random excitation are used to train the neural network. In the upper right 

figure the accuracy performance of the network after every epoch is shown. It can be seen that the network 

stabilizes after 100 Epochs and does not improve further visually. In the bottom left, the result in frequency 

domain of the predicted accelerometer signals is given for the 5 accelerometers, on the upper part for the 

training data and on the lower part for the swept sine data for which the neural network was not trained. It 

can be seen that in both cases the neural network gives a good correlation when using the trained neural 

network after 100 Epochs. When linearizing the neural network it could also be observed that the major 

modes of the linearized system are identical to the modes of the actual system but also additional modes are 

present which have no impact on the result. This proves that the neural network finds the unique solution to 

the problem after 100 Epochs but still has additional parameters for further improvement. 

 

 

Figure 1: Identification of a 5 DOF mass-spring-damper system 
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In the bottom right the neural network that stabilizes after 300 Epochs is applied to the same validation data. 

In this case however it can be seen that the neural network works even better on the training data but at the 

cost of a very limited extrapolation capability of the network outside the domain of the training data. It also 

shows that the observability of the states in the training data will determine the success of the training. 

The above example shows the importance of making the right choices, on the one hand related to the network 

architecture and size, its inputs and outputs and related to the time to stop the training. Further research is 

needed to give the user the right indications on the extrapolation capabilities of the neural network. 

One of the major difficulties in the development cycle of a system is the identification of the right parameters 

for a systems model since those parameters are often a simplification of reality. In the R&D phase this is 

often done through dedicated test benches defined for the component to be characterized. With the upcoming 

technologies around Internet of Things (IoT), the identification of parameters based on operational data is a 

question that also can be addressed by the use of neural networks. The problem statement is addressed in 

figure 2 by a simplified example. 

 

 

Figure 2: Parameter estimation using neural networks 

 

In the upper part of figure 2, a 3 degree of freedom mass-spring damper system is indicated. The system is 

excited by random noise on the most left hand side mass in the frequency band between 0Hz and 100Hz. 

The resonance frequencies and damping of the nominal system are indicated on the right hand side of the 

picture. The stiffness of the most left hand side spring is varying in function of time following a sinusoidal 

shape at a frequency of 0.02Hz. The time data of the clamping force on the right hand side of the system is 

stored together with the varying stiffness. Both signals are used to train a neural network. Several network 

architectures have been verified but the most successful network has been a simple feedforward network 

with 10 neurons in the single hidden layer. The inputs are segmented into 2500 segments of 100 samples 

without overlap as can be seen in the representation of the neural network architecture in the bottom left of 

the picture. The bottom right of the picture gives in blue the result of the network prediction using the 

training data versus the original stiffness variation which can be considered as quite impressive for only a 

10% peak to peak variation, considering the fact that as a user it will be very difficult to find a rule based 

algorithm that can give the same results. Obviously is speaks for itself that the currently trained network is 

not yet able to deal with excitations that are very different from the excitation used to train the network. To 

be able to secure this, a more reasonable representation of the actual inputs will be needed. 

In the next sections different applications of neural networks in the field of mechatronic model based system 

development are brought forward and discussed. The application cases are projected on the mechatronic 

system development cycle, typically used for the automotive industry as shown in figure 3. 
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Figure 3: Selected application cases, projected on the automotive development cycle 

4 Neural network application cases in model based engineering 

Over the last decade, mechatronic systems have grown strongly in complexity and in many industries a 

dedicated model based systems development process has been put in place to assure the mechatronic system 

under development fulfils the functional and performance attributes for which the system is designed. The 

automotive industry is one of such industries that today is heavily changing their development processes to 

be able to have models driving the development of the cars. While the car evolved from a mechanical system 

to a mechatronic multi-physics system, the model development methodology became a complex mixture of 

1D multi-physics models, 3D multi-physics models & test based analysis & characterization, to design the 

hardware as well as the controls of the hardware. The concept of the Digital Twin as backbone for the design, 

production and operation is becoming commonplace [14, 15]. In this paper the aid of artificial neural 

networks in supporting or enhancing the mechatronics system development will be demonstrated based on 

several examples out of the different phases of the development cycle of such a system. 

4.1 Reverse engineering of controls during the benchmarking phase 

During the benchmarking phase, many industries try to set targets for their subsystems based on a competitor 

analysis. Typically test data is acquired of the subsystems of a vehicle and this data is converted into a test 

based model that is assembled at system level to predict the system performance. Figure 4 shows this process 

in the case of fuel economy evaluation of a vehicle. 

 

Figure 4: Process to analyze an existing vehicle for fuel economy performance 
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The resulting energy flow chart allows to analyze the consumption of each subsystem in the operational 

case that is measured. In case of a hybrid vehicle, there is however 1 component that often is most difficult 

to identify as a test model, while it is often having the highest potential improvement on the fuel economy 

performance: the supervisory control. This control determines when the different actuators need to come 

into action and is often not easily converted into a model since its operation is hidden in software. This 

leaves the physical model only to be operated in open loop, which limits the analysis that can be done with 

the model. A neural network can however be used to convert the existing measurements into a controller to 

close the loop for the model. The following steps can be performed to create such a controller: 

1. Selection of all the operational conditions to train the network. 

2. Selection of the different sub-controller inputs and outputs based on experience. 

3. Selection of the network architecture and size for each sub-controller. 

4. Training of each network and cross validation with an unknown scenario. 

5. Export of the neural network coefficients to a system simulation environment & close the loop 

with the plant model. 

In figure 5 some of the steps are visualized for a controls reverse engineering of a hybrid vehicle architecture 

including some typical results that can be obtained. 

The figure shows the results of the sub-controller performance using the measured operational input data of 

3 drive cycles based on a normal feedforward network and a recurrent neural net. It can be seen that in both 

cases the correlation is quite good, indicating that the temporal aspects are most likely not important for this 

sub-controller. When applying the complete controller to the full vehicle model, in both cases satisfactory 

results could be obtained. 

 

 

Figure 5: Results obtained by using a neural network to reverse-engineer a controls model for closed loop 

fuel economy simulations 

4.2 Concept phase subsystem model reduction for faster system calculations  

Figure 6 shows an application case for model reduction. A neural network can quite easily be implemented 

into a time domain based modelling environment since it is based on simple matrix calculations. In this 

figure the application of mount stiffness identification is shown. In a first step the mount stiffness is 

measured on a dedicated machine that allows to measure the static stiffness and the dynamic stiffness for 
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different amplitudes. To convert this into a time domain modelling environment is not straightforward and 

typically an equivalent modelling approach is used based on multiple mass-spring-damper elements. 

 

 

Figure 6: Mount stiffness identification for usage in a system model 

 

With a neural network the dynamic stiffness curves in frequency domain can be converted into 1 set of 

training time data (upper right). In this example this time data is fed into a layered recurrent net with 10 

hidden layer neurons and 2 delays. The result of the trained network is validated again in frequency domain 

(red curve for the 2 different excitation amplitudes) and gives excellent correlation with the measured data. 

Afterwards this neural network can be combined with the static curve by placing both models in parallel to 

obtain the total stiffness and implemented in a vehicle model (upper left). 

4.3 Model driven controls development during detailed design stage 

The development of the control of mechatronic systems becomes more complex when multiple actuators 

and sensors are interfacing with a highly dynamic system, often not having the sensors available to develop 

an optimal control. In the automotive industry, controls have mostly been developed using rule based 

methods, first by directly writing code, later using a model based approach with tools like Simulink from 

Mathworks or the Embedded Software Designer from Siemens [16]. In the automotive industry, the complex 

balancing of multiple performances of the combustion engine such as emissions, fuel economy and 

acceleration performance have increased the complexity of the engine actuators. To develop the controls for 

such complex mechatronic systems, new methods are required. Optimal control such as Model Predictive 

Control (MPC) in combination with technologies to predict virtual controllable quantities using state 

estimation technologies in combination with Kalman filtering, are examples of such new technologies that 

start to find their entry in the automotive world. MPC and Kalman filtering based state estimation require 

however models that run fast while keeping a certain level of accuracy.  

The simulation models for designing mechatronic systems are often created based on a combination of 

detailed 3D models and test data and have a high level of accuracy but have a too slow calculation time to 

be used in MPC or state estimation methodologies in real time on an ECU. To be able to convert such system 

models into the context of optimal control in combination with virtual sensing, neural networks can be the 

ideal methodology to develop a controls model directly from the detailed plant model to be controlled. 

Figure 7 explains the different steps in the process, showing the reduction of the detailed engine model to a 

neural network based model for as well the virtual sensor as the optimal controller. Initial results using the 

controls model in closed loop with the detailed plant model for tracking purposes indicate that the 
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performance, for scenarios that the neural network is not trained for, remains within good accuracy as long 

as the important states of the model are kept observable. Further results in this field will bring more clarity 

in how broad this technology can be used for the engine controls or other advanced vehicle controllers. 

 

 

Figure 7: Different steps in the automatic generation of optimal controls models using a Simcenter 

Amesim plant model in combination with neural networks 

4.4 Test based troubleshooting during prototype stage 

Noise, Vibration and Harshness (NVH) is an important attribute of the vehicle and it is very difficult to 

frontload NVH issues into the simulation based development of the vehicle. Typically during the first 

prototype stage, the road induced and engine induced low frequency NVH issues become visible and NVH 

test engineers use methodologies like Transfer Path Analysis (TPA) or Acoustic Source Quantification 

(ASQ) to separate the noise problem into its contributing paths and afterwards focus on the major 

contributing paths with effective countermeasures [17]. 

The methodology of TPA is however a time consuming activity that can be separated in 2 major 

components: 

 In the first step the paths need to be instrumented with sensors and operational data needs to be 

acquired on the full system. 

 In a second step the active system (driveline and/or suspension) needs to be removed and the 

contributions from unity loads at each path to the interior noise need to be quantified using 

dedicated excitation techniques. 

Even in this context of test based troubleshooting, neural networks have proven to be useful to direct the 

NVH engineer even faster to useful countermeasures. In this approach only the potentially contributing 

paths needs to be instrumented for which only operational conditions need to be acquired. During a first 

phase a layered recurrent neural network is trained based on the path sensors as inputs and the noise as 

output. In a second phase the trained neural network is fed with each sensor individually to be able to 

calculate the contributions of each path. Figure 8 shows the results of the neural network based approach 

versus the result of a classical TPA approach. It can be seen that in both cases the major paths come out 

identical while the neural network based approach can be realized in a fraction of the total time needed for 

the full TPA approach. 
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Figure 8: Process and results of using neural networks for Transfer Path Analysis 

4.5 Predictive maintenance during operations phase 

Predictive maintenance is the capability to predict an upcoming failure of the system based on operational 

sensors. Typically statistics based techniques were used in the past to predict such failure occurrence based 

on data from the past. Obviously it would be more interesting to not have to wait for failures to have occurred 

before being able to do predictive maintenance. In this context a simulation model can as well be used to 

convert the available operational sensors into variables that represent a failure. This methodology is typically 

called the “digital twin in operation”. In this section 2 examples are given of how models can improve the 

predictive capabilities of a maintenance activity, both with the help of neural networks. More details can be 

found in [18, 19]. 

A first example concerns the failures of bearings in large gas-turbine based energy conversion (Figure 9).  

 

 

Figure 9: Identification of shaft unbalance of gas turbines using dynamic signals and a simple RNN 
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Such turbines have high speed shafts to transmit the torque and an increased unbalance on the shaft will 

cause the shaft bearings to age rapidly until they break down, which on their turn will cause expensive 

downtime that needs to be avoided. Such an unbalance cannot be measured directly but through 

accelerometers at the bearing positions the ideal observers can be measured in relation to the unbalance. 

Since the relationship between the time signals measured and the unbalance causing it, is too difficult to 

derive in a robust way, a recurrent neural network is used to identify the relationships.The neural network 

can potentially be trained using only simulation models and can afterwards be applied on real life signals in 

operation. Figure 9 shows the output of the induced unbalances in a model versus the prediction of the 

unbalance by the neural network. The results are currently only based on virtual test data, generated by a 

model. 

A second example also concerns the failure of bearings but in this case mainly caused by built up wear or 

damage in the bearing of a wind-turbine. Off shore wind turbines are difficult to access and therefor the 

predictive maintenance is an important aspect to be able to limit the maintenance costs. In this application 

the bearing is modelled as a simple source of vibrations, caused by defects in the bearings. The vibrations 

can be measured by operational sensors in the real wind-turbine. To be able to improve the realism of the 

signals, different manipulations are done to the ideal time signals coming from the model: 

 Addition of measurement noise 

 Gaussian broadening & introduction of half-normal distribution to introduce the effect of slippage 

from the roller defect 

In principle these time signals could be fed to an RNN to find the relationships between the signature of the 

signal and the status of the defect. To be able to help the neural network find the relationship more easily an 

additional pre-processing is done based on the knowledge of the recurrence of the vibration. The post-

processing that is done to facilitate the neural network in finding the relationship are the following 2 steps: 

 Synchronous averaging at expected defect periods 

 Averaging to improve the signal to noise ratio 

This will result in time invariant data that can be used to train a CNN rather than an RNN. The complete 

sensor processing to create the data for the neural network to be trained on is given in figure 10. 

 

 

Figure 10: Post-processing from the raw measurement data to the neural network training data 

 

The CNN is chosen as the neural network architecture for this learning since the proximity relationship of 

the samples in the time averaged signal are of importance. The CNN is used in a regression context where 

a value is given between fully nominal (0) or fully faulty (1). This allows the network to predict the time to 

failure if enough knowledge is available between the gravity of the defect and the risk to fail. 

Figure 11 shows the result of the constant monitoring during 50 days until failure using a trained CNN with 

only simulation data for a bearing inner ring as well as outer ring failure. More information on the results 

and the other methods that are used can be found in reference [18, 19]. 
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Figure 11: Simulation model based bearing failure prediction for a wind-turbine comparing neural 

networks with traditional machine learning methods 

5 Conclusions 

Neural networks are a core technology behind the increasing importance of Artificial Intelligence applied 

to design engineering, validation and verification. A significant progress has been made in terms of network 

architectures and training methodologies. Most of the applications have currently been found in the world 

of sensor interpretation (speech, vision). In general however, supervised learning has made from the neural 

network technology an ideal capability to also be used in the mechatronics system design. In this paper some 

successfully applied applications have been shown throughout the complete development cycle of a product. 

The authors anticipate that  the amount and range of applications will grow at a rapid pace in the upcoming 

years and next to identification using supervised learning, also other applications of neural networks will 

find its place in the system development cycle such as the identification of the physical equations of a system 

based on operational data [20-22] or the automated design of counter measures based on system models or 

the continuous improvement of the system controls using reinforcement learning. 
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Abstract
This paper improves the accuracy of the non-intrusively developed nonlinear reduced order models (NLROM)
using two methods which are novel to the nonlinear Model Order Reduction (MOR) field. Non-intrusive MOR
techniques have the advantage compared to intrusive methods that they can be implemented in any FE package
which has nonlinear static solution capability, without having to handle closed form nonlinear FE formulation.
In the first method, which is called Mode Acceleration Correction, quasi-static contribution of truncated modes
due to forced excitation is added to the NLROM response. In the second method, known as Modal Truncation
Augmentation, Ritz vectors, which compensate the mode truncation inaccuracies on the spatial distribution of
the applied loads, are used to determine modal truncation (MT) vectors. The MT vectors are then appended to
the linear basis for input generation to accurately construct the NLROM. The proposed approaches are examined
on a numerical example and the results show an improvement compared to the classical non-intrusive method.
Keywods: Modal Truncation Augmentation, Residual Flexibility, Model Reduction, Geometric Nonlinearity,
Mode Acceleration

1 Introduction

Model order reduction (MOR) has become an important topic in many industrial applications which deal with
nonlinear finite element (FE) models. This is due to the fact that prediction of the structural response of large
nonlinear FEs to static and dynamic loads is extremely time consuming. Therefore, the full order FE model in
MOR techniques are transformed to a reduced number of generalized coordinates, to increase the computational
efficiency. The number of reduced coordinates is generally much smaller than the number of the full-order FE
model. Accordingly, the structural response to different load cases (acoustic, thermal, etc.) can be computed
much faster using the reduced order model (ROM).

There are generally two different approaches in the literature to developing the nonlinear reduced order model
(NLROM) from large nonlinear finite element models: direct and indirect methods. Direct (or intrusive) methods
[2, 17, 18] are usually based on the Galerkin projection method which transforms the full physical coordinates
to a reduced set of generalized (or modal) coordinates. To perform MOR with direct methods, it is necessary
to deal with the full-order nonlinear finite element formulation in closed form. In other words, NLROM is
developed by direct projection of the nonlinear internal force by a chosen reduction basis matrix. This limitation
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does not allow an engineer to reduce the nonlinear FE models which are constructed in FE packages provided
by third parties who don’t share their nonlinear element formulations (e.g. commercial software). Alternatively,
an NLROM can be developed using an indirect (or non-intrusive) approach [8, 11, 14], which need no directly
access the full-order nonlinear element formulation. The linear part of the NLROM is reduced using a proper
projection basis which usually consists of a truncated number of linear normal modes of the structure. The
reduced nonlinear internal force (or nonlinear stiffness vector) is written as a summation of quadratic and cubic
multiplication of generalized coordinates. Each term is multiplied by its corresponding unknown coefficient. A
series of nonlinear static solutions are then performed to identify the unknown Nonlinear Stiffness Coefficients
(NSCs) of the quadratic and cubic terms. Consequently, the only requirement for developing an NLROM from
the FE package, is to be capable of performing nonlinear static analysis.

In order to identify the NSCs, appropriate inputs have to be assigned to the FE packages, which also capture
nonlinear interactions between the nonlinear modes. E.g., for beam-like structures (i.e. beams, shells and
plates) the input has to trigger the coupling between bending and membrane (in-plane) displacement (also called
stretching effects). Two approaches have been considered in the literature to determine the unknown parameters.
In the first approach which is introduced in [11] and further developed in [8], the procedure of fitting the NLROM
to the full-order FE model is conducted by prescribing series of selected static loads to the FE package to be
solved for the corresponding displacements. This method is here referred to as Applied Force (AF) or Implicit
Condensation (IC) Method). In the second class of approaches which is outlined in [14], a set of pre-processed
displacements are statically prescribed to the FE package to obtain the corresponding reaction forces to identify
the NSCs (which is referred to as the Enforced Displacement (ED) Method).

When using the ED Method for coefficient identification, the bending and in-plane modes have to be explicitly
imposed to achieve a reasonably accurate response for transverse displacements. Whereas, in the AF method,
the prescribed forces which are generated using only the bending modes, suffice for accurate response prediction
of transverse displacements [13].

For identification of the NSCs in a non-intrusive approach, linear modes are often used to generate the inputs to
be prescribed to the FE package. However, we know from linear structural dynamics that taking a few modes in
the modal response of a linear system for linear model reduction without considering the static deflection of the
truncated modes due to spatial distribution of external loads will cause inaccuracies in the system. The Mode
Acceleration (MA) [1, 5, 16] and Modal Truncation Augmentation (MTA) [6, 5, 16] methods have been widely
studied to best approximate the effect of modal truncation on the spatial distribution of applied loads in the linear
systems.

This paper proposes two ways to extend the MA and MTA methods for nonlinear response prediction. In the
first approach, the contribution of the truncated modes are assumed linear and quasi-statically affect the response
of the system. Consequently, theses quasi-static deflections due to applied load are computed from the linear
flexibility matrix of the FE model and added to the dynamic response of the NLROM which is developed from
the AF method. In the second approach, Modal Truncation (MT) vectors are first computes using the Reileygh-
Ritz method. Afterwards, these vectors are appended to the reduced mode basis and the stiffness coefficient
identification of the AF method is performed with the new reduction basis.

2 Nonlinear Model Order Reduction

The governing Equations of Motion (EoM) for a discretized finite element problem with large deflections and
linear elastic material can be written as [3]

Mü(t) +Cu̇(t) +Ku(t) + fnl(u(t)) = f(t) (1)
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Where M (n × n, where n is the number of full-order DOFs), C (n × n), K (n × n), and fnl (n × 1) are
the mass, damping and stiffness matrices and nonlinear internal force vector, respectively; u(t) (n × 1) is the
physical displacement vector and the overdots denote the derivations with respect to time. The vector f(t)
(n× 1) denotes the applied loads on the structure. For the sake of simplicity, the dependency of the parameters
in Equation (Eq.) (1) on time, t, is omitted in the remainder of this paper, unless it is required.

To obtain a reduced order model for Eq. (1), a transformation matrix T is constructed, which projects the
full-order physical DOFs, n, on to a reduced number of generalized coordinates, m (m << n):

u = T q (2)

Here, q is the reduced generalized coordinate vector, and T is the transformation matrix, projecting the physical
DOFs on to a set of reduced generalized coordinate of the system. By substituting Eq. (2) in (1) and applying
the Galerkin projection method, the EoM for the NLROM is obtained:

M̂q̈ + Ĉq̇ + K̂q + f̂nl(q) = f̂ (3)

with
M̂ = T TMT (4)

Ĉ = T TCT (5)

K̂ = T TKT (6)

f̂nl(q) = T
Tfnl(Tq) (7)

f̂ = T Tf (8)

If the relationship between the strain and displacement for a FE problem is quadratic, the nonlinear internal force
for the reduced (and full-order) model can be written in a polynomial form with quadratic and cubic terms [3,
15]. Therefore, the ith element of the nonlinear reduced internal force vector is written as

f̂nli = K̂
(2)
ijl qjql + K̂

(3)
ijlpqjqlqp (9)

where, K̂(2)
ijl and K̂(3)

ijlp are the components of the third-and-fourth-order stiffness tensors, respectively. One way
to compute the Nonlinear Stiffness Coefficients (NSCs) of Eq. (9) is to project directly the full-order nonlinear
internal force on to the reduced space. However, the challenge here is that the full-order nonlinear internal
force is not accessible in many commercial FE packages. Alternatively, one can estimate the unknown tensors
in an indirect way, namely, based on assignment of inputs to the FE package and fitting the NLROM to the
static solution from that [13]. The Implicit Condensation (IC) method [8] is an indirect nonlinear coefficient
estimation method which is based on application of a set of static forces as input to the FE package. The IC
method has the advantage that it allows for the coupling between the generalized coordinates in nonlinear form
(e.g. stretching effects) by just applying the transverse modes as input forces. As a result, this paper investigates
the enhancement of the IC method, which will be explained in section (2.1).

The transformation matrix for the IC method contains a truncated number of (transverse) linear modes. However,
the problem with taking a truncated number of linear modes as projection basis is that it fails to accurately ap-
proximate the spatial distribution of the applied loads. Accordingly, in this paper we propose two augmentation
methods to compensate for the effect of modal truncation on applied loads (see sections (3.2) and (3.3)).
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2.1 Applied Load or Implicit Condensation

The applied load method was first developed by McEwan et al. [11] and later extended by Hollcamp and
Gordon [8] to improve the approximation of in-plane motions. This method attempts to identify the unknown
NSCs based on prescription of selected static forces to the nonlinear FE-EoM to solve for the corresponding
displacements. The procedure can be employed in any FE package which is capable of performing nonlinear
static FE analysis. Since the load in the applied load method is enforced statically, the velocity and acceleration
in Eq. (3) are equal to zero, giving

K̂q + f̂nl(q) = f̂ (10)

or
K̂ijqj + K̂

(2)
ijl qjql + K̂

(3)
ijlpqjqlqp = f̂i (11)

for the ith component of Eq. (10). By applying a set of static loads to solve Eq. (10) for their corresponding
displacements, the NSCs can be obtained using any regression analysis method. One of the most critical points
in all non-intrusive MOR methods is the appropriate generation of the prescribing inputs which can trigger all
the essential nonlinear properties in the full-order FE model. This will be studied in section (3). Let us assume
that the static loads are formed from a combination of weighted basis vectors, Vi, which results in fulfillment of
the properties that are discussed in section (3) for the applied loads, namely:

f = s1V1 + s2V2 + ...+ smVm =

m∑

i=1

siVi (12)

where, si are the scalar weighting factors corresponding to their vectors, Vi. The most common choice for the
basis vectors, Vi, is a truncated number of eigenmodes of the linearized Eq. (1), as used by McEwan et al.
[11] in the original IC method. This choice is based on the idea of the Mode Displacement method (see section
(3.1)). Additionally, for the case that the basis vectors are the truncated linear (transverse) eigenmodes, Gordon
and Hollcamp [7] have proposed a physically meaningful value for the scaling factor. In other words, they have
defined a scaling factor for each mode as the force which is required to linearly obtain the maximum desired
displacement as

si =
Wimax

Vimax

ω2
i (13)

where, Wimax , Vimax , and ωi denote the maximum desired displacement for the linearized EoM, the maximum
(transnational) eigenmode component and the eigenfrequency, respectively, all for the ith mode. The eigen-
modes, Vimax , are usually normalized with respect to the mass matrix. The maximum desired displacement is
usually chosen in the order of the thickness of the structure. The computed scaling factors from Eq. (13) are
used in both positive and negative signs to generate the prescribing forces.

A certain number of such static loads are generated and assigned to the FE code to obtain the corresponding
displacements. These forces are afterwards projected onto the modal domain to be substituted in Eq. (11).

f̂ = T Tf (14)

Likewise, the displacement is projected onto the reduced set of generalized coordinates by solving

u = Tq (15)

2448 PROCEEDINGS OF ISMA2018 AND USD2018



for q. The linear stiffness of the FE model is usually available in FE packages. Therefore, the reduced linear
stiffness matrix in (11) can be calculated directly from Eq. (6) without performing a regression procedure. The
number of NSCs which dominantly contribute in the nonlinear behavior of a structure can be drastically reduced
depending on the type of the model, nonlinearity, loading condition, etc. For instance, if a structure is symmetric
with respect to transverse modes, initially flat and geometric nonlinear, one can neglect all quadratic terms as
well as those cubic terms which contain the multiplication of more than two generalized coordinates, as shown
by McEwan et al. [12]. In other words, the NSCs consisting of more than three unequal indices are zero:

K̂
(3)
ijlp = 0 for i 6= j 6= l 6= p (16)

Consequently, in this case, the nonlinear restoring force in Eq. (10) for the rth EoM is reduced to

fr = K̂
(3)
ijjpqj

2qp + K̂
(3)
ippjqp

2qi + K̂
(3)
ijjjqj

3 + K̂
(3)
ipppqp

3 (17)

However, it has been shown in the literature (e.g. see [9, 7]) that for many structures such as cantilevered or
curved FE models, the truncated form of the nonlinear restoring force (Eq. 17) no longer applies. In this paper,
the full form of the quadratic and cubic terms with the presence of all NSCs is investigated, for the sake of
generality.
For the case of a geometrical nonlinear FE problem, it is sufficient to generate the required loads for IC using
permutations of one, two and three basis vectors. One usual possibility to choose the basis vectors for the static
loads is to set them equal to the columns of the reduction basis matrix, T times the stiffness matrix as

f =K(Tisi + Tjsj + Tksk) i, j, k = 0, 1, 2, ...,m (18)

In this case, the scaling factor to obtain the required force for the linear maximum desired displacement defined
by [7] in Eq. (13) is

si =
Wimax

Timax

(19)

Finally, recalling that each scaling factor is used with both signs, the total number of required prescribing forces
[7] is given by

2m+ 4mC2 + 8mC2 (20)

where

mCr =
m!

(m− r)! r! (21)

Once all the prescribed loads and their corresponding displacements are calculated from the nonlinear static
analysis, the NCSs are computed from a regression analysis procedure, e.g. as explained in [11]. The next
section discusses the possible basis vectors for the projection basis, T .

3 Basis Selection Methods

The accuracy of the developed NLROM by IC method, strongly depends on the “correct” selection of the basis
vectors in Eq. (18). Generally, the prescribing load sets have to be constructed based on the following properties:

• They have to be large enough to trigger the essential nonlinear effects and the coupling between the modes.
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• They have to contain the required modes corresponding to the desired frequency range of excitation as
well as the modes which have strong modal interaction between them.

• They have to consider the spatial distribution of the external loads in operational condition

• They have to be easy to compute.

The original IC method selects the load bases using the idea of Mode Displacement (MD) method for linear FE
models. The projection in MD method contains a truncated number of linear modes based on mode superposition
[4, 1, 19]. When using the MD method, the applied loads on the system will also be projected by the reduction
basis which can then change the spatial shape of these loads. This is because it is usual to choose the truncated
modes that only contain the excitation frequencies of the applied loads. However, these modes do not necessarily
represent the spatial shape of the applied loads accurately. To solve this problem for the linear elastic FE model,
Mode Acceleration (MA) [1, 5, 16] and Modal Truncation Augmentation (MTA) methods [6, 5, 16] have been
developed in the literature.
In this paper, we aim to extend these methods to the nonlinear FE structures. First, we give an overview of
the classical MD method, in order to further explain why this method can cause inaccuracies in the dynamic
response of systems.

3.1 Mode Displacement

Let us define the governing EoM for the linearized finite element Eq. (1) as

Mü(t) +Cu̇(t) +Ku(t) = f(t) = F0 g(t) (22)

where, the applied loads, f(t), are decomposed into a constant matrix, F0 (n × k, where k is the number of
spatial distribution vectors), which represents its spatial distribution, and a time varying vector, g(t) (k × 1).

According to the MD method, to reduce the dimension of the system, the displacement of the system is approx-
imated by a superposition of a truncated number of modes multiplied by their corresponding coordinates:

u = Φq =

m∑

i=1

qiϕi (23)

here, Φ (n×k, where k is the number of kept modes in the superposition) is the reduction basis matrix containing
the kept eigenmodes of the system in its columns and q is the vector of the reduced number of modal coordinates.
The ith modal coordinate and eigenmodes of the system are denoted by qi and ϕi, respectively. The eigenvalue
problem for obtaining the ith eigenmode of Eq. (22) is given as

(K − ω2
iM)ϕi = 0 (24)

where, the ith eigenfrequency of the system is denoted by ω2
i . The eigenmodes of the system are usually mass

normalized such that:

ΦTMΦ = I
ΦTKΦ = Ω = Diag(ω2

1, ω
2
2, ..., ω

2
k)

(25)
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the matrix Ω here is a diagonal matrix that contains the square of the eigenfrequencies of the system in its
diagonals, and I is the identity matrix. The set of k uncoupled equations of motion is obtained by substituting
eq. (23) in (22) and premultiplying (22) by ΦT :

q̈ + Ωq = F̂ 0g (26)

where

F̂ 0 = ΦTF 0 (27)

McEwan et al. [11] took the MD projection basis also for the nonlinear FE-EoM, namely

T =
[
ϕ1 ϕ2 ... ϕm

]
(28)

therefore, the NLROM can then be written in the following form

q̈ + Ωq + f̂nl(q) = F̂ 0g (29)

The prescribing static forces are computed from Eq. (18) to be further employed in the IC method (section (2.1))
and identify the NSCs. After development of the (nonlinear) ROM, the velocity and acceleration vector of the
physical DOFs can be obtained from the corresponding ones in the ROM

u̇ = Φq̇ =
k∑

i=1

q̇iϕi (30)

ü = Φq̈ =
k∑

i=1

q̈iϕi (31)

In the procedure for choosing the number of kept modes in the reduction basis, it is usually the case that the
eigenvectors are kept such that their corresponding eigenfrequencies cover the excitation frequencies imposed
by the time varying part of the applied load, g(t), with a predefined margin. However, choosing the modes in
this way can cause inaccuracies due to the poor approximation of the spatial distribution of the applied loads by
the chosen reduction basis. To quantify the error of the spatial distribution approximation caused by truncation
of the eigenmodes in the reduction basis, let us define the residual spatial distribution matrix, Fr, which is
the portion of the full spatial distribution matrix not represented by the superposition of the kept modes. The
residual spatial distribution matrix is obtained by subtracting the spatial distribution represented by the truncated
eigenmodes from the full spatial distribution matrix, F0:

Fr = F0 − Ft (32)

where the spatial distribution represented by the truncated eigenmodes is given by

Ft =MΦΦTF0 (33)

The residual spatial distribution, Fr, is in fact the part of the full spatial distribution which is lost due to the
use of its truncated mode representation. Accordingly, the more the number of modes in the reduction basis are
taken, the less Fr becomes. However, choosing too many modes in the reduction basis which can reasonably
reduce Fr, may lose the advantage of computational efficiency achieved by the MD method. To reduce the loss
of spatial distribution of the applied load and simultaneously take the advantage of dealing with just a few sets
of equation of motions, Mode Acceleration [1, 5, 16] and Modal Truncation Augmentation [6, 5, 16] methods
have been developed. These will be explained next.
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3.2 Mode Acceleration Correction

The mode acceleration method [1, 5, 16] is proposed to minimize the error of spatial distribution of the applied
loads induced by modal representation of them in linear FE analysis. The idea of the MA method is based on
the definition that the kept modes in the MD method span all the frequency content which is imposed by the
applied loads. Therefore, the response of the system due to the truncated modes is quasi-static and contains no
dynamics. In other words, the truncated modes do not make any appreciable contribution to the velocity and
acceleration of the system and the acceleration, for example, can be computed using Eq. (31). The truncated
modes affect only the displacement of the system, and therefore, the only parameter which has to be modified is
the displacement.

To compute the modified displacement from the MA method, let us consider the governing equations of motion
(22) and rewrite it in the following form:

Ku = f −Mü (34)

since by definition the truncated modes quasi-statically affect the response of the system, the acceleration of Eq.
(34) can be directly substituted by Eq. (31), and Eq. (34) is solved for the displacement:

u =K(−1)f −K(−1)M
k∑

i=1

q̈iϕi (35)

From Eq. (26) the acceleration for the ith generalized coordinate is written as

q̈i = ϕi
Tf − ωi

2qi (36)

Substituting eq. (36) in (35) and rearranging (35) gives

u =K(−1)f −K(−1)M
k∑

i=1

(ϕi
Tf − ωi

2qi)ϕi (37)

Finally, from eq. (37), the displacement achieved by the MA method is derived:

u =
k∑

i=1

qiϕi + (K(−1) −
k∑

i=1

ϕiϕ
T
i

ω2
i

)f (38)

If a structure contains rigid body modes, the linear stiffness matrix is singular and the generalized inverse
methods have to be used. In this paper, the generalized coordinates, q, are first computed from the NLROM
Eq. (29) and substituted in Eq. (38) instead of (23) to correct, in a post-processing step, the linear quasi-static
effect of the truncated modes on the external loads.

3.3 Modal Truncation Augmentation

The method of Modal Truncation augmentation [6, 5, 16] compensates for the inaccuracies in the modal repre-
sentation of the spatial distribution of the applied loads by appending some correction vectors to the reduction
basis. The MTA method employs the Rayleigh-Ritz method to compute the modal truncation (MT) vectors,
which has the advantage of being mathematically consistent. First, Ritz vectors are obtained as a static defor-
mation due to residual spatial force distribution, Fr,(defined in Eq. (32)). Afterwards, an eigenvalue problem is
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solved from the mass and stiffness matrices which are projected by Ritz vectors and the MT vectors are obtained
from them. The MT vectors are orthogonal to the kept modes in the reduction basis, since the residual spatial
distribution of the applied loads does not by definition comprise the contribution of the kept modes, by definition
(see eq. (32)).

To compute the MT vectors, we start from the computation of the Ritz vectors by a static problem under the
residual force distribution:

KX = Fr (39)

where,X is the static displacement matrix which comprises the static displacement (Ritz) vectors in its columns.
Afterwards, the reduced mass matrix, M̄ , and stiffness matrix, K̄ are obtained using these Ritz vectors.

K̄ =XTKX (40)

M̄ =XTMX (41)

The reduced eigenvalue problem is then given by

(K̄ − ω2
i M̄)vi (42)

here, the ith eigenvector and eigenfrequency of the reduced eigenvalue problem are denoted by ωi and vi,
respectively. The MT vectors are consequently defined by

Φmt =XV (43)

where, the matrix V contains the reduced eigenvectors, vi, in its columns. Finally, the new reduction basis
according to the MTA method is constructed by appending the MT vector to the set of kept modes, Φ, namely

Ψ = [ Φ Φmt ] (44)

Now, the procedure of model reduction is exactly the same as the MD method, except that the new reduction
basis, Ψ, is used as the reduction basis.

u = Ψ q (45)

ü = Ψ q̈ (46)

The novelty of this paper is that we propose to use the MT vectors in addition to the linear modes as the basis
vectors in the identification procedure of the IC method, namely

T = [ Φ Φmt ] (47)

to compensate for the spatial representation of the external loads in the nonlinear restoring forces, which was
constructed using only linear modes in the original IC method.
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Figure 1: Schematic of the simply-supported beam

4 Numerical Example

A simply-supported beam (figure (1)) made from linear elastic material and with a geometric nonlinear effect
is investigated in this study to examine the performance of the proposed methods. The material, geometry and
mesh properties of the beam are outlined in table (1). The beam has 179 active DOFs in total. There are a few
important parameters for the development of a NLROM in any non-intrusive approach that have to be carefully
selected, because of their possibly huge effect on the accuracy of the NLROM. The scaling factor and basis
vectors for generating the static forces (in IC) are two of these parameters. Previous research, e.g. in [10, 7],
has discussed some of the possibilities to choose or compute such parameters. For the beam investigated in this
paper, Eq. (19) is used to calculate the required scaling factors. As soon as the basis vectors are selected, the
only unknown parameter in Eq. (19) is the maximum desired displacement,Wimax . Most of the researchers have
reported good results, when this parameter is chosen to have the order of the thickness of the structure. Here, we
have performed a comparative study for different proportion of the thickness of the beam, and Wimax is chosen
as

Wimax = 1
2 t (48)

where, t is the thickness of the beam. Two types of error measures have been use in this work. The first measure
is called the relative error

ε =
‖ufull − urom‖

uaverage
(49)

with ufull, urom as the displacements of the full-and-reduced-order solutions, respectively, and uaverage as the
average value of the full-order solution displacement, ‖ufull‖. The second error is the Global Relative Error
(GRE), defined by

GRE =

√∑
t∈T (ufull − urom)′(ufull − urom)√∑

t∈T (ufull)′(ufull)
(50)

which is a scalar value. The summation in both numerator and denominator is over the whole time period. the
sign (′) denotes the transpose of the matrices. The relative error, ε represents the change of NLROM’s error
over time for all or a set of DOFs, while the global relative error, GRE, represents the quality of the NLROM
approximation for all DOFs and over the whole time period. An acoustic pressure which is uniform in space and
random in time is applied to the beam. The time history of the acoustic pressure is shown in figure (2) which
has the average level of 149.6 dB. The NLROM is developed using the IC method (section (2.1)). The NLROM
is developed in MATLAB R© using the IC method with three different bases as force basis vectors:
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Table 1: Properties of the investigated clamped-clamped beam

Property Value Property Value
Length, 0.3 m Density 7870 kg/m3

Width 0.013 m E modulus 2.05×1011Pa
Thickness 1.5×10−3m Poisson’s ratio 0.28
No. of elements 60 Element type Abaqus, B21
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Figure 2: Time history of the uniformly distributed random sound pressure excitation. The average level is 149.6
dB and the frequency band is [0, 500] Hz.

• NLROM: the first five linear (transverse) modes.

• NLROMMA: the NLROM obtained using the first five modes is augmented with the MA method ex-
plained in section (3.2).

• NLROMMT: the first five modes in companion with one MT vector proposed in section (3.3).

Abaqus R© is used as the FE package to develop the full-order model and perform the nonlinear static analysis
required for IC. Furthermore, to validate the accuracy of different NLROMs, the time responses of the mentioned
NLROMs are compared with those of the full-order model which was computed in Abaqus. The Newmark-β
method is used to obtain the time response of the NLROMs. A constant time increment of 2.5×10−4s is chosen
for all time integration studies.

Figure (3) shows the relative error for all transverse displacements with respect to the full-order model (the in-
plane motion is not studied in this paper). In this figure, the NLROM error is relatively much smaller than the
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Figure 3: Relative error (in percent), for all transverse displacements of the simply-supported beam over time
for different NLROM strategies.

linear response; however, the augmentation of the MT vector (NLROMMT) has apparently reduced the relative
error of NLROM. Moreover, it can be seen that the static augmentation with the MA method has no improvement
in the accuracy of the NLROM. This is due to the fact that for nonlinear structures with large vibrations, the
error induced by the truncation of the linearized internal forces is negligible compared to the error induced by
the nonlinear terms in the internal force vector.

Figures (4) and (5) depict the Power Spectral Density (PSD) of the mid-point (shown by point A in figure
(1)) and quarter-point (shown by point B in figure (1)) displacement of the beam in the transverse direction,
respectively. While the PSD of NLROM and NLROMMA responses have the same accuracy to follow the PSD
of the full-model response, the PSD of the NLROMMT response improves this accuracy significantly.

Finally, the GRE of the beam’s reduced order model compared to the full-order nonlinear response is calculated
for Linear ROM (LROM), NLROM, NLROMMA and NLROMMT, respectively, as shown in table (2). The
GREs of the NLROM and NLROMMA in this case are the same in this case and 9 times better than LROM.
Whereas, NLROMMT is 39 times better than LROM and 4 times better than both NLROM and NLROMMA.
It is concluded that among all the three different developed NLROMs in this paper, the best result has been
delivered by the NLROMMT. The NLROMMT includes the Modal Truncation vectors in addition to the linear
modes to generate force basis vectors in the identification procedure of the Nonlinear Stiffness Coefficients using
the Implicit Condensation method.

In this work, the expansion procedure of the in-plane displacement explained in [8] is not investigated, is to be
studied in future studies. Furthermore, the effect of higher order terms of the MT vectors considered in [16] will
be investigated for the nonlinear model order reduction in further studies.
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Figure 4: Displacement power spectral density of the beam’s mid-point (node 30) in transverse direction. Com-
parison for different NLROM strategies compared with the full-order linear and nonlinear models.
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Figure 5: Displacement power spectral density of the beam’s mid-point (node 15) in transverse direction. Com-
parison for different NLROM strategies compared with the full-order linear and nonlinear models.

Table 2: Global Relative Error (GRE) for different model order reduction strategies

Method LROM NLROM NLROMMA NLROMMT
GRE 2.2978 0.2544 0.2544 0.0591
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5 Conclusion

This paper is the first step in extending the Mode Acceleration Correction (MA) and Modal Truncation Aug-
mentation (MTA) methods in nonlinear model order reduction. To develop the nonlinear reduced order model
(NLROM), a force-based non-intrusive approach has been employed. This has the advantage that the model
order reduction procedure can be performed in any FE package without requiring direct access to the nonlinear
finite element equations of motion of the full-order model. In this way, a set of static loads has to be generated
and applied to the nonlinear FE formulation, which is called Implicit Condensation (IC) method. In the original
IC method, the static loads are constructed using a truncated number of linear (transverse) eigenmodes which
are in the frequency range of interest with a margin and a scaling factor which can trigger the nonlinear restoring
force. However, these modes are not able to accurately approximate the spatial distribution of the external exci-
tation. Therefore, in this paper we extended the classical force bases with two new methods in nonlinear model
order reduction field.

In the MA method, the displacements computed from the original IC method are augmented by linear static
contribution of truncated modes due to external loads, whereas in the MTA method, the quasi-static contribution
of truncated modes is obtained using the Rayleigh-Ritz method, as Modal Truncation (MT) vectors. These
vectors are afterwards employed as new basis vectors to generate the static loads required for the identification
of the Nonlinear Stiffness Coefficients (NSC) in the IC method.

The two proposed methods are implemented for a simply-supported beam example with geometric nonlinear
effects. A random excitation is imposed on the structure to check the accuracy of the proposed methods. It
has been shown that the MA method does not improve the time response of the NLROM when the response is
in the nonlinear regime. However, the proposed nonlinear MTA method significantly enhances the accuracy of
the NLROM for both linear an nonlinear regimes. In the next step, the effect of higher order terms of the MT
method can be investigated.
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Abstract
In many mechanical applications, a design optimization is performed on the frequency response functions
of the mechanical system. In this work, a novel model reduction technique is explored for the parametric
analysis of the frequency response functions of dynamical mechanical systems. This approach entails two
novel aspects. First, a super-local reduced order basis is introduced which allows models of much lower order
compared to models obtained with single, frequency independent reduced order basis approaches. Secondly,
a novel hyper-reduction scheme is introduced which selects a subset of the considered, discrete frequency
domain and computes the corresponding interpolation matrix. During the online phase, the full frequency
domain response is reconstructed by interpolating between these sampled frequency lines. The proposed
approach is validated numerically on an academic mass-spring-damper system and shows promising results.

1 Introduction

In many mechanical applications, a design optimization is performed on the frequency response functions
(FRFs) of the mechanical system in order to limit the vibration, sound, . . . transmission. These FRFs are the
result of a system inversion performed on the large scale (and often frequency dependent) dynamic stiffness,
which comprises the mass, damping and stiffness matrix. During manual and automatic design studies, the
evaluation of these FRFs leads to high computational loads due to a large number of degrees-of-freedom
(DOFs) in the underlying finite element models for these problems and the large number of frequency lines
to evaluate.

Over the past decades, a range of methods for parametric model order reduction have been proposed which
allow to accelerate the (online) evaluation of these types of models. Classically only order reduction was
considered, and an excellent overview of different projection approaches employed in mechanical applica-
tions is given by Besselink et al. [1]. In these approaches, a method is selected to identify a low(er) rank
reduced order basis (ROB) which is exploited over the full frequency range of interest. However, these tradi-
tional projection methods suffer from a very important issue: they typically require to set up a new reduced
order basis for every new parameter set which is encountered. The computational load of setting up this
ROB is often on par with a full order model (FOM) evaluation such that little gains can be made in practical
parametric applications. More recently, there has been more focus on dedicated parametric model order re-
duction (pMOR) techniques. Benner et al. [2] discuss a range of parametric model order reduction methods,
such that a new basis does not need to be constructed for every new parameter set. Still, a single basis is em-
ployed over the full frequency range. For mechanical applications however, which often exhibit high modal
densities, the single basis approach can often lead to large resulting reduced order bases. Moreover, the
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hyper-reduction methods typically used in these approaches assume an affine parameter dependency, which
typically does not exist in mechanical FRF evaluations.

In this work, we therefore explore a novel model reduction technique for parametric analysis of the frequency
response of dynamic, mechanical systems.
The proposed approach first consists of the definition of a local reduced order basis (LROB) in the frequency
range. In classical approaches, a computed reduced order basis (ROB) which accounts for the parameter
variations is exploited over the full frequency range. However, for systems with high modal densities, this
often leads to a limited reduction ratio. In this work, we propose to exploit a number of training responses at
each frequency line to set up an ROB which is only employed at that specific frequency line. As each local
basis only has to be valid at a specific frequency, this basis can be drastically smaller compared to the general
case. As this reduced order basis is only valid at a single frequency line, we denote it here as a super-local
ROB, to highlight the contrast with other local reduced order modeling approach, as e.g. proposed by Am-
sallem et al. [3], where the ROB is used in a wider region.
Secondly, a hyper-reduction is proposed through sampling in the frequency range. In order to reduce the
total number of frequency line evaluations, a greedy sampling algorithm is deployed in order to determine a
limited set of dominant frequency lines for the considered parametric variations. A corresponding interpola-
tion matrix is defined to reconstruct the full frequency range from the limited number of obtained samples.
In order to limit the initial setup cost of the reduced order model, the LROB setup and hyper-reduction steps
are reversed in the practical implementation, such that the LROBs only need to be computed for the retained
frequency lines.

The proposed scheme is set up with the aim of interacting with external (commercial) software for extracting
the parameterized model matrices. The non-intrusive property of the proposed model order reduction scheme
is an important benefit, since it allows the usage of existing finite-element software for which interfaces are
typically available to extract system matrices for different frequencies.

The proposed super-local model order reduction method is validated numerically on an academic parameter-
ized mass-spring-damper system. This validation demonstrates the potential of the novel scheme to provide
an accelerated mechanical frequency response evaluation with high accuracy.

2 Problem statement

In this work, parameterized mechanical models are considered. The semi-discretized, continuous-time equa-
tions for these models are:

M(p, ω)ẍ + C(p, ω)ẋ + K(p, ω)x = f ext, (1)

for spatially discretized DOFs x ∈ Rn, where the mass M ∈ Rn×n, damping C ∈ Rn×n and stiffness matrix
K ∈ Rn×n are generally both dependent on the parameters p ∈ Rnp and the pulsation ω ∈ R. In many
applications, these type of models are evaluated in the frequency domain, and the frequency response can be
computed as:

H(p, ω) =
(
−M(p, ω)ω2 + jC(p, ω)ω + K(p, ω)

)−1
b, (2)

for which b ∈ Rn respresents an input selection vector. In many inverse problems, this frequency domain
characteristic is used either to evaluated a desired system behavior at the design stage or to match a model
response to an experimentally measured response.

However, the repeated evaluation of the inverse of a large system in equation (2) for a large number of
pulsationsωωω ∈ Rnω over a number of parameter combinations typically leads to large computational loads. In
this work, a novel model order reduction scheme is proposed which allows for an accelerated FRF evaluation
in these multi-query settings.
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3 Super-Local Model Order Reduction

This section discusses the proposed super-local model order reduction approach in detail. First the idea
behind the approach is discussed. Then the construction of the super-local reduced order basis and hyper-
reduction are discussed. Finally, several aspects of the practical implementation are discussed.

3.1 Method overview

The proposed approach consists of two aspects: a projection based reduction to limit the model size and a
hyper-reduction to limit the number of model inversions to compute an FRF.

In the first stage, a Galerkin projection is employed with a reduced order basis V ∈ Rn×m to reduce the size
of the to be inverted dynamic stiffness matrix:

Hr(p, ω) =
(
−VTM(p, ω)Vω2 + jVTC(p, ω)Vω + VTK(p, ω)V

)−1
. (3)

In classical model order reduction, the ROB V is set up to be valid over the full frequency range of interest.
In practice, this can still lead to a relatively large reduced order basis which limits the performance of
the reduced order model. This is typically the case in systems with high modal density, like mechanical
systems, where many eigenmodes are closely spaced in a certain frequency range. As an alternative, this
work proposes to set up a basis for each frequency line separately which is valid over the parameter range of
interest. This reduced order basis is denoted as the super-local reduced order basis Vi which is assumed to
only be relevant at a specific pulsation ωi. The construction of this basis will be discussed in section 3.2.

However, at this point, still a large number of frequency lines need to be evaluated. This is particularly
problematic in the case of frequency dependent model matrices, which require a reconstructions of the model
matrices for each frequency line leading to a considerable computational load. In order to mitigate this cost,
a novel hyper-reduction scheme is proposed. This scheme is based on the selection of a limited set of
dominant frequency lines for the parameter range of interest. The remaining frequency lines of interest are
then obtained through an interpolation of the evaluated dominant frequency lines. This aspect is further
discussed in section 3.3.

3.2 Frequency-dependent reduced order basis

For the super-local reduced order basis, a new reduced order basis Vi ∈ Rn×m is constructed for all nω
pulsations ωi in the frequency domain evaluation range:

ω ∈ [ω1, . . . , ωnω ] . (4)

The reduced order basis for each frequency needs to be representative for the full parameter domain Ωp of
interest. This is achieved by evaluating the full order response for a representative set of training samples
ptr on this parameter domain. For each of these ntr training samples ptr

k , training FRFs Htr,k
i are computed

for each pulsation ωi:
Htr,k

i = H(ptr
k , ωi). (5)

The FRFs for the different parameter sets are concatenated per pulsation ωi in the training set Htr
i :

Htr
i =

[
H(ptr

1 , ωi), . . . , H(ptr
ntr
, ωi)

]
. (6)

The ROB for a certain frequency line Vi is then obtained through a proper orthogonal decomposition (POD)
of the training set Htr

i . In practice, this POD is obtained by performing a thin singular value decomposition,
only retaining the m singular vectors belonging to the largest singular values:

Vi = svd(Htr
i ,m) (7)
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This reduction space is computed for every relevant pulsation ωi from their respective training results. In
a practical implementation, these singular value decompositions for all relevant frequency lines can be per-
formed in parallel in order to limit the offline computational time.

Note moreover thatm is not necessarily the same for all frequency lines. When using an error driven criterion
to determine the ROM size for example, the proposed methodology allows to have a different model size for
every frequency line. However, in the remainder of this work, this property is not explicitly exploited.

With these reduced order bases, the approximate FRFs H̄ from equation (3) at pulsation ωi is evaluated as:

H̄(p, ωi) = Vi

(
−VT

i M(p, ωi)Viω
2
i + jVT

i C(p, ωi)Viωi + VT
i K(p, ωi)Vi

)−1
VT

i b, (8)

such that only low order m×m systems needs to be solved for each frequency line. In short hand form, this
is written as:

H̄(p, ωi) = Vi

(
−M̄(p, ωi)ω

2
i + jC̄(p, ωi)ωi + K̄(p, ωi)

)−1
VT

i b, (9)

with

M̄(p, ωi) = VT
i M(p, ωi)Vi, (10)

C̄(p, ωi) = VT
i C(p, ωi)Vi, (11)

K̄(p, ωi) = VT
i K(p, ωi)Vi. (12)

However, this projection based reduction scheme still involves a large number of evaluations as often a large
number of pulsations ωi need to be evaluated. In order to reduce this computational load further, a frequency
sampling hyper-reduction is introduced in the next section.

3.3 Frequency sampling and interpolation for hyper-reduction

This section describes the hyper-reduction which allows to reduce the number of frequency lines which need
to be evaluated.

In contrast to other works on hyper-reduction, the aim is not to reduce the evaluation cost of the reduced
model system matrices, e.g. through an affine decomposition [2]. The aim in this work is to set up a
procedure which can be conveniently exploited in interaction with commercial finite-element software from
which the model system matrices are extracted. For the considered mechanical systems, it is often very
difficult, if not impossible, to employ rather intrusive affine reduction schemes. Therefore, the assumption is
made that the FOM system matrices can be extracted for different frequencies, as is typically foreseen in the
interfaces of commercial software.

The proposed hyper-reduction schemes starts from the training sets Htr used for the reduced order basis
setup. The aim of the procedure is to identify a minimal number of sampled pulsationsωωωs ∈ Rns which allow
to accurately evaluate the response at other pulsations ωi through interpolation of the evaluated frequency
responses.

The proposed approach searches for a hyper-reduced approximation of the FRFs as:

H(p, ωi) ≈ Hhr(p, ωi) =
∑

ωj∈ωωωs

W∗
ij

(
−M̄(p, ωj)ω

2
j + jC̄(p, ωj)ωj + K̄(p, ωj)

)−1
VT

j b, (13)

where ωωωs represents a set of ns pulsation samples with ns < nω and W∗
ij ∈ Cn×m is the interpolation

matrix which determines the contribution from the response at pulsation ωj to the response at pulsation ωi.
However, in order to reliably identify the full optimal interpolation matrices W∗

ij , a large amount of training
data is required. In order to resolve this issue, an approximation is performed where all contributions from a
certain frequency are interpolated together as:

H(p, ωi) ≈ Hhr(p, ωi) =
∑

ωj∈ωωωs

wjiVj

(
−M̄(p, ωj)ω

2
j + jC̄(p, ωj)ωj + K̄(p, ωj)

)−1
VT

j b, (14)
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where wji ∈ C is a scalar and the super-local basis Vj are reused to perform the interpolation between the
different reduced DOFs.

The challenge in setting up the hyper-reduction is to determine the frequency samples such that a minimal
number of samples is required to obtain a certain accuracy ε for the frequency response over the desired
frequency range and training parameters:

∣∣∣H(p, ωi)−Hhr(p, ωi)
∣∣∣
F
≤ ε ∀ ωi ∈ ωωω, p ∈ ptr. (15)

The selection of the frequency samples can then be written as an L0 optimization problem (which minimizes
the number of selected frequencies):

min
ωωωs∈ωωω

|ωωωs|0

s.t.
∣∣∣H(p, ωi)−Hhr(p, ωi)

∣∣∣
F
≤ ε, ∀ ωi ∈ ωωω, p ∈ ptr. (16)

However, in practice it is typically infeasible to solve theseL0 optimization problems exactly as this generally
require a combinatorial solution search. Therefore, this work proposes a sub-optimal greedy procedure to
compute a good set of frequency samples and corresponding interpolation matrices which enables a practical
computational scheme. This greedy procedure is summarized in algorithm 1.

3.4 Practical implementation

For the practical implementation of the approach, an offline and an online phase are present. During the
offline phase the reduced order model is set up and during the online phase this reduced order model is used
to rapidly evaluate the design response.

The reduced order model is set up based on a number of training runs on the FOM during the offline phase.
These training parameter sets ptr can be chosen in a number of ways, and for simplicity’s sake this work
selects an equidistant grid on the parameter space. In the practical implementation, first the frequency sam-
pling and interpolation is set up. This allows to forgo the singular value decomposition of each frequency
line and only for the sampled frequencies. The sampling and interpolation is conducted according to the
algorithm outlined in algorithm 1. The outputs of this greedy sampling are the sampled pulsations ωs and
the corresponding interpolation matrix W where:

W =



w11 . . . w1nω

...
. . .

...
wns1 . . . wnsnω


 (17)

During the online phase, the model is revisited for new parameter sets p for which the system response is
of interest. This can for example be the case in a numerical design optimization where a certain frequency
response is desired. The different steps of the online evaluation are outlined in algorithm 2. This scheme aims
to enable an accelerated evaluation of the model during the online phase in contrast to the FOM approach.
The gains are expected on the one hand from the smaller system solves due to the projection and on the other
hand from the smaller number of system solves due to the hyper-reduction.

4 Numerical validation

This section discusses a proof-of-concept for the proposed approach with a specific aim on evaluating the
potential accuracy for a low order ROM.
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Algorithm 1 Greedy sampling for frequency line selection and interpolation weights.
1: In: Htr, ε

2: Restructure inputs: R =




Htr,1
1 . . . Htr,1

nω

...
. . .

...
Htr,ntr

1 . . . Htr,ntr
nω




3: Initialize outputs: ωωωs = [ ], W = [ ], Rωωωs
= [ ]

4: Rerror = R
5: while max (|Rerror|) > ε do
6: j = argmax

i∈[1,nω ]⊂N

∥∥∥Rerror|:,i
∥∥∥
2

7: ωωωs =
[
ωωωs, ωj

]
; Rωωωs

=
[
Rωωωs

, R|:,j
]

8: W =
(
Rωωωs)+

R
9: Rerror = R−Rωωωs

W
10: end while
11: Out: ωωωs,W

Algorithm 2 SL-MOR online computation.
1: For the desired parameter set p: evaluate FOM system matrices M,C,K at pulsation samples ωωωs

2: Project FOM system matrices on SL-ROB according to equations (10)-(12)
3: Use the hyper-reduced frequency response to extract the full frequency domain response according to

equation (14).

4.1 Analysis description

For the initial validation of the proposed model order reduction scheme, a 1D mass-spring-damper system
is considered as shown in figure 1. For this example, the masses, stiffnesses and dampers are all uniform –
except the parametrized values – over the length of the mass-spring-damper chain and are 1 kg, 105 N/m and
10−2 N

m/s , respectively.

Figure 1: Mass-spring-damper system

The reduced, parametric frequency domain analysis is computed for the case where:

• the parameter set contains the mass of the first and last mass;

• the training parameter sets ptr
k are sampled in a full factorial manner and each parameter is sampled 7

times in an equidistant manner between the bounds of 5 and 10 kg;

• the nominal parameter for the analysis p is 8.3 kg for the first mass and 7 kg for the last mass;

• the frequency range of interest goes from 1 rad
s to 30 rad

s , with an equidistant sampling of 10−1 rad
s ;

• the force input is equally distributed over all masses;

• the output is the displacement at the first mass.
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4.2 Results

The reduced order model is set up based on training data, which contains the FRFs computed by the inversion
of the FOM, as described by equation (2), for each parameter set of the training. Figure 2 compares the FRF
for the nominal parameter set p. The three lines on the graph represent:

• the FRF computed via equation (2) employing the Full Order Model (FOM) for parameter set p;

• the FRF for parameter set p employing the newly proposed super-local ROB and hyper-reduction;

• the FRF from training H(ptr
k , ω) for which k = argmin

k∈[1,ntr]⊂N

∥∥p− ptr
k

∥∥
2
.

The ROM uses super-local reduced order bases of order m = 5, and hence leads to very low order models.
The hyper-reduction sampling has an error tolerance of ε = 10−4, leading to 83 selected frequency lines
which are also shown in figure 2 as vertical dashed lines.

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
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ω
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rad
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]

H
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,:
)

[ m N

]

FOM
ROM
Closest training

Figure 2: Approximation for frequency-response function for mass-spring-damper model

This figure clearly shows the good accuracy obtained with the proposed approach for a very low order model.
Even though a simple response is expected, an improvement is obtained through the proposed approach with
respect to the closest response in the training set, which indicates potential for predictive applications. Even
though it is not shown in the figure, an approach with a constant reduced order basis over the full frequency
domain of interest required an order of one up to two orders of magnitude more than the super-local approach
in order to achieve a similar accuracy as the presented approach.

5 Conclusion

This work proposes a novel model order reduction scheme for accelerated parameterized frequency response
function evaluation. This approach entails two novel aspects. The first aspect is the application of a super-
local reduced order basis. Rather than setting up a single basis which is exploited over the full frequency
range, a separate basis is set up for each frequency line separately. This enables the use of a very low
order model, which is often not possible when using a single reduced order basis. Secondly, a novel hyper-
reduction scheme is introduced which allows to evaluate only a subset of the evaluated frequency lines of
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the full order model for the reduced order model. The response for this subset is then interpolated in order
to reconstruct the full frequency domain response. This novel approach is validated numerically on a proof-
of-concept mass-spring-damper model for which promising results are obtained. Future work focuses on
validation of the proposed approach on large-scale industrial mechanical models and further robustification
of the reduced order model setup.
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Abstract
This paper investigates the wave propagation in one-dimensional periodic structures made up of
cells/substructures with inclusions of viscoelastic materials and heavy materials. Such structures are re-
ferred to as locally resonant metamaterials where local stiffness/damping effects and mass effects occur due
to the viscoelastic and heavy materials. Emphasis is placed on the analysis of the band gap phenomena —
i.e., the fact that waves do not propagate on certain frequency bands — in such metamaterials, and on their
capability to reduce the vibration levels of periodic structures. For this purpose, the wave finite element
method is used. It provides an efficient means to compute the wave propagation and the forced response of
periodic structures. Numerical experiments are carried out on periodic structures with viscoelastic properties
and assemblies made up of these periodic structures. 2D substructures with single and double viscoelastic
(rubber) layers are dealt with. It is shown that, compared to the purely elastic case, the use of viscoelastic
materials yields wider band gaps as well as improved reduction of the vibration levels of periodic structures.

1 Introduction

Metamaterials in structural vibration usually refer to periodic structures which are made up of cells/sub-
structures whose shape is designed to enhance certain phenomena. Among these are band gaps (stop bands)
which involve frequency regions in which waves do not propagate. These appear interesting in passive
vibration control of engineering structures, especially in the aeronautical industry. Usually, band gaps are
strongly linked to Bragg scattering phenomena, i.e., they occur when the wavelengths of the traveling waves
become twice the length of the substructures. For this reason, band gaps tend to occur at high frequencies
in most engineering structures. Another way to create band gaps is to use locally resonant metamaterials, in
which band gaps are induced by a periodic array of resonant devices (see for instance [1, 2, 3, 4, 5]). In this
framework, band gaps typically occur at lower frequencies, i.e., about half the frequencies involved in Bragg
scattering phenomena. The shortcoming with this approach, however, is that locally resonant band gaps tend
to have smaller frequency ranges over which they are effective.

The present work aims at investigating periodic structures with periodic inclusion of viscoelastic layers
(spring and damping effects) and heavy parts (mass effect). Periodic structures with one-dimensional peri-
odicity, i.e., with substructures arranged along a straight direction, are specifically dealt with. The goal is
to see whether periodic structures with viscoelastic properties can be used to create band gaps with larger
bandwidths, to make them useful for a wider range of engineering applications. Passive vibration control of
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periodic structures, and assemblies of periodic structures, is also explored.

The effect of the viscoelasticity on the wave propagation behavior of periodic structures has been analyzed
in various ways in the literature (see for instance [6, 7, 8]). However, the impact of using viscoelastic
layers on the reduction of the vibration levels of periodic structures, like those made up of a finite number
of substructures, and assemblies of periodic structures having different geometrical properties, is not well
mastered nowadays. One key issue, when assemblies of periodic structures are dealt with, is to see whether
the band gaps of the periodic structures can be combined together to yield large reduction of the global
vibration levels on wide frequency bands.

To address these issues, the wave finite element (WFE) method is used. It provides an efficient numerical
means to compute waves in periodic structures, and assess their forced response. The periodic structures
under concern can be composed of 2D or 3D substructures with complex geometrical and material properties,
which are described using finite element (FE) models [9, 10]. Hence, substructures that combine elastic
and viscoelastic components can be easily taken into account, where a generalized Maxwell model can be
used to describe the viscoelastic part. The key advantage of the WFE method is that the wave (modes) of
periodic structures can be computed in an accurate way by using appropriate eigensolvers [10], whatever
the complexity of the substructures. Also, the analysis of the forced response of periodic structures, and
assemblies of these structures, can be undertaken efficiently over wide frequency bands (not only at low
frequencies).

The rest of the paper is organized as follows. In Section 2, the FE model of a substructure which contains
elastic and viscoelastic parts is presented. In Section 3, the basics of the WFE method are recalled. The
strategy to compute the wave modes of periodic structures is presented along with the strategy to compute
the forced response of periodic structures and assemblies of periodic structures. Numerical experiments are
finally brought in Section 4. Single periodic structures made up of 2D substructures with one or two vis-
coelastic (rubber) layers surrounding one or two tungsten parts are dealt with. Also, an assembly composed
of two periodic structures with different substructure designs is analyzed. For each case, locally resonant
band gaps are highlighted along with their capability to reduce the vibration levels of the structure. The
effectiveness of the viscoelasticity for creating band gaps with large bandwidths is studied.

2 Substructure modeling

Let us consider a one-dimensional periodic structure made up of several identical substructures as shown
in Figure 1, which is subject to harmonic boundary conditions at frequency ω/2π (ω being the pulsation).
Here, the substructures are supposed to be linear and composed of elastic and viscoelastic parts. For the sake
of clarity, a substructure incorporating two elastic parts (including heavy materials) and one viscoelastic part
(layer) is shown in Figure 1.

Figure 1: FE mesh of a periodic structure with viscoelastic properties.
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Assume that each elastic part — say, e (e = 1, 2, . . . , Nel) — is homogeneous and isotropic, and described
with a Young’s modulusEel

e , a Poisson’s ratio νele , a loss factor ηele and a mass density ρele . Also assume that
each viscoelastic part — say, v (v = 1, 2, . . . , Nvel) — is homogeneous and isotropic, and described with
a generalized Maxwell model. In this case, a frequency-dependent Young’s modulus Evel

v (ω) is considered,
which can be split into an in-phase part E

′
v(ω) related to the storage modulus, and an out-phase part E

′′
v (ω)

related to the loss modulus. These moduli are related to the long term Young’s modulus — namely, Ev∞ —
and the viscoelastic parameters as follows [11]:

Evel
v (ω) = E

′
v(ω) + iE

′′
v (ω), (1)

where

E
′
v(ω) = Ev∞ +

nv∑

i=1

Evi
ω2τ2i

1 + ω2τ2i
, (2)

and

E
′′
v (ω) =

nv∑

i=1

Evi
ωτi

1 + ω2τ2i
, (3)

where τi have the meaning of relaxation times, defined so that τi = 10−i s for i = 1, 2, · · · , nv. Note that
the Poisson’s ratio and the density of each viscoelastic part v are supposed to be non-frequency dependent
and real, and are denoted as νvelv and ρvelv , respectively.

Within the framework of the FE method, the elastic parts of the substructures are modeled by means of
complex stiffness matrices (1 + iηele )Kel

e — Kel
e being real-valued — and mass matrices Mel

e . Also, the
mass matrices of the viscoelastic parts do not depend on the frequency and are denoted by Mvel

v . In contrast,
their stiffness matrices are frequency-dependent and complex. Their expression follows from Eqs. (1)-(3),
i.e.

Kvel
v (ω) = Kv∞ +

nv∑

i=1

Kvi

(
ω2τ2i

1 + ω2τ2i
+ i

ωτi
1 + ω2τ2i

)
. (4)

Within the framework of the FE assembly procedure, the global mass matrix of the substructure can be built
from the local mass matrices of the elastic and viscoelastic parts:

M =
Nel∑

e=1

(Lele )TMel
e Lele +

Nvel∑

v=1

(Lvelv )TMvel
v Lvelv , (5)

where Lele and Lvelv are localization (Boolean) matrices. Also, the complex, frequency-dependent, global
stiffness matrix of the substructure is given by:

K(ω) = K1 + K2(ω), (6)

where

K1 =
Nel∑

e=1

(1 + iηele )(Lele )TKel
e Lele +

Nvel∑

v=1

(Lvelv )TKv∞Lvelv , (7)

and

K2(ω) =
Nvel∑

v=1

nv∑

i=1

(Lvelv )TKviLvelv

(
ω2τ2i

1 + ω2τ2i
+ i

ωτi
1 + ω2τ2i

)
. (8)

Let us denote by D the dynamic stiffness matrix (DSM) of the substructure, defined by D(ω) = ω2M +
K(ω), i.e.

D = −ω2M + K1 + K2(ω). (9)

As a requirement of the WFE method (see Section 3), the DSM has to be condensed on the left and right
boundaries of the substructure (see Figure 2). The condensed DSM — namely, D∗ — is defined by D∗ =
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DBB−DBID
−1
II DIB where subscripts B and I refer to the boundary degrees of freedom (DOFs) — i.e., those

on the left and right boundaries — and the internal/remaining DOFs, respectively. Note that the computation
of the condensed DSM is to be done at each frequency ω analyzed which is usually cumbersome due to the
inversion of the matrix DII. To solve this issue, the Craig-Bampton (CB) method can be used which consists
in projecting the DSM onto the subspace spanned by the static modes of the substructure, and a small number
of fixed interface modes [9]. The matrices of static modes and fixed interface modes are denoted by Xst and
X̃el, respectively, and are defined by Xst = −K−1II KIB and X̃el = [ξ1 · · · ξmel

] where mel is the number
of fixed interface modes retained, and ξj are the eigenvectors of the matrix pencil (KII,MII), i.e., which
are solutions of the generalized eigenproblem KIIξj = λjMIIξj .

Figure 2: Schematic of the FE mesh of a substructure with left (L) and right (R) boundaries.

It should be recalled that the stiffness matrix of the substructure depends on the frequency, see Eqs. (6)
and (8). Therefore, the matrices of static modes and fixed interface modes depend on the frequency, i.e.,
they should be computed at each frequency analyzed. To overcome this issue, a strategy can been proposed
which consists in considering the matrices of static modes and fixed interface modes defined at one single
frequency only, e.g., the maximum eigenpulsation ω = ωmax within the frequency band analyzed. Such an
idea has been proposed in [12] where fixed interface modes at both the minimum and maximum frequencies
are considered. In the present work however, the fixed interface modes at the maximum frequency are only
considered. Such a strategy will be proven relevant for modeling the substructures involved in Section 4.
The space spanned by those vectors of static modes and fixed interface modes appears to be well suited for
describing the high-frequency behavior of the substructure, i.e., where the number of contributing vibration
modes is likely to be much higher than at low frequency. In other words, this space is supposed to be
rich enough to accurately describe the low-frequency dynamics of the substructure. Hence, the following
projection matrix TCB can be defined:

TCB =

[
X̃el(ωmax) Xst(ωmax)

0 I

]
. (10)

Let us write the DSM of the substructure as follows:

D =

[
DII DIB

DBI DBB

]
. (11)

Hence, a reduced DSM can be defined as follows:

TT
CBDTCB =

[
D̃el−el D̃el−st
D̃st−el Dst−st

]
, (12)

where
D̃el−el = X̃el(ωmax)

TDIIX̃el(ωmax), (13)

D̃el−st = D̃T
st−el = X̃el(ωmax)

T (DIIXst(ωmax) + DIB) , (14)

Dst−st = DBB + DBIXst(ωmax) + Xst(ωmax)
TDIB + Xst(ωmax)

TDIIXst(ωmax). (15)

2472 PROCEEDINGS OF ISMA2018 AND USD2018



As a result, the condensed DSM of the substructure can be approximated as follows:

D∗ ≈ Dst−st − D̃st−elD̃
−1
el−elD̃el−st. (16)

In this case, the computation of the right hand side term of Eq. (16) can be quickly achieved, which is
explained by the fact that the size of the matrix D̃el−el is small.

3 WFE method

3.1 Wave propagation

Let us denote by qL and qR (resp. FL and FR) the displacement (resp. force) vectors at the the left (L) and
right (R) boundaries of the substructure, respectively (see Figure 2). The dynamic equilibrium equation of
the substructure can be written as follows:

D∗
[
qL

qR

]
=

[
FL

FR

]
⇒

[
D∗LL D∗LR
D∗RL D∗RR

] [
qL

qR

]
=

[
FL

FR

]
. (17)

Assume that the left and right boundaries of the substructure are meshed in the same way with the same
number n of DOFs. This particularly means that the vectors qL, qR, FL and FR have the same size of n× 1,
and that D∗LR and D∗RL in Eq. (17) are square matrices of size n × n. Let us introduce the transfer matrix of
the substructure — namely, S, of size 2n× 2n —, given by [13, 14]:

S =

[
−D∗−1LR D∗LL −D∗−1LR

D∗RL −D∗RRD
∗−1
LR D∗LL −D∗RRD

∗−1
LR

]
. (18)

Clearly speaking, the transfer matrix S links the displacement/force vectors between two consecutive sub-
structures, i.e., between two consecutive interfaces (k) and (k + 1), as follows:

[
q
(k+1)
L

−F
(k+1)
L

]
= S

[
q
(k)
L

−F
(k)
L

]
and

[
q
(k+1)
R

F
(k+1)
R

]
= S

[
q
(k)
R

F
(k)
R

]
, (19)

where q
(k)
R = q

(k)
L (resp. q

(k+1)
R = q

(k+1)
L ) denotes the displacement vector at substructure interface (k)

(resp. (k + 1)) which corresponds either to the right side of the first substructure or the left side of the
subsequent substructure. Also, F

(k)
R and F

(k)
L (resp. F

(k+1)
R and F

(k+1)
L ) are the force vectors at substructure

interface (k) (resp. (k + 1)), which are defined so that F
(k)
R = −F

(k)
L (resp. F

(k+1)
R = −F

(k+1)
L ) due to the

action-reaction principle.

The eigenvalues and eigenvectors of the transfer matrix S are the so-called wave modes of the periodic
structure, i.e., the one resulting from a one-dimensional periodic array of identical substructures as previously
explained. The eigenvalues are denoted by µj which refer to the wave parameters, with the property that
µj = exp(−iβjd) where βj and d have the meaning of wave numbers and substructure length. Also, the
eigenvectors are denoted by φj and refer to the wave shapes which are usually partitioned into displacement
and force components as φj = [φT

qj φ
T
Fj ]

T .

Note that the transfer matrix S is symplectic [14], which means that the eigenvalues come in pairs, say,
n eigenvalues µj defined so that |µj | < 1 and which reflect right-going wave modes, and n eigenvalues
µ?j defined so that µ?j = 1/µj (|µ?j | > 1) which reflect left-going wave modes. The wave shapes can be
partitioned accordingly into n right-going wave modes φj and n left-going wave modes φ?

j .

Finally note that the computation of the eigenvalues and eigenvectors of the matrix S is usually undertaken
using well-conditioned and accurate eigensolvers like the S + S−1 transformation technique [10].
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3.2 Forced response

Let us consider a finite-length periodic structure as shown in Figure 1, with a finite number N of substruc-
tures, and denote by (k) (k = 1, . . . , N + 1) the interfaces between the substructures, starting from the
left end until the right end of the periodic structure. Let us express the displacement and force vectors at a
substructure boundary (k) using the basis of wave shapes. This yields [9]:

q
(k)
L = q

(k)
R = Φqµ

k−1Q + Φ?
qµ

N+1−kQ?, (20)

− F
(k)
L = F

(k)
R = ΦFµ

k−1Q + Φ?
Fµ

N+1−kQ?, (21)

where Φq, Φ?
q, ΦF and Φ?

F are square n × n matrices defined by Φq = [φq1 · · ·φqn], Φ?
q = [φ?

q1 · · ·φ?
qn],

ΦF = [φF1 · · ·φFn] and Φ?
F = [φ?

F1 · · ·φ?
Fn]; also, µ = diag{µj}j=1,...,n is the n×n diagonal matrix of the

eigenvalues µj which are associated to the right-going wave modes, i.e., those for which |µj | < 1; finally, Q
and Q? are n× 1 vectors of wave amplitudes.

The strategy to determine the displacement and force vectors of the periodic structure consists in computing
the vectors of wave amplitudes Q and Q?. This is achieved through the analysis of the boundary conditions
(BCs), as explained hereafter.

For instance, consider the case of a periodic structure subject to known BCs such as two vectors F0 and q0

(prescribed forces and displacements) at the left and right ends, respectively. Remark that the left and right
ends of the structure correspond to the substructure interfaces (1) and (N +1), respectively. By considering
Eqs. (20) and (21), the BCs can be expressed in wave-based form as follows:

− F0 = −F
(1)
L = ΦFQ + Φ?

Fµ
NQ? (left end), (22)

q0 = q
(N+1)
R = Φqµ

NQ + Φ?
qQ

? (right end). (23)

As a result of Eqs. (22) and (23), the following 2n× 2n wave-based matrix equation can be derived [15, 9]:
[

In Φ−1F Φ?
Fµ

N

Φ?−1
q Φqµ

N In

] [
Q
Q?

]
=

[
−Φ−1F F0

Φ?−1
q q0

]
. (24)

It can be proven that the matrix on the left-hand side of Eq. (24) is well-conditioned [15, 9], i.e., it can
be inverted without difficulty. Also, the size of this matrix is 2n × 2n, i.e., it is small and can be quickly
inverted.

As a second example, consider two periodic structures labeled 1 and 2, withN1 andN2 substructures (respec-
tively), which are connected together on a coupling interface where the right end of structure 1 (substructure
interface (N1 +1)) perfectly matches the left end of structure 2 (substructure interface (1)) (see for instance
Figure 8). Also, consider two vectors of prescribed forces F0 and displacements q0 applied to the left end of
structure 1 and the right end of structure 2, respectively. In this case, the BCs (including coupling conditions)
of the structures are given by:

− F0 = −F
(1)
L1 = ΦF1Q1 + Φ?

F1µ
N1
1 Q?

1 (left end of structure 1), (25)

q0 = q
(N2+1)
R2 = Φq2µ

N2
2 Q2 + Φ?

q2Q
?
2 (right end of structure 2). (26)

F
(N1+1)
R1 = −F

(1)
L2 ⇒ ΦF1µ

N1
1 Q1 + Φ?

F1Q
?
1 = ΦF2Q2 + Φ?

F2µ
N2
2 Q?

2 (coupling condition), (27)

q
(N1+1)
R1 = q

(1)
L2 ⇒ Φq1µ

N1
1 Q1 + Φ?

q1Q
?
1 = Φq2Q2 + Φ?

q2µ
N2
2 Q?

2 (coupling condition). (28)

Eqs. (27) and (28) yield:
[
Φ?

F1 −ΦF2

Φ?
q1 −Φq2

] [
Q?

1

Q2

]
= −

[
ΦF1 −Φ?

F2

Φq1 −Φ?
q2

] [
µN1
1 Q1

µN2
2 Q?

2

]
, (29)
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i.e., [
Q?

1

Q2

]
= C

[
µN1
1 Q1

µN2
2 Q?

2

]
=

[
C11 C12

C21 C22

] [
µN1
1 Q1

µN2
2 Q?

2

]
, (30)

where C is the so-called scattering matrix, which in the present case is expressed by:

C = −
[
Φ?

F1 −ΦF2

Φ?
q1 −Φq2

]−1 [
ΦF1 −Φ?

F2

Φq1 −Φ?
q2

]
. (31)

Eqs. (25), (26) and (30) lead to:

Q1 + Φ−1F1 Φ?
F1µ

N1
1 Q?

1 = −Φ−1F1 F0, (32)

Q?
2 + Φ?−1

q2 Φq2µ
N2
2 Q2 = Φ?−1

q2 q0, (33)

Q?
1 − C11µ

N1
1 Q1 − C12µ

N2
2 Q?

2 = 0, (34)

Q2 − C21µ
N1
1 Q1 − C22µ

N2
2 Q?

2 = 0. (35)

In matrix form, this yields:




In Φ−1F1 Φ?
F1µ

N
1 0 0

−C11µ
N1
1 In 0 −C12µ

N2
2

−C21µ
N1
1 0 In −C22µ

N2
2

0 0 Φ?−1
q2 Φq2µ

N2 In







Q1

Q?
1

Q2

Q?
2


 =




−Φ−1F1 F0

0
0

Φ?−1
q2 q0


 . (36)

Eq. (36) is a wave-based matrix equation, well-conditioned [15], whose size is small (4n× 4n in this case).
Solving the wave-based matrix equation yields the vectors of wave amplitudes Q1, Q?

1, Q2 and Q?
2. The

computation of the displacement and force vectors, for each structure, follows from the wave expansions
(20) and (21).

The modeling of assemblies made up of several periodic structures (i.e., more than two), and other non-
periodic components, can be assessed on the same way using the aforementioned strategy. This involves ex-
pressing the boundary/coupling conditions in wave-based forms (see [16] for further details), and expressing
a whole wave-based matrix equation to compute the vectors of wave amplitudes of the periodic structures.

4 Numerical results

Numerical simulations are carried out to analyze the wave propagation behavior and dynamic response of
periodic structures with viscoelastic properties. The substructures analyzed are square 2D cells with a small
thickness of 0.002 m, which are made of aluminum material with inclusions of one or two tungsten parts
(heavy material) surrounded by one or two rubber layers (viscoelastic material) as shown in Figures 3 and 6.
The related material properties are listed in Table 1. Those substructures are meshed using 20×20 eight-node
quadratic plane stress rectangular elements, leading to n = 82 interface DOFs. Within the framework of the
CB method, 100 fixed interface modes are used to model the substructures (see before Eq. (10)). Single
periodic structures, and assemblies made up of two periodic structures connected on their right/left ends, are
studied. For each test case, the right end of the structure/assembly is assumed to be clamped and subject to
a transverse support motion (vector q0).

The viscoelastic (rubber) layers are modeled with the generalized Maxwell model where E∞ = 0.15 GPa
and nv = 5, see Eqs. (1)-(3). Here, the terms Evi are defined such that Evi = cE∞ ∀i, where c is a
proportionality coefficient (in percent). For each test case, the dispersion curves of the bending wave mode
— i.e., the frequency evolutions of the real and imaginary parts of the wave number — are computed on a
frequency band of [0− 5000] Hz, say, using 2500 discrete frequencies with a frequency step of 2 Hz. Also,
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Table 1: Material properties.
Material Young’s modulus (GPa) Density (kg/m3) Poisson’s ratio Loss factor

Aluminum 70 2700 0.3 0.005
Rubber 0.15 (E∞) 950 0.48 0.005 (elastic case)

Tungsten 340 19250 0.27 0.005

the frequency response function (FRF) is assessed. In this case, the frequency evolution of the quadratic
velocity ‖iωq‖2 at the left end of the structures/assembly is analyzed.

The structures with viscoelastic properties (rubber layers) are compared to purely elastic structures when the
rubber layers are modeled with an equivalent Young’s modulus of E∞ +

∑nv
i=1Evi = E∞(1 + 5c), and a

loss factor of 0.005.

4.1 Single periodic structures

4.1.1 One rubber layer

Let us start with a periodic structure withN = 10 substructures, as shown in Figure 3, which incorporate one
rubber layer with a weak viscoelastic behavior, e.g., when the proportionality coefficient c in Evi = cE∞ is
equal to 2%. The dispersion curves of the bending wave mode are plotted along with the FRF of the structure
as shown in Figure 4, where the solutions obtained from the purely elastic structure are compared to those
obtained with a viscoelastic rubber layer.

Figure 3: Single periodic structure with one rubber layer.

It is seen in Figure 4 that several locally resonant band gaps occur for the elastic and viscoelastic cases. They
are localized around the resonance frequencies of the system tungsten-rubber parts, and represent frequency
regions in which the quadratic velocity admits sudden and local decreases. Associated to this behavior are
local increases of the magnitude of the imaginary part of the wave number, which means that the bending
mode is becoming evanescent. Wide spread band gaps also occur due to Bragg scattering phenomena, e.g.,
between 2000 Hz and 3200 Hz when the real part of the wave number reaches 0 or π/d. However, their
influence on the reduction of the vibration levels of the structure is less pronounced compared to locally
resonant band gaps.

As for the locally resonant bang gaps, it is seen that, when compared to the elastic case, the viscoelastic case
yields wider band gaps occurring at lower frequencies. Although not significant at low frequency (first band
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gap), these trends appear to be magnified at high frequencies, e.g., with an increase of about 33% of the
width of the fourth band gaps (around 3800 Hz) in favor of the viscoelastic case.

Figure 4: Dispersion curves and FRF for the structure shown in Figure 3, for the elastic case (blue line) and
viscoelastic case (green line) when c = 2%. (Blue shaded area) band gaps for the elastic case; (Green shaded
area) band gaps for the viscoelastic case.

Figure 5: Dispersion curves and FRF for the structure shown in Figure 3, for the elastic case (blue line)
and viscoelastic case (green line) when c = 10%. (Blue shaded area) band gaps for the elastic case; (Green
shaded area) band gaps for the viscoelastic case.

To further highlight the advantages of periodic structures with viscoelastic properties, a rubber layer with a
strong viscoelastic behavior is considered, e.g., when c = 10%. Again, the dispersion curves of the bending
wave mode are plotted along with the FRF of the structure (see Figure 5). Three band gaps can be well
identified for the viscoelastic case (green shaded area), which correspond to local decreases of the vibration
levels of the structure. The corresponding band gaps, for the elastic case, are highlighted in blue shaded area
in Figure 5. As expected, the structure with viscoelastic properties yields wide spread band gaps, with an
increase of about 65% of the widths of the first and third band gaps, and 200% of the width the second band
gap, compared to the purely elastic case. Also, they occur at lower frequencies.
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4.1.2 Two rubber layers

The band gap effect can be improved by considering substructures with multiple local resonators. The design
of such substructures may involve two rubber layers, one tungsten layer and one tungsten core as shown in
Figure 6. Hence, a two masses-springs system tungsten-rubber can be considered which exhibits two low-
frequency local resonances, and therefore, two locally resonant band gaps. Other band gaps are likely to
occur at high frequencies at other resonance frequencies of the system tungsten-rubber. As for the rubber
layers, a proportionality coefficient of 5% is considered which is midway between the two previous test
cases. Again, a periodic structure with N = 10 substructures is considered. The related dispersion curves
and FRF are shown in Figure 7.

Figure 6: Single periodic structure with two rubber layers.

Figure 7: Dispersion curves and FRF for the structure shown in Figure 6, for the elastic case (blue line) and
viscoelastic case (green line) when c = 5%. (Blue shaded area) band gaps for the elastic case; (Green shaded
area) band gaps for the viscoelastic case.

As expected, two locally resonant band gaps appear around 850 Hz and 1050 Hz which are close to each
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other. In the purely elastic case, the FRF shows two local minima at these frequencies which appear to be
well separated to each other. The interesting feature in the viscoelastic case is that these locally resonant band
gaps can be merged together to yield a wide frequency band on which the vibration levels of the structure
are well reduced, i.e., between 700 Hz and 1100 Hz (see Figure 7). Other band gaps also occur around 1500
Hz and 1750 Hz which appear to be wide compared to the elastic case. Finally note that a fourth band gap
occurs around 4750 Hz where the FRF undergoes a sudden decrease. This is mostly linked to the behavior
of the shearing wave mode, whose dispersion curves are not represented here.

4.2 Assembly of two periodic structures

A question which is often raised is whether the consideration of assemblies of different periodic structures
can produce an added effect, i.e., when the band gaps of the structures overlap to generate wide attenuation
zones of the FRF. To address this issue, an assembly made up of two periodic structures with different
substructure properties is considered as shown in Figure 8. Here, a periodic structure 1 with N1 = 10 single
(rubber)-layered substructures (Figure 3) is considered which is connected to a second periodic structure
2 with N2 = 5 two-layered substructures (Figure 6). In this case, a moderate proportionality coefficient
c = 5% is used to describe the rubber layers of both structures.

Figure 8: Assembly involving a first periodic structure with one rubber layer and a second periodic structure
with two rubber layers.

Figure 9: Dispersion curves for the structures shown in Figure 8 when c = 5%: (Blue solid line) structure
1, elastic case, (Blue dotted line) structure 2, elastic case, (Green solid line) structure 1, viscoelastic case,
(Green dotted line) structure 2, viscoelastic case. FRF of the assembly made up of structures 1 and 2: (Blue
line) elastic case, (Green line) viscoelastic case.

The dispersion curves of the two structures are displayed in Figure 9 for the elastic and viscoelastic cases,
along with the FRF of the structural assembly. Several band gaps occur at low frequencies for both structures,
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e.g., between 700 Hz and 1250 Hz. These band gaps have been highlighted in the previous subsections. The
key point here is that the vibration levels of the assembly can be highly reduced where the band gaps of
the two structures coexist, e.g., around 850 Hz. The added effects of band gaps appear to be much more
pronounced in the viscoelastic case with a wide attenuation zone between 700 Hz and 1250 Hz. Here, the
first and second band gaps of the structure 1 overlap with the first band gap of structure 2 (see Figure 7). In
contrast, the band gap effects issued from the purely elastic case appears to be localized as shown in Figure
9.

5 Conclusion

The WFE method has been applied to describe the wave propagation in periodic structures with viscoelastic
properties. The harmonic forced response of periodic structures with a finite number of substructures, and
assemblies composed of periodic structures with different substructure designs, has been analyzed. Several
WFE strategies have been recalled and adapted to structures with viscoelastic properties, with a view to
efficiently computing the wave modes and the FRFs. Several test cases have been considered which involve
2D substructures with one or two viscoelastic (rubber) layers and tungsten parts. Such structures exhibit
locally resonant band gaps due to the consideration of resonant systems tungsten-rubber. It has been shown
that, compared to the purely elastic case, the consideration of rubber layers with viscoelastic properties yields
wide band gaps. This effect can be magnified for assemblies of periodic structures with different substructure
designs, in which case the band gaps of the periodic structures overlap to generate a strong reduction of the
vibration levels on wide frequency bands.

Acknowledgements

The authors express their thanks for the financial support provided by “Le Commissariat à l’énergie atomique
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Abstract
Phononic crystals (PCs) are periodic structures whose shapes and material properties can be designed to
enhance certain phenomena including band gaps, i.e., frequency regions in which waves do not propagate.
This work focuses on periodic structures consisting of PC flat plates arranged along a triangular shaped
pattern, each plate containing a periodic distribution of two material strips along its length. The structures
hence present two levels of periodic variations, related respectively to the material properties of the strips and
to the angle between the plates, which may generate band gaps. The coupling angle may create in particular
wide attenuation zones due to wave mode conversion. In this paper, a parametric analysis is proposed to
highlight its influence on the vibration levels of the above periodic structures. The computations of the wave
modes and the frequency response functions of the structures are achieved using the Wave Finite Element
method. The accuracy and efficiency of the approach are discussed through numerical comparisons with the
Finite Element method.

1 Introduction

The engineering studies of periodic structures using wave propagation began to spread in the mid-70 with
Mead’s works [1, 2, 3, 4]. In recent decades, new methods have been developed that use the same basic
concepts of periodicity together with approximated solutions as a way to reduce computational costs and to
solve complex engineering models that cannot be solved analytically neither numerically using traditional
methods [5, 6, 7, 14, 8]. One of them is the Wave Finite Element method (WFE), which consists of modeling
a small slice of the elastic waveguide by FEM, to apply periodicity condition with Floquet-Bloch’s theorem
to obtain a transfer matrix eigenproblem. The solution provides complex wavenumbers and wave modes,
from where wave motion amplitudes are obtained. The method has been applied successfully to various
types of structures, such as beams, thin plates, cylindrical shells, including different material properties,
couplings, and mediums.

Phononic crystals (PCs) constitute an example of periodic structures; they are made up of identical sub-
structures/patterns arranged along a straight direction, whose shapes and material properties can be properly
designed to enhance certain phenomena. Among these are band gaps which concern frequency regions on
which waves do not propagate. In [10], the wave propagation in the audio frequency range within rod-
shaped PCs and the dynamic response of the structure are investigated using analytical spectral elements for
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periodic rods. The existence of band gaps in the dynamic responses is observed. An experimental test is
performed to compare the numerical results. In [11], the wave propagation and vibration transmission in
metamaterial-based elastic rods containing periodically attached multi-degree-of-freedom springmass res-
onators are investigated. For this purpose a methodology based on a combination of the spectral element
method and the Bloch theorem is developed, yielding an explicit formulation for the complex band structure
calculation. Recently, in the context of band gaps studies in PCs, those methods have been applied to beams
and plates. For instance in [12], the vibration band gaps in a PC Euler beam on two-parameter foundation
are investigated theoretically by the combination of the transfer matrix (TM) method and the Bloch theorem.

In this paper, we intend to investigate the wave propagation along periodic structures consisting of several
PC flat plates arranged through a triangular shaped pattern, each rectangular plate being itself made of a
periodic distribution of different material strips. In such structures involving two levels of periodic variations
(related respectively to the variation of material properties in each plate, and to the angle variation between
the plates), two-scale band gaps are expected to occur on different frequency bands. At a first level, band
gaps are produced by the Bragg scattering effect when wavelengths of traveling waves become of the same
order of magnitude than the width of a material strip. At a second level, wider attenuation zones might be
achieved for appropriate angles between two PC flat plates, exploiting in particular the conversion mode
phenomenon linked to the change of orientation between the plates. The aim of the paper is to study the
influence of the coupling angle between the PC flat plates and of the periodicity pattern in each plate on
the dispersion curves of the propagating modes and the frequency response functions (FRFs) of structures
composed of a finite number of PC flat plates. The WFE method constitutes an efficient tool to perform this
analysis.

The rest of the paper is organized as follows: in section 2, the WFE method is briefly recalled, and the cou-
pling conditions between two strips of different materials and two plates of varying directions are specified.
Numerical experiments are carried out in section 3, highlighting the efficiency of the proposed approach.

2 WFE modeling of the PC structure

The WFE method is applied to analyze a PC structure composed of several rectangular connected plates, each
plate consisting in a periodic assembly of strips. Within the FE framework, a single strip may be viewed itself
as a periodic structure, providing that it is meshed periodically in the direction of propagation. The strip is
therefore equivalent to an assembly ofN identical substructures having a same number of degrees of freedom
(DOF) n on their left and right edges, as shown for instance in Figure 1.

Figure 1: Example of two consecutive elementary substructures of a strip

The WFE method uses the dynamic stiffness matrix D = K − ω2M of the elementary substructure, where
K and M are respectively the stiffness and mass matrices of the substructure, built from the classical plate
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theory [9, 13].

The dynamic equilibrium equation of the substructure is then

Dq = F, (1)

where u and F are respectively the vectors of DOFs and forces applied to the substructure. Assuming that
there are no internal forces and partitioning the DOFS between the left and right edges and the internal
domain of the substructure, Eq. (1) may be rewritten as follows:




Dii Dil Dir

Dli Dll Dlr

Dri Drl Drr







qi
ql
qr



 =





0
Fl

Fr



 . (2)

Expressing the internal DOFs as:
qi = D−1

ii (Dilql + Dirqr), (3)

Eq. (2) may be condensed in the following form:
[

D∗
ll D∗

lr

D∗
rl D∗

rr

]{
ql
qr

}
=

{
Fl

Fr

}
(4)

where the terms of the condensed dynamic stiffness D∗ are respectively defined as D∗
ll = Dll−DliD

−1
ii Dil,

D∗
rl = Drl −DriD

−1
ii Dil, D∗

lr = Dlr −DliD
−1
ii Dir, and D∗

rr = Drr −DriD
−1
ii Dir.

Eq. (4) may finally be rearranged in a state vector form:
{

qr
Fr

}

︸ ︷︷ ︸
ur

=

[
−D∗ −1

lr D∗
ll −D∗ −1

lr

D∗
rl −D∗

rrD
∗ −1
lr D∗

ll −D∗
rrD

∗ −1
lr

]

︸ ︷︷ ︸
T

{
ql
−Fl

}

︸ ︷︷ ︸
ul

(5)

where T is the transfer matrix that relates the left state vector ul to the right state vector ur of the substruc-
ture.

2.1 Local periodicity condition

Let’s now consider two consecutive substructures, numbered respectivelym andm+1, within a single strip.
The displacement continuity condition qr

(m) = ql
(m+1) and the force balance Fr

(m) = −Fl
(m+1) produce

the condition ur
(m) = ul

(m+1). Substituting this relation in Eq. (5), we obtain the following condition

ul
(m+1) = Tul

(m). (6)

The Floquet-Bloch’s theorem for wave propagation in an infinite periodic system [2] applied to consecutive
substructures gives

q
(m+1)
l = µq

(m)
l

F
(m+1)
l = µF

(m)
l (7)

where µ = e−iβd is the attenuation constant, β the wavenumber and d the width of the substructure in the
direction of propagation [11]. The periodic condition (6) may therefore be finally written as:

Tul = µul. (8)

From Eq. (5) it is observed that T depends on the term D∗ −1
lr . However, even if the matrix D∗

lr is invertible,
numerical ill-conditioning is likely to occur. To avoid this issue, a representation by displacement/rotation
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vector alone is preferable [15]. By rewriting the state vectors as functions of the left and right displace-
ment/rotation vectors:

ul =

[
In 0
−D∗

ll −D∗
lr

]

︸ ︷︷ ︸
L

{
ql
qr

}

︸ ︷︷ ︸
w

and ur =

[
0 In

D∗
rl D∗

rr

]

︸ ︷︷ ︸
N

{
ql
qr

}

︸ ︷︷ ︸
w

, (9)

the transfer matrix can be expressed as T = NL−1, where the matrices L and N are invertible if D∗
lr is

invertible. Thus, Eq. (8) leads to the generalized eigenequation

µLw = Nw, (10)

admitting 2n eigenvalues µj = e−iβjd and eigenvectors wj . The eigenvectors of the initial problem (8) are
then computed as Φj = Lwj . In the above equations, βj represents the wavenumber, and Φj the corre-
sponding wave mode. It can also be shown that the eigenvalues come in pairs {µj , µ?j} for j = 1, . . . n, with
µ?j = 1/µj ; the first set of eigenvalues verify the property |µj | ≤ 1 and correspond to waves traveling towards
the right direction, while for the second set |µ?j | ≥ 1, which corresponds to waves traveling towards the left
direction. The corresponding eigenvectors are denoted respectively as Φj and Φ?

j , j = 1, . . . , n. Defining
matrices µ = diag{µj}j=1,...,n, µ? = diag{µ?j}j=1,...,n, Φ = {Φj}j=1,...,n and Φ? = {Φ?

j}j=1,...,n, the

state vector u
(m)
l of the mth substructure can be finally expressed as [16]:

u
(m)
l = Φ Q(m) + Φ? Q? (m), m = 1 . . . N + 1, (11)

where Q(m) and Q? (m) are the n×1 vectors of wave amplitudes at the left boundary of themth substructure
and depend on the boundary conditions at the extremities of the whole structure. They satisfy the following
properties: Q(m+1) = µQ(m) and Q? (m) = µQ? (m+1). Defining the amplitude vectors Q = Q(1) and
Q? = Q? (N+1) at the extremities of a strip (N being the number of substructures composing the strip), as
illustrated in Figure 2, Eq. (11) may be rewritten as follows:

u
(m)
l = Φµm−1 Q + Φ?µN+1−m Q?, m = 1 . . . N + 1. (12)

Figure 2: Example of a strip containing 12 substructures where Q = Q(1) and Q? = Q? (N+1).

For a single isolated strip with prescribed boundary conditions, the unknown amplitude vectors Q and Q?

are computed by solving a matrix system that expresses the boundary conditions in matrix form. As an
illustration, we consider the case of a strip which is subject to a force vector F0 on its left end and prescribed
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displacements/rotations q0 on its right end. Further partitioning the eigenvector matrices as Φ =
[
ΦT

q ΦT
F
]T

and Φ? =
[
Φ? T

q ΦT
F
]? T , the boundary conditions may be written as

ΦF Q + Φ?
F µ

N Q? = −F0, (13)

Φq µ
N Q + Φ?

q Q? = q0. (14)

The computation of Q and Q? follows from the inversion of the resulting matrix system
[

In Φ−1
F Φ?

Fµ
N

Φ?−1
q Φq µ

N In

] [
Q
Q?

]
=

[
−Φ−1

F F0

Φ?−1
q q0

]
, (15)

where In is the identity matrix of rank n.

2.2 Coupling conditions

Within the PC structure, several strips of different materials are connected in a periodic way, and coupling
conditions apply at the interfaces between two consecutive strips. According to Eq. (12), for any strip
(i) composed of Ni substructures having ni DOFs on each left/right boundary, the state vector at the mth

substructure is now given by the following expression:

u
(m)
l,i = Φi µ

m−1
i Qi + Φ?

i µ
Ni+1−m
i Q?

i , (16)

with again Qi = Q
(1)
i and Q?

i = Q
? (Ni+1)
i (as illustrated in Figure 3).

Figure 3: Coupling of two consecutive strips.

At the interface between two consecutive strips (i) and (i+ 1) where an external excitation Fex may apply,
the coupling conditions are written:

q
(Ni+1)
i = q

(1)
i+1 (17)

F
(Ni+1)
L,i + Fex = F

(1)
L,i+1, (18)

that is, in matrix form,

Φq,i µ
Ni Qi + Φ?

q,i Q
?
i = Φq,i+1 Qi+1 + Φ?

q,i+1µ
Ni+1

i+1 Q?
i+1 (19)

−ΦF,i µ
Ni Qi −Φ?

F,i Q
?
i + Fex = −ΦF,i+1 Qi+1 −Φ?

F,i+1µ
Ni+1

i+1 Q?
i+1. (20)
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Taking into account that in our case ni = ni+1 = n (the case ni 6= ni+1 may be considered by using
Lagrange multipliers, as developed for instance in [17]), the above equations may be simplified into the
following matrix system:

A

[
Q?
i

Qi+1

]
= B

[
µNi
i Qi

µ
Ni+1

i+1 Q?
i+1

]
+

[
0

−(ΦF i+1)
−1Fex

]
where (21)

A =

[
In −(Φ?

q,i)
−1 Φq,i+1

−(ΦF,i+1)
−1Φ?

F,i In

]
B =

[ −(Φ?
q,i)

−1Φq,i (Φ?
q,i)

−1Φ?
q,i+1

(ΦF,i+1)
−1ΦF,i −(ΦF,i+1)

−1Φ?
F,i+1

]
.

As in [17] the latter matrix system may be finally put in the following form:
[

Q?
i

Qi+1

]
= C

[
µNi
i Qi

µ
Ni+1

i+1 Q?
i+1

]
+ F with (22)

C =

[
C?i,i C?i,i+1

Ci+1,i Ci+1,i+1

]
= A−1 B and F =

[
F?i
Fi+1

]
= A−1

[
0

−(ΦF,i+1)
−1Fex

]
.

In the above equation, Ci,i and Ci+1,i+1) are square matrices of size n× n that express the reflection coeffi-
cients of the wave modes of the strips respectively (i) and (i+1) at the interface. The n×n matrices C?i,i+1

and Ci+1,i contain the transmission coefficients between the wave modes of the two strips at the interface.
Finally, the vector F takes into account possible excitation sources at the interface.

For p strips connected to each other, a complete matrix system may be built by applying Eq. (22) at all the
interfaces between strip (i) and (i + 1) for i = 1 . . . p − 1, and boundary conditions at the left end of strip
(1) and the right end of strip (p). As an example, if the same Newmann / Dirichlet boundary conditions as
in the previous section apply, Eqs. (13) and (14) become

Q1 + (ΦF,1)
−1Φ?

F,1µ
N1
1 Q?

1 = −(ΦF,1)
−1F0, (23)

(Φ?
q,p)

−1 Φq,pµ
Np
p Qp + Q?

p = (Φ?
q,p)

−1 q0. (24)

In the latter case, the computation of the unknown wave amplitudes for the set of p strips follows from the
inversion of the final system

ΨQ = F where Q =




Q1

Q?
1

Q2

Q?
2

...
Qp

Q?
p




, F =




−(ΦF,1)
−1F0

F?1
F2

F?2
...
Fp

(Φ?
q,p)

−1 q0




, and (25)

Ψ =
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F,1µ
N1
1 0 0 . . . 0 0

−C?1,1µN1
1 In 0 −C?1,2µN2

2 . . . 0 0

−C2,1µ
N1
1 0 In −C2,2µ

N2
2 . . . 0 0

0 0 −C?2,2µN2
2 In . . . 0 0

...
...

...
...

. . .
...

...
0 0 0 0 . . . In −Cp,p µNp

p

0 0 0 0 . . . (Φ?
q,p)

−1 Φq,p µ
Np
p In




.

The displacements/rotations and forces at any location of any strip are then computed from Eq. (16).

The same kind of formulation applies when modifying the orientation of a strip by introducing a θ angle
between the strip and the horizontal direction, but the wave modes matrices Φi and Φ?

i are multiplied by
rotation matrices depending on θ.
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3 Numerical results

Numerical experiments are performed for various PC structures made up of an assembly of 6 plates arranged
along a triangular pattern. Each plate is composed of an alternation of 3 strips (either two steel strips and
one aluminum strip, or two aluminum strip and one steel strip), as depicted in Figure 4. The dimensions

Figure 4: PC structure composed of 18 alternate strips made of steel (grey color) and aluminum (blue color).

(specified in Table 1) and meshing properties of the different strips are chosen similar, each strip being
composed of 12 identical substructures of width d = 0.05 in the direction of propagation (y for θ = 0◦). The
mesh of each substructure contains 1 shell element in the direction of propagation and 10 elements in the
x−direction. The differences between the strips are linked to the properties of the chosen materials, which
are also detailed in Table 1; for both materials, a damping is considered through a loss factor η = 0.005. The
influence of the coupling angle between the plates on the responses of the PC structures is investigated by
making the angle θ (between the first plate direction and the horizontal axis) varying from 0◦ to 60◦ with a
step of 15◦.

Material and geometrical properties of the strips Steel Aluminum
E [Pa] 210e9 70e9
ρ [kg/m3] 7800 2700

η 0.005 0.005
ν 0.3 0.3

h [m] 0.001 0.001
Lx [m] 0.5 0.5
Ly [m] 0.6 0.6

Table 1: Strip configurations

The 18 strips involved in the PC structure are supposed simply supported along their longitudinal edges. The
whole PC structure is free on its left end (y = 0) and clamped on its right extremity (y = yend which depends
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on the θ value). A punctual harmonic excitation is applied at the node of coordinates (0.05, 0, 0) located on
the free end, with a magnitude of 1N in the z direction. The frequency range considered in this study is
[0; 100] Hz with a frequency step of 0.2 Hz.

For comparison purposes, the case of a structure composed of a single material (chosen as steel) is also
presented, for the same angle configurations (θ = 0◦ to θ = 45◦ by 15◦).

The frequency responses of the structures are computed using the WFE formulations described above, and
compared to the reference solution obtained with the classic FE method. In the following, two quantities are
considered to analyze the results obtained in the different configurations: the displacement in the z−direction
at the forcing position (node of coordinates (0.05, 0, 0) on the left end), and the transmittance, defined as the
ratio of the reaction force in the z−direction at the node of coordinates (0.05, yend, 0) located on the right
end to the excitation force.

The results obtained for the steel structure with θ = 0◦ are first presented in Figures 5 (displacement) and
6 (transmittance). A good agreement can be found in Figure 5 between the WFE results (solid line in blue
color) and the FEM results (dotted line in red color), throughout the frequency range, with error levels far
below 1%. In terms of computational times, the elapsed time obtained in Matlab for the WFE method is
607s, while the FE computation requires 2e4s. The gain of computational time in this case reaches here
about 97%, hence highlighting the efficiency of the proposed approach.
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Figure 5: Displacement of the steel structure with θ = 0◦ obtained from the WFE method (solid blue line)
and the FE method (dotted red line)

The corresponding results for the case θ = 45◦ are displayed in Figures 7 and 8. The diplacement curves
obtained with the WFE and the FE methods are seen again perfectly superimposed on Figure 7. The distri-
bution of resonance frequencies on the displacement curves are seen strongly affected by the coupling angle
between the plates compared to the case θ = 0◦, as well as the vibration levels. The transmittance patterns
between the two cases vary accordingly. The variations of transmittance visible for θ = 45◦ (Figure 8) are
representative of bandgap effects, hence validating the hypothesis that the triangular shape of a structure
might enhance the efficiency of a PC structure.

The effects of alternating materials between the strips are illustrated in Figures 9 and 10 for the case θ = 0◦:
the periodic change of properties is seen to create extra resonance peaks on the displacement curves and
attenuation areas on the transmittance levels. Those variations appear however moderate compared to the
effect of a change of orientation of the plates, which is probably due to the relative proximity of material
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Figure 6: Transmittance of the steel structure with θ = 0◦ obtained from the WFE method
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Figure 7: Displacement of the steel structure with θ = 45◦ obtained from the WFE method (solid blue line)
and the FE method (dotted red line)

properties between steel and aluminum. It can again be noticed in Figure 9 that the WFE and FE results are
perfectly matching.

Those trends are confirmed when displaying the results for all the plate angles considered (θ = 0◦ to 60◦)
and for the two retained configurations, that is the structure made of steel only and the structure involving
alternate steel and aluminum strips. Regarding the displacement levels, it is clear from Figures 11 and 12 that
they are primarily affected by the introduction of a nonzero angle between the plates, which creates additional
resonance and anti-resonance peaks throughout the frequency range, as compared to the case θ = 0◦. The
value of the chosen θ angle (between the first plate and the horizontal direction) is seen to be of moderate
importance, as it only affects the displacement magnitudes but not the positions of those peaks. The lowest
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Figure 8: Transmittance of the steel structure with θ = 45◦ obtained with the WFE method
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Figure 9: Displacement of the structure with alternate steel and aluminum strips and θ = 0◦ obtained from
the WFE method (solid blue line) and the FE method (dotted red line)

vibration levels are obtained for the highest θ value, that is θ = 60◦, which corresponds to the configuration
with the strongest change of orientation between the plates. As mentioned previously, the introduction of
alternate material strips also has a moderate effect; the local variations (with extra resonance frequencies)
that could be seen at θ = 0◦ are less visible in the presence of the additional peaks for nonzero θ angles which
dominate the displacement behavior. The vibration levels at the resonance and anti-resonance frequencies
are however modified as compared to the case of the purely steel structure.

The transmittance levels are affected in accordance with the prior observations on the vibration levels. A
band gap effect is created as soon as a nonzero θ angle is introduced; the efficiency of the band gaps may
be improved by increasing the value of the θ angle, the lowest levels of transmittance being in both cases
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Figure 10: Transmittance of the structure with alternate steel and aluminum strips and θ = 0◦ obtained from
the WFE method

0 10 20 30 40 50 60 70 80 90 100
10

−6

10
−5

10
−4

10
−3

10
−2

Frequency [Hz]

D
is

p
la

ce
m

en
t 

[d
B

]

 

 

WFE 0°
WFE 15°
WFE 30°
WFE 45°
WFE 60°

Figure 11: Displacements of the steel structure with angles θ of 0◦, 15◦, 30◦, 45◦ and 60◦ obtained from the
WFE method

obtained for θ = 60◦. The presence of alternate steel and aluminum strips affects locally the transmittance
levels as compared to purely steel PC structure by lowering the transmittance levels at some frequencies, for
instance between 30 and 40Hz, or around 68Hz. Choosing materials with even larger discrepancies in their
properties could therefore enable to increase the band gap effects within multi-material PC structures.
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Figure 12: Displacements of the structure with alternate steel and aluminum strips and angles θ of 0◦, 15◦,
30◦, 45◦ and 60◦ obtained from the WFE method
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Figure 13: Transmittances of the steel structure with angles θ of 0◦, 15◦, 30◦, 45◦ and 60◦ obtained from the
WFE method

4 Conclusion

In this paper, two level PC structures composed of multi-material plates arranged along a triangular pattern
have been investigated using the WFE method. The developed approach has proved efficient, in terms of
accuracy and computational time, to compute the frequency responses of such structures as compared to the
classic FE method. The numerical experiments carried out have shown that the triangular shape of the PC
structure favors the expected band gap effect, which is all the more efficient when the structure is sharp, i.e.
for small angle values between the plates. The use of alternate steel / aluminum strips on each plate is seen
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Figure 14: Transmittances of the structure with alternate steel and aluminum strips and angles θ of 0◦, 15◦,
30◦, 45◦ and 60◦ obtained from the WFE method

to modify locally the vibration and transmittance levels in limited frequency ranges. Choosing materials
with more discrepant properties could therefore enable to improve the efficiency of the band gaps in desired
frequency regions.
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Abstract
In the context of acoustic black hole investigations, recent works have proposed the use of a spatial state-

space formulation for one-dimensional elastic waveguides. The boundary value problem is thus transformed

into an initial value problem. Given that the state (displacements and forces) cannot be known a priori at any

given boundary, but the impedance can, the state-space problem is recast into an impedance formulation, in

the form of a Riccati equation. In this paper, this formulation is extended to compute the transfer matrix of a

periodic cell of a one-dimensional elastic waveguide. With this transfer matrix, not only can the dispersion

diagram be computed, but also the forced response of the finite structure. The simple case of an elastic rod

is used to illustrate the proposed method. The dispersion diagram is verified with the plane wave expansion

method, and the forced response is verified with the spectral element method. Numerical results show that

the proposed method is an efficient way to characterize wave propagation in period elastic structures.

1 Introduction

Linear elastodynamic problems are usually formulated as boundary value problems, which may be solved

analytically or numerically [1]. Analytical solutions are often derived in the frequency domain, which can be

referred to as spectral solutions. For simple structures, it is straightforward to derive solutions in the form of

finite elements in the frequency domain. This semi analytical approach is known as spectral element method

(SEM) [2]. In SEM, a global dynamic stiffness matrix can be assembled via the direct stiffness method,

commonly used in finite element analysis [1].

Deriving a spectral element for a straight homogeneous rod with constant material and geometrical properties

along its length is a straightforward process. However, this task can be awkward for rods with varying

properties. Analytical solutions exist for only a few cases, such as rods with linearly varying (tapered) and

exponentially varying geometrical properties.

Some authors have proposed a solution method (see [3] and references therein) for acoustic waveguides

(Helmholtz spectral equation), in which the problem is reformulated in the state-space framework, where the

state consists of the pressure and the particle velocity along the tube. This approach transforms the boundary

value problem into an initial value problem. Given that one does not known the initial condition, i.e. the state

at one end of the waveguide, the authors in [3] have reformulated the problem in terms of the impedance, the

ratio between pressure and velocity.
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The problem stated in terms of the impedance yields a Riccati matrix equation that can be solved analytically,

for simple problems, or numerically, for more complex problems. The Riccati differential equation (RDE)

plays an important role in many engineering science applications [4]. This type of equation [5, 6], which

is quadratic and, thus, nonlinear, can be reduced to a linear system of twice its size that can be efficiently

solved using numerical algorithms [7, 8].

Georgiev et al. [9] recently used this method to solve the problem of a beam with a varying cross-section.

The thickness, which decreases with a power law profile, can be tailored to minimize wave reflection by

slowing the propagation speed and eventually stopping the propagation. This creates an anechoic termina-

tion, which is called an acoustic black hole (ABH). The authors in [9] have only computed the impedance of

the beam. The solution technique consists of writing the elastodynamic equations as a state-space equation

in the frequency domain, as a function of the spatial variable only. Restating the problem for an impedance

variable, a Riccati equation is formulated and numerically solved.

In this paper, this method is complemented by a back propagation of the force and displacement (state) at

one end of the rod, to compute the full state at the other end. From the relations between these states, it is

shown how to compute the dynamic stiffness or the transfer matrix of a finite rod with arbitrarily varying

geometrical and material properties. With these matrices, the forced responses may be computed.

The proposed method is particularly interesting for periodic waveguides. Given a periodic rod cell, the

dispersion relation (also known as dispersion diagram) can be computed using the transfer matrix by applying

the Floquet-Bloch periodicity condition [10]. The dispersion relation shows the frequency bands where the

wavenumber becomes complex, which indicates a band gap, where there is no propagation and, therefore, no

normal modes can exist. Furthermore, given the dynamic stiffness matrix of the rod cell, the global dynamic

stiffness of the built up structure can be easily assembled, allowing the computation of the forced response.

With the proposed technique, it is straightforward to analyze rods with varying cross-section, which is useful,

for instance, to optimize the waveguide shape aiming at creating band gaps to reduce or enhance vibration

energy propagation. The proposed method can be extended to treat other structural one-dimensional waveg-

uides, such as beams.

2 Modeling Methods

This section presents the proposed method. The elementary rod theory is used, but the technique can be

extended to other one-dimensional structures. The problem is written in the state-space form, leading to a

Riccati differential equation in terms of the mechanical impedance. Starting from a known impedance at one

end, the impedance at the other end is obtained. For a given input force, the state can be obtained for the

whole periodic rod cell, using the computed impedance. With the obtained state, the transfer matrix and the

dynamic stiffness matrix are derived.

The proposed method is numerically verified using the dispersion diagram of a periodic rod cell with varying

properties, and also the forced response of a finite periodic rod. The PWE method [11] is used to compute

the dispersion diagram, while the SEM [12] is used for the computation of both the dispersion relation and

the forced response.

Given a periodic one dimensional structure, the SEM computes a frequency-dependent dynamic stiffness

matrix of one element, which can be assembled as a global stiffness matrix. Using the dynamic stiffness ma-

trix of one periodic element, the transfer matrix is obtained, whose eigenvalues yield the dispersion relation.

However, the SEM is limited to simple geometries such as the homogeneous rod and the linearly tapered

rod, while the PWE method allows the computation of the dispersion relation for more complex geometries.

First, the SEM and the PWE method are briefly reviewed. Then, the proposed approach is presented. All the

methods in this paper can be applied to symmetric and to nonsymmetric cells as well.
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2.1 Spectral Element Method

This section derives the spectral elements for homogeneous and linearly tapered rods. Using these spectral

elements, one with a trapezoidal and the other with a rectangular profile, two types of periodic rods are

modeled, as illustrated in Figure 1. The trapezoidal profile is generated with two coupled tapered elements,

and the rectangular profile with homogeneous elements with different cross-sections.

Figure 1: Symmetric cell shapes built with rectangular and tapered spectral elements.

A0 Al

l

û1, q̂1

û2, q̂2

x

x = lx = 0

Figure 2: Two-node tapered rod spectral element with linearly varying cross-sectional area.

Figure 2 shows a two-node tapered rod spectral element with linearly varying cross-sectional area. In the

trapezoidal case, the tapered spectral element developed by [13], for acoustic duct element, was used in [14].

The homogeneous case can be found in [2]. The tapered element is described by the following equation

A(x) = ǫ(x+ ξ) with ξ =
l A0

Al −A0
and ǫ =

A0

ξ
(1)

where l is the length of the element, A(x) is the varying cross-sectional area, in which A0 and Al are the

areas at the positions x = 0 (the smaller edge) and x = l (the larger edge), respectively. The elementary

rod theory considers a slender structure that supports only axial stresses, neglecting the lateral contraction

(Poisson’s effect). As shown in [10], the equation of motion for a tapered rod is given by

∂

∂x

[
EA(x)

∂u(x, t)

∂x

]
= ρA(x)

∂2u(x, t)

∂t2
(2)

with u(x, t) the axial displacement, ρ the mass density, and E = Ē(1 + jη) the complex (or dynamic)

Young’s modulus, to account for energy dissipation, where Ē is the Young’s modulus, η is the loss factor,

and j =
√
−1.
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Using the expression for A(x) given by (1), the elastodynamic equation (2) becomes

(x+ ξ)
∂2u(x, t)

∂x2
+

∂u(x, t)

∂x
− ρ

E
(x+ ξ)

∂2u(x, t)

∂t2
= 0 (3)

The general form of the solution u(x, t), for the elastodynamic equation (3), is assumed to be expressed as

u(x, t) = û(x)ejωt (4)

where û(x) := û(x, ω) is the displacement in the frequency domain. Thus, substituting (4) in (3), one

obtains, after some manipulation

d2û(x, ω)

dx2
+

1

(x+ ξ)

dû(x, ω)

dx
+ k2û(x, ω) = 0 (5)

where k = ω
√

ρ/E is the wavenumber. As shown in [15], a Bessel type solution for (5) is given by

û(x) = α1J0(γ) + α2Y0(γ), γ = k(x+ ξ)

where γ, α1, and α2 are constants determined from the boundary conditions, J0 and Y0 are, respectively,

Bessel functions of first and second kind, both of order zero. The displacement boundary conditions for the

two-node element, shown in Figure 2, are

û1 = û(0) = α1J0(kξ) + α2Y0(kξ)

û2 = û(l) = α1J0(kl + kξ) + α2Y0(kl + kξ)

where, û1 and û2 are the nodal displacements. This equation can be rewritten in matrix form as

û = Φα, with û =

[
û1
û2

]
, Φ =

[
J0(kξ) Y0(kξ)

J0(kl + kξ) Y0(kl + kξ)

]
, α =

[
α1

α2

]
(6)

Noting that the rod axial force is given by

q̂(x) = EA(x)
∂û(x)

∂x
(7)

and evaluating q̂(x) at the element boundaries, the following equations are obtained

q̂1 = q̂(0) = EA0
∂û(x)

∂x

∣∣∣∣
x=0

= −kEA0 [α1J1(kξ) + α2Y1(kξ)]

q̂2 = q̂(l) = EAl
∂û(x)

∂x

∣∣∣∣
x=l

= −kEAl [α1J1(kl + kξ) + α2Y1(kl + ξ)]

where J1 and Y1 are, respectively, Bessel functions of first and second kind, both of first order. The above

equation in matrix form is given by

q̂ = Ψα with Ψ = −kE

[
A0J1(kξ) A0Y1(kξ)

AlJ1(kl + kξ) AlY1(kl + kξ)

]
(8)

Now, solving (6) for α and substituting the result in (8), one obtains

q̂ = K̂(ω)û, K̂(ω) = ΨΦ−1

where K̂(ω) is a dynamic stiffness matrix of the two-node element with linearly varying cross-sectional area.

The trapezoidal element can now be assembled by interchanging the terms of the principal diagonal of the

dynamic stiffness matrix of one element and coupling it with a regular element, condensing the internal node.

As shown in [10], the transfer matrix can be evaluated from the dynamic stiffness matrix as follows

T̂ (ω) =

[
−K−1

12 K11 −K−1
12

K21 −K22K
−1
12 K11 −K22K

−1
12

]
(9)

where Kij , for i, j = 1, 2, are the entries of the 2× 2 stiffness matrix K̂(ω).
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2.2 Plane Wave Expansion Method

The sinusoidally varying element is modeled by the plane wave expansion (PWE) method. Figure 3 illus-

trates the geometry of a symmetric cell shape with sinusoidal cross-sectional area. The rod width is constant

in the direction perpendicular to the figure, so that the cross-sectional area varies sinusoidally.

Figure 3: Symmetric cell shape with sinusoidal cross-sectional area.

Applying the Fourier transform on (2), which is the governing equation for longitudinal vibrations of a

straight rod, one obtains
∂

∂x

[
EA(x)

∂û(x, ω)

∂x

]
+ ω2ρA(x)û(x, ω) = 0 (10)

It is assumed that the rod has a periodic cross-sectional area variation given by A(x) = A(x + a), where a
is the lattice parameter, i.e., the unit cell length.

Applying the Floquet-Bloch periodicity condition of the solution in x, and considering one-dimensional

wave propagation, one obtains

û(x) = ũ(x)ejkx

with the Bloch wave amplitude ũ(x) periodic of period a, i.e., ũ(x+ a) = ũ(x). k is the Bloch wave vector

(here being scalar), also known as wavenumber. The wave vector has its value within the first irreducible

Brillouin zone (FIBZ), in the reciprocal space, [0, π/a], or within the first Brillouin zone (FBZ), [−π/a, π/a].

Expanding the Bloch wave amplitude ũ(x) as a Fourier series in the reciprocal space, yields

û(x) =

(
+∞∑

m=−∞
umejgmx

)
ejkx =

+∞∑

m=−∞
umej(k+gm)x (11)

where um are the coefficients of the Fourier series of ũ(x) and gm = 2πm/a is the reciprocal lattice vec-

tor. Note that gm is a constant, since a one-dimensional periodicity is considered. Furthermore, the cross-

sectional area can also be expanded as Fourier series in the reciprocal space as

A(x) =
+∞∑

n=−∞
Ane

jgnx (12)

where gn = 2πn/a. Note that Fourier series coefficients An in (12) can be computed using

An =
1

a

∫ a/2

−a/2
A(x)e−jgnx dx

Substituting (11) and (12) in (10), gives

+∞∑

m=−∞

+∞∑

n=−∞

(
EAn(k + gm)(k + gm + gn)− ω2ρAn

)
umej(k+gm+gn)x = 0 (13)
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Multiplying (13) by e−j(k+gr)x, with gr = 2πr/a, and integrating from −a/2 to a/2, yields

+∞∑

m=−∞

+∞∑

n=−∞

(
EAn(k + gm)(k + gm + gn)− ω2ρAn

)
um

1

a

∫ a/2

−a/2
ej(gm+gn−gr)x dx = 0 (14)

Given that

1

a

∫ a/2

−a/2
ej(gm+gn−gr)x dx =

1

a

∫ a/2

−a/2
ej2π/a(m+n−r)x dx =

{
1 , if n = r −m

0 , otherwise

one can rewrite (14) as

+∞∑

m=−∞

(
EAr−m(k + gm)(k + gr)− ω2ρAr−m

)
um = 0

Equivalently

+∞∑

m=−∞
EAr−m(k + gm)(k + gr)um = λ

+∞∑

r=−∞
ρAr−mum, λ = ω2 (15)

which is a system with an infinite amount of equations. Thus, to solve this system, one can truncate the

Fourier series to the first M terms, i.e., r,m ∈ [−M, . . . ,M ] ∈ Z, such that (15) can be rewritten as

Bu = λCu (16)

where the coefficients of vector u are um and the coefficients of matrices B and C are given by

Brm = EAr−m(k + gm)(k + gr), Crm = ρAr−m

Notice that (16) represents a generalized eigenvalue problem on λ and should be solved for each k, within

FBZ or FIBZ.

2.3 State-Space Formulation

This section presents the proposed method. It shows how to write the elastodynamic equations for a rod

in a state-space formulation, to rewrite the problem in terms of the mechanical impedance and to solve a

Riccati equation to obtain the impedance at one end, given a zero impedance at the other end (free end).

It also illustrates how to obtain the transfer matrix and the dynamic stiffness matrix from the impedance.

The results obtained with this method will be referred to as state-space formulation (SSF) in the numerical

section.

Using (10) and (7), one can write the set of state-space equations

∂q̂(x)

∂x
= −ω2ρA(x)û(x) and

∂û(x)

∂x
=

q̂(x)

EA(x)

which can be written in matrix form as
∂p̂

∂x
= Hp̂ (17)

with the state p̂(x) := p̂(x, ω) and H(x, ω) having the following expressions

p̂(x) =

[
û(x)
q̂(x)

]
and H(x, ω) =

[
H11 H12

H21 H22

]
=


 0

1

EA(x)
−ω2ρA(x) 0
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Note that this is a system of linear ordinary differential equations of the first order, where the system pa-

rameters may vary along x. It is straightforward to solve this system numerically for any type of parameter

variation along x, if the state initial condition is known. However, the initial condition is not known, since

the boundary condition at any edge of the structure is given by either the force (Neumann condition), the

displacement (Dirichlet condition), or the mechanical impedance (mixed condition). Thus, to overcome this

issue, one can rewrite the problem (see [9]) in terms of the mechanical impedance ẑ(x), which is the relation

between the state variables û and q̂ given by

q̂(x) = jωẑ(x)û(x) (18)

Substituting (18) into (17), one obtains the following set of equations

∂û(x)

∂x
= H11û(x) +H12q̂(x) and jω

∂ẑ(x)û(x)

∂x
= H21û(x) +H22q̂(x)

which leads to

jω

(
∂ẑ(x)

∂x
û(x) + ẑ(x)H11û(x) + ẑ(x)H12jωẑ(x)û(x)

)
= H21û(x) +H22jωẑ(x)û(x)

Since û(x) cannot be identically zero, one finally obtains the following Riccati equation

∂ẑ(x)

∂x
+ ẑ(x)H11 −H22ẑ(x) + jωẑ(x)H12ẑ(x) = (jω)−1H21

To solve the above Riccati differential equation, it is necessary an initial condition, which can be taken to be

ẑ(0) = 0. This condition on a free end of the structure corresponds to the force q̂0 = 0, and a displacement

û0 unknown but different from zero. Once the impedance ẑ(L), the solution of the Riccati equation at the

terminal position x = L, is computed using the initial condition ẑ(0) = 0, the displacement û(L) can be

computed by considering that the external force in (18) is given by q̂(L) = 1.

With q̂(L) and û(L) computed, the state p̂(L) can be used as the initial condition in (17) so that the state

p̂(0) can be obtained by a backward integration of the state equations (17). Then, using the states at both

ends, given by p̂(0) and p̂(L), it is possible to compute the transfer matrix, which relates the states at the

extremes of a finite rod, as follows

p̂(L) = T̂ (ω)p̂(0)

where T̂ (ω) is the transfer matrix of size 2 × 2. Using the boundary conditions q̂(L) = 1, q̂(0) = 0,

û(L) = ûL, and û(0) = û0, ones obtains

[
ûL
1

]
=

[
T11 T12

T21 T22

] [
û0
0

]

Solving this algebraic system of equations leads to

T11 = ûL/û0, T21 = û−1
0

T22 = T11, (due to the rod cell symmetry)

The relation between the off diagonal terms of matrix T̂ can be evaluated using the relation between the

transfer matrix and the symmetric (due to reciprocity) dynamic stiffness matrix, given by (9), and imposing

T11 = T22 for a symmetric cell. It can be shown that

T12 = (T 2
11 − I)T−1

21

Once the transfer matrix T̂ (ω) is computed, the dynamic stiffness matrix is readily obtained using (9).
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If the structure cell is not symmetric, T11 6= T22, the above formulation is unable to compute T12. In

order to overcome this issue, the initial condition is applied at the other end, x = L and the impedance is

integrated in the opposite direction up to x = 0. Repeating the procedure done earlier, one obtains p̂(0) and

p̂(L). Applying the new boundary conditions, given by q̂(L) = 0 and q̂(0) = 1, the transfer matrix relation

becomes [
û∗L
0

]
=

[
T11 T12

T21 T22

] [
û∗0
1

]

Writing T12 and T22 in terms of T11 and T21, gives

T12 = û∗L − T11û
∗
0, T22 = −T21û

∗
0

where û∗L and û∗0 are the new displacement terms obtained. Now, with T11 and T21 previously obtained, the

transfer matrix and, consequently, the dynamic stiffness matrix, are obtained.

3 Numerical Results

In this section, the proposed method is verified for three different structural models by comparison with

conventional methods. In these examples, only the variation of the cross-sectional area is considered. The

material is homogeneous steel with structural loss factor η = 0.01, incorporated as a complex Young’s

modulus E = Ē(1 + jη). The material and geometrical properties used for all the examples are: L = 0.5
[m], Ē = 210 [GPa], and ρ = 7800 [kg/m3]. Besides the trapezoidal and rectangular cases shown in

Figure 1, a case with sinusoidally varying cross-sectional area, shown in Figure 3, is treated. In the latter

case, the Fourier series has only 3 nonzero plane waves.

(a) Rectangular profile.

(b) Trapezoidal profile.

(c) Sinusoidal profile.

Figure 4: Three different variations of the cross-sectional area.

The three examples are shown in Figure 4. In the sinusoidal profile: A1 = 1×10−2 [m2] and A2 = 2×10−2

[m2]. In the rectangular profile: A1 = 1 × 10−2 [m2] and A2 = 2 × 10−2 [m2]. In the trapezoidal profile:

A1 = 1× 10−4 [m2] and A2 = 3× 10−2 [m2].
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Figure 5: Impedance evaluated at 20 kHz.

The first verification consists in comparing the impedance obtained by solving the Riccati equation using an

algorithm based on the Runge-Kutta method with the analytical solution obtained using SEM for rectangular

case. The convergence for decreasing integration step sizes is verified by the mechanical impedance, with

relative tolerances: 10−2, 10−4, and 10−9 in Figure 5(a), Figure 5(b), and Figure 5(c), respectively.
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Figure 6: Absolute value of element K11.

The convergence is also verified in Figure 6, which presents the absolute value of element K11 of the dynamic

stiffness matrix, obtained using the SSF method with different relative tolerances, compared to the analytical

solution (in black) obtained with SEM.

The dispersion curve for one periodic cell is verified by comparison with both the PWE method and SEM for

the rectangular and trapezoidal profiles. For the sinusoidal case, only the PWE is used for comparison, since
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there is no spectral element available in the literature for this cross-sectional area variation. The agreement

is very good in all cases, see Figure 7, provided the integration step is chosen appropriately.
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(b) Imaginary part.
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Figure 7: Dispersion diagram for the rectangular (a,b) and trapezoidal (c,d) profiles.

The presence of band gaps can be observed in both models in Figure 7. It is noticeable that the band gap is

larger for the tapered profile, suggesting that the smoother variation of area can increase the band gap size.

Figure 8 shows the comparison between PWE and the proposed SSF method for the sinusoidally varying

cross-section.
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Figure 8: Real part of dispersion diagram evaluated by SSF and PWE for the sinusoidal rod.

The forced response of a finite rod with ten cells is analyzed in Figure 9, considering the free-free boundary

condition and a harmonic force F = 1 [N] as excitation at the one end, at x = L. The response is measured

at the other end, at x = 0, avoiding the antiresonance and making it easier to observe the band-gap effect.
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(a) Rectangular profile.
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(b) Trapezoidal profile.
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Figure 9: Rod displacement at x = 0 evaluated using SEM and SSF method.

4 Conclusion

A new solution method for computing the band diagram and forced response of one-dimensional structures

using a state-space formulation and the solution of a Riccati equation with impedance as variable was pro-

posed and verified by comparison with existing methods. The band diagrams obtained with the proposed

method showed good agreement with results obtained by the traditional PWE method. The forced response

obtained with the proposed method showed good agreement with results computed using a SEM formulation.

A previous works [9] showed the formulation of the one-dimensional problem of a straight beam with vary-

ing cross-section as a state-space problem reformulated into a Riccati equation. The present work extended

this approach to compute the transfer matrix and the dynamic stiffness matrix, with which both the disper-

sion diagram (with real and imaginary parts) and the forced response of a periodic finite structure can be

computed. Results were shown for a rod, but can be extended for a beam.

Examples of elastic phononic crystal rods with different geometries were computed to illustrate the proposed

method and verify it by comparison with the conventional methods SEM and PWE. All the numerical results

obtained with the proposed method were shown to be in agreement with the conventional methods.

The proposed method is an efficient way to characterize the wave propagation in periodic one-dimensional

elastic structures, and can be used in shape optimization aiming at designing band gaps for passive vibration

control.
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Abstract 
In the paper, the threshold of vibration stability of induction motors with flexible shafts and sleeve bear-

ings, mounted on soft steel frame foundations with active motor foot mounts, is analyzed. The developed 

model is based on a multibody model, considering electromagnetic influence, stiffness and internal damp-

ing of the rotor, stiffness and damping of the bearing housings and end shields, stiffness and damping of 

the foundation and stiffness and damping of the oil film of the sleeve bearings. Additionally the stiffness 

and damping of the motor foot mounts – which are positioned between the motor feet the soft steel frame 

foundation – are considered, as well as the controlled forces which are applied in the vibration system by 

the motor foot mounts, using PD-controllers. The aim of the paper is to unite all these influences in a 

mathematical model and to derive a procedure for calculating the threshold of vibration stability. Based on 

a numerical example it can be shown, that the threshold of stability can be pushed to very high rotor 

speeds, using active motor foot mounts. 

1 Introduction 

Nowadays, in many applications induction motors and load machines (e.g. pumps or compressors) are 

mounted together on a steel frame foundation, which is often designed soft, because of economic reasons. 

The advantage is that all components can be mounted together and can be delivered together to the end 

customer, where the complete unit is then mounted on a base frame. The disadvantage is that the soft steel 

frame foundation influences the vibration behaviour clearly [1]-[5]. The natural frequencies are changed 

completely, compared to the natural frequencies, when the motor is mounted on a massive foundation, 

which is usually the case for large induction motors (power rating > 1MW), when the motor is tested in 

the motor factory, according to international motor standards (e.g. EN 60034-14). The consequence is that 

critical speeds may occur in the operation speed range, because nowadays applications are often converter 

driven to generate an optimal operation speed range to increase the efficiency. But not only critical speeds 

are influenced by the foundation, also self-excited vibrations, leading to vibration instability [1]-[5]. 

Therefore, it is important to know, at which rotor speed the threshold of vibration stability lies. Large in-

duction motors (power rating > 1MW) with high rotor speeds (> 3000 rpm) are often designed with sleeve 

bearings and elastic rotors, operating above the first critical bending speed. However, the oil film charac-

teristic – especially for sleeve bearings with cylindrical shells –, the internal damping of the rotor and the 

electromagnetic field damping may cause vibration instability. The aim of the paper is to analyze the use 

of active control, which is a very powerful instrument [6]-[11], to increase the threshold of stability. The 

idea is, to place actuators – active motor foot mounts – between the motor feet and the steel frame founda-

tion and to use active control to influence the vibration system (Figure 1). The actuators here only operate 

in vertical direction (z-direction). By controlling each vertical motor foot displacement, the vibration sys-

tem can be influenced, and therefore also the threshold of stability, which is the focus of the paper.  
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Figure 1: Induction motor with active motor foot mounts   

2 Electromagnetic field damping 

In induction motors a radial magnetic force �̂�mr and a tangential magnetic force �̂�mt is caused due to ec-

centricity �̂� (Figure 2) [12]-[14]. 

 

Figure 2: a) Electromagnetic forces; b) Magnetic spring and magnetic damper [12]-[14]   

The radial magnetic force can be described by an electromagnetic spring element 𝑐md [12]-[14]:   

                     𝑝 > 1:     𝑐md =
𝑐m

2
∙ (𝛼p+1 + 𝛼p−1) ;               𝑝 = 1:       𝑐md = 𝑐m ∙ 𝛼p+1                              (1) 

                                 with:  𝑐m =
𝜋∙𝑅∙𝑙

2∙𝜇0∙𝛿′′ ∙ �̂�p
2 ;                                         with:  𝑐m =

1

2
∙

𝜋∙𝑅∙𝑙

2∙𝜇0∙𝛿′′ ∙ �̂�p
2                                

With p: Number of pole pairs of the motor; 𝑐m: Electromagnetic spring element without electromagnetic 

field damping; 𝛼p+1 and 𝛼p−1: Real parts of the complex field damping value. Without electromagnetic 

field damping, the real parts of the field damping coefficients get 𝛼p+1 = 𝛼p−1 = 1. For 2-pole motors (p 

=1) the component 𝛼p−1 gets zero, neglecting the homopolar flux; R: Radius of the stator bore; 𝑙: Length 

of the core;   𝜇0: Permeability of air; 𝛿′′: Equivalent magnetic air gap width; �̂�p: Amplitude of fundamen-

tal air gap field; The tangential magnetic force can be described by the electromagnetic damper element 

𝑑m (with 𝜔F ≠ 0) [12]-[14]: 

                  𝑝 > 1: 𝑑m = −
1

𝜔F
∙

𝑐m

2
∙ (𝛿p+1 − 𝛿p−1);        𝑝 = 1:   𝑑m = −

1

𝜔F
∙ 𝑐m ∙ 𝛿p+1                            (2) 
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With: 𝜔F: Whirling angular frequency of the rotor; 𝛿p+1 and 𝛿p−1: Imaginary parts of the complex field 

damping value. For 2-pole motors (p=1) the component 𝛿p−1 gets also zero, neglecting the homopolar 

flux; If electromagnetic field damping has to be considered, the electromagnetic field damping coefficients 

𝛼p+1, 𝛼p−1, 𝛿p+1, 𝛿p−1  have to be derived. With the ordinal number 𝜈 = 𝑝 ± 1 for an eccentricity field 

wave, the electromagnetic field damping coefficients can be calculated [12]-[14]: 

                                                      𝛼ν = 1 − 𝐾ν ∙ 𝑠ν
2  ;     𝛿ν = −𝐾ν ∙ 𝛽ν ∙ sν                                                (3) 

                                             with: 𝛽ν =
𝑅2,ν

𝜔1(𝐿2h,ν+𝐿2σ,ν)
    and     𝐾ν =

1

𝛽ν
2+𝑠ν

2 ∙
𝜉𝑆chr,ν

2 ∙𝜁K,ν
2

1+
𝐿2σ,ν
𝐿2h,ν

  

With: 𝑅2,ν: Resistance of a rotor bar and ring segment; 𝜔1: Electrical stator angular frequency;                              

𝐿2h,ν: Main field inductance of a rotor mesh; 𝐿2σ,ν: Leakage inductance of a bar and ring segment;                              

𝜉Schr,ν: Screwing factor; 𝜁K,ν: Coupling factor; 

The harmonic slip 𝑠ν can be described by [12]-[14]: 

                                                               𝑠ν =
𝜔ν

𝜈
−𝛺

𝜔1
𝜈

       with:   𝛺 =
𝜔1

𝑝
(1 − 𝑠)                                                  (4) 

With: 𝑠: Fundamental slip of the induction motor; 𝛺: Rotor angular frequency; 𝜔ν/𝜈: Angular frequencies 

of the eccentricity fields, depending on the kind of eccentricity: 

- Static eccentricity: 𝜔ν = 𝜔1 

- Dynamic eccentricity as a circular forward whirl: 𝜔ν = 𝜔1 ± 𝜔F   

- Dynamic eccentricity as a circular backward whirl: 𝜔ν = 𝜔1 ∓ 𝜔F 

In order to consider the electromagnetic field damping effect by a simple magnetic spring element 𝑐md 

and by a simple magnetic damper element 𝑑m, the simplification has to be made, that the calculation of 

𝑐md and 𝑑m is only based on circular forward whirls. So, the electromagnetic influence is supposed to be 

higher than it maybe in reality. If the absolute value of the harmonic slip |𝑠ν| is high – as it is for a circular 

backward whirl in conjunction with a small fundamental slip s – which is usual for steady state operation –  

the damped magnetic spring 𝑐md gets very small as well as the magnetic damper 𝑑m. In this case, the ec-

centricity fields induce strongly in the rotor cage and so the eccentricity fields get clearly reduced due to 

the harmonic rotor currents. Therefore, calculating 𝑐md and 𝑑m based on circular forward whirls is the 

worst case regarding the height of the electromagnetic influence, when considering electromagnetic field 

damping [14]. 

3 Vibration model 

The vibration model is a plane multibody model (Figure 3), generally based on [15], but important en-

hancements and modifications are now implemented. The most important enhancement is that now a 

feedback control system is implemented and that only actuators acting in vertical direction are used. Addi-

tionally bearing housing damping, rotating damping of the rotor shaft and electromagnetic damping is now 

implemented in the model. In [15] the focus was on forced vibrations, but here the focus is on the analysis 

of the threshold of vibration stability. The model consists of two main masses, the rotor mass mw, concen-

trated in the shaft centre point W, and the stator mass ms, which has the inertia sx and is concentrated in 

the centre of gravity S. The mass of the shaft journal 𝑚v and the mass of the bearing housing 𝑚b are ac-

counted separately. The rotor rotates with the rotary angular frequency . The inertia moments of the ro-

tor are not considered and therefore also no gyroscopic effects. The shaft journal centre point V describes 

the movement of the shaft journals. The point B describes the movement of the bearing housing. The rotor 

mass is linked to the stator mass by the stiffness and damping (rotating damping) of the rotor c and di, the 

stiffness and the damping matrices of the oil film in the sleeve bearings 𝐂𝐯 and 𝐃𝐯 and the stiffness and 

damping matrix of the end-shield and bearing housing stiffness 𝐂𝐛 and 𝐃𝐛. Sleeve bearings and bearing 

housings and end-shields are here identical for drive side and non-drive side. The electromagnetism is 
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considered by the electromagnetic spring and damper matrix 𝐂𝐦 and 𝐃𝐦 – described by the damped mag-

netic spring value 𝑐md and the electromagnetic damper value  𝑑m [14]. The stator structure is assumed to 

be rigid, compared to the soft foundation.  

 

Figure 3: Vibration model of induction motor with active motor foot mounts on a soft foundation 

The actuators are described by the actuator stiffness matrix 𝐂𝐚 and actuator damping matrix 𝐃𝐚, with the 

stiffness constants 𝑐ay and 𝑐az and the actuator damping constants 𝑑ay and 𝑑az.The mass of the actuator is 

split into mass of the stator (𝑚as) and mass of the armature (𝑚aa). The active forces of the actuators are 

described by 𝑓azL and 𝑓azR. All this values for the actuators are related on one motor side. On each motor 

side one sensor is positioned so, that the vertical displacement of the left side and of the right side of the 

motor feet can be detected and processed in the controllers. In the model only two controllers are neces-

sary – one for the right side and one for the left side of the motor, because of the planarity of the model. 

The foundation is simplified described by the masses 𝑚fL and 𝑚fR and by the foundation stiffness matrices 

𝐂𝐟𝐋 and 𝐂𝐟𝐑 and the foundation damping matrices 𝐃𝐟𝐋 and 𝐃𝐟𝐑. For deriving the damping coefficients, it is 

important to consider here, that natural vibrations with the angular natural frequency 𝜔stab of the critical 

mode at the limit of stability with the rotary angular frequency 𝛺stab has to be analyzed. Therefore the 

whirling angular frequency 𝜔F becomes 𝜔stab:  

                                                                           𝜔F = 𝜔stab                                                                        (5) 

The oil film stiffness and damping coefficients cij and dij  (𝑖, 𝑗 = 𝑧, 𝑦) of the sleeve bearing are calculated 

by solving the Reynolds differential equation[16] and [17]: 

                                                              𝑐ij = 𝑐ij(𝛺)  and 𝑑ij = 𝑑ij(𝛺)                                                        (6) 

Referring to [2], the internal material damping of the rotor 𝑑i is described here by the mechanical loss fac-

tor tan 𝛿i of the rotor, depending on the whirling angular frequency 𝜔F.  
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                                                                            𝑑i(𝜔F) =
𝑐∙tan 𝛿i 

𝜔F
                                                                        (7) 

With the stiffness of the bearing housing and end shield (𝑐bz; 𝑐by), the damping of the bearing housing 

and end shield (𝑑bz;𝑑by) is here also described by the mechanical loss factor tan 𝛿b: 

                                                          𝑑bz(𝜔F) =
𝑐bz∙tan 𝛿b 

𝜔F
 ;    𝑑by(𝜔F) =

𝑐by∙tan 𝛿b 

𝜔F
                                          (8) 

Also the damping of the actuators is described by the mechanical loss factor tan 𝛿𝑎: 

                                                         𝑑az(𝜔F) =
𝑐az∙tan 𝛿a 

𝜔F
 ;    𝑑ay(𝜔F) =

𝑐ay∙tan 𝛿a 

𝜔F
                                            (9) 

as well as the damping of the foundation, by the mechanical loss factor tan 𝛿f:   

    𝑑fzL(𝜔F) =
𝑐fzL∙tan 𝛿f 

𝜔F
 ;  𝑑fyL(𝜔F) =

𝑐fyL∙tan 𝛿f 

𝜔F
; 𝑑fzR(𝜔F) =

𝑐fzR∙tan 𝛿f 

𝜔F
 ;  𝑑fyR(𝜔F) =

𝑐fyR∙tan 𝛿f 

𝜔F
         (10) 

The electromagnetic stiffness coefficient 𝑐md and damping coefficient 𝑑m are depending on the harmonic 

slip 𝑠ν, and therefore also depending on the whirling angular frequency 𝜔F [14].  

                                                           𝑐md = 𝑐md(𝜔F)  and 𝑑m = 𝑑m(𝜔F)                                              (11) 

4 Mathematical description  

To derive the mathematical description, the vibration system is split into subsystems (Figure 4). The dis-

placements of the stator mass zs, ys, s are much smaller compared to the dimensions of the motor h, b,, 

therefore following linearization is possible [15]: 

                                     hyyybzzbzz  ssaRaLssaRssaL ;;                                (12) 

Now, a linear inhomogeneous differential equation system can be derived, described by mass matrix M, 

damping matrix D, stiffness matrix C, coordinate vector q, and vector for actuator forces fa.              

                                                          afqCqDqM                                                                (13) 

The coordinate vector q can be described by:  

                                       
Tyyyyzzzzyyzz ];;;;;;;;;;;;[ fRfLbvfRfLb vswsws q                       (14) 

The actuator forces can be split into the actuator forces on the left side and on the right side: 
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For an ideal PD-controller – 𝐾PL, 𝐾PR proportional coefficients (left side and right side) and  𝐾DL, 𝐾DR 

derivative coefficients (left side and right side)  –  with a negative feedback loop for the vertical motor feet 

displacements 𝑧aL and 𝑧aR, the actuator forces can described by: 
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With the cinematic constrains (12), follows: 

     
































 b

dt

d

dt

dz
KbzKb

dt

d

dt

dz
KbzK ss

DRssPR

ss

DLssPL





 azRazLa PPf       (17) 

MULTI-BODY DYNAMICS AND CONTROL 2513



 

Figure 4: Vibration model split into subsystems 

So the differential equation system can be described by: 
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        (18) 

The control coefficients 𝐾PL, 𝐾PR, 𝐾DL, 𝐾DR can now be integrated into the damping matrix and stiffness 

matrix leading to a controlled system stiffness matrix �̃� and a controlled system damping matrix �̃�. The 

new differential equation system can now be described by: 

                                                             0qCqDqM 
~~

                                                            (19) 
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The mass matrix 𝐌:                                                                                                                                    (20) 
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The damping matrix �̃�:                                                                                                                              (21)     
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The stiffness matrix �̃�:                                                                                                                                (22) 
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Referring to [14], the state-space formulation can be described by: 
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                                                      (23) 

Where 0 is the zero-matrix and I is the unit matrix, �̃�𝐳 is the system matrix. With:  

                                                      
λte xx ˆ  xxAz

ˆˆ
~

                                                                   (24) 

the eigenvalue equation is described: 

                                                             0xIAz  ˆ]
~

[                                                                         (25) 

The eigenvalues 𝜆 can be calculated by: 

                                                            0]
~

det[  IAz                                                                        (26) 

According to (25) the eigenvectors �̂� can be calculated. If the eigenvalues 𝜆 and the eigenvectors �̂� shall 

be calculated without control system, the controller parameters have to set to zero (𝐾PL= 𝐾PR = 𝐾DL= 

𝐾DR = 0) in the damping matrix �̃� and in the stiffness matrix �̃�.  
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5 Threshold of vibration stability  

At the threshold of stability, the eigenvalue 𝜆 of the critical mode gets:  

                                              𝜆 = 𝜆stab = ±𝑗 ∙ 𝜔stab                                            (27) 

Knowing the eigenvalue 𝜆stab, the critical mode shape at the limit of stability can be derived. The real part 

of the critical eigenvalue 𝜆stab is zero and the whirling angular frequency 𝜔F is then identical to 𝜔stab, 

while the rotor is rotating with 𝛺stab. It has to be considered, that the coefficients 𝑑i, 𝑑bz, 𝑑by, 𝑑fzL, 

𝑑fyL, 𝑑fzR, 𝑑fyR, 𝑑az, 𝑑ay, 𝑑m, 𝑐md are depending on the whirling angular frequency 𝜔F, which has to be 

determined. Referring to [14] an iterative solution has to be deduced, according to Figure 5. First, the co-

efficients 𝑑i, 𝑑bz, 𝑑by, 𝑑fzL, 𝑑fyL, 𝑑fzR, 𝑑fyR, 𝑑az, 𝑑ay, 𝑑m, 𝑐md , which depend on the whirling angular 

frequency 𝜔F, are set to zero, so that only the non-symmetric stiffness matrix of the oil film will cause 

instability. The eigenvalues are calculated according to (26), depending on the rotary angular frequency 𝛺. 

 

                                      Figure 5: Flow diagram to derive the limit of stability  

To derive the limit of stability, the rotary angular frequency 𝛺 is increased, till the real part of an eigen-

value gets zero. At this limit, the rotary angular frequency is 𝛺stab,1 – index “1” for the first calculation – 

and the natural angular frequency of the critical mode 𝜔𝑠𝑡𝑎𝑏,1 can be derived from the eigenvalue. After-

wards the coefficients 𝑑i, 𝑑bz, 𝑑by, 𝑑fzL, 𝑑fyL, 𝑑fzR, 𝑑fyR, 𝑑az, 𝑑ay, 𝑑m, 𝑐md are calculated with 𝜔F =

𝜔stab,1, and the limit of stability and the natural angular frequency are calculated again, leading to 𝛺stab,2 

and 𝜔stab,2. Then the new calculated natural angular frequency 𝜔stab,2 will be compared to the origin nat-

ural angular frequency 𝜔stab,1. If the ratio is less than Δ – an arbitrarily chosen value –, the calculation is 

finished and 𝛺stab = 𝛺stab,2 and 𝜔stab = 𝜔stab,2. If the ration is larger as the chosen value Δ, a new cal-

culation is deduced and the coefficients 𝑑i, 𝑑bz, 𝑑by, 𝑑fzL, 𝑑fyL, 𝑑fzR, 𝑑fyR, 𝑑az, 𝑑ay, 𝑑m, 𝑐md are now cal-

culated with 𝜔F = 𝜔stab,2. With these new coefficients, the new limit of stability 𝛺stab,n+1 and the natural 

angular frequency 𝜔stab,n+1 are derived. Then again the new value 𝜔stab,n+1 is compared to the previous 

value 𝜔stab,2. If the deviation is still too large, the loop will run through, till the deviation is less than Δ. 

With this iterative process the limit of stability 𝛺stab can be derived, as well as the corresponding natural 

angular frequency 𝜔stab of the critical mode. 
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6 Example 

In this section the threshold of stability is analysed for a 2-pole induction motor (Table 1), with sleeve 

bearings and flexible rotor. The induction motor is mounted on a soft foundation with active motor mounts 

between the motor feet and foundation and is driven by a converter with constant magnetization in the 

whole speed rang, operating without load (𝑠 = 0). The investigated speed range is from 1000 rpm up to 

10000 rpm. Mechanical damping of the actuators is neglected here (tan 𝛿a = 0). 

6.1 Basic data 

The basic data are described in Table 1. 

Data of the motor: 

- Masse of the stator 𝑚s = 7040 𝑘𝑔 

- Mass inertia of the stator at the x-axis 𝜃sx = 1550 𝑘𝑔𝑚2 

- Mass of the rotor  𝑚w = 1900 𝑘𝑔 

- Mass of the rotor shaft journal 𝑚v = 10 𝑘𝑔 

- Mass of the bearing housing 𝑚b = 80 𝑘𝑔 

- Stiffness of the rotor  𝑐 = 1.0 ∙ 108 𝑘𝑔/𝑠2 

- Undamped magnetic spring constant 𝑐m = 7.0 ∙ 106 𝑘𝑔/𝑠2 

- Height of the centre of gravity S ℎ = 560 𝑚𝑚 

- Distance between motor feet 2𝑏 = 1060 𝑚𝑚 

- Horizontal stiffness of bearing housing and end shield 𝑐by = 4.8 ∙ 108 𝑘𝑔/𝑠2 

- Vertical stiffness of bearing housing and end shield 𝑐bz = 5.7 ∙ 108 𝑘𝑔/𝑠2 

- Mechanical loss factor of the bearing housing and end shield tan 𝛿b = 0.04 

- Mechanical loss factor of the rotor  tan 𝛿i = 0.03 

Data of the sleeve bearings:  

- Bearing shell Cylindrical 

- Lubricant viscosity grade  ISO VG 32 

- Nominal bore diameter / Bearing width db = 110 mm / bb = 81.4 mm 

- Ambient temperature / Supply oil temperature Tamb = 20°C / Tin = 40°C 

- Mean relative bearing clearance (DIN 31698) m = 1.6 ‰ 

Data of the actuators (for each motor side):  

- Mass of the stator 𝑚as = 10 kg 

- Mass of the armature 𝑚aa = 3 kg 

- Vertical stiffness for each motor side 𝑐az = 6.0 ∙ 108 𝑘𝑔/𝑠2 

- Horizontal stiffness for each motor side 𝑐ay = 3.0 ∙ 108 𝑘𝑔/𝑠2 

- Mechanical loss factor of the actuators tan 𝛿𝑎 = 0 

Data of the foundation (for each motor side):  

- Mass left side 𝑚fL = 30 kg 

- Mass right side 𝑚fR = 30 kg 

- Vertical stiffness for each motor side 𝑐fzL = 𝑐fzR = 1.5 ∙ 108 𝑘𝑔/𝑠2 

- Horizontal stiffness for each motor side 𝑐fyL = 𝑐fyL = 1.0 ∙ 108 𝑘𝑔/𝑠2 

- Mechanical loss factor of the foundation  tan 𝛿f = 0.04 

Table 1: Data 2-pole induction motor (2 MW), bearings, actuators and foundation 

The oil film stiffness and damping coefficients of the sleeve bearings are calculated for each rotor speed in 

steady state operation (Figure 5). Therefore the program SBCALC from RENK AG is used. 
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Figure 6: Oil film stiffness coefficients (a)) and damping coefficients (b)), for different rotor speeds  

The electromagnetic spring value 𝑐md and the electromagnetic damper value 𝑑m are calculated according 

to section 2, depending on rotor angular frequency 𝛺 and on whirling angular frequency 𝜔F (Figure 7).  

 

Figure 7: Electromagnetic spring value cmd (a)) and electromagnetic damper value dm (b)), depending on 

the rotor angular frequency  and the whirling angular frequency F, operating at no load (s = 0) 

Figure 7 shows that the highest magnetic spring value 𝑐md occurs, if the rotor angular frequency 𝛺 and the 

whirling angular frequency 𝜔F are identical. So no electromagnetic damping occurs, and the magnetic 

spring value 𝑐md is equal to the undamped magnetic spring value 𝑐m. In this case the electromagnetic 

damper 𝑑m is zero. If there is a difference between 𝛺 and 𝜔F, electromagnetic damping occurs, and 𝑐md 

will be reduced. For a specific difference, 𝑑m reaches its maximum value. With increasing difference, 𝑑m 

tends to zero. If the rotor angular frequency 𝛺 is higher as the whirling angular frequency 𝜔F, the electro-

magnetic damper 𝑑m is negative, which forwards instability. When analyzing vibration instability of rotat-

ing machines with sleeve bearings, the rotor angular frequency 𝛺 at the threshold of stability is mostly 

much higher as the whirling angular frequency (𝛺 ≫ 𝜔F), leading to a strong electromagnetic field damp-

ing and so to a very high harmonic slip 𝑠ν. So the electromagnetic spring 𝑐md is strongly reduced and the 

electromagnetic damper 𝑑m is negative, but so small, that 𝑑m can be mostly neglected. 
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6.2 Controller parameter 

For the simulation an ideal PD-Controller is used – identical for the left side and for the right side of the 

motor – controlling the motor feet displacements 𝑧aL and 𝑧aR.  

- Rated proportional coefficient (right and left controller) 𝐾PN = 𝐾PR = 𝐾PL = 1 ∙ 109 kg/s2 

- Rated derivative coefficient (right and left controller) 𝐾DN = 𝐾DR = 𝐾DL = 1 ∙ 107 kg/s 

Table 2: Basic (rated) controller parameter 

The ratio between 𝐾DN and 𝐾PN is here chosen to be:  
𝐾DN

𝐾PN
= 0.01                                         (28) 

6.3 Threshold of stability for different mounting conditions 

Now the threshold of stability is calculated for different mounting conditions: 

a) Motor mounted on a rigid foundation 

b) Motor directly mounted on the soft steel frame foundation 

c) Motor mounted on the soft steel frame foundation with actuators between the motor feet and 

foundation. Actuators acting only passively. 

d) Motor mounted on the soft steel frame foundation with actuators between the motor feet and 

foundation. Actuators acting actively, controlled by ideal PD-controllers. 

For each case, the eigenvalues were calculated for different rotor speeds (Figure 5). The real part and the 

imaginary part of the eigenvalues are analyzed for the critical mode, which becomes instable (Figure 8). 

When the real part gets zero, the threshold of stability is reached, which is presented by the rotor angular 

frequency 𝛺stab, respectively by the rotor speed 𝑛stab. The whirling angular frequency of the critical 

mode is then 𝜔F = 𝜔stab, which can be seen in Figure 8. 

Case 

 

Threshold of stability  

𝑛stab [rpm] 

Whirling angular frequency 

𝜔F = 𝜔stab [rad/s] 

a) Motor on rigid foundation 3417 190.4 

b) Motor on soft foundation, directly mounted 4807 223.0 

c) Motor on soft foundation with actuators (passive) 4450 218.7 

d) Motor on soft foundation with actuators (active) 7760 220.8 

Table 3: Threshold of stability 𝑛stab and whirling angular frequency 𝜔F = 𝜔stab of the critical mode  

Figure 8 and Table 3 shows that the lowest threshold of stability occurs for the rigid mounted motor 

(𝑛stab = 3417 𝑟𝑝𝑚). When the motor is directly mounted on the soft steel frame foundation, the thresh-

old of stability is increased to 4807 rpm. If actuators are mounted between motor feet and the soft founda-

tion, operating passively, the threshold of stability drops to 4450 rpm. If the actuators are active con-

trolled, the threshold of stability can be pushed up to 7760 rpm. Figure 9 shows the critical mode shape – 

where the real part of the eigenvalue gets zero – for each case, when the motor is operated at the threshold 

of stability 𝑛stab. For case a) only orbits of the rotor centre, the shaft journal centres and the bearing hous-

ing centres occur, because the motor is here rigid mounted. If the motor is directly mounted on the soft 

foundation (case b)) the mode shapes changes clearly. The ellipse of the rotor orbit gets thinner and the 

angle changes. Also the orbits of the shaft journals changes clearly. Additionally, now orbits of the motor 

feet occur, which are here identically with the orbits of the foundation points, because the motor is directly 

mounted on the foundation. If actuators are positioned between motor and soft foundation, acting only 

passively, the orbits of the foundation points are different to the orbits of the motor feet points (case c)). 

The critical mode shapes of case b) and c) look very similar. If the actuators are active controlled (case 

2520 PROCEEDINGS OF ISMA2018 AND USD2018



d)), the critical mode shape changes clearly, which can be seen when looking at the rotor orbit. Also the 

orbits of the motor feet and of the foundation points have changed clearly.  

 

Figure 8: Real part and imaginary part of the eigenvalue belonging to the critical mode, which becomes 

instable, depending on the rotor speed, for different cases. 

 

Figure 9: Critical mode shapes for the different cases at the threshold of stability 
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6.4 Threshold of stability for different controller parameter and actuators  

6.4.1 For the rated actuators  

For the rated actuators and for an arbitrary ration between 𝐾P and 𝐾D – which is only possible in a theoret-

ical analysis – the threshold of stability is calculated and pictured in Figure 10. The rotor speed is limited 

to 10000 rpm, because above this rotor speed, the calculation of the oil film coefficients reaches its valida-

tion. Parameter 𝐾P is varied in the range of 1 ∙ 103 … 5 ∙ 109 kg/s
2
 and parameter 𝐾D in the range of  

1 ∙ 102 … 3 ∙ 107 kg/s. The maximum threshold of stability is reached in the range where 𝐾P lies between 

0.6 ∙ 109 … 1.8 ∙ 109 kg/s
2
 and 𝐾D between 1 ∙ 102 … 4 ∙ 106 kg/s.  

 

Figure 10: Threshold of stability nstab, depending on the controller data KP and KD, for the rated actuators 

(actuator stiffness: caz = 610
8
 kg/s

2
; cay = 310

8
 kg/s

2
) 

6.4.2 For soft actuators  

For soft actuators, which have here the same masse but only 1/10 of the stiffness of the rated actuators, 

and also no mechanical damping (tan 𝛿𝑎 = 0), the threshold of stability is calculated, for different values 

of  𝐾P and 𝐾D. The maximum threshold of stability is reached in the range, where 𝐾𝑃 lies between 

2.6 ∙ 108 … 4.5 ∙ 108 kg/s
2
 and 𝐾𝐷 between 1 × 101 … 4.3 × 105 kg/s. Additionally a local maximum oc-

curs, where 𝐾𝑃 is about 1 ∙ 108 kg/s
2
 and 𝐾𝐷 is about 5.4 ∙ 104 kg/s.  

 

Figure 11: Threshold of stability nstab, depending on the controller data KP and KD, for soft actuators           

(actuator stiffness: caz = 610
7
 kg/s

2
; cay = 310

7
 kg/s

2
) 

]
]
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7 Conclusion 

In the paper the threshold of vibration stability of induction motors with flexible shafts and sleeve bear-

ings, mounted on soft steel frame foundations with active motor foot mounts, was analyzed. Therefore a 

multibody model was developed, considering electromagnetic influence, stiffness and internal damping of 

the rotor, stiffness and damping of the bearing housings and end shields, stiffness and damping of the 

foundation, stiffness and damping of the oil film of the sleeve bearings and the stiffness and damping of 

the motor foot mounts, as well as the controlled forces, which are applied in the vibration system by the 

motor foot mounts, using PD-controllers. The aim of the paper is to unite all these influences in a model 

and to derive a procedure for calculating the threshold of vibration stability. Based on a numerical exam-

ple, different mountings of a large 2-pole induction motor (2MW) were investigated. It could be shown, 

that the threshold of stability can be pushed to very high rotor speeds, using active motor foot mounts. 
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Abstract
The vibration recorded from planetary gearboxes is not only modulated, but also exhibits resonances. These
two phenomena are separated using a technique derived from operational modal analysis (OMA). The
modulation can be represented by a Fourier series, as shown previously. A non-parametric estimate of the
frequency response function (FRF) is obtained from run-up experiments without the use of order tracking.
While this is mainly advantageous, the PolyMax algorithm is no longer applicable. Nevertheless, a parametric
fit of the non-parametric estimate of the FRF can still be computed using non-linear optimization. Stationary
measurements obtained with order tracking are used for validation.

1 Introduction

Planetary gearboxes play a vital role in many applications. They feature high power densities in comparison
to parallel shaft gear boxes which is enabled by load sharing among the planets. In many cases, such as servo
drives, the coaxial shafts further support lightweight and efficient design. Their vibration behavior however is
more complicated than that of gearboxes in which the axes of the gears do not revolve. The excitation is highly
modulated, which is well known from the classic article by McFadden [1]. In addition, Ericson and Parker [2]
report clusters of natural frequencies in the frequency response function (FRF) of planetary gearboxes.

For a better understanding of planetary gearbox vibrations it is desirable to separate the excitation and the
dynamic behavior of the structure, which is described by the FRF. This will be attempted in this contribution.
The approach used in this contribution may be summarized as follows: First, measured data will be analyzed.
From this initial analysis it becomes clear that a linear frequency response model should be combined with
a Fourier series as input. While the Fourier series approach has previously shown to accurately reflect the
excitation of the structure by the gear meshing in [3], resonances have not been included in this model. In this
contribution, operational modal analysis (OMA) techniques will be combined with the existing Fourier series
approach. The reason for this choice is the difficulty in measuring the excitation forces resulting from the
meshing gears. In larger gearboxes strain gauges may be applied to the ring gear, which still do not account
for the meshing of planets and sun. OMA provides a non-invasive, less elaborate and therefore more flexible
alternative. The chosen output-only method however causes the concept of the FRF to be not as precisely
defined as in an input-output framework, as the true input can never be known.

Peeters and Roeck [4] provide a comprehensive, if not quite up to date, overview for the topic of OMA.
Since then, techniques more specific to rotating machinery have been developed [5, 6, 7] which rely on order
tracking. This approach is not effective for planetary gearboxes for two reasons: First, relevant orders may be
as high as 500 which causes a high slew rate in the frequencies associated with these high orders. This makes
order tracking unreliable. Second, tracking a high number of orders at high frequencies produces a very high
amount of intermediate data and thus complicates the approach. Instead a simplified method of estimating the
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Figure 1: Experimental setup. The gearbox can be driven at arbitrary speed and load.

frequency response function will be developed. In addition, a parametric fit of the non-parametric estimate
will be obtained.

In a first step, the modulation of the recorded vibration needs to be discussed. The vibration is modulated
because the gear meshing takes place in a rotating reference frame. Therefore the lines of action of the gear
mesh forces rotate. In addition, there is a movement of the contact points at which the planet gears mesh with
sun and ring gears. The effect of the motion of the contact points has been first discussed by McFadden [1].
Further notable contributions have been made by McNames [8] and by Inalpolat and Kahraman [9]. Morikawa
et al. [10, 11] present a different view on the topic. While the first group of authors focus on the moving
contact points in the gearbox, the latter examines the effect of forces with rotating lines of action.

Experiments conducted on our test-rig (see [3]) generally agree with the phenomena reported by these authors.
Therefore any vibration signal x excited by a planetary gearbox may be modeled as a Fourier series.

x =

∞∑

k=−∞
cke

ikϕ =
a0
2

+

∞∑

k=1

(ak cos kϕ+ bk sin kϕ) (1)

Here, the argument of the series is not the time t, but the instantaneous angle of the planet carrier ϕ. As the
angle ϕ(t) of the planet carrier is time dependent, the vibration x may be either understood as a function of
time or as a function of the reference angle ϕ. The real coefficients ak, bk and the complex coefficients ck are
linked by

ck =





a0 for k = 0
1
2(ak − ibk) for k > 0
1
2(a−k + ib−k) for k < 0 .

(2)

This yields that any vibration signal recorded from a planetary gearbox may be decomposed into orders. Any
order can be conveniently addressed by the index k and is represented by its magnitude |ck| and its phase angle
6 ck. The extraction of the Fourier coefficients ck from recorded data is called computational order tracking
(COT). For stationary operation, COT may be implemented in a straightforward manner using the fast discrete
Fourier transform (FFT). For more sophisticated methods see the classic paper by Fyfe and Munck [12].

2 Experiments

Figure 1 depicts the rest-rig used in this investigation. It primarily consists of an asynchronous motor (1), an
eddy current brake (2) and the planetary gearbox (3). The gearbox cannot be seen well in the photograph as
it is mounted inside the assembly. Metal bellow couplings (4) transfer mechanical power. Accelerometers
(5) and force transducers (6) acquire vibration data. An incremental encoder also captures the angle of the
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Figure 2: Magnitudes of the first 200 orders. The colormap is compressed non-linearly for better visibility.

planet carrier. The data is recorded at a sampling rate of 80 kHz. In this contribution the data obtained from
the accelerometers is primarily used as the vibration signal x.

Figure 2 relates the magnitude of the Fourier coefficients |ck| to the corresponding frequency of each order
when the gearbox runs at different speeds. This order chart is related to the more common Campbell diagram
by transformation of the axes. In comparison, the order chart displays the individual orders more precisely.
The empty areas represent the boundaries set by the minimal and maximal speed used in the experiments.
The data has been obtained by tracking the orders of 500 stationary measurements at different frequencies
and equal load. Afterwards a Bayesian interpolation (see [13]) has been performed. The mapping of the
colors to the magnitudes of the Fourier coefficients |ck| uses a sigmoid characteristic to improve visibility of
resonances. This however makes it harder to judge the magnitude of individual orders.

Figure 2 yields two major observations: First, only some orders contribute significantly to the overall vibration
level. They are found in the vicinity of the nominal gear mesh order at k = 84 and its integer multiples.
This is in good agreement with the theory explained in Section 1. The second observation is that at certain
frequencies resonances are visible for all orders. This suggests that an accurate linear model may be found for
these structural modes.

3 Structural model

In order to identify a linear model, vibration data is needed. Here, two approaches are possible: First,
the test-rig may be operated at different, but stationary speeds. Alternatively, a run-up may be performed.
Performing multiple stationary measurements is time consuming. In addition, it may not be feasible at speeds
where resonances occur if imbalances are too big. During a run-up, the vibration will remain within the safety
limits, if an appropriate angular acceleration is chosen. The main advantage of a run-up experiment however
lies in its ability to excite a continuous range of frequencies within a short execution time. All estimates will
be made based on run-up data. Stationary operation will only serve as a reference for validation purposes.
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In the first step, a non-parametric estimate of the FRF is obtained from run-up experiments. An operational
modal analysis (OMA) based approach is necessary because it is not possible to apply an external excitation
accurately representing the excitation by the gearbox at operation. The non-linear gear mesh effects cause
different dynamic behavior in operation and stand-still.

OMA typically assumes white noise as input or at least an evenly distributed excitation in the frequency
domain [4]. This is approximately true for a run-up excitation comprised of a single order. However, the
experimental data contains multiple orders. This causes the assumption of an evenly distributed excitation
spectrum to be not entirely true. The excitation spectrum is not constant for all frequencies. Instead, it
fluctuates around an approximately constant value. Thus, the cross-correlation cannot be used to estimate
the FRF. In many cases, this problem can be overcome by performing order tracking on the acquired data as
shown in [5, 6, 7]. An individual order of a run-up provides the required constant spectrum. In the case of
planetary gearboxes, the relevant orders are considerably higher than in other applications. Also, the number
of relevant orders is higher than in most systems. While the extraction of individual orders has been shown for
planetary gearboxes in [3], the high angular acceleration at high orders causes the results to be not sufficiently
accurate for system identification.

However, the magnitude of the excitation can be made approximately constant for all frequencies using a
smoothing algorithm. Here, a moving average (MA) filter is applied to the magnitude of the spectrum. This
eliminates the unwanted fluctuation which result from the presence of more than one order in the excitation
but removes the phase information in the process. Once the requirement of a constant excitation spectrum is
sufficiently satisfied, the measured response spectrum is approximately proportional to the FRF due to

X (Ω) = F (Ω)H (Ω) ≈ aH̃ (Ω) , (3)

were X(Ω) is the spectrum of the recorded vibration x(t), H(Ω) the ideal FRF, H̃(Ω) the estimated FRF and
a a scalar factor. F (Ω) denotes the spectrum of the unknown excitation which is assumed constant for all
frequencies interest.

In comparison to the usual approach using order tracking, only the magnitude of the FRF can be estimated.
From a strictly theoretical standpoint, “end-of-orders” effects would need to be considered. They occur
because each order has a different maximum frequency which can be excited by a given maximum speed
of the gearbox. This effect will be neglected because this effect is not observable from the recorded data.
Most likely this is due to the high amount of orders and the fact that not all orders contribute equally to the
spectrum. The experimental data meets the assumption of a constant moving average of the excitation spectra.
This can be concluded from the absence of artifacts associated with “end-of-orders” effects. Excitation caused
by unbalance forces can be neglected because only frequencies exceeding 200 Hz will be considered. The
maximum frequency of the 3th order, which corresponds to the unbalance at the drive shaft is 165 Hz.

The FRF is obtained by transforming the measured response into the frequency domain, calculating its
magnitude and computing the moving average of the spectrum. An a-causal MA filter has been used which
increases the bandwidth with rising frequencies. The estimated FRF is shown in Figure 3 along with the
Fourier transform of the run-up response X . The computation of the moving average introduces a bias to the
estimated FRF due to attenuation of the maxima and thus increases spectral leakage. Because the magnitude
of the excitation is unknown the scalar factor a cannot be calculated by principle. Hence the estimated FRF
H̃ is arbitrarily scaled.

Furthermore the modal parameters have been estimated. As only the magnitude of the estimated non-
parametric FRF is known, standard algorithms such as PolyMax cannot be applied. A method has been
developed which uses the magnitude of the FRF and non-linear regression to find the modal parameters. The
FRF is usually given in standard form

H (Ω) =

N∑

n=1

(
Rn

iΩ− λn
+

R∗n
iΩ− λ∗n

)
=

N∑

n=1

Rn
2Dωn + 2iΩ

ω2
n − Ω + 2iDωnΩ

(4)
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Figure 3: Estimated FRF and intermediate results for one accelerometer. The marked frequencies are the
same as found in Figure 2.

where λn are the eigenvalues, Dn are the damping ratios and ωn the natural frequencies. Rn denotes the
amplitudes, also called residuals, which are assumed to be real in the following. The complex eigenvalues are
related to the modal parameters by λn = Dωn + iωn

√
1−D2.

This notation is not suited for non-linear optimization. Graphically explained, any change of the damping ratio
will alter the height of the corresponding pole. This causes bad numerical condition. To solve this problem,
height and width of each pole are made independent by introducing a new Amplitude parameter An. The
parametric form

H (Ω) =

N∑

n=1

An
2iDΩωn

ω2
n − Ω2 + 2iDnΩωn

(5)

implements the idea, as the peak value at Ω = ωn is independent of the damping ratio Dn for a given
Amplitude An. The parametric form (5) enables a numerically stable solution of the non-linear least-squares
problem. The results of the method are also shown in Figure 3. The method is capable to identify closely
spaced modes as well as modes which do not form distinguished peaks. However the method does not perform
a separation of numerical modes and physical modes. It is able to obtain an arbitrarily close fit by introducing
numerical modes. Therefore a manual selection of the system modes has been performed were only the
relevant resonances have been taken into account.

The FRF which has been obtained with a run-up measurement can now be compared with the stationary
measurements. Therefor the 85th order of the stationary measurements is shown in Figure 4 along with the
approximated FRF. One can see a high correlation between 0.9 kHz and 3 kHz. The diagram also shows a
notable amount of uncertainty in the stationary measurements. The uncertainty does not result from numerical
artifacts. Further, as the temperature and the load have been tightly controlled, it must be concluded that the
observed uncertainty is inherent to the gearbox. In comparison to the FRF estimate, the Fourier coefficient
|c85| raises with higher frequencies. This indicates that not all excitation orders contribute evenly to the total
excitation at all speeds of the gearbox. The advantage of the run-up approach over stationary measurements
becomes clear by the fact that it yields continuous information, where the stationary measurements only
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Figure 4: Estimated FRF. Please note the arbitrary scale. The marked frequencies are the same as found in
Figure 2.

provide individual points.

The advantage of the non-linear optimization is that it is possible to identify closely spaced modes due to the
consideration of all nearby modes. This results in a better approximation of the modal parameters compared to
other methods which are neglecting these. The simplest of these other methods is peak-picking were a single
pole-pair is optimized for a narrow frequency range. This methods yields good results for isolated modes
like the Peak at 0.6 kHz. The results in this case are f0 = 596 Hz for the natural frequency and D = 0.016
for the damping ratio. This is a good approximation given the results of the non-linear optimization with
f0 = 595 Hz and D = 0.015. However if multiple modes are present the results show a higher difference
form each other. For the peak at 8.3 kHz, which is surrounded by two closely spaced modes, peak-picking
yields f0 = 8.38 kHz, D = 0.03 and the non-linear fit f0 = 8.38 kHz, D = 0.043. More importantly,
peak-picking cannot identify modes, if they do not exhibit distinct peaks.

4 Conclusion

The method presented in this contribution can successfully identify the dynamics of the gearbox and the
surrounding test-rig. Therefor run-up experiments have been conducted which only require limited effort.
Despite that only the magnitude of the non-parametric FRF can be estimated, a set of modal parameters
could be obtained. This was achieved by non-linear optimization, for which the parametric form of the FRF
had to be slightly modified. While the results of stationary measurement agree with the estimated FRF, they
also show certain deviations. In addition, the inherent uncertainty of the system seems to be rather high.
In summary, the method provides useful insights in the propagation of the gear mesh vibration through the
dynamics of the test-rig. In the future, the method will be applied to vibration signature analysis.
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Abstract 
The project described in this paper aims to validate a full model multibody approach for the sound 

calculation of vehicle gearboxes. A complex gearbox housing with a customized two-stage gear train 

inside is used as  test object. It is equipped with special devices for the direct and indirect measurement of 

the operational bearing forces. This setup mounted on a test rig in a reverberation chamber delivers all the 

data necessary in order to validate the state of the art approach for the sound calculation of vehicle 

gearboxes. Within that approach the gearbox is completely modelled in a multibody simulation software. 

The housing typically is included as a reduced flexible body. Using the results of several modal analyses 

the modelling techniques for the bolted joint connections are evaluated. Gears and bearings are modelled 

in a simplified yet accurate way with stiffness maps. The implementation of this new simulation and 

measurement techniques requires thorough preliminary investigations. 

1 Introduction 

Although it is often claimed that in the medium term transmissions will disappear from vehicles assuming 

that electrical engines do not require them, current developments imply a different tendency. As some 

experts suggest the market for low cost vehicles will continue growing especially in third world countries 

and it is highly unlikely that they will be realized as electrical cars [1]. Consequently there is no doubt that 

transmissions cannot be removed completely from new designs. In [2] it is stated that even electrical cars 

might rely on transmissions in order to meet basic customer requirements such as efficiency or range and 

maximum speed. Furthermore, hybrid cars that are considered a medium term solution are equipped with 

silent engines that still need transmissions. Taking this into account the need for acoustically optimized 

vehicle transmissions appears even higher. Modern combustion engines were continuously improved so 

that the engine sound often cannot “mask” other sounds anymore. As a further result of the engine 

optimization the sound pressure level in the passenger cell of vehicles dropped from around 75 dB (A) in 

the year 1980 to values around 60 dB (A) in 2010 [3]. Nevertheless, the increasing traffic volume leads to 

a stagnation of the overall sound pollution. In addition, psychoacoustic effects have to be considered. For 

instance, the perceived loudness stays equal for a single tone compared to the same tone with added 

harmonics [3]. Consequently tonal sounds are evaluated as much more disturbing than sounds that contain 

a broader range of frequency components. Especially in transmissions there are only few characteristic 

excitation frequencies such as the meshing and bearing frequencies and their harmonics. Besides, the 

housing eigenfrequencies tend to be low damped which leads to sharp resonances. All these aspects 
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account for the tonal character of the sound radiated by the gearbox and eventually justify the effort to 

resolve the target conflict between costs, lightweight demands and NVH comfort. However, the use of 

gears is additionally widespread in mechanical industry where safety requirements demand a limit of noise 

exposure. As every radiating source contributes to the overall sound pressure level it is crucial for noise 

minimization to reduce the noise of the main source and of every other radiating object if possible. 

Without doubt, acoustically optimized transmissions lower the noise emission in the public and industrial 

environment. This optimization has to take place in an early stage of the product development in order to 

avoid expensive changes later on. Reviewing the literature reveals the large effort already invested into the 

elaboration of reliable and validated simulation methods for the sound calculation of gearboxes. In the 

earlier publications one can observe a division into three systems according to their different roles in the 

noise generation:  

1. The inner parts such as shafts, gears and bearings 

2. The gearbox housing 

3. The radiating housing surface and the surrounding fluid 

The first system is mainly responsible for the excitation of the structure vibrations of the second system. 

Those vibrations, in turn, cause the propagation of sound waves through the surrounding fluid which is 

described by the third system. Usually the first system was examined separately from the housing and the 

fluid. The largest noise reduction can be achieved by optimizing the gears as thereby the excitation 

decreases. Regarding the excitation behavior of the shafts, bearings and gears various publications are 

present, e.g. [4], [5], [6]. Here the systems are mostly modelled with systems of linear differential 

equations. As demonstrated in [7] it is also possible to use nonlinear multibody systems (MBS) although 

the computation time increases drastically. On the other side, many research projects focused on the sound 

radiation of housings exist. In [8] and [9] the authors describe the validation of the sound calculation of 

complex ribbed housing structures. In this case the Finite Element Method (FEM) is used for the 

calculation of the structural vibrations whereas the sound radiation is calculated with the Boundary 

Element Method (BEM). Those investigations lead to design guidelines that enable the design engineer to 

consider acoustic requirements early in the design phase. However, normally gearbox housings consist of 

several parts that interact with each other. This circumstance required further investigations regarding the 

modelling of joints for the sound radiation simulation. In [10] and [11] validated solutions are presented 

and likewise result in modelling guidelines. Furthermore, it is clearly demonstrated that the inclusion of 

bearings and shafts into the FE Model does not lead to meaningful results. The main reason is the 

nonlinear behavior of the bearings that change their stiffness with the rotation angle and the applied load 

and therefore cannot be linearized properly. This underlines the necessity for nonlinear MB models in the 

acoustic calculation chain. As shown in [7] and [12] the exciting bearing forces can be calculated with a 

MB model containing the gears, bearings and shafts. As the model uses contact definitions for the bearing 

and gear models, the calculation times are very high with up to ten days [7].  The bearing forces are  

transferred into the frequency domain and thereby represent the input for a frequency response analysis of 

the gearbox housing. The results are the surface velocities that are the boundary condition for the acoustic 

model for the calculation of the sound radiated by the housing. In order to validate this approach, a 

gearbox test rig which is operated in a reverberation chamber was used by Falkenberger. The gearbox has 

a special bearing force measurement device which directly measures the excitation forces at one bearing 

via piezo-electric sensors. The evaluation of the bearing force measurements, sound power and the 

simulation results from [7] indicates the need for further extensions: 

1. Consideration of the interaction between the inner parts and the gearbox housing in the 

simulation. 

2. A simplified modelling of the bearings and gears is required due to the long calculation times.  

3. The obtainment of proper damping values for the assembled gearbox. 

4. The measurement of all bearing forces. 

The following chapters expound in which manners the named aspects shall be considered in the simulation 

and measurement of the sound radiation of a customized two-staged transmission with a series-production 
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housing. The main goal of the project is to provide a validated calculation procedure that enables a quicker 

generation of reliable simulation results for the sound radiation of gearboxes. 

2 Workflow for the validation of the sound calculation 

In order to identify possible sources for deviations each step of the calculation has to be validated with 

measurements. Figure 1 illustrates the workflow of the planned calculations and the according 

experimental investigations. Concerning the dynamic behavior of the gearbox the applied strategy is 

bottom-up like, meaning that the single parts are investigated separately before the assembly. 

 

Figure 1: Validation of the gearbox sound calculation with a full model multibody approach 

The validated parts of the gearbox are assembled in one multibody structural model. This enables the 

consideration of a shaft-housing interaction. Due to their dimension the FE models of the shafts and the 
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housing have to be imported as condensed models into the multibody model. As the investigations 

conducted in [7] imply, the usage of contact models leads to unpractical long computation times. 

Therefore the bearings and gears are modelled with user defined force elements. The stiffness values for 

these elements have to be obtained by pre-calculations or measurements. Usually the manufacturer, e.g. 

Schaeffler AG, provides the bearing stiffness maps [13]. If the stiffness map has to be obtained manually, 

one can either use the formulations provided in [14] or nonlinear FE-models. Although time consuming 

those pre-calculations have to be conducted only once. For the gears usually no stiffness maps exist. If the 

gear wheel body deformations are negligible then usually the analytical approach from [15] is used. More 

accurate, but also much more time consuming is the calculation of the stiffness values with nonlinear FE-

models. In [16] e.g. the researchers conduct analyses for 50 angular positions of the gear pairs.  

The two experimental options for the investigation of the dynamic behavior of the assembled gearbox are 

run-ups and constant operating points. With run-ups critical operating points can be identified as well as 

the eigenfrequencies, -shapes and damping values of the assembled gearbox. For this the order based 

modal analysis (OBMA) is used as it was developed for rotating machineries [17] and avoids the necessity 

of an artificial excitation.  In addition, an operational transfer path analysis (OTPA) can be conducted 

given that the exciting bearing forces can be measured [18]. It is aimed to derive the contributions of the 

bearing forces to the surface velocities over the excited frequency range. Simulations and measurements 

will be conducted at several operating points. Comparing the measured and calculated bearing forces 

reveals whether the excitation was calculated correctly. With the comparison of the surface velocities, the 

impact of possible deviations on the sound radiation can be detected. Furthermore the calculated 

velocities, transferred into the frequency domain, are the input for the acoustic analysis. For the validation 

of this last step the radiated sound power can be used as it is a quantity that is comparatively simple to 

obtain. The only limitation from the experimental side is that the measurements have to be carried out in a 

reverberation chamber with a diffuse sound field. 

Although the proposed modelling of the gearbox was already applied in a similar way (e.g. [19], [20]), 

new insights can be expected regarding the interaction of the housing with the bearings and shafts. Besides 

this, the results of the sound radiation calculation will be evaluated at each step from the excitation to the 

radiation using a unique test setup. 

3 Test rig for the validation of the sound calculation 

Two test rig designs were elaborated, one for the bearing force measurement device with a mounted 

bearing and another for the actual gearbox assembly. 

3.1 Bearing test rig and bearing force measurement devices 

Due to space limitations usually occurring in transmissions, sensors for the measurement of operational 

bearing forces have to be compact, but also robust as they are used in an harsh and oily environment. In 

this project two kinds of force sensors will be used. The first sensor works with four triaxial piezoelectric 

force sensors that are mounted between two parts with a respective pre-load of 10 kN [7]. One part 

contains the bearing whereas the other part is pressed into the original bearing seat. The sensors in 

between measure the transmitted force within a range of ± 2 kN radially, resp. ± 1kN axially. The second 

type of sensor uses strain gauges that are mounted on radial bars that connect two coaxial rings and detect 

transmitted forces in three directions. The bearing sits in the inner ring and the outer ring is pressed into 

the original bearing seat in the housing. As this kind of sensor is not available on the market it had to be 

purchased as a single-item production from the HBM GmbH. The sensor has to be properly calibrated 

because of the crosstalk between the channels. This results in a compensation matrix that has to be 

multiplied with the raw signals �⃑⃑�  in order to obtain the corrected force in kN, see (1). The range of ± 2 kN 

in each direction is similar to the piezo sensor device. Figure 2 provides illustrations of the two bearing 

force measurement devices. 
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 𝐹 = 𝐾�⃑⃑� = [

𝐹𝑋

𝐹𝑌

𝐹𝑍

]  𝑤𝑖𝑡ℎ 𝐾 = [
1.3303 0.0095 −0.0109

−0.0054 1.3087 −0.0079
0.0056 0.0374 1.6275

] 𝑖𝑛 
𝑘𝑁∙𝑉

𝑚𝑉
  (1) 

The advantage of the strain gauge system is the low space requirement and weight. However, the piezo 

sensors are more sensitive and can detect smaller forces more accurately. 

  

Figure 2: Bearing force measurement devices: with piezoelectric senors (left) and strain gauges (right) 

Tests for the sensor with the piezoelectric force measurement are already documented in [12]. For this 

reason only the new strain gauge sensor is tested. The test rig created for this purpose consists of a simple 

shaft with two bearings of which one is mounted in the sensor. Furthermore dynamic forces can be 

introduced by mounting an unbalance mass or a shaker to an additional slider bearing. Figure 3 illustrates 

the set up. 

 

Figure 3 : Test rig for the bearing force measurement device with strain gauges 

As the sensor came with a calibration certificate for static loads, only dynamic loads will be considered in 

the testing. The shaker is mounted with a piezoelectric uniaxial force sensor for the measurement of the 

excitation force. For all force measurement devices the bearing B71907-E-T-P4S-DUM is used. It consists 

of two single row angular ball bearings mounted in an O arrangement with an axial preload. Thus, there is 

no clearance which is important for the modelling. FRF Measurements with a small modal hammer (max. 
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420 N) from the shaft to the y-component of the strain gauge sensor and to the accelerometer on the 

bracket reveal the suitability for dynamic measurements. Up to 3000 Hz the quality of the FRF of the 

strain gauge is comparable to that of the accelerometer. For higher frequencies the noise of the amplifier is 

too high with an equivalent of ± 2 N. However, in the gearbox setup the excitation forces are expected to 

be much higher. If FRF have to be recorded for a wider frequency range, either a shaker or a larger modal 

hammer has to be used. 

3.2 Gearbox test rig 

The actual investigations are conducted with a gearbox test rig that is placed in a reverberation chamber 

that complies with the requirements from [21]. Those are e.g. the reverberation time which characterizes 

the degree of the diffusivity of the sound field. In such fields, the radiated sound power is proportional to 

the sound pressure and therefore can be measured directly with microphones. Usually in manually shifted 

gearboxes only two stages are transmitting torque simultaneously so that the original shafts, gears and 

bearings will be replaced by a two-staged gear train. The housing comes from the series-production 

gearbox ZF S 6-53 and has already been used in previous investigations [7], [12]. It is mounted on a steel 

bracket that simulates the mass of the combustion engine the gearbox normally is attached to. The 

supporting hollow rods are designed to isolate oscillations of the machine bed above 250 Hz from the 

gearbox. For the measurement of the bearing forces both measurement devices (see Figure 2) are used, the 

strain gauge sensor twice. At the smallest bearing there is no space for any direct force measurement. As 

stated in [18], different types of load quantities can be used at the same time in the OTPA. Hence, two 

accelerometers are placed orthogonally inside the gearbox near the smallest bearing. Figure 4 depicts this 

setup in a schematic and a more detailed illustration. Overall, this setup allows the measurement of all 

excitation forces transmitted through the bearing seats of the housing. Two identical asynchronous motors 

are used as engine at the pinion shaft and as generator at the outlet shaft. The operating points lie in a 

range of 800 to 3500 rpm and up to 120 Nm of maximum torque. By mounting the engine to the 

countershaft, furthermore effects of idler gears (stage 1) turning simultaneously to loaded gears (stage 2) 

on the gearbox acoustics can be investigated.  

 

 
 

Figure 4: Gearbox assembly with measurement devices 

Table 1 summarizes the basic data of the gear wheels of the two stages. The center distance between the 

wheels is 95 mm. All gear wheels have a normal module of 2.5 mm and a helix angle of 20 degrees. These 

values are chosen similarly to the original gears. The overall gear ratio is 1.768 (43/28 x 38/33). 

helical gear stage 1 helical gear stage 2 

pinion: number of teeth: 28, width: 22 mm, profile shift 

coefficient: - 0.0054 

pinion: number of teeth: 33, width: 22 mm, profile shift 

coefficient:  0 

gear wheel: number of teeth: 43, width: 20 mm, profile 

shift coefficient: 0.2314 

gear wheel: number of teeth: 38, width: 20 mm, profile 

shift coefficient: 0.2259 

Table 1: Gear wheels and bearings used in the gearbox assembly 
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4 Modelling of the drivetrain 

4.1 Bearing model 

The bearing model used is based on pre-calculated stiffness maps that consider axial and radial 

displacement as well as tilting around the radial axes. Therewith the dof of the bearing are fully coupled. 

The stiffness maps are used for the interpolation of the stiffness values of an user defined six dimensional 

force element depending on the relative displacements between the inner and outer ring. When using 

Schaeffler bearings the stiffness maps can be obtained directly from the manufacturer [13] (BEARINX-

MAP). However, an interface with the MB software has to be installed beforehand. According to [22] the 

quality of the results is comparable to contact based bearing models. The excitation through the rolling 

elements is considered as well. In addition, a significant reduction of calculation time can be achieved. 

First simulations with simplified bearing models performed approximately more than 10 times faster 

compared to models of similar complexity and step size. 

4.2 Modelling of the shafts 

The best modeling of the shafts depends on their geometrical complexity and influence on the dynamic 

behavior. Rigid shafts with a simpler geometry can be modelled with Timoshenko beams that consist of 

rigid cylinders whose central nodes are coupled with six-dimensional beam elements [7], [23]. The rigid 

cylinders represent the mass properties of the shaft whereas the massless beam element defines the 

stiffness. 

Unfortunately this approach requires many cylinders when the shaft has a more complex geometry (e.g. 

many radii etc.). Then the modelling effort is high and the result quality not necessarily satisfying. In this 

case a condensed model of the shaft can be used. For the condensation resp. model order reduction the 

Craig Bampton method can be used as described in chapter 5.3. Therewith a FE based model can be used 

in the MB model without the disadvantage of large dof numbers. 

4.3 Modelling of the gears 

In [7] a contact based modelling approach is used for the gears. There the gears are rigid bodies with tooth 

flank tessellation which is needed as discretization for the calculation of the contact normal force 

according to (2) [23]. The stiffness coefficient 𝑘 and the damping coefficient 𝑐 influence together with the 

corresponding exponents 𝑚1,𝑚2,𝑚3 the contact force that is generated through the penetration 𝛿 at the 

teeth flanks and its time derivative �̇�. 

 𝐹𝑛 = 𝑘 ∙ 𝛿𝑚1 + 𝑐 ∙ �̇� ∙ |�̇�|
𝑚2−1

∙ 𝛿𝑚3 (2) 

Although this modelling approach requires long computation times it is used for comparison purposes. A 

less time consuming approach is described in [24]. It relies on pre-calculated static transmission errors 

(𝑆𝑇𝐸) that are used as lookup tables for the dynamic transmission error (𝐷𝑇𝐸) in the actual MB model. 

Thereby changes to the position of the gears due to the dynamics of the assembly are accounted for. The 

lookup tables for the DTE are generated with nonlinear static FE analyses applying discrete torque values 

and displacements to the gears. The DTE is calculated at each time step using the central markers of the 

gears and has a radial and a translational part. Next, the resulting normal contact force vector between the 

gears at the contact point is obtained with the DTE and its time derivative, see equation (3) [24] 

(𝛼𝑛: 𝑛𝑜𝑟𝑚𝑎𝑙 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑎𝑛𝑔𝑙𝑒, 𝛽: ℎ𝑒𝑙𝑖𝑥 𝑎𝑛𝑔𝑙𝑒). The meshing stiffness 𝑘 is determined with the actual 

DTE. It is used to interpolate a tangential force from the inverted lookup table. The ratio of the 

interpolated force to DTE equals the meshing stiffness. This approach will be implemented as a user 

subroutine in the MB software. Note that the STE based lookup tables can also be generated with 

analytical formulations (e.g. [15]) or other special software. The dimension of the lookup table depends on 
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the considered variables such as position on the mesh cycle, transmitted load, center distance variations, 

misalignment in the plain of action and shuttling [24]. 

 𝐹𝑛⃑⃑  ⃑ = (𝑘 ∙ 𝐷𝑇𝐸 + 𝑐 ∙
𝑑𝐷𝑇𝐸

𝑑𝑡
) ∙ {

tan𝛼𝑛
cos𝛽⁄

1
− tan𝛽

} = {

𝐹𝑟𝑎𝑑𝑖𝑎𝑙

𝐹𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙

𝐹𝑎𝑥𝑖𝑎𝑙

} (3) 

5 Structural gearbox housing model 

As depicted in Figure 1 the condensed model of the gearbox housing usually is compared with the results 

of a modal analysis. When no experimental results are available, this is the only criterion left for 

evaluating the quality of the condensed model. However, in this case the modal analysis results are 

verified by measurements in order to exclude a source of error. The approach used is the bottom-up 

strategy that starts with the correlation of the experimental and calculated modal analysis of the single 

parts. In this case, the single parts of the housing show satisfying average MAC values of around 0.87 and 

0.92 over the first 40 modes. The next step is the assembly of the two housing parts.  

5.1 Empty housing without bracket 

The used housing consists of two bolted parts that are assembled with a screw torque 𝑀𝐴 of 23 Nm that 

results in an exerted screw force approximately 16.3 kN to 16.9 kN [25]. The friction values and the loss 

of pretension are the main sources for uncertainties. However, nonlinear static FE simulations showed 

only tiny differences between the contact areas when 15 kN, 16 kN or 17 kN pretension force were 

applied. In general two ways exist for the modeling of bolted joints for FE modal analysis. The first is 

described in [10] and [11] and is illustrated by Figure 5.  

 

Figure 5: Modelling of the bolted joints according to [11] 

The screws are modeled as beams that connect rigid elements in the area of the thread and the screw head. 

The mass of the screw is attached to a center node that is connected to the housing parts with RBE3 

elements that do not increase stiffness. In a diameter approximately three times the screw diameter around 

the hole, the elements of the two parts are assigned to fixed contact formulation (“Freeze Contact”). In 

order to correctly identify the best coupling diameter it was varied in steps of 5 mm from 20 mm to 55 

mm. In addition a variant with a fully coupled flange area is calculated. Alternatively, a similar approach 

can be used where the elements for the fixed contact are determined with a static nonlinear FE-analysis. 

This approach is described in more detail in [11] and [20]. Falkenberger used the same housing for his 

investigations. However, it was based on a 3D Scan model and therefore had much more DOF. The 

average MAC value with 95 % is very satisfying though [7]. Therefore it is used as a reference for the 

CAD based FE model that allows more mesh manipulations and therewith a reduction of DOF. The model 

illustrated in Figure 6 has 1.53 Mio. DOF. According to [26] an FE model should have at least 6 elements 

per wavelength (airborne sound). The aimed element size is 7 mm, although complex curvatures require 

lower sizes in certain areas. To verify the results of the static nonlinear contact analysis a pressure 

2540 PROCEEDINGS OF ISMA2018 AND USD2018



measurement with a special foil that reacts on pressures above 10 MPa was conducted. Figure 7 illustrates 

the measured and calculated pressure distribution in the flange (red: above 10 MPa) and the extracted 

contact status elements (red: contact closed) that are used for the coupling. Without doubt the pressure 

distributions coincide very well.    

 

Figure 6: CAD based FE model 

   

Figure 7: Flange pressure distribution (left: measured, middle: calculated) and contact status (right) 

Next, the results of the modal analyses were correlated with experimentally obtained mode shapes. For the 

evaluation, the average of the first 40 diagonal MAC values is used as listed in Table 2. 

Variant D20 D25 D30 D35 D40 D45 D50 D55 Complete Contact Reference 

Ø MAC 80.9 82.0 82.8 82.8 82.4 81.6 81.0 80.5 68.4 81.1 94.7 

Table 2: Average diagonal MAC values of the empty gearbox housing models in % 

There is no doubt that simply coupling the whole flange leads to unsatisfying results whereas coupling the 

contact elements respectively the elements within a diameter around the holes generates good results. 

Geometry deviations between the CAD model and the scanned reference model explain the overall lower 

MAC values. This effect is also documented for many other casted structures (e.g. [8]) and therewith 

appears plausible. Especially for close eigenfrequencies some parts of the mode shapes appear to shift to 

neighbored modes. However, it is not clear in which way the MAC value represents the sound radiation 

properties of the model. Therefore the estimated radiated power is calculated with the normal component 

of the surface velocities 𝑣𝑘 (4) according to (5) [27]. For this estimation the radiation loss factor 𝜎 is set to 

1. The unit excitation forces �̂�𝑍 were applied in every translational direction to the center nodes of rigid 

elements in the bearing seats. Modal damping values 𝐷𝑖 were taken from the measurement. The calculated 

frequencies Ω were the eigenfrequencies and 20 frequencies in between. 

 𝑣𝑘𝑒
𝑗Ω𝑡 = 𝑗Ω∑

𝜓𝑘𝑖
∗ ∙∑ 𝜓𝑧𝑖

∗ ∙�̂�𝑧
𝑙
𝑧=1

𝜔𝑖
2−Ω2+𝑗2𝐷𝑖𝜔𝑖Ω

 𝑒𝑗Ω𝑡𝑛
𝑖=1  (4) 
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 𝑃𝐸𝑅𝑃 =
1

2
∙ 𝜎 ∙ 𝑐 ∙ 𝜌 ∙ ∑𝐴𝑖 ∙ 𝑣𝑖

2 (5) 

Figure 8 clearly shows that the variants show a similar behavior except for the completely coupled model. 

Especially the highest peak at 950 Hz differs significantly. The D30 variant appears to model the modes in 

the middle frequency area too softly as the ERP is comparatively high. In general the accordance to the 

reference model is acceptable since the evaluation of the sound power normally uses third-octave bands. 

 

Figure 8: ERP of the different housing models 

5.2 Empty housing with bracket 

As shown in Figure 4 the gearbox housing is mounted on a steel bracket. For this reason the model of the 

housing with the bracket had to be validated. Due to the weight of the steel bracket, ensuring free-free 

boundary conditions is difficult. Figure 9 shows the experimental modal analysis test setup with the 

bracket attached to a frame with rubber elements and the FE model for the calculated modal analysis. 

  

Figure 9: Modal analysis setup for the housing with bracket and FE model 

For the FE model a contact pre-calculation between the bracket and the clutch bell housing with a 

pretension of 12 kN per screw is applied. The resulting contact elements are the coupled in the modal 

analysis. Due to the nonlinearity of the rubber elements, some modes correlate with very low MAC 

values. Nevertheless the average of the first 24 diagonal MAC values lies at 83.6 % which is very 

satisfying given the average MAC value of the housing without bracket of 82.8 %. For higher modes the 

mode shapes seem to be “polluted” with those of the frame and therefore were not evaluated. 
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5.3 Model order reduction 

In conclusion, the described FE model of the housing with bracket can be used as a reference for the 

evaluation of condensed models, e.g. by correlating the mode shapes. The condensed model for a MB 

model can be generated in various ways of which the Craig Bampton based approach is commonly used. 

According to [23] the generation includes two steps: 

 Calculation of the normal and static modes with the Craig Bampton method [28] 

 Orthonormalization of the normal and static modes in a residual run 

In the first run the housing is regarded as a complete substructure. Each point where loads of the other 

parts of the assembled MB model can be transmitted into the housing has to be declared as an interface 

point. For the housing these are the central points of rigid elements with the bearing seat nodes as 

dependent nodes. Note that fixed boundary conditions with the ground should be set as such and not as 

interface nodes in order to keep the number of static modes low. Within the Craig Bampton reduction the 

static modes are calculated by applying unit deflections at the interface nodes. However, the normal 

modes that are also calculated are not orthogonal to the static modes which would lead to non-diagonal 

mass and stiffness matrices. Therefore a second modal solution (orthonormalization) is performed on the 

reduced system. The resulting final modes capture the global dynamics and local stiffness characteristics 

of the flexible MB model. The number of modes of the reduced system equals the number of the normal 

modes and the fixed interface static modes. In order to further reduce the number of static modes not every 

dof of the interface nodes has to be considered, especially when only small forces occur (e.g. axial 

direction for roller bearings). The influence on the number of considered normal modes is restricted as it 

depends on the frequency range. 

5.4 Sound radiation calculation 

For the sound calculation several methods have been investigated in [7], [8] and [11]. Comparing the 

different methods the so-called Automatically Matched Layer Method performed best regarding the ratio 

of accuracy to computation time [7]. This FE based method has the specialty that the solver automatically 

creates an absorbing layer around the fluid elements in order to prevent reflections. In [7] the input surface 

velocities for the sound calculation were computed with a frequency response analysis. For the further 

investigations those velocities will be calculated for constant operating points using the full MB model of 

the gearbox. As they are calculated in the time domain, a transfer into the frequency domain has to follow 

due to the much higher efficiency of the sound calculation. Within that process only the frequencies with 

the highest peaks can be considered. Usually this is not problematic due to the tonal characteristic of the 

gear excitation. Another method not yet applied to the currently used gearbox housing are the so-called 

Trefftz methods. One of these methods is the Wave Based Technique which is implemented in the 

software AVL EXCITE™ Acoustics [26]. First investigations with simpler structures generated promising 

results. The main advantage of this method is its very short calculation time. This is mainly achieved by 

employing approximate solutions that satisfy the governing Helmholtz equation, but not necessarily the 

boundary conditions [26].  

6 Preliminary investigations 

6.1 Simulation and measurement of the bearing force with the bearing test rig 

First tests with rotating shaft were conducted at 1000 rpm with a simultaneously applied shaker force. A 

sine wave generator created by Wegerer [29] generated a user defined excitation force at 350 Hz and the 

six first multiples which approximates a tooth meshing frequency of a gear wheel with 21 teeth. The test 

rig (Figure 3) was also modelled as a MB model using BEARINX MAP bearings and condensed models 
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for the shaft and brackets. The measured excitation force of the shaker was also applied to the MB model. 

As depicted by Figure 10 the frequency peaks are calculated with the correct tendency although the peak 

values are higher in the simulation. This indicates too low damping values in the model as only default 

values were used. Only at 1750 Hz the MB model does not show any significant peak which may be due 

to a missing eigenfrequency of the test rig parts not modelled. Despite the high excitation at 2100 Hz both 

the measurement and the calculation show a small response at the bearing. 

 

Figure 10: Excitation of the bearing test rig and the measured and calculated bearing force 

6.2 Order based modal analysis and Operational transfer path analysis 

The gearbox assembly as it is illustrated in Figure 4 is not assembled yet. Consequently, only preliminary 

investigations with a single gear stage setup could be conducted. 

6.2.1 Order based modal analysis 

With only eight channels available, the tacho signal and the accelerations had to be recorded sequentially. 

The run-ups began at 1000 rpm and ended at 3500 rpm after 20 s. After each run-up the set of 

accelerometers was transitioned to the next group of surface nodes. Overall 81 run-ups were recorded. 

With that approximately half of the housing surface was covered, enough to get a proper impression of the 

extracted modes. The recorded data is then transferred into the frequency domain which typically is 

illustrated with waterfall diagrams. There the most significant orders can be identified for the order 

tracking process that extracts the frequency domain based acceleration signals along the chosen orders. 

More details regarding the order tracking techniques can be found in [17]. The Time Variant Discrete 

Fourier Transform is one of the commonly used methods and claimed to generate good results. In this case 

the number of teeth of the gear wheel mounted on the shaft for the tacho signal is 21 which determines the 

orders to track as illustrated in Figure 11. 

  

Figure 11: Colormap display of tracked orders and derived order 42 in stability diagram 
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Next, the tracked orders are used for the identification of the modal parameters with the polymax method. 

Figure 11 exemplarily illustrates the quality of the extracted order 42 that contains very stable poles. The 

calculated mode shapes are also plausible and reveal the influence of the shafts, bearings and gears on the 

modes of the housing. As expected some damping values are quite high. The damping of the majority of 

modes is higher by the factor of approximately 10 compared to the empty housing. 

In conclusion, these investigations clearly show that the OBMA is suitable for the identification of the 

modal parameters of gearboxes and can be seen as the last step of the bottom-up approach. Regarding the 

measurements with the new two staged gearbox the following aspects are of special interest: 

 Excitation behavior of the two stages and quality of the extracted orders 

 Derivation of realistic damping values 

 Identification of the acoustically most relevant mode shapes by simultaneous measurement of the 

sound power 

However, the test setup depicted in Figure 4 furthermore allows the application of the OTPA. In fact, the 

run-up measurements can be both used for the OBMA and the OTPA as long as the operational bearing 

forces are recorded. 

6.2.2 Operational transfer path analysis 

Wegerer conducted first preparatory investigations for the application of the OTPA [29]. More accurate, 

an extended version of the OTPA, the so called operational path analysis with exogenous inputs (OPAX) 

is used. The main goal of the OTPA or OPAX is to determine path contributions 𝑦𝑘𝑖 to the response at a 

target location 𝑘. If every path 𝑖 = 1…𝑛 is identified correctly, the sum of the contributions equals the 

measured target response 𝑦𝑘. However, in reality often only the main paths can be identified which causes 

deviations between those quantities. The partial contributions are calculated with the path loads 𝐹𝑖(𝜔) and 

the corresponding frequency response functions (FRF) 𝐻𝑘𝑖(𝜔). Neglecting the acoustic loads, this is 

described by equation (6). The left side is the measured response and the right side the synthesized 

response from the path loads and FRFs. 

 𝑦𝑘 = ∑ 𝑦𝑘𝑖(𝜔)𝑛
𝑖=1 = ∑ 𝐻𝑘𝑖(𝜔)𝑛

𝑖=1 ∙ 𝐹𝑖(𝜔) (6) 

The key extension compared to the OTPA consists in using parametric models for the calculation of 

operational loads using measured mount accelerations [30]. Those calculated loads can be used together 

with directly measured path loads, in this case the bearing forces. Therewith the number of unknown 

parameters is reduced, leading to results that are more reliable. Typically for all TPA techniques is the 

division into an active side (source) and a passive side (receiver) with a stiff or elastic connection between 

them. In the case of gearboxes the active side consists of gears and shafts that transmit an excitation force 

through bearings to the housing which is the passive side. Indicator points that are close to the input points 

can be added to the measurement e.g. when no measurements are possible on the active side. The five 

basic steps of the OPAX are [30]: 

 Operational measurements: Recording of path inputs, targets and indicator responses. This data 

can be collected with the run-ups for the OBMA. Consequently order tracking techniques are 

applied to extract the relevant orders. The more orders available the more reliable the results are, 

assumed that no weak orders with high noise levels are used. 

 FRF measurements: Measurement of FRFs between inputs and targets. If indicator points are 

considered, the FRFs from the inputs to the indicators are also required. 

 Identification of parametric load models: In principle, any load model can be used and its 

parameters can be calculated with the data from the first two steps. This is only necessary when 

the direct loads are not available. In this case three of the four excitation loads can be measured 

directly. As depicted in Figure 4, the bearing force at the small roller bearing is measured 

indirectly. One possibility is to derive the load via simulations where the input acceleration is 

applied to the model in order to calculate the bearing load. A pure experimental approach would 

MULTI-BODY DYNAMICS AND CONTROL 2545



be mounting further accelerometers as indicators close to the input location and use them for a 

bandwise approximation of the housing stiffness in the area of the bearing. 

 Calculation of the model based operational loads with the measured path inputs. 

 Computation of path contributions: Multiplying the operational loads with the measured FRFs 

equals the path contributions, see equation (6). 

Investigations conducted by Wegerer with two shakers that were mounted to the gearbox with force 

sensors and excited with virtual multi-order run-ups show that the best results can be obtained with 

directly measured loads. However, the combined usage of direct loads and calculated loads with additional 

indicator points leads to similar results [29]. In general the deviations between the sum of contributions 

and the measured response were small using direct loads and indirect loads. 

7 Conclusions 

Stated briefly, the goal of the presented research project is to determine the contributions of the gear stages 

to the housing oscillations through measurements and calculations. This paper describes a new way for the 

validation of the state of the art sound calculation approach for gearboxes. It combines methods for the 

reduced modelling of gears, bearings, shafts and housings to one holistic approach. As the complex 

gearbox housing is the main radiating element, its model was validated applying a bottom-up strategy. On 

the system level the validation relies on the measurement of the bearing forces, the surface accelerations 

and the radiated sound power. For the measurement of the bearing forces a newly developed sensor with 

strain gauges is presented. First measurements demonstrate its capability to measure the dynamic bearing 

force up to several kHz. Consequently, it can be used in the OBMA and OPAX of the gearbox. 

Preliminary investigations demonstrate the suitability of those methods for experimental investigations of 

the sound generation in gearboxes.  
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Abstract 
The work presented here focus on the numerical techniques used to compute the transfer function between 

the vibrations generated in a gear box by the transmission error and the noise power that results in the 

surrounding. Finite element method is used to compute the vibration and acoustic components of the 

transfer function, in the frequency domain or time domain. 

The numerical results have been compared to an experimental dataset. 

1 Introduction 

Noise becomes a major concern for gear box makers. The main source of the noise radiated by the 

gearbox is known for long to be related to the transmission error (TE) [1]. TE is defined as the existing 

offset between the ideal angular position of the driven pinion and its actual position regarding a 

homocinetic transmission. 

Literature on the computation of the transmission error and to the transmission of vibrations through a 

gearbox is wide, but only a few papers deals with the complete vibro-acoustic chain, from the transmission 

error to the computation of the noise radiated by the system[2]. The vibration transfer function is, in 

general, computed in time domain, and the extension to the acoustic domain is not straightforward and 

seldom done. 

This works aims at comparing the different methods that allows computing the noise radiated by a gearbox 

mainly excited by the transmission error. Here, the concern is the transfer function between the 

transmission error, taken as an input of the model, and the external noise.  

In the present study, three approaches have been  used and compared for the vibration computation, direct 

harmonic, harmonic on modal base, and temporal on modal base, while the acoustic part is computed with 

the  direct harmonic or harmonic on modal base approach. 

The numerical results have been compared to an experimental dataset, where transmission error, gearbox 

accelerations and acoustic data have been recorded. 

2 Comparison of different numerical approaches 

Vibration calculations can be made in four quadrants (Table 1) 

 

Time domain Frequency domain 

direct 

𝑢 = 𝑔(𝑥, 𝑡) 

direct 

𝑢 = 𝑔(𝑥, 𝑓) 

modal base modal base 
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𝑢 =∑Φ𝑘(𝑥)𝜂(𝑡) 𝑢 =∑𝜙𝑘(𝑥) 𝜂(𝑓) 

Table 1- Possible approaches for vibrations computation 

The three following approaches have been used and compared: Computation in the time domain on a 

modal base, and in the frequency domain,  both direct and modal. The direct time domain approach, while 

being the standard way of approach for this type of computation, was not used here, because it implies a 

large computing time, and the transfer of data from the vibration problem to the acoustic one, treated in 

the frequency domain, is not easy: it would imply to do a Fourier transform on each point of the external 

mesh of the gearbox. 

The time domain approach is less suitable than the frequency domain approach to analyze a periodic 

dynamic phenomenon. It requires computing the transient phase that precedes the stabilized phase of 

interest. Its use is justified when non-linearities are to be taken into account, what is not possible in the 

frequency domain. 

Acoustic calculations are made in all cases in the frequency domain.  

The transmission error spectrum is taken as an input, defined upstream. No feedback mechanism from 

vibration to the TE is taken into account here.  

Vibration and acoustic computations are chained: vibrations of the gearbox are computed first, and the 

noise is computed in a second step using the vibration data as input. 

3 Numerical models 

3.1 General structure 

The test setup used to get the experimental data compared to the numerical results is shown Figure 1. It 

has been described in details elsewhere [3], and only the main characteristics are given here. 

The modeled and tested structure is a single stage reducer. The pinion has 32 teeth, and the gear 43 teeth. 

The module is 1.75 mm. 

The angular error between the two shafts is measured by using optical encoders on the free ends of the 

shafts, with respectively 2000 top/rev and 2500 top/rev.  

Several accelerometers are set on the casing and close to the bearings to get the vibration response of the 

system. 

The sound power radiated by the gearbox is measured by an intensity probe for the stabilized 

measurement, and deduce from the sound pressure given by a microphone over the structure, previously 

calibrated on the intensity sound power measurements, for the transient measurements.  

 

2550 PROCEEDINGS OF ISMA2018 AND USD2018



 

Figure 1 – Picture of the test bench (left) and CAD view of the reducer (right) 

3.2 Components models 

The model is composed of three components, defined in separate meshes: The shafts and wheels, the 

gearbox, and the acoustic medium.  

3.2.1 Shafts models 

In a compromise between computation efficiency and accuracy, the shafts and gears are modeled as beams 

and disks assemblies (Figure 2). Bearings are taken into account by their equivalent stiffness. Couplings at 

the shafts ends are taken into account by inertia matrix associated to their end points. 

 

Figure 2 – Shafts numerical models. 

As shown in Figure 3, the contact between teeth is modeled by a link composed of stiffness elements 

representing the teeth stiffness (KAL, KAR) and a stiffness element where the transmission error is 

applied (KET). 
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Figure 3 – Model for the teeth contact 

The transmission error is: 

- either imposed as a kinematic relation between the displacements of the two nodal points at the 

end of the KAR, KAL stiffness:      

displacement(dALc) - displacement(dARc)= TE.    (1) 

             This approach is used in the calculation in the frequency domain on physical base 

- or imposed by two antagonist forces on the stiffness KET. In that case, the stiffness has to be 

given a value far larger than the stiffness of the components of the model (here, 1012 N/m). The 

amplitude of the forces is given by 

 𝐹 = 𝐾𝐸𝑇 . 𝑇𝐸 2⁄       (2) 

and the direction of application is normal to the teeth contact faces.  

This is the model used for the calculations on modal base, in the frequency and time domains. 

The two approaches have been compared, and it has been shown that, for the given value of the stiffness 

KET, they give the same results.  

3.2.2 Gearbox model 

The gearbox is composed of five thick faces, the top face being thinner. A simplified model has been used. 

The mesh use coarse 3D elements on the thick faces, while a finer mesh is used on the top face. The shafts 

are linked to the gearbox by the stiffness representing the bearings (Figure 4). As no detailed data were 

available for the bearing stiffness, they have been assumed to be stiff (1010 N.m). 

 

Figure 4- Gearbox mesh and linking between the shafts and the gearbox 

3.2.3 Acoustic domain model 

In order to use one unique software for all the computations, the acoustic radiation around the gearbox is 

computed using the finite element method too. So the air volume surrounding the system has to be 

meshed. This volume is delimited by a spherical surface, on which an impedance boundary conditions is 

imposed to simulate the radiation in an infinite domain (Figure 5). 
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Figure 5- Air volume mesh (left) and spherical surface where non-reflecting boundary condition is applied 

(right) 

The other external surfaces, representing the walls around the test gearbox setup, are considered as rigid. 

The vibration velocity field issued from the vibration analysis is projected on the gearbox surface and used 

as the acoustic loading.  

4 Results 

4.1 Finite elements solver 

The solver used in all calculations is Code_Aster, version 13.3. This open-source code created by EDF [4] 

is a generic finite element mechanical solver with acoustic capabilities. The vibration computations, either 

in time or frequency domain, used the native functionalities of the software, while the acoustic 

computations have required some specific developments [5]. 

4.2 Vibration calculations 

4.2.1 Frequency domain, direct approach 

The vibration transfer functions are computed by calculating the vibration spectra resulting from an 

imposed TE of constant amplitude 1µm. The transmission error is directly imposed as a relative 

displacement between the two teeth. 

The direct approach doesn’t introduce any shortcomings in the model, but the calculation times are high 

on complex models. Here, on this simple model, the computation time is 780s on a laptop for 300 

frequencies, being 2.6 s/frequency. 

Figures 6 to 7 show some examples of the results got. 
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Figure 6 – Calculated teeth angular displacement (left) and TE deduced from the angular displacements at 

the encoder position (right) for an imposed TE of 1µm 

 

Figure 7 – Calculated acceleration of the bearings for an imposed TE of 1µm 

It can be notice that over 300 Hz, the TE deduced from the angular displacement read at the encoders 

positions is very different from the imposed constant TE. This is due to the presence of shafts torsional 

modes, that decouple the rotation of the ends of the shafts  from the rotations of the wheels. So, in that 

experimental setup, encoders measurements, while very useful to validate the finite element model, can’t 

be taken as an accurate measurement of the TE over some hundreds of Hertz. 

4.2.2 Frequency domain – Modal base 

Frequency computation on a modal base that uses an imposed displacement as load (Dirichlet conditions) 

is not compatible with a standard approach. For this reason, the TE load is imposed here by using two 

antagonist forces acting on a high stiffness between the teeth.  

This approach presents some technical difficulties. Due to the high value used to connect the two teeth, the 

mode that support the TE load is rejected at a frequency that is too high to extend the computation of the 

modal base up to that frequency. To overcome this problem, we use an approach similar to the one used to 

define Craig-Bampton type superelements:  The modal base is computed with the teeth nodal point 

blocked, and is completed with the static modes linked to those points. The static modes allow to fix the 

modal troncation error. 

The results are very close to the ones got with the direct method, as can be seen on Figure 8, compared to 

results shown Figure 6. 
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Figure 8 - Calculated TE deduced from the angular displacements at the encoder position (right) for an 

imposed TE of 1µm  - Calculation on modal base 

The computation time is 25s for 60 modes and 360 frequencies, being 0.07 s/frequency. The gain against 

the direct approach is close to 40, which largely justify the added complexity of this later approach. 

 

4.2.3 Time domain, modal base 

The time domain approach is justified when one has to take into account non-linearities (choc, variable 

stiffness, ...). Here, the time domain approach on a modal base is used. The modal base is the base 

completed with the static modes formerly used in the frequency domain.  

The hysteretic damping used for frequency calculations has no equivalent in the time domain approach. In 

that case, a Rayleigh damping is used instead. 

The integration algorithm must be explicit to take non-linearities into account. Tests have shown that the 

time step needed to get convergence was very short: 10-7 to 10-8 s. It is probably the high stiffness used to 

define the TE load that is the cause of this short time step.  

One example of the results got is shown in Figure 9. One computes the response to a transmission error of 

amplitude 1µm, in swept sine, for a frequency ramp ranging linearly from 900 rpm to 6300 rpm. 

 

Figure 9 – Calculated Teeth angular displacement for a given TE of 1µm. Swept sine between 900 rpm 

and 6300 rpm  

The amplitudes and frequencies of the peaks are in agreement with the calculations in the frequency 

domain. But the computation time is much longer: time to compute 1 s is 250 s. 
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4.3 Acoustic calculations 

A simplified approach has been used to compute the acoustic response of the structure. The acoustic 

radiation is computed only at the modal frequencies of the structure, using the modal shapes projected on 

the gearbox surface as acoustic loads. The acoustic pressure is interpolated between the modal frequencies 

of the structure. The calculation is exact for each modal frequency, and only approximated in between, 

but, as the contribution of the modal peaks is dominant, the approximation leads only to an acceptable 

error.  

The acoustic power radiated for an imposed TE of amplitude 1 µm is shown Figure 10.  

 

Figure 10 – Acoustic power radiated for an imposed TE of 1µm 

Some examples of the acoustic fields calculated on noteworthy points are given Figure 11. 

 

 

Figure 11 – From top left to bottom right,  Acoustic field radiated at 1600 Hz, 2270 Hz, 3450 Hz, and 

6600 Hz 
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5 Comparison with test results 

The noise powers radiated for 1 µm TE got from measurements in stabilized regime are compared with the 

computed results in Figure 11. The test results are given by markers for the frequency band around the 

harmonics of the mesh frequency.  

 

Figure 12 – Comparison calculation-test. Acoustic power radiated for 1µm TE. Markers are the test points, 

green: 1490 rpm, H1, H2, H3, blue: 3550 rpm, H1, H2, red: 6550 rpm, H1 

The agreement between the computed and measured transfer functions is correct for frequencies above 

2000 Hz. Due to the high complexity of the transfer function, a small error in frequency can results in a 

large error in the amplitude at a given frequency, and the comparison is not easy at fixed velocity . 

A better estimation of the quality of the model would be obtained by using transient velocity tests (runup). 

The experimental runup data are currently post-processed to allow this comparison.  

5.1 Conclusions 

The comparison of the calculation methods for the transfer function between the transmission error and 

the noise radiated by gearboxes leads to recommend the approach based on the computation in the 

frequency domain on a modal base. The modal base must be completed with the static modes associated to 

the link between the teeth. 

The model agrees with the experimental data for frequencies above 2 kHz. The agreement is poorer at 

lower frequencies. A deeper analysis, based on transient measurements, is needed to better understand and 

correct the mismatches. 
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Abstract 
In this work, a recently developed superelement formulation in the floating frame of reference is 

implemented for plates. By using Craig-Bampton modes, a coordinate transformation from the absolute 

floating frame coordinates and local elastic coordinates to the absolute interface coordinates is established. 

Several benchmark problems are considered to validate the formulation for plates. Results from the 

superelement formulation for plates are in good agreement with other formulations, meaning that the 

formulation can successfully be used for the efficient description of plates in flexible multibody systems, 

such as flexure mechanisms that can no longer be modelled as beam elements because of their unbeamlike 

dimensions. 

1 Introduction 

In precision engineering, flexure hinges are frequently used for their deterministic behavior, due to the 

absence of friction, hysteresis, and backlash [2]. Flexure hinges allow motion by being compliant in driving 

directions, while constraining motion in other directions, as shown in Figure 1. Generally, as the support 

stiffness rapidly decreases with deflection, flexure hinges have a reduced performance in their deflected 

state [2]. Shape and topology optimization is used to design sophisticated mechanisms to minimize this 

performance reduction. This requires modelling the flexure mechanisms with computer simulations.  

As these forms of optimization require many design evaluations, reduction of computational costs is desired. 

To decrease the computational costs, flexures are often simplified as flexible multibody systems using 

nonlinear beam elements. This is a valid assumption as long as the flexures are long and slender, and thus 

have a high aspect ratio (defined as length/height). 

Figure 1 Single leaf spring flexure. 

 

Flexible multibody dynamics concerns the study of mechanisms that consist of multiple deformable bodies. 

These deformable bodies are attached to each other or to the fixed world at their interface points. The 

problem is geometrically nonlinear as the joints at the interface points allow for large rigid body rotations. 

However, because the elastic deformations within a body are considered to remain small, linear elasticity 

support direction (stiff) 

driving direction (compliant) 
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theory can be used. For the simulations of such systems, general suitable formulations can be classified into 

three categories: the inertial frame formulation, the corotational formulation, and the floating frame 

formulation. In each formulation, kinematics and kinematic constraints are described differently. The 

kinematics of a body represent its motion, which is described by the motion of coordinate frames that are 

rigidly attached to different material points on the body. Kinematic constraints represent the connections 

between bodies, and relate the motions of the coordinate frames at the interface points of different bodies. 

The inertial frame formulation is a nonlinear finite element formulation, using the nonlinear Green-Lagrange 

strain definition [3]. By using global interpolation functions, each body is discretized into finite elements. 

The degrees of freedom in this formulation are the absolute nodal coordinates. Kinematic constraints are 

easily enforced by equating nodal coordinates of the interface points between the different bodies. The 

inertial frame formulation does not make a distinction between large rigid body rotations and small elastic 

deformations.  

The corotational frame formulation can be regarded as an extension of the linear finite element formulation 

[4, 5]. A corotational coordinate frame describes large rigid body motions of elements with respect to an 

inertial frame. Small deformations are then superimposed using linear finite element matrices, based on the 

Cauchy strain definition [6]. Nonlinear finite element models are obtained by pre- and post-multiplying 

element matrices with rotation matrices based on the corotational frame. As in the inertial frame formulation, 

absolute nodal coordinates are the degrees of freedom, and as such, constraints are obtained in the same 

way. The corotational frame formulation does not distinguish between flexible and rigid bodies, which 

makes the simulation of models containing rigid bodies less efficient. 

The floating frame formulation can be interpreted as a flexible extension on rigid multibody formulations 

[7]. In this formulation a floating frame describes a body’s large rigid body motions and a linear combination 

of mode shapes is used to describe local elastic deformations. Since the local deformations remain small, 

these mode shapes can be obtained by applying powerful model order reduction techniques on a body’s 

linear finite element model [7]. The absolute floating frame coordinates and the local generalized 

coordinates corresponding to the mode shapes are the degrees of freedom of the system. As the interface 

points are not part of the degrees of freedom, the kinematic constrains are in general nonlinear. Therefore, 

Lagrange multipliers are required to enforce the kinematic constraints, increasing the number of degrees of 

freedom and subsequently the computational costs. 

As the floating frame formulation allows for well-developed model order reduction techniques, this is the 

preferred formulation in many multibody systems where the elastic deformation within a body remains 

small. Recent research presented a method that overcomes the disadvantage of having to introduce Lagrange 

multipliers [1]. By using Craig-Bampton modes [8], a coordinate transformation from the absolute floating 

frame coordinates and local elastic coordinates to the absolute interface coordinates is established. The 

coordinate transformation is used to create so-called superelements in the floating frame formulation. This 

way, the Lagrange multipliers are eliminated and as the interface coordinates are now part of the degrees of 

freedom, kinematic constraints can be enforced in the same straightforward way as in inertial frame 

formulation. In this way, the new superelement formulation combines the advantages of the different 

formulations mentioned above. 

Within precision engineering, recent developments of flexure mechanisms are aimed at the optimization of 

mechanisms with a high support stiffness while heavily loaded in supporting directions; whereas, state-of-

the-art optimizations are mostly aimed at high support stiffness during a large range of motion [9]. In the 

latter case, flexure mechanisms can often be simplified as beam elements. However, flexure mechanisms 

that are loaded in their supporting direction typically are short and wide instead of long and slender, meaning 

that they have a low aspect-ratio instead of a high one. This implies that the mechanisms can no longer be 

simplified as beam elements, as they do not provide sufficient accuracy. Plate elements should be used 

instead of beam elements to obtain sufficient accuracy; however, this increases the number of degrees of 

freedom and therefore computational costs significantly. 

The method presented by Ellenbroek and Schilder offers a promising reduction method for these types of 

problems [1]. The method is applicable for the reduction of arbitrarily shaped bodies, although the original 

work only presented validation problems with beams. In this work, superelements are implemented in the 

floating frame formulation for plates. Benchmark problems for plates are considered to extend this 
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validation. To this end, a cantilever and a clamped square plate are modelled. The cantilever is loaded at the 

free tip, whereas the clamped square plate is loaded with a point load on the centerline of the plate. 

Simulation results are compared to results obtained using both the corotational frame formulation and the 

inertial frame formulation. This way, validity of the superelements in the floating frame formulation are 

validated against other formulations as well. 

The paper is structured as follows: Chapter 2 of this paper presents an overview of the essentials of the 

method presented by Ellenbroek and Schilder [1]. In Chapter 3, this method will be applied to plates; 

kinematics for plates in the floating frame are discussed, as well as its implementation in the new 

superelement method. In Chapter 4, two validation examples are considered: a cantilever and a clamped 

square plate. These examples are adapted from Izzuddin [10]. Conclusions are discussed in Chapter 5 and 

this paper is concluded with recommendations for further research in Chapter 6. 

2 Absolute interface coordinates in the floating frame formulation 

To describe the kinematics of a plate in the regular floating frame formulation, the coordinates of each 

interface point are expressed in terms of the absolute floating frame coordinates and the local interface 

coordinates. This is shown graphically in Figure 2. 

 

 

Figure 2 Floating frame formulation for a plate. 

 

Different choices can be made for the set of deformation shapes that describe the local elastic deformations. 

However, as the local interface coordinates are in fact the generalized coordinates corresponding to static 

Craig-Bampton modes, it is natural to choose these as the deformation shapes. This way, the coordinate 

transformation towards absolute interface coordinates can be established. However, since both the Craig-

Bampton modes and the floating frame coordinates are able to describe rigid body modes, these modes need 

to be eliminated from the Craig-Bampton modes. This is realized by defining the floating frame such that 

there is zero elastic deformation at its location. Both the coordinate transformation and the way the 

constraints are satisfied are described in detail in [1]. Using the coordinate transformation, the equation of 

motion and the equilibrium equation can be rewritten from the standard floating frame to the new coordinate 

set. As Chapter 3 only addresses static examples, the equilibrium equations are of more relevance here. The 

equilibrium equation in standard floating frame form is given by: 
 

𝐊𝐪 = 𝐅, (1) 
 

where 𝐊 is the global stiffness matrix according to the floating frame formulation, 𝐪 is the vector of 

generalized coordinates and 𝐅 contains the generalized forces that are externally applied or due to kinematic 

constraints. The equilibrium equation after the coordinate transformation is given by: 
 

[𝐑][𝐓]𝑇𝐊𝐶𝐵𝐪𝐿𝐼 = 𝐅, (2) 
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where [𝐑] contains the rotation matrices that relate the floating frame to the inertial frame. 𝐊𝐶𝐵 is the 

stiffness matrix that is obtained by model order reduction of the body’s finite element model, using the 

Craig-Bampton modes and 𝐪𝐿𝐼 are the local interface coordinates. Finally, [𝐓] is a transformation matrix 

that removes the rigid body motion of the floating frame from the expression. [𝐓] is given by: 
 

[𝐓] = 𝟏 − [𝚽𝑟𝑖𝑔][𝐙], (3) 

 

in which [𝚽𝑟𝑖𝑔] contains the displacement of all interface coordinates when the body is subjected to a rigid 

body motion with respect to the floating frame. The matrix [𝐙] is given by: 
 

[𝐙] = ([𝚽𝐶𝐵][𝚽𝑟𝑖𝑔])
−1

[𝚽𝐶𝐵], (4) 

 

where [𝚽𝐶𝐵] consists of the Craig-Bampton mode shapes evaluated at the floating frame. This equilibrium 

equation is the basis of the examples discussed in Chapter 3. Further details of the coordinate transformation 

and derivations are presented in [1]. 

3 Validation 

To verify validity of the proposed formulation for plates, two static problems are modelled. First, a cantilever 

that is loaded out-of-plane is considered. Its dimensions are such that beam theory is still valid and therefore 

the results are also compared to formulations for beams. Second, a square plate is considered that is clamped 

on two opposite sides. Both examples are adapted from [10]. 

3.1 Cantilever 

In the first example, a cantilever is modelled. The cantilever, shown in Figure 3, is loaded in positive 

transverse (z-)direction. The cantilever has length 𝐿 = 10 𝑚, width 𝑤 = 1 𝑚, and thickness 𝑡 = 0.1 𝑚. It 

has a Young’s modules of 𝐸 = 12 𝐺𝑃𝑎 and a Poisson ratio of 𝜈 = 0.3. A mesh of 10 elements is used for 

all simulations and the load is modelled as two equal point loads at the two nodes at the cantilever tip. The 

response of the tip in both x- and z-direction is measured.  

The problem is modelled using the superelement formulation for plates and is compared to three other 

formulations. The results for the superelement formulation implemented for plates are represented by the 

black solid line in Figure 4. The grey solid line represents the problem modelled in Ansys (shell181 

elements), using a nonlinear finite element formulation based on the full nonlinear Green-Lagrange strain 

expression [3]. As the cantilever is long and slender, and thus has a high aspect-ratio, simplifying it as beam 

elements is allowed. To this end, the superelement formulation for beams is also used for validation, as well 

as the corotational formulation using nonlinear beam elements from software package Spacar. The latter 

two are represented by, respectively, black and grey dashed lines. The detailed formulation of Spacar can 

be found in [11]. 

Figure 4 shows the normalized transverse (𝑤/𝐿) and axial (−𝑢/𝐿 ) displacements. This figure shows that 

there is a favorable comparison between the four methods. Maximum deviations from Ansys are in the 

range of approximately 1 to 3%. Furthermore, there is a clear resemblance between Figure 4 and the 

results from Izzuddin (Figure 8 from [10]). 
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Figure 3 Deflected shapes of cantilever for different loads. 

 

 

Figure 4 Response of cantilever to tip point loading. 

 

3.2 Clamped square plate 

In the second example, a square plate is modelled and loaded by a point load P. The plate has length and 

width 𝐿 = 𝑤 = 400 𝑚𝑚 and thickness 𝑡 = 1.98 𝑚𝑚. Its Young’s modulus is 𝐸 = 21.5 𝐺𝑃𝑎 and its 

Poisson ratio is 𝜈 = 0.3. The plate is clamped on two opposite edges. Figure 5 shows the plate (left) as well 

as shows the deflected shape (right). For clarity reasons, only half of the deflected plate is shown and 

displacements are scaled with a factor 10. A mesh of 10 x 10 elements is used. The point load is applied at 

node A (Figure 5) which lies on the center line, at the third node from the free edge. The z-displacement at 

this node, as well as at node B, is measured. As this problem cannot be modelled using beam elements, the 

results are compared with software package Ansys only. 

  

MULTI-BODY DYNAMICS AND CONTROL 2563



Figure 6 shows the results for displacements in the order of the thickness of the plate (P = [0, 25] N). As can 

be seen, both methods correspond very well. For a point load of 25 N, the deviation is approximately 1 to 

2%. If the load is increased up to 250 N, the deviation also slightly increases, with a maximum deviation of 

slightly over 3% for the displacement of node B. The results for the load range P = [0, 250] N are presented 

in Figure 7. Results for both load ranges are also in close agreement with the results from Izzuddin (Figures 

10 and 11 from [10]).  

 

 

 

Figure 5 Clamped square plate (left) and deflected shape for P = 250 N (right, displacement scale = 10). 

 

 

Figure 6 Response of nodes A and B on clamped square plate for P = [0, 25] N. 
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Figure 7 Response of nodes A and B on clamped square plate for P = [0, 250] N. 

 

4 Discussion 

Examples in Chapter 3 showed that the results from the superelement formulation for plates are in good 

agreement with the other formulations. This means that the method can successfully be used for the efficient 

description of plates in flexible multibody dynamics. However, some small deviations of around 1 to 3% 

still occur.  

The small deviation is probably caused by the way the location of the floating frame is determined. It is 

known that the elastic displacements in the interface coordinates, multiplied by the Craig-Bampton mode 

shapes, should always equal zero at the location of the floating frame. However, a numerical error may 

cause this relation to be non-zero, and thus cause the floating frame to drift away. Therefore the location 

becomes slightly inaccurate after a while. This problem is expected be solved by determining the location 

of the floating frame using a Newton-Raphson procedure. The Newton-Raphson procedure should be 

applied on the multiplication of the elastic displacements in the interface coordinates and the Craig-Bampton 

mode shapes, which should finally equal zero. The position of the floating frame at the current time step can 

be used as an initial estimate. In future work, this Newton-Raphson procedure will be implemented. 

As the method is successfully implemented for plates, the method offers a promising reduction method for 

flexure mechanisms. Flexures that can no longer be simplified as beam elements, because of their low 

aspect-ratio, can be modelled in an accurate way using superelements.  
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Abstract
Topology optimization is used to find the optimized components of a flexible mechanism. Over the past
decades topology optimization has gained large interest in structural design since it allows fast development
of optimized complex geometries. In this work we exploit the Flexible Natural Coordinate Formulation
(FNCF) to describe the flexible multibody dynamics. This formulation is used due to its simple description
of the dynamic equations of motion (linear equations of motion with quadratic constraint equations) which
limits the computational load and thus allows a fast evaluation of the dynamic multibody simulation. Finally
we discuss the results of a numerical validation. In particular we look at a design problem which concerns
the tip deflection of a high-speed cutting mechanism. This application is particularly interesting since the
flexibility of the whole system is considered in order to find the component with the lowest rotational inertia
whilst minimizing the tip deflection with respect to the prescribed motion.

1 Introduction

Over the past decades structural topology optimization has gained large interest in structural design as it en-
ables fast development of optimized complex geometries. These designs will often lead to superior properties
compared to classical human designs [1, 2, 3].

Although topology optimization was originally developed for optimizing single components rather than full
mechanical system assemblies, several methods have been proposed in literature to account for the dynamic
behavior of multibody systems[4, 5, 6]. Most notably Kang proposed the method of Equivalent Static Loads
(ESL)[7], which remains the standard method for these applications.

The ESL approach transforms the dynamic loads obtained from a multibody simulation into a static optimiza-
tion problem consisting of multiple critical load cases for a single body. In this weakly coupled approach the
optimizer does not explicitly take the multibody interaction into account, but only re-evaluates the component
loads from the multibody model after a full topology optimization run on the statically loaded component.

This decoupling is convenient as it enables the exploitation of off-the-shelf multibody software and structural
topology optimizers, but also has several drawbacks: the ESL approach for example makes it particularly
challenging to introduce constraints directly based on the dynamic response of the component.

In this work we therefore propose a fully-coupled approach for component topology optimization in a flex-
ible multibody system (MBS). In this approach, a full flexible multibody simulation is performed for each
topology iteration. The design goal and constraints are then evaluated on the body response directly from
this MBS simulation. This resolves the issue of imposing artificial constraints to the body to eliminate the
rigid body motion as required for ESL based approaches [4].

The computation of the response derivatives with respect to the topology parameters, as required for the
optimization iterations, is enabled through the use of a recently proposed flexible multibody formulation,
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namely the flexible natural coordinate formulation (FNCF) [8, 9].

The overall topology optimization scheme is discussed in Sec. 2 and the application on the high-speed cutting
mechanism is discussed in Sec. 3.

2 Optimization Framework

This work focuses on the geometric optimization of the components of mechanisms for industrial mecha-
tronic applications. For these applications the flexible deformation is typically assumed to be small in com-
parison with the rigid motion of the components. However they can have an important impact on the func-
tional behaviour and operational lifetime of the machine.

These deformations are assumed to be sufficiently small in this work such that a small-deformation flexible
multibody model can be used, rather than a fully geometricall nonlinear finite element model. The latter
would lead to unacceptable computational loads for system level optimization for most practical applications.

This section presents an approach for structural topology optimization based on flexible multibody responses.
First the overall scheme is discussed in Sec. 2.1, the specific FMBS approach used is briefly summarized in
Sec. 2.3 and the optimizer is discussed in Sec. 2.4.

Initial design

Multibody simulation Evaluate objective and
constraint functions

Design parameter
iteration

∆x ≤ tolUpdate model and CMS
basis

Optimized design

M(x)

qF,
∂qF
∂x ϕ(qF), γγγ(qF)

∆x

no
x = x + ∆x

M(x)

yes

Fig. 1: Schematic of multibody based component structural topology optimization

2.1 Fully-coupled topology optimization

The overall scheme for the structural topology of a component in a flexible multibody system proposed in
this work, is summarized in Fig. 1. The initial design paremeters, gathered in x ∈ R1×ne , represent the
available design space for the novel component, bounded by the physical space available in the machine.
These parameters are connected to the density of the elements in a Finite Element (FE) discretization of the
design space [1]. With these parameters and component FE model, there is an associated multibody model
M(x) which is simulated to evaluate the system and body response q. The topology parameterized body
description and associated FMBS model are discussed in Sec. 2.2-2.3.
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The corresponding flexible response qF is then used for evaluating the design objective ϕ(qF,x) and design
constraints γγγ(qF,x). Next the topology design update ∆x is computed and the convergence is evaluated on
the magnitude of this update (the optimizer stops if this update is smaller than a prescribed tolerance tol).
The optimizer and constraints are discussed in Sec. 2.4.

2.2 Topology parameterized flexible body description

For small deformation problems, as discussed here, the global finite element (lumped) mass MFE and stiff-
ness KFE matrices can be described as a function of the density parameter xi for element i:

MFE =

ne∑

i=1

M0
FE,ig(xi), (1)

KFE =

ne∑

i=1

K0
FE,ig(xi). (2)

Here M0
FE,i and K0

FE,i represent the contribution to the full body mass and stiffness matrix from element
i for the full design domain finite element discretization and g(x) is a scalar function to describe the de-
pendency on the density parameter. The parameter xi then indicates how much each element contributes to
the optimized model. Essentially the design variable indicates whether the domain represented by the finite
element should be filled with material or be void. To obtain a practical solution the final values for the design
parameters should be as close as possible to either 1 or 0.

A fundamental issue when including a finite element model in a multibody model is the large model size.
The small deformation assumption partially eliminates this issue as it allows the use of linear model order
reduction (MOR) techniques. In this work, we exploit the well-known Component Mode Synthesis technique
[10] to approximate the local displacement field of the FE model u ∈ RnDOF by projecting an appropriate
set of nm assumed modes gathered in ΨΨΨ ∈ RnDOF×nm such that

u ∼= u0 + ΨΨΨqF (3)

where nm � nDOF . Due to the MOR-approach the computational cost of the MBS simulation is not affected
by the number of elements but rather by the amount of assumed modes. This reduction basis ΨΨΨ is computed
from the body mass and stiffness matrices and is therefore also a function of the topology parameters x. It
is important to highlight that this implies that the reduction basis needs to be recomputed for every topology
parameter update, which can also lead to considerable computational loads for large scale problems.

The original nodal mesh positions u0, reduction basis ΨΨΨ, mass and stiffness matrices are the body informa-
tion which is passed to set up the multibody model, as discussed in the next section.

2.3 Flexible Natural Coordinate formulation for system and body dynamics

To model the flexible multibody dynamics, we exploit the Flexible Natural Coordinate Formulation (FNCF)
as originally suggested by Vermaut [8]. This FNCF approach allows a fast and easy evaluation of the dynamic
multibody simulation which is important due to the iterative nature of optimization routines. The formulation
is based on a small deformation assumption. A particularly desirable property of this approach is the simple
structure of the resulting equations of motion: the dynamic balance equations reduce to a set of (bi)linear
equations and the constraint equations are a set of quadratic equations. Here, we briefly summarize the linear
structure of the dynamic balance in the equations of motion. For the full derivation of the formulation we
refer the reader to Vermaut et al. [8].
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The generalized multibody coordinates q are

q =




qP

qR

qG

qF


 , (4)

which holds a set of displacement qP and redundant orientation qR coordinates for each body followed by
a set of redundant modal participation factors expressed in the inertial qG and body attached qF reference
frame. It is important to note that a set of intra-body constraints are necessary due to the redundant flexible
description:

qG = qF ⊗ qR (5)

where ⊗ represented the Kronecker product.

The equations of motion are derived from the Lagrangian which yields

L(q, q̇,λλλ) = Ekin(q, q̇)− Eela(q)− λλλTφφφ(q) (6)

whereφφφ holds a set of intra- and inter-body constraint equations accompanied by their Lagrangian multipliers
λλλ. The equation of motion are then obtained by applying Hamilton’s principle to the Lagrangian:

{
d
dt

(
∂L(q,q̇,λλλ)

∂q̇

)
− ∂L(q,q̇,λλλ)

∂q = 0

−∂L(q,q̇,λλλ)
∂λλλ = 0

(7)

This leads to the following set of equations of motion in the generalized coordinates q:
{
Mqq(q̈) + Kqq(q) + ∂φφφT

∂q λλλ = fext(q, q̇, t)

φφφ(q) = 0
(8)

where an optional external force term (fext) has been included.

For the FNCF description, in contrast to the classical floating-frame-of-reference (FFR) approach, the gener-
alized mass matrix is configuration independent and has the following structure for a given body with nodal
mesh coordinates u0 and reduction basis ΨΨΨ:

Mqq =






∑N

i=1mi ū0 ~m Ψ̄~m

ū0M̃ūT0 Ψ̄M̃ūT0
symm Ψ̄M̃Ψ̄T


⊗ I3 0(12+9nm)×nm

0nm×(12+9nm) 0nm×nm


 (9)

where M̃ is the lumped diagonal mass matrix for the FE body, ~m is a vector containing all the lumped mass
values of the finite element model, mi is the i-th lumped mass contribution. The operator ·̄ represent the
split of a vector along the nine components of a rotation matrix for obtaining the global contribution of local
components under any rotation [11, 8]. It is important to note that a mass matrix consisting of only uncoupled
translational components is invariant for rotation, as has been discussed by Gerstmayr & Ambrosio [11]. The
resulting mass matrix for the FNCF approach is therefore also constant.

Under the proposed FNCF approach, the generalized body stiffness matrix becomes:

Kqq =

[
0(12+9nm)×nm

ΨT

]
KFE

[
0nm×(12+9nm) Ψ

]
(10)

Note from the brief discussion of FNCF that the method has both a constant mass and stiffness matrix at the
cost of a larger set of generalized coordinates in comparison to the FFR approach. Furthermore if viscous
damping, such as Rayleigh or modal damping, is assumed the resulting damping matrix will also be constant.
This structure contributes to the computational efficiency of the FNCF methodology and makes it particularly
easy to obtain derivatives with respect to the topology design parameters.
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2.4 Optimization scheme

Starting from the FNCF multibody formulation presented above, the general topology optimization problem
for the density parameters x of a body can be summarized as:

min
x

ϕ(x)

s.t.





Mqqq̈ + Kqqq + ∂φφφT

∂q λλλ− fext = 0

φφφ(q) = 0
xmin ≤ xi ≤ xmax, i = 1, . . . , ne
γj(x) ≤ γjmax, j = 1, . . . , ncon

(11)

where ne is the number of design variables and ncon is the number of optimization constraints. The first
two constraint equations account for the dynamic behavior of the multibody system. The third constraint
equation represents the bounds for the i-th density variable xi and the last set of constraint equations can
include general design constraints like the maximum deviation of a prescribed trajectory, a maximum value
for Von-Misses stresses or many other limitations.

For this topology optimization approach with density parameters, the problem is essentially a binary pro-
gramming problem: the design variables should either be 0 or 1 indicating that the domain represented by
the element is a void or solid material. In order to avoid expensive combinatorial searches, the binary prob-
lem is relaxed in the sense that intermediate values are allowed during optimization. However, in order to
prevent physically unsensible designs, the parameters are penalized such that when convergence is reached
a close to black-and-white design is obtained.

To asses the convergence of the proposed design we use the so called grayness value G [12, 5]. This is a
scalar value indicating the discreteness of the design. IfG equals 1 this indicates a fully gray design meaning
that all elements i have xi = 0.5. On the other hand if G = 0, it indicates a fully black-and-white design,
meaning that all elements have either x = 0 or x = 1. Hence near-zero values of G are an indication of a
converged design:

G(x) =
4

ne

ne∑

i=1

xi(1− xi) (12)

In this work, we utilize the solid isotropic material with penalization method (SIMP) as suggested by Sig-
mund to penalize the intermediate density values in order to obtain a near black-and-white solution [1]. With
the SIMP approach the material properties can expressed as:

Ei(x) = xpiE0 (13)

where E0 is the Young’s Modulus of the isotropic material and p ≤ 1 is the penalization power. If the
penalization factor is larger then 1, the intermediate design variables are penalized. The full body stiffness
matrix can then be found from:

KFE(x) =

ne∑

i=1

xpiK
0
FE,i, (14)

where K0
FE,i is the initial element stiffness matrix assembled with E0, and which fits the framework pre-

sented in Sec. 2.2.

Several optimization routines can be used to solve equation (11). Both heuristic schemes and numerical
programming methods are readily available from literature. Examples include: ConLin [13], GCM [14],
Sequential Quadratic Programming (SQP) [15], Surrogate Based Optimization (SBO) [16] and Method of
Moving Asymptotes (MMA) [17]. The selection of a suitable optimizer depends on the characteristics of the
problem and the available information e.g. existence of gradient.
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3 Numerical example

This work focuses on a reduction on the tip deflection of a high-speed cutting mechanism. The mechanism
is depicted in Fig. 2. Whilst no problems occur at lower operational speeds an increased tip deflection is
noticeable at higher speeds resulting in increased wear of the cutting blades and reduced cutting performance.
To remedy this, the current design was revisited and optimized. The optimization was done in two phases:
firstly the trajectory is optimized by improving the cam-profile. However due to the required tip-motion,
which is needed for the cutting process, and several geometric constraints on the system due to a lack of
physical space on the machine, the tip-motion still shows undesired vibrational behaviour even after the
optimization of the cam profile. The next step involves the optimization of the geometry of the cutting arm in
order to minimize the tip deflection as well as the rotational inertia of the arm. The geometric optimization
is realized by means op toplogy optimization using an in house developed code. The framework used to
perform the optimization was discussed in Sec. 2.1.

Fig. 2: Inital design of the cutting-mechanism

The component discussed in this example was discretized with 120000 higher order tetrahedral elements,
the mesh is shown in Fig. 3, resulting in the same number of design variables for the optimization. Note that
this type of mesh is not ideal for topology optimization. Hexahedral elements are preferred since they are
more efficient space fillers with a lower computational cost: to fill 1 hexahedron one needs 5 to 7 terahe-
drons. Unfortunaly meshing complex shapes with hexhedral elements is not supported by most commercial
meshers.

Fig. 3: Initial design space meshed with quadratic tetraherdal elements.

The trajectory of the tip should follow the newly optimized cam motion as close as possible to obtain the
best cutting performance. Indeed in the ideal case of rigid body motion of the mechanism no undesired wear
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of the cutting blades occur. It is due to the flexible motion of the mechanism that the cutting blades may
collide and/or being exposed to additional and undesired slip. Consequently the lifetime can be improved by
minimizing the flexible deformation of the mechanism. In this work the objective functions is formulated as
a minimization of the strain energy of the system. Since rigid body motion can be seen as the optimal case
where no flexible deformation occurs and hence no strain energy is present. The objective function described
in (11) takes the form of

ϕ(x) = qTFΨΨΨTKFE(x)ΨΨΨqF (15)

As shown in Fig. 4 the optimization requires less than 20 iterations to converge and a few additional iterations
were used to improve the grayness as discussed in Sec. 2.4.
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Fig. 4: Convergence history

4 Conclusions

This work investigated the use of topology optimization to reduce undesired deviation from a trajectory and
simultaneously reducing the inertia of the component. The proposed methodology has been successfully
applied to the mechanism, presented in Sec. 3, where the maximum Y deflection is reduced with 49,5%
and the Z deflection is reduced by 71%. The components of the resulting tip motion can be seen in Fig. 5.
The rotational inertia of the optimized component is 46% lower than the original structure whilst showing
better performance for the presented case study. Moreover due to the reduced inertia, the driving torque also
decreases. Since the cam and the followers were kept fixed during the topology optimization the pressure
angles did not change and consequently the reduced forces between the cam and follower result in a longer
lifetime of the mechanism. Whilst the resulting component is structurally feasible, it is not straightforward
to manufacture it using classical manufacturing tools. Further work will focus on a comparison between the
minimization of the compliance of the structure and placing a constraint on deviation of the trajectory.
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Abstract
An approach to estimate the natural modes and dynamic responses of a planetary gear train with spur gears
is proposed by using a general purpose multibody simulation tool with a gear contact model that allowed
to include time-varying mesh stiffness. The numerical model is two dimensional and takes into account the
component motions in torsional and transverse directions. The modal behavior of the gear set was firstly
investigated in terms of natural frequencies and mode shapes in a stationary condition. These natural modes
were predicted and compared with experimental results available in the literature. Furthermore, a dynamic
response in terms of dynamic transmission error at a spinning condition with in-phase or sequentially phase
planetary configurations were carried out and concluded that the natural frequency range varies in gear mesh
stiffness associated modes.

1 Introduction

Mechanical power transmissions that comprise planetary gears are widely used in many industrial applica-
tions, e.g., in the automotive and aerospace sectors due to the fact that component durability increases by
load sharing from the multiple load paths with high levels of transmitted power within a confined design
space. Moreover, a combination of the central members (sun, carrier, and ring) with planet gears enables
to achieve various gear ratios in a single design. However, planetary gear trains may exhibit undesirable
dynamic behavior resulting in high noise and vibration. It is due to the fact that complexity of the planetary
gear train having multiple gear meshes is higher than the one of simpler counter-shaft gear drives. Therefore,
a detailed understanding of the system parameters that influence the dynamic characteristics is crucial to
solving various performance issues in dynamics.

A significant amount of dynamic analyses concerning the planetary gear systems are found in the literature
in various aspects. Kahraman [1] described the natural modes of planetary gear trains and their sensitivity
to the system parameters through a pure torsional model. Inalpolat and Kahraman [2] developed a torsional
dynamic model to study single and double-planet or complex compound configurations. They [3] also devel-
oped a simplified mathematical model to investigate a planetary gear sideband with various planetary gear
configurations. Subsequently, They [4] studied sideband phenomena in a planetary gear train from manu-
facturing errors by using a two dimensional nonlinear time-varying model they developed. A large part of
the literature about the planetary gears was published by Parker whose works are the major references for
this work, especially for the studies on the planetary gears dynamic modal behaviors. Lin and Parker [5] in-
vestigated modal energy distribution and analyzed the sensitivity of the planetary gear systems to the system

2577



parameters such as tooth mesh stiffness and component inertia. The authors [6] also described the modes
that are typical for a planetary gear system describing them in terms of kinetic energy distribution among
the various components. Parker and Lin [7] reported formulae to determine the mesh phasing relationships
to inspect the different dynamic behavior in different categories of the system configuration. Parker [8], and
Parker and Ambarisha [9] analyzed the effects of the mesh phasing in the planet modes on planetary gear
transmission error suppression. Regarding an experimental study for planetary gear systems, Ericson and
Parker [10, 11] performed experimental modal analyses including planetary gear vibration measurement and
compared with the results of the analytical model they developed. They are perhaps the first researchers con-
ducting the planetary gear experimental modal analysis with an inclusion of the measurement of the planet
gear modes by installing a set of linear accelerometers on the planet bodies. Their successive work [12]
investigated load dependent system dynamics by an experimental study.

2 Experimental study in the literature

The experimental investigation by Ericson and Parker [10] of the planetary gear modal behavior includes
low frequency fixture modes, where high strain and kinetic energy are concentrated in the central members
(shaft, sun, carrier, ring) and high frequency gear modes, where high kinetic energy is focused on the gear
tooth meshes and planet bearings. The test results explained throughout this section are all based on the work
by Ericson and Parker [10].

2.1 Experimental setup

Ericson and Parker conducted a planetary gear system experimental modal analysis at stationary condition
by applying both impact hammers and modal shaker in various directions depending on the mode of interest.
The planetary gearbox originally used in industry has been modified to make the gear tooth stiffness more
compliant resulting in the richer frequency spectrum to be measured.

2.1.1 Test rig

The test rig and its schematic are presented in Figure 1.

Shaker

Load
Cell

Stinger

Planetary Gear

A B

C
D

(a) Test rig

A
B

C

D

Planetary Gear

Sun Gear Shaft
Carrier Shaft

Carrier
Inertia 2

Sun
Inertia 1

(b) Test rig schematic

Figure 1: Planetary gear train test rig [10]

All members marked in Figure 1 are described in the list below:
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• A (radial arm): it fixes the sun gear shaft to a bedplate to measure the applied static torque from the
actuator by the load cell connected to it.

• Sun inertia 1: it is a shaft having a relatively large inertia compared to the sun gear shaft to isolate the
gear vibration, and connected to the arm A and sun gear shaft.

• Sun gear shaft: it is a shaft that supports the sun gear in the bearing block supported by spherical thrust
roller bearings.

• Planetary gear: it comprises sun, ring, carrier and three planets, and the ring gear is bolted to a housing.

• Carrier shaft: it is a shaft that supports the carrier in the bearing block supported by spherical thrust
roller bearings.

• Carrier inertia 2: similar to sun inertia 1, it is a shaft having a relatively large inertia compared to the
carrier shaft to isolate the gear vibration, and connected to the arm B and carrier shaft.

• B (excitation arm): it is connected to the carrier shaft and excitation is applied to it by using an impact
hammer or vibration shaker.

• C (coupling): it isolates the planetary gear from the torque actuator with a compliant torsional stiffness.

• D (torque actuator): it generates the torque as a preload to the system at a stationary condition.

2.1.2 Gear geometry

There were two planetary gear sets (“Gear set A” and “Gear set B”) described in the work of Ericson and
Parker [10] and “Gear set B” has been taken in this study as a benchmark system because it has been modi-
fied from “Gear set A” acquired from a production helicopter transmission to make the mesh stiffness more
compliant by reducing facewidth and pressure angles to achieve the measurable frequency ranges of high
frequency gear mode. This gear set comprises spur gears without profile modification but flank line modi-
fications of 4 µm lead crowning in order to avoid edge contact conditions. The geometrical parameters of
these gears are listed in Table 1.

Parameters Sun gear Planets gears Ring gear
Number of teeth 65 55 175
Module (mm) 1.609 1.609 1.609
Tooth thickness (mm) 2 2 2
Facewidth (mm) 10 8 10
Pressure angle (deg) 15.97
Center distance (mm) 96.52
Base diameter (mm) 100.6 85.08 270.7
Root diameter (mm) 97.91 81.78 288.0
Tip diameter (mm) 107.8 91.69 278.9

Table 1: Gear basic dimensions

2.1.3 Modal testing

Ericson and Parker conducted experimental modal analysis with non-rotating gears: the rotational degree of
freedom of the test rig is constrained by the load cell that is jointed to the sun inertia 1, and preload 150 Nm
measured on the sun gear shaft is applied by the torque actuator. In these experiments, two different types
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of force excitation methods were used by an impact hammer and modal shaker. The impact testing excites
the system at a design point, i.e. the arm A (radial arm) or arms B (excitation arm) illustrated in Figure 1 to
detect mainly rotational modes in a low frequency range with a plastic tip at the impact hammer. In addition,
to detect the translation modes better, impacts to the sun gear, carrier and ring gear housing in the vertical
and horizontal directions were applied. Lastly, the modal shaker was directly applied to a planet gear in the
line of action direction of the gear mesh to effectively obtain the tooth stiffness associated high frequency
modes.

2.2 Experimental results

Performing modal analysis experiments, Ericson and Parker [10, 11] have been able to fully define the modal
behavior of the planetary gear system. The modes can be clearly distinguished into two frequency ranges,
one below and one above 1500 Hz. Depending on the range that they belong to, the modes are defined as:

• Fixture modes:
these are characterized by high kinetic energy in the central members, i.e. sun inertia 1 and carrier
inertia 2, sun gear, carrier, and ring. The definition of “fixture modes” comes from the deflection
concentrated in these fixture components, while the components of the planetary system move as a
single rigid body. The frequency ranges of these modes are found at below 1500 Hz.

• Gear modes:
these are characterized by high kinetic energy in the planets and planet bearings, all gear mode natural
frequencies are detected as clusters that are exhibited as three groups, where each of radial, rotational
and tangential direction of planet deflection is dominant at each of cluster. The gear modes are nine in
total, grouped in clusters of three each. The frequency ranges of these modes are found at above 1500
Hz.

2.2.1 Low frequency fixture modes

Impulse testing results detected eleven natural frequencies of four rotational and seven translational modes.
As compared with the results from their analytical model, one translational mode associated with the x
translational deflection in sun inertia 1 was not excited well, therefore not reported. Since there are two
translational modes at sun and carrier appearing as a degenerate pair (repeated natural frequency), it can be
said that fourteen modes in total are explained.

It is noted that anisotropic bearing stiffnesses are associated with sun inertia 1 and carrier inertia 2 due to the
fact that they are connected to the arm A and B respectively under the applied load or excitation on them.
Therefore, instead of having repeated natural frequencies, the separate ones exhibiting the coupled modes
of rotation and translation were examined. On the other hand, repeated natural frequencies in a translation
direction on sun and carrier were examined due to the nature of isotropic bearing stiffnesses associated with
these components. The 14 modes including repeated modes (mode 7 and 9) are illustrated in the literature
[10] and summarized in Table 2.

2.2.2 High frequency gear modes

Gear modes in a high frequency range can be considered as the most important ones in practice because they
can be excited by the gear tooth meshing harmonics and can be a major source of high noise or elevated
bearing loads. These modes are mainly associated with planet gears, and the coupling of these modes with
central members such as shafts, and fixtures are weak. It is noteworthy that planet bearings should be
in condition to have anisotropic stiffness values under load resulting in higher stiffness in the tangential
direction and lower one in the radial direction. This is caused by the fact that forces are applied in the line

2580 PROCEEDINGS OF ISMA2018 AND USD2018



Mode Freq. (Hz) Description
1 124 Trans. mode in x-dir. of inertia 2
2 140 Trans. mode in y-dir. of inertia 2
3 180 Rot. mode coupled with y-dir. of inertia 1
4 200 Trans. mode in x-dir. of inertia 1 (only detected by analytical model)
5 217 Trans. mode in x-dir. coupled with rot. of inertia 1
6 254 Rot. mode of inertia 1 and inertia 2
7 333 Trans. mode (in-phase) of sun and carrier (repeated)
8 404 Rot. mode (in-phase) of sun and carrier
9 582 Trans. mode (out-of-phase) of sun and carrier (repeated)
10 604 Rot. mode (out-of-phase) of sun and carrier
11 648 Trans. mode in x-dir. of ring
12 1465 Trans. mode in y-dir. of ring

Table 2: Fixture modes measured by an experiment

of action direction of each sun-planet and planet-ring mesh generating a higher reaction force in tangential
directions. Therefore, special care needs to be taken when a numerical model is created for correlation related
to gear modes. In addition, gear mesh stiffnesses in planet angular position, equally spaced three planets,
are not identical due to the mesh stiffness at each contact are different due to the nature of the sequentially
phased planet configuration in the mesh. In this sense, averaged mesh stiffness assumption made in the
model may mislead the judgment of the result correlation. The nine gear modes (each translation modes has
a multiplicity of two) are summarized in Table 3

Mode Freq. (Hz) Description
13 1420 Rot. mode of central members with planet deflection in radial dir.
14 1600 Trans. mode of central members with planet deflection in radial dir. (repeated)
15 2735 Rot. mode of central members with planet deflection in rotational dir.
16 2832 Trans. mode of central members with planet deflection in rotational dir. (repeated)
17 3380 Trans. mode of central members with planet deflection in tangential dir. (repeated)
18 3430 Rot. mode of central members with planet deflection in tangential dir.

Table 3: Gear modes measured by an experiment

3 Multibody modeling of a planetary gear system

In order to understand the dependency of the dynamic behavior of a planetary gear system on its geometrical
characteristics, the use of a multibody model that combines gear contact analysis solver representing all
structures, rotating elements and gear geometrical configuration is appropriate. The main objectives in this
study are to validate the multibody simulation results against the experimental results in Section 2 and extend
this multibody model to investigate the dynamic behavior in high frequency gear modes with respect to the
different planetary gear configurations, i.e., in-phase or sequentially phase planets at stationary and spinning
conditions. This multibody model relied on the test rig configurations with the degrees of freedom and the
given geometrical parameters reported in the literature [10].

3.1 Multibody simulation tool for a transmission system

To create and solve a multibody model of an example planetary gear system, a general purpose commer-
cial multibody software, “Simcenter 3D Motion” (hereafter, also called “Motion”) from Siemens Industry
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Software NV was employed in conjunction with a gear train multibody model creation tool, “Transmission
Builder” [13]. Transmission Builder is a vertical application to set up the multibody simulation model of the
transmission enabling the workflow to be simplified reducing time when 3D CAD geometries and multibody
elements are created. It creates the initial and boundary conditions such as component positions, orientations,
gear mesh phases, rigid joints and bushing elements for flexible joints.

Furthermore, the multibody research team of Siemens Industry Software NV has put considerable effort in
revisiting their gear contact numerical approach to drivetrain simulation. This gear contact solver architecture
is designed to allow the user to perform a dynamic multibody simulation with different levels of fidelity with
measured transmission error values or FE method for gear contact according to the required computation
time and desired level of predictive capacity. Constant stiffness computation is implemented as per ISO
6336 [14] and time-varying mesh stiffness is computed with the combined method of ISO [14] and Cai [15].
FE method has a hybrid scheme combining nonlinear FE computation for tooth bending including gear body
deflection with an analytical formula to compute local tooth contact deformation by using Herztian formula,
which accelerates the computation speed without compromising the accuracy. The details of these individual
methods were explained in the literature by Tamarozzi et al. [16]. This tool can also deal with microgeometry
of a tooth profile and flank line to predict gear dynamics precisely.

3.2 Degrees of freedom for a multibody model

Regarding the test rig configuration and planetary gear system that are referenced to create the multibody
model in this study, the literature [10] does not describe all detailed geometries for fixtures, shafts, and gears,
but lists lumped parameter masses, moments of inertia, and stiffness values used in creating their analytical
model. It is a two dimensional model including rotational and transverse DOFs by neglecting axial DOF,
which is a feasible approximation in a sense that only spur gears, not generating axial reaction forces from
the gear mesh, are used in the planetary gear system. The lumped parameter models for test rig and planetary
gear are illustrated in Figure 2.

unique modal properties of planetary gears. Their work is the foundation of the analytical lumped-parameter model used in
this study. In addition to the planetary gear, the input and output shafts and inertial bodies are included.

Fig. 6 illustrates the analytical lumped-parameter model (referred to as the analytical model) that is compared against
the experiments. Fig. 6a shows the details of the planetary gear model presented by Lin and Parker. This model is
integrated into a larger system-level model shown in Fig. 6b that considers the connecting test fixtures and boundary
conditions. The moment of inertia of the load cell arm is added to inertia 1 and grounded by the load cell stiffness klc. The
moment of inertia of the excitation arm and a portion of the compliant coupling are added to inertia 2, which is grounded
by the torque actuator (Fig. 2b) through the coupling stiffness Kcoup. Rotational and translational vibrations of all gear
bodies as well as inertias 1 and 2 are considered. The lumped torsional and flexural stiffnesses of the sun gear shaft
connect the rotational and translational degrees of freedom of inertia 1 to the sun gear. There is a similar connection
between inertia 2 and the carrier. The shaft mass and moment of inertia are ignored. A refined model with each shaft
discretized into 10 segments considering both moment of inertia and stiffness showed that the effect of shaft modes on the
rest of the system is negligible. Shaft mode natural frequencies are above the frequency range of interest or decoupled
from the system studied in Fig. 6. This justifies the simpler shaft model with only lumped stiffness. There are 29 degrees of
freedom in the model for Gear A (five planets) and 23 degrees of freedom for Gear B (three planets). The lumped parameter
model captures all of the natural frequencies observed in the experiments at low and high frequencies.

Parameter values for the model are obtained experimentally or by analytical approximation. Mass values are obtained
by weighing the components. Moments of inertia are calculated with solid modeling software. Carrier and sun gear

Table 3
Sampling parameters for incremental shaker sine sweep tests.

Bandwidth (kHz) 1–4 4–7 7–10

Sampling frequency, fs (kHz) 20 25 50

Number of samples, N 1024 256 256

Fig. 6. Analytical lumped-parameter model compared against the experimental results with (a) the detailed planetary gear model and (b) additional

components and parameters associated with the experimental fixtures.

T.M. Ericson, R.G. Parker / Journal of Sound and Vibration 332 (2013) 2350–2375 2357

(a) Model for test rig

unique modal properties of planetary gears. Their work is the foundation of the analytical lumped-parameter model used in
this study. In addition to the planetary gear, the input and output shafts and inertial bodies are included.

Fig. 6 illustrates the analytical lumped-parameter model (referred to as the analytical model) that is compared against
the experiments. Fig. 6a shows the details of the planetary gear model presented by Lin and Parker. This model is
integrated into a larger system-level model shown in Fig. 6b that considers the connecting test fixtures and boundary
conditions. The moment of inertia of the load cell arm is added to inertia 1 and grounded by the load cell stiffness klc. The
moment of inertia of the excitation arm and a portion of the compliant coupling are added to inertia 2, which is grounded
by the torque actuator (Fig. 2b) through the coupling stiffness Kcoup. Rotational and translational vibrations of all gear
bodies as well as inertias 1 and 2 are considered. The lumped torsional and flexural stiffnesses of the sun gear shaft
connect the rotational and translational degrees of freedom of inertia 1 to the sun gear. There is a similar connection
between inertia 2 and the carrier. The shaft mass and moment of inertia are ignored. A refined model with each shaft
discretized into 10 segments considering both moment of inertia and stiffness showed that the effect of shaft modes on the
rest of the system is negligible. Shaft mode natural frequencies are above the frequency range of interest or decoupled
from the system studied in Fig. 6. This justifies the simpler shaft model with only lumped stiffness. There are 29 degrees of
freedom in the model for Gear A (five planets) and 23 degrees of freedom for Gear B (three planets). The lumped parameter
model captures all of the natural frequencies observed in the experiments at low and high frequencies.

Parameter values for the model are obtained experimentally or by analytical approximation. Mass values are obtained
by weighing the components. Moments of inertia are calculated with solid modeling software. Carrier and sun gear

Table 3
Sampling parameters for incremental shaker sine sweep tests.

Bandwidth (kHz) 1–4 4–7 7–10

Sampling frequency, fs (kHz) 20 25 50

Number of samples, N 1024 256 256

Fig. 6. Analytical lumped-parameter model compared against the experimental results with (a) the detailed planetary gear model and (b) additional

components and parameters associated with the experimental fixtures.

T.M. Ericson, R.G. Parker / Journal of Sound and Vibration 332 (2013) 2350–2375 2357

(b) Planetary gear model

Figure 2: Lumpled parameter models [10]

Each inertia and mass of the shafts connected to the sun gear shaft and carrier shaft is not taken into account
because those values are minor compared with the inertia 1 and 2, whereas their bending and torsional
stiffness values are included. Since experimental results did not show the rotational mode on the ring gear,
the rotational degrees of freedom is not considered; however, translational degrees of freedom from the
housing structure were considered. These corresponding values of the housing stiffness are calculated with
FE software. The transverse stiffness values of sun and carrier bearings are experimentally obtained and the
bearings of inertia 1 shaft and inertia 2 shaft are calculated with commercial software. The mesh stiffness
values are firstly calculated with an FE based gear contact software evaluating different values of mesh
stiffness for different steps during the mesh cycle and the average value are subsequently used. With these
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assumptions, a lumped-parameter model comprises 23 degrees of freedom in total, i.e., transverse (x and y)
and rotational (z) for inertia 1, inertia 2, sun, carrier, three planets, and transverse (x and y) for the ring. All
parameters characterized by Ericson and Parker [10] are summarized in Table 4:

bearing stiffnesses are obtained by experiments (Fig. 4) [40]. Load-dependent inertia 1 and inertia 2 bearing stiffnesses are
determined by commercial software. The inertias 1 and 2 bearing stiffnesses are anisotropic due to different static preload
forces in the translational directions. The ring gear translational stiffness is obtained by finite element modeling of the ring
gear support frame. Planet bearing stiffness is provided by the manufacturer and estimated by analytical software. Mesh
stiffnesses are calculated using the finite element program discussed in the next section. The linear stiffness of the load cell
and torsional stiffness of the compliant coupling on the carrier shaft are provided by the manufacturers.

Table 4 provides the lumped-parameter masses, moments of inertia, and stiffnesses used in the analytical models.
Table 4a gives the values for Gear A, Table 4b for Gear B, and Table 4c for the accessory experimental fixtures used to test
both planetary gears. The masses and moments of inertia of the load cell arm and the excitation arm are included with
inertia 1 (sun gear) and inertia 2 (carrier), respectively. The mass of the fixtures that bolt the ring gear to the bedplate
(Figs. 1 and 2a) are included in the model. As shown in later experimental and modeling results, translational modes
dominated by ring gear deflection appear within the frequency range studied. The rotational stiffness of the ring gear
housing, however, is assumed to be rigid because no modes are detected in experiments with measurable ring gear
rotational vibration.2

Figs. 2 and 6b show that inertia 1 is rotationally constrained by the load cell attached to the end of the load cell arm. An
off-diagonal coupling stiffness between inertia 1 rotation and y-translation caused by the offset of the load cell arm
from inertia 1’s rotation axis (Figs. 2a and 6b) naturally arises in the model. The value of the coupling stiffness was tuned
to improve modeling accuracy in modes with significant rotational and translational motion in inertia 1 (modes 3 and 5
discussed later).

Table 4
Lumped-parameter values of (a) Gear A, (b) Gear B, and (c) the connecting fixtures.

(a) Gear A

Sun Planet Ring Carrier

Mass (kg) 7.657 1.724 110.1 28.87

Moment of inertia (kg m2) 29:89� 10�3 2:378� 10�3 – 346:3� 10�3

Bearing stiffness (N/m) 98:0� 106 315� 106 x: 1:72� 109 10:1� 106

y: 10:2� 109

Mesh stiffness (N/m) 70:6� 106 115� 106

(b) Gear B

Sun Planet Ring Carrier

Mass (kg) 12.44 1.433 110.2 28.38

Moment of inertia (kg m2) 64:04� 10�3 1:606� 10�3 – 398:7� 10�3

Bearing stiffness (N/m) 98:0� 106 x: 146� 106 x: 1:72� 109 10:1� 106

y: 427� 106 y: 10:2� 109

Mesh stiffness (N/m) 89:1� 106 120� 106

(c) Experimental fixtures

Inertia 1 (sun) Inertia 2 (carrier)

Mass (kg) 29.72 36.49

Moment of Inertia (kg m2) 259:9� 10�3 145:2� 10�3

Radius (m) 91:44� 10�3

Bearing stiffness (N/m) x: 46.3�106

y: 45.8 �106

x: 22.2�106

y: 28.3 �106

Load cell arm radius rlc (m) 266:8� 10�3

Load cell arm stiffness klc (N/m) 17:8� 106

Compliant coupling stiffness Kcoup (N m/

rad)
20:3� 103

Shaft stiffness Torsional (N m/rad) Flexural (N/m)

Sun gear 316� 103 x: 316� 103 y: 423� 103

Carrier 231� 103 x: 392� 103 y: 470� 103

2 Ring gear accelerometers are typically mounted radially, but some experiments were conducted with accelerometers mounted tangentially to the

ring gear, like other gears, to detect any rotational vibration.

T.M. Ericson, R.G. Parker / Journal of Sound and Vibration 332 (2013) 2350–23752358

Table 4: Lumped system parameters [10]

3.3 Multibody modeling

Each component of test rig is firstly required to be added in Transmission Builder as seen in Figure 3a, then
connections between components are defined according to the schemes in Figure 2 followed by defining gear
meshings as per the values listed in Table 1. To consider the gear geometry with accuracy, the geometry pa-
rameters such as profile shift coefficients, addendum and dedendum of the standard basic rack tooth profiles,
which was not reported in Ericson’s work has been calculated as per ISO 21771 [17] based on the reported
value of contact ratio, 2.07 for all meshes informed in the literature [10]. A profile shift coefficient of −0.3
mm has been added in order to reach the contact ratio of 2.07. Afterwards, addendum haP and dedendum
hfP were calculated from the following equations [17]:

da = d+ 2
z

|z|(xmn + haP + kmn) (1)

df = d− 2
z

|z|(hfP − xmn) (2)

where d is the reference diameter, z the number of teeth, x the profile shift coefficient, mn the normal
module, haP the addendum of the standard basic rack tooth profile, and k the tip alteration coefficient which
is assumed to be zero in these example gears.

Bearing and coupling definition set up at Transmission Builder create bushing elements to represent the
corresponding degrees of freedom with stiffnesses and damping coefficients. For these component properties,
Table 4 was referred with an assumption of damping coefficients. Figure 3b shows the multibody model
created with Simcenter 3D Motion with the work flow mentioned above.
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(a) Transmission Builder (b) Multibody model created in Simcenter 3D Motion

Figure 3: Multibody model creation software tools

Once multibody model is created in Motion, preload of 150 Nm was added to the arm A. Motion has a
functionality to compute the eigenvalues and eigenvectors from the multibody model created by using a
process, “linearization”, which enable all the nonlinear varying parameter in each step to be linearized that
reduces the system to a set of first order linear equations, whose matrices are then used to obtain natural
frequencies and modal matrix.

4 Result comparison

The modes falling into the two categories of low frequency fixture mode and high frequency gear mode are
to be separately discussed in this section as modal behaviors are distinct at each mode.

4.1 Fixture mode results

All fixture modes observed in the results from Motion exhibit correspondence with experimental results. A
comparison of Motion results against experimental ones in terms of natural frequencies is listed in Table 5.

Mode Type Exp. (Hz) Motion (Hz) Deviation (%)
1 Trans. 124 125 0.81
2 Trans. 140 141 0.71
3 Rot. 180 169 6.11
4 Trans. - 193
5 Trans. 217 199 8.29
6 Rot. 254 281 10.63
7 Trans. 333 299 10.21
8 Trans. 333 301 9.61
9 Rot. 404 416 2.97
10 Trans. 582 590 1.37
11 Trans. 582 648 11.34
12 Rot. 604 651 7.78
13 Trans. 648 692 6.79
14 Trans. 1465 1533 4.64

Table 5: Natural frequency comparisons in fixture modes (experiment vs. Motion)
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As mentioned in Section 2.2.1, the fourth mode is not present in the experiment but at an analytical model due
to the weak excitation of that mode, but it is also detected from the Motion model. Some modes are closely
aligned with the experimental results, but also some are deviated up to 12%. It can be said that there are
various reasons for this deviations. Since their analytical model is 2D lumped-parameter one (transverse and
torsional DOFs) and component flexibility such as shafts, carrier, and fixtures are not modeled with finite
elements. There would be some measurement errors when mass and inertia values were experimentally
obtained.

Ericson and Parker [10] showed responses in the sun rotation, carrier rotation, planet rotation, and planet
translation obtained from the experiment in a range below 700 Hz. In order to obtain a better match of
the response peaks, it is necessary that the damping ratios for each mode from the Motion model would
be aligned with the experimentally obtained values. The damping coefficients were iteratively attempted
to be obtained for each degree of freedom of the system until a good match was reached. However, any
complex approach for this estimation was not performed because the natural frequency correlations are of
major interest in this study. Figure 4 shows the frequency response functions (FRFs) for the selective modes.
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Figure 4: Response comparison of selective modes (experiment vs. Motion)

4.2 Gear mode results

In this gear mode, kinetic energies are concentrated in the planet gears, which leads planet radial, rotational
and tangential mode at each of three clusters in order, and at the same time, rotational and translational modes
of central members are exhibited. While planet deflections are distinguished for all clusters, the modes from
central members are also detected as a single rotational and two translational modes. The rotational mode
associated natural frequency is distinct while the translations of sun, carrier and ring are zero, and all the
planets have identical deflections. The translational mode associated natural frequency has a multiplicity of
two, especially in the case that mesh stiffnesses are identical to meshes with all planets, while the rotations
of sun, carrier, and ring are zero.

As an example, Figure 5 shows three modes in cluster 1 and Figure 6 shows the corresponding mode shapes
associated with each natural mode in a 1st cluster, where radial modes (x dir.) of planets are predominated
with mixture of a single rotational and two translational modes (y dir.) of central members. The acronyms
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used on the x-axis of the plot in Figure 6 are as follows: i1 (inertia 1), i2 (inertia2), S(sun), P1 (planet 1), P2
(planet 2), P3 (planet 3), C (carrier), R (ring), PRE (preloading). They are used with the prefix indicating the
direction vectors (x, y, z).

(a) Rotational mode (b) 1st translational mode (c) 2nd translational mode

Figure 5: Gear mode in cluster 1
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(a) Rotational mode
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(b) 1st translational mode
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-1
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(c) 2nd translational mode

Figure 6: Eigenvectors of gear modes in cluster 1

From Figures 5 and 6, it is observed that radial modes in planets are predominant in all three natural fre-
quencies in a 1st cluster, which is aligned with what the Ericson and Parker reported [10]. Especially, for the
rotational mode in this cluster, all three planets are in-phase and equal magnitude of eigenvectors in radial
(x) and tangential (y) directions. In addition, sun and carrier are in pure rotational modes without translation.
From Figure 6b and c, it is visible that the radial translations of the planets are still predominant deflections
in the 2nd and 3rd natural frequencies in a 1st cluster. Having described all characteristics of the gear modes,
the comparisons between the results of experiment and Motion model are listed in Table 6. It is noted that
average mesh stiffness according to ISO [14] is used for this simulation because no information was found
about gear phase at impulse testing [10].

The natural frequencies obtained from the Motion model agrees well in general, showing that the largest
deviation is within 10%. There might be various reasons to explain these differences. Gear mesh stiffness
computation under load with numerical software tool is a challenging task considering the manufacturing or
assembly errors of the real gears of the system. Also, gear phases in a stationary condition at the experimental
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Mode Type Exp. (Hz) Motion (Hz) Deviation (%)
Cluster 1

1 Rot. 1420 1566 9.58
2 Trans. 1600 1620 1.25
3 Trans. 1600 1621 1.31

Cluster 2
4 Rot. 2735 2860 4.57
5 Trans. 2832 2867 1.24
6 Trans. 2832 2868 1.27

Cluster 3
7 Trans. 3380 3506 3.73
8 Trans. 3380 3506 3.73
9 Rot. 3430 3521 2.65

Table 6: Natural frequency comparisons in gear modes (experiment vs. Motion)

set would not be easily measurable. Under these circumstances, the Motion model can only assume a certain
meshing position even if mesh stiffness varies at a certain rotational position. Lastly, the measured values of
the planet bearing stiffnesses having anisotropic properties under load are not found in the literature except
for the estimated value from numerical analyses.

5 Time-varying mesh stiffness influence on gear mode

Gear mesh stiffness for any gear pair varies in time, and the amount of variation and shapes depends on
the number of teeth in contact at each time instance and geometry itself. In a planetary gear system, gear
meshes also go through a phase relationship, i.e., in-phase and sequentially phase. In-phase is referred to as
the condition that all meshes (sun-planet and planet-ring) of each planet have identical stiffnesses with other
planet at each instance. On the other hand, Sequentially phase is referenced with the condition that mesh
stiffness per each planet at each instance has a different value in a planetary system. Referring to the literature
[6], the orthogonality of the eigenvectors are described in translational modes depending on the symmetry
of the mesh stiffness values. In the system of in-phase condition, two translational modes (multiplicity of
two) are detected whereas this two modes will veer if there are differences among the mesh stiffness values.
Moreover, it is explained that the larger the stiffness differences are, the wider the frequency bands of the
clusters becomes [11].

5.1 Gear mode changes with meshing condition

The natural frequency investigation with two different mesh stiffness assumptions having a constant stiffness
and time-varying mesh stiffness with sequentially phase condition will differ. The multibody simulation
in section 3 used the constant averaged stiffness because of the experimental setup gear orientation is not
measurable. If time-varying stiffness is taken, the variations and differences among the mesh stiffness values
at each planet will be captured in the sequentially phased planetary system, which is the case of the example
gear set in this study. The first piece of evidence for the natural frequency changes in a gear mode is listed
in Table 7.

The multiplicities of the translational modes in each cluster listed in the column associated with constant
stiffness are recognized in Table 7; however, it is not the case anymore when it comes to the results with
the time-varying stiffness. It is noted that those translational modes are still close to having a repeated mode
in cluster 1. This can be explained that the mesh stiffness influence is minimal when the radial mode of a
planet is predominant in cluster 1, where the projection of the forces along the line of action to the radial
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Mode Type Const. stiff. (Hz) Time-varying stiff. (Hz)
Cluster 1

1 Rot. 1556 1563
2 Trans. 1620 1625
3 Trans. 1621 1626

Cluster 2
4 Rot. 2860 2771
5 Trans. 2867 2833
6 Trans. 2868 2876

Cluster 3
7 Trans. 3506 3473
8 Trans. 3506 3501
9 Rot. 3521 3518

Table 7: Gear mode comparison (constant vs. time-varying stiffness)

direction is relatively small. Moreover, the differences are present not only in terms of multiplicity but also of
mode shapes: the rotational and translational mode shapes in cluster 2 and cluster 3 do not coincide anymore
between two different mesh stiffness assumptions. These differences are presented in Figure 7.

(a) Constant (b) Time-varying

Figure 7: Mode shape comparison with two different mesh stiffnesses at Mode 9 in Table 7

Therefore, these two different mesh stiffness assumption in the Motion model needs to be taken into account
if a distinction between the in-phase and sequentially phased configurations has to be analyzed.

5.2 Gear mode variation on gear spinning

Mesh stiffness continuously changes in gear spinning condition both with in-phase or sequentially phase
planetary gear systems. To investigate the gear mode variation in time while the example planetary gear
system is spinning, the Motion model has been modified by removing the fixture constraints to allow the
model to rotate under a certain amount of load. A subsequent linearization was performed at each time step
in Motion to obtain the natural frequencies, especially of the gear modes. Torque (T = 1500 Nm) and input
speed (Ωinput = 200 rpm) are applied at sun shaft side. Figure 8 shows the stiffness variation between
sun-planet and planet-ring in time, respectively. From Figure 8, the system configuration of sequentially
phase condition were visually observed from the stiffness variation curves in time. It is noted that the phase
between sun-planet and planet-ring are also different in this example system. In this case, more complex
phase relationship would be analyzed to capture the combined effect of the mesh stiffness at sun-planet and
planet-ring contacting interfaces for each planet in time. As a result, the natural frequency variation types
and magnitude would defer with planetary gear configuration.
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Figure 8: Time-varying mesh stiffness computed
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Figure 9: Frequency variation with time-varying mesh stiffness

5.3 Speed sweep simulation

To further investigate the time-varying mesh stiffness influences on system dynamics, a transient dynamic
simulation was conducted by speed sweeping. Two system configurations were simulated, i.e., one for a
sequentially phase and the other for an in-phase condition. To make an in-phase configuration, a small
adjustment was made on the number of teeth from the original system (sequentially phase) by maintaining
the stiffness variation level as similar as possible. Table 8 shows two configurations of planetary systems
used for the speed sweep simulations.

Sun (zs) Planet (zp) Ring (zr)
Original system 65 55 175
In-phase system 66 54 174

Table 8: Number of teeth

To focus on the high frequency gear mode study, the multibody model described in Section 3 were modified
accordingly. The transverse degrees of freedom was removed to make the system to be a pure torsional
model with time-varying mesh stiffness consideration. In addition, the gear parameters have been modified
to obtain lower contact ratios to make more prominent values of mesh stiffness variation. For speed sweep
simulation, a constant acceleration in the system is applied by inserting a torque imbalance between sun and
carrier side. The rotating speed reached 200 rpm in 5.2 seconds to avoid any abrupt transition. Figure 10
shows two waterfall plots to compare the dynamic amplitude in DTE (dynamic transmission error) between
two different gear sets having in-phase and sequentially phase.

From both cases, the dynamic amplitudes at mesh orders of transmission error were captured, which are
caused by the mesh excitation forces in time. Integer number of mesh harmonics pass by the high frequency
gear mode ranges (1500 to 3500 Hz) and resonated. By comparing the results obtained from these two con-
figurations, it is observed that there are differences in terms of natural frequency bands where the resonance
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(a) In-phase (b) Sequentially phase

Figure 10: Dynamic transmission error from a speed sweep simulation with two different planet phases; (a)
in-phase and (b) sequentially phase

peaks were examined: in both cases, the peaks are caused by the excitation at three natural frequencies at
each cluster in the gear mode; however, in the case of the sequentially phased planets, the resulting peak
becomes wider whereas in the case of in-phase planets, the frequency band gets very narrow.

6 Conclusion and future work

To examine a dynamic behavior of a planetary gear system by multibody software tools (Simcenter 3D
Motion and Transmission Builder with a gear contact solver), this multibody model validation step was
firstly conducted against experiments available in the literature. The experimental modal test configurations,
results, and system parameters except for gear mesh stiffness were referred from Ericson and Parker’s work
[10]. The multibody model with an average mesh stiffness value successfully demonstrated that its results
were well aligned with all natural modes experimentally obtained: showing maximum deviation in natural
frequency in low frequency fixture mode (below 1500 Hz) within 12% and in high frequency gear mode
(above 1500 Hz) within 10%.

Subsequently, an investigation of natural modes influenced by time-varying mesh stiffness at different phase
conditions in both quasi-static and dynamic conditions are conducted. In a stationary condition, it was
examined that there were differences in natural modes when the mesh stiffness was assumed to be either
constant or time-varying in sequentially phase planetary gear system. On the other hand, in a spinning
condition, it was concluded that the time-varying mesh stiffness consideration in the multibody models
are crucial both for in-phase and sequentially phase planetary gear system to capture the ranges of natural
frequency variations in time, especially in the gear modes.

Lastly, a speed sweep simulations under a constant load were performed to examine the dynamic transient
effect on the natural modes between in-phase and sequentially phase configurations. Waterfall plots for the
gear modes (above 1500 Hz) were generated to emphasize a clear distinction regarding the variation of the
gear mode cluster ranges. As a result, sequentially phase planetary gear system exhibited a wider range of
the natural frequencies in the gear modes than those of the counterpart.

In order to increase the model accuracy, the inclusion of finite element based models for shafts, gear bodies,
pins, carrier, and fixtures would be necessary with FE based gear mesh stiffness computation. To simulate the
spinning gearbox with higher fidelity, the lubrication influence that alters the contact stiffness and damping
with load and speed on bearing and gear contacting interfaces has to be taken into account, which are to be
the future work of this study.
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Abstract 
Torsional fluctuations around the mean speed of a rotating shaft represent a typical source of undesirable 
energy losses in many industrial applications. Furthermore, many control and structural health monitoring 
systems in rotordynamics require an ever-increasing number of sensors. Currently, powering a wireless 
sensor mounted on a rotating shaft is feasible using either slip rings or batteries, both of which often incur 
high maintenance costs in applications with difficult access or when idle due to malfunction. In this paper, 
an electromagnetic energy harvester prototype is manufactured by adapting a commercially available 
permanent magnet DC motor. The energy harvesting capabilities of the device are preliminary tested and 
compared to theoretical predictions. 

1 Introduction 

Vibration energy harvesters are becoming increasingly widespread as a means of powering small, low power 
electronic wireless sensors for control and system health monitoring systems. Due to the often unavoidable, 
undesirable and ubiquitous nature of vibrations in engineering applications, vibration energy harvesters can 
provide a virtually endless supply of energy for such sensors without the need for regular maintenance or 
complicated wiring harnesses. This is ideal for applications where servicing such a system could be tedious 
or cause severe costs due to machine down time.  
One such environment is that of rotating shafts which exhibit torsional speed fluctuations. Such 
rotordynamics are hard to avoid in industrial applications; however, often these speed fluctuations are 
undesirable and can lead to durability issues if not suitably addressed. Typically, these vibrations are 
absorbed by mechanical vibration dampers which ultimately dissipate this energy as heat, representing an 
energy loss from the system. 
Past research involving energy harvesters in rotordynamics include Kim [1] and Trimble et al [2]. Kim 
implemented a piezoelectric cantilever beam which protruded radially from a rotating shaft connected to an 
internal combustion engine. The aim was to harness energy excess from the second order speed fluctuations 
of the shaft. Due to centripetal acceleration effects, the beam stiffens as the shaft speed increases, which 
allowed the harvester to remain at resonance throughout the operating speed range of the engine. However, 
it was concluded that little power could be scavenged from this device. 
Trimble et al [2] used an electromagnetic energy harvester to extract torsional vibration energy from an oil 
well drill to power a wireless sensor. Their device was capable of harvesting 205mW at resonance and 74 
mW when excited using real world random vibrations measured from the drill. However, by using an energy 
harvester that operates away from resonance, a larger proof mass is needed compared to when the energy 
harvester is resonating. In the present work, where the shaft has a clear second order speed fluctuation about 
its mean speed ranging from around 800 rpm to 4000 rpm, such an approach is not ideal; hence some method 
of maintaining resonance is sought. 
Other researchers have investigated harvesters which extract energy from the mean speed of rotating 
components for applications, such as automotive tyre pressure monitoring systems. Roundy et al [3] used a 
self-tuning pendulum arrangement to ensure their device was at resonance at any tyre speed. It employed a 
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frequency up converting mechanism to pluck piezoelectric beams that were able to resonate. Such a device 
has benefits at low speeds where the piezoelectric components cause bistable response whereas at high 
speeds the centripetal acceleration dominates and allows the harvester to resonate at speed. 
Gu and Livermore [4], [5] developed self-tuning energy harvesters which were tuned using the centripetal 
acceleration to resonate at a wide speed range. Meanwhile, other researchers such as Mann and Sims [6] 
and Liu and Yuan [7] have employed a cubic nonlinear stiffness to increase the operating frequency range 
of their axial harvesters.  
To the authors’ knowledge, the present work is the first cubic nonlinear energy harvester application for 
torsional shaft speed fluctuations. An electromagnetic energy harvester is used to generate electricity from 
torsional oscillations. The device uses a cubic nonlinear spring and has, in a previous work, shown potential 
to work across the full operating range of the shaft. In this paper, preliminary experimental results of a tested 
physical prototype are presented. An introduction to the experimental set up is followed by a description of 
the physical device. A typical frequency response function follows. Then, the experimental results are 
presented and the main conclusions are drawn. 

2 Nomenclature  

A Dimensionless constant of acceleration 

cmech Mechanical damping coefficient 

I Electric current 

J Mass moment of inertia 

k1 Linear coefficient of stiffness 

k3 Cubic coefficient of stiffness 

t Time 

�̇�𝛼1 Angular velocity of the driving shaft 

�̇�𝛼2 Angular velocity of the driven shaft 

�̇�𝛽 Angular velocity of the energy harvester rotor 

𝛾𝛾 Angle between driving and driven shaft 

𝛩𝛩�  Electromagnetic coupling factor 

 

3 Description of the device 

In this section, the experimental test rig is presented followed by a brief description of the energy harvester 
itself. The key characteristics of a typical nonlinear energy harvester are then discussed. 

3.1 Excitation environment 

To emulate the torsional speed fluctuations often present in rotordynamics, the energy harvester is mounted 
on the end of an unloaded shaft. The latter is driven by an electric motor through a universal joint that is 
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intentionally set at an angle in order to induce second order speed fluctuations from which the energy 
harvester will extract its power. Figure 1 shows a schematic depiction of the test rig. 
 

 
Figure 1: Schematic diagram of the energy harvester test rig 

The angular velocity of the driven shaft, 𝛼𝛼2, is calculated using the angular velocity of the driving shaft, 𝛼𝛼1, 
using Eqn. (1) [8]: 
 

 �̇�𝛼2 =
�̇�𝛼1𝑐𝑐𝑐𝑐𝑐𝑐𝛾𝛾

1 − sin2 𝛾𝛾 cos2 𝛼𝛼1
 (1) 

 
Differentiating Eqn. (1) with respect to time yields the acceleration of the driven shaft:  
 

 
�̈�𝛼2 =

�̈�𝛼1𝑐𝑐𝑐𝑐𝑐𝑐𝛾𝛾
1 − sin2 𝛾𝛾 cos2 𝛼𝛼1

−
�̇�𝛼12𝑐𝑐𝑐𝑐𝑐𝑐𝛾𝛾 sin2 𝛾𝛾 𝑐𝑐𝑠𝑠𝑠𝑠2𝛼𝛼1
(1 − sin2 𝛾𝛾 cos2 𝛼𝛼1)2 (2) 

 
Where 𝛾𝛾 denotes the angle between the rotating axes of the two shafts. 
Assuming the inertia of the driving shaft is significantly larger than that of the driven shaft, the acceleration 
of the driving shaft will not be affected by the universal joint, thus the first term of Eqn. (2) can be neglected. 
The resulting acceleration with a constant drive speed is therefore approximated by  
 

 �̈�𝛼2 = −𝐴𝐴�̇�𝛼12 sin(2�̇�𝛼1𝑡𝑡) (3) 

 
Where 𝐴𝐴 is a dimensionless constant which depends on the angle of the universal joint, 𝛾𝛾. 

M 

EH  M Electric drive motor Energy harvester Bearing 

γ 
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3.2 Energy harvester 

 
Figure 2: Schematic representation of the energy harvester: a) Side view and b) End view 

An off-the-shelf external rotor brushless DC permanent magnet motor has been adapted to build the energy 
harvester. With reference to Figure 2, the stator (2) is made of a laminated iron core with series wound 
copper windings (5). The stator is mounted to the rotating shaft (1) and rotates with it. The rotor (3) 
comprises a housing with radially magnetized permanent magnets fixed to its inner surface. The rotor (3) is 
free to rotate around the stator (1) except for the cubic nonlinear torsional spring (4) whose torque is 
calculated as a function of the angular displacement: 
 

 𝑇𝑇 = 𝑘𝑘1(𝛼𝛼2 − 𝛽𝛽) + 𝑘𝑘3(𝛼𝛼2 − 𝛽𝛽)3 (4) 

 
This nonlinear spring setting restricts the rotation of the rotor and allows for the rotor to oscillate torsionally 
with respect to the stator. When the rotor moves relative to the stator, the relative velocity induces an 
electromotive force in the coils which can power a load. In the present work, the electrical power is simply 
dissipated through a resistor with resistance matching the internal resistance of the coil. This introduces a 
damping effect on the mechanical system. The motion of the energy harvester is given by: 
 

𝐽𝐽�̈�𝛽 = 𝑘𝑘1(𝛼𝛼2 − 𝛽𝛽) + 𝑘𝑘3(𝛼𝛼2 − 𝛽𝛽)3 + 𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚ℎ��̇�𝛼2 − �̇�𝛽� + 𝛩𝛩�𝐼𝐼 (5) 

 
Where J denotes the mass moment of inertia of the rotor; 𝛽𝛽 denotes the angular position of the rotor; 𝛼𝛼2 is 
the angular position of the stator. An over dot denotes differentiation with respect to time. The linear 
component of the stiffness is denoted by 𝑘𝑘1 and the cubic nonlinear stiffness coefficient is denoted by 𝑘𝑘3. 
𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚ℎ is the linear mechanical damping coefficient of the system and 𝛩𝛩�𝐼𝐼 represents the power extracted by 
the electrical circuit with 𝛩𝛩�  being the nonlinear electromechanical coupling factor and 𝐼𝐼, the electric current 
in the load circuit. 

A derivation of 𝛩𝛩�  can be found in Gunn et al [9], which is based on the work of Markovic and Perriard [10]. 
However, due to a malfunction in the physical prototype, the electrical load was disconnected during the 
tests, thus the 𝛩𝛩�𝐼𝐼 term plays no role in the following experiments. The aim of this work is therefore to assess 
the dynamics of the system and its potential to generate power, neglecting any electrical effects.  
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3.3 Numerical model results 

The AUTO 07p bifurcation analysis software [11] was used to perform numerical continuation of the energy 
harvester equation of motion (Eqn. (5)). Figure 3 shows a typical frequency response graph of the energy 
harvester. The response is similar to that of a Duffing oscillator; however, due to the frequency dependent 
amplitude of the excitation acceleration, there exists a condition where the jump down frequency is 
unattainable [9]. In the figure, the solid lines represent stable solutions and the dashed lines are unstable 
response that cannot be realised in a physical prototype. Below around 2800 rpm there is only one stable 
solution to the equations of motion. However, as the excitation frequency increases, the three-coinciding 
solutions region begins, where two responses are stable. The higher of the two stable solutions is the desired 
operating zone of the energy harvester, where naturally more power will be generated. 
 

 
Figure 3: Typical frequency response graph of the energy harvester. 

4 Experimental results 

This section presents the results of tests conducted on a physical prototype. Typical time histories of the 
harvester’s response are shown followed by the corresponding plot of the frequency response. The energy 
harvester behaves in a similar fashion to the numerical model presented in the previous section. Throughout 
this experiment, the universal joint is set at 20°, which induces sinusoidal speed fluctuations with 𝐴𝐴 =
0.0311, which when substituted in Eqn. (3) yields: 
 

 �̈�𝛼2 = −0.0311�̇�𝛼12 sin(2�̇�𝛼1𝑡𝑡) (6) 

 

4.1 Time histories 

Figure 4 shows the velocity time histories of the oscillating shaft (labelled “stator shaft”) and the rotor of 
the energy harvester (labelled “energy harvester”). These velocities were measured using two-beam laser 
vibrometers to provide accurate measurements without contacting the device under test. The relative 
velocity of the energy harvester is calculated by subtracting the energy harvester velocity from the stator 
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shaft velocity. In Figure 4, the steady state response of the energy harvester is shown at around 1150 rpm 
mean shaft speed. 

 
Figure 4: Steady state velocity time histories at 1150 rpm: top – raw shaft speed and energy harvester 

speed; bottom – relative velocity of the energy harvester. 

 
Figure 5: High energy branch solution at 1700 rpm: top – raw shaft speed and energy harvester speed; 

bottom – relative velocity of the energy harvester. 

Figure 5 shows the higher energy stable branch solution at approximately 1700 rpm mean driving shaft 
speed. The amplitude of the relative velocity is approximately 336.2 rpm as indicated by the insets of the 
bottom half of Figure 5. The lower stable branch solution at 1700 rpm mean driving speed is depicted in 
Figure 6. For the same driving conditions as in Figure 5, much lower response amplitude is observed with 
a relative velocity of approximately 127 rpm. Furthermore, the energy harvester is 180° out of phase with 
the shaft velocity in the lower energy branch response compared to about 90° out of phase in the higher 
energy branch response shown in Figure 5. Thus, it can be clearly seen that two distinct stable solutions 
exist when the driving shaft operates at 1700 rpm with corresponding speed fluctuations as calculated using 
Eqn. (3). 
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Figure 6: Low energy branch solution at 1700 rpm: top – raw shaft speed and energy harvester speed; 

bottom – relative velocity of the energy harvester. 

4.2 Frequency response diagram 

 
Figure 7: Experimental frequency response graph of the relative velocity 

Figure 7 depicts the frequency response graph of the experimental energy harvester. The drive motor was 
accelerated gradually by manually adjusting the speed control dial of the inverter. At each speed the shaft 
was allowed to run for at least 30 s to ensure that any transients have faded. From the measured data, the 
relative velocity was calculated as stated above at each test point. These values are then plotted against the 
mean shaft speed. Figure 7 follows the same general trend as in Figure 3. At low speeds (<1600rpm in 
Figure 7, <2800 rpm in Figure 3) there exists only one stable solution. Above this speed threshold, two 
stable solutions appear. In Figure 7, the high energy branch is maintained until around 1730 rpm however, 
unlike Figure 3, where the upper stable branch was unattainable above 1730 rpm. This is due to the need for 
system identification in order to use the right data in the numerical calculations.  
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5 Conclusions 

A physical prototype of a torsional electromagnetic energy harvester has been presented. The experimental 
results exhibit similar trend as in the predicted model response. A lower energy branch solution region exists 
at low speeds, followed by a higher energy region, where stable solutions coexist. Further work is required 
in order to identify the accurate system features and to separate further the upper stable branch from the 
unstable solution in order to decrease the likelihood of dropping to the lower energy stable branch (and 
increase the power output potential of the device). 
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Abstract
In this work we study the effect of using different types of excitation signals as training data when con-
structing black box nonlinear models. We focus in particular on the class of nonlinear systems which exhibit
autonomous oscillations. Three type of excitation signals are considered: random-phase multisines, filtered
white noise and swept sines. It is shown that depending on the excitation signal, the resulting model can
fail to reproduce the autonomous output. Results are presented for the forced Van der Pol oscillator and
the oscillatory wake of an submerged circular cylinder in a flow. It is moreover shown that broadband ex-
citations such as multisines or noise, are appropriate signals when intending to capture the synchronisation
principle observed for autonomous oscillators. The latter is shown on computational fluid dynamic data of a
submerged cylinder in a flow.

1 Introduction

An autonomous oscillator is a system that in the absence of an excitation maintains a steady oscillation.
The oscillator is in other words ‘self-sustained’ or ‘self-oscillatory’. In order for an oscillation to persist,
a constant transformation of internal energy, compensating for all dissipation, takes place. Self-sustained
oscillation is encountered in a variety of fields ranging from the chirps of neurons [20] to self-exciting
transmitters. It is known that such systems can be described by the class of nonlinear dynamic models [15].

A much studied autonomous oscillator is the flow about a bluff body, e.g. a circular cylinder, submerged in a
uniform flow. For a wide range of Reynolds numbers, defined by the diameter of the object, the unperturbed
flow speed and the viscosity of the flow, an alternating vortex shedding pattern forms in the wake. The wake
oscillates periodically, resulting in a periodic change of the pressure distribution on the surface of the body,
eventually resulting in fluctuating forces [22]. If the body is allowed some degree of freedom, a dynamical
fluid-structure interaction called vortex-induced vibrations (VIV) arises. VIV are potentially large amplitude
vibrations which may be harmful to the structure. Especially chimneys exposed to wind and slender bodies
exposed to ocean currents are known to suffer from accelerated fatigue and even failure, following from VIV
[21]. An accurate model, enabling simulation and prediction of VIV is therefore vital in the design phase of
such structures. So far, no analytical formulation of the dynamics has been found, though some empirical
models exist. What is evident is that the model will necessarily need to be nonlinear [1].

An effective approach, in particular when the structure of the underlying system is unknown, is black-box
modelling. During black-box modelling a model is built solely from data. The technique relies on a proper
selection of the model structure, flexible enough to be able to describe the observed data, and proper selection
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of the data itself, which should be a sufficiently rich description of the regime of interest of the system. In
[2] accurate results where presented of a nonlinear model able to describe the forces acting on an oscillating
circular cylinder in a uniform flow. It was shown that the polynomial nonlinear state-space (PNLSS) model
class is a sufficiently flexible model class in order to describe the considered fluid system. An important
question which remains is how the operating regime of interest can be described in an efficient way by the
data. Here efficient refers to the number of data points required. In other words, what excitation signals
should the training data be made of to ensure that the features of the system are captured and effectively
encoded into the model.

Experiment design, for the purpose of nonlinear system identification, remains an open problem. Nonlinear
models in particular tend to be highly conditioned on the training data, making them vulnerable for extrapo-
lation and in some cases even interpolation (illustrated in Section 1.2). Assembling an appropriate training
data set therefore continues to be an ad hoc procedure, tailored to the specifics of the system and to the
intended application of the model.

In this work we compare black-box models (of the PNLSS type) obtained from seemingly similar excitation
signals, i.e. exciting the same frequency band and of the same root-mean-square amplitude level, but of
different kinds. Three types of signals are considered: random-phase multisines, filtered noise and swept-sine
excitation. We focus on systems that, similar to the fluid system previously discussed, exhibit autonomous
oscillations. As a case study the well known Van der Pol equation is studied.

The layout of the paper is as follows: in Section 1.1 the Van der Pol system and its key features are introduced.
Section 1.2 illustrates why nonlinear models become conditioned upon their training data. In Section 2 the
polynomial nonlinear state-space model class is introduced. Section 3 comprises a case study on the Van der
Pol equation. In Section 4 the usage of multisine excitation on the true fluid system is illustrated. Section 5
provides the conclusions.

1.1 The Van der Pol system

The Van der Pol equation is a nonlinear oscillator which has been the starting point of a great number of
wake oscillator models [4, 8, 14]. It is a second order ordinary differential equation (ODE) with a nonlinear
damping term. In reduced form it reads

ÿ + ε(y2 − 1)ẏ + ω2
0y = u, (1)

where u is a forcing term which we will refer to as the input and y is regarded as the output. Bold lower case
letters denote vectors while regular lower case letters are used for constants. A weight on the nonlinear term
is provided through the Van der Pol parameter ε. The linear stiffness parameter is denoted by ω2

0 such that the
angular natural frequency of the underlying linear system equals ω0. When used as a wake oscillator model,
u is generally considered as the displacement of the body while y represents the nonlinear force acting on
the structure. In order to model the fluid-structure interaction VIV, Eq. (1) is often coupled to a second linear
ODE in u which then incorporates the linear dynamics of the structure [6].

At any given time the state of the system described by Eq. (1) is defined by the set of state variables x =
[ẏ y]T . One can study the stability of Eq. (1) from a linearisation at its fixed points, i.e. the points which
satisfy the autonomous equation ẋ = 0. It can be seen that the origin, where y = 0 and ẏ = 0, is the only
fixed point. Evaluating the Jacobian in the origin gives

J0 =

(
ε − ω2

0

1 0

)
. (2)

We hence have a set of complex conjugate eigenvalues with positive real parts for ε > 0 and in that case an
unstable oscillatory fixed point at the origin. For increasing amplitude of y, positive damping will appear for
|y| > 1, eventually leading to a limit cycle oscillation [3].
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�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

!0
<latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit><latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit><latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit><latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit>

!0
<latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit><latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit><latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit><latexit sha1_base64="PIhuOo+NtEEq4A4jeggSb/tjf88=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oD2/V674VX8OskqCnFQgR71X/ur2FcskJpYJakwn8FMbTqi2nAmclrqZwZSyER1gx9GESjThZH7vlJw5pU9ipV0llszV3xMTKo0Zy8h1SmqHZtmbif95nczG1+GEJ2lmMWGLRXEmiFVk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7gDj74=</latexit>

!
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

!
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>
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Figure 1: Illustration of the lock-in region. The frequency of y is given by ω, the frequency of the forcing u
is denoted Ω and γ is the amplitude of forcing. Figure was taken from [15].

For the forced case, u 6= 0, periodic forcing can draw the frequency of the output away from ω0, thereby
synchronising to the input frequency (denoted Ω). The latter is referred to as lock-in or entrainment. The
region of parameter space for which synchronisation is observed is known as the lock-in region. Figure 1
illustrates the typical v-shaped lock-in region in the frequency-amplitude plane of the forcing [15].

1.2 Phase-space trajectories

One can track the evolution of a system by visualising its so-called trajectory through phase space. At any
given moment of time, t, the evolution of the state of the system depends on the current state, x(t), and the
input u(t). Connecting the triplet of coordinates (x1(t), x2(t),u(t)), in the case of a second order system,
reveals the trajectory.

To illustrate the key difference between linear and nonlinear systems and discuss its implications concerning
modelling, the phase-space trajectories of the Van der Pol system and a classical linear mass-spring-damper
system are shown in Figure 2. To reduce the dimensions, the input u is set to zero. Along the trajectories the
functions are evaluated in terms of ÿ. To explore the phase space, the trajectories corresponding to a range
of initial states are shown. The expressions are given by

ÿ = −ε(y2 − 1)ẏ− ω2
0y, (3)

for the Van der Pol system and

ÿ = − d

m
ẏ− k

m
y, (4)

for the linear system. Here m is the mass, d the damping coefficient and k the stiffness constant (m, d, k ∈
R+). What can be observed from Figure 2 is that linear systems evolve along a hyperplane wheras nonlinear
systems describe a manifold. This difference constitutes the fundamental reason why nonlinear models
become conditioned upon the training data used during the identification step. A model which approximates
well the true system within the region of the phase space covered during training might perform poorly when
evaluated in another region.

Given that the internal state variables are generally not accessible through measurement one cannot a priori
know whether certain inputs will lead to an extrapolation of the model to unexplored regions of the phase
space. In Section 3 it will moreover be shown that such extrapolations might occur for input signals which
are very similar in terms of frequency band and amplitude but differ in kind.
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(a) (b)

Figure 2: (a) Manifold described by the nonlinear Van der Pol equation when evaluated from a range of
initial states and in the absence of an input. (b) Hyperplane described by a linear second order system when
evaluated from a range of initial states and in the absence of an input. Different colours indicate a different
initial state with the states being x = [y ẏ]T .

2 Black-box nonlinear state-space modelling

The conditioning upon training data of nonlinear data-driven models is present for all model classes. In
this work polynomial nonlinear state-space (PNLSS) models are used to illustrate the matter. PNLSS is a
very generic model class, intuitively obtained by extending the linear state-space equations with nonlinear
functions (i.e. polynomials):

{
x(k + 1) = Ax(k) + Bu(k) + Eζ(t)

y(k) = Cx(k) + Du(k) + Fη(k),

(5a)

(5b)

where bold upper case letters denote matrices of coefficients and ζ and η contain monomial crossproducts
between the states and the input raised to a user defined total power [13].

Given the nonlinear feedback, introduced by the state equation (Eq. (5a)), a wide class of nonlinear systems
is covered by this model structure. Noël et al. [12] showed that hysteretic systems can be modelled using
PNLSS models and in [2] both autonomous and forced oscillations of the forces arising from vortex shedding
on a submerged cylinder were modelled.

Identifying a PNLSS model is a three step procedure:

1. Identify a parametric linear approximation of the system.

2. Use the parametric linear model as initialisation of the PNLSS model. Initialise the nonlinear coeffi-
cients in E and F with zeros and run a nonlinear optimisation routine to tune all the coefficients of the
model on the basis of the training data set.

3. Assess the performance of the model on validation data.

Typically the best linear approximation (BLA) is used as an initial linear model [17]. Using frequency-
domain subspace identification a parametric estimate is obtained [11, 16]. To tune the full nonlinear model,
a least-squares cost function is minimised using a Levenberg-Marquardt algorithm. The identification proce-
dure is made available in the Polynomial Nonlinear State-Space toolbox for MATLAB [19] and can be found
online at http://homepages.vub.ac.be/˜jschouk/.
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3 A Van der Pol case study on selecting training data

In this section we create PNLSS models that approximate the forced Van der Pol oscillator. The models
differ only on the basis of the data from which they are built. As training data, three types are considered:
random-phase multisine realisations, filtered noise and swept sines. All three signals are designed such that
they cover the same frequency band (0−4ω0) and that they are of equal rms amplitude level (rms(u) = 200).
Choosing ε = 1.5 ensures strong nonlinear effects, ω0 is set equal to π. This places the excitation entirely in
the lock-in region.

3.1 Acquiring data of the Van der Pol system

To obtain data of the forced Van der Pol oscillator a discretised state-space formulation is used. Choosing as
state vector x = [y ẏ]T and implementing a first order Euler discretisation one can rewrite Eq. (1) as





x(k + 1) =

[
1 Ts

−ω2
0Ts εTs + 1

]
x(k) +

[
0
Ts

]
u(k)

+

[
0
−εTs

]
x21(k)x2(k)

y(k) = [1 0]x(k).

(6a)

(6b)

with Ts indicating the sample period and k a sample index such that tk = kTs. Note that the Van der Pol
oscillator is indeed covered by the PNLSS model class (the nonlinearity is described by a polynomial cross
product of state variables) and that Eq. (6) approximates Eq. (1) only for sufficiently small Ts. A detailed
discussion on the discretisation error of nonlinear state-space models is given in [7, 18].

As input signal u(t) three types are considered: random-phase multisines, filtered white Gaussian noise and
swept sine singals.

• Random-phase multisine excitations are periodic signals obtained from a sum of harmonically re-
lated sines with a user-defined amplitude spectrum and a set of independent random phases

u(t) =
N∑

n=1

An sin(2πnfbt+ φn), (7)

with fb the base frequency,N the number of excited harmonics andAn the amplitude associated to the
nth harmonic. The phases are independently drawn from a uniform distribution on the interval (0, 2π].

• Filtered white noise excitation is sampled from a zero-mean normal distribution and low-pass filtered
using a Butterworth filter of 6th order.

• Swept-sine excitation. A linear frequency sweep given by

u(t) = A sin((αt+ β)t), (8)

with β = 2πf1, α = π f2−f1
TSWS

, f1 and f2 being the start and the cut-off frequencies respectively. The
sweep period, TSWS, was set equal to 1/fb.

In Fig. 3 the spectra of the three excitation signals are shown. All signals have been scaled such that rms(u) =
200. The probability density functions highlight the fact that both the multisine realisation and the noise are
asymptotically normally distributed while the swept sine signal is not.

Fig. 4 depicts the phase-space trajectories corresponding to the 3 input signals. It is clear that different
regions of the phase-space are covered, depending on the type of excitation signal. For this configuration of
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Figure 3: The left column are the spectra of a random-phase multisine realisation, a low-pass filtered noise
signal and a swept sine respectively. On the right the histograms of the signals are shown. Frequency axes
are normalised with respect to f0 = ω0/(2π).
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{ε, ω0, rms(u), f1, f2} the swept sine covers a thin shell with, apart from a transient path leading away from
the initial condition, no coverage of the region around the origin. The multisine and the noise excitation do
however cover a much denser region around the origin. This is highlighted by studying the intersections of
the trajectories with the plane x1 = 0 (Fig. 7c, 7d, 4f). Notice that for this particular swept sine, the covered
region does not include the limit cycle trajectory of the autonomous solution (shown in red).

3.2 Approximating the Van der Pol system with a nonlinear state-space model

We now apply the identification procedure of Section 2 to the 3 training datasets introduced in Section 3.1.
To initialise the nonlinear model the best linear approximation is used. For the nonlinear optimisation to to
run, the initialised model should be able to simulate the training data. Hence the model should remain stable
on the training data. A BLA obtained at a higher amplitude level, rms(u) = 300, was found to provide a
stable initialisation as apposed to using the training data level of rms(u) = 300.

From the frequency-domain subspace identification, second order parametric BLAs are obtained. As nonlin-
ear basis functions, the monomial crossproduct between the states and input raised to the power 3 are used in
the state equation and no nonlinearity is introduced in the output equation. Hence all nonlinear contributions
in the data are approximated using the following set of basis functions:

η(t) =




x31
x21x2
x21u
x1x22

x1x2u
x1u2

x32
x22u
x2u2

u3




. (9)

Table 1 shows the estimation results, expressed in terms of relative root-mean-square error:

erms =

√
1
N

∑N
k=1(y(k)− ysim(k))2
√

1
N

∑N
k=1 y(k)2

, (10)

with N the number of data ponts, y the true output and ysim the output simulated by the PNLSS model. The
left column indicates the type of data to which the model has been trained.

Table 1: Estimation results (relative errors) on the training data of the PNLSS models tuned to multisine,
noise and swept sine data respectively. ‘R’ denotes the number of realisations used.

erms BLA erms PNLSS
3 R multisine 0.36 1.7e-5

3 R noise 0.35 2.3e-6
swept sine (sweep up) 0.62 8e-4

The results of Table 1 indicate that all 3 PNLSS models could be tuned well and approximate the provided
training data very accurately. Notice that no measurement noise was added to the data and that hence the 3
models are indeed accurate approximations of Eq. (6) within their trained domains.
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Figure 4: Phase-space trajectories of (a) 3 random-phase multisine realisations (c) 3 filtered noise realisations
(e) a swept-sine excitation (sweep up). The column on the right shows the linearly interpolated intersections
with the plane x1 = 0. Red markers indicate the limit cycle described by the autonomous solution.
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Figure 5: The autonomous output of Eq. 6 simulated using model PNLSSS . PNLSSS was obtained from
training on a swept sine training data set. Since the training data did not cover the autonomous trajectory in
phase space, the model performs poorly.

3.3 Validating the nonlinear state-space approximations

In this section the PNLSS models trained on the basis of the different training sets are cross-validated on
the remaining data types. The model tuned to multisine data will be denoted PNLSSM , the one tuned to
the swept sine PNLSSS and the one tuned to noise PNLSSN . For validation on the basis of the same data
type as the training data a new realisation is used in case of the multisine and the noise and the opposite
sweep direction, i.e. sweep down, in case of the swept sine model. Als the autonomous output is used for
validation.The validation results are shown in Table 2.

Table 2: Validation results (relative errors) of the PNLSS models tuned to multisine, swept sine and noise
data respectively.

erms aut. erms multisine erms swept sine erms noise
PNLSSM 0.01 1.9e-5 1.4e-4 2.3e-5
PNLSSN 0.003 2.4e-6 1.2e-5 2.6e-6
PNLSSS 1.39 0.02 6e-3 0.07

From Table 2 it is observed that the models which were trained to data that includes the region of the
autonomous solution in phase space, i.e. PNLSSM and PNLSSN , were indeed able to reproduce the limit
cycle output. The simulated output of PNLSSS along with the error is depicted in Fig. 5. Also notice how
extrapolating PNLSSS to the wider regions covered by the validation multisine and the validation noise
realisation results in considerably lower errors than the error on the autonomous output. This illustrates how
an extrapolation does not necessarily lead to poor results.

In practice, the estimated models are likely to show larger errors on the training data than the ones shown in
Table 1, e.g. the data might be of lesser quality or the system might not belong to the selected model class.
To study the effect of larger estimation errors, PNLSS models with a relative error in the order of 1% are
validated in Table 3. The models are obtained by deliberately ending the optimisation procedure when the
error has dropped to the 1%-level.
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Table 3: Validation results (relative errors) of the 1% PNLSS models tuned to multisine, swept sine and noise
data respectively.

erms aut. erms multisine erms swept sine erms noise
PNLSSM 1.11 0.01 0.04 0.01
PNLSSN 1.19 0.01 0.05 0.01
PNLSSS 1.71 0.12 0.02 0.28

The 1%-error models of Table 3 show that also PNLSSM and PNLSSN fail to reproduce the correct au-
tonomous output when their fit to the training data is less accurate. Recalling the cross-section plots of Fig. 4
it is concluded that the coverage of the region where the autonomous solution exists was not dense enough
with higher concentrations of data lying away from the origin. Having increased model errors adds to the
sensitivity for extrapolation in those regions.

It is concluded from this section that excitation signals of equal amplitude level and frequency band but
different in kind can cover different regions of the phase-space. Data-driven models, built upon different
signals are hence only good approximations of the underlying system in their distinct regions. We have
seen that swept sine signals tend to provide a less dense coverage of the region around the origin compared
to Gaussian signals. This can result in models obtained from swept sine signals to fail in reproducing the
autonomous solution, typically found in a region around the origin. Also randomness of phases has shown
to improve the uniformity of covering the phase space [5].

4 A fluid oscillator example

In Section 3 it was shown that broadband excitation such as random-phase multisines are appropriate signals
to model an autonomous oscillator. In this section we study the response of a true autonomous oscillator, i.e.
the oscillatory wake behind a submerged cylinder, when applying multisine excitations.

The input to the system is the imposed motion of the cylinder, transverse to the incoming flow, the output is
the force coefficient measured on the cylinder along the axis of motion:

cy =
Fy

1
2ρDU

2
, (11)

with Fy begin the resulting force acting in the y-direction, ρ the density of the fluid D the diameter of the
cylinder and U the unperturbed velocity of the flow. Data is obtained from a computational fluid dynamic
simulation at Re = 100. Validation of the CFD models can be consulted in [2]. Fig. 6 shows the set up. The
flow is considered uniform and travelling parallel to the x-axis for increasing x.

It is known that there exists a v-shaped lock-in region, similar to the one of Fig 1, centred around the so-called
Strouhal frequency:

fSt =
USt
D

, (12)

where St is the Strouhal number, which was observed to be 0.168 for Re = 100 in the present study [2]. We
will examine the response of the system for two random-phase multisine signals: one overlapping with the
presumed lock-in region and one covering a frequency band outside lock-in. The objective is to determine
whether the key feature of the fluid system, being the synchronisation of the vortex shedding, and hence cy,
to frequency components in the lock-in region is still observed when excited with a random-phase multisine.

In order to establish whether the wake is locked we can no longer use the existing definitions of lock-in [9]
which explicitly rely on the excitation being a single harmonic sine. We therefore introduce a lock-in test
based on initial conditions:
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Figure 6: Snapshot of a CFD simulation of a cylinder submerged in a Re = 100 uniform flow. The cylinder is
following an imposed random-phase multisine trajectory in the y-direction with a relative amplitude y/D =
0.30 and a frequency band ranging from 0.10 up to 4.5 Hz with a resolution of 0.10 Hz. The Strouhal
frequency is equal to 3 Hz. Flow is from left to right.

1. Apply the broadband excitation signal twice starting from different initial conditions. In practice the
input is initiated at different instances of the autonomous cycle.

2. Subtract both outputs.

3. The oscillator is only considered to be locked if the difference in output signals dies out over time,
indicating that the influence of the initial condition is lost.

Two random-phase multisines with the following specifications were applied:

• fex/fSt ∈ [1/30, 1.5] with a step of 1/30 and a relative amplitude of A/D = 0.20.

• fex/fSt ∈ [1/30, 0.6] with a step of 1/30 and a relative amplitude of A/D = 0.20.

The results are shown in Fig. 7. The proposed initial condition test clearly distinguishes the locked from the
non-locked wake. Based on the conclusions from Section 3 and the fact that the fluid system continues to ex-
hibit the key feature of synchronisation, we propose that random-phase multisine excitation is an appropriate
input signal for data-driven modelling of an autonomous oscillator.

5 Conclusion

In this work the intrinsic dependence upon the choice of training data in nonlinear black-box modelling is
highlighted. In particular systems which exhibit autonomous oscillations were studied. The impact of using
three different kinds of excitation signals as training data: random-phase multisine excitation, filtered white
noise and swept sine signals was studied for the forced Van der Pol oscillator. Nonlinear state-space models
were built from the data. It was found that swept-sine excitation results in a less dense coverage of the phase

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2611



0

20

40

60

80

100
|Y

| (
d
B

)

0 0.5 1 1.5 2
f
ex

/f
St

(a)

0 200 400 600 800 1000

Sample number

-3

-2

-1

0

1

2

3

c
y

(b)

0

20

40

60

80

100

|Y
| (

d
B

)

0 0.5 1 1.5 2
f
ex

/f
St

(c)

0 200 400 600 800 1000

Sample number

-5

0

5

c
y

(d)

Figure 7: (a) Frequency spectrum of the imposed motion multisine not overlapping with the lock-in region.
(b) One period of transient-free cy starting from two different initial conditions (blue and red) and the differ-
ence between both (black) for an excitation not overlapping with the lock-in region. (c) Frequency spectrum
of the imposed motion multisine overlapping with the lock-in region. (d) One period of transient-free cy
starting from two different initial conditions (blue and red) and the difference between both (black) for an
excitation overlapping with the lock-in region. The boundaries of the lock-in region for A/D = 0.20 are
indicated with dashed red lines [10].

space compared to multisine or filtered noise, for the studied regimes. As a result, the model obtained from
swept sine signals was not able to reproduce the autonomous output while the models trained to multisine
excitation or filtered noise were. It was also shown that even the models based on the more dense covered
data suffer from extrapolation errors when model errors are introduced into the training step. Additionally
the use of multisine excitation on an autonomous fluid oscillator was studied. A new lock-in test, on the basis
of the dependence on the initial condition was proposed.

It would be interesting to study how general the present observations are on Monte Carlo simulations of the
Van der Pol equation.
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Abstract 
This work presents a three-dimensional numerical tool that is suitable for studying the aerodynamics and 

nonlinear dynamics of free-falling rotating seeds like samaras. The proposed simulation framework consists 

of a modified version of the unsteady vortex-lattice method (enhanced by including a diffusion model and 

the leading-edge vortex contribution by means of the Polhamus analogy) coupled with a multibody rigid 

dynamic model for the whole seed. The numerical scheme adopted by the aerodynamic subsystem is based 

on an explicit low-order integrator (Euler's explicit first-order method). On the other hand, the equations of 

motion associated with the structural part are integrated in the time domain using a second-order Lie group 

integrator based on an extension of the classical generalized-α method for dynamical systems. Among the 

main results obtained, it is found that the predicted terminal descending velocity and angular velocity 

(around the vertical axis) are in close agreement with experimental results reported in the literature.  

1 Introduction 

In recent decades, different research groups around the world have addressed the difficult task of studying 

and understanding the underlying physics that characterizes flight at small scales. Despite the constant 

advances in this area, many of them attributed to Dickinson’s team (Caltech, USA) and the Group of Animal 

Flight led by Ellington, there are still many unanswered questions [1]. The development of micro-air-

vehicles (MAVs) with similar capabilities to those shown by flying creatures is, nowadays, a very active 

research area. An alternative to MAV-like flapping wings is based on the simple way in which almost all 

plants and trees disperse their seeds over large distances ([2],[3]). Among the dispersal modes exhibited by 

seeds and flying fruits, the most interesting one, from an engineering point of view, is spinning flight [4]. 

The seeds that execute a rotary motion as they descend to the ground are known as samaras, and they are 

perhaps, the simplest, most stable and efficient “flyers” conceived by nature. Moreover, this kind of flight 

is an example of elegance and balance whereby gravitational potential energy becomes rotational kinetic 

energy that perpetuates an aerodynamically stable helical descent. 

Early studies related to rotating seeds date back to the 50s and were oriented towards analyzing the 

autorotation mechanism. Subsequently, several works about morphological features (e.g., roughness, airfoil 

shape, etc.) of samaras were published ([5]-[8]). However, none of these works provide detailed information 

on the inertial properties of the samaras (e.g. mass center, mass distribution, and first and second moment 

of inertia).  

On aerodynamics, Isaac Newton was the first to describe the falling free motion of a body immersed in a 

fluid medium in Philosophiae Naturalis Principia Mathematica. Nevertheless, it was Maxwell, who led the 

first systematic study about the autorotation mechanism [9]. He observed that a flat plate under gravitational 

and aerodynamic forces will start rotating even when there is no initial angular velocity, deducing that the 

center of pressure (CoP) and the center of mass (CoM) do not coincide during the descent movement. This 
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discrepancy in the positions between the CoP and CoM produces a torque that finally triggers a rotary 

motion. However, it was not until the second half of the 20th century that the autorotation phenomenon 

received the attention of the scientific community. In particular, maple seeds were extensively used for 

experimentation because their ΩV / VD ratio is relatively high (ΩV being the rotation speed and VD the sinking 

velocity). Norberg [5], conducted the first scientific study on a winged seed by using the momentum theory. 

Burrows [10] and McCutchen [11] used results derived from helicopter theory to investigate the autorotation 

transition in the flight of samaras. At the same time, Green [12] found a high correlation between the sinking 

velocity and the square root of the wing loading.  

Later, Lentink et al. [13] used a dynamically scaled model of a maple seed in order to study the three-

dimensional flow around it. They found that the presence of a leading-edge vortex (LEV) is one of the main 

mechanisms of lift production. In addition, it should be noted that the LEV is an underlying feature of animal 

flight, which explains the large lifting forces produced by insects, bats and birds [14]. On this basis, 

Lentink’s team pointed out that the LEV is a convergent solution in the context of natural flight, both in 

animals and insects as well as in plants. By using digital particle image velocimetry (DPIV), Salcedo et al.  

[15] obtained a detailed three-dimensional structure of the LEV on a samara, in close agreement with the 

results reported by Lentink. Several subsequent research efforts attempted to characterize the kinematics 

and aerodynamics of rotating seeds ([16]-[20]). 

Due to the great promises of the autorotation phenomenon in the context of MAVs, several numerical studies 

were published, aiming to understand the underlying physics behind this aerodynamic mechanism: flat 

plates undergoing an autorotation motion ([21],[22]), aerodynamics of freely falling plates and thin disks 

([23],[24]), and fluttering and tumbling of falling cards [25], among others. Despite these efforts, there are 

still several questions related to the unsteady aerodynamic, dynamic stability, and falling/autorotation 

transition associated with these flying structures. 

2 Kinematics of rotating seeds 

The computational model adopted in this work to study the aerodynamics/dynamics of rotating seeds is 

based on the maple seed (Acer Platanoides) morphology [5]. For reasons concerning the aerodynamic 

model, the surfaces that define the pod as well as the blade (lifting surface) of the seed were discretized 

using simple quadrilateral elements with four nodes (see Fig. 1a). 

Unlike other types of flying seeds, those that exhibit a rotating motion present two special features: i) the 

center of mass of the whole seed is located at one end; and ii) the blade area Sb is small, but the swept disk 

area generated by the rotation of the blade is large (see Table 1). The first characteristic promotes a rapid 

onset of autorotation, while the second allows the seed a stable descent on its way to the ground.  

Numerous experiments have shown that, in a quiet atmosphere, certain samaras can follow two different 

trajectories. The most frequent flight mode is characterized by a center of rotation (CoR) describing a 

straight vertical line. A second, more complex, flight mode is characterized by a compound motion, whereby 

the CoR also experiences an oscillation in the horizontal plane (normal to the rotation axis) leading to a 

helical motion of the CoR [26]. Table 1 presents the values of the main morphological and kinematic 

parameters for the maple seed used as a study case in this work. 
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Figure 1: a) Spatial geometry of seed; b) definition of the kinematical parameters for a samara 

In its descending motion, the samara does not adopt a perfectly horizontal blade plane, but the wing tip has 

an elevation with respect to the seed pod (see Figure 1b). Specifically, the coning angle β0, is defined as the 

angle between the longitudinal axis of the samara and the horizontal plane (being positive when the wingtip 

lies above the seed pod). This angle is a consequence of an equilibrium condition, whereby the torque due 

to the inertial forces (which tends to rotate the wing about its overall center of mass decreasing the coning 

angle) is balanced by the torque arising from the aerodynamic forces (which tends to increase the coning 

angle) [26]. If the wing is deflected into a different coning angle, these torques bring it back to the proper 

angle. 

Another important kinematic parameter is the pitch angle ψ, which is defined relative to the plane tangent 

to the swept cone, as depicted in Figure 1b. Equilibrium pitch angles tend to lie between 0º and –3º 

([13],[27]).  

Parameters value (Acer Platanoides) 
 

L Total length (cm) 4.70 

Lb Blade length (from CM to blade tip) (cm) 3.70 

β0 Coning angle 20º 

Cmax Maximal width (max chord) (cm) 1.70 

Sb Blade area (cm2) 4.52 

Ad Swept disk area (projected on the tip path plane) (cm2) 38.50 

m Mass (g) 0.11 

W Weight (N) 0.00107 

BW Blade loading (N/m2)  2.83 

DW Disk loading W/Ad  (N/m2) 0.332 

ΩV Spinning velocity (rad/s) 81.6 

VD Sinking velocity (m/s) 0.90 

Table 1: Morphological and kinematical parameters of the Acer Platanoides (extracted from [5]) 

3 Aerodynamic model 

The Unsteady Vortex Lattice model employed for this work is similar to the one used by Preidikman [28] 

and Roccia et al. [29], but it incorporates two major additions: i) a vortex-core growth model; and ii) a LEV 

model based on the Polhamus analogy. The UVLM can be applied to three-dimensional lifting and non- 
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Figure 2: a) Discretization of the bound-vortex sheets representing the seed; b) arrangement of vortex 

rings on the bound- and free-vortex sheets  

lifting flows. The surface of the body may undergo arbitrary time-dependent deformation, and it can execute 

any type of maneuver in the space surrounded by moving air. The flow around the full body, i.e. the pod 

and the blade, is assumed to be irrotational and incompressible over the entire flowfield, except in the regions 

surrounding the solid boundaries of the body and wakes. As a result of the relative motion between the body 

and fluid, vorticity is generated in a thin region surrounding the surface of the body (the boundary layer). 

Part of this vorticity is shed from the sharp edges and forms the wakes. We consider the boundary layers 

and wakes as zero-thickness sheets of vorticity. 

In the unsteady vortex-lattice method, the bound vortex sheet is replaced by a lattice of short, straight vortex 

segments of circulation Γi(t). These segments divide the surface of the seed’s pod and blade into a number 

of surface elements (panels) (see Figure 2a). The model is completed by joining free vortex lines, 

representing the free vortex sheets, to the bound vortex lattice along the edges of separation, such as the 

trailing edge and wing tip of the lifting surface (see Figure 2b). 

The velocity induced by a finite straight vortex segment of circulation Γ(t) can be computed using the 

following discrete version of the Biot-Savart law: 
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 (1) 

where r is the field point where the velocity is being computed, r1 and r2 are position vectors of the point 

where the velocity is being computed relative to the ends of the straight vortex segment, ω = r1 − r2, and δc 

is the cutoff radius ([29],[30]) used to eliminate the singularity at points on the vortex line. Standard 

procedures use a range for the cutoff radius between 10% and 25% of the vortex segment length [30]. 

The governing equation of the problem is complemented with a set of boundary conditions: the regularity 

at infinity condition and the non-penetration (or impermeability) condition. For imposing these conditions, 

it is necessary to recall that the position of the solid surface is known, as a function of time, and the normal 

component of the fluid velocity is prescribed at the boundary. The former condition requires that the velocity 

field associated with the disturbance decays away from the body and their wakes. Hence, 

    lim , , 0,B Wt t


 
r

V r V r  (2) 

where 𝐕𝐵 is the velocity associated with the bound vortex lattice, and 𝐕𝑊 is the velocity associated with the 

free vortex lattice being shed from the wing’s trailing edge and tip. The velocity field obtained from Eq. (1) 

satisfies this condition. 

The non-penetration condition requires that, over the entire surface of the seed, the normal component of 

the fluid velocity relative to the body’s surface must be zero: 
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where 𝐕∞ is the free-stream velocity, 𝐕𝑃 is the velocity of the solid (seed’s  pod and blade), and 𝐧 is the unit 

vector normal to the body surface. 

Because the vortex sheets are replaced by vortex lattices, the non-penetration condition given by Eq. (3) is 

only satisfied at one point in each panel; these are called control points (CPs), and they are located at the 

centroid of area of each panel (see Figure 2b). The specification of this condition at each control point of 

the body results in a linear system of algebraic equations (generally with variable coefficients) in terms of 

the unknown vortex ring circulations Gj(t) and the aerodynamic influence coefficients Aij(t) ([28],[31]), 

  
1

ˆ 0      for    1,2,..., .
NP

ij j W p i

j

A G i NP



     V V V n  (4) 

where NP is the number of aerodynamic panels. The system of equations (4) is solved for the Gj(t) by using 

either a direct procedure, such as LU decomposition, or an iterative procedure, such as the Jacobi or Gauss 

Seidel methods. 

Once the circulations Gj(t) are calculated, the wake is propagated, at the local velocity of the fluid, using a 

simple first order numerical scheme such as, 

       ,node node nodet t t t t    r r V  (5) 

where rnode(t) is the vector position of a straight vortex segment node at time t, Vnode(t) is the velocity of the 

node at time t, and Δt is the time step.  

3.1 Growth vortex-core model 

The UVLM is based on a potential flow model and therefore does not consider viscous effects. This fact 

implies that each vortex segment shed and convected away from the sharp edges maintains its intensity 

regardless of its “age”. However, because of both viscosity and vortex-core growth effects, its circulation 

intensity decreases with time until it eventually disappears [32]. In addition, the inclusion of a viscous vortex 

core has proven to be an efficient mechanism to handle situations where two vortex lines are in close 

proximity or when the wing cuts through its own wake. This treatment has been used to overcome the 

difficulties when simulating blade-vortex interactions for helicopter rotors [33], and wing-wake interaction 

for flapping wings ([34],[35]), among others. 

Each row of vortex segments in the wake is labeled with a different age, and thus, the core radius of the 

segments shed at t0 is bigger than the radii of the segments shed into the wake at the latest time step. Although 

there exist several vortex-core growth models, in this work we adopted a modified version of the viscous 

Lamb-Ossen model (which includes the viscosity effect) [36] and initially proposed by Squire [37]. On this 

basis, the cutoff radius in Eq. (1) is replaced by, 

    
2

0
0 04 ,   and ,

4

c
c v v

v v

r
t t t t   

  
    (6) 

where αv = 1.25643 is the Ossen parameter, ν is the kinematic viscosity of air, t is the time elapsed since the 

vortex segment was shed into the wake, rc0 is usually set to 10% of the vortex segment length, and δv 

represents the additional dissipation due to viscosity, which is defined in term of the vortex segment 

circulation Γ as, 

 11 ,v a



   (7) 

where a1 is the Squire’s parameter. The choice of Squire’s parameter is directly related to the core growth 

rate and is important for maintaining the stability of the solution [38]. 
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3.2 Leading-edge model 

Because the motion of natural flyers such as winged insects and rotating seeds is quite complex, vortex 

shedding from the leading edge depends on the angle between the local fluid velocity and the wing/blade 

plane (effective angle of attack). As mentioned earlier, the LEV plays a crucial role in enhancing the lift 

generated by insect wings. Several experiments, mostly due to Ellington’s group ([39],[40]) and Dickinson’s 

team ([14],[41],[42]), have shown that the separated sheet near the leading-edge reattaches, leading to a 

stable LEV. This phenomenon depends partly on a strong spanwise flow that drains vorticity from the LEV 

toward the wing-tip vortex (analogous to the LEV on delta wings). These findings allowed the use of 

Polhamus’s leading-edge suction analogy to take into account the extra lifting force due to the presence of 

an attached and stable LEV on insect wings ([34],[41],[43],[44]). Other techniques can be used to calculate 

the LEV contribution to the lift, such as the Leishman-Beddoes model [35] and a leading-edge wake shed 

from the bound leading-edge panels [29]. 

In the context of rotating seeds, Lentink et al. [13] carried out a series of experiments on a dynamically 

scaled robot to test whether this natural autorotating phenomenon generates a LEV. For all tested seed 

models, Lentink’s team found that a prominent LEV is generated near the blade root, which is markedly 

similar to the LEVs produced by insect wings. Because the seed rotation introduces a radial velocity 

distribution while it descends, the geometrical angle of attack, αG, increases towards the blade root, taking 

its minimum value at the blade tip (see Figure 3a). According to results reported by Lentink et al., this trend 

explains in part why the LEV remains well attached to the seed’s surface.   

According to Polhamus [45], it is possible to estimate the additional lifting force associate with the presence 

of a LEV from the suction force (predicted by potential flow theory), provided that the vortex travels with 

the wing. Thanks to the important similarity between the LEV in insects and seeds, together with the 

reasoning pointed out by [34], it is possible to estimate the leading edge vortex contribution on these natural 

flyers using the analogy proposed by Polhamus. It assumes that the vortex force in a separated flow has a 

magnitude equal to that of the suction force predicted in attached flow conditions. However, the force 

direction is rotated by 90º (when the flow is separated) in order to be normal to the lifting surface. In this 

work, the force calculated by means of the leading-edge suction analogy is applied at the control points of 

the panels located along the leading edge of the seed´s blade. To determine the flow condition, we 

implemented a scheme based on an on/off mechanism [29]. The mechanism consists mainly of computing 

the value of the effective angle of attack α at each time step and comparing it with a reference value; in the 

present examples, the reference is αc = 12º. If α ≥ αc, the flow is separated, and the suction force is rotated 

by 90º to be perpendicular to the blade’s surface; conversely, if α < αc, the suction force remains parallel to 

the blade’s surface (see Figure 3b). The angle of attack is computed at each panel located along the leading 

edge by considering the freestream velocity (if it exists), the instantaneous wing velocity, and the velocity 

induced by all the vortex segments belonging to the bound and wake vortex sheets. 

According to Lan and Roskam [46], the leading edge suction force per unit length of the leading edge is, 

  2 ,
8cos

s p LE

LE

F q C


   


 (8) 

where q∞ is the freestream dynamic pressure, ΛLE  is the leading edge sweep angle, ΔCp is the pressure jump 

coefficient, ηLE is the position of the leading edge and η is a spatial coordinate along the chordwise direction. 

Following the procedure detailed by Nguyen et al. [34], the final, quasi-steady, expression for the leading 

edge suction force, adapted for the UVLM, is given by, 
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where Γ𝐿𝐸𝑗
 is the circulation of the vortex segment placed at the leading edge of the jth aerodynamic panel 

along the leading edge, Δ𝜂𝐿𝐸𝑗
 is the length of the jth leading-edge panel in the chordwise direction, ρ is the  
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Figure 3: a) Geometrical angle of attack, where ξ is the spatial coordinate along the spanwise direction 

(adapted from [13]); b) leading-edge suction force and LEV force sketch  

constant density of the fluid, and ηs is the leading-edge suction efficiency coefficient (which can range from 

0 to 1). The efficiency coefficient is introduced because the value of the real suction force can be less than 

the one predicted by Eq. (9) due to viscous effects and the leading-edge shape, among other reasons 

([34],[47]). 

3.3 Aerodynamic loads 

The aerodynamic loads acting on the lifting surfaces are computed as follows: 1) for each element, the 

pressure jump at the control point is computed by applying the unsteady Bernoulli equation; 2) the force on 

each element is calculated as the product of the pressure jump, the element area, and the unit vector normal 

to each aerodynamic panel; 3) the resultant forces and moments are computed as the (vector) summation of 

the forces and moments produced by each element. The unsteady Bernoulli equation is given by 

          
1 1

; ; ; ; ,
2

t t t t p t H t


    φ r V r V r r  (10) 

where ∂t denotes the partial time derivative at a fixed space location in an inertial reference frame, V(r;t)  

is the spatial gradient of the velocity potential φ(r;t), p(r;t)  is the unknown pressure, H(t) is the total energy 

per unit mass, which only depends on time and has a unique value at every point of the whole fluid domain, 

and r is the position vector of a fluid particle at the instance t. 

In its present form, the evaluation of 𝜕𝑡𝛗 is troublesome, but this term can be stated so as to make its 

evaluation relatively easy. Detailed explanations of the treatment of each term in Eq. (10), as well as a full 

formulation of the unsteady vortex lattice method are given by Preidikman [28], Preidikman and Mook [48] 

and Roccia et al. [29]. It should be noted that the leading edge suction forces (if α < αc) or LEV forces (if α 

≥ αc) computed by Eq. (9) are added to those calculated by Eq. (10). 

4 Rigid body dynamic model 

In this work, the complete seed is modeled as a rigid body, whose equations of motion are described on the 

Lie group defined as the Cartesian product of the translations group ℝ3 (Euclidean space) and the special 

orthogonal group SO(3) (proper rotations) [49]. In this formulation, the configuration of the seed is 

represented by an element 𝑄(𝐱0, 𝐑), where 𝐱0 ∈ ℝ3 is the position vector of the mass center of the seed 

(translation) and 𝐑 ∈ 𝑆𝑂(3) is a rotation matrix that characterizes the orientation of the fixed-body frame 

(denoted here by 𝑩 = {�̂�𝟏, �̂�𝟐, �̂�𝟑}) with respect to the inertial frame 𝑵 = {𝐧𝟏, 𝐧𝟐, 𝐧𝟑}. The set 

ℝ3 × 𝑆𝑂(3) is a six-dimensional Lie group whose composition is given by the direct product, i.e, if 

𝑄1(𝐱1, 𝐑1) and 𝑄2(𝐱2, 𝐑2) ∈  ℝ3 × 𝑆𝑂(3), then the group operation is simply 𝑄1°𝑄2 = (𝐱1 + 𝐱2, 𝐑1𝐑2). 
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This composition can be expressed as matrix product provided that Q is represented by the following 7 × 7 

matrix, 

  
3 3 3 1
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Its Lie algebra, denoted by ℝ3 × 𝔰𝔬(3), is given by the following set of matrices, 
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where �̃� is a skew-symmetric matrix. As ℝ3 × 𝔰𝔬(3) is isomorphic to ℝ6, through the invertible mapping 

( ∙ )̃, each �̃� can be expressed as a six-dimensional vector 𝐯 = (𝐮0
𝑇 , 𝛀𝑇)𝑇 with 𝛀 = vect(�̃�). By using a left 

invariant representation for derivatives and assuming 𝐯 as the velocity, 𝐮0 is interpreted as the vector of 

translation velocities in the inertial frame and 𝛀 is the vector of angular velocities in the body-fixed frame. 

In this work, we consider two different models for the seed: i) a full six degree-of-freedom model (6-DOFs), 

and ii) a five degree-of-freedom model (5-DOFs) where the coning angle is set at a constant value throughout 

the simulation. Due to the constant coning angle condition, the rotation matrix R has to satisfy some 

kinematic constraint.  

Following the procedure exposed in [49] and after some algebraic manipulations, the index-3 differential-

algebraic equations that govern the temporal evolution of the rotating seed under gravitational and 

aerodynamic forces are given by, 
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where J is the inertia tensor of the seed with respect to the center of mass in the body-fixed frame, Fg is the 

force due to the gravitational field, Fa is the force vector that accounts for the aerodynamic force distribution 

on the seed’s blade, ma is the aerodynamic moment with respect to the center of mass of the seed, aβ is the 

cosine of the coning angle formed between vector �̂�𝟐 (pointing along the span direction of the seed) and 

vector 𝐧𝟑 (aligned with the vertical axis), λ is the Lagrange multiplier associated with the constraint 𝜙, and 

B is the Jacobian matrix due to the constraint, written as,  

 𝐁 = �̂�2
𝑇𝐑𝑻𝐧𝟑

̃ . (14) 

If the constraint equation as well as the Jacobian matrix are removed from the formulation in Eq. (13), we 

obtain the equations of motion for the unconstrained system (six degrees of freedom). 

4.1 Computational implementation 

The approach followed in this work treats the rigid body dynamic model (called Simulator 1) and the airflow 

model (called Simulator 2) as different subsystems of a single dynamical system. These two simulator 

engines exchange information bi-directionally in an iterative sequence in order to continuously improve the 

estimation of the structure’s response and the aerodynamic loads, respectively ([50],[51]). On the one hand, 

the numerical scheme used by Simulator 2 utilizes a simple first order scheme (Euler method) ([28],[29]). 

On the other hand, the numerical procedure adopted for Simulator 1 to solve the equations of motion of the 

seed is a second order Lie group integrator [49] based on an index-3 formulation of the generalized-α time 

integration scheme [52]. As the adopted numerical procedure in Simulator 1 performs Newton-Raphson 
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iterations, it requires the linearization of the equations of motion expressed in Eq. (13). After some algebraic 

manipulations, the iteration matrices associated with the dynamical equations (13) for the 5 and 6 degree-

of-freedom models are, 
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where CT is the damping tangent matrix, 𝐊𝑻𝟏
 and 𝐊𝑻𝟐

are the stiffness tangent matrices, TSO3 is the tangent 

operator associated with the exponential map in SO(3), and β’ and γ’ are algorithmic parameters, 

   𝐂𝑇 = �̃� J − J �̃�,  

𝐊𝑇1
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̃ , (16) 
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In Eq. (16), h is the time-step, 𝛙 is the Cartesian rotation vector [53], 𝜎 = ‖𝛙‖, and β, γ, αf and αm are 

numerical parameters associated with the integrator. Let us note that the generalized-α method is equivalent 

to the Hilber-Hughes-Taylor method if αm = 0 and to the Newmark method if αm = αf = 0. Here, their values 

are selected according to  
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where 𝜌∞ represents the desired value of the spectral radius at infinite frequencies. For a detailed integration 

algorithm and a full explanation of the derivation and linearization of the equations of motion of a rigid 

multibody system, the reader can consult ([49],[54]). 

 Sequence of steps during a typical time-step 

1 
Simulator 2 is used to convect the wakes to their new positions 

through Eq. (5) 

2 Simulator 1 uses the current loads computed by Simulator 2 to predict 

the response of the seed’s structure. 

3 

The current state of the seed is used as input to Simulator 2 and the 

loads are recalculated, but the wake remains frozen. Then, these loads 

are used as input to Simulator 1 and the state of the seed is updated. 

This step is repeated until convergence.  

4 
Then, the final position and velocity of the seed are evaluated by 

Simulator 1, and these values are used by Simulator 2 to recalculate 

the flow field and obtain the final estimate for the aerodynamic loads. 

Table 2: Co-simulation strategy 

In the context of this paper, simulation refers to a numerical solution of a continuous system, whereas co-

simulation describes the concept of simultaneous executions of multiple interacting subsystem simulators. 
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During a time-step h, the wakes are consistently convected to their new positions with the requirement that 

vorticity moves with the fluid particles, while, simultaneously, the structure of the seed moves to its new 

position as a result of the applied forces and constraint equations. This concept is implemented by 

performing a sequence of steps to calculate the solution at time tn+1 = tn + h (see Table 2). At each time step, 

Newton-Raphson iterations are performed until the absolute error in the residue (motion equations) and the 

iteration error (in the increments) are both less than a prescribed error tolerance. Usually, in step 3, seven to 

twelve iterations are required to reduce the error to less than 10−10. 

Although Simulator 1 and Simulator 2 are computational implementations of physical fields independently 

modeled as the aerodynamics and the seed structure, the coupling procedure is indeed strong because 

information is exchanged bi-directionally until convergence of the coupled problem, and the chosen step, 

which advances the solution in time, is unique for the two simulation environments. 

5 Numerical results 

In this section, results obtained from the implementation of the proposed methodology written in Fortran 90 

are presented. This implementation is highly structured in a modular organization; each component can be 

individually removed and replaced. Furthermore, new modules can be added without modifying the general 

structure of the program. The morphological data of the rotating seed analyzed in this section were already 

presented in Table 1. The rest of the parameters are: aerodynamic coefficient a1 = 0.1, leading-edge suction 

efficiency coefficient ηs = 0.7, spectral radius 𝜌∞ = 0.8, critical angle of attack αc = 12º, and a fully spatial 

discretization of the seed of 280 aerodynamic panels (80 for the pod and 200 for the blade). The time-step 

is ℎ = 1.06766 × 10−3 s and is determined as the ratio between a characteristic length and a characteristic 

velocity. The former is the typical length of a panel on the aerodynamic mesh (Lc = 1.4736 mm). The latter 

is a representative velocity of the problem, in this case the linear velocity of a point at 50% of the blade’s 

span once the seed has achieved a steady motion (Vc = 1380.22 mm/s).  

Finally, the initial conditions are: initial position of the center of mass x0 = 0.0, initial velocity of the center 

of mass u0 = 0.0, initial angular velocity ΩV = ‒50.0 rad/s, coning angle β0 = 20º, and pitch angle ψ = ‒0.5º. 

Four thousand time steps (equivalent to 4.27 seconds of physical time) were used to perform numerical 

simulations of the descent of a samara, since its initial configuration until it reaches a steady motion. The 

total computational cost per simulation was, on average, four hours.  

When the model is released from this initial condition, the constrained model (constant coning angle) 

predicts a final steady motion in close agreement with the data reported by biologists. After 0.5 s of 

simulation, the seed starts to stabilize its motion by achieving a terminal sinking velocity of VD = 1021.00 

mm/s, a terminal angular velocity ΩV = ‒74.14 rad/s and a pitch angle ψ = ‒2.74º (see Figures 4c, 4d and 

4e). The predicted values of the sinking and angular velocities exhibit relative percentage errors of 13% and 

9.17%, respectively, when compared to typical measured values for this kind of seed. Although there is no 

detailed information in the literature about the pitch angle of the seed studied here, the value obtained is 

within the expected range according to Lentink et al. [13] and Azuma and Yasuda [27]. In steady motion, 

the aerodynamic force cancels the weight of the samara, preventing it from accelerating downwards (see 

Figure 5a). A steady descending motion necessarily implies, at least, three stable characteristics: the 

effective angle of attack of the blade, the coning angle, and the sideways motion. In this analysis, while the 

coning angle is forced to a constant value of 20º, the pitch angle is allowed to change, reaching a constant 

value in steady motion (see Figure 4e). This means that the effective angle of attack also achieves a constant 

distribution along the blade’s span. This stability condition occurs whenever the center of pressure coincides 

with the center of mass of the samara. In figure 5b, we can observe that the effective angle of attack is high 

near the seed’s pod, which means that the CoP is shifted toward the trailing-edge. However, towards the tip 

where most of the lift is generated, the angle of attack is lower and the center of pressure lies near the 

quarter-chord point, leading to a nose-up pitch moment. Although there is no data for the angle of attack of 

the seed studied, the distribution obtained is similar (in both trend and magnitude) to other seeds analyzed 

by Lentink et al. In addition, it should be noted from Figures 4a and 4b that the seed’s mass center describes 

a sort of helical path while falling to the ground, also in agreement with experimental observations [55].   
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Figure 4: a) Sideway displacement; b) sideway velocity; c) sinking velocity; d) angular velocity around 

the vertical axis; e) pitch and coning angles; e) Lagrange multiplier 

 

 

Figure 5: a) Lift force; b) effective angle of attack distribution (m1: Acer palmatum, m2: Acer diabolicum 

Blume, m3: Carpinus ischonoskii, extracted from [13]); c) wake pattern in steady motion 
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Finally, results for the Lagrange multiplier associated with the coning angle constraint are presented in 

Figure 4f. As can be observed, its magnitude is different from zero in steady motion. Despite the very 

encouraging results obtained, this fact implies that there exists some kind of unbalance between the 

inertialforces and the aerodynamic forces. Numerical simulations performed with the six degrees of freedom 

model showed that removing the coning angle constraint leads to another stable configuration characterized 

by: i) a sinking velocity VD = 2500 mm/s, ii) angular velocity ΩV = ‒158.7 rad/s, iii) pitch angle ψ = ‒23º, 

and iv) coning angle β0 = ‒63º. In this configuration, the angle of attack along the blade showed a similar 

distribution as the one presented in Figure 5b.  

It is necessary to highlight the lack of data related to the inertial properties (mass center and inertia tensor), 

which necessitated some gross estimations of these parameters, based on approximate measurements 

reported by Norberg [5]. In addition, Azuma and Yasuda [8] found several reasons why their prototypes 

reached a stable motion in a very different configuration from that exhibited by the real samaras, or even 

worse, the transition to autorotation never happened. Among the most important reasons, they mentioned 

that the blade should have a negative camber, at least at the inboard portion (but recall it is the tip of the 

blade that contributes most to lift). In other words, it should be convex downwards; this causes the airfoil to 

settle at a stable and suitable angle of attack. 

6 Conclusions 

This paper presented the development of a numerical tool for studying the dynamics and unsteady 

aerodynamics of rotating seeds. The subsystem involving the rigid body dynamic model was built using a 

formalism based on matrix Lie groups. This dynamic model has been successfully coupled in a strong way 

to the subsystem that models the aerodynamics, which is based on an enhanced version of the unsteady 

vortex lattice method. The numerical integration of the dynamical equations was performed successfully in 

the time domain using a specially modified generalized-α scheme to handle index-3 differential-algebraic 

equations formulated in a Lie group setting.  

Some important preliminary conclusions can be drawn from the work. The five degree-of-freedom model 

(constrained coning angle) results in accurate predictions for the response of rotating seeds, including the 

aerodynamic forces, terminal sinking velocity, terminal angular velocity, terminal pitch angle, and angle of 

attack distribution, among others. These variables are crucial for understanding the seed dispersion and for 

the development of micro air vehicles based on the autorotation phenomenon. However, the 5-DOFs model 

does not fully reflect the real behavior of these natural flyers because of a non-zero torque arising from an 

unbalance between the inertial and aerodynamic forces. In this regard, more studies (using the 6-DOFs 

model) are needed in order to fully identify the causes of this unbalance.  

Despite the limitations outlined above, the co-simulation framework presented in this article is an excellent 

starting point for studying rotating seeds as well as samara-like MAVs. 
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Abstract 
 

This paper extends the work presented at the previous ISMA conference which introduced a completely 

novel approach for the understanding of nonlinear system behaviour. The idea was simply that all 

nonlinear systems can be represented as a combination of linear systems between which information is 

exchanged. The full range of nonlinear behaviour was able to be exactly represented via a combination of 

linear transient and steady-state expressions. The current work demonstrates that the technique may be 

used to predict all periodic responses of a harmonically excited nonlinear system without any recourse to 

simulation of the system. The initial system of interest was the bilinear system but an extension of the 

work to continuous nonlinear systems was also discussed. 

1 Motivation 

The environmental and economic pressures of the last couple of decades have resulted in an 

unprecedented effort on the part of structural design engineers to design structures that are more 

lightweight than, yet are at least as strong as, their structural ancestors. Three major factors have enabled 

this transformation: (1) the relatively recent advent of structurally-advantageous materials, including 

carbon- and glass-fibre reinforced polymers, syntactic foams and viscoelastic materials, (2) the revolution 

in manufacturing techniques, including a host of Additive Manufacturing methods and (3) the 

computational capability to efficiently apply optimisation techniques for real, complex structures. This is 

typified by the nature-inspired design of aerospace components currently being developed by Airbus [1].   

Whilst this drive for strong, lightweight structures is clearly desirable, in many cases this may also result 

in greater complexity in the structural response. The source of such complexity is nonlinearity. Whereas 

an assumption of linearity would often be reasonable in traditional, relatively-stiff structures, 

manufactured using linear-elastic materials, this will generally not be the case for the new generation of 

optimized structures. Increased structural flexibility in such structures will lead to the growing likelihood 

of geometric nonlinearities whilst these new structurally-advantageous materials tend to behave in a 

manner far-removed from the linear elastic behaviour associated with metals.   

In order to have a full understanding of how this new generation of structures will behave dynamically, it 

will be necessary to have, not only a thorough understanding of the wide range of possible nonlinear 

behaviour that may arise, but also the ability to predict such behaviour in a computationally efficient 

manner. Whilst research has been conducted into nonlinear system behaviour for centuries, the current 

situation appears to be, as Worden and Tomlinson wrote in their monograph ‘Nonlinearity in Structural 

Dynamics’ [2] that “there is no unique approach to dealing with the problem of nonlinearity either 

analytically or experimentally and thus we must be prepared to experiment with several approaches”. The 

primary aim of this monograph was to introduce and explain a number of these approaches that would 

belong in a ‘toolbox’ for the analysis of nonlinear structural systems and included Harmonic Balance [3], 

Hilbert Transform [4], NARMAX modelling [5], the Masri-Caughey Restoring Force Surface method [6], 
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Direct Parameter Estimation [7] and the Volterra Series approximation [8]. Approaches not considered in 

the monograph included perturbation methods [9], multiple scales [10] and nonlinear normal modes [11]. 

The research conducted using the aforementioned approaches over the last five or so decades have 

undoubtedly led to much greater understanding of the behaviour of nonlinear systems and has resulted in 

countless applications. That said, it is fair to say that all approaches are not without their limitations. These 

limitations are often associated with the need for approximation or, where infinite series are being 

employed, are associated with the related issues of series convergence and truncation. Another limitation 

with the bulk of these approaches is that they are only capable of representing what is often termed “weak 

nonlinearity”. 

The current work follows on from work presented at the previous ISMA conference [12] where the author 

presented a completely novel approach to understanding how nonlinear behaviour arises. The technique, 

which will be discussed in the upcoming sections, does not rely on approximations and is not limited to 

particular nonlinear behaviour regimes but rather is capable of explaining the full spectrum of nonlinear 

behaviour. The previous work demonstrated that this new approach was capable of replicating 

superharmonic, subharmonic and even chaotic behaviour from a harmonically-excited, single-degree-of-

freedom (SDOF) bilinear stiffness system. 

The first aim of this current work is to demonstrate that it is possible to predict all possible periodic 

solutions from a bilinear system for a given harmonic input. It will be shown that this is possible without 

recourse to even a single simulation – the traditional approach would be that a number of simulations with 

different initial conditions would be required to achieve the same result. 

One potential criticism of the previous work could be that it focussed on a system that may easily be 

considered as the amalgamation of two linear systems and therefore the findings of the paper may only be 

applicable to such systems. The second aim of this paper is to address these concerns by showing the 

progress that the author has made in applying this approach to arguably the nonlinear system of greatest 

interest, namely the Duffing oscillator [13].  The motivation of this entire body of work is the desire to 

develop a framework that is capable of explaining and predicting the full richness of responses that are 

observed in systems such as the Duffing oscillator.  

The layout of the paper is as follows: Section 2 summarises the work of the previous paper by discussing 

the idea of switching between different linear systems to show that it is capable of replicating the full 

range of nonlinear behaviour exhibited by a bilinear system. Section 3 extends this work by showing that 

it is possible to predict what periodic responses are possible from a bilinear system, without resorting to 

numerical simulations. Section 4 introduces a pathway that may allow this method to be extended to 

continuous nonlinear systems such as the Duffing oscillator. Section 5 rounds off with some discussion.  

2 Switching between linear systems 

The overall concept offered in this paper and the previous paper [12] is an incredibly simple one: namely, 

that the response of a nonlinear system will be the same as the response obtained by switching between a 

series of linear systems. The benefits of such an approach will be that linear techniques will be employed 

throughout and all response components will be either linear transient response components or linear 

steady-state response components. The primary nonlinear vehicle for this work will be the simplest 

nonlinear system which can be considered as a combination of linear systems: namely, a bilinear system. 

This section will recap the findings of the previous paper before demonstrating how this work may be 

extended to predict all possible periodic solutions from a bilinear system for a given harmonic input. 

In the current section, the concept of switching will be introduced and shown how it can be applied to a 

bilinear system. First, however, to set the scene and introduce the notation, the response of a linear single-

degree-of-freedom (SDOF) oscillator to sinusoidal forcing will be considered. 
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2.1 Response of a linear SDOF system to sinusoidal forcing 

Figure 1 shows a linear single degree-of-freedom mass-spring-damper system. 

 

Figure 1: Single degree-of-freedom linear system 

The equation of motion of the above system is given by: 

 ( ) ( ) ( ) ( )my t cy t ky t x t    (1) 

The work will be concerned with the response of systems to a sinusoidal input. Let the input be given by: 

  ( ) cosx t X t   (2) 

The total output response is written as the sum of steady-state and transient parts, i.e. 

 ( ) ( ) ( )ss try t y t y t   (3) 

The steady-state part of the response will be: 

     ( ) cosssy t X H t H      (4) 

where  H  , the frequency response function (FRF) of the linear system, is given by: 

   2

1
H

k m i c
 

   
 (5) 

The transient part of the response will be: 

      ( ) exp cos sintr n d dy t t A t B t        (6) 

where and,    n d    are the damping ratio, undamped natural frequency and damped natural frequency 

respectively and A and B are calculated to satisfy the initial conditions. If the initial displacement and 

velocity are denoted  0y  and  0y  respectively, the values of A and B will be: 
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 (7) 

A simple numerical example will now be introduced and will be revisited throughout the paper. The linear 

system described in equation (1) will be investigated using the following parameters: mass, m 1 kg, 

damping,  c  20 N/(m/s) and stiffness, 
4

1 10k    N/m. The system will therefore have an undamped 
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natural frequency n  100 rad/s and a damping ratio   0.1. This will give a damped natural frequency 

d  99.5 rad/s. The chosen input parameters were X  10 N and   50 rad/s and the initial conditions 

were set to zero i.e.    0 0y y  0. 

The above parameters were inserted into equations (1) to (7) to give the steady-state and transient response 

components of the system. These two components were then summed to give the total system response. 

Figure 2 shows the two individual components of the response along with the total response of the linear 

system. The total response was validated against a system response generated using Simulink. 

Figure 2: Displacement time history for X  10 N and   50 rad/s. Left plot shows steady-state 

response, middle plot shows transient response and right plot shows total response (sum of steady-state 

and transient responses). 

2.2 Response of a bilinear SDOF system to sinusoidal forcing 

In the previous paper [12], the concept of switching between linear systems was developed slowly. First, 

the idea of changing the value of a system parameter (stiffness in this case) at some point in time was 

presented – this simply resulted in the generation of a new transient response component at the point of 

switching before the system settled down to its new linear steady-state behaviour. This concept was then 

extended to consider the idea of switching the parameter back and forth between two values with the 

switching being conducted at periodic time intervals. When the switching time intervals were sufficiently 

large, the transient component produced at switching had sufficient time to decay before the next transient 

component was generated at the next switch point. As the time interval between switches become shorter 

however, the transient components did not have sufficient to decay and the system did not have sufficient 

time to settle down to its linear steady-state behaviour. When this switching frequency was the same as the 

input forcing frequency, the resulting system response settled down into a pattern of periodic behaviour 

that looked like a typical nonlinear response yet this response was simply constructed from linear steady-

state components and linear transient components. 

The final stage of the previous paper was to move to the more realistic scenario of a system which 

switched parameters when it reached a certain displacement value rather than at a pre-determined time. 

The same approach was employed but with the slightly more involved calculation of ascertaining when a 

switch had occurred.  

The bilinear system that was investigated had the following parameters: mass, m 1 kg, damping,  c  20 

N/(m/s) and linear stiffness that switched between 
4

1 10k    N/m and 
4

2 10  N/m. The switching 

displacement chosen was 
switch

y  0m meaning that the bilinear system was homogeneous. When the 

displacement was negative, the lower stiffness value was applied and, when the displacement was 

positive, the higher stiffness value was applied.  

Two different forcing frequencies were investigated and it was shown that the approach of simply 

considering the response as a sum of two linear steady-state and two linear transient components was 

capable of reproducing superharmonic behaviour and subharmonic behaviour. 

The first example considered the same sinusoidal forcing amplitude and frequency as used in the previous 

section (i.e. X 10 N and   50 rad/s). Figure 3 shows the steady-state, transient and total displacement 
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responses. It may be seen that the total system response settles down to periodic nonlinear steady-state 

behaviour – this response was constructed only by summing the two linear steady-state components and 

the two linear transient components but was validated by comparing against simulation results. Figure 4 

shows the phase plane plot which has a single red Poincaré section point indicating that the response 

repeats with every excitation period. The middle plot shows the frequency domain content of the 

displacement signal for the nonlinear steady-state response. Peaks may be observed at the forcing 

frequency of 50 rad/s and its superharmonics. The final plot in Figure 4 shows the plot of the bilinear 

spring restoring force against the displacement. 

 

Figure 3: Displacement time history for X  10 N and   50 rad/s. Left plot shows steady-state 

response, middle plot shows transient response and right plot shows total response. The linear spring 

stiffness had a value of 
4

1 10  N/m when the displacement was negative and a value of 
4

2 10  N/m when 

the displacement was positive. 

 

 

Figure 4: Further results for X  10 N and   50 rad/s. Left plot shows the phase plane plot of the 

nonlinear steady-state response, the middle plot shows the frequency domain content of the nonlinear 

steady-state response and the right plot shows the bilinear spring restoring force behaviour.  

 

The second example was the same as the first in all respects other than the sinusoidal forcing frequency 

was now   240 rad/s. Figure 5 shows the steady-state, transient and total displacement responses. A 

scaled force excitation time history is superimposed on these plots (red dotted line) and it can be seen that, 

whilst the system settles down to periodic steady-state behaviour, the response only repeats after two 

forcing cycles. This is known as a period 2 response. Period 2 behaviour is usually considered as being 

indicative of stronger nonlinear behaviour than the presence of superharmonics alone yet, it was shown 

that this behaviour could also be constructed using the same four linear response components as before 

(two steady-state and two transient components). The first plot in Figure 6 shows the phase plane plot 

which also shows two red Poincaré section points indicating the period 2 response. The middle plot shows 

the frequency domain content of the displacement signal for the nonlinear steady-state response. Peaks 

may be observed at the forcing frequency of 240 rad/s and also at 120 rad/s (1/2 subharmonic) and 360 

rad/s (3/2 subharmonic) along with a DC peak at zero. The final plot in Figure 6 shows the plot of the 

bilinear spring restoring force against the displacement. 
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Figure 5: Displacement time history for X  10 N and   240 rad/s. Left plot shows steady-state 

response, middle plot shows transient response and right plot shows total response. The linear spring 

stiffness had a value of 
4

1 10  N/m when the displacement was negative and a value of 
4

2 10  N/m when 

the displacement was positive. Scaled input excitation shown as red dotted line. 

 

 

Figure 6: Further results for X  10 N and   240 rad/s. Left plot shows the phase plane plot of the 

nonlinear steady-state response, the middle plot shows the frequency domain content of the nonlinear 

steady-state response and the right plot shows the bilinear spring restoring force behaviour.  

 

In the paper, it was stated that the bilinear system was not capable of generating chaotic behaviour. During 

the conference presentation, it was shown that the approach was capable of representing the chaotic 

response of a different bilinear system. It was found that increasing the larger stiffness value from 
4

2 10  

to
4

25 10  N/m and using a forcing amplitude and frequency of X  1 N and   436 rad/s respectively, 

resulted in a chaotic response. All other parameter values were as before. Figure 7 shows the resulting 

displacement time history and phase plane plot. Once again, this response was generated using only the 

linear steady-state and linear transient components of the two constituent linear systems and was validated 

by simulation. Whilst the superharmonic and subharmonic behaviour depicted in Figure 3 to Figure 6 

resulted in switching times that quickly settled down into periodic behaviour, for the chaotic response, the 

times at which the system switched from one linear system to the other never settles into a periodic 

pattern. 

                  

Figure 7: Displacement time history for X  1 N and   436 rad/s. Left plot total displacement response 

and right plot shows the phase plane plot. The linear spring stiffness had a value of 
4

1 10  N/m when the 

displacement was negative and a value of 
4

25 10  N/m when the displacement was positive.  
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3 Identifying Periodic Responses in a Bilinear System 

This section and the next seeks to extend the work presented in the previous ISMA paper. The driver for 

this work is the desire to be able to take a nonlinear system, with known parameters and a specified 

harmonic input frequency and amplitude, and be able to state the full range of steady-state nonlinear 

behaviour that may be exhibited by the system, all without conducting any simulations via numerical 

integration. The current section will provide definitive proof that this is possible for a bilinear system 

whilst the following section will be more speculative in offering a potential pathway describing how this 

work may also be applicable to systems with continuous, rather than discretised, nonlinearities, such as the 

Duffing Oscillator. 

3.1 Matching Bilinear System Responses at the Switch Point 

As discussed in the previous section, the choice of using a bilinear system for demonstrating this novel 

approach was due to it being the simplest nonlinear system that could be considered as a combination of 

linear systems. The response of the bilinear system to a harmonic excitation will be given by a slight 

variation of the linear equations introduced at the start of the previous section. It will be useful to label the 

two linear systems. Linear System 1 will arbitrarily be denoted as the linear system with the lower 

stiffness (active when the system displacement is less than the switch displacement) whilst Linear System 

2 will be the higher stiffness system (active when the system displacement is greater than the switch 

displacement). The lower stiffness will be denoted 1k  and the higher stiffness as 2k .  

When Linear System 1 is active, the total displacement and total velocity responses of the system will be 

given by the sum of the Linear System 1 steady-state and transient displacement and velocity components 

respectively, i.e. 

 

(1) (1)

(1) (1)

( ) ( ) ( )

( ) ( ) ( )

ss tr

ss tr

y t y t y t

y t y t y t

 

 
 (8) 

The Linear System 1 steady-state components of the displacement and velocity responses will be: 
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where  1H  , the frequency response function (FRF) of Linear System 1, is given by: 

  1 2

1

1
H

k m i c
 

   
 (10) 

There are a number of ways that the Linear System 1 transient components of the displacement and 

velocity responses could be considered but the following form will be used: 
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( ) exp cos sin

( ) exp cos sin

tr n d d

tr n d n d d n d

y t t A t B t

y t t B A t A B t

   

         

       

          

 (11) 

where 1 1 1and,    n d    are the damping ratio, undamped natural frequency and damped natural frequency 

of Linear System 1 respectively. t  refers to the time interval from the time point at which the system 

displacement crossed the switch displacement value into the Linear System 1 domain. The transient 

parameters 1A  and 1B  are calculated in order to ensure that the total displacement and velocity values 

match the system displacement and velocity values at the point of switching.  
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When Linear System 2 is active, there will be a corresponding set of equations to equations (8) to (11) but 

with all the 1 subscripts and superscripts changed to 2. 

As stated earlier, the aim of this part of the work is to identify all possible periodic nonlinear responses 

that can arise for a particular bilinear system for a given harmonic input. The key to identifying these 

periodic responses lies in the identification of the switch points that result in the Linear System 1 

displacement matching the Linear System 2 displacement and the Linear System 1 velocity matching the 

Linear System 2 velocity at the point of switching. These switch points cannot be identified in isolation 

but rather as pairs of switch points. 1switcht  will be designated as the switch point for the system switching 

from Linear System 1 to Linear System 2 (i.e. with the system displacement increasing due to its positive 

velocity) whilst 2switcht  will be designated as the switch point for the system switching from Linear System 

2 to Linear System 1 (i.e. with the system displacement decreasing due to its negative velocity). 

The process for identifying these pairs of switch points is as follows: 

1. Create grid of 1switcht  and 2switcht  pairs where each switch is between the start and end of the 

forcing cycle – this was done using a resolution of 1000 time points per forcing cycle resulting in 

a grid of 1000 x 1000 pairs of switch points. 

2. For each switch point, calculate the steady-state displacement and steady-state velocity for Linear 

System 1 and Linear System 2 using expressions of the form given in equation (9). 

3. For each 1switcht , calculate the required value of 2A , the first of the Linear System 2 transient 

parameters – this is calculated through the knowledge of the switch displacement, switchy , the 

steady-state displacement for Linear System 2 at 1switcht , 
(2)

1( )ss switchy t , and from the knowledge 

that   (2) (2)

1 1( ) ( )ss switch tr switch switchy t y t y  . This leads to the required value of 2A . 

4. Repeat above process to calculate required value of 1A , the first of the Linear System 1 transient 

parameters for each 2switcht . 

5. For each pair of switch points, using equations of the form of the first equation in equation (11), 

calculate the required values of 1B  and 2B  to ensure that the Linear System 1 displacement will 

match the Linear System 2 displacement at both switch points. 

6. For each pair of switch points, use the values of 1 2 1, ,  A A B  and 2B  in equations of the form of 

the second equation in equation (11) to calculate the transient velocity at each of the switch points 

for both Linear System 1 and Linear System 2. These are added to the steady-state velocities to 

give the total velocities for each Linear System for each switch point. 

7. Identify pairs of switch points that result in sufficiently close match between Linear System 1 

velocity and Linear System 2 velocity – repeat for switch point from Linear System 1 to Linear 

System 2 and vice versa. Identify which of these result in valid responses. 

8. Combine information from step 7 to identify the pairs of switch points which result in complete 

periodic behaviour. 

The above process may sound involved but it is relatively straightforward to implement in the MATLAB 

environment and runs very efficiently. It will be best illustrated by considering a a couple of numerical 

examples. 

3.2 Illustrative Examples of Periodic Response Identification for Bilinear 
Systems 

The process described in the previous subsection will now be illustrated via two numerical examples. The 

first example will be that introduced in the previous ISMA paper [12] and revisited in Section 2 of this 

paper. To recap, the bilinear system that was investigated had the following parameters: mass, m 1 kg, 

damping,  c  20 N/(m/s) and linear stiffness that switched between 
4

1 1 10k    N/m and 
4

2 2 10k   
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N/m at a  switching displacement of 
switch

y  0m. Linear System 1 is the system with the lower stiffness 

value and was active when the displacement was positive. The sinusoidal forcing amplitude and frequency 

were X 10 N and   50 rad/s respectively.  

As explained previously, a resolution of 1000 time points per forcing cycle was used – this resulted in a 

grid of 1000 x 1000 pairs of switch points. Steps 1 to 7 of the above process were conducted and this 

resulted in the plots shown in Figure 8. The white regions on these plots depict combinations of switch 

points that result in the Linear System 1 and Linear System 2 velocities being close (an arbitrary threshold 

of within 10% of the maximum steady-state velocity was used). The leftmost plot depicts combinations 

that result in the velocities at 1switcht (System 1 to System 2) being close and the rightmost plot depicts 

combinations that result in the velocities at 2switcht (System 2 to System 1) being close. 

                      

Figure 8: Plots showing pairs of switch points that result in the Linear System 1 velocity and Linear 

System 2 velocity being very similar (within 10% of the maximum steady-state velocity) – these are 

depicted as white regions. Left plot refers to 1switcht  comparison and right plot shows 2switcht  comparison. 

The plots shown in Figure 8 only compare similarity of velocities and therefore include combinations that 

result in invalid responses – it is a simple matter to remove the combinations that result in negative 

velocities at 1switcht  or positive velocities at 2switcht . This results in the reduced plot of valid combinations 

shown in Figure 9. 

                      

Figure 9: Same as Figure 8 but only includes valid switch combinations (positive velocities for 1switcht  and 

negative velocities for 2switcht ). 

The two plots of Figure 9 can now be examined to see if there are switch combinations that result in 

matching velocities for both 1switcht  and 2switcht . It transpires that there are just two pixels that give 

matching velocities (below the threshold) for both switches. This occurred for System 1 to System 2 

Switch at point 769 and System 2 to System 1 Switch at points 281 and 282. The area immediately around 

this area of interest was further explored with a zoomed-in version (resolution of 100000 points per 

forcing cycle) of the previous analysis. This identified the best overall match to be point 76818 for the 

System 1 to System 2 Switch and point 28009 for the System 2 to System 1 Switch. This was identified as 

the only periodic response which could occur for these forcing conditions. The overall Linear System 1 

part of the response and overall Linear System 2 part of the response for this identified switch 

combination was plotted and is shown in Figure 10. It may be seen to be the same as that shown in Figure 
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4 – the difference is that, using the current process, no initial conditions were expressed and the response 

was shown to be the only possible periodic response for these forcing conditions.  

 

Figure 10: Phase plane of the only nonlinear steady-state response identified without recourse to 

simulation for the homogeneous bilinear system discussed in Section 2. 

The second numerical example considers a bilinear system whose switch point is not at 0 and so the 

system is not homogeneous. The bilinear system had the following parameters: mass, m 1 kg, damping,  

c  20 N/(m/s) and linear stiffness that switched between 
4

1 1 10k    N/m and 
4

2 1010k   N/m at a  

switching displacement of 
3

1.5 10
switch

y


  m. As before, Linear System 1 is the system with the lower 

stiffness value. The sinusoidal forcing amplitude and frequency were X  10 N and   128 rad/s 

respectively.  

The same process as was outlined above was followed but the full range of figures produced will not be 

included here. It transpired that, for this system with this forcing input, two possible steady-state solutions 

were identified. These are shown in Figure 11 where it may be seen that the inner steady-state response is 

elliptical due to the steady-state response being linear. It may be observed that the maximum displacement 

response remains just below the switch displacement. The outer steady-state response is definitely not 

elliptical in nature and the portions of the response when Linear System 1 was active and when Linear 

System 2 was active may clearly be discerned. What is clearly being portrayed by Figure 11 is the jump 

phenomenon whereby two different steady-state responses are possible depending upon the system’s 

initial conditions. The important point for the current work is that these two responses have been identified 

as the only two possible responses for this forcing input and they have been identified without any need 

for numerical simulations. The one thing that is missing is that the process identifies all possible periodic 

responses but does not furnish any information about the initial conditions that may result in a particular 

response. If this information were important, it would be a straightforward matter to conduct an initial 

condition sweep via numerical simulation. 

 

 

Figure 11: Phase plane of the two steady-state responses identified without recourse to simulation for the 

bilinear system with m=1kg, c=20N/(m/s), 
4

1 1 10k   N/m and 
4

2 10 10k   N/m. The switch 

displacement was 
3

1.5 10
switch

y


  m and the forcing input amplitude and frequency were X  10 N and 

  128 rad/s respectively. 
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4 A Potential Pathway for Identifying Periodic Responses in 
Continuous Nonlinear Systems 

Whilst the previous section presented an approach for identifying periodic steady-state responses for 

bilinear systems, the real aim of this overall body of work is to develop an approach that is capable of 

doing similar with continuous nonlinear systems. The initial system of interest is the most-investigated of 

all nonlinear systems, namely the Duffing oscillator.  The current section seeks to demonstrate that this 

concept of considering nonlinear system responses in terms of linear steady-state and transient 

components is not only limited to nonlinear systems with discrete nonlinearities such as the bilinear 

system. It is hoped that this section will show that this approach may also have the potential to consider 

systems with continuous nonlinearities. The work being included is very much a work in progress but it is 

hoped that there will be sufficient material to convince the reader that the ambition for this new approach 

extends well beyond one particular type of nonlinear system. 

Figure 12 shows a schematic of the single degree-of-freedom Duffing oscillator – the only difference from 

the linear system shown in Figure 1 is the addition of a cubic spring stiffness element, 3k , to the linear 

spring stiffness element, 1k . 

The equation of motion of the above system is given by: 

 
3

1 3( ) ( ) ( ) ( ) ( )my t cy t k y t k y t x t     (12) 

As before, the work will be concerned with the response of systems to a harmonic input. Let the input be 

given by: 

  ( ) cosx t X t   (13) 

 

Figure 12: Single degree-of-freedom classical Duffing oscillator system. 

The simple concept that has been exploited in the previously-described bilinear system investigations will 

once again be used for the Duffing oscillator. At any point in time, the total output response will be equal 

to the sum of a linear steady-state component and a linear transient component. The big difference 

between applying this approach to the bilinear system and the Duffing system relates to the amount of 

time that the system spends in an active Linear System. With the bilinear system, there were only two 

Linear Systems and one Linear System remained active until the response crossed the switch displacement 

at which point the second Linear System became active. The case is very different for a continuous system 

like the Duffing oscillator whereby the concepts of a single switch displacement and a finite number of 

Linear Systems are no longer valid. The concept can still be applied but, rather than a particular Linear 

System being active for a finite amount of time, a particular Linear System will only be active for an 

infinitesimal amount of time and then the Linear System will have changed. The same displacement 

expression used in Section 2 may be applied with the use of an asterisk to denote that the response and 

response components are instantaneous:  
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* * *( ) ( ) ( )ss try t y t y t   (14) 

A similar expression depicts the decomposition of the instantaneous velocity into an instantaneous linear 

steady-state velocity component and an instantaneous linear transient velocity component: 

 
* * *( ) ( ) ( )ss try t y t y t   (15) 

It is the author’s opinion that knowledge of the instantaneous steady-state displacement and velocity 

components for all possible values of the overall system displacement may lead to a breakthrough 

regarding what behaviour is possible for a given nonlinear system with a given force input. The nature of 

these instantaneous steady-state components will now be discussed.  

The approach will be best illustrated with a numerical example. A Duffing oscillator with the following 

parameters shall be considered: mass, m 1 kg, damping,  c  20 N/(m/s), linear stiffness, 
4

1 10k    

N/m and cubic stiffness, 
9

3 105k   N/m3.  

The key to calculating the instantaneous steady-state displacement and velocity components is the 

calculation of the instantaneous linear stiffness and its associated instantaneous offset displacement term. 

Figure 13 shows the Spring Force vs. Displacement plot for the nonlinear spring stiffness with the linear 

and cubic stiffness parameters given above. Depicted on the plot is some arbitrary value of displacement 
*y . Also shown as the solid red line is the gradient of the black curve at displacement 

*y – this gradient 

will be equal to the instantaneous linear stiffness, 
*k . The point at which this gradient crosses the 

displacement axis will be the instantaneous offset displacement term, 
*

offsety . 

 

Figure 13: Displacement vs. Spring Force plot depicting equivalent stiffness 
*k  and offset displacement 

*

offsety  for a given system displacement 
*y . 

The instantaneous linear stiffness, 
*k , is simply the derivative of the spring force with respect to 

displacement at displacement 
*y :  

 
* *2

1 33k k k y   (16) 

whilst the instantaneous offset displacement 
*

offsety is given by: 

 

*3
* * 1 3

*offset

k k y
y y

k


   (17) 

These expressions may then be used in the calculation of equations for the instantaneous steady-state 

displacement and velocity components for the given system displacement 
*y . The instantaneous steady-

state displacement will be: 

     * * * *( ) cosss offsety t y X H t H       (18) 
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and the instantaneous steady-state velocity will be: 

    * * *( ) cos
2

ssy t X H t H
 

       
 

 (19) 

 *H   is the instantaneous frequency response function (FRF) of the equivalent linear system for the 

given system displacement 
*y  and is given by: 

  *

* 2

1
H

k m i c
 

   
 (20) 

This instantaneous steady-state behaviour will now be illustrated for the Duffing system with the 

previously-stated parameters and a forcing amplitude and frequency of X  10 N and   50 rad/s 

respectively. The plots shown below in Figure 14 shows the instantaneous steady-state behaviour from 

equations (18) and (19) for a number of different values of actual system displacement 
*y . The plot on the 

left is simply the steady-state phase plane of the underlying linear system – the reason for this is due to the 

instantaneous linear stiffness for a displacement value of 0 being equal to the linear stiffness 1k . Also 

shown on the figure are a series of coloured time points that show the displacement and velocity response 

for forcing cycle with the red point indicating the response at the start of the forcing cycle. The plot on the 

right shows a series of steady-state phase planes for overall system displacement values from 0 to 
31 10

m in steps of 
42.5 10 m. It may be seen that the ellipses diminish in size and shift to the right – this is 

due to the decrease in the magnitude of  *H   (due to the increase in 
*k ) and the increase in the  

instantaneous offset displacement 
*

offsety as the system displacement increases. 

                     

Figure 14: Plots showing phase plane of instantaneous steady-state displacement vs. velocity for Duffing 

oscillator system with forcing amplitude and frequency of X  10 N and   50 rad/s respectively. Left 

plot shows instantaneous steady-state phase plane for when system displacement passes through 0. Right 

plot shows instantaneous steady-state phase plane for when system displacement is 0 to 
31 10 m in steps 

of  
42.5 10 m. 

The reader may well be asking the importance of the above plots – it is the author’s opinion that these 

instantaneous steady-state plots may well hold the key to understanding the full range of responses that are 

possible for a given nonlinear system and a given forcing input – this would clearly be a significant step 

forward for the field of nonlinear dynamics.    

If one has a response from a nonlinear system with known parameters and a known forcing input, it is a 

straightforward matter to decompose this total response into what the author would term an amalgamated 

linear steady-state response and an amalgamated linear transient response. For a continuous nonlinearity, 

the total response and the two amalgamated linear responses will be continuous and smooth. If this 

amalgamated linear steady-state response were plotted against the series of instantaneous steady-state 

phase planes of the type shown in Figure 14, it would be found that the amalgamated linear steady-state 

response would be bound by a strict set of rules regarding its trajectory – it would have to cross the 

appropriate instantaneous steady-state phase plane at the appropriate time point and the trajectory would 

only be able to travel in a direction of positive time flow. The way that the next phase of this work will 
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progress will be to take actual nonlinear responses, decompose them and plot the amalgamated linear 

steady-state responses against the instantaneous linear steady-state phase planes – it is believed that this 

approach will provide much illumination regarding what types of amalgamated linear steady-state 

responses are permissible. It would then be a straightforward matter to state which nonlinear responses 

were permissible for a given nonlinear system and input.  

The real goal of this work is to be in a position whereby it would be possible to state all possible responses 

that could arise from a nonlinear system with a continuous nonlinearity for a given input, purely through 

the extremely computationally-efficient plotting a series of instantaneous linear steady-state phase planes. 

The author will close the main part of this paper by briefly introducing some interesting and, in the 

author’s opinion, beautiful plots that have arisen from this work. As the reader can imagine, plots of the 

type shown in Figure 14 can quickly become quite cluttered and difficult to interpret as the number of 

instantaneous phase planes increases. This can be alleviated somewhat by the realisation that a third 

dimension can be introduced in the form of the actual system displacement – this would mean that each of 

the ellipses shown in the right plot of Figure 14 would exist in a different plane in the z-axis direction. 

This is shown in the leftmost plot of Figure 15. The middle plot extends this first plot by depicting 

instantaneous steady-state phase planes from system displacement values from 
32 10  m  to 

32 10 m 

in steps of 
41 10 m. Common time points are connected together as coloured lines. The rightmost plot 

shows the manifold that arises when the forcing amplitude and frequency were set to X  10 N and  

120 rad/s respectively. The twin bulges arise due to the forcing frequency being greater than the natural 

frequency of the underlying linear system (100 rad/s) – the bulges will occur at system displacements that 

have an instantaneous stiffness that result in a natural frequency of 120 rad/s.  

It is anticipated that the plotting of amalgamated linear steady-state responses (derived by decomposing a 

nonlinear response) against these manifolds will reveal much about what their trajectories are allowed to 

do, within the rules. This will then reveal what nonlinear responses are possible. 

    

 

Figure 15: Series of manifolds showing instantaneous linear steady-state displacement vs. instantaneous 

linear steady-state velocity vs. actual system displacement for a Duffing oscillator system. Left plot shows 

3D version of the Figure 14 right plot. The middle plot shows this extended for a greater actual 

displacement range and the right plot shows the manifold that arises when the forcing frequency is greater 

than the natural frequency of the underlying linear system.  

5 Discussion 

The paper that the author presented at the previous ISMA conference introduced a completely novel 

approach to considering nonlinear behaviour. The current paper has extended that idea to show how it may 

be useful. It was shown that it was possible to predict all periodic nonlinear responses of which a bilinear 

system was capable, for a given harmonic input, without recourse to numerical simulations. Whilst real-

life uses of the bilinear system model are limited, it is the perfectly initial vehicle for demonstrating the 

power of this approach. 
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It will be a relatively straightforward matter to extend the approach to other piecewise linear systems – 

this could include systems whereby nonlinear damping (e.g. combinations of friction and viscous 

damping) is represented via a number of linear systems.  

Whilst the approach was not computationally intensive, it is believed that there is significant scope to 

further streamline the process.  

In this work, only periodic responses were identified – no investigation was conducted to try to understand 

what happens with this approach when a chaotic response is a possibility- it would clearly be very 

desirable to be able to predict when this was the case. 

The really exciting work, in the author’s view, was left to the last section, whereby early results were 

presented regarding investigations into applying this novel approach to continuous nonlinear systems.  

As scientists, we often operate on instinct and, whilst I have been convinced that this was an area worth 

exploring since the first day I had the idea, this conviction has only become stronger since seeking to try to 

get the ever-surprising Duffing oscillator to reveal its secrets using my approach. The wonderful 

manifolds that have arisen from this much-studied system lead me to believe that I am on the right track 

and, if I’m wrong, at least I will have these lovely sculptures upon which to dwell. 
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Abstract
The “Harmony-Gamma” test structure is an industrial assembly that presents a nonlinear behavior. The non-
linearities have two distinct origins. First, a set of four blades creates friction at the interfaces. Second, a set
of four elastomeric compounds subjected to the Payne effect. Both types of nonlinearities induce energy dis-
sipation and local stiffness softening in the test structure. In the present study, random vibration experiments
are performed to investigate the nonlinear behavior of the system at higher excitation levels. Concerning the
numerical part, a classical complete methodology from the finite element and friction/elastomer modeling
to the prediction of the nonlinear vibration responses is implemented. The well-known Harmonic Balance
Method (HBM) with a specific condensation process on the nonlinear elements is achieved. Secondly, the
HBM is extended for the case of random vibrations, while keeping the global methodology intact. Third,
comparisons between experiments and simulations are conducted.

1 Introduction

The vibration response of mechanical systems used to be mainly studied by means of a linear analysis. In-
deed, numerical simulations for both the modal analysis and frequency response function of linear systems
are implemented in every Finite Element software package and are widely used in industry. However, exper-
imentally, the dynamical system can experience nonlinear behavior with a frequency response that strongly
depends on the excitation level. The nonlinearities may be caused by large displacements, contact, fric-
tion in the joints, or non-elastic compounds. The consequences of such nonlinearities are a dependency of
eigenfrequencies and dissipation with input amplitude, discontinuities in the frequency response and a multi-
harmonic response to a mono-harmonic excitation.
Including the set of nonlinear elements that play a predominant role in the dynamic behavior of structures
proves essential to studying the dynamic behavior of systems. It requires both an efficient modeling of
the nonlinearity and the development of nonlinear computational techniques in order to correctly assess the
nonlinear dynamics of the structure. The present study concerns the modeling and simulation of nonlinear
phenomena in an industrial assembly subjected to random excitation.
Concerning the computational method, the Harmonic Balance Method is one of the most popular for ap-
proximating the stationary nonlinear responses of mechanical systems. It has been used in various nonlinear
applications involving dry frictions [1, 2] or rotatory machines [3]. More recently, Claeys et al. [4] presented
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(a)

(b)

Figure 1: Cross-section schema and picture of the structure ”Harmony-Gamma”.

an application of nonlinear vibration simulations using the HBM on an industrial finite element model. The
application was limited to harmonic excitations, but could have been extended to multi-harmonic excitations,
as showed in [5] with the example of a Duffing oscillator. In the present application, the HBM is extended
for the case of random excitations. A key element of the study is the decomposition of a random signal
into a suitable multi-harmonic periodic equivalent signal, used alongside a Periodogram strategy to properly
estimate the Power Spectral Density (PSD) of the response.
In the following section, the experimental assembly and the experimentally observed effects of friction and
elastomer are described. The corresponding finite element model and the reduction method are detailed
in Sections 3 and 4. The modeling of friction and the elastomer, the Harmonic Balance Method and the
nonlinear simulation results are then presented and compared to the experiments for random vibrations.

2 Experiments

The structure studied, named “Harmony-Gamma”, is presented in Figure 1. This structure was previously
used in [4] without the upper body, that is linked to the central body by the means of four elastomeric
joints. The experimental setup is quite similar between the two structures. The central body is bolted to the
external envelope at the bottom and is also in contact with this envelope through 4 blades at the top. During
the assembly, the central body is inserted in the envelope from the bottom. The blades are compressed, so
that the contact is never broken, even during vibration experiments. This structure is designed to have two
distinct axial modes, the first one stressing the contact between the four blades and the external envelope and
that initiates friction at high excitation level, and the second one stressing the elastomeric compounds. The
structure is tested with the base plate bolted to the shaker. Experimental frequency response functions are
plotted in Figure 2 for random vibrations with increasing levels. The friction phenomenon is characterized
by an increasing dissipation in the vicinity of the first resonance, while the elastomer phenomenon mostly
affects the decreasing resonance frequency of the first two modes. The third mode is a structural mode that
is weakly affected by the nonlinearities. For the random excitations at high levels, oscillations are observed
in the output PSD around the second mode of resonance.
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Figure 2: Experimental results for random excitations.

3 Modeling

3.1 Finite element model

The structure is modeled using the finite element software Abaqus CAE. Figure 3 presents the finite ele-
ment model, focusing on the two kinds of interface. The model only includes solid elements, either linear
or quadratic. As the experiments are made with constant input intensity amplitude, a model of the shaker
is necessary. The moving part of the shaker is a coil attached to the table where the structure is mounted.
Its transverse displacements and rotations are inhibited by strong springs and its axial displacement is pos-
sible and only limited by a soft spring. The shaker is modeled by a punctual mass, coupled to the base
of “Harmony-Gamma” and to the ground with a soft spring (Ksoft = 22800N.m according to the shaker
manufacturer). The model is excited by a force applied on the inertial mass. As a first approximation, this
force is proportional to the current delivered to the shaker.
Each of the 4 joints where the friction slides happen at high excitation levels is modeled by a connector
linking 2 nodes. One node is coupled with the contact zone of the blade, the other one is coupled with the
surface of contact of the external envelope. The four elastomeric joints are similarly modeled, using 2-points
connectors. The upper node is linked to the circular contact surface between the elastomer and the upper
body, while the lower node is linked to the contact surface between the elastomer and the central body. The
two nodes of a same joint can be at the same position. Reducing the total number of nodes involved in the
joints relationships is an important step that will combine well with the model reduction step.

3.2 Modal analysis and model validation

The prerequisite for nonlinear studies is the validation of the linear model. Figure 4 compares finite ele-
ment simulations to experimental measures at low excitation levels, when the nonlinearities are not active.
Simulation and experimental resonance and anti-resonance frequencies match with less than 0.1% errors.
Moreover, the good agreement between experimental and simulation results on various sensors validate the
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(a)

(b)

Figure 3: Cross-section schema of the finite element model (a) and focus on the contact zone model (b).

assumption of a linear relation between the intensity and the force over the frequency range considered. To
process the experimental data into an experimental modal analysis, the software LMS was used. The exper-
imental modal damping is automatically computed along the experimental modal analysis. We obtained a
set of three modal damping coefficients for the three axial modes that are studied. These coefficients were
then implemented in the devoted place in the finite element software. The deformed shapes are plotted in
Figure 5.

3.3 Model reduction

The “Harmony-Gamma” finite element model has more than 300000 degrees of freedom. The resulting
matrices of the problem would be too big to be treated with nonlinear simulations. To pally this difficulty, a
reduction model is proposed. This reduction model is implemented in the finite element software ABAQUS
and is very close to a Craig-Bampton reduction. This method allows to keep the physical degrees of freedom
of the structure (the accelerometers) while keeping its modal behavior. It was successfully used in the
previous work of [4]. For the elastomers, the DOFs of the connectors are retained in the reduction. The case
is more complex for the blades, because of the nonlinear behavior of the friction. A solution was brought in
[4], but is not detailed in the present paper. Before the implementation of the nonlinear joints, the equation
of dynamics is written in the reduced basis as :

Mẍ + Dẋ + Kx = Fexcit(t) (1)

x is the displacement vector in the reduced basis. M, D and K are respectively the reduced matrices of
mass, damping and stiffness, and Fexcit is the projection of the excitation on the reduced basis.
The matrix D is generated from the Rayleigh method, i.e. D = αK+βM, with α and β chosen to represent
an equivalent modal damping for the first and the third modes of the structure. Experimentally their modal
damping are ξ1 = 0.71% and ξ3 = 0.54% respectively. The equation that links ξi to α and β is :

ξi =
1

2
(αΩi +

β

Ωi
) . (2)
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Figure 4: Comparison between experimental (crosses) and finite element simulation (plain curves) results
on 4 experimental points : top of the upper body (black), top of the central body (red), bottom edge of the
envelope (green) and table (blue).

The solving of the previous equation gives the values of α and β, and thus the matrix D.
The next step consists in implementing the nonlinear joints. This step is detailed in [4]. The result is a change
in the form of the dynamical equation, that is now given by the following relation :

Mẍ + D(x)ẋ + K(x)x = Fexcit(t) (3)

with D and K functions of x. The constant part is separated from the non constant parts for matrices D and
K, this leads to :

Mẍ + Dẋ + Kx = Fexcit(t) + Fnl(x) (4)

with Fnl(x) = (D−D(x))ẋ + (K−K(x))x the nonlinear source term. The form of Fnl depends on the
type of nonlinearity.

3.4 Friction modeling

Many friction models have been developed to represent the nonlinear force induced by friction. Some of
the most used are the models of Coulomb, Dahl [6], Iwan [7], Valanis [8] or LuGre [9, 10]. Concerning the
friction observed in our structure of interest, a Jenkins model [11] gave good results in the work of Claeys
[4] for a very similar structure, so the same model is used in our application. This model is schematically
presented in Figure 6, and consists in adding a linear spring in series with a Coulomb friction model. The
slider remains in the stuck position until the force in the spring reaches the friction force when slipping
begins. This force threshold FCoulomb is the only parameter of the model. The sliding of the blade is such
that the internal force of the joint stays equal to the threshold.
The algorithm to calculate the nonlinear force in the joint was first proposed by Guillen and Pierre [12]. For
each time iteration i of the temporal signal, in a first step, a trial force is estimated assuming that the friction
slider remains in the stuck position between the iteration i− 1 and i :

trf = fi−1 + kJenkins(ui − ui−1) (5)

Then the friction threshold FCoulomb is applied to calculate the force in the Jenkins element at the iteration
i. This threshold creates 2 states : slip and stick. When the slip threshold is reached, a classical friction
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(a) (b) (c)

Figure 5: Cross-section view of the three first axial modes.

(a) (b)

Figure 6: Schema (a) and forcedisplacement diagram (b) of a Jenkins friction model.

behavior is assumed. In the reverse case, no energy is dissipated and the contact behavior is purely elastic :

fi =

{
trf if |trf | < FCoulomb (stick)

sign(trf)FCoulomb if |trf | ≥ FCoulomb (slip)
(6)

This algorithm only works when applied to periodic motions.

3.5 Elastomer modeling

In the present study we are interested in the modeling of an elastomeric joint in the structural dynamics frame,
and the validation of this model by test-simulation comparisons. These joints are vibration isolators and
have a nonlinear behavior, exhibiting a dependency of eigenfrequencies and dissipation with input amplitude
(Payne effect), hysteresis in the frequency response (Mullins effect) and multi-harmonic response to a mono-
harmonic excitation. The joints are subjected to harmonic and random excitations. The harmonic excitations
are used to create the model, while the random excitations are used to validate the latter.
Many methods have been developed in the literature to study the dynamic behavior of filled rubber isolators.
First, methods based on the modeling of the mechanical laws of the elastomer, using physical models such as
the Kelvin-Voigt or Maxwell model [13], fractional derivatives [14] or Berg model [15] to name just a few.
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Figure 7: Sine-swept experiments (a) and resulting model (b) for the elastomeric joint.

These methods are accurate but require a complex modeling of the joint, generally using a finite element
discretisation of the later [16, 17]. The second class of methods is based on phenomenological modelings
integrated at the scale of the mechanism. They usually take the form of a one degree-of-freedom system
whom stiffness and damping are polynomials [18] or exponentials [19] of the relative displacement of the
mechanism. The approach used in the present work is close to the later. The uniaxial behavior of the joint is
identified using sine-swept experiments with increasing levels of excitation. The choice of modeling consists
in a dependency of the stiffness and the damping of the joint with respect to the amplitude of the relative
displacement.
Sine-swept experiments were conducted with various levels of excitation in the vicinity of the first resonance
peak of a mass-spring system. The spring is the elastomer, with a mass attached to it. The spring is linked
to the shaker. Results of the experiments are shown in Figure 7. The softening of the elastomer with the
excitation level is characteristic. For every excitation level, the frequency of the resonance and the peak
amplitude are measured. By approximating the system with a linear one DOF system, it is possible to
assume the stiffness and the damping of the latter for each peak :

KElastomer = mSystem × Ω2
Resonance (7)

DElastomer =

√
mSystem ×KElastomer

QResonance
(8)

Therefore, a set of N duos (KElastomer, DElastomer) is obtained, with N the number of sine-swept experi-
ments. These couples are only valid at the specific resonance they were calculated. The main nonlinearity in
an elastomer is the Payne effect, which is the dependency of the properties of the elastomer towards its inter-
nal deformation. Therefore, the duos (KElastomer, DElastomer) are assumed to be functions of the amplitude
of deformation. The other nonlinear effects (dependency with the temperature, the frequency, the loads...)
are neglected.

3.6 Modeling of the signal

Many mechanical problems can be considered as stochastic nonlinear problems. A few examples are struc-
tures subjected to wind or vehicles on irregular roads. In these cases, the excitation is random and in general,
only the statistical quanta (moments, spectra) are known.
Several methods allow for the resolution of these mechanical problems : the Fokker-Planck method [20, 21],
the perturbation method [22] and the stochastic linearisation [23]. However, these techniques are limited to
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weak nonlinearities. A broader approach consists in numerically solving the nonlinear equations by using a
trajectory of the excitation. In this paper, we use the work of Shinozuka [24, 25] that employs trigonometri-
cal series to describe a random signal.
Let x(t) be a second order, stationary, centered and Gaussian process. x(t) has a PSD Sx(f), with a compact
support, meaning that there is a frequency fm > 0 for which Sx(f) = 0 for |f | > fm.
To simulate x(t), a series of process xN (t) is build and indexed by N , converging toward x(t). For N fixed,
the process xN (t) is simulated from the knowledge of the PSD Sx(f). ForN big enough, the obtained trajec-
tories are seen as good approximations of the trajectories of the process x(t). According to Shinozuka [25],
the process xN (t) is defined as a series of cosinus with frequencies divided equally on the interval [−fm, fm],
with random phases uniformly distributed on [0, 2π] and with amplitudes function of Sx(f). We write :

xN (t) =

√
1

T

N−1∑

k=0

√
Sx(fk) cos(2πfkt+ Φk) . (9)

When N is big, the computational time of the series (9) can be high. To overcome this issue, Eq. (9)
is written for times t, equidistant and with a frequency discretisation chosen in order to use Fast Fourier
Transform algorithms. Using the previous formalism alongside a FFT algorithm in Eq. (9), one obtains

xN (tn) =

√
1

T

(
FFT−1(eiΦk

√
Sx(fk))

)
. (10)

By construction of the family Φk, xN (tn) should be a series of real values, however round-off errors can
occur from the FFT , so we write :

xN (tn) =

√
1

T
Re
(
FFT−1(eiΦk

√
Sx[fk])

)
. (11)

On one hand, one can simulate a random time series xN (tn) with computational efficiency provided that the
PSD is known at the frequencies fk and that a random family of phases is generated. On the other hand, one
can estimate a PSD from a time series evenly spaced in time. The estimate has a lower variance when the
signal is split into K signals of the same duration.
In this paper, the input data is the Power Spectral Density of the excitation, while the desired data is the
Power Spectral Density of the output acceleration at a given point of a structure. To solve the nonlinear
equations, temporal representations of the signal are necessary. The procedure is then as follow :

1. First, K signals are generated from the input PSD using the procedure developed previously. These
signals will be the input of the Harmonic Balance Method (in a Fourier form).

2. Secondly, K deterministic simulations are conducted using an HBM. These simulations are detailed
in next Section 4. The results are K output signals in a Fourier form.

3. Then, the output PSD is estimate by averaging the K PSD of the output signals, in order to reduce the
variance of the estimate.

3.7 Updating of the signal parameters

A few parameters need to be updated in order to simulate the system. The two main constraints are the
frequency bandwidth and the frequency resolution.
The PSD is of interest in the bandwidth [10, 600] Hz, so the Nyquist’s frequency impose that the time step is

dt =
1

2 · 600
= 8.33 · 10−4s or inferior.

Now, regarding the frequency resolution, the resolution needs to be high enough in order to capture the
resonance of the structure. With a small resolution, it is possible to jump over the peak, with a consequence
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in the prediction of the response. This behavior tends to be of even more importance with nonlinear systems
as a bad representation of the signal on certain frequencies will affect the whole bandwidth and not only
the concerned frequency. In order to have a high enough resolution, a criterion is to have 8 points in the
mid-power interval of the peak. This corresponds to a resolution ∆f that verifies :

∆f = f0

(
1−

√
1− 2ξ tan

( π
16

))
, (12)

where ξ = 1
2Q is the modal damping (and Q is the Quality factor, i.e. the maximum of the FRF) and f0 is

the frequency of the peak. Experimentally we measure approximately a Quality factor of Q = 100 with a
resonance frequency f0 = 200 Hz. This leads to ∆f = 0.2Hz.
With a Nyquist’s frequency fn = 1200Hz, this leads to N = fn

∆f = 6000. N is chosen as the closest power
of 2 to simplify the use of the FFT, so N = 213.

4 Nonlinear simulation

4.1 Description of the method

First of all, the deterministic nonlinear problem is solved with the Harmonic Balance Method [26]. This
method seeks the stationary solution in the form of truncated Fourier series. Both the nonlinear dynamical
response and the force vector are approximated by finite Fourier series with df (the frequency resolution) as
fundamental frequency. Let Ω = 2 · π · df be the fundamental pulsation. (Ak,Bk)k∈[1,p], (Sk,Ck)k∈[1,p],
(Sk,excit,Ck,excit)k∈[1,p] are respectively the Fourier coefficients of the solution W, the nonlinear force FNL

and the excitation F.

x(t) = B0 +

p∑

k=1

(Bk cos(kΩt) + Ak sin(kΩt)) (13)

Fnl(t) = C0 +

p∑

k=1

(Ck cos(kΩt) + Sk sin(kΩt)) (14)

F(t) =

p∑

k=1

(Ck,excit cos(kΩt) + Sk,excit sin(kΩt)) (15)

p, the order of the truncated Fourier series is selected on the basis of the number of significant harmonics
required in the dynamical response. For our application, p is chosen to be equal to N (where N = 213 has
been calculated in Section 3.7). Equation (4) is rewritten in the Fourier basis :

[
K− (kΩ)2I −kΩD

kΩD K− (kΩ)2I

] [
Ak

Bk

]
=

[
Sk

Ck

]
+

[
Sk,excit

Ck,excit

]
∀k ∈ [0, p] (16)

where I is the identity. The coefficients Sk and Ck depend on the coefficients Ak and Bk. They are
calculated through an Alternate Frequency Time domain method (AFT-method) [27]. Usually this method
deals with a small number of harmonics which makes the Discrete Fourier Transform (DFT) a suitable
method to go from the temporal representation to the frequency representation of the signal, and inversely.
However in this paper, the number of harmonics is extremely high. The AFT is adapted by using the FFT
algorithm instead of the classic DFT. Using the FFT, one can calculate the non-linearity in the temporal space
before switching back to the Fourier domain, as summed up by the following scheme :

X = [A0B0A1B1...ApBp]
FFT−1

−→ x(t)
Eq. (4)−→ Fnl(x)

FFT−→ [S0C0S1C1...SpCp] (17)
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This equation creates a direct link between the Fourier coefficients of W and Fnl which enables a nonlinear
solving of problem (4) that can be written as :

H(X,Ω,F) = AX−B−BNL(X) = 0 (18)

with :

A =




K
K

K− Ω2M −ΩD
ΩD K− Ω2M

. . .
K− (kΩ)2M −kΩD

kΩD K− (kΩ)2M
. . .




, (19)

and B and BNL the Fourier series of F and Fnl respectively.
The solution X is a discrete response curve in the frequency-amplitude domain. It represents the Fourier
Transform of the solution over the entire frequency bandwidth, and can be used to estimate the PSD of the
solution. However, it might not be possible to find a solution X that verifies Equation (18), especially for
strong nonlinearities. Therefore, a Newton-Raphson continuation method has been used. The input PSD of
F is considered as a variable as well as the Fourier coefficients X of the solution.
The continuation starts with a prediction step. Considering two points that are already computed (Yn−1 and
Yn, where Yn = [X(n),F(n)]), the next point belongs to the secant generated by the two later points. The
distance between Yn and Y0

n+1 is the step-length ∆s, so that the prediction point is :

Y0
n+1 = Yn + ∆s.(Yn − Yn−1) (20)

The second part of the continuation is the correction. The Newton-Raphson correction is such that at the ith

iteration, Xi needs to be a zero of H, so the correction is written :

Xi
n+1 = Xi−1

n+1 +

[
∆X
∆F

]
with

[
∆X
∆F

]
= −J+

y H(x
(i)
n+1)H(x

(i)
n+1) (21)

Once the Fourier coefficients X are calculated, the nth harmonic of x is given by the formula Hn =√
‖An‖2 + ‖Bn‖2 so that the frequency response can be plotted for each harmonic.

4.2 Changes in the Jacobian

The previous algorithm does not scale well with the dimension of the problem. With N being the number
of harmonics, the size of the Jacobian of the system is (2N, 2N). The first source of computation time is in
the inversion of the Jacobian that scale in O(N3). The second source of computation time is in the making
of the Jacobian. Each column needs the calculation of a nonlinear force Fnl(t), and the later is based on the
use of one FFT and one inverse FFT with signals of size N . The result is that the making of the Jacobian
scales in O(N2log(N)) as one FFT scales in O(Nlog(N)).
Let Jf (X) be the Jacobian of a function f depending on X. For a random excitation, the optimization
problem requires the calculation of the Jacobian :

JH(X) = JAX+B+BNL(X)(X) = A + JBNL
(X) . (22)

The matrix A is block-diagonal by construction and represents the linear part of the equation. In most cases,
the nonlinearity acts as a perturbation of the nonlinear system so we can assume that the full Jacobian is
block-diagonal dominant. Based on the method developed in [28], we choose to solve our optimization
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problem using an approximation of the Jacobian, that is the block-diagonal part of the full Jacobian. The
new Jacobian is much more easier to inverse. The solving of one linear system of size (2N) is changed to
the solving of N linear systems of size 2.
Another possible speed-up can be actuated in the making of the Jacobian. Now, only the block-diagonal part
of the Jacobian is of interest, so there is no need to calculate the full Jacobian. Indeed, for each column of
the matrix, only two rows are used for the inversion of the Jacobian matrix. To provide a simple explanation
of the speed-up, we take the example of the kth block of matrix A, that is written :

[
K− (kΩ)2M −kΩD

kΩD K− (kΩ)2M

]
. (23)

This block is positioned at the indices (2k, 2k),(2k, 2k + 1),(2k + 1, 2k) and (2k + 1, 2k + 1) of matrix
A. One wants to calculate the components 2k and 2k + 1 for the nonlinear vectors BNL(X + dX2k)
and BNL(X + dX2k+1), the other components being irrelevant with the block-diagonal assumption on the
Jacobian.
Firstly, the calculation of the temporal signals of X + dX2k and X + dX2k+1 do not require the use of an
inverse FFT. This fact is actually independent of the assumption on the Jacobian. Indeed, as the inverse FFT
operator is linear and since and inverse FFT was conducted once on the vector X, one just needs to add the
cosine and sinusoidal compounds to the output signal :

x2k(t) = FFT−1(X + dX2k) = FFT−1(X)− 1

N
‖dX2k‖ sin(kΩt) , (24)

x2k+1(t) = FFT−1(X + dX2k+1) = FFT−1(X) +
1

N
‖dX2k+1‖ cos(kΩt) , (25)

which requires O(N) operations instead of O(Nlog(N)).
Once these two temporal signals are computed, one can calculate the two resulting temporal nonlinear source
terms. With the assumption on the Jacobian, we are only interested in two components for each of these
signals. Instead of using an FFT, a Galerkin projection on the desired frequencies, in order to calculate the
necessary nonlinear source terms :

BNL(X + dX2k)2k = −
∑

t

(Fnl2k(t). sin(kΩt)) , (26)

BNL(X + dX2k)2k+1 = +
∑

t

(Fnl2k(t). cos(kΩt)) , (27)

BNL(X + dX2k+1)2k = −
∑

t

(Fnl2k+1
(t). sin(kΩt)) , (28)

BNL(X + dX2k+1)2k+1 = +
∑

t

(Fnl2k+1
(t). cos(kΩt)) , (29)

which requires O(N) operations instead of O (Nlog(N)).
In the end, this procedure changes the scaling of our algorithm to a small factor, from O

(
N2log(N)

)
to

O
(
N2
)
.

It is of paramount importance to note that the speed-up of the algorithm per iteration does not necessary
mean a speed-up in the overall calculation time. Indeed, the assumption made on the Jacobian deteriorates
the latter and can slow down the convergence of the algorithm. However, there is always a gain in term of
memory.

5 Results

Simulated and experimental frequency response functions for random vibrations of increasing excitation lev-
els are plotted in Figure 8 for “Harmony-Gamma”. Similar behaviors are observed between the simulations
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and the experiments. In the vicinity of the first mode, there is a decreasing of the frequency and the reso-
nance amplitude starts decreasing. This is due to a combination of the two nonlinear joints. For the second
mode, there is a significant decrease of the frequency, due to the elastomer joint only. The third mode is only
impacted in its amplitude peak due to the increasing distance with the second mode.
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Figure 8: Cross-section schema and picture of the structure ”Harmony-Gamma”.

6 Conclusion

A nonlinear vibration simulation method is applied to an assembly with friction and elastomeric joints. The
presented method is based on 4 main steps: finite element modeling, model reduction, nonlinear simulation
and comparison with experimental results. The nonlinear simulation process uses the Harmonic Balance
Method adapted to random vibrations and coupled with condensation algorithms. It is observed that simula-
tions reproduce the experimental flattening and shifting of the resonance peaks when increasing the excitation
level.
This study demonstrates that the presented nonlinear simulation method is relevant in simulating the evolu-
tion of the frequency response due to nonlinear joints in assemblies subjected to random excitations. It is an
important step toward the actual use of such nonlinear simulation methods in industry.
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in: Wissenschaftliche Veröffentlichungen aus dem Siemens-Konzern, Springer, 1923, pp. 231–239.

[12] J. Guillen, C. Pierre, An efficient, hybrid, frequency-time domain method for the dynamics of large-
scale dry-friction damped structural systems., in: IUTAM Symposium on Unilateral Multibody Con-
tacts, Springer, 1999, pp. 169–178.

[13] R. Lewandowski, B. Chorazyczewski, Identification of the parameters of the kelvinvoigt and the
maxwell fractional models, used to modeling of viscoelastic dampers, Computers and Structures 88 (1)
(2010) 1 – 17.

[14] M. M. Sjberg, L. Kari, Non-linear behavior of a rubber isolator system using fractional derivatives,
Vehicle System Dynamics 37 (3) (2002) 217–236.

[15] M. BERG, A non-linear rubber spring model for rail vehicle dynamics analysis, Vehicle System Dy-
namics 30 (3-4) (1998) 197–212.

[16] N. Gil-Negrete, J. Vinolas, L. Kari, A simplified methodology to predict the dynamic stiffness of
carbon-black filled rubber isolators using a finite element code, Journal of Sound and vibration 296 (4-
5) (2006) 757–776.
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Abstract 
Modal testing practitioners are well accustomed to FRFs which, nowadays, can be measured and analysed 

by a large variety of methods and tools. However, most of the tools for linear modal analysis are practically 

unusable when the frequency response is amplitude dependent. Hence, the methods based on the properties 

of the Nyquist circle become unavailable because of the loss of its circularity and completeness. 

Nevertheless, FRFs of well-isolated modes can still be processed by calculating the modal parameters for 

every pair of receptance points taken at equal amplitude either side the maximum response peak. The major 

limitation of this method is the absence of one branch of the response function due to unstable dynamics. 

The objective of this work is to show that incomplete FRF functions can be still processed to obtain the 

modal parameters. The method is benchmarked against a single degree of freedom both for linear and 

nonlinear response conditions. 

1 Introduction 

Modal testing is today a well-established practice for measuring and analysing frequency response functions. 

The modal parameters can be both used to generate a simple mathematical model (few degrees of freedom) 

or to validate a model generated by Finite Element (a large number of degrees of freedom). The groundwork 

was carried out by several scholars, who delivered several methods now packaged in high levels of 

technology readiness software suites [1], [2], [3]. However, experimental measurements showed that the 

linear modal analysis tools were unusable when the frequency responses presented a skewness typical of the 

nonlinear systems. Experimental methods, for analysing nonlinear vibrations, have to rely on measurements 

carried out by controlling the vibration amplitude of the response, which means “linearize” the FRF for a 

given constant response amplitude. By doing so, single DoF analysis methods can be used for processing 

FRFs and evaluate both natural frequency and damping nonlinear curves. This approach can be accurate, 

but its implementation is highly time consuming and therefore limited to some selected nonlinear 

responses[4]. The analysis was improved by using a method still based on single DoF approach, but which 

enabled fast nonlinear modal analysis. In fact, it analyses two pairs of frequency points at equal vibration 

amplitude either side the response peak to compute the four modal parameters. By sweeping pairs of 

frequency points from low up to high vibration amplitude, both the frequency and damping nonlinear curves 

were estimated [5]. Despite the intelligent approach to the data analysis, the method failed when one branch 

of the FRF was not present due to the unstable dynamic behaviour of the system, or commonly known as 

response jump. Furthermore, the analysis revealed poor accuracy in the identification of the damping 

nonlinear curve. Some minor issues were also observed on the constructed backbone that presented 

discontinuities when two modes were too close to each other. Many scholars investigated and successfully 

identified several methods based on direct analysis of time responses or frequency spectra, but no references 

in this work mainly based on steady-state measurements. 

The objective of this research is to develop an identification method which can process FRFs measured 

under steady-state conditions when the vibration response becomes nonlinear. This method will start from 

the shortfalls of the method presented by Carrella [5] and aim to overcome those in the attempt to offer a 

2661



valuable tool to modal analysis practitioners. The paper is divided into two parts; the first one explains the 

basic idea developed to overcome analysis issues due to the frequency jump. Moreover, it proves that the 

method can intelligently calculate the system parameters of a linear single DoF system. The second part will 

present examples of a single DoF system included with stiffness and damping nonlinearity. 

2 Theoretical background 

This section will deal with the theoretical background which leads to the development of a novel method 

for performing the identification of nonlinear modal parameters. The case regards all those frequency 

response functions which present a response jump from high to low vibration amplitude, or the other way 

around. As already explained in section 1, the complex FRF analysis method, presented by Lin and Carrella 

[5], is unable to resolve the modal parameters when one branch of the frequency response curve is absent. 

However, the method paved the way to a simple approach to unbundling features from nonlinear system 

dynamics without going through expensive experiments or complex signal processing. This paper will show 

that it is possible to overcome the existing limitations and to derive the modal properties form an incomplete 

Nyquist dataset. The novel analysis method will be attempted by using a single degree of freedom system 

(SDOF). 

 

The mobility FRF of an SDOF is described by equation (1), which by post-multiplying the numerator and 

denominator by the conjugate of the denominator will decouple the equation is the Real and Imaginary parts, 

in equations (2) and (3). 
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The choice of using the mobility FRF for developing this new methodology is due to the circularity of the 

Nyquist circle whereby the viscous damping is the inverse of the diameter of the circle. Furthermore, the 

simulation of nonlinear FRFs is performed by ODE methods, where the use of viscous damping makes the 

solution of the equation of motion more practical than using other types of damping models. One should 

immediately notice from equations (2) and (3) three unknown parameters m, c and k are present But, the 

parameter c can be quickly determined by measuring the circle diameter in a single DoF system. Therefore, 

two equations are now necessary to resolve both m and k. The solution to this problem is sought from the 

fundamental principle of the geometry of the circle, which can be defined by a minimum of three points. To 

understand how to exploit this principle, one should look at Figure 1 which shows two Nyquist circles for 

linear (black trace) and nonlinear (red trace) systems, respectively. By first focussing on the linear system, 

one can notice that every three frequency points taken from the Nyquist dataset will always resolve the same 

circle, in fact, the circle parameters are unique. The explanation is sensible since the system is linear and, 

therefore, all the frequency points are equally spaced from the centre of such a circle. By switching the 

attention to the nonlinear system, described by the Nyquist dataset in red, one should notice that every three 

frequency points will define an amplitude dependent circle. It means that the circle parameters will depend 
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on the magnitudes of the three selected frequency points. How to exploit this feature will depend on how 

these three frequency points are selected. 

 
Figure 1 Nyquist circle for linear (in black) and nonlinear (in red) system 

 

Mechanical structures are known to exhibit a degree of nonlinearity depending on the material, geometrical 

and boundary condition properties and the level of vibration amplitude to which such systems are exposed 

to. However, in all cases, mechanical systems will always show an underlining linear behaviour for low 

levels of vibration amplitude. This behaviour is somewhat essential for understanding how to perform the 

selection of the frequency points from a Nyquist dataset. It means that to observe the evolution of the circle 

parameters depending on the vibration amplitude; one should select three frequency points two of which are 

references and let the last one sweeping the frequency range measured for the FRF. In practice, two 

frequency points are selected as references at the lowest vibration amplitude, at which the mechanical system 

is assumed to present an underlying linear behaviour. The third frequency point can be called the sweeper 

and used to sweep all, but the two references, data points forming the FRF. It is now possible to determine 

the circle’s parameters at the vibration amplitude of the sweeper. It is now possible to write a system of 

equations based on the equation (2) and (3). The system of equations (4) is defined by fixing two references 

at s  (start frequency) and 
e (end frequency) typically at very low vibration amplitude and i which is the 

sweeping frequency. One can notice that the system parameter c, the inverse of the diameter of the circle, 

depends on the point selected (the sweeper). 
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(4) 

It is trivial to note that only two of the equations in (4) are necessary for resolving the system parameters m 

and k. Another simple approach which will not require to measure the circle diameter is based on the use of 

the imaginary part of the inverse of the mobility as expressed in equations (5). By taking two equations of 

the three available in the system of equations (5), both m and k can be resolved for every set of three 

frequency points. 
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2.1 Numerical simulations and system identification 

This section is focussed on the numerical simulation, and the definition of the nonlinear systems developed 

for studying the newly developed identification method. A single degree of freedom system is initially 

attempted to prove that the approach can identify the system parameters correctly. However, before the 

system is integrated with nonlinear terms, a mobility FRF is calculated from equation 1 and solved by using 

two of the equations of the system in (4) and (5). 

2.1.1 Evaluation of system parameters from linear vibrations 

Figure 2 shows the Nyquist circle of equation (1) calculated with the following system parameters, m = 6 

kg, c =  100 Ns/m and k = 1e8 Nm in a frequency range between 600 (0.1) 700 Hz. The natural frequency of 

such a system is 649.75n  Hz.  
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Figure 2 Nyquist circle (left) and magnitude (right) of mobility for a linear system 

 

Using two of the equations in the system (4) it is possible to calculate the modal parameters; these are shown 

in Figure 3. The plots of Figure 3 a, b, c and d only report the partial solutions calculated for the frequency 

range between 600 and 700 Hz using the real part of the system of equations (4). The damping value c is 

directly calculated from the measurement of the circle diameter. The other two parameters m and k are 

calculated by using two equations which, when resolved, will give four sets of solutions. These are visible 

from the colours (red, black, blue and green) used to describe the curves in Figure 3. Two of the four set of 

solutions are meaningful, and one part of these two (see the black arrows in Figure 3) describes the correct 

system parameters m and k. Hence, the method to fix two references and sweep the entire Nyquist mobility 

dataset enables the recovery of the system parameters, which match the initial ones used for simulating the 

mobility FRF. The result should have been evident at the outset since whichever selection of three frequency 

points would fit the same circle. Nevertheless, the nonlinear system will present a quasi-linear response for 

low vibration amplitude which will change to nonlinear as the amplitude is increased. Therefore, given two 

references the sweeper will determine a new circle the parameters of which can be calculated. Finally, by 

tracking the behaviour of the system parameters against the vibration amplitude one can determine the full 

dynamics of a nonlinear single degree of freedom system.  

 

 

(a) Solutions calculated for the natural frequency 

 

(b) Solutions calculated for the mass m 
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(c) Solutions calculated for the damping c (d) Solutions calculated for the stiffness k 

Figure 3 Calculation of the system parameters and natural frequency 

 

Instead, by using the equation in (5) one can notice that the parameter c is not necessary for resolving the 

equations and the parameters m and k are easy to find. Figure 4 shows the natural frequency of the single 

DoF system, which is a straight line because every three sets of frequency points will always resolve the 

same circle parameters. 

 

Figure 4 Calculation of the natural frequency by using the system of equation (5) 

2.1.2 Evaluation of system parameters from nonlinear vibrations 

This section deals with the identification of the system parameters which are amplitude dependent. As 

already explained a set of three frequency points would define a circle from which the system parameters 

can be calculated. Repeating this calculation for as many circles as defined by the set of Nyquist data, it is 

possible to track the evolution of the system parameters over the vibration amplitude. Two nonlinear systems 

were created to carry out the validation of the proposed identification method, such as one with a cubic 

stiffness nonlinearity and one with both cubic stiffness and quadratic damping nonlinearity. 

Equation (6) represents a nonlinear single DoF with cubic nonlinearity. The parameter m, c, and k are the 

same already used for the linear system. Instead, the knl = 1e18N/m3 is the coefficient of the stiffness 

nonlinearity. Equation (7) represents a single DoF system with a quadratic damping and cubic stiffness 

nonlinearity. The nonlinear stiffness coefficient is the same used for equation (6) instead the damping 

nonlinear coefficient is cnl = 10000N(s/m)2. 

 3 sinnlmx cx kx k x f t      (6) 

 3 sinnl nlmx cx c x x kx k x f t       (7) 

Equations (6) and (7) were calculated by integration method and hundred cycles of steady-state vibration 

were used for the analysis. The frequency range simulated was between 640Hz and 660Hz with a frequency 

spacing of 0.1Hz. The sample rate and the length of the time vector were 30kHz and 2 seconds, respectively. 

The FRF was calculated by the ratio between the response and the excitation force of the first fundamental 

component. The higher order harmonics from the response were neglected because their very tiny 

magnitudes. 
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2.1.3 Stiffness nonlinearity case study 

Figure 5 shows the four FRFs, both Magnitude and Nyquist format, of a single DoF system with stiffness 

nonlinearity. These FRFs were simulated with excitation forces of 0.1N, 0.4N, 0.7N and 1N, respectively. 

The system presents hardening behaviour with typical jump caused by its unstable dynamic behaviour, and 

with the Nyquist circles presenting no loss of circularity due to the sole inclusion of stiffness nonlinearity. 

By closer inspection, one can notice that the frequency points rotate clockwise concerning a reference, such 

as a frequency point measured at the lowest forcing. This supports the ideas that by selecting two references 

and sweeping the third point, one can observe the nonlinear properties of the system as the vibration 

amplitude is increased. The primary objective is to trace the natural frequency of the system against the 

vibration amplitude. The analysis can be done by using two of the equations presented in the system of 

equation (6), which require the calculation of the damping, c. This parameter can be calculated merely 

because of a mobility FRF of a single DoF system would correspond to the inverse of the diameter of the 

circle. This diameter is calculated by fixing two frequency points at the lowest vibration amplitude and 

sweeping the third point over the number of points measured for the Nyquist.  

Figure 6 shows that the diameter is approximately constant for the four FRFs simulated (alternated black-

red) and it matches the original value set for the simulation (c = 100Ns/m). One would notice a numerical 

error of approx. 5% for the lowest vibration amplitudes. 

 

(a) FRF magnitude 

 

(b) FRF Nyquist 

Figure 5 FRF of a single DoF with stiffness nonlinearity 

 

Figure 6 Damping, c, of the single DoF system 
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It is possible to use two of the system of equation (4) to calculate both m and k and therefore possible to 

calculate a natural frequency for the equivalent linear system. By repeating this calculation for ever set of 

three frequency points, as explained earlier, it is possible to track the natural frequency against the vibration 

amplitude. Figure 7a shows the four traces of the natural frequency of the system. The red branch refers to 

the natural frequencies calculated by sweeping the FRF branch before the jump, from low to high frequency. 

The black branch refers to the frequency points after the jump, from high to low amplitude. Figure 7b shows 

a similar behaviour of the natural frequency, but the curves were calculated using equation (5). The 

difference between the two plots is about the way the curves are constructed, which requires to isolate the 

meaningful solution from the results of equation (4) and, therefore, the curve is built by composition of the 

upper and lower branch. The use of equation (5) leads to the complete calculation of the natural frequency 

curve. One can observe in Figure 7b the red curve. Interestingly, this curve also shows that by sweeping the 

data points the two branches before and after the jump do not overlap but create a kind of hysteresis. This 

behaviour will be more evident during the analysis of the single DoF system including both stiffness and 

damping nonlinearity. 

 

(a) Analysis carried out by using equation (6) 

 

(b) Analysis carried out by using equation (7) 

Figure 7 Natural frequency traces 

 

The data of the natural frequency from the graph in Figure 7b was curve-fitted by a polynomial function to 

identify if the natural frequency of the underlying linear system was correctly identified and if the 

nonlinearity was also adequately identified. Figure 8 shows the four natural frequency curves fitted by a 

polynomial function, depicted in red colour. The nonlinear polynomial function identifying the nonlinearity 

is: 

  18 3 12 2 52.97 5.75 2.8 649.75nl x e x e x e x       (8) 

The polynomial function of equation (8) captures the underlying linear natural frequency of the system 

correctly, 649.75Hz. It also identifies the cubic nonlinearity as initially used for the simulating the FRFs of 

the single DoF system but with an overestimated coefficient, -2.97e18x3 instead of 1e18x3. 
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Figure 8 Natural frequency traces fitted by polynomial function in red colour 

The functions of the stiffness and the mass, which are used to generate the natural frequency of the system, 

present some interesting features. For instance, the mass function would be assumed constant for all the 

vibration amplitudes, but this is not the case. Furthermore, being a hardening nonlinearity, one would 

suppose that the stiffness function would also present higher stiffness for higher vibration amplitudes. Again, 

this is not the case either and Figure 9a&b show what was just explained. Both behaviours are presented for 

an FRF measured with an input force of 0.1N. Both stiffness and mass functions tend to converge to the 

underlying linear system properties, such as m = 6kg and k = 1e8 N/m. In principle, the method identifies 

the nature of the nonlinearity correctly, but it is yet to understand why the mass is not a constant function 

and the stiffness presents an opposite behaviour than expected for a hardening nonlinearity. 

 
(a) Stiffness function 

 
(b) Mass function 

Figure 9 Stiffness and mass functions obtained from equation (4) 

2.1.4 Stiffness and damping nonlinearity case study 

The second case presented in this paper is the inclusion of both stiffness and damping nonlinearity in the 

single DoF system. Figure 10 shows both the FRF magnitudes in (a) and the Nyquist circles in (b). The 

inclusion of damping nonlinearity determines the change of the circle diameter for every excitation force, 

but it does not rotate the frequency points on the Argand diagram. The combination of stiffness and damping 
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will rotate the circles and change its diameters. The procedure for analysing the frequency points is precisely 

performed as described in the previous case, and both equations (4) and (5) can be used for this. 

 

(a) FRF magnitudes 

 

(b) Nyquist circles 

Figure 10 FRF of a single DoF with stiffness and damping nonlinearity nonlinearity 

 

The results for this stiffness and damping nonlinear system are presented in Figure 11 a&b. The observation 

should be drawn on the “hysteresis” feature of the curves as the sweeper inspects the frequency points of 

the FRF. One possible explanation is that the energy of the nonlinear response is not concentrated in its first 

fundamental frequency but spread across multiple harmonics. By neglecting the high order harmonics when 

generating the FRF one could claim that an energy loss is artificially created.  Figure 11a is created by using 

the real part of equation (4). Instead, the Figure 11b shows the results obtained by using equation (5), which 

takes into account both real and imaginary part of the frequency points. The red curve in Figure 11b shows 

the analysis carried out on FRF simulated with excitation force 0.4N. This behaviour is understandable since 

the imaginary part which carries information about the damping is not included in the analysis. One could 

argue that for frequency identification the system of equation (4) could be sufficient. 

 

(a) Analysis carried out by using equation 4 

 

(b) Analysis carried out by using equation 5 

Figure 11 Natural frequency traces 

Finally, the viscous damping is calculated by measuring the circle diameter for every three frequency points 

selected. Such a calculation is possible because of the single DoF system analysis whereby the parameter c 

is: 
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D

  (9) 

where D is the circle diameter. Figure 12 shows the damping behaviour against the vibration displacement. 

This paper will not go through the simulation of a nonlinear FRF based on the nonlinear parameters so far 

identified. Instead, it will select three values from the mass, damping and stiffness nonlinear functions and 

use them to calculate the regenerated FRF. The analysis is carried out on the assumption of linearity, which 

means that every three frequency points define a linear single DoF system for the given mi, ci, and ki. 

Therefore, by using equation (1) to regenerate the FRF, the match with the nonlinear FRF will be at the 

extremes and one frequency point, as it is showed in Figure 13 for nonlinear FRF simulated with 0.4N 

excitation force. One can observe that such a match is qualitatively poor, but here the aim is to evaluate the 

peak response at any point of the natural frequency and nonlinear damping function. 

   

Figure 12 Viscous damping trace 

 

Figure 13 Comparison between simulated nonlinear FRF and a regenerated linear one 

3 Conclusions and future work 

This paper shows for the first time how to overcome the issue of the vibration response jump in the analysis 

of FRF Nyquist data. The method proposed is relatively simple, it is based on the idea that both the natural 

frequency and damping can be observed when two references and one sweeper are selected from the data 

set. Hence, three frequency points will always be available to define Nyquist circle of a linear system, from 
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which the modal parameters can be extracted. This new methodology is applied to two numerical cases of 

a single DoF system which was included with stiffness and damping nonlinearity. The results from the 

analysis revealed that the nonlinear functions describing the natural frequency and the damping could be 

retrieved from the simulated data. The method based on the proposed equations work adequately, but these 

are not sufficiently accurate. A forthcoming publication will present a new algorithm which will resolve 

both the frequency and nonlinear damping functions as well as the modal constant. 
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Abstract
In this study, it is investigated how the random decrement (RD) technique can be used to linearize the nonlin-
ear stiffness of a single degree of freedom system with a hardening spring, known as a Duffing oscillator. The
linearization is implemented by using a set of trigger levels in the response signal to define RD signatures.
The modal parameters are estimated at the same response level for various excitation force levels, from the
RD signatures describing the system at that specific level, and extracting the modal parameters using time
domain parameter extraction methods. The system described by the RD signature is assumed to behave as
a linear system with an equivalent stiffness depending on the trigger level. Various triggering conditions for
the RD technique are investigated, to study their applicability in linearizing the nonlinear system. The results
of the study show that, with the Local Extremum, and Envelope triggering condition, the RD technique can
be successfully used to linearize the modal parameters of the Duffing oscillator.

1 Introduction

The random decrement (RD) technique is an established method for evaluating modal parameters of struc-
tures under random force inputs. Since the RD technique can be applied at a specific response level, it is an
obvious step to apply it on multiple levels in the same signal, to investigate the response for amplitude depen-
dent nonlinearities. Using this approach, it should be possible to examine if, and how the modal parameters
vary at different response amplitudes, and thereby linearizing the nonlinearity. The idea of analyzing systems
with amplitude dependent nonlinearities has been part of the RD technique since H. A. Cole introduced it in
1968 [1], where he showed that the technique is promising regarding the detection of amplitude dependent
nonlinearities. The results from this study can be used in any application where a nonlinear dynamic system
is excited by a random force, and the amplitude dependent properties need to be identified.

S. R. Ibrahim et. al. introduced multi-triggering in 1987 [2] to identify amplitude dependent nonlinearities,
and investigated various triggering conditions including the level crossing (LC) condition. The modal pa-
rameters were identified with the Ibrahim Time Domain (ITD) method. In 1992 A. P. Jeary [3] also used
multiple triggering levels with the LC triggering condition and suggested that a nonlinearity in the natural
frequency can appear as a decay function. A new triggering condition was proposed in 1996 by Tamura
and Suganuma [4], which in the present paper is referred to as local extremum (LE), to identify amplitude
dependent nonlinearities. A numerical study was performed, where the system parameters were simulated to
be dependent on the previous peak in the response, and constant between peaks. The RD technique with LE
was then applied to a wind-induced response of various buildings. The amplitude envelope RD technique
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was introduced in 2016 by Huang and Gu [5]. RD was used here under the assumption that the dynamic pa-
rameters of the system do not change within the individual signal segments, and that the system parameters,
corresponding to the triggering level, is contained within the corresponding segment. The numerical study in
[5] introduces a new iterative computing method that uses the Newmark method, and the system is modelled
such that the stiffness and damping are functions of the amplitude envelope of the response. A review of
various implementations of the RD technique was performed in 2017 by T. Reynolds [6], who compares the
level crossing, local extremum, envelope, and positive point (see Section 2.2). The review was done by per-
forming a Monte-Carlo simulation with the computation method introduced in [5] with amplitude dependent
damping in an SDOF system. The review concludes that local extremum, envelope, and positive point give
good estimates of the nonlinear parameters compared to level crossing, but have higher variability.

In the present paper we study the duffing oscillator, which has a nonlinear restoring force, see Figure 1. It
is investigated how accurately the RD technique can identify the linear and nonlinear parts of the restoring
force, by testing various triggering conditions.

In a linear system, the modal parameters are the same, regardless of the level of excitation force, because
the principle of superposition is valid. For a nonlinear system, like the Duffing oscillator, the principle of
superposition no longer applies, and modal parameters are dependent on the level of excitation force. For
the linearization of modal parameters to be successful, investigating a specific response level of the system
being excited by one level of force, should reveal the same modal parameters when investigating the same
specific response level, where the system is excited by another level of force. I.e. the linearization of the
system should only be dependent on the system parameters and not the excitation force.

In the present work, several numerical examples are analyzed with various triggering conditions. From the
RD signatures, modal parameters are extracted and the natural frequencies are then used to calculate the
linearized restoring force.

2 Theory

In this section the theory for the linearization of the Duffing oscillator, and the RD technique is described.

2.1 Duffing oscillator

The Duffing oscillator is described by Duffing’s equation [7]

mẍ(t) + cẋ(t) + kx(t) + k3x
3(t) = F (t) (1)

where m, c and k are the linear mass, damping, and stiffness respectively, k3 is the nonlinear stiffness, x
is displacement, and F is the applied force. The Duffing oscillator can be described as a single degree of
freedom (SDOF) system, with a cubic spring attached, see Figure 1. When the nonlinear stiffness k3 is
positive it is interpreted as a hardening spring.

The nonlinear part of Equation (1) is included in the total restoring force

Frest(t) = kx(t) + k3x
3(t). (2)

It is assumed that the total restoring force can be reformulated as

F ∗rest(α, t) = k∗(α) · x(t) (3)

where the equivalent stiffness k∗ is dependent on some amplitude α. This assumption results in a linearized
form of Duffing’s equation

mẍ(t) + cẋ(t) + k∗(α)x(t) = F (t), (4)
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Figure 1: Single degree of freedom system with cubic spring, also called Duffing oscillator

where the system is interpreted as being linear for a specific amplitude α.

With the introduction of an amplitude dependent stiffness, the relative damping also changes with amplitude.
The amplitude dependent relative damping is described by [8]

ζ(α) =
c

2
√
mk∗(α)

(5)

which means ζ will decrease when k∗ increases.

2.2 Random Decrement

This section will explain how the RD technique is performed, and specify the triggering conditions used in
the present study.

The RD technique is the method of obtaining the RD signature, which is calculated as an average ofN signal
segments extracted from x(t) [9]

D̂X,Y (τ) =
1

N

N∑

i=1

x(ti + τ)|Ty(ti) (6)

where x and y are realizations of the stochastic processes X and Y . N is the number of time points in
process y that satisfies the triggering condition Ty(ti) at the time points ti. τ is the lag of the RD signature,
which extends from −M to M . In Figure 2, the algorithm to perform this calculation is illustrated, where
the level crossing (LC) triggering condition is used. The algorithm is explained stepwise by following the
steps 1 - 4:

1) The triggering condition LC is applied to signal y(t) to find the time point ti. Four triggering points
are found, which are marked by dots.

2) The triggering points ti, found in signal y(t) are transferred to x(t) to mark the centers of the segments,
that are extracted from the signal x(t). The segments are symmetrical around the triggering points.

3) The four individual segments, extracted from signal x(t), are illustrated on top of each other in the lag
domain.

4) The average of the four segments results in the RD signature. Since only four segments are extracted
the RD signature is not complete and it has a large random error, but the general outline is quite clear.
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Figure 2: By following steps 1-4, it is illustrated of how the random decrement technique is performed,
according to Equation (6). Here, the level crossing triggering condition is applied

There are two forms of RD signatures. Auto RD signature D̂X,X(τ), where both the triggering condition is
applied to, and the segments extracted from, signal x(t). Cross RD signature D̂X,Y (τ), where the triggering
condition is applied to signal y(t) and the segments are extracted from signal x(t), as shown in Equation (6)
and illustrated in Figure 2.

There are many triggering conditions, and this study will be investigating how four of them perform when
analyzing the Duffing oscillator, namely level crossing (LC), positive point (PP), local extremum (LE), and
envelope (ENV). There is a confusion in the naming of triggering conditions, and for consistency the trig-
gering conditions PP, LE, and LC are named to correspond with [9]. This study presents a modified version
of the envelope triggering condition presented in [5].

The LC triggering condition is the one H. A. Cole used when he introduced the RD technique [1]. The
condition states, that a triggering point is detected if the signal is equal to a triggering level a

TLCy(t) = {y(t) = a}. (7)

In the PP triggering condition, a triggering point is detected when the signal is between two triggering bounds
a1 and a2

TPPy(t) = {a1 ≤ y(t) < a2}. (8)

For LE a triggering point is detected when the signal satisfies two conditions. It has to be between the two
triggering bounds, a1 and a2, and the derivative of the signal has to be equal to zero, which is equivalent to
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a local maximum or minimum
TLEy(t) = {a1 ≤ y(t) < a2, ẏ(t) = 0}. (9)

The ENV triggering condition uses the same principle as PP, but instead of using signal y(t) to find the trig-
gering points, the amplitude envelope of y(t) is used. The amplitude envelope is calculated as the magnitude
of the analytical signal

A(t) = |y(t) + jỹ(t)| (10)

where ỹ(t) is the Hilbert transform of y(t) [11]. The triggering condition is defined as

TENVy(t) = {a1 ≤ A(t) < a2}. (11)

ENV is not as well understood as the other triggering conditions, and exactly how it works leaves room for
discussion in another study. An interpretation of ENV could be that the amplitude envelope A(t) represents
equivalent peaks in the signal, and using it to find triggering points is equivalent to LE. The difference is that
the triggering points found are not restricted to a response with zero slope, that is the case for LE, but the
extracted segments have the same properties. With the triggering condition ENV, the identified triggering
points are not located neatly around the triggering level, as is the case for the other triggering conditions, but
spread out in both the positive and negative part of the response.

In [10] it is shown that the RD signature is proportional to the correlation function in the following way

DX,Y =
RX,Y (τ)

σ2X
· ã− ṘX,Y

σ2
Ẋ

· b̃ (12)

where σ2 is the variance and ã is a function of the triggering bound and the signals’ probability density
function, and is related to the part of Ty(t) that is applied to the response. b̃ is a function of the triggering
bound and the signals’ probability density function, and is related to the part of Ty(t) that is applied to the
derivative of the response[9].

One of the assumptions for the RD technique is that a response signal can be decomposed into three parts; the
response due to initial displacement, the response due to initial velocity, and response due to the excitation
force. When averaging the segments, the excitation force averages out, since it is assumed to have zero
mean. The velocity part is removed by making sure that if a triggering point is on a positive slope, another
triggering point is on the negative part of a slope, so they cancel out, and in most cases this is what happens
around a peak with PP and LC, as can be seen in Figure 2. Another way to eliminate the velocity part is by
only triggering on samples that have no velocity, which is the principle for LE.

For this study, the RD technique is applied, by first identifying the triggering points in the positive part of the
response, calculating the RD signature from the extracted segments, then identifying the triggering points in
the negative part of the response by multiplying the triggering level with −1, calculating the RD signature
from these extracted segments as well. The RD signature from the negative part of the response is multiplied
by −1, and an average is taken of the RD signatures from the positive and negative parts of the response.
The final step is to flip the part of the RD signature with negative lags over to the positive side, and again
taking an average of the two. The RD signature is now finalized and ready for the next step in the analysis.

3 Numerical tests and analyses

The numerical tests are performed by simulating the forced response of mechanical systems in the time
domain using a digital filter based method [12], and is done with a sampling frequency of fs = 1024 Hz.
The excitation force is a normal distributed signal with different variances, representing various force levels.
The force is low pass filtered at 100 Hz with a 4th order Butterworth filter before exciting the system.
All time history responses are 81.2 minutes resulting in 4990000 samples, and no noise is added in the
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System Mass Damping Linear
Stiffness

Nonlinear
Stiffness

# [kg]
[
Nsm−1

] [
Nm−1

] [
Nm−3

]

1 0.50 0.4 1000 0
2 0.50 0.4 1000 500
3 0.50 0.4 1000 2000
4 0.50 0.4 1000 4000

System Mass Damping Linear
Stiffness

Nonlinear
Stiffness

# [kg]
[
Nsm−1

] [
Nm−1

] [
Nm−3

]

5 0.65 0.8 1500 0
6 0.65 0.8 1500 750
7 0.65 0.8 1500 1500
8 0.65 0.8 1500 3500

System Mass Damping Linear
Stiffness

Nonlinear
Stiffness

# [kg]
[
Nsm−1

] [
Nm−1

] [
Nm−3

]

9 350 400 1.5e6 0
10 350 400 1.5e6 1.7e15
11 350 400 1.5e6 1.7e14

Table 1: Mechanical systems that are investigated

simulations. In the present study, the simulated response is a displacement signal. Several mechanical
systems are investigated to conduct a thorough analysis, and are presented in Table 1. Each system is excited
by 11 different force levels.

After the responses have been simulated the next step is to set up the RD analysis.

In [9], it is recommended that the triggering level should not be below the standard deviation of the response
signal σy, and not above 2σy. This recommendation is made on the basis of an analysis of linear systems.
The triggering levels in the present study is chosen with two things in consideration; the recommendation
from [9], and a desire to investigate a large range in the response signal. These considerations results in
triggering levels in the interval [σy, 2.5σy] for the present analysis.

The triggering levels are defined for each system as 75 logarithmically spaced levels, where the lowest
triggering level is the standard deviation of the response for the case where the system is excited by the
lowest force level, and the highest triggering level is 2.5 times the standard deviation of the response when
the system is excited by the highest force level. When the system is then analyzed, the response can be
divided to approximately 16 levels in the interval [σy, 2.5σy] for each case with a different force level. This
allows for an easy comparison between cases of different force levels, because the triggering levels are at the
same specific response levels.

For the triggering conditions PP, LE, and ENV, where two levels are needed to define a triggering point, the
levels [a1, a2] form a triggering band. When using a triggering band, and analyzing amplitude dependencies,
there are a few things to consider. It is desired to calculate an accurate RD signature using Equation (6),
meaning that N should be large, which can be realized by having a wide triggering band. However, the
analysis is desired to reveal information about a specific amplitude, meaning that the band should be narrow,
and thereby having a well defined amplitude. The triggering band is defined as a2 being the level specified
above, and a1 is tweaked such that an amplitude is well defined, while also having a large N to calculate an
accurate RD signature. For PP a1 is chosen to find approximately 10000 triggering points in the response
signal, and for LE, there are found approximately 3500 triggering points. For ENV the band is in the
amplitude envelope A(t), and a2 is still as defined above, but a1 is now defined such that the band [a1, a2]
represents 0.1% of the range of A(t).

The number of lags in the RD signature must be defined through the number M , and for all analyses per-
formed in the present studyM = 1024. This is a very large M , and only the first 110 lags are involved in the
further analysis, but this allows the analyst to visually inspect the RD signatures during the investigations,
with a lot of information available.

With these settings, the RD analysis can be performed on all systems, and an example of RD signatures with
three triggering levels, from a linear and a nonlinear system is presented in Figure 3. The case illustrated,
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is for systems 1 and 3, both excited with an rms force of 89 N. It is very clear that for the linear system,
only the scaling of the RD signature changes with triggering levels high, middle or low. The signatures from
the nonlinear systems experience other changes as well as scaling of the RD signature, an indicator that this
system is in fact amplitude dependent.
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Figure 3: Comparison of 3 RD signatures from a linear an a nonlinear system. The systems 1, and 3, are
both excited by a force with rms level of 89 N, and analyzed with the LE triggering condition

Once the RD signatures are obtained, they are treated as correlation functions, and the modal parameters are
extracted using time domain methods. In the present study, three methods are compared, Prony [13], Least
Squares Complex Exponential (LSCE) [14], and Ibrahim Time Domain (ITD) [15]. The modal parameter
extraction methods are all applied using the ABRAVIBE toolbox [16], where the methods are implemented
using stabilization diagrams. The first 10 lags are excluded from the RD signatures, and the following 100
lags are used in all the modal parameter extraction methods.

4 Results and Discussion

There are two main results presented and discussed in this section. First, results concerning the question
whether it is possible to linearize the modal parameters independently of the excitation force level. And
second, how accurately the nonlinearity is identified.

In the investigation, the deviations between the parameter estimation methods is minimal, and only results
for Prony are presented.

The four different triggering conditions are compared, to evaluate whether they can be used to linearize
the nonlinear systems independently of the excitation force level. The results presented here are from the
analysis of system 4, as these are representing the general results from all the systems very well.

In Figure 4, the estimated frequencies are given as a function of triggering level for the four triggering
conditions, each line in the plots represents a case of the system being excited by a specific rms force level.
The different ranges in triggering levels for the different cases, stems from the fact that the variance of the
response gets large when the system is excited by a larger force, and the triggering levels are logarithmically
spaced in the interval [σy, 2.5σy] for the individual case.

When comparing the four triggering conditions in Figure 4, it is easy to see that PP and LC behaves dif-
ferently from LE and ENV. Focusing on the triggering level around 0.3 m, the 4 cases with the rms forces
66.9 N, 89.3 N, 112 N, and 134 N are represented. Triggering conditions PP and LC do not identify the same
frequency for the four cases at this triggering level, instead the frequency increases with the applied force. If
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Figure 4: Example of estimated eigenfrequencies as a function of triggering level. The present analysis is
done on system 4. The various curves represent cases with different rms force applied to the system

the curves in PP and LC, for the rms force of 134 N, would be described by a function, it would not be the
same function that described the other curves. For LE and ENV, the frequency estimates are nearly the same
for the various rms force levels, and a single function could describe all the curves, since they all overlap.

From this comparison, the triggering conditions PP and LC cannot linearize the eigenfrequencies indepen-
dently of the excitation force, while LE and ENV can. This pattern repeats for all systems, and all modal
parameter extraction methods.

The exact reason why PP and LC are not capable of the desired linearization is unknown. It is however
known that it is not because PP and LC triggers on samples with a slope and LE does not, because ENV finds
most triggering points on a slope.

According to Equation (5), the relative damping decreases as a function of triggering level. In Figure 5
the damping estimates are presented as a function of triggering level. As in Figure 4, each line in the plots
represents a case of the system being excited by a specific rms force level. Again the triggering conditions PP
and LC behave in a comparable way, while differing from LE and ENV. For rms force levels below 44.6 N, all
triggering conditions result in an acceptable damping estimate, but PP and LC give an erroneous amplitude
dependent damping estimate when the excitation force is increased. LE and ENV lead to acceptable damping
estimates for a larger range of rms force levels. When the force exceeds 89.3 N, the estimates have a slight
increasing trend, while the true relative damping is decreasing, resulting in up to 100 % difference between
the true, and the estimated damping for the highest triggering levels. The damping estimates when using LE
and ENV are quite poor, but the error is similar for the various force levels.

At the triggering level of 0.33 m, four cases with the rms forces 66.9 N, 89.3 N, 112 N, and 134 N, are
represented. If the linearization is independent of the force level, it is expected that the RD signatures, from
this triggering level, will have the same appearance. A comparison of the RD signatures at that triggering
level is done in Figure 6, and here the trend continues, where the PP and LC look very similar, but differing
from LE and ENV. It should be noted that LE and ENV also are very similar, except for the scaling. The
RD signatures of LE and ENV for the different force levels are very similar in the first part, and as the lags
increase, the RD signatures appear to be increasing slightly in frequency and damping, when the force level
increases. For PP and LC, the increase in frequency and damping, as the force level increases, is significant,
and the RD signatures do not appear to be describing the same system. These observations from the RD

2680 PROCEEDINGS OF ISMA2018 AND USD2018



0 0.1 0.2 0.3 0.4 0.5 0.6

Triggering level [m]

0

1

2

3

4

5

D
am

pi
ng

 [%
]

PP

0 0.1 0.2 0.3 0.4 0.5 0.6

Triggering level [m]

0

1

2

3

4

5

D
am

pi
ng

 [%
]

LE

0 0.1 0.2 0.3 0.4 0.5 0.6

Triggering level [m]

0

1

2

3

4

5

D
am

pi
ng

 [%
]

LC

0 0.1 0.2 0.3 0.4 0.5 0.6

Triggering level [m]

0

1

2

3

4

5

D
am

pi
ng

 [%
]

ENV

F = 4.46
F = 8.93
F = 13.4
F = 17.9
F = 22.3
F = 33.5

F = 44.6
F = 66.9
F = 89.3
F = 112
F = 134
True damping

Figure 5: Example of estimated damping as a function of triggering level. The present analysis is done
on system 4. The various curves represent cases with different rms force applied to the system. The true
damping is calculated with Equation (5), using the triggering level as α

signatures are corresponding very well with the estimated eigenfrequencies and damping factors in Figures
4 and 5.
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Figure 6: RD signatures for system 4, with four different levels of force, all at the triggering level 0.33 m

The accuracy, with which the nonlinearity is identified, is evaluated on the basis of how well Equation (3)
can be fitted to Equation (2). This means that the equivalent stiffness must be calculated for each triggering
level (T li)

k∗(T li) = m (2πf(T li))
2 (13)

where f(T li) is the estimated eigenfrequency as a function of the triggering level as presented in Figure 4.
With the equivalent stiffness, the equivalent restoring force is calculated, using the triggering levels as the
displacement term

F ∗rest(T li) = k∗(T li) · T li. (14)
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This interpretation of the restoring force says that the system- and modal parameters are both extracted from,
and describing the system, at that specific triggering level.

As mentioned above, PP and LC cannot linearize the eigenfrequency independently of the excitation force,
and it does not make sense to describe the corresponding restoring force with a single function. Therefore,
PP and LC are excluded for the next part of the discussion.

In order to evaluate how well the linearization describes the nonlinear restoring force, an average is taken of
the restoring forces, calculated for the individual cases of various excitation force levels, producing a single
curve with which to perform the fit. The RD signatures are calculated by applying the technique to both
the positive and negative parts of the response, as mentioned in Section 2.2. Because the RD signatures are
calculated from both the positive and negative parts of the response, both the negative and positive parts of
the restoring force can be used in the fitting. A duplicate of the average restoring force is therefore rotated
180° representing the negative parts of the restoring force. A combination of the positive and negative parts,
forms the antisymmetric curve that is the restoring force as a function of the triggering level, see Figure 7.

In Figure 7, the estimated restoring force of system 10 for both ENV and LE is compared with a reference
restoring force, which is calculated with Equation (15) where the stiffness coefficients for the system, and
the triggering level as the displacement term is inserted. Both ENV and LE fails to fit completely with the
true restoring force of the system, as the cubic part of the function is underestimated in both cases. When
focusing on the linear part, around zero, both ENV and LE fit very well.
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Figure 7: The estimated restoring forces are compared to a reference, calculated by Equation (15). The
investigated system, is number 10

The evaluation of the accuracy is done by fitting the restoring force to a function in the form

Frest = k3x
3 + kx (15)

and calculating the error of the coefficients, in relation to the system parameters as given in Table 1. The
fitting errors for systems with a nonlinearity are presented in Figure 8. The linear coefficient in the restoring
force k, is identified very well, below 2.5 % error for all systems. For both LE and ENV, there is a negative
bias of approximately -39 % and -28 % respectively, in the identification of the cubic coefficient in the
restoring force k3. What is really interesting here is that the bias is the same, regardless of system parameters.

For the purely linear systems 1, 5, and 9, the linear stiffness coefficient k is determined within ±0.1 %, with
all triggering conditions investigated here, PP, LC, LE, ENV.

Due to the bias being the same for systems with a nonlinearity, a correction factor β is introduced in the
calculation of the restoring force

F †rest(T li) = k∗(T li) ·
T li
β
. (16)
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The displacement term is now proportional to the triggering level. Interpreting the restoring force now, leads
to the modal parameters being extracted at the triggering level, but the system parameters are extracted at a
response level proportional to the triggering level.

The correction factor is found empirically for the triggering conditions, to be βLE = 1.28 and βENV = 1.19.
The restoring force, for both LE and ENV, calculated with the corrected displacement term, is compared in
Figure 9, where the reference force is calculated by inserting the stiffness coefficients and the corrected
displacement term in Equation (15). β corrected the estimated restoring force to fit with the reference very
effectively, as can be seen in Figure 10, where the fitting errors for the cubic coefficient is presented. The
error is within ±5% for all nonlinear systems, which is considered an excellent result. The estimation of the
linear term remains unchanged with the correction factor.
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Figure 9: Estimated restoring forces, calculated with the corrected displacement term T li
β using Equation

(16), compared to a reference calculated with Equation (15). The investigated system, is number 10

It is also investigated how good the fitting of the restoring forces is, calculated from only one case. System
8 is excited by a force with rms level of 33.5 N, and there are 16 triggering levels in the interval [σy, 2.5σy],
ultimately resulting in 16 points on the curve representing the restoring force as a function of the corrected
displacement term. The fitting is a success and the errors for the linear term k, are 0.8 % and 0.1 % for LE
and ENV respectively, the errors for the cubic term k3 is -14.5 % and 0.4 % for LE and ENV, respectively.
This means that a single case, where the excitation force is large enough to excite the system beyond the
linear regime, is enough to identify the nonlinearity quite well.

The exact nature of β is not well understood at this point, and the present study shows only a dependence of
triggering condition. The need for a correction factor stems from the triggering level being a poor substitute
for x(t) in Equation (2). The triggering level is a fixed number, while x(t) is a random process, and in
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Equation (2), these will cause different outcomes, due to its nonlinearity. In the present study, the excitation
force F (t) is normally distributed, and it is expected that a different β will be found for other statistical
distributions.

During the investigations, it was discovered that the parameter identification methods had greater difficulty
finding stable poles in the stabilization diagrams when the nonlinear systems were excited by a greater force.
This phenomenon is illustrated in Figure 11, where system 4 is excited by a medium force level, and a high
force level. The RD signatures illustrated are with the same triggering level, and are the 100 lags used in
the parameter estimation, the two are almost indistinguishable. The parameter estimation method is Prony,
and the difference between the stabilization diagrams is clear. The top one, for the medium force level, has a
very clear column of stable pole, represented by green +-symbols around 10 Hz. Note how, once the poles
are stable, they stay stable as the model order increases, as is expected. For the high force level, the column
is now a mix of stable and unstable poles. This is not usual behavior, and is attributed to the nonlinearity, but
the exact cause is unknown. This phenomenon is consistent to a varying degree for all systems and parameter
estimation methods tested.
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Figure 11: Application of Prony on RD signature found with LE of system 4 with a triggering level of
0.2658 m. The top row shows a medium force excitation, and the bottom row shows a high force excitation

5 Conclusions

The presence of a nonlinearity in the restoring force can be detected in a single response time history, by ap-
plying the RD technique at multiple triggering levels, and inspecting the RD signatures to see that properties,
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in addition to the scaling, are changing with the triggering level. Of the four RD technique triggering condi-
tions investigated in the present study, PP and LC have been found unable to linearize the modal parameters
of the Duffing oscillator independently of the excitation force. The frequency is increasingly overestimated
and the damping estimates becomes completely unreliable, when an increasing force excites the system. LE
and ENV can successfully linearize the modal parameters, and, when introducing the correction factor β,
identify the nonlinear system parameter k3 with ±5 % accuracy. The linear stiffness parameter k has been
identified with approximately ±2 % accuracy regardless if the restoring force is linear or nonlinear. For low
excitation levels, the damping is accurately estimated using LE and ENV. When the level of excitation force
gets large enough, there is a positive bias in the damping estimation method, while the true relative damping
is decreasing. These two factors leads to high errors in damping estimates for high levels of excitation force.
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Abstract
The motion of autonomous nonlinear non-conservative mechanical systems is in general non-periodic which
contradicts the computation of their nonlinear modes as natural periodic solutions. Utilizing the harmonic
balance method (HBM) two approaches for nonlinear mode computation of non-conservative systems exist
- the damped motion concept (DMC) and the extended periodic motion concept (E-PMC). Each nonlinear
mode computed using one of these methods is then described by its frequency, damping, the harmonics,
and the corresponding phase angles of each degree of freedom as functions of the generalized amplitude.
Applying averaging methods transient system responses of the system can be efficiently computed regarding
one nonlinear mode. In this work differences between the damped motion concept and the extended periodic
motion concept as well as corresponding results will be addressed.

1 Introduction

For autonomous nonlinear mechanical systems periodic solutions exist like the normal modes of autonomous
linear mechanical systems. One major difference between these nonlinear modes and their linear counterpart
is that they may not be designated normal as they may not be described by a set of vectors that span an ortho-
normal base in the state-space of the systems displacements. For this reason it is impossible to perform a
modal reduction of a nonlinear mechanical system using the corresponding nonlinear modes. A common
property of normal modes and nonlinear modes is that for weakly damped systems the system response
shows maxima in the regions of the modes of the corresponding systems, although for nonlinear modes
the frequency of the corresponding periodic motion usually depends on the amplitude of the vibration. In
general the motion of autonomous damped systems is not periodic, so for linear systems normal modes are
computed for the underlying conservative system first and damping will be added afterwards. For general
nonlinear systems there is no counterpart for this procedure as the underlying conservative system might be
linear, so that the corresponding normal modes had to be expanded by nonlinear damping which contradicts
to the existence of normal modes. To overcome this conflict and compute periodic solutions for damped
nonlinear mechanical systems two methods based on harmonic balance exist – the damped motion concept
and the extended periodic motion concept — which are also suitable for non-modal damped linear systems.
Using one of these methods the nonlinear modes of damped nonlinear systems can be computed. Existing
averaging methods like the decomposition of the systems dynamics into its slow and fast dynamics might be
applied to this description of a damped nonlinear mode to efficiently compute stationary or transient system
responses. The focus of this work is on the differences between the methods to compute nonlinear modes
for non-conservative nonlinear systems. Computational effort or certain phenomena occurring at nonlinear
modes are not adressed.
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2 Modes of nonlinear systems

Linear dynamic systems can be analyzed by their vibration eigenmodes. These modes are obtained by a
modal analysis of the undamped and unforced conservative equation of motion where every mode is char-
acterized by a synchronous motion of all material points. Rosenberg [1] proposed a similar definition for
nonlinear conservative systems. All material points of a nonlinear mode should reach simultaneously their
maximum and zero displacement, respectively. In contrast to the linear case, Rosenberg’s idea of nonlinear
modes includes an energy-dependent relationship between displacements of material points to each other.
Kerschen et al. [2] adapted Rosenberg’s synchronous motion condition by a nonnecessarily synchronous
motion condition to consider internal resonances. At high energy levels free vibrations of nonlinear conser-
vative systems can exhibit different frequencies within one structure. One material point can e.g. vibrate
with a multiple of the frequency of another point. The overall motion at these internal resonances is still
periodic and allows for numerical approximation methods developed for finding periodic solutions.

The general equation of motion of a nonlinear autonomous system reads

M~̈x+ C~̇x+K~x+ ~fnl(~̇x, ~x) = ~0 (1)

with the structural matrices M,C and K of the underlying linear system and the nonlinear forces gathered
in ~fnl(~̇x, ~x). Rosenberg’s definiton is not compatible with non-conservative nonlinearities which are buried
in the nonlinear force vector and cannot be switched off for a separate analysis like linear damping. Periodic
solutions to eq. 1 only exist either for the undamped system with conservative nonlinearity or for limit cycles
of self-excited systems where self-excitation and damping are cancelling each other out.

Given that a periodic solution exists it can be computed by the HBM. The motion is approximated by a
fourier series of the form

~x(t) =

N∑

n=−N
~̂xnejnωt (2)

using a truncated set of N harmonics with fourier coefficients ~̂xn. Inserting eq. 2 into eq. 1 and balancing out
the harmonic components yields a system of nonlinear equations for each harmonic n

(
−(nω)2M + jnωC +K

)
~̂xn + ~̂FAFT,n(~̂x(−N...N)) = ~0 ; n = −N, ..., N . (3)

The nonlinear forces are assumed to be periodic and can be evaluated by the alternating frequency time
method (AFT) [3]. Within the AFT-procedure the nonlinear signal is computed in the time domain and its
harmonic content is extracted by the fourier transform. In the following the general form in eq. 3 representing
multiple degree of freedom (MDOF) systems is reduced to the single degree of freedom (SDOF) case

(
−(nω)2m+ jnωc+ k

)
x̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N . (4)

The SDOF equation retains all necessary information and raises the possibility of describing each nonlinear
equation by its complex pointer representation.

2.1 Conservative Systems

In the case of pure conservative systems there is no linear damping and nonlinear forces are not dissipative.
Eq. 4 turns into

(
−(nω)2m+ k

)
x̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N (5)

and fig. 1 (a) shows the corresponding complex pointer diagram. For each harmonic component of the ap-
proximation the nonlinear amplitude F̂AFT,n is balanced by the system dynamics. The oscillation frequency
ω generally changes with the energy level of the system.
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Figure 1: Complex pointer diagrams of the SDOF system; (a) harmonic component of a conservative nonlin-
ear system; (b) linear system with external excitation; (c) linear system with external excitation in resonance;
(d) self-excited linear system; (e) harmonic component (n > 0) of self-excited nonlinear system (extended
periodic motion concept)

2.2 Non-conservative Systems

Non-conservative systems do not vibrate in a periodic manner by their own. If the nonlinearity has a dis-
sipative character energy is reduced during vibratory motion. When nonlinear damping is neglected the
computed modes of the conservative nonlinear system are in general not suitable to describe the dynamics
of the non-conservative system. To overcome this restriction in the computation of nonlinear modes two
approaches have been developed, the extended periodic motion concept [4] and the damped motion concept
[5], which is also known as complex modes. Both existing approaches will be derived and compared in this
work.

2.2.1 Extension of the Periodic Motion Concept - Linear SDOF System

Starting with a linear SDOF system including damping the complex pointer diagram is given in fig. 1 (b).
Due to the damping term the chain of pointers is expanded into the complex plane and can only be closed by
an external force to realize periodic motion. The corresponding equation is given by

(
−ω2m+ jωc+ k

)
x̂ = F̂ ejϕ . (6)

The disadvantage in using an external signal F (t) = F̂ ej(Ωt+ϕ) for enforcing periodic motion is that the
resulting vibration frequency ω always equals the imposed excitation frequency Ω. The solution is not
connected to the dynamic of the autonomous system. However, in resonance when ϕ = π

2 and ω = Ω = ω0

a pure imaginary excitation pointer follows. The corresponding complex pointer diagram is shown in fig. 1 (c)
representing the following equation

(
−ω2

0m+ jω0c+ k
)
x̂ = F̂ ejπ

2 = jF̂ (7)
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where the excitation is only working against the damping term. This particular configuration can be achieved
by self-excitation and an appropriated force term proportional to the mass is chosen by F̂ = ω0ξmx̂, cp.
fig. 1 (d). The factor ξ is a measure for balancing the damping term of the linear system and the equation

(
−ω2

0m+ jω0(c− ξm) + k
)
x̂ = 0 (8)

can be solved when c = ξm. The linear damping ratio 2Dω0 = c
m is connected to the factor ξ by

D =
ξ

2ω0
. (9)

2.2.2 Extension of the Periodic Motion Concept - Nonlinear SDOF System

Mass proportional self-excitation as explained in the previous section can be used to calculate periodic so-
lutions of non-conservative nonlinear systems using the HBM. The fourier series approximation yields a
nonlinear system of equations for the harmonic coefficients where nonlinear forces are evaluated by the AFT
method in the time domain. Each harmonic component is obtained by solving the corresponding equation

(
−(nω)2m+ jnω(c− ξm) + k

)
x̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N (10)

which can be solved due to the ξm-term. The artificial damping term is the key to calculate the energy
dependent nonlinear eigenfrequency and nonlinear damping. In fig. 1 (e) the corresponding complex pointer
diagram is shown (n > 0). The factor ξ cannot be calculated in advance but is part of the argument of the
harmonic balance residual function. As a result the self-excitation is balancing both the linear and nonlinear
damping of the system. The nonlinear damping can be computed afterwards from the obtained values of ξ
and ω similar to eq. 9. Although the damping ratio D is not defined for nonlinear systems this methodology
provides a way to evaluate the energy dependent damping of nonlinear non-conservative systems.

2.2.3 Extension of the Periodic Motion Concept - Nonlinear MDOF Systems

Considering MDOF systems eq. 10 turns into
(
−(nω)2M + jnω(C − ξM) +K

)
~̂xn + ~̂FAFT,n(~̂x(−N...N)) = ~0 ; n = −N, ..., N . (11)

For each solution the damping ratio is computed from the obtained values of ξ and ω similar to eq. 9 as done
for the SDOF system. In eq. 11 the reason for choosing a mass proportional self-excitation can be seen as
the mass matrix in ξM distributes the artificial damping force over all degrees of freedom. The advantage of
using the mass matrix is that at least one of its entrys is unequal to zero so that the method works even if the
considered system only consists of masses and exclusively nonlinear restoring elements.

2.2.4 Damped Motion Concept - Linear SDOF System

For the damped motion concept a linear SDOF system is considered first. The damped autonomous differ-
ential equation is given by

mẍ+ cẋ+ kx = 0 (12)

and its general solution is composed of a harmonic oscillation with a decay term

x(t) = x̂
e(jω−β)t + e(−jω−β)t

2
. (13)

Inserting eq. 13 into eq. 12 results in two complex algebraic equations for each of the two counter rotating
pointers of eq. 13. Starting at t = 0 the first complex equation reads

(jω − β)2mx̂+ (jω − β)cx̂+ kx̂ = 0 (14)

2690 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 2: Complex pointer diagrams of the damped SDOF system, (a) autonomous linear system (black
arrows), real and imaginary components (blue), with free decay curve; (b) harmonic component (n > 0)
of autonomous nonlinear system (damped motion concept); (c) autonomous linear system (damped motion
concept, restoring force computed with AFT); (d) like previous fig. with phase correction of F̂AFT; (e)
harmonic component (n > 0) with phase correction (phase corrected damped motion concept)

and describes the free decay vibration of a damped SDOF oscillator. The complex pointer diagram in fig. 2 (a)
shows a closed loop of the three components and the free decay curve is added. Attention should be paid to
the fact that ω in eq. 13 is the damped frequency ω =

√
1−D2ω0. From jω− β = j

√
1−D2ω0 −Dω0 the

systems eigenfrequency ω0 and the damping ratio D can be computed depending on ω und β in the form

ω0 =
√
ω2 + β2 , (15)

D =
β√

ω2 + β2
. (16)

2.2.5 Damped Motion Concept - Nonlinear SDOF System

Following eq. 13 the damped motion concept for nonlinear SDOF systems is based on the multiharmonic
ansatz

x(t) =
N∑

n=−N
x̂ne(jnω−|n|β)t . (17)

The solution to the non-conservative system consists of a set of complex pointers for the harmonic com-
ponents each of which describing a free decay curve in the complex plane shown examplarily in fig. 2 (a).
Considering a nonlinear system and applying the harmonic balance method the resulting algebraic system
of equations is solved only for the initial state of the beginning decay motion. The phase angles between
arrows within a chain of complex pointers is the same for each harmonic component. Nonlinear forces are
evaluated again using the AFT method, however the undamped ansatz from eq. 2 is used. This is due to the
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need of periodic functions to perform the Fourier transform [5]. For each harmonic component an equation
of the form

(jnω − |n|β)2mx̂n + (jnω − |n|β)cx̂n + kx̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N (18)

is obtained. Components with n > 0 can be illustrated by fig. 2 (b). The complex pointer resulting from
the nonlinear force is added to the chain of pointers of the linear system. With this method even for the
non-conservative nonlinear system a solution can be found, since β causes the needed tilt in the pointers
of the linear components cẋ and mẍ. Eigenfrequency ω0 and damping ratio D are obtained from ω and β
similar to eq. 15 and eq. 16, respectively.

2.2.6 Damped Motion Concept - Nonlinear MDOF System

For multiple DOF systems eq. 18 is changed to

(jnω − |n|β)2M~̂xn + (jnω − |n|β)C~̂xn +K~̂xn + ~̂FAFT,n(~̂x(−N...N)) = ~0 ; n = −N, ..., N . (19)

Here, still eigenfrequency ω0 and damping ratio D can be calculated similar to eq. 15 and eq. 16. If linear
problems with modal damping are considered eq. 19 yields the exact solution to the problem. Furthermore
if linear non modal damped problems are considered eq. 19 still yields solutions with an evaluation of the
present damping as will be shown in the numerical examples. The same holds for eq. 11 and the E-PMC
regarding non modal damped systems.

2.2.7 Phase correction of Damped Motion Concept

The damped motion concept is based on a damped description of the linear part and the conventional eval-
uation of the nonlinear forces within the HBM. This can be a problem with respect to accuracy as shown in
the following.

We consider the following linear SDOF system of the form

mẍ+ frf(ẋ, x) = 0 (20)

whose linear restoring forces are gathered in the force frf(ẋ, x). Even though the system is linear we apply
the damped motion concept and assume a possible nonlinearity in the mixed linear/nonlinear restoring forces.
As a reference solution the same damped motion procedure is applied to the system definition given in eq. 12
where the linear system is defined explicitly and nonlinear forces are zero. Exemplarily, the parameters are
set to m = 1, c = 1 und k = 1. The general description with separate linear and nonlinear parts yields the
correct values ω0 = 1 und D = 0.5 which are found analytically from eq. 14.

However, applying the damped motion concept on the mixed linear/nonlinear restoring force which is purely
linear in this case the HBM approach from eq. 2 yields

(jω − β)2mx̂+ F̂AFT(x̂) = 0 (21)

and fails to cover the correct decay behavior. The resulting components

F̂k = kx̂ ; jF̂c = jωcx̂ (22)

are shown in the diagram in fig. 2 (c). Comparing fig. 2 (c) and fig. 2 (a) makes clear that the component
−βcx̂ is missing which causes incorrect values ω0 = 1.225 und D = 0.408 obtained by the damped motion
concept considering the system definition given in eq. 20. The present definition of the damped motion
concept thus yields different values for ω0 and D depending on whether the non-conservative linear parts are
included in the nonlinear forces and evaluated by the AFT method or described separately from the nonlinear
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forces. We deduce that the computed nonlinear modes of non-conservative nonlinear systems are affected in
the same way and the damped motion concept should be adjusted accordingly.

We propose a phase correction of the complex amplitude obtained from the AFT method. A component
−β
ω F̂c is added to the complex amplitude F̂AFT as follows

F̂ ∗AFT = F̂k + jF̂c · (1 + j
β

ω
) = F̂k + jF̂c −

β

ω
F̂c . (23)

The additional component is aligned in parallel to F̂k, see fig. 2 (d). Consequently, the adjusted version of
the aforementioned mixed linear/nonlinear problem from eq. 21 is given by

(jω − β)2mx̂+ F̂ ∗AFT(x̂) = 0 (24)

and yields the exact values ω0 = 1 and D = 0.5. Fig. 2 (d) shows the corresponding chain of complex
pointers.

As far as higher harmonics are concerned the phase correction needs to be applied to the F̂AFT,n of each
harmonic n individually. We thus obtain an equation for each harmonic given in eq. 18 but with phase
corrected F̂ ∗AFT(x̂). The corresponding complex pointer diagram for harmonic components with n > 0 is
given in fig. 2 (e).

Due to the HBM approximation we are not able to quantify for MDOF systems how the complex amplitudes

of individual DOF’s affect the values of the vector ~̂FAFT,n. The phase correction can still be applied in a first

approximation for each entry in ~̂FAFT,n with respect to the corresponding entry in ~̂xn. The effectiveness of
the phase correction for MDOF systems as explained above can not be estimated yet and is part of ongoing
research.

3 Numerical examples

In the following section numerical examples are presented to show differences and similarities of the ex-
plained methods. To keep it clear each method is abbreviated by E-PMC (extended periodic motion concept),
DMC (damped motion concept), and PC-DMC (phase corrected damped motion concept), respectively.

3.1 Linear two DOF System

In a first example a linear two DOF oscillator is considered which can be solved analytically.

3.1.1 System with Modal Damping

The equation of motion for free vibrations is the known differential equation system

M~̈x+ C~̇x+K~x = ~0 (25)

with the chosen matrices

M =

[
1 0
0 1

]
; C =

[
1 0
0 1

]
; K =

[
4 −3
−3 3

]
. (26)

The structure of the damping matrix is similar to the mass matrix to easily achieve modal damping. We
compare the results of the different methods with the analytical result obtained from the eingenproblem

(
K − ω2

0M
)
~Φ = ~0 . (27)
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In tab. 1 eigenfrequency ω0, damping ratio D, and the entries of the first eigenvector are given. As all of the
considered methods are derived from linear modal analysis they all yield the exact solution for this linear
modal damped problem. Since no AFT evaluation is executed the numerical procedure performed evaluating
the DMC and the PC-DMC are identical. This example is trivial but provides a good reference for the next
test case with mixed linear/nonlinear parts. Similar to eq. 20 the linear stiffness and damping components of
the system description are gathered in the potential nonlinear force vector

M~̈x+ ~frf(~̇x, ~x) = ~0 with ~frf(~̇x, ~x) = C~̇x+K~x . (28)

When the AFT method is applied to the actually linear force vector we end up with the results given in tab. 2.
Like for the SDOF case in section 2.2.7 eigenfrequency and damping values are inaccurate in the DMC
computation even though its a linear problem. However, the eigenvector is computed correctly.

ω0 D Φ1,1 Φ2,1

analytic 0.6772 0.1477 0.6464 0.7630
E-PMC 0.6772 0.1477 0.6464 0.7630

DMC; PC-DMC 0.6772 0.1477 0.6464 0.7630

Table 1: Parameters of first mode of the modal damped linear system computed with different methods
without utilization of the AFT procedure

ω0 D Φ1,1 Φ2,1

analytic 0.6772 0.1477 0.6464 0.7630
E-PMC 0.6772 0.1477 0.6464 0.7630
DMC 0.6918 0.1445 0.6464 0.7630

PC-DMC 0.6772 0.1477 0.6464 0.7630

Table 2: Parameters of first mode of the modal damped linear system computed with different methods
utilizing AFT procedure for restoring forces

3.1.2 System with non modal Damping

The next example is still the linear system given in eq. 25 but with a different damping matrix

M =

[
1 0
0 1

]
; C =

[
0 0
0 1

]
; K =

[
4 −3
−3 3

]
. (29)

The system is characterized by non modal damping which prohibits a modal decoupling and makes the given
problem an interesting test case even though it is linear. An analytical solution is available but it does not
allow for an evaluation of ω0 and D. Results from the E-PMC, DMC, and PC-DMC are presented in tab. 3.
The non-modal damping causes complex valued eigenvectors. In general, nonlinear systems can have non-
modal damping like this as well and it is noteworthy that even when nonlinearities are absent the results vary
with the selected method.

ω0 D Φ1,1 Φ2,1

E-PMC 0.6912 0.4215 0.6460ej0π 0.7634e−j0.036π

DMC; PC-DMC 0.6909 0.4390 0.6272ej0π 0.7789e−j0.032π

Table 3: Parameters of first mode of the non modal damped linear system computed with different methods
without utilization of the AFT procedure
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Figure 3: Friction damped single mass vibrating system

3.2 Nonlinear Systems

Each result of the nonlinear mode computation is represented by an energy dependent eigenfrequency and
modal damping ratio. To be able to condense the energy dependency into only one parameter the fundamental
harmonic denoted by the index ( )h1 of the solution is considered. The generalized amplitude a of the solution
is defined as the ratio between the vector representing the fundamental harmonic ~̂xh1 and its normalization
with respect to the mass matrix ~̂xM,h1

~̂xh1 = a~̂xM,h1 with ~̂xT
M,h1M~̂xM,h1 = 1 . (30)

The solutions of the nonlinear equations are computed utilizing a predictor corrector continuation scheme
with analytically determined jacobian of the residual function.

It should be mentioned that the results presented in the following sections cannot be assessed right or wrong
as the compared parameters eigenfrequency and damping ratio are not defined for nonlinear systems. As
the approaches compared in this work were derived from relations within linear systems they provide these
parameters with similar meaning to characterize nonlinear systems.

3.2.1 Friction Damped SDOF System

The first considered nonlinear system consists of a single vibrating mass with elastic coupling to a dry friction
element. The corresponding set of differential equations of the autonomous system reads

[
m 0
0 0

] [
ẍ
z̈

]
+

[
k1 + k2 −k2

−k2 k2

] [
x
z

]
+

[
0

µFnsgn(ż)

]
= ~0 . (31)

The degree of freedom z describes the displacement of the friction element which is needed as an internal
state of the system ending up in a second line of the set of differential equations. The entrys of the solutions
describing the dynamics of z are a byproduct of the computation and will not be considered. For the compu-
tation of the nonlinear mode of the system the parameters m = 1, k1 = 1, k2 = 3 and µFn = 1 are chosen.
The sgn( ) function is approximated by the differentiable function

sgn(z) ≈ 2

π
atan(1000 · z) . (32)

which allows for a straight forward computation of the analytical Jacobian of the residual function. The
eigenfrequencies ω0 and damping ratios D were computed utilizing the three approaches mentioned before
using 49 harmonincs which were chosen after a convergence study that was carried out in advance. The
results are depicted with respect to the corresponding generalized amplitude a in fig. 4. The amplitude
dependent eigenfrequency of the systems mode in fig. 4 (a) shows the characteristic frequency drop of friction
damped systems with constant eigenfrequencies besides the drop. The results of the E-PMC and the PC-
DMC are in excellent agreement to each other while a slight deviation of the DMC-result is present in
the region of the frequency drop. The damping ratio in fig. 4 (b) shows the characteristic maximum in the
amplitude range of the frequency drop for all the results. The magnitudes of the damping ratios computed
with the different approaches differ from each other while the results are in good agreement apart from that
again.
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Figure 4: (a) Eigenfrequency and (b) damping ratio of friction damped single mass vibrating system over
generalized amplitude computed with different approaches for non conservative nonlinear systems

3.2.2 Van der Pol Oscillator

The second nonlinear system investigated in this work is the self excited Van der Pol oscillator with the
nonlinear differential equation

ẍ+

(
1

10
x2 − 2

5

)
ẋ+ x = 0 . (33)

The corresponding eigenfrequencies and damping ratios computed with the three different approaches are
depicted in fig. 5 over the generalized amplitude using 11 harmonics which were chosen after investigating
the convergence in advance. The qualitative courses of the eigenfrequency curves resulting from the E-
PMC and PC-DMC in fig. 5 (a) are in good agreement again, even if slight deviations are present. The
eigenfrequency computed with the DMC deviates from the others and shows a different qualitative trend.
The damping ratios in fig. 5 (b) are in good agreement for the results of all of the three approaches. Slight
deviations occur for the result of the DMC from the other two results in the amplitude range 1 < a < 6 and
for the result of the PC-DMC from the corresponding other two results in the amplitude range a > 7. A
certain condition is reached for the system at an amplitude level around a = 6.37 where the damping ratio is
zero. This condition describes the limit cycle of the system. As mentioned before in the case of a limit cycle
the system vibrates like a conservative system so that eq. 3 can be solved with the HBM without the need
of extensions for nonconservative systems. For this reason the damping parameters ξ for the E-PMC and β
for the DMC and PC-DMC are zero at this amplitude so that the corresponding numerical problems of the
E-PMC in eq. 11 and the DMC (and corresponding PC-DMC) in eq. 19 degenerate to the classic harmonic
balance problem for autonomous systems in eq. 3. Since the three approaches lead to the same numerical
problem at this amplitude, the results for the eigenfrequencies are the same, too. This can be seen in fig. 5 (a)
where the three curves cross at about a = 6.37.

Although the computational effort is not investigated in this work the authors would like to point out that
the phase correction of the PC-DMC introduced in section 2.2.7 ends up in a significant increase of the
computation time. Furthermore solving the PC-DMC requires increased solution tolerances in some cases to
find a solution at all.
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Figure 5: (a) Eigenfrequency and (b) damping ratio of Van der Pol oscillator over generalized amplitude
computed with different approaches for non conservative nonlinear systems

3.3 Averaged System Response

In section 3.2 the parameters eigenfrequency and damping ratio of nonlinear modes have been compared
for different approaches. Since no reference solution exists it was not possible to assess the quality of the
different results. In the following sections the results for free vibrations of the considered systems determined
from the nonlinear modal parameters from the previous sections will be compared with each other and with a
reference solution computed by time step integration. The computation of the dynamics of nonlinear systems
from parameters of a nonlinear mode is carried out utilizing a slow dynamics decomposition as described in
[6]. For free vibrations the dynamics of the generalized amplitude is given as

ȧ = −D(a)ω0(a)a , (34)

and can be computed utilizing time step integration. With the result of the so called slow dynamics a(t) and
the parameters of the nonlinear mode the fast dynamics of the system can be reconstructed by

x(t) = a(t)
N∑

n=0

[
x̂M,n(a(t)) · cos

(∫ t

0
nω0(a(τ)) dτ + ϕn(a(t))

)]
(35)

with the normalized real amplitudes of the harmonics x̂M,n(a) and their corresponding phase angles ϕn(a).

3.3.1 Friction Damped SDOF System

For the friction damped single mass vibrating system from section 3.2.1 free vibrations have been computed
with the slow dynamics decomposition mentioned in section 3.3 using the nonlinear modal parameters in
fig. 4 and with time step integration of eq. 31 with the approximation of the sgn( ) function in eq. 32 to
provide a reference solution. In fig. 6 (a) the results for free vibration is depicted over time. It can be seen
that the vibration computed from the nonlinear modes are in good agreement with each other and deviate
slightly from the reference solution. The decay at the beginning of the simulation is in good agreement with
the reference solution as well as the doubling of the frequency after the decay. The deviation of the results
computed from the nonlinear modes occure at the end of the decay of the vibration resulting in a phase
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Figure 6: Free decay of friction damped single mass vibrating system, comparison of results of different
computation approaches; (a) displacement over time; (b) phase curve

difference to the reference solution at the end. In fig. 6 (b) the corresponding phase curves are shown. It can
be seen that all of the curves reach the same periodic condition at the end while the decay of the results from
the nonlinear modes are a bit too slow compared to the reference solution. The small differences between the
free vibration results show how comperatively small the effect of the deviations between the damping ratios
in fig. 4 (b) are.

3.3.2 Van der Pol Oscillator

The same comparison as in the previous section was done for the free vibration of the Van der Pol oscillator
and the corresponding modal parameters from fig. 5. The vibration is depicted over time in fig. 7 (a). The
results computed from the nonlinear modes E-PMC and PC-DMC are in good agreement with each other and
with the reference solution. The DMC result deviates in the beginning of the vibration resulting in a phase
difference to the other results when the limit cycle is reached. In fig. 7 (b) the corresponding phase curves
are depicted. It can be seen that the E-PMC und PC-DMC results are in excellent agreement with each other
while they are closer to the reference solution than the DMC result at most of the time until all of the results
reach the same limit cycle.

4 Summary

In this work methods to compute nonlinear modes of non-conservative nonlinear systems within the har-
monic balance method have been addressed. The E-PMC and the DMC have been explained in the complex
plain regarding their corresponding main ideas derived from linear system relations. Investigating linear sys-
tems a deviation of the results yielded by the DMC depending on the linear system formalism was pointed
out and an enhancement in form of a phase correction was proposed, the PC-DMC. The eigenfrequency and
the damping ratio of different linear and nonliner systems provided by the mentioned methods were com-
pared. Investigation of a linear modal damped system showed correct results for the E-PMC and PC-DMC
while the accuracy of the DMC results depend on the linear system formalism. For a linear system with non
modal damping the first eigenfrequency, corresponding damping ratio and eigenvector have been determined
with the different methods. The results slightly differ from each other since the applied methods approximate
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Figure 7: Free vibration of Van der Pol oscillator, comparison of results of different computation approaches;
(a) displacement over time; (b) phase curve

these parameters which are only defined for modal damped linear systems. Two non-conservative nonlin-
ear single mass vibrating systems have been adressed to compare eigenfrequencies and damping ratios of
nonlinear systems obtained by the different methods. For a friction damped single mass vibrating system
the eigenfrequency results from the E-PMC and PC-DMC show the same amplitude dependency while the
result of the DMC slightly differs. The corresponding damping ratios show a similar qualitative behavior.
Investigating a Van der Pol oscillator the eigenfrequencies provided by the E-PMC and PC-DMC show a
similar amplitude dependency while the amplitude dependency of the DMC differs again. The damping
ratios provided by all of the three methods were in good agreement in this case. To be able to compare the
nonlinear modal parameters with a reference solution free vibrations were computed applying a slow- and
fast-dynamics decomposition to the nonlinear modal parameters of the mentioned systems provided by the
different approaches. For the friction damped system the deviations between the free vibrations computed
from the nonliner modal parameters were smaller than their deviation to the reference solution. The free
vibration of the Van der Pol oscillator showed a good agreement of the E-PMC and PC-DMC results and the
reference solution. The free vibration computed from the modal parameters provided by the DMC showed
a slight deviation from the other solutions while all solutions reach the same limit cycle. Concluding the
comparison of the three mentioned methods for computing nonlinear modes for non-conservative nonlinear
systems the authors would prefer the E-PMC as it didn’t show disadvantages compared to the other two
methods. Considering problems where a reference solution was available the DMC showed stronger devi-
ations than the other methods. The introduced PC-DMC showed a reduced deviation to reference solutions
compared to the DMC. However, the disadvantage of the PC-DMC is that the computational effort of its
usage is much higher since the phase correction may cause numerical inaccuracies.
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Abstract
Nonlinear Normal Modes (NNMs) have gained attention over the past few decades as a versatile tool for
analyzing nonlinear dynamical systems. They have been used to analyze systems with both smooth and non-
smooth nonlinearities, but most studies have limited their scope to low-order systems. For more complex
systems it becomes too expensive to repeatedly evaluate the nonlinear function and nonlinear Jacobian that
are required at each iteration in most continuation routines. This paper presents a numerical study of using
the Multi Harmonic Balance as a tool to compute NNMs of large geometrically nonlinear finite element
models. In particular, emphasis will be placed on the complexity and parallelization of the algorithm for
large scale problems. It is shown that MHB method can be applied efficiently to compute NNMs of large
scale problems.

1 Introduction

Normal modes provide a conceptual and mathematical framework for studying vibrations of dynamic sys-
tems. A normal mode of vibration is as a periodic orbit of a system about a stable equilibrium point [1, 2].
The linear normal modes of a system can be found by solving a generalized eigenvalue problem based on the
linear equations of motion, a capability that is frequently used in commercial finite element (FE) packages.
However, real dynamical systems are inherently nonlinear, and in some cases it is critical to consider how
the dynamics described by the linear modes evolve at high amplitudes. For example, structures such as the
skin panels on concept hypersonic aircraft and space reentry vehicles experience high acoustic and thermal
loading, which can result in highly nonlinear behavior including modal coupling, internal resonances, and
bifurcations.

In this work Nonlinear Normal Modes (NNMs) are defined as not necessarily synchronous periodic orbits of
a nonlinear system about a stable equilibrium point [1, 2]. They originate from the linear system as nonlinear
extensions of the underlying linear normal modes. Just as linear normal modes provide insight into the
dynamics of a linear system, NNMs provide insight into the dynamics of complex nonlinear systems, though
certain properties of linear normal modes, such as orthogonality and superposition, do not apply. NNMs
have a variety of applications including sub-structuring and model updating [3, 4, 5, 6].

Even though NNMs provide important information about nonlinear dynamical systems, routines for comput-
ing them are not available in commercial finite element software and the high computational cost associated
with computing NNMs from detailed FE models prevents them from being used in many cases. They are
generally computed by tracing branches of periodic orbits originating from the underlying linear modes.
There are many known methods for numerically computing NNMs, but the most popular for both general
and complex nonlinear systems is to combine a routine that computes periodic orbits of the nonlinear sys-
tem with a numerical continuation routine. The continuation routine is not a focus of this work, for more
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information see [7]. Two popular approaches to the identification of periodic orbits are shooting methods
and discretization routines.

Shooting methods rely on solving a two-point boundary value problem in which the period and initial con-
ditions of the orbit are identified. The advantage of shooting routines lies in the ability to rigorously identify
a periodic orbit and maintain a minimal Jacobian size. Shooting methods require integrating the nonlinear
equation of motion to evaluate the periodicity and the Jacobian. As the nonlinear equations of motion are
generally not known in closed form, generating the Jacobian typically requires the use of finite difference
schemes, although the algorithm in [8] provides an attractive alternative. Even then, as the dimensionality of
the system increases so does the computational demand required to generate the nonlinear Jacobian, making
this approach unfeasible for large scale finite element models.

Discretization approaches, on the other hand, express the periodic orbit as a sum of time varying functions
(i.e. Fourier series, Legendre Polynomials, etc...) and then transform the nonlinear partial differential equa-
tions into nonlinear algebraic equations. The two general subclasses of discretization techniques are collo-
cation methods (for example the algorithm used in AUTO [9]) and the harmonic balance (HB) method. This
work will focus on the harmonic balance method for two reasons. First, geometrically nonlinear structures
typically only require a small number of harmonics to obtain an accurate solution [10, 11, 12], and second,
the Jacobian needed for this algorithm can be found analytically at relatively low computational cost, even
for large finite element models.

The HB method has been applied to geometrically nonlinear finite element models in previous studies
[10, 11], but most works have used relatively simple models with a small number of degrees of freedom.
This work will demonstrate the ability to significantly decrease the time of NNM computation for large scale
mechanical systems by coupling a HB algorithm with parallelized high performance computing. Multiple
numerical examples will demonstrate the ease with which HB is parallelized and the significant computa-
tional benefit therein.

This paper is organized in the following manner. §2 will cover background theory related to geometric
nonlinearities of the finite element method, the HB method and the parallelization of computations. §3 will
demonstrate the application of the HB method using high performance computing to multiple geometrically
nonlinear finite element models and the conclusions will be presented in §4.

2 Theory

2.1 Geometric Nonlinear Finite Element Method

The undamped and unforced equations of motion for a n degree-of-freedom (DOF) geometrically nonlinear
elastic finite element model can be written as

Mẍ + Kx + fNL(x) = 0 (1)

where ẍ and x are n × 1 vectors and the nonlinear restoring force fNL is a function of the displacement.
The nonlinear normal modes of a structure are the periodic solutions to Eq 1. For geometric nonlinearities,
in particular those of thin-structural panels undergoing large deformation, the internal force vector can be
decomposed into a matrix vector product of the nonlinear portion of the tangent stiffness and the imposed
displacement field.

fNL(x) = KT (x)x (2)

Generation of the nonlinear portion of the tangent stiffness matrix in Equation 2 requires looping through all
elements of the FE model. This computation cost is thus linearly proportional to the product of the number
of elements and the number of integration points required for each element.
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2.2 Harmonic Balance Method

The HB method is a powerful tool for studying a large variety of nonlinear problems. Specifically, it provides
a method for approximating nonlinear differential equations without a known analytical solution. Assuming
that the displacement x(t) and nonlinear force f(t) are periodic they can be approximated by a truncated
Fourier series as follows:

x(t) = cx0 +

NH∑

k=1

(sxksin(kωt) + cxkcos(kωt)) (3)

f(t) = cf0 +

NH∑

k=1

(sfksin(kωt) + cfkcos(kωt)) (4)

Expressing the nonlinear equations of motion in the frequency domain gives the following 2n(2NH + 1)×
2n(2NH + 1) algebraic system of equations:

h(z, ω) = A(ω)z− b(z) = 0 (5)

where b is the Fourier approximation of the nonlinear force vector fNL(x), which will be discussed in the
next section, and A(ω) is the matrix describing the linear dynamics of the system.

A(ω) =




K
K− ω2M

K− ω2M
.
.
.

K− (NHω
2M)

K− (NHω
2M)




(6)

For the full derivation of Equation 5 from Equation 1 see [13]. The linear dynamic matrix is a function of the
mass matrix, linear stiffness matrix, and the current frequency. The next section will discuss the nonlinear
internal force vector.

2.2.1 Nonlinear Internal Force and Jacobian Evaluation

A common approach for solving the nonlinear system of equations obtained in the HB method is the second-
order Newton-Raphson method. The Newton-Raphson method uses an iterative shooting routine to find
successive solutions. This requires calculating gradients of the harmonic balance equation with respect to the
state variables of the system. A commonly used approach for constructing the frequency domain Jacobian is
to use the alternating frequency/time-domain procedure. This approach uses alternating inverse FFTs (IFFT)
and FFTs to switch between the time and frequency domain and compute FNL(z) and the nonlinear Jacobian
using finite differences. In the best case each IFFT/FFT takesO(NlogN) operations, whereN is the number
of time steps used to discretize the period for each DOF, resulting in a significant computational cost for large
finite element models.

In contrast, this paper builds on the work of [14] which presented an alternative method, known as trigono-
metric collocation, for computing the 2n(2NH +1) Fourier coefficients. In this method the truncated inverse
Fourier transform is represented by an Nn× (2NH + 1)n linear operator as follows:
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 In ⊗




cos (NHωt1)
cos (NHωt2)

...
cos (NHωtN )







where ⊗ is the Kronecker product and In is a n × n identity matrix. Rewriting both the displacement and
internal force in terms of the linear operator gives

x̃ = Γ(ω)z (8)

and

f̃ = Γ(ω)b(z). (9)

where each is expressed in terms of nN discrete samples for all N time samples across the period.

x̃ =
[
x1(t1) x2(t1) · · · xN (t1) · · · x1(tn) x2(tn) · · ·xN (tn)

]T (10)

f̃ =
[
f1(t1) f2(t1) · · · fN (t1) · · · f1(tn) f2(tn) · · · fN (tn)

]T (11)

Hence, the Fourier transform from the time domain to the frequency domain is performed using

z = Γ(ω)†x̃ (12)

b(z) = Γ(ω)†f̃ (13)

where the Fourier transform can be calculated using the Moore-Penrose pseudo-inverse Γ† = (ΓΓT )−1Γ.
For small systems it is not expensive to compute the Moore-Penrose pseudo-inverse. However, as the size
of the nonlinear system increases the size of ΓΓT scales with nN and the computational complexity for
back substitution scales withO((nN)3) making this procedure a major bottleneck for large models. A more
computationally efficient approach utilizes the properties of the Kronecker product. First, its possible to
express the inverse Fourier transformation for the system as the Kronecker product of the sine and cosine
terms with a n× n identity matrix as follows:

x(t) = (Q(t)⊗ In)z (14)

f(t) = (Q(t)⊗ In)b (15)

where the Q(t) term is a N × 2NH + 1 matrix containing the sine and cosine terms of the truncated Fourier
series such that
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sin (ωt1)
sin (ωt2)
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sin (ωtN )







cos (ωt1)
cos (ωt2)

...
cos (ωtN )


 · · · (16)




sin (NHωt1)
sin (NHωt2)

...
sin (NHωtN )







cos (NHωt1)
cos (NHωt2)

...
cos (NHωtN )







The Fourier transform can then be calculated using the properties of the Kronecker product as

Γ(ω)† =




In ⊗Q†1
In ⊗Q†2
In ⊗Q†3

...
In ⊗Q†(2NH+1)




(17)

Not only does the Kronecker product avoid costly matrix inversions, but the matrices Qi are independent
of the number of DOF. As a result the Kronecker product scales with O((nN)) a significant savings over
the O((nN)3) of the normal equations. This allows the HB method to be efficiently applied to large models
with many DOF.

The Jacobian of the nonlinear system with respect to the Fourier coefficients from [14] can be found analyt-
ically as

hz =
∂h

∂z
= A− ∂b

∂z
= A− Γ†

∂ f̃

∂x̃
Γ (18)

where ∂ f̃
∂x̃ represents the derivatives of the nonlinear internal forces with respect to the displacements at each

instant within the periodic orbit. This form provides an efficient approach to generating the Jacobian matrix
and can be efficiently solved when the system consists of solely geometric nonlinearities. This only requires
generating the nonlinear portion of the tangent stiffness matrix at each point along the period orbit.

∂ f̃

∂x̃
= K̃T (19)

Furthermore, to obtain the nonlinear internal force vector, f̃ , only a matrix-vector product of the nonlinear
portion of tangent stiffness matrix with the imposed displacements across the orbit is required.

f̃ = K̃T x̃ (20)

2.3 Parallelization

The implementation of the HB method can be further improved using high-performance computing tech-
niques. Below, the internal force and nonlinear Jacobian are shown to be independent operations, and can
thus be perfectly parallelized resulting in significant time savings, up to the number of time steps. The
assumed deformation across the periodic orbit is as follows:
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x̃ =
[
x1(t1) x2(t1) · · · xn(t1) · · · x1(tN ) x2(tN ) · · ·xn(tN )

]
(21)

which can also be written as

x̄ =
[

x(t1)
T x(t2)

T · · · x(tN )T
]

(22)

Each solution for the internal force and the tangent stiffness matrices can be performed in parallel and
assembled to obtain the nonlinear force vector as follows.

f̄ =
[
f (x(t1)) f (x(t2)) · · · f (x(tN ))

]
(23)

Since the nonlinear internal force at time step, i, is simply the matrix-vector product of the displacement and
nonlinear portion of the tangent stiffness, KTi , at step i as fi = KTixi, the tangent stiffness matrices can
be obtained in parallel with marginal extra cost. The nonlinear portion of the tangent stiffness matrix can be
generated at each individual time point as follows.

K̄T =
[

KT (x(t1)) KT (x(t2)) · · · KT (x(tN ))
]

(24)

However, this matrix does not match the order of the entries required in Eq. 19, and when reordering the
entries some special attention is needed when dealing with the sparse matrices. An efficient solution is to
find relative local entries within the sparse tangent stiffness matrix at each point along the periodic orbit and
map using the permutation operation, P, to the tangent stiffness definition in Eq. 19.

K̃T = P
(
K̄T

)
(25)

There are typically tens or a few hundred time steps per cycle, so this can provide significant speedup. If
further parallelization is needed, then each individual solution can be spread across multiple processors.
However, those algorithms are known to be imperfect so doubling the number of processors does not cut the
solution time in half.

3 Numerical Studies

Three numerical studies were conducted and presented here to explore the feasibility of computing NNMs of
full finite element models. The computations were performed on a 2.3 GHz AMD Opteron Processor P6376
with 128 GB of available RAM and 32 cores. The computations were performed with an in house finite
element code and multi-harmonic balance code coupled with a continuation routine. All code development
was done in Matlab®. The FE code was validated with simulations against Abaqus®.

3.1 Flat Plate

The first example is a flat plate with clamped edges at each end. The geometry is depicted in Figure 1. The
flat plate is square with an edge length of 250mm (9.84in) and a thickness of 1.5mm (0.059 in). The plate is
made of aluminum with a modulus of elasticity E = 71000 N

mm2 , a density ρ = 2.79e−9 kg
mm3 , and Poisson’s

ratio ν = 0.33. The mesh used in this section comprised a 25 by 25 grid of elements.
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Figure 1: Flat Plate Finite Element Model

The first 6 linear normal modes of the flat plate are presented in Figure 2 for reference. The first NNM
solution branch was initiated from the first linear normal mode of the flat plate, which is also the primary
bending mode.

Figure 2: First 6 linear normal modes of the 25x25 flat plate finite element model

Prior works such as [10, 11] showed that a large number of harmonics are not required for simple structures
such as flat plates and beams. Figure 3 plots the NNMs of the flat plate, each computed using a different
number of harmonics. The left hand side of Figure 3 depicts the frequency-energy plot of the structure. This
provides a general graphical representation of the frequency-amplitude dependence of each NNM solution.
The right hand side of Figure 3 plots the vertical displacement of the center node versus frequency. The single
harmonic solution is slightly although visibly different from the other two solutions for both the frequency
versus energy and displacement versus frequency relationship. All of the higher harmonic models predict
consistent solutions up to 260 Hz or a displacement equal to 1x thickness of the beam. Above 260 Hz the
solution branches deviate from the main NNM backbones in favor of internal resonance branches. Prior
works have shown that the internal resonances are not likely to be excited in the random environments that
are the focus of this work [15], so the accurate identification of internal resonance branches is not explored
further.
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Figure 3: Nonlinear Normal Modes of flat plate FE model with increasing number of harmonics; (a)
Frequency-energy plot. (b) Vertical displacement of center node versus frequency.

The validity of the harmonic balance solutions was further examined by integrating the FE model using the
NNM solutions obtained with the HB method at which the displacement was approximately 1x the plate
thickness. The error in the periodicity over one cycle, defined as

ε =
||x(T )− x(0)||
||x(0)|| (26)

was computed for each model and are given in Table 1. This gives a rigorous measure of how well the
computed NNM satisfies the full FE model and was also the convergence metric used in [3]. The single
harmonic solution contains a 4.5% error in periodicity, which decreases to about 1% when three harmonics
are used. As the number of harmonics increases to five and seven the solutions converge further. For this
case a small number of harmonics was required to achieve quite accurate period solutions.

NH ε

1 0.045
3 0.011
5 0.003
7 0.00035

Table 1: Periodicity of the NNM solutions for the plate model at displacements equal to 1x the thickness for
various numbers of harmonics.

3.2 Baseline Comparison of Shooting Method and Harmonic Balance

The time required to evaluate the residual for a shooting method (e.g. the AMF algorithm [3]) and this new
harmonic balance method is presented in Table 2. The shooting method integrates the equation of motion
over one period to evaluate the residual, and once more for each state in order to compute the Jacobian using
finite differences. The number of states for that algorithm [3] is the number of active modes in the solution,
which is typically between 1 and 10. Hence, the time for each iteration is a multiple of the time required to
integrate over one period. To quantify this, an implicit integration scheme was used with 100 time steps to
compute the response over one period and the time needed for the computation was recorded. For the results
presented in Table 2 the methods were not parallelized and so this simply gives a baseline comparison. One
can see that implicit integration over a single period is already more costly than the corresponding operation
in the Harmonic Balance algorithm.
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Mesh Size #DOF Implicit Integration Harmonic Balance
10× 10 486 17.51 6.22
25× 25 3456 92.65 37.98
50× 50 14408 358.93 155.31

Table 2: Comparison of time (seconds) to a.) evaluate the residual in the proposed Harmonic Balance method
and b.) integrate the equation of motion for the shooting method [3]. Each method used a 100 time samples
and serial execution.

3.3 Scaling Analysis

This section presents the reduction in computation time obtained by parallelizing the evaluation of the non-
linear internal force and the generation of the nonlinear Jacobian. In both cases the computational cost scales
independent of the number of harmonics used within the solution. Furthermore, the scaling is governed only
by the cost associated with the discretization of the periodic orbit. While it is typically not a concern for
models with smooth linearities and a small number of harmonics, it is important to note that the number of
time samples must satisfy the Nyquist condition as the number of harmonics is increased.

As described in the theory section, in this work the harmonic balance method was parallelized only by
simultaneously evaluating the nonlinear force vector and the Jacobian (tangent stiffness matrix) at each point
in time. Hence, since 100 timesteps were used to describe the periodic orbit then at most 100 cores could be
used simultaneously. The scaling computations were repeated while computing the NNMs for three different
size models: a model with a 10x10 element mesh, a 25x25 mesh model and a 50x50 mesh model. Figure 4
plots the total simulation time required to compute the NNM up to a 2x frequency shift. The time required
for the computations was found to fit a similar scaling law for each FE model, and these were compared by
fitting a second order power law of the form y = axb + c where y is the simulation time, x is the number of
cores and the parameters a, b, and c are coefficients estimated from the fit. The primary coefficient of interest
is the power law exponent coefficient, b, which dictates the scaling law as the number of cores increases. For
the 10 × 10 mesh the reduction when doubling the cores used from 2 to 4 provided only a 30% reduction in
computation time. This is due to the low work to communication ratio of the problem. For the largest model
the computational time was able to be reduced by 40%.
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Figure 4: Scaling of total computational time with number of cores for calculation of the NNM up to a 2x
frequency shift. Three models are presented: 10x10 mesh, 25x25 mesh, and a 50x50 mesh.

As has been noted in prior works [12] the major disadvantage of the harmonic balance method is that the
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system size, and thus the Jacobian, increases linearly with the number of harmonics. This has negligible
effect on the nonlinear force and nonlinear Jacobian generation but does indeed have a significant affect
during the Newton-Rhapson routine, which requires the solution of a system of linear equations. The time
required for the solution of the linear system that is solved at each step of the Newton-Rhapson routine is
presented in Table 3. For reference, the time required to generate the nonlinear internal force using a serial
execution, denoted NLFun, is also presented. As the number of harmonics increases the solution of the
system starts to dominate the total computational time of the procedure. The method utilized to solve the
linear system was back substitution on the sparse matrices, and no parallelization was utilized to accelerate
this portion of the algorithm.

Mesh Size #DOF NLFun NH = 1 NH = 3 NH = 5 NH = 7

10x10 486 6.22 0.21 0.81 2.60 5.94
25x25 3456 37.98 2.70 14.92 56.54 106.50
50x50 14408 155.31 21.44 89.92 522.29 1208.6

Table 3: Comparison of time (seconds) required to solve the linear system of equations generated for the
three different sized models versus the number of harmonics included in the solution. The time required to
compute nonlinear internal force vector in serial, denoted NLFun, is also presented for reference.

Even though the efficiency of the harmonic balance method is burdened by the increase in Jacobian size
with the number of harmonics, the method still proves more efficient for large scale problems than shooting
methods, in particular the AMF Algorithm [3]. This is demonstrated by comparing the unparallelized com-
putational time to trace a 2× frequency shift of the flat plate’s first NNM between the AMF algorithm and the
harmonic balance method with increasing number of harmonics. For each model size the harmonic balance
method significantly outperforms the shooting method approach when including up to seven harmonics.

Mesh Size #DOF AMF NH = 1 NH = 3 NH = 5 NH = 7

10x10 486 1202.02 15.01 15.56 17.20 20.26
25x25 3456 8801.45 87.91 98.30 133.67 176.14
50x50 14408 30050∗ 312.4 361.47 671.34 1163.20

Table 4: Comparison of time (minutes) required to compute the NNM backbone using the AMF Algorithm
[3] and the harmonic balance method for the three different models and as the number of harmonics included
in the solution is varied. Entries with the symbol ()∗ denotes an estimated time of simulation.

3.4 Complex Systems : Curved Beams

Calculating the NNMs of curved beams has been previously studied in [16, 17] and those works have shown
that it can prove difficult to obtain the NNMs. Two variants of a curved beam were investigated. The general
geometric dimensions are presented in Figure 3.4. The shallow beam has a radius of curvature, R, of 22860
mm (900 inches) resulting in a maximum rise, h, of 1.016 mm (0.04 inches). The higher curved beam has
radius of curvature of 3048 mm (120 inches) giving a maximum rise of 3.81 mm (0.15 inches). Each beam
has a slight asymmetry in the curvature to avoid the singularity that can arise when seeking to buckle a
perfectly symmetric beam.

Each beam has a length, A, of 304.8 mm (12 in) , a width of 12.7 mm (0.5 in), a thickness of 0.508 mm (0.02
in), a modulus of elasticity of E = 2.0684 × 105 N

mm2 (2.97 × 107 lb
in2 ), a density of ρ = 7.8 × 10−6 kg

mm3

(7.36 × 10−4 lb·s
2

in4 ), and Poisson’s ratio ν = 0.29. The beam was modeled with 400 shell elements resulting
in a total of 3030 DOF. The beams are clamped on both ends as depicted in Figure 3.4 resulting in a total of
2970 free DOF.
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Figure 5: Curved Beam Geometry

3.4.1 Shallow Curved Beam

The first four linear modes of the shallowed curved beam are shown in Figure 6 for reference.

Figure 6: First four linear modes of the shallow curved beam.

The first nonlinear normal mode of the curved beam is depicted in Figure 7 for various numbers of harmonics
included within the solution. All of the NNMs depict an initial softening of the system, a decrease in
frequency with amplitude, followed by hardening. The single harmonic solution evolves smoothly due to
its filtering property which eliminates the prediction of any internal resonance branches. As the number
of harmonics included within the solution increases the branch becomes more difficult to compute because
more internal resonance branches are identified.

All of the solutions contain similar predictions up to approximately 58 Hz, or prior to the identification of an
internal resonance branch. Following the internal resonance branch the solutions with 3 or more harmonics
deviate from the single harmonic during the softening. Further down the path during softening the higher
harmonic solutions deviate from each other near the turning point. As the NNM starts to harden again the
harmonic balance solutions start to coincide again near the point labeled C in Figure 7.
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Figure 7: Nonlinear Normal Mode frequency-energy plot for the Shallow Curved Beam, computing using
the harmonic balance method with varying number of harmonics. The NNM was originated from the first
linear mode of the curved beam.

The initial displacements of the structure at each of the points marked by letters in Figure 7 are plotted
in Figure 8 along with the undeformed geometry of the beam. At point A each solution has a similar
deformation and a peak displacement near 1.5x the thickness of the beam. The one, three and five harmonic
solutions at point B show an un-snapped state of deformation while the seven harmonic solution is snapped
through. Moving to point C all the of the solutions are at the snapped state, although the shape found evolves
significantly as the number of harmonics increased. This is true for point D as well.
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Figure 8: Initial deformation of the Shallow Curved Beam at the points along the NNM branch designated
A, B, C and D in Figure 7.

To quantify these results, the accuracy of the harmonic balance solutions was evaluated at each of these
points. Using the initial deformations shown in Fig. 8, the NNM solutions were integrated over the period
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and the periodicity was calculated using Eq. 26. The results are presented in Table 5. At point A, approx-
imately a displacement of 1.5× the thickness of the beam, each of the harmonic balance solutions has a
marginally periodic response with max error of 0.055 for the single harmonic model. At the turning point of
the branch the single harmonic and three harmonic solutions show considerable error. Increasing the solu-
tion to include five harmonics increases the accuracy of the solution. The five and seven harmonic solutions
maintain periodicity at point C wherein the displacement reaches 4× the beam thickness at a value of 2.03
mm. Up to a displacement of approximately 2.54 mm, the five and seven harmonic solutions maintain a fairly
periodic response. Interestingly, the solution with three harmonics is once again quite adequate at point D,
or beyond the snap through point.

Pt Approx. Displacement (×Thk) NH = 1 NH = 3 NH = 5 NH = 7

A 1.5 0.055 0.049 0.006 0.004
B 3 0.127 0.191 0.062 0.008
C 4 0.255 0.128 0.009 0.002
D 5 0.280 0.074 0.048 0.037

Table 5: Comparison of periodicity (values of ε) of harmonic balance solutions from NNM solution points
depicted in Figure 7.

To understand why the various models show errors in periodicity, the difference between the vertical dis-
placement at the initial state, x(0), and final state x(T ) is plotted in Figure 9 for the points extracted from
the NNM plot. The plots coincide with those presented in Table 5 in which the seven harmonic solution is
able to maintain a strong periodicity for each point.
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Figure 9: Difference in vertical displacement between the initial displacement of the NNM solutions from
Figure 7 and the final displacement after numerically integrating the FE model over the period.

3.4.2 Deep Curved Beam

The last numerical example presented in this work is the clamped-clamped steel beam with a higher cur-
vature, whose properties were given earlier. The first four linear modes and their natural frequencies are
depicted in Figure 10.
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Figure 10: The first four linear modes of the Deep Curved Beam finite element model.

The second NNM of the Deep Curved Beam was initiated from the second linear normal mode at 137 Hz.
Figure 11 shows an attempt to calculate the second NNM using one, three, five, and seven harmonics. Mul-
tiple points (labeled A-D in Figure 11) along each NNM branch were integrated to determine the periodicity
of the specific solution. The corresponding periodicity values and approximate displacement are presented
in Table 6.
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Figure 11: The NNM of the Deep Curved Beam originating from the second linear mode for increasing
number of harmonics included within the solution.

The one harmonic solution branch exhibits softening between 2×10−4 and 2×10−2 J, reaching a minimum
response frequency of approximately 70 Hz at about 3×10−3 J. The one-harmonic case is smooth throughout
the full solution branch, but the values in Table 6 clearly show that none of the solutions from the single
harmonic model have good periodicity when they are used as initial conditions in the full FE model. The
three and five harmonic solution branches do not demonstrate the same softening behavior that is observed
in the one harmonic case. Instead, both solution branches begin hardening at about 10−4 J before jumping to
the internal resonance branches at about 3 × 10−3 J. The periodicity values at points A and B for three and
five harmonics confirm that these solutions are accurate; this case underscores the importance of considering
higher harmonics for curved structures. The three harmonic branch becomes smooth again following the
internal resonance, but as shown by its periodicity at point D in Table 6, it is not a harmonic solution. Similar
to the three and five harmonic solutions, the seven harmonic branch exhibits initial hardening behavior just
before 10−4 J. Table 6 shows that the seven harmonic branch is similarly only accurate through point C.
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Pt Approx. Displacement (×Thk) NH=1 NH=3 NH=5 NH=7
A 0.25 0.12 0.00 0.00 0.00
B 0.5 0.18 0.04 0.02 0.01
C 1 1.35 0.79 0.82 0.03
D 1.5 6.82 1.35 5.04 1.67

Table 6: Comparison of periodicity of harmonic balance solutions from NNM solution points depicted in
Figure 11

The initial displacement for each of the NNM solutions at the four points in Figure 11 are shown in Figure
12. All four solutions at points A and B have a displacement close to 0.25 and 0.5× the thickness of the beam
respectively with similar deformation shapes. At point C all four solutions have a displacement close to the
thickness of the beam, but there is a clear deviation in the deformation shape as the one harmonic solution
begins to soften and the other three begin to harden. At point D all four solutions have a displacement of ap-
proximately 1.5× the thickness of the beam. The one and three harmonic solutions have similar deformation
shapes as both solution branches begin to harden while the five and seven harmonic solutions are both on an
internal resonance branch.
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Figure 12: Initial deformation of the Deep Curved Beam at the points along the NNM branch designated A,
B, C and D in Fig. 11

The high curvature beam demonstrates several important features of the HB method in its application to
structures with complex nonlinear behavior. First, as was observed in the previous examples, in regimes
where higher harmonics are needed, there is a clear correlation between the number of harmonics and the
periodicity of the NNM solution. As the number of harmonics increases, the accuracy of the solution gener-
ally does as well but with a larger computational cost. Second, as the energy of the NNM solution increases,
the accuracy of the solution generally decreases. As can be seen in the deformation plots in Figure 12, large
amplitudes result in complex behavior such as internal resonances making it difficult to calculate accurate
solutions using a small number of harmonics.
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4 Conclusion

This work demonstrates an extension of the harmonic balance method that makes it possible to compute the
nonlinear normal modes of geometrically nonlinear finite element models. The efficiency of the HB method
was improved by using parallelization to significantly reduce the time required to evaluate the nonlinear in-
ternal force and generate the nonlinear Jacobian. These improvements made it possible to directly compute
the NNMs of moderately sized finite element models. Basic scaling analysis showed that the scaling actu-
ally becomes more favorable as the size of the system increases, presumably due to reduction of overhead
communication or parallel worker ratio.

The method was found to be an efficient means for computing NNMs of complex structures such as the
Shallow Curved Beam. For the Shallow Curved Beam a periodic response was obtained with only a few
harmonics for displacements up to 10x the thickness of the structure. The Deep Curved Beam, on the other
hand, posed a more challenging task in which periodicity was not obtained at higher vibration amplitudes.

Despite the improvements presented in this work, there is still significant room for improving the algorithm.
The system of equations to be solved in the harmonic balance method scales linearly with the number of har-
monics, which eventually produces a large system of linear equations that must be solved at every iteration of
the Newton-Rhapson method. This eventually becomes the computational bottleneck. Future investigations
will look into iterative sparse solvers (which can be parallelized) rather than the back substitution algorithm
that was used here to reduce the time required to solve this linear system. Alternatively, first order optimiza-
tion methods could be used to resolve the correction phase of the continuation routine such as conjugate
gradient methods or some other first order procedure.
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Abstract
During oilwell drilling operations, downhole tools experience inevitable harmful shocks and vibrations. In
this paper modern methods for nonlinear time series analysis are applied to investigate drillstring dynamics.
The attractor is the subset of the phase space covering the characteristic dynamic behaviour. From a single
time series an attractor can be reconstructed by applying delay embedding. Transitions in the system dynam-
ics can be effectively detected using the recurrence quantification analysis. It is employed on a Laval rotor
with contact as a simple drillstring model for different friction coefficients, which have significant influence
on the solution behaviour.

1 Introduction

The dynamics of deep drilling operations are characterized by non-linearities, some of which are of course
necessary for the drilling process. While friction and material removal at the drill bit are inevitable for
drilling progress, contact between the drill string and the borehole wall can lead to undesirable effects. The
classification of drillstring vibrations usually is conducted according to their direction of motion, which
results in three different types: axial, torsional and lateral vibrations.

The interaction of the drillstring with the borehole wall during lateral vibrations may lead to several motion
patterns, named forward or backward whirl and snaking [1]. Unfortunately, these known periodic processes
are only parts of the drill string dynamics. Irregular vibrations are more common due to the unilateral contact
with friction in the bore hole. Motion patterns like the backward whirl (drill string kinematically rolling on
the borehole wall) cause high frequency bending cycles which are considered to be the most significant cause
of inefficient drilling, poor borehole quality and premature tools failure [2]. Altogether, these factors result
in prolonged well construction time and thus increased costs. Therefore, the design of downhole tools and
the choice of the operational parameters need to be optimized to mitigate vibrations and improve drilling
performance. Consequently, a better understanding of downhole tool dynamics and their interaction with the
downhole environment is a key issue in optimizing the drilling performance.

In this context, dynamics and vibrations measurement tools have been developed to acquire, process, and
record a comprehensive suite of data, including downhole loads, accelerations, pressures, and temperatures.
Compiling this information and subsequently combining it with surface data will allow for an accurate in-
vestigation of drilling performance.

Due to non-linearities, analysis methods for linear systems as the modal analysis is not enough. Sophisticated
methods such as the harmonic balance method for calculating nonlinear forced responses require periodicity.
However, periodicity is not always given in the drilling process and more general methods are needed to
analyse possible chaotic motion. A promising alternative is the attractor reconstruction of a time series of
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a nonlinear dynamic system. Qilong Xue [4] has successfully applied attractor reconstruction on a drill
string to investigate stability of torsional vibrations. The attractor allows the evaluation of various indicators
for stability analysis. Both simulated data and measurements can be used for time series analysis. The
embedding theorem of TAKEN [3] provides the reconstruction of a multidimensional phase space on the
basis of a single scalar quantity. In the context of this work the embedding and attractor reconstruction is
shown using the example of a lateral oscillator with contact, whereby the focus is on simulated time series.

The future goal is an improved vibration monitoring of drillstring processes by real-time data analysis. This
enables the prediction of critical conditions and forms the basis for process control reducing harmful vibra-
tions.

2 Laval rotor rodel with contact

To investigate drilling dynamics a lumped parameter Laval rotor with unilateral constraint is observed. The
rotor mass is concentrated in a disc mounted on a simply supported flexible shaft, see fig. 1(a). Fig. 1(b)
shows the eccentricity of the center of gravity (black dot) and the disks centre of rotation. Shaft dynamics
are approximated by stiffness k and damping c, respectively. Applying COULOMB’S Law the equations of
motion in the x− y−plane are given by

mẍ+ cẋ+ kx+ Θkc

(
1− r0

r

)
[x− µ sgn(vrel)y] = meΩ2 cos Ωt (1)

mÿ + cẏ + ky + Θkc

(
1− r0

r

)
[y + µ sgn(vrel)x] = meΩ2 sin Ωt (2)

vrel = Ωrdisk + Ωwr (3)

When the rotor contacts the borehole wall a unilateral penalty spring is activated and causes a repulsing
normal contact force. The force value is computed with penalty stiffness kc as well as friction forces due to
relative motion in the contact point. The activation of the unilateral contact is controlled by the Heavyside
function Θ in eq. (1) and eq. (2). As long as r < r0 there is no contact and Θ = 0. For r ≥ r0 the gap
between rotor and stator vanishes and Θ = 1 allowing contact forces to contribute to the equation system.

(a) (b)

Figure 1: Laval-Rotor Model
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3 Methods

Continuous dynamical systems are usually defined by a set of first-order ordinary differential equations (ODE)

dx(t)

dt
= F(x(t)) (4)

with the state vector x ∈ Rm. The ODE can also be written in time discrete form

xn → F(xn) = xn+1. (5)

Under certain conditions (PAENO existence theorem, PICARD-LINDELÖF theorem, e. g.), the mathematical
theory of ODE’s ensures the existence and uniqueness of trajectories. These are the basic principles and
requirements for the following method.

3.1 Phase Space Reconstruction

TAKENS theorem [3] allows the reconstruction of the phase space from a scalar observation sn = s(xn).
The reconstructed phase space of the time series s0, s1, . . . , sn−1 is a diffeomorphism in the m-dimensional
phase space, which can be built from time delay vectors

x̃i =
[
si, si−τ , . . . , si−(m−1)τ

]
(6)

of the present scalar time series (e. g. Fig. 4), where τ is the delay time.

An embedding can also be reconstructed by deriving the time series m times. This is a more intuitive way,
because e. g. in mechanics it is unambiguous, that the derivation of the spatial coordinate gives the velocity
coordinate. It is obvious, that one can reconstruct the phase-space of a SDOF-oscillator while measuring one
state and calculate the other by deriving it. The disadvantage at higher derivatives is the increased smoothness
requirements on the original signal. Moreover, approximating the derivatives by finite differences is nothing
more than linear combinations of time delayed quantities.

In practical application we have to determine the delay time τ as well as the embedding dimensionm. At first
we look at the delay time. TAKENS makes no statement about the choice of τ , since it is irrelevant in theory.
But using high-resolution time data, where the successive elements are strongly correlated in combination
with small τ compared to the internal time scales of the dynamical system, yields to a clustered attractor
around the diagonal in the Rm.[5]

si ≈ si+1 ≈ · · · ≈ si+n−1 ≈ si+n ⇒
x̃i︷ ︸︸ ︷

(si, . . . , si+n−1) ≈
x̃i+1︷ ︸︸ ︷

(si+1, . . . , si+n) (7)

Choosing τ to large, successive elements are already almost independent. Furthermore, real time-series are
not infinitely long and the length is reduced by the factor mτ . A good estimation for τ can be the first
minimum on the autocorrelation function. This corresponds to a π/2 shift of the highest frequency, which
is very similar to the first derivation in case of simple harmonic motion. While the autocorrelation function
captures only linear correlation, the average mutual information (AMI) [6] uses the idea of the SHANNON-
entropy [7], which attempts to characterize the unpredictability of a random state.

In terms of the embedding dimension m TAKENS states that the embedding is generally possible if m > 2d,
with the boxcounting-dimension d of the attractor. ”Roughly speaking, larger than twice the number of active
degrees of freedom, regardless of how high the dimensionality of the true state space is. Depending on the
application, even smaller m values satisfying m > 2d can be sufficient.”[5]

In our case it is obvious that the embedding should have the same dimension as the underlying attractor,
which is m = 4 for the simulation model. Nevertheless, using this method with experimental time series
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Figure 3: (a) Determine embedding dimension m with the method of false-nearest-neighbours and (b) time
lag τ with the average-mutual-information

where the boxcounting-dimension d is not known, it is necessary to make an estimation. Therefore, the
concept of false nearest neighbours (FNN)[8] will be used. Due to unsatisfactory embedding dimension,
some not adjacent state vectors (e.g. same spatial but different velocity coordinate) become false neighbours
as a result of subspace projection. An example is illustrated in Fig. 2 where the green diamond ��� is a
false neighbour till the dimension was unfolded to R3. By considering how the number of false neighbours
relatively changes with increasing dimension (Fig. 3(a)), an appropriate embedding can be determined.

With the embedding parameters τ and m the attractor

X̃ = [x̃1, . . . , x̃m] ∈ Rm (8)

can be reconstructed from the time delayed scalar vectors x̃i of Eq. (6).

3.2 Recurrence Analysis

After the attractor has been reconstructed, the recurrence matrix

Ri,j = Θ(ε− ||X̃(i)− X̃(j)||) ∈ {0, 1} ∀i, j = (1, . . . , N) ∈ N (9)

can be setup. Here, Ri,j stands for one single element in the recurrence matrix, Θ describes the HEAVYSIDE

function and ε the neighbourhood size. In this paper the euclidean norm for distance calculation was applied.
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The corresponding recurrence plot (RP) visualizes similar states of the dynamic system (up to an error ε)

Ri,j =

{
1 : x̃i ≈ x̃j

0 : x̃i 6≈ x̃j
∀i, j = (1, . . . , N) ∈ N (10)

as illustrated in Fig. 5. The diagonal oriented periodic recurrent lines parallel to the line-of-identity (LOI)
are characteristic for oscillating systems, while single points in white areas occur if states are rare.

Although conclusions can be drawn on system behaviour on the RPs, this requires a bit of experience.
However, scalar indicators that quantify the plot are much easier to interpret. In this paper the focus is on
the most common indicators of the recurrence quantification analysis (RQA). They are based on the point
density and line structures of the RP and described in detail in [12].

One of them is the recurrence rate
RR =

1

N2

∑

i,j∈W
Ri,j (11)

which describes the density of recurrence points within the window W of the RP (LOI excluded).

Stochastic or weakly correlated processes cause none or very short diagonals, whereas deterministic pro-
cesses cause longer diagonals. To quantify these information, we use the determinism

DET =

∑N
l=lmin

lP (l)
∑N

l=1 lP (l)
, (12)

which is the ratio of recurrence points that form a diagonal line l > lmin to all recurrence points. It is based
on the histogram

P (l) =
∑

i,j∈W
(1−Ri−1,j−1)(1−Ri+l,j+l)

l−1∏

k=0

Ri+k,j+k (13)

of diagonal lines of length l.

The last measure is the inverse of the maximum diagonal length, called divergence

DIV =
1

Lmax
, Lmax = max

(
{li}Nt

i=1

)
(14)

with Nt as the total number of diagonal lines. It is related to the largest positive Lyapunov exponent [13].

Since we are interested in analysing the changes in systems behaviour, we do not compute these measures for
the hole RP. Instead we use a moving window with Nwin points (i, j ∈W ⊂ (1, . . . , N) ∈ N}) to capture
deviations in the solution behaviour.

4 Results and discussion

After computing the model from Chap. 2 for various friction parameters µ = {0.1, 0.2, 0.3}. The different
dynamical behaviour can be seen in Fig. 6(a), as well as the original and reconstructed phase-space. The
initial conditions remain constant, so that every case starts with forward whirl. With increasing the friction µ
the rotor drifts from stable forward whirl (µ = 0.1) to chaotic motion (µ = 0.2). Depending on the friction,
chaotic motion can be transient and lead to stable backward whirl (µ = 0.3).

Since the method will also be applied to measurement data in the future, where not all state variables are
known, we extract only one single scalar times series, e. g. the spatial coordinate x as seen Fig. 4.

Then the embedding parameters can be determined (Fig. 3.1) and the attractor can be reconstructed. For
the neighbourhood size ε = 0.3σ has been chosen, where σ is the statistically expected value (normal
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Figure 5: Recurrence plot of the time series from fig. 4 with embedding parameter m = 4, τ = 38, ε = 0.3σ

distribution). The original phase-space of the state vectors (Fig. 6(b)) are of course not absolutely identical
with the reconstructed phase-space (Fig. 6(c)) since they are only similar in the sense of a diffeomorphism.
Furthermore, the 2D-projection distorts the structure, as the transient chaotic motion is not in the plane of
stable periodic circles.

Already in the RP (Fig. 5) one can see that the periodicity is disturbed from about 1200 time frames, which
can be seen by the interruptions of the diagonal lines. The RQA-measures clearly indicate the system be-
haviour, as seen in Fig. 6(e). Stable periodic oscillations reflected in constant recurrence rate (RR) and
determinism (DET) while the divergence (DIV) is very low. They turn significantly as soon as the solution
becomes unstable. This can happen even before an instability can be detected by looking at the time series
itself (red line in Fig. 4).

Using the method for recurrence analysis, it was possible to separate areas of transient and periodic solutions
of a nonlinear system by a single scalar time series. This method, can give additional information to the
FOURIER-Transform, which is made for linear, time invariant systems. By taking further RQA-measures
into account, the information value can be further increased. In the future, the influence of noisy signals will
be investigated, as well as the application to real measurement data.
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Figure 6: Stable forward whirl (left), chaotic motion (middle) which can evolve to stable backward whirl
(right) (a) Black circle: borehole, blue circle: rotor. Inner lines shows trajectory of rotors centre point.
(b) Phase-space of state vectors, (c) Reconstructed phase-space, (d) Recurrence plot of reconstruction, (e)
Normalized measures: Recurrence rate (RR), determinism (DET), divergence (DIV)
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Abstract
In non-conservative systems with frictional contact interfaces, the complex eigenvalue analysis is widely
used to detect the instabilities of the system and it is generally performed on a linearized model around
the equilibrium position. The change of contact status, due to the apparent negative damping, modifies the
system dynamics and in certain condition it can induce instabilities. For instance, an equilibrium position
that is stable in uniform sliding conditions can become a limit cycle when a portion of the contact interface
passes from sliding to sticking condition, due to the action of an external perturbation force. In this paper
this bi-stable behavior, that is typical of mechanical system with subcritical Hopf bifurcations, is investigated
by a lumped parameter model with frictional contact. The effect of the friction on the system eigenvalues is
analyzed not only for the uniform sliding condition but also for the other possible contact states, finding the
ranges of the friction coefficient value that could lead to a bi-stable behavior.

1 Introduction

In the study of mechanical system composed by bodies in frictional contact, the coupling between the contact
behavior and the vibrational response is definitely an essential point for the understanding of the system
dynamics [1, 2]. In fact, the frictional contact forces can excite the system dynamics in different ways,
leading to different contact instabilities phenomena as a function of system parameters (sliding velocity,
contact pressure or material damping) [3]. The Complex Eigenvalue Analysis (CEA) is widely used to
detect the instabilities of the system, and the analysis of the locus plot of the eigenvalues, with respect to the
friction coefficient, is generally performed on a linearized model around the equilibrium position (a uniform
sliding condition at the interface is generally chosen) [4]. This approach allows to investigate the effects of
friction forces on the stability of the system [5]. In unstable systems, the increase of vibration amplitude due
to the apparent negative damping reaches a saturation level given by the presence of material damping [6] or
by the change of contact status (i.e. sliding, sticking and detachment transitions) [7]. The change of contact
status modifies the system dynamics and in certain conditions it can induce instabilities. For instance, an
equilibrium position that is stable in uniform sliding conditions can become a limit cycle when a portion of
the contact interface passes from sliding to sticking condition. The initial condition (i.e. initial position and
perturbation force) or external applied forces can lead the system from the stable equilibrium position to the
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limit cycle. It is typical of bi-stable systems with subcritical Hopf bifurcations [8].

In this paper a lumped parameter model with frictional contact, previously developed by the authors [7, 9],
has been exploited to investigate the bi-stable behavior on a mechanical system. The model is composed of
both masses directly involved in the contact dynamic and masses that are not in contact but are linked to one
other and to the contacting masses to represent the bulk. The system is basically a cyclic chain of nonlinear
oscillators with a frictional contact point and the symmetries could be at the origin of localization phenomena
of high interest within vibration engineering community [10, 11]. For the model under study, the effects of
the friction on the system eigenvalues have been investigated not only for the starting equilibrium condition
(i.e. uniform sliding at the interface) but also for the other possible contact states. To investigate the nonlinear
behavior of the mechanical system, the forward increment Lagrange multiplier method is implemented [12,
13] and several analyses have been carried out in order to identify the ranges of the friction coefficient that
could lead to a bi-stable behavior.

2 Method

2.1 Stability assessment

For a multi Degrees of Freedom (DoF’s) mechanical system with frictional contact surfaces the equation of
motion can be expressed as:

[M ] {ẍ}+ [C] {ẋ}+ [K] {x} = {Fe}+ {Fc} (1)

where, [M ], [C] and [K] are respectively the mass, the viscous damping and the stiffness matrix of the
system; {x} is the displacement vector and {Fe} and {Fc} are respectively the vectors of external forces and
of contact forces acting on the mechanical system.

The contact forces {Fc} can be expressed as a function of positions {x} and velocities {ẋ} of the system.
The contact condition acts as unilateral constraint in the direction normal to the contact, the normal contact
force N ≤ 0 and the contact can be closed or open. If the normal contact force N is negative a compression
force is exchanged between the contacting bodies and the contact is closed. Conversely if N is nil, no forces
are exchanged at the interface and the contact is open.

Moreover, in the direction tangential to the contact, the friction force T opposes to the relative motion vr
between the two contacting bodies and is proportional to the normal contact force N . The proportionality
factor between N and T is the friction coefficient µ.

T = −sign (vr)µN (2)

Several laws exist to express the friction coefficient as function of local contact quantities [14]. In this work
the Amonton-Coulomb model is adopted for the friction force and a constant value of the friction coefficient
µ is considered [7].

The contact forces represent a nonlinear boundary condition for the mechanical system. And each contact
point can assume four contact state, i.e. sliding, reverse sliding, sticking or detachment. Hence, for a system
with n contact points, 4n possible configuration exist [9].

A very common approach to analyse the dynamic behavior of system with frictional interface is the Complex
Eigenvalue Analysis (CEA) of the system linearized in uniform sliding condition. In this case, the contact
forces {Fc} add an asymmetric term to the stiffness matrix and the Equation (1) can be expressed as:

[M̃ ] {ü}+ [C̃] {u̇}+
[
[K̃] + [K̃c]

]
{u} = {F̃e} (3)

where {u} represents the set of DoFs accounting for the assumed contact conditions, the ·̃ mark indicates
that the system matrices and the external forces are expressed in the {u} set of DoFs and the [K̃c] is the
asymmetric term that makes the system not self-adjoint.
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The Equation (3) can be recast in state space coordinate {Y } =
{
{u}T {u̇}T

}T :

[A] {Ẏ }+ [B] {Y } = {Q} (4)

where:

[A] =

[
[C̃] [M̃ ]

[M̃ ] [0]

]
, [B] =

[
[K̃] + [K̃c] [0]

[0] −[M̃ ]

]
and {Q} =

{
{F̃e}
{0}

}
. (5)

The solutions of the right complex eigenvalue problem

λr [A] {ξ}r = − [B] {ξ}r (6)

are the complex eigenvalues λ and the right complex eigenvectors ξ. The sign of the real part of the complex
eigenvalues is a stability indicator of the mechanical system in Equation (3). If at least one eigenvalue real
part is positive the system is unstable.

Nevertheless, the solutions of (6) refer to the uniform sliding condition, but if any of the contacting points
is not in sliding, the linearization of contact could lead to a significantly different result. This is one of
the main limitations on the use of CEA on linearized system to describe the nonlinear behavior. In fact,
when the system is unstable it can exhibit very large amplitude vibrations with a relevant impact of contact
nonlinearities. Typically, frictional unstable systems reach a limit cycle (stable orbit) that can be described
as a dynamic energy equilibrium, where the contact nonlinearities bound the power absorbed by the system
in sliding condition [4].

In this context, the stability of the system can be investigated also when the contact interface is not in
uniform sliding condition [9]. For example, the system can be stable when in uniform sliding condition and
exhibit some instabilities in states that are different from the uniform sliding. This could be associated to the
presence of sub-critical instabilities, characterized by the coexistence of a static equilibrium position and a
stable orbit, separated by an unstable orbit. In this case, the system is also called bi-stable and an external
perturbation can move the system form one stable solution to the other.

2.2 Transient response

The time response of the system in Equation (1) can be obtained by explicit time integration using the forward
increment Lagrange multiplier method [12, 13]. The contact conditions can be considered by constraint
equation such as:

[G] ({x}+ {X}) = {0} (7)

where {X} is the vector of nodal coordinates at equilibrium, ({x}+ {X}) is the current vector of nodal
coordinates and [G] is an a-priori unknown time-varying contact displacement constraint matrix. Hence, in
Equation (1), the contact forces {Fc} can be expressed using Lagrange multipliers {Fc} = −[G]T {λ}.
Equations (1) and (7) lead to a singular form that cannot be solved in the time domain. Therefore, to
overcome this singularity the Forward increment Lagrange multipliers method can be used.

This formulation relates constraints at time tn+1 = tn + h with Lagrange multipliers at time tn, and the
equation of motion becomes:

{
[M ] {ẍ}n + [C] {ẋ}n + [K] {x}n + [G]Tn+1 {λ}n = {Fe}n
[G]n+1

(
{x}n+1 + {X}

)
= {0}

(8)

For explicit integration of the equation, the Newmark β2 scheme can be used, that for β2 = 0.5 reduces to
the central difference scheme:

{ẋ}n =
1

2h

(
{x}n+1 − {x}n−1

)
(9)
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{ẍ}n =
1

h2
(
{x}n+1 − 2 {x}n + {x}n−1

)
(10)

The equation of motion can be rewritten as:

{ẍ}n = [M ]−1
[
{Fe}n − [C] {ẋ}n − [K] {x}n − [G]Tn+1 {λ}n

]
(11)

By substituting the central difference expression of {ẍ}n in the equation of motion, and by using
{ẋ}n =

(
{x}n − {x}n−1

)
/h one obtains:

{x}n+1=h2[M ]−1

[
{Fe}n−

1

h
[C]
(
{x}n−{x}n−1

)
−K{x}n

]
+2 {x}n−{x}n−1−h2[M ]−1[G]Tn+1{λ}n (12)

By defining the predictor of displacement {x}?n+1 as:

{x}?n+1 = h2 [M ]−1 ({Fe}n − [C] {ẋ}n − [K] {x}n) + 2 {x}n − {x}n−1 (13)

the displacement at time tn+1 is:

{x}n+1 = {x}?n+1 − h2 [M ]−1 [G]Tn+1 {λ}n (14)

Therefore, by substituting Eq. (14) in the second line of Eq. (8) one obtains:

[G]n+1

(
{x}?n+1 + {X}

)
= h2 [G]n+1 [M ]−1 [G]Tn+1 {λ}n (15)

Hence, an estimate of the contact forces {λ}n can be computed from the predictor {x}?n+1:

{λ}n =
(
h2 [G]n+1 [M ]−1 [G]Tn+1

)−1
[G]n+1

(
{x}?n+1 + {X}

)
(16)

Finally, the corrector of the displacement {x}cn+1 is defined as:

{x}cn+1 = −h2 [M ]−1 [G]Tn+1 {λ}n (17)

and the displacement at time tn+1 is expressed as:

{x}n+1 = {x}?n+1 + {x}cn+1 (18)

For problems with M contact points the Equations (16) and (17) are solved together using a Gauss-Seidel
iteration method. The i to i + 1 Gauss-Seidel iteration for I = 1, 2, . . . , M can be expressed as follows
omitting the step indexes:

i+1{p}I = [G]I
{
i+1 {x}c + {x}? + {X}

}
(19)

{∆λ}I =
[
h2 [G]I [M ]−1 [G]TI

]−1
i+1 {p}I (20)

i+1 {λ}I = i {λ}I + {∆λ}I (21)

{∆x}cI = −h2 [M ]−1 [G]TI {∆λ}I (22)
i+1 {x}c ← i+1{x}c + {∆x}cI (23)

The Gauss-Seidel iteration preceeds by simple element level calculations, until is satisfied the following
convergence check:

| {∆λ} | < tol|i+1 {λ} |. (24)
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3 Model

The model considered in this work is shown in Figure 1, it is a lumped parameter model composed by masses
m connected by springs k. The presence of both masses that are directly involved in the contact and masses
that are not in contact allows to represent both the bulk and surface dynamic behavior of a system with
frictional contact [7]. The circularity condition allows to account for the double modes that are generally
due to the symmetry of a system [15, 10]. Finally, the presence of several contact points can reproduce in a
discrete way the distribution of contact stresses and tangential velocity over an extended contact surface [5].

k
(i)
3

k
(i)
2

k
(i)
1k

(i)
4

k
(i)
6

k
(i)
5

m
(i)
1

m
(i)
2

δ(i)

µ, v, θ

x
(i)
1

x
(i)
2

x
(i)
3

x
(i)
4

Module 1 Module 2

Figure 1: Lumped parameter model with frictional contact.

The system is composed by 2 modules circularly linked. Each module i is made of 2 masses and character-
ized by 4 DoFs (x(i)1 , x(i)2 , x(i)3 and x(i)4 ). The mass m(i)

2 is in frictional contact (µ) with a rigid slider and is
able to switch among the different contact states (Sliding, Sticking and Detachment). The slider moves with
a tangential speed v and is inclined of an angle θ. The mass m(i)

1 is simply linked to the adjacent masses. A
static pre-load displacement δ(i) can be applied on each module.

Two set of parameters will be considered for the model represented in Figure 1, the numerical values of the
“Set 1” are shown in Table 1.

Parameter Set 1 Unity

m
(i)
1:2

{
0.3 0.7

}
kg

k
(i)
1:6

{
55 60 22 60 300 250

}
kN/m

θ 0.5 rad

δ 5.0E − 3 m

v 2.5E-2 m/s

β 3.0E − 5 s

Table 1: Parameters of the lumped model.

Values of the “Set 2” are the same as the Set 1 except for the value of the stiffness k(i)2 = 53 kN/m. The
viscous damping C in Equation (1) is defined as proportional to the stiffness matrix [C] = β[K].
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4 Results

In this section the dynamic behavior of the lumped parameter system described in the previous section has
been analyzed using both the CEA for the stability assessment and the transient simulation to observe the
time history response.
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(a) Parametric CEA for the parameters in the Set 1
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(b) Parametric CEA for the parameters in the Set 2

Mode 1 (34.00 Hz) Mode 2 (65.99 Hz) Mode 3 (163.90 Hz) Mode 4 (186.56 Hz) Mode 5(215.24 Hz) Mode 6 (225.79 Hz)

(c) Real mode shapes (µ = 0) for the parameters of the Set 1

Figure 2: Complex eigenvalue analysis results

Figures 2(a) and (b) show the real and imaginary part of the complex eigenvalues, respectively for the pa-
rameters of the Set 1 and Set 2, with the friction coefficient in the range 0 ≤ µ ≤ 3.5. Figure 2(c) shows the
real mode shapes of the system eigenvalues obtained for the parameters of Set 1 and a nil friction coefficient.
Mode shapes for the Set 2 are not shown because they are very similar to mode shapes obtained for the Set 1.

For both sets of parameters the system exhibits two modal coupling in the considered range of the friction
coefficient. The mode 3 coalesces with the mode 4 while the mode 5 coalesces with the mode 6. The two
coalescences give rise to two unstable modes at frequencies of approximately 170 [Hz] and 215 [Hz]. For
the parameters in the Set 1 the modes 5 and 6 coalesce for lower friction coefficient than modes 3 and 4 (cf.
Figure 2(a)). The opposite occurs using the parameters in the Set 2 (see Figure 2(b)). In fact, the decrease
of the stiffness k2, connecting the vertical displacements of masses m(i)

1 of adjacent subsystems, produces a
relevant variation of the frequencies of modes 5 and 6, that are characterized by out of phase displacements
of the upper masses m(i)

1 , without modifying the frequencies of modes 3 and 4 that are characterized by in
phase displacements. Consequently, for the Set 2 of parameters the mode coupling between modes 5 and 6
occurs for higher values of friction coefficient than for the Set 1.

For a friction coefficient µ = 1.5 the system with Set 1 of parameters is unstable since the real part of
the mode 6 is positive (see Figure 2(a)). Figure 3 shows the limit cycle for different values of the slider
velocity v. Figure 3(a) shows the amplitude of the limit cycle measured along the x(i)1 direction, the plot
can be decomposed into three quasi-linear portions with different slopes. The slope variations are located
at a slider velocity v ' 0.1 m/s and v ' 0.2 m/s. In the first range (0 < v < 0.1 [m/s]) the limit cycle is
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Figure 3: Unstable response of the system with the first set of parameters for µ = 1.5. Effect of the slider
velocity v on the limit cycle.

characterized by only stick-slip motion of the contacting massesm(i)
2 (see the plots in Figures 3(b) and (c) for

v = 0.05 m/s). The presence of horizontal portion for ẋ(1)3 = 0.05 [m/s] in Figure 3(b) indicates the sticking
motion and the point-wise plot in Figure 3(c) indicates that no detachment occurs (x(1)4 = 0 and ẋ(1)4 = 0).
In the second range (0.1 < v < 0.2 [m/s]) the limit cycle is composed by stick slip and detachment of the
contacting masses m(i)

2 (see the plots in Figures 3(b) and (c) for v = 0.15 m/s). In Figure 3(b) the horizontal
portion for ẋ(1)3 = 0.15 [m/s] indicates the sticking motion and the plot in Figure 3(c) shows the detachment
motion during the limit cycle (x(1)4 6= 0 and ẋ(1)4 6= 0). In the third range (v > 0.2 [m/s]) the limit cycle is
composed by only slip and detachment motion of the contacting masses m(i)

2 (see the plots in Figures 3(b)
and (c) for v = 0.25 m/s). The absence of horizontal portion in Figure 3(b) indicates the absence of sticking.
Furthermore, in absence of sticking and for a constant friction coefficient µ the limit cycle is independent
from the slider velocity v (horizontal portion of Figure 3(a)).
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Figure 4: System response of the system with the Set 1 of parameters and µ = 1.96.

In Figure 4 the response of the system with the Set 1 of parameters for a friction coefficient µ = 1.96 is
shown. The system is unstable (see Figure 2(a)) and the time history response to a small initial perturbation
is shown in Figure 4(a). Table 2 shows the eigenvalues of the system in all the possible contact statuses
for µ = 1.96. Observing the results in Figure 4(a) it is worth noting that the initial exponential increase of
the amplitude moves the system form unstable equilibrium position to an orbit at about 1 s. Nevertheless,
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Module 1 Sl R-Sl St Dt
Module 2

Sl −0.18 ± 43.52i −0.11 ± 34.59i −0.28 ± 54.57i −7.29 ± 44.65i
−0.40 ± 65.10i −0.41 ± 65.75i −7.04 ± 167.53i 6.92 ± 44.77i
−3.90 ± 172.34i −2.53 ± 163.96i 1.74 ± 167.81i −0.40 ± 65.07i
−1.70 ± 172.41i −3.28 ± 186.41i −9.89 ± 217.00i −10.36 ± 179.83i
−11.72 ± 218.79i −4.32 ± 214.00i 1.00 ± 217.45i 4.25 ± 180.32i
2.68 ± 219.38i −4.85 ± 226.89i - −8.81 ± 224.02i

- - - −0.66 ± 224.37i
- - - -

R-Sl −0.11 ± 34.59i −0.05 ± 22.27i −0.21 ± 47.62i −0.05 ± 22.47i
−0.41 ± 65.75i −0.42 ± 66.83i −2.46 ± 161.67i −0.26 ± 52.15i
−2.53 ± 163.96i −2.46 ± 161.66i −3.01 ± 178.58i −0.42 ± 66.83i
−3.28 ± 186.41i −3.55 ± 194.09i −4.21 ± 211.34i −2.79 ± 172.17i
−4.32 ± 214.00i −4.21 ± 211.32i −4.86 ± 226.94i −3.55 ± 194.01i
−4.85 ± 226.89i −5.09 ± 232.35i - −4.47 ± 217.85i

- - −5.08 ± 232.22i
- - -

St −0.28 ± 54.57i −0.21 ± 47.62i −2.47 ± 161.77i −0.22 ± 47.85i
−7.04 ± 167.53i −2.46 ± 161.67i −2.56 ± 164.87i −0.26 ± 52.03i
1.74 ± 167.81i −3.01 ± 178.58i −4.22 ± 211.50i −2.80 ± 172.34i
−9.89 ± 217.00i −4.21 ± 211.34i −4.47 ± 217.79i −3.00 ± 178.33i
1.00 ± 217.45i −4.86 ± 226.94i - −4.48 ± 218.02i

- - - −4.84 ± 226.65i
- - - -
- - - -

Dt −7.29 ± 44.65i −0.05 ± 22.47i −0.22 ± 47.85i −0.05 ± 23.19i
6.92 ± 44.77i −0.26 ± 52.15i −0.26 ± 52.03i −0.13 ± 36.79i
−0.40 ± 65.07i −0.42 ± 66.83i −2.80 ± 172.34i −0.41 ± 65.75i

−10.36 ± 179.83i −2.79 ± 172.17i −3.00 ± 178.33i −0.42 ± 66.78i
4.25 ± 180.32i −3.55 ± 194.01i −4.48 ± 218.02i −3.19 ± 184.00i
−8.81 ± 224.02i −4.47 ± 217.85i −4.84 ± 226.65i −3.53 ± 193.63i
−0.66 ± 224.37i −5.08 ± 232.22i - −4.66 ± 222.38i

- - - −5.08 ± 232.00i

Table 2: Complex eigenvalues in [Hz] in all the possible contact configurations for µ = 1.96 for the param-
eters in Set 1.

this orbit does not represent a stable condition and a second exponential increase of the amplitude leads the
system to another orbit that this time is stable. This is because the system presents one instability at about
219 Hz, as shown in Table 2 when both the contact points are in sliding (Sl-Sl configuration). The coupled
modes 5 and 6 are characterized by out of phase displacements of the two modules, hence, the two mod-
ules reach alternatively the sticking condition. When one of the two contact points is in sticking condition
(configurations Sl-St or St-Sl) the system presents two unstable modes at about 168 Hz and 217 Hz. This is
at the origin of the second exponential increase of the amplitude shown in Figure 4(a). The spectrogram in
Figure 4(b) confirms the previous observations showing the presence of a band at about 220 Hz that begins
at 0.6 s and a second band at about 180 Hz that increases its intensity between 1 and 3 s. Finally, during the
limit cycle, both the frequencies at about 170 and 215 Hz appear in the spectrogram, even if the mode at the
lowest frequency is stable in Sl-Sl configuration (see Figure 2(a) and Table 2).

As previously shown, the Set 2 of parameters allows to move the coalescence between modes 5 and 6 towards
higher friction coefficients. Figure 2(b) highlights that for the friction coefficient adopted in the previous
simulations (µ = 1.96) the system is still stable in uniform sliding condition, since all the modes have
negative real part (see Table 3 in Sl-Sl configuration). However, the system becomes unstable if one of the
two masses is in sticking status (see eigenvalues in Table 3 in Sl-St or St-Sl conditions). Therefore the system
in this conditions exhibits a bistable behavior. If the initial perturbation is small the system oscillates around
the static equilibrium position as shown in Figure 5(a). If a large perturbation is imposed, that leads one of
the two contact points in the sticking condition, the system reaches a stable orbit as shown in Figure 5(b).

Figure 6 shows the results of a “pseudo-continuation” analysis performed to investigate the effects of the
friction coefficient on the presence and on the amplitude of the limit cycle for the system with the Set 2 of
parameters. To obtain the curve for decreasing values of µ, the transient simulation is performed initially
with a friction coefficient µ = 2.5 and a small perturbation. Once that the system has reached the limit cycle,
the transient simulation is arrested and restarted with a lower value of the friction coefficient µ? = µ −∆µ
adopting as initial condition the ending state (displacement and velocity) of the previous simulation. This
restart procedure is repeated to span the desired range of the friction coefficient. To obtain the curve for
increasing values of µ the procedure is very similar, except for the small perturbation that is applied for each
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Module 1 Sl R-Sl St Dt
Module 2

Sl −0.18 ± 43.52i −0.11 ± 33.91i −0.29 ± 55.29i −7.43 ± 43.62i
−0.42 ± 66.48i −0.41 ± 65.75i −7.05 ± 167.61i 7.08 ± 43.74i
−3.90 ± 172.34i −2.54 ± 164.11i 1.75 ± 167.89i −0.42 ± 66.46i
−1.70 ± 172.41i −3.25 ± 185.73i −6.27 ± 214.44i −10.25 ± 179.40i
−4.39 ± 215.67i −4.24 ± 212.09i −2.40 ± 214.60i 4.18 ± 179.88i
−4.44 ± 216.90i −4.75 ± 224.49i - −8.02 ± 221.98i

- - - −1.28 ± 222.27i
- - - -

R-Sl −0.11 ± 33.91i −0.05 ± 22.27i −0.20 ± 46.30i −0.05 ± 22.47i
−0.41 ± 65.75i −0.39 ± 64.51i −2.46 ± 161.67i −0.26 ± 52.21i
−2.54 ± 164.11i −2.46 ± 161.66i −2.99 ± 178.08i −0.39 ± 64.51i
−3.25 ± 185.73i −3.55 ± 194.09i −4.22 ± 211.46i −2.80 ± 172.19i
−4.24 ± 212.09i −4.22 ± 211.45i −4.68 ± 222.72i −3.55 ± 194.00i
−4.75 ± 224.49i −4.91 ± 228.22i - −4.48 ± 217.90i

- - −4.91 ± 228.13i
- - -

St −0.29 ± 55.29i −0.20 ± 46.30i −2.47 ± 161.77i −0.20 ± 46.60i
−7.05 ± 167.61i −2.46 ± 161.67i −2.56 ± 164.87i −0.26 ± 52.03i
1.75 ± 167.89i −2.99 ± 178.08i −4.22 ± 211.50i −2.80 ± 172.34i
−6.27 ± 214.44i −4.22 ± 211.46i −4.27 ± 212.79i −2.98 ± 177.86i
−2.40 ± 214.60i −4.68 ± 222.72i - −4.48 ± 218.02i

- - - −4.67 ± 222.49i
- - - -
- - - -

Dt −7.43 ± 43.62i −0.05 ± 22.47i −0.20 ± 46.60i −0.05 ± 23.19i
7.08 ± 43.74i −0.26 ± 52.21i −0.26 ± 52.03i −0.13 ± 36.79i
−0.42 ± 66.46i −0.39 ± 64.51i −2.80 ± 172.34i −0.39 ± 64.57i

−10.25 ± 179.40i −2.79 ± 172.19i −2.98 ± 177.86i −0.41 ± 65.75i
4.18 ± 179.88i −3.55 ± 194.00i −4.48 ± 218.02i −3.19 ± 184.00i
−8.02 ± 221.98i −4.48 ± 217.90i −4.67 ± 222.49i −3.53 ± 193.63i
−1.28 ± 222.27i −4.91 ± 228.13i - −4.66 ± 222.38i

- - - −4.90 ± 227.94i

Table 3: Complex eigenvalues in [Hz] in all the possible contact configurations for µ = 1.96 for the param-
eters in Set 2.
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Figure 5: System response of the system with the Set 2 of parameters and µ = 1.96 for different values of
the initial perturbation.
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Figure 6: Amplitude of the limit cycle for increasing and decreasing values of the friction coefficient µ (with
∆µ = 0.01) for the Set 2 of parameters.

restart analysis. In this case, in fact the initial value of the friction coefficient µ = 1.5 corresponds to a stable
equilibrium position of the system in steady sliding and the small perturbation pushes the system away form
the equilibrium position once it becomes unstable. Results in Figure 6 allows to clearly identify the bistable
region.

1.6 1.8 2 2.2 2.4
0

0.2

0.4

0.6

0.8

1
·10−3

µ

A
m

pl
itu

de
x
(
1
)

1
[m

]

µ ↑
µ ↓

Figure 7: Amplitude of the limit cycle for increasing and decreasing values of the friction coefficient µ (with
∆µ = 0.01) for the Set 1 of parameters.

The same analysis approach can be applied to the system with the Set 1 of parameters. In this case the results
in Figure 7 show the transition between two unstable branches at µ ' 2. This transition occurs in different
ways for increasing and decreasing values of the friction coefficient µ, highlighting the presence of a range
of µ where the obtained solution is not unique but depends on boundary conditions.

Conclusions

In this paper a lumped parameter model with frictional contact has been exploited to investigate the bi-stable
behavior of a mechanical system. The effects of the friction coefficient on the system stability have been
investigated not only for the uniform sliding condition at the interface but also for different contact statuses.
The results of transient simulations highlighted that the changes of contact status affect the system dynamics
and in certain conditions they can induce instabilities. Subcritical instabilities have been related to the change

2736 PROCEEDINGS OF ISMA2018 AND USD2018



of contact status showing how a system that is stable in uniform sliding conditions can become unstable if
an external perturbation modifies the contact status. Moreover, the same approach has been applied to a
system with multiple instabilities showing the co-existence of multiple limit cycles depending on the initial
conditions.
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Abstract
Backbone curves describe the unforced, undamped periodic responses of nonlinear structures. They represent
valuable information about the fundamental behaviour of nonlinear systems and measuring them is a key
challenge in experimental nonlinear dynamics. An approach that is commonly used to measure backbone
curves is the resonant decay method, which relies on the free vibration response of a system following the
backbone curve as it decays due to damping. However, here we show that some portions of the backbone
curve cannot be followed using the resonant decay method and that under certain conditions the structural
response may suddenly diverge from the backbone curve during a resonant decay. An energy-based method
is then used to describe the mechanism that prevents the decaying system from following the backbone
curves. It is shown that a phase shift between the modes is required to transfer energy internally to enable
the resonant decay to follow the backbone curve.

1 Introduction

Nonlinear systems can often exhibit very complex behaviours which can make predicting and presenting their
behaviour difficult [1]. A common way of understanding nonlinearities in structures is by using backbone
curves [2]. Backbone curves describe the unforced, undamped periodic responses of nonlinear structures.
They are also known as Nonlinear Normal Modes (NNM) [1] as they are analogous to the linear modes
of a system and a lot of work has been done on predicting them numerically. Predicting the backbone
curves experimentally, however, can be challenging as often the system will only follow certain parts of the
backbone curve, due to stability changes and other effects, but one possible method is through resonant decay
[3].

The resonant decay method can be used to measure the backbone curves of a system [4]. It relies on the
assumption that when a system is released on or near the backbone curve, the response will follow the curve.
However, to perform such a test requires some knowledge of where the backbone curve lies to ensure that the
initial displacements are sufficiently close to the backbone curve for the response to find it. If the system isn’t
sufficiently close to the backbone curve, the response may not converge onto the backbone curve and could
follow a different path. Another issue with this method is that response may ‘jump’ off its own backbone
curve and oscillate around a different curve. This often happens when there is a change of stability, or when
the response nears the linear system one or more of the modes may switch or ‘jump’ to their corresponding
linear natural frequency. This can make it difficult to plot the backbone curve experimentally, especially at
low amplitudes. The precise reason for this is where the focus of this paper will be. A potential mechanism
for the modes ‘jumping’, which in this paper is referred to as the switching phenomenon, will be discussed.
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An explanation could be due to the energy in the system and the internal energy transfer between the different
modes [5, 6, 7].

This paper starts with a description of the structure being used to demonstrate the phenomenon. The back-
bone curves and resonant decay simulations are then produced using a nonlinear reduced order model. An
energy based method is then presented to explain the effect seen in the simulation results. Finally, the paper
ends with conclusions and ideas for future work.

2 The structure

A clear interaction between the first two modes was desired to show the switching phenomenon of the modes
changing backbone curves. A structure was chosen such that the first two modes consisted primarily of
bending and torsion and a picture of the structure can be found in Figure 1. The structure consists of a beam
that is clamped at either end. In the centre a cross beam has been welded with two masses that can be moved
along the cross beam in order to tune the linear natural frequencies. A smaller cross beam is used as the point
of contact for the input force when measuring the natural frequencies and mode shapes. A picture of the rig
can be found in Figure 1. The main beam is approximately 1m in length and 12mm thick. The cross beam
is situated in the centre of the main beam, extends 216mm either side and has a diameter of 12mm. The
tuneable masses along the cross beam have a mass of 218g each. This structure has also been considered in
[8] and [9].

The system is designed such that the linear natural frequencies of the first bending and first torsional modes
have a ratio of approximately 1:1, i.e. ωn1 ≈ ωn2, this is achieved by moving the masses to tune the
frequencies. To ensure coupling between the modes the masses were positioned asymmetrically [8].

Figure 1: The crossbeam structure

3 Simulation results

3.1 Reduced order model

This system was first modelled in Abaqus, in a manner similar to [8] and [9]. From this, a nonlinear reduced
order model (NLROM) was calculated from the finite element model using the Implicit Condensation and
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Expansion technique (ICE) [10, 11]. This produces an N DoF system in modal coordinates in the form

q̈ + Λq̇ + Nq(q) = 0 (1)

where q is the vector of modal coordinates, Λ is a diagonal matrix of the linear natural frequencies of each
mode, and Nq(q) are the nonlinear terms in the equation. This paper is only interested in the interactions
between the first two modes so a 2 DoF system was created using the ICE method and the full equations of
this model are

q̈1 + 2ζωn1q̇1 + ω2
n1q1 + γ1q

3
1 + 3γ2q

2
1q2 + γ3q1q

2
2 + γ4q

3
2 = 0

q̈1 + 2ζωn2q̇2 + ω2
n2q2 + γ2q

3
1 + γ3q

2
1q2 + 3γ4q1q

2
2 + γ5q

3
2 = 0

(2)

where ζ is the damping coefficient and γi the nonlinear coefficients. The reduced order model doesn’t provide
the damping term 2ζωniq̇i, this has been added in order to perform the resonant decay simulation in Section
3.3.

The system was modified until the desired ratio between the second and the first natural frequencies was
reached, i.e. ωn2/ωn1 = 1.12, with the first torsional mode having a higher natural frequency than the
first bending mode to ensure an interaction between the two. The nonlinear coefficients and the natural
frequencies for Equation 2 can be found in Table 1. It should be noted that the NLROM did provide quadratic
and cubic terms, but as the quadratic coefficients are very small (of the order 10−15), they were neglected.

Coefficients ωn1 (rad/s) ωn2 (rad/s) γ1 γ2 γ3 γ4 γ5
77.22 86.79 4.15×106 1.18×106 1.13×106 9.84×104 2.32×105

Table 1: Coefficients for Equation 2

The finite element analysis also provided the linear mode shapes of the system. These can be found in
Figure 2. As the structure is asymmetric (due to the position of the masses) the mode shapes aren’t purely
bending and torsion. However it can be seen that the first mode is dominated by bending and the second
mode dominated by torsion.

(a) Bending-dominated mode shape (b) Torsion-dominated mode shape

Figure 2: First two mode shapes

3.2 Backbone curves

The backbone curves for the first two modes were calculated using the harmonic balance method [2]. It’s
assumed that the response, q, is in the form of Equation 3.

qi ≈ ui = Ui cos (ωrt− φi) (3)
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where ui represents the single-harmonic approximation of qi. Ui is the amplitude, φi the phase of ui and ωr

is the response frequency.

The next step in the harmonic balance method is to substitute Equation 3 into the original equations of motion
(Equation 2). After some algebraic manipulation and removing the non-resonant terms (any term that doesn’t
resonate at 1ωr) the following equations are calculated.

(ω2
n1 − ω2

r )U1 cos(ωrt− φ1) +
3

4
γ1U

3
1 cos(φ1 − ωrt) +

3

4
γ2U

2
1U2 cos(2φ1 − φ2 − ωrt)

+
3

2
γ2U

2
1U2 cos(φ2 − ωrt) +

1

4
γ3U1U

2
2 cos(φ1 − 2φ2 + ωrt)

+
1

2
γ3U1U

2
2 cos(φ1 − ωrt) +

3

4
γ4U

3
2 cos(φ2 − ωrt) = 0

(4)

(ω2
n2 − ω2

r )U2 cos(ωrt− φ2) +
3

4
γ2U

3
1 cos(φ1 − ωrt) +

1

4
γ3U

2
1U2 cos(2φ1 − φ2 − ωrt)

+
1

2
γ3U

2
1U2 cos(φ2 − ωrt) +

3

4
γ4U1U

2
2 cos(φ1 − 2φ2 + ωrt)

+
3

2
γ4U1U

2
2 cos(φ1 − ωrt) +

3

4
γ5U

3
2 cos(φ2 − ωrt) = 0

(5)

where ωni is the ith linear natural frequency. To calculate the backbone curves of the system it is easiest
to carry on in the exponential form. Later in this paper however, the trigonometric is needed to compute
the phase difference and so is the form presented here. From the exponential form of Equations 4 and 5
and by following the method found in [8] and [2] the following relationships for the response frequency are
calculated.
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Figure 3: Backbone curves; U1 corresponds to the bending-dominated mode shape and U2 the torsion-
dominated mode shape
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1
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1 + 9pγ2U1U2 + 3γ3U
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2 + 3pγ4U

−1
1 U3

2 ]

ω2
r = ω2

n2 +
1

4
[3pγ2U

3
1U
−1
2 + 3γ3U

2
1 + 9pγ4U1U2 + 3γ5U

2
2 ]

(6)

The response can either be in phase or anti-phase which is defined by p as

p = cos(φ1 − φ2) =

{
+1, when (φ1 − φ2) = 0

−1, when (φ1 − φ2) = π
(7)
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Equation 6 is used to plot the backbone curves of this system. These are shown in Figure 3.

3.3 Resonant decay

To measure backbone curves experimentally, the resonant decay method [3, 8, 12] is often used. This method
involves displacing the system on or near the backbone curve and releasing the system allowing the response
to decay down the backbone curve to the linear natural frequency. A numerical ode solver in MATLAB was
used to simulate the decay, and the initial displacements were chosen directly from the backbone curve in
Figure 3 to ensure the decay started on the curve. The equations of motion in Equation 2 were used with a
damping coefficient ζ = 0.005.
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Figure 4: Resonant decay simulation; (a) and (b) starting on the first backbone curve, (c) and (d) starting on
the second backbone curve. The point x corresponds to a time of 6 and 1.5 seconds for the first and second
backbone curve respectively, when the frequencies start to diverge off the backbone curve.

The resonant decay for the first backbone curve is shown in Figure 4a and the corresponding plot of the
frequency vs time in 4b. It can be seen that the decay follows the backbone curve mostly all the way and
it’s only at the very low amplitudes where the second mode splits off to the 2nd natural frequency (around
6 seconds in Figure 4b represented with an ‘x’). However, by this point the majority of the backbone curve
can be estimated and hence the resonant decay method is effective.

Performing a resonant decay starting on the second backbone curve (Figure 4c) doesn’t have the same result.
After about 1.5 seconds of the decay (again represented with an ‘x’ in Figure 4c) the first mode starts to
diverge off the second backbone curve and onto the first instead of continuing down the backbone curve.
Both modes then oscillate around and converge onto the two natural frequencies. This can also be seen in the
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plot of frequency versus time (Figure 4d). This switching of the backbone curves occurs at a much higher
amplitude than the first simulation and it doesn’t leave enough information to estimate the 2nd backbone
curve at the lower amplitudes.

The reasons for this divergence and the mechanisms that enable the system to follow the backbone curve will
be examined next in Section 4.

4 Energy transfer

To understand the mechanisms that are causing the resonant decay to split and oscillate as seen in Figures 4c
and 4d, the energy transfer between the two modes of the system will be investigated.

4.1 Energy on the backbone curve
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Figure 5: Schematic showing how energy moves between the modes

If a point A is chosen on a backbone curve (see Figure 5), and this point is used as the initial condition for
a resonant decay, it can be assumed that the response will travel down the backbone curve and after one
oscillation will arrive at another point, B. The energy in the system at both points are called EA and EB

respectively. If the system is lightly damped then the energy in the system at point B must be less than the
energy in the system at point A, and the energy lost between them must be EA − EB . The energy lost from
the system then must be due to the damping from each mode and therefore

EA − EB = ED1 + ED2 (8)

where EDi is the energy lost from modal damping from the ith mode.

The energy lost from modal damping from the ith mode is not necessarily equal to the total energy lost from
the ith mode when transitioning from A to B. It is also possible for energy to be transferred between modes
as, in nonlinear systems, the modes may be coupled together. So another term must be added to denote the
energy lost from each mode due to modal coupling (EMi). It should be noted that EMi is not the energy
lost from the system, but is the energy transferred internally from the ith mode such that

∑
iEMi = 0, and

Equation 8 still holds true.

The energy lost from the ith mode can now be written as:

EAi − EBi = EDi + EMi (9)
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A phase shift is required to transfer energy between modes [6], and so the next step is to calculate the phase
difference between modes as the response travels down the backbone curve.

4.2 Internal energy transfer

Rearranging Equation 9 the internal energy transfer from mode i is

EMi = EAi − EBi − EDi (10)

The following sections will go through each term in this equation and how it is calculated.

EAi : The backbone curves for this system have been calculated assuming that the modes are either in phase
or in anti-phase (0◦ or 180◦ phase shift from each other). Therefore, at point A both modes must past through
0 at the same time and the energy will be purely kinetic. Assuming that the harmonics are negligible, this
leads to

EAi =
1

2
U2
iAω

2
rA (11)

where ωr is the response frequency.

EDi : Assuming a steady state solution, the external energy transfer from the ith mode over one period may
be written as

EEi,k =

∫ T

0
fEik(t)q̇i(t)dt (12)

where q̇(t) is the velocity of the ith mode, T is the period of the response, and fEik is the external transfer
term in the modal equations of motion of the ith mode. In the case of damping this term would be equal to
2ζwniu̇i. Using also T = 2π/ωr, the energy lost due to damping from the ith mode is

EDi = 2ζωni

∫ T

0
u̇2i dt = 2πζωniωrU

2
i (13)

However, a resonant decay is transient and not steady state, so the average value between points A and B of
EDi will be taken into account. This leads to the energy lost due to damping as

EDi = πζωni(ωrAU
2
iA + ωrBU

2
iB) (14)

EBi : EB may be calculated by combining Equations 8, 11, 14 and by recognising that the total energy at A
is the sum of the energy at the two modes, i.e. EA = EA1 + EA2.

EB =
ω̄2
A

2
(U2

1A + U2
2A) − πζ

[
ωn1(ωrAU

2
1A + ωrBU

2
1B) + ωn2(ωrAU

2
2A + ωrBU

2
2B)
]

(15)

From this and by using Equation 11, the energy at point B can be found as a function of its position on the
backbone curve. The position of B can then be found numerically and now all the terms have been calculated
in order to calculate EMi from Equation 10.
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4.3 Phase-shift prediction

It is now considered how EM can be related to the phase difference φ1 − φ2 . This relationship can then be
used along with Equation 10 to calculate the phase shift required for the internal energy transfer.

In a manner similar to Equation 12, assuming a steady state solution, the internal energy transfer for the kth

nonlinear term from the ith mode over one period may be written as

EMi,k =

∫ T

0
fMi,k(t)q̇i(t)dt (16)

where fMi,k is the internal transfer term in the modal equations of motion of the ith mode. It can be assumed
that the terms in Equation 16 can be written as [5]

fMi,k(t) =

∞∑

s=0

FMi,k,s cos (sω̄t− θi,k,s) (17)

qi(t) =

∞∑

j=0

Qi,j cos (jω̄t− φi,j) (18)

where FMi,k,s is the amplitude, θi,k,s the phase, and sω̄ the frequency of fMi,k. Qi,j is the amplitude, φi,j
the phase, and jω̄ the frequency of qi.

Integrating Equation 16 after substituting in Equations 17 and 18 results in

EMi,k = π
[ ∞∑

s=0

sFMi,k,sQi,s sin (φi,s − θi,k,s)
]

(19)

Assuming a steady state response and a conservative system the energy can only be transferred internally, so
the total net internal energy transfer must be zero and therefore

EMi =

KMi∑

k=1

EMi,k = π

KMi∑

k=1

[ ∞∑

s=0

sFMi,k,sQi,s sin (φi,s − θi,k,s)
]

= 0 (20)

where KMi is the number of nonlinear terms in the equation of motion.

From this, the total energy transfer over one period for mode i can be written as

EMi,k =

∫ T

0

[KMi∑

k=1

fMi,k

]
q̇i(t)dt (21)

When calculating the harmonic balance, Equations 4 and 5 were calculated which were in terms of φ1 − φ2.
Only the internal transfer terms are needed which for the first mode is

KM1∑

k=1

fM1,k =
[3

4
γ1U

3
1 +

1

2
γ3U1U

2
2

]
cos(ωrt− φ1) +

[3

2
γ2U

2
1U2 +

3

4
γ4U

3
2

]
cos(ωrt− φ2)

+
3

4
γ2U

2
1U2 cos(ωrt− 2φ1 + φ2) +

1

4
γ3U1U

2
2 cos(ωrt+ φ1 − 2φ2)

(22)

Substituting these terms and the equivalent for the second mode into Equation 21 results in
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EM1 =
1

4
πU1U2 sin(φ1 − φ2)

[
3γ2U

2
1 + 2γ3U1U2 cos(φ1 − φ2) + 3γ4U

2
2

]

EM2 = −1

4
πU1U2 sin(φ1 − φ2)

[
3γ2U

2
1 + 2γ3U1U2 cos(φ1 − φ2) + 3γ4U

2
2

] (23)

Which can then be equated to Equation 10. The resulting expression can be used to calculate the phase
difference required for the internal energy transfer to stay on the backbone curve.
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Figure 6: Phase difference between the two modes with respect to the fundamental response frequency for
the first backbone curve.

Figure 6 is a plot of the phase difference with respect to the response frequency when starting on the first
backbone curve (Figures 4a and 4b). It shows the measured phase difference from the simulation results and
the predicted phase difference. The ’x’ once again corresponds to a time of 6 seconds when the decay starts
to diverge from the backbone curve. Figure 6 has been zoomed in to show the predicted phase difference
before the decay diverges. After this point the two responses are responding at two different frequencies so
the predicted phase difference is inaccurate. It can be seen that the the predicted phase difference remains
close to zero and agrees with the measured phase difference up until 85 rad/s. After that point the phase
difference starts to increase suggesting that the amount of energy needed to remain on the backbone curve is
too much to be transferred internally, hence the response transitions to a combination of two responses at the
two modal frequencies.

5 Conclusions

This paper described the process of resonant decay and a potential mechanism required to enable the decay
to follow the backbone curve. The difference in phase between the two modes is what provides the ability
to transfer energy between the modes in order to keep the decay on the backbone curve. When the phase
difference increases, the energy transfer becomes too much to sustain and the decay may diverge off the
backbone curve. Simulated results from the reduced order model were produced to demonstrate this. These

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2747



results show that due to the difference in phase it may not be possible to find all of the backbone curve just
by using resonant decay.

Going forward experimental results using the rig in Figure 1 will be produced to show the switching phe-
nomenon in an experiment. The energy transfer between the modes will also be calculated for both the
simulation and experiment in order to be compared.
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Abstract
The process of developing micro- and nanoscale structures is costly and time-consuming, so it is im-
portant that their dynamic behaviour is fully understood to prevent unexpected system failures. Given
the greater influence of atomic forces at this scale, as well as inherently slender components and low
damping, such systems can very easily exhibit nonlinear behaviour, including modal interactions. In
this paper, a cantilever microbeam with a charged tip placed between two point charges is modelled
analytically. Further, the implicit condensation method is applied to create reduced-order models, the
accuracy of which is assessed through comparison with the free and forced responses of the full system.

1 Introduction

Recent developments in structural engineering, driven by an increasing demand for more efficient me-
chanical systems, have resulted in a marked increase into the production and refinement of lightweight,
flexible structures. With this comes a need to address nonlinearities that arise in the resultant dynamics,
as a failure to capture this behaviour has the potential to do irreversible damage to the system in question.

The slender nature of nanoscale structures, combined with the increased influence of atomic forces and
inherently low damping, results in a system which is likely to encounter this nonlinear behaviour, often
to a greater extent than similar systems at the macroscale. A notable example of such a phenomenon was
presented in [1]. In this study, five parametric resonances of a microelectromechanical system (MEMS),
governed by the Mathieu equation, are experimentally observed, whereas only the first can typically be
achieved in macroscale systems with governing equations of the same form. Given that it is possible
for MEMS and nanoelectromechanical systems (NEMS) to exhibit nonlinear behaviour which is not
seen in their macroscale counterparts, it is important that dynamical models are able to capture such
phenomena, particularly due to the expense and difficulty associated with their manufacture. As such,
there have been a number of studies into the nonlinear dynamics of MEMS and NEMS, a more extensive
summary of which is given in [2].

Of particular relevance to this paper are those studies which apply an analytical approach to investigate
these nonlinear MEMS and NEMS. Nayfeh and collaborators [3–8] model a number of Euler-Bernoulli
microbeams and microplates with a range of supports and electromagnetic configurations. In particular,
the Galerkin method is applied to an electrically loaded clamped-clamped microbeam [5, 8] and mi-
croplate [6] to investigate nonlinear phenomena such as amplitude-dependent natural frequencies and
internal resonance. The authors of [5] further investigate the extent to which the size of a Galerkin
reduced-order model (ROM) influences its accuracy in terms of the modeshapes and natural, though
they did not extend this investigation to include the effect had on the ability of the model to capture
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internal resonances. A Galerkin model has been employed in [9] to investigate such resonances in an
array of nonlinearly coupled microbeams; however, due to the symmetry of the system considered, a
single-mode model was sufficient.

In recent years, the development of ROMs has been a key interest when exploring macroscale structures;
these developments have been summarised in [10]. This work will apply the implicit condensation (IC)
method to a Galerkin model to investigate its applicability for a microstructure. This technique has been
widely applied in the literature and further reading on the subject can be found in [11–13].

In this paper, the internal resonances of a cantilever microbeam with a nonlinear electrostatic boundary
condition (BC) at the free end are considered through use of a nonlinear spring support BC approxi-
mation; this is defined in Section 2. In Section 3, the backbone curves of the system are presented for
the system. First, the magnitude of the electrostatic interaction is varied, with consideration given to
the point at which such behaviour arises. Then, for a selection of illustrative cases, the aforementioned
ROM techniques will be applied to investigate their ability to capture this behaviour. Conclusions are
drawn in Section 4.

2 System definition and reduced-order modelling

2.1 Galerkin model

MEMS and NEMS can exhibit nonlinear behaviour and two of the key reasons for this are the naturally
slim nature of such systems, and the increased influence of electrostatic forces due to their scale. This
paper investigates a system which exhibits both of these characteristics, which takes the form of a can-
tilever microbeam with a charged tip placed between two point charges. This configuration is presented
in Fig. 1 and provides a more general example of the electrostatic behaviour exhibited in an atomic force
microscope.

In this system, the microbeam has length L, Young’s modulus E, cross-sectional area Â, and density ρ.
The tip of the beam has charge Qtip and is placed equidistantly between two point charges of magnitude
Q1 and Q2. All three of these charges have the same sign, so that, as the tip of the beam approaches one
of the point charges, it is repelled towards its equilibrium position. In the following discussion, these
point charges will be taken to be equal - i.e. Q1 = Q2 = Q.

L

w(x,t)

x

Q1

Q2

Qtip

d

Figure 1: Schematic for a cantilever microbeam with a charged tip placed between two point charges.

This electrostatic interaction is modelled by Coulomb’s law, so the force exerted on the tip of the beam
is given by

Ftip(L) = k0QtipQ

(
1

(d− w(L))2
− 1

(d+ w(L))2

)
, (1)
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where k0 ≈ 8.988×109 N m2 C−2 denotes Coulomb’s constant and w represents a vertical perturbation
of the beam tip. Note that the symmetry of the point charges has been implemented in Eq. (1). This
model assumes that the interaction only occurs at the right hand end of the beam and, therefore, it can
be treated as a boundary condition. Further, if a Taylor expansion of Ftip is taken about the point w = 0,
this force can be approximated as

Ftip(w) = 4k0QtipQ

(
w

d3
+

2w3

d5

)
= kLw + kNLw

3. (2)

Here, it has been noted that this approximation is analogous to a cantilever beam supported by a nonlin-
ear spring at the free end. The boundary conditions for such a system can be written as.

The unforced, undamped equations of motion for an Euler-Bernoulli beam are written as

EI
∂4w

∂x4
− EÂ

2L

∫ L

0

(
∂w

∂x

)2

dx
(
∂2w

∂x2

)
+ ρÂ

∂2w

∂t2
= 0, (3)

where I is the second moment of area.

At this point, a Galerkin decomposition can be applied, taking the form

w(x, t) =
∞∑

j=1

φj(x)qj(t). (4)

Here, φj and qj denote the jth mode shape and modal displacement, respectively. The former is defined
by

φ(y) = coshκy − cosκy − λ(sinhκy − sinκy), (5)

Applying the decomposition in Eq. (4) to Eq. (3), the modal equations of motion are written

EI
∞∑

j=1

d4φj
dx4

qj −
EÂ

2L

∞∑

k=1

∫ L

0

(
dφk
dx

)2

dx
(
d2φj
dx2

)
qjq

2
k + ρÂ

∞∑

j=1

q̈jφj = 0. (6)

For the configuration shown above, the boundary conditions are given by

φ(0) = φ′(0) = φ′′(L) = 0, φ′′′(L) = K̂Lφ(L) + K̂NLφ(L)3,

where K̂L =
kLL

3

EI
and K̂NL =

kNLL
5

EI
.

(7)

Here, the final boundary condition arises as a result of the tip force given in Eq. (2). It is possible to
decouple the equations in Eq. (6) by multiplying by an arbitrary modeshape and then integrating across
the length of the beam. As such, the jth equation of motion can be written as

EI

∞∑

j=1

∫ L

0

d4φj
dx4

φndxqj −
EÂ

2L

∞∑

j=1

∫ L

0

[ ∞∑

k=1

(∫ L

0

(
dφk
dx

)2

dxq2k

)
×
(
d2φj
dx2

)
qjφn

]
dx

+ ρÂ

∫ L

0

∞∑

j=1

φjφndxq̈j = 0.

(8)
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The integral terms in Eq. (8) define the orthogonality conditions between the linear modal basis, as well
as the coefficients of the nonlinear terms. These are calculated as follows

∫ L

0
φnφjdx =

{
α1,j , if n = j,

0, otherwise,
∫ L

0
φn
d2φj
dx2

dx =

{
α2,j , if n = k,

0, otherwise,
∫ L

0
φn
d4φj
dx4

dx =

{
α4,j , if n = k,

0, otherwise,

(9)

where

α1,j =1 +
1

4κ

(
2λ(4 cos(κ) cosh(κ)− cos(2κ)− cosh(2κ)− 2) + (λ2 − 1)(4 cosh(κ) sin(κ)− sin(2κ))

+ (λ2 + 1)(sinh(2κ)− 4 cos(κ) sinh(κ))
)
,

α4,j =
κ4

L4
α1,j .

α2,j =
κ

4L

(
4λ(sin2(κ)− sinh2(κ)) + (λ2 − 1) sin(2κ) + (λ2 + 1) sinh(2κ)

)
.

(10)

Note that the parameters κ and λ are calculated numerically. It is useful to introduce the additional
notation

βi,k =

∫ L

0

(
dφi
dx

)(
dφk
dx

)
dx. (11)

Implementing the aforementioned conditions and notation, Eq. (8) can be written as

q̈n +
EIκ4

ρÂL4
qn +

E

2ρα1,nL

∞∑

i=1

∞∑

j=1

∞∑

k=1

α2,iβj,kqiqjqk = 0. (12)

Note that, although the spring constants, kL and kNL are not seen explicitly in Eq. (12), they are captured
by the nonlinear terms, due to their role in the definition of the modeshapes.

Up to this point, the micro-/nanoscale nature of the structure has had little influence on the development
of the model. In fact, the only implicit reference to this is the assumption that w3 is not negligible in
the spring support approximation. As such, these spring constants are not explicitly written in Eq. (12).
However, their influence is captured by the nonlinear coefficients α2,i and βj,k, which are defined by
the boundary conditions. The impacts these have on the behaviour of the system are investigated in the
following section.

2.2 Implicit condensation method

The system of equations written in Eq. (12) now define a nonlinear systems of equation that can be
considered as a “full” model to be reduced by the IC method. This method is briefly outlined here.
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Table 1:
Case Q (C) d (nm) K̂L K̂NL

1 1e-19 100 0 1e+3
2 4e-19 10 1 1e+9

Initially, it is assumed that the nonlinear part of the ROM can be written as a cubic polynomial, with the
nth component denoted

θn(q1, ..., qM ) =

M∑

i=1

M∑

j=i

A
(n)
ij qiqj +

M∑

i=1

M∑

j=i

M∑

k=j

B
(n)
ijk qiqjqk, (13)

where M denotes the number of modes retained in the ROM. The procedure then applies a number of
static load cases, which take the form

Λq + Θq(q) = F, (14)

where F represents a statically applied force. In Eq. (14), the nonlinear coefficients are the only un-
knowns. Therefore, by implementing enough static cases, it is possible to perform a least-squares re-
gression analysis to approximate A(n)

ij and B(n)
ijk . Further details on the implementation of this method

are given in [11, 12].

3 Results

3.1 Backbone curves

Although the the small nature of the system has been implicit thus far, naturally, this becomes explicit
with the introduction of the dimensions of the beam, which will be 200µm long, 10µm wide, and 0.4µm
thick. The beam will have a Young’s modulus of 310 GPa and a density of 3170 kg/m3. The two charges
will be equal to one another. Two cases will be considered, in which the charge, distance d, and, hence,
the approximating spring constants will be varied. The two cases are given in Table 1.

As alluded to in the previous section, the unforced, undamped response of the system will be considered
initially. To investigate this, the backbone curves of both the full model, as well as a number of ROMs
developed using the IC method, are presented. Fig. 2 displays the first backbone curve of the full
Galerkin model for the two cases; both the first and second modal displacement are presented. It can be
seen that, for both of these cases, there is a 1:3 modal interaction between the first and second mode,
though the exact nature of these differs between the two backbone curves.

It is clear that, should a ROM fail to capture such an interaction, it is very possible that the MEMS or
NEMS device could be damaged in a potentially irreversible way. As such, the IC method is applied to
both of these systems to investigate the extent to which a model can be reduced at this scale.

The first modal coordinate of the Case 1 backbone curve is given in Fig. 3. In the single-mode model, as
one might expect, the modal interaction is not captured at all. However, away from the modal interaction
tongue, the backbone curve is captured well. This phenomenon persists across all of the ROMs, and the
interaction can be seen in all of these except the first. Interestingly, although there is some movement
toward the full model as more modes are added, the nature of the internal resonance is not correctly
capture in any case. In the full model, the curve does not cross itself at any point, though this is true for
all of the ROMs. The reason for this is likely to come from the 1:5 resonance which is present between
the second and fifth modes. Since the fifth mode is not included in these ROMs, this behaviour can not
be properly captured.
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Figure 2: Modal contributions for modes 1 and 2 for the first backbone curve for Cases 1 and 2.
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Figure 3: Comparison of ROMs with the full model in producing the first backbone for Case 1.
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Similar behaviour can be seen in Case 2, as presented in Fig. 4. The resonance loops are noticeably
close to the full model than in Case 1, even for the two-mode case. This implies that, as the charge at the
tip increases and/or the distance between the tip and point charge decreases, the 1:3 internal resonance
becomes more important to capture and relatively accurate results can be captured without the fifth mode
being included in the modal basis.
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[1,2]

[1,2,3]

[1,2,3,4]

Figure 4: Comparison of ROMs with the full model in producing the first backbone for Case 2.

3.2 Forced responses

Although the backbone curves represent a somewhat idealised behaviour of the system, they can still
provide a great deal of information regarding its nonlinear dynamics. This holds particularly true for
systems with low damping and, as mentioned previously, this is inherent to MEMS and NEMS. The
reason for this is related to the Q factor or quality factor of the system, a parameter that characterises the
relationship between bandwidth and centre frequency (see, for instance, [14]).

The damping in a system is inversely proportional to its Q factor. This means that higher Q factors, such
as those found in microscale systems, result in very low damping. In fact, in [15], values of up to 1550
were obtained experimentally. In this study, a representative value of 1000 will be used.

The relationship between damping and Q factor is characterised by

ζ =
1

2Q0
, (15)

where ζ is the damping factor and Q0 denotes the Q factor. Therefore, in the forced responses presented
in this section, the damping ratio will be set to ζ = 5e-4. This can be implemented in the forced equations

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2755



of motion, given by

q̈n + 2ωnq̇n + ω2
nqn +

E

2ρα1,nL

∞∑

i=1

∞∑

j=1

∞∑

k=1

α2,iβj,kqiqjqk =
Pn cos(Ωt)

2ρα1,nL
, (16)

where Pn represents the forcing coefficient of the nth modal coordinate. In this investigation, it is
sufficient to force only the first mode; i.e., Pn = 0 for n 6= 1. Two forcing cases will be considered:
P1 = 1e-3 and P1 = 2e-3.

Figs. 5 and 6 presents the forced responses, along with the previously displayed backbone curves, both
for the full Galerkin model and the ROMs. The impact of having such a low Q factor is immediately
clear. That is, in MEMS and NEMS systems, the forced response is very close to the free response and
the backbone curves can give a great deal of insight into how the forced system will behave.
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Figure 5: Comparison of the first backbone curve and forced response for the full model and first three
ROMs in Case 1.

In the lower forcing case (Case 1), displayed in Fig. 5, it is immediately clear that the forced case stays
close to the backbone curve, particularly at higher frequencies. However, where the full model increases
in displacement after the modal interaction, this is not true for the two- and three-mode models; the
behaviour is qualitatively similar for the four-mode model, so this is not shown here. In these two
ROMs, the modal interaction loop is significantly larger than in the full model. This corresponds to the
forced response, in which the greater influence of the interaction causes a more substantial change in
curvature.

If the forcing level is increased, as can be seen in Fig. 6, the two- and three-mode models do capture this
looping behaviour. Similarly to the backbone curve, the loops are greater than those in the full model,
though they do occur at approximately the same point. This suggests that, even with only a two-mode
model, it is possible to accurately capture modal interactions in microscale structures.
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Figure 6: Comparison of the first backbone curve and forced response for the full model and first three
ROMs in Case 2.

4 Conclusion

In this paper, an analytical model has been used to investigate the extent to which MEMS and NEMS
model can be reduced. The physical structure in question is a cantilever microbeam with its tip equidis-
tantly between to point charges. In taking a Taylor expansion of this nonlinearity, it is seen that this
can be closely approximated by a cantilever beam model with a cubic nonlinear spring support at the
tip. Treating a Galerkin model of this configuration as a full nonlinear model, reduced-order models
have been computed using the implicit condensation method. These ROMs have been compared with
the Galerkin model, both in terms of the free and forced response of the system.

Two variations of this beam have been considered, the more nonlinear of which includes a greater charge
of the tip and a shorter distance between the tip and the point charges. In both cases, a 1:3 internal res-
onance between the first and second is clearly visible in the backbone curves. Although less noticeable,
a 1:5 resonance exists between the second and fifth modes. Across all of the ROMs, the fundamental
section of the backbone curve is well approximated, and it is only the single-mode model which fails
to capture the interaction between modes. While these other models recognise that such an interaction
takes place, the position and form of the tongue is never exactly captured, which is accounted for by the
fact that the fifth mode is not included.

In terms of the forced responses, it is clear that, in all cases, the backbone curves act as a close approx-
imation of these. This phenomenon arises due to the fact that the high Q factor found in MEMS and
NEMS devices corresponds to a very low damping level. This suggests that the calculation of backbone
curves may be sufficient for understanding forced dynamics of microscale systems, even though forcing
is not explicitly included in the equations of motion. This is of particular interest for this system, as the
internal resonances seen in the backbone curves have a noticeable influence on the forced response of
the structure. For the case considered here, it was possible to obtain a close approximation of the modal
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interaction using just two modes in the ROM.
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Abstract
When performing system identification, it can be possible to realise a deficient model (i.e. one that will make
low fidelity predictions) that is able to closely represent a set of training data. For example, the parameters
of linear dynamical models can often be tuned to realise a close match to training data that was generated
from a system with strong nonlinearities. Despite this close match to available data, these same models
may make very poor-quality predictions when shifted even slightly from the ‘validation domain’ (which
could, for example, be a specific time window). In this paper we investigate the hypothesis that, by treating
our model’s parameters as being time-varying, we can identify key weaknesses in a model that would have
been difficult to establish using other identification methods that do not consider the potentially time-varying
nature of the model’s parameters. Specifically, we use an Extended Kalman Filter to ‘track’ the parameters
of a dynamical system, as a time history of training data is analysed. We then illustrate that this approach
can reveal important information about the potential deficiencies of a model.

1 Introduction

Computational models are crucial to many fields of science and engineering. Before being used to influence
decision-making, such models must be validated; it must be established that the model can represent the real
world with a level of accuracy sufficient for its intended purpose. Model validation is, as a result, an active
research area.

In a broad sense, the current paper considers the situation where:

1. our chosen model structure features a set of parameters that will need to be ‘tuned’ during the valida-
tion process.

2. a set of observations, from the system of interest, are available to the user (such that this data can be
used to help infer parameter estimates).

While such scenarios are considered by much of the literature, the current paper differs from most in that it
explicitly considers the issues associated with extrapolation. Specifically, by ‘extrapolation’ we are referring
to a situation where a model will be used to make predictions in a region that is ‘very far’ from current
experimental observations - a region where there is no observation data (and it may be difficult to collect
data in the future). Using the terminology given in [1], we are essentially considering the situation where a
model must be applied outside of its ‘domain of applicability’. Inevitably then, we must ask the question:

2759



will the model make valid extrapolations?

Answering such a question is extremely difficult. Furthermore the problem is often confounded by the fact
that, in the regions where measurements are available, calibration can mask model error. In other words, a
model’s parameters can often be tuned such that the model appears to be sufficiently valid compared to the
available data, even if the model will be a poor extrapolator (we show an illustrative example of this in sec-
tion 4.2 of the current paper). The current work presents an approach that can, in such a scenario, illustrate
the flaws in a model; warning us that the model should not be used for extrapolative predictions.

Briefly, our approach is as follows. Firstly, we limit ourselves to situations where we believe our model
of interest’s parameters should be time-invariant. We then adopt a calibration procedure that deliberately
treats these parameters as being time-varying, even though we believe this is not the case. It is by observing
that a model’s parameters must vary with time if it is to replicate a set of measurements with a high level
of fidelity that we aim to identify key discrepancies in the model that may be hidden by other calibration
procedures. We believe that, for future work, the approach can form part of validation frameworks such as
those described in [2] [3].

2 Literature Review

The idea that statistical models can be used to emulate model discrepancy (see [4] and [5] for example) has
influenced a large body of work. This approach accepts that there will always be a discrepancy between a
model that is formulated on our best understanding of the system of interest (a model that is based on phys-
ical laws, for example) and the system’s true response. A purely data-based model is then trained and used
to realise predictions of this discrepancy. Subsequent to calibration, then, predictions are made using a com-
bination of the model that is based on our best understanding of the system and the data-based discrepancy
model1.

One of the best-known implementations of this approach is that of Kennedy and O’Hagan [4], where Gaus-
sian Processes (GPs) were used to create statistical models of model discrepancy (as well as emulators, for
the cases where simulations of the system of interest are expensive). This idea has contributed to many
works in the field of model validation. These include generalised validation frameworks [6] [7] [8], model
validation metrics that consider model discrepancy [1], metrics to establish when sufficient experimental data
has been gathered in the model validation process [9] and approaches for resource allocation (between code
development and experimental testing [10] or the development of substructures within a model [11]).

While undoubtedly a useful contribution, employing data-based models of discrepancy cannot help improve
extrapolations that are far from the training data (GPs, for example, will return very quickly to predictions
based only on prior knowledge of the discrepancy if used in a region where there is no data). This issue is
highlighted by a number of authors. In [12] it is stated that ‘the primary use of engineering models is to
extrapolate to a system with new nominals when there are no new field data’ but that extrapolation, using
the approach described in [4], can only be performed if there is a ‘modest’ change in the inputs. The authors
of [2] note that ‘such a statistically adjusted engineering model lacks predictive power in the sense that it
can be used only in the experimental conditions identical or very similar to those under which the statistical
model was fitted’ and in [3] it is stated that ‘...the discrepancy representation ... is highly dependent on
calibration against observables and, hence, should not be used in situations in which it cannot be trained and

1This type of approach is sometimes called grey-box modelling, as it utilises a combination of a ‘white box model’ (model based
on our understanding of the system) and a ‘black box model’ (a model that is purely data-based).
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tested’.

At this point it is important to note that the above discussion isn’t a direct critisism of [4] - the authors
did not claim that the method will provide reliable extrapolations. In fact, an interesting discussion of the
Kennedy and O’Hagan approach is given by Brynjarsdóttir and O’Hagan in [13], which considers how the
use of GP emulators of model discrepancy can (1) aid the identification of a system’s ‘true’ parameter values
and (2) aid extrapolations. It is concluded that true parameter values can only be uncovered if realistic prior
information about the model discrepancy is available and that, even if realistic prior information is available,
extrapolation is not advisable. [13] highlights these two issues nicely using a simple case study.

To further clarify the position of our paper in current literature, it is stressed that we are considering the
situation where, in the region we wish to make predictions, there is no data (and we don’t expect there to
be any data in the future). This consideration separates the current paper from [1] and [9] that (respectively)
describe a ‘predictive maturity index’ and a ‘forecasting metric’, as these approaches utilise hold-out experi-
ments (experimental observations, in the application domain, that are deliberately removed from the training
data so that they can be used to aid validation at a later stage). Instead, we propose a method that can,
potentially, be used to reveal additional engineering knowledge about a particular system. For future work,
we aim to utilise this method as part of the frameworks described in [2] and [3], both of which specifically
consider extrapolation.

3 Methodology

3.1 General Framework

As stated previously, the current work specifically concerns the analysis of dynamical systems. Using xi to
represent a system’s state at time i∆t then, generally, we propose that the system’s state evolves according
to

xi = f(xi−1,ui) + vi−1, vi−1 ∼ N (vi−1;0,Qi−1) (1)

where ∆t is a fixed time increment, ui is a system input, f is a model that predicts the next system state
given (xi−1,ui) and vi−1 is a ‘noise term’ that reflects the uncertainties in our predictions of the system’s
next state (arising because f is an approximation of the true system). Equation (1) is typically referred to as
the ‘prediction equation’.

Likewise, using zi to represent an observation of some aspect of our system at time i∆t, we also suppose
that measurements are made according to

zi = hi(xi) + ni, ni ∼ N (ni;0,Ri) (2)

where h is a (potentially nonlinear) function of the system’s state and ni is used to capture uncertainty in
the observation process (measurement noise). Equation (2) is typically referred to as the ‘observation equa-
tion’. We note that, in the literature, the prediction and observation equations are often written as potentially
nonlinear functions of their noise terms (vi−1 and ni respectively) - we have neglected to do so here for
notational simplicity later in the paper.
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3.2 Extended Kalman Filter

Now consider the situation where the aim is to probabilistically ‘track’ how the state of our system changes
with time, as more observations arrive over time. If, in our prediction and observation equations, f and h
are linear functions of xi−1 and xi respectively then it is possible to realise closed-form solutions for this
problem. These solutions form the well-known Kalman filter.

If f and h are nonlinear then, generally, such closed-form solutions are unavailable. One way to address this
is to approximate f and h using linear functions (via first-order Taylor series expansions), before applying
the ‘standard’ Kalman filter equations to the new, linearised relationships. This approach is called the Ex-
tended Kalman Filter (EKF)2.

Here we give a brief description of an extended Kalman filter, to establish notation used later in the paper.
Firstly we define:

F x̂ ≡
[
∂ f

∂ x

]

x=x̂

(3)

and

H x̂ ≡
[
∂h

∂ x

]

x=x̂

(4)

Now, say it is currently assumed that

p(xi−1 | z1:i−1) = N (xi−1;mi−1|i−1,P i−1|i−1) (5)

such that the probability density function (PDF) of xi−1 given z1:i−1 is Gaussian with mean mi−1|i−1 and
covariance matrix P i−1|i−1. With an EKF we first use our linearised prediction equation to predict the next
system state. This yields the PDF

p(xi | z1:i−1) = N (xi;mi|i−1,P i|i−1) (6)

Once a new observation arrives (zi) then, through our observation equation, we can update our estimate of
the system state to obtain:

p(xi | z1:i) = N (xi;mi|i,P i|i) (7)

where the parameters of the PDFs in equations (5), (6) and (7) are as follows:

mi|i−1 = f(mi−1|i−1) (8)

P i|i−1 = Qi−1 + Fmi−1|i−1
P i−1|i−1F

T
mi−1|i−1

(9)

mi|i = mi|i−1 +Ki(zi−h(mi|i−1)) (10)

2There are many other ways in which this problem could be tackled. One of the most well-known is the particle filter - a
numerical method that is fundamentally based on importance sampling (see [14] for a tutorial). Here, however, we found that an
extended Kalman filter performed acceptably well and that our prediction and measurement equations were not sufficiently nonlinear
to warrant use of a particle filter.
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P i|i = P i|i−1 −KiHmi|i−1
P i|i−1 (11)

and

Ki = P i|i−1H
T
mi|i−1

S−1
i (12)

Si = Hmi|i−1
P i|i−1H

T
mi|i−1

+Ri (13)

3.3 Application to the 4th order Runge-Kutta integration scheme

In the following we consider a dynamical system that may be subjected to a time history of known excitations:
δ1, δ2, .... The state of these systems is calculated recursively using the 4th order Runge-Kutta numerical
integration scheme. To help us relate this scheme back to the general ‘prediction equation’ shown in equation
(1), we must make some additional notation. Firstly, we write

ui =

(
δi−1

δi

)
(14)

Secondly, we establish the notation

ẋ(xi, δi) ≡
[
∂ x

∂t

]

x=xi,δ=δi

(15)

and define

k1 = ẋ(xi−1, δi−1) (16)

k2 = ẋ

(
xi−1 +

∆t

2
k1, δint

)
(17)

k3 = ẋ

(
xi−1 +

∆t

2
k2, δint

)
(18)

k4 = ẋ (xi−1 +∆tk3, δi) (19)

where ∆t is the time-step of our integration scheme and δint = 1
2(δi−1 + δi). Using this notation, the

function f that maps xi−1 to xi can be written as

xi = xi−1 +
∆t

6
(k1 +2k2 +2k3 +k4) (20)

We now need to find an expression for F x̂ (equation (3)). We note that

F x̂ = I +
∆t

6




[
∂ k1

∂ xi−1

]

xi−1=x̂︸ ︷︷ ︸
Term 1

+2

[
∂ k2

∂ xi−1

]

xi−1=x̂︸ ︷︷ ︸
Term 2

+2

[
∂ k3

∂ xi−1

]

xi−1=x̂︸ ︷︷ ︸
Term 3

+

[
∂ k4

∂ xi−1

]

xi−1=x̂︸ ︷︷ ︸
Term 4


 (21)
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Evaluation of terms 1-4 in equation (21) essentially requires the application of some straightforward vec-
tor calculus. For the sake of completeness, the required derivatives are shown in detail in Appendix A.
Ultimately, we find that

[
∂ k1

∂ xi−1

]

xi−1=x̂

= F̃ (x̂, δi−1) (22)

[
∂ k2

∂ xi−1

]

xi−1=x̂

= F̃

(
x̂+

∆t

2
k1(x̂, δi−1), δint

)(
I +

∆t

2

[
∂ k1

∂ xi−1

]

xi−1=x̂

)
(23)

[
∂ k3

∂ xi−1

]

xi−1=x̂

= F̃

(
x̂+

∆t

2
k2(x̂, δint), δint

)(
I +

∆t

2

[
∂ k2

∂ xi−1

]

xi−1=x̂

)
(24)

[
∂ k4

∂ xi−1

]

xi−1=x̂

= F̃ (x̂+ ∆tk3(x̂, δint), δi)

(
I + ∆t

[
∂ k3

∂ xi−1

]

xi−1=x̂

)
(25)

where we have used F̃ (x, δ) to represent the Jacobian of ẋ, with respect to xi−1, evaluated at the points x
and δ.

4 Numerical Case Study

4.1 Description

We consider modelling a single degree of freedom nonlinear dynamic system whose equation of motion is

ẍ+ cẋ+ kx+ k∗x3 = δ(t) (26)

In equation (26) x is displacement, c is a linear damping coefficient, k is a linear stiffness coefficient and k∗

is a nonlinear stiffness coefficient that controls the strength of the system’s ‘hardening’ stiffness nonlinear-
ity. δ(t) is a random excitation that, in this case, consists of samples drawn from a zero-mean unit-variance
Gaussian.

To generate a set of ‘observation data’ the nonlinear system was simulated using a time step of ∆t = 0.01s.
Observations were created by taking the resulting displacement time history and corrupting it with Gaussian
noise (variance 1 × 10−5). The model’s parameters were k = 10 N/m, c = 0.1 Ns/m and k∗ = 50 N/m3.
Observation data was generated over a time period of 200 seconds. The full set of observation data is shown
in Figure 1 while a zoomed-in portion is shown in Figure 2.
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Figure 1: 200 seconds of displacement time history observations from the numerical case study. Black shows
the true response of the system while red shows noisy observations.
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Figure 2: Numerical case study. A close-up view of the data shown in Figure 1.

In the following we will first consider the case where we are incorrectly attempting to fit a linear model
to data that is obtained from the nonlinear system. We will also consider that, after calibration, the model
will be used to predict the response of the system to a much greater amplitude excitation than that used to
generate the data in Figure 1.

We have deliberately considered a situation where the excitation used to generate the observation data is rel-
atively low, such that the nonlinearity is difficult to detect. Before exploring our methodology for detecting
model deficiencies we will illustrate that, by tuning its parameters, this is a situation where we can make our
linear model represent the data from the nonlinear system fairly accurately (Section 4.2), potentially giving
false confidence in the model’s ability to extrapolate. Our potential solution is then demonstrated in Section
4.3.

4.2 Highlighting the Problem

Here we adapt a common Bayesian approach to the calibration of the model, where it is assumed that the
model’s parameters are time-invariant. The results highlight some of the issues that can arise when the model
is required for extrapolation. The approach begins with Bayes’ theorem:

p(θ |D) ∝ p(D|θ)p(θ) (27)
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where θ is the vector of parameters to be calibrated and D represents training data (in this case D is a time
history of the excitation and the observed displacement response of our system). The likelihood, p(D|θ),
is defined based on the assumption that each of our observations are equal to the response of the model,
corrupted by the addition of Gaussian noise. This noise is assumed to be zero-mean, have variance R and be
independent of the noise that corrupted previous observations. Furthermore, we treat R as a time-invariant
parameter that also requires calibration. Consequently, we have θ = (k, c, R)T .

By defining the likelihood in this way we are treating any differences between what we observe and what
the model predicts (i.e. errors that arise because of both measurement noise and model discrepancy) as
independent Gaussian noise3. Moreover, by allowing R to be calibrated, we are also tuning the variance
of this noise while simultaneously tuning the model’s stiffness and damping parameters. This framework
means that the maximum likelihood set of model parameters are those that make the discrepancy between
the model and the observations most closely approximate a Gaussian distribution with variance R. This way
of treating uncertainty in the calibration procedure has been applied by many (including the author’s of the
current manuscript) and is referred to in [13] as a ‘traditional approach’.

In the academic example discussed herein, prior distributions over the calibration parameters were chosen to
be

p(k) = N (k; 10, 32), p(c) = N (c; 0.1, 0.12), p(R) = Gamma(R; 1, 100) (28)

(such that the prior over R is a Gamma distribution whose shape and rate parameters are equal to 1 and
100 respectively). Using the first 50 seconds of data for training, the Markov chain Monte Carlo (MCMC)
algorithm detailed in [17] was used to generate 1000 samples from the posterior, p(θ |D).

Histograms of the resulting samples are shown ‘close up’ in Figure 3 while, in Figure 4, histograms are plot-
ted alongside the true parameter values. These results highlight two things. Firstly the posterior distribution
over k is concentrated over values that are larger than the true stiffness. This illustrates how k has been
calibrated to overcome the model discrepancy (the lack of the nonlinear term). Secondly, the distribution
over R is also concentrated on values that are larger than the true measurement noise variance. From these
results we can see that this particular approach has attempted to describe the model discrepancy present in
the problem as additional noise on our observations (in other words, the errors present in the model has
increased the most probable value of R).

3This assumption is often justified by the principle of maximum entropy [15], although [16] highlights examples where prediction
errors can be spatially and/or temporally correlated.
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Figure 3: Histograms of samples from the posterior parameter distribution of the linear model in the numer-
ical case study. All parameters in SI units.
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Figure 4: Histograms of samples from the posterior parameter distribution of the linear model in the numer-
ical case study. True parameter values are marked by red lines. All parameters in SI units.

An illustration of the problem that motivates the current paper comes when the MCMC samples are used
to propagate our parameter uncertainties into future model predictions. Recalling that we only have data in
a relatively low amplitude regime, Figure 5 shows the model’s predictions relative to (1) the training data
and (2) data that was ‘held back’ for validation purposes. Figure 6 shows a close-up of the model’s ability
to replicate previously unseen data. These results illustrate that, for low amplitude excitations, the model is
able to closely replicate data that was not used in training. This then, highlights the problem: the model has
been tuned to work effectively in the region where we have data, however, because we have not included the
hardening-stiffness nonlinearity, it will perform badly if used to predict the system’s response at high ampli-
tudes. To demonstrate this degradation in performance, the model was used to predict the response of the
system to a higher amplitude excitation, whereby δ(t) consisted of samples drawn from a zero-mean Gaus-
sian whose standard deviation was equal to 2. Figure 7 illustrates that, for this higher amplitude excitation,
the model is not able to accurately replicate the response of the system (or accurately quantify the uncertain-
ties involved in the predictions). Our main argument here is that, without the high amplitude response data,
it is difficult to diagnose the errors in the model and infer that this model would be a poor extrapolator.
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Figure 5: Propagating parameter uncertainties of the linear model into predictions (numerical case study).
Blue represents training data, black represents previously unseen data and red represents the average model
predictions. Bounds on model predictions are 3 standard deviations from the mean.
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Figure 6: Propagating parameter uncertainties of the linear model into predictions of previously unseen, ‘low
amplitude’ data. Bounds on model predictions are 3 standard deviations from the mean.
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Figure 7: Propagating parameter uncertainties of the linear model into predictions of previously unseen,
‘high amplitude’ data. Bounds on model predictions are 3 standard deviations from the mean.

Below, we outline our proposed approach to the same situation, using the same observation data.
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4.3 Proposed Approach

We now consider two separate model structures: M1 and M2. M1 represents the linear model i.e. the
model discussed in the previous section.M2 includes the nonlinear stiffness term - it has the same structure
as equation (26) and so, by considering M2, we are deliberately addressing a situation where there is no
model error. The calibration parameters ofM1 andM2 are now written as θ1 and θ2 respectively, such that

θ1 = (k, c, R)T , θ2 = (k, c, k∗, R)T (29)

To treat our model’s parameters as being time-varying, we include them in the definition of the system’s state.
This allows them to be ‘tracked’, alongside the system’s displacement and velocity, using the EKF (see [18]
for a similar approach that utilised particle filtering techniques). Here we illustrate how the approach can
be implemented forM2 (the model that includes the nonlinear stiffness term), where the state at time i∆t
would be xi = (xi, ẋi, ki, ci, k

∗
i )T . Implementation of this approach toM1 is very similar and, as such, is

not discussed in detail here.

In order to implement the EKF, we must define a model that predicts how our parameters may vary through
time i.e. we need to define f in equation (1). As with [18], we assume that each system parameter is equal
to its preceeding value, such that

ẋ =




ẋ
δ − kx− cẋ− k∗x3

0
0
0




(30)

Consequently, the Jacobian F̃ is given by

F̃ (x, δ) =




0 1 0 0 0
−(k + 3k∗x2) −c −x −ẋ −x3

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




(31)

We must also quantify the uncertainty in this predictive model (in other words we must define the covariance
matrixQi−1 in equation (1)). Here, we select

Qi−1 =

[
02×2 02×3

03×2 Gi−1

]
(32)

where Gi−1 is a diagonal matrix that, for model M2, is of size 3 × 3. Our approach assumes that there
is zero uncertainty associated in the prediction of displacement and velocity, and that all of the uncertainty
manifests itself in the prediction of how our parameter estimates vary through time. This is deliberate - it
is the tracking of these parameter estimates that, we hope, will give us subtle indications of model error.
Following on from [18], we choose the diagonal elements of G such that the coefficient of variation in the
drift of each parameter is fixed. For the numerical case study shown here the coefficient of variation was set
equal to 0.1 %.
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Figure 8: Tracking time varying parameters for the linear model. Black lines show true parameter values,
red lines show estimated parameter values. Bounds on parameter estimates are 3 standard deviations from
the mean.

Figure 8 shows the results that were obtained when the parameters of the linear model were treated as time
varying, and tracked using the EKF. As we would expect, this method allows the displacement and velocity
to be tracked very accurately - a comparison between the observed and predicted is not shown here because
the two are essentially indistinguishable. Figure 8 shows that, relatively speaking, the system’s damping
value converges while the linear stiffness varies with time.

Figure 9: Tracking time varying parameters for the nonlinear model. Black lines show true parameter values,
red lines show estimated parameter values. Bounds on parameter estimates are 3 standard deviations from
the mean.
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Figure 10: Tracking the stiffness for the nonlinear model (red) and linear model (blue). Bounds on parameter
estimates are 3 standard deviations from the mean.

To aid comparison this analysis was repeated for the nonlinear model. These results are shown in Figure 9
while Figure 10 shows the comparison between the stiffness values that were identified, as a function of time,
for both the linear and nonlinear models. To achieve an excellent fit to the observation data we can see that
the stiffness of the linear model had to vary significantly more than the stiffness of the nonlinear model. Re-
call that we are deliberately studying systems whose parameters, we believe, should not be varying with time.

5 Discussion and future work

The question is: do the results in Figure 10 tell us that the linear model would extrapolate poorly if used at
high amplitudes? The answer is not straightforward and it is clear that these results would require a signifi-
cant amount of interpretation. However, we argue that allowing the parameters to vary with time provides a
different type of information relative to the more traditional approach shown in Section 4.2. We believe it is
conceivable that, by studying the results in Section 4.3, a practitioner may lead to a different set of conclu-
sions about the suitability of the linear model for extrapolations compared to if they had studied the results in
Section 4.2 (i.e. the more traditional approach). For future work it seems sensible to combine the proposed
approach with a sensitivity analysis. This would help to establish, in a more rigorous manner, whether the
witnessed variations in parameter values are truly significant. In particular, combining our approach with a
sensitivity analysis of the model in the region where it is to be extrapolated could be an important part of an
overall validation framework.

A Evaluating terms 1-4 in equation (21)
[
∂ k1

∂ xi−1

]

xi−1=x̂

=

[
∂ẋ(xi−1, δi−1)

∂ xi−1

]

xi−1=x̂

≡ F̃ (x̂, δi−1) (33)

Defining

s2 = xi−1 +
∆t

2
k1(xi−1, δi−1) (34)

then
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[
∂ k2

∂ xi−1

]

xi−1=x̂

=

[
∂ẋ(s2, δint)

∂ s2

∂ s2

∂ xi−1

]

xi−1=x̂

(35)

=

[
∂ẋ(s2, δint)

∂ s2

]

s2=x̂+ ∆t
2
k1(x̂,δi−1)

(
I +

∆t

2

[
∂ k1

∂ xi−1

]

xi−1=x̂

)
(36)

= F̃

(
x̂+

∆t

2
k1(x̂, δi−1), δint

)(
I +

∆t

2

[
∂ k1

∂ xi−1

]

xi−1=x̂

)
(37)

Likewise, defining

s3 = xi−1 +
∆t

2
k2(xi−1, δint) (38)

allows us to write

[
∂ k3

∂ xi−1

]

xi−1=x̂

=

[
∂ẋ(s3, δint)

∂ s3

∂ s3

∂ xi−1

]

xi−1=x̂

(39)

=

[
∂ẋ(s3, δint)

∂ s3

]

s3=x̂+ ∆t
2
k2(x̂,δint)

(
I +

∆t

2

[
∂ k2

∂ xi−1

]

xi−1=x̂

)
(40)

= F̃

(
x̂+

∆t

2
k2(x̂, δint), δint

)(
I +

∆t

2

[
∂ k2

∂ xi−1

]

xi−1=x̂

)
(41)

Finally, writing

s4 = xi−1 +∆tk3(xi−1, δint) (42)

we have

[
∂ k4

∂ xi−1

]

xi−1=x̂

=

[
∂ẋ(s4, δi)

∂ s4

∂ s4

∂ xi−1

]

xi−1=x̂

(43)

=

[
∂ẋ(s4, δi)

∂ s4

]

s4=x̂+∆tk3(x̂,δint)

(
I + ∆t

[
∂ k3

∂ xi−1

]

xi−1=x̂

)
(44)

= F̃ (x̂+ ∆tk3(x̂, δint), δi)

(
I + ∆t

[
∂ k3

∂ xi−1

]

xi−1=x̂

)
(45)
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Abstract
Recent work in nonlinear system identification has considered the use of Gaussian processes (GPs) as a basis
for forming nonlinear time-series models — NARX models. The two main advantages of the GP formulation
are that the structure detection problem is avoided (i.e. there is no need to specify which model terms are
included) and that natural confidence intervals on predictions are provided. The main disadvantage of the
GP approach is that a global smoothness criterion is applied and this raises issues for the identification of
piecewise-linear systems, or regime-switching systems in general. The aim of the current work is to show
that the problems can be removed by using a Treed Gaussian process (TGP) in order to formulate the NARX
model. Not only does this allow local smoothness criteria, but it also determines the relevant boundary points
of the switching regimes. The method is illustrated using simulated data from a Duffing oscillator system.

1 Introduction

In the domain of time-series analysis, the Nonlinear Auto-Regressive Moving Average eXogenous (NAR-
MAX) model is a popular data inferencing framework offering great versatility and adaptability [1]. The
NARMAX model possesses a high degree of generality for taking a bipartite consideration of both the auto-
regressive and the moving average natures of the signal. To achieve a more parsimonious improvement, the
NARX (Nonlinear Autoregressive eXogenous) model is often used, which is a special case derived from the
NARMAX model, when the model noise is assumed to be white Gaussian. This paper presents a study of
the NARX modelling of the Duffing oscillator system using the Treed Gaussian Process (TGP).

The NARX model naturally inherits the character of the NAR (Nonlinear AutoRegressive) model, where the
current prediction of the system output is a function of the previous inputs and outputs. The NARX model
is distinguished for its inclusion of the eXogenous term, which accommodates a separate input from outside
of the system, thus such an external input is naturally independent of the development of the system output.
Such a configuration can be expressed in mathematical form by the following equation,

yi = F (yi−1, yi−2..., yi−ny ;xi−1, xi−2...xi−nx) + εi (1)

where yi is the system output at the ith step; xi is the eXogenous input; ny and nx are the numbers of lags
w.r.t. y and x and εi represents the noise or residual sequence.

There are various forms for the NARX modelling function F . The common choice, in a certain sense of
tradition, describes the internal mechanism of the NARX system with a multivariate polynomial function.
As being a member of the family of parametric modelling, the polynomial approach to the NARX system
requires a two-step procedure to initialise. The first is to determine the specific model structure (e.g. what
terms to include in the polynomial function) – which is known as the model detection. The second step is to
determine the corresponding expansion parameters (e.g. polynomial coefficients) based on the result of the
model detection. However, the procedure of model detection can be rather troublesome, as an inappropriate
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establishment of the polynomial terms can lead to either poor prediction or overfitting issues. Therefore, in
recent years, the nonparametric treatment of the modelling of the NARX system has gradually gained some
increasing attentions, as it features a major advantage over the tradition parametric models. Nonparametric
models such as neural networks [1] or Gaussian Processes (GP) [2], require no step for the model detection.
Instead, since nonparametric models have a fixed group of system parameters which establish a general
conformity to the data space, the user can simply specify all these parameters without reluctantly making
selections on them. For example, Gaussian Processes as a nonparametric modelling paradigm, only have
three hyperparameters to define once a Squared-Exponential (SE) kernel is selected for it to use [2]. Despite
such an advantage, the nonparametric models do suffer from higher computational cost in terms of parameter
estimation, especially when handling large dataset containing thousands of data points, as the computational
cost is associated with N3 (N is the number of data points).

In this paper, the authors present an advanced NARX model based on the nonparametric framework provided
by the Chipman-based Treed Gaussian Processes (CTGP) [3], and this model will be applied to studying
the behaviour of the Duffing Oscillator. Fundamentally, any GP-based model is, in general, considered to
be nonparametric, because the GP commonly uses a distance-based-kernel function to specify the rule of
inference resulting in a predictive profile in no compliance to a fixed form. However, the GP can also use
non-distance based kernels to establish regular parametric models. In this paper, a simple linear kernel
is selected for the GP, thereby the GP discussed here essentially is equivalent to a simple Bayesian linear
model. Using the linear kernel GP in coalescence with the decision tree ultimately will produce a piecewise
linear prediction of the training data space. It is common knowledge that curvatures can be approximated by
multiple straight lines.

The Linear-Kernel Chipman-based Treed Gaussian Process (LK-CTGP) takes advantages from both the
simple linear regression and the decision tree model in countering the nonlinearity of the NARX system. The
model detection for the LK-CTGP model is rather simple, as it only requires a full specification of a simple
multivariate linear regression formulation based on the model lag defined by the user. The lag specified
does not necessarily need to be accurate (although in a completely principled formulation, the lag numbers
are hyperparameters), but needs to be large enough so that all the effective lags are covered. The partitions
produced under the decision tree framework, will generate regions where a fair linearity is guaranteed.

2 Chipman-based Treed Gaussian Processes

A Treed Gaussian Process, in mathematical terms, is an amalgamation of a Binary Decision Tree (BDT) and
Gaussian Processes (GP)[4]. A decision tree is a logical mapping process through which the elements of a
given input space will be assigned into different groups represented by leaves of the tree based on a series
of criteria [5]. A binary tree basically means the criteria take the form of a simple choice of YES/NO, thus
branching the underlying space into two subgroups. Through repeated application of this splitting process, a
treed structure will be established. Figure 1 shows a typical BDT. In brief, the BDT may be thought of as a
tangible representative framework for partitioning a set of data.

A Gaussian Process is an extensively applied statistical inference method based on the concept of Bayesian
inference. It may be applied to either regression or classification problems. In the context of regression, the
traditional GP offers a nonparametric prediction to the data space of interest [6] if a distance-based kernel
function is chosen. The distance here refers to the distance between any pair of data points in the data space.
Under the traditional GP setting with distance-based kernel functions, the inference is based on the argument
that predictions at any point in space are latently influenced by all other data points in the training space. To
quantify the extent of this influence, a covariance matrix is constructed which contains all the weight of the
influence between any pair of data points in the training space. If the covariance function is non-distance
based, the GP can also simply become a parametric model.

Gramacy introduced one type of TGP model [4] which has seen application in numerous contexts. More
strictly say, Gramacy’s TGP (GTGP) is the very first attempt to amalgamate the GP model with the decision
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tree. Therefore Gramacy is indubitably recognised as the founder of the TGP. The closest predecessor of the
TGP is the well-known Bayesian Classification and Regression Tree (BCART) by Chipman et al [7], where
the idea of a Bayesian stochastic tree was first introduced. This paper discusses another type of TGP which
will be referred to as the ‘simplified TGP’ or ‘Chipman-based TGP’. The CTGP suggests a TGP model
completely springs from the raw ideas of Chipman’s BCART model. In order to prevent any confusion
between these two TGP models, one should know that the Gramacy-based TGP also borrows ideas from
Chipman’s theory, but only in terms of how to alter the structure of the tree. The current paper sets complete
reliance on Chipman’s idea, which will be illustrated subsequently.

Figure 1: Typical Binary Decision Tree.

The CTGP samples the partitions in the training space as in a form of growing a tree. The tree is to be treated
as a state in a Markov Chain, thus the holistic sampling process manifests itself as a manner of Markov Chain
Monte Carlo (MCMC). The most crucial aim of sampling in the MCMC space is to arrive at those trees with
high posterior probability which is the total product of local posteriors from all the leaves. The posterior of
the tree can be expressed mathematically by equation (2).

p(T |X,Y ) ∝ p(Y |X,T )p(T )

p(Y |X,T ) =
b∏

i=1

p(Yi|Xi)

(2)

where T represents the tree; X and Y are the training input and output respectively; b is the number of
leaves.

To achieve suitably rapid convergence to appropriate trees, a Metropolis-Hastings (MH) algorithm with a
complement of four tree structure alteration operations is adopted. Each step of the Markov Chain features
a proposal stage and evaluation stage. The proposal stage involves the proposition of a new tree through one
of four operations; these are GROW, PRUNE, CHANGE and ROTATE. Each of these operations possesses
a high similarity to the ones described in Chipman’s paper regarding BCART under the exact same names,
except for the ROTATE; whilst Chipman used the idea of SWAP, the ROTATE execution derives its originality
from Gramacy.

In simple terms, the four operations have the following effect on the structure of the tree:

• GROW: add one partition by split one leaf node of the tree
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• PRUNE: remove one partition by joining two sibling child nodes

• CHANGE: relocate an existent partition by changing splitting rule in the tree

• ROTATE: maintain the partitions but change their ‘staging’ sequence by rearrangement of the tree
structure

The evaluation stage involves evaluating the Maximum A Posteriori (MAP) estimate of the newly proposed
tree, and then setting forth a comparison against the posterior from the last accepted tree. The residual
that results from the subtraction between the logarithm of these two posteriors will be taken as a metric to
decide on the probability that the proposal should be accepted. Through a large number of MCMC samples,
the process will eventually explore the MCMC state space for high posterior trees, spending more time in
regions of high posterior probability. In a little more detail, the evaluation of the MAP tree normally features
an optimisation of the marginal likelihood function of each individual GP in terms of all its covariance
hyperparameters, if a distance-based kernel function is chosen. To find the extrema of a given function,
suggested optimisation approaches include either a gradient-based line search or a sampling-based search.
In this particular application on the NARX model, the only parameter that requires the optimisation is the
noise level, and it is treated as known here. The linear function parameters can be analytically obtained
through Bayes’ rule with the knowledge of the noise level.

Following the completion of the MAP evaluation, the MAP estimate is used for the Metropolis-Hastings
evaluation, in which the MAP estimates of the current and last-accepted tree are compared in order to decide
whether to accept the newly proposed tree. The rule of the Metropolis-Hasting algorithm is stated in the
equation,

A = min(1,
P (T ′)
P (T ∗)

Q(T ∗;T ′)
Q(T ′;T ∗)

) (3)

where ∗ denotes the proposed tree, ′ denotes the current tree state, Q is the transition probability which
depicts the probability of jump between states in the Markov space, P is the MAP of the tree. The proposed
state will be accepted with probability of A.

3 Model Performance Assessment Criteria

The prediction from the LK-CTGP on the NARX data can be assessed in various ways. The common basic
metric is the One-Step-Ahead (OSA) predictions of the model. The OSA prediction only uses the training
data as the reference for making the prediction at a given time, which is described by the equation,

y∗i = f(yi−1, ..., yi−ny ;xi, ..., xi−nx+1) (4)

where the ∗ now denotes a predicted value.

It is rather arguable that the OSA prediction is a rigorous and descriptive metric to evaluate the model
prediction performance. First, the OSA prediction completely depends on the training data, thus obviously
it has problems with overfitting issues. Secondly, the NARX system is a self-generative or self-developing
time series system, where once the initial condition is given, the subsequent process is largely deterministic.
Therefore, a good metric should provide a measure on the generative performance of the model when given
the same initial conditions as the training data. This leads to the Model Predicted Output (MPO) predictions
as shown in equation (5), where the prediction at a certain time is computed based on the predictions made
up to that time.

y∗i = f(y∗i−1, ..., y
∗
i−ny

;xi, ..., xi−nx+1) (5)

2778 PROCEEDINGS OF ISMA2018 AND USD2018



Once the MPO predictions are made, the Normalised Mean Square Error (NMSE) of the model can be
computed:

NMSE(ŷ) =
100

Nσ2y

N∑

i=1

(yi − ŷi)2 (6)

According to previous experience, it is known that an NMSE less than 5.0 shows a good fit to the data, while
an NMSE less than 1.0 shows an excellent fit.

4 Case Study: The Duffing Oscillator

The basic generative function for the Duffing oscillator NARX system is given as follows,

yi = ayi−1 + byi−2 + cy3i−1 + dui−1 + εi (7)

where y is the output response variable, displacement; u is the eXogenous input variable, the external force;
ε is the residual noise; a,b,c,d are all constants.

The generative function in equation (7) shows the true relation between the input and output to produce
a sequence of responses y in terms of time is a 3D cubic function with input variables yi−1, yi−2 and
ui−1. Therefore, a simple linear regression model is supposed to be inept at comprehensively describing
the behaviour of the data. Naturally the cubic behaviour can be approximated by a piecewise-linear model,
when given the correct partitioning locations to reasonably accommodate each individual linear model. The
LK-CTGP offers a binary process to recursively partition the input space into regions, which is considered
to be efficient and effective.

Before delving into the performance of the CTGP on the data, it is worthwhile to study the generative function
theoretically. From Equation 7, it is clear that the nonlinearity is introduced by the cubic term associated with
the first lag of y. from the partial differentiation with respect to each of the input variables, it can be found
that only in the dimension of yi−1, does the function have non-constant slope. Such a fact manifests that
the entire input space has no gradient change in either dimension of yi−2 or ui−1, therefore, the reasonable
partitions are exclusive to taking in the dimension of yi−1, where once the other two input variables are held
fixed, the curve simplifies to a visualisable classic one-dimensional cubic function. Through performing the
partial differentiation on Equation 7 with respect to yn−1 and equate it to zero, one can obtain the two roots,

r1,2 = ±
√
−b
3c

(8)

Naturally these two roots represent the local peak and trough of the cubic function. The 3D cubic surface
under the current Duffing setup can naturally be approximated as a piecewise-trilinear system by putting
partitions at these two roots if the y set contains both roots. However, the nonlinearity of the NARX system
has one extra influencing factor other than the coefficients associated with the cubic input terms here. Such
a factor is the eXogenous input. Although the eXogenous input does not affect the surface profile of the
generative function, it does affect the effective area in the function space. In the AR-based models (inc.
ARX and NARX), since the current state of the response variable is a function of its previous states, the
dynamical updating process in the training input space can naturally be periodic based on the property of
the function. When the function value is greater than the unit linear function in terms of absolute value
(|yi| > |yi−1|), the y value increases; if |yi| < |yi−1|, y decreases. Therefore, based on such relations,
periodicity in y values can form for a cubic AR function. Figure 2 shows an example where the periodicity
covers both the proximity of the maximum and minimum values (AR periodicity of y forms approximately
in [-1.2,1.2]).
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Figure 2: Illustration of the AR periodicity.

The level of the eXogenous input does affect the span of the periodicity, thus the local nonlinearity within
the span will change accordingly, though the general cubic function profile remains unchanged.

The parameter value set-up for equation (7) is taken here as a = −0.98, b = 1.97, c = −5000, d = 1e − 6
and ε = 0.0001 ∗ σy (0.001% of RMS value). The eXogenous input is uniformly drawn from [-100,100].
4000 points are generated. Under such a set-up, the y values are bounded in [-0.004,0.004], while the two
roots are ±0.114. The y values do not contain both peak and trough of the NARX generative function
Equation 7. Since the y values concentrate in the small centre interval between ±0.114, a weak effect of the
nonlinearity in the system is to be expected. Figure 3 shows the original time series data of y.

Figure 3: Original Time Series data.
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Through applying the simple Least Square (LS) Model to the data space constructed by input variable
[yn−1, yn−2, un−1] and output yn, the OSA prediction gives an extremely good fit to the original data by
producing an NMSE value of 0.02 which is much less than 1.0. However, as has been addressed before, the
OSA prediction is a rather rough metric to assess the NARX model. The MPO predictions of the first 1500
data points from the LS model are shown in Figure 4.

Figure 4: MPO predictions of LS model against original data.

Figure 4 shows that, even though the OSA predictions of the LS model show exceedingly good agreement
to the original data at low level of nonlinearity, the small nonlinearity in the system can be large enough to
cause significant departures from the original data in the MPO predictions; here the NMSE for the MPO
predictions of the LS model is 69.5.

If the LK-CTGP is applied, the MPO predictions for the first 1500 data points are as shown in Figure 5.

The LK-CTGP produced 6 leaves to accommodate the nonlinearity in the system. All the leaves are generated
from partitions concentrated in the dimension of yi−1 as expected, therefore, these partitions are reasonably
placed. Figure 5 shows a good agreement between the MPO predictions of the LK-CTGP model and the
original data. The NMSE here is decreased to 1.26. For clarity, the confidence intervals of the predictions
are omitted.

5 Concluding Remarks

This paper presented a preliminary and trial study of the NARX system with the LK-CTGP model. The LK-
CTGP model is easy to specify in terms of its parameters and counters nonlinearity by producing partitions.
It has been found that the MPO predictions are strongly sensitive to the nonlinearity in the system, which
caused the simple linear least-squares model to produce large MPO errors, even though the nonlinearity
is thought to be low. The LK-CTGP successfully produced a piecewise-linear model, which broke down
the nonlinearity by minimising the local nonlinearity in each generated region. The concentration of the
partitions in the dimension of yi−1 proves that, these partitions are reasonably placed rather than merely by
chance. The problem with the current LK-CTGP model for the NARX system is that the model requires an
accurate input of the noise parameter, which in this study is treated as known. However, the direct access
to the accurate noise in practice is rather idealistic. More fundamentally, the piecewise linear model might
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Figure 5: MPO predictions of LK-CTGP model against original data.

not be the best piecewise model for the NARX system, because too many regions are required to ensure a
good linearity in each region. The general CTGP undoubtedly has more potential in studying the NARX
model. Those distance-based kernels can offer smoother curve fittings for the TGP model, which seems to
promising. However, the computational cost will drastically increase.
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Abstract 
Stochastic subspace identification operational modal analysis is a recently-developed method in modal 

testing. In this method, determining the dimensions of the Hankel matrix in the projection procedure is an 

important step. In this paper, the number of rows of the Hankel matrix is recommended to be larger than a 

half period of Toeplitz matrix. There is no need to adopt excessive number of rows in the Hankel matrix, 

because the projection results would not vary significantly under high number of the matrix rows. Also, if 

computational power is limited, the projection results stabilize more quickly if the number of rows, number 

of columns and the sampling frequency are decreased as the same time. 

1 Introduction 

Traditionally, modal parameters including natural frequencies, damping ratios and mode shapes are 

identified by experimental modal analysis (EMA) [1]. However, EMA has some limitations [2], such as (i) 

difficulties in exciting large structures or structures in field testing, such as wind turbines, bridges or towers, 

and (ii) testing of structures under real conditions (such as machines under movement), which are different 

from laboratory conditions. 

Operational modal analysis (OMA), also known as output-only modal analysis, has been developed to tackle 

the issues above [3]. In this method, only the responses of the structure under ambient or natural excitation 

are required to identify modal parameters. OMA has been used in many applications.  For civil engineering 

structures, OMA has been applied to determine the dynamic properties of truss railway bridge [4], culvert 

for high speed train lines [5] and a statue [6]. OMA has also been applied to mechanical structures such as 

CNC machine tools [7], antenna reflector of spacecraft [8] and laminated glasses [9]. 

Stochastic subspace identification (SSI) and frequency domain decomposition (FDD) are two popular 

algorithms in OMA. Stochastic subspace identification is a time-domain identification method. This 

algorithm was developed since 1990s [10], and used to identify the dynamic parameters in civil engineering 

[11, 12]. Although SSI is often used in modal parameter identification, this algorithm has uncertainty caused 

by model order and stabilization diagram [13] and spurious poles [14].  

Choosing a suitable dimension of Hankel matrix is an important step in the SSI algorithm [16]. Priori et al. 

show how the user-defined parameters in SSI effect the identification results [15]. Reynders et al. indicate 

that the number of columns of Hankel matrix (denoted N in the discussion below) should be as large as 

possible [17], while Brincker and Ventura propose a minimum value of N as a function of system damping 

ratio and lowest frequency of interest [3]. On the number of rows of the Hankel matrix, it has been proposed 

the number of rows should be larger than 𝑓𝑠/2𝑓, where 𝑓𝑠 is the sampling frequency and 𝑓 is the lowest 

frequency of interest [17]. While large matrix sizes generally help statistical methods such as the SSI, this 

can lead to memory wasted and long computing time. Therefore, the objective of the current study is to 

determine the optimal values of the Hankel matrix, if these exist. 

In this study, the projection procedure which is used to filter noise in measured data of the Hankel matrix is 

analyzed by covariance estimate. Variation of the projection results under different matrix sizes is discussed. 
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Figure 1 Vertical milling machine to be tested: (left) actual object (right) arrangement of measurement points [7] 

2 Operational modal analysis and stochastic subspace 
identification 

In OMA, the structure is assumed to be excited by white noise, and subsequent mathematical treatment is 

based on this assumption. However, in real-world OMA tests, the excitation is not white noise. In OMA 

theory, the nonwhite input is assumed that the output from the imaginary filter which is loaded by white 

noise. The OMA system estimates a combined system including the physical structure and a loading filter 

(Figure 2). 

 

Figure 2 System identification in OMA  

2.1 State space model 

The governing equation of a 𝑛0 degrees of freedom system is given by 

𝐌�̈�(𝑡) + 𝐂∗�̇�(𝑡) + 𝐊𝐪(𝑡) = 𝐟(𝑡) (1) 

where 𝐌, 𝐂∗ and 𝐊 ∈ ℝ𝑛0×𝑛0 represent mass, damping and stiffness matrix of the system. �̈�(𝑡), �̇�(𝑡) and 

𝐪(𝑡) ∈ ℝ𝑛0×1 are the acceleration, velocity and displacement of the system. 𝐟(𝑡) ∈ ℝ𝑛0×1 is the external 

force. 

Define two state variables 𝐱1 and 𝐱𝟐, where 

𝐱1(𝑡) = 𝐪(𝑡) 

𝐱2(𝑡) = �̇�1(𝑡) 
(2) 

Measured 

response Real 

input 
White 

noise 

System identified in OMA 

Loading filter 
Structural 

System 

Measurement 

noise 
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The derivatives of the state variables are calculated using state differential equation. 

{
�̇�1(𝑡)

�̇�2(𝑡)
} = 𝐀 {

𝐱1(𝑡)

𝐱2(𝑡)
} + 𝐁𝐟(𝑡) 

𝐲(𝑡) = 𝐂 {
𝐱1(𝑡)

𝐱2(𝑡)
} 

(3) 

where 𝐲(𝑡) ∈ ℝ𝑀×1 is the output vector at 𝑀 measured degrees of freedom: 

𝐲(𝑡) = {

𝑦1(𝑡)
𝑦2(𝑡)

⋮
𝑦𝑀(𝑡)

} (4) 

and 

𝐀 = [
0 𝐈

−𝐌−1𝐊 −𝐌−1𝐂∗] , 𝐁 = [
0

𝐌−1] , 𝐂 = [−𝐌−1𝐊 −𝐌−1𝐂∗] (5) 

The natural frequencies and viscous damping ratios of the system (denoted 𝜔𝑖 and 𝜉i, respectively) can be 

sought from eigenvalues of matrix A. Matrix 𝐂 called output matrix, and it is related to the mode shapes of 

the system. 

2.2 Stochastic subspace identification 

To determine the modal parameters of the system, matrices 𝐀 and 𝐂 are determined from the measured 

responses [18]. Firstly, data matrix 𝐘 is constructed based on lumping the output vector at  𝑁𝑇  samples: 

𝐘1:𝑁𝑇
= [𝐲1 𝐲2  ⋯ 𝐲𝑁𝑇] (6) 

A block Hankel matrix 𝐇 ∈ ℝ2𝐼𝑀×𝑁 is created by shifting the output vector. 

𝐇 =
1

√𝑁
[

𝐲1 𝐲2 ⋯ 𝐲𝑁

𝐲2 𝐲3 ⋯ 𝐲𝑁+1

⋮ ⋮ ⋮
𝐲2𝐼 𝐲2𝐼+1 ⋯ 𝐲2𝐼+𝑁−1

] = [
𝐇𝑝

𝐇𝑓
] (7) 

The Hankel matrix is split into two block Hankel matrices of equal sizes. The upper half part of the Hankel 

matrix is called “the past” and denoted 𝐇𝑝. the lower half part of the Hankel matrix is called “the future” 

and denoted 𝐇𝑓. The total data shift in the Hankel matrix is 2𝐼 which is denoted “the number of block rows”. 

Based on the defined block Hankel matrices, the projection matrix of “future” data unto “past” data is 

defined as [18] 

𝐎 = 𝐓𝑓𝑝𝐓𝑝𝑝
+ 𝐇𝑝 (8) 

where 𝐓𝑓𝑝 and 𝐓𝑝𝑝 are block Toeplitz matrices defined as 

𝐓𝑓𝑝 = 𝐇𝑓𝐇𝑝
𝑇 , 𝐓𝑝𝑝 = 𝐇𝑝𝐇𝑝

𝑇 (9) 

𝐓𝑓𝑝 and 𝐓𝑝𝑝 are also called covariance matrices, which are discussed in the next section in detail. The values 

in these two matrices are represented the correlation of the output vectors with different time delay. The 

matrix 𝐎 is the response matrix of the system in lower noise level. In SSI theory, the projection matrix can 

be expressed by 

𝐎 = 𝚪𝑠𝐗0 (10) 
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where 𝚪𝑠 and 𝐗0 are observability matrix and Kalman states matrix. To determine observability matrix, the 

singular value decomposition is used on matrix 𝐎 

 𝐎 = 𝐔𝑛𝐒𝑛𝐕𝑛
𝑇 (11) 

The first 𝑛 singular values in the diagonal matrix 𝐒 is corresponding to 𝑛/2 modes. The estimate of the 

matrix 𝚪𝑠 and the matrix 𝐗0 is defined by 

�̂� = 𝐔𝑛√𝐒𝑛, �̂�0 = √𝐒𝑛𝐕𝑛
𝑇 (12) 

After the matrix �̂�𝑠 is sought, the system matrix 𝐀 can be found by solving a least squares problem. Natural 

frequencies and damping ratios can be found by calculating the eigenvalues of 𝐀 [3]. output matrix 𝐂 can 

be found by taking the first block row of the matrix �̂�𝑠. The mode shapes are found by  

 𝚽 = 𝐂𝚿 (13) 

where the matrix 𝚿 is the eigenvector of the matrix 𝐀. 

3 Variation of the projection results in data-driven SSI under 
different matrix sizes 

In OMA, the system is assumed to be excited by white noise. Therefore, removing noise in responses is an 

important step before the modal parameters identification. In data-driven SSI, the projection is used to filter 

noise in system responses. However, the efficacy of filter is influenced obviously by dimensions of the 

Hankel matrix. In this section, the Hankel matrix would be projected by true random method and theoretical 

method. In theoretical method, length of response signals is assumed approaching to infinity. Therefore, 

projection procedure would not be influenced by number of columns of the Hankel matrix. The variation of 

projection results under different number of rows of the Hankel matrix can be found. In true random method, 

projection procedure is carried out by Equation (8). Under limited length of response signals, noise cannot 

be filtered perfectly. This method is used to analyzed the stability of the projection procedure under different 

number of columns of the Hankel matrix. 

3.1 Random variables and signals 

If the system is excited by random input, the measured responses are also random numbers. In the SSI 

algorithm, the projection procedure is based on probability processing. 

 

Assume a stochastic vector 𝑥(𝑡). The mean value of 𝜇𝑥 is denoted as the expectation of 𝑥(𝑡) 

E[𝑥(𝑡)] = ∫ 𝑥𝑝(𝑥)𝑑𝑥
∞

−∞

= 𝜇𝑥 (14) 

where 𝑝(𝑥) is the probability density function of 𝑥(𝑡). By time average assumption [3], 𝑝(𝑥) is assumed as 

1/𝑇, where 𝑇 is the time length of the vector. The expectation of 𝑥(𝑡) can be expressed by  

E[𝑥(𝑡)] =
1

𝑇
∫ 𝑥(𝑡)𝑑𝑡

𝑇

0

 (15) 

In random vibration, the measured signals are assumed as zero mean. Therefore, the variance is defined as 

𝜎𝑥 = E[(𝑥(𝑡))
2
] =

1

𝑇
∫ (𝑥(𝑡))

2
𝑑𝑡

𝑇

0

 (16) 

Considering another stochastic vector 𝑦(𝑡), the covariance between 𝑥(𝑡) and 𝑦(𝑡) is given by  
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𝑐𝑜𝑣[𝑥(𝑡), 𝑦(𝑡)] = E[𝑥(𝑡)𝑦(𝑡)] =
1

𝑇
∫ 𝑥(𝑡)𝑦(𝑡)𝑑𝑡

𝑇

0

 (17) 

3.2 Analysis of Hankel matrix projection 

In the SSI algorithm, the projection of future data unto past data is sought using Eq. (8). In the ideal situation 

where measurement noise is absent (that is, 𝑣(𝑛) = 0) and the value of I being sufficiently high, 𝐎 = 𝐇f 

and 𝐓𝑓𝑝𝐓𝑝𝑝
+  becomes a predictive filter: 

 𝐲(𝐼 + 𝑘 − 1 + 𝑙) = (𝐇f)𝑘𝑙 = ∑ (𝐓𝑓𝑝𝐓𝑝𝑝
+ )

𝑘𝑗
(𝐇𝑝)𝑗𝑙

𝐼
𝑗=1 = ∑ (𝐓𝑓𝑝𝐓𝑝𝑝

+ )
𝑘𝑗

𝐲(𝑗 − 1 + 𝑙)𝐼
𝑗=1  (18) 

Therefore, any difference, hence variability of the projection matrix O is a result of measurement noise 𝑣(𝑛).  

Apparently, number of the rows of the Hankel matrix 𝐼 should be as large as possible, because more period 

of the response vector can be covered in Toeplitz matrices. The period in Toeplitz matrix depends on natural  

and sampling frequency of the response vector. To determine the variability of the projection matrix under 

different dimensions. Matrices 𝐓𝑝𝑝 and 𝐓𝑓𝑝 are analyzed by probability processing. The measured response 

(denoted �̂�) is the sum of system response 𝑦 and measurement noise: 

 �̂�(𝑛) = 𝐲(𝑛) + 𝐯(𝑛) (19) 

From Equation (17), the correlation function is defined as 

𝐑(𝜏) = E[�̂�(𝑡)�̂�(𝑡 + 𝜏)] =
1

𝑇
∫ �̂�(𝑡)�̂�(𝑡 + 𝜏)𝑑𝑡

𝑇

0

 (20) 

In discrete-time domain with multiple measurement points, Equation (20) can be expressed as 

𝐑(𝑘) =
1

𝑁
∑ �̂�(𝑛)�̂�𝑇(𝑛 + 𝑘)

𝑁

𝑛=1

= E[�̂�(𝑛)�̂�𝑇(𝑛 + 𝑘)] (21) 

By Equation (7) and (21), matrix 𝐓𝑝𝑝 and 𝐓𝑓𝑝 can be expressed in terms of expected values: 

𝐓𝑝𝑝 =

[
 
 
 
 
 
 

E[�̂�0�̂�0
𝑇] E[�̂�0�̂�1

𝑇] ⋯ E[�̂�0�̂�𝐼−1
𝑇 ]

E[�̂�1�̂�0
𝑇] E[�̂�1�̂�1

𝑇] ⋮

⋮ ⋱ ⋮

E[�̂�𝐼−1�̂�0
𝑇] ⋯ ⋯ E[�̂�𝐼−1�̂�𝐼−1

𝑇 ]]
 
 
 
 
 
 

, 𝐓𝑓𝑝 =

[
 
 
 
 
 
 

E[�̂�𝐼�̂�0
𝑇] E[�̂�𝐼�̂�1

𝑇] ⋯ E[�̂�𝐼�̂�𝐼−1
𝑇 ]

E[�̂�𝐼+1�̂�0
𝑇] E[�̂�𝐼+1�̂�1

𝑇] ⋮

⋮ ⋱ ⋮

E[�̂�2𝐼−1�̂�0
𝑇] ⋯ ⋯ E[�̂�2𝐼−1�̂�𝐼−1

𝑇 ]]
 
 
 
 
 
 

 (22) 

where �̂�𝑗 means �̂�(𝑛) with time delay of 𝑗 samples. Combining Eq. (19) and (21), the correlation function 

𝐑 is calculated as 

𝐑(𝑘) = E[𝐲(𝑛)𝐲𝑇(𝑛 + 𝑘)] + E[𝐲(𝑛)𝐯𝑇(𝑛 + 𝑘)] + E[𝐯(𝑛)𝐲𝑇(𝑛 + 𝑘)] + E[𝐯(𝑛)𝐯𝑇(𝑛 + 𝑘)] (23) 

The correlation matrix is related with the number of columns of the Hankel matrix. In the current study, the 

correlation function is calculated using two approaches, and they are used to evaluate the influence of 

different parameters: 

• In the first approach, Eq. (23) is determined analytically assuming 𝐲(𝑛)  and 𝐯(𝑛)  being 

independent of each other, and the number of matrix columns 𝑁 → ∞. This approach is used to 

study the variability of matrix projection on 𝐼 and the sampling frequency (denoted 𝑓𝑠). 

• In the second approach, a finite amount of pseudorandom values 𝐯(𝑛) are taken to calculate the 

predictive filter 𝐓𝑓𝑝𝐓𝑝𝑝
+ . The approach is used to calculate the variability of matrix projection on N. 
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3.2.1 Projection matrix assuming independent random signals 

Assuming 𝐲(𝑛) and 𝐯(𝑛) are independent random variables, the cross-covariance between the two variables 

vanishes: 

E[𝐲(𝑛)𝐯𝑇(𝑛 + 𝑘)] = E[𝐯(𝑛)𝐲𝑇(𝑛 + 𝑘)] = 0 (24) 

Additionally, if 𝐯(𝑛) is assumed to be a normally-distributed random variable, Eq. (25) holds: 

E[𝐯(𝑛)𝐯𝑇(𝑛 + 𝑘)] = {
𝜎2, 𝑘 = 0
0, 𝑘 ≠ 0

 
(25) 

Therefore, the block Toeplitz matrices �̂�𝑝𝑝 and  �̂�𝑓𝑝 can be expressed as 

�̂�𝑝𝑝 = 𝐓𝑝𝑝 + 𝜎2(𝐯(𝑛))𝐈 

�̂�𝑓𝑝 = 𝐓𝑓𝑝 
(26) 

4 Numerical studies and results 

To find the variation of the projection result under different values of 𝐼, three response vectors including 

white noise are assumed by Equation (19), and 

�̂�(𝑛) = sin (𝑓
2𝜋𝑛

𝑓𝑠
) + 𝐯(𝑛) (27) 

Measurement noise vector is given by ‘randn’ in MATLAB® where σ2(𝐯(𝑛)) = 1. This signal simulates 

the response of a veryly-lightly-damped system. 

4.1 Projection assuming independent random signals 

Dependence of projection variability on sampling frequencies is first studied assuming 𝑁 → ∞  in 

determining matrices �̂�𝑝𝑝 and  �̂�𝑓𝑝, which are constructed according to Eq. (26). The N-sample measured 

signal is generated according to Eq. (27), and quality of projection is defined as the correlation coefficient 

(0 ≤ 𝛼 ≤ 1) between the first row of matrices 𝐎 and the counterpart in 𝐘𝐹. In a noiseless measurement, 

𝐎 = 𝐇f and the coefficient is equal to 1. Therefore, a higher correlation coefficient means better projection 

performance. 

In the simulations below, 𝑓 =  5 Hz and 𝑓𝑠  = 100 Hz. Although �̂�(𝑛)  is a finite-length signal with a 

pseudorandom component, the correlation coefficient does not vary significantly on N (Figure 3). The 

correlation coefficient increases monotonically with I, but the rate of increment is periodic. It is found that 

the periodic of increment variation depends on the period of the signal, in terms of number of samples. By 

testing the projection performance using three other frequencies 𝑓 = {10, 20, 25} Hz, Table 1 shows that 

correlation coefficient variation under different values of 𝐼 has a period of 𝑓𝑠/2𝑓0. In practice, it means there 

are “sweet spots” of values taken in SSI-OMA: for example, under 𝑓 = 5 Hz, a value of I=30 has to be taken 

if the identification results of I=20 are found to be unsatisfactory. 

The next parameter to be studied is sampling frequency. In the simulations, 𝑓𝑠 ={100, 300, 500} Hz. Under 

a higher value of 𝐼 where 𝐼 𝑓𝑠⁄ > 1 𝑓⁄ , Figure 4 shows that the performance of projection improves with 

higher sampling frequency. However, if the value of I is constrained (for example, due to insufficient 

computing power to calculate pseudoinverse �̂�𝑓𝑝) it may be beneficial to use a low sampling frequency. 
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Figure 3 Correlation coefficient under different values of N, 𝑓𝑠 = 100 Hz 

 

Signal frequency 

𝑓𝒔 (Hz) 

Period of the Toeplitz 

matrix (samples) 

Period of correlation 

coefficient (samples) 

5 20 10 

10 10 5 

20 5 2.5 (2 or 3) 

25 4 2 

Table 1 Period of correlation coefficient variation 

 

Figure 4 Correlation coefficient under different sampling frequencies 

4.2 Hankel matrix projection with real noise signal 

In SSI theory [17], the number of columns of Hankel matrix 𝑁 is preferably approaching infinity. Because 

the correlation between response and noise would approach to zero. In practice, the length of response data 

is always finite, thus sampled covariances (Eq. (21)) are used to determine 𝐓𝑓𝑝 and 𝐓𝑝𝑝  (Eq. (22)). To 

determinate the variation of the projection result under various values of 𝑁, a response vector is constructed 
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using Equation (19) and (27), with 𝑓 = 5 Hz and 𝑓𝑠 = 100 Hz. Figure 5 shows the first and last rows of 

𝐓𝑓𝑝𝐓𝑝𝑝
+  in Equation (8). It is found that 𝐓𝑓𝑝𝐓𝑝𝑝

+  gradually converge to the analytical counterpart if the value 

of 𝑁 is increased. However, the entries would still be perturbed by noise for N as high as 10000. 

To find the dependence of stability of 𝐓𝑓𝑝𝐓𝑝𝑝
+  under joint variation of 𝑁, I and 𝑓𝑠, correlation coefficient of 

𝐓𝑓𝑝𝐓𝑝𝑝
+  under 4000 ≤ 𝑁 ≤ 15000  and 20 ≤ 𝐼 ≤ 100 are calculated. Stabilization diagram is shown as 

Figure 6. It is found that 𝐓𝑓𝑝𝐓𝑝𝑝
+  would be stable if value of 𝑁 is increased under the same value of 𝐼. Figure 

6 also shows that stability would not vary significantly under different sampling frequencies. Because 

sampling frequency influences the period of Toeplitz matrices 𝐓𝑝𝑝 and 𝐓𝑓𝑝. Therefore, the dimensions of 

the Toeplitz matrices are related to sampling frequency. However, the values in the Toeplitz matrices are 

the correlation of the signals. The similarity of the signals would not be influenced by sampling frequency. 

  

Figure 5 Entries of first (left) and last (right) rows of 𝐓𝑓𝑝𝐓𝑝𝑝
+  under I = 20 and various values of N, 

compared with analytical counterpart (Eq. (27)) 

  

(a) (b) 

Figure 6 Stabilization diagram of 𝐓𝑓𝑝𝐓𝑝𝑝
+  under sampling frequencies (a) 100 (b) 500 Hz. Red dots 

indicates the correlation coefficient is higher than 0.99 
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5 Conclusions 

In this study, it is found that projection results would not vary significantly if the value of 𝐼 ≥ 𝑓𝑠/2𝑓0 . 

Because longest response period be covered in Toeplitz matrices. Also, if computational resources are 

limited, it is beneficial to reduce both the number of rows (N) and the sampling frequency such that the 

projection results can be stabilized. It is also found that the matrix 𝐓𝑓𝑝𝐓𝑝𝑝
+  in projection procedure would be 

gradually stabilize if the value of 𝑁 is increased, but the results are still affected by noise. 
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Abstract
Operational modal analysis (OMA) has in the last decade shown its potential in the field of offshore structures
such as oilrigs and wind turbines etc. Typically, the estimated modal parameters will be used in conjunction
with a finite element (FE) model. However since bottom-fixed offshore structures typically will be semi-
submerged this affects the modal parameters by fluid-structure interaction. Fluid surrounding a structure is
known to retard the response and locally introduce an increase in mass and damping. These local changes
yield a complex alteration of the modal parameters and this paper highlights these effects by a wave flume
experiment conducted on a cantilever structure. The structure is a scaled offshore structure and its modal
parameters are examined at different water levels ranging from dry state to 60 % submerged.

1 Introduction

Modal analysis is an effective tool in describing the dynamic behaviour of a structure. When dealing with
civil engineering structures, traditional experimental modal analysis (EMA) has some shortcomings and
hence opens the playground for its cousin named operational modal analysis (OMA). OMA utilizes the
operational conditions in providing the excitation of the structure and if the loading is approximating white
noise, the modal parameters can elegantly be extracted from the structural response. The application of OMA
is gaining ground and is becoming the preferred approach when evaluating modal properties of offshore
structures [16]. The motivation for making modal analysis may be multiple; for instance in the field of
structural health monitoring (SHM), model updating, fatigue estimation or indirect load estimation. Most of
these disciplines use an FE model (updated to insitu conditions) as a basis.

There will always be some natural variations in the estimated modal parameters; besides estimation- or
statistical error also environmental changes such as wind speed, scour or other seabed changes, structural
degradation, mass loading, temperature or even tidal variations can cause the modal parameters to fluctuate.
This paper will focus on how variations in the surrounding water may alter the dynamics of the structure.

The fluid-structure interaction is a complex topic and existing research in this area is plentiful. Both analyti-
cal, experimental and numerical work has been done in the past, e.g. [8, 12, 15, 18]. The content of this paper
does not intend to challenge these works, instead it will demonstrate an application in the field of operational
modal analysis conducted on a miniature offshore model. The results shown in this paper are preliminary
findings which will be the basis for a later study, where an accurate model update is required. The model
design does not descend from any actual physical structure, but is constructed as a simple cantilever with a
topside in order to better monitor the torsional modes.
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2 Experiment setup

The experimental campaign is conducted at Luminy University at Marseille, France in 2018. A cantilever
structure made from plexiglass will be the scope for this study. The structure is a cylindrical mono tower with
a truss box topside. The columnar part of the model is constructed by segments bolted together through an
internal flange. Each segment is 200 mm in length and has an outer diameter of 150 mm. The structure is dry
on the inside at all times during the tests. The topside has an outer geometry of l× b×h of 400× 200× 200
mm. The entire model is situated on a load cell connected to an aluminium base plate, which yields a total
height of the model to be 1485 mm. The maximum water level, which can be applied in the flume, is 900 mm
as indicated by Figure 1 a) and b). The sizing of the segments is primarily based on accessibility concerns
regarding sensor installation. The joints between the circular sections are waterproofed through a gasket
which may be seen in Figure 1 c).

The model is equipped with 16 uni-axial accelerometers; nine of which are positioned inside the pile and
the remaining seven are distributed to the corners of the topside. The position and measuring direction are
indicated in Figure 1 b). The accelerometers used are Brüel & Kjær TYPE 4508-002 1000 mV/g and the
sampling rate is 2 kHz.

The scope of the test is to monitor the structure during water filling of the flume and track the changes in
modal parameters due to the influence of water. The test will begin at zero water level (referred to as dry
state) and the water level will be increased to a maximum of 900 mm. Intermediate tests are conducted at
150 mm, 400 mm, 670 mm, 800 mm and 850 mm respectively. For each of these water levels, 3-4 individual
tests are performed. The tests are conducted by introducing some random loading to the structure and record
the response for approximately 300 seconds. The concepts of operational modal analysis are then applied on
the response data from the accelerometers and modal parameters (natural frequencies, damping ratios and
mode shapes) are extracted [6].

Load cell

Max water level

Accelerometer

200

400

150
3

5

200
typ

900

385

a) b) c)

50

Figure 1: Experimental setup. a) shows the sideview cross section including the overall dimensions of the
model, b) indicates the sensor position and direction, c) shows a picture from the test. Dimensions in mm.
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In order for OMA to be successfully applied, the loading of the structure should be approximately white
noise i.e. random in time and space [6]. The excitation medium utilized in this case is a soft brush swept
over the structure along with disturbance to the surrounding water.

Additional instrumentation not relevant for the topic of this paper includes: ATI 6 DOF load cell, Wave
gauges, 8 pcs kulite pressure transducers. These are installed for a later purpose in the test campaign.

3 ID algorithm

A total of 22 tests are conducted and though of different quality, each of these will yield an estimate on a
number of modes. The frequency band of interest is 0 - 160 Hz as anything above this is too inflicted by
noise and the sensor resolution not capable of spanning the modes shapes. Nine modes are identified in this
frequency band and these nine modes will be examined in greater detail.

Now, several different identification methods are available both in the time domain and in the frequency
domain. The identification algorithm selected is the Time Domain Poly Reference (TDPR) [17]. Although
it was developed for impulse response functions, it can easily be adopted in OMA by using the correlation
functions instead [5, 11]. Note that this section is not intended to go into details on the algorithm, however
a brief overview of the method is outlined. For further details, the reader may find use of literature such as
[6, 9].

Basically the response data of the structure are used to calculate the correlation functions. The transposed
correlation function matrix is then considered as free decays of the system and the concepts of the TDPR can
be applied; A Hankel matrix is constructed and the polynomial coefficients are solved by a least square ap-
proach. Then, the coefficients are stored in a companion matrix and by making an eigenvalue decomposition,
the modal parameters can be found.

Now, in order to get the best conditions for the modal identification, filtering and DOF condensation are
applied as a pre-step to the TDPR. This is exercised in the frequency domain by reducing the number of
DOFs and amplifying the remaining principal components. The details on condensation can be found in
[13].

The data is examined by looking at one frequency band at a time. While moving the frequency band and
shifting the model order in the TDPR, stable poles are extracted from the signal. Typically these are repre-
sented by stabilization diagrams, but in order to limit the data flow in the figures of this paper, only the single
picked modes are shown.

4 Modal parameter tracking

To give an indication of the quality of the data, a compilation of spectres are shown in Figure 2. The
data series for each water level are merged into a single file and the spectra are averaged using the Welsh
technique with a block size of 213 samples corresponding to four seconds. A singular value decomposition
of the spectral density is made and the figure shows the first three singular lines. The modes in Figure 2 are
identified by peak picking and tracked by colour coding.
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Figure 2: Singular values of the spectral density. The 3 first singular values are shown for different water
levels. The water levels shown are 0, 150, 400, 670, 800 and 900 mm respectively. The different mode
shapes identified are sketched in the top of the figure in ascending order and indicated by a coloured dot.
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5 Results

For the seven different water levels ranging from 0 to 900 mm, modal identification is conducted using the
TDPR technique outlined in Section 3. For each water level, 3-4 separate tests are made and the modal
parameters are shown along with the average of the estimates. Figure 3 and Figure 4 show the identified
modes in the frequency band of 0-160 Hz. The natural frequency, damping ratio and mode shape complexity
are all given as a function of the water level. The individual mode shapes (1-9) are sketched in Figure 2 for
reference.

The data in Figure 4 are merely the same as given in Figure 3, but normalized with respect to the average dry
conditions to show the relative development in modal parameters.

As seen in Figure 3 and 4, the scatter in the estimates are significantly higher on the damping ratios and
complexity indicators than for the frequencies. This is not uncommon when engaging in modal analysis on
experimental data (especially when dealing with closely spaced modes), yet it masks the conclusion on the
fluid influence on these parameters - more about this in the following.

First, looking at the frequencies; it is seen that in general the natural frequencies drop with the increase in
water level due to the hydrodynamic added mass. Yet, mode 3 and mode 6 are nearly unaffected by the water.
The mode shapes for these are characterized by predominant deformation to the topside and nearly no subsea
deformation, see Figure 2. Literature such as [3, 4] states that one may encounter these effects when fluid-
structure interaction is present. Since all modes, but the ones concerning only the topside, have a decrease in
frequency, this yield an interesting phenomena as the modes start to cross each other by frequency. This is
seen in Figure 3 a) at a water level of 670 mm for mode 3 and at a water level of 250 mm for mode 6.

Next looking at the damping estimates; the scatter from test to test is high compared to the average changes
due to the influence of water. However, there is a tendency of an increase in damping for all modes. The
higher modes (with exemption to mode 6) seems to be affected the most with respect to the damping with
relative changes > 30 % whereas the the changes on the first two bending modes and the two topside modes
are less significant, see Figure 4 b).
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Figure 3: Estimated modal parameters at different water levels. Each mark represents an estimate from a
data series and the solid lines are the water level averages. a) shows the development in natural frequency for
each mode. b) shows the development in damping ratio for each mode. c) shows the development in mode
shape complexity of each mode.
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Figure 4: Relative changes in modal parameters due to shift in water level. Each mark represents an estimate
from a data series and the solid lines are the water level averages and normalized with respect to the dry state.
a) shows the relative development in natural frequency for each mode. b) shows the relative development in
damping ratio for each mode. c) shows the relative development in mode shape complexity of each mode.

Finally, the complexity of the mode shapes are shown in Figure 3 c) and Figure 4 c). The details on how
the mode complexity factor is calculated is described in Section 6.1. In general there is a considerable level
of complexity in the mode shapes ranging between 1 and up to 30 %. However, given the level of scatter
in the estimates it is inconcludable whether the complexity originates from the influence of water or rather
non-linearities in the model. The latter is anticipated to be the main reason for the complexity considering
the number of structural joints, material selection etc.

6 Mode shape alteration

6.1 Complex mode shapes

When identifying mode shapes from experimental data, often the identified mode shapes tend to have a
imaginary part. This may be due to ID algorithm, non-linearities or cases of non proportional damping. The
complex part is often considered as noise and disregarded, but it may indicate some physical properties of the
system [10]. If the purpose of the modal analysis is to link the experimental mode shapes to ones obtained
from an FE model, the most natural choice would be to disregard the imaginary part or use the absolute
value.

Several different indicators can be used to quantify the complexity in a mode shape. For this case the mode
complexity factor (MCF) will be utilized. The MCF is calculated for mode r as

MCFr = 1−
(Sxx − Syy)2 + 4S2

xy

(Sxx + S2
yy)

(1)

where
Sxx = <{ψr}T<{ψr} Syy = ={ψr}T={ψr} Sxy = <{ψr}T={ψr} (2)

Here {ψr} is the mode shape vector for mode r. The MCF value is real and ranging between 0 and 1.
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Figure 5: Modal assurance criterion (MAC). Every column corresponds to a test series while every row
corresponds to a mode. The columns are grouped according to water level during the test. The black line
splitting a single bar indicates the MAC value prior to rotating the mode shapes within their subspace. The
four estimates marked by an asterisk (*) are shown in Figure 6 and Figure 7.
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6.2 Mode shape

For complex modes, the MAC value between two mode shape vectors {ψa} and {ψb} can be calculated from
[1, 14] as

MAC({ψa}, {ψb}) =
|{ψa}T {ψb}∗|2

({ψa}T {ψa}∗) ({ψb}T {ψb}∗)
(3)

In order to quantify the changes in mode shapes the MAC value is calculated for every mode compared to
a reference mode shape. The reference mode shape is the mode shape at dry state identified by the first
test series - i.e. the first column in Figure 5. The MAC values depicted are hence the same mode for all
successive tests compared to the reference test.

When modes are closely spaced in frequencies, their associated modes shapes may be rotated within the
subspace spanned by the modes engaged [2]. For instance, this can be observed in the case of mode 3, 4 and
5 whose mode shapes start to mix at a water level of 670 mm, see Figure 3 a) or Figure 2. How much the
mode shapes will blend among the conjointly modes depends on ID algorithm used and its fitting parameters.
Surely it is more convenient if this rotation does not occur, but it does not pose a problem as they can be
reorientated to fit the reference modes better. This is done by assuming a linear combination of the mode
engaged and making a least square fit to the reference modes.

Test series 2, 6 and 17 showed poor results due to improper excitation. As a result of this, only the first 4
modes were extractable from the data, hence the missing bars in Figure 5. Although a true random excitation
was attempted also mode 7 was not greatly engaged in several tests as seen from the spectra in Figure 2, this
may be the reason for increased fluctuations in the estimates.

6.3 Mode shapes in details

In this section, a close-up on two selected mode shapes is presented. The mode shapes displayed are mode 7
and mode 9 which are highlighted by an asterisk (*) in Figure 5. The mode shapes have been normalized to
a maximum deflection of 0.15 m i.e. 10 % of the total height of the model.

Note that the mode shapes presented by Figure 6 and 7 are shown by utilizing some assumptions on the
behaviour of the structure. By looking at Figure 7 a), it is clear that the nodal value for the 4th node from
bottom is incorrect. Since no sensor is positioned at this node in this direction the nodal value depicted
is simply an interpolation value between the adjacent nodes. These assumptions are just for visualization
purposes and do not influence the MAC values presented earlier. Same applies to the topside.
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Figure 6: Mode shape 7 before and after water filling. MAC value between the two modes is 0.12.

2800 PROCEEDINGS OF ISMA2018 AND USD2018



a) b)

 0.4 0.20-0.2-0.4
Endview [m]

0

0.5

1

1.5

V
er

tic
al

 c
oo

rd
in

at
e 

[m
]

0.40.20-0.2-0.4
Endview [m]

0

0.5

1

1.5

V
er

tic
al

 c
oo

rd
in

at
e 

[m
]

Figure 7: Mode shape 9 before and after water filling. MAC value between the two modes is 0.80.

Looking at these two modes shown by Figure 6 and Figure 7, the changes in mode shape are predominant
subsea where the bending amplitude of the pile is reduced. The nodal point (zero vibration amplitude) for
the pile is moved down for both cases.

7 Full scale perspective

The model considered in this paper is constituted as a hollow plexiglass model with a fairly large diameter
to water depth ratio. This yields a large volume of water to be displaced by the structure and hence a large
amount of added mass. Since the model itself is made from light weight material and air filled, the ratio
of added mass versus the mass of the structure is also large. In the full scale perspective, the mass of the
displaced water compared to the structural mass is likely to be a different ratio.

Now, if the structure is considered as an idealized SDOF system, the natural angular frequency is found as

ωdry =

√
Kdry

Mdry
(4)

where the Kdry is the generalized stiffness of the structure and Mdry is the generalized mass both at a dry
state for a mode of vibration. If it is assumed that the stiffness of the structure is unchanged by the presence
of water, the equation for the wet conditions becomes:

ωwet =

√
Kwet

Mwet
=

√
Kdry

Mdry +Madded
(5)

Here, Madded symbolizes the added mass from the fluid- structure interaction [4, 12, 18]. Now, this is strictly
only valid if the mode shape of interest is unchanged by the influence of water. This is a fair assumption for
the first few modes in this case, see Figure 5. The change in frequency from the influence of water is hence
seen as

ωwet

ωdry
=

1√(
1 + Madded

Mdry

) (6)

From equation (6) it is evident that the change in frequency depends on the ratio between the mass of the
structure and the added mass from the fluid. Since the cross section of the model in this case is circular,
there is no cross coupling and the added mass is somewhat proportional to the mass of the fluid displaced
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by the structure: Madded ∝ V, ρw, where V is the displaced volume and ρw is the fluid density. However
other aspects such as boundary conditions for the fluid, viscosity, vibration amplitude and frequency can also
influence the effect of added mass [4, 7]. Since the fluid density in this scaled experiment is larger than in
full scale the effect from the fluid- structure interaction is amplified. This means that the relative changes in
modal parameters shown by Figure 3 and Figure 4 may be less for the full scale scenario.

The model considered in this paper is dry on the inside (concerning the sensors). Offshore mono tower
structures may be constructed as dry or wet on the inside where the latter is the most common. Water inside
the structure will yield a different alteration of the structure as the internal water will further increase the
added mass. This effect is not studied additionally but is worth mentioning.

8 Conclusion

This paper has outlined the changes in modal parameters from the influence of surrounding water on a small
scale model. The model is a bottom fixed, surface piercing mono tower made from plexiglass. It was through
operational modal analysis demonstrated how the modal parameters changes by the presence of water. Most
significant finding was that the order of the modes were changing as the flume was filled with water. This
was due to the nature of the individual mode shapes; mode shapes, where deflection is predominant ascribed
to rotation and not bending of the tower will yield little or no changes from the water whereas especially
higher order bending of the tower will experience great influence from the added mass. If modes are closely
spaced this may cause them to change order.

Damping estimates were examined and found to increase with water level as expected. For semi-submerged
structures, where fluid-structure interaction is present, it might be expected that non-proportional damping
could cause the mode shapes to become complex. However it was not possible to show a decisive relation
for this due to the scatter in the estimates. The mode shapes, however, were examined in details and it was
seen that especially for higher modes; the deflection subsea were reduced.

The development in modal parameters are based on averages from different tests, where it was assumed that
the water yields a constant alteration of the modal parameters. The conclusions from this study are hence
based on small vibration amplitudes as different levels of excitation force is not examined.

8.1 Further work

As mentioned by the introduction, the work shown in this paper will be the basis for a successive study in
indirect load estimation. The knowledge gained will feed the updating process of a finite element model
needed for the dynamic analysis of wave action.
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Abstract 
In this work, we address the problem of fatigue damage prediction in a truck component excited by road 

induced vibrations. The damage is computed from strains estimated from sparse measurements of the 

dynamic response. Two different fixed-lag smoothing algorithm are employed, an augmented Kalman filter 

extended with a fixed-lag smoother and a smoothed joint input-state estimation algorithm. The system is 

described with a finite element model, and due to the complexity of reproducing the system by the model, 

the resulting representation may contain a number of discrepancies. Nevertheless, both smoothing 

algorithms succeed in capturing the dynamic behaviour of the component, although the estimated strains are 

affected more by the large model error than the estimated acceleration are. Furthermore, it is shown that the 

proposed methodology of strain estimation and fatigue damage calculations correlate well with the observed 

failure of a component when tested in a full-scale fatigue test of a truck chassis. 

1 Introduction 

In the development and maintenance of engineering structures it is often important to estimate the fatigue 

damage that is likely to occur due to a certain loading or use conditions. Fatigue damage estimates can be 

based on knowledge of the strain history in the critical points of the structure; in general the critical points 

are not exactly known a priori. To continuously measure the entire strain field is impractical and, therefore, 

it is proposed to estimate the strain history in all critical points from a limited number of discretely positioned 

sensors (accelerometers and strain gauges) and a finite element model of the structure.  

This is a kind of inverse problem that has been extensively studied over the last decades [1-7]. Increased 

computing power enabled the use of more complex methods where larger arrays of data are used as inputs 

to the estimation algorithms, resulting in increased accuracy of the result. A high accuracy of the estimated 

strains is a prerequisite for damage calculations [8, 9]. In this work a specific problem is addressed, that of 

fatigue damage prediction based on strain history estimated from sparse measurements in a dynamic system 

with unknown inputs for which a finite element model exists. It is assumed that the dynamic system is well 

described as linear, and the model errors and the measurement noise are described as Gaussian white noise. 

It is investigated to perform the damage estimates using a recursive non-causal adaptive filter to estimate 

the strain field. This methodology has the potential to overcome both modelling errors and measurement 

noise inevitably present in the system. Two similar algorithms are employed in this work, an experimentally 

validated augmented Kalman filter extended with a fixed-lag smoother (AKF-FLS), and a smoothed 

algorithm for joint input-state estimations (SJISE) [10]. The accuracy and the computational cost of the 

algorithms are compared. 

2805



An experimental setup is used for the investigation. The structure subjected to strain field identification and 

subsequent fatigue estimation is a truck side skirt, which serves to reduce the aerodynamic resistance of the 

vehicle. Components attached to the chassis are in general excited by road-induced vibrations but the loads 

that act on the side skirt are not readily available for measurement because there are several attachment 

points with complex geometry. 

In-service vibration responses, both accelerations and strains, were measured in laboratory conditions in a 

test rig. The dynamic properties of the system were obtained from a finite element model. The finite element 

model was tuned so that the modal properties of the model were matching the modal properties of the 

experimental setup. This comparison was based on an operational modal analysis of the studied system.  

Both algorithms were first verified and tuned by estimating discretely measured acceleration and strain 

signals. The smoothers were then used to estimate the strain in several other positions on the component. 

These estimated strains were used to compute the damage and the result was compared to the outcome of a 

full-scale vibration fatigue test of the component.  

2 Method 

In order to estimate the response in a complex component, a model of the system is needed. It needs not 

only to be accurate, but also to efficiently describe the dynamic behaviour of the system without getting to 

large. A minimized model complexity is essential for the computational cost of filtering algorithms. Here, 

a detailed finite element model is reduced and described by its modal parameters in a well-defined frequency 

interval. The finite element model is tuned to match the modal parameters with those from an operational 

modal analysis. Accelerations and strains were measured during a laboratory experiments of a truck side 

skirt simulating road induced vibrations from realistic driving conditions. The measured response was then 

used as input to the two smoothing algorithms estimating the strain in the structure from which the fatigue 

damage could be calculated. 

2.1 System state-space description   

Consider a linear time invariant system described by the discrete time modally reduced equation of motion 

 �̈�𝑘 + 𝚪�̇�𝑘 + 𝛀𝐪𝑘 = 𝚽𝐒f𝐟𝑘 (1) 

where 𝐪𝑘 is a vector of 𝑛𝑁 modal displacements where 𝑛𝑁 denotes the number of participating modes. The 

matrix 𝛀 ∈ ℝnN×𝑛𝑁 contains the eigenfrequencies ω𝑖 arranged diagonally in ascending order and the mass 

normalized eigenvectors are arranged as columns in 𝚽 ∈ ℝ𝑛𝑑𝑜𝑓×𝑛𝑁 where 𝑛𝑑𝑜𝑓 is the number of degrees of 

freedom of the system. In addition, assuming proportional damping, the matrix 𝚪 ∈ ℝ𝑛𝑁×𝑛𝑁 contains the 

diagonal elements 2ω𝑖ξ𝑖 where 𝜉𝑖 is the modal damping ratio for mode 𝑖. The system is excited by 𝑛𝑓 

external forces 𝐟𝑘 acting in positions described by 𝐒f ∈ ℝ𝑛𝑑𝑜𝑓×𝑛𝑓. Furthermore, let the 𝑛𝑧 measured 

responses 𝐳𝑘 be connected to the modal parameters as 

 𝐳𝑘 = 𝐒𝑎𝚽�̈�𝑘 + 𝐒𝑣𝚽�̇�𝑘 + 𝐒𝑑𝚽𝐪𝑘. (2) 

By collecting the modal displacements and velocities into the state vector 𝐱𝑘  

 𝐱𝑘 = [
𝐪𝑘

�̇�𝑘
] (3) 

the equation of motion (1) and the measurement equation (2) can be reformulated to a state-space description 

of the system as 

 
𝐱𝑘+1 = 𝐀𝐱𝑘 + 𝐁𝐟𝑘 + 𝐰𝑘

𝐳𝑘 = 𝐂𝐱𝑘 + 𝐃𝐟𝑘 + 𝐯𝑘 .
 (4) 

The time invariant state matrices 𝐀 and 𝐁 are calculated as 
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𝐀 = exp ([
𝟎 𝐈

−𝛀𝟐 −𝚪
] Δ𝑡)

𝐁 = (𝐀 − 𝐈) [
𝟎 𝐈

−𝛀𝟐 −𝚪
]

−1

[
𝟎

𝚽T𝐒f
]
 (5)  

whereas the measurement matrix 𝐂 is defined as 

 𝐂 = [𝐒𝑑𝚽 − 𝐒𝑎𝚽𝛀2 𝐒𝑣𝚽 − 𝐒𝑎𝚽𝚪] (6) 

and the direct feed-through matrix 𝐃 is given by 

 𝐃 = [𝐒𝑎𝚽𝚽T𝐒f]. (7) 

The noise processes 𝐰𝑘 and 𝐯𝑘 which accounts for model errors and measurement noise, respectively, are 

assumed to be zero mean and white with known covariance according to 

 𝐄 [(
𝐰𝑘

𝐯𝑘
) (𝐰𝑘

T 𝐯𝑘
T)] = [

𝐐x 𝐒
𝐒 𝐑𝑣

] 𝛿𝑘−𝑙  . (8) 

2.1.1 Augmented state-space description 

Instead of using the state vector (3), an augmented state vector 𝐱𝑘
a = [𝐪𝑘 �̇�𝑘 𝐟𝑘]T can be used. This result 

in the augmented state and measurement equations as 

 
𝐱𝑘+1

a = 𝐀a𝐱𝑘
a + 𝐰𝑘

a

𝐳𝑘 = 𝐂a𝐱𝑘
a + 𝐯𝑘

  (9) 

where the augmented state and measurement matrix are formulated as 

 𝐀a = [
𝐀 𝐁
𝟎 𝐈

],      𝐂a = [𝐂 𝐃].  (10) 

It is assumed that the process noise 𝐰𝑘
a is described by its covariance 𝐐a = [

𝐐x 𝟎
𝟎 𝐐f

]. 

2.2 Smoothing algorithms 

Two different smoothing algorithms are employed, an augmented Kalman filter extended with a fixed lag 

smoother and a smoothed joint input-state estimation algorithm.  

2.2.1 The augmented Kalman filter extended with a fixed-lag smoother  

The augmented Kalman filter extended with a fixed-lag smoother (AKF-FLS) consists of two steps. First, a 

regular Kalman filter is applied to the augmented system described by Equation (9), which is then followed 

by the fixed-lag smoothing algorithm. The Kalman filter needs to be initialized with an initial augmented 

state estimate vector �̂�0|−1
a  and its error covariance 𝐏0|−1

(0)
. Here, the Kalman filter is formulated as a one-

step a priori filter 

 

𝐊𝑘
(0)

=  𝐀a𝐏𝑘|𝑘−1
(0)

𝐂aT (𝐂a𝐏𝑘|𝑘−1
(0)

𝐂aT + 𝐑𝑣)
−1

𝐏𝑘+1|𝑘
(0)

= 𝐀a𝐏𝑘|𝑘−1
(0)

(𝐀a − 𝐊𝑘
(0)

𝐂a)
T

+ 𝐐a

�̂�𝑘+1|𝑘
a = 𝐀a�̂�𝑘|𝑘−1

a + 𝐊𝑘
(0)

(𝐳𝑘 − 𝐂a�̂�𝑘|𝑘−1
a ).

 (11) 
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This initialize the smoothing algorithm with Kalman gain 𝐊𝑘
0  and error covariance 𝐏𝑘

0. For a predefined time 

lag 𝐿, the smoothing algorithm is repeated for 𝑖 = [1: 𝐿 + 1]:  

 

𝐊𝑘
(𝑖)

=  𝐏𝑘|𝑘−1
(𝑖−1)

𝐂aT (𝐂a𝐏𝑘|𝑘−1
(0)

𝐂aT + 𝐑𝑣)
−1

𝐏𝑘+1|𝑘
(𝑖)

= 𝐏𝑘|𝑘−1
(𝑖−1)

(𝐀a − 𝐊𝑘
(0)

𝐂a)
T

�̂�𝑘+1−𝑖|𝑘
a = �̂�𝑘+1−𝑖|𝑘−1

a + 𝐊𝑘
(𝑖)

(𝐳𝑘 − 𝐂a�̂�𝑘|𝑘−1
a ).

 (12) 

This gives, in the last step, the estimated augmented state vector �̂�𝑘−𝐿|𝑘
a , containing both estimated states 

and forces. 

2.2.2 The smoothed algorithm for joint input-state estimations  

The smoothed algorithm for joint input-state estimations (SJISE) consist of two steps: input estimation and 

state estimation. The algorithm is based on the state-space formulation of Equation (4). The smoother is 

described in detail in Maes et al. [10], and is here only outlined in brief. The algorithm is initialized using 

an initial state �̂�[0|𝐿−1] and its error covariance 𝐏x[0|𝐿−1].  

Input estimation:  (13) 

𝐏xw[𝑘] = ∑ ((∏(𝐀 − 𝐊𝐿[𝑘−𝑗]𝒪𝐿)

𝑖−1

𝑗=1

) ((�̆�2𝑛𝑁
− 𝐊𝐿[𝑘−𝑖]𝒩𝐿)𝐐𝐿

𝑖 − 𝐊𝐿[𝑘−𝑖]𝐒𝐿
−𝑖T

))

min (𝑘,𝐿)

𝑖=1

 

𝐏xv[𝑘] = ∑ ((∏(𝐀 − 𝐊𝐿[𝑘−𝑗]𝒪𝐿)

𝑖−1

𝑗=1

) ((�̆�2𝑛𝑁
− 𝐊𝐿[𝑘−𝑖]𝒩𝐿)𝐒𝐿

𝑖 − 𝐊𝐿[𝑘−𝑖]𝐑𝐿−1
𝑖 ))

min (𝑘,𝐿)

𝑖=1

 

�̅�[𝑘] = 𝒪𝐿𝐏x[𝑘|𝑘+𝐿−1]𝒪𝐿
T + 𝐑𝐿+1

0 + 𝒩𝐿𝐐𝐿
0𝒩𝐿

T + 𝒩𝐿𝐒𝐿
0 + 𝐒𝐿

0T
𝒩𝐿

T + 𝒪𝐿𝐏xw[𝑘]𝒩𝐿
T + 𝒩𝐿𝐏xw[𝑘]

T 𝒪𝐿
T

+ 𝒪𝐿𝐏xv[𝑘] + 𝐏xv[𝑘]
T 𝒪𝐿

T 

𝐌L[𝑘] = �̆�
𝑛𝑓

(𝓗𝐿
T�̅�[𝑘]

−1
ℋ𝐿)

†
𝓗𝐿

T�̅�[𝑘]
−1

 

𝐟[𝑘|𝑘+𝐿] = 𝐌𝐿[𝑘](𝐳𝐿[𝑘] − 𝒪𝐿�̂�[𝑘|𝑘+𝐿−1]) 

𝐏p[𝑘|𝑘+𝐿] = 𝐌𝐿[𝑘]�̅�[𝑘]𝐌𝐿[𝑘]
T  

State estimation:  (14) 

�̅�[𝑘] = 𝐀𝐏x[𝑘|𝑘+𝐿−1]𝒪𝐿
T + �̆�2𝑛𝑁

𝐐𝐿
0𝒩𝐿

T + �̆�2𝑛𝑁
𝐒𝐿

0 + 𝐀𝐏xw[𝑘]𝒩𝐿
T + �̆�2𝑛𝑁

𝐏xw[𝑘]
T 𝒪𝐿

T + 𝐀𝐏xv[𝑘] 

�̅�[𝑘] = 𝐀𝐏x[𝑘|𝑘+𝐿−1]𝐀
T + 𝐐 + 𝐀𝐏xw[𝑘]�̆�2𝑛𝑁

T + �̆�2𝑛𝑁
𝐏xw[𝑘]

T 𝐀T 

𝐊𝐿[𝑘] = �̅�[𝑘]�̅�[𝑘]
−1 − (�̅�[𝑘]�̅�[𝑘]

−1ℋ𝐿 − �̆�)(𝓗𝐿
T

�̅�[𝑘]
−1 ℋ𝐿)

†
𝓗𝐿

T
�̅�[𝑘]

−1  

�̂�[𝑘+1|𝑘+𝐿] = 𝐀�̂�[𝑘|𝑘+𝐿−1] + 𝐊𝐿[𝑘](𝐳𝐿[𝑘] − 𝒪𝐿�̂�[𝑘|𝑘+𝐿−1]) 

𝐏x[𝑘+1|𝑘+𝐿] = 𝐊𝐿[𝑘]�̅�[𝑘]𝐊𝐿[𝑘]
T − 𝐊𝐿[𝑘]�̅�[𝑘]

T − �̅�[𝑘]𝐊𝐿[𝑘]
T + �̅�[𝑘] 

For the definition of gain matrices and extended noise covariances, the reader is referred to [10]. The SJISE 

gives the smoothed input force estimate 𝐟[𝑘|𝑘+𝐿] and state estimate �̂�[𝑘+1|𝑘+𝐿] separately. 
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2.3 Experiments 

The dynamic system studied in this work is the load carrying structure of a truck side skirt, see Figure 1. 

Accelerometers and strain gauges were mounted on the component and the accelerations and the strains 

were measured on the Scania test track in Södertälje, Sweden.  

 

Figure 1: A truck side skirt and an illustration of the global coordinate system. 

Due to the slender shape of the side skirt, the vibrations in the y-direction are dominant. These accelerations 

were reproduced on the load carrying structure of a side skirt mounted in the vibration test rig presented in 

Figure 2. The response was measured with a sample rate of 1000 Hz. Due to prior knowledge of the dynamic 

behaviour of the side skirt, it is known that vibrations over 50 Hz give only a very small contribution to the 

motion and, consequently, to the strain in the component. Hence, for the frequency interval of interest, 1000 

Hz gives a sufficient resolution of the participating modes. Acceleration was measured at five positions and 

strain at four positions, these are visualized in Figure 3. 

 

Figure 2: The side skirt mounted in the test rig. 
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Figure 3: Position of the 5 accelerometers (marked with blue dots) and the 4 strain gauges (marked with 

red lines). 

2.4 Finite element model 

The rig structure and the side skirt were modelled in the finite element pre-processor HyperMesh 2017, and 

the modal parameters up to 50 Hz were then calculated with Abaqus CAE 2017. The stiffness of the finite 

element model was modified in order to make the computed modes match those of an operational modal 

analysis (OMA) [11] of the test rig and side skirt structure. The OMA was performed by exciting the test 

rig with a noise signal with evenly distributed power in the interval 0.2-60 Hz. The measured acceleration 

response was imported into the software LMS TestLab. The eigenmodes, frequencies and damping were 

computed using the PolyMAX method, a poly-reference least-squares complex frequency-domain method 

[12, 13]. Both the computed modes and the modes from the OMA are presented in Table 1. The comparison 

of modes were done by studying the modal assurance criterion [14] and the eigenfrequencies. There is a 

rather big difference between the two simulations as can be seen when comparing the modes from the finite 

element model and the OMA. Mode 1-2 and 5-6 show a decent correlation, both when it comes to frequency 

and shape of the modes. However, mode 3 and 4 shows very poor conformance. While the finite element 

simulation shows a combined motion in y and z, does the OMA catch a joint motion of the rig structure and 

the side skirt. This results in response estimations being performed with a large model error. The correctness 

of the model is also affected if a strain gauge is placed where the strain gradient is high since it is difficult 

to exactly match its position in the finite element model. 

 

 

Figure 4: The finite element model of the test rig and side skirt. 
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Table 1: To the left, modes from finite element computations of the system up to 50 Hz. To the right, 

modes from an operational modal analysis up to 50 Hz. 

3  Results 

With a system model obtained from the finite element calculations and measured dynamic response from 

the test rig, the smoothers were first verified by estimating acceleration 𝑎5 and strain 𝑠2 based on the other 

sensors described in Figure 3. After that, the smoothers are challenged to estimate the strains in positions 

on the side skirt structure where strain measurements were not possible. These strains are then used to 

calculate the fatigue damage in the structure and the result is compared to the outcome from a full-scale 

vibration rig test of the structure. 

3.1 Tuning of filters 

In order to adapt the two smoothers to each specific model and measurement setup, they need to be tuned. 

That means assigning values to 𝐐x and 𝐐f in the AKF-FLS, and to 𝐐x in the SJISE. The measurement noise 

covariance 𝐑𝑣  is assumed to be known and to be diagonal, here 𝐑𝑣 = 𝐈. No other input forces other than 

those in 𝐟𝑘 are present, the process noise and the measurement noise are therefore assumed to be uncorrelated 

resulting in 𝐒 = 𝟎 (see Equation (8)). Both 𝐐x and 𝐐f are assumed to be constant and to be diagonal. The 

tuning process can be seen as an optimization process to find the best trade-off between filter adaptability 

and noise sensitivity. The AKF-FLS is tuned by studying the smoothing norm ‖𝐟‖
2
 and the error norm 

‖𝐳 − �̂�‖2. These two quantities are calculated off-line for a wide range of values on 𝐐x and 𝐐f. A generalized 

L-curve method [15] is then utilized where first the minimum error norm for each value of 𝐐x is plotted, see 

Figure 5 (a). The 𝐐x which gives the best trade-off between adaptability and stability is found in the L-

corner, this value is marked with a red circle. Secondly, the smoothing norm is plotted versus the error norm 

for the selected value of 𝐐x, see Figure 5 (b). In this figure some of the values of 𝐐f are marked with 

numbers. It can be seen that both the smoothing norm and the error norm are relatively unaffected by changes 

in 𝐐f in the range of 1014 − 1016, resulting in the assigned value 𝐐f = 𝐈 ∙ 1016. 

The SJISE only needs to be assigned a value on 𝐐x. Again, both the smoothing norm and the error norm are 

computed for a wide range of values on 𝐐x. The smoothing norm and the error norm are plotted separately 

versus 𝐐x, see Figure 6, and the encircled covariance, 𝐐x = 𝐈 ∙ 10−6, in the L-corner has been selected. 

 

Mode  

no. 

Finite element model OMA 

Frequency Shape Frequency Shape Damping 

1 11.27 Hz 1st bending mode y of side skirt 10.65 Hz 1st bending mode y of side skirt 0.7% 

2 16.64 Hz 1st twisting mode y of side skirt 17.80 Hz 1st twisting mode y of side skirt 1.3% 

3 32.98 Hz Simultaneous 1st bending mode  

y, 1st bending mode  z 

26.20 Hz 1st bending mode y of side skirt 

together with oppositely directed 

motion of rig structure 

1.5% 

4 34.16 Hz Simultaneous 2nd bending mode 

y, 1st bending mode  z 

32.47 Hz 1st bending mode y of side skirt 

together longitudinal x motion of 

rig structure 

1.2% 

5 39.17 Hz 2nd bending mode y of side skirt 38.35 Hz 2nd bending mode y of side skirt 0.9% 

6 44.25 Hz 2nd twisting mode y of side skirt 44.76 Hz 2nd twisting mode y of side skirt 0.4% 
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Figure 5: Tuning of AKF-FLS. In (a) the minimum error norm versus 𝐐x and in (b) the smoothing norm 

versus the error norm for the encircled value of 𝐐x where some of the values of 𝐐f are marked with 

numbers. 

 

Figure 6: Tuning of SJISE. In (a) the error norm for different values of 𝐐x and in (b) the smoothing norm 

for different values of 𝐐x. An upper cut-off value of 107 and 109, respectively,  has been used in order to 

visualize the result. 

3.2 Acceleration and strain estimation 

With filter parameters as described in Section 3.1, acceleration 𝑎5 and strain 𝑠2 were estimated by the two 

smoothers. The test signal was 77 seconds long using the time step Δ𝑡 = 10−3 s. A time lag of 𝐿 = 30 was 

used in both estimations. The estimated signals are compared to the actual measured quantities in the 

frequency domain as a power spectral density (PSD), see Figure 7. Here it can be seen that the acceleration 

is estimated with high accuracy in the entire studied frequency domain, except at the highest eigenfrequency 

𝜔6 = 44.25 Hz and above. However, it is worth noting that the power ratio drops significantly over 40 Hz. 

Acceleration estimates from the AKF-FLS and from the SJISE are similar.  

The strain estimates differ more, both between the two filters and between the filters and the measured 

strain. The large model error, especially in the frequency range 20 − 35 Hz, affects the accuracy of the 

estimated strains negatively. Figure 7 clearly shows that the strains are poorly estimated between 20 and 30 

Hz.  

(a) (b) 

(a) (b) 
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A detail of one second of the estimated time signals is shown in Figure 8. As with the PSD, it can be seen 

that the acceleration estimates are very accurate while the strain estimated does not really capture the right 

dynamic behaviour. The difference between estimates from the smoothers appears to arise from the non-

optimal tuning of the filters. The relation between measurement noise 𝐑𝑣  and model error 𝐐x establish how 

much the smoothers should trust the measurements versus the model. Since 𝐐x is not chosen the same for 

both algorithms, the estimates may differ.  

 

 

Figure 7: Comparison of measurements and estimates from AKF-FLS and SJISE in the frequency domain. 

 

 

Figure 8: Detail of measured and estimated acceleration and strain time signals. 
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3.2.1 Fatigue damage calculation 

To further evaluate the accuracy of the strain estimates, the corresponding fatigue damage was calculated. 

The Palmgren-Miner linear damage hypothesis [16] is a frequently used method to calculate the fatigue 

damage accumulation for structures subjected to variable amplitude stress time histories. The linear damage 

accumulation law  

∑
𝑛𝑖

𝑁𝑖

𝑘

𝑖=1

 

is assumed, where 𝑛𝑖 is the number of cycles at stress level 𝜎𝑖 and 𝑁𝑖 is the number of cycles to failure at 

this stress level. The relation between 𝜎𝑖 and 𝑁𝑖 is described by an S-N curve, typically generated from 

laboratory testing of simple specimens subjected to uniaxial loading. For small amplitudes, the fatigue life 

is often very large and the number of cycles to failure is set to infinity. The stress amplitude below which 

the fatigue life is endless is called the endurance limit 𝜎∞. In this work, the simple S-N curve described by 

Equation (16) is used. 

 𝑁(𝜎) =  {𝐾−1𝜎−𝛽 ,
∞,

 
    𝜎 > 𝜎∞

    𝜎 ≤ 𝜎∞
 (16) 

Here, 𝐾 and 𝛽 are material parameters and depends on both the material and geometry of the object studied. 

To count the numbers of cycles at each stress level, 𝑛𝑖, the rainflow counting algorithm included in the open 

access MATLAB toolbox WAFO2017 [17] has been used. The strain is transformed into stress using 

Hooke’s law with Young’s modulus 𝐸 = 207 GPa and Poisson’s ratio 𝜈 = 0.3. The mean stress is set to 

zero. The computed damage 𝐷 is presented in Table 2. The damage was calculated from only one test cycle 

of 77 seconds, which makes the actual number irrelevant. The damages were therefore normalized so that 

the measured strain equals 𝐷𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 = 1, in order to facilitate a comparison of the estimated strain signals. 

Both smoothers underestimate the damage by about 25%. The cause of this is most likely the large model 

error discussed in Section 2.4. 

 

 𝐷𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝐷𝐴𝐾𝐹−𝐹𝐿𝑆 𝐷𝑆𝐽𝐼𝑆𝐸  

Relative damage 1 0.75 0.73 

Table 2: Damage computed from measured and estimated strain in sensor 𝑠2. 

3.2.2 Computational cost of the acceleration and strain estimations 

The acceleration and strain responses were estimated using a range of values on the time lag 𝐿 and the 

calculation time was recorded. Calculations were performed in MATLAB using a workstation with Intel® 

Xeon® E5-1650 v3 3.5 GHz, 1 thread. The calculation time were then averaged over the 77000 time steps, 

and the result is presented in Figure 9. The calculation time increases linearly with the lag L for the AKF-

FLS, but has a quadratic growth for the SJISE, which is also shown in [10]. Figure 9 visualizes that it is 

possible to run the AKF-FLS online even for a lag of 𝐿 = 40 since the calculation time for each time step 

is smaller than the simulation time step Δ𝑡. In contrast, the SJISE passes this limit already at a lag of 𝐿 = 7. 

(15) 
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Figure 9: The calculation time per time step as a function of the lag L. The AKF-FLS is shown in red, the 

SJISE in green and Δ𝑡 as a dashed black line. 

3.3 Damage calculation and comparison to failures 

The side skirt structure studied was fatigue tested in a vibration test rig simulating the entire truck chassis. 

This test simulated the entire life of the side skirt with a test signal measured on the Scania test track. In 

addition to the load carrying structure of the side skirt shown in Figure 2, the plastic covering was also 

included.  During the test, a fatigue crack was initiated at the bottom of the upper hole in the vertical member 

of the steel front structure, see Figure 10. The crack grew until the vertical member was completely broken. 

However, the lower hole remained unaffected during this fatigue test. Since the failure occurred in the 

vicinity of a hole where another part was mounted onto the component, a measurement of the strain with a 

strain gauge was not possible. It would therefore beneficial if the strains could be estimated at these locations 

when designing for fatigue . 

With measurements from the sensors 𝑎1 – 𝑎4 and 𝑠1 – 𝑠4 (see Figure 3), the complete strain tensor in four 

different nodes around the holes marked in Figure 10 was estimated, see Figure 11. The smoothers were run 

with the same covariances as described in Section 3.1, and with the same time lag 𝐿 = 30.  

 

Figure 10: The front structure of a side skirt after a completed vibration shake rig test. The vertical 

structural member is broken at the upper hole but unaffected at the lower one, both marked with red 

rectangles. 
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Figure 11: The mesh around the upper hole with the two nodes where strain is estimated marked with red 

circles. The bottom hole looks very much the same and the two nodes are located correspondingly. 

The equivalent von Mises stress was calculated from the estimated strain tensors. The damage was then 

computed following the methodology described in Section 3.2.1. The damages computed from estimates by 

both the AKF-FLS and the SJISE are presented in Table 3. 

Position 𝐷𝐴𝐾𝐹−𝐹𝐿𝑆 𝐷𝑆𝐽𝐼𝑆𝐸  

Upper hole, top 0.82 0.79 

Upper hole, bottom 0.65 0. 67 

Lower hole, top 0.24 0.18 

Lower hole, bottom 0.09 0.10 

Table 3: The damage calculated in four different nodes from strains estimated by the AKF-FLS and the 

SJISE. 

The result shows a clear distinction between the damage accumulated around the upper and the lower hole. 

However, a higher damage is estimated at the top of the upper hole rather than in the bottom of the hole 

where the crack initiated. In comparison with the accuracy of the strains and damages estimated in Section 

3.2; this difference lies within the expected precision of the proposed method. The exact number is also 

influenced by both the tuning parameters of the filters and by the material parameters following the damage 

calculations. Nevertheless, this result indicates that both smoothing algorithms are useful when estimating 

the total strain state in a complex component from a limited number of sensors with an accuracy good 

enough to use for fatigue damage calculations, when compared to observed failure of a component tested in 

a full-scale fatigue test. 

4 Conclusion 

In this paper we present fatigue damage estimations in a truck component excited by road induced 

vibrations. The damage is computed from strains estimated from sparse dynamic response measurements, 

accelerations and strains. The system is assumed to be linear in the frequency range of interest and the model 

parameters are obtained from a finite element model. The strains are estimated with two different smoothing 

algorithms; an augmented Kalman filter extended with a fixed-lag smoother and a smoothed joint input-

state estimator. The first simulation showed a comparison between estimated response and the actual 

measured quantities, and both algorithms succeeds equally well in estimating the strains. The damage 

computed from the estimated strain differs about 25% from the measured one, likely due to a large model 

error. Both algorithms perform well when predicting the damage in a side skirt subjected to a full-scale 

fatigue life vibration test. The result indicates that both smoothing algorithms are useful when estimating 

the total strain state in a complex component from a limited number of sensors with an accuracy good 

enough to use for fatigue damage calculations.  

We also studied the calculation time needed for the two algorithms. The AKF-FLS shows a linear increase 

in calculation time with respect to the time lag 𝐿, while the computational time for the SJISE grows 

quadratically.  
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Abstract
Noise, vibration and harshness (NVH) problems are critical issues to be tackled in case of rotating machiner-
ies. At this purpose, operational modal analysis (OMA) represents a powerful tool. OMA methods can be
applied under the assumption that the excitation acting on the system under analysis is white noise. This
requirement is not met in case of rotating machines, due the presence of excitations related to rotating ele-
ments. For this reason, harmonics need to be dealt with. This work focuses on two techniques for dealing
with harmonics: the use of a cepstrum signal editing procedure and the use of order based modal analysis
(OBMA). This paper shows the potential of these two methodologies when processing a continuous stream
of real data coming from an offshore wind turbine drive train.

1 Introduction

In the field of mechanics, design values such as the modal parameters are essential: they are governing the
system response to vibration sources. To avoid problems such as the transmission of undesired vibrations
and the generation of tonalities, the design values must be optimized. Since in non-linear systems work-
ing at highly variable loads, modal parameters (and in particular damping values) strongly depend on the
operating conditions, the experimental verification of prototypes is necessary for guaranteeing the reliabil-
ity and the safety of the structure [1]. To this purpose Operational Modal Analysis (OMA) represents a
powerful approach: it allows to extract the modal parameters from the dynamic response of the structure
to unmeasured operational forces. The industrial design process currently comprises component-level test-
ing and full-scale-machine testing both in laboratory environment and in the field. However, these tests are
generally performed over short periods, trying to catch specific operating conditions to be tested. With this
work, we want to propose an innovative approach for long-term operational modal analysis (OMA) testing of
machines operating in the field or in a laboratory environment. The goal, is to give the designers information
that allow to take decisions on how to improve the subsequent design variants based on what can be learnt
in real operating conditions, i.e. with the machine running through every possible scenario that it could meet
during its operating life. Coupling the modal parameters with the state of the machine allows to analyse how
the environmental and operating conditions influence the modal behavior of the structure. The scope of this
research is to make OMA suitable for processing a continuous stream of data coming from the operating ma-
chines. To do so, state-of-the-art vibration processing techniques are combined with methodologies coming
from big data analysis and machine learning disciplines. As already mentioned, OMA is a highly capable
methodology to extract modal parameters from operating machines [2]. What is missing to employ OMA
as an approach for the proposed design methodology is the availability of reliable modal estimators capable
of automatically processing the data received from the sensors, send the needed information to the cloud
and provide a continuous view of the design values evolution. OMA is a technique that estimates the modal
parameters from the dynamic response of the analysed system by fitting the data with parametric models
and solving an optimization problem. The procedure is performed iteratively, using at each iteration a model
with increased order (model order). However, the classical algorithms make use of the so-called stabilization
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diagram: a graph where the poles are plotted for each model order allowing to observe the stabilization of the
poles and distinguish the mathematical from the spurious ones. Description of algorithms that automatically
select the physical poles from the stabilization diagram can be found in literature [3, 4, 5]. Starting from
these ideas we want to move to the next step in order to achieve a methodology that is able to continuously
process a stream of data, selecting the parameters needed for the analysis in an automatic way based on the
operating conditions and the physical characteristics that can be extracted from the signals. This implies the
implementation of automatic procedure also for both the pre- and post-processing steps. In case of rotating
systems, a main challenge for the use of classical OMA is the problem of the harmonics. OMA is based
on the assumption that the excitation to the system is a white noise signals, indeed, if this assumption is
not satisfied, the output of the parameter estimators is a combination of structural modes and components
already present into the excitation signal (e.g. harmonics), giving erroneous results [6, 7]. Unfortunately,
this problem affects most of the cases in which the use of OMA would be useful for the designing purposes
explained above, so finding a solution for dealing with the presence of harmonics is of high interest.

2 State of the Art

2.1 Operational Modal Analysis

OMA techniques aim at obtaining modal parameters characterizing the dynamics of the systems based only
on the knowledge of the response (i.e. output) of the structure to various ambient excitations, which are not
measured (e.g. wind, rain, traffic..). The greatest advantage of OMA techniques is in providing the dynamic
model of the structure under actual operating conditions and real boundary conditions. For this research the
poly-reference Least-Square Complex Frequency-Domain (pLSCF) algorithm has been selected as starting
point of the work. This method consists in a frequency-domain Modal analysis method that requires as
primary data the output spectra of the system under analysis [8]. This method is based on the assumption
that the excitation to the system is a white noise spectrum signal. Under this assumption is indeed possible
to model the output spectra exactly in the same way used for the frequency response functions (FRFs) H(ω):

H(ω) =
n∑

i=1

{vi}
〈
lTi
〉

jω − λi
+
{v∗i }

〈
lHi
〉

jω − λ∗i
(1)

Where n is the number of complex conjugate mode pairs, ∗ is the complex conjugate operator, T is the
transpose of a matrix, H is the complex conjugate transpose (Hermitian) of a matrix, vi is the mode shape
vector of the mode i, lTi the modal participation factors of the mode i and λi are the poles of the system
(occurring in complex conjugate pairs). The poles are linked to the resonance frequencies and the damping
ratios of the system by means of the following relation:

λi, λ∗i = ξiωi ± j
√

1− ξ2i ωi (2)

The relationship between the input spectra [SUU (ω)] and the output spectra [Syy(ω)] of a system represented
by the FRF H(ω) is described by:

[SY Y ] = [H(ω)][SUU (ω)][H(ω)]H (3)

In case of output-only analysis, the auto-spectra are the only available information. The most important
consequence of assuming the input signal as a white noise excitation is that the power spectrum of the input
signal is constant; therefore SUU (ω) = SUU [8]. Considering this assumption and combining equation (1)
and (3) it is possible to write the modal decomposition of the output spectrum matrix as following:
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SY Y (ω) =

n∑

i=1

{vi} 〈gi〉
jω − λi

+
{v∗i } 〈g∗i 〉
jω − λ∗i

+
{gi} 〈vi〉
−jω − λi

+
{g∗i } 〈v∗i 〉
jω − λ∗i

(4)

Where gi are the operational reference factors, which replace the participation factors in case of output-only
analysis. A right matrix model (equation 5) is then used to fit the measured FRFs data. The use of the
right matrix model as parametric model has the advantage that the participation factors are available when
constructing the stabilization diagram, thus a clearer stabilization diagram is generated, on which closely
spaced modes are separated.

[H(ω)] = [B(ω)][A(ω)]−1 (5)

Where H(ω) ∈ Cl×m is the FRF matrix containing the FRFs between the m inputs and the l outputs,
B(ω) ∈ Cl×m is the numerator matrix polynomial andA(ω) ∈ Cm×mis the denominator matrix polynomial.

The results of the fitting of the measured FRFs data by means of a parametric model, are represented in the
stabilization diagram [9]. The measured FRFs data are fitted with increasing model order models and the
poles estimated for a certain model order are compared to the poles estimated for the lower model order. If
their differences are within pre-set limits, the pole is labelled as stable one. The spurious numerical modes
will not stabilize at all during this iteration procedure and they can be then easily sorted out of the modal
parameter estimates. The stabilization diagram shows how the poles stabilize for increasing model orders
and it allows the analyst to distinguish the physical modes from the spurious ones.

2.2 Cepstrum editing procedure

As already stated, OMA does not require input force information but it makes assumptions about the nature
of the input excitation forces: 1) the excitation must be represented by a flat white noise spectrum in the
frequency band of interest and 2) the forces acting on the structure must be uniformly distributed and uncor-
related temporally and spatially [10]. Both these assumptions imply that excitation is considered stochastic
in time and space. Unfortunately, most of the time these assumptions are not fulfilled in case of complex
rotating mechanical systems due to the presence of discrete components (i.e. harmonics) coming from in-
ternal sources (e.g. gear meshing phenomena) and aeroelastic forces. From the vibration analysis point of
view, this research focuses mainly on dealing with the problems of harmonics. In literature there are several
examples of extended OMA techniques tailored to deal with harmonics disturbances. These methods either
assume that the frequency of the harmonic disturbances is known or identify the harmonics frequency from
the data via noise poles on the unitary circles [11]. These methods are based on the assumption that the
harmonic frequencies are stationary (i.e they are constant in amplitude, frequency and phase). However, this
assumption is violated in most of the practical application such as turbines, diesel motors and helicopters.
Indeed, in these machines the speed can not be assumed constant and therefore the harmonics are smeared
in the spectrum of the signals and they influence broader frequency bands. As a consequence, the harmonic
components in the signal can not be modeled accurately with the methods used in case of stationary har-
monics and the extended OMA techniques fail whenever the time varying frequency is close to a resonance
frequency of the structure [11]. One possibility for dealing with this problem is to use classical OMA algo-
rithms after having filtered the harmonic components from the raw data during a pre-processing step. A list
of basic signal processing techniques for removing harmonics from the vibration signals is given in [12]. In
this work cepstrum-based time-domain signal editing procedure is adopted to reduce the in influence of the
harmonics from the raw data. Cepstrum analysis is a procedure that through the double application of the
Fourier algorithm brings the signal from the time domain in the quefrency domain, as shown in equation 6:

cc(τ) = log(F (X(t))) = F−1ln(A(f)) + jφ(f) (6)
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Where (X(t)) is the original signal in the time domain, A(f) and φ(f) are respectively the amplitude and
phase of the frequency domain signal. By setting the phase to zero in equation 6, the formulation of the real
cepstrum can be obtained (eq. 7):

Cr(τ) = F−1ln(A(f)) (7)

Ensuring the possibility of going back to the time domain. After that it has been realized that there are
many situations in which the editing can be carried out by modifying the amplitude only, the cepstrum
started to be considered a powerful signal editing tool: in the quefrency domain, families of harmonics are
concentrated in single lines called rhamonics, setting to zero a line in the quefrency domain automatically
smooth the corresponding family of harmonics in the time domain. The success of the use of cepstrum for
OMA applications finds its reason in the fact that the information about the modes are concentrated at low
quefrency values [13]. The application of a low-pass lifter (an exponential window) on the real cepstrum
greatly enhances the modal information with respect to anything else: it allows to remove all the components
at higher quefrencies keeping the modal information of the signal. The only distortion introduced at lower
quefrency (thus on the interesting part of the signal) is the addition of a known amount of damping, that
can be easily removed from the damping value estimated by an OMA procedure by means of the following
equation:

ξr = ξm −
1

2πfrτ
(8)

Where for each estimated mode, ξr is the real damping [%], ξm is the measured damping [%], fr is the
real frequency [Hz] and τ is the time constant of the exponential window [s]. Since it has been shown
that the cepstrum lifter works better for narrow harmonics [13], speed correction has been performed before
editing the acceleration signals: a virtual resampling of the signal allows the samples to correspond to fixed
angular positions rather than being temporally equi-spaced. In this way it is possible to compensate for speed
fluctuations narrowing the frequency bands excited by the harmonics. However, resampling the signal, one
alters the resonance phenomena, that are not tied to the speed of the shaft [14]. For this reason, after having
used the cepstrum lifter to reduce the influence of the harmonics on the raw signal, the latter is brought back
to the time domain (i.e. samples every ∆t seconds). This step is not necessary fr stand still data, since in this
case harmonics present in the signal are narrow for nature (small speed variation in case of harmonics due to
the gear meshing and differentf origin of the harmonics).

3 Methodology

3.1 Automation of the procedure

The two procedures described in the previous section must be combined and improved in order to achieve a
valuable methodology for performing OMA on a continuous stream of data acquired on rotating machines.
The automation of the modal parameter estimator can be divided in two sub-steps. First the p-LSCF algo-
rithm is made automatic eliminating the analyst-algorithm interaction by introducing a clustering method
that autonomously interprets the information collected in the stabilization diagram. Clustering analysis is
used to group poles that show stable characteristics. The physical poles are then selected automatically
by considering statistical features for each cluster. The algorithm used to estimate the modal model of the
analysed system is then coupled with an automatic tracking algorithm that shows how the modal parame-
ters evolve along different datasets (i.e. for longer periods) [15]. The comparison amongst the estimates
of each dataset is performed using MAC and poles values, in order to measure in which extend the esti-
mates are coherent in terms of mode shapes (represented by the MAC value) and frequency/damping values
(represented by the poles values). In this work, a completely automatic procedure that does not require the
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definition of the reference dataset is implemented. Concerning the cepstrum editing procedure, an algorithm
that automatically select the parameter required by the analysis is implemented. The mentioned parameter
is the cutoff-quefrency, i.e. the time constant of the exponential window applied to the signal in the que-
frency domain. The idea is to exploit the mechanical characteristic of the system to have knowledge of the
frequency bands at which the harmonics are introduced in the signal: the method is based on the reduction
of the energy introduced by harmonics consequent to the use of the cepstrum procedure. The method is
iterative and a representative example of it is shown in figure 1. The iterative application of a cepstrum lifter
with decreasing cutoff quefrency is stopped when the desired energy reduction is achieved. In figure 1a it
is possible to observe the effect of the subsequent iterations, while in figure 1b it is possible to see how the
use of the cepstrum lifter smears the energy of the peaks in the frequency band around them, producing a
spectrum with a better energy distribution.

(a) Effects of a decreasing cutoff quefrency (b) Signal before and after the use of cepstral editing
procedure

Figure 1: Use of the automatic cesptrum procedure.

To apply automatic OMA on a continuous stream of data, it is also needed an automatic distinction between
steady state data conditions (data acquired with the turbine in idling conditions or running at almost constant
speed) and run-up/coast-down events. This is necessary due to the different pre-processing procedure that has
to be used depending on the type of data analyzed. The implementation of an algorithm able to automatically
detects event in the signal is implemented, allowing to complete the scheme represented in the block diagram
in figure 2. In figure 2 it is also possible to notice that an additional step is introduced: data validation. This
allows to assess the validity of the signal and avoid processing corrupted signals (for example erroneous
acquisition due to the detachment of the sensor from the structure to be analyzed).

Since the automatic modal parameter estimation has already been showed and validated in previous works
[16], the missing step to make this analysis running continuously over a significant amount of time is the
introduction of the automatic classification of the data. The methodology investigated in this work makes
use of a machine learning approach that is based on the fact that turbine run-up and coast-down events are
controlled events. It is thus expected that a similar pattern in speed and power can be seen across several
of these events. Based on this observation, machine learning algorithms can be used in the following way:
standard run-up and coast-down events are learned such that subsequent similar repetitions can be detected
automatically. Since in this work the focus is on the use of cepstrum-based preprocessing of the data to
reduce the influence of the harmonics from steady state data, at this stage the detected events are simply
removed from the set of data that will be analyzed. However, as it can be seen in figure 2, within the steady
state data a further distinction must be made between stand still data (rotating speed approaching zero value)
and rotating data. A threshold value on the average speed is then introduced in order to distinguish these two
cases.
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Figure 2: Block diagram of the automatic procedure implemented to autonomously and continuously track the modal parameters.

3.2 Use of big data analysis and tailored database

Due to the variability of the wind, the turbine is not always operating at nominal conditions. Several transient
events occur during the control action, and several important loading cases act on the wind turbine (start-up,
shut down, emergency stop and grid loss related events). The load cases cover different operating conditions,
and the most unfavourable load effects govern the design of the machine. However, during the design process,
it is important to observe how the machines globally respond to the different loading conditions. In this way
it is possible to optimize the design of future prototypes and predict which is the modal behaviour of the
machine in case of critical loads. Long-term analysis and monitoring of the turbines, leads to the need of
dealing with a huge amount of data. It requires then an automatic approach able to tackle the described
challenges. In addition to the implementation of autonomous algorithms for advanced signal processing, the
key is having a system able to deal with such a big amount of data. Our integrated approach comprises three
main steps [17]. 1) Data-acquisition system that allows to capture all the data within one consistent dataset:
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each machine has its own sensor and data acquisition network consisting of machine embedded sensors and
custom monitoring system. 2) Scalable data-warehouse in order to be able to deal with large amount of
data non-equally sampled and heterogeneous for nature: a no-SQL database is used to tackle problems of
scalability and to increase the reliability in case of node failure. 3) Distributed computing since the analysis
of large amount of data is computationally intensive. No-SQL architectures distribute the data across the
cluster; it is possible to couple it with parallelized querying and data analysis using Apache Spark (Spark).
Our algorithms are written using Python as coding language. This architecture allows to combine machine
learning algorithms with advanced vibration signal processing techniques. This allows to gather new insights
in the modal behavior of the machine in different operating conditions and make prevision on how it will
respond in the future using data-driven prognostic techniques. This allows the designers constructing data-
driven models and improving the new prototypes based on physical system knowledge and experimental
information.

4 Results

In order to validate the implemented procedure, a period of time in which several events are present has
been selected. This allows to test the automatic event detection and to have a sufficient amount of rotating
a standstill datasets to compare. In figure 3 it is possible to observe the speed variation of the turbine in the
selected period.

Figure 3: Profile of the speed of the machine in the period selected for the analysis.

By means of the event detection algorithm used to identify presence of run-up or coast-down in the signal,
the events have been eliminated from the set of data analyzed. The remaining datasets have been divided in
sub-signals and automatically clustered as rotating data or stand still data, using as discriminant the average
value of the speed. The variation of the speed is also considered in a next step for the post processing of the
data.

The output of the tracking procedure, it is shown in figure 4 concerning rotating data and in figure 5 con-
cerning the stand still data.

At a first sight to figure 4 and 5, it can be noticed how, in both the cases, the damping presents a much higher
variation, indication of the fat that the damping ratio is a modal parameter highly dependent on the operating
conditions of the machine. On the opposite, frequency values present more consistent values along all the
datasets.
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Figure 4: Results on the tracking on rotating data.

Figure 5: Results of the tracking on stand still data.

5 Conclusions

This paper has investigated a completely automated operational modal parameter estimation scheme, tackling
the main challenges in applying OMA on complex systems like wind turbine gearboxes. The approach has
been verified by processing real data coming from the drive train of an off-shore wind turbine.

The main challenges posed by the methodology used for the parameter estimation have been already inves-
tigated in previous works. With this research emphasis has been given to the automation of the procedure
and the implementation of it in an ambient that allows to parallelize the needed steps and save computational
power and analysis time. It has been shown that the automatic procedure gives promising results, consistent
with the ones obtained with a manual procedure and shown in previous works. This will ensure the results
to be objective and less dependent on the analyst decisions, opening the doors to further investigations.

The results obtained, confirm the variation of the modal behavior of a machine with the speed. What it is
interesting to investigate, is then the presence of possible correlations between the evolution of the modal
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parameters and other operating and environmental conditions than using the speed only. Parameters that are
generally available through SCADA data.
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Abstract 
Gross errors are generally used to model intermittent sensor failures and occasional data packet losses or 

corruption, which arise in many engineering communities. This paper focuses on the problem of output-

only recursive identification of time-varying systems subject to gross errors. Under the assumption that 

gross errors are unknown and can be of arbitrarily large magnitude, an adaptive recursive pseudo-linear 

regression time-dependent autoregressive moving average (TARMA) method is proposed by minimizing 

the sum of norm errors and achieving a sparse prediction error sequence. The proposed method is 

employed to identify a time-varying system and assessed against the existing recursive pseudo-linear 

regression TARMA method. The comparison demonstrates the superior achievable accuracy of the 

proposed method in extremely challenging circumstances. 

1 Introduction 

This paper focuses on the problem of output-only recursive identification of time-varying systems due to 

the following two reasons: Firstly, in many cases controlled testing may not be feasible or the excitation 

may be unobservable under realistic operating conditions. Hence, there exists a need to identify time-

varying systems by exclusively using the available measured response signals, without measuring the 

excitation forces. Secondly, in many problems not all response signals are known in advance and the 

solution has to be recalculated as new observations become available. Hence, there also exists a need to 

identify time-varying systems in a recursive instead of batch manner. 

In recent years, the problem of output-only recursive identification of time-varying systems has been 

considered and many identification methods have been proposed [1-4]. However, these methods are not 

able to accurately track the dynamics of time-varying systems by using measurements contaminated by 

unknown gross errors. Gross errors are generally used to model intermittent sensor failures and occasional 

data packet losses or corruption, which arise in many engineering communities. If the measurements were 

completely collected in a batch manner, the problem of time-varying system identification could be 

tackled by nonsmooth optimization-based estimators [5]. Unfortunately, in many real-time applications in 

which the data observations are arriving in a continuous stream, the system has to be identified before all 

of the response measurements are known [6]. As a consequence, the available batch data-based 

identification methods do not apply any more. 

Obviously, the effects of gross errors could be minimized, if we could remove those data observations 

contaminated by gross errors. In this paper the weighting strategy is considered to deemphasize the data 

observations contaminated by gross errors. Under the assumption that gross errors are unknown and can 

be of arbitrarily large magnitude, an adaptive time-varying system identification method with the ability to 

remove the undesirable effects of gross errors is proposed by minimizing the sum of norm errors and 

achieving a sparse prediction error sequence. 
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The rest of this paper is structured as follows. Section 2 briefly introduces the vector TARMA model and 

its pseudo-linear regression form. The existing exponentially weighted recursive pseudo-linear regression 

TARMA (EWRPLR-TARMA) method is reviewed in Section 3. Section 4 proposes an adaptive 

EWRPLR-TARMA method with a relative insensitivity to gross errors by using the weighting strategy. To 

illustrate the behavior of the proposed adaptive method in extremely challenging circumstances, the 

proposed method is, along with the existing EWRPLR-TARMA method, numerically tested and 

comparatively assessed in Section 5. Section 6 summarizes the study. 

2 Pseudo-linear regression form of vector TARMA model 

The TARMA representation resembles its stationary counterparts, with the significant difference being 

that it allows its parameters to depend upon time [7, 8]. A TARMA ( , )a cn n  model, with 
an , 

cn  designating 

respectively its autoregressive (AR) and moving average (MA) orders, is of the form [1] 

 
=1 =1

[ ] [ ] [ ] [ ] [ ] [ ], [ ] ~ ( , [ ])
a cn n

i i

i i

t t t i t t t i t t      0x A x e C e e   (1) 

with t  designating normalized discrete time, 1[ ] kt x  the discrete-time non-stationary vibration signal 

modeled, 1[ ] kt e  an unobservable uncorrelated innovations (residual) sequence with zero mean and 

time-varying non-singular covariance matrix [ ] k kt  . [ ]i tA  and [ ]i tC  are respectively the model’s 

time-dependent AR and MA parameter matrices. ( , )   stands for normally independently distributed 

random variables with the indicated mean and covariance. 

As the multiple vibration response (vector or multivariate) case is much more important from a practical 

standpoint, the recursive pseudo-linear regression scheme has been extended from the simple single 

vibration response (univariate) case [7, 9] to its multivariate case [1]. In order to reduce the computational 

complexity of TARMA based recursive identification methods, we propose to rewrite the vector TARMA 

model in an improved pseudo-linear regression form [6] 

 T[ ] [ ] [ ] [ ]t t t t x w e  (2) 

with 

 ( )T

1 1[ ] [ ], , [ ], [ ], , [ ] a c

a c

k k n n

n nt t t t t
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being the time-dependent parameter matrix, and 
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[ 1]

[ ]

a ca k n n
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t

t n
t
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t n

 

  
 
 
  

 
 

 
 

  

x

x

e

e

  (4) 

the corresponding regression vector. The unknown prediction errors in this expression are approximated as 
ˆ ˆ[ ] [ , [ 1]]t i t t i   e e w . 

3 Existing EWRPLR-TARMA method 

In order to track time-varying dynamics, more weight should be given to more recent data. The 

exponentially weighted mechanism is first used to put more emphasis on recent data and to deemphasize 

data from the remote past. Given the forgetting factor 0 1   (a positive scalar, usually close to one), the 

weighted least squares cost function is defined as 
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2

T

[ ]
1

1
min [ ] [ ] [ ]

2

t
t

t
t



  



 
 

 


w
x w   (5) 

with   designating the Euclidean norm. The term t    is a weight function that assigns more weight to 

more recent errors. It may be also rewritten as follows 

        ln 1ln
t t tt e e e
     
           (6) 

This means that measurements that are older than  
1

1 


  samples are included in the criterion with a 

weight that is 1 36%e   of that of the most recent measurement [9]. The smaller the value of  , the faster 

older values of the error (and thus the measurement) are forgotten, thus increasing the estimator’s ability 

to track the evolution in the dynamics. Yet, at the same time, the accuracy of the estimator decreases, as its 

covariance increases. Therefore, the selection of   is critical and represents the basic tradeoff between 

time-varying tracking ability in dynamics and achievable parameter accuracy [8, 9]. 

The exponentially weighted recursive pseudo-linear regression TARMA (EWRPLR-TARMA) method [1, 

6] is summarized as 
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 (7) 

with ( ) 1
[ ] a ck n n
t

 
K  designating the gain matrix, ( ) ( )

[ ] a c a ck n n k n n
t

  
P  the covariance matrix, ˆ[ 1]t t x  the 

one-step-ahead prediction of the signal, and ˆ ˆ ˆ[ 1] [ , [ 1]]t t t t  e e w  the corresponding prediction error. For 

the initialization of the method it is customary to set ˆ[0]  0w , [0] P  , with   designating the identity 

matrix of appropriate order,   a “large” positive number (for example, 410   [1]) whose influence on 

the estimate will gradually disappear due to the forgetting mechanism. 

4 Adaptive EWRPLR-TARMA method under gross errors 

The existing EWRPLR-TARMA method is not able to accurately track the dynamics of time-varying 

systems by using measurements contaminated by unknown gross errors. Hence, a TARMA model 

parameter recursive estimation method with the ability to remove the undesirable effects of gross errors is 

proposed in this section. 

4.1 TARMA model with gross errors 

Consider a TARMA model with gross errors defined by 

 T[ ] [ ] [ ] [ ] [ ]t t t t t  x w e g  (8) 

where [ ]tg  is a disturbance of impulsive nature. [ ]( 1,2, )t t g  is also called a sparse sequence, as the 

elements of this sequence are nonzero only occasionally [5]. However, whenever the elements are nonzero, 

they can take on values of arbitrarily large magnitudes. The time instants for which [ ] 0t g  are denoted by 

1 2 it t t < < <  and the set of these time instants is denoted by 1 2{ , , , , }iT t t t . Hence for any t T , 

[ ]t  0g  and for any t T , [ ]t  0g . Let max 1max{ }i it t t   denote the maximum time between consecutive 

impulse times, by assuming maxt    we have that the sequence [ ]( 1,2, )t t g  is persistent and does not 

vanish when t  . 
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4.2 Adaptive EWRPLR-TARMA method 

Obviously, if we could choose a weight function [ ] 0h t   for any t T  and [ ] 1h t   for any t T , then the 

effects of impulsive errors could be completely removed [5]. Unfortunately, the sequence [ ]( 1,2, )t t g  

is sparse, but the values of the sequence are unknown and can be arbitrarily large, and the impulse times 

1 2{ , , , , }iT t t t  are not available. In order to propose an adaptive method with a relative insensitivity to 

the impulsive noise sequence, the weighting strategy is considered in this section. 

We propose to define an adaptive weight function as 

  Tˆ[ ] exp [ ] [ 1] [ ] , [ ] (0,1]h t t t t h t    x w   (9) 

Then we have [ ] 0h t   if [ ] 0t g  and takes on value of large magnitude, and [ ] 1h t   if [ ]t  0g  holds. 

Given the forgetting factor 0 1   and the weight function [ ]h  , the weighted least squares cost function 

is defined as 
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[ ]
1

1
min [ ] [ ] [ ] [ ]

2

t
t

t
h t



   



 
 

 


w
x w   (10) 

The solution to (10) is given by 

  
1

T[ ] [ ] [ ] [ ] [ ] [ ] [ ]t t t t t t t


w x      (11) 

where  [ ] [1], [2], , [ ]t t    ,  
T

[ ] [1], [2], , [ ]t tx x x x , 1 2[ ] diag{ [1], [2], , [ ]}t tt h h h t   , diag{}  

stands for diagonal matrices with the indicated diagonal elements. 

Defining the covariance matrix [ ]tP  by 

  
1

T[ ] [ ] [ ] [ ]t t t t


P     (12) 

We have  

 1 1 T[ ] [ 1] [ ] [ ] [ ]t t t h t t   P P    (13) 

By using the matrix inversion lemma, we can write 
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 (14) 

Substituting (14) into (11), the time-dependent parameter matrix at instant of time t can be estimated by 
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1 T
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w w x w
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 (15) 

Defining the gain matrix [ ]tK , the one-step-ahead prediction of the signal ˆ[ 1]t t x  and the corresponding 

prediction error ˆ[ 1]t t e  respectively by 

 
1 T

[ 1] [ ]
[ ]

[ ] [ ] [ 1] [ ]

t t
t

h t t t t 



 

P
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 (16) 

 Tˆ ˆ[ 1] [ 1] [ ]t t t t x w   (17) 

 ˆ ˆ[ 1] [ ] [ 1]t t t t t  e x x  (18) 

We can rewrite (15) as 

 T T Tˆ ˆ ˆ[ ] [ 1] [ 1] [ ]t t t t t   w w e K  (19) 
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Furthermore, by combining (14), (16), (17), (18) and (19), we have the adaptive EWRPLR-TARMA 

method with the ability to remove the undesirable effects of gross errors, as follows 
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 (20) 

4.3 Adaptive weight functions 

In addition to the adaptive weight function defined by (9), other weight functions [5] can be also used, for 

example 

 1

2
T

1
[ ] , 0, [ ] (0, ]

ˆ[ ] [ 1] [ ]
h t h t

t t t
 



  
  x w 

 (21) 

with   designating a “small” positive number which is intended essentially for avoiding division by zero. 

Then we have [ ] 0h t   if [ ] 0t g  and takes on value of large magnitude, and 1[ ]h t    if [ ]t  0g  holds. 

Furthermore, we can have some extensions of (9) and (21), as follows 

  Tˆ[ ] exp [ ] [ 1] [ ] , 0, [ ] (0,1]h t t t t h t


      x w   (22) 

 1

T

1
[ ] , 0, [ ] (0, ]

ˆ[ ] [ 1] [ ]
h t h t

t t t


 
 

  
  x w 

 (23) 

with   designating the adjustable parameter,   the indicator of the type of norm. 

Generally,   and   should be tuned to different problems. The suitable selection of   and   improves 

achievable accuracy. However, it does this at the expense of increasing the difficulty of model structure 

selection. In this work, only weight functions defined by (9) and (21) are considered in the subsequent part. 

A detailed weight function selection scheme is beyond the scope of the current paper and will be dealt 

with in the future research. 

5 Numerical validation 

5.1 Numerical example 

The performance characteristics of the proposed adaptive EWRPLR-TARMA method, along with the 

existing EWRPLR-TARMA method, are examined via a comparative study focused on the identification 

of a TARMA(4,0) model with gradual parameter evolution, as follows 

 1 2 3 4[ ] [ ] [ 1] [ ] [ 2] [ ] [ 3] [ ] [ 4] [ ], [ ] ~ ( , )t t t t t t t t t t t         0x A x A x A x A x e e I  (24) 

The mean of the innovations sequence is zero, while its covariance is constant and equal to unity, i.e. 

[ ] ~ ( , )t 0e I . The numerical values of the true AR parameters are given by 
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 (25) 
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A realization with signal length 2000L   is generated and shown in Figure 1. An impulsive noise 

sequence is generated and shown in Figure 2. The sequence [ ]( 1,2, 20)t t g  is sparse, but the values of 

the sequence and the impulse times 
1 2 20{ , , , }T t t t  are random and unknown. By adding the impulsive 

errors of Figure 2 to the signals of Figure 1, we have the signals contaminated by unknown gross errors, as 

shown in Figure 3. 

 

Figure 1: Signal realization of the TARMA(4,0) model. 

 

Figure 2: Impulsive errors with unknown values and random impulse times. 

 

Figure 3: Signal realization of the TARMA(4,0) model subject to gross errors. 

5.2 Identification results 

Based on the signals without gross errors, as shown in Figure 1, the TARMA(4,0) model parameters are 

respectively estimated by the existing EWRPLR-TARMA method and the proposed adaptive EWRPLR-

TARMA method here. Regarding the existing EWRPLR-TARMA method, the value of the forgetting 

factor is optimized based on minimization of the residual sum of squares (RSS) criterion [1, 2, 8] with the 

search space [0.970,0.971, ,0.999] , which suggests 0.985  . Figure 4 illustrates the existing EWRPLR-
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TARMA based model parameter estimates (1,2) ( 1,2,3,4)i i A , along with their true counterparts. The red 

dots notate the model parameter estimates, and the green dashed lines notate the true model parameters 

given by (25). 

 

Figure 4: Existing EWRPLR-TARMA model parameter estimates based on signals without gross errors. 

Regarding the adaptive EWRPLR-TARMA method, the value of the forgetting factor is optimized based 

on minimization of the RSS criterion and the suggested value is 0.976  . Figure 5(a) and 5(b) illustrate 

respectively the adaptive EWRPLR-TARMA based model parameter estimates with different weight 

functions given by (9) and (21), along with their true counterparts. 

 

 

Figure 5: Adaptive EWRPLR-TARMA model parameter estimates based on signals without gross errors. 

Compared to its counterparts of Figure 5, the existing EWRPLR-TARMA based model parameter 

estimates exhibit better tracking and superior accuracy, as shown in Figure 4. However, this is no longer 

true for the cases in which the measurements are contaminated by unknown gross errors. 

Based on the signals contaminated by unknown gross errors, as shown in Figure 3, the TARMA(4,0) 

model parameters are respectively estimated by the existing EWRPLR-TARMA method and the proposed 

adaptive EWRPLR-TARMA method in the following part. Regarding the existing EWRPLR-TARMA 

method, the value of the forgetting factor is still 0.985  . Figure 6 illustrates the existing EWRPLR-

TARMA based model parameter estimates, along with their true counterparts. Evidently, the existing 
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EWRPLR-TARMA method is not able to accurately track the dynamics of time-varying systems by using 

measurements contaminated by unknown gross errors. 

 

Figure 6: Existing EWRPLR-TARMA model parameter estimates based on signals with gross errors. 

Regarding the adaptive EWRPLR-TARMA method, the value of the forgetting factor is still 0.976  . 

Figure 7(a) and 7(b) illustrate respectively the adaptive EWRPLR-TARMA based model parameter 

estimates with different weight functions given by (9) and (21), along with their true counterparts. Figure 

7 demonstrates the superior achievable accuracy of the proposed adaptive EWRPLR-TARMA method in 

extremely challenging circumstances. 

 

 

Figure 7: Adaptive EWRPLR-TARMA model parameter estimates based on signals with gross errors. 

5.3 Comparative results 

In order to effectively and reliably assess the proposed method, the study in this section is carried out 

based on Monte Carlo runs (number of runs: 30). In the same manner as previously introduced, 30 tests 

are repeatedly carried out. The output-only recursive identification of the numerical example is now 

considered based on the proposed adaptive EWRPLR-TARMA method with different weight functions 

given by (9) and (21). 

2836 PROCEEDINGS OF ISMA2018 AND USD2018



Based on the signals without gross errors, Figure 8 illustrates the adaptive EWRPLR-TARMA based 

model parameter estimates from the 30 Monte Carlo tests, along with their true counterparts. The red dots 

notate the model parameter estimates from the single test given by Figure 5, the blue dots notate the model 

parameter estimates from the 30 tests, and the green dashed lines notate the true model parameters. 

 

 

Figure 8: Adaptive EWRPLR-TARMA model parameter estimates based on signals without gross errors. 

 

 

Figure 9: Adaptive EWRPLR-TARMA model parameter estimates based on signals with gross errors. 
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Based on the signals contaminated by unknown gross errors, Figure 9 illustrates the adaptive EWRPLR-

TARMA based model parameter estimates from the 30 Monte Carlo tests, along with their true 

counterparts. The red dots notate the model parameter estimates from the single test given by Figure 7. As 

shown in Figure 8 and Figure 9, the proposed adaptive EWRPLR-TARMA method is able to track the 

time-varying dynamics of the numerical system, no matter the data is contaminated by unknown gross 

errors or not. 

6 Conclusions 

This paper focuses on the problem of output-only recursive identification of time-varying systems subject 

to gross errors. By using the weighting strategy to deemphasize the data observations contaminated by 

gross errors, an adaptive time-varying system identification method with the ability to remove the 

undesirable effects of gross errors was proposed. The proposed method was employed to identify a 

numerical time-varying system with gradual parameter evolution by exclusively using the non-stationary 

responses. The superior achievable accuracy of the proposed adaptive method in extremely challenging 

circumstances was finally demonstrated by comparing with the existing identification method. 

Acknowledgements 

The authors acknowledge the support from National Natural Science Foundation of China (Grant No. 

11802201) and China Postdoctoral Science Foundation (Grant No. 2017M621075). 

References 

[1] M.D. Spiridonakos, S.D. Fassois, Parametric identification of a time-varying structure based on vector 

vibration response measurements, Mechanical Systems and Signal Processing, Vol. 23, No. 6 (2009), 
pp 2029-2048. 

[2] Z.-S. Ma, L. Liu, S.-D. Zhou, L. Yu, F. Naets, W. Heylen, W. Desmet, Parametric output-only 

identification of time-varying structures using a kernel recursive extended least squares TARMA 

approach, Mechanical Systems and Signal Processing, Vol. 98 (2018), pp 684-701. 

[3] Z.-S. Ma, L. Liu, S.-D. Zhou, L. Yu, Output-only modal parameter recursive estimation of time-

varying structures via a kernel ridge regression FS-TARMA approach, Shock and Vibration, Vol. 

2017, No. ID8176593 (2017), pp 1-14. 

[4] Z.-S. Ma, L. Liu, S.-D. Zhou, F. Naets, W. Heylen, W. Desmet, Output-only recursive identification of 

time-varying structures using a Gaussian process regression TARMA approach, Proceedings of 

ISMA2016 International Conference on Noise and Vibration Engineering, Leuven, 2016 September 

19-21, Leuven (2016), pp. 2859-2872. 

[5] L. Bako, Adaptive identification of linear systems subject to gross errors, Automatica, Vol. 67, (2016), 
pp 192-199. 

[6] Z.-S. Ma, Output-only Modal Parameter Recursive Estimation for Linear Time-varying Structures, 
Beijing Institute of Technology, Beijing (2017). 

[7] M. Niedzwiecki, Identification of Time-varying Processes, John Wiley & Sons, New York (2000). 

[8] A.G. Poulimenos, S.D. Fassois, Parametric time-domain methods for non-stationary random vibration 

modelling and analysis - a critical survey and comparison, Mechanical Systems and Signal Processing, 
Vol. 20, No. 4 (2006), pp 763-816. 

[9] L. Ljung, System identification - Theory for the User (Second Edition), Prentice Hall, Upper Saddle 
River, New Jersey (1999). 

2838 PROCEEDINGS OF ISMA2018 AND USD2018



Operational modal analysis of a turbine in big noise 
environment 

M. Zhao1, L. Yue1 
1Nanjing University of Aeronautics and Astronautics, College of Mechanical and Electronic Engineering 
29 Yudao Street, Nanjing, P.R China 
e-mail: yuelinme@nuaa.edu.cn 

Abstract. 
The testing of the dynamic behaviors of rotating machinery is important during its design and using process. 
Order based modal analysis (OBMA) is a novel modal analysis method of rotor systems under harmonic 
excitation. This paper utilizes OBMA to identify the resonances from the noise polluted operational data in 
a turbine’s run-up process. First, stationary wavelet transform (SWT) is employed to filter out the 
uncorrelated noise. Then, an order tracking method is utilized to achieve the accurate harmonic response 
known as engine orders. Finally, the PolyMAX modal parameter estimation algorithm is applied to identify 
the resonance frequency, damping and modal shapes. The method simulation was constructed with both big 
noise and harmonic response during a run-up process. Afterwards, this method was verified by a rotor rig 
experiment using the run-up data of a laboratory turbine model. 

1 Introduction 

An operational modal analysis (OMA) is valuable for analyzing the dynamic behaviors of rotating 
machinery, first because the vibration characteristics in static and rotational state are quite different. 
Secondly, large structures are hard to excite artificially by hamming or shaker. 

In operational modal analysis, the excitation force cannot be measured so the frequency response function 
(FRF) is unavailable. Therefore, OMA methods create different kinds of pseudo-Frequency Response 
Functions (pseudo-FRF) based on the assumption of the environmental excitation. For example, the power 
spectrum density function (PSD) is preferred, if the environmental excitation is assumed to be white noise 
with a wide frequency band. PSD based OMA method is widely used in modal analysis of large structure 
such as bridge or football stadium [1]. 

However in cases of rotating machinery, the external excitation contains the harmonics with frequency 
multiples of its rotational speed, the assumption of wide-band white noise excitation doesn’t establish any 
more. Traditional OMA method based on PSD is no more valid, because harmonic peaks in PSD will be 
wrongly identified as resonance frequency. Even if the engine sweeps across a wide frequency band, “end 
of order” effect will become the main problem [2]. “End of order” means the highest frequency of each 
engine order, which may be wrongly identified as physical poles of the system. 

To overcome the restriction on traditional white noise based OMA methods for rotating machinery, 
generally two different approaches has been taken into consideration. Firstly, varieties of methods have been 
proposed to diminish the influence of harmonics on the modal identification results [3]. Secondly, besides 
harmonic elimination, a new order based modal analysis method (OBMA), first proposed by Janssens [4][5] 
in 2006, utilizes the forced vibration response under sweeping harmonics for resonance identification. The 
order tracking method is used to extract the amplitude and phase response of forced vibration under different 
rotational speed. The response curves of different orders, which correlated amplitude/phase response with 
excitation frequency, are taken as the pseudo-FRF curve for further resonance identification. The OBMA 
method has been validated by some industrial examples, such as the dynamic characterization analysis of a 
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gear test rig [2][6]. Because harmonic excitation is usually dominating in rotating machinery, the OBMA 
method is more applicable than traditional white noise based OMA methods.  

The vibration signal is usually measured via several piezoelectric accelerometers, which brings about a 
problem of big measurement noise especially in high frequency band. Broad band noise has a bad influence 
on the accuracy of order tracking result. In the present paper, Stationary Wavelet Transform (SWT) is 
employed to eliminate the noise outside the concerned frequency band. 

The aim of the present paper is to validate an order based modal analysis method during an engine run-up 
process and the SWT noise suppression method. The theory background about forced vibration under 
harmonic excitation is described in section 2.1.1. Computed order tracking method and stationary wavelet 
transform are introduced in section 2.2. The problem of sweep rate selection in OBMA method is discussed 
in section 2.3. Section 3 illustrates the method via a simulated forced vibration signal under sweeping 
harmonic excitation, and a big white Gaussian noise is added in the signal simulated. In section 4, an 
experiment is carried out on a turbine rig to validate the introduced methods. 

2 Theoretical background 

2.1 Order based modal analysis 

The excitation in many rotating machineries are periodical with its frequencies composed of multiples of 
the rotational frequency, which is known as Engine Orders (EO). As shown in Figure 1, the rotation of 
residue unbalance gives rise to two orthogonal excitations  and  along the x and y axis. c is the 
engine order of harmonics, ,  and  are the amplitude and phase of the orthogonal excitation of 
engine order c respectively [5]. 
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Figure 1: Forced vibration of rotating machinery under sweeping harmonic excitation 
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 and  in equation (1) are the frequency domain expression of  and , while δ ∙  
presents unit pulse function.  

Forced vibration of a linear structure can be expressed in the frequency domain as: 

 ( ) ( ) ( )X H F    (2) 

Where,  is the FRF matrix of the rotor system,  is the external excitation. The FRF matrix can be 
expressed in the form of modal poles, shapes and participation factors [7]. 

2840 PROCEEDINGS OF ISMA2018 AND USD2018



 1
2

1
( ) ( )H V j I L LR LU 


     (3) 

Where,   is the diagonal matrix of modal poles, which can be written in the combination of modal 
frequencies and dampings. V  is the matrix of modal shapes and L is the matrix of modal participation factors. 
 , V and L are all complex valued. LR and LU are the real-valued lower and upper modal residuals. 

Substituting equation (3) into equation (2), the forced vibration of a rotor system is shown as follow: 

 1
2

1
( ) ( ) ( ( )) ( ( )) ( ( ))X V j I L F LR F LU F    


        (4) 

As shown in equation (1),  is made up of multiple orders of rotational frequency . Separate  
in x and y direction, equation (4) can be written into the following form. 

 2 1
2

1
( ) ( ) ( ) ( ) ( )x y x y x yX V j I L jL LR jLR UR jUR  


         

 
 (5) 

It is assumed that the amplitude of external excitation  is proportional to the squared rotational 
frequency . In order to make equation (5) has the same form as FRF, equation (5) needs to be divided by 

. Furthermore, if the response measured is the acceleration response, the amplitude response needs to be 
divided by the fourth power of rational frequency, . 

Equation (5) has the similar form as equation (3), also contains the information of poles and modal shapes. 
It means that the response curve during a run-up process can be used for modal parameter identification. In 
the present paper, the response curve is fitted by the least-squares complex frequency-domain (LSCF) 
estimation method, which is known as operational PolyMAX [8]. 

The range of frequency  is related to the sweeping range of  and the engine order c extracted. Modes of 
higher frequency will be identified, if the rotating machinery runs up through a wider rpm range or higher 
engine orders are extracted from the signal measured. 

2.2 Signal processing 

The signal processing technologies used in the present paper are stationary wavelet transform and order 
tracking. The former one is used to suppress the measurement noise in the original signal and the latter one 
is used to extract the forced vibration amplitude 0( )X c  and phase 0( )X c  of engine orders c during 
run-up process. 

The order tracking method utilized in the present paper is called Computed Order Tracking (COT) [9]. COT 
is based on the concept of angle domain resample, which first converts a time domain signal to a 
homogeneous angle domain signal. Angle domain resample is based on high accuracy estimation of shaft 
angle, thus a tacho is necessary to measure the rotational angle of the shaft. After the signal resampled, Fast 
Fourier Transform (FFT) will be exercised on the angle domain signal to get the order spectrum. Order 
spectrum resolution and highest analysis order are two main parameters of order tracking. The highest 
analysis order is determined by the number of resample points per round and order spectrum resolution is 
determined by the block size of FFT. In this section, the order resolution is 1/16 and the highest analysis 
order is 32. 

Vibration signal measured in practical environment is often masked by big noise. During the resample 
process, the wide band noise will lead to a problem of aliasing if the highest instantaneous frequency of the 
original signal exceeds the resample frequency. To avoid this, the angle domain resample frequency must 
double the highest frequency of the original time domain signal (Shannon's sampling theorem). Therefore, 
when an additive broad band noise is introduced, the original time domain signal must be filtered before 
resample to lower its frequency band. 

Stationary wavelet transform (SWT) is applied in the present paper to filter out signal exceeding Nyquist 
frequency [10]. SWT is a kind of undecimated discrete wavelet transform, whose wavelet coefficients have 
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the same length as the original signal. Meanwhile, SWT keeps the signal filtered the same phase as the 
original signal, which is important for further modal parameters estimation. As a kind of orthogonal wavelet 
transform, SWT first pass the signal through a series of quadratic mirror filters and get the approximate 
coefficients and detail coefficients respectively. 

Another problem in OBMA method is the selection of engine sweep rate. The sweep rate of rotating 
machinery will affect the accuracy of order tracking, which will finally affect parameter identification result 
of OBMA. A quasi-steady state response is needed to make the response close to the steady harmonic 
response 0( )X c , thus the sweep rate shouldn’t be too fast. 

The amplitude response of a SDOF system of 4Hz natural frequency and 2% damping ratio is shown in 
Figure 2 and Figure 3. Figure 2 and Figure 3 represent logarithmic and linear sweeping process respectively. 
Obviously, high sweep rate makes the amplitude response deviate from the exact value . This is 
because if the sweep rate of a rotating machinery is too high, the transient response can’t be neglected, which 
will lower the estimation accuracy of pseudo-FRF. 

It has been discovered that the distortion of amplitude response has something to do with the system’s 
damping ratio. Smaller damping leads to more severe distortion of the estimated pseudo-FRF. For a common 
small damping structure, the sweep rate could be determined by experience. For example, according to the 
recommendation of ISO standard, in order to meet a satisfying accuracy, the sweeping velocity should be 
less than 0.5 oct/min [11]. It means that for a logarithmic sweep case, the rotational speed is not allowed to 
double in every two minutes, and for a linear sweep case, the sweep rate is related to the initial rotational 
speed. 

 

Figure 2: Amplitude distortion for a logarithmic sweep process 

 
Figure 3: Amplitude distortion for a linear sweep process 

3 Numerical Simulation 

As shown in Figure 4, a rotor was mounted on a plate-shape foundation of size 300×800 mm. The modal 
frequencies and dampings of the plate calculated by finite element method are shown in the first column of 
Table 1. The rotor on two excitation points was assumed to run up from 400rpm to 1600rpm in four minutes 
with a linear sweep rate of 400 rpm/min. The acceleration responses at 26 homogeneously distributed points 
were simulated by Duhamel integral and modal superposition method. 
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points

excitation 
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Figure 4: Excitation points and measurement points of a plate 

The simulate time domain vibration signal is shown in Figure 5 (a). The signal was polluted by additive 
white Gaussian noise, whose S/N ratio is 10 dB. As shown in Figure 5 (b), after passing through an SWT 
filter of 10 levels as introduced in section 2.2, the noise was alleviated, and obviously harmonic resonance 
phenomenon was more explicit in the signal filtered. The waterfall plot in Figure 6 shows the amplitude 
response varying with the instantaneous rotational speed obtained at point 8. The peaks of red curves 
indicate harmonic resonance during sweeping process. 

  
(a) Original vibration signal with 10dB additive 
white Gaussian noise 

(b) Signal filtered by SWT 

Figure 5: Original time domain signal and signal filtered 

 
Figure 6: Waterfall plot in the order domain of measurement point 5 

The response curves extracted from engine order 5 and 15 are shown in Figure 7, which has been divided 
by the fourth power of rotational frequency  as introduced in section 2.3. Figure 8 shows the stabilization 
diagrams of order 5 and order 15, after applying the LSCF modal parameter estimation method to the orders 
extracted. The vertical lines of ‘s’ indicates the physical poles, ‘f’ represents modal frequency unstable, ‘d’ 
represents damping unstable and ‘v’ represents modal vector unstable.  

The modal parameters identified using order 5, order 10 and order 15 are shown in Table 1. There are 6 
modes superposed in the simulate signal and totally 5 modes are identified using the OBMA method and 
SWT filter introduced previously. Mode 3 with natural frequency 116.26Hz cannot be identified. One 
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possible reason is that two natural frequencies are too close and masked by the noise. The modal shapes 
identified from mode 1 to mode 6 are shown in Figure 9. Two bending modes and three torsional modes are 
exhibited. 

(a) Order 5 of the 26th measurement points (b) Order 15 of the 26th measurement points 

Figure 7: Amplitude and phase of order 5 and order 15 extracted from the simulate signal 

(a) Order 5 (b) Order 15 

Figure 8: Stabilization plot of order 5 and order 15 

Exact value Order 5 Order 10 Order 15 
Frequency 

(Hz) 
Damping 

(%) 
Frequency 

(Hz) 
Damping 

(%) 
Frequency 

(Hz) 
Damping 

(%) 
Frequency 

(Hz) 
Damping 

(%) 
45.85 6.00 45.39 5.34 - - - - 

113.77 2.00 113.88 1.94 113.74 2.12 114.19 2.11 
116.26 2.00 - - - - - - 
257.44 4.00 - - 257.69 1.90 - - 
288.55 4.00 - - 289.09 3.97 288.62 3.42 
422.07 1.00 - - - - 422.17 1.00 

Table 1: Comparison of identified modal parameters and simulate modal parameters 
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(a) Mode 1 (b) Mode 2 

  
(c) Mode 4 (d) Mode 5 

 
(e) Mode 6 

Figure 9: Shapes of modes identified 

4 Experimental validation 

In order to validate the method described in the present paper, an experiment was carried out on an turbine 
rig. As shown in Figure 10, one blade disk was supported by a pair of ball bearings on two pedestals. 
Measurement points are presented by yellow and red points on the pedestals and foundation. The turbine 
model ran up from 200 rpm to 1200 rpm in 120 seconds, with a linear sweep rate of 8.3 rpm/s. Six 
piezoelectric accelerometers with 100 mV/g sensitivity were placed at point 1 to 12. 12 measurement points 
were divided into two groups represented by different colors. Each group contained 3 runs and the order 
spectrums of different runs in one group were averaged to further alleviate measurement error. 

  

(a) Turbine rig (b) Measurement points 

Figure 10: Turbine rig and the measurement points 

As the unbalance mass remain the same in each measurement, the amplitude response under certain 
rotational speed was repeatable. The phase responses were calculated with reference to the tacho pulse. As 
the position of unbalance mass remained unchanged, the phase response was repeatable in each 
measurement either. Therefore, the order spectrum of different measurement groups can be directly 
combined for parameter estimation. 
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The acceleration along three orthogonal directions x, y and z was measured. In addition, one tacho was 
placed besides the shaft for angular speed estimation and order tracking. The signal was synchronously 
sampled by a 32-channels parallel data acquisition system, with a sampling rate of 12800Hz. 

  

(a) Original time domain signal (b) Signal filtered by SWT 

Figure 11: Original acceleration signal measured and signal filtered by SWT 

 
Figure 12: Waterfall plot for the averaged result of three runs 

  

(a) Order 3 (b) Order 4 

Figure 13: Amplitude and phase responses of order 3 and order 4 

The original time domain signal measured in z direction of point 5 is shown in Figure 11 (a). The original 
signal was mainly polluted by the electrical oscillation of the three-phase asynchronous motor with 
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frequency around 4000Hz. The SWT filtered result is shown in Figure 11 (b). The signal is divided into 10 
levels and the components out of frequency band concerned are filtered. After passing through the SWT 
filter, the noise is suppressed, and the vibration amplitude has an explicit increment in the run-up process 
due to the increase of the centrifugal excitation aroused by residue unbalance. 

The computed order tracking result of vibration signal in z direction of point 6 is shown in Figure 12 in the 
form of a waterfall plot. The order resolution is 1/64 and highest analysis order is 32. The red curves in the 
waterfall plot indicate the amplitude responses under sweep excitation. Figure 13 (a) (b) are amplitude and 
phase responses of engine order 3 and 4 extracted from x direction of point 1 to 3. 

The LSCF parameter estimation method has been applied to order 3 and order 4 to estimate modal 
parameters. The stabilization diagrams are shown in Figure 14. Modal parameters identified from order 2 to 
order 4 are shown in Table 2. The modal shapes of mode 2 and 3 are exhibited in Figure 15. 

(a) Stabilization diagram of order 3 (b) Stabilization diagram of order 4 

Figure 14: Comparison between stabilization diagram of order 3 and order 4 

 Engine Order 2 Engine Order 3 Engine Order 4 
 Frequency 

(Hz) 
Damping 

(%) 
Frequency 

(Hz) 
Damping 

(%) 
Frequency 

(Hz) 
Damping 

(%) 
Mode 1 - - 12.6 1.2 - - 
Mode 2 25.9 3.9 24.6 8.1 22.5 7.5 
Mode 3 32.2 8.5 35.3 6.3 33.4 8.9 
Mode 4 - - 56.3 4.4 56.3 3.9 

Table 2: Comparison of natural frequency and damping ratio identified from order 2 to 4 

  

(a) Shape of mode 2 (b) Shape of mode 3 

Figure 15: Shapes of mode 2 and mode 3 obtained by the OBMA method 
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5 Discussion 

The experiment and the result introduced in section 4 are discussed from following three aspects: 

(1) For safety concerns, the rpm range of the experimental rig was restricted under 1200, thus only modes 
of frequency less than 100Hz can be identified. 

(2) The accuracy of estimation result is affected by the accuracy of order tracking. To improve the accuracy 
of order tracking, suitable sweep rate and order resolution are necessary. In the experiment above, a 
relatively low sweep rate and high order resolution is selected. 

(3) To combine the experiment result, the unbalance mass should remain the same during each measurement. 
If the unbalance mass changes, there should be one reference point remain at the same position in each 
measurement to scale the unbalance change. 
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Abstract
Statistical errors effect the estimated correlation function matrix in Operational Modal Analysis due to the
finite time length of the sampled data. When these errors start to dominate the correlation functions, an
erratic behaviour appears without any physics – this phenomenon is known as the Noise Tail. This tail region
should be disregarded in an identification of modal parameters and it is possible to estimate the location of
the Noise Tail for each structural mode. In this paper, an automated removal of the Noise Tail is introduced
and studied and the paper finds that this removal reduces bias and random errors in identification of modal
parameters for Operational Modal Analysis.

1 Introduction

In Operational Modal Analysis, we can treat the transposed correlation function matrix as free decays, which
we can extract modal parameters from [1, 2]. This assumption is based on the properties of ambient vibra-
tions from a linear and ergodic system excited by white Gaussian noise. However, the analytical correlation
function matrix is still based on the properties of random vibrations from the system but these exact proper-
ties are indeterminable from sample data. This introduces statistical errors when we estimate the correlation
function matrix by sample data with a finite time length [3]. Orlowitz and Brandt demonstrated the statistical
errors for Operational Modal Analysis in regards to estimation of the modal damping [4]. Giampellegrini de-
rived an expression for the statistical error of the estimated auto-correlation functions for Operational Modal
Analysis. Tarpø et al. briefly explained the erratic behaviour in the tail region - the Noise Tail - and intro-
duced an algorithm to detect the beginning of the Noise Tail based on the envelope of the modal correlation
function [6]. Pridham and Wilson found that the tail region of correlation functions introduces bias in the
identification of modal parameters in a numerical study [7]. They found that highly damped modes only need
few time lags from the correlation function to get valid results. However, a similar truncation of a correlation
function result in errors for modes with low damping and low frequency.

In the literature, we see that the statistical error is related to the finite time length and it creates a bias tail
region of the correlation function matrix. Each mode has an individual position of this region in the matrix
that will provide the ideal identification of the modal parameters. However, we should not truncate the
correlation function matrix too much since this results in errors in the identification of other modes. In this
paper, we present an automatic algorithm that reduces the statistical errors while it avoids a heavy truncation
of the correlation function matrix. Based on a numerical study, the algorithm reduces bias and random errors
of the identification of modal parameters.

2851



2 Theory

We are considering a linear system that is excited by white Gaussian noise and we measure a spatial limited
system response, y(t). In Operational Modal Analysis, we can calculate the correlation function matrix for
the system response and use this matrix as free decays that corresponds to the system parameters, [1, 2].

Ry(τ) = E
[
y(t)yT (t+ τ)

]
(1)

We use time averaging instead of ensemble averaging since the response is ergodic. However, the time length
must tend toward infinite for this to be true [3].

Ry(τ) = lim
T→∞

1

T

T−τ∫
0

y(t)yT (t+ τ) dt (2)

where T is the time length of the measured data. However, properties of random variables cannot be pre-
cisely determined from sample data. In reality, a measured system response has a finite time length and this
introduces statistical errors since we must estimate the correlation function matrix instead [3].

R̃y(τ) =
1

T − τ
T−τ∫
0

y(t)yT (t+ τ) dt, 0 ≤ τ < T (3)

This means that the estimated correlation function matrix is a stochastic process due to the statistical errors.
The expected values equal the analytic correlation functions (the free decay) and the variance is the statistical
errors caused by the finite time length of the recorded signal [3]. By increasing the time length of recording,
the variance of the estimated modal correlation functions decreases, see figure 1.

lim
T→∞

R̃y(τ) → Ry(τ) (4)
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Figure 1: Probability Density Function of the estimated correlation function for an arbitrary system plotted
for two different time lengths, the expected value (black line) and 2 standard deviations (gray fill)

The correlation function matrix has erratic behaviour in the tail region [5, 6], see figure 2. In this part of the
correlation functions, the statistical errors dominate and the basic assumption, that the correlation function is
a free decay, is invalid. By increasing the time length of the data, the statistical errors decrease, which means
that the Noise Tail moves further into the tail region, see figure 3 & 4. This part of the correlation function
is biased and its envelope is approximately constant in the Noise Tail as illustrated in figure 4. Therefore the
Noise Tail should be excluded from any identification of modal parameters.
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Figure 2: The analytical envelope of the correlation function and the estimated correlation function for an
arbitrary system plotted for two different time lengths

Time Lag

E
nv

el
op

e 
of

 th
e 

E
st

im
at

ed
 C

or
re

la
tio

n 
Fu

nc
tio

n

T = T
0

Time Lag

E
nv

el
op

e 
of

 th
e 

E
st

im
at

ed
 C

or
re

la
tio

n 
Fu

nc
tio

n

T = 4 T
0

Figure 3: The envelopes of the analytical correlation function and the estimated correlation function for an
arbitrary system plotted for two different time lengths
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Figure 4: The logarithmic envelopes of the analytical correlation function and the estimated correlation
function for an arbitrary system plotted for two different time lengths
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For system with N degrees-of-freedom, we can use the modal decomposition to transform the estimated
correlation function to the estimated modal correlation functions, which is the estimated auto-correlation
function for the modal coordinates [6, 8].

R̃y(τ) =
N∑
i=1

φi

[
R̃qi(τ)

]
φH
i (5)

where φi is the mode shape for ith mode. By assuming the statistical errors on the mode shapes are small
then this enables us to access the statistical errors on the correlation function matrix as the sum of statistical
errors on the modal auto-correlation functions, R̃qi(τ). We know that the variance of the estimated auto-
correlation function is dependent of the excitation, modal parameters, time length and the time lags [5]. This
means that the Noise Tail starts at different points for each modal coordinate. This poses a problem when we
need to truncate the correlation function matrix to reduce the bias from the statistical errors. In the case, we
truncate the correlation function in order to remove the noise tail from a certain mode then we might have
too little left of the correlation function to get proper identification for other modes. We especially have this
problem when we deal with combinations of modes with low frequencies and modes with high frequencies
and high damping ratios. Here the noise tail begins at a much lower time lag for these modes with high
frequency and damping than the modes with lower frequency. However, we need (ideally) a few periods of
the modes with low frequency to get good estimation of the modal parameters.

3 Algorithm

In this section, we introduce the general idea behind an automated algorithm for detection and reduction of
the Noise Tails in the correlation function matrix for Operational Modal Analysis.

We need to decorrelate the correlation function into the modal correlation function, eq. (5). For this we use
a combination of principle component analysis [9] and an eigenvalue decomposition to estimate a transfor-
mation matrix that decorrelate the correlation function matrix.

We use the algorithm by Tarpø et al. to identify the start of each Noise Tail [6]. This algorithm utilises that
the physical part of the correlation function has a sloping logarithmic envelope while the envelope of the
Noise Tail is an approximated constant value, see figure 4. It fits two mathematical models to the envelope
(a sloping line and a constant value) and the optimal fit indicates the beginning of the Noise Tail.

When we know the position of the Noise Tail for each modal correlation function, R̃qi(τ), then we modify the
envelope in the Noise Tail region. We change the envelope to mimic that of the physical correlation function
by using a the least square fit of a negative exponential from the physical part of the modal correlation
function.

Finally, we obtain an modified correlation function matrix where we reduced the statistical errors and we can
use this in the identification of modal parameters.

4 Case Study

We will use a numerical system with 3 degree-of-freedom to illustrate the algorithm, see the modal param-
eters in table 1 and the spectral density matrix in figure 5. For this study, we ran 10, 000 simulations where
we excited the system by white noise. The system response was simulated for 253.77 s (10240 data points)
at a sampling frequency of 40.35 Hz (3.1 times the highest natural frequency). We calculated the correlation
functions based on the simulated response using the discrete version of eq. (3) with 1025 time lags. In
order to simulate the response of the linear system, we utilised the Fourier transformed superposition [8].
For the same simulation, we used the original correlation function matrices and the modified correlation
function matrix from the algorithm in the identification of modal parameters. We utilise the Time Domain
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Poly-reference technique to identify the modal parameters [10] and the results are plotted in figures 6 & 7
for the original and modified correlation function matrix.

Table 1: Modal parameters of numerical system
Mode 1 Mode 2 Mode 3

Frequency [Hz] 3.39 10.0 13.0
Damping Ratio [%] 1.49 1.34 1.53
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Figure 5: Singular values of the spectral density matrix using the Welch averaging technique [8]

Based on figure 6 & 7, the automated algorithm reduces both the bias and random error in the estimation
of modal parameters. Furthermore, the distribution of the modal parameter changes from non-Gaussian to
approximately Gaussian distributed.

5 Conclusion

We found that the properties of random data cannot be precisely determined from sample data. In other
words, the finite time length introduces statistical errors in the correlation function matrix for Operational
Modal Analysis and this results in a bias region of the correlation function matrix.

In this paper, we applied an new automatic algorithm for reduction of the statistical errors in the estimated
correlation function by removing the noise tail. We found that the algorithm reduces estimation bias while
reducing the variance of the modal parameters in this numerical study. For further research, the algorithm
will be tested on real data.
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Figure 6: Identification of modal parameters from the original correlation function matrix and their distribu-
tion
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Figure 7: Identification of modal parameters from the modified correlation function matrix and their distri-
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Abstract 
This paper presents an efficient nonparametric time-varying (TV) system identification method for the 

Operational Modal Analysis (OMA) framework. OMA tackles industrial measurements of vibrating 

structures in real-life operating conditions without the exact knowledge of the excitation signal. The main 

issue is that the dynamics of underlying systems may vary significantly when operating in real-life 

conditions. In this case it is desired to carefully verify and track the vibration behavior, since during flutter 

appearance, system destruction can occur.  

In this work the first results of a regularized time domain based TV OMA method are presented to estimate 

the linear TV output autocorrelation function of the observed system. The method is illustrated on the 

measurement of wind tunnel test of an airplane model. Using the proposed methodology, the estimated TV 

2D output autocorrelation model provides a good data-fit with respect to tracking of varying resonances.  

1 Introduction 

The goal of this paper is to present the first results of a new estimation technique developed to deal with 

time-varying (TV) mechanical and civil structures measured in an Operational Modal Analysis (OMA) 

framework. OMA is a special identification technique for estimating the modal properties of structures based 

on vibration data collected when the structures are under real operating conditions without having access to 

the excitation signals. Such modal parameters are, for instance, the natural frequencies, mode shapes, 

damping ratios. The OMA framework can provide the engineers with useful information to understand the 

dynamic behavior of the underlying structure in real-life usage scenarios, and it can be used to validate and 

update the numerical models developed in the design phase [1] [2].  

OMA is a very important tool because in the case of vibrating structures it is common that the real operating 

conditions differ significantly from dynamic measurements performed in laboratory conditions and the 

unmodelled or wrongly modelled modes might lead to instability and structural failures. Contrary to the 

classical identification frameworks, a further challenge with the OMA framework is that the excitation 

signal is not known exactly, but it is assumed to be (nearly) white noise [2]. Methods for linear time-invariant 

(LTI) OMA have hence been developed and they are widely used also in the industrial environment, 

interested readers are referred to the detailed surveys [2] [3].  

The dynamics of underlying systems may vary significantly when operating in real-life conditions. In this 

case, a TV modelling framework is needed because ignoring time variations might lead to instability and 

structural failures. A good example of a time-varying structure can be, for instance, an airplane. The time-

varying behavior originates, for instance, from the decreasing weight due to the fuel consumption, and from 

different surface configurations during take-off, cruise and landing. Moreover, the resonance frequency and 

damping of most vibrating parts (for instance the wings) of a plane vary as a function of the flight speed and 
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height. The proposed LTV OMA method is illustrated on a wind tunnel testing measurement of a scaled 

aircraft model. 

It is a common practice in system identification to use different types of short-time Fourier transform (SFT) 

techniques that describes slowly time-varying systems as a series of linear-time invariant (LTI) systems [4] 

[5] [6] [7] [8]. These SFT based models can describe the time-varying behavior quite well, when the time-

variations are very smooth (i.e. the system varies very slowly). The drawback of these methods is that such 

an LTI model is not sufficient to describe the behavior of the underlying system, if the time variations are 

fast, or when a significant (sudden) variation occurs. A further issue is that in case of TV OMA, advanced 

system identification techniques have a limited applicability due to lack of knowledge of the excitation. 

The proposed method is intended to overcome the issues with the classical SFT based methods, and it is 

based on the regularization methods that have been developed for nonparametric modelling of LTI systems 

[9] [10]. The main novelty of this work compared to classical regularization framework is to formulate the 

regularization for the special case of the estimation of LTV systems in an industrial OMA framework. 

Because this type of identification technique is relatively new and many ISMA readers are not familiar with 

the nonparametric regularization technique, a practical overview of the technique is provided in this paper.  

This paper is organized as follows: in Section 2 the basic concepts of this work are summarized, and the 

problem formulation is given. Section 3 provides the model structure and the cost function of the underlying 

problem. Section 4 summarizes the practical considerations of the regularization technique, the LTV OMA 

estimation method, and addresses the implementation procedure. Section 5 shows a measurement example 

where the results of the classical SFT framework are shown to compare to the results proposed method. 

Finally, the conclusions are provided in Section 6. 

2 Basics 

In this section, a brief overview of the LTV OMA identification problem is presented from different aspects 

where we explain 1) the assumptions on the system and measurement used in the proposed framework,  2) 

the issues related to the nonparametric identification of LTV systems in general, and 3) the issues related to 

the OMA framework w.r.t. the classical identification framework. 

2.1 Assumptions on the underlying system and measurement 

In this paper a nonparametric description of (discrete) time-varying systems is considered. An LTV system 

can be characterized by its 2D impulse response function (IRF) ℎ[𝑡, 𝜏]. The steady-state output response to 

an arbitrary signal 𝑢[𝑡], measured with an 𝑒[𝑡] error, is given by [7] [11] [12] [13]: 

 𝑦𝑚[𝑡] = 𝑦[𝑡] + 𝑒[𝑡] =  ∑ ℎ[𝑡, 𝜏]𝑢[𝑡 − 𝜏] + 𝑒[𝑡]+∞
𝜏=−∞  (1) 

where the parameter 𝑡 is the global time (the time when the system is measured) and 𝜏 is the system time 

(the direction of the impulse responses/lags). An illustration of a TV IRF is shown in Figure 1.a.  

In the proposed estimation framework the following assumptions are imposed: 

Assumption 1 The true output (𝑦[𝑡]) is measured with additive, independent and identically distributed 

Gaussian noise (𝑒[𝑡]) with a zero mean and a finite variance (this assumption can be generalized to include 

colored noise). 

Assumption 2 The TV IRF is smooth i.e. the spectral content of the LTV system is concentrated at the low 

frequencies. A more precise definition is out of the scope of this article, for a detailed study we refer to [14]. 

Assumption 3 The considered discrete system is causal (i.e. ℎ[𝑡, 𝜏] = 0, 𝜏 < 0 [7]) and BIBO stable [15]. 

Assumption 4 The length of the IRFs (L+1) is much shorter than the measurement length (N). 

Assumption 5 In case of the OMA framework, the excitation signal 𝑢[𝑡] is not known, but in the frequency 

band of interest it is assumed to be (nearly) white noise with a finite variance [2]. 
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2.2 Nonparametric identification of LTV systems 

The challenge with nonparametric time-varying system identification is that the TV IRF is not uniquely 

determined from a single set of input and output signal– unlike LTI IRF case. Consider the model defined 

in (1). Imposing Assumptions 1–4, the following measured output 𝑦𝑚[𝑡] is given at time 𝑡: 

 𝑦𝑚[𝑡] = ∑ ℎ[𝑡, 𝜏]𝑢[𝑡 − 𝜏] + 𝑒[𝑡]𝐿
𝜏=0  (2) 

where 𝑡 = 0 … 𝑁 − 1. Hence only N measured points are available to identify NL parameters.  

Equation (2) can be written in vector form as 𝑌𝑚 = 𝑈𝐻 + 𝐸. This equation allows us to use the Maximum 

Likelihood (ML) framework [15] to estimate the time-varying IRF. Because the measurement noise is 

independent and white (Assumption 1) this estimation problem boils down to a Least Squares (LS) problem 

such that the LS cost function (𝑉𝐿𝑆) and IRF estimate (�̂�) are given by the well-known expressions: 

 𝑉𝐿𝑆 = ‖𝑌𝑚 − 𝑈𝐻‖2
2 (3) 

 �̂� = (𝑈𝑇𝑈)−1𝑈𝑇𝑌𝑚 (4) 

To illustrate the difficulties of LS problem, a steady state simulation example is shown in Figure 1.c. The 

simulation is based on the time-varying system shown in Figure 1.a. This system is excited by white noise. 

To simplify this simulation, no observation noise has been added. 

 

Figure 1 a) the TV IRF of the observed system b) the LTI estimate c) the ML estimate d) the regularized 

estimate. The system is excited by white noise. No observation noise is present. 

The LTI, the LS and the proposed regularized based estimates are shown in Figure 1.b–d. When the time-

varying nature of the underlying system is ignored, one can obtain the LTI estimate shown in Figure 1.b. In 

this case the issue is that all the changes in the dynamics are completely lost.  

Figure 1.c. shows the time-varying LS (ML) solution which differs a lot from the true system and it does 

not correspond to our expectation: only few impulse responses are present, not all impulse responses are 

decaying, and the time variations are not smooth. The problem lies in the fact that there is a nonuniqeness 

issue. There are only N measured samples to estimate the nonparametric model containing NL samples. This 

underdetermined system of linear equations (i.e. 𝑈𝑇𝑈 in (4) is not full rank) results in a situation where the 

nonparametric TV model that relates the input to the output is not unique.  

In order to achieve a more reliable and unique solution (see Figure 1.d. for the proposed method) some prior 

information shall be taken into account as well. This will be explained in the following sections. 

a) b) 

c) d) 
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2.3 Operational Modal Analysis Framework 

In case of industrial measurements of large mechanical and civil structures (e.g. airplanes, bridges, wind 

turbines), the excitation signal is most of the time not measurable, or it would be too difficult and complex 

to measure [2] [3]. In this case the OMA framework can provide the engineers with useful information to 

understand the dynamic behavior of the underlying structure. Because the excitation signal is not known 

(see Assumption 5) an impulse or frequency response function estimate cannot be directly obtained. Instead, 

the output autocorrelation function (ACF) and/or its Fourier transform are used in practice. 

In this paper LTV systems are considered in OMA setup (see Figure 2). The goal of this work is to 

nonparametrically identify the 2D TV ACF of the underlying system. In practice, after this stage, there is 

typically a parametric estimation procedure where the resonance frequencies and damping ratios are 

estimated, for instance, with the help of PolyMAX method [16]. Due the limited scope of this paper, this 

stage of analysis is not elaborated.  

For the sake of simplicity, the proposed methodology is explained on single output systems, but using 

advanced linear algebra it can be easily extended to systems with multiple outputs.  

 

Figure 2 Schematic of the TV OMA. The excitation signal is not known but it is assumed to be (nearly) 

white in the frequency band of interest. The model obtained is based on the noisy output measurements of 

the underlying LTV system. 

3 The nonparametric identification method 

3.1 The model structure 

In the OMA framework, the underlying time-varying systems are represented by their 2D ACF. When 

Assumption 1–5 are satisfied, the expected value of 2D TV ACF would provide the convolved 2D LTV IRF 

in time-domain (∑ ℎ[𝑡, 𝜏]ℎ[𝑡, 𝑡 + 𝜏]𝐿
𝜏=0 ). The proof is out of scope of this paper, details for the LTI case can 

be found in [3].  

The 2D TV ACF 𝑅𝑦𝑦 centered around the measurement (global) time t, at time lag 𝜏 is estimated with the 

measured output signal 𝑦𝑚 (see (2)) by smoothing over a window with a length of L+1: 

 �̂�𝑦𝑚𝑦𝑚
[𝑡, 𝜏] =

1

𝐿+1
∑ 𝑦𝑚[𝑡 + 𝜏 + 𝑘]𝑦𝑚[𝑡 + 𝑘]

𝐿

2

𝑘=−
𝐿

2

 (5) 

It is important to remark that depending upon the application and the measurement, different weightings of 

the ACF is possible, for more technical details see [17]. 

Next, the double time indices [𝑡, 𝜏] will be omitted in order to make the text more accessible.  The key idea 

of this work is to extend the existing nonparametric regularization methods such that some advanced prior 

information – elaborated in Section 4 – can be taken into account. 
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3.2 The cost function 

The basic idea of the LTI regularization technique is that by using some reasonable prior knowledge on the 

system dynamics (formalized later on), and by introducing some bias error (a systematic model error), the 

variance of the estimate can be significantly reduced such that a lower mean square error (MSE, [18]) error 

is achieved, see Figure 3.  

Figure 3 Illustration of the concept of the regularization technique with respect to the classical LS 

solution. The goal is to find the minimum MSE. The bias error represents the quantity of unmodelled data. 

The variance error represents the quantity of the modeled noise.  

In order to include the prior knowledge in the nonparametric representation, an augmented cost function (𝑉) 

must be defined. This cost function consists of two parts.  

The first part is the LS cost function (𝑉𝐿𝑆) which is now defined for the 2D LTV ACF case as  

 𝑉𝐿𝑆 = ‖𝑣𝑒𝑐𝑡(𝑅𝑦𝑦) − 𝑣𝑒𝑐𝑡(�̂�𝑦𝑚𝑦𝑚
)‖

2

2
 (6) 

and the second part is the regularization cost function (𝑉𝑟): 

 𝑉𝑟 = 𝜎2𝑣𝑒𝑐𝑡(𝑅𝑦𝑦
𝑇 )𝑃−1𝑣𝑒𝑐𝑡(𝑅𝑦𝑦) (7) 

The new, combined cost function is given by: 

 𝑉 = 𝑉𝐿𝑆 + 𝑉𝑟 (8) 

where 𝑃 is a covariance matrix of the prior ACF, and 𝜎2 is the amount of regularization (prior) applied. By 

making a proper choice for P, smoothness and stability can be imposed on the estimated model (see Section 

4). Minimizing (8) – with respect to 𝑅𝑦𝑦 – gives the 2D LTV ACF estimate: 

 𝑣𝑒𝑐𝑡(�̂�𝑦𝑦,𝑟𝑒𝑔)  = (𝐼 + 𝜎2𝑃−1)−1𝑣𝑒𝑐𝑡(�̂�𝑦𝑚𝑦𝑚
) (9) 

where 𝐼 denotes the identity matrix. 

Note that 𝜎2 is usually (proportional to) the noise variance of the measurement. In the (persistently excited) 

LTI case, 𝜎2 tends to zero when the measurement length increases. However, in the LTV case, the 𝜎2 must 

always be greater than 0, because it is required to circumvent the non-uniqueness problem of LTV estimation 

(highlighted in Section 2.2). To simplify the model and computational complexity, 𝜎2 is kept constant but 

in general it can be time-varying. 

4 Regularization 

In the first part of this section the practical implementation of the inclusion of the prior knowledge into the 

covariance matrix is addressed and illustrated on the classical LTI impulse response estimation problem. In 

the second part the proposed method of LTV extension to ACFs is detailed. The last part of this section 

deals with the proposed parameter tuning technique.  

MSE 

er
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rs
 

model complexity 

optimal  

regularized  

solution unbiased 

LS  

solution 
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4.1 Considered kernel functions 

The covariance matrix 𝑃 is constructed by using kernel functions. 𝑃 introduces the prior knowledge into the 

cost function as (a prior) correlation between the elements of the IRFs/ACFs. The specific choice of the 

kernels, and the resulting covariance matrix has a major effect on the quality of the estimate. An illustration 

of different covariance matrix choices on an IRF estimation problem is given in Figure 4 . In this subsection, 

the most relevant kernels are shortly discussed. It is important to remark that – in principle – any kind of 

kernel can be used as long as the kernel function encodes the appropriate prior information. A strategy to 

achieve the exact numerical values of the kernel function parameters is explained in Section 4.3. 

4.1.1 Radial Basis Functions 

One of the simplest and widely used kernel is the radial basis function (RBF) [19]. It is a function whose 

values depend only on the distance between different points, and it is defined as: 

 𝑃𝑅𝐵𝐹(𝑖, 𝑗) = 𝑒
−

(𝑖−𝑗)2

𝛾  (10) 

where 𝛾 > 0 is a parameter representing the length scale, and 𝑖, 𝑗 are the two time points (sample indices). 

This type of RBF kernel is called Gaussian RBF kernel [19]. By using this kernel, the smoothness 

assumption can be imposed on the system to be estimated. The larger the length scale 𝛾, the smoother the 

resulting estimated function is. This kernel is illustrated in Figure 4  a–c. 

4.1.2 Diagonal Correlated kernel function 

In most of the cases of stable IRF estimation, apart from smoothness, an exponential decaying can be 

imposed as well – as a stronger assumption on stability. Same properties can be applied to the ACF estimate 

as well. To satisfy these assumptions, the diagonal correlated (DC) kernel function gives a perfect solution 

[10] as it has the flexibility to tune independently the smoothness and the exponential decay. The diagonal 

correlated kernel function 𝑃𝐷𝐶 is defined as: 

 𝑃𝐷𝐶(𝑖, 𝑗) = 𝑒−𝛼|𝑖−𝑗|𝑒−
𝛽(𝑖+𝑗)

2  (11) 

where 𝛼 gives a scaling to the correlation between neighboring IRF/ACF coefficients, 𝛽 scales the 

exponential decaying, 𝛼, 𝛽 ≥ 0. 

In other words, 𝛼 controls the smoothness: the smaller its value, the smoother the estimation is, and 𝛽 

controls the length of the IRF/ACF. This kernel function is illustrated in the Figure 4 f. 

4.1.3 Tuned-Correlated kernel function 

While DC provides a very nice flexibility to tune the model behavior, unfortunately it can lead to a very 

high computational complexity. In many cases Tuned-Correlated (TC) kernels can provide a good balance 

between the flexibility and the computational load. TC kernel is widely used in different regularization 

toolboxes (e.g. ident [18]). When in the DC structure 𝛼 is set to 𝛽/2  then it leads to the TC form [20]: 

 PTC(𝑖, 𝑗) = min(e−β𝑖, e−β𝑗) (12) 

where 𝛽 is a scaling parameter, and 𝛽 ≥ 0.  
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Figure 4 An example of different covariance matrices and regularized impulse response estimates. On the 

left different covariance matrices are shown. On the right, in black the true system and in gray its 

estimates are shown. The output is observed with an SNR of 20 dB. In figures (a)–(c) the smoothing is 

increased. In figures (d)–(e) the exponential decaying is increased. In figure (f) the optimal – w.r.t. MSE –  

smoothing and decaying is shown. 

4.2 The LTV covariance matrix 

In order to overview the properties of the TV ACF, an illustration is shown in Figure 5. This TV ACF 

correspond to the LTV system shown in Figure 1.a. By looking at this 2D ACF, several properties can be 

used to incorporate prior information to the TV covariance matrix – similarly to the concept of the classical 

2D LTV IRF identification case [7] with known input.  

10

20

30

40

covariance matrix (P)

0 10 20 30 40

0

0.1

0.2
true system and its estimate

10

20

30

40
0 10 20 30 40

0

0.1

0.2

10

20

30

40
0 10 20 30 40

0

0.1

0.2

10

20

30

40
0 10 20 30 40

0

0.1

0.2

a
m

p
lit

u
d
e
 [

V
]

10

20

30

40
0 10 20 30 40

0

0.1

0.2

10

20

30

40
0 10 20 30 40

0

0.1

0.2

time [sec]

a) 

b) 

c) 

d) 

e) 

f) 

OPERATIONAL MODAL ANALYSIS 2865



The first prior knowledge is that the considered ACFs are smooth. This smoothing is applied once over the 

system time 𝜏 which refers to “classical” evolution of IRF/ACF, and once over the global time 𝑡 which gives 

a support to handle the time-varying behavior.  

In addition to smoothing properties, another assumption can be imposed and incorporated in the covariance 

matrix by applying a more strict definition of stability: the IRFs and therefore the ACFs are exponentially 

decaying. Note, that most of the stable mechanical systems exploit this behaviour. When this is not the case 

other kernels might be used. 

In the proposed approach, every point of the 2D ACF surface is connected to each other. It means that all 

the elements in the covariance matrix are non-zero, therefore the number of constraints is high, and the 

degrees of freedom of the system of linear equations (see Section 2.2) are significantly decreased resulting 

in a unique solution.  

The connections in the surface are defined for every possible pair of 𝑡 and 𝜏 points, see Figure 5. The 

elements in the 𝜏 direction of the autocorrelations (horizontal blue direction) are linked by DC or TC kernels. 

Elements in the global time t direction (vertical red direction) are linked by RBF kernels. A graphical 

illustration is shown in Figure 5. The time-varying covariance matrix is then formulated as follows: 

 P{𝑡1,𝑡2},{𝜏1,𝜏2} = P𝑅𝐵𝐹(𝑡1, 𝑡2) ∙ P𝐷𝐶(𝜏1, 𝜏2) (13) 

or 

 P{𝑡1,𝑡2},{𝜏1,𝜏2} = P𝑅𝐵𝐹(𝑡1, 𝑡2) ∙ P𝑇𝐶(𝜏1, 𝜏2) (14) 

for every possible pair of 𝑡 and 𝜏.  

 

Figure 5 The TV output ACF of the system given in Figure 1.a. The arrows show the visualization of the 

possible regularization directions. The blue arrow refers to the 𝜏 system time where decaying and 

smoothness of the adjacent elements can be imposed. The red arrow refers to the direction of time 

variations (𝑡 axis) where the smoothness of the adjacent autocorrelation functions can be imposed. 

4.3 Tuning of the model complexity 

𝛾, 𝛼, 𝛽, 𝜎2 parameters in (7),(9)–(12) are the so called hyperparameters. The nonparametric system 

identification method presented in this work consists essentially of two steps: 1) optimization of the 

hyperparameters to tune the matrix 𝑃, and 2) computation of the model parameters using (9). 

All the hyperparameters are tuned with the use of measured output data only. The hyperparameters are 

optimized in this case by maximizing the marginal likelihood of the observed output [9]: 
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 𝜃ℎ𝑝 = arg min
𝑅𝑦𝑦

�̂�𝑦𝑚𝑦𝑚

𝑇
Σ𝑌

−1�̂�𝑦𝑚𝑦𝑚
+ 𝑙𝑜𝑔𝑑𝑒𝑡 Σ𝑅  (15) 

where 𝜃ℎ𝑝 is a vector containing all the hyperparameters (𝛾, 𝛼, 𝛽, 𝜎2) and Σ𝑅 = ( 𝑃 +  𝜎2𝐼 ) represents the 

covariance matrix of the output autocorrelation �̂�𝑦𝑚𝑦𝑚
.  

Practically speaking, the optimal set of hyperparameters given the measured output data determines the 

covariance matrix which is most likely to have generated the observed output autocorrelation. 

This objective function is non-convex in 𝜃ℎ𝑝, therefore to minimize the risk of resulting in a local minimum, 

it is advised that multi-start optimization of the hyperparameters is performed. In this work, a nonlinear 

gradient based Matlab solver is used (fmincon) for the optimization of the marginal likelihood of the 

observed output autocorrelation with reasonable constraints on smoothness and decaying of the 2D ACF. 

The interested reader can refer to [14], [21], [22] for more techniques for the tuning of the hyperparameters. 

5 Results on a wind tunnel testing measurement 

5.1 The measurement setup 

This section presents an industrial example of the in-line flutter assessment of the wind tunnel testing of a 

scaled airplane model detailed in [5].  

The measurement time is 424 sec , the sampling frequency (𝑓𝑠) is 500 Hz, the number of data samples (𝑁) 

is 212000. The segmented window size (L+1) is 500 samples (which corresponds to 1 sec, 1 Hz  
resolution). The Mach number (proportional to the airflow i.e. wind speed w.r.t. sound speed) is varying 

between 0.07 and 0.79. An illustration of the measurement setup is given in Fig 2.  

 

Figure 6 The measurement setup is shown. The airflow (wind speed) is varying while the airplanes 

acceleration is measured in the wind tunnel. 

In this type of testing, it is desired to carefully verify and track the vibration behavior, since during flutter 

appearance, system destruction can occur. In this paper, wind tunnel data at various flow conditions are used 

to validate the approach for tracking the evolution of the resonance frequencies, damping ratios.  

Further details on the measurement procedure can be found in [5]. Exact specifications on the airplane are 

omitted due to the confidentiality of the industrial project. 

5.2 Results 

In this section the time and frequency domain results of the traditional SFT approach [4] are compared to 

results of the proposed 2D regularization method.  

In case of SFT the output measurement is split into short subrecords, and each time the output ACF is 

calculated. This results in a series of ACFs which represents the classical TV ACF estimate. The power 

spectrum estimate is then given by the discrete Fourier transform of the ACFs.  

When the proposed method is considered, the ACF estimates are normalized and regularized as it is detailed 

in Section 3 and 4. 
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Figure 7 shows the magnified time domain results of the classical SFT and regularization based TV ACF 

estimation. Observe that the SFT approach has issues with the decaying of ACFs (see between 300-400 

secs), and the transitions between the adjacent ACFs are non-smooth. In case of regularized approach all 

the ACFs are interconnected resulting in 1) smooth transitions between the normalized adjacent ACFs 2) 

automatic decaying of ACFs.  

 

 

Figure 7 The time-varying output autocorrelation estimates of observed system are shown. On the left the 

classical SFT method is shown from the top (figure a) and from the front (figure c) views. On the right the 

proposed method is shown from the top (figure b) and from the front (figure d) views. 

Figure 8 shows the frequency domain results of the SFT and regularized approach. The most important part 

is the evolution the resonances and it can be best seen on the top view of the 2D power spectrum estimates. 

Observe that the traditional approach is very noisy where the regularized solution is smooth and more details 

can be captured.  

It is important to remark that the classical SFT results can also be post filtered/smoothened – even with 

regularization or with other approaches (e.g. B-spline techniques) – but in this case the accuracy of the result 

will be between the classical and proposed approach. 

Numerical analysis and further (simulation examples) are out of the scope of this paper.  

a) b) 

c) d) 
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Figure 8 The time-varying output power spectrum estimates of observed system are shown. On the left the 

classical SFT method is shown from the top (figure a) and from the front (figure c) views. On the right the 

proposed method is shown from the top (figure b) and from the front (figure d) views. 

  

a) b) 

d) c) 
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5.3 Computational complexity 

At this point we comment on the computational complexity. The considered matrix sizes have a negative 

impact on the computational load which increases with total number of the parameters i.e.: 1) with number 

of measured points (window segments, 𝑁), and 2) with the resolution of the window (𝐿 + 1). 

In case of the classical SFT techniques, the memory needs and computational complexity are linear in terms 

of parameters (𝑂(𝑁(𝐿 + 1))), whereas the regularization approach is more demanding, which is the main 

drawback of the technique.  

In the proposed method, the 2D ACF is regularized, such that each point of the 2D ACF is connected. This 

results in a quadratic function of complexity (𝑂((𝑁(𝐿 + 1))2 )). 

In this particular measurement, the time and memory needed for a classical SFT solution are in the order of 

minutes/megabytes, whereas the regularized solution has a much higher computational time and memory 

needs in the magnitude of hours/gigabytes. There is an ongoing research how to decrease the resources 

necessary in order to use it for online tracking of modal parameters.  

The exact computational time depends on many parameters such as the model complexity, the initial values 

of the hyperparameters and the technique used to tune the hyperparameters. 

6 Conclusions 

The main idea of the proposed time-varying regularized OMA framework is to provide more accurate and 

smoother estimates which are suitable for simulation, design and – indirectly – control. This will improve 

the overall quality and safety of products, and speed up the design process. Using the proposed advanced 

2D regularization techniques it is possible: 

• to reduce the noise influence such that the measurement quality will be significantly better 

• to gain a better insight into the details of the time-variations 

Further, a nonparametric TV OMA model can be used: 

• to capture and to track the time-varying resonance frequencies and damping ratios 

• to simulate and validate during the design phases 

When it is necessary, the nonparametric TV OMA model can be used to estimate a parametric OMA model 

by cleaning up the data and allowing direct access to the mode shapes and making the control possible. 

The drawback of the proposed method is that the computational load and memory need are significantly 

higher but this is negligible in the applications where 1) the preparation of the measurement setup takes 

days, and 2) the safety of the product and its intended users is concerned. 
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Abstract 
The development of efficient vibration-based Structural Health Monitoring (SHM) methodologies capable 

to timely detecting the onset of anomalies and possible damage in structures is still a challenging task, 

especially for large infrastructures, complex constructions and historic buildings. SHM strategies are often 

based on the automated extraction of the modal parameters from the signals collected during normal 

(operational) conditions and different approaches have been proposed in the literature for the automation 

of Operational Modal Analysis (OMA).Within this context, the paper focuses on the development of a 

new automated OMA procedure, which involves the construction and the automated interpretation of tri-

dimensional stabilization diagrams, avoiding the initial tuning of the input parameters characterizing the 

SSI techniques and resulting in modal estimates with improved accuracy. The algorithm is exemplified 

through its application to data collected by continuous dynamic monitoring of two different bridges. 

 

1 Introduction 

Structural Health Monitoring (SHM) is generally defined as a multistage approach that interests several 

disciplines, mainly developed to identify the structural performance and the health state of structures, 

providing useful information about their structural conditions. The main goals of SHM procedures are also 

aimed at defining the tracking and the continuous assessment of those characteristics that tend to degrade 

during life-cycle in order to evaluate the vulnerability and to plan a strategy of minimal intervention and 

maintenance especially for Cultural Heritage structures. Among the different approaches for SHM, one of 

the most popular is based on Operational Modal Analysis (OMA) techniques. In fact, in the last decades, 

several techniques of SHM based on vibration monitoring and operational modal analysis have received 

an increasing attention in the field of Civil Engineering structures, because the extracted features (i.e. 

natural frequencies and mode shapes) are particularly suitable for damage detection strategies [1]. This 

could be mainly due to the recently technological advances that make easier and faster the installation of 

simple monitoring systems on strategic structures, such as large infrastructures, complex constructions and 

historic buildings. However, it is essential to create robust routines aiming at managing huge quantity of 

data, performing a continuous monitoring of collected records and making an automated detection of 

possible anomalies in the  structural behavior. All these tasks still require many efforts to be reached in 

automatic way. Thus, the implementation of efficient tools apt to avoid the human interaction and mimic 

the user’s choice is still a challenge task [2]. Still, some important goals have been achieved through the 

continuous analysis of modal parameters. In fact, the continuous extraction of modal parameters 

represents the base-step for the success of damage detection algorithm based on OMA procedure. One of 
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the available techniques is the well-known non-parametric method described in Brinker et al. [3], the 

Frequency Domain Decomposition (FDD) method. Nowadays, it still remains one of the more used 

methods for the identification problems. This probably depends on the fact that its easy interpretation of 

results maintains a straightforward physical meaning. Along the time, many applications were developed 

using this technique providing good results in terms of natural frequencies and mode shapes. 

Notwithstanding, few limitations concerning practical applications affect this method, as the strongly 

dependency of the estimates on the used frequency resolution, its inadequacy in the estimation of the 

modal damping ratios and the difficulty to easily detect closely space modes. These reasons have led to the 

development of further complex approaches based on more sophisticated algorithms that solve such 

limitations, such as the parametric methods based on the fitting of a numerical models based on 

experimental data [4,5]. In this work, the focus is on one of the most used methods that involves a discrete 

state-space model obtained through correlation and cross-correlation functions of the collected signals: the 

Covariance-driven Stochastic Subspace Identification (SSI-Cov) method. As well known, the application 

of a parametric method requires the definition of initial input parameters that need to be tuned in the initial 

phase, in order to obtain a good performance of the algorithm and provide satisfactory results [6]. The 

present work wants to provide a further improvement in the automation of the SHM approach based on the 

use of SSI-Cov method avoiding the choice of the time-lag parameter used to construct the correlation 

matrix. Following this way, the developed methodology consists of a further step to make fully automated 

the identification process, eliminating the expert user’s interaction in the initial phase and introducing the 

concept of tri-dimensional stabilization diagrams. 
 

The organization of this paper is as follows: in Section 2, the SSI method and the concept of tri-

dimensional stabilization diagrams, as well as the main issues associated to the interpretation of stable 

planes are described. In Section 3, the proposed procedure of automated modal identification is presented 

in detail highlighting the cleaning action performed by each check of the developed methodology. In 

Section 4, after a brief description of the Infante D. Henrique Bridge, the modal parameters are firstly 

extracted from a single data-set and subsequently analyzing one month long period of continuously 

collected data. In Section 5, the methodology is used to extract the modal parameter of an important 

Cultural Heritage structure located in the neighbors of Milan: the San Michele Bridge and to track the 

evolution in time of the most relevant modes. Finally, some conclusions and observations are discussed in 

the last Section. 

2 Covariance-driven subspace identification method and 

construction of tri-dimensional stabilization diagrams 

The SSI-Cov method is a robust identification technique generally chosen because of its stability and 

convergence. As shown in Fig. 1 the set of modal parameters are extracted from collected data following 

several steps. Exemplifying, starting from equations of a discrete-time deterministic-stochastic state space 

model for a general case (see Fig 1), a simpler set of equations is used for output-only technique, assuming 

the excitation is modelled as a white noise. The method is aimed at identifying the state matrix A, which 

contains all the dynamic properties of the system, and the output matrix C. These matrices are obtained 

through a series of operations that begin with the construction of the correlation matrix of the measured 

responses. Then, the resulting data is consecutively organized in a Toeplitz matrix [5], which it is 

decomposed by the Singular Value Decomposition (SVD) procedure and the so-called observability 

matrix is extracted from its factorization. Adopting some properties concerning the stochastic linear 

system and through the resolution of a least-square equation (using the Moore-Penrose pseudo-inverse 

procedure) is possible to define the matrices A and C. Finally, after the identification of the state-space 

model, the modal parameters can be easily extracted from matrices A and C. But, it is worth mentioning 

that the identification of the state-space model requires a-priori definition of the time-lag value and the 

order of the model used to characterize the dynamics of the structure under analysis. For simple academic 

structures or numerical models both values can be easily selected to fit the experimental data and obtain a 

realistic characterization of the dynamic properties. In fact, the model order can be fixed equal to the 

double of the degrees of freedom of the structure, and the minimum time-lag value can be defined 
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respecting an appropriate combination between order of the model and the number of reference channels, 

as well described in [7]. On other hand, in case of real structure it is not possible to fix a-priori these 

parameters; thus an initial “tuning” becomes mandatory to find the best pair of them that characterize the 

dynamic behavior of the investigated system. The definition of both parameters to detect the state-space 

model is not straightforward and it is difficult, or even impossible, to define the combination that provides 

the best solution to the identification problem.  
 

In fact, in common practice, it is common to explore a wide interval of both input parameters and the most 

appropriate way to overcome this problem is to fix the time-lag value and overestimate the model order. 

Normally, the estimation is carried out for increasing model order fixing the maximum order much higher 

than the double number of the expected modes. But, the use of very high model orders leads to the 

introduction of spurious poles (also called numerical modes) that  do not have a physical meaning and that 

are directly associated to the noise content in the collected signals. For these reason, the spurious modes 

should be detected and removed before delivering a consistent set of modal parameters. Otherwise, the use 

of an incorrect time-lag value can affect the estimation of the modal parameters, leading to an incorrect 

characterization of the structural behavior. In common practice, this important parameter is initially 

adjusted in order to obtain consistent estimates of the expected modes. More specifically, the time-lag 

parameter is used to define the length of the covariance and cross-covariance functions of the collected 

signals to construct the covariance matrix, then it is subsequently used to define the dimensions of the 

Toeplitz matrix involved to estimate the matrices A and C. So, an initial “tuning” of both input parameters 

is mandatory. But, there is no certainty that the “tuned” pair is the best set for all data-sets collected during 

the continuous monitoring process. For this reason, in order to provide a solution to this uncertainty, in the 

proposed methodology the construction of tri dimensional stabilization diagrams is involved. This work 

wants to provide a further contribution in the context of OMA applications, avoiding the characterization 

of the time-lag and model order and overcoming the uncertainty related to the ad hoc selection of these 

parameters. 

 

Figure 1: Flowchart of the SSI-Cov method 

3 Proposed methodology for automated modal parameters 

estimation 

As previously stated, the main objective of this paper is to present an efficient methodology to perform the 

automatic identification of the modal parameters, avoiding the initial tuning of the input parameters of the 

parametric method. To reach this task, increasing model order and increasing time-lag values were chosen 

in a conservative way and the automated procedure, composed by four different steps aimed at mimicking 

the choice of an expert user during the identification process, was applied. Each step is described in the 

following: 

1. Application of SSI-Cov method (or other parametric method with similar outputs) to collected 

structural responses and construction of the tri-dimensional stabilization diagram. 
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2. Removal of spurious poles applying three threshold criteria based on modal damping ratio value 

and on the complexity degree of the mode shapes associated to each estimates. 

3. Interpretation of the clearer 3D stabilization diagram through an innovative clustering procedure 

generalized to the complex modes. 

4. Removal of possible replications of the structural modes and outliers values in order to deliver an 

accurate set of modal estimate. 
 

Once the SSI method is performed for increasing time-lags and increasing model orders, the consecutive 

step consists of a series of checks aimed at detecting and removing spurious poles from the 3D 

stabilization diagram. First discrimination between spurious and physical poles was performed using a 

pre-selected damping ratio threshold. In fact, in normal operating conditions, current civil engineering 

structures are slightly damped. For this reason highly damped modes (i.e. modes with damping ratio larger 

than 10%) are conceivably associated to the noise content and removed. Furthermore, estimates exhibiting 

negative damping are also removed. Further, single-mode validation criteria were adopted to detect noise 

modes, using the Modal Phase Collinearity (MPC) index and the Mean Phase Deviation (MPD) index. 

Both indices are based on the quantification of the complexity degree of the mode shapes. As known, 

when the structural system is proportionally damped, the mode shapes are real and the components lie on a 

straight line in the complex plane, this means that the covariance between the imaginary and real part of 

each component can be used as a measure of the complexity degree, through the MPC index; in addition, 

the distance between the best straight line associated to the mean component of mode shape and every 

single (weighted) component can also be used as single-criterion check, with the MPD index, as shown in 

[2]. Once most of spurious poles are removed from the diagram, the third step of the proposed 

methodology is the clustering procedure. This procedure is inspired by the contribution firstly proposed by 

Magalhaes et al. [8] and modified in the recent publishing by Cabboi at al. [9]. Furthermore, in order to 

generalize the procedure extending the approach to all possible cases such as modes with relevant 

complex components, the limitation related to the MAC index was removed using the MACX index [10]. 

Using this metric, the clustering process has been developed with the objective of grouping all poles that 

share same characteristics in terms of natural frequencies and mode shapes. 

  jirefi

refi

jirefi

refi MACX
f

ff
d ,,

,

,,

, ;1 


  (1) 

where di,ref  represents the inter-cluster distance, obtained by the distance between each candidate pole and 

the reference pole of the cluster, fi,ref  and ϕi,ref represent the mean frequency and mean mode shape of the 

reference pole updated for increasing model order, whereas fi,,j and ϕi,,j are the same modal parameters 

corresponding to j-th “current pole”. The procedure is repeated in order to scan all available poles and it is 

stopped only when all poles are grouped into the clusters. As demonstrated in several works present in 

literature [2,8,11] the noise modes do not have consistency in terms of modal parameters and they are 

spread inside many small clusters, then all those clusters with dimensions less of one third of the tallest 

cluster are considered as numerical modes and then deleted. In current application, this condition could be 

really restricted, therefore in a conservative perspective this value has been halved, reducing this limit to 

n/6, where n is the number of elements belongs to the biggest cluster. The last step of the proposed 

methodology is composed by three subsections, where each one is aimed at improving the accuracy of the 

final modes estimations. The first check consists of a further clustering procedure based on agglomerative 

approach. The procedure consists of an application of a k-mean cluster algorithm in which the centroids of 

the clusters are known and they have been already defined by the mean frequencies and mean mode 

shapes provided by the previous cluster procedure. This operation is performed in order to recovering any 

possible estimates lost during the initial association phase and removing others that fall inside the defined 

threshold due to continuous updating of the reference cluster pole. The second check is aimed at removing 

any possible replication of the physical modes in the stabilization diagram. In fact, as also mentioned in 

[9], for high value of time-lag a stable alignment that represents a structural mode could splits into two 

close alignments providing an incorrect association during the clustering procedure. This check tends to 

avoid this possibility recognizing possible replication and deleting that one with higher complexity 

component. The last accuracy check is aimed at reducing the scatter that could affect the estimates. The 

removal of the outliers is performed by applying simple rules based on the so called “box-plot” tool, as 
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described in [12]. In case of 3D diagram this check was carried out on both distributions of natural 

frequencies and damping ratios, separately. Finally, the delivered outputs obtained by the application of 

developed methodology are: mean natural frequency, mean mode shape and median modal damping ratio 

belonging to each detected cluster. The efficiency of the proposed algorithm was initially tested using a 

single dataset collected on Infant D. Henrique Bridge. For the initial test, the time-lag value was fixed at 

50 and model order interval was chosen in conservative way between 20 and 100, as already done in 

previously published papers [1,8].  

 

(a) 

  

(b) 

  

(c) 

  

(d) 

  

Figure 2: Stabilization diagram: (a) obtained SSI-Cov outputs; (b) after check on damping and modal 

complexity; (c) after clustering process; (d) after post processing check. 

Fig. 2 shows the 2D stabilization diagrams and the corresponding frequency vs damping diagrams 

obtained after the cleaning action exerted by the main checks of the methodology previously described. In 

details: i) Fig. 2(a) shows all output poles obtained by the SSI-Cov method, ii) Fig. 2(b) shows the remain 

poles after the checks on modal damping ratio and on mode shape complexity, iii) Fig. 2(c) highlights the 

performance of the clustering process and iv) finally Fig. 2(d) contains the stable alignments and damping 

values after the removal of the outliers. It is worth mentioning that there is a very good correspondence 

between all 16 stable alignments that stand on in the stabilization diagram and well-defined spectral peaks 

obtained using the non-parametric FFD method. Furthermore, the extension of the investigated frequency 

interval to 5.5 Hz, with regard to previously published results, shows 4 further modes of the bridge that 

deserve a deeper investigation. To compete the first test of the developed procedure using a fix time-lag 

value, the automatically identified modal parameters of the bridge (in term of natural frequencies, modal 
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damping ratio and standard deviations of the estimates) together with the complexity indices associated to 

the obtained mode shapes estimates, are summarized in Table 1. Moreover, the mode shapes associated to 

the identified modes are shown in Fig. 3. 

 

n° Mode f  [Hz] σ(f)* [Hz] ξ  [%] σ(ξ)* [%] MPC MPD 
1 L1 0.777 0.0001 0.47 0.0007 0.994 2.75 
2 V1 0.823 0.0004 0.87 0.0079 1.000 0.72 
3 V2 1.145 0.0001 0.48 0.0056 1.000 0.56 
4 V3 1.414 0.0003 0.42 0.0134 1.000 0.42 
5 L2 1.751 0.0001 0.44 0.0103 0.989 3.64 
6 V4 2.013 0.0003 0.42 0.0164 1.000 0.37 
7 T1 2.228 0.0015 0.42 0.0229 1.000 0.45 
8 V5 3.035 0.0024 0.51 0.0571 1.000 0.51 
9 T2 3.340 0.0016 0.86 0.0145 0.997 1.60 

10 V6 3.519 0.0002 0.44 0.0115 0.996 2.36 
11 T3 3.766 0.0005 0.53 0.0088 0.990 2.36 
12 V7 4.379 0.0029 0.65 0.0626 0.999 1.57 
13 V8 4.659 0.0061 0.70 0.1737 0.857 15.99 
14 T4 4.752 0.0004 0.53 0.0042 0.992 2.15 
15 T5 5.207 0.0002 0.72 0.0034 0.975 4.01 
16 V9 5.273 0.0002 0.39 0.0025 0.999 0.94 

Table 1: Modal parameters, standard deviations and complexity indices of modes shapes obtained. 

*calculated from the estimates included in the same cluster 

It should be noticed that: a) an excellent correspondence between the obtained results and those already 

published in literature, in terms of natural frequency mode shapes and also modal damping ratio is shown, 

b) the standard deviation of the natural frequency estimates and also of the damping ratios are lower than 

those obtained with other OMA techniques, c) extending the investigated frequency range to 5.5 Hz, the 

proposed automatic algorithm detects four further modes not identified in the previous works.  

 

Figure 3: Vibration modes automatically identified by the proposed methodology (green line, blue line, 

red line are referred to lateral, vertical upstream and vertical downstream components, respectively). See 

Fig. 4 for location of the sensors.  
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4 First case of study: Infante D. Henrique bridge 

The first real structure herein considered to demonstrate the robust performance of the developed 

methodology is the Infante D. Henrique Bridge. It crosses the Duoro River and connects the city of Porto 

to Gaia. 

4.1 Description of the bridge 

The Infante D. Henrique Bridge is composed of two mutually interacting fundamental elements: a very 

rigid pre-stressed concrete box beam supported by a reinforced concrete arch with a span of 280m that 

rises 25m from abutments and crown. After its construction, a dynamic monitoring system was installed in 

the bridge. This is essentially composed by 12 force balance accelerometers and 2 digitizers. Due to its 

symmetry, the mode shapes are approximately symmetric, therefore it was decided to instrument just one-

half of the bridge. So, the accelerometers were distributed along four sections between mid-span and the 

abutment at Porto bank with three sensors for each section: one to measure the lateral acceleration and 

other for vertical acceleration at downstream and upstream sides. 

 

Figure 4: Scheme of the monitoring system 

4.2 Application of automated procedure to single collected data-set 

The developed procedure was used to perform the automatic identification of the modal parameters 

adopting a wide range of time-lag parameter to fit the operational responses of the bridge. In the current 

application the minimum value of time-lag was set equal to 10, with an increasing step of 10 units until 

reach the maximum value of 100. Meanwhile the model order interval was set in conservative way 

between 20 and 100. 

As mentioned before, the methodology is based on the construction and on the automatic interpretation of 

a tri-dimensional stabilization diagram composed by all outputs obtained by each run of the parametric 

method. This means that SSI-Cov method was performed for increasing the model order and increasing 

the time-lag, providing a huge quantity of estimates composed by physical and spurious poles that need to 

be separated (see Fig. 5(a)). Thus, when the first step of the developed procedure is achieved, the removal 

of spurious poles was performed adopting three selected criterion based on application of thresholds. Such 

values were not very restrictive because the bridge may have complex modes but they were fixed ensuring 

the elimination of noise modes with very high complexity and damping: 5% for damping, and 0.75 and 

20° for MPC and MPD respectively. As already stated in several works, the clustering procedure could 

also be performed by avoiding the removal of spurious poles, because consistency of noise modes 

dramatically change for different model orders and does not affect the correct classification. This second 

option is strongly discouraged in the herein application, because the non-elimination of spurious modes 

leads to a very high waste of time during the clustering process that makes the procedure inefficient due to 

its high time-consuming. The results obtained after removing of noise modes are shown in Fig. 5(b). The 

clustering procedure herein proposed consists on the application of the formula (1) to all remaining poles 

belong to the diagram. Its application is based on the similarity between all stable poles with the reference 

one that is constantly updated when one estimates is linked into the cluster. The success of the clustering 

procedure is dependent of a distance threshold value that allows the correct grouping of poles that share 

the same characteristics; such distance was set equal to 0.03. Following this way, the distance between the 
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reference pole (defined in terms of mean frequency and mean mode shape of all poles previously grouped 

into the cluster) and candidate pole must be shorter than such prefixed distance. If the distance is shorter, 

the current pole presents similar natural frequency and mode shape of the reference pole and probably 

belongs to the group that represents the same physical mode and should be included into the cluster. The 

metric described in the formula (1) is used to scan all available poles until all estimates have been 

grouped. Moreover, in this procedure the single-linkage is used, this ensures that only one estimate can be 

introduced into the cluster for every model order and every time-lag value. In other words, two different 

estimates obtained with the same model order cannot be included in the same cluster. An application of 

the developed algorithm with the construction of the tri-dimensional diagram is shown in Fig. 5. All SSI 

outputs and the obtained estimates after the pre-filtering check are shown in Figs 5a and 5b. The clusters 

associated to the structural modes are shown in Fig. 5(c). To conclude this first validation, the final “stable 

planes” after the removal of possible replication and outliers, are shown in Fig. 5(d). 

 

 
    

Figure 5: Tri-dimensional stabilization diagram: (a) SSI-Cov outputs; (b) after pre-filtering check; (c) after 

application of cluster procedure; (d) after removal of possible modes replications and outliers. 

4.3 Application of the proposed methodology to continuous dynamic 

monitoring 

The proposed methodology for automated modal parameter estimation was associated with a simple 

modal tracking procedure and both used to automatically process data continuously collected by the 

monitoring system installed on Infante D. Henrique Bridge. As shown in the previous paragraph, the 
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investigated frequency interval was extended to 5.5 Hz and four further structural modes were identified in 

addition to the 12 modes reported in previous publications. Thus, the new set of all 16 identified modes 

was used as reference parameters in the tracking process. In the context of continuous dynamic 

monitoring, the most representative features are normally plotted over the time in order to study their 

evolution and detect any possible anomalies. To reach this task, every set of obtained estimates is linked to 

the reference baseline list through a comparison among modal estimates. There are several approaches to 

perform a correct tracking process [2,8,9], the most successful procedures are usually based on the use of a 

fix baseline (associated to pre-defined structural modes) or based on adaptive baseline (continuously 

updated after the analysis of each data-set). In this work, a fixed reference list associated to the modes 

extracted from the data-set collected on the 1
st
 of November 2017 was used. Then, continuous monitoring 

process was achieved comparing each new set with the 16 selected modes, and their evolution are shown 

in Fig.6. Moreover, the zoom of the two lower identified modes highlights the robust performance of the 

developed methodology, capable to correctly identified closely spaced modes also subjected to the effects 

of the environmental and operational conditions (i.e. temperature and traffic). 

 

Figure 6: Evolution of the natural frequencies of the modes automatically identified during the period 

from 01/11/2017 to 30/11/2017. Overview of all natural frequencies and zoom of the frequencies 

fluctuation of the first two modes 

Mode Success fmean[Hz] σ (f) [Hz] ξmedian [%] σ (ξ) [%] MACmean MACmin MPCmean MPDmean 
L1 100.00 0.78 0.001 0.43 0.104 1.00 0.94 1.00 1.51 
V1 100.00 0.82 0.004 1.16 0.389 1.00 0.98 1.00 1.31 
V2 100.00 1.15 0.002 0.45 0.086 1.00 1.00 1.00 0.30 
V3 100.00 1.42 0.002 0.45 0.106 1.00 0.99 1.00 0.41 
L2 100.00 1.75 0.003 0.47 0.096 0.99 0.92 0.99 3.09 
V4 100.00 2.02 0.003 0.49 0.146 1.00 0.98 1.00 0.90 
T1 100.00 2.23 0.004 0.47 0.141 1.00 0.98 1.00 0.50 
V5 100.00 3.05 0.006 0.48 0.132 1.00 0.98 1.00 0.63 
T2 99.86 3.34 0.006 0.50 0.110 0.99 0.94 0.99 2.22 
V6 99.79 3.52 0.005 0.41 0.100 0.99 0.92 0.99 3.12 
T3 96.46 3.77 0.006 0.47 0.107 0.98 0.84 0.96 3.20 
V7 99.93 4.39 0.008 0.57 0.145 1.00 0.98 1.00 2.10 
V8 83.61 4.66 0.020 1.18 0.311 0.91 0.73 0.93 8.31 
T4 99.44 4.76 0.009 0.63 0.115 0.99 0.90 0.99 2.50 
T5 96.32 5.23 0.008 0.55 0.094 0.98 0.85 0.97 3.09 
V9 97.22 5.28 0.006 0.46 0.070 0.98 0.87 0.97 5.18 

Table 2: Results of the continuous monitoring 
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Table 2 summarizes the most relevant results obtained by the application of the algorithm to data collected 

in one-month period long. Detailing, in the first column the type of the investigated modes is described. In 

the second column the success rate associated to each mode is quantified; as shown 10 modes were 

identified in all analyzed data-sets (success rate of 100%), just one mode with relative low success rate 

(equal 83%) is identified, while for the others 5 modes the success rate is higher than 96%. Columns 3-6 

presents the mean values and the standard deviations of the natural frequencies and the median values and 

standard deviation of the modal damping ratios associated to each identified mode, respectively. In the 

columns 7-8, the mean and the minimum value of the MAC index obtained during the monitoring are 

reported, meanwhile in the columns 9-10 the mean values of the two complex indices, MPC and MPD, are 

also reported. The last two columns provide relevant information about the structural modes behavior; in 

fact all identified modes are strictly real, except for the 8
th
 vertical bending mode, which complex 

component is not negligible, such information is confirmed by both complex indices. 

5 Second case of study: San Michele bridge 

In order to demonstrate the robustness of the proposed methodology, the current approach was 

exemplified also using data continuously collected on an important Italian Cultural Heritage structure: the 

San Michele Bridge [13,14]. 

5.1 Description of the bridge 

San Michele Bridge is one of the most important Italian Cultural Heritage monuments of the 19th century. 

It was built in 1889 and it consists of an iron arch that supports a box girder to links the small town of 

Paderno to Carlusco d’Adda in the north of Italy (about 50 km far from the city of Milan). It is 

characterized by the main parabolic iron arch with span of 150m long that rises 37.5m. The upper girder is 

266m long and it is supported by nine equally spaced bearing, Due to the difficulty of performing a 

regular maintenance, the state of preservation of the bridge is quite poor and several structural components 

are significantly damaged by corrosion. Moreover, the increase in traffic in the last decades is gradually 

worsening the maintenance of its security status; for these reasons, it was decided to carry out several 

ambient vibration tests in order to understand the dynamic behavior of the bridge and to plan some 

damage mitigation strategies to preserve the historic bridge [14]. Furthermore, test results highlighted 

some issues in the behavior of the bridge that need to be deeper analyzed. For these reasons, a permanent 

dynamic monitoring system was installed for SHM purposes. 

 

  

Figure 7: Layout of the monitoring system and view of the San Michele iron arch bridge (1889). 
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5.2 Application of the automated procedure to single collected data-set  

Also for this case of study, the proposed methodology was initially applied to several single data-set in 

order to extract the best set of modal estimates used as reference baseline for continuous dynamic 

monitoring process. The acceleration time series collected during the monitoring process were processed 

separately. In this work, only the main results related to lateral modes are reported. It is wort mentioning 

that collected data were initially pre-processed to remove parts of the responses that do not comply with 

the basic assumptions of OMA applications (e.g. [13]) and then filtered, decimated and re-sampling at 20 

Hz. 

n° f [Hz] σ(f)   [Hz] ξ  [%] σ(ξ)  [%] MPC MPD 
1 0.991 0.0001 0.33 0.0137 0.999 0.83 
2 1.345 0.0001 0.56 0.0269 0.997 1.59 
3 1.646 0.0002 0.60 0.0132 0.992 2.03 
4 2.014 0.0004 0.55 0.0076 0.983 3.60 
5 2.160 0.0004 0.78 0.0101 0.980 3.75 
6 2.508 0.0002 0.75 0.0021 0.895 8.70 
7 2.802 0.0002 0.89 0.0208 0.972 4.92 
8 3.122 0.0006 0.53 0.0051 0.895 11.26 
9 3.530 0.0013 1.12 0.0231 0.974 5.17 

10 3.800 0.0006 0.63 0.0122 0.919 8.21 
11 4.020 0.0117 0.42 0.3688 0.846 10.77 
12 4.078 0.0029 0.25 0.0321 0.898 10.96 
13 4.126 0.0014 0.35 0.0069 0.981 4.55 
14 4.383 0.0004 0.41 0.0056 0.909 6.74 
15 4.789 0.0007 0.40 0.0130 0.933 8.53 

Table 3: Modal parameters, standard deviations and complexity indices of modes shapes obtained 

f = 0.991 [Hz] f = 1.345 [Hz] f = 1.646 [Hz] f = 2.014 [Hz] f = 2.160 [Hz] 
ξ = 0.33 [%] ξ = 0.56 [%] ξ = 0.60 [%] ξ = 0.55 [%] ξ = 0.78 [%] 

     
f = 2.508 [Hz] f = 2.802 [Hz] f = 3.122 [Hz] f = 3.530 [Hz] f = 3.800 [Hz] 
ξ = 0.75 [%] ξ = 0.89 [%] ξ = 0.53 [%] ξ = 1.12 [%] ξ = 0.63 [%] 

     
f = 4.020 [Hz] f = 4.078 [Hz] f = 4.126 [Hz] f = 4.383 [Hz] f = 4.789 [Hz] 
ξ = 0.42 [%] ξ = 0.25 [%] ξ = 0.35 [%] ξ = 0.41 [%] ξ = 0.40 [%] 

     

Figure 8: Reference parameters of the first 8 modes: natural frequency, modal damping ratio and mode 

shapes represented in a polar plot 
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As described in previous publications [10,13] 15 lateral modes of the bridge were expected. Hence, the 

proposed methodology was used to extract the evolution of these features during a winter period, setting 

the initial parametric inputs as follows: time-lag interval from 20 to 100 (increasing value equal to 10) and 

model’s order interval as 30-150 (step equal to 2). Table 3 shows the results automatically obtained by 

structural responses collected during the 19th of February 2012 at 9 a.m., where 15 different modes were 

detected. Fig. 8 provides a graphical representation of the modes of the bridge. Moreover, the polar plot 

representation highlights the strong complexity associated to the investigated modes. As described in [15], 

the complexity of the modes shapes could depends on various factors (i.e. linkage, synchronization 

problem, high noise ratio) and non-linear behaviour of the structure (generally related to non-proportional 

damping or hysteretic factors). Therefore, the choice of the thresholds used to remove most of spurious 

poles is still related to the expected characteristics of investigated structure and it is required some trial 

tests to define them. For this case of study, the single criterion thresholds used to remove spurious poles 

from the tri-dimensional stabilization diagram were set equal to 0.5 and 25° for MPC and MPD 

respectively. So all estimates obtained by SSI-Cov method with MPC value lower than 0.5 and MPD 

upper than 25° were considered as noise modes and removed. 

5.3 Application to the proposed methodology to continuous collected data 

Once the baseline list was set, the developed algorithm was applied to one-month of data collected on San 

Michele Bridge in order to track the natural frequencies evolution and to find any possible anomalies in 

the normal behaviour of the bridge. Despite modal tracking is a well-known problem for permanent 

monitoring purposes, its application is not always straightforward. The tracking process herein proposed 

exploits the similarity measurements already presented in [7,13], involving the frequency variation and the 

MAC index (necessary to separate the close spaced modes). Instead the short period of monitoring, the 

linking process was performed using static rejection thresholds applied to frequency variation and MAC 

index separately, such threshold were fixed to 0,20 Hz and 30%, respectively. The results of the automated 

identification of the natural frequencies of the bridge, based on SSI-Cov method, are shown in Fig. 9. 

Moreover, main statistical information of the obtained results is shown in Table 4. Also in this case, the 

robust performance of the proposed methodology is confirmed by the high success rate of all structural 

modes. Columns 3-4 present the mean values of natural frequencies and standard deviations associated to 

the natural frequencies, the mean values of the standard deviations highlight the low scatter of the 

obtained estimates during the tracking process, as well as same trend is seen for the damping ratios 

(columns 5 and 6). Finally, in columns 7-8 are shown the mean values, MPC and MPD associated to all 

modes during the one-month monitoring period. It is worth mentioning the relative high values associated 

to the complexity indices, demonstrating the high complex component related to almost all structural 

modes.  

 

n° Success f   [Hz] σ(f)  [Hz] ξ   [%] σ(ξ)  [%] MPD MPD 
1 100.00 0.995 0.0095 0.257 0.0875 0.999 1.05 
2 100.00 1.356 0.0251 0.497 0.1885 0.990 2.24 
3 100.00 1.662 0.0327 0.538 0.2088 0.973 3.73 
4 100.00 2.032 0.0409 0.509 0.2009 0.926 4.56 
5 99.80 2.201 0.0650 0.634 0.1958 0.905 6.82 
6 97.43 2.545 0.0737 0.731 0.2019 0.894 8.49 
7 99.93 2.865 0.0883 0.644 0.2143 0.869 7.90 
8 99.86 3.161 0.1003 0.526 0.2060 0.855 11.80 
9 100.00 3.623 0.1092 0.695 0.2861 0.929 5.51 

10 100.00 3.841 0.0898 0.553 0.1692 0.916 8.31 
11 100.00 4.105 0.0654 0.375 0.2215 0.838 9.72 
12 99.93 4.154 0.0331 0.277 0.1473 0.780 12.93 
13 96.75 4.405 0.0501 0.350 0.0857 0.909 12.48 
14 99.59 4.580 0.0566 0.486 0.1280 0.933 15.57 
15 92.79 4.812 0.0264 0.350 0.1378 0.999 6.77 

Table 4: Results of the continuous monitoring of San Michele Bridge 
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Figure 9: Evolution of the natural frequencies of the lateral modes of the bridge identified during the 

period from 17/02/2012 to31/03/2012, zoom of the first and second natural frequency 

6 Conclusions 

The paper presents two applications of a recently developed methodology for automated modal parameter 

estimation based on the construction and interpretation of tri-dimensional stabilization diagrams, suitable 

for continuous dynamic monitoring. 

The goal of the proposed methodology is based on two different aspects apt to provide a more generalized 

automated procedure for the identification problems. The first aspect is related to the human interaction in 

a very primary stage of the identification process. In detail, the new methodology provides a further effort 

in the automation of the process avoiding the user choice in the definition of the input parameter of SSI-

Cov method (i.e. time-lag) used to construct the correlation matrix. The second aspect is related to a 

further generalization of the developed procedure to complex cases through a new clustering approach 

based on the use of MACX index. 

The proposed algorithm was used to analyze data collected on two different cases of studies: Infante D. 

Henrique Bridge located in Porto (Portugal) and San Michele Bridge located in the neighborhood of Milan 

(Italy). In both cases the robust performance of the developed algorithm is proven by the high success rate 

in the identification of the structural modes. In the former, 16 structural modes were identified with a 

success rate generally higher than 97%. Moreover, the obtained results also show the ability of the 

implemented algorithm in the identification of closely spaced modes, the first lateral mode and the first 

vertical mode with frequencies of 0.78 Hz and 0.82 Hz, respectively. The results also show very coherent 

mode shapes that maintain a very high consistence during the investigated period. In the latter, 15 lateral 

modes of the bridge were successfully identified and tracked. Also in this case, the robustness of the 

algorithm allows the high success rate in the tracking of the bridge modes. Furthermore, the high 

complexity of some mode shapes highlights the effects of the improvement in the cluster procedure; in 

fact, the generalization of the clustering procedure to complex modes through the use of the MACX index 

allows an efficient generation of the clusters and consequently a better performance of the tracking 
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process. In the resulting outputs of both cases, the evolution over time of the modal parameters (i.e. 

natural frequencies) confirms the influence of the environmental conditions on the dynamic behavior of 

both bridges. Concluding, the application of the developed automated procedure could be of great interest 

in the context of continuous dynamic monitoring of real scale structures. In particular a deeper analysis of 

the uncertainty related to obtained estimations will be very useful to understand and quantify the 

robustness and the flexibility of the implemented methodology to deliver coherent sets of structural 

modes, completely avoiding the initial tuning of the most important input parameters (i.e. time-lag and 

model order) of parametric methods. 
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Abstract 
Transmissibility based operational modal analysis (TOMA) can estimate the modal parameters under non-

white excitations. The transmissibility functions defined in frequency-domain require the Fourier 

transformation of time-domain responses into frequency-domain data, which leads to problems of leakage 

errors and selection of window function. This paper presents a novel time-domain expansion of 

transmissibility (TDET) to avoid the Fourier transformation. This expansion implies the definition of Auto-

Regressive with eXogenous excitation (ARX) model, by using time-domain reference responses and non-

reference responses to replace the eXogenous and Auto-Regressive part, respectively. The comparative 

results from two simulation examples show that the TDET-based operational modal analysis method 

presents overall better performance than the TOMA method in terms of the modal parameters estimation 

accuracy and the spurious modes suppression. 

1 Introduction 

The last decades have seen great progress in modal analysis. Early research in modal analysis constructs an 

approach later described as Experimental Modal Analysis (EMA), which has found its wide use in studying 

the dynamic behaviors of mechanic structures [1]. This classical method measures both excitations and 

responses of the structure. Based on these input and output data, a modal model representing the dynamic 

properties of structure can be estimated. Modal analysis then focuses on the extraction of physical 

information (often modal parameters) from the modal model [2]. Ward Heylen et al. [3] and D. J. Ewins [4] 

comprehensively summarized the theory and practical testing of EMA. 

An alternative method is operational modal analysis (OMA) based on output-only vibration responses [5, 

6]. Because the ambient excitations acting on the structures in operation are always random and can’t be 

measured precisely, the EMA method based on both the excitations and responses is not appropriate [5, 7]. 

However, the OMA method usually takes the assumption that the excitations are white noise, whose 

frequency spectrum is plat. This assumption is not strictly satisfied in practice. For example, the rotating 

parts of turbines, and the sloshing liquids of rocket can characterize the excitations by harmonic components 

[8, 9]. The harmonic components in excitations hamper the application of traditional OMA method. The 

harmonic frequencies may be identified as spurious resonance modes when harmonic components are well 

separated from system poles. If the harmonic components are close to the structural resonance modes, they 

can affect the estimation of modal parameters, especially resulting in poor damping ratios estimation [5, 

10]. 
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Originally, the concept of transmissibility was given by a relationship between only two responses in the 

frequency-domain for single-degree-of-freedom system (SDOF) [11]. The work of Liu et al. [12] and Varoto 

et al. [13] generalized the scalar transmissibility to multivariable transmissibility, but the proposed notations 

have limitations in practice. The more practical multivariable transmissibility matrix was reported in Ref. 

[11], which showed that it can be calculated by the frequency response functions (FRF). Fontul et al. [14] 

proved that the transmissibility does not depend on the applied type of forces exciting the system, but only 

on the chosen sets of co-ordinates for the applied forces and for the ‘unknown’ and ‘known’ responses. 

In this sense, C. Devriendt et al. [15-17] firstly presented TOMA method, which obtains system poles by 

combining the transmissibility functions determined by different load cases. When the frequency being close 

to poles of the given system, the subtraction between two scalar transmissibility functions of different load 

cases equals to zero, so the system poles are also poles of the reciprocal of subtraction functions. C. 

Devriendt et al. [18] combined all the measured single-reference transmissibility functions in a unique 

matrix formulation to identify system poles, hence reduced the risk of missing system poles and identifying 

extra mathematical poles. C. Devriendt et al. [19] successfully generalized scalar transmissibility to 

multivariable one and utilized the subtraction of pseudo scalar transmissibility functions of two different 

load cases to obtain system poles. Weijtjens et al. [20, 21]presented poly-reference transmissibility based 

operational modal analysis (pTOMA) associated with different loading conditions to obtain the system 

eigenvalues using output-only data. Wang-Ji Yan et al. [22] presented the power spectrum density 

transmissibility (PSDT) to extract the modal parameters through combining the PSDTs with different 

transferring outputs instead of different load conditions. Iván Gómez Araújo et al. [23] presented the singular 

value decomposition of PSDT matrices with different references (PSDTM-SVD), which reduces the risk of 

identifying the spurious poles compared to PSDT. Iván Gómez Araújo et al. [24]extended the scalar PSDT 

to multivariable PSDT by relating multiple responses instead of only two, providing greater reliability 

during modal parameters estimation. 

Aforementioned TOMA methods utilize frequency-domain data of structural responses, thus the data 

transformation from time-domain to frequency-domain is required. This transformation may result in a 

series of problems, such as leakage errors and the selection of window function [25]. The leakage errors 

resulted from the finite length of signals can be reduced by two methods [4, 25]. One is that the spectrum of 

periodic signals measured over an integer number of periods is perfectly calculated, and this method can 

thoroughly eliminate leakage errors. The compromise is to use random burst excitations. However, these 

two conditions are usually impossible in practice. The alternative method is to use, for example, a Hanning 

window, instead of a rectangular window to reshape the response signals. The main lobe of Hanning window 

is two times wider than that of rectangular window, hence the interference between the components that are 

close to each other may increase [25]. 

This paper presents the time-domain expansion of transmissibility, which directly permits the time-domain 

responses instead of frequency-domain data. The TDET links the traditional transmissibility with time-

domain ARX model, whose auto-regressive part (AR part) and exogenous excitation part (X part) are non-

reference responses and reference responses in time-domain, respectively. Combining the TDET in different 

load cases enables the extraction of modal parameters including modal frequencies, mode shapes and 

damping ratios. The novel method can not only successfully estimate modal parameters under non-white 

excitations, but also can thoroughly eliminate the leakage errors and avoid the selection of window function. 

The remainder of this paper is organized as follows. The concepts of transmissibility and TOMA method 

are introduced in Section 2. The formulation of the proposed TDET, as well as the calculation approach of 

modal parameters through the TDET are presented in Section 3. To validate the proposed method and its 

advantages, a numerical dynamic system and a finite element example under excitations with predominant 

frequencies are set up in Section 4. Finally, Section 5 gives the remarkable conclusions. 

2 Multivariable transmissibility 

This section recaps the properties of multivariable transmissibility, and then introduces the method of 

multivariable transmissibility estimation. 
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2.1 Properties of multivariable transmissibility 

Transmissibility functions are defined as the function that relates reference outputs to non-reference outputs 

as opposed to frequency response function. For multiple inputs and multivariable outputs (MIMO) system, 

the relationship between inputs and outputs can be formulated as: 

      s s sX H U  (1) 

where,   1oN
s


CX and   1iN

s


CU  are the frequency-domain output signals and input signals, 

respectively.   o iN N
s


CH  is the transfer function matrix, in which 

o
N  and 

i
N  are output channels and 

input channels, respectively. 

Dividing the output signals into reference and non-reference subsets: 
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sX  and  l
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N N  is reference channel. 

According to Ref. [21], the input signals  sU  can be viewed as the linear combination of 
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forces distributed over all input locations. Therefore, the input forces are written as 
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in which F  including 
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N  independent input sources describes the spatial distribution, indicating how the 
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s ) are distributed over the 
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Substituting Eq.(3) into Eq.(2) yields 
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so 

        
-1

=
l l r r

s s s s  X H F H F X  (5) 

According to Ref. [11], the multivariable transmissibility can be reformulated as 

      =
l r

s s sX T X  (6) 

where,    o r rN N N
s

 
CT  designates the multivariable transmissibility functions. 

Combining Eq.(5) and Eq.(6) yields 

      
1

=
l r

s s s


  T H F H F  (7) 

If the inverse in Eq.(7) does not exist, the pseudo-inverse is alternated as 

      
+

=
l r

s s s  T H F H F  (8) 
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where superscript “+” designates pseudo-inverse of matrix. According to Eq.(7) and Eq.(8), poly-reference 

transmissibility functions are independent of the input spectrum  s , and solely depend on the transfer 

function  sH  and the spatial distribution matrix F . 

Under sufficiently different load cases, the transmissibility functions are different because of changes in 

spatial distribution matrix F . By using a subscript “ k ” to designate different load cases, the transmissibility 

functions in Eq.(7) and Eq.(8) are written as 

 
     

     

1

+

= , or

=     = 1,2, ,

k l k r k

k l k r k k

s s s

s s s k N



  

  

 

，

T H F H F

T H F H F
 (9) 

where 
k

N  is the number of all load cases. 

2.2 Multivariable transmissibility estimation 

For each load case k , multivariable transmissibility can be parameterized by using left matrix-fractional 

model as 

      1ˆ
k k k

s s sT A B  (10) 

where  ˆ
k

sT  is the estimated  k
sT . s  equals j  in Laplace-domain and e j T  in z-domain, respectively, 

where T  is the sampling period. The denominator matrix polynomial      o r o rN N N N

k
s

  
CA  and the 

numerator matrix polynomial    o r rN N N

k
s

 
CB  can be written as 
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0 0
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A Bn n

m n

k k m k k n
m n

s s s s
 

 ，A A B B  (11) 

where 
A

n  and 
B

n  are polynomial orders. 
,k m

A  and 
,k n

B  are coefficients matrices to be estimated. 

Substituting Eq.(11) to Eq.(10) yields 
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For each load case with 
f

n  considered frequency points, the equation error of Eq.(12) is 
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where 
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,
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Ce  is the equation error in i -th frequency point for load case k . The transpose of Eq.(13) 

is 

      , , , , ,
0 0

,
A Bn n

T m T T n T T

k i k i i k l i k m i k r i k n
m n

s s s s s
 

 e = X A X B  (14) 

Combining all 
f

n  considered frequency points yields 
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For ease of notation, the equation errors matrix 
 f o rn N N

k

 
CE  in Eq.(15) can be simplified as 

  k k k
  E  (16) 

where , ,k k l k r
      and 

k k

T
T T

k
    A B  are 
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Based on Eq.(16), via ordinary least square approach, the parameter matrices 
k

A  and 
k

B  can be obtained 

directly. 

3 Time-domain expansion of multivariable transmissibility 

3.1 Description of TDET 

The conventional  ARX ,
A X

n n  model, with 
A

n  and 
X

n  designating AR part and X part orders, respectively, 

is defined by [2] 

      
0 0

A Xn n

i j
i j

i j  
 

    A x B u e  (19) 

Using the backshift operator     iz z i  x x  , the ARX model in Eq.(19) can be rewritten as 
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z z  
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where 
i

A  and 
j

B  are parameter matrices.  x  and  u  are structural responses and input signals, 

respectively.  e  is the innovation sequence, and   designates the  -th discrete time.  

If  x  and  u  in Eq.(20) are replaced by structural reference responses  r
x  and non-reference 

responses  l
x , respectively, the form of Eq.(20) is same as Eq.(12), and the  e  in Eq.(20) can be 

viewed as equation errors. Consequently, the TDET in load case k is defined as 
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Using the backshift operator z  , the TDET in Eq.(21) can be rewritten as 
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Based on Eq.(21), the ,k i
A  and ,k j

B  can be estimated by ordinary least square method same as Section 2.2. 

The normalized equation is 
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where N  is the length of responses. 

As shown in Eq.(21), TDET implies the ARX model, whose AR part and X part are replaced with non-

reference and reference time-domain responses, respectively. This property avoids the data transformation 

from time-domain responses to frequency-domain data, hence thoroughly eliminates the leakage errors, 

which will be illustrated by numerical example in Section 4.1. Furthermore, the TDET reduces the 

computational complexity of Jacobi matrix by removing the multiply operations in Eq.(17). 

3.2 TDET-based modal parameters estimation 

Based on Eq.(22), the multivariable transmissibility can also be formulated as 

  
1

, ,
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k i k j
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s s s



 

 
  
 
 T A B  (26) 

where s  equals i  in Laplace-domain and ie T   in z-domain, respectively.  sT  designates the estimated 

multivariable transmissibility based on the proposed TDET. 

Combining Eq.(26) and Eq.(9) yields 
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The Eq.(27) can be written as 
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This means  k
sT  matrix to be estimated is independent of input spectrum, but depends on their spatial 

distribution. Noting that all column vectors of the transfer functions matrix for linear time invariant (LTI) 

MIMO system are proportional with corresponding mode shape vector 
m
  when the frequency being close 

to system pole 
m
  [3]. So the simplified form of Eq.(28) when 

m
s   becomes 
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k m m
 T   (29) 

where m  means m -th system pole, 1,2, ,
m
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N  different load cases into one matrix, 
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For ease of notation, Eq.(30) can be rewritten as 
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where 
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The generalized eigenvalues problem of Eq.(31) can be transformed into the eigenvalue problem 
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in which  max ,
A X

n n n .   is commonly named high dimensional adjoint matrix, and its submatrices 

should be square, but the matrix 
j

C  in Eq.(32) may be not square because the load case number 
k

N  does 

not satisfy the condition  k o o r
N N N N  . To remove this constraint, the pseudo-inverse can be used as 

 
1 1

1,2, ,
i n i

i n

 
  ，C C C  (35) 

The modal frequency 
m

  and corresponding damping ratio 
m
  can be calculated from 

m
 . 

Two important things should be noted. Firstly, when only one same freedom of the structural system is 

excited in all different load cases, the transfer functions matrix becomes a column vector and the Eq.(30) 

always holds for all s values. Therefore, we have to adopt a series of different load cases in which the 

excitation locations are different from each other to obtain the system poles. Secondly, to obtain a finite 

deterministic solution of Eq.(31), the rank of matrix 
j

C  should be 
o

N , i.e.  k o r o
N N N N  , which means 

the number of different load cases should satisfy  k o o r
N N N N  . 

4 Numerical example 

To investigate the performances of presented TDET method, this method was used to process the simulation 

data from a 4-degree-of-freedom (DOF) viscous damped mechanical system and a finite element beam 

example, respectively. 

4.1 4-DOF mechanical system 

4.1.1 Description of simulated system 

The 4-DOF mechanical system is shown in Figure 1. The dynamic equation of this system is given by 

        t t t t  Mx Cx Kx F  (36) 

where      t t t， ，x x x  are acceleration, velocity, and displacement responses, respectively.  tF  is 

excitation force vector acting on the system. ， ，M C K  are mass matrix, damping matrix, and stiffness 

matrix, respectively. 

The parameters defined in Figure 1 are listed in Table 1, with the theoretical resonance frequencies and 

damping ratios of the modelled system exhibited in Table 2. 
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Figure 1 Schematic diagram of a 4-DOF mechanical system 

Parameters Value 

Mass(kg) 
1 2 3 4

10m m m m     

Damping( 1N m s  ) 3

1
4 10k   ， 

3

2 3 4
3.0 10k k k     

Stiffness( 1N m ) 
1 3

5 c c  ，
2

8 c  ，
4

3c   

Table 1 Property parameters of the 4-DOF system 

No. 1 2 3 4 

Frequency (Hz) 1.01 2.89 4.35 5.23 

Damping ratio (%) 0.59 1.18 2.09 3.12 

Table 2  Resonance frequencies and damping ratios of the 4-DOF system 

The system is excited by      ,1 1 ,2 2k k k
F t f t f t    on each degree of freedom.  1

f t  and  2
f t  are two 

uncorrelated excitation signals.  1
f t  is Gaussian white noise, and  2

f t  is the response of an SDOF system 

to Gaussian white noise. Modal parameters estimation based on transmissibility necessitates sufficiently 

different load cases. In this example, two different load cases were adopted, i.e. 2
k

N  , which was realized 

by changing the load distribution factors, namely, 
,1k

  and 
,2k

 , as illustrated in Table 3.  

 

Figure 2 The averaged auto-power spectrum of  1x t  ( : predominant frequency) 

The acceleration responses of modelled system were obtained by Newmark-  method with 1/1024t  s,

0.5  , 0.25   and then resampled at 32 Hz, and the record time was 150 s. As shown in Figure 2, the 

responses are characterized by a predominant frequency, which indicates that the excitations are non-white. 

The model order 4
A B

n n   was chosen according to Ref. [20, 21]. 
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4.1.2 Results and discussion 

The summary results of 150 Monte Carlo runs are presented in Figure 3, where the modal frequencies and 

damping ratios derived by TDET method and TOMA method are compared with their theoretical 

counterparts. One can evidently observe that the TDET method outperforms the TOMA method in accuracy, 

in terms of both modal frequency and damping ratio of each mode. This can be verified by the fact that the 

results estimated by TOMA method significantly scatter, especially the damping ratios. Furthermore, the 

TOMA method leads to a number of spurious modes and performs poorly in terms of the first mode, which 

can only works for 68 times of 150 Monte Carlo runs. 

No. 
First case(k=1) Second case(k=2) 

1,1  1,2  2,1  2,2  

1 0.1 0.1 0 0 

2 0 0 0.1 0.1 

3 0.1 0.1 0 0 

4 0 0 0.1 0.1 

 Table 3 Load distribution factors of two different load cases 

(a)  (b)  

(c)  (d)  

Figure 3 Summary results obtained by 150 Monte Carlo runs for 4-DOF system: (a) and (c): TDET 

method; (b) and (d): TOMA method (red line: theoretical value; circle: first mode; square: second mode; 

triangle: third mode; plus: fourth mode) 

The modal assurance criterion (MAC) values of four natural normalized mode shapes are shown in Figure 

4. The better overall performance of TDET method than TOMA method can also be observed, especially 

for the third mode. 

To directly quantify the achievable accuracy of two methods, an averaged relative error (ARE) and a 

standard deviation (SD) are defined as 
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 where, 
o

rp  designates the theoretical values of r -th mode, ,
ˆ

r ip  corresponding estimated values of r -th 

mode obtained by i -th Monte Carlo run. N  is the number of Monte Carlo runs. 

The ARE and SD values of each mode obtained by two methods are directly depicted in Figure 5. Note that 

the errors of modal frequencies estimated by the TDET method are less than 2% on average with variability 

less than 1%, which significantly surpasses the traditional TOMA method. The damping ratios are much 

less accurate, which results from the fact that the damping ratio highly depends on the discrete-to-continuous 

transformation, particularly for light damping [26], but the TDET method can still provide proper 

magnitude. 

(a)  (b)  

Figure 4 Averaged MAC matrices estimated by 150 Monte Carlo runs for 4-DOF system: (a) TDET 

method; (b) TOMA method 

(a)  (b)  

Figure 5 Averaged relative error and standard deviation of two methods: (a) modal frequency and (b) 

damping ratio (red: TDET method; blue: TOMA method; ARE SD  values are shown with box) 

Section 2 introduces that the TOMA method is based on the frequency-domain data of structural responses, 

thus the time-domain acceleration responses should be transformed into frequency-domain data, by using 

discrete Fourier transform. It should be noted that this transformation leads to leakage errors, resulting from 

the finite length of the measured signals. Leakage errors can be reduced by two methods. The first one is 

that the spectrum of periodic signals measured over an integer number of periods is perfectly calculated, 

and this method can thoroughly eliminate this error. Another method is to use, for example, a Hanning 

window, instead of a rectangular window to reshape the response signals. It is impossible to measure an 

integer number periodic acceleration signals of the structure under the Gaussian white noise excitations. The 

second method will lead to a typical effect that these window functions minimize the leakage effects at the 
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cost of a loss in the frequency resolution, and different window functions also affect the noise sensitivity. 

The interested readers are recommended to refer the Ref. [3] and the Ref. [27]. 

To study the influences of leakage errors on the TOMA method, burst random excitations is used for this 

example. The burst random excitation is defined as 

      u t w t r t t T  ，0  (38) 

In this expression,  r t  is an excitation signal.  w t  is window function, defined by 

   1

1

0

0

t T
w t

T t T

 
 

 

1， 

， 
 (39) 

The selection of 
1T  and T  should allow the responses to decay to zero before the end of the observation 

time window. This paper used burst random excitations with 150T  s, 
1 100T  s.  r t  is same with the 

aforementioned  kF t  in Section 4.1.1, so the burst random excitations acting on the modelled system are 

characterized by a predominant frequency. Other properties of the excitations, including spatial distribution, 

are same with Section 4.1.1. One typical excitation and acceleration response are presented in Figure 6. The 

acceleration responses become negligible at the end of the measurement window. 

As indicated in Figure 7, the TOMA method is comparable with the TDET method when the system is under 

burst random excitations with a predominant frequency. This conclusion can be verified by several facts: 

one is that less spurious modes compared with Figure 3(b) are observed, and the estimated frequencies 

obtained by TOMA method are well separated, gathering densely around the four modes; The another is 

that the accuracy of damping ratios obtained by TOMA method is drastically improved, showing much 

lower variability of relative errors compared with those in Figure 3. Furthermore, the TOMA method can 

estimate the first mode well under burst random excitations, as presented in Figure 7(b). 

To obtain a directly view on the quantities of errors, the ARE and SD values are depicted in Figure 8. Under 

the burst random excitations with a predominant frequency, the TOMA method and the TDET method are 

in fact comparable, with the latter slightly better than the former for all estimation results. 

4.2 Finite element example 

As shown in Figure 9, this model considered a simply supported beam, whose parameters are as follows: 

length along x axis 2 m, square cross-section 20.05 0.005m , material Young Modulus 220 GPa, material 

Poisson’s ratio 0.30, material density 
3 37.85 10 kg / m . The beam was uniformly divided into 10 elements, 

with the node labeled as 1 to 11, respectively. The proportional damping matrix was adopted. To simplify 

the simulation, only the vertical translation freedoms and the first four order modes were considered.  

The required two different load cases were realized by changing the location point of excitations, node 5 

and node 8, respectively. The input signals were constructed similarly to  kF t  in Section 4.1.1. The 

colored part  2f t  was the response of an SDOF system, which is characterized by a natural frequency of 

10 Hz, 50 Hz and a damping ratio 2%, 1% in two load cases, respectively. The averaged auto-power 

spectrums of excitation forces and acceleration responses are shown in Figure 10. 

(a)  (b)  

Figure 6 Typical realization of signals: (a) burst random excitation signal and (b) response signal 
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(a)  (b)  

(c)  (d)  

Figure 7 Summary results obtained under burst random excitations with 150 Monte Carlo runs for 4-DOF 

system: (a) and (c): TDET method; (b) and (d): TOMA method (red line: theoretical value; circle: first 

mode; square: second mode; triangle: third mode; plus: fourth mode) 

(a)  (b)  

Figure 8 Averaged relative error and standard deviation under Hanning window: (a) modal frequency and 

(b) damping ratio (red: TDET method; blue: TOMA method; ARE SD  values are shown with box) 

1
2

x

y

z

3 4 5 6 7 8 9 10
11

Load case 1 Load case 2

 1F t  2F t

 

Figure 9 Schematic diagram of the finite element beam model 

(a)  (b)  

Figure 10 Averaged auto-power spectrum of excitation forces (a) and responses of node 10 (b) over 150 

Monte Carlo runs 
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The acceleration responses were calculated by Newmark-  method with 0.00025t  s, 0.5  , 0.25   

and then resampled with a frequency 256 Hz over a period of 20 s. The responses of node 2, 3, 4, and 5 were 

selected as reference signals, and the other 5 channels of node 6 to node 10 were non-reference responses. 

In this case 
A Bn n  was chosen for simplicity, and the value 5A Bn n   was determined by BIC (Bayesian 

Information Criterion) [26], shown in Figure 11. 

To further assess the performance of TDET method, the Hanning window was used for the frequency 

spectrum estimation in TOMA method. The summary results obtained with 150 Monte Carlo runs are 

presented in Figure 12 and Figure 13. Evidently, when the Hanning window is used, the TOMA method can 

achieve good frequency estimates, but the results of damping ratios are much worse than the proposed TDET 

method. The damping ratios derived by TDET method are less accurate than the frequency estimates, but 

the averaged relative errors are still smaller than 10%. 

 

Figure 11 BIC based model order selection 

5 Conclusion 

The TDET method proposed in this paper is able to estimate the modal parameters of a system under non-

white excitations. The TDET method links the multivariable transmissibility with the ARX model in time-

domain, by using time-domain reference and non-reference responses to replace the exogenous excitation 

part and auto-regressive part, respectively. This property enables the proposed TDET method to avoid the 

data transformation from time-domain responses into frequency-domain data, which thoroughly eliminates 

the leakage errors and avoids the selection of window function. Therefore, the TDET method is easier to 

use in practice than TOMA method. 

The results of the 4-DOF system under the random and burst random excitations characterized by a 

predominant frequency show the fact that the leakage errors resulting from the finite length of the 

measurements will reduce the accuracy of TOMA method, especially for the damping ratios estimation. 

Contrarily, the TDET method directly permits time-domain responses, hence thoroughly eliminates the 

leakage errors. This property enables the TDET method to achieve overall better performance than TOMA 

method, especially in terms of the estimation accuracy of low-frequency modes. This method was also used 

to analyze the vibration data of a finite element beam example. The results of this application demonstrate 

that the Hanning window can improve frequency estimates of the TOMA method, but the damping ratio 

estimates are much worse than those of the proposed TDET model. 

(a)  (b)  
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(c)  (d)  

Figure 12 Summary results obtained by 150 Monte Carlo runs for beam model: (a) and (c): TDET method; 

(b) and (d): TOMA method (red line: theoretical value; circle: first mode; square: second mode; triangle: 

third mode; plus: fourth mode) 

(a)  (b)  

Figure 13 Averaged relative error and standard deviation: (a) modal frequency and (b) damping ratio (red: 

TDET method; blue: TOMA method with Hanning window; ARE SD  values are shown with box) 
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Abstract 
The problem of output-only identification of a Time-Varying structure under non-Gaussian impulsive noise 

is considered. A novel estimator is proposed based on maximum correntropy criterion and kernelized time-

dependent autoregressive moving average model (TARMA), and a sliding-window technique is applied to 

fix the computational complexity. The steps of the identification procedure and model selection are 

presented, and for modelling non-Gaussian impulsive noise, a class of alpha-stable distribution is introduced. 

The proposed approach is comparatively assessed against the classical recursive pseudo-linear regression 

TARMA method. The results of the study demonstrate the superior achievable accuracy, higher computation 

efficiency and  enhanced robustness to non-Gaussian impulsive noise of the proposed approach.  

1 Introduction 

Most of the mechanical structures in the real world are characterized by time-dependent characteristics, such 

as traffic-excited bridges with varying mass [1], airplanes with varying additional aerodynamic effects in 

flight [2], rotating machinery [3], robotic devices and so on. With the development in industry and 

engineering, more and more such time-varying structures are appeared.  

The problem of time-varying structures identification involving exclusively available response signals is 

referred as output-only time-varying identification problem [4], due to the excitation is hard to obtain in 

practical cases. The identification methods of linear time-varying structural can be classified as frequency-

domain and time-domain. Since time-domain identification methods have some attractive features compared 

to its counterpart,  the time-domain identification methods have gained more and more attention in the past 

decades. Time-dependent state-space (TSS) representation and time-dependent autoregressive moving 

average (TARMA) representation are mainly two categories of time-domain identification methods.  

Over the past decades many efforts have been undertaken to develop the TARMA representation based 

identification methods in a recursive manner [5-7]. Yet, most proposed recursive estimators are based on 

least-squares (LS) criterion due to its mathematical tractability, computational simplicity and optimality 

under Gaussian assumption. However, the performance of LS based identification methods deteriorates 

when the Gaussian assumption is not hold. Hence it is crucial to find a new criterion to expend the 

application range of the TARMA representation based methods.  

The correntropy has been shown to obtain robust analysis and efficiently handle non-Gaussian noise in 

information theoretic learning (ITL) [8, 9]. Correntropy is widely used in many fields as a nonlinear and 

local similarity measure due to its simplicity and robustness.  
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In this paper, a novel robust estimator is established based on maximum correntropy criterion and kernelized 

TARMA model. The kernelized TARMA model is proposed by Ma [10], it represents time-varying 

parameters as a linear combination of kernel functions, by using “kernel trick” and sliding-window 

technique the computation complexity is fixed and only related to the window length. Moreover, by 

considering a ridge regression problem the proposed estimator is also capable of ill-posed problem. Finally, 

a recursive work flow of sliding-window exponentially weighted recursive maximum correntropy ridge 

regression kernelized TARMA (SWRMCRR-KTARMA) method is presented, by taking the assumption 

that time-varying system changes slowly. 

The remainder of this paper is organized as follows: kernelized TARMA model and maximum correntropy 

criterion are introduced briefly in section 2. In section 3, the novel estimator is established, and the steps of 

identification and model structure selection is also discussed in this section. In section 4, a class of alpha 

stable distribution is introduced to model non-Gaussian impulsive noise, and the proposed approach is 

compared to the conventional LS based method which referred as exponentially weighted recursive pseudo-

linear regression TARMA (EWRPLR-TARMA) method via a numerical case. At last, summary of the study 

is rendered in section 6.  

2 Preliminaries 

2.1 Kernelized TARMA model 

The TARMA model with na, nc designating respectively its autoregressive (AR) and moving average (MA) 

orders, is of the general form [11] 

                 
1 1

, NID ,
a cn n

i i

i i

t t t i t t t i t t
 

      0sx A x e C e e Σ   (1) 

with t  designating normalized discrete time,  tx  the discrete-time non-stationary vibration signal 

modelled,  te  an unobservable uncorrelated innovations sequence with zero mean and time-varying non-

singular covariance matric  tΣ , and    ,i it tA C  the model’s time-dependent AR and MA parameter 

matrices.  NID   stands for normally independently distributed random variables with indicated mean and 

covariance. 

By using kernel transformation, the AR and MA parameter matrices can be expressed as  
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The kernelized TARMA model is given by  
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where   is the Kronecker product,  tw  is the time-dependent parameter vector and  t  is the regression 

matrix, [ ]t  and [ ]t  are corresponding kernelized counterparts.  tu  is the transformed feature vector 

lying in the feature space, by using a Gaussian kernel the “kernel trick” can be expressed as follows 

      
2

T

2
, exp

2

i j

i j k i j

k

t t
t t t t



 
   
 
 

u u   (4) 

where 
k  designating the adjustable parameter.  

The system’s “frozen-time” characteristic matrix equation [12] is given by  

    
1

, 0
an

i

i

i

t t


  A I AB B   (5) 

with B  designating the backshift operator,    i t t i x xB . Hence, the roots of the system can be 

derived from a general eigenvalue problem [13] 

       r rt t t  0D I V   (6) 

where  r t  and  
T

1, ,an

r r r r rt      V L L  stand for rth eigenvalue and eigenvector of  tD . The matrix 

 tD  is constructed from the AR parameter matrices as  
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The “frozen-time” modal frequencies and damping ratios of the system can be computed by  
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    (8) 

2.2 Maximum correntropy criterion 

In general correntropy is local similarity measure between two arbitrary random variables of ,X Y , with 

joint distribution function  ,XYF x y , and is defined by [14] 

        , , , ,c c XYV X Y E X Y x y d F x y         (9) 

 where     is a kernel function that satisfies Mercer theory and  E   denotes the expectation operator. In 

this paper, the shift-invariant Mercer kernel is the Gaussian kernel given by  
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  (10) 

where e x y  , and 0c   stands for the kernel bandwidth. 

Taking Taylor series expansion around 0X Y  , the correntropy can be expressed as 
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In practice, however, the joint probability density function 
XYF  is unknown and only a limited number of 

data are available. Hence, the sample estimator of correntropy is estimated by  

     
1

1ˆ ,
N

i

V X Y G e i
N 

    (12) 

For a ridge regression problem, with parameter weight vector w , corresponding optimal problem based on 

the maximum correntropy criterion can be expressed as follows 
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3 Recursive maximum correntropy ridge regression kernelized 
TARMA approach 

3.1 Ridge regression of kernelized TARMA model 

The exponentially weighted mechanism is used here in order to put more emphasis on the recent data. Given 

the forgetting factor 0 1   and the regularization parameter 0  , the weighted regularized maximum 

correntropy cost function is defined as 
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The solution to this optimal problem is given by  
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where  diag   is  diagonal matrix operator,  exp   stands for exponential function with constant e , and   

       
T

t t t te x w  . 

By using the matrix lemma, Eq. (15) can be rewritten as follows  

             
1

T 12t

ct t t t t t 



 Ψ Ψ Ψ Γ x   (19) 

Denote        
T 12t

ct t t t 


 Q Ψ Ψ Γ  and      
T

1t t t k Ψ  , the following equation can be 

received  
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where      
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t t   can be computed by using “kernel trick” as follows 

 
         

      

TT

T

[ ] [ ]

,k

t t t t t t

t t t t

  



u u   

 
  (21) 

where  
2

, exp
2

i j

k i j

k

t t
t t



 
  
 
 

.  
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with      
1

1t t t


 z Q k ,            
1 T T2t

cr t E t t t t t 


   z k   

Considering Eq. (19) and Eq. (22), the kernelized parameter matrix  t  can be obtained 
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Finally, time-dependent AR and MA parameter matrices can be computed by  
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This workflow is summarized in Table 1. However, the computational complexity of the proposed method 

is   2tO  at time step t  due to the growing size  tQ , causing this method unable to use when t  is a large 

number. 
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Initialization：

TARMA model parameter estimation：
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Computation ( 1)t  ：

 

Table 1: The pseudocode of RMCRR-KTARMA method 

3.2 Sliding-window technique 

In order to fixed the computational complexity, a sliding-window technique is adopted, allowing the 

proposed method can be operated in a recursive manner with low computational cost. 

By using the sliding-window technique, the following quantities can be redefined 
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Corresponding cost function is  
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The solution to this problem is  
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c

t t
t

t t t E t 


 
  

  

Q k
Q

k  
  (28) 

where   * 1t Q  can be obtained by removing first row and column of   1t Q . 

By using upsized matrix inversion formula, the update process of  
1

t


Q  is 

  
           

     

1 T 1 1*
1

T 1 1

1t t t r t t r t
t

t r t r t

  



 

   
 
  

Q z z z
Q

z
  (29) 

with      
1* 1t t t


 z Q k  and            
1 T T2N

cr t E t t t t t 


   z k  . 

Define  

  
1

1t
  

   
  

A B
Q

C D
  (30) 

By using downsized matrix inversion formula, the following equation can be obtained 

  
1* 11 -t
  Q D CA B   (31) 

Consider Eq. (31) and Eq. (27), the kernelized parameter matrix  t  can be obtained 

        
1

t t t t


Ψ Q x   (32) 

Finally, time-dependent AR and MA parameter matrices can be computed by 
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  (33) 

This workflow is summarized in Table 2. 
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Initialization：

Computation( )t N ：

TARMA model parameter estimation ：
T

1 1
ˆ[ ], , [ ], [ ], , [ ] [ ]

a cn nt t t t t   A A C C w

Computation(1 )t N  ：

Table. 1

 

Table 2: The pseudocode of SWRMCRR-KTARMA method 

3.3 Model structure selection 

The model structure parameters of SWRMCRR-KTARMA include kernel bandwidth 
c  and 

k , 

forgetting factor  , the sliding-window length N , the regularization parameter  , and AR and MA orders 

na and nc. 

Modal structure selection is generally based upon trail-and-error or integer optimization schemes, and the 

“fitness” one is finally selected. The “fitness” function can be established based on many rules, in this paper 

a normalized residual sum of squares (RSS) criterion is chosen as the “fitness” function, which can be seen 

    
T

1

ˆ ˆ /
N

t

RSS t t N


e e   (34) 

Model structure selection of SWRMCRR-KTARMA can be tackled via following three basic steps: 
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Step 1: Given initial values of  
c , 

k ,  , N  and   based on prior knowledge of model parameter 

variation.  

Step 2: Select AR and MA orders based on the minimization of the normalized RSS: 

(a) Given the integer search space with na=nc, and the fitness AR order ˆ
an  is selected when the decrease of 

RSS values is quite subtle. 

(b) Given the integer search space  ˆ0, an , and the best fit MA order ˆ
cn  can be selected in the same way as 

that of AR order. 

Step 3: Optimizing initial parameters based on the model orders obtained in Step 2. 

This process can be done while the fitness or suitable one is found. A detailed optimization scheme is beyond 

the scope of the current paper, and in this paper the initial parameters will be selected based on prior 

knowledge or normalized RSS criterion. 

Remark 1:  The kernel bandwidth 
k  reflects the non-linear power of the proposed method, it should be 

selected based on different problems. The kernel bandwidth 
c  controls the robustness to impulsive noise 

of proposed method, it should be selected properly to avoid the “over robust” problem. 

Remark 2: The selection of forgetting factor and sliding-window length is a coupled problem. Both of them 

affect the tracking ability of the method, and forgetting factor should be very close to one in case N is 

relatively small. In this paper, the forgetting factor 1   is initially recommended and the selection of N is 

based on normalized RSS criterion. 

Remark 3: The regularization parameter   deals with overfitting problem, which controls the variance of 

estimated regression parameters, however it does this at the expense of adding bias to the estimate. The 

selection of   is a compromise issue. 

4 Numerical case  

4.1  Description of the underlying time-varying system 

The simple three degree-of-freedom viscously damped system [15] can be seen in Figure 1, and the time-

varying stiffness is  

      ,0 ,1 ,1 ,2 ,2sin 2 / sin 2 / ( 2,3)i i i i i ik t k k t P k t P i         (35) 

3m

2m

1m

3 ( )k t

2 ( )k t

1k

2x

( )r t

3x

3c

2c

1x

 

Figure 1: A 3DOF varying stiffness system 

 

The parameters in Figure 1 is defined in Table 3, and the excitation is a stationary, Gaussian, zero-mean 

and white signal. 
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Parameters Values 

Mass (kg) m1=0.5, m2=1.5, m3=1.0 

Damping (N·s·m-1) c2=0.5, c3=0.3 

Stiffness (N/m) k1=300, k2,0=100, k2,1=60, k2,2=30, k3,0=120, k3,1=72, k3,2=24 

Period tuning factor P2,1=170, P2,2=85, P3,1=141.67, P3,2=94.44 

Table 3: Parameters of the underlying time-varying system 

The theoretical reference values (baseline) of the modal parameters are obtained from “frozen-time” analysis 

of the time-varying system. The baseline modal characteristics are presented in Figure 2. 

 

Figure 2: “Frozen-time” modal characteristics of the numerical time-varying system: (a) natural 

frequencies, and (b) damping ratios. 

System’s responses are reshaped via a detailed procedure can be seen in the reference [15]. 

4.2 Alpha-stable distribution for Non-Gaussian impulsive noise  

In order to model the outliers/impulsive noise that exist in real test cases, a class of alpha-stable distribution 

is discussed in this section. There is no closed-form expression for the probability density function of alpha-

stable distributions, but its characteristic function [16] is given   

       exp 1 sign ,t j t t j t t


             (36) 

where  

 

 

 

tan , 1
2

,
2

log , 1

1, 0

sign 0, 0

1, 0

t

t

t

t t

t




 







 
 





 
 

  (37) 

 In order to compare the level of a desired signal to an impulsive noise, a mixture signal-to-noise ratio 

(MSNR) [17] is defined as  

 

2

dB 10MSNR =10 log
signal



 
   

 

  (38) 

where 2

signal  is the variance of the signal, and   is the dispersion parameter of the alpha-stable distribution. 

In this paper, a class of symmetric alpha-stable distribution ( 0.9, 0, 0     ) is mainly considered. 

a  b  
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Figure 3: Probability density functions for alpha-stable distributions: (a) the overall shape of the PDFs, 

and (b) the tails of the PDFs.  

4.3  Comparative results and discussions 

In this section the proposed SWRMCRR-KTARMA method is employed to identify the numerical time-

varying structure. Model order selection is achieved via the RSS criterion as shown in Figure 4, which 

suggest the fitness AR and MA order 2, 2a cn n  . The forgetting factor 1   is finally selected as the 

sliding-window length 100N   is relatively small. The finally selected characteristics of SWRMCRR-

KTARMA method and its LS counterpart EWRPLR-TARMA method are summarized in Table 4. Figure 5 

illustrates the SWRMCRR-KTARMA and EWRPLR-TARMA based modal frequency estimates (with 

damping ratio  0 0.1r t  ) from 30 Monte Carlo tests under Gaussian and non-Gaussian noise, along 

with their baseline counterparts. 

 

Figure 4: Model structure selection of SWRMCRR-KTARMA method: (a) AR order, and (b) MA order. 

 

Identification method Method characteristics Identified model 

EWRMC-TARMA 
4 31, 10 , 100, 1, 3 10c k N           KTARMA(2,2) 

EWRPLR-TARMA 0.991   TARMA(2,2) 

Table 4: Identification methods, their characteristics, and the identification models. (RMC denotes 

SWRMCRR-KTARMA method, RPLR denotes RPLR-TARMA method) 

a b 

a b 
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Figure 5: Modal frequencies estimated by SWRMCRR-KTARMA (left column) and EWRPLR-TARMA 

(right column) with Gaussian noise of SNR=20 dB and non-Gaussian impulsive noise of MSNR=30, 20  

and 15 dB (from top bottom). (green lines: baseline values; red dots: modal frequency estimates of all 30 

Monte Carlo runs) 

    

In order to compare these methods by using natural frequency estimates, a mean absolute error (MAE) is 

introduced as  

 
 

   
 

1 1

1 1 ˆMAE=
eN iR

i

i te

f t f t
R N i 

 
  

 
    (39) 

with  f t  designating the baseline value of the modal frequency,  ˆ
if t  its estimated value based on the ith 

Monte Carlo run,  eN i  the effective number of estimation for the ith Monte Carlo run. The MAE values 

and the average effective number of estimation obtained by each method under various added noise are 

summarized in Table 5 and Table 6. 

a 

c 

e 

g 

b 

d 

f 

h 
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As shown in Figure 5, the performance of proposed method is almost same as its LS counterpart under 20 

dB Gaussian noise, and with MSNR decreasing, the performance of LS method becomes poorer, while the 

proposed method keeps a robust modal frequency estimation. A further validation can be seen in Table 5 

and Table 6, which illustrate the similar estimation accuracy between proposed method and its counterpart 

under Gaussian noise, and a superior estimation accuracy and robustness are rendered under non-Gaussian 

noise.  

Noise  
Mode 1 Mode 2 Mode 3 

RMC RPLR RMC RPLR RMC RLPR 

Gaussian 

SNR=20 dB 
0.0353 0.0354 0.0707 0.0690 0.0743 0.0668 

Non-Gaussian 

MSNR=30 dB 
0.0376 0.0577 0.0770 0.2412 0.0758 0.2601 

Non-Gaussian 

MSNR=20 dB 
0.0443 0.0598 0.1101 0.2758 0.0994 0.2714 

Non-Gaussian 

MSNR=15 dB  
0.0676 0.1405 0.2033 0.9295 0.2090 0.6400 

Table 5: The MAE values of modal frequency estimates under various added noise for all 30 Monte Carlo 

runs. (RMC denotes SWRMCRR-KTARMA method, RPLR denotes RPLR-TARMA method) 

 

Noise 
Mode 1 Mode 2 Mode 3 

RMC RPLR RMC RPLR RMC RLPR 

Gaussian 

SNR=20 dB 
7323 8025 9029 9299 9839 9996 

Non-Gaussian 

MSNR=30 dB 
7118 1243 8790 1141 9748 5327 

Non-Gaussian 

MSNR=20 dB 
5599 1223 6786 1042 9763 2293 

Non-Gaussian 

MSNR=15 dB 
3678 149 3513 194 9493 2091 

Table 6: The average effective number of estimation under various noise for all 30 Monte Carlo runs. (RMC 

denotes SWRMCRR-KTARMA method, RPLR denotes RPLR-TARMA method) 

5 Conclusion 

In this work, A novel recursive robust estimator was proposed for output-only identification of time-varying 

structure. The proposed method was employed to identify a numerical time-varying system by using noise-

corrupted response data, and compared with conventional least-squares criterion based method. The results 

indicate that the proposed method is able to track the dynamic of time-varying system under Gaussian noise 

environment and achieves similar performance with its LS counterpart. Moreover, it exhibits its advantages 

on superior estimation accuracy and robustness under the non-Gaussian impulsive noise.  
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Abstract 
The aim of this research is to model a system by an equivalent system which correctly reproduces the 

vibration behaviour of the original system over the frequency range of interest. This equivalent system is 

to be described by relevant modal parameters which are to be identified from motion measurements when 

the system is subjected to periodic force excitation at select excitation frequencies. It is assumed that the 

system can be represented by symmetric mass, damping and stiffness matrices. The damping matrix is not 

assumed to be diagonalisable. Earlier work was unable to satisfactorily identify a simple two degree of 

freedom system when the input data was accurate to only 2 digits. The identification involved numerical 

differentiation and it is here shown that such differentiation contributes minimally to computational error. 

Rather, this error is influenced by the number of input data sets. It is shown that significant improvement 

in identification accuracy is achieved when the number of input data sets is reduced to the minimum 

1 Introduction 

 Correct modelling of a rotor bearing foundation system (RBFS) is an invaluable asset for the balancing 

and efficient running of turbomachinery but modelling of the foundation is still problematic [1-4]. A 

promising approach for such modelling uses motion measurements of the rotor and foundation at the 

bearing supports and at select points on the foundation model to identify relevant modal parameters for an 

equivalent foundation, i.e. one which, when substituted for the actual foundation, reproduces the vibration 

behaviour of the RBFS over the operating speed range of interest. If successful, such an identification 

technique  would be applicable to support structures of existing turbomachinery. 

In earlier work, an approach was developed which successfully identified, via numerical experiments, the 

modal parameters of an equivalent foundation for a relatively simple RBFS. This system consisted of an 

unbalanced rotor supported by two hydrodynamic bearings, the pedestals of which were fixed to a flexibly 

supported rigid foundation block; and used as input data the numerically generated motion of the 

foundation and forces transmitted to the foundation at the bearing supports [5]. However, these 

investigations assumed that the foundation damping matrix was diagonalisable using classical modal 

analysis. Ideally, one should remove such a restriction on the damping matrix and merely require the 

damping matrix to be symmetric. Such a generalisation significantly increases the difficulty of identifying 

the relevant modal parameters. Thus, when applied to a simple two degrees of freedom (DOF) lumped 

parameter system, satisfactory identification was unable to be achieved when the input measurement data 

was accurate to no more than 2 significant digits [6], presumably due to computational error. These earlier 

identification approaches involved the minimisation of functions of complex eigenvalues. The approaches 
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used measurement data sets pertaining to 24 excitation frequencies which spanned the excitation 

frequency range of interest and involved numerical differentiations. This paper investigates the possible 

contributions to computational error of the numerical differentiations and the number of utilised 

measurement data sets. The relevant theory is summarised and applied, via numerical experiments, to the 

same two DOF lumped parameter system as was used in ref. [6]. 

2 Notation 

A  nn 22   modified system modal matrix with elements jka ; 
1ΦA

T
. 

ka  real part of kth eigenvalue: kkka  . 

kb  imaginary part of kth eigenvalue: for k odd: 
21 kkkb   ; for k even: 

21 kkkb   .            

C          nn   system damping matrix. 

D  pp   coefficient  matrix in eqn (15). 

Ff,   vector of applied forces as defined by eqn (6), 12 n vector of complex amplitudes thereof. 

g  1n  vector of applied forces. 

K  nn  system stiffness matrix. 

*
K  nn 22   matrix defined by eqn (4). 

k  nn 22   diagonal matrix defined by eqn (8). 

k           mode number; k=1,2,...2n. 

M  nn  system mass matrix. 

*
M  nn 22   matrix defined by eqn (3). 

m  nn 22   diagonal matrix defined by eqn (7) with diagonal elements km . 

n  number of system degrees of freedom. 

p  number of unknowns in eqn (13). 

Qq,  1n  vector of displacements, 1n vector of complex amplitudes thereof. 

r           number of excitation frequencies. 

Xx,  12 n  vector of velocities and displacements as defined by eqn (5), 12 n  vector of complex 

amplitudes thereof. 

λ  nn 22   diagonal matrix of system eigenvalues with elements kkk iba  , rad/s. 

k  damping ratio of the kth mode. 

η          12 n  vector of modal velocities and displacements. 

Φ  nn 22   system modal matrix with elements jk . 

  excitation frequency, rad/s.       

k  ‘undamped natural frequency’ of the kth mode, rad/s. 
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3 Theory 

For a general n DOF lumped parameter system subjected to periodic force excitation with frequency  , 

the equations of motion may be written as 

 gKqqCqM     (1) 

where M , C , K are  symmetric mass, damping and stiffness matrices. Eqn (1) may be written in state 

space form as 

 fxKxM  **   (2) 

where 

 











K0

0M
M

*
 (3) 

 









0K

KC
K

*
  (4) 

  Tqqx    (5) 

  T0gf  . (6) 

Since 
*

M  and 
*

K  are  symmetric matrices, the homogenous equation set obtained when 0f   

constitutes an eigenvalue problem [7]. Assuming the eigenvalues are distinct, in  the absence of rigid body 

modes, these eigenvalues will occur as complex conjugate pairs ( niii 1,212   ). Also, the 

corresponding eigenvectors will be complex conjugates, so that 2 1 2i i   , i=1,….n. Further, these 

eigenvectors are orthogonal with respect to the 
*

M and 
*

K matrices, so that [7]: 

 mΦMΦ *T
  (7) 

 kΦKΦ *T
  (8) 

 λkm 1
 . (9) 

Assuming periodic response with fundamental frequency  , one can write eqn (2) as 

 FXKXM
*  *i .  (10) 

Premultiplication of eqn (10) by 
T

Φ and letting ΦηX    and 
1ΦA

T
 gives 

   FΦηkm
Ti    (11) 

or 

   0FΦmXAλI   TTi 1
.  (12) 

Eqn (12) yields 2n identification equations ( nk 21 ) 

   0/
2

1

2

1

  
 

n

j

n

j

kjjkjjkk mFXai  . (13) 
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For any odd (or even) k, one can write eqn (13) using the measurements of jX  and jF corresponding to a 

particular excitation frequency . Provided measurements are available for at least as many frequencies as 

unknowns in eqn (13), one can solve for the unknowns jkk a,  and kjk m/  from the resulting set of 

nonlinear homogeneous simultaneous equations. The procedure adopted is to first solve for k . Having 

found k , substitution into eqn (13) and setting any one of the resulting unknowns  jka  and kjk m/ equal 

to unity enables the solution of the remaining unknowns. On repeating  this for all the other odd (or even) 

k’s, one obtains the matrix A , which yields the modal matrix Φ  and enables the computation of m . The 

system response using these identified modal parameters is then given by: 

 

   FΦmλIΦX
Ti 11 

 . (14) 

 

4 Solution for the eigenvalues 

Two approaches for solving for the eigenvalues k , termed the BISECTION-MIN and the BISECTION-SI 

approach respectively, were compared in ref. [6]. Both approaches used bisection [8] to find the zeros of a 

function of the complex variable k ; the former used a minimisation approach while the latter  used a 

simple iteration formulation [6]. While the BISECTION-SI approach was found to provide slightly, if at 

all, better identification than the BISECTION-MIN approach, the resulting identifications were still felt to 

be deficient and could presumably be improved if computational error could be reduced. Attention in this 

paper is focussed on improving the BISECTION-MIN approach, which is here briefly outlined.  

Thus, for any given k , using the measurements of jX  and jF  corresponding to r (r ≥ p) excitation 

frequencies rss 1,  , eqn (13) yields a set of r linear homogeneous simultaneous equations in the p 

complex unknowns jka  and kjk m/  (p ≤ 4n). Using least squares regression, one can reduce the number 

of these equations from  r to p to obtain: 

 0DY   (15) 

where D is a pp  coefficient matrix with complex elements which depend on the selected k ; and Y is 

the 1p vector of the unknowns. Eqn (15) has a nontrivial solution only if the determinant of the 

coefficient matrix D is zero; so one  seeks those values of k  which achieve this. However, this 

determinant may have a minimum at this value of k , in which case it may never equal zero due to 

computational errors. Hence, it is safer to seek those values of k  for which ∆, the square of the 

determinant of the coefficient matrix D , has a minimum value. Thus, one seeks the value of k  for which 

the differential coefficient of ∆ with respect to k  (i.e. its slope ∆*) is zero. Assuming that ∆ = u(a,b) + 

iv(a,b) is an analytic function of the complex variable k , ∆* is given by [9]: 

                                                                        ∆* = v’ - iu’                                                ’             (16) 

where u’ and v’ are the partial differential coefficients of u and v with respect to b. Note that if ∆ is an 

analytic function of the complex variable k , ∆* is also given by [9]: 

                                                                      ∆* = u` + iv`                                                           (17) 

where u` and v` are the partial differential coefficients of u and v with respect to a.  
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The BISECTION-MIN approach uses bisection to find the roots of ∆*. These minimising (as distinct from 

maximising) values of and are the sought after values of ka  and kb .  

Possible computational sources of error in evaluating k include truncation errors in evaluating the 

differential coefficients numerically, as well as round of errors in evaluating the determinants. Both of 

these issues are considered in the numerical experiments described below. 

5 Numerical experiments and discussion of results 

All modal parameter identifications were for the simple 2 DOF system investigated in ref. [7] and already 

considered in ref. [6], using the same input data. The schematic of the system is shown in Figure 1.  

                        

Figure 1: Schematic of 2 DOF system [7]. (m=1 kg, c=0.2 N.s./m, k =1N/m, f1 = sin Ωt N, f2 =0)  

 

Thus, for the given excitation force, the system frequency response amplitudes for the displacements q1 

and q2 were calculated over the frequency range of from 0.05 to 3.5 rad/s in steps of 0.15 rad/s, giving 24 

data sets in total. These computed amplitudes constituted the ‘measurements’. These measurements were 

available to 15 digit accuracy whereupon they could be used to validate the identification softwares and 

provide the actual or correct modal parameters. Identification approach evaluations used ‘measurements’ 

rounded off to 2 digit accuracy as this was felt to better reflect attainable measurement accuracy in 

practice. 

As noted in Section 4 above, the BISECTION-MIN approach assumed that the complex function ∆ was 

analytic. If so, it should not matter whether eqn (16) or eqn (17) is used for its differential coefficient. This 

was checked and found to be the case, i.e. exactly the same eigenvalues were identified, regardless of 

which equation was used to evaluate the differential cofficient.  

To date, the eigenvalue identifications used all 24 measurement data sets, and identified two natural 

frequencies at around 0.55 rad/s and 2.53rad/s. However, to evaluate the likelihood of error due to the 

numerical differentiations, it was decided to use only 5 measurement data sets, in order to avoid the need 

for least squares regression to obtain the 5x5 coefficient matrix D. And since f2 =0 in the system being 

investigated, after dividing eqn (13) through by (iΩ- k ), it was quite simple to differentiate analytically 

the square of the determinant of the resulting coefficient matrix. The data sets selected were those 

corresponding to frequencies of 0.5rad/s, 0.65rad/s, 1.55rad/s, 2.45rad/s and 2.75 rad/s  as these fell to 

either side of the already identified approximate natural frequencies and halfway between them. The 

resulting identified eigenvalues were the same, regardless of whether eqn (16) or eqn (17) was used for the 

numerical differentiation or whether the differentiation was analytical. It is concluded that the numerical 

differentiations inherent to the BISECTION-MIN approach do not introduce significant computation 

errors.  

 

a b

PARAMETER ESTIMATION 2921



However, reduction in the number of utilised measurement data sets resulted in a significant improvement 

in the accuracy of the identified eigenvalues. These are shown in Table 1 where they are compared with 

actual values and with values previously obtained with the BISECTION-SI approach [6]. 

 

Eigenvalue Actual (Matlab) BISECTION-MIN BISECTION-SI 

a1,2(15 digit) -0.2225960260 -0.2225960260 -0.2225960260 

b1,2 (15 digit) ±2.578256744 ±2.578256744 ±2.578256744 

a3,4(15 digit) -0.02740397403 -0.02740397403 -0.02740397403 

b3,4 (15 digit) ±0.5457949523 ±0.5457949523 ±0.5457949523 

    

a1,2(2 digit) -0.22260 -0.22482 -0.17238 

b1,2 (2 digit) ±2.5783 ±2.5800 ±2.5797 

a3,4(2 digit) -0.027404 -0.027027 -0.029075 

b3,4 (2 digit) ±0.54579 ±0.54670 ±0.54636 

 

Table 1: Comparison of eigenvalues kkk iba   rad/s (15 digit and 2 digit data accuracy) using 

bisection software as applied to minimisation and simple iteration equation formulations.  

 

 

The upper half of Table 1 compares the identified eigenvalues with the actual ones when using 

‘measurements’ with 15 digit measurement accuracy. With such accuracy, one would expect near perfect 

identification of the eigenvalues. One can see that both the real parts and the imaginary parts of the 

eigenvalues were correctly identified to at least ten significant digits. 

The lower half of Table 1 compares the identified eigenvalues with the actual ones when the 

‘measurements’ were rounded off to two decimal digits. Results need only be given to five significant 

digits for this comparison. In all cases, there is less error in identifying the imaginary parts (the damped 

natural frequencies) than the real parts, which are indicative of the damping. Using the BISECTION-MIN 

approach, the maximum error in the real part identifications is no more than 1.4%; in the imaginary part 

identifications it is no more than 0.17%. The corresponding maximum error limits in the BISECTION-SI 

approach are 22.6% and 0.11% and the maximum error limits for the BISECTION-MIN approach when 

using 24 measurement data sets were even worse [6]. These relative identification superiorities have not 

been proven to hold under all circumstances and would differ with a different selection of measurement 

frequencies so that further research on the effect of measurement frequency selection is warranted. 

However, one can conclude that it is possible to significantly improve eigenvalue identification using the 

BISECTION-MIN approach by a judicious selection of measurement data sets. 

Once the eigenvalues have been found, one can find for the k’th  mode the remaining unknowns jka  

(j=1,…,4) and kjk m/
 
by substituting the known eigenvalue k  into eqn (13) and setting any one of 

these unknowns  equal to a constant. Here, it was convenient to set kjk m/  equal to unity, resulting in 

five nonhomogeneous equations in four unknowns. Least squares regression could then be used to reduce 

this equation set to four equations in the four unknowns (in which case we still use data pertaining to all 

five excitation frequencies), or one is free, in theory, to discard any one of the equations to reduce the 

equation set to four equations in four unknowns (in which case we appear to use data pertaining to only 

four excitation frequencies) [10]. On repeating this for the other k’s, one obtains the identified matrix A , 

which yields the modal matrix Φ  (since by definition  
1ΦA

T
 ) and enables the computation of m .  
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Actually, one should only need to perform the above computations for the odd or the even values of k 

since the modal vectors, and hence the columns of A are complex conjugates. However, because of 

truncation  errors in the measurement data, discrepancies were found to occur when 2 digit data was used 

and one had to choose between the k=1 or k=2 results and also between the k=3 or k=4 results, not 

knowing which of the results were less erroneous. Here, one was aided by the results obtained when 15 

digit data was used. In this case, not only were the computed columns of A exact complex conjugates, but 

all calculated values of a1k (i.e. k=1,…4)  equaled unity. Hence, those computed columns of A were 

selected in the 2 digit data computations which best agreed with this observed result. 

Table 2 and Table 3 compare the actual nomalised modal matrix vectors with those identified using 2 digit 

data, as explained above, using either all 5 frequencies or only 4 frequencies in the computation of A. 

Only the first and third modal vectors are shown as the others are assumed to be complex conjugates. Also 

included are the normalised modal vectors obtained in earlier work [6] when 24 data sets (and all 24 

frequencies) were used. There appears to be little difference in the identified modal vectors even though 

the eigenvalues used to calculate the previously obtained eigenvectors were significantly less accurate. 

Note that because of the normalisations, m is equal to the 4x4 identity matrix in all cases. 

 

 

Φ1                     

(actual) 

Φ1  

(24 frequencies)  

Φ1  

(5 frequencies) 

Φ1 

(4 frequencies)  

+.607+.036i +.624 +.036i +.658+.065i +.666+.072i 

-.258+.000i -.284+.076i -258+.035i -.258-.010i 

-.006-.235i +.068-.219i +.046-.278i +.031-.258i 

+.009+.099i +.125+.138i +.072+.073i +.045+.069i 

 

Table 2: Actual and identified normalised eigenvector elements corresponding to λ1
 
 

(using 2 digit data for the 24, 5 or 4 frequencies). 

 

 

Φ3                     

(actual) 

Φ3  

(24 frequencies)  

Φ3  

(5 frequencies) 

Φ3 

(4 frequencies)  

+.365+.006i +.338 -000i +.313-.031i +.309-.037i 

+.429+.012i +.501-.012i +.528+.070i +.534+.101i 

-.023-.667i -.056-.711i -.003-.716i +.027-.720i 

-.017-.785i -.072-.876i +.044-.907i +.087-.915i 

 

Table 3: Actual and identified normalised eigenvector elements corresponding to λ3 

(using 2 digit data for 24, 5 or 4 frequencies). 

 

 

The above identified modal parameters constitue equivalent systems and one is now able to compute the 

system response predicted by these identified equivalent systems using eqn (14). Figure 2 compares the 

frequency response of the actual system with that predicted by the equivalent system based on the 

identification obtained in earlier work using the BISECTION-SI approach, which provided better 

identification than the BISECTION-MIN approach with 24 data sets [6]. Whereas the predicted frequency 

response using this identified system agrees perfectly with the actual response when measurement 

accuracy is to 15 digits, there are noticeable deviations in the vicinity of the natural frequencies when 
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measurement accuracy is to 2 digits, primarily due to the error in identifying the damping. Indeed, it is 

these deviations which motivated the present research. Figure 3 shows the same comparison except the 

equivalent system is now based on the identification obtained using the BISECTION-MIN approach with 

only 5 data sets (and the use of all five freqencies when identifying the columns of the A matrix). There is 

a significant improvement in the agreement between the actual response and the 2 digit data response in 

Figure 3 compared to that in Figure 2. Even though the agreement is not perfect, one can conclude that it 

is possible to significantly improve system identification using the BISECTION-MIN approach by a 

judicious selection of measurement data sets. 

  

 

 

 

     (a)  Q1 response            (b)  Q2 response 

Figure 2: Comparison of actual and identified frequency responses for Q1 and Q2 using 15 and 2 digit 

measurement accuracies. BISECTION-SI approach using 24 data sets [6]. 

 

 

 

                       (a)  Q1 response                                                              (b)  Q2 response 

Figure 3: Comparison of actual and identified frequency responses for Q1 and Q2 using 15 and 2 digit 

measurement accuracies. BISECTION-MIN approach using 5 data sets. 

 

 

2924 PROCEEDINGS OF ISMA2018 AND USD2018



6 Future work 

Though the identification using the BISECTION-MIN approach with only 5 data sets has resulted in a 

significant improvement to that achieved to date, one can see from Figure 3 that there is room for 

improvement. There are also other indications that this identification approach still has potential 

shortcomings. 

Thus, the eigenvalues should occur as complex conjugate pairs. This was not reflected in the results for 

the 2 digit measurement data where the first eigenvalue was found to be λ1= -0.22482+2.5800i rad/s but 

the second eigenvalue was not calculated to be its complex conjugate as assumed in Table 1 and in 

subsequent computations; rather it was found to be λ2= -0.38849-1.7249i rad/s, a result which was ignored 

at this stage. 

Also, the 4 columns of the A matrix should occur as complex conjugate pairs. Again, this was not 

reflected in the results for the 2 digit measurement data. Table 4 shows the actual columns of the A matrix, 

with the first column corresponding to λ1, the second column to λ2 etc.  Obviously A1 and A2 are not 

complex conjugates; nor are A3 and A4. Based on the knowledge that a1k should equal unity (already noted 

above in Section 5), the accepted A matrix discarded the calculated first and third columns, using instead 

the complex conjugates of the second and fourth columns respectively. It is concluded that further 

accuracy investigations are warranted before application to higher order systems.  

 

        A1                      A2                        A3     A4   

+1.12+.003i      +.947+.020i              +.796+.262i      +.969+.097i 

 -1.43+.218i       -.535-.148i         +3.34-1.07i +2.45-.231i 

+.159+1.89i +.335-2.26i        +1.28+1.70i      +.442-.390i 

 -.044-1.33i -.338+1.77i         -1.52-.165i -.366-1.46i 

  

Table 4: The A matrix using five 2 digit data sets and 5 frequency equations. In all cases, kjk m/ = unity. 

 

7 Summary of conclusions 

Utilising force excitation and motion measurements, an identification approach, denoted as the 

BISECTION-MIN approach, has been developed for identifying the relevant modal parameters to form an 

equivalent system for an 𝑛 DOF lumped parameter system with symmetric mass, damping and stiffness 

matrices, without the requirement for the damping matrix to be diagonalisable by classic modal analysis.  

Numerical experiments show that one can use this approach to identify reasonably accurately the 

eigenvalues of a simple 2 DOF system even when the measurement data is only accurate to 2 significant 

digits. However, there can be  significant error in the identified corresponding modal vectors. 

Numerical experiments also show that the numerical differentiations inherent to this approach do not 

contribute significantly to computational errors. 

It is possible to improve identification by a judicious selection of measurement data sets. Numerical 

experiments showed that there was a significant improvement in eigenvalue identification when the 

number of measurement data sets was reduced from tweny four to five. 

If the measurement data is only correct to 2 significant digits, the error in the identified modal parameters 

noticeably affects the accuracy of response predictions when the actual system is replaced by the 

identified equivalent system.    

Further accuracy investigations are warranted before application to higher order systems  
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Abstract
Modal parameter extraction can be a time-consuming task. There are many applications where operator
interaction is undesirable, for example for structural health monitoring. This paper presents an algorithm for
automated operational modal analysis (AOMA) that utilizes one of the strong features of the stabilization
diagram, namely the feature that physical modes tend to stabilize on the frequency axis for increasing model
order. By employing statistical probability analysis and introducing a decision rule, that is based on the
Modal Assurance Criteria (MAC), all modes in a user selected frequency range are automatically added to
the output data-set. The algorithm has been tested on four different data-sets, a laboratory plexiglass plate, a
suspension bridge, a medium-rise building and a ship. The results suggest that, the combined use of statistical
probability analysis and a MAC based decision rule, successfully estimate modal parameters in an automated
manner.

1 Introduction

Modal parameters can be estimated from response data using a modal parameter estimation (MPE) algorithm
[1]. Regardless of what MPE that is chosen there will be a number of operator driven decisions to be made.
With present day technology, that allows for more and cheaper sensors as well as faster computers, it is sought
to automate such decisions, as they are the bottle necks when it comes to estimating modal parameters. This
must be done in a fast and consistent way.

Recently, many attempts to build an automated operational modal analysis (AOMA) algorithm involve the
use of clustering algorithms [2, 3, 4, 5]. Among clustering algorithms, the K-Means Clustering and the
Agglomerative Hierarchical Clustering, are methods used for OMA. They both work in a multidimensional
space and look to find the optimal clusters in a data-set through iteration. The K-Means Clustering requires
a predefined number of clusters, while the Agglomerative Hierarchical Clustering does not, but instead com-
bines clusters one by one until it is terminated by a stopping rule, or to the point where only a single cluster
remains. Due to the way that clustering algorithms work, there are a few challenges, namely how to formu-
late the multidimensional space. In its simple form it includes frequency and damping, but can be extended
to also include information about mode shapes, RMS levels etc. Furthermore, the K-Means Clustering is
dependent on a predefined number of clusters, while the Agglomerative Hierarchical Clustering requires a
trigger level that terminates the algorithm before it adds too many clusters together.

Another attempt to develop an AOMA algorithm would include histogram analysis [6]. This approach fits a
probability distribution (a histogram) to the stabilization diagram to aid in selecting a vertical column. The
stabilization diagram, a plot showing the number of poles (model order) as a function of frequency, is a
strong tool to locate physical poles, since they tend to stabilize on the frequency axis for increasing model
order. In this paper, we investigate this idea, and extend it by adding a few decision rules, in an attempt to
construct an AOMA algorithm that is robust.
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Section 2 briefly uncovers the fundamental theory to MPE, alongside the methodology of the proposed
AOMA algorithm. In section 3, we show how the proposed AOMA algorithm is performing on various
data-sets, namely a laboratory plexiglass plate, a suspension bridge, a medium-rise building and a ship. The
concluding remarks are found in Section 4.

2 Theory

A stochastic process x(t) passing through a linear time-invariant system, the output y(t), also a stochastic
process, is only dependent on the impulse response function (time domain), see Equation 1.

y(t) = h(t) ∗ x(t) (1)

The ∗ denotes the convolution operator. Equation 1 can also be written as.

y(t) =

∫ ∞

−∞
h(τ)x(t− τ)dτ (2)

Assuming wide-sense stationarity, the auto-correlation function, can be expressed as

Ryy(τ) =

∫ ∞

−∞

∫ ∞

−∞
Rxx(τ + ρ1 − ρ2)h(ρ1)h(ρ2)dρ1dρ2 = Rxx(τ) ∗ h(τ)h(−τ) (3)

while the cross-correlation functions becomes

Rxy(τ) =

∫ ∞

−∞
Rxx(τ − ρ)h(ρ)dρ = Rxx(τ) ∗ h(τ) (4)

Ryy(τ) =

∫ ∞

−∞
Rxy(τ + ρ1)h(ρ1)dρ1 = Rxy(τ) ∗ h(−τ) (5)

Therefore, by knowing the correlation functions, we also know the impulse response functions of the system.
The above could as well have been represented for the frequency domain. For more detail on the above, see
[7].

For large structures like bridges, buildings, vessels etc., excitation by means of experimental equipment is not
very practical, thus we do not know the input to the system. Therefore, by utilizing Equations 3-5, to extract
the frequency response functions from correlation functions, the dynamic properties of the excitation force
will be included in the total solution. For wide-sense stationary excitation, this is not an issue. However, the
external forces on the structures mentioned in the start of this paragraph, are typically limited to vibrating
machinery as well as traffic, wind and wave loads.

When talking MPE, there are two distinct categories, those operating directly in the time domain and those
that extend to the frequency domain. Time domain identification extract information from the impulse re-
sponse function, whilst frequency domain identification reaps information from frequency function.

In the following, the multi-reference Ibrahim Time Domain (MITD) method [8, 9] is used, although the
AOMA algorithm, can be implemented for all MPE methods that can produce a stabilization diagram. The
MITD method is very similar to the covariance driven SSI. MITD is based on building a Hankel matrix from
the correlation functions, which then is solved by means of singular value decomposition in order to extract
the states of the system. The size of the Hankel matrix is governed by the model order. It is typical to over-fit
the model, thus yielding more poles, but also more spurious poles.

Typically a set of criteria, that governs whether a pole is physical or spurious, are set up. Such criteria
can be related to restrictions or expectations to physical properties of the structure. As mentioned in the
introduction, the stabilization diagram is a strong tool in separating physical poles from spurious ones.
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A popular supplement to the stabilization diagram is the Modal Assurance Criteria given in Equation 6.

MACrs =

∣∣∣{ψ}Hr {ψ}s
∣∣∣
2

(
{ψ}Hr {ψ}r

)(
{ψ}Hs {ψ}s

) (6)

where H is the Hermitian transpose (complex conjugate and transpose) and {ψ}r and {ψ}s are mode shapes
originating from modes r and s. The MAC value can take any value between 0 and 1. For independent mode
shapes {ψ}r 6= {ψ}s and MACrs = 0, whereas for identical mode shapes {ψ}r = {ψ}s and MACrs = 1.

2.1 Methodology

The proposed methodology is outlined in Figure 1.

Initialize
Tier 1 (T1) user
defined settings

Tier 2 (T2) user
defined settings

Build stabilization dia-
gram based on T1 criteria

Statistical modelling
of pole locations

Removal of spurious
poles based on T2 criteria

Combine bins?

Select representative
pole from each bin

Terminate

Figure 1: Flowchart of the proposed AOMA algorithm

A set of parameters must be defined before the AOMA algorithm can be initiated. These parameters are
presented in Table 1, and are divided into two groups, i.e. Tier 1 and Tier 2. The former Tier is related to the
MPE method chosen, which in this case involves assigning a model order and defining how much information
that should be used of the correlation function [10, 11]. The latter Tier, on the other hand, is related to the
application in question, and involves the statistical parameters that allow for the statistical modelling of the
pole locations, and the steps leading to the selection of one representative pole for each mode shape found.
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Parameter Description Suggested value

Tier 1
NPoles Number of poles (model order) MPE dependent
NStart First value in IR or CF MPE dependent
NLines Number of values in IR or CF MPE dependent

Tier 2
minFreq Minimum frequency Application dependent
maxFreq Maximum frequency Application dependent
NoBins Number of bins Application dependent
BinThreshold Bin size threshold Application dependent
MACThreshold MAC value threshold Application dependent
MinBinSize Minimum bin size Application dependent

Table 1: User defined settings

Depending on the application, some a priori sorting criteria can be applied to the pole sorting process. For
instance, for under-damped systems, all physical poles always come in complex conjugate pairs, or for a
suspension bridge, it is unlikely that the damping ratio for the first handful of modes shapes is high.

When the user defined settings are set up, the AOMA algorithm can start, and the stabilization diagram is
built based on the Tier 1 user defined settings. A frequency bandwidth is the first parameter in the Tier 2
user defined settings, and dictates the frequency band of interest. The next step is to overlay the stabilization
diagram by its probability distribution using the predefined resolution. In the following step, all bins below
a certain threshold are discarded from further processing. By intuition, the mode shapes for each bin should
have similar characteristics. By utilizing the MAC, a conformity check is made, and poles in each bin, that
have poor MAC values in comparison to the majority of the poles in that bin, are removed. The AOMA
algorithm is set to use a very high number of bins, and it is therefore possible that adjacent bins have similar
MAC properties, if that is the case, they are combined into one bin. The combined bins must pass a check
that ensure robustness, i.e. the size of the combined bins must contain a certain number of poles. The last
step involves selecting one representative pole for each of the remaining bins. These poles are selected based
on Equation 7.

λn = min
(∣∣ ¯|λn| − |λn,i|

∣∣) (7)

where λn is the representative pole for bin n, |λn,i| represents the absolute values for the poles in bin n
having poles i, while ¯|λn| denotes the average value for the absolute values for the poles in bin n.

3 Results and discussion

Since any measurement is finite, modal parameter estimates will always be erroneous. Good damping es-
timates require a long measurement duration. The data presented in this paper, can be considered to have
sufficiently long measurements times. For more information on the data used, the reader is referred to the
articles mentioned in each of the 4 subsections.

The Tier 1 and Tier 2 user defined settings, listed in Table 1, will to some degree have an influence on the
estimates of the modal parameters for the proposed methodology for an AOMA algorithm. Variations in the
Tier 1 user defined settings do not influence the results much, while altering the Tier 2 user settings has a
larger impact. To show the integrity of the AOMA algorithm the same settings, except for the frequency
band of interest, are used for all 4 data-sets. This paper is not a parameter study, but rather a demonstration,
hence modifications to the Tier 1 and Tier 2 user defined settings will not be investigated further.

For all data-sets, no data were discarded, the correlation functions were produced using a block-size of 512
samples. The model order was chosen to 40 modes (or 80 poles), the first 5 lags were discarded and 100
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samples in each correlation function were used. All frequency and damping estimates presented in this
section are derived from MITD, that includes results from other papers.

3.1 Plexiglas Plate

The first data-set addresses a laboratory Plexiglas plate measuring 533 x 321 x 20 millimeters, whose re-
sponse was recorded using 35 out-of-plane oriented uni-axial accelerometers in a double symmetric pattern.
All sensors were mounted in the same plane (out-of-plane). The excitation was applied by gently tapping
the tip of a pencil randomly around the plate during a measurement period of 5 minutes. This corresponds to
approximately 42.500 cycles of the first natural frequency. For more details on the measurements, the reader
is referred to [12].

In figure 2, two stabilization diagrams are shown. To the left, the stabilization diagram is overlaid by its
probability distribution (step 3 in figure 1). The dashed line represents the bin threshold and the frequency
interval of interest 100 − 900Hz. To the right, MAC stable poles along with the automatically selected
representative pole, are shown (step 6 in figure 1).

Figure 2: Stabilization diagrams of the modal parameter estimates for the laboratory Plexiglas Plate. Left:
Stabilization diagram overlaid by its probability distribution (the dashed line represents the bin threshold
and the frequency interval of interest). Right: Stabilization diagram indicating MAC stable poles and the
automatically selected representative pole (zoomed into the frequency band of interest). Pole below bin
threshold - Red circle ◦. Pole above bin threshold - green plus +. Pole that is MAC stable - blue diamond �.
Representative pole - black cross ×

Looking at the stabilization diagrams, it it clear to see that there is a large number of spurious poles in the
frequency band of interest. Many of these spurious poles have one thing in common, being below the bin
threshold, while all the remaining poles are above the bin threshold. This tendency accepts the fact that
physical poles stabilize on the frequency axis for increasing model order, while spurious poles do not. In the
subsequent step of the proposed algorithm the MAC value for each bin is utilized to detect and remove poles,
i.e. poles in each bin that have poor MAC value relative to the majority of poles in that bin, are removed.
One reason for this, is that it is likely that some spurious poles fall into bins of frequency stable poles. By
checking the MAC value, such poles can easily be removed, as seen in the right stabilization diagram in
Figure 2. In the final step one representative pole for each bin are picked, and the results are compared to a
manual approach.
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Automated Manual

Frequency, [Hz] Damping, [%] Frequency, [Hz] Damping, [%]

141.928 3.08 141.904 3.24
142.577 3.10 142.585 3.06
323.177 2.66 323.261 2.67
393.044 2.61 393.045 2.54
408.771 2.52 408.798 2.45
503.724 2.44 503.774 2.41
583.667 2.45 583.571 2.38
712.006 2.41 711.322 2.41
799.829 2.19 798.754 2.27

Table 2: Comparison between the modal parameters found for the laboratory Plexiglas Plate, using the
proposed automated procedure, and the manual approach according to [12]

This comparison is shown in Table 2. The AOMA algorithm successfully detects 9 modes, just like the
manual approach. The frequency and damping estimates for both approaches are very similar. Furthermore,
the AOMA algorithm manages to separate the first two closely spaced modes indicating that they are unique.

3.2 Little Belt Suspension Bridge

The second data-set addresses the Little-belt Suspension Bridge that has a main span of 600 meters, whose
response was recorded using 30 horizontally oriented and 15 vertically oriented uni-axial geophones in a
double symmetric pattern. All these sensors were mounted and in the same plane inside the closed box
girder. The bridge was excited by a combination of wind and traffic loads during a measurement period of
60 minutes. This corresponds to approximately 560 cycles of the first natural frequency. For more details on
the measurements, the reader is referred to [13].

In figure 3, two stabilization diagrams are shown. To the left, the stabilization diagram is overlaid by its
probability distribution (step 3 in figure 1). The dashed line represents the bin threshold and the frequency
interval of interest 0.05 − 0.9Hz. To the right, MAC stable poles along with the automatically selected
representative pole, are shown (step 6 in figure 1).

For these stabilization diagrams the frequency band of interest consists primarily of frequency stable poles,
while at higher frequencies (> 1.5Hz), the stabilization diagrams are highly contaminated by spurious poles.
The high number of spurious poles are related to the sampling frequency and the model order. For increasing
model order, the number of poles (twice the model order), must be squeezed into a frequency interval, that
is limited by a lower bound, DC (0Hz) and a higher bound, fs/2, where fs is the sampling frequency. The
sampling frequency can be adjusted by down-sampling the original signal to an appropriate level. The model
order must be selected accordingly. A compromise between choosing the right combination of model order
and the sampling frequency is therefore necessary, for two reasons, to ensure that enough frequency stable
poles are available, but also to keep the number of spurious poles to a minimum. In the stabilization diagram
to the right in Figure 3, only a few poles were removed due to having poor MAC values relative to the
majority of poles in their respective bin. The poles removed are concentrated around a model order of 18 (36
poles).
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Figure 3: Stabilization diagrams of the modal parameter estimates for the Little Belt Suspension Bridge. Left:
Stabilization diagram overlaid by its probability distribution (the dashed line represents the bin threshold
and the frequency interval of interest). Right: Stabilization diagram indicating MAC stable poles and the
automatically selected representative pole (zoomed into the frequency band of interest). Pole below bin
threshold - Red circle ◦. Pole above bin threshold - green plus +. Pole that is MAC stable - blue diamond �.
Representative pole - black cross ×

Automated Manual

Frequency, [Hz] Damping, [%] Frequency, [Hz] Damping, [%]

0.156 1.91 0.156 3.15
0.169 12.01 0.171 9.74
0.258 0.83 0.258 0.78
0.355 1.64 0.355 1.77
0.401 0.99 0.401 0.93
0.524 0.72 0.523 0.76
0.573 0.40 0.573 0.38
0.769 0.58 0.769 0.60
0.808 0.56 0.808 0.69

Table 3: Comparison between the modal parameters found for the Little Belt Suspension Bridge, using the
proposed automated procedure, and the manual approach according to [13]

The AOMA algorithm successfully finds a total of 9 modes, which was also the case when using a manual
approach, see [13]. The frequency estimates reported by the two approaches show resemblance. For the
damping estimates found for the first two modes, the reported values using the AOMA algorithm are more
distant from one another, in comparison to the damping estimates reported using the manual approach. In
[13] it was found that by adjusting the number of lags used in the correlation function, the damping estimates
for these two modes varied significantly. No particular pattern was detected, but a likely cause for this
behavior is thought to be related to a close coupling of two modes, one mode with low damping and one
mode with high damping. For the remaining 7 modes the damping estimates, for the two approaches, are
within the boundary of acceptance.

3.3 Heritage Court Tower

The third data-set addresses the Heritage Court Tower located in downtown Vancouver, British Columbia
in Canada. It is a medium-rise building measuring approximately 42.5 meters in height. The typical floor
dimension is 25 x 31 meters, while the 3 lower levels measure 36 x 30 meters. The response was recorded
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using 5 northerly oriented and 3 westerly oriented uni-axial accelerometers. The sensors were installed on
the northern facade at 3 different levels. In the full study of the building, more sensors were available, but
in this paper, only the data from setup 4 are used. The medium-rise building was primarily excited by wind
loads during a measurement period of 10 minutes. This corresponds to approximately 725 cycles of the first
natural frequency. For more details on the measurements, the reader is referred to [14].

In figure 4, two stabilization diagrams are shown. To the left, the stabilization diagram is overlaid by its
probability distribution (step 3 in figure 1). The dashed line represents the bin threshold and the frequency
interval of interest, 0.5 − 1.75Hz. To the right, MAC stable poles along with the automatically selected
representative pole, are shown (step 6 in figure 1).

Figure 4: Stabilization diagrams of the modal parameter estimates for the Heritage Court Tower. Left:
Stabilization diagram overlaid by its probability distribution (the dashed line represents the bin threshold
and the frequency interval of interest). Right: Stabilization diagram indicating MAC stable poles and the
automatically selected representative pole (zoomed into the frequency band of interest). Pole below bin
threshold - Red circle ◦. Pole above bin threshold - green plus +. Pole that is MAC stable - blue diamond �.
Representative pole - black cross ×

In these stabilization diagrams, there are many spurious poles, both in the frequency band of interest and on
either side of it. The AOMA algorithm manages the initial removal of spurious poles and the subsequent
deselection of poles with poor MAC values. Finally one representative pole for each of the 3 modes within
the frequency band of interest are selected. On the right-hand side stabilization diagram in Figure 4, it can
be seen that there are many representative poles for the first and third mode, while for the second mode the
number of representative poles are scarce. It is likely that this mode is weakly excited. However, the AOMA
algorithm is still able to overcome this challenge.

Automated Manual

Frequency, [Hz] Damping, [%] Frequency, [Hz] Damping, [%]

1.220 1.66 1.245 1.05
1.283 1.46 1.299 1.40
1.445 1.16 1.441 0.31

Table 4: Comparison between the modal parameters found for the Heritage Court Tower, using the proposed
automated procedure, and the manual approach according to [14]

When comparing the results for the two procedures, namely the AOMA algorithm and the manual approach
in [14], it is evident that the frequency estimates are agreeing well. However, for the damping estimates there
are some discrepancies, especially for the third mode, which for the manual approach is reported at 0.31%,
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whilst for the proposed AOMA algorithm it is 1.16%. The representative pole is selected based on Equation
7. For the 57 poles, the damping estimate is within 1.13% - 1.51%.

3.4 Ro-Lo Ship

The fourth data-set addresses a roll-on lift-off (Ro-Lo) ship with a total length of 210 meters and a width
at main deck of 29.6 meters. The response was recorded using 22 horizontally oriented and 11 vertically
oriented uni-axial accelerometers in a double symmetric pattern. All these sensors were mounted in the
same plane at the main deck of the ship. Furthermore, the bow and stern were represented by 2 measurement
points, each (2x2) measuring in all 3 directions (x,y,z). The ship was traveling at 18 knots in a calm sea
state, hence it was primarily excited by the propeller loads as well as relative wave and wind loads during
a measurement period of 90 minutes. This corresponds to approximately 4700 cycles of the first natural
frequency. For more details on the measurements, the reader is referred to [15].

In figure 5, two stabilization diagrams are shown. To the left, the stabilization diagram is overlaid by its
probability distribution (step 3 in figure 1). The dashed line represents the bin threshold and the frequency
interval of interest, 0.5 − 4.0Hz. To the right, MAC stable poles along with the automatically selected
representative pole, are shown (step 6 in figure 1).

Figure 5: Stabilization diagrams of the modal parameter estimates for the Ro-Lo Ship. Left: Stabilization
diagram overlaid by its probability distribution (the dashed line represents the bin threshold and the frequency
interval of interest). Right: Stabilization diagram indicating MAC stable poles and the automatically selected
representative pole (zoomed into the frequency band of interest). Pole below bin threshold - Red circle ◦.
Pole above bin threshold - green plus +. Pole that is MAC stable - blue diamond �. Representative pole -
black cross ×

For the stabilization diagrams shown in Figure 5 the same tendency as for the Little Belt Suspension bridge
is present, i.e. a large number of spurious poles are located at the higher frequencies (> 5Hz%), also see
Figure 3. In the frequency interval of interest there are a large sum of spurious poles. These are easily
identified. Looking at the frequency interval in more detail, the first 5 modes are well represented by a
sufficient number of poles. The 6th and 7th mode are represented, but with fewer poles. The automated
algorithm cannot detect any modes between 3 − 4Hz, though the experienced eye, can see an indication of
up to 3 additional modes. The first column of poles appear to be frequency stable, but does not pass the MAC
check, that ensures that only poles sharing the same MAC properties can qualify for any subsequent steps.
This algorithm is looking for well represented mode shapes, and is not intended for separating mode shapes
due to weakly excited modes, faulty equipment, missing sensors etc.
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Automated Manual

Frequency, [Hz] Damping, [%] Frequency, [Hz] Damping, [%]

0.871 1.78 0.871 1.62
1.647 0.27 N/A N/A
1.718 1.09 1.723 1.36
1.825 0.88 1.823 0.94
2.135 1.13 2.137 1.07
2.558 1.60 2.538 1.09
2.846 0.93 2.856 1.62
N/A N/A 3.273 0.14
N/A N/A 3.425 1.73
N/A N/A 3.956 1.92

Table 5: Comparison between the modal parameters found for the Ro-Lo Ship, using the proposed automated
procedure, and the manual approach according to [15]

The AOMA algorithm detected 7 modes in the data-set, 6 of these modes were also reported by the manual
approach, see Table 5. The manual approach were also able to detect the 3 higher order modes at 3.273Hz,
3.425Hz and 3.956Hz. The mode found at 1.647Hz is a harmonic and is also present in [15]. This algorithm
is not designed to remove harmonics, but confirms that harmonics can be both frequency stable, and have
similar MAC characteristics. For harmonic removal the reader is referred to [16]. Comparing the modes
that were actually found, it is evident that the frequency estimates for the two procedures are similar. The
damping estimates for the first 4 modes are complementing each other well, while for the last two modes,
at 2.558Hz and 2.846Hz, there are some discrepancies. The number of representative poles at these two
modes are few. A possible explanation for the noticeable deviation in damping estimates could be that since
a large number of non-representative poles was removed by the AOMA algorithm, a manual approach could
just as well have selected one of such poles.

4 Conclusion

The proposed AOMA algorithm faced a number of challenges, in particular, closely spaced modes, weakly
excited modes and harmonics. It could not distinguish harmonics from non-harmonic modes, but have
overall shown to successfully identify well represented modes in an automated way, by using a combination
of statistic moddeling of the pole locations, and a decision rule based on the MAC value of individual poles.
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Abstract
Modal validation is an integral part of any modal analysis scheme. Recent advances in efficient variance
computation of modal parameter estimates from the output-only subspace-based identification algorithms
made the computation of variance feasible for the modal parameters, such as natural frequencies, damping
ratios and mode shapes. One of the other practical modal indicators is Modal Assurance Criterion (MAC),
for which uncertainty computation scheme is missing. This paper builds on the previous results using the
propagation of the measurement uncertainties to estimates of MAC. The sensitivity of the MAC with respect
to output covariances is derived using a first order perturbations and the uncertainties are propagated using
the Delta method. The influence of the underlying mode shape scaling on both the uncertainty of mode
shapes and MAC is investigated. The results are presented in context of operational modal analysis (OMA)
of a spring mass system.

1 Introduction

Noisy vibration measurements deployed for the modal identification call to appreciate the statistical uncer-
tainties due to the unknown nature of the input, limited sample size and sensor noise that inherently affect
the estimated parameters. A general framework to evaluate the variance of the modal parameters has been
proposed first for the covariance driven subspace identification in [7]. As such that strategy involves prop-
agation of the sample covariance through the sequence of system identification steps based on sensitivity
analysis where the analytical sensitivities are derived using a first order perturbation. This was revised with
an efficient implementation of the latter for the multi-order [4] and multi-setup [2] identification scenarios.
The propagation of the sample covariance for the output-only data driven algorithms has been established
through a link between the sensitivity of the covariance Hankel matrix to its data driven counterpart [6].
Consequently, this development has led the variance to become a practical modal information, amongst a
few others, for industrial applications of the subspace-based system identification.

Once identified from the eigenstructure of the state transition matrix, natural frequencies, damping ratios
and mode shapes are validated with simple metrics like variance or relative errors between the estimates
from different model orders in a stabilization diagram. When it comes to the mode shapes some additional
indicators are commonly used; one of them is MAC. MAC value is a real scalar bounded by zero and one,
which depicts a degree of colinearity between two mode shape vectors [5]. In practice, it is a useful tool to
assess the quality of conducted modal identification or cross correlate results between different modal tests,
however, like estimates of the modal parameters, MAC is affected by the measurement uncertainties.

MAC can be deployed for the comparison of two mode shapes estimated from a single model order, between
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different model orders, between two global model orders, between different data sets and lastly between the
mode shape extracted from the finite element model and the mode shape estimated from the data collected
from the corresponding structure. A strategy to propagate the mode shape covariance estimated from an arbi-
trary subspace identification algorithm to MAC estimated between different mode shapes is the subject of the
present paper. Different mode shape normalization schemes are recalled in the next section. In Section 3 the
analytical sensitivity of MAC is derived and Section 4 contains the results of the uncertainty quantification
of the numerical simulations of a chain-like system both in the proposed and Monte Carlo frameworks.

2 Subspace system identification

Let model (1) represent a behavior of a d degree of freedom, viscously damped, linear time-invariant (LTI)
structural system, {

Mü(t) +Du̇(t) +Ku(t) = v(t)

y(t) = Caü+ Cvu̇(t) + Cdu(t)
(1)

where y(t) ∈ Rr is the output vector and (˙) expresses a derivative with respect to time t. Matrices K, M , D
∈ Rd×d denote stiffness, mass and damping matrices respectively. Matrices Ca, Cv, Cd ∈ Rr×d are selection
matrices for accelerations, velocities and displacements where r is the number of sensors. Vectors u(t), v(t)
∈ Rd denote the continuous-time displacements and external forces respectively. Sampled with k discrete
steps at rate 1/τ , System (1) can be represented with a discrete-time stochastic state-space model

{
xk+1 = Anxk + wk

yk = Cnxk + vk
(2)

where xk ∈ Rn are the states; An ∈ Rn×n, Cn ∈ Rr×n are the state transition and observation matrices
estimated for a model order n and vectors wk with vk denote the process and output noises respectively.
The eigenfrequencies fi, damping ratios ζi and mode shapes ϕi of the underlying mechanical system (1) are
identified for i = 1 . . . n from the i-th eigenvalue λi and eigenvector Φi of An such that

fi =
|λci|
2π

, ζi =
−<(λci)

|λci|
, ϕi = CnΦi (3)

where the eigenvalue of the continuous system λci is computed with eλciτ = λi. The |(·)| denotes modulus
operator and <(·) and =(·) express real and imaginary parts of a complex variable. An example of a output-
only data-driven identification algorithm, namely Stochastic Subspace Identification with Unweighted Prin-
cipal Component, SSI-UPC, is given in the next paragraph.

2.1 SSI-UPC identification algorithm

The UPC algorithm is based on a projection of the ‘future’ data horizon Y+ onto the ‘past’ data horizon
Y−, which associates the column space of the resulting projection matrix H with the column space of the
extended observability matrix Γ whereas its rows space corresponds to the row space of the forward Kalman
filter state sequence X . The projection can be written as

H = Y+/Y− = Y+Y−T (Y−Y−T )
−1
Y− (4)
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where H ∈ R(p+1)r×N with N + p + q denoting the total number of samples such that parameters p, q are
usually p = q + 1. Matrices Y+ ∈ R(p+1)r×N and Y− ∈ Rqr0×N are defined such that

Y+ =
1√
N




yq+1 yq+2
... yN+q

yq+2 yq+3
... yN+q+1

...
...

...
...

yp+q+1 yp+q+2
... yp+q+N



, Y− =

1√
N




yr0q yr0q+1

... yr0N+q−1

yr0q−1 yr0q
... yr0N+q−2

...
...

...
...

yr01 yr02

... yr0N




with r0 labeling the reference channels. An efficient and numerically stable scheme to compute the Hankel
matrix H has been proposed in [9] and [3]. Instead of the direct computation of the projection as in (4), it
involves selecting an appropriate partition of the stacked and LQ decomposed Y− and Y+ matrices.
Matrix H enjoys the factorization property into H ≈ ΓnXn where Γn ∈ R(p+1)r×n and Xn ∈ Rn×N are
defined as

Γn =




Cn
CnAn

...
CnA

p
n


 , Xn =

[
Gn AnGn . . . Aq−1

n Gn
]

Σ−1
Y−Y

− (5)

where Gn = E(xk+1y
T
k ) expresses the cross covariance computed between the states at model order n and

the outputs, and the matrix ΣY− = E((Y−Y−T )) is the variance of Y−. In practice, only the estimates of the
observability matrix Γ̂n and the forward Kalman states X̂n are computed. A well-known scheme to compute
Γ̂n and X̂n is to balance the singular values of the estimate of the Hankel matrix, Ĥ, which SVD writes

Ĥ =
[
U1 U2

] [D1 0
0 D2

] [
V T

1

V T
2

]
(6)

where Γ̂n = U1D
1/2
1 and X̂n = D

1/2
1 V T

1 . U1 and V1 are the left and right singular vectors corresponding to
first n non-zero singular values D1 and U2 with V2 are the left and right kernel of Ĥ where D2 −→ 0. The
estimate of the state transition matrix An for a single model order can be computed in a least-square sense
from the shift invariance property of Γ̂n such that Ân = Γ̂n

†
↑Γ̂n↓ and Ĉn is extracted directly from the first

block rows of Γ̂n. An efficient multi-model order scheme for the computation of the system matrices was
developed in [3]. The modal parameter estimation follows (3).

2.2 Mode shape normalization

The mode shape ϕi computed from (3) is called the unnormalized mode shape since its scaling is arbitrary
and its components can be written as ϕi =

[
ϕi,1 ϕi,2 . . . ϕi,r

]T . To make it comparable between different
model orders, a normalization scheme is needed. Two well-known schemes are investigated, namely

1. One mode shape component is set to 1. This k-th component can e.g. be chosen as the component with
the maximum amplitude (k = arg maxj{|ϕi,j |}), or any other selected entry of ϕi. The normalized
mode shape can be written as

ϕ̃i = ϕi/ϕi,k. (7)

Note that the k-th component in this normalized mode shape has, by design, no uncertainty.

2. The mode shape is rotated such that the imaginary part of one component is 0 and the real part of
this component is positive. This k-th component can be chosen as in case 1. Then the mode shape is
rotated to the maximum angle of deflection. In addition, the norm of the mode shape is set to 1. Then,
the normalized mode shape can be written as

ϕ̆i = ϕ̃i/||ϕ̃i||. (8)
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Note that the imaginary part of the k-th component in this normalized mode shape has, by design, no
uncertainty.

Note that the MAC value, see (13), is independent of the chosen mode shape normalization, therefore its
uncertainty should also be independent of the chosen normalization scheme. Both schemes are investigated
in this paper for the analysis of the mode shape uncertainty.

3 Delta method for variance estimation

Assume Ŷ to be a random matrix computed on N samples for which, as N goes to infinity, Ŷ converges
almost surely to θ and the Central Limit Theorem, CLT, holds

√
N(Ŷ − θ)

L−→ N (0, cov(θ)). This is
e.g. the case for the output auto-covariance estimates computed from the measurements. Let vec(·) denote
vectorization operator and vec(X) = vec(f(Y )) be once differentiable in θ with a sensitivity matrix JX,Y =

∂vec(f(Y ))/∂vec (Y )

∣∣∣∣
Y=θ

. The CLT formulated for X̂ writes as

√
N
(

vec(X̂)− vec (f(θ))
) L−→ N (0,JX,Y cov(θ)J TX,Y ) (9)

and the first order perturbation of X can be written as vec (∆X) = JX,Y vec (∆Y ). The covariance of the

estimate X̂ yields cov
(

vec(X̂)
)

= ĴX,Y cov
(

vec(Ŷ )
)
Ĵ TX,Y . In this way the covariance related to the

output covariances in the Hankel matrix can be propagated to some function of it, in particular to the modal
parameters and the MAC values. For the convenience of the notation the estimate symbol (̂·) is dropped in
the next sections.

3.1 Variance of the mode shapes

The variance of the mode shapes is developed with respect to auto-covariance matrices of the measurements.
The scheme in (10) follows the SSI-UPC algorithm developed in [1] and [6], here, for a single model order
n. The first order perturbation of the mode shape ∆ϕi follows

∆ϕi = Jϕi,(An,Cn)J(An,Cn),ΓnJΓn,HJH,Rvec(∆R) (10)

where Jϕi,(An,Cn) is the sensitivity of the mode shape components with respect to the state transition and
observation matrix computed at model order n, J(An,Cn),Γ is the sensitivity of the state transition and ob-
servation matrix at model order n towards the observability matrix at order n, JΓn,H is the sensitivity of
the observability matrix truncated at order n towards Hankel matrix and finally JH,R is the sensitivity of
the Hankel matrix towards the auto-covariance matrices of the measurements. The auto-covariance matrices

vec(∆R) =

[
vec(∆R+)
vec(∆R−)

]
where R+ and R− are respectively the mean of the auto-covariance of each

block of the past and future measurements. To easen the notation, the following perturbations can be written
as

∆ϕi = Jϕi,Rvec(∆R)

where Jϕi,R = Jϕi,(An,Cn)J(An,Cn),ΓnJΓn,HJH,R is the chained sensitivity of the i-th mode shape towards
the auto-covariance matrices of the measurements.
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3.1.1 Uncertainty of normalized mode shape: normalization 1

To compute the variance of the normalized mode shape, the effect of the normalization must be accounted
for. The first order perturbation of the first normalization scheme, which was developed in [7], writes as

∆ϕ̃i = ∆

(
1

ϕi,k

)
ϕi +

1

ϕi,k
∆ϕi

= − 1

ϕ2
i,k

∆(ϕi,k)ϕi +
1

ϕi,k
∆ϕi

=
1

ϕi,k

(
− 1

ϕi,k
ϕie

T
k + Ir

)

︸ ︷︷ ︸
=Jϕ̃i,ϕi

∆ϕi,

using the fact that the (scalar) ϕi,k = eTk ϕi where ek is the k-th unit vector. The respective covariance of the
real and imaginary mode shape part writes thus

cov

([
<(ϕ̃i)
=(ϕ̃i)

])
=

[
<(Jϕ̃i,ϕiJϕi,R)
=(Jϕ̃i,ϕiJϕi,R)

]
ΣR

[
<(Jϕ̃i,ϕiJϕi,R)
=(Jϕ̃i,ϕiJϕi,R)

]T
. (11)

where ΣR can be easily estimated as a sample covariance on blocks of the data as in [1] and [6].

3.1.2 Uncertainty of normalized mode shape: normalization 2

Regarding the second normalization scheme depicted in (8), the first order perturbation of ϕ̆i writes as

∆ϕ̆i = ∆

(
1

||ϕ̃i||

)
ϕ̃i +

1

||ϕ̃i||
∆ϕ̃i

= − ϕ̃i
2||ϕ̃i||3

∆(||ϕ̃i||2) +
1

||ϕ̃i||
∆ϕ̃i

= − ϕ̃i
||ϕ̃i||3

<(ϕ̃Hi ∆ϕ̃i) +
1

||ϕ̃i||
∆ϕ̃i

=
1

||ϕ̃i||

(
− ϕ̃i
||ϕ̃i||2

<(ϕ̃Hi Jϕ̃i,ϕiJϕi,R) + Jϕ̃i,ϕiJϕi,R
)

︸ ︷︷ ︸
=Jϕ̆i,R

vec(∆R),

and thus for the covariance of the real and imaginary mode shape parts

cov

([
<(ϕ̆i)
=(ϕ̆i)

])
=

[
<(Jϕ̆i,R)
=(Jϕ̆i,R)

]
ΣR

[
<(Jϕ̆i,R)
=(Jϕ̆i,R)

]T
. (12)

3.2 Uncertainty of MAC

The computation of MAC between two complex valued mode shapes vectors ϕ and ψ estimated at model
order n follows [5] and writes

MAC =
|ϕHψ|2
ϕHϕψHψ

=
ϕHψψHϕ

ϕHϕψHψ
(13)

Two general cases for the MAC computation are distinguished namely, first when ϕ and ψ are estimates of
a different mode shape, hereby denoted as cross-MAC, and second when ϕ = ψ are the same mode shape
estimate, denoted as auto-MAC. Note that auto-MAC yields

MAC =
|ψHψ|2
ψHψψHψ

=
ψHψψHψ

ψHψψHψ
= 1, (14)
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and has no uncertainty. To quantify the uncertainty of cross-MAC, the aim is to obtain the first order per-
turbation of (13) with respect to the real and the imaginary parts of the mode shape vectors, which writes
as

∆MAC =
[
∂MAC
∂<(ϕ)

∂MAC
∂=(ϕ)

∂MAC
∂<(ψ)

∂MAC
∂=(ψ)

]

︸ ︷︷ ︸
=JMAC,ϕ,ψ




∆<(ϕ)
∆=(ϕ)
∆<(ψ)
∆=(ψ)


 (15)

where the covariance of the MAC can be expressed in terms of the covariance of the mode shapes and the
analytical sensitivity JMAC,ϕ,ψ. To derive JMAC,ϕ,ψ, let us write the first order perturbation of (13) as

∆MAC =
∆(ϕHψψHϕ)

ϕHϕψHψ
− ϕHψψHϕ

(ϕHϕψHψ)2
∆(ϕHϕψHψ). (16)

Since both the ϕ and ψ are column vectors the product ϕHψ is a complex scalar. Expressing the first term
from (16) it holds

∆(ϕHψψHϕ) = ∆(ϕH)ψψHϕ+ ϕH∆(ψ)ψHϕ+ ϕHψ∆(ψH)ϕ+ ϕHψψH∆(ϕ). (17)

The terms ∆(ϕH)ψψHϕ and ϕHψψH∆(ϕ) are conjugates of each other, and so are ϕH∆(ψ)ψHϕ and
ϕHψ∆(ψH)ϕ. Thus, it follows

∆(ϕHψψHϕ) = 2<(ϕH∆(ψ)ψHϕ) + 2<(ϕHψψH∆(ϕ)) (18)

= 2<(ψHϕϕH∆ψ) + 2<(ϕHψψH∆ϕ). (19)

Finally, for every complex vectors y and x the real part of the inner product writes <(yHx) = <((<(y) +
i=(y))H(<(x) + i=(x))) = <(y)T<(x) + =(y)T=(x), hence it holds

<(ψHϕϕH∆ψ) =
[
<(ϕϕHψ)T =(ϕϕHψ)T

] [∆<(ψ)
∆=(ψ)

]
(20)

and

<(ϕHψψH∆ϕ) =
[
<(ψψHϕ)T =(ψψHϕ)T

] [∆<(ϕ)
∆=(ϕ)

]
. (21)

The second term of (16) is derived with a scheme analogous to the one depicted in (17)-(21). After sorting
the respective terms, the partial derivatives of the MAC with respect to the real and imaginary parts of the
mode shapes are

∂MAC
∂<(ϕ)

=
2<(ψψHϕ)T

ϕHϕψHψ
− ϕHψψHϕψHψ

(ϕHϕψHψ)2 2<(ϕ)T (22)

∂MAC
∂=(ϕ)

=
2=(ψψHϕ)T

ϕHϕψHψ
− ϕHψψHϕψHψ

(ϕHϕψHψ)2 2=(ϕ)T (23)

and

∂MAC
∂<(ψ)

=
2<(ϕϕHψ)T

ϕHϕψHψ
− ϕHψψHϕϕHϕ

(ϕHϕψHψ)2 2<(ψ)T (24)

∂MAC
∂=(ψ)

=
2=(ϕϕHψ)T

ϕHϕψHψ
− ϕHψψHϕϕHϕ

(ϕHϕψHψ)2 2=(ψ)T . (25)

Combining (22)-(25) to the analytical sensitivity JMAC,ϕ,ψ after (15), the covariance of the MAC writes

cov (MAC) = JMAC,ϕ,ψΣϕ,ψJ TMAC,ϕ,ψ.
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4 Application

The presented scheme for the uncertainty computation is tested on a numerical simulation of a 6 degree of
freedom (DOF) spring mass system in a Monte Carlo (MC) setup with 1000 simulations. The following
application directly refers to the one in [6] that validated the variance estimation of natural frequencies and
damping ratios in such a framework. In addition to the uncertainty quantification of MAC, this paper val-
idates variance estimation for the mode shape computation. The chain-like system is excited with a white
noise signal in all DOFs with sampling frequency of 50Hz for 2000 seconds and the responses are measured
at 1, 2 and 5 DOF. Gaussian white noise with 5% of the standard deviation of the output is added to the
response at each channel. The influence of the two underlying mode shape normalization cases, depicted in
(7) and (8), on the variance computation is investigated.
Both the output-only data driven subspace-based system identification with the unweighted principal com-
ponent (SSI-UPC) and the variance computation in the corresponding framework are set up with a single
system order of 12, time lags of 15 and 200 blocks for the covariance computation of the data Hankel matrix.
Six modes are tracked in each simulation. In both mode shape normalization cases the second component of
the mode shape vector was selected for the normalization. The exact and calculated means of the real parts
of the identified mode shapes with the respective Coefficients of Variation (CV) are depicted in Table 1 and
Table 2.

DOF/Case 1 2 3 4 5 6

DOF1

Exact 0.6834 0.8414 1.3228 -1.7442 -1.0222 -0.7374
Mean MC 0.6826 0.8413 1.3226 -1.7428 -1.0220 -0.7380
CV[%] 1.241 0.240 0.368 1.927 0.523 1.270

DOF2

Exact 1 1 1 1 1 1
Mean MC 1 1 1 1 1 1
CV[%] 0 0 0 0 0 0

DOF5

Exact 2.0962 -0.6158 0.2154 -2.5708 0.9707 -0.7207
Mean MC 2.0957 -0.6157 0.2153 -2.5685 0.9710 -0.7204
CV[%] 0.615 0.123 0.809 1.368 0.867 2.336

Table 1: Comparison of the exact and mean values with corresponding CV from Monte Carlo simulation of
estimated mode shapes. Normalization scheme 1.

DOF/Case 1 2 3 4 5 6

DOF1

Exact 0.2823 0.5824 0.7911 0.5344 0.5914 0.5134
Mean MC 0.2819 0.5824 0.7910 0.5344 0.5915 0.5134
CV[%] 1.040 0.159 0.120 0.977 0.389 1.429

DOF2

Exact 0.4131 0.6922 0.5980 -0.3066 -0.5786 -0.6963
Mean MC 0.4131 0.6922 0.5980 -0.3064 -0.5786 -0.6962
CV[%] 0.2819 0.5824 0.7910 0.5344 0.5915 0.5134

DOF5

Exact 0.8659 -0.4262 0.1288 0.7877 -0.5616 0.5018
Mean MC 0.8659 -0.4262 0.1288 0.7870 -0.5614 0.5013
CV[%] 0.144 0.116 0.661 0.797 0.605 1.995

Table 2: Comparison of exact and mean values with corresponding CV from Monte Carlo simulation of
estimated mode shapes. Normalization scheme 2.

Both Table 1 and Table 2 reveal that calculated MC means are close to the exact values of the mode shapes,
with the highest CV of 2.336% for mode 6. A comparison between the standard deviations of the mode
shape components computed from the MC simulation, σMC, and the mean standard deviations from the
perturbation theory (PT), σPT is depicted in Table 3 and Table 4.
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DOF/Case Standard deviation of <(φ) [· 10−2] Standard deviation of =(φ) [· 10−2]

1 2 3 4 5 6 1 2 3 4 5 6

DOF1
σPT 0.85 0.21 0.47 3.40 0.54 0.95 0.84 0.24 0.51 3.47 0.54 0.92
σMC 0.84 0.20 0.46 3.52 0.53 0.97 0.80 0.23 0.51 3.50 0.54 0.91

DOF2
σPT 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
σMC 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

DOF5
σPT 1.38 0.08 0.17 8.77 0.87 1.69 1.44 0.13 0.20 8.85 0.88 1.75
σMC 1.27 0.07 0.17 8.97 0.88 1.67 1.32 0.12 0.19 9.01 0.86 1.79

Table 3: Standard deviations of real and imaginary part of the mode shapes from perturbation approach and
Monte Carlo simulations. Normalization scheme 1.

DOF/Case Standard deviation of <(φ) [· 10−2] Standard deviation of =(φ) [· 10−2]

1 2 3 4 5 6 1 2 3 4 5 6

DOF1
σPT 0.30 0.09 0.10 0.53 0.23 0.74 0.35 0.17 0.31 1.06 0.31 0.64
σMC 0.30 0.09 0.10 0.55 0.23 0.73 0.33 0.17 0.30 1.06 0.32 0.65

DOF2
σPT 0.22 0.06 0.14 0.81 0.22 0.29 0.00 0.00 0.00 0.00 0.00 0.00
σMC 0.21 0.06 0.14 0.82 0.22 0.29 0.00 0.00 0.00 0.00 0.00 0.00

DOF5
σPT 0.14 0.05 0.08 0.65 0.34 1.01 0.30 0.09 0.10 0.53 0.23 0.74
σMC 0.13 0.05 0.08 0.66 0.34 0.99 0.30 0.09 0.10 0.53 0.23 0.74

Table 4: Standard deviations of real and imaginary part of the mode shapes from perturbation approach and
Monte Carlo simulations. Normalization scheme 2.

Both Table 3 and Table 4 illustrate that the differences between the standard deviations obtained from the
MC simulations and the mean standard deviations computed using perturbation theory (PT) are negligible.
Higher standard deviations, on average, of all DOFs in Table 3 correspond to higher mean values of the mode
shape components in Table 1. That results in a small differences between the CV of estimated DOFs which
is illustrated, for the two normalization schemes, in Table 1 and Table 2 respectively.
Results presented so far were computed for a single sample size N , which, naturally, is the case when
using such framework for uncertainty quantification in real-life applications. That, however, should hold
for any sufficient data length. Analyzing results computed on different sample lengths provide arguments
for deploying such framework and allow to draw some conclusions about the distribution properties of the
estimated mode shapes. For that purpose introduce some variables that depend on standard deviations of
<(φ) and =(φ) computed from the MC simulations such as

σ<(φr,i)MC
=
√

var (<(φr,i)), σ=(φr,i)MC
=
√

var (=(φr,i)), (26)

σ<(φ)MC
=

3∑

r=1

6∑

i=1

σ<(φr,i)MC
, σ=(φ)MC

=
3∑

r=1

6∑

i=1

σ=(φr,i)MC
,

α<(φ)MC
= σ<(φ)MC

√
N, α=(φ)MC

= σ=(φ)MC

√
N.

The r = 1 . . . 3 denotes the number of measured DOF, i = 1 . . . 6 denotes the number of identified modes
and the j = 1 . . .MC, where MC = 1000 and j denotes the j-th Monte Carlo simulation. Now, recall
that proposed perturbation approach computes variance of the real and imaginary parts of the mode shape
component, σ<(φr,i)PT,j

and σ=(φr,i)PT,j
, for a single realization j, hence 1000 simulations enable to compute
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the variance of σ<(φr,i)PT
and σ=(φr,i)PT

which, for the variables formulated in (26), writes

σ<(φ)PT
=

1

MC

3∑

r=1

6∑

i=1

MC∑

j=1

σ<(φr,i)PT,j
, σ=(φ)PT

=
1

MC

3∑

r=1

6∑

i=1

MC∑

j=1

σ=(φr,i)PT,j
, (27)

σ∗<(φ)PT
=

3∑

r=1

6∑

i=1

√
var
(
σ<(φr,i)PT

)
, σ∗=(φ)PT

=
3∑

r=1

6∑

i=1

√
var
(
σ=(φr,i)PT

)
,

α<(φ)PT
= σ<(φ)PT

√
N, α=(φ)PT

= σ=(φ)PT

√
N.

Analysis of the variables in (26) and (27) computed on the data sets with different sample lengths is depicted
on Figure 1.
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Figure 1: Sum of standard deviations of the mode shape components from Monte Carlo simulation and
mean perturbation theory depending on number of samples (a). Standard deviation of the sum of standard
deviations of the mode shape components from Monte Carlo simulation and mean perturbation theory (b).
CV of the standard deviation of mode shape components from perturbation theory depending on number of
samples (c). Sum of standard deviations of the mode shape components from Monte Carlo simulation and
mean perturbation theory scaled with a square root of corresponding data length (d). Normalization 1.

Since mode shapes estimates are converging to their true value the σ<(φ)MC
, σ=(φ)MC

, σ<(φ)PT
and σ=(φ)PT

are converging to zero, which is illustrated in the ’a’ part of Figure 1. The ’b’ part shows that the errors in the
perturbation approach converge to zero. The CVs σ∗<(φ)PT

/σ<(φ)PT
and σ∗=(φ)PT

/σ=(φ)PT
converge to a

constant value of 5.5% and 7.5% respectively, see ’c’ part of Figure 1, which illustrates that the relative error
summed from all the mode shape components for selected model order n is very small. That also arguments
for using the proposed framework while having just one measurement set. The ’d’ part of Figure 1 illustrates
that the pairs σ<(φ)PT

and σ<(φ)MC
with σ=(φ)PT

and σ=(φ)MC
converge with rate of order

√
N to a similar

constant, which also justifies estimating the variance of the mode shape components with the perturbation
approach.

The MAC values computed between the mode shapes estimated at model order 6 from one arbitrary data
set are depicted on Figure 2.
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Figure 2: MAC values computed for one simulation. Normalization scheme 1 (left) and normalization
scheme 2 (right).

As shown in (14) the diagonal of the MAC matrix plotted in Figure 2 is equal to one. The histograms of
selected MAC values obtained from MC simulations with the corresponding standard deviations computed
using the perturbation approach are depicted on Figure 3 and Figure 4 respectively.
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Figure 3: Selected histograms of MAC from Monte Carlo simulations.
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Figure 4: Selected histograms of standard deviations of MAC computed with perturbation approach.

The histograms illustrate the validity of Gaussian approximation of MAC stated by CLT in (9). In addi-
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tion, the MAC values and the standard deviations of MAC for both normalization schemes are numerically
identical, hence render its computation invariant towards the normalization of the mode shape. The standard
deviations of the MAC obtained from the MC simulations and the mean standard deviations computed using
the PT are presented in Table 5.

Standard deviation of MAC [· 10−2]

Mode/Case Normalization scheme 1 Normalization scheme 2

1 2 3 4 5 6 1 2 3 4 5 6

1
σPT - 0.05 0.30 1.09 0.42 0.49 - 0.05 0.30 1.09 0.42 0.49
σMC - 0.04 0.28 1.11 0.42 0.49 - 0.04 0.28 1.11 0.42 0.49

2
σPT 0.05 - 0.14 0.14 0.10 0.59 0.05 - 0.14 0.14 0.10 0.59
σMC 0.04 - 0.14 0.14 0.10 0.58 0.04 - 0.14 0.14 0.10 0.58

3
σPT 0.30 0.14 - 0.24 0.03 0.05 0.30 0.14 - 0.24 0.03 0.05
σMC 0.28 0.14 - 0.23 0.03 0.05 0.28 0.14 - 0.23 0.03 0.05

4
σPT 1.09 0.14 0.24 - 0.13 1.06 1.09 0.14 0.24 - 0.13 1.06
σMC 1.11 0.14 0.23 - 0.13 1.08 1.11 0.14 0.23 - 0.13 1.08

5
σPT 0.42 0.10 0.03 0.13 - 1.10 0.42 0.10 0.03 0.13 - 1.10
σMC 0.42 0.10 0.03 0.13 - 1.09 0.42 0.10 0.03 0.13 - 1.09

6
σPT 0.49 0.59 0.05 1.06 1.10 - 0.49 0.59 0.05 1.06 1.10 -
σMC 0.49 0.58 0.05 1.08 1.09 - 0.49 0.58 0.05 1.08 1.09 -

Table 5: Standard deviations of MAC values for both normalization schemes for perturbation approach and
Monte Carlo simulations.

It can be observed that the differences between the standard deviations of MAC computed from MC simula-
tions and the mean ones obtained from the perturbation approach are small.
The influence of data length on the standard deviations of MAC computed from MC simulations and the
mean standard deviations obtained from the PT is illustrated in Figure 5.
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Figure 5: Sum of standard deviations of MAC from Monte Carlo simulation and mean perturbation theory
depending on number of samples (a). Standard deviation of the sum of standard deviations of MAC from
Monte Carlo simulation and mean perturbation theory (b). CV of the standard deviation of MAC from pertur-
bation theory (c). Sum of standard deviations of MAC from Monte Carlo simulation and mean perturbation
theory scaled with a square root of corresponding data length (d). Normalization 1.

The parameters used in this analysis follow a similar notation as in the case of mode shape uncertainties,
see (26) and (27). The ’a’ part of Figure 5 illustrates that the σMACMC

and σMACPT
are converging to

zero. In addition, note that there is no visible difference between the results from MC simulations and
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the mean ones obtained from PT. Second, the errors in the variance estimates of MAC computed with the
perturbation approach, σ∗MACPT

, also converge to zero, which is presented in the ’b’ part of Figure 5. The
CV of the standard deviations of MAC, σ∗MACPT

/σMACPT
, computed using perturbation approach converge

to a constant value of 5.2%, see ’c’ part of Figure 5, which, like in the case of mode shape uncertainties, is
small and arguments for using proposed framework while having just one measurement set. Lastly, the ’d’
part of Figure 5 illustrates that both the σMACMC

and σMACPT
converges with rate

√
N to a similar constant.

5 Conclusions

This paper presented an approach to quantify the statistical uncertainty of MAC computed between differ-
ent mode shape vectors. Proposed method was verified against Monte Carlo simulations of a simple chain
system where the resulting differences between two frameworks were negligible, as expected. Uncertainty
quantification was found invariant towards the underlying schemes for mode shape normalization, as ex-
pected. Theoretical asymptotic properties of MAC were validated with simulations with increasing sample
size. The future work will consists of real-life application of both the uncertainty quantification of mode
shapes and MAC, through its implementation in the future release of the ARTEMIS MODAL PRO [8] soft-
ware.
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Abstract
MIMO swept sine excitation is nowadays largely used in environmental and modal testing of aerospace
structures, being recognized as an optimal compromise between high quality FRFs and testing time. Due to
the test levels that can be reached, monitoring the recordings of multiple transducers translates in the need
of on-line controlling the signals, in order to keep them at a (safe) reference level. At the same time, FRFs
obtained from MIMO sine tests can also be affected by the processing technique used to combine multiple
sweeps. In this paper, a feed-forward control strategy for MIMO sine testing aiming to reduce the error
between the responses and the references is presented. This approach moves towards a MIMO swept sine
feedback control, with the capability of on-line modifying the model of the system obtained in a pre-test
phase. Subsequently, with focus on Ground Vibration Testing, an advanced data processing technique is
used to obtain an optimal modal model from the multiple sweeps.

1 Introduction

Nowadays Multiple-Input Multiple-Output (MIMO) sine sweep is one of the most popular excitation tech-
niques for the modal testing of large aerospace structures. The success is related to the possibility of charac-
terizing the dynamic response of the unit under test frequency-to-frequency, reaching high excitation levels
and high quality FRFs, providing also preliminar information on potential non-linear behavior [1–4]. Some
of these features were previously obtained running normal modes tests or combining normal modes with
broadband or stepped sine excitations at the cost of extremely long testing times (normal modes and stepped
sine) [5] or poor excitation levels (broadband random). For large aerospace structures, high-quality measure-
ments are compulsory. Even if these tests are critical, they are scheduled in a period of extreme time pressure,
with the full ready-to-use assembly that still needs to undergo additional testing stages, for example acous-
tic and thermal testing of large satellites [6]. Another application example is the Ground Vibration Testing
(GVT) of large aircrafts, where the testing, required for flutter prediction analysis, is typically scheduled
before the final painting and the maiden flight. With focus on GVT applications, recent studies addressed the
problem that the FRFs and mode sets obtained with sine sweeps show a dependency on the FRFs estimation
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method used to process the acquired data. For example, the necessity of MIMO sine testing to combine
runs from multiple sweeps with different phases between the inputs in one data set, can require additional
iterations (also involving broadband random data) to come up with a representative mode set. As a conse-
quence, even if MIMO swept sine techniques proved to be an ideal compromise between high quality FRFs
and testing time, it is acknowledged that there is still a significant amount of time that can be saved during
the data analysis. As potential solution, for the specific case of fixed wing aircraft GVT, a data processing
technique was proposed in the last years [7–9]: the Virtual Driving Point method (VDP). The VDP working
principle consists in building a virtual single-input excitation from a single run (a single sweep) with multi-
input excitation. Main advantage of this procedure is that each sweep can be performed individually and the
measured data can be independently analyzed even in case of multi-input excitation.

From the practical perspective, an additional advantage of swept sine excitation is the possibility of using
state-of-the-art feedforward control techniques to define reference levels for specific control channels, e.g.
force transducers or accelerometers. This allows the shaping of the voltages driving the exciters, predicting
the dynamic behaviour of the unit to be tested. This prediction relies on a system model obtained with a low-
level pre-test random system identification. Due to potential non-linear behaviour that can be triggered at the
(generally high) test levels reached during the actual sine sweeps, noise on the measurements and transient
effects due to the sweeping itself (for instance beating phenomena [4], [10], [11]), the system can differ from
the linear model estimated in the pre-test. The spectra of the control channels can therefore deviate from the
reference and closed loop feedback control strategies are sought to compensate for these differences.

Different MIMO frequency domain algorithms can be used to control the multiple drives, as suggested
by [12]. The work [13] additionally proposes an attractive approach that combines CR-calculus, as described
in [14–16], to traditional Gauss-Newton iterative algorithms, allowing to correct system identification errors
during the convergence and therefore increase the convergence speed. The main challenges of MIMO swept
sine controlled techniques are related to the on-line estimation of the responses (to be controlled) and the
drives (to be updated) spectra from the continuously swept signals and the robustness of the developed
closed-loop MIMO controller. For these reasons, a time domain implementation of the control strategy
proposed in [13] is still under investigation. In the early development stage of the controller, in order to
already tackle potential issues that can be encountered during an actual swept sine test, an innovative idea is
to integrate the controller in a Virtual Shaker Testing environment [10], [11].

The purpose of this paper is to highlight recent research activities carried out to improve the current practice
of MIMO swept sine testing for FRF estimation, with a specific focus on GVT. Specifically, in sec. 2 the
limitation of state-of-the-art feedforward control is highlighted. The need for moving towards a feedback
closed-loop control, and a potential control logic, to be developed in a Virtual Shaker Testing environment,
are also covered in sec. 2. Sec. 3 provides an insight on the Virtual Driving Point technique as potential
solution to process the acquired data during a MIMO swept sine testing for GVT allowing to overcome some
of the limitations of processing data from different sweeps.

Since in this work most of the derivations are in the frequency domain, all the arrays are functions of the
frequency f (in Hz), if not specified otherwise. Vectors are denoted by lower case bold letters, e.g. a, and
matrices by upper case bold letters, e.g. A. An over-bar � is used to indicate the complex conjugate operation
and the Hermitian superscript �H to indicate the complex conjugate transpose of a matrix, e.g. a and AH .
The dagger symbol �† is used to indicate the Moore-Penrose pseudo-inverse of a matrix, whereas the hat
�̂ is used to emphasize the estimation of a quantity, e.g. Â is an estimate of the matrix A. Time domain
derivatives are indicated with dots �̇, for example ȧ(t) and ä(t) are the first and second derivatives of the
waveform a(t), respectively.

2 Multi-Input Multi-Output swept sine controlled excitation

Fig. 1 is a schematic representation of a general MIMO vibration control test. A set of m voltages is sent
to multiple exciters. Typically these signals (the so-called drives) drive m independent shakers or, possibly,
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the multiple degrees of freedom of a multi-axis shaking table [17], [18]. The unit under test responses are
recorded in ` control channels (the so-called controls or pilots).

Drive 1 Drive 

Unit Under Test
MIMO System

amp 1 amp 

…

…

…

ctrl 1 ctrl 

Figure 1: Schematic representation of a MIMO vibration control test.

During a MIMO test with swept sine excitation, the unit under test is excited with multiple swept sines over
a user-defined frequency band. All the input signals are driven by the same instantaneous frequency.

The reasons to adopt a multi-input excitation for swept sine testing can be different, for example

• the need for testing heavy or slender structures that cannot be accommodated on a single shaker;

• the possibility of setting a defined phase between the responses to better characterize specific mode
shapes.

• Multi-axis exciters can be used to perform a true single-axis test, by setting as reference very low
response spectra in the off-axis directions.

In order to correctly calculate the FRFs, multiple averages with uncorrelated inputs are required. This is
achieved by defining a number of sweeps equal or greater than the number of exciters, with different phase
relations between the drives [2]. MIMO sine vibration control tests offer the additional attractive feature of
guaranteeing that the response spectra of the control channels recordings match a specific reference level
while sweeping with a specific sweep mode (linear or logarithmic) and sweep rate (in Hz/s or Octave/min).

The control target for a MIMO sine vibration control test is a set of ` control spectra, characterized by
amplitude and phase (relative to the phase of the first control channel).

For each frequency, in case the full dynamic system is linear and time invariant, it is possible to write the
Input-Output relation

y = Hu (1)

where y ∈ C`×1 and u ∈ Cm×1 are the spectra of the controls y(t) = {y1(t), . . . , y`(t)}T and the drives
u(t) = {u1(t), . . . , um(t)}T , respectively and H ∈ C`×m is the matrix of FRFs. For the sake of simplicity,
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as most of the derivations are in the frequency domain, the terms drives,controls, responses and references
are referred to the drives, controls, responses and reference spectra, respectively, if not specified differently.

In all the vibration control tests, a System Identification pre-test phase is always needed to estimate the
system’s FRFs. This is usually performed by running a low-level random test and using the so called H1

estimator [19]

Ĥ = ŜyuŜ
−1
uu (2)

where Ŝyu ∈ C`×m and Ŝ−1uu ∈ Cm×m are spectral density matrices estimated via Welch’s averaged peri-
odogram method [20] or other approaches.

Once the FRF is known, the system’s Mechanical Impedance Matrix Z can be calculated. Generally an
operation of pseudo-inversion is always needed because the number of controls can exceed the number of
drives, in what is known in the MIMO control literature as Rectangular Problem [21].

2.1 Feedforward control

For each frequency line, independently, the control error

e = r− y (3)

needs to be reduced in the least square sense, in order for the responses to match the reference spectra. This
means to find the optimal drives that minimize the cost function

J = eHe = uHHHHu− uHHHr− rHHu + rHr (4)

The drives that ideally reduce the error to zero are the ones that nullify the complex gradient

g =
∂J

∂u
= 2(HHHu−HHr) (5)

It is worth to notice that the derivative operation in eq. (5) should not be interpreted in the standard sense,
as the real cost function of eq. (4) with respect to the (generally complex) drives fails the Cauchy-Riemann
conditions (it is said to be not analytic in the space Cm), as analyzed in details in [14] and [15]. Addi-
tionally [14], [15] and later [16], propose to tackle the problem considering a representation in Conjugate
Coordinates. Alternatively, it is possible to consider as different independent variables the real and imagi-
nary part of the drives (uR and uI, respectively ), so that ∂J∂u = ∂J

∂uR
+ i ∂J∂uI

, where i is the imaginary unit.
Imposing that the complex gradient must nullify, the optimal drives are retrieved as

uopt = (HHH)−1HHr (6)

In order to calculate the drives, as the real system plant is unknown, the best solution is to use informa-
tion obtained from the system identification. To notice that the quantity (ĤHĤ)−1ĤH is, for the gen-
eral case of a rectangular problem, the pseudo-inverse of the FRF matrix according to Moore and Penrose
(ĤHĤ)−1ĤH = Ĥ† = Ẑ. Hence, an estimate of the optimal drives can be calculated as

ûopt = Ẑr (7)

With reference to the active control literature [12], the proposed approach, represented by the block scheme
of figure 2, is a traditional feedforward control, also called drives pre-shape in environmental testing [10],
[11].
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Figure 2: MIMO sine feedforward control, block scheme.

Harmonic Estimator The idea of an on-line frequency domain MIMO control for swept sine testing is
closely dependent on the capability of on-line tracking the amplitude and phase of the response (to be cor-
rected) and the drive (to be updated) waveforms, as shown in fig. 7. Among the different available solutions,
an idea is the use of an Harmonic Estimator, as currently adopted, for example, in the Siemens Simcenter
Testlab sine Control application [22] .

For a general sinusoidal waveform with fundamental natural frequency 2πωf

y(t) = |y(t)| sin[ωf t+ φ(t)] = ac cos(ωf t) + as sin(ωf t) (8)

the amplitude and phase

|y(t)| =
√
a2c + a2s (9a)

φ(t) = atan
(
ac
as

)
(9b)

can be calculated assuming that, within p periods, eq. (8) holds, and therefore the parameters ac and as can
be estimated in a least square sense using the acquired data (left-hand-side of eq. (8)).

For the on-line estimation during a continuous sine sweep, the frequency of the signals, and therefore the
assumed argument (Φ(t) +φ(t)) of the sine wave in eq. (8), continuously varies with a specific sweep mode
(linear or logarithmic), as reported in table 1.

Sweep mode Frequency in Hz Sine argument in rad

linear Up f(t) = fin + SRHz/st Φ(t) = 2π
(
fint+ SRHz/s

2 t2
)

linear Down f(t) = fend − SRHz/st Φ(t) = 2π
(
fendt− SRHz/s

2 t2
)

log. Up flog,up(t) = fin 2SROct/mint/60 Φ(t) = 2π
(

60fin
SROct/min log 2

2SROct/mint/60 − 1
)

log. Down flog,up(t) = fend 2−SROct/mint/60 Φ(t) = 2π
(
− 60fend

SROct/min log 2
2−SROct/mint/60 − 1

)

Table 1: Different sweep modes and related sine arguments.

2.2 Development of the controller in a Virtual Shaker Testing environment

The MIMO sine feedforward control described in sec. 2.1 has been implemented in Matlab/Simulink. The
amplitude and phase of the drives and responses are estimated on-line using a Matlab/Simulink implemen-
tation of the described on-line harmonic estimator. This solution moves towards a more advanced MIMO
sine feedback controller to be implemented on a real-time platform for environmental testing and controlled
acquisition purposes. The idea is to build a controller in a simulation environment that includes also a full
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validated virtual model of the amplifiers and the vibration exciters. This approach allows already in the
development stage to tackle potential issues that can be encountered during an actual test. It is therefore
chosen, as excited system, a pair of virtual electro-mechanical lumped-parameters vibration exciters in twin
configuration, result of the research [10] and [11] and represented in fig. 3. In the current work, no coupling
structure is considered in the model, as highlighted by the dashed fill in fig. 3: the two shakers are there-
fore independently driven (but the approach considers a generally coupled system). The parameters used
to model the shaker 1 are retrieved from the experimental test campaign performed to characterize a 6 kN
shaker available at Siemens Industry Software N.V. HQ (Leuven, Belgium). Small differences, with respect
to the parameters of the shaker 1, are introduced to obtain the parameters of the twin shaker 2.

Shaker 1 Electro-mechanical Model Shaker 2 Electro-mechanical Model

Figure 3: Schematic representation of the two lumped-parameters Virtual Shakers in twin configuration.

The selected control channels are the two virtual accelerometers located on the shaker heads (referring to fig.
3, the signals z̈T1 and z̈T2) whereas the drives are the voltages V1 and V2 sent to the the virtual amplifiers and
powering the electrical parts of the shakers. The FRFs from the voltages to the control accelerations of the
identified system are represented by the solid blue lines in fig. 4. The dashed red lines represent the FRFs of
the system excited during the sine sweep: to introduce a system identification error, the lumped parameters
slightly differ from the ones of the system excited during the identification (coil masses and lumped payloads
mi reduced of 1% for the shaker 1 and increased of the same amount for the shaker 2).

Fig. 5 shows the control results of the simulated MIMO swept sine control test (feedforward control). The
figure shows some deviations of the control results in correspondence of the coil resonances. This is mainly
due to the introduced system identification errors. This shows, as highlighted by eq. (7) and the block
scheme in fig. 2 that the feedforward control approach strongly relies on the identified system and it is
not able to react to any error, being mainly an open-loop control procedure. It is interesting to analyze the
results from the dashed magenta curves in fig. 5, representing the control results with an ideally perfect
system identification (Ĥ and H are identical). Even in this case, due to the transient nature of the sweep,
the system dynamic response is non-stationary and this causes the presence of a peak with side-lobes in the
sweep direction [4], [11], [10]. It is worth to mention that, in order to predict this transient effect, a Virtual
Shaker Testing approach that aims to simulate with high accuracy the full vibration test is the most complete
solution. Fig. 6 shows a detail of the phenomenon varying the sweep rate. From the figure it can be seen
that, increasing the sweep rate causes the main peak to increase, broaden and bend in the sweep direction.

The influence of these effects on FRF estimation with swept sine techiques has been extensively studied in
literature [3] and [4]. Together with these phenomena, due to the transient nature of the excitation, non-
linear behavior of the system, noise on the measurement and time variant effects, will unavoidably introduce
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Figure 4: FRFs of the two Virtual Shakers in twin configuration (solid blue). The parameters of the shakers
have been slightly modified during the runs to simulate system identification errors (dashed red line), as
shown by the details across the (coil) resonances.
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abort limits, respectively.

35 40 45 50 55 60
frequency in Hz

-10

0

10

C
tr

l. 
1

signal
SR 5 Hz/s
SR 1 Hz/s (On-line Harm. Est.)
SR 1 Hz/s
SR 0.1 Hz/s

Figure 6: Beating phenomenon. Increasing the sweep rate causes the peak across the resonance to bend in
the sweep direction with an increased magnitude and bandwidth.
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system identification errors. The reference and the control spectra will generally differ, and an on-line
feedback control is sought to keep the responses as close as possible to the desired (safe) levels.

2.3 Towards a MIMO sine feedback control

In order to compensate for the errors between the reference levels and the responses, an on-line feedback
control for MIMO swept sine needs to be implemented. Fig. 7 shows a general block scheme for a feedback
control in the frequency domain.
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Figure 7: MIMO swept sine feedback control, block scheme. The green blocks highlight the necessary steps
of generating a continuous sine sweep from the drives spectra (continuous sweep block) and estimating the
response amplitude and phase from the time recordings (ampl/phase estimation block).

One of the techniques for MIMO swept sine control is proposed in the work [13]. This control method has
the feature of updating, during the convergence, not only the drives, but also the mechanical impedance of the
system, potentially allowing to rapidely compensate for non-linear behaviours. The idea of the controller is
to update the drives combining the formulation proposed in [15] with Quasi-Newton methods, as attempted
in [16] for MIMO Random testing. As a consequence of updating the Hessian matrix during the convergence,
the estimated system (used for the first iteration) is also updated and eventually converges to the real system’s
FRFs (unknown during a real life test).

Fig. 8 shows the FRFs update capability of the feedback controller: the correction routine is started with
no information from the pre-test system identification. For this extreme case, the routine assumes a general
identity matrix as initial system, as shown by the dashed red curves of fig. 8. During the correction process,
the FRF are then iteratively corrected (dashed magenta and green curve) until the real system FRFs (solid
blue curves, unknown for the algorithm) are identified at the convergence.

An on-line implementation of this frequency domain technique is however very challenging and still in
progress. The main difficulties come from the transient nature of the swept excitation associated with the
MIMO control. Generally, as analyzed in detail in [12], the stability of the closed loop MIMO system is
strongly influenced by the system’s conditioning. To guarantee the Bounded-Input Bounded-Output (BIBO)
stability, it is needed to optimally tune the step size of the correction algorithm. This tuning is based on the
information obtained during the system identification and the hypothesis that the system is dominated by a
single tonal component, which is not entirely respected during a continuous sweep.
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Figure 8: Impedance update during the drives correction (closed loop MIMO sine control). The algorithm is
able to start without any information about the system (dashed red curves).

3 Beyond the Multi-Input Multi-Output classic processing for Ground
Vibration Testing: the Virtual Driving Point method

With focus on GVT applications, recent studies addressed the problem that the FRFs and mode sets obtained
during MIMO swept sine testing show a dependency on the estimation method [3]. For example, the neces-
sity of MIMO sine testing to combine runs from multiple sweeps with different phases between the inputs in
a single data set can require additional iterations (also combining broadband random data) to obtain a repre-
sentative mode-set. The VDP method is a data processing technique for aircraft GVT, extensively discussed
in [7] and [8]. The VDP working principle consists in building a virtual single-input excitation from a single
sweep with multi-input excitation. With this procedure, each sweep can be performed individually and the
measured data can be independently analyzed. The opportunity of analyzing several sweeps independently
offers some clear advantages in terms of testing time, for example

• starting the modal identification before all the measurement runs have been completed;

• decreasing the needed number of sweeps to perform can be an important advantage in some specific
cases, for example in case of multi-input excitation with a high number of shakers.

Also the analysis of the processed data becomes clearer and therefore faster, especially due to the independent
evaluation of symmetric and anti-symmetric multi-input excitation from separated runs. This leads to clearer
stabilization diagrams and mode shapes with respect to the traditional MIMO swept sine processing [3].
Another advantage of the VDP is the reduced impact of non-linearities on the obtained mode-set: since each
run is processed individually, there is no influence of a non-linearity belonging to a symmetric sweep on the
anti-symmetric one (and vice versa).

In this section, the inputs are the ` input forces, indicated with f , and the outputs are the N output ac-
celerations distributed on the airframe, indicated with x. The acceleration-over-force FRF matrix between
inputs and outputs is indicated with G. It is worth to notice that from the perspective of the controlled swept
acquisition, during a GVT, the forces are control channels and hence outputs for the controlled system H
(force-over-voltage).
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Figure 9: System FRF matrix, for the control input/output relation (in grey) and for the modal analysis, in
black. To notice that the input forces to the system considered for the modal analysis (G) are the outputs of
the controlled system (H).

3.1 Workflow

In this section the workflow of the VDP method is highlighted for the case of a two-input excitation with
forces f1 = |f1|eiϕ1 and f2 = |f2|ei(ϕ1+ϕ). With reference to fig. 9, the tackled application is the one
illustrated in fig. 10, where the inputs are the two shaker forces (control channels for the MIMO swept sine
test) and the outputs the time recordings from accelerometers distributed on the airframe.

(b)(a)

u1

u2

xi f2

Figure 10: GVT of an acrobatic electrical aircraft. (a) The voltages u1 and u2 from the data acquisition
system drive two shakers collocated under the wings in order to control the forces of force cells as shown for
the left-wing control channel f2 in the detail (b) together with the driving-point channel xi.

Two sequential sweeps are needed to obtain FRFs with standard methods. The input forces, control channels
for the MIMO swept sine control are typically set in-phase and out-of-phase for the first and the second run,
in order to excite consistently both the symmetric and anti-symmetric modes.

For each sweep, the workflow of the VDP method consists of two parts, first obtaining the Virtual Driving
Point FRFs and then extracting the modal parameters , from the VDP FRFs. In the following, the procedure
proposed in [7–9], to process the sweeps with the VDP is explained.

1. Time histories of the forces and of the accelerations measured during a single sweep performed by the
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two shakers with a fixed relative phase between the forces applied to the system, need to be processed
with a frequency spectra estimator to compute inputs and outputs frequency spectra. They are readily
available, for example, as the harmonic estimation of the control responses.

2. For a single sweep, a Virtual Force fv can be obtained considering

|fv|2 = |f1|2 + |f2|2 (10)

fv =
|f1|f1e−jφ + |f2|f2

|fv|
(11)

3. The spectra of a Virtual Channel can be expressed as

xv =
|f1|x1e−jφ + |f2|x2

|fv|
(12)

The Virtual Outputs are obtained appending the virtual response xv to the actual responses x

xv = [xxv]
T = [x1 x2 ... xN xv]

T (13)

4. The Virtual FRFs can be computed by dividing this new set of response spectra by the Virtual Force
fv as

Gv = xv
1

fv
(14)

The Virtual Driving Point FRF is the last element of Gv.

5. A state-of-the-art modal parameters estimator, such as Polymax [23], can be used to extract the modal
parameters from the obtained FRFs. For GVT of small fixed wings aircrafts (where only two shak-
ers are used to excite the airplane), the VDP method allows to analyze the data belonging to each
sweep separately and independently. Two set of modal parameters are obtained, symmetric and anti-
symmetric. In order to reconstruct a single and complete mode set for the system, the symmetric and
anti-symmetric modes need to be gathered together.

6. The mode shapes contain an additional element related to the virtual response. This must be deleted
because it represents a DOF that does not have a physical meaning and depends on the used scaling
scheme. It could also influence the modal displacement values related to the other DOFs.

3.2 A simple example with a 3-DOF System

In this section the VDP method is applied to the lumped-mass system with three DOFs shown in fig. 11,
allowing to understand its working principle and to compare the extracted modal parameters with the purely
analytical ones, unavailable for real life experiments. The system is symmetric in terms of mass (m =
0.05 kg), stiffness (k = 10000N/m) and damping (c = 0.2Ns/m). The damping model is proportional
C = αM + βK with α = 0 and β = 2 · 10−5 s.

Fig. 12 shows in the same plot the actual and the virtual driving point FRFs. The data has been obtained
running a simulation with the MIMO sine sweep feedforward control discussed in sec. 2.1. Two sweeps are
run by setting the forces F1 and F3 in phase (0 deg) and counter-phase (180 deg) in order to use traditional
processing techniques for MIMO swept sine excitation and compare the results with the VDP calculations.
The black and the green curves are the driving point FRFs (which are identical due to the uniformity of the
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Figure 11: 3-DOFs model, m = 0.05 kg, k = 10000N/m and c = 0.2Ns/m.

system in terms of physical parameters). These two curves show the three peaks corresponding to the three
modes. The red curve is the virtual driving point FRF obtained when applying the VDP method using data
from the symmetric sweep: the peaks in the FRF are only two and they are related to the symmetric mode
shapes (mass 1, 2, 3 in phase; mass 1 and 2 in phase, mass 3 out-of-phase). The blue curve is the virtual
driving point FRF from the anti-symmetric sweep: the peak is only one and is related to the anti-symmetric
mode shape (mass 1 and 2 in phase opposition).

Figure 12: Driving point FRFs from the standard processing and FRFs Virtual Driving Points FRFs for
the 3DOFs system. The green and the black curves are overlapped due to the uniformity of the physical
parameters.

The symmetric and anti-symmetric FRFs are processed separately for the modal analysis step. Applying
Polymax on the separated FRFs provides two different mode sets (symmetric and anti-symmetric modes)
that need to be combined together.

Tab. 2 shows the comparison, in terms of natural frequencies, between the analytical values and the ones
obtained by Polymax, (i) first processing the full data set with a standard technique and then (ii) merging the
modes obtained processing the symmetric and anti-symmetric sweeps (from the VDP) separately. All the
natural frequencies are identified with a negligible error.

Analytical Standard processing VDP

54.5 54.5 54.5
100.7 100.6 100.6
131.5 131.5 131.5

Table 2: Comparison of the natural frequencies obtained from the VDP, the standard processing and the
analytical eigenvalues problem.

Also the mode shapes are exactly identified with the VDP, as shown in fig. 13 applying the Modal Assurance
Criterion (MAC) between the VDP reconstructed mode set (Processing A) and the standard processing mode
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set (Processing B).

Figure 13: Modal Assurance Criterion between the modes obtained with the VDP (processing A) and with
standard techniques (processing B).

Finally, the use of a lumped-parameter model allows the comparison with a theoretical formulation (resulting
from the analytical solution of the eigenvalues problem) in terms of modal mass, stiffness and damping. The
results are shown in table 3, obtained by processing the data with Polymax [23] and applying a Unity Modal
Component scaling [1]. This provides an additional proof of the validity of the modal model obtained by
processing the sweeps with the proposed Virtual Driving Point method.

Mode Theoretical Standard processing VDP

1 0.1 0.1 0.099
2 0.1 0.1 0.1
3 0.1 0.1 0.099

(a) Modal mass in kg.

Mode Theoretical Standard processing VDP

1 11715.73 11713.96 11685.11
2 40000 40000 40000
3 68284.27 71603.24 67746.82

(b) Modal stiffness in N/m.

Mode Theoretical Standard processing VDP

1 0.23 0.23 0.23
2 0.8 0.8 0.8
3 1.36 1.43 1.35

(c) Modal damping in Ns/m.

Table 3: Comparison of the modal parameters. Mode sets obtained with the Polymax estimator and applying
a Unity Modal Component scaling.

4 Conclusions

This paper proposes research directions to improve the current practice of estimating FRFs with Multi-Input
Multi-Output (MIMO) swept sine controlled excitation, specifically targeting the testing of large aerospace
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structures, e.g. Ground Vibration Testing (GVT) of fixed wing aircrafts. Regarding the need of keeping spe-
cific response levels to safe reference profiles, this paper underlines the limitations of a feedforward control
approach and proposes the development of the MIMO controller in a Virtual Shaker Testing environment.
In this way the full test set-up is considered (shakers, amplifiers and unit under test models) already in the
control design phase, to assess potential transient issues that cannot be predicted otherwise. Regarding the
control strategy, the idea is to move from a feedforward control to a feedback control technique with the at-
tractive features of updating the identified FRFs during the sweeps. This capability is shown with the results
obtained running the control routine for an extreme case with no information about the system identification
(blind test).

For the specific case of GVT of fixed wing aircraft, this paper proposes to adopt the Virtual Driving Point
(VDP) method to improve the processing that leads to the estimation of modal parameters from MIMO swept
sine testing. The application of the VDP to a simple lumped parameters system shows that the modal model
obtained from separate symmetric and anti-symmetric runs is consistent with the traditional processing and
eventually with the theoretical solution. Processing the symmetric and the anti-symmetric sweeps indepen-
dently and individually brings several advantages when performing GVT of fixed wings aircrafts, in terms
of time required for the processing and quality of the obtained modal model.
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Abstract
The automation of system identification is important for processing large amounts of data without expert
user interaction. Automation is also important to maintain consistency in estimates, especially when in-
vestigating trends in data which could be masked by variations of mathematical parameters. This research
presents a novel idea to obtain automatic modal parameter estimates based on a data driven statistical model
and a Kalman filter. A key objective was to make observed data maximally informative. This lead to the
development of a sliding predictive model using an optimized linear regression method to use system inputs
which are not included in standard system identification. The method was first demonstrated on a numerical
data set where it was found to improve system predictions. The method was then tested on full scale data
from the German research vessel Polarstern during a voyage to the Arctic. The automatic Kalman estimates
showed improved estimates using the combination of statistical model and modal parameters.

1 Introduction

System Identification provides a powerful tool for building mathematical models of dynamic systems. A
system is an object on which different variables interact to produce observable signals. The models are aimed
at linking these observations together into a pattern from which useful information can be extracted [1]. In
mechanical engineering this framework has been successfully applied to structures, using vibration signals
to extract modal parameters. These parameters can be used to build modal models which have applications
in structural health monitoring, inverse force estimation and online flutter monitoring.

In order to achieve these outcomes the modal parameters must be accurately and automatically identified and
tracked. This is not a trivial task when dealing with real structures with complex inputs, low excitation forces
and noise. The first challenge involves dealing with unmeasurable input forces such as wind or wave loads,
on large structures in actual operating conditions. Output only system identification or Operational Modal
Analysis (OMA) was developed to identify modal parameters without knowledge of the input forces. This is
achieved by making assumptions about the unmeasured forces which are modelled as stochastic white noise
quantities. The drawback is that long records are often needed to fulfil these assumptions. This can result in
a smearing of modal estimates across changing input parameters. The second challenge involves precessing
the large amounts of data associated with the actual operation of a structure. Automation is important to
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remove user interaction as well as to maintain consistency in the estimates when investigating trends in data,
which could be masked by variations of mathematical parameters.

A key observation regarding the sensitivity of modal estimates to changing system inputs is that changes in
physical parameters will cause detectable changes in the vibration properties [2]. These physical changes are
propagated through the system properties (mass, damping and stiffness) as follows:

1. Environmental conditions - such as temperature, change Youngs modulus and consequently stiffness.

2. System configuration - through discrete mass changes due to cargo for example.

3. Boundary conditions - such as ice compared to open water effects damping and added mass differently.

A number of automation techniques have been investigated in literature. Most of the current techniques
use information from the stabilisation diagram. These include clustering methods such as the Rule-based
Intelligence [3], Consistent Mode Indicator [4], Fully Automatic Modal Parameter Selection (FAMPS) [5],
Hierarchical Clustering [6] and Fuzzy Clustering [7]. These methods deal with the automatic modal param-
eter selection from one set of data. A different approach involves using current knowledge of the system to
improve future identifications. Techniques include fuzzy C means clustering [8] and Least Squares Support
Vector Machines (LSSVM) [9]. These techniques can be beneficial when large data sets are available.

This research presents an idea to both automate and improve the sensitivity of system identification and
tracking by using a statistical model and a Kalman filter. A key objective was to make observed data max-
imally informative. This lead to the development of a sliding predictive model using an optimized linear
regression method to use system inputs which are not included in the standard system identification. Since
both the model prediction and the system identification estimates contain different uncertainties the Kalman
filter is proposed as a method to combine both estimates in an optimal way.

2 Kalman Filter

The Kalman filter [10], is a predictor-corrector estimator that tries to obtain an optimal estimate of desired
quantities from uncertain and noisy observations. It is based on a state space model of a system and real
noisy measurements. The filter progresses iteratively with (1) a forward prediction of the system state in time
(time update) followed by (2) a correction based on the predicted and measured system output (measurement
update). The filter is optimal in the sense that if the noise is Gaussian, it minimizes the mean square error
(error covariance) of the estimated parameters. The process is illustrated in Figure 1.

Figure 1: Kalman filter.

The Kalman filter is initiated with user defined parameters Q, R, Pk−1 and x̂k−1. Q and R are the time
invariant process and measurement noise covariances. The noise covariances are used to tune the model to
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rely more on (trust) either the model or the measurements. The error covariance Pk−1 = E[e−k−1e
−T
k−1] is

used as a minimization function by the Kalman gain K and can be initiated as any non zero value. The initial
state estimate x̂k−1 can also be chosen arbitrarily and updated if faster convergence is required.

The iterative filter begins with a forward prediction of the state from x̂k−1 to x̂−k based on the model as
shown in Equation 1. This is known as the priori or ‘reason’ estimate. The error covariance is also projected
forward through the model to P−

k in Equation 2. The measurement update then estimates the Kalman gain
matrix K in Equation 3. The Kalman gain is used to blend the priori estimate with the residual (yk −Hx̂−k )
to determine the posteriori or ‘experience’ state estimate x̂k in Equation 4. The error covariance is then
also updated based on the new Kalman gain in Equation 5. The filter then proceeds iteratively with forward
predictions followed by measurement updates with optimal error covariance updates.

(1) Time update equations
x̂−k = Ax̂k−1 (1)

P−
k = APk−1A

T +Q (2)

(2) Measurement update equations
Kk = P−

k HT (HP−
k HT +R)−1 (3)

x̂k = x̂−k +K(yk −Hx̂−k ) (4)

Pk = (I −KkH)P−
k (5)

3 Idea

The idea is to automate modal parameter selection and reduce the uncertainty in the estimates using a statisti-
cal model and a Kalman filter. The model will be trained using environmental inputs and system identification
outputs. In the current work on the polar research vessel Polarstern, the environmental inputs include water
and air temperature - which effect the Youngs modulus and thus the stiffness, ship speed - which effects the
draft and bow wave, which add mass, and wind velocity and wind direction. These will be used to build the
state matrix A in Equation 1. The predictive model will be used by the Kalman filter to make forward predic-
tions based on new environmental inputs and then combined in an optimal way with the system identification
estimate at the future time step. The method is illustrated in Figure 2.

Figure 2: Model prediction and Kalman filter estimate. (SID - System Identification)

The statistical model prediction is made from time instance b1 to time instance b2 as shown by the red arrow.
The prediction is then Kalman blended with the nearest stable pole in the stabilisation diagram, indicated by
the blue plus symbol, to produce the Kalman estimate, indicated by the green diamond.
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4 Numerical Simulation

The method is demonstrated numerically using a five Degree Of Freedom (DOF) system. A data set of 20 ob-
servations of each frequency is created and a normally distributed random error is added to each observation.
A sinusoidal temperature variation is simulated through an approximate relationship between temperature,
Youngs modulus and natural frequency. The measurement noise covariance R is calculated from the simu-
lated data and the model noise covariance Q is tuned to trust the model slightly more than the measurements.
The error covariance matrix P is updated in a loop in order to begin filtering with an optimal error covari-
ance. The results of the simulation are presented for mode 3 and mode 4 in Figure 3a and 3b. The Kalman
filter estimates are seen to be closer to the true values in general, and also show the sinusoidal trend in the
temperature variation. The cumulative error is improved by 85 % for mode 3 and 89 % for mode 4.

(a) Mode 3. (b) Mode 4.

Figure 3: Numerical simulation. ∗ True value 99K True value + noise + temperature variation→ Kalman
filter estimate.

5 Polar Research Vessel and Arctic Expedition

Full scale measurements were performed on the German research icebreaker Polarstern, shown in Figure 4
and 5, during an expedition to the Arctic. The vessel is 118 m in length with a 25 m beam, 11 m draft and
a displacement of 17 300 tonnes. Four diesel engines provide 14 000 kW of power through two shaft lines
with variable pitch propellers. The vessel has a design speed of 15.5 knots, and can break through 1.5 m of
ice at 5 knots and up to 3 m of ice by ramming.

Figure 4: Polarstern during a storm in open water. (AWI/F Mehrtens)
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Figure 5: Polarstern in an Arctic ice field.

5.1 Measurement Setup

The Polarstern was instrumented with 23 accelerometers as shown in Figure 6. Measurements were con-
ducted in the hull on deck F and the bridge on deck A. Accelerometers were orientated in the vertical
direction along the ship length to measure normal bending and were placed on both port and starboard to
measure torsion. Horizontal measurements were conducted to measure lateral bending and triaxial sensors
were placed in the stern and bridge respectively.

Figure 6: Measurement setup on the Polarstern: • Accelerometer locations, • Vertical (+Z) measurements,
• Transverse (+Y) measurements, • Triaxial (+X, +Y, +Z) measurements

PARAMETER ESTIMATION 2971



5.2 Field Measurements in the Arctic

Measurements were conducted during the PS100 research expedition to the Arctic in 2016. The cruise track
of PS100 is shown in figure 7. The expedition started in Tromsø, Norway, on the 18th July heading north
west into the Greenland sea and Fram strait, returning to Tromsø on 6th September after 51 days at sea. A
wide variety of operational and environmental conditions were encountered during the voyage. Operational
conditions included different cruising speeds, draft, trim and engine configurations. Different environmental
conditions included swell heights, swell directions, swell periods, ice types, ice thickness’s, air and water
temperature variations and wind speeds and directions.

Figure 7: Cruise track of the PS100 expedition. (AWI/J Schaffer)

5.3 Open Data

The full scale data set from the PS100 expedition on the Polarstern to the Arctic is openly available at PAN-
GAEA Data Archiving at https://doi.pangaea.de/10.1594/PANGAEA.882382. The data set contains raw
acceleration time data in .mat file format from 23 accelerometers. Environmental data from the data inven-
tory system called Dship are also available. A metadata file contains information regarding measurement
parameters and sensor locations. There are three main goals of making the data open source:

1. The results from this research can be tested, recreated and validated.

2. Opening the data to other researchers has the potential to be a force multiplier, bringing a diversity of
ideas and solutions and providing additional human capital to drive innovation.

3. A variety of open source data sets will allow open and transparent benchmarking of state of the art
algorithms.

6 Results

Stochastic Subspace Identification (SSI) was used to estimate the system parameters. SSI was performed on
20 minute data blocks with 75 % overlap. The 20 minute block was chosen to be long enough to include
sufficient spectral information and over 3000 cycles of the lowest frequency, without over smearing the
slower variations in environmental parameters.
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6.1 Model Training

The first predictive model investigations where aimed at identifying case specific models. This was based
on research by [11] who found that data driven bridge models showed clearer trends when split between
increasing and decreasing temperature. Constant vessel speeds between 5 - 8 knots for over 100 minutes
was defined as a test case. An algorithm was written which allowed a user to navigate through the data and
interactively train the predictive model. The results of the modal parameter tacking from the constant speed
training data using the pole weighted Modal Assurance Criteria (MACXP) are shown in Figure 8.

Figure 8: Constant speed modal parameter tracking.

It was observed that modes were not tracked in the same clusters or modal families throughout the data set,
despite updating the eigenvectors at each identification. This can be seen by the colour variations in the
dominant lines in Figure 8, which were identified as the global modes shown in Figure 9. These observations
led to the development of a predictive sliding model, that would only use the most recent predictors which
are appropriate for the current system parameters.

Figure 9: Polarstern mode shapes.
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6.2 Predictive Sliding Model

The predictive sliding model was investigated on an alternating speed case containing 65 data blocks shown
in Figure 10. A summary of the results is presented below. The interested reader is referred to [12] for further
details.

Figure 10: Acceleration time history and ship speed.

Figure 11 presents the predictive model work flow. The normalized predictor variables in Figure 11a show
the alternating vessel speed, decreasing water temperature, increasing air temperature and varying wind
conditions. The results of the modal tracking algorithm on the SSI estimates is shown in Figure 11b. Three
modes are identified and flagged for prediction.

(a) Predictor variables. (b) Modal tracking.

(c) Correlation. (d) Residuals.

Figure 11: Predictive model work flow.
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The correlation plot in Figure 11c show a number of dominant inter variable relationships. It is noted that R2

values around 0.5 - 0.6 with p-value < 0.05 are considered significant due to the nature of complex real data.
The residual plots in Figure 11d show only a slight improvement in the step optimization. A weak trend is
visible in the lagged residuals which is expected to have a negative influence on the results.

The results of the prediction model and Kalman filter are shown in Figure 12. The first 20 blocks are used to
train the predictive model. The blue circles show the SSI estimates, the red crosses show the model prediction
of the training data and the dotted line shows the 95 % confidence bound. The model is seen to recreate the
training data very accurately with a tight confidence bound.

Figure 12: 4 block forward prediction. © SSI training set × Training set prediction � � � � Statistical
model prediction© SSI estimates ♦ Kalman estimates

The 20 block predictive model is then used to make a 4 block forward prediction. The 4 blocks are then
Kalman filtered and the 20 block training model window is slid forward by 4 blocks to now include the latest
Kalman estimates. Each cluster of 4 block forward predictions is indicated by a different colour grouping of
squares. These forward predictions show variability and at times lack continuity. Discontinuities are visible,
most notably where there are no SSI estimates such as blocks 28 - 29 in mode 1. It can be seen that the
Kalman estimates are however not highly effected by large model discontinuities. This is expected to be as
a result of the Kalman filter optimization of the error covariance P for each 4 block cluster in a loop.

7 Conclusion

The use of a statistical model and a Kalman filter were investigated in order to automate system identification
estimates as well as improve their sensitivity. The method was demonstrated numerically, where it was found
to reduce the cumulative error by over 80 %. Model training on full scale data from the Polarstern led to
the development of a sliding predictive model using an optimized linear regression method. The model
was found to accurately re-create the training data set and was used to make predictions based on future
system inputs. The Kalman filter estimates showed promising results as an optimal combination of the
model prediction and the system identification estimates which both contain different uncertainties.
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Abstract 
During the development of a new aircraft, the Ground Vibration Test (GVT) is an essential test and this 

work presents the results of the modal analysis performed in a small and flexible structure simulating an 

aircraft. The objective was identified, compare and explore different methods – Experimental Modal 

Analysis and Operational Modal Analysis- in order to obtain the modal parameters of the structure. The 

reliability of an experimental and operational analysis was verified by modal assurance criterion calculations 

between the experimental data and validated by comparison and correlation with a finite element model. 

1 Introduction 

Ground Vibration testing is a very specialized and important test within the experimental modal analysis 

area (EMA). GVT is nearly performed shortly before first flight of an aircraft prototype and its represent, 

sometimes, a great pressure on manufacturer is high in order to keep the promised schedule for certification 

and delivery. This situation requires the constant improvements for this test. This paper discusses the GVT 

and show different techniques and methods in order to improve the test time and show that Operational 

techniques could be used, as an option to reduce the time schedule with satisfactory results.   

The modal parameters of a structure are characterized by the modal shape, natural frequency and damping. 

When a structure is excited, the response results is a combination from vibrating modes acting 

simultaneously. Therefore, when analyzing this response it is possible to retrieve the modal parameters [2]. 

In the theoretical modal analysis, the systems can be represented by mathematical models, through auto-

value and auto-vector problems, which can be described using analytical and numerical models. The finite 

element method [3] is widely diffused in several engineering sectors, with good results. On the other hand, 

experimental methods for the determination of modal parameters of structures could be divided in two main 

groups:  Experimental Modal Analysis (EMA) and the Operational Modal Analysis (OMA). 

During the GVT, the modal analysis technique is necessary to the knowledge of the dynamic behavior of 

the structure and used by the certification process. During the development phase, it is common to perform 

the complete modal analysis, where theoretical modal analysis techniques are adopted, as well as the 

experimental modal analysis are used to validate the update theoretical models. In EMA, the modal model 

of the dynamic system is obtained by the Frequency Response Functions (FRFs) results. A combination of 

excitation and response in different positions of the structure allows obtaining a set of FRFs, which provide 

the determination of the modal matrices (mass, stiffness and damping) and as a result the identification of 

the modal parameters of the structure [1]. On the other hand, using Modal Operational Analysis, the modal 

parameters are identified from the structure's own operating conditions, that is based only on the structural 

responses of the model [4]. 
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This article presents the modal tests performed in a structure simulating a small and flexible aircraft 

structure. It is important to highlight that, in this initial investigation, a small-scale structure was used to 

characterize and compare numerical vs experimental results. These studies should be extended to a real 

aircraft structure in future works. In these tests, using the EMA and OMA techniques, two 200kN shakers 

were used for the structure excitation and sixty-four channels for the response measurements. Initially, EMA 

was adopted in order to identify the structural modes. In the second step, the structural parameters of the 

structure were identified, using OMA. 

Finally, a correlation of the structural modal parameters of the structure obtained experimentally with those 

obtained by a numerical model using the Finite Element Method (FEM) was done. 

2 Material and Methods  

2.1 Experimental setup  

The proposed experimental setup was carried out with 64 channels and 2 generators, divided into LAN XI® 

modules inside one frame (as shown in Figure 1) which monitor the signal from the sensors. Measurements 

were performed using 35 tri axial B&K accelerometers types 4535 and 4520 placed on the structure as 

shown in Figure 1. Also, two 200kN B&K shakers type 4825 was used in order to excite the structure with 

a sinusoidal and random signal. Data acquisition and analysis was performed using Labshop and BK 

Connect softwares both from B&K 

 

Figure 1: Experimental setup 
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The real structure is shown at Figure 2. Metal plates joined by rivets made the structure and divided into 

three sections: wing, main fuselage and tail set. For each section was installed a set of sensors so that 

could be realized independent measurements for each section. This approach allows, the modes be 

analyzed separately for each section, if necessary, facilitating the separation of the modes that can be 

coupled. 

 

 

Figure 2: Real Experimental setup  

 

 For the numerical analysis, the Finite Element Method (FEM) was used. The validation of the numerical 

model was done through a comparison between EMA and OMA techniques, as described below. 

2.2 Finite Element Model FEM  

The finite element method is used as a numerical prediction technique for solving engineering problems, 

which consists of finding the distribution of one (or several) field variable (s) in a continuous domain, 

governed by an appropriate set of equations partial differential and boundary conditions. The FEM (see for 

example ZIENKIEWICZ [3] is based on two concepts: 

• Transformation of the original problem into an equivalent integral formulation ("residual weighted" or 

variational); 

• Approximation of the distributions of the field variables and the geometry of the continuous domain in 

terms of a set of form functions, which are locally defined within small sub-domains (finite elements) of the 

continuous domain. 
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By applying the element concept, the original problem for determining the distributions of field variables in 

a continuous domain is roughly transformed into a model of the field variables in some discrete (nodal) 

positions within each element. This transformation results in a set of algebraic equations for which numerical 

solution procedures are available. 

The numerical model was constructed using the Ansys® software, in the free-free condition.. Figure 2 

illustrates the geometry considered, as well as the finite element mesh generated for the structural analysis 

of the model of the aircraft structure. 

. 

 

Figure 3: FEM Model 

2.3 Test sequence  

2.3.1 Experimental Modal Analysis  

The Experimental Modal Analysis makes it possible to obtain the dynamic characteristics of the system 

from Frequency Response Functions (FRFs), defining a direct relation between the input (excitation) and 

the output (response) of the system [1]. In this way, these FRFs were used in a visual analysis to ensure that 

the source adopted, the 2 200kN shakers were able to excite the structural modes of the aircraft. 

The FRF can be defined as the Laplace Transform of the impulse response function, [4]. In physical terms, 

the FRF represents the amplitude and the phase of the steady-state response of a system to a degree of 

freedom with viscous damping subjected to a unitary harmonic force and frequency ω. 

For the definition of the resonance frequencies of the structure a swept sine signal was generated as shown 

in Figure 4. 

 

Figure 4: Sweep sine signal 

2980 PROCEEDINGS OF ISMA2018 AND USD2018



From the sinusoidal sweep, with spectral components varying from 0 Hz to 200Hz, three FRF from driving 

points were obtained. Based on a simple visual analysis, the natural frequencies are clearly verified, as 

illustrate Figure 5. 

 

 

Figure 5: Sweepsine signal 

2.3.2 Operational Modal Analysis  

Operational Modal Analysis, also known as Modal Analysis based on responses alone, uses the operational 

excitation itself as input for measuring system response. [4] 

The identification of modal parameters in the Operational Modal Analysis can be divided into two main 

groups: time domain analysis and frequency domain analysis. [8] 

The main idea of OMA is to obtain physical information of the system from the functions of correlation and 

functions power spectral density, thus, the identification in the frequency domain extracts physical 

information from the system from the function of spectral density. While in the time domain the analyzes 

are performed dealing with a system with free response, in the frequency domain each mode has a small 

frequency band where the mode is dominant. Thus, in the frequency domain there is the advantage of natural 

modal decomposition, since it considers different frequency bands referring to the different modes of the 

system. For this study the frequency domain identification technique known as Advanced Frequency 

Domain Decomposition (EFDD) [9] was used. 

The technique of Advanced Decomposition in Frequency Domain, EFDD, found in GADE et al [10] 

depends on the spectral decomposition of the measured response. 

And is defined as: 

 

(1) 

Where Gyy (f), Gxx (f) and H (f) are the spectra of the measured response, unknown excitation and the 

Frequency Response Function (FRF), respectively. 

Once confirmed that the chosen source of noise, two fans - in order to simulate a real operational condition, 

was able to excite the structure and to identify the structural modes, the fans was turn it on and the natural 

frequencies, modal forms and damping of the structure were obtained using the Operational Modal Analysis 

(OMA) technique, the results and the stabilization diagram are presented in item 3.2. 
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3 Results  

The analysis of the results was divided into two parts: Analytical Results or FEM results and Experimental 

Results. 

3.1 FEM Results 

Using the Finite Element technique, the first three modes of flexion and the torsion mode of the structure 

were calculated from the Ansys software and their respective results are shown in Figure 6. 

 

  

Mode 1 – 6,56Hz Mode 2 – 35,43 

 
 

Mode 3 – 39,1Hz Torsion mode – 41,48Hz 

Figure 6: FEM Results 

 

3.2 Experimental Results  

3.2.1 Experimental Modal Results  

The Experimental Modal Analysis technique, using the 2 shakers as an input reference (excitation), enabled 

the identification of the structural modes of the system. Figure 7 shows the stabilization diagram and the 

modes identified are show in Figure 9  with the modes shape. 
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Figure 7: Stability Diagram 

Figure 8 illustrate the AutoMAC from classical experimental measurements showing consistency during 

data acquisition and the results. 

 

 

Figure 8: Auto MAC 

 

 

  

Mode 1 – 7,33Hz Mode 2 – 30,73 
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Mode 3 – 38,28Hz Torsion mode – 46,Hz 

 

Mode 4 – 59,7Hz 

Figure 9: EMA Results 

3.2.2 Operational Modal Results  

Using the Operational Modal Analysis in the frequency domain (EFDD), [10] it was possible to identify the 

first four bending structural modes and the torsional mode of the structure (shown in Figure 2). 

Figure 10 illustrates the stabilization diagram of Operational Modal Analysis, the blue circle illustrates that 

the mode found is stable 

 

 

Figure 10: OMA Stabilization diagram 
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Figure 11 illustrate the AutoMAC from Operational experimental measurements showing consistency 

during data acquisition and the results. And, the modal shapes are illustrated in Figure 12. 

 

 

Figure 11: OMA Results 

 

 

  

Mode 1 – 6,79Hz Mode 2 – 30,07Hz 

  

Mode 3 – 37,5Hz Torsion mode – 46,12Hz 
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Mode 4 – 67,2Hz 

Figure 12: OMA Results 

3.3 Results Comparison 

Table 1 compares the results from FEM, Experimental Modal Analysis and Operacional Modal Analysis: 

 

 Mode 1 Mode 2 Mode 3 Torsion Mode Mode 4 

FEM 6,56 35,43 39,1 41,48 - 

EMA 7,35 30,73 38,28 46,76 66,42 

OMA 6,80 30,07 37,52 46,43 67,28 

Table 1: Results Comparison 

From Table 1 it is possible to observe that the modes found in both the experimental model and the analytical 

model are of the same order of magnitude.  

 

4 Conclusions   

This work presented an experimental investigation on the behavior of the airplane structure, specially during 

the GVT test using different identification methods . In order to determine the vibratory behavior  tests were 

carried out with the scale structure of the aircraft and the determination of its natural frequencies, modes of 

vibration and shape was done using the Experimental, Operational and Analytical Modal Analysis of the 

structure. 

These type of analysis provide more flexibility and capabilities to address GVT requirements. The quality 

of results using OMA is also very convincing and had a fast and simple setup. 

In general, the results obtained in all cases: Experimental Modal Analysis, Operational Modal Analysis and 

Finite Element Analysis proved to be quite effective, since the validation using MAC showed consistency 

of the modes found, and the comparison of the natural frequencies presented errors less than 3%. 
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Abstract
Working with dynamics in civil engineering applications, it is experienced that real structures have nonlinear
damping. The nonlinearity of the damping can be induced by the hysteresis phenomenon, that occurs due to
friction or softening geotechnical boundary conditions. Along these lines, this article focusses on assessing
the performance of two output-only methods estimating the linear damping of a friction-induced nonlinearly
damped system subjected to random vibrations. In particular, the method that employs auto regressive models
and poly-reference, and the poly-reference Least Squares Complex Frequency method are included in the
study. The methods are comparatively assessed by comparing their linear damping estimates of friction-
induced nonlinear numerical simulations with theoretically derived estimates of equivalent linear damping.
It is concluded that the output-only methods underestimate the damping when compared to theoretically
derived equivalent linear damping for the present case of Coulomb-type friction-induced nonlinear damping.

1 Introduction

It is often experienced in modal analysis of civil engineering structures that they have nonlinear damping.
The nonlinearity might have been introduced through the phenomenon of hysteresis, e.g., friction between
sliding surfaces in joints, internal friction in materials or from nonlinear material behaviour like yielding.
Additionally, the boundary conditions play an important role in civil engineering structures introducing
uncertainty as it concerns the dynamic behavior of the structure. For example, there are plenty of cases in
which the soil-foundation system experience softening stiffness that may also introduce nonlinear damping
through the related hysteretic response. Moreover, the damping can in some cases even be time-varying
due to the operational condition, e.g., aerodynamic damping of wind turbines, offshore structures in waves,
bridges and bridge cables, high rise buildings and air planes [1, 2]. However, due to simplifications reasons
and important mathematical advantages, linear systems are generally assumed when assessing the dynamic
behaviour of mechanical systems or when dealing with design of civil engineering structures. Likewise, when
identifying the dynamic behaviour of existing structures through the application of operational modal analysis
(OMA), damping is assumed to be linear. The topic of this article is not to move towards identification of
parameters of nonlinear damping models in operational conditions, but to assess the validity and accuracy of
the OMA-based identification of the linear damping for structural systems that experience friction-induced
nonlinear damping.
Similar investigations have already been conducted. Zhang et al. [3] investigated the effect of nonlinear
stiffness and nonlinear viscous damping on OMA based identification. They concluded that these techniques
can extract for nonlinear systems most underlying linear dynamic properties, the latter being related, though,
with increased bias, i.e., mean error, and random error, i.e., variance error. Bajric et al [4] evaluated the OMA

2989



damping estimates from simulated response of an aeroelastic model of an 8 MW offshore wind turbine and
of an real 8 MW offshore wind turbine under nonoperating conditions. Based on the actual measurements,
time-varying damping and natural frequency were detected while a relation between the natural frequency and
the amplitude of the response was also established. Friis et al [5] investigated experimentally the performance
of OMA methods when applied to friction coupled systems, which consisted of two platforms connected
through a bridge loosely placed on top. Based on their findings they concluded that the applied methods were
able to identify the underlying linear systems. However, these studies do not deal with the accuracy of OMA
damping estimates when applied to friction-induced nonlinearly damped system. Thus, the research question
that the present paper is answering is; how does the (best) linear approximation of the OMA based damping
estimation fit with theoretical interpretations of equivalent linear damping (ELD) of Coulomb-type friction
damped systems in random vibrations? In other words, does the OMA based damping estimation constitute
the damping representative of a linear system that will have the same response level as the nonlinear one.

In order to satisfy the objective of the present paper, a numerical simulation study was carried out considering
a frictionally damped steel prototype structure. Two different OMA methods were applied to the simulated
nonlinear response and the pertinent damping estimates were compared with theoretical interpretations of
ELD. The methods for estimating the ELD are based on different assumptions but all employing knowledge
of the load, natural frequencies and the mass scaling of the systems, which makes them difficult to apply in
practise compared to the OMA methods. Along these lines, this article provides a short description of the
ELD and OMA methods and the numerical case study, and finally presents and discusses the findings of the
present study.

2 Estimation of equivalent linear damping

For the present study of OMA-based damping estimation of friction systems in random vibrations, it is
necessary to have a reference for the damping estimate in order to evaluate the accuracy and validity of
the respective OMA estimates. For that purpose, three different methods are considered for estimating the
equivalent linear damping. The methods and their inherited assumptions are published and described in Friis
et al [6] and are therefore only briefly described in the following 1.

The present study is conducted on the basis of a simple structure, described numerically by a finite element
model and, thus, it consists of multiple degrees-of-freedom (DOFs). The OMA-identified damping estimates
is assessed with the use of the damping ratio, i.e., the ratio of critical damping, and naturally, also the
equivalent linear damping will have to be formulated based on modal ratios of critical damping, ζeq(j). In
the present case, the methods for ELD estimation are based on modal components by a modal decomposition
of the response in the time domain by using the pseudo inverse of the mode shape matrix considering more
degrees of freedom than the number of modes in order to avoid the issue of overfitting [7].

Regarding the first ELD estimation method used herein, the equivalent linear damping is estimated by
balancing the intensity of the response with the integrated effect of the spectral density of the excitation, and
hence referred to as the intensity balance method in the following. By assuming a stationary flat broad band
excitation around the natural frequency of the mode, the equivalent linear damping can be estimated by:

ζeq(j) = π
S0(j)

2σ2
qj
ω3

jm
2
j

(1)

where mj is the mass scaling of the system, i.e., modal mass, ωj is the natural angular frequency, S0(j) is
the flat (or average) spectral input at the natural frquency, σ2

qj
is the variance of the modal response and j is

indicating the mode in question.

The second method, an alteration of a method by Iourtchenko and Dimentberg [8], is based on stochastic
averaging of the response in terms of displacement and velocity, by introducing slowly varying amplitude

1A journal paper with the derivation of the methods is submitted to Elsevier
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and phase, forcing in such a way, the energy to be constant over an oscillation amplitude. With the applied
assumption of the method it is referred to as the stochastic averaging method in the following. More details
about the stochastic averaging can be found elsewhere [9]. Through this method it is possible to establish
the following relation for the equivalent linear damping ratio as described by Eq. (2). The resemblance to
the first method in Eq. (1) is notable, however, the second method employs the Rayleigh distribution and the
variance the amplitudes of the response, σ2

Q j
, whereas the first method employs the variance of the entire

response.

ζeq(j) =
πS0(j)

(4 − π)σ2
Q j
ω3

jm
2
j

(2)

The third method modifies the so-called energy-dissipation method by Liang and Feeny [10–12]), and is
founded entirely on physics. This method is based on the energy relation of a system in the manner, that the
energy of all conservative terms in the nonlinear equation of motion is calculated, and then the estimation of
a system’s damping is based on the amount of the dissipated energy:

Wd = We −Wi (3)

where Wd is the dissipated energy, We is the external energy and Wi is the internal energy. Practically, the
amount of dissipated energy is calculated similarly to Eq. (3) in modal components and subsequently, a linear
modal damping model is fitted to estimate the equivalent linear damping. The method is referred to as the
energy balance method in the following.

3 Output-only methods for estimation of linear damping

Two state-of-the-art OMA methods are utilised herein. Especially, the Auto Regressive - Poly-Reference
method (AR-PR) is chosen to identify the modal characteristics of both the linear and the friction-induced
nonlinear system, while similar identification is conducted mainly in the frequency domain by the use of the
Poly-reference Least Squares Complex Frequency method (pLSCF). For the former case, the AR-PR method,
the estimates of modal characteristics are conducted in time domain based on correlation functions, while
for pLSCF method, the modal characteristics are estimated from half spectral density matrices, thus, also
based on correlation functions. A detailed description of the aforementioned OMA methods is considered
out of the scope of the current article, and hence, only a short overview is provided next along with relevant
references.

3.1 Auto regressive models and poly-reference

The present method is one of the simplest methods within the engineering area of OMA and can be found
described in detail in the literature, [7, 13–18]. The outline of the procedure is to compute auto regressive
(AR) models in a poly-reference sense based on estimated correlation functions:

Ry(τ) = E
[
y(t)yT (t + τ)

]
(4)

where E is the expectation operator, y(t) is the response vector in time, t, and τ is the time lag. By interpreting
the correlation functions as free decays, Y(n), and employing the AR models, the measured response can be
expressed as:

Y(n) − A1Y(n − 1) − A2Y(n − 2) − ... − AnaY(n − na) = 0 (5)

where A = [Ana,Ana−1, ...A1] is denoted the polynomial coefficient matrices of the AR models, Y(n) =
[y1(n), y2(n), ...ync(n)] ∈ Rnr×nc×np is the free decays at sample n to the number of samples np with nr being
the number of outputs and nc being the number of inputs.
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In order to estimate the polynomial coefficient matrices in a poly-referencemanner, two blockHankel matrices
are formed and a least squared problem is solved. The modal characteristics are then estimated by forming
the companion matrix of the polynomial coefficients and computing the eigenvalue decomposition. The main
advantage of using the present method, other than its simplicity, is the possibility to exclude noisy time lags
of the correlation function. For the present study, the first couple of lags, in accordance with [19], and the
so-called noise tail are removed in an automated manner by the method described in detail in Tarpø et al [20].
Finally, the physical poles are also sorted from the mathematical ones in an automated manner by excluding
poles with relatively unrealistic poles, i.e., modes with negative or high damping.

3.2 Poly-reference Least Squares Complex Frequency

The pLSCF method is a poly-reference generalised version of the Least Squares Complex Frequency method
and is well described in the literature (see [21–24]). The main idea of the method is to model the relation
between each response and all external excitations in the frequency domain bymeans of a right matrix-fraction
description:

Ĥo(ω) = No(ω)D−1(ω) (6)

where Ĥo(ω) is the estimated o-th row of the half spectral density matrix, No(ω) is the o-th numerator
row-vector polynomial, D(ω) is the common denominator matrix polynomial and o is indicating the output
number from 1 to nc.
Both the numerator row-vector polynomial and and the common denominatormatrix polynomial are described
in terms of the polynomial basis functions, Ωj(ω), and matrix coefficients, Boj and Aj :

No(ω) =

n∑
j=0
Ωj(ω)Boj, D(ω) =

n∑
j=0
Ωj(ω)Aj (7)

where n is the considered model order.

The coefficients of Eq. (7), i.e., Boj and Aj , are estimated by either minimising a nonlinear least squared
cost function or an approximated linear least squared problem. When the coefficients are estimated, it is
possible to compute the poles and modal participation factors, and subsequently the mode shapes, by the
eigenvalue decomposition of the companion matrix containing the obtained coefficients. With the estimation
of the modal parameters stability diagram can be constructed by varying the model order of the of Eq. (7)
in the classical sense. For the present study, the estimation method has been coupled with an agglomerative
hierarchical clustering algorithm, running on the stable poles, to collect the physical poles in an automatic
manner.

Themain advantages of the pLSCFmethod is its efficiency and the very clear stabilisation diagrams. However,
the pLSCF method has a tendency to introduce bias in the damping estimates when statistical errors and/or
noise in the tail of the correlation functions are included in the computation of the half spectral matrix.
This particular issue is dealt with in the classical sense of applying an exponential window to the correlation
functions and subtracting the applied damping from themodal estimates. For more on increasing the accuracy
of the estimates see El-Kafafy et al [25].

4 Numerical case study

A testbed, for employing the comparative assessment between the ELD and OMA-based damping estimates,
was established by creating a finite element model of a simple T-shaped steel structure, see Fig. 1. This
respective model was created by using three dimensional beam elements and the system equivalent reduction
and expansion process, proposed by O’Callahan [26], was used to reduce the structural system of 156 (initial)
degrees-of-freedom to 10 with 10 modes. Furthermore, two types of damping were considered: (i) linear
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proportional damping and (ii) friction-induced nonlinear damping. The latter was introduced by including a
Coulomb friction element to the top of the structure, being perpendicular to the horizontal top element and in
parallel to the third DOF (see Fig. 1). With this particular installation of the friction element only the second
mode of the first four modes was effected by the friction-induced nonlinear damping. Thus, the analysis and
the consequent discussion of the results are exclusively focused on the second mode. Moreover, by creating
the friction system in this particular manner, the amount of included fiction-induced nonlinear ramifications
of the modal properties were reduced to a minimum. With a sufficiently high ratio of the intensity of the
external excitation to the friction force, i.e., insuring the friction element is in the sliding regime for the
vast majority of the response, no change of the linear natural frequencies and mode shapes was introduced,
i.e., changes of the frequencies and mode shapes without consideration of the friction element. On the
contrary, had the employed friction mechanism been of a type that includes a stiffness, e.g., elasto-plastic
element (Jenkins element) or any kind of hysteresis-related element, a change in natural frequency would
have occurred depending on the amplitude of the response. This particular friction stiffness effect is not
included in the study described in the present article, thereby, purely the case of friction-induced nonlinear
damping is investigated.
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Figure 1: Sketch of the simulated T-shaped steel structure with numbering of DOFs and mode shapes of the
first four modes.

To simulate the response of the friction-induced nonlinear structure, the system of second-order differential
equations with the classical linear system with the inertia term, viscous damping term, stiffness term and
load term is left unchanged. The nonlinear friction force is simply considered through an additional term,
B fd(y(t)). Thus, the system of equations becomes:

MÜy(t) + CÛy(t) +Ky(t) + Pfd(y(t)) = x(t) (8)

where, M, C and K are the system matrices of the linear system, P is the damper placement matrix, fd(y(t))
is the nonlinear force from the friction element and x(t) is the external excitation.
Nonlinear numerical simulations of the friction damped system is carried out by using the algorithm proposed
by Lu et al [27]. The time-stepping method is employing the second-order differential equation (Eq. (8)) in a
first order format, i.e., a state-space format. The state-space version of Eq. (8)) is subsequently formulated in
discrete time format by assuming linear variation of the damper force and external force between time-steps.
The nonlinear damping force is then treated by its iteration within each time-step. More details about the
aforementioned simulation process can be found elsewhere [27].
In the present case study, the system was subjected to uncorrelated, normally distributed white noise in
all 10 DOFs, enabling a comparative study of ELD estimates and OMA damping estimates through 500
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Monte Carlo simulations. For each of the 500 simulations, a new excitation series was generated preserving
though identical spectral level. Furthermore, for each of the 500 Monte Carlo simulations, both a numerical
simulation with only linear damping and simulation with both friction-induced nonlinear damping and linear
damping were carried out. For the two cases, referred to as the linear and nonlinear case in the following
respectively, the total amount of damping was kept approximately at the same level. Table 1 lists the damping
ratios adopted herein for the Monte Carlo simulations along with the vibration frequencies of the first four
modes and the friction force.

An important parameter of the simulation study conducted herein is the length (i.e., duration) of the individual
simulations that affects substantially the accuracy of the ELD-based damping estimates, the latter being the
reference basis to compare with the OMA-identified damping ratios. Additionally, the current study is dealing
with random generation of white noise excitation and the estimation of the equivalent linear damping for
nonlinear systems subjected to random vibrations. Thus, a rather long simulation length is necessary before
the intensity of the load and response is equal between the individual simulations. With these considerations
in mind, it was found that an equivalent simulation length of approximately 15,000 periods of the two lowest
modes (≈25min) was appropriate to be considered herein.

Mode 1 2 3 4
fj [Hz] 10.10 10.39 27.58 57.54
ζj [%] 1.5 10 / 1.5 3.0 1.5
fc [N] 0 / 2.5

Table 1: Natural frequencies, damping ratios and friction force of the simulated structure. Where two values
are listed: linear / nonlinear case.

5 Comparison and discussion of linear OMA damping estimates with theo-
retical equivalent linear damping

The main results of the study will be presented and discussed in this chapter focusing on the ELD and OMA-
identified damping estimates of the secondmode, the latter being affected by the friction. Especially, two cases
are presented and associated with the investigation of: (i) linear damping considered at a level approximately
identical to the damping of the nonlinear, friction-related system, (ii) friction-induced nonlinear damping with
a relatively small addition of linear damping. By including the case related to the linear damping estimation,
the effect of the relatively high damping on the estimation methods can be evaluated without consideration of
the friction-induced nonlinearity. In this manner, it is possible to distinguish between the effects of inherited
assumptions in the methods and the effects of the friction-induced nonlinear damping.

The first of the two following subsections (section 5.1) presents and discusses the ELD estimates of the two
cases. The second subsection (section 5.2) is then presenting and discussing the OMA estimates of the two
cases, with comparison to the ELD estimates in the nonlinear case. By including the ELD estimates, it
enables the possibility to have a reference of what the OMA damping estimates should be in both cases and
not only in the linear case. Thus, it is assumed that the ELD estimates are more accurate in the sense that
they constitute the damping representative of a linear system that will have the same response level as the
nonlinear one. A small study was conducted to make sure that this is actually the case. From the study, it
was concluded that an equivalent linear system based on ELD estimates compared to one with OMA-based
estimates is more representative of the nonlinear system. Especially, the response levels, i.e., variances, were
identical for the linear system based on ELD estimates and the nonlinear one.
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5.1 Equivalent linear damping (ELD) estimates

Fig. 2 shows plots of normalised probability distributions of the equivalent linear damping ratios of the second
mode for the two cases using the three different methods; (left) purely linear damping, (right) friction-induced
nonlinear damping with a relatively small addition of linear damping. All ELD and OMA-based damping
estimations have been found to be normal distributed and are therefore plotted as such. Moreover, the mean
values are indicated by vertical lines and circles in Fig. 2 and listed in Table 2 together with the coefficient
of variation (CoV), i.e., the standard deviation divided by the mean value.

As can be seen in Fig. 2, the energy balance method has almost zero variance in the linear case with the
line-like shape of the distribution. The latter is not valid for the nonlinear damping case, for which the
damping ratio estimates were found to be scattered, however in smaller extent than the damping estimates
of the intensity balance and stochastic averaging method respectively. These two methods result in higher
dispersion for the damping ratios estimated for the nonlinear case compared to the linear one. For both the
linear and the nonlinear case, it is also notable that two of the methods, i.e., the intensity balance and the
energy balance method respectively, led to identical mean damping ratio estimates, and for the linear case
their mean values are equal to the second mode-related input damping ratio considered for the simulations
in the linear case. On the contrary, the mean of the ELD estimates of the method based on stochastic
averaging in the linear case are underestimated compared to the input damping ratio of the simulations,
while in the nonlinear case, the mean of the ELD estimates is higher compared to the other two methods.
These observation are collaborated in Friis et al [6], where it is found that the assumption of constant energy
over a cycle of oscillation is introducing bias for higher damping ratios. Along these lines, the superiority
(i.e., higher accuracy), found to be associated with ELD estimates from the intensity balance and energy
balance method respectively, led the authors to exclude the stochastic average method for the OMA estimates
assessment that follows.

0.085 0.090 0.095 0.100 0.105 0.110
0

100

200

300

400

500

Damping ratio [-]

N
or

m
al

is
ed

pr
ob

ab
ili

ty
[-
]

Mode 2 - Linear

0.075 0.080 0.085 0.090 0.095 0.100
0

100

200

300

400

500

Damping ratio [-]

N
or

m
al

is
ed

pr
ob

ab
ili

ty
[-
]

Mode 2 - Nonlinear

Intensity balance Stochastic averaging Energy balance Input value

Figure 2: Equivalent linear damping estimates (normalised probability distributions) of mode 2 in the two
cases; (left) purely linear damping, (right) friction-induced nonlinear damping with a small addition of linear
damping.
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5.2 Comparison and discussion of OMA estimates with ELD estimates

As for the ELD estimates, Fig. 3 shows plots of normalised probability distributions of the OMA-identified
linear damping estimates related to the second mode while considering both the linear and the nonlinear
case respectively. Regarding the former case, the mean of the OMA-identified estimates are calculated quite
similar to the input value (i.e., the difference was found to be within the range of 0-2 ‰) indicating almost
negligible bias for the OMA-identified estimates. Comparing the variance of the OMA-based damping ratios,
the two methods, i.e., the pLSCF and the AR-PR, resulted in almost identical CoV’s (Table 2). Likewise the
linear case, the OMA methods applied also for the nonlinear case led to damping ratios with almost identical
mean and variance (i.e., CoV) estimates, the latter, is though found higher compared to the linear case.
Comparing the CoV’s of the two ELD estimation methods, i.e., the methods based on intensity and energy
balancing, the same quantifiable increase in variance is found from the linear case to the nonlinear. This
observation might indicate a variation of the actual amount of damping between simulations in the nonlinear
case, stemming from variation of the external excitation from simulation to simulation generating different
responses, although almost with identical intensities, i.e., variances. When the responses are slightly different,
the damping might also be slightly different when dealing with amplitude dependent damping. However, it
is important to mention that the increase, and the similarity in the increase, might simply come from the fact
that nonlinearity is introduced, and that the methods might be effected in the same manner.
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Figure 3: OMA damping estimates of mode 2 in the two cases; (left) purely linear damping, (right) friction-
induced nonlinear damping with a small addition of linear damping. Including comparison with ELD
estimates in the nonlinear case.

Finally, as can be seen in Table 3, the mean values of OMA-based damping estimates were calculated slightly
lower (approximately 5-6%) than the ELD estimates. Such a difference indicates that the OMA methods
underestimate the damping of the system with the friction-induced nonlinear damping.
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Case
Assessment

entity
Intensity
balance

Stochastic
averaging

Energy
balance

pLSCF AR-PR

Linear
ζ̄2 [%] 10.0 9.72 10.0 9.98 9.99

CoV(ζ2) [%] 1.07 1.56 0.00 1.62 1.65

Nonlinear
ζ̄eq(2) [%] 9.04 9.57 9.06 8.57 8.55

CoV(ζeq(2)) [%] 2.01 1.82 0.940 2.68 2.71

Table 2: Mean values of equivalent linear damping and OMA linear damping estimates of mode 2 in the
two cases; (i) purely linear damping, (ii) friction-induced nonlinear damping with a small addition of linear
damping.

6 Conclusion

The purpose of this study was to assess the damping estimation performance of OMA-based methods on
structural systems in random vibrations experiencing friction-induced nonlinear damping. A Coulomb-type
friction mechanism, appropriately introduced at the top of a finite element model of a simple T-shaped
prototype steel structure, ensured a numerical testbed for the investigation. Two OMA based methods were
comparatively assessed in terms of their related damping estimation potential by comparing their linear
damping estimates with theoretically derived estimates of equivalent linear damping. This assessment was
based on 500 Monte Carlo friction-induced nonlinear numerical simulations and three different theoretically
derived methods were employed for estimation of equivalent linear damping. The study mainly revealed the
following.

(i) From an assessment of the theoretically derived estimates of equivalent linear damping estimates, two
methods were found to give similar estimates and to be applicable as a reference for the OMA-based
methods, in the particular case with damping ratios of approximately 9%.

(ii) From employment of the two OMAmethods for estimation of linear damping of the T-shaped structure,
both methods were found to provide almost identical results. Furthermore, the OMA-based estimates
showed no bias when the OMA methods were applied to responses from linear simulations where the
damping ratios are known in advance.

(iii) The two methods for estimation of equivalent linear damping that were found applicable for the com-
parative study and the two OMA methods showed higher dispersion in their respective estimates when
employed to simulated responses of the structure with friction-induced nonlinear damping compared to
the case of linear proportional damping.

(iv) Comparison between the equivalent linear damping estimations with the OMA-based ones revealed a
difference of 5-6% indicating that the OMA methods underestimate the system’s damping, when the
latter is of the friction-induced nonlinear kind.

The underestimation of the damping by the OMA methods together with the effect of including a stiffness
component in the friction-induced nonlinearity, which was not included in the present study, calls for
additional research to fully comprehend the implications for OMA estimates when friction, and friction like
phenomena as hysteresis, influence the dynamic response of a structure.
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Abstract 
In this paper, new methods for the remote acoustic source mapping of vehicle noise sources are 
considered. This work initially considers the effect of a wall reflection on conventional methods of 
processing the signals from a remote microphone array. The use of alternative array processing techniques 
to discriminate against the reflections are then considered and used, to produce a ‘heatmap’ of the array 
response as a noise source is moved around within the chamber. In a first step, an inverse impedance 
weighting strategy is considered, to distinguish the desired physical source location from the one created 
due to the reflections. In a second step, additional restrictions are also taken into account such as the 
ability of the microphone array to suppress the high levels for sources close to the microphones and an 
optimised weighting strategy is introduced and applied. 

1 Introduction 

The exterior sound emission of a vehicle is an increasingly important criterion for the homologation of 
road vehicles. The latest limit value of 74 dB(A) is already a major challenge for car manufacturers and an 
even lower limit of 68 dB(A) is in plan for the near future. Therefore, measurement of the drive-by noise 
of vehicles is important to ensure lower sound levels for people living close to roads. Until recently, it has 
been measured outdoors according to ISO – 362-1:2015, [1]. However, drive-by noise can now be 
estimated in a laboratory environment, with a stationary vehicle on a rolling road, [2], by processing and 
identifying the individual sources of noise on the vehicle and then synthesising the pressures that would be 
measured in a drive-by test, [3-4]. Within this method, the tire-road noise is separately energetically added 
to the powertrain noise and the final result is compared to the outdoor measurement, [5-6]. 
The indoor estimation of pass-by noise has advantages over outdoor measurements in terms of the 
repeatability and robustness of the measurements. However, the use of chambers with imperfectly 
anechoic walls can distort the results in certain frequency bands. With the aim of overcoming this 
limitation, new approaches to the mapping of the vehicle pass-by noise sources in a reverberant 
environment are developed in this paper, utilising optimal beamforming. 

2 Formulation 

As a first step, we may assume that a specific noise source on the vehicle can be represented by a compact 
monopole source radiating omnidirectionally. If a microphone is positioned a distance of r from the 
source, the pressure is, [7],  

 pi(r) = Zi(r)q = jωρ0q e−jkr

4πr
    (Pa) (1) 

 

Where Zi is the transfer impedance and q is the source strength. 
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Assuming an array of 41 microphones positioned on a line 7.5 m away from the source and a rigid wall 3 
meters behind it, then the contributions due to the various reflections from the wall could be modelled as 
an image source, placed 13.5 meters away from the linear array, as shown in Figure 1. 

 
Figure 1: Environment of pass-by noise measurement with a rigid wall 

The array output due to the source at each point is initially calculated by adding the contributions from 
each microphone together, so that 

 p(x) = 1
41
∑ pi(x)41
i=1    (Pa) (2) 

 

This uniform weighting corresponds to that of a broadside array using a delay and sum beamformer with a 
far-field directivity pointing towards the source. The pressure can also be expressed in terms of the Sound 
Pressure Level (SPL), which is given as 

      SPL(x) = 20log10 �
prms(x)
pref

�    (dB) (3) 
 

So that SPL is independent of the phase of p(x) and hence the frequency. In this case, pref is chosen to be 
the array output pressure when the source is positioned at the physical source location in Figure 1. By 
moving the source around the room, a heatmap in terms of the sound pressure level at each point can be 
created, as shown in Figure 2. From this plot, it can be seen that the uniform linear array generates a high 
estimate of the SPL in the near field of the array.  

 
Figure 2: Heatmap of the sound pressure level due to a monopole source measured using a 41 – 

microphone array (1 kHz) and the uniform weighting method 
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To provide further insight into those results, Figure 3 shows the Sound Pressure Level estimated along the 
x = 0 axis, moving away from the array towards the physical source location at x = 7.5 m and the image 
source at 13.5 m for various working frequencies.  
It can be seen that the response of the array to the image source is approximately 10 dB less than the one 
to the physical source, and hence the image source will significantly alter the estimate of the source 
strength. It is also shown in Figure 3 that the weighting strategy offers poor results at very low frequencies 
below around 100 Hz and only delivers 4 and 8 dB level difference between the physical and image source 
points at 50 and 100 Hz respectively. To overcome these limitations, the next step is to apply appropriate 
weighting to the microphones in order to achieve further discrimination against the image source strength 
and points close to the array.  

 
Figure 3. Sound pressure level at x = 0 m over distance in the y – direction using the uniform weighting 

for f = 50, 100, 500, 1000 Hz 

3 Inverse impedance weighting synthesis 

A simple method of weighting the microphones would be to use the inverse of the impedance measured 
when the source is placed at y = 7.5 m, x = 0 m. The heatmap is then constrained to deliver unity gain for 
the point where the physical source is placed. The weights are, thus, equal to 

 wi = 1
Zi,y=7.5,x=0

 (4) 

Where Zi,y=7.5,x=0 is the impedance between the i-th microphone and the physical source position. The 
overall output of the array is then equal to the sum of the weighted pressures 

 p(x) = 1
41
∑ wipi(x)41
i=1    (Pa) (5) 

Since all terms, wipi(x), in this symmetry are equal to unity when the source is at the reference position, x 
= 0, y = 7.5 m, this array processing strategy is similar to the one used in the far-field delay-and-sum 
approach.  As a result, the heatmap in terms of the sound pressure level is transformed, as shown in Figure 
5. From this plot, it can be seen that the physical source SPL is at 0 dB, as enforced, and the level 
elsewhere is significantly attenuated compared to the uniformally weighted array results in Figure 4. For 
reference, the amplitude and the phase of the array weights used to produce the heatmap in Figure 5 are 
shown in Figure 6(a), (b). From the plots, it can be seen that the inverse impedance weighting scheme 
results in array shading that compensates for the path length differences between the physical source and 
each of the array microphones. 
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Figure 4. Heatmap in terms of the sound pressure level for a monopole source with a 41 – microphone 

array (1 kHz) using the inverse impedance weighting 

 
Figure 5(a), (b). Amplitude and phase of the inverse impedance weights 

To provide a clear picture of the results presented in Figure 5, the sound pressure level is again plotted 
along y-axis at x = 0 m at four discrete frequencies. From these results, it can be seen that, at 1 kHz, the 
weighting provides a 23.5 dB level difference between the physical and the image source (assuming that 
there is no noise absorption provided by the rigid wall), while retaining the physical source level at unity 
gain. However, the level is very high (up to 30 dB) when the source is placed very close to the array. The 
method is also limited at low frequencies around 100 Hz and only delivers a level of difference of 3 and 9 
dB between the physical and image source points at 50 and 100 Hz, as shown in Figure 6. 
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Figure 6. Sound pressure level at x = 0 m over distance in the y – direction using the inverse impedance 

weighting for f = 50, 100, 500, 1000 Hz 

4 Optimised weighting synthesis 

In an attempt to overcome the limitations highlighted on the inverse impedance weights, an alternative 
strategy that directly optimises the array weights will be presented in this section. In this case, the 
microphone array weights are specified by performing a linear optimisation of the weights wi subject to 
three constraints: 
 

- The weights provide unity gain for the physical source position i.e. 𝑝𝑝𝑦𝑦=7.5,𝑥𝑥=0 = 1
41
∑ 𝑤𝑤𝑖𝑖𝑝𝑝𝑖𝑖41
𝑖𝑖=1 = 1 

- The weights provide zero gain for the image source position i.e. 𝑝𝑝𝑦𝑦=13.5,𝑥𝑥=0 = 1
41
∑ 𝑤𝑤𝑖𝑖𝑝𝑝𝑖𝑖41
𝑖𝑖=1 = 0 

- The weights are kept to the minimum magnitude possible in order to discriminate against the 
positions close to the microphone array i.e. 𝑚𝑚𝑖𝑖𝑖𝑖∑ |𝑤𝑤𝑖𝑖|41

𝑖𝑖=1  
The weight calculation is split into two parallel optimisation problems in Matlab. The first one solves the 

least-squares curve fitting problem of the form 𝑚𝑚𝑖𝑖𝑖𝑖 1
2
� 1
41
∑ 𝑤𝑤𝑖𝑖𝑝𝑝𝑖𝑖41
𝑖𝑖=1 − 1�

2

2
 subject to 1

41
∑ 𝑤𝑤𝑖𝑖𝑝𝑝𝑖𝑖41
𝑖𝑖=1 = 0. The 

second one adds the supplementary constraint 𝑚𝑚𝑖𝑖𝑖𝑖∑ |𝑤𝑤𝑖𝑖|41
𝑖𝑖=1  by setting numerical bounds on each wi. The 

function used utilises the method of the Lagrange multipliers which is a strategy for finding the local 
maxima and minima of a function subject to equality constraints [44]. The only prerequisite is that the 
used functions have continuous first partial derivatives as is the case in the considered problem..  
To assess the performance of this weights optimisation process, the total pressure at each source point is 
again estimated using Equation 5, but with the calculated 𝑤𝑤𝑖𝑖. The heatmap in terms of the sound pressure 
level is shown in Figure 7 and the corresponding amplitude and phase of the optimised array weights are 
shown in Figure 10(a) and 10(b) respectively. It is interesting to see from both the amplitudes of the array 
weights and the heatmap in Figure 7 that this optimisation method effectively creates two separate arrays 
at either end of the microphone array, both focused on the physical source location. It can be seen from 
Figure 7 that this results in an effective triangular – type array behaviour.  
 

To provide a consistent analysis of this array processing method, the sound pressure level is plotted along 
the y-axis at x = 0 m in Figure 9 with lines indicating the positions where the physical and image sources 
are located. At 1 kHz, it can be seen from Figure 9 that the weighting creates a 43.1 dB level difference 
between the physical and the image source (assuming there is no sound absorption by the rigid wall), 
while retaining the physical source level slightly lower than unity gain (-0.6 dB). As a result, the 
optimized weighting enhances the level difference between the two source points by about 20 dB 
compared to the inverse impedance weighting strategy. However, the optimized weighting also 
discriminates against the source points close to the microphone array reducing the level from 30 dB to -18 
dB. In principal, there would be no signal for a source at the image location if the optimization problem 
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above was satisfied, but the finite level difference illustrates that the optimisation problem does not have a 
solution, particularly at low frequencies, as shown in Figure 9. In particular, it can be seen that the 
weighting strategy offers poor results in very low frequencies only delivering 4 to 8 dB level difference 
between the physical and image source points at 50 and 100 Hz. 

 
Figure 7. Heatmap in terms of the sound pressure level for a monopole source with a 41 – microphone 

array (1 kHz) using the optimised weighting 

 
Figure 8(a), (b). Amplitude and phase of the optimised weights 
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Figure 9. Sound pressure level at x = 0 m over distance in the y – direction using the optimised weighting 

for f = 50, 100, 500, 1000 Hz 

To provide a clear comparison between the three considered array weighting methods, Figure 13 shows 
the difference between the physical and image source strengths for the three different weighting strategies, 
which correspond to the discrimination that the array provides against the image source. It should be noted 
that in contrast to the uniform array weighting, the inverse impedance and optimised weighting assume a 
known position for the image source, and so the results will be degraded if the position of the physical 
source with respect to the wall is not exactly where it is assumed to be in Figure 1. Nevertheless, at 
frequencies above 100 Hz, the inverse impedance method achieves a significant performance increase, 
with a 10 dB discrimination between 2 and 10 kHz, whilst the optimised weighting achieves a 
performance increase of about 25 dB over the same frequency range. 

 
Figure 10: Difference between the level at the assumed image source and that at the physical source for 

the 3 different array weighting methods 

5 Conclusions 

In this paper, new approaches to the acoustic source identification for the synthesis of vehicle pass-by 
noise sources have been considered. Τhe effect of a wall reflection on conventional methods of processing 
the signals from the far field microphone array has been examined and two alternative array processing 
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techniques to discriminate against the reflections are considered. A ‘heatmap’ of the array response as a 
noise source is moved around within the measurement chamber has then been produced, while two 
different weighting strategies are considered to distinguish the desired physical source location from the 
one created due to the reflections. Additional restrictions are also taken into account such as the ability of 
the microphone array to suppress the physically high sound pressure levels at the points close to the 
microphones, therefore, an optimised weighting strategy is introduced and applied. 
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Abstract
A methodology for evaluating the acoustic behaviour of two-port inhomogeneous media in experimentally
unavailable thermal conditions is proposed. The method consists of an inverse estimation of the geometrical
and material properties of the object at room temperature followed by a forced thermal input. The properties of
interest for the inverse estimation are the spatially-varying cross-section and/or bulk properties. The underlying
model relies on a transfer matrix approach, allowing for a representation of spatially inhomogeneous objects as
piece-wise equivalent homogeneous fluids, while ensuring continuity conditions between successive elements.
A model of non-stationary thermal conduction is used as a first approximation, where an integral formulation
accounts for the cumulative effect of multiple homogeneous elements. In order to evaluate the validity of the
extrapolation, a validation against a fully numerical simulation is presented in two cases, namely a simple
expansion chamber and a complex muffler.

1 Introduction

Mufflers or silencers are commonly used as noise reduction devices for gases transmitted through exhaust
pipes. Understanding their properties and behaviour is essential in order to achieve better designs in terms of
noise perception and weight reduction. The noise radiated from a muffler arises from three main mechanisms,
namely the pulsated pressure waves from the periodic combustion process, the turbulent flow of exhaust gases
and structural vibrations, partially caused by the other two sources [1].

A standard procedure to characterize mufflers as acoustic filters is to measure their transmission response from
a known acoustic source. The impedance tube setup [2] is particularly attractive as it considers a plane wave
approximation, reducing the problem to one spatial dimension. Such tests are well-controlled and repeatable
in a limited frequency range; however, these do not represent the operational use of the tested system. Indeed,
high-temperature flow of gases denser than air is common in car mufflers, for instance. As a consequence, a
major limitation in current laboratory testing is that room temperature sound transmission loss measurements
are not representative of most real systems.

Cases where high temperature gradients are encountered such as in automotive mufflers, propulsion and power
generating systems benefit from the consideration of thermal effects in the design stage; despite the complexity
and cost of such experimental setup. Since the works of Kapur et al. [3], Munjal and Prasad [4] and Peat
[5], the study of analytical solutions for plane waves propagation with temperature gradient in straight ducts
have been investigated. In most cases, the solutions are restricted to small temperature gradients, no mean
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flow, small Mach number, among others. To close this gap, Sujith et al. [6, 7] proposed an analytical solution
for the sound propagation in ducts under more general conditions by applying suitable transformations to
the wave equation. Although the solution therein is valid only for small mean Mach number, the analytical
expressions are developed by only considering linear and exponential temperature profiles. Subsequently, by
using the analytical solution obtained previously, Sujith [8] derived the transfer matrix method with the axial
mean temperature gradient effect included. Later, a correction of inconsistencies therein was proposed by
Howard [9] in which a validation against a numerical solution was conducted. Although some progress was
made for analytical solutions, its applications are still restricted to regular geometries and boundary conditions.
Moreover, real mufflers can feature complex geometries where a simple linear temperature gradient is not
enough to predict their behaviour.

As a first approximation, many mufflers can be conveniently described as series of duct components with
different cross sections. By assuming plane waves propagating in a rigid-walled tube filled with an inviscid
fluid, the so-called transfer matrix method (TMM) [1] conveniently relates the state variables – pressure and
flow – from the filter inlet to its outlet. Moreover, the TMM parameters are not affected by connections to
external elements downstream or upstream as long as these can be assumed linear [10]. This is advantageous
to design mufflers as multiple expansion chambers where the elemental four-pole matrices can be multiplied
sequentially to obtain an overall four-pole matrix for the whole system.

This paper addresses the difficulty of performing STL measurements in operational conditions by means of a
model-based procedure relying on room temperature STL measurements. The proposed approach consists
of an inverse estimation of the geometrical and material model parameters of a two-port inhomogeneous
medium, followed by a simulation of its acoustic behaviour in experimentally unavailable thermal conditions.
The model relies on the TMM, allowing for a piece-wise representation of spatial inhomogeneity and ensuring
continuity conditions between successive elements. The cost function for the inverse estimation procedure
is defined as a 2-norm distance between a measured sound transmission loss and its semi-analytical TMM
counterpart. A complicating aspect is the fact that such an inverse estimation procedure is subjected to
multiple local minima, in particular due to resonances. A recently proposed methodology [11] is used to
overcome such local minima. A paper at this conference details its use in the case of muffler components [12].

The properties of interest for the inverse estimation are the spatially-varying cross-section and/or bulk
properties of the medium (flow resistivity, porosity, tortuosity, . . . ), allowing to represent a variety of
one-dimensional objects which can include perforated elements and rigid porous elements which can be
modelled as equivalent-fluids. In this paper, however, efforts are concentrated in investigating the temperature
extrapolation, hence, only examples considering air as a homogeneous medium are considered, the purpose of
the inverse estimation being to identify the geometry of the muffler.

The extrapolation of the acoustical model from room temperature conditions to a forced thermal regime is
performed under the assumption that the effects of temperature in the acoustic behaviour arise as a variation
in the speed of sound. The temperature profiles can take into account different thermal conditions such as
conduction, or a superposition of conduction and convection effects. Two application examples are provided,
the goal being to evaluate the validity of the semi-analytical model with temperature extrapolation against a
fully numerical simulation in cases including expansion chambers and mufflers.
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2 Methodology

2.1 Transfer matrix method

The classical technique to relate the state variables from the inlet and outlet under plane wave assumption is
the transfer matrix method (TMM). The TMM or four-pole representation is a convenient way of evaluating
acoustical performance because only the four-pole parameters are needed in the analysis of a mufflers as it
can readily provide a value for the normal Sound Transmission Loss (STL).

Adopting the notation showing in Figure 1, the transfer matrix formalism using a pressure-flow formulation is
given by [1] [

pin
Sinvin

]
= T

[
pout

Soutvout

]
, (1)

where pin and pout are the acoustic pressure at the inlet and outlet respectively, vin and vout are the acoustic
particle velocity at the inlet and outlet respectively and Sin and Sout are the cross-sectional area of the inlet
(upstream) and outlet (downstream) pipe respectively.

Figure 1: TMM of a multi-layered two-port component using pressure-flow formulation.

The transfer matrix of a multi-layered two-port component can be expressed as

T(ω) =
N∏

n=1

Tn(ω,xn), (2)

where the properties of layer n are
xn = {Ln, Sn, kn, Zn} , (3)

where Ln and Sn are the layer length and cross sectional area respectively. The homogeneous media properties
are defined by its wave number kn and its impedance Zn. For the case of a homogeneous medium filled
with air, both parameters are readily available and can be obtained by the expressions Zair = ρairc and
kair(ω) = ω/c where c is the speed of sound and ω the angular frequency. Alternatively, an equivalent
fluid model can be used to describe other mediums such as rigid porous and perforated plates. The Johnson-
Champoux-Allard (JCA) [13, 14] is a well established phenomenological model that could be used in this
case [12].

The transfer matrix of layer n is given by

Tn(ω,xn) =




cos(knLn)
−Zn

iSn
sin(knLn)

iSn
Zn

sin(knLn) cos(knLn)


 . (4)

The sound transmission loss of the multi-layer component can be obtained as [1]

STL = 20 log10

(
1

2

∣∣∣∣T11 + T12
Sout

Zout
+ T21

Zin

Sin
+ T22

Zin

Zout

Sout

Sin

∣∣∣∣
)
. (5)
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2.2 Inverse estimation methodology

The parameter search is formulated as a minimisation problem [15]

min fobj(x) =
∑

m

|STL(x, ωm)− STL0(x0, ωm)|2, (6)

where x0 are the true parameters (accessible by direct measurement only) and x are the model parameters,
including design variables of all layers. STL0(x0, ωm) denotes the measured sound transmission loss (STL)
at frequency ωm and STL(x, ωm) denotes the STL predicted by the model at frequency ωm.

The systems under consideration are finite and involve geometrical and material discontinuities, which induce
a non-monotonous sound transmission loss with respect to frequency, for instance due to resonances. This
results in the problem (6) exhibiting local minima, attributed to the similarity of the response or STL for
different combinations of the design variables. The simplest example of this is the similarity of the STL of an
expansion chamber whose length is allowed to take values having a common factor. The inverse estimation
problem is then solved for x using a recently developed stepwise optimisation framework [11]. A companion
paper at this conference [12] includes an illustration of the method for the inverse estimation of material and
geometrical properties using a sound transmission loss measurement setup.

2.3 Heat conduction model and extrapolation

A simplified model is here used for simulating the thermal behaviour of the system when exposed to a constant
temperature at the inlet. The model consists of thermal conduction [16] in a multi-layered system whose
components consist of equivalent fluid media. The purpose of such a simplified model is to carry out the
extrapolation procedure proposed in this paper by means of a analytical description. Although also tractable
by analytical means in the case of simple geometries, heat convection and radiation are not considered.

As a hypothesis, the thermal diffusivity of the multi-layer system δ(x) is assumed to vary slowly in x. The
heat equation can thus be written as

∂τ

∂t
(x, t) = δ(x)

∂2τ

∂x2
(x, t), (7)

where τ is the temperature, x is the distance along the system and t is time. An imposed temperature is
considered at the inlet, as

τ(x = 0, t) = τin. (8)

Furthermore, room temperature is assumed at rest and at infinity, which may be expressed as

τ(x, t = 0) = τ(∞, t) = τatm. (9)

The solution is obtained via the Laplace domain, leading to the temperature profile of a continuously layered
medium in the form

τ(x, t) = τatm + (τin − τatm) erfc

(
1

2
√
t

∫ x

0

dξ√
δ(ξ)

)
. (10)

This expression thus defines the temperature profile as a function of the input temperature, ambient temperature
and the thermal diffusivity profile. It is worth noting that for a system consisting of a finite number of
homogeneous layers, the thermal diffusivity is piecewise constant and the integral reduces to a step function.
The obtained temperature profile is then introduced in the speed of sound in air as

c(x) =
√
γRτ(x), (11)

where γ = 1.4 is the ratio of specific heats and R = 287 J·K−1mol−1 is the gas constant.
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3 Numerical validation

The aim of this section is to validate the thermal extrapolation technique against a fully numerical simulation
in order to assess the quality of the inverse estimated model. Two cases are considered: (3.1) single expansion
chamber and (3.2) complex muffler formed by multiple expansion chambers. The numerical simulation is
performed using Simcenter 12.0 for meshing and thermal-flow simulation. With the obtained temperature
field the sound speed can be calculated for each element. The acoustic finite element simulation is performed
using LMS Virtual.lab 13.8. The simulation was performed considering the frequency range from 100 Hz
to 1100 Hz with a 5 Hz step. The environmental conditions are conventional, with atmospheric pressure at
101351 MPa and ambient temperature at 293 K. The boundary conditions for the thermal-flow simulation
considers a slow flow condition with inlet flow v = 0.001 m/s and external condition given by an imposed
temperature of 573 K. The outlet flow has the same flow velocity. A mixing length turbulence model for
thermal-flow solver is employed. The duct wall consider is Aluminium A356 with thickness of 2 mm and
tetrahedral shape (TET4) with element size of 51.5 mm for the single expansion chamber and 25 mm for
the complex muffler. For the acoustic meshing, the tetrahedral shape (TET4) with same element size of their
respective thermal simulation are used for mapping convenience. Isotropic air is used as the material which
contains the properties from Table 1.

Table 1: Air properties at ambient temperature

Mass Density ρ = 1.2041 kg ·m−3

Speed of Sound c = 343.21 m · s−1

Thermal Conductivity κ = 0.023 W ·mm−1 ·K−1

Isobaric specific heat capacity cp = 1.005 kJ · kg−1 ·K−1

3.1 Single expansion chamber

The expansion chamber has the same dimensions as described in [17] and reproduced in Figure 2 (a). Figure
2(b) shows the simulated STL of the single expansion chamber and a STL calculate analytically using TMM
at ambient temperature for reference.

(a)
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Figure 2: (a) Dimensions of expansion chamber in m and (b) STL of expansion chamber comparing a
simulated result with analytical using TMM at ambient temperature.

It can be noted from Figure 2 that the simulated STL does not match the analytical STL. The discrepancy
between the STL increases as the frequency increase. This occurs because the analytical model utilizes a
one-dimensional propagation approximation (plane wave assumption) which does not account for attenuation
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and it also does not capture higher order modes. This limitation of such a one-dimensional model is well
known [1]. As a matter of fact, the three-dimensional effects play a role well below the cut-on frequency of
the first higher order mode. Taking into account the limitations of the TMM, the inverse estimation approach
only considers the values for the STL for frequencies up to 300 Hz. The obtained retrieved geometry of the
expansion chamber can be seen in Table 2 and in Figure 3.

Table 2: Dimension of original and retrieved expansion chamber

Diameter (m) Length (m)

Original 0.300 0.596
Retrieved 0.304 0.591
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Figure 3: Retrieved geometry and the two transient temperature profiles considered: (a) from heat conduction
model and (b) from duct centerline in the performed thermal-flow simulation.

The retrieved values show good agreement with the original dimension and it gives confidence to tackle the
temperature extrapolation problem. The two temperature extrapolation scenarios are shown in Figure 3. The
profiles from Figure 3 (a) are obtained from the heat conduction model from Section 2.3 and the profiles in
Figure 3 (b) are extracted from the expansion chamber centerline in the performed thermal-flow simulation.

Although the initial conditions for the two temperature extrapolation scenarios are the same, a considerable
difference in temperature profiles can be seen in Figure 3 where it is possible to observe the transient evolution
of the temperature profiles along the system. In Figure 3(a) the first profiles show a very abrupt temperature
change and gradually, as time increases, the outlet temperature increases and the profiles become almost linear.
This behaviour is due to the simplified thermal model, which does not include the effect of different cross
section areas. On the other hand, the simulated scenario from Figure 3(b) shows a less abrupt and a more
gradual outlet temperature change between each profile, as it takes into account cross-section variations.

In this simple case with symmetrical geometry, the temperature profile can be easily obtained, which is not the
case for complex geometries. For this reason, both the simulated temperature profiles and the heat conduction
model temperature profiles are considered for the acoustic performance calculation that follows.

Figure 4 shows the comparison between semi-analytical and FEM-simulated STL considering the heat
conduction model and the FEM temperature profiles. The selected profiles are as follows: (a) constant
temperature τ = 293 K, (b) - (e) intermediate profiles with boundary condition that can be referred at Table 3
and (f) at constant τ = 573 K. A comparison between the profiles shows a difference in attenuation levels,
mostly in the intermediate profiles. Besides, a shift in the STL frequency domain due to the temperature
change can be clearly observed for the intermediate profiles in Figure 4 and less noticeable in Figure4. This
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frequency shift has a relevant impact in the region of the first dip (or lobe). This phenomenon is critical as
it can change the location of optimal sound transmission loss content, alter the muffler’s performance and
consequently, audio perception. The quantification of this frequency shift is shown in Figure 5 where, the
difference between analytical (TMM) with heat conduction and FEM-simulated profiles is compared with
the fully simulated STL. For the difference between analytical (TMM) with heat conduction profile and fully
simulated STL (green curve), It can be seen a considerably increase in the shift as it approaches intermediate
profiles having its maximum value for the profile 7. The large frequency shift in this case is expected because
the comparison with the simulated profiles does not match perfectly. However, for small temperature gradients
(profiles 9 to 12) the error is considerably small. For the difference between analytical (TMM) with simulated
profile and fully simulated STL, the frequency shift is within the resolution of the frequency domain which is
5 Hz. This shows that the analytical model can yield good results compared to the FEM simulation, and the
choice of thermal model has a significant impact in the acoustic behaviour. In cases where the temperature
profiles are unavailable, the heat conduction model could be used for small temperature gradient.
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Figure 4: Comparison of single expansion chamber STL between the two methods, analytical (extrapolation)
and FE simulation, for the heat conduction model and simulated temperature profiles where (a) is at constant
τ = 273 K, (b) - (e) are intermediate profiles (refer to Table 3) and (f) is at constant τ = 573 K.
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Figure 5: Frequency shift at the STL dip with respect to the full FE simulation considering the TMM
simulation with thermal conduction model and with FE temperature profile.

Table 3: Boundary conditions for each profile (τ(0) - τ(L), where L is the total length of the system).

Profiles Fig 4. τconduction [K] τFEM [K]

profile 1 (a) 293-293 293-293
profile 2 - 573-293 573-293
profile 3 (b) 573-293 573-300
profile 4 - 573-293 573-320
profile 5 - 573-293 573-335
profile 6 - 573-293 573-355
profile 7 (c) 573-293 573-380
profile 8 - 573-300 573-410
profile 9 (d) 573-375 573-440
profile 10 - 573-475 573-460
profile 11 (e) 573-530 573-475
profile 12 - 573-553 573-495
profile 13 (f) 573-573 573-573

3.2 Complex muffler

In this section, a similar analysis is made for a complex muffler geometry. The main objective here is to
reconstruct a one-dimensional profile that behaves in an equivalent manner as the muffler with a complex
geometry. Due to the non-uniqueness of the one-dimensional path connecting the inlet to the outlet, a simple
heat conduction model temperature profile is considered as a first approximation. The complex muffler
consists of three ducts with two intermediate expansion chambers, as shown in Figure 6 (a). Figure 6 (b)
shows the simulated STL at ambient temperature. As it can be seen, a peak in amplitude occurs at around
760 Hz which represents a transversal mode. The region of main interest, however, is in the first lobe which
occurs around 610 Hz.

Based on this observation and to avoid second modes in the optimization scheme, only frequencies up until
700 Hz are considered in the inverse estimation. The inverse estimation retrieve an equivalent geometry as
shown in Figure 7 with exact dimensions for each section described in Table 4. Although it is quite challenging
to compare the original and retrieved geometry, the retrieved geometry does resemble the original muffler
since both the complex muffler and the retrieved ones are basically a combination of multiple connections and
expansions.

Figure 8 shows the comparison between analytical STL considering the same heat conduction model tem-
perature profiles as previously and a fully simulated STL . The quantification of frequency shift of the dip
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Figure 6: (a) Simcenter 3D model of complex muffler and (b) simulated STL at ambient temperature.
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Figure 7: (a) 3D geometry of complex muffler (dimensions in mm) and (b) retrieved equivalent 1D geometry
and imposed temperature profiles.

Table 4: Retrieved complex muffler dimensions for each section

Sections 1 2 3 4 5

Length (m) 0.2343 0.1000 0.1077 0.2773 0.2140
Radius (m) 0.0400 0.1146 0.0230 0.1056 0.0190

can be seen in Figure 9. As expected, there is barely a shift for the constant temperature. The shift error
increases considerably as it approaches the intermediate profiles, it been the highest at profile 8. For very high
gradient and very small gradient there is a relatively good match. However, the intermediate profiles result in
a considerably frequency shift and are not very representative of the acoustic behaviour of the muffler. For
this case, a simple heat conduction consideration is not enough to model the thermal behavior of a complex
muffler and a more representative model is needed.
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Figure 8: Comparison of the complex muffler STL between the two analytical model with heat conduction
model temperature profiles and the fully simulated model where (a) is at constant τ = 273 K, (b) - (e) are
intermediate profiles (refer to Table 3) and (f) is at constant τ = 573 K.
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Figure 9: Frequency shift at the STL dip considering the difference between analytical (TMM) with heat
conduction compared to the fully FEM simulated model.
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4 Conclusion

This paper is concern with the acoustic characterization of mufflers to inhomogeneous thermal conditions.
The STL is sensitive to thermal conditions; therefore standard room-temperature measurements are often not
representative of operating conditions. Model extrapolation allows to simulate a laboratory object in operating
thermal conditions, or to retrieve ISO-comparable tests from thermally-inhomogeneous measurements.
Possible applications include experiment-based design of multi-layer media, for instance for performance
optimisation in realistic conditions. Experimental and three-dimensional numerical validations are required in
order to determine the range of validity of the extrapolation procedure. Further work would require a refined
model of thermal processes in porous media.

From a classical or standard STL measurement in impedance tube, two extra steps are added in order to
extrapolate the laboratory results to operational conditions unavailable for precise testing. The first step
concerns the inverse estimation on the STL itself to retrieve an equivalent geometry for complex components.
One advantage of the equivalent geometry is that it allows for a easy and fast way to extrapolate the model
to new conditions and a feasible alternative to fully numerical simulations. The method could retrieve the
original geometry successfully for the simple case of an expansion chamber. For the more complex muffler
studied the equivalent geometry with axial symmetry included some of the relevant characteristics of the
original object. The second step involves the temperature extrapolation as such. The latter was compared with
finite elements numerical simulations and it showed promising results. Indeed, the main effect sought in the
extrapolation is the frequency shifting of the acoustic filter response, like the resonances from the studied
expansion chambers. This part is induced by the temperature effect on the sound speed. Nevertheless, the
dependency on cross sections seems to play an important role in the thermal model, as seen in the finite
element model, which requires further investigation for a more accurate (semi) analytical model. Finally, the
attenuation or gain remains to be modeled within this extended but still simple physical model.
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Abstract
Electric vehicle warning sounds are now required by law in many countries due to safety concerns, but this
additional noise source may increase unwanted noise pollution. Therefore, the design of an electric vehicle
warning sound system that can produce a directional sound field has been investigated. This paper introduces
two design suggestions for a system with comparable performance to the conventional loudspeaker array, but
at a significantly lower manufacturing and maintenance cost, suitable for wider commercial adoption. The
first method utilises a single loudspeaker attached to a length of perforated piping which acts as a directional
acoustic radiator, which is analogous to the shotgun microphone. The second approach replaces the standard
loudspeaker array with inertial actuators mounted to a vehicle body panel and these are driven to radiate a
controlled directional sound field. A simulation based comparison between the suggested configurations and
a conventional loudspeaker array of equivalent physical dimensions is presented.

1 Introduction

Within the past couple of decades, Electric Vehicles (EVs) and Hybrid-Electric Vehicles (HEVs) have in-
creased their share of the passenger vehicle market, and given the desire and support of public and authorities
alike for ecologically friendlier means of transportation, it is reasonable to assume that this presence is only
going to grow stronger in the future. A wider integration of EVs in public and private transport should result
in better living conditions for urban areas, with reduced air pollution due to lower carbon dioxide emissions,
and reduced noise pollution, due to the quiet operation of electric motors [1].

Focussing on the subject of noise generated by vehicles, it has been studied and established that indeed EVs
produce significantly less engine noise than Internal Combustion Engine (ICE) equipped vehicles. However,
it is factors such as aerodynamics and the interaction of tyres with the road that dominate as noise sources
for higher speeds, at which both types of vehicle produce similar noise levels [2]. Still, research results point
out that for speeds below the 30 km/h limit, EVs are consistently quieter compared to typical ICEs [3].

A point of concern regarding this quiet operation of EVs is the lack of detectability it may provide for
pedestrians, cyclists and other vulnerable road users. Researchers and institutions have investigated the
extent to which this lack of audible cues poses a safety issue and whether it necessitates the use of external
warning sounds for EVs. Though results do not unanimously reach a verdict [4], [5], and opposition to
the adoption of warning sounds has been expressed [6], legislation for the mandatory use thereof has been
coming into effect across different countries [7], [8]. For the purpose of rendering vehicles audibly detectable
while avoiding excessive unwanted noise, surveys have been conducted to determine the characteristics of
an effective warning sound. The guidelines for Acoustic Vehicle Alerting Systems (AVAS) first initiated by
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the European Commission are being adopted globally and constitute a standard manufacturers of EVs are
required to meet [9].

Apart from refining the content of the warning sound itself, an approach to ensure detectability while min-
imising the vehicle’s overall contribution to noise is to generate a directional sound field. In-depth research
on a directional warning sound system has been performed in the past through the European Commission
project eVADER (electric Vehicle Alert for Detection and Emergency Response), which included investi-
gation of methods to direct the sound field at specific targets identified as vulnerable road users [10], [11],
[12]. The suggested solution uses an array of loudspeakers installed at the front bumper of the vehicle, which
can achieve a high degree of selective beamforming. However, such a configuration requires a high cost of
manufacture and maintenance due to its components, especially if intended for implementation in affordable
passenger vehicles.

The aim of this paper is to investigate methods that are capable of producing directional sound fields, and
that are suitable for integration as warning sound systems for EVs, while maintaining a lower cost than
conventional loudspeaker arrays. Two approaches to designing such a system are investigated. The first
concept is a low cost acoustic radiator consisting of a single loudspeaker attached to a perforated pipe, which
generates the directivity of an end-fire array that would otherwise require multiple sound sources. The second
approach utilises an array of structural actuators, lower in cost and potentially more robust than loudspeaker
drivers, which force the vibration of a panel–possibly belonging to the body of the vehicle. By controlling
this vibration, the system can be tuned to achieve a directional sound field with selective beamforming
capabilities.

Section 2 introduces the principles of operation and the mathematical models used to simulate a conventional
multiple loudspeaker array, the low-cost end-fire radiator and the structural array. In addition, the acoustic
indicators used to evaluate each system are defined. Section 3 presents a comparative study of the three
systems, detailing the parameters for which the simulations are run and showcasing their results.

2 Theory

2.1 Loudspeaker Array

The most straightforward way to achieve a high degree of directivity over a significant bandwidth is to use
an array of multiple individual acoustic sources. As the primary concern of this paper regards only the
potential directivity performance when it comes to the loudspeaker array, particular properties inherent in
a loudspeaker driver are not investigated in this model. Assuming an output volume velocity Un, where
n denotes the index of the loudspeaker in the array, the total sound field radiated by N loudspeakers is
equivalent to the linear superposition of the sound fields radiated by each one individually; thus, the total
pressure at position r is given by

p (r) =
jρ0ω0

4π

N∑

n=1

Un
e−jkrn

rn
, (1)

where ρ0 is the density of air, ω0 is the angular frequency, k is the acoustic wavenumber and rn is the distance
from the n-th source to the pressure evaluation position. The complex values of the volume velocities Un
can be adjusted individually at each frequency in order to control the directivity of the system. The process
for this optimisation is further elaborated in Section 2.4.

2.2 Low Cost End-Fire Acoustic Radiator

In 1991, Holland and Fahy developed a “Low-Cost End-Fire Acoustic Radiator”[13]. The design consisted of
an array of holes drilled in a pipe to which a horn compression driver was attached. The resulting directivity
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was shown to approach that of a multiple loudspeaker array in an end-fire configuration. The potential
use of this directional sound source as an AVAS has also been investigated in [14] and [15]. Due to the
simplicity of its components, the end-fire radiator may be rendered a less expensive, more robust alternative
to a loudspeaker array as long as it can match its acoustic performance.

The principle of operation for the end-fire radiator is as follows: Considering a pipe where a number of holes
have been drilled along its main axis, as in Figure 1, for any sound wave travelling down its length, each
individual hole acts as a sound source that radiates to the external space. Given that the output from each
hole is delayed due to the propagation of sound along the length of the pipe, these “sources” also display a
delay between each other given by l/c0, where l is the spacing between consecutive holes and c0 the speed
of sound in air.

Figure 1: Example schematic, not to scale, for the end-fire radiator.

The end result is a configuration that radiates sound similarly to an end-fire array consisting of a number of
sources equal to the number of holes drilled in the pipe. The directivity pattern, sensitivity and frequency
range of operation of this array is primarily dependent on the physical parameters such as the size, spacing
and number of the holes as well as the dimensions of the pipe itself.

Mathematical Model

Figure 2: Schematic for the mathematical model of the end-fire radiator.

The mathematical model, which has been presented and analysed in [13] and [15], is constructed to estimate
the sound field radiated by each hole and calculate the sound pressure levels in the far field. The system
can be effectively modelled using acoustic transmission line theory, while approximating the fluid within the
pipe as inviscid and ignoring any external coupling between holes. Figure 2 presents a schematic diagram of
the end-fire radiator including the parameters considered in the mathematical model.

The impedance at the end of the pipe opposite to the source is taken as Z0 = ρ0c0
S , which corresponds to

an anechoic termination, with S being the cross-sectional area of the pipe. The impedance transformation is
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used to extract the impedance Zd1 downstream of the first hole, which is given as

Zd1 =
ρ0c0
S

{
Z0 + j(ρ0c0S tan (kl)
ρ0c0
S + iZ0 tan (kl)

}
. (2)

It can be assumed that the acoustic pressure remains uniform in the area of the hole, given the small di-
mensions compared to the wavelength in question, and considering the continuity of volume velocity, the
impedance upstream of the hole Zu1 is

Zu1 =
1

1/Zd1 + 1/Zb1
. (3)

In the specific case of the end-fire radiator, the impedance Zb1 corresponds to the value at the site of the
respective hole. As the volume velocity through the hole will not generally be high enough to cause viscous
flow, this radiation impedance can be approximated as

Zb = ρ0c0

[
k2

4π
+ j

k (t+ 1.5αb)

πα2
b

]
, (4)

where variables t and ab refer to the thickness of the pipe and the diameter of each hole respectively. The
value of Zb is the same for all holes as they are identical in this system, although the sizes of the holes
could be tuned to modify the response as investigated in [13], [15]. Using the value of Zu1 in place of Z0

in equation (2), the downstream impedance from the second hole can be calculated, and subsequently all the
respective impedances for each hole along the pipe.

In the region between the sound source and hole n, part of the plane wave of amplitude A1 is reflected
backwards with amplitude B1, due to the impedance change caused by the hole as shown in Figure 2. The
pressure pn at the region of this hole is thus given as

pn = A1 +B1 = 2A1

(
Zun

Zun + ρ0c0/S

)
. (5)

The acoustic pressure pn−1 at the location of each hole can then be expressed in terms of pn, Zun−1, Zdn
and the distance l between consecutive holes as

pn−1 = pn

{
Zun−1

(ρ0c0
S + Zdn

)
[cos (kl)− i sin (kl)]

Zdn
(ρ0c0

S + Zun−1
)

}
. (6)

Using equation (6), the acoustic pressure at every hole can be calculated using the known impedances. The
total radiated pressure can then be calculated as in Section 2.1, using equation (1), with Un replaced by the
volume velocity through each hole of the pipe, which is given by

Ubn =
pn
Zbn

. (7)

The mathematical model of the endfire radiator predicts a low frequency limit for its ability to achieve
reasonable directivity, expressed though the relation

kL = 4π (8)

where L is the distance between the first and last holes on the pipe. This means that the overall length of the
array needs to be a least twice the wavelength of the lowest frequency.
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Figure 3: Schematic for the mathematical model of the structural array. A rectangular plate of thickness h is
excited by a number of individual point forces Fi perpendicular to the plane defined by its sides a and b.

2.3 Structural Array

A typical dynamic loudspeaker, such as the ones used in [11] and considered when modelling the loudspeaker
array in Section 2.1, utilises a voice coil to drive a diaphragm that, through its vibration, radiates the sound.
This system, though capable of good performance and bandwidth, could be liable to failure when exposed to
the environment when mounted on the exterior of a vehicle, and is relatively expensive to manufacture and
maintain. Sound radiation could instead be achieved by an inertial actuator forcing a panel instead of a voice
coil acting upon a diaphragm. This could potentially provide a lower cost with increased robustness, since
the system would not rely on the relatively fragile diaphragms used in loudspeakers.

The proposed structural array would consist of a number of inertial actuators acting upon a panel which
could form part of the vehicle’s body to further minimise cost and better integrate the system. As with a
loudspeaker array, the interference effects from vibrations caused by multiple actuators cause a directional
radiated sound field. One of the key differences between the systems is that instead of multiple diaphragms
being independent from each other, the vibration of the radiating panel at any one point is affected by the
force applied by every actuator.

Mathematical Model

Figure 3 illustrates the geometry and approximations considered for the mathematical model of the structural
array. The panel is taken as a thin rectangular plate with length a, height b and length h. The inertial actuators
have been approximated by single point forces acting perpendicularly to the ab plane. In practice an actuator
will have finite dimensions, however, since the actuators would be small compared to the size of the panel
considered in this application, this is a reasonable approach considering the mathematical and computational
simplicity that it offers.

The mathematical model for the structural array is based on the vibration of a rectangular thin plate which
is simply supported along the edges, as presented in [16]. A separable solution of the transverse modal
displacement for such a system is of the form

wmn(x, y, t) =

∞∑

m=1

∞∑

n=1

Wmn sin kmx sin knye
jωt (9)

where Wmn is the modal amplitude and m, n are the modal indices for modes along the x and y axes
respectively. For boundary conditions of zero transverse displacement along the edges, the wavenumber
eigenvalues in each coordinate direction are

km = mπ/a, m = 1, 2, 3, ...

kn = nπ/b, n = 1, 2, 3, ...
(10)
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and the discrete frequencies at which the system resonates are given by

ωmn =

(
EI

ρh

)1/2 [
k2m + k2n

]
, (11)

where E is Young’s modulus of elasticity and ρ is the density of the plate, while I is the moment of inertia
per unit width. For an input forcing function of a point force, f(x, t) = Fδ(x− xi)δ(y − yi)ejωt located at
xi, yi, the modal amplitudes are given by

Wmn =
4F sin kmxi sin knyi
M(ω2 − ω2

mn)
, (12)

where M is the mass of the plate.

The acoustic pressure in the far field, at a distance r from the defined centre point of the plate can be
calculated using the Rayleigh integral in terms of the complex transverse velocities ẇ(rS) at points rS on
the surface S, such that the pressure is given by

p (r) =

∫

S

jωρ0ẇ(rs)e
−jkR

2πR
dS, (13)

where R = |r − rs|. The complex velocity ẇ(rS) can be expressed as

ẇ(rS) = Ẇmn sin
(mπx

a

)(nπy
b

)
{0≤x≤a0≤y≤b}. (14)

The total acoustic pressure at a point described by the coordinates (r, θ, φ) in the far field, radiated from the
panel upon which a number of N point forces act at coordinates (xi, yi), is expressed upon evaluation of the
integral in equation (13) as

p (r, θ, φ) =
∞∑

m=1

∞∑

n=1

jωρ0e
−jkr

2πr

ab

mnπ2

[
(−1)me−jα − 1

(α/mπ)2 − 1

] [
(−1)ne−jβ − 1

(β/nπ)2 − 1

] N∑

i=1

Ẇmn(i), (15)

where α = ka sin θ cosφ and β = kb sin θ sinφ.

2.4 Array Optimisation and Performance Metrics

A method of quantifying a system’s directivity performance is through the acoustic contrast between the
average mean square pressure in a bright zone and the average mean square pressure in a dark zone. As
defined in [17], the acoustic contrast at a given frequency is

AC =
pHBpB
pHDpD

=
qHHH

BHBq

qHHH
DHDq

, (16)

where q is the vector containing the complex source strengths, pB , pD are the vectors containing the am-
plitudes of the complex pressures in the bright and dark zones respectively, HB , HD are the matrices of
complex transfer responses between the sources and the measuring points in the bright and dark zones, while
the superscript H indicates the Hermitian complex conjugate transpose.

Source Strength Optimisation

The definition of two distinct zones between which a contrast can be measured allows for the formulation of
an optimisation problem. The value of acoustic contrast is maximised when pHBpB is maximised under the
constraint that pHDpD remains constant at value d, resulting in the Lagrangian:

L = qHHH
BHBq − λ(qHHH

DHDq − d) (17)
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Loudspeaker Array
No. of loudspeakers 6

Spacing between loudspeakers 14.3 cm
Array length 71.5 cm

End-Fire Radiator
No. of holes 10
Hole radius 6 mm

Spacing between holes 8 cm
Effective array length 72 cm

Pipe length 80 cm
Pipe radius 2 cm

Pipe thickness 3 mm
Structural Array

No. of actuators 6
Spacing between actuators 14.3 cm

No. of modes considered (x-direction) 12
No. of modes considered (y-direction) 8

Panel dimensions 1 m × 0.2 m × 3 mm
Panel density 2700 kg/m3

Young’s modulus 70 GPa
Poisson ratio 0.334

Frequency of first mode 192.25 Hz

Table 1: Set simulation parameters specific to each system.

with the positive and real Lagrange multiplier λ. By setting the complex differential of L with respect to q
to zero, and under the assumption that HH

DHD is invertible, yields the eigenvalue problem

λq = [HH
DHD]

−1HH
BHBq = Mq. (18)

The source strength vector q that maximises the acoustic contrast is proportional to the eigenvector of the
matrix M corresponding to its largest eigenvalue [17]. Therefore by adjusting the source strengths according
to the values of said eigenvector, the overall radiated sound field will be characterised by the maximum
possible acoustic contrast. In the cases of the loudspeaker array and the structural array, this would be the
method of achieving the highest degree of directivity, by controlling each individual loudspeaker driver or
actuator respectively.

3 Simulations

3.1 Simulation Parameters

The performance of the investigated systems has been evaluated through simulations using the mathematical
models presented above. Vehicle warning sounds currently in use and in development are mostly limited to
frequencies between 100 Hz and 3 kHz. An operating range from 40 Hz to 4 kHz is therefore deemed as
suitable to include all potential components of a warning sound and provide a clear picture of each system’s
frequency response.

The complex acoustic pressure is estimated using equations (1) and (15) for a distance r = 5 m from the
centre of each array and a θ angle coverage of 360o, with the φ angle kept at 0o, corresponding to the plane of
movement for the vehicle. Calculations are performed for 360 measurement points evenly distributed along
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(a) Loudspeaker Array (b) End-Fire Radiator

(c) Structural Array

Figure 4: Normalised SPL frequency response as a function of the observation angle for a simulated six
loudspeaker array, the end-fire radiator, and the structural array.

a 5 m radius circle sharing the centre of the array in question. A designated bright zone covering an angle
θB = 60o in the forward direction, and the dark zone defined by its explementary angle θD, are used to
calculate the acoustic contrast and optimise the outputs of the loudspeaker and structural arrays to achieve
the highest possible degree of directivity. Other general parameters which are common in all simulations are
the density of air taken as ρ0 = 1.225 kg/m3, and the speed of sound in air as c0 = 340.27m/s.

Table 1 shows the parameters which are associated with each system. Six loudspeakers form the loudspeaker
array, as with the array used for the system presented in [11]. Investigations of the effects that the physical
characteristics have on the directivity performance have been carried out in [13] and [15]. The physical
characteristics of the pipe are chosen to ensure the optimum compromise between operational bandwidth at
the frequencies needed for warning sounds and implementation within the confines of a passenger vehicle.
The structural array features six actuators, placed at intervals identical to the loudspeakers in the above case,
to offer a more direct and substantial comparison between their performances. The panel, placed with its
main plane facing the forward direction, has been given the dimensions of 1× 0.2× 0.003m, a reasonable
size to fit in a vehicle, and its material chosen has been chosen as aluminium.
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Figure 5: On-axis SPL frequency response for a six loudspeaker array, the end-fire radiator and the structural
array.

Figure 6: Acoustic contrast frequency response comparison between a six loudspeaker array, the end-fire
radiator and the structural array.
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3.2 Comparison of Results

Figure 4 shows the Sound Pressure Level (SPL) frequency response as a function of the observation angle for
the three simulated systems. The values have been normalised to allow a more straightforward comparison of
the systems’ directivity. The zero degree angle corresponds in each case to the presumed forward direction;
both the loudspeaker array and the structural array have been optimised to maximise their output within the
aforementioned θB angle centred around this direction.

Given the parameters set in Table 1, the low frequency limit of the endfire radiator estimated according to
equation 8 should be as high as 945 Hz. Still, an observable albeit reduced directivity remains for frequencies
above 500 Hz. Its directivity performance improves as frequency increases until the 2 kHz mark, however
beyond that side lobes of significant intensity appear. The loudspeaker array maintains its directivity across
the entire spectrum investigated, although along with the increase in frequency, there is an overall increase
in the output SPL in every direction. The structural array also displays a directional behaviour throughout
the tested frequency range, while limiting the increase in SPL observed in the previous case.

The on-axis SPL frequency response for each configuration is shown in Figure 5. In this instance no nor-
malisation has been performed, but for better comparison the gain has been adjusted so that the estimated
SPL at 1kHz is equal for all three cases. The low frequency limit of the endfire radiator seen in Figure 4 is
also visible here. In the case of the loudspeaker and structural arrays, the response across the investigated
frequency range is characterised by a similar low frequency limit as well as dips and peaks at frequencies
above 1.5 kHz, behaviour which is not evident when investigating the normalised output.

Acoustic Contrast

Figure 6 shows the acoustic contrast over frequency for all three systems. Although the end-fire radiator
appears capable of achieving the highest contrast, its operational bandwidth is limited and its performance
at frequencies below 1 kHz is rather poor. Both the loudspeaker and structural arrays show a flat response
across the majority of the frequency range investigated, indicating a large operational bandwidth, although
the maximum contrast achieved is significantly lower than that of the end-fire radiator. While the structural
array displays a low frequency limit, presumably due to the dominance of the first mode of the plate, its
performance at frequencies higher than 2 kHz surpasses that of the loudspeaker array.

4 Conclusions

This paper presents two directional sound system concepts for the implementation of warning systems in an
electric vehicle, in the form of an end-fire radiator and a structural actuator array. Cost efficiency and dura-
bility given the application were taken into account for these designs. Analytical mathematical models were
developed for both systems which allow for a parameter optimisation, given the restrictions imposed by their
in-vehicle implementation, to produce directional sound fields across a frequency range suitable for warning
sounds. The analytical models were used to perform a series of simulations to compare the performance of
the systems to a conventional loudspeaker array. Simulation results indicate that all systems are capable of
achieving high directivity, however in the case of the end-fire radiator the operational bandwidth is limited.
The structural array displays a constant acoustic contrast over frequency and surpasses the performance of
the loudspeaker array at the upper end of the investigated frequency range.
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Abstract 
Periodic structures exhibit both pass and stop bands and can be utilized for passive control of structural-

acoustic coupling in fluid-filled cylinders. Equations of motion of a complex unit cell geometry, 

incorporating structural-acoustic coupling, are derived by a finite element analysis. It is essential to model 

unit cells with many degrees of freedom to properly describe the local acoustic impedance. When the 

structure locale acoustic impedance resembles that of the fluid, the whole structure exhibits significant 

structural-acoustic coupling effects, and vice versa. By using the Floquet-Bloch theorem and the wave finite 

element method, the dispersion curves of fluid-filled waveguides can be numerically computed. The present 

study exploits the sparsity of fluid-filled waveguide model matrices to improve current numerical method. 

A new factor is presented to quantity the structural-acoustic coupling effect. Several examples which 

influence the structural-acoustic coupling effect at a desired frequencies range, are described. 

1 Introduction 

Fluid-filled acoustic waveguides are the basis for many non-destructive testing methods for material 

properties estimation. Most of these methods neglect the fluid-structure interaction (FSI) and therefore their 

model consists of a simple plane wave propagating mode with phase velocity equal to the intrinsic speed of 

sound of the fluid medium up to the cut-off frequency [1]. When the fluid specific acoustic impedance [2] 

differs from that of the elastic waveguide in several orders of magnitude this assumption stands. But when 

the impedances ratio is smaller, the FSI cannot be neglected anymore. When modelling fluid-filled 

waveguides which exhibit FSI the characteristic equation yields at least two propagating modes at all 

frequencies [3,4], all of them are non-planar. These facts lead to inaccuracies in the different non-destructive 

testing methods when studying the liquid as a wave propagation medium. 

Periodic structures study is interconnected from early days to these of vibrations and acoustics, ever since 

Newton’s sound propagation in air model and Rayleigh’s study of continuous systems. Periodic structures 

are known to exhibit a frequency dependent behavior, most notably their dispersion curves consist of both 

pass and stop bands [5].  References [6,7] present an extended overview of the historical origin, and 

discussed both analytical and numerical methods for periodic structures. Since analytical methods can only 

analyze simple structures, therefore the need to use numerical computational methods has increased.  

 One common approach employs  the transfer matrix method which has been widely used over the years, 

worthy of noting are the early works of Lin and McDaniel [8] and of Sen Gupta [9]. Zhong [10,11] exploited 

the mathematical properties of the transfer matrix to overcome some of the numerical problems. Mace et al 

[12] introduced the wave finite element (WFE) method which relies on the previous works mentioned and 

is capable of analyzing the dispersion curves and modal behavior of complex periodic structures. In recent 

years there has been considerable development in the study of infinite and finite-length waveguides with the 

use of the WFE, a few notable works are [13–18]. In [14] Mencik and Ichchou extended the WFE to be 

capable of analyzing fluid-filled elastic wave guides. 
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This work focused on the investigation of the coupling in a fluid filled periodic waveguides by using 

numerical methods, particularly WFE method. We aimed to develop a deeper comprehensive understanding 

of the FSI coupling nature, that will allow us to set design requirements in future work. To achieve this goal 

an improvement to the numerical conditioning of the formulation suggested by [14] is adopted. We propose 

using the participation factor (PF)  [19] of each mode, a scalar property that describes the coupling of each 

propagating mode from energy flow perspectives. The suggested method is applied to several examples 

using PF to better understand the strength of the coupling as a function of frequency in different structures. 

In this paper, the WFE is used to derive the dispersion curves and the PF of axisymmetric fluid-filled 

waveguides is presented to assess the coupling level. In the first part we exploit the structure of the coupled 

mass and stiffness matrices of the unit cell to introduce a different approach to the condensation of the inner 

element DOF. Then, the formulation of the Floquet's multiplier eigenvalue problem by two methods that 

enhance numerical stability. In the second part a comparison between the analytical and numerical solution 

of fluid-filled cylindrical tubes is established, followed by a case study of several periodic waveguides which 

either increase or decrease the coupling effects as a function of frequency. Several conclusions are drawn 

from the results and their implications are discussed.  

2 Methodology (Wave finite element formulation of fluid-filled 
waveguide) 

2.1 Finite element analysis of a unit cell 

Consider a 3D fluid-filled waveguide composed of an infinite number of repetitive unit cells along its axis. 

 

Figure 1: A schematic fluid-filled waveguide divided to repetitive unit cells. Blue area – liquid medium. 

Grey area – solid medium. 

The fluid-filled unit cell was modeled using a commercial finite element software (Abaqus). The unit cell 

is meshed such that the left and right surfaces nodes match. Then the stiffness and mass matrices of the 

coupled model are exported to Matlab. The equation of motion of the fluid-filled unit cell can be written in 

the following manner [20]: 

 
s ss fs

fs f ff

.
T       

        
         

M 0 Qu uK S

S M Qp p0 K
  (1) 

Where subscripts s,  f and fs  stand for solid, fluid and solid-fluid accordingly. M, K and S are the mass, 

stiffness and coupling matrix accordingly. u is a vector representing the displacements degrees of freedom 

(DOF) of the solid, p vector represents the pressure DOF of the liquid, and Q stands for the generalized 

forces. Each sub-block can be partitioned to the left, right, and inner DOF similar to the general expression 

suggested by [21]. 
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Where subscripts L, R and I  stand for left surface right surface and interior DOF, and the interior 

generalized forces are assumed to be equal zero. By rearranging the generalized DOF we can get the 

following form 

 

s,LL s,LR s,LI L

fs,LL f,LL fs,LR f,LR fs,LI f,LI L

s,RL s,RR s,RI R

fs,RL f,RL fs,RR f,RR fs,RI f,RI R

s,IL s,IR s,II

fs,IL f,IL fs,IR f,IR fs,II f,II

 
 
   
 
 
   
 
 
 
    

M 0 M 0 M 0 u

S M S M S M p

M 0 M 0 M 0 u

S M S M S M p

M 0 M 0 M 0

S M S M S M

I

I

s,LL fs,LL s,LR fs,RL s,LI fs,IL

f,LL f,LR f,LI

s,RL fs,LR s,RR fs,RR s,RI fs,IR

f,RL f,RR f,RI

s,IL fs,LI s,IR fs,RI s,II fs,II

f,IL f,IR f,II

T T T

T T T

T T T

 
 
 
 
 
 
 
 
 
  







 



u

p

K S K S K S

0 M 0 K 0 K

K S K S K S

0 K 0 K 0 K

K S K S K S

0 K 0 K 0 K

L s,L

L f,L

R s,R

R f,R

I

I

.
    
    
    
    
    

    
     
     
     
        

u Q

p Q

u Q

p Q

u 0

p 0

  (3) 

 And thus we get the standard form of partitioned single unit element as derived in [22] 

 

fs,LL fs,LR fs,LI L fs,LL fs,LR fs,LI L fs,L

fs,RL fs,RR fs,RI R fs,RL fs,RR fs,RI R fs,R

fs,IL fs,IR fs,II I fs,IL fs,IR fs,II I

.

         
         

          
         
         

M M M q K K K q Q

M M M q K K K q Q

M M M q K K K q 0

  (4) 

Note that each mass submatrix fs,XYM  is built of 3 submatrices s,XY f,XY,  M M  and fs,XYS , Eq.(3), organized 

in a lower triangular form. Where both s,XYM  and f,XYM  are symmetric positive definite. Also each 

stiffness submatrix fs,XYK  is built of 3 submatrices s,XY f,XY,  K K  and fs,YX
T

S , Eq.(3), organized in an upper 

triangular form.  Where both s,XYK  and f,XYK  are symmetric semi-positive definite, and in particular s,IIK  

and f,IIK  are positive-definite. 
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Assuming harmonic excitation with angular frequency . The time derivative transforms to 

 ,
d

i
dt

   (5) 

substituting Eq.(5) in Eq.(4) yields 

 

fs,LL fs,LR fs,LI L fs,L

2
fs,RL fs,RR fs,RI R fs,R fs,XY fs,XY fs,XY

fs,IL fs,IR fs,II I

, .

     
     

       
     
     

D D D q Q

D D D q Q D K M

D D D q 0

  (6) 

Where fs,XYD  is the dynamic stiffness matrix. The inner DOF can be removed using dynamic condensation, 

such that Eq.(6) transform to 

 
1

fs E fs,E fs fs,EE fs,EI fs,II fs,IE,   D q Q D D D D D .  (7) 

Where E  stand for exterior, and  

 
L fs,Lfs,LL fs,LR fs,LI

fs,EE fs,EI fs,IE fs,IL fs,IR E fs,E
R fs,Rfs,RL fs,RR fs,RI

, , , , .
       

             
             

q QD D D
D D D D D q Q

q QD D D
 

 (8) 

2.2 Condensed stiffness matrix formulation 

Eq.(7) requires the inversion of fs,IID  at each frequency of interest. In most cases the matrix fs,IID  is an ill-

conditioned matrix, and therefore a power series expansion is introduced for the derivation [16]  

  2 4 6
fs fs,0 fs,1 fs,2 .O     D D D D   (9) 

Here the matrix coefficients are given by: 

 

1
fs,0 fs,EE fs,EI fs,II fs,IE

1 1 1 1
fs,1 fs,EE fs,EI fs,II fs,IE fs,EI fs,II fs,IE fs,EI fs,II fs,II fs,II fs,IE

1 1 1 1
fs,2 fs,EI fs,II fs,IE fs,EI fs,II fs,II fs,II fs,II fs,II fs,IE

   



   

   

 

   

 

D K K K K

D M K K M M K K K K M K K

D M K M K K M K M K K

1 1 1 1
fs,EI fs,II fs,II fs,II fs,IE fs,EI fs,II fs,II fs,II fs,IE

.

         M K M K K K K M K M

  (10) 

In order to compute Eq.(9) at each frequency, a single inversion of fs,IIK  is required. This matrix is almost 

always ill-conditioned because it represents both the elastic waveguide and the inner fluid stiffness which 

defers in orders of magnitude. To overcome this obstacle we exploit the upper triangular block form [23] 

leading to 

 

1 1 1
s,II s,II fs,II f,II1

sf,II 1
f,II

.

T  





 
  
  

K K S K
K

0 K
  (11) 

Eq.(11) involves the inversion of the two substructure matrices which can be done directly. If the matrices 

are ill-condition we can exploit their properties, mainly their sparsity and positive definite to use different 

factorization methods. 
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2.3 Transfer matrix formulation 

The transfer matrix relates the generalized DOF and forces of the left exterior surface to that of the right 

exterior surface. The transfer matrix can be computed directly from the condensed stiffness matrix as 

 

1 1
fs,LR fs,LL fs,LR

1 1
fs,RL fs,RR fs,LR fs,LL fs,RR fs,LR

.

 

 

 
  

    

D D D
T

D D D D D D
  (12) 

The derivation of the transfer matrix involves the inversion of the condensed dynamic stiffness matrix upper 

right block matrix, fs,LRD , which again suffers from all of the numerical problems that were discussed earlier 

about the inversion of the inner dynamic stiffness matrix, fs,IID . A new power series expansion is introduced: 

  1 1 2 1 4 1 6
fs,LR fs,LR,0 fs,LR,1 fs,LR,2 .O        D D D D   (13) 

Where the matrix coefficients are given by: 

 

 

 

1
1 1

fs,LR,0 fs,LR fs,LI fs,II fs,IR

1 1 1 1 1 1
fs,LR,1 fs,LR,0 fs,LR fs,LI fs,II fs,IR fs,LI fs,II fs,IR fs,LI fs,II,1 fs,IR fs,LR,0

1 1 1 1
fs,LR,2 fs,LR,1 fs,LR,0 fs,LR,1

1
fs,LR,0 f 


 

     

   



 

     





D K K K K

D D M M K K K K M K D K D

D D D D

D M 1 1 1 1 1
s,LI fs,II fs,IR fs,LI fs,II,1 fs,IR fs,LI fs,II,1 fs,IR fs,LI fs,II,2 fs,IR fs,LR,0

,

      K M M D K K D M K D K D

  (14)

where   

 
1 1 1 1 1 1 1

fs,II,1 fs,II fs,II fs,II fs,II,2 fs,II fs,II fs,II fs,II fs,II, .       D K M K D K M K M K   (15) 

The procedure of deriving the transfer matrix required us only one additional matrix inversion for the 

calculation of 
1

fs,LR,0


D . We again exploit the upper triangular block form of all the stiffness matrices which 

resolve in the following statement  

  
1

1 1 1
1 s,LR fs,RL s,LR s,LR fs,RL f,LR1 1

fs,LR,0 fs,LR fs,LI fs,II fs,IR 1
f,LR f,LR

ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ

T T


  


 



   
      
      

K S K K S K
D K K K K

0 K 0 K
,  (16) 

 where 

 

1
s,LR s,LR s,LI s,II s,IR

1
f,LR f,LR f,LI f,II f,IR

1 1 1 1
fs,RL fs,RL s,LI s,II fs,II f,II f,IR s,LI s,II fs,RI fs,IL f,II f,IR

ˆ

ˆ .

ˆT T T T T





   

 

 

   

K K K K K

K K K K K

S S K K S K K K K S S K K

  (17) 

By solving the following eigenvalue problem 

 
L L

fs,L fs,L

, ik ie e        
     

   

q q
T

Q Q
 , (18) 

where   is the Floquet multiplier, k  is the modal wavenumber,   is the unit cell length, and   is the 

dimensionless wavenumber. Both the propagating and evanescent modes of the waveguide are found.  
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2.4 Zhong’s method 

In many cases the matrices s,LR f,LR
ˆ ˆ,K K may be ill-conditioned, furthermore the eigenvalue problem arises 

by using the transfer matrix approach is numerically unstable [16]. Zhong and Williams [10] have derived 

a method of projecting the transfer matrix eigenvalue problem to a numerically stable generalized eigenvalue 

problem by using symplectic matrices. As part of their derivation it was assumed that the condensed 

dynamic stiffness matrix fs,LRD  is symmetric which is not true for our current formulation. We wish to 

convert the condensed dynamic matrix into a symmetric representation by introducing the following 

auxiliary variable 

 
2

1


ψ p  . (19) 

It can be shown that substituting the transformation defined by Eq.(19) to the E.O.M of Eq.(6) yields a 

symmetric dynamic stiffness matrix. Since the condensed dynamic stiffness matrix formulation now 

contains only inversion addition and multiplication of symmetric matrices it follows that the condensed 

dynamic matrix must be also symmetric when using the auxiliary variable.  

By using Zhong’s method a numerically stable generalized eigenvalue problem is derived 

 
 

L

LLRLR RL LL RR

1
LLRLL RR LR RL

L

1
,

 




 
 

                     
  

u

ψ0 DD D D D
w w w

uD 0D D D D

ψ

 . (20) 

 This equation provides the Floquet multipliers and the projected eigenvectors.  The projection of the 

eigenvectors of the desired modes back to the original coordinates also suffers from numerical difficulties, 

Waki et al [16] have shown how to find the original generalized coordinates avoiding these difficulties. 

2.5 Participation factor by power consideration 

The total modal power of each propagating mode in the waveguide is  

    
1 1

2 2

H HP     Q q Q q .  (21) 

Where 
H  is the transpose conjugate operator and ,   are the real and imagine parts of the complex 

scalar.  

The power propagates either in the fluid medium or in the elastic medium. We now introduce the elastic 

participation factor (PF) which indicates the ratio of the power that flows through the elastic waveguides of 

each mode to the total power flowing through both waveguides 

 
 

   
s,L Ls s

s f s,L L f,L L

H

H H

P P
PF

P P P


  

   

Q u

Q u Q p
 . (22) 

In an ideal rigid wall waveguide the PF will be zero for all the propagating modes at all frequencies. In a 

more realistic case of a coupled waveguide each mode transfers energy both in the fluid and through the 

elastic envelope, the closer the PF of a mode is to one-half the mode couples the elastic and the fluid more 

strongly. Therefore, we can analyze how strongly the fluid-filled waveguide is coupled by examining the 

propagating modes PF at each frequency. 
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3 Numerical examples 

In this Part five numerical examples are considered. In all of the examples we consider an axisymmetric 

waveguide, the fluid under consideration is water, the solid is steel, the fluid solid interaction surface is of 

circular shape with constant radius, the outer solid surface is also of circular shape with constant radius, and 

the unit cell length is constant. The materials properties and constant geometrical dimensions can be found 

in Table 1. 

 

Property Symbol Dimension Unit 

Water density F   1000  3Kg/m   

Water speed of sound Fc  1500  m/s   

Steel density S  7800  3Kg/m  

Steel Young’s modulus E  9210 10  Pa   

Steel Poisson’s ratio   0.3   

Inner radius a   0.01   m   
Outer radius b   0.025   m  
Unit cell length    0.01  m  

 

Table 1: Materials properties and geometrical dimensions for numerical examples. 

The first example is of a full cylindrical tube unit cell, Figure 2.A, for which there are analytical solution 

and its object is to demonstrate the method and to clarify the basics of the FSI coupling effects. 

The second and third examples are of a thin square unit cell and X shaped unit cell accordingly, Figure 2.B 

and 2.C, for which no analytical solution exists and from which we further enrich our knowledge of the FSI 

coupling effects. 

The last two examples are of special unit cells, Figure 2.D and 2.E, from which arise frequency bands that 

mimics our first example while other frequency bands mimic the propagations of sound in a free fluid 

medium, in which the fluid and the structure are decoupled. For each of the configuration a change in a 

single parameter was investigated. 
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Figure 2: Different unit cell models used in numerical examples: A - a full circular tube, B - thin square 

unit cell, C - X design unit cell, D - V design unit cell, E - H design unit cell. Blue – water medium. Grey – 

steel medium.  

3.1  Circular tube filled with water 

In this section we consider a circular steel tube filled with water, the modal wavenumbers can be found 

analytically by assuming a normal mode solution in the longitudinal direction of the tube and solving the 

boundary problem of the radial and circumferential directions [3,4].  Figure 2.A shows the unit cell of the 

upper half of the axisymmetric tube. The analytical and numerical dispersion curves are presented in Figure 

3, in which we can see an excellent agreement of the numerical method results to the analytical ones. It is 

important to emphasize that even in the simple geometry the complexity of solving the boundary problem 

to achieve the analytical modal wavenumber is non negligible, in fact it turns out that using the proposed 

WFE method is faster for the derivation of the dispersion curves. 

 

Figure 3: Analytical and numerical dispersion curves of a fluid-filled circular tube. 
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In a full cylindrical waveguide there are at least two propagating modes at all frequencies [4], the first mode 

phase velocity is a bit smaller than thus of intrinsic speed of sound of the medium 1 / 98%Fc c   and is 

almost constant for all frequencies. The second mode phase velocity is larger than the intrinsic speed of 

sound and its slope is close to constant at small frequencies.  

Figure 4 shows the participation factor of each propagating mode we can note that the first mode propagates 

energy almost exclusively in the fluid domain while the second mode energy propagates both in the fluid 

and in the elastic domain, in the frequency range between 1-10 kHz the dispersion curves are close to 

constant and the PF are well separated.  

 

Figure 4: Circular tube participation factor.  

3.2 Thin square and X unit cells 

In this section we consider two possible configurations of the waveguide, the first (Figure 2.B) is a thin 

square shell that is supposed to reduce the radial stiffness of the structure and therefore will affect the radial 

impedance, the second (Figure 2.C) is a thin X shape shell which should maintain the low radial stiffness 

but increase the capability of the structure to endure radial pressure. 

        

Figure 5: Left – thin square unit cell dispersion curves. Right – thin square unit cell participation factor.  

Figure 5 shows that at low frequency range we have two propagating modes in the waveguides which have 

a similar phase velocity, the first mode's phase velocity decreases at higher frequencies until it reaches the 

stop band at 2.1 kHz, the PF of the two modes at low frequencies are also close but as we approach the stop 

band the PF of the second mode decrease while the PF of the first mode increase rapidly, which means that 

the power is concentrated in the fluid. In the stop band only the second mode propagate, its phase velocity 
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is smaller than thus of the intrinsic speed of sound 1 / 87%Fc c  and its power factor resembles that of the 

first mode of the circular tube. The first cut-off frequency is 2.87 kHz, the third propagating mode PF 

resembles that of the second mode of the circular tube while its phase velocity decrease rapidly. At frequency 

of 5 kHz  the second and third modes switches roles, afterward the second mode decay and another stop 

band starts, until a second cut off frequency at 5.84 kHz. Then the two propagating modes behave as in the 

previous pass band.  

    

Figure 6: Left – X design unit cell dispersion curves. Right – X design unit cell participation factor. 

Figure 6 shows that the X unit cell modes behave more similarly to thus of the circular tube, the first mode 

phase velocity is closer to thus of the intrinsic speed of sound of the medium  1 / 94%Fc c   then that of 

the square shell, the second mode phase velocity is smaller than that of the second mode of the circular tube, 

but its slope resembles that of the second mode of the circular tube. The PF of the x unit cell is similar to 

that of the circular tube, the main difference is the antiresonance  of the first mode PF at 4.6  kHz, a further 

investigation of the structures dynamics is need in order to understand the physical meaning of these 

antiresonance and to use them in future design. 

3.3 V and H unit cells 

We wanted to design a section that will give us a clear stop band similar to this of the square shell while still 

having a large cut-off frequency and capability to withhold large pressures similar to the x section therefore 

we suggested two unit cells which resembled the thin square but added non isotropic stiffness by using bend 

leaf springs that has a minimal longitudinal distance of v in the V unit cell and minimal radial distance of h 

in the H unit cell as shown in Figure 2.D and 2.E. 

    

Figure 7: Left – V unit cell dispersion curves. Right – V unit cell participation factor. v = 1.5 mm. 
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Figure 8: Left – H unit cell dispersion curves. Right – H unit cell participation factor. h = 1.5 mm. 

Figure 7 shows that at low frequencies the V unit cell has similar behavior to that of the thin square the first 

and second modes propagate at close phase velocities, where the first mode phase velocity is again smaller 

than the intrinsic speed of sound 1 / 87%Fc c  .Around frequency of 1.5 kHz the first mode phase velocity 

decays rapidly and the second mode phase velocity takes its place, the same can be seen from the PF of the 

two modes. At a frequency of 1.69 kHz a stop bands start in which the second mode phase velocity has 

constant slope, but the PF has an antiresonance similar to the one observed at the X unit cell. The first cut 

off frequency is near 2 kHz, after the cut off frequency the third mode phase velocity has almost constant 

slope and the PF of the second and third modes in this frequencies range are well separated. At frequency 

of 4.5 kHz another cut off occur the second mode stops propagating, the third mode propagate takes its role 

and the fourth modes take the role of the third mode. The PF between at the second pass band resembles 

these of the full tube but the higher phase velocity differs significantly.  

Figure 8 shows that the H unit cell behave almost the same as the V unit cell, but at a scaled frequency axis. 

To analyze the differences in the behavior between the V and H unit cells we define four zones of interest. 

The first is at low frequencies up to the first stop band, the second is the first stop band up to the first cut 

off, the third is from the first cut off up to the second cut off, and the fourth is from the second cut off up to 

the second stop band. Table 2 shows the lowest mode normalized phase velocity and the four zone 

frequencies width for different values of v and h.  

 

 
1 f/c c [%] zone If  [kHz] zone IIf  [kHz] zone IIIf  [kHz] zone IVf  [kHz] 

v=1.5[mm] 87 1.69 0.37 2.49 3.98 

v=2.5[mm] 87.1 1.56 0.37 2.26 3.71 

h=1.5[mm] 86.7 2.03 0.48 3.14 5.35 

h=2.5[mm] 87.1 2.02 0.48 3.13 5.34 

 

Table 2: First mode phase velocity and the four zones frequencies range for different V and H unit cells. 

We can see that the H unit cell zones have a larger frequency width, while having almost the same phase 

velocity for the first mode. This fact gives us the ability to mimic the desired behavior at a larger frequency 

range and can be taken into account at future designs depends on the desired behavior. Also, the change in 

the distance, either v or h, has not changed any property significantly when comparing to the same design. 
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4 Concluding remarks 

 The wave propagation model of fluid-filled waveguides is the basis of many non-destructive models. 

Analytic solution exists only for simple geometries and therefore numerical approaches are needed. Using 

periodic structure as the elastic envelope of the waveguide allow us to manipulate the dispersion curves at 

specific frequencies range. The need for a design parameter for fluid-filled waveguides is crucial for many 

engineering problem. The wave finite element method uses the finite element method to derive the dynamic 

model of a unit cell. Then the Floquet’s multipliers, the propagating and the evanescent modes are found 

numerically from the condensed dynamic model that connect the surfaces at each end of the unit cell. The 

classical numeric approach for the condensation process suffers from ill-conditioning and therefore an 

improvement in the form of series expansion is proposed. The eigenproplem associated with the Floquet’s 

multipliers also suffers from ill-conditioning since each multiplier comes in pairs of  and
1
. By using 

auxiliary problem we symmetrize the non-symmetry dynamic model, then by using symplectic algebra a 

numerically stable projection of the eigenproblem is solved. A participation factor is suggested, which allow 

us to observe the prefer medium of energy flow for each propagating mode at various frequencies.  

A simple example, of a water filled cylindrical tube, shows an excellent agreement of the suggested method 

to analytic solution. By investigating the participation factor of each mode the coupling behavior of the 

cylindrical tube is better understood. This is followed by several examples of complex geometries for which 

no analytic solution exist. The numerical examples shows that for the coupled problem a slow model always 

propagates at a phase velocity smaller than that of the fluid medium and a small participation factor. A 

second mode propagates in the pass band frequencies, at the start of each stop band the second mode replace 

roles with the first, slow mode, and the first mode decays. The participation factors of the different examples 

is also studied and at discreet frequencies antiresonance are observed for some of the examples. This 

anomalies may be connected to zeros or resonances of one of the subsystems of the coupled waveguide. A 

further investigation is needed in order to understand the cause for those antiresonances so we will be able 

to use them to achieve our design goal.   

In summary, the wave finite element method suggested here can be used as the basis of analyzing and 

designing method of fluid-filled waveguides. The participation factor allows us to investigate the dynamic 

coupling from energy flow perspective. Therefore, the participation factor may be used as the basis of a 

geometrical optimization problem that will able us the designing of a tailored waveguide capable of exhibit 

strong of weak coupling at different frequencies as needed from its applications.   
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Abstract 
Arrays of surface resonators forming so-called metabarriers are capable of converting seismic Rayleigh 

waves into less dangerous shear waves traveling in the bulk, attenuating the ground motion at the surface. 

However, this phenomenon pertains to resonant materials inserted in homogeneous media which feature 

properties rather different to those of natural soils.  In this work, we experimentally investigate the ability 

of a resonant metabarrier embedded below the surface of an inhomogenous medium, i.e. a granular 

unconsolidated material, to attenuate the incoming surface waves. Although unable to diverge their 

propagation into the bulk, we find that surface resonators in granular media achieve attenuation of 

Rayleigh waves by up to 50 % around their resonant frequency. The findings can be used as a starting 

point for future real-scale implementations for seismic protection systems in stratified soils presenting an 

inhomogeneous stiffness profile at the seismic Rayleigh waves scale. 

1 Introduction 

Locally resonant metamaterials are artificial composites capable of affecting wave propagation at diverse 

wavelengths [1, 2, 3]. They typically comprise structured arrangements of repetitive elements whose size 

and spacing is smaller than the wavelengths they affect. As artificial materials, they exhibit properties that 

do not stem from the properties of the base materials, but instead from the particular geometry and 

arrangement of their units. In particular, it has been shown that resonant metamaterials are capable of 

blocking [4], absorbing [5], focusing [6, 7], or bending elastic waves [8]. A primary challenge lies in 

extending the potential of metamaterials to protect critical civil infrastructures from seismic waves, a task 

that naturally brings forth a question of scale. To date, proposed schemes explore designs of 

metastructures arranged around or underneath the foundations of critical infrastructures to open band gaps 

in the low frequency spectrum of seismic waves and thereby act as a “seismic shield”. Cylindrical 

resonators with four side holes [9], chain of mass-in-mass system consisting of cycloidal pendulum 

swinging in the opposite direction to the seismic oscillation [10] or arrays of iron spheres, each one 

connected to a bulk of concrete through six iron or rubber ligaments [11], form some of the metastructure 

designs proposed for attenuation of seismic waves in homogeneous media. In the context of surface waves 
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mitigation, a proof of applicability of such metamaterials has been offered by a forest, densely populated 

with trees [12], that can act like a “natural” resonant metamaterial for Rayleigh waves. In a forest, the 

surface wave bandgaps originate from the coupling between the vertical component of the incoming 

waves and the trees, which behave like vertical resonators. The same concept has been exploited to design 

a resonant metabarrier comprising meter-size resonant units embedded below the soil surface [13], capable 

of converting seismic Rayleigh waves into less harmful shear bulk waves. In detail, around the resonant 

frequency of the units, the Rayleigh wave energy diverges from the surface due to the classical "avoided 

crossing" behavior between Rayleigh-like solutions and local resonances [14]. This phenomenon can be 

broadened in frequency utilizing arrays of vertical oscillators with smoothly varying natural frequencies, 

exploiting a rainbow trapping (or metawedge) arrangement [15]. 

However, in most cases, seismic waves do not propagate through homogeneous media. In fact, soil is 

typically anisotropic and inhomogenous and exhibits a non-linear elastic behavior even at small level of 

strain [16]. To account for more realistic soil conditions, the homogeneous soil assumption may be 

replaced, at a first step, with an unconsolidated granular material. Granular media feature a stiffness 

profile (i.e. a shear G and bulk B elastic profile), that follows a power-law dependency with the 

compacting pressure 𝑝 =  𝜌𝑔𝑧, where ρ designates the density, g the gravitational constant and z the 

depth. This assumption allows for the consideration of diverse aspects that are typical of soil dynamics, as 

the propagation of multi-modal dispersive surface waves [17]. Unlike the propagation in homogeneous 

media, where non-dispersive Rayleigh waves occur due to the coupling between pressure P and shear 

waves SV at the stress-free surface, in unconsolidated granular media multiple, dispersive surface waves 

arise as a result of the so-called "mirage" effect [18], i.e. the upward bending of the compressional and 

shear rays which couple in each point of the granular material. These surface acoustic waves, guided 

between the surface and deep stiffer layers [19], present a sagittal polarization and resemble the 

fundamental (non-dispersive) Rayleigh solutions for a strong pressure compaction of the granular packing 

[20], hence the term Rayleigh-like waves. Recent studies [19,21] have revealed the existence of an infinite 

number of these acoustic modes propagating within the surface granular layer with very low velocities. 

Our previous study on the interaction of sagittal waves travelling in granular media and a metabarrier [22] 

disclosed that the conversion of surface waves into less harmful shear waves, observed in homogeneous 

media, is prevented by the stiffness gradient of the material. In more detail, when surface waves in 

granular materials encounter a resonant metabarrier, the fundamental first order mode strongly couples 

with the surface resonators which swing in phase with the granular medium channeling the energy to the 

surface. The dispersion curve of this hybrid mode is akin to the lower branch of a Rayleigh wave when 

interacting with surface resonators [13,15]. Conversely, no hybridization occurs between the higher order 

surface modes and the vertical oscillators and there is no dispersion branch akin to the upper repelling 

branch of Rayleigh waves when interacting with surface resonators [13,15]. 

The extent of mitigation offered by the metabarrier remains a topic that is open for exploration. To this 

end, we here extend our experimental investigation to characterize the surface wave attenuation offered by 

a small-scale resonant metabarrier in an unconsolidated granular medium. The metabarrier consists of a 

grid of sub-wavelength mechanical oscillators, employed in Ref. [22], embedded under the surface of the 

granular medium. Here, we first examine the interaction between Rayleigh-like waves and the surface 

resonators. Then, we estimate the overall wave mitigation induced by the metabarrier at the surface. In 

particular, we investigate the amount of the particle velocity attenuation produced by the small-scale 

metabarrier at different frequency values, close to the natural resonant frequency of the surface oscillators. 

2 Laboratory setup and Measurements 

The unconsolidated granular medium employed in the small-scale experiment consists of silica micro 

particles with a diameter of 150 µm and density 1600 kg/m3. The material presents compressional and 

shear wave speeds defined through a power-law expression 𝑉𝑃,𝑆 = 𝛾𝑃,𝑆 ∙ (𝜌𝑔𝑧) ∙ 𝛼𝑃,𝑆 [19, 23] where 𝑔 

represents the gravity acceleration, 𝜌 the material density and 𝑧 the depth. We assume the same 

coefficients values obtained in [19] for the same material: 𝛾𝑃 = 14.4, 𝛾𝑆 = 6.42, 𝛼𝑃 = 0.31, 𝛼𝑆 = 0.31. 

Such parameters slightly deviate from those predicted by the Hertz-Mindlin theory due to the strong 
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contact disorders among granular particles caused by little imperfections of their sizes and shapes [20, 21, 

24]. The material is poured inside a wooden box (2000x1500x1000 mm) up to 830 mm in height (see Fig. 

1a), after a paperboard plate is inserted at the bottom to reduce the wave reflections from the crate base. 

We mix the medium and flatten the surface before each data recording to achieve a uniform compaction of 

the material. The same experimental setup has been used to study the interaction between surface 

resonators and guided surface acoustic modes [22]. 

The small-scale metabarrier comprises 102 vertical resonators (height 24 mm, diameter 20 mm) embedded 

under the surface of the granular medium in a triangular lattice arrangement (12 lines, with 8-9 resonators 

alternately per line) with a lattice constant a = 2.5 cm (see Fig. 1c). Such arrangement allows attaining the 

highest resonator density at given lattice constant and, accordingly, the greatest ground motion attenuation 

when embedded in a homogenous medium [13]. Each resonator is made up of a cylindrical steel mass 

(height 12 mm, diameter 12 mm) glued on top of a spring designed with a truss-like geometry. A rigid 

cylindrical shell encloses the internal structure of the resonator (Fig. 1b). Both the spring and the 

cylindrical casing are 3D-printed in Acrylonitrile Butadiene Styrene (𝐸 = 2.5 𝐺𝑃𝑎, 𝜈 = 0.3, 𝜌 =
1400 𝐾𝑔 𝑚3⁄ ). Only the first vertical frequency is taken into account during the resonator design process. 

The vertical frequency of the resonators, which depends on the diameter, the length and the angle values 

of the truss elements, is set to 500 Hz. This value is experimentally calculated and verified by exciting the 

resonators by means of a piezo actuator. However, after inserting the resonators in the granular medium, 

we register a significant shift of the natural frequency to 𝑓𝑟 = 410 𝐻𝑧, ascribable to the soft behavior of 

the granular material that acts as a further spring in series with the resonator truss-like spring. 

The medium is mechanically excited by an 8-mm diameter metallic rod attached to an electromagnetic 

shaker and buried in the granular material with an angle of 20° from the normal to the free surface, 375 

mm distance from the box edge. The shaker is driven by a waveform generator, which produces a Ricker 

waveform centered at 500 Hz, as the frequency of the resonators. We record the surface velocity field 

generated by the point source by means of a Laser-Doppler vibrometer mounted on a scanning stage 

moving in a two-dimensional plane parallel to the surface. A very thin layer of a powdered sand (150-250 

𝜇𝑚-diameter Glasperlen) is spread at the surface in order to enhance the laser signal quality. At each 

measurement point, 32 signals are averaged by means of an oscilloscope in order to decrease the signal to 

noise ratio. The employed processes are controlled via a MATLAB interface. 

We measure, by means of the vibrometer, the particle velocity at the surface along the 1000 mm-long 

middle line of the box with constant step of ∆x=6 mm (line measurement) and over a 330x600 mm area 

with constant steps of ∆x=8.5 mm (area measurement). To investigate the attenuation properties of the 

resonant metabarrier, identical measurements are performed with and without the resonators. 

3 Underlying Physics 

3.1 Interaction between a resonant metabarrier and guided surface acoustic 
modes in granular media 

We recall the fundamentals of the dynamics of guided surface acoustic modes interacting with an array of 

vertical resonators. The reader may refer to Ref. [22] for a more exhaustive explanation of such 

interaction.  

Guided surface acoustic modes (GSAMs) arise from the combination of compressional (P) and shear (SV) 

waves [20], bent and driven toward the surface by the depth-increasing stiffness profile of the granular 

medium. Recent experimental observations reveal the existence of an infinite number of these surface P-

SV waves, characterized by very low propagation speeds due to the drop in granular packing rigidity near 

the free surface [21]. 

To predict the dispersive properties of surface P-SV waves travelling in the experimental setup, we model 

a portion of the granular medium with a Bloch wave–finite element (FE) approach. In particular, we 

develop a 2D model of the unit cell, a vertical stripe of the granular medium in plane-strain conditions 
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using COMSOL Multiphysics©. The Bloch form wave solution is obtained by applying periodic Bloch-

Floquet boundary conditions (BCs) at sides of the unit cell. The properties of the material are defined by 

means of its density and its compressional and shear velocities. The unit cell has a height ℎ = 3𝑚 and a 

width 𝑑 = 0.012𝑚, which allows the wavenumber to reach the value 𝑘𝑚𝑎𝑥 = 260 𝑟𝑎𝑑 𝑚⁄ . We impose 

free boundary conditions at the surface and clamped condition at the bottom. Moreover, we insert a 

Perfectly Matched Layer (PML) at the bottom region to avoid wave reflection. In accordance with the 

findings of recent studies on GSAMs traveling in unconsolidated granular media [19], an infinite number 

of surface modes arise from the dispersion relation. Fig. 2a shows the dispersion curves of the first five 

low-order GSAMs. It is worth pointing out that the order of these modes corresponds to the number of 

zeros in their vertical displacement profiles along the depth, including the one at 𝑧 → ∞, or the number of 

“phases” [19,22] (see fig. 2b). 

Similarly, to evaluate the dispersive properties of surface waves while interacting with the metabarrier, we 

consider a 2D model of the unit cell consisting of a vertical stripe of the granular medium with a resonator 

modelled as a truss-mass point element (of mass 𝑚𝑒𝑞 ∙ 𝑑 = 𝑚𝑟 ∙ 𝐴 and frequency 𝑓𝑟, where 𝑚𝑟 is the 

resonator mass and 𝐴 is the surface area over which the resonator stress is considered distributed 

uniformly). Fig. 3a shows the dispersion curves of the first five low-order GSAMs when interacting with 

the resonant metabarrier and fig. 3b their displacement depth profiles. The dispersion curve of the first-

order mode (P-SV1_m) becomes completely flat around the natural frequency of the resonators (410 Hz) 

due to the hybridization occurring between the first-order P-SV1 wave and the resonators (see Fig. 3a). 

This mode resembles the lower branch of a Rayleigh wave when coupling with the resonators [13,15]. The 

other GSAMs (P-SV2_m, P-SV3_m, P-SV4_m, P-SV5_m) are not hybridized but they undergo a so-called 

down-conversion mechanism at the antiresonance (460 Hz) [21]: their displacement depth profile loses 

one of its phases and is transformed into the profile of the previous-order mode (see Figs. 2b-3b). The 

absence of the repelling upper branch, typical of Rayleigh waves when interacting with surface resonators, 

confirms that GSAMs do not withstand the Rayleigh-to-shear conversion phenomenon observed in 

homogeneous media, here prevented by the gravity-induced stiffness gradient of the granular medium 

[22]. 

4 Results and Discussion 

4.1 1D Seismograms and Dispersion Relations 

The seismograms with (Fig. 4b) and without (Fig. 4a) the metabarrier computed from the line 

measurement illustrate the dispersive behavior of the granular medium. Although several acoustic modes 

occur, only two wavetrains dominate the seismogram without the resonators (Fig. 4a), carrying most of the 

energy: a quasi-compressional (P) wave and a packet of Rayleigh-like (P-SV) waves, traveling at lower 

velocities. In the seismogram with the resonators (Fig. 4b), the wavetrains previously identified appear 

together with new surface modes, direct and reflected, generated by the interaction between resonators and 

waves. The six vertical lines, located from 0.22 to 0.52 m, represent the oscillations of the resonators. 

Surface waves coming out from the metabarrier exhibit reduced amplitudes, whereas higher particle 

velocities occur in front of the resonant region (from 0.1 to 0.22 m from the source) due to the wavefield 

reflection. It is worth noting that the overall wave mitigation detected at further distances from the source 

depends not only on the interaction between resonators and waves, but also on the geometric spreading 

and material damping. Since these two phenomena affect our experimental data, and in order to rule out 

the portion of attenuation ascribable to the geometric spreading and the material damping, we will next 

compare the particle velocity spectra with and without the resonators at the same positions. 

We compute the dispersion relations with (Fig. 5b) and without (Fig. 5a) the metabarrier from the linear 

Radon transform of the seismograms, restricting our analysis to the P-SV modes. The blue dotted curves 

in Figs. 5a-b represent the dispersion curves of the first two order surface waves obtained from the 

numerical models. The experimental dispersion relation without the metabarrier (Fig. 5a) displays the 

frequency content and the phase velocity of the first two order P-SV modes dominating the seismograms. 
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The first order P-SV1 wave travels at 60-80 m/s, the second order P-SV2 at 50 m/s. The numerical curves 

are in excellent agreement with the experimental ones. The experimental dispersion relation of P-SV 

waves travelling within the metabarrier confirms the hybridization between the first order P-SV1 wave and 

the metabarrier resonance (Fig. 5b). The hybrid mode P-SV1_m presents a close-zero phase velocity around 

the resonant frequency (410 Hz), which results from the energy confinement of the resonators. In fact, the 

P-SV1_m carries most of the energy, thus saturating the spectrum, and, consequently, no trace of the second 

P-SV2_m mode can be detected from the experimental data. Nonetheless, the numerical prediction (blue 

dotted lines in Fig. 5b) reveals the absence of the hybridization phenomenon between the second order 

surface mode and the metabarrier, as already explained in the “Underlying Physics” section. 

4.2 Surface wave spectra 

To get further insight into the amplitude reduction at the surface, we analyze the particle velocities 

computed from the line measurement with (Fig. 6b) and without (Fig. 6a) the resonators in the frequency 

domain, as a function of both the distance from the source and the frequency. The medium appears mainly 

excited in the frequency range 200-500 Hz (Fig. 6a). This is expected since the excitation signal used, the 

Ricker wavelet, is centered at 500 Hz and because the surface modes carrying more energy present a 

frequency content within that range [22]. Moving away from the source, the amplitude decreases due to 

geometric spreading and material damping. When analyzing the surface wave spectrum with the 

resonators (Fig. 6b), the particles located before the metabarrier, which is placed between 0.22-0.52 m 

from the source, show larger amplitudes, particularly for frequency values beyond 410 Hz, confirming the 

wave reflection previously observed in the seismogram (Fig. 4b). The six red vertical lines represent the 

oscillations of the resonators going in resonance. Conversely, the particles located behind the metabarrier, 

beyond 0.55 m from the source (Fig. 6b), present lower velocity amplitudes due to the interaction between 

resonators and surface waves. The largest attenuation occurs within the frequency range from 400 to 550 

Hz, nearby the resonator resonant frequency 410 Hz. To this reason, we deepen our study to the 

experimental data within the frequency range 400-550 Hz, where we expect to measure the highest 

attenuation. 

4.3 Surface area attenuation and Surface Attenuation along the symmetry axis 
of the sandbox 

To quantify the wave attenuation at the surface, we analyze the frequency domain data recorded over the 

area (area measurement) with and without the resonators. In particular, for each position in the surface 

area, we evaluate the ratio (𝑉𝑤𝑖𝑡ℎ/𝑉𝑤𝑖𝑡ℎ𝑜𝑢𝑡) between the maxima of the particle velocity with (𝑉𝑤𝑖𝑡ℎ) and 

without (𝑉𝑤𝑖𝑡ℎ𝑜𝑢𝑡) the resonators computed between 400 and 550 Hz. Results, shown in Fig. 7, clearly 

highlight the wave mitigation produced by the metabarrier. The color intensity scale is set from 0 to 2 to 

better show the attenuation of the particle motion. A significant portion of energy is gathered on the 

resonators (round red dots) going in resonance: the Laser-Doppler vibrometer records amplitudes five 

times greater when passing on them. The red wavefront, located in front of the metabarrier, proves that a 

part of surface waves is reflected backward. As a whole, we measure a reduction of particle motion up to 

50% (blue color) behind the metabarrier and by around 25% at sides (light-blue color).  

To better highlight the dependence of the attenuation intensity on frequency, we display the particle 

velocities recorded along the symmetry axis of the sandbox at three different values of frequency: 425 Hz 

(Fig. 8a), 475 Hz (Fig. 8b) and 525 Hz (Fig. 8c), between 400 and 550 Hz, namely the frequency range of 

the detected attenuation zone. The velocity values are displayed as a function of the distance from the 

source with (red dots) and without (green dots) the resonators. The two grey dotted vertical lines mark the 

position of the metabarrier. At the front of the metabarrier (0.1-0.22 m from the source), the particle 

velocity when the resonators are embedded (red dots) exceeds the one (green dots) without the 

metabarrier. The amount of wave reflection does not change significantly in the three panels at different 

frequency values, suggesting that the reflection mechanism stems from the pure coupling between P-SV 

modes travelling respectively in the pristine granular material and in the granular material endowed with 
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vertical resonators. Conversely, the attenuation detected both within the metabarrier and behind it, is 

reduced for increasing frequency values beyond the resonator frequency 410 Hz. In particular, the velocity 

particle reduction produced by the metabarrier is higher at 425 Hz, the frequency value closest to the 

resonant frequency (410 Hz). This decrease in particle motion may be primarily attributed to the 

interaction between the surface modes and the resonators. In all the three panels, right after the end of the 

metabarrier (0.52 m from the source), we detect a slight increase of the particle velocity, which reveals 

that part of the surface waves is driven under the resonator array when encountering the resonant region, 

and eventually re-emerge at the surface. 

We remark that the noticeable oscillations, present in all the three panels both with and without the 

resonators, are a characteristic of the surface modes travelling in a vertically heterogeneous medium [16].  

To rigorously determine the amount of attenuation that the small-scale metabarrier is capable of 

producing, we evaluate the particle velocity reduction detected when the metabarrier is embedded below 

the soil surface at 425 Hz (see Fig. 8a) as follows: 

 𝐴𝑡𝑡(𝑟) = 100 ∙
𝑈(𝑟)−𝑈𝑟𝑒𝑠(𝑟)

𝑈(𝑟)
 (1) 

where 𝑈(𝑟) and 𝑈𝑟𝑒𝑠(𝑟) represent the particle velocity without and with the resonators, respectively, and 

𝑟 is the distances from the source. The result is displayed in Fig. 8d: within the resonant region, we detect 

an attenuation up to 90 %, behind it up to 60 %, on average. The major attenuation perceived within the 

resonant region suggests the most effective location to place these metastructures is under the foundations 

of building. 

5 Conclusions 

We experimentally analyzed the attenuation produced in a small-scale experiment comprising a seismic 

metabarrier composed of 102 sub-wavelength resonators arranged under the surface of an unconsolidated 

granular material in a triangular lattice arrangement. Although the particular depth-increasing stiffness 

profile of the medium prevents the delocalization mechanism of surface waves observed in homogeneous 

media, a significant attenuation is detected, especially in the frequency range 400-550 Hz, around the 

natural frequency of the resonators. Such wave mitigation is induced by the hybridization mechanism 

involving surface waves and resonators. We find that the largest attenuation is obtained within the 

metabarrier, meaning that the best place to arrange the metastructure would be underneath the foundations 

of buildings. In order to enhance the performance of the metabarrier, the so-called rainbow-trapping 

mechanism [24] could be exploited by varying the frequency of each resonator line along the 

metastructure. 

The findings are further valid in stratified soils featuring a power-law elastic profile at the seismic wave 

scale [25] and can be used as a starting point of metamaterial-inspired future actual-scale implementations 

for seismic protection systems. 
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6 Figures 

 

Figure 1: (a) Photo of the experimental setup used in the small-scaled experiment at the IBK structure 

laboratory at ETH Zurich. (b) Drawing of the 3D resonator model. (c) Sketch of the metabarrier 

arrangement. 

 

Figure 2: Numerical dispersion curves of the GSAMs traveling in the granular medium (a) and mode 

shapes at the antiresonance frequency (b). Data reproduced from [22], with permission from the publisher. 

 

Figure 3: Numerical dispersion curves of the GSAMs traveling in the granular medium with the 

metabarrier (a) and mode shapes at the antiresonance frequency (b). Data reproduced from [22], with 

permission from the publisher. 
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Figure 4: (a) Seismogram without the metabarrier. Data reproduced from [22], with permission from the 

publisher. (b) Seismogram with the metabarrier. 

 

Figure 5: (a) Dispersion relation phase velocity – frequency without the metabarrier. Data reproduced 

from [22], with permission from the publisher. (b) Dispersion relation phase velocity – frequency with the 

metabarrier. 

 

Figure 6: Surface wave spectrum with (b) and without (a) the metabarrier. 
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Figure 7: 2D Scan of the surface: ratio between the maximum values of particle velocities with (𝑉𝑤𝑖𝑡ℎ) and 

without (𝑉𝑤𝑖𝑡ℎ𝑜𝑢𝑡) the resonators computed between 400 and 550 Hz. 

 

 Figure 8: Regression of particle vertical velocity at surface as a function of the distance from the source at 

425 Hz (a), 475 Hz (b), 525 Hz (c). (d) Particle velocity attenuation at 425 Hz. 
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Abstract
Periodic structures have recently received significant attention in the field of vibro-acoustics. Based on
periodic resonant structures, stop band materials can be attained. The purpose is to generate structures with
particular dynamic behavior in order to attenuate wave propagation within certain frequency ranges. To
transfer the promising results achieved in science during the last years to a broad band of applications in
industry, it is necessary to quantify the influence of uncertainties in periodic structures. In this study, the
influence of geometrical and material uncertainties on periodic structures is investigated. Therefore, a finite
element model of an epoxy plate with beam resonators is developed. The behavior of stop band material
with uncertain input parameters is studied based on non-sampling stochastic methods. The results are used
to show the necessity of taking uncertainties in periodic structures into account. The performed stochastic
simulations are suitable to define manufacturing tolerances for the production of stop band material.

1 Introduction

Acoustic metamaterials received growing attention in recent years. Due to their possibility to gain acoustic
properties which can not be found in nature, they are useful in applications with vibroacoustic issues. In
particular, the possibility to attain structures with band gap behavior is used. In analogy to photonic crystals,
a phononic crystal by locally resonant material is presented by [1]. High sound transmission loss can be
achieved at certain frequencies with a three dimensional lattice of rubber coated lead spheres in epoxy. In the
study [2], flexural waves in thin plates with spring-mass resonators are investigated. It is shown that wave
propagation can be attenuated by locally attached spring-mass resonators. The sound transmission loss of
similar structures have been considered in [3]. Replacing a single resonator in each unit cell with multiple
smaller appropriately damped resonators can broaden the frequency band of increased sound transmission
loss in a metamaterial-based plate significantly. The effect of periodic, tuned resonators with regard to
vibroacoustics is investigated in the studies [4,5]. The stop band behavior of a sandwich plate with a stepped
resonator has been explained in [6]. It has been shown that the sound transmission of the sandwich plate is
significantly reduced within the stop band of the structure. The studies [7, 8] investigate the attenuation of
structural vibrations in a duct by applying locally resonant metamaterials. It is shown that the combination
of different resonator configuration in one structure can lead to combined stop bands if they are appropriate
designed. Resonant stop band material is suitable to reduce mechanical cross-coupling in phased array
transducers as shown in [9]. Another approach to realize acoustic metamaterial is using very thin membrane
with adjustable concentrated masses, known as membrane-type acoustic metamaterials [10, 11]. Further
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investigations on different aspects of acoustic metamaterial can be found in [12–18].

All in all, the results found in literature show that stop band materials based on periodic structures are a
suitable solution for vibroacoustic applications. Nonetheless, real industrial applications of these structures
are quite small. One reason for this is the missing evaluation of the influence of uncertainties. One of the few
works addressing seismic metamaterials with the focus of robust-to-uncertainties optimal design is presented
by [19]. The study [20] investigates the influence of point defects in a phononic crystal Timoshenko beam.
In [21], the influence of point defects in periodic crystal thin plates is investigated. In all those studies,
however, the impact of parameter uncertainty e.g. manufacturing tolerances has been ignored. An effective
method to overcome such drawback is to use stochastic analysis, as introduced in this paper.

Uncertainty quantification in such material can be investigated using two techniques, i.e. sampling and non-
sampling based methods. Monte Carlo simulation plays a major role in the former method in which large
number of samples of uncertain parameters are required to realize the structure responses [22, 23]. Though
even the method is straightforward to use, it suffers the lack of convergence for large uncertainty and ineffec-
tive in terms of computational time for large number of parameter realizations. The latter, in contrast, shows
reasonable accuracy and computational efficiency for representation of parameter uncertainty. The method is
based on a radically different approach, namely constructing the functional dependence expressed in terms of
spectral decomposition with unknown coefficients and orthogonal polynomial basis [24–30]. Among various
available non-sampling techniques, the generalized Polynomial Chaos (gPC) expansion method has received
considerable attention, particularly for non–Gaussian random variables. The gPC is able to represent uncer-
tainties in parameters as an expansion of orthogonal polynomials of standard random variables. Here, in this
paper, this method is applied to adjust uncertain parameters in acoustic metamaterials. The results show that
uncertainty in topology of resonators leads to a randomly distributed band gap. Based on this results, manu-
facturing tolerances of the periodic structure can be tolerated to attain a band gap within a certain frequency
band.

This work is structured as follows: initially, we focus on theoretical background employed in this study.
The finite element model is presented in section 3. The band gap behavior and the results of the uncertainty
quantification are given in section 4. Finally, a conclusion is drawn.

2 Theoretical background

In the following section, the theoretical background for methods employed in this work are presented briefly.
First, the generalized polynomial chaos expansion is presented for representation of uncertain parameters.
Afterwards, the calculation of dispersion relations in periodic structures is described. Therefore, the Bloch
theorem is applied. Structures with two dimensional periodicity are investigated.

2.1 Discretization of random parameters

Using finite element method to numerical simulation of periodic structures under uncertainty requires to
discretize uncertain parameters. In this way, it is common to employ truncated expansions to discretize ran-
dom input parameters and structure responses. The generalized Polynomial Chaos (gPC) expansion permits
such a discretization. The idea is that a uncertain quantity of interest can be approximated by summation of
polynomials with random independent variables having deterministic coefficients. The uncertainty produces
a new dimension which is sought as a set of orthogonal functions. The classical gPC expansion employs
Hermite polynomials with multidimensional random variables as a trial basis for the probability space to
represent uncertainty. Using this approach, the random parameter P (ξ) is approximated using truncated
expansion as [25]

P (ξ) ≈
N∑

i=0

piΨi(ξ) , and N =
(n+ k)!

n!k!
− 1 (1)
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where pi are deterministic unknown coefficient functions, k is the maximum order of the expansion, n
denotes the random dimensionality and Ψi are a set of orthogonal polynomials in terms of the random
variable ξ with the orthogonality relation of

〈Ψi,Ψj〉 = E[Ψi,Ψj ] = E[Ψ2
i ]δij = h2

i δij (2)

in which hi is the norm of the polynomial. The unknown deterministic coefficients can be determined using
Galerkin projection as

pi =
〈P (ξ),Ψi(ξ)〉
〈Ψi(ξ)2〉 , i = 0, 1, 2, . . . (3)

where 5
〈P (ξ),Ψi(ξ)〉 = E[P (ξ),Ψi(ξ)] =

∫

Ω
P (ξ)Ψi(ξ)f(ξ)dξ (4)

here, f is the probability density function (PDF) corresponding to the random variable ξ and Ω denotes
the random domain. While the first few coefficients of parameters with small uncertainty range seem to
be enough for accurate gPC representation, higher order expansion is used to accurate representation of
parameters having large uncertainty. Details of numerical simulation using the gPC expansion are given in
many works, cf. [25, 26, 28–31].

2.2 Dispersion in periodic infinite structures

Periodic structures can be characterized with its dispersion relations. Thus, the wave propagation in such
structures is described. In order to obtain the dispersion relations, an approach employing the Bloch theorem
is applied [32]. For this purpose, the structure is described by a unit cell (UC) representing the fundamental,
repeated unit of the structure [33]. For time harmonic waves with angular frequency ω a response variable
ψ can be expressed by

ψ = Wei(ωt−kxrx−kyry), (5)

with W describing the wave mode through the thickness of the structure.

q1 q2

rx

x

z

q1 q2

q4q3

x

y

(a) one-dimensional periodicity (b) two-dimensional periodicity

rx

ry

Figure 1: Generalized displacements q in wave finite element method.

Accordingly, the generalized displacements q = [q1 q2]T in an element with one dimensional periodicity,
cf. Fig. 1 (a), are related to each other as [34]

q2 = λxq1, (6)
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with
λx = e−ikx·rx , (7)

where rx and kx represent the length of the periodic lattice and the wavenumber in the direction of periodicity,
respectively. The generalized displacements can by described dependent on q1

q = ΛRq1 with ΛR = [I λxI]
T . (8)

The equation of motion in the absence of damping
[
K− ω2M

]
q = f , (9)

can then be expressed as [
K− ω2M

]
ΛRq1 = f . (10)

With the assumption of zero forces at the node q1

ΛLf = 0 with ΛL =
[
I λ−1

x I
]

(11)

the eigenvalue problem can be reduced to

ΛL

[
K− ω2M

]
ΛRq1 = 0. (12)

This eigenvalue problem can be solved for ω which is a function of the wavenumber kx. The solutions for
ω(kx) characterize the free wave propagation in the periodic structure. This approach can be applied easily
to two-dimensional periodicity, cf. Fig. 1 (b). Therefore, the vector with generalized displacements changes
to

q = [q1 q2 q3 q4]T . (13)

Consequentially, the reducing matrices are given by

ΛR = [I λxI λyI λxλyI]
T and ΛL =

[
I λ−1

x I λ−1
y I λ−1

x λ−1
y I
]
, (14)

with
λx = e−ikx·rx and λy = e−iky·ry . (15)

A detailed elaboration of the theory, known as wave finite element method, can be found in [34] and [35].

In two dimensional periodicity, ω(kx, ky) is a function of the wavenumbers kx, ky. Thus, the eigenvalue
problem has to be solved for any combination of the wavenumbers in order to obtain a dispersion surface.
Due to the periodicity of the structure, only the first Brillouin zone (BZ) needs to be considered to identify
band gaps [33]. In case of symmetric unit cells, the calculation of the band gap can be reduced to the contour
of a part of the BZ, the so called irreducible Brillouin zone (IBZ). Thus, the computational effort to identity
band gaps can be reduced.

3 Finite element model

The spectral discretization method explained in previous section allows us to investigate the impact of un-
certainties in geometrical parameters of periodic structures on the stop band via a finite element model.
Therefore, a unit cell representing the generic model is considered. By applying the Bloch theorem, this
structure in assumed to be repeated infinitely in x and y direction, cf. Fig. 2. The UC consists of a plate like
structure with an added beam resonator. The applied geometry is equal to the example presented in [36]. The
simulations are carried out with commercial software Comsol Multiphysics [37]. The finite element model
is meshed with hexagonal elements with quadratic formulation. In order to obtain a model with a small
amount of degrees of freedom and little mesh dependency of the results, a mesh convergence study is carried
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Figure 2: Finite element model used for the uncertainty quantification in periodic structures with contour of
the irreducible Brillouin zone ΓXM

out. The guidelines given in [38] are applied. The error induced by the mesh can be denoted to less then
than 2% error for the band gap when changing the element edge length to halve. An epoxy material with
Young’s modulus E = 2500 MPa, Poisson’s ratio ν = 0.3, and mass density ρ = 1.14 g

cm3 is considered.
The material model is assumed to have linear elastic behavior in accordance to Hooke’s law. As the unit
cell is repeated infinitely, the analysis with uncertain inputs in this unit cell can be interpreted as analysis
of different specimens wherein one specimen all periodic structures are identical. This may be useful, to
identify the influence of manufacturing tolerances which are caused by processes repeated after producing
one specimen. However, the changes due to the uncertainty have to be identical for each unit cell within the
periodic structure.

The above mentioned FEM model is considered then as black-box to investigate the impact of parameter
uncertainty on the band gap. To this end, the band gap is considered as random output approximated using the
gPC expansion with unknown deterministic coefficients. The stochastic non-intrusive method is employed,
cf. [39], where a set of collocation points are generated in the random domain. The FEM model is then
executed for realizations of samples of band gap at each collocation point. Once the realizations are known,
a least-square minimization procedure is used to calculate the unknown deterministic coefficients. This leads
to a closed form for the band gap depending to uncertainty in the random input parameters. The results are
presented in the following section.

4 Numerical results

The influence of uncertain input parameters on the band gap is investigated with parameters having a prede-
fined probability density function. In this study, the uncertainty in parameters are assumed to be characterized
by beta distributions owing the fact that the parameters are defined within positive range. The boundary val-
ues of uncertain input parameters and shape factors of the employed beta distributions, α and β, are given in
Table 1.
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Table 1: Range of input uncertain parameters with associated distribution shape factors Beta(α, β).

Uncertain parameter boundary values distribution factors
Plate thickness [0.9 mm, 1.1 mm] Beta(4, 4)

Resonator length [4.5 mm, 5.5 mm] Beta(4, 4)

Resonator radius [3.15 mm, 3.85 mm] Beta(6, 6)

Young’s modulus [2250 MPa, 2750 MPa] Beta(4, 4)

In a first step, the deterministic solution of the unit cell model is calculated. Fig 3 shows the dispersion
curves in a band diagram. The calculation along the contour of the IBZ is suitable due to the symmetry of
the unit cell. Referring to the nomenclature of crystallography, for details see [40, 41], the unit cell of this
study represents a p4mm lattice. In [42], the probability to obtain the full band gap on the contour of the IBZ
is denoted to 99.46% for a p4mm lattice. In order to characterize the band gap behavior, the band gap center
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Figure 3: Bravais lattice with the contour of the irreducible Brillouin zone ΓXMΓ and the dispersion curves
of the unit cell with highlighted band gap center position BGp and band gap width BGw.

position BGp and the width of the band gap BGw are analyzed as output values cf. Fig 3. The calculation is
easily done by

BGp =
BGub +BGlb

2
, (16)

withBGlb andBGub being the lower and upper frequency boundary of the band gap, respectively. The band
gap width BGw is defined by

BGw = BGub −BGlb. (17)

Caused by the beam resonator, the periodic structures has a resonant stop band. The band gap center position
is obtained at BGp = 12988 Hz and with a band gap width BGw = 2738 Hz for the deterministic model. In
a parameter study, the influence of different geometrical parameters to the band gap behavior of the structure
is analyzed. Therefore, plate thickness, resonator length, resonator radius, and the Young’s modulus are
changed in a range from 90% to 110% with regard to the nominal values. The results are shown in Fig. 4.
It can be seen that the band gap behavior is sensitive to geometrical changes of the investigated parameters.
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However, the band gap width and band gap center position behave differently. The change of band gap
center position is almost linear for all three parameter within the investigated ranges. The relation between
plate thickness and resonator radius, and band gap center position are characterized by a positive gradient of
nearly the same value. In contrary, resonator length and band gap center position are related by a negative
gradient. Regarding the band gap width, a similar behavior is found for plate thickness and resonator radius.
However, in this case the influence of changes of the resonator radius has higher impact then of the plate
thickness. A particular relation is obtained for the sensitivity to changes of the resonator length. Especially
when reducing the resonator length, the influence decreases. Furthermore, an extrema is obtained at a band
gap width of 2790 Hz.
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Figure 4: Parameter study to identify the influence of plate thickness, resonator radius, and resonator length
to band gap center position and band gap width.

In Fig. ??, the results for the uncertainty quantification in a unit cell are given. The belonging mean value
and standard deviation are given in Table 2. The obtained PDFs for the band gap center position are similar
for the three parameters considered as single uncertain inputs. This is due to the similar magnitude of the
gradient obtained is the parameter study. Concerning the band gap width, the lower influence of the plate
thickness compared to the resonator radius results in a lower standard deviation. As in case of the parameter
study, a particular behavior is obtained in the PDF for the band width BGw when the resonator length is
considered as an uncertain input parameter. The accumulation at a band gap width of 2790 Hz is related
to the extrema which is found in the parameter study. In a secondary investigation, a unit cell with two
uncertain input parameters, resonator length and radius, is considered. The resulting PDFs show similar
mean values for band gap center position and band gap width compared to the investigations with only
one uncertain input parameter. However, taking two uncertain input parameters into account results in an
increased standard deviation for both, band gap center position and band gap width. Furthermore, the PDFs
show nearly symmetrical behavior.
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(a) Uncertain input: plate thickness

2000 2500 3000
BG width [Hz]

0

1

2

3

4

5

pr
ob

ab
il

it
y 

de
ns

it
y

10-3

1.1 1.2 1.3 1.4 1.5
BG position [Hz] 104

0

0.2

0.4

0.6

0.8

1

1.2

pr
ob

ab
il

it
y 

de
ns

it
y

10-3

(b) Uncertain input: resonator radius
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(c) Uncertain input: resonator length
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(d) Uncertain input: radius and length of resonator
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(e) Uncertain input: Young’s modulus

Figure 5: Probability density functions of band gap width and band gap position for various uncertain inputs
parameters in a unit cell.

As mentioned above, the unit cell is assumed to be repeated infinitely. Thus, the results can be interpreted
as an uncertainty quantification in periodic structures where the uncertainty arises between different speci-
mens but parameters of the periodic structure are equal within the one specimen. Taking this into account,
a scenario where the thickness varies between each specimen seem most likely. Assuming a molding manu-
facturing processes, uncertainties are induced by the closing and opening process between every fabricated
specimen. However, depending the manufacturing process also resonator length and resonator radius could
be changed between each specimen. In such a case, the given model of a unit cell is suitable to quantify the
influence of uncertainties to the band gap behavior.
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Table 2: Mean value and standard deviation from uncertainty quantification in a unit cell. The values are
given for the band gap position BGp and the band gap width BGw.

uncertain input mean value [Hz] standard deviation [Hz]

plate thickness
BGp 12979 380
BGw 2733 52

resonator radius
BGp 13001 329
BGw 2732 88

resonator length
BGp 13000 359
BGw 2702 100

resonator length & radius
BGp 13021 498
BGw 2700 139

Young’s modulus
BGp 12986 216
BGw 2738 46

5 Conclusion

The authors presented a study on uncertainty quantification in periodic structures. Fur this purpose, a generic
model consisting of a plate like structure with an added beam resonator is investigated. Due to the resonant
behavior of the periodic structure, a band gap is achieved where no free wave propagation possible. This
band gap is characterized by the band gap center position and the band gap width. In stochastic analysis,
the influence of uncertainties in the geometrical and material parameters is investigated. Thus, a spectral
discretization method, namely the generalized polynomial chaos expansion, is employed to consider the
uncertain parameters in stochastic finite element simulation. The authors conclude that applying the gPC
expansion to a unit cell is suitable to quantify the influence of uncertainties which arise between different
specimens. Based on the calculated PDFs and statistical moments, manufacturing tolerance for periodic
structures can be defined in order to obtain a band gap behavior within certain requirements.
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Abstract
This paper presents a diffusion formulation for the Wave Finite Element (WFE) Framework, applied to
the design of micro-resonators for low-frequency vibration control. First, the information resulting from
diffusion analysis is compared with the one provided by a direct application of Bloch theory, in the case
of periodically distributed resonators. Main advantages of diffusion methods are that the spacing between
the resonators can be modified without resuming unit-cell analysis and that scattering effects, inherently
produced by the host structure, can be distinguished from the sole resonator’s influence. Then, the method
is combined with an existing wave-based state vector reduction scheme to further reduce the computational
efforts. Formulation is introduced and applied to a rectangular host structure with 3D-modeled resonators
bonded on its surface. Eventually, damping-related transmission, reflection and diffusion effects produced
by the resonators are studied around their harmonic frequency.

1 Introduction

Locally resonant materials have been widely studied over the past years especially in transportation and
aerospace industry, where vibroacoustic requirements are increasingly demanding. A broad range of low- or
mid-frequency phenomena can occur in these structures, which can be exploited to enhance their dynamic
or acoustic responses. Innovative lightweight meta-structures with incorporated vibration control systems
can therefore be engineered to enhance broadband vibroacoustic performances. The concept of tuned mass
damping (or harmonic oscillators) can be implemented at the material’s scale to achieve vibration control,
often using periodically distributed resonators [1, 2].

In periodic waveguides, we distinguish Bragg-type bandgaps from local resonance (LR) effects: the first
is ruled by the ratio between the periodic unit-cell dimension and the wavelength of propagating waves.
The second is produced by internal resonances and depends on the waveguide’s unit-cell inner dynamics.
In this case, resonators can be artificially distributed to produce LR bandgaps without altering the host
structure. Bloch theory is often used in this case to design and tune the resonators so that certain modes can
be suppressed from the overall structure in the selected bandwidth [3, 4]. It is evident that such LR can be
obtained without requiring a periodic distribution pattern, as in vibration control strategies based on multiple
tuned mass dampers (TMD). Therefore, the use of Bloch/unit-cell modeling methods has two weaknesses:
1) it is based on a perfect periodicity assumption and yields often undesired Bragg-type dispersion effects,
and 2) the modeling and computational effort being related to the dimensions of the unit-cell, it increases
with the spacing between resonators.

An alternative modelling strategy is proposed in this paper, based on the wave diffusion properties of the
harmonic oscillator. In this context, ’diffusion’ refers to an elastic wave’s reflection, transmission, and ab-
sorption process, as well as its specular and diffuse scattering analogues. In the Wave Finite Element Frame-
work, the diffusion coefficients were first used by Mencik and Ichchou [5] to establish the junction between

3071



two waveguides. Applications were proposed for wave scattering analyses with angular incidence [6], pipes
[7, 8], curved periodic waveguides (see Errico et al. [9, 10]) and to evaluate the scattering effects through a
variety of waveguides’ junctions [11]. Wave diffusion analyses were also used to perform damage inspection
in composite panels [12]. Recent studies addressed the coupling between electro-mechanical waveguides
(see Lousoan et al. [13]).

Yet, these methods have failed so far to address large-scaled realistic structures, mainly due to the ill-
conditioned nature of the scattering problem. The above-mentioned can thus be limited to small-scaled
waveguides, or neglect decaying or evanescent waves. In this work a well-conditioned formulation is pro-
posed and combined with a reduced-order modeling strategy [14] to perform fast diffusion analyses in a
3D modeled resonator bonded on a host structure and investigate the reflected, transmitted and diffusely
scattered waves produced around the resonance frequency.

2 Periodic locally resonant system design

2.1 Bloch-based design

Consider a waveguide consisting of a host structure with periodically distributed resonators bonded on its
surface. Bloch-based design can be achieved by considering a periodic unit-cell whose length depends on
the spacing d between resonators. Then, denoting K, C and M the finite element stiffness, damping and
mass matrices of the periodic waveguide’s unit-cell, the wave dispersion characteristics can be computed by
solving the inverse Bloch problem Eq.(1):

[K(∆) + jωC(∆)− ω2M(∆)]Φ = 0 (1)

where ∆ is the propagation constant matrix and Φ is the wave solution.

For frequency-dependent problems such as diffusion or forced response analyses, one can solve the Direct
Bloch problem Eq.(2) instead:

[DRL(ω)∆−1 + (DRR(ω) + DLL(ω)) + DLR(ω)∆]Φ = 0 (2)

where the dynamic stiffness sub-matrix is denoted Dab(ω) = K + jωC − ω2M with a and b stand for left
or right sides. Dynamic condensation is usually performed on matrix D, and Component Mode Synthesis is
generally used to increase computation efficiency.

The resolution of Eq.(2) provides a set of eigenvalues and vectors (wave shapes) describing the free wave
propagation characteristics in the infinite waveguide. The propagation constants ∆ = {λi} relate the dis-
placements between two consecutive unit-cells and can be used to distinguish positive, negative, propagating
and evanescent waves. For positive-going waves, the bandgap phenomenon is associated with a reduction of
the propagation constant’s norm |λ| between 1 (propagating) and 0 (evanescent). It should be reminded that
this indicator does not reflects a local attenuation ratio, but is related to the unit-cell’s scale. An equivalent
spatial attenuation in dB per unit-length can be derived using the complex wavenumber k = <(k) + j=(k)
definition: λ = exp(−jkd), which provides a simple estimation of the classical spatial attenuation indicator
α:

α(dB/m) = 10

log10

(
|un+1

un
|2
)

d
(3)

The expression Eq.4 can be approximated into:

α(dB/m) ≈ 8.686×=(k) (4)

The value of α can be chosen instead of |λ| to evaluate the attenuation performances of the periodic waveg-
uide. For Direct Bloch resolution, a wave matching algorithm is then used to track flexural wave’s frequency
dependent solutions inside the bandgap.
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2.2 FE Modeling and materials

The host structure is a thin rectangular beam of dimensions 3 cm × 1.1 m. The resonators are made of a
3D printed polymer. Material and damping properties used in the FE model are described in Table 1. The
influence of the resonator’s damping properties will be further investigated in sec.4.3.

Part-Component Density ρ Young Modulus E Shear mod. G Loss factor η (%)
Host 2700 70×109 26.3×109 0.2
Resonator 1400 1.8×109 0.54×109 5
Mass 2700 70×109 26.3×109 0.2

Table 1: Material properties of the waveguide and resonator models.

A parametric model of the periodic unit-cell is shown in Fig. 1 and numerical applications are based on the
dimensions of table 2. The length l0 represents the spacing between the resonators. The resonator is centered
on the waveguide unit-cell in the y-direction and can be placed arbitrarily along the x-direction as it remains
periodic. The unit-cell is converged and meshed using linear elements and a total of 5500 DOFs.

host

resonator

mass

y0

l0

e

lb

eb

yr

er

em

lr lm

Figure 1: Description of the periodic unit-cell use for Bloch analyses.

Parameter value (mm) Parameter value (mm)
l0 55 e 2.5
y0 30 yr 15
lb 10 eb 9
lr 30 er 3
lm 10 hm 13

Table 2: Geometric model of the tuned mass damper and periodic unit-cell description.

2.3 Interpretation of the band diagram

Dispersion diagram shown in Fig.2.a is computed using periodic Bloch model for the unit-cell described
above. The first local resonance is identified at 339 Hz, corresponding to the bending mode of the tuned
mass damper. Bandgap is observed for the transverse vertical (flexural) wave, while the shear, torsional and
longitudinal waves are not affected by the resonator. The wave attenuation=(k) is presented on the colormap
while the propagation constant norm |λ| is plotted in Fig. 2.b. Both indicating a drastic attenuation between
320 Hz and 360 Hz.
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Figure 2: Dispersion diagram calculated using Bloch theory on periodic unit-cell model. (a) Wavenumber
(real and imaginary). (b) Norm of the complex propagation constant.
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Figure 3: FRF of the free-clamped waveguide to point force excitation at the free end. Three positions from
excitation point (0 cm, 10 cm, 50 cm).

The dispersion results are compared with the finite waveguide’s dynamic response in Fig. 3. Clamped-free
boundary conditions are considered and a point force excitation is applied at a free end. Normal velocities
are plotted at three distances: 0 cm, 10 cm and 50 cm from the excitation point, corresponding to 0, 1 and
9 resonators, respectfully. Dynamic modes are clearly suppressed in the resonance bandwidth and strongly
damped from 300 Hz to 400 Hz.

Far for the source excitation, the dynamic response exhibits a gap well predicted by the propagation con-
stant, while in the near-field the presence of the resonators only suppresses the waveguide’s modes. We can
conclude from these results that the propagation constants provided by Bloch-based analyses are an efficient
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way to design a network of periodically distributed tuned mass dampers. However, it is emphasized that the
value of |λ| only stands for the wave transmitted amplitude, but does not distinguishes internal dissipation,
diffusion nor reflection, which produce different vibration attenuation.

3 Waveguide Diffusion Modeling

3.1 Concept

The proposed modeling strategy consists in replacing the locally resonant unit-cell by two semi-infinite
waveguides connected using a small section of the waveguide supporting the resonator. Therefore, Bloch
theory is no longer applied to the global unit-cell as above, but on the elementary waveguide’s cross-section,
involving only 312 DOFs. Wave solutions will be denoted (Λ,Ψ) for this base waveguide’s solutions, instead
of (∆,Φ) for the global periodic unit-cell. The diffusion-based model is illustrated in Fig. 4.

DnDn-1 Dn+1

ϕ
ϕ-

Sn
ψ

ψ-

Floquet-Bloch

modeling

Diffusion-based 

modeling

ψ
ψ-

Figure 4: Concept of diffusion-based modeling.

3.2 Diffusion relations

Denoting [Ψ+,Ψ−] the wave basis and S the condensed coupling element matrix, the local dynamic equilib-
rium can be rewritten using the state vectors expansion on the positive and negative-going wave amplitudes.
Reorganizing the transmitted and reflected wave amplitudes and expressing in terms of the incident waves
yields the following expression of the R and T coefficients:

{
R
T

}
=

[
A B
C D

]−1{
α
β

}
(5)
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where the matrix terms A, B, C and D are written:

A = DRLΨ−Λ + (DRR + SLL)Ψ− (6)

B = SLRΨ+ (7)

C = SRLΨ− (8)

D = (SRR + DLL)Ψ+ + DLRΨ+Λ (9)

The coefficients αj = Q1(λj)Ψ
+
j and βj = Q2Ψ

+
j are the source terms associated with the incident wave

of index j while Q1 and Q2 are the unit-cell dynamic projection matrices at the edges of the coupling
element. Note that a modal synthesis can also be used to reduce the condensation effort on matrix S. A major
advantage however is that the wave basis remains unchanged and resonators’ designs can be investigated
without recomputing wave solutions.

3.3 Reduced formulation

Considering a wave projection basis Θ, built using the Wave Finite Element method, from a reduced subset
of Bloch waves [14] (interested reader can also refer to Ref. [15, 16, 17, 18, 19] for further developments
on reduced WFEM). Reduced dynamic stiffness matrix is therefore denoted D̃ and Ψ̃ = ΘTΨ is the reduced
state vector, the spectral problem can be rewritten as:

[ΘTDRL(ω)ΘΛ̃−1 + ΘT (DRR(ω) + DLL(ω))Θ + ΘTDLR(ω)ΘΛ̃]Ψ̃ = 0 (10)

The solutions of Eq.10 can be used to rewrite the diffusion equation (Eq.5) as:
[

ΘT 0
0 ΘT

] [
A B
C D

]{
R
T

}
=

[
ΘT 0
0 ΘT

]{
α
β

}
(11)

which results in the following reduced scattering and source coefficients:

Ã = D̃RLΨ̃−Λ̃ + (D̃RR + ΘTSLLΘ)Ψ− (12)

B̃ = ΘTSLRΘΨ̃+ (13)

C̃ = ΘTSRLΘΨ̃− (14)

D̃ = (ΘTSRRΘ + DLL)Ψ̃+ + DLRΨ̃+Λ̃ (15)

and

α̃ = ΘTαΘ (16)

β̃ = ΘTβΘ (17)

However, note that the coupling matrix is projected on the reduced wave basis: ΘTSabΘ. This operation
may produce inaccuracies for evanescent wave diffusion properties, if the junction between the waveguide
and the coupling part exhibit strong mismatch. This assumption is tested in the application example below.

4 Numerical validations

4.1 Validation of the ROM procedure

State vector projection on a reduced set of Bloch waves is highly effective to describe the propagation of free
waves. However, the junction between the waveguide section and the coupling singularity may not be ap-
proximated correctly by the proposed state vector projection. Let us consider two coupling elements: model
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(a) contains only the resonator with a small waveguide junction, while model (b) includes a large section
of the waveguide whose dimension is the initial periodic unit-cell length. Model (b) is therefore expected
to allow positive-going highly evanescent waves to decay along the coupling element, thus increasing the
Bloch projection accuracy and the junction with the waveguide model.

0.030.020.01

0

0

5

10

10-3

Z

0.01

15

0.02 0
X

0.03 0.04 0.05
0.030.02

Y
0.010

0

5

0.01

10

10-3

Z

15

0.02 0
X

0.03 0.04 0.05

Figure 5: Two types of coupling element models. (a) Small coupling element and (b) Large coupling element
(unit-cell standard length).

Diffusion coefficients are compared with the full solution. First we observe that dashed and continuous lines
are close together. It means that the produced error is mainly due to the Component Mode Synthesis (CMS)
reduction achieved on the coupling element. Inside the bandgap, the reduction scheme increases the initial
CMS error. It can be explained since the internal resonance of the tuned mass damper produces near-field
components (evanescent waves) that are not well described by the reduced wave basis. On the other hand,
the short coupling (a) element appears less sensitive to the reduction than model (b), outside the bandgap.
This can result from the fact that a higher number of modes are needed in model (b) to describe the inner
dynamics of cell, compared with model (a).
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Figure 6: Error produced by the projection using different coupling element configurations.

It can be concluded that the projection of the coupling element on a reduced wave basis does not affect
significantly the computed diffusion coefficients’ accuracy in the considered example. In terms of CPU, the
state vector reduction provides an overall reduction factor between 20× and 30×, depending on the requested
accuracy.
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4.2 Bloch vs. Diffusion information

The reflection and transmission coefficients are represented in Fig.7 for the model studied in Sec.2. Since
the resonator is damped, dissipation occurs at resonance. Diffused wave coefficient is derived from energy
balance and indicates the residual waves components:

• Transmission into propagating wavetypes (i.e. positive conversion)

• Transmission into evanescent waves (i.e. positive diffusion)

• Dissipation in the coupling element (i.e. absorption)

• Reflection into propagating wavetypes (i.e. negative conversion)

• Reflection into evanescent waves (i.e. negative diffusion)

In the context of the design of vibroacoustic metamaterials or locally resonant tuned mass dampers, the
overall objective is to reduce (either by conversion or dissipation) the mechanical energy carried by the first-
order flexural waves. In this regard, the residual component in Fig.7 contains both the specular (propagating)
and diffuse (evanescent) scattering, as well as the wave absorption coefficient. It provides a good estimation
of the resonator’s performance.

The ’diffused’ coefficient therefore corresponds to:

{diffused} = {positive diffusion}+ {negative diffusion}+ {absorption} (18)

Figure 7: Diffused, reflected and transmitted waves through the resonator’s coupling element.

As expected, the diffusion pic is located at the same frequency as the bandgap from Bloch analysis, and
the transmission curve and propagation constants display similar patterns and are almost superposed. This
time, an additional information is provided by the diffusion analysis: the Reflected and Diffused coefficients,
where one can notice that the absorption is slightly higher than the reflection. In the following, the proposed
diffusion model is used to investigate the influence of a resonator’s design parameter on the absorption and
reflection coefficients and on the overall dynamic response.
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4.3 Vibration absorption performances and finite response

Additionally, for the selected waveguide, each new resonator can be analyzed without re-computing Bloch
solutions, hence resulting in a considerable gains in terms of computational efforts (see Table 3). Indeed, the
coupling element can be condensed (3 sec.) for the selected model, and diffusion analysis can be achieved in
7 sec. (0.2 sec. with the reduced wave basis) against 184 seconds for each design using the standard Bloch
unit-cell analysis.

Modeling strategy Unit-cell (Bloch) Reduced diffusion
Added computation
time per resonator’s 184 3.2

design (s)

Table 3: Computation times depending on the modelling choice and use of reduced WFEM formulation. All
calculations are made with the same processor.

A parametric analysis is proposed in Fig.9 for the resonator’s damping properties. The influence of the loss
factor η on the distribution of transmitted and diffused waves is evaluated. Although the bandgap classi-
cally decreases in depth while its bandwidth increases with damping (see Reflection curve), the reflection
is progressively replaced by the absorption starting from η = 5%. Noteworthy, as the reflection decreases
with damping, the absorption reaches a maximum then decreases, hence reducing the resonator’s overall
efficiency above η ≥ 10%. A compromise could therefore be reached for values of the damping, in order to
achieve a low wave transmission while privileging absorption over reflection.

Figure 8: Influence of damping on the resonator’s absorption and reflection coefficients.

PERIODIC STRUCTURES AND METAMATERIALS 3079



Figure 9: Influence of damping on the resonator’s absoption and reflection coefficients.

The dynamic response for different damping values is shown in Fig.11. Note that an increased damping
suppresses modes around the bandgap, thus it significantly increases the controlled bandwidth. Above these
values damping becomes counter-productive within the bandgap region.
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Figure 10: Influence of damping on the finite waveguide’s dynamic response. Three posistions from excita-
tion point (0 cm, 10 cm, 50 cm) and four values of the damping (η = 0.001− 0.2%)
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Figure 11: Influence of damping on the finite waveguide’s dynamic response. Three posistions from excita-
tion point (0 cm, 10 cm, 50 cm) and four values of the damping (η = 0.001− 0.2%)

5 Conclusions

In this paper an alternative diffusion-based methodology was used to study a locally resonant sub-structure
and compared with Bloch diagram analyses. The method proved highly effective to predict wave reflection,
transmission, and diffusion coefficients, including evanescent conversion and absorption. A reduced formu-
lation based on Bloch wave expansion was proposed to reduce the computation effort so that the influence of
resonators’ damping properties could be investigated. It is emphasized that better damping models could be
implemented, as the coupling dynamic stiffness matrix can involve viscoelastic materials or external loads.
The proposed methodology provides additional information compared with Bloch analyses. It is hoped that
the proposed method will prove efficient for the fast design optimization of Bragg or locally resonant meta-
materials.
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Abstract 
This article presents a study of a novel vibration control device in the form of a resonant beam damper 
(RBD) with ‘Acoustic Black Hole’ (ABH) features. Both enriched dynamic characters of the ABH taper 
and enhanced system damping brought by ABH effects are exploited to develop this so-called ABH-featured 
RBD (ABH-RBD) for broadband vibration control. The numerical simulations and experimental 
measurements show that, without the tedious tuning process, the multiple resonant peaks of a primary 
structure can be suppressed effectively by the proposed ABH-RBD, except for some specific resonances. 
Three typical vibration control effects are found by a strategic parameter study: interaction dominated, 
damping enhancement and their combinations. Further analyses of these control mechanisms are carried out 
by contrastive studies with a uniform beam absorber. The influence of the attachment locations on the 
performance of ABH-RBD is also noticed and discussed. 

1 Introduction 

Add-on vibration reduction devices are commonly used to suppress structural vibrations [1]. A dynamic 
vibration absorber (DVA) is tuned for neutralizing vibratory energy through its interaction with the host 
structure [2]. Through a precise tuning of the DVA parameters, the vibration response of the primary 
structure can be significantly reduced at the tuning frequency owing to its strong interaction with the DVA. 
Damping helps extend the working frequency band of the DVA at the expenses of compromising the control 
performance at the tuning frequency [3]. To achieve the maximum vibration attenuation within the targeted 
frequency band, both the frequency and the damping of the absorber have to be meticulously tuned and 
optimized [4]. Various designs of DVAs have been attempted [5] such as the so-called resonant beam 
damper (RBD), shown in Figure 1(a), where the fundamental bending mode of a cantilever absorber is 
utilized to generate the interaction with the primary system [6, 7]. To broaden the working bandwidth around 
the targeted frequency, multi-layered beam-type neutralizers, composed of several stacked beams with 
slightly different lengths, were also proposed [8]. Multi-degree-of-freedom (DOF) DVAs have also been 
studied, whose parameters need to be tuned to each structural resonance so that multiple resonant peaks of 
the primary structure can be controlled in a wide frequency range [9, 10]. Alternatively, multiple 1-DOF 
DVAs have also been attempted on beams [11-13] or plates [14, 15], with each absorber dealing with a 
particular structural resonance. However, the tuning procedure of the entire absorber system in this case 
becomes quite complicated and tedious since the whole cluster of DVAs needs to be tuned simultaneously 
due to their mutual interactions [11, 15]. 
Another option is to use a waveguide absorber (WA) based on the waveguide phenomenon to draw the 
vibratory energy away from the primary system [1, 16]. A WA needs to be properly designed to provide 
sufficient energy dissipation to achieve multi-resonance attenuations. To ensure the maximum increase in 
the added loss factor to the primary system, the mechanical impedance of the WA and that of the primary 
structure at the attachment point should be matched to satisfy the impedance-matching condition [16]. 
Meanwhile, it is shown that both the attachment locations and the number of absorbers to be used are 

3085



important for generating sufficient control effects [17-19]. Efforts have also been made to reduce the 
dimension and the occupation space of the absorbers through various structural designs [20, 21].  
Despite their widespread use, both DVAs and WAs pose problems for broadband vibration reductions in 
terms of design and implementations. For the former, the physical parameters of the DVA cluster need to 
be meticulously tuned, which is a quite tedious and complex process. In addition, structural or operational 
changes in the primary structure may jeopardize the effectiveness of the designed DVAs. For the latter, 
conventional structural elements can hardly provide the required energy dissipations unless multiple 
absorbers with large structural dimensions and massive damping materials are used.  
To tackle these problems, this study presents a new add-on device by capitalizing on a combined DVA and 
WA principle through the exploitation of the unique features of the so-called ‘Acoustic Black Hole’ (ABH) 
phenomenon. The targeted outcome is a compact and light weighted vibration reduction device to achieve 
the broadband vibration suppressions without a complex tuning procedure. Meanwhile, it should be robust 
enough to accommodate structural and operational variations in the primary vibrating system.  
Studies on ABH have been drawing an increasing attention in the vibration community during the last two 
decades. In the one-dimensional case, an ABH wedge (Figure 1(b)) is tailored to have a thickness variation 
according to a power function, ℎ(𝑥) = 𝜀𝑥',𝑚 ≥ 2, in which x is the taper length coordinate. When flexural 
waves travel towards the tip of the taper, their phase and the group velocities gradually reduce and the wave 
amplitude increase progressively. If the thickness of the taper goes to zero, the bending waves will take an 
infinitely long time to travel inside the tapered area, resulting in zero wave reflections [22-28]. Owing to the 
high energy density within the tip region as a result of the wave compression and focalization, a small 
amount of damping materials turns out to be enough to create a significant damping increase in the entire 
taper.  
In this paper, we discuss a resonant beam damper (RBD) configuration by embracing the ABH principle, 
referred to as ‘ABH-RBD’ (Figure 1(c)) for the suppressions of broadband resonant peaks of a host structure, 
exemplified by a beam. The configuration of ABH-RDB is first described, followed by a description of the 
simulation model and numerical analysis method. For illustration purposes, a beam is selected as a 
benchmark case. The vibration suppression capacity of the ABH-RDB is then demonstrated with control 
mechanisms revealed and verified by experiments 

 
Figure 1: (a) Resonant Beam Damper, (b) ABH featured beam (c) ABH-RBD 

2 Numerical model 

As shown Figure 2, the configuration under investigation contains a primary host structure (a uniform beam) 
and an auxiliary ABH-RBD connected by a small connector. The length (denoted by L) and the thickness 
of the host uniform beam are 300mm and 8mm, respectively. The ABH-RBD can be further divided into 
two sub-sections: a tapered portion with an ABH thickness profile and a uniform portion. The uniform 
region of the ABH-RBD is 1/6·L long and 3mm thick. The tapered portion has the same length as the 
uniform portion and the thickness varies from 3mm to 0.1mm following a parabolic variation law (ℎ(𝑥) =
𝜀𝑥, + ℎ., where 𝜀 is a constant). A viscoelastic damping layer with a constant thickness (ℎ/ = 1mm) is 
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coated over the surface of the entire tapered region. The total weight and the total length of the ABH-RBD 
is 9.2% and 1/3 of that of the primary system, respectively. A small connector with a dimension of 8 × 1	mm 
is located at 60%·L from the left end of the host beam and mounted over the surface of the primary system. 
The width of all elements is set to be the same (20mm). The coating material on the ABH taper is a 
viscoelastic tape, 3MTM F9473P [35], with a constant Young’s modulus and loss factor 𝜂/ adopted in 
simultations. The rest of the system is set to be aluminum with material parameters tabulated in Table 1.  
Finite element (FE) simulations were conducted using COMSOLTM. A 2D FE model was built under the 
plane stress condition in the solid mechanics interface. The boundary conditions of the host beam were set 
to be clamped-clamped. The damping layer and the connector were meshed with quadrilateral elements 
whilst other parts being meshed using triangular elements. The small connector was set to be a rigid domain. 
A transverse point excitation was imposed at 20%·L of the host beam. Cross point responses were calculated 
at 83.3%·L of the host beam from the left end. 

 
Figure 2: Schematics of the host beam with an ABH-RBD 

 Aluminum Damping Layer 

Young’s modulus 70 GPa 30 MPa 
Density 2700 kg/m3 980 kg/m3 

Poisson’s ratio 0.3 0.499 
Loss factor 0.1% 0.9 

Table 1: Material parameters used in the simulation 

3 Numerical results and discussions 

3.1 Vibration reduction phenomena 

Effects of the proposed ABH-RBD are first numerically demonstrated. It can be seen from Figure 3 that 
both the driving (Figure 3(a)) and cross (Figure 3(b)) point mobility curves of the primary host beam without 
the ABH-RBD show complex dynamics with multiple resonant peaks within a broad frequency range. With 
the deployment of the ABH-RBD, most of resonant peaks are suppressed substantially except for some 
specific resonances. Note this vibration reduction has been achieved without particular tuning of the ABH-
RBD parameters. To further demonstrate the generic nature of the observed phenomena, the dimension of 
the primary beam used above is changed to a longer and thinner one, but with the same total weight as the 
previous one, thus exhibiting richer dynamic complexities (Figure 4). It can be seen that using the same 
ABH-featured device on this different beam also leads to a significant reduction in the structural vibration 
level over the entire frequency range. However, Figure 4 shows that no significant and systematic reductions 
can be obtained at the very low frequency range. This is understandable since systematic ABH effects can 
only be expected above a certain frequency when local modes within the ABH taper appear. Nevertheless, 
the proposed ABH-RBD is found to be effective for suppressing the vibrational responses of different host 
beams using the same ABH-RBD without a particular parameter tuning.  

60%L
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83. 3%L
L

hdη d
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Figure 3: Comparisons of the (a) driving and (b) cross point mobility of the primary host beam  

with and without ABH-RBD 

 
Figure 4: Comparisons of the (a) driving and (b) cross point mobility of the second host beam  

with and without ABH-RBD 

3.2 Control Mechanisms 

Analyses are conducted for some typical peaks using the driving point mobility curve in Figure 3(a). Some 
typical resonant peaks are labeled, regrouped and identified by dash circles in this figure. The first group is 
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exemplified by the 3rd resonant peak, marked in Figure 3(a). It can be seen that the ABH-RBD reduces its 
vibration amplitude by splitting the peak into two, similar to a conventional DVA. The 4th resonant peak 
represents another typical category for which the original resonance peak is reduced without being split. For 
the third category, i.e. the 9th one at a higher frequency, the original resonance peak seems to be smoothed, 
shifted without obvious splitting. Meanwhile, the ABH-RBD has little effects on some resonance peaks, 
exemplified by the 8th resonance frequency. 
In order to explore the underlying physics, these different types of peak reductions are scrutinized. By 
strategically varying the properties of the ABH-RBD, the ABH-induced DVA effect (mainly due to the 
interaction) and WA effect (mainly due to the wave trapping and absorption) can be separated. Typical 
control effects are analyzed through investigating the driving point mobility of the combined vibratory 
system, first over the frequency band (2-5 kHz) containing the 3rd and 4th resonant peaks and then over the 
one (13-18 kHz) including the 8th and 9th peaks. The driving point mobility of the primary host beam 
without ABH-RBD is also provided as a reference. 

 
Figure 5: Driving point mobility of the combined vibratory system with undamped coating layers (η7 = 0) 

having 3 thicknesses: (a) h7 = 0mm, (b) 	h7 = 0.5mm and (c) h7 = 1mm (solid line ‘━’);  
driving point mobility of the primary host beam without ABH-RBD is set as a reference (dash line ‘┅’) 

To single out the effect of structural interaction, the loss factor η7 (refer to Figure 2) of the coating materials 
over the tapered portion of the ABH-RBD is first set to zero to eliminate the energy dissipation effect. The 
dynamics of the ABH-RBD can then be varied by changing the thickness of the undamped coating layer (h7 
in Figure 2). It can be seen from Figure 5 that with the increase of h7, the additional peak caused by the 
ABH-RBD is gradually shifted to the low frequencies and approaches the 3rd resonant peak due to the mass 
loading effect. Reaching h7 = 1mm (same as the one adopted in Figure 3), the frequency matching 
condition is satisfied so that strong interactions between the ABH-RBD and the host beam take place around 
the 3rd original resonance. This is typical of a conventional DVA, resulted from the frequency matching 
between the DVA and the host structure as well as the strong coupling between both. This peak reduction 
can be categorized as “interaction-dominated”. It is relevant to note that the undamped ABH-RBD system 
has little influence on the position of 4th resonance as h7 = 1mm.  
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Figure 6: Driving point mobility of the combined vibratory system with absorbing coating layers  

with a constant thickness (h7 = 1mm) but different loss factors (η7);  
the reference is the driving point mobility of the primary host beam without ABH-RBD 

 
Figure 7: Driving point mobility of the combined vibratory system with absorbing coating layers  

with a constant thickness (h7 = 1mm) but different loss factors (η7);  
the reference is the driving point mobility of the primary host beam without ABH-RBD 

The damping of the coating layers is then taken into considerations in Figure 6. Keeping h7 = 1 mm, the 
loss factor of the damping layer (η7) is varied. An increase in the material damping is expected to enhance 
the ABH effect [23] to generate more significant energy extractions and dissipations from the host structure. 
Focusing again on the 3rd and 4th peak frequency range in Figure 6(a), it can be seen that the 4th peak are 
gradually reduced when material damping increases, without splitting. This is the typical phenomenon 
generated by the damping enhancement in the overall system due to the waveguide absorber effect of the 
ABH-RDB. This peak reduction is therefore categorized as “damping-dominated”. It is also relevant to re-
examine the changes of the 3rd peak (interaction-dominated) due to changes in the system damping. Typical 
of conventional DVAs, the response curves with different η7 intersect around two fixed points, well 
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documented as the fixed-point theory in the literature [1, 4]. Obviously, a lower damping would better 
promote structural interactions, producing more significant narrow-band vibration reductions. An increased 
damping, however, helps widen the reduction band at the expenses of sacrificing the reduction level. This 
is also consistent with previous analyses based on conventional DVAs [15].  
Adopting the same methodology, changes in another typical peak (identified as the 9th peak in Figure 3(a)) 
are examined in Figure 7 through varying the loss factor (η7) of the coating material. The peak splitting 
phenomenon can be seen when η7 is low, suggesting an interaction-dominated feature. When η7 increases, 
however, the overall system damping quickly increases, leading to an obvious smoothing of the peak due to 
the imposing damping effect. This happens despite of a relatively small amount of damping material used 
in the taper of the ABH-RBD. Higher damping level does not necessarily bring about better control 
performance, which is consistent with the fixed-point theory of conventional DVAs [4]. This type of peak 
reduction, which seems to occur more frequently in the higher frequency range, is categorized as a 
combination of the interaction- and damping-dominated phenomenon. In the higher frequency range, the 
broadband ABH absorption effects become more dominant, leading to the combined interaction- and 
damping-dominated vibration reduction. 

 
Figure 8: Comparisons of the driving point mobility of the initial host beam with and without the UBA 

 
Figure 9: Driving point mobility of the combined vibratory system with and without an ABH-RBD 

attached at 80%·L of the primary host beam 

To further confirm the superiority of the ABH-RBD, the uniform beam absorber (UBA) with the same total 
weight and thickness (the uniform portion) and the same damping treatment as the ABH-RBD is added to 
the primary beam at the same location as before (Figure 3). It can be seen from Figure 8 that, although the 
use of the UBA indeed changes the system dynamics, evidenced by the shift of some resonant peaks 
alongside the creations of new ones, these peak reductions, albeit noticeable at some frequencies, are 
marginal compared with Figure 3(a). This is due to the limited wave-trapping and energy dissipating 
capacity of the UBA. With the same amount of damping materials used in both cases, the inherent damping 
of the ABH-RBD well exceeds its uniform counterpart (UBA), due to the superior energy trapping capability 
of the ABH taper. Meanwhile, the ABH-RBD exhibits much richer dynamics in terms of the number of 
modes or natural frequencies. This would increase the chance of creating frequency matching to create 
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effective interactions between the ABH-RBD and the primary beam. Therefore, ABH-specific features are 
vital and essential for the generated broadband vibration control effects. 
It is relevant to note that ABH-RBD seems to be ineffective for some resonance peaks such as the 8th 
resonant peak shown in Figure 3(a). Analyses show that this is due to the attachment location of the ABH-
RBD on the primary beam, which, at this particular frequency, generates no energy transfer from the primary 
beam to the ABH-RBD. In the present case, by moving the attachment location of the ABH-RBD to another 
arbitrarily chosen point, say 80%·L, it can be seen that the 8th resonant peak (circled in Figure 9) can now 
be successfully suppressed. This also implies that multiple ABH-RBDs could be used to avoid this situation, 
and to increases the vibration reductions at the same time. 

4 Experimental results 

Experiments were conducted to provide a qualitative verification of the predicted broadband vibration 
suppression phenomena and the corresponding typical vibration control effects. An ABH-RBD, shown in 
Figure 10, was manufactured by the electro discharge machining (EDM) method. Its total length is 120mm 
with a width of 19mm. The tapered portion has the same length (60mm) as the uniform portion and the 
thickness varies from 3mm to 0.2mm according to the quadratic power-law function (h(x) = εx, + h.). 
The ABH-RBD was mounted to a host beam (500 × 5 × 20mm) through a cuboid connector 
(5 × 4 × 19mm) using a super glue. Both the host beam and the ABH-RBD were made of stainless steel. 
A multi-layered 3MTM F9473PC adhesive tape with a total thickness of 2.08mm was coated over the surface 
of the tapered portion of the ABH-RBD. To further increase the energy dissipation capacities of the soft 
damping material, a liner made of polycoated Kraft is bounded on the outside surface of the damping tape. 
The added weight of the ABH-RBD is 10.2% that of the primary beam. 

 
Figure 10: Experimental set-up 

The primary beam was mounted on a rigid metallic frame with its other end free, mimicking clamped-free 
boundary conditions. The attachment position of the ABH-RBD was 10%·L from the free end of the host 
beam. A periodic chirp excitation was used to excite the primary structure at 60%·L from the free end using 
an electromagnetic shaker. The input force signal was measured by a force transducer (B&K 8203) and 
amplified by a charge amplifier (B&K 2635). A PolytecTM laser scanning vibrometer (PSV 400) was used 
to measure the dynamic responses of the host beam. In addition to the driving point mobility, cross point 
mobility was also measured at 30%·L of the host beam from the free end. 
The measured driving point mobility curves of the host beam with and without ABH-RBD and UBA are 
compared in Figure 11. It can be seen that, when the ABH-RBD is mounted, the resonant peaks of the 
primary system are effectively suppressed over the broad frequency range of interest, except for some 
particular frequencies, which is consistent with the general vibration reduction phenomena predicted by 
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numerical simulations. In particular, typical resonance peak variations, as analyzed above, can also be seen. 
For example, the interaction-dominated peak reduction with the split-up phenomenon can be clearly seen, 
as marked by the first circle in Figure 11(a), as well as some other peaks. Note that this happened without 
particular tuning of the ABH-RBD. Meanwhile, we do observe some peaks, i.e. the second circled peak, on 
which, the ABH-RBD seems to be in-effective, due to the attachment location. Most of peaks, however, are 
reduced around the original resonance frequency owing to either ABH-induced broadband damping 
enhancement, or the combined interaction and damping effect at higher frequencies. The ABH-RBD was 
then replaced by a uniform beam absorber (UBA) with the same total weight, the same thickness (uniform 
portion) and the same damping treatment. It can be seen from Figure 11 (b) that the dynamics of the primary 
host beam are affected, as evidenced by alterations on the mobility curves. Although the added damping 
allows some peak reductions at some particular frequencies, the overall reduction level, however, is 
relatively low as compared with that provided by the ABH-RBD.  

 
Figure 11: Comparisons of the measured driving point mobility of the primary host beam with and without 

(a) ABH-RBD and (b) UBA.  

5 Conclusions 

In this paper, we propose a new type of vibration control device for the broadband vibration suppressions 
of vibrating structures. By capitalizing on the Acoustic Black Hole (ABH) phenomena, the proposed ABH-
featured Resonant Beam Damper (ABH-RBD) embraces the principles of both dynamic vibration absorbers 
and waveguide absorbers. With a relatively simple and easily achievable configuration, the ABH-featured 
add-on device does not require complex parameter tuning in the design process, showing certain robustness 
for accommodating structural variations in the primary structure. 
Using a beam as a benchmark structure, the effectiveness of the proposed ABH-RBD, as well as the 
underlying mechanisms, are demonstrated through numerical simulations and confirmed through 
experimental measurements. It is shown that, the ABH-specific features of the device, in terms of its 
enriched dynamics and enhanced damping, maximizes the structural interaction as well as energy extraction 
and dissipation from the host structure. As a result, broadband vibration reductions can be achieved, by 
using the same ABH-RBD on different primary systems, provided the location of the attachment is properly 
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chosen. Analyses reveal three typical vibration reduction mechanisms. Interaction-dominated peak 
reduction is similar to conventional dynamic absorber. The rich dynamics of the ABH element increase the 
chance of creating better frequency matching with the primary structure, thus promoting more effective 
interactions. The damping-dominated peak reductions are due to the remarkable energy trapping capability 
of the ABH taper, despite the small amount of damping materials used. In the high frequency range, when 
the broadband ABH absorptions are more dominant, the enhanced damping is combined with the interaction 
effect, thus resulting in a significant vibration reduction, manifested by a smoothing and shifting of the 
resonance peaks of the primary structure.   
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Abstract
Acoustic metamaterials rely on sub-acoustic wavelength materials to achieve their unique material
properties. An application of interest requires acoustic metamaterials that are homogeneous but
anisotropic materials. Previous work has demonstrated at least three types of unit cells exhibit
homogeneous anisotropic mass density and homogeneous isotropic bulk modulus. An analysis into
the methods used to characterize the effective material parameters of different unit cells with water
as the background fluid was performed. Nondestructive acoustic excitation techniques were used to
extract the material parameters of different grades of foam to identify use in an acoustic metamaterial
to determine if they exhibited the desired homogeneous anisotropic behavior. Different grades of
foam glass exhibited varying degrees of anisotropic stiffness. The metamaterial unit cell behaved as
expected, demonstrating anisotropic mass density and isotropic bulk modulus.

1 Introduction

Acoustic ground cloaks, which conceal an object on a rigid reflecting surface, utilize a linear coordinate
transformation to map the flat surface to a void by compressing space into two cloaking regions
consisting of a homogeneous anisotropic acoustic metafluid. Previous work has demonstrated that
multiple material solid inclusion metamaterials are possible candidates for use in an acoustic ground
cloak [1]. One of the primary challenges to building an anisoptic metamaterial unit cell is finding
acceptable sub-scale materials with appropriate material properties. For a multiple material unit
cell to be used for in water applications, metal foams are a possible solution. Figure 1 is an Ashby
chart of metallic foams that relates density and Young’s modulus [2]. The light blue circle indicates
the region where a potential foam should be located for use in a dual material unit cell [3]. Clearly,
there are very few potential foams that posses the desired material properties. The primary focus
of this work is to determine if any candidate materials are acceptable for use in a dual inclusion
metamaterial.
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Figure 1: Example Ashby chart for metallic foams plotting Young’s modulus vs density that were
available in 1997. The blue circle indicates the region where a foam should fall with the desired
parameters. Image taken and adapted from [2].
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2 Candidate Materials

In order to create an anisotropic metamaterial that exhibits the desired material parameters for use
in an acoustic ground cloak, a foam inclusion with a density of roughly 160 [kg/m3] and a Young’s
modulus of roughly 500 [MPa] is required [3]. Previous authors have numerically simulated a metallic
foam without actually supplying a specific material. Popa et. al [1] referenced a commercially
available silicon carbide foam from ERG Duocel ® and an unidentified aluminum foam. After
searching commercially available materials, two types of foam were identified as potential candidate
materials. The first was an open cell aluminum foam from ERG Duocel ® [4], seen in Figure 2a,
which comes in three different degrees of porosity. The manufacture reported values that range in
density from 3% to 12% of fully dense aluminum and a Young’s modulus of roughly 100 [MPa].
Secondly, a closed cell glass foam from Pittsburgh Corning [5], seen in Figure 2b, was found with
densities ranging from 115 [kg/m3] to 200 [kg/m3] with a Young’s modulus between 900 [MPa] and
2144 [MPa]. These foams match well for the density requirement, but deviate from the desired
Young’s Modulus. In order to be certain, different gauge samples of each type of foams were tested
to verify the reported material parameters.
Before proceeding, it is worthwhile to discuss a basic assumption for material characterization tests
that foam materials may not explicitly satisfy. The techniques utilized in this chapter require that
the material being characterized is homogeneous and isotropic, which is completely valid for most
solid materials. Foam materials have introduced an additional substance, commonly air or gas, into
the native material. The resulting composite can either form an open cell metallic lattice structure,
as seen for the aluminum foam in Figure 2a, or a closed cell foam with small gaseous inclusions, as
seen for the glass foam in Figure 2b. The question of whether global isotropy is maintained can
create uncertainty in any extracted material parameter values because waves may travel through the
foams differently than a material that has a periodic continuous crystalline structure. Despite the
incertitude of the validity of this assumption, traditional techniques for material characterization
were tried first.
One of the more common techniques used to extract Young’s modulus for a solid material is using
an Instron machine [6]. Instron machines apply compressive and tensile loads at varying degrees of
stress to the material samples. The strain, which describes the material deformation, is measured
at various load stresses and the Young’s modulus is extracted via Hooke’s Law. Utilizing tensile
and compressive load tests on foam materials often fail quickly because the foam materials are not
as strong as traditional metals. Figure 3 contains pictures of the initial attempts to characterize a
foam glass sample. Figure 3a shows the assembly for a tensile test, however, the component quickly

(a) ERG Duocel ® Aluminum Foam (b) Pittsburgh Corning Glass Foam

Figure 2: Photos of the two types of foams tested. Photos from companies websites [4, 5].
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Figure 3: Photos of traditional Instron testing. (a) Glass foam sample in configuration for tensile
load test which failed, as seen in (b), because of fracture at joints. (c) Configuration for compressive
load test.

failed at small stress levels by breaking at the end joint as seen in Figure 3b. Figure 3c is the set-up
for a compressive load test. Unlike the tensile test, the compressive load test was able to provide
an estimate for Young’s modulus, but the test failed because the brittle nature of the glass foam
caused the sample to crumble at the ends. Additionally there was significant variability for samples
of different sizes, creating additional uncertainty in the accuracy of the estimates.
Given the failure of the Instron methods, it was clear that an alternative testing method was needed.
Because the ultimate environment in which these foam materials would be tested is underwater, a
test method that would extract the desired material parameters underwater would be ideal. Two
potential methods for underwater material characterization include a pulse tube test to extract
impedance or a volumetric compression test to extract bulk modulus. The underwater equivalent
of an impedance tube in air, a pulse tube determines the impedance of sample material from the
complex reflection coefficient measured by a hydrophone in a water filled tube. For the volumetric
compression test, a sample of the material is submerged in a sealed rigid walled container. A
determined volume of water is injected into the container, resulting in an increase in the pressure
within the chamber. The bulk modulus of the sample can be calculated from the change in pressure
to the change in volume. Unfortunately, neither of these resources were available at the time of
testing, so a different technique was utilized.

3 Theoretical Background

The technique that was selected for this dissertation leverages the fundamentals of acoustics and
vibrations. When a solid bar is excited by an excitation force, the response will be a superposition of
the natural modes of the system. Depending upon the excitation force, three classes of wave motion
could potentially be excited. Longitudinal waves are compressional waves in which the disturbance
travels parallel to the axis of the bar. Torsional waves exhibit a twist or angular rotation around the
neutral axis of the bar. Flexural bending waves result in a transverse displacement with respect to
the direction of wave propagation. Longitudinal and torsional waves are described by a traditional
second order wave equation while flexural bending waves are described by a fourth order equation of
motion. Any fundamentals of acoustic book contains the derivation of the equations of motion and
natural frequencies for bars with free-free boundary conditions, and the reader is directed there for
more information [7]. For longitudinal waves, the nth natural frequency of a free-free bar is given by

fLn = n

2L

√
Y

ρ
(1)
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where n is the mode number, L is the length of the bar, Y is the Young’s Modulus, and ρ is the
density. For torsional waves, the nth natural frequency of a free-free bar is given by

fT n = n

2L

√
12h2β

w2 + h2

√
Y

2ρ(1 + ν) (2)

where n is the mode number, L is the length of the bar, h and w are the height and width of the
bar cross section, Y is the Young’s modulus, ν is Poisson’s ratio, ρ is the density and β is a constant
dependent upon the ratio of w to h. For all the bars tested, h/w was equal to 1 so β was 0.141.
Finally, utilizing Euler-Bernoulli beam theory, the nth natural frequency of a free-free bar for flexural
bending was is

fF n = πκ

8L2

√
Y

ρ
(2n+ 1)2 (3)

where κ is the radius of gyration κ = h/
√

12, h is the height of the cross section, L is the length of
the bar, Y is the Young’s modulus, ρ is the density, and n is the mode number. For a sample of
unknown material properties, density can easily be calculated from the weight of the sample divided
by the volume. Therefore, knowing the density, the geometry of the sample and the first natural
frequency, Young’s modulus can be calculated from either the longitudinal or flexural bending modes.
Poisson’s ratio can then be calculated from the torsional natural frequency.
Given the dimensions of the beams selected, Timoshenko beam theory would provide a better
estimate for the Young’s modulus for the flexural bending modes because it accounts for the effects
of shear deformation and rotary effects. However, Timoshenko beam theory requires an accurate
knowledge of Poisson’s ratio, which is unknown given the uncertainty of the behavior of the foam bars.
As a result, slight discrepancies in the extracted values of Young’s Modulus exist for those extracted
for longitudinal and flexural bending modes. For the desired purpose of finding an acceptable foam
material for use in a dual inclusion unit cell, the density of the foam material is of more importance
to adjust the anisotropic density tensor components of the overall unit cell. Because the Young’s
modulus of the foam material only affects the effective bulk modulus of the unit cell, Euler Bernoulli
beam theory is sufficient to ensure the foam materials exhibit a Young’s modulus value within an
acceptable range.
When an object experiences an excitation force, such as an impulsive force from an impact hammer,
the structure will vibrate and the vibration will radiate an audible sound. The radiated sound can
be captured with a microphone and the frequency content of the signal can be calculated from
the autospectrum of the microphone signal. Depending upon the location of excitation, multiple
types of vibrational modes will be excited, which will appear as peaks in the sound spectrum.
Properly identifying which peaks in the received spectra correspond to the different types of modes
is essential to accurately predict the material properties of the sample. Fortunately, the higher
modes of longitudinal and torsional waves are related by integer multiples of the fundamentals while
flexural bending modes are related by a (2n+ 1)2 relation. For example, consider a steel bar with
a length of 8.89 [cm] and a square cross section of 1.27 [cm] by 1.27 [cm]. Steel has a density of
7650 [kg/m3], a Young’s modulus of 195 [GPa] and a Poisson’s ratio of 0.28. Figure 4 shows the
frequency of each of the three mode types plotted as a function of mode number. Because there is a
distinct separation in frequency between the fundamentals of each of the mode types, relating higher
modes back to the fundamental is relatively straight forward. The difference in the slopes of the
longitudinal and torsional waves is related to the additional terms in the natural frequency equation
for the torsional wave, specifically the 2(1 + ν) which converts Young’s modulus to shear modulus.
Before applying this technique to foam materials where the response to an excitation is uncertain, a
preliminary test was performed on an additive manufactured steel bar. This bar was selected to
learn more about solid metal deposition’s ability to print fully dense parts in an attempt to leverage
additive manufacturing for other aspects of the project.
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Figure 4: Plot of frequency vs mode number for longitudinal (blue), torsional (orange) and flexural
(green) modes for a 1.27 [cm] x 1.27 [cm] x 8.89 [cm] steel bar.

4 Experimental Procedure

In order to quantify the response of the system, either the vibrations of the bar need to be measured
with an accelerometer or the radiated sound recorded with a microphone. Traditional experimental
modal analysis commonly uses an accelerometer mounted to the surface to measure the vibration.
However, trying to test very light foam samples complicates the measurement procedure because
an accelerometer weighs on the same order or more than the foam bar. Therefore, the boundary
condition for the side with the accelerometer is no longer a free boundary condition and is now a
mass loaded boundary condition. As a result, the equations for the natural frequency of free-free bar
are no longer valid and more complicated equations would need to be derived in order to accurately
extract the material parameters. The alternative approach is to utilize a microphone that is not
attached to foam bar to measure the radiated sound. Because only the frequency of vibration is
desired and not the relative amplitude of vibration, as would be required to determine mode shapes,
using the microphone is a perfectly acceptable alternative to an accelerometer.
Figure 5 shows the experimental set-up for the two excitation locations designed to excite different
classes of wave motion. The set up depicted in Figure 5a is intended to excite the longitudinal waves.
The microphone is oriented parallel to the cross section of the beam while the impact hammer excites
the opposite end of the bar. The second orientation is intended to excite torsional and flexural waves.
As seen in Figure 5b, the impact hammer excites a corner on the top of the bar and the microphone
is aligned with the opposite diagonal corner. Two thin pieces of fishing line are stretched across a
small vice grip and the bar is rested on top of the strings in order to simulate a free free boundary
condition. The fishing line is thin enough that it does not impede the vibration of the bar, and
slightly moving the bar for each impact, so the strings are in contact at different points on bar for
each average, negate any effect on the overall measurement.
The bar depicted in Figure 5 is one of the glass foam samples. All the samples tested were cut to
have the same dimensions of a 1.27 [cm] by 1.27 [cm] cross section and a length of 8.89 [cm]. For
the experiments, a National Instruments 4431 USB data acquisition system was used to acquire
the signals from the PCB 086E80 impact hammer and the half inch PCB 378B02 microphone at a
sample rate of 102.4 [kHz]. An in-house LabView code was used to record the data and calculate
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(a) Longitudinal Excitation (b) Flexural Excitation

Figure 5: Experimental set up for two types of bar excitation: (a) logitudinal excitation and (b)
flexural excitation. The bar is excited with a tap from an impact hammer and the radiated sound is
measured with a microphone either aligned with the long axis (a) or with the opposite corner from
the excitation (b).

the autospectrum of the microphone signal. Figure 6 shows the microphone autospectrum for the
additive manufactured steel bar. Examining the peaks in the longitudinal excitation curve, the most
prominent peak appears at a frequency around 27 [kHz] and corresponds to the first longitudinal
mode. The two lower peaks in the spectrum at 7.3 [kHz] and 18.4 [kHz] correspond to first two
flexural bending wave modes and roughly follow the (2n + 1)2 relation. Examining the flexural
excitation curve, the biggest difference is the lack of the longitudinal peak which is expected because
tapping on the top corner of the bar is less likely to excite a mode that travels along the long
axis of the bar. The absence of the 27 [kHz] peak confirms its correspondence to the longitudinal
mode. An additional peak appears in the spectrum at roughly 16 [kHz] and corresponds to the first
torsional mode. A pair of peaks around 32 [kHz] are the second torsional mode and third flexural
mode respectively. The relations between the peaks aligned well with what the fundamental theory
suggested. Given the dimensions of the bar and the fundamental frequencies of the longitudinal
and torsional modes, the Young’s modulus and Poisson’s ratio of the bar can be calculated. The
density of the bar was measured to be 7653 [kg/m3], 99.4% of the density of solid steel. The Young’s
modulus was calculated to be 179 [GPa] with a Poisson’s ratio of 0.20; both slightly lower than
traditional steel, but within a reasonable range.

5 Metal Foams Results

Having confirmed the ability of the measurement technique to accurately extract the material
parameters of a solid steel sample, the first samples tested were the open cell ERG Duocel ®
aluminum foams. Three samples of aluminum foam were obtained that had a different number of
pores per inch (PPI): 10, 20 and 40. No specific material parameter data is available for foams with
explicit PPI. Figure 7 shows the microphone autospectrum for longitudinal and flexural excitation

Table 1: ERG Aluminum Foam Material Parameter Results

Material Density Young’s Modulus
Longitudinal Flexural

[kg/m3] [MPa] [MPa]
ERG PPI 10 245 247 189
ERG PPI 20 230 268 160
ERG PPI 40 205 245 190
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Figure 6: Microphone autospectrum for logitudinal and flexural excitaitons. The longitudinal,
torsional and flexural modes are labeled. Notice the longitudinal is not present in the flexural
excitation as expected.

of the three different foam grades. Integer multiple peaks are present for longitudinal excitation
for each foam sample and the flexural peaks follow the expected relation. No torsional peaks could
be identified for the aluminum foam bars. Table 1 contains the extracted material parameters for
the metal foam bars. The discrepancy in the Young’s modulus is attributed to Euler Bernoulli vs
Timoshenko beam theory.
Ultimately, the aluminum foam was determined be an unacceptable material because the density
and Young’s modulus were too low, which would result in a smaller effective bulk modulus for
the dual-inclusion unit cell. Additionally, the open cell nature of the foam posed problems for
implementing in an underwater application. Any open cell metallic foam sample would need to be
sealed with some type of wrap to trap the air in order to maintain the density. If water flooded the
cavity, then the material would no longer be less dense the background fluid, negating the ultimate
objective of having an anisotropic density tensor component less than the background fluid.

(a) ERG Duocel ® PPI 10 (b) ERG Duocel ® PPI 20 and 40

Figure 7: Microphone Autospectrum for ERG Duocel ® Foams.
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6 Glass Foam Results

Unlike the open cell aluminum foam, the glass foam materials made by Pittsburgh Corning ®
have significantly more attractive attributes including being closed cell, corrosion resistant, and
impermeable to water. As a result, there is no need to seal the inclusions to maintain the density of
the material. The original application for the glass foam is thermal insulation in both the building
and industrial marketplaces. Five different grades of the foam glass were generously sent by the
manufacturer: FOAMGLAS® ONETM, HLB 800, HLB 1200, HLB 1600 and HLB 2400. Figure 8a
shows photos of two of the foam bars. In addition to different grades, samples of each grade were
sent that were cut from different orthogonal directions from the original source block. Samples
cut from the vertical plane are referred to as up - down, l, and samples cut from a horizontal
direction are referred to as side - side, ↔. Figure 8b shows a diagram indicating the directions the
samples were cut from the source block. Two bars were cut from each combination of foam grade
and orientation for a total of 20 bars. The density of each bar was determined by measuring the
specific bar dimensions and weighing the samples.

Figure 8: (a) Photos of the FOAMGLAS® ONETM and HLB 2400 bars. (b) Diagram indicating the
directions the samples were cut from the source block.

Figure 9 contains the microphone autospectrum for the longitudinal and flexural excitations for
both directions of three grades of glass foam. Figures 9a and 9b show the labeled peaks for the up -
down and side - side orientation of the FOAMGLAS® ONETM sample. Each orientation displays the
attributes expected for longitudinal and flexural waves. However, the torsional peaks do not appear
prominently in the spectra as in the solid sample. Instead there are additional peaks in the spectrum
that do not explicitly follow an integer relation that would indicate a specific mode type. The other
interesting fact is that fundamental frequencies of both the longitudinal and flexural modes of the
two orientations are not the same. For the up - down orientation, the fundamental frequency of the
longitudinal mode is 8.2 [kHz], while for the side - side orientation it is 11.9 [kHz]. The discrepancy
is too large to be accounted for in a small size difference in the length of the bar. Additionally, the
densities for both orientations were the same which indicates that the Young’s modulus of the two
orientations are different. The same trend was seen for all grades of glass foam, as seen in Figures 9c
and 9d for the HLB 800 and HLB 1200 foams respectively.
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(a) FOAMGLAS® ONETM Up - Down (b) FOAMGLAS® ONETM Side - Side

(c) HLB 800 Foam (d) HLB 1200 Foam

Figure 9: Microphne autospectrum of three different grades of glass foam: (a) and (b) FOAMGLAS®

ONETM, (c) HLB 800, and (d) HLB 1200. Longitudinal excitations are plotted in blue and flexural
excitations are plotted in green.
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Table 2 contains the measured density and Young’s modulus calculated from both the longitudinal
and flexural mode theory. No Poisson’s ratio was calculated because it was not possible to determine
which peaks corresponded to the torsional waves. Examining the values in the table it is clear that
the side - side orientations clearly have a higher Young’s modulus than the up - down orientation.
Additionally, the Young’s modulus for the flexural modes is slightly lower than the longitudinal,
which is most likely attributed to the fact that the cross section of the bars were not significantly
smaller than the length as required for Euler Bernoulli theory. Each value was calculated from an
average of the extracted results from at least two individual foam bars.

Table 2: Measured Material Parameters of the Foam Glass

Material Orientation Density Young’s Modulus
Longitudinal Flexural

[kg/m3] [GPa] [GPa]

FG ONE l 101 0.28 0.22
↔ 99 0.62 0.49

HLB 800 l 110 0.34 0.25
↔ 110 0.71 0.59

HLB 1200 l 146 0.60 0.52
↔ 145 1.12 0.94

HLB 1600 l 150 0.48 0.41
↔ 150 1.25 1.08

HLB 2400 l 168 0.78 0.65
↔ 168 0.65 0.57

The primary implications of the results in Table 2 is that the foam glass is inherently anisotropic.
The mostly likely reason for the unexpected anisotropy is traced back to the manufacturing process
of the glass foam. As with most closed cell foam materials, the native substance is heated to a
molten form and then an substance is mixed in causing a reaction which produces tiny pockets of
gas. As the foam cools to room temperature, gravity most likely pulls on the gas bubbles resulting in
ellipsoidal gaseous inclusions rather than perfectly spherical bubbles, which produces the anisotropy.
In order to investigate the anisotropy further, additional samples were cut for the HLB 800 and HLB
1600 grades from both provided orientations. The new samples were cut perpendicular, indicated as
90◦, to the original samples, indicated as 0◦. The supposition is that the side - side samples should
have a significantly smaller difference than the up - down samples and the 90◦ sample for the up -
down orientation should be similar to both side - side orientations.
Figure 10 depicts the results of the longitudinal excitation of the new and old samples of the HLB
1600 foam. As expected there is a slight deviation in the side - side samples and the 90◦ up - down
samples is consistent with the side - side samples. The only outlier is the up - down 0◦ which
supports the notion that gravity created ellipsoidal gaseous inclusions are producing the anisotropy.
More broadly speaking, the glass foam is an orthotropic material because there are planes of isotropy,
as indicated with the red lines in Figure 8b.
The effective material parameters of the dual inclusion unit cell are primarily determined from
the material parameters of the foam inclusion. Specifically the density of the foam controls the y
density tensor component and the Young’s modulus of the foam controls effective bulk modulus.
The objective of this work was to determine whether any of the foam glass materials were acceptable
for use in a dual inclusion inclusion metamaterial. Despite the overall goal of creating an anisotropic
mass density metamaterial, it is important to remember that material for the dual inclusion unit cell
should be isotropic, which some grades of the glass foam clearly are not. Examining the material
values in Table 2, the HLB 2400 glass foam has material parameters close to the desired range
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Figure 10: Microphone autospectrum for the HLB 1600 grade glass foam for logitudinal excitaitons
of orthogonal samples cut from the side - side and up - down orientations.

and a significantly smaller range of anisotropy than the other foams as seen in Figure 11. Because
of the separation in controlling the effective density and bulk modulus, and the overall goal of
demonstrating underwater anisotropic density, it was determined that the deviations of the HLB
2400 grade glass foam were small enough that Young’s modulus isotropy could be assumed. Thus, it
was decided that the HLB 2400 grade glass foam was the best material available for use in a dual
inclusion unit cell.

7 Conclusion

A traditional Instron tensile and compressive load test was unsuccessful at extracting the material
parameters of certain foam materials. Instead an acoustic method was used to extract the Young’s
modulus from longitudinal and flexural modes. Despite the lack of a homogeneous isotropic periodic
crystalline structure, foam materials behaved rather consistently with what the theory suggested.
Between the open cell aluminum foam and the closed cell glass foam, it was decided that the highest
gauge of glass foam was the best option for use in a dual inclusion unit cell. The Young’s modulus
of aluminum foam was too small for the desired application and the challenge of preserving the air
volume posed significant challenges and could potentially create unintended negative effects. Even
though the glass foam is inherently anisotropic, the HLB 2400 had a significantly lower degree of
anisotropy than the other foams and the two components are close enough that the foam could be
considered isotropic.
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Abstract
Double panel partitions with a foam core suffer from a poor sound transmission loss at the mass-spring-mass
resonance frequency. This paper investigates the use of vibro-acoustic resonant metamaterials as a solution to
improve the acoustic insulation performance for this vibro-acoustic problem while adding only 8% of mass
to the complete double panel. To design the metamaterial, unit cell analysis is applied to calculate dispersion
curves and predict the stop band behaviour, while the sound transmission loss is predicted with Heckls model
extended with the equivalent dynamic mass of the metamaterial. The dynamic mass is obtained from the
dispersion curves analysis, which allows to take into account complex and realizable resonator geometries.
The designed metamaterial double panel is realized and its experimentally measured insertion loss shows
a strong improvement around the mass-spring-mass resonance of the original double panel. The predicted
insulation performance agrees well with the measured performance, validating the proposed method.

1 Introduction

Double panel partitions with a foam core are widely used in building applications. Besides offering high ther-
mal insulation, they are lightweight and offer a high sound transmission loss (STL). These kind of sandwich
panels outperform the acoustic mass-law over a wide frequency range. However, due to their configuration a
mass-spring-mass resonance is created at which the two panels resonate on the stiffness of the core material,
resulting in a strongly reduced STL in that frequency range [1, 2]. Classical solutions to address this problem
are mainly based on mass addition or increase the thickness of the core material. This results in a heavy and
bulky structure, which conflicts with the current trend to lightweight design.

Resonant vibro-acoustic metamaterials are a potential novel lightweight solution, be it in a confined and
tunable frequency region [3, 4, 5, 6, 7, 8]. They can be obtained by the addition of resonators to a host
structure on a sub-wavelength scale. This leads to a Fano-type interference around the tuned frequency
of the resonator, creating a stop band frequency region where free wave propagation is prohibited [9, 5].
It is known that resonant stop bands for flexural waves lead to an increased STL in their frequency range
[10, 11, 12]. Since the mass-spring-mass resonance of a double panel partition is confined to a well-defined
frequency range, resonant vibro-acoustic metamaterials are a potential solution [13, 14, 15, 16, 17].

In previous work, the authors applied the metamaterial solution to a double panel partition separated by an
air gap to enhance the STL at the mass-air-mass resonance [17]. To predict the STL of such double panels,
a combination of the Multiple Reflection Theory [18] and the equivalent dynamic metamaterial mass was
proposed and validated. This paper extends this work to double panel sandwich partitions with foam core.
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To predict the STL performance of a metamaterial double panel partition with a foam core, Heckl’s model
[2] is combined with the dynamic mass of a metamaterial [17, 19]. Heckl’s model assumes a locally reacting
core material, which means that no wave propagation is allowed in the core. This model is chosen because
it shows a satisfactory average error below ±5 dB between STL predictions and measurements [20]. It uses
Kirchhoff’s plate theory for two infinite panels coupled by the stiffness of a locally reacting material to
derive the sound power for acoustic plane wave excitation incident at a certain angle [2]. By incorporating
the dynamic mass of the metamaterial in Kirchhoff’s plate theory of the treated panel, Heckl’s model is
extended to predict the STL enhancement due to the stop band effect. Since the equivalent dynamic mass
of the metamaterial is calculated using the stop band limits obtained from dispersion curves analysis, which
are obtained through finite element (FE) unit cell (UC) modeling [19], the proposed method can work with
complex and realizable resonators geometries. Using this method, a metamaterial solution is designed to
target the mass-spring-mass resonance of a double partition panel with locally reacting material core. The
solution is realized and its acoustic insulation performance is experimentally evaluated. The experimental
results validate the proposed method and demonstrate the potential of resonant metamaterials to tackle the
mass-spring-mass resonance vibro-acoustic problem of double panels.

This paper is organized as follows. In Section 2 the double panel is defined. In Section 3 the metamaterial
design is introduced. Section 4 introduces the extension of Heckl’s model with the equivalent dynamic mass
of a metamaterial and discusses the STL performance predictions. In Section 5 the experimental setup used
to measure the sound insertion loss (IL) is explained and the locally reacting material properties and the
measured IL of the double panel partitions are analyzed and compared to the numerical predictions. Finally,
Section 6 summarizes the main findings of this work.

2 Problem definition

A commercially available double panel partition with an A2 (420 × 591 mm) acoustic wetted surface area
is considered. The double panel partition is composed of 4 layers: a 3.3 mm particle board layer which
composes the first panel, a 71.7 mm foam layer, assumed to be locally reacting, and a 15.6 mm plaster layer
in combination with an 3.3 mm particle board layer forming the second panel (Fig. 1).

Figure 1: Double panel partition layers.

The material properties of the particle board and plaster are retrieved through weighing and model updating
[21]. An experimental modal analysis is performed for each material on a 30×250 mm cantilever beam. The
measured mode shapes and natural frequencies are used to update the numerical FE model of each cantilever
beam composed of 300 linear shell elements. The average mismatch in natural frequencies up to 1100 Hz
is 2% for the particle board beam and 0.5% for the plaster beam. The foam core material is assumed to be
locally reacting. Its material properties are retrieved through weighing and curve fitting, where the Young’s
modulus and damping are acquired as detailed in Section 5.2. All retrieved material properties are listed in
Table 1.
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Table 1: Properties of the sandwich panel materials.

Young’s modulus (E) Poisson’s ratio(ν) Density (ρ) Thickness (h) Damping (η)
Particle board 3533.58 MPa 0.13 765.5 kg/m3 3.3 mm /
Plaster 1968.56 MPa 0.2 791.9 kg/m3 15.6 mm /
Foam 5.4 MPa / 16.83 kg/m3 71.7 mm 8.7%

The mass-spring-mass resonance frequency fMKM of the bare panel can be calculated as [2]:

fMKM =
1

2π

√
s

(
1

m′1
+

1

m′2

)
(1)

for normal incidence, where s = Efoam/hfoam, with Efoam and hfoam the Young’s modulus and thickness
of the foam and m′1 and m′2 the masses per area of each panel (Fig. 1). This results in fMKM = 954 Hz for
the bare double panel partition in this study.

3 Metamaterial design

The metamaterial solution is tuned to create a stop band around the mass-spring-mass resonance frequency
of the bare panel at 954 Hz. The resonators are added only to panel 1, since this is the panel with the lowest
mass, which increases the metamaterial effectiveness [5]. The targeted wave types are the bending waves,
since these are acoustically relevant. A mass addition of 50% w.r.t. the particle board panel is aimed for,
which results in a total mass addition of 8% w.r.t. the complete structure.

Table 2: Poperties of the resonator material.

E ν ρ η

PMMA 4850 MPa 0.31 1188.38 kg/m3 2.5%

To create a stop band, the designed mode of the resonator needs to exert a non-zero net force on the host
structure, the resonators need to be added on a sub-wavelength scale and the interaction between resonator
and host structure need to be accounted for. The cantilever beam-like resonator has been proven to fulfil these
conditions [22, 23]. The resonator dimensions are defined to comply with the targeted stop band frequency
region, allowed mass addition, sub-wavelength spacing and interaction between resonator and host structure
(Fig. 2). The resonators are laser cut from a 8 mm polymethyl methacrylate (PMMA) panel. The material
properties of the PMMA are obtained from previous work [22] (Table 2). The resonators are added to the
particle board host structure on a rectangular grid of 40 × 38 mm (Fig. 3). The metamaterial double panel
realisation is then manufactured by adding the resonators to the bare double panel by means of adhesive
bonding (Loctite R© 406).

The stop band behaviour is analyzed using dispersion curves, which are calculated through FE based UC
modeling, using Bloch-Floquet periodicity boundary conditions [24, 25]. The dispersion curves represent
the free wave propagation in the infinite periodic structure consisting of the infinitely repeated single UC in
two dimensions. In this paper, damping is not considered in the UC. Stop bands are identified as frequency
zones where no free wave propagation is found in the dispersion curves along the irreducible Brillouin
contour (IBC) [24].

Since the resonators are added only to the particle board panel, the wave propagation is only studied for that
panel. The UC size corresponds to the 40 × 38 mm grid on which the resonators are added. Two UCs are
modeled:

• A bare particle board UC, modeled with 158 linear shell elements, which serves as a benchmark,
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• A metamaterial UC, modeled with 158 linear shell elements for the particle board host structure and
1028 linear solid elements for the resonator, which is used to define the SB limits.

(a) (b)

Figure 2: The designed resonator dimensions in mm (a) and its out-of-plane bending mode at 1160 Hz (b).

Figure 3: Complete metamaterial double panel (right), metamaterial plate considered in periodic structure
analysis (center) and its representative UC of the upper panel (left).

The dispersion curves are calculated along the IBC, defined in Fig. 4a [26]. While no stop band is obtained
for the bare host structure (Fig. 4b), a stop band for the bending waves is obtained between 962 − 1045 Hz
for the metamaterial UC (Fig. 4c).
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Figure 4: Along the IBC (a) the dispersion curves of the metamaterial UC (c) show a stop band for the
bending waves (red curves) as opposed to no stop band in the bare host structure (b).
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4 Equivalent dynamic mass based STL

This section describes the proposed method to predict the STL of a metamaterial double panel partition with
a locally reacting material core. First, Heckl’s model is briefly described. Next, the dynamic mass of a
metamaterial plate is calculated. Eventually, the proposed method is used to predict the STL of the bare and
metamaterial double panel.

4.1 Heckl’s model

A complete description of Heckl’s model is given in [2]. Heckl’s model is based on the coupling of the
bending wave equations of two plates by a locally reacting material interlayer and uses the continuity of
pressure to derive the sound power transmitted through the panel due to an acoustic plane wave excitation
incident onto the panel at a certain angle. The sound power transmission coefficient τ can be defined as:

τθ =

∣∣∣∣∣∣∣∣

1[
1 − ω2m

′′
1+m

′′
2

2s + jω
m′′1+m

′′
2

2Z

(
1 − Z2+ω2m′′1m

′′
2

s(m′′1+m′′2)

)]

∣∣∣∣∣∣∣∣

2

, (2)

with:

Z = ρ0c0/ cos θ, m′′∗ = m′∗[1 − (k40/k
4
B∗) sin4 θ], k4B∗ = ω2m′∗/B∗, B∗ = [E∗/(1 − ν2∗)]h∗, (3)

where ω is the angular frequency, j2 = −1, k0 is the wave number in air with density ρ0 and speed of
sound c0, θ is the angle of acoustic plane wave incidence , m′ is the mass per unit area and ∗ = 1, 2 denotes
the panel number. For the foam core, a complex stiffness s = Efoam(1 + jηfoam)/hfoam is considered to
include the damping effect with ηfoam the loss factor of the foam. Since the mass-spring-mass resonance
frequency lies far below the coincidence frequency of both panels, the damping in the panels is neglected.

By integrating the transmission coefficient over the angles of incidence, the diffuse field transmission coeffi-
cient τ is obtained using the Paris equation [1]:

τ =

∫ θl
0 τθ cos θ sin θdθ
∫ θl
0 cos θ sin θdθ

, (4)

where θl = 90o is the maximum angle of incidence used in this paper.

4.2 Equivalent dynamic metamaterial mass

Heckl’s model is based on the static mass of both panels. Consequently, it does not include the metamaterial
stop band behaviour. To include this effect, the dynamic mass of the metamaterial panel will be incorporated.

The equivalent dynamic mass of the metamaterial plate is calculated by simplifying the defined UC to a 2
degree-of-freedom (DOF) system using the stop band limits acquired from dispersion curves analysis, as
described in [19, 17]. Consider a 2 DOF system consisting of a host structure mass m1, to which a mass-
spring-damper resonator (m2, k2, c2) is attached. This system, excited by a force F0 atm1, is now simplified
to an equivalent 1 DOF system with dynamic mass m̃ (Fig. 5b) by imposing the equality of the displacements
u1 and ũ1. Solving for the equivalent dynamic mass m̃ gives [27]:

m̃ =
F0

−ω2X1
= m1 +m2




2jζ2ω
ω2

+ 1

1 + 2jζ2ω
ω2

−
(
ω
ω2

)2


 . (5)
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where ζ2 = c2
2
√
k2m2

is the modal damping ratio of the mass-spring-damper resonator (m2, k2, c2) with

natural frequency ω2 =
√
k2/m2.

For the undamped system with ζ2 = 0, m̃ can take negative values between frequency limits ω = ω2 and ωβ ,
at which m̃ = 0 [17]. This negative dynamic mass reflects an observability problem caused by considering
only the first DOF of the 2 DOF system to derive m̃. The frequency region where m̃ is negative corresponds
to the stop band frequency range [27, 28].

(a) (b)

Figure 5: The 2 DOF system (a) is replaced by a 1 DOF system (b) with equivalent dynamic mass m̃ [17].

To apply Eq. 5 to a realizable metamaterial solution, a simplification of the metamaterial solution to a 2 DOF
system is required (Fig. 6). To this end, 4 variables need to be found: ζ2, m1, m2 and ω2. The damping ζ2 is
obtained from the material properties of the resonator (Table 2). By applying conservation of mass, m1 can
be obtained in function of m2 as:

m1 = mHS +mRes −m2. (6)

where mHS and mRes are the mass of the host structure UC and resonator respectively.

Figure 6: Masses of the metamaterial UC compared to the masses of the simplified 2 DOF system.

The two parameters m2 and ω2 are obtained through a comparison of the frequency limits of the negative
dynamic mass obtained from the undamped form of Eq. (5) with the frequency limits of the bending wave
stop band predicted using the dispersion curves along the IBC:

ω2 = ωL,

ωβ = ωU ,
(7)

where ωL and ωU are respectively the lower and upper frequency limits of the predicted stop band. Further-
more, m2 can be obtained by evaluating the undamped form of Eq. (5) at ωU , since m̃(ωU ) = 0. Eventually,
the equivalent dynamic mass m̃ of the metamaterial is calculated as:

m̃ = mHS +mRes +
mHS +mRes

1 − 1

1−
(

ωU
ωL

)2




2jζ2ω
ωL

+ 1

1 + 2jζ2ω
ωL

−
(
ω
ωL

)2 − 1


 . (8)
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4.3 STL predictions

The STL is predicted for the bare and metamaterial case for both normal and diffuse incidence. For the bare
structure, Heckl’s model is applied with the parameters listed in Table 1. For the metamaterial double panel,
Heckl’s model is combined with the equivalent dynamic mass by replacing m′1 with the equivalent mass m̃′

per unit area. The parameters used to calculate m̃′ are listed in Table 3 .

Table 3: Parameters used to calculate the dynamic mass of the metamaterial panel.

mHS mRes ωL ωU ζ2
3.8 g 2.0 g 962 Hz 1045 Hz 2.5 %

For both normal (Fig. 7) and diffuse incidence (Fig. 8), the bare panel shows an STL dip at fMKM , followed
by a an enhanced STL with increasing frequency. For the metamaterial double panel, the predicted STL
shows a strong improvement in the frequency region around fMKM . However, an STL decrease is predicted
for this metamaterial double panel before and after the predicted stop band frequency region. This happens
due to the creation of two new mass-spring-mass resonances in the metamaterial double panel at 748 Hz
and 1118 Hz. These frequencies can be calculated by replacing m′1 with m̃′ in the dynamic mass equation
(1) and filling in the originally predicted fMKM in the frequency term of m̃′, resulting in two new mass-
spring-mass resonances. In conclusion, the metamaterial solution shows potential to improve the STL around
the original mass-spring-mass frequency range due to its tuned stop band effect, at the expense of two new
mass-spring-mass resonances.
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Figure 7: STL prediction for normal incidence for the bare and metamaterial double panel partitions. A
strong improvement is obtained around the bare panel mass-spring-mass with the metamaterial double panel.

5 Experimental validation

This section describes the measurement setup and procedure, followed by a discussion of the IL measurement
results for the double panel partition and the comparison with the corresponding STL prediction to update
the foam material parameters. Eventually, the IL measurement results for the metamaterial double panel
partition are discussed and compared with the corresponding STL predictions by means of the calculated IL
improvement ∆IL.
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Figure 8: STL prediction for diffuse incidence for the bare and metamaterial double panel partitions. A strong
improvement is obtained around the bare panel mass-spring-mass with the metamaterial double panel.

5.1 Test setup

The KU Leuven Soundbox is used to experimentally evaluate the acoustic insulation performance of the
realized panels [29] (Fig. 9). It is composed of 5 reinforced concrete walls and a 35 mm thick aluminum
front wall with A2 aperture, onto which the test specimen is clamped with a steel clamping frame using 52
bolts. Since STL measurements are difficult in such a setup, IL measurements are carried out. IL differs from
STL, because it carries information from the testing environment [29]. The double panel partitions used in
the tests have total dimensions of 860 × 640 mm, since part of this area is used to install the panels on the
KU Leuven Soundbox (Fig. 10). While clamping the panels, care is taken not to compress the foam core due
to excessive torque on the bolts. The panel composed of plaster and particle board is always facing towards
the cavity.

The IL is obtained by measuring the sound power radiated through the open A2 aperture, Wopen, and the
sound power radiated through the A2 aperture closed by one of the panels, Wclosed, due to a loudspeaker
excitation inside the cavity. This allows the IL to be calculated as:

IL (f) = 10 log10
Wopen

Wclosed
. (9)

The sound power is measured using a B&K sound intensity PP probe type 2681 with a spacer of 12 mm,
which allows measurements from 125 Hz to 6300 Hz [30]. To highlight the metamaterial effect the IL
difference ∆IL is also calculated as:

∆IL = ILM − ILB, (10)

where ILM is the IL of the metamaterial double panel, and ILB is the IL of the bare double panel. To
simplify the interpretation of the IL and ∆IL results, they are averaged in 12th octave bands.

5.2 Bare panel results

For the update of the foam material parameters, the diffuse field STL prediction is compared to the measured
IL. Diffuse STL predictions are used since the acoustic field inside the Soundbox around the mass-spring-
mass resonance frequency region resembles a diffuse field rather than normal incidence. The Young’s mod-
ulus of the foam is updated to match the frequency of the measured IL dip of the bare double panel with the
predicted mass-spring-mass resonance STL dip. The damping in the foam mainly controls the STL amplitude
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(a) (b)

Figure 9: IL measurements on the KU Leuven Soundbox are based on measurements of the sound power
radiated through the open (a) and closed (b) aperture, excited by a loudspeaker on the inside (blue circle).

Figure 10: Metamaterial double panel clamped on the KU Leuven Soundbox with A2 aperture.

and slope around this dip [18]. Using a non-linear optimization algorithm in MATLAB R2018a R©(fminunc),
the damping is updated to fit the slope of the predicted diffuse field STL with the slope of the measured IL
around the mass-spring-mass resonance frequency range, from 728 Hz to 1727 Hz. The fit is obtained by
minimizing the standard deviation of the difference between predicted STL and measured IL in 12th octave
bands. The latter facilitates the update by smoothing out the structural modal behaviour of the panel and
acoustic cavity modes in the measured IL.

The predicted normal and diffuse STL amplitudes are higher than the measured IL (Fig. 11). The modes of
the panel and cavity influence the measured IL, causing a mismatch between measurement and prediction
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Figure 11: Measured IL for the bare double panel partition and comparison with the STL prediction for
normal and diffuse incidence, averaged in 12th octave bands.

for frequencies below 400 Hz due to the inherent difference between the IL and STL definition. For higher
frequencies the average error between the diffuse field incidence STL prediction and the measured IL is 5 dB
for frequencies above 400 Hz, which is in agreement with [20].

5.3 Metamaterial panel results

The metamaterial double panel strongly outperforms the bare double panel around the predicted stop band
frequency region, while adding only 8% of mass (Fig. 12). Before the stop band, the metamaterial panel is
outperformed by the bare panel due to its down-shifted mass-spring-mass resonance. After the stop band
both panels have similar IL performance.

To reduce the influence of cavity modes and amplitude difference between predicted STL and measured IL,
the ∆IL (Eq. 10) is calculated. A good agreement between predicted ∆STL for diffuse field and measured
∆IL is found. The predicted ∆STL for normal incidence overestimates the peak performance as well as the
strength of the two mass-air-mass resonance dips. These results both validate the proposed STL prediction
method as well as the potential of the metamaterial double panel solution. In addition, the R-value of both
panels is calculated to obtain a single acoustic performance value [31]. For the metamaterial double panel
an R-value of 22 dB is obtained, which outperforms the bare double panel for which the R-value is 21 dB.

6 Conclusion

Resonant metamaterials are applied to enhance the STL of a double panel partition with a foam core at
its mass-spring-mass resonance frequency, where the untreated double panel suffers from a reduced STL. A
commercially available double panel is used, with an particle board panel at one side and a combined particle
board and plasterboard panel on the other side, sandwiching a locally reacting foam core. Resonators are
designed and added to the particle board panel on one side to create a bending wave stop band in that panel
around the mass-spring-mass resonance frequency of the bare double panel. A method to predict the STL of
such metamaterial double panel is proposed and validated. The metamaterial double panel is realized and its
acoustic insulation performance evaluated experimentally.

The realized structure validates the potential of resonant metamaterials to improve the STL in the frequency
region around the mass-spring-mass resonance for double panel partitions with a locally reacting core mate-
rial. A strong improvement in the measured IL is achieved due to the stop band effect, with a mass addition
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Figure 12: The realized metamaterial panel strongly outperforms the bare panel in the predicted stop band
frequency region (black vertical lines).
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Figure 13: The predicted diffuse field ∆STL accurately predicts the stop band effect on the acoustic insula-
tion performance of the double panel, while the normal incidence ∆STL leads to an overestimation.

to the bare double panel of only 8%. This improvement results in an increase of the single acoustic per-
formance R-value of 1 dB. The good agreement between measurements and predictions also validates the
accuracy of the proposed method to design and predict the metamaterial double wall performance based on
the combination of Heckl’s model with the equivalent dynamic mass of a metamaterial. Since the dynamic
mass calculation relies on dispersion curves obtained from FE based UC modeling, this method allows fast
and accurate predictions for realizable and complex resonator geometries.
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Abstract
Vibro-acoustic metamaterials have shown to be an interesting candidate for improving the noise and vibration
behaviour of lightweight systems. Recent studies have reported this new concept to significantly attenuate
vibration or reduce acoustic transmission for targeted and tunable frequency ranges, referred to as stopbands.
The resonant-based metamaterials can be applied to a wide range of designs and are producible by a variety
of manufacturing process, making their design process a challenging and highly experience driven task.
This paper discusses a design tool for metamaterials which evaluates their NVH performance for several
combinations of designs and production processes. The proposed tool allows to obtain a metamaterial design
based on its predicted NVH performance through the creation of solution spaces. These spaces are generated
considering the main metamaterial performance indicators, such as stopband location and width, vibration
attenuation and transmission loss.

1 Introduction

Increasing customer requirements and more restrictive regulations have driven the Noise and vibration Harsh-
ness (NVH) behaviour into a key design criterion of products and machines. Ecological trends, however,
reduce the applicability of traditional (heavy) NVH solutions. In view of this challenging task of merging
NVH and lightweight requirements, novel solutions are required.

Vibro-acoustic metamaterials have potential to be candidates for superior lightweight NVH insulation, be it
at least in a specific target and tuneable frequency region, referred to as stopbands [1]. These stopbands re-
sult from resonant cells arranged on a subwavelength scale of the host structure on which they are embedded
[2, 3, 4]. Previous papers from the authors explained the resonant based metamaterials working principles,
listed their driven parameters [5] and showed, both numerically and experimentally, the potential for acous-
tic insulation [1, 6] and vibration reduction [7] in a low frequency zone. More recently, tools to predict
transmission loss and vibration attenuation have been developed and validated based on the application of
dynamic mass and the acoustic mass law [8, 9].

This article discusses the introduction of a design tool for these vibro-acoustic metamaterials and is struc-
tured as follows. Section 2 discusses the rationale of the metamaterial concept and describes the numerical
prediction of the stopband behaviour, transmission loss and vibration reduction for a given design. Section
3 and 4 describe the rationale and the implementation of the design tool, respectively. The article ends with
the main conclusions.
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2 Resonant based metamaterials

Metamaterials with stopband behaviour can be obtained through a variety of materials and combinations.
However, two conditions need to be met:

• Resonant cells have to be added to a host structure on a scale smaller than the structural wavelengths
to be influenced [2],

• The net sum of the forces on the hosting structure contributed by a resonant system should be non-zero
[10].

The type of eligible designs for these resonant additions heavily depend on the structure to which the resonant
systems are added. Figure 1 shows a first example of a periodic metamaterial. The host structure is a
rectangular core sandwich panel. The internal cavities of this periodic core sandwich panel allow inclusion
of the resonant systems while the combination of excellent mechanical properties and low mass can be
obtained. For the resonant structure, a design is chosen that resembles a mass-spring system: two thin legs
are used to connect a heavy mass to a host structure (Figure 2). The connection legs will determine the
stiffness while the thick part of the resonator will determine the mass of this resonant structure.

Figure 1: Picture of the acoustic demonstrator as shown via the following link https://youtu.be/
tOch_GsGaXg

Figure 2: Type of resonant structure to be added in a periodic core to obtain stopband behaviour

A second design is shown in Figure 3. The resonant structures, or resonators, are made through laser cutting
of a Plexiglass (PMMA) plate and are designed as cantilever beams with an end point mass, and supporting
feet to glue the structures to a flat surface.
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Figure 3: Resonant structure (blue) to be added to a flat surface (grey) to introduce stopband behaviour

To assess whether the addition of these resonant structures will introduce a stopband, the wave propagation
needs to be investigated. From literature, it is known that wave propagation through infinite periodic struc-
tures can be investigated by means of unit cell modelling [11, 12]. Based on an undamped Finite Element
(FE) model of the unit cell and the application of periodicity boundary conditions, dispersion curves for
freely propagating waves in an infinite periodic structure can be derived. Frequency zones for which no so-
lutions are found, correspond to frequency zones without free wave propagation and thus a stopband region.
Thus, by building a FE model of the unit cell of a metamaterial, both the resonance frequency of the resonant
structure and the dispersion curves can be calculated.

As an example of the effect of these stopbands, Figure 4 shows the vibration levels along different sections
of a metamaterial duct (Figure 5), together with the numerically predicted stopband, for a duct that is excited
at section 0. More details on the design and the measurements can be found in reference [7]. A picture of
the duct itself is shown in Figure 5. The predicted stopband zone clearly corresponds to the zone of reduced
vibrations.

Figure 4: Vibration levels along the duct of Figure 5 with the inclusion of the resonant system design of
Figure 3.
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Figure 5: Picture of the PVC duct with added resonant systems of Figure 3 to induce stopband behaviour.

Figure 6 shows a third example of a metamaterial solution applied to a twin sheet thermoformed panel. In
this case, the resonant system is created by milling slits in the thermoformed panel; the unit cell is shown in
Figure 7. More details and experimental validation of this design, can be found in reference [9].

Figure 6: Thermoformed metamaterial twin sheet panel, produced by Vitalo.
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Figure 7: Thermoforming resonant structure made by the slits cuts in the structure

3 Design tool for vibro-acoustic metamaterials

The existing design process of metamaterials still corresponds to a non-trivial procedure, that requires a num-
ber of design iterations. The stopband frequencies and stopband width depend on design parameters such as
material properties, geometric dimensions of the design, mass addition and resonator spacing. Furthermore,
limitations regarding the possibilities of the production process and boundary conditions of the applications,
e.g. allowable added weight and space, need to be taken into account. In the typically used design process
the resulting metamaterial performance parameters are only obtained at the end of the process (Figure 8),
resulting in an iteration over the design parameters until the required NVH performance is reached.

Figure 8: The typically used metamaterial design process flow

3.1 Design tool approach

The proposed approach focuses on the ability of evaluating the feasible metamaterial designs according to
their expected NVH performance. Therefore, a tool is created which allows to compare different metama-
terial designs, for a given design concept and under specific aplication dependent restrictions, and gives the
best elegible design parameters for the required application.

This tool calculates, for all eligible designs, the metamaterial performance parameters such that the best
suitable design can be selected. The designs can be evaluated based on the following criteria: frequency
range, material, size limitations, type of metamaterial design concept. To ease comparison, the solutions
are mapped onto solution spaces, which show, for a combination of criteria, the best performing designs.
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Different solution spaces for the application can be defined according to customer requirements, such as the
stopband width [Hz], peak transmission loss [dB], expected vibration attenuation per UC decay [dB] and
the target resonance frequency [Hz], with adjustable constraints, such as the resonator mass [kg] and volume
[m3]. A summary for the methodology of the proposed design tool is presented in Figure 9.

Figure 9: Schematic representation of the design tool approach

3.2 Implementation of the Design tool

The design tool allows to generate solution spaces for a chosen resonator design concept and allows to take
into account limitations of the application. In this section, an example of the design tool is presented for the
design concept shown in the Figure 10.

Starting from a chosen design concept, a parametric model is implemented for which the design parameters
can be changed. In the example of this section, this design consists of a 2D cantilever resonator design
extruded to obtain a 3D object. A sketch of the 2D design is shown on left side of Figure 10, and an
isometric view is given at the right side. The design was parametrized according to the design parameters
indicated in the Figure 10.

Figure 10: Dimension parameters related for the metamaterial design concept of the Figure 3.

A Monte Carlo simulation is performed from the parametrized model. Figure 11 shows the iteration process
through the parameters listed as ”C”, ”D”, ”E”, ”F” and ”Thickness” on the Figure 10. The complete iteration
process generates a data set containing the stopband frequencies, transmission loss and vibration reduction
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for all eligible designs for the given concept. The tool then allows to sort the data such that at each point in
the desired solution space the design with the highest selected performance parameter is shown.
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Figure 11: Schemes for the iteration process through the design parameters, (a) Beam parameters, (b) thick-
ness

Depending on the customer constraints and application considerations the solution spaces will be different.
In order to present an example of a solution space, Table 1 shows a set of customer constraints and design
parameters. Figure 12 presents a solution space for the design concept of Figure 10, as a function of the peak
transmission loss, the middle frequency of the stopband and the stopband width. This tool allows to evaluate
the effect of setting certain constraints and to select the design concept obtaining the best performance.

Resonator material Plexiglass
Target frequency [Hz] 750− 850

Peak transmission loss [dB] > 10

Table 1: Design and NVH parameters for the example of the application of the design tool.
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Figure 12: Example solution space obtained for target resonance frequency [Hz], peak transmission loss
[dB], and stopband width [Hz].

Considering the target frequency in Table 1, it is possible to select the desired outcome from the solution
space (Figure 13a), for which then the resulting metamaterial design is shown (Figure 13b). Furthermore,
the results for transmission loss considering a diffusive field and vibration attenuation can be obtained from
the given selection [8] to review if the desired outcome is achieved; Figure 14 shows the results for both.
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Figure 13: (a) Selection of optimal resonator design from solution space, (b) resonator design selected from
the solution space
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Figure 14: (a) Transmission loss for diffusive incidence acoustic field, (b) Structural vibration decay rate in
propagation direction.

4 Conclusions

Vibro-acoustic metamaterials show a high potential as lightweight NVH insulation, be it at least in targeted
frequency ranges, referred to as stopbands. The design of the metamaterial is, however, often experience-
based and requires an iterative process. This paper discusses a design tool to facilitate the design of resonant
metamaterials to improve NVH behaviour. The design tool is based on a parametrized model of a metamate-
rial concept and allows to visualize solution spaces, taking into account the application specific limitations.
This allows the user to select the desired performance, and link it with a suitable design.
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Abstract
Recently the authors proposed a model and related analysis on waves in long-range metamaterials. Nonlocal
elasticity can be produced by several interacting forces acting between particles at long distance, as Coulomb
or magnetic-static forces. The chance of introducing this long-distance forces has a disruptive effect in the
elastic dynamics. In fact, classical elasticity is based only upon closest particles interaction in which short
range-elastic forces act. A particular characteristic of these forces is that they can couple distant structures,
as for example two elastic beams or rods, each made of an elastic support with embedded magnets. The
interaction produces intra-forces and inter-forces that change the dynamics of the coupled structure. This
paper investigates new phenomena that can be observed in such unusual systems, providing a theoretical
framework, as well as numerical simulations.

1 Introduction

Metamaterials represent a rather new science, though extensively studied. The subject involves mainly acous-
tic and electromagnetic metamaterials, for which the atypical refraction index produces uncommon effects
and opens to new technological developments, as the chance to achieve invisible cloaking [1] or holographic
images [2].
The increasing enhancement of additive manufacturing and micro-nanotechnologies [3, 4], and the con-
sequent complex microstructures these materials are composed by, support the achievement of particular
dynamic behaviours, as unusual wave propagation [5] and exceptional dissipation features [6, 7, 8, 9], i.e. all
those phenomena classical dynamic can desribe only by introducing unconventional mathematical models
[10, 11, 12].
In this context, the present work analyses elastic metamaterials and unveils some remarkable effects, namely
superluminal and hypersonic propagation, and negative group velocity, as a consequence of the introduction
of long-range interactions. These new connections, additional to the conventional elastic ones, have the ef-
fect to modify the topology of the interactions and, thus, the dynamic response of the structure.
Long-range interactions have been investigated: in [13, 14, 15, 16, 17], Tarasov presents a mathematical
model, in which nonlocal connections affect the static response of the structure. Zingales in [18, 19, 20, 21]
discusses how the dynamic behaviour is influenced by this type of interactions, but only numerical solutions
confirm his theory. The novelty introduced in our work is the chance to discuss the dynamic response in
terms of analytical solutions. The proposed mathematical model is based on the nonlocal elasticity theory
developed by Eringen, in which several types of long-range connections are investigated. However, even
tough in his study is complete from a mathematical point of view, the effect related to wave propagation are
discussed only in [22].
The present work not only analyses a specific type of long-range interaction, but also provides a thorough
investigation of the different propagation phenomena, suggesting a map of the possible scenarios according
to the intrinsic physical properties of the system. A similar analysis was conducted by [23] and [24], but it is
applied to micro and nano scales only.
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Here, the straightforward approach showed in [25] has been applied to the topic investigated in [26]. The
analysed system is composed by two identical, continuous, unbounded waveguides (twin system), in which
long-range interactions act in addition to the conventional elastic connections. A Gauss-like type of force is
used to model these long-range interactions, and it mimics magnetic coupling. The advantages related to the
application of this type of forces was already demonstrated: they accurately model natural forces and lead
to analytical solution of the equation of motion, since their Fourier Transform has an analytical expression.
A long-range interaction exists within one waveguide, but also in the case of the twin system. Indeed, with
no external connection involved, it can be seen how the two identical rod-like structures are coupled with
each other, thanks to the magnetic interaction only. The mathematical analysis anticipates the existence of
unconventional propagating phenomena, which are confirmed by numerical simulations.

2 Long-range waves and integro-differential equations

In this section, the contribution of long-range forces is considered as additional to the conventional elastic
one.
Let us examine first the interaction between two points, belonging to the same three-dimensional medium.
If their initial configuration is at x and ξ, their mutual force is:

F (x+ u(x, t), ξ + u(ξ, t)) = f(|rs|)rs (1)

where
rs = x− ξ + u(x, t)− u(ξ, t) (2)

and u(x, t) is the displacement in the elastic medium.

The interaction forces are modelled so to have the following properties: i) they guarantee the legitimacy of
the action-reaction principle and ii) they decay with the distance, lim

|r|→∞
f(|r|)r = 0. These assumptions are

conventional for many natural forces as gravitational force, molecular bond, magnetostatic and Coulomb.
Any formulation of the equation of motion, which considers the contribution of these forces, assumes a
non-linear feature, since the ordinary concept of short-range interaction is left aside. If this interaction is
extended from particle-particle to master-cluster or all-to-all and the particle distribution within the medium
is assumed as infinitely dense, the long-range interaction appears as an integral contribution over the entire
domain of the solid. The obtained equation of motion for a continuous, unbounded, three-dimensional elastic
medium is:

ρ utt(x, t) + E uxx(x, t) +

∫

ξ∈R3

f1(|r|)r dV = 0 (3)

The chance to achieve closed form solutions for the problem of equation (3) has been outlined in [25]. The
authors propose a straightforward method to linearise the long-range force with respect to u(x, t)− u(ξ, t),
under the assumption of small deformations. Indeed, as long as the force is in the form F (r) = f (|r|) r, it
can be linearised by using Taylor’s expansion up to the first order, as:

f(|r|)r ∼ (x− ξ) f0 + h0ε+ f0ε (4)

As shown in [25], the first term represents the static antisymmetric component, the other two are the dynamic
components that rule the behaviour of the structure; the former is a second order tensor depending on the
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gradient of the force with respect to the distance, the latter is related to the pre-stress exerted by the long-
range forces.
The resulting equation of motion, for the dynamic component of the displacement only, is:

ρwtt + Ewxx + h̄0 ·w − [h0 ∗w] + f̄0w − [f0 ∗w] = 0 (5)

with clear notation of the symbols (see [25]). The variables are space-dependant.

3 Gauss-like force and one-dimensional approach

The one-dimensional counterpart of equation (5) is here considered, when the long-range interaction force
is assumed to be of a Gauss-like type f(r) = µe−βr

2
. The parameter µ, which can be either positive or

negative depending on whether the actions is attractive or repulsive, controls the intensity of the force. β
rules the length of interaction. [25] enlightens the advantages of using such forces, as they accurately model
natural forces’, and guarantee the achievement of analytical solutions.

According to [25], equation (5) becomes:

ρ
∂2w

∂t2
− E∂

2w

∂x2
− g(x) ∗ w(x) = 0 (6)

This approach discloses closed form analytical solutions, able to unveil propagation properties and phenom-
ena. Indeed, an analytical expression of the dispersion relationship is obtained:

ρω2 − Ek2 +G(k) = 0 (7)

with G(k) = F{g(x)} =
µ

2
√

2β
3
2

k2e
− k2

4β , if

w(x, t) =

∫∫ +∞

−∞
W (k, ω)ej(kx−ωt)dk dω (8)

which leads to:

Ω = ±
√

1− χe−K
2

4 (9)

The resulting propagating phenomena have been clearly exposed in [25].

4 Twin waves

Long-range forces are a useful tool to perform desired and unusual propagating behaviours within a structure.
Furthermore, the same long-range characteristic opens new scenarios in the coupling between structures and
the chance to remotely control some of them arise.
A coupled system, as in Figure 1, consisting of two identical waveguides, is considered. As long as the
mutual distance between the two rod-like structures is smaller than the typical interaction length, the inter-
body forces play a non-negligible role, which effects the equation of motion and the consequent dynamic
behaviour of the overall structure: indeed, the motion of each particle is the result of the actions generated
by both its belonging waveguide and the other one.
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Figure 1: Twin waves model

For this model, it is assumed that i) the cross-interaction depends on the distance between the points P and

Q, |r| =
[
(x− η + εd1)2 +D2

] 1
2 , where εd1 = w1(x)− w2(η), and ii) the motion to be longitudinal only,

which means the components on the x-axis are the non-neglected ones.
The long-range force, according to [25], is:

F (r) = f (|r|) r = f0 · (x− η) + h0εd + f0εd (10)

if the action exerted by the bottom waveguide on the top one is considered, it becomes:

F (r) = µe−β|r0|
2
[
(x− η)− 2β (x− η)2 [w1(x)− w2(η)] + [w1(x)− w2(η)]

D − 2βD (x− η)

]
(11)

If the forces along the z-axis can be assumed overall balanced, only the x component remains.

Fx(x, η) = µe−β[(x−η)2+D2] (x− η)− µe−β[(x−η)2+D2]
[
1− 2β (x− η)2

]
(12)

Only the third term produces a non-null result when the integral is applied and the expression of the long-
range interaction due to the coupling is:

∫

η∈R
µe−βD

2
e−β(x−η)2

[
1− 2β (x− η)2

]
w2(η) dη = −l(x) ∗ w2(x) (13)

This represents the long-range contribution due to the bottom waveguide on the upper one.

Combining equation (6) and (13), equation (3), which represents the dynamics of the top waveguide, be-
comes:

ρ
∂2w1(x, t)

∂t2
− E∂

2w1(x, t)

∂x2
− g(x) ∗ w1(x)− l(x) ∗ w2(x) = 0 (14)

Similarly, the equation of motion for the bottom waveguide is:

ρ
∂2w2(x, t)

∂t2
− E∂

2w2(x, t)

∂x2
− g(x) ∗ w2(x)− l(x) ∗ w1(x) = 0 (15)

5 Insights into the dispersion relationship

If the displacement is assumed as in equation (8), analytic forms of the dispersion relationship can be ob-
tained, with a structure analogous to equation (7).
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For w1(x, t) = ϕ1(x)e−jωt and w2(x, t) = ϕ2(x)e−jωt, the system of dispersion relationships related to the
coupled structure is:

{
−ρ1ω

2Φ1 + E1k
2Φ1 −G1Φ1 − LΦ2 = 0

−ρ2ω
2Φ2 + E2k

2Φ2 −G2Φ2 − LΦ1 = 0
(16)

It is convenient to discuss the problem in terms of the non-dimensional parameters Ω =
√

ρ
Eβω, K = 1√

β
k,

∆ = D
√
β and χ = µ

2
√

2Eβ
3
2

. In [25], it was already underlined the importance of the parameter χ, which

measures the intensity of the long-range interactions, through their corresponding elastic modulus E∗, with
respect to the conventional interactions, represented by the Young’s modulus E.
Since the two waveguides are identical, it is reasonable to assume that the displacements in the two rods is
a function of the same frequency and wavenumber. This means that the dispersion relationships (16) can be
combined in one fourth-order equation, with two couples of solution, here reported:





Ω1 = ±
√
K2 − χK2e−∆2−K2

4 − χK2e−
K2

4

Ω2 = ±
√
K2 − χK2e−∆2−K2

4 + χK2e−
K2

4

(17)

6 Numerical simulations

In [25], it is shown as the parameter χ plays a key role in the dynamic of the one-dimensional waveguide
system, conditioning phase and group velocity and, hence, the overall response. It is revealed the arising of
new phenomena, as superluminal and hypersonic effects, wave stopping and negative group velocity.
We analyse the twin-wave system as extension of the one-dimensional case, aiming at unveiling further
intrinsic properties of the long-range interactions and possibly new and various propagating phenomena.
Therefore, the dispersion relationships are examined as varying with respect to the parameter χ.
Figure 2 shows the trend of the nondimensional dispersion relationship for χ = −50 and χ = 50, with
respect to the conventional D’Alembert waveguide. A unique curve, one for each solution of Ω, describes
the behaviour of the entire system, since the two rods are identical and a single equation contains both
the intra-body and the inter-body long-range interaction contributions. The mutual distance between the
waveguides is set to ∆ = 0.1 and both the positive solutions of Ω are displayed.

For both values of χ, one solution, namely Ω1, produces interesting effects. When the parameter χ is positive,
a region of no propagation appears for low values of the nondimensional wavenumber K. Indeed, for such
values of K, only complex values of Ω1 are obtained. With no chance to damp the divergent contribution of
the solution, the system is subdued to instability. A steep slope closes the unstable band and unveils a narrow
wavenumber region in which the group velocity tends to infinite and superluminal propagation arises, before
the system converges to the D’Alembert model. For negative values of χ, the curve has both a maximum
and a minimum, at which the group velocity vanishes. This means that for positive χ the existence of a
wave-stopping region is proved. Furthermore, while the positive slope implies conventional propagation, the
negative slope reveals negative group velocity. On the other hand, the solution related to Ω2 does not show
remarkable effects. This is due to the destructive combination in the solution between the two long-range
contributions, the one related to the intra-body interactions and the one given by the magnetic coupling,
which causes the annihilation of the long-range effect.
A propagation map is presented in Figure 3. It shows different propagating scenarios, occurring at the
varying of the parameter χ, accordingly with the effects discussed for the dispersion curves. Because of the
aforementioned reason, the map is given for Ω1 only.

Each line is an isofrequency contour. The instability region is surrounded by the superluminal propagation
region; the negative group velocity is delimited by the conventional propagation regimes.
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(a) Positive χ (b) Negative χ

Figure 2: Dispersion relationship

Figure 3: Propagation map

To conclude the investigation, space-time visualization are presented in Figure 4, in which the history line of
the displacement in the both waveguides is displayed. According to Figure 2, at low wavenumbers (Figure 4),
both phase and group velocity are positive. However, the increasing of the wavenumber induces a changing
in the group velocity, which becomes negative and discordant, with respect to the phase velocity.

7 Conclusions

The work here presented shows the effects of long-range interactions on the dynamic of a system composed
by two identical waveguides. These nonlocal interactions mimic a magnetic coupling and act additionally
with respect to the elastic connections.
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Figure 4: Space-time visualization

The mathematical approach is based on the one proposed in [25], in which a Gauss-like force is used to
model the long-range interactions. Its properties have, indeed, the great advantage to produce closed form
solutions for the dispersion relationship.
The analysis is discussed in terms of the nondimensional parameter χ, which provides an esteem of the
strength of the long-range interactions, through their effective Young’s modulus E∗, compared to the con-
ventional ones, represented by E.
Interesting phenomena appear: instability region and superluminal propagation are characteristic effects as-
sociated to the dispersion relationship obtained for positive values of χ; wave-stopping and negative group
velocity are instead related to negative χ. A propagating map summarises all the possible propagating scen-
arios. The space-time visualizations conclude and confirmed what previously observed.
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Abstract
Metamaterials have shown great potential as lightweight and performant vibro-acoustic solutions. Made
from conventional materials, metamaterials exhibit stop band behavior resulting from the dynamic inter-
action between a host structure and its resonant additions on a subwavelength scale. In these stop bands,
metamaterials outperform common vibro-acoustic solutions, beating the mass law. Stop band behavior can
be predicted in the design stage with unit cell modeling, assuming the metamaterial to be an infinite periodic
structure. In any practical application, structures have a finite size and their dynamic behavior is influenced
by the boundary conditions. This paper analyzes numerically and experimentally the interaction of a 1D
finite sized metamaterial with different boundary conditions. The effect of the edge modes on the predicted
stop band behavior is investigated. Two methods are proposed to reduce the influence of edge modes and to
achieve the designed stop band behavior performance also in the finite metamaterial system.

1 Introduction

Combining lightweight design with compact dimensions and performant noise, vibrations and harshness
treatments in a unique solution has driven the research in the vibro-acoustic field over the past decades.
Among novel lightweight vibro-acoustic solutions, locally resonant metamaterials have shown their potential
due to their superior noise and vibration insulation properties, be it at least in some targeted frequency
ranges referred to as stop bands. Vibrational stop band behavior can be achieved by adding elastic resonant
structures to an elastic host structure on a subwavelength scale [1]. Using the unit cell modeling approach
[2, 3, 4], the stop bands are predicted by modeling the smallest representative portion of the infinite periodic
structure, the unit cell (UC), and by applying periodic Bloch-Floquet boundary conditions [5, 6]. However,
in any practical application structures are of finite size. The dynamic behavior of structures is influenced by
their dimensions, defects in the lattice and by the boundary conditions. Therefore, the stop band predicted by
the UC modeling for the infinite periodic metamaterial system may not be preserved in its finite counterpart
and modes with local behavior can occur in the predicted stop band frequency region [7, 8, 9, 10, 11]. These
modes can impair the designed stop band performance, by reducing the frequency range of the stop band
and the attenuation of the vibrations inside. In other cases, these modes that develop also at the interface
matrix-fluid can be exploited to enhance the sound transmission loss of a partition [12]. In order to design
efficient metamaterial solutions for any industrial application, it is important on the one hand to assess to
which extent a stop band, predicted in an infinite periodic system, is preserved in the finite counterpart and
on the other hand to derive guidelines to control these modes.

This paper investigates the interaction of a 1D finite metamaterial beam with different boundary conditions.
In particular, it analyses the influence of the edge modes in the finite metamaterial beam on the width of the
predicted stop band. A numerical analysis and an experimental validation are presented. For the numerical
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analysis, a Finite Element (FE) model describes both the UC of the infinite periodic metamaterial system and
its finite counterpart. UC analysis and modal analysis are used to predict stop band behavior in the infinite
and finite system, respectively. Numerical results show how edge modes reduce the predicted stop band
width in the finite metamaterial system. Two methods are provided to preserve the width of the predicted
stop band in the finite metamaterial system, which regard the tuned frequency and the position of the resonant
structures in the finite lattice. These methods already showed to control the modes in the predicted stop band
observed in phononic crystals [11], in acoustic coating with resonant additions [12] and in locally resonant
structures [9], but they are not used to control the edge modes in resonant metamaterials. The numerical
findings are experimentally validated with a metamaterial system which consists of an aluminum beam as
host structure and beam-like resonators made from polymethyl methacrylate (PMMA) as resonant structures,
as used in previous works [13, 14, 15]. A frequency response function (FRF) based comparison is used to
correlate the experimental results to the numerical results.

This paper is organized as follows: after the introduction, section 2 describes the host structure, the resonant
structures and the metamaterial system. Section 3 discusses stop band behavior in the infinite and finite
metamaterial system, using numerical results from the UC analysis and the modal analysis. In section 4 two
methods are proposed to eliminate edge modes from the predicted stop band frequency range: numerical and
experimental results are presented. The paper ends with the conclusions by summing up the findings.

2 Problem definition

This section briefly describes the host structure and the resonant structures of the 1D metamaterial system.
The UC of the metamaterial system is presented. The numerical results for the infinite system and the finite
counterpart, obtained with the UC analysis and the modal analysis, respectively, are discussed.

2.1 Host structure

The host structure of the 1D metamaterial system consists of an aluminum beam of rectangular cross-section
30 x 2 mm and length 1080 mm. The combination of material and dimensions of the host structure is chosen
to have a flexible system with pronounced modal behavior at the low-frequency range below 1000 Hz.
The material parameters of the host structure are obtained from a rectangular sample of dimensions 276 x
563 x 2 mm, cut out from the same panel from which the host structure is constructed. The density is re-
trieved through a weight measurement, while the Young’s modulus, Poisson’s ratio and structural damping
are obtained based on the correlation between the mode shapes retrieved with a FE model and the experimen-
tally measured mode shapes. The FE model is modeled in NX Nastran 12 with 9729 linear CQUAD4 shell
elements [16] and free boundary conditions. The sample is tested for freely suspended boundary conditions
and a roving hammer approach and one lightweight accelerometer, type PCB 352A24 and weight 0.8 g, are
used. The retrieved material properties are reported in Table 1. The difference between the mode shapes
numerically calculated and experimentally retrieved is less than 1%.

Young’s Modulus Poisson’s ratio Density Structural damping
68.07 GPa 0.325 2690.2 kg/m3 0.25%

Table 1: Material parameters of the aluminum host structure.

2.2 Resonant structures

The resonance based stop band relies on Fano-like interference [17]. Therefore, stop band behavior is ob-
tained when the resonant structures are added onto the host structure on a scale smaller than the structural
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wavelength that propagates in the host structure at the tuned frequency of the resonators [18]. Moreover, the
net sum of the forces of the resonant structure on the host structure should be non-zero [19]. To meet these
two requirements, the resonator geometry has a similar design as the one used in previous works [13, 14, 15],
which consists of a cantilever-like beam and an end point mass. The geometry is shown in Figure 1.

The resonant structures are made by laser cutting PMMA. The material properties of the PMMA are the

(a) (b)

Figure 1: Geometry of the resonant structures. (a) Side view. (b) ISO view. The dimensions are given in
mm.

same as used in [13] and they are reported in Table 2. The method to retrieve the material parameters can be
found in [13, 15]. The resonant structure is designed to have an out-of-plane mode at 800 Hz. An FE model
of the resonant structure is used to predict the resonance frequency. The numerical model consists of 472
linear CHEXA8 solid elements [16] and clamped boundary conditions applied at the base of the resonant
structure. As in previous works [13], the resonance frequency of the produced resonators is retrieved by at-
taching them on a shaker and measuring the velocity at the tip of their end point mass using a Scanning Laser
Doppler Vibrometer (SLDV). A set of 35 resonators is measured of which a subset of 18 resonators is cho-
sen. These resonators are chosen in order to have the Root Mean Square (RMS) average of their resonance
frequencies of 800 Hz with a spread of ± 0.9%.

Young’s Modulus Poisson’s ratio Density Structural damping
4.85 GPa 0.31 1188.4 kg/m3 5%

Table 2: Material parameters of the PMMA resonant structures.

2.3 Metamaterial configuration

The resonant structure is added onto a UC of dimensions 60 x 30 mm, in order to be subwalength at 800 Hz
and to achieve stop band behavior. The resonant structures are attached on the host structure with superglue
as shown in Figure 2. Each resonant structure adds about 22% of mass to the UC.
The FE model of the metamaterial UC consists of 210 linear CQUAD4 shell elements for the host structure
and 472 linear CHEXA8 solid elements for the resonant structure. The finite metamaterial beam consists of
18 UCs repeated along its longitudinal axis.

3 Stop band behavior in infinite and finite structure

In this paper, stop band behavior in the infinite structure is predicted using UC modeling in combination with
Bloch-Floquet periodic boundary conditions. An undamped FE approach is used to model the UC to describe
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(a) (b)

Figure 2: Geometry of the UC assembly made by host structure and resonant structure. (a) Side view. (b)
Top view. The dimensions are given in mm.

the wave propagation in 1D waveguide systems [4, 5, 6]. The wave propagation direction for the analyzed
1D waveguide is along the longitudinal axis of the beam, as sketched in Figure 3(a). The dispersion diagram
in Figure 3(b) shows the results from the UC analysis. A distinction among the curves in the dispersion
diagram is made based on percentage of the out-of-plane versus the in-plane motion of the host structure.
The waves with an out-of-plane motion greater than 80% with respect to the in-plane motion are considered
bending waves and they are indicated in red; all the curves in blue color indicate in-plane, longitudinal and
torsional waves. A stop band for the bending waves opens up between 685 Hz and 815 Hz, as indicated by
the gray shaded area in Figure 3.

(a) (b)

Figure 3: (a) Sketch of the UC with the resonant element in the reciprocal wave space. (b) Dispersion
diagram for the analyzed UC. The horizontal axis represent the real value of propagation constant µ and the
vertical axis represents the frequency. The gray shaded area indicates the stop band frequency range for the
bending waves.

Stop band behavior in the finite metamaterial system is identified with modal analysis. The natural frequen-
cies of the finite metamaterial system are calculated applying the following boundary conditions:

• simply supported (SS): fixed translations and free rotations. For SS boundary conditions, it is known
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that the natural frequencies of the finite structure sample on the dispersion curves of the corresponding
infinite periodic structure [20, 21, 22].

• clamped-free (CF): fixed translations and rotations at the left hand side and free translations and rota-
tions at the right hand side. The orientation of the UC in the finite metamaterial system is in accordance
with Figure 2. These boundary conditions are chosen because of their extreme kinematic character-
istics among the other boundary conditions: no degrees of freedom (DOF) constrained for the free
boundary conditions and all the DOF constrained for the clamped boundary conditions.

Figure 4(a) shows the natural frequency distributions for the finite metamaterial beam with SS and CF bound-
ary conditions. For both the SS and CF boundary conditions the natural frequencies mainly lay in the pass
band frequency range, with exception of few modes in the predicted stop band frequency range, the latter
indicated by the red lines. In the SS case, these modes are torsional, therefore they are not affected by the
stop band, which is designed to target the bending waves, as shown in Figure 3(b). In the CF case, besides
the torsional modes, two bending modes occur in the predicted stop band. These modes develop from the
edges, where they have the highest amplitude and they decay rapidly with the distance from the edge, as ob-
served in Figure 4(b). For their mode shapes, a distinction is made between these two modes. The mode that
develops from the clamped boundary conditions, thus named clamped edge mode, has an in-phase motion
of the resonator with respect to the host structure. The mode that develops from the free boundaries, thus
named free edge mode, has an out-of-phase motion. Because of the presence of the edge modes, the stop
band width in the finite metamaterials system with CF boundary conditions is smaller than the one predicted
by the UC analysis, whereas for the SS case, the stop band in the finite case coincides with the predicted one.

The bending modes of a SS beam can be described by using only the propagating solutions of the beam
equation [23]. The undamped UC model indicates in which regions no freely propagating waves are found,
and therefore the modes of SS beam will not lie in a stop band [24]. For all the other boundary conditions,
the decaying waves together with the propagative waves are solution of the equation of motion of the beam.
Therefore, due to the set of propagative and decaying waves that satisfies the CF boundary conditions, edge
modes are present in the predicted stop band. This effect is described by other authors as lattice symmetry-
breaking, which occurs when a discontinuity in the lattice due to defects [10] or free boundary conditions in
phononic crystals [11] breaks the periodicity in the infinite periodic structure.

4 Elimination of edge modes from the predicted stop band

The results in section 3 shows that stop band behavior, predicted with the UC modeling, may be affected
by the boundary conditions in the finite metamaterial system. Two methods are proposed in this section, in
order to preserve the predicted stop band width and the attenuation of the vibration at its inside also in the
finite metamaterial system.
In the first method the tuned frequency of the edge resonators is varied; in the second method the position of
the resonators in the lattice is changed. Numerical results and experimental validations are presented.

4.1 Variation of the tuned frequency of the edge resonators

Edge modes are localized modes at the boundary of the finite metamaterial system, as observed in Figure
4(b) and described in section 3. These modes can be controlled by varying locally the mechanical properties
of the finite metamaterial system, as proposed in [11, 12]. In this case study, the resonance frequency of
the edge resonators is varied with the aim to eliminate the edge mode in the predicted stop band frequency
range. This method may be used when there are constraints on the position of the resonant structures during
the manufacturing process of the metamaterial system.
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Figure 4: Numerical results from the modal analysis on the SS and CF metamaterial beam. (a) Natural
frequency distribution for the finite metamaterial system with SS and CF boundary conditions (b) Mode
shapes of the modes in the predicted stop band frequency range.
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4.1.1 Numerical parameter investigation

Figure 5: Natural frequency distribution of the CF metamaterial beam with different tuned frequency of
the edge resonators. (Left) Variation of the tuned frequency for the clamped edge resonator only. (Right)
Variation of the tuned frequency for the free edge resonator only.

A numerical parameter investigation is performed to determine the influence of the resonance frequencies of
the resonators at the edge of the host structure on the edge modes of the entire system. In order to perform a
fast parameter study, only the Young’s Modulus of the resonators at the edge is varied, keeping the geometry
of the resonators and the other material properties unchanged. In reality, geometry variation influences
both the mass and the stiffness of the resonant structure. However, the approach used in the parameter
investigation provides reliable results for small variations of the geometry that leads to a negligible mass
variation with respect to the stiffness variation.
The Young’s Modulus is varied between 3e9 GPa and 7e9 GPa with a step of 0.2e9 GPa. A modal analysis is
run for every configuration. In order to highlight the effect on the modal response of the metamaterial system
in the stop band due to the variation of the tuned frequency of the edge resonators, the analysis is performed
separately once for the clamped and once for free edge resonator, while keeping the Young’s Modulus of the
other constant as reported in Table 2. The results of the parameter investigations are shown in Figure 5.
By varying the frequency of the clamped edge resonator, the frequency at which the clamped edge mode
occurs is strongly affected, while the other modes inside the stop band remain almost unaffected. The same
behavior is observed for the free edge resonator. For the clamped edge resonator, a lower tuned frequency
with respect the original one makes the clamped edge mode occur outside the predicted stop band frequency
range, below its lower bound. It can also be observed that, when the tuned frequency is below 650 Hz, the
clamped edge mode starts occurring again in the predicted stop band from its upper bound in combination
with an additional torsional mode, which was not present in the original configuration.
For the free edge resonator, a higher tuned frequency as well as a lower tuned frequency with respect to
the original one moves the free edge mode outside the predicted stop band frequency range. However, for
low tuned frequencies, no modes are present in the stop band only for a narrow range of values of tuned
frequencies, which goes from about 630 to 670 Hz. Therefore, for such low tuned frequencies a good
precision in the production of the manufactured resonators and of the entire metamaterial system is required
to avoid edge modes in the stop band. Below 630 Hz the free edge mode and an additional torsional mode
appears again in the predicted stop band from its upper bound, as observed for the clamped edge resonator.

Based on the results of Figure 5, two new resonator designs are made with a small variation in the beam-like
body of the original resonator design: the clamped edge resonator is designed to have a resonance frequency
of 663 Hz and the free edge resonator of 913 Hz. The free edge resonator is chosen to be tuned to a higher
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frequency rather than a low frequency in order to have a more robust design for the reasons stated in the
previous paragraph. Figure 7 shows the natural frequencies distribution for the CF metamaterial system in
original and optimized configuration, the latter is the configuration with the edge resonators from Figure
6. In the CF optimized configuration, the torsional modes remain unaffected by the variation of the tuned
frequency of the edge resonators, as observed already in the Figure 5. The clamped edge mode is no longer
present in the predicted stop band, while the free edge mode occurs right below the upper bound of the
predicted stop band.

(a) (b)

Figure 6: (a) Dimensions of the clamped edge resonator. (b) Dimensions of the free edge resonator. The
dimensions are given in mm. The dimensions changed with respect to the original design are indicated by
the red box.
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Figure 7: Natural frequency distribution for the CF metamaterial beam in original and optimized configura-
tion.

4.1.2 Experimental setup

The manufactured metamaterial beam is clamped with a heavy clamp of about 15 kg to a rigid aluminum
wall as shown in Figure 8. Impact test with hammer excitation is used to excite the metamaterial beam. The
vibration response of the system is measured with a Polytec PSV-500 Scanning Laser Doppler Vibrometer
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(SLDV). The response of the system is evaluated over 57 points in 19 sections of 3 points each, 1 at the
center and 2 at the side of the section, which are located at the edge of each UC. The first section is located
close to the clamped boundary, whereas the last section is located at the free boundary. In order to excite
both the edge modes and the least the torsional modes in the metamaterial beam, two different excitation
locations are chosen: the center point of the first section and the center point of the last section. The RMS
value of the Frequency Response Function (FRF) velocity/force RMS v

F
is calculated per frequency across

the response points, as expressed by equation (1):

RMS v
F
(ω) =

√√√√ 1

N

N∑

i=1

∣∣∣∣
vi
F
(ω)

∣∣∣∣
2

, (1)

where ω is the frequency, vi
F (ω) indicates the FRF velocity/force per response point and N is the number of

response points.

Figure 8: Experimental setup of the CF metamaterial beam. The first and the last measurement sections are
indicated.

4.1.3 Experimental and numerical results

Two different configurations of the metamaterial system are tested: the original configuration with all the
resonators tuned at the same tuned frequency and the optimized configuration with the new design of the edge
resonators shown in Figure 6. The experimental FRFs are correlated with the numerical FRFs calculated in
NX Nastran 12 using SOL108 direct frequency response analysis [16]. Figure 9 compares the experimental
and numerical results for the original and optimized metamaterial configurations.
In the original metamaterial configuration, the pronounced peaks in the predicted stop band indicate the
location of the edge modes and they are well captured by the numerical and experimental results. The small
peaks at 717 Hz and 751 Hz are caused by the torsional modes, which are slightly excited during the test.
For the excitation at the clamped edge (Figure 9(a)), the edge mode location measured is at higher frequency
with respect to the one simulated. This shift can be attributed to the scatter in the resonance frequency of the
manufactured resonator and to the accuracy in the position of the resonator from the edge, given that the edge
modes are highly sensitive to both the variation of the tuned frequency, as shown in Figure 5, and the position
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from the edge, as demonstrated in the following section 4.2. For the excitation at the free edge (Figure 9(b)),
the free edge mode location measured is in good agreement with the one calculated numerically.

Comparing the original and the optimized configuration, one can observe that in the latter the peaks are
moved from the predicted stop band and the range of attenuation coincides with the designed stop band
width. The clamped edge mode shifts below the lower bound of the stop band, whereas the free edge mode
moves right to the upper limit of the stop band, as predicted. After the upper bound of the stop band, the
optimized configuration has a higher vibration response with respect to the original configuration, due to the
redistribution of the modes in that frequency range.
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Figure 9: Comparison numerical and experimental FRF for the CF metamaterial beam in original and opti-
mized configuration. (a) Excitation in section 1 at the clamped edge. (b) Excitation in section 19 at the free
edge.

4.2 Variation of the position of the resonators in the finite metamaterial system

Section 4.1 demonstrates how the variation of the mechanical properties of the edge resonators can influence
the edge modes. In this section, the position of the resonators in the UC in the finite metamaterial system is
varied to eliminate the edge modes from the predicted stop band frequency range. In order to preserve the
periodicity in the finite metamaterial system, all the resonant structures are moved along the axis of the beam
in x direction according to Figure 10(a). On the one hand the stop band predicted by the UC analysis is not
affected by moving the position of the resonant structure along the axis the beam, since it is calculated for an
infinite periodic system, on the other hand the stop band for the finite metamaterial system may be strongly
dependent from the position of the resonant additions, as also stated in [9, 11]. This method can be used
when there are no constraints on the position of the resonant structure for the manufacturing process of the
metamaterial system.

4.2.1 Numerical parameter investigation

The FE model of the finite metamaterial beam is used to study the sensitivity of the edge modes with respect
to the position of the resonant structures in the UC. The results are shown in Figure 10(b). The same
resonators of Figure 1 are moved in positive x-axis direction with a step of 2.5mm. The position of the
resonator in the UC is referred to the center of its base, indicated by the red dot in Figure 10(a). One can
observe that both the clamped and the free edge modes do not occur anymore in the predicted stop band
when the resonant structures are located far from the left edge of the UC. According to the chosen reference
system, this results in a configuration with the edge resonators far from the clamped edge and close to the
free edge.
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Figure 10: Numerical results for the variation of the position of the resonators in the UC. (a) Sketch of three
different positions of the resonators in the UC. The red dot indicates the center of the base of the resonator.
(b) Natural frequency distribution of the CF metamaterial beam with respect to the position of the resonator
in the UC. The position of the resonator in the UC refers to the red dot in (a).

4.2.2 Experimental validation

The experimental validation of the numerical results are made for the metamaterial configuration with the
resonant structure at the center of the UC. The center of the base of the resonator is moved from 16 mm from
the edge, as in the previous configuration, to 30 mm from the edge. This configuration is chosen based on the
results in Figure 10(b). The picture of the manufactured configuration is shown in Figure 11. The excitation
and the response locations are the same used in section 4.1.

Figure 11: Manufactured CF metamaterial beam with resonant structures in the center of the UC.

4.2.3 Experimental and numerical results

As for the previous section, experimental tests and numerical analysis are carried out and compared in Figure
12. The original metamaterial configuration with the resonator at the side of the UC used in the section 4.1
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is compared with the metamaterial configuration with the resonator in the center of the UC. The peaks in
the predicted stop band are no longer present in the configuration with the resonator in the center of the UC.
The clamped edge mode shifts to below the lower bound of the stop band and the free edge mode shifts to
above the upper bound of the stop band, as predicted. Moreover, the vibration response after the stop band
is lower than the optimized configuration presented in section 4.1, although both of the configurations have
no edge modes in the predicted stop band frequency range. Therefore by choosing an optimal location of
the resonant structures in the finite metamaterial system the stop band width designed is maintained and the
attenuation outside the stop band may be also improved.
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Figure 12: Comparison numerical and experimental FRF for the CF metamaterial beam with the resonators
at the side and in the center of the UC. (a) Excitation in section 1 at the clamped edge. (b) Excitation in
section 19 at the free edge.

5 Conclusions

This paper investigates the effect of boundary conditions on the stop band width in a finite 1D metamaterial
beam. Edge modes in the finite metamaterial system show to reduce the stop band width predicted by the
UC analysis. Two methods are proposed to preserve the stop band width for which was designed. The
first method consists in varying the resonance frequency of the edge resonators and it may be adopted when
there are manufacturing constraints on the position of the resonant structures. The second method consists
in varying the position of the resonators in the lattice by retaining the periodicity and it may be used when
there are no manufacturing constraints on the position of the resonant structures.

For both methods, a numerical parameter analysis studies the sensitivity of the edge modes with respect to
the resonance frequency of the edge resonators and their position in the lattice. Both methods demonstrate to
be effective for the elimination of the edge modes from the predicted stop band frequency range. Moreover,
an optimal position of the resonators in the lattice provides also an improved attenuation outside the stop
band with respect to the configuration with the edge resonators tuned at different resonance frequencies.
Experimental results are carried out on the manufactured metamaterial beam. The experimental results are
in good correlation with the numerical results and confirm the numerical findings.
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Abstract 
Structural design, with respect to lightweighting, is required to reduce the environmental burden. However, 

typical lightweighting requirements conflict with the noise and vibration (NV) performance. To satisfy 

both a combination of lightweighting and NV performance, vibro-acoustic metamaterials are being 

investigated as innovative alternatives. These metamaterials have wave filtering characteristics, referred to 

as bandgaps, which are caused by structural periodicities. To apply vibro-acoustic metamaterials for 

engineering applications, it is important to adequately address the finite periodic structures. 

This paper presents an analytical model of wave transmission to determine the bandgaps of finite periodic 

structures. To understand the formation mechanism of these band gaps, we employ a one-dimensional 

waveguide for modelling, and show block diagrams of elastic wave propagation inside periodic structures. 

Finally, the finite periodic structures are optimized to minimize the transmission ratio of elastic waves. 

 

1 Introduction 

Structural design, with respect to lightweighting, is required to reduce environmental burden. However, 

typical lightweighting requirements conflict with the noise and vibration (NV) performance. It is a 

challenging task to satisfy the combination of lightweighting and the NV performance. To effectively 

address this trade-off problem, vibro-acoustic metamaterials have been investigated as an innovative 

lightweighting approach. These metamaterials have elastic wave filtering characteristics referred to as 

bandgaps, which are formed by structural periodicities. By applying the metamaterials for vibration 

transfer path, it is possible to reduce sound radiation using less additional mass. 

Mathematical analysis methods to obtain the bandgaps of periodic structures are well-established. For 

example, it was reported that the bandgaps could be obtained from a unit cell by assuming a periodic 

boundary condition and Bloch’s theorem [1]. Based on this method, the effects of the structural 

periodicities on the formation of the bandgaps were investigated [2]. In addition, Claeys et al. investigated 

changes of the bandgaps caused by the distribution of local resonators in a unit cell [3]. In this way, the 

formation mechanism of the bandgaps was researched in detail. However, these studies assume periodic 

boundary conditions. Thus, they are only appropriate for structures with finite and exact periodicities.  

On the other hand, it is important to consider finite periodic structures to apply vibro-acoustic 

metamaterials to engineering products. Furthermore, it is known that varying the structural parameters of 

unit cells improves NV performance. For example, Reichl et al. demonstrated that the vibration response 

of one-dimensional (1D) metamaterials with heterogeneously distributed local resonators could be reduced 

relative to those with homogeneously distributed local resonators using H2 norm related to the area under 

the frequency response function of a lumped mass model [4]. Furthermore, Ba’ba’a et al. noted that the 

bandgaps of finite lumped metamaterials are related to the poles of the transfer function [5]. These studies 

indicate that it is important to consider varying the structural parameters of unit cells for optimization of 

bandgaps. 
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This paper presents an analytical model of wave transmission to obtain bandgaps of finite periodic 

structures with unit cells of varying structural parameters. To understand the formation mechanism of 

bandgaps, we adopt 1D waveguides for construction of the analytical model and provide block diagrams 

of elastic wave propagation inside the periodic structures. Furthermore, we optimize the distribution of the 

structural parameters to extend the frequency ranges of bandgaps based on the present model. 

In Section 2 of this paper, the analytical model of wave transmission is presented, and the model is 

expressed as a block diagram. In Section 3, the model is verified by comparing the wave filtering 

characteristics to the dispersion curve obtained using a method based on Bloch’s theorem. In Section 4, 

the parameters of the present model are optimized to minimize the transmission ratio. Finally, the 

conclusions of this paper are highlighted in Section 5. 

2 Modelling elastic wave propagation in 1D structure 

This section outlines the analytical model used to obtain the bandgaps of finite periodic structures. 

Furthermore, the model is expressed as a block diagram to better understand the formation mechanism of 

the bandgaps. 

2.1 Block diagram model 

Firstly, the transmission matrix of an element is formulated as shown in Figure 1. 

 

 

Figure 1: Definition of transmission, reflection and propagation matrices 

 

The relationship between the incident and reflected waves at the left discontinuity of the element is 

expressed as follows: 
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where ,R I

i ia a are vectors of amplitudes of the reflected and incident waves,
D

i
R  is the reflection matrix as 

expressed in Equation (2). 

  
1

1, 1,

D R R L R

i i i i i i i i i i i i i


 

     R R T I G R G R G R G T . (2)   

In addition, a block diagram of wave reflection is expressed as shown in Figure 2. 

 

 

 

Figure 2: Block diagram of wave reflection (one element) 

 

Next, the relationship between the incident and transmitted waves at the element is expressed as follows: 

 E

T i I

i ia T a , (3)   

where 
T

ia is a vector of amplitude of the transmitted  wave, E

i
T  is a transmission matrix as expressed in 

Equation (4). 
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   T T I G R G R G T . (4)   

In addition, a block diagram of wave reflection shown in Figure 3. 

 

 

 

Figure 3: Block diagram of wave transmission (one element) 

 

Based on the above formulation, wave transmission of the periodic structure (Figure 4) is defined.  

 

Figure 4: Block diagram of wave transmission (N elements) 
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Reflection at the left discontinuity of i-th element is expressed as follows: 

 D

R i I

i ia R a , (5)   

where 
D

i
R  is a reflection matrix shown in Equation (6). 

  
1

1, 1 1 1,

D R D L D

i i i i i i i i i i i i i


   

     R R T I G R G R G R G T . (6)   

A block diagram of the reflection is shown in Figure 5(a). The reflection matrices D

i
R (i = i+1, …, N) are 

nested functions. Using these reflection matrices, transmission from the i-th to the N-th element can be 

expressed as follows: 

 NT i I

N ia T a , (7)   

where 
Ni

T is a transmission matrix as expressed in Equation (8). 
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A block diagram of the wave transmission is shown in Figure 5 (b). If 
1 1( )i i i i i

L D

 

  I G R G R G  is 

replaced as expressed in Equation (9), the block diagram can be simplified as shown in Figure 5 (c). 

 1 1

L D( )i i i i i i 

   C I G R G R G . (9)   

As shown above, wave transmission of the periodic structures can be expressed by a repetition of T (the 

transmission matrices of each discontinuity) and C (the matrices of wave loop in each element). 

 

 

(a) Block diagram of wave reflection 

 

(b) Block diagram of wave transmission 

 

(c) A simplified block diagram of wave transmission 

Figure 5: Block diagrams of transmission and reflection of the periodic structures 
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2.2 Transmission, reflection and propagating matrices 

The transmission, reflection and propagating matrices are defined using analytical solutions of flexural 

waves based on Euler-Bernoulli beam theory [6]. The generalized displacement and internal force vectors 

w and f are defined as follows: 

  
T

v w ,  
T

m ff , (10)   

where, v , θ, m and f are the displacement, slope, moment and force, respectively. The relationship 

between these vectors is defined as follows: 

 

  

  

    
    

     

w Ψ Ψ a

f Φ Φ a
, (11)   

where a is the wave amplitude vector, Ψ represents the displacement matrices as expressed in Equation 

(12), and Φ  represents the internal force matrices as expressed in Equation (13). The subscripts + and – 

indicate the positive and negative deflection of wave propagation, respectively. 
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Φ , (13)   

where kb is wave number of the flexural wave as expressed in Equation (14). 
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where ω is frequency, E is Young’s modulus, A is the cross-sectional area, and ρ is the mass density. The 

propagating matrix can be expressed using the wave number, as follows. 
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where l represents the length of the beam element. The displacement continuity and force equilibrium 

conditions are expressed as follows: 

 
A Bw w , (16)   

 
A Bf f . (17)   

The reflection and transmission at a discontinuity of the beam shown in Figure 6 are defined as follows: 

 
A A

 a Ra , B A

 a Ta . (18)   

Substituting Equation (11) into Equation (16) and (17), the reflection and transmission matrices R, and T 

can be given by Equation (19) and (20). 
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1

1 1
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                  T Φ Ψ Ψ Φ Φ Ψ Ψ Φ . (20)   

As previously seen, the reflection, transmission, and propagating matrices are defined to compute the 

analytical model, as expressed in Equation (8). 

 

 

Figure 6: Discontinuity of Euler-Bernoulli beam 

 

3 Formation of bandgaps 

3.1 Periodic structure 

The transmission ratio of a periodic structure is computed using the commercial software MATLAB 

R2017b (Mathworks, Inc). The periodic structure has a periodicity of the cross-section area as shown in 

Figure 7 and Table 1. The computed transmission ratio of the flexural wave is shown in Figure 8. The 

transmission ratio near 1500 Hz decreases in association with an increase of the number of unit cells. 

 

 

Figure 7: Example of periodic structure 
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Table 1: Parameters of periodic structure 

Element 
Young’s 

modulus[GPa] 

Density 

[kg/m3] 

Length  

[m] 

Area 

[m2] 

Second moment 

of area [m4] 

i : odd 
210 7.8×103 0.05 

1.0×10-4 2.08×10-10 

i : even 2.0×10-4 1.67×10-9 

 

 

Figure 8: Formation of bandgap 

3.2 Verification of wave propagation modelling 

To verify the analytical model, the transmission ratio is compared to a dispersion curve obtained using a 

method based on Bloch’s theorem. Figure 9 (a) shows the dispersion curve obtained by this method. The 

dispersion curve gives a bandgap near 1500 Hz. Figure 9 (b) shows the transmission ratio of the flexural 

wave computed by the presented analytical model. The frequency range with the reduced transmission 

ratio is in agreement with the bandgap frequency. Thus, it is verified that our formulation gives the 

appropriate transmission ratio of the periodic structures. 
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(a) Dispersion curve 

 

(b) Change of transmission ratio by increasing the number of unit cells 

Figure 9: Formation of bandgap 

 

4 Optimization of wave transmission 

Next, an optimization of the periodic structure is demonstrated to investigate the effects of varying the 

structural parameters of the unit cells over the frequency range of the bandgaps. 
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4.1 Optimization problem 

The problem of minimizing the wave transmission ratio in a frequency range of interest is defined. The 

design parameters γ are the element lengths Li (i = 1 ~ N) as follows: 

 1 2{ , , , }i NL L L Lγ L L . (21)   

Parameters other than the element lengths are constrained. The evaluation function is a summation of the 

transmission ratio of the flexural wave propagation in the frequency range ( min max[ , ]if f f ), as follows: 

  min ( )γ γ% , (22)   

 ( ) ( )i

i

T f γ , 
(23)   

where T is transmission ratio of the flexural wave propagation. The total volume of finite periodic 

structures remains constant, i.e., 

 
1,3,5,...

.i

i

L const


 , 
2,4,6,...

.i

i

L const


  (24)   

Furthermore, the element lengths Li is constricted as follows. 

 min max[ , ].iL L L  (25)   

In this paper, this problem is solved using the parameters shown in Table 2 and the initial condition is 

defined by the parameters as shown in Table 1. Optimization is performed using a constrained non-linear 

interior point algorithm referred to as fmincon in MATLAB. 

 

Table 2: Parameters for optimization 

N fmin[Hz] fmax[Hz] Lmin[mm] Lmax [mm] 

13 1000 2000 30 70 

 

4.2 Example of optimized periodic structure 

Figure 10 (a) and (b) show the initial and optimized structures, respectively. In addition, the lengths of the 

beam elements are plotted in Figure 10 (c). As a result of the optimization, the lengths of the beam 

elements are distributed heterogeneously, and the summation of the transmission ratio in the frequency 

range of interest is reduced. This result indicates the possibility that varying the structural parameters of 

the unit cells can extend the frequency range of the bandgaps. 
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(a ) Initial structure 

 

 

 (b) Optimized structure 

 

(b) Element length of initial and optimized structures 

Figure 10: Initial and optimized structures 

 

Figure 11: Wave transmission ratios of initial and optimized structures 
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5 Conclusion 

In this paper, we present an analytical model to obtain the bandgaps of finite periodic structures. To 

understand the formation of these bandgaps, the analytical model is expressed as a block diagram. The 

diagram shows that the transmission ratio can be expressed by repetition of the transmission matrices of 

the discontinuities and the matrices of the wave loop in the elements. 

Furthermore, the finite periodic structure is optimized to minimize the wave transmission ratio in the 

frequency range of interest. The result of the optimization indicates the possibility that varying the 

structural parameters of the unit cells can extend the frequency range of the bandgaps. 
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Abstract
This paper discusses the impact of damping in the resonator and host structure on the sound transmission loss
of a vibro-acoustic locally resonant metamaterial plate. The uncoupled vibro-acoustic behaviour is assessed
by comparing the dispersion curves for bending wave propagation to the trace propagation constant for plane
wave propagation in the surrounding acoustic medium. Next, the sound transmission loss of the vibro-
acoustically coupled infinite periodic structure is calculated using the hybrid Wave Based - Finite Element
unit cell method. To obtain numerically less expensive sound transmission loss approximations, a dispersion
curve based equivalent infinite plate approach is also applied. The results for infinite structures are compared
to their finite structure counterparts using the Finite Element Method. Damping, in particular in the resonator,
is found to have an important impact on the sound transmission loss of locally resonant metamaterials plates.
This underlines the necessity to include damping in the sound insulation performance predictions.

1 Introduction

Vibro-acoustic locally resonant metamaterials (LRMs) have recently emerged as a possible novel lightweight
and compact solution for vibration and noise reduction. These materials exhibit resonance based stop bands
(SBs) for structural wave propagation, which can be obtained by adding or embedding resontors to or in a
flexible host structure on a sub-wavelength scale [1, 2, 3, 4]. Regular lightweight materials exhibit worse
noise, vibration and harshness (NVH) behaviour due to their increased stiffness over mass ratio. The SB
behaviour of LRMs enables superior vibration and noise reduction in targeted and tunable frequency ranges.
More specifically, resonance based SBs for the acoustically relevant out-of-plane bending waves can generate
a frequency zone of increased sound transmission loss (STL), outperforming the acoustic mass-law. This has
been investigated for LRM plates [5, 6, 7, 8, 9, 10, 11, 12], double-walls [13], solids [14, 15] and honeycomb
panel based acoustic enclosures [16].

The resonance based SB mechanism of these LRMs makes them suitable for NVH problems in confined
frequency bands, especially in the hard-to-address low frequency region. However, their narrowband nature
limits the applicability of LRMs for broadband NVH improvements [17]. Damping has been shown to have
an important impact on the vibration attenuation performance of LRMs, broadening the frequency range of
attenuation, at the expense of peak attenuation performance [3, 4, 18, 19, 20, 21, 22]. For LRM designs
with resonators added to or embedded in a flexible host structure, damping in the resonators mainly affects
the vibration attenuation in the frequency range in and around the SB, while damping in the host structure
mainly affects the frequency range outside the SB [18]. While the STL of such vibro-acoustic metamaterials
has been investigated, only Wang et al. [8] briefly discuss the impact of damping, stating that damping in the
resonators smooths the STL peaks and dips.
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Since practical LRM realizations currently often include materials with intrinsic damping, this paper investi-
gates the influence of damping in the resonator and host structure of an LRM plate on the STL performance
to enable better vibro-acoustic performance predictions and identify possible beneficial damping effects.
Similar to [5, 23], a plate-type LRM with bending wave SB behaviour is considered, consisting of a flexible
plate host structure with sub-wavelength, periodically attached resonators. Such a configuration is relevant
for a variety of applications, like structural panels in vehicles, aircraft, acoustic enclosures for machines and
lightweight partitions in building acoustics. To gain insight in the damping influenced STL enhancements,
the STL predictions for infinite periodic structures are related to damped dispersion curves for the wave prop-
agation in the infinite periodic LRM structure. Furthermore, since current literature is often limited to infinite
periodic structure representations for STL calculations of LRM plates, their predictive value is verified by
comparing with the finite LRM plate performance.

This paper is organized as follows. Section 2 describes the general problem setting for the STL of an LRM
plate and gives a brief overview of the analysis methods used for dispersion curve calculations of infinite
periodic structures and for STL calculations of infinite and finite LRM plates. In Section 3 the LRM design
is introduced and the influence of damping on the STL is investigated for an infinite periodic LRM plate,
related to the damped dispersion curves and compared to the STL of the finite LRM plate counterpart. Section
4 summarizes the main conclusions.

2 Methodology

2.1 Problem description

The considered LRM consists of an (in)finite flat plate host structure with periodically attached resonators
with spatial period Lx and Ly in the xy-plane (Fig. 1a), although periodicity is not strictly required for
resonance based SB behaviour [16, 24]. The LRM plate is coupled to two semi-infinite acoustic domains
above and below. The structure is excited from one side by an incident acoustic plane wave of amplitude
A and wave vector ka = (kax, kay, kaz) = −ka(sin θ cosψ, sin θ sinψ, cos θ) with elevation and azimuth
angles θ and ψ as defined in Fig. 1a. The acoustic wavenumber is given by ka = ω/ca in the acoustic medium
with soundspeed ca and density ρa, while time harmonic behaviour with ejωt dependence is considered with
j2 = −1, angular frequency ω and time t. By exploiting periodicity, the infinite periodic structure can be
represented by a single vibro-acoustic UC (Fig. 1b) and application of the Bloch-Floquet theorem [25].

(a) (b)

Figure 1: The sound transmission problem for an infinite periodic LRM plate, consisting of a flat plate with
periodically attached mass-spring-damper resonators (a) and the corresponding vibro-acoustic UC (b).
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2.2 Dispersion curve calculation

The SB behaviour of the LRM plate is predicted using dispersion curves, describing the structural wave
propagation through the infinite periodic LRM plate. The infinite periodic structure is represented by the
Lx × Ly sized structural LRM UC (Fig. 1b), which is modeled using the Finite Element Method (FEM).
This results in the following time harmonic equations of motion:

D(ω)q = f , (1)

with generalized displacements and forces q and f and the frequency dependent dynamic stiffness matrix
D(ω). Application of Bloch-Floquet periodicity boundary conditions, relating the generalized displacements
and forces on either side of the UC by means of the propagation constants µx = kxLx and µy = kyLy, to
Eq. (1) results in a general dispersion eigenvalue problem (EVP) in ω and (µx, µy) [25]:

A(ω, µx, µy)q
(red) = 0, (2)

with q(red) a reduced set of generalized displacements and A a matrix depending on the frequency and prop-
agation constants. In this work, the dispersion curves are solved for the undamped UC along the irreducible
Brillouin contour (IBC) using the ω(µ) approach, by imposing real (µx, µy) and solving the dispersion EVP
to real ω [4]. This allows identifying an SB as a frequency range in which no freely propagating wave solu-
tions are found for the targeted wave type(s). To gain insight in the solutions inside the SB and to include the
effect of damping, the µ(ω) approach as presented by the authors in [18] is followed. This approach solves
the dispersion EVP to generally complex µ for given real ω and in-plane propagation directions ψ for which
the ratio µx/µy = tan(ψ)Ly/Lx is real and rational [25].

By including the acoustic trace propagation constant µa =
√
(kaxLx)2 + (kayLy)2 in the dispersion curves

of the LRM plate, the uncoupled vibro-acoustic performance can be assessed [5, 7, 9, 23]. Frequency zones
of efficient acoustic radiation are found as bending wave solutions for which

√
µ2a − Re(µ)2 is real. Co-

incidence frequencies are found when bending wave solutions intersect with the acoustic trace propagation
constant. The critical coincidence frequency fc occurs for grazing incidence (θ = 90◦), when µa = Re(µ).

2.3 Infinite plate STL

To quantify the STL of the infinite periodic LRM plate and to account for the vibro-acoustic interaction, the
hybrid Wave Based - Finite Element (WB-FE) UC method is applied [12]. The infinite periodic system is
again represented by a single, now vibro-acoustic UC (Fig. 1b). The structural part of the UC is described
using the same FE UC model as before and is coupled to two semi-unbounded periodic acoustic WB do-
mains, above and below the structure. The upper acoustic domain is excited by an acoustic plane wave as
described in Section 2.1. The steady-state pressure fields in the semi-unbounded, periodic WB domains are
approximated by a weighted sum of periodic wave functions that fulfil the governing acoustic Helmholtz
equation and satisfy both the Sommerfeld radiation condition and Bloch-Floquet periodicity boundary con-
ditions. The FE and WB subdomains are coupled using a direct hybrid WB-FE coupling strategy and the
resulting system of equations is solved for the nodal degrees of freedom in the FE domain and the wave
function contributions in the WB domains.

The resulting WB wave function contributions for a given incident plane wave with angles θ and ψ are used
to calculate the oblique sound power transmission coefficient τθ,ψ and the STLθ,ψ = −10log10(|τθ,ψ|). The
diffuse sound power transmission coefficient can be obtained from the τθ,ψ as follows [5, 28]:

τd =

∫ 2π
0

∫ θl
0 τθ,ψ sin(θ) cos(θ)dθdψ∫ 2π

0

∫ θl
0 sin(θ) cos(θ)dθdψ

, (3)

with the limiting angle chosen as θl = 78◦ in this work, also referred to as field incidence [28, 29, 30, 31].
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Since the hybrid WB-FE UC method can become computationally expensive for large UC models, the
impact of damping on the STL of the LRM plate can be approximated by post-processing the dispersion
curves obtained with the µ(ω) approach. Besides offering a fast STL approximation, this also allows link-
ing the damped dispersion curves to quantitative STL predictions. Since the resonators are added on a
sub-wavelength scale, an equivalent medium representation is introduced to obtain an analytical STL ap-
proximation of the equivalent infinite plate [5, 6, 13, 26]. Consider, for generality, the corrected bending
wave dispersion relation kC(ω) of a thick, isotropic, homogeneous infinite plate of thickness h [32]:

k4C − ω2k2C

[
ρ

κG
+
ρ

E

]
− 12ω2ρ(1− ν2)

Eh2
+
ω4ρ2

κGE
= 0 (4)

with bending wavenumber kC , density ρ, complex Young’s modulus E = E0(1+jη) with Young’s modulus
E0 and η the structural damping loss factor, shear modulus G = E/(2(1 + ν)), Poisson coefficient ν, and
κ = 5/(6− ν) the shear correction coefficient [27]. Considering the in-plane propagation direction ψ, kC in
Eq. (4) can be replaced by the bending wave dispersion solution kb(ω, ψ) obtained with the µ(ω) approach
in the first Brillouin zone. This allows Eq. (4) to be reformulated in terms of the density ρ, which results in
the following equivalent dynamic mass density ρeq:

ρeq =
ω2k2b (E + κG) + 12ω2κG(1−ν2)

h2
−
√
[− ω2k2b (E + κG)− 12ω2κG(1−ν2)

h2
]2 − 4ω4k4bκGE

2ω4
, (5)

for given ω and ψ. Next, the surface impedance of the equivalent infinite plate subjected to an acoustic plane
wave incident at elevation angle θ can be written in terms of this ρeq [32, 28]:

Zeq,θ,ψ = jωρeqh

(
1− k2a sin

2(θ)Eh2

12ρeqω2(1−ν2) +
h2

12

[
k2a sin

2(θ)(1 + E
κG)−

ω2ρeq
κG

]

1 + h2

12

[
k2a sin

2(θ)( EκG)−
ω2ρeq
κG

]
)
, (6)

which give rise to following oblique sound power transmission coefficient [33]:

τeq,θ,ψ =
1

∣∣∣1 + Zeq,θ,ψ cos θ
2ρaca

∣∣∣
2 , (7)

from which the STL is obtained.

2.4 Finite plate STL

For practically realizable LRM plates, finite structure dimensions have to be considered. In this work, the
STL of a finite LRM plate with simply supported boundary conditions is analyzed. For these boundary
conditions, the structural modes have been shown to sample on the dispersion surface of the corresponding
infinite periodic structure [23]. Apart from the non-resonant sound transmission, also resonant sound trans-
mission occurs for the finite plate due to the structural modes. While non-resonant sound transmission is
under mass control, resonant sound transmission is under damping control [32, 33].

The finite plate STL is calculated using a vibro-acoustic FE model of an n × m UCs sized plate, strongly
coupled to two semi-unbounded acoustic FE domains on either side and separated by a symmetry plane
(Fig. 2a) using the software Virtual.Lab 13.6. The semi-unbounded acoustic domains are modeled using one
layer of 3D acoustic FE elements and Automatically Matched Layer boundary conditions to approximate the
Sommerfeld radiation condition. The LRM plate is excited by a set of distributed plane waves on the incident
side, representing an acoustic diffuse field (Fig. 2b), from which the diffuse STL is obtained [34, 35].
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(a) (b)

Figure 2: Finite plate FEM-AML model with upper (red mesh) and lower (green mesh) acoustic halfspace
separated by a symmetry plane (light green rectangle) (a) and distributed plane wave excitation (b).

3 Application

3.1 Description metamaterial

The LRM plate consists of a 5 mm thick steel plate host structure (E0 = 210 GPa, ρ = 7800 kg/m3,
ν = 0.3, fc = 2343 Hz), with mass-spring-damper resonators added with 0.05 × 0.05 m periodicity. The
resonators are tuned with their natural frequency to 1171 Hz, target the out-of-plane plate response and add
20% mass relative to the host structure [23]. Structural damping with loss factor η is considered in the host
structure, while damping in the resonators is introduced by means of viscous damping c, with damping ratio
ξ. The LRM UC and the corresponding IBC convention are shown in Fig. 3a. The FE model of the UC
consists of 100 quadratic quadrilateral shell elements.

3.2 Dispersion curves

The dispersion curves obtained with the ω(µ) approach along the IBC for the undamped bare and LRM UC
in the frequency range of interest up to 5000 Hz are presented in Fig. 3b. Only the acoustically relevant
out-of-plane bending waves are presented and the acoustic trace propagation constant is added for different
incidence angles θ.

(a) (b)

Figure 3: LRM UC and IBC definition (a), bending wave dispersion curves (solid lines) and acoustic trace
propagation constant for incidence angles θ (dashed lines) for the bare (−) and LRM (−) plate (b).
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An SB is obtained for the bending waves between 1162−1279 Hz. Since coincidence frequencies are found
at the intersections between the bending wave solutions and the acoustic trace propagation constant, the
tuning of the SB below the original critical coincidence frequency leads to an additional coincidence zone
after the SB, because of the cut-on repeated bending wave mode as shown in [23].

Since previous ω(µ) approach does not provide insight in the wave propagation inside the SB frequency
range and does not account for damping effects, dispersion curves are calculated using the µ(ω) approach.
A single in-plane propagation direction is chosen, ψ = 0◦, corresponding to the OA direction in the IBC of
Fig. 3. Complex µ dispersion curves are calculated for frequencies f = 1 − 1 − 5000 Hz, focussing on the
bending waves, while the effect of damping in host structure and resonator is assessed by varying η and ξ
between 0 and 0.1 (Fig. 4).

(a) (b) (c) (d)

Figure 4: µ(ω) dispersion curves along ψ = 0 for η = 0, ξ = 0 (a), η = 0.1, ξ = 0 (b), η = 0, ξ = 0.1
(c) and η = 0.1, ξ = 0.1 (d), coloured according to |Im(µ)|, with acoustic trace propagation constant for
incidence angles θ.

For the undamped UC, the µ(ω) approach finds the same freely propagating wave solutions as the ω(µ)
approach (Fig. 4a). Inside the SB, complex µ solutions are now found, corresponding to spatially decaying
bending waves. These strongly attenuated solutions inside the SB also intersect with the acoustic trace
propagation constant. As discussed in [18], damping in the host structure mainly affects the solutions outside
the SB, increasing the wave attenuation (Fig. 4b). The coincidence intersections away from the SB now occur
with damped bending waves. Damping in the resonator mainly affects the frequency range in and around the
SB, broadening the frequency range of wave attenuation, but reducing the wave attenuation inside the SB
(Fig. 4c). The closing of the dispersion curves by means of a complex µ loop causes the intersections with
the acoustic trace propagation constant in the coincidence zone after the SB to disappear. The coincidence
intersections away from the SB are less affected, since the attenuation increase outside and further away from
the SB is limited. Damping in both constituents combines these effects (Fig. 4d).

The influence on acoustic radiation is further illustrated by evaluating the difference between Re(µ) for the
bending wave solution and the acoustic trace propagation constant for grazing incidence (θ = 90◦) (Fig. 5)
[23]. The propagative solutions in the shaded region (Re(µ) − µa < 0) lead to efficient acoustic radiation.
For the LRM without damping and with damping in the host structure only, a clear zone of efficient acoustic
radiation is predicted after the SB (Figs. 5a and 5b). Introducing damping in the resonator shows potential to
alleviate this introduced zone of efficient acoustic radiation (Figs. 5c and 5d). The analysis of the dispersion
curves obtained with either the µ(ω) or ω(µ) approach, however, does not yield quantitative STL predictions.
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(a) (b) (c) (d)

Figure 5: Difference Re(µ) − µa, for η = 0, ξ = 0 (a), η = 0.1, ξ = 0 (b), η = 0, ξ = 0.1 (c) and
η = 0.1, ξ = 0.1 (d), coloured according to |Im(µ)|, with the zone of efficient acoustic radiation in gray.

3.3 Infinite plate STL

The STL of the infinite periodic LRM plate is calculated using the WB-FE UC approach [12]. The same
in-plane propagation direction ψ = 0◦ is used and the elevation angle θ of the incident acoustic plane wave
is varied. The same FE discretization is used for the structural UC, while for the WB domain a truncation
factor Np = 2 for the wave functions is applied. The effect of damping in host structure and resonator on the
STL is again assessed by varying η and ξ between 0 and 0.1. The oblique incidence STL is calculated for
frequencies f = 1− 1− 5000 Hz (Fig. 6).

(a) (b) (c) (d)

Figure 6: STL for η = 0, ξ = 0 (a), η = 0.1, ξ = 0 (b), η = 0, ξ = 0.1 (c) and η = 0.1, ξ = 0.1 (d), for
incidence angles θ, along ψ = 0, calculated using the hybrid WB-FE UC method.

For the undamped UC, a strongly increased STL is obtained inside the SB zone, around the tuned resonator
frequency (Fig. 6a). The STL peak occurs where the distance between the bending wave solution and the
acoustic trace propagation constants becomes large (Fig. 4a). The STL peak is followed by a strong STL
dip, related to the introduced coincidence zone after the SB. For different θ, the STL peak occurs at the
same frequency, while the STL dip frequency depends on the intersection of the repeated bending wave
solution and acoustic trace propagation constant for the corresponding θ. The intersections with the spatially
decaying bending waves inside the SB do not lead to additional STL dips. After fc = 2343 Hz, outspoken
STL dips are caused by oblique coincidence with the regular bending wave solutions. Around 4000 Hz
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and higher, narrow STL dips are found, related to subsidiary coincidence [5, 36, 37]. This is caused by the
periodicity of the wave solutions in the infinite periodic structure, resulting in the intersection of the acoustic
trace propagation constant and the subsidiary periodic Bloch wave (Fig. 7).

Figure 7: Subsidiary coincidence found as intersection between the acoustic trace propagation constant for
incidence angles θ (dashed lines) and higher order Bloch modes in the infinite periodic LRM plate (solid
lines), shown for the ψ = 0◦ propagation direction.

Damping in the host structure leads to a limited reduction of the STL peak in the SB (Fig. 6b), as expected
from the limited influence on the dispersion curves in that frequency range. The introduced coincidence
dips after the SB show a minor STL increase compared to the undamped LRM plate. Outside the SB, the
STL at the regular coincidence dips strongly increases as the coincidence intersections of the acoustic trace
propagation constant now occur with strongly attenuated bending waves, resulting in the expected damping
effect at coincidence [32, 33]. Similarly, the subsidiary coincidence STL dips are damped out. Damping in
the resonator causes the influenced frequency regions to switch (Fig. 6c). The STL in and around the SB is
strongly influenced, improving the STL in the introduced coincidence zone after the SB, but also reducing
the STL peak inside the SB. Due to the lower attenuation of the bending waves away from the SB, the STL
improvement at the regular coincidence dips is less outspoken as compared to damping in the host structure,
while damped subsidiary coincidence STL dips can still be observed. As for the damped dispersion curves,
damping in both constituents combines these mainly complementary effects on the STL (Fig. 6d).

To verify if quantitative STL predictions can be obtained from the µ(ω) dispersion curves, without the need
to calculate the STL of the fully coupled infinite periodic structure, the equivalent infinite plate approach is
applied to the earlier calculated bending wave dispersion curves (Fig. 8).

(a) (b) (c) (d)

Figure 8: STL for η = 0, ξ = 0 (a), η = 0.1, ξ = 0 (b), η = 0, ξ = 0.1 (c) and η = 0.1, ξ = 0.1 (d) for
incidence angles θ, along ψ = 0, calculated using the equivalent infinite plate approach.
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Good agreement is obtained with the STL predictions of the hybrid WB-FE UC method, especially for the
LRM plate with damping. Fluid loading effects, omitted in the equivalent infinite plate approach, are of
limited influence due to the high density plate and low density acoustic medium. Some discrepancies are
still present:

• The periodicity of the wave solutions causes aliasing of the dispersion curves at the edge of the first
Brillouin zone at fλ/2 = 4934 Hz, limiting the valid frequency range. Above this frequency, however,
resonance based SBs are not guaranteed since the sub-wavelength criterion is violated [3].

• The STL peak is underestimated for the LRM without damping (Fig. 8a) and with damping in the
host structure only (Fig. 8a). This is caused by the periodicity of the wave solutions, resulting in a
bifurcation of the µ(ω) dispersion solutions inside the SB at the boundaries of the Brillouin zones [18],
limiting the maximum value of µ. For sufficient resonator damping, this is alleviated as the closing of
the dispersion curves causes the wave solutions to not longer attain the edges of the Brillouin zones.

• The subsidiary coincidence effect is not accounted for, since only the solution inside the first Brillouin
zone is used. This does not affect the vibro-acoustic performance prediction around the SB zone.

While the introduced equivalent plate approach results in an approximation of the STL for the considered
LRM plate, the method allows for fast vibro-acoustic performance predictions for damped LRM structures in
the sub-wavelength frequency range. Since the method uses µ(ω) dispersion curves, more complex resonator
designs can also be considered than is the case for pure analytical equivalent medium methods.

3.4 Finite plate STL

To account for finite size effects and to verify the infinite periodic structure STL predictions, the STL of
a simply supported 0.6 × 0.6 m LRM plate is considered, consisting of 12 × 12 UCs. The LRM plate is
modeled with 5184 linear quadrilateral shell elements, with 12×12 attached mass-spring-damper resonators.
Each of the acoustic domains is discretized with 5184 linear hexahedral solid elements. Both FE meshes are
valid up to at least 5000 Hz. The LRM plate is excited using a set of 67 acoustic plane waves, distributed on a
hemisphere with radius 4.243 m and with amplitudes generated in order to represent a diffuse field excitation
with amplitude 1 Pa [34, 35]. The STL is calculated for the undamped LRM plate, as well as for the damped
LRM plate with η = 0, 0.01, 0.1 and ξ = 0, 0.01, 0.1, in the frequency range 5− 5− 5000 Hz (Fig. 9).

(a) (b) (c) (d)

Figure 9: Finite plate diffuse STL, calculated using FEM–AML, for the undamped LRM (a) and for the
LRM with damping in host structure (b), resonator (c) and both host structure and resonator (d).
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The undamped LRM plate clearly shows the STL peak-dip behaviour related to the bending wave SB (Fig.
9a). Inside the SB, no structural modes are present and the transmission is non-resonant, whereas the modes
outside the SB cause resonant STL dips. The high modal density right before and after the SB is related
to the highly dispersive bending wave mode before and after the SB observed in the dispersion curves [23].
Further away from the SB, the STL tends to the STL of a bare plate with mass density 1.2ρhost and ρhost =
7800 kg/m3 respectively before and after the SB. This is caused by the in-phase and anti-phase motion
between host structure and resonator respectively before and after the SB. Damping in the host structure
leaves the STL peak-dip largely unaffected (Fig. 9b). Outside the SB, the increased wave attenuation results
in strongly damped resonant STL dips. Damping in the resonator strongly affects the STL in and around the
SB, enhancing the STL dip after the SB, but reducing the peak STL inside the SB (Fig. 9c). The closing of
the dispersion curves around the SB (Fig. 5c) causes the bending wave solutions to move away from the zone
of efficient acoustic radiation, while it also results in freely propagating modes before and after the SB to
disappear in a broadening frequency range around the SB. Together with the broadening zone of attenuation
around the SB, the resonant STL dips before and after the SB are strongly improved. Damping in both
constituents again combines these complementary effects (Fig. 9d).

To assess the representativeness of the STL predictions of the infinite periodic LRM plate for its finite plate
performance, the infinite and finite plate diffuse STL are compared for the damped LRM plate with η = 0.1,
ξ = 0.1 and η, ξ = 0.1 (Fig. 10). For the diffuse STL calculation with the hybrid WB-FE UC method,
θl = 78◦ and dθ = 0.1◦ are used in Eq. (3). Good agreement is obtained in and around, as well as outside
the SB. Inside the SB, no structural modes are present and the STL corresponds to the non-resonant sound
transmission found for the infinite periodic structure. The structural modes outside the SB cause the finite
plate STL to fluctuate around the non-resonant STL predictions for the infinite LRM plate. The damping
influenced coincidence region at higher frequencies also shows good agreement. Some discrepancies are
still present, since the set of plane waves used in the finite and infinite plate STL calculations differs. In
the low frequency range, the dimensional effects related to stiffness and size of the finite partition result in
the infinite plate STL underestimating the finite plate performance [30, 38]. In general, the predicted impact
of damping on the STL of the infinite periodic LRM plate corresponds well to its finite size counterpart,
especially in and around the targeted SB frequency range.

(a) (b) (c)

Figure 10: Comparison of diffuse STL using hybrid WB-FE UC for the infinite ( ) and FEM-AML for the
finite ( ) LRM plate for η = 0.1, ξ = 0 (a), η = 0, ξ = 0.1 (b) and η = 0.1, ξ = 0.1 (c).
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4 Conclusion

The influence of damping on the STL of a vibro-acoustic LRM plate is investigated. Both undamped and
damped dispersion curves are analyzed and compared to the acoustic trace propagation constant to identify
zones of efficient radiation. Mainly damping in the resonator affects the SB zone and shows potential to
enhance the zone of efficient radiation after the SB. To obtain quantitative STL predictions, the hybrid WB-
FE UC method is applied to calculate the STL of the infinite periodic LRM plate for plane wave excitation.
Damping in the host structure mainly affects the frequency range outside the SB, enhancing the regular co-
incidence zone. Damping in the resonator strongly affects the SB region, enhancing the coincidence zone
after the SB at the expense of reduced peak STL in the SB, with a more limited STL improvement further
away from the SB. To enable fast STL approximations and to obtain quantitative STL predictions from avail-
able damped dispersion curves, an equivalent infinite plate approach is applied, showing good agreement
with the hybrid WB-FE UC method in the sub-wavelength frequency range and in presence of damping.
Eventually, the finite LRM plate performance is assessed to account for resonant sound transmission effects
and to compare with the infinite LRM plate STL predictions. Good agreement is found, especially in the SB
frequency range where no modes are present and hence non-resonant sound transmission occurs. This under-
lines the importance of accounting for damping to obtain accurate LRM plate STL performance predictions
and demonstrates the value of damped UC based calculations for vibro-acoustic performance predictions.
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Abstract 
Many engineering structures can be classified as waveguides. The Kundt´s tube is one of the most well 

known system of this kind, both for didactic or laboratory tests purposes. Both absorption and transmission-

loss can be assessed with such devices by following international standards, which require the acoustic field 

to prescribe plane waves, with bandwidth limited by the tube diameter. Above this frequency limit, plane 

waves may still occur, but the presence of radial and azimuthal modes prevent straightforward standardized 

analysis. However, this system is still representative of other slender engineering structures, such as exhaust 

pipes, HAVC systems, ventilation units, etc. for mid and high-frequencies. Hence, the classical impedance 

tube exercise is revisited in this work, incorporating extra microphones, which allow the visualization and 

identification of non-planar modes. Standard porous absorption materials are tested, to validity the exercise, 

that should also be useful for mid- and high-frequency testing of smart metamaterials. 

1 Introduction 

There are consolidated methods in vibroacoustics, for the evaluation of reflection and acoustic absorption 

coefficients in materials. Among these methods, the impedance tube method, or Kundt´s tube, consists of 

propagating waves in a rigid wall tube from one end, while the material under test is at the other end. Seybert 

and Ross [1] inaugurated the estimate of acoustic property of normal incidence from two measurements 

along the tube, taking into account the wave fronts that propagated in opposite directions. Years later, Chung 

and Blaser [2,3] advanced in the description of the instrumentation and calibration necessary to realize an 

estimate of acoustic properties based on the transfer function method. The widely accepted international 

standards ASTM E1050 [4] and ISO 10534-2 [5] are based upon these contributions. 

The transfer function method requires simple instrumentation, but it has a number of practical and theoretical 

limitations, which restrict its range of operation to a short band, in relation to the audible range. From a 

practical point of view, questions of uncertainty [6], location of microphones [7], calibration [8], among 

others, have been studied. In recent decades, the academic community has been struggling to give greater 

consistency and coverage to the impedance tube, which is still relevant to these days [9,10]. Regarding the 

theoretical basis, there is an important limitation in the frequency range, under which sound wave propagate 

in the direction of the tube main axis (plane waves). The diameter of the tube, and hence the are of the 

sample material under test, are limited by the wavelength of the azimuthal waves, which violate the basic 

hypothesis of plane propagation and, hence, the useful frequency range of the experimental apparatus.  

The objective of this work is to show that it is possible to use an acoustic instrumentation system, similar to 

the method of transfer function in the impedance tube, that is able to identify the absorption of samples in 

frequency bands higher than the azimuthal modes. By identifying the frequencies in which non-planar 

propagations occur, it is possible to devise strategies to expand the useful range of the impedance tube, as 

already suggested by Kimura et al. [11].  

The methods of using the impedance tube, described in the literature and international standards, are based 

on the fact that below a certain frequency the sound propagates in the waveguide as flat wave fronts. Both 
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international standards point to the higher cutoff frequency of the tube being related to the wavelength 

corresponding to the tube inner radios, i.e., 

00,58
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where 0c  is the local speed of sound and d  is the inner tube diameter. 

Taking the expression for the steady state sound propagation in cylindrical coordinates (2), as demonstrated 

by Munjal [12], it is possible to conclude that there exists a region in which the eigenvalues m and n are 

null. This greatly simplifies the propagation function, according to the derivation in Eqs. (2) to (4): 
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This approach is key for mathematical demonstrations of the transfer function method, which imposes, 

however, the basic hypothesis that m and n are null. This means that the sound pressure should be 

approximately constant in any cross section of the tube, which is true for plane waves. The graphical 

representation of the influence of these eigenvalues on propagation modes are illustrated in Figure 1, while 

the expressions [13] relating ωmn and k to the tube inner radios R and the nth non-negative root of the Bessel 

function first derivative of order m, amn,  are: 
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Figure 1: Wave propagation modes in cylindrical coordinates 

 

Considering the boundary conditions for longitudinal propagation (rigid termination) and for radial 

propagation (rigid wall), it is possible to estimate with a certain accuracy, the frequencies of some normal 

and radial modes. In the case of the longitudinal modes (k > 0), the natural frequencies can be obtained via 

Eq.(7), while for the radial modes (n > 0), the frequencies can be estimated by via Eq. (8). However, for the 

azimuthal modes, these boundary conditions are not well defined in this problem. 
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For a tube of 1 m in length and 73.6 mm in internal diameter, the standard points out that normal propagation 

should be considered up to about 2700 Hz. At the same time, Eq.(8) shows that the first radial mode happens 

at about 5435 Hz. Therefore, one can conclude that, between these two frequencies, longitudinal modes 

coexist with azimuthal ones and, if able to be considered, would double the useful range of the impedance 

tube. The strategy proposed here for identifying these azimuthal modes is to sum up the complex pressure 

values observed by microphones placed in the same cross section and observe the behavior of this sum along 

this frequency range. If the result of the superposition return a magnitude higher than that of each original 

signal, there is constructive interference and, therefore, signals are in phase. The opposite is true in the 

presence of azimuthal modes, to whom destructive interference is expected. In these cases, the resulting sum 

should render a smaller magnitude and the conclusion that there must be an azimuth nodal line between 

these two microphones, as suggested in Fig.1 for m > 0. 

To illustrate this strategy, two distinct generic points of the same section of the tube are taken, both at the 

same distance from the center of the tube, i.e., at the same longitudinal and radial coordinates. In light of 

the equations developed for the transfer function method, Equation (2) is simplified for this case, resulting 

in: 

1

1 1( , ) ( , , )
im

p P x r e
    (9) 

2

2 2( , ) ( , , )
im

p P x r e
    (10) 

In case both microphones are in phase, 𝜃1 = 𝜃2 = 𝜃, the sum results in 𝑝1 = 𝑝2 = 2𝑃 with P > p1 and 

P > p2. If there is a phase difference ∆𝜃 between the mics, the sum 𝑝1 = 𝑝2 = 2𝑃𝑒𝑖𝑚𝜃, which is only smaller 

than each component if 𝜋/2𝑚 < ∆𝜃 < 3𝜋/2𝑚. For the first azimuthal modes (𝑚 = 1) that is indeed the 

case and one can state that there will be a nodal plane (or even an odd number of nodal planes) between 

those two microphone positions, since: 

1 1 2 2 1 1 2 2( , ) ( , ) ( , ) ( , )p p p p           (11) 

In this work, the signals of nine microphones were taken along an impedance tube and a code was generated 

in MATLAB® that compared these signals according to the statement in Eq.(11), indicating where there are 

first-order nodal lines between the microphones. The arrangement of the microphones and overall setup are 

detailed in the next section. 

2 The test bench 

To perform the experiments, an impedance tube, test piston and a loudspeaker box have been built out of 

low cost, thick walled, construction tubing, namely, polypropylene random copolymer (PPR) pipes and 

fittings. The connections used in the hydraulic installations were adapted to the instrumentation required for 

the tests, as is the example of the microphone mounts, machined from aluminum and glued to the PPR 

fittings. The main tube is 1m long, 90mm external diameter and 73.6mm internal diameter. To complete the 

assembly, a full range flat response loudspeaker (FRS 8-8) and 9 condenser microphones (GRAS 40PH) 

have been used, in arrangements of 3 mics per section in 3 equidistant sections on the tube (Fig.2).  

The impedance tube, also known as Kundt´s tube is an experimental apparatus used for a variety of purposes, 

including sound velocity estimation and acoustic impedance tests on materials and metamaterials. In this 

method, a speaker is installed at one end of the tube and a specific termination at the other end. The tube is 

instrumented in different ways in order to estimate properties of the termination, the medium or other 

variables associated with sound propagation. 

PERIODIC STRUCTURES AND METAMATERIALS 3187



 

Figure 2: Picture of the complete tube assembly 

Impedance tube instrumentation methods, according to technical standards, require only two microphones 

installed in different axial coordinates of the tube. In this work, however, an expanded method of 

instrumentation is proposed, aiming to achieve two objectives: (i) to increase the reliability of measurement 

for each section of the tube in the plane propagation regime and (ii) to relate different pressure values to 

points from same section in order to identify the azimuthal modes. 

Figures 3(a) and 3(b) show views of this expanded instrumentation. The 9 microphones of the model were 

installed, divided into 3 sections spaced 50mm apart, the first section being 750mm from the source and the 

last one 150mm from a rigid nylon termination. In each section, the microphones are disposed 

asymmetrically, as shown in Fig. 3(a). This arrangement does not particularly facilitate the visualization, or 

even the excitation of any specific azimuthal mode; on the contrary, as seen in Eq.(2), due to the 

axisymmetric nature of the tube/loudspeaker assembly, azimuthal modes would not be well excited. In order 

to allow their assessment, a half circle slab is added near the speaker to act as a deflector (Fig.3c). As for 

the radial modes, those are above the frequency range of interest in this work. 

(a) 
 

(b) (c) 

Figure 3: Instrumentation details (a) schematic view of one section, (b) detailed photo of micfophone 

inserts and (c) speaker section with optional deflector. 

Finally, the microphones were connected to a LMS Scadas Mobile data acquisition system from Siemens 

Industry Software. This system also generated the signal sent to the loudspeaker in the tube, after being 

amplified. In addition, for all tests, the microphones received the calibrations as suggested by ISO and 

ASTM standards. All tests were performed at a frequency range of 0 to 4000 Hz, with a resolution of 

0.1953 Hz. 

3 Results and discussion 

In order to evaluate the consistency of the experimental apparatus in relation to the theory described and 

expected, relationship curves were plotted for each section, taking the microphones two by two. Then, an 
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experimental modal analysis was performed with the pressure values of the microphones as outputs, using 

the LMS Scadas data acquisition system running Test.Lab. Then, the pressure amplitude summing curves 

were plotted, two by two per section, in order to identify non-normal modes above the cutoff frequency for 

the given diameter. Finally, the frequencies identified by the modal analysis were used as reference to 

evaluate the frequencies of non-normal modes identified in the amplitude curves summed. 

A final hypothesis, considered in this work, is that the loudspeaker installed at the end of the tube does not 

favor the appearance of non-normal modes, since the displacement of its membrane mainly occurs in the 

axial direction of the tube. To circumvent this problem, an obstacle was added at this end, which would 

unbalance the flat sound emission of the loudspeaker, favoring the appearance of non-normal modes in the 

tube. The optional obstacle can be seen in Fig.3(b). In addition, all tests were performed using the rigid tube 

termination, consisting of a nylon piston, fitted to the tube by means of o-rings. 

3.1 Plane-wave propagation 

The curves of Fig.4 are the transmissibility taken from each pair of microphone in section A (the closest to 

the test specimen). It is expected that, for frequency values below about 2700 Hz, the microphone curves 

have the same sound pressure amplitude (flat waves). In fact, it is observed that, for frequencies below 2719 

Hz, the amplitude ratios between the pairs of microphones are very close to 1. Above this, there is no 

behavior pattern in these curves. For the frequencies below the cutoff, the ratios between the amplitudes of 

the microphones have a maximum difference of 1% between them, except in 3 regions of instability, as can 

be seen in Fig. 4, due to resonances of the system in these frequencies. Thus, even with the imbalance in the 

sound emission caused by the shield, it is still possible to identify the region of flat propagation for 

frequencies below the cut, as predicted by the bibliography. Based on this, it is inferred that the experimental 

apparatus is consistent for the next trials. 

 

Figure 4: Pressure transmissibility functions for pairs of microphoes 

3.2 Acoustic modal analysis 

In order to identify these azimuthal modes, an experimental modal analysis was performed using the LMS 

Scadas Mobile acquisition system and the Test.Lab software from Siemens Industry Software. In this 

process, the electrical signal sent to the speaker terminals was adopted as reference while considering as 

output the pressure values measured in each of the 9 microphones installed in the structure. On each of these 

curves, a polynomial curve is adjusted in order to estimate the modal parameters of the system. Finally, 

based on the estimated modal parameters, it is possible to indicate some vibration modes of the system, 

which should show the flat or azimuthal characteristic of each one. This analysis can be done either by 
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observing the relative phase between each response point (acoustic pressure) or graphically, plotting said 

modes. Here, a license is given to assign a spatial direction to a scalar quantity (acoustic pressure), which, 

however, can assist intuitively in the visualization of modes. 

By means of this method, 32 acoustic modes were identified in a frequency range of 100 to 4000 Hz. Of 

these 32 modes, the first 18 correspond to the plane propagation modes, the 18th mode corresponding to the 

frequency of 2780 Hz. In these first 18 identified modes, all three microphones of the same section have 

similar amplitude and phase, while there are differences of amplitude and phase between microphones of 

different sections, according to longitudinal propagation modes. 

The last 14 modes identified are mostly non-normal azimuthal modes. However, there are normal modes 

that may be of interest for analyzing the samples in the tube in this frequency range. As mentioned before, 

azimuthal modes will present differences of amplitude and phase in at least two of the three microphones in 

the same section. To illustrate these modes, generic examples of non-normal modes are taken for a tube of 

cylindrical section, as in Fig. 5. In this case, mics 1 and 2 would register pressure values that are 180º (or π 

rd) appart. Assuming that the observed pressure values are a continuous function of space and time, this 

condition guarantees that there must be an odd number of nodal planes between this pair of microphones. 

Table 1 shows the frequency values for the first 14 modes above the first cutoff frequency. Each mode is 

related to the phase of the pressure function considering only its real part, approximated to 0 or π, since only 

real modes are considered. Finally, as observed in Section 1, it is worth mentioning that the radial modes 

for the cylindrical structure with the given internal diameter start to emerge from approximately 5400 Hz. 

This ensures that the indicated non-normal modes are essentially azimuthal. In addition, the proposed 

instrumentation does not allow the identification of radial modes, since there are only pressure points taken 

close to the diameter of the tube. 

 

Figure 5: Visualization of azimuthal modes of different orders associated with the position of the 

microphones in an impedance tube section 

3.3 Graphical interpretation 

Now, we try to identify the same non-normal modes identified in the previous section, based only on the 

observation of the pressure data acquired by the microphones during the test. As described in section 1, it is 

hypothesized that when the simple sum of the pressure amplitudes between two microphones of the same 

section results in a smaller value than each plot, there is a phase difference between these pressure functions, 

which indicates the existence of an odd number of nodal lines between the measurement points and possibly 

an azimuthal mode.  

Based on this, a code in MATLAB® was written with the purpose of comparing all curves and identifying 

those points, or regions in frequency, where there is destructive sum. The algorithm generates curves that 

are null when the sum of the amplitudes is greater than at least one of the plots and ‘1’ in destructive sum 

frequencies. The curves shown in Figures 6, 7 and 8, show the three paired comparison in each of the 

sections, A, B and C, respectively. 
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Table 1: Relative phase angle between microphones for modes above the 1st cutoff frequency (* are 

longitudinal modes) 

 
Section A  

Mic # 

Section B  

Mic # 

Section C  

Mic # 

# Modo – 

Frequência (Hz) 
1 2 3 1 2 3 1 2 3 

19 – 2821,3 Hz 0 0 π 0 0 π 0 0 π 

20 – 2829,1 Hz 0 0 π 0 0 π 0 0 π 

21 – 2870,9 Hz 0 0 π π 0 π π 0 π 

22 – 2980,8 Hz 0 π π 0 π π π π 0 

23 – 3057,8 Hz 0 π π 0 0 0 π 0 π 

24 – 3071,9 Hz 0 0 π 0 0 0 0 π 0 

25 – 3137,7 Hz 0 π π 0 π π π π π 

26 – 3190,7 Hz 0 0 0 0 π π 0 π π 

* 27 – 3268,5 Hz 0 0 0 0 0 0 0 0 0 

28 – 3366,2 Hz 0 π 0 0 π π π 0 0 

* 29 – 3448,7 Hz 0 0 0 0 0 0 0 0 0 

30 – 3589,5 Hz 0 π π π 0 π 0 π 0 

31 – 3654,1 Hz 0 π 0 π 0 π 0 π 0 

32 – 3803,2 Hz 0 0 0 π 0 0 0 0 0 

 

By comparing the modal approach to the destructive phase analyses performed by the proposed algorithm 

(Table 2), one can conclude that the algorithm shows a number of false positives. In all, considering the 

other sections, the method developed identifies 10 of the 14 non-normal modes indicated by the modal 

analysis. However, it is possible to verify clear patterns among some of the values, especially those slightly 

above the cutoff frequency for flat waves, where the first azimuthal modes occur. Table 2 highlights the 

proximity of some close values obtained by the two methods. 

3.4 Metamaterial testing 

3.4.1 Unit cell conceptual design and preliminary tests 

The proposed approach for a metamaterial testing, under this framework, looks towards a unit cell fabricated 

using the Fused Deposition Method (FDM). This manufacture technique grows in popularity for its 

capability of creating somehow complex geometries at a reasonable cost. In addition, piezo disks are 

combined, in an attempt to try and improve the performance of the metamaterial.  
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Figure 6: Visualization of modes for the microphones in section A 

 

Figure 7: Visualization of modes for the microphones in section B 

As known from the literature, the parts created by FDM exhibit anisotropic behavior. However, it is 

reasonable to assume a planar isotropy, in the direction of the deposition planes, as no preferential directions 

are observed there [14]. This can be verified in Fig. 9, which shows the filament deposition patterns; the 

beams labeld as ‘Vx’ and ‘V+’ have the infill structure deposited accordingly. The beams compared in this 

study differ only on the internal fiber direction, as described in Tab. 3, where b is the width, L the total 

length, Lu the cantilever free length, t the thickness, m the total beam mass and α the angle of the infill (see 

also Fig. 10). The plane isotropy assumption can also be verified in Fig. 10, which shows the base excitation 

FRFs obtained from the bare beams (before applying the piezos). As dynamic flexional load is applied, no 

major deviation is observed between the structures on the frequency response, for both Vx and V+ beams. 
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Figure 8: Visualization of modes for the microphones in section C 

Table 2: Frequencies estimated by summation and modal analysis methods 

Mic. 1 + Mic. 2 

Freq. (Hz) 

Mic. 1 + Mic. 3 

Freq. (Hz) 

Mic. 2 + Mic. 3 

Freq. (Hz) 

Sum Modal Sum Modal Sum Modal 

2793   2821 2795 2821 

2963 2990 2841 2829 2830 2829 

3085 3058 2891 2871 2876 2871 

3144 3138 2989 2981 2974 3071 

3310  3061 3058  3366 

3373 3366  3072 3595  

3481  3138 3138  3654 

3745  3312    

3915  3729 3590   

  3819    

 

 

 

Figure 9: FDM process and structure labeling (after [14]) 
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Table 3: Frequencies estimated by summation and modal analysis methods 

beam 
b 

[mm] 

L 

[mm] 

Lu 

[mm] 

t 

[mm] 

m 

[g] 

α 

[o] 

Vx 30 180 127 5 26 +/- 45 o 

V+ 30 180 127 5 22 90 o /0 o 

 

 

Figure 10: FDM process and structure labeling (after [14]) 

As the piezo disks are attached to the beams, an increase on the stiffness is expected. Also, due to the 

electromechanical coupling, some passive circuitry (see Tab. 4) is connected in order to evaluate the 

coupling strength. As observed in Fig. 12, in comparison with the results in Fig. 11, an increase on stiffness 

is more dominant over the mass contribution, and no relevant mechanical attenuation is achieved, using 

either a resistive or a shunt circuitry, indicating a rather weak electro-mechanical coupling between the ABS 

beam and the piezoelectric disk.  

The electric response (Fig 13) presents a zero for the shunt circuit at the expected frequency, i.e. the shunt 

resonance (near 60 Hz). One would expect to observe this effect as an attenuation on the mechanical 

response as well but, due to the weak coupling, a rather small disturbance is seen instead (c.f. Fig 12) and 

no significant attenuation is achieved. 
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Figure 11: Bare beams tip mobility functions 

 

Figure 12: Smart beam tip mobility functions for different circuits 

 

Figure 13: Smart beam electro-mechanical frequency response function for different ciucuits 

3.4.2 Future work 

The research presented in this paper is ongoing. The tests presented in section 3.4.1 are being used to validate 

models (both 3D FEM and state-space representations [15]) of the electromechanical system. Eventually a 

beam-like resonator will be used as suggested in Fig. 14, subject to plane wave excitation. The full unit cell 

concept models include (optional) polymeric membranes and/or porous materials. As the former aims at 

increasing the vibro-acoustic coupling, the latter should provide extra passive damping or, in other words, 

have its absorption properties enhanced by the resonant structure. The use of piezoelectric elements on the 

cell design will depend on the achieved coupling: (i) while with enough coupling one could envisage actively 

active control schemes [16], (ii) rather low coupling could still provide means for energy harvesting or 

condition monitoring [17, 18], as preliminary tests have shown a significant electric potential for the shunt 

circuit experiment. 
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Figure 14: Conceptual unit cell design and periodic arrangement for testing on a waveguide 

Finally, it should be mentioned that the use of membranes would render this solution infeasible for 

waveguides that are supposed to allow mass flow to go across the unit cells (such are HAVC of exhaust 

systems) but could still be used as modified Helmholtz resonators for that matter. There are at least other 

two uses of such unit cells, which consider the arrangement of the membranes parallel to the flux or arrays 

of cells mounted on panels for room acoustics. 

4 Conclusions  

Although it is possible to identify the frequency bands where the first azimuthal modes occur in the 

impedance tube, the sum method still proved to be inaccurate. In all, it was possible to identify 10 of the 14 

modal frequencies indicated by the experimental modal analysis. Therefore, it was not possible to identify 

exactly for which frequency values certain azimuthal modes are excited. 

Furthermore, it is necessary to understand more in depth how the relationship between the modes of 

longitudinal and azimuthal propagation occurs in this frequency range. Furthermore, it is necessary to 

understand how the influence of higher modes in this range occurs, in both upper and lower normal modes. 

The impedance tube instrumentation also influences the results. The higher the frequency, the longer the 

wavelengths approximate the dimensions of the instruments and artifacts used in the construction, creating 

more complex phenomena in the tube, which are not contemplated by this model. Other effects such as the 

influence of the boundary layer on the pressure measured by the microphones in the tube should also be 

studied. 

Finally, the use of such devices for metamaterial testing poses difficulties as cells designed for higher 

frequencies may not be tested using standard methods. This paper discussed means for addressing this issue 

and highlighted ongoing research towards that end. 
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Abstract
The problem of wave propagation control in one-dimensional systems, characterized by long-range inter-
actions, has been the main topic of several publications in recent years. The introduction of magnetostatic
or electrostatic forces modify the conventional connectivity based on the short-range interaction, classically
studied in structural mechanics. The present paper provides a new definition of long-range force, based on
the concept of small-world network. The small-world model, born in the field of social networks, is herein
suitably applied to a regular lattice by the introduction of additional, randomly selected, elastic connections
between different points, which modify the waves propagation within the structure. It is shown that the
modified system exhibits a much higher propagation speed, one of the remarkable characteristic of the newly
defined metamaterial or in general multi-DOFs system.

1 Statement of the problem

Metamaterial science is gaining a wide interest in the scientific community [1; 2; 3; 4]. In recent papers
[5; 6; 7] the authors investigated some particular features of long-range metamaterials [1]. The presented
physical context considers particles interacting not only by closest neighbor forces, but also through long-
distance actions [8]. For a specific choice of the function that describes the long-range force, unexpected
results have been obtained, in terms of dispersion curve, phase velocity and group velocity [6]. Wave-
stopping effects and supersonic regions of propagation have been identified and explored by the authors.
Another topic the authors are concerned with is the swarms synchronization by long-range interactions in
vehicular traffic, which is under publication. The synergy between this two topics is investigated in this
work. The authors want to improve the energy exchange performances within a mechanical structure, by the
means of long range connections, through a simple typology and topology of the connections.
So far, the studies carried on by the authors on metamaterials have been focused on the wave propagation
in a 1D waveguide characterized by an interaction ”all with all”: each DOF is connected with all the
others. It is easy to understand that such topology for the connections is rather complex to be realized in
practice. The aim here is to reproduce long range effects replacing the ”all with all” connections with a few
random connections between non-consecutive resonators, i.e the long range connections, which are already
elastically connected to the closest neighbors, as inspired by the small-world theory.

Small-world models have been initially studied in the field of social networks [9], [12], after the first exper-
iments, the small-world theory have been generalized and studied as a branch of the theory of graphs [13].
One of the results underlined by these studies is that modifying a graph characterized by a strongly regular
lattice, substituting few randomly-selected connections with long-range (again randomly-selected) connec-
tions, the information travel along the graph with a significantly higher velocity, without altering the local
characteristics of the model itself. The application to dynamic systems has shown results that are related to
a high propagation speed and to a strong synchronization [14], [15], [16], [17],[18]. In the following it is
shown that, applying the Small-World theory to a mechanical structure, introducing a few random long-range
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Figure 1: Example of Small world model.

interactions between the degrees of freedom, it produces a strong and quick diffusion of energy along the
entire structure.

2 Brief introduction to the small-world theory

The term small-world has been used by Stanley Milgram in his work on social networks [9]. In the paper
the Author introduces the small-world problem analyzing the intermediate acquaintance chain that connects
two randomly chosen people in the world. The experiment that Milgram carried out lead to assert that, taken
randomly two people in the US, these are separated by a chain of relationships involving six acquaintance
links: for this reason, his study is often called six degrees of separation. Although the problem has been
initially studied in the field of social networks, later it has been reconsidered in several other scientific fields
approaching a strict definition of a small world model, still studied as a branch of the theory of graphs.
This model [13] provides a robust mathematical basis to the Milgram experiment, besides the mathematical
foundation, in this article, an innovative significant concept is introduced. In the ordinary theory of graph, the
connection topology is assumed to be either completely regular or completely random. In [13], the authors
fill the gap, considering regular networks rewired to introduce some amount of disorder. They showed these
structures exhibit small characteristic path lengths, like random graphs, but with a modest addition or random
connections. The dynamic of such small-world is shown to be characterized by high propagation speed, a
key effect in the present paper. Technically, Watts and Strogatz consider a network made of vertices and
unoriented links, initially characterized by a strongly regular pattern (in our case the short-range interactions
between resonators) that is randomly modified until a completely random pattern is obtained. The process is
pictorially described in Figure 1. In Figure 1, p is the probability that in the network one of the initial regular
connection has been changed to connect distant vertices (in our case, the chance of including connections
between distant DOFs). This probability can be increased from p = 0, representing the regular connection
architecture, up to p = 1, the case of a completely random graph. The effects of this progressive modification,
is studied using two parameters:

• C(p): Cluster coefficient, it quantifies the amount of local interaction, among local groups of close by
nodes. To define the clustering coefficient, suppose that a vertex v has kv neighbors: at most kv(kv−1)

2
edges can exist between them and this happens when every neighbor of v is connected to every other
neighbor of v. Let Cv denote the fraction of these allowable edges that actually exist and define C as
the average of Cv over all v. In our case C(p) is a measure of the closest neighbors interaction in the
waveguide;

• L(p): Characteristic length of the paths, is the characteristic separation that is present between two
nodes of the graph, however they are chosen. L is the number of edges in the shortest path between
two vertices, averaged over all pairs of vertices.This parameter provides an indirect measure of the
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collective behavior of the network, that in our case is related to the synchronization effects of the
DOFs.

Figure 2: Path length L(p) and clustering coefficient C(p) for the family of randomly connected graph of
Figure 1.

Figure 2 shows how the global feature L(p) is very sensitive to p, while the local feature C(p) is insensitive
to p variations, at least in the region of small p. A remarkable characteristic for this study, is that the
collective behavior of a network can be activated by an insemination of a moderate perturbation of random
connections, permitting the local information to travel much faster than possible in regular local connectivity
architectures. The intriguing result of the small-world theory is represented by the fact that this activation
is possible using a moderate number of random long-range connectivity, meaning the perturbation to be
introduced with respect to the standard model is low-cost and technically feasible by a small number of
hyper-connected nodes. An additional added value of this control strategy is related to the random nature of
the extra connectivity. Since the driving parameter to activate the collective response is L(p), controlled by p,
it means if the connections are individually altered but leaving p = constant, the level of collective behavior
remains constant. This clarifies that in a connected swarm, we have the chance of modifying the connectivity
architecture still preserving its capability to quickly spread the energy among the entire structure. The basic
idea of this paper is that these effects can be used in the development of new connectivity architectures to be
used among mechanical structures, as it will be shown in the next sections.

3 Analytical model for a 1D long-range waveguide

xi + dixi

Figure 3: Rod with purely elastic long-range connections.

The system represented in Figure 3 is an infinite and continuous rod that can be considered a 1D waveguide
characterized by elastic long-range interactions. In this case a rod of steel with ρ = 7500 Kg

m3 , E = 220
GPa , and section S = 10−4 m2 is considered. As previously stated, the authors are interested in analyzing
systems with long-range, randomly determined, elastic interactions; indeed the length of the springs and the
position along the rod are randomly defined.
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The equation of motion, with obvious meaning of the symbols, for the described system is:

ρ
∂u2

∂t2
− E∂u

2

∂x2
+ γ

∑

i

{[(u(x)− u(x+ di)) δ(x− xi)] + [(u(x)− u(x− di)) δ(x− x̃i)]} = 0 (1)

where x̃i = (xi + di), u is the longitudinal displacement and γ is the elastic constant of the long-range
connections. The summation term takes into account the elastic long-range connections and i = 1, 2, .., n is
the index for the randomly connected resonators and di is their distance.
The aim of this work is to evidence a faster propagation in the previously introduced system, in respect
to the classical elastic one, without injecting external energy: a passive method to control the wave and
energy velocity transmission to all the resonators of a 1D waveguide is here indeed investigated with the
introduction of long range connections. To obtain the dispersion relation, the Fourier Transform in time and
space is performed:

− ρω2 ˆ̂u+ Ek2 ˆ̂u+ γ
∑

i

{[(
ˆ̂u− ˆ̂ueidik

)
∗ e−ixik

]
+
[(

ˆ̂u− ˆ̂ue−idik
)
∗ e−ix̃ik

]}
= 0 (2)

where ˆ̂u is the transformed displacement, in time and space domains. In previous papers [5; 6; 7] a closed
form solution for the dispersion curve has been obtained for specific choices of the long-range force. Unfor-
tunately, in this case, an analytical solution for equation (1) is not easily obtainable, this prevents to obtain
an analytical expression for the dispersion curve and the phase velocity. This problem is overcame using a
numerical approach, performing simulations over an equivalent discrete system, to evaluate the time needed
to spread the energy among the structure.

3.1 Discrete equation of motion for a 1D waveguide

xi + dixi

Figure 4: Discrete waveguide with purely elastic long-range connections.

A discrete version of the equation (1) is here considered: a waveguide composed by N = 100 degrees of
freedom with equal masses and connected with equal springs (Figure 4). Introducing the vector x(t) =
[w(x1, t), w(x2, t), ...w(xN , t)]

T , where xi = iε (ε is the discretization step along the waveguide and is
equal to 0.1 m, that is five times shorter then the shortest wavelength), M is the mass diagonal matrix, K
is the stiffness tridiagonal matrix and Klr is the long-range stiffness matrix with sparse symmetric but not
diagonal structure. The stiffness of the springs and the mass of the particles are obtained from the physical
parameters of the continuous rod presented above and are equal to k = E

SL = 2200000 [Nm ], with L = εN ,
m = 0.075 [Kg] and klr = k. The other fundamental parameter in this study is the density of the connections
p = n

N , where n is the number of long-range connections. In matrix form the equation of motion becomes:

Mẍ + Kx + Klrx = 0 (3)
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K =




2k −k 0 · · · 0
−k 2k −k · · · 0
0 −k 2k −k 0
...

...
. . . . . .

...
0 0 · · · −k 2k




Klr =




0 0 0 · · · 0 0
0 k2,2 · · · −k2,10 · · · 0

0
...

. . . 0 0 0
... k10,2

... k10,10
. . .

...

0
...

...
...

. . .
...

0 0 · · · 0 0 0




where K is the conventional elastic stiffness matrix, while Klr, which shows here, for explicatory purpose,
the long range connection between the DOF 2 and 10 only, accounts for the long range terms only.
First of all the modal analysis is performed and the eigenvalues and the natural frequencies of the two systems
are evaluated, to understand how the long-range elastic interactions affect the modal properties of the system.
Figure 5 shows the comparison between the eigenvalues of the elastic and the long-range waveguide for
p = 6%.
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Figure 5: Starting form the figure on top, natural frequencies of the elastic and long-range waveguides and
relative difference between two frequencies, plotted versus the mode index.

It can be seen in Figure 5 how the first and the last natural frequencies are deeply influenced by the presence
of the long-range connections, which produces a stiffening of the structure at low and high frequencies,
leaving the majority of the natural frequency roughly unchanged. Figure ?? shows the eigenvalues and
the modal energies of the structure: both the symmetric and asymmetric modes are activated. The stems
accounts for the modal energy of the long-range structure: there is a selection in the propagating mode
shapes, empowering some at the expenses of others, in particular the 43rd mode is the most energetic.

Each random realization gives to the modified system a different topology of connections. In order to evaluate
the statistical validity of the properties highlighted in Figure 5 and Figure ??, an ensemble of 100 trials are
considered for the density value of 6%. Figure 7 represents the eigenvalues for 100 different configuration
connections with p = 6%: the modal parameters are slightly affected by random realizations, however the
considerations draw for Figure 5 still hold for each sample of the population and for the mean (over the
samples) eigenfrequency λ̄ curve. The same statistical study has been performed on the modal energy (lower
plot in Figure 8). In this figure it is evident a shifting of energy in the higher modes for some configurations
and the already examined distribution for the modes in the middle.
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Figure 6: Starting from the figure on top, eigenvalues of the elastic and long-range waveguides and the modal
energy of the system.
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Eigenvalues for different runs with p=6%  
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Figure 7: Starting form the figure on top, 100 curves of eigenvalues for p = 6%, the average and the standard
deviation of the eigenvalues, plotted versus the mode index.

The procedure is repeated, with p that ranges within the interval [1, 15]% with a step of size 1%, once p
is fixed, 100 randomly connected models are considered, then p is increased and the analysis is repeated:
results are shown in Figure 9. As far as the density of connection increases, the structure becomes more and
more stiff at low and high frequencies. The same study on the modal energies is represented in Figure 10 and
as observed in Figure ?? the most energetic modes of the average modal energy are between 40 and 50. The
blue dots are the modal energies of the elastic structure, each color of the stem is the average modal energy
for 100 trials for a given p. Increasing the p, the modal energy increases, especially for the higher modes.
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Figure 8: Starting form the figure on top, 100 curves of eigenvalues for p = 6% and the corresponding modal
energy for each run, plotted versus the mode index.
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Figure 9: Each curve is the average of 100 runs at the same p, for p = 1− 15%.

4 Numerical simulations and discussions

In the present section the equation of motion of the standard (Klr = 0) and of the modified models (Klr 6= 0)
in equation 3 are numerically evaluated with R©MATLAB, (ODE45 function). The system is excited by
an initial non-zero displacement, imposed to the first two DOFs of the waveguide, x1 = 0.05 m and
x2 = 0.02 m respectively; moreover the study begin setting p = 6% and the number of DOFs is N = 100.

Figure 11 shows that the energy sharing process is much faster in the modified structure. In fact at the time
τ2 the energy is spread almost to each DOF in the long-range waveguide, as shown in detail in Figure 12,
while remains confined below the 30th DOFs in the elastic structure.
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respectively marked with a + and a ♦.
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Figure 11: Starting from the subplot on top the waveguides dynamics at five different instants of time. Left:
long-range waveguide; Right: elastic waveguide.

In Figure 12 the second and third subplots show the effect of the long range connections, which, almost
instantaneously, propagate the local excitation far away from the original point of injection, i.e. to the 73rd
resonator. Figure 11 and 12 show indeed, the benefit of a few, additional, random connections, means that
the topology not necessarily must be a priori known, pledging the transmission of the information with no
effort related to the design of the multi-DOFs system. On the other hand the randomness of the connections
does not allow an exact prevision of the time response of the system at any given time instant.

To appreciate the energy transmission along the waveguides, the average in time of the mechanical energy
of each oscillator are here introduced:
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Figure 12: The long-range waveguide dynamics at five different instants of time between τ1 and τ2.
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Figure 13: Average of the mechanical energy for each DOF of the long-range and the elastic waveguide at
three different time.

EDOFn(j) ≈
∑tj

0 mnẋ
2
n

j
n = 1, ..., N
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EDOF(j) =




EDOF 1(j)
...

EDOFn(j)
...

EDOFN
(j)




(4)

where EDOFn is the average energy of the n− th DOF at the j − th time, namely the average mechanical
energy of each DOF is considered roughly equal to two times the kinetic energy of each oscillator (equa-
tion 4). In Figure 13 EDOF is plotted at three different instants. It is easy to appreciate how fast is the
redistribution of the energy through all the DOFs in the long-range structure compared to the standard case.
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Figure 14: Starting from the subplot on top the time Tr in which the energy spreads to each DOF of the
waveguide both for the elastic and the long-range waveguides for different numbers of DOFs is shown.
Below the % Difference between the time of the elastic waveguide Trel and the long-range one Trlr for
different numbers of DOFs is plotted.

For the standard elastic waveguide, it is possible to empirically evaluate the phase velocity taking into ac-
count the reflection time and the length of the waveguide. Introducing the reflection time, which is the instant
when the initial excitation, applied to one side of the structure, has reached all resonators.
For the long-range system, an alternative definition of a characteristic time is needed, since the initial excita-
tion does not progressively propagate to contiguous resonator only, but it gets (randomly) scattered over the
entire structure. For example, if the connection is between one of the first DOFs with one of the last, the
response of the last resonator (which would determines the reflection time for the standard case) may occur
before that central DOFs have been reached. To our extent, an interesting parameter is the time after that
all DOFs have been reached by the initial excitation. To determine this time, Er (the r stands for reflection
time) is introduced and defined as a tenth of the energy equipartition value, E0/N where E0 is the energy
initially injected within the structure (equation 5). In the dynamics of the system, at least for one time step,
each DOF has a content of energy greater or equal to Er. The time of interest Tr, in particular Trlr for the
long-range waveguide and Trel for the elastic one, is the time in which all resonators have been through the
energy threshold Er.

Er =
E0

N

1

10
(5)

The results of the numerical simulations are shown in Figure 14 : Tr is plotted for different structures with
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Figure 16: Time in which the energy spreads along the waveguide both for the elastic (Trel) and the long-
range one (Trlr) for p = 1− 10% and 100 DOFs.

different DOFs number, both for the long-range and elastic waveguide. In the elastic waveguide the time
increases linearly as expected [19]. In the lower subplot the difference in percentage between the two wave-
guides is presented. For the long-range structure Trlr increases more slowly with respect to the elastic system
and the time difference between the two waveguides increases with the increasing number of DOFs. The
difference for N=100 is of the order of 70%.
In order to test the statistical validity of the previous findings, in Figure 15 is presented Tr for different realiz-
ations of random connections, for p = 6% and 100DOFs. The system shows a sensitivity of the investigated
time to different realization of random connections, even though the time in the long-range waveguide is al-
ways much lower then the one of the elastic system, i.e. roughly 60% lower irrespectively of the realization.
Another interesting result is shown in Figure 16, where the investigated time is evaluated in function of the
density of connections, bounded within [1, 10]%, for N = 100. For p that varies between 1%and 10%, there
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is not a significant change in the time of energy transmission, which is roughly 90% smaller that the time of
the elastic waveguide. It should be pointed out that Figure 16 shows just one explicatory example, among the
population of different random structures characterized by the same density of connections: however several
trials have been performed without an evidence of significant different results.
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Figure 17: The waveguides dynamics at three different instants of time (column), for five different % of
connections (row).

The small sensitivity to the density of connections is shown also in Figure 17, which represents three different
times of the dynamic evolution for five different values of p. The scattering of energy seems indeed more
effective for the examples with 4 and 8% than the ones with 6 and 10%.
In conclusions, a qualitative comparison between Tr plotted in Figure 16 and the path length L(p) in Figure
2 is here drawn. Tr provides indeed information on how fast the energy is spread all over the entire elastic
structure, which can be related to the path length introduced for the small world model, which tells the
shortest path between any two nodes of the graph. While in Figure 2 L(p) has a significant drop for low
values of p, meaning that in these cases the random connections are too few to radically change the way
the information is shared within the graph, our modified structure exhibits a Tr that is radically different
form the original elastic structure, even for p as low as 1%. In other words, with the parameters adopted
here, especially with N = 100, the simulations do not capture the transition between a regular behavior to a
collective one, in function of p, but they capture the collective behavior only in Figure 16, in analogy with the
final constant trend of L(p) in Figure 2 for p > 0.01. A possible explanation for that may rely on the limited
number of DOFs adopted in our simulations, i.e. at most 100 due to the computation time, which prevent
us to perform experiments with p < 1% (0.1), i.e. at least 1 long range connection has to take place over
100 DOFs. As a future research activity, the number of DOFs will be significantly increased, in order to
better investigate the, potential, transition between a regular to a collective behavior in our modified elastic
structure.

5 Conclusions

The problem of wave propagation control in one-dimensional systems characterized by long-range inter-
actions has been here analyzed. In particular, taking the advantage of concepts originally introduced in
the small-world networks, the paper has shown that the addition of a few random long-range interactions
between the degrees of freedom of a standard waveguide produces a strong and quick diffusion of energy
along the whole structures.
The modified system shows indeed a relevant reduction in term of transmission time greater then 70%, with
only 2% of long-range density of connections.
Due to limitations set by the computation time, these early numerical experiments have been performed with
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a limited number of DOFs, at most 100. As a future research activity, the number of DOFs will be sig-
nificantly increased, in order to better investigate the, potential, transition between a regular to a collective
behavior in our modified elastic structure, which characterize the original small world model investigated by
Watts and Strogatz [13].
In this field, the literature has been mainly focused on the capillary control of the state of each DOF , to
obtain a target dynamic for the entire structure, in this respect this paper proposes a new prospective, show-
ing that a substantial modification of the propagation speed can be achieved if a few random, long range
connections, are considered. The results obtained in this work for a simple one-dimensional waveguide are
going to be generalized to different structure, indeed the application of this method in the field of swarm of
drones and connected mobility it is one of the research topic in the actual and future work of the authors.
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Abstract
The aim of this paper is to develop a full Finite Element (FE) computational method for the dynamics of
wheel/rail frictional rolling contact systems in order to calculate reference solutions for curve squeal. The
proposed method is characterized by the use of a fine FE discretization of the contact surface in an Eulerian
frame, non-smooth frictional contact laws and model reduction techniques. An application to the wheel/rail
frictional rolling contact is presented in both quasi-static and dynamic cases. The validation of the approach
in quasi-static conditions is carried out by comparison with CONTACT software. Stability and transient
results show that the technique is able to simulate friction-induced vibrations at high frequencies.

1 Introduction

There is always rolling contact forces transferred within a finite area of contact between the rolling wheels
and the rail of a railway system. These forces are generated by wheel load or by friction due to wheel motion
on the rail. Even if friction mechanisms are rather weak, they may be an important source of vibration and
noise.

As an example, in the case of a tight radius curve (radius lower than 200m), squeal can be generated due
to the lateral slip of the wheel on the head of the rail. This noise is characterized by high sound pressure
levels (130 dB at 0.9m from the wheel) at pure medium and high frequencies. The mechanism causing the
instability is however still controversial. A negative slope of the friction coefficient depending on sliding
velocity is introduced in some models as a source of the instability whereas squeal can also occur in the case
of constant friction due to mode coupling instability in other models.

There are actually several wheel/rail rolling contact models with some simplifications. Equivalent point-
contact models are based on analytic formulas or heuristic laws of frictional rolling contact [1, 2]. They give
good results in slightly non linear dynamic cases close to pure rolling [3]. However, in the cases of large
slips and high-frequency dynamics, surface contact models with discretization of the contact zone are more
adapted. They need a discretization of the contact zone. The variational theory of Kalker [2] which is used in
Pieringer’s model [4] performs some simplifications as the semi-analytical computation of the local contact
flexibilities or influence functions (Boussinesq and Cerruti elastic half-space assumptions, contact/friction
decoupling). In the case of friction-induced vibrations in curves characterized by large slips, high frequency
dynamics and very fast evolutions in the contact zone, the impact of these simplifications is unknown.

Finite element wheel/rail frictional rolling contact models use commercial softwares [5, 6] but the calculation
is generally performed in a Lagrangian reference frame, which greatly limits its performance and is not
adapted to high frequency dynamics.
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The aim of the paper is to propose a full finite Element method for modeling friction induced vibration
of the wheel-rail contact in curves. The wheel-rail contact is simulated by surface contact models with a
discretization of the contact zone and non-smooth frictional contact laws. To reduce computational costs,
simulations are performed in a Eulerian reference frame and modal reduction strategies are used. Instabilities
are analyzed through two types of analysis: stability analysis to predict unstable modes assuming a full
steady steading in the contact zone, and a transient analysis which allows to introduce non linearities and to
determine the amplitude of vibrations. Reduction base including free-interface modes and static attachment
modes is used to reduce computing duration. The proposed approach is applied for contact between the rail
and the wheel during curving.

2 Finite Element (FE) formulation in the time-domain

2.1 Contact problem in the Eulerian frame

A wheel/rail rolling contact is considered, as shown in Fig. 1. The z−axis is chosen to coincide with the
common normal to the two surfaces in contact, the longitudinal x−axis corresponds to the rolling direc-
tion and the y−axis refers to the lateral direction. The wheel rolling speed is V in a direction parallel to
x−axis . In case of curving, wheel relative lateral velocities ∆Vy and longitudinal velocities ∆Vx have to
be considered. The wheel may also have a relative angular velocity ∆ωz around their common normal (or
spin).

rail

contact zone

zx

wheel

rolling 

velocity

friction force

self-friction 

induced 

vibration
angle of 

attack

y

Figure 1: Coordinate system, kinetic variables and applied forces

According to [7], in the Eulerian frame which moves with the point of contact, the relative sliding instanta-
neous velocities (or creep velocities) between the wheel and the rail at a fixed point of the potential contact
interface are given by:

ṡx = vWx − vRx = ∆Vx −∆ωzy + V (
∂uWx
∂x
− ∂uRx

∂x
) + (u̇Wx − u̇Rx )

ṡy = vWy − vRy = ∆Vy + ∆ωzx+ V (
∂uWy
∂x
−
∂uRy
∂x

) + (u̇Wy − u̇Ry )

(1)

where R,W denote respectively the rail and the wheel. u(x, y, z, t) and v(x, y, z, t) denote respectively the
displacement and velocity fields of the structure in the Eulerian frame and the notation u̇ = ∂u

∂t refers to the
time partial derivative. The terms involving V ∂u

∂x represent the deformation contributions due to rolling in
the Eulerian frame whereas the terms involving u̇ simply represent the dynamic contributions.
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2.2 Contact laws

To deal with unilateral contact on the interface, a non-regularized Signorini law is chosen:

∆un − g ≤ 0

rn ≤ 0

(∆un − g)rn = 0

(2)

where ∆un = uWn − uRn is the normal relative displacement on the potential contact interface, rn is the
normal contact stress and g is the initial gap. This law simply conveys that (i) there is no interpenetration
between the two bodies, (ii) the interface only undergoes compression and (iii) it respects the condition of
complementarity. A equivalent semi-regularized form of the law uses the projection on the negative real set
(cf. for instance [8]):

rn = ProjR− (rn − ρn∆un) ∀ρn > 0 (3)

where ProjR−(x) = min(x, 0) and ρn is a positive real number called normal augmentation parameter.

To deal with frictional contact, a non-regularized Coulomb law with a constant friction coefficient µ is used:

‖rt‖ ≤ −µrn
‖rt‖ = −µrn ⇒ ∃λ > 0, ṡt = −λrt
‖rt‖ < −µrn ⇒ ṡt = 0

(4)

where ṡt is the vectorial creep velocity with components ṡx and ṡy defined in equation (1) and rt is the
tangential stress due to friction. This law states that the frictional reaction cannot be greater than a limit
−µrn. If the limit is reached, the material particle slides and has a direction opposed to the direction of the
reaction (slip state). In other cases, the relative velocity is null (stick state).

A equivalent semi-regularized form of the law uses the projection on the Coulomb cone (cf. for instance
[8]):

rt = ProjC (rt − ρtṡt) ∀ρt > 0 (5)

whereProjC(x) = min(µ|rn|‖x‖ , 1)x and ρt is a positive real number called tangential augmentation parameter.

2.3 Dynamics equations and FE discretization

Convective terms in the equations of motion induced by the Eulerian frame are only significant in the case
where the rotational speed is in the order of magnitude of the eigenfrequencies ([9]). In the following
application, the effects of the convective terms are neglected because the wheel rotational speed is assumed
to be low in comparison to the wheel/rail eigenfrequencies.

The displacement field u must verify the equations of continuum mechanics [10] together with the local
formulations of contact equations Eqs. (3) and (5). In order to introduce FE approximations, the principle of
virtual power is used for the system dynamics and the contact laws are written in weak forms [11]:

Find u ∈ U and r such as ∀u∗ ∈ Uo and ∀r∗∫

Ω
ρu∗.üdΩ +

∫

Ω
ε(u∗) : σ(u)dΩ =

∫

Ω
u∗.fsdΩ +

∫

∂ΩF

u∗.fdds+

∫

Sc

u∗.rds
∫

Sc

r∗nrnds =

∫

Sc

r∗nProjR− (rn − ρn∆un) ds

∫

Sc

r∗t rtds =

∫

Sc

r∗tProjC (rt − ρtṡt) ds

(6)
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where Ω is the whole structure. fs and fd are respectively a volume load in Ω and a surface load on a surface
δΩF .ε(u) and σ(u) stand respectively for the symmetric gradient and the stress tensor corresponding to
any displacement field u, the notation ü = ∂2u

∂t2
refers to the double time partial derivative, U = {u|u =

ud on ∂Ωu} and U0 = {u|u = 0 on ∂Ωu}. δΩu is the part of the boundary of the domain Ω where a
displacement ud is prescribed on. Sc is the potential contact zone.

By using appropriate shape interpolation functions for unknown and test displacement and reaction fields
(u, r,u∗, r∗), finite element discretization of Eq. (6) directly gives:

MÜ + CU̇ + KU = F + Pn
TRn + Pt

TRt

Rn =

∫

Sc

Nn
TProjR−(Nn(H−1n Rn − ρn(PnU−G))ds

Rt =

∫

Sc

Nt
TProjC(Nt(H

−1
t Rt − ρtṠt(PtU,PtU̇)))ds

(7)

where U, Rn and Rt denote respectively the vectors of nodal displacements, equivalent normal reactions
and equivalent friction forces, M,C,K are respectively the mass, damping and stiffness matrices of the
structure without contact, G is the vector of nodal initial gaps and Nn,Nt are the shape function vectors on
the contact interface. In addition, Pn,Pn are matrices allowing to pass the contact reactions from the local
relative frame to the global frame whereas Hn =

∫
Sc

Nn
TNnds and Ht =

∫
Sc

Nt
TNtds are transformation

matrices from nodal to equivalent forces. Finally, Ṡt(PtU,PtU̇) denotes the vector of nodal creep velocities
which can be determined linearly from local displacement and velocity vectors, taking into account quasi-
static creep velocities (cf. Eq. (1)).

3 Reduction strategies

The principle is to search an approximated solution U = Bqr of the problem spanned by a reduced basis B
which leads to a reduced dynamics equation:

Mrq̈r + Crq̇r + Krqr = BT (F + Pn
TRn + Pt

TRt) (8)

where Mr,Cr,Kr = BT (Mr,Cr,Kr)B and the size of the system is reduced to the number of modes in
basis B.

In this paper, the proposed basisB includes free-interface normal modes of the structure and static attachment
modes B = [Φ Φs]. Matrix Φ contains the real solutions of the free and undamped system:

(K− ω2M)U = 0 (9)

whereas Φs make the base statically complete by adding static solutions to unitary forces (normal and tan-
gential) on the contact interface:

KΦs = Pc
T (10)

A stronger approximation consists in neglecting the dynamic terms in the reduced equations corresponding
to attachment modes. However, bases Φ and Φs are not orthogonal which is a necessary condition in order
to separate the contributions of normal modes and attachments modes. This can be fixed by using residual
attachment modes defined by:

Φ̃s = Φs − Φ(ΦTKΦ)−1ΦTPc
T (11)

These modes are the static displacement responses to unit contact reactions after the elimination of the
contribution of normal modes. It can be easily verified that Φ̃T

sKΦ = 0.
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The use of basis B = [Φ Φ̃s] in Eq. (8) together with the elimination of the dynamic terms relating to
attachments modes gives:

ΦTMΦq̈ + ΦTCΦq̇ + ΦTKΦq = ΦT (F + Pn
TRn + Pt

TRt)

Φ̃T
sKΦ̃sqs = Φ̃T

s (F + Pn
TRn + Pt

TRt)
(12)

where q and qs are the generalized coordinate vectors corresponding respectively to normal modes and
residual attachment modes such that U = Φq+Φ̃sqs. A total decoupling between the generalized equations
corresponding to free-interface normal modes and residual static attachment modes is obtained.

In addition, noticing that:

Φ̃T
sKΦ̃sqs = (ΦT

s −PcΦ(ΦTKΦ)−1ΦT )K(Φs − Φ(ΦTKΦ)−1ΦTPc
T )qs

= (PcΦs −PcΦ(ΦTKΦ)−1ΦTPc
T )qs

= PcΦ̃sqs

= Pc(U− Φq)

(13)

and including the above expression in Eq. (8) gives:

ΦTMΦq̈ + ΦTCΦq̇ + ΦTKΦq = ΦT (F + Pn
TRn + Pt

TRt)

PcU = Φ̃T
s (F + Pn

TRn + Pt
TRt) + PcΦq

(14)

It must be emphasized that, with this formulation, contact displacements PcU can be directly calculated
from expanded forces and normal modes coordinates.

This reduction strategy consists in solving the global dynamics using free-interface normal modes and adding
a local static residual flexibility controlled by matrix Φ̃T

s in the expression of the contact displacements.
This method gets very close to models such Pieringer’s one [4] combining modal dynamics and static local
resolutions of the kind of CONTACT software. However, in the proposed method, the local flexibility is
calculated numerically by finite elements instead of using semi-analytical influence functions derived from
Boussinesq’s approximations. In addition, it takes into account the static normal/tangential coupling in the
contact zone.

4 Stability analysis

The aim of the stability analysis is to address the mechanism of curve squeal due to frictional contact through
the determination of the evolution of small perturbations around the steady sliding equilibrium.

4.1 Quasi-static equilibrium

The quasi-static or steady sliding equilibrium is first obtained by neglecting the dynamic terms in Eqs. (1)
and (7):

KUe = F + PT
nR

e
n + PT

t R
e
t

Re
n =

∫

Sc

NT
n ProjR−(Nn(H−1n Re

n − ρn(PnU
e −G)))ds

Re
t =

∫

Sc

NT
t ProjC(Nt(H

−1
t Rt − ρtṠe

t)ds

(15)

where Ṡe
t = Ṡt(PtU

e,0) is the vector of nodal quasi-static creepage velocities.

Assuming that some solutions of Eq. (15) exist and can be calculated, it notably provides the status of the
nodes on the contact interface as a function of the equivalent normal reactions ren and friction forces ret . The
facing nodes are in contact if ren < 0. These contact nodes are then sliding if ‖ret‖ = −µren and sticking if
‖ret‖ < −µren.
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4.2 Complex Eigenvalue Analysis (CEA) in case of full steady sliding

Stability analysis is only carried out in the case of full steady sliding (no sticking region) and maintained
contact configuration: it is thus assumed that for each node in contact at equilibrium, bilateral contact and
sliding Coulomb friction laws apply. In order to perform the stability analysis, these laws have to be lin-
earized. On effective contact region, the linearized forms of Eqs. (3) and (5) with the above assumptions can
be written (cf. for instance [12]):

∆un = 0

rt = −µrnt− cbu̇bb
(16)

where cb = −µren/‖ṡet‖ is a damping term due to the linearisation of the sliding direction of the friction
force and b is the tangential direction orthogonal to t.

Searching a discrete solution of the form Ue + Ũ exp(λt) where Ũ stands for the complex displacement
vector corresponding to small harmonic perturbations around the equilibrium, the linearized form of equation
(7) leads to a constrained non symmetric eigenvalues problem:

(λ2M + λ(C + Cb) + K)Ũ = (P̃T
n + µP̃T

t )R̃n

P̃nŨ = 0
(17)

where Cb is the damping matrix provided by the linearisation of the sliding direction of friction force [12, 14,
13] and P̃n, P̃t are new projections matrices such that P̃n is the restriction of Pn on nodes in the effective
contact region at equilibrium whereas P̃t is the restriction of Pt on components in direction t on nodes
in the effective contact region. In stable cases, modes corresponding to eigenvalues with negative real part
are stable. In this case, the perturbations corresponding to these modes vanish and no vibration occur. On
the other hand, modes corresponding to eigenvalues with positive real part are unstable. Some perturbations
corresponding to these modes tend to diverge which can lead to self-sustained vibrations. The divergence rate
of a mode is notably defined as Re(λ)/Im(λ) where (Re(λ), Im(λ)) are respectively the real and imaginary
parts (pulsation) of the mode. This rate corresponds to a negative damping rate.

4.3 Reduced CEA formulations

Solving such a large non-symmetric eigenvalue problem needs model reduction. The approximation consist-
ing in neglecting the dynamic part of the attachments modes is also tested for the stability analysis. The same
technique used in section 3 is applied. The reduction is first performed with basis B = [Φ Φ̃s] composed
of free-interface component modes Φ and static attachment residual modes Φ̃s defined on effective contact
region. The dynamic effects corresponding the residual attachment modes are then neglected leading to the
following constrained eigenvalue problem:

(λ2ΦTMΦ + λΦT (C + Cb)Φ + ΦTKΦ)q̃ = ΦT (P̃T
n + µP̃T

t )R̃n

P̃nŨ = Φ̃T
s (P̃T

n + µP̃T
t )R̃n + P̃nΦq̃

P̃nŨ = 0

(18)

where q̃ is the generalized vector corresponding to free-interface normal modes.

From the two last lines of Eq. (18), normal reactions R̃n can be expressed as a function of the generalized
vector q̃:

R̃n = −InΦ̃T
s (P̃T

n + µP̃T
t ))−1P̃nΦq̃ (19)

where In is the boolean localization matrix such that P̃n = InP̃c Finally, using the above expression in the
reduced eigenvalue problem gives:

(λ2ΦTMΦ + λΦT (C + Cb)Φ + ΦT (K + Kc)Φ)q̃ = 0 (20)
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where Kc is a non-symmetric stiffness matrix taking account the effect of the local residual flexibility of the
structure due to normal and friction forces:

Kc = (P̃T
n + µP̃T

t )(InΦ̃T
s (P̃T

n + µP̃T
t ))−1P̃n (21)

This reduction strategy consists in solving the global dynamics using free-interface normal modes and adding
a local static residual stiffness controlled by matrix Kc. This matrix plays the same role than 2-DOF Hertzian
stiffness/Coulomb friction relations in the case on equivalent point contact models but is calculated by finite
elements.

5 Numerical methods for non linear simulations

For the computation of the quasi-static solution (Eq. (15)) and dynamics solutions at each time step (Eq. (7)),
an iterative fixed point algorithm on equivalent contact reactions and friction forces is used with a stop cri-
terion based on forces convergence [14]. This algorithm is appropriate to the formulation of the frictional
contact laws as non linear projections. The main advantage of the fixed point algorithm is that the integrator
matrix remains constant at each iteration. In the simulations presented in this paper, the augmented parame-
ters ρn, ρt are chosen as the smallest eigenvalue of the integrator matrix condensed on the contact degrees of
freedom [15].

For the computation of the transient solution, the chosen time integration method is a modified θ-method.
This is a first-order scheme developed by Jean [8] and appropriate to unilateral contact dynamics. It notably
allows to compute quasi-inelastic shocks. The detail of the scheme with an application to friction-induced
vibrations can be found for instance in Loyer’s work [14].

6 Results

In this section, an application of the methodology presented in the previous sections is proposed for the case
of rolling contact of a wheel and a rail with lateral creepages. The model is first described. Secondly, the
model is validated in quasi-static conditions with CONTACT software. A stability analysis is then carried
out. Transient calculations are finally performed with reduction and results are discussed.

6.1 Description of the model

The material behavior is assumed to be linearly elastic, isotropic and undergoing small deformations. The
material data of the wheel and the rail are listed in Tab. 1.

Data Wheel rail
Young’s modulus (GPa) 206.9 205

Poisson’s ratio 0.288 0.3
Density (kg/m3) 7800 7800

Table 1: Material data of the wheel and the rail

A vertical displacement uz0 is applied at the hub of the wheel. For the discretization by finite elements,
compatible meshes on the interface are considered: facing nodes of the wheel and the rail in potential contact
have identical tangential coordinates x and y. The potential contact area is meshed with elements of length
1 mm as shown in Fig. 2.
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Y

X

Figure 2: FE model of the wheel with fine mesh on the contact zone

6.1.1 Wheel dynamics

The dynamic behavior of the wheel is assumed to be linear and lightly damped so that a real modal basis
can be used. This basis is presumed to be known in the frequency range of interest. A mode is characterized
by its natural circular frequency ωi, its vertical and lateral modal amplitudes at the contact point Φz and Φy

(assumed to be normalized with respect to mass) and its structural damping factor Ξ.

The 100 first natural frequencies and corresponding free-interface modes have been calculated up to 8000
Hz. Three kinds of mode may be distinguished: the radial modes (r,m,n), the axial modes (a,m,n) and the
circumferential modes (c,m,n) where n is the number of nodal diameters and m is the number of nodal circles.
This classification is necessary to obtain a convergence of eigenvalues depending on the model mesh.

(a) (b) (c)

Figure 3: a: Mode axial of 136.4 Hz (m = 0, n = 1), b:Mode radial of 3281 Hz (m = 1, n = 5) et c: Mode
axial of 3417 Hz (m = 0, n = 6)

Chosen modal damping factors η depend on the nodal diameters [3]:





η = 10−3 if n = 0
η = 10−2 if n = 1
η = 10−4 if n ≥ 2

(22)

6.1.2 Rail dynamics

The rail model consists of one periodically supported rail of type UIC60 provided by ESI-Group (Fig. 4).
This rail has 48m length. The space between sleepers is 60cm. However the dynamic of sleepers and ballast
is neglected because of its low frequency domain.

The rail hysteresis damping is η = 0.02. The rail ends with an anechoic termination of 6 meters composed
of 5 lengths L = (0.6, 0.6, 0.6, 1.2, 3.0)m which are associated variable structural damping η = 0.1 → 1
to avoid the reflection of waves. Pads that connect the rail and the sleepers are modeled by springs (Kx =
Ky = 36e6,Kz = 180e6)N/m. The pad hysteresis damping is η = 1.

The dynamic response obtained by FEM is compared with the dynamic response obtained with the analytical
model as Timoshenko beam [16]. The vertical mobilities at the center point between two sleepers and on
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X

Y
Z

Figure 4: Rail model

Figure 5: Rail anechoic termination

a sleeper are represented in Fig. 6. The frequencies of the peaks are close. However the amplitudes are
different at the peak that associates to the distance between two sleepers. This difference results from the
uniform distribution of the springs that connect the rail and the sleepers. In the Timoshenko beam, there is
only a spring that connects the rail and the sleepers.
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Figure 6: Vertical mobility

6.2 Quasi-static results

In this section the wheel/rail quasi-static rolling contact with lateral creepage is considered. The rolling is
performed in the−x direction with V = 10 m/s. An vertical displacement uz0 = 0.35 mm is applied leading
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Figure 7: Quasi-static frictional stresses on a line y = 0 for ∆Vy/V = 0.2% and µ = 0.3

to a resultant vertical contact force of about 66 kN. A friction coefficient µ = 0.3 is considered. Longitudinal
and spin creepages are set to zero (∆Vx = ∆ωz = 0).

For an imposed lateral creepage ∆Vy/V = 0.2%, the longitudinal distributions of the normal contact re-
actions and frictional reaction on the center line of the contact zone (y = 0) are presented in Fig. 7. As
expected, a stick zone occurs at the leading edge of the contact and a slip zone occurs at the trailing edge
of the contact. The comparison of the results obtained with the proposed full FE method and the results
provided by CONTACT software shows a good agreement in the slip zone and some differences for the
tangential stresses in the stick zone.

6.3 Stability results

Stability analysis is carried out in case of full sliding using a higher creepage ∆Vy/V = 1%. In order to
solve the non symmetric eigenvalue problem, the reduction strategy presented in section 4.3 ( contact static
approximation) is performed. 4 unstable modes whose real parts are positive are obtained. The frequency
of these unstable complex modes are 334, 918, 1670 and 3417 Hz respectively. These frequencies obtained
get close to those observed experimentally. Figs. 9 to 12 show the unstable modes shape. There are 3 axial
wheel modes of (2,3,4) nodal diameters and one wheel mode (a,1,6). The obtained frequencies get close to
those observed experimentally.

Figure 8: Divergence rate of the complex modes
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(a) Wheel (b) Rail

Figure 9: Unstable mode shape 1 (334 Hz)

(a) Wheel (b) Rail

Figure 10: Unstable mode shape 2 (918 Hz)

(a) Wheel (b) Rail

Figure 11: Unstable mode shape 3 (1670 Hz)

(a) Wheel (b) Rail

Figure 12: Unstable mode shape 4 (3417 Hz)

6.4 Transient results

Transient results corresponding to the unstable case founded in the previous section are determined using a
numerical time integration from given initial conditions. In all the following results, the integration starts
from the equilibrium i.e. the initial displacements are the displacements obtained from the quasi-static solu-
tion and the initial velocities are null. The parameters Vx = 10 m/s, µ = 0.3 and ∆Vy/V = 1% are used.
The time step for the integration is ∆t = 1µs.

Fig. 13a show the time series of the lateral contact resultant forces Ft. The tangential resultant force increases
until a pronounced stick/slip oscillation builds up as shown in Fig. 13b. When the tangential contact resultant
force is smaller than the traction bound µFn, a transient stick zone appears at the leading edge of the effective
contact region as shown in Fig. 14.
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Figure 13: Tangential contact resultant force. The status of the contact points at the time steps marked with
Arabic numerals is represented Fig. 14
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Figure 14: Status of nodes in the potential contact zone: no contact zone (red), slip zone (blue) and stick
zone (green)
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Figure 15: Tangent velocity of a point outside the contact zone

The time series of the lateral velocity of a point outside the contact zone is presented in the Figure 15a.
The spectrogram in Fig. 15b allows to observe which frequencies are present in the solution and when they
appear. At the beginning, there are two major frequencies: 334 and 919 Hz which get very close to the natural
frequencies of to the two first unstable modes provided by stability analysis. In the stationary step where
nonlinear events happen, the dominant frequency is f0 = 919 Hz and its harmonic frequencies fk = kf0

appear.

7 Conclusion

In this paper, a method is presented for the modeling and analysis of the high-frequency friction-induced
instabilities of wheel/rail frictional rolling contact in time and frequency domains. A full finite element
formulation around the stationary position in an Eulerian reference frame is derived with a fine discretization
of the contact surface combined with unilateral and Coulomb friction laws with constant friction coefficient.
Both stability analysis and transient calculation are performed not only to determine unstable modes and
frequencies but also to determine the amplitude and the full spectrum of vibrations.

In order to reduce the computational effort, a reduction strategy is proposed for both domains. The technique
consists in simply adding a residual static contact flexibility to the free-interface normal modes when solving
the frictional contact equations (contact static approximation).

The method is tested in the case of wheel/rail frictional rolling contact. The obtained results are first com-
pared to analytical results and Kalkers theory in the quasi-static case. Application to narrow curves configu-
ration shows that self-excited vibrations of the wheel / rail curve contact could occur due to mode coupling
instability (with constant friction coefficient). The results of transient dynamics exhibit are consistent with
the stability analysis and exhibit the corresponding localized stick/slip oscillations in the contact zone.
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Abstract
This paper presents the use of signal processing techniques such as apodization and phase based methods
with the aim of improving the quality of images created from the seismic data array. These signal processing
techniques, which are commonly used for non-destructive testing and biomedical ultrasonic arrays, are im-
plemented. Apodization techniques used are Dual Apodization, Dual Apodization with Cross-Correlation,
Complex Dual Apodization and Spatially Variant Apodization. The phase methods used are Phase Coherence
Factor, Sign Coherence Factor, Coherence Factor Map, Instantaneous Phase Image and Instantaneous Phase
Weight. The paper presents a comparison between the different techniques based on simulated data. The use
of such techniques results in an improvement in the seismic images with no extra cost or modification of the
experimental technique.

1 Introduction

The vast majority of the utility infrastructures are buried and any programmed or emergency maintenance
involve excavations which are likely to disrupt the traffic. A recent UK study estimated that streetworks cost
the UK 7bn annually. Controlled trials carried out by UK Water Industry Research have shown that, even
when sophisticated detection techniques are employed, detection rates are often poor and, as a result, far more
excavations are carried out than would otherwise be necessary for maintenance and repair. In response to
this, a large multi-centre programme, Mapping the Underworld [1]–[3], is being undertaken in the UK, dating
back to 2004, to research a range of technologies that could be combined into a single device to accurately
locate buried pipes and cables. The University of Southampton has been the lead in developing novel vibro-
acoustic techniques [4]. One of the developed techniques is based on the generation of directional shear
waves and the detection and analysis of the subsequent reflections at the ground surface. Cross-correlation
functions between the measured ground velocities and a reference ground velocity measurement adjacent
to the excitation are used to generate a cross-sectional image of the ground using a time domain stacking
approach [5]. The conventional technique uses the Total Focusing Method (TFM), whereby the array signals
are focused on the range and bearing of each pixel in turn and summed, for every source/receiver combination
[6]. Preliminary results on this technique have previously shown the possibility of detecting both plastic and
metal water pipes and air-filled metal pipes. However, to date, no signal processing improvement has been
proposed.

Ultrasonic phased array systems have been largely used in the past in the field of medical diagnostic [7] and
in the nondestructive evaluation of metal strcutures [8]. Many different types of signal processing techniques
have been proposed in the past. The aim of this paper is to extend the use of such techniques to the de-
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tection of buried objects. Although the array configuration is the same in medical, mechanical and seismic
applications the problems differ in the frequency range of application, material dispersion and wave types.
In fact the seismic application deals with frequencies of the order of 500 Hz, significantly much below the
ultrasound region usually adopted in medical and mechanical applications. Also, for the detection of shallow
objects the dispersivity of the soil can be neglected. Most distinctively, transducers applied to the soil will
generate three types of waves, i.e. compressional, shear and Rayleigh waves. The fact that the algorithms for
seismic detection have to cope with three waves travelling at different speeds make this application unique.
In this paper signal processing techniques, such as dual apodization and phase based methods, are applied to
the seismic detection of a shallow buried object for the first time.

The following section describes the numerical computation of the simulated signal. The next section de-
scribes the conventional scanning methodology [5]. The next two sections describe the application of dual
apodization and phase based methods respectively. Finally, before conclusions are drawn, a comparison
between the two families of techniques is presented.

2 Numerical Data generation

Numerical data is used in this paper since it allows benchmarking of the different algorithms in an ideal case
where the location of the target is known. The use of numerical data also permits testing of the different
algorithms against the presence of high noise and/or strong surface waves.

The data has been generated numerically using a wave-propagation model, as presented in a simpler form
in [5]. It is assumed that a transmitter (shaker) placed on the surface of soil generates body and surface
waves which propagate and scatter against a point reflector (buried object). A linear equally-spaced array of
receivers (geophones) is used to gather soil velocity due to the wave propagation. Figure 1 shows the location
of transmitter, receiver and reflector in the half-space (x, z) and it indicates their coordinates. The transmitted
signal is generated in the frequency domain, subjected to delay and frequency-dependent attenuation to
simulate propagation, then transformed back into the time domain to obtain time-histories of the velocities
at each sensor location. A band limited white noise signal is used as source signal. The bandwidth is chosen
from 50 to 1000 Hz, being a realistic bandwidth for shallow seismic exploration [5].

It is assumed that the source generates compressional, shear and Rayleigh waves. Compressional and shear
waves are recorded by the sensors after reflecting off the target. Rayleigh waves are assumed to travel only
on the free surface and are recorded during direct propagation. The propagation of shear waves along the
surface has been included in part of the simulation to simulate the excitation of strong surface waves.

The law of propagation, or transfer function Hrt(ω), is applied independently to each wave. It expresses
the changes in magnitude and phase of the transmitted signal due to time of flight, hysteretic damping, and
geometrical attenuation:

Hrt(ω) = Ae−ηDω
drt
c

(
drt
dref

)n
e−iω

drt
c , (1)

where A is an amplitude contribution factor, ηD is the loss factor associated to the wave, drt is the distance
covered by the wave between transmitter t and receiver r, c is the wave speed, dref is a reference distance
and n is the geometric power attenuation constant. The first factor of the equation express the dissipation,
the second one the geometrical spreading and the third represents the linear change of phase with distance.
Table 1 gives the parameters used in the simulations.

To create the full simulated time histories, two propagation paths are considered between each sensor trans-
mitter combination: a direct path along the surface, and a reflected path via the target. The distance covered
by surface waves is

drt = |xt − xr|, (2)

while the distance covered by scattered waves is

drt =
√

(xP − xt)2 + (zP )2 +
√

(xP − xs)2 + (zP )2. (3)
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To obtain the time domain signals at each geophone the numerical transfer functions are inverse Fourier
Transformed. After inverse Fourier transforming the individual signals, white noise has been added to them
and the signals have been summed together. In particular, two different levels of noise will be used. A small
(20 dB SNR) and a large noise (10 dB SNR) will be used to compare the different algorithms. A sampling
frequency fs = 5000 Hz has been used for all the numerical simulations. A perfect point reflector at a depth
of 0.7 m and centred with respect to the array has been considered. The sensor array used in the simulations
has an aperture of 6 m including 7 sensors 1 m apart from each other. The transmitter is placed consecutively
at the same location of each sensor (overlapped configuration). The simulations provide the time domain
signals for each combination of transmitter-receiver as in a real experiment.

The data of the simulation has also to be pre-processed, in order to get time-of-flight information from the
broadband signals. For each receiver-transmitter pair the cross power spectral density, Crt(ω), between the
transmitted signal and the received one is calculated averaging over 10 windowed chunks (Hanning window).
The cross correlation is then obtained using the generalised cross-correlation (GCC) [9], [10]

srt(t) =
1

2π

∫ ∞

−∞
Ψ(ω)Crt(ω)eiωtdω. (4)

In this paper the Scott GCC has been used which implies

Ψ(ω) =
γrt(ω)

|Crt(ω)| (5)

where γ2rt(ω) is the coherence between the received and transmitted signal.

From each signal srt(t) it is then possible to calculate the Hilbert transform ŝrt(t) = H [srt(t)] [11]. From
each signal the analytic signal Srt(t) is then given as:

Srt(t) = srt(t) + iŝrt(t). (6)

The magnitude and phase of Srt give the instantaneous amplitude (or envelope) and the instantaneous phase
respectively of the signal srt(t). Hence the instantaneous amplitude Art(x, z) can be expressed as

Art(t) =
√
s2rt(t) + ŝ2rt(t), (7)

while the instantaneous phase ϕ(t) is given by

ϕ(t) = arctan
ŝrt(t)

srt(t)
. (8)

The limitations of this model are that non-unity reflection coefficient and wave conversion at the target or
at the surface are not considered. Also all the signals are summed together without taking into account the
actual vectorial components. Finally, the ground is considered homogeneous. In reality the structure of soil
is subject to both anomalous heterogeneity, for example caused by objects other than the desired target, and
more ordered heterogeneity caused by particular soil structures. Despite these limitations, this model can be
used effectively to compare different signal processing techniques.

3 The conventional stacking methodology

The method previously used for the imaging of the section underneath the array of geophones is based on
the Total Focusing Method (TFM) [5], [6]. According to this method the beam is focused at every point in
the target region. The TFM post-processing algorithm proceeds by first discretising the target region, (x, z)
plane, into a grid of pixels. The signals from all the elements in the array are then summed to synthesise
a focus at every point in the grid. Although this focusing method requires a high computation time, the
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Point target

SensorsTransmitter

𝑥𝑥

𝑧𝑧

(𝑥𝑥𝑃𝑃; 𝑧𝑧𝑃𝑃)

(𝑥𝑥𝑠𝑠; 𝑧𝑧𝑠𝑠)(𝑥𝑥𝑡𝑡; 𝑧𝑧𝑡𝑡)

Figure 1: Schematic showing the distribution of geophones and source with respect to the target in the
cross-sectional area (x, z) of the semi-infinite space

Parameters Shear wave Rayleigh wave Compressional wave
Wavespeed c 90 ms−1 85.3 ms−1 298.5 ms−1

Amplitude contribution A 1 0.2 0.2
Damping ηD 0.005 0.005 0.005

Reference distance dref 0.1 m 0.1 m 0.1 m
Geometric spreading coefficient n 1 1 1

Table 1: Simulation parameters

focusing is carried out for each possible shakergeophone location pair and therefore it uses the maximum
amount of information available for each point.

Although different signals can be chosen, in the uniform TFM presented here the instantaneous amplitude
Art(t), given by Equation 7, is used to obtain the intensity of the image, I(x, z) at any point in the scan, with
the following formula:

ITFM(x, z) =
1

M2

M∑

r=1

M∑

t=1

Art(τrt(x, z)) (9)

where τrt(x, z) the time of flight between receiver, r, and transmitter, t, when the array is focused at position
(x, z) in the plane:

τrt(x, z) =

√
(x− xt)2 + (z)2 +

√
(x− xr)2 + (z)2

c
. (10)

It has also been decided for each excitation to remove the nearest sensors from the stacking, so to reduce the
effect of strong surface waves, as usually done in experimental practice.

The first row of Figures 2 and 12 gives the results for uniform TFM as a reference. For each technique four
images are provided. The first column shows the results in the case of small surface wave (only Rayleigh
wave) and small background noise (20 dB SNR). The second column presents the results in the case of
small surface wave (only Rayleigh wave) and large background noise (10 dB SNR). The third column refers
to strong surface wave contribution (Rayleigh and shear waves) and small background noise added (20 dB
SNR). Finally the last column presents the results in the case of strong surface wave contribution and large
noise.
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4 Apodization techniques

In conventional TFM the lateral resolution is limited by the main lobe width, which in turn depends on the
aperture size relative to the wavelength [12]. The contrast resolution is limited by the sidelobe levels. For
example, the resolution of a uniform array is related to the aperture L of the array with the formula

∆φ3dB ≈
λ

L
. (11)

The aperture of the array is 6 m hence the beamwidth goes from 17.2 degrees to 0.86 degrees from 50 to
1000 Hz. Moreover, for ’thinned array’, for which d > λ/2, grating lobes appear as well. Since in the
simulation d = 1 m and c = 90 ms−1 grating lobes appear for f > 45 Hz.

Apodization is a term borrowed from optics which indicates techniques which aim at decreasing the main
lobe width of the beamformer while keeping down side lobes. Weighting or shaping a finite aperture is the
most conventional linear form of apodization and the one used in this paper. In particular only apodization
in the receiving array will be considered. In this case, the apodized TFM takes the following form

IAPO(x, z) =
1

M2

M∑

r=1

M∑

t=1

wrArt(τrt(x, z)) (12)

where wr are apodization coefficients. The value of the coefficient depend on the type of apodization. For
uniform apodization wrt = 1 and for Hanning apodization wr = 1

2

(
1− cos

(
2πr
M

))
.

The uniform apodization is related to narrower main lobe width and higher side lobes levels. The Blackman
apodization is associated with low side lobes levels, but the high main lobe width results in a large defect
representation. The triangular one results in intermediate values between all compared cases [13]. However,
a compromise between resolution and contrast has to be reached. The dual Apodization technique, intro-
duced in the next subsection, tries to reach this compromise. All the results of the different dual apodization
techniques compared in this paper are given in Figure 2.

4.1 Dual Apodization (DA)

The Dual Apodization technique (DA) [14], [15] is a nonlinear procedure that, by computing two versions
of the scanning image, each having a different apodization window, provides an image with good mainlobe
resolution and low sidelobes. For example, as implemented in this paper, one image can be obtained using
uniform weighting, and a second one using a Hanning window.

Implementing the uniform apodization produce images having a point spread function with a sharp main
beam-width but high sidelobe levels, while implementing the Hanning apodization produces images having
a point spread function with low sidelobe levels at the cost of a wider main beam [15].

At each spatial location, the minimum value from the pair of images is selected, assuming that a reflector
should be present in all images:

IDA(x, z) = min
(
IIAPO(x, z), IIIAPO(x, z)

)
(13)

4.2 Dual Apodization with Cross-Correlation (DAX)

Seo and Yen have proposed a particular type of dual apodization called dual apodization with cross-correlation
(DAX) improving the signal to noise ratio [16]. The suggested approach aims at distinguishing the mainlobe
dominated signals from the clutter dominated signals by using two different apodization functions IIAPO and
IIIAPO. It is assumed that these two apodization functions give similar mainlobe signals and very different
clutter patterns. Hence, the degree of similarity can be quantified using normalized cross-correlation between
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the two images. In particular, the normalised cross-correlation (NCC) is performed along the z direction and
the normalized cross-correlation coefficient ρ is calculated as:

ρ(x, z) =

∑
z I

I
APO(x, z)IIIAPO(x, z)√∑

z

[
IIAPO(x, z)

]2√∑
z

[
IIIAPO(x, z)

]2 (14)

this gives a target-dependent pixel-by-pixel weighting matrix, which passes mainlobe dominated signals and
attenuates clutter dominated signals. The final image is then obtained with an operation similar to DA:

IDAX(x, z) = ρ(x, z) min
(
IIAPO(x, z), IIIAPO(x, z)

)
(15)

4.3 Complex DA (CDA)

In the complex DA (CDA) the analytic signal, Srt(t), is used in Equation (12) instead of the instantaneous
amplitude Art(t) [14]. This allows preservation of the original phase of the image which in this case is
complex. Two versions of the image, one using uniform weighting, IIAPO, and the other using Hanning
weighting, IIIAPO, are then calculated. At each spatial location, if the real and imaginary components of the
two images have opposite sign, zero is selected; otherwise the value which has the smaller absolute value of
the two is selected. Eventually the absolute of the image is kept as final scanned image:

ICDA =
√
I2real + I2imag, (16)

where

Ireal =

{
0, if Re (IIAPO)Re (IIIAPO) ≤ 0

min
(
|Re (IIAPO)|, |Re (IIIAPO)|

)
, if Re (IIAPO)Re (IIIAPO) > 0

(17)

and

Iimag =

{
0, if Im (IIAPO) Im (IIIAPO) ≤ 0

min
(
| Im (IIAPO)|, | Im (IIIAPO)|

)
, if Im (IIAPO) Im (IIIAPO) > 0

(18)

CDA is especially powerful because the sidelobes for the point spread functions of the uniform and Hanning
windows are opposite in sign and the result of CDA for a scene consisting of a single bright point would
simply be the mainlobe of the sinc function [14]. CDA provides significantly lower sidelobes than DA for
the one-dimesional case but is not as effective for two-dimensional images where the point spread function
changes sign only along the cardinal directions.

4.4 Phase DA (PDA)

A new type of dual apodization is proposed here and it has been named Phase DA (PDA) because the
discriminant between the two images is based on the phase of the image. The justification for this is similar
to the justification for the phase based methods discussed in the next section. In the PDA the analytic signal
Srt(t) is used instead of the instantaneous amplitude Art(t) in Equation (12). From the two images, IIAPO

and IIIAPO, the minimum is taken only at location where the phase difference is less than π/2, otherwise the
pixel value is set to zero

IPDA =





0, if ∠
(
IIAPO

IIIAPO

)
> π

2

min
(
|IIAPO|, |IIIAPO|

)
, if ∠

(
IIAPO

IIIAPO

)
≤ π

2

(19)
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4.5 Spatially Variant Apodization

Stankwitz et al developed a spatially variant nonlinear apodization (SVA) technique, which uses the lateral
phase differences between Hanning and uniformly apodized data to distinguish between mainlobe and clutter
signals [14]. This is accomplished by taking advantage of the properties of raised-cosine weighting functions
and finding the optimal apodization function on a pixel-by-pixel basis [14]. The method implemented here
is the version where the real and imaginary part of the analytic signal are treated separately and the two
dimensions, (x, z), are treated simultaneously although in an uncoupled minimisation.

In order to implement SVA the following steps have been taken:

1. Compute a reference image using the real signals:

I(0,0)(x, z) =
1

M2

M∑

r=1

M∑

t=1

srt(τrt(x, z)); (20)

2. Compute three more images I(wm,wn)(x, z) for (wm, wn) = (0, 1/2), (1/2, 0), and (1/2, 1/2):

I(wm,wn)(x, z) = I(0,0)(x, z) + (wnP +Qm)wm + wnQn (21)

where

Qm = I(0,0)(m− 1, n) + I(0,0)(m+ 1, n),

Qn = I(0,0)(m,n− 1) + I(0,0)(m,n+ 1),

P = I(0,0)(m− 1, n− 1) + I(0,0)(m+ 1, n+ 1) +

+I(0,0)(m− 1, n+ 1) + I(0,0)(m+ 1, n− 1)

where m and n are the pixel index in the x and z directions respectively;

3. If any of the three I(wm,wn)(x, z) has sign opposite to that of the original image, I(0,0)(x, z), then set
IRSVA(x, z) = 0 otherwise, select the minimum magnitude:

IRSVA =





0, if I(0,0), I(0,1/2), I(1/2,0),

I(1/2,1/2) have opposite sign

min
(
|I(0,0)|, |I(0,1/2)|, |I(1/2,0)|, |I(1/2,1/2)|

)
, if I(0,0), I(0,1/2), I(1/2,0),

I(1/2,1/2) have same sign

; (22)

4. Repeat the previous steps for the imaginary component of the signal ŝrt(t);

5. Final image is ISVA(x, z) =
√

[IRSVA(x, z)]2 + [IISVA(x, z)]2.

SVA allows each pixel in an image to receive its own frequency domain aperture amplitude weighting func-
tion from a continuum of possible weighting functions [14]. Stankwitz et al claim that SVA effectively
eliminates finite-aperture induced sidelobes from uniformly weighted data while retaining nearly all of the
good mainlobe resolution and clutter texture of the non apodized image.

5 Phase based methods

Phase based methods make use of the instantaneous phase of the analytical signals. The use of the phase is
justified by the fact that the phase is much more resilient to noise than the amplitude [17]. Such methods
rely on the phase to confirm the presence of target. These methods are based on the phase distribution in
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the aperture data using dispersion measurements such as standard deviation or variance and aim at improve
SNR. If a target is present, the phase in that particular location will be coherent within all images (receiver-
transmitter couple), while, if there is no target/reflector, the phase will be random. The same argument can
be done for the point spread function of the array: the phase dispersion is low at the main lobe, increases
slightly at the side lobes but it is very high at grating lobes.

Here 5 methods are presented, considered to be representative and sufficiently different from each other. The
results are shown in Figure 3. In all these results no apodization has been applied to the signal. Obviously is
possible to combine all the methods in all possible combinations or present many more variants of the phase
method.

5.1 Phase Coherence Factor (PCF)

The Phase Coherence Factor (PCF) proposes a change in the total fusing method where the sum is weighted
by a function Γ(x, z):

ITFM(x, z) =
Γ(x, z)

M2

M∑

r=1

M∑

t=1

√
s2rt(τrt(x, z)) + ŝ2rt(τrt(x, z)). (23)

The weigthing function Γ(x, z), also called PCF itself, is defined as:

ΓPCF(x, z) = max

[
0, 1− γ

σ0
σ(ϕτrt(x, z))

]
(24)

where σ(ϕτrt(x, z)) is the standard deviation of the instantaneous phase calculated at the focusing point, γ
is a sensitivity parameter and σ0 is the total standard deviation. In the calculation of the standard deviation
some care should be taken in considering the effect of wrapping [18]. The proposed weighting factor yields
values in the range 0 to 1 as a function of the phase dispersion of the aperture data set. Also in the presented
results the value of γ has been set equal to σ0.

Without focusing errors, all phases are equal, σ = 0, and ΓPCF = 1. Out of the main lobe, the aperture
data phases are different, the standard deviation increases, and the ΓPCF decreases. Higher σ values provide
increased suppression for out-of-focus signals.

5.2 Sign Coherence Factor (SCF)

The Sign Coherence Factor (SCF) can be seen as a particular case of PCF where the instantaneous phase is
quantised to 0 or π [18]. Signals are considered fully coherent if their phases fall in one of these two values
with ±π/2 accuracy, which is the same as saying that all the aperture data have the same polarity.

From the signals is possible to calculate the polarity signal of the aperture data brt(t) as

brt(t) =

{
−1, if srt(t) < 0
+1, if srt(t) ≥ 0

(25)

Using the sign polarity signal of the aperture data the standard deviation of the quantised phase can be
calculated by [18]:

σ2(x, z) = 1−
[

1

M2

M∑

e=1

M∑

r=1

brt(τrt(x, z))

]2
(26)

and the weight ΓSCF for Equation (23) is obtained by

ΓSCF(x, z) = 1− σ (27)

ΓSCF measures the coincidence in algebraic sign of the received signals. Signals are defined as fully coherent
if all of them have the same polarity hence σ = 0 and ΓSC(x, z) = 1. The image is then obtained by using
ΓSCF in Equation (23).
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5.3 Coherence Factor Map (CFM)

Martı́nez-Graullera et al introduced an alternative phase coherence descriptor based on the Fourier analysis
of the phase distribution [19]. The introduced Coherence Factor Map (CFM) again gives a weight to be used
in Equation (23):

ΓCFM(x, z) =
1

M2

√√√√
[
M∑

r=1

M∑

t=1

srt(τrt(x, z))

Art(τrt(x, z))

]2
+

[
M∑

r=1

M∑

t=1

ŝrt(τrt(x, z))

Art(τrt(x, z))

]2
(28)

Intuitively by dividing the in-phase and in-quadrature signals by the instantaneous amplitude only phase
information is kept.

5.4 Instantaneous Phase Image (IPI) and Instantaneous Phase Weight (IPW)

Prado et al [13], [20] proposed a new phase-dispersion weighting for the final image but at the same time
build the images using the instantaneous phase or the envelope of the instantaneous phase. The total focusing
equation is modified so to use the instantaneous phase ϕrt(t) as defined in Equation (8) directly in the
focusing equation. In particular, the results shown in this paper are based on the envelope of the instantaneous
phase:

Iϕ(x, z) =
1

M2

√√√√
[
M∑

r=1

M∑

t=1

ϕrt(τrt(x, z))

]2
+

[
M∑

r=1

M∑

t=1

ϕ̂er(τer(x, z))

]2
(29)

where ϕ̂er(t) is the Hilbert transform of ϕer(t).

The weighting proposed is based on a statistical analysis of the instantaneous phase image Iϕ(x, z). First a
threshold ε has been introduced so that it is decided if the calculated Iϕ(x, z) is due to random or coherent
summation. The proposed threshold value depends only on the number of signals used in beamforming [13],
[20]

ε , 1√
log10M

2
(30)

From the statistical analysis of the IP image, a threshold level is defined in terms of the number of signals used
for imaging. This threshold is applied to the IP image, resulting in a two-level image which gives a statistical
indication of whether the pixels of a region in the image are related to a reflector or noise/artifacts. Because
the proposed method uses only the instantaneous phase of the signals, it is less sensitive to attenuation than
conventional DAS amplitude images. [20]

The instantaneous phase image (IPI) method is based on the threshold value ε to obtain a polarised image as

IIPI(x, z) =

{
1, if |Iϕ(x, z)| ≥ ε
0, if |Iϕ(x, z)| < ε

(31)

The other option is to evaluate the probability error (or false indication) of a reflector

PE(x, z) =
σ(x, z)

M2
log10(M

2) (32)

where σ(x, z) is the standard deviation of Iϕ(x, z). Hence a weigthing is defined as

ΓPWF(x, z) =

{
1, if |Iϕ(x, z)| ≥ ε

PE(x, z), if ver(t)|Iϕ(x, z)| < ε
(33)

and the final image is given by ΓPWF(x, z)Iϕ(x, z).
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6 Comparison

Two performance indices have been used to compare the images obtained with all the different techniques.
A commonly used nondimensional index, is the Array Performance Indicator (API), which is defined as the
area, A6dB , within which the image is greater than 6 dB down from its maximum value, normalised to the
square of the wavelength [6]. Since in this application we are using a broadband signal is not possible to
define a wavelength for the normalisation and it has been decided to use the directly A6dB as an index.

The second index has been devised exploiting the fact that the location of the reflector is known. The Pinpoint
Factor, γPF, is the ratio between the value of the image where the target is and the rms of the full image

γPF =
I(xP , zP )

rms[I(x, y)]
. (34)

Figure 2 shows the scanned images for all DA techniques while Figure 4 shows theA6dB and Pinpoint Factor
for all the DA techniques. All the DA techniques show a better resolution and are able to exactly pinpoint the
location of the reflector in presence of low noise. In the presence of high noise all technique still show the
reflector but DA and DAX show a high level background, i.e. a lower contrast. In the case of large surface
wave high levels are present at shallow depths. However a trained operator could still be able to locate the
target. In the case of large noise and surface wave CDA and PDA seem to perform the better removing a
lot of scattering. The usefulness of the techniques is clear, as the removal of scatter potentially reduces the
number of false positives. All the DA techniques show a lower A6dB than the uniform apodization with SVA
performing better across the range. With respect to Pinpoint Factor CDA and PDA are performing better
across the range while SVA seems to perform quite badly in the pinpoint accuracy.

Figure 3 shows the scanned images for all DA techniques while Figure 5 shows the performance indices for
all the phase based methods. All phase methods are extremely accurate in pinpointing the reflector in case
of low noise, apart from IPI which shows too much scatter (note that the image is binary). In the presence
of high noise the methods still manage to see the reflector but giving a lower value. This is a good feature of
the method since they do not loose resolution with noise and still manage to pinpoint the reflector although
with lower contrast. Also the background scatter is kept low. In the case of large surface wave the shallow
depth image is not very high and the images still keep some ability to locate the reflector. In the case of
large noise and large surface wave the IPI seems to perform better and with less scatter. Looking just at
the performance indices SCF seems to perform better than all the other techniques because of the very low
scatter in the images. The second best is the IPW.

7 Conclusions

In this paper the potential benefits of dual apodization and phase based techniques for the detection of buried
object have been studied. The scan images obtained from the different techniques have been compared using
simulated data. Two performance indices have been proposed. The main advantages of using such techniques
are a reduced scatter in the images. Especially phase methods are extremely accurate in pinpointing the
reflector. The best performing DA technique is the CDA and the best performing phase technique is the
SCF. It is clear that the production of this images can greatly enhance the location of buried objects. Future
work should look at the effect that extended object, reflection phase change and wave conversion have on the
detection. Also experimental data should be used for a more realistic comparison.
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Abstract
High speed railway vehicle secondary suspensions are often composed of an air spring connected to a fixed
volume reservoir via a flow restrictor. This work describes the pneumatic suspension models that the authors
have developed to predict passenger comfort indexes. These models are used to determine optimum restrictor
diameters for different railroad types and different vehicle speeds. Rail vertical profiles are generated as
samples of ergodic random processes of given spectral density. Different rail quality levels can be attained by
modifying parameters in a spectral density “template” expression. These samples are functions of distance
(along the track) and can, therefore, be traversed at any speed. The numerical integration of the dynamic
model excited by a given rail vertical profile allows us to determine comfort indexes according to EN 12299
standard. The numerical analysis just outlined is conducted for several rail quality levels, several vehicle
speeds, and several restrictor diameters. Optimum diameters are obtained for any quality-speed combination.

1 Introduction

Railroad vehicle secondary suspensions are often pneumatic systems like the one shown in Figure 1. The air
spring is often in series with an emergency rubber spring that would become the main compliant element,
should the air pressure drop in emergency situations. Some configurations for high speed passenger railroad
vehicles also include a primary suspension composed of a metallic spring and a viscous damper as shown in
Figure 1.

The behaviour of the pneumatic and rubber components of the suspension need to be modelled in order to
determine passenger accelerations when traversing a railroad of given profile. Thermodynamic models have
been proposed to describe air spring – restrictor – reservoir systems [6, 3, 9, 5, 17, 18, 12], but there are two
key ingredients of these models that are often provided without experimental support. Namely, the polytropic
indexes for the air in the air spring and the reservoir, as well as the flow behaviour through the restrictor. The
authors have experimentally characterised these two aspects of thermodynamic models ([16]). The main
findings of this work will be abridged, for completeness, in Section 2. Likewise, the work to characterize
and model the rubber spring will be succinctly presented in Section 3.

These models, along with the capability to numerically synthesise rail profiles of given power spectral density
(PSD), allow us to simulate the behaviour of the suspension for different restrictor diameters, different rail
quality levels, and different speeds. The simulated suspended mass accelerations can be filtered according
to ([20]) to determine comfort levels. Maps of comfort level versus speed and PSD (as specified by some of
the parameters on which it depends) for several restrictor diameters serve as an optimising tool to determine
the most appropriate diameter for a given speed-PSD combination.
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Figure 1: Suspension configuration schematics

2 Pneumatic system

The main findings of [16] will be presented in this section. In order to simplify the characterization of the
pneumatic system, pressure and temperature in the entire volume of the air spring are considered uniform at
any time. Likewise, pressure and temperature in the reservoir are also assumed uniform. Air behaviour is
considered ideal and the fluid flow through the orifice is described as an experimentally fit functional relation
between mass flow rate and pressure difference. The ideal gas relations are written as

ps
ρs

= RgTs
pr
ρr

= RgTr (1)

where Rg is the gas constant for air, p is pressure, ρ density, and T is temperature (subscript s refers to
spring, and r to reservoir). If polytropic indexes could be defined and found for the air in the spring (ns) and
the air in the reservoir (nr), then

ps
ρns
s

= cs
pr
ρnr
r

= cr (2)

where cs and cr are constants determined from the initial conditions. Since the gas leaving the spring has to
reach the reservoir, continuity reads

− d

dt
(ρsVs) =

d

dt
(ρrVr) (3)

where Vs and Vr are the spring and reservoir volumes, respectively, though only the latter is constant. Mass
flow rate is a function of pressure drop that can be written as

d

dt
(ρrVr) = f(ps − pr) (4)

where the function f(ps − pr) describes the restrictor and must be experimentally obtained.

Spring force is
F = (ps − pa)As (5)

where pa is the atmospheric pressure;

The system of seven algebraic–differential equations in seven unknowns may be numerically integrated for
any excitation input x(t), given initial conditions ps(t = 0), Ts(t = 0), pr(t = 0), Tr(t = 0), and provided
that Vs(x, ps), As(x, ps), f(ps − pr), ns, nr, pa are known functions and parameters.
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A specific pneumatic system was tested in the laboratory to determine all functions and parameters mentioned
in the previous paragraph. Figure 2 shows the air spring placed in a 100 kN capacity 80 mm stroke universal
testing machine (MTS model 810 fitted with a load cell model 20F-03). Temperature, pressure, force and
displacement are recorded during any single test.

Figure 2: Experimental setup

Four of the six raw signals measured for a very low frequency case (0.01 Hz, 20 mm restrictor diameter, and 6
mm displacement amplitude) are shown as an example in Figure 3. In this example, temperature amplitudes
in the reservoir are larger than one degree Celsius, and about half a degree in the air spring. Therefore, the
isothermal assumption, which has been adopted for low frequency in many previous works, does not seem
accurate in this case.

Density, in both the air spring and the reservoir, may be computed as a function of time from the pressure and
temperature measurements (ρs = ps/(RgTs), ρr = pr/(RgTr)). Figure 4 shows the calculated density (in
the reservoir) obtained from the pressure and filtered temperature signals. Now that instantaneous pressure
and density are available, one may try to infer a functional relation between the two (if it exists).

Polytropic indexes may be obtained from ln p versus ln ρ plots. Figure 5 shows some constant amplitude
loops as an example. The slope of the curve is the polytropic index.

Figure 6a shows the cloud of values for ns, obtained as the ln ps–ln ρs slope described in the previous
paragraph, for several test conditions and as a function of frequency. Each data point in the plot is obtained
for a given displacement amplitude and a certain restrictor diameter, but several amplitudes (from 2 to 6
mm) and diameters (from 5 to 20 mm) are blended in Figure 6a. The plot proves that the influence of these
parameters (amplitude and diameter) may be neglected, since the relative standard deviation (cv) is less than
2.9% for any frequency.

The experimental results show that the polytropic index in the reservoir (Fig. 6b) is approximately 1.2 for
the lowest frequency tested, and drops quickly becoming isothermal (nr ≈ 1) for frequencies above 0.1 Hz.
The polytropic index in the spring is slightly smaller (than nr) for low frequencies and, although it drops at
a lower rate, it also becomes isothermal for frequencies above 0.3 Hz.

Another aspect of air spring – reservoir systems that needs to be characterized is the flow through the orifice
or, more specifically, the relation between pressure difference and air mass flow rate.

The experimental setup lends itself to determine mass flow rate (ṁ) from the temperature and pressure
measurements. Figure 7 shows root mean square (rms) mass flow rate as a function of rms pressure difference
(∆p) for four different orifice diameters (d =5, 10, 14, and 20 mm). The experimental results (circle data
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Figure 3: Example of recorded signals (20 mm orifice, 6 mm amplitude, 0.01 Hz)

Figure 4: Reservoir density (ρr = pr/(RgTr)) and mass flow (ṁ = ρ̇rVr) for 20 mm orifice, 6 mm ampli-
tude, 0.01 Hz.

points in the figure) hint at a functional relation of the type ṁ = Adb∆pc, where parameters A, b and c are
to be determined to minimize error. Returned values of exponent b were not far from 2 while exponent c was
close to 0.5 (b = 1.80, c = 0.56, rmse= 5 10−4 kg/s). This comes as a surprise since it may be taken as an
inkling that the complex (conceivably) compressible flow through the orifice can nonetheless be described
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Figure 5: Air spring pressure vs density (logarithmic scale, 20 mm orifice, 6 mm amplitude, 0.01 Hz).

Figure 6: Air spring (a) and reservoir (b) polytropic indexes as a function of frequency.

by a simple incompressible–flow local head loss. In fact, by imposing a relation of the type

ṁ = πd2
(
ρ∆p

8k

)1/2

(6)

one may obtain the local head loss coefficient k using an average density.

Figure 7 shows the experimental data along with the outcome of Eq. 6 for each diameter using k = 0.677
and an average density (the mean of the reservoir density time averages for all tests corresponding to the
diameter in question). These functions approximate experimental data quite accurately (rmse= 6.9 10−4

kg/s, R2 = 0.9994) except for the case of the 20 mm diameter restrictor. Accuracy may be improved using
a diameter–specific head loss as shown in Figure 7.

This mass flow description, along with the experimentally determined polytropic indexes and air spring
volume as a function of displacement and pressure, allow us to integrate the system of Equations 1– 5 for
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Figure 7: Root mean square (rms) mass flow rate as a function of rms pressure drop.

any given displacement input. It is also possible to include Equations 1– 5 as part of the global system of
equations that describes the behaviour of the system shown in Figure 1.

3 Safety spring behaviour

Figure 8: Rubber spring nonlinear elastic behaviour

The rubber block between the unsuspended mass and the air spring in Figure 1 serves, as mentioned in
the introduction, as an emergency spring which becomes the main compliant element should the air pressure
drop. The mechanical behaviour of rubber is not easily modelled. The main findings of [15] will be presented
in this section. Figure 8 shows the elastic force–displacement curve. The test was conducted “backwards” by
progressively allowing the spring to stretch from a highly compressed stable initial state. The entire test took
10 hours. The waiting allowed for all viscous or frictional effects to be removed from the measurements,
including the very slow stress relaxation.

Figure 9 shows low frequency (f = 0.01 Hz) force–displacement cycles for harmonic displacement of
several amplitudes and the same mean. The elastic curve is superimposed on this plot to visualise the signif-
icance of the added effects. The plot shows that the apparent stiffness increases as the amplitude decreases,
suggesting the presence of internal friction. Viscous effects are, for the most part, removed from the response
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Figure 9: Low frequency (f = 0.01 Hz) force–displacement cycles for harmonic displacement of amplitudes
A = 0.50, 1.25, 3.75, 7.50 mm and mean value xm = 27.35 mm.

since the frequency is very low. These effects were added performing medium frequency and medium am-
plitude tests.

The spring behaviour described and quantified above may be replicated to satisfactory accuracy with the
model in Figure 10, which is composed of three branches: a non–linear elastic branch the force–displacement
curve of which should fit, as closely as possible, the behavior shown in Figure 8; a soft friction branch to
reproduce the dissipation and softening with amplitude shown in Figure 9; and finally, a viscous branch to
incorporate the stiffening with frequency (with a mild increase in dissipation).

Figure 10: Proposed model for rubber spring behaviour

As proven in [15], the model predicts force–displacement behaviour for harmonic inputs of any given ampli-
tude and frequency. It may therefore be incorporated in the general suspension model of Figure 1 to simulate
its behaviour when travelling at a given speed on a specific rail profile.
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4 Rail profile

Railroad vertical irregularities can be measured and decomposed in its spatial frequency content. Some
expressions have been proposed to describe the spectral density of vertical irregularities. For example, the
following expression can be found in [13]:

Sv(Ω) =
Av · Ω2

c

(Ω2 + Ω2
r)(Ω

2 + Ω2
c)

(7)

where Sv is vertical displacement spectral density, Ω is spatial frequency (rad/m), Av a coefficient that may
be modified to represent different levels of irregularities (or rail quality), and Ωc and Ωr are cutoff spatial
frequencies (Ωc = 0.8246 rad/m, Ωr = 0.0206 rad/m). Figure 11 shows Sv(Ω) for six different values of
Av that cover a wide range of rail qualities. These are the values of Av to be used in the simulations to be
presented in the next section.

Random profile samples with a given spectral density may be synthesized with a random phase procedure.
One such sample is shown in Figure 12 as a function of distance along the track (s). Profiles are converted to
time signals when the train speed is selected (t = s/v). Any of these time records is the input displacement
signal for the equations that model the suspension as described in previous sections. The output is the
suspended mass acceleration. Suspended mass acceleration records may be filtered according to [20] in order
to take into account the variable influence on comfort of the different frequencies of which the acceleration
signal is composed. Reference [20] also defines a comfort index that can be used to compare designs,
configurations and conditions.

Figure 11: Rail irregularity Power Spectral Density

5 Comfort indexes

The procedure outlined in the previous sections has been implemented to determine comfort indexes for dif-
ferent restrictor diameters, different train speeds, and several rail quality levels (as represented by parameter
Av). A pictorial representation of the process is depicted in Figure 12. Figure 13 shows comfort indexes
as a function of speed for three different diameters. Each of the three plots of the figure corresponds to a
given Av value (Av = 0.25µm rad, Fig. 13a, Av = 0.75µm rad, Fig. 13b, Av = 1µm rad, Fig. 13c). It
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Figure 12: Rail irregularity sample

comes as no surprise that comfort worsens (comfort index increases) as velocity grows and as parameter Av

becomes larger. Nevertheless, it is worth noticing that the curves for different diameters cross each other at
speeds that depend on rail quality. This result suggests that comfort may benefit from designs with adjustable
restrictor diameters, so that the optimum could be chosen depending on speed and rail quality. Focusing, for
example, on a rail quality for which Av = 1µm rad (Fig. 13c) we infer that a diameter of 15 mm should be
used for speeds below 250 km/h, but a larger diameter (20 mm) should be used for higher speeds. Figure 14
rearranges the data showing comfort indexes as a function of Av for three different diameters. Each of the
three plots of the figure corresponds to a given speed (v = 140 km/h, Fig. 14a, v = 240 km/h, Fig. 14b,
v = 300 km/h, Fig. 14c). For example, when travelling at 140 km/h (Fig. 14a), a 10 mm diameter should
be used for high quality rail profiles (Av below 0.6 µm), but a larger diameter should be used when the rail
profile worsens.

Figure 13: Comfort indexes versus speed, (a) Av = 0.25µm rad, (b) Av = 0.75µm rad, (c) Av = 1µm rad
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Figure 14: Comfort indexes versus Av, (a) v = 140 km/h, (b) v = 240 km/h, (c) v = 300 km/h

Figura 15 shows comfort indexes as a function of parameter Av and speed. A decision map can be obtained
from this figure to determine the most appropriate diameter for each speed–Av combination.

Figure 15: Comfort indexes versus Av and speed

6 Conclusions

The thermodynamic behaviour of pneumatic systems cannot be ignored when simulating the performance
of passenger rail vehicle suspensions. Contrary to what has traditionally been accepted, experimentally
measured polytropic indexes for the air spring and the reservoir tend to isotropic when frequency grows.
Since usual suspension configurations include a rubber emergency spring, the complicated behaviour of
rubber needs to be incorporated in suspension models as well. Comfort indexes have been obtained by
simulating the suspension model traversing a given road profile at a given speed. Results show that comfort
may be improved by devising an adaptive suspension to use different restrictor diameters depending on speed
and rail quality.
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Abstract
Formulation of the Timoshenko elements is improved with the use of internal degrees of freedom (iDOF) rep-
resenting the local displacements, leading to a new finite element approach specially devoted to the numeric
analysis of the track dynamics. The dynamic formulation of the local displacement is proved to correct the
frequency content of the track model. Regarding time domain studies, this approach avoids the displacement
underestimation and shear discontinuity between elements, which are sources of inaccuracies and irregular
behaviour. Those rail sections located above the supports are modelled with Timoshenko element over elastic
foundation (TEEF), and the rest with conventional Timoshenko elements (TIM4). By using TEEF prompt
disruption of the contact force at support surpassing is avoided, and the frequency response of the track
around the ‘pinned-pinned’ frequency is corrected. Moreover the TEEF formulation is extended in order to
account for the sleeper pitch rotation, and evaluation of its influence over the track dynamics is performed.

1 Introduction

At railway vehicle operation the contact between rail and wheel originates forces with a marked dynamic
behaviour. This dynamic behaviour is normally attributed to irregularities at the contact profiles and varying
track stiffness. The latter is known as parametric excitation. Accurate evaluation of the contact forces is of
utmost importance for the study of railway track and vehicle dynamics. The former has a main role in the
assessment and prediction of rail corrugation [1], ballast settlement [2] and wheel-rail noise [3]. Because of
it, track modelling is a key point in the development of prediction tools, and since several decades ago up to
nowadays it has been the subject of numerous investigations.

In the review presented in Ref. [4], the track models are divided in two groups, depending on whether they
are devoted to the analysis in frequency or time domains. Normally, time domain simulations are preferable
to be performed with numeric or semi-analytic models, while frequency analysis can be computed efficiently
with analytic models. Numeric models based on finite elements techniques has been extensively used for the
analysis of non-linearities [5, 6, 7], distributed track supports [8, 9], transitions [10], ground vibration [11],
impact response [12] and sleeper voids [13]. In general terms, numeric models permit studying a wide range
of situations, but in some cases an elevated computational cost could make them unsuitable.
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In this work, a numeric methodology is presented in order to improve the description of some track compo-
nents at a reduced computational cost. The main components of the track that the model should describe are
rails, pads, sleepers and ballast. Depending on the frequency range of interest and the model goal, the level
of detail in the modelling of each component will vary. Usage of 3D finite elements on the representation
of sleepers and ballast involves a high computational cost, therefore it is restricted to studies focused on the
ground vibration [10], non-linear ballast behaviour [7] and coupling of the rails through the sleepers [14].
This paper is focused on the accurate modelling of rail and pads, which have been separately studied by
the current authors in previous work. The dynamics of ballast and sleepers are represented with simplified
models. Ballast is taken as a massless system and its flexibility and dissipative properties are introduced with
Kelvin-Voigt elements. This assumption implies a lack of accuracy at low frequencies, but it has a negligi-
ble effect on the medium-high frequency range. On the other hand, sleepers are modelled as rigid masses,
which, in spite of being a widely used simplification, neglects the existence of bending modes around 450
and 750 Hz, thus more research into this topic would be necessary in order to justify this simplification.

Regarding rail modelling, most time domain models use beam elements based on Euler-Bernoulli and Tim-
oshenko theories. The former is accurate in the rail modelling below 500 Hz, while the latter extends its
validity up to 1.5 kHz by accounting for shear deformation and rotational inertia. Beyond that limit, Timo-
shenko theory starts to lose accuracy, since it does not consider resonances involving section deformation,
although many track phenomena can be still analysed with enough precision. Nevertheless, Timoshenko
validity can be extended by implementing torsional and warping motions [15] or modelling the rail section
with several beams [16]. Finally, modelling with 3D elements encompasses a wide range of frequencies
[17], but the computational cost increases significantly. For all these reasons, Timoshenko beam remains as
a common choice at the rail modelling.

The performance of conventional Timoshenko elements with four DOF and cubic shape functions [18]
presents some drawbacks. These are due to underestimation of the local deformation [19] and shear dis-
continuities at the element nodes. Some studies have dealt with this problem, by using TIM7 elements [20]
together with moving DOF [21], modifying the contact stiffness [22] and implementing local displacement
of the element [23]. In Ref. [23] the local displacement of conventional Timoshenko elements is formulated
with two approaches, one static and another dynamic, both based on the analytic solution of a clamped-ends
Timoshenko beam loaded by a point force. The dynamic approach is proved to correct the hindrances of
TIM4 elements and the frequency content of the track at a lower number of DOF modelling the rail.

The accurate modelling of the rail-pads is also addressed in this work. Most track models using beam theories
represent rail-pads with a vertical Kelvin-Voigt interaction between the rail and the sleeper, i.e. neglecting
the fact that the rail is not supported at a concentrated point but over a certain length. It involves misdirection
of the frequency response around the ‘pinned-pinned’ frequency, and in time domain, it leads to a prompt
disruption of the contact force each time a support is surpassed. The correction of the frequency response
is tackled by some models with rotational stiffness and damping constraining rail bending at the support
positions [24, 25]. However, rotational interaction does not achieve a total correction of the frequency
domain response, and it has a null impact on the contact force disruption at time domain response. Both
inaccuracies can be removed with a distributed model of support [8, 9]. In Ref. [8] several elements are used
to model the rail length over the support, while in Ref. [9] it is modelled by using one element derived from
the Timoshenko beam equation over elastic foundation.

The proposed methodology joins the work presented in Refs. [9, 23]. In Ref. [23] the total displacement
is seen as the superposition of two systems, which are denoted as global and local. Here the global system
corresponds to that presented in Ref. [9], and it is enhanced with the implementation of the local displace-
ments for TEEF and TIM4 element. Instead of addressing the local displacement as a system superposition,
here it is directly introduced as internal element DOF. This is an analogous development to the previously
proposed, but its implementation is more compact and generic. Moreover, in Ref. [24] the sleeper rotation
along its longitudinal axis (sleeper pitch motion) is accounted for, but no further assessment of its influence
is performed. Here the TEEF formulation is extended in order to account for that motion, and the impact on
the track dynamics is studied. The paper is divided as follow: the second section makes some comments of
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the general features of the model. The third section extends the TEEF formulation to account for the sleeper
pitch motion. The fourth section establishes the formulation of the iDOF. Fifth and sixth sections study the
frequency and time domain results of the model, respectively. And finally, conclusions are commented in
seventh section.

2 Description of the track model

The global system is associated to the common FE modelling, and it contains those DOF representing vertical
displacement and bending rotation of the rail, as well as the motion of sleepers. In this paper, those DOF are
denoted as external since they might define the displacement field of several elements. On the other hand,
local system accounts for the displacements inside the finite element, which are out of the accuracy range of
the global system. It is represented by DOF whose motion only contribute directly to the displacement field
of the elements in which they are implemented, and therefore they are denoted as iDOF.

The global system used in this work is directly taken from Ref. [9]. The modelling of the global system is
presented schematically in Fig. 1 (a), in which TEEF elements are used at the support positions and TIM4
elements between supports. In Ref. [9] the description of the local displacement is performed with a static
approach. In this work, the dynamic behaviour of the local system is accounted for by using the methodology
proposed in Ref. [23] for the TIM4 element, and extending it for the TEEF. The dynamic approach is based
on a modal superposition of the vibration modes corresponding to a clamped-ends Timoshenko beam, which
should also introduce the viscoelastic foundation for the TEEF, as it shown by Fig. 1 (b). In order to account
for the total flexibility of the local system an infinite number of vibration modes would be necessary. Apart
from increasing the number of iDOF, a high number of vibration modes would force to reduce the time-step
length to an unacceptable size. This problem is circumvented by applying the mode acceleration method
[26] in an analytical way, resulting in a residual flexibility, Fres =K−1res. The parameters of the track are taken
from Ref. [24], which are gathered in Tab. 1.

Table 1: Parameters for the track (Ref. [24]). UIC60 rail type.

Young’s modulus (GPa) E 210 Shear modulus (GPa) G 80.8
Cross-sectional area (cm2) A 76.9 Mass density (kg/m) ρ 60.3
Shear coefficient κ 0.4 Inertia moment (cm4) I 3055
Pad stiffness (MN/m) Kp 350 Pad damping (kNs/m) Cp 48
Ballast stiffness (MN/m) Kb 70 Ballast damping (kNs/m) Cb 47
Sleeper spacing (m) l 0.6 Sleeper mass (kg) Ms 160
Wheel mass (kg) Mw 550 Contact coeff. (GN/m3/2) Kc 118.6
Support length (m) Ls 0.16 Sleeper rotational inertia (kgm2) Is 1.586
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Figure 1: Track modelling using global (a) and local (b) systems. The rail sections above the supports use
TEEF and the rest are represented with TIM4 elements.

3 Shape functions of the element DOF

3.1 External DOF

The shape functions associated to the external DOF (eDOF) of TIM4 and TEEF are the static solutions of
the corresponding equilibrium equations. For the TIM4 element the shape functions read
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L
)
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)
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L
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1

1 +Φ
[3(x

L
)
2

− 2(x
L
)
3

+Φ
x

L
] , (3)

Nθ2(x) =
x

1 +Φ
[(x
L
)
2

− x
L
− Φ

2
(1 − x

L
)] , (4)

where x is the spatial coordinate, L is the element length and Φ = 12EI/GAκL2. The derivation can be
found in Ref. [18], as well as the elementary mass and stiffness matrices. The shape functions of the TIM4
are gathered in NTM. On the other hand, shape functions of the TEEF are derived following the procedure
presented in Ref. [9], in which the differential equation to solve is

wIV − kd
κAG

wII + kd
EI

w = qs
EI

, (5)

where roman numerals denote the spatial derivative, and qs is the distributed shear load due to the sleeper
movement. The shape functions of the TEEF, NEF, are obtained by imposing unitary displacement at the
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DOF of interest and vanishing value at the rest. NEF accounts for the potential energy absorbed by the
elastic foundation, therefore it results in a lower deformation along the element than NTM, for a same force
or displacement applied at a nodal position. The difference between NEF and NTM is shown in Fig. 2. As
the distributed pad stiffness increases the difference becomes larger.
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Figure 2: Difference between shape functions of the TEEF with respects to those from TIM4 for different
distributed stiffness. The element length is 0.5 m. Distributed stiffness: (-⋅-) 0.1 GN/m2, (−−) 0.2 GN/m2,
(-×-) 0.3 GN/m2, (-∗-) 0.4 GN/m2, (-○-) 0.6 GN/m2, (-+-) 1 GN/m2. Parameters from the UIC60 rail. [9]

In the TEEF formulation the vertical and pitch motions of the sleeper cause deformation of the rail section
as it is schematically shown in Fig. 3. In Ref. [9] the sleeper is assumed to be infinitely rigid to the pitch
motion, and only the vertical motion is accounted for by defining qs = kdws. Here the sleeper pitch, θs, is
introduced through its inertia, Is, and the distributed shear load,

qs = kdws + kd (x −Ls/2) sin θs ≈ kdws + kd (x −Ls/2) θs. (6)

The shape functions for both sleeper motions are obtained substituting Eq. (6) into Eq. (5), imposing unitary
displacement at the study sleeper DOF, and vanishing values at the rest. The shape functions for the sleeper
movement are displayed in Fig. 4. The vertical and pitch motions of the sleeper will be the fifth and sixth
DOF of the TEEF, respectively. The interaction of the sleeper with the rail through the elastic foundation is
noticeable for the case of the vertical motion, on the contrary, the shape function of the sleeper pitch motion
shows an negligible coupling between sleeper pitch and rail displacement. Although these results affect only
the formulation of the TEEF, they point out an overall low influence of the sleeper pitch motion.

3.2 Internal DOF

The formulation of the iDOF is based on the vibration modes of a clamped-ends Timoshenko beam, which are
used as shape functions. Following, the mathematical development is presented accounting for the presence
of a viscoelastic foundation. The derivation is analogous to that presented in Ref. [23] whether kd and cd are
assumed vanishing. The dynamic equilibrium of the section reads

κAG(∂θ(x, t)
∂x

− ∂
2w(x, t)
∂x2

) + ρA∂
2w(x, t)
∂t2

= −kdw(x, t) − cdẇ(x, t), (7)

EI
∂2θ(x, t)
∂x2

+ κAG(∂w(x, t)
∂x

− θ(x, t)) − Iρ∂
2θ(x, t)
∂t2

= 0. (8)

Assuming a modal solution in the form

w(x, t) =W (x)est ; θ(x, t) = Θ(x)est, (9)
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Figure 3: Qualitative representation of the interaction between the rail and sleeper through the elastic foun-
dation for vertical (a) and pitch (b) motions.
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Figure 4: Shape functions of the vertical (a) and pitch (b) motions of the sleeper for several values of the
distributed pad stiffness. Distributed stiffness: (-×-) 0.5 GN/m2, (-∗-) 1.0 GN/m2, (-○-) 2.5 GN/m2, (-+-)
5.0 GN/m2. Parameters from the UIC60 rail.

the differential equations (7) and (8) become

κAG (ΘI −W II) + (ρAs2 + kd + cds)W = 0, (10)

EIΘII + κAG (W I −Θ) − IρΘs2 = 0, (11)

which is a coupled system of differential equations. It can be merged as

W IV − [s
2ρ

E
( E
κG

+ 1) + kd + cds
κAG

]W II + [s
2ρ

E
(s

2ρ

kG
+ A
I
+ kd + cds

κAG
) + kd + cds

EI
]W = 0. (12)

In turn, the bending rotation can be expressed in terms of the vertical displacement as

Θ = EI

κAG + Iρs2 [W I (κAG
EI

− ρAs
2 + kd + cds
κAG

) +W III] =D1 (D2W
I +W III) . (13)

The Eq. (12) has an homogeneous solution formed by four exponential terms,

W = P1e
λ1x + P2e

−λ1x + P3e
λ2x + P4e

−λ2x, (14)
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where λi are the characteristics roots of the differential equation (12). The coefficients Pi are obtained by
imposing the clamped-ends boundary conditions, W = Θ = 0, at x = 0 and x = L, which lead to

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

eλ1L e−λ1L eλ2L e−λ2L

C1 −C1 C2 −C2

C1e
λ1L −C1e

−λ1L C2e
λ2L −C2e

−λ2L

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

P1

P2

P3

P4

⎤⎥⎥⎥⎥⎥⎥⎥⎦

= ΛP = 0, (15)

where C1 = (λ31 +D2λ1)D1 and C2 = (λ32 +D2λ2)D1. Those values of s that make det(Λ) = 0, are the
natural frequencies of the vibration modes.

For the local modes of the TEEF, the presence of viscous forces at the equation leads to complex values of
the natural frequencies, s = β + iα. The value of s is rearranged to express it in terms of an absolute natural
frequency, ω = ∣s∣, and a damping coefficient, ζ = (1 − β2/ω2)1/2. The Tab. 2 gathers the natural frequencies
and damping coefficients of the first five local vibration modes, for several stiffness of the foundation and a
constant value of the distributed viscous damping. The vibration modes are distinguished by means of the
number of periods composing the modal shape, and the dominant type of strain involved in their motion. The
data shows that distributed foundation has a low impact on the highest modes, in fact only the first vibration
mode varies significantly. An extreme case is the mode involving dominant bending strain, which has a null
sensitivity to the foundation presence. In spite of the small differences between vibration modes of TIM4
element and TEEF, for the shake of coherence the proper vibration modes are used at the formulation of
iDOF. Since the damping is kept constant, the value of ζ does not show noticeable changes.

Table 2: Natural frequencies (kHz) of the vibration modes for several distributed pad stiffness. Element
length 16 cm and parameter from UIC60 rail. cd = 300 kNs/m.

period/element length
kd = 0 kd = 1 GN/m2 kd = 2.5 GN/m2 kd = 5 GN/m2

Kp = 0 Kp = 160 MN/m Kp = 400 MN/m Kp = 800 MN/m

Half period (shear)
ω (kHz) 6.279 6.312 6.362 6.444

ζ 0.063 0.063 0.062 0.061

1 period (shear)
ω (kHz) 12.408 12.424 12.448 12.488

ζ 0.031 0.031 0.030 0.030

1 period (bending)
ω (kHz) 17.111 17.111 17.112 17.113

ζ 0.001 0.001 0.001 0.001

3/2 period (shear)
ω (kHz) 18.894 18.905 18.922 18.950

ζ 0.021 0.021 0.021 0.021

2 period (shear)
ω (kHz) 25.283 25.291 25.303 25.324

ζ 0.016 0.016 0.016 0.016

Once the frequencies of the vibration modes are obtained, the coefficients Pi defining the modal shape are
derived from Eq. (15). Since ΛP = 0 is an indeterminate system, one of the terms in P should be assumed
in order to calculate the rest. In this way non-normalized expressions of W and Θ are derived. Usually,
normalization is achieved by imposing a unitary value of the modal mass. In this case, the presence of
distributed damping leads to complex modal shapes which make difficult their accurate normalization. Since
one of the component is much larger than the other, the largest one is taken as real and the normalization is
done with respect to it.
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4 Formulation of the Timoshenko element with internal DOF

Once the static shape functions of the eDOF and the vibration local modes have been obtained, they are
gathered as the elementary shape functions in N(e) = [Next Nint], where the superscripts ‘ext’ and ‘int’
refer to external and internal DOF, respectively. The stiffness and mass matrices are defined as

K(e) = ∫
L

BT
bEIBbdx + ∫

L
BT

shGAκBshdx + kd∫
L

N(e)
T
N(e)dx, (16)

M(e) = ρA∫
L

N(e)
T
N(e)dx + ρI ∫

L
N
(e)
b

T
N
(e)
b dx, (17)

where Nb is the bending rotation interpolation vector, Bb and Bsh are the vectors which transform nodal
displacements into bending and shear strains, respectively. For a certain i-th DOF the generic expressions of
the previous vectors are

Nbi =
EI

κAG + Iρω2
[N (e)i

I
(κAG
EI

− ρAω
2 + kd + cdω
κAG

) +N (e)i
III

] , (18)

Bbi =
dN

(e)
bi

dx
, (19)

Bshi =
dN

(e)
i

dx
−N (e)bi . (20)

Since the shape functions of the eDOF are derived statically, ω = 0 ∀ i ∈ ext. In a similar way, if the
matrices are derived for the elements without elastic foundation, TIM4, kd is set at 0. For the case of the
stiffness matrix it becomes

K(e) = [ Kext Kcross

Kcross Kint ] = [K
ext 0

0 diag (ω2)] . (21)

The resulting K(e) shows that external and internal DOF are uncoupled statically, which is obvious since
global system reaches exact solutions for static loads acting at the external nodes. The terms associated to
the internal nodes representing the local system become a diagonal matrix due to the orthogonality between
vibration modes and, because of normalization of the modal masses, each term equals the squared natural
frequency of the associated vibration mode. The mass matrix results in

M(e) = [ Mext Mcross

Mcross Mint ] = [ Mext Mcross

Mcross I
] . (22)

In this case there is a coupling between the external and internal DOF, meaning that dynamic loads at external
nodal positions cause response of the iDOF. The normalization of the vibration modes leads to the identity
matrix, I, at the iDOF representing the local system. In this modelling the damping is provided by ballast,
pads, and also, a certain level of modal damping, ζ, is associated to the iDOF. Therefore, regarding the beam
elementary matrices, the one corresponding to damping is defined as

C(e) = cd∫
L

N(e)
T
N(e)dx + diag (2ζ ○ω) , (23)

where cd is the distributed damping due to the pad, which becomes vanishing at TIM4 elements.

5 Frequency-domain validation of the model

After defining the elementary matrices, the track system matrices are assembled for mass, M, damping, C,
and stiffness, K, which are used to obtain the track frequency response as

H(ω) = (−ω2M + iωC +K)−1. (24)
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The Fig. 5 shows the impact of using iDOF on the track response. The track is modelled with 101 bays to
ensure an accurate prediction of the amplitude at the ‘pinned-pinned’ frequency. Each bay is modelled with
1 TIM4 element for the bay and 1 TEEF for each support. Regarding the iDOF, TEEF includes one DOF
associated to a vibration mode at 6351.8 Hz with a damping coefficient of 0.063. On the other hand, TIM4
element includes 3 iDOF with the highest vibration mode occurring at 6620.4 Hz. No internal damping has
been implemented at TIM4 element iDOF. This configuration of iDOF corrects predictions of the response
according to Timoshenko theory up to about 6 kHz, coinciding with the value of the highest vibration modes
of the iDOF. As compared with the proposed formulation, using only eDOF leads to a general stiffening
of the model unless the number of elements is increased. Deviation between both approaches becomes
noticeable above around 200 Hz in Fig. 5, with the most significant inaccuracies around the ‘pinned-pinned’
frequency.
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Figure 5: Frequency response of the track with only eDOF (orange) and introducing iDOF (black). The rail
response for mid-span (—) and above sleeper (−−) excitations are plotted, as well as the sleeper response
(− ⋅ −). Track modelled with 101 bays. 1 TEFF and 1 TIM4 element at each bay.
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Figure 6: Impact of the damping values on the frequency response of the track model around the ‘pinned-
pinned’, depending on the support modelling. (a) Influence of the damping value at the rotational interaction
for concentrated model of support. (b) Influence of several distributed pad damping values for the TEEF.

The response around the ‘pinned-pinned’ frequency resembles that of a very poorly damped resonance.
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Figure 7: Influence of TEEF formulation including the sleeper pitch motion at the track response. Rail
excitation at the mid position between supports. (a) Vertical response of the rail and sleepers with pitch and
vertical motions (solid line) and with only vertical motion (dashed line). (b) Rotation of the sleeper.

Conventional modelling of support with only vertical Kelvin-Voigt elements tends to exaggerate it. The rec-
tification based on including also rotational Kelvin-Voigt elements acts at the response through the rotational
damping, while the associated stiffness has a negligible influence. Fig. 6 (a) shows the impact of the rota-
tional damping at the response amplitude around the ‘pinned-pinned’ frequency. The value cr = CpL

2
s /12

is obtained from integration of the distributed damping over the support length, and it is used in Ref. [24].
Taking the solution of TEEF with Cp = 48 kNs/m2 as reference, cr should be 3 times higher to obtain the
correct value of the ‘pinned-pinned’ resonance, however that increment is not still enough to correct the un-
derestimation of the anti-resonance amplitude. This fact has a significant importance since the anti-resonance
determines in a large extend the amplitude of the contact force, which means that concentrated interaction
support modelling results in overestimation of the contact forces around the ‘pinned-pinned’ frequency. In
this simulations internal damping is not introduced at the TIM4 iDOF, which could be another way to correct
in some level the response.

The resonance amplitude estimated by the TEEF has a less marked dependency on the pad damping, as it
is shown in Fig. 6 (b). It leads to the conclusion that ‘pinned-pinned’ resonance is geometrically restricted
by the TEEF, which partially constrains the formation of that mode. On the contrary, rotational damping
reduces the amplitude of a pure ‘pinned-pinned’ resonance, whose shape is not significantly affected by
rotational stiffness. In relative terms, the damping introduced through TEEF equally affects the amplitudes of
both resonance and anti-resonance, while the rotational damping has a lower influence at the anti-resonance
amplitude.

Fig. 7 (a) and (b) show results for the track model considering the sleeper rotational inertia. The impact
on the track dynamics at medium-high frequency range is negligible as compared with the model assuming
no pitch motion, and it has a noticeable influence over sleeper responses only around 100 Hz. In Fig. 7 (a)
the vertical displacements of several sleeper are displayed, where the rotation of the sleeper creates a small
anti-resonance at 130 Hz. In Fig. 7 (b) is observed that the anti-resonance at the vertical sleeper motion, is
caused by a resonance at the pitch motion. At the ‘pinned-pinned’ frequency, the rotation of the sleeper is
amplified but the response at the rail remains the same. In general terms, the effect of the sleeper rotation
is almost imperceptible at the contact position, and it arises only at a certain distance from the excitation.
Therefore, it only could affect the coupling between wheelsets, but even so the impact on the response does
not seem to be enough to involve significant differences.
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6 Time-domain response

The procedure of the time domain simulations is similar to that followed in Refs. [9, 23]. Direct numerical
integration of the equation of motion is based on the Newmark method. The convergence is reached with an
iterative Newton-Raphson scheme. The contact force between wheel and rail is established with a non-linear
Hertzian spring

fc =
⎧⎪⎪⎨⎪⎪⎩

Kcδ
3/2 + Ccδ̇ δ > 0

0 δ ≤ 0
, (25)

where δ is the interpenetration between wheel and rail surfaces, Kc is the Hertzian coefficient and Cc is the
contact damping that is assumed vanishing in this case. If the Eq. (25) is developed as in Ref. [23] the
definition of a contact element is reached, which couples wheel and rail and makes possible the resolution
of the equation of motion. The simulations were performed using four elements per bay, with one of them
being a TEEF whether distributed support is implemented. 61 bays are used to model the track. Five bays
use iDOF, two at each side of the central one. Each element of those bays use three iDOF.

The time domain simulations are performed with the parameters from Tab. 1, assuming that both wheel and
rail are perfectly smooth and the excitation is only parametric. The wheel is subjected to its own weight
and a constant external load of 100 kN. Fig. 8 (a) and (b) display the contact force response for two speeds,
24 and 36 m/s. The latter speed makes the sleeper passing frequency, V /l, matches with the first wheel-
track resonance around 60 Hz, (in Fig. 5 first resonance occurs at 90 Hz but the wheel mass shifts it to a
lower frequency) leading to a higher amplitude of the response. Using conventional Timoshenko elements
with only eDOF results in completely unrealistic response, which can be corrected in a large extend by
representing the local displacement of the element with a purely static approach, as in Ref. [9]. However, the
discontinuity of shear at the element boundary causes a still noticeable discontinuity, which is only removed
with the implementation of iDOF and residual flexibility.

The track response of the model with only TIM4 elements, thus concentrated supports, together with iDOF
is also shown in Fig. 8. In spite of iDOF reduce to a negligible level the discontinuities at the element
boundaries, the concentrated supports induce the prompt disruption of the solution at their positions. That
unrealistic solution is corrected by using TEEF with iDOF, in which only a slight change of slope is no-
ticeable at the contact forces, when the wheel surpasses the nodes of the TEEF. The resulting response is
smoothed and close to be sinusoidal, in accordance with the excitation type and the structure nature.

7 Conclusions

Internal DOF are proved to extend the validity range of the Timoshenko element up to any required fre-
quency. The methodology was previously stated to enhance the performance of conventional Timoshenko
elements, but here it is further developed for the Timoshenko element over elastic foundation (TEEF), which
is used to model the rail dynamics at the support positions. Moreover, the methodology is exposed in a
compact way with the definition of internal and external DOF. This study has also addressed the impact of
pad damping at the response around the ‘pinned-pinned’ frequency. For concentrated support modelling,
the rotational damping should be overestimated by a factor of 3 in order to match the amplitude of the res-
onance with that obtained from TEEF, and even so, the anti-resonance is not totally corrected. It points
out that TEEF formulation not only damps the ‘pinned-pinned’ mode but it also constrains its propagation.
Besides, the work deals with the sleeper pitch motion concluding that it has a negligible impact on the rail
dynamics, and only response of sleepers far from excitation are slightly affected. Finally, the performance of
the methodology is tested for time domain simulations, showing that track modelling based on TEEF with
iDOF is able to smooth the contact force response at the support positions, likewise it makes negligible the
discontinuity at the element boundaries by addressing the shear continuity problem.

RAILWAY DYNAMICS AND GROUND VIBRATIONS 3265



5.8 6 6.2 6.4 6.6 6.8 7 7.2 7.4 7.6 7.8

Distance (m)

0.95

1

1.05

1.1

1.15

C
o

n
ta

c
t 

fo
rc

e
 (

N
)

10
5

5.8 6 6.2 6.4 6.6 6.8 7 7.2 7.4 7.6 7.8

1.03

1.04

1.05

1.06

1.07

1.08

1.09

C
o

n
ta

c
t 

fo
rc

e
 (

N
)

10
5

eDOF + iDOF + F
res

 (TIM4)

eDOF + iDOF + F
res

 (TEEF-TIM4)

eDOF + F
sta

 (TEEF-TIM4)

eDOF (TEEF-TIM4)

(b)

(a)

Figure 8: Time domain response of the contact force for smooth surfaces. Speed: 24 (a) and 36 m/s (b).
Support positions are denoted with ∎.

Acknowledgements

The authors acknowledge the support provided by Project TRA2013-45596 (Ministerio de Economı́a y Com-
petitividad) and the professor Stefano Bruni from the Politecnico di Milano, whose interest and comments
on previous studies have inspired part of this work.

References

[1] S.L. Grassie, Rail corrugation: characteristics, causes, and treatments, Proc. Inst. Mech. Eng. F J. Rail
Rapid Transit, Vol. 223, No. 6 (2009), pp. 609-625.

[2] T. Abadi, L. Le Pen, A. Zervos, W. Powrie, A Review and Evaluation of Ballast Settlement Models
using Results from the Southampton Railway Testing Facility (SRTF), Procedia Eng., Vol. 143 (2016),
pp. 999-1006.

[3] D.J. Thompson, Railway Noise and Vibration: Mechanisms, Modelling and Means of Control, Elsevier
Science (2009).

[4] K.L. Knothe, S.L. Grassie, Modelling of railway track and vehicle/track interaction at high frequencies,
Veh. Syst. Dyn., Vol. 22 (2007), pp. 209-262.

[5] S.G. Koroma, M.F.M Hussein, J.S. Owen, The effects of preload and nonlinearity on the vibration of
railway tracks under harmonic load, J. Low Freq. Noise Vib. Act. Control, Vol. 34, No. 3 (2015), pp.
289-306.

3266 PROCEEDINGS OF ISMA2018 AND USD2018



[6] S. Bruni, A. Collina, Modelling the viscoelastic behaviour of elastomeric components: An application
to the simulation of train-track interaction, Veh. Syst. Dyn., Vol. 34, No. 4 (2000), pp. 283-301.

[7] A. Paixão , J.N. Varandas, E. Fortunato, R. Calçada, Non-Linear behaviour of geomaterials in railway
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Abstract
The use of inerters in the lateral suspension of railway vehicles has been proven, in recent studies using
lumped mass models, to provide benefits to both track wear and passenger comfort. Validation of these en-
hancements using an industry standard simulation tool is essential if the railway industry is going to adopt
this new piece of technology. The problems associated with this, however, come in the form of large nu-
merical matrices, slow inversion times, and the inability to perform systematic investigations of candidate
vibration absorber configurations. This paper proposes a Location Matrix method of simulation which en-
ables the optimisation of interchangeable suspension networks within large dynamic systems. This method,
which requires only the base M, C and K matrices, is validated on a simple system, and it is found that for
railway vehicles, optimisations on semi-linearised models can be performed. Nonlinearities arising from the
varying contact patch normal force mean that further research is needed before a full analysis can take place.

1 Introduction

Passive suspensions can be characterised using networks comprising springs, dampers and inerters, which,
via the mechanical to electrical force-current analogy, relate respectively to inductors, resistors and capaci-
tors. An inerter [1] is a two-terminal mechanical suspension element which generates a force proportional
to the relative acceleration between its terminals. First introduced into Formula 1 under the pseudonym J-
Damper [2], the inerter enables mechanical networks to simulate any passive response. Research into their
vibration suppression benefits is rich, and comes in the fields of road vehicles [3–5], buildings [6–8] and
optical tables [9], amongst others. Conventional passive railway vehicle suspensions make use of springs
and dampers to suppress unwanted vibrations. Active methods of suppressing railway vehicle vibration have
been successfully studied in [10–12]; however problems relating to measurement error, fault tolerances, ac-
tuator malfunction and torque requirements are increasingly making passive control with the addition of
inerters more appealing. The implementation of inerters in railway vehicle suspension systems has been
investigated, in previous numerical studies using lumped mass models [13–15], and they have been found to
be beneficial in terms of improving ride comfort and curving performance.

Research into the use of inerters using the modelling software, VAMPIRE R© , is ongoing [16] with the aim
of reinforcing the findings reported using lumped mass models. VAMPIRE R© is a widely used industry stan-
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dard simulation tool, which provides the means to model railway vehicles more realistically and in greater
detail. Simply adding an inerter in parallel to an existing suspension does not necessarily provide the desired
benefits. To fully investigate the benefits of inerter-based suspension networks it is necessary to first explore
all, or as many as possible spring/damper/inerter networks and identify the optimum network with an op-
timum set of element parameters. This is difficult to achieve in VAMPIRE R© as the simulations would be
computationally intensive and the software does not lend itself to the systematic investigation of a wide range
of absorber configurations. The matrices defining the Equations of Motion (EOMs) of the system can be ex-
ported from VAMPIRE R© ; however, for a full vehicle model they are large, and it can be difficult to identify
the physical meaning of every matrix entry such that they can be modified to accommodate different device
dynamics during an optimisation procedure. This problem is compounded if additional degrees of freedom
are present in the suspension. To this end, this paper establishes an approach named the Location Matrix
method, with the aim of enabling the optimisation of primary suspension vibration suppression devices with
any number of internal states, using exported numerical matrices from VAMPIRE R© .

The method proposed in this paper provides the user with a time domain analysis simulation tool within
which Laplace admittance functions of suspension networks of any complexity can be varied accordingly.
It is applicable to any dynamic system and eliminates SIMULINK R© errors occurring as a result of algebraic
loops when the inerter is modelled in parallel due to its acceleration dependence. It reduces the simulation
time considerably when the number of Degrees of Freedom (DOFs) is large, due to the increased complexity
of matrix inversions, and importantly can be used on systems where only the numerical rather than algebraic
mass, stiffness and damping matrices of the base system without the vibration suppression device are known.
The structure of this paper is as follows: Section 2 introduces the generalised Location Matrix method in
detail, whilst Section 3 validates it using a simple MATLAB R© model. Section 4 discusses the extent to
which it can be applied to railway vehicles, and overall conclusions are drawn in Section 5.

2 The Location Matrix Method of Dynamic System Modelling

The following is a derivation of the method conceived to transform the EOM of a generalised n-DOF dynamic
system, which includes an optimisable suspension network Y (s), from Laplace to state-space form. Consider
the following Laplace EOM:

s2M0x̃+ sC0x̃+K0x̃+ sY (s)Lmx̃ = Bũ. (1)

whereM0 is the mass matrix, Y (s) is the admittance function of the suspension network under investigation,
Lm is the Location Matrix which identifies coupling locations and coefficients corresponding to the addition
to the model of the Y (s) suspension network, while C0 and K0 are respectively the damping and stiffness
matrices for the rest of the system. x is the state matrix, u is the input matrix, with inputs denoted by B, s is
the Laplace variable, x̃ is the Laplace transform of x and ũ the Laplace transform of u.

If the term sY (s)Lmx̃ is ignored, Equation 1 describes the base model without the inclusion of the suspen-
sion network, Y (s). If there are m identical copies of the Y (s) suspension network in various locations
within the model, the symmetric Location Matrix, Lm, can be written in the form V V T where V ∈ IRn×m.
The ith column of V , where i = 1 . . .m, identifies the parameters and coupling positions which are required
to correctly alter the EOMs of the overall system when the ith Y (s) suspension network is included in the
model. It hence follows that:

sV T
i x̃ = ∆vi (2)

where ∆vi is the relative change in velocity between the DOFs associated with the ith device. The force to
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acceleration transfer function of the Y (s) suspension network can be written as,

Y ′(s) =
Y (s)

s
=

Fi

∆ai
, (3)

where Fi is the force exerted on the ith device and ∆ai is the associated relative change in acceleration at the
ith device. Y ′(s) must be positive-real [17]; I.E |α − φ| ≤ 1 where α and φ denote respectively the highest
powers of s on the numerator and denominator of Y ′(s).

Y ′(s) =
β0s

p + β1s
p−1 + · · ·+ βp−1s+ βp

sp + α1sp−1 + · · ·+ αp−1s+ αp
. (4)

The following equations show the result of the transformation of the now positive semi-definite function
Y ′(s) into state-space form, using one example of the non-unique canonical decomposition technique.

Y ′(s) = c1(sI −A1)
−1b1 + d1 (5)

A1 =




0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
−αp −αp−1 −αp−2 . . . −α1




(6)

b1 =

[
0p×1

1

]
(7)

c1 =
[
(βp − αpβ) (βp−1 − αp−1β) . . . (β2 − α2β) (β1 − α1β)

]
(8)

d1 = β0 (9)

It is possible to obtain Lm for large industrial systems using reverse engineering and analysing a range of
MCK matrices with differing suspension parameters. However, it is extremely difficult to interpret these
matrices and decompose Lm into the V V T format, due to lack of algebraic information, the large numbers
of DOFs and hence a very complicated and varied set of couplings for each Y (s) network. It has been found
that the decomposition of Lm is not unique and there exists more solutions in the form of UUT . Equating
V V T and a discovered UUT , it can be shown that V = UQ where Q = UTV −T , QQT = I , and hence
V T
i = QTUT

i . Substituting V = UQ into Equation 2,

sQTUT
i x̃ = ∆vi (10)

and multiplying by Q−T ,

sUT
i x̃ = ∆vfi (11)
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a fictitious set of states is introduced, denoted by the subscript f . The following equations show how the
now fictitious forces (Ffi) and accelerations (afi) relate to the physical system:

Ffi = QFi (12)

Y ′(s) =
Fi

∆ai
=

Ffi

∆afi
(13)

The derivation of the state-space simulation method begins with Lm = UUT and hence adjoins fictitious
states wf , with the use of fictitious accelerations af . If the input to Y ′(s) for the ith fictitious suspension
network location is the change in relative fictitious accelerations of various system DOFs, Ui

Txs2, then r
copies of the state Y ′ can be adjoined as follows, where FY ′

f i are the fictitious Y ′(s) suspension forces at
the ith fictitious suspension network location,

ẇf1 = A1wf1 + b1U1
T x̃s2, (14)

FY ′
f1

= c1wf1 + d1U1
T x̃s2, (15)

to

ẇfr = A1wfr + b1Ur
T x̃s2, (16)

FY ′
fr

= c1wfr + d1Ur
T x̃s2. (17)

Let z be the forces provided by Y (s):

z = Y ′(s)Lmx̃s
2 = UY ′(s)UT x̃s2 = (U1Y

′(s)U1
T + U2Y

′(s)U2
T + ....+ UrY

′(s)Ur
T )x̃s2. (18)

Y ′(s)Ui
T x̃s2 describes the ith set of fictitious Y ′(s) forces as defined in Equation 17. Therefore, making

suitable substitutions, Equation 18 can be written as,

z = U1(c1wf1 + d1U1
T x̃s2) + U2(c1wf2 + d1U2

T x̃s2)....+ Ur(c1wfr + d1Ur
T x̃s2). (19)

Equation 1 can now be modified to include z, defining the suspension forces provided by the Y (s) device,

M0x̃s
2 + C0x̃s+K0x̃+ z = Bũ. (20)

Multiplying by s, substituting in Equation 19 for z, and hence introducing the Y ′(s) states ẇf1, . . ., ẇfr,

M0x̃s
3 + C0x̃s

2 +K0x̃s+
r∑

i=1

Ui(c1ẇfi + d1U
T
i x̃s

3) = Bũs, (21)

Substituting for ẇfi using Equation 16, a new system EOM can be formed:
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M0x̃s
3 + C0x̃s

2 + K0x̃s +
r∑

i=1

Ui(c1(A1wfi + b1Ui
T x̃s2) + d1U

T
i x̃s

3) = Bũs. (22)

Grouping powers of s, and performing the reverse substitutions:

M ′0 = M0 +
r∑

i=1

Uid1U
T
i , (23)

C ′0 = C0 +
r∑

i=1

Uic1b1U
T
i , (24)

a generalised and simplified EOM can be formed:

M ′0x̃s
3 + C ′0x̃s

2 +K0x̃s+
r∑

i=1

Ui(c1A1ẇfi) = Bũs. (25)

The entire system can now be written in the time domain, in state-space form, with the fictitious states wfi

adjoined as follows:

d

dt




ẍ
ẋ
x
wfi

...
wfr




= Ass




ẍ
ẋ
x
wfi

...
wfr




+Bssu̇ (26)

Ass =




−M ′0−1C ′0 −M ′0−1K0 0 −M ′0−1U1c1A1 . . . −M ′0−1Urc1A1

I 0 0 0 . . . 0
0 I 0 0 . . . 0

b1U1
T 0 0 A1 . . . 0

...
...

...
...

. . . 0

b1Ur
T 0 0 0 0 A1




(27)

Bss =

[
M ′0
−1B

0(2n+r)×1

]
(28)

A more visually understandable realisation of Equation 26 is described below, where the deletion of the state
x results in the deletion of the third row and column of Ass, forming A′ss, (a similar manipulation to Bss

occurs) and Equation 26 is integrated with respect to time.

Ẋ = Ass
′X +Bss

′u (29)

X =
[
ẋ x

∫
wfi . . .

∫
wfr

]′ (30)
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Ass
′ =




−M ′0−1C ′0 −M ′0−1K0 −M ′0−1U1c1A1 . . . −M ′0−1Urc1A1

I 0 0 . . . 0

b1U1
T 0 A1 . . . 0

...
...

...
. . . 0

b1Ur
T 0 0 0 A1




(31)

Bss
′ =

[
M ′0
−1B

0(n+r)×1

]
(32)

3 Validation of the Location Matrix Method Using a Low-Order Model
in MATLAB R©

Before testing this method on an industrial railway vehicle model, it is necessary to validate it using a simpler
system. The system chosen is a standard two-mass oscillator, shown in Figure 1, and contains a direct Y (s)
connection between the two masses. Figure 2 shows the six candidate Y (s) networks, and Table 1 denotes
the values of all the parameters used. The initial validation uses the true Location Matrix,

Lm =

[
1 −1
−1 1

]
(33)

and compares the responses of mass 1 to input forces Fs1 and Fs2 on masses 1 and 2 respectively, using the
L1 version of Y (s), calculated three ways:

• Tfsys A. The standard formation of the Laplace EOMs, incorporating Y (s) into the system matrix
manually.

• Tfsys Lm. A slight variation of Tfsys A in which a Location Matrix is used in conjunction with the
base mass, damping and stiffness matrices of the system.

• YsLm SS. The fully automated Location Matrix method, using the Lm decomposition, laid out in
Section 2.

Y(s)

m1
m2

k1 k2 k3

c1

x1

Fs1

x2

Fs2

Figure 1: The two-mass oscillator used to test the Location Matrix theory in MATLAB R©

The forces Fs1 and Fs2 can be either harmonic or step in nature, as detailed in Figure 3.
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Parameter Value Unit
m1 1250 kg
m2 3000 kg
k1 8×105 N/m
k2 9×105 N/m
k3 6.8×105 N/m
c1 6.3×104 Ns/m
ky 2.55×105 N/m
ks 2.99×105 N/m
cs 5.20×104 Ns/m
bs 6.67×103 kg
bs2 4×103 kg

Table 1: The values of the masses and components of Figure 1, along with the fixed values of the Y (s)
network components from Figure 2

bs
ky ky

cs
cs

cs

ky

ks

L1 L2 L3

ky

ks

cs

bs ks
bs2

cs
cs

bsbs

ky ky ks

L4 L5 L6

Figure 2: The Y (s) networks
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Figure 3: The input forces at mass 1 (Fs1) and mass 2 (Fs2), for the harmonic and step input cases.
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Figure 4: A comparison between the three methods of simulating the simple dynamic system, with the
original location matrix, in response to the harmonic input (a), and the step input (b) at mass 1, using an L1
Y (s) layout

Figure 4 shows the matching responses using the three methods described above, and therefore confidence
can be gained in the Location Matrix method analysis technique. The next step in the validation procedure is
to test a number of different Location Matrices and different Y (s) layouts. Firstly, returning to the notation
used in Section 2, two different V matrices are arbitrarily defined as:

V1 =

[
1
−1

]
(34) V2 =

[
1 1 5
−1 −34.6 0

]
(35)

These The fact that V2 has no physical meaning in conjunction with Figure 1 is not important as it is the
theoretical method that is being tested here. These two V matrices correspond to test cases 1 and 2. The
two corresponding Location Matrices can be formed using V V T to ensure their symmetricity, and hence two
decompositions into UUT can be performed, each in two ways:

• Single Value Decomposition (SVD). This produces a diagonal matrix s, and unitary matrices Us and
Vs, such that UsVs = I and UsκVs = Lmi. It follows that U = Us

√
κ.

• Eigenvalue Decomposition. This decomposition results in Lmi = UeΣU
′
e = (Ue

√
Σ)(
√

ΣU ′e), where
Ue is a matrix of the system’s eigenvectors and the diagonal matrix Σ contains the system’s eigenval-
ues. This is very similar to the SVD, and the resulting U matrix is defined as U = Ue

√
Σ.

This is simulating the situation where the V matrices cannot be intuited from the system as it is too compli-
cated and has a large number of DOFs.

Table 2 shows the difference in the Euclidian Norm of the UUT Location Matrix for each of the decompo-
sition techniques (∆Lmsvd

and ∆Lmeig for SVD and Eignenvalue Decomposition respectively), for each test
case, and the original V V T Location Matrix. The minute differences assert the fact that both decomposition
techniques yield the same results. The Eigenvalue decomposition will be used for the rest of the analysis in
this paper as it is slightly more simplistic in nature. The equations:
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∆Lmsvd
∆Lmeig

Test 1 8.04× 10−16 0
Test 2 5.86× 10−14 7.11× 10−15

Table 2: Discrepancies between the norm of the Location Matrices formed by V V T and UUT . ∆Lm relates
to the type of decomposition technique, and the test number relates to the test cases shown in Equations 34 -
35

U2svd =

[
−0.9922 5.1005
34.6141 0.1462

]
, (36) U2eig =

[
−5.1005 −0.9922
−0.1462 34.6141

]
, (37)

Lm2svd ≈ Lm2eig =

[
0.0270 −0.0336
−0.0336 1.1982

]
, (38)

show the U matrices for Test, now introducing the fictitious states, and the identical nature of the resulting
Location Matrix. Simulation of the two-mass system, with identical inputs, is then performed using the
Location Matrix method, with the original inputs, for each U decomposition case, and a variety of Y (s)
cases. The resulting identical responses for every Y (s) and decomposition case further consolidates the
validity of the Location Matrix method, and eliminates the problems arising with simulating parallel inerter
based systems in SIMULINK R© due to the presence of algebraic loops. Figure 5 shows the results for Test 2.
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Figure 5: A comparison between the three Location Matrix methods for test case 2 (see Equations 35 - 37)
of simulating the simple dynamic system in response to the harmonic input (a), and the step input (b) at mass
1, using an L6 Y (s) layout

4 Application to Railway Vehicle Suspension Optimisation

The Location Matrix method detailed in Section 2 has been used alongside VAMPIRE R© to simulate a
four-axle railway vehicle [18] with the aim of optimising its lateral suspension and improving its curving
performance and passenger comfort. Passenger comfort is quantified by the RMS lateral carbody acceleration
when the vehicle is subject to a 5km stretch of lateral track disturbance, taken from a real track. However, to
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firstly validate the method on this large railway vehicle model, a simpler input of lateral forcing at the front
wheelset in used.

Applying Equation 1 to the railway vehicle, M0, C0 and K0 are respectively the mass, damping and stiffness
matrices exported from VAMPIRE R© for the hypothetical base model with no primary lateral suspension
at all, which amongst other things contain information regarding the wheel-rail contact patch forces. The
primary lateral suspension elements are therefore included in the Y (s) part of Equation 1. B includes wheel-
rail contact force information when the input u matrix consists of real track disturbance data, and is simply
unity when u is a forcing input. For the forcing input case, u is a positive lateral force onj the centre of mass
of the front wheelset for the 1st second, an equal and opposite force for the 6th second, and zero at all other
times.
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Figure 6: A comparison between the VAMPIRE R© and Location Matrix method of simulation, showing the
carbody lateral movement with a lateral forcing input of 10kN
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Figure 7: A comparison between the VAMPIRE R© and Location Matrix method of simulation, showing the
carbody lateral movement with a lateral forcing input of 100kN

Figures 6 and 7 show how the VAMPIRE R© and Location Matrix simulations compare for lateral step force
magnitudes of respectively 10kN and 100kN, specifically focussing on the carbody’s lateral motion, and
using an L1 bush layout with default parameter values. It is clear that a closer match occurs at the lower
forcing input, and at the higher forcing input the Location Matrix method predicts slightly higher amplitudes
of oscillation. It should be noted that at a lateral force of 10kN, many different Y (s) suspension layouts
with and without inerters have been tested with the Location Matrix method and the comparisons with
VAMPIRE R© are correct to a very high degree of accuracy. The transient analysis within VAMPIRE R© has
been linearised to the extent that there is there is no friction saturation at the contact patch, meaning that a
linear contact model is used, however it is impossible to linearise the M0, C0 and K0 matrices completely as
the normal force of the vehicle on the track (perpendicular to the wheel’s profile) is not distributed equally or
consistently when the vehicle is displaced or exhibits hunting motion, resulting in the creep force parameters
within the system matrix (Equation 27) varying during the simulation. This cannot be accounted for using
the Location Matrix method in its current form as values within the base exported matrices cannot vary, and
therefore the time varying normal force is the key factor changing the exported matrices from VAMPIRE R© .
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Figure 8: Showing how the normal force at the front left wheel-rail contact patch of the four axle railway
vehicle changes during the lateral wheelset 1 step input simulation. Note the vertical (z) direction is defined
as positive downwards

Figure 8 demonstrates the extent to which the normal force at the front right wheel contact patch varies
during the simulation. When the lateral track displacement is used as the input, and when the stability of the
vehicle is assessed using a standard stability track (where the vehicle is excited and then the oscillations are
left to die away) comparisons between the VAMPIRE R© and Location Matrix methods of calculation yield
different results in terms of respectively the RMS lateral acceleration of the carbody, and the steady state
displacement of the wheelset.

Although one cannot be certain that the time varying normal force is the only phenomenon which results in
a change in the overall system matrix, it can be concluded that although the Location Matrix method can be
used to provide preliminary optimisations for a lateral suspension device on a constant normal force and lin-
ear contact four axle railway vehicle model, further investigations are required for a full nonlinear analysis.
This will most likely come in the form of incorporating VAMPIRE R© directly into the MATLAB R© optimi-
sation program.

5 Conclusions

This paper has presented and validated a method for simulating and optimising dynamic systems by which
interchangeable suspension elements can be incorporated at certain locations via their admittance functions in
the Laplace Domain, whilst the base mass, stiffness and damping matrices are used unchanged. This Laplace
to state-space Location Matrix method has the potential to allow large scale dynamic systems exported from
industrial software to be analysed and chosen suspension networks with admittance functions Y (s) to be
optimised for a range of cost functions. The method has been validated using a simple MATLAB R© model,
and for a range of inerter and non-inerter based suspension networks. When applied to four-axle railway
vehicles, a much higher order model, the system responses to small to medium forcing inputs are correct.
However, as the inputs and resulting displacements become higher, the system becomes more and more
nonlinear, hence changes in base stiffness and damping matrices become significant and can no longer be
ignored, therefore the Location Matrix method becomes less effective at simulating responses. This method
has potential to produce preliminary optimisations for linearised railway vehicle models and is beneficial to
the modelling of any system which includes interchangeable inerter based suspension networks due to its ease
of application and the elimination of algebraic loops within SIMULINK R© . However, future optimisations of
inerter based industrial railway vehicle suspension systems which include all system nonlinearities need to
be investigated.
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Abstract 
The paper discusses an important phenomenon in a railway pantograph mechanism, i.e. contribution 

of friction in its overall performance. A pantograph must fulfill many conditions to be allowed 

for operation, one of them is that friction force has to be kept within the specific tolerances. There is yet 

another requirement to improve contact quality between pantograph contact strip and catenary. To 

improve the quality of contact it is desirable to reduce the values of standard deviation and peak-to-peak 

value of the contact force. The paper presents the results of numerical investigation on the influence of 

pantograph on its interaction with a catenary. The analysis was carried out employing the multi-domain 

co-simulation approach previously developed by the authors. The results are presented for various run 

speeds. The study has proven the existence of a significant impact of the friction phenomenon on the 

pantograph interaction with overhead contact lines. 

1 Introduction 

A railway pantograph is a mechanism, which takes part in electric power delivery to a train or electrified 

multiple unit (EMU) in electrified railways. A pantograph strip is in mechanical contact with a contact 

wire of an overhead contact lines system (called also catenary). Basic components of the  

pantograph-catenary system are presented in Figure 1. 

Messenger wire

Contact wire

Collector head

with carbon 

sliders

Droppers

Catenary span

Pantograph

 

Figure 1: Pantograph-catenary system 

Proper dynamic interaction between pantograph and catenary is crucial for adequate performance of this 

system. It is desirable to keep pantograph slider and catenary contact wire in continuous contact. During 

a high speed run, the contact force identified between sliders  and contact wire (marked as CF hereunder) 

fluctuates as it was already reported in many papers [1-4]. An exemplary course of CF is presented 

in Figure 2, considering a 600 m long run and magnification for the two central spans are depicted 

accordingly. 
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Figure 2: Exemplary course of the CF Pantograph 

The fluctuations that are exhibited by CF are undesirable, because local minimal values in the CF course 

may lead to detachments of a pantograph slider from a contact wire. On the other hand, high peaks may 

cause an increased wear of both sliders and contact wire. Contact losses are unfavorable because they 

cause arcing phenomenon between pantograph carbon slider and copper contact wire. This condition leads 

to temperature increase in the pantograph-catenary interface area – even up to 1200 °C. Such high 

temperature field may cause destruction of the material in that interface through the ablation 

phenomenon [5]. The arcing is also a source of voltage and electromagnetic disturbances.  

The pantograph mechanism has a number of revolute joints in its structure. The pantograph which 

is described in this paper is the 160 ECT model produced by EC Engineering company. Figure 3 depicts 

kinematic pairs in that mechanism. Linear arrows mean suspension of the pantograph slider, whereas 

circular arrows depict revolute joints with the rotation degree of freedom along the Y direction. 

The Nominal torque is the torque between pantograph frame and lower arm exerted by the pneumatic 

actuator. This torque is  responsible for opening the pantograph mechanism and provide static uplift force 

exerted by the slider on the contact wire of the catenary. 

X
Z

Y

Slider frame

Carbon slider

Upper arm

Upper link

Pantograph frame

Lower arm

Lower link
Nominal torque

 

Figure 3: 160ECT pantograph mechanism 

The presence of friction in kinematic pairs is inevitable. In this paper, the authors investigate the influence 

of friction on the quality of pantograph-catenary contact. The standard deviation (STD) and  

the peak-to-peak value (Peak-Peak) of CF are utilized as the quality indicators of the pantograph-catenary 

dynamic interaction. It is favorable to keep the values of these parameters as small as possible to provide 
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smooth contact between the system components, therefore a number of numerical simulations were carried 

out to study the influence of friction on the pantograph-catenary dynamic interaction. 

2 Case study 

From the data provided by the pantograph manufacturer (not allowed to be published here), it was 

observed that the values of friction forces for particular pieces of pantographs can vary, even though they 

are within the certification ranges. Therefore, the authors decided to investigate the influence 

of pantograph friction forces on the quality of the dynamic interaction with a catenary employing 

numerical simulations.  

Various train run speeds are analyzed in the range of 110 – 200 km/h, with increment of 5 km/h  

(19 cases). It is well known that aerodynamic forces acting on the pantograph components are crucial 

for general pantograph-catenary dynamic interaction, because they influence the actual slider uplift force. 

Therefore, for a particular run speed, appropriate forces acting of the pantograph components are also 

considered in the simulations. Moreover, each piece of a pantograph has to be certified and, among 

the others, the friction force in the pantograph mechanism has to be evaluated separately. A single piece 

of a pantograph was tested using dedicated test stand and the difference between pantograph uplift forces 

was identified, when going both upward and downward. This value is also known as the double friction 

force (DFF), and has to be kept within the specific limits declared by the European Standard [6]. The DFF 

is directly related to the friction in the kinematic pairs in the mechanism. Therefore, the friction coefficient 

in the pantograph numerical model was identified adequately to produce the same DFF as the measured 

value in the test stand. The results of numerical model validation are presented in Figure 4.  

 

Figure 4: Uplift force variation caused by friction 

When the nominal friction coefficient in kinematic pairs was identified, 10 deviations from that value 

were taken into consideration (within the range of ±25%  with respect to the nominal value with 

an increment of 5%). It was assumed that the friction force deviations may originate from  the assembly 

quality, materials’ properties and other uncertainties. In total, 19 various speeds and 11 values of friction 

coefficients were studied, producing 209 cases to be computed. Each simulation takes about 45 minutes 

using a standard computer workstation. 
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3 Multi-domain co-simulation setup 

The investigation presented in this paper was conducted employing the multi-domain co-simulation 

algorithm for pantograph-catenary dynamic simulation. This computational environment was recently 

presented by the authors [2]. The procedure includes the most important phenomena which are necessary 

for a reliable pantograph-catenary simulation. The catenary is modeled with the Finite Element Method 

(FEM) which allows to determine the initial static equilibrium of a catenary under gravity and tensioning 

forces in contact and messenger wires and to consider nonlinearities in its structure (nonlinear properties 

of droppers, relatively large displacements and the contact with the pantograph slider). Realistic 

Multibody (MB) pantograph-rail vehicle model allows to take into account a vibration field caused by the 

track irregularities. Moreover, electromagnetic and aerodynamic forces acting on the pantograph 

components as well as friction in kinematic pairs are also considered in the simulation setup. More details 

on these contributing partial models can be found in the papers recently published by the authors [2-4,  7]. 

The diagram of the dynamic simulation of pantograph-catenary interaction is presented in Figure 5. 

 

Figure 5: Co-simulation algorithm utilized in the analysis 

The main procedure of the algorithm can be summarized as follows: 

■ The catenary model is built employing the FEM. Iterative static simulations are then 

run to determine proper lengths of droppers, that allow to have proper pre-sag in the middle 

of a single catenary span considering gravity and tensioning forces in the catenary wires. 

■ In parallel, aerodynamic forces acting on the pantograph are computed employing the Fluid 

Structure Interaction (FSI) approach. As a result, drag, cross and lift forces acting on the pantograph 

components are calculated. Electromagnetic forces are also computed considering adopted power 

supply scenario and employing the Biot-Savart law. 

■ Subsequently, the pantograph-rail vehicle MB model is created and the forces described in the 

previous step are passed into the MB model. The pantograph-rail vehicle model also includes track 

profiles designed according to the adopted Power Spectral Density function. 
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■ When the FE catenary and the MB pantograph-rail vehicle models are created, the dynamic 

simulation is initiated. The MB code is run first and an actual pantograph slider position 

is transferred into the FEM code. Then, the dynamic step of the FEM catenary model is computed 

and the resulting contact force is passed back into the MB code. The MB code is computed again 

considering the actual contact force received from the FEM code and the new position resulting 

from chosen run speed. This procedure is repeated in the loop to cover the entire simulation period 

t with given time step dt. 

■ As a result, the CF course is computed. Then the statistical analysis is performed after filtration 

using the low-pass filter with cut-off frequency 20 Hz and after limiting the CF course to the two 

central spans according to the European Norm 50318 [8]. 

4 Aerodynamics 

The aerodynamic forces acting on the pantograph components are crucial for proper total uplift force 

computation, especially at high  speed runs. They were computed employing the FSI model and 

the following air flow speeds were investigated: 120, 140, 160 and 180 km/h. The numerical model was 

validated based on the experimental data and the results from FSI analysis are considered to be correct. 

More details on the FSI model validation can be found in the authors previous works [2-3, 7]. 

An exemplary results from the FSI simulation are presented in Figure 6, where the velocity magnitude 

in the train run direction is presented for the air flow at the speed of 160 km/h. 

 

Figure 6: FSI analysis results (velocity magnitude in the train run direction) 

Aerodynamic forces computation for a single air flow speed, using the proposed numerical model  

is time-consuming. It takes about 15 hours utilizing a workstation. Therefore, it is assumed that 

the aerodynamic forces for all other run speeds are approximated applying the last-square fitting method 

with second order polynomial. The results of the forces fitting are presented in Figure 7. It can 

be observed that it is possible to get an acceptable fitting of the approximating curve to the experimental 

data, thanks to which the force values for intermediate flow speeds can be easily obtained. 
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Figure 7: Results of aerodynamic lift forces fitting for pantograph components 

5 Electromagnetic force 

In normal operational conditions, high current flows through the catenary wires to meet the power demand 

of a train. According to the electromagnetic induction rule, magnetic field is generated around a conductor 

with current. The pantograph slider (which also conducts electricity) is located in that magnetic field, 

therefore the generated electromagnetic force is acting on it. The multi-domain co-simulation algorithm 

utilized in this paper takes into consideration the above-mentioned electromagnetic force. The sub-model 

for electromagnetic force computation was previously introduced by the authors in recent paper [2], 

but main assumptions of the carried out calculations are also presented below for clarity of the reported 

study. A general scheme of the utilized pantograph-catenary system is presented in Figure 8. The polyline 

|𝐷𝐸𝐹𝐺| corresponds to the catenary contact wire whereas the section |𝐴𝐵| represents the pantograph’s 

contact strip.   

In the adopted energy supply case, we assume two rail vehicles travelling one after the other, and they 

are powered from a single traction substation (3 kV system). Both of the trains have the same power 

demand of 10.5 MW. The following data regarding the electric currents has been taken in the calculations: 

𝑖𝑇𝑅𝐴𝐼𝑁1 = 𝑖𝑇𝑅𝐴𝐼𝑁2 = 3500 A 
 𝑖𝑇𝑅𝐴𝐼𝑁1+2 = 7000 A 

 𝑖𝑃𝐴𝑁𝑇𝑂_𝐴𝐶 =
𝑖𝑇𝑅𝐴𝐼𝑁1 

2
[𝐴] (1) 

 𝑖𝑃𝐴𝑁𝑇𝑂_𝐵𝐶 =
𝑖𝑇𝑅𝐴𝐼𝑁1 

2
[𝐴] 
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Figure 8: The pantograph-catenary electromagnetic interface 

The distance between pantograph slider contact strip and catenary contact wire is considered  

to be |𝐶𝐶"|̅̅ ̅̅ ̅̅ ̅ = 0.1 𝑚𝑚. The length of each catenary span equals 60 m, which means that three sections are 

taken into consideration, the catenary lateral stagger is ±0.2 m, while the length of the contact strip |𝐴𝐵|̅̅ ̅̅ ̅̅ =
1.2𝑚. The magnetic induction is computed at finite number of points on the contact strip (which is divided 

into 12000 segments) using the Biot-Savart’s law. The total magnetic induction at a particular point is 

calculated as a sum of magnetic induction contributions from all analyzed wires exhibiting the assumed 

current flow (|𝐷𝐸|̅̅ ̅̅ ̅̅ , |𝐸𝐶"|̅̅ ̅̅ ̅̅ ̅, |𝐶"𝐹|̅̅ ̅̅ ̅̅ ̅, |𝐹𝐺|̅̅ ̅̅ ̅̅ . So, for example if we consider the point B (Figure 8) at the slider, 

the total magnetic induction is as follows 

 𝐵𝑇𝑜𝑡𝑎𝑙_𝑎𝑡_𝐵
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =  𝐵𝐷𝐸_𝑎𝑡_𝐵

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝐵𝐸𝐶"_𝑎𝑡_𝐵
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ +  𝐵𝐶"𝐹_𝑎𝑡_𝐵

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + 𝐵𝐹𝐺_𝑎𝑡_𝐵
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   (2)  

and the individual magnetic induction contributions are calculated according to the formula shown for 

an example section |𝐸𝐶"|̅̅ ̅̅ ̅̅ ̅ 

 𝐵𝐸𝐶"_𝑎𝑡_𝐵
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =  

𝜇0𝜇

4𝜋
∫

𝑖𝑇𝑅𝐴𝐼𝑁1+2 𝑑𝑠⃗⃗ ⃗⃗ ×𝑟   

𝑟3  (3) 

where: 

𝐵𝐸𝐶"_𝑎𝑡_𝐵"
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ −  𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑖𝑒𝑙𝑑 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑤𝑖𝑟𝑒 |𝐸𝐶"| 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐵   

𝜇0, 𝜇 − 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑣𝑎𝑐𝑢𝑢𝑚 𝑎𝑛𝑑 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑎𝑖𝑟, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦  

𝑑𝑠⃗⃗⃗⃗ −    𝑤𝑖𝑟𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑙𝑒𝑛𝑔𝑡ℎ 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑓𝑙𝑜𝑤 
𝑟 −  𝑣𝑒𝑐𝑡𝑜𝑟 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑤𝑖𝑟𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑡 𝑤ℎ𝑖𝑐ℎ 𝑡ℎ𝑒 𝑓𝑖𝑒𝑙𝑑 𝑖𝑠 𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑 

After the magnetic induction calculations, the electromagnetic force acting on the pantograph slider 

is  computed separately for its all parts. Based on that the total force is calculated by summing. 

For the analyzed scenario, the following components of electromagnetic force were computed 

 𝐹𝑇𝑂𝑇𝐴𝐿_𝑋 =  31.6𝑁, 𝐹𝑇𝑂𝑇𝐴𝐿_𝑌 =  0𝑁, 𝐹𝑇𝑂𝑇𝐴𝐿_𝑍 = −0.013𝑁 (4) 
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Although the highest component is acting in the direction of pantograph travel, the static uplift force 

of the pantograph is influenced by the electromagnetic force due to the mechanical properties of the 

pantograph’s kinematic chain, i.e. the interactions existing between its elements. The MB pantograph 

model was utilized to investigate the uplift force with and without electromagnetic force. The results are 

presented in Figure 9. 

 

Figure 9: Uplift force with and without electromagnetic force 

It can be observed, that the highest influence of the contact force is registered when the pantograph 

is working in the operational height of 1.5 – 1.8 m. In this range, the electromagnetic force causes 

a change of the nominal uplift force up to 2 N. 

6 Results 

At first, the analysis was performed for a single run speed 160 km/h. The nominal case (the friction 

change at the 0% level) takes into account the friction experimentally identified for the tested pantograph. 

Ten deviations from the nominal case were investigated, i.e. friction change by -25%, -20%, -15%, -10%, 

-5%, 5%, 10%, 15%, 20%, 25%, accordingly. It is assumed, that the friction deviations may result from 

an assembly or manufacturing uncertainties. The results are presented in Figure 10. The STD of CF 

was chosen as a reliable quality indicator of the mechanical contact in the pantograph-catenary interface. 

 

Figure 10: An influence of friction in pantograph joints on the STD of CF at run speed 160 km/h 
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Considering the outcomes of the simulations, it can be concluded, that the friction variation has  

a non-negligible impact on the STD of the CF for run speed 160 km/h, especially at the highest friction 

change taken into account, i.e. at the +/-25% level. Small friction changes (i.e. within the -5% up to 5% 

change range) almost do not affect the STD of CF. The friction decrease in the range  

(-25% – -10%) causes a deterioration of the interaction between the pantograph strip and contact line (the 

STD of CF increases by 4.4%). The friction increase has a positive influence on the contact quality, 

because more energy is dissipated in the entire system, and the STD of CF can be decreased by 4.6% 

comparing to the nominal case.  

Then, the scope of the analysis was extended to address various run speeds, in the range 110 – 200 km/h 

specifically. An influence of the friction in the pantograph mechanism is expressed in the paper 

as the change of the STD of CF with reference to the nominal case, i.e. characterizing the nominal friction 

ratio for a particular run speed. The results are presented in Figure 11. 

 

Figure 11: An influence of friction in pantograph joints on the STD of CF for various run speeds 

It can be observed that for almost all of the analyzed cases, the STD of CF increases when the friction 

is reduced and the STD decreases while friction increases. Intensity of this phenomenon depends 

on a particular run speed, but it is visible at  most for the case of 130 km/h. Similar monotonicity 

is observed for other run speeds, and this can be caused by the fact that more energy is dissipated 

in the case when friction in pantograph mechanism in increased. In the range of 170 – 190 km/h this trend 

is disturbed and some local minima and maxima appear. It is also visible in Figure 12, where the results 

of STD of CF (already shown in Figure 11) are presented with different perspective. 
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Figure 12: An influence of friction in pantograph joints on the STD of CF for various run speeds, second 

view highlighting disturbed monotonicity of the relationships between friction, run speeds and STD of CF 

 

Figure 13: An influence of friction in pantograph joints on the mean CF for various run speeds 

The values of the mean CF for various run speeds and friction forces are presented in Figure 13. Slightly 

different nature of the changes has been registered for the mean value of the CF comparing to the STD 

of CF. It can be noticed that these changes are not that significant as in case of the STD of CF. 

Monotonicity was also identified for the most extreme run speeds that were analyzed, 

i.e. 110 and 200 km/h. For the case of 110 km/h the mean CF increases with the increase of the friction in 

the pantograph structure. For the case of 200 km/h, in turn, the studied characteristics decreases while 

increasing friction. Between the above mentioned extreme speeds, character of volatility of the mean value 
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of CF cannot be clearly defined. However, the mean CF varies within the range of +/-1% of its nominal 

value for the investigated input parameter domain. Hence, it might be concluded that the mean value 

of the CF is not significantly affected by the friction change in the discussed domain. 

7 Conclusions 

Based on the obtained results of the co-simulation algorithm the following final remarks were drawn 

to summarize the paper: 

1. The multi-domain co-simulation approach can be successfully utilized to simulate the entire 

pantograph-catenary system. The co-simulation method considering the interactions between FEM 

catenary model and Multibody pantograph-rail vehicle model was performed. The adopted approach 

concerns the most important phenomena which are present in the system, i.e. nonlinearity of catenary 

droppers, wave propagation and reflections in a catenary structure and real kinematic chain of a three 

dimensional pantograph Multibody model. Moreover, aerodynamic, electromagnetic and friction forces 

acting on the pantograph components are considered. 

2. The friction coefficient for the pantograph joints was identified and effectively implemented 

in the numerical model. 10 deviations from the nominal friction coefficient were investigated within 

the range of ±25% of the nominal friction, to study the influence of the friction deviation 

on the pantograph-catenary contact quality for various run speeds in the range 110 – 200 km/h. 

3. The study has shown, that the STD of the CF increases while decreasing the friction coefficient 

in the pantograph components and the mentioned property decreases when the friction coefficient 

increases. This behavior is observed for run speeds in the range 110 - 170 km/h and 190 – 200 km/h. 

In the range of run speeds 170 – 190 km/h some disturbances of this monotonicity are observed. This 

is probably caused by resonances of the catenary structure.  – but this supposition has to be investigated 

more deeply in the future. The mean value of the CF is not significantly affected by the friction coefficient 

in the analyzed cases - the identified influence is less than 1% for the most extreme cases. 
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Abstract 
In railway track, under sleeper pads (USPs) have recently been adopted as a resilient component placed 

underneath the concrete sleepers to moderate track stiffness. By the insertion, USPs are generally used to 

improve railway track resilience in special locations such as turnouts, bridge ends, viaducts, track transitions 

etc. However, railway tracks usually face high-intensity impact loading due to any imperfection of either 

wheel or rail. This paper presents a nonlinear 3D finite element model of prestressed concrete sleepers with 

under sleeper pads in to order to study the effect of USPs under high impact loading. This study has 

confirmed field studies that the sleepers with USPs tend to have lesser flexures, contact force and impact 

energy. However, this study reveals that the sleeper with USPs could be amplified by the large amplitude 

impact energy. These behaviours imply that the applications of USPs should be very careful since the USPs 

could trade off the desired benefits by aggravating dynamic behaviour of sleepers with under sleeper pads. 

1 Introduction 

Railway sleepers are a major structural component in ballasted railway tracks. The main functions of 

sleepers are to transfer train axle loads from the rails onto the underlying ballast bed and supporting system, 

and to secure rail gauge for safe passages of trains and rolling stocks. It has been noted that railway sleepers 

are safety-critical components [1, 2]. Generally, there are two groups of track components: superstructure 

and substructure. Superstructure components consist of rail, fastening system, sleeper and ballast, they 

sometimes include rail pad, under sleeper pad, and ballast mat. Substructure counterparts comprise 

subballast, formation, geotextiles and foundation [3, 4]. Under sleeper pads (USP) are resilient pads installed 

underneath the sleepers as an attachment to provide additional track resiliency between the sleepers and 

ballast. The typical cross section of the ballasted railway track with under sleeper pad is shown in figure 1. 

USP is often used in ballasted tracks with concrete sleepers. USP can also be applied in various operational 

environments such as conventional main lines, urban or high speed lines or light rail and metro lines. 

Nowadays, USP has been developed and used widely and heavily in central Europe such as in Austria, 

Czech Republic and Germany. Additionally, several counties have carried out pilot trials such as in Sweden, 

Australia, and China. USP is made of polyurethane elastomer with a foam structure including encapsulated 

air voids. USP is classified by the bedding modulus as very soft, soft, medium stiff and stiff USP [5-10]. 

Different types of USP can be used at different locations and for different purposes, as described in table 1. 
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Figure 1: Typical ballasted railway track and its components with USP [1] 

Table 1: USP applications and characterisations [11] 

Fields of application of 

USP 

USP 

Very soft Soft Medium stiff Stiff 

Cstat ≤ 0.10 0.10 < Cstat ≤ 0.15 0.15 < Cstat ≤ 0.25 0.25 < Cstat ≤ 0.35 

Improve track quality 

(reduce ballast breakage 

and track/turnout pressure) 

    

Transition zones     

On existing structures with 

reduced ballast thickness 
    

Reduction of long-pitch 

low-rail corrugation in 

tight curves 

    

Reduction of ground-borne 

vibration 
    

 

The main objectives for using USP are to moderate track stiffness; to reduce ground borne vibrations; and 

to reduce ballast breakage [12-16]. USPs could reduce track stiffness in special areas such as turnout systems 

(switches and crossings) or bridge transitions. The vibration of sleepers could also be isolated by the USP 

so that the ballast and formation are uncoupled from the wheel/rail interaction, reducing the ground 

vibrations affecting surrounding areas and structures. The reduced ballast damage is accomplished by a 

reduction of contact pressure, and thus wears, in the sleeper/ballast interface. A more uniform load 

distribution is achieved by the use of USP, resulting in the reduction of the contact pressure and the smaller 

variations of support stiffness along the track. It was also noted that USP can lead to higher railway track 

economic values and to have substantial wider social benefits [17-20]. 

An application of USPs in Australia was initially trailed back in 1980s on open plain tracks. The outcome 

showed little improvement at the time whilst the delamination and degradation of the USP material were 

the key negative issues found in the field [21-28]. In recent years, the performance of the USPs has been 

improved through the outcomes from the test results in central Europe and in Austria, which show a 

promising quality and durability of USPs. Despite the benefits of USP have been presented [29], contradict 

outcome has been reported by Trafikverkets (Swedish Transport Administration). After several years of 

field inspections and observations, Trafikverkets reported that there has been no or very little influence of 

USPs on ballast size reduction and contamination resulting in track quality [30]. This could be a reason why 

the utilisation of USPs is not significant globally. Moreover, The USP has different effects on lateral track 

resistance. It cannot be confirmed whether positive or negative effects will occur at this stage. However, 

USP can lead to excessive sleeper vibration, resulting in ballast dilation or ballast spreading. Generally, 

railway track experience impact load, which is a shock load applied in short duration [2, 31]. The use of 

USPs for attenuating impact load and excessive vibration has been studied in the fields at specific locations 
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such as dipped rails/welds, glue insulated joint etc [32-38]. However, the numerical studies into such the 

behaviour have been limited and not investigated. 

The dynamic responses of railway concrete sleepers with under sleeper pads to high-intensity impact loading 

conditions are presented in this study. A three-dimensional finite element model has been established that 

can simulate and predict the responses of reinforced and prestressed concrete members. A three-dimensional 

nonlinear finite element model of a full-scale railway prestressed concrete sleeper for static analysis was 

firstly developed using the general-purpose finite element analysis package, ANSYS [39-41]. The static 

finite element model has been validated by the static full-scale experiment [41]. The experimental details 

were based on the European Standard [42]. The calibrated finite element model has been extended to include 

ballast support and in situ boundary conditions [43]. The extended model was linked to LS-Dyna for impact 

analysis. The impact analysis has been validated against the drop impact tests [44-46]. The initial velocities 

of drop mass corresponding to actual train load were applied to the rail. These can generate different impact 

energies. This study will focus on the sensitivity of impact energy to the dynamic responses of prestressed 

concrete sleepers with stiff USP. The dynamic responses including von mis stress, maximum displacements 

and accelerations of concrete sleepers with and without USP are highlighted. 

2 Finite Element Modelling 

Firstly, the general-purpose finite element analysis package, ANSYS was used to develop and model a three-

dimensional finite element model of a full-scale railway prestressed concrete sleeper for static analysis. 

Concrete was modelled using SOLID65 solid elements where each node has three degree of freedom 

(trainslation in x,y and z). The modulus of elasticity of concrete (f’c) was estimated based on AS3600 [47] 

using the compressive strengths of 80 MPa. As for prestressing wire, LINK8 truss element was taken into 

account to withstand the initial strain attributed to prestressing forces, by assuming perfect bond between 

these elements and concrete. It should be note that this truss element cannot resist neither bending moments 

nor shear forces. Since bond slip is hardly observed under failure modes [48-50], the perfect bond between 

pre-stressing wires and concrete was assumed. The dynamic materials properties associated with strain rate 

of concrete and prestressing wires can be calculated. The 0.2% proof stress is 1,700 MPa and the ultimate 

stress is 1,930 MPa. The static and dynamic elasticity of moduli of pre-stressing wire are 190,000 MPa. 

The extended finite element model was calibrated using vibration data [41, 49]. The updated finite element 

model was then transferred to LS-Dyna [45, 46], as shown in figure 2. The simulation results were achieved 

by assigning the initial velocity to the drop mass to generate an impact event, similarly to the actual drop 

tests. There are two cases considered in this study, 1.94m/s and 4.34 m/s. It is noted that these velocities are 

equivalent to the 600kg falling mass with the drop height of 0.2m and 1m, respectively. It is found that the 

finite element model is fairly sufficient for use in predicting impact responses of the prestressed concrete 

sleepers. The trends of peak acceleration responses are quite close to each other, although there is certain 

phase difference. 

 

Figure 2: Finite element model of sleeper with under sleeper pad  
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3 Results and discussions 

In this study, the stiff USP, which has the elastic modulus of 550MPa, is used. In this analysis, the initial 

velocities of 0.74m/s, 1.94m/s, 3.14m/s, 4.34m/s and 5.45m/s of drop mass are considered. Time histories 

of wheel-rail contact force are presented in figure 3. It is clearly seen that wheel-rail forces reduce 

significantly when using USP. It is interesting that pulse duration increases when USP is used because the 

support is softer. Thus, the support play a role on impact response as the impact magnitude decreases as the 

track stiffness, whilst, pulse duration is inversely proportional to the stiffness [50]. It should be note that the 

pulse durations are in the range of 3-4 ms. It is clearly seen that the use of USP can significantly reduce 

wheel/rail contact force by about 10%. The impact energy input is then calculated. It should be noted that 

the impulse is the area under the impact load history or the integral of force over the time. The different 

initial velocities of drop mass generate different impact energy. The impact energies of applied force to 

sleepers with and without USP are presented in table 2.  It should be noted that even contact forces 

significantly reduce when using USP, the impact energies slightly decrease since pulse durations increase. 
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                           e) 

Figure 3: Wheel-rail contact force subjected to impact loads with the initial velocities of                                  

a) 0.74m/s b) 1.94m/s c) 3.14m/s d) 4.34m/s e) 5.54m/s 

Table 2: Contact force and impact energy  

Case Initial velocity (m/s) 
Contact force (kN) Impact energy (kNs) 

Without USP With USP Without USP With USP 

A 0.74 288 258 647 639 

B 1.94 843 785 1766 1755 

C 3.14 1380 1279 2888 2866 

D 4.34 1905 1699 4001 3974 

E 5.54 2461 2171 5121 5066 

 

Figure 4 shows the comparison of von mises stress contour between sleepers without and with USP before 

applying load. It is seen that the dynamic stress concentration on the concrete sleeper is less than that with 
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USP especially at rail seat. Figure 5 illustrates the distribution of contact pressure on ballast under impact 

load case E. It is clearly seen that USP can significantly reduce the contact pressure especially at rail seat. 

This illustrates that USP can redistribute the impact load actions better along the concrete sleeper. 

 

a) 

 

  b) 

Figure 4: Von-mises stress contour of sleeper a) without USP b) with USP 

 

 

a) 

 

b) 

Figure 5: Contact pressure distribution on ballast a) without USP b) with USP under impact load 

Figure 6 presents the effects of stiff USP on the dynamic responses of the concrete sleepers subjected to 

impact loads. Even though it is noticeable that the use of USP can obviously decrease the contact force and 

impact energy stress, von-mises stresses, displacements and accelerations of sleeper at both rail seat and 

mid-span slightly increase when using USP. USP has negative effect on sleeper maximum displacements at 

both rail seat and mid-span. It is interesting that about 30-40% increase of displacement at rail seat in all 

velocities are observed. This is because there is a reduction of concrete sleeper stiffness due to the adaptation 

of USP. This is confirmed by the previous field measurement conducted that the rise of sleeper vibration 

was observed when USP were taken into account. Although the impact force and impact energy reduce 

when using USP, the sleeper displacement slightly decreases. This is because the use of USP affects the 

overall track characteristics by reducing track stiffness and making track softer. This has more influence 

than impact force which leads to increase the sleeper displacement. The acceleration vibrations are also 

presented in term of insertion gain. Figure 7 demonstrates the insertion loss in concrete sleepers due to USP. 

It is clearly seen that USP can increase vibrations of concrete sleepers at both rail seat and mid-span. Thus, 

USPs tend to have large acceleration amplitude vibrations, especially when excited by a high-frequency 

impact force. 
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Figure 6: Effects of USP on the maximum dynamic responses of railway concrete sleeper subjected to 

impact loads 

  
a) b) 

Figure 7: Insertion loss due to USP at a) rail seat b) mid-span 

4 Conclusions 

The emphasis of this study is placed on the effects of under sleeper pads on the dynamic responses of railway 

concrete sleeper subjected to high intensity impact loading. Finite element models of sleeper with USP have 

been conducted and analyzed using LS-DYNA. The initial velocities of drop mass are applied as an impact 

load. The models have been validated against the experimental results. The velocities applied to the mass 

corresponds to the drop mass of 600kg with the variations of height. The results show that the USPs will 

decrease stiffness of sleepers, then significantly reduce contact forces by about 10-30%. However, only the 

slight reductions of impact energy are observed in all cases. This is because the pulse duration may increase 

when using USPs which can increase the impact energy even the contact forces reduce. Although the studies 

have found that the sleepers with USPs tend to have lesser flexures, contact forces, this numerical study and 

previous field data also confirm that a railway track with USPs could experience a large displacement and 

acceleration amplitude vibrations, especially when excited by a high-frequency impact force. It can be 

concluded that the use of USPs should be very careful since the USPs may have a trade-off impact that could 

aggravate dynamic behaviour of sleepers with under sleeper pads.  
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Abstract 
A key aim in designing pantograph-catenary (P-C) systems is to maintain an optimal contact force 

between the pantograph and catenary cables, which guarantees the power transmission efficiency while 

minimising wear and damage of the contacting elements. However, with increased operation velocity, 

undesirable vibrations between the pantograph and the catenary can result in poorer power transmission 

and load damage. To allow faster travel, advanced vibration suppression techniques for P-C system are 

needed. Here we consider enhancing the performance by adopting inerter-based damping technologies. A 

typical time-varying lumped model of a P-C system is considered in this work. Optimal suspension 

configurations show that up to a 25% reduction in contact force variance can be achieved comparing with 

a traditional passive system. 

1 Introduction 

The pantograph-catenary system is the most feasible way to power high-speed trains at present. An uplift 

mechanism keeps the pantograph current collectors or the panhead in contact with the contact wire. A 

good contact performance between the pantograph and catenary is the most significant factor for 

maintaining a stable power supply. The dynamics of the pantograph-catenary system play a crucial role in 

the current collection quality. As the train’s speed increases, the vibrations of the pantograph-catenary 

system become stronger, which deteriorates the power transmission and accelerates the wear of the contact 

components [1]. To balance the power transmission behaviour and mechanical wear, a novel pantograph 

design is needed. 

The inerter [2, 3] opens up new possibilities for passive control of mechanical systems. The inerter is a 

mechanical device with two terminals having the property that the generated force is proportional to the 

relative acceleration between its terminals. Applications of the inerter to control of motorcycle steering 

instabilities [4], vehicle suspension [5, 6], buildings [7, 8], railway vehicle suspension [9, 10] and landing 

gears [11,12] have been identified. The results have shown that the performance of the systems can be 

significantly improved with the use of inerters. The inerter has been successfully deployed in Formula 1 

racing since 2005, under the name of J-damper. 

Different mathematical models and simulation methods have been introduced to quantitatively study 

pantograph-catenary interaction. In these works, the finite element method (FEM) is usually applied to 

model the catenary system. Andrea et al. [13] built a FEM model of the catenary which applied a 

procedure based on the penalty method to simulate the contact between wire and collector. Cho et al. [14] 

proposed both the formulation of a nonlinear dropper and the proper implementation of a time-integration 

method for the FEM of pantograph–overhead contact line dynamics. A modelling method based on the 

analytical expressions of nonlinear cable and truss elements was proposed by Yang et al. in [15]. Athough 

the FEM is accurate, the model is complicated and time-consuming. Hence some simpler catenary models 

are also proposed. For example, Wu et al. [16] modeled the catenary system as a time-varying stiffness 

with a single-degree-of-freedom model of the pantograph. 
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This paper is structured as follows. In Section 2, the simplified catenary model with lumped time-varying 

parameters and a two-degree-of-freedom pantograph model are presented. In Section 3, candidate absorber 

layouts and the optimization procedure are proposed and discussed. The optimisation results and the 

corresponding time domain responses are shown in section 4. In Section 5, the conclusion is drawn. 

2 Modelling of the pantograph-catenary system 

 

Figure 1: Schematic of pantograph-catenary system. 

The pantograph-catenary system shown in Figure 1 is a complicated system which consists of two 

longitudinal wires connected by some droppers together with a pantograph. A mathematical model of the 

complete overhead suspension system and the catenary is difficult to define because it is a distributed 

system. Some FEM models of catenary system have been established, but these models are usually 

complicated and time-consuming to simulate. Simplified models with lumped time-varying parameters 

have been shown to be sufficiently accurate for control and design purposes [17]. Here we consider the 

model from reference [18] in Figure 2, which models the dynamics of the catenary and a two-degree-of-

freedom pantograph. The system parameters are shown in Table 1 where 𝑚𝑐 , 𝑘𝑐 , 𝑐𝑐  are the equivalent 

mechanical parameters of the catenary system, presenting periodic behaviour along each span. Fourier 

series expressions of equivalent parameters of catenary system including the first, second and third 

harmonics are applied using [18] 

 

𝑚𝑐(𝑡) = 𝑚𝑐0 + ∑ 𝑚𝑐𝑖 cos (
2𝑖𝜋

𝐿
𝑋(𝑡))3

𝑖=1

𝑐𝑐(𝑡) = 𝑐𝑐0 + ∑ 𝑐𝑐𝑖 cos (
2𝑖𝜋

𝐿
𝑋(𝑡))3

𝑖=1     

𝑘𝑐(𝑡) = 𝑘𝑐0 + ∑ 𝑘𝑐𝑖 cos (
2𝑖𝜋

𝐿
𝑋(𝑡))3

𝑖=1    

, (1) 

where 𝑋(𝑡) is the horizontal distance of the pantograph from a reference tower. The values of 𝑚𝑐𝑖 , 𝑐𝑐𝑖 and 

𝑘𝑐𝑖  are given in Table 1. In Figure 2, 𝑘1  and 𝑐1  represent the contact stiffness and damping between 

panhead and catenary. The remaining parameters care for the two-degree of freedom system modelling the 

pantograph. During normal operation, the pantograph is always in contact with the catenary, which 

implies that 𝑥1 ≡ 𝑥𝑐  and the contact force 𝐹𝑐 = 𝑘1(𝑥2 − 𝑥1) + 𝑐1(�̇�2 − �̇�1)  is nonnegative, where 

𝑥𝑐 , 𝑥1, 𝑥2 are the displacements of catenary, contact surface and upper frame. It has been checked that this 

condition always hold in our investigation presented here.  

The pantograph is modelled as a two-degree-of-freedom system shown in Figure 2. A linear system can 

approximate the pantograph dynamics in the vicinity of the working configuration. In the default model, 

only a damper, represented by 𝑐3 , is installed in primary suspension system. For default model, the 

suspension force 𝐹𝑑 in Figure 2 can be presented as 

 𝐹𝑑 = −𝑐3�̇�3, (2) 

where  �̇�3 is the velocity of lower frame. 
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Figure 2: The lumped model of pantograph-catenary system with time-varying parameters. 

Parameters Notation Value 

Lower frame parameters 
 

9.5 kg 

5000 Ns/m 

Upper frame parameters 
 

7.6 kg 
 

20 Ns/m 
 

3421 N/m 

Head parameters 5000 Ns/m 
 

 

Catenary mass parameters 
 

195 kg 
 

100 kg 
 

20 kg 
 

5 kg 

Catenary damping parameters 
 

240 Ns/m 
 

240 Ns/m 
 

50 Ns/m 
 

12 Ns/m 

Catenary stiffness parameters 
 

7000 N/m 
 

3360 N/m 
 

650 N/m 
 

160 N/m 

Span length L 65.52 m 

Uplift force 𝐹𝑙 100 N 

 Table 1. Model parameters. 

If aerodynamic forces are ignored, the motion of the whole system is governed by 

𝑚3 
𝑐3 

𝑚2 

𝑐2 

𝑘2 

𝑐1 

𝑘1 

𝑚𝑐0 

𝑚𝑐1 

𝑚𝑐2 

𝑚𝑐3 

𝑐𝑐0 

𝑐𝑐1 

𝑐𝑐2 

𝑐𝑐3 

𝑘𝑐0 

𝑘𝑐1 

𝑘𝑐2 

𝑘𝑐3 

105 N
/m 
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𝑚𝑐(𝑡)�̈�1 = −𝑘𝑐(𝑡)𝑥1 − 𝑐𝑐(𝑡)�̇�1 + 𝑘1(𝑥2 − 𝑥1) + 𝑐1(�̇�2 − �̇�1)           

𝑚2�̈�2 = −𝑘1(𝑥2 − 𝑥1) − 𝑐1(�̇�2 − �̇�1) + 𝑘2(𝑥3 − 𝑥2) + 𝑐2(�̇�3 − �̇�2)

𝑚3�̈�3 = −𝑘2(𝑥3 − 𝑥2) − 𝑐2(�̇�3 − �̇�2) + 𝐹𝑑 + 𝐹𝑙                                     

, (3) 

where 𝐹𝑙 is the uplift force which is set to be 100 N in this work, same as the value used in [19]. 

3 Candidate layouts and optimization procedure 

Our aim is to redesign primary suspension system between lower frame and base to achieve a better 

performance of pantograph-catenary system in the range of operation speed. Three candidate layouts (S2, 

S3, S4 in Figure 3) including 3 elements (one spring, one damper and one inerter) are considered in this 

paper. The S1 in Figure 3 is the default structure which used in traditional pantograph.  

 

Figure 3: Candidate suspension device layouts. 

The transfer functions of proposed candidate layouts are represented by 𝑌(𝑠) =
𝐹(𝑠)

𝑉(𝑠)
, where 𝐹(𝑠) and 𝑉(𝑠) 

are the force at the terminals and the relative velocity across the terminals in the Laplace domain. The 

suspension force 𝐹𝑑  can be expressed by 

 𝐹𝑑 = −sY(s)�̃�3, (4) 

where �̃�3 is the displacement of lower frame in the Laplace domain. 

A key aim in designing pantograph systems is to maintain an optimal contact force between the 

pantograph and catenary cables. This force balances the need for satisfactory power transmission and 

minimum wear and damage of the contacting elements, which is apparent for high-speed trains. The root-

mean-square of difference between contact force 𝐹𝑐(𝑣, 𝑡) and uplift 𝐹𝑙  are calculated to evaluate this 

performance of the pantograph-catenary system. The performance index function 𝛿(𝑣) can be definite as 

 𝛿(𝑣) = 𝑟𝑚𝑠(𝐹𝑐(𝑣, 𝑡) − 𝐹𝑙), 𝑣 ∈ [20m/s, 100m/s]. (5) 

The cost function in this work is the value of 𝛿(𝑣) at nominal operation speed 𝑣𝑜𝑝 

 𝐽 = 𝛿|𝑣=𝑣𝑜𝑝
. (6) 

In order to make sure the performances of proposed layouts are not worse than the default one at all speed 

values considered, a constraint on performance index function is applied, 

 𝐷𝛿(𝑣) = 𝛿(𝑣)|𝑑𝑒𝑓𝑎𝑢𝑙𝑡 − 𝛿(𝑣)|𝑆𝑖 ≥ 0, 𝑖 ∈ {1, 2, 3, 4}, 𝑣 ∈ [20m/s, 100m/s], (7) 

where 𝑆𝑖 represent the candidate layouts. 

Apart from this, the maximum pantograph vertical displacement is related to the operation safety of 

pantograph-catenary system. According to BS EN50367:2012 (Technical criteria for the interaction 

between pantograph and overhead line), maximum pantograph vertical amplitude should not be bigger 

than 80 mm, which means vertical displacement of panhead is also a crucial index to be considered. The 

maximum panhead displacement 𝑑𝑚𝑎𝑥(𝑣) can be calculated as 

 𝑑𝑚𝑎𝑥(𝑣) = 𝑚𝑎𝑥(𝑑(𝑣, 𝑡)) , 𝑣 ∈ [20m/s, 100m/s], (8) 
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where  𝑑(𝑣, 𝑡) is the time history of the panhead displacement with the operation speed 𝑣. 

An additional constraint on the maximum panhead displacement is also applied, in the optimisation, which 

can be definite as 

 𝐷max(𝑣) = 𝑑𝑚𝑎𝑥(𝑣)|𝑑𝑒𝑓𝑎𝑢𝑙𝑡 − 𝑑𝑚𝑎𝑥(𝑣)|𝑆𝑖 ≥ 0, 𝑖 ∈ {1, 2, 3, 4}, 𝑣 ∈ [20m/s, 100m/s]. (9) 

In the simulation, the nominal operation speed is selected as 𝑣𝑜𝑝 = 75 m/s  in this work. The 

‘patternsearch’ and ‘fminsearch’ in MATLAB are used for optimization. 

4 Optimization results and discussion 

The optimal results with corresponding optimum parameter values for the four layouts are shown in Table 

2. 

No. 

Structure parameters Performance 

b 
(kg) 

c 
(Ns/m) 

k 
(N/m) 

J 
(N) 

 
(mm) 

default / 5000 / 55(-) 44 
S1 / 5000 / 55(0%) 44 
S2 3.16 2061 154 42(23%) 37 
S3 0.03 2211 32715 41(25%) 39 
S4 10.00 2126 301 42(23%) 37 

Table 2: The optimization results and the optimum parameter values. 

From Table 2, the optimal value of S1 is the same as the default one where 𝑐3 = 5000 Ns/m. In order to 

explain this phenomenon, a sensitivity analysis of S1 is carried out. Take 𝑐3 = 2000 Ns/m as an example.  

The constraints values of 𝐷𝛿(𝑣) and 𝐷max(𝑣) are calculated as 

 𝐷𝛿(𝑣) = 𝛿(𝑣)|𝑑𝑒𝑓𝑎𝑢𝑙𝑡,𝑐3=5000 − 𝛿(𝑣)|𝑆1,𝑐3=2000, (10) 

 𝐷max(𝑣) = 𝑑𝑚𝑎𝑥(𝑣)|𝑑𝑒𝑓𝑎𝑢𝑙𝑡,𝑐3=5000 − 𝑑𝑚𝑎𝑥(𝑣)|𝑆1,𝑐3=2000. (11) 

From Figure 4(a), 𝐷𝛿  is bigger than 0 in the whole speed sector, which satisfies the constraint on 

performance index function. From Figure 4(b), 𝐷max is smaller than 0 between 0 m/s to about 35 m/s and 

between about 45 m/s to 60 m/s, which means the constraint on maximum panhead displacement is not 

satisfied when 𝑐3 = 2000 Ns/m. 

For the parameter 𝑐3 varying from 0 to 10000 Ns/m, the contours of 𝐷𝛿  and 𝐷max can be gained on the 𝑐3-

velocity plane as shown in Figure 5. Figure 5(a) is the contours of 𝐷𝛿  on the 𝑐3-velocity plane. The 

colourful region means 𝐷𝛿 > 0, which satisfies the constraint of performance index function. If we cut 

through the solid red in Figure 5(a), the cross section is shown as Figure 4(a). Figure 5(b) is the contours 

of 𝐷max on the 𝑐3- velocity plane. The colourful region means 𝐷max is bigger than zero which satisfies the 

constraint of the maximum panhead displacement. Similarly, the Figure 4(b) is also the cross section if we 

cut through the solid red in Figure 5(b). 

From Figure 5(a), when we decrease the value of 𝑐3, the constraint on performance index function can be 

satisfied in the whole range of operation speed. From Figure 5(b), larger value of 𝑐3  can satisfy the 

constraint on the maximum panhead displacement at low speed (between about 0 to 35 m/s) while smaller 

value of 𝑐3 can satisfies the constraint on the maximum panhead displacement at high speed (between 

about 70 to 100 m/s). Above all, if structure S1 is applied in the primary suspension, we can’t find a better 

value of 𝑐3 to achieve better performance while satisfying the two constraints at the same time. 

  

         

𝑑𝑚𝑎𝑥 

RAILWAY DYNAMICS AND GROUND VIBRATIONS 3309



           

Figure 4: (a) Difference of performance index function  𝛿(𝑣)  in velocity domain between 𝑐3 =
5000 Ns/m and 2000 Ns/m; (b) Difference of maximum panhead displacement in velocity domain 

between 𝑐3 = 5000 Ns/m and 2000 Ns/m. 

     

Figure 5: (a) The contours of 𝐷𝛿, (b) The contours of 𝐷𝑚𝑎𝑥. 

It can be also seen from Table 2, the proposed three inerter-based structures (S2, S3, S4) can provide 

significant performance improvement, with up to 25%. The corresponding results are shown in Figure 6. 

Figure 6(a) suggests that all the proposed configurations (S2, S3, S4) satisfy the two constraints. 

According to Table 2, the S3 gain the largest improvement (25%) in the proposed cost function J while its 

maximum panhead displacement is higher than that of S2 and S4. The performance of S2 and S4, both 

with 23% improvement, are very similar to each other. 

It can be seen that the maximum panhead displacement of S2 and S4 (37 mm) is smaller than that of S3 

(39 mm), which shows better performance on operation safety. 

The responses in time domain are also analyzed to validate the optimization results. The responses in 

time-domain of the whole system are harmonic because the whole system is harmonic parametric self-

excited system. The responses at operation speed of 75 m/s (between 28 s and 30 s) are shown on Figure 

7. From Figure 7(a), the contact forces oscillate around 100 N. The variance of contact forces of inerter-

based configurations S2, S3, S4 are significantly smaller than S1, which is consistent with the result 

shown on Table 2. It can be seen from Figure 7(b), the maximum panhead displacements of inert-based 

configurations are also smaller than default one, which verify the maximum panhead displacement 

constraint. It also can be noted that the maximum panhead displacement of S3 is larger than S2 and S4 in 

time domain as is obtained in Figure 6. 

(a) 

(a) (b) 

(b) 
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Figure 6: The 𝛿(𝑣) and 𝑑𝑚𝑎𝑥(𝑣) of different candidate layouts with velocity from 20 m/s to 100 m/s.    

    

Figure 7: Response in time domain: (a) contact forces of S1, S2, S3, S4 in time domain; (b) Panhead 

displacement of S1, S2, S3, S4 in time domain. 

5 Conclusion 

The inerter-based vibration suppression technology is applied in pantograph-catenary system in this paper. 

Three different candidate layouts consisting of one inerter, one damper and one spring are discussed. It has 

been shown that the inerter-based devices can significantly improve the performance in contact force and 

reduce the maximum panhead displacement at the same time, which can’t be achieved by the traditional 

primary absorber. Inerter-based device shows huge application prospects to increase the reliability and 

reduce the maintenance cost of pantograph-catenary system by effectively suppressing the vibration. 
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Abstract
In this paper, we investigate a problem of passive mitigation of friction-induced vibrations due to mode
coupling instability in breaking systems. For this purpose, the well-known Hultèn’s model is coupled to
one Nonlinear Energy Sinks (NES). In previous work by the authors [1], an asymptotic analysis has been
performed on the system allowing to explain the steady-state response regimes observed in the numerical
simulations and predict some of them. However, because of the appearance of a three-dimensional critical
manifold, the prediction of the mitigation limit (i.e. the friction coefficient value which separates harmful
situations from harmless situations) has been not performed. This present work completes this previous
study using a general dynamics reduction method allowing to obtain one dimensional critical manifolds.
The mitigation limit is therefore predicted and compared, for validation purposes, to numerical integration
of the system.

1 Introduction

The squealing noise is due to dry friction in braking systems. It does not affect the quality of breaking but it is
the source of significant noise nuisance. This phenomenon also called mode-coupling instability corresponds
to a dynamic instability. It can be explained by the appearance of self-sustained oscillations - Limit Cycle
Oscillation (LCO) - induced by dry friction and due to the coalescence of modes in self-excited systems.

Research is always active to understand the generation of a disc brake squeal and to predict and reduce it.
Recent papers are for example based on non conventional analysis techniques such as probabilistic approach
incorparing incertainty in the parameters of the model to predict instabilities [2, 3] or statistical approach
from data obtained from different pad designs [4].

A more traditionally framework is considered here to investigate the problem of passive mitigation of
friction-induced vibrations due to mode coupling instability in breaking systems. The well-known two
degrees of freedom Hultèn’s model is used as simplified analytic model to gain insight the mechanisms
controlling brake squeal generation. This model is sufficient to investigate the mode-coupling instability
([5, 6, 7, 2]). This model is one of the models discussed in the review paper [8].

In the previous work by the authors [1], the mitigation squeaking noise was considered using the concept
of Targeted Energy Transfer (TET)[9]. TET is a passive control method which consists in coupling an
essentially nonlinear attachment also named Nonlinear Energy Sink (NES) to the primary system. The NES
involves a mass, an essential cubic restoring force and a linear damping force. The addition of a NES
drastically modifies the dynamic of the whole system giving access to complicate (nonlinear) dynamics
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Figure 1: (a) Mechanical system with NES. (b) Zoom on the NES.

fostering the energy transfer from the primary system to the NES[10]. This phenomenon is called energy
pumping.

Using the well-known Hultèn’s model coupled to two ungrounded NESs, Bergeot et al. [1] showed that the
use of NES appears to be an interesting way to control mode-coupling instability in braking systems. To ana-
lyze the steady-state response regimes, the system is partitioned in slow-fast dynamics using complexification-
averaging approach due to the presence a small dimensionless parameter related to the mass of the NES. The
slow-fast nature of the system allowed us to use multiple scale approach to analyze it. In particular, the shape
of the Critical Manifold of the slow-flow and the associated stability properties provide an analytical tool to
explain the existence of three regimes: periodic response regimes, strongly modulated responses regimes
and no mitigation regimes that appear when the trivial solution is unstable. A complete suppression regimes
is also observed.

The procedure gives access to the boundary values of the friction coefficient corresponding to the transi-
tion from complete suppression regime to periodic response regimes and from periodic response regimes
to strongly modulated responses are predicted analytically. However the prediction of the boundary value
between strongly modulated responses and no mitigation responses is not performed, this highlights that
global structure of possible response regimes can not be deduced from local stability analysis of a slow flow
subsystem with dimension larger than one. The prediction of this boundary value could be important in the
context of engineering applications and this is the object of this present work.

The aim of the present work is i) to show that mode-coupling instability in braking systems can be miti-
gated with only one NES and ii) to provide an analytic prediction of the boundary value between strongly
modulated responses and no mitigation responses.

The paper is organized as follows. In Sect. 2, the system under study including the Hultèn’s model (the
primary system) coupled to one ungrounded NES is presented and a reduction of the dynamics on the un-
stable mode of the primary system is performed. In Sect. 3 the reduced system is first analyzed following
the Geometric Singular Perturbation Theory writting first the reduced system as a slow-flow system using a
complexification-averaging method. Next the prediction of the mitigation limit is introduced and discussed
when the friction parameter is used as a bifurcation parameter. Finally, analytical prediction proposed in
Sect. 3 are compared to direct numerical simulations of the whole system.
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2 System under study

2.1 Mechanical model

The system considered here is shown Fig. 1. It is composed by the simple 2 degrees-of-freedom (DOFs) self-
excited system proposed by Hultèn [11] (the primary system) coupled to one NES with mass mh, damping
coefficient ch and cubic stiffness coefficient kNLh (and without linear stiffness) attached on the system in an
ungrounded configuration.

We focus on the analysis on the capacity of the NES attachments to suppress or mitigate vibrations when the
primary system is unstable.

The system is decribed by the follwing equations:

ẍ1 + εη1ẋ1 + x1 − εγx2 + εϕ1x
3
1 + εµ(ẋ1 − ḣ1) + εα (x1 − h1)3 = 0 (1a)

ẍ2 + εη2ẋ2 + (1− 2εa)x2 + εγx1 + εϕ2x
3
2 = 0 (1b)

εḧ+ εµ(ḣ− ẋ) + εα (h− x1)3 = 0 (1c)

where x1 and x2 (respectively h) are the displacements of the primary mass (respectively of the NES mass).

As shwon in [1], Eq. (1) results from a scaling of time (t = ω1t̃ with ω2
1 = k1/m) and a scaling of the

parameters with respect to the mass ratio ε = mh/m assuming 0 < ε << 1 where coefficients η1, η2, ϕ1,
ϕ2, γ, µ, α, a are adopted to be of order unity. The coefficients η1 and η2 characterize the damping terms
(c1, c2) of the Hulten model, ϕ1 and ϕ2 are the associated cubic stiffness coefficients (kNL1 , kNL2 ) whereas
γ is the friction coefficient. The parameters µ and α characterize the damping coefficient (ch)and the cubic
stiffness coefficient (kNLh ) of the NES. Finally, the coefficient a is defined as

√
k2/k1 = 1− εa.

2.2 Reduction of the dynamics

To simplify asymptotic analysis in next section, it is convenient to introduce new coordinates as

u1 = x1 + ε h u2 = x2 v = x1 − h, (2a)

giving reciprocally,

x1 =
u1 + ε v

1 + ε
x2 = u2 h =

u1 − v
1 + ε

. (3a)

Using Eqs. (3), Eq. (1) is transformed into the following form

ü1 + εη1u̇1 + u1 − εγu2 + ε(ϕ1u
3
1 − u1 + v) = 0 (4a)

ü2 + εη2u̇2 + (1− 2εa)u2 + εγu1 + εϕ2u
3
2 = 0 (4b)

v̈ + (1 + ε)µv̇ + εv + (1 + ε)αv3 + εη1u̇1 + (1− ε)u1 − εγu2 + εϕ1u
3
1 = 0, (4c)

where a first-order Taylor series around ε = 0 has been performed.

The reduction of the dynamics is performed on the first two equations of Eqs. (4) (the primary system) using
the biorthogonal transformation (see for example [12]).

Let u = (u1, u2, u̇1, u̇2)
t (the " t " is the usual notation for transpose operator), Eqs. (4a) and (4b) can be

written as a system of first order differential equations (state-space form)

u̇ = Au+ εf (u, v) , (5)
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where the matrix A is defined by

A =




0 0 1 0
0 0 0 1
−1 γε −εη1 0
−γε −1 + 2aε 0 −εη2


 (6)

and the vector function f is easily deduced from Eqs. (4a) and (4b). It is important to note that the matrix A
also characterizes the linear part of the primary system written on its state-space form.

The following eigenvalue problems:

Ar = λr and Atl = λl, (7)

where At denotes the transpose of A, are solved giving:

• two pairs of complex conjugates eigenvalues: λ1 and λ∗1, and λ2 and λ∗2 (the " ∗ " is the usual notation
for the complex conjugate),

• two pairs of complex conjugates eigenvectors of A: r1 and r∗1, and r2 and r∗2, called right eigenvectors
of A,

• two pairs of complex conjugates eigenvectors of At: l1 and l∗1, and l2 and l∗2, called left eigenvectors
of A.

The right and left eigenvectors satisfy the biorthogonality properties i.e LtR and LtAR are diagonal matri-
ces where R = [r1 r

∗
1 r2 r

∗
2] and L = [l1 l

∗
1 l2 l

∗
2]. It is convenient to normalize the two sets of eigenvectors

ri and li in order to obtain
LtR = I giving LtAR = D (8)

where I is the identity matrix and D = diag(λ1, λ
∗
1, λ2, λ

∗
2).

Performing now the change of variables

u = Rq or equivalently q = Ltu, (9)

Eq. (5) becomes
q̇ = Dq+ εLtf (Ru, v) . (10)

Eqs. (10) and (4c), which are equivalent to Eqs. (4), define the Full Non-Averaged System (FNAS).

From now we assume that only one pair of eigenvalues of the perturbed system, here denoted without lost
of generality (λ1, λ

∗
1), may have positive real part whereas the second pair (λ2, λ∗2) always has negative real

part. Hence, and because the coupling terms are of the order of magnitude of ε, after some exponentially
decaying transients the components q2, q∗2 become small, i.e. q2 ∼ q∗2 ∼ O(ε). Therefore, all terms related
to q2, q∗2 can be omitted from further consideration and Eq. (10) becomes

q̇1 = λ1q1 + εl1f (r11q1 + r∗11q
∗
1, v) (11)

where r11 denotes the first component of the vector r1.

Eqs. (11) and (4c) define the reduced equations of motion. Note that the previous reduction is valid during
transient when the amplitudes are relatively small and therefore must be questioned when large amplitudes
of oscillation are reached.
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2.3 About the order of magnitude of the eigenvalues and eigenvectors

Looking at Eq. (6), the matrix A appears as a perturbed matrix A = A0 + εA1 where the matrix A1

results from the damping and friction forces. The perturbed system (5) is a circulatory system 1 while the
unperturbed system, defined by A0 is not. It can be shown that A is regularly perturbed with respect to its
eigenvalues. Indeed, the determinant det(A) do not contain singular terms. Therefore, the matrix D can
be written as follow D = D0 + εD1, where D0 = diag(j,−j, j,−j) (from now, j2 = −1) is a diagonal
matrix with the eigenvalues of A0 on its diagonal and D1 ∼ O(1). On the contrary, the perturbed system
is no regularly perturbed with respect to its eigenvectors, i.e. the eigenvectors of A do not tend toward the
eigenvectors of A0 when ε → 0. Consequently, as the most restrictive assumption for further analysis, we
assume that left and right eigenvectors are of order 1 (i.e. R,L ∼ O(1)), even if they can contain terms of
order ε.

Taking into account previous remarks, the eigenvalue λ1 is written as follows

λ1 = j + ε (ρu + jνu) = ερu + j (1 + ενu) , (12)

where 1 + ενu is the frequency for which the observed steady-state responses are assumed to oscillate and
the real part is of order ε (i.e. ρu ∼ O(1)). Therefore, Eq. (11) becomes

q̇1 = jq1 + ε (ρu + jνu) q1 + εl1f (r11q1 + r∗11q
∗
1, v) . (13)

Finally grouping Eqs. (13) and (4c), the reduced equations of motion take the following form

q̇1 − jq1 − ε (ρu + jνu) q1 − εl31
(
ϕ1(r11q1 + r∗11q

∗
1)

3 − (r11q1 + r∗11q
∗
1)
)
+

εl41ϕ2(r21q1 + r∗21q
∗
1)

3 + εl31v = 0 (14a)

v̈ + (1 + ε)µv̇ + εv + (1 + ε)αv3 + εη1(r31q1 + r∗31q
∗
1) + (1− ε)(r11q1 + r∗11q

∗
1)−

εγ(r21q1 + r∗21q
∗
1) + εϕ1(r11q1 + r∗11q

∗
1)

3 = 0, (14b)

where rij (respectively lij) denotes the i-th component of the vector rj (respectively lj). Note that Eqs. (14)
characterize one unknown complex variable q1 and one unknown real variable v. Eqs. (14) define the Re-
duced Non-Averaged System (RNAS).

3 Asymptotic analysis of the reduced system

3.1 The slow-flow

In this section, RNAS (14) is analyzed following the Geometric Singular Perturbation Theory (GSPT) ([13,
14]) writing first the system as a slow-flow system.

The following change of variables is first applied to complexify the variable v as

ψ = v̇ + jv (15a)

and the complex variables q1, and ψ are next replaced by

q1 = φejt (16a)

ψ = ξejt, (16b)

where φ and ξ are the complex slow modulated amplitude of the fast component ejt.
1A circulatory mechanical system has a non-symmetric stiffness matrix due for example to friction or follower forces.
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After some algebraic manipulations followed by an averaging over one period T = 2π of the resulting
equations, Eqs. (14) reduce to

φ̇ = ε

(
(ρu − jνu + l31r11)φ− 3

(
l31|r11|2r11ϕ1 + l41|r21|2r21ϕ2

)
|φ|2φ+

jl31
2
ξ

)
(17a)

ξ̇ = −r11φ−
1

2
(µ+ jωu)ξ +

3jα

8
|ξ|2ξ

+ ε

(
(r11 + γr21 − η1r31)φ−

1

2
(µ− j)ξ − 3|r11|2r11ϕ1|φ|2φ+

3jα

8
|ξ|2ξ

)
. (17b)

where |.| denotes the modulus of a complex number.

For the future analysis, it is convenient to rewrite Eqs. (17) considering real variables. To achieve this, polar
coordinates are introduced as

φ = sejθφ (18a)

ξ = rejθξ , (18b)

where s and θφ (respectivily r and θξ) characterized the modulus and the argument of φ (respectivaly ξ).
Substituting Eq. (18b) into Eq. (17) and separting in real and imaginary part, Eq. (17) reduce to

ṡ = εf(s, r, δ) (19a)

ṙ = g1(s, r, δ, ε) (19b)

δ̇ = g2(s, r, δ, ε), (19c)

where δ = θφ − θξ. The expressions of the functions f , g1 and g2 are given Appendix A.

Eqs. (19) appear to have the slow-fast form where s is the slow variable whereas r and δ are the fast variables.
Eqs. (19) can be reformulated by switching from the fast time scale t to the slow time scale τ = εt giving

s′ = f (s, r, δ) (20a)

ε r′ = g1 (s, r, δ, ε) (20b)

ε δ′ = g2 (s, r, δ, ε) , (20c)

where ′ = d
dτ . Solutions of slow-fast system (19) or (20) can exhibit slow and fast epochs characterized by

slow and fast motions. This will be considered in the following Section in the framework of the GSPT.

3.2 The Critical Manifold and its stability

Stating ε = 0, Eqs. (19) and (20) reduce, respectively, to:

ṡ = 0 (21a)

ṙ = g1(s, r, δ, 0) (21b)

δ̇ = g2(s, r, δ, 0), (21c)

the fast subsystem which is a family of dynamical systems for the fast variables ξ and

s′ = f (s, r, δ) (22a)

0 = g1 (s, r, δ, 0) (22b)

0 = g2 (s, r, δ, 0) , (22c)

the slow subsystem which is a system of Differential Algebraic Equations (DAE). The goal of the GSPT is
to characterize the dynamic of the initial system (19) or (20) using the fast and slow subsystems (21) or (22).
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Considering the slow subsystem, the nonlinear equations (22b) and (22c) define the so-called Critical Mani-
fold S as [14]

S :=
{
(s, r, δ) ∈ R3

∣∣ g1 (s, r, δ, 0) = 0 and g2 (s, r, δ, 0) = 0
}
. (23)

Looking at Eqs. (42) and (43), the nonlinear equations takes the form

g1 (s, r, δ, 0) = −
µ

2
r − (rR11 cos(δ)− rI11 sin(δ))s = 0 (24a)

g2 (s, r, δ, 0) =
3α

8
r2 − ωu

2
− (rR11 sin(δ) + rI11 cos(δ))

s

r
= 0. (24b)

Combining Eqs. (24a) and (24b) leads to the modulus equation

s2
(
rR

2

11 + rI
2

11

)
= H(r), (25)

where

H(r) = H2
1 (r) +H2(r)

2 with H1(r) = −
µ

2
r and H2(r) =

(
3α

8
r2 − 1

2

)
r, (26)

and to the characterization of the argument δ as

cos(δ) =
r
(
3r2αrR11 + 4µrI11 − 4rR11

)

8s
(
rR

2

11 + rI
2

11

) and sin(δ) =
r
(
3r2αrR11 − 4µrR11 − 4rI11

)

8s
(
rR

2

11 + rI
2

11

) . (27)

Hence the Critical Manifold S appears to be a curve in the (s, r)-plane.

Stability analysis of the SIM is now carry out considering the fast subsystem (21). It can be shown that the
Jacobian matrix reads as 


dH1(r)

dr
−H2(r)

1

r

dH2(r)

dr

H1(r)

r


 , (28)

and using the Routh-Hurwitz criterium we can deduce that a fixed point of Eq. (21) is stable if H ′(r) > 0
and unstable if H ′(r) < 0. Hence the subset of S satisfying H ′(r) > 0 defines the attractive zone for the
fast dynamics whereas the subset of S satisfying H ′(r) > 0 define the repulsive zone.

Exploiting the polynomial properties ofH , it can be shown that the local extrema ofH (i.eH ′(r) = 0) occur
at

rM =
2

3
√
α

√
2−

√
1− 3µ2 and rm =

2

3
√
α

√
2 +

√
1− 3µ2, (29)

if the following relation holds

µ <
1√
3
, (30)

and in this case rM < rm.

When condition (30) is satisfied, the two points (sm, rm) and (sM , rM ) where the two scalars sM and sm are

defined by sm =

√
H(rm)

rR
2

11 +rI
2

11

and sM =

√
H(rM )

rR
2

11 +rI
2

11

characterize the bounds where S ceases to be attractive

connecting stable and unstable (repulsive) parts of S. These two points are called fold points. A typical CM
is depicted Fig. 2 where the green points correspond to the fold points. The two scalars rd and ru (see the
red points on Fig. 2), which will be used later, are defined by Hn (r

m
n ) = Hn

(
rdn
)

and Hn

(
rMn
)
= Hn (r

u
n)

giving

rdn =
2
√
2

3
√
α

√
1−

√
1− 3µ2 and run =

2
√
2

3
√
α

√
1 +

√
1− 3µ2. (31a)
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Figure 2: Typical Critical Manifold (CM). Set of parameters (40) is used with µ = 0.35.

3.3 Fixed points and folded singularities of the slow flow

The dynamic of the slow subsystem (22) is now characterized in S.

Substituting Eq. (25) into Eq. (22a) results in

(√
H(r)

rR
2

11 + rI
2

11

)′
= f

(√
H(r)

rR
2

11 + rI
2

11

, r, δ

)
(32)

Next using Eq. (22b), Eq. (32) reduces to

dH(r)

dr
r′ = fr(r), (33)

where the expression of fr is given Appendix B.

A (regular) fixed points of Eq. (33) is defined as the roots of the following nonlinear equations in presence
of constraint

fr (r) = 0 with
dH(r)

dr
6= 0. (34)

Assuming ε � 1, a fixed point of Eq. (33) is an ε-approximation of a fixed point of Eq. (19) which charac-
terizes a periodic solution of Eq. (14). As usual, stability of the fixed points are found looking for the sign of
d
dr

(
fr(r)
H′(r)

)
.

A singular fixed points of Eq. (33) is defined as the roots of the following nonlinear equations

fr (r) = 0 and
dH(r)

dr
= 0. (35)

Assuming condition (30), singular fixed points can exists among the fold points defined Eq. (29).

3.4 Prediction of the mitigation limit

Four main types of response regimes may be observed when a NES is attached on an unstable system: com-
plete suppression of the instability, mitigation through Periodic Response (PR), mitigation through Strongly
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Modulated Response (SMR) or no mitigation. These four types of responses have been observed and an-
alyzed in the case of a Van de Pol oscillator coupled to one NES [15]. They have been also observed by
Bergeot et al. [1] studying mitigation of a mode-coupling instability in breaking systems using two NESs.
In the present study we classify these regimes into two categories depending on the fact that the NES acts or
not and therefore separating harmless situations from harmful situations:

1. Harmless situation: the NES acts resulting to the following regimes

(a) Complete suppression. The trivial fixed point of the slow-flow is reached. In this case, due to
the additional damping, the NES attachment stabilizes the system, i.e. the trivial fixed point,
common to both the non-averaged system and the slow-flow, becomes stable.

(b) Mitigation through Periodic Response. A nontrivial stable fixed point of the slow-flow is reached.
In this case, the steady-state of the non-averaged system response regime is a periodic regime, i.e.
LCOs with an amplitude smaller than amplitude of the LCOs undergone by the primary system.

(c) Mitigation through Strongly Modulated Response. In this case, the steady-state response regime
is a quasiperiodic regime which exhibits a "fast" component and a "slow" component correspond-
ing to the envelope of the signal. The term "Strongly modulated response" has been introduced
in [16] for the study of a harmonically forced linear system coupled to a NES. SMR for the non-
averaged system corresponds to relaxation oscillation of the slow-flow. To ensure the existence
of SMRs, condition (30) must be respected.

2. Harmful situation: the NES does not act resulting to

(a) No mitigation. The NES is not able to mitigate the instability and the non-averaged system
saturates on a LCO which has an amplitude close to that of the case without NES. Regarding the
slow-flow, it reaches a stable fixed point with large amplitude.

The nature of the steady-state regime depends on two things about the slow-flow. Firstly, it depends on the
initial conditions to know where the slow dynamics leads the trajectory on S. Secondly, it depends on the
fixed points (position and stability) which orientates the dynamics on S at the slow time scale. Here, for
convenience and in accordance with real word situations, we consider a set of initial conditions {s(0), r(0)}t
as a small perturbation of the trivial solution 0.

Considering the two situations described above and the previous comments, the mitigation limit with respect
to the friction parameter γ (the chosen bifurcation parameter in this work) is introduced in the following
definition. The definition can be adapted to other parameters.

Definition 3.1 Considering a set of initial conditions (for the slow-flow) {s(0), r(0)}t as a small perturba-
tion of the trivial solution 0, the mitigation limit of the friction parameter γ is defined as the value of γ ,
denoted γml, which separates harmful situations from harmless situations.

The definition 3.1 is based only on the nature of the steady-state regimes when 1:1 resonance occurs. This
may be questioned regarding the amplitudes of these regimes but it is admitted in this study.

The method to predict the steady-state regimes, and consequently the mitigation limit, is now presented. As
a result of the reduction method presented in Sect. 2.2, the slow-flow (17) is equivalent to that of a 1 DOF
primary system coupled to one NES. This allows to predict easily the nature of the steady-state regimes.
In keeping with [15], conditions to ensure that the system undergoes a harmless situation are stated below
assuming that the NES respects condition (30).

Result 3.1 The conditions to obtain harmless situations are split in two cases:
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Case a. We assume that the slow-flow has a stable fixed point {s∗s, r∗s} (trivial or nontrivial) on the first
attractive part of the critical manifold S. In this case, the system is in a harmless situation if

r∗s < rM . (36)

In this case harmless situation corresponds to Complete suppression for the trivial fixed point or
Mitigation through Periodic Response for the nontrivial fixed points.
If (36) is not respected one must pass to Case b.

Case b. We assume that the system has at least one nontrivial unstable fixed points on a stable part of the
critical manifold S; denoted {s∗u, r∗u}. In this case, the system is in an harmless situation if

r∗u < ru. (37)

In this case harmless situation corresponds to Mitigation through Periodic Response or Mitigation
through Strongly Modulated Response.

Conversely, the system is in an harmful situation if the system is nether in Case a, nor in Case b.

We give now a quantitative definition of the mitigation limit γml of the system.

Result 3.2 Let γlim, the value of the parameter γ after which the slow-flow has no more nontrivial unstable
fixed points and γs the value of the parameter γ such that

r∗u = ru, (38)

where ru is defined by Eq. (31).

The theoretical prediction of the mitigation limit, denoted γthml, is defined as follows

γthml =

{
γs, if γs < γlim (39a)

γlim, if γs > γlim. (39b)

4 Numerical illustrations of the steady-state response regimes

The purpose of this section is to illustrate some steady-state response regimes by means of direct numerical
integration of the FNAS (10), the RNAS (14) and the slow-flow (17). To achieve this, the following set of
parameters is used

η1 = 0.4, η1 = 1, ϕ1 = 8, ϕ2 = 2, ε = 0.01, α = 4 (40)

with µ = 0.35 and for three de different values of γ: 1.5, 1.67 and 2 leading respectively to Mitigation
through Periodic Response, Mitigation through Strongly Modulated Response and No mitigation of the LCO
(see Fig 3). As expected the RNAS is a good approximation of the FNAS during transient and it is valid
during steady-state regime only when the latter has a relatively small amplitude, as it is here for Mitigation
through Periodic Response. On the other hand, the slow-flow appears to be alway a good approximation of
the RNAS.
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Figure 3: Direct numerical integration of the FNAS (10), the RNAS (14) and of the slow-flow (17). Set of
parameters (40) is used with µ = 0.35. (a) and (b) γ = 1.5; (c) and (d) γ = 1.67; (e) and (f) γ = 2.

5 Comparison of theoretical results with numerical simulations

In this section, analytical predictions proposed in Results 3.1 and 3.2 are compared to direct numerical
integration of the system.

The comparison between the theoretical bifurcation diagram, obtained from Eq. (34) and the maximum
steady-state amplitudes obtained from numerical simulations of the Full Non-Averaged System (FNAS) (10),
the Reduced Non-Averaged System (RNAS) (14) and of the slow-flow (17b) using the set of parameters (40)
is presented in Figs. 4 and 5 for different values of the NES parameter µ. The graphs of the maximum
steady-state amplitude give a numerical estimation of the mitigation limit as the value of γ for which the last
jump of the amplitude is observed.

In Fig 4, where µ = 0.35, the amplitude jump appears at γ ≈ 1.67 for the FNAS and at γ ≈ 1.74 for both the
RNAS and the slow-flow (see the last jump of the amplitude of the variable s Fig 4(a) and r Fig 4(b). Hence
the reduction of the dynamic causes here a slight increase in the value of the mitigation limit. However, the
slow-flow, can predict the mitigation limit observed with the RNAS. Previous values must be compared to
the theoretical prediction γthml ≈ 1.72 which is given, for µ = 0.35, by Eq. (39a). Here γs is obtained solving
Eq. (38) graphically in Fig. 4(b) as the intersection of the branch of the larger unstable fixed points (dark
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Figure 4: Comparison between theoretical bifurcation diagram (magenta dots for stable fixed points and blue
dots for unstable fixed points) and maximum steady-state amplitudes obtained from numerical simulations of
the Eq. (10) (green filled squares), Eq. (14) (blue filled circles) and Eq. (17) (black empty circles). Bifurcation
diagram and maximum steady-state amplitudes are plotted for the variables (a) s and (b) r. In the latter, red
horizontal lines correspond to rM and rm (with rM < rm) and orange horizontal lines correspond to ru and
rd (with rd < ru). Set of parameters (40) is used with µ = 0.35.

blue curve) and ru (upper orange horizontal line). Therefore, a good agreement between prediction and direct
numerical simulations is observed. Moreover, we can state here the same conclusion about amplitudes as in
Sect. 4, with, in addition, a significant difference observed between the amplitude of the slow-flow and that
of the RNAS after the jump. This can be due to the fact that the assumption of 1:1 resonance capture is not
respected anymore. Indeed, an FFT performed on the signals shows the appearance of additional harmonics
in the steady-state response regimes of the RNAS. Note that these harmonics are not present in the steady-
state response regimes of the FNAS. However, all these differences do not affect the good prediction of the
mitigation limit.

In Fig 5, only graphs with respect to the variable r are presented with µ ≈ 0.4, 0.45 and 0.57. One can see
that the last amplitude jump appears at γ ≈ 1.85, 1.94 and 1.9 for both the RNAS and the slow-flow and they
are well predicted by the theoretical values (γthml ≈ 1.87, 1.98 and 1.95 respectively2). These results allows
to validate the asymptotic study presented in Sect. 3.

However, the comparison between the mitigation limits observed on the graph of the maximum steady-state
amplitudes of the FNAS (the amplitude jump appears at γ = 1.67, 1.65 and 1.63) and the theoretical pre-
diction highlights the limits of the dynamics reduction method presented in Sect. 2.2. Indeed, the theoretical
values overestimate now the mitigation limit observed with FNAS when µ increases. The overestimation of

2When µ = 0.4 and 0.45, the theoretical prediction γthml is given by Eq. (39a) whereas it is given by Eq. (39b) for µ = 0.57.
Like γs, the value of γlim is determined graphically.
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the mitigation is due to a bad estimation of amplitudes before the jump (see Fig. 5), even if the amplitudes
are small. The causes of these discrepancies are not yet known, this will be subject of future work.
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Figure 5: Same caption as for Fig. 4(b) with µ = 0.4, 0.45 and 0.57.

6 Conclusion

We studied the capacity of Nonlinear Energy Sinks (NES) to mitigate vibrations due to mode-coupling
instability in braking systems. As an extension of a previous work [1], we used here a general dynamics
reduction method allowing to obtain a one dimensional critical manifolds and consequently to predict all
the steady-state response regimes observed using direct numerical integration of the equations of motion.
In particular, the mitigation limit, defined as the value of the friction coefficient which separates harmful
situations from harmless situations, has been predicted. The comparison with numerical simulation allows
to validate the used asymptotic analysis but highlights the limits of the dynamic reduction method. Indeed,
overestimations of the mitigation limit are observed for large value of NES damping parameter. The causes
of these discrepancies are not yet known and will be subject of future work.

A Slow-fast system

The function f , g1 and g2 characterizing the slow-fow system (19) are given here after.
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g1(s, r, δ, ε) = −rµ
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B Slow subsystem

The function fr characterizing Eq. (33) is given here after.
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Abstract
Chatter is a self-excited vibration that occurs during cutting operations such as milling, which leads to un-
desirable consequences such as poor surface finish and increased tool wear. The traditional approach to
avoiding chatter involves experimentally determining the tool tip frequency response function (FRF) of the
machine with each tool holder in place, a very time-consuming procedure. This paper proposes a new struc-
tural modification (SM) method for the optimisation of tool holder geometry. Firstly, a direct frequency
domain SM method is presented, which allows the user to select an optimum tool holder geometry with-
out any knowledge of the interface properties. Secondly, an inverse SM method is presented, which allows
the user to optimise the tool holder geometry using a single experimental model and a single numerical
model, again with no knowledge of the interface properties. Both the direct and inverse methods are then
demonstrated using experimental data.

1 Introduction

Milling operations involve moving a rotating tool with multiple teeth relative to a workpiece in order to
remove material. As each tooth impacts the workpiece relative motion between the two structures can occur,
causing a wave to be imprinted onto the surface of the workpiece. As the following tooth passes, the wavy
surface is removed and replaced by another. If these waves are out of phase, the instantaneous thickness of
the chip being removed will grow exponentially, causing the unstable excitation of the tool commonly known
as chatter.

Chatter vibrations can lead to unacceptable surface finish, increased tool wear, and amplified noise levels.
Since the onset of chatter can be parametrised by the spindle speed (Ω) and depth of cut b (as shown in Fig.
1), manufacturers are often forced to reduce speeds and depths in an attempt to avoid chatter. Ultimately
leading to a reduction in production rates and increase in production costs.

Another common method to avoid the onset of chatter is to optimise the structural dynamics of the milling
machine in an attempt to optimise the stability threshold seen in Fig. 1. This stability diagram can be
calculated from the point frequency response function (FRF) at the tool tip and it can be shown that the
locations of the peaks (Ωl

best) are directly proportional to the natural frequency of the cutting tool.

Ωl
best =

ωn
2π(l + 1)Nt

(1)

where ωn is the natural frequency of the tool in rad/s, l ∈ 0, 1, 2, ... is the mode number, and Nt is the
number of teeth on the tool. Therefore, the location (or spindle speed) of the stable peaks can be optimised
via the natural frequency of the tool. This is commonly achieved by selecting an optimal tool length and/or
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Figure 1: Example stability lobe diagram showing the stability threshold in the spindle speed vs. depth of
cut plane

tool holder geometry. A clear disadvantage of this method is the need to experientially determine the natural
frequency of each available tool length and tool holder geometry.

In order to reduce the experimental cost of selecting an optimum set-up, Schmitz et al. developed the re-
ceptance coupling substructure analysis (RCSA) method [1]. This allowed the user to predict the tool tip
frequency response function (FRF) and therefore the stability of any tool/tool holder combination, using
only a single experimental model. Using a dynamic substructuring method, the user can subtract the base
tool/tool holder from the experimental model before adding that of another tool/tool holder combination.
However this requires numerical models of both tools and tool holders. Therefore when using RCSA to
select an optimum set-up from a large range, a large database of numerical models is required.

The accuracy of the RCSA method is highly dependent on knowledge of the interface properties between
tool and tool holder and tool holder and spindle. Interface stiffness and damping must be included in the
(de)coupling process in order to achieve reliable results. Several methods have been presented for the cal-
culation of these values [2], and most involve updating the interface properties of a numerical model to
match experimental data. However, this requires a high level of expertise in numerical modelling as well as
capturing the experimental data the user is trying to avoid.

The structural modification method presented in this paper has two clear advantages over the RCSA method.
Firstly, the stability of any tool holder geometry can be predicted using a single experimental model without
any knowledge of the interface dynamics. Secondly, an inverse method is developed which allows for simple
optimisation of tool holder geometry without having to construct numerical models of each available tool
holder. The method suffers a single disadvantage when compared to RCSA in that only the tool holder
diameter can be optimised. However, it will be demonstrated that the tool holder diameter alone can have a
significant effect on the dynamics at the tool tip and therefore the stability of the milling operation.

2 Theory

Structural modification, as presented by Mottershead and Ram [3], involves the combination of two (or more)
dynamic models to predict the dynamic properties of more complex structures. Consider models A and B,
with l andm degrees of freedom (DOFs) respectively, which are to be combined at p locations to form model

3332 PROCEEDINGS OF ISMA2018 AND USD2018



C. At a particular frequency, it is given that:

YA = [HA]l×lFA YB = [HB]m×mFB YC = [HC ]n×nFC (2)

where Y is the harmonic displacement vector, F is the harmonic force vector, H is the frequency response
function matrix containing receptances Hij , describing the displacement at DOF i due to forcing at DOF j,
and n = l +m− p.

By applying compatibility (XC=XA+XB) and equilibrium (FC=FA+FB) conditions at the p connection
nodes; it is given that:

H−1
C = H−1

A + H−1
B (3)

This formulation is inconvenient for numerical application as it involves multiple matrix inversions, however
it may be rewritten as:

H−1
C = H−1

A [I + HAH−1
B ]

HC = [I + HAH−1
B ]−1HA (4)

This forms the basis of most frequency domain dynamic substructuring methods, including RCSA. For
instance, model A could be an experimental model of the spindle and model B a numerical model of a
tool/tool holder combination. Then C would allow the user to predict the dynamics of the machine with the
new tool holder. The need to include interface properties comes from the fact that two beam-like structures
are coupled end-to-end i.e. models A and B only have one common DOF. The requirement to include
interface dynamics can be removed by seeking to modify the existing tool holder rather than replace it with
another. In this case, A could be an experimental model of some base tool holder, and B a numerical model
of some local modification (i.e an increase in diameter) to that tool holder.

2.1 The direct method

Since modelB is a local modification, further simplifications can be made using the method by Özgüven [4].
Both models may be partitioned into sub-matrices, separating DOFs that are involved with the modification
and those that are not.

HA =

[
HAOO HAOI

HAIO HAII

]
[HB]−1 =

[
0 0
0 BII

]
(5)

where the subscript O denotes the DOFs not involved with the modification and I denotes the DOFs that are
modified. This partitioned matrix form reduces the number and size of the operation to one matrix inversion
of an m×m matrix. The global model is then given by:

HCII = [I + HAIIBII ]−1HAII

HT
COI = HCIO = HAOI [I− BIIHCII ]

HCOO = HAOO −HAOIBIIHCIO (6)

This allows the user to predict the effect of any local modification B. However, in order optimise the mod-
ification, numerical models for each and every modification must be constructed. The optimisation process
can be simplified by using the inverse structural modification method.

2.2 The inverse method

If we are to only partially construct the modification matrix in Eq. (4), leaving it as a function of some
unknown geometric modification parameter (for instance tool holder diameter) α i.e. B = B(α), then the
inverse problem may also be solved.

HC =
adj(I + HAB(α))HA

det(I + HAB(α))
=

det(I + HAB(α))[I + HAB(α)]−1HA

det(I + HAB(α))
(7)
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Figure 2: Diagram showing the dimensions and bearing locations of the experimental spindle rig

The antiresonance of the ijth receptance is then given by [adj(I + HAB(α))HA]ij = 0, whilst its natural
frequencies are given by det(I+HAB(α)) = 0. For simple modifications these equations may have algebraic
solutions for the modification parameter α; however, for more complex modifications a numerical solution
may be necessary.

It is possible to make further simplifications to Mottershead’s [3] method by applying the same matrix parti-
tions as with the direct method (Eq. (5)); by doing so the size of the matrix operations are reduced and the
likelihood of an algebraic solution increased. Eq. (7) can then be written as:

HCII =
adj(I + HAIIBII(α))HAII

det(I + HAIIBII(α))

HT
COI = HCIO =

det(I + HAIIBII(α))HAOI [I− BII(α)HCII ]

det(I + HAIIBII(α))

HCOO =
det(I + HAIIBII(α))[HAOO −HAOIBII(α)HCIO]

det(I + HAIIBII(α))
(8)

This formulation allows for the natural frequencies of the global structure to be repositioned using only the
measured receptances at the modification DOFs I by setting det(I + HAIIBII(α)) = 0.

3 Experiment

The structural modification theory is now validated on a spindle rig. The spindle rig consists of a HSKA63
milling spindle, bearings and bearing housing, similar to any five axis milling machine, but is suspended
on a smaller simpler structure. Validation on a spindle rig has several advantages over validation on a
milling machine. Firstly, because of the simpler supporting structure, many of the low frequency modes
associated with the machine are removed; therefore, concentration can be given to the dominant bending
modes of the tool, tool holder, and spindle. Secondly, the spindle rig can be tested in cold conditions,
meaning nonlinearities such as thermal softening of the bearings [5] are removed, thus making the data more
repeatable. A schematic diagram of the spindle rig’s geometry is shown in Fig. 2.

In order to investigate SM for chatter avoidance in high speed milling, two tool holders of different geome-
tries were chosen. A cylindrical untapered holder of length 0.134 m and diameter 0.024 m; and a tapered tool
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Figure 3: Diagram showing the dimensions for both the unmodified and modified holders

holder of length 0.134 m and diameter ranging between 0.024 m and 0.034m. These holders will be referred
to as the unmodified and modified holders, respectively. Both holders had a HSKA63 spindle interface. The
geometries of both holders are summarised in Fig. 3 and Table. 1. It is important to note that the geometries
of the tool holders differ only in the base diameter d2, as this is this parameter that will be modified.

A two fluted end mill of total length 0.083 m was inserted into both holders with a stickout length of 0.037 m.
Then, each of the tool holders were clamped into the spindle, and their tool tip frequency response functions
measured, these results are compared in Fig. 4. It can be seen that the simpler structure of the spindle rig
results in a single dominant bending mode in both cases, and the larger base diameter gives rise to a mode
with a significantly lower amplitude and higher natural frequency.

3.1 Methodology

This section describes how each of the models (A and B), defined in section 2 and shown in Fig. 5 are
constructed in order to apply higher rank SM theory to to optimise the tool holder geometry.

3.1.1 Model B

It is convenient to begin the methodology by discussing model B, or the modification model, which is a
numerical model that describes the difference in diameter between the unmodified and modified holders.
The geometry is a circular tube of length 0.134 m with an inner diameter of 0.024 m. The outer diameter
varies between 0.024 m and 0.034 m, as shown in Fig. 3. A numerical model was constructed with the

l1(mm) l2(mm) l3 d1(mm) d2(mm) d3(mm)

Unmodified 160 134 47 64 24 24
Modified 160 134 47 64 34 24

Table 1: Dimensions of the modified and unmodified tool holders
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Figure 4: Real (a) and Imaginary (b) frequency response function plots comparing the tool tip dynamics of
the unmodified (· · · ) and modified (—) holders on the spindle rig

geometrical properties shown, and standard steel material properties (density ρ = 7750 kg m−3, Young’s
Modulus E = 200 GPa).

It is important to keep the dimensions of model B as low as possible for two reasons. Firstly, each node in
the numerical model must also occur in the experimental model A, and experimental data inherently contains
error. But also, if the inverse SM method is to be used, by keeping the number of nodes to a minimum, it is
more likely that a solution can be found.

Whilst minimising the dimensions of model B has its advantages, it also carries with it some disadvantages.
The number of modes included in a numerical model equals the size of the elemental matrices (stiffness K
and mass M), i.e. a numerical model with a 2 × 2 stiffness matrix only accounts for the first two modes of
the structure. Hence, when model B is minimised it becomes a truncated model and does not account for the
out of range modes.

However, in order to minimise the experimental cost of the method, it was decided that the geometry of
model B would be modelled using only two beam elements, one for the tapered section of the holder and one
for the untapered section. The first beam lies between nodes n2 and n3 and the second between nodes n3 and
n4 and each beam has two DOFs, translation y and rotation θ, as shown in Fig. 5. Therefore the dimensions
of the element matrices are 6× 6.

Beam one is a tapered Timoshenko tube, constructed from the beam element matrices given in [6], it has
an inner diameter of 0.024 m, an outer diameter between 0.024 m and 0.034 m, and a length of 0.064 m.
Whilst the second beam is an untapered Timoshenko tube, constructed from the standard Timoshenko beam
element matrices [7], with an inner diameter of 0.024 m, an outer diameter of 0.034 m, and a length of 0.07
m. Timoshenko beam elements were used over Euler-Bernoulli beam elements, since it has already been
shown that they describe the dynamics of tool holders with greater accuracy [8].

The global mass and stiffness matrices for model B were then assembled using the direct stiffness method,
which applies compatibility and equilibrium conditions in a similar manner to SM. The global mass and
stiffness matrices are then given by

M =




[
M22

]
2×2

[
M23

]
2×2

0[
M32

]
2×2

[
M33

]
2×2

[
M34

]
2×2

0
[
M43

]
2×2

[
M44

]
2×2


 (9)
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Figure 5: Diagram detailing the location of the nodes included in models A B C

and

K =




[
K22

]
2×2

[
K23

]
2×2

0[
K32

]
2×2

[
K33

]
2×2

[
K34

]
2×2

0
[
K43

]
2×2

[
K44

]
2×2


 (10)

(11)

respectively, where the subscripts ij refer to the nodes n2-n4, and

[
Kij

]
2×2

=

[
Kyiyj Kyiθj

Kθiyj Kθiθj

]
(12)

Then finally, for a particular frequency ω model B is given by:

BII = K− ω2M (13)

3.1.2 Model A

To construct model A, the experimental translational mode shapes φr were measured using standard impact
test equipment. An impulse hammer was used to excite the system at the base of the holder, and the response
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was measured at eighteen equally spaced locations between the tool tip and the base of the holder. The tip of
the holder was chosen as the excitation location because the tool tip was found to be too flexible for a steel
tipped hammer. To the eighteen measured frequency response functions Hij , where i ∈ {1, 2, ..., 18} and
j = 5, curves were fitted between 0 Hz and 5000 Hz and a modal model extracted .

In total eight modes (φr) were extracted with natural frequencies between 273 Hz and 4045 Hz. Then to each
of the eight modes a polynomial of order three was fitted in the least-squares sense. A least squares curve fit
finds the optimum fit to the measured mode shapes by minimising the sum of the squared residuals, where
a residual is defined as the difference between the measured value and the fitted value. Each of the eight
polynomials were then differentiated to get the rotational mode shapes φ(1)r [9]. Then for each of the four
nodes n1 to n4 shown in Fig. 5, the translational and rotational FRFs (Hij , Nij , Lij , Pij) were constructed
such that:

Hij(ω) =
Yi(ω)

Fj(ω)
=

N∑

r=1

φr(xi)φr(xj)

λ2r − ω2
Nij(ω) =

Θi(ω)

Fj(ω)
=

N∑

r=1

φ
(1)
r (xi)φr(xj)

λ2r − ω2

Lij(ω) =
Yi(ω)

Mj(ω)
=

N∑

r=1

φr(xi)φ
(1)
r (xj)

λ2r − ω2
Pij(ω) =

Θi(ω)

Mj(ω)
=

N∑

r=1

φ
(1)
r (xi)φ

(1)
r (xj)

λ2r − ω2
(14)

where Yi is the displacement at DOF i, Fj is the force at DOF j, Θi is the rotation at DOF i, Mj is the
moment at DOF j, φr(xi) is the rth translational mode shape at DOF i, φ(1)r (xi) is the rotational mode shape
at DOF i, and λr is the rth eigenvalue.

The accuracy of this method depends largely on the number of data points included in the polynomial fitting.
Increasing the number of data points was found to increase the accuracy of the rotational mode shapes, whilst
decreasing the efficiency of the method. It was found that using eighteen data points continuously produced
accurate results for all modes, although it was not always necessary.

Although some of the translational FRFs (Hij) were measured directly, the regenerated curves were used so
as not to include noise in the SM equations. Small errors, such as noise, in the input can lead to large errors
in the output because of the matrix inversions. Whilst curve fitting also causes small errors, it was found that
better results could be obtained using the smooth regenerated FRFs.

Model A was then constructed, for a particular frequency ω, as follows:

HA =

[
[HAOO]2×2 [HAOI ]2×6

[HAIO]6×2 [HAII ]6×6

]

=




[
G11

]
2×2

[
G12

]
2×2

[
G13

]
2×2

[
G14

]
2×2[

G21

]
2×2

[
G22

]
2×2

[
G23

]
2×2

[
G24

]
2×2[

G31

]
2×2

[
G32

]
2×2

[
G33

]
2×2

[
G34

]
2×2[

G41

]
2×2

[
G42

]
2×2

[
G43

]
2×2

[
G44

]
2×2


 (15)

where the subscripts 1-4 refer to the nodes n1-n4, and

[
Gij

]
2×2

=

[
Hij(ω) Nij(ω))
Lij(ω) Pij(ω)

]
(16)

3.2 Direct structural modification

Using the models constructed in section. 3.1, the direct SM method was carried out by applying Eq. (6)
over a frequency range of 1 Hz to 5000 Hz with a 1 Hz increment. The resultant matrix (for each frequency)
HCII contains the four FRFs (H11,N11,L11,P11), from which the translational FRF H11 was extracted. The
predicted result is presented in Fig. 6 alongside its experimental counterpart and that of the unmodified
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Figure 6: Real (a) and Imaginary (b) frequency response function plots comparing the experimental tool tip
dynamics of the unmodified (· · · ) and modified holders (—), with the predicted result (- -) from the spindle
rig

holder. It should be noted that the experimental tool tip FRF from the modified holder was constructed from
the measured mode shapes, since the excitation was applied at the base of the holder and not the tool tip.

It can be seen that the predicted result shows a very high correlation with the experimental data. The single
mode occurs at 646 Hz, within 1% of the measured mode at 649 Hz, whilst the predicted amplitude (of the
imaginary part) is within 7% of the measured value. It is clear that the direct SM of tool holder geometry
has a clear advantage over RCSA, in that these results have been obtained without including any unknown
interface properties. Hence, using this method it is possible to choose the optimum holder for a given
operation without having to take any further measurements such as contact stiffness or damping. However,
optimisation using the direct method, as well as RCSA, still require numerical models of each and every
possible modification. The inverse SM method is now applied to the same problem in order to resolve this
issue.

3.3 Inverse structural modification

To apply inverse SM, model A was constructed using the same methodology as in section 3.1.2. Then, the
same beam elements as before were used to construct model B; however, a symbolic variable d2 was used
for the outer diameter of the beams instead of inputting an actual value. Therefore, the tapered beam has an
inner diameter of 0.024 m and an outer diameter ranging between 0.024 m and d2, and the untapered beam
has an inner diameter of 0.024 m and an outer diameter of d2. In doing so, model B becomes a symbolic
matrix and a function of d2.

Since the natural frequency of the modified holder occurs at 646 Hz, inverse SM was used to seek a value of
d2 which would result in a mode at 646 Hz, therefore wseek = 2π(646) rad/s. Referring back to section 2,
Eq. (8), the natural frequencies of the modified model C are given by

det(I + HAIIBII(d2)) = 0 (17)
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Figure 7: Real (a) and Imaginary (b) frequency response function plots showing the predicted result (...)
from the direct SM method on the spindle rig with a base diameter d2=0.042 m

To solve this, the matrix HAII is given by

HAII =




[
G22(ωseek)

]
2×2

[
G23(ωseek)

]
2×2

[
G24(ωseek)

]
2×2[

G32(ωseek)
]
2×2

[
G33(ωseek)

]
2×2

[
G34(ωseek)

]
2×2[

G42(ωseek)
]
2×2

[
G43(ωseek)

]
2×2

[
G44(ωseek)

]
2×2


 (18)

and model B is given by
BII(d2) = K(d2)− ω2

seekM(d2) (19)

Then, evaluating Eq. (17) results in a polynomial in d2 of order 36, with complex coefficients. Since d2
is real, the real and imaginary parts of the polynomial are set to zero and solved individually. The polyno-
mials are too large to solve analytically, however using MATLAB’s vpasolve function, a numerical solution
was found, giving 36 possible diameters. However, some of these solutions can be instantly disregarded,
firstly all negative solutions were removed, and then solutions outside of the possible range for d2 were also
discounted. Since the base diameter d2 cannot exceed the flange diameter d1, it has an allowable range of
0.024 < d2 < 0.064 m. This resulted in two possible solutions, 0.033 m and 0.042 m. It is already known
that a diameter of 0.034 m results in a mode at 646 Hz, hence the first solution is correct to within 1 mm.

The validity of the second solution was verified by carrying out the direct SM method covered in section 3.2.
This time a base diameter of 0.042 m was used in model B. The results are shown in Fig. 7. It can be seen
that, as predicted, a mode occurs at 646 Hz when the tool holder has a diameter of 0.042 m.

Therefore, using a single experimental model and a single (partially constructed) numerical model, it is
possible to predict a tool holder geometry that will shift the dominant natural frequency of the tool to any
frequency ωseek. By substituting ωseek into Eq. 1, it is therefore possible to predict an optimum tool holder
geometry that will shift the peaks in the stability threshold to any value by solving a single equation.

4 Conclusion

Optimising the geometry of a tool holder in order to avoid the onset of chatter can be an experimentally
expensive operation, and traditionally requires the manufacturer to construct experimental models of the
machine with each tool holder in place. In order to streamline this process the RCSA can be used, which
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requires only a single experimental model alongside numerical models of each and every tool holder. How-
ever, the RCSA method also requires knowledge of the interface dynamics between the tool and tool holder
and between the tool holder and spindle - a problem that has prevented the method from significant industrial
application.

This paper has presented a new structural modification method for the optimisation of tool holder geometry.
Firstly, it was demonstrated that the direct SM method can be used to select an optimum tool holder geometry
from the available range whilst removing the requirement to include the interface dynamics. Secondly, it
was shown using the inverse SM method, that the peaks in the stability lobe diagram can be shifted to an
optimum spindle speed using a single experimental model and a single numerical model with no knowledge
of the interface properties.
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Abstract
In this contribution calculation methods for approximating periodic limit cycles of self-excited dynamical
systems with frictional damping are discussed. Particularly in industrial application, e.g. the analysis of
brake squeal recently, the so-called Energy-Balance has attracted a lot of interest [11] and will be compared
to classical methods like Averaging and the Harmonic Balance method, which are commonly used for direct
approximation of limit cycles. Focussing on the effect of joint damping, a short overview on modelling of
joint friction is given. In the second part two methods, the Harmonic Balance and Energy Balance method,
for non-linear analysis of dynamical systems are discussed and the bifurcation behaviour for two minimal
models taken from literature [5, 6] is studied.

1 Introduction

For smooth non-linear systems the investigation of stability and bifurcations leading to limit cycle oscillations
has a long tradition [10]. In particular, HOPF-Bifurcations of steady states leading to periodic limit cycles
are a common phenomenon in non-linear dynamical systems, especially for the further discussed self-excited
systems. In technical applications e.g. the analysis of brake noise, these occurrence of self-excited vibrations
has to be determined, to assess and avoid NVH effects during operation.
For providing stability of fixed points for particular operation conditions in terms of LYAPUNOV for different
initial conditions mostly the Complex Eigenvalue Analysis (CEA) is applied. However, this is not sufficient
in general when dealing with non-linearities, e.g. joints or contacts, because they can cause further solution
branches, where vibrations can occur [7]. Moreover, contact implies nun-smooth forces and linearisation is
no longer applicable.

In literature, in terms of NVH referring to brake systems the destabilisation of the steady state is often related
to the following mechanisms [5]:

• negative friction gradient

• flutter instability / mode coupling

In the first case, self-excited oscillations could occur when the velocity gradient of the friction coefficient µ is
negative in some operating conditions. Measurements of friction coefficients e.g. for brake pad applications
show this common phenomenon very clearly [4]. The occurrence of this negative gradient can lead to self-
excitation, if the structure exhibits not enough viscous or structural damping. this mechanism is usually
associated with groan or muh noise.
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Dealing with mode coupling respectively flutter instability, the circulatorical forces in the equations of mo-
tion excite the system. Within this contribution a two degree of freedom model is investigated in [8] and
shows the effect of mode coupling clearly. Depending on the friction coefficient µ = const the stability of
the steady state configuration changes.

As a standard approach in industrial applications, the onset of self-excitation is assessed based on an CEA
[10]. When considering non-smooth non-linearities e.g. joints and contacts, suitable methods for the stability
analysis of the non-linear system are still required.

For the analysis of bifurcation phenomena dissipation is usually modelled as non-linear but essentially
smooth viscous damping. In the following a short review on joint friction models is given, before the chosen
non-linear approximation methods for periodic self-excited oscillations are discussed. After a subsequent
presentation of two well-known minimal models for NVH analysis of brake systems the results of the bifur-
cation analysis are shown. The contribution closes with a short summary and an outlook.

2 Joints in mechanical systems

In real engineering applications, dissipation is a well-known but not sufficiently understood phenomenon.
While damping is usually modelled as non-linear but smooth viscous or structural damping, one of the main
sources of dissipation is frictional damping, which is an essentially non-smooth mechanism. Machinery
usually consists of many assembled components, where dissipation or excitation of the friction in the joints
are highly relevant when analysing the dynamical behaviour of the system.
An example of a frictional contact of two jointed components is shown in Fig. 1, where FN denotes the
normal force of the contact, µ is the friction coefficient and FT the friction force.

FTFT

FN

FN

µ

x

Figure 1: Example for frictional contact of two jointed components [6]

Starting with LEONARDO DA VINCI to AMONTONS and COULOMB, the phenomenon of frictional damping
has interested scientists for centuries. During this research process, different friction force models were
established, which are often separated into three groups: quasi-static, dynamic and hysteretic friction models
[1].

When dealing with quasi-static friction models, the friction force FT is a function with respect to the relative
velocity ||~vrel|| of the contact surfaces. In the simplest case it is a constant function, which corresponds with
the COULOMB friction model. For some materials, the dissipation is independent from the relative velocity
[1], while there are other investigations, e.g. from STRIBECK, which show a velocity-dependent friction
behaviour.

When using quasi-static friction models like the classical COULOMB model, dynamical effects of the contact
region can not be modelled. Therefore, some dynamic friction models were established, e.g. the DAHL-,
LUGRE- and the so-called LEUVEN model [1]. Here, the dynamic behaviour of FT is given by differential
equations with respect to the state variables of the system and possibly auxiliary variables to capture the
internal dynamics of the frictional contact.

The present paper focusses on the dynamic behaviour of systems with COULOMB friction elements.
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3 Approximation Methods

The equations of motion for autonomous mechanical systems under the influence of joint friction read

ż = f(z; ν), z = [q, q̇]> ∈ R2Nd×1, ν ∈ R (1)

where the state space vector z contains the state variables (for mechanical systems position q and velocity
q̇) and the scalar parameter ν controls stability and bifurcation. In general, analytical solutions are not
available, hence numerical calculation schemes are needed for the direct approximation of periodic solutions
of the self-excited system. Therefore, suitable methods were established and two of them will be shortly
described in this paragraph: a Harmonic Balance scheme and the Energy Balance method. In the following,
these methods will be compared to results of the Averaging method [5, 6].

3.1 Harmonic Balance

Approximating limit cycles of self-excited mechanical systems is a well known procedure [2, 9, 13]. One
of the most common methods is the Harmonic Balance Method (HBM). Since periodic solutions are sought
for, a truncated FOURIER series

zHB(t) = ẑc,0 +
H∑

k=1

ẑc,k cos(kωt) + ẑs,k sin(kωt) (2)

is chosen as ansatz to describe periodic solutions. Here, H is the number of ansatz functions, ω the base
frequency and ẑc,k, ẑs,k are the FOURIER coefficients with respect to the harmonic to order k. Substituting
eq. (2) into the equations of motion in state space formulation (1), the FOURIER approximation can not fulfil
them exactly due to truncation and a residuum

R(zHB; ν) = żHB − f(zHB; ν) (3)

can be introduced. To obtain equations for calculating the Nd(2H + 1) + 1 unknowns, the coefficients
and frequency of the truncated FOURIER series, one can choose different procedures. Some authors prefer
substituting zHB in f and balance the harmonic terms up to H th order, if f is differentiable [2]. Especially
for both strong or non-smooth nonlinearities, e.g. joints or nonlinear potenial forces, this procedure is not
efficient, as f is not differentiable in this case.

Hence, a more general way is based on a GALERKIN projection, which demands that the error w.r.t. the
function space of the ansatz functions vanishes. Therefore, the residuum, eq. (3), is projected on the ansatz
functions of the FOURIER series

∫ T

0
(żHB − f(zHB; ν)) cos(kωt)dt = 0, k = 0, 1, 2, ...,H , (4a)

∫ T

0
(żHB − f(zHB; ν)) sin(kωt)dt = 0, k = 1, 2, ...,H , (4b)

which leads to Nd(2H + 1) equations, where T provides uniqueness of the desired solution. Compared to
several alternative conditions, the integral phase condition [12] proofed very good numerical robustness. It
selects that solution u(t) near z̃(t), which can be a first approximation of the periodic solution z(t), so that
the functional

D(σ) =

∫ T

0
||u(t+ σ)− z̃(t)||2dt (5)
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is minimized, where t represents time and σ the phase shift. To obtain the extremal value of the functional,
one has to set its derivation with respect to σ

∂D

∂σ
= 2

∫ T

0

(
[u(t+ σ)− z̃(t)]>u̇(t+ σ)

)
dt (6)

to zero [3]. Identifying u(t+ σ) = zHB(t) the phase condition reads
∫ T

0

(
[zHB(t)− z̃(t)]>f(zHB;µ)

)
dt = 0. (7)

This algebraic equation system eqs. (4),(7) can be solved by NEWTON-RAPHSON iteration.

However, eq. (7) is a condition for extrema, thus one has to apply a sufficient condition for minima. Partial
integration of eq. (7), according to [13], and differentiation with respect to σ yields

∂2D

∂σ2
= −

∫ T

0
z̃(t)>z̈HB(t)dt > 0 (8)

for the sufficient minimum condition of the functional D, which has to be fulfilled. Otherwise a phase shift
σcorr = π is added and the calculation is restarted.

To make the calculation of eq. (4) numerically more efficient than solving them by use of numerical integra-
tion, a so-called Alternating Frequency Time (AFT) method is applied. Following [9] the FOURIER ansatz
(2) is transformed into complex notation and

zHB(t) = Re

{
H∑

k=0

Ẑkeikωt

}
, Ẑk = ẑc,k − iẑs,k ∈ C2Nd×1, (9)

is obtained, where ẑs,0 = 0. Transforming the projection in eq. (4) by multiplying eq. (4b) with the imaginary
unit i and subtracting that product from eq. (4a) yields the GALERKIN projection in complex notation, which
reads

Rk =

∫ T

0
(żHB − f(zHB; ν)) e−ikωtdt = 0, k = 0, 1, 2, ...,H , (10)

where Re(Rk) equates eq. (4a) for k ≥ 0, respectively Im(Rk) equates eq. (4b) for k ≥ 1. Introducing a
dimensionless time scale ωt = τ and multiplying eq. (10) with 1

π yields the FOURIER coefficients

R̃k =

{
2R̃0

R̃k k ≥ 1
=

1

π

∫ 2π

0

(
ωz′HB − f(zHB; ν)

)
e−ikτdτ , (11)

see [9]. Hence, within this notation the FOURIER spectrum of the residuum is approximated and evaluated
using the Fast Fourier Transformation (FFT) in MATLAB. This solution procedure can schematically be
written as

{R̃k} = FFT[R(zHB; ν)], (12)

which implies changing from time into the frequency domain and where {Rk} denotes the coefficients of
the residuum [9]. Here, the approximative solution zHB is constructed by using the FOURIER coefficients Ẑk
and the base frequency ω, see eq. (9).
Hence, before substituting the approximation into eq. (3), there is an alternation from frequency to time
domain respectively a inverse FFT. For mechanical systems, further optimizations exist for this procedure,
e.g. only using coefficients of the displacement qHB(t) as unknown and provide the derivations q̇HB(t) and
q̈HB(t) analytically for the FOURIER ansatz.

To this end, HBM is a possible method for calculating periodic solutions in dynamical systems, where only
periodicity of the solution is demanded and increasing the truncation number H can improve accuracy of the
approximation.
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3.2 Energy Balance

One problem of the HBM for large scaled dynamical systems, e.g. finite element models of a brake system,
is finding initial conditions for the high number of unknowns in the algebraic system, especially for a higher
truncation number H . To avoid this and to reduce calculation effort, a so-called Energy Balance method has
been established [11].

Before presenting the calculation procedure, some general remarks on energy in dynamical systems should
be made. The derivation with respect to time t of the total energy of an autonomous dynamical system is
given by

d
dt
(
Ekin + Epot

)
= q̇>QD, (13)

whereEkin denotes the kinetic andEpot the potential energy, while q̇>QD is the projection of non-conservative,
generalised forces QD on the generalised velocity vector q̇. In this autonomous case, the rate of change of the
total energy only depends on q̇>QD. Balancing the energy flux of the system over a period T for a solution
q(t) leads to

∆Ekin + ∆Epot =

∫ T

0
q̇>QD. (14)

To obtain periodic solutions, the deviation of the total energy over its period T must be zero to ensure the
excitation and dissipation rate being equal over one period.

After crossing the HOPF bifurcation point of the dynamical system, periodic limit cycles can occur. For
generating an ansatz for periodic solutions, information from the eigenvalues λi and eigenvectors ẑi of the
linear subsystem of eq. (1) is used, where the linearisation is done with respect to one of the rest positions
of the non-linear system.
The main assumption of the discussed method demands that the shape of the emerging limit cycle is as-
sumed to be equal to the mode shape of the unstable eigenvector q̂u of the linear subsystem, where for the
corresponding eigenvalue Re(λu) > 0 holds. In this formulation of the Energy Balance, only the generalised
displacement components q̂u are used. Moreover, the base frequency of the periodic solution is required to
be the imaginary part of the unstable eigenvalue λu, respectively ωu = Im(λu).

Within this assumptions, the approximative solution is given by

qEB(t) = AEB (Re(q̂u) cos(ωut)− Im(q̂u) sin(ωut)) (15)

where AEB is a scaling parameter. Substituting this approximation (15) into eq. (14) and setting the deviation
of the total energy to zero yields one equation

REB =

∫ Tu

0
q̇>EBQD(qEB, q̇EB) = 0 (16)

for calculating the scaling parameter AEB, where Tu = 2π
ωu

. Making use of the unstable modes of the linear
subsystem decreases the computational effort while these requirements limit the space of possible solutions
compared to the HBM.

4 Minimal models

For having a closer look at the presented methods, some minimal models will be discussed, which were
taken from literature [5, 6]. Focussing on the topic of NVH and brake squeal, two well known models were
chosen to picture the self-excited effects of negative friction gradient and mode coupling. In the following
paragraph bifurcation behaviour of the mechanical systems under the influence of COULOMBs joint friction
as well as accuracy of the chosen numerical methods is discussed.
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4.1 1DoF Oscillator with Coulomb friction

The first model is a one degree of freedom oscillator with friction between lower surface/belt and non-smooth
COULOMB friction, see Fig. 2. For D < 0, the system is self-excited by a negative friction gradient, as it
was discussed in the introduction. The equation of motion reads

mẍ+ dẋ+ kx+ k3x
3 ∈ µF Sign(v0 − ẋ) +R Sign(ẋ), (17)

where m denotes mass, d viscous damping, µ = µ(v0 − ẋ) the velocity depending friction coefficient, F
contact force, k linear and k3 non-linear stiffness coefficient, v0 the velocity of the belt and R COULOMBs
friction force in the joint. Here, the set-valued sign-function has been used to account for sticking and sliding:

Sign(ẋ) =

{
sign(ẋ), |ẋ| > 0

[−1, 1], |ẋ| = 0
(18)

F

x

d
R

k, k3

m

µ(v0 − ẋ)
v0

Figure 2: One degree of freedom friction oscillator with COULOMB friction joint model [5]

Expressing the sliding friction coefficient µ between mass and belt as a truncated TAYLOR series leads to [5]

µ(v0 − ẋ) ≈ µ0 − µ1ẋ− µ3ẋ
3. (19)

When v0 � ẋ, the contact will always be sliding, hence the equations of motion read

mẍ+ (d+ µ1F )ẋ+ kx− µ0F ∈ −k3x3 − µ3Fẋ
3 +R Sign(ẋ). (20)

Introducing the dimensionless quantities

q =
(x− x0)

L
, ω0 =

√
k

m
, τ = ω0t, D1 =

d+ µ1F

2ω0m
, D3 =

ω0µ3F

m
, κ =

k3
k

, ρ =
R

kL

leads to the dimensionless equations of motion

q′′ + 2D1q
′ + q ∈ −κq3 −D3q

′3 + ρ Sign(q′) (21)

where q is the displacement related to the rest position x0 of the system. Applying the methods presented in
chapter 3, the bifurcation behaviour of eq. (21) is studied for different parameter configurations of D3 and ρ
with respect to the bifurcation parameter D1 and at first κ = 0 holds.

While the results of the Harmonic Balance and Energy Balance method were computed with MATLAB, the
results from Averaging were taken from literature [5]. The results show good agreement near the HOPF

bifurcation point at D1 = 0 for the smooth system, see Fig. 3a. Obviously for non-smooth COULOMB

friction, the solution of Energy Balance deviates slightly from the other methods solution when leaving the
environment of the HOPF bifurcation.
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Figure 3: Amplitudes of stationary periodic solutions depending on the damping D1 for different values D3

and COULOMB friction force ρ, while κ = 0 holds.

Furthermore the effect of non-linear potential forces on the Energy Balance method is studied. In the follow-
ing COULOMBs dimensionless friction force ρ is not considered to avoid superposition of these two impacts.
Introducing the kinetic and potential energy of eq. (21)

Ekin =
1

2
q′2 and Epot =

1

2
q2 +

κ

2
q2 (22)

and applying them to the energy balance in eq. (14) leads to

1

2

(
q′EB(Tu)2 − q′EB(0)2

)
︸ ︷︷ ︸

=0

+
1

2

(
qEB(Tu)2 − qEB(0)2

)
︸ ︷︷ ︸

=0

+
κ

4

(
qEB(Tu)4 − qEB(0)4

)
︸ ︷︷ ︸

=0

=

∫ Tu

0
−2D1q

′2
EB −D3q

′4
EB dτ , (23)

while qEB(t) denotes the periodic approximation of the limit cycle with period Tu. Hence, the Energy Balance
method is unable to include effects of non-linear conservative forces, see eq. (23). Upcoming effects on the
base frequency ωu of the solution cannot be considered. Progressive stiffness characteristics lead to relations
between amplitude and frequency as a analysis with HBM of the DUFFING oscillator showed, for instance
[13].

4.2 2DoF Oscillator with Coulomb friction

Taking into account the structural coupling of the systems state variables, a linear spring c3 generates the
energetic exchange of the degrees of freedom, see Fig. 4. The dimensionless equations of motion for the
minimal model are given by

[
1 0
0 1

]{
q′′1
q′′2

}
+

[
2D1 0

0 2D1

]{
q′1
q′2

}
+

[
1 + p −κ+ µ
−κ 1− p

]{
q1
q2

}
∈ −

{
ρ1 Sign(q′1)
ρ2 Sign(q′2)

}
, (24)
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m

Figure 4: Two degree of freedom oscillator with COULOMB friction force Ri and belt [6]

with dimensionless quantities

k =
1

2
(k1 + k2 + k3 + k4), κ =

k3 sin(α) cos(α)

k
, ρi =

Ri
kL

∆k =
1

2
(k1 − (k2 + k4) + k3(sin2(α)− cos2(α))), D1 =

d

2ω2
0m

ω0 =

√
k

m
, τ = ω0t, p =

∆k

k
, µ̄ = µ0

c4

c
, q1 =

x− x0

L
, q2 =

y − y0

L

taken from [6]. With respect to the friction coefficient µ̄, bifurcation behaviour can be analysed by using the
presented methods for predicting periodic limit cycles. First, the stability of the steady state configuration
for the linear subsystem of eq. (24) can be analysed. Further calculations yield the critical value of µ̄ with

µ̄cr =
4D2

1 + κ2 + p2

κ
, (25)

for more detail see [6]. For the comparison of the calculation methods, the influence of dissipation in self-
excited system is of high interest. Therefore, variations inD1 and ρi were done and compared to results from
the Averaging method, which were taken from [6].
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(a) Amplitude A1 of stationary periodic solutions of different
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Figure 5: Amplitudes of stationary periodic solutions depending on the bifurcation parameter µ̄ for different
damping values D1 with COULOMB friction force (p = 0.05, κ = 0.1, ρi = 0.2).
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The results from variation of both viscous damping (Fig. 5) and frictional damping (Fig. 6) show the
Energy Balance over-predicted the damping level of the occurring limit cycle massively when increasing
the bifurcation parameter µ > µcr. Especially for the amplitude A1, a loss of accuracy is determined for
µ� µcr.
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Figure 6: Amplitudes of stationary periodic solutions depending on the bifurcation parameter µ̄ for different
COULOMB friction force values ρi (D1 = 0.01, p = 0.05, κ = 0.1).

Obviously the Energy Balance is unable to deal with COULOMB joint friction for configurations off the
HOPF point in an accurate way; the amplitudes are significantly stronger damped compared to the Harmonic
Balance and Averaging method.
Moreover, the shape of the limit cycle is already given, see eq. (15). When non-linearities especially in
anisotropic cases dominate the dynamic behaviour of the system, this method will lead to inaccurate ap-
proximation because the balance of energy yields a rather an average damping and excitation value over one
period Tu. Here, the single scaling parameter AEB cannot account for amplitude ratio and phase shift of the
amplitudes. Nevertheless, good approximation near the bifurcation point may be obtained.

5 Conclusion and Outlook

Within this contribution the effect of non-smooth damping on the bifurcation behaviour for different approx-
imation schemes for periodic solutions of two minimal models were discussed. Besides viscous damping,
strong influence of frictional damping in joints on the emerging limit cycles was shown for the two presented
oscillators. Compared to results of the Averaging method taken from literature [5, 6], Energy Balance leads
to good agreement near the bifurcation point at µ̄cr.. Moreover, Energy Balance is not able to consider non-
linear potential forces and no parameter is given for increasing accuracy, e.g. the truncation order H for
Harmonic Balance.
Apart from µ̄ = µ̄cr. the approximation becomes more inaccurate compared to the well-known Averaging
and Harmonic Balance method. Hence, Energy Balance merely reflects an average dissipation and excitation
balance over one period of the frequency ωu, which seems to be not valid distant to the HOPF bifurcation
point. Here, the non-linearities dominate, the scaling parameter AEB cannot enhance amplitude ratio and
phase shift of the amplitudes which is already specified by the eigenvectors of the linear subsystem, which
are chosen as ansatz functions

In future studies, the effectiveness of other methods for calculating periodic solutions, e.g. Asymptotic Nu-
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meric Method [2], will be investigated and applied, combined with the already implemented methods, to
more complex dynamical systems. Here, different joint friction models, e.g. JENKINS or MASING elements
should be used and their regularisations should be studied. In addition, the implementation of suitable path
tracking schemes is intended, combined with using homotopy methods for finding isolated solution branches.
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Abstract 
This paper reviews the importance of flight flutter testing in the certification of aircraft and, in particular, 

the need for accurate prediction of modal parameters during the test campaign to enable good estimation 

of the flutter boundaries. The use of ambient modal analysis techniques are considered as a means to 

enable flutter testing when excitation devices are not available, or are not used between flight test points. 

A number of different analysis methods are considered, and it is shown that better modal parameter 

estimates and flutter predictions are obtained when minimum order realization methods (e.g. the ERA/DC 

method) are used, particularly when the unmeasured excitation is coloured, or when the frequency range 

of the excitation is limited. 

1 Introduction 

The airworthiness regulations (e.g. EASA and FAA) require that all prototype aircraft are demonstrated to 

be free from flutter and this goal is achieved via flight flutter testing which is a key part of the certification 

process [1].  A key to the entire process is the accurate estimation of modal parameters from the flight 

flutter tests which usually make use of acceleration responses to some form of excitation, often using the 

aircraft control surfaces.   

In fields such as Civil Engineering, it is often the case that the response to unmeasured ambient excitation 

due to the wind or traffic is used to determine the modal parameters (natural frequencies, damping ratios 

and mode shapes) of structures such as bridges [30], chimneys or tall buildings. Such methods have 

occasionally been used for flight flutter testing but relatively infrequently, probably due to the narrow 

frequency range that is excited by turbulence. There has been recent interest in the use of such methods for 

flight flutter testing. 

After overviewing aeroelasticity and flight flutter testing, this paper reviews the use of ambient modal 

parameter estimation methods as a means to identify natural frequencies, damping ratios and mode shapes, 

and to predict the flutter speed. The type of algorithm used is explored in relation to being able to 

accurately identify the correct number of modes and to reduce the effect of coloured noise on the modal 

parameter estimates.   

 

2 Aeroelasticity 

Aeroelasticity [1-4] is the science that concerns the interaction of flexible bodies and aerodynamic flows, 

and in particular, the relationship between the aerodynamic, elastic and inertia forces which is often 

defined using the well-known Collar’s aeroelastic triangle [2] shown in figure 1. These interactions are of 

importance for fixed wing aircraft in two key areas:  
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(a) static aeroelasticity, where the deformation of the aircraft influences the wing lift distribution and 

resulting drag, can lead to the statically unstable condition of divergence, and usually reduces the 

effectiveness of the control surfaces. 

(b) dynamic aeroelasticity, which includes the critical phenomenon of flutter which is a violent unstable 

oscillation which can result in structural failure due to the structure extracting energy from the air stream. 

Other dynamic effects include the nonlinear phenomena of buffet, Limit Cycle Oscillations and the 

interaction of the Flight Control System often referred to as Aeroservoelasticity 

A further related area is that of the static and dynamic loads [1] that result from flight manoeuvres, ground 

manoeuvres and gust/turbulence encounters. Many 1000s of load cases are considered to define the critical 

design loads over the aircraft structure which define the sizing of all the structure and hence the overall 

weight. Aircraft designers aim to produce aircraft which are of minimum weight but are able to withstand 

all of the predicted loads throughout the aircraft’s lifetime, and also ensure that instabilities such as flutter 

do not occur.  

3 Flight Flutter Testing 

Uncertainties in the aeroelastic model used for flutter calculations mean that calculated flutter speeds will 

almost certainly be inaccurate to some extent, especially in the transonic region. It is therefore a 

requirement of the certification process to validate the flutter behaviour and demonstrate freedom from 

aeroelastic instability over the flight envelope in a flight flutter test (FFT) [5]. Such an approach whereby 

numerical models are validated, and updated where necessary, using experimental test data is used 

throughout the certification process [1] e.g. Ground Vibration Testing (FE model) and Wind Tunnel 

Testing (steady aerodynamics model).   

On the basis of calculations, a nominal flight envelope is cleared to permit a first flight to take place. 

Thereafter, the flight programme takes place before every other flight test at each flight envelope point 

because of the safety critical nature of flutter. The basic flutter clearance philosophy seeks to gradually 

extend the flight envelope by assessing the flutter stability of the aircraft at progressively increasing speed 

and Mach number, for instance using the test points shown in Figure 2. 

 

  

Figure 1. Collar’s Aeroelastic Triangle Figure 2. Flight Flutter Test Envelope 

It is normal to assess the flutter stability by identifying the natural frequency and damping of the complex 

/damped modes of the aircraft at each test point. The allowable flight envelope is expanded from an 
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initially agreed boundary by examining the results along lines of increasing airspeeds at constant altitude 

and lines of constant Mach number, as indicated in Figure 2. 

The usual procedure at each test point is:  

(a) to excite vibration of the aircraft over the frequency range of interest and to measure its response,  

(b) to curve-fit the excitation and response signals in the time or frequency domain and so to identify the  

      model parameters [13] and  

(c) to determine whether it is safe to proceed to the next test point 

A variety of excitation devices can be used, namely (a) control surface movements via stick/pedal input or 

explosive charges, (b) control surface movement via a signal from the Flight Control System, (c) 

movement of aerodynamic vane fitted to aircraft flying surface or engine/store or (d) inertia exciter 

mounted in the fuselage. The aircraft response is measured using typically around 20-100 accelerometers, 

far fewer than for a GVT. The most common excitation signals are pulse (via stick/pedal or explosive 

charge) and chirp (a fast frequency sweep applied as a signal to the control surface, vane or inertia 

exciter). Where excitation devices are available on both sides of the aircraft, then excitation may be 

applied in or out of phase in order to exploit symmetry/antisymmetry; doing this will simplify the analyses 

and provide results with more confidence.  

Sometimes the response of the aircraft to natural turbulence is used [24,30], the subject of this paper, but 

such an approach is not usually recommended because the excitation is not ‘white’ and not guaranteed to 

excite adequately all the modes of interest), and the difficulty of maintain a steady flight condition for 

suitable amount of time.  

The damping values may be compared to results from previous test points and the damping trends for each 

mode extrapolated to allow progression to the next test point (i.e. by defining a permitted increment in 

speed or Mach number). Other techniques such as the flutter margin method [10,11,15], the Jury stability 

criterion [19] or others [17,18] can be used to estimate the flutter speed based upon the measured test data. 

The test process is complete when the extrapolated damping values are still positive at a margin (typically 

15 %) above the design dive speed for each Mach number. 

4 Modal Parameter Estimation from Ambient Test Data 

There has been much work, particularly in the testing of Civil Engineering structures, devoted to 

identifying the modal parameters of a structure when it is subject to random ambient excitation [25, 27 – 

29], sometimes termed operational modal analysis. A wide range of techniques have been proposed, 

primarily based in the time domain [30]. A great deal of insight can be deduced by considering the 

problem in terms of the data correlations used for the analysis [8,9,12]. Furthermore, the understanding 

that the correlation plot versus lag value gives exactly the same curve as that of the Impulse Response 

Function, and this has led to application of a number of methods for ambient response analysis. 

There has been some work in the aerospace field exploring such methodologies for wind tunnel and flight 

flutter testing. Of note is the work by Matsuzaki and co-workers on the prediction of flutter boundaries 

[16,19,20] however there have been numerous other studies of this important problem [21-24]. 
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4.1 Mathematical Modelling 

In the time domain, it is well known that the response at time instant j, jy , of a m degree of freedom (dof) 

to an unknown input j can be written as an autoregression such that  

 1 1 2 2 2 2j j j m j m jy a y a y a y          (0.1) 

and this equation can be extended to include moving average terms so 

 1 1 2 2 2 2 0 1 1 2 2 2 2j j j m j m j j j n j ny a y a y a y b b b b                   (0.2) 

Pre-multiplying equation (1) by j ky   and taking expectations leads to an expression including auto and 

cross correlation terms such that  
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  (0.3) 

where the correlation terms are estimated from N data points by 
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y j j k

j
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    (0.4) 

The formulation of equation (1) is exactly the same as that used for the modelling of impulse response 

functions (i.e. as a summation of exponentially damped sinusoids) and is the underlying mathematical 

formulation for a wide range of well-known techniques [12] for both impulse response testing and also 

ambient modal analysis (such as Least Squares Complex Exponential, Polyreference, ERA, etc.) It can be 

shown that the direct Least Squares solution of equation 1 for N points (N > 2m) results in a set of 

simultaneous equations in terms of autocorrelations such that 
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  (0.5) 

 

and thus for a system excited by an unknown random input, one can simply compute the autocorrelations, 

solve the simultaneous equations in (1.5) and then calculate the frequencies and damping ratios from the 

roots of the characteristic equation with ja as the coefficients. The size of the above set of simultaneous 

linear equations depends solely upon the size of the number of modes that are included in the model. 

 

   

Such an approach has difficulties and errors are likely to occur in the computations as  

i. the assumption of a white excitation is unlikely in the real world. 

ii. the exact number of modes are usually unknown   

and consequently, a range of different methodologies have to be used to eliminate the bias 

i. overspecify the mathematical model order – an approach frequently used in the modal testing 

world as the system modes tend to stabilize to correct values however, there is then the need 

to eliminate spurious modes.  Often “stability plots” are used for this purpose. 

ii. employ a more sophisticated noise model, for instance using the Moving Average terms in 

equation (2) however, for the ambient excitation problem this requires a two-stage process to 

be used in order to identify the coefficients of the noise terms. 
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iii. solve the equations using only correlation terms that are not likely to be corrupted by the 

coloured noise inputs e.g. shift the correlation terms by some constant value p, depending 

upon the amount of “colour” on the input signal so that 

 

1

2

2

( ) ( 1) ( 2 1) ( 1)

( 1) ( ) ( 2 2) ( 2)

( 2 1) ( ) ( 2 )

yy yy yy yy

yy yy yy yy

yy yy yym

R p R p R p m R pa

R p R p R p m R pa

R p m R p R p ma

       
       
     
    
    

      

  (0.6) 

 

A further point to note is that the above formulations can be readily extended to include simultaneous 

measurements at different points on the structure, so that mode shapes can be identified as well.  The AR 

and ARMA models now become vectorized [25] and the correlation terms include cross-correlations with 

different points on the structure. 

The Eigensystem Realisation Algorithm using Data Correlations (ERA/DC) [7] is an extension of the 

ERA method developed originally for the analysis of impulse response functions; however, as it is based 

on fitting correlation terms it readily becomes useful for ambient response data sets [30]. The formulation 

enables the ability to increase the model order as in point i.  above but also to produce a minimum order 

realization which reduces the amount of results that need to be considered.  Similarly, point iii. can also be 

tackled through the selection of the correlation terms that are used. There have been applications of ERA 

or similar methods to the analysis of measured correlations, but this reduces the capabilities that can be 

achieved using the full ERA/DC method [26,27]. 

The underlying mathematical model is based upon the discrete state space equations which are given, in 

the usual notation as 
 

 1i i i i i ix Ax Bu y Cx Du       (0.7) 

 

which relate the output iy   to input iu  via the system states ix    For an impulse response, the state-space 

equations can be written in terms of the Markov equations 
         

 1

k

ky CA B    (0.8) 

 

The formulation follows by defining a Hankel matrix such that 
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  (0.9) 

 

and then block correlation matrices 

 

 

1 1 2 1

1 2 1 2 3 2
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  (0.10) 

where 0

T

j jR H H   
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and then the Singular Value Decomposition (SVD) of the first block matrix is performed so that 
 

 
T

jU PDQ   (0.11)               

  

where D is a diagonal matrix of descending non-negative singular values. 

 

After some manipulation it can be shown that the state-space system matrix A can be found as  
 

 

1 1

2 2
1

T

jA D P U QD
 

   (0.12) 

 

and the eigenvalues of this matrix lead directly to the system frequencies and damping ratios. The size of 

the matrices determined from the SVD can be varied depending upon the number of singular values that 

are kept. For data sets such as those occurring in flight flutter tests, it is usual to vary the number of 

singular values considered and to use techniques such as “stability plots” in order to distinguish the system 

modes from the mathematical “spurious poles” where much user interaction is required to find the system 

modes – for the plots shown in this work the user is interested in looking for poles that don’t change much 

in terms of varying natural frequency and damping ratios.   

 

 A further method of distinguishing between the system and spurious pole is to analyze the data in the 

opposite direction to the decaying system that is measured [6]. Such an approach simply means that the 

damping ratio of the system modes changes sign; however, interestingly it can be shown that most of the 

spurious poles become unstable and can easily be eliminated from the stability plots [13]. 

5   Test Results 

5.1 Simulated 4 DOF Rectangular wing 

The first system used to illustrate the use of the methods is a simple unswept cantilever rectangular wing 

modelled using two bending and two torsion modes [1] shown in fig 1. Figure 2 shows the frequency and 

damping behavior over the speed range up to 80 m/s. It can be seen that flutter occurs at 77m/s and 

consists of a classical binary flutter involving the first bending and torsion modes. Random noise 

sequences with a uniform frequency content across the frequency range of interest was generated and 

applied to the wing of a range of different speeds in the form of a uniform vertical gust field.  

 

 

Figure 1. Simulated Rectangular Wing Model 
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Figure 2. Eigenvalue Frequency and Damping Trends vs Speed. 

 

 

 

 

  

Figure 3a. 10 m/s Stability Plot. LS.  Figure 3b. 10 m/s Freqs vs Dampings. LS. 

 

 

  

Figure 4a. 10 m/s Stability Plot. IV.  Figure 4b. 10 m/s Freqs vs Dampings. IV. 
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Figure 5. Frequency and damping estimated trends 

and true values. 

Figure 6. Flutter Margin Predictions Using 

Estimated Frequency and Dampings 

 

Figures 3 and 4 show the frequency and damping estimates obtained using the Least Squares (LS) and 

Instrumental Variables (IV) methods, the latter being obtained by shifting all of the correlation terms that 

were used, as in equation (6). Both stability plots, for increasing model order, and also frequency vs 

damping plots for all results are shown. In both cases it is clear that an increased model order produces 

stabilized estimates of the system modes; however, there is a need to distinguish the spurious modes. The 

results obtained using the IV method converged quicker and there is much less scatter on the system poles. 

Figure 5 shows the frequency and damping trends that are achieved using the stabilized values for both 

approaches, and these are compared to the true values. The estimates obtained using the IV approach are 

much closer to the true values than the LS method.  Predictions for the lower frequency mode (1st bending) 

with the higher damping values are worse than the 1st torsion mode which is the one that couples with the 

bending mode to flutter at 77 m/s.  Figure 6 shows the comparative Flutter Margin trends for the different 

approaches.  The errors in the frequency and damping estimates result in flutter speed predictions that are 

greater than the true values, particularly for the LS technique.    

5.2 Wind Tunnel Model Test 

The second set of test data considered was from a real experimental test campaign generated by Dr 

Daniella Raveh and team [32] which consisted of ambient responses for a range of different wind speeds 

from 4 different accelerometers. The data was analyzed using a range of methods to determine the 

frequency and damping trends, including PSD and the ERA/DC method. 

Figure 7 shows sample time histories from the four accelerometers and Figure 8 typical averaged power 

spectra. These spectra were analyzed using the simple half power approach to produce the frequency and 

damping trends illustrated in figure 9. The modes that make up the flutter mechanism are depicted in red 

and blue; the damping value of the bending mode (in red) cannot be found when the system approaches 

flutter as the peak reduces and widens, becoming merged into the more dominant mode with the reduced 

flutter. Note also that over 30 m/s there is another mode that suddenly appears with a very low damping; 

this was suspected to be a vibration occurring elsewhere in the experimental set-up and was not considered 

to be part of the flutter mechanism     
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Figure 7. Ambient Response Time Histories  Figure 8. Sample Power Spectra from All 

Accelerometers 

 

  

Figure 9. Freq and Damping Trends. PSD. Figure 10. Correlation Function 

 

  

Figure 11. Typical Stability and Freq vs Damping Plots 
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Figure 12. Freq and Damping Trends for all 

Accelerometers 

Figure 13. Freq and Damping Trends for Combined 

Analysis 

 

 

 

Figure 10 shows a typical correlation function that can be generated from the ambient response which is of 

a format that can be analyzed by a range of different time domain system identification methods. The 

correlations close to a zero-lag value are more likely to be corrupted with noise, so it is best to ignore 

some of the these before performing the curve-fit. Here, the analysis was performed using the ERA/DC 

method, ignoring those correlation values that are likely to be biased and using a larger amount of 

overspecification (60 modes). Figure 11 shows typical analysis results where the model order is that taken 

for the minimum order realization.  It can be seen that the stability plots are very well behaved and easy to 

interpret. 

Figures 12 and 13 show the frequency and damping trends for each of the individual accelerometer 

analyses and for a combined analysis (achieved by formulating the Hankel data matrices to include inputs 

from all of the accelerometers) respectively.  The characteristic binary flutter behavior is clearly seen for 

the lowest two modes, indicating that flutter occurs just above 41m/s. The lightly damped mode can be 

seen above 30 m/s but as indicated above, this appeared to be an unrelated phenomenon.  

6 Conclusions 

A number of approaches for computing the natural frequencies and damping ratios from the ambient 

response of aeroelastic systems have been discussed and demonstrated using a 4 degree of freedom 

simulated system and a wind tunnel wing model. It has been shown that it is feasible to produce accurate 

estimates of the modal parameters, but that care must be taken to eliminate biased estimates, in this case 

through the use of an overspecified mathematical model which in turn leads to the need to distinguish 

system from spurious modes.   
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Abstract 
The purpose of this paper is to describe and analyse an electromechanical model of a mini flapping wing 

mechanism for the purpose of system optimisation. The system comprises of a small DC motor connected 

to a voltage source, a gearbox and a slider crank that drives two wings. The DC gearmotor is modelled 

considering its both mechanical and electrical components. An equivalent viscous damper is considered to 

model the mechanical losses of the gearmotor. The crank mechanism is assumed massless and the inertia 

of the wings only considered in the model. The aerodynamic drag and lift are modelled using an 

equivalent viscous damping model as an energy sink. The parameters of the system are estimated using 

published experimental data and manufacturer datasheets for the corresponding DC gearmotor. The 

energy efficiency as the ratio of aerodynamic power to the input electrical power of the system and also 

the aerodynamic power are used as two measures to evaluate the system performance.  

1 Introduction 

Flying insects have evolved over millions of years and have become very successful species [1]. They are 

optimised flying machines which are outperforming any man-made air vehicles. In recent years, there 

have been several attempts to mimic the flapping wing mechanism of insects and to develop mini and 

micro Flapping Wing Unmanned Aerial vehicles (FWUAVs) [2,3]. It is suggested that the insect flight 

mechanism is a resonant oscillator that can exchange the kinetic and strain energy during a flapping cycle 

which allows most of the muscle energy being converted to the aerodynamic forces [4]. Similarly, any 

flapping wing mini aerial vehicle should be optimised in order to minimise the energy losses in the system 

and produce the highest possible lift. This can be achieved by adding an elastic energy storage element to 

the system and tuning the resonance frequency of the flapping system to match with the flapping 

frequency e.g. [5–10]. 

Madangopal et al. [6] designed a flapping wings mechanism using a four-bar mechanism. They attached a 

linear spring to the wings to mimic the energy storage mechanism of insect thorax. They investigated the 

energy consumption of the mechanism. Khan and Agrawal [8] provided a model of a four-bar flapping 

mechanism to which wings were attached using a rotational spring. Mechanical losses were assumed of 

viscous damping type and inertia of linkages and motor were included in their model. Khan and Agrawal 

[11] suggested an increase in the inertia of the motor to smooth the torque requirement of the flapping 

mechanism. Baek et al. [12] introduced an electromechanical model of flapping wing mechanism by 

assuming a single degree of freedom linear oscillator with viscous damping that modelled the flapping 

wing. They studied the nondimensional equations for different values of damping ratio and considered two 

cases of constant speed and constant current. They concluded that the battery and motor resistance have a 

considerable effect on the efficiency of the system. Lau et al. [13] manufactured two flapping wings 

mechanism of slider-crank type. One of them included an elastic storage mechanism and they showed that 
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the mechanism with elastic element outperforms the conventional slider-crank mechanism in term of 

energy consumption. 

In this paper, an electromechanical model of mini FWUAV powered by rotary DC motor is developed. 

This makes it possible to include effects of the electrical motor on the dynamics of the flying machine and 

to obtain the optimum parameters for the system. The main difference between the current study and the 

previous studies is the inclusion of the frictional losses in the hinges. This provides a platform to more 

accurately capture the dynamics of the system and enables accurate energy analysis. 

2 Electro-Mechanical model 

The rotary motion of a DC motor can be converted to the flapping motion of the wings through a crank 

and slider mechanism. A schematic view of such mechanism is shown in Figure 1 (a). The movement of 

the slider is confined to the vertical axis as shown in Figure 1 (b).  

 

Figure 1: a) the schematic view of a flapping mechanism for a microdrone; b) Free body diagram of the 

wing and the crank and connecting rod, demonstrating the dimensions and the slider path of motion. 

Assuming massless cranks and considering a viscous damping model to account for aerodynamic forces 

the equation of motion for the wings can be obtained as,  

𝐽0�̈� + 𝑐𝑎�̇� = 𝐹𝐻(sin 𝛼 tan𝛽 + cos 𝛼) (1) 

where 𝐽𝑂 is the combined moment of inertia of the wings about the hinge O, 𝑐𝑎 is the equivalent 

aerodynamic damping coefficient. The counter clockwise direction and internal forces in tension are 

considered as positive directions. Geometrical parameters are defined in Figure 1. Angles 𝛼 and 𝛽 can be 

determined in terms of rotation of the crank 𝜃.  The equation of motion for the crank can be used to obtain 

the reaction force 𝐹 in term of motor torque 𝑇𝑚, 

𝑇𝑚 − 𝑇𝑓 = 𝐹𝑟(sin 𝜃 sin𝛼 + cos 𝜃 cos 𝛼) (2) 
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where 𝑇𝑓 is the torque due to frictions in the hinges which accounts for mechanical losses in the flapping 

mechanism. The friction torque can be obtained by evaluating the reaction force, 

𝑇𝑓 = 𝐹𝜇𝑟𝑒 (3) 

where 𝜇 is the coefficient of friction and 𝑟𝑒 is the effective radius. This formulation allows estimation of 

𝜇𝑟𝑒 using experimental data which is described in the next section. 

Coreless DC motors are commercially available at sizes that are suitable for mini air vehicles. The 

equivalent circuit of such a motor is shown in Figure 2 where 𝑅 is the coil resistance, 𝐿 is its inductance, 

𝑒EMF is the back electromotive force, 𝑇1 is the coil torque, 𝐽𝑚 is motor inertia, 𝜔1 is the motor speed, 𝑏𝑚 

is mechanical loss coefficient of the motor. Gear ratio is 1: 𝑛, 𝐽𝑔 is gear inertia, 𝑏𝑔 is the gear loss 

coefficient, 𝑇2 is gear torque and 𝜔2 is gear speed which is equal to �̇�. 

 

Figure 2: DC motor equivalent circuit. 

The governing equations of the DC gearmotor can be obtained as, 

𝑉 = 𝐿
𝑑𝑖

𝑑𝑡
+ 𝑅𝑖 + 𝑒Emb (4) 

𝑇2 − 𝑇𝑚 = (𝐽𝐺 + 𝑛2𝐽𝑚)
𝑑𝜔2

𝑑𝑡
+ (𝑏𝐺 + 𝑛2𝑏𝑚)𝜔2 

(5) 

𝑇1 = 𝐾𝑏𝑖 (6) 

𝑇1𝜔1 = 𝑇2𝜔2 (7) 

𝑒EMF = 𝐾𝑏𝜔1 (8) 

As the mechanical losses of the gearmotor are estimated from the measurement provided by the 

manufacturer of the DC gearmotor, the mechanical losses of the gear and motor are substituted with an 

equivalent loss coefficient 𝑏 = 𝑏𝐺 + 𝑛2𝑏𝑚. Equations (1) to (8) can be used to model the flapping drone 

in Matlab Simulink. The input to the model is the electrical voltage and the response of the system can be 

obtained. The model can be used to optimise the system as described in section 4. 

3 Parameter estimation 

Lau et al. [13] reported the experimental results on a flapping wing crank slider mechanism which are 

used to obtain the parameter for the simulations of this study. Their system incorporated a DC gearmotor 

(Precision Microdrive 206–102) for which the performance curves are produced by the manufacturer [14]. 
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Using the manufacturer data, the parameters of the gearmotor are obtained which enabled to replicate the 

measured performance curves with an error of less than 5%. The estimated parameters for the gearmotor 

are given in Table 1. 

Parameter value 

𝑅 9.5 ohm 

𝐿 29 × 10−3 H 

𝐾𝑏 0.01 Nm/A 

𝐽 1.77 × 10−10 kgm2 

𝐽𝐺 1 × 10−10 kgm2 

𝑏 5 × 10−6 Ns 

𝑛 25 

Table 1: Estimated parameters of DC gearmotor 

The average power required to operate the flapping wing mechanism in different conditions is reported in 

reference [13]. The mechanical power of the system was measured running the flapping wings mechanism 

normally in the air, in a vacuum and when the wings were removed. This allowed a power analysis in 

absence of any elastic element by evaluating the total instantaneous power as the sum of inertia, 

aerodynamic and mechanical losses, 

𝑃mech = 𝑃aero + 𝑃inertia + 𝑃losses (9) 

where 𝑃mech is the gearmotor output power, 𝑃aero is the aerodynamic power, 𝑃inertia is the inertia power 

required to accelerate and deaccelerate the masses of the system and 𝑃losses are the mechanical losses in 

the system. The inertia power is of apparent power type and its average over a cycle is zero and does not 

contribute to the total power consumption of the system. However, it needs to be considered in the motor 

selection. It also increases the mechanical losses in the system due to an increase in reaction force hence 

the friction in joints. The average mechanical power can be obtained using the following equation, 

  �̅�mech =
1

𝑇
∫ 𝑇𝑚�̇�𝑑𝑡𝑇

 (10) 

where 𝑇 is the period. Similarly, the average aerodynamic power and the average mechanical losses power 

can be obtained, 

  �̅�aero =
1

𝑇
∫ 𝑐𝑎�̇�

2𝑑𝑡
𝑇

 (11) 

  �̅�losses =
1

𝑇
∫ 𝐹𝜇𝑟𝑒�̇�𝑑𝑡𝑇

. (12) 

An initial estimate for friction losses parameter 𝜇𝑟𝑒 can be obtained by assuming a constant rotational 

speed (�̇� = 2𝜋𝑓 where 𝑓 is flapping frequency) and evaluating an average reaction force and comparing it 

with the measurement result of the mechanical power when the wings were removed in reference [13]. 

Similarly, the values for damping term 𝑐𝑎 is obtained by evaluating the difference between the measured 

power of the system running in the air and running in the vacuum. The initial value can be obtained by 

assuming the increased mechanical losses is negligible and the difference can be approximated as the 

aerodynamic power given by equation (11). The estimations are updated through an iterative process 

taking into account the effect of increased losses to match the simulation results with the measurements. 

The dimensions of the flapping wing system and the estimated parameters are given in Table 2. The 

simulation results and measurements for the mechanical power and the total input electrical power are 

compared in Figure 3. The simulation can model the real system with a good accuracy. 

Parameter value 

𝑟 5 mm 

𝑙 20 mm 
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𝐻 6 mm 

𝐽𝑜 7.205 × 10−8 kgm2 

𝑐𝑎 1.8 × 10−5 Ns 

𝜇𝑟𝑒  1.3 × 10−3 m 

Table 2: Flapping wing mechanisms parameters values. 𝑟, 𝑙, 𝐻 and 𝐽𝑜 are adopted from reference [13] and 

𝑐𝑎 and 𝜇𝑟𝑒 are estimates. 

 

 

Figure 3: Mechanical power and input electrical power as a function of flapping frequency; solid lines: 

measurement result reproduced after [13], dashed lines: simulation results. a) Mechanical power of the 

flapping mechanism operating in the air, in a vacuum and when wings are removed. b) Input electrical 

power when the system operates in air.  

4 Optimisation 

Parameters of the system can be optimised using the model developed in this paper. The two important 

measures of performance for a flying machine are the energy efficiency and the aerodynamic power. The 

energy efficiency is defined as the ratio of aerodynamics power to the input electrical power here. The 

power dissipated through the viscous damper 𝑐𝑎 can be considered as a measure of aerodynamic lift. The 

crank length is considered here first. The minimum size for the moving parts are dictated by 

manufacturability and crank length of 5 mm was used in the model of this study. It should be noted that 

the crank and the connecting rod are assumed massless and the effect of its increased mass and inertia is 

not considered here. The flapping angle is kept constant to compare just the effect of the length of cranthe 

k on the performance of the system. The efficiency and aerodynamic power are plotted in Figure 4 for 

three different input voltages as a function of the crank length.  
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Figure 4: The efficiency and the aerodynamic power as a function of crank length for three different input 

voltages. a) Efficiency, b) aerodynamic power. 

The efficiency and aerodynamic power increase with increasing the crank length initially and the 

maximum can be achieved for a length of 8 mm in this case. For lengths larger than 7 mm the 

aerodynamic power is almost constant. The highest efficiency can be achieved with an input voltage of 3 

V. However, the aerodynamic power for this voltage is lower than the other two as expected. The higher 

efficiency for an input voltage of 3V is a result of the motor design which is tuned to operate at this 

voltage. The effect of changing the length of the connecting rod 𝑙 on the system performance is shown in 

Figure 5. Increasing the length 𝑙 cause a sharp increase in the efficiency for smaller lengths but the 

increase become smaller for larger lengths than 15 mm. Thus, a length of about 15 mm is a good 

compromise between the efficiency and the weight of the flying drone. The aerodynamic power is less 

sensitive to the changes in the connecting rod length after initan ial rapid increase for small lengths.  

 

Figure 5: The efficiency and the aerodynamic power as a function of the length of the connecting rod 𝑙 for 

three different voltages. a) Efficiency, b) aerodynamic power. 

The size of the wings is very important for any flying machine as it is the interface between the 

mechanical power and the aerodynamic lift. It is important to know if the size that is chosen for a specific 

design is the optimum choice. The relation between the wing size and the lift is complex. Here, only a 

very simple viscous damper is used to model the aerodynamic lift. However, it is still possible to 
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investigate how changes in the wing size can affect the performance of the system. For the sake of 

simplicity, it is assumed that the inertia of the wings 𝐽𝑜 and the aerodynamic viscous damping coefficient 

𝑐𝑎 are linearly related. A ratio 𝛼 is defined between the new values and nominal values for the wing inertia 

and the aerodynamic damping coefficient, 

  𝛼 =
𝑐𝑎

(𝑐𝑎)nominal
=

𝐽𝑜

(𝐽𝑜)𝑛𝑜𝑚𝑖𝑛𝑎𝑙
. (13) 

The nominal values for 𝑐𝑎 and 𝐽𝑜 are given in Table 2. The efficiency and the aerodynamic power as a 

function of 𝛼 are shown in Figure 6. By increasing 𝛼, the aerodynamic power increases as expected, 

however, the increased loads cause a decrease in the frequency of the flapping and changes in 

aerodynamic power become negligible for 𝛼 greater than 0.7. Thus, a value of 𝛼 about 0.9 which 

corresponds to maximum efficiency provides the optimum working condition.  

 

 

Figure 6: The efficiency and the aerodynamic power as a function of 𝛼 for three different input voltages. 

a) Efficiency, b) aerodynamic power. 

5 Conclusions 

A mathematical model of a flapping wing mechanism is provided in this paper. The model includes two 

main parts, the electromechanical model of the DC gearmotor and the mechanical model of the flapping 

mechanism. A crank slider mechanism is used to convert the rotational motion to the flapping motion of 

the wings. The model includes the effect of friction which allows justifying the increase in losses due to 

inertia and aerodynamic forces. The parameters of the system are estimated using the published data and it 

is shown that the model can predict the experimental results with a good accuracy. The system efficiency 

and aerodynamic power are used as two measures of performance. The effects of the crank and connecting 

rod lengths on the performance of the system are investigated and optimum lengths are suggested. A linear 

relation between the inertia of the wing and the aerodynamic damping coefficient is assumed and the 

effect of changing the wing parameters on the performance is studied. A smaller size wing can slightly 

outperform the nominal size wing in term of the efficiency.  
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Abstract
The present work aims to develop a reliable kinematic and dynamic model of a Tensegrity Membrane struc-
ture. The modeling of the dynamic system is preceded by the determination of the static configuration. This
configuration depends on the pre-tensioning of the cables and membrane. The dynamics of the structure
are represented by its eigen-modes and natural frequencies. The stiffness depends on the materials prop-
erties and on the pre-tension, which is calculated in the force density method and considered in the modal
analysis. Numerical results of the kinematics and the vibration of the structure are presented. The adaptive
force density method is used to in order to achieve the relation between the pretension of the structure’s
elements. Static analysis is performed in order to incorporate the pretensions into the structure’s elements.
Comparisons of the natural frequencies are made between tensegrities with and without membrane.

1 Introduction

Tensegrity structures have many applications in civil, mechanical, robotic, biomechanical and aerospace
areas. The main advantage of this type of structure is its geometric adaptability. Tensegrity structures are
formated by rigid bodies (bars) and cables, which are always in compression and tension, respectively. If
the initial configuration of the tensegrity is in compression, when applying a force in a certain point of the
structure, then it will open and will create a new equilibrium stable structure, capable of supporting this load.

The numerical model of tensegrity systems is of great interest in the stiffness controllers design, mainly
because this kind of structure presents a nonlinear behavior. Motro [1] showed a linear model that gives a
good approximation of the nonlinear behavior of simple structures. Bel Hadj Ali [2] proposed a tensegrity
structure model to obtain the modal characteristics in order to develop a vibration control strategy. In his
work, Bel Hadj Ali reduced the structural response to acceptable levels at minimum control cost. Sultan
[3] used the Lagrange’s method to model a four-bar tensegrity-membrane system and determined a set of
differential-algebraic equations to active control design. Other parameter to consider is the opening mecha-
nism. In the literature, there are several proposals as Pellegrino [4], who suggested to vary the bars or cables
size. Arsenault [5] replaced tendons by springs and added actuators that change the bars length. Zhang e
Ohsaki [6] used the force density algorithm to find the shape of the tensegrity given the pre-stresses in the
cables, responsible for the expansion of the structure. Moored [7], Bel Hadj Ali [8] and Schenk [9] applied
the energy method to determine analytically the actuator force necessary for opening system.

Some applications in the spatial area of tensegrity-membrane structures are radar antennas [11], membrane
reflectors [12] [13], the support structure of optical membranes [14] and solar sails [15].
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The tensegrity structure considered in the present work contains 6 bars, forming two hexagonal bases (Fig-
ure 1(a)). The distance between them, i.e. the height of the structure, changes during the movement, but the
two bases remain parallel to each other all time. The movement is driven by the cables connecting the bases,
which will be referred as vertical cables. The lengths of this cables change in the same rate so the bases
remain parallel.

(a) 6 bars. (b) Reflector Antenna.

Figure 1: Tensegrity and Reflector Antenna structures.

This system could be applied on a satellite antenna, for example, as a deployable stand for the reflector,
replacing the cone and also part of the the structures below the reflector surface (Figure 1(b)).

The contribution of the present work is to propose a methodology to model the openning mechanism and to
represent the vibration characteristics of a tensegrity structure with six bars and a membrane. The method for
solving the kinematics of the opening mechanism was validated experimentally with a four bars tensegrity
structure [16], [17]. A vibration analysis of the model was done through finite element method and the results
were compared with a commercial software.

This paper is organized as follows. Section 2 shows the static model that describes the tensegrity structure
geometry and the opening mechanism. Section 3 presents the dynamics characteristics, which are obtained
through the finite element method. Section 4 describes the necessary conditions of the twist angle and the
velocity of the inclined cables to open the tensegrity structure. Section 5 presents the simulations results
of the tensegrity structure with and without membrane element and opening mechanism developed in the
softwares Ansys R© and Matlab R©. Section 6 discusses the results obtained and draws the relevant conclusions.

2 Static model

A tensegrity structure with 6 bars, which goal is to be the stand of a reflector antenna, is modeled geomet-
rically through nodal analysis. The methodology is described in the section 2.1. Opening mechanism is
studied and described in the section 2.2.

2.1 Tensegrity structure configuration

The geometry of the tensegrity structure, as shown [22], is defined by nodes, connectivity matrices and
members. The nodes are the extremity of the bars and tendons. The members are the bars and tendons itself.
The 3D expression of the nodes is shown by (Eq 1):

nl ∈ <3 (1)

The nodes are organized in the matrix N, where the coordinates of each node are contained in the vectors x,
y, and z as follows:
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N =





n1
...
nn





=
[
x y z

]
(2)

The members (mk) are the result of the difference between nodes interconnected. It can be written as:

mk = nik − njk (3)

where the terms nik and njk are, respectively, the ith and jth nodes that are related to the kth member.

The members are organized in the matrix M. The corresponding member lengths in each direction are
defined by the vectors u, v and w as follows:

M =





m1
...

mm





=
[
u v w

]
(4)

The matrices M and N are related by the connectivity matrix C :

C.N = M (5)

With the definitions presented above, one can start with the structure’s force analysis.

The equilibrium equation can be written in function of the nodal coordinates. To do this, it must enter the
force density (q) concept. Which it is the ratio between the traction or compression forces and the length of
the members. That relation is shown in the equation 6 to an arbitrary member k:

qk =
sk
lk

(6)

So, it is possible to obtain the force density matrix (E):

E = CTQC (7)

where,

Q = diag(q) (8)

The diag(vec) is a diagonal matrix with the terms of the vector vec.The equilibrium equation in nodes
coordinates function. For structures without fixations, there are:





E.x = 0

E.y = 0

E.z = 0

(9)

The equation 9 is not linear due to the fact that the force densities are in function of the members length, that
are dependent of the nodes positions. However, it can be linearized, predetermining the values of the force
densities.
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2.1.1 Form-finding method

The problem in working with tensegrity structures lies in finding the structure’s equilibrium form. Some
researchers as [25] used analytical approaches and [26] used nonlinear methods to solve this problem. The
method used in the present study uses the force density concept and the methodology explained in [19],
which will be explained below.

2.1.2 Force Density Method

Schek presents in one of his works the definition of force density where it’s pointed the leverage of deter-
mining the final structure’s configuration by the solution of a linear system [23]. However, the method has
disadvantages of having few restrictions on the final shape of the structure, although some methods to re-
strain the final form exist. This disadvantage is due to the fact that the inputs of the model are only the force
densities and the fixed nodes of the structure.

2.1.3 Condition of non-degeneracy

To obtain structures with nd dimensions, the matrix Enxn must have the following condition:

rank(Enxn) = n− h′ (10)

where,

h′ = nd + 1 (11)

Choosing force density values that makes E have the required rank value is one of the difficulties of this
process of determining the form of tensegrity structures. In [24], three types of processes are listed. The
first process would be the intuitive method, whose application would be for systems that have few members.
Another process would be the analytical method, where the matrix is analyzed in a symbolic way, and it is
possible to arrive at the relations between force densities in which the desired results can be obtained.

There is also the iterative method, where the values of qk are evaluated step by step until the desired rank is
obtained for the matrix E. This method will be described in the next topic.

2.1.4 Iterative method

In [18] and [19], is proposed a iterative method in order to obtain the desired rank of E.

First, initial values for the vector qi is chosen. From this vector, E is obtained by using Equations 7 and 8.
Then, through Equation 12, the eigenvectors and eigenvalues of E are obtained.

E = ΦTΛΦ (12)

For the rank of E to have the value shown in Equation 10, there must be a number of h′ (Equation 11) zeros
between the eigenvalues of the matrix Λ. Therefore, in the iterative method, we analyze the values of the
diagonal matrix Λ and observe if the number of zeros is equal to h′. If it is not, there’s two possibilities. The
first case would be the number of zeros being smaller than h′. For this case, simply substitute those smaller
values to zero in order to reach the required number of zeros. The second case would be that the number of
zeros are larger than h′.

3376 PROCEEDINGS OF ISMA2018 AND USD2018



For this work, only case 1 is addressed. Therefore, giving continuity to the iterative method, a new value of
Λ by replacing the h′ smaller values with zero. This new Λ will be denoted as Λ. With this new matrix, E is
calculated through Equation 12.

Using E, one can get q, which are the updated values of force densities, with the Equation 13. The formula-
tion of this equation is detailed in [19].

q = (RTR)−1RTg (13)

With q and the Equation 7, Ei+1 is obtained, which is the updated force density matrix. Then, using Equa-
tion 12, we get a new value of Λ, which will be denoted by Λi+1. If this eigenvalue matrix does not yet have
the required number of zeros, the iterative process is repeated until this condition is reached.

Also, through this method, some restrictions can be introduced to the configuration of the structure that the
method can find.

One of these constraints is that of force density, in which a relation can be established between the force
densities of each member by writing them by means of the following equation:

Fq = 0 (14)

Where we establish the relations between the force density vector components q through the matrix F.

Further, the heights of the nodes of the tensegrity structure can be determined by Equation 15 as shown
in [19].

CTdiag(Cz)q = 0 (15)

These height restrictions and force densities can be written as the following linear equation system:

(
F

CTdiag(Cz)

)
q = Gq = 0 (16)

The solution of this system is given by:

q = φ(Rφ)−1g (17)

where φ is the null space of G.

Finally, to consider these constraints in the iterative method, to find q it’s used Equation 17 instead of
Equation 13.

After finding the value of the force density vector, one must calculate the final form of the structure. Thus,
the homogeneous Equation 18 must be solved, in order to find the nodal coordinates X.

HX = 0 (18)

where,

H =



E On On

On E On

E On E


 (19)
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X =




x
y
z



 (20)

As shown in [18], the solution for the Equation 18 is given by:

X = AA
−1

X (21)

where A is the null space of H and A is the corresponding components in A of related to the independent
set of nodal coordinates X.

The form-finding procedure is summarized in Figure 2.

Figure 2: Flowchart showing the iterative process to find force density vector values.

2.1.5 Finding the shape of a Tensegrity-Membrane structure

In [20], the shape of a tensegrity-membrane structure is found by minimizing the potential energy of the
system. However, the same procedure used for tensegrities without membranes can be applied in this case,
such as the iterative method described in section 2.1.4. This can be achieved by replacing the membrane
with tendons that develop the same function in the model. Therefore, after finding the tractions in each
tendon and the nodes forces, the finite element method can be used to calculate the membrane displacements
necessary to exert the same equilibrium forces in the resultant system. Thus, the necessary behavior of the
membrane is determined so it performs the same function of the tendons used to calculate the equilibrium
configuration. Then, the membrane to be used in the final model of the system can be defined. When the
deployed configuration is obtained, one starts to the development of its dynamic model.

2.2 Opening mechanism

As the lower base is fixed (equation 22), the shape of the tensegrity is determined by the positions of the
nodes in the upper base (figure4). These can be given in function of the height h, twist angle ϕ and side l of
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(a) Tensegrity-Membrane. (b) Tensegrity.

Figure 3: Tensegrity and Tensegrity-Membrane structures.

the hexagon (equation 23).

Figure 4: Top view.

Nlw = l




√
3
2

√
3
2 0 −

√
3
2 −

√
3
2 0

−0.5 0.5 1 0.5 −0.5 −1
0 0 0 0 0 0


 (22)

Nup = l



cos(π6 − ϕ) sin(ϕ) −cos(ϕ+ π

6 ) −cos(π6 − ϕ) −sin(ϕ) cos(ϕ+ π
6 )

sin(π6 − ϕ) cos(ϕ) sin(ϕ+ π
6 ) −sin(π6 − ϕ) −cos(ϕ) −sin(ϕ+ π

6 )
h
l

h
l

h
l

h
l

h
l

h
l


 (23)

N =
[
Nlw Nup

]
(24)

The distance between nodes 1 and 9 is equal to the length of a strut b. Then, the height h can be expressed
in function of b, l and ϕ (equation 25). Analogously, the vertical cable v separates nodes 1 and 8 and can be
given in function of the height (equation 26).

h =

√√√√b2 −
(
−lcos

(
ϕ+

π

6

)
− l
√

3

2

)2

−
(
lsin

(
ϕ+

π

6

)
+
l

2

)2

(25)
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v =

√√√√h2 +

(
lsin(ϕ)− l

√
3

2

)2

+

(
lcos(ϕ)− l

2

)2

(26)

3 Modal analysis

The dynamic characteristic of the tensegrity structure are determined numerically thought a Finite elements
model. A bar element with stiffness in axial direction is used in the structure bars and cables. The membranes
is represented by the Shell element.

3.1 Bar element

The displacement solution of the bar element can be approximated by:

uaxial = ω1uaxial1 + ω2uaxial2 (27)

where ω1 and ω2 are shape functions. This shape functions can be written as:

ω1 =
L− x
L

, (28)

and

ω2 =
x

L
, (29)

where, x is the position on the element and L is its length.

This shape functions can be organized in the displacement interpolation matrix (H) as:

H =

{
ω1

ω2

}
(30)

The stiffness matrix of an element, as shown in [21], is given by Equation 31

ke =

∫

V
BTCBdV (31)

where B is the strain-displacement matrix, C is the material matrix and V is the element volume. For the
bar element, C = E and V = AdL. The B matrix is calculated as ∂H

∂x . Thus, using the terms presented
above and using Equation 31, the stiffness matrix for the element is calculated.

The mass matrix for the bar element is obtained using the Equation 32.

where ρ is the bar element density.

Me =

∫

V
ρHTHdV (32)

In local coordinates, the bar element is written as:

rTe =
[
uaxial1 uaxial2

]
(33)
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The vector re in local coordinates can be transformed into globals coordinates Re through the following
expression:

Re = TT re, (34)

where T is the transformation matrix with angles formed between the local and global coordinates. The
stiffness matrix is described as:

Ke = TTkere, (35)

In order to take into account the pretensions applied in the cables and the bars of the structure, the geometric
stiffness matrix (KG) presented in [19], which is given by:

KG = I⊗E (36)

where I is the identity matrix and E is the equilibrium matrix.

3.2 Shell element

The Shell element used in this paper is presented in [21]. It’s used an eight node element and it’s considered
isotropic material for the material matrix (C) and a plane stress state.

The dynamic model will be obtained through a finite element mesh built over the geometry defined by the
static model. From this dynamic model, one can calculate the natural frequencies and modes of the structure.

4 Kinematic model

A tensegrity prism which bases have n sides is stable when the twist angle reaches the value given in equation
37, in that case, the height is maximum and v is minimum. If we try to shorten the vertical cables more than
this minimum, the structure becomes more tensioned instead of moving up or down. In this model, the twist
angle goes from 0 to π/, taking v from maximum to minimum and h from zero to maximum.

ϕs =
π

2
− π

n
(37)

The only variable we truly control is v, so we can assign a velocity/acceleration to v to calculate time. Now,
the positions of the nodes are determined for each instant of time.

5 Simulations

We used the following parameters in this simulation: hexagon side l = 0.3m, bar length b = 0.6m and twist
angle ϕ going from 0 to π/3rad, leading h to vary from 0 to 0.3m (Figure 5) and the vertical cable from
0.52 to 0.42m (Figure 6(a)).

A small pull of 20% in the vertical cable caused this model to reach its maximum height. This high sensitivity
of the height to the vertical cable, if properly managed, may become an advantage instead of a problem for
the designer, therefore it has been highlighted.

The relationship between h and v depends only on geometry, not being affected by materials properties or
time. We may assume a velocity of 0.01m/s for this (approximately) 0.1m reduction of the inclined cable,
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Figure 5: Tensegrity expansion.

(a) Height of the tensegrity h and vertical ca-
ble pulling v.

(b) Tensegrity height h. (c) Tensegrity twist angle ϕ.

Figure 6: Tensegrity kinematic results.
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leading to a reasonable time of around 10s for the expansion process. Height and twist angle are expected to
increase with time and the graphs confirm it (Figure 6(c)).

As v was forced to decrease linearly over time and the relationship between h and v is known, h’s curve
in time had to be similar, except increasing instead of decreasing. The same applies to the behavior of the
vertical cable v.

5.1 Tensegrity structure with and without membrane

5.1.1 Finding the shape of the tensegrity structure

The method presented in Sections 2.1.2 - 2.1.4 was implemented with the help of Matlab R© software. The
four nodes chosen as input data for the method can be seen in the Table 1.

Position x
(mm)

y
(mm)

z
(mm)

Node 1 459 -265 0
Node 2 459 265 0
Node 3 0 530 0
Node 4 459 -265 300

Table 1: Positions of predetermined nodes

The initial force densities used in the routine in Matlab R© is shown in Table 2.

Base Tendons Top Tendons Vertical Tendons Vertical Bars
Force Density

[N/m] 1.0 1.0 2.0 -2.0

Table 2: Initial force densities

Also, the restriction was used that the members of each portion of the structure (Top, base and vertical
members) had equal force densities between them. Finally, the height of the frame was restricted to 300 mm.

The configuration obtained after 262 iterations is the same presented in Figure 1(a) and the values of the
nodes were the same shown in Eq 23, but with l = 306mm, h = 300mm and ϕ = 60o. The application
of this method reached the goal of achieving the configuration of the structures proposed and finding the
pretension values presented in the structure. Also, it makes possible the subsequent modal analysis of the
pretensioned structure. It is perceived by the results that the height restriction was met and that there were
some variations in the predetermined nodes.

The force densities, and the final tensile and compression forces, are shown in Table 3. Then, in order to
the configuration of the structure to be met, its pre-stresses must obey the same proportion of the forces
presented in Table 3.

Force density
[N/m]

Member lengths
[mm]

Member forces
[N]

Base Tendons 1.2624 306.0 0.3863
Top Tendons 1.2624 306.0 0.3863

Vertical Tendons 1.2624 428.5 0.5410
Vertical bars -1.2624 609.0 -0.7688

Table 3: Pretensions present in the final configuration of the structure.
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5.1.2 Modal analysis of the structure

Modal analysis was performed using bar elements for the bars and tendons, and shell elements for the mem-
brane. Also, the pre-tension of the structure was considered during the simulations.

The simulated structure is composed of 1 mm diameter nylon lines, 5 mm square steel bars and a thin
membrane of 51µm. The properties of the materials used are shown in the Table 4.

Young’s Module
[GPa]

Poisson
[-]

Density
[kg/m3]

Nylon tendons 2.000 0.30 1130
Steel bars 200.000 0.30 7800

Membrane 0.165 0.34 1400

Table 4: Properties of the materials used in the simulation

For tensegrity structures, the addition of pretension in their longiline elements is simple. So, in considering
efforts in only one direction, one can only insert a stress directly to the elements.

However, for the membrane, a static structural simulation is performed in which a restriction is applied to the
center of the membrane and pressure forces are applied at its ends. These constraints and force application
can be seen in Figure 7(a). The force applied to the membrane is equivalent to the force due to the pre-tension
that occurs at the node where the ends of the membrane are connected.

(a) Boundary conditions. (b) Stress Map.

Figure 7: Boundary conditions for the membrane simulation and its stress map

Figure 8: Behavior of the natural frequencies of vibration in relation to the tension in the vertical tendons.
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Once the stress map shown in Figure 7(b), is entered, the map is inserted into the simulation of the complete
structure, shown in Figure 3(a).

For the finite element analysis, it was used one truss element for each bar and tendon. For the membrane, it
was used shell elements with size of approximately 7mm. Also, the structure is fixed at the six nodes located
at the lower base of the tensegrity.

First, the behavior of the first vibrating mode for membrane and non-membrane structures was evaluated.
The behavior of the natural frequency of the first mode of vibration in relation to the pretension applied in
the vertical tendons can be seen in Figure 8.

(a) 1st mode - Tensegrity without
membrane.

(b) 2nd mode - Tensegrity without
membrane.

(c) 4th mode - Tensegrity without mem-
brane.

Figure 9: Vibration mode of the tensegrity structure without membrane

It can be seen from the Figure 8 that the natural frequency of the first mode increases for greater pretension
on the structures. Also, the frequencies of this mode is similar for the structure with and without membrane.
However, the behavior of the natural frequencies between both structures are different for the second and
fourth mode when pretension iss is near to zero. This behavior is due to the mode of vibration of the
membrane. For low pretensions, the second and fourth mode of the membrane are lower than the modes
of the tendon and rod structure, shown in Fig 9. Thus, this modes is influenced only by the membrane.
But, for higher pretensions, the second and fourth modes become a couple of the modes of the structure and
membrane. At this higher pretension, the behavior is approximately linear but still always lower than the
tensegrity structure without membrane.

The influence of the material type of the structure on its dynamic behavior was investigated. Simulations
with modulus of elasticity between 2Gpa and 200GPa were performed. Observing the Figure 10(a), it will
be appreciated that, for the first vibration mode (Fig 9(b)), the modulus of elasticity of the material has little
influence. For this case, the pre-tension applied has a predominant influence.

However, the second mode (Fig 9(b)) is strongly influenced by the elasticity modulus of the tendon. However,
it has little influence of the applied pretension, as can be observed in Figure 10(b). The explanation would
be that while in the first mode of vibration there is little deformation of the tendons and bars, in the second
mode this is predominant.

6 Discussions of the results and conclusions

The mechanical behavior of a tensegrity and a tensegrity-membrane are studied in this paper. A tensegrity
with 6 bar accomplished to a membrane is proposed to substitute a satellite reflector antenna. The deployment
requirement is analyzed though the opening mechanism. Using a 0.6m bar, the total height of the tensegrity
varies from 0.0m to 0.3m. This amplitude was achieved by pulling the cable in 0.1m. This hight sensitivity
of the height to the vertical cable can bring saves regarding cable volume/mass and energy of the pulling
motor.The adaptive force density method is used to achieve a tensegrity configuration similar to that studied
in the kinematics section. Also, with this method, is possible to obtain the pretension presented in the
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(a) First mode - Tensegrity without membrane. (b) Second mode - Tensegrity without membrane.

Figure 10: First and second vibration mode vs. young modulus and vs. pre-tensioning of the vertical tendons

structure. This result was found after 262 iterations and makes possible the modal analysis of the structure
through the finite element method (FEM). Static analyses are made in order to incorporate the pretension into
the FEM model. Thereon, modal analysis is performed to analyze the vibration behavior of the structure.
For lower pretensions, the behavior of the second and fourth modes of the tensegrity-membrane structure
is different from that presented by tensegrity structures composed only by tendons and bars. This behavior
takes place due to the low natural frequency presented by the membrane with low pretension. So, for the
lower pretensions, the natural frequency of the membrane is lower than that of the tendon and bar of the
structure. For higher pretensions, the modes of the membrane and the tensegrity are coupled. Also, it’s noted
that, the young modulus of the tendon, for this structure, only affects the affects the second mode. The first
mode is mainly influenced by the pretension, while the second, is mainly influenced by the young modulus.
This behavior could present design advantages.
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Abstract 
Described in this paper is a system capable of controlling the position of silicon wafers with no mechanical 

contact by means of an ultrasonically controlled layer of air. The system exploits several high-frequency 

annular actuators to produce standing and traveling waves that affect the air layer underneath the wafer. By 

controlling the pressure and the flow with ultrasonic vibrations, the wafer can be held at a fixed elevation 

or to be moved to a given a x,y position or a desired rotation angle, . The ultrasonic vibration amplitude 

affects, the vertical z-axis’ elevation which can also be precisely controlled. 

 The paper briefly describes the dynamics of the individual annular vibrating elements, the sensing systems 

and finally shown is a laboratory demonstrator with full control of an acoustically levitated silicon wafer. 

1 Introduction 

Silicon wafers are employed in electronic chip production, and are very sensitive to particle contamination. 

During the inspection process, these wafers need to be manipulated and positioned at a suitable configuration 

and orientation. The latter is carried out by sub-micrometer accurate positioning devices that are affected by 

friction and vibration that are efficiently transferred through optimized waveguides. In such embodiments, 

the wafer is mechanically held by manipulators that transfer contaminating particles. Presented in this paper 

is a stage capable of manipulating the position and rotation of silicon wafers with no mechanical contact, 

with near zero friction forces and a precisely controlled levitation gap. To produce the forces and torques 

required for controlling the x,y,z and rotation- of a wafer, near-field acoustic levitation is employed [1–3]. 

After several years of research and optimization, the number of required actuators has been reduced to 3 

identical annular actuators that are controlled to produce ultrasonic bending vibration [4,5]. These actuators, 

are capable of producing any sort of standing or directional traveling waves that induce forces due to 

elevated pressure or tangential torques due to viscous forces of the air caused by the traveling waves of 

vibration forcing tangential air flow [3,4]. The present paper introduces a conceptual laboratory 

implementation of a completely contactless stage based on near-field acoustic levitation. For such a stage 

to work, concurrent engineering design of all aspects – vibration and modal decomposition, mechanics, 

actuation, sensing, electronics, and closed-loop control, is crucial. Some aspects of these disciplines and 

their role in this endeavor is described herein. 

 In order to produce near field acoustic levitation, sufficiently large ultrasonic vibrating must be generated 

affecting a narrow film of gas contained between two flat surfaces. The one-dimensionless parameter 

controlling the air layer's pressure is the squeeze number [1,6,7], defined as: 
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The squeeze number,   (typically 20 100 ), depends on the vibration frequency-  (~30KHz), a typical 

dimension of the contained area- 0r  (~100mm), air viscosity- (1.8253e-5 Pasec), the ambient pressure - 
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ap  (1e5 Pa) and finally the average squeeze film height or air-gap - 
0h  (3-100 m ). The thin layer of air 

entrapped between the wafer and the ultrasonically vibrating elements remains confined to this region due 

to the viscosity of the air that becomes important at these frequencies. The squeeze film experiences an 

elevated average pressure due to compressibility of the air and as a secondary effect of the rapid oscillations 

of the underlying structure [1]. This average pressure (~1e3-1e4 Pa), although considered as a second order 

effect, is able to levitate the wafer or any flat object placed above it at a fixed elevation. It was demonstrated 

that it is possible to control the levitation gap by changing the vibrations amplitude of the lower surface 

[6,8]. Tangential force can be generated by introducing traveling waves in the ultrasonic excitation device 

[9,10] these create lateral pressure gradient within the squeeze film producing shear forces on the levitated 

wafer that cause parallel motion. These forces, although small, can move the wafer in the direction of the 

ultrasonic waves as motional friction introduced by air viscosity is negligible. 

Stages based on the near field acoustic levitation principal in a single axis are presented at [21], [22]. A 

wafer transportation system (in one dimension), based on near-field acoustics is described in [23]. The 

acoustic levitation principle does not require any contact with the wafer for both holding and propulsion. 

However, it cannot be utilized in vacuum chambers.  

Stages for wafer handling often require high performance with fast response, positioning error within the 

micrometer range and better, high noise attenuation and robustness to uncertainties. Many works deal with 

stage control tasks, such as [11][12][13]. In this work the H
 control design method was chosen for its 

robustness properties and control on the performances. This method allows shaping the MIMO system 

control loop by shaping the frequency domain models [14].  

The present paper describes a proof of concept work with relatively inexpensive sensors with low accuracy. 

Still, the validity of the physical model and the mechatronics model are representative for more precise 

sensing and positioning. The paper is structured as follows: First, the concept, stage composition, and its 

principle of operation are described. Then, a dynamic model for the actuator and stage system is shown. A 

brief description of the system model and control loop follows. Finally, a typical response in closed loop as 

validation of the experimental system is provided. 

2 Traveling waves based, acoustic levitation motor (ALM)  

The key element of the wafer aligner is an annular structure, as shown in figure 1. The actuator is designed 

to operate at a single designated frequency. At the basis of each ‘leg’ resides a commercial bolted Langevin 

actuator tuned to 28KHz. A stepped horn mechanical amplifier is connected to the actuator with a small 

diameter segment to allow bending (see figure 1) and therefore traveling wave deformations can take place. 

Owing to its cyclic symmetry, the annulus has pairs of modes with the same number of nodal diameters, 

e.g. there are 2 eigenvectors per frequency, such as shown in figure 1. These mode shapes have interlacing 

nodal lines [15], and any pair has the same natural frequency. As a result, 2 mode shapes can be combined 

to form a traveling wave deformation [4]. Clearly, this is the case for perfectly axisymmetric structures, 

[15], and under certain conditions can be exhibited in cyclically symmetric structures having the same 

natural frequency for the so called sine and cosine mode pair [16]. A complete structural optimization 

procedure was carried out on the annular system to support traveling wave vibrations at resonance. 
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Figure 1. Left: Single acoustic levitation motor (ALM) (out of 3) driven by 3 piezoelectric transducers. 

Right: Instantaneous vibration amplitude at 28KHz when driven at the 11 nodal diameter mode (Finite 

element model [17]) 

Consider a dynamically deforming annulus, as shown in figure 2, the annulus experiences bending 

deformations that are a combination of 2 modes with 11   nodal diameters. 

                            ( , ) ( ) ( ) ( )cos ( )sinc c s s c sw t t t t t                                                                    (2) 

where cos sin , c( os s) i) ( nc s sc csA t A t B t B tt t        . 

 The annulus is optimized to have radially uniform vibration amplitudes as shown in [5]. Since both modes, 

   ,c s     have the same natural frequency [4] both operate in resonance, simultaneously. Furthermore, 

one can dictate desired modal coordinate values via the corresponding generalized forces [5] as a function 

of the forces at each of the 3 Langevin piezo driven actuators (see figure 1): 
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Where 
1 2 3( ), ( ), ( )f t f t f t  are the forces generated by the 3 actuators in figure 1 and ,c sQ Q  are the generalized, 

modal forces affecting the two modes ( ), ( )c st t  . 

The deformed state and the instantaneous pressure within the squeeze-film is shown in Fig.2. 

               

Figure 2. Left: A disk held by the elevated pressure in the narrow air-gap, ( , )h t  . Right: Instantaneous 

pressure in the squeezed film within the narrow air gap. Note that positive pressure peaks are larger than 

negative ones. The pressure was computed by numerically solving the nonlinear Reynold equation (see [2]) 

 

The  shear stresses exerted on the acoustically levitated object at low speeds, are (see [9]): 
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 where , p  are the air’s viscosity and pressure while , , ,h v u   are the air-gap (see figure 2), the 

circumferencial coordiante, the air tangential velocity at the wafer interface and the angular displacement 

of the wafer. Assuming that pressure is nearly radially uniform, the extrted torque is [9]:                                
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Since both ( , )h h t   and ( , )p p t   are periodic in  ,  a non-zero average torque develops when h  and 

p  are not in phase and the area entrapped in the close curve obtained by plotting h vs p is not zero. This is 

indeed the case here due to viscosity where the pressure lags the air gap when traveling waves vibration of 

the annulus are present. The system in figure 2 was simulated by releasing the wafer from an initial air gap 

and waiting for stabilization of the air gap [6]. Plotting h vs p illustrates the dynamic change in gap and 

torque. 

   

Figure 3. Left:  Transient average air gap between wafer and annulus. Right:  Pressure 
0( , )p t  vs air gap  

0( , )h t  along the annulus for several time instances (until steady state). Showing that the enclosed area i.e. 

Torque is non-zero. 

2.1 Controlling the modal coordinate of the annulus 

The modal coordinates vector, η , can be retrieved from 3 point sensors using (3) (see [5]), via: 

                                             0 1 2 3, ,
T T

c s s s s   η Ts η s                                                         (6) 

where 
1 2 3, ,s s s  are the displacements measured on the ring where the 3 actuators are connected (see figure 

1) and 
0, ,c s    are the cosine, sine modal coordinates and the uniform z motion.  

 It can be shown (see [4,5]) that by setting the relative phases between the actuators, according to: 

                                            1 2 2 3 3( ) cos , ( ) cos , ( ) cosf t A t f t A t f t A t                                    (7) 

the vibration pattern according to (2) can be set to any combination of positive or negative on going traveling 

waves, or standing waves. Specifically, the proportions of standing to traveling waves (SWR, see [18]) or 

its inverse (Traveling waves ratio, TWR, see [5]) can be controlled by setting only the relative phases. 

Assuming all actuators are identical (having the same magnitude), and by modifying the phases  2 3,  , a 

map of the TWR can be produced at a certain operating frequency. A simulated map for 11   is shown in 

figure 3. The map is symmetric along a line from 2 30, 0     to 2 32 , 2      . Along this line, TWR 

is unity. This means that the annulus is vibrating in a standing wave. Below this line, the wave propagates 

in a clockwise direction and above it to the opposite direction.  
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Figure 4. Left: Traveling wave ratio (TWR) on the annulus as a function of the relative phases. Middle: 

vibration amplitude as a function of the excitation phase differences. Right: Computed torque according to 

(5) as a function of the TWR. 

 Examination of figure 4 leads to adopting an operation strategy. Choosing  1,1u   as the control 

parameter, the selected path maintaining a nearly constant amplitude is given by: 

                                                      2 33 , 3 .u u u u                                                                (8) 

Choosing 1u    sets the excitation phases for a pure traveling wave in either clockwise or counter-

clockwise direction, whereas setting 0u   provides the conditions for a pure standing wave.  

 The annulus was tested in the laboratory by applying 3 phased sinusoidal forces according to (7) and (8) in 

an open loop manner, where the rotation was measured by a magnetic shaft encoder. The experimental 

system and the effect of modifying the relative phases can be seen in figure 5. 

                           

Figure 5. Left: Experimental system consisting of an aluminum annulus, 3 ultrasonic actuators and a 

levitated (transparent) object. The levitated object is help radially by a loose Teflon bearing, free to move 

in the z-direction. Right: Measured (circles) rotation speed as a function of the phase control parameter and 

fitted model (Dashed). The discontinuity near u=0 is due to the static friction in the Teflon bearing. 

3 Complete acoustic levitation, a realization of a wafer aligner 

Having established the ability to control the rotational torque or tangential forces by controlling the 

ultrasonic vibration in an annulus, it has been suggested to employ 3 annuli in an arrangement as shown in 

figure 6. The configuration shown can control the levitation height by changing the ultrasonic vibration 

amplitudes of the annuli (as in [8]) and to produce a combination of forces, by individual control of the 

TWR in each ALM affecting the x,y,degrees of freedom. 
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Figure 6. Left: Cad model showing a silicon wafer acoustically levitated by 3 acoustic levitation motors 

(ALM). Right: Top view showing the tangential forces exerted on the wafer by the 3 ALMs. 

  The three ALMs are located on a circular perimeter having a radius R  around the origin O  and equally 

spaced by 2 3  from each other. The x-y axes are not aligned with any of the ALMs but rotated with an 

angle 
0 . Forces are generated within the area the wafer covered on each annulus. Since this area is 

symmetric, it is reasonable to assume that the forces are tangential to the annuli, as illustrated in figure 6. 

The individual forces act in a tangential direction represented by unit vectors ˆ
jd . The force applied by the 

jth ALM (j=1,2,3) is ˆ ( )j j jp tf d  where ( )jp t  is related to the TWR (see figure 4 for a single ALM) and to 

changes in the overlapping area of the annulus and the wafer. As a result, the forces acting on the wafer are: 

                     
3 3 3

1 1 1

ˆ ˆ ˆˆ ˆ( ) ( ), ( ) ( ), ( ) ( )x j x j y j y j j j j

j j j

f t p t f t p t Torque t p t
  

       d e d e r d               (9) 

where ˆ ˆ,x ye e  are unit vectors in the global x and y directions and jr are vectors to where jf  act. By 

introducing 3 generalized degrees of freedom,  
T

x y q , the equations of motion become: 

                                      Mq Cq f ,    ( ) ( ) ( )
T

x yf t f t Torque tf .                                                    (10) 

These equations describe the in-plane equations of motion for a levitated wafer, having mass m  and rotation 

moment of inertia J , whereas  diag , ,m m JM  is the matrix of inertia, and  diag , ,x yc c cC  is the 

damping matrix. Since the dynamics are slow, a linear damping model with coefficients , ,x yc c c  is being 

used. It is worth nothing that the acoustically levitated wafer resides on an air-film with no n-plane stiffness. 

Also, the force vector exhibits nonlinear dependency on the overlap area of the wafer and the annuli and 

thus on the generalized degrees of freedom. This dependency introduces coupling between all degrees of 

freedom that is handled by the MIMO controller discussed later. The measurement of the wafer position and 

configuration is briefly discussed below.  

3.1 Sensing for closed loop operation 

In order to achieve continuous acoustic levitation, it is important to provide sufficient ultrasonic vibrations 

of the annuli. These are exposed to variable loads and excitation signals. Due to physical coupling of the 

ALMs and the wafer, the natural frequencies each ALM exhibit a slow drift. To ensure continuous operation, 

an Autoresonance (AR) algorithm (see [4,19]) using digital (FPGA) processors operated at 10MHz sampling 

frequency is employed. Each annulus is digitally controlled employing an optical sensor (Keyence LK-

H008) to measure directly the annuli vibrations feeding the 3 AR circuits, as illustrated in figure 7. 
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Figure 7. Left: Photograph of the laboratory system, showing Thrubeam laser sensors sensing the edge of 

the wafer, ToGLN dark-laser mouse sensors measuring the wafer’s incremental motion thus providing 

information about its rotation. Right: Block diagram of the control hardware. Showing 3 FPGA controlling 

the 3ALMs and the overall DSP (dSpace) controller, employing another FPGA (Xlinx) controller. 

4 Closed-loop Control design 

The model described in (10) is a MIMO system with three outputs - the wafer’s x,y position and rotation, 

and three inputs – the force commands affecting ( )jp t  in (9). Indeed the magnitude and sign of ( )jp t  is 

determined by the 3 FPGA controllers (see figure 7) that modify the TWR of each annulus according to the 

control algorithm. By defining a transformation U , that transforms the ALMs forces, ( )jp t  to generalized 

forces, f  through a transformation matrix ( ) ( )t tf Up . The transformation U  is nearly constant for small 

motions around an equilibrium condition. This transformation depends on various geometry related 

parameters, scaling, on amplifier gains and sensor sensitivities and it can be estimated from an in-situ 

experiment as was done in practice. The importance of this transformation is its use in decoupling the 

actuation vector, via 

                                                             1( ) ( )t tp U f .                                                                                  (11) 

Applying the decoupling transformation, three independent SISO systems are obtained. Applying the 

Laplace transformation to (10), the transfer function of the diagonal model is from f to q  - 
0P  is obtained 

and easily transformed back to the physical model - P : 

                                       0 2 2 2

1 1 1
diag , ,

x yms c s ms c s Js c s

 
  

    

P .   
1

0

 P P U                                     (12) 

This decomposition of P  allows designing three independent controllers, , ,x yC C C , each for every degree 

of freedom. Define the uncoupled system controller  0 diag , ,x yC C CC . 

   

0C 1
U 0PU

PC

q
0r
+
-

  

Figure 8.  Closed loop decoupling and re-coupling. Note that the red line contains the physical model and 

the controller of the decoupled model is within the blue dashed line.  
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The configuration of the closed loop position control for the levitated wafer and a block diagram of the 

closed-loop control, based on the uncoupled plant is shown in figure 8. 

  A robust controller was designed using loop-shaping methodology. Designing a robust controller requires 

weighting the plant input and output for the robustness regions. Here, the uncoupled controller was used as 

the plant input weighting function. Since the dynamics of the wafer is slow, the measured position of the 

wafer was filtered to reduce the bandwidth of the controller. This low-pass filter is the plant output weighting 

function. Sample performance and the layout of the decoupled controller and the coupling transformation 

are shown in figure 9.  

  

 Figure 9.  Left: Closed loop decoupling and re-coupling at the actuator (ALM) level. Right:  Response in 

the y direction to a step command in the control.  Note the decoupling with rotation and x motion. 

 The performance of the experimental system and the control are best viewed in a video summary shown in 

the reference link in [20]. 

5 Summary and conclusions 

Presented is an ultrasonic stage able to manipulate a silicon wafer using controlled vibration in 3 annuli. In 

order to achieve the goals of this system, tight modal control of each of the rings is required and combination 

of vibration to form traveling and standing waves. The research is interdisciplinary and vibration, auto 

resonance control, as well as mechatronics, control theory, sensing and model estimation all play an 

important role in building a successful demonstrator. The key issues are related to accurate modeling and 

design of vibrations in a structure having cyclic symmetry.  
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Abstract 
In the presence of squeal, Operational Deflection Shapes (ODS) are classically performed to analyze 

behavior. A simple numeric example is used to show that two real shapes should dominate the response. 

This justifies an ad-hoc procedure to extract main shapes from the real brake time measurements. The 

presence of two shapes is confirmed despite variations with wheel position and reproducibility tests. To 

obtain a high spatial density measurement, 3D Scanning Laser Doppler Vibrometer is interesting but leads 

to iterative measurements on a time-varying system. An algorithm to merge sequential measurement and 

extract main shapes is detailed. Even with a high-density 3D SLDV measurement, shapes characterizing 

the squeal event are still only known on accessible surfaces. Minimum Dynamic Residual Expansion 

(MDRE) is thus finally used to estimate motion on a full FE mesh which eases interpretation and 

highlights areas where the test and the model contain errors. 

1 Introduction 

Squeal being an undesired condition, its appearance is never predicted by initial design models, when they 

exist, and experiments are needed to understand the exact conditions of occurrence. Two major techniques 

are classically used to perform vibration measurements on brake systems: accelerometer measurements 

and 3D Scanning Laser Doppler Vibrometer measurement. The specificities of each measurement 

techniques are reminded in Table 1. 

Table 1: Characteristics of accelerometer and 3D-SLDV measurements 
 Accelerometer 3D-SLDV 

Synchronous measurement Yes No 

Setup time Long Acceptable 

Wireframe density Low High 

Without contact No Yes 

Rotating parts No Yes 

Hidden parts Yes No 

 
The 3D-SLDV is interesting because the setup time is reasonable, it is without contact, and it can offer a 

high number of measured points. However, only visible parts can be measured. Some accelerometers can 

be used to add missing information but this still does not include tight areas or junctions. The main 

disadvantage of the 3D-SLDV to measure a squeal phenomenon is that measurements are sequential. This 

is a problem because as will be highlighted in section 3, brake squeal is a time varying phenomenon. 
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The first objective of this study was to propose an experimental strategy to extract shapes that characterize 

the limit cycle associated with a squeal occurrence. To propose and adequate strategy it is first necessary 

to have prior knowledge of the expected properties. Section 2 uses a simple numerical model  [1] to 

illustrate that the shapes associated with squeal instabilities are expected to be dominated by the 

combination of two real modes with contributions that may be quite sensitive to changes.  

Knowing that a limit cycle is expected to be composed of a time varying combination of fixed shapes, 

Section 3 exploits time-frequency analyses of experimental measurements to demonstrate that indeed two 

real shapes dominate the response and have variations that are coherent with the changes due wheel 

position. A reproducibility test further demonstrates that, while different experiments can lead to notable 

frequency shifts, the shapes underlying the limit cycle are fairly constant. This first analysis is performed 

using test on the drum brake test bench shown in figure 1 left. 

 

       

Figure 1 : Experimental setups. Left drum-brake used for section 3.  

Right : disk-brake used for sections 4-5.  

Because of the low spatial density, the accelerometer measurements can be difficult to exploit. The second 

objective of this paper is thus to present the strategy developed to extract principal shapes from 3D-SLDV 

measurements. The algorithm is described in Section 4 and applied on the brake shown in figure 1 right. 

Finally, despite a quite high spatial resolution of the laser measurement, many parts are not accessible to 

the measurement. As a result, using mode shape expansion techniques to estimate the full FE response 

from measurements appears as a necessity to provide understanding of inconsistencies between model and 

test and thus pave the way for the proposition of modifications. The Minimum Dynamic Residual 

(MDRE) method [2] is applied in Section 5 to illustrate the potential uses. It is shown that expanded 

shapes give better understanding of the brake motion and that distribution of the residual energy after 

expansion gives insight on modeling errors. 

2 Expected shapes in a squeal event: a simple example 

To motivate the procedure used to analyze shapes during a squeal event, a simple numeric example is 

detailed here. As motivated in [1], the complex mode shapes come from the linearization of the model 

around a chosen state (pressure, velocity…). The linearized model provides a system of the form 

 [𝑀]{�̈�(𝑡)} + [𝐶]{�̇�(𝑡)} + [𝐾𝑠 + 𝐾𝑢]{𝑞(𝑡)} = {𝑓𝑒𝑥𝑡(𝑡)} (1) 
where 𝑞, �̇� et �̈� are displacements, velocities and acceleration, M, C, K are respectively the mass, damping 

and stiffness matrices supposed constant. The stiffness matrix can be decomposed in a symmetric part 𝐾𝑠, 

coming from the elastic properties of each components and the linearization of the normal contact loads 

and a non-symmetric part 𝐾𝑢 linked to the fluctuation of the tangential loads induced by the fluctuation of 
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the normal loads. It is classical to project the system in the real mode basis [𝛷], found by solving the 

system with [𝐶] = 0 and 𝐾𝑢 = 0 (which is equivalent to consider a friction coefficient 𝜇 = 0). Projected 

in this basis, the complex modes are solution of  

 ([ ∖𝜔𝑗
2

\
] + [𝛷𝑇𝐾𝑢𝛷] + 𝜆𝑗[𝛷

𝑇𝐶𝛷] + 𝜆𝑗
2[𝐼]) {𝜓𝑗𝑅} = 0 (2) 

with restitution on the full set of Degrees Of Freedom (DOFs) computed using {𝜓𝑗} = [𝛷]{𝜓𝑗𝑅}. 

 
The simplified brake shown in Figure 2 is used as an illustration. The disc (blue) and the backplate 

(yellow) are made of steel and the friction (green) is made of an orthotropic softer material, about 5GPa 

with an additional Rayleigh damping (see the introduction of [1] for details). The model is clamped at 4 

locations at the interface between the backplate and the friction (similar to the one circled in the figure). 

 

Figure 2 : Simple brake model geometry (left) and real mode shapes #8 and #9. (right)  

This model has an unstable (negative damping) complex mode at 5050Hz which corresponds to the 

interaction between the two real modes #8, with a mostly out-of-plane deformation, and #9 with mostly a 

deformation of the pads sliding on the disc. 

To confirm that the complex mode shape mainly comes from the interaction between the two real shapes, 

the friction coefficient is swept from 0 to 0.2 (not a physical value but still relevant for the interpretation). 

The left of Figure 3 shows that the complex modes #8 and #9 are stable at first (as indicated by the red 

dots). Then with the increase of the friction coefficient, mode #8 becomes unstable, while the damping of 

mode #9 increases.  

Figure 3 : Evolution of complex modes with the friction coefficient: roots (left), real mode participation to 

the complex mode #8 (middle) and phase between real modes #8 and #9 (right) 

From (2), it is possible to look at the evolution of the real mode participation (𝜓
𝑗𝑅

) of each modal DOF 

with the normalization ‖𝜓
𝑅
‖ = 1. Figure 3 center thus shows the participation of the real modes to 

complex mode #8, which become unstable, evolves from 100% of real mode #8 (blue line) to 70% of real 

mode #9 (red line) and 70% of real mode #8. Figure 3 illustrates the significant evolution of the phase 

relation between contributions of real modes #8 and #9 to complex mode #8. 

To evaluate the pertinence to use only two real modes to interpret the unstable modes, equation (2) is 

reduced on the 2 real mode shapes #8 and 9, leading (with the assumption of modal damping) to 
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 ([
1 0
0 1

] 𝜆𝑗
2 + [

2𝜁8𝜔8 0
0 2𝜁9𝜔9

] 𝜆𝑗 + [
𝜔8

2 0

0 𝜔9
2] + [

𝑘11
′ 𝑘12

′

𝑘21
′ 𝑘22

′ ]) {𝜓𝑗𝑅} = 0 (3) 

The comparison between the system reduced on the two real modes on the one hand and on all real modes 

on the other hand is provided by Figure 4. The accuracy of frequencies is not as good with only two 

shapes, but the coupling still occurs and the damping computation is almost unchanged. 

 

Figure 4 : Complex modes frequency (left) and damping (right) for variable friction coefficient. Reduction 

on two real modes (dashed lines) and on all real modes (full lines). 

The common practice in presence of coupled modes is to try separating the frequencies. Doing so on the 

two shape reduced model, by moving away their frequencies with the same percentage (modifying 

𝑘1, 𝑘2, 𝑐1, 𝑐2 but not the non-symmetric stiffness part), results in the evolution of the complex frequencies 

and damping shown in Figure 5. As mode #9 damping decreases, mode #9 one increases until it is no 

longer unstable. The dot lines represent the values of the frequencies 𝑓
8
 𝑓

9
 and dampings 𝜁

8
 𝜁

9
. When the 

frequencies are moved away, the influence of the coupling stiffness decreases, and the mode parameters 

converge toward the ones without coupling at all. 

 

Figure 5 : Complex mode frequency and damping for varying frequency shift of real modes #8 and #9 

3 Time frequency analysis 

With the objective of extracting the characteristics of a limit cycle, it is first necessary choose a strategy to 

extract shape information. The test case used for illustration is the drum brake of figure 1 left. The 

measurement is performed using 38 accelerometers measured simultaneously. The measurement geometry 

was built [2] from the numerical mode shapes, using the MSeq algorithm [3], to distinguish the modes in a 

frequency band around 900Hz. In the picture, the drum was removed to see the internal instrumentation. 

For this brake, a low frequency squeal occurrence (about 900Hz) has been found on vehicle and needed to 

be reproduced on bench for further analysis.   
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To analyze the evolution of the squeal with time, the Gabor transform is used to decompose the signal in 

the time-frequency domain. It consists in a Short Time Fourier Transform where at each time step, the 

signal is convolved with a Gaussian window whose standard deviation √Δ𝑡2 is used to choose the 

compromise between time and frequency resolution, fixed by the Heisenberg-Gabor equality 

√Δ𝑡2√Δ𝑓2 =
1

4𝜋
.  

The Gabor transform is applied to the measurement on an arbitrary sensor with a very good frequency 

resolution √Δ𝑓2 = 0.5𝐻𝑧 which induces a quite poor time resolution √Δ𝑡2 = 0.1592𝑠. This is acceptable 

because the squeal behavior evolution with time is slow. Figure 6 left shows that during the squeal, the 

frequency shifts between 906Hz and 913Hz. Three time slices on the right of the figure also highlight the 

amplitude evolution of the main resonance. A smaller peak of amplitude, constant in frequency at 900Hz, 

is present for each measurement and is due to an harmonic of the power supply of the bench (50Hz). It is 

interesting to note that this choice is notably different from earlier practice which used much shorter 

buffers in favor of a better time resolution. 

 

  

Figure 6 : Gabor transform of a squeal measurement (left), time slices (right) 

To evaluate in detail the evolution of the behavior, at each instant 𝑡, the frequency where the amplitude is 

maximum 𝑓
𝑚𝑎𝑥

(𝑡) is found, and the corresponding shape {𝑦(𝑓𝑚𝑎𝑥(𝑡), 𝑡)} is extracted. All these shapes are 

concatenated and real plus imaginary parts are decomposed with the Singular Value Decomposition 

providing sorted real shapes {𝑈𝑗} 

 [𝐹] = [ℜ(⋯𝑦(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯) ℑ(⋯𝑦(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯)]𝑁𝑆×2𝑁𝑇 = ∑ {𝑈𝑗}𝜎𝑗{𝑉𝑗}
𝑇

𝑗
 (4) 

with NS the number of sensors and NT the number of time steps. 

The family [⋯𝑦(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯] can then be decomposed on these real shapes, leading to 

 [⋯𝑦(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯] ≈ ∑ {𝑈𝑗}𝑁𝑆×1
{𝑎𝑗(𝑡)}1×𝑁𝑇𝑗

 (5) 

with 𝑎𝑗(𝑡) = 𝜎𝑗 × (𝑣𝑗(𝑡) + 𝑖𝑣𝑗(𝑡 + 𝑁𝑇)). 
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Figure 7 : Time evolution of the main real shapes |𝑎𝑗(𝑡)| (left) and relative evolution between the two 

main shapes 𝑎2(𝑡)/𝑎1(𝑡). 

Figure 7 left shows the time evolution of |𝑎𝑗(𝑡)| and it is clear that the limit cycle shape has only two 

significant amplitudes and is thus well represented the by two main real shapes [𝑈1𝑈2]. The relative 

evolution between the two main shapes 𝑎2(𝑡)/𝑎1(𝑡) is analyzed on the right and show an amplitude ratio 

in the range 0.75-1 and a low phase evolution between -85° and -100°. Thus the limit cycle, despite the 

evolution of the complex shape, stays in the same subspace in an analogous way than the numerical result 

illustrated in section 2. 

It is also important to evaluate reproducibility. For this purpose, a second squeal event has been measured 

a day after the first measurement, leading to potential evolution of parameters such as pressure map, 

relative component placement or temperature. The time-frequency evolution of this second measurement 

and for the same sensor is shown on Figure 8. A quite important frequency shift is also found from 917Hz 

to 925Hz and is in average more than 10Hz higher than the first one. 

 

Figure 8 : Gabor transform of the second squeal measurement. 

The family containing the two measurement, normalized to have the same weight 

 [𝑦(𝑡)] = [
[⋯𝑦1(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯]

‖⋯𝑦1(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯‖
 
[⋯𝑦2(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯]

‖⋯𝑦2(𝑓𝑚𝑎𝑥(𝑡), 𝑡)⋯‖
] (6) 

is used and decomposed as in (4) and (5). The evolutions of the amplitudes |𝑎𝑗,1(𝑡)| and |𝑎𝑗,2(𝑡)|, related 

to the common main real shapes shown in Figure 9. The predominance of the two main real shapes is a bit 

less clear than when the first measurement was decomposed alone (see Figure 7 left), but still there. 
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Figure 9 : Time evolution of the common main real shape amplitudes for the first measurement |𝑎𝑗,1(𝑡)| 

(left) and the second measurement |𝑎𝑗,2(𝑡)| (right). 

4 Extraction of principal shapes from laser measurements 

Tests limited to accelerometers have a very limited resolution. 3D-SLDV measurements allow a higher 

spatial density but lead to sequential measurements. The objective of this section is thus to introduce a 

methodology for shape extraction in this context. The test case is the disk brake of figure 1 right. The 

measurements have been performed using the Polytec Scanning Laser Doppler Vibrometer PSV500 using 

the test geometry visible in Figure 11. This system presents a squeal occurrence at about 4250Hz. To 

extract the two main shapes from the sequential measurements, three reference monoaxial accelerometers 

have been disposed on the structure as reference: one on the caliper, one on the anchor bracket and one on 

the arm. 

 

In order to aggregate the sequential measurements, the hypothesis used is that a subspace of response 

shapes of dimension two remains constant during the squeal. 

For each point i of the wireframe presented in the introduction, a time measurement is performed (0,1s) 

containing three measured signals Xi, Yi, Zi at the scanned point and reference accelerometers  

 

[
 
 
 
 
 

𝑥𝑖(𝑡)

𝑦𝑖(𝑡)

𝑧𝑖(𝑡)
⋮

𝑎𝑅𝑒𝑓(𝑡)]
 
 
 
 
 

𝑖∈[1,𝑁𝑙𝑎𝑠𝑒𝑟]

 (7) 

 

For each laser position i, the two main real shapes [Φ1
𝑖 Φ2

𝑖 ] are extracted using the SVD (4). To 

concatenate each measured point, two main shapes at the references [𝜙
1
𝜙

2
]
|𝑟𝑒𝑓

 are needed. These are 

obtained using again an SVD on the restriction at reference accelerometers of all the previously extracted 

main shapes 

 
[Φ1

1Φ2
1 … Φ1

𝑖 Φ2
𝑖 … Φ1

𝑁Φ2
𝑁]|𝑟𝑒𝑓 = ∑{𝜙

𝑗
}
|𝑟𝑒𝑓

𝜎𝑗{𝑉𝑗}
𝑇

𝑗

 
(8) 

Finally, for each measured point i, the objective is to find the best linear combination [𝜆𝑖] of [Φ1
𝑖 Φ2

𝑖 ], that 

minimizes the Euclidian distance with the target shape at references [𝜙
1
𝜙

2
]
|𝑟𝑒𝑓
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 [𝜆𝑖]=[Φ1
𝑖 Φ2

𝑖 ]|𝑟𝑒𝑓
+ [𝜙

1
𝜙

2
]
|𝑟𝑒𝑓

 (9) 

and the concatenation for each point of 

 [�̃�
1

𝑖
�̃�

2

𝑖
]  =[Φ1

𝑖 Φ2
𝑖 ][𝜆𝑖]  (10) 

forms the two main shapes. 

 

This procedure has been applied to the 3D-SLDV measurement of the brake disc presented in 

introduction. Around 4250Hz, the two main shapes shown in Figure 10 have been extracted. 

 

 

Figure 10 : Visualization of the two main shapes extracted from all the sequential time measurement with 

the proposed method 

The first shape shows mainly a deformation of the bracket. The second shape shows another deformation 

of the bracket with a deformation of the disc. 

5 Expanding the results to full FEM size 

Despite the high spatial resolution of the 3D-SLDV measurement, information such as hidden parts or 

interfaces between components are missing. Using a FEM to perform expansion is useful for two main 

reasons: it evaluates the deformations at all FEM DOFs which helps in analyzing the shapes and 

depending on the used algorithm, it can highlight areas where the FEM is doubtful which orients model 

updating procedures. 

As illustrated in Figure 11, the test wireframe has been constructed in two parts: one in the direct view to 

measure the disc, a part of the caliper and a part of the anchor bracket and one through the mirror to 

measure the remaining parts of the caliper and the anchor bracket. The experimental wireframe geometry 

is overlaid with the FEM and clearly illustrates the missing areas. 
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Figure 11 : Measurement wireframe on top of the FEM 

The two shapes obtained from the exploitation of the limit cycle measurements are used to perform 

expansion with a FEM. The MDRE [4] algorithm is used, which consists in finding the shape {�̂�} that 

minimizes the weighted sum of two energies: 𝜖𝑀𝑜𝑑 linked to the residual force 𝑍(𝜔){�̂�} = {𝑅𝐿(𝜔)} (not 

zero because the model is not exact) and 𝜖𝑇𝑒𝑠𝑡 linked to the measurement error (the error between the 

measured shape and the observation at sensors of {�̂�}). The cost function is then written 

 J = ϵMod + γϵTest (11) 

 
with 𝛾 the weighting between the two errors. In more details, to measure the residual force, the static 

displacement which it engenders is computed as 

  

 {𝑅𝐷(𝜔)} = [𝐾]−1{𝑅𝐿(𝜔)} = [𝐾]−1 𝑍(𝜔){�̂�} (12) 

and the deformation energy linked to this residual displacement is the error of model 

  

 𝜖𝑀𝑜𝑑 = {𝑅𝐷(𝜔)}𝐻[𝐾]{𝑅𝐷(𝜔)} (13) 

To express the measurement error, the expanded shape is observed at sensors using the 

observation matrix [𝑐] and compared with the measured shape using the classical Euclidian norm 

 

 𝜖𝑇𝑒𝑠𝑡 = ([𝑐]{�̂�} − {𝑦𝑇𝑒𝑠𝑡})
𝑇
([𝑐]{�̂�} − {𝑦𝑇𝑒𝑠𝑡}) (14) 

From these two errors, the cost function can be put in a matrix form (see [4] and [2]) and thus the 

expanded mode shape can be found directly for each value of 𝛾. 

 
Nevertheless, full resolution of MDRE is generally not accessible [5], so that the reduction proposed in [2] 

is a major contribution. The FEM is reduced on a basis combining the response to unit loads at sensors, for 

the result to be at least as good as the static expansion, and the free modes of the structure (considering the 

friction coefficient equals to zero), for the expansion to be exact if the model matches perfectly the 

measurements. This family of shapes is orthonormalized with respect to mass and stiffness matrices, 

leading to the basis 

 [𝑇] = [[𝛷]𝑁𝑀[𝛷⊥]] (15) 
with [𝛷]𝑁𝑀 the free mode shapes and [𝛷⊥] the part of the response to unit loads at sensors that is 

orthogonal to the free modes (this part will be called later enrichment). 
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Furthermore, this model reduction can be useful if the expansion is used in combination with an updating 

procedure, to speed up the parametrized studies. It also permits a quick evaluation of the MDRE result 

with several values of the parameter 𝛾 which allows more or less measurement error. 

 

Rather than absolute measurement and model errors, relative errors are introduced to ease 

interpretation of the role of parameter 𝛾. The relative measurement error is defined by 

 

 𝜖𝑇𝑒𝑠𝑡
𝑅 =

√𝜖𝑇𝑒𝑠𝑡

‖𝑦𝑇𝑒𝑠𝑡‖
 (16) 

and the relative model error by 

 𝜖𝑀𝑜𝑑
𝑅 =

𝜖𝑀𝑜𝑑

{�̂�}
𝑇
[𝐾]{�̂�}

 (17) 

 
Because of the chosen reduction basis, the DOFs 𝑞𝑅 can be decomposed in those linked to the free modes 

𝑞𝑀 and those linked to the enrichment 𝑞𝑀⊥. In this basis, the stiffness matrix is diagonal with first the 

mode pulsations 𝜔𝑀
2  and then the pseudo-pulsations 𝜔𝑀⊥

2 . From this property, the model error can be 

decomposed in the part linked to the free modes and the part linked to the enrichment 

 𝜖𝑀𝑜𝑑 = {𝑅𝐷}|𝑀
𝑇
[
⋱

ωM
2

⋱

] {𝑅𝐷}|𝑀 + {𝑅𝐷}
|M⊥

𝑇
[

⋱

ω
M⊥
2

⋱

] {𝑅𝐷}
|M⊥ (18) 

Several expansions with an increasing 𝛾 from 1 to 1e10 have been performed on the disc brake test case. 

The evolution of the relative measurement and model errors is shown in Figure 12. 

 

Figure 12 : Evolution of relative model and measurement error with 𝛾. Left: first main shape, right: 

second. 

For a very low value of 𝛾 = 1, the relative model error is really low but the expanded shape does not 

match the measurements. When increasing the value of 𝛾, the measurement error decreases with at first an 

incresing model error linked to the enrichment (up to 𝛾 = 10𝑒5). Then, the measurement error continues 

to decrease but with a strong increase of the model error linked to the free modes: to represent the 

measurement well, the free modes are used but do not satisfy well the mechanical equilibrium of the 

model. The free mode subspace seems thus relevant but does not have the good frequency distribution. 

Choosing an intermediate 𝛾 (5e+05), the expanded mode shapes are show in Figure 13.The first one is 

dominated by the deformation of the right column and the right side of the caliper. The second shape is 

mostly a deformation of the whole caliper and again the right column. The analysis of the squeal behavior 
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with the expanded shapes is simpler than with only the deformations at sensors. It can help providing 

modification propositions to impact the phenomenon. 

 

Figure 13 : Expansion result for the two extracted experimental shapes form the limit cycle measurements. 

The expansion can also be used to analyze the model quality. Indeed, the energy distribution coming from 

the residual forces shows areas of the model where the mechanical equilibrium is poor. This residual 

energy can be split in two: the residual energy related to the free mode shapes, and the residual energy 

related to the enrichment shapes. 

Figure 14 shows that the residual energy related to the enrichment shapes is mostly a concentration of 

energy near the sensor locations 

 

   

Figure 14 : Model error on the enrichment shapes 

Figure 15 shows residual energy distribution on the free mode shapes. This energy is more global with 

nevertheless several concentration areas: in the sliding contact between the pad and the disc (A), at each 

contact between the pad and the caliper (B) and between the columns and the caliper (C). Using these 

residual energy maps helps defining a relevant parametrization of the model to perform model updating if 

needed. 
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Figure 15 : Model error on the free mode shapes 

6 Conclusion 

This study showed that the interpretation of the squeal behavior as an interaction between two real shapes 

makes sense, not only numerically but also experimentally. The reproducibility of the phenomenon, 

despite frequency shifts, is good when the subspace is compared instead of the complex shapes directly: 

the limit cycle lies in a two-dimensional subspace with a slow variation of relative amplitude and phase. 

The time/frequency analysis strategy retained is very simple and more advanced techniques such as the 

Hilbert transform could be considered [6]. Tracking of modes during the cycle and before the squeal 

instability would be a useful complement to the test performed here. It would correspond to force 

appropriation and could be coupled to auto-resonance techniques [7].  

The two-dimensional subspace is sufficiently stable to allow a piecewise reconstruction combining 

reference sensors and 3D-SLDV measurements. This leads to field measurements of squeal shapes, but 

still only measures accessible surfaces and thus fail to give indications about the behavior of junctions.  

Finally, the expansion of the two shapes extracted from the limit cycle measurements provides a fully 

detailed estimation of the test shapes. The proposed reduction methodology enables practical studies on 

industrial models and the results can be interpreted in terms of shapes of interest and possibly as a basis to 

localize errors to be used in model updating analysis. Combining expansion and updating is a clear 

perspective of this work. 
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Abstract
Many engineering applications have as their main component rotor-blade systems whose dynamics can be

represented by a linear time-varying model. Since rotor-blade systems exhibit periodic dynamics, standard

linear time-invariant analysis and synthesis techniques cannot be directly used and are not able to guarantee

closed-loop stability and performance. Although there exist many results for periodic systems, the design

of controllers for such systems is, in general, a difficult task. Its practical application is challenging, from

the computational and experimental aspects. This paper presents the application of a periodic H2 control

problem in a rotor-blade system in order to attenuate the tip vibration. The proposed control design is

based on a periodic Riccati differential equation (PRDE). The Floquet-Lyapunov theory is used to represent

the dynamics in an adequate coordinate system, so that the PRDE can be efficiently solved. A robustness

analysis is also perfomed. Numerical experiments show the effectiveness of the proposed approach.

1 Introduction

Linear time-varying (LTV) differential equations are widely used to model natural phenomena, engineering

systems, and many other situations. For instance, time-varying models have been used to describe the dy-

namic behavior of an idealized human operator in [35, 48] and to estimate the stiffness of human elbow joint

during cyclic voluntary movement in [6]. In the field of economics, the dynamics of the yield curve and

key macroeconomic variables can be modeled through linear time-varying models [7]. In the rendezvous

problem for satellites in elliptic orbits [40], the relative motion of a deputy satellite with respect to the chief

satellite can be described by a time-varying linearized equation of motion.

In a trajectory tracking problem for mechanical systems [36], it is common to use a generator to provide

an off-line open-loop optimal trajectory, basically composed of an ideal system state and control input,

which satisfies the nonlinear system dynamics and ensures that the system output follows a given reference.

Then, considering that the design objective is to keep the actual plant state near its ideal value, under small

perturbations, a linear time-varying model can be used for control design [4]. In [44], an LTV model has

been used in the steps to obtain a flatness-based open-loop control law. A sequence of linear time-varying

approximations is used in [2, 16] to solve a nonlinear optimal control problem.

Periodic systems are a particular class of LTV systems that appear frequently in engineering applications,

since machinery with rotating parts is found in many mechanical systems, such as vehicles, airplanes, ships
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and wind-turbines, among others [20, 37]. Active control of rotor-blade systems has been an attractive ap-

proach to improve performance, suppress vibrations, and prolong machinery lifetime [23, 32, 46]. However,

due to the periodic time-varying nature of the problem, applications of classical LTI analysis and synthesis

techniques are not suitable.

One of the most important results available to analyze periodic systems is known as Floquet-Lyapunov

decomposition. It provides a coordinate change that reduces a homogeneous periodic system to a linear

time-invariant system. This decomposition was used in [24] to analyze helicopter rotor dynamics, in [47]

to design a periodic state feedback controller for a mistuned bladed disk, and in [41] to design a periodic

observer-based controller for mechanical systems. It was shown in [15] that the vibration of rotor-blade

systems can be attenuated using control forces acting on the hub. The presence of parametric vibration

effects due to vibration coupling between rotor and blades was analyzed in [14]. A periodic LQR controller

was proposed in [28] with guaranteed performance and closed-loop stability, and a discrete-time periodic H2

controller was proposed in [10] for vibration reduction using actively twisted blades.

The H2 norm has been extensively used to quantify system performance as an objective function for a large

class of optimal control problems [39, 45]. The H2 control problem consists of stabilizing the closed-loop

system while minimizing its H2 norm, from the disturbance input to the performance output [13, 39, 45]. The

notion of the H2 norm and synthesis conditions for the H2 state feedback control problem for continuous-

time periodic systems are found in [17, 18]. Algorithms to solve the underlying set of periodic time-varying

Lyapunov and Riccati equations [1, 8, 9], which frequently appear in control and systems theory, have been

extensively investigated in the last decades [19, 26, 30, 31].

In this paper, an H2 state feedback controller is designed to attenuate the tip vibration of a rotor-blade

system. The periodic time-varying control design is formulated in terms of a matrix Riccati differential

equation. Although the design guarantees stability and performance, an analysis of the robustness of the H2

controller with respect to stability is also provided.

2 Control design

This section presents the proposed periodic H2 optimal control design, used to improve the performance and

robustness of the rotor-blade system.

To access the best achievable performance, it is assumed henceforth that all the states are available for

feedback and, thus, the controller is a full state feedback gain. In case not all states are available for feedback,

a periodic observer can be designed, since the separation principle still holds [4, 50], with possible decrease

in performance and robustness [5, 21].

Consider the following linear time-varying system

ẋ(t) = A(t)x(t) +Bu(t)u(t) +Bw(t)w(t)

z(t) = Cz(t)x(t) +Dzu(t)u(t) +Dzw(t)w(t)
(1)

where all the matrices have compatible dimensions, are continuous functions of time, and bounded. Then,

the closed-loop system using the state feedback law

u(t) = K(t)x(t)

is given by

ẋ(t) = Acl(t)x(t) +Bcl(t)w(t)

z(t) = Ccl(t)x(t) +Dcl(t)w(t)
(2)

with

Acl(t) = A(t) +Bu(t)K(t), Bcl(t) = Bw(t), Ccl(t) = Cz(t) +Dzu(t)K(t), Dcl(t) = Dzw(t)

Before presenting the control design, some well-known results are introduced in the next section. For a

detailed exposition, see the comprehensive sources [8, 11, 52] and references therein.
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2.1 Preliminary facts

Consider the following linear time-varying system H given by

H :=

{
ẋ(t) = A(t)x(t) +B(t)v(t)

y(t) = C(t)x(t) +D(t)v(t)
(3)

where all the matrices have compatible dimensions, are continuous functions of time, and bounded. The

vectors y(t) and v(t) are the output and the input signals, respectively.

A convenient notion of stabilizability and detectability is given in the next definition [38].

Definition 1. System (3) is said to be stabilizable if there exists a bounded matrix function K(t) such that

ẋ(t) = (A(t) − B(t)K(t))x(t) is exponentially stable. System (3) is said to be detectable, if there exists a

bounded matrix function L(t) such that ẋ(t) = (A(t)− L(t)C(t))x(t) is exponentially stable.

The next Lemma 2 provides a classical version of the Lyapunov stability theorem for continuous-time linear

time-varying systems [38], which was first proved for the discrete-time case in [3]. A version for periodic

systems can be found in [8].

Lemma 2. Assume the pair (A(t), B(t)) is stabilizable and the pair (A(t), C(t)) is detectable. Then, either

of the following statements is a sufficient condition for system (3) to be exponentially stable:

1. There exists a bounded nonnegative definite matrix solution Lc(t) of the equation

L̇c(t) = Lc(t)A
′(t) +A(t)Lc(t) +B(t)B′(t)

2. There exists a bounded nonnegative definite matrix solution Lo(t) of the equation

−L̇o(t) = A′(t)Lo(t) + Lo(t)A(t) + C ′(t)C(t)

In system theory, mainly in optimal control problems [29, 49], the Riccati equation plays an important role

[1, 9, 33]. The next Lemma 3 states the conditions for the solution of the Riccati differential equation to be

unique and stabilizing [38].

Lemma 3. Assume the pair (A(t), B(t)) is stabilizable and the pair (A(t), C(t)) is detectable. Then, there

exists a unique bounded solution X(t) ≥ 0 of the following Riccati equation

0 = Ẋ(t) +A′(t)X(t) +X(t)A(t)−X(t)B(t)B′(t)X(t) + C ′(t)C(t)

Furthermore, the system ẋ(t) = (A(t)−B(t)B′(t)X(t))x(t) is exponentially stable.

The next Lemma 4 provides another important result, called Floquet-Lyapunov decomposition [11, 22, 52],

which can be used to transform the homogeneous T -periodic system

ẋ(t) = A(t)x(t), A(t+ T ) = A(t) (4)

into a linear time-invariant system.

Lemma 4. Consider the T -periodic linear system (4). Let the associated transition matrix be denoted by

ΦA(t, t0). Define a matrix function P (t) and a constant matrix W via the equations

P (t) = eWtΦA(0, t) and eWT = ΦA(T, 0) (5)

Then, the transition matrix ΦA(t, t0) can be written as

ΦA(t, t0) = P−1(t)eW (t−t0)P (t0)

Moreover, system (4) is reducible in the sense of Lyapunov and its origin x = 0 is an exponentially stable

equilibrium if, and only if, W is Hurwitz.
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From this previous result, it becomes clear that the class of linear periodic systems is reducible in the sense

of Lyapunov [22]. Furthermore, the change of variable η(t) = P (t)x(t) transforms (4) into the linear time-

invariant system

η̇(t) = Wη(t) (6)

To see this fact, observe that the system dynamics in the η-coordinate is given by

η̇ = Â(t)η(t)

with

Â(t) = P (t)A(t)P−1(t) + Ṗ (t)P−1(t)

whose transition matrix can be shown to be

ΦÂ(t, t0) = P (t)ΦA(t, t0)P
−1(t0) = eW (t−t0)

which is exactly the transition matrix of system (6).

The monodromy matrix ΨA, which is usually defined as the transition matrix computed over one period, i.e.

ΨA = ΦA(T, 0), is a crucial element for the stability analysis of periodic systems. The characteristic roots

of eWT = ΨA are called the multipliers associated with A(t) and the characteristic roots of W are called

characteristic exponents. As a direct consequence of Lemma 4, the stability of (4) is characterized by the

location of these roots.

Using the Floquet-Lyapunov transformation above, the periodic system (3) becomes

η̇(t) = Âη(t) + B̂(t)v(t)

y(t) = Ĉ(t)η(t) + D̂(t)v(t)
(7)

with

Â = W, B̂(t) = P (t)B(t), Ĉ(t) = C(t)P−1(t), D̂(t) = D(t)

Notice that the system matrix A(t) is transformed into a constant matrix W . However, all the other matrices

still remain time-varying. In this new coordinate, it is possible to apply an extra similarity transformation to

convert W , for instance, to a real block diagonal form.

A procedure for computing the Floquet-Lyapunov transformation using Chebyshev polynomials is presented

in [42]. Another procedure that uses a Fourier series expansion to transform a periodic system into an LTI

system in the modal form is provided in [51] and applied in [15]. Modal analysis techniques for linear

time-varying systems can be found in [12, 27, 34].

2.2 Periodic state feedback H2 synthesis

The H2 norm for linear time-invariant (LTI) systems can be computed from the controllability or the observ-

ability gramians [43, 53]. The computation of these norms is readily performed by solving the corresponding

algebraic Lyapunov equation. For linear time-varying (LTV) systems, there exist distinct characterizations

of the H2 norm, which are straightforward extensions of the LTI case, but, in general, they are not equivalent

[45]. As shown in the next Lemma 5, the H2 norm for a T -periodic system can be defined in a similar way

as the LTI case, using the controllability and the observability gramians [17].

Lemma 5. Consider system H given by (3) with D(t) = 0. Assume the T -periodic system matrix A(t) is

exponentially stable. Let the controllability gramian Lc(t) and the observability gramian Lo(t) be bounded

solutions of the following equations

L̇c(t) = Lc(t)A
′(t) +A(t)Lc(t) +B(t)B′(t)

−L̇o(t) = A′(t)Lo(t) + Lo(t)A(t) + C ′(t)C(t)
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Then, the H2 norm of (3) is given by

‖H‖22 =
1

T

∫ T

0
Tr

[
C(τ)Lc(τ)C

′(τ)
]
dτ =

1

T

∫ T

0
Tr

[
B′(τ)Lo(τ)B(τ)

]
dτ

The proposed H2 optimal control problem consists in finding a state feedback gain K(t) such that the H2

norm of the closed-loop system is minimized. The next Lemma 6 provides, as shown in [18], a Riccati

differential equation that characterizes the solution of the H2 state feedback control problem for system (1),

with Dzw(t) = 0.

Lemma 6. Consider system (1) with Dzw(t) = 0. Assume that (A(t), Bu(t)) is stabilizable, Dzu(t) is

injective for each t, and that the periodic system (A(t), Bu(t), Cz(t), Dzu(t)) does not have invariant zeros

in the unit circle. Then, the optimal solution of the H2 problem is

K(t) = −R−1(t)
(
B′

u(t)X(t) +D′
zu(t)Cz(t)

)

where R(t) = D′
zu(t)Dzu(t), and X(t) is the stabilizing positive semidefinite solution of the periodic Riccati

differential equation

Ẋ(t) +A′(t)X(t) +X(t)A(t) + C ′
z(t)Cz(t)

−
(
X(t)Bu(t) + C ′

z(t)Dzu(t)
)
R−1(t)

(
B′

u(t)X(t) +D′
zu(t)Cz(t)

)
= 0

There exist appropriate techniques that can be used to solve the periodic Riccati differential equation above

[19, 26, 30, 31].

2.3 Robustness analysis

It is interesting to verify how robust the stability of the closed-loop system is, using the proposed periodic

H2 state feedback controller, when the system model is uncertain. For this analysis, different approaches can

be used.

The necessary and sufficient conditions for asymptotic stability of continuous-time linear time-varying sys-

tems and, in particular, for periodic systems presented in [25], are explored. These conditions provide a

function ρ̄(t) that bounds all the system trajectories, for a prescribed set of initial conditions, as stated in the

next Lemma 7 from [25].

Lemma 7. For a given ρ0 > 0, let ρ̄(t) = ρ0λ
1/2
max(X(t, t0)), where X(t, t0) is the solution of the following

Lyapunov differential equation

∂

∂t
X(t, t0) = A(t)X(t, t0) +X(t, t0)A

′(t), X(t0, t0) = I

and let

ρT = max
t∈[t1,t1+T ]

ρ̄(t), t1 ≥ t0

Then, the T -periodic system (4) is asymptotically stable if, and only if,

ρT < ∞ and ρ̄(t1 + T ) < ρ̄(t1), ∀t1 ≥ t0

Moreover, there always exists an initial condition x0 ∈ Ω0, with Ω0 = {x | x′x ≤ ρ20, ρ0 > 0}, such that

the associated trajectory reaches the bound ρ̄(t), in the sense that x′(t)x(t) = ρ̄2(t).

It is also possible to analyze the region of stability of the closed-loop system, using the computed H2 con-

troller, as a function of the system’s uncertainties. For this test, the stability is verified by computing the

multipliers associated with the closed-loop systems, obtained by the feedback connection of each uncertain

open-loop model with the H2 controller.
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3 Rotor-blade dynamics

The two-dimensional rotor-blade system shown in Figure 1 consists of a rotor with four flexible blades,

rotating in a suspended hub, with angular velocity Ω. The hub motion is described in the inertial (x, y)-
coordinate system. The angular position of blade 1 is given by θ(t). A detailed derivation of the model is

found in [14, 15].

Figure 1: Two-dimensional model of the rotor-blade system.

Considering that the system rotates at the constant angular velocity Ω = 300 rpm, the equation of motion is

given by

M(t)q̈(t) +D(t)q̇(t) + S(t)q(t) = Quu(t) + p(t) + w(t) (8)

where M(t) is the mass matrix, D(t) is the damping matrix, S(t) is the stiffness matrix, Qu is the input

matrix, u(t) is the control input force, p(t) is the periodic force due to the unbalance, and w(t) is the

exogenous disturbance acting on the system.

The system matrices, with period T = 2π/Ω = 0.2 seconds, are given by

M(t) =




10.99 0 −0.135S0 −0.135S1 −0.135S2 −0.135S3

0 9.09 0.135C0 0.135C1 0.135C2 0.135C3

−0.135S0 0.135C0 0.161 0 0 0
−0.135S1 0.135C1 0 0.161 0 0
−0.135S2 0.135C2 0 0 0.161 0
−0.135S3 0.135C3 0 0 0 0.161




D(t) =




1.200 0 −0.270ωC0 −0.270ωC1 −0.270ωC2 −0.270ωC3

0 1.500 −0.270ωS0 −0.270ωS1 −0.270ωS2 −0.270ωS3

0 0 0.800 0 0 0
0 0 0 0.800 0 0
0 0 0 0 0.800 0
0 0 0 0 0 0.800
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S(t) =




6.6× 104 0 0.135ω2S0 0.135ω2S1 0.135ω2S2 0.135ω2S3

0 7.7× 104 −0.135ω2C0 −0.135ω2C1 −0.135ω2C2 −0.135ω2C3

0 0 Ŝ0 0 0 0

0 0 0 Ŝ1 0 0

0 0 0 0 Ŝ2 0

0 0 0 0 0 Ŝ3




Qu =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0.299 0 0 0
0 0 0 0.299 0 0
0 0 0 0 0.299 0
0 0 0 0 0 0.299




where Sk = sin(ωt + πk/2), Ck = cos(ωt + πk/2) and Ŝk = 1961 + 0.102ω2 − 16.85Sk, with ω =
2π/T = 10π rad/s, and k = 0, 1, 2, 3.

The matrices M(t), D(t), S(t), and Qu above are obtained from the system matrices given in the appendix

of [14] after removing the second bending mode of the blades, i.e., after removing the 4th, 6th, 8th, 10th

lines and columns.

By defining the state space vector x(t) =
[
q′(t) q̇′(t)

]′
, equation (8) can be written in following the state

space form

ẋ(t) = A(t)x(t) +Bu(t)u(t) +Bw(t)w(t) + f(t) (9)

where

A(t) =

[
0 I

−M−1(t)S(t) −M−1(t)D(t)

]
,

Bu(t) =

[
0

M−1(t)Qu

]
, Bw(t) =

[
0

M−1(t)

]
, f(t) =

[
0

M−1(t)

]
p(t)

The displacement vector q has six generalized coordinates that account for the hub motion, in the (x, y)-
directions, and the tip deflection of each one of the four blades. Thus, the system has 6 degrees of freedom

and the state x has 12 entries.

The mechanical system has six actuators that can independently control all six degrees of freedom. Two

actuators are located in the hub, providing forces in the (x, y)-directions, and the other four are located in

each one of the blades.

As observed in [14], the force p(t), due to unbalances, is usually known or well estimated when the system

rotates at constant speed. Thus, it is possible to cancel out this effect, as performed in [28], using the

following feedforward control law

uf (t) = −
(
B′

u(t)Bu(t)
)−1

B′
u(t)f(t)

The next section presents the numerical results in which the unbalance is neglected, since it is assumed that

a preliminary feedforward control law can always be applied to cancel its effect.

4 Numerical results

For the numerical simulations, the matrices A(t), Bu(t), and Bw(t) are provided in Section 3 and the matri-

ces Cz(t), Dzu(t), and Dzw(t) are given by

Cz(t) = 10

[
N

06,12

]
, N = blkdiag(02, I4, 02, I4), Dzu(t) =

√
0.1

[
012,6
I6

]
, Dzw(t) = 0
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where 0n,m and In,m are the zero and the identity matrices of size n × m, respectively, and the operation

blkdiag(X1, . . . , Xn) denotes the block diagonal matrix concatenation of its arguments.

Using Lemma 4, a Floquet-Lyapunov decomposition can be computed to represent system (1) in a new

coordinate η(t), as shown in (7), so that the system dynamic matrix A(t) is transformed into a constant

matrix W . In the first step of this process, the monodromy matrix ΦA(T, 0), generated by the open-loop

matrix A(t), is computed and, subsequently, matrix W and the matrix function P (t) are determined using

(5). Afterwards, a similarity transformation is used to represent W in a block diagonal form. The obtained

matrix W is given by W = blkdiag(W1, . . . ,W6), with

W1 =

[
−0.5253 0.6891
−0.6891 −0.5253

]
, W2 =

[
−0.5605 12.8302
−12.8302 −0.5605

]
, W3 =

[
−2.5467 9.2207
−9.2207 −2.5467

]

W4 =

[
−1.6028 11.8287
−11.8287 −1.6028

]
, W5 =

[
−2.4885 12.5150
−12.5150 −2.4885

]
, W6 =

[
−2.4885 12.5148
−12.5148 −2.4885

]

The eigenvalues of W are given by: −0.5253 ± j0.6891, −0.5605 ± j12.8302, −1.6028 ± j11.8287,

−2.4885± j12.5150, −2.4885± j12.5148, and −2.5467± j9.2207. Thus, the open-loop system is asymp-

totically stable, although lightly damped mainly due to the eigenvalues near the imaginary axis.

Using Lemma 6, the periodic H2 state feedback controller is designed by solving the associated periodic

Riccati differential equation. The H2 norm of the open-loop system, computed using Lemma 5, is 39.5693.

On the other hand, the H2 norm of the closed-loop system is 15.5883, which corresponds to a decrease of

approximately 60%.

A time domain simulation is performed using a Gaussian white noise input w(t) with zero mean and co-

variance matrix equals to 100I . The system is assumed to be at rest with initial condition x0 = x(0) = 0.

Figure 2 and Figure 3 show, respectively, the hub position in the x-direction and the blade 1 tip deflection,

for the open-loop (dashed black line) and the closed-loop (solid red line) systems. The other blades have

similar behavior as blade 1.
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Figure 2: Blade 1 tip deflection.
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Figure 3: Hub position in the x-direction.

The next Figure 4 shows the curve given by function ρ̄(t) (solid black line) from Lemma 7, proposed in [25],

and the 2-norm of the solution x(t) (dotted red line) of the closed-loop system, for a set of 100 randomly

generated initial conditions satisfying x′0x0 = ρ20 = 1. As it can be observed from this figure, the function

ρ̄(t) bounds ‖x(t)‖2 = (x′(t)x(t))1/2 for all system trajectories and, clearly, there must exist an initial

condition x0 such that the boundary x′(t)x(t) = ρ̄2(t) is reached.

To verify how robust the closed-loop stability is under parameter variation, it is assumed that the mass matrix

M(t) varies in the range αM(t), for α ∈ [10−3, 70], and the damping matrix D(t) varies in the range βD(s),
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Figure 4: Function ρ̄(t) (solid black line) and ‖x(t)‖2 (dotted red line) for a set of 100 randomly generated

initial conditions such that x′0x0 = 1.

for β ∈ [0, 15]. Since M(t) needs to be invertible, the lower bound for α was chosen as 10−3. The upper

bounds for α and β were arbitrarily chosen. For a mesh of points in the αβ-region, the maximum absolute

value γ of the 12 multipliers associated with each closed-loop system is computed.
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Figure 5: Stability surface defined by α, β and γ.

Figure 5 shows the plot of the parametric surface defined by α, β and γ. The closed-loop system is asymp-

totically stable if, and only if, γ < 1. Notice that for small values of α, which correspond to a mass matrix

whose periodic entries have small amplitude, stability is guaranteed for any β. However, the system becomes

unstable in the region where γ exceeds unity, which occurs in the vicinity of α = 40 for a set of values of

β. This fact is illustrated in Figure 6, which is a zoom of Figure 5, and in Figure 7, which shows the view of

the αβ-plane for γ ≤ 1. In Figure 7, the stable region is represented by the yellow mesh, and the unstable

region otherwise.
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5 Conclusion

In this paper, a periodic H2 state feedback controller was designed to attenuate the tip vibration of a two-

dimensional rotor-blade system. The periodic dynamics of this system has 6 degrees of freedom: two related

to the hub motion and one for each blade transverse deflection. The system is fully actuated. The unbalanced

was neglected, since its effect can be canceled by a feedforward control law.

A Floquet-Lyapunov decomposition was applied to the system such that the system matrix A(t) is reduced

to a constant matrix W . A similarity transformation is also used to represent W in a block diagonal form

with the characteristic exponent on the diagonal. Afterwards, the H2 state feedback controller is computed

from the solution of a periodic Riccati differential equation.

The H2 norm of the open- and closed-loop systems are computed from the solution of a periodic Lyapunov

differencial equation. It was readily verified that the periodic controller was capable of reducing significantly

the vibration of the tip deflection, as was expected. The reduction measured in terms of the two-norm of

closed-loop system was approximately 60%. However, different choice for the output matrices Cz and Dzu

would lead to different performance and attenuation level.

An analysis of the robustness of the H2 controller was performed a posteriori. An envelop that bounds all

the system trajectories, for a prescribed set of initial conditions, was computed. It was assumed that the

mass matrix and the damping matrices were uncertain matrices inside a given region of uncertainty, and the

stability of the closed-loop system for each uncertain model was analyzed. It was readily verified that the H2

controller is robust for most of the uncertain models, but there are some combinations of mass and stiffness

matrices for which the closed-loop system will be unstable.
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Abstract
This paper proposes a method to investigate the influence of the drive line parameters on the performance
of a flapping wing nano air vehicle. A model-based approach is developed to complement the experimental
approach used in traditional flapping wing research. An adapted 1 degree of freedom mass spring damper
model is used. The flapping wing aerodynamics are incorporated using quasi-steady theory. The model is
validated for different load cases with experiments on a dedicated experimental set-up. A model for the drive
line with an adapted wing load moving in a single degree of freedom is selected. This model is used to
analyse the dynamics of the drive line. The optimal operation frequency is shown to be the natural frequency
of the system. The advantage of using a resonance-supported system is proven. The model can be used
to optimise efficiency by means of a sensitivity analysis of the drive line parameters. The potential of the
method is demonstrated by optimising the gear ratio and the spring stiffness.

1 Introduction

A growing interest in nano air vehicles (NAVs) is seen lately both from scientific and from industrial side
since they give specific advantages in certain environments. NAVs are defined in this paper as unmanned
air vehicles with a total wing span around 15cm or smaller. Their small size allows flight indoors or in
confined spaces which offers possibilities their bigger counterparts cannot offer. Despite their small size,
these nanorobots are often equipped with sensors or a camera which allows measurements in inaccessible or
poisonous areas. Practical usage in different situations imposes specific requirements on the nanorobot. The
main requirements are small size, high payload capacity, long flight duration, high agility and autonomous
operation[1].

Existing nano air vehicles are divided into categories based on their mechanism to generate thrust forces and
forces to control the nanorobot[2]. A flapping wing nano air vehicle (FWNAV) is a special type of nanorobot
developed to comply with the requirements mentioned above. This class of nanorobots copies the wing
motion of some small birds and insects[3]. The wings move in a horizontal stroke plane at high frequencies
to produce both the thrust force and the force to control the attitude and stability of the nanorobot. Forces
produced in nature exceed the values calculated with classical aerodynamics[4]. The objective is to benefit
from the mechanisms observed in nature to have the same high force generation[5, 6]. Prototypes with
different sizes are being developed. The smallest FWNAVs copy insects and bumblebees like the Harvard
Robobee[7, 8]. Bigger concepts are based on hummingbirds like the Aerovironment Nano Hummingbird[9]
and the Purdue robotic hummingbird[10].

A dedicated drive line system needs to be developed to generate the high frequency wing motion for FW-
NAVs. The drive line is subjected to high aerodynamic and inertial forces from the wing. Different drive line
configurations are available.
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• A first system uses a crank shaft mechanism to transfer a rotational motor motion to the high frequency
back and forth flapping motion[11, 12]. The motor works continuously around its optimal point of
operation. The load on the motor is however very non-linear and extra hardware is necessary to
control the nanorobot stability. This system was developed for a first FWNAV prototype at the KU
Leuven[13].

• Another configuration uses a direct transmission from the motor to the wing motion and the motor is
driven with an alternating current[10, 14, 15]. This system reduces the complexity of the drive line and
therefore the robustness of the system increases. Control can be exerted by actively adapting the motor
current[16]. This system can easily be combined with a spring to support the motion. The system is
currently used in the reference prototype.

• A third configuration uses a piezoelectric actuator[17]. This is often chosen for very small designs.

As the drive line is an essential part of the FWNAV, it strongly affects the final performance of the nanorobot.
Careful selection and design of the drive line are important to optimise flight time, payload capacity and sta-
bility of the FWNAV. Parameters setting can be done in a purely experimental way but many time consuming
and costly experiments are necessary to accomplish an optimisation. A model-based approach is often pre-
ferred to optimise the drive line of flapping wing nanorobots[10, 12, 15, 18, 19, 20, 21]. A mathematical
model for the drive line provides more insight in the physical phenomena at the basis of flapping wing flight.
This approach is chosen in this paper and it reveals the parameters that have a large influence on the efficient
operation of the nanorobot. The model can be used in an optimisation approach or in a design tool to identify
optimal values for both system and operational parameters of the drive line.

An experimental set-up is developed simultaneously for parameter identification and validation purposes.
A hummingbird size set-up is chosen in this work because this size allows to easily adjust the drive line
parameters in the experimental set-up.

Section 2.1 describes the physical drive line system, together with the different loads that are applied and the
test set-up used in this work. Section 2.2 explains the mathematical model and the parameter identification
procedure. Section 3.1 discusses the model simulation results and section 3.2 shows the advantage of the
model-based approach to do a dynamic analysis of the drive line operational and system parameters.

2 Materials and methods

2.1 Flapping wing drive line

2.1.1 Wing kinematics

In order to generate the necessary forces to keep the flapping wing nanorobot in the air, the small wings have
to make a very fast reciprocating motion. When looking at the wing motion of insects and small birds, two
main motion components are identified: a horizontal motion where the wing glides through the air, called
the wing stroke motion, and a rotation of the wing around an axis in the wing in order to obtain an optimum
inclination angle relative to the local air stream, called the wing pitch motion. When mimicking small birds
and insects, the two main wing motions are copied mechanically (shown in figure 1).

The wing stroke motion (indicated in figure 1 on the left) is the main component in flapping wing nanorobots.
It is often assumed to be sinusoidal ([15, 21]) and can be characterised by an amplitude φmax and a frequency
f. The amplitude of the motion is a value between 0◦ and 90◦. The maximum amplitude is physically limited
by system design. The frequency is a design parameter of the system. The useful frequency range for
flapping is taken to be in the interval from 16Hz to 26Hz. This range is based on the physical characteristics
of the wings that are used in the reference prototype and most experiments are done in this range.
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Figure 1: Illustration of the wing motion in flapping wing nanorobots. Left figure shows the wing stroke
motion. Right figure shows the wing pitch motion.

The wing pitch motion (indicated in the right figure with small arrows) is not actuated in most flapping wing
nanorobots. The wing is free to rotate as a result of the aerodynamic forces acting on the wing and inertial
forces of the wing on the one hand and restoring forces from an elastic element on the other hand. The value
of the wing pitch angle during the major portion of the wing stroke cycle is an important design parameter.
A stopper element imposes this maximum wing pitch angle, further called the inclination angle α (see right
in figure).

2.1.2 Oscillating drive system

The wing stroke motion is actively driven in this work using a direct drive system. A spring is added to the
system to support the motion and to store elastic energy. Figure 2 shows a general scheme of a direct drive
system.

Figure 2: Adapted mass spring damper model for the drive line of flapping wing nanorobots.

The drive line is modelled as a discrete mass spring damper system. The system is driven by a sinusoidal
current through a DC motor providing the input torque. The main contribution to the total system inertia
comes from an oscillating load that is fixed at the end of the drive line (load specified in section 2.1.3). A
gear transmission drives the load. A spring supports the oscillating motion. The main contribution to the
damping comes from the aerodynamic drag on the load and from friction in the system. The output of the
system is the amplitude of the load oscillations.

The wing pitch motion is not actuated in the set-up.
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2.1.3 Oscillating load

Three types of loads are attached to the oscillating drive line system in this work: inertia beams (load 1 in
figure 3), wings moving with two active degrees of freedom (load 2 in figure 3) and wings with one active
degree of freedom and one non-active (load 3 in figure 3). The difference between the latter two load types
originates in the way the wings are attached to the oscillating drive line (discussed in the last paragraph of
this section).

Figure 3: Different load configurations used in this work.

The inertia beams are a bundle of tubular bars that are mounted at the end of the wing drive line. Their
rotational moment of inertia is chosen in order to be able to conduct experiments in the frequency range
which is specified. The different bundles differ in length and thus in rotational moment of inertia. They
have negligible aerodynamic resistance. The specifications of the inertia beams are given in table 1. J is
the rotational moment of inertia of the inertia beams and L is the length of the inertia beam. The calculated
natural frequency f0 of the beams in the reference set-up is also added.

Inertia 1 L = 80mm J = 2.82e-07 f0 = 21.24Hz
Inertia 2 L = 75mm J = 2.37e-07 f0 = 22.16Hz
Inertia 3 L = 68mm J = 2.03e-07 f0 = 22.95Hz

Table 1: Inertia beam properties.

Figure 4: Wing shape and location of wing veins (example wing 1).

Every wing has the same shape (figure 4). Wing variants differ only in size and stiffness. A wing is made of
carbon fibre composite beams that are connected at the base of the wing, called the wing root. The structure
is both light and stiff. The membrane that runs over the beams is Mylar. Wing parameters are given in table
2 and the wing size is characterised by the length of its leading edge (LE). Wings with the annotation stiff
are fabricated with stiff carbon beams. The other wings are more flexible with different diameter beams. The
calculated natural frequency f0 of the wings in the reference set-up is added. The higher natural frequency
for wing 1 (marked with star) is the result of a reduced wing weight because of a change in the fabrication
procedure of the wing.
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For the third load type, the wing inclination angle is fixed at a value of 90◦. This fixes one degree of freedom
of the flapping wing system. The wing only generates aerodynamic drag and no vertical thrust force is
generated as a result of the 90◦ inclination angle.

Wing 1 LE = 73.5mm J = 2.33e-07 - f0 = 22.25Hz?

Wing 2 LE = 68.4mm J = 2.95e-07 - f0 = 21.00Hz
Wing 3 LE = 63.3mm J = 2.87e-07 - f0 = 21.14Hz
Wing 4 LE = 63.3mm J = 3.64e-07 Stiff f0 = 19.81Hz
Wing 5 LE = 60.0mm J = 3.40e-07 Stiff f0 = 20.21Hz

Table 2: Wing properties.

2.1.4 Experimental set-up

A set-up is used to identify model parameters and to validate model results. The set-up uses an exact copy
of the mechanical wing drive line system of the flapping wing reference prototype. Conclusions drawn with
the modelling approach can therefore be extrapolated without adaptation. The drive line in the set-up with
drive electronics, sensors and measurement electronics is presented in figure 5.

Figure 5: Set-up with location of sensors, drive electronics and microcontroller.

The set-up is controlled with an NRF52 microcontroller and sensors are read with the same microcontroller.
The Nordic development board is used. This allows quick adaptation of the sensor configuration and easy
programming of the actuation electronics. The motor is driven with the PmodHB3 low current bridge mod-
ule. A PWM signal is used to control the motor current. The current is measured instantaneously with a hall
effect AC current sensor, type L18P003S05. The range of the sensor is ±3A and an analog output voltage
is directly read by the analog to digital converter (ADC) on the microcontroller. With a resolution of 14 bits
for the ADC, this gives a theoretical accuracy that is smaller than 1µA. The current is measured in a series
configuration with the motor, immediately in front of the motor terminals. The current measurement results
are validated using another current sensor (type ACS712). The voltage is measured instantaneously over the
motor terminals. This is done directly with the ADC inputs of the microcontroller. Results are validated with
a scope. The stroke angle is measured instantaneously with a hall-based rotary magnetic position sensor,
type AS5600. An analog output voltage is applied directly to the 14-bit ADC of the microcontroller which
gives a high accuracy. A small circular diametric magnet is mounted on the stroke axis. Results are validated
using a slow motion camera. Time is measured instantaneously with the micro-controller 16MHz clock and
synchronised with the different measurements. This allows easy data processing. The flapping frequency is
calculated from the measured time and validated using a stroboscope.
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2.2 Dynamic modelling approach

2.2.1 Mathematical model formulation

The mathematical model used in this paper is state of the art in the literature[20]. The expression for a mass
spring damper system is combined with the DC motor equation. The gear transmission is added and the
terms are rearranged into the expression for an adapted mass spring damper system (1). The motor equation
is used to calculate the voltage over the terminals (2).

Jsφ̈+Blφ̇+BAERO|φ̇|φ̇+Ksφ = Ki (1)

Vm = Ri+KeNφ̇ (2)

Js is the total inertia of the system calculated as Js = JL +JG +N2Jm with JL the load inertia, JG the gear
inertia, Jm the motor inertia and N the gear ratio. Bl is the total linearised damping to be identified in the
section on parameter identification (section 2.2.2). BAERO is the aerodynamic damping calculated with the
theory of quasi-steady aerodynamics as BAERO = 0.5R4c̄r33C̄D(α) where the drag coefficient is identified
in the section on parameter identification. Ks is the spring stiffness. K is the projected torque constant. R
is the motor resistance. Ke is the back-EMF constant. Expression 1 describes the change of the stroke angle
as a function of time. The complete derivation of the mathematical expression can be found in the paper of
Zhang et al.[20].

Three assumptions are applicable when using this model formulation.

• The stroke dynamics dominate the flapping wing motion and the inclination angle dynamics have a
negligible influence on the stroke dynamics. The mean inclination angle is usually only taken into ac-
count when calculating the aerodynamic drag. The influence of this assumption is studied by adapting
the drive line system in order to effectively reduce the number of degrees of freedom to one in certain
experiments (see section 2.1.3, use load type 3).

• Quasi-steady theory can be used to describe the drag coefficient. The unsteady phenomena that occur
in flapping flight are not captured with this expression. This work tries to cope with this limitation by
identifying the drag coefficient using an experimental approach (see section 2.2.2).

• The stroke angle varies in a sinusoidal way. Fitting of the experimentally measured data with a sine
function shows the motion is indeed sinusoidal (see figure 6). This conclusion is consistent in all
experiments.

Figure 6: Validation of the sinusoidal stroke angle assumption.

The mathematical expression is solved using matlab Simulink. Experimental inputs are measured and ex-
tracted from the data. These inputs are then fitted with a sine function and used by Simulink.

3432 PROCEEDINGS OF ISMA2018 AND USD2018



2.2.2 Parameter identification

The numerical values for the model parameters are needed in order to do the simulations. The quality of the
model simulations depend on the accuracy of the parameters that are used. Two types of parameters are used
in the model: parameters that can be calculated from the respective datasheets and analytical expressions on
the one hand and parameters for which no easy calculation procedure exists on the other hand. For this last
type of parameters, an identification procedure is followed.

The motor is a 2.6g and 7mm brushless DC motor. Different versions of this motor are tested in a simplified
test set-up and the parameters of the datasheet are validated. No further updating is required. The motor used
in the experiments has a terminal resistance of 1.4Ω, a torque constant of 0.81Nmm/A and a rotor inertia
of 0.5gcm2. The gear transmission is custom made for the set-up. The gear ratio can be varied in the test
set-up if necessary. The springs are tested over the entire operation region for linearity and accuracy of the
spring constant. The value of the datasheet can be used without further updating. The aerodynamic damping
is calculated using a quasi-steady aerodynamic model. The main parameter that remains unknown in the
expression is the drag coefficient. This parameter has to be identified using the procedure below. Also the
total linear damping and the total inertia of the system are experimentally identified.

This paragraph describes the procedure to identify the missing parameters. One frequency sweep experiment
with constant current amplitude input is sufficient. Constant current amplitude means a constant torque is
applied to the drive line. The drive line is actuated for 5 seconds at every frequency in the frequency range.
Five seconds are necessary to eliminate the effects of possible transients. The natural frequency can then
be defined easily from the experiment data and the total inertia can be calculated. The same constant input
is applied to the mathematical model. An estimated value is used as starting point for the parameters that
still have to be identified. The damping coefficient is updated, both the total linear damping and via the
drag coefficient, to make the simulations match the experimental data and this way the last parameters are
identified.

3 Results

3.1 Model verification

The three types of loads are applied to the experimental set-up and the same frequency sweep experiment
is done as described in section 2.2.2. The results of experiments and simulations are compared in the next
sections for the different load types.

3.1.1 Load 1: inertia beam

The model parameter identification (section 2.2.2) is done once for each inertia. The comparison between
the experimental frequency sweep and the inertia beam model simulations is shown in figure 7. The model
accurately predicts the stroke angle in the entire frequency range. The accuracy of the results is similar
for the different inertia beams. A peak in amplitude is identified in the plots on the frequency matching
the calculated natural frequency of table 1. The small linear frictional damping present in the drive line
and the absence of aerodynamic damping cause an articulated peak in the figures. In figures 7a) and 7b), the
amplitude of the input current had to be artificially reduced in order not to damage the set-up. To have a good
comparison, also the simulated input current was reduced. In reality, the peak amplitude of the frequency
sweep will be even more pronounced which is indicated on the figures by doing the simulation without
reducing the input current.
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a)

b)

c)

Figure 7: Constant input frequency sweep, comparison between simulations and experimental data for load
type 1 (inertia beams).

3.1.2 Load 2: wing moving with two active degrees of freedom

The goal in this section is to obtain a model for a wing that is free to move in its two degrees of freedom,
generating vertical thrust forces. Wing 1, wing 2 and wing 3 are used in this section. The wing configuration
is the result of an experimental optimisation process and flexibility is present in the wing. The model pa-
rameter identification (section 2.2.2) is done once for each wing. The comparison between the experimental
frequency sweep and the resulting model simulations is shown in figure 8. The model is able to predict the
stroke angle in the frequency range close to the peak frequency. A peak amplitude is identified at a frequency
that is higher than the calculated natural frequency (table 2). The peak is less pronounced in these figures
compared to the previous figures. This is explained by the large amount of aerodynamic damping caused by
the flapping wing.

3.1.3 Load 3: wing moving with 1 active degree of freedom

A model for load 3 is developed in this paragraph. Wing 4 and 5 are used and their angle of attack is fixed.
The model parameter identification (section 2.2.2) is done once for each wing. The comparison between the
experimental frequency sweep and the resulting model simulations is given in figure 9. The model predicts
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b)

c)

Figure 8: Constant input frequency sweep, comparison between simulations and experimental data for load
type 2 (2 DOF wings).

the stroke angle well in the entire frequency range. The accuracy of the results is similar for both wings
and comparable to the accuracy obtained with the inertia beams. A peak amplitude is again identified at
a frequency that is higher than the calculated natural frequency (table 2). The aerodynamic damping is
maximal in this load type because the wing inclination is fixed at 90◦ which maximises the generated drag
force.

3.1.4 Result discussion

The best model accuracy is obtained for the first load type (figure 7). The model predicts the stroke angle
in the entire frequency range. Only small differences in absolute value are observed between the model
simulations and the experimental data. The biggest differences between the plots of simulated data and
experimental data are observed for load type 2 with two degrees of freedom (wings 1, 2 and 3, figure 8). The
numerical error made by the simulations compared to the experiments is reduced when using the model for
load type 3 which has a single degree of freedom (wing 4 and 5, figure 9). The observed numerical errors can
be explained by looking back at the assumptions made in section 2.2.1. None of the assumptions apply to
the case with the first load type. This explains the accuracy of the fit and small differences are mainly caused
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Figure 9: Constant input frequency sweep, comparison between simulations and experimental data for load
type 3 (1 DOF wings).

by experiment variability and measurement imperfections. Besides a larger absolute error in the second load
type, the error also increases for a bigger wing. This indicates that an important source of modelling errors is
in the one degree of freedom approximation used in the model. Also the influence of the increasing flexibility
with increasing wing size can play a role in these errors. A second observation for this load type is that the
numerical error increases when the frequency of operation increases above the peak amplitude frequency.
This indicates that the assumption of quasi-steady aerodynamics becomes an important source of modelling
errors in this frequency range. The contribution of the wing pitch motion to the generated forces relative to
the wing stroke motion increases at increasing frequency (and resulting low stroke amplitude). The forces
generated during the wing pitch motion are not taken into account with the quasi-steady approximation so
the error becomes large in this regime. The principal sources of modelling errors are eliminated (second
degree of freedom blocked, reduced flexibility of the wing and absence of wing pitch motion) when using
the third load type which explains the increased accuracy.

Based on the accuracy considerations, it seems that the model for the first load type is preferred for further
analysis. An oscillating inertia beam serves no practical use in flapping wing nanorobots as the aerodynamic
forces produced by the inertia beam are negligible but the model can be used to do a sensitivity analysis of
the drive line parameters. The relative influence of the parameters on the performance helps optimising the
drive line design. Conclusions drawn with this model about absolute power consumption or efficiency of the
flapping wing nanorobot are meaningless in the absence of aerodynamic damping. The drive line model can
be seen as a validation tool for the rest of the modelling approach because the drive line remains unchanged
for the different load types. The model for the regular flapping wing can be used to do a sensitivity analysis
of the model parameters, to optimise the drive line system and in a design tool for flapping wing robots.
The model describes the set-up used in the reference prototype so conclusions about power consumption or
efficiency are meaningful. Quantitative results are only valid in a small range around the normal point of
operation because of the decreasing accuracy. The results further away from this point can be used but they
have to be interpreted more qualitatively. To overcome this issue, it makes sense to do the analysis with the
third load type. Aerodynamic effects are present in this case, in contrast to the first load case, which increases
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the reliability of the results. A sensitivity analysis can be done with this model focusing on the optimisation
of the drive line system.

3.2 Dynamic analysis drive line

The dynamic analysis of the drive line is done using the model of section 3.1.3 (load type 3). A good trade-
off between accuracy of the fit and usefulness of the conclusions is obtained and results can be translated
easily to a flapping wing nanorobot prototype.

3.2.1 Operational frequency

Two frequencies are generally considered when doing a dynamic analysis of an oscillating drive line: the
peak frequency and the natural frequency. The peak frequency is the frequency that maximises the amplitude
of the stroke angle and is already mentioned in section 3.1. The natural frequency is calculated as the ratio
of the total inertia over the spring stiffness and is a system characteristic (calculated in table 1 and 2). The
peak frequency is lower than the natural frequency in strongly damped systems as can be seen on figure 8
and figure 9. It is important to decide at which frequency the system needs to be tuned to minimise energy
consumption.

Zhang et al.[21] demonstrate that the force generated by the wing depends strongly on the amplitude of the
velocity of the wing aerodynamic centre. In order to compare the energy consumption for different flapping
frequencies in an objective way, the amplitude of the velocity of the wing needs to be constant for the entire
frequency range that is tested. The optimal operation frequency for a chosen wing configuration can be
identified by studying the electrical input power need for a chosen value of the wing velocity. Figure 10a)
shows the input power for curves of the same velocity for wing 4. Figure 10b) shows the input power for
curves of the same velocity for wing 5. The required input power is always minimum at the respective natural
frequency. The same conclusion was obtained from experimental data (not shown).

a) b)

Figure 10: Input power as a function of frequency and wing velocity.

3.2.2 Efficiency

When doing an optimisation of the drive line parameters for a particular wing, an indicator of efficiency is
used for comparison. Efficiency of flapping wing nanorobots is defined as the ratio of the useful power from
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the generated force of the wings over the input power at the motor terminals. The useful power generated by
the wings is calculated as the total aerodynamic torque times the wing angular velocity. The input power is
calculated using the motor equation (expression 2). Plotting this parameter for the same velocities as above
leads to the same conclusion.

a) b)

Figure 11: Efficiency as a function of frequency and wing velocity.

3.2.3 Torque considerations

The validated model is used to demonstrate the advantage of adding a spring to the drive system for a system
driven at its natural frequency. The total torque provided by the motor is consumed in the system by different
physical mechanisms. The different torque contributions are shown for wing 4 at its natural frequency.

Figure 12: The different torque contributions in a flapping wing system.

For the wing used in the simulation, the inertial torque is substantially higher than the damping torque.
Adding a spring to the system and tuning the system to the natural frequency cancels out the inertial torque.
This clearly indicates the advantage of using a resonance-supported system. The advantage fades out when
flapping at an off-resonance frequency, which explains the results shown on the power and efficiency plots
in the previous sections. Careful tuning of the flapping frequency is necessary.
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3.2.4 Sensitivity analysis

Sensitivity analysis is a useful method in a general optimisation approach to study the parameters in the
drive line. It identifies the parameters with the largest influence on the performance which helps to make
better design decisions. The drive line model is a powerful tool for sensitivity analysis. The validated model
simulates the drive line behaviour without the need for extensive experimental testing. An optimisation of
the efficiency is the objective in this work. The approach is demonstrated for the gear ratio and the spring
stiffness. A similar approach can be followed for every parameter to achieve a detailed analysis of the entire
drive line. An influence of the wing velocity on the efficiency is seen in figure 11. The different simulations
are executed for the same wing velocity amplitude to eliminate this effect.

The first analysis studies the gear ratio N and the other parameters are kept constant. These parameters
add an extra constraint on the optimisation of the system and it is not possible to draw conclusions about a
general optimum. It is however possible to study the relative influence of a parameter in the given system. A
change of the gear ratio affects the apparent rotational inertia of the motor. The natural frequency changes
accordingly and the efficiency has to be studied when flapping at the adapted natural frequency to have a
meaningful comparison between the different configurations. The result is shown in figure 13. Only discrete
steps in the gear ratio are feasible because of the physical constraints of the system.

A final conclusion can only be drawn if the motor is able to handle the torque required with this gear ratio,
which is indeed verified here. A gear ratio close to 13 is therefore recommended as a significant efficiency
gain can be obtained, on the condition that other parameters remain unchanged. If the precise setting of the
gear ratio would be infeasible because of physical constraints of the system, a gear ratio in the range of 10
to 15 is still acceptable without detrimental effects on the efficiency.

Figure 13: Sensitivity of the drive line efficiency to the gear ratio.

Figure 14: Sensitivity of the drive line efficiency to the spring stiffness.
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A similar approach is followed to study the influence of spring stiffness on efficiency. Again the oscillating
wing is simulated at its adapted natural frequency and the wing velocity is kept constant between the different
experiments in a series. Figure 14 summarises the results in a wide frequency range.

Comparison of the absolute values of the two figures shows that the gear ratio has more effect than the spring
stiffness. This is an interesting conclusion when designing flapping wing drive lines.

4 Conclusion

This paper describes a method to study the drive line of a flapping wing nano air vehicle based on a math-
ematical model. The model is used for the development and optimisation of the flapping wing drive line.
The physical drive line is described using the expression for an adapted mass spring damper system. The
expression incorporates the load attached to the drive line. The motor is taken into account using the DC
motor equation. Several load types are studied in this work: inertia beams, wings allowed to move in one
degree of freedom and wings allowed to move in the usual two degrees of freedom characteristic to flapping
wing nanorobots. The drive line behaviour is simulated using the model for the different load cases and ex-
perimentally validated. Afterwards the model is used to study the drive line dynamics and in an optimisation
approach.

Despite some numerical differences between simulation results and experiments, the model for the real wing
can be used for optimisation purposes and as a design tool on the condition that simulations are done close
to the nominal working point. The model for a one degree of freedom wing allows to draw conclusions in a
much broader working domain and to transfer these conclusions to the actual nanorobot drive line.

The model is used to confirm that the most efficient operational frequency is the natural frequency of the
drive line system. The advantages of a spring supported system when flapping at the natural frequency are
shown by means of a study of the torques present in the drive line. An optimisation approach based on
a sensitivity analysis is proposed, maximising the efficiency of the system. This is demonstrated for two
system parameters, showing the potential of a model-based approach for optimisation purposes.
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Abstract 
Ice accretes onto structures such as aircraft wings and wind turbine blades during operation and must be 

removed cost effectively. In this paper, a low energy approach is proposed whereby flexural waves are 

focussed to create a shock response at a target point where the bond shear strength between the accretion 

and substrate is exceeded. Focussing is achieved through a chirp excitation waveform which compensates 

for wave dispersion. An experiment was performed on a long aluminium beam driven by a small 

electrodynamic shaker. Dispersion is seen to compress the chirp waveform in time as it propagates towards 

a chosen focal point, close to which the peak acceleration is maximum.  An ice substitute (plaster), was 

accreted onto the beam and the input gain increased until the accretion debonded. Electrical energy 

consumption by the shaker was measured. This transient approach to accretion removal provides alternative 

amplification to resonance of the structure or actuator, and the focal point can be moved at will in real time. 

1 Introduction 

There are many examples of beam or plate-like structures that must be kept free from dirt, such as windows, 

or other accreted material including blockages in pipes, fouling of ship hulls and ice on cables and aircraft 

lifting surfaces.  This paper is motivated particularly by the latter, where previous attempts have been made 

to remove ice from wing leading edges using high level shock or vibration response. 

Shock induced ice removal was first proposed by Goldschmidt in 1937 [1] which led to a number of patents 

in the intervening decades for ‘electro-impulsive’ de-icing systems [2].  Such devices discharge large pulses 

of current through coils in close proximity to the surface.  This momentarily induces Eddy currents in the 

metallic structure generating a large electromagnetic repulsive force, sufficient to dislodge ice.  Potential 

drawbacks of the technology reported in the literature include structural fatigue, limited range of the 

actuators and electromagnetic interference with avionic systems [3].  Electro-expulsive de-icing works on a 

similar principle whereby current is passed through parallel conductors to generate an impulsive repelling 

force to deform a wing boot or erosion shield.  A few such systems are now in operation for limited 

applications, e.g. on the horizontal stabilizer of corporate jets. 

Vibration induced ice removal has not proceeded as far up the Technology Readiness Level (TRL) scale, 

despite concerted efforts over some decades.  Most recent activity has explored the deployment of 

piezoelectric actuators to induce large vibration fields.  Venna et al., for example, used a single piezoelectric 

actuator to successfully remove ice patches from a wing leading edge structure by exciting low frequency 

structural resonances [4],[5].  However, de-icing times were of the order of several minutes suggesting that 

heating of the actuator may have been a factor.  Struggl et al. adopted a similar approach but with multiple 

piezoelectric actuators to remove ice accreted onto a wing section in an icing wind tunnel, although few 

details are provided [6].  Endres et al. conducted similar tests and compared the performance of their low 

frequency vibration based system with an electro-expulsive system, concluding that the performances of 

both depended on the environmental conditions such as temperature, ice thickness and position [7].  An 

alternative to exciting structural resonances is to drive the piezoelectric actuator at its (typically ultrasonic) 
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resonance frequency, as first proposed by Adachi et al [8].  They observed that frost accumulation on a plate 

could be suppressed (‘anti-icing’) by attaching a Langevin type ultrasonic actuator and driving it at 

resonance.  Most subsequent work in this field has been conducted by researchers at Pennsylvania State 

University (PSU) who have concentrated their efforts on de-icing rotorcraft wings.  Ramanathan et al. 

proposed the excitation of guided shear horizontal (SH) waves using piezoelectric plate actuators in their 

d15 mode to generate large shear stresses at the ice interface.  Whilst found to be viable in theory, 

instantaneous debonding was not achieved in practice and, where de-icing did occur, heating of the actuator 

was deemed to have played a significant part.  Palacios et al. considered SH waves for anti-icing of a plate 

[9].  They measured the static shear strength of ice to aluminium in the presence of ultrasonic excitation; 

significant reductions in shear strength were observed.  Water was prevented from freezing on the plate at 

high voltages (>450V) but, again, thermal effects were reportedly significant.  Zhu et al. compared a similar 

ultrasonic technique to a thermal de-icing system using the same electrical power [10].  Ultrasonic vibration 

successfully removed the ice after about 90s whereas the thermal system did not.  The temperature of the 

piezoelectric actuator was not significantly elevated in this case and so removal of the ice was attributable 

largely to vibrational effects.  In his review paper of 2014, Palacios summarises various de-icing 

experimental campaigns at PSU, highlights actuator bonding as a critical issue, and alludes to the potential 

benefits of transient as opposed to harmonic excitation. 

Kalkowski et al. [11] deployed a single piezoelectric plate actuator on a long anechoically terminated beam 

and instantaneously debonded an ice substitute (plaster) using incident waves alone.  Whilst practically more 

convenient to experiment on, the use of an ice substitute also precluded thermal effects.  The electrical power 

requirements to remove the accretion were predicted reasonably accurately using a Semi Analytical Finite 

Element (SAFE) model of the actuator coupled to the beam. 

Driving piezoelectric actuators harmonically at their resonance frequency can be problematic, as reported 

in [12].  Heating of the actuator causes shifts in the resonance frequency, and large stresses in the actuator 

itself can cause it to crack or debond from the structure.  In this paper, an alternative approach is sought 

whereby mechanical amplification is obtained by means other than resonance of the actuator or structure. 

Guided waves in beam and plate-like structures can be categorised as either dispersive or non-dispersive.  

Dispersive waves travel with different group velocities at different frequencies such that a broadband pulse-

like disturbance will tend to spread out as it propagates along the waveguide.  Conversely, if one chooses a 

dispersed input disturbance appropriately such that low frequencies are ‘given a headstart’ over high 

frequencies, then a large impulsive response can be obtained if all frequencies are focussed to arrive at a 

specified point at the same instant.  In principle, the required excitation waveform can be determined by 

time reversal acoustics [14], as demonstrated on a beam by Francoeur et al. [15].  However, there are a 

number of practical difficulties to overcome in implementing time reversal, particularly in relation to the 

required arrays of sensors and actuators. 

In this paper, an analytically derived excitation waveform is adopted that achieves a similar focussing effect.  

Unlike time reversal mirrors, no sensor array is required and a single actuator is sufficient.  Prior knowledge 

of the dispersion relation is required, hence the technique is restricted in its current form to uniform plate-

like and beam-like structures, the latter being the focus of this paper.  Section 2 outlines the formulation of 

the chirp waveform for excitation of a beam, based on the derivation detailed in [16],[17], and presents 

example waveforms.  Section 3 describes an experimental rig comprising a uniform beam excited by an 

electrodynamic actuator and provides experimental validation of the dispersion curve for flexural waves.  In 

section 4, the actuator is driven with a chirp waveform to focus waves at a target point and the peak 

acceleration is plotted as a function of distance along the beam.  In section 5, the technique is implemented 

at high excitation levels to remove an ice substitute positioned on the beam at the designated focal point.  

Conclusions are drawn in section 6. 
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2 The chirp waveform 

A chirp signal 𝑓(𝑡) of duration T has the general form 
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where F is a constant,   is the instantaneous phase, and the instantaneous circular frequency ω is given by 
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An expression is sought for  t  given prior knowledge of the wave dispersion relation such that all 

frequency components arrive synchronously at some focal point a distance 
f

x  from the force at x=0.  The 

velocity of a wave packet centred at frequency ω, is given by its group velocity, 
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where k is the wavenumber.  At low frequencies, where the wavelength is much larger than the thickness, 

flexural waves in a beam are adequately described by Euler-Bernoulli theory.  The wavenumber for 

propagating waves is real, if damping is neglected, and given by [18] 
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In Eq. (5), E, 𝜌 and ν are the Young’s modulus, density and Poisson ratio, and A, I and h are the cross section 

area, second moment of area and thickness respectively.  Substituting for k from Eq. (4) into Eq. (3) gives 

the group velocity as 
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The time of flight (TOF) to the focal point, 

  
 

f

g

x
TOF

c



  (7) 

decreases with frequency and so the instantaneous frequency of the chirp excitation must increase 

monotonically with time in order that lower frequencies are given a ‘head start’.  Denote the start frequency 

of the chirp by  0 0  . Then, in order for any frequency   to arrive at fx x  at the same instant as 

frequency 0 , its launch must be delayed until time 
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Substituting for the group velocity from Eq. (6), 
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Rearranging for   gives 
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The instantaneous phase is obtained by integrating the instantaneous frequency which gives 
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In practice, it can be beneficial to precede the chirp by a linear ramp of duration n cycles to reduce unwanted 

transients in the response, i.e. 

    

0
sin 0

sin

0

r

r

r r

r

t
F t t T

T

f t F t T t T T

t T T





 

   

 









 (13) 

where  

0

2
r

n
T




  is the duration of the ramp. 

Figure 1(a) shows an example of a chirp waveform of bandwidth 500 Hz to 5 kHz preceded by a ramp of 

three cycles duration at 500Hz.  The instantaneous frequency is shown in Figure 1(b) from which the time 

of flight to the focal point at 2.5 m can be seen to vary between about 10.5 ms at 500 Hz and 3.3 ms at 5 

kHz.  The difference in these times of flight determines the duration of the chirp and hence the input power.  

Therefore the peak response can be expected to increase with distance of the focal point from the source in 

the absence of attenuation [16]. 

Note that, whilst the various frequency components share a common arrival time shown by the dashed line 

in Figure 1(b), they do not necessarily all do so at a wave crest.  Consequently, the peak response may not 

be at a maximum at the intended focal point. 
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(a) 

 

(b) 

Figure 1: Chirp excitation signal.  (a) waveform, and (b) instantaneous frequency as a function of time. 

3 Experimental set-up 

A vibration experiment was conducted using the chirp waveform presented in section 2, firstly at low levels 

of excitation as a proof of concept and as further validation of the model presented in [16].  An aluminium 

beam, shown schematically in Figure 2, was suspended at several points along its 5m length.  Its ends were 

buried in dry ‘silver’ sand of tapering depth to approximate anechoic terminations, giving a working section 

of about 3.5 m.  The beam has a solid rectangular cross section of width 19.05 mm ( 3
4  inch) and thickness 

3.175 mm ( 1
8  inch).  The beam was excited using an electrodynamic shaker (Data Physics V4) powered 

by a power amplifier (Data Physics PA300E).  The shaker was attached to the centreline of the beam, at 

about 0.5 m from the entrance to one of the sand boxes, via a short stinger.  The responses at remote positions 

on the beam were measured using a roving miniature accelerometer (PCB 352C22).  The terminal voltage 

across the shaker coil was measured for the purpose of normalising responses.  Transient measurements 

were acquired using a Picoscope 3203D virtual scope and an arbitrary waveform generator; transfer function 

measurements for system identification purposes were conducted using a Data Physics Quattro spectrum 

analyser. 
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Figure 2: Schematic of experimental rig. 

The dispersion curve for flexural waves along the beam was measured in the standard way using three 

transfer accelerances  1H   to  3H   that were equally spaced in the far field of the shaker and sand 

boxes [19].  An estimate of the wavenumber k is given by 
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where   is the sensor spacing, chosen to be 0.03 m.  Figure 3 shows the measured dispersion curve overlaid 

with that expected from Euler-Bernoulli theory when nominal cross section dimensions and material 

properties (Young’s modulus of 68 GPa and density of 2700 kgm-3) are assumed.  Notwithstanding 

modulations due to beam resonances, these parameter values give good agreement and were subsequently 

used in Eq. (5) to compute the chirp excitation waveform. 

 

Figure 3: Measured and theoretical dispersion relations for flexural waves in an aluminium beam. 
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4 Wave focussing results 

A chirp excitation was implemented, using Eq. (11) to (13), intent on producing a peak response at a nominal 

distance of 2.50 m from the shaker.  The chirp was preceded by three cycles at the start frequency, ramped 

linearly in amplitude, to reduce unwanted transients from the onset of the chirp.  The bandwidth selected 

for the chirp was from 500 Hz to 5 kHz, as illustrated in section 2, since (i) simulations suggest that a decade 

is sufficient for the chirp technique to be effective [16]; (ii) the impedance of the shaker is reasonably flat 

prior to the onset of inductance controlled behaviour; (iii) the beam is reasonably anechoic, although this is 

a convenience rather than a requirement; and (iv) this frequency range excluded the primary resonance of 

the shaker at about 100Hz, which would otherwise cause prohibitively large travel of the shaker armature 

when subsequently driven at high amplitudes. 

The Picoscope data acquisition system was used to acquire the shaker terminal voltage and the accelerometer 

signal for each of ten or more chirp events and compute the mean of the maxima and minima for both 

channels.  The accelerometer was moved along a 2.7 m length of the beam in increments of 20 mm in the 

vicinity of the focal point and 40mm elsewhere.  At each position the largest positive and negative 

accelerations were noted from the response waveform together with the peak input voltage. 

Figure 4 shows the time histories of the input voltage and acceleration response at a position close to the 

focal point.  Setting aside the initial three cycles prior to the frequency sweep, it is apparent that the 

waveform has been compressed significantly in time due to wave dispersion in transit to the receiver 

position. 

 

 

(a) 

 

(b) 

Figure 4: Measured time histories due to chirp excitation.  (a) shaker terminal voltage, and (b) 

accelerometer response at 2.56 m from shaker. 
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Figure 5 shows the maximum and minimum accelerations normalised by peak voltage as a function of 

distance along the beam.  Within 0.2 m of the shaker contributions from evanescent waves are evident, 

immediately beyond which the peak acceleration is reasonably independent of position.  In this region the 

high frequencies, which are launched towards the end of the chirp waveform, lag behind the initially 

launched low frequencies, such that interference effects are limited.  The response here is consistent with 

the peak-hold response due to a slow sine sweep excitation over the same bandwidth as the chirp.  In the 

vicinity of the nominal focal point there is a maximum at 2.43 m, and an equally large minimum at 2.56 m.  

These extrema are about 2.4 times larger than the peak response in the nearfield and about 3.4 times larger 

than that just outside the nearfield.  At the intended focal point of 2.50 m, indicated by the red markers, the 

positive and negative acceleration peaks are about equal in magnitude and neither is large.  This discrepancy 

in the true location of the focal point arises because, whilst all frequency components are arranged to arrive 

simultaneously at 2.5 m, they are not necessarily at a wave crest when they do so.  The peak stress (and 

velocity), however, do generally occur close to the intended focal point, and this is discussed further in [16].  

Several smaller and broader maxima and minima are apparent. 

Also shown in Figure 5 are the corresponding predictions from an electromechanical model of the shaker 

coupled to the beam.  The model is the same as that reported in detail in [16] except that the point mass at 

the driving point has been reduced to 3g to represent the stinger alone since there is no force gauge in this 

experimental set-up.  The results are in very close agreement, with some minor discrepancy in the peak at 

2.7 m.  This is close to the entrance of one of the sand boxes which may have given rise to a non-negligible 

nearfield. 

 

 

Figure 5: Peak acceleration per volt as a function of distance along beam from shaker.  The red markers 

correspond to the intended focal point at 2.5 m. 
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5 Accretion removal results 

The adhesion strength of ice accreted onto a substrate varies considerably depending on many factors such 

as the type of ice, temperature and the surface roughness of the substrate.  Chu et al. summarised the 

outcomes of numerous experimental studies [20].  Typical values cited include 0.12MPa for rime ice, 

0.41MPa for glaze ice and 1.5MPa for refrigerated ice.  Due to the practical challenges of experimenting 

with ice an ice substitute was used in this study.  Gypsum finishing plaster is reported to have a shear strength 

of about 0.3MPa, and its Young’s modulus (3 GPa) and density (1000 kg/m3) are not too dissimilar from 

ice [11].  It is therefore a convenient and cost effective alternative to hiring icing chambers and tunnels for 

proof of concept feasibility studies of this nature. 

A single plaster specimen at a time was prepared on the beam, at the known focal point.  The specimens 

extended across the full width of the beam (19mm) and were approximately 30-40 mm long, and of similar 

thickness to the beam (2-3mm).  Each specimen was left to cure for a day or longer prior to conducting a 

decretion measurement.  Plaster from the same batch was used to create a corresponding simple shear lap 

specimen, shown in Figure 6, by which the shear strength of each batch of plaster could be estimated 

statically.  The aluminium substrates for the lap tests were short lengths cut from an identical beam to that 

used for dynamic testing.  All aluminium surfaces were cleaned of oil and grease prior to plastering with a 

minimum of abrasion. 

Decretion measurements from the long beam using transient excitation proceeded as follows.  A focal point 

of 2.5m was chosen and the chirp waveform was generated as reported in section 2.  Whilst this was shown 

in section 3 to result in acceleration maxima at 2.43 m and 2.56 m, the validated model predicts that the 

shear stress due to flexural waves does occur at the intended focal point of 2.5 m.  Several chirp events were 

triggered manually at a particular amplifier gain, and then repeated at increasing levels of gain until the 

plaster ‘pinged’ off the beam.  For these measurements, the Data Physics power amplifier was replaced with 

a LDS PA500 to facilitate larger electrical inputs.  For each measurement, the shaker voltage and current 

were acquired from which the electrical power consumption over the duration of the chirp was inferred. 

 

 
  

(a) (b) (c) 

Figure 6:  Simple lap shear test arrangement.  (a) Schematic, (b) image of specimen, and (c) image of 

specimen under load. 
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Figure 7 shows consecutive images taken from a movie of accreted plaster being removed from the beam 

by means of chirp excitation.  Table 1 lists the electrical input required for each of five samples together 

with the estimated static strength of each batch of plaster.  The average power and total energy per chirp are 

plotted against static strength in Figure 8.  There is significant variability in the electrical power required 

which is partially correlated to variability in the plaster batches due to factors such as water content and 

curing time.  Other sources of variability include surface treatments of substrates and, in the case of dynamic 

tests, dimensions of the plaster samples.  The results suggest an average power of the order of 0.1kW to 

remove an accretion of interfacial area 6-8 cm2.  This far exceeds typical power requirements for electro-

thermal melting of ice (~4W/cm2) quoted in reference [12].  However, the energy consumption is extremely 

low on account of the chirp duration being milliseconds in duration as compared to tens of seconds. 

  

(a) (b) 

  

(c) (d) 

Figure 7:  Frozen frames at the moment of accretion removal. 

 Static tests Dynamic ‘chirp’ tests 

Sample Estimated shear 

strength (kPa) 

Peak instantaneous 

power (W) 
Average power (W) 

Energy (J) 

1 288 1150 253 3.31 

2 125 534 122 1.60 

3 368 651 152 1.99 

4 199 883 202 2.65 

5 103 530 122 1.60 

Table 1: Summary of static and dynamic testing of plaster samples.  The static strength values correspond 

to the largest incremented static load prior to failure of the specimen.  The dynamic results correspond to 

the amplifier gain at which removal of the plaster sample occurred. 
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Figure 8:  Electrical power and energy required for a single chirp excitation to debond plaster from beam 

as a function of estimated static strength. 

6 Conclusions 

A method has been implemented experimentally to focus flexural waves in a uniform beam using a single 

electrodynamic actuator.  Prior knowledge of the dispersion relation is assumed in order to formulate a chirp 

excitation waveform that ensures that all constituent frequencies arrive synchronously at a designated 

position.  The measured acceleration waveform is pulse-like at specific positions close to but either side of 

the intended focal point and up to 3.5 times larger than expected in the far field under similar broadband 

excitation.  Measured results are in close agreement with an electromechanical model of the system.  The 

model predicts that a similar peak in shear stress occurs, at the intended focal point, which is useful for the 

purpose of removing accreted material from the beam. 

Small patches of plaster, with similar shear bond strength as rime ice, were accreted onto the beam at the 

focal point.  The shaker was driven with a high amplitude chirp waveform to generate a sufficiently large 

peak shear stress at the location of the accretion for it to debond from the beam.  The average electrical 

power required to invoke delamination varied from 120-250W over the five samples tested which compares 

unfavourably with electro-thermal de-icing requirements reported in the literature.  However, delamination 

is almost instantaneous thereby requiring very little energy by comparison.  The potential of the technique 

for practical applications of accretion removal is dependent on generalisation of the technique to more 

realistic and complex geometries. 
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Abstract
Functional Series Time-dependent AutoRegressive, FS-TAR, modeling constitutes a powerful tool for the
effective representation and analysis of zero-mean non-stationary random vibration. Yet, a main difficulty
pertains to the need for determining the specific functional subspaces upon which the model parameters and
innovations variance are to be projected. This study focuses on kernel based versions of the models, aiming
at alleviating this problem while also allowing for infinite dimensional functional subspaces. This leads
to improved modeling flexibility at the expense of reduced model parsimony. A batch estimation method is
presented, and is subsequently successfully assessed via its application to the modeling and analysis of a non-
stationary random vibration signal measured on an operating fan. Critical comparisons with an alternative,
Adaptable FS-TAR, method and certain simpler approaches are also made.

1 Introduction

The modeling and model-based analysis of non-stationary random vibration is an important and a challeng-
ing problem that has been receiving increased attention in recent years [1, 2, 3]. The available methods are
broadly classified as non-parametric or parametric, with the former being based upon non-parametric rep-
resentations of the vibration energy as functions of time and frequency (time-frequency distributions) and
having received most of the attention. On the other hand, parametric methods are also of interest, offering
various potential advantages, such as representation parsimony and accuracy.

In this study Gaussian zero-mean random vibration signals are considered, with non-stationary expressed in
terms of a continuously varying with time second order moment, that is AutoCovariance Function (ACF),
also implying a Power Spectral Density (PSD) dependent upon time. For such signals parametric methods
are mostly based on time-dependent representations, such as Time-dependent Autoregressive Moving Av-
erage (TARMA) models [1]. A TARMA(na, nc) model, with na, nc designating its AR and MA orders,
respectively, is of the form:

x[t] +

na∑

i=1

ai[t] · x[t− i] = e[t] +

nc∑

i=1

ci[t] · e[t− i] e[t] ∼ NID(0, σ2e [t]) (1)

with t = 1, . . . , N designating normalized (by the sampling period) discrete time, x[t] the non-stationary
signal modelled, e[t] an unobservable innovations (uncorrelated) signal with zero mean and Time-Varying
(TV) variance σ2e [t], and ai[t], ci[t] the model’s TV AR and MA parameters, respectively. NID(·, ·) stands
for normally independently distributed with the indicated mean and variance. In this study the special Au-
toRegressive (AR) form of the model in which nc, and thus all MA parameters are zero, is considered.

TAR (and TARMA) models may be classified according to any constraints explicitly imposed on the evo-
lution of their parameters, that is the AR parameters and the innovations variance. They may thus be of
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unstructured parameter evolution (no explicit constraints), stochastic parameter evolution (stochastic con-
straints), and deterministic parameter evolution (deterministic constraints) [1]. Among these, the last class,
is appropriate for modeling non-stationary random vibration in the usual case where the underlying structural
dynamics undergo smooth deterministic transitions, and have received significant attention. The usual form
for such models is that of Functional Series Time-dependent AutoRegressive or AutoRegressive Moving
Average (FS-TAR or FS-TARMA) representations, which are TAR/TARMA models with parameters and
innovations variance projected upon functional subspaces, each consisting of a commonly finite number of
basis functions of time; see next section and references such as [1, 4, 5, 6, 7, 8].

Yet, FS-TARMA modeling is often challenging, mainly due to the need for properly specifying the model
structure, that is selecting the model order and the functional subspaces. This is conventionally accomplished
via trial and error procedures using candidate model orders and basis functions along with structure selec-
tion criteria, such as the Bayesian Information Criterion (BIC) [1]. Somewhat more systematic procedures
are based on genetic algorithms, backward regression [1], forward regression [9] or complex optimization
schemes characterized by significant computational complexity [10]. The subclass of Adaptable FS-TARMA
(AFS-TARMA) models [10] (see [11] for a related approach) has been specifically developed for overcoming
this difficulty, and offers a promising approach. Yet, following the selection of a specific functional family,
model estimation involves (even in the pure AR case) the optimization of non-quadratic (although, markedly,
low dimensionality) problem.

The present study explores the possibility of an alternative approach, possibly alleviating the aforementioned
problems, via the use of kernel FS-TAR models. In this context, following the selection of a specific func-
tional family (in the form of a kernel function) there is no need to explicitly select specific basis functions. In
fact the functional subspaces, for either the AR parameters or the innovations variance, may even be infinite
dimensional [12, pp.35-36], offering the possibility of improved flexibility (arbitrary deterministic time evo-
lutions may be accurately captured) at the price of reduced parsimony (the AR parameters and innovations
variance are pointwise, that is for each time instant, specified). Kernel-TAR models may be thus thought
of as a combined parametric / non-parametric representations; that is parametric in terms of the dynamics
(TAR part) but non-parametric in terms of the parameter evolution. In this sense they may be – although not
precisely – related to unstructured parameter evolution models, such as the Recursive AR (RAR) models [1];
for this reason a comparison with Recursive Least Squares TAR (RLS-TAR) modeling is also considered in
subsection 4.2. Kernel FS-TARMA models are considered in a recent work within a time-recursive estima-
tion context [13], while the estimation of related kernel TV models in the frequency domain is considered in
[14] and of related general Linear Parameter Varying (LPV) models in [15].

The goals of this study are: (a) The presentation of batch method for the estimation of kernel FS-TAR models
(including the AR parameters and innovations variance) based on a given data record x[1], x[2], . . . , x[N ].
(b) The assessment of the method via its application for the modeling and analysis of a non-stationary random
vibration signal measured on a operating fan, and, (c) a critical comparison of the kernel FS-TAR method
to its Adaptable FS-TAR (AFS-TAR) counterpart, as well as to the non-parametric spectrogram and the
Recursive Least Squares TAR (RLS-TAR) method. The comparisons involve estimation, model parsimony
versus modeling flexibility, achievable prediction accuracy, achievable spectral accuracy and resolution, and
ease of use aspects.

The paper is organized as follows: Functional Series TAR (FS-TAR) models and their parametrizations are
presented in section 2. The estimation of kernel FS-TAR models is addressed in section 3. The assessment
of the method and comparisons to alternatives is, via an application case study, presented in section 4, while
concluding remarks are summarized in section 5.

2 Functional Series TAR (FS-TAR) models and their parametrizations

FS-TAR models. Functional Series TAR models are of the form of Equation (1), with their TV parameters
and innovations variance expanded upon appropriate, finite or infinite dimensional, functional subspaces
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defined by proper sets of orthogonal functions:

FAR :=
{
Ga(1)[t], ..., Ga(pa)[t]

}
Fσ2

e [t]
:=
{
Gs(1)[t], ..., Gs(ps)[t]

}
(2)

with F designating functional subspace spanned by the specified basis functions, pa, ps the AR and inno-
vations variance subspace dimensionalities. The TV AR parameters and the innovations variance are then
expressed as:

ai[t] :=

pa∑

j=1

ai,j ·Ga(j)[t] σ2e [t] :=

ps∑

j=1

sj ·Gs(j)[t] (3)

with ai,j and sj designating the corresponding coefficients of projection. Collecting the coefficients of pro-
jection into the vectors1:

ai := [ai,1 . . . ai,pa ]
T
pa×1 (i = 1, . . . , na) s := [s1 . . . sps ]

T
ps×1 (4)

and the respective basis functions into the vectors:

ga[t] :=
[
Ga(1)[t] . . . Ga(pa)[t]

]T
gs[t] :=

[
Gs(1)[t] . . . Gs(ps)[t]

]T (5)

the TV model parameters (3) may be also expressed as:

ai[t] = a
T
i · ga[t] σ2e [t] = s

T · gs[t] (6)

and the FS-TAR model as:

x[t] +

na∑

i=1

(
aTi · ga[t]

)
· x[t− i] = e[t] e[t] ∼ NID(0, sT · gs[t]) (7)

Note that common functional subspaces are considered in the sequel, so that ga[t] ≡ gs[t] ≡ g[t]. In
the considered AR case, the innovations e[t] depends linearly on the AR coefficient of projection vectors
ai, so that for finite parametrizations (finite pa) and pre-selected AR order (na) and AR functional subspace
(basis functions), Prediction Error (PE) estimation leads to a classical, Linear Least Squares (LLS) estimator.
Following this, the innovations signal may be estimated and its variance coefficient of projection vector s
may be obtained via a number of techniques [5].

The main issues with FS-TAR modeling pertain to properly specifying the model structure, that is selecting
the model order and the functional subspace(s). As already indicated, this is conventionally accomplished
via trial and error procedures using candidate model orders and basis functions along with structure selection
criteria, such as the BIC [1], while more systematic procedures based on genetic algorithms, backward
regression [1], or forward regression [9] principles have been also suggested.

Adaptable FS-TAR (AFS-TAR) models. This subclass of FS-TAR models, introduced in [10], aims at
alleviating the functional subspace (basis functions) selection problem. The idea consists of using specific
families of functions (such as decaying trigonometric functions or B-splines), with their members being
directly parametrized in terms of a parameter vector δ = [δTa δ

T
s ]
T , so that for a selected family and subspace

dimensionalities pa, ps, δ (and thus the specific functions required) are estimated based on the available
signal samples. The TV AR parameters and innovations variance are thus expressed as explicit functions of
δa, δs:

ai[t]=

pa∑

j=1

ai,j ·Gba(j)[t, δa] σ2e [t]=

ps∑

j=1

sj ·Gbs(j)[t, δs] (8)

AFS-TAR model estimation is accomplished via a Separable Nonlinear Least Squares (SNLS) type proce-
dure that achieves simultaneous estimation of the basis functions and the coefficients of projection through

1Bold face lower/upper case characters designate column vector/matrix quantities, respectively. Transposition is designated by
T .
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a reduced dimensionality, constrained, non-quadratic optimization problem tackled via Particle Swarm Op-
timization (PSO) and gradient-type refinement. Details are provided in [10].

Kernel FS-TAR models. In kernel FS-TAR models the TV AR parameters and innovations variance are
projected upon potentially infinite dimensional functional subspaces (pa, ps →∞) from a pre-selected func-
tional family, without the need to explicitly specify the selected functions. As a consequence, the AR pa-
rameters and the innovations variance are arithmetically determined at each time instant. Evidently, the
potentially infinite functional subspace dimensionality and the alleviation of the need to specify the basis
functions constitute the main advantages of this subclass, which offers improved modeling flexibility at the
price of reduced parsimony.

3 Estimation of kernel FS-TAR models

AR parameter estimation. The estimation problem is evidently ill-posed in the case pa → ∞, hence a
regularization term involving the l2 norm of the coefficient of projection vectors ai is added to the standard
Ordinary Least Squares cost function, thus leading to a Kernel-based Regularized Least Squares (KReLS)
type cost function [16, 17]:

Ja :=
1

2

na∑

i=1

aTi ai +
γ

2

N∑

t=1

(
x[t] +

na∑

i=1

aTi · g[t] · x[t− i]
︸ ︷︷ ︸

e[t]

)2

(9)

with the estimator then being:
{â1, . . . âna} := argmin

a1...ana

Ja (10)

In the above cost function γ (> 0) represents the user-tuned regularization parameter. The cost function is
equivalent to that used within the context of Least Squares Support Vector Machines (LS-SVM) [18], and
the solution procedure, below, mainly follows that of [15] which refers to general Linear Parameter Varying
(LPV) models; also see [14] for related TV model estimation in the frequency domain.

Differentiating the cost function Ja with respect to each ai leads to:

ai = −
N∑

t=1

w[t] · g[t] · x[t− i] (11a)

with: w[t] := γ ·
(
x[t] +

na∑

i=1

aTi · g[t] · x[t− i]
︸ ︷︷ ︸

e[t]

)
= γ · e[t] (11b)

with the rightmost part of the above obtained via the model expression (7).

Substituting Equation (11a) into the TV AR parameter expression of Equation (6) leads to:

ai[t] =
N∑

τ=1

w[τ ] · x[τ − i] · gTa [τ ] · ga[t]︸ ︷︷ ︸
K[τ,t]

=
N∑

τ=1

w[τ ] · x[τ − i] ·K[τ, t] (12a)

with: K(τ, t) := gT [τ ] · g[t] (12b)

designating a symmetric (K(τ, t) = K(t, τ)) and positive semi-definite kernel function satisfying the Mercer
conditions [12, pp. 37-39].
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Evidently, from the latter of Equations (12a), and for pre-selected kernel functions2, the TV AR parameters
may be fully specified iff the sequence w[t] (t = 1, 2, . . . , N ) is obtained. Towards this end, using Equation
(12a) and the latter of Equations (11b), the FS-TAR model of Equation (7) may be written as:

x[t] =
N∑

τ=1

( na∑

i=1

x[τ − i] ·K[τ, t] · x[t− i]
︸ ︷︷ ︸

O(t,τ)

)
w[τ ] + γ−1 · w[t] (13)

in which x[t− i] ≡ 0 for t ≤ i. Writing the above expression for t = 1, 2, . . . , N leads to the following set
of linear equations:

x = (O + γ−1IN )w (14)

where the (t, τ) element of matrixO is defined asO(t, τ) :=
∑na

i=1 x[τ − i] ·K[τ, t] ·x[t− i], IN theN ×N
unity matrix, and:

x := [x[1] . . . x[N ]]TN×1 w := [w[1] . . . w[N ]]TN×1

This may be solved, in a unique way, in terms of the unknown w[t]’s:

ŵ = (O + γ−1IN )−1x (15)

and the TV AR parameters are obtained via Equation (12a).

Remark. The estimation problem associated with the cost function of Equation (9) may be shown to be
equivalent to that of Maximum A Posterior (MAP) estimation with the regularization term corresponding
to a prior condition on the parameters following a zero-mean Gaussian distribution. The regularization
parameter γ essentially defines a trade-off between bias-variance for the estimated parameters, while the
kernel matrix is closely related to the parameter covariance matrix. Further details in [17], [18, pp. 12-13,
122-144], and references therein.

TV innovations variance estimation. The innovations variance σ2e [t] is estimated in a similar fashion,
using its Instantaneous Variance (IV) estimates [5]. The cost function in this case is:

Jσ2
e
:=

1

2
sTs+

γ

2

N∑

t=1

(
e2[t]− sT · g[t]︸ ︷︷ ︸

σ2
e [t]

)2

(16)

with the s estimator being:
ŝ := argmin

s
Jσ2

e
(17)

Differentiating the cost function with respect to s yields:

s =

N∑

t=1

w[t] · g[t] (18a)

with: w[t] := γ ·
(
e2[t]−

σ2
e [t]︷ ︸︸ ︷

sT · g[t]
)

=⇒ e2[t] = sT · g[t] + γ−1 · w[t] (18b)

Substituting (18a) into the latter of Equations (6) leads to:

σ2e [t] =
N∑

τ=1

w[τ ] · gT [τ ] · g[t]︸ ︷︷ ︸
K[τ,t]

=
N∑

τ=1

w[τ ] ·K[τ, t] (19)

2The specification of a single kernel function allowing for the direct computation of the inner product without designating the
functional basis g[t] constitutes the so called kernel trick [18, pp. 36-39], [15].
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Figure 1: Schematic diagram of the fan and the sensors.

where, as before, K(τ, t) := gT [τ ] · g[t]. Evidently, for pre-selected kernel functions, the TV innovations
variance may be specified iff the sequence w[t] (t = 1, 2, . . . , N ) is obtained. Towards this end, substituting
Equation (18a) into the latter of Equations (18b), leads to:

e2[t] =
N∑

τ=1

(
gT [τ ] · g[t]︸ ︷︷ ︸

K[τ,t]

)
w[τ ] + γ−1 · w[t] =

N∑

τ=1

K[τ, t] · w[τ ] + γ−1 · w[t] (20)

Writing the above expression for t = 1, 2, . . . , N leads to the following set of linear equations:

e2 = (K + γ−1IN )w (21)

withK designating the N ×N matrix with (τ, t)-th element K(τ, t) and:

e2 := [e2[1] . . . e2[N ]]TN×1 w := [w[1] . . . w[N ]]TN×1

This may be solved, in a unique way, in terms of the unknown w[t]’s:

ŵ = (K + γ−1IN )−1e2 (22)

and the TV innovations variance obtained from Equation (19).

4 Application case study: random vibration modeling and analysis
for an operating fan

In this section an application case study pertaining to the modeling and analysis of the non-stationary random
vibration measured on the poll of an operating fan is undertaken. FS-TAR modeling using both kernel and
adaptable models is presented, along with comparisons with simple non-parametric (spectrogram) and un-
structured parameter evolution (Recursive Least Squares TAR, RLS-TAR) modeling (see [1] and references
therein).

Second order moment non-stationarity (the first order moment being zero) is due to a low frequency yaw
motion and high frequency blade rotation (this is however not evident as it is beyond the studied frequency
bandwidth).
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Acquisition Data acquisition system: NI c-DAQ 9184
Sensor type: piezoelectric accelerometer
(PCB 352C22, sensitivity 10.28 mV/g)
Initial sampling frequency: 1 651.6 (Hz)
Signal length: 98 998 samples (59.94 s)

Pre-processing Chebyshev II lowpass filtering
(filter order 8, cutoff frequency 58.985 Hz)
Re-sampling frequency: 117.97 (Hz)
Signal length used for modeling: 7 000 samples

Table 1: Signal acquisition and pre-processing.

4.1 The experimental set-up and the non-stationary random vibration

A schematic diagram of the fan, indicating the two sensor locations on the poll, is presented in Figure 1.
Vibration signals are obtained via PCB 352C22 accelerometers, with the presently employed signal obtained
from Sensor #1 (along the z-axis). Signal acquisition is active for 59.94 s. The signal is initially sampled
at a relatively high frequency (1 651.6 Hz), low-pass filtered and re-sampled at 117.97 Hz, followed by
sample mean removal and scaling to the [-1,1] range. Further details on the equipment used and signal pre-
processing are provided in Table 1. An N = 7000 sample long portion of the signal, depicted in Figure 2, is
used for modeling and analysis.

Figure 2: The normalized, N = 7000 sample-long, non-stationary random vibration signal modeled.

4.2 Preliminary modeling and analysis: spectrogram and RLS-TAR methods

Preliminary, non-parametric and parametric, modeling and analysis is based on the spectrogram and Recur-
sive Least Squares TAR (RLS-TAR) modeling, respectively [1].

The Spectrogram. The signal’s Short Term Fourier Transform (STFT) based spectrogram (256 sample long
Hamming window, 51 sample advance - see Table 2) is depicted in Figure 3(a). The spectrogram reveals at
least six main frequency modes between 0.1 - 3 Hz, 11 - 13 Hz, 15 - 20 Hz, 24 - 26 Hz, 28 - 40 Hz, and 48 -
51 Hz.

Recursive Least Squares TAR (RLS-TAR) modeling. These are unstructured parameter evolution TAR
models estimated using a properly selected forgetting factor λwhich controls the parameter evolution ‘smooth-
ness’. A forward, backward and final forward pass over the signal is implemented in order to alleviate the
effects of the initial conditions, with the final results being those of the last pass [1].

Various model orders and forgetting factors are examined, with a model order na = 21 estimated with a
forgetting factor λ = 0.990 selected as best. The initial covariance matrix is set equal to P [0] = α · I , with
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Model Model Structure RSS/SSS†

& Estimation Details (%)
MATLAB spectrogram function

Spectrogram 256 sample-long Hamming window -
205-sample long overlap (51-sample long advance)
forward-backward-forward runs

RLS-TAR(21) Forgetting factor: λ = 0.990 5.38
Initial covariance: P [0] = 104I

kernel: Radial Basis Functions
kernel FS-TAR(21) AR parameters: σ = 150, γ = 104 2.81

AR parameters: Condition number‡ 3.55× 106

Innovations variance: σ = 150, γ = 10−1

Innovations variance: Condition number‡ 38.51
Basis functions:
Gba(1)[t] = 1, Gba(2k)[t] = sin[kδt], Gba(2k+1)[t] = cos[kδt]

AFS-TAR(21)[7,7] (k = 1, 2, 3) 5.44
Estimated δ = 0.0050 (rad) (AR parameters)
Estimated δ = 0.0049 (rad) (innovations variance)
Optimization: MATLAB lsqnonlin function
(TolFun = 10−4, TolX = 10−4)

†Residual Sum of Squares over Series Sum of Squares
‡Condition number of the inverted matrix

Table 2: Method details, selected models, and their prediction performance.

α = 104, while the innovations TV variance is estimated using a M = 250 sample long moving window
over the estimated innovations (model residuals) ê[t], that is:

σ̂2e [t] =
1

2M + 1

t+M∑

τ=t−M
ê2[τ ]

The achieved Residual Sum of Squares over the Series Sum of Squares is 5.38% (also see Table 2).

The RLS-TAR(21) model based frozen TV PSD estimate is depicted in Figure 3(b). This is in gross overall
agreement with the spectrogram, but provides increased accuracy and resolution, and clarifies details of the
vibration modes within the 15-20 Hz frequency range.

4.3 Kernel FS-TAR modeling and analysis

The AR order is maintained at na = 21, while a Radial Basis Function (RBF) kernel [14]:

K[τ, t] := exp

(
−(τ − t)2

2σ2

)

with implicitly defined basis functions of the form:

Gk[t] =
tk√
k!
exp

(
− t2

2σ2

)

is employed. It is noted that the user-selected parameter σ controls the ‘smoothness’ of the estimated TV
parameters (a role analogous to that of λ in the RLS-TARMA method). The regularization parameter γ is
also user selected; the higher it is the higher the emphasis on the second (RSS) part of the J cost function
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(a) (b)

(c) (d)

Figure 3: Time-frequency analysis of the non-stationary vibration: (a) spectrogram, (b) RLS-TAR(21) model
based frozen PSD, (c) kernel TAR(21) model based frozen PSD, and (d) AFS-TAR(21)[7,7] model based
frozen PSD.

Figure 4: Kernel TAR(21) model: effect of three values of σ on an estimated parameter trajectory.

(9). Of course, both σ and γ may be treated as hyper-parameters and estimated via approaches such as
maximization of the marginal likelihood or k-fold cross-validation [19, 17]. The effect of three distinct
values of σ on a selected TV parameter is depicted in Figure 4. The values finally selected are σ = 150
both for AR parameter and innovations variance estimation, and γ = 104, γ = 10−1 for AR parameter
and innovations variance estimation, respectively. The estimated model is successfully validated based on
residual (estimated innovations) whiteness [1]. The Residual Sum of Squares over the Series Sum of Squares
achieved is significantly reduced (compared to the RLS-TAR case) at 2.81% (estimation details are provided
in Table 2).

The kernel FS-TAR(21) model based frozen TV PSD is depicted in Figure 3(c). It is in good agreement with
the spectrogram and its previously obtained RLS-TAR(21) model based counterpart. Yet, it exhibits further
improvements in accuracy and resolution.
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4.4 Adaptable FS-TAR modeling and analysis

Adaptable FS-TAR modeling is presently employing trigonometric basis functions of the form:

G(2k)[t, δ] = sin[k δ t], G(2k+1)[t, δ] = cos[k δ t] k = 0, 1, 2, 3, . . .

(obviously k = 0 leads to G(1)[t] = 1) with the fundamental frequency corresponding to δ being:

ω = δ/T (rad/s)

with T designating the sampling period. This selection is motivated by the very nature of the problem
(periodic yaw motion). Note that δ is presently allowed to assume distinct values for the TV AR parameters
and the TV innovations variance.

Estimation is based on Separable Non-Linear Least Squares (S-NLS), as presented in [10], while the AR
order is, like before, maintained at na = 21. Different possible numbers of basis functions are considered,
separately for the AR parameters and the innovations variance, with 7 (corresponding to k = 0, 1, 2, 3)
selected based on criteria such as the RSS/SSS and the Bayesian Information Criterion (BIC) (AR parameter
case).

The obtained values of δ are as follows:

AR parameters: δa = 0.0050 (rad) ⇐⇒ ωa = 0.590 (rad/s)⇐⇒ fa = 0.094 (Hz)

Innovations variance: δs = 0.0049 (rad) ⇐⇒ ωs = 0.578 (rad/s)⇐⇒ fs = 0.092 (Hz)

with the minor difference attributed to estimation error. The estimated model is successfully validated based
on residual (estimated innovations) whiteness [1]. The achieved Residual Sum of Squares over the Series
Sum of Squares is at 5.44%, which is slightly higher than that of the previous cases (further details are
provided in Table 2).

The AFS-TAR(21)[7,7] model based frozen TV PSD estimate is depicted in Figure 3(d). It is in good gross
agreement with its previous counterparts, while exhibiting a clearly cyclostationary (periodic) behavior as a
direct consequence of the selected trigonometric family of basis functions.

4.5 Discussion

(a) General comment. The non-parametric spectrogram is generally useful for providing initial, though
rough, insight into the TV PSD and the underlying dynamics. The RLS-TAR method provides sig-
nificantly improved detail and information, while the kernel FS-TAR and AFS-TAR methods provide
further improvements. The focus of the comments below is on the latter two methods.

(b) Estimation. Estimation is somewhat simpler for kernel FS-TAR models compared to their AFS-TAR
counterparts, mainly because it is solely based on linear operations, and thus also offers a unique solu-
tion. Yet, the selection of the kernel function and mainly that of γ and σ may be important, and requires
trial and error procedures. On the other hand, AFS-TAR estimation also requires caution in selecting
a proper functional family and the subspace dimensionality. Moreover, estimation is partly non-linear,
hence additional care needs to be exercised for proper initialization and for avoiding potential local
extrema [10]. Model validation is a useful tool for detecting such cases.

(c) Model parsimony versus modeling flexibility. AFS-TAR models employ finite dimensional subspaces
(presently p = 7), and thus offer parsimony and best information compression (a total of napa+ ps =
154 parameters fully specify the present model). Yet, the penalty for this parsimony may be reduced
modeling flexibility in cases of complex time dependency of the dynamics, when finite dimensional
subspaces may lack flexibility. On the other hand, kernel FS-TAR need a high number of parameters,
as each AR parameter and the innovations variance need to be specified at each time instant. Yet, this
(with the use of potentially high dimensional subspaces) may offer improved modeling flexibility.
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(d) Achievable prediction accuracy. In this study prediction accuracy, quantified in terms of the RSS/SSS,
has been best for the kernel FS-TAR model (at 2.81%), while that of the AFS-TAR model has been
higher (at 5.44%), and close to that of its RLS-TAR counterpart (5.38%). It is conjectured that this is
due to the reduced modeling flexibility of the AFS-TAR model, as the trigonometric basis functions
limit its ability to capture non-periodic dynamics that may be present in the signal.

(e) Achievable spectral accuracy and resolution. In terms of ‘frozen’ TV spectral analysis, the kernel FS-
TAR and AFS-TAR modeling achieve similar results, and clear improvements over their spectrogram
and RLS-TARMA counterparts. They both capture the main cyclic component in spectral evolution,
which is characterized by a frequency very close to that estimated by the AFS-TAR model (fa =
0.094 Hz), which is related to the yaw motion of the fan. Furthermore, the kernel FS-TAR based TV
PSD seems to offer an edge over its AFS-TAR counterpart, with somewhat improved resolution and
flexibility in representing any kind of spectral evolution, that is also any non-cyclic components that
may be present. It also seems to provide somewhat crisper views, with ‘deeper’ valleys and ‘higher’
ridges in the 15− 21 Hz and 33− 36 Hz frequency ranges.

5 Concluding remarks

This study has focused on a kernel Functional Series Time-dependent AR (kernel FS-TAR) method for
the modeling and analysis of zero mean non-stationary random vibration signals. In contrast to previously
available FS-TAR methods, the functional subspaces for the TV AR parameters and innovations variance
need not be explicitly determined, while they may also be infinite dimensional. This offers improved flex-
ibility and obvious advantages to the broad class of FS-TARMA models, but, at the same time, leads to
non-parsimonious representations. Estimation is based on linear techniques, warranting uniqueness, but the
problem dimensionality is high. The selection of the regularization parameter (trading estimation bias with
variance) and any parameters related to the kernel functions is important and often done based on trial and
error.

The kernel FS-TAR method has been employed for the modeling and analysis of the non-stationary random
vibration signal obtained on an operating fan, and its performance has been contrasted to that of the Adapt-
able FS-TAR (AFS-TAR) method, while comparisons with the spectrogram and the Recursive Least Squares
TAR (RLS-TAR) method have been also made. The results of this application case study have confirmed
the high performance characteristics of the two FS-TAR methods, which are in quite good agreement and
capture the mostly periodic nature (due to the periodic yaw motion) of spectral evolution. Yet, the kernel
FS-TAR method exhibits an edge in terms of achievable prediction accuracy and TV PSD analysis. It is
evident that they both constitute valuable tools for non-stationary random vibration modeling and analysis
warranting further work and assessments.
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Abstract
A test set-up for the modal analysis of gyroscopic, rotationally symmetric systems is presented. It employs
laser Doppler vibrometry along with automatic impulse excitation installed on a rotary table and is applied
to a glass structure rotating about its figure axis. The effects of gyroscopic influences on the modal be-
haviour such as the split of eigenfrequencies and the treatment of complex eigenmodes as travelling waves
are deduced analytically and shown experimentally. Finally numerical computations using the Arbitrary-
Lagrangian-Eulerian (ALE) finite element formulation separating the rigid body rotation from the mesh de-
formation are conducted. With the combination of analytical, experimental and numerical analysis a broad
overview of modal characteristics of gyroscopic systems isgiven.

1 Introduction

The oscillatory behaviour of rotating structures is of interest in many applications, e.g. disc brakes, turbines
or gyroscopes. The latter are frequently used devices in thefields of navigation or stabilization as sensors
for measuring rotation and its rate. The accompanying gyroscopic effects introduce several phenomena into
a system’s dynamics, which this paper aims to give an overview of. Section 2 starts with the mathematical
background towards the modal characteristics of a vibrating structure under rotation. It is followed by several
sections discussing a representative example in the form ofa rotating wine glass. While section 3.1 starts
with some analytical investigations, section 3.2 and 3.3 present experimental and numerical results.

2 Dynamics of gyroscopic systems

This section gives a brief discussion of how the dynamics of asystem are affected when it is subject to a
rotational motion with angular velocityΩ. In the course of this, a short comparison between a standard
non-gyroscopic and a gyroscopic system is conducted. The focus lies on the modal characteristics, such as
eigenvectors and eigenfrequencies. For further details, references are given throughout the chapter supple-
mented by [1], [2] or [3].

In the field of structural dynamics the equations of motion for linear systems are classically written in second
order matrix form

Mÿ +Ky = f(t) ↔ Mÿ +Gẏ +Ky = f(t) (1)

for n degrees of freedom (DoFs)y ∈ Rn with mass matrixM = MT, stiffness matrixK = KT and
external forcing functionf(t). The left equation describes an undamped, non-gyroscopic system withΩ = 0,
while the right equation introduces gyroscopic effects with the gyroscopic matrixG(Ω) = −G(Ω)T. In the

3467



following, it is assumed that either version of (1) describes the samerotationally symmetricsystem with
equations of motion of dimensionn = 2. With the exponential ansatz

y = ỹ eλt (2)

one finds the quadratic eigenvalue problem

[
Mλ2 +K

]
ỹ = 0 ↔

[
Mλ2 +Gλ+K

]
ỹ = 0. (3)

Substitution withu := λ2 for retrieval of a linear form yields

[
Mu+K

]
ỹ = 0 ↔

[
Mu+G

√
u+K

]
ỹ = 0. (4)

As a system ofn = 2 DoFs is considered, one finds the characteristic equation asa second-order polynomial
in u by building the determinant of (4) with the two solutionsu1,2. Both of them yield a pair of conjugated
complex purely imaginary eigenvalues

{λ1, λ̄1} = ±√
u1 and {λ2, λ̄2} = ±√

u2, (5)

leading to the eigenfrequenciesωj = |ℑ{λj}|. The appearance as conjugated pairs can be expected from
several viewpoints:

1. It is known that quadratic eigenproblems forM -K orM -G-K systems yield eigenvalues symmetric
with respect to the real axis in the GAUSSian plane. In the first case withG = 0, they also lie
symmetrically to the imaginary axis, [4].

2. As a real solutiony ∈ Rn has to be found for (1) and ansatz (2) for itself is complex fora vibratory
system, its conjugated complex equivalent has to be an admissible solution too for truncation of the
imaginary parts via superposition.

3. As will be shown later, the complex eigenvectorsỹ of a rotating system can be regarded as waves
travelling on the symmetric structure. Their travelling velocity is determined byℑ{λ}, while their
travelling directionsgn(ℑ{λ}) is generally unconstrained. I.e. they can wander in either direction,
leading to conjugate complex eigenvalues±λ, [5].

When the system is not rotating, one finds double modes due to its symmetry, i.e. degenerate (but still
orthogonal) eigenmodes̃y belonging to the same (double) eigenvalueλ. From a mathematical point of view
this fact can be explained by employing group theory. Symmetric modes with wave number̃n ≥ 1 span
two-dimensionalsubspaces and thus have to exist as double modes with the sameeigenvalueλ, [6]. These
specific symmetry properties in the dynamics no longer pertain under rotation withΩ > 0 as they are broken
by the Coriolis forces acting on the structure. These gyroscopic non-inertial forces perturb the degeneracy
by splitting the double eigenvalueλ in two distinct (but closely neighbouring) partsλ1 andλ2 and rendering
the double eigenmodes̃y complex, [7]. Thus in the gyroscopic state one finds closely split eigenfrequencies
ω2 > ω1 and complex eigenmodes̃y1 and ỹ2 differing in the phases of their components. This frequency
split introduces beating into the system’s oscillatory response, which is discussed in the next section 2.1. The
details of the actual frequency split will be addressed in 2.2.

2.1 Beating phenomena in gyroscopic systems

In the free oscillations of rotating systems, typically beating can be observed. Its emergence is outlined in
the following for the homogeneous solutiony(t) to the linear systems in (1). For both kinds,y(t) is obtained
from superposition of the eigensolutions associated withλj with j = 1, 2 out of ansatz (2) via
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y(t) = ỹ1e
λ1t + ỹ2e

λ2t

︸ ︷︷ ︸
compl. part

+ ¯̃y1e
λ̄1t + ¯̃y2e

λ̄2t

︸ ︷︷ ︸
conj. compl. part

(6)

= ỹ1e
λ1t + ¯̃y1e

λ̄1t

︸ ︷︷ ︸
eigensolutionp1

+ ỹ2e
λ2t + ¯̃y2e

λ̄2t

︸ ︷︷ ︸
eigensolutionp2

(7)

= ỹ1e
λ1t

︸ ︷︷ ︸
wavew1

+ ¯̃y2e
−λ2t

︸ ︷︷ ︸
wavew2

+ ¯̃y1e
−λ1t

︸ ︷︷ ︸
conj. w̄1

+ ỹ2e
λ2t

︸ ︷︷ ︸
conj. w̄2

. (8)

Equations (6) to (8), with¯(•) denoting conjugate complex quantities, are permutations of the same sum
relying on different interpretations of how the single terms interact:

• classical superposition of acomplexpart with itsconjugate complexequivalent in (6)

• superposition of tworeal eigensolutionsp1 andp2 in (7)

• superposition of two wavesw1 andw2 travelling counter-directional withλ1 and−λ2 (= λ̄2) on the
structure together with their conjugate complex representations in (8).

These three equivalent forms can be summarized component-wise to a phasor

y(k)(t) = 2Y(k)(t) cos
(
Φ(k)(t)

)
(9)

for each DoFk similar as shown in [8]. For this step theconstantmodal phases

ϕ̃
(k)
j = arctan

(ℑ{ỹ(k)j }
ℜ{ỹ(k)j }

)
(10)

have to be extracted component-wise from the complex eigenvectors

ỹj =

n∑

k

|ỹ(k)j | eiϕ̃
(k)
j ek (11)

with the unity basis vectorsek. Combination with the anglesωjt of the complex pointerseλjt = eiωjt in (6)
to (8) yieldstime-dependentphases

φ
(k)
j (t) = ϕ̃

(k)
j + ωjt (12)

for each DoFk in the sum terms. For the overall system’s answery(t) this results in atime-dependent
envelope

Y(k)(t) =

√
|ỹ(k)1 |2 + |ỹ(k)2 |2 + 2 |ỹ(k)1 | · |ỹ(k)2 | cos

(
∆φ(k)(t)

)
(13)

with

∆φ(k)(t) = φ
(k)
2 (t)− φ

(k)
1 (t) (14)

= (ω2 − ω1)t+ (ϕ̃
(k)
2 − ϕ̃

(k)
1 ) (15)

= ∆ωt + ∆ϕ̃(k) (16)
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involving the beating frequency
∆ω = ω2 − ω1 > 0 . (17)

Investigating the roots of the envelopeY(k)(t) in (13) gives the conditions for the existence of nodes of the
vibrational pattern. One finds that these nodes are neither stationary nor fixed on the structure. In fact, they
are travelling on the geometry and define a rotating motion ofthe oscillations on the body. For mathematical
details, the reader is referred to [8]. In addition to the envelope also the equallytime-dependentphase

Φ(k)(t) = arctan

( |ỹ(k)1 | sin
(
φ
(k)
1 (t)

)
+ |ỹ(k)2 | sin

(
φ
(k)
2 (t)

)

|ỹ(k)1 | cos
(
φ
(k)
1 (t)

)
+ |ỹ(k)2 | cos

(
φ
(k)
2 (t)

)
)

(18)

of the overall system answery(t) is derived. After lengthy operations it can be rewritten as

Φ(k)(t) = φ
(k)
m (t) + arctan

( |ỹ(k)2 | − |ỹ(k)1 |
|ỹ(k)2 |+ |ỹ(k)1 |

tan
(∆φ(k)(t)

2

))
(19)

with
φ
(k)
m (t) = 1/2

(
φ
(k)
1 (t) + φ

(k)
2 (t)

)

= 1/2(ω2 + ω1)t+ 1/2(ϕ̃
(k)
2 + ϕ̃

(k)
1 )

= ωmt + ϕ̃
(k)
m .

(20)

including themiddle frequency
ωm = 1/2(ω1 + ω2). (21)

Together with∆ω it builds the set of characteristic parameters of a beating oscillation. For the case of
ỹ
(k)
1 = ỹ

(k)
2 = ỹ(k) the overall solutiony(t) corresponds DoF-wise to the well-known form

y(k)(t) = 2 ỹ(k) cos
( ω1 − ω2

2︸ ︷︷ ︸
∆ω/2

t
)
cos
( ω1 + ω2

2︸ ︷︷ ︸
ωm

t
)
, (22)

describing an oscillation withωm while its amplitude is modulated with frequency∆ω/2.

Equations (6) to (22) can be simplified noticeably for the non-gyroscopic case due to the intact double
eigenvalueλ1 = λ2 = λ with its now real eigenvectors̃y = ¯̃y. The steps are not shown here, but with
straight-forward operations one arrives at a solutiony(t) without any modulation as one would expect. No
beating is present and the oscillations occur withωm = ω. Both the envelope (13) and the phase of the
solution (18) lose their time-dependence, while the latteralso adopts the same constant phase value for
all DoFs. This stands in agreement with the standard case of undamped, non-gyroscopic systems, whose
eigensolutions from double eigenvalues originate asstandingwaves from the superposition offorward and
backward travellingwaves with thesamevelocity ω from eigenvalue±λ. The envelope of this standing
wave deflates to an oscillating and otherwise fixed and time-invariant pattern on the body with frequencyω.

2.2 Eigenfrequency split due to gyroscopic forces

Earlier the split of degenerate eigenvaluesλ and their double frequenciesω was mentioned. This split is
directly dependent on the rotational velocityΩ and can be computed from the gyroscopic eigenproblem

(λ2M + λG(Ω) +K) ỹ = 0, (23)

given in anon-rotatinginertial frame. Pre-multiplication with̃yH, where(•)H denotes the conjugate trans-
pose, yields
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λ2ỹHMỹ + λỹHGỹ + ỹHKỹ = 0. (24)

With the projections of the system’s matricesM andK in the modal subspace

M̃ = ỹHMỹ ∈ R1×1, (25)

K̃ = ỹHKỹ ∈ R1×1 (26)

the Rayleigh-Quotient is formulated as

ω2 =
K̃

M̃
. (27)

Furthermore, one defines the purely imaginary projection ofthe gyroscopic matrixG(Ω) =: ΩĜ as

G̃∗ = ỹHĜỹ ∈ C1×1 (28)

and solves withG̃ := |ℑ{G̃∗}| andλ = iω equation (24) for the eigenfrequencyω as per

ω1,2 = ωΩ ∓ ∆ω

2
(29)

with

ωΩ =

√√√√
(
Ω

G̃

2M̃

)2

+ ω2 and ∆ω = Ω
G̃

M̃
. (30)

Equation (29) is based on the fact, that the root term in (30) depends on the employed eigenvectorỹ in (23)
and (24), but gives constant base valuesωΩ for the two eigenvectors of a double mode. Meanwhile (28)
changes its sign inside of a double mode, thus increasing or decreasingωΩ via∆ω by a constant value.
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Figure 1: Dependence of the eigenfrequencyω on the rotational velocityΩ.

Figure 1 shows the frequency split together with the non-linear growth of the base valueωΩ due to the
stiffening influence of the rotation on the system. The actual split of ω(0) into ω1,2 via ∆ω happens linearly
in Ω and symmetrically to the respective base value. Thus, in theregime of small rotational velocities the
approximation

ω1,2 ≈ ω ∓ ∆ω

2
= ω ∓ ñ (bF + 1)Ω (31)

of the split valuesω1,2 is admissible, when the increase inωΩ is negligible. This approach yields the straight
dashed lines in Figure 1 departing inω(0) from each other. The slope of these diverging lines is determined
by the sensitivity of the structure’s eigenfrequency towards gyroscopic influences. It is denoted here with the
product±ñ(bF + 1) of the modes wave number̃n and the so-calledBryan’s FactorbF – a vital quantity in
the development and design of gyroscopes. Both terms are introduced in detail in the next section by means
of a rotating wine glass as application example.
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3 Application example – a rotating wine glass

The investigation of the dynamic behaviour of rotating bodies and their accompanying phenomena on the
modal characteristics emerged with [9]. G. H. Bryan established the virtue of Coriolis forces on a rotating
ring and axisymmetric shells based on his studies of a spinning wine glass. A similar glass is considered
here as example and investigated in the following analytically, experimentally and numerically.

3.1 Analytical investigations

Bryan made the observation that when a vibrating structure is subject to rotation, the vibrational pattern
precesseswith respect to the structureat rateνΩ proportional to the structure’s own rotational velocityΩ.
For an outside observer, the pointPv of the vibration pattern with velocityν0 rotates less than the material
pointPm it coincided with at the beginning. A visualization of this effect similar to [10] is given in Figure 2.
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Figure 2: Visualization of Bryan’s FactorbF, cf. [10].

The three rotational rates are linked viaν0 = νΩ +Ω and theBryan’s FactorbF following

bF =
v0
Ω

− 1 =
νΩ
Ω

, (32)

see [9] or [11]. The author of [5] derives a general formula for the special case of an axisymmetric shell on
a rotating base, which corresponds closely to the presentedexperiment in section 3.2. He deduces

νΩ = − 2Ω

ñ2 + 1
and ν0 = Ω

ñ2 − 1

ñ2 + 1
(33)

for the rates of precessionνΩ andν0 of the vibrational pattern for a co-rotating and an outside observer. Here
ñ stands again for the azimuthal wave number characterizing the cyclic symmetric modes of an axisymmetric
structure. Therefore, one can derive

bF = − 2

ñ2 + 1
(34)

and use this relationship in the assessment of the experimental and numerical results’ quality in section 3.2
and 3.3. Table 1 gives the analytical results for wave numbers ñ = 2 . . . 7 for comparison. Picking mode with
wave number̃n = 2 as an example, the vibrational pattern travels from aco-rotatingobserver’s perspective
{xΩ, yΩ} with νΩ = −0.4Ω < 0, i.e. counter-directionalto the sense ofΩ, or from the perspective{x0, y0}
of anoutsideobserverco-rotationalat a rate ofν0 = 0.6Ω. This lagging effect of the vibrational pattern can
be linked to the frequency split in equation (29) and (31) with the substitution

∆ω = 2 (bF + 1) ñΩ (35)
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yielding the alternative forms

bF =
∆ω

2ñΩ
− 1 =

G̃

2ñM̃
− 1 = const., (36)

with all quantities computed in theinertial frame{x0, y0}1. It can be seen thatbF, determining the extent
of the frequency split as a proportionality constant, is based on the scalar projections̃G andM̃ of the trans-
formed gyroscopic eigenproblem (24). They are functions ofthe moments of inertia of the system about
its rotational axis and its two lateral axes, i.e. depend on the geometric shape of the body. The system’s
stiffness properties, which are accounted for inK̃, are of no importance for this matter and only influence
the eigenfrequency base valueωΩ by means of the Rayleigh-Quotientω2 in (27). As mentioned before, the
Bryan’s FactorbF scales the slope of the departing straight lines in theω(Ω)-Plot in Figure 1, representing
the sensitivity of the eigenvalues and frequencies with respect to the rotational velocityΩ. In the course of
this, it correlates closely with the beating frequency∆ω in (17) in section 2.1.

ñ 2 3 4 5 6 7

bF -0.40 -0.20 -0.12 -0.08 -0.05 -0.04

Table 1: Analytical Bryan’s FactorsbF for ñ = 2 . . . 7 from (34).

Regarding this matter, many others such as [11] can be mentioned, where the authors derive a linear theory
for discussing this effect in a rotating annular disc. [12] gives an overview over several approaches for wave
superposition in rotating discs and how imperfections influence their vibrations. In [13] equations (33) are
expanded to accelerated rotatory motion and explained in the context of solid-state wave gyroscopes.

3.2 Experimental investigations

In the following, the experimental investigations are described. The section at hand presumes the reader
is familiar with the basics of experimental modal analysis and its terminology. For details on the general
approach and the mathematical background [14] is recommended. The results throughout this section are
given in Hz, i.e. the relationω = 2πf holds for transformation.

3.2.1 Test set-up

The test set-up consists of a rotary tableRK3E VLby manufacturerShimpo, on which the glass is mounted
by clamps. Its spinning speed can be adjusted smoothly with apedal and is capped around250.52min−1 ≈
4.24Hz. The actual angular velocity at the time is measured with thehelp of a Hall sensor registering
magnets passing by on the circumference of the table’s spinning disc. Additionally, an elastic stop was fixated
on the rotary table, which brushes against an outside, stationary plate equipped with an acceleration sensor.
Its signal serves as clock pulse, separating single revolutions from each other. The glass itself is covered with
a white coating of around20µm thickness, which was required for performing the 3D digitalization of the
geometry. A photograph of the whole test rig is depicted in Figure 3.

3.2.2 Test procedure

For the modal analysis the structure is excited at distinct pointsj = 1, 2 . . . 100 in radial direction employing
an automatic modal hammer, which executes and records the impacts on the structure. The time history of

1See [7] for the approach with arotating frame of reference.
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Figure 3: Test rig in the laboratory.

the ensuing velocity oscillations inmms−1 is measured by means of a laser Doppler vibrometer focussed
on the spatially fixed pointi = 1 on a reflector strip applied around the glass rim, see Figure 4. Hence, a
roaming excitation procedure is performed, recording the transmission behaviour in form of the frequency
response functionsHij = H1j (FRFs) for the evaluation of the structure’s modal characteristics.

The 100 measurement nodes are divided in four rows on the glass, where the first one contains 40 excitation
locations. The numbering is done in top-view counter-clockwise direction. Row two to four were given a
coarser resolution with only 20 measurement points each as section 3.2.5 will show that the modes of interest
possess most of their details near the rim.
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Figure 4: Test set-up with measurement pointsj = 1 . . . 100 and nodej = 1 as response node.

With the depicted experimental set-up two kinds of modal analyses were performed:

• Analysis A) withΩ = 0
As a first step, the glass was examined while still-standing.This conforms to a standard modal analysis
with roaming excitation measuring all hundred FRFsH1j. In this scenario, the material and the spatial
(inertial) perspective coincide at all times. The results are discussed briefly in sections 3.2.4 and 3.2.5.
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• Analysis B) withΩ > 0
In the second experimental phase, the modal analysis was performed under rotation, requiring a more
sophisticated testing procedure illustrated in Figure 4:

– At first, laser and hammer are aligned for the still-standingglass withmaterialpointsi = 1 and
j, building aspatiallyfixed set-up with angleαj for measuring the transmissibilityH1j .

– Subsequently, the glass is accelerated to the desired constant angular velocityΩ and with trigger-
ing the hammer the recording is started. At this stage, the measurement locationsi andj are still
aligned in space, but no longer bound to distinct material points on the glass. I.e. the hammer
hits the targetedspatial point, but a randommaterial point of the glass. At the same time, the
laser measures the radial oscillations of its targetedspatial response point while the oscillating
materialpoints of the reflector strip travel below the beam throughout the whole recording phase.

– For the next excitation pointj + 1 the glass is stopped and its pointi = 1 aligned again with the
laser. In this configuration, the hammer is now adjusted to its new spatial locationj+1, the glass
is accelerated again and the next measurementH1j+1is recorded. The results of this test series
are shown and discussed in sections 3.2.4 and 3.2.5.

3.2.3 Challenges in the test set-up

The described set-up poses several challenges for the data acquisition, especially for Analysis B) when
Ω > 0. Some of them are discussed in the following:

To begin with, the glass possesses imperfections and is mounted on the test rig by hand, i.e. deviations
in shape and position from an ideal rotatory symmetric and fully centred structure ensue. Efforts were
made to minimize and quantify these influences with the help of the 3D digitalization. Additionally, the
velocity signals of the laser vibrometer were integrated inthe frequency domain and evaluated back in time as
displacements curves for single revolutions of the glass. Eventually, the misalignment could be minimized,
but not fully removed for the test rig, which leads to amplification ofΩ and its harmonicskΩ with k =
1, 2, . . . in the spectrum. A post-processing of the signals via cepstral analysis, [15], might be of interest
here for further investigations.

Furthermore, as the reflector strip is constantly moving below the laser point, noise enters the response
signal dependent on how fast the structure rotates. This dependence onΩ can be seen in Figure 5(a). It
was supposed that the introduced noise was of random nature,thus the problem was addressed with anH1

estimator for the response signal by averagingseveralmeasurements for acquiring asingleFRFH1j . To
a certain extent, this approach was successful and the noisecould be reduced. Figure 5(b) shows how the
spectrum and thus the signal’s quality improve, the more averages are considered up tonavg = 30. For
example, the (split) eigenfrequency peaks of the mode withñ = 6 at around4822Hz cannot be identified
from the measurement of a single FRF, but only becomes visible, when the averaging method is employed.
However, it can be argued that the noise is still too dominantin the higher frequency regimes, leading to
errors in these areas.

Finally, one has to be aware that with the presented set-up only radial oscillations of the glass’s goblet are
detectable, i.e. tangential deformation can not be identified. This becomes apparent, when evaluating the low
frequency regime where bending modes orthogonal to the radial laser direction are present. Sections 3.2.4
and 3.2.5 discuss this point briefly while focussing on the other results of the modal analysis. In particular
the eigenfrequencies and their corresponding modes were ofinterest, whereas damping coefficients were
neglected.

3.2.4 Experimental results I – Eigenfrequencies and Bryan’ s Factor

The eigenfrequencies were measured for values ofΩ = 0 and full speedΩ = 254.4min−1 ≈ 4.24Hz.
Table 2 shows the measurements, where the frequency split becomes immediately apparent. The values were
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Figure 5: Noise dependence on rotational velocityΩ in min−1:

(a) Time domain ins with various rotational velocities, no excitation.
(b) Frequency domain inHz with and without averaging.

rounded mildly to integer format for a clearer representation, showing the evolution off over the mode wave
numberñ andΩ. It can be seen that in the tested regime the presumption of a symmetric frequency split in
equation (31) was justified.

ñ 2 3 4 5 6 7

Ω = 0Hz 497 1117 2115 3367 4822 6416

Ω = 4.24Hz
492 1107 2100 3347∗ 4797∗ 6386∗

502 1127 2130 3387∗ 4847∗ 6446∗

f(4.24) − f(0)
-5 -10 -15 -20∗ -25∗ -30∗

+5 +10 +15 +20∗ +25∗ +30∗

Table 2: Measured eigenfrequenciesf(Ω) in Hz, ’∗’-values not clearly identifiable due to noise.

Figure 6 shows a representative plot of the recorded time histories. One can see the slowly varying envelope
based on the beating phenomena due to the frequency split. Asa pre-trigger was used before the recording
phase, one can also see the underlying noise level, owing to the movement of the reflector strip before the
actual oscillations are initiated.

Additionally to the values given in Table 2, two more eigenfrequencies were perceptible in the low frequency
regimes around23Hz and 275Hz. They are less prominent in the spectra, but by comparison with the
numerical results of section 3.3 they could be identified as the first and second beam-like bending modes of
the glass. As no measurement points were placed on the glass’s shaft they emerge only as distorted rigid
body motions of the glass’s goblet in the experiment, where the first one would correspond tõn = 1.

Figure 7 shows cut-outs of Campbell plots off(Ω) for the modes with wave numbers̃n = 3 andñ = 4. For
these diagrams, the time historiesẏ(t) of the excited glass were recorded for 25 different rotational speeds
Ω from 0Hz to 4.24Hz. As expected a single frequencyf = f1 = f2 can be found forΩ = 0, which splits
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ẏ
(t
)

Pre-Trigger

Figure 6: Exemplary time history ins with beating envelope underΩ ≈ 3Hz.

up the furtherΩ increases. Again it is obvious that for these low rotationalspeeds the split happens linearly
and symmetrically toωΩ ≈ ω respectivelyfΩ ≈ f .
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Figure 7: Evolution off(Ω) in Hz for mode with (a)̃n = 3 and (b)ñ = 4.

Additionally, the Bryan’s FactorbF can be computed for each mode according to equation (36) and compared
with the analytical results of Table 1. Table 3 shows the close agreement of the analytical solution with the
experimental values for wave numbersñ = 2, 3, 4. As in the higher frequency regime the noise becomes
more dominant, errors start to grow and the close agreement is lost.

ñ 2 3 4 5 6 7

bF,exp -0.41 -0.21 -0.12 -0.06∗ -0.02∗ +0.01∗

bF,an -0.40 -0.20 -0.12 -0.08 -0.05 -0.04

Table 3: Experimental and analytical Bryan’s Factors by (34), ’∗’-values not clearly identifiable due to noise.

3.2.5 Experimental results II – Eigenmodes and travelling w aves

Together with the eigenfrequencies, also the eigenmodes were identified. Beginning with the still-standing
case, the real-valued results are shown in Figure 8. As mentioned earlier, the glass shows most of its details
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of its modes near the rim, which exhibits deformation according to wave number̃n over its circumference.
The chosen density of 40 measurement points on the rim suffices to represent the mode shapes adequately
up toñ = 4. For higher wave numbers, the measurement mesh shows gradually to be too coarse, despite the
general shape of the modes still being recognizable.

PSfrag replacements

ñ = 2, f ≈ 497Hz ñ = 3, f ≈ 1117Hz ñ = 4, f ≈ 2116Hz

ñ = 5, f ≈ 3367Hz ñ = 6, f ≈ 4822Hz ñ = 7, f ≈ 6416Hz

Figure 8: Measured mode shapes and eigenfrequencies forñ = 2 . . . 7 for the still-standing glass.

For the rotating case, the general outline of the ascertained mode shapes does not change noticeably, but the
modes are complex now. I.e. the depicted shapes in Figure 8 would only resemble the real or imaginary
part of the whole complex mode at full speedΩ = 4.24Hz. For illustration of the overall complexity of the
modes, Figure 9 shows a plot of the phases of the radial DoFs for ñ = 2. One can see, the phase changing
twice in agreement with̃n = 2 from −π to+π over the glass’s circumference.
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Figure 9: Phase change in radial DoFs of the complex mode withñ = 2.
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Figure 10 shows different states

ỹj(τ) =

n∑

k

|ỹ(k)j | ei(ϕ̃
(k)
j +ω1τ) ek (37)

of the real part of modẽn = 3 over pseudo-timeτ where the deformational pattern (white) travels on the
glass structure while the actual measurement locations (black) vibrate but do not rotate.

 

PSfrag replacements
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travelling
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stationary
measuring point

Figure 10: Sequence of the real part of mode withñ = 3 at pseudo-timesτl, l = 1 . . . 6.

3.3 Numerical investigations

After the experimental investigations were carried out, numerical simulations employing the finite element
method were conducted. Hereby anArbitrary-Lagrangian-Eulerianformulation was used for integrating the
gyroscopic effects into the model, which stems from the fieldof rolling contact. It separates the rotational
movement as rigid body rotation from the actual deformationof a body by means of separated Eulerian and
Lagrangian viewpoints. This allows the finite element mesh to stand still and only account for deformation
without any rotational movement. In a way, this approach is quite similar to the outlined procedure of
Analysis B) in section 3.2.2. The details of the formulationcan be found in [16] or [17].

In Figure 11 finite element meshes of the wine glass can be seen– one for the whole glass and one solely for
the goblet. They consist of28 447 and2961 quadratic hexahedral elements containing119 544 and48 036
DoFs. The geometry was derived from a 3D mapping of the glass with an ATOS 3Dscanner, which was
imported as mesh. The glass model possesses the parameters

̺ = 2.7 kg/m3, E = 63000MPa, ν = 0.275 (38)
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and is clamped at its foot. In this configuration an angular velocity of Ω = 4.24Hz is applied. Table 4
shows the results for the eigenfrequencies with and withoutrotation together with the errorεf,exp towards
the experimental values. It can be seen that for this moderate rotational velocity the split happens again quite
symmetrically to its unsplit base value. Additionally, thenumerical Bryan’s FactorsbF are given, showing
close agreement with the analytical solution in (34).

ñ 2 3 4 5 6 7

Ω = 0Hz 507 1107 2108 3367 4833 6437
εf,exp +2.01% −0.90% −0.33% 0% +0.23% +0.33%

Ω = 4.24Hz
501.4 1097.1 2093.15 3347.9 4809.6 6409.30
511.8 1117.5 2123.2 3387.2 4857.8 6466.4

f(4.24) − f(0)
-5.6 -9.9 -14.9 -19.1 -23.4 -27.7
+4.8 +10.5 +15.2 +20.2 +24.8 +29.4

bF,num -0.39 -0.20 -0.11 -0.07 -0.05 -0.04

bF,an -0.40 -0.20 -0.12 -0.08 -0.05 -0.04

Table 4: Numerically computed eigenfrequenciesf(Ω) in Hz and Bryan’s Factors.

A selection of the computed modes is depicted in Figure 11. Besides the double modes of the glass’s goblet,
the first two bending modes of the glass as a whole could be identified numerically, where the experimental
test set-up was not able of capturing them correctly. These results conclude the investigations of the glass.

PSfrag replacements

f ≈ 22Hz f ≈ 256Hz f ≈ 507Hz f ≈ 1107Hz

Figure 11: Selection of numerically computed modes and eigenfrequencies for the still-standing glass.

4 Summary and conclusion

Gyroscopic forces may influence the modal behaviour of rotating structures significantly, depending on the
present angular velocity. Under consideration of rotationally symmetric systems, the mathematical back-
ground for these influences was provided and applied to an example in form of a wine glass. A test set-up
was presented and discussed together with its challenges and the obtained measurement results. Finally, nu-
merical computations employing an ALE finite element algorithm were conducted and agreement between
theory, experimental observations and numerical results could be achieved. With these three perspectives a
broad overview of structural dynamics in the presence of gyroscopic forces was presented.
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Abstract 
The purpose of this study is to construct a numerical analysis technique for reducing electromagnetic 
vibration of the main transformer for railway use with front loading. Reduction of vibration and noise is 
required since vibration and noise of railroad equipment affects ride quality. The transformer targeted in 
this study is a shell-type, and the coil group which is the vibration source is tightened in the coil axis 
direction by the tank. Then, vibration test of only coil group was carried out, a relation between tightening 
force in the axial direction of the coil group and natural frequency was grasped and a numerical analysis 
model was constructed. In addition, a coil group model of arbitrary tightening distribution was constructed 
based on the compression test result of the spacer between coils. It was confirmed that the actual 
measurement of electromagnetic vibration and the analysis result show good agreement. 
 

1 Introduction 

Transformers for electric railway vehicles are devices that transform the voltage of electricity obtained 
from overhead lines in order to supply power to the main circuits for driving the vehicles and auxiliary 
circuits such as those for air conditioning and lighting. Since the main transformer is installed in the 
limited space of the upper part of the vehicle and under the floor, coordination between vehicle-body 
structural factors (structure, dimensions, mass, etc.) is important. Moreover, as types of transformers, 
“core-type” and “shell-type” are available; however, to achieve coordination with the body structure, the 
transformer used for the railways vehicles is the shell type. In recent years, demands for ride comfort in 
regard to railway vehicles have been increasing year by year, so measures to reduce vibration and noise 
are required. Under those circumstances, it is becoming more important to consider vibration and noise in 
the design process.  
Vibration and noise of a transformer are roughly divided into two categories. One is “excitation” vibration 
and noise due to the magnetostrictive phenomenon generated by excitation of the transformer’s core. The 
other is “energization” vibration and noise caused by the electromagnetic force generated by energization 
of the coil. The former, namely, excitation vibration and noise, is conspicuous when the railway vehicle is 
stopped; that is, as a fundamental frequency, its dominant frequency is twice the operating frequency of 
the transformer, and it contains harmonic components. The latter, namely, energization vibration and noise, 
is conspicuous when the vehicle is running under power and regenerating (so the load on the transformer 
is high) and operating at low speed (so the noise during running is small), and its dominant frequency is 
twice the operating frequency of the transformer.  
Excitation vibration and noise was lowered by the development of iron-core material composed of 6.5% 
silicon steel (with small magnetostriction) and a combination of directional silicon-steel plate and step 
wrapping [1-7]. Regarding energizing vibration and noise, while observation results (such as noise 
variation due to tightening pressure of the coil) and studies on electromagnetic force have been published, 
a method for lowering noise has not been developed yet [8-9]. 
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In this research, which aimed to devise a method for reducing energizing vibration and noise, a numerical-
analysis model of a transformer for railway vehicles was constructed. Concerning conventional core-type 
transformers, examples of studying a modeling method of a coil and its coil tightening force, investigating 
the vibration propagation path from the coil to the tank of the transformer, and calculating the noise 
radiated from the tank have been reported [10-11]. As for shell-type transformers, unlike core-type 
transformers, it is difficult to model a non-uniform tightening force. Therefore, in this research, first, to 
grasp the vibration characteristics when the coil is tightened with uniform tightening force at the 
beginning and, next, to define different tightening forces at the site, stress-strain characteristics were 
acquired. After that, a numerical analysis model with a uniform tightening force of the coil was 
constructed. Then, a modeling method of non-uniform tightening force was studied, and models of iron 
core, tank, and oil were added to the coil model. Finally, actual measurements and analysis results 
concerning vibration during actual operation were compared, and the validity of the investigated modeling 
method was demonstrated. 
 

2 Structure of shell-type transformer for railway rolling stock 

In this study, a shell-type transformer for railway vehicles—installed under the vehicle floor—was 
focused on. The tank of a shell-type transformer is structured to fit to its contents   (i.e., a “form fit” 
structure  ), and the coil and iron core of the transformer are housed inside the transformer tank, which is 
filled with oil for insulation and cooling. The iron core is a laminated electromagnetic steel plate, which is 
fastened and fixed in the tank in the direction of lamination of the steel plate. As for the coil, numerous 
coils are laminated, and in the same manner as the iron core, the coil is fixed in the tank by tightening it in 
the direction of coil lamination. Part of the coil is a surrounded by the iron core (“iron-core part” 
hereafter), and a part of it is not surrounded by the iron core. The part that is tightened by the tank is the 
part not enclosed by the iron core (“tightened part” hereafter). Consequently, the fastening forces in the 
coil-lamination direction in regard to the tightened part and the iron-core part are different. Spacers are 
inserted between the coils to ensure insulation and oil-flow paths. Each coil is formed by winding an 
insulated-coated wire in the radial direction, and the coil-tightening direction, axial direction of the coil, 
and coil-lamination direction are all the same. 
 

 
Fig. 2-1: Lamination direction of coil group and iron core as well as tightening force 
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Fig. 2-1: Lamination direction of coil group and iron core as well as tightening force 

3 Experimental 

3.1 Experimental mode analysis of coil 

To construct a numerical-analysis model of the laminated structure of the coil and spacers, experimental 
mode analysis (i.e., an experiment) targeting the coil only was used. The object of the analysis was only 
the coil, and for the purpose of tightening, a threaded rod penetrating two iron holding plates on both sides 
of the coil was made up. A spring (with a known spring constant) was set at one end of the threaded rod, 
and the tightening force was adjusted by controlling the displacement of the spring (by tightening the 
threaded rod). Although, in the case of an actual unit, the tightening forces in the tightened part and in the 
iron-core part differ, to build a numerical analysis model by a method reported in a previous study [1], it 
was assumed that the tightening force of the coil was uniform throughout the model. Moreover, to 
determine the influence of the tightening force on vibration characteristics, the experiment was carried out 
with the tightening force set as four conditions. Responses of the outer surface of the coil and the holding 
plates on both sides of the coil when an impact hammer was vibrated perpendicularly to the coil-tightening 
direction and the core-tightening direction  were measured with a triaxial acceleration sensor, and a 
transfer function was obtained.  
As for the results of the experimental mode analysis, the tightening force was confirmed to transition 
between four modes: torsion, shear, bending, and expansion. Natural frequencies of the mode in which the 
transition was confirmed [Hz] are listed in Table 3.1-1. A positive correlation between the tightening force 
and the natural frequency of the mode in which the transition occurs was confirmed. If there is no mass 
change due to the tightening force, and if the dimensional change is sufficiently small, the change in 
natural frequency is taken as being due to the change in the stiffness of the coil. Since the coil is a 
laminate of a conductor and a spacer, and the spacer is made of wood, it is considered that the spacer 
greatly contributes to the change in the coil stiffness by tightening. 

 
Mode 
 

Tightening force [MPa] 
0.5 1.0 2.0 3.0 

Torsion 44.4 45.9 50.7 55.8 
Shear 70.4 64.4 72.2 77.9 
Bending 165.8 174.5 191.8 201.6 
Expansion 258.9 271.7 279.5 284.2 

Table 3.1-1: Natural frequency of modes at which transition was confirmed [Hz] 

x

y

Iron-core part

Tightened partTightened part

(c) Top view
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3.2 Compression test on spacer 

Regarding the part tightened by the tank (tightened part) and the part surrounded by the iron core (iron-
core part), to define the spring constant of the spacer at an arbitrary tightening force, the load-
displacement characteristic of the spacer was obtained by compression test. A general material is used for 
the conductor of the coil, and it has high rigidity compared with that of the spacer, and in consideration 
that the spacer has a significant influence on the vibration of the entire coil, the spacer itself was subjected 
to a compression test. To attain the same state as a real unit, an oil-impregnated spacer was tested. The 
stress-strain characteristics of the spacer obtained from the compression test are shown in Fig. 3.2-1. 
According to this figure, although the stress-strain characteristics are nonlinear overall, when the stress 
exceeds 0.5 MPa, they are almost linear. 
 

 
Fig. 3.2-1: Stress-strain relationship (obtained by compression test) for the spacer 

 
 

4 Numerical analysis 

4.1 Modelling 

First, the coil only was subjected to the experimental mode analysis. Since the coil has a flat-plate 
structure, it was modeled as a shell element. The coil has a structure in which the conducting wire is 
wound in the radial direction; therefore, it is considered that its in-plane behavior and bending behaviour 
differ, and its different material properties are defined by its in-plane and bending behavior. The spacers 
between the coils were modeled with spring elements. The spring constant in the tightening direction 
defined the equivalent spring constant obtained from the compression-test results and the dimensions of 
the spacer. The spring constant in the direction orthogonal to the tightening direction was set to a value 
one-tenth of that in the fastening direction as the initial value. In addition, the test jig was modeled with 
shell and bar elements, and the material property of the jig was defined as the value for the material of the 
jig.  Since the longitudinal modulus of elasticity of the shell element modeling the coil and the spring 
constant in the direction perpendicular to the tightening direction of the spring modeling the spacer are not 
well-grounded, they were fitted to the modes obtained by the experimental mode analysis. 
Natural frequencies obtained by the experimental tests and numerical analysis (after adjustment)  are 
plotted in Figure 4.1-1, the corresponding MAC(Modal Assurance Criterion) values are listed in Table 
4.1-1, and typical vibration modes obtained by the experimental test and numerical analysis (at tightening 
force of 3.0 MPa) are shown (as representative examples) in Fig. 4.1-2. The relative error of the natural 
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frequency is about ± 5% or less, and the MAC values obtained by the experimental test and numerical 
analysis agree well fairly well to very well. As a result of the fitting, the rigidity in the coil plane 
decreased to about 15%. This result is thought to be due to the fact that even though the conductor is not 
integrated in the radial direction, it is modeled as one in the created numerical-analysis model. Also, at a 
tightening force in the range of 0.5 to 3.0 MPa, the spring constant in the tightening direction of the spacer 
was constant regardless of the tightening force.  As shown in Fig. 3.2-1, it is also fairly linear at 0.5 MPa 
or greater.  The spring constant in the direction perpendicular to the tightening direction of the spacer 
becomes linear with increasing tightening force; it is thus concluded that the change of the natural 
frequency due to the change of the fastening force can be expressed as the change of the spring constant in 
the in-plane direction of the spacer. 

 

 
Fig. 4.1-1: Natural frequency determined by experimental test and numerical analysis 

 

Tightening 

force 

(MPa) 

Mode 

Torsion Shear  Bending Expansion 

0.5 0.33 0.40 0.43 0.59 

1 0.40 0.44 0.77 0.68 

2 0.47 0.44 0.92 0.77 

3 0.45 0.56 0.91 0.78 

Table 4.1-1: MAC values obtained by experimental tests and analytical model  
  

0

50

100

150

200

250

300

350

0 0.5 1 1.5 2 2.5 3 3.5

N
at

ur
al

 fr
eq

ue
nc

y 
[H

z]

Tightening force [MPa]

試験 ねじり

解析 ねじり

試験 せん断

解析 せん断

試験 曲げ

解析 曲げ

試験 伸縮

解析 伸縮

Measurement-Torsion

Analysis-Torsion

Measurement-Shearing

Analysis-Shearing

Measurement-Bending

Analysis-Bending

Measurement-Expansion

Analysis-Expansion

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 3487



 
 

Measurement Numerical analysis 

  
(a) Torsion mode 

  
(b) Shear mode 

  
(c) Bending mode 

  
(d) Expansion mode 

 
Fig. 4.1-2: Natural-vibration modes determined by test and analysis (tightening force: 3.0 MPa) 
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4.2 Definition of tightening force 

As stated in Section 4.1, the coil was modeled in the case that the tightening force was uniform; however, 
the tightening force of the coil in a real unit differs in regard to the tightened section and the iron-core 
section. In this section, different tightening forces are modeled by varying the spring constant of the spacer. 
The tightening force of the part tightened by the tank in an actual unit is within the range of that set as the 
tightening condition in the experimental mode analysis, and since the spring constant in the tightening 
direction is constant, and the spring constant in the direction perpendicular to the tightening direction is 
proportional to the tightening-surface pressure, the spring constant of the spacer at any tightening force 
can be calculated. Since the part surrounded by the iron core is not tightened, the tightening force in a real 
unit is roughly 0 MPa. Although the spring constant of the tightened part could be estimated from the test 
results for the tightening-force range of 0.5 to 3.0 MPa, it is not possible to calculate the spring constant of 
the spacer for tightening force less than 0.5 MPa. Accordingly, the stress-strain characteristic of the spacer 
obtained as described in Section 3.2 and the spring constant in the direction orthogonal to the tightening 
direction are estimated under the assumption they are equal even if the ratio of the spring constant in the 
direction perpendicular to the tightening direction and the tightening direction for tightening force of 0.5 
MPa is less than 0.5 MPa.  The spring constant in the tightening direction at an arbitrary tightening force 
is obtained from Fig. 3.2-1, and it is used as the spring constant in the tightening direction. Spring constant 
is obtained by using a similarity ratio from an arbitrary tightening force in the direction perpendicular to 
the fastening direction, the spring constant in the tightening direction when tightening force is 0.5 MPa, 
and spring constant in the direction perpendicular to the tightening direction of the numerical-analysis 
model with tightening force of 0.5 MPa.   
Since the Young's modulus at tightening force of 0 MPa cannot be calculated from the relation between 
strain and stress for the spacer (shown in Fig. 3.2-1), it is assumed that the tightening force on the iron-
core part is 0.1 MPa. The iron core, tank, oil, and test jig are added to the numerical-analysis model of the 
coil (modeling non-uniform tightening force). The tank was regarded as a plate material, the iron core, oil, 
and test jig used were modelled as shell elements, volume elements, and shell elements, respectively, by 
using Nastran’s added-mass method (MFLUID). The tank and the test jig were made of steel, for which 
standard physical-property values were used. Standard values were also used for oil density. As for the 
modulus of longitudinal elasticity of the iron core in the in-plane direction of the electromagnetic steel 
sheet, the catalog value for electromagnetic steel plate was used, and the value used for the 
electromagnetic-steel-plate lamination direction was about 1/1000th of that for the in-plane direction [12-
13]. Equivalent density was used for density. Contact elements were used for connecting the coil and the 
tank as well as the iron core and the tank. As for the transformer and the test jig, bolt-fastened parts were 
connected with rigid elements. The degree of freedom of the test jig was constrained by the parts bolt 
fastened to the floor surface. The appearance of the established numerical-analysis model is shown in Fig. 
4.2-1. 

 
Fig. 4.2-1: External view of numerical-analysis model 

(a) Overall view of model

Test jig
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Fig. 4.2-1: External view of numerical-analysis model 

 

4.3 Electromagnetic force 

To calculate the response of the transformer during operation, the electromagnetic force generated by the 
coil was calculated. The electromagnetic force generated by the coil is obtained from the outer product of 
current   flowing in the coil and magnetic flux density   due to the magnetic field formed in the coil, and it 
can be calculated by calculating the magnetic flux density (by using magnetic-field-analysis software or 
the like) from the current and coil shape. For the current value, the value described in the design document 
was used, the frequency of the current was taken as 60 Hz, the frequency of the electromagnetic force was 
taken as 120 Hz, and the method used for analyzing the magnetic field was nonlinear-static-magnetic-field 
analysis. The result of integrating the electromagnetic forces for each coil at the instant of maximum 
current is shown in Fig. 4.3-1. The coil numbers shown in the figure represent each coil, and the total 
number of coils went up to coil #26. According to the figure, the electromagnetic force in the coil-
tightening direction is predominant compared to those in the in-plane directions of the coil. Moreover, the 
electromagnetic force in the tightening direction was reversed in sign between coils #1 to #13 and coils 
#14 to #26. This trend implies that the coil is a plane object, with coils #13 and #14 as the boundary at 
which the direction of current flow becomes opposite. The obtained electromagnetic force is defined as 
that for the coil part of the numerical-analysis model, and frequency response of the transformer is 
analyzed. 

 

 
Fig. 4.3-1: Electromagnetic forces at the moment of maximum coil current  
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(c) Coil and iron core
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4.4 Discussions 

The vibration of the tank during actual operation was compared in terms of actual measurements and the 
results of the numerical analysis. The evaluation direction was taken as the direction normal to the outer 
wall of the tank (in Fig. 4.4-1, evaluation points 1, 2, and 3 represent the z-, y-, and x-directions, 
respectively), and the frequency of the current  was taken as 120 Hz. The results corresponding to the 
evaluation points shown in Fig. 4.4-1 are plotted in Fig. 4.4-2. According to the plot, the absolute values 
of the analysis results are 2 to 6 dB lower than those for a real unit. The reason that the absolute values of 
the analysis results are smaller than the measurements of an actual unit is given as follows: Although there 
is an error between the MAC values determined by the experimental test and by the numerical analysis, 
and a path traveling through the structure and a path traveling through the fluid represent the propagation 
paths from the coil to the tank, in this calculation, the path through which the fluid travels was not 
considered; that is, only of the path traveling through the structure was evaluated. Accordingly, the error 
in the electromagnetic force can be considered as the reason.  Although there is an error between the 
absolute values, the mutual relationships between the measurements and the analysis results for each 
evaluation point are consistent. Moreover, when the electromagnetic force is defined as all directions (case 
1), only in the in-plane x-direction (case 2), in the in-plane y-direction of the coil (case 3), and only in the 
coil-tightening direction (case 4), the relative error was less than ± 1 dB only in cases 1 and 4. This result 
is explained by the fact that the electromagnetic force is predominant in the coil-tightening direction (as 
shown in Fig. 4.3-1). For the electromagnetic force input into the numerical analysis, that in the coil-
tightening direction only is thus considered sufficient. 
 

 
Fig. 4.4-1: Evaluation points          Fig. 4.4-2: Evaluation results 

 
 

5 Summary 

To devise a method for reducing energizing vibration and noise in a transformer, a numerical-analysis 
model of a transformer—in which the tightening force of the coil is not uniform—was constructed. 
Vibration measured during actual operation was compared with results of numerical analysis, and the 
effectiveness of the constructed model was verified. The results of this study are summarized as follows. 
 
(1) Vibration during actual operation would be predicted by the model of the transformer, which defines 

electromagnetic force in the coil (modeling non-uniform tightening force), with relative error of -6 to -2 
dB. Although there is an error in the absolute values, the mutual relationship between the actual-unit 
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measurements and analysis results for each evaluation point is consistent. The reason that the 
calculation results are smaller than the measurements of an actual unit is considered as follows: 
Although there is an error between the MAC values determined by the experimental test and by the 
numerical analysis, and a path traveling through the structure and a path traveling through the fluid 
represent the propagation paths from the coil to the tank, in this calculation, the path along which the 
fluid travels was not considered; that is, only of the path traveling through the structure was evaluated. 
Accordingly, the error in the electromagnetic force can be considered as the reason. 

(2) Electromagnetic force is dominant in coil-axis direction, the calculation results for the case that the 
electromagnetic force was defined in all directions and the case it was defined in the coil-axis direction 
only had error of 1 dB or less. It is concluded from this finding that the electromagnetic force only in 
the coil-axis direction is sufficient as input into the established numerical-analysis model. 

(3) The longitudinal elastic modulus of the spacer between the coils was almost completely non-linear 
when the tightening force was 0.5 MPa or less, but it was approximately linear at 0.5 MPa or more. 

(4) The natural frequency of the coil in torsion, shearing, bending, and expansion modes when the 
tightening force was taken as uniform over the entire surface was found to have a positive correlation 
with the tightening force in the range of 0.5 to 3.0 MPa. It was also found that a spring orthogonal to the 
tightening direction acting as the spring constant of the spacer can express the change of the natural 
frequency due to the change of the tightening force of the coil as a linear change of the spring constant. 
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Abstract
This paper presents a reliable methodology that allows using large (in time) but sparse (in space) data from
sensors to get a full picture of the dynamic response of a scaled model catamaran structure. Increasing the
amount of information relative to the structural behavior is critical for some applications like structural health
monitoring and condition-based maintenance. Loads and elastic deflections are estimated by combining the
information obtained from the measured structural data with a finite element model of the system given
that some statistical properties of the estimated outputs are preliminary known. Craig-Bampton method is
used to achieve a reduced-order model since it is particularly suited to describe the modal response along
with the estimation of the concentrated forces. A natural second-order observer is then defined to provide an
optimal estimation of forces and elastic deflections. The validation of this technique is pursued by comparing
estimated and known values of the response and a sensitivity analysis of the accuracy is considered as well.

1 Introduction

The development of structural monitoring systems on-board vehicles aims to achieve a full-picture of the
vehicle response under operating conditions. The gathered information are indeed useful for improving
design or for implementing structural health monitoring (SHM) strategies. In this paper, we deal with filling
the gap between the information made available from sensors and those necessary to carry out some tasks
like those indicated above. Following this path, we intend to transform point-wise measurements into a
continuous spatial representation of the monitored structure plus some additional information which are not
directly available. In particular, target of this estimation will be the structural deflections and the ambient
loads of an elastically scaled model of a fast catamaran tested in the towing-tank. The physical model is an
elastic segmented model made up by a backspline scaling the ship bending flexibility, and a hull divided into
several segments, which in turn are attached to the backspline.

Transforming discrete measurements into a continuous representation needs some additional information
about the system to avoid arbitrary hypotheses about its behavior; for this reason, a mathematical representa-
tion of the system in terms of a finite-element model will provide the link between the sensor measurements.
Although the number of degrees of freedom (DoFs) of a FE model is highly influenced by the discretization,
the number of DoFs of a sufficiently refined model is still too high for the present case, in which the critical
nodes are the sensors. This well-known issue can be solved by reducing the problem size. Modal truncation
techniques over finite-element analysis is usually the way to obtain a computationally cost-effective model.
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However, the modal truncation is not a reliable and efficient tool when the structure is subjected to impulsive
phenomena, such as slam impacts, requiring a very a large number of vibration modes to get an approxi-
mated reconstruction of the external forces and the global structural behavior. Craig-Bampton technique is
an alternative method which reduces the DoFs of the structural model in a more efficient way for the present
scope. The main feature of this approach is the capability to keep unchanged the information in some phys-
ical points (master DoFs) within the set of the reduced DoFs. Moreover, the behavior of the system in the
frequency range of concern can be recovered by employing additional DoFs that have the physical meaning
of vibration modes [1]. These features allows for estimating the elastic deformations even when external
forces are concentrated in space and time. These characteristics make the present technique also useful for
system sub-structuring. In the framework of virtual sensing, this sub-structuring method has been used to
evaluate loads and deflections by employing accelerometers at interface locations [2]. Once a numerical
model suitable for the sensor setup is available, the successive question is relative to choose the correct ap-
proach to estimate the continuous structural displacements by using a limited number of measurements. For
this purpose the most popular and used tool is Kalman filter that is a recursive filter that employs a numerical
model and noisy data for state estimation. The estimate is performed by obtaining a gain matrix that, given
the statistical characteristics of process and measurement noise, provides the most likely value of the state
over time [3, 4]. However, the Kalman filter seems not suitable for this purpose since it intrinsically requires
the external forces as input or, at least, that their statistical distribution is Gaussian. However, this hypothesis
is too restrictive since the hydrodynamic forces are described by narrow-band spectra in usual conditions [5].
More recent approaches, still frame-able in the field of optimal estimators, such as the augmented Kalman
filter [7, 8] and the joint input-state estimator [9, 10], aim to solve this issue by estimating the external input
within the filter loop. However, all the mentioned methods are not natural for a second-order mechanical
system [11, 12], namely they do not ensure the kinematic relationship present within the problem. Consider
the following single input-single output linear dynamic system recast in first order form:

{
ṗ
v̇

}
=

[
0 1

−k/m −d/m

]{
p
v

}
+

[
0

1/m

]
u+ w (1)

y = cpp+ cvv + duu+ v

where p is the displacement, v the velocity, u the input, w the process noise, m, d, k, respectively, the mass,
the damping and the stiffness, y the output, v the process noise and cp, cv and du, respectively, the coefficients
that express the output though p, v and u. The state estimation equation associated to the dynamics in Eq. (1)
is generally expressed as follows:

{
˙̂p
˙̂v

}
=

[
0 1

−k/m −d/m

]{
p̂
v̂

}
+

[
0

1/m

]
u+

[
lp
lv

]
(y − cpp̂− cvv̂ − duu) (2)

where p̂ and v̂ are the estimates of p and v. The optimal estimators, such as those introduced above, provide
a gain matrix [lp lv]T such that the desired relationship ˙̂p = v̂ is lost unless lp = 0 (never possible [12]) or
the residue y − cpp̂− cvv̂ − duu→ 0. The last case is only possible when the external loads are known and
the modeling uncertainties are negligible. Consequently, in this work the authors employ a natural second-
order observer following an approach similar to [14, 16]. However, this observer has in its formulation
free-parameters that have to be decided to enhance its accuracy. For this purpose, an optimization process
is carried out to minimize the state-error and the measurement post-fit residual, recovering in this way the
modeling errors that negatively affect the response estimation. From one side, the minimization of state error
covariance is the same process within the Kalman filtering. However, the optimization process allows us
to consider an external force spectral density making this process more consistent with the physics of the
problem. From the other side, the minimization of covariance associated to post-fit residual tends to reduce
the measurement residue as well as to consider data gathered in a previous learning phase. The paper is
organized as follows: in Sec. (2) the experimental case study object of the paper is presented, whilst the
theoretical background is provided in Sec. (3). Finally, Sec. (4) reporting the main results ends the paper
before the concluding remarks.
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2 The experimental case study

2.1 Physical model description

The experimental model of the catamaran being the object of the analysis is a model built with the elastic
backbone approach, whose goal is to decouple the structural and hydrodynamic functions of the structure.
This technique involves the construction of a structural frame that scales the elastic behavior of the full-scale
model [5] and a segmented hull, where the segments - rigidly connected to the backbone beams - transmit
hydrodynamic force and moments. Moreover, the experimental model includes a segmented wetdeck con-
nected to the truss to transmit the loads generated by slamming impacts. The model is illustrated in Figure 1
where it is possible to observe the catamaran below carriage with its metallic backbone and segments. The
main rigid-body characteristics of the model are listed in Table 1.

Figure 1: Experimental model under the carriage.

The backbone truss is made of aluminum and includes several structural components: two longitudinal
beams, two transverse beams, a central beam in the symmetry plane, and two hinged beams near the bow
to support the wetdeck as shown in Figure 2. The truss is connected to the segments by using stiff vertical

Table 1: Main model parameters.

Variable value

Mass 206.8 Kg
Length Overall 3.96 m

CoG 1.628 m
Pitch radius 1.143 m

elements called legs. The role of the hull segments is to transfer concentrated hydrodynamic force to the
elastic backbone via the legs. Each demi-hull is divided into four segments as shown in Figure 1. In order
to ensure a certain stiffness and lightness, the segments are made with fiberglass laminate with a stiffening
core material. The gaps between adjacent segments is made water-tight by using thin rubber straps. On
the other hand, the wetdeck is made up by different materials such as fiberglass, wood and PLA in order to
make it robust enough and, in turn, it is segmented in two parts, with length of 1/3 and 2/3 length overall,
respectively for the forward and the backward part. The forward part, where all the slamming phenomena
occur, is connected to the two hinged beams. A great number of structural lab tests have been carried out on
the model, such as static and vibration tests, that has been used to enhance the numerical model. These tests
were carried out hand in hand with the construction of the model, involving different configurations and parts
of the catamaran. The results related with vibration tests of the final configuration are presented. For a deeper
insight, please refer to [6]. The experimental first six elastic mode shapes of the free-free structure with the
corresponding natural frequencies and damping ratios are shown in Figure 3. The free-free conditions have
been reproduced by hanging the present model by means of 8 soft springs in order to keep the frequencies
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(a) Wetdeck view (b) Working principle of wetdeck balance

Figure 2: Wetdeck arrangement.

of the rigid-body modes with frequency lower than 2.0 Hz [5]. Finally, natural frequencies and modes have
been computed by means of Polymax. Further wet vibration tests have been carried out showing a general
decrease of the natural frequencies. Table 2 shows natural frequencies and damping of modes that can refer
to those shown in Figure 3

(a) f1 = 10.36 Hz, ζ1 = 0.042 (b) f2 = 16.33 Hz, ζ2 = 0.007 (c) f3 = 23.65 Hz, ζ3 = 0.019

(d) f4 = 29.33 Hz, ζ4 = 0.015 (e) f5 = 46.36 Hz, ζ5 = 0.008 (f) f6 = 55.41 Hz, ζ6 = 0.01

Figure 3: Natural modes from dry vibration tests.

Table 2: Wet vibration tests: natural frequencies and damping.

mode 1 2 3 4 5 6

fn[Hz] 8.63 12.02 15.45 23.19 35.51 38.69
ζn 0.022 0.004 0.006 0.017 0.013 0.011

Eventually, the experimental campaign, that main results are provided in Sec. (4), has been performed at the
CNR-INSEAN towing-tank basin Emilio Castagneto in Rome, that is a 220 m long, 9 m wide and 3.5 m deep
linear basin equipped with wavemaker system, able to generate regular waves and irregular sea according to
different kind of spectra. The monitoring of the elastic deflections and the hydrodynamic loads is applied
to a scaled physical naval model tested in towing tank with on board acquired data. Some details about the
towing system and the sensor layout follows. However, deeper insights about design and model assessments
can be found in [5].

The model was towed by an eight-drive wheels carriage moving on a railroad guide. The complex tow-
ing system was such that it would only allow for heave and pitch modes by means of a barycentric hinge
connected to vertically oriented linear bearing and a fork-type device at the stern.
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Heterogeneous data related to strains, rigid-body motion and internal forces have been used. This vast
amount of data has been recorded by means of a manifold of synchronized DEWE-43 modules. In particular,
the sensor used for this analysis consists of 36 HBM strain gages spread to cover the whole backbone (
Figure 4), and Rodymm Krypton optical system to measure all six rigid-body DOFs.

Figure 4: Strain gages layout.

2.2 Numerical model description

The physical model introduced in Sec. (2) has been modeled by means of a detailed FE model. The develop-
ment of present FE model has been particularly challenging since the mass properties are highly influenced
by sensor layout and hull mass distribution. In order to obtain a numerical model as close to the experimental
one as possible, a model updating has been carried out in a cascade way by updating the structural compo-
nents step by step during the model assembly stage. Hence, first the properties of backbone has been update
by experimental vibration tests of the bare metallic frame up to a frequency of 120 Hz and then, an equivalent
model of wetdeck has been generated in order to model its stiffness and mass. Finally, a final updating is
performed considering the whole structure in order to reach a good matching between the experimental dry
modes and the first two numerical vibration modes. The FE natural modes and frequencies are shown in
Figure 5. Notice that the first two modes and frequencies are very close to the experimental ones. Moreover
it is possible to notice some vibration modes not identified in the experimental tests, such as the modes of the
symmetric torsion of forward part of the trusses with frequency 27.71 Hz. Finally a proportional damping
matrix has been assumed by taking into account the experimental damping ratios.

(a) f1 = 10.11 Hz (b) f2 = 16.90 Hz (c) f3 = 19.62 Hz

(d) f4 = 19.75 Hz (e) f5 = 20.15 Hz (f) f6 = 27.71 Hz

Figure 5: Natural modes from dry numerical modal analysis.

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 3499



3 Theoretical background

The estimation of elastic deflections is performed by combining two techniques: the Craig-Bampton reduc-
tion and an optimal observer. The Craig-Bampton technique allows us to reduce the problem size and can
be carried out within the FE framework. The successive and most challenging step is to design a natural ob-
server, based on a finite set of measurements, which is “optimal” in giving back a trustworthy representation
of our physical system.

3.1 Sensor datasets

To clarify how the data is processed, two main group of variables are defined:

• Active measurements ya. This is the input processed by the presented method to build the approxi-
mation model. These data are provided by sensors constituting the permanent sensor array upon which
the expert monitoring system will be permanently based.

• Virtual measurements. This is the new information that is obtained from the output, directly or
through simple models.

Figure 6: Classification of sensor datasets.

Since it is our aim to validate the present method against the available measurements, a more comprehensive
classification of the information is used in the present paper:

• Active measurements ya, as seen above.

• Target measurements yt. It includes the data upon which the procedure internally tries to minimize
its errors, or conversely to refine its capability to predict the correct values.

• Control measurements yc. These are available measurements used to check the final performances
but which do not drive the optimization procedure.

The introduction of the AI set corresponds to performing the so-called “learning phase” when the system
is installed on-board our vehicle or in the monitored structure; the Target Measurements are obtained by
means of an additional array of sensors that after the “learning phase” is removed. The reason for which the
Target Meas. are not included in the Active Measurements set is because the design of the optimal observer
would change if more input variables are fed to the system after completion of the “learning phase”. These
concepts are further explained in the diagram above. The Target and the Control Measurements are distinct
sets because we are specifically interested in evaluating the performances in points which did not take part to
the optimization process. On the other hand, the Control Measurements may include all the input variables
(Active Meas. Set), but is more indicating if at least some control variables are not fed as input to the system,
since we trivially expect that good predictions are obtained in the Active data (even if the system is not
strictly an interpolator).
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3.2 Craig-Bampton Method

The Craig-Bampton method [1] is a technique that allows for reduction of the number of degrees of freedom
u of a structural problem if the dynamic response is limited to a certain frequency range. This method differs
from the modal truncation by the capability to include physical displacements in the set of generalized coor-
dinates; this provides a set of reduced DoFs on which the decomposition depends, which are called master
and hereafter denoted by uM. Besides the master DoFs, an additional set of modal DoFs η is considered to
complete structural dynamics behavior in the interest frequency range. By taking into account this reduction
technique, the physical DoFs u can be expressed by superimposition as:

u =

{
uM

uS

}
=

{
uM

SuM + ZSη

}
=

[
I 0
S ZS

]{
uM

η

}
= Rcb

{
uM

η

}
(3)

where Rcb is the Craig-Bampton transformation matrix. The dynamics of the slave DoFs uS depends on the
master DoFs by means of the boundary modes S obtained by a static condensation, as well as the dynamics
associated to the fixed-boundary modes ZS. For the present case study (see Sec. ( 2)) an amount of 23 master

(a) (b) (c)

(d) (e) (f)

Figure 7: Craig-Bampton modes: examples of boundary modes (a,b,c,d) and fixed-boundary modes(e,f)

DoFs has been considered, that are chosen by selecting:

• the vertical displacements and rotations about the transversal axis in each connection point between
segments and backbone (8 points with DoFs 3 and 5);

• the vertical displacements in each connection point between the forward part of the wetdeck and rela-
tive bars (4 points with DoF 3);

• the vertical and lateral displacements as well as the rotation about the vertical axis of the hinge point
of the CoG (1 point with DoFs 2,3 and 6).

These DoFs are introduced in order to have the minimum number of variables able to describe in a complete
fashion the concentrated forces exchanged between the segmented hull and the backbone as well as the
constraint force exchanged with the seakeeping bar. Then, a user dependent number of fixed-boundary
modes is considered in order to have also a displacement space complete enough for the interest frequency
range. Thus, the transformation matrix in Eq. (3) allows to get a reduced order system whose dynamic
behavior is described by the following mass and stiffness matrices:

Mcb =

[
MMM + STMSSS STMSSZS

ZT
S MSSS I

]

Kcb =

[
KMM + KMSS 0

0 ΩS

]
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According with the sensor datasets definition of Sec. (3.1), the second order linear dynamic system can be
expressed as follows:

Mcbq̈ + Dcbq̇ + Kcbq = f + w (4)

ya = Ca
cbq + va (5)

yt = Ct
cbq + vt (6)

yc = Cc
cbq + vc (7)

where qT =
{

uT
M ηT

}
is the vector of the reduced generalized coordinates, Dcb is the structural damping

matrix expressed by means of Craig-Bampton modes, f is the vector of the hydrodynamic forces, w is the pro-
cess noise, va, vt and vc are the measurement noises and Ca

cb, Ct
cb and Cc

cb are the output matrix respectively
associated to active, target and control measurements.

3.3 Natural second-order observer

The estimate of loads and elastic deflections needs for a further and more important step. In this work,
the optimal observer that has been used resumes and expands the characteristics of the one proposed in [12],
making it suitable to estimate the external forces and the elastic deflections of the scaled model of catamaran.
Additional elements with respect to [12], are i) the use of a non-symmetric observer; ii) the introduction of
two objective functions to be optimized, one -classic- which aims to the minimization of the state error and
the other-one that aims to minimize the residues at the points defined as Target Meas. in Sec. (3.1) ; iii) the
use of a-priori estimate of the statistics associated with external forces (as in this case the power spectral
density) to improve the estimation of the dynamics that are actually excited.

The state equations of the unknown input linear second order observer of Eq. (4) can be generally expressed
as follows:

Mcb
¨̂q + Dcb

˙̂q + Kcbq̂ = L(ya − Ca
cbq̂) (8)

where the symbol •̂ refers to each estimated quantity and L is the observer gain. By defining the state error
e = q− q̂, the Eqs. (4,8) provide the error dynamics as

Mcbë + Dcbė + Kcbe + LCa
cbe = f + w + Lv (9)

The Fourier transform of Eq. 9 yields

[−ω2Mcb + iωDcb + Kcb + LCa
cb] ẽ(ω) = f̃(ω) + w̃(ω) + Lṽ(ω) (10)

where the symbol •̃ is used to represent the Fourier transform. By defining

HO(ω) = [−ω2Mcb + iωDcb + Kcb + LCa
cb]−1 (11)

Eq. 10 provides the frequency response of the state error as

ẽ = HO(ω)(̃f + w̃ + Lṽ) (12)

If the statistical features of the forcing terms and process and measurement noise are stochastic, known and
uncorrelated each other, by means of Eq. (12), the system response to stochastic inputs is obtained as follows

Φee(ω) = H∗O(ω)(Φff(ω) + Φww(ω)− LΦvv(ω)LT)HT
O(ω) (13)

where Φ•• indicates the power spectral densities. On the other hand, it is possible to define also the post-fit
measurement residual by means of Eq. 7:

z̃ = ỹt − ˜̂yt = [I− Ct
cbHO(ω)L]ỹt (14)
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This relationship is however influenced by the noise present in tt and from non-optimal estimation of state.
In a similar way of Eq. 13, the power spectral density of the post-fit measurement residual can be processed
using the data gathered in the learning phase:

Φzz(ω) =
[
I− Ct

cbHO(ω)L
]∗

Φytyt(ω)
[
I− Ct

cbHO(ω)L
]T (15)

Finaly, Eqs. (13,15) yield the covariances of the state error and post-fit residual

P =

∫ +∞

−∞
Φee(ω)dω (16)

S =

∫ +∞

−∞
Φzz(ω)dω

Note that these two quantities depend on the gain matrix L. The aim is to assess and minimize the covariances
of Eq. (16) by find the optimal free parameters that make up the matrix L. This optimization process will be
discussed in Sec. (3.4).

3.4 Optimization Process

3.4.1 Objectives

Generally speaking, an optimal estimator is obtain when the gain matrix is computed to minimize the trace
of P, that represents the norm 1 of the variance of the errors on the state. This is the same operation generally
operated in Kalman filtering, considering, however, only the displacements in the state vector. Though the
external forces are not directly measured, the knowledge of their power spectral densities, along with the
characterization of the process and measurement noises, allows us to compute the observer to get the most
likely estimation of the state (see Eq.13). In case of low measurement noise, a high gain observer is always
obtained. However, in the presence of noise in the output data, the observer should be able to penalize the
estimation of the dynamics that have a noise higher then the useful signal. On the other hand, minimizing
tr(S) means designing an observer that makes the post-fit residues converge to zero. This information must
be managed carefully since it does not ensure the convergence of displacements throughout the structure
and, generally, it may be conditioned by measurement noise. However, the minimization of tr(S) could be
very helpful in the case some measurements are available only in an early learning stage since the resulting
observer addresses the estimation to converge also in that points that are no longer directly monitored. The
natural second-order observer proposed in this work is synthesized by minimizing tr(P) as well as tr(S).

Figure 8: Optimization process loop.
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3.4.2 Inputs

The optimization process starts by providing the spectral densities matrices of the forces and response. Both
the spectral densities have been estimated by considering the record outputs during the towing tank campaign
and recast in order to estimate the structural behavior of the model in an effective way. The external forces
spectral densities are obtained by estimating the forces in a least-squares sense. To this end, the transfer
function has been considered that concerns only the Master DoFs of the system made symmetrical with
respect to the xz plane:

˜̂
f =

[
−ω2M̂ + K̂

]−1
Ĉ† ỹ (17)

where M̂ and K̂ are the mass and stiffness matrices of the statically condensed system with xz plane sym-
metry constraints. This approach allows to get a rough frequency representation of the external forces, that,
subsequently are filtered in order to take into account only the wave loading in the hulls regions ( low-pass
filtering sufficiently below the first natural frequency < 7 Hz ) and the slamming phenomena on the wetdeck
(below the first wetdeck natural frequency < 40 Hz). The uncertainties related the reconstruction of the
external forces are introduced into the user-defined process noise along with other structural uncertainties.
On the other hand, the spectral densities of the outputs (Φyy(f)) are obtained by considering the rough data
without any filtering process.

3.4.3 Design variables

The estimate of optimal gain matrix represents a multi-objective optimization problem, where the set of
design variable is made up by all the elements of L. [12] suggests how to decompose the observer in order
to consider just a limited number of design variables for the optimization process,

L = CaT
cb G (18)

where the diagonal elements of G (whose number is the same of active sensors) could be enough to obtain an
optimal observer. This shape allows also to preserve the symmetry of the problem. This observer is such that
a weight for each sensor is assigned by means of the diagonal elements of G. However, this approach may be
too restrictive to achieve a good optimum since relies only to a weight assigned to each sensor. Although, it
is still possible to perform the optimization with all the elements of the gain matrix L (though the likelihood
to find a global optimum is low due to high number of design variables involved), the authors propose an
alternative observer decomposition:

L = Z−T
cb WCaT

cb G (19)

where Zcb is the eigenvector matrix that diagonalizes Mcb and Kcb, whereas W is a matrix that weighs the
normal modes according to how these modes are supposed to be influenced by external forces and their own
dynamics. Therefore, in this work, only the diagonal elements of W and G are used to synthesize the best
observer with the minimum number of variables.

3.5 Quality indicators

In order to quantify the error that is committed by using the present approach, the authors refer to two
different functions called Time Response Assurance Criterium (TRAC) and Frequency Response Assurance
Criterium (FRAC) introduced in [17] and defined as follows:

TRAC(t) =
‖ ŷc(t)

Tyc(t) ‖2
(ŷc(t)Tŷc(t))(yc(t)Tyc(t))

(20)

FRAC(f) =
‖ ˜̂yc(f)Hỹc(f) ‖2

(˜̂yc(f)H˜̂yc(f))(ỹc(f)Hỹc(f))
(21)
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The functions above represent, respectively, the similarity of the estimate time and frequency response of
the control sensor array with the measured ones. The values are between 0 and 1, hence these functions
are good candidates for being considered quality indicators. The average of the values over time TRAC
and frequency FRAC in the interest range are assumed as indicators for the quality of the estimation as a
function of the number and distribution of sensors.

4 Results

The method presented in Sec. ( 3) has been applied on the experimental data collected during the experi-
mental campaign in the towing-tank with the scaled model described in Sec. (2). The results shown here
concern in particular a run in irregular (stochastic) sea following a JONSWAP spectrum, which is a general
law describing the distribution of energy between the waves of different period and phase into which the
wave elevation can be decomposed. The test condition of the considered run is reported in Table 3 in terms
of speed, significant wave height and period:

Table 3: Sea condition of the considered run in irregular sea.

Speed 1.779 m/s
wave height 0.1053 m
Period 0.798 s

The considered run has been chosen since several wetdeck slamming events occurred and consequently the
dynamic response of the catamaran exhibits all the hydroelastic features that make this problem worth to
be investigated. Moreover, the presence of impulsive loading yields a broad-band excitation of the natural
modes and provides consequently a challenging test-case for the present method. Figure 9 shows the rigid-
body motion response by means of the time domain recorded data (a) and their spectral density (b) in the
rigid-body modes frequency range. Concerning the structural behavior, the strain gage responses are shown
in Figure 10 considering the sum of the spectral densities of all the strain gages.

(a) Time responses (b) Power spectral densities

Figure 9: Time and frequency responses of Heave and Pitch.

4.1 Estimation of forces and elastic deflections

In this section the response of the catamaran in terms of forces and elastic deflections is analyzed and dis-
cussed for the sea condition listed in Table 3. Here, the sets of Active, Target and Control measurements
coincide, so that all the sensors are used for state updating, gain matrix evaluation and estimation of elastic
displacements quality indicators. Otherwise, remind that the estimation of forces is contaminated by process
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Figure 10: Sum of power spectral densities of strain outputs.

(a) Time response assurance criterion (b) Frequency response assurance criterion

Figure 11: Time and frequency response assurance criterion of strain outputs.

noise as shown in Eq. (4). The strain gages response in Figure 10 shows two clearly resonant peaks about 12
Hz and 16 Hz. The observer is then computed according to the method proposed in Sec. (3) and its capability
to give the right estimation of the sought variables is assessed by means of TRAC and FRAC (see Sec. (3.5))
in Figure 11 considering all the available sensors. One of the most interesting results concerning this run is
the prediction of the forces in the wetdeck region, whose time response estimation is shown in Figure 12a.
The results show a clear symmetry of the hydrodynamic forces under the wetdeck. The responses of the
concentrated forces acting on each segment of the right demihull are shown in Figure 12b, where the leg
number connecting the segments to the backbone is sorted in ascending order from bow to stern.

(a) Time histories of concentrated forces on wetdeck
region

(b) Frequency response of concentrated forces act-
ing on the leg connecting the segments to the right
backbone beam

Figure 12: Concentrated forces over the structure.
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Figure 13: Time response of the force on the second segment of the right hull starting from the bow.

The time response of the force on the second segment of the right demihull is shown in Figure 13 compared
with the vertical displacement of the point in which the forces are exchanged. Further interesting result
concern the time-frequency domain response of the deflection field projected on the vibration modes. In
Figure 14 are shown the response of first two vibration modes by means of wavelet transform. Figure 14a
shows the response of the split mode. It can be noticed that the main contribution swings from 7 Hz and
9 Hz, that is nearly the value that came out from the vibration tests carried out with the wet configuration
(see Sec. 2.1). This particular behavior is due to an unsteady distribution of the added (hydrodynamic) mass
caused by heave and pitch motion. The vertical two-node bending mode, instead, presents evident wide-band
instant responses due to the impacts in the wetdeck region.

(a) First mode (b) Second mode

Figure 14: Vibration modes wavelet spectrum. The red line represent the vertical displacement of wetdeck
center in time domain.

After the slamming, the wavelet spectrum shows an halo at about 12 Hz that points out the associated modal
response. It is worth to notice that these two effects are superimposed to the wave load response at very low
frequency.

4.2 Sensitivity analysis as a function of measurement sets

According with classification of the the measurement set in Sec. (3), a sensitivity analysis on the number
of the considered strain gages is carried out. In order to simplify the description of the current analysis, the
available measurements are divided into 4 groups by considering the strain gages layout in Figure 4:

g1 : 1-36

g2 : 1,3,5,7,9,12
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g3 : 16,18,22

g4 : 14,25-29,30,32,34

The sensitivity analysis is then carried out by considering six cases according to the classification in Sec. 3.1,
as reported in Table 4.

Table 4: Set classification with the values of average FRAC and TRAC for each subset case.

subset Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Active g1 g1 ∩ g2 g1 ∩ (g2 ∪ g3) g1∩(g2∪g3∪g4) g1 ∩ (g2 ∪ g3) g1∩(g2∪g3∪g4)
Target g1 g1 g1 g1 g1 ∩ g2 g1 ∩ (g2 ∪ g3)
Control g1 g1 g1 g1 g1 g1

TRAC 0.9922 0.9875 0.9833 0.9203 0.9861 0.8348
FRAC 0.9809 0.9661 0.9290 0.8460 0.9458 0.8180

For each case of considered subset for Active, Target and Control meas., the values of TRAC and FRAC
has been computed and reported in the same Table 4.

Table 4 indicates that the higher the number of sensors used the better is the estimation. However, it shows
that also reducing drastically the number of sensor (as in Case 4 and Case 6) the average values of FRAC and
TRAC still remain acceptable. However, it is shown that, despite having the same number of active sensors,
Case 4 provide a better estimation than Case 6 since all non active sensors are considered as target and used
in the observer design stage.

5 Concluding remarks

In this paper a numerical technique aimed to extend the capabilities of a monitoring system has been pre-
sented using as test case a scaled model of a catamaran equipped with several sensors. In this way, the elastic
deflection field has been reconstructed and unknown measurements like the estimation of the hydrodynamic
loads acting on the segments have been obtained. This tool is the first step toward a robust methodology
to support structural health monitoring and predictive maintenance strategies. To match the nature of the
present problem, the involved methodology includes the use of an optimal second order observer that has
been synthesized by minimizing the state error and the measurement residual covariances given some hy-
potheses about the frequency content of the hydrodynamic loads. Moreover, since the technique requires a
mathematical model providing the physical relationship between the experimental measurements, a reduced
order (FE) model based on Craig-Bampton technique has been exploited. The effectiveness of the proposed
method has been assessed by means of two quality estimators in the time and frequency domains, along
with a sensitivity analysis of the accuracy of the estimations with respect to the number of sensor involved,
that is, the amount of information in input. The force and the elastic deflections have been estimated with
reference to a test carried out in the towing-tank for an irregular sea condition which makes the catamaran
experience severe impacts at the wetdeck. The results, and in particular the estimation of the unknown hydro-
dynamic load, show a response in agreement with the expected impulsive behavior typical of the slamming
phenomena.
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Abstract 
Reaction wheels are considered to be the largest contributors of vibrations on board a spacecraft. In order 

to estimate the effect on the pointing stability, the reaction wheel micro-vibrations have to be 

characterized first. In this paper, the micro-vibrations of two of the reaction wheels designed and 

developed at the KU Leuven, are modelled and tested. The micro-vibration model allows to predict the 

resonance modes of the reaction wheel assembly and the imbalances. These characteristics can then be 

verified by a dedicated micro-vibration test. The results of the micro-vibration tests showed that one of the 

wheels has a significant misalignment and a loose part in the assembly, while the other wheel showed the 

expected first harmonic to have the largest amplitude due to imbalances. The resonance modes were 

difficult to identify in the applied wheel speed range; therefore some additional tests are planned to 

increase the accuracy of the measurements. 

1 Introduction 

The majority of space missions today require a high pointing performance to obtain high-quality data 

from space. High-resolution Earth observation images, precise astronomical measurements or high-

data rates by inter-satellite laser communications are a few examples that can be achieved with a high 

pointing precision and stability. The pointing stability is determined by the ability of the spacecraft to 

attenuate the different types of disturbances that are acting on the spacecraft. Low-frequency 

disturbances generally originate external to the spacecraft, resulting from sources such as 

aerodynamic drag, solar pressure, gravity gradient and magnetic gradient. High disturbances, on the 

other hand, generally originate from internal sources such as heat pumps or rotating wheels [1]. 

The low-frequency (external) disturbances (< 1Hz) can easily be corrected for by the Attitude 

Determination & Control System (ADCS). This spacecraft subsystem determines the orientation – 

also referred to as attitude – by means of a set of sensors and calculates the necessary action to be 

executed by a set of actuators, in order to maneuver the satellite to the desired attitude and stabilize it 

in this final orientation. The high-frequency (internal) disturbances (> 1Hz) cannot be eliminated by 

the ADCS itself, since the ADCS bandwidth is usually equal or less than 1 Hz. Other strategies 

therefore exist to reduce the effect on the pointing error of these high-frequency disturbances or 

‘jitter’, such as a fine-steering mirror in the optical path of the payload and passive or active vibration 

isolation [1]. 

The largest contributors to the mechanical jitter onboard a spacecraft are considered to be the reaction 

wheels [2]. Reaction wheels are the prime actuators of the ADCS and primarily consist of a flywheel 

(a rotating mass) which is typically supported by a pair of ball bearings and driven by a brushless DC 

motor. The operating principle of a reaction wheel (or a momentum wheel) on a spacecraft is based 

on the conservation of momentum. By maintaining the flywheel at a rotational speed, a wheel 

provides momentum to the spacecraft. By varying the flywheel rotational speed, a reaction torque is 

generated. This reaction torque provides maneuvering or pointing capability to a spacecraft [3]. 
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Although reaction wheels deliver high accuracy and agile pointing, these devices generate vibrations 

which are referred to as ‘micro-vibration’ because the resulting vibration on the satellite level is 

generally small, in the range of micro-g. These micro-vibrations are a combination of static and 

dynamic imbalances,  motor disturbances, bearing irregularities or control errors (such as cogging and 

torque ripple) [4]. Taking into account that the pointing error is proportional to the root sum square of 

all disturbance amplitudes [5], it is of great importance to get a priori knowledge of the micro-

vibrations of the reaction wheels to accurately predict the influence on the (optical) payload 

instruments and to take appropriate actions. 

During the past 5 years, an entire ADCS with in-house made reaction wheels for CubeSats has been 

developed at the Department of Mechanical Engineering of the KU Leuven. CubeSats are small 

satellites that exists of one or more standardized units. One unit (1U) has dimensions of 10 x 10 x 

10cm with a mass of about 1kg. Combining these units results in several derivatives such as (2U)- 

and (3U)- CubeSats. Compared to traditional satellites, this standardized type of spacecraft typically 

have shorter development cycles, smaller development teams, and, consequently, lower cost, both for 

the development and for the launch of the satellites. This low-cost access to space allowed 

universities and research institutes across the world to join the rapidly growing space community, 

while (inter)national space agencies recognized the potential of small spacecraft for (risk-taking) 

deep-space missions and technology demonstration missions. Today, however, small spacecraft are 

no longer seen as solely educational projects or technology demonstrators. Smallsats are making their 

way in almost every area of space: communication, remote sensing, science, and exploration. 

In the remainder of the paper a study about the KU Leuven reaction wheel micro-vibrations will be 

discussed. In section 2, the current and future KU Leuven reaction wheel designs are explained. In section 

3, a micro-vibration model of the KU Leuven reaction wheel will be presented together with some first 

estimates about the structural eigenmodes. In section 4, the micro-vibration tests are explained and the 

results are being analyzed and discussed. Finally, in section 5, the main results are summarized and the 

next steps to further improve the micro-vibration tests are considered. 

2 KU Leuven reaction wheel design 

In this section, the current and future KU Leuven reaction wheel designs are discussed. Driving factors for 

the current design were simplicity and affordability, which resulted in a sub-optimal reaction wheel 

performance. Secondly, the new or future design will be discussed to highlight the main adaptions with 

respect to the current design. 

2.1 Current design 

In this section the KU Leuven reaction wheel design is briefly presented. This design has outer dimensions 

of 40x40x28mm and a mass of 80g [6]. Its performance is characterized by the available motor torque of 

0.5mNm and the theoretical maximal rotation speed of 10 000rpm. A cutout drawing of the KU Leuven 

reaction wheel is illustrated in Figure 1. 

The total design exists of a brushless DC motor, a compact Oldham coupling, the rotor or flywheel, two 

radial bearings, and an upper and lower housing. 

A brushless DC motor is used because of its high reliability and efficiency. The motor we use is the 

Faulhaber 1509T006, which has a flat design and delivers a torque up to 0.5mNm. The vacuum 

compatible version with an extended temperature range of -40 to 85C, was used to make the motor 

resilient to the space environment. 

The motor is connected to the rotor by means of a compact Oldham coupling. This type of coupling is 

composed of three parts: one attached to the motor axis, one incorporated in the rotor design, and a middle 
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Figure 1: Cutout of the current reaction wheel design 

part in between. This latter part is made of bronze for its excellent gliding properties and has two grooves 

that are perpendicular to each other and that mate with the other two coupling components. 

The rotor or flywheel is optimized to have a high momentum for a low weight. It is precision machined 

out of stainless steel. Although a spoken rotor design would reduce the mass slightly, we opted for a full 

flange motor because it reduces the inherent imbalance and is produced more easily. 

The rotor is supported by two deep-groove ball bearings. These bearings were preferred since they 

possess low friction torque thanks to their low contact surface, and are compact. For the bearing 

lubrication, special precautions must be taken due to the vacuum environment the reaction wheels will 

operate in. A vacuum-compatible grease was selected, with the downside of higher resulting friction. A 

flanged design was chosen to reduce the space needed for integration, because it adds stiffness compared 

to a snap ring fixture and because it facilitates the manufacturing of the reaction wheel housing. 

Alternative bearing designs were also considered in [7]. Fluid and/or gas bearings are typically 

characterized by a high lifetime and low vibrations, but were ruled out due to the need for a pressurized 

lubricant or gas, which is not preferred in spacecraft. Magnetic bearings, on the other hand, are extremely 

complex and power demanding. 

Finally, the upper and lower housing support the entire structure. The motor and bearings are mounted 

respectively on and in this structure and it interfaces with the structure of the satellite. 

Three sets of 3 reaction wheels were already manufactured and assembled according to this design. Two 

reaction wheels of the total of 9 were used for the micro-vibrations tests as discussed in section 4. 

2.2 Future design 

The downside of using COTS components for the design of the reaction wheel is the dependency on 

existing products, which make it difficult to fully optimize the reaction wheel performance. The main 

disadvantages of the current design are the sub-optimal torque-speed characteristic of the Faulhaber 

brushless DC motor together with the necessary (Oldham) coupling, and the radial bearings which cannot 

support axial loads. 

Therefore the KU Leuven is working on a new design based on the out-runner principle, as shown in 

Figure 2. In this design, the Faulhaber motor on top of the housing is replaced by a stator with carefully 

placed windings, while the flywheel, foreseen with magnets, is acting as the rotor. This avoids the 

coupling with respect to the current design. Furthermore, the motor torque-speed characteristic can be 

optimized over the desired speed range. 
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Figure 2: Cutout of the new reaction wheel design 

Finally, angular bearings are considered instead of the previous chosen deep-groove ball bearings in order 

to reduce the micro-vibrations. This change is important especially for sensitive science missions on small 

spacecraft. 

This outrunner reaction wheel is still under development and consequently no reaction wheels were 

already manufactured according to this new design. 

3 KU Leuven reaction wheel micro-vibration model 

The micro-vibration model of the KU Leuven reaction wheel introduced in this section is a combination of 

a structural dynamic model (theoretical model) and a disturbance model (empirical model). The proposed 

micro-vibration model is built based on the theoretic of rotor dynamics [8] and the models from [2] and 

[3]. For this model the following assumptions were made: 

 The flywheel is assumed to be a rigid body within the frequency region of interest 

 Gravity is not included (it does not affect the structural modes of the system) 

 The micro-vibration model does not necessarily represent all structural modes of the complete 

reaction wheel assembly; the modes related to internal constructions, e.g. the coupling, are not 

taken into account 

3.1 Structural dynamic model 

For the structural dynamic model, the flywheel or rotor is modelled as a rigid disk supported by two radial 

bearings which are modelled each as a spring-damper system connected to the ground, as illustrated in 

Figure 3. 

 

Figure 3: Illustration of the structural dynamic model [3] 
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The equations of motion can be derived using the Lagrange method for 5 degrees of freedom 𝑞 =
{𝑥, 𝑦, 𝑧, 𝜃, 𝜙}, since the sixth degree (rotation about the z-axis) represents the motor torque and is not 

considered in the micro-vibration model. With 𝑚 the mass of the rotor, 𝐼𝑟 and 𝐼𝑧 the moment of inertia for 

the radial and axial direction respectively, 𝑘𝑟 and 𝑘𝑎 the bearing stiffness in the radial and axial direction 

respectively, 𝑐𝑟 and 𝑐𝑎 the bearing damping coefficients in the radial and axial direction respectively, 𝑑1 

and 𝑑2 the distances between the rotor’s center of mass and the lower and upper bearing respectively, and 

the relative position 𝑟 = 𝑑2 𝑑1⁄  of the rotor disk between the two bearings, and assuming that the rocking 

motions 𝜃 and 𝜙 have a small amplitude, these equations of motion can be further linearized to form the 

compact matrix Equation 1. The entire derivation of this equation can be found in [8]. 

 𝐌�̈� + 𝐂(Ω)�̇� + 𝐊𝑞 = 0 (1) 

with, 

 

𝑞 =

{
 
 

 
 
𝑥
𝑦
𝑧
𝜃
𝜙}
 
 

 
 

  ,              𝐌 =

[
 
 
 
 
𝑚 0 0 0 0
0 𝑚 0 0 0
0 0 𝑚 0 0
0 0 0 𝐼𝑟 0
0 0 0 0 𝐼𝑟]

 
 
 
 

 

𝐂(Ω) =

[
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1

2
𝑐𝑟𝑑1(1 − 𝑟) 0 0 Ω𝐼𝑧

1

2
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𝐊 =

[
 
 
 
 
 
 
 
 𝑘𝑟 0 0 0

1

2
𝑘𝑟𝑑1(1 − 𝑟)

0 𝑘𝑟 0
1

2
𝑘𝑟𝑑1(1 − 𝑟) 0

0 0 𝑘𝑎 0 0

0 0
1

2
𝑘𝑟𝑑1(1 − 𝑟)

1

2
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2(1 + 𝑟2) 0

1

2
𝑘𝑟𝑑1(1 − 𝑟) 0 0 0

1

2
𝑘𝑟𝑑1

2(1 + 𝑟2)]
 
 
 
 
 
 
 
 

 

With this proposed structural dynamic model, it is already possible to predict the resonant frequencies as a 

function of rotor speeds Ω when neglecting the damping of the system (i.e. 𝑐𝑟 = 𝑐𝑎 = 0). The frequency 

of the axial mode can directly be calculated by Equation (1). The frequencies of the translational and 

rotational mode can be calculated by numerically solving Equation (2), which is obtained by re-writing 

Equation (1) with the help of the complex coordinate method. It has 4 real roots, two of which are 

positive. 

𝜔4 − (
Ω𝐼𝑧
𝐼𝑟
)𝜔3 − (

𝑘𝑟
𝑚
+
(1 + 𝑟)2𝑘𝑟𝑑1

2

2𝐼𝑟
)𝜔2 + (

Ω𝑘𝑟𝐼𝑧
𝑚𝐼𝑟

)𝜔 + (
(1 + 𝑟)2𝑘𝑟

2𝑑1
2

4𝑚𝐼𝑟
) = 0 (2) 

A Campbell diagram is then the most common way to illustrate these resonant frequencies. In Figure 4 the 

Campbell diagram with the predicted resonance frequencies of the KU Leuven reaction wheel is illustrated 

for which the parameters from Table 2 were used. From this figure, an axial mode of around 1365Hz, a 

rocking mode of 311Hz, and a translational mode of 687Hz are expected at standstill and are summarized 

in Table 1. 
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Mode Calculated frequency 

Radial 1365 

Axial 687 

Rocking 311 

 

Table 1: Calculated/predicted eigenfrequencies at standstill (𝜔 = 0rpm) of the KU Leuven reaction wheel 

 

Figure 4: Campbell diagram with the calculated resonance modes of the KU Leuven reaction wheel 

assembly 

The influence of the wheel speed on the rocking mode is clearly visible. The two diverging frequencies are 

called the forward and backward whirl. For the frequencies at 1365Hz this divergence is less pronounced, 

considering them as one (radial) translational mode. 

Parameter Value Obtained from 

𝐼𝑧 [kg m²] 9.594 ∙ 10-12 CAD model 

𝐼𝑟 [kg m²] 7.778 ∙ 10-12 CAD model 

𝑚 [kg] 40.82 ∙ 10-3 CAD model 

𝑑1 [m] 5.75 ∙ 10-3 Technical drawing 

𝑑2 [m] 0.75 ∙ 10-3 Technical drawing 

𝑟 [-] 0.13 Calculation (= 𝑑2 𝑑1⁄ ) 

𝑘𝑟 [N/m] 2.9 ∙ 106 Estimation [11] 

𝑘𝑎 [N/m] 0.76 ∙ 106 Estimation [11] 

 

Table 2: Parameters used for the micro-vibration model of the KU Leuven reaction wheel 

The resonance frequencies of the reaction wheel assembly should also be visible in the resulting waterfall 

plots from the micro-vibration tests. The predicted/calculated values from table can therefore be used as a 

reference value to easier distinguish them from the unavoidable noise in the test results. 

3.2 Disturbance model 

In the previous section, a structural dynamic model was proposed and the resonance frequencies were 

predicted by means of this model. In this model, however, the right-hand side of the equation was 

considered to be zero. In reality, micro-vibrations are induced by the reaction wheel assembly which can 

be categorized into fundamental sub and/or higher harmonic disturbances. The fundamental harmonic 

disturbances are considered to be the most significant micro-vibration source and are caused by the static 
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and dynamic imbalances of the flywheel. The sub/higher harmonic disturbances are caused by 

irregularities in the reaction wheel assembly, such as bearing imperfections. 

The static unbalance 𝑈𝑠 can be expressed in two ways: (1) by means of an additional small mass 𝑚𝑠 at a 

distance 𝑟𝑠 from the rotor’s center of mass as illustrated Figure 3, or (2) by means of the total mass of the 

rotor 𝑚 which experience a certain eccentricity 𝜀 due to limited manufacturing capabilities. Equation (3) 

formulates both expressions. The static imbalance is typically given in g-mm. 

𝑈𝑠 = 𝑚𝑠𝑟𝑠 = 𝑚𝜀 (3) 

In the same way, the dynamic imbalance 𝑈𝑑 can be expressed in two ways: (1) by means of two additional 

small masses 𝑚𝑑 on a distance 𝑟𝑑 from the rotor’s center of mass and an axial distance 𝑑𝑑 in between 

them as illustrated in Figure 3, or (2) by means of the total axial inertia of the rotor 𝐼𝑧 which experience a 

certain angular error 𝜒 due to limited manufacturing capabilities. Equation (4) formulates both 

expressions. The  dynamic imbalance is typically given in g-mm². 

𝑈𝑑 = 2𝑚𝑑𝑟𝑑𝑑𝑑 = 𝐼𝑧𝜒 (4) 

Since all components of the KU Leuven reaction wheels were manufactured with certain tolerances, the 

worst case can be calculated for both imbalances (assuming the tolerances were met during 

manufacturing). In Table 3 the worst case imbalance were calculated according to the tolerances of the 

design. 

Imbalance Maximum error Maximum imbalance 

Static 𝜀 = 40μm 𝑈𝑠 = 1.6g-mm 

Dynamic 𝜒 = 6.2mrad 𝑈𝑑 = 59g-mm² 
 

Table 3: The maximum predicted imbalances according to the KU Leuven reaction wheel design 

tolerances 

The excitation of both imbalances can now be added to Equation (1) to obtain the full micro-vibration 

model. In addition to the imbalance disturbances at the fundamental harmonic (ℎ = 1), the disturbances 

due to irregularities in the reaction wheel assembly are also added at other harmonics (ℎ ≠ 1). 

𝐌�̈� + 𝐂(Ω)�̇� + 𝐊𝑞 = 𝑈𝑖𝑚(Ω𝑡) + 𝑈𝑖𝑟𝑟(ℎΩ𝑡) (5) 

with, 

𝑈𝑖𝑚(Ω𝑡) =  

{
 
 

 
 
−𝑈𝑠Ω

2 sin(Ωt)

𝑈𝑠Ω
2 cos(Ωt)
0

𝑈𝑑Ω
2 cos(Ωt)

𝑈𝑑Ω
2 sin(Ωt) }

 
 

 
 

  ,             𝑈𝑖𝑟𝑟(ℎΩ𝑡) =

{
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𝑓
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Ω2 cos(ℎ𝑖

𝑓
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𝑡Ω2 cos(ℎ𝑖
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where 𝑈𝑖 are the harmonic amplitudes of 𝑖th harmonic, ℎ𝑖 is the 𝑖th harmonic number, and 𝛽𝑖 is a random 

phase angle. 
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The left-hand side of Equation (5) should be similar for reaction wheels made according to the same 

design, while the right-hand side is unique for each reaction wheel, since this part of the equation depends 

on the actual eccentricity and bearing irregularities. 

4 Micro-vibration testing 

The aim of the micro-vibration tests are two-fold: (1) to validate the micro-vibration model as described in 

the previous section (in order to be able to accurately define the effect on the pointing system of a 

spacecraft structure), and (2) to evaluate the quality of the manufacturing and assembly of the KU Leuven 

reaction wheels. This can be done based on the so-called waterfall plots, which can be created from the 

micro-vibration test data. 

In this section, first the test setup will be described, next the test procedure that is applied and the 

processing of the data, and finally the test results are analyzed and discussed. 

4.1 Test setup 

4.1.1 Data acquisition 

The total test setup is illustrated in Figure 5. One of the KU Leuven reaction wheels was mounted on a 

measuring cell via an aluminum reaction wheel mounting plate. The measuring cell itself was rigidly 

mounted on an air table. 

For the measuring cell, the Kistler Dynamometer, type 9119AA1, was chosen. This dynamometer consists 

of four 3-component piezo-electric force sensors mounted under high preload between a cover plate and 

two lateral base plates. The force sensor current signals were further converted into a proportional voltage 

signal by the Kistler multichannel charge amplifier, type 5070A. The 6 amplified signals (3 forces and 3 

torques) of the amplifier were finally sampled by a LMS acquisition system at a rate of 3200Hz. A 10N/V 

and a 1Nm/V setting was applied for the three forces and three torques respectively. 

 

 

Figure 5: Illustration of the micro-vibration test setup 

4.1.2 Frequency range of the test setup 

It is important to only measure the reaction wheel vibrations. Therefore, the Kistler dynamometer was 

rigidly mounted on a Newport RS2000 air table to isolate the dynamometer from ambient seismic 

z 

y 

x 
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vibrations (< 10Hz). Furthermore, the first resonance of the test setup itself was measured to be around 

2000 Hz, using an impact hammer while measuring the forces of the dynamometer. The force/force 

(dynamometer/hammer) transmissibility curve of these impact measurements is illustrated in Figure 6 for 

the three directions (according to the axes as illustrated in Figure 5). From these data, the characterization 

of the wheels was thus limited to be within the range of 10 and <2000Hz. 

 

Figure 6: The measured transmissibility (force-to-force) of the impact test to determine the 

characterization frequency range 

4.2 Test procedure 

Two of the KU Leuven reaction wheels were used for the micro-vibration tests. Through the remainder of 

this paper, these reaction wheels will be defined as RW1 and RW2. Although both wheels have the same 

design, they were made by two different manufacturers. 

In order to acquire the desired waterfall plots, the forces and torques need to be measured over the entire 

wheel speed range. Since the micro-vibration model, as proposed in Section 3, is only valid for steady-

state conditions, the wheel speed should be constant over the measuring period at each wheel speed. 

Two different approaches are usually applied to get these data with steady-state conditions: (1) by taking 

measurements at each wheel speed separately (with an increase in wheel speed between two consecutive 

measurements), or (2) by performing a spin-down of the reaction wheel where the time history of the 

measurement data can be subdivided into quasi steady-state time slices. For the latter option, it is assumed 

that the friction torque in the reaction wheel is very low, such that the wheel speed slowly decreases over 

time, and the wheel speed can be considered as steady-state over each time slice. Since the tested KU 

Leuven reaction wheels have relatively large friction torque, the first option has been chosen for obtaining 

the time history. 

The wheel speed was increased from 0rpm to 2000rpm in steps of 50rpm for each wheel. After each 30s, 

the wheel speed was commanded to increase, resulting in a total measuring time of 1230s or 21.5min, as 

illustrated in Figure 7 for RW1. 

The KU Leuven reaction wheels are driven by means of a PWM-signal and an encoder gives back the real 

wheel speed. The wheel speeds were controlled by a simple PID controller based on the rate feedbacks. A 

power supply provided the necessary supply voltage to the motors of the reaction wheels. 

Since the wheel speed control and the vibration measurements were not commanded from one platform, 

these two data sets (wheel speed measurements and vibration measurements) are inherently not 

synchronized. The synchronization is discussed in the next section. 
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Figure 7: The wheel speed profile of RW1 during the entire micro-vibration test 

(blue: required wheel speed, red: measured wheel speed) 

4.3 Test data processing 

The obtained dynamometer data were loaded into Matlab and processed first. The processing steps are 

illustrated in Figure 8. 

 

 

 

 

Figure 8: Illustration of the processing steps in Matlab 

First, the measured moments 𝑀𝑚
𝐷𝐹 in the dynamometer frame were compensated for the offset between the 

reaction wheel center and the reference frame of the dynamometer according to Equation (6), with 𝐹𝑚
𝐷𝐹 the 

measured forces and 𝑣𝐷𝐹 the offset vector from the origin of the dynamometer to the center of the reaction 

wheel, both in the dynamometer frame (DF). 

𝑀 = 𝑀𝑚
𝐷𝐹 − 𝑣𝐷𝐹 × 𝐹𝑚

𝐷𝐹 (6) 

Next, a 7th order Butterworth filter was applied on the data with a cutoff frequency of 1500Hz. 

Subsequently, the speed and vibration data were visually synchronized. Since the wheel speed was 

increased each 30s, a small increase in amplitude should be identified in the vibration data for each axis, 

which is illustrated in Figure 9. 

Finally, a Hanning window was applied on a small time period of 10s at each wheel speed while executing 

the Fast Fourier Transformation (fft) to transform the time data to the frequency domain. 

In each time period of 30s, the wheel speed increases relatively fast to the required wheel speed (< 5s). 

Taking into account a time period of about 10s to ensure the dynamic behavior of the system has damped 

out, and a safety margin of 5s synchronization uncertainty, the Hanning window was applied over the data 

from each 15th to 25th second at each wheel speed. This is clearly visualized in Figure 10. 

 

  

Synchronization Windowing Filtering 
Moment offset 

correction 
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Figure 9: Illustration of the visual synchronization procedure; an increase in amplitude is identified for 

both force signals of RW1 at the same time with a 30s time interval in between 

 

Figure 10: Illustration of the time periods per wheel speed on a detail of Figure 7 for RW1, with Δ𝑡𝑡𝑜𝑡 =
30s the total time period per required wheel speed, Δ𝑡𝑠𝑒𝑡 < 5s the settling time, Δ𝑡𝑑𝑎𝑚𝑝 = 10s the time to 

damp out the dynamics of the system, Δ𝑡𝑚𝑒𝑎𝑠 = 10s the actual time period used to calculate the spectrum, 

and Δ𝑡𝑠𝑎𝑓𝑒 = 5s the safety margin on the synchronization uncertainty. 

4.4 Test results 

By grouping the calculated spectra of each wheel speed together, the waterfall plots can be generated for 

each signal. The amplitude density spectra (ASD) for RW1 and RW2 are shown in Figure 11 and Figure 

12. 

For both wheels, some general conclusions can be made first. As expected, the spectra for the x- and y- 

forces and moments are almost the same. Furthermore, the z- moment is negligible compared to the other 

two moments, since this is the driven torque of the motor. 

189s 219s 

Δ𝑡𝑡𝑜𝑡 

249s 279s 

Δ𝑡𝑑𝑎𝑚𝑝 Δ𝑡𝑠𝑒𝑡 Δ𝑡𝑠𝑎𝑓𝑒 Δ𝑡𝑚𝑒𝑎𝑠 
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Figure 11: Amplitude Density Spectra (ASD) for RW1 

Specifically for RW1, the ASD waterfall plots from Figure 11 are difficult to interpret. In the range of 500 

to 1500Hz (above about 800rpm), broadband noise can be seen. This can be credited to a loose part that 

was shaking. During assembly of the bearings in the reaction wheel housings, it was noticed that the 

intentional tight fit couldn’t be attained due to the fact that the tolerances were not met by the 

manufacturer. Furthermore, the second harmonic is the largest peak value, and not the first harmonic as 

expected, which means that the bearings experience some misalignment with respect to each other. The 

large forces in the z-axis supports this hypothesis, according to [10]. 

 

3522 PROCEEDINGS OF ISMA2018 AND USD2018



  

 

 
 

Figure 12: Amplitude Density Spectra (ASD) for RW2 

Better results (i.e. as expected) are obtained for RW2, as can be seen in Figure 12. For this reaction wheel, 

made by a different manufacturer, the first harmonic is the largest peak value, originating from the 

unavoidable imbalance. Furthermore, a strong amplification is seen around 650Hz, mainly in the Fz-

signal. Comparing to the results of the micro-vibration model of section 3.1, this amplification could 

correspond to the axial mode, which was calculated to be around 687Hz. Also some amplifications are 

seen in the higher frequency regions around 1300 – 1500Hz. It seems to be the back whirl of the rocking 

mode, which does not correspond to the predicted values of the micro-vibration model. 

 

Based on the measured amplitudes of the forces and moments at the first harmonic, the static and dynamic 

imbalances can be calculated according to Equation (5), respectively. At the highest wheel speed (2000 
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rpm), the highest signal-to-noise is obtained for this calculation. The results for RW2 are listed in Table 4 

together with the maximum predicted imbalances of Table 3. The measured imbalances are 3 times 

smaller than the maximum predicted imbalances and are in the magnitude range of comparable CubeSat 

reaction wheels commercially available [6]. 

 

Imbalance Maximum imbalance Measured imbalance 

Static 𝑈𝑠 = 1.6g-mm 𝑈𝑠 = 0.5g-mm 

Dynamic 𝑈𝑑 = 59g-mm² 𝑈𝑑 = 20g-mm² 
 

Table 4: Measured imbalances based on the force and moment amplitudes at the first harmonic. 

5 Conclusion 

In this paper, the need to accurately characterize the reaction wheel behavior is explained first where after 

the KU Leuven reaction wheel design was given. A micro-vibration model, which was a combination of a 

theoretical structural dynamic model and an empirical disturbance model, was proposed to predict the 

resonance modes and the imbalances of the KU Leuven reaction wheels. Finally, the performed micro-

vibration tests were discussed and the results were analyzed. 

5.1 Future considerations 

Since the generated waterfall plots from these first micro-vibration tests were difficult to interpret, such 

that the predictions of the micro-vibration model could not be verified, more tests are planned. Some 

considerations are already summarized here in order to increase the quality of the measurement data: 

 If possible, the wheel speed should be controlled from the same software platform (e.g. LMS) to 

avoid the synchronization problem 

 If possible, the wheel speed limit should be increased from 2000rpm to at least 4000rpm or higher. 

At higher speeds, the resonance amplifications are more pronounced and the signal-to-noise ratio 

will increase. 

 If possible, longer time periods (> 30s) can be taken at each wheel speed, e.g. 60s. This of course 

doubles the total measurement time, but allows to make more than one spectrum and to average 

these spectra. 
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Abstract
This paper is dedicated to the simulation of turbine blade milling dynamics taking into account stock and
machine tool dynamic properties for accurate prediction of unsafe milling modes. Its important to note that
blade eigenfrequencies and damping ratios which largely determine system dynamics vary during machining
due to material removal. The special methodology is proposed to identify blade modal parameters and
update its finite-element model. Damping-frequency dependencies were built for each mode shape with least-
squares fitting and used for precise milling dynamics simulation in special 3DCUT software. The proposed
methodology is tested on a case of rational milling modes analysis for the gas-engine blade. The results of
milling simulation are in a good agreement with experimental results, therefore proposed methodology can
be extended to other parts such as bladed disks, engine stators, flexible body parts.

1 Introduction

Basic researches in the field of modal parameters identification in time- and frequency-domain are related
to such scientists as D. Bishop, Richardson M., Allemang R., Brown D., Rixen D., Peeters B., Ewins D.,
Sas P., Heylen W., et al. One of the main problems in the experimental modal analysis is correct damping
identification. P. Van Overschee and B. De Moor have developed the Stochastic Subspace Identification in
order to overcome this problem, especially for testing in operational conditions. The model updating methods
have been developed by Huang X., Friswell M., Motterhead J., Dascotte E., and others [1]. Researches,
devoted to the numerical modeling of milling dynamics also have to be mentioned and include research
papers by Altintas Y., Stepan G., Insperger T., Gouskov ., Voronov ., Kiselev I., Tlusty J., Budak E., et
al. This paper follows the researches of Kiselev, Voronov, Gouskov, and others where it was shown [2, 3]
that the complex model of 5-axis milling process includes the system of nonlinear differential equations
of second order with variable coefficients. One and maybe the most important problem of milling process
simulation for proper milling mode selection is a need for part and tool dynamic properties identification.
These models are usually built with the finite-element method and always contain some uncertainties, caused
by unknown properties of part clamping and also by some scatter in the geometry of part blank. It’s worth
noting that dynamic properties of the blade change over time due to material removal. Further sections
contain experiments description, milling dynamics simulation and milling modes evaluation and selection.

The main aim of this paper is to investigate the influence of part dynamic properties and especially of damp-
ing on the milling process stability. The experiments and simulations were made for the part, similar to
gas-engine compressor blade, but made from the aluminum alloy (D16T). The part was made using DMG
Ultrasonic 10 CNC machine, with 3 stages: rough, semi-finishing and finishing machining (fig. 1) using
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Figure 1: Stages of blade milling

helical tool path. 2-teeth conical ball mill was used for finishing machining which is of highest interest since
the vibrations during this stage define the turbine blade surface quality. Finishing stage was performed with
feed rate equal to 450 mm/min and machining allowance 100 µ m.

2 Dynamic properties identification

2.1 Modal testing

The main task for the testing is to analyze the part modal parameters evolution during finishing stage of ma-
chining. Special procedure was developed to solve this problem. The multiple impact tests were done during
the machining with cutter being taken away from the part. Analog-digital converter National Instruments
4431, impact hammer BruelKjaer 8206, laser vibrometer Polytec PDV 100 and house code to collect and
analyze data in LabView and Matlab was used to perform parameters identification. Time-domain stochas-
tic subspace identification is used for each impact test. The method was chosen because of the improved
accuracy in conditions of small damping and robustness in presence of noise [9]. The two lowest eigenfre-
quencies define the process dynamics for investigated blade, so the results have been obtained for them. 10
impact test have been done during the finishing stage of blade milling and the the dependencies of two lowest
eigenfrequencies on the tool path were built. The frequencies evolve during machining as shown on the (fig.
2).

The damping ratios also are being changed during the process as it’s shown on the fig. 2. The regression
curves have been built for each damping ratio, showing its dependence on the eigenfrequency value. Least-
square method has been implemented in order to build the damping-frequency curves:

ζ(f) = p1.(f/fref )n + p2.(f/fref )n−1 + ..+ pn.(f/fref ) + pn+1 (1)

where n - polynomial order, f - frequency, fref - reference frequency (mean value on the investigated fre-
quency range, pi, i ∈ [1..n+ 1]- polynomial parameters.

These regression curves are used in special software 3DCUT for milling dynamics simulation and milling
modes selection.
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Figure 2: Blade eigenfrequencies (a, b) and damping (c, d) evolution curves for two lowest modeshapes

Figure 3: Damping ratios evolution
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2.2 Model updating

The eigenfrequencies, obtained from modal testing and those obtained from finite-element analysis always
differ. The main reason is in uncertainties in joints properties as well as errors in blade blank geometry. The
model updating procedure is performed using the house-made code in this research.

The updating is done by solving an optimization task of frequencies error minimization by varying the elastic
properties of the FE model in each finite element in some range. Following [4] the elastic properties could
be defined:

Pi = Pi−1 + S+(fi − fexp) (2)

where Pi,Pi−1 - parameters vectors on the current and previous iterations of updating procedure, fi, fexp -
vectors of test and FEM eigenfreguencies, S+ - pseudo-inverse sensitivity matrix

The sensitivity coefficients - components of matrix S could be found analytically, finding the derivative of
the eigenfrequencies by elastic properties in particular finite elements [5]:

sei = (ω2
i )/(miEe)(qe

i )
TKeqe

i (3)

where sei sensitivity coefficient of element e corresponding to modeshape i, ωi - eigenfrequency, mi - modal
mass of modeshape i, qe

i eigenvector, corresponding to element e degrees of freedom, Ke- element stifness
matrix, Ee - current value of elasticity module in the element.

Finite element model of the blade is built using 10-node tetrahedral elements and consists of 150 000 nodes.
The two lowest modeshapes, which define the blade dynamics during milling are the first bending and first
torsion modes. The eigenvalue solution is performed using subspace iteration method in 3DCUT software.

The error in determining the eigenfrequencies is 2.8% and 4.4% for the first and second frequencies, re-
spectively. The errors in determining the eigenfrequencies for the considered part are quiet small and occur
mainly due to errors in modeling the geometry of the blank surface, and inaccuracies in specifying the prop-
erties of the material. As it can be seen from the graph (fig. 4, the errors change during the process and
decrease toward the end of the machining. Despite the fact that in the considered problem the calculated
eigenfrequencies differ not so much from experimental values, it is worth noting that in real conditions the
blade blank is clamped in the rig and the contact stiffness of this fastening has a greater influence on the
eigenfrequencies of the blade, and could be up to 15 %.

The elastic modulus values in each finite element are chosen as updating parameters. The maximum change
in the modulus of elasticity ∆Emax = 30%, the maximum change in the modulus of elasticity in one iter-
ation ∆Emaxiteration=5%, the parameter space is divided into 10 clusters. A value of convergence criteria,
upon which the updating stops was chosen on the level of 0.2%. The errors in natural frequencies decreased
to 0.2% and 0.18%, respectively. Therefore, the updating procedure allows to adjust the blank model and
minimize the influence of blank geometry uncertainty for accurate dynamics simulation.

There is an opportunity to take into account the material removal during milling by adaptive re-meshing in
3DCUT software. 20 frames of remeshing are done for the investigated part. These frames are spread along
the tool path during finishing stage of milling. Eigenfrequencies evolution taking into account material
removal before and after model updating are built (fig. 4).

The updated finite-element model and damping regression curves are used for milling dynamics simulation
using special geometry algorithm [6] in 3DCUT software (fig. 5).
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Figure 4: Two lowest eigenfrequencies evolution curves before (a, b) and after model updating (c, d)

Figure 5: Milling simulation in 3DCUT software
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Figure 6: The blade surface obtained with simulation in 3DCUT (a), and the result of milling (b) with
constant velocity of tool rotation.

3 Machining simulation

So-called ”chatter”, or self-excited vibrations in the tool-part system cause significant cutting forces increas-
ing. ”Chatter” occurs on the frequency, which is close to one of the part or tool eigenfrequencies. The special
algorithm is used to detect the ”chatter” in the vibrational signal obtained from simulation. The algorithm
is based on the singular spectral analysis [7] in combination with demodulation and filtration. The ratio
between maximum amplitude on the frequency, non-fold to the tooth-pass frequency and the maximum am-
plitude on the tooth-passing frequency are considered as a dimensionless indicator of ”chatter” occurrence
in the system. The approbation of the proposed algorithm is done on several test objects [8], analyzing both
experimental and simulation results.

The new way of multivariate simulation results interpretation is proposed - the milling map, which automates
the process of optimal milling mode selection. Optimal milling modes guarantee that there will be no ”chatter
marks” on the blade surface. It is shown on the fig. 6 that the final surface contains unacceptable ”chatter”
marks after the machining on the certain tool rotational velocity.

To overcome these problems the multivariate process simulation was performed with tool velocity as a pa-
rameter. The milling maps have been built using updated finite-element model and damping regression
curves (fig. 8). Blue markers on the map show the stable milling modes, the red ones correspond to de-
veloped ”chatter”. Yellow markers are for the transient modes, where chatter begins to emerge. There are
corresponding plots for two representative modes shown on the (fig. 8). As it can be seen from the graphs,
the amplitude of the vibrations for ”chatter” mode is an order of magnitude larger than for a stable cutting
process.

The optimal milling mode with variable tool velocity was chosen using the provided milling map (shown
with the green curve) and also the high-quality surface of the blade was obtained (fig. 7).

4 Conclusions

The results of blade modal analysis make it possible to conclude that it is necessary to take into account
the change in the damping coefficients and the blank eigenfrequencies during machining in order to obtain
reliable dynamics simulation results for selection rational milling modes.

Application of the developed methods of model identification in combination with milling dynamics sim-
ulation software makes it possible to solve the problem of selecting rational milling modes for thin-walled
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Figure 7: The blade surface after milling on the optimal machining mode. a - simulation, b - experiment

Figure 8: The milling map for considered blade
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curved parts with increased requirements for surface quality.
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Abstract
Impacting rods are used in various devices in practical life but also for scientific experiments such as the split
Hopkinson pressure bar. In order to validate numerical results of the stress wave with respect to the influence
of the piston geometry, a pneumatic single hit test rig is set-up. After the hit of the impacting piston onto
the rod a stress wave is propagating both into the piston and the rod. The resulting stress wave in the rod is
measured in close proximity to the impact zone by using two different measurement techniques. The first
method is based on digital image correlation. Since the distortion of the rod is very small, the displacements
have to be detected very precisely to yield good results. More reliable results can be achieved by the second
method: measuring the distortion with the well-known strain gauges.
In this contribution the set-up of the test rig is presented and measurement results are shown. Finally, the
measurement results are compared with numerical results which yield good agreement.

1 Introduction

Impacting rods are used in many technical applications and in experimental devices. The most important
experimental set-up is the split Hopkinson bar apparatus which consists of two rods, with a specimen to be
investigated in between. One of the rods is hit by a third rod which leads to a rectangular pulse that propa-
gates towards the specimen at which the wave is partly reflected and transmitted. These waves are detected
by strain gauges located in the middle of the rods. This enables to determine the constitutive law of the
specimen at high strain rates.
As an example of a technical application the percussion drilling process can be mentioned. The drilling
process is initiated by high frequency hits of a piston onto the drilling rod. After each hit, a stress wave
propagates both into the piston and the rod. It is difficult to predict the stress wave shape that finally arrives
at the rock since it is influenced by many factors, such as friction, material properties and geometry variation
of the impacting partners and the non-linear rock drill-bit interaction.
In 1959, Fischer [1] first examined the collision of fundamental forms and compared the analytical, geo-
graphical and numerical methods with measurement results which have been obtained using strain gauges.
Lundberg et al. [2] have theoretically determined the optimal wave with respect to efficiency in percussive
drilling depending on the duration of the stress pulse. For a given finite duration, the optimal shape is expo-
nential whereas the optimal wave shape for short duration is almost rectangular. A numerical model based
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on finite element method to improve the penetration depth per hit has been presented in [3]. A similar model
has been used to model the split Hopkinson bar apparatus in [4].
Kaiwen et al. [5] have discussed different measurement techniques for the split Hopkinson bar (i.e. X-ray
micro computed tomography, laser gap gauge and digital image correlation) and revealed that the digital
image correlation technique is a promising way to obtain high resolution full-field strain information in high
strain rate tests. This measurement technique has also been sucessfully applied for wood that has been tested
with the split Hopkinson pressure bar in [6].

The objective of this work is to apply the digital image correlation technique to stress the influence of the
geometries of the impacting partners on the wave shape. The results are compared with the results yielded
by applying the conventional strain gauge measurement technique. The experimental set-up and the two
measurement techniques are described in Section 2. Another aim of this work is to validate a numerical
model, which is presented in detail in [7]. The main idea of the numerical model is given in Section 3. In
Section 4 the results are presented followed by the conclusion in Section 5.

2 Experimental set-up

The schematic sketch of the experimental set-up, which contains a gun that accelerates the piston, is depicted
in Figure 1. The velocity of the piston can be adjusted by varying the pressure in the pressure chamber. After

Figure 1: Schematic sketch of the experimental set-up

the impact, pressure waves propagate both into the piston and the rod. The strain at the beginning of the rod
is detected by using two different measurement methods.
The first method is an image-based approach with a high-speed camera that takes pictures of a special pattern
at a very high frequency. By evaluating the pattern the displacement field can be determined which enables
to calculate the strain field subsequently.
The second method uses the well-known strain gauges to determine the strain at one position. The rod is
supported freely at its left end and can move axially until it reaches the stop.
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2.1 Gun

In Figure 2, the schematic sketch of the gun is shown. Due to the incoming air into the pressure chamber,
the bushing tries to move to the right. However, the motion is prevented by the balls that are located on the
trigger. The bushing is not able to move to the right until the balls vanish. By pushing the trigger, the trigger
moves to the left whereby the balls drop down on the lower outer diameter of the trigger. Thus, the pressure
chamber opens and the pressurized air flows towards the piston which leads to its acceleration.
The velocity of the piston can be adjusted by varying the pressure within the pressure chamber. However, a
direct regulation of the impact velocity is not possible.

Pressure chamber

Piston

Bushing

Trigger

Air supply

Figure 2: Schematic sketch of the gun

2.2 Image correlation measurement

Image based measurement systems, such as the image correlation method, provide significant benefits with
respect to the conventional measuring method of using strain gauges. The main advantage is that an entire
strain field can be measured with only one experiment. It is also possible to measure the strain at several
positions with strain gauges, but most measurement systems are restricted in the amount of channels they
can process. In addition, the image correlation method is contact-free so that materials with no access for
strain gauges can be examined.
Observing the motion of the material with a high-speed camera enables to get an insight of what happens in
the material at a certain time. Therefore, the interpretation of the measured phenomena can be explained and
visualized.
For the image correlation technique pictures at very high frame rates have to be taken by a high-speed camera.
At high frame rates, an external illumination is needed. Therefore, a laser triggered by a high-speed camera
sends laser pules shortly before the pictures are taken. Without the laser illumination, the pictures taken
would be completely black.
For further evaluation, the pictures are sent to the computer and examined applying the DaVis 8.4 FlowMaster
software of the company LaVision.
The software subdivides the frames into so called interrogation windows of size n×n as shown in Figure 3.

In order to determine the displacement field, the cyclic correlation between the interrogation windows is
calculated with [8]

C(dx, dy) =

x<n,y<n∑

x=0,y=0

I1(x, y)Ik(x+ dx, y + dy), −n
2
< dx, dy <

n

2
. (1)
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Figure 3: Frame subdivided into interrogation windows (left) and the corresponding displacement field after
the evaluation (right)

I1, Ik express the intensity values of one interrogation window of the first and kth frame respectively. The
correlation function C(dx, dy) describes the correlation strength at the cyclic integer shift (dx, dy). It is
well-known, that the correlation function C(dx, dy) can also be calculated in the frequency space by deter-
mining the two dimensional FFT of both I1 and Ik and multiplying them complex conjugated. Subsequently,
the inverse FFT of the product is calculated which yields the correlation function C(dx, dy). This way is
much faster compared to the direct evaluation of equation 1.
The correlation function C(dx, dy) enables only to detect displacements with pixel accuracy. The accu-
racy can be improved by a three-point estimator that fits a Gaussian bell in each direction using the cor-
relation peak C(i, j) at pixel shift i, j and its direct neighbors C(i− 1, j), C(i+ 1, j) in x−direction and
C(i, j − 1), C(i, j + 1) in y−direction [9, 10]. The sharper the correlation peaks are, the better the method
works. The used pattern is specially designed to get sharp peaks with low noise.
On the right hand side of Figure 3 an example of the corresponding vector field is presented. For every
interrogation window a displacement vector is determined. Subsequently, the strains in x−direction

εxx =
∂ux
∂x

(2)

are calculated by applying central differences

εxx =
ui+1,x − ui−1,x

2n∆pix
, (3)

where ui±1,x describes the displacement in x-direction at interrogation window i ± 1, n corresponds to the
number of pixels in one direction of the interrogation window and ∆pix represents the width of one pixel.
To reduce noise, the displacements are averaged in y−direction. Since linear elastic material behavior is
assumed, the stress in x−direction can be calculated with Hooke’s law

σxx = Eεxx, (4)

and Young’s modulus E.

Applying image based measurement systems to detect the wave shape of a propagating stress wave faces
two major challenges. The first challenge is to realize a reasonable resolution for the wave shape which is
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demanding due to the very fast wave propagation speed. Therefore, the frame rate of the high-speed camera
has to be extremely high. The main properties of the used high-speed camera are depicted in table 1.

Name Photron FASTCAM SA5
Frame rate 7000 fps at maximum resolution 1024 × 1024 pixels

232500 fps at resolution 192 × 104 pixels
Bit depth 12 bit
Pixel size 20µm

Table 1: Main properties of the high-speed camera

It can be seen that the maximum resolution decreases with increasing frame rate. The resolution of the wave
shape can be improved by taking materials with low wave propagation speed.
The second challenge is the main difficulty in using high-speed cameras for the calculation of wave shapes:
The displacement field detection has to be very accurate in order to get reliable solutions for the strain
calculation. This can be explained by the fact that for the strain calculation, not the absolute values of the
displacements is important but the difference between them. The key determinants to improve the accuracy
of the strain calculation can be derived by examining the central difference formula. According to the DaVis
software manual, an accuracy up to 0.05 ∆pix for the displacement detection can be achieved. If it is assumed
that the displacement at interrogation window i−1 can be determined exactly, the strain calculates as follows

εcal =
ui+1,x + 0.05∆pix − ui−1,x

2n∆pix
=
ui+1,x − ui−1,x

2n∆pix︸ ︷︷ ︸
εxx

+
0.025

n︸ ︷︷ ︸
εerr

. (5)

Since the accuracy of the displacement determination also depends on ∆pix, the error is independent of the
pixel width ∆pix.
Based on equation 5 three possibilities to improve the measurements can be derived. The first possibility is
obviously to increase the interrogation window (larger n). However, due to the high frame rate the resolution
is already very low. This implies that the number of evaluation points will be decreased. Moreover, to
achieve good results for the central finite difference calculation of the strain, the spatial distance 2n∆pix

between the evaluated interrogation windows has to be small. Therefore, it can be concluded that ∆pix has
to decrease which leads in turn to the fact that only a very small part of the rod can be covered. The second
possibility is to improve the accuracy of the measurement, which can be achieved by using a microscope.
The last possibility is to lower the error sensitivity. For steel, the occurring strains are very low. Thus, small
errors in the determination of the strain already have significant impact on the result. It has to be considered
that for the calculation of the strain linear elastic material behavior is assumed. As a consequence, the actual
strains should not exceed the yield limit.

2.3 Strain gauge measurements

The strain gauge that has been implemented is placed in the region of the pattern so that the results of the
strain gauge can be compared with the results that are obtained with the image correlation method. The
characteristics of the strain gauge are shown in table 2.

Name Kyowa KFG-2-120-C1-11L5M2R
Gauge factor 2

Gauge length 2 mm

Gauge resistance 120.4 ± 0.4 Ω

Table 2: Characteristics of the strain gauge
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The measurement device that hast been used is called Siemens LMS Scadas Mobile equipped with DSP
module SCM-VB8-II with maximum frame rate of 200 kHz.

2.4 Piston and rod

The restrictions of the measurement devices in terms of maximum frame rate motivate to consider other
materials than steel for the rod. The distance the wave propagates between two samplings is calculated by

∆l = c∆t =
c

f
. (6)

For steel (csteel ≈ 5000 ms−1) and frame rate f = 200 kHz the travel distance of the wave ∆l equals
2.5 cm. A better spatial resolution can be achieved by considering materials with lower wave propagation
speed. Moreover, to get reliable results with the image correlation method, it is advantageous that the material
exhibits high strain at the yield limit. Therefore, for the rod of length 305.5 cm and constant diameter 41 mm
POM-material with the following material properties

Name POM-C
Density 1410 kgm−3

Young’s modulus 2800 MPa

Tensile strength 66 MPa

Compression strength 72 MPa

Table 3: Material properties of the rod material

has been chosen. Since the strain in the piston has not been detected, the wave propagation speed of the
piston does not have to be considered. Therefore, the piston is made of hardened steel. The dimensions of
the piston can be seen in Figure 4.

Figure 4: Dimensions of the piston
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3 Simulation model

Analytical solutions for the wave propagation in rods with non-uniform geometries only exist for very few
(i.e. exponentially varying) cross sections [11]. Therefore, numerical methods have to be applied for arbitrary
geometries.
The dynamics of the rod (i = 1) and piston (i = 2) can mathematically be described by the partial differential
equation for the displacement ui(x, t)

∂

∂x

[
Ei(x)Ai(x)

∂ui
∂x

]
= ρi(x)Ai(x)

∂2ui
∂t2

, i = 1, 2 (7)

in which E is the Young’s modulus, ρ describes the mass density and the area of cross section is denoted
by A. This equation simplifies for constant material properties and constant cross sections to the well-known
1D wave equation [12]

∂2ui
∂t2

− c20,i
∂2ui
∂x2

= 0, c0,i =

√
Ei

ρi
, i = 1, 2 (8)

with wave propagation speed c0. This equation can analytically be solved by the d’Alembert solution

ui(x, t) = fi(x− c0,i t) + gi(x+ c0,i t), i = 1, 2 (9)

where f and g are arbitrary functions.
The main idea of the numerical approach is to approximate the geometry of both piston and rod by piecewise
constant cross sections so that equation 9 can be applied to constant cross sections. At the impact zone
between piston and rod and at each change of cross section transition conditions have to be formulated
which can be derived by claiming force and displacement equilibrium

u1(x̂, t) = u2(x̂, t), (10)

E1(x̂)A1(x̂)
∂u1
∂x

(x̂, t) = E2(x̂)A2(x̂)
∂u2
∂x

(x̂, t) (11)

with x = x̂ being the spatial coordinate of the impact zone or of a change of cross section. It is important to
stress that the condition force and displacement equilibrium at the impact zone only holds if the transmitted
force is a compressional force. Otherwise, piston and rod will separate. By taking a large number of constant
cross section elements a good approximation of the geometries can be achieved.

4 Results

In Figure 5 the results for both measurement methods and for the simulation are depicted. All results are
evaluated on one position on the rod at 6 cm distance from the impact zone. It can be seen that a sudden
change in stress occurs due to the impact. The agreement of the image correlation method with the strain
gauge result is very good immediately after the impact. However, the stress curve of the image correlation
method decreases rapidly until no measurement is possible anymore. The reason for this is that the rod
is moving axially after the hit and the camera is taking pictures from the same position all the time. In
Section 2.2 it has already been discussed that in order to get reliable results, the number of pixels and the
pixel size has to be very low. This in turn leads to the mentioned problem that the pattern moves out of the
picture.
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Figure 5: Comparison of image correlation method with strain gauge measurement (left) and simulation
result (right)

Figure 6: Numerical simulation of the stress at piston (to the left of dashed line) and rod (to the right of
dashed line) a) shortly after the impact, b) before the stress wave reaches the end of the rod, c) shortly before
reflected wave reaches impact zone and d) after the separation
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After the impact, the stress continuously decreases until it changes suddenly to a tensile stress peak. This
phenomenon can be explained by interpreting the simulation results shown in Figure 6, where the stress at
every spatial position of the piston and rod is depicted at different times.
The dashed line displays the transition between piston and rod. In Figure 6a) the situation shortly after the
impact is depicted. The stress wave front already propagates approximately 0.2 m into the rod. At the same
time, the wave front that propagates into the piston is already reflected at its free end on the left because
the wave propagation speed of steel is ≈ 3.5 times higher than the wave propagation speed of POM. The
material points of the rod right of the wave front are at rest and have not been influenced by the impact yet.
The wave front of the rod continues propagating until it almost reaches its free end in Figure 6b). At its free
end, the stress wave is reflected and returns in form of a tensile stress wave towards the transition zone. Just
before the tensile stress wave reaches the impact zone, it reaches the evaluation point by which the tensile
stress peak both in the simulation and for the strain gauge measurement can be explained (Figure 6c)). Since
a tensile force cannot be transmitted at the impact zone, piston and rod separate and move independently as
soon as the tensile stress wave arrives at the transition. This leads to the change of the transition conditions
from force and displacement equilibrium to the boundary condition of free ends for piston and rod. At the
resulting free end, the tensile stress wave is reflected again (Figure 6d)). The time duration of the stress peak
in the simulation corresponds to the time between the arrival of the tensile stress wave until the arrival of the
reflected stress wave.
The height of the tensile stress peak in the simulation is considerably higher than the one detected using
strain gauges. A possible explanation for the difference is the fact that material damping is not considered in
the simulation model. Apart from the differences in amplitude of the peaks, the qualitative behavior of the
stress shape can be described adequately.
At this point, it is advantageous to verify the presumptions with pictures taken with the high-speed camera.

Figure 7: Sequence of camera pictures from a) rod is at rest and waiting for the piston over b) the hit and c)
movement together until d) the separation

A sequence of camera pictures from the rod being at rest until rod and piston are separated is presented in
Figure 7. By comparing the time between the hit and the separation both in Figure 7 and Figure 5 it can be
confirmed that piston and rod separate as soon as the reflected tensile stress wave arrives at the impact zone.
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Moreover, the high-speed camera can be used to detect the impact velocity of the piston. The dependency of
different impact velocities on the wave shape is depicted in Figure 8.
The measurement results confirm the expectations: The higher the impact velocity the higher is the stress

Figure 8: Strain gauge measurement at different piston velocities

peak immediately after the impact. The duration between impact and separation is independent of the impact
velocity since it is only dependent on the material properties of the rod. Moreover, the measurement results
show that the results are repeatable.

5 Conclusion

In this paper two different measurement methods for the evaluation of stress wave shapes have been investi-
gated and compared with simulation results. The simulation results yield qualitatively very good accordance
with the strain gauge measurement results. However, the image correlation method only yields reliable re-
sults at the beginning of the impact. The reason is that the image correlation method cannot measure the
strain directly but has to measure the displacements first. The strain of most materials at the yield limit is
very low. Therefore, in order to get reliable results, the displacements have to be detected very precisely.
If higher strains are of interest the image correlation can still be applied. Although the image correlation
method could not detect the desired stress wave shape, the combination of strain gauges together with a
high-speed camera turns out to be very useful. On the one hand the high-speed camera can be used to deter-
mine the piston velocity just before the impact and on the other hand the overall movement of the impacting
partners can be observed. This leads to a better understanding of the system and can be used to verify some
phenomena.

The qualitative behavior of the stress wave shape can be predicted very well by the simulation model. There-
fore it can be concluded that one-dimensional theories yield good results for such impact problems. Further
improvements of the numerical model will be to include material damping. Moreover, the influence of the
geometries of the impacting partners will be examined.
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Abstract 
The use of digital twins and simulation models to construct, evaluate and validate designs has become an 
intrinsic part of every product creation process. The use in production, operation and service has been 
increasing in the last years, for example model predictive control or simulation-based assist systems. The 
challenges – and opportunities – however are multifold. Interoperability of models, model transformation 
and co-simulation are key to realize system level simulation. Computing performance alone cannot address 
the requirements posed by ever more complex systems and applications like massive design space 
exploration or interactive simulation, expressing the need for disruptive solver solutions. But also modeling 
technology needs to be extended. Integrating the digital twin with data measured on the physical assets, 
reusing all previously established engineering knowledge, allows new applications such as virtual sensing, 
model based control and hybrid system modeling including hardware, software and numerical components. 

1 Introduction 

The digital twin is the virtual copy of a real asset. It integrates all data, models (engineering, data-based, 
simulation), and otherwise structured information of a product, plant, infrastructure system, or production 
process. The data can be generated during design, engineering, manufacturing, commissioning, operation, 
or service. Integrating all information is key to leverage existing and create new business opportunities. 
Depending on the application under investigation, the digital twin may represent a product, a production 
system or a production or construction process. In all cases however, the objective is to have a digital 
representation suited to the purpose in terms of level of detail, completeness, accuracy, and execution speed. 
The digital twin can be used in product design, simulation, monitoring, optimization and servicing and is an 
important concept in the industrial Internet of Things.  
Simulation is then the execution of a model of a real world system to study its behavior, evaluate an 
architecture or parameter space with the goal to optimize design, production, operation, and service. 
Examples are 3D CAE models with attached physics, models of logical behavior and effect based (1D) 
models of the system, test-based models, and system simulation models as a mixture of all.  
Digital twins are created in the same design and modeling environment that designers and engineers use in 
the various stages of product development. The key element with a digital twin is that the model acts as a 
unique reference which is retained throughout all stages of the product's lifecycle, including but not limited 
to the functional description, concept evaluation, performance optimization, variant tracking and inspection 
and maintenance. Typically, a digital twin will be a “living” entity, being extended, completed and updated 
throughout the asset’s lifecycle, further enriched with data obtained during the physical asset’s operation. 
The concept of the digital twin requires three elements [11]: the physical product in real space, its digital 
twin in virtual space and the information that links the two.  
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Sensors connected to the physical product can collect data and send it back to the digital twin, and their 
interaction can help optimize the product's performance. For example, sensors might detect when a car's 
engine oil needs changing, and the car's digital twin will have an overlay image indicating the new 
information, which can appear on the owner's smartphone or the manufacturer's product lifecycle 
management (PLM) system.  
The present paper will focus on the simulation digital twin used in the product creation, verification and 
validation stages. More encompassing descriptions, including the broader framework of production and 
production systems can be found e.g. in [24]. What is key to the digital twin is that it constitutes an essential 
part of the industrial Digitalization strategy and that its realization depends heavily on advanced software 
tools and processes, including multiphysics simulation, experimental verification and data management. 
Interoperability of methods and data originating from heterogeneous sources and applications is hence a key 
challenge to be addressed. 
Several factors have now converged to bring the concept of the digital twin to the forefront as a disruptive 
trend [34], with a boost of engineering news bandwidth since 2017 [38][39][40][41][50][54]. In fact, Gartner 
[34] predicts that by 2021, half of the large industrial companies will use digital twins, resulting in those 
organizations gaining a 10% improvement in effectiveness. 
The outline of this paper is as follows. Section 2 provides the state of the art of the digital twin. Section 3 
provides the Siemens vision on the digital twin throughout the product lifecycle. Section 4 reviews enabling 
technologies: simulation and test models, model order reduction (MOR) schemes and co-simulation, etc.  
Section 5 provides case studies of the digital twin in action. The paper is concluded in Section 6.  

2 State of the art of the digital twin 

The concept of digital twins is not new. For more than 30 years, product and process engineering teams 
have used 3D renderings of computer-aided design models, asset models and process simulations.  
NASA was the first to work with pairing technology – the precursor to today’s digital twin – already from 
the early days of space exploration onwards [30][41]. The challenge has been to operate, maintain or repair 
systems when you aren’t within physical proximity to them; after all, the systems would travel beyond the 
ability to see them or to monitor them physically. When disaster struck Apollo 13 in 1970, it was the 
innovation of mirrored systems still on earth that allowed engineers and astronauts to determine how they 
could rescue the mission. Today, NASA uses digital twins to develop new recommendations, roadmaps, 
and next-generation vehicles and aircraft [4][11][22]. The term digital twin was first defined by Dr. Michael 
Grieves at the University of Michigan around 2003 in a University of Michigan Executive Course on Product 
Lifecycle Management (PLM), as referenced in his book in 2011 [8]. In his 2014 white paper [11], he 
outlined the concept of a digital twin as a virtual representation of what has been manufactured. He promoted 
the idea of comparing a digital twin to its engineering design to better understand what was produced versus 
what was designed, tightening the loop between design and execution. 
The Air Force Research Laboratory linked the digital twin to the operational phase of the aircraft lifetime. 
According to their 2011 vision [5], when the physical aircraft is delivered, a digital twin of the aircraft – 
specific to that tail number, including deviations from the nominal design – will be delivered as well. The 
digital twin will be flown virtually through the same flight profiles as recorded for the actual aircraft by its 
on-board structural health monitoring (SHM) system. The model will be updated/calibrated/validated w.r.t. 
sensor readings recorded by the SHM system. When damage is found, it will be added to the Digital Twin, 
such that it continually reflects the current state of the aircraft. Also, “prognostics” for the airframe will be 
possible by flying the digital twin through possible future missions. Main outcome is in the area of fleet 
management: the digital twin model will be used to determine when & where structural damage is likely to 
occur, and when to perform maintenance. In this line of thought, Tuegel et al. [7] propose a process that 
utilizes an ultrahigh fidelity model of individual aircraft by tail number, a Digital Twin, to integrate 
computation of structural deflections and temperatures in response to flight conditions, with resulting local 
damage and material state evolution. 
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The concept of digital thread (the use of digital tools and representations for design, evaluation, and life 
cycle management) was introduced in [14] in 2013. A digital thread describes and defines a component in 
a reusable digital format [48]. This refers to a digital twin comprised of advanced modelling and simulation 
tools that link materials, design, processing and manufacturing. This is claimed to be a future game-changer 
that provides the agility and tailorability needed for rapid development and deployment, while also reducing 
risks. According to [19], the future aircraft lifecycle management will be predictive, integrated, 
individualized and preventive, thanks to the digital thread / digital twin technology. The importance of the 
digital thread is underlined in the NASA Vision 2040 on materials modelling [48]. It is stated that the 
connection of this structural paradigm viewpoint with that of the design of materials paradigm, with all its 
potential impact, is still lacking and will require more work. It is also stated that companies that have 
established a digital thread and accompanying digital culture are reporting high payoff in terms of efficiency 
increases and cost savings; however, to date progress has occurred on either the material or structures side 
of the house with only limited connection between the two.  
The different waves of simulation in system development, announcing the digital twin era, were introduced 
by Boschert and Rosen in 2016 [24]. As shown in a Siemens graphic in Figure 1, simulation is evolving 
from a troubleshooting tool to adding customer value in the form of digital twins. In the digital twin era, 
simulation is a core functionality of systems by means of seamless assistance along the entire lifecycle, e.g. 
supporting operation and service with direct linkage to operational data. Boschert and Rosen focus on the 
use of the digital twin in the design and engineering phase, as well as the operation and service phase.  

 
Figure 1: Simulation is evolving from a troubleshooting tool to adding customer value through digital twins.  

With recent developments that have resulted in higher availability and affordability of sensors, data 
acquisition and computer networks, the ground is fertile for implementing high-tech methodologies to 
modernize today’s industry [20]. This has resulted in ever more sensors and networked machines, 
continuously generating high volume data which is known as Big Data [12]. Cyber-Physical Systems (CPS) 
can be further developed for managing Big Data and leveraging the interconnectivity of machines. 
Networked machines will be able to perform more efficiently, collaboratively and resiliently [12]. This trend 
is transforming manufacturing industry to the next generation, namely Industry 4.0 [23]. This represents the 
combination of Cyber-Physical Systems, the Internet of Things, and the Internet of Systems. In short, it is 
the idea of smart factories in which machines are augmented with web connectivity and connected to a 
system that can visualize the entire production chain and make decisions on its own. The digital twin can 
become instrumental in its capability to model a range of identically manufactured products, and accompany 
each of them in their lifecycle, subject to the same loads and conditions in a virtual environment, and 
predicting their state throughout the product lifetime.  
Many software vendors are now marketing the digital twin or similar concepts. A good overview of the 
technology status is given in the Gartner eBook [50] and the NAFEMS Benchmark magazine of April 2018, 
see [51][52][53] and especially [54]. 
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3 Digital twin throughout the product lifecycle 

At the Siemens PLM Software 11th annual analyst conference in Boston, Sept 5-8 2017, Siemens PLM 
Software described its approach to the digital twin as creating a holistic, actionable set of digital twins that 
encompass all aspects of the product lifecycle, spanning product, production and performance [35][36][39]. 
There are in fact at least three lifecycle stages that require a digital twin, each of which needs to be created 
and connected to the others. These include the: 

• Digital Product Twin – used during product development; 

• Digital Production Twin – used during manufacturing engineering and production operations; 

• Digital Performance Twin – used for product simulation and during the utilization of the product. 

 
Figure 2: The three phases for the digital twin are called “Ideation”, “Realization” and “Utilization” [35]. 

The digital twin understands and models the entire value chain process and helps to create a digital thread 
across the product and process lifecycle. To get maximum value and productivity an enterprise that creates 
complex products or processes can benefit from an actionable, holistic digital twin concept. An actionable, 
holistic digital twin is a living model fed by analytics and exercises by math-based simulations. These are 
multi-function simulations involving mechanics, electronics and embedded software that are combined to 
create a predictive engineering analytics function that inform companies how to improve their product data 
and process design, production and maintenance approaches. This provides business value well beyond the 
predictive maintenance use cases common in digital twin discussions today [41].  
Of course depending on the specific domain, e.g. the construction industry, connotations of the digital twin 
are much broader than the perspective covered in this paper. For the sake of brevity, in this paper the focus 
is on the product centric point of view. 

4 Enabling technologies  

4.1 Simulation and test models  

PLM vendors currently offer a wide range of tools to enable efficient virtual and model-based design of 
industrial products. These tools span a wide range of complexity and applicability, depending on the stage 
of the design where they are deployed. In practice a dichotomy between two key approaches is observed: 

• System simulation tools (i.e. based on analytical models and functional relations, also referred to as 
1D simulation tools) are used to simulate complete systems or sub-systems and are predominantly 
used in the conceptual design phase. The individual components of a system are simplified via 
integral or global methods aimed at rendering only their main characteristics, emphasis being put 
on describing their interaction with the numerous other components in the studied system. At their 
core are lumped parameter system models formulated as Ordinary Differential Equations (ODE) or 
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Differential Algebraic Equations (DAE). The simulated time ranges from fractions of a second up 
to minutes. The related CPU time ranges from some hundred times real-time, down to real-time. 
Real time applications require very simple descriptions of components and thus rely on empirical 
or phenomenological models. As a result, a priori predictivity (i.e. the ability to predict the system 
behavior without a priori experimental evidence) is low. While originally  mainly used in the 
concept phase, such 1D system simulation models are increasingly forming the core of the 
integrated Multiphysics system description in complex mechatronic systems.  

• Geometry-based 3D simulation tools are used for detailed component design and are the traditional 
performance validation (and optimization) complement of CAD (Computer Aided Design) based 
product descriptions. They are applied to single components, or small sub-systems of few 
components. They aim at accurately predicting the detailed phenomena determining their behavior 
by resolving the related fundamental equations. They are mainly used in the detailed design and 
engineering phase, for acquiring a detailed understanding of the interactions of complex phenomena 
and for optimizing proposals resulting from the concept phase. One can distinguish  

o Multi-body simulation (MBS) method: here, the structure is composed of various rigid or 
elastic bodies. Connections between the bodies can be modelled with kinematic constraints 
(such as joints) or force elements. A system-level calculation then yields the forces and 
displacements that can be analyzed or can serve as input to FE calculations e.g. for NVH.  

o Finite Element (FE) method: the full domain is discretized into finite elements, that are 
approximated with simple or more complex shape functions. Calculating the mechanical 
response of the assembled system then yields the system-level prediction. FE is used for 
detailed 3D prediction of structural vibrations, noise, acoustics, electromagnetic excitation.    

o Boundary Element (BE) method: here, the boundaries of the domain are discretized and 
modelled with simple or more complex shape functions. A calculation of the mechanical 
response of the assembled system then yields the system-level prediction. It is used for 
detailed 3D predictions e.g. of acoustics and electromagnetic radiation.  

o Computational Fluid Dynamics (CFD) method: the branch of fluid mechanics methods 
using numerical analysis and data structures to analyze problems involving fluid flows. 
Computers are used to perform the calculations required to simulate the interaction of 
liquids and gases with surfaces defined by boundary conditions.  

3D simulations are typically built up by leveraging the availability of detailed geometrical 
description of the domain to be simulated (CAD files). The simulated time ranges from fractions of 
milliseconds up to multiple seconds. The related CPU time is significant, around 104 times the real 
time, down to real-time (multi-body simulation models that can run in the loop with high fidelity as 
compared to 1D models). The accent of 3D simulation is on high predictability in order to 
characterize a component or sub-system. The 3D simulations are mostly used in the detailed 
engineering phase, for optimizing and validating detailed component models up to system 
simulation models. Even though these tools enable high-fidelity results, they are often much too 
computationally expensive for full system level evaluation in a fast design process. 1D models offer 
the potential to perform fast simulation and real-time performance for XiL applications, but they 
lack the parameter traceability to design variables to be useful in a general design process. 

Hybrid Test-CAE modelling approaches are possible from the refinement engineering stage onwards, with 
the availability of first test prototypes [33]. One example is the creation of hybrid models in which a 3D 
model of a newly designed component is combined with an experimentally identified model of an already 
existing component (prototype). Especially in case of re-using complex components with nonlinear behavior 
in a future design, such hybrid modelling approaches can be very interesting. In this phase, also the 
correlation and updating user scenario is relevant, for instance by improving a Finite Element Model (FEM) 
based on Experimental Modal Analysis (EMA) results from a vibration test. Moreover, the reduced EMA 
model can also have a value to be used directly in a state estimation environment, representing part of the 
realistic physics of the system in a concise representation. 
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4.2 Building blocks to respond to current industrial challenges 

The digital twin vision extends the need of advanced building blocks to respond to today’s industrial 
challenges. This is supported by a double exponential growth of capability in simulation technology. On the 
one hand, computational hardware is developing exponentially according to Moore’s law [1]. On the other 
hand, efficiency of simulation algorithms is subject to exponential growth as well [2].  
Model order reduction (MOR, see e.g. [2][3]) is a key technology for digital twins. A wide range of different 
MOR  technologies have been developed for specific fields, e.g. MOR methods for multi-body systems have 
been reviewed and developed in [13]; MOR schemes that are fit for purpose for flexible multi-body systems 
have been worked out in [6][16][57]. Dedicated MOR schemes for FEM-based vibro-acoustics systems 
have been developed in [45]. By splitting computations in an off-line and an on-line phase, computational 
effort is shifted to an off-line phase allowing interactive simulation during the on-line phase. However, not 
only does this imply a speed-up of calculations, but due to their reduced information set, reduced order 
models protect intellectual property efficiently. While from the mesh of full 3D simulations geometries can 
be recovered, this is not the case for reduced order models. In particular since the output generally focuses 
on the quantity of interest, i.e. a temperature at a single location rather than a complete temperature field. In 
addition, reduced order models can be efficiently containerized using available standards such as the 
functional mock up interface (FMI, [10]) thus increasing usability.  
Another key technology is to be able to combine different modelling approaches in a single calculation. To 
couple the models, different approaches exist. One may embed state equations with a description of the plant 
system (e.g. MBS or 1-D model) into these of the control (or vice versa) to enable the use of one solver, or 
adopt a true co-simulation approach where each system part runs its own solver [29].  
State estimation is a time domain approach to predict the true values of states of a model, given a set of 
measurements – see overviews in [25][33][37]. Two main method families exist: the Kalman filter and the 
Moving Horizon estimator (MHE). The basic idea is to use a weighted sum of both the measurements and 
model predictions to make an overall optimal prediction of the true value of the states. These states can be 
internal states to the physical system, or augmented states (states that are added to the system equation, and 
that can represent inputs/parameters that are unknown or cannot be measured directly). Virtual sensors can 
be introduced via numerical calculations on top of internal system states, or as augmented states. The choice 
of weights is often inspired by the measurement noise level and model accuracy. This way, the model is 
continuously synchronized with measurement data, and can be used for analysis and control.  
Of course these particular modelling, simulation and optimization technology building blocks are only a 
subset of the technologies relevant for digital twins. Many more building blocks contribute to digital twins, 
e.g. Internet of Things (IoT) in the case of digital twins for embedded software design applications [46][55].  

5 Case studies 

In this Section, a number of digital twin case studies is shortly described along with targeted application 
areas across the product lifetime (Ideation, Realization and/or Utilization).  

5.1 Electric motor thermal virtual sensor 

Digital twins condense the engineering knowledge of products and complex systems into digital models. In 
particular, simulation models allowing predicting the expected behavior in the future are highly valuable 
assets. In particular, leveraging advances in model order reduction, allows to use corresponding models in 
an online fashion, parallel to the operation. From a parallel simulation corresponding with the real system, 
physical values can be deduced that are not accessible by sensors. This opens up new operation paradigms. 
For example, consider the efficient thermal control of an electric motor. Electrical motors are subject to 
thermal derating requiring temperature control [63]. Large-scale electric drives are exposed to high levels 

3552 PROCEEDINGS OF ISMA2018 AND USD2018



of stress due to induction heating on start-up. Frequent starts without a sufficient interval for cooling can 
result in motors overheating. However, measuring the temperature of the actual rotors turning at high speed 
within the motor is close to impossible. Thus, controls are often based on very conservative heuristics.  
In principle,  corresponding temperatures can be calculated by means of 3D thermal simulations in a 
sufficiently accurate manner. In the case of the electric motors considered, linear convection-diffusion 
models are used. Corresponding 3D models are typically available from the detailed engineering phase in 
product design. However, they are computationally too demanding to be used during operation. Using model 
order reduction, corresponding models for background simulation can be realized – in this paper, Krylov 
methods are adopted. Being highly efficient to evaluate, they allow not only to be extended by uncertainty 
quantification methods, but they also enable continuous calibration using available sensors on the stator 
side. Thus, by means of continuously-calibrated background simulation models, temperatures not accessible 
to sensors can be virtually measured, see Figure 3.  
Using for instance augmented reality devices, the user can at any time virtually look inside the motor to 
observe temperature distribution, see Figure 4. This allows the cooling times required for electric motors to 
be significantly reduced, ultimately enhancing the plant availability. Enriched with methods for uncertainty 
quantification, confidence intervals can be provided for the rotor temperature (ref. Figure 3) allowing to go 
close to operational limits and thus increasing availability. Such an optimized process that can prevent motor 
overheating and reduces the downtimes required during the cool-off phase, which can save up to €210,000 
per hour depending on the use case and corresponding industry [62]. 
 

 
Figure 3: Proof of concept along a small motor – operation parallel digital twins enabled by model order 
reduction combined with online calibration and uncertainty quantification allows monitoring unmeasurable 
temperatures on the rotor (in green) and predicting future scenarios of the same temperature (in blue) [63]. 

 
Figure 4: Combined with novel human-computer interaction devices, new operation paradigms are possible, 
e.g. online 3D visualization of temperature fields inside the motor / on the rotor during operation [62]. 
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5.2 Case study on manufacturing: milling with robots 

As addressed before, the core concept of digital twins is to leverage digital models of the products in various 
scenarios. In doing so, digital twins need to interact with their environment as the real products. Very often 
this is realized by setting boundary conditions or initial conditions appropriately, e.g. in the case of the 
electric motor as presented in Section 5.1. However, these interactions could be of a much more complex 
nature, requiring also sophisticated digital models of the environment itself. When it comes to manufacturing 
processes, these interactions can be extremely complex, requiring highly sophisticated models.  
A typical use case of a manufacturing process is milling. During milling very high process forces occur, 
requiring extremely stiff structures to prevent any quality issues due to deflection of the machine tool. 
Because of their flexibility, large working space and low costs, robots could be an attractive alternative. 
However, as compared to machine tools, robots are extremely soft structures, such that the process forces 
lead to large deflections of the robot head and therefore to quality issues. Although digital twins of the 
mechanical robot behavior in terms of mechanical models are available to very high levels of accuracy [32], 
detailed force models at sufficient accuracy and speed are not available to compensate for the forces 
efficiently also for large working pieces. 
Providing appropriate models of the process itself allows closing the control loop and compensating for the 
forces. In doing so, digital twins of the machine tool combined with digital twins of the subtractive 
manufacturing process allow compensating for mechanical limitations of the machine. As shown in Figure 
5, the error can be reduced by over 90% as compared to uncompensated approaches. This opens up new 
options for introducing robots in machining. For example, loading robots of machine tools could perform 
roughening operations while the machine tool is finishing the parts. A multitude of other machining 
applications could benefit from this combination of digital twins and complex environment models [61].  
 
 

 
Figure 5: the digital twin allows reducing manufacturing errors of machining aluminum with robots by more 
than 90%, thus opening up new application fields for robots.  

          
Figure 6: Robot machining aluminum with industrial quality and a digital twin based control combining a 
digital twin of the robot with a simulation model of the manufacturing process [61]. 
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5.3 Electric aircraft (eAircraft) enabled by the digital twin 

The aircraft business has significantly evolved in recent years with many new entrants adopting to the same 
standard design configuration that has been in use since 1954. Furthermore, a myriad of new concepts are 
being introduced. Innovation goes bottom up, from small to large, with unmanned air vehicles (UAV) 
becoming manned again, and new concepts being introduced for urban and regional transport and logistics 
purposes. Most of the new concepts include electric motors, since that enables new architecture solutions 
and design concepts, and since this is seen as the only viable path to reaching the “Flight Path 2050” goals 
of 75% CO2 emission reduction per passenger km [9]. Often the new concept is achieved with a hybrid 
electric solution, as the power density of kerosene is still much higher than of state of the use batteries. In 
fact, it is believed that for the next 20-30 years to come, kerosene will be an important carrier for energy for 
long flights, but by separating the energy generation from the thrust generation, and combining electric 
motors with traditional propulsion, you can burn much less fuel for the same flight mission with hybrid-
electric propulsion unit [43]. With the new design concepts, you can get the peak power from the battery, 
and the turbine does not have to be sized for post-V1 single engine take-off, so it can become smaller, more 
efficient and downsized. Electric propulsion will allow to build new concepts that have distributed 
propulsion systems. This will lead to new structural, systems and propulsion architectures, for which new 
industrial solutions as additive manufacturing and generative design will play important role. 
One crucial element for an eAircraft is a high energy density and power densification. Siemens AG is a 
world leader in electric drives for this purpose. For instance, the Siemens eAircraft SP260D achieves a 
record level of 5.2 kW/kg engine (a record, and factor 5 more as compared to electric engines in trains and 
cars that achieve about 1 kW/kg). The second crucial element is to take benefit from digital twin technology 
throughout the product lifecycle [31], as shown in Figure 7. For designing such complex highly integrated 
products, a close link in the development process is needed between electromagnetics, electronics, structural 
performance, thermal properties and software and systems. For the eAircraft, this has been provided by the 
wide prediction range of the Simcenter portfolio [58][59]. To illustrate the benefits: starting from the 
knowledge base of the existing SP 260 engine, the new SP 200D engine with a significantly changed design 
was achieved in just 9 months and 19 days by adopting digital twin technology, achieving a 50% increase 
in the achieved torque to mass ratio. 
 

 
Figure 7: Siemens eAircraft, supported by the digital twin throughout the product lifecycle.  
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5.4 Additive manufacturing 

Recently, Additive Manufacturing is coming up as a disruptive technology, providing a very wide range of 
design freedom and unique product properties as compared to the traditional design approach [42]. The 
technology is highly compatible to the digital twin technology in the realization phase, as one prints 
something very close to what one has already modelled. A virtual correction step of the modelled structure 
is however required to create the actual digital twin.  
More specifically, in case of metal parts produced through selective laser melting, due to the highly dynamic 
nature of the melting and solidification process, high amount of thermal stress is accumulated in the 
produced part. The accumulated thermal stresses lead to deformations which could lead to manufacturing 
problems (e.g. re-coater crashing). To counter such thermal deformations, so-called support structures are 
used to anchor the printed object to the build plate during the build-up of the structure and to limit the 
deformations. However, these support structures are removed in a post-processing step after the printing and 
due to the internal thermal stresses, the part deforms compared to the structure that still had the supports. 
One can virtually perform a distortion analysis in Simcenter 3D [58], and compensate the structure to be 
printed for the expected distortion. This way, one can achieve a digital twin model that closely resembles 
the eventually printed structure and the original CAD design. In Figure 8 and Figure 9, this process is 
illustrated for a blade structure. The digital twin can be used to virtually analyze the effect of defects due to 
the additive manufacturing process. 

 
Figure 8: Siemens’ additively 
manufactured example of a gas 
turbine blade.  

 
Figure 9: Distortion analysis w.r.t. the effect of removal of support 
structure (on the right side, a displacement is shown). Simcenter 3D 
[58] enables compensating the predicted structure w.r.t. expected 
distortion, hence allows printing it without a distortion.  

5.5 Composites manufacturing simulation  

Composites manufacturing simulation technology [56] has emerged in CAE products as Simcenter 3D [58] 
to enhance the level of realism of lightweight composites product models. With a draping simulation, one 
can predict the actual fiber orientation, which has a significant influence on the product dynamics and fatigue 
performance. Infusion modelling helps predicting the flow front and allows to find the optimal process 
conditions in order to avoid dry spots and reduce the void content, which adversely affect the product 
strength properties. A curing simulation helps predicting the effect of the thermo-mechanical curing process 
on the material and product properties [27]. All these technologies add to the realism of the product 
performance prediction, hence to the digital twin performance in the ideation phase. It is believed that still 
basic research has to be done into multi-scale materials modelling and process simulation on a nano-scale, 
to be able to fully understand the composite product performance [48]. For the B-pillar application case 
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shown in Figure 10, the ideation phase digital twin can enable optimizing the NVH behavior and strength 
of the B-pillar, and also determine the performance in case of a crash analysis (side impact of the vehicle). 
  

  

Figure 10: Manufactured B-pillar (left); Draped B-pillar that is used to obtain the fiber orientations (right). 

The same technologies also add to the digital twin power in the realization phase, by predicting the 
performance of the product ‘as manufactured’. For the realization phase, one also needs to establish a digital 
twin of the composites manufacturing device, as to enable the optimization of the manufacturing process 
parameters based on a digital twin of the manufacturing device. 

5.6 Rear twist beam suspension  

A digital twin in both the ideation and utilization phases can be instrumental to get insight in quantities that 
are hard to measure (such as the wheel forces in multiple directions simultaneously) or impossible to directly 
measure (such as the stress/strain distribution on a complex component). This rationale is pursued in the 
next application case – the virtual sensing analysis of a rear twist beam suspension [17][33][60].   
The model adopted is a linear Finite Element (FE) model reduced thanks to a model reduction technique 
which includes the first 10 eigenmodes of the free-free structure and residual attachment modes computed 
at the connection points, to improve computational performance [33]. Due to its particular shape a twist 
beam suspension has the desirable property of being more compliant in the vertical direction of motion in 
order to improve ride. On the other hand it has a more stiff behavior in the plane parallel to the road so to 
improve handling. Most of the times it is interesting for the engineer to have a knowledge of the wheel force 
in the vertical as well as in the in-plane direction. For this reason this case addresses multiple force 
estimation: three forces will be estimated at the application point shown in Figure 11.  
It was shown by means of virtual exercises in [28] that an optimal sensor placement strategy can be very 
beneficial in achieving a reliable force estimation by using a very limited set of well-chosen and well-
positioned sensors. An optimal sensor placement strategy had been designed in [28]. The strategy relies on 
several steps, e.g. training of the model, screening of the sensors based on distance metrics and a final 
selection criteria based on the Popov-Belevitch-Hautus (PBH) observability criteria.  
A full experimental validation is available in [60] by investigating the twist beam suspension in a clamped 
configuration and excited at one tyre (see Figure 12). An example of what can be achieved in force and 
torque estimation is shown in Figure 13, comparing the results with the quantities measured through the 
load cell. 
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Figure 11: Finite Element model of the twist beam rear suspension. 

As explained in [28][33], the stiff in-plane forces estimated with noisy data are not correctly captured. That 
is observed in the estimation of Load Y in Figure 13. The system is ill-conditioned and ill-posed, and the 
optimal sensor placement can only mitigate this effect improving the results but not overcome it. Still this 
is very valuable information as one can opt to select a smaller subset of sensors that are optimally placed, 
to yield results with accuracy close to the much larger subset of sensors randomly distributed. Indeed 12 
sensors are selected in [49] for obtaining the good estimation proposed in Figure 13. The strain field 
identification is also proposed in [49] in a coupled force and state estimation. No appreciable improvement 
is obtained for the strain estimation through an optimal selection because of the latter is optimal in view of 
loads estimation. Figure 14 shows the strain field measurements that can be achieved for this case. An 
example of what can be achieved in the force measurements is shown in Figure 15.   
 

 
Figure 12: Twist beam suspension, clamped configuration: clamped bushings, one clamped tyre, excitation 
given by a 6DoFs hydraulic shaker at the other tyre. 
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Figure 13: Frequency content of the force and torque estimation (excitation 1Hz). Comparison between 
optimal selection and random selection. 

Secondly, one can use computer vision techniques to show the stress (displacement) field of the virtual twist 
beam projected on the camera images of the test setup [17]. This is shown in Figure 16 for the displacement 
field.  

 
Figure 14: Strain field estimation. Comparison between the absolute values of the estimated strains through 
random selection and optimal selection. Excitation 1Hz. 

The digital twin of the twist beam is an accurate representation of the real structure, but sufficiently reduced 
to run at the core of a state estimation scheme to measure quantities that are hard to measure directly, such 
as wheel forces in multiple directions, and the strain [60]. It can also be used to extract additional information 
out of measurements, e.g. showing the displacement field live on the camera images extracted from the test 
setup [17], as shown in Figure 16.  
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Figure 15: Force estimation comparison (standard vs. 
Reduced noise levels in the sensors; random vs. optimal 
placement). The optimal placement saves a lot of sensor 
positions, while generating a similar accuracy as random.  

 
Figure 16: Using computer vision 
techniques to show the displacement field of 
the virtual twist beam projected on the 
camera images of the test setup [17].  

5.7 Electro-mechanical drivetrain (part of a weaving loom)  

This case is an electro-mechanical drivetrain, which is part of a weaving loom. The main driver in weaving 
loom development is towards increasing the operational velocities to maximize the production rate while 
ensuring a durable solution (i.e. guaranteed lifetime and predictable maintenance). Such a machine has 
several interacting subsystems which require a small synchronization error to ensure that weaving process 
is not disturbed. Closely linked to the synchronization error and lifetime is the energy consumption in the 
machine which often require conflicting design changes. To ensure that next generation designs can be 
further pushed in terms of these criteria, it is invaluable that the machine behavior is investigated during the 
lifetime or even prototyping phase to gain understanding how the actual operational conditions differ from 
the assumptions made during the virtual prototyping. That’s where the digital twin comes into play.  
The model used during virtual prototyping is now repurposed as a digital twin, which acts as a specific 
representation on one particular machine within the full fleet. The digital twin represents the system in its 
true operation conditions and runs in parallel with the real machine to provide information on all variables 
that are impossible or impractically to measure. The variables of interest for mechanical systems are amongst 
others the transmission errors, the internal and external forces and energy loss sources at component level. 
This process is carried out using a virtual sensing approach as described in Figure 17.  
The first step is that a limited set of sensors is installed on the machine, the model predicts these 
measurements and updates the model accordingly. Once the model complies with reality up to a certain 
extent, any variable can be derived which is presented as a ‘virtual sensor’. The technical challenges are 
present on both the modeling, estimation and instrumentation front (for a detailed overview, see [37]). For 
the modeling, it involves tailoring the model complexity to the available measurement set (or devising a 
measurement strategy based on a particular model). With respect to the estimators, it is the concurrent 
estimation of both external loads, unknown parameters and the states which is the core research problem. 
The estimation of external loads requires embedding all relevant information in a mathematical formulation 
to ensure a well-defined mathematical problem [47][49]. With respect to the instrumentation it is important 
to include the sensor deficiencies and characteristics as their input or lack of it has a significant influence 
on the overall performance. 
The targeted result is that all this information can be fed back to the design phase (“Ideation”) as it allows 
the manufacturer to size its components based on the real loading conditions and perform virtual prototyping 
on a model that has a more accurate quantified representation of reality. 
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Figure 17: a weaving loom and its digital twin adopted in a virtual sensing approach. Note that the CAD 
representation (left) has been distorted in order not to reveal the real dimensions. 

6 Conclusions and future work  

The digital twin concept sits at the center of digitalization, linking all models and data related to products, 
their production, and their operational performance and providing them to designers, engineers, operators 
and service technicians across vertical domains. 
A digital twin for products is typically created using the Systems Driven Product Development (SDPD) 
methodology, which drives the creation of intelligent system models. Technologies like generative and 
probabilistic design, system simulation and model transformation are the basis for these intelligent models. 
Key enablers for SDPD include comprehensive, semantic digital thread data models as well as a complete 
set of integrated tools, which include Multiphysics 1D and 3D simulation, CFD and Test-based models and 
multi-attribute optimization. These tools enable to create model-based system representations and digital 
twins of the product. These digital twins are able to comprehend the impact of design changes on the product 
as well as the production system and provide engineers, operators and service technicians with essential 
information to optimize the use and performance of a product and prevent system outages. Technically, this 
is realized by combining virtual models and real-life data, thus creating “hybrid models” of physical assets 
keeping the digital twin in sync with the real world. Several examples in various industrial sectors and 
covering a variety of design challenges have been presented in this paper. 
At an increasing speed, new opportunities to leverage the digital twin in all phases of product creation, 
manufacturing and operation lifecycle stages are emerging. This also implies a continuous demand for novel 
modeling, simulation and test data integration capabilities to answer these demands. Already at an early 
design stage, digital twins paired with fast simulation technology for fluid dynamics, electromagnetics or 
acoustics can shorten design cycles from several weeks down to just one day. This goes up to real-time 
models, enabling transparent interchange of physical and digital twin parts and enabling human in the loop 
interaction. All these aspects raise the need to develop new solutions that leverage ever-increasing CPU 
power, while at the same time reducing mathematical complexity and abstracting models for field use. The 
ultimate goal is that simulation algorithms can be computed in real time so that they can run in parallel to 

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 3561



the physical process, providing the user with enhanced decision support on optimal usage by means of 
augmented reality and virtual sensing. By realizing these opportunities, the digital twin finally reaches all 
life cycle phases, and it closes the feedback loop back to the design of a new generation of better, even more 
user-centered products. Adopting a machine learning approach to guide the users, generate innovative 
designs and merge modeling with ubiquitous data from the Internet of Things, further breakthroughs are 
explored and will enable the further innovation of product design, production and operation. 
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Abstract 
Vertical static and dynamic stiffness of a commercial air spring is investigated. Experimental 

measurements of the dynamic stiffness of the air spring are conducted first in an Instron hydraulic testing 

machine, up to 400Hz, with and without auxiliary air reservoir. Experiments allow concluding that 

structural vibrations modes might exist in the structure-borne vibration transmission frequency range, 

whose frequency and amplitude depend on the pressure and excitation amplitude. Furthermore, a FEM 

model developed in ABAQUS and validated by comparison to measurements, allows establishing that 

construction parameters influence the dynamic behavior of the air spring. More precisely the angle at 

which fibers are disposed has the highest influence in the natural frequency of the first vibration mode. 

1 Introduction 

Many engineering applications require the use of elastic, resilient, bushings or mounts to decouple the 

vibration from a source to a receiving structure. In order to improve isolation, air springs, instead of full 

rubber mounts, have been adopted in industry and vehicles. 

Air-springs as suspension elements are more and more employed in the suspension system of vehicles. 

Their soft stiffness, combined with the weight of the car body, lead to low vertical mode of the vehicle 

that works as a low pass filter that minimises the transmission of vibrations at higher frequencies. Thus, it 

is widely accepted as an excellent solution to improve passengers’ comfort, being adopted, for example, as 

secondary suspension elements of railway vehicles [1-2]. 

An air-spring is composed of an elastic chamber, usually manufactured of rubber to which reinforcing 

fibres are added, and filled with air at different working pressures. The elastic chamber is connected to an 

auxiliary air reservoir through a pipe, enabling the possibility of controlling the pressure into the air-spring 

in order to maintain the height of the vehicle constant [3]. 

The vertical static and dynamic behaviour of an air-spring for different applications (railway vehicles, 

cars, machinery) at low frequencies (usually up to 20Hz) has been extensively studied (see, for example, 

references [2-6]). Alonso et al. [2] even propose a solution to optimise the behaviour of air springs used as 

secondary suspension system in railway vehicles and improve the comfort of passengers. In absence of air 

reservoir, it has been experimentally stated that the vertical dynamic stiffness of the air-spring is almost 

constant at a particular pressure. When the air-spring is connected to the auxiliary air reservoir the 

dynamic stiffness shows a peak that could be interpreted as the natural frequency due to the air blocked 

within the connecting pipe. 

Nevertheless, the dynamic behaviour of air-springs at the highest frequencies has not been studied 

thoroughly. As any other finite structure, air springs are subjected to resonance frequencies that can 

increase the transmissibility of this suspension element. In the case of railway vehicles, for example, the 

wheel-rail contact is an important source of vibrations and noise, transmitted to the car body through 

suspension elements. Structure borne transmission vibration occurs in a frequency range up to 300Hz 
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approximately [1]. In case the resonance frequencies of the air spring lie in this range of frequencies a 

significant reduction in the isolation might occur. 

Concerning modelling in the 0-20Hz frequency range, different models have been proposed and studied in 

literature, with different complexity levels [2-5, 7]. They are usually classified into equivalent mechanical 

models and thermodynamic models. Typical equivalent mechanical models include the Nishimura model, 

Simpack model, Vampire model, Berg model; typical thermodynamic models implement a mathematical 

description of the transformations taking place in the thermodynamic state of the air filling the bellow, the 

auxiliary reservoir and the connecting pipe. Thermodynamic models are based on the physical properties 

of the system [4]. Mechanical models on the other hand, such as vampire, simpack or Nishimura models, 

consist of a number of springs, dashpots and masses; some of the values of the parameters can be derived 

from the physical quantities of the air-spring, reservoir and pipe system [2-4]. When there is not a direct 

connection or difficulties are encountered, experimentation has also been widely used (when possible) to 

obtain model parameters [3, 9].  

Mazzola and Berg [4] compare the performance of six air spring models with respect to vertical dynamics 

in the 0-20Hz frequency range. Alonso et al. [2] also include an interesting review of some analytical 

models. Some other authors propose their own analytical models, i.e. Nieto et al [5] and Chang et al [8]. 

Although many of this popular analytical models address the influence of geometry of the elastic chamber 

(volume and effective area of the bellow), the influence of the number and disposal of reinforcing fibres in 

these physical parameters (and, thus, in the lateral or vertical stiffness of the air-spring) cannot evaluated. 

The application of nonlinear Finite Element Analysis (FEA) can overcome this limitation of parameter 

calculation formulae and allows investigating the impact of fibre angle, fibre cross sectional area and 

spacing in the static stiffness [10-12]. Till now, FEM models of air-springs have only been applied to 

evaluate the static vertical stiffness, ignoring the influence of constructive details in the dynamic 

behaviour and natural frequencies of the air-spring. 

The present research is focused in experimentally studying the dynamic behaviour of a small air-spring in 

the 0-400Hz frequency range, both with and without an auxiliary air reservoir and connecting pipe. 

Furthermore, a FEM model of the air spring is proposed, that enables establishing which are the most 

influencing parameters in the vertical stiffness and resonant frequencies of the air spring. The model could 

be used to optimize the internal structure of the air-spring when seeking for a particular behaviour of the 

suspension element in the 0-400Hz. Furthermore, parameters for analytical models could be extracted 

from the simulations. 

2 Experimental characterization of a commercial air spring in the 
medium-high frequency range 

A typical air spring for machinery and tool applications was selected; due to its size it could be tested in a 

high stroke frequency machine (see Figure 1). It is a single-bellows air-spring, of 145mm of diameter and 

working height of 90mm. It is made of natural rubber, reinforced with two layers of nylon fibers. The air 

spring could be connected to an auxiliary air reservoir, as shown in Figure 2. 

The static and dynamic stiffness were measured in a commercial hydraulic Instron testing machine, 

MHF25l, equipped with a LVDT of ±25mm and calibrated force sensor of ±20kN. Previous to static and 

dynamic tests the inner pressure in the air-spring was increased to 2, 4 and 6 bars and the force exerted by 

the air-spring was measured. The static tests were conducted in displacement control at a test speed of 0.2 

mm/s, low enough in order to ignore viscous effects of rubber and effects associated to the flow of air 

between the air-spring and the reservoir. Applied displacement was of ±5mm.  
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Figure 1: Selected air spring at ambient pressure, mounted in the Instron MHF25 testing machine 

 

Figure 2: Air-spring and auxiliary air reservoir 

Results of quasi-static tests are shown in Figure 3. The force exerted in the air spring at a nominal working 

height of 90mm when different pressures are considered are in good agreement with the data sheet 

provided by the manufacturer (see Figure 4). The air spring reaction force might be expressed as: 

𝐹 = 𝑝 𝐴𝑒𝑓𝑓 

Where p is the internal pressure and Aeff is known as the effective area of the air spring. The vertical air 

spring stiffness corresponds to the change in force when a vertical displacement is applied and it is 

attributed to two phenomena: internal volume (pressure) variation due to the compression of the air spring 

and variation in the effective area that the pressure is acting on. Mathematically [8]: 
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Considering that the characteristics of the air in the bellow, given that the air mass is maintained constant, 

are expressed as: 

𝑝𝑉𝑛 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 

The static stiffness of the air spring is calculated as the slope of the load/displacement loops in Figure 3 

and it is pressure dependent, changing from 51 N/mm at 2bar to 127 N/mm at 6bar (see Table 2). 

 

 
 

Figure 3: Measured static load/displacement curves Figure 4: Data sheet from manufacturer 

– forces at different pressure levels [13] 

 

The dynamic stiffness was measured up to 400Hz by means of stepped sine tests at different amplitudes 

and pressures, with and without the auxiliary air reservoir. Results in Figure 5, Figure 6 and Figure 7 

allow concluding: 

• The first resonance at the lowest frequency, 15Hz, corresponds to the natural frequency of the air 

blocked within the connecting pipe [2]. It disappears when the air reservoir is eliminated from the 

system 

• The stiffness of the system with auxiliary air reservoir converges to the one without it after the 

lowest resonance [2] 

• As test frequency is increased, the stiffness magnitude increases its value by 10 due to the 

appearance of a new peak (Figure 5) 

• Results in Figure 6 show that stiffening of the air spring occurs regardless the pressure in the 

bellows, even at ambient pressure, confirming that it is due to a structural mode. It was further 

confirmed by a slow motion video recorded at the resonant frequency, in which it was seen that it 

belongs to the first vertical mode of the structure 

• Higher pressure in the bellow leads to higher natural frequency and higher dynamic stiffness of 

the air spring (Figure 6) 

• The resonant frequency and the amplitude of the dynamic stiffness are also dependent on the 

amplitude of the excitation, leading to a non-linear behaviour (Figure 7) 

 

2bar 

4bar 

6bar 
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Figure 5: Dynamic vertical stiffness of air spring, with and without air reservoir 

 

Figure 6: Dynamic vertical stiffness of air spring at different pressures 

 

The most important conclusion of this experimental research is that structural modes of the air spring 

might be found in the structure borne vibration transmission frequency range, thus reducing isolation 

provided by these elements. The natural frequency of the air spring and the magnitude of the dynamic 

stiffness are highly dependent on the working pressure of the air spring. 

 

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 3571



 

Figure 7: Influence of excitation amplitude in the vertical dynamic stiffness of air spring at 2bar 

3 FEM model of the air spring 

The elastic chamber or bellows of an air spring is a relatively complex structure, consisting of rubber 

reinforced by uniaxial fibers. FEM arises as a suitable tool to evaluate the influence that construction 

elements of the air spring have in the static stiffness and resonant frequencies of the air spring. In order to 

develop an accurate model some information was collected from the manufacturer (see Figure 8) and 

finally the air spring was cut to get some data on the real geometry (height, thickness, diameter, etc) and 

size and disposal of the fibers. 

 

 

Figure 8. Inner structure of the bellow, provided by manufacturer [13] 

It was discovered that there were two layers of nylon fibers, with a diameter of approximately 0,5mm per 

fiber. Fiber spacing was difficult to determine and it was assumed to be 1mm. The fibers were disposed at 

an angle of 60º an -60º at each layer (corresponding 0º to the circumferential arrangement). Natural rubber 

was supposed to be of Shore A 50 hardness. No other information was available from manufacturer or 

direct observation of the air-spring. 

The FEM model of the air-spring was built in ABAQUS, making use of the rebar element option to deal 

with reinforced structures available in the software [14]. Rebars are used within ABAQUS to define layers 

of uniaxial reinforcement in membranes, shell, surface or solid elements. Shell elements were selected in 

the case of the air-spring, the bellows thickness being much smaller than the surface. Two upper and lower 
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plates were also considered and introduced in the model as rigid plates compared to the bellow (Figure 9). 

The air inside the cavity was not discretized; the coupling between the air inside a cavity and the structure 

was modelled through hydrostatic fluid modelling capabilities of ABAQUS [14, 15]. The model was 

composed of 6791 S4-type elements. 

As for material properties, rubber material shows non-linear elasticity that could be represented by 

hyperelastic models available in commercial finite element codes [16]. Material dependent constants in 

phenomenological strain energy functions should be fitted from experiments conducted in uniaxial and 

shear deformation modes in material specimens. Nevertheless, the absence of available material samples 

made it impossible to conduct a thorough characterization of the elastic properties of rubber. An elastic 

behavior was therefore assumed, that could be valid at low deformations, adopting a value of 2MPa for the 

Young’s modulus, which approximately corresponds to a rubber of Shore A 50 hardness [17]. Rubber was 

assumed to be incompressible and, thus, a Poisson coefficient of 0,495 was adopted. Regarding the nylon 

of the fibers, a Young’s modulus of 3100MPa and a density of 1140 kg/m3 were considered, according to 

literature. 

The air reservoir was not taken into account in the model developed in ABAQUS and, thus, only static 

stiffness and dynamic calculations without reservoir could be conducted. Three different steps were 

defined: 

1. A static step to increase the inner pressure of the air spring to the desired working value. The 

upper and lower metallic plates were encastred in the working position and the pressure in the 

reference point of the cavity was increased up to 2, 4 and 6 bars. 

2. In the working position and the desired pressure, a natural frequency extraction was conducted to 

obtain the resonance frequencies and mode shapes of the air spring. 

3. Finally, the upper metallic plate was displaced vertically in order to calculate the static stiffness of 

the air spring. 

Figure 9, middle and right, show the undeformed and deformed shape of the air-spring respectively, for an 

inner pressure of 4 bars. 

 

       

Figure 9. FEM model off the air-spring. Left: green surface corresponds to metal plates and white surface 

is the elastic bellow; Middle: undeformed shape; Right: deformed shape under 4bar inner pressure 

Simulation results are compared to experimental ones in order to validate the FEM model developed. 

Static force-displacement curves are compared in Figure 10 and Figure 11, for internal pressures of 2 and 

4bar. Results corresponding to 6bar are not shown, but they follow a similar pattern. Simulations predict 

satisfactorily the static stiffness of the air spring in vertical direction. According to Table 1 and Table 2 the 

force exerted by the air spring for different inner pressures is predicted with errors below 5%. Higher 

differences, about 10%, are observed in the pressure dependent static stiffness. 
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Figure 10: Experiments vs. simulation, 2 bar Figure 11: Experiments vs. simulation, 4 bar 

 

  

Table 1: Force after applying inner pressure Table 2: Static stiffness (N/mm) 

 

Concerning natural frequencies of the air-spring, values at 2bar and 4bar could only be compared, in a 

frequency range up to 400Hz where only one vibration mode is appreciated. The natural frequency is 

better predicted at the highest pressure, being the errors below 10% in both cases. The first vibration mode 

calculated corresponds to the first vertical vibration mode, as illustrated in Figure 12. 

 

 

Table 3: Natural frequency of the first structural mode of the air spring 

 

Figure 12: Mode shape 1 

Pressure 

(bar)

Force (N) at 

pressure
FEM (N) % error

2 1045 1067 2.1%

4 2177 2157 0.9%

6 3146 3273 4.0%

Pressure 

(bar)

Static stifness 

(N/mm)

FEM 

(N/mm)
% error

2 51.3 55.6 8.4%

4 88.7 98.7 11.3%

6 127.3 140.5 10.4%

Pressure 

(bar)

Natural 

frequency 1st 

mode (Hz)

FEM (Hz) % error

2 250 225.67 9.7%

4 320 306.87 4.1%
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Figure 13: Mode shape 2 of the air spring 

Considering the approximations adopted in the geometry and the lack of data for an accurate definition of 

the rubber and nylon materials, it is concluded that the model satisfactorily predicts the behavior of an air 

spring without auxiliary air reservoir. The FEM model might also be used to obtain physical quantities 

related to analytical models of air-springs without having to perform experiments, as shown in Figure 14, 

where the vertical displacement has been extended to 20mm. The effective area increases with applied 

deformation while the volume of the air spring decreases. 

 

 

Figure 14. Calculation of effective area and volume of the air spring 

4 Design parameter sensitivity analysis 

Finally, the FEM model developed in section 3 has been used to evaluate the impact of several 

constructive parameters in the static stiffness and natural frequency values of the air spring. Parameters 

considered are: orientation angle of fibers, fiber spacing and diameter of the cross-sectional area of the 

fibers. 

The most influencing parameter is the orientation of the fibers in the air spring. According to Figure 15 

differences might be expected specially when the orientation angle is changed between 30º and 70º. Table 

4 shows that significant differences might appear in static stiffness and also in the natural frequency of the 

1st mode of vibration, which could reduce its value to around 100Hz at 20º, well below the 300Hz 

estimated at 60º. 
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Figure 15: Force exerted by the air spring when 

internal pressure is set to 4bar. Influence of angle 

Figure 16: Load/displacement curves for different 

fiber angles 

 

 

Table 4. Evolution of air-spring characteristics with the angle of fibers 

On the other hand, the spacing of fibers in the layers does not seem to influence much the results of static 

stiffness, at least in the range considered here, between 0.5 – 1.5mm, see Figure 17. According to Table 5 

the first natural frequency remains unaffected by the changes in the spacing of the fibers; it is the second 

vibration mode the one that changes the value in a higher degree due to the fiber spacing. 

 

Figure 17: Load/displacement curves for different fiber spacing values 

Fiber 

angle (º)

Force (N) at 4 

bar

Static stiffness 

(N/mm)

Natural 

frequency 1st 

mode (Hz)

Natural 

frequency 2nd 

mode (Hz)

20 2763.44 95.204 338.47

30 2691.07 57.8 156.07 383.92

45 2420.81 85.9 251.86 407.14

60 2157.36 102.7 306.87 392.03

70 2044.96 109.6 327.43 369.55

80 1980.85 338.72 347.79
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Table 5: Evolution of air-spring natural frequencies with the fiber spacing in the layers 

 

Finally, the influence of the size of the cross sectional area of the fibers could be evaluated. Diameter of 

the fibers have been changed between 0,3mm and 0,7mm. An increase in the cross-sectional area seems to 

increase the force exerted by the air spring when it is subjected to 4bar internal pressure (Figure 18); it 

might have to do with a small reduction in the effective area of  the air spring. Nevertheless, the range of 

values should be expanded in order to extract more definite conclusions. Once again the natural frequency 

of the first vibration mode remains practically unaffected by the changes in the fiber diameter in the range 

of values considered here; it is the second mode the one that changes the value of the resonant frequency 

when the cross-sectional area is modified. 

 

 

Figure 18: Load/displacement curves for different fiber diameters 

 

 

Table 6: Evolution of air-spring natural frequencies with the fiber diameter 

5 Conclusions 

Experimental measurements have been conducted in a commercial air-spring in vertical direction, 

connected to an air reservoir and disconnected from it.  

Fiber 

spacing 

(mm)

Natural 

frequency 

1st mode 

Natural 

frequency 

2nd mode 

0.5 296.57 437.07

1 306.87 392.03

1.5 308.9 369.95

fiber 

diameter 

(mm)

Natural 

frequency 1st 

mode (Hz)

Natural 

frequency 2nd 

mode (Hz)

0.3 306.71 342.03

0.5 306.87 392.03

0.7 296.96 435.82
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Both the force exerted by the air spring and the static stiffness have found to be pressure dependent. 

From dynamic measurements without the auxiliary air reservoir, the existence of natural frequencies 

below 400Hz of the air spring has been confirmed, being the frequency value and the amplitude of the 

stiffness dependent on the pressure and amplitude of excitation, resulting in a non-linear behaviour. When 

the air reservoir is connected, it is confirmed that the further increase in the stiffness appreciated at the 

highest frequencies has a structural origin. 

The stiffness of the air spring is not maintained constant in the whole frequency range. The structural 

mode of the air spring might increase in an order of magnitude the dynamic stiffness of the air spring in 

the structure-borne vibration transmission frequency range, with the risk of reducing the isolation provided 

by the suspension element. 

A FEM model of the air spring has been developed in ABAQUS, making use of the Rebar facilities 

implemented in the commercial code for reinforcing elements. Despite assumptions adopted when 

creating the model for the material behaviour of rubber and nylon, and for some structural elements of the 

air spring such as the diameter or spacing of fibers, the model satisfactorily reproduces the observed 

behaviour of the tested air spring. Errors in predicted static stiffness and values of resonant frequencies are 

below 10%. 

The FEM model allows studying the influence of the different parameters in the response of the air spring 

and, thus, it is oriented to provide hints to designers in order to achieve desired static and dynamic 

behaviour. It has been stated that the angle at which reinforcing fibres are disposed has the greatest 

influence both in the static and dynamic stiffness of the air spring. The influence is higher in the 30º-70º 

range, being 0º the circumferential arrangement of the fibers. Natural frequencies at 100Hz might be found 

for the smaller angles considered.  

Other parameters, such as spacing of fibers or diameter of the cross-sectional area of the fibers, have been 

found to have less influence in the results. The natural frequency of the first vibration mode in vertical 

direction remains practically unaffected by the changes in these parameters. Nevertheless, the research 

should be completed with more simulations, extending the range of variation of the parameters. 
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Abstract 
A methodology is proposed to optimize an electro-spindle for robotic machining applications. In addition 

to the common maximization of the material removal capability, other requirements are specific for the 

robotic application: minimization of the weight and estimation of the cutting force on the tool by a special 

embedded sensor. A parametric dynamic model of the spindle is built, integrating reduced order finite 

element models of the main structural elements (housing, rotating shaft, preload piston and tools), taking 

into account the boundary conditions provided by the robot end-effector. A damping solution based on 

elastomeric dampers is considered. The dynamic performance are evaluated by computing objective 

functions that take into account critical speeds, imbalance vibrations, regenerative chatter stability and 

forced vibrations for two reference milling operations. Additionally, the embedded sensor requires to assure 

a sufficient shaft displacement at sensor locations, to get the desired resolution in cutting force estimation.  

 

1 Introduction 

Industrial robots are more and more exploited to perform metal cutting operations like milling and deburring. 

A growing application requires trimming, drilling or milling of composites for the aerospace or automotive 

industries [1], where positioning accuracy in order of 0.1 mm is appropriate. The main advantages are 

agility, because of the high number of controlled axes, reduced cost, compared to a CNC machine tool with 

comparable workspace, and process intelligence, because of the adoption of adaptive and model-based 

control strategies able to cope with unknown workpiece variations, e.g. while deburring casted parts. The 

major drawbacks are robot poor static accuracy and high dynamic compliance, as well as lower resonance 

frequencies, compared to traditional CNC machine tools [2]. Vibration phenomena may affect, as in 

machine tools, the quality of machined parts and the tools and spindle useful life. These vibrations occur at 

specific machining conditions depending on robot [3] and spindle dynamic properties [4]. In particular, 

spindle dynamics plays a paramount role due to the high cutting velocities typical of robotic machining. 

additionally, control strategies that can mitigate vibration and accuracy issues often require sensing the 

actual cutting force. In fact, a force feedback can be used to adapt the feed or the trajectory to the actual 

material to be removed from the workpiece or, more rarely, to estimate and compensate robot structural 

deformation, caused by its low static stiffness [5]. 

On these premises, the goal of this work is to present a methodology to design an optimal electro-spindle 

taking into account the specific requirements of robotic machining (basically concerned with high 

power/weight ratio and high cutting dynamic stability), and integrating a high-dynamic force sensor for 

process monitoring purpose. 
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Vibrations can be classified into forced and self-excited vibrations [6]. Forced vibrations are due to nominal 

force variability in interrupted cutting, typical of milling: significant vibrations occur when harmonics of 

the cutting forces coincide with a natural frequency of the machining system. Forced vibrations are predicted 

computing the cutting forces and knowing the dynamic compliance of the machining system. Additionally, 

self-excited vibrations, can occur, mainly ascribed to regenerative chatter: relative vibrations between the 

active cutting edge and the workpiece generate a surface waviness that will modify the actual chip thickness 

of the subsequent cutting edge, when it will be engaged on the same position [8]. In this case, the process 

stability limit is a function of the spindle speed, as depicted by the “Stability Lobes Diagram” (SLD), that 

takes into account system dynamic response and process parameters. 

Spindle optimization aimed at avoiding such vibration phenomena is a well-known problem. Based on the 

above-mentioned theory, different typologies of objective functions could be defined. In practice, two 

different features must be combined: the level of detail and constraint in cutting operations definition (e.g., 

the spindle speed can be fixed or free in a range) and the approach used to manage the multi-objective nature 

of the optimization (e.g., weighted summation, minmax approach, pareto set, etc.). Dealing with 

regenerative chatter, Abele et al. in [9] use spindle simulation models for design optimization. The 

optimization can be aimed at achieving maximum dynamic stiffness at all speeds, for general operations, or 

to reach maximum axial depth of cut at the specified speed, with a designated cutter, for a specific operation 

(i.e. to get the working point inside a stability pocket of the SLD). The same approach is followed by Altintas 

in [10] for the optimization of bearing spacing to obtain either maximum dynamic stiffness or maximum 

chatter-free depth of cut for multiple flute cutters. The same work presents a non-linear FE model of the 

spindle that includes bearing preload, gyroscopic and centrifugal speed effects. In Albertelli et al. [11], the 

objective function to be maximized is a weighted summation of the critical depths of cut associated to a set 

of reference milling operation. The greater and lower tooth passing frequency associated to the targeted 

milling operations defines the frequency range of dynamic compliance that affects the interested 

performance: while the superior bound takes origin by process damping phenomenon [12], the inferior 

bound is usually set considering the effect of the position of the first stability lobe, but a rigorous criterion 

is not provided. Tackling vibration problem in a more general way, Zhang et al. in [13] observe that, 

normally, cutting parameters optimization aims at improving final surface quality and maximizing Material 

Removal Rate (MRR), while the stable depth of cut is treated as a constraint, together with technological 

limitations on cutting velocity. In this perspective, also force vibrations become of paramount importance. 

While spindle design usually relies on classical parameters like bearings spacing and topology, shaft and 

housing material and sizing, the adoption of particular damping devices like squeeze film dampers or 

elastomer rings at bearings support could provide new design possibilities and enhance the dynamic 

performance of the spindle. Elastomer rings, in particular, have demonstrated to be effective in reducing 

vibrations of rotating machinery [14], while accurate and relatively simple models are available to evaluate 

their effect in design phase. For instance, Bonfitto et al. [15], using a biaxial excitation and displacement 

sensors, extracted the response of the elastomer thanks to Genetic Algorithm optimization. The results show 

a good agreement between the elastomer model, exploited in a FE model of a pump shaft, and the 

experimental measurements. 

As mentioned before, cutting force measurement for monitoring and control is another essential feature in 

a spindle for robot milling. Zäh and Rösch [16] developed a compensation of static deflection due to cutting 

forces by a model-based fuzzy controller: this approach uses a force dynamometer at the workpiece to 

measure process-forces and an acceleration sensor at the spindle to detect chatter. Another approach for 

online compensation uses a spindle holder with integrated force sensors to measure cutting forces and 

calculate the resulting deviation [17]. Thus, the complexity using additional sensors is removed. Anyway, 

all these solutions are usually rather expensive or do not guarantee the necessary bandwidth to analysis 

dynamic cutting forces in high speed cutting operations.  

In this paper, a methodology is presented for the design of a new spindle for robot milling operations that 

takes into account all the aforementioned issues by means of a holistic modelling approach. In fact, together 

with the usual design parameters like bearings spacing, house and shaft stiffness and inertia, elastomeric 

bearing supports are modelled and optimized. 
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Cutting force are estimated measuring shaft deflection by inductive displacement sensors. To assure the 

prescribed measurement resolution, a proper constraint on minimum induced displacement at sensor 

location is considered. Thus, the proposed design methodology allows the spindle to exploit profitably both 

an the embedded high-dynamics cutting force sensor that enables the adoption of monitoring and adaptive 

control strategies. 

The paper is structured as follows. Firstly, the system under study is explained. Secondly, the proposed 

modelling and optimization approach is developed. Here, the model used for the optimization is illustrated. 

Then, the results of Multi-Objective optimization on the reference case are shown, with a detailed analysis 

of the main solution clusters. Finally, conclusions are presented. 

2 Electro-spindle for robotic machining 

The envisaged application scenario is to perform machining operations in a small workshop or design 

department by a medium sized robot. The spindle must satisfy constraints on weight, limited by the 

maximum payload of the robot, and on the housing outer diameter, to assure adequate dexterity in 

approaching complex work pieces. The target machining tasks are deburring and light milling: in both cases, 

to limit cutting forces, High-Speed Cutting (HSC) is adopted. To avoid selecting an optimal design linked 

to a single case, two different milling operations/tools have been considered. A key element in spindle design 

is bearing disposition (see following figure): a common solution for high-speed electro-spindles is composed 

by two fixed bearings in tandem in front (B1 and B2) and two floating bearings in tandem on the rear (B3, 

B4). In traditional spindle solutions, the axial preload is applied by a set of helical spring acting on the seat 

of the rear bearing unit, which can move along the spindle axis thanks to a ball bushing bearing between the 

Housing and the Rear Bushing support. To allow force control schemes, shaft-housing displacement in X 

and Y directions is measured by inductive eddy current sensors. The cutting force is then evaluated through 

static & dynamic calibration. One inductive sensor is placed near the spindle nose along the shaft axis Z in 

order to measure the axial displacement of the shaft due thermal expansion and speed-dependent ball 

bearings kinematics.  

 

 

Figure 1: Electrospindle main components (tool and tool-holder not shown)  
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3 Methodology 

3.1 Structure model 

As described also by Abele et al. in [9], the spindle is modelled using a finite element method (FEM) for all 

main components: shaft, housing, the bushing used as seat for the rear bearing unit, tool and tool holder. For 

some components (e.g. motor stator and rotor, water cooling system) where a detailed representation would 

be uselessly complex, an equivalent homogeneous material, characterized in past experimental campaigns 

[18], is adopted. Due to the nonlinearity of the bearing caused by the Hertzian contact and the speed 

dependency, a linearization is performed applying to the spindle the axial preload and linearizing the bearing 

stiffness at four different spindle speeds. The tool is connected to a manual tool-holder HSK25C that is fixed 

to the shaft through a lumped linear bending compliance. 

In order to automatize the spindle analysis and reduce the optimization computational time, the FE models 

of the spindle components are simplified, applying the Craig Bampton reduction techniques [20], and 

exported to the MATLAB environment. In this way, most of the thousands of DOFs of the original meshes 

are represented as dependent DOFs, while few tenths DOFs are preserved as independent DOFs, to represent 

boundary connections (e.g. bearing connections, tool tip etc) and internal dynamics of each component. The 

obtained modal stiffness matrix ]
~

[ iK , modal mass matrix ]
~

[ iM  and mode shape matrix ][ i , for each 

thi   component, is processed to add a uniform modal damping (relative damping 3%) and then modelled 

in MATLAB Simulink environment as standard ABCD elements. Structural components are connected by 

compliant connector elements representing respectively the ball bearing, the HSK tool-holder and the 

damped bearing supports, obtaining the overall spindle dynamic model, from the interaction of the various 

components. 

To analyse the spindle dynamics is important to properly represent its boundary conditions, i.e. the dynamic 

stiffness of the supporting structure, that, for the examined case, is the end-effector of a medium size 

anthropomorphic robot. A modal analysis on a similar robot [3] has shown that robot’s most significant 

structural resonances are located at low frequencies (e.g. 10-40Hz), while spindle dynamics and cutting 

process are at much higher frequencies (i.e. higher than 250 Hz). For this reason, in the frequency range of 

interest, the constraint realized by the robot can be represented as a small inertia connected to the spindle 

housing, modelled then in free-free conditions. 

As the dynamic behaviour of the spindle depends on its speed, because bearing’s stiffness decreases at high 

speed (while gyroscopic effects are negligible for the examined shaft and maximum speed), computing the 

stability lobe diagram referring to the dynamic compliance at null velocity can produce significant 

approximations. The spindle speed operational range has been therefore divided in 3 sections: the spindle is 

linearized at each speed, computing the corresponding dynamic compliance at the tool tip. For each FRF 

the SLD is computed only in the surrounding speed range. After that, all portions of the stability lobe 

diagram are joined together to obtain an approximated overall SLD. As shown in the following figure, 

spindle dynamics is clearly speed-dependent for the smaller tool (diameter 6), while, for the bigger tool 

(diameter 12), the stability limit is basically due to the resonance at 780 Hz, that is marginally affected by 

the speed: the SLDs computed at the different speeds are therefore very similar. Hence, for the optimization, 

only the diagram at the highest speed allowed by the tool (30’000 RPM) is used, for the bigger tool. 
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Figure 2: Dynamic compliance at the tool tip for three rotation speeds and corresponding SLD diagrams, 

for the two examined tools (diameters 6 and 12mm). 

3.2 Dampers models 

To alleviate both forced vibration and chatter instabilities, modal damping must be increased, to reduce peak 

dynamic compliance. For this reason, two suspension systems are designed, between the housing and the 

front bearing unit and the rear bearing unit, in order to provide the optimal elastic and damping reaction 

force. 

In order to limit the spindle complexity and cost, a damping solution based on elastomeric materials has 

been investigated. Damping in elastomeric materials (e.g. rubber) is characterized by an elastic component 

(storage modulus) and a damping component (loss modulus). For each elastomer, the ratio between the two 

quantities is defined by the Loss Factor η(f), which is frequency-dependent. Usually the maximum Loss 

Factor value is near 1, producing a dynamic compliance with a phase delay of approximately 45° (i.e. the 

stored elastic energy and the maximum dissipated energy have comparable magnitudes). 

In the below graph are depicted two dynamic stiffness of elastomers (commercial name E-A-R Isodamp 

[19]). 

 

Figure 3: Dynamic stiffness of EAR C1002 and C1100 elastomeric materials  

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 3585



3.3 Optimization problem 

The Multi-Objective optimization is set up with Objective Functions (OF) referable to three main 

performances categories: 

1) Forced vibrations: in the frequency range excited by the milling process, the displacement response 

at the tool tip has to be minimized for each of the two tools considered. The OF analysed are the 

highest resonance peak in this frequency range and the RMS value of the dynamic compliance. 

2) Chatter instability: the stable depth of cut in respect to regenerative instability is a crucial 

parameter of machining operations. For this reason, the depth of cut stable at all speeds, limb , is 

considered as performance to be maximized. In addition, to appreciate the presence of wide stability 

pockets in the useful spindle speed range, the average value of the stability boundary medb  is 

calculated. Notice that in this way, assuming the width of cut to be constant, we are indirectly 

maximizing the Material Removal Rate (MRR), since  nzfabMRR ze  lim

max
, where ae is 

the width of cut, fz is the feed per tooth, z is the flutes number and n the spindle speed. 

3) Vibration due to rotor imbalance: at high speed, imbalance can excite synchronous vibrations. 

Even if the spindle shaft is balanced by the manufacturer, additional imbalance can occur due to the 

tool and the accuracy of the HSK coupling. The spectrum of displacement at the tool tip is evaluated 

adopting a specific grade of precision of equilibrature G , in the spindle speed range. The related 

performance indices are the RMS and maximum value of the displacement spectrum at tool tip, 

which are to be minimized. 

 

To guarantee safety, reliability and performance of the spindle, constraints have to be satisfied: 

• Considering the high-speed application, bending instability due to the critical speeds must be 

considered. Two alternative acceptable conditions are considered: in the first one, the first bending 

spindle resonance frequency is larger than 1.5 times the maximum spindle speed. In the second case, 

if the first bending resonance frequency is smaller than 0.5 the maximum spindle speed, than the 

second bending resonance frequency must be larger than the maximum spindle speed. The second 

condition is often used in small, high speed, spindles, where it is quite difficult to satisfy the first 

constraint. During run-up and run-down, the spindle has to go quickly through the first resonance. 

• To assure the requested resolution in cutting force estimation, the shaft radial displacement, where 

the sensor is located, under the radial force corresponding to the desired force resolution (Fres) must 

be larger than the inductive sensor resolution. 
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The following Design Variables (DV) are considered for spindle optimization: 

• Frontal and rear shaft supports: the visco-elastic suspension, with an elastomeric film, is placed 

between the bearing casing and the spindle housing, as described in chapter 3.2. Design Variable of 

for the suspension consist of in a gain that multiplies the dynamic stiffness of the elastomer: by a 

physical point of view, the gain is the “quantity” of material in the suspension. In this way, the 

elastic and damping characteristic will increase proportionally according to the Loss Factor curve 

of the selected material. 

• Shaft and housing proprieties (i.e. stiffness and inertia). Those components are represented, during 

optimization, as reduced order inertia and stiffness matrices. It is therefore impossible to operate 

structural modifications using geometrical DVs. Nevertheless, in order to give preliminary overall 

indications to the designer, DVs are defined to modulate, by a unique scalar multiplier, the inertia 

and stiffens matrices of the shaft and the housing. Those actions correspond to the adoption of a 

different “virtual material”, with modulated density and Young modulus. For the shaft, the modal 

damping in kept constant, while, for the housing, also the modal viscous damping is considered as 

an independent DV, to investigate the possible adoption of damping solutions in the fixed structure. 

• Frontal bearing disposition. As described in chapter Fout! Verwijzingsbron niet gevonden., the 

frontal bearing unit is composed by two bearings in tandem with a spacer (disposition D1). To 

modify the frontal tilting stiffness of the shaft, the bearing can be attached side-by-side toward the 

spindle nose (D2) or toward the motor side (D3). 

Considering the high number of DVs (11), the strong non-linearity of the Objective and Constraint functions 

and the presence of some integer DVs, such as the bearing disposition, a Genetic Algorithm (GA) approach 

was adopted [22]. The Multi-Objective optimization identifies the dominant individuals that describe the 

Pareto front. 

3.4 Analysis target frequency range 

An important decision, in setting up the optimization and modelling approach, is the definition of the proper 

frequency range of analysis. It must allow a correct evaluation of the selected Objective Functions and 

Constraints. 

The frequency range to analyse machining dynamical performance is derived from the considered minimum 

and maximum tooth passing frequencies (TPF). 

Firstly, let the lower bound of the relevant frequency range be identified. In SLD, the lobes corresponding 

to a single resonance frequency can be numbered with respect to the number of entire oscillation cycles that 

occur between subsequent teeth passes, whose periodicity depends on tooth passing frequency. The “1-st 

lobe” corresponds to one oscillation cycle, i.e. to a TPF that is close to the chatter frequency, the 2-nd lobe 

corresponds to a TPF that is near half of chatter frequency, and so on for the 3-rd, 4-th …, n-th lobe. 

Beyond 1-st lobe, stability limit increases indefinitely, giving, at high speeds, no practical limitation to the 

cutting process. Therefore, for a given TPF, the dynamic behaviour of the system at frequencies sufficiently 

lower than the TPF is irrelevant. This is the reason why, for high speed milling, machine structural dynamics 

(typically significant at low frequencies) is less important than local spindle and tool dynamics, usually 

characterized by higher resonances frequencies. Note that a high TPF does not imply necessarily a high 

cutting speed, but only a high spindle speed: high spindle speeds are required to get an adequate cutting 

velocity with small tool diameters. 

It is well known that the critical depth of cut is inversely proportional to the minimum of the real-part of the 

dynamic compliance [8]. Adopting a modal decomposition and assuming that significant resonances are 

spaced, the analysis can be tackled considering a single resonance (i.e. dynamical system with a single DoF) 

for each direction defining the milling plane, denoted respectively as X and Y. Then, a threshold can be 

defined as the ratio between the real part minimum and the negative residual value of the dynamic 

compliance at higher frequencies: this ratio defines how much the stable depth increases moving away from 

the frequency associated to the worst situation. 
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Let a one DoF dynamical system be considered with mass m, undamped natural frequency 𝜔𝑛 and relative 

damping . The real part of the dynamic compliance is: 
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It can be demonstrated that: 
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Now, we can identify a frequency ωth, beyond the resonance, where the real part of the dynamic 

compliance becomes negligible, namely, smaller than a given fraction, denoted by “α”, of the absolute 

minimum. Frequency ωth is the limit value of the following minimization problem: 
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The given expression is used to identify the minimum resonance frequency that has to be considered, in 

order to neglect components in the real part of the dynamic compliance smaller than the maximum allowed 

error 𝛼 ∙ min
𝜔

(𝐺𝑅(𝜔)) in the analysed frequency range. The lowest resonance frequency to be taken into 

account, 𝜔inf, produces the maximum error at the lower limit of the frequency interval used to compute the 

SLD, i.e. infn  : the first lobe associated to this resonance must be uninfluential according to condition 

(3) at the minimum spindle speed Ωmin. Considering the limiting case, knowing the analytical relationship 

between spindle velocity Ωmin, chatter frequency th and resonance frequency inf, according to 0-order 

approach and 1 DoF system, for the 1st lobe, the following equation can be written: 
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(4) 

where N is the number of the tool teeth. Substituting th  expression into equation (4) and solving w.r.t. 

inf , it yields: 

 inf min, , ΩL N     (5) 

where L is a rather long function depending on the number of teeth, the relative damping and the error factor 

α. For instance, function L is depicted in the figure below, for N=4. 
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Figure 4. Function L for a tool with four cutters (N=4). 

 

The described function is used, for a given tool and structure, to compute the lowest resonance frequency 

of interest. 

The upper frequency limit is set assuming that, considering high order lobes (i.e. going toward the lower 

rotational speeds), process damping becomes important, increasing the stable depth of cut up to values that 

usually do not limit anymore the machining process. Typically, while computing the SLD, a maximum lobe 

order of 20 is considered [12]: 

maxmax 20 TPFfSLD   (6) 

where 
max

SLDf  is the maximum frequency and 
maxTPF  the maximum tooth passing frequency. 

 

4 Results 

In our case the anthropomorphous robot used has an arm length about 1.5 m and a payload 16 kg. The limitis 

on spindle housing diameter and the overall mass are taken from a commercial electrospindle; respectively 

ø100 mm and kg1210  . The motor power is fixed at 6 kW adopting the same value of a similar commercial 

spindle, used for HSC machining, with a toolholder HSK25C. The small tool adopted is ø6x65 while the 

big one is ø12x105. They use the same cutting speed range min1000400 m
CV  , assuming machining of 

Aluminium 6061, with a radial depth of cut 10/Dae   and a feed per tooth tooth
mm

za 05.0 . 

The effect of Housing’s damping has been evaluate computing a quadratic Response Surface on the 

Dominant population (several thousand spindle configurations) for the OF limb . The ANOVA shown a 

limited significance (p-value > 0.05), therefore the Housing’s modal damping has been fixed to %3
~
  in 

the following analyses. 
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4.1 Multi-objective solutions 

The cloud of dominant solutions provided by the GA is represented, in the following figures, for different 

sections of the (DV, OF) hyperspace in order to identify clusters of similar solutions and trade-off between 

different OFs. The chosen planes are: 

• limb  for the two tools (to be maximized) 

• RMS value of the dynamic compliance at the tool tip in the frequency range of the cutting forces 

(to be minimized) 

• RMS value of the spectrum of the displacement at tool tip, caused by the 1 per turn rotational 

imbalance of the shaft, adopting a pessimistic grade of balancing precision of 
s

mmG 3.6  (to be 

minimized) 

• Static displacement measured by the frontal and rear inductive sensor under a unitary radial force 

applied at tool tip (it must be bigger than sensor’s resolution, equal to 100  nm ) 

• The two DVs that represent the gain applied to the elastomeric curve. The curve is normalized in 

order to have the same static stiffness of the commercial spindle (very stiff and without damping) 

with a unitary gain. 

In the following graphs are also depicted the results of the reference commercial spindle, with a comparable 

size (by the “Base Spindle” black star). The cloud of dominant points has been manually classified in three 

sets, across the different plots. 
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Figure 5: Pareto front for various spindle Performances and Design Variable 

The three clusters are: 

• Cluster A: is characterized by the “standard” bearing arrangement, where the frontal bearings are 

spaced (D1). The shaft is 15% stiffer and 15% lighter than the standard solution. Both front and rear 

suspensions are very selective (about 
43 102,10   ). Large improvement of the cutting performance 

as well as forced vibrations for the big tool (D 12 mm): 5 times the standard depth of cut. Increase of 

imbalance vibrations. Cutting performances of the smaller tool are more or less the same of the 

commercial spindle, but big improvements are noticed in imbalance vibrations. Housing’s stiffness 

has to be increased by %15 , keeping the same mass. 

• Cluster B: is characterized by attached bearing configuration where B1 moves towards B2 (D3). This 

bearing configuration leads to a reduction of the frontal tilting stiffness. In this way, vibrations 

introduced by the cutting forces generate larger displacement at the rear suspension. The shaft is 

stiffer ( %30 … %45 ) in comparison to the Base Spindle, but the shaft mass is basically 

unchanged ( %15 … %15 ). The elastomeric suspension is quite soft both in frontal and rear side. 

For this reason, the inductive sensor can measure correctly in both locations. Chatter response, as well 

as forced vibrations, are increased only for tool D6, while for tool D12 are about the same as the 

commercial spindle. Appreciable improvements are noticed in the imbalance response for both tools.  

• Cluster C: is characterized by attached bearings configuration where B1 moves towards B2 (D1). The 

elastomeric suspension must be finely tuned in the rear support while in the front support it can 

assume a wide range of gains. For this reason, the inductive sensor can measure always in the rear 

location and, for some configurations, also in the front one. Cutting performance, as well as forced 

vibrations, are increased for both tools. Appreciable improvements are noticed in the imbalance chart 

for both tools. The shaft is stiffer (about 45%) and lighter ( %30 … %15 ) in comparison to the 

Base Spindle. The housing’s stiffness can be reduced till %30 … %15  keeping approximatively 

the same mass. 

 

4.2 Detailed analysis of sample solutions 

After a global view on the trade-off between the DV and OF, let consider in this chapter, two sample 

solutions in detail, to better appreciate the differences between clusters A and C, reassumed in the following 

table: 

C 

A 

B 
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Spindle 

Model 

Front. 

Bearing 

config. 
ghouK sin  ghouM sin  shaftK  shaftM  

Gain of  

suspension 

frontal 

(rear) 

6lim Db  

( 12lim Db ) 

RMS 

compliance 

Tool D6 

(Tool D12) 

EU - - - - - - mm m/N 

Commercial Spaced 1 1 1 1 
1 

(1) 

1.57 

(0.30) 

2.95 e-6 

(3.30 e-6) 

Cluster A 

solution 

Attached  

to motor side 
1 1 1.15 0.85 

7e-4 

(3e-4) 

1.15 

(1.5) 

3 e-6 

(1.8 e-6) 

Cluster C 

solution 
Attached  

to motor side 
1 1.15 1.30 0.85 

5.4e-2 

(2e-4) 

2.20 

(0.85) 

2.58 e-6 

(2.21 e-6) 

Table 1: Sample solutions in cluster A and C, in comparison to the reference spindle 

 

4.2.1 Sample solution for Cluster A 

The dynamic compliance at tool tip and the SLD for this solution are depicted below. 

 

 

Figure 6: FRF at tool tip and SLD for tool ø6 and ø12, cluster A sample solution  
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In the SLD, the “power line”, indicates the depth of cut that requires the maximum available motor power. 

For A cluster, strong improvements are noticed in the performances of tool D12, also confirmed by the Real 

part of the compliance. This is mainly due to the increased damping of the main resonances, visible in the 

dynamic compliance. Thanks to this strong improvement, the motor power can be better exploited and 

heavier machining is now possible. For tool D6, the first resonance is no more a limiting factor and the 

second resonance, at 3000 Hz, becomes the new constraint. 

4.2.2 Sample solution for cluster C 

The dynamic compliance at the tool tip and the SLD for this solution are depicted below. 

 

 

 

Figure 7: FRF at tool tip and SLD for tool ø6 and ø12, cluster C 

 

Cluster C is characterized by the improvement for both tools: the first resonance of tool D6 is no more a 

limiting factor and for this reason, the lobe train associated to this resonance disappears in favour of the 

second and third resonance. For tool D12, the first resonance continues to be the constraint for the cutting 

process but since the height of the min(real(X/F)) became smaller, the stability line moves up. 
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5 Conclusions and further developments 

A comprehensive Multi-Objective optimization approach has been proposed to design a spindle for robotic 

machining, taking into account both forced vibrations, machining instability, imbalance and critical speed. 

The analysis of the obtained Pareto Front allows the classification of different solution clusters. Generally, 

the obtained design shows a low static stiffness and an improved damping of the key resonance frequencies, 

bringing a significant improvement of cutting performance. 

Further investigations will evaluate the possibility of realizing the prescribed stiffer and lighter spindle shaft, 

by a composite solution, with an hollow shafr in carbon fiber. 

The next step of the study will be the experimental evaluation of the elastomeric damper performances. The 

validated model will be used to design the spindle, following the indications of the performed optimization, 

in collaboration with a spindle manufacturer. Finally, the prototype spindle will be tested, analysing the 

dynamic, the machining performances and the performance of the cutting force measurement system. 
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Abstract 
This paper aims to analyse the most influent component mode shapes on the dynamic properties of a 

whole motorbike frame. Experimental and numerical modal analyses have been carried out on chassis, 

swingarm, engine, wheel and different subsystems of increasing complexity. The component global modes 

shapes are traced from component to assembly with both Modal Assurance Criterion. The most influent 

mode shapes of each component are highlighted and their effects on the global motorbike dynamics are 

discussed. The component to assembly method results to be a preliminary tool to have an objective 

evaluation of the most important modes of components on which possible improvements can be 

suggested. 

Keywords: motorbike dynamics, Experimental Modal Analysis, Numerical Modal Analysis. 

1 Introduction 

The study of the dynamic behaviour of a motorbike has some fundamental differences with respect to the 

much more studied automobile dynamics. Motorcycles are inherently unstable and they move in three 

dimensions, instead an automobile largely moves in two dimensions. Hence, the primary target of a 

motorbike design is to avoid that its instability occurs during normal functionality. Relevant effects on the 

motorbike dynamics take place when motorbikes are cornering at large roll angles because the motion of 

the tyres is no longer in plane with the suspension system. During this phase, the main components, like 

chassis and swingarm, significantly affect the global dynamic response of the system. In these 

circumstances also the joints that connect the several components, as the rear shock absorber, play a 

fundamental role, since their stiffness strongly influence motorbike stability and also durability and 

integrity of tyres. Currently, the dynamic performance of a motorbike chassis is evaluated only through on 

road tests necessary to have bikers’ feedbacks. 

In the last decades, many authors developed mathematical models with rigid bodies to simulate the 

dynamic behaviour of motorcycles. Flexible elements to simulate the frame are implemented in [1]. In 

particular, the wheel has a predominant effect on the global dynamics. The multibody approach is used in 

[2] where a rigid multibody model of the motorbike is developed and simulations results under sudden 

braking and impacts with curbs were compared to the experimental ones, in order to characterise the 

intrinsically unstable behaviour of the motorcycle. Moreover, flexible body models were assumed for the 

rear swingarm and for the body, comparing the results with the rigid body model. Using the same 

manoeuvres, also the dynamic response of the rear shock absorber and vibration response and drivability 

of the motorbike were studied. 

Lake et al. [3] propose an historical overview on motorcycle dynamics highlighting that its behaviour is 

described by three physically significant modes at low frequency. They are related respectively to: 

motorcycle instability (capsize), global side-to-side motion of the entire vehicle (weave) and rotation of 

the front frame relative to the main frame (wobble). The impact of the chassis flexibility on fundamental 
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modes is also presented; the material properties of chassis and swingarm influence the fundamental 

modes. 

The frame is usually an important part of any two wheeler and it should be strong enough to support loads, 

twist, vibrations and other stresses acting on the vehicle. It is like a skeleton upon which parts like gearbox 

and engine are mounted. Therefore, the chassis should not buckle on uneven road surfaces. A numerical 

modal analysis was performed on two models of two-wheeler chassis [4-5], trying to reduce undesired 

vibrations and obtain a satisfying weight reduction improving material, while in [6] Dixit et al. performed 

a numerical modal analysis on a rear swingarm, trying to understand and to model its structural dynamics. 

The numerical results, calculated under different load variations, were used as basic for an optimisation 

process of the component through hardening treatment, in order to increase the strength and to improve 

the suspension arm life. 

The numerical model has been updated and its correlation with the experimental results is quite good. The 

main aim of this paper is to trace the whole motorbike dynamics, moving from component to assembly. 

The method is applied both numerically and experimentally to compare the results. 

The paper is organised as follow: in §2 the experimental and numerical analysis on component and 

assemblies are presented, with relative comparisons. In §3 the component mode shapes are traced from 

component to assembly; the influence of the components is discussed. Finally, some considerations 

regarding the most influent modes and their impact on motorbike performance are presented. 

2 Experimental and numerical modal analysis 

The motorbike, object of this research activity, is developed and produced by Mahindra Moto3 Racing 

Team for the World Championship of 2017. Only the main structural components were studied: chassis 

(Fig. 1, a), swingarm (Fig. 1, c), engine (Fig. 1, b) and rear wheel (Fig. 1, d). Two subsystems (Fig. 1, e 

and f) and the complete assembly (Fig. 1, g) are also analysed in order to describe the whole motorcycle 

dynamics moving from component to assembly. The interaction with the tyre and pavement is neglected. 

The chassis and the swingarm are two boxes structures in aluminum alloy, made up of several parts 

connected through welding points. The internal cavities are used for electronic cables and lubricant oil. 

The wheel is made of magnesium and aluminum alloy, manufactured by multi-directional forging in order 

to ensure an extremely lightweight component with improved mechanical properties. The wheel includes 

the transmission pinion and the rear brake disk. It presents seven spokes with curved shape geometry. 

The engine is produced in foundry aluminum. In the first subsystem, chassis with engine, the engine sits 

inside the chassis and it is connected to the frame using three steel pins. The wheel is connected to the rear 

swingarm using another pin in order to perform the second subsystem. Finally, the connection of the 

whole assembly is realised by a pivot bolt linking chassis, swingarm and a leverage connected with the 

rear shock-absorber. 

2.1 Experimental modal analysis 

The experimental modal analysis (EMA) is carried out on the actual motorbike frame and all the 

components are shown in Fig. 1. The engine was considered only as an added rigid mass, thus any EMA 

was carried out only on it alone. Roving hammer experimental modal analysis was performed on 

components, sub-assemblies and full assembly in free-free conditions. The structure response is measured 

using two mono-axial and two tri-axial accelerometers connected to a Siemens SCADAS mobile. LMS 

Test.Lab software is used for modal data acquisition and analysis. 

The excitation points for each configuration are selected in according with MoGeSeC criterion [7] to 

obtain a good compromise between geometry representation and expected motorbike modal behaviour. 

The number of excited DoFs and the number of identified modes in each configuration are reported in 

Table 1. The identification of component modal properties results quite clean: as expected the components 
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are very low damped, the mode shapes are almost completely orthogonal and the synthetised FRFs are in 

very good agreement with the experimental ones. The same considerations are also confirmed in the two 

sub-assemblies and in the full assembly, with an increasing value of damping ratio due to the increasing 

number of contacts, even if the system continues to be almost linear. 

 

Figure 1: Components (a, b, c, d), sub-assemblies (e, f) and full motorbike assembly (g) 

Configuration DoFs # of identified resonances Frequency range 

chassis 90 20 0÷1000 

swingarm 60 16 0÷1500 

wheel 22 14 0÷1000 

chassis – engine 106 14 0÷1000 

swingarm – wheel 77 20 0÷1000 

chassis – engine – swingarm – wheel 164 37 0÷1000 

Table 1: EMA excited nodes and modal shapes 

2.2 Numerical modal analysis 

The CAD model reproduces all the components including steel pins, leverage and shock absorber used to 

assembly the motorbike frame. Each component is made of several part welded together, modelled as 

bonded contact between flexible bodies in the finite element model. In the first sub-assembly four pins are 

used to connect the engine to three points on the chassis. The engine is considered as a rigid body, 

therefore rigid connections are used to model its contacts with the chassis. One steel pin and the relative 

blocking plates link the rear wheel to the swingarm. Finally, the connection between the two sub-

assemblies is obtained using the leverage system between chassis and swingarm, including the rear shock 

absorber and a steel hollowed pivot between chassis and swingarm. The rear shock absorber translation is 

blocked, as in the experimental analysis. The numerical models are shown in Fig. 2. Each of the 
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experimental configurations is also numerically analysed, using Ansys software. In the finite element 

analysis (FEA), the geometries are discretised using tetrahedral solid mesh. Real modal analysis is 

performed, therefore no damping effect is considered. The size of each model and the number of 

computed mode shapes are reported in Table 2. 

 

Figure 2: Components (a, b, c, d), sub-assemblies (e, f) and full motorbike assembly (g) 

Configuration DoFs # of identified resonances Frequency range 

chassis 2218338 27 0÷1350 

swingarm 721176 14 0÷1600 

wheel 1979784 34 0÷1600 

chassis – engine 1471554 14 0÷1000 

swingarm – wheel 2684886 34 0÷1250 

chassis – engine – swingarm – wheel 3503976 26 0÷750 

Table 2: FEA excited nodes and modal shapes 

2.3 EMA – FEA comparison 

The modal properties obtained from experimental tests and numerical analysis for each component are 

compared through the well-known Modal Assurance Criterion (MAC) Eq. (1) [8]. It is defined as the 

normalised scalar product between two modes j , and k . Hence it results equal to 100% if two modes are 

identical, while it reaches 0% if they are orthogonal: 
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Material densities were updated to have a comparable weight between the real component and the model. 

The Young modulus of each component is tuned using Eq. (2), to have comparable natural frequencies in 

experimental and numerical analysis [9]: 
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where the not dimensional parameter ε  is evaluated with respect to unitary values, according to a 

minimization of the sum of r natural frequencies rω  of the coupled EMA vs. FEA mode shapes in a least 

mean square sense. 

The resulting density and Young modulus of each component are reasonably close to the material 

literature values for all the components. Weight, Young modulus and density of each component are 

shown in Table 3. 

Component Weight [kg] Young modulus E [GPa] Density [kg/m3] 

chassis 5.132 69.43 3064 

swingarm 3.715 64.62 2815 

wheel 2.203 19.05 1159 

Table 3: Material properties of components 

The MAC matrices between experimental and numerical results of the three components are reported in 

Fig. 3. The systems modes are spaced with respect to the corresponding natural frequencies: if the EMA 

and FEA analyses are perfectly aligned, the iso-frequency is a straight 45° inclined line (black dashed 

lines in Fig. 3). 

 

Figure 3: EMA – FEA MAC matrices: chassis (left), swingarm (middle), wheel (right) 

The modal analysis of the chassis model is in very good agreement with the experimental results (Fig. 3, 

left), the first 18 experimental mode shapes are very well reproduced by the FEM model both in shapes 

and natural frequency. The mean MAC value on all the mode shape is 82.30%. Also the swingarm model 

gives quite robust results (Fig. 3, middle): the first 6 mode shapes are in very good agreement, with a 

mean MAC value of 85.32%. At higher frequency the MAC value is slightly lower, but however the mean 

MAC value results 85.11%. The wheel model is even aligned (Fig. 3, right). Indeed, also for this 

component six global mode shapes are very well replicated by the model either as mode shapes and as 

natural frequencies. More complex or localised modes are not very well aligned due to the low number of 

point tested in the experimental campaign. 

The two sub-assemblies and the full assembly, called motorbike later, are also compared with the relative 

FEM models, as shown in Fig. 4. 
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Figure 4: EMA – FEA MAC matrices:  

chassis and engine (left), swingarm and wheel (middle), motorbike (right) 

The model of the chassis with the engine includes also four steel pins, linking the two components. The 

unique updating parameters are the material properties of these pins, because chassis was already updated 

and the engine is considered as a rigid body. The natural frequency of some chassis modes decreases, due 

to the added mass, while for others it increases, due to the added stiffness. The first five modes are quite 

aligned both in shapes and natural frequencies with a high value of correlation. The 3rd and 4th mode 

shapes, quite close in frequency, are switched between EMA and FEA. 

The model of the swingarm with the wheel includes the already updated components, and the hollowed 

steel rod with two aluminum plates to block the wheel. Only the stiffness of the hollowed rod can be 

updated. The MAC is quite diagonal; the modes at lower frequencies are better described. The numerical 

model presents many modes in the same frequency range, due to couples of modes of the wheel that are 

not always well identified in the experimental results. 

The complete model is obtained assembling the two sub-assemblies with the pivot, leverage and rear 

shock absorber. The MAC is enough orthogonal; all the correlated couples of EMA and FEA mode shapes 

are really closed to the iso-frequency line, therefore also the corresponding natural frequencies are close. 

The numerical model seems to be quite accurate and robust to describe the analysed system vibrational 

dynamics. 

3 Mode shape tracing 

The main aim of this work is to trace the components mode shapes in the sub-assembly and full assembly 

of the motorbike frame, to understand which of the component mode shapes are influent in the complete 

motorbike assembly. The target can be achieved comparing the mode shapes of the sub-assemblies and 

components. The MAC from component to assembly gives detection of the component mode shapes still 

visible in the assembly. The detection of the component mode shapes in the assembly is performed using 

Modal Assurance Criterion, Eq. (1). The mode shapes of each component are compared with the relative 

sub-assembly, and the two sub-assemblies are compared with respect to the motorbike.  

Five comparisons are performed: 1) chassis / chassis and engine; 2) swingarm / swingarm and wheel; 3) 

wheel / swingarm and wheel; 4) chassis with engine / motorbike; 5) swingarm with wheel / motorbike. 

The analysis is performed using both experimental and numerical data.  

In Table 4 the chassis modes are traced in the chassis with engine sub-assembly and finally in the 

complete assembly. Four chassis modes are followed in the three systems in both experimental and 

numerical modal analysis: the vertical bending of the chassis, the global torsion of the chassis and two 

horizontal bending in phase and out of phase. 

Three swingarm modes are traced up to the complete motorbike: the swingarm horizontal bending in 

phase and out of phase and the torsion. Also the wheel modes are traced up to the full assembly; four 

modes are followed: the first bending with respect to the rotation axis, the first global wheel bending, a 

drum mode and a bell mode. The torsion of both chassis and swingarm are shown in Tables 4-5. 

3602 PROCEEDINGS OF ISMA2018 AND USD2018



 

Chassis Chassis+engine Motorbike MAC Description 

  
 

4-1: 8.10% 

1-4: 96.92% 

Torsion 
4) 309.1 Hz 1) 177.5 Hz 4) 177.6 Hz 

  
 

3-3: 32.04% 

3-15: 47.07% 

3) 303.4 Hz 3) 485.5 Hz 15) 480.5 Hz 

Table 4: Mode shape tracing chassis 

Swingarm Swingarm+wheel Motorbike MAC Description 

 
  

3-10: 76.80% 

10-23: 38.76% 

Torsion 

3) 494.8 Hz 10) 607.4 Hz 23) 650.7 Hz 

 
  

3-16: 76.80% 

16-22: 76.49% 

3) 495.5 Hz 16) 634.9 Hz 22) 634.4 Hz 

Table 5: Mode shape tracing swingarm 

The torsion of the chassis is highlighted in both the sub-assembly and in the final assembly. This confirms 

what is presented in [10]; this mode is quite exited during high speed curves [11-12]. The torsion of the 

swingarm is traced in the relative sub-assembly and quite well also in the final motorbike assembly. This 

mode shape is very excited when coming into corners. Hence the composition of both the torsional modes 

is quite important for the stiffness of the motorbike during cornering. The four wheel modes founded in 

the two-wheel vehicle are quite influent also in the global motorbike behaviour in the interested working 

frequency range. The first two modes are structural modes excited during curves, the others are bell modes 

very important for the vibration comfort, but especially for tyre performance during races, because their 

vibrations are directly transferred to the bikers through the frame. In this context also the chassis 

flexibility takes a fundamental role in vibration reduction for a major comfort and drivability sensation. 

Conclusions 

The modal behaviour of a racing complete motorbike, manufactured by Mahindra racing team, has been 

investigated from an experimental and numerical point of view, to understand the role of each component 

of the global motorbike dynamics. A very good agreement between component models and relative 
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experimental outcomes is obtained. The different subsystems are tuned through the updating of the elastic 

properties of the joints between the different components to improve the model robustness. 

The single component modes evolution is traced, increasing subsystems complexity up to the full 

motorbike. Chassis, swingarm and rear wheel of the motorbike are assumed as the primary components. 

Modal assurance criterion is used to follow the primary components mode shapes in the structure up to the 

whole motorbike chassis. The bending and twisting swingarm mode shapes result to be traceable 

increasing the number of system components. 
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Abstract
The intrinsic variability of the deep drawing process and the local variations of the stiffness of the manu-
factured components, due to plastic hardening and residuals stresses, give rise to nominally identical com-
ponents with different dynamic properties. This work considers two simulation frameworks for an accurate
product model development: the first one is based on a purely numerical approach while the second one
consists in a reverse engineering framework, where the product model is computed starting from laser scan
measurements on the manufactured component; this procedure can be realized either by (i) a triangular sur-
face reconstruction that forms the starting point to obtain a finite element mesh or by (ii) fitting a smooth
B-spline surface on the point cloud data that can be used directly for the analysis employing the paradigm of
isogeometric analysis (IGA). In this context, it is also shown how a model updating procedure of the stiffness
can be easily implemented using IGA, to further improve the accuracy of the product model.

1 Introduction

Deep drawing is a manufacturing process widely used in, among others, automotive industry to create nearly
finished products at high volume rates, starting from a blank sheet material [1]. Because of the large de-
formations involved in the process, predicting the exact shape of the manufactured component is a quite
challenging task but still important for the correct evaluation of its performance. The two main factors that
drive the shape change of the manufactured component and its relative variability, with respect to the nomi-
nal CAD design, are the thinning/thickening phenomenon and the residual stresses. The former correspond
to a change of the thickness with respect to the initial values of the blank, while residual stresses have a
non-zero resultant in terms of bending moment and, therefore, they cause a shape change often referred to as
the spring-back [2, 3] effect. In addition, the dynamic stiffness of the component is also altered because of
their presence [4, 5].

Based on these considerations, it is evident that an accurate product model is necessary for the performance
analysis of a deep drawn component, especially in the context of dynamic vibrational and vibro-acoustic
simulations. In fact, the dynamic behaviour of a product can vary significantly because of small geometrical
details, with this phenomenon becoming particularly relevant in the mid-to high frequency range, where
structural wavelengths are smaller than the characteristic dimensions of the product [6, 7]. Although the
numerical simulation of deep drawing has been widely treated in the literature [8, 9], predicting the vibro-

3605



acoustic behaviour of the final component is a research direction that has been only recently initiated [10,
11, 12]. In two recent works [13, 14], the authors of this paper considered the development of an accurate
product model using respectively the classical finite element method (FEM) and the recently introduced
paradigm of isogeometric analysis (IGA) [15, 16].

The most convenient approach for the product model development is a purely numerical framework, where in
a first step the forming process is simulated and then a product model with the correct thickness distribution,
mapped from the forming simulation results, is created [13]. However, even if the forming process is accu-
rately simulated, the results cannot take into account the intrinsic variability involved in the deep drawing
process and, therefore, a geometrical error will be present in the model.

To improve the results, the product model can be reconstructed starting from surface measurements on the
actual manufactured component. In particular, a point cloud can be gathered using a laser scanning system
[17, 18] and, after processing the data, either an FEM [13] or an IGA model [14] can be created. These
product models, reconstructed from the real geometry, provide a more accurate framework for the numerical
vibro-acoustic simulations but some error is still present since the stiffness of the numerical model does
not (locally) match that of the component. The original value of the Young’s modulus of the blank should
be characterized, however can still change locally because of plastic straining [19, 20]. And, in addition,
the residual stresses are also altering the dynamic stiffness of the product. Therefore, for a higher level of
accuracy, model updating becomes necessary [21].

This work reviews the procedure of the FEM and IGA models creation, as described in [13] and [14], for
the specific case of a DP600 steel cup, and then considers a model updating procedure of the material
stiffness implemented in the framework of IGA. In fact, in this context IGA is a particularly convenient tool
because the same basis functions are used to describe both the geometry and the solution field and, therefore,
an optimization procedure can be realized by directly updating the geometrical and material parameters,
without resorting to the expensive procedure of mesh generation. Thanks to this property, IGA has been
shown already to provide excellent results when applied e.g. to structural shape optimization [22, 23]. In a
similar fashion, IGA is used in this work to employ a parametric description of the Young’s modulus and to
directly update it throughout the optimization procedure.

The outline of the paper is the following: in Section 2 the studied component is briefly described. Section
3 considers the development of a product model with the purely numerical approach, while Section 4 con-
siders the development of a product model based on surface measurements. The model updating procedure
proposed in this work is then presented in Section 5 and concluding remarks follow.

2 The case study

A DP600 [24] steel cup is considered in this work and is depicted in Fig. 1a. The cup is produced from a
circular blank with a diameter of 100 mm and a nominal thickness of 0.97 mm, while applying a blank-holder
force of 45 kN and a drawing depth of 24 mm. These parameters are chosen in a way to avoid rupture and
defects such as tearing, earing, wrinkling and necking[1]. The final weight of the cup is approximately 60 g.

In order to assess the validity of the numerical product models, the dynamic behaviour of the component is
tested experimentally. In particular, according to Fig. 1b, it is opted to mimic free-free boundary conditions.
This is obtained by fixing the cup with two thin nylon strings. The structural displacement of the cup is
measured using a Polytec PSV-500 Scanning Vibrometer. This laser scanning vibrometer is preferred to
accelerometers to avoid the addition of mass that may change the dynamic behaviour of this light-weight
component. The cup is excited with a hammer with impedance head type PCB 086C03.

Referring to Fig. 1b, where the reflecting labels used for the measurements are visible, the cup is hammered
in point A and the frequency response function (FRF), measured in point B, is considered in this work and
is used to validate the numerical models. The first nine natural frequencies are also extracted from the FRF
measurement and used for validation.
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(a) (b)

Figure 1: The studied component (a) and the set-up of its experimental testing (b).

3 Development of a product model through a forming simulation

In order to obtain a first and less expensive evaluation of the performance of a component, an accurate process
simulation can be the starting point for the creation of a product model, which is then used for the numerical
analysis. In this work the dynamic behaviour of the product is considered. For the case study described in
the previous section, the creation of a product model is obtained in [13] starting from a forming simulation
with the commercial code Autoform and the Incremental module, which uses shell elements with an implicit
time integration scheme [1]. The material behaviour is described through the following properties:

• for the hardening curve, the Ludwik law [25] is chosen and the strain hardening exponent, the yield
strength and the ultimate tensile strength have to be specified;

• for the yield surface, the Hill criterion [26] is chosen and the normal anisotropy coefficients have to be
specified;

• for the forming limit curve (FLD), the Arcelor V9 model [27] is chosen.

The mechanical characteristics of the material, to be used in the above laws, are determined by tensile tests.
A proper choice of the friction coefficient is also crucial for the accurate simulation of the process and in [13]
its value is found by comparing the results of the FEM simulation with strain and thickness measurements
and points on the forming limit diagram, coming from the manufactured component.

Starting from the output of the forming simulation in Autoform, a product model is generated for the dynamic
analysis. To this end, the Autoform results are exported in the STEP format and a quad-dominant mesh
is generated using the Altair HyperWorks tools SimLab and HyperMesh [28]. The thickness distribution
predicted by the forming simulation is also mapped on this mesh using The ResultsMapper tool.

The FEM product model is compared to the experimental results discussed in Section 2 by considering the
first 9 natural frequencies of the component and the FRF in point B. The natural frequencies predicted with
the FEM model and their error with respect to the measurements are reported in Table 1. The error is in the
order of a few percent. Also the FRF results, reported in Fig. 2, confirm that the numerical model is able to
provide a first approximate prediction of the dynamic behaviour of the component.
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(a) (b)

Figure 3: The initial point cloud (a) and the reconstructed triangular surface with Laplacian smoothing (b).
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Figure 2: A comparison between the FRF measured in point B and its FEM
prediction.

Freq Err %
3912 -0.03
4150 3.14
4299 4.51
4321 4.64
4385 2.89
4991 1.57
5165 4.86
5266 4.86
5355 5.73

Table 1: The first nine natural
frequenciesof the component pre-
dicted with the FEM model and
their error with respect to the mea-
surements.

4 Development of a product model through surface scanning

4.1 Point data acquisition and processing

In order to build a more accurate product model, the exact geometry of a component can be considered by
reconstructing it from surface measurements. To this end, coordinate measuring machines (CMMs) are a
useful tool to gather a point cloud from the surface of a component that is later processed to obtain a finite
element model. In this work, a Coord3 MC16 CMM, equipped with the Nikon Metrology laser line scanner
LC60Dx is considered, which gives an accuracy on the acquisition of a single point in the order of 25µm.

Given the fact that the cup is a thin component, the numerical simulations can be performed using the shell
framework, which is computationally much more efficient that a three-dimensional finite element analysis.
Therefore, a finite element model corresponding to the mid-surface of the component needs to be recon-
structed starting from the point data. For this purpose, the open source processing tool meshlab [29] is used.
The initial point cloud coming form the scanner is divided in two parts, corresponding to the inner and to
the outer surface of the cup. For each of them a triangular surface is reconstructed using the ball-pivoting
algorithm [30]. Eventual holes or missing parts that are present in the point cloud can also be closed with
meshlab. The initial point cloud and the reconstructed surface are shown in Fig. 3.

Because of the measurements noise, the reconstructed surfaces present irregularities that can be reduced
using surface smoothing [31]. Different smoothing methodologies are considered in [13] but here, for the
sake of brevity, we report only the results obtained with standard Laplacian smoothing (Fig. 3b). Once
the inner and outer surfaces are constructed, the mid-surface of the component can be obtained using the
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Hausdorff distance [32] of the inner points from the outer surface and their normals. In particular, for each
point x on the inner surface, with unit normal n and thickness t, the corresponding point x′ on the mid-
surface is computed as

x′ = x+
t

2
n. (1)

This gives a new point cloud, where the ball-pivoting algorithm and a further smoothing step are applied,
such that a final smooth description of the mid-surface is obtained.

4.2 FEM simulation

The mid-surface triangulation, with the relative thickness descriptions, can be directly used as an FEM
mesh within the shell framework by associating to each node the corresponding thickness. This approach is
followed in [13] but we note that it is also possible to generate a new mesh with less degrees of freedom.
The results of the dynamic simulation for the FRF and for the natural frequencies are reported in Fig. 4 and
Table 2 respectively, where some improvement can be observed with respect to the previous case of a purely
numerical approach. In particular, the predicted FRF is able to correctly reproduce the dynamic behaviour
of the component in the low-frequency region, while a peak shift is still present towards high frequencies.

Frequency [Hz]
1000 1500 2000 2500 3000 3500 4000 4500 5000

u n[m
m

]

10-4

10-3

10-2

10-1

100

Measured
FEM

Figure 4: A comparison between the FRF measured in point B and its FEM
prediction.

Freq Err %
3832 -2.06
3936 -2.19
4111 -0.05
4167 0.90
4184 -1.83
4757 -3.19
4780 -2.95
5088 1.32
5100 0.70

Table 2: The first nine natural
frequenciesof the component pre-
dicted with the FEM model and
their error with respect to the mea-
surements.

4.3 IGA framework

IGA is a recent, innovative numerical methodology and as compared to FEM offers the possibility to use the
same basis functions, i.e. B-splines or NURBS (non-uniform rational B-splines) for both the CAD geometry
description and the numerical analysis [15], avoiding the need for a (sometimes) expensive meshing step.
For this reason, in the context of reverse engineering, IGA appears particularly suited for the reconstruction
of a smooth surface model that can be directly used for the simulation of the dynamic behaviour of a com-
ponent [14]. In fact, point cloud fitting with parametric curves and surfaces is a well-known methodology
because of the high-order and tailor-able smoothness of splines functions [33, 34]. By combining the recon-
struction properties of B-splines with the advantages introduced by IGA in the numerical analysis a reverse
engineering framework, particularly useful for deep drawn components, is obtained [14].

As for the traditional FEM, the numerical IGA model is also based on a shell approach with the advantage
that, because of the higher inter-element continuity of IGA basis-functions, a rotation-free Kirchhoff-Love
formulation can be used [35]. Therefore, an IGA model of the mid-surface of the component is necessary. In
principle, both the inner and the outer surface could be fitted with a parametric surface and the mid-surface
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(a) (b)

Figure 5: IGA model of the cup; (a) the B-spline parametric description of the mid-surface, with the control points
highlighted by circles; (b) the reconstructed thickness distribution.

could be obtained by comparing the two resulting surfaces. However, the process of defining such a mid-
surface is not straightforward and, in addition, possible fitting errors of the two surfaces could be amplified.
For this reason, a more efficient approach is to process the point data in the same way of the classical FEM
approach, described in Section 3, and then to fit only one parametric surface directly to the point cloud that
describes the mid-surface.

For the cup considered in this work, a B-spline surface, described by a 32 × 32 grid of control points, is
fitted to the mid-surface and depicted in Fig. 5a. Another advantage of the IGA framework is that also the
thickness of the component can be described in a smooth, parametric way using the same B-spline functions
used to fit the geometry, as shown in Fig. 5b. This thickness distribution is then included in the analysis by
considering the exact thickness value in each Gauss point during the matrix assembly procedure.

Frequency [Hz]
1000 1500 2000 2500 3000 3500 4000 4500 5000

u n[m
m

]

10-4

10-3

10-2

10-1

100

Measured
IGA

Figure 6: A comparison between the FRF measured in point B and its IGA
prediction.

Freq Err %
3898 -0.39
3939 -2.12
4116 0.08
4164 0.82
4208 -1.26
4824 -1.83
4911 -0.30
5060 0.77
5081 0.32

Table 3: The first nine natural
frequenciesof the component pre-
dicted with the IGA model and their
error with respect to the measure-
ments.

The IGA numerical prediction for the FRF and for the natural frequencies are reported in Table 3 and Fig. 6
respectively. The results present the same level of accuracy of those obtained with the FEM in Section 3 but,
remarkably, IGA requires a smaller number of degrees of freedom for the surface description.

5 Model stiffness updating

Observing the results discussed in the previous sections it can be noted that an accurate description of the
geometry improves the prediction of the dynamic behaviour of the component, as compared to results ob-

3610 PROCEEDINGS OF ISMA2018 AND USD2018



tained with the purely numerical framework of Section 3. The results are sufficiently accurate, especially in
the low-frequency region. However, when moving towards higher frequencies, an FRF mismatch due mainly
to a frequency shift is observed (Fig. 6).

As the exact geometry is used for the simulation, the first consideration is that a possible source of inaccuracy
for the prediction of the natural frequencies and the subsequent frequency shift in the high frequency region
is due to the uncertainty on the Young’s modulus E and on the density ρ of the steel. For the component
considered in this work, the density has been calculated with an estimated standard deviation of 0.5% by
measuring the weight of 20 components of a batch. As far as the Young’s modulus is concerned, the value
indicated by the steel supplier is used in the numerical simulations. However, different values of E can be
found in the literature for the DP600 steel [13] which suggests a significant uncertainty on its value.

What is even more relevant, for the application considered in this study, is that the value of E can change
locally because of plastic straining phenomena [19, 20]. And in addition, as mentioned in the introduction,
the residual stresses can also locally alter the dynamic stiffness of the component. Therefore, as an innovative
contribution of this work, a stiffness updating procedure is proposed, which relies on the possibility to use a
parametric description of the young modulus E in the IGA framework. In fact, in a similar fashion as done
for the thickness, the value of E can be expressed parametrically through the B-spline functions and can be
evaluated for each Gauss point during the assembly of the stiffness matrix. An optimization procedure is
then proposed to retrieve a proper distribution of E that reproduces the real dynamic behaviour.

In particular, given a parametric surface S(ξ, η), described through the B-spline basis functions Nk (k =
1, . . . , N) and the control points Pk:

S(ξ, η) =
N∑

k=1

Nk(ξ, η)Pk, (2)

a parametric distribution of the Young’s modulus e(ξ, η) is also considered:

e(ξ, η) =
N∑

k=1

Nk(ξ, η)Ek, (3)

where the control variables are describing the (unknown) Young’s modulus distribution. The optimization
problem is therefore stated as follows:

find E1, . . . ,EN

minimizing ε = εint + αεω

subject to Emin ≤ Ek ≤ Emax k = 1, . . . , N,

(4)

where Emin and Emax are respectively the lower and upper bounds of E that are set at ±5% of its nominal
value, while ε indicates the error between numerical and experimental predictions to be minimized and is
defined as a Pareto combination of an integral error εint and an error on the frequencies εω. The former is
defined as

εint =

∫ ω2

ω1

|log ‖un‖ − log ‖ue‖|dω, (5)

where ‖un‖ and ‖ue‖ are the modules of the (complex) FEM and experimental displacements respectively,
while ω1 and ω2 define the frequency range considered, in this case from 2000 to 5000 Hz. Since the FRF
values vary over several orders of magnitude, their logarithm is considered in the evaluation of the integral.
The frequency error εω is defined as

εω =

nf∑

k=1

(ω
(n)
k − ω(e)

k )2, (6)
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where ω(n)
k and ω(e)

k are the k-th numerical and experimental frequencies respectively, for k going from 1 to
9 in the case considered in this study. The Pareto parameter α is chosen such that εint and εω are in the same
order of magnitude.

The aforementioned optimization problem is solved using a matlab implementation based on genetic algo-
rithms [36]. In fact, FRFs residuals are known to cause serious discontinuities in the topology of the objective
functions and, although some strategies are possible to still use gradient based methods [37], genetic algo-
rithms are preferred in this work for their simplicity.

The optimization is run for the 32 × 32 = 1024 control variables using a population of 1000 individuals
and 200 generations. The natural frequencies and the FRF predicted with the resulting model are reported
in Table 4 and Fig. 7 respectively, where it can ne observed how a significant imporvement is obtained in
the accuracy of the model. An even better agreement with measurements can be expected by considering
a larger population and properly tuning the genetic algorithm parameters or considering other optimization
methodologies can be the topic of future research.

1000 1500 2000 2500 3000 3500 4000 4500 5000
Frequency [Hz]

10-4

10-3

10-2

10-1

100

u n[m
m

]

Measured
IGA optimized

Figure 7: A comparison between the FRF measured in point B and the IGA
prediction with the optimized model.

Freq Err %
3896 -0.42
4012 -0.31
4108 -0.13
4136 0.16
4285 0.55
4907 -0.14
4926 0.02
5044 0.45
5055 -0.20

Table 4: The first nine natural
frequenciesof the component pre-
dicted with the IGA optimized
model and their error with respect
to the measurements.

The resulting Young’s modulus distribution is shown if Fig. 8. Although it is difficult to individuate a general
trend, the figure suggests that the stiffness of the component increases in the curved zones on the flange, while
it decreases on the bottom. From a numerical point of view, the new Young’s modulus distribution allows
a correct representation of the dynamic behaviour of the component. However, assessing the correctness of
this distribution (i.e. whether it matches the one of the physical component only in the numerical analysis or
also in reality) and relating it to the effects of the forming process can also be the topic of future research.

6 Concluding remarks

This work considered the development of an accurate product model for the simulation of the dynamic
behaviour of deep drawn components. It was shown how a purely numerical framework, based on an FEM
simulation of a forming process, is already an efficient and relatively easy to apply methodology. To improve
the results, a more accurate geometrical model can be obtained starting from surface measurements on the
component. In this context, IGA showed some advantages with respect to the traditional FEM approach.
Finally, in order to improve the correlation with measurements, an updating procedure has been proposed,
based on an optimization framework where the Young’s modulus is parametrically described in the context
of IGA and updated through an optimization procedure. This allows one to locally reproduce the stiffness
of the formed component and, therefore, a further improvement in the accuracy of the numerical model is
obtained.
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Figure 8: The Young’s modulus distribution resulting from the optimization.
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Abstract
In the research framework of acoustic and vibration problems, the vibrations produced by the agricultural
machinery have a relevant position, because the vibrations due to the soil irregularity and to the operation of
the machinery are transmitted to the seat of the tractor’s operator, inducing comfort and safety problems, that
are of interest of the National Institute for Insurance against Accidents at Work (INAIL). The objective of
this work is to investigate the effect of machinery on the vibrations transmitted to the tractor’s operator intro-
ducing a simplified model of an agricultural machine, considering not only the DoFs (degrees-of-freedom)
relative to the tractor but also the ones relative to the machinery. Moreover, a model of the three point linkage
between the tractor and the machinery and a model of the hitch for trailed machinery are proposed. The dy-
namic substructuring is exploited to couple the model of the tractor with the machinery through the linkage
system and the transmissibility of an excitation force from the source to the operator’s seat is investigated.

1 Introduction

In the research framework of acoustic and vibration problems, the vibrations produced by the agricultural
machinery have a relevant position, assuming indeed a double role: firstly, the vibrations due to the soil
irregularity and to the operation of the machinery are transmitted to the seat of the tractor’s operator [1],
inducing comfort and safety problems [2, 3]; secondly, they are always combined with annoying sound
emission [4], encountering the limitations imposed by the international and national regulations. The control
of noise and vibration on the operator is of interest of the National Institute for Insurance against Accidents
at Work (INAIL). Despite the study of the tractor dynamics and the induced vibrations have been deeply
investigated in the literature [5], relatively few works deal with the influence of the agricultural machinery in
the transmission of vibration.

The objective of this work is to investigate the effect of mounted, semi-mounted and trailed machinery on
the vibrations transmitted to the tractor’s operator introducing a simplified model of an agricultural machine,
considering not only the DoFs (degrees-of-freedom) relative to the tractor but also the ones relative to the
machinery.

Moreover, a model of the three points linkage between the tractor and the machinery and a model of the hitch
for trailed machinery are proposed. The dynamic substructuring [6] is exploited to couple the model of the
tractor with the machinery through the linkage system. The linkage systems are modeled by finite elements
methods and reduced by the Craig-Bampton method [7]. The reduced order models are used to perform a
frequency based coupling of the substructures [8].
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Eventually, the transmissibility of an excitation force from the source to the operator’s seat is investigated,
focusing on the influence of the linkage in the vibration transmission.

2 Theoretical background

The dynamic characterization of complex mechanical systems can be performed using the dynamic substruc-
turing methods. The main advantage of these techniques is the possibility to investigate the effect of local
modification on the dynamic behavior of a complex system. Moreover these techniques allow to use differ-
ent types of models to represent each component substructure (i.e. lumped parameters models, FE models,
experimental modal models).

2.1 Dynamic substructuring

Let us consider a structural system consisting of n coupled subsystems. The equation of motion of a linear
time-invariant subsystem r may be written as:

[M ](r) {ü(t)}(r) + [C](r) {u̇(t)}(r) + [K](r) {u(t)}(r) = {f(t)}(r) + {g(t)}(r) (1)

where:

[M ](r), [C](r), [K](r) are the mass, damping and stiffness matrices of subsystem r;
{u(t)}(r) is the vector of displacements of subsystem r;
{f(t)}(r) is the vector of external forces on subsystem r;
{g(t)}(r) is the vector of connecting forces with other subsystems (internal constraint forces).

The equation of motion of the n subsystems to be coupled can be written in a block diagonal format as:

[M ] {ü(t)}+ [C] {u̇(t)}+ [K] {u(t)} = {f(t)}+ {g(t)} (2)

with

[M ] =




[M ](1)

. . .

[M ](n)


 , [C] =




[C](1)

. . .

[C](n)


 , [K] =




[K](1)

. . .

[K](n)


 (3)

{u(t)} =





{u(t)}(1)
...

{u(t)}(n)





, {f(t)} =





{f(t)}(1)
...

{f(t)}(n)





, {g(t)} =





{g(t)}(1)
...

{g(t)}(n)





(4)

The compatibility condition implies that any pair of matching DoFs at time t, i.e. DoF l on subsystem r and
DoF m on subsystem s must have the same displacement, that is u(r)l (t)− u(s)m (t) = 0.

This condition can be generally expressed as:

[B] {u(t)} = {0} (5)
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where each row of [B] corresponds to a pair of matching DoFs. Note that [B] is, in most cases, a signed
Boolean matrix and it can be written by distinguishing the contribution of the different subsystems:

[B] =

[
[B](1) · · · [B](n)

]

The equilibrium condition for internal constraint forces, arising from the compatibility conditions, implies
that the sum of connecting forces at a pair of matching DoFs must be zero, i.e. g(r)l (t) + g

(s)
m (t) = 0: this

holds for any pair of matching DoFs at time t. Furthermore, if DoF k on subsystem q is not a connecting
DoF at time t, it must be g(q)k (t) = 0: this holds for any non-connecting DoF at time t.

Overall, the above conditions can be expressed as:

[L]T {g(t)} = {0} (6)

where the matrix [L] is a Boolean localization matrix. Note that the number of rows of [L]T is equal to the
number of non-interface DoFs plus the number of pairs of equilibrium interface DoFs.

Eqs. (2-6) can be put together to get the three field formulation, i.e the total system describing the coupling
among any number of substructures:





[M ] {ü(t)}+ [C] {u̇(t)}+ [K] {u(t)} = {f(t)}+ {g(t)}
[B] {u(t)} = {0}
[L]T {g(t)} = {0}

(7)

The coupling problem solved using either primal or dual assembly. In the primal assembly, a unique set of
interface DoFs is defined and the interface forces are eliminated by automatically satisfying the interface
equilibrium. This is obtained by stating that:

{u(t)} = [L] {q(t)} (8)

where {q} is the unique set of DoFs, including also non-interface DoFs. Since Eq. (8) states that the DoFs
of all subsystems are obtained from the unique set {q}, the compatibility condition holds for any set {q}, i.e.

[B] {u(t)} = [B] [L] {q(t)} = {0} ∀ {q} (9)

Hence, [L] represents the nullspace of [B]:

[L] = null ([B]) (10)

Since the compatibility condition in Eq. (7) is satisfied by the choice of the unique set {q}, the system of
equations is:

{
[M ] [L] {q̈(t)}+ [C] [L] {q̇(t)}+ [K] [L] {q(t)} = {f(t)}+ {g(t)}
[L]T {g(t)} = {0}

(11)

Pre-multiplying the dynamic equilibrium equation by [L]T and noting that [L]T {g(t)} = {0}, the assembled
system reduces to:

[L]T [M ][L]{q̈(t)}+[L]T [C][L]{q̇(t)}+[L]T [K][L]{q(t)}=[L]T {f(t)} (12)

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 3619



i.e.

˜[M ] {q̈(t)}+ ˜[C] {q̇(t)}+ ˜[K] {q(t)} = {f̃(t)} (13)

Equation (13) can be written in the frequency domain by letting {f̃(t)} = {F̃ (ω)} ejωt and
{q(t)} = {Q(ω)} ejωt:

[
−ω2 ˜[M ] + jω ˜[C] + ˜[K]

]
{Q(ω)} = {F̃ (ω)} (14)

Hence,

{Q(ω)} =
[
−ω2 ˜[M ] + jω ˜[C] + ˜[K]

]−1
{F̃ (ω)} = [H(jω)] {F̃ (ω)} (15)

where
[H(jω)] =

[
−ω2 ˜[M ] + jω ˜[C] + ˜[K]

]−1
(16)

is the desired receptance matrix of the assembled system.

2.2 Modal reduction, the Craig-Bampton method

With this technique, the number of DoFs of each substructure (r) can be reduced by retaining the physical
DoFs connecting substructure (r) with other substructures.

The full set of DoFs {u(r)} of a substructure r is partitioned as:

{
u(r)

}
=

{
{u}b
{u}i

}
(17)

i.e. boundary (subscript b) and interior (subscript i) DoFs, where the superscript (r) is dropped for the sake of
simplicity. Boundary degrees of freedom are those connecting the rth substructure to the other substructures.

According to [7], the displacements field is expressed as a linear combination of static deformation modes
[Φc]

[Φc] =

[
[I]b
[Φc]i

]
(18)

and of a truncated set of m (m� i) fixed interface modes [Φ]:

[Φ] =

[
[0]b
[Φ]i

]
(19)

Therefore,

{u}(r) =

{
{u}b
{u}i

}
=

[
[I]b [0]b
[Φc]i [Φ]i

]{
{u}b
{q}m

}
= [Γ](r) {q}(r) (20)

where {q}m is the set of modal coordinates, [Γ](r) is the transformation matrix and {q}(r) is the reduced set
of generalized coordinates.

Substituting Equation (20) in Equation (1) and premultiplying all the terms by [Γ](r)
T

one obtains:

[M̂ ](r) {q̈(t)}(r) + [Ĉ](r) {q̇(t)}(r) + [K̂](r) {q(t)}(r) = {f̂(t)}(r) + {ĝ(t)}(r) (21)

where
[M̂ ](r) = [Γ](r)

T

[M ](r)[Γ](r) {f̂(t)}(r) = [Γ](r)
T {f(t)}(r) (22)

and so on for other matrices and vectors.
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2.3 Transmissibility

In general, the transmissibility is the nondimensional ratio between forces or displacements at different DoFs
of a vibrating system. It is a very useful concept since it allows to understand how vibrations are amplified
or attenuated in a complex system.

The definition of the transmissibility for a multi DoFs system is not trivial. We use the displacement transmis-
sibility T d

ij = xi/xj (with fi = 0, no constraint acting on DoF i) and the force transmissibility T f
ij = Fi/Fj

(with xi = 0, the DoF i is blocked and Fi represents the constraint reaction).

3 Models

The system under investigation is composed by an agricultural tractor linked to one machinery. In this section
the models of the component substructures are presented: the agricultural tractor, the linkage system (three
points linkage or hitch) and the machinery.

3.1 Lumped parameter model of the agricultural tractor

The tractor is represented as a lumped parameter model in the longitudinal plane, shown in Figure 1. The
model is composed of two lumped masses m1 and m3 representing respectively the seat with the operator
and the front axle, and of a rigid body representing the tractor frame that is characterized by a mass m2 and
a moment of inertia I2. The operator’s seat is connected to the frame by the spring k1 and the damper c1.
The frame is connected directly to the rear axle and the rear wheels are characterized by a stiffness k2 and
damping c2. The front axle m3 is connected to the frame by a suspension with stiffness k3 and damping c3
and the front wheels are characterized by a stiffness k4 and damping c4.

a l3 l2

l1

b

m2, I2

m3

m1 z1

z2

z3

θ2

c1k1

c2k2

c3k3

c4k4

zFzR

AP

Figure 1: Lumped parameter model of an agricultural tractor.

The displacements of the two masses in the vertical direction z1 and z3 are considered. For the tractor frame,
the displacement z2 in vertical direction and the rotation θ2 around the CoG are considered. Moreover, the
displacement of the contact points of the front and rear wheels with the ground are taken into account by
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the DoFs zF and zR respectively. The points A and P in Figure 1 represent the connection points with the
linkage systems.

3.2 Reduced order model of the rear mounted three points linkage

The rear mounted three point linkage is the connecting substructure between the tractor and the rear mounted
machinery. It is shown in Figure 2(a) where, according to the international standard ISO 730, the two lower
links 1©, the upper link 2© and the lift rods 3© are highlighted. In the represented system, the implement 4©
and the two struts 5© are also shown. The implement represents the connection to the machinery, while the
points P1 to P7 are the link points with the tractor.

5

1

2

3

4

P1

P2

P4

P3

P5

P7

P6

xy

z

(a) Rear mounted three point linkage.

P

EO

(b) Boundary nodes of the reduced order model of the rear
mounted three point linkage with a mounted machinery.

Figure 2: Rear mounted three points linkage.

A finite element model of the linkage is developed to investigate its dynamic behavior. The model is sub-
sequently reduced for the sake of dynamic substructuring using the Craig Bampton method. The boundary
nodes of the Craig-Bampton reduction are shown in Figure 2(b) where P is the connecting point to the
tractor, E and O are respectively the connecting point and the CoG of the rear mounted machinery.

3.3 Reduced order model of the front three points linkage

The front mounted three point linkage is the connecting substructure between the tractor and the front
mounted machinery. It is shown in Figure 3(a) where, according to the international standard ISO 8759,
the same element 1©- 4© as in the rear mounted three points linkage are highlighted.

Also in this case, the finite element model of the linkage is developed to investigate its dynamic behavior. The
model is subsequently reduced for the sake of dynamic substructuring using the Craig Bampton method. The
boundary nodes of the Craig-Bampton reduction are shown in Figure 3(b) where A is the connecting point
to the tractor, C and Q are respectively the connecting point and the CoG of the front mounted machinery.

3.4 Reduced order model of the hitch and of the trailed machine frame

The hitch is a mechanical connection between the tractor and the trailed machinery. Figure 4(a) shows the
coupling device used in the attachment of non-balanced trailers to agricultural towing vehicles.
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(a) Front mounted three point linkage.

QCA

(b) Boundary nodes of the reduced order model of the front
mounted three point linkage with a mounted machinery.

Figure 3: Front mounted three points linkage.

xy

z

(a) Hitch with the frame of the trailed machinery.

c5k5
zT

D P

(b) Boundary nodes of the reduced order model of the hitch
with the frame of the trailed machinery.

Figure 4: Hitch connection with a trailed machinery.
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The boundary nodes of the Craig-Bampton reduction are shown in Figure 4(b) where P is the connecting
point to the tractor frame, D is the trace of the axle of the towed machinery, k5 and c5 are respectively the
stiffness and the damping of the wheels. The vertical displacement of the contact point of the wheels with
the ground is taken into account by the DoF zT .

4 Results

The aim of the present work is the study of the vibration transmission from the agricultural machinery to the
operator seat trough the different linkage systems. The models presented in the previous section are used:
(a) to investigate the dynamic behavior of the component substructures using the transmissibility, and (b)
to highlight, using the substructuring approach, how the coupling between the agricultural tractor and the
machinery modifies the dynamics.

The numerical parameters and the geometrical dimensions of the tractor model are shown in Table 1. More-
over, for the trailed machinery model, the adopted parameters are k5 = 2e5 N/m and c5 = 2347 Ns/m.

Parameter Value
{
m1 m2 m3

} {
88 7655 900

}
kg

I2 15938 kg m2{
k1 k2 k3 k4

} {
16 894 640 748

}
kN/m{

l1 l2 l3
} {

0.28 1.68 1.16
}

m{
a b

} {
0.25 0.25

}
m

Table 1: Parameters of the tractor.

4.1 Transmissibility analysis of the agricultural tractor

To characterize the dynamic behavior of the agricultural tractor, the displacement transmissibility from the
wheels to the tractor frame and to the seat are evaluated and shown in Figure 5. The results show that the
displacement excitation applied on the two wheels is amplified for some frequency range by the dynamics
of the tractor. In particular, for the seat, at the frequency of about 2 Hz, the amplification of the rear wheel
displacement is higher than the amplification of the front wheel, this is probably due to the presence of the
suspension on the front axle. The opposite occurs at around 1.5 Hz where the front axle suspension seems to
increase the transmissibility.
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Figure 5: Displacement transmissibilities between the rear zR and the front zF wheel of the tractor and the
CoG of the tractor frame z2 and the seat z1
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4.2 Transmissibility of the linkage systems

To investigate how the excitation on the machinery is transmitted to the tractor trough the linkage system,
the force transmissibility is evaluated. For the three points linkage, it is defined between the machinery and
the connection to the tractor frame, while for the hitch the transmissibility is defined between the axle of the
towed machinery and the connection to the tractor frame.

Figure 6 shows the transmissibility between the force excitation in either horizontal or vertical direction
at the CoG of rear mounted machinery O and the linking points P1 − P7 of the rear three point linkage
system. Due to the symmetry of the system with respect to the longitudinal plane, only the transmissibility
of the points P1, P2, P4 and P6 are represented. The results show that, both the horizontal and the vertical
excitations are amplified for frequencies higher than 30 Hz, but for the range of interest of the operator safety
(i.e lower than 10 Hz) only the excitation in vertical direction is amplified.
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Figure 6: Force trasmissibilities between the CoG of the mounted machine O and: a) the link points of the
rear three points linkage P1, P2; b) the joints of the struts P4; c) the joints of the lift rods P6

Figure 7 shows the transmissibility between the force excitation in either horizontal or vertical direction at
the point C on the implement of the front mounted machinery, and the connecting point A of the front three
point linkage system. The results show that the force excitation in the vertical direction is amplified in both
horizontal and vertical directions at the connection point with the tractor, while the horizontal excitation is
amplified only in vertical direction.

Figure 8 shows the transmissibility between the force excitation in either horizontal or vertical direction at
the point D on the axle of the rear trailed machinery, and the connecting point P of the hitch. The results
show that the force excitation in the vertical direction is amplified in both horizontal and vertical directions
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Figure 7: Force transmissibilities between the point C on the implement of the front mounted machine and
the point A on the tractor.
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Figure 8: Force transmissibilities between the axle D of the trailed machine and the point P on the tractor.

at the connection point with the tractor, while the horizontal excitation is generally attenuated in the vertical
direction but it is transmitted without attenuation in the horizontal direction, with a significant amplification
above 15 Hz.

4.3 Substructuring analysis of the tractor and machinery set

The models of the front and rear three points linkages are reduced using the Craig Bampton technique with
10 fixed interface modes.

Figure 9 shows the results of the coupling between the tractor and the mounted machinery trough the rear
three points linkage. The inertance FRFs between either the vertical or rotational DoF of the point O of the
machinery and Dofs z1 or z2 on the tractor are shown. The results highlight the presence of 5 modes below
10 Hz: some of these resonances were observed in the transmissibilities of the component substructures.

Figure 10 shows the results of the coupling between the tractor and the mounted machinery trough the front
three points linkage. The inertance FRFs between either the vertical or rotational DoF of the point Q of the
machinery and Dofs z1 or z2 on the tractor are shown. The results highlight the presence of 5 modes below
10 Hz: some of these resonances were observed in the transmissibilities of the component substructures.
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Figure 9: FRFs of the coupled system composed by the agricultural tractor with a mounted machine on the
rear three points linkage.
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Figure 10: FRFs of the coupled system composed by the agricultural tractor with a mounted machine on the
front three points linkage.

Conclusions

In this paper, the vibration transmission from the agricultural machinery to the operator seat trough different
linkage systems is studied. In particular, the effect of mounted and trailed machinery on the vibrations trans-
mitted to the tractor’s operator is investigated by introducing a simplified model of an agricultural machine
that considers not only the DoFs relative to the tractor but also the ones relative to the machinery. Moreover,
different linkage systems between the tractor and the machinery are modeled: rear and front three points
linkages and hitch.

Dynamic substructuring is exploited to couple the model of the tractor with the machinery through the
linkage system. To highlight how the coupling between the agricultural tractor and the machinery modifies
the dynamics, the FE models of the linkage systems are reduced by the Craig-Bampton method and used to
perform a frequency based coupling of the substructures.

To characterize the dynamic behavior of the component substructures, the transmissibility of an excitation
from the source to the operator’s seat is investigated. Results highlight the influence of the linkage in the
vibration transmission.
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Abstract 
In the industrial environment, modal analysis activities are often reduced to the identification task. However, 

a complete procedure is mandatory to guarantee the accuracy of the results and to allow an easy 

dissemination of the results. In this framework, V2i is developing a toolbox using a combination of internally 

developed tools and commercial software and hardware. 

The current work describes the different tools developed by V2i including: an optimal sensor placement, 

the sketch of the measurement mesh using a portable measuring arm, the actual measurements, the 

identification based on a modified version of the p-LSCF method and a visualization tool using reduction 

and expansion techniques. 

The toolbox application is presented on a simple test case to demonstrate the achieved improvement in terms 

of outcome maximization of the modal analysis process.  

1 Introduction 

When speaking with customers, a modal analysis often comes down to the measurement and identification 

phases. These two parts of the process cannot be considered as stand - alone if the goal is to reach the best 

possible accuracy of the results. Ad hoc pre and post operations are essential to achieve the highest quality 

of the analysis outcome. The available commercial solutions provide several methods and tools to 

complement the pure data acquisition stage but frequently a tailored solution is required to respond to the 

client’s specific needs. Therefore, additional tools can be implemented in conjunction with the commercial 

solutions.  

The complete toolbox proposed by V2i includes: 

- An optimal sensor placement tool. Starting from the numerical modal analysis results, the tool 

determines the set of sensor locations which returns the highest possible linear independency of the 

target mode shapes. The candidate sensor positions are restrained by the definition of the accessible 

surfaces. The implemented method also gives information on the target modes observability 

considering both the accessible and optimized set of sensors locations.  

- The sketch of the measurement mesh on the investigated object using a portable measuring arm. 

The arm enables the precise knowledge of the sensors position and orientation which in turns 

reduces the error on the correlation indicators.  

- The measurements performed thanks to commercial software and hardware suitable for both 

hammer and shaker excitations. These measurements are then imported into the V2i toolbox via the 

universal file format. 

- An identification software based on a modified version of the Poly-reference Least-Square Complex 

Frequency method (p-LSCF). Compared to the method described in the literature [2], the assessment 

of the damping ratio is modified.  
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- Mode shapes visualization using reduction and expansion techniques, allowing an easier 

understanding of the modal deformation. Two methods have been implemented: an expansion using 

the SEREP method restrained on the skin faces and a projection based on the modal deformations 

at nodes paired with the experimental points.   

Figure 1 shows the complete process implemented to perform a modal analysis. The use of some tools is 

restrained by the availability or not of numerical results.  

 

Figure 1: Modal analysis process diagram  

2 The V2i toolbox for modal analysis 

The current section aims to provide additional details regarding the theoretical backgrounds of three 

important blocks of the developed toolbox: the optimal placement, the identification algorithm and the 

visualization tools. 

2.1 Optimal Sensor Placement 

Modal analysis campaigns in industrial application often come down to a compromise among the reliability 

of the results, the available number of sensors and the time spent for the collection of experimental data. An 

intermediate preprocessing step has been foreseen to optimize beforehand the number and the location of 

sensors in order to exploit at best the resources allocated for the experimental stage. 
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2.1.1 Placement algorithm  

The procedure is based on the methodology developed by Kammer [1] and it takes as input the modes 

computed from the finite element model of the structure and the maximum number of sensor to include in 

the modal analysis. The sensor placement process starts from a large set of candidate sensor locations from 

which the optimal sensor configuration will be selected. The procedure iteratively analyses the different 

sensor configurations targeting the one which ensures the highest linear independence of the selected modes 

and contemporarily maximizes the amount of information available in the sensor data. The methodology is 

implemented for monoaxial sensors even if triaxial accelerometers are typically used in modal analysis 

campaigns. An extension to triaxial sensors is found [3] but it resulted to be too cumbersome in terms of 

computational cost and it has therefore been discarded. 

From a mathematical point of view, the optimal sensor placement problem is cast in the form of a state 

estimation problem and the output equation assumes a static Fisher model 

𝑧𝑠 = Φ𝑠𝑞 + 𝑣 (1) 

in which zs is the response at the sensor location for the sensor set s, Фs is the matrix containing the target 

mode shape partitioned to the sensor set s, q is the target modal response and v is a random noise 

characterized by zero mean and covariance matrix Q. 

Applying an unbiased efficient estimator, the estimate error covariance matrix is 

𝑋 = 𝐸[(𝑞 − �̂�)(𝑞 − �̂�)𝑇] = [Φ𝑠
𝑇𝑄−1Φ𝑠]

−1 = 𝐹−1 (2) 

where F is the Fisher matrix information. Under the realistic hypothesis of sensors being affected by 

uncorrelated noise having similar noise statistics, the noise has no impact on the optimal placement strategy. 

Therefore, the methodology proposed by Kammer can be applied also in the more general case where no a 

priori noise statistic information is available. 

The best estimation of the target modal response will be obtained by the sensor set which maximizes the 

Fisher matrix information in a suitable norm. In particular, the sensor set will be chosen in such a way that 

the determinant of the matrix F is maximized and consequently F will be full rank.  

The contribution of each sensor location to the rank of the information matrix is computed starting from the 

eigenvectors Ψ and the eigenvalues λ of F and it corresponds to the diagonal of the following matrix 

𝐻 = Φ𝑠Ψ𝜆
−1Ψ𝑇Φ𝑠

𝑇 (3) 

The algorithm computes the matrix E at each step and its diagonal elements are sorted in descending order. 

The sensor location which corresponds to the lowest ranked element is eliminated from the pool of available 

sensor locations. The optimized sensor set is obtained once the initial set of possible sensor locations is 

iteratively reduced to the desired number of sensors for the modal analysis.  

2.1.2 Guided placement and mode observability check 

The algorithm described in the previous section will return the sensor location set which maximizes the 

target modal response considering each finite element model node as possible location.  

In several cases it is not possible to access all the area of the investigated structure either for safety reason 

or due to lack of space for the placement of a given sensor. The limited accessibility of a structure has a 

major influence on the detectability of local modes and the eventual unobservability could not be fully 

captured from the standard AutoMAC computation. As the placement methodology aims to maximize the 

strength of the target modal response in the sensor data, the inclusion of unobservable modes may lead to a 

suboptimal sensor set which tries to capture a mode which presents quasi-zero mode shape for the totality 

or the great majority of the candidate sensor locations. 

The analysis of the diagonal terms of the inverse of the Fisher information matrix of Equation (2) computed 

at the first iterative step of the algorithm helps in the identification of the unobservable modes without 
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requiring any additional processing step. In particular, the diagonal term correspondent to an unobservable 

mode will be significantly higher than the one correspondent to an observable mode. 

The algorithm can be therefore guided towards a meaningful optimal placement not only by limiting the 

initial set of locations to the effectively accessible ones but also by eliminating the modes which would be 

by default impossible to capture correctly. Moreover, in order to keep the computational time below 

acceptable limits, all the degrees of freedom for which the sum of the modal amplitude is lower than a 

defined threshold are removed in the first step.  

A second improvement has been achieved by considering the size of the sensors. The placement does not 

may identify as optimal 2 nodes which could eventually be measured by a single sensor. In this case, in a 

post analysis stage, only the location which gives the highest contribution to the determinant of F is retained 

leaving the possibility for an eventual additional sensor to be placed on the structure.  

A third improvement is achieved by weighting the modes according to their modal mass to privilege the 

sensor placement which enhances the identification of the most significative structural modes.  

The methodology will be applied to a meaningful test case whose results are reported in Section 3. As 

anticipated in Section 2.1.1, the placement algorithm considers each degree of freedom as measured 

separately. The flow diagram related to the Optimal placement block is shown in Figure 2 
 

 

Figure 2: Optimal placement block flow diagram 

2.2 Modal Analysis – Measurement and Identification 

The propaedeutic step of section 2.1 aims to enhance the quality of the outcome of the modal analysis 

campaign central phases: the measurements and the identification. The Siemens LMS software and 

acquisition hardware are used to measure the Frequency Responses Functions (FRFs). If a high spatial 

resolution is expected or a high accuracy correlation is requested, precise geometrical measurements of the 

accelerometer locations or of the laser measurement points can be performed thanks to a portable measuring 

arm (Figure 3). The information about the orientation of the sensor is retrieved by taking a measurement 

point for each face of the accelerometer. The geometry of the measurement mesh can then be updated 

according to the new available information before the actual start of the measuring campaign which will 

allow to collect a suitable amount of data. The measured FRFs will then be transferred to the identification 

algorithm in order to extract the modal characteristics of the analyzed structure. 

FE mode set 

Areas for the 
sensor placement 

Number of 
sensors 

Inputs 
Modes 

observability 
check 

Optimal 
Sensor 

Placement 

Optimal Sensor 
Configuration 

Modal mass 
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Figure 3: Romer Absolute Portable arm [4] 

2.2.1 The V2i identification algorithm 

The Poly-Reference Least-Square Complex Frequency (p-LSCF - [2]) identification method available in 

commercial solution is known to deliver clear stabilization diagram in which the stochastic poles (also 

known as the mathematical poles) are separated from the physical poles. It is shown in literature that this 

interesting property is achieved thanks to an appropriate choice of the constraint in the solving of the least-

square problem. The same study demonstrates also that, in case of low signal to noise ratio, the damping 

ratio assessment is underestimated [5]. This situation can occur when the damping level is high and when 

the noise on the measurement is not as good as desired. Different solutions have been proposed to improve 

the damping estimation such the Frequency-domain maximum likelihood estimation [6]. However, these 

kind of identification methods are iterative and more time consuming, therefore not suitable in many 

industrial cases.  

A new solution is developed at V2i to tackle the damping underestimation and to improve the pole 

identification by solving two least-square problems: one for each of the two opposite choices of constraint. 

The stabilization diagram is built according to the p-LSCF method, allowing to obtain a clear diagram, but 

the frequencies and the damping ratios are computed with the second resolution on the paired poles. To the 

authors’ knowledge, the proposed method is not yet described in the literature. A future paper will describe 

more deeply the developed methodology.  

In order to assess the improvement achieved, the method is tested on a simple test case. A clamped beam 

numerical model is built and the FRFs are computed at 10 equally spaced points considering an excitation 

applied at the beam tip. The damping ratio is imposed to be equal to 1 percent for each mode. Artificial 

uncorrelated noise (uniformly distributed random value between a certain percentage of the maximal value 

of the real- and the imaginary part of the FRF) is added to the real- and the imaginary parts of the FRFs 

independently (Figure 4).  

 

Figure 4: Simulated FRFs with and without noise 

Three different modal identification methods (p-LSCF, LSCE and proposed modified p-LSCF) are used to 

assess the sensitivity with respect to the noise level on the accuracy of the pole estimation.  
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The main conclusions derived from the comparison of the three methodologies are: 

- Clear stabilisation diagrams are generated by the p-LSCF (Polymax) and the proposed methods; 

- The LSCE method stabilization diagram is polluted by mathematical poles therefore, the pole 

selection becomes difficult especially for the higher orders; 

- The poles are well separated thus the error on the frequencies estimation is low for the three 

methods; 

- The damping ratio is underestimated for the p-LSCF method and overestimated for the two other 

methods. The influence of making the stochastic poles unstable in the p-LSFE method is higher 

than in the case where the mathematical poles are stable (proposed method and LSCE). The relative 

error is lower when the proposed method or the LSCE method are applied.  

 

Figure 5: Damping ratios relative error for different level of added noise – Mode 1: red circle - p-LSCF, 

green triangle - LSCE and blue cross - modified p-LSCF 

 

Figure 6: Damping ration relative error for different level of added noise – Mode 4: red circle - p-LSCF, 

green triangle - LSCE and blue cross - modified p-LSCF 

Figure 7 compares the poles identified for the two considered constraints. For the classical p-LSCF method, 

the mathematical poles are separated to the physical poles (real part of opposite sign). For the second type 

of constraint (link to the sense of rotation on the unitary circle), all the poles are of same sign. The difference 

on the radius estimation (frequency) is relatively low. The error on the real part pole estimation is higher for 

the classical p-LSCF method, which induces a higher error on the damping ratio estimation. Therefore, the 

proposed methodology is capable of performing a more accurate poles identification with a minimum 

incidence on the total identification computational cost. 
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Figure 7: Influence on the mathematical pole stability 

2.3 Expansion and reduction techniques for visualization and correlation 

Natural frequencies and damping ratios are an important part of the modal identification of a structure but 

the mode shapes are often the ultimate goal of a modal analysis campaign. In the proposed toolbox, the 

mode shapes are computed using the LSFD algorithm [7]. For most of the cases, only a few measurement 

points are available, making the classical wireframe visualization difficult to interpret and understand for a 

non-expert public. Moreover, tools to easily perform the correlation between the experimental data and the 

numerical models are in general not directly available in commercial software (even if the actual trend shows 

that will be available in the future).  

An in-house software tool has been developed to fulfill these needs and improve the modal analysis results 

sharing. 

Two kinds of tools are available to ease the interpretation of the experimental mode shapes and to perform 

correlation with the numerical mode shapes: 

1) The reduction of the finite element model on the experimental point set is automatically performed 

by searching the closest finite element nodes to each of the measurement points. The searching base 

for the nodes set is reduced to the skin nodes. A final visual check of the paired node/point is 

performed to avoid possible mistakes.  

2) The expansion of the experimental results on the finite element modal basis is implemented. Due to 

the difficulty to import the mass and stiffness matrices from the numerical model, the SEREP 

method [8] is considered which is based on only the modal basis information. The user can choose 

to take into account all the finite element nodes or only the nodes of the skin. The reduction to the 

skin nodes does not affect the accuracy of the method. The expansion allows in most of the case to 

ease the interpretation of the mode shape and to communicate more efficiently with the customer 

the results of the analyses.  

The correlation (MAC computation) can be calculated on the reduced data or on the expanded data.  
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3 Results 

3.1 Test case description 

The test object considered for the validation of the proposed methodology is a pyramidal structure which 

can be used as tooling for shaker based vibration tests. The tooling purpose makes of the outmost importance 

the accurate determination of its modal behavior to guarantee a correct interpretation of the vibration tests. 

The structure is made of Aluminum and it weights approximately 220 kg. 

 

 

Figure 8: Geometry of the considered structure 

An updated finite element model has been implemented in a commercial software to extract the modes 

shapes of the structure considering it clamped to the shaker table. Among the mode set computed between 

50 and 2000 Hz, 7 modes have been identified as crucial for the modal analysis. Two modes are shown in 

Figure 9. 

 

Figure 9:  Example of a global and a local mode 

3.2 Optimal Placement 

A set of 20 sensors is placed using the optimal placement algorithm in order to ensure the best possible 

detection of the modes of interest. The placement areas are limited to the accessible areas of the structure: 

the external surfaces, the top, the upper surface of the base and part of the internal wall. 

The algorithm returns the points indicated in red in Figure 10. 

The zoom of  Figure 11 draws the attention to the limitation of the original methodology highlighted in 

section 2.1.2. As the algorithm considers the full point set as possible location, it can identify two optimal 

location which would fall under the same sensor area. In such a situation, the proposed modified algorithm 
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preserves only the position which guarantees global higher linear independence of the target mode set. The 

final sensor number is then reduced to 7 which correspond to the MAC of Figure 13 

 

Figure 10:  Optimal placement 

 

 

Figure 11:  Detail of the optimal placement: 

coincident accelerometers 

 

Figure 12: Proposed set 

 

Figure 13: AutoMAC correspondent to the proposed sensor set 

In order to highlight the potentiality of the applied methodology a sensor set of equal size (7 sensors) has 

been manually chosen identifying the maxima of the considered mode set. The positioning is shown in 

Figure 14 and the corresponding AutoMAC is shown in Figure 15. The two sets share some common points 

but comparing the AutoMAC of Figure 13 and Figure 15 it is clear the advantage deriving form the optimal 

placement algorithm especially when it comes to the correlation among modes which are closely spaced in 

frequency. 
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Figure 14: Manually chosen set of 7 sensors 

 

Figure 15: AutoMAC correspondent to a manual 

chosen set of 7 sensors. 

One of the most relevant challenges of the modal analysis in the industrial environment is to find an efficient 

way to represent the obtained results. It is evident from Figure 12 that a representation of mode shapes based 

on only the selected point would not allow to visually capture the envelope of the mode shapes. Therefore 

12 sensor locations have been added to the optimal set, bringing the total number of measurement points to 

19. The extended sensor set eliminates the correlation between mode 5 and mode 10. Conversely, the attempt 

to correctly capture mode 2 results in a sensor set which provides a worse AutoMAC for the modes 2 and 4 

given the high similarity of their mode shapes. 

 

 

Figure 16: Extended point set 

 

Figure 17: AutoMAC correspondent to the extended point set 

3638 PROCEEDINGS OF ISMA2018 AND USD2018



3.3 Modal identification 

Measurements of the FRFs are performed thanks to LMS Test.Lab software. The specimen is excited by an 

impact hammer on a point located on the top part of the tooling while the response is measured at the points 

determined as being optimal.  

The measured FRFs are injected as input in the modal identification algorithm. Interface tools have been 

developed to allow the transfer of data between commercial software and the in-house identification tools 

using the universal file format.  

In this paper, the results obtained with the proposed modified version of the p-LSCF is compared to the 

results coming from the use of the Polymax and the LSCE algorithm available in commercial software.  

Table 1 compares the results (frequencies and damping ratio) identified with the three different algorithms. 

Figure 18 to Figure 20 show the stabilization diagrams obtained for the three methods (the modified p-LSCF 

is built with V2i software and the two others with LMS Test.Lab). The poles which are not clearly stabilized 

are not considered. These correspond for most of them to mode not well excited (orthogonal to the 

excitation). A MIMO analysis will be needed to identify properly these poles.  

The following conclusions can be drawn: 

- There are no significant differences in the identified frequencies; 

- The damping ratio determined with the modified p-LSCF and the LSCE algorithm are similar but 

are higher than the ones determined with Polymax. The available data do not allow to judge which 

is the most correct estimation, anyway the considered testcase proves that a special attention has to 

be taken when dealing with highly damped modes (or with low signal to noise ratio).  

- The stabilization diagrams for the two versions of the p-LSCF give clear stabilization diagram with 

the non-physical poles eliminated. The LSCE diagram is really complicated to interpret. Due to 

noise level and the considered frequency bandwidth, a high order is needed to stabilize on all the 

modes.  

Frequency [Hz] 

# 
Modified-

PLSCF 
Polymax LSCE 

1 130 129.75 130.25 

2 287.25 291.25 / 

3 400 399.75 397.5 

4 543.75 539.5 / 

5 628.25 628.25 628.25 

6 750.5 751.75 / 

7 813.75 814.25 813.5 

8 833.25 833 833.25 
 

Damping ratio [%] 

# 
Modified-

PLSCF 
Polymax LSCE 

1 3.5 2.9 3.5 

2 2.9 0.43 / 

3 2.2 2.00 2.2 

4 4.1 1.68 / 

5 0.28 0.26 0.29 

6 1.71 1.96 / 

7 2.26 1.62 2.2 

8 0.62 0.59 0.61 
 

Table 1: Comparison of identified frequencies and damping ratio for: a) modified p-LSCF – b) Polymax – 

c) LSCE 
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Figure 18: Modified p-LSCF stabilization diagram ( 

 

Figure 19: Polymax stabilization diagram 

 

Figure 20: LSCE stabilization diagram 

From these poles, the mode shapes are computed using the LSCF algorithm.  

The test case shows that the modification of the p-LSCF algorithm allows keeping a clear stabilization 

diagram characteristic with an improvement in the damping ratio assessment in case of low signal-to-noise 

ratios.  

3.4 Correlation – reduction/expansion 

The developed toolbox allows to perform the numerical -experimental correlation and therefore to improve 

the efficiency of the result dissemination. First, the reduction is made, i.e. the experimental measurement 

points are paired with the finite element nodes. Visualization tools allows checking the accuracy of the 

association operation (Figure 21). If needed, manual definition of the pairing experimental/numerical points 

can be performed.  
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(a) 

 

(b) 

Figure 21: Pairing operation – reduction: (a) all paired points and (b) detailed view on top points  

After the reduction step, the Modal Assurance Criterion matrix can be computed. For this particular 

application, the analysis of the MAC shows that some modes are not well correlated. In particular, for the 

modes #4 and #6, this can be explained with a poor excitation in the maximum effective mass direction. As 

final check, the toolbox allows the visual comparison of the mode shapes on the reduced or on the expanded 

modes shapes for the experimental and the numerical results.  

 

Figure 22: Modal Assurance Criterion – Reduction  

As shown in Figure 23 and Figure 24, the expansion of the experimental results on the numeric mode shape 

basis makes easier the understanding of how and where is located the deformation of each considered mode. 

The dissemination of the result is more efficient. Such results of the expansion are only possible if a) the 

numerical model is well correlated or b) a sufficient number of modes is introduced in the modal basis.  
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(a) 
 

(b) 

Figure 23: Mode shape #1 – global mode: (a) measured and (b) expansion 

 

(a) 
 

(b) 

Figure 24: Mode shape #5 – local mode: (a) measured and (b) expansion 

4 Conclusions 

A complete toolbox is presented in order to enhance in the reachable quality of the modal analysis results, 

including an improvement of standard methodologies. 

A traditional optimal sensor placement approach has been revised to make the algorithm more suitable to 

industrial frameworks allowing to predefine the placement areas and the sensor size. A prefilter of the mode 

base based on the effective mode observability has been also implemented to ensure the optimality of the 

selected sensor set.  

The core element of modal analysis, the identification algorithm, has been ameliorated: a modified version 

of the well-known p-LSCF identification methods is proposed to merge in a single algorithm the advantages 

of a clear stabilization diagram and a diminished pollution of the unstable poles on the stable ones. 

As final step, reduction and expansion techniques are implemented to allow the computation of 

numerical/experimental correlation and to improve the ease of results dissemination along with their 

transferability.  
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In a further work, the toolbox will be enriched with customizable additional identification method and 

indicators. From an experimental point of view, the plan is to add an automatic measurement process using 

a 6-axis robotic arm driven by the CAD model.  
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Abstract
This paper presents a numerical and experimental study of coupled bending-torsion vibration of a beam
loaded by a tendon-induced axial force. The rotating beam-tendon system is described using a set of partial
differential equations and free vibration analysis is performed. The model is validated against a bench-
top experiment which features a reinforced open-section cantilever beam subjected to tendon loading. A
satisfactory agreement between the numerical and experimental results is obtained and it is shown that the
tendon not only reduces the natural frequencies of the beam, but also introduces frequency loci veering.
The validated model is then used to perform a case study on the Bo105 helicopter to present some benefits
of incorporating a tendon in a rotorcraft blade, making a first step towards an active tendon concept. This
concept should eventually allow rotorcraft to operate with a variable rotor speed, thereby increasing their
performance and efficiency.

1 Introduction

In recent decades there has been a growing interest in many fields of technology, including civil, mechanical
and aerospace engineering, in active and adaptive control of structures [1]. A far-reaching motivation of this
study is to develop a new concept for rotorcraft blade control, whereby an active tensile member (hereafter
referred to as a tendon) would be used as a means of adaptively manipulating a rotor’s dynamic proper-
ties. Once this control mechanism has been perfected, it should also help to reduce air pollution and noise
emission, decrease a fuel burn and increase the overall performance of rotorcraft. These benefits would be
achieved by allowing rotorcraft to operate at a wider range of rotor speeds as opposed to the current state-of-
the-art designs where the rotor speed is almost constant in order to avoid potentially harmful resonances of
the blades [2]. This concept was already introduced in [3–5], but many of its aspects have not yet been fully
addressed and experimentally validated.

Tendons or other means of applying compressive axial loading have already been used in a number of ap-
plications, often as actuators or a means of vibration control. A comprehensive review of active cable and
tendon control can be found in [1, 6]. From a number of studies that utilised tendons, a few used a similar
configuration to the present one, i.e. a beam-like structure loaded by a tendon. For example, in [7, 8] a
tendon was used for vibration control of a simple cantilever beam. It was found that vibration energy of
the beam in a prescribed frequency range can be removed by applying and releasing the tension in a spe-
cific manner, thereby effectively suppressing the vibration of the beam. These studies mainly focused on
the control aspects of the problem, but the modelling of the dynamic response was also performed using the
Euler-Bernoulli beam theory and the presence of the tendon was accounted for by an axial force. The same
approach of modelling a beam-cable system was also employed in [9] with the difference that the tendon was
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made of a shape-memory alloy. It was shown therein that in addition to the vibration suppression by means
of an active control, a significant amount of damping can be introduced to the system by the tendon. In the
previous studies, simple beam models with an axial force were considered, partly because the dynamics of
such axially-loaded beams has been well understood [10]. In contrast, the use of cable that is mounted inside
a helicopter tail boom for response suppression was numerically and experimentally investigated in [11].
Unlike in the previous studies, the system was modelled using the finite element method. It was shown
that the cable can be tuned as a active vibration absorber which not only positions an antiresonance at the
excitation frequency for a critical location on the primary structure, but also shifts the natural frequencies of
the system. The interaction between the primary structure and the cable in terms of eigenvalue curve veering
was also observed.

The present paper deals with the dynamic analysis of the beam-tendon system which is an idealisation of the
active tendon concept whose development motivates this study. The present paper extends [3] by considering
the bending-torsion coupling of the primary beam and using a more sophisticated model of the tendon. To
the best knowledge of the authors, the same means of modelling has not yet been reported in literature.
The paper is organised as follows: in section 2 the mathematical model of the beam-tendon system and the
numerical approach used to obtain the modal properties are introduced. Then, the experimental set-up is
described in section 3 and the computed results are compared to the experimental ones. In section 4 it is
briefly shown how the presence of the tendon modifies the rotor properties of the Bo105 helicopter. Lastly,
the discussion and future challenges are given in section 5.

2 Modelling approach

The system under consideration is a rotating straight cantilever beam with a cross-section which has one axis
of symmetry (therefore featuring bending-torsion coupling) and is axially loaded by a tendon. The tendon
is attached to the beam’s tip, passes through its whole body (parallel to the neutral axis) and is fixed at the
same location as the beam. The tendon can be placed in any location on the axis of symmetry of the cross-
section. A tip mass which serves as a tendon attachment point is located at the free end of the beam (see the
experimental set-up in Fig. 1 for detail).

The beam is modelled by means of the Houbolt-Brooks equations [12] which were modified to include
the effect of the tendon-induced axial force while the tendon is modelled using the wave equations [13]
augmented by the effects of centrifugal forces. The blade and tendon are coupled via the boundary conditions
at the tip (free end). At the root, both are fixed so their displacements are equal to zero. At the tip, the
displacement of both are identical and the tendon-induced axial force contributes to the shear and moment
conditions of the blade. Since the tendon is free to vibrate inside the blade, no other connectivity conditions
were enforced.

A set of partial differential equations (PDEs) describing the blade with the tendon can be written as (the
terms that are not included in the original Houbolt-Brook equations [12] are underlined and the pre-twist
β(x) is equal to zero)

(
EI1w

′′ − TeAφ+ PePφ
)′′ −

(
Tw′ − Pw′ + Ω2mxeφ

)′
+m(ẅ + eφ̈) = 0, (1a)

(
EI2v

′′)′′ −
(
Tv′ − Pv′

)′
+m(v̈ − Ω2v) = 0, (1b)

(
[−GJ − Tk2A + Pk2A]φ′

)′
− (TeA − PeP )w′′ + P (e− eP )βyφ

′′

+ Ω2m
(
xew′ +

[
k2m2 − k2m1

]
φ
)

+m(k2mφ̈+ eẅ) = 0, (1c)

Pw′′t −
(
Ttw

′
t

)′ −mtẅt = 0, (1d)

Pv′′t −
(
Ttv
′
t

)′ −mt

(
v̈t − Ω2vt

)
= 0, (1e)
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where ˙(•) and (•)′ are time and spatial partial derivatives, respectively, w(t, x), v(t, x) are, respectively,
flapping (out-of-plane of rotation) and lead-lag (in-plane of rotation) bending displacements of the beam,
φ(t, x) is a torsional displacement, x is the independent spatial variable measured along initial position of
the elastic axis (0 ≤ x ≤ R),R is the length of the beam, t is time,EI1 andEI2 are the flapping and lead-lag
rigidity, respectively, GJ is the torsional rigidity, eA is the distance between tensile and elastic axes, e is the
distance between mass and elastic axes, Ω is the angular velocity of rotation, m is the mass of the beam
per unit length, kA is the polar radius of gyration of cross-sectional area, km1 and km2 are the polar radii of
gyration, km is the polar radius of gyration of cross-sectional mass about elastic axis, βy is a cross-sectional
parameter, wt(t, x), vt(t, x) are flapping and lead-lag transversal displacements of the tendon, respectively,
P is the applied tension (always positive) of the tendon, mt is the mass of the tendon per unit length, and
eP determines the position of the tendon. If eP = 0 the tendon coincides with the elastic axis whereas for
eP = e with the mass axis. The centrifugal forces acting on the beam and the tendon are given by

T = Ω2

R∫

x

mx̂ dx̂, Tt = Ω2

R∫

x

mtx̂ dx̂, (2)

Equations (1a)-(1c) are the modified Houbolt-Brooks equations which include the tendon-induced axial
force P . Since these equations are based on the Euler-Bernoulli theory, which neglects the transverse shear
deformation, rotary inertia effects and warping, an infinitely rigid planar cross-section that remains planar
and normal to the elastic axis after the deformation is assumed [14]. Equations (1d) and (1e) are the wave
equations describing the motion of the tendon under the assumption that its cross-sectional area remains
unchanged during deformation (the Poisson’s effect is not included) [13].

The PDEs are accompanied by an appropriate set of boundary conditions (BCs) which ensure the coupling
between the tendon and the beam at the tip. The boundary conditions at the fixed end (for x = 0) are

v = w = φ = v′ = w′ = wt = vt = 0, (3)

and at the free end (for x = R)

Q = 0 = (GJ − P (e− eP )βy − Pk2A)φ′, (4a)

My = 0 = EI1w
′′, (4b)

Mz = 0 = EI2v
′′ + PeP , (4c)

Vz = 0 = −M ′y +mtipẅ − Pw′ + Ω2mexφ+ Pw′t, (4d)

Vy = 0 = −M ′z +mtipv̈ − Pv′ + Ω2mex+ Pv′t, (4e)

wt = w + ePφ, (4f)

vt = v + eP , (4g)

where mtip is the mass located at the tip. Equation (3) prescribes zero displacements and slopes of the
blade, and zero displacements of the tendon at the fixed end. Equations (4a)-(4c) prescribe zero torque and
moments (including the moments induced by the tendon) at the tip of the blade. The blade is coupled with the
tendon through the shear boundary conditions (Eqs. (4d) and (4e)), and the displacement equality at the tip
enforced by Eqs. (4f) and (4g). The tip mass, characterised by mtip, also contributes to the shear boundary
conditions at the tip.

It should be noted that while the rotating beam-tendon system has not yet been studied in literature, a beam
featuring the bending-torsion coupling loaded by an axial force placed in an arbitrary position of the cross-
section has been previously considered. In particular, in [15,16] a system of equations describing such beam,
albeit without inertial forces (m = 0), was used to analyse its structural stability. The same set of equations,
augmented by the inertial forces (m 6= 0), was also used in [17] to investigate the response to deterministic
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and random excitation. The PDEs introduced in Eqs. (1a)-(1c) reduce to the equations used in [17] when the
centrifugal force T is removed, and to the equations used in [15, 16] for m = 0.

In order to evaluate the modal properties (natural frequencies and mode shapes) of the beam-tendon system,
an assumption of the normal mode is used. A solution of any given dependent variable is expressed as
the multiplication of the time-invariant mode shape and the time-varying harmonic function of the constant
frequency in the following form

w(t, x) = W (x)eiωt, v(t, x) = V (x)eiωt, φ(t, x) = φ(x)eiωt,

wt(t, x) = Wt(x)eiωt, vt(t, x) = Vt(x)eiωt.
(5)

Substituting the normal mode forms into Eqs. (1) and (4) allows one to eliminate time and rewrite the PDEs
into a system of first order ordinary differential equations (ODEs) that, together with the BCs, define a
boundary value problem. This boundary value problem can then be solved by a Matlab bvp4c solver [18]
for unknown natural frequencies ω and corresponding mode shapes W (x), V (x), φ(x), Wt(x) and Vt(x).
This solver is very versatile since it uses a collocation method but may suffer from a decreased numerical
performance if an appropriate starting guess is not provided.

3 Experimental validation

In this section, the theoretical model is validated using a bench-top experiment. A similar experiment has
been already presented in [3], where the pure bending of an Euler-Bernoulli beam loaded by a tendon has
been considered.

3.1 Experimental set-up description

The picture of the bench-top experiment can be seen in Fig. 1. The beam (whose properties are detailed in
section 3.2) is rigidly clamped at one and free at the other end. The tendon is attached to the tip mass mounted
at the free end of the beam, and passes freely inside the beam towards the clamp where its flexural motion is
constrained. The tendon then continues through the clamp and pulley and is attached to a hanging platform.
The tension of the tendon, and hence the axial load applied to the beam, is controlled by the amount of mass
placed on the platform. The tendon can be attached in several discrete positions along the cross-sectional
axis. Two notable positions, i.e. the mass and elastic axis, that are further discussed in this paper are marked
in the inset in Fig. 1. The applied tension and the placement of the tendon will be shown to have an influence
on the dynamic response of the system.

The beam is excited using a modal shaker to obtain frequency response functions (FRFs). A shaker was pre-
ferred to a modal hammer because of the repeatability that is required due to a large number of measurements
needed to validate the theoretical model for a wide range of loading cases. Moreover, it was also observed
in [3] that few tendon-dominated modes can be excited using a modal hammer. The shaker was controlled
via a modular control and data acquisition (DAQ) system. Random excitation, which linearises possible
weak non-linearities, such as the friction between the tendon attachment and the tip mass, was used to excite
the frequency range between 5 and 400 Hz. The response data were collected from the tip using two small
uni-directional accelerometers placed perpendicularly to each other. A higher number of accelerometers was
not used because it was found that their combined mass had a significant disturbing influence on the modal
properties of the beam. The laser displayed in Fig. 1 was not used in this study.

The response data and the input force were used to estimate the FRFs using the Hv-estimator [19] for the all
considered load cases. The load was varied using the weight plates in one kilogram increments from 1 kg to
44 kg. The natural frequencies (damping and mode shapes are not discussed in this paper) were estimated
using the least-square complex frequency (LSCF) estimator [20].
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Figure 1: Experimental set-up. The cantilever beam subjected to the tendon-induced axial force generated
by the applied load is excited by a shaker to obtain the frequency response functions for the estimation of
modal properties which are then used to validate the theoretical model.

3.2 Nominal channel beam and tendon properties

A beam with the channel cross-section, which was reinforced by several braces (see Fig. 1), was used to
validate the theoretical model. The selection of this beam was a compromise based on the following criteria
which were proposed to ensure that the effect of the tendon is observable while the beam is a representative
idealisation of a rotorcraft blade:

• Bending-torsion coupling - most modern rotocraft blades exhibit a certain amount of bending-torsion
coupling. This coupling is introduced due to their design and the use of composite material. In the
present study, the beam was made of aluminium, so the coupling was introduced through the choice
of the cross-sectional geometry.

• The number of modes - the number and character of the vibration modes (flapping, lead-lag, torsional
or coupled) should be similar to a typical rotorcraft blade. For the Bo105 helicopter studied in section 4
there are 10 modes between 5 Hz and 450 Hz. The experimental beam was designed in such a way that
it has similar number and character of modes in a comparable frequency range. This was achieved by
the choice of the material (aluminium) and geometry of the beam.

• The effect of the tendon - The tendon should produce observable effects in the investigated loading
range. In particular, the reduction of the natural frequency for the first two modes should be at least
5 % of their nominal values. In order to achieve such reduction, the rigidity of the beam was lowered
by using a thin-walled profile.

• Boundary conditions - a typical hingeless rotorcraft blade is fixed at the root and free at the other end.
In addition, a tip mass is often used to improve the overall performance, vibration and acoustics of
helicopters [21]. Therefore, a cantilever beam with a tip mass (which acts as an attachment point for
the tendon) was used.
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• Euler-Bernoulli theory - The theoretical model was derived based on the Euler-Bernoulli theory which
neglects the transverse shear deformation, rotary inertia effects and sectional warping. Therefore, the
experimental beam should be in line with the idealisation used. However, due to the previous require-
ments (open, thin-walled profile needed to emphasise the tendon effects and bending-torsion coupling),
the assumptions of the Euler-Bernoulli theory would be violated. Therefore, it was attempted to rein-
force the beam with several braces to minimise the influence of the neglected effects.

The nominal properties of the beam seen in Fig. 1 are R = 1 m, A = 9.47× 10−5 m2, EI1 = 169.30 N m2,
EI2 = 354.26 N m2, GJ = 2.42 N m2 and e = 0.0191 m. The beam was weighted and the mass was found
to be m = 0.2478 kg m−1. Likewise, the mass of the tip is mtip = 0.0269 kg. Other parameters can be
computed from the above parameters in a standard manner as outlined in [12, 22]. The tendon is made of a
steel wire with mt = 0.0125 kg m−1.

3.3 Validation of the theoretical model without the tendon

Before including the tendon into the experiment, the model of the beam with and without the tip mass was
validated. The purpose of this step was to obtain the underlying model of the beam, which is defined using
Eqs. (1a)-(1c) without the axial force P , as accurately as possible so that the effect of the tendon can be
studied separately.

Firstly, the beam without the tip mass is considered. The comparison of the experimental and computed
nominal natural frequencies can be found in Fig. 2. It can be seen in Fig. 2(c) that the relative error of almost
all modes is greater than 5 % with the greatest error over 15 % for 3rd lead-lag (3L-L) mode. Therefore, it was
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Figure 2: Comparison of experimental and computed natural frequencies without the tendon: (a) no tip
mass, (b) with tip mass, (c) error for no tip mass, and (d) error with the tip mass. xB-T means the xth mode
dominated by the bending-torsion motion, whereas xL-L is the xth lead-lag mode.
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decided to update selected model parameters such that the difference between the two sets of frequencies is
minimised. The updating was performed using a single-objective multi-variable optimisation using a genetic
algorithm [23], whereby the objective function was defined by the error between the measured and computed
natural frequencies. EI1, EI2 and GJ were selected for the optimisation since the natural frequencies are
the most sensitive to these three parameters and their uncertainty.

The optimised bending and torsional rigidities, EI1, EI2 and GJ , were 89.11 %, 82.79 % and 95.54 % of
their nominal values, respectively. The resulting natural frequencies and their comparison with the exper-
imental values can be seen again in Fig. 2(a) and (c). Although the nominal parameters have not been
dramatically changed, the overall character of the error between the measured and updated frequencies is
very different. The error of almost all modes has decreased under the 5 % threshold. Unfortunately, the error
of the 3rd and 4th mode has increased while the error of the 9th mode (3L-L) decreased but remained higher
than 5 %. It is believed that if more parameters were used for the optimisation the resulting error would
be lowered. However, more parameters have not been used to avoid creating an artificial model matching
the limited set of experimental results. Moreover, it is also possible that the model used cannot accurately
represent the experimental beam due to the Euler-Bernoulli theory assumptions violation. This assertion will
be supported in section 3.4 where it is shown that the error is intrinsic to the model of the beam without the
tendon and therefore has negligible effects on the model with the tendon.

Having the parameters of the model for the beam without the tip mass updated, these parameters were used
to compute the natural frequencies of the model with the tip mass. The experimental and computed results
are again compared in Fig. 2(b) and (d). No additional updating was performed because the tip mass could
be easily measured. As expected, the magnitude of all natural frequencies reduced when the tip mass was
added. When compared to the experiment, it can be seen that the error of some modes even decreased.
Unfortunately, the error of the 3rd mode increased significantly, approaching 25 % and the error of 7th mode
(5B-T) has also exceeded 5 %. The errors of all other modes are lower than 5 % which is herein considered
as an acceptable error which can be explained by the violations of the Euler-Bernoulli theory assumptions
used in the theoretical model.

3.4 Validation of the theoretical model with the tendon

The Campbell diagram, which shows the dependence of the natural frequencies on the applied load, is
obtained for the case when the tendon coincides with the mass axis can be seen in Fig. 3. Two sets of
frequency loci can be distinguished in both the numerical and experimental data. There are ten beam-
dominated modes present which decrease very slowly with the increasing load (this effect is better seen
in Fig. 5). It can also be noticed that for very low applied load, these frequency loci are very close to those
obtained for the beam without the tendon. The other modes, which increase rapidly with the added masses,
are the tendon-dominated modes. Experimentally, seven of such modes were captured. However, there
would be many more for very low loading. Such modes have not been sufficiently excited in the experiment
and even numerically, they were not obtained. The inability of the solution method to find the higher modes
for low loading seems to be caused by the need to provide extremely accurate starting guess. Unfortunately,
due to a very large number of modes it is very difficult to find such a starting guess that would lead to all the
modes. The beam-dominated and tendon-dominated modes interact with each other through mode veering.
The number of veering regions is very high for the higher frequency regions and lower loading due to the
large number of the tendon-dominated modes in that region. A selected veering region is shown in Fig. 6
and discussed in more detail in section 3.6.

Overall, the agreement between the experiment and theoretical results is deemed to be satisfactory. In par-
ticular, the rapidly increasing tendon-dominated modes match the measured values very well. The computed
and experimentally measured beam-dominated modes exhibit the same trends with systematic discrepancies
manifested as frequency offsets. In order to explain the offsets and to emphasize the effect of the tendon,
four loading configurations are studied in Fig. 4 (for applied load equal to 1, 15, 30 and 44 kg).
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Figure 3: Comparison of the computed and measured Campbell diagrams. Rapidly increasing natural fre-
quencies belong to the tendon-dominated modes while almost constant frequency loci belong to the beam-
dominated modes.

The reduction of the natural frequency caused by the tendon is shown in Fig. 4(a). It can be seen that for
almost all captured modes, the frequency decreases with the increased applied load. In addition, the reduction
is much higher for the first mode (over 10 %) than for the rest of the modes. Some of the values for the first
three modes could not have been obtained (n/a in Fig. 4) because of the presence of veering in the Campbell
diagram (see Fig. 5 for detail of the first mode). While the reduction of the natural frequency depends on the
applied load, the errors between the experimental and computed values stay almost constant with increasing
load as evidenced by Fig. 4(b). A small variance of these errors can be explained by the standard experimental
errors.The error for the beam with the tip mass but without the tendon (from Fig. 2(d)) is shown Fig. 4(b) in
blue in order to demonstrate that the error for different loads cases is not only constant, but also comparable
to the error for the beam without the tendon. Since the error is invariant with the applied load while the
anticipated reduction of the natural frequency is observed, it can be concluded that the effect of the tendon
was captured correctly by the model. This also supports the previous assertion that the error in Fig. 2(d) and
the offset in the frequency loci in Fig. 3 is caused solely by the errors associated with the modelling of the
beam using the Euler-Bernoulli theory.
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Figure 4: The effect of the tendon for the four loading configurations: (a) reduction of the natural frequency
and (b) error between the measured and computed frequencies. The missing values could not be obtained
due to the presence of veering.

3.5 The effect of the position of the tendon

All the results presented so far were obtained for the case where the tendon coincides with the mass axis of
the beam, as depicted in the inset of Fig. 1. Figure 5 compares the previous results with the results obtained,
both computationally and experimentally, for the tendon placed in the elastic axis. It can be seen that the
position of the tendon has an influence on the natural frequencies of the beam-dominated modes. The com-
puted results correspond to the experimental values qualitatively quite well although there are quantitative
differences. These differences, however, correspond to the error that is intrinsic to the model of the beam as
discussed in section 3.4. The results indicate that the higher reduction of the frequency can be achieved by
placing the tendon in the mass axis. This is in line with the conclusions of stability analysis made in [15,16]
that the critical load is at its maximum when the axial force coincides with the elastic axis.
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Figure 5: Comparison of experimental and computed natural frequencies of the first flapping mode with the
tendon placed in either mass or elastic axis
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Although it is reasonable to expect that the measured frequencies produce smooth trends with increasing
loads, some small deviations can be observed in Fig. 5. These deviations are very small (not exceeding
0.1 Hz) and can be explained by the presence of the standard experimental errors. It is believed that these
small deviations caused a variance of the error shown in Fig. 4(b) which would be otherwise constant.
Furthermore, Fig. 5 also shows why some of the values in Fig. 4 were not evaluated. Specifically, for the
load equal to 1 kg it would be meaningless to compare the computed and measured frequencies, because the
computed values are influenced by veering caused by the tendon modes that have not been excited in the
experiment.

3.6 The veering in the beam-tendon system

In Fig. 3 a number of veering regions can be seen, one of which is enlarged in Fig. 6. The computed modes
are also added to illustrate the veering. Typical signs of veering can be observed - two modes converge, but
then suddenly diverge and continue on the trajectory of the other mode while swapping all their properties
including the damping ratio and mode shapes. It can be seen that the mode shape in inset 1a became the mode
shape in inset 3c which is located at the different frequency locus. Similarly, the mode shape in 3a swapped
with that in 1c. The frequency curve which passes through the veering regions unchanged is associated
with the motion of the tendon in the lead-lag direction. Since this motion is not coupled to bending-torsion
vibration of the beam, it is not influenced by the veering as also evidenced by the mode shapes in insets
2a-2c. A similar phenomenon was also observed in [11] for a symmetric cable where it raised concerns with
regards to the application of the tuned vibration absorber developed therein. The veering is a frequent and
important phenomenon occurring in the studied beam-tendon system as seen in Fig. 3 and will be therefore
studied closely in the future.
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Figure 6: Veering in the beam-tendon system. The mode shapes displayed have been obtained numerically.
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4 A helicopter case study

This section describes an application of the tendon as a means of manipulating the dynamic properties of a
helicopter rotor blade, highlighting its benefits and potential as well as future challenges that will have to be
addressed.

4.1 Selected helicopter and rotor description

The selected helicopter is the Bo105, currently produced by Airbus Helicopters. The Bo105 is a light,
widely used, multi-purpose helicopter deployed in medical services, police, search and rescue, and military
missions. This helicopter was selected as its rotor blade structural and airfoil aerodynamic data are well
defined, and because this helicopter is used a reference aircraft in SABRE project [5].

The Bo105 features a four-bladed hingeless main rotor and a two-bladed teetering tail rotor. The main rotor
blade is used in this study since it is more suitable for the application of the proposed control mechanism. The
equivalent uniform structural properties of each Bo105 blade are R = 4.912 m, EI1 = 10 000 N m2, EI2 =
170 000 N m2, GJ = 4850 N m2, m = 5.5 kg m−1, km1 = 0.090 m, km2 = 0.0648 m, e = −0.01 m,
eA = 0 m, kA = 0.041 m and mtip = 0 kg. Since the blades have initial linear pre-twist characterised by
β(x) = −0.022x+ 0.0663 rad, this pre-twist was also considered in Eq. (1) in the same way as in [12]. The
Bo105 helicopter operates with the reference (nominal) rotor speed Ωref = 44.4 rad s−1. For the purpose of
this study, a nylon rope with mt = 0.0887 kg m−1 is used as a tendon and the reference tendon tension was
chosen to be Pref = 5250 N.

4.2 Selected results for the helicopter case study

The comparison of the baseline and modified frequency diagrams can be seen in Fig. 7(a). The blue solid
frequency loci represent the response of the baseline rotor with nominal parameters where the first ten modes
are considered, and the rotor speed is varied between 0 and 1.2 of the reference rotor speed Ωref . It might
appear that the dynamic behaviour of the rotor has been significantly changed by the tendon since many new
modes and veering regions, especially at higher frequencies, have emerged (red dashed lines). However,
after a close examination of the frequency diagram and related mode shapes (not shown), it can be found that
all new loci are related to modes that are dominated by the motion of the tendon and do not therefore have
a significant influence on the blade’s dynamics. However, the tendon does influence the blade-dominated
modes by reducing their frequency and by creating a number of veering regions. The former is at the moment
seen as the key effect of the tendon that can be utilised to control the dynamic behaviour of the rotor.

It can be noticed in Fig. 7(a) that there is a major difference between the behaviour of the blade- and tendon-
dominated modes. While the blade-dominated modes increase with the increasing rotor speed due to the
centrifugal effects, the tendon-dominated modes decrease. This is caused by the fact that the tendon, which
is modelled as a taut string, loses its tension due to the applied centrifugal force which leads to the rapid
decrease of its natural frequencies. The preceding observation indicates that should the tendon have a desired
effect, i.e. to influence the dynamic behaviour of the blade-dominated modes by shifting their frequencies,
the applied tension must be higher than the centrifugal force at that rotor speed. To meet this requirement,
the tendon tension must be actively controlled based on the variations in the rotor speed and other flying
conditions. Otherwise, the tendon-induced axial load could cause stability issues at the low rotor speeds
while having little effect at the operational ones. Such situation is depicted in Fig. 7(a) as well - while the
reduction of the first blade-dominated mode at the reference rotor speed is relatively minor, the same tendon
tension led to a complete disappearance of the first mode at the low rotor speed. The first mode emerges at
0.1 of the reference rotor speed. Such behaviour can potentially lead to the loss of stability and is therefore
one of the reasons why the active control of the tendon tension may be of paramount importance in the future.
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Figure 7: A case study of the Bo105 helicopter rotor blade with the tendon: (a) the comparison of the baseline
and modified frequency diagrams and (b) the relative frequency reduction at reference rotor speed evaluated
for three different positions of the tendon within the blade and a range of tendon tensions

The dependence of the relative frequency reduction on the applied tension and the position of the tendon in
the blade is shown in Fig. 7(b). Three different tendon positions have been considered - the tendon coincides
either with the elastic axis, mass axis or further behind the mass axis. It is seen that by increasing the applied
tension, the frequency reduction is increased as well. However, similar to the experiment this reduction is
not the same for all modes. For example, the frequency of the first flapping mode was reduced more than
the lead-lag one, which is in line with the experimental observation in Fig. 4. The position of the tendon
also has a considerable effect. In particular, the torsion-dominated mode is significantly influenced. While
the frequency of this mode reduces linearity in the investigated range of tension when the tendon coincides
with the elastic axis, the reduction is approximately quadratic when the tendon lies elsewhere. Moreover,
it seems that increasing the offset of the tendon from the elastic axis leads to a more substantial reduction
of the natural frequency of the torsional mode. Therefore, to achieve the optimal performance of the active
tendon in the future, not only the tendon tension must be controlled, but also the position of the tendon in the
airfoil must be considered.
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5 Discussion

In previous sections, the theoretical model of the rotating beam-tendon system has been introduced, its
experimental validation has been conducted and a case study on the Bo105 helicopter has been presented. In
this section, the main findings, assumptions and limitations are discussed, and directions for the future work
are outlined.

The validation of the theoretical model given by Eq. (1) was conducted in section 3 using the natural frequen-
cies. The validation was performed on the beam exhibiting the bending-torsion coupling which was meant
to be a representative idealisation of a helicopter blade. In order to select the beam, a number of criteria,
summarised in section 3.2, have been used. Unfortunately, while attempting to design the beam which would
sufficiently demonstrate the tendon-induced effects, the assumptions of the Euler-Bernoulli theory were vi-
olated by selecting the thin-walled, open-section channel beam. Consequently, a good match was obtained
only for the tendon-dominated modes, while, despite having the correct trends, the natural frequencies of the
beam-dominated modes were offset from the measured ones. However, it was demonstrated using Fig. 2(d)
and Fig. 4(b) that the offsets are the same for all loading configurations. Therefore, they are not caused by
the tendon and merely originate from the violation of the Euler-Bernoulli assumptions. It can be therefore as-
sumed that if the beam was modelled with a better accuracy, the overall agreement between the experimental
and computational results would be improved.

It was found, both numerically and experimentally, that the tendon introduces two effects to the beam-tendon
system. Firstly, it reduces the natural frequency of the beam-dominated modes and, secondly, it creates a
number of veering regions. Both of these findings were also obtained in [3, 11], but the former was not
observed in other studies [7–9] where only the latter effect was captured while modelling the tendon as
an axial force. It was also observed that the position of the tendon inside the beam has an influence on
the quantitative and qualitative reduction in the frequencies. In particular, the torsional modes seem to
exhibit qualitative changes with the varying position of the tendon as shown in Fig. 7(b). However, reliable
experimental results for the varying position of the tendon were unfortunately obtained for only the first
mode, and, since no experimental results are available in literature, a general conclusion about the effect of
the tendon position cannot yet be formulated. In particular, the effect of the position of the tendon on the
torsional modes should be experimentally verified.

A number of assumptions have been considered to obtain the PDEs in Eq. (1) that describe the beam-tendon
system. Most importantly, the Euler-Bernoulli theory was used. In order to facilitate this theory, the trans-
verse shear deformation, rotary inertia effects and the sectional warping were neglected [14]. It is believed
that the violation of these assumptions in the experimental set-up led to an inaccurate match with the ex-
perimental data despite an attempt to reinforce the experimental beam by the braces. The Euler-Bernoulli
theory was used in this study to provide the first insights into the possibilities and challenges associated with
the tendon. However, for the future development of the concept, especially with regards to its application
in rotorcraft, a more general theory will have to be used. Although a large number of refined beam the-
ories is available in literature [14], the composite beam theory appears to be the most general and widely
accepted [24]. The use of the composite beam theory would be also preferable since the rotorcraft blades
are usually made of composite materials, and the theory is able to capture all required effects, including
warping and large deformation. The tendon was modelled as a taut string where it was assumed that its di-
ameter remains constant [13]. Since a light-weighted tendon that would be suitable for the final application
in rotorcraft will be most likely very compliant, its model will have to be adjusted. However, modelling
the Poisson’s effect in the wave equations renders the PDEs non-linear [13] and therefore unsuitable for the
design studies. Similarly, any non-linearities (caused for example by joints, friction or large deformations)
are currently not included in the analysis or experiment since their existence and importance are unknown.

The PDEs describing the beam-tendon system have been solved using a Matlab bvp4c solver [18] to obtain
the modal properties. This solver is known to be very versatile, but requires a good starting guess to find all
solutions in the frequency range of interest. In particular, it is very difficult to obtain the symmetric modes at
the same natural frequency. The presence of the symmetric or almost-symmetric modes is, however, inherent
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to the system so, in order to make the solution approach more robust, a method that does not require a starting
guess should be used in further studies. Recently, a differential quadrature method (DQM) [25] has gained
some popularity in structural dynamics, so its use will be considered for the present problem as well.

In section 4, a case study of the Bo105 helicopter was presented. From the results, it can be concluded that
(i) the tendon can provide a means of reducing the natural frequencies of the blade-dominated modes, (ii)
the control of the tension must be used to avoid not only potentially harmful resonances but also stability
issues related to the tendon, (iii) the tendon position in the airfoil should be considered as a design variable
and (iv) the veering caused by the varying tension and rotor speed should be further explored. Although
the obtained results are encouraging, much work, such as a thorough consideration of aerodynamic stability
issues, needs to be conducted before the concept can be commissioned. Nevertheless, the results of the case
study highlighted the potential of the active tendon to provide a means of control required to adaptively
avoid the harmful resonances at different operational conditions. This, possibly in conjunction with other
morphing concepts [5], should enable rotocraft to operate over a wider range of rotor conditions, thereby
increasing their efficiency and decreasing their fuel burn, air pollution and noise emission in the future.

6 Conclusion

This paper presented a numerical and experimental study of the coupled bending-torsion vibration of the
tendon-loaded beam. The beam-tendon system was modelled using a set of partial differential equations and
the free vibration analysis was performed using the collocation method. A test rig consisting of an open-
section cantilever beam and the tendon that provides the axial load was used to experimentally validate the
theoretical model. A satisfactory agreement between the numerical and experimental results was obtained
and it was shown that the tendon not only reduces the natural frequencies of the beam, but also introduces
frequency loci veering. Since the study was motivated by the future application of an active tendon in rotor-
craft, the numerical model was augmented by considering the centrifugal effects and a case study performed
on the Bo105 helicopter showed that the active tendon concept has potential to influence the rotor blade
dynamic properties.
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Abstract 
Small drones with total mass of a few kilograms are becoming more and more popular in many 

applications increasing the probability of occurrence of emergency situations caused by an equipment 

failure or a human error. In case of a fall from a high altitude very often it is possible to use parachute 

rescue systems, which however require relatively long time for deployment and development of braking 

forces. The touchdown velocity may be large enough to exceed limit accelerations for UAV equipment. 

The paper presents the concept of deployable airbag systems, in particular with adaptive flow control, 

which provides a possible solution to the above-mentioned problems. The paper discusses the overall 

control and adaptation strategy. Simplified methods for mathematical modeling are proposed and 

formulated for an example on a cylindrical airbag. The conceptual part is concluded with the presentation 

of the methodology of experimental verification and results of initial tests of the integrated airbag system. 

1 Introduction 

Small drones with a total mass of a few kilograms are becoming more and more popular in many 

applications including aerial surveillance and monitoring, filming, laser scanning etc. The popularity of 

this type of UAV’s applications increases the probability of occurrence of emergency situations caused by 

an equipment failure or a human error.  Drones very often operate over densely populated urban areas, 

therefore it becomes crucial to protect people or objects on the ground. The second objective is the 

minimisation of shock loads transferred to a fragile and expensive electronic equipment on board of a 

UAV (e.g. cameras and lenses, lidars). 

In case of a fall from a high altitude (approx. above 10-15m) very often it is possible to use parachute 

rescue systems, which however require relatively long time for deployment and development of braking 

forces. The vertical velocity close to the touchdown is in this case large enough to excess limit 

accelerations for UAV equipment, which very often can be estimated as approx. 20g. 

These drawbacks can be avoided by application of deployable airbag systems, in particular with adaptive 

flow control. The problems of dynamics and control for adaptive impact and shock absorption (including 

the application of inflatable structures pneumatic systems) are research topics for more than 15 years at the 

Department of Intelligent Technologies of IPPT PAN [1]. The concept is based in general on the 

application of semi-active or real-time control over mechanical characteristics of a shock absorbing 

structure in order to provide the optimal level of resistance forces minimizing dangerous accelerations 

levels.  
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1.1 Systems of Adaptive Impact Absorption 

One of the first adaptive impact absorbing systems were active hydraulic aircraft landing gears developed 

in the 1970s in NASA Langley Research Center. In these devices, the damping force generated by the 

absorber was controlled by changes of pressure of the applied fluid. However, such technology required 

large amount of the energy submitted to the system and had caused technical problems related to ensuring 

large flow rates and pressure ranges. The above shortcomings were eliminated by applying landing gears 

based on servo-valves, where the control was performed in a semi-active way. 

 
 

Figure 1: Adaptive aircraft lading gear  (FP7 project ADLAND - flight tests, experimental results) 

The system of the adaptive impact absorption was successfully implemented for a semi-active aircraft 

landing gear within the FP6 research project ADLAND [2], [3]. Introduction of the intelligent materials in 

the design of the adaptive absorbers  allowed for substantial shortening of the system response time and it 

enabled real-time control of the damping force generated by the absorber. Within the project two 

alternative solutions were tested: the magneto-rheological valve based on the application of the magneto-

rheological fluid and the magnetic head and  the valve based on piezoelectric actuator controlling flow of 

the standard hydraulic fluid.  

 

Figure 2: Adaptive Inflatable Structures: a) emergency flow control-based airbags, b) inflatable fenders, c) 

adaptive inflatable barrier 

The airbag system for UAVs proposed and  presented in this  paper  belongs to a wider class of Adaptive 

Inflatable Structures. The concept is based on application of compressed gas and controlling its pressure as 

an effective methodology allowing for adaptation of energy absorbing structures (e.g. airbags, fenders, 

barriers - Fig.2) to actual impact loading [4]. Adaptive Inflatable Structures contain sealed chambers filled 

with compressed gas and equipped with controllable inflators and discharge valves. Pressure adjustment 

relies on appropriate initial inflation of particular chambers and control of the gas flow between the 

chambers and outside the structure during the process of deformation. Appropriate change of the actual 

 

p1(t) p2(t) p3(t) p4(t) p5(t) 

P(t) 

3662 PROCEEDINGS OF ISMA2018 AND USD2018



value of pressure in different parts of the structure enables adaptation to dynamic loading of various 

energy, amplitude and location. 

The real-time controlled fully pneumatic adaptive landing gear for small UAV was developed and 

described in [6]. The  introduction  of  the  controlled  flow  of  the  gas  between  the  chambers  allowed  

to  dissipate  the impact  energy  within  the  first  compression  stroke  and  to  mitigate  oscillatory  

movement  after 0,25 s. The control procedure introduction decreased the maximum deceleration level of 

the drop-weight from 12 m/s
2
 to 8 m/s

2
. 

The piezoelectric valves provide very fast response of the system, however with limited the flow rate of 

the gas. One of the proposed solution to this problem is application of flow-driven high performance 

valves. Two different devices (membrane valve and a bistable valve) with different working principles are 

presented in [7], which provide effective, semi-active three stage control sequence “close-open-close”. In 

the case of membrane valve the rapid destruction of clamping elements results in different deformation 

modes of two membranes forming the valve, caused by the gas flow. The operating principle is depicted 

for three stages of operation in Fig.3. 

 

Figure 3: The cross-section of the membrane valve and simulation of the gas flow during subsequent 

stages of valve operation.  

2 Adaptation technique for AD-BAG system 

The emergency landing system should be developed as a module which is entirely independent 

from the autopilot and other onboard subsystems of the UAV lest the accident can result from 

their failure. In order to provide efficient and reliable operation of the AD-BAG system the 

influence of following problems and challenges has to be reduced: 

 instant detection of the UAV’s failure, 

 stabilization of the UAV’s spatial orientation, 

 fast inflation of the emergency airbag, 

 possibly precise prediction of the impact conditions, 

 proper gas release to avoid ‘stiff contact’ or ‘rebound’. 
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Detection of the UAV’s failure can be implemented using inertial sensors and should result in 

turning off the engines so as stabilization of spatial orientation can be obtained in passive way. 

The prediction of loading conditions resulting from the contact with the ground or on-ground 

obstacle [8] can be can implemented in a number of pretty different ways e.g., based on the 

measurements of AGL (altitude above ground level). The AGL can be measured once and then 

the impact conditions can be estimated. Nevertheless, such measurement requires the use of radar 

altimeter or LIDAR, etc., what results in quite complex and expensive solution. On the other 

hand, the AGL can be estimated using inertial, barometric sensors and GPS. Unfortunately, for 

reliability of such solution the terrain map should be available for online use of developed 

system. Other alternatives relates to the velocity estimation techniques. The measurements of 

velocity relative to the ground and in result the emergency system should update predicted impact 

condition and sequentially re-adapt in real-time until the contact with obstacle is detected and 

finally calculated scenario is implemented. 

The impact absorption of the system protected by airbags includes gas compression and 

then its release to ensure dissipation of impact energy. In order to provide more efficient impact 

mitigation than in case of passive solutions, the airbag should be closed at the beginning of the 

process so that gas is only compressed. After fast increase of internal pressure the gas release 

should be activated and finally the release opening should be closed. In case of different impact 

conditions the  moment of gas release and size of airbag opening should be selected carefully. 

The significant challenge is very short time period between each control action (time periods at 

the level of single milliseconds). To minimize probability of errors during adaptation to impact 

conditions, the system characteristics should be adjusted by single control action, similarly as in 

case of adaptable pneumatic shock-absorber presented in [9]. The more efficient and more robust 

but simultaneously more complex solutions involve online control of the internal pressure or 

deceleration of the UAV [10] as well as additional kinematic feedbacks [11]. 

The general scheme of emergency system operation is shown in Fig. 4. The generic 

sequence of actions performed by the system is valid for all of impact prediction techniques 

discussed above. 

 

 

Figure 4: The general scheme of emergency system operation 
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3 Mathematical models of the process of emergency landing with 
adaptive airbag 

In this section, we consider falling object with attached adaptive airbag made of thin 

fabric and equipped with a controllable valve, which enables the outflow of gas to the 

environment. The object approaches the ground with certain initial velocity. When impact with 

the ground occurs the airbag is compressed and considerably deformed, which causes an increase 

of internal pressure of the gas. Simultaneously pressure is reduced by leakage of gas through the 

airbag fabric and its controlled outflow through the valve. The objective of the adaptive airbag is 

to dissipate the entire impact energy and to optimally mitigate the impact process by reduction of 

generated forces and corresponding deceleration of the impacting object.  

In order to simplify the modeling process, it is assumed that airbag inflation and its full 

deployment is accomplished before contact with the ground. Therefore, the process of airbag 

inflation and the case of impact with airbag being not fully deployed is not considered. Moreover, 

it is assumed that impact velocity is relatively low and it does not cause significant wave 

propagation effects in a given volume of gas. Accordingly, the thermodynamic processes arising 

in the system are modelled with the use of Uniform Pressure Method (UPM), which assumes that 

gas pressure, temperature, and density are uniformly distributed in the entire airbag. The UPM 

method utilizes the balance of mass and energy of the gas, the equation of gas state as well as the 

definitions of gas leakage and outflow, which are expressed either as ordinary differential or 

algebraic equations. In the considered problem, the UPM-based modelling is conceded as a 

sufficiently precise tool for the preliminary simulation of the response of adaptive airbag.   

In general, two approaches to the modelling of the process of emergency landing with adaptive 

airbag can be proposed: 

 Extended Uniform Pressure Method (E-UPM), in which the falling object is modeled as one 

degree-of-freedom system, its movement is described by single  equation of motion, the 

thermodynamic processes arising in the gas are modeled with the use of UPM, while 

deformability of the airbag is taken into account by introducing additional terms and 

coefficients into the governing equations; 

 the combination of Finite Element Method and Uniform Pressure Method (FEM-UPM), in 

which the falling object and the airbag are modeled by classical approaches of continuum 

mechanics, their motion and deformation are described by partial differential equations and 

solved by FEM, the thermodynamic processes arising in gas are modeled with the use of 

UPM and, moreover, appropriate coupling conditions between gas and airbag fabric are 

applied.  

The main advantage of the E-UPM approach is elimination of complex simulation of airbag 

deformation occurring during landing, which requires precise modelling of airbag fabric and 

time-dependent conditions of contact with the ground. Instead, the simplified approach 

effectively utilises the analogy between the response of compressed adaptive airbag and the 

response of compressed single-chamber pneumatic cylinder equipped with controllable valve. 

The additional physical phenomena which have to be considered during modelling of the 

adaptive airbag are the following: 

 the area of contact between the airbag and the ground significantly changes during the process 

(in typical impact scenario it rises);    

 the volume of the airbag changes nonlinearly in terms of airbag compression;   

 when airbag fabric is not completely air-tight then additional outflow of gas and reduction of 

pressure are caused by fabric leakage; 
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 when airbag fabric is characterized by non-negligible bending stiffness its deformation during 

airbag compression causes generation of additional reaction forces.  

The E-UPM approach effectively utilizes analytical description of airbag deformation in terms of 

actual airbag compression and, in case of highly extensible fabric, in terms of internal pressure. 

The assumption of extensible fabric significantly simplifies the analysis. For given initial shape 

of the airbag the fundamental geometrical relations can be used to express actual area of contact with the 

ground AC and actual volume V in terms of actual stroke of the airbag s and to obtain functions ( )CA s  and 

( )V s . Alternatively, the above dependencies can be obtained from the numerical simulation conducted by 

using FEM-UPM approach or from the experiment. As a result, the contact force between the airbag and 

the ground can be expressed as a function of its actual stroke and internal pressure of gas: 

 ( , ) ( )C C extF s p A s p p  .  

 In addition, the possible structural forces arising as a result of deformation of fabric of considerable 

bending stiffness are introduced into the E-UPM model by additional visco-elastic forces         , which 

enter the equation of motion of the landing object. Eventually, the influence of gas leakage through the 

airbag fabric is taken into account by introducing the additional terms in the equations governing balance 

of mass of gas inside the airbag and thermodynamic balance of gas energy.  

3.1 The example of cylindrical airbag 

The illustrative example of landing with the use of horizontally located cylindrical airbag made of 

inextensible material is presented in Fig. 5. The process consists of the stage before contact with the 

ground (A), the stage of gradual compression  of the lower part of the airbag (B), and the stage of uniform 

compression of the entire airbag (C). The second and third stage differ by the relation between the area of 

contact with the ground AC and the area when pressure of gas acts directly on the horizontal falling object 

Ap.  

Determination of actual airbag shape effectively utilizes the assumption of weightless fabric, which allows 

to conclude that the lateral parts of airbag cross-section remain circular. Therefore, the analysis for the 

second stage of the process includes four unknowns: horizontal coordinate of the point of contact with the 

ground, the coordinates of the point being the centre of the circle defining lateral parts of airbag cross-

section and radius of this circle. In turn, four governing equations include: the equations of circle for both 

points of contact, the condition that airbag is tangent to the ground at the point of contact and condition of 

constant length of the airbag perimeter. During the third stage of the process the analysis is significantly 

simplified due to the fact that the point of contact of the airbag with the ground and with the falling object 

have the same horizontal coordinate. The detailed derivation of  the shape of airbag surface is left to the 

reader.  

 

 

 

 

Figure 5: Three stages of the process of landing with adaptive airbag 

Next, the area of contact with the ground ( )CA s , the lateral area of the airbag ( )AA s   and volume of airbag 

( )V s  can be found by calculating appropriate integrals over airbag surface. Let us note that assumption of 
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weightless airbag fabric allows to determine total force acting on the horizontal falling object, which in 

both the second and the third stage of the process equals to the contact force between the airbag and the 

ground ( , ) ( )( )C C extF s p A s p p  . The proof is fundamental and it is also left to the reader.   

Eventually, the proposed analytical model of airbag-assisted emergency landing  consists of three ordinary 

differential equations which describe motion of the falling mass, balance of mass of the gas and 

thermodynamic balance of gas energy. Two latter equations take into account definition of gas outflow  

through the valve vq  (which depends on actual area of the valve vA ) and definition of outflow caused by 

fabric leakage. The system of equations is complemented by equation of gas state and proper initial 

conditions. The complete model of emergency landing takes the form: 

    
   

                                  (1) 

 
  

  
                         

        

  
   (2) 

                         
        

  
     

       

  
  

  

  
    (3) 

               (4) 

 IC:         ,         ,        ,          (5) 

The above system of equations can be solved with the use of arbitrary numerical method. The verification 

of the E-UPM model against more precise FEM-UPM model was conducted for problem of compression 

of cylindrical airbag discussed in the above example. The comparison conducted for kinematic, static and 

thermodynamic quantities had revealed satisfactory correspondence of both applied methods [12]-[13]. 

The proposed E-UPM approach is based exclusively on physical principles and geometrical considerations 

and, moreover, does not require linearization or neglecting of the selected terms. Therefore, it is expected 

to be more precise than  known from the literature analytical models based on alternate stiffness and 

damping terms, which model response of the airbag in approximate way. The proposed model seems to be 

sufficient for basic assessment of the effectiveness of emergency landing systems based on adaptive 

airbags. 

4 Experimental verification 

The integrated ADBAG airbag and control systems have been verified experimentally in a laboratory 

conditions. The objective of the experiments is to demonstrate operability of the system in an emergency 

situation and ability to protect a falling object against a ground impact.    

4.1 Configuration of the stand 

The testing setup has been configured to conduct drop tests of the assembled AD-BAG mockup. The 

available drop heights are up to 25 m performed on a guided truck. The testing object is a mockup of 1.5 

kg weight, protected by an airbag of 50 dm3 volume. The airbag is automatically activated and filled with 

a compressed gas during the test. Synchronized measurements are configured to acquire the following 

magnitudes: interface force under the airbag, kinematics of the falling object: displacement, velocity, 

acceleration via digital image analysis method. 
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Figure 6: A sequence of the airbag initialization and operation 

The interface force is measured with a measuring plate based on three piezoelectric sensors with 

measuring range 10 kN. The data acquisition is performed with a SCADAS Mobile system and the image 

recording is conducted with a Phantom 611 fast digital camera. The data acquisition procedure is 

synchronised with a digital signal provided by a dedicated controller based on a FPGA processor. 

4.2 Testing procedure 

The first step is lifting the object to a predefined height e.g. 5 m. Afterwards, the drop is conducted and the 

electronic unit is activated, which is programmed to carry out the following steps: 
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1. recognition of a free fall phenomenon which equates an emergency situation;  

2. activation of the airbag and pressurizing it with air;  

3. recognition of a touchdown moment, 

4. initialization of adaptive system of the air release in order to match the airbag response and 

the actual the impact energy. 

4.3 Tests results 

An exemplary sequence of the airbag operation is depicted in Fig. 6. The upper left photo represents a 

state of the airbag after contact with the touchdown surface but before initialization of the release valve. 

The following photos (upper right and lower left) depict the process of the valve opening. The photo 

placed in the lower right corner shows the outflow valve completely open. 

As a whole, the system operability is demonstrated and the ability of the system to adapt to the recognized 

impact condition is available. 

 

Figure 7: Interface force of the airbag in time domain 

A time history of the force measured on the interface between the airbag textile and the touchdown surface 

is ploted in Fig. 7. The maximum force recorded during tests does not exceed 1,5 kN. The second force 

peak at time instant 0,1 s represents the influence of the adaptive valve in the airbag. The conducted 

investigation confirmed functionality of the system and its readiness for the following development phase 

– tuning the control parameters. 
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Abstract
The topic of structural intensity analysis has been mainly focused on assessing the energy taking place on
plate-like structures. This work presents a method which allows the same assessment on shells with arbitrary
shape. By invoking the Kirchhoff-Love postulates, the current method enables the assessment of power
transfer taking place on the shell’s mid-surface from data available at one of the sample’s outer surface.
The mentioned data are the displacement vector components represented by the standard unit vectors of the
Euclidian space and the spatial coordinates describing the studied shell. By including the assumption that
the sample can be represented as an assembly of plates, the experimental displacement data are projected on
a mesh, whose shape resemble the original analyzed shell. With this approach, the displacement fields could
be properly differentiated along a predefined local coordinate system, leading to the necessary inputs for the
structural intensity assessment.

1 Introduction

The Structural Intensity (SI) analysis is an useful approach that allows the assessment of energy transmission
on general structures. The computation of this term is widely documented in literature in the case of real
plate-like structures by invoking the Kirchhoff plate theory [1]. For such samples, if this assumption is taken
into account, the spatial derivatives of the out-of-plane displacements and a priori knowledge of its material
properties are sufficient inputs to compute the SI vector fields [2, 3]. However, if such an analysis is done on
real irregular shells, the displacement fields in all orthonormal directions and the data describing the sample’s
shape are required. Besides, it becomes less troublesome to process and differentiate the displacement fields
in a set of curvilinear coordinates of the analyzed shell [4, 5].

Due to these extra inputs, which were absent in the case of plates, a more elaborate data processing was
developed and is presented in this work. Here, not just the Kirchhoff-Love postulates are used to formulate
the terms present in the SI vector fields, but it is also assumed that the analyzed sample can be treated as a
Finite-Element-Method model and whose elements are planar.

The measuring technique that was used to record both the experimental shape and displacement data from a
shell was the Digital Image Correlation (DIC) [6] technique and the related results were exported as a dense
point cloud. The interpolation of the measured results were then projected on a customized mesh on the basis
of a global least-squares minimization via Finite-Element (FE) shape functions [7]. After this projection, the
data could be differentiated along a predefined set of local coordinates and the assessment of the SI was made
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possible.

The proposed method was able to compute a SI vector field that was consistent and expected from the ana-
lyzed shell, since the dominant energy transmission paths strongly converged to the region where a damper
was installed. These preliminary results suggested that, by invoking the Kirchhoff plate theory and by ap-
proximating the analyzed sample to an assembly of plates, the SI can be assessed for any irregular and thin
shell.

2 Theory

2.1 Structural intensity

The final objective of this work is to compute the energy transmission that takes place on irregular shells by
processing experimental data. To formulate the equations from which this quantity can be assessed, proper
assumptions and approximations that describe the behavior of the analyzed sample need to be invoked. By
assuming that the shell behaves in accordance with the Kirchhoff-Love postulates [1] and that the scalars
components of the time-averaged SI vector field are aligned with a set of curvilinear coordinates e1 and
e2 [4], it follows that

I = I1e1 + I2e2, (1)

where
I1 = −(πf)Im{Q1u

∗
3 +M11a

∗
1 +M12a

∗
2 +N11u

∗
1 +N12u

∗
2}, (2)

I2 = −(πf)Im{Q2u
∗
3 +M21a

∗
1 +M22a

∗
2 +N21u

∗
1 +N22u

∗
2}. (3)

The subscripts “1” and “2” indicate that the related field is pointing at the direction e1 and e2, respectively;
the subscript “3” indicates that the field’s direction is normal to the shell’s surface; the scalars u represent
the displacements of the mid-surface; a, the rotations about the normals; Q1 and Q2 are the components of
the shear force, M11, M22 and M12 are the components of the bending moment; and N11, N22 and N12 are
the ones from the membrane force.

It must be noted that the SI is defined on the mid-surface from a analyzed shell. Moreover, the terms related
to the generalized forces (Qi, Mij , Nij) are estimated via the strains; which, in turn, can be represented as
functions of the terms u and a, if proper assumptions and approximations are used to represent the shell’s
behavior.

2.2 Kirchhoff-Love plate model

2.2.1 General theory of thin shells

This section presents the simplifications that were used to derive the generalized forces, which are required
for the SI assessment. In the current work, not just the Kirchhoff-Love postulates are assumed to describe
the shell’s behavior, but that the studied shell can be approximated to a Kirchhoff-Love plate model [8], i.e.,
to an assembly of planar plates. By using this approach, the displacement and strain components acquire
relatively simpler forms and vary linearly as functions of the shell’s thickness. With these statements, it
holds that

uh/2 = u +
h

2
a, (4)

uh/2 = {uh/21 u
h/2
2 u

h/2
3 }T , u = {u1 u2 u3}T , a = {a1 a2 0}T , (5)
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where h is the thickness value of the shell and uh/2 is the displacement on the shell’s outer-surface. More-
over, the linearlized Green-Lagrange strain on the outer-surface εh/2 can be formulated as a function of 2
strain components and is recast as

εh/2 = γ +
h

2
χ, (6)

εh/2 = {εh/211 ε
h/2
22 ε

h/2
12 }T , γ = {γ11 γ22 γ12}T , χ = {χ11 χ22 χ12}T , (7)

where γ is the membrane strain and χ is the bending strain. In turn, the terms εh/2 and χ can be recast as
functions of the displacement’s and rotation’s spatial derivatives:

ε
h/2
ij =

1

2
(u

h/2
i,j + u

h/2
j,i ), χij =

1

2
(ai,j + aj,i), for i, j = {1, 2}, (8)

where the subscripts “, i” and “, j” indicate the spatial derivatives of the referred terms along the directions
“i” and “j”, respectively.

2.2.2 Generalized forces

By defining the bending and membrane strains and with a knowledge about the sample’s stiffness matrix D,
the bending moment M and membrane force N of the shell’s elements are defined as

M =
h3

12
Dχ, N = hDγ, (9)

M = {M11 M22 M12}T , N = {N11 N22 N12}T , (10)

Since the shell is represented as a Kirchhoff-Love plate model, the shear force Q is retrieved by deriving the
equilibrium conditions of a differential element [5]. Hence,

Q = {Q1 Q2}T = {M11,1 +M12,2 M22,2 +M12,1}T , (11)

being the subscript “,1” and “,2” an indication that the term Mij is differentiatied along the directions “1”
and “2”, respectively. The terms’ components of the shear force Q are made explicit by differentiating the
bending moment M in Eq. (9):

Mii,i =
h3

12

E

1− ν2 (χii,i + νχjj,i), Mij,i =
h3

12

E

1 + ν
χij,i, for i, j = {1, 2}. (12)

In turn, the derivatives of the bending strain scalar components shown in Eq. (12) are accessible by differen-
tiating χij in Eq. (8):

χij,i =
1

2
(ai,ij + aj,ii), for i, j = {1, 2}. (13)

From the Eqs. (8, 13), it can be noted that 1st order derivatives of the term uh/2 and 2nd order derivatives of
a are required to assess all components of the SI equations [Eqs. (1, 2, 3)]. As it will be clear in Section 2.4,
the chosen approach to differentiate these data (uh/2 and a) is accomplished by considering these vectors as
local degrees of freedom (DoF) of a mesh with planar elements.

However, the aim of this work is to assess the SI on the basis of experimental data, which is usually not
represented on the basis of a local coordinate system (e1, e2, e3) (as it is the case of uh/2 and a), but rather
to a predefined Cartesian one (ex, ey, ez). Moreover, the point cloud with which the experimental data is
initially represented may not be equal in number or position with respect to the nodes of a mesh that should
contain the local DoFs. The next Sections are used to explain the following necessary steps to solve these
issues: project the experimental data to the nodes of a mesh, transform the coordinate system with which the
data is represented and data differentiation.
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2.3 Projection of experimental displacements & assessment of rotations

If the assembly of planar plates is treated as a Finite-Element mesh, the data on its nodes can store the
generalized DoFs ψ̃ and shape functions N . Therefore,

ψ̂(x) =

c∑

b=1

Nb(x) · ψ̃b, (14)

where c is the total number of nodes in an element, b is the node numbering, x represents the spatial coordi-
nates within that very element and ψ̂ is the generalized term within the element. The strategy used to project
experimental data on a mesh was through the global least-squares minimization via shape functions [7]. The
minimization problem can be formulated as

min
d∑

a=1

∣∣ψ̂(xa)−ψ(xa)
∣∣2, (15)

where ψ represents an experimental and general term and d is the total number of measurement points. By
substituting Eq.(14) into Eq.(15) and by considering the terms Ψ, Ψ̃ and Φ as assembled matrices of the
terms ψ, ψ̃ and φ, respectively; it follows that

Ψ̃ =
[[

ΦTΦ
]−1

ΦT
]
Ψ. (16)

In the current work, the experimental data that is extracted from a real sample is the displacement of an
outer-surface and which is defined here as U

h/2
exp . If the term Ψ in Eq.(16) is substituted by U

h/2
exp , one

acquires,
Ũ

h/2
=
[[

ΦTΦ
]−1

ΦT
]
Uh/2

exp, (17)

where Ũ
h/2

is a vector stored on the nodes of the mesh and which is represented in the Cartesian coordinate
system. The other 3 DoFs are the rotations related to Ã, which can be assessed by subtracting the normals
of the mesh under its deformed configuration (denoted here as ndef ) with the original normals of the mesh
in its reference configuration, i.e., e3. Therefore, the global DoFs related to the rotation Ã is assessed by

Ã = ndef − e3. (18)

2.4 Transformation of coordinate systems & spatial derivatives

After acquiring all DoFs for the nodes of the mesh, one can transform the terms Ũ
h/2

and Ã from the global
basis (ex, ey, ez) to the local one (e1, e2, e3), so the terms ũh/2 and ã are present. By deciding that triangular
elements would be the constituents of the mesh and by knowing that 2nd order derivatives are required for
the current application [Eq. (13)], at least 6-noded triangular elements with quadratic shape functions are
required. Therefore, by adding this information into Eq. (14) and by substituting ψ̃ for either ũh/2 or ã, it
follows that

ûh/2(x) =
6∑

b=1

Nb(x) · ũh/2
b , â(x) =

6∑

b=1

Nb(x) · ãb. (19)

It was also decided to analyze the local displacement, rotation and their spatial derivatives in the barycentric
coordinates of each element. By denoting that N̄ is a shape function at these specific coordinates within each
element, it holds that

uh/2 =

6∑

b=1

N̄b · ũh/2
b , a =

6∑

b=1

N̄b · ãb, (20)
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where uh/2 and a are the displacement and rotation terms at the elements’ barycenters. Since the shape
functions are quadratic, 1st and 2nd order derivatives of uh/2 and a can also be assessed by differentiating
the shape functions. Hence, the terms u

h/2
,i , a,i and a,ij can also be computed. At this point, the terms

uh/2, a, u
h/2
,i , a,i and a,ij should be available and one has all necessary terms to assess the strains [Eq. (8)],

generalized forces [Eq. (9, 11-13)] and the SI vector fields [Eqs. (1, 2, 3)] on the mesh.

3 Materials

It has been decided to perform the measurements on a circular membrane made out of silicon, whose thick-
ness and diameter were 1mm and 12cm, respectively (Figure 1). Its Young’s modulus was estimated to be
8MPa and the Poisson’s coefficient was assumed to be 0,3.

A loudspeaker was chosen to excite the membrane from one of its sides with single-sine pressure waves. To
ensure that most of the energy was being delivered to the sample, the space between the loudspeaker and
the membrane was isolated by a chamber. The device that would absorb the injected power was a long strip
of a viscous polymer. One extreme end of this damper was fixed to the center of the membrane, while the
other end was fixed near the loudspeaker. By choosing this configuration, it was possible to carefully pull
the polymer strip from inside the chamber up to the point where the membrane would show a curved-conical
shape. After manipulating the membrane’s shape with the viscous polymer and installing the loudspeaker,
a fine speckle pattern was drawn on the outer-surface of the shell, so a correlation between deformed and
undeformed configurations could be computed via the DIC technique.

The recording of the images were done by 2 high-speed cameras, which were installed in front of the mem-
brane and the DIC correlation was carried out by the Istra4D software. After preparing the set-up, the
membrane was excited with an harmonic pressure of 70 Hz by the loudspeaker and the captured images
were correlated and exported. At the end of this process, a point cloud consisting of the displacement at the
outer-surface (Uh/2

exp) and its spatial coordinates (x) were available.

Figure 1: Set-up
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4 Methods

4.1 Projection and computation of the mesh’s global degrees of freedom

After preparing the set-up described in Section 3, a densely populated point cloud containing both the dis-
placement U

h/2
exp and its corresponding spatial coordinates x are correlated from the sample’s outer-surface.

Since the information regarding the sample’s shape can be acquired from that point cloud, a quadratic mesh
that resembles the membrane’s outer-surface can be customized. As pointed out in Section 2.4, 6-noded
triangular elements were chosen to be the constituents of this mesh.

Afterwards, Eq.(17) is used to project the displacement U
h/2
exp at the nodes of the mesh, so the term Ũh/2

is made available and from which the global rotation Ã is retrieved on the basis of Eq.(18). At the end of
this process, every node of the mesh should contain 6 DoFs (3 scalar components of the global displacement
Ũh/2 and 3 of the global rotation Ã).

4.2 Transformation of coordinate systems

The components of the SI vector fields shown in Eq.(1, 2, 3) are defined on the basis a local triad of unit
vectors (e1, e2, e3). Therefore, the terms Ũh/2 and Ã, which are defined in a predefined Cartesian coordinate
system, need to be reoriented to a local basis. It has been decided that the tangent directions e1 and e2 would
point at the same direction as the principal curvatures of the mesh. These tangent directions were computed
via a multi-scale curvature estimation method [9] and e3 was defined to be the always perpendicular to the
elements’ surfaces.

After defining the local basis of unit vectors, the scalar components of the global DoFs (Ũh/2 and Ã) can be
represented by the triad (e1, e2, e3). After changing the coordinate system, the local representation from the
global DoFs are at hand, i.e., the terms ũh/2 and ã.

4.3 Data differentiation & strain estimation

Since the terms ũh/2 and ã are available, Eq.(20) can be used to compute the values related to the dis-
placements and rotations at the barycentric coordinates of the elements, i.e., the terms uh/2 and a. By
differentiating the quadratic shape functions of these very equations, the spatial derivatives from both terms
are also accessible. As shown in Eq.(8), 1st order derivatives of u and a are necessary to compute the strains
εh/2 and χ.

Moreover, it was evident from the shear force formulation in Eqs.(11, 12, 13) that 2st order derivatives of a
are also necessary. Since it was established that quadratic shape functions would be used to build the mesh,
all these terms can be assessed and the following terms should be available: uh/2, u

h/2
,i , a, a,i and a,ij . The

fields obtained by differentiating the shape functions are all present in the right-hand side of Eqs.(8, 13) and
the terms εh/2, χ and χ,i can all be assessed.

4.4 Mid-surface data, generalized forces & structural intensity assessment

The last step consists in assessing the displacement and strain of the sample’s mid-surface, i.e, the terms u
and γ. By analyzing Eqs.(4, 6), one can see that the mentioned terms are the only unknowns and that the
other terms are available at the barycentric coordinate of the mesh’s elements. Hence, by substituting the
terms uh/2, a, εh/2 and χ in Eqs.(4, 6) and by having a priori knowledge of the sample’s thickness h, the
terms u and γ can be recovered.

At this point, all necessary terms that are required to compute the generalized forces Q, M and N are at
hand, which are accessible by using Eqs.(9, 11, 12, 13). After acquiring the latter terms, one can finally
compute the SI vector fields via the Eqs.(1, 2, 3).
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5 Results

The shape and displacement measurements have been performed on the circular membrane under an exci-
tation frequency of 70 Hz. After correlating the images’ that were captured by the high-speed cameras’, a
point cloud containing both data of interest were exported from the Istra4D software. Approximately 25.000
points have been correlated during this procedure and the terms U

h/2
exp and x were exported.

Afterwards, a quadratic mesh containing 3.964 nodes and 1.906 triangular elements was developed. Its
shape overlapped with the spatial coordinates x and the experimental displacement data U

h/2
exp was projected

on that mesh by using Eq.(17). After this step, the global DoFs related to Ã was computed by using Eq.(18).
Figure 2 presents the 6 DoFs that were projected and computed on the quadratic mesh at t=0s.

Figure 2: Representation of the global 6 DoFs on the customized mesh: 3 scalar displacements components
at the sample’s outer-surface (Ũh/2) (1st row) and 3 global rotations (Ã) (2nd row) at t=0s. The scalar
components are defined in the directions ex [(a), (d)], ey [(b), (e)] and ez [(c), (f)].

Since the data has been successfully projected, one needs to define the tangent directions in which the spatial
derivatives will be carried out. As explained in the Section 4.2, the principal curvature directions of the mesh
were used for this purpose. Figure 3 presents these directions, which correspond to the local coordinates e1
[Figure 3 (a)] and e2 [Figure 3 (b)]. To complete the triad of unit orthonormal vectors, the normal coordinate
e3 was also computed and defined to be alligned with the normal direction of the shell.

Figure 3: Direction of the tangent local coordinates e1 and e2
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After defining the triad (e1, e2, e3), it was possible to transform the global DoFs Ũh/2 and Ã to their
representation in the newly defined basis and the terms ũh/2 and ã were assessed. With these latter terms
at hand, one can compute these very fields and the necessary spatial derivatives in both tangent coordinates
e1 and e2 in the elements’ barycenter [Eq.(20)]. By performing the calculations, the terms uh/2; a; u

h/2
,i ;

a,i and a,ij are made available. Since the necessary differentiations have been carried out, the strains and
related derivatives εh/2, χ and χ,i could be also computed with Eqs.(8, 13).

The remaining step consists in assessing the displacement u and membrane strain γ from the shell’s mid-
surface. As explained in Section 4.4, these terms can be estimated, since they are the only unknowns in
Eqs.(4, 6) at this point. At the end of this process, all terms that are necessary for the assessment of the SI
are available, i.e., u, a, γ, χ and χ,i. Figure 4 presents some of these terms at the direction e1 to show the
quality of the processed data [terms of Eqs.(4, 6)].

Figure 4: The first row presents the terms uh/21 (a), h
2a1 (b) and u1 (c) [terms of Eq.(4)], while the second

one, the strains εh/211 (d), h
2χ11 (e) and γ11 (f) [terms of Eq.(6)].

The last step consists on estimating the generalized forces Q, M and N by using the terms related to the
strains (γ, χ and χ,i) in combination with the sample’s material properties through Eqs.(9, 11, 12, 13). By
acquiring these remaining terms, Eqs.(1, 2, 3) are used to visualize the SI on the analyzed sample. The
processed energy transmission paths can be seen in Figure 5.

Figure 5: Estimated structural intensity of the circular membrane at 70 Hz
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6 Discussion

The approach to project experimental data on a customized FE mesh showed to be useful when differenti-
ations along the local coordinates need to be computed. This is confirmed by analyzing the quality of the
spatial derivatives shown in the second row of Figure 4. Moreover, by comparing the displacement and strain
at the outer-surface [Figures 4 (a,d)] with the ones related to the mid-surface [Figures 4 (c,f)], it can be noted
that the bending strain play a big role in the sample’s dynamic behavior.

Lastly and most importantly, the proposed method could estimated an energy transmission, which was ex-
pected from the built set-up. It can be seen in Figure 5 that the SI vector fields strongly converge to the
region where the viscous damper was installed, i.e., at the center of the circular membrane. Due to these
preliminary results, it is suggested that the method described in Section 4 is suitable to assess the SI on thin
and irregular shells.
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Abstract
Conducting full-system testing can be costly and infeasible in many structural health monitoring (SHM)
applications. In addition, many SHM methodologies require data from all likely damage scenarios in order
to produce robust classifications. Forward model-driven SHM is an approach in which validated numeri-
cal models simulate full-system outputs under different damage scenarios, which are subsequently used as
training data for machine learning methods, improving the problem of a lack of available data. Here a frame-
work is proposed in which uncertainties characterised at a sub-system level, using sub-system experimental
data, are integrated into full-system predictions. The proposed methodology for multi-level uncertainty in-
tegration seeks to propagate sub-system parameter uncertainties whilst inferring any model discrepancies
at each level. This paper demonstrates the effectiveness of multi-level uncertainty integration for forward
model-driven SHM on a numerical case study.

1 Introduction

Forward model-driven structural health monitoring (SHM) is the process by which computational models,
(referred to as simulators) are utilised in a forward manner in order to generate damage features of a real
world structure. Subsequently, the simulated damage features are used as training data for pattern recognition
or machine learning techniques and decision bounds identified [1]. These approaches are useful as they seek
to resolve problems with the lack of available damage state data common to most SHM applications. As a
result, any forward model-driven strategy should not require damage state data at a full-system level (unless
available) in order to resolve issues associated with data-driven approaches. As a consequence forward
model-driven methods must employ a strategy that provides confidence in a full-system prediction without
traditional validation at the full-system level. This provides the motivation for developing a multi-level
uncertainty integration strategy.

Multi-level uncertainty integration is a process whereby a structure is divided into levels, where at the top is
the full-system and below are potentially multiple levels of sub-systems, each with a number of simulators.
For each sub-system it is expected that damage state data can be obtained, therefore allowing the simulators
at this level to be calibrated and validated. The approach allows these sub-system models to feed into each
other up until the full-system level. The key assumption is that uncertainty quantification can be adequately
performed and understood at multiple sub-system levels and that all damage mechanisms of interest can be
understood at a sub-system level.

This paper seeks to adapt a subfunction discrepancy approach used in health economics in order to gain con-
fidence in whether to finance drug treatments [2]. The main idea is that model discrepancies, due to missing
physics, approximations or assumptions, can be captured at each sub-system simulator and validated. These
discrepancies are propagated through to the full-system level with each simulators’ parameter uncertainties
providing improved confidence in the full-system predictions and correcting simulator inadequacies.
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The outline of this paper is as follows. Section 2 outlines the general approach to multi-level uncertainty
integration and the importance of quantifying model discrepancy. A numerical case study is presented in
Section 3 demonstrating the application of the multi-level uncertainty integration strategy. Finally, Section 4
states conclusions and further work.

2 Multi-Level Uncertainty Integration Strategy

Forward model-driven SHM relies on the ability to generate validated simulators of full-systems for various
damage mechanisms of interest. A complication is that observational data for each of these damage states
are not obtainable at a full-system level. This creates a problem in validating and gaining confidence in
full-system simulators under damage, when observational data are often not available, motivating the devel-
opment of a multi-level uncertainty integration strategy for forward model-driven SHM.

A multi-level uncertainty integration strategy uses a combination of validated sub-system simulators at var-
ious levels e.g. at material, component or sub-assembly level, in order to capture behaviours of the full-
system, for which observational data cannot be obtained, with the aim of producing the required outputs
under these behaviours. In an SHM context, the desired full-system outputs are damage sensitive features
and the behaviours are generally the changes of these features under damage types of interest (although
additional environmental changes may be included). Consequently, the method divides a full-system struc-
ture into a number sub-system simulators that meet certain requirements. Firstly, there must be an output
that can be measured experimentally and used to validate the sub-system simulator for the required inputs
xsub ∈ xfull (where the superscripts sub and full indicate the sub-system and full-system levels). Sec-
ondly, it is imperative that the functional relationship contains a set of parameters θsub ∈ θfull and inputs
xsub ∈ xfull that are included in or affect the full-system simulator. Accordingly, experimental data at each
sub-system can be used to validate and make inferences about their respective simulator. Uncertainty quan-
tification for each sub-system may be employed to quantify parameter, model discrepancy and observational
uncertainties [3], leading to confidence in the sub-system simulator. These inferences can be propagated
through to the next level of the strategy. A key assumption of a multi-level uncertainty integration strategy
is that the physics controlling changes at a full-system level can be captured at multiple sub-system levels,
in addition to corrections for model discrepancies and quantification of uncertainties. Once propagated to a
full-system level, this results in a complete understanding of the full-system uncertainties and should reduce
model form errors or missing physics to a negligible level for the desired output quantity.

The approach outlined in this paper adapts a subfunction discrepancy technique [2] in order to integrate
uncertainties from sub to full-system level. The method in this paper relies on the use of each sub-system
simulator being defined as a statistical model of the form presented in Eq. (1).

z(x) = y(x) + e = η(x,θ) + δ(x) + e (1)

Where z(x) and y(x) are observational and bias corrected simulator outputs given the inputs x respectively.
The bias corrected simulator output is equal to the sum of the simulator η(x,θ) and the model discrepancy
δ(x), where θ are parameters of the simulator. The observations are assumed to be uncertain reflected in the
addition of e.

The subfunction method for the simplest case - one level, one sub-system simulator and one full-system
simulator, where all the parameters are contained within the sub-system simulator - can be defined mathe-
matically as in Eqs. (2) and (3).

ysub(x) = ηsub(x,θ) + δsub(x) (2)

zfull = yfull(x) + efull = ηfull(ysub(x),θ) + efull (3)
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In this case, by performing inferences and validating the sub-system level simulator using Eq. (2), confidence
can be made in the outputs of the full-system model under the input x. It is assumed in this example that
model discrepancy is found only at the sub-system level. This means that the model discrepancy at a full-
system is only dependent on that of the sub-system. It is noted that it is possible to add model discrepancy at
a full-system level (Eq. (3)); this maybe useful for correcting non-input dependant model form errors.

Model discrepancy - the mismatch between simulator and observational data - can be formulated as several
options. In Eq. (1) the model discrepancy is described as having a functional form, implying that the sim-
ulator does not include all physics and may have assumptions or approximations that affect the functional
output. Considering a model discrepancy of this form is important for robust statistical inferences to be made
[4]. In this paper a Gaussian Process (GP) regression model is utilised for inferring the functional form of
the model discrepancy. GPs provide a Bayesian framework for inferring the functional mapping between
inputs and outputs via a non-parametric formulation. Here a GP is used in order to map the simulator and
observational data residuals. Accordingly, it is assumed that the residuals for different inputs are modelled
as jointly Gaussian distribution. In order to preserve conciseness of this paper, the reader is referred to [5, 6]
for more information on GPs.

3 Case Study

A numerical case study is presented as a demonstration of the multi-level uncertainty integration strategy
from Section 2. The full-system is a linear four degree of freedom shear structure where each of the four
masses is supported by a bolted beam Fig. 1a. The objective is to calculate the distributions of the four natural
frequencies ωn = {ω1, ω2, ω3, ω4}, as two damage types are introduced to the structure - an open crack of
length lcr at the midpoint of any of the four beams, and a reduction in the non-dimensionalised clamping
force f , at any of the four bolted joints. For simplicity both damage types are assumed to only affect the
stiffness K of the full-system and in a quasi-static manner where K = (Kb×Kj)/(Kb +Kj). Accordingly,
the functional mapping of the full-system is defined as Xfull → yfull where yfull = ωn, Xfull = {lcr,f}
and the mapping depends on parameters θfull. In addition, parameter distributions in this case study are
fixed for both simulator and ‘true’ behaviours, stated in Table 1 (meaning that calibration is not pursued).
The parameter distributions have been chosen so that a range of distributions are represented. Throughout
the case study uncertainty propagation is performed via a Monte-Carlo approach using 500 draws from the
parameter distributions in simulated cases. For experimental tests 50 repeats are performed, each repeat is
an independent draw for the parameter distributions.

The first stage of a multi-level uncertainty integration strategy is to divide the full-system into corresponding
sub-systems, for which there must be measurable outputs and either parameters or outputs that affect the
full-system. This study divides the four degree of freedom shear structure by one level at which there are
two sub-systems - the beam and bolted joint - presented in Fig. 1. The reason for this is that static deflection
tests can be performed for an increase in damage in each sub-system, and subsequently, stiffness values
can be determined from the experimental tests. Additionally, both sub-systems inform of the full-system
response as each can be used to quantify the stiffness reduction under their respective damage type. The sub-
systems can be defined as follows. For the beam sub-system (simulator one, level one): ηsub1,1 : xsub

1,1 → ysub1,1

where xsub
1,1 = lcr, and ysub1,1 = Kb the beam tip stiffness. For the joint sub-system (simulator two, level

one): ηsub2,1 : xsub
2,1 → ysub2,1 where xsub

2,1 = f , and ysub2,1 = Kj the joint stiffness. A full-system simulator
is then formed as ηfull : xfull → yfull for the inputs Xfull = {ncr,nf ,y

sub
1,1 (xsub

1,1 ),ysub2,1 (xsub
2,1 )} and

outputs yfull = ωn. The following subsections describe how each system is constructed with details on the
simulator and numerical experimental data.
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Figure 1: Schematics of the four degree of freedom shear structure; where (a) is the ‘true’ full-system with
beams bolted to the underside of each plate, (b) is the full-system simulator where M is the mass of the
blocks and K is the stiffness (a combination of the bolt and beam stiffness in series), (c) is the bolted joint
sub-system for a reduction in the non-dimensionalised clamping force f , and (d) is the cantilever beam
sub-system with a crack of length lcr.

3.1 Beam Sub-system

The four stiffness values K from the full-system are affected by the tip stiffness of a cantilever beam Kb. In
this case study any of the four beams can be damaged by a midpoint crack xcr, of increasing crack length lcr,
as depicted in Fig. 1d. In order to illustrate the fact that ‘All models are wrong but some are useful’ [7] - due
to missing physics and/or approximations - the ‘true’ behaviour and the simulator are derived from different
numerical models in the literature. The ‘true’ behaviour for the change in stiffness from an open crack is

Parameter Value System ‘True’ Simulator
Beam length lb 175mm sub1,1, full
Beam width wb 25mm sub1,1, full
Beam thickness tb 5mm sub1,1, full
Plate length lp 300mm full
Plate width wp 250mm full
Plate thickness tp 25mm full
Elastic Modulus E N

(
71, 0.52

)
GPa sub1,1, full

Density ρ N
(
2700, 1002

)
kg/m3 full

Beam length crack location xcr 87.5mm sub1,1
Crack model parameter α 0.667 sub1,1
Initial joint stiffness Kji Wei (50005, 100)N/m sub1,2, full
Rate of joint stiffness change κ U (4.9, 5.1) sub1,2
Joint stiffness magnitude at f = 1 p U (1.99, 2.01) sub1,2
Linear joint model gradient β U (−1.72,−1.68) sub1,2

Table 1: Parameters of the four degree of freedom shear structure. The ‘true’ and simulator columns refer to
which numerical models the parameters are used in.
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formulated using the numerical model defined by Christides and Barr [8] in Eq. (4). A bilinear stiffness
model, by Sinha et al [9], forms the simulator, presented in Eq. (5). Both stiffness models are solved using
the Euler-Bernoulli bending beam equation in Eq. (6) via numerical integration, where the beam stiffness
is calculated via Kb = −F/ytip (ytip1 is the tip deflection). This means that both the ‘true’ behaviour and
simulator for the beam sub-system map lcr →Kb. The simulator for this sub-system is the first simulator at
level one - denoted ηsub1,1 .

EI(x) =
EI0

1 + C exp(−2α|x− xcr|/tb)
(4)

EI(x) =





EI0 if x ≤ xcr,1 or x ≥ xcr,2
EI0 − E(I0 − Ic) x−xcr,1

xcr−xcr,1
if xcr,1 ≤ x ≤ xcr

EI0 − E(I0 − Ic) xcr,2−x
xcr,2−xcr

if xcr ≤ x ≤ xcr,2
(5)

∂2y

∂x2
= −M(x)

EI(x)
(6)

Where E is the elastic modulus, x is the distance along the length of the beam and M the bending moment.
The second moment of areas I0 = (wbt

3
b)/12 and I0 = wb(tb − lcr)3/12 contribute to the constant C =

(I0−Ic)/Ic, wherewt and tb are the beam width and thickness respectively. The parameter α is set according
to experimental work performed by Christides and Barr [8]. In the bilinear model positions beside the crack
are calculated by xcr,1 = xcr−leff and xcr,2 = xcr+leff where the effective length of the stiffness reduction
of the crack is leff = 1.5tb, as defined by Sinha et al. [9].

The experiment for this sub-system is a static deflection test, due to the quasi-static assumptions in Eqs. (4)
and (5). The beam was forced from F = {100, 150, ..., 500}N for each crack length lc = {0, 0.1, ..., 0.9}×
tbmm and the tip deflection ytip measured (numerically using Eqs. (4) and (6)) with observational uncer-
tainty distributed N

(
0, 12

)
mm (= esub1,1 ). The experimental beam stiffness at the tip, was subsequently

estimated via the gradient from least squares linear regression between the force and tip deflection.

The statistical equation in the form of Eq. (1) can be formulated as in Eq. (7).

zsub1,1 (xsub
1,1 ) = ηsub1,1 (xsub

1,1 ,θ
sub
1,1 ) + δsub1,1 (xsub

1,1 ) + esub1,1 (7)

Where zsub1,1 (xsub
1,1 ) = Kexp

b (lcr) (the experimental beam tip stiffness), xsub
1,1 = lcr. The bilinear numerical

model forms the simulator ηsub1,1 (xsub
1,1 ,θ

sub
1,1 ), where θsub1,1 = {lb, wb, tb, E, xcr} and the output is ysub1,1 (xsub

1,1 ) =

Kb(lcr). Both the observational uncertainty esub1,1 and model discrepancy δsub1,1 (xsub
1,1 ) are assumed unknown.

Consequently, a GP regression model is utilised to infer both the model discrepancy and observational noise,
regressing from crack lengths lcr to the residual stiffness ∆Kb = Kexp

b −Kmode
b where mode indicates

the simulator output at the modal values of the parameter distributions. Initially a leave-one-out validation
process was used, where the 50 samples for each crack length were omitted periodically in training. However
very little changes in the functional form were witnessed, leading to the full experimental data set being used
in training. The bias corrected beam tip stiffness is compared to the simulator output and the experimental
results in Fig. 2. This demonstrates the ability of a GP regression model to capture the functional form of the
discrepancy whilst estimating a homoscedastic observational uncertainty (the results may be improved with
a hetroscedastic observational uncertainty model in the GP regression model [10], this is left as an area for
further research). The normalised mean squared error (NMSE) between the bias corrected and experimental
data means are 0.097. showing good agreement.

1The notation y here indicates the deflection and not an output.
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Figure 2: Comparison bias corrected (BC), experimental (exp) and simulator (sim) beam tip stiffnessKb for
different crack lengths lcr.

3.2 Bolted Joint Sub-system

The bolted joint stiffness Kj at any of the four locations in the full-system can be damaged via a reduction
in the clamping force, parametrised by a non-dimensional clamping force f , presented in Fig. 1c. The ‘true’
behaviour and simulator output of Kj , for a reduction in f , are modelled numerically as shown in Eqs. (8)
and (9) respectively; where Eq. (8) is a quasi-static bolt loosening model defined by Todd et al. [11, 12] and
Eq. (9) is a linear fit of that numerical model. Consequently, the bolted joint sub-system maps f →Kj . The
simulator for this sub-system is the second simulator at level one - denoted ηsub1,2 .

Kj(f) = Kji × tanh (κ(1− f))

(
p+ (1− p) tanh

(
κ

f

1− f

))
(8)

Kj(f) = Kji × (βf + p) (9)

Where Kij is the initial stiffness of the bolted joint, κ adjusts the rate of stiffness change, p adjusts the
stiffness function magnitude at f = 1 and β is the gradient of the linear model. It is noted that the stiffness
function is maximum at f = 1 and minimum and f = 0 to correspond with a reduction in force, meaning
that the outputs for f are reversed.

The experiment for this sub-system is also static deflection test, due to the quasi-static assumptions in Eqs. (8)
and (9). The beam was forced from F = {100, 150, ..., 500}N for each reduction in non-dimensionalised
clamping force f = {1, 0.9, ..., 0.1} and the tip deflection measured (using Hooke’s law F = −Kjy)
with observational uncertainty distributed N

(
0, 12

)
mm (= esub2,1 ). Again the experimental joint stiffness is

estimated from the gradient of a least squares linear regression model.

The statistical equation in the form of Eq. (1) can be formulated as in Eq. (10).

zsub2,1 (xsub
2,1 ) = ηsub2,1 (xsub

2,1 ,θ
sub
2,1 ) + δsub2,1 (xsub

2,1 ) + esub2,1 (10)

Where zsub2,1 (xsub
2,1 ) = Kexp

j (f) (the experimental joint stiffness), xsub
2,1 = f . The simulator ηsub2,1(xsub

2,1 ,θ
sub
2,1 ),

is linear numerical model (Eq. (8)) where θsub2,1 = {p, β,Kji} and the output is ysub2,1 (xsub
2,1 ) = Kj(f). Us-

ing a GP regression model, both the observational uncertainty esub2,1 and model discrepancy δsub2,1 (xsub
2,1 ) are

3686 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 3: Comparison of bias corrected (BC), experimental (exp) and simulator (sim) joint stiffness Kj for
a reduction in non-dimensionalised clamping force f - it is noted that the axis is reversed as [11, 12].

inferred in the same manner to the beam sub-system, regressing between f and ∆Kj = Kexp
j −Kmode

j .
Similarly to the beam sub-system an initial leave-one-out validation process was employed, and due to rela-
tively small changes in the functional form the full experimental data set was used in training. Fig. 3 shows
a comparison for the bias corrected, simulator and experimental joint stiffness for a reduction in clamping
force. As with the beam-subsystem, the bias corrected joint stiffness captures the functional form of the
model discrepancy, which is not captured by the simulator. Homoscedastic assumptions in the GP regression
model again mean that a homoscedastic observational uncertainty is inferred. The NMSE between the bias
corrected and experimental data means are 0.001 showing excellent agreement.

3.3 Full-System Integration

The full-system is an undamped linear spring-mass system (Fig. 1b) where the spring stiffnesses K, are
composed of the beam tip stiffness and bolt stiffness in series K = (Kb ×Kj)/(Kb +Kj). The four degree
of freedom system can be solved via an eigenvalue problem for the natural frequencies of the system. For this
case study the ‘true’ and simulator numerical models are equivalent with the only difference being the input
values for the beam tip and joint stiffnesses under damage. This means that there is no model discrepancy
at the full-system level resulting in Eq. (11); due to the assumption that all the model discrepancy due to
damage can be captured at a sub-system level. The percentage difference of natural frequency ∆ωn is used
as a damage feature in this case study, as it is a more damage sensitive feature compared to natural frequency
[13].

zfull(Xfull) = ηfull(Xfull,θfull) + efull (11)

Where zfull(Xfull) = ∆ωn(Xfull), the percentage differences of the experimental four natural frequencies
under damage. There are several inputs to the full-systemXfull = {ncr,nf ,y

sub
1,1 (xsub

1,1 ),ysub2,1 (xsub
2,1 )}where

ncr and nf indicate the floor in which the damage occurs, for the crack and loosened bolt respectively. As
ncr and nf are only position inputs for this simple system it is assumed there no input dependent model
discrepancy term is required. The other inputs are ysub1,1 (xsub

1,1 ) = Kb(lcr), - the beam tip stiffness under a
midpoint crack - ysub2,1 (xsub

2,1 ) = Kj(f), - the joint stiffness from a reduction in clamping force (dependent
on their sub-system model discrepancy). The full-system simulator ηfull(Xfull,θfull) also depends on the
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(a) (b)

Figure 4: Bias corrected outputs - the percentage difference of the four natural frequencies ∆ωn - for damage
at different floors of the full-system ncr = nf = {1, 2, 3, 4} (red, blue, green, purple); where (a) is an
increase in crack length at the midpoint lcr and (b) is a reduction in the non-dimensionalised clamping force
f . For (b) it is noted that the x-axis is reversed as [11, 12].

parameter set θfull = {lb, wb, tb, lp, wp, tp, E, ρ,Kij}. The numerical nature of this case study allows the
comparison of both ‘true’ and simulator outputs, ∆ωn, under these damage types.

500 Monte Carlo realisations, drawn from the outputs of level one and the full system parameters, were
generated in order to compare the bias corrected, simulator and ‘true’ full-system outputs. Figure 4 presents
the bias corrected ∆ωn under increasing crack length and for a reduction in clamping force. As expected,
the increase in crack length has a greater effect on the natural frequencies of the system compared to a
reduction in clamping force (reflected in the stiffness reductions in Figs. 2 and 3). The first natural frequency
is the most affected by an increase in crack length, with a comparable reductions in the first, second and
third natural frequencies for a reduction in clamping force. Figure 5 demonstrates an example comparison
of the output distributions for ∆ω1, where both damage types are located at the first floor and the only
damage type is an increase in crack length. A visual comparison shows that for the first four damage states
lcr = {0, 0.1, 0.2, 0.4} × tb, the distributions are very similar, after which the simulator fails to capture the
correct distribution forms, whereas the bias corrected simulator maintains a good fit.

Hypothesis testing using the Kolmogorov-Smirnoff two sample test were performed at each damage sce-
nario, for each natural frequency, totalling to 6400 combinations. A significance level, the upper bound of
the probability of type 1 errors, was αH = 0.01. The percentage of null hypotheses H0, that were not re-
jected, for both the bias corrected and simulator outputs at a full-system level, when compared to the ‘true’
outputs, were 97.4% and 30.7%. This demonstrates that the proposed uncertainty integration strategy out-
performs an approach that does not consider model discrepancy, providing a significant improvement. In
order to illustrate this further Fig. 6 presents a comparison between the uncertainty integration strategy and
the original simulator for the first natural frequency; this was the worst performance of the uncertainty inte-
gration strategy. It can be seen that the performance of the uncertainty integration strategy is the same for all
locations at 90% (in other natural frequencies there are differences at different locations). The original simu-
lator however, performs best when damage is located at the highest floors, at 57%. This is because as damage
is located at a lower floor it will have a greater affect on the first natural frequency of the system (as it is the
first bending mode). Damage due to a crack located at the lower floors also affects the first natural frequency
more than damage at the joint. This is expected from Figs. 2 and 3; both indicate the original simulator fails
to capture the stiffness reduction for a crack to a greater extent than the due to a loosened bolt. The NMSEs
for all 6400 combinations for both the original simulator and uncertainty integration strategy were 104 and
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Figure 5: A comparison of ∆ω1 for increasing crack lengths at the midpoint of floor one; original simulator
(green), uncertainty integration strategy (blue) and ‘true’ (red) outputs. It is noted that the axis limits are
different for lcr = {0.8, 0.9} × tb due to the large decrease in natural frequency.

0.005 respectively. This highlights the inability to capture the mean trend in the original simulator and the
excellent agreement in the mean outputs for the uncertainty integration strategy and ‘true’ full-system.

In order to analyse these results further Fig. 7, a comparison of hypothesis test outcomes from all combi-
nations of damage located at floor one, for the first natural frequency, are presented. This is chosen as the
original simulator performs worse at this location, aiding the diagnoses of the difference in performance.
The null hypothesis is rejected for all clamping force reductions when the crack length is at 90% of the beam
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Figure 6: The percentage of null hypotheses H0, that are not rejected for the first natural frequency; where
(a) is the uncertainty integration strategy and (b) the original simulator.

(a) (b)

Figure 7: Kolmogorov-Smirnoff two sample hypothesis test results for the first natural frequency where both
damage types are located at floor one; where (a) is the uncertainty integration strategy and (b) the original
simulator.

thickness, for the uncertainty integration strategy. This indicates that the beam tip stiffness for this crack
length has not accurately been captured, and should be an area of model improvement at the sub-system
level. On the other hand, the original simulator fails to capture the majority of damage scenarios. It performs
best when the crack length is small (under 30% of the beam thickness) and when the reduction in clamping
force results in the linear model overlapping the hyperbolic tangent model (Fig. 3). Consequently, the failure
to adequately capture the model form at a sub-system level will result in poor full-system performance and
as all physics can never be fully captured in any model, a mechanism for quantifying the functional form and
uncertainty due to model discrepancy is paramount.

To illustrate reasons for the results in Fig. 7, Fig. 5 presents a comparison of the output distributions from
the ‘true’, original simulator and uncertainty integration strategy. The distributions are of ∆ω1 when both
damage types are located at floor one, where f = 1, and crack length is increased. Figure 5 shows that for
lcr = 0, 0.1, 0.2, 0.3× tb all three distributions are overlaid with little difference in the probability mass. As
the crack length increases further, a shift in the output mean of the original simulator occurs in Fig. 7, leading
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Figure 8: A comparison of the histograms and witness function of ∆ω1 for lcr = 0.9× tb at floor one. UIS
is the uncertainty integration strategy histogram and witness the witness function.

to a rejection in the null hypothesis. The uncertainty integration strategy provides a good fit with the ‘true’
full-system until lcr = 0.9 × tb, where the true system has a greater variance - the percentage difference
of the mean and variance at this damage extent are 0.01% and 4.69%. These differences are highlighted in
Fig. 8, where the witness function, the difference between two kernel mappings of the samples [14, 15], is
presented. The witness function was generated using a Gaussian kernel where the scale parameter σ, was set
using a median heuristic. The witness function provides a visual illustration the offset in mean and smaller
variance.

4 Conclusion

A multi-level uncertainty integration strategy based on a subfunction discrepancy approach has been demon-
strated. The strategy seeks to divide a structure into different levels and sub-systems where validation of
damage mechanisms is achievable. At each of these sub-systems model discrepancies are inferred in order
to improve the predictive capability of the simulator. Finally, the sub-system model discrepancies and pa-
rameter uncertainties are propagated through to the full-system level providing confidence in predictions at
a full-system level.

A numerical case study has been presented demonstrating the technique on a simple four degree of freedom
shear structure. The objective of this study was to predict damage sensitive features - percentage differences
of natural frequencies - when two types of damage were introduced to the structure, namely a midpoint
crack of increasing length and a reduction in clamping force at the joint, for various positions in the struc-
ture. The full-system was divided into one level where there were two sub-systems, a beam sub-system and
joint sub-system. At each of these sub-systems experimental data was generated from the ‘true’ process
with the addition of observational uncertainty, and model discrepancies inferred between simulator outputs
and the experimental data. The uncertainties and model discrepancies were propagated to the full-system
level where, due to the numerical nature of the case study, a comparison was made with the ‘true’ outputs.
Hypothesis testing was performed on the output distributions for the 6400 combinations of inputs. This
demonstrated that the multi-level uncertainty strategy had improved the predictive performance from 30.7%
to 97.4% of not rejecting the null hypotheses. In terms of mean predictions the strategy improved NMSEs
from 104 to 0.005. The enhanced predictive capability clearly indicates the benefits of this approach for the
case study.
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Further research should be conducted into applying the methodology to a real world case study and for differ-
ent types of simulator and model fidelities. The approach should also be applied with different divisions of a
structure in order to quantify the differences in outputs due to the initial set up of the technique. Additionally,
demonstration of the process with calibration included is left as further work. Finally, the inclusion of het-
roscedastic Gaussian processes to better capture the model discrepancies from hetroscedastic experimental
data should be pursued.
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Abstract
The problem of fault detection in railway vehicle suspension systems via random vibration signals under
varying operating conditions, presently payload, is considered. The focus is on exploring the performance
limits for small, incipient, faults, while maintaining low false alarm rates despite significant variations in the
payload. The study is based on a recently introduced Functional Model (FM) method for robust fault de-
tection and Monte Carlo simulations. Comparisons with an alternative state-of-the-art Principal Component
Analysis based method are also made. The results indicate that the FM method, based on just two car body
sensors and a narrow (0-40 Hz) frequency bandwidth, achieves very high to excellent detection performance
for primary and certain secondary suspension faults, yet inadequate for certain small magnitude (5% to 20%
reduction in suspension element properties) faults in the secondary suspension. The detection performance
is significantly degraded when the PCA based method is employed.

1 Introduction

Railway vehicle safety is of paramount importance, with subsystems such as the suspension, wheels, and
rail being of critical importance. This has led to significant research efforts over the past several years [1]-
[13]. A significant part of work has focused on vibration based methods [10]-[13] which are attractive due
to a number of advantages, including the wide availability of sensors and related equipment and their global
nature; the latter referring to the capability of the methods to detect faults that are relatively ‘remote’ to
the sensor location [14]. This characteristic is particularly important as it implies that fault detection on a
vehicle may be potentially based on a low number of vibration sensors; a highly desirable feature leading to
monitoring / diagnosis system simplicity and low installation and maintenance costs.

Vibration based fault detection in railway vehicle suspension has been considered via various methods within
two main categories: Model-based and the data-based [2]. Methods of the first category utilize physics-based
models and are mainly employed when the relationship between the excitation and response signals, obtained
from the vehicle, is known, with detection often achieved via evaluation and monitoring of a sensitive to fault
residual sequence [3]. ‘Typical’ methods within this category employ the Kalman Filter (KF) [4] - within a
linear framework - or the Extended Kalman Filter (EKF) [5] - within a nonlinear framework. The obtained
results indicate high effective, although in practice building highly accurate physics-based suspension models
may be difficult and certain parameters may be unavailable. Furthermore, the accuracy of such methods may
depend on various additional factors, including state vector initialization and EKF convergence [10].

Data-based methods are also useful, as no physic based models are required. These utilize random vibration
response signals acquired on the vehicle, with the basic principle being that any fault will affect the vehicle
dynamics and this may be detected on the measured response signals. The key thus is on the proper analysis
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of the measured signals and the extraction and monitoring of signal ‘features’ that are sensitive to faults [2].
This processing may include time-domain (such as Principal Component Analysis, PCA, Canonical Variate
Analysis, CVA) [6]), frequency-domain [7], time-frequency [8] or correlation analysis (cross correlation of
two signals at different locations on the vehicle) [9].

Methods from both categories have been developed and tested via simulations with faults corresponding to
20% or higher reduction in the properties (such as stiffness or damping) of selected suspension elements
mainly without considering uncertainty factors, such as a varying payload.

Yet, from a practical viewpoint, the introduction of an effective monitoring / diagnosis system is subject
to two main requirements: (a) high detection performance for small, incipient, faults, and (b) robustness
to varying operating conditions. The latter are due to a number of factors, including payload (number of
carried passengers or luggage), travel speed, rail quality and so on. Meeting these requirements is a major
challenge, especially as the two seem contradictory because increasing the detection sensitivity generally
leads to reduced robustness. Essentially, this means that the monitoring / diagnosis system design has to be
based on a proper trade off between a high ‘detection rate’ and a low ‘false alarm rate’.

Although these issues have not yet been seriously dealt with within the context of fault detection for rail-
way suspension systems, it is important to mention that the issue of robustness to varying operating and
environmental conditions has received significant attention within the broader context of Structural Health
Monitoring (SHM). The available methods may be classified in a number of categories. In a first category,
the effects of varying conditions on the healthy dynamics may be explicitly modeled, and thus accounted for
when fault detection is performed [15]; yet this presumes that the varying operating and environmental con-
ditions are measurable. In a second category, the effects of varying operating and environmental conditions
on the healthy dynamics are fully modeled using proper stochastic representations, such as Random Coef-
ficient (RC) stochastic models [16] or Multiple Model (MM) representations [17, 18], so that discrepancies
from these may be associated with the presence of fault or damage [17, 19]; this presumes the availability
of a high number of signals/experiments for proper model construction. In a third category, the effects of
varying operating and environmental conditions on the healthy dynamics are attempted to be removed using
techniques such as Principal Component Analysis (PCA) on proper feature spaces, thus resulting in a ‘re-
duced’ representations of the part of the healthy dynamics which are not significantly affected by the varying
conditions, but may be affected by the presence of faults [20]; this risks reducing the fault detection perfor-
mance, while a high number of signals/experiments for constructing the ‘reduced’ representation is typically
required.

The goal of the present study is the exploration of the potential for simultaneous satisfaction of the two main
requirements via an innovative Functional Model (FM) based method recently introduced by the authors and
co-workers [21]. More specifically the paper aims at exploring, through the FM based method, the following
objectives:

(a) Potential achievement of high detection rate for small, incipient, faults.

(b) Potential achievement of low false alarm rate despite significant changes in the vehicle operating
conditions, presently varying payload (number of carried passengers or luggage).

(c) Potential achievement of the above with a minimal number of sensors (only two are considered) and
a very limited measurement bandwidth (0 − 40 Hz). The importance of the first constraint is obvious,
while that of the second relates to practical operation of the monitoring / diagnosis system under normal
operating conditions with the excitation being provided by the rail within a limited frequency bandwidth.

The study is based on the conjecture that the Functional Model (FM) method for robust fault detection is
in a position to potentially meet the above objectives as it is, by construction, capable of distinguishing the
effects of varying operating conditions from those of faults, while operating with a low number of sensors,
and achieving high detection sensitivity. This is due to the fact that high quality, data based, parametric
stochastic models describing only the partial dynamics (hence operating with a low number of sensors) are
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used, with the model parameters selected as the fault sensitive features; these are indeed known to have high
sensitivity to incipient faults [22, 23].

The Functional Model based method for robust fault detection belongs to the wider family of FM based
methods, introduced over the past several years mainly for fault/damage localization and magnitude estima-
tion; the reader is referred to [14, 24, 25] and references therein. Its formulation for robust fault detection
is nevertheless new, as it was first presented in [21] in a context similar to that of the present paper, with
certain preliminary (demonstration) results presented, and subsequently on a damage detection problem for
a composite beam in [26]. The present study constitutes a follow up of [21], going into more depth on the
method and its interpretation, as well as on the particular application problem on which further issues and
fault scenarios are considered, and the performance limits are explicitly explored. In addition, an interesting
comparison with a PCA based method is presently made.

The rest of the paper is organized as follows: The railway suspension robust fault detection problem, along
with the model, the faults and the experiments, are presented in Section 2. The Functional Model based
method for robust fault detection is presented in Section 3, and the fault detection results, along with the
comparison with the PCA based method, are presented in Section 4. Concluding remarks are finally summa-
rized in Section 5.

2 The railway suspension robust fault detection problem

2.1 The railway vehicle suspension model

The railway suspension model employed is depicted in Figure 1. It consists of the car body, two bogie
frames, four wheelsets, and the primary and secondary suspensions. It is a 9 degrees-of-freedom model that
includes the following variables: bounce z, pitch φ, and roll θ for the car body and the two bogies (leading
and trailing) describing the vertical dynamic behavior of the vehicle. The car body is connected to the two
bogies, located at its front and rear ends, through secondary suspensions, while each bogie is connected to
two wheelsets (modeled as massless point followers) through primary suspensions. The car and the bogies
are modeled as rigid bodies. The primary and secondary suspensions are modeled by linear springs and
viscous dampers with stiffness and damping constants Kp, Cp (primary suspension) and Ks, Cs (secondary
suspension).

The vehicle is assumed to travel on a straight track at constant speed, with symmetrical loading of the two
rails, and no wheel lift. Displacements in the lateral direction are assumed negligible. The model is excited
by the track irregularity, which acts on subsequent wheelsets with specific time delays related to the vehicle
traveling speed (further details in [21]). Vertical vibration acceleration responses are measured at points Y 1
and Y 2 (blue solid circles in Figure 1).

2.2 The faults and the variable operating conditions

Four fault scenarios are considered for the suspension elements shown in red in Figure 1:

◦ The first fault scenario corresponds to stiffness reduction (of various values) in the primary suspension’s
stiffness (right rail, first wheelset; Kp1).

◦ The second fault scenario corresponds to stiffness reduction (of various values) in the secondary sus-
pension’s leading airspring Ksl (right rail).

◦ The third fault scenario corresponds to damping reduction (of various values) in the primary suspen-
sion’s damping coefficient (right rail, first wheelset; Cp1).
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Figure 1: The railway vehicle suspension model employed. The blue solid circles represent accelerometer
positions, while the suspension elements subject to fault are indicated in red.

◦ The fourth fault scenario corresponds to damping reduction (of various values) in the secondary sus-
pension’s leading airspring Csl (right rail).

The first two scenarios physically correspond to coil spring softening due to wear and/or aging of the coils and
to loss of air (softening) from the secondary air chamber (airsping) due to a malfunction or due to changes
in the environmental temperature that may lead to airspring softening or stiffening (air expansion at high
temperatures). The last two, corresponding to damping characteristics, are related to damper degradation
because of oil leakage due to wear on their seals or loosening of their mounting on the vehicle.

Faults within each scenario are designated as F e,p1λ , F e,slλ , F d,p1λ , and F d,slλ , respectively. In all cases λ
designates fault magnitude (reduction percentage from the nominal value), with the magnitudes considered
being λ = [5, 10, 20, 30]%. It is noted that the first two magnitudes are quite small compared to those used
in the literature, with the objective being the exploration of their detectability under varying payload. A
summary of the fault scenarios is provided in Table 1.

As already mentioned, the variable operating condition refers to the payload, that is car body mass increase,
due to passengers and/or luggage. Values of k ∈ [0, 10]%, corresponding to [0 − 3 280.4] kg, are presently
considered. Payload increase is assumed to be non-measurable under normal operation, that is when the
diagnostic system is functioning (inspection phase). Yet, it is assumed that controlled experiments with
measurable payloads may be performed once, during the method’s baseline (training) phase.

2.3 The Monte Carlo experiments and the vibration signals

Vertical vibration acceleration responses are obtained at points Y 1 and Y 2 (Figure 1) using track irregularity
displacement presently approximated by zero-mean Gaussian white noise. The employed travel speed is 70
km/h.
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Fault Mode Description
F e,p1λ Primary suspension, first wheelset, right rail coil spring stiffness reduction
F e,slλ Secondary suspension, leading bogie, right rail airspring stiffness reduction
F d,p1λ Primary suspension, first wheelset, right rail damping coefficient reduction
F d,slλ Secondary suspension, leading bogie, right rail damping coefficient reduction

Table 1: The considered fault scenarios (λ designates the fault magnitude, that is percentage of the reduction).

Simulation is based on MATLAB’s lsim function at a high initial sample rate of f inits =3 200 Hz, sub-
sequent low-pass filtering to 40 Hz through a Chebyshev II digital filter of order 12 and re-sampling at
fs = 80 Hz. The final signals have frequency bandwidth in the 0 − 40 Hz range; also see Table 2. Prior
to processing, each signal is sample mean corrected and normalized to unit sample variance (division by its
own sample standard deviation).

Monte Carlo simulation experiments are performed with the healthy system under 11 operating conditions
(payload increase k ∈ [0, 10]% with a step of 1%) in the baseline (training) phase of the method. Also,
with the healthy and faulty system under each fault scenario and magnitude (λ = [5, 10, 20, 30]% reduction)
and 21 operating conditions (payload increase k ∈ [0, 10]% with a step of 0.5%) in the normal operation
(inspection) phase of the method; notice that 10 of these conditions are not included in the baseline phase.
Further details and the total number of experiments performed in each phase are provided in Table 2. As is
evident, fault detection performance is to be based on thousands of experiments (test cases) in the inspection
phase of the method.

Baseline (learning) phase
Healthy 1 experiment per payload Total no. of experiments
System Payload increase k ∈ [0, 10]% with a step of 1% 11

Inspection (diagnosis) phase
Healthy 50 experiments per payload Total no. of experiments

System (H) Payload increase k ∈ [0, 10]% with a step of 0.5% 1 050
Faulty 50 experiments per payload under each λ Total no. of experiments per fault
System Fault magnitude: λ = 5, 10, 20, 30% scenario: 4 200

(F i,p1λ , F i,slλ ) Payload increase k ∈ [0, 10]% with a step of 0.5% (1 050 experiments per λ)
Signal bandwidth 0− 40 Hz; sampling frequency fs = 80 Hz; signal length N = 8 000 samples (112 s)

Table 2: Details on the Monte Carlo experiments (baseline and inspection phases).

2.4 Effects of the faults and the variable operating conditions on the estimated
dynamics

As vibration based methods rely on detecting the effects of faults on the considered dynamics, these are of
obvious importance on potential fault detectability. In the present case, due to the impracticality of measuring
the track irregularity, the dynamics considered are limited to the Transmittance Function (TF) [18] between
points Y 1 and Y 2, that is the relationship between the vibration signals at the two measurement points
(Y 2 taken as input and Y 1 as output; see Figure 1). Indicative Transmittance Function non-parametric
estimates1, are presented in Figure 2 for ‘small’ (λ = 5%) and ‘large’ magnitude (λ = 30%) faults, under
varying operating conditions (k = 0− 10% payload increase) for each case.

The results indicate that the effects of the ‘small’ magnitude faults on the dynamics are rather limited, but
more pronounced for their ‘large’ magnitude counterparts, for instance in the [4-7] Hz and [21-24] Hz
ranges. Based on these observations the detection of ‘small’ faults is expected particularly challenging.

1Obtained by the Welch method [27, pp. 186-187]; Hamming windowing, segment length of 1 024 samples, 95% overlap,
frequency resolution δf = 0.07Hz, MATLAB function tfestimate.m.
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Figure 2: Effects of ‘small’ (λ = 5%) and ‘large’ magnitude (λ = 30%) fault on the dynamics: Trans-
mittance Function magnitude (points Y 2, Y 1) for healthy and faulty dynamics under varying operating
conditions: (a) Primary stiffness Kp1 fault (λ = 5%), (b) secondary damping Csl fault (λ = 5%), (c) Pri-
mary stiffness Kp1 fault (λ = 30%), (d) secondary damping Csl fault (λ = 30%). (10 excitation-response
pair signals per payload for payload values k = 0− 10% with a step of 0.5%; 210 curves per system health
state.)

3 The stochastic Functional Model based method for robust fault de-
tection

3.1 The concept

As already mentioned, since the rail induced excitations are not practically measurable, the method is solely
based on random vibration acceleration response signals; presently just the responses at points Y 1 and Y 2
are considered in order to satisfy the objective of a low number of sensors. Of course, this severely limits the
dynamics on which the method is to operate, rendering the problem more challenging2.

The method’s main idea is based on representing the considered (partial) dynamics under any operating con-
dition in a proper ‘feature’ space, within which the healthy system state should, under all possible operating
conditions (payloads), be represented via a certain subspace, referred to as the ‘healthy subspace’. Para-
metric representations of the dynamics, in the form of stochastic data-based AutoRegressive models with
eXogenous (ARX) are selected, with the ‘features’ chosen to be the model’s AR/X parameters; this selection
being motivated by their high sensitivity to faults. The ‘healthy subspace’ is constructed in the baseline
(training) phase of the method, using controlled experiments with the healthy system, in which the operating
conditions (payload) are measurable. This is accomplished via an ARX type Functional Model (FM), which
is capable of representing the healthy dynamics under any operating conditions. This model’s parameters
are functions of a number of independent scalar scheduling variables, each one representing a certain aspect

2It is clear that the use of additional sensors would include additional dynamics and facilitate fault detection.
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Figure 3: Schematic representation of the concept of the Functional Model based method for robust fault
detection.

of the operating conditions; in the present study only the payload is varying, hence a single scheduling vari-
able suffices. The model’s functional parameters then define the ‘healthy subspace’ in the feature space, of
dimensionality equal to the number of scheduling variables (that is independent variability sources); being
unity in the present case.

In the method’s normal operation (inspection phase), when the system is under an unknown health state and
any (unknown) operating condition, a fresh vibration response signal pair is obtained (say xu, yu), based on
which fault detection is to be achieved. Detection is to be conceptually based on whether or not the point
representing the current system dynamics in the feature space resides or not in the ‘healthy subspace’. In the
affirmative case the current system is to be declared as healthy, else as faulty. Mathematically examining this
‘residence’ condition may be a bit tricky due to unavoidable estimation errors incurring in both the baseline
and inspection phases (that is both the ‘healthy subspace’ and the current point). A convenient approach for
examining it, and making a decision, is based on determining a specific conventional ARX model within
the ‘healthy subspace’ that ‘best’ corresponds to the current dynamics, and then examining its validity. If
valid, this model constitutes an appropriate representation of the current dynamics, implying that the current
system is healthy; otherwise there is no appropriate representation of the current dynamics residing within
the ‘healthy subspace’, implying that the current system is faulty. A simple schematic representation of this
concept is provided in Figure 3 using a simplified 3D feature space consisting of three model parameters
(a1, a2, a3).

An important advantage of the method is that measurement of the operating condition variable(s) (presently
the payload) is not required during inspection. Yet, it presupposes a deterministic cause-and-effect rela-
tionship between the variable operating condition variable(s) and the system dynamics. The number of
independent variability sources (thus the ‘healthy subspace’ dimensionality) may be determined based on
physical understanding or via data analysis.

3.2 The methodology

(a) The baseline (learning) phase

The Functional Model employed to represent the healthy (partial) dynamics under any operating condition is
a Functionally Pooled AutoRegressive model with eXogenous excitation (FP-ARX) model of orders na, nb
[28]:

yk[t] +

na∑

i=1

ai(k) · yk[t− i] =
nb∑

i=0

bi(k) · xk[t− i] + ek[t] (1a)
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ek[t] ∼ NID
(
0, σ2e(k)

)
ek1 [t], ek2 [t] : potentially correlated at time t, for any values of k1, k2 (1b)

ai(k) :=

p∑

j=1

ai,j ·Gj(k), bi(k) :=

p∑

j=1

bi,j ·Gj(k) (1c)

with k designating the operating condition (scheduling) variable (presently the payload)3, xk[t], yk[t] the
excitation and response signals (presently the two response signals), respectively, under operating condition
k, and ek[t] the corresponding innovations signal assumed to be zero-mean and white (serially uncorrelated)
with variance σ2e(k) and uncorrelated with xk[t]. Notice that the signals may be cross-correlated with their
counterparts corresponding to different operating conditions (different k’s). t = 1, 2, 3, . . . designates nor-
malized (by the sampling period) discrete time, ai(k), bi(k) the i − th AR and X parameter, respectively,
while NID stands for Normally Independently Distributed.

As indicated by Eq. (1c), the AR and X parameters are modeled as explicit functions of k by using a p-
dimensional functional subspace spanned by the (mutually independent) functionsG1(k), G2(k), . . . , Gp(k)
(functional basis). The constants ai,j and bi,j designate the AR and X coefficients of projection, respectively.
The model of Eq. (1a) is referred to as an FP-ARX model of orders na, nb and functional subspace dimen-
sionality p, designated as FP-ARX(na, nb)p model.

Such an FP-ARX(na, nb)p model may be identified based onM excitation-response signal pairs, (xk[t], yk[t])
k ∈ {k1, . . . , kM}, corresponding to sample values k = k1, k2, . . . , kM , of the operating condition variable
k, with each signal beingN samples long. Estimation of the AR/X projection coefficients and the innovations
variance may be achieved via various methods, including Ordinary Least Squares, Weighted Least Squares,
and Maximum Likelihood [28]. The model orders and the subspace functional basis may be selected via a
proper version of the Bayesian Information Criterion (BIC); details are provided in [28].

(b) The inspection (diagnosis) phase

Fault detection is achieved based on a current (fresh) signal pair (xu[t], yu[t]) corresponding to non-measurable
operating conditions (unknown value of k). Towards this end the ‘consistency’ of the current signal pair with
the FP-ARX model needs to be examined, which is equivalent to examining whether or not the current point
in the feature space ‘resides’ within the ‘healthy subspace’. As previously explained, this is achieved by
determining a specific conventional ARX model within the ‘healthy subspace’ that ‘best’ corresponds to the
current dynamics (as expressed by the corresponding signals), and then examining its validity.

Thus, given the current signal pair (xu[t], yu[t]), a conventional ARX model is estimated from within the
‘healthy subspace’, that is from within the previously obtained FP-ARX model. This is achieved by estimat-
ing the value of the scheduling variable k as follows4:

k̂ = argmin
k

N∑

t=1

e2[t, k] (2)

where e[t, k] is the FP-ARX model residual sequence corresponding to the current signal pair and argmin
designating minimizing argument. Due to the non-quadratic dependence of the cost function on k, estimation
is based on non-linear optimization, with golden search with parabolic interpolation [29] presently employed.
The estimator k̂ may be shown [14] to be asymptotically Gaussian distributed, with mean equal to its true
counterpart and variance coinciding with that of the Cramer-Rao lower bound, that is k̂ ∼ N (k, σ2

k̂
).

The ARX model within the ‘healthy subspace’ is that obtained from the FP-ARX model of Eq. (1a) for the
obtained estimate of k. Its innovations variance may be then estimated as:

σ̂2e(k̂) =
1

N

N∑

t=1

e2[t, k̂] (3)

3Generalization to the multivariate case is conceptually straightforward [14].
4Estimators/estimates are designated by a hat.
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Table 3: Baseline phase: ARX and FP-ARX model estimation details.
Condition number

Estimated model SPP BIC RSS/SSS (%) of inverted matrix
ARX(130, 129) 61.70 -5.60 0.16 1.07× 109

FP-ARX(130, 129)p=2 169.20 -58.64 0.26 1.20× 109

ARX Estimation method: Ordinary Least Squares (OLS; MATLAB function arx.m)
SPP: Signal samples Per estimated Parameter
FP-ARX estimation method: Ordinary Least Squares
Number of experiments (signal records) M = 11

Payload range k: [0, 10]% with step of 1%
The functional subspace is spanned by shifted Chebyshev Type II polynomials obeying the recurrence relation:
a1nGn+1(x) = (a2n + a3nx)Gn(x)− a4nGn−1(x) with G0(x) = 0, G1(x) = 1

x := k/kmax ∈ [0, 1] ⊂ <; a1n = a4n = 1, a2n = −2, a3n = 4.
Functional subspace dimensionality: 2; Functions G1(x) = 1, G2(x) = 4x− 2

No. of projection coefficients: 520

Model validity is then examined via formal examination of the estimated innovations (residual) series uncor-
relatedness (whiteness) hypothesis, presently accomplished via the Portmanteau Test [30]. Towards this end
the Q statistic (below) follows chi-square (χ2) distribution with r degrees of freedom under the null (Ho)
hypothesis of a valid model5, that is [30]:

Q := N(N + 2) ·
r∑

τ=1

(N − τ)−1ρ̂2[τ ] ∼ χ2(r) (4)

in which N designates the residual series signal length (in number of samples), ρ̂2[τ ] the estimated (sample)
normalized autocorrelation at lag τ , and r the (user selected) maximum lag considered. The null hypothesis
is then accepted, at a (user selected) risk level α (probability of rejecting Ho even though it is correct) as
follows:

Q < χ2
1−α(r) =⇒ Healthy system

Else =⇒ Faulty system
(5)

with χ2
1−α(r) designating the chi-square distribution’s (1− α) critical point.

4 Robust fault detection results and assessment

(a) Baseline (learning) phase

A random vibration pair of signals obtained from points Y 1 and Y 2 under nominal payload (k = 0%) and
the healthy system is first employed for obtaining a conventional ARX model based on standard procedures
[27, pp. 203-205] (Matlab function: arx.m). This leads to an ARX(130,129) model characterized by zero
time delay, that is b0 6= 0 in the exogenous (X) polynomial. This basic structure is then maintained in the FP-
ARX modeling procedure [28] which is based onM = 11 distinct vibration signal pairs, each corresponding
to different payloads (k ∈ [0− 10]% with an increment of δk = 1% are used)6. Various functional subspace
dimensionalities are considered, and the procedure leads to the selection of an FP-ARX(130,129) model with
functional subspace consisting of the first p = 2 shifted Chebyshev type II polynomials [31, p. 782], that is
an FP-ARX(130,129)2 model. Estimation details are provided in Table 3.

5In which case the estimated innovations (residual) series e[t, k̂] is uncorrelated (white).
6Note that δk = 1% corresponds to payload (mass) increase of 328.04 kg.
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Figure 4: FM method fault detection performance: ROC curves for (a) primary stiffness faults of various
magnitudes F e,p1 , (b) secondary stiffness faults of various magnitudes F e,sl , (c) primary damper faults of
various magnitudes F d,p1 , (d) secondary damper faults of various magnitudes F d,sl . (1 050 healthy and 1
050 fault test cases per fault scenario.)

(b) Inspection (diagnosis) phase

Fault detection results for all four fault scenarios are subsequently presented for 5 250 test cases (exper-
iments), 1 050 corresponding to the healthy system and 4 200 to its faulty counterpart (1 050 per fault
scenario); details in Table 2. It should be noted that these experiments are all different from those used in the
baseline phase, while the number of normalized ACF samples used in Q is selected equal to r = 25. The
results are presented in terms of ROC curves7.

Fault scenario F e,p1λ (stiffness reduction in the primary suspension) – see Figure 4(a). Perfect ROC curves
which include the (0,1) point implying excellent detection performance with no false alarms or missed faults.

Fault scenario F e,slλ (stiffness reduction in the secondary suspension) – see Figure 4(b). Perfect ROC curves
for the two largest fault magnitudes (λ = 20, 30%) implying excellent detection performance with no false
alarms or missed faults. Quite good ROC curve for the λ = 10% magnitude, yet not for the smallest
λ = 5% magnitude for which the ROC curve is inadequate. This reveals the sensitivity limits of the method,
suggesting that faults as small as 5% stiffness reduction are not detectable.

Fault scenario F d,p1λ (damping reduction in the primary suspension) – see Figure 4(c). Perfect ROC curves
for the three largest fault magnitudes (λ = 10, 20, 30%) implying excellent detection performance with no
false alarms or missed faults. Yet, the ROC curve is not ideal, although still adequate, for the smallest
λ = 5% magnitude.

Fault scenario F d,slλ (damping reduction in the secondary suspension) – see Figure 4(d). A probably ad-
equate ROC curve only for the largest fault magnitude (λ = 30%). Yet, inadequate ROC curves for the
smaller λ = 5, 10, 20% magnitudes.

In summary, faults in the primary suspension are generally detectable even for magnitudes as small as λ =
5% reduction, while faults in the secondary suspension are not always detectable for magnitudes of λ = 20%

7A Receiver Operating Characteristic, ROC, curve [32, pp. 34-35] represents the true positive rate, that is percentage of correct
fault detections, versus the false positive rate, that is percentage of false alarms, for varying detection threshold.
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reduction or less. In all cases, the detectability of faults associated with stiffness reduction is better than that
of faults associated with damping reduction.

4.1 Comparison with an alternative method

An interesting comparison with an alternative method which is based on Principal Component Analysis
(PCA), that is the U-PCA-ARX method [17], is now undertaken.

This method employs the centered PCA for defining an n−dimensional orthogonal coordinate system on
which a random (due to estimation error) healthy ARX parameter vector may be projected, with the pro-
jections forming a set of mutually uncorrelated random variables. This is achieved by performing a PCA
decomposition of the sample covariance matrix of the estimated (in the baseline phase) ARX parameter vec-
tors. The decomposition provides the eigenvalues (in decreasing order) and the corresponding eigenvectors,
with the latter defining the aforementioned transformed n−dimensional orthogonal coordinate system (prin-
cipal coordinates). Fault detection is based on the ARX parameter vector projections into a subspace of the
transformed coordinate system defined by q (properly selected, q < n) eigenvectors corresponding to the q
‘smallest’ eigenvalues. Parameter vector projections into this subspace are characterized by relatively ‘low’
variability in the healthy state, thus expected to exhibit discrepancies mainly under the presence of fault; thus
leading to ‘robust’ fault detection.

(a) Baseline (learning) phase

The 11 pairs of vibration response signals of the baseline phase of the FM based method are presently used
too for the estimation of corresponding ARX(130,129) models,mo,i (i = 1, . . . , 11), and their corresponding
parameter vectors ao = [ao,1, . . . ,ao,11] are sample mean corrected, with each element in the vector being
normalized by its own sample standard deviation. The sample covariance matrix P = 1

pa
T
o ao (T designating

matrix transposition) is then computed and decomposed via P = US2U into the diagonal matrix S2 that
includes the (positive) eigenvalues of P (squared singular values, arranged in decreasing order), and the
matrix U that is a real unitary matrix containing the eigenvectors of P . The first h columns (principal
components) of the eigenvectors matrix U – corresponding to the largest eigenvalues that explain a certain
fraction γ(%) of the total parameter vector variability – are associated to the variable operating conditions
acting on the healthy system, and the remaining q principal components being potentially affected by faults.

A 10× 10 sample covariance matrix, corresponding to the first 5 AR and first 5 X parameters is constructed,
and as it is a-priori known that only one uncertainty source (payload) affects the system, only the first
component is rejected (h = 1), which may be shown to correspond to γ = 83.3%.

(b) Inspection (diagnosis) phase

Using a fresh pair of vibration response signals from the current (unknown health state) system, a new ARX
modelmu (characterized by parameter vector au) is obtained. Following the aforementioned procedure, fault
detection is based on an Euclidean norm pseudo-statistic, with fault being detected whenever this exceeds a
certain threshold (details in [17]).

Fault detection results are presented in Figure 5, for the same test cases and a fashion similar to that of the
previous method (ROC curves).

For fault scenario F e,p1λ (stiffness reduction in the primary suspension) adequate performance, although
somewhat inferior to that of the FM based method, is observed for the three largest fault magnitudes, which
nevertheless becomes drastically inferior for the smallest fault magnitude (λ = 5%).

For fault scenario F e,slλ (stiffness reduction in the secondary suspension) the detection performance is abso-
lutely poor for all fault magnitudes.

For fault scenario F d,p1λ (damping reduction in the primary suspension) the detection performance is prob-
lematic even for the largest magnitude fault (λ = 30%), and absolutely poor for the two smallest fault
magnitudes (λ = 5, 10%).
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Figure 5: U-PCA-ARX fault detection method performance: ROC curves for (a) primary stiffness faults
of various magnitudes F e,p1 , (b) secondary stiffness faults of various magnitudes F e,sl , (c) primary damper
faults of various magnitudes F d,p1 , (d) secondary damper faults of various magnitudes F d,sl . (1 050 healthy
and 1 050 fault test cases per fault scenario; 10× 10 covariance matrix; 1 rejected component corresponding
to γ = 83.3%.)

For fault scenario F d,slλ (damping reduction in the secondary suspension) the detection performance is ab-
solutely poor for all fault magnitudes.

In summary, the results obtained indicate performance characteristics clearly inferior to those of the FM
based method, while also confirming that faults in the secondary suspension are harder to detect (compared
to those in the primary suspension), and faults associated with damping reduction (in either the primary or
secondary suspension) are harder to detect than faults associated with stiffness reduction.

5 Concluding remarks

The problem of fault detection in railway suspension systems under variable operating conditions (variable
payload) via measurement of random vibration signals was considered via a novel Functional Model (FM)
based method. The emphasis of the work was on exploring the limits of high detection performance for
relatively small, incipient, faults, while, at the same time, keeping the false alarm rate low despite the variable
operating conditions (robustness) due to varying payload. Moreover the diagnosis operation ought to be
based on only few sensors and a very limited frequency bandwidth.

The potential fulfillment of these objectives was examined through Monte Carlo simulations, while compar-
isons with an alternative, PCA-based, fault detection method were also made.

The main conclusions drawn may be summarized as follows:

(a) Very high to excellent detection performance is possible mainly for spring elements (stiffness reduc-
tion), but also for damping elements, in the primary suspension for faults of magnitudes as low as 5%
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reduction in the nominal values.

(a) Very high to excellent detection performance is possible for spring elements (stiffness reduction of at
least 10%) in the secondary suspension. Detection performance is significantly degraded, varying from
adequate (for fault magnitudes of 30%) to inadequate/poor (for fault magnitudes of 20% or smaller) for
damping element faults in the secondary suspension.

(a) The detection performance is significantly degraded when an alternative PCA-based method is em-
ployed.

(a) It is important to underline that these performance characteristics were achieved based on only two
vibration response sensors (accelerometers) placed on the car body, and signals limited to the 0− 40Hz
range.
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Abstract
Population-based Structural Health Monitoring (SHM) presents opportunities to monitor populations of
structures without prior knowledge of all damage states on individual structures. A critical stage in this
process is identifying common features within a population of nominally similar structures. To address this
challenge, an experimental study of a small population of similar test structures was carried out, with the aim
of identifying how common features across the population differ between structures. The structures used
were half sections of aircraft tailplanes, and each one was tested initially in an undamaged state, and then in
pseudo-damaged states, where damage was replicated by the addition of small masses. Finally, one of the
structure was subjected to real damage of varying severity in order to serve as a benchmark for the whole
population.

1 Introduction

Conventional data-based Structural Health Monitoring (SHM) involves the gathering of data related to a
structure in normal and damaged states, and by using feature extraction and classification, a map between
measured features and the two states can be generated. This will be more important when type, location and
severity are to be accurately identified. Consequently, this technique requires the operator to have knowledge
of the structure being monitored in both normal and abnormal, or undamaged and damaged, states. In some
cases this constraint is not limiting, since structures which are numerous and inexpensive can relatively easily
be tested in an undamaged state, then again under the effect of some artificial damage, to give the necessary
information. However, in the case of more expensive structures, deliberately damaging a structure to gain
knowledge of the damaged state is not acceptable. In the case of a population of structures, for example a
farm of wind turbines, further difficulties are introduced if the monitoring of individual structures is required.
Individual structures in such a situation might be expected to show similar undamaged conditions, but it
could be imagined that two wind turbines within an array could show significant variation in damaged states.
For both these reasons, a method of SHM which does not require data from a damaged structure would be
beneficial.

Population-based Structural Health Monitoring is an idea based on the concept of ‘syndromic surveillance’
originating in the field of healthcare informatics. Its application to SHM was first presented in 2008 [1] and
subsequently discussed in [2] and [3]. Applied to SHM, the principals of this approach offer the opportunity
to monitor populations of structures without requiring prior knowledge of the damaged states of all structures.
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Figure 1: Data-based and Population-based Structural Health Monitoring

In the population-based SHM concept, data are gathered for a number of normal cases of similar structures
within a population, allowing a single feature extraction and classification process to determine common
indicators of damage, and to produce a single map. When presented with a previously unseen case which is
similar to the cases making up the population, the strength of the normal population data allows the new case
to be classified as normal (if it shares common features with the population), or abnormal if it does not.

The difference between data-based SHM and the population-based SHM concept is illustrated in Figure 1

The identification of similarities and common features between structures is one of the challenges in the
development of this method. The purpose of this paper is to explore the variability of common damage
sensitive features, such as natural frequencies and mode shapes, in a small population of similar structures
under different types of ‘damage’ including a case of real damage to be used for comparison. Described here
is the recording of data for such a population of structures, and the use of an affordable method of generating
damaged data. This method, known as ‘pseudo-damage’, may allow damaged state data to be generated
without the need to damage a structure, through the addition of small localised masses to simulate the effect
of stiffness reduction as caused by damage. In order to test the variability of the structures and the suitability
of the added masses, structures were tested in undamaged, pseudo-damaged, and damaged states.

The layout of this paper is as follows: the following section describes the test structures and all the exper-
imental procedure in detail, including all types of damage applied. The third section describes the results
of the modal analysis and the comparison of the cases examined. Finally, the paper is rounded off by a
discussion followed by a short conclusions section.

2 Test Structures and Experiments

The structures studied in this work are sections of aircraft tailplane. These structures have a number of fea-
tures which make them a suitable subject for this study: In comparison to many structures, aircraft structures
are subject to stringent regulation and low manufacturing tolerances, meaning that the variation between
structures should be minimal. Secondly, given the ultimate application of this work to wind turbine blades,
the use of structures of a similar size and shape allowed the method to be developed at a suitable scale. More
importantly, the tailplanes are real structures (not laboratory made-to-test specimens), and their testing can
be considered an important step towards an actual implementation of SHM into real aircraft.

Tailplanes from Piper PA-28 ‘Cherokee’ and PA-28 ‘Arrow’ aircraft were used, both with NACA0012 profile
and a chord of 0.76m. After removal from the aircraft, the rounded tips and elevators (elevators are the control
surfaces to the rear of the tailplane) were removed, and each was cut in half to give two single tailplanes.
The single Cherokee and Arrow tailplanes are designated C and A from hereon. Both tailplanes measure
0.61m from the leading edge tip to the trailing edge of the main tailplane. In the type C tailplane case, each
structure was 1.81m in length with a fixed elevator section of 0.45m. Type A structures were 1.37m in length
with a narrow edge section of 0.01m. Two type C and two type A tailplanes were used during this work.
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Figure 2: Examples of type C (l) and type A (r) tailplane structures

Figure 3: Location of the pseudo-damage added mass

Type C structures had masses of 6.735kg and 6.696kg (0.58% variation), and type A structures had masses
of 4.848kg and 4.762kg (1.76% variation). Examples are shown in Figure 2.

2.1 Pseudo-damage

During this study, damage was simulated in two ways: By removing sections from the structure, and by
adding mass to the structure, which can be thought of as pseudo-damage. Damage to a structure, in the form
of a crack for example, will generally result in a local reduction in stiffness. For a very simple single degree
of freedom system, stiffness k is related to mass m and natural frequency ω by:

ω =
√
k/m

From this equation, it can be blithely extrapolated that the stiffness reduction caused by damage could be
replicated by increasing mass, thus giving the same ω result. This method has been investigated previously in
[4], and more thoroughly in [5] and [6]. It was also applied during the previous study on the same structures
[2]. In order to allow comparison with these results, the same added mass location and mass were used in the
new study. A mass of 104g was added to a point on the upper surface, above the main spanwise structural
member, 808mm from the outer edge of the structure. The mass was made up of laboratory weights secured
to a bolt, the head of which was glued to the structure. The nut, bolt and locking washer used were included
in the total mass. The location of the mass on the structure and the mass itself are illustrated in Figure 3.
A second added mass of half the mass of the original was also used. The first (108g) mass is subsequently
referred to as added mass 2, with the second (54g) mass referred to as added mass 1.
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Figure 4: Rear view of mounted tailplane structure and shaker connection points A and B

2.2 Experiments

2.2.1 Experimental Rig

An aluminium frame mounted on a rigid table was used to hold the tailplane structures during tests. Tailplane
structures were mounted vertically with the leading edge below the trailing edge. Structures were freely
suspended using soft springs to approximate free-free boundary conditions. The mounting point closest to
the original (i.e. before cutting the tailplane in two) centre of the tailplane was located on one of the elevator
hinges, 112mm from the original centre and 156mm forward of the extreme of the trailing edge, as shown
in Figure 4. The other spring was mounted on the end of the tailplane structure, at 200mm forward of the
extreme trailing edge.

2.2.2 Excitation

Tailplane structures were excited using a Gearing & Watson electromagnetic shaker. The shaker was firmly
fixed to the solid base of the table used to support the tailplane hanging frame, and the shaker body was
thus assumed to be rigidly fixed. An electrodynamic shaker was used to excite the structure via a flexible
drive rod. During testing, the structures were excited on the rear surface and deflection measured on the
front surface. Both the top and bottom surfaces of each tailplane were used as the excitation surface and the
measurement surface. In all cases, the excitation point was at the same location relative to the tailplane tip.
This point was located 242mm in the x direction from the leading edge, and in the y direction 840mm from
the tailplane tip. This point was named point A. A second point (point B) was also used during initial testing,
as will be described later. Point B was located at the same distance from the leading edge as point A, but at
1290mm from the tailplane tip. The shaker installation position is shown in Figure 4.

The excitation signal used to drive the shaker was generated by the Scanning Laser Doppler Vibrometer
(SLDV) control system. White noise excitation was used over a frequency range of 0-1kHz.

2.2.3 Frequency Response Measurement

The response of the structures was recorded using a Scanning Laser Doppler Vibrometer (SLDV). Laser
vibrometry has a number of advantages over more conventional measurement using accelerometers, chief
among which are the ability to measure the response of the entire surface of the structure during a single test,
and the avoidance of any modification of the response due to the added mass of the measurement devices -
it is essentially a non-contact measurement. The SLDV equipment used in this case was a tripod-mounted
Polytec PSV-400 scanning head, controlled by a Polytec OFV-5000 controller, JSV-500 junction box, and
DMS computer. The equipment has an optimal stand-off distance and was therefore located 2.343m from
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the structure. In order to ensure the selection of the optimal measurement range, three ranges were tested,
namely 1mm/s/V, 2mm/s/V and 5mm/s/V. Over multiple tests, a range of 2mm/s/V was found to yield the
lowest number of overrange point responses (typically a few percent of overrange points on a single run, and
zero overrange points for a five-run mean), so was subsequently used for final testing. 6400 spectral lines
were recorded at each measurement point over the 0-1000Hz frequency range. This resulted in a resolution
of 156.25mHz. Complex averaging over five samples was carried out using the SLDV software.

2.2.4 Measurement Points

Measurement points were set using a grid within the SLDV operating software. A range of point numbers
and layouts were tested, and it was decided to employ a square grid system since this resulted in greater point
density in the more geometrically complex areas of the structure (e.g. the area around the original tailplane
centre). Additional points were added around the edge of the structure to give the resulting post-processed
images the same shape as the structures. Following a sensitivity study, a point density of 25 was used in both
C and A tailplane structures, yielding 442 points for type C structures, and 294 points for type A structures.
These settings resulted in a total scan time of around 5 hours for the type C tailplane.

2.2.5 Repeatability Tests

Tests were repeated to highlight any aspects of the experimental setup which may affect the repeatability of
the results:

Hanging and boundary conditions

Using structure C1, a full test over excitation range 0-1000Hz was repeated twice. Between tests, the shaker
was detached from the structure, and the drive rod detached from the shaker. The structure was removed
from the hanging frame, then re-hung and the shaker reconnected. Good correlation was shown between the
two FRF results, suggesting that there was no bias caused by the hanging method or support structure.

Excitation Location

Structure C1 was tested with two different shaker installation positions, as illustrated in Figure 4. When
subjected to the same 0-1000Hz white noise signal applied at each of the two points, the resulting frequency
response functions were found not to differ significantly. Shaker location A was subsequently used for all
testing. The reason for this selection is that it is possible that when using location B, the distance between
the shaker mounting location and the centre of mass of the structure could restrict the structure should it wish
to rotate about the z axis. Since location A is closer to the centre of the structure, the likelihood of this effect
is reduced. However, no evidence of this effect was observed in either data set.

Drive Rod Length

Structure C1 was tested using two shaker drive rod lengths. In addition to the initial drive rod length of
183mm, a second drive rod length of 127mm was also used to ascertain whether the length of drive rod
had an effect on the resulting FRFs. Results from drive rod A and B tests suggests that the choice is fairly
arbitrary, but following the advice in the literature [7], in which it is noted that an overly long drive rod can
lead to the introduction of additional resonances to the structure, the shorter of the two, drive rod length B
(127mm) was subsequently used for all further testing.

Reference Measurement

In order to isolate the movement of the structure, a reference signal describing the excitation supplied to
the structure is required. In this case, excitation was generated by the SLDV built-in signal generator. This
signal was taken directly as the reference signal for SLDV tests.
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2.3 Modal Analysis

Each test resulted in ‘n’ FRFs, where ‘n’ is the number of points for each structure (442 points in the Type C
case and 294 points in the Type A case). For the undamaged and pseudo-damaged cases, six full tests were
carried out for each structure, made up of no added mass, added mass 1 and added mass 2 for both the front
and back of each test structure. The resulting FRFs were exported from the Polytec software as a universal
file and the LMS PolyMAX package was used to extract modal frequencies. Having confirmed the location
of stable modes using this package, the frequencies of the modes were extracted and MATLAB was used for
further analysis. The Modal Assurance Criterion (MAC)was calculated in MATLAB.

2.4 Damage

In order to understand the effectiveness of pseudo-damage as a method for representing real damage, it was
necessary to test a structure with real damage. To this end, one of the tailplanes was sacrificed to generate true
damage data. Damage was incrementally added to a type C structure, centred at the same location at which
pseudo-damage was installed (on the upper surface, above the main spanwise structural member, 808mm
from the outer edge of the structure). A total of 17 damage cases were studied, with each of increasing
severity. Damage was implemented by the removal of rivets between the lower section (leading edge), upper
section and main structural member of the tailplane, and subsequently by the removal of material from the
upper and lower sections. Details of each damage case and the subsequent change in structure mass are
described in Table 1 and cases D1 to D13 are illustrated in Figure 5

Damage case Description Removed Mass (g)
undamaged - 0 (Total mass 6.696 kg)

D1 1 rivet removed 0.1
D2 2 rivets removed 0.2
D3 linear cut (38mm) between rivet holes 0.3
D4 38mm x 4mm section removed from lower (leading edge) panel 0.6
D5 further 38mm x 12mm section removed from lower panel 1.5
D6 38mm x 12mm section removed from upper panel 2.1
D7 further 38mm x 24mm section removed from lower panel 3.3
D8 further 38mm x 24mm section removed from upper panel 4.0
D9 2 further rivets removed 4.2
D10 hole enlarged to 96mm x 96mm (upper and lower) 24.2
D11 hole enlarged to 144mm x 96mm (upper and lower) 36.0
D12 hole enlarged to 144mm x 144mm (upper and lower) 50.3
D13 hole enlarged to 192mm x 144mm (upper and lower) 66.9
D14 hole enlarged to 192mm x 192mm (upper and lower) 85.8
D15 2 further rivets removed 86.0
D16 hole enlarged to 216mm x 192mm (upper and lower) 96.7
D17 hole enlarged to 216mm x 216mm (upper and lower) 107.4

Table 1: Details of incremental damage to structure C2

3 Results

3.1 Undamaged case results

After experimental analysis as described in previous sections, structures were compared to study the variation
between types of structures, individuals of the same type, and between the top and bottom surfaces of the
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Figure 5: Photograph of damaged structure showing cases D1 to D13

structures.

Comparison of types

Due to differences in their size, mass and internal structure, significant variation in vibration response would
be expected between the two types of structures (type A and type C, as described previously). Average FRFs
for structures A2 and C2 are shown together in Figure 6(a), which confirm this.

Comparision of Top and Bottom

Structures were tested with excitation firstly applied to the original upward surface, then with excitation
applied to the original bottom surface. FRF results for structure C1 with excitation applied to the top and
bottom surfaces are given in 6(b).

Comparison of structures of the same type

Comparisons of similar structures are expected to show much less variation than intra-type comparisons. The
variation between these structures is the fundamental focus of this work, since it is this variation which ulti-
mately specifies the range of normal case variation in the population. FRF comparisons between structures
C1 and C2 and A1 and A2 respectively are shown in Figure 6(c) and (d).

3.2 Pseudo-damage case results

Each structure was tested without additional mass, and with two added mass pseudo-damage cases. These
were labelled M0, M1 and M2 respectively. M1 represents an added mass of 54g, and M2 an added mass of
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Figure 6: Comparison of undamaged case structures

108g. Two example FRFs illustrating the effect of M1 and M2 relative to the M0 case are given below, one
for a type A structure and one for a type C structure.

The MAC was also used to compare the similarity of modal results between the undamaged (M0) and M1,
and M0 and M2 cases. These results are given alongside FRF comparison in Figure 8.

3.3 Damaged case results

For clarity, only cases D1, D12 and D17 are illustrated in Figure 9. D1 represents the most minor damage
case simulated, with the removal of one rivet from the structure. Case D12 is a hole of size 144mm x 144mm
at the structure centre and a mass reduction of 50.3g. Case D17 is a hole of size 216mm x 216mm at the
centre of the structure, with a mass removal of 107.4g. These two cases are significant for this work as the
masses of removed material are closest to the pseudo-damage added masses in cases M1 and M2.

4 Discussion

The aim of this work was to assess the variability of common damage-sensitive features across a small
population of similar, and real, structures with the ultimate purpose of providing a roadmap to a more com-
prehensive population-based SHM. Damage had to be introduced to all the structures, but since destructive
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Figure 7: Comparison of FRFs for structures C2 and A2 bottom with no added mass (M0), 54g (M1) and
108g (M2)

means create irreversible scenarios, and can also be unaffordable, pseudo-damage in the form of added mass
was used throughout, except for one structure where a series of more realistic types of damage was applied.

The ‘real’ damage included rivet removal and the progressive cut of sections from the structure. This allowed
for a chance to assess the suitability of added masses as a form of damage introduction - especially in the
case of a population-based scheme. The MAC showed that the modal similarity between the undamaged
structure and a structure with 54g added mass is greater than the similarity between the undamaged structure
and one with 50.3g removed (Figure 10). The same trend is shown by comparing the M2 case (108g added
mass) to the D17 case (107.4g removed) as illustrated in Figure 11, where greater MAC values are seen in
the undamaged vs damaged case than in the undamaged vs pseudo-damaged case.

These data imply that it is challenging to attempt to directly relate the severity of the pseudo-damage with
that of real damage. In the case here, this is mainly because the severe damage scenarios altered the stiffness
as well as the mass of the structure, whereas the pseudo-damage was largely a mass effect.

To test this theory, the M2 108g added mass pseudo-damage case was compared to the full population of
damaged case results, working from D17 to D1. MAC similarity was found to increase for all cases until
D6, which was the damage case most closely approximated by the M2 pseudo-damage case. In this case,
only 2.1g of material was removed. MAC values of over 0.5 are still only seen in the first five (i.e. three
rigid body modes and flexible body modes one and two - see Table 2), which may suggest that for some
cases the pseudo-damage method may require careful thought and consideration in its application if it is
considered to be a suitable alternative to real damage tests. It is also worth noting the large difference in
required additional mass to simulate the removal of a small mass. One may think that if the addition of 108g
is required to simulate a damage case with a material removal of 2g, simulating a damage case with, for
example, an order of magnitude greater material removal will require the addition of a perhaps unfeasible
amount of pseudo-damage material. However, such an argument should be carefully considered, as equating
the removal of mass in order to simulate severity cases of damage is clearly challenging, and may depend on
material properties as well.

The MAC comparison of the M2 and D6 cases is shown in Figure 13.
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Figure 8: FRF and MAC comparison of pseudo-damaged case structures
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Figure 9: FRFs for structure C2 bottom in D1, D12 and D17 cases

Mode MAC value
1 0.9746
2 0.9342
3 0.9194
4 0.9033
5 0.7994
6 0.4856
7 0.0078
8 0.0128
9 0.1189

10 0.2568

Table 2: MAC values for first 10 modes: C2 bottom M2 vs C2 bottom D6 cases. This was the structure
which was subjected to ‘real’ damage.

STRUCTURAL HEALTH MONITORING 3719



Figure 10: FRF and MAC comparison of undamaged vs pseudo-damaged and undamaged vs damaged case
structures

Figure 11: FRF and MAC comparison of undamaged vs pseudo-damaged and undamaged vs damaged case
structures
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Figure 12: FRF and MAC comparison of pseudo-damaged (M2) and damaged (D10) case structures

Figure 13: FRF and MAC comparison of pseudo-damaged (M2) and damaged (D6) case structures
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5 Conclusions

The aim of this work was to assess the variability of damage sensitive features in a small population of
similar structures when subjected to different types of damage. The suitability of pseudo-damage in the form
of added mass as a method of generating damaged structure data, was also briefly explored. Results of the
tests described herein suggest that adding a point mass to a structure can simulate the stiffness reduction
caused by damage, but only to a certain degree. The addition of 108g mass, for example, did not lead to
a significant change in the location of modal frequencies, especially in lower frequency range, whereas the
reduction of stiffness by the addition of even a small amount of real damage had a much greater effect on the
frequency response of a structure. To replicate the effect of significant damage to a structure through the use
of pseudo-damage may be challenging since the mass required would be large, and this implies that added
masses should be carefully considered when damage severity is the main goal of the study.

Ultimately, this study can serve as a collection of data from a real structure under damaged states – and not
just pseudo-damage cases – to be used as a reference for future studies. A numerical model of the tailplanes
is currently under development, and the damaged structure will be crucial in its validation.

References

[1] S. Deering, G. Manson, K. Worden, D. W. Allen, C. R. Farrar, J. S. Lombardo Syndromic Surveillance
as a paradigm for SHM data fusion, in Proceedings of the 4th European Workshop on Structural Health
Monitoring, Crakow, Poland, July 4-6, (2008), pp. 998-1014.

[2] E. Papatheou, T. Rahman, R. Barthorpe, J. Park, K. Worden An experimental investigation of feature
complexity and diversity in nominally similar test structures

[3] E Papatheou, N Dervilis, AE Maguire, I Antoniadou, K Worden A performance monitoring approach
for the novel Lillgrund offshore wind farm, IEEE Transactions on Industrial Electronics, Vol 62, No 10,
(2010), pp. 6636-6644

[4] L.Y. Cheung, K. Worden, J.A. Rongong Damage detection in an aircraft component mode, Proceedings
of the 19th International Modal Analysis IMAC Conference: Kissimmee, Florida, Vol. XIX, (2001), pp.
1234–1241.

[5] E. Papatheou, G. Manson, R. J. Barthorpe, K. Worden The use of pseudo-faults for novelty detection in
SHM, Journal of Sound and Vibration, Vol. 329, No. 12, Academic Press (2010), pp. 2349-2366.

[6] E. Papatheou, G. Manson, R. J. Barthorpe, K. Worden, The use of pseudo-faults for damage location in
SHM: An experimental investigation on a Piper Tomahawk aircraft wing, Journal of Sound and Vibra-
tion, Vol. 333, No. 3, Academic Press (2012), pp. 971-990.

[7] D.J. Ewins, Modal testing: theory, practice and application, John Wiley & Sons, 2nd edition (2000).

3722 PROCEEDINGS OF ISMA2018 AND USD2018



Connecting nonlinearities: damage precursors detection 
and control methodology

E. Habtour 1,2,3, T. Dragman2, T. Masmeije2, D. Di Maio2, R. Haynes 2, A. Homborg1, T. Tinga1,2
1 The Netherlands Defence Academy, Life Cycle Mangement, Den Helder, The Netherlands

2 Univeristy of Twente, Applied Mechanics, Enschede, The Netherlands

3 US Army Research Laboratory, Aberdeen Proving Ground, MD, USA
e-mail: e.m.habtour@utwente.nl

Abstract
Fatigue damage precursors identification and control procedure is developed for nonlinear aero-structures
and dynamic systems exposed to realistic vibratory conditions. The identification is achieved by connecting
nonlinearities between macro- and micro-states, and including those connection in the equations of motion;
i.e. the interplay between the local nonlinearities (or materials micro-plasticity) and the global nonlineari-
ties (nonlinear dynamic parameters). Exploiting the nonlinear connections is key in linking the health of a
system to its control algorithms, which can manipulate the structural dynamic responses in order to slow the
progression of fatigue. This approach allows for continual re-estimation of the dynamics of the macro-states
due to degradations in the properties of the micro-states at unhealthy locations by identifying precursors
to damage prior to crack formation. Capturing and controlling the interplay between the local and global
nonlinearities appear to hold promise in extending the service-life of high-value systems.

1 Introduction

Current prognostics health management (PHM), structural health monitoring (SHM), and condition based
maintenance (CBM) methods are capable of executing health assessment for high-value military and com-
mercial aerospace platforms, vehicular systems, and infrastructures. However, there are intrinsic and extrin-
sic factors that limit the accuracy of measured and calculated parameters provided by PHMs/SHMs/CBMs.
Some of the intrinsic factors are due to the complexity and diversity of health monitoring and management
hardware required for collecting and processing data [1], and due to unavoidable design assumptions and
correction factors embedded in the software [2]. On the other hand, the extrinsic factors tend to be appli-
cation specific. For example, in aerospace platforms, these factors consist of variability in flight conditions,
structural geometries, and type of materials [1]-[6]. The intrinsic and extrinsic factors can be mitigated but
cannot be eliminated, thus, providing accurate identification and assessment of fatigued components can be
extremely challenging. In military aviation, scheduled maintenance inspections are still required in order to
reduce uncertainties in health measurements or estimates, which can be expensive and time consuming.

It is important to point out that the intrinsic and extrinsic factors have coupling effects, which often insti-
gate or augment various nonlinearities at the system, subsystem, component, and materials levels. In many
high-value systems, current state of the art in PHMs/SHMs/CBMs is based on linear or reduced models to
assess the health of systems that are highly nonlinear [2]. In this paper, we focus on simulating the relevant
nonlinearities that may ameliorate some of these intrinsic-extrinsic coupling effects, where the extrinsic fac-
tor is realistic vibration, and the intrinsic factor is nonlinearities in the outputs signal. Aero-structures are
often exposed to high amplitude vibrations, which introduce additional and enhance existing nonlinearities
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Figure 1: Cantilever beam setup for modeling

in aircraft [3, 6]. Indeed, light wight and flexible aero-structures such as helicopter blades, and aircraft wings
are often exposed to fast and high amplitude motions [4, 5], which are the most encountered nonlinearity
in aerospace applications. Consequently, the effective structural stiffness is modified based on the variation
in periodic deflective motions, which can be exploited to detect fatigue [7]. Cole et al. have shown that
nonlinear vibration is a practical method for simulating realistic flight dynamics and have been able to mon-
itor changes in global nonlinear stiffness to assess fatigue severity [8]. Cole et al. have observed that the
global nonlinear stiffness parameters were sensitive to fatigue damage precursors at the micro-state level, and
proposed exploiting the nonlinear stiffness as an indicator for detecting changes in the materials mechanical
properties prior to crack initiation. They defined damage precursor (DP) as any observable degradation of the
material microstructural morphology and resulting changes in the physical properties prior to any detectable
fatigue crack [8].

In this paper, we simulated the interplay between the micro-state nonlinearity, namely materials micro-
plasticity, and the macro-state nonlinear stiffness to estimate changes in the global dynamic response of a
beam-like structure. An aerospace alloy aluminum 7075-T6 was selected for this study. The simulation was
accomplished analytically, where the material and geometric nonlinearities were contained in the equation of
motion. The micro-states properties were obtained from the nano-indentation results performed by Haynes
et al. for Al 7075 beams fatigued up to 25%, 50%, and 75% their fatigue-life [7]. The Harmonic-Balance
method (HBM) was utilized to approximate a solution for the nonlinear differential model, and to provide
a frequency response equation with the relevant nonlinear parameters. The main advantage of deriving a
frequency response equation is to provide fast updates of the structural health-state, which may potentially
allow for aligning PHM/SHM/CBM, and for integrating the health-state into flight control laws. The idea
basic was demonstrated analytically by showing drifts in the structural dynamic response due to the develop-
ment of damage precursors. Identifying changes in the nonlinear parameters is far more useful for a control
system than locating and measure the size of a crack. Based on updates into the linear and nonlinear stiffness
matrices, adaptive control algorithms could potentially ensure optimal operations below high stress regimes.

2 Approach

The equation of motion is, perhaps, one of the primary links between controls and structural dynamics the-
ories. Thus, our approach consisted of : (i) connecting and amplifying nonlinearities to study the possibility
of extracting health indicators sensitive enough to early fatigue build; (ii) demonstrating the concept analyt-
ically using thin aluminum 7075-T6 beam-like structures exposed to high amplitude harmonic excitations;
and (iii) updating the effective structural stiffness in the equation of motion. The beam was modeled as a
cantilever-beam attached to a rigid fixture as shown in Figure 1. The Young elastic modulus, E, and density,
ρ, for aluminum 7075 are 71.7GPa, and 2810kg/m3, respectively. The beam length, L, is 127mm, and its
cross-section area is 50× 1mm2.
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2.1 Macro-State

In linear systems, Hooke′s law is adequate for approximating the displacement in structures exhibiting linear
elastic deformation due to external loads in the form of restoring forces proportional to structural displace-
ment, x. For thin and light weight structures, two common assumptions are applied when analyzing their
structural dynamics: (i) these structures can endure reversible kinematic deformations before their inherent
stress-strain characteristics show significant departure from the linear regime [8, 10]; and (ii) they also en-
counter kinematic nonlinearities before reaching the materials inherent plasticity [11]. In fact, the kinematic
nonlinearity is manifested as a dynamic hardening or softening response, where the restoring force is pro-
portional to the cubic structural displacement, x3 [8]. In this case, the total restoring force is expressed in
terms of the linear and nonlinear structural stiffness coefficients, k1 and k3, respectively, as:

Fr(x) = keqx (1)

where, the equivalent structural stiffness is:

keq = k1 + αk3x
2 (2)

Dynamicists use α, which is a dynamic hardening-softening factor, to describe or correct for potential non-
linearity in restoring forces. When α is positive, k3 assists the linear restoring force, k1x, in making the
structure stiffer and resistive to applied loads. Subsequently, the maximum dynamic response amplitude
occurs at a forcing frequency, ω, higher than the structure’s fundamental frequency, ωn [12]. This type of re-
sponse is called dynamic hardening, which is analogous to stiffening in solid mechanics and materials since.
The nonlinearity associated with k3 is due to the potential energy stored in periodic bending. A negative α,
on the other hand, opposes the linear restoring force. The oscillatory behavior of the structure may appear
dynamically softer with a drop in its natural frequency [4]. This phenomenon is called dynamic softening.
Dynamicists attribute the hardening−softening behavior to the kinematics of the structure and rarely to struc-
tural fatigue. For completeness, we mention another cubic nonlinearity associated with the beam inertia, mi,
which tends to oppose the restoring forces.

In this study, the global nonlinear equation of motion for the aluminum structure was derived from nonlinear
Euler-Bernoulli beam theory [13]. The model includes both inertial and stiffness nonlinearities. For fatigued
structures, the dynamic performance was estimated by updating the equivalent stiffness keq based on the
evolution in the materials stiffness at the micro-state. For simplicity, we only focused the beam first flexural
mode. Thus, the beam was exposed to simulated base sine-sweep excitation at an amplitude 1g near the
beam’s natural frequency for the following fatigue-life levels: 0% (pristine condition), 25%, 50%, and 75%.

2.2 Micro-State

Changes in the micro-state stiffness values were obtained from nano-indentation measurements in a separate
study for the same fatigue-life levels [7], as shown in Figure 2. The measurements were conducted near
the beam root, 0mm → 1mm (Figure 2), where high stress concentrations occurred. The point 0mm is
approximately at the beam-fixed boundary. Figure 2 shows the relevant changes in E for fatigue-life levels
25%, 50%, and 75%, where results are normalized by the average modulus of an un-fatigued Al 7075-T6
specimen. The indentation measurements show that the material experienced softening at 25% of fatigue-
life followed by hardening and softening at 50% and 75% of life, respectively (Figure 2). Explanation of the
material microscopic behavior after to various fatigue cycles is detailed in [7].

3 Modeling Development

The model assumes that the slender cantilever beam is an isotropic structure with uniform cross-sectional
area, A, length, L, and volumetric density ρ. The beam is clamped to a rigid fixture, which can be excited
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Figure 2: Changes in the elastic modulus obtained from nano-indentation measurements near beam root after
various vibration fatigue cycles [7]

periodically in the transverse direction, as Shown in Figure 1. Since the study focuses on the beam first
flexural mode, it is reasonable to assume that the transverse vibration is purely planar as long as the cross-
section geometry are symmetric with respect to the beams centerline [13]. Stretch of the neutral axis of the
beam can be neglected by applying the inextensibility assumption. Subsequently, effects due to warping and
shear deformations are ignored. Therefore, nonlinear Euler-Bernoulli beam theory is applicable for modeling
the transverse motion of the structure under investigation.

3.1 Nondimensional Time Domain

Including the nonlinear inertial and restoring forces into the equation of motion yields the following nonlinear
differential equation [8]:

mẍ+ cẋ+mi(x
2ẍ+ xẋ2) + k1x+ αk3x

3 = −mYosin(ωt) (3)

The over-dots denote derivatives with respect to time, t. The combined distributive mass and rotational inertia
of the structure is m. The beam tip relative displacement, and the steady state base motion are x, and Yo,
respectively. The coefficient c is the system viscous damping, which causes an exponential dissipation of the
systems natural dynamics over time. Rayleigh-Ritz procedure is applied to equation 3 to remove the spatial
dependence. Further simplification is performed by redefining the temporal ordinary differential equation as
function of a nondimensional time, τ , where, t, is transformed into a dimensionless variable based on the
system’s inverse natural frequency:

τ = ωnt (4)

The final dimensionless nonlinear differential equation normalized by the natural frequency and mass of the
system is:

η̈ + 2ζη̇ +mn(η2η̈ + ηη̇2) + η + knη
3 = −Y sin(Ωτ) (5)

The dimensionless variables are:

η =
x

L
, Ω =

ω

ωn
, 2ζ =

c

mωn
, mn =

mi

m
L2, kn = α

k3
k1
L2 (6)

3.2 Frequency Domain

To avoid expensive time-marching numerical techniques for solving the equation of motion, the Harmonic
Balance Method (HBM) is utilized to provide direct steady-state periodic solution of the nonlinear differen-
tial equation [14]. HBM is a common methods for approximating periodic solutions for oscillatory systems
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in many applications if transient is not present [9]. However, Nyfeh described the HBM as an analytical
approach that is equivalent to performing a stepped-sine or slow sine-sweep testing [12]. In general, periodic
solutions can be estimated using truncated Fourier series, where coefficients are determined by constructing
series that satisfy the deferential equations [14]. Clearly, the accuracy of these solutions can be improved
by increasing the number of terms obtained from Fourier series into trial solutions. In practice, however,
reasonable accuracy of the solutions can be achieved by using limited number of terms in Fourier series. For
the nonlinear system in this paper, an approximated periodic solution can be expressed with the following
terms:

η = A cosφ+B sinφ (7)

where, φ = Ωτ . In addition η, the dimensionless velocity, acceleration, and cubic components will also have
their own truncated terms. The forcing function is also assumed to be periodic, Y = Ω2Yo cosφ. Assembling
the contribution of every variable into equation 5 produces four harmonics: cosφ, sinφ, cos 3φ, and sin 3φ,
which are matched (or balanced). Splitting cosφ, and sinφ, harmonics, and neglecting higher ones yield the
following:

Hc := −AΩ2 + 2ζBΩ− 3

2
mnAB

2Ω2 +A+
3

4
kn

(
A3 +AB2

)
+ Ω2Yo = 0 (8)

Hs := −BΩ2 − 2ζAΩ− 3

2
mnA

2BΩ2 +B +
3

4
kn

(
B3 +A2B

)
= 0 (9)

Hc, and Hs are the cosφ, and sinφ components, respectively. The autoperiodic force response amplitudes
A, and B are unknowns, which can be obtained by varying the angular frequency Ω. To this end, Newton-
Raphson method is utilized to numerically calculate A, and B for each Ω [15]. A frequency response
approximation that resembles an FRF (frequency-response-function) can be achieved by performing polar
transformation in equations 8 and 9. With additional algebraic manipulations, the system motion can be
expressed in the following familiar frequency domain form:

X2

Y 2
o

=
1

(
Ω2
1,2 − keq + 2µ

)2
− 4µ(µ− keq)

(10)

where, X is a byproduct of the polar transformation procedure, which contains both A and B. The effective
damping has a nonlinear inertial contribution:

µ =
2ζ

2 +mnX2
(11)

The effective or equivalent stiffness is:

keq = 1 +
3

4
knX

2 (12)

4 Results

Prior to numerically solving equations 8 and 9, a static deflection experiment was performed for three can-
tilever beams. Tip displacement measurements were obtained for each static load applied incrementally to
the beam tip. The force-displacement results are shown in Figure 3. The tip displacement values in Figure
3 are normalized by the beam total free length. It can be concluded that Al 7075-T6 structures experience
hardening behavior for high displacement. The k1 and k3 values were estimated using a cubic polynomial
curve fitting procedure, which was performed in Matlab (Figure 3). The experimental results show that the
beam linear and nonlinear stiffness coefficients were approximately 10% higher than the theoretical values.

As mentioned above, Newton-Raphson method was applied to calculate the beam tip displacement amplitude
due to 1g harmonic base excitation. The established convergence error for 0% fatigue-life was ≤ 10−10,
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Figure 3: Restoring force due to nonlinear tip deflections of cantilever beams

Figure 4: Beam tip maximum amplitudes due to 1g base harmonic excitation at fatigue-life levels: 0%, 25%,
50%, and 75%

which was set to be the accuracy criterion for all fatigue cases as well. The estimated changes in E obtained
from the nano-indentation results were used to update the macro-state stiffness values in the beam spatial
region 0mm → 1mm for the following cases: 25%, 50%, and 75% fatigue-life. The dynamic maximum
beam tip displacement provided in Figure 4 is normalized by the beam length, L, and plotted as a function
of Ω.

As expected, the beam compliance increased when the number of fatigue cycles was increased. Compliance
is defined as an increase in the beam tip deflection due to fatigue accumulation without an increase in the in-
put force. Interestingly, the maximum compliance occurred at 50% of fatigue-life level. The beam appeared
to experience softening-stiffing-softening behavior at 25%, 50%, and 75% fatigue levels, respectively. The
softening-stiffing-softening behavior is illustrated in Figure 5, which shows the changes in the equivalent
stiffness, keq, due to fatigue build up near the beam root. While this is a known behavior for aluminum 6061
subject to medium strain-rate fatigue conditions [16], it is possible, however uncertain, that Al 7075-T6 may
have similar reaction to medium strain-rate vibration fatigue. Further studies will be required to gain insights
into the mechanics of the softening-stiffing-softening behavior.

5 Conclusion

The structural dynamic behavior of Al 7075-T6 beam-like structures exposed to high harmonic base excita-
tion was examined to gain insights into the influence of the nonlinear parameters in equation of motion on the
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Figure 5: Change in keq due to 25%, 50%, and 75% fatigue

global dynamic performance. The Harmonic Balance method was utilized to produce a frequency-response
equation, and a macro-state equivalent stiffness parameter based on updates in micro-state nonlinearities
were acquired from the nonlinear dynamic analysis. The model was utilized to modify the parametric identi-
fication scheme based on changes in the materials health-state due to the development of damage precursors.
The frequency-response equation is ideal for controls algorithms, thus, the evolution in the materials prop-
erties can be identified and controlled by adjusting the macro-states inputs. The parametric study revealed
that the nonlinear stiffness coefficient is an important parameter for estimating and controlling the dynamic
of aerospace structures. In general, nonlinear parameters are sensitive to damage precursors, thus, changes
in those parameters must be included in calculating restoring forces instead of using a dynamic hardening-
softening factor for control, which is not adequate. Estimating and controlling the health state of critical
components in high-value system will continue to be challenging, but can be improved. Future research
will focus on integrating PHM/SHM/CBM into basic adaptive control-system to study whether an integrated
approach could ameliorate the effect of extrinsic factors such as aeroelastic instability, vibration fatigue, and
thermal and solar loads.
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Abstract
Vibration-based damage identification can constitute a successful approach for Structural Health Monitoring
(SHM) of civil structures. Modal characteristics depend on the stiffness of the structure, so monitoring their
evolution over time allows, in principle, to identify structural damage. Modal strains are more sensitive to
local damage than natural frequencies and mode shapes, but the monitoring of these quantities is challenging
due to the very small strain levels occurring during ambient, or operational excitation. Two techniques are
developed for obtaining sub-microstrain measurements from fiber-optic Bragg gratings with high accuracy
and precision. The ability of the modal strains to identify structural damage is explored on prestressed
concrete beams subjected to progressive damage tests (PDT). Changes of the amplitude and the curvature of
the modal strains are observed from an early damaged state, indicating the presence of damage even when
the cracks introduced during the PDT are nearly closed due to the prestressing force, when the applied load
is removed. The results indicate that a robust SHM methodology based on modal strains can be developed.

1 Introduction

As many civil structures, such as bridges, dams and tunnels are approaching or even exceeding their original
design life, the development of reliable structural health monitoring (SHM) techniques that provide infor-
mation about the structure’s condition becomes necessary [1]. Vibration-based structural health monitoring,
usually abbreviated as VBSHM or VBM, is a non-destructive condition assessment method, based on the
identification of changes in the dynamic characteristics of a structure, which are directly related to damage
[2]. The main challenge for VBSHM is to identify dynamic characteristics that are as sensitive as possible
to structural damage and at the same time as insensitive as possible to measurement noise, loading, and
environmental factors such as temperature. Dynamic characteristics which are used very often in VBSHM
are natural frequencies. However, natural frequencies are influenced by environmental factors, such as tem-
perature, and that influence can be high enough to completely mask the presence of even severe damage,
necessitating data normalization [3, 4]. Furthermore, natural frequencies are global structural characteristics
and therefore they can not assess the location of damage while their sensitivity to certain types of damage can
be low [5]. A promising alternative can be the monitoring of dynamic characteristics obtained from dynamic
strain measurements, such as modal strains and modal curvatures which are more sensitive to local damage
than modal displacements, offering in this way a higher accuracy in damage detection and localization [6, 7].
However, the accurate determination of modal strains is challenging given the very small (sub-microstrain)
dynamic strain levels that are encountered in civil structures under ambient excitation. Ease of implementa-
tion and cost-effectiveness are important additional concerns [2].

The introduction of fiber-optic sensor (FOS) systems opened up new possibilities for strain-based SHM in
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general, and VBSHM in particular [8]. In the past years, fiber-optic sensors such as interferometric FOS [9]
that are based on the principle of low-coherence interferometry, have been successfully used in operational
modal analysis for SHM [6]. High accuracy in dynamic strain measurements has been achieved with inter-
ferometric FOS [6]. However, interferometric FOS do not offer the benefit of measuring in a dense grid,
since a limited amount of sensors can be continuously monitored from a single acquisition unit while their
multiplexing capability is also limited [9]. Fiber Bragg Grating (FBG) sensors [10] share important advan-
tages with other fiber optic sensors, such as electro-magnetic immunity, long-term stability, and resistance
in harsh environments, but additionally they are easy to multiplex (i.e., many different sensors with different
operating wavelengths can be inscribed into the same glass fiber) and they have a relatively low cost. Thanks
to the multiplexing option, structures can be monitored with a large number of sensors and in a dense grid.
FBGs are being used for real-time monitoring of railway infrastructure, wind turbines and bridges. The
Tsing Ma Bridge in Hong Kong is an example of a structure on which FBGs are used for SHM purposes.
There, the dynamic strains that are imposed on the bridge by the traffic are measured with a limited number
of sensors; the corresponding strain amplitudes though are much larger than on most other structures (tens
of microstrains) [11].

However, measuring the very small dynamic strains that occur in civil structures during ambient or opera-
tional excitation with high accuracy and precision and in a dense grid remains a very important challenge.
Two methods have been recently proposed. The first method consists of replacing the standard wavelength
shift detection algorithm in a commercial broadband FBG interrogator with a more advanced optical signal
processing algorithm, such that sub-microstrain accuracy can be achieved with FBG sensing [12]. The sec-
ond method is employing an FBG interrogator with a tunable laser source instead of a broadband one [13].
The tunable laser source scans each FBG sensor individually with a wavelength sweep. This offers a high
wavelength resolution and therefore a high accuracy of the measured strain amplitudes. However, the sweep
also introduces delays between the different FBG sensors. These delays are not compensated for in the first
instance, instead a modal analysis is performed directly on the acquired data using an accurate parametric
system identification technique. The strain mode shapes that are obtained in this way are complex due to the
time delays introduced during the acquisition, and this complexity is then exploited for synchronization with
a novel technique, the accuracy of which was already investigated in a different context [14]. Then, potential
damage is identified by repetitively identifying strain mode shapes and monitoring the changes over time.

The method is presented through application in a progressive damage test (PDT) on a complex, prestressed
fiber-reinforced concrete “roof” beam [15] and on a prestressed concrete beam of rectangular cross-section
[16]. The beams are monitored with chains of multiplexed FBG sensors and conventional uniaxial ac-
celerometers. They are dynamically excited with impulse hammer impacts at low force amplitudes, resulting
in dynamic strains of sub-microstrain amplitude. Dynamic tests are performed at the end of each loading
cycle and the data are used for strain-based modal analysis. The obtained dynamic characteristics of the
various damage stages are then compared and shifts in their values are related to the presence and location
of structural damage. Next to a direct comparison of the strain mode shapes, the top-to-bottom strain ratio
and the shift of the neutral axis are also introduced as damage-sensitive features.

2 Strain acquisition

When dynamic strains are measured with FBGs, the ability to determine the Bragg wavelength shift with
adequate accuracy and precision is essential. The aim of this research is to measure dynamic strains at
the sub-microstrain scale which occur during ambient or operational excitation of civil structures, such as
bridges, with high accuracy and precision for dynamic system identification and damage localization. For
this purpose, two measurement techniques that make use of standard FBG strain sensors have been devel-
oped. In the first technique, which is described also in [12], a novel correlation algorithm, the Fast Phase
Correlation algorithm (FPC) [17] is applied to obtain sub-microstrain accuracy and precision in wavelength-
shift detection from a relatively low accuracy acquisition system with an absolute wavelength accuracy of
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±30 pm, the FBGS FBG-SCAN 700. The main advantage of the SCAN 700 system is that it measures simul-
taneously all the sensors in the wavelength bandwidth. In the second technique [13], an acquisition system
of relatively high absolute wavelength accuracy of ±1 pm, the FAZ-Technologies FAZT-I4, is used. The
FAZT-I4 uses a built-in peak detection algorithm for the identification of the Bragg wavelength shift while it
does not simultaneously scan the various FBG sensors but instead makes a high-speed sweep scan of about
0.1 pm/ns along the wavelength bandwidth, achieving in this way high wavelength resolution. However, due
to the sweep, a delay is introduced in the measurements which leads to a phase shift between the FBGs.
A novel offline synchronization technique that is described in [14] is used to synchronize the FBGs. The
technique makes use of the identified modal strains to calculate the time delay between the various FBGs
and consequently corrects the modal strains.

2.1 FPC and FBGS FBG-SCAN 700

In the current section, the principles of the FPC peak-shift algorithm, which is used to increase the spectral
resolution of the FBGS interrogator from 30 pm (hardware resolution) to 1 pm or 0.8 µǫ, is discussed.
The FPC algorithm determines the wavelength shift (∆λ) from the phase shift between the undisturbed or
reference FBG spectrum (R(λ)) and the perturbed spectrum (R′(λ) = R(λ+∆λ)). One of the advantages
of the FPC is that it takes into account the shape of the spectrum instead of only tracking the peak-shifts
like the conventional algorithms, increasing in that way its accuracy and precision. Furthermore, it is less
sensitive both to the peak-locking effect and to noise than conventional peak-shift detecting algorithms like
the Maximum Detecting Algorithm or MDA [17]. The value of ∆λ is computed by means of the following
equation:

∆λ = median
26k6M

((
∠ℜ′(k)− ∠ℜ(k)

) Nkδλ

2π

)
(1)

where ℜ(k) and ℜ′(k) are the Fourier transforms of R(λ) and R′(λ) = R(λ + ∆λ), respectively, k is the
generic Fourier spectral line, M is the maximum number of Fourier spectral lines considered in the analysis,
the symbol ∠ indicates the phase of the complex number and N is the number of samples used for each
spectrum. The number of samples N depends on the wavelength scanning range λmax − λmin and the
wavelength resolution δλ of the acquisition system:

N =
λmax − λmin

δλ
(2)

It must be noted that one normally chooses M = N . However, the value of M can be much lower than
N without considerably affecting the performance of the algorithm, since only a few frequency lines of R
and R′ contain energy. Such an energy distribution is due to the shape of both spectra R and R′, which can
be approximated by sinc functions [17] (figure 1a). For the purposes of the present research, M = 9 was
considered as a good trade-off between execution speed and algorithm accuracy and precision.

The working principle of the FPC algorithm lays on the Fourier Transform property of a signal, that a
wavelength shift creates only a phase shift of it while it does not change its amplitude. To demonstrate this
Fourier property, a sinc function is considered (figure 1(a)) as the shape of the spectrum, with a wavelength of
λ0=1540 nm. Wavelength shifts of ∆λ1=λ0/4000 nm, ∆λ2=λ0/3000 nm and ∆λ3=λ0/2000 nm are applied
to the signal, following the Fourier Transform property:

F {g(λ−∆λ)} = e−i2πf∆λG(f) (3)

where g(λ) is the function representing the shape of the spectrum and ∆λ the wavelength shift. In figure 1,
the amplitude and the phase of the sinc signal are plotted, for four different wavelength shifts. It can be seen
that the wavelength shifts do not alter the amplitude of the signal (all four amplitude graphs coincide in figure
1b) while they create phase shifts (figure 1c), which are used by the FPC algorithm in order to determine the
wavelength shift according to equation 1.
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Figure 1: (a) Shape of a sinc function, (b) amplitude and (c) phase of the sinc function: before the implemen-
tation of a wavelength shift (solid line) at λ0=1540 nm and for three wavelength shifts equal to ∆λ1=λ0/4000
nm (dashed line), ∆λ2=λ0/3000 nm (dotted line) and ∆λ3=λ0/2000 nm (dash-dotted line).

2.2 Synchronization and FAZ Technologies FAZT-I4

In the second method, an interrogator that offers high accuracy and precision for the purposes of this re-
search is used, the FAZ Technology FAZT-I4. The absolute wavelength accuracy of the FAZT-I4 is better
than ±1 pm, giving significantly higher accuracy than the FBG-SCAN 700, whose absolute wavelength
accuracy is about ±30 pm. Therefore, the implementation of an optic algorithm for enhancing the modal
strain identification is not required here. However, the I4 does not acquire the data from all FBG sensors
simultaneously but instead makes a high speed linear sweep scan (≈0.1 pm/ns) across its wavelength range,
introducing a delay in the measurements (figure 2). This results in a phase shift between the sensors, which
is important mainly for the high frequency modes (>250 Hz) although insignificant for the low frequency
modes (0-20 Hz) that are mainly excited by ambient excitation in civil engineering structures. By applying
the offline synchronization method that is described here [13, 14], the delay can be calculated and the strain
mode shapes can be corrected. The technique makes use of the identified modal strains to calculate the time
delay between the various FBGs and consequently corrects the modal strains. The technique assumes linear
dynamic behavior of the structure and proportional damping of the structural modes.
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Figure 2: Nominal time delay-wavelength relationship due to the high-rate sweep of the FAZT-I4 (≈0.1
pm/ns) as provided by the manufacturer.

The time delay δt∗ can be estimated more accurately than in figure 2 by minimization of the objective
function f(δt) (equation 4) that gives the average difference between the mean phases (MP) of the complex
modal strains, Φcom,m, and the reference modal strain, Φref,m, over all modes (nm). The complex modal
strains are defined here as the modal strains that need to be corrected (the modal strains obtained from the
FBG sensors that are interrogated with a time delay due to the linear sweep) with respect to the reference
modal strain (the modal strain obtained from the FBG sensor which is interrogated first).

δt∗ = argminf(δt) = argmin
1

nm

nm∑

m=1

|MP(Φcom,meλm1δt)−MP(Φref,m)| (4)
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The rescaling of the complex modal strains is obtained by multiplying them by a factor Am (equation 5)
which is defined as:

Am = eλm1δt∗ (5)

where λm1 = −ωmξm + iωm

√
1− ξ2m is the pole correspond to the natural frequency ωm and modal

damping ratio ξm of mode m.

2.3 Validation of the methods

Both methods are evaluated through an experimental modal analysis of a steel I-beam of type IPE 100 of
the European Standard Universal I-Beams. The beam has a length of 3.0 m and steel rectangular plates are
welded at its ends with dimensions 200x200x10 mm. The beam is suspended with flexible springs from fixed
locations to approximate dynamic free-free boundary conditions (figure 3). The beam is excited with a shaker
at low force amplitudes and its response is monitored with two chains of multiplexed FBG sensors directly
glued along its flanges and conventional uniaxial accelerometers. The accelerometers measure the vertical
acceleration of the beam (z-direction in figure 4) while the FBGs measure the longitudinal (horizontal)
dynamic strains of the beam (x-direction in figure 4). Several dynamic tests were conducted and the average
root mean square (RMS) strain value for all FBG sensors varies from 2 µǫ, for the test with the highest
excitation amplitude, to 0.2 µǫ for the test with the lowest excitation amplitude.

Figure 3: The experimental setup of the IPE 100 beam

(a) (b)

Figure 4: (a) Top beam view and the accelerometer setup and (b) front beam view and the FBG sensor setup

The modal analysis of the beam is performed using both acceleration and strain data. The system iden-
tification is conducted with MACEC [18]. The data-driven Combined deterministic-stochastic Subspace
Identification (CSI-data) [19] algorithm is used, where both the input force and the measured beam response
(accelerations and strains) are used for the identification. In the following, the results of the test with the low-
est excitation amplitude are presented to demonstrate the high identification accuracy from low-excitation
amplitude tests. As expected, high identification accuracy is obtained as well from the other tests with the
higher excitation amplitude.

Six bending and torsion modes are identified in the frequency bandwidth of interest (0-250 Hz). All modes
are selected from stabilization diagrams and their natural frequency values for both methods are summarized
in table 1. The natural frequencies of a validated FEM that was built in ANSYS are also provided for
comparison [12]. The differences in the natural frequencies between the two methods is attributed to the
different temperature conditions between the two days that the validations experiments for the two methods
have been conducted, which slightly influenced the modal characteristics of the beam.
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Method Mode T1 Mode B1 Mode T2 Mode T3 Mode B2 Mode T4
fFEM [Hz] 31.17 61.14 72.76 129.74 173.63 204.40
fFAZT [Hz] 32.61 61.28 72.13 130.71 175.04 203.35
fFPC [Hz] 30.86 60.52 70.98 127.51 173.27 203.49

Table 1: Natural frequencies of the beam modes as identified with CSI-data algorithm for the two methods.
The natural frequencies of the validated FEM are also given. With ’T’ are denoted the torsion and with ’B’
the in-plane bending modes.

In figure 5, the mass-normalized strain mode shapes of modes T1, B1 and T2 as identified from the FAZT-I4
after offline synchronization, and from FBG-SCAN 700 after applying the FPC algorithm are compared. The
mass-normalized strain mode shape amplitude is well identified from both FAZT-I4 and the FPC algorithm
for the presented modes. The same accuracy is observed for the other modes and thus they are not presented.
As it can be observed in figure 5, the amplitude inconsistencies of both techniques with the validated FEM
are quite small. Furthermore, the modal assurance criterion (MAC) is applied in comparison of the strain
mode shapes. The strain mode shapes of the validated FEM are used as the reference strain mode shapes.
The strain mode shapes are well identified as indicated from the MAC values that are larger than 0.98 for both
cases. Therefore, the strain modes shapes that are identified from both methods can be used with confidence
for damage identification purposes, as it will be shown in the following section.
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Figure 5: Mass-normalized strain mode shapes. The top subplots correspond to the top flange fiber and the
bottom to the bottom flange fiber. The continuous blue line corresponds to the FEM, the dashed green to the
FAZT-I4 and the pink dotted to the FPC identified strain mode shapes.

3 Damage identification

The purpose of this research is to utilize strain mode shapes for damage identification and localization, as
they are expected to be much more sensitive to local damage than natural frequencies and displacement
mode shapes. The second method that makes use of the FAZT-I4 interrogator combined with the offline
synchronization technique is used in the following case studies.

3.1 Prestressed concrete ”Roof” beam (PCRB)

An I-shaped, pre-stressed concrete ”roof” beam with two openings in its web serves as test structure (figure
6). The length of the beam is 6.0 m and its height varies linearly between its ends and its center from 0.75-
0.90 m. Low relaxation strands with a nominal diameter of 12.5 mm are used for prestressing: 7 at the
bottom and 1 at the top of the beam. The strands are given an initial stress of σp0 = 1488 MPa (100% of
σp0,max). The beam is supported on a steel table through two supports at 1.0 m from the ends. The static
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boundary conditions approximate these of a simply supported beam. This is not the case for the dynamic
behavior as an interaction between the beam and the steel table is expected because the steel table and the
connecting supports can not be considered as infinitely stiff with respect to the concrete beam.

(a) (b)
Figure 6: The experimental setup of the modal test. (a) Side view of the experimental setup. (b) One of the
connections for the FBG sensors.

3.1.1 Progressive damage test

The beam is subjected to a 3-point progressive damage test. The quasi-static load is applied at the middle of
the beam (figure 7a). Eleven loading cycles were performed. In each cycle, the maximum load was increased
by 50 kN with respect to the previous cycle. The beam failed in shear around the openings of the web (figure
7b) during the eleventh loading cycle for a load of 592 kN.

(a) (b)
Figure 7: The setup of the three FBG chains. The quasi-static force P for the PDT is applied in the direction
of the red arrow. (b) The failure pattern of the beam.

3.1.2 Dynamic tests

The dynamic excitation of the beam is performed with hammer impacts in the vertical (z-axis in figure 7a)
and the lateral (y-axis, out of plane in figure 7a) direction. The tests are performed at the beginning of each
loading cycle, when the applied quasi-static load is zero. The response of the beam to the induced excitation
is recorded with three chains of multiplexed Fiber-optic Bragg Grating (FBG) strain sensors; two at the top
flange and one at the bottom flange (figure 7a) of the beam. The chains are attached on the side of the top and
the bottom flange of the beam along its longitudinal direction through a clamping system, to measure axial
dynamic strains, as shown in figures 6 and 7. The fiber is firmly fixed at discrete connections (figure 6b)
to ensure the proper transfer of strains from the beam to the sensors; the distance between two consecutive
connections is 25 cm and one sensor exists between them, measuring the average strain or macro-strain over
this distance. The fibers are pretensioned to ensure that they would remain in tension due to the applied force
during the PDT. Thermal insulation is also provided around the fibers to ensure that temperature fluctuations
in the laboratory would not affect the measurements (figure 6). The strain acquisition system is the FAZT-I4
interrogator. The sampling frequency is 1000 Hz.
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3.1.3 Modal Analysis

The modal analysis is performed using the dynamic strain data. The system identification is conducted
with MACEC [18], using the covariance-driven Stochastic Subspace Identification (SSI-cov) [20] algorithm
where only the measured response (strains) is used for the identification. The SSI-cov algorithm provides
also the 95% confidence intervals (CI = [−2σ, 2σ] for quantifying the uncertainty of the identified dynamic
characteristics [21]. During data processing, the static or DC offset is removed from all measured signals.
Furthermore, a fourth-order Butterworth filter with a high-pass frequency of 4 Hz is applied to all channels
to remove the influence of the small temperature fluctuations on the strain measurements during the PDT.

3.1.4 Natural frequencies

Eleven bending, lateral and torsion modes are identified in the frequency range (0-400) Hz. Their natural
frequency values for the undamaged beam are summarized in table 2. High identification accuracy for the
natural frequency values is obtained since the 95% confidence interval (CIf=[−2σf , 2σf ]), as derived from
the SSI-cov identification [21] is narrow. The natural frequencies of a validated finite element model (FEM)
that is built in ANSYS are also provided for comparison.

When the experimentally identified and the numerically obtained natural frequencies are compared, a good
match is observed for the lateral bending modes L1 and L2, the torsion modes T3 and T4, and the in-plane
bending modes B2 and B3. On the contrary, for the remaining modes, a significant difference in the natural
frequency values is observed. This is attributed to the interaction of the ”roof” beam with the supporting
beam, which is not taken into account by the FEM. In order to investigate which modes are influenced by
the ”roof” beam - supporting beam interaction, the modal assurance criterion (MAC) is applied. The MAC
values for the first two lateral modes L1 and L2 and the last two in-plane bending modes B2 and B3 are
approximating unity (> 0.98), indicating a high consistency between the calculated and the experimentally
obtained modes. Therefore, for these modes, the assumption of free-free boundary condition applies and the
system ”roof” beam-supporting beam is decoupled. Hence, it is expected that any potential changes on the
dynamic characteristics of these modes will originate from the damage that is induced to the ”roof” beam
and not from the interaction with the supporting steel beam.

The evolution of the natural frequencies and their 95% confidence intervals throughout the PDT is shown in
figure 8 for the decoupled bending modes B2 and B3. A similar trend is observed for the decoupled lateral
modes L1 and L2 and thus they are not presented. For the damage-sensitive modes, a constant reduction
of their natural frequency values is observed, which is correlated with the increased level of damage of the
beam. The percentile reduction of the natural frequency values varies from 4% to 9% for the different modes,
depending on the degree that each mode is influenced by the damage.
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Figure 8: Evolution of the natural frequencies as identified from the FBG strain data (solid lines) and their
95% confidence intervals (CIf=[−2σf , 2σf ]) (dotted lines) for modes B2 and B3.
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Method Mode L1 Mode T1 Mode L2 Mode T2 Mode B1 Mode L3
EMA 27.20 35.50 75.30 93.00 127.50 131.00
FEM 27.40 55.40 77.15 108.70 115.40 141.90

Method Mode T3 Mode L4 Mode T4 Mode B2 Mode B3
EMA 178.00 216.60 244.80 265.90 313.70
FEM 177.80 234.50 247.70 264.40 314.40

Table 2: Natural frequency values of the undamaged beam. The vertical bending modes are denoted with ’B’,
the lateral bending modes with ’L’ and the torsional modes with ’T’. EMA stands for experimental modal
analysis and FEM for finite element model.

3.1.5 Strain mode shapes

The identified strain mode shapes of the beam are given in figure 9 for the decoupled modes (L1, L2, B2 and
B3). A least-squares fit is applied for the determination of the scale factor c that links the strain mode shapes
of the various cycles with the strain mode shapes of the first loading cycle. The least-squares fit is calculated
to the modal strain values at the ends of the fibers i.e., the zones outside of the static supports. Since these
zones are not stressed due to the static loading, their values are not expected to change due to the damage.
To demonstrate the evolution of the modal strain shapes due to the damage, combined graphs of the modal
strain shapes that were identified in each loading cycle are presented.
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Figure 9: Evolution of the damage-sensitive strain mode shapes as identified from SSI-cov, for the 11 loading
cycles. The top subplots correspond to the top flange fibers of the beam while the bottom subplots to the
bottom flange fiber. The dash-dotted lines indicate the location of the supports.

Significant amplitude and curvature changes are observed in the vicinity of the damaged area (around the
openings of the web), as it can be seen from the strain mode shapes in figure 9. The increase in curvature and
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amplitude is directly related to the decrease of stiffness at certain locations of the beam (around 1500 mm
and 4500 mm) where shear cracks were observed during the experiment (figure 7b). The evolution of the
strain mode shapes during the different loading cycles is prominent. The larger amplitude values correspond
to the last loading cycle, before the failure of the beam. The strain mode shapes appear to be more sensitive
to damage at the top flange, which is in agreement with the observations during the experiment where most
of the cracks were formed at the top of the beam. However, the strain mode shape of the third bending mode
(mode B3 - figure 9) is influenced both at the top and the bottom of the beam from the damage, allowing in
this way to identify also damage of moderate severity at the bottom flange of the beam.

Finally, a quantity for damage detection and localization is introduced: the top-to-bottom strain ratio (TBSR),
which is defined as:

TBSR(x) = |ǫtop(x)| \ |ǫbottom(x)| (6)

where |ǫtop(x)| is the absolute value of the longitudinal modal strain at the top of the beam, |ǫbottom(x)| is
the absolute value of the longitudinal modal strain at the bottom of the beam, and x denotes, as before, the
longitudinal coordinate. The TBSR is computed for the well-identified strain mode shapes of the in plane
bending modes, B2 and B3. At the locations that the modal strains are approximating zero, mainly in the
zone between 2700-3300 mm, the criterion is not applied since the division by very small quantities can yield
inaccurate results. As can be clearly seen in figure 10, where the evolution of the TBSR values along the
beam for modes B2 and B3 throughout the PDT are given, the influence of the damage is significant. A clear
increase or decrease of the TBSR at the locations where the damaged was mainly observed during the PDT,
indicates its high sensitivity as a damage indicator. These changes appear already from the second loading
cycle and become really apparent after the sixth loading cycle. The largest changes are observed at the zones
around 1500 mm and 4500 mm, where the most severe cracks were observed during the PDT. There, the
TBSR values have an increase of up to 114% between the undamaged beam and the damaged beam of the
last loading cycle. Therefore, the TBSR is considered as a high sensitivity measure of the level of damage.
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Figure 10: TBSR values between the undamaged beam strain mode shapes and the strain mode shapes of the
various damage levels. The black dashed lines indicate the location of the supports.

3.2 Prestressed concrete beam (PCB)

A prestressed concrete beam of rectangular cross section (240x200 mm) serves as the test structure (figure
11). The length of the beam is 5.0 m. Low relaxation strands with a nominal diameter of 12.5 mm are used
for prestressing: 3 at the bottom and 2 at the top of the beam. The strands are given an initial stress of σp0 =
744 MPa (50% of σp0,max). High-strength concrete is used, of the class C70/85. The beam rests on two steel
rollers at 0.4 m from the ends. Therefore, the static boundary conditions correspond to these of a simply
supported beam.
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(a) (b)
Figure 11: (a) The experimental setup of the modal test and the PDT and (b) One of the tires used for
approximating free-free dynamic boundary conditions.

3.2.1 Progressive damage test

The beam is subjected to a four-point bending PDT. The quasi-static loads are applied at two locations which
are symmetric with respect to the midspan of the beam, using two hydraulic jacks (figure 12). The same load
is applied from both hydraulic jacks, creating a zone of constant bending moment between them. Twelve
loading cycles of increasing load were performed, where the load step is 20 kN for the first 3 cycles and 10
kN from the fourth cycle on. The first cracks on the beam formed during the third loading cycle for a load
of about 55 kN. The beam failed during the 12th loading cycle for a load of 142 kN from crushing of the
concrete at the zone of the highest compressive stresses (between the points of the load application).

(a) (b)
Figure 12: (a) The four-point PDT. The quasi-static force P is applied in the direction of the arrows (dimen-
sions in mm) and (b) the failure pattern of the beam. The bending cracks are also visible.

3.2.2 Dynamic tests

The dynamic tests are conducted after the end of each loading cycle. The response of the beam to the induced
dynamic excitation is recorded with four chains of FBG strain sensors from FBGS, attached at the four edges
of the beam as shown in figure 13. The same clamping system that was described in the PCRB section is
used for PCB. The distance between two consecutive clamps is 25 cm and one FBG exists between them.
The beam is dynamically excited in the vertical and the lateral direction with 15 impulse impacts (continuous
measurement). The dynamic boundary conditions approximate those of a free-free vibrating beam. This is
achieved with the use of inflated tires, as shown in figure 11b. After the end of each loading cycle, the beam
is lifted from its supports by inflating the tires underneath it, so there is no contact with the static supports
and the dynamic tests are conducted in free-free boundary conditions. After the end of the 8th loading cycle
(110 kN), the FBG chains are detached from the beam to avoid damaging them during the further loading
and failure of the beam. Three accelerometers are attached on the beam to follow the evolution of the natural
frequencies. Hence, the strain mode shapes are available for 9 load steps (for the undamaged beam and for
the first 8 loading cycles), while the natural frequencies are available for 12 load steps (until failure).
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Figure 13: The setup of the four FBG chains (side beam view).

3.2.3 Modal analysis

Dynamic strain data obtained from the FBG sensors are used for the modal analysis. The average measured
RMS strain values among all FBGs for hammer impact tests is ≈ 0.1µǫ. The system identification is per-
formed with the SSI-cov technique [20, 21]. The static or DC offset is removed from all measured signals.
Furthermore, a fourth-order Butterworth filter with a high-pass frequency of 4 Hz is applied to all channels
to remove the influence of the small temperature fluctuations on the strain measurements during the PDT.

3.2.4 Natural frequencies

Eight modes are identified in the frequency bandwidth (0-400) Hz. The identified natural frequencies for the
undamaged beam are presented in table 3. High identification accuracy for the natural frequency values is
obtained since the 95% confidence interval (CIf=[−2σf , 2σf ]), as derived from the SSI-cov identification
[21] is narrow. The evolution of the natural frequencies and their 95% confidence intervals up to the 8th

loading cycle of the PDT when the FBG chains were removed is shown in figure 14 for the modes B1 and
B2. A similar trend is observed for the other modes and thus they are not presented. A constant reduction
of the natural frequency values is observed, which is correlated with the increased level of damage of the
beam. The percentile reduction of the natural frequency values at this damage state varies from 2% to 4%
for the different modes, depending on the degree that each mode is influenced by the damage. When the
natural frequencies obtained from the acceleremoters are considered, the reduction of natural frequencies
varies from 7% to 13.5% right before the failure of the beam.

Mode Mode B1 Mode L1 Mode B2 Mode L2 Mode B3 Mode L3 Mode B4 Mode L4
fssi [Hz] 37.11 45.91 98.66 117.86 190.58 228.47 312.20 366.97

Table 3: Natural frequency values of the undamaged beam. The vertical bending modes are denoted with
’B’ and the lateral bending modes with ’L’. EMA stands for experimental modal analysis.
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Figure 14: Evolution of the natural frequencies as identified from the FBG strain data (solid lines) and their
95% confidence intervals (CIf=[−2σf , 2σf ]) (dotted lines) for modes B1 and B2.
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3.2.5 Strain mode shapes
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Figure 15: (a), (b) and (c), evolution of the in-plane strain mode shapes B1, B2 and B3, for the first 8 loading
cycles, (d), detail of the zone 2000-3000 mm for mode B1. The first step corresponds to the undamaged
beam. The top subplots correspond to the top fibers and the bottom to the bottom fibers. The left subplots
correspond to the side of the beam with positive y-coordinates while the right subplots to the side of the beam
with negative y-coordinates. The dash-dotted lines indicate the location of the supports and the location of
the load application.

In this section, the influence of the increasing damage throughout the PDT on the strain mode shapes is
investigated. Combined graphs are given, where the identified strain mode shapes in each loading cycle are
plotted on top of each other. A normalization scheme [22] is applied that allows for a consistent re-scaling
of the strain modes shapes and their 95% confidence interval (CIǫ = [−2σǫ, 2σǫ]) so they can be directly
compared within the different loading cycles. The in-plane bending strain mode shapes of modes B1, B2 and
B3 with their CIǫ are shown in figures 15a-c. In figure 15d, the zone between the points that the loads are
applied (2000-3000 mm) for mode B1 is presented in detail. Strain amplitude changes are observed in the
vicinity of the damaged area (between the points of the load application) for all modes, as can be seen from
the strain mode shapes in figures 15a-c and in detail in figure 15d. The CIǫ is quite narrow for all modes
throughout the PDT indicating high identification accuracy and most important that the changes that are
observed on the strain mode shapes are because of the increasing level of damage in the beam. The evolution
of the strain mode shapes during the different loading cycles is prominent and follows the evolution of the
cracks, even though the cracks are nearly closed after the static unloading of the beam due to the prestressing
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force. The highest modal strain amplitude values at the location of the damage correspond to the damaged
state after the end of the 8th loading cycle at 110 kN (77% of the failure load at 142 kN), when the FBG
chains were detached to avoid damaging them. More specifically, the amplitude of the bottom strain mode
shapes is increasing with the increasing level of damage at the vicinity of the damaged zone (e.g. figure 15d-
right column subplots) and the changes are more prominent at the locations of the cracks. On the contrary,
the amplitude of the top strain mode shapes is decreasing in a uniform pattern at the vicinity of the damaged
zone (e.g. figure 15d-left column subplots). This increase/decrease of the strain amplitude for the bottom/top
strain mode shapes represents the shift of the neutral axis of the beam due to the increasing level of damage.
Changes in the amplitude of the strain mode shapes are already identified after the end of the 3rd loading
cycle at 60 kN, when the beam reached its crack load, indicating early stage damage identification.

The height of the neutral axis (yN ) of the bending modes for the equivalent Euler-Bernoulli beam can be
quantified with the use of the identified modal strains and is defined as:

yN (x) = [ǫbot(x)(H − 2d)]/[ǫbot(x)ǫtop(x)]−H/2 (7)

where ǫtop(x) is the longitudinal modal strain at the top of the beam, ǫbot(x) is the longitudinal modal strain
at the bottom of the beam, x denotes the longitudinal coordinate, H is the height of the beam and d is the
distance between the longitudinal axis of the FBG chain and the top/bottom of the beam. The location of
the beam where yN (x) = 0, is defined in figure 13 and coincides with H/2. The yN (x) is calculated for the
first three in-plane bending modes (B1, B2 and B3) and is shown if figure 16. At the locations where the
modal strains are approximating zero, (figure 15), the yN (x) is not calculated since the division by very small
quantities can yield inaccurate results. The changes in the yN (x) are significant and follow the increase of
the damage in the beam. The first changes already appear after the beam exceeded its crack load at about 55
kN (during the 3rd loading cycle at 60 kN).
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Figure 16: Evolution of the neutral axis height yN (x). The first step corresponds to the undamaged beam.
The top subplots correspond to the yN (x) as obtained from the FBG chains on the side of the beam with
positive y-coordinates while the bottom subplots to the yN (x) as obtained from the FBG chains on the side
of the beam with negative y-coordinates. The dash-dotted lines indicate the location of the supports and the
location of the load application.

4 Conclusion

In this article, a new method was presented for VBSHM by means of quasi-distributed longitudinal macro-
strain FBG sensing. First, two methods for accurate dynamic strain measurements were presented. Both
methods were implemented and validated in an experimental modal analysis of a steel I-beam. The dynamic
strains that were measured on the beam had very low RMS strain values of the sub-microstrain level (≈0.2
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µǫ), similar to the ones occurring on real structures during ambient or operational excitation. The dynamic
characteristics obtained from the dynamic strains measured with the two methods, i.e. natural frequencies
and strain mode shapes, were identified with high accuracy and precision, proving the capabilities of the
proposed methods.

Second, since the accurate modal strain identification was deemed successful with the two methods, they
were further implemented for damage identification and localization on prestressed concrete beams, sub-
jected to progressive damage tests. The damage that was induced into the PCRB and the PCB by the PDT
caused important changes in their natural frequencies and strain mode shapes identified from the FBG data
in a relatively early stage. This confirms that strain mode shapes are very sensitive to local damage. The
sensitivity becomes even larger when the ratio between the modal strain amplitudes at the top and the bottom
of the beam (termed TBSR or top-to-bottom strain ratio in this article) is taken for the PCRB or the when the
height of the neutral axis (yN (x)) is calculated from the modal strains, where a consistent shift of the axis is
observed throughout the PDT for the different damage levels for PCB.
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Abstract
In structural monitoring a structure’s response to loads and environmental influences is continuously ob-
served to reduce the uncertainties in the assessment of the actual structural condition, justify an extension of
service life or to detect possible damage. In this study, a monitoring system using accelerometers and fibre
bragg gratings was installed on a telecommunication tower with a rotationally-symmetric cross-section.
The quality of measured time histories is varying and affecting subsequent analyzes. Two approaches were
used to estimate data quality. Modal parameters were estimated by an automated operational modal analysis.
Relations were observed between the quality of the measured data and of the modal parameters as well as
between the modal parameters and environmental conditions. The paired mode shapes (due to the symmetry)
where shown to be spatially orthogonal. Results indicate, that monitoring the modal parameters of slender
civil structures can be achieved, when the quality of acquired data reaches an acceptable minimum.

1 Introduction

Many civil structures, such as bridges or towers built in the 1960s and 1970s, will reach the end of their
planned service life in the coming years. Furthermore, due to the development of design codes and further
guidelines, it is often no longer possible to comply with these standards. However, in many cases continued
use is reasonable or necessary and therefore an alternative assessment of the remaining bearing capacity
and/or serviceability must be achieved. In these cases, structural monitoring offers an economic option for
estimating certain structural parameters and measuring local stresses. The global dynamic properties as well
as the intensity and frequency spectrum of loads are of particular interest for structures subject to dynamic
loads such as bridges and masts/towers.

In this study, a monitoring system consisting of acceleration, strain and temperature sensors as well as
anemometers was installed on a telecommunication tower. Traditional seismic accelerometers were used
to capture the global vibration behavior. Local strains were acquired using Fibre Bragg Grating (FBG) sen-
sors, which are not affected by electromagnetic radiation due to transmission operations. The use of FBGs
for structural monitoring has been tested many times [1], but the recorded measurement data has been rarely
used for Operational Modal Analysis (OMA) [e. g. [2, 3]. Structural monitoring and automated OMA using
accelerometers, in contrast, is a well studied field (see e.g. [4, 5, 6]).

In the presented study, strain and acceleration measurement data was used to independently identify modal
parameters and their standard deviations by means of OMA. These uncertainties were then related to different
estimates of data quality and compared with each other. Restrictions, advantages and disadvantages are
identified and recommendations for similar structural monitoring tasks are given.
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Figure 1

2 Description of the Monitoringsystem

Telecommunication Tower As part of the monitoring task, a telecommunication tower, built in the 1970s,
with a height of approximately 200 m was instrumented. It is a cantilever structure with a tapered, rotationally
symmetric cross-section consisting of three parts: a prestressed concrete cylinder at the bottom, followed by
a steel shaft and a glass-fibre reinforced plastics (GRP) cylinder on the top (Fig. 1a). Due to its exposed
position and construction type, the tower is mainly excited by dynamic wind loads. Additionally, a tuned
mass damper has been installed at the tower’s tip, consisting of a steel/concrete ring with a mass of about
1000 kg, hanging on short pendulum rods and connected to friction spring dampers.

By means of a structural monitoring system the dynamic behavior of the tower and its relations to the envi-
ronmental conditions should be investigated.

Measurement Devices The monitoring system was gradually extended over the course of three years. Sen-
sor locations were chosen, based on preliminary short-term measurements and a numerical modal analysis
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of a finite element model of the tower. In a first step three pairs of accelerometers (sensitivities: 10 V/g and
1 V/g), measuring horizontal vibrations, were placed about halfway up, at the tower’s top and on the TMD,
also at the top. Temperature sensors (Pt100) and anemometers at both locations were installed to record
environmental influences.

In order to improve the system identification results and to achieve a higher spatial resolution of the mode
shapes, another three pairs of acceleration sensors were installed along the upper half of the tower about a
year later (Fig. 1a).

All analog signals from the sensores were digitized at distributed stations that connected to a controller at the
ground. Using fibre-optic connections, the electromagnetic perturbations due to the transmission operations
was substantially reduced, but could not be completely avoided. The dynamic amplitudes that were reached
with the accelerometers during three years of operations were ± 0.95 m s−2 (RMS: 0.51 m s−2) and are well
within the limits of all devices involved.

In the last expansion stage, several strain sensors were installed to identify local mechanical loads at the
transition piece between the prestressed concrete shaft and the steel cylinder. In order to eliminate elec-
tromagnetic interference, fibre-optic strain gauges, i.e. fibre bragg gratings (FBG) were used. Four points
on the wall of the steel cylinder were instrumented with customized FBG strain rosettes (see Fig. 1b. The
majority of the measuring points were placed at locations were strains were expected to be highest due to the
main wind directions. The rosettes were fixated on textile carrier mats glued to the walls. Strainless fibres
are used for temperature compensation.

The used interrogator has 4 multiplexed channels which are operating in the wavelength range 1510 - 1590
nm. Due to the measuring principle, the application of an analogue anti-aliasing filter is not possible. How-
ever, the very low dynamic amplitudes of max. +- 45 µm m−1 (RMS: 12 µm m−1) show frequency compo-
nents mainly concentrated at the lower natural frequencies in the range of up to 1.3 Hz.

Data Acquisition and Storage The two measurement systems (acceleration/environment and strains) were
run independently at a sampling rate of 100 Hz and 20 Hz, respectively. A coarse time synchronisation was
achieved using the control PC to which both devices are connected. No exact time synchronisation was s,
but considered to be possible (see e.g. [7]). Both devices were continuously acquiring data and storing slices
of 1 hour in a binary format.

The data was transferred to a central server and processed further, daily. Processing included: unpacking,
inspection for erroneous signals, inclusion of file statistics into a database, generation of time history plots
and spectral plots and generation of daily email reports. A database of file statistics is needed in order to
cut arbitrary slices of signals from the continuously recorded data, and thus allows to retrieve synchronized
data from both measurement systems. Additionally, a constantly updated database allows to rapidly generate
graphs of the long term evolution of the measured quantities.

Duration of Analyzed Data Sections As continuous measurements are available, the duration of the ana-
lyzed sections of the data could be chosen freely. With shorter sections, it is expected to observe better the
changes of modal parameters due to changing loading conditions, i.e. wind characteristics are usually given
as 10-minute means, whereas increasingly less cycles of oscillation would be included in the analysis, which
affects the system identification results. Using longer sections improves the system identification but also
smoothes out much of the short term environmental variance. The choice of a proper duration is therefore
considered a bias-variance-dilemma. In this study, the whole data set was analyzed multiple times using
sections of 10, 30, 60 and 120 minutes. Based on subjective evaluation, using 30-minute sections, a good
trade off between bias of the identification results and capturing significant environmental variance can be
achieved for the purpose of this study.
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Signal Processing For each 30-minute slice of data, statistical characteristics such as minimum, maxi-
mum, variance, RMS and kurtosis were calculated, first. Subsequently, channels with measurement range
overload or failures were marked as faulty in each data set and then only error-free data sets were further
processed. A double (forward/reverse) band pass filter (Butterworth, 4th order) with cut-off frequencies (0.1
... 5 Hz) was applied to these signals and the sampling rate was reduced to 10 Hz.

Data Quality Assessment The definition of the quality of measured data always depends on the field of
application. A general approach is given in the Guide to the Expression of Uncertainty in Measurement
[8]. However, the primary procedure makes use of repeated measurements, which can not be carried out in
ambient vibration testing. In an alternative procedure, the characteristics of the full measurement chain are
to be modeled using data sheets and other sources. This can not account for unknown sources of noise and
interference that are strongly present in the monitoring system described in this study.

Alternatively, other commonly used criteria to judge on the quality of measured vibration data include the
signal-to-noise ratio (SNR) of statistical evaluations of the signals. The estimation of the SNR in the input-
output case can be done for example using coherence-based methodes (see e.g. [9]). However, considering
the output-only case little information is available. Brincker and Ventura [10] give a rule-of-thumb that
makes use of the singular-value spectrum, where ”the noise level is indicated by the first singular value that
becomes flat [...]”. The signal level is then defined to be the peak value of the first singular value and thus the
SNR can be defined. However, an extensive parametric study using synthetic data showed relations between
derived SNR value versus the real SNR value which most likely resembles a sigmoid function.

For the purpose of this study, the ratio of singular values is used as a criterion to estimate data quality.
Another criterion for data quality is the kurtosis of the signals, which is also adopted in this study. In ambient
vibration testing the kurtosis is used to check the assumption, that the structural response measurements are
normally distributed noise processes.

3 Operational Modal Analysis

The identification of modal parameters, i.e. natural frequencies, damping values and mode shapes, using
structural response measurements only, is the aim of Operational Modal Analysis (OMA) (see e.g. [11]).
Several parametric and non-parametric methods, operating in the frequency or time domain exist for this
purpose. In this study, a parametric time domain method, the reference-based, data-driven Stochastic Sub-
space Identification (SSI) [12] was used. It identifies a linear state space model from the measured signals,
from which the modal parameters can be determined. Two extensions to this method were employed: the
estimation of the modal contributions of each identified mode to the measured signal using a Kalman filter
[13] and the estimation of uncertainty bounds, i.e. variances, of the modal parameters using the first-order
sensitivity of the modal parameter estimates to perturbations of the measured signal [14].

Selection of Analysis Parameters For all parametric methods of OMA, some analysis parameters may
influence the identification process and the quality of the modal parameters to be identified (see e.g. [15])
and must be defined in advance. In the case of the SSI method these are: the dimension of the block-Hankel
matrix, which is assembled from the measured data, and the model order of the identified state space system.

There are only few recommendations for choosing the number of block lines. In [16] the ratio of sampling
rate (fs) and lowest natural frequency (f0): p = fs/2f0 is suggested. In the presented study, this value
was determined empirically by maximizing the modal contributions for different excitation situations (weak,
moderate and strong wind).

When using the acceleration measurement data, the best results are obtained at low wind speeds and a
number of block lines of p = 20 . . . 25. Strong wind identification results in lower modal contributions in
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any configuration. The pair of sensors at approx. 100 m was selected as reference sensors, based on the
mode shapes of a finite element model.

The diagonally arranged FBG of the strain rosettes were used as reference sensors for the strain measurement
data. The highest modal contributions were achieved in moderate to strong winds using p = 18 . . . 23. No
reliable identification was possible in any configuration at low wind speeds, due to operating at the lower
threshold of the strain measurement device.

The analysis of strain and acceleration data was carried out separately using the ”number of block-lines”
p = 23 and the ”maximum model order” nmax = 200.

Quality Assessment of Modal Parameters In the presented study, quality of modal parameters, is defined
as low standard deviations or coefficient of variations. A method to estimate the uncertainties of modal pa-
rameters was developed by [17]. From multiple blocks of vibration data, the uncertainties can be computed
and propagated through the applied OMA algorithm by utilizing first-order perturbations. This method was
applied to SSI in [14] and optimized for efficient multi-order computations in [18]. The actual implementa-
tion in the Python programming language follows [18, 19].

As a dimensionless measure of quality, the coefficients of variation was computed from the variances and
the mean values of the natural frequencies and the damping values. They show a linear relationship and
therefore, to simplify further analyzes, the coefficient of variation of the identified natural frequencies was
used as an estimate for the quality of modal parameters.

The number of blocks, used to compute the standard deviations of the modal results in each section, were
chosen such that the 95% confidence intervals of the respective mean values, would fall within one standard
deviation of the true value. A value of 30 blocks per section, or a block-length of 1 minute, respectively, was
chosen, following the well known equations (see e.g. [9]).

Main Directions of Identified Mode shapes The SSI algorithms are generally capable of separating
closely-spaced modes. In some cases, however, this separation can not be fully achieved. It can be ob-
served, that the identified mode shapes of closely-spaced modes are often mapped as a complex combination
of the two mode shapes, dominated by one of the two mode shapes.
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This phenomenon can be represented graphically (Fig. 2a) by plotting the modal displacements of a measur-
ing point, i.e. the components of the mode shape in two measuring directions at this point, over one period in
the plane of motion. The result is an ellipse with amplitudes ax, ay and corresponding phase angles ϕx, ϕy
in the x and y directions.

The main direction of this ellipse can be determined from the equation of the length of the directional vector

r(t) =
√
rx(t)2 + ry(t)2 with rx,y(t) = ax,y cos(ϕx,y + t)

and setting its first derivative w.r.t. time to zero. From ṙ(t) = 0 follows the time instance, where the
position vector reaches maximum length i.e. the semi-major axis, and its angle, which is considered the
main direction of the ellipse.

tmax = −1

2
arctan

a2x sin(2ϕx) + a2y sin(2ϕy)

a2x cos(2ϕx) + a2y cos(2ϕy)
, βmax = arctan

ry(tmax)

rx(tmax)

Depending on how well the two closely spaced modes are separated from each other by the OMA algorithm,
the shape of the ellipse varies. As an indicator of the degree of separation, the ratio of the radii of the
semi-major and semi-minor axis’ can be selected.

This procedure analyzes only the identified mode shapes, which ideally occur as orthogonal pairs. The actual
movements of the tower are always a combination of several modes and are not the subject of these analyses.

Automated Stabilization and Tracking When using parametric OMA methods, so-called mathematical
solutions, are also identified in addition to solutions with a physical meaning. The distinction between spu-
rious and physical modes is usually done manually using a stabilization diagram, where stable poles appear
repeatedly at increasing model orders, while spurious poles are randomly distributed. For continuous struc-
tural monitoring an automated selection is necessary. In the presented study a three-stage cluster algorithm,
developed in [20] and significantly improved in [21], was used for this purpose. The three stages are: clearing
of physical and spurious poles, grouping of similar poles into several clusters and removal of small clusters.

However, not all modes are always sufficiently excited and therefore identified. The tracking of single
modes over time becomes especially challenging when closely-spaced modes are present, as in this study.
Additionally, due to mode splitting [22] the algorithm may identify the ”real” modes at lower model orders
and split modes at higher model orders. Since all modal parameters vary due to environmental influences,
no similarity measure can be used for tracking the evolution of single modes. Literature suggests to use
hard-validation criteria to sort out complex modes, which is also not applicable in cases of closely-spaced
modes, as the identified mode shapes always lie in a subspace that is spanned by the two corresponding mode
shapes of a pair of modes [10]. For the purpose of this study, where necessary, coarse frequency binning was
applied and then only the results were exactly two modes were identified for a mode-pair were used further.

Storage and Organization of Results All quantities that result from the automated OMA are multidimen-
sional. The dimensions are: time, measurement channels or measuring points and vibration modes. Most
quantities fill only one or two of these dimensions, though. Additionally, the results are sparse in all of these
dimensions, which means, in any dimension data points may be missing. For example: in dimension time,
data may be missing due to downtimes of the monitoring system; in dimension channels, data may be miss-
ing due to failures of sensors or addition of new sensors; and most importantly in dimension modes: some
modes may not always be excited sufficiently and thus can not be identified and are therefore missing (for
examples see Figure 2b).

Efficient post-processing of the results, however, requires carefully aligned and consistent data sets and
efficient routines to interactively explore the (multidimensional, sparse) data. This may include generation
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Figure 3: All identified natural frequencies over time. Top: from acceleration time series; Bottom: from
strain time series

of different diagrams (histograms, scatter plots), evaluation of statistics (correlation coefficients, regressions)
or the filtering of the data sets with respect to different result quantities.

The Python xarray package (https://xarray.pydata.org) fulfills these requirements and was cho-
sen for this study. It uses the Unidata Common Data Model for self-describing scientific data and is based on
well proven packages from the SciPy stack. Its usage proved to be very useful for post-processing the data
sets, while the gradual assembly of the final data sets turned out to be more difficult than expected.

4 Results and Discussion

Using the methods described, the modal parameters as well as the estimates of data quality were determined
from 18,145 (strain data) and 43,296 (acceleration data) data sets. Mean and variance estimates were also
computed for a similar number of data sets containing environmental data. It should be mentioned, that
the wind data had to be transformed from polar (wind direction and speed) to Cartesian coordinates (wind
speeds in two directions), were an orthogonal least squares approach could be used to determine the mean
wind directions.

Due to the large amount of data points in the diagrams, instead of the usual scatter plots two-dimensional
histograms with a high number of bins in both directions were generated. Therefore they appear similar to a
scatter plot, but outliers are not exaggerated by the visual perception of a dense scatter plot.

Relations of Modal Parameters with Environment Figure 3 shows all identified natural frequencies
over time, both from the acceleration time series and from the strain time series. In the frequency range
of consideration, the telecommunication tower has 5 natural frequencies, each of them occurring as a pair
at closely spaced natural frequencies. Only three of these pairs of natural frequencies could be reliably
identified from the strain time series, as the vibration amplitudes of the strains decrease with increasing
frequency. Significant relationships can be recognized between natural frequencies and temperature (Fig.
4) as well as damping values and wind speed (Fig. 5). A temperature-dependency in structural stiffness
is assumed to be the main reason for the change in natural frequencies with temperature. Several factors
are conceivable for the observed increase of the damping values with increasing wind speeds: Increased
aerodynamic damping, stronger activation of internal friction e.g. in structural connections or activation of
the tuned mass damper with increasing levels of vibration.
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Figure 4: Natural frequencies related to ambient temperature for modepairs 1,2,4 and 5 (bottom to top).
(Spearmans rank correlation coefficients: -0.73, -0.44, -0.72, -0.37)

Figure 5: Damping ratios related to mean wind speed for modepairs 1,2 and 3 (bottom to top) (Spearmans
rank correlation coefficients: 0.31, 0.55, 0.55)

Using the procedure outlined in section 3 to determine the orientation of the identified mode shapes, the
relationships between wind directions and mode shape directions shown in Figure 6 could be identified.
From the sideways plots of the marginal distributions, a main vibration direction can be clearly recognized,
especially for the first two pairs of modes. The measuring point at the transition area between reinforced
concrete and steel was selected as an example, but similar relations can be observed for the other measuring
points and the main directions are almost equal at all points. Thus, the identified directions do not just
arise from the OMA algorithm but have a physical origin. Additionally, they are only slightly influenced by
changing wind directions. This means that even small imperfections of the rotational symmetry are sufficient
to determine two main directions of vibration in contrast to a perfect numerical model, where the orientation
is usually random.
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Figure 6: Main directions of the identified mode shapes related to wind directions. Top: first modepair,
bottom: second modepair; right: histograms of the respective dataset

Relations of the Quality of Modal Parameters with Data Quality A quick inspection of randomly se-
lected time series and also of the identified modal parameters reveals, that the quality of the acceleration
measurements seems to be significantly higher than that of the strain measurements. As mentioned in sec-
tion 3, the strain acquisition system was mostly operating at the lower resolution threshold of the device and
therefore the time series a relatively high degree of noise. The lower graph of Figure 7 illustrates this ob-
servation: with decreasing vibration levels, identification results are scattered all along the frequency range.
Additionally, higher natural frequencies can only be identified at higher vibration levels. The results from the
acceleration time series (top graph), however, do not show such behavior, due to the vibration levels being
well within the operating levels of sensors and acquisition devices.

Figure 7: Identified natural frequencies over mean RMS of the time series. Top: from accelerations; bottom:
from strains.
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Figure 8: Coefficient of variation of the identified natural frequencies cvf related to kurtosis κ of the re-
spective time series. Top: acceleration, bottom: strains. (Spearmans rank correlation coefficients 0.17, 0.37)

Figure 9: Coefficient of variation of the identified natural frequencies cvf related to the difference of two
singular values of the singular value spectrum ∆σPSD. Top: acceleration, bottom: strains. (Spearmans rank
correlation coefficients -0.18, -0.6)

Figures 8 and 9 confirm the observations that the quality of the strain signals is significantly lower than that
of the acceleration signals. Here, the coefficient of variation of the natural frequencies is related to the two
measures of data quality, as defined in the previous section. From the bottom graph (strain) in Figure 8, it
can be observed, that with increasing kurtosis the coefficient of variation increases, too. However, in the top
part of the figure (acceleration) no such behavior can be observed.

A similar observation can be found by comparing the two graphs in Figure 9. Here, the coefficient of
variation of the natural frequencies seems to increase with decreasing difference of the singular values of the
singular value spectrum. Again, this observation is most clear in the bottom graph which corresponds to the
”lower quality” strain measurements and only slightly visible when ”high quality” acceleration signals (top
graph) were used.

In conclusion, strain and acceleration measurements are of different quality. The two applied measures of
data quality do not reflect this difference, though. However, when the signal-to-noise ratio of the measured
data is low its effect on the quality of a modal identification can be quantified by either of these measures.

3756 PROCEEDINGS OF ISMA2018 AND USD2018



5 Conclusions

In this contribution it has been reported about a monitoring system that acquires vibratory accelerations in
several levels as well as local strains on a rotationally symmetric telecommunication tower. Over the period
of three years, both acceleration and strains as well as the environmental conditions temperature and wind
were recorded. Using automated operational modal analysis, the modal parameters were determined from
the acceleration and strain measurement data.

A comparison shows a good correspondence of the natural frequencies and damping values determined
from both measured variables. As expected, the results determined from the strains scatter more strongly,
especially at low vibration amplitudes.

The identified modal parameters were related to the environmental conditions. It was observed, that the
natural frequencies have a slight tendency to decrease with increasing temperature, that the modal damping
ratios increase with increasing wind speeds and that the main directions of the identified mode shapes are
relatively constant, regardless of changing wind directions.

The acceleration sensors deliver high-quality measurement data at both low and high vibration amplitudes,
given that their sensitivity is sufficient. The measurement data of the fiber optic strain sensors is of lower
quality and can only be used for operational modal analysis when vibration levels exceed a certain level. Two
different estimates of data quality can be related to the quality of the modal identification if the measured
data is dominated by noise, as in the case of the strain measurements. For the quantification of uncertainties
in these relations, a suitable methodology has been presented.

In this respect, strain-based output-only modal analysis is an alternative way of determining modal parame-
ters if existing strain measurement technology is to be used or no accelerometers can be installed. In addition
to life cycle analysis and estimation of local component stresses and strains, the strain measurement data can
also be used to determine global structural parameters. Nevertheless, lower uncertainties are generally to be
expected for the identification of modal parameters from measured accelerations, assuming suitable sensors.
This is especially true for higher frequencies.

With regard to the analysis, the following observations emerge: The Stochastic Subspace Identification
method in conjunction with an automatic stabilization algorithm is very well suited for identifying modal
parameters from both high quality acceleration signals and lower quality strain signals. The method delivers
reliable results even in the presence of closely spaced modes.
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Abstract
Structural health monitoring is based on output-only vibration measurements. In order to get an early
warning of structural failure, the signal-to-noise ratio of the measurement data should be high. This can be
achieved by Bayesian virtual  sensors  that  are  proved to be more accurate  than the actual  measurements.
Virtual sensor data then replace the actual measurements in subsequent steps of damage detection.
Environmental or operational influences can be removed by acquiring training data under different
conditions and utilizing the correlation between the virtual sensors. The measurement of the underlying
variables is not necessary. An extreme value statistics (EVS) control chart for the first principal
component scores of the residuals is plotted for damage detection. Numerical simulations were performed
for a structure subject to unknown random excitation and various environmental effects. Virtual sensors
outperformed the raw measurements in damage detection, making early warning more plausible.

1 Introduction

Important structures can be equipped with a monitoring system sensing vibrations at several positions of
the structure and detecting changes in the dynamic behaviour. The changes in the dynamic characteristics
can be detected from extracted features, such as natural frequencies or mode shapes, or directly from the
measured time histories. Some challenges still exist that must be solved to make the monitoring system
reliable (sensitivity to small changes and minimum number of false alarms):

• Measurement error. The desired level of damage to be detected is relatively small, which means
that the measured data must be accurate,

• Environmental or operational influences are often stronger than those of damage, which can make
damage detection difficult,

• Response data are only available. The excitation cannot be measured or controlled. The data
analysis method must be therefore insensitive to vibration amplitudes,

• Feature extraction must be automatic due to a vast amount of data,

• In model-based SHM, an accurate finite element model is needed, which may be expensive and
challenging to build,

• The number of sensors should be large with simultaneous sampling of all channels.
The large number of sensors increases the hardware and maintenance costs (e.g. sensors, cables, data
acquisition, data storage, assembly, and repair). Wireless sensor networks (WSN) are a possible solution
with a large number of low-cost sensor nodes and automatic reconfiguration. Time synchronization in a
WSN is an issue, because simultaneous sampling is required. Also, low-cost sensors may be less accurate
than the more traditional high-quality sensors.
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Environmental or operational variability affects the dynamic behaviour of the structure. Many
experimental studies have demonstrated the environmental effects on the dynamic characteristics of large
civil engineering structures. The main underlying variable is temperature [1–6], but also the influences of
the water level in the dam [7], humidity on a wooden structure [8], traffic [9, 10], and wind [11] have been
identified.
Because the underlying environmental or operational variables are not all known and their effects on the
data are often complex, it may be difficult to build a model that predicts the variability in the data.
Alternatively, the effects of environment can be removed using the vibration data alone by applying
multivariate statistics, provided the data dimensionality is high enough to make the measurements
redundant. Many techniques have emerged to take environmental or operational effects into account
without measuring the underlying variables [8, 12–26]. The same approach can be used either in the time-
domain or in the feature-domain.
This paper concentrates on data analysis for damage detection and localization and addresses several of
the abovementioned issues. The data analysis is made in the time domain, so that no feature extraction is
needed. Response is only measured, and data-based SHM and damage detection is employed. Training
data are needed from the undamaged structure under different environmental and operational conditions.
Environmental or operational quantities are treated as latent variables; they are not measured. Utilizing the
correlation between the variables in the training data, those underlying influences can be eliminated. It is
assumed that the sensor network is redundant, so that each sensor reading can be estimated using the
covariance model. The residuals (the difference between the measured and estimated variables) are used in
damage detection.
A novel feature is noise reduction in order to increase the detection performance. If the measurement error
is large, small damage may remain undetected. Therefore, a high signal-to-noise ratio (SNR) is important
to get an early warning. This can be achieved e.g. by using high-quality sensors or by applying virtual
sensing (VS) techniques to a redundant sensor network. Empirical virtual sensing is traditionally used for
sensor validation and sensor fault identification [27–39]. Assuming the sensor network is redundant, it is
possible to estimate the signal of a single sensor using the remaining sensors in the network. In the present
study, all sensors in the network are used to reconstruct the sensor under investigation, including the
sensor’s own signal. Bayes’ rule gives an optimal weighting to all sensors resulting in virtual sensors with
accuracy always higher  than that  of  the physical  hardware.  Virtual  sensing uses the same idea as  in  the
removal of environmental or operational influences from the data discussed above. However, VS is
applied independently to each measurement. Once processed, the data still include the prevailing
dynamics and environmental or operational influences, as well as the effects of damage. Measurement
error  is  only  reduced.  The  measurement  data  are  replaced  with  the  virtual  sensor  data  in  the  damage
detection algorithm.
The paper is organized as follows. Bayesian virtual sensors are derived in Section 2. Damage detection
under varying environmental or operational conditions is outlined in Section 3. Detection and localization
of  an  open  crack  in  a  bridge  girder  is  studied  in  Section  4  using  a  numerical  finite  element  model  to
generate vibration measurements under different environmental and operational effects. Concluding
remarks are given in Section 5.

2 Bayesian virtual sensing

Virtual sensing (VS) gives an estimate of a quantity of interest using the available measurements.
Empirical VS is a data-based approach, estimating a physical sensor using hardware redundancy. The
sensor might become faulty, and using historical data from the functioning sensor network, the sensor
reading can be reconstructed. Analytical VS utilizes a mathematical model together with measurements to
estimate a quantity of interest. For example, full-field data can be estimated using a limited number of
sensors.
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This study applies empirical virtual sensing to noisy measurements to estimate virtual sensors with less
noise. Bayesian analysis is employed to a sensor network, and it is shown that the posterior is more
accurate than the actual hardware.
Consider a sensor network measuring p simultaneously sampled variables y = y(t) at time instant t. Each
measurement y includes independent measurement error w = w(t):

wxy += m (1)

where xm = xm(t)  are  the true values of  the measured degrees of  freedom. The objective is  to  find a  less
noisy estimate for the true values xm utilizing the noisy measurements y from the sensor network.

2.1 Bayes’ rule

From Bayes’ rule,
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This, however, cannot be evaluated, because the distributions are not available. To proceed, only a subset
of the physical sensors is estimated by partitioning each observation into observed variables v and
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Measurement error w is assumed to be zero mean, independent of xm, with a known covariance matrix
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where E(⋅) denotes the expectation operator. After partitioning, all distributions are conditioned with yv.
Bayes’ rule becomes

)|(
)|()|(

)|(
)|(),|(

),|()|(

,,

,,

,,

vu

vumumu

vu

vumvumu

vuumum

p
pp

p
pp

pp

yy
yxxy

yy
yxyxy

yyxyx

=

=

=

(5)

The distributions in (5) can be evaluated as shown in the following.

2.2 Likelihood

Assuming Gaussian noise w, the likelihood is obtained using Equation 1:
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2.3 Evidence

For simplicity but without loss of generality, assume zero-mean variables y. The partitioned data
covariance matrix Σy is
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The precision matrix Γy is defined as the inverse of the covariance matrix Σy and  is  also  written  in
partitioned form:
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A linear minimum mean square error (LMMSE) estimate for yu | yv is obtained by minimizing the mean-
square error (MSE) and can be computed either using the covariance or precision matrix [38, 40]. If each
sensor  signal  is  estimated  in  turn,  the  formulas  based  on  the  precision  matrix  result  in  a  more  efficient
algorithm [38]. The expected value of the estimated variable is:

vvuvyuuyvuu E Kyyyyy =−== −
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where uvyuuy ,
1
,K −−= , and the error covariance MSE is

1
,)|cov( −= uuyvu yy (10)

Notice that the covariance is the error compared to the noisy measurement, not to the noiseless (true)
value.

The evidence )|( vup yy  is also Gaussian with the mean and covariance from Equations 9 and 10,
respectively:
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The evidence is merely a normalizing factor, independent of xm,u. However, evidence will be utilized in
damage detection to remove the environmental or operational effects, which will be discussed in Section
3.

2.4 Prior

The prior distribution )|( , vump yx  is obtained from the measurement model (1) by partitioning and
conditioning, and applying the rule that the sum of two Gaussian variables is also a Gaussian variable. The
prior mean is
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and the prior covariance is obtained from

uuwvumvu ,, )|cov()|cov( yxyy += (13)

from which and (10),

3762 PROCEEDINGS OF ISMA2018 AND USD2018



uuwuuyuuwvu

vumuu

,
1
,,

,prior,

)|cov(

)|cov(

yy

yx

−=−=

=
−

(14)

The prior distribution is also Gaussian:
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Notice that the prior is not subjective. It is the distribution of the exact quantity, estimated without using
the corresponding sensor signal.

2.5 Posterior

The posterior distribution (5) is obtained by some manipulation, resulting in
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where c1, c2, and c3 are constants and the posterior covariance uupost,  is

1-1
prior,

-1
,post, )()|cov( −+== uuw,uuumuu yx (17)

and the posterior mean is
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Notice  that  the  MSE  of  the  posterior  (17)  is  always  less  than  that  of  the  measurement  error, uuw, .
Therefore, the posterior mean is more accurate than the actual measurement.
Equation 18 can also be written in the following form.
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Equation 19 shows that  the posterior  mean is  a  weighted sum of  the measurements  of  all  sensors  in  the
network.
Generally, the predicted DOFs u may  include  several  variables.  In  the  sequel, u is one-dimensional
including one sensor only. For each sensor u, a corresponding row vector T

ua  is computed. All these
vectors can be assembled in a coefficient matrix A to estimate all virtual sensors simultaneously:

Ayx =m̂ (21)

where each row u of matrix A represents the corresponding sensor.
A diagonal covariance matrix is assumed with variances (17) in the corresponding row u.
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2.6 Application of virtual sensing

Bayesian virtual sensing is applied to each measurement separately. Each measurement is assumed to be
acquired under constant environmental or operational condition, so that the dynamic characteristics remain
the same during the whole measurement period. Because the measurement period is typically of the order
of a few seconds or minutes, this assumption is often valid. Therefore, the differences between
measurements due to environmental or operational variability or damage remain in the data. The noise is
only reduced.
Virtual sensors are then used in subsequent damage detection using virtual sensing again but in a different
way as shown in the following.

3 Damage detection under different environmental or operational
conditions

Virtual sensors are used in damage detection as if they were physical hardware. The measurement data are
replaced with the virtual sensor data ( mxy ˆ← ) (21). The damage detection algorithm used in this paper is
briefly outlined. Each sensor in turn is estimated using the remaining sensors in the network. The residuals
for each sensor are then generated:

uuu yy ˆ−= (22)

where yu is a vector of virtual sensor data (Equation 18 or 19) and uŷ  is the evidence mean (9), identified
using training data (virtual sensors) from the undamaged structure. The training data consist of several
measurements in order to take different environmental or operational conditions into account. Specifically,
the data covariance matrix (7) is estimated using all training data. The environmental or operational
influences can be eliminated using correlation between the features [24]. Once damage occurs, the
correlation structure does not fit the experimental data producing a larger residual, which will then trigger
an alarm.
All residuals are standardized according to the training data. All samples, training and test data, are
subjected to principal component analysis (PCA). The first principal component (PC) is retained in order
to find the direction with the largest change in the data space, which is supposed to indicate damage. If the
first PC scores of the residuals are not normally distributed and the distribution is unknown, a generalized
extreme value distribution can be used regardless of the data distribution [41]. The scores are divided into
subgroups (of size n = 100) and the subgroup minima and maxima are recorded. Extreme value
distributions are identified for both the subgroup minima and maxima of the in-control samples (training
data). The control limits are computed to these distributions by choosing the probability of exceedance
(here 0.001). The extreme values are plotted on a control chart [42] to see if the test samples exceed the
control limits thus indicating damage.
The increased sensitivity to damage when using Bayesian virtual sensing can be explained by Equation 22.
If no noise reduction is applied, yu is the actual noisy measurement from which a less noisy estimate uŷ  is
subtracted. The noise of the original data thus remains in the residual. On the other hand, when applying
Bayesian virtual sensing, yu will have less noise than the actual measurement, and subtracting uŷ  will
result in a less noisy residual, which in beneficial to damage detection.

4 Numerical example

Numerical simulations were performed using a finite element model of a stiffened bridge deck (Figure 1).
The structure was a 30 m long and 11 m wide. It had four longitudinal and three lateral stiffeners. Four-
node discrete Kirchhoff quadrilateral shell elements were used with a diagonal mass matrix. The deck was
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made of concrete with Young’s modulus of E = 40 GPa (at  temperature T = 0°C), Poisson ratio of ν =
0.15, density of ρ = 2500 kg/m3, and thickness of 250 mm. The stiffeners were made of steel (E = 207
GPa, ν = 0.30, ρ = 7850 kg/m3). The longitudinal stiffeners had a web with a thickness of t = 16 mm and a
height of h = 1.4 m. The bottom flange had a  thickness of t = 50 mm and a width of b = 700 mm. The
lateral stiffeners were 1.4 m high and 30 mm thick.
The end nodes of the bottom flanges were simply supported. Longitudinal displacements were fixed only
at one end of the bridge. The corners of the deck were supported in lateral and vertical directions.
Temperature had an effect on the concrete deck. It was assumed that the temperature along the width was
constant, and along the length it was linearly varying. The ends of the bridge were at random temperatures
between –20°C and +40°C. The relationship between the temperature and the Young’s modulus was
stepwise linear as shown in Figure 2. There is thus infinite number of possible distributions of Young’s
modulus in the bridge deck. Notice that temperature or Young’s modulus were not measured, but they
were considered latent variables.
Two independent random loads were applied at nodes 774 and 872 in vertical direction (green squares in
Figure 1). Both excitation signals were low-pass filtered below 8.33 Hz. The standard deviation of either
load was random between 30 N and 200 N. The excitation was not measured.
The response was computed with modal superposition using the first seven modes. The analysis period
was 2 s  with a  sampling frequency of  2 ms.  One measurement  period then included 1001 samples from
each sensor.
Vertical accelerations were measured at 28 points shown in Figure 1. Same amount of noise was added to
the signals, so that the mean signal-to-noise ratio was approximately SNR = 48 dB. The standard deviation
of  the  noise  was σw = 3⋅10–6 m/s2, which was assumed to be known. Using the physically measured 28
accelerations, the empirical Bayesian virtual sensors were estimated.
50 measurements were made from the undamaged structure under random environmental conditions.
Damage was a crack that was simulated by removing contact at certain nodes. Damage location is plotted
in red in Figure 1. Three different crack configurations were modelled with an increasing severity by
removing contact at one, two, or three nodes, respectively. The nodes are shown in the detailed plot in
Figure 1 showing the order in which the nodes were separated. Each damage scenario was monitored with
three measurements under random environmental and operational conditions. As a result, the last nine
measurements were from a damaged structure. Notice that the modelled crack was in the web and in the
weld between the web and the flange, making damage detection quite challenging, because the flanges
remained intact.
The first seven natural modes of the undamaged structure under nominal environmental conditions are
shown in Figure 3. Figure 4 shows the first seven natural frequencies in each 59 measurements. The
variability due to environmental variation is clearly seen. Visually, there are no clear changes in natural
frequencies due to damage. The red circles show an additional natural frequency due to damage
corresponding to the lateral flapping of the web at the crack.
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Figure 1: Top: Finite element model representing the real structure. The initial 28 sensor positions are
shown as red circles and the two excitation points as green squares. Damage is shown with red lines.

Bottom: A detail of the girder with damage. The crack is shown with red lines and the numbers indicate
the order in which the connecting nodes separated to form an increasing crack size. The flange remained

intact.
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Figure 2: The effect of temperature on the Young’s modulus of the concrete.
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Figure 3: The first seven natural modes of the undamaged structure (T = 0°C).
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Figure 4: The first natural frequencies indicating the influences of the environmental variables. The data
before the leftmost vertical line were from the undamaged structure, and the vertical lines indicate the

three damage levels with an increasing severity. The red circles are additional natural frequencies due to
damage.

The training data were the first 40 measurements. They were also used to design the control charts. Test
data were the last 19 measurements, from which the last nine were from the damaged structure. The first
principal component scores of the residuals (Equation 22) were plotted on the extreme value statistics
(EVS) control chart using subgroups of size 100 [43].
Damage localization was based on the maximum discrepancy between the measurement and the estimate.
The closest sensor from the damage was identified having the maximum average discrepancy.
The objective was not to create a very detailed finite element model. Instead, the purpose was to
investigate the performance of Bayesian virtual sensors to damage detection compared to corresponding
physical hardware. For the modelled damage, the noise level was deliberately chosen so that the
comparison could be easily made. In addition, the selected noise level would give an indication of the
possible crack size that can be detected with actual hardware. An open crack was modelled instead of a
breathing crack, because it was shown in an earlier study that a breathing crack may be much easier to
detect than an open crack due to resulting non-linear effects [44].
Figure 5 shows a detail of the acceleration of sensor 10. Three curves are shown: the noiseless data (blue),
the actual noisy measurement (black), and the Bayesian virtual sensor (red). A larger noise level was used
to make visual comparison possible. For the actual noise level, the standard deviation of the noise in all
sensors is plotted in Figure 6 both for the hardware (red) and Bayesian virtual sensor (blue). It can be seen
that the Bayesian virtual sensor was more accurate than the actual hardware. The standard deviation of the
noise was decreased to one third on average. This noise reduction property was utilized in damage
detection as shown next.
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Figure 5: Time history of sensor 10. Blue: true (noiseless) data. Black: actual noisy measurement. Red:
Bayesian virtual sensor. A larger measurement error was used to enable visual comparison.
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Figure 6: Standard deviation of noise in the actual sensor 10 (red) in each measurement, and the noise of
the Bayesian estimate (blue).

EVS control charts for damage detection are shown in Figure 7. The left chart was plotted using the actual
measurements indicating no damage, whereas the chart in the right that was plotted using the virtual
sensors was able to detect damage levels 2 and 3. It should be noted that the measurement error (noise)
was small indicating that high-quality sensors may be required to detect damage of this type and size.
Nevertheless, with Bayesian virtual sensors it is possible to detect damage earlier than if using the
physical hardware.
Damage was localized to sensor 10 (Figure 8) that was the next sensor to the right from the actual damage
location and above the same girder. The closest sensor from the crack was sensor 11, which also showed a
high residual. It was located above the intersection of the longitudinal and lateral stiffeners.
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Figure 7: EVS control chart using actual measurements (left) and Bayesian virtual sensors (right). The
data before the leftmost vertical line were used as training data, and the other vertical lines indicate the

three damage levels with an increasing severity.
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Figure 8: Damage localization

5 Conclusion

Bayesian virtual sensing was introduced and used in damage detection. With Bayesian VS it is possible to
decrease the measurement error, making an early warning more achievable. Bayesian virtual sensing was
applied to each measurement individually, so that the dynamics and environmental or operational
influences remained, but noise was only decreased. The resulted virtual sensor data then replaced the
actual measurements in damage detection.
Data analysis for damage detection was made in the time domain without a feature extraction process,
without knowing the excitation or the environmental or operational variables, and without a mathematical
model of the structure. Environmental and operational effects were eliminated using the correlation
between the virtual sensors. Training data were used to build a correlation model of the undamaged
structure under different environmental or operational conditions. The training data were used to estimate
one sensor in turn using the remaining virtual sensors in the network. The virtual sensor data and the
estimates were subtracted to generate the residuals. Principal component analysis was applied to the
residuals, and the first principal component scores were used to design the extreme value statistics control
chart for damage detection with appropriate control limits. Damage was localized to the closest sensor
having the largest average residual.
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The noise level used in the experiment was quite low, and the results indicated that high-quality sensors
may be required to detect the introduced damage. Another study could be made by increasing the crack
size gradually to find the smallest detectable crack size. In addition, other crack locations or damage
scenarios could be studied.
The measurement error can be further decreased by increasing the number of sensors. The noise reduction
rate, however, is not linear but would rapidly decrease as with any averaging process (for example, the
standard error of the mean is proportional to 2/1−N , where N is the size of the sample).

The sensor network had 28 accelerometers, which were placed in a 4 × 7 grid. Optimal sensor placement
for damage detection was left for future studies.
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Abstract
In this contribution experimental damage localization of mechanical systems based on H∞ estimation, an
introduced difference process and state projection estimation error (SP2E) is studied. Because real structural
excitations are presumed to be unknown, a general input is applied therein, which allows synchronization
and normalization. Furthermore, state projections are introduced to enhance damage identification. Based on
these theoretical results, SP2E is experimentally used to localize stiffness degradations and mass alterations
in a laboratory set-up. Here, the usage of projection techniques for damage identification was proven. By
analysing several different structural alteration positions and extents, an experimental sensitivity study has
been conducted, which confirmed the applicability of SP2E for damage localization.

1 Introduction

In view of the life-cycle of buildings, one must consider different phases, namely design, construction,
operation and demolition. The costs during maintenance are very important in view of the total building
costs. To reduce maintenance costs, structural state identification and health monitoring is important, which
is based on information about the structure by measuring and observing.

One can get dynamic structural responses as a consequence of deterministic excitations (e.g. impulses,
sweeps). Because these test loads may be too cost-intensive or not applicable at all for large-scale structures,
one should use ambient excitations instead. These stochastic loads (e.g. wind, traffic, waves) are not mea-
surable, which makes more elaborate identification techniques necessary. Therefore, the stochastic subspace
identification (SSI) technique allows to parametrize state space parameter and a measured power spectrum.
Nevertheless, the application of those state space parameters for structural alteration identification may be a
challenge. Several techniques have been defined for that, for instance methods based on numerically-derived
mode shapes, curvatures, experimental flexibilities, and so on. Unfortunately, these (most often theoretically
only described) methods may be inadequate for large-scale structures, like bridges, wind energy plants, and
so forth.

In this contribution a new damage identification technique is presented and explained. It is named state
projection estimation error (SP2E).1–3 A very important element is the usage ofH∞ estimation theory. This
method is an advantageous approach to deal with unknown structural excitations. Briefly summarizing the
method, an H∞ estimator is determined for both the reference and the potentially damaged structural state
based on SSI results. Those estimators are then used to determine an (estimation error) difference process,
whose average process power is a well-suited parameter to identify structural alterations. The average process
power of the difference process can then advantageously be determined by using the solution of a Lyapunov
equation.
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To improve the structural alteration identification, the introduced difference process is further developed,
essentially to reduce noise. For that, oblique projections of system states are introduced, which leads to
method SP2E. This technique is based (from an algorithmic perspective) on structural measurements only,
and a mechanical-analytical model (e.g. finite element model (FEM)) is not necessary.

Method SP2E has been verified in laboratory experiments. Here, some experimental results are shown
and discussed based on a structural steel cantilever arm with 2.45m length. To get structural responses with
eight uniaxial accelerometers, an ambient excitation was simulated by acoustic noise. Most importantly, the
structure was subsequently altered by applying masses and reducing the stiffness by saw cuts.

By applying SP2E, the authors show that a mass increase of 0.5% of the structural total mass was detectable
and locatable at different positions. In addition to that, saw cuts were locatable too. These studies were ex-
panded for different alteration scenarios and repeated in over 100 experiments. All results were reproducible
and indicated the correct alteration location, which confirms the experimental applicability of SP2E.

Nomenclature

Systems
Tyu Transfer system Tyu : y ← u[
A B

C D

]
Linear time-invariant state space

Tyu(σ) = C
(
σI −A

)−1
B +D

σx(σ) = Ax(σ) +Bu(σ)
y(σ) = Cx(σ) +Du(σ), σ = (s, z)

Matrices
0 Zero matrix
Λ, X Eigenvalues and -vectors
Π Solution of Lyapunov equation
A System matrix
C Observer matrix
I Identity matrix
Kp Gain matrix
L User defined matrix
M Covariance of w and v: Q, Rv, S
Mx Measurement position x
N Control matrix
P Solution of Riccati equations
PV Projector onto V
Rx Covariance of x
Sx Spectral density of x
U, V Basis of spaces U and V
Y, Z Coupling matrices

Operations
‖×‖H2 Two-norm
‖×‖H∞ Infinity-norm
E{×} Expectation〈
×,×

〉
Gramian matrix

×T Transpose
×∗ Conjugate transpose
×−1 Inverse
×̂ Estimate

Spaces
C Complex numbers
N Non-negative natural numbers
R Real numbers
H, K Hilbert/Krein space
U , V Complementary Subspaces
W Vector space

Scalar Quantities
γ Upper bound
ω, θ Angular frequency
j Imaginary number
k, l Discrete time-step
N Number of samples
n Number of states, system order
p Number of measurement positions

Vectors
P̄ Average power
d Difference process
e Estimation error
w, v Process, measurement noise
x State vector
y Structural response

3776 PROCEEDINGS OF ISMA2018 AND USD2018



2 Damage localization: State projection estimation error (SP2E)

2.1 Outline

In this section the identification of a mechanical structure and its application for damage identification based
on estimation theory is discussed. Because structural health monitoring systems must be able to distinguish
between an undamaged and a damaged structural state, the indexes are chosen accordingly as 1)reference and
2)potentially damaged structural state. The subsequent theoretical development is summarized in table 1.

Theoretical Issue Objective
1. The mechanical structure is measured (e.g. ac-

celerations) during operation in two structural
states by y1 and y2.4

In order to identify structural damage, a system
shall be found to represent the measurement of
each structural state.

2. Experiments and thus an excitation is necessary
to measure y1 and y2. Therefore, ambient exci-
tations are superior to deterministic ones.5

Stochastic subspace identification (SSI) is an
appropriate tool to determine the required sys-
tems based on measurements y only. If SSI is
used, an FE-model is unnecessary

3. The state space systems (following SSI)
Tyn,1(A1, C1) and Tyn,2(A2, C2) of equation
(1) cannot be compared (e.g. difference), be-
cause of unknown input processes w and v.

A normalization basis must be found to make
both systems comparable, which the innovation
form (e.g. equation (2)) allows. That is the com-
mon approach to represent the measurement at a
mechanical structure.6

4. To determine systems Tye,1(A1,Kp,1, C1) and
Tye,2(A2,Kp,2, C2) following Kalman filtering
theory and SSI concepts, a Riccati equation
must be solved. Unfortunately, the equation
may be unsolvable due to numerical prob-
lems.7–9

A major problem is positivity, hence the require-
ment for a positive definite spectrum Sy(e

jθ).7

To circumvent that, straightforward noise pre-
sumptions Q = I , R = I and S = 0 can be
used. Because this leads to a positive-definite
input Gramian, a Riccati solution is guaran-
teed,10 presuming a (Schur) stable A.

5. The innovation form follows the Kalman fil-
ter, which is susceptible to noise uncertainties.
Hence, Q = I , R = I and S = 0 may lead to
large estimation errors.11, 12

A robust estimator must be determined. Here,
theH∞ theory allows to cope with noise uncer-
tainties.13

6. By usingH∞ theory, process e in equation (2) is
not uniform. Furthermore, e is a general estima-
tion error process, not an innovation process.13

The state space systems Tye,1 and Tye,2 based on
H∞ theory are inverted, which allows to apply
a normalization basis in equation (6).

Table 1: Overview of the Theoretical Development

2.2 System identification and estimation theory

Stochastic subspace identification is a widespread technique, which is briefly discussed only below. The
authors refer to standard literature, like Van Overschee and De Moor14 and Katayama.15 Very importantly,
stochastic subspace identification is seen here as a technique to parametrize a state space system, rather then
a tool which identifies modal data only.6, 16 Following that a very important result of stochastic subspace
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identification is state space system Tyn(A,C):

[
xk+1

yk

]
=

[
A I 0
C 0 I

]

xk
wk
vk


 , Tyn =

[
A I 0

C 0 I

]
, nk =

[
wk
vk

]
. (1)

State space system Tyn(A,C) represents the measurement of a mechanical structure and is parametrized by
system identification techniques on the basis of measurement y (step 2 in table 1). Basically, the covariance
based and the data driven approaches can be used for that. The identified system parameters then are A ∈
Cn×n and C ∈ Cp×n. Here, n is the number of states and p the number of measured signals, thus x ∈ Cn

and y ∈ Rp. Modelled by process noise w ∈ Cn, the mechanical system is excited by wind, traffic, waves,
and so on. Nevertheless, measurement noise v ∈ Rp (e.g. static noise, quantizing noise) must be considered
and both noise disturbances w and v are modelled as white noise processes.10, 15 This truly is inaccurate for
real-life disturbances, but is used very commonly for an approximation.

The reference and the potentially altered structural states are defined by indexes 1 and 2. Two
systems Tyn,1(A1, C1) and Tyn,2(A2, C2) follow and can be compared as the axiom II of Worden et al.4

suggests. Unfortunately, a direct comparison (e.g. a difference) of both systems is rather useless, because
signal disturbance processes w and v are unknown. Hence, both state space systems Tyn,1 and Tyn,2 are
normalized differently (step 3 in table 1). Here, estimation theory leads to an alternative, for instance the
Kalman filter in system identification.

Based on an identified system Tyn, various authors like Van Overschee and De Moor,14 Katayama,15 and so
on discuss the determination of a Kalman filter in innovation form (state space system), which represents the
measurement at a mechanical structure:6

[
x̂k+1

yk

]
=

[
A Kp

C I

] [
x̂k
ek

]
, Tye =

[
A Kp

C I

]
. (2)

To numerically compute a state space system following the innovation form of a Kalman filter (which leads
to equation (2)), a discrete-time algebraic Riccati equation (step 4 in table 1) must be solved on the basis of
a theoretical input Gramian according to Kailath et al.:10

M(Πx) = E

{[
wk
vk

] [
wk
vk

]∗}
=

[
Q S
S∗ Rv

]
=

[
Πx −AΠxA

∗ N −AΠxC
∗

N∗ − CΠxA
∗ Ry(0)− CΠxC

∗

]
. (3)

This Gramian does not describe real physical disturbances, because noise processes w and v are unknown.
Hence, second order statistical parameters Q, Rv and S follow a pure theoretical description and states x
may have no physical meaning here.

As has been discussed before, estimator equation (2) is determinable by solving a Riccati equation. To be
solvable, several criteria (stability, observability, controllability and positivity) must be maintained in the
frame of stochastic subspace identification.7–9 Although stabilization methods (e.g.7) have been defined,
a useful solution may be questionable for a physical interpretation. Hence, a rather straightforward choice
Q = I , Rv = I and S = 0 is undertaken, which is problematic in the frame of Kalman filtering, because
this theory requires exact noise presumptions. The consequences of imprecise noise parameters on Kalman
filtering have been repeatedly discussed, for instance by Simon11 and Mangoubi12 (step 5 in table 1).

Thus, noise uncertainties must be considered for the derivation of equation (2). That is possible by
H∞ theory, but not through Kalman filtering. The robust estimator approach can be explained with the help
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of a general weighting matrix L, which allows to define a theoretical signal zk = Lxk. By estimating this
signal (e.g. by ẑk = Lx̂k), the central criterion ofH∞ estimation is defined by applying z̃k = zk − ẑk:

lim
N→∞

N−1∑
k=0

‖z̃k‖22
N−1∑
k=0

(
‖wk‖22 + ‖vk‖22

) < γ2 . (4)

This equation analyzes the worst-case scenario of noise disturbances w and v with regard to the weighted
estimation error z̃. Centrally, that allows to take noise uncertainties into account. For clarity the initial state
has been omitted above. Because a theoretical solution to the above estimation problem can be given for
some special cases only, a suboptimal problem is introduced instead by defining an upper bound γ.13

Estimator (and thus Kalman filter too) are denoted by Tye(A,Kp, C). Central concept is the estimate
of state, which follows the estimation error process e ∈ Rp and the gain Kp ∈ Cn×p. This approach
is interesting here, because it allows recursive signal determination, in opposite to the former state space
system Tyn(A,C).

Most importantly, the numerical solvability is guaranteed and noise uncertainties have been taken into ac-
count by using H∞ estimation. Although the numerical solution to Krein space based H∞ estimation13

is very similar to the Kalman filtering solution, process e is not an innovation process. However, Kalman
filtering is recovered as γ tends to∞. Here, the authors refer to Simon,11 Hassibi et al.,13 Mangoubi,12 and
so forth.

2.3 Synchronization and Normalization

In view of the above discussion, two state space systems Tye,1 and Tye,2 following H∞ theory are present,
which represent the measurement at a mechanical system in reference and potentially altered structural state.
Consequentially, in reference state (calibration of monitoring system) measurement y1 has been measured to
identify Tyn,1 and Tye,1. In opposite to that Tyn,2 and Tye,2 are determined in a potentially damaged state of
the mechanical system following y2.

Unfortunately, a direct comparison of both state space systems Tye,1 and Tye,2 (e.g. as a difference) is useless,
because driving estimation error processes e1 and e2 are not uniformly standardized (step 6 in table 1). To
allow that, both processes should be standard inputs, like a white noise process in the stochastic case.

While the estimation error processes are unknown at first, measurement processes are present. Hence, the
above problem can be circumvented by inverting the state space systems. Fortunately, the inversion follows
a simple reordering of equation (2) in accordance to estimation theory as

[
x̂k+1

ek

]
=

[
Ap Kp

−C I

] [
x̂k
yk

]
, Tey =

[
Ap Kp

−C I

]
, Ap = A−KpC . (5)

As can be seen here, both inverse state space systems Tey,1(Ap,1,Kp,1, C1) and Tey,2(Ap,2,Kp,2, C2) can be
defined to have the same measurement process input.

Index 3 is introduced, which is a theoretical structural state. Now, the important idea is to use the same
measurement process y3 for both inverse systems Tey,1 and Tey,2, which synchronizes and normalizes the
outcome, in this case estimation error processes e1 and e2. By applying process y3 to both systems Tey,1 and
Tey,2, synchronization and normalization of both processes e1 and e2 is achieved. This allows to introduce a
difference process

dk = e1,k − e2,k =
(
y3,k − ŷ1,k

)
−
(
y3,k − ŷ2,k

)
= −ŷ1,k + ŷ2,k . (6)
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Again the advantage of usingH∞ estimation can be seen here. Besides the consideration of noise uncertain-
ties (which are unknown for bridges, offshore wind energy plants, airplanes, etc.), the general measurement
process y3 might differ from original signals y1 and y2. In summary both arguments emphasize the consid-
eration of noise and model uncertainties, andH∞ estimator are thus an appropriate choice.

2.4 Analysis of the Difference Process and Determination of Average Process Power

The defined difference process of equation (6) can directly be applied to determine d, which can be analysed
based on the average process power. Henceforth, the difference process d shall be represented by a state
space system, because a deeper understanding of that process and an advantageous numerical solution then
follows subsequently.

In order to define a state space formulation of d, equation (6) is rewritten as an observer equation:

dk = −ŷ1,k + ŷ2,k = −C1x̂1,k + C2x̂2,k =
[
−C1 C2

] [x̂1,k

x̂2,k

]
. (7)

To revise above, a theoretical measurement process y3 is uniformly applied to the inverse systems Tey,1 and
Tey,2. That allows to determine a control equation, which leads to the state space system:



x̂1,k+1

x̂2,k+1

dk


 =



Ap,1 0 Kp,1

0 Ap,2 Kp,2

−C1 C2 0





x̂1,k

x̂2,k

y3,k


 , Tdy = Tey,1 − Tey,2 =



Ap,1 0 Kp,1

0 Ap,2 Kp,2

−C1 C2 0


 . (8)

Based on that, it is very advantageous to determine a system, which maps standard input processes (white
noise) w and v to the difference process d, as will be argued in the following. This system is referred to as
Tdn for which different model approaches are possible.

To derive a state space system Tdn, the general input process y3 is described here by system Tyn,3(A3, C3)
in accordance to equation (1). By applying system Tyn,3(A3, C3), a state space representation is chosen:




x̂1,k+1

x̂2,k+1

x3,k+1

dk


 =




Ap,1 0 Kp,1C3 0 Kp,1

0 Ap,2 Kp,2C3 0 Kp,2

0 0 A3 I 0
−C1 C2 0 0 0







x̂1,k

x̂2,k

x3,k

wk
vk




(9a)

Tdn = TdyTyn,3 =




Ap,1 0 Kp,1C3 0 Kp,1

0 Ap,2 Kp,2C3 0 Kp,2

0 0 A3 I 0

−C1 C2 0 0 0


 . (9b)

Because unknown noise disturbances w and v are modelled as white noise processes and state space system
Tdn maps those to d, its system parameters may be advantageously applied to compute Rd(0) by solving a
Lyapunov equation:

Πd = AΩΠdA
∗
Ω +BΩM3B

∗
Ω . (10)

Therein M3 has been used, which is a presumed input Gramian matrix of disturbance processes according to
equation (3). This leads to a numerical advantageous determination of Rd(0):

Rd(0) = E{dk d∗k} =
[
−C1 C2 0

]



Π11 Π12 Π13

Π21 Π22 Π23

Π31 Π32 Π33





−C∗1
C∗2
0


 . (11)

The principal diagonal of Rd(0) is referred to as P̄d ∈ Rp, whose elements are the average process power of
d at each measurement position. An analysis for that can be applied for damage identification.
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2.5 Complementary Subspaces and Oblique Projections

While the average process powerRd(0) of equation (11) can directly be applied to identify structural damage,
it is enhanced in this section by projection techniques to suppress noise. The important idea is to exploit the
structure of state space system Tdn in equation (9): Because d follows y3, respectively Tyn,3(A3, C3), the
important frequency content of the difference process must be accordingly.

To apply this concept, complementary subspaces of Tdn are analysed in view of fundamental subspaces first.
Then oblique projections are elaborated afterwards. This allows to split d in two elementary parts, which has
some serious implications for damage identification. Finally, table 2 gives a summary of the new method
state projection estimation error.

Basically, y3 is a test signal which is applied to Tdy in equation (8), and can be understood as an approach for
synchronization and normalization, as was pointed out in section 2.3. The response d must be in accordance
to input y3. Hence, a derivation which takes advantage of this concept is subsequently described. Therefore,
an eigenvalue decomposition is applied:


Ap,1 0 Kp,1C3

0 Ap,2 Kp,2C3

0 0 A3


 = XΛX−1 =

3∑

i=1

XiΛiX̄i, X =
[
X1 X2 X3

]
=



X11 0 X13

0 X22 X23

0 0 X33


 .

(12)

A reasonable form of matrixX has been chosen here. Then, the inverse ofX follows the Schur complement:

X−1 =



X̄1

X̄2

X̄3


 =



X−1

11 0 −X−1
11 Y

0 X−1
22 −X−1

22 Z

0 0 X−1
33


 , Y = X13X

−1
33 , Z = X23X

−1
33 . (13)

The found form of X and X−1 is bounded to very important constraints. Those can be found by applying
the eigenvalue decomposition:

Y A3 = Ap,1Y +Kp,1C3, ZA3 = Ap,2Z +Kp,2C3 . (14)

Following the former equation, parameters Y andZ are easy determinable for special cases of Tyn,3(A3, C3),
which is observable by applying the defined closed-loop matrix Ap of equation (5) here:

Tyn,3(A3, C3) =

{
Tyn,1(A1, C1) −→ Y = I

Tyn,2(A2, C2) −→ Z = I
. (15)

Thus, an appropriate choice for Tyn,3 is the potentially damaged state Tyn,2, because signals y2 are measur-
able at the moment of analysis. This leads to y3 → y2 and can be applied in equation (8), which may allow
a real-time damage identification. However, real-time applications are beyond the scope of this contribution.

Oblique projections are now defined based on determined properties. Therefore, complementary sub-
spaces U and V are defined by

W = U ⊕ V, U ∩ V = 0, U = span(X1, X2), V = span(X3) . (16)

In general, oblique projectors are defined by U and V , whose columns are a basis for U and V respectively,
as Meyer17 points out:

PU =
[
U 0

] [
U V

]−1
, PV = I − PU =

[
0 V

] [
U V

]−1
. (17)
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Here, PU is a projector onto U along V , while the complementary one PV projects onto V along U . Then,
by applying subspaces

[
U V

]
= X =

[
X1 X2 X3

]
,

[
U V

]−1
= X−1 , (18)

projectors are derived following equation (17):

PU = X1X̄1 +X2X̄2 =



I 0 −Y
0 I −Z
0 0 0


 , PV = X3X̄3 =




0 0 Y
0 0 Z
0 0 I


 . (19)

2.6 State Projections

The determined projectors PU and PV are applied here to study essential elements:

xU,k = PUxΩ,k =



I 0 −Y
0 I −Z
0 0 0





x̂1,k

x̂2,k

x3,k


 =



x̂1,k − Y x3,k

x̂2,k − Zx3,k

0


 =



x̃1,k

x̃2,k

0


 (20)

xV,k = PV xΩ,k =




0 0 Y
0 0 Z
0 0 I





x̂1,k

x̂2,k

x3,k


 =



Y
Z
I


x3,k . (21)

Because Tyn,1, Tyn,2 and Tyn,3 may have different model orders, parameters Y and Z are fundamental to
determine state differences x̃1 and x̃2. These state differences essentially are noise, which is especially
plausible for special cases Y = I or Z = I following equation (15).

Both processes xU and xV are central elements of system Tdn:

PUxΩ,k+1 =



x̃1,k+1

x̃2,k+1

0


 =



Ap,1 0 −Ap,1Y

0 Ap,2 −Ap,2Z
0 0 0





x̂1,k

x̂2,k

x3,k


+



−Y Kp,1

−Z Kp,2

0 0



[
wk
vk

]
(22)

PV xΩ,k+1 =



Y x3,k+1

Zx3,k+1

x3,k+1


 =




0 0 Y A3

0 0 ZA3

0 0 A3





x̂1,k

x̂2,k

x3,k


+



Y 0
Z 0
I 0



[
wk
vk

]
. (23)

Continuing, central elements of d are derived:

dU,k = CΩxU,k =
[
−C1 C2 0

]


x̃1,k

x̃2,k

0


 = −C1x̃1,k + C2x̃2,k (24)

dV,k = CΩxV,k =
[
−C1 C2 0

]


Y
Z
I


x3,k =

(
− C1Y + C2Z

)
x3,k = CTx3,k . (25)

Process dU can be interpreted as noise, because it follows xU . On the other side dV may describe structural
damage and is determined by the observer matrix CT and states x3. Here, important key ideas of SP2E are
observable: 1)The output is described by a difference of observer matrices C1 and C2 with regard to model
order differences and appropriate column spaces, which is taken into account with Y andZ. 2)The difference
process d is the response to a test signal y3, which itself is described by x3. It therefore is reasonable to use
matrix CT and states x3 only to determine structural damage.
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The identification of structural damage is conducted by analysing the average process power Rd(0)
(see section 2.4). To enhance this result, projection techniques have been applied, which led to process dV
in equation (25). Again, the average process power shall be applied by

Rd,V (0) = E{dV,k d∗V,k} =
[
−C1 C2 0

]


Y
Z
I


Π33

[
Y ∗ Z∗ I

]


−C∗1
C∗2
0


 (26a)

=
[
−C1 C2

] [Y
Z

]
Π33

[
Y ∗ Z∗

] [−C∗1
C∗2

]
. (26b)

By comparing equations (11) and (26), central differences are apparent: In opposite to the determination of
Rd(0), the choice of matrix Π33 is relevant here. Unfortunately, because noise disturbances w and v are
unknown, parameters (Q,Rv, S) and thus Π33 are unknown too (see equation (3)). However, by allowing
x2,k → x̂2,k, and thus covariance matrix Π33 → Π22, a straightforward approach is chosen. This leads to
Rd,V (0), whose principal diagonal (denoted by P̄d,V ) must be analysed to identify structural damage:

Rd,V (0) =
[
−C1 C2

] [Y
I

]
Π22

[
Y ∗ I

] [−C∗1
C∗2

]
= CTΠ22C

∗
T . (27)

A damage identification algorithm based on SP2E with a focus on oblique projections is given in table 2.

SP2E Step Equations
1. Identify (Tyn, Tye) based on y for structural states 1 and 2. (1), (2)

2. Define the input y3 (e.g. by Tyn,2) and reorder estimator parameters
(A1,Kp,1, C1) and (A2,Kp,2, C2).

(9)

3. Compute parameters (Y, Z) according to defined projectors. (19)

4. Solve Lyapunov equation (10) for Π33 = 0. (10)

5. Analyse the average process power P̄d,V . (27)

Table 2: Summary of Method SP2E

3 Experimental sensitivity studies to verify SP2E

3.1 Description of laboratory experiments

To verify method SP2E, laboratory experiments have been studied at Leipzig University of Applied Sciences.
Therein a steel rectangular hollow section 80× 40× 2.9mm was built as a cantilever arm with measurement
positions M1 . . . M8 (p = 8, see figure 1a). This bending beam was excited by ambient vibrations, which
were generated as acoustic noise given by two loudspeakers. The structural responses have been measured
for 30min by eight equally spaced (30cm), uniaxial, piezoelectric accelerometers.

Experimental sensitivity studies have been conducted and published:2, 3 Four series of measure-
ments, corresponding to four positions of mass alterations, were analysed. The structural alteration positions
M1, M3, M5 and M7 were chosen. In each measurement series over 18 experiments have been carried out, in
which additional structural masses 100g, 200g, 400g, 600g, 1000g and 1600g have been separately applied
to the laboratory structure (see figure 1c). Each experiment was repeated to proof reproducibility. Even an
additional mass of 100g (approximately 0.5% of the total structural mass) was localized.2 In the following
some experimental results are shown and discussed.
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5 30 30 30 30 30 30 30 30

245cm

M1 M2 M3 M4 M5 M6 M7 M8

(a) Mechanical System: Cantilever Arm (b) Laboratory Structure

(c) Mass Alteration of 1kg at M1 (d) Stiffness Degradation by 2.5mm Saw Cut (Material
Thickness 2.9mm)

Figure 1: Laboratory Set-Up and Two Examples of Applied Structural Changes

3.2 Signal processing, system identification andH∞ estimation

The identification of the structure was uniformly based on power spectral density estimates following Welch18

with 270 averages (50% overlap). After computing covariance matrix functions Ry(l) by inverse Fourier
transform of an averaged periodogram (figure 2a), a system Tyn of the measurement at the mechanical struc-
ture was computed by covariance based stochastic subspace identification (SSI-Cov), which uses a singular
value decomposition (figure 2b). Here, a constant number of block rows and columns 28 has been chosen.
For rank determination a stabilization diagram was used.

Because of identified noise processes, model reduction was necessary, which led to a constant model order
n = 10. Finally, state space systems Tye,1 and Tye,2 based onH∞ theory and the ’filtering signals in additive
noise’ (L = C, γ = 1) were parametrized (figure 2c).
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(c)H∞ estimator

Figure 2: Identification process of the reference state

3.3 Localization: ∼ 0.5% of total structural mass

At first method SP2E was verified. This was done by applying SP2E to two different measurements of the
same structural state: Here one can see an average process power of P̄d,V ≈ 10−9(m/s2)2. This value is
plausible, because d shall be nearly zero, if no damage occurred. Overstepping this value indicates structural
alterations (threshold-value).

Now in a first configuration an additional mass of 100g was applied at M1, which is an additional mass of
approximately 0.5%, considering a total mass of 19.4kg. This leads to frequency shifts of ≈ 0.5%. Standard
modal techniques like MAC and CoMAC barely indicate structural damage here.
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Figure 3: Localization of 0.5% total structural mass

The resulting P̄d,V for the M1 case is shown in the left of figure 3. Here, the average process power is
larger than 10−5(m/s2)2 and measurement position M1, the position of mass alteration, shows the greatest
deviation. Afterwards an additional mass of 100g was successively applied at M5 and M7. Here, again
the resulting P̄d,V is larger then the threshold-value and has its greatest deviation where the mass has been
applied. Thus, small structural alterations are locatable.

3.4 Localization: Alterations between measurement positions

While mass alterations have been applied at measurement positions in section 3.3, here magnets were em-
ployed between acceleration sensors. The results are shown in figure 4.
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Figure 4: Localization of alterations between measurement positions

An additional mass of 1kg was applied in between measurement positions in three separate experimental
configurations. In every case P̄d,V is far larger than the reference value. Furthermore, always those two
elements in P̄d,V rise most, where additional mass has been applied. Thus, the localization in between
measurement positions is experimentally observed.
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3.5 Localization: Stiffness degradations

Rather then identifying mass alterations, structural health monitoring systems must be able to detect and
localize stiffness degradations. Hence, the stiffness of the laboratory structure has been reduced by succes-
sively deepening a saw cut between M5 and M6. The damage identification results by SP2E are shown in
figure 5.

1 2 3 4 5 6 7 8
0

1

2

3

4
·10−7

Meas. pos.

S
P

2E
P̄
d
,V

[(
m
/
s2

)2
]

1.5mm

1 2 3 4 5 6 7 8
0

1

2

3

4
·10−6

Meas. pos.

2.5mm

1 2 3 4 5 6 7 8
0

1

2

3

4
·10−5

Meas. pos.

4.0mm

Figure 5: Localization of saw cuts (depth 1.5, 2.5 and 4mm) between M5/M6 (material thickness 2.9mm)

A saw cut has been applied. By increasing the experimentally induced damage, the result of SP2E (the av-
erage process power P̄d,V ) constantly rises above the threshold-value. Furthermore, measurement positions
M5 and M6 always are the largest, which indicates the correct damage position. In result, stiffness reductions
are experimentally locatable by SP2E.

3.6 Experimental sensitivity study

Method SP2E has been experimentally analysed by conducting sensitivity studies.2, 3 In these studies addi-
tional structural mass was applied at the laboratory structure of figure 1b in separate configurations at M1,
M3, M5 and M7. For each position a sequential increased additional mass of 100g, 200g, 400g, 600g, 1000g
and 1600g was applied. By applying SP2E, the localization of experimentally added structural mass was
successful.
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Figure 6: Excerpt of sensitivity study
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By analysing the excerpt of sensitivity study in figure 6, the connection between increased values in average
power P̄d,V and the position of mass alteration becomes evident. Furthermore P̄d,V increases as heavier ad-
ditional mass is applied. In addition to that, reproducibility has been controlled by repeating the experiments.
Hence, method SP2E is comprehensively verified.

4 Conclusions

This contribution covers the damage identification problem based on H∞ estimation and state projection
estimation error (SP2E). For that, a state space system is repeatedly parametrized with the help of output
only identification and Krein space basedH∞ estimation to represent a measurement at a mechanical struc-
ture. Here, the average process power of the defined difference process must be analysed to identify structural
damage. Because real structural excitations are unknown, an input is introduced, which allowed synchroniza-
tion and normalization. This approach led to the introduction of a state space representation of the difference
process and the definition of state projections for damage identification enhancement. By analysing labora-
tory experiments, experimental localization of induced stiffness degradations and applied masses by SP2E
have been confirmed. Furthermore, the experimental results emphasize the advantage of applying projec-
tion techniques. Theory and verification of SP2E have been reviewed and published.1–3 To be applicable at
large-scale structures, the influence of environmental and operational conditions (e.g. temperature) must be
compensated in future developments.
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Abstract
This paper addresses a wave-based non-destructive testing technique for the detection of defects in assem-
blies of waveguides connected to curved joints. To achieve this goal, the wave finite element (WFE) method
is used. It provides an efficient numerical means to compute waves in periodic structures (waveguides), and
compute the reflection and transmission coefficients of these waves around defects and curved joints. The
so-called scattering matrices of the defects and the joints can be formulated from a finite element modeling.
The measured reflection coefficients due to defects are tightly connected to the characteristics of the curved
joints. As it turns out, their characteristics can be tuned in an appropriate way to improve the magnitude of
the reflected signals. An optimization procedure for the design of curved joints, using the WFE framework,
is therefore proposed. Numerical experiments are carried out by considering two 2D waveguides — i.e., one
healthy/perfect waveguide and a second one containing a defect — connected to a curved joint which is
parametrized with respect to its curvature radius and its curvature angle.

1 Introduction

There is an increasing interest in non-destructive testing (NDT) of mechanical and civil engineering struc-
tures. These can be deteriorated by vibrations or corrosion hence resulting in small defects which affect their
structural integrity. For straight waveguides such as beams or pipes, waves travel a long distance and can
be highly sensitive to defects. A common NDT method is to identify and localize defects from the analy-
sis of the reflected and transmitted signals when guided waves are generated at one or several excitation
points [1]. However, engineering structures usually involve assemblies of straight waveguides and curved
joints. Because of their reflection and transmission properties, curved joints may greatly impact or impede
the identification of defects when they are placed between the defects and the excitation/observation points.

It is therefore crucial to study the impact of curved joints on the measurement of the reflected waves in-
duced by the defects. There exist various works on this topic. Demma et al. [2] have analyzed the reflec-
tion/transmission coefficients for the waves in two straight waveguides which are connected to a curved
waveguide (bend). It was found that the transmission coefficients strongly depend on the geometry of the
bend. Also, the wave mode conversion which occurs due to the bend has been reported. Sanderson et al.
[3] have used a finite element (FE) model to compute the reflection coefficients of waves, from a defect
through a curved joint ; it has been shown that a curved joint leads to an underestimation of the severity
of the defect, because of the decrease of the echo amplitude through the joint. The authors have however
proposed a strategy to reverse the distortion of the signal induced by the joint, to therefore obtain a good
characterization of the defect. Verma et al. [4] have analyzed curved joints with different angles and radii of
curvature using a time-domain FE model. Modification of the wave velocity of the transmitted waves, across
the joints, has been observed along with the phenomena of wave energy loss. The authors have highlighted
the dependency of the transmission coefficients on the curvature angle of the joints, and have reported the
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effect of constructive or destructive mode interferences. Ni et al. [5] have investigated the influence of joints
of different shapes in the detection of different types of defect in pipes. They have noticed that the detection
sensitivity is influenced by the localization of the defects and the shapes of the joints.

Most of the numerical works on this topic make use of FE models and rely on a time domain approach
to assess the reflection and transmission of waves from defects along waveguides. One advantage of this
approach is that it is merely a numerical analogy of a practical problem. The shortcoming is that the related
computational cost is very high, however, because of the space-time discretization. An alternative frequency
approach is used in this paper. In this framework, the wave finite element (WFE) method is considered [6, 7].
It provides an efficient numerical means to compute waves in periodic structures, like straight waveguides,
and compute the reflection and transmission coefficients of these waves at coupling elements like defects
or curved joints. Mencik and Ichchou [8] have expressed the scattering matrix of a coupling element using
the WFE formalism. In [9], the scattering matrix of a coupling element representing a part of a waveguide
with a defect, modeled using the FE method, has been computed via the WFE method. Schaal et al. [10] and
Bischoff et al. [11] have proposed a hybrid WFE / Boundary Element Method for modeling defect areas in
waveguides. Finally, Mencik [12] and Silva et al. [13] have proposed reduced models of joints/junctions by
using a component mode synthesis technique.

In this work, a WFE-based optimization strategy of curved joints is proposed to improve the detection of
defects in assemblies of waveguides. Indeed, curved joints can be manufactured in such a way that they can
improve the transmission of waves, from the defect to the measurement point. To the knowledge of the au-
thors, this problem hasn’t been tackled so far. The rest of the paper is organized as follows. In Section 2, the
WFE method is presented. The strategy used to compute the waves traveling in straight waveguides is presen-
ted. In Section 3, the strategy used to compute the scattering matrix of coupling elements, including curved
joints and parts of waveguides with defects, is proposed. Also, the optimization strategy to design curved
joints is proposed with a view to improving the detection of defects. Numerical experiments are brought in
Section 4. These concern one healthy waveguide and one waveguide containing a defect, connected together
through a curved joint. The effect of the parameters of the curved joint on the measured reflected signal in
the healthy waveguide is investigated.

2 WFE method

2.1 Substructure modeling

The WFE method focuses on the description of waves in one-dimensional periodic structures, i.e., structures
made up of identical substructures — i.e., with a same length d — which are assembled to each other along
a certain straight direction x (see Figure 1). Beam-like structures with straight cross-sections are particular
cases of periodic structures which are usually referred to as waveguides. The strategy to determine the wave
properties of periodic structures is explained hereafter.

1 k k + 1 N

Interface (1) (k) (k + 1) (N) (N + 1)

x

(k) (k + 1)

d

qL

FL

qR

FR

FIGURE 1 – Schematic of a periodic structure.

Within the framework of the WFE method, a FE model of a substructure is considered (see Figure 1). Here,
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the left and right boundaries of the substructure are supposed to be meshed in the same way with the same
number n of degrees of freedom (DOFs). Let us denote by M, K and η the mass matrix, stiffness matrix and
loss factor (damping effects) of the substructure, respectively. Also, let us denote by D the dynamic stiffness
matrix (DSM) of the substructure, defined by :

D = −ω2M + (1 + iη)K, (1)

where ω is the angular frequency. As it turns out, the dynamic equilibrium equation of the substructure can
be expressed in the frequency domain as follows :

Dq = F, (2)

where q and F are displacement and force vectors, respectively. These vectors can be partitioned into boun-
dary (B) DOFs — i.e., those on the left and right boundaries — and internal/remaining (I) DOFs. This
yields : [

DBB DBI

DIB DII

] [
qB
qI

]
=

[
FB

FI

]
=

[
FB

0

]
, (3)

where the internal DOFs are assumed to be free from excitation sources.

The second step behind the WFE method is to condense the DSM of the substructure on the boundary DOFs.
Hence, the dynamic equilibrium equation of the substructure gives

D∗qB = FB, (4)

where D∗ is the condensed DSM, expressed by :

D∗ = DBB −DBID
−1
IIDIB. (5)

2.2 Wave propagation

Let us denote by qL and qR (resp. FL and FR) the n× 1 displacement (resp. force) vectors at the left (L) and
right (R) boundaries of the substructure (respectively), and let us rewrite Eq. (4) as follows :

[
D∗LL D∗LR
D∗RL D∗RR

] [
qL
qR

]
=

[
FL

FR

]
, (6)

where D∗LL, D∗LR, D∗RL and D∗RR are square matrices of size n × n. Let us introduce the 2n × 2n transfer
matrix S of the substructure, expressed by [6, 8] :

S =

[
−D∗−1

LR D∗LL −D∗−1
LR

D∗RL −D∗RRD
∗−1
LR D∗LL −D∗RRD

∗−1
LR

]
. (7)

The transfer matrix links the displacement/force vectors between the right and left boundaries of the sub-
structure, as follows : [

qR
FR

]
= S

[
qL
−FL

]
. (8)

In fact, it can be easily proven that the transfer matrix links the displacement/force vectors between two
consecutive substructures. For instance, consider one substructure enclosed between two interfaces (k − 1)
and (k) and a subsequent substructure enclosed between interfaces (k) and (k + 1). Hence, it can be shown
that [

q
(k)
L

−F
(k)
L

]
= S

[
q

(k−1)
L

−F
(k−1)
L

]
and

[
q

(k+1)
R

F
(k+1)
R

]
= S

[
q

(k)
R

F
(k)
R

]
, (9)
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where the conventions q
(k)
R and q

(k)
L (resp. F

(k)
R and F

(k)
L ) are used to denote the displacement (resp. force)

vector on the right boundary of the first substructure and the left boundary of the second substructure, res-
pectively, with the property that q

(k)
R = q

(k)
L and F

(k)
R = −F

(k)
L (action-reaction law). By considering the

power of the matrix S, e.g., Su where u is an integer, this yields the transfer matrix of an assembly of u sub-
structures, which links the displacement/force vectors between two substructure interfaces (k) and (k + u).

The computation of the eigenvalues and eigenvectors of the transfer matrix S yields the wave modes of
the periodic structure. This can be done using efficient eigensolvers e.g. like the S + S−1 transformation
technique [14]. The eigenvalues are denoted by µj which refer to the wave parameters, with the property that
µj = exp (−iβjd) where βj have the meaning of wave numbers. Also, the eigenvectors are denoted by φj

and refer to the wave shapes. They are given by φj = [φT
qj φ

T
Fj ]

T where φqj and φFj are n × 1 vectors of
displacement components and force components, respectively.

Note that the transfer matrix S is symplectic [8], which means that the eigenvalues occur in pairs (µj , 1/µj).
As a result, there exist n eigenvalues µj defined so that |µj | < 1 and which correspond to right-going wave
modes, and n eigenvalues µ?j defined so that µ?j = 1/µj — i.e., |µ?j | > 1 — and which correspond to left-
going wave modes. The wave shapes can be partitioned accordingly into n right-going wave modes φj , and
n left-going wave modes φ?

j .

3 Scattering matrix

The wave modes appear to be useful for expressing the displacement and force vectors of periodic structures.
Consider for instance a periodic structure composed of N substructures. Hence, the following wave mode
expansions can be considered to express the displacement and force vectors at a substructure interface (k)
(k = 1, ..., N + 1) [7] :

q
(k)
L = q

(k)
R = Φqµ

k−1Q + Φ?
qµ

N+1−kQ?, (10)

− F
(k)
L = F

(k)
R = ΦFµ

k−1Q + Φ?
Fµ

N+1−kQ?, (11)

where Φq = [φq1...φqn], Φ?
q = [φ?

q1...φ
?
qn], ΦF = [φF1...φFn] and Φ?

F = [φ?
F1...φ

?
Fn] are square n × n

matrices ; also µ = diag{µj}j=1,...,n is the n × n diagonal matrix of eigenvalues µj which are associated
to the right-going wave modes ; finally, Q and Q? are n× 1 vectors of wave amplitudes, for the right-going
wave modes at the left end of the structure and the left-going wave modes at the right end of the structure,
respectively.

By considering the wave mode expansions (10) and (11), the reflection and transmission coefficients of
waves, for different waveguides connected to a coupling element, can be determined. The strategy consists
in expressing the so-called scattering matrix of the coupling element using the wave mode shapes of the
waveguides (cf. [8, 12]). The strategy is briefly recalled hereafter for the sake of clarity.

Consider first the case of a coupling element which represents a part of a waveguide containing a defect —
e.g., a notch, a loss of rigidity,... — as shown in Figure 2(a). The whole waveguide can be partitioned into
two homogeneous waveguides 1 and 2, which are connected to the coupling element. The wave modes of
both waveguides 1 and 2 are similar. However, their numbers of substructures — say, N1 and N2 — are
different. The dynamic equilibrium equation of the coupling element can be written as follows :

Dd∗ qd
∣∣
Γ

= Fd
∣∣
Γ
, (12)

where Dd∗ is the condensed DSM of the coupling element ; Γ = Γ1 ∪ Γ2 is the coupling interface between
the coupling element and the waveguides 1 and 2 ; qd

∣∣
Γ

and Fd
∣∣
Γ

are the restrictions of the displacement
and force vectors of the coupling element to the interface DOFs. Note that the computation of the condensed
DSM Dd∗ can be easily achieved by considering the Craig-Bampton method, as explained in [12]. In this
framework, the displacement of the internal DOFs of the coupling element are expressed in terms of static
modes and a reduced set of fixed interface modes.
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Assume that the FE meshes of the waveguides and the coupling element are compatible across the coupling
interface Γ. Hence, the coupling conditions yield

qd
∣∣
Γ

= q|Γ and Fd
∣∣
Γ

= − F|Γ , (13)

where q|Γ = [(q1|Γ1
)T (q2|Γ2

)T ]T and F|Γ = [(F1|Γ1
)T (F2|Γ2

)T ]T are the restrictions of the displacement
and force vectors of the waveguides to the interface DOFs. Hence, Eq. (12) gives :

−Dd∗
[
q1|Γ1

q2|Γ2

]
=

[
F1|Γ1

F2|Γ2

]
. (14)

Let us express the displacement vectors q1|Γ1
and q2|Γ2

, and the force vectors F1|Γ1
and F2|Γ2

, in terms
of wave shapes, see Eqs. (10-11). This yields :

q1|Γ1
= Ld1

(
Φqµ

N1Q1 + Φ?
qQ

?
1

)
(15)

q2|Γ2
= Ld2

(
ΦqQ2 + Φ?

qµ
N2Q?

2

)
(16)

F1|Γ1
= Ld1

(
ΦFQ1µ

N1 + Φ?
FQ

?
1

)
(17)

− F2|Γ2
= Ld2

(
ΦFQ2 + Φ?

Fµ
N2Q?

2

)
(18)

where Ld1 and Ld2 are direction cosine matrices which project the local coordinate frame of the waveguides
onto the coordinate frame of the coupling element. Introducing Eqs. (15–18) in Eq. (14) yields :

−Dd∗
([Ld1Φ?

q 0

0 Ld2Φq

] [
Q?

1

Q2

]
+

[Ld1Φq 0
0 Ld2Φ?

q

] [
µN1Q1

µN2Q?
2

])

=

([
Ld1Φ?

F 0
0 −Ld2ΦF

] [
Q?

1

Q2

]
+

[
Ld1ΦF 0

0 −Ld2Φ?
F

] [
µN1Q1

µN2Q?
2

])
. (19)

Eq. (19) leads to [
Q?

1

Q2

]
= Cd

[
µN1

1 Q1

µN2
2 Q?

2

]
, (20)

where Cd is the scattering matrix of the defect, expressed by

Cd =

[
Cd
11 Cd

12

Cd
21 Cd

22

]
(21)

= −
([
Ld1Φ?

F 0
0 −Ld2ΦF

]
+ Dd∗

[Ld1Φ?
q 0

0 Ld2Φq

])−1([Ld1ΦF 0
0 −Ld2Φ?

F

]
+ Dd∗

[Ld1Φq 0
0 Ld2Φ?

q

])
.

In Eq. (20), Q?
1 and Q2 are to be understood as the amplitudes of the reflected waves, in waveguides 1

and 2 respectively. Also, µN1
1 Q1 and µN2

2 Q?
2 are the amplitudes of the incident waves, i.e., at the coupling

interfaces between the waveguides and the defect. It should be emphasized that the components of the matrix
term Cd

11 in Eq. (21) are the reflection coefficients for the waves traveling in waveguide 1. They do not
depend on the excitation conditions which are applied at the other end of the waveguide (see Figure 2).
Analyzing the reflection coefficients contained in the matrix Cd

11 is the key idea behind the identification and
localization of defects in waveguides [11].

Consider now the case where a curved joint connects a first waveguide — namely, waveguide 1 — with
a second one which contains a defect as shown in Figure 2(b). In this case, the analysis of the reflected
waves in waveguide 1 involves considering the scattering matrices of the joint and the defects, as well as
the coupling effects between those two coupling elements. The question which is raised here is whether the
parameters of the joint can be tuned in such a way that the signature of the waves emanating from the defect
can be maximized in waveguide 1, i.e., where sensors could be placed. Such an analysis can be undertaken
as follows.
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FIGURE 2 – (a) one waveguide with a defect ; (b) assembly involving one healthy waveguide, one waveguide
with a defect, and one joint.

The system displayed in Figure 2(b) can be partitioned into three waveguides 1, 2 and 3, where waveguides 1
and 2 are coupled to the joint, and where waveguides 2 and 3 are coupled to the defect. The scattering matrix
of the joint — namely, Cj — can be expressed in the same way as (21) and involves the condensed DSM of
the joint, say Dj∗ (instead of Dd∗). This yields

[
Q?

1

Q2

]
= Cj

[
µN1Q1

µN2Q?
2

]
=

[
Cj
11 Cj

12

Cj
21 Cj

22

] [
µN1Q1

µN2Q?
2

]
, (22)

where Q?
1 and Q2 are the amplitudes of the reflected waves in waveguides 1 and 2 (respectively), and µN1

1 Q1

and µN2
2 Q?

2 are the corresponding amplitudes of the incident waves. As for the defect, one has :
[
Q?

2

Q3

]
= Cd

[
µN2Q2

µN3Q?
3

]
=

[
Cd
22 Cd

23

Cd
32 Cd

33

] [
µN2Q2

µN3Q?
3

]
, (23)

where Q?
2 and Q3 are the amplitudes of the reflected waves in waveguides 2 and 3 (respectively), and µN2

2 Q2

and µN3
3 Q?

3 are the corresponding amplitudes of the incident waves. Let us define the scattering matrix of
the system joint-waveguide 2-defect — namely, Cjd — as follows :

[
Q?

1

Q3

]
= Cjd

[
µN1Q1

µN3Q?
3

]
=

[
Cjd
11 Cjd

13

Cjd
31 Cjd

33

] [
µN1Q1

µN3Q?
3

]
. (24)

The derivation of the scattering matrix Cjd involves considering Eqs. (22) and (23). This yields :




Q?
1

Q3

Q?
2

Q2


 =




Cj
11 0 Cj

12 0
0 Cd

33 0 Cd
32

0 Cd
23 0 Cd

22

Cj
21 0 Cj

22 0







µN1Q1

µN3Q?
3

µN2Q?
2

µN2Q2


 . (25)

From the last two rows of the matrix equation (25), one obtains :
[

I −Cd
22µ

N2

−Cj
22µ

N2 I

] [
Q?

2

Q2

]
=

[
0 Cd

23

Cj
21 0

] [
µN1Q1

µN3Q?
3

]
, (26)

that is [
Q?

2

Q2

]
=

[
I −Cd

22µ
N2

−Cj
22µ

N2 I

]−1 [
0 Cd

23

Cj
21 0

] [
µN1Q1

µN3Q?
3

]
. (27)

From the first two rows of the matrix equation (25), one obtains :
[
Q?

1

Q3

]
=

[
Cj
11 0
0 Cd

33

] [
µN1Q1

µN3Q?
3

]
+

[
Cj
12µ

N2 0
0 Cd

32µ
N2

] [
Q?

2

Q2

]
. (28)
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By considering Eq. (27), this yields

[
Q?

1

Q3

]
=

([
Cj
11 0
0 Cd

33

]
+

[
Cj
12µ

N2 0
0 Cd

32µ
N2

] [
I −Cd

22µ
N2

−Cj
22µ

N2 I

]−1 [
0 Cd

23

Cj
21 0

])[
µN1Q1

µN3Q?
3

]
.

(29)
Hence, the scattering matrix of the system joint-waveguide 2-defect can be expressed as follows :

[
Cjd
11 Cjd

13

Cjd
31 Cjd

33

]
=

[
Cj
11 0
0 Cd

33

]
+

[
Cj
12µ

N2 0
0 Cd

32µ
N2

] [
I −Cd

22µ
N2

−Cj
22µ

N2 I

]−1 [
0 Cd

23

Cj
21 0

]
. (30)

which allows to identify the matrix term Cjd
11 as :

Cjd
11 = Cj

11 + Cj
12µ

N2
2 Cd

22µ
N2
2 (I− Cj

22µ
N2
2 Cd

22µ
N2
2 )−1Cj

21. (31)

To derive Eq. (31), the analytical expression of the inverse of the 2 × 2 block matrix in the right hand side
of Eq. (30) has been considered. In Eq. (31), Cjd

11 is the matrix of the apparent reflection coefficients, i.e.,
those observed in waveguide 1 when an incident wave is considered. As for the right hand side term of Eq.
(31), the first matrix term Cj

11 contains the reflection coefficients which result from the joint disregarding the
influence of the defect. The second matrix term is given by

Rd = Cj
12µ

N2
2 Cd

22µ
N2
2 (I− Cj

22µ
N2
2 Cd

22µ
N2
2 )−1Cj

21, (32)

which contains the reflection coefficients of the defect as observed through the joint. By tuning the para-
meters of the joint in an adequate way, it becomes possible to maximize the components of the matrix Rd,
and therefore, to maximize the signature of the defect from measured data in waveguide 1. The following
paragraph describes the strategy used for this matter.

Let us denote by x a set of joint parameters, i.e., some of its geometrical parameters (curvature radius,
angle,...) and/or material parameters (Young’s modulus, mass density,...). A measure of the matrix Rd, for a
given set x, can be proposed as follows :

g(x) = max
f∈[fmin−fmax]

‖Rd‖max, (33)

where g(x) is the so-called cost function, which gives back the maximum value of the max-norm of Rd on
a frequency range [fmin − fmax], where the max-norm of Rd is given by ‖Rd‖max = maxij |Rd

ij |. Hence,
the determination of the optimal set xopt of the joint parameters can be obtained by solving the following
optimization problem :

xopt = argmax
x

g(x), (34)

which yields the highest coupling coefficient among those of the reflection matrix Rd, on a particular fre-
quency range. Practically, a genetic algorithm (here, the ga()MATLAB function in the Global optimization
toolbox) can be used for finding the global optimum xopt. In this paper, only two parameters will be consi-
dered, i.e., the internal curvature radius Rint and the curvature angle θ of the joint.

4 Numerical results

The proposed approach is applied to a simple case, which concerns three beam-like structures — namely,
waveguides 1, 2 and 3 — with a curved joint and a defect as shown in Figure 3. The waveguides, the curved
joint and the coupling element embedding the defect are meshed with four nodes plane stress finite elements.
The geometrical and material properties of the waveguides are listed in Table 1. The defect is modeled by
means of a local variation of the Young’s modulus, i.e., Ed = E(1− γ), representing a crack of dimensions
xd × yd (see Figure 3). The joint represents a curved beam with an angle of θ and an internal radius of
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curvature of Rint, surrounded by two straight parts of small lengths lja and ljb. Note that the case θ = 0 yields
a straight beam (no curvature) of length lja + l

j
b. Also, the lengths of waveguides 1, 2 and 3 are denoted as l1,

l2 and l3, respectively (see Table 2).

As for the waveguides, the substructures have a length d = 5× 10−3 m, are meshed with Nt = 20 elements
and do not contain internal DOFs (see Figure 3). This yields n = 42 DOFs on the left/right boundaries. Also,
Ns = 80 elements are used to mesh the joint along the circumferential direction, while Nd = 20 elements
are used to mesh the coupling element (defect) along the longitudinal direction. As mentioned in Section 3,
the Craig-Bampton procedure is used to model the joint and the coupling element. In this case, 100 fixed
interface modes are retained for both the joint and the coupling element ; this reduced set of fixed interface
modes is sufficient for obtaining an accurate estimation of the condensed DSMs Dd∗ and Dj∗.

E ρ ν η h b

210 GPa 7800 kg.m−3 0.3 1× 10−3 0.1 m 0.05 m

TABLE 1 – Parameters of the waveguide.

R θ l
j
a l

j
b ld l1 l2 l3 xd yd

[0.01 ... 0.4] m [0 ... π] rad 0.1 m 0.1 m 0.05 m 0.4 m 0.2 m 0.15 m 0.01 m 0.02 m

TABLE 2 – Geometrical parameters of the joint and the defect.

x

y

l1 l
j
a

l
j
b

l2

ld

l3

θ Rint

Ns

Ndd

Nt

h

yd

xd

FIGURE 3 – Schematic of an assembly involving three healthy waveguides, one joint and one defect. (Gray
shaded area) substructures ; (Blue shaded area) curved junction ; (Green shaded area) coupling element with
the defect ; (small red shaded area) defect area.

The wave modes of the waveguides are computed with the WFE method (see Section 2.2). The dispersion
curves — i.e., the frequency evolution of the real part of the wave numbers — for several propagating, eva-
nescent and complex wave modes are displayed on a frequency band of [10− 40000] Hz as shown in Figure
4(a). Especially, the flexural mode (blue curve), the longitudinal mode (red curve) and the shearing mode
(yellow curve) are shown. Two complex wave modes are also shown. The related mode shapes (displace-
ment components) at 40000 Hz are displayed as shown in Figure 4(b).

4.1 Defect in a straight waveguide

Let us start with the simple case where the angle of the joint is θ = 0, which means a straight waveguide.
Figure 5 shows the apparent reflection coefficients (defect observed through the joint) in waveguide 1 for
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FIGURE 4 – (a) Dispersion curves and (b) mode shapes at 40 kHz for the first five wave modes.

two types of defects A and B. Type A is an internal defect placed at the center of the coupling element, while
Type B represents an external defect placed on the extrados of the waveguide. Two severity coefficients are
also considered for modeling the defect, i.e., γ = 0.9 (Types A1 and B1) and γ = 0.5 (Types A2 and B2) in
Ed = E(1− γ).

The moduli of the apparent reflection coefficients — i.e., the components of the matrix Cjd
11 — due to the

defect A1 are plotted in Figure 5(a) for some wave modes. These involve the flexural, longitudinal and
shearing modes, as well as the two complex modes 1 and 2 shown in Figures 4(a-b). It is seen that the defect
can be detected by different waves, for different frequencies. Also, mode conversion occurs, i.e., the fact that
a certain wave mode yields a reflected mode of different nature. Choosing the best wave for detecting and
identifying the defect can be done by considering the max-norm of Cjd

11.

The frequency evolution of the max-norm ‖Cjd
11‖max is displayed in Figure 5(b) for the defects A1, A2, B1

and B2. The wave mode conversion phenomena involved for these different defects are not explicitly shown
in this case due to the consideration of the max-norm, although revealed by the local peaks of the curves. It
is shown in Figure 5(b) that the variation of ‖Cjd

11‖max depends on the kind of defect considered, and that the
best waves for detecting the defects A1 and A2 are not necessarily those for detecting the defects B1 and B2.
This is mostly linked to the way the wave mode shapes interfere with the shapes of the defects. For instance,
the best choice for detecting the defect B1 is to consider the reflection from the longitudinal mode to the
complex mode 2 at 3.2 kHz, while for defect A1, it is preferable to consider the reflection from the flexural
mode to the shearing mode at 1.6 kHz.

4.2 Effect of the curved joint

The frequency evolution of the max-norm ‖Cjd
11‖max, which results from a curved joint with an angle of

θ = 3π/4 and a radius of curvature ofRint = 0.1 m, is shown in Figure 6 for the defect A1. Compared to the
case θ = 0 (straight joint), it can be observed that ‖Cjd

11‖max admits different variations. The contributions
of the joint and the defect can be highlighted by considering the max-norm of the matrices Cj

11 and Rd, see
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FIGURE 5 – (a) Moduli of the apparent reflection coefficients for defect A1 in a straight waveguide : flexural
→ flexural (blue), longitudinal → longitudinal, (red) flexural → shearing (yellow), shearing → shearing
(purple), complex mode 2 → complex mode 1 (green), longitudinal → complex mode 2 (blue), complex
mode 2→ complex mode 2 (light blue) . (b) Max-norm Cjd

11 for defects A1 (black), A2 (green), B1 (dashed
blue) and B2 (dashed red).

Eq. (31). Here, the contribution of the joint (dashed red curve) is clearly superior to that of the defect (green
curve) especially at low frequencies. Peaks of large magnitude occur around 2.6 kHz and 2.8 kHz, which are
however mostly due to the joint. The influence of the defect on the measured reflected signal follows from
the analysis of the indicator ‖Rd‖max. Its value is nevertheless influenced by the parameters of the joint.

4.3 Optimization of the joint parameters

A further insight about the effect of the joint parameters can be proposed for the defect A1. The maps of the
cost functions g(Rint, θ) for f ∈ [15−17] kHz and f ∈ [25−28] kHz are shown in Figures 7(a) and 7(c). The
general trend is that the magnitudes of the reflection coefficients increase as the angle of the joint decreases.
Notice however that the variations of the cost functions are complex and that several local maxima occur,
meaning high reflection coefficients. Besides, an absolute maximum can be observed at a non-zero angle
(Rint = 0.01 m, θ = 0.34 rad) as shown in Figure 7(a). What is meant by Figures 7(a) and 7(c) is that, if one
constrains one parameter (e.g., an angle θ not equal to 0 or π), there exists one optimal choice for the second
one which is not trivial (i.e., Rint not equal to 0 or 0.4 m). Figures 7(b) and 7(d) allows a better interpretation
of these results as it shows which waves are involved in the computation of the cost function g(Rint, θ). For
the sake of clarity, the flexural, longitudinal, shearing, and the complex modes (1 and 2) are denoted by 1, 2,
3, 4 and 5. For instance, g(Rint, θ) = maxf∈[fmin−fmax] ‖Rd‖max = maxf∈[fmin−fmax] |Rd

23|max means that
the coupling between the longitudinal mode and the shearing mode is mostly involved in the detection of
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FIGURE 6 – Max-norm of the scattering matrix for defect A1 : ‖Cjd
11‖max for a straight joint (black),

‖Cjd
11‖max for a curved joint (blue), ‖Cj

11‖max for for a curved joint (dashed red), ‖Rd‖max for a curved
joint (green).

the defect. Hence, regarding Figure 7(b), it is shown for instance that, for small angles, the coupling (3→3)
yields the maximum reflection coefficient ; the absolute maximum is obtained for the coupling (2→3) ; for
higher angles, the coupling (1→1) is the most pertinent. Regarding Figure 7(d), the best reflection coefficient
is almost always due to the coupling (2→2) ; other couplings are also relevant, e.g., (5→4) and (3→1).

To fix ideas, consider the case where the curvature angle of the joint is imposed, and that the best curvature
radius for detecting a given defect is sought. Several simulations are performed as shown in Figure 8. For
instance, for the defect A1 and an angle of θ = π/2, the best curvature radius is found to be 0.146 m, which
is due to the mode coupling (1→1). Note that, contrary to intuition, increasing the curvature radius in this
case does not yield a better result. For θ = π/4, it is observed that the best curvature radius is either 0.104
m or 0.400 m (absolute maximum). Physical constraints may restrain the choice of the appropriate radius in
this case. As for the defect B1 when θ = π/2, it appears that the best choice is Rint = 0.037 m.

5 Conclusion

A wave-based strategy has been proposed to identify defects in assemblies made up of straight waveguides
and curved joints. Specifically, the influence of the parameters of the joints on the detection of the defects
has been analyzed. To address this issue, the WFE method has been applied to compute waves in waveguides
and the scattering matrices of the joints and defects. A whole scattering matrix which incorporates a joint
and a defect has been formulated. It provides an efficient means to analyze the influence of the joint on
the measured reflected signals induced by the defect. An optimization strategy has been proposed to select
the joint parameters in an adequate way to magnify the reflected signals. Numerical experiments have been
carried out concerning one healthy waveguide and one waveguide containing a defect, connected together
through a curved joint. For a given type of defect and for a fixed curvature angle of the joint, it has become
possible to find an optimal, non-trivial, value of the curvature radius of the joint. Results have shown that
mode conversion phenomena are sometimes involved in the wave reflection mechanisms. The complexity
of the wave interactions is however well handled by the WFE method. Further works may concern more
complex waveguides (straight or stiffened pipes, fluid-filled) and joints with more complex topology and
several tunable parameters.
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FIGURE 7 – (a,c) Map (θ, Rint, g) for defect A1 on range (a) [15, 17] kHz and (c) [25, 28] kHz. (b,d) Mode
couplings involved in g on range (b) [15, 17] kHz and (d) [25, 28] kHz.
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FIGURE 8 – Variation of the cost function g(Rint, θ) (on the frequency range [25-28] kHz) with Rint when
θ = π/2 (full black line) and θ = π/4 (dashed black line) for defect A1, and when θ = π/2 for defect B1
(full red line). Optimal values are indicated with a black circle, a black triangle and a red square.
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Abstract 
Vibration induced fatigue is a common root cause of failures for process piping. Failures can cause harm to 

human life and the environment and have severe cost implications. Experimental vibration integrity 

assessments of piping are typically carried out by utilising vibration and dynamic strain measurements in 

order to quantify the existing integrity threat. This case study shows an alternative assessment approach for 

process piping at a LNG processing facility (where direct dynamic strain assessment was not possible), in 

particular how to use experimental vibration data in combination with numerical analysis to predict the 

dynamic stresses in critical piping areas. This method uses vibration time trend data and frequency based 

ODS analysis to define numerical analysis boundary conditions. It also shows how the experimental and 

numerical data can be used to create a localized vibration criterion for the piping, ensuring that local non-

expert operators can accurately assess the vibration severity without using specialized strain equipment. 

1 Introduction 

Concerns were raised by site personnel regarding vibration on main propane process pipework (Figure 1) at 

an Liquefied Natural Gas (LNG) processing facility. A fatigue failure would have not only caused a major 

safety problem but also a shut-down of the whole processing facility for an extended period of time. 

Therefore, a vibration integrity assessment had to be carried out in order to quantify the fatigue threat and 

to establish a safe operating envelope for a future planned increase in production (~20% increase in 

flowrates).  

 

 

Figure 1: Process pipework under investigation (Inlet line to propane cooler) 

These types of assessments are very common and normally consist of in-service vibration measurements in 

combination with dynamic strain measurements. The vibration behavior of the piping under investigation 
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was of random transient nature (Figure 2) which normally requires a data acquisition system which can 

collect data simultaneously at multiple points in all 3 translational directions.  

After analysis of the vibration data and extraction of the vibration shapes a strain measurement is typically 

carried out in order to assess the critical dynamic stresses in-situ. For the assessment described in this case 

study, only a handheld 4-channel data analyzer was available and the recording of dynamic strain data was 

not possible due to access restrictions, and low process temperature (pipework ices up immediately after 

cladding is removed, offline strain gauging was not possible as process could not be shut down) of the 

piping.  Therefore, a combination of an experimental assessment with a subsequent numerical analysis was 

required for the integrity assessment. 

 

 

Figure 2: Time history vibration data (crest factor = 4.49; kurtosis = 3.29) 

2 Experimental vibration assessment 

2.1 Background 

A common approach for experimental vibration assessment in the Oil and Gas industry is described in the 

Energy Institute (EI) Guideline for the Avoidance of Vibration Induced Fatigue Failures in Process 

Pipework [1]. This document provides guidance on the execution of vibration assessments and a vibration 

acceptance criterion (based on research published in [2]) for process pipework. Although other engineering 

bodies use their own guidelines ( [3] [4]), in general the criterion curves are similar.  

2.2 Methodology 

When using the EI Guideline acceptance criterion for the pipework under investigation, it was apparent that 

the likelihood for a vibration induced integrity problem was very high (vibration in excess of the Danger 

criterion curve) and a more thorough investigation was required (Figure 3).  

 

 

Figure 3: Vibration data vs. EI Guideline based Criterion [1] 
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The typical first step after a problem is found (i.e. vibration exceeds criteria curves) is the completion of an 

operational deflection shape (ODS) analysis in order to identify the vibration shapes and the locations where 

dynamic stresses may be elevated. There are two ways of performing an ODS analysis: Time based and 

Frequency based. The most common is the frequency based ODS analysis which uses vibration data 

captured with a handheld/low channel count FFT Analyzer at a stationary reference node and at multiple 

roving response nodes. This data is then used to create an ODS Force Response Function (FRF) which 

combines the magnitude of each roving node Auto Spectrum with the phase between the roving and the 

reference nodes of each Cross Spectrum. 

 

 𝑂𝐷𝑆𝐹𝑅𝐹(𝑗𝑤) = 𝐺𝑥𝑥(𝑐𝑜𝑠𝜑 + 𝑗 ∗ 𝑐𝑜𝑠𝜑)  (1) 

with 

  𝜑 (𝑤) = atan 
𝐼𝑚(𝐺𝑥𝑦)

𝑅𝑒(𝐺𝑥𝑦)
     (2) 

 

Gxx describes the Auto Spectrum of the roving node and Gxy describes the Cross Spectrum of the reference 

/ response node. As described in [5]and [6] this approach is primarily only applicable for steady state 

vibration which for the pipework under investigation is not the case.  

For a non-steady state (transient) vibration assessment, a time based ODS is more suitable however this 

requires a high-channel count (ideally more than 16 channels) data acquisition system which was not 

available for this assessment. 

In order to capture a representative snapshot of the vibration response utilizing a low channel count (four 

channels) FFT analyzer, a series of time history data recordings (3-5 minutes) with the same physical setup 

as for frequency based ODS measurements (one stationary reference node and multiple roving response 

nodes) (Figure 4) was carried out. The longer time history recordings allowed for the full transient behavior 

of the piping vibration response to be captured.  

This type of time history assessment will take longer for the collection of the data than the typical frequency 

ODS variant but this is tolerable if the process operating regime (i.e. flowrates and flow composition) for 

the piping is relatively stable for the duration of the assessment period. 

 

Figure 4: Schematic of data recording for “offline” frequency based ODS analysis  

The advantage of using this approach is that it allows for modification and optimization of all relevant signal 

processing parameters during the post processing for optimum results. During traditional ODS assessments 

the parameters of influence are typically set in the analyzer and include settings such as number of lines, 

windowing function, type of averaging and number of averages. However, with time history data capture 

these settings are not only variable but the method also allows for data clean up and exclusion of spurious 
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sections which would not be possible during a data  recording for the traditional frequency based ODS 

(where the stored data is already post processed in the analyzer) . As shown in Figure 5, even a slight change 

in analysis parameters can have a significant influence on the resulting FFT spectrum. Not only the 

magnitude can be affected but also certain frequency components (see ~7 Hz range in Figure 5) can be 

altered to a point where they are completely eliminated. This could result in the ODS wrongly animating 

the associated location which could subsequently lead to selecting the wrong points for a follow up 

measurement or using incorrect vibration shapes for the numerical analysis.  

 

 

Figure 5: FFT spectrum of the same signal with varying analysis parameters  

2.3 Results 

A parametric study was carried out in order to find the ideal set of analysis parameters for the given data (df 

= 0.25 Hz; FlatTop; 50% Overlap; PeakHold Averaging), the data was then converted into ODS FRFs using 

the approach shown in equation (1).   

The ODS FRFs were uploaded into a 3rd party software package for animation and vibration shape 

extraction. As in Figure 6, the pipework under investigation had dominant vibration modes at 5.25 Hz, 7.25 

Hz and 9.25 Hz. The associated high stress locations with these vibration shapes would be on the elbow 

upstream of the propane cooler and the elbow upstream of the tee connection (as highlighted by the dotted 

circles in Figure 6). 

    

 

Figure 6: FFT plot showing 3 dominant frequencies and the associated ODS shapes   

10

20

30mm/s

10

20

30mm/s

10

20

30mm/s

10

20

30mm/s

0 5 10 15 20 25 30 35 40 45

Hz

4096 Lines (df=0.125 Hz) - Flattop Window - 50% Overlap - PeakHold Averaging

4096 Lines (df=0.125Hz)- Hanning Window - 50% Overlap - Linear Averaging

16384 Lines (df=0.03Hz) - Flattop Window - 75% Overlap - PeakHold Averaging

1024 Lines (df=0.5Hz) - Flattop Window - 50% Overlap - Linear Averaging

3808 PROCEEDINGS OF ISMA2018 AND USD2018



The next step in a typical vibration integrity assessment would be the installation of strain gauges at the 

identified high stress locations and monitoring of the dynamic stresses during representative operating 

conditions [1]. This strain data would not only be used to quantify the vibration induced integrity threat (as 

per [7] [8]) but also to create a site/location specific vibration criterion.  When recording dynamic stress and 

vibration simultaneously a representative transfer function between two points can be created which can 

allow site personnel to use non-specialist equipment to give an indication of the dynamic stress levels 

(Figure 7).  

 

  

Figure 7: Example of stress vibration analysis to create customized vibration criterion   

Due to operational restrictions and the associated temperature of the pipework a detailed dynamic stress 

assessment was not feasible and therefore a numerical analysis was the only practical method to quantify 

the dynamic stress levels. 

3 Numerical Analysis  

The first step of the analysis is the determination of the boundary conditions and the definition of the analysis 

method. In this particular case the excitation source is slugging flow (gas with a small fraction of 

congregated liquid) which drives the natural frequencies of the pipework (i.e. the slugs impact the pipe wall 

at every change in flow direction). An example of a typical forcing function for this type of excitation is 

shown in Figure 8, which shows a dominant characteristic peak in the force spectrum, which often occurs 

at relatively low frequencies  (<10Hz), depending on void fraction. 

 

Figure 8: Examples of forcing power spectral densities created by multiphase flow / slugging (note 

frequency and amplitude axes are normalized)  [9] 
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In order to determine accurate boundary conditions, the ODS shapes can be used to help tune the predicted 

vibration response and the natural frequencies in the frequency range of interest. 

  

Mode Measured Calculated 

1 5.25 Hz 5.69 Hz 

2 7.25 Hz 7.65 Hz 

3 9.25 Hz 9.19 Hz 

Table 1: Natural frequency comparison  

As shown in Table 1 and Figure 9, the selected boundary conditions result in a good agreement with the 

measurement data. The minor difference between the measured and simulated natural frequencies of the 

first two modes can be explained by the fact that the external cladding and insulation of the pipework (which 

would add mass and decrease natural frequency) was not included in the Finite Element Analysis (FEA) 

model.  

 

 

 

Figure 9: Mode shapes of first 3 natural frequencies   

In order to find a suitable forcing profile a sensitivity study was performed to determine the ideal locations, 

directions and function for the application of the forces. The best results were obtained with forces applied 

at the main bends/flow direction changes which also coincide with the in-situ vibration excitation profile.  

In order to replicate the exact excitation forces the scaling value for each directional component needs to be 

applied. This scaling value can be obtained analytically (if forcing function and input parameters are 

known), or experimentally by matching the overall vibration profile and the vibration response at critical 

locations. As shown in Figure 10, the agreement between measured and calculated vibration response is 

acceptable (typically within 1 Hz for frequency and 5% for magnitude) with only one of lower response 

directions overestimating the vibration levels. In general, minor overestimation of vibration levels is 

tolerable as it will typically lead to conservative stress estimates and therefore a higher safety margin. 

After defining the forcing function and verifying the calculated response matches the measured response it 

is a relatively straight forward process to carry out a detailed integrity assessment. The numerical model 

normally provides all information required to determine the critical dynamic stresses and the associated 
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fatigue threat / life. For low to mid frequency pipework vibration the typical fatigue failure will occur on 

welded connections. Therefore, care needs to be taken regarding the mesh size of the numerical model and 

the applied stress extrapolation method around the welds so that the correct/applicable stress values can be 

obtained and compared to the appropriate limits.  

  

(a) (b) 

Figure 10: Comparison between calculated response and measured response at two key locations; (a) 

elbow upstream of cooler (high response for modes 1 and 2); (b) elbow at top of vertical pipe section (high 

response for modes 1 and 3) 

In order to reduce conservatism, a commonly used methodology for the stress assessment of large structures 

is the hot-spot extrapolation method which includes the stress concentrations factors (SCFs) due to structural 

discontinuities and weld geometry (other typical assessment methods are: nominal stress and notch stress 

methods). The hot spot stress assessment has normally prescriptive rules for mesh size and quality [7][8]. 

However, all critical welds in this particular case are butt welds which from a stress extrapolation point is 

relatively insensitive to mesh size and type [10] and stress values can be taken directly from the numerical 

model (Figure 11).  

Given the consequence of failure and the general uncertainty of numerical analysis, a conservative approach 

needs to be taken in order to factor in all contributing components at each critical location. There are 

sophisticated and well proven ways to achieve this (frequency-based fatigue assessment: [11] [12]). As a 

conservative screening approach, a simple node-wise summation of the stress amplitudes will provide a 

good indication for existing integrity issues.  

 

  Numerical Result
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10

20

30

40

50

10

20

30

40

50

V
ib

ra
ti
o

n
 [

m
m

/s
 r

m
s
)

2

4

6

8

0 5 10

Frequency [Hz]

  Numerical Result
  Measured Data

10

20

30

2

4

6

8

V
ib

ra
ti
o

n
 [

m
m

/s
 r

m
s
]

10

20

30

0 5 10

Frequency [Hz]

X-Direction 

Z-Direction 

X-Direction 

Y-Direction Y-Direction 

Z-Direction 

STRUCTURAL HEALTH MONITORING 3811



 

Figure 11: Overall stress plot and frequency stress response plots at critical locations 

In this case the analysis showed that the overall dynamic stresses (Figure 11) for the recorded vibration 

levels were acceptable and no vibration induced integrity threat exists.  

 

Figure 12: Total stresses around pipe circumference at critical locations 

Based on the assumption that the overall dynamic response of the pipework does not change, the planned 

increase in flowrates (~20%) should also not cause an integrity issue as the increase of the dynamic forces 

and consequently the dynamic stresses will be ~44% (scaled by kinetic energy which is equivalent to flow 

velocity2). With this increase the stresses will be still below the weld endurance limit including a reasonably 

safety margin.  

In order to provide a measurable indicator for site personnel the measured vibration velocities in 

combination with the numerical stress results can be extrapolated to provide a safe operating window. In 

this specific case the critical vibration values measured at the reference location can be up to the values 

shown in Table 2 before the dynamic stresses are considered to be unacceptable. One important assumption 

for this approach is that the weld is of good quality and no factors which would decrease the endurance limit 

of the weld such as misalignment or surface impurities are present [7]. 
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Direction Overall Vibration limit 

X 45 mm/s rms 

Y 75 mm/s rms 

Z 6 mm/s rms 

Table 2: Overall vibration limits measured at the reference location (Flattop Window; df = 0.125 Hz; 50 % 

overlap; peak hold averaging) 

4 Conclusion and Outlook  

It has been shown how to carry out a frequency based ODS analysis on a transient problem using a low 

channel count data recorder and a series of time history data. It was also shown how the post processing 

settings can influence the quality of the ODS analysis and which general points need to be considered when 

applying the recorded data to numerical models for further detailed assessment. It was briefly described how 

dynamic stress and vibration data can be used to create customized vibration criteria for a specific problem 

area.  

A potential improvement area for the assessment would be the inclusion of a detailed stress assessment. 

This would not only provide more data to calibrate the numerical model but also to create a more specific 

vibration criteria as a more detailed transfer function between stress and vibration could be created.  

 

References 

[1]  Energy Institute, "Guidelines for the Avoidance of Vibration Induced Fatigue Failure in Process 

Pipework, 2nd Edition", 2008. 

[2]  J. Wachel and C. L. Bates, "Escape piping vibrations while designing" in Hydrocarbon Processing, 

1976.  

[3]  VDI, "VDI 3842 - Schwingung in Rohrleitungssytemen", VDI, Duesseldorf, 2015. 

[4]  A. P. Institute, "API 579 - Fitness-for Service", API, Washington, D.C, 2007. 

[5]  M. Richardson, "Is it a mode shape or an operating deflection shape", Sound & Vibration Magazine , 

no. 30th Anniversary, March 1997.  

[6]  B. Schwarz and M. Richardson, "Introduction to Operational Deflection Shapes," in CSI Reliability 

Week, Orlando, 1999.  

[7]  British Standard Institution, "BS7608:2014 Guide to fatigue design and assessment of steel products", 

2014. 

[8]  British Standard Institute, "PD5500 - Specification for unfired fusion welded pressure vessels", BSI, 

2018. 

[9]  J.-L. Riverin and M. J. Pettigrew, "Vibration Excitation Forces Due to Two-Phase Flow in Piping 

Elements", Journal of Pressure Vessel Technology, vol. 129, pp. 7-13, 2007.  

[10]  B. Schmied, "Spannungskonzepte im Vergleich", in Deutscher Verband für Schweißen und verwandte 

Verfahren e. V. - Ausschuss für Technik Sitzung Q1.1, 2010.  

[11]  A. Halfpenny, "A frequency domain approach for fatigue life estimation from Finite Element 

Analysis", in International Conference on Damage Assessment of Structures , Dublin, 1999.  

[12]  M. Mrˇsnik, J. Slaviˇ and M. Bolteˇzar, "Frequency-domain methods for a vibration-fatigue-life 

estimation - Application to real data", International Journal of Fatigue, vol. 47, pp. 8-17, 2013.  

 

STRUCTURAL HEALTH MONITORING 3813



3814 PROCEEDINGS OF ISMA2018 AND USD2018



Virtual Distortion Method based optimal sensor placement
for damage identification

B. Blachowski 1, A. Swiercz 1, L. Jankowski 1

1 Institute of Fundamental Technological Research, Polish Academy of Sciences
Pawinskiego 5b, 02-106 Warsaw, Poland
e-mail: bblach@ippt.pan.pl

Abstract
The paper presents a novel method for sensor placement optimized towards effective identification of struc-
tural damages. The derivation of the method is based on the concept of virtual distortions together with
information provided by a set of strain gauges. Then, a gradient oriented optimization is applied to identify
sensor locations, which are the most sensitive to potential damage scenarios. Steepest descent method is uti-
lized to determine the optimal values of the objective function. Additionally, dependence of the method on
the applied excitation signal is discussed. Finally, effectiveness of the proposed methodology is demonstrated
on an example of optimal search for sensor placement on a 6-bay planar truss structure.

1 Introduction

A successful implementation of any Structural Health Monitoring system relies on efficient placement of
measurement sensors [5]. Optimal sensor placement is a topic of intensive research since eighties or even
seventies of the last century. Because the exact solution of the optimal sensor placement problem requires
large computational effort involving discrete optimization, a variety of different approximate methods have
been proposed since that time.

One of the first attempts to solve the optimal sensor placement (OSP) problem for structural parameters iden-
tification was the work by Shah and Udwadia [16]. In their paper they first introduced a matrix representing
sensitivity of measured output with respect to the parameters being identified. Then, using this matrix they
applied algorithm dedicated to minimization of a certain norm of the covariance matrix of the estimate error.
Motivated by the computational efficiency of their approach they proposed the trace of the covariance matrix
as this norm.

Another milestone in the OSP methodology was an article published by Kammer [10]. He introduced a
Fisher information matrix obtained from a set of selected mode shapes and suggested that minimization of
the determinant of this matrix provides a good approximation for the optimal sensor placement. One has
to mention that the iterative procedure described by Kammer was extremely efficient and the approximate
solution of the OSP problem using this method could be obtained within a limited number of iterations. As a
result, the method currently known as Effective Independence (EfI) became very popular among researchers
and structural engineers.

A further development of the OSP methodology and in particular an application of information theory into
this area was proposed by Papadimitriou [14]. He introduced the concept of information entropy and applied
a genetic algorithm to solve a complex OSP problem for structures with dozens of degrees of freedom
(DOFs).

At the end of this short literature review of the methods for OSP it is also worth to mention an interesting
overview paper by Barthorpe and Worden [2] and a book by Xu and He [24] in which simultaneous placement
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of different kind of sensors has been solved with aid of the Kalman filter technique. However it should be
also kept in mind, that EfI based family of methods assume that a number of first few modes is sufficient
in description of structure’s dynamics and identification of structural parameter modifications resulting from
damage. Such an approach might not be necessarily optimal for damage detection methods which do not
utilize identification of modal properties and are based on structural response itself.

As a result, new methods for optimal sensor placement, which are sensitive to potential damage localization,
are needed. In this study we propose the Virtual Distortion Method (VDM) as a tool to achieve this goal. The
VDM is a fast structural reanalysis technique allowing for analytical gradient computation. Therefore, it can
be efficiently applied for damage identification defined as an optimization problem, in which the objective
function utilizes responses of the structure obtained for both: an intact and a faulty state. We begin our
work by recalling the VDM basics. Then, we will mention its successful application to mass and stiffness
identification in skeletal structures, leakage localization in water distribution networks or defect identification
in electrical circuits.

The proposed approach in this study is focused on optimal arrangement of strain gauges. First, we determine
the sensitivity of the structural responses with respect to stiffness parameters. Next, based on the above
results we calculate the average sensitivity of a particular sensor location for all potential damages. Using
this average sensitivity the candidate sensor location is ranked and the most sensitive locations are selected
as the optimal ones. Finally, the theoretical considerations introduced in sections 2 and 3 are demonstrated
on an example of typical 6-bay truss structures subjected to windowed sine wave excitation.

2 Optimal sensor placement for damage identification

The proper identification of an existing damage within a structure depends on three different aspects, namely:
damage location, sensor placement, and applied forces. Mathematically, it can be expressed as a set of
equations. First of these equations expresses relation between the applied forces and the response of the
structure:

M(θ)q̈(θ, t) + C(θ)q̇(θ, t) + K(θ)q(θ, t) = f(t), (1)

where t denotes time, q̈, q̇,q are acceleration, velocity and displacement vectors, respectively, and M,C,K
are mass, damping and stiffness matrices, respectively. The right hand side f is the excitation vector.

The second equation represents observed quantities and depends on the type of transducers used:

y(θ, t) = Cqq(θ, t) + Cvq̇(θ, t) + Caq̈(θ, t) + w(t), (2)

where Cq,Cv,Ca denote displacement, velocity and acceleration output matrices, respectively, and w(t) is
measurement noise.

Finally, the third equation represents a measure for quality of identified damage. For that purpose we define
performance index:

J = min
S
‖(θ − θ̂)T (θ − θ̂)‖, (3)

where S is the vector of discrete variables that represent the location of the sensors, θ represents structural
parameters to be identified, θ̂ denotes the estimate of θ. Symbol ‖.‖ represents a norm of the covariance
matrix of the estimation error. To be able to detect damage at the earliest possible stage, we postulate that
this norm should be understood as the maximal element in the covariance matrix. In other words, the optimal
placement problem considered in this study can be stated as follows: we are looking for such a location of
the given number of sensors that the maximal element of the covariance of the estimation error is minimal.
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Figure 1: Three aspects associated with a successful damage identification

3 The Virtual Distortion Method and its Applications

3.1 Introduction to the VDM

The Virtual Distortion Method (VDM) was originally presented in [6] for statically loaded structures with
application to modelling structural modifications, physical properties (including non-linearities) and optimal
material redistribution. The idea of an extension of the VDM-approach for dynamic problems with applica-
tion to damage detection was firstly discussed in [8]. In this work authors presented a concept of damage
identification in truss structures utilising analysis of perturbation of an elastic wave, where the damage is de-
fined as Young modulus modification of the structural element. The identification problem was formulated
as a gradient-based optimization task. Other examples utilising this approach for element stiffness assess-
ment for dynamically loaded structures can be found in [12, 21] or for steady-state problems in [18, 19].
Optimal design of adaptive structures exposed to impact loads are considered in [22] and – including elasto-
plastic material behaviour – in [23]. Other developed applications of the VDM are related to modelling and
identification of elastic element connections in frame structures [17], progressive collapse analysis [20] and
detection of delamination in composite structures [13]. It is worth to notice, that the VDM-approach was
adapted to water networks [7] and electrical circuits [11] by utilising some analogies to truss-like structures.

3.2 Concept of the Virtual Distortion Method

In this section, the idea and the basics of the VDM will be briefly presented focusing on statically loaded
truss structures. The virtual distortion is an initial strain introduced in a structural element which causes pre-
stressed state of the statically indeterminate structure, whereas for determinate structures there is stress-free
state. The virtual distortion, depending on formulation (definition), can be used in different ways e.g. for
modelling of element stiffness or plastic deformations. The unit virtual distortion is the virtual distortion
that would cause a unit strain in this out-of-structure element (unconstrained element). The corresponding,
self-equilibrated load to the unit distortion is called the compensating load. Effect of imposing of the virtual
distortion for a structural element is analogous to a geometric imperfection or uniform heating in that ele-
ment. Imposing consecutively the unit distortions on all (or selected) structural elements the strain responses
are determined and formed into columns (vectors) of a square matrix, and finally, the influence matrix is
created. It is important to notice, the strain responses are stored for the elements which parameters are to be
modelled.

For a more detailed explanation of the influence matrix building process let us consider a simply supported 6-
bay truss structure shown in Figure 2(a) with square sections. The vertical and horizontal lengths are equal to
Lx = Ly = 1.52m. The cross-section areas and Young moduli are assumed to be identical in each element,
namely A = 2 · 10−5 m2 and E = 70 GPa, respectively. To generate the influence matrix for the selected set
of elements (1, 2, 16, 30) the unit distortions have to be independently imposed in those elements as indicated
in Figures 2(b)–2(e). For each of the distortion states, the strain responses for the selected elements have to
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be computed and grouped into the influence matrix:

D =




0.895312 −0.104688 −0.001027 1.3 · 10−6

−0.104688 0.895312 −0.001027 1.3 · 10−6

−0.001027 −0.001027 0.810466 −0.001027
1.3 · 10−6 1.3 · 10−6 −0.001027 0.895312


 . (4)

The largest values occur on the diagonal of the matrix D, however, the condition has to be fulfilled 0<Dii<1.
The introduced unit distortion has only a little influence for distant elements (see the last column of the in-
fluence matrix D).

The VDM-approach can be applied for linear structures and extensively exploits the superposition principle.
Firstly, let us assume an indeterminate structure (so-called initial or original structure) without any loading,
but with an imposed distortion field ε0 in structural elements. Thus, the vector of the residual strains εR and
stresses σR in the prestressed structure can be expressed by the following formulas:

εR = D ε0, σR = E(D− I) ε0, (5)

where D is the influence matrix, E is the diagonal matrix of element Young moduli and I is the identity
matrix. Considering the initial structure only under the external loading we get the elastic strains εL and
stresses σL. Now, we can superpose those two above mentioned states:

ε = εL + εR, σ = σL + σR = E
(
ε− ε0

)
. (6)

In this way, we obtain the structure modelled by the virtual distortions with the strains and stresses described
by Equations (6). Independently, let us introduce a modification of the Young modulus in an element i from
the value Ei to Êi. This leads to the so-called modified structure with strains ε̂ and stresses σ̂. Now, we
postulate, that the structure modelled by the virtual distortions and the modified one are equal in the sense
of their generalized strains and stresses. Based on this postulate and using Equation (6), we can write

ε = ε̂, N = AE
(
ε− ε0

)
= AÊ ε = N̂. (7)

where N and N̂ are the axial forces of the modelled structure and the modified one, A is the diagonal matrix
of element cross section areas (assumed in this example to remain intact). Equation (7 b) can be rewritten:

ε− ε0 = µε, (8)

where µ is the diagonal matrix with i-th element on the diagonal defined as the modification parameter:

µi =
Êi
Ei
. (9)

Substituting Equation (5 a) and (6 a) to Equation (8), we get a set of equations for determination of the virtual
distortion ε0: [

I−
(
I− µ

)
D
]
ε0 = (I− µ) εL. (10)

Let us notice, in Equation (10), the virtual distortion ε0 depends on the external loading.

For dynamic loaded structures the virtual distortions ε0(t) and influence matrix D(t) are time-dependent.
Therefore, firstly the influence matrix D(t) has to be determined for each time-step using the Newmark
integration method. This can be done by imposing the unit virtual distortions on structural elements at the
first time step. Knowing the distortion functions ε0(t) corresponding to the structural modifications, the
updated strain and stress field, analogously to Equations (6), can be rewritten:

ε(t) = εL(t) +

t∑

τ=1

D(t− τ)ε0(τ), σ(t) = E
(
ε(t)− ε0(t)

)
. (11)
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Figure 2: Tested 6-bay truss structure: (a) Scheme of the structure; Deformations caused by the unit virtual
distortion introduced in: (b) element no. 1, (c) element no. 2, (d) element no. 16, (e) element no. 30.
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By demanding the equality of strains ε(t) and generalized stresses N(t) for the modelled and modified
(determined by the modification parameters µi) structures at each time step, similarly to Equation (10), we
get the system of equations which has to be iteratively solved for each time step:

B ε0(t) =





(
I− µ) εL(0) for t = 0 ,

(
I− µ

) [
εL(t) +

t−1∑
τ=0

D(t− τ) ε0(τ)
]

for t > 0 ,
(12)

where the left-hand side matrix B does not depend on time:

B = I−
(
I− µ

)
D(0) . (13)

3.3 The VDM-based structural parameter identification

The identification of the structural stiffness parameter µi can be defined as a gradient-based optimization
problem. To this end, the mean-square distance d between the strain responses εM(t) collected for the
modified structure and the modelled responses ε(ε0, t) (or equivalently ε(µi, t)) has to be minimized:

F (µi) = dT · d (14)

where

d =
∑

t

(
ε(µi, t)− εM(t)

)
. (15)

The objective function expressed by Equation (14) can be differentiated using the chain rule with respect to
the design parameter µi:

∇F =
∂F

∂ε

∂ε

∂ε0
∂ε0

∂µi
(16)

The first term of Equation (16) can be calculated using Equations (14) and (15), the next one from Equation
(12 a). The last component can be obtained by differentiating Equation (12).

Knowing the gradient of the objective function expressed by the Equation (16) e.g. steepest descent method
can be applied. At each iteration k, the new design variable µk+1

i is computed according the formula:

µk+1
i = µki − αF k

∇F
(∇F k)T ∇F k , (17)

The optimization step size α can be defined as constant from the interval of (0.1, 0.3) or it can be preferably
determined at each iteration (line search method). In Equation (17) F k and ∇F k denote the value of the
objective function and its gradient in the k-th iteration. The optimization process is terminated if the objective
function reaches either the pre-determined level or the number of iterations.

4 Numerical example

The numerical test was preformed using the two-dimensional truss structure shown in Figure 3(a). Element
numbering is analogous to the example presented in Figure 2(a). However, the currently analysed steel

elements with length of Lx=Ly=51 cm have the cross sections areas A=1 · 10−4 m2, density %=7850
kg
m3

and Young’s modulus E=200 GPa. The test loading applied at node 10 is shown in Figure 3(b).

At the first step, in order to pre-select the strain sensor locations, strain responses for all element of the
original structure caused by the external load were computed. The dynamic analysis was performed using
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Figure 3: (a) Tested truss structure with the location of the excitation; (b) Test loading function.

the Newmark integration method with the number of n = 501 time steps (∆t = 2 · 10−4 s). Then, for
independently introduced in each element i the testing stiffness modification parameter µti = 0.9 objective
functions Fi according to formula (14) were computed. By ascending sorting the obtained values Fi, a
ranking for contributions of introduced modifications for the objective function is created. The ordered set
of elements R corresponding to the ordered values Fi has the following form:

R = {16, 26, 19, 21, 11, 14, 18, 13, 9, 1, 27, 2, 31, 24, 8, 4, 3, 30, 29, 23, 28, 25, 5, 20, 7, 22, 17, 10, 12, 15} (18)

The five high-ranked elements (the last ones) from set (18) were chosen for the sensor locations, i.e. ele-
ments: 22, 17, 10, 12, 15, and let us denote it as case 1. For comparison purposes, the other scenarios of
sensor locations were considered:

• case 2 – elements: 13, 14, 16, 18, 19;

• case 3 – elements: 8 ,9, 21, 23, 24;

• case 4 – elements: 3, 9, 24, 28, 13.

In the modified structure, the following stiffness modification parameters to be identified were randomly
assumed: µ8 = 0.75, µ10 = 0.8, µ11 = 0.9. The optimization procedure (steepest descent method with line
search) was applied using the responses collected for the original and modified structure from the sensors for
each case of sensor locations. The optimization procedures were terminated as the total number of iterations
has reached 300.

Results of the stiffness modification parameter identification with comparison to the real values are presented
in Figure 4(a). The modifications for elements 8 and 10 were correctly determined for all scenarios of sensor
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locations. Some discrepancies are present for element 11, due to the slight influence of its modification on the
sensor responses. Evolutions of the objective functions during iteration processes are shown in Figure 4(b).
One can notice, that the applied excitation does not induce any significant strain level in element no. 11 in
comparison to high-loaded members, e.g. element 15 ( max|ε11(t)|

max|ε15(t)| ≈
1
20 ).

(a)

(b)

Figure 4: (a) Real and identified stiffness modification parameters; (b) Values of the objective functions
during the iteration process.

For cases that require identification of stiffness of low-loaded elements, either additional sensors have to be
used or another test loading has to proposed to avoid low-level responses.

5 Conclusions

In this paper, a method for identification of stiffness modification parameters, defined as Young modulus
reduction, was presented. This problem is formulated as a gradient-based optimization task utilizing the
Virtual Distortion Method for computation of updated structural responses.

A vital part of a successful parameter identification is an appropriate selection of either sensor locations or
test loadings. We have shown, that the structural responses can be insensitive for member modification of the
structure using some test loadings. Therefore, such loadings can be insufficient for the identification problem
and some additional sensors or test excitations have to be used.
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An idea of preselection of sensor locations taking into account the current test loading was discussed. It
was shown that for the applied loading structural parameters in the vertical members (columns) are poorly
identifiable. To avoid such problems in engineering practice one needs to optimize not only sensor location,
but also properly select the excitation signal.

The research is ongoing to extend the presented approach to the case of modular structures [1], [25] and local
substructural analysis [4], [3], [9], as well as to investigate the possibilities of its application in the problem
of optimum placement of actuators for semi-actively controlled structures [15].
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Abstract
Pattern recognition (PR) has been successfully applied to many structural health monitoring (SHM) projects.
Although, it has several advantages, PR relies heavily on data from structures in order to create the models
for their monitoring. Especially, if supervised learning approaches are employed, then data from all possible
damaged states of the structure will be required. For inexpensive structures, destructive means of acquiring
those data under laboratory conditions may be possible, but for more expensive structures it may become
prohibitively expensive, and other approaches will be required. Pseudo-faults, or damage metaphors in
general, such as added masses, or loosened bolts, used experimentally to acquire damage sensitive features
without actually damaging the structure may be a possible solution. This paper discusses the concept of using
such damage metaphors for feature selection in pattern recognition-based SHM and attempts to explore their
suitability for practical monitoring applications through a small laboratory study.

1 Introduction

Monitoring the state of structures is vital for their safe operation, and also for the efficient management
of their maintenance. Traditional Non-Destructive Evaluation (NDE) methods [1] are the main inspection
tools for structures. These methods can be highly accurate, but can be very expensive, they demand a high
degree of expertise and usually work in a small region of the structure. In addition, they usually require
the disruption of the structure’s normal service and operation. Structural Health Monitoring (SHM) refers
essentially to any process of damage identification in structures, and has been largely motivated by the effort
to deal with the challenges and drawbacks of most NDE methods. Comprehensive reviews on SHM can be
found here [2, 3].

Among the various approaches to SHM, data-based methods are becoming very popular - possibly because
of the constant effort by researchers to apply their algorithms on real data from real structures. In fact, the
concept of ‘data-based’ or ‘data-centric’ is becoming more prevalent in engineering (e.g. [4]) lately, even
though it has probably been around for a lot longer (e.g. [5]). In general, most data-based approaches will try
to apply a form of Pattern Recognition (PR) - which is usually done through machine learning algorithms [6].
It is perhaps then easy to see that one of the main challenges of any data-based approach is the availability,
as well as the reliability of data.

Pattern Recognition, relies heavily on data from structures in order to create the models for their monitoring.
Especially, if supervised learning approaches are employed, then data from all possible damaged states
of the structure will be required. For inexpensive structures, destructive means of acquiring those data
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under laboratory conditions may be possible, but for more expensive structures it may become prohibitively
expensive, and other approaches will be required. Pseudo-faults, or damage metaphors in general, such as
added masses, or loosened bolts, used experimentally to acquire damage sensitive features without actually
damaging the structure may be a possible solution. Some of those, like the added mass, have been shown to
work, at least partially and compare to more realistic types of damage [7], and also being able to create a set
of surrogate data which can be used to train supervised learning algorithms [8].

In more detail, added masses have been applied based on the simple principle that damage on an elastic
structural member will most commonly reduce its natural frequencies. Consequently then, the blithe extrap-
olation of a SDOF formula for its natural frequency (ω =

√
k/m) allows for an assumption that perhaps

an added mass could cause an equivalent effect and therefore be suitable for the feature selection for dam-
age identification. A loosened bolt on a truss-type structure could have an equivalent effect and has therefore
been used in various works as a proxy for the testing of new algorithms. Pseudo-faults, have also been shown
to be limited, especially in cases of damage severity - for example, even if different levels of added mass can
be identified, there is no consistent proof that they will correspond to equivalent levels of ‘damage’ (such as
loss of stiffness or length of saw-cuts [7]).

The purpose of this paper is to present common experimental approaches which can be applied as damage
metaphors, and simply discuss their practical application and limitations. A small laboratory structure which
can be easily modelled as a 3-DOF system is used to demonstrate pseudo-faults of the type of added mass,
loosened bolt, a short localised temperature increase [9], and are compared with a saw-cut (representing a
more realistic form of damage) on one of the structure’s elastic members. In previous studies [7, 8] it was
shown that added masses can be used for the feature selection of damage sensitive features, and a rigorous
comparison was done. This work does not do a similar rigorous study here, but simply demonstrates the
application of the pseudo-faults in order to incite a discussion.

The layout of the paper is as follows: the next section describes the structure and a short theoretical analysis.
The third section describes the experimental demonstration of all the examined pseudo-faults. Section four
discusses the results and attempts to present a short discourse on the main idea of damage metaphors and
of their suitability and limitations including some suggestions/discussion points. Finally, a short conclusion
recaps the work in order to round off the paper.

2 Structure and theoretical analysis

In order to demonstrate a few of the most common pseudo-faults, a simple laboratory structure is considered
here (see Figure1). The structure can be seen as a model of a 3-floor building, if standing vertically, or a
standard 3-DOF spring-mass-damper system when arranged horizontally. The choice of the structure was
such that it would be easy to model theoretically and also test experimentally.

2.1 Theoretical model

A theoretical model of the structure can be easily derived if it is considered as a 3-DOF spring-mass-damper
system (see Figure 2). In fact, the equations of motion can be found easily into any vibration textbook e.g.
[10] and will not be fully presented here, however it is easy to show that they will be in the form of,

[M ]{ẍ}+ [C]{ẋ}+ [K]{x} = {F} (1)

where

M =



m 0 0
0 m 0
0 0 m


 andK =



2k −k 0
−k 2k −k
0 −k 2k


 (2)
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Figure 1: Laboratory structure representing a 3-DoF system.

Figure 2: 3-DOF spring-mass-damper system.

assuming all masses have an equal value of m and all springs an equal value of stiffness k. Getting values
for m = 0.7257 kg and a value for an equivalent spring stiffness calculated by the standard formula for a
leaf spring: k = 2 · 12EI/l3, where I = bh3/12, b = 0.1m, l = 0.13m andh = 0.001m, it is easy to
calculate from equation (2) the natural frequencies of the system as f1 = 18.81Hz, f2 = 34.75Hz and
f3 = 45.4Hz. Note that the damping matrix can be selected with some guidance from an experimental test
of the structure if one requires realistic values. This study is only using the theoretical model to calculate the
effect of mass and stiffness changes on the frequencies of the system, and does not make use of any damping
values.

2.2 Stiffness reduction and added mass on the theoretical model

If the concept of realistic damage as a form of stiffness reduction is assumed here, then it is easy to use the
theoretical model and see the effect of any such reduction on the modal features of the system. Figure 3
shows how the natural frequencies of the system will drop with a change of the stiffness. Stiffness values for
the spring constants are denoted with kn, where n = 1...4 (see Figure 2). Since the structure is clamped at
both ends, it is symmetric and therefore there are only two distinct cases of stiffness reduction. It should be
noted that the stiffness value here is dropped directly as an absolute number, one could just drop the Young’s
modulus value for a potentially more realistic simulation.

A similar analysis may be performed for the increase of the mass. Figure 4 shows the change in the natural
frequencies of the system when the second and third masses were increased up to three times their original
size. It can be seen that the frequencies do drop, as would be expected, and it would be possible to use
features for the location of the ‘damage’ as when the mass is added on the second floor it does not change
the second mode at all - whereas the mass on ‘floor’ 3 changes it. Immediately, it can be seen by looking
at Figure 3 that the loss in stiffness is not entirely equivalent (all modes are affected). This is expected as
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Figure 3: Theoretical change of the natural frequencies when the stiffness of springs k1 or k4 drops (left) and
k2 or k3 drops (right).
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Figure 4: Theoretical change of the natural frequencies when the size of the masses increases.

the system when clamped at both ends, is symmetric and when the mass is applied on the second floor it is
located exactly at the centre of the structure.

3 Experimental demonstration

The structure of interest was tested with the help of a Data Physics electromagnetic shaker, while its response
was recorded through uniaxial accelerometers of the PCB type, attached directly on the structure as seen in
Figure 1. The excitation force was recorded through a force transducer and the DAQ system used was a
Data Physics Quattro Ace. No calibration factors were used during the measurement, so the FRFs units are
simply voltage over voltage (although they should correspond to equivalent values of acceleration over force
- after an appropriate conversion). FRFs were recorded from all three sensors and can be seen in Figure 5.
The frequency bandwidth of the measurement was 125 Hz with a frequency resolution of 0.156 Hz, while
random excitation was used and 30 averages were acquired for the estimation of the FRFs.

Since the laboratory structure has bolted components, care was taken during its assembly to use a controlled
torque setting. A torque wrench was used and all bolts were tightened to the maximum allowed (based
on their size) torque value. In addition, several FRFs were recorded when the bolts applied on the three
aluminium plates (representing the ‘floors’ - see Figure 1) were tightened with lower values. It was found
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Figure 5: FRFs recorded from the experimental structure - normal state.

that settings between 2 Nm and 6 Nm did not produce any change on the first three modes. Of course
the laboratory structure has higher modes than the theoretical model, and changes could be seen in higher
frequencies. This can be discussed at a later section, however, it can be noted here that the aluminium plates
(which represent the floors) contain threaded holes - which should explain the limited effect of the torque
settings on the lower frequencies.

Through curve fitting (rational fraction polynomials) with the help of MATLAB, the first three frequencies
of the experimental structure were identified. Table 1 shows a comparison between the theoretical and
the experimental natural frequencies. In terms of percentage difference, the first and third mode are a bit
further away, however, if the properties of the material are altered, then the absolute difference can change
- although it will be a compromise between the three modes. Nevertheless, the theoretical model can be
considered accurate enough to be used at least as a guide.

Theoretical freqs. [Hz] Experimental freqs. [Hz] Abs. Difference [%]
18.8 18.21 3.2

34.75 34.44 0.89
45.4 46.71 2.89

Table 1: Natural frequencies of the 3-DOF structure

3.1 Added mass on the experimental structure

The first pseudo-fault applied on the structure was the added mass. It is very convenient and easy to use and
it is a non-destructive way of introducing a local change on the system. The added mass was firstly added on
the second ‘floor’ (mass) of the structure and progressively increased from 66g to 216g. Subsequently, the
process was repeated to add the mass on the third ‘floor’. Figure 6 shows the effect of the added mass on the
frequency response of the system. A careful look at the theoretical analysis (Figure 4) shows that the mass
on the centre would not affect at all the second mode - and the experimental results agree. The added mass
on the third ‘floor’ is changing all three modes.

Added masses were also added directly on the spring leaf (see Figure 8), where the saw-cut was also applied
(to be described in a following sub-section), to be in-line with previous studies [7] where the added mass was
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Figure 6: FRFs recorded with an added mass on m2 (left) and m3 (right).
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Figure 7: FRFs recorded when added mass was added directly on the leaf spring - where the saw-cut was
later added.

added directly on the same location as the actual ‘fault’. When the mass is added on the leaf spring, then the
theoretical model cannot be used directly for comparison, as the mass of the leaf spring and its inertia have
been changed. Figure 7 shows the FRFs when the mass was added on the leaf spring.

3.2 Loosened bolts

Another type of pseudo-fault which was tested was the simple case of loosening a bolt. This scenario is
commonly applied to truss-like structures. Since the experimental rig here contained joints with bolts, it was
a straight-forward choice to be examined. It is already mentioned in a previous section that torque settings
may have an effect on the frequency response of the structure. A short study which used low torque settings
showed that in a low frequency range, where the first three modes of the structure are, there was no effect.
However, when a bolt was loose - to the extent that it could be turned by hand, but not ‘rattle’ during the test,
the effect on the frequencies was evident.

Figure 8 shows the bolts which were used in this part of the study numbered, so that it would be easier for
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Figure 8: Indexing of bolts which were loosened during the study. An added mass can also be seen. Note that
added masses were also applied directly on the central masses/plates (representing the floors of the 3DOF
structure).
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Figure 9: FRFs recorded when bolts in the joints of the structure were loosened. Please refer to Figure 8 for
the location of the bolts.

the reader to understand which bolt was loosened every time. Several repeat tests with loosened bolts were
performed, including the bolts residing at both sides of the structure. However, here two standard cases are
presented: when bolts clamping the central mass (floor), and subsequently the third mass, were sequentially
loosened. Even a single bolt was enough to produce a change in the frequencies as seen in Figure 9. It can
also be seen that with three bolts the effect is as high as a substantial loss in stiffness (see Figure 3 from the
theoretical model).

3.3 Local temperature increase - Heat gun

A localised increase on the temperature of a structure will change locally its properties and thus affect its
natural frequencies. This has been used as a pseudo-fault before in [9]. A heat gun was used here as well
to increase the temperature on the third leaf spring (representing stiffness value k3 in the theoretical model),
and subsequently on the fourth leaf spring. In order to have a consistent approach the heat gun was held
at a distance of 15 cm and was used for 10 sec before any measurements were taken. It was immediately
apparent that a prolonged application time of the heat gun would overheat the element (also burn the paint
of the specimen) and transfer the heat to the neighboring plates (leaf springs). Overall, this meant that the
FRFs recorded contained only 4 averages - as a longer time would create inconsistent results due to the
heat conductivity of the metal plates. Figure 10 shows the comparison of the FRFs before the heat gun was
applied, and after. It is clear that a change in the natural frequencies, more prominent on the third and second

STRUCTURAL HEALTH MONITORING 3831



10 20 30 40 50 60 70 80
Frequency [Hz]

-70

-60

-50

-40

-30

-20

-10

0

10

dB
 [V

/V
]

normal
heat gun applied on k3

10 20 30 40 50 60

Frequency [Hz]

-60

-50

-40

-30

-20

-10

0

10

dB
 [V

/V
]

normal
heat gun applied on k4

Figure 10: Heat gun applied locally on the plate representing k3 (left) and k4 (right). These FRFs were
recorded with only four averages.

Figure 11: Saw-cut introduced to one of the plates (leaf spring) of the structures

mode (as was expected though the theoretical model - see Figure 3) was evident. It is interesting that the
location of the local heat increase changes the magnitude of the FRFs (in the case of k4 there is a drop in
frequency and magnitude), although based on the few averages recorded this result should not be considered
highly reliable.

3.4 Saw-cut

A saw-cut is a form of destructive type of damage which can be introduced on a structure - it is of course
irreversible, so it is not recommended for high value specimens, however, it is generally considered a more
realistic form of damage when compared to added masses or loosened bolts. Although, there are arguments
against a saw-cut being realistic damage (e.g. it is visible by naked eye or it would not be easily created
through the structure’s normal operation), but most vibration-based approaches may include it as it will
cause a local drop in the stiffness of the structure. Figure 11 shows the structure with a saw cut on one of its
leaf springs.

Five different levels of ‘damage’ in the form of saw-cut lengths were gradually introduced: 10%, 25%, 50%,
75% and 100% (full removal of the leaf spring). Note that this was introduced only on one leaf spring
(representing less stiffness reduction than if it were applied to both sides). It was seen that the first two
levels (lengths) did not produce any change on the first three modes. In Figure 12 it can be seen that the
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Figure 12: FRFs recorded when a saw-cut was introduced on one of the leaf springs representing k3 stiffness.
Short lengths of saw-cut did not have an effect on the first three modes of the structure.

introduction of the saw-cut affects the first three frequencies of the structure after its length reaches 50%
and above, with a complete removal of the panel causing the most significant frequency shift. The complete
removal of the panel should be approximately equivalent to a 50% reduction of the stiffness value, however,
there is a small mass change as well. Figure 12 also shows that in higher frequencies there will be features
available for shorter saw-cuts.

A careful look at all the FRFs from all cases will show that although similar trends can be found, and the
experiment agrees with the theory, it is not straight forward to equate stiffness loss with added mass (theory),
or added mass with a saw-cut in the experiment. The location influences the effect, and added mass and
stiffness reduction cannot be modeled exactly at the same location in theory. In practice, only the case where
an added mass was added on the same leaf spring as the saw-cut has the exact same location for both types
of damage. Table 2 shows some comparison of an absolute change, in %, of the first three modes of the
structure when compared to the normal state. It can be seen that in the case of the 100 % saw-cut (full
removal), the same trend can be seen as in the theory, however, the added mass, although it does reduce the
third mode, it displays a different pattern (progression of change from one mode to the rest is reverse - third
mode shows the least change).

Saw-cut Saw-cut Saw-cut Theory 50 % Added mass Added mass
50% 75% 100% k3 reduction 159g 216g

f1 0 0.4 0.9 3.2 3.4 4.7
f2 0.4 1.5 8 10.6 2.2 3.3
f3 0.7 2.1 7 8.5 1.5 1.6

Table 2: Absolute difference of changes of the first three modes of the structure when compared with normal
state, under saw-cut and added mass (applied on the same location as the saw-cut).

4 Discussion points on damage metaphors

4.1 Added mass

This type of pseudo-fault is very common, and easy to implement. It has been shown that it works well,
albeit at a small extent. Attempts to equate an increase of mass with loss in stiffness is challenging and
will likely end up having the drawbacks of inverse problem approaches (like a non unique mapping between
feature changes and the cause of those changes).
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4.2 Loosened bolts

If a test structure contains bolts, then it is highly recommended to change its torque settings or loosen it
completely, as it will certainly cause a visible change in the frequency response of the system. Care needs to
be taken during any testing, as joints may introduce nonlinearities, especially with higher excitation levels.
Again, a severity study may be challenging, unless it includes just the identification of the location (in order
to assess partially the severity of the damage case).

4.3 Local temperature increase

This is an interesting choice of damage metaphor. It is shown here that it works by lowering the frequencies
of the structure. In more complex structures though, it was shown [9] that not all features selected from the
local heat increase are going to be adequate for the ‘real’ damage. There are also several practical limitations
in its application.

4.4 Saw-cut

This was used as a benchmark for real damage introduced on the structure. It was shown that short saw-cuts
do not cause an immediate effect in the low frequencies of the system. In general, this is expected in a
vibration-based approach, as higher modes contain more local information about the structure. Of course,
measurements in a higher frequency range can still be used for feature selection.

In addition, it can be considered ambiguous whether a saw-cut represents real damage - although it is gen-
erally applied to structural elements in order to cause a local loss in their stiffness. Ultimately, the choice of
whether to be used or not will depend on the requirements of the SHM approach.

4.5 Open questions - suggestions

From the above a few discussion points can be raised:

• It is very common to require the need for a non-destructive way of introducing damage in an SHM
attempt or validation of SHM algorithms. This may be necessary in data-based approaches.

• A pseudo-fault may be used as a guide for feature selection, but it cannot be damage - by its definition.

• A comparison of the pseudo-fault with ‘real’ damage will almost certainly be required. This perhaps,
presents an irony - as the point of the pseudo-fault is to avoid real damage. Here, saw-cuts were used,
but this has raised questions, and so the choice of the ‘real’ damage is crucial.

• The choice of pseudo-fault and consequently the choice of the ‘real’ damage to be used for comparison,
will largely depend on the operational evaluation of the whole SHM system, i.e. the requirements of
the monitored structure. This leads to the following point.

• The choice of the pseudo-fault should be guided by the features one is attempting to use. All the
damage metaphors shown here are expected to be used in conjunction with modal features, if one, for
example, is attempting to use strain gauges to monitor strain, then added masses will probably not be
an appropriate choice.
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5 Conclusions

The purpose of this paper was to go though common types of pseudo-faults or damage metaphors, which
are very often necessary when dealing with damage identification on expensive structures. A laboratory
structure was used to experimentally demonstrate added masses, loosened bolts, local temperature increase
and compare them with saw-cuts. The latter is generally considered a more ‘realistic’ type of damage in-
troduction as it forms an irreversible scenario. The work clearly showed that considering modal features,
such as changes in natural frequencies and frequency response functions, all pseudo-faults can be used to
extract damage-sensitive features. The attempt, however, to correlate the changes caused into the system in
a damage severity study will likely prove very challenging. In other words, the absolute differences of the
changes produced in the structure may not be necessarily useful (unless perhaps in special cases such as this
laboratory structure), but the trends or the patterns observed should be informative for any SHM study. A
few discussion points and suggestions were raised here, including how realistic is the ‘real’ damage scenario
(saw-cut), and it is hoped that the work will inspire a debate on the use of damage metaphors among the
SHM community.
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Abstract 
This paper presents a methodology to monitor the fatigue life of aerospace structures and hence the 

remaining allowable fatigue life. In fatigue clearance, conservative load assumptions are made. However, 

in reality, a structure may see much lower loads and so would be usable for much longer. An example of 

this is air carried guided missiles. In the UK, missiles must be decommissioned after a period of carriage. 

The implementation of a system that can monitor the usage of a missile during its time in service is 

advantageous to the military customer and provides a competitive advantage for the missile manufacture in 

export markets where reduced through-life costs, longer in-service lives and increased safety are desired. 

The proposed methodology provides a means to monitor the service life of a missile. This paper describes 

how machine learning algorithms can be used with accelerometers to determine loads on a missile structure 

which would then be used to predict how long the missile has left in service. 

1 Introduction 

Current aircraft increasingly incorporate a Health and Usage Monitoring System (HUMS).  HUMS is a data 

collection system that records inputs from the aircraft such as speed, other flight parameters, power and 

voltages of electrical systems [1]. Health and Usage Monitoring Systems (HUMS) come under the category 

of Damage Detection. The use of damage detection has become increasingly important for existing 

structures and mechanical systems. Existing structures such as bridges and systems such as aircraft have 

become more and more expensive to maintain. By introducing damage detection for structures and 

mechanical systems, it will be possible to extend their operational use beyond their designed service life [2] 

and prevent failure during service. 

Distinguishing the two meanings behind health and usage monitoring is essential.  

• Health Monitoring: the process of identifying aspects of data obtained through sensory measurement 

from a system over time and quantifying the extent of the damage. 

• Usage Monitoring: the process of recording data during the structure’s or system’s operation. The 

data measured can include environmental variables such as temperature and moisture and 

operational variables such as speed and altitude [3]. 

 
The application of health and usage monitoring systems was first applied to rotary aircraft; however, it 

originated from the methodology of structural health monitoring (SHM) [2]. SHM is the process of damage 

detection for aerospace, civil and mechanical engineering infrastructure. In the aerospace industry, SHM 

has been predominant with rotor aircraft during early stages of HUMS development both in commercial and 

military sectors. The implementation of HUMS into aircraft has now been increasingly common practice 
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since the 1990’s. It has been proven to lead to both improved safety and provide economic benefits [4]. 

While safety aspects are an important issue and a reason to implement the HUMS, the cost was the deciding 

factor. The typical cost and upkeep for a helicopter can be broken down into five categories. 36% for 

depreciation, 29% to insurance, 24% to maintenance, 6% to the flight crew and 5% to fuel [4]. The drive 

behind implementing HUMS in helicopters was to reduce the cost of insurance and maintenance. The 

reasoning behind this was cost saving in areas of replacement parts. The HUMS data would be used to 

identify parts which are damaged or reached their safe-life. Therefore, there was a reduced number of spares 

used for unnecessary removals of healthy parts and an increased time of the helicopter in-service.  However. 

Guided weapons are typically safe-life structures and as such detectable damage is unlikely to be permitted 

while in-service. Hence, in this case, Damage Detection is less applicable than Operational Monitoring 

techniques. 

The use of machine learning in the aerospace industry has been researched by Homes et al. [5], who used 

Gaussian Process Regression (GPR) to predict the loading on the landing gears during landing, taxiing and 

take off using onboard data recording systems. Previous research has used machine learning for fault and 

damage detection such as Baskaya et al.[6] and Bondyra et al.[7] whom both used Support Vector Machine 

(SVM), a machine learning algorithm, on a small Unmanned Aerial Vehicles (UAV) for fault diagnosis. 

The notable benefit of using supervised machine learning is that it only requires two sets of data, the inputs 

and output. This eliminates the problem of prior knowledge of the model, in this case, the dimensions and 

structural properties of the missile. This makes the methodology versatile since the process can be applied 

to any aircraft to predict any characteristic, whether it is loads, flight manoeuvres or damage detection. 

However, the potential downside of this methodology is that a machine learning model must be created for 

every eventual scenario. For example, if an aircraft is carrying one missile on either end of the wing, data 

would have to be collected, and a machine learning model would have to be created for that scenario. If 

there were two missiles on either end of the wing, then new data would potentially have to be collected, and 

a new model would have to be produced. If the missile type was changed but used the same layout 

configuration then the process has to be repeated. Every change could potentially require a specific model 

for the prediction to reliable and accurate. This process may be cumbersome. However, the same process 

would have been used to test a non-machine learning methodology to validate the algorithms.    

The machine learning approach in this article utilises Gaussian Process Regression (GPR) along with Neural 

Network (NN) and Support Vector Machine methodologies in order to predict loads in the attachments of 

an air-carried missile to the aircraft, or hangers. Machine learning is a computer-based program which uses 

mathematics to predict and identify outcomes based on the properties of data. The information from the data 

would later be used to predict future data. Machine Learning works because it can learn patterns from non-

random data such as simulations, experiments and surveys. It learns these patterns by generalising the data. 

Generalising the data is a method for the program to understand the data.  The first step when creating a 

machine learning algorithm is selecting the raw data which will be used for the inputs. This is known as the 

input space. Each set of inputs which makes up the input set is known as features. For example, if an input 

space had recordings from one temperature sensor, one accelerometer and two strain gauges, then the data 

set would have four features. The next stage is pairing the input space with the output data. The output data 

are target output which one is trying to predict. The input space and the target output form together the 

training data. The next step is selecting the classifier which is the machine learning algorithm that forms a 

predictive algorithm based on patterns between the known input space and known target output data [8]. 

This process is known as the training stage. This stage takes up the most computational time since it is going 

through many iterations to obtain the optimal prediction algorithm to fit the data. The training data can 

consist of any statistical data whether it is numerical or categorical. Testing is the final stage where the 

classifier is tested to try to predict unknown output data using unknown input space data which has not been 

used in the training stage. The classifier is using patterns learnt from the training stage to predict the 

unknown targets. This stage is used to test the performance of the predictions and optimise the parameters 

to improve accuracy.  

The ultimate goal of this methodology is to provide a process which results in a system that can determine 

the fatigue damage and thus remaining life of a missile. The process begins with load prediction using GPR. 

With this loads data in principle, stress time histories could then be determined and fatigue damage 

calculated making use of Cycle Counting, S-N curve data, and the Palmgren-Miner rule.  Over time, this 
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process can be refined so that the cycle counting method and S-N curve data would not be longer be required 

and the system would only require the data from the HUMS and the machine learning algorithm to provide 

a prediction yielding the remaining life of a missile. 

2 Theory - Overview of GP Regression 

GP is a supervised machine learning algorithm which can solve complex datasets which traditional 

parametric methods may not be able to handle [9]. The algorithm used for this project was developed by 

Carl Rasmussen [10].  GP regression works by having a training dataset which contains the observed 

response data, in this project the strain, and the input vector data which are the accelerations. GP creates a 

prediction based on the dataset by forming a family of functions to fit the data and provides a predictive 

distribution as opposed to a single prediction [5]. What makes GP beneficial compared with other machine 

learning algorithms is its ability to show uncertainty estimates with predictions. It does not require cross-

validation because the kernel and regulation parameters can be learned directly from the data. Also, feature 

selections can be used during the training stage [9]. Features are the input data used in prediction, such as 

acceleration, temperature and speed. Feature selection is an algorithm which removes features so that the 

optimal prediction algorithm can be created.  

The Gaussian process  is defined by two functions in the form of: 

 

 𝑓(𝑥)~𝐺𝑃(𝑚(𝑥), 𝑘(𝑥, 𝑥′) ) (1) 

where 

 𝑚(𝑥) = 𝔼[𝑓(𝑥)] (2) 

 𝑘(𝑥, 𝑥′) = 𝔼[(𝑓(𝑥) − 𝑚(𝑥))(𝑓(𝑥′) − 𝑚(𝑥′))] (3) 

The mean function, 𝑚(𝑥), represents the expected value of the function 𝑓(𝑥) at the input 𝑥. The mean 

function is generally set as zero because little is known about the input data when it is the first time training 

the prediction model. The covariance function, 𝑘(𝑥, 𝑥′), determines the covariance of the two predictions 

at any two specific points and can be considered as a measure of the confidence level for 𝑚(𝑥). 

The GP then forms the following algorithm: 

 𝑦 =  𝑓(𝑥) + 𝜂 (4) 

Where 𝑦 represents the observed response, 𝑥 represents an input vector, 𝜂 represents the noise.  

 

When it comes to deciding on which covariance function should be used, the most common one is the 

squared exponential. This is used as a standard when first using GP regression on new data. The general 

form is written as follows [10]: 

 
𝑘(𝑥, 𝑥′) = 𝜎𝑓

2𝑒𝑥𝑝 (
1

2𝑙2
|𝑥 − 𝑥′|2) + 𝜎𝑛

2𝛿𝑝𝑞 (5) 

Where  𝜎𝑓
2and 𝜎𝑛

2are signal and noise variances, respectively, and 𝑙 is the characteristic length scale. 
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3 Missile Loads Testing Setup 

The Structural Health and Usage Monitoring System (SHUMS) data was collected via a test rig to which a 

representative missile structure was mounted, via two of the hangers, by attachments providing simple 

support conditions. The structure was representative of an air carried complex weapon in terms of geometry, 

inertial characteristics and body bending stiffness. Excitation was provided by a shaker on which the test rig 

was mounted. To record the load acting on the hangers during the vibration test, two strain gauges were 

attached to each support, making four in all. The mean strain was calculated for each support giving two 

sets of axial strain recordings for the hangers. Seven tri-axial accelerometers were placed at specific 

positions along the length of the missile structure.  

In this study, the dataset collected contained 810442 by 11 data points over a time of 100 seconds of 

excitation. Seven columns contained the acceleration data, and the last four contained the strain data.  

4 Results 

The following section shows the results predicting strains on the attachments under vibrational loads using 

Gaussian Process Regression, Neural Network and Support Vector Machine. Figure 1, Figure 2 and Figure 

3 are the results from GPR predictions. Figure 1 is the overview of the full data between 0 and 100 seconds, 

Figure 2 is the view between 0 and 4.5 seconds and Figure 3 is the view between 80 and 80.5 seconds. 

Figure 4 shows the equivalent results for NN and SVM. Figure 5 shows the scatter plots for all three machine 

learning algorithms showing the actual strain against predicted strain. The last of the results is shown in 

Tables 1 and 2 which provide measures of the performance of the three algorithms. 

All three machine learning algorithms were programmed to use 70 percent data training and 30 percent 

testing. Therefore after 70 seconds, the algorithms were predicting unseen data. In each Figure are two more 

graphs that represent the strain data from the two hangers, for example as shown in Figure 1. Figure 5 gives 

scatter graphs representing the actual strain against the predicted strain. 

In each of Figures 1 to 3, there are three crucial pieces of information being shown, the predicted strain, true 

strain and confidence level. The predicted strain was calculated using the GP algorithm. The true strain is 

the recorded strain from the hangers. The confidence interval uses the 95 percent approach from a normal 

distribution.  

 

Figure 1: GP prediction graph for stains in the Front and Rear Hanger between 0 and 100 seconds.   
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A critical part of the load prediction is predicting peak loads, especially where these points are essential to 

extract data that will be important for later analysis such as Cycle Counting. Figure 2 and Figure 3 shows a 

magnified view of Figure 1. It is challenging to analyse large amounts of data, so the figures mentioned 

provide a small window of the load prediction. The purpose of showing the first 5 seconds was to 

demonstrate reconstruction during low loads and then higher loads. During flight, an aircraft will experience 

long hours of steady flight and the model would have to be capable of predicting these levels accurately.  

It can be seen in Figure 2 during the first 3 seconds that the predicted strain deviates away from the true 

strain especially for the rear hanger between 0.2 and 2 seconds. This is corroborated by the confidence 

interval being much higher. This may be due to the acceleration data or the positions of the accelerometers. 

When it transitions to higher loads after 3 seconds the predictions become more accurate and the confidence 

interval shrinks which tells that the model recognises the data. The predictions for the testing data, shown 

in Figure 3, also shows accurate predictions. One of the problems that occurs with GPR is the predicted 

strain undershooting the true strain. For example, in Figure 3, the front hanger, at peak 80.32 seconds the 

predicted strain undershoots the true strain. There maybe a few undershoots in this graph but when the time 

increases these undershoots accumulate. As mentioned previously, undershooting is not ideal if the peaks 

are going to be used for Cycle Counting because it is safer if a missile has to be decommissioned early from 

service due to predictions overshooting rather than staying in service longer due to undershooting where the 

missile structure could be prone for failure. 

 

Figure 2: GP prediction for stains in the Front and Rear Hanger between 0 and 4.5 seconds. 

STRUCTURAL HEALTH MONITORING 3841



 

Figure 3: GP prediction for stains in the Front and Rear Hanger between 80 and 80.5 seconds. 

Neural Network and Support Vector Machine approaches have a disadvantage, and that is that the model 

cannot show the extent to which it recognises the data through the confidence interval [11], as shown when 

using GPR. There are other methods to compensate for this by improving accuracy such as cross-validation 

and training with more data. What is noticeable in Figure 4 (c) is the first 2 seconds. The predicted strain 

forms a ‘bump’ in the line plot. This is greater than that seen in the GPR Figure 2. This prediction error may 

be due more to the acceleration data than the model itself. For the test data results, shown in Figure 4 (d), 

they are very similar to the GPR. The NN scatter plot in Figure 5 (a) and (b) show similar shape to GP 

scatter plot.   

Figure 4 (b), (d) and (f) show the load predictions using SVM. This model shows almost identical results to 

GP and NN. However, for the front hanger, there is a difference during the first 2 seconds where the 

prediction begins with a strain value higher than the true strain, and then it normalises after 0.2 seconds. 

This does not occur with the rear hanger where the predicted strain undershoots and then overshoots before 

normalising at 2 seconds. Since these discrepancies occur during the first 2.5 seconds for the three models, 

the cause may be due to the recorded data rather than the model setup. 

 

Neural Network Support Vector Machine 

 

(a) 

 

(b) 

Front and Rear Hanger between 0 and 100 seconds 
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(c) 

 

(d) 

Front and Rear Hanger between 0 and 4.5 seconds. 

 

(e) 

 

(f) 

Front and Rear Hanger between 80 and 80.5 seconds 

Figure 4: NN and SVM prediction graph for stains in the Front and Rear Hanger. 

Front Hanger Rear Hanger 

 

(a) 

 

(b) 

GPR scatter plots of Actual Strain against Predicted Strain 
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(c) 

 

(d) 

NN scatter plots of Actual Strain against Predicted Strain 

 

(e) 

 

(f) 

SVM scatter plots of Actual Strain against Predicted Strain 

Figure 5: GPR, NN and SVM scatter plots of Actual Strain against Predicted Strain. 

Scatter plots of actual strain against predicted strain for the overall GPR used on both hangers are shown in 

Figure 5 (a) and (b). The closer a data point is to the Actual Strain versus Predicted Strain line the more 

accurate the prediction.  

An overall evaluation of the performance of the models is given in Table 1 and Table 2 for the front and 

rear hangers respectively. In each table there are three evaluation columns: mean absolute error (MAE), root 

mean squared error (RMSE) and Pearson correlation coefficient (R). Furthermore, evaluation data for 

training, testing and overall is provided with a comparison of prediction when the model is shown seen and 

unseen data. The evaluation equations used to measure the performance of the classifiers for MAE, RMSE 

and R are as follows: 

 

 

𝑀𝐴𝐸 =
1

𝑁
∑|𝑦𝑖 − 𝑓�̅�|

𝑁

𝑖=1

 
(6) 
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𝑅𝑀𝑆𝐸 = √
1

𝑁
∑(𝑦𝑖 − 𝑓�̅�)

2
𝑁

𝑖=1

 

 

(7) 

 
𝑅 =

∑ (𝑦𝑖 − �̅�)(𝑓�̅� − 𝑓̿)𝑁
𝑖=1

√∑ (𝑦𝑖 − �̅�)2(𝑓�̅� − 𝑓̿)
2

𝑁
𝑖=1

 

where 

(8) 

 
�̅� = √

1

𝑁
∑ 𝑦𝑖

𝑁
𝑖=1  and 𝑓̿ = √

1

𝑁
∑ 𝑓�̅�

𝑁
𝑖=1  (9) 

 

where N represents the size of the dataset, 𝑦𝑖 is the target output and 𝑓�̅� is the predicted output of the GPR 

prediction model.  

In Figure 1, is the overall strain prediction using GPR. One of the noticeable discrepancies is in the 

performance values between front and rear hangers, as shown in Table 1 and Table 2. For example, the R 

value for the front hanger was 0.90176, and the rear hanger was 0.79798. This same difference can also be 

observed with the other two models. It would have been expected that these values would have been roughly 

the same since they were using the same model and inputs dataset. The only difference is the strain targets 

values and the position of the strain gauges. This may be the reason why the rear hanger performance value 

is not as good as the front hanger value. The current position and the number of the accelerometers may not 

be ideal for the rear hanger. Therefore, changing the accelerometer locations may influence the results of 

the predictions. 

Front Training (70%)  Testing (30%)  Overall 

Model MAE RMSE R  MAE RMSE R  MAE RMSE R 

GPR 0.0924 0.1227 0.90179  0.1200 0.1507 0.90171  0.1007 0.1317 0.90176 

NN 0.0939 0.1243 0.899  0.1188 0.1489 0.90416  0.1014 0.1322 0.90103 

SVM 0.0935 0.1243 0.89917  0.1195 0.1497 0.90301  0.1013 0.1324 0.90068 

Table 1: Performance comparison of GPR, NN and SVM for the Front Hanger. 

Rear Training (70%)  Testing (30%)  Overall 

Model MAE RMSE R  MAE RMSE R  MAE RMSE R 

GPR 0.1926 0.2539 0.80319  0.2551 0.3196 0.78981  0.2113 0.2752 0.79798 

NN 0.1961 0.2575 0.79683  0.2529 0.3170 0.79371  0.2131 0.2767 0.7956 

SVM 0.1954 0.2575 0.79675  0.2540 0.3181 0.79206  0.2130 0.2771 0.79492 

Table 2: Performance comparison of GPR, NN and SVM for the Rear Hanger. 
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5 Discussion 

One of the limitations in using GP is that it is necessary to invert a large N by N matrix, where N is the 

number of data points in the training dataset. For this study, the total dataset contained 8914862 data points. 

The ability to do this is affected by a computer’s hardware due to the size of the RAM. The larger the matrix, 

the more RAM and computational processing time are required. To reduce the demand on the RAM sub-

sampling of every 11th data point from the dataset was implemented. One of the problems in using this 

approach is the likely chance of losing critical data especially at the peaks where strain is at maximum or 

minimum. While this approach was not ideal, it was necessary to overcome hardware limitations. However, 

there are ways to circumvent these problems. New studies in handling big data sets have emerged with 

regards to GP [12], [13]. The benefit of machine learning is once the classifier has been trained, the 

prediction process or testing stage is not limited by matrix size and computational time is greatly reduced to 

a few minutes.  

Overall, the results show promising predictions when using machine learning for load predictions. All three 

models provided accurate prediction. For the rear hanger improvements to the hanger positions and the 

number of accelerometers will be researched to improve the performance of the methodologies. As for which 

was the best model for load predictions, GPR did yield the highest correlation coefficient for both hangers 

but only by a small amount. Deciding which is the best machine learning model is not only decided by which 

provides the best results. As shown in the tables all three models showed similar results. What decides which 

model is the best is how much resources are needed to get a good prediction such as computational power 

and time to process and how much data is required.  Also by what form of assurances can be provided to 

obtain the optimal predictive model, such as cross-validation and the confidence interval. Each model has 

its advantages and disadvantages. One of the issues which occur with machine learning is overfitting and 

underfitting. Overfitting occurs when the prediction results are identical to the actual results. This may be 

ideal; however, if unknown data is introduced, then the predictive model would be unable to produce 

accurate results, as found in [5]. Underfitting is the opposite to overfitting where the predictive results are 

poor and are not close to the actual results. There has to be a balance between the two and the confidence 

interval provides information as to whether the predictive model is balanced and optimal.   

When using the GPR and SVM both had problems dealing with large datasets, the computational time was 

8 and 6 hours for training, respectively, when using supercomputers. The GPR required 192 GB of RAM to 

complete training. However, NN was able to complete the training in 1 hour. NN can handle large datasets 

while GPR and SVM cannot. What makes GPR advantageous is its prediction of the confidence interval, its 

accessibility to different variations of covariance functions that can influence the prediction and the ability 

to modify the model to suit the problem. NN is accessible however it is a complex system in comparison 

with GPR. 

The paper presented has focused on the use of machine learning algorithms for the load predictions of a 

missile supported by two hangers. It is common for missiles to be supported by two hangers, but some 

missiles require three hangers. It is necessary that GPR be capable of predicting loads for three hangers. 

During the development of GPR for two hanger load predictions, the three hanger problem was also tested 

using data obtained from a Finite Element Analysis (FEA) model which generated response data for given 

input loads. The purpose of using such FEA software rather than using experimental data was to test the 

capability of GPR and identify any potential problems before proceeding to an experimental setup which 

requires money, resources, time and validation data to confirm that the missile is setup correctly. After 

training the model to predict three loads through the hangers and then testing, the results were promising; 

the prediction resembled the results from the presented two hanger load predictions. A problem that load 

predictions has for a three hanger missile is it being ill-posed which was identified in research by 

Vishwakarma et al [14]. Using the pseudo-inverse method for load predictions, he proposed that to 

overcome the ill-posedness problem, regularisation was required. However, for GPR it appears that based 

on the initial results regularisation was not required. 
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6 Conclusion 

The purpose of the paper was to show the potential application of Gaussian Process Regression to extend 

the life of an air-carried missile. Load predictions using GPR is part of the process for extending the life by 

monitoring the usage of a missile during its time in service. Using machine learning for monitoring the usage 

of a missile means that it does not rely on the use of a model which may have limitations. The only necessary 

data are the inputs and output, in this project, the acceleration and strain data, respectively. The machine 

learning algorithm forms a predictive model based on these two sets of data without requiring any 

knowledge of the structure. The disadvantage of this process is that it is computationally expensive in time 

and resources and requires a large dataset to obtain the optimal prediction model. Also, there may have to 

be multiple predictive models for every structural change to the missile and aircraft. However, once the 

predictive model has been obtained, it is capable of calculating prediction results rapidly, and the process is 

not limited by the data size and computational power available. 

Using GPR has its advantages and disadvantages, it is computationally more expensive than NN due to the 

large inverse matrix which is required to process the data. However, there has been research into how to 

enable GPR to handle large data better. The important feature which GPR has is the confidence interval 

which provides information on the accuracy of the prediction. NN and SVM do not have this feature.  

As for the GPR used in this missile load prediction study, it is necessary to implement improvements to the 

model and the training dataset, especially for the rear hanger. While the front hanger predictions were better, 

the peaks were not always well predicted. Further research is required to remove or reduce the noise to 

improve the accuracy of the prediction. It may only require the number and the position of the 

accelerometers to be changed to improve the results. Another possibility is that it requires the model’s 

covariance function to be changed.  

NN and SVM were used as a comparison for GPR. NN and SVM have proven to be more than capable for 

load prediction and making them possible alternatives. If there were no prospect to enable the use of GPR 

to handle large data without the requirement for large computational resources and NN had the ability 

recognise that the model is making inaccurate predictions, then NN would have been the ideal choice. 

However, GPR has accessibility to the code which makes it versatile for modification to suit the user 

requirements.  

Using GPR is only one part of the system to predict Payload Life. Once this part has been optimised to 

perform to the user requirements, it can be implemented with standard methods for usage monitoring such 

as Cycle Counting Analysis. More research is required for HUMS since it has a wide range of accessible 

data to exploit other than accelerations, but GPR has shown it is capable of predict loads on a missile.To 

enable GPR to handle large data and reduce computer resources without changing the current GPR 

algorithm, one approach might be to create a logical method whereby the HUMS is only activated during 

manoeuvres where loads would be large. During flights where the aircraft will be flying straight and steady 

these can be classified as benign flight conditions, and fatigue damage could be assumed to accumulate at 

some pre-determined rate. Another algorithm or secondary machine learning algorithm can identify 

manoeuvres that go over a pre-determined threshold and filter out the benign flights which are only used for 

the load predictions training process. 
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Abstract 
Aim of this paper is the description and the comparison of two Structural Health Monitoring (SHM) 

techniques to identify a structural damage of a tower crane. First technique considers the natural 

frequencies and the mode shapes. Consequently, the damage is localized and quantified exploiting well-

known techniques, implemented in a Multi-Level Damage Identification Platform (MuDI). The second 

approach considers the displacement of some points of the crane due to the excitation of a running load. In 

this case, Continuous Wavelet Transform (CWT) is performed and, by analyzing the CWT coefficients, 

only the damage position is identified. This second approach requires few sensors and optimizes cost that 

is a relevant parameter in operational conditions. The obtained results of these two techniques are 

compared, together with their efficiency. 

1 Introduction 

Collapse of civil or industrial structures and malfunctioning of machines could have serious consequences. 

Structural Health Monitoring (SHM) is a procedure that aims at providing an efficient and continuous 

information, about the condition and the efficiency of the supervised structure. Many monitoring strategies 

have been proposed regarding both the experimental setup (i.e. choice, number and positioning of 

transducers, kind of excitation, etc.) and the measured data management. In this paper, two techniques are 

taken into consideration to localize a structural damage of a tower crane.  

The first approach considers natural frequencies and mode shapes to localize the damage and by a modal 

updating technique quantify its amplitude. A Multi-Level Damage Identification Platform (MuDI) 

performs the identification procedure. Multi-Level means that, each level of a damage identification 

process is informed by the previous, in order to decrease the number of the sought damage parameters. As 

an example, the concurrent application of different localization procedures leads to possible damage zones 

of the crane, then a model updating of possible damaged parameters (e.g. stiffness of some elements) 

obtains the damage quantification. The possible damage parameters are selected as a subset of all the 

possible model parameters, and this selection is informed by the localization level. In other words, the 

application of different localization methods makes the localization process more robust, with the 

consequence of limiting the number of parameters to be updated in the damage quantification [1-5]. 

The second approach is based on the Continuous Wavelet Transform (CWT) of the structure response 

signal. CWT highlights the singularities of a signal, because its coefficients show a maximum in 
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correspondence of these singularities. Since, the response of a structure excited by a running load shows 

anomalies when the load crosses the damage, because the elastic waves are reflected by the structure 

discontinuity, this irregularities can be detected analyzing the CWT coefficients [6-11].  

In this paper, a finite element model (FEM) allows to calculate natural frequencies and mode shapes of the 

damaged and undamaged test structure. The first technique uses directly the modal parameters so 

obtained. However, we must consider that in operative conditions mode shapes and natural frequencies 

have to be identified by some modal identification techniques (e.g. OMA) and it involves the use of a 

large number of sensors. 

The second approach uses natural frequencies and mode shapes to calculate the response at some 

observation points when a running load, the carriage movement along the jib, is simulated. The analysis of 

the CWT coefficients allows identifying the damage position, but it does not allow quantifying the damage 

size. The convenience of this approach, in operative conditions, lies on the use of few sensors, because it 

needs the structure responses and not the modal parameters of the structure. This one optimizes cost that is 

a relevant parameter. 

2 MuDI approach  

First of the two approaches employed in this paper for damage identification consists in using a Multilevel 

Identification Platform, named MuDI [1]. Damage identification using MuDI is a process based on three 

steps corresponding to the first three levels of damage identification defined by Ritter [2]: 

• level 1: damage presence; 

• level 2: damage localization; 

• level 3: damage quantification. 

First level is approached by the frequency shift technique proposed by G. Hearn and R.B. Testa [3]. The 

required data are the natural frequencies of both damaged and undamaged structure together with the 

mode shapes of the undamaged one. The fundamental assumption of this formulation, correct for most of 

the civil and industrial structures, is that degradation of a structure has significant effect on its stiffness, 

but negligible variation of its mass. For each element of the structure, the characteristic ratio of equation 

(1) is calculated: it represents a prediction of modal frequencies change occurring when that element is 

damaged:  

 
∆𝜔𝑖

2

∆𝜔𝑗
2 =

𝜀𝑁
𝑇 (𝛷𝑗)𝐾𝑁𝜀𝑁(𝛷𝑗)

𝛷𝑗
𝑇𝑀𝛷𝑗

𝜀𝑁
𝑇 (𝛷𝑖)𝐾𝑁𝜀𝑁(𝛷𝑖)

𝛷𝑖
𝑇𝑀𝛷𝑖

 (1) 

In equation (1) ∆𝜔𝑖 is the variation of the ith natural frequency, 𝐾𝑁 is the stiffness matrix of the Nth 

element, 𝑀 is the mass matrix and 휀𝑁(Φ𝑖) are the displacements induced by the ith mode shape in the Nth 

element. 

Presence of damaged elements is verified by comparing this characteristic ratio with the ones calculated 

from the measured frequency shift in the structure.  

Through the minimization of the mean square error defined in equation (2), the presence of the damage is 

estimated for each element: 
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2

𝑖,𝑗  (2) 

where M is the total number of elements. 

Besides the presence of damage, a first approximation of damage location is also obtained. 

The second method implemented corresponds to level 2 and is based on the formulation of A. K. Pandey 

et al. [4]. Since, different damages can cause the same frequency shift, this method is supposed to give a 

better estimate of damage position than the estimate valued by the techniques based on natural 
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frequencies. The authors proposed the use of a parameter based on mode shape, the mode curvature, in 

order to identify the correct position of the structural damage. Once this parameter for both damaged and 

undamaged structure is known, this method allows localizing the damage. 

The mode shape curvature is numerically computed at each monitored point, using a central difference 

approximation with the displacements of the adjacent points: 

 𝑣𝑖
′′ =

(𝑣𝑖+1−2𝑣𝑖+𝑣𝑖−1)

ℎ2  (3) 

h is the length of the element. The damage is then localized near the points that maximizes the difference 

 𝛥 = |𝑣𝑖𝐷
′′ − 𝑣𝑖𝑈

′′ | (4) 

where the subscripts D and U mean damaged and undamaged, respectively. 

The third implemented method, level 3, quantify the damage. It requires a FE model of the undamaged 

structure in order to perform an updating of a selected group of parameters. The goal of this procedure is 

to minimize the difference between the damaged structure modal data set and the corresponding 

undamaged one. The implemented formulation is the one given in [5] for iterative least squares 

procedures. 

3 Case of study: multilevel damage identification of a tower crane 

In this section, the MuDI damage identification procedure is performed on a tower crane. The structure 

consists of 105 steel pipes with a square cross section of 0.1 m side length and thickness of 0.01 m. The 

steel type is classified as S355, according to the National Italian Code. 

The FEM of the crane consists of 105 frame elements, modeling the steel bars, and 55 nodes (figure 1). 

 

Figure 1: Finite Element Model of the tower crane 

The monitored nodes, assembled in the Group 1 inside of the FE model, are those on the upper current of 

the cantilever truss beam, as shown in figure 2. 
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Figure 2: Selection of the monitored points 

The FEM model of the crane tower is imported in MuDI software, so that its data can be correctly 

acquired by the platform. 

In order to start with damage identification, natural frequencies and mode shapes of undamaged structure 

were calculated. A damage is simulated in the frame 98, between the nodes 47 and 48 (figure 3), by 

reducing its cross-section area of 20%. Then, natural frequencies and mode shapes of the damaged 

structure are calculated also for this new damaged configuration of the crane model.  

 

Figure 3: Damaged element 

The result of the damage identification level 1 shows that the area around the seventh element, which 

corresponds to the frame 98, is the one with the highest damage index. As said before, the result is 

obtained by comparing the measured ratios (Fig. 4) and the characteristic ratios (Fig. 5) of the first three 

vibration modes, related to the first frequency.  

 

Figure 4: Result of the damage identification level 1 

After, also damage identification level 2 is performed and the node 48, belonging to the Group 1 (the 

monitored points), is identified as that damaged. 
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Figure 5: Result of the damage localization level 2 

The MAC index between damaged and undamaged mode shapes is calculated for the first three vibration 

modes. It can be noticed that the same order modes are perfectly correlated. The correlation between the 

first and the second mode is very high ad almost equal to one, because the two mode shapes of the 

monitored side of the structure are very similar (see figure 6). 

 

  MAC 

D
am

ag
ed

 

m
o

d
es

 1 1 0.98 0.43 

2 0.98 1 0.42 

3 0.42 0.41 1 

  1  2 3 

  Undamaged modes 

Table 1: MAC index for the first three vibration modes 

a) 

b) 

 c) 

 

Figure 6: a) first, b) second and c) third mode shape 

The two levels performed allowed to select the most likely damaged elements. These elements were 

renamed as Group1, Group2, Group3, Group4, Group5 (figure 7). Damage quantification is performed 

through an iterative process: it consists in updating a multiplier parameter of the cross section area of each 

selected element and making a comparison between the natural frequencies and mode shapes of the 

damaged structure model and of the updated model. The process of model updating is stopped once a 

combination of parameters that minimizes the difference between the two models is reached.  
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Figure 7: Most probable damaged elements  

As shown in figure 8, modal updating is able to find the multiplier that reduces the cross section area of 

the imposed percent reduction. 

 

Figure 8: Results of model updating 

In order to test the sensitivity of the proposed method, the 98th frame is divided into four sections (figure 

9) and a damage is imposed in the first of them by reducing its cross section area of 20%. The process of 

damage identification is performed again. The results of the first two levels of damage identification show 

negligible differences respect to the previous test case. 

 

Figure 9: Structure with the divided 98th frame  

After model updating is performed on a group of possible damaged elements (figure 10). 

 

Figure 10: Defined groups for model updating of the second test case 

Damage quantification results are less precise with respect to the previous case. Nevertheless, the 

damaged frame is identified and the reducer multiplier is estimated. This estimation is 0.9352, by using an 

error tolerance of 1x10-6 and 0.8542 with an error tolerance of 1x10-10. This happens because the software 

stops to update the model when the error is smaller than the tolerance. 

MuDI approach is performed again with a damage of 10%. In addition, in this case the level 1 and level 

2give almost the same results of the previous cases and the model updating shows a good estimation of the 

reducer multiplier: 0.9367. 
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4 CWT theoretical background: wavelet analysis and damage 
detection method 

In this section, the background of the damage identification method based on CWT is discussed. 

CWT of a one-dimensional signal f(t) is defined by the following equation [7]: 

 𝐶𝑠,𝜏 = 𝐶(𝑠, 𝜏) =  |𝑠|−𝑝  ∫ 𝑓(𝑡)�̅� (
𝑡−𝜏

𝑠
)  𝑑𝑡

+∞

−∞
 (5) 

where ψ(t) is called mother wavelet, �̅� is its complex conjugate, and it has the following two properties: 

 ∫ 𝜓(𝑡)𝑑𝑡 = 0  ,
+∞

−∞ ∫ |𝜓(𝑡)|2 𝑑𝑡 <  ∞
+∞

−∞
 (6) 

The mother wavelet function can be scaled and expanded by the parameter s and it can be translated by the 

parameter τ: 

 𝜓𝑠,𝜏(𝑡) =  |𝑠|−𝑝 𝜓 (
𝑡−𝜏

𝑠
) (7) 

Symbol 𝐶𝑠,𝜏 indicates the wavelet coefficient, which depends on the s and τ parameters. 

Wavelets are band-limited functions and the convolution integral is equivalent to a band-pass filter. The 

parameter τ localizes the wavelet and the parameter s is proportional to the inverse of the wavelet Fourier 

spectrum central frequency. 

Wavelet analysis allows detecting instantaneous changes in a signal. In fact, a relationship exists between 

the number of vanishing moments of a particular wavelet and the identification of a discontinuity in a 

function, or within any of its derivatives [6-11]. 

The identification of damage is carried out identifying the maxima of the wavelet coefficients at different 

scales. The elastic waves travelling in a structure are partly reflected by the local structural variation due 

to a localized damage. A perturbation in the structure response is observed and it appears as a peak of the 

wavelet coefficients: its time duration is correlated to the adopted scale parameter. Unfortunately, a 

general and robust procedure cannot be based only on a peak finder algorithm, because boundary effects 

and other disturbances can be appear and corrupt the analysis result. 

The damage identification procedure based on CWT needs the response of the structure at certain 

observation points. Here, these responses are not measured, but they are calculated by the normal modes 

obtained by a FEM. In our case, the number of modes used to find the physical response is very relevant. 

In fact, the singularities in the signal of the structure displacement due to the presence of a damage can 

emerge only if the normal modes combined to construct the response show these singularities. Therefore, 

it is essential to arrange a suitable FEM mesh and a linear combination of modes up to a convenient order. 

More simply, the linear combination can be stopped not before the first mode showing these singularities 

and the FEM mesh must be sufficiently thick to be representative of this higher order mode. Clearly, these 

considerations are necessary having to work with numerical models and they would be transparent to an 

analysis of experimental responses. 

Hence, the eigenvalues and the eigenvectors, n, are computed by an FE model quiet similar to that used 

by the MuDI approach and they are employed to compute the response, w(xo,t), when the structure is 

excited by a running load [12]. 

The considered load travels on the upper elements of the crane with velocity v = 0.025 m/s and it is 

simulated by a Gaussian distribution as follows: 

 𝐹 = 𝑎 ∙ 𝑒
− 

[𝑥−(𝑣𝑡)]2

𝑐2  (8) 

with amplitude a =5 and width c = 0.5 

The generalized coordinates of the response, qn, are calculated by the set of independent equations 

below: 
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 �̈�𝑛 + 2𝛿𝑛𝜔𝑛�̇�𝑛 + 𝜔𝑛
2𝑞𝑛 = 𝑎 ∙ ∫ 𝜑𝑛(𝑥)𝑒

− 
[𝑥−(𝑣𝑡)]2

𝑐2 𝑑𝑥
𝐿

0
  (9) 

and the physical displacement is: 

 𝑤(𝑥0, 𝑡) = ∑ 𝜑𝑛(𝑥𝑜)𝑞𝑛(𝑡)𝑁𝑚
𝑛=1  (10) 

The displacement of equation (10) is polluted by a numerical random noise proportional to the 10% of the 

standard deviation of the signal. 

5 CWT results 

The CWT analysis is performed using ®MATLAB Wavelet Analyzer tool in correspondence of the four 

observation points of table 2. 

Point O1 O2 O3 O4 

Position 16 m 21.6 m 27.2 m 32.8 m 

Table 2: Observation points in CWT analysis. 

The analysis is performed considering the load travelling on the upper elements of the crane (from the 

beginning to 52 m) and the simulated damage is a reduction of 20% of the cross-section area between the 

nodes at 24 m and 28 m (as shown in figure 3). As can be notice from the CWT analysis results of the 

undamaged and damaged structure, shown respectively in figure 11 and figure 12, the presence of damage 

can be easily identified for almost all the observation points without the knowledge of the undamaged 

structure. 

 

Figure 11: CWT analysis of undamaged structure 

The analysis is performed in correspondence of the frequency range excited by the considered load, indeed 

in this range of scales the CWT transform highlight the discontinuity introduced by the presence of the 

damage. 

The results in figure 12 show that the needed number of observation points is lower compared to the 

MuDI method shown in the previous sections, but cannot be less than two. In fact, considering only the 

first observation point the CWT analysis does not allow to identify the presence of the damage. 
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Figure 12: CWT analysis of damaged structure  

Figure 13 shows the comparison of the coefficient lines, of all considered scales, calculated in three 

different conditions: the undamaged structure, the structure with a reduction of cross-section area equal to 

the 10% and with a reduction of cross-section area equal to 20%. 

 

Figure 13: Comparison of the coefficient lines of the undamaged and damaged structure obtained from the 

CWT analysis of the response measured at 21.6 m.  

As expected, the amplitude of the coefficients in correspondence of the damage increases with the severity 

of the damage itself. 
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6 Conclusions 

Two structural damage identification techniques are studied. The MuDI approach uses natural frequencies, 

mode shapes and an updating technique to localize the damage and to quantify its severity. The CWT 

approach allows identify the damage position by the response of the structure. The analysis is performed 

by numerical data, the results of a test structure FEM. Both the approaches give good results and they are 

compared together with their efficiency. 

It is important to focus on some limitations and advantages of the two methods. MuDI gives a complete 

identification of the damage, localization and quantification. On the contrary, in operative conditions it 

needs a high number of sensors to identify the natural modal parameter of the structure by an operational 

modal analysis technique. CWT localizes the damage and it does not quantify its severity, but in operative 

conditions, it needs a few number of sensor, because this approach uses the structure response and it does 

not need natural frequencies and mode shapes. This observation leads to consider the possibility of using 

the two approaches in cascade: CWT localizes the damage more efficiently; MuDI can take advantage of 

the CWT localization in order to quantify it. 
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Abstract 
This article presents novel deep Convolutional Neural Networks (CNN) approach for transmissibility based 

damage assessment in structures. The proposed approach operates on images that are generated from the 

structure’s transmissibility functions so to exploit the CNNs’ image processing capabilities and thus to 

automatically extract and select relevant features to the structure’s degradation process. These feature maps 

are then fed into a multi-layer perceptron to achieve damage assessment. The proposed approach is validated 

and exemplified by means of two case studies involving a mass-spring system and a structural beam where 

training data is generated from finite element models that have been calibrated on experimental data. The 

results indicate that the proposed CNN based approach delivers satisfactory damage localization and 

quantification and thus being an appropriate tool for accurate damage assessment. 

1 Introduction 

One of the main challenges in vibration-based damage assessment is the selection of an appropriate metric 

of the system response that is sufficiently sensitive to small damage. This metric can be constructed in the 

time, frequency or modal domains, being the latter two the most broadly used. The idea of directly using the 

transmissibility functions (TF) has attracted many researchers [1]–[19]. TF relate the responses between two 

points of the structure. Among all dynamic responses, transmissibility functions are the easiest to obtain in 

real-time because the in-situ measurement is straightforward. The advantage is that no modal extraction is 

necessary, thus contamination of the data with modal extraction errors is avoided and they are identified 

from response only data. Therefore, it does not involve the measurement of excitation forces. 

Worden [1] presented the first investigation of TF as indicators of structural damage, where it was shown 

that for a simple lumped-parameter system, transmissibilities are able to detect small stiffness changes. 

Since then, the research group headed by Worden and Manson has done extensive research in this topic. In 

[2], Worden et al. used a representative aircraft skin panel to investigate the sensitivity of transmissibilities 

to damage. Damage detection was realized via a statistical outlier analysis. Manson et al [3], [4] verified the 

performance of the outlier analysis technique to detect damage in a Gnat aircraft inspection panel. Damage 

was simulated by holes and saw-cuts across the panel. About the same time as Worden, Zhang et al [20] 

proposed a procedure to detect structural damage using changes in the TF, which were derived from 

structural translations and curvatures, being the latter the most sensitive to damage. Johnson and Adams [6] 

also studied the use of TF for detecting, locating and quantifying damage. They demonstrated that since 

transmissibility functions are determined solely by the system zeroes (antiresonant frequencies), they are 

potentially better indicators of localized damage. These results were employed to develop a framework for 

transmissibility-based damage identification using smart sensor arrays [7]. Maia et al. [8] presented a 

methodology for computing the transmissibility matrix from responses only. They showed that TF are 

sensitive to damage, making them a possible approach for damage assessment. Sampaio et al. [9] 

implemented a similar approach to explore the ability of  transmissibilities in detecting and localizing 

damage. They concluded that it is possible to detect sensitive changes to damage, but further research is 

needed. In a later work, Maia et al. [10] compared two damage indicators constructed with TF and with 
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frequency response functions (FRF). They concluded that the method based on transmissibility 

measurements is much more sensitive to damage. 

The most successful applications of vibration-based damage assessment are model updating methods based 

on global optimization algorithms [21]–[24]. The basic assumption is that damage can be directly related to 

a decrease in stiffness in the structure. Nevertheless, these algorithms are exceedingly slow, making them 

impractical for real-time applications. As an alternative to these methods, Neural Networks (NN) have been 

proposed as a tool for damage identification [25]–[27]. In recent years, the interest in applying machine 

learning algorithms for transmissibility-based damage assessment has increased [28], being NN the most 

frequently used. However, the number of spatial response locations and spectral lines in transmissibility 

measurements is overly large for traditional NN applications. The direct use of transmissibilities leads to 

NN with many input variables and connections, thus rendering them until now impractical. Hence, it has 

been necessary to extract features from the transmissibilities and then use these features as inputs to the NN. 

Indeed, Worden [12] trained an auto-associative NN for damage detection (novelty detection). The feature 

vector was constructed from transmissibility data, selecting spectral lines centered at a particular peak and 

then using PCA to reduce the dimension of the data set. Chen et al. [13] used a comb data sampling technique 

to acquire amplitude and phase data of transmissibility functions randomly. These data were the input to a 

damage classification NN, which was validated using simulated data of a sandwich beam and a frame 

structure. Pierce et al. [14] and Worden et al. [29] identified spectral line windows with the largest variations 

due to damage as features to train a NN-based damage classifier. In both cases, the classifier was evaluated 

with experimental data of the aircraft (Gnat) wing. Lai and Perera [16] trained a damage classification NN 

using damage indicators extracted from the power spectrum density transmissibility. This methodology was 

evaluated using simulated data of a beam. Meruane [17] trained an online sequential extreme learning 

machine (OS-ELM) algorithm to detect, locate and quantify structural damage using antiresonant 

frequencies extracted from transmissibility measurements. The approach is illustrated with two 

experimental cases: an eight-degree-of-freedom (DOF) mass-spring system and a beam under multiple 

damage scenarios. Meruane and Ortiz-Bernardin [18] presented another algorithm for real-time damage 

assessment that uses a linear approximation method in conjunction with antiresonant frequencies that are 

identified from transmissibility functions. The performance is validated by considering three experimental 

structures: an eight DOF mass-spring system, a beam, and an exhaust system of a car. 

All the aforementioned works rely on identifying and extracting proper features. Nonetheless, the feature 

extraction process requires specialized knowledge of the problem under investigation and the best selection 

is case sensitive. It is here where deep learning techniques have been proposed for automatic feature 

extraction and fault diagnostic analysis. Indeed, since 2015, deep learning techniques have proven to be 

competitive with traditional machine learning techniques when dealing with fault diagnosis of rotating 

machines such as in [30]–[40].  

In this paper, we propose a novel deep CNN based approach for the detection, localization and quantification 

of structural damage that operates on transmissibility functions. The main advantage over previous 

investigations is that this approach makes automatic feature extraction. Therefore, the input to the proposed 

algorithm are the full transmissibility functions. The proposed CNN based approach is validated and 

exemplified by means of two case studies: an eight degree of freedom (DOF) mass-spring system and a 

beam under multiple damage scenarios. 

2 Deep Learning and Convolutional Neural Networks  

Deep learning is representation learning commonly used as supervised learning to analyze previously 

labeled data through either regression or classification. Since 2012, deep learning has become a popular 

approach for numerous tasks involving image recognition and computer vision, due to its high performance 

which rivals and surpasses human accuracy. Deep learning techniques have shown superior performance in 

image classification [41], natural sentence classification [42] and image segmentation [43] than previous 

state of the art methods mainly based on shallow architectures.  
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To understand how convolutional neural network works, first it is important to know how a one-layer Feed 

Forward Network (FFN) works. Consider, for example, the neural network shown in Figure 1. A FFN takes 

the input data vector 𝒙, a weight matrix 𝑾1 (for the input layer) and a bias vector 𝒃1 to obtain a vector of 

values for the hidden layer. This is represented by using Equation 1, where 𝑓 is an activation function such 

as the sigmoid function or a rectifier linear unit (ReLU) function. Then, the output vector 𝒚 is computed 

from the hidden unit’s vector 𝒉 and an additional weight matrix 𝑾2 and bias vector 𝒃2 (characterizing the 

connections between the hidden and the output layers) using Equation 2.  

𝒉 = 𝑓(𝑾1𝒙 + 𝒃1) 
(1) 

 

𝒚 = 𝑓(𝑾2𝒉 + 𝒃2) 
(2) 

The weights and biases are then obtained by minimizing the error between the predicted value and the real 

value based on a training dataset. The error is represented by a cost function, where regression models 

usually use the mean squared error. The minimization is usually done with gradient descent method and the 

gradients are calculated with the backpropagation algorithm [44].  

The FFN architecture can be expanded for use in deep learning problems by adding additional hidden layers 

or increasing the number of hidden units. Deeper FFNs allow for a higher level of abstraction but require 

more computational resources. 

 

Figure 1: Feed Forward Neural Network with 3 hidden units and 2 output values. 

A CNN is a deep learning neural network that uses convolution operations instead of matrix multiplication 

in its layers. The convolution is performed using a weights matrix 𝑲, also known as filter or kernel. The 

kernel is used to obtain a feature map 𝑺 from the input vector A using the convolution operation as shown 

in Equation 3.  

𝑺 = 𝑨 ∗ 𝑲    where   𝑺(𝑖, 𝑗) = ∑ ∑ 𝑨(𝑖 − 𝑚, 𝑖 − 𝑛) ⋅ 𝑲(𝑚, 𝑛)

𝑚𝑛

  

 

(3) 

Figure 2 shows a representation of the convolution operation using a 2x2 kernel and a 3x3 input data matrix 

to obtain a 2x2 output matrix. A bias matrix 𝑩 is added to the convolution and an activation function is 

applied to the result to form the feature map 𝑯 as shown in Equation 4. The training of the weights and 

biases can be interpreted as a feature extraction. If a value in the feature map gets activated, it indicates that 

an important learned feature is in that position. In the case of image analysis, an activation in the feature 

map can indicate the location of features like edges or specific shapes. In the context of vibration analysis, 

these local features identification capabilities can be used to locate peaks in the transmissibility functions 

which are later used to characterize the damage state of a system. 
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Figure 2: Convolution operation of a 3x3 input matrix and a 2x2 kernel. 

 

A convolution layer in a CNN consists of several kernels and biases applied to a single input matrix to 

generate a set of feature maps in a hidden layer. Every component in the feature map is computed using the 

same kernel thus reducing the amount of weights that need to be calculated. Also, each component of the 

output feature map is calculated only from a subset of the input matrix reducing the amount of connections 

and, therefore, decreasing the required computation resources. To achieve higher levels of abstraction and 

more complex relations between features, feature maps can be used as input to adjacent convolution layers.  

𝑯 = 𝑓(𝑨 ∗ 𝑲 + 𝑩) (4) 

The last section of a CNN is a feed forward neural network that is responsible for generating the predicted 

labels as the output vector. Figure 3 shows an architecture of a CNN with three 5x5 convolutional filters as 

the first layer, one 2x2 pooling layer and a fully connected feed forward layer. The CNN is trained in the 

same way as a FFN defining a cost function and then preforming gradient descent to minimize the cost.  

Due to the usually high degrees of freedom of CNN architectures, one should prevent overfitting, i.e., over 

adjustment of the weights to the training data resulting in poor generalization performance to unseen data. 

This can be accomplished via regularization techniques. One of commonly used such techniques to tackle 

overfitting when training CNN architectures is dropout [20]. Furthermore, another regularization technique 

is early stopping, which stops the training cycle when training and validation errors begin to diverge. These 

two techniques together greatly reduce overfitting and prevent the network from identifying noise and use 

it as a distinguishing feature. 
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3 Proposed CNN Approach for Structural Damage Localization and 
Quantification 

The proposed approach is intended to analyze any structure that can be divided into a determined number 

of elements for identifying and quantifying the damaged elements by processing transmissibility functions. 

In the following sections, we discuss the different modeling choices made for the damage representation, 

input data format and the proposed CNN architecture. 

3.1 Structural Damage 

Damage is represented as a reduction in the stiffness of an element of the structure. This is a simple 

representation of structural damage, but has demonstrated good results in damage identification algorithms 

[45]. If the element's stiffness reaches zero, it is considered to have catastrophic failure. Defining 𝑦𝑖 as the 

stiffness reduction of element 𝑖, undamaged and completely damaged states can be represented by 𝑦𝑖=0 

and  𝑦𝑖=1, respectively. This definition can be expressed in Equation (5), where 𝐊𝑖 and 𝐊𝑖
𝑑 are the 

undamaged and damaged stiffness of the 𝑖-th element, respectively.  

𝐊𝒊
𝒅  = ( 1 − 𝑦𝑖  )𝐊𝒊 . (5) 

3.2 Transmissibility Function Images as Input Data 

In vibration analysis, transmissibility functions (TFs) are defined as the ratio in the frequency domain 

between two responses when an excitation force is applied. TFs have shown a strong relation with a system’s 

damage and have been previously used for damage assessment in different studies [1]–[4], [6]–[10], [12]–

[14], [16]–[20], [28], [29]. TFs can be computed from experimental measurements or from a numerical 

model of the structure. Since it is not feasible to produce large enough data sets to train a CNN from 

experiments, the CNN have been trained with data generated from numerical models of the structures and 

then have been validated with experimental data.  

To fully take advantage of the CNNs capabilities local feature extraction, the TFs are represented by small 

sized images which include the information of the TF represented by the intensity of each pixel. The images 

only contain the values of the logarithmic magnitude of the TF at a given frequency range. Figure 4 (a) 

shows 10 different transmissibility functions measured on a structural beam on a 0-2000 Hz frequency range. 

Figure 3: CNN architecture illustration. 

STRUCTURAL HEALTH MONITORING 3863



In Figure 4 (b) these measurements were converted to image format. The image has a size of 10x96 pixels, 

were each row is a distinct TF and the frequency range was converted from 2000 to 96 frequencies using a 

bi-cubical interpolation. The proposed CNN model is trained to use the TF in this image format to localize 

and quantify damage. 

 

 

a) 

             
 

b) 

Figure 4: Ten TFs measured in a structural beam (a) and the image 

representation of the TFs used as input by the CNN (b). 
 

 

3.3 The Proposed Convolutional Neural Network Architecture  

The proposed architecture encompasses a two-layer CNN that is used for automatic feature extraction 

purposes. For the first convolutional layer, 32 different filters are used, whereas 64 filters are used in the 

second layer. The first convolutional layer’s filters sizes are 1 pixel wide with a height equal to the number 

of transmissibility functions’ pixels. Padding, where the filter is bounded within the image matrix when 

computing the convolution, is not applied. The aim of this architecture is to have the first layer extracting 

meaningful relations between different transmissibility functions at a given frequency; the second 

convolutional layer, with filter size of 1x5 pixels, is designed to detect peaks and dips in the input feature 

maps that are related to the anti-resonant frequencies. After each convolution, a ReLU (Rectified Linear 

Unit) function is applied as the activation function. 

The assessed structure is divided into elements, and each element can have an amount of damage represented 

by a real number. Therefore, the proposed architecture also has a feed forward neural network that processes 

the feature maps provided by the last convolutional-pooling layers. Each output node of the neural network 

provides an estimate of the amount of damage in the corresponding structural element. 

Figure 5 shows a diagram of the proposed deep CNN architecture where 10 different TF measurements are 

used. Notice that the input data consists of 10x96 pixels images. Using this architecture, the model requires 

training a total of 5.98x106 weights and biases.  
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Figure 5: Deep CNN architecture for damage localization and quantification. 

4 Case Study 1: Spring-Mass Structure 

Los Alamos National Laboratory (LANL) designed a structure to study different vibration based damage 

identification techniques [46]. The setup consists of an 8-DOF spring-mass system where identical masses 

are separated by identical springs as shown in Figure 6. Each mass consists of an aluminum disk with a 76.2 

mm diameter and 25.4 mm thickness. The first mass is also connected to a shaker that provides the excitation 

force. Each mass has an accelerometer that measures the horizontal acceleration data that is used to obtain 

the transmissibility functions. Experimental data is acquired in a frequency range from 10 Hz to 110 Hz 

with a frequency resolution of 0.125 Hz. Note that the possible rotation of the masses is not included when 

obtaining the transmissibility functions. The physical properties of the structure used in the finite element 

model for generating the training datasets are shown in Table 1. 

 

Table 1 Experimental setup mass and strength values 

 

 

 

 

                                  

The FE model is built using concentrated masses for the discs and linear spring elements for the springs, it 

considers only horizontal displacement and has a total of seven spring elements and eigth degrees of freedom 

(see Figure 6). In this system, damage is represented by a spring’s stiffness reduction (e.g., change of one 

of the spring for a softer one). Thus, each spring represents one element of the system, hence, a stiffness 

reduction in one of the springs is equivalent to the damage level 𝑦𝑖 described in Section 3.1. For instance, a 

20% reduction on the i-th spring’s stiffness would correspond to a damage level 𝑦𝑖 = 0.2. 

Mass 1 559.3 g 

Masses 2-8 419.4 g 

Spring Young Modulus k 56.7 kN/m 
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Figure 6: 8-DOF Mass-Spring system at Los Alamos National Laboratory. 

4.1 Results 

The numerical model of the mass-spring system has been calibrated with experimental data, so the model 

can satisfactorily reproduce the experimental measurements. This model is then used to generate large 

amounts of training data with different damaged elements and corresponding damage magnitudes. To deal 

with the problem of randomness in real measurements and to improve the robustness of the proposed models 

to randomness, random amounts of noise were added to the input signal generated by the FE models. The 

noise was applied as a percentage of the magnitude of the TF and the amount of noise added was randomly 

selected from 0 to 6 percent uniformly distributed. 

The proposed damage assessment algorithm was trained considering up to one damaged element, using a 

total of 74,000 images. In this case, the system possesses eight elements, and transmissibility functions were 

obtained by exciting the first mass of the system with a shaker and measuring the response from the seven 

remaining masses, thus resulting in a total of seven transmissibility functions. 

An example of the images generated from the transmissibility functions is shown in Figure 7, where Figure 

7 (a) shows an image representation of the seven transmissibility functions corresponding to the system with 

no damaged elements, whereas Figure 7 (b) illustrates a representation of the these transmissibility functions 

when one element is randomly damaged. The colors represent the logarithm of the magnitude of the 

transmissibility functions at each frequency. 

Three different metrics are implemented to evaluate the model’s performance: Mean Sizing Error (MSE), 

Damage Missing Error (DME) and False Alarm Error (FAE), which are all defined in [47]. Table 2 presents 

the overall values obtained for the MSE, DME and FAE, whereas Figure 8 show the DME and FAE for 

ranges of 10% damage when evaluating the trained models on the test set. The results show that that all false 

alarms and missing damages lie strictly in the range between 0% and 10%. Thus, the results obtained when 

evaluating the test set show that the trained models are reliable when predicting damage level over 10% as 

these are detected with 100% accuracy. 

For validation purposes, the damage localization and quantification performance of the proposed approach 

is evaluated using experimental data corresponding to the spring-mass system with a 55% damage level in 

the fifth element. These results are presented in Figure 9. We can see that the algorithm accurately predicts 

a 54% damage at the fifth element. Moreover, no false alarms where detected. These results were expected 

given the metrics presented in Table 2. 

3866 PROCEEDINGS OF ISMA2018 AND USD2018



 

 

 

 

 

 

Figure 8: DME and FAE, spring series case study. 

 

 

Figure 9: Predicted damage for the spring-mass system. Expected damage level of 55% at the fifth 

element 

 

Table 2: Training results summary for the spring-mass system when evaluating the test set.  

MSE [%] DME [%] FAE [%] 

0.271 0.916 32.548 

 

  
(𝒂) (b) 

Figure 7:  Images for the spring-mass system with no damaged elements (a) and 

one randomly damaged element (b). 
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5 Case Study 2: Structural Beam 

Meruane et al. [27] proposed an experimental setup to identify damage in a structural beam through 

transmissibility data and antiresonant frequencies. For this work, the experiment was implemented at the 

Laboratory of Mechanical Vibrations and Rotordynamics at the University of Chile. The experiment 

consists of a structural beam where damage is generated by saw cutting the beam. The transmissibility data 

is recorded with accelerometers along the structural beam. 

Figure 10 presents the experimental beam of 1-meter longitude and a rectangular cross-section area of 25x10 

mm2. Both ends of the beam are suspended on soft springs to simulate a “free-free” boundary condition. 

The excitation force is generated by a shaker at one end of the structure and the response is measured with 

11 accelerometers (therefore 10 transmissibility functions are obtained). Experimental data is acquired for 

a frequency range from 1 to 2000 Hz with a frequency resolution of 1 Hz. 

 

 

Figure 10: Experimental beam setup [18]. 

The beam is modelled using unidimensional beam elements with two nodes per element and two degrees 

of freedom (DOF) per node. The beam (and its finite element model) was divided into 20 elements of 5 

cm each, as shown in Figure 11, resulting in a FE model with 42 DOF. The transmissibilities are computed 

using the translational DOF at nodes 1, 3, 5, ..., 21, being node 1 the reference. 

To simulate stiffness reduction (i.e., damage), saw cuts of different lengths were inflicted in a set of 

beams. Four damage scenarios are studied, where damage scenarios 1 and 2 correspond to two different 

beams with one saw cut each (i.e., one damaged element), whereas damage scenarios 3 and 4 consist of 

two different beams with two and three damaged elements, respectively. 

Since there is no direct relationship between saw cuts and stiffness reduction of the structure, as there was 

for the spring-mass series system discussed in the previous section, the damage level is represented by 

the saw cuts’ length. Details for each scenario are provided in Table 3.  

 

 

Figure 11: FEM element and node numbering. 
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5.1 Results 

Similarly to the previous case study the finite element model is first calibrated with experimental data of the 

undamaged beam and then is used to generate large amounts of training data with different damaged 

elements and corresponding damage magnitudes. To simulate experimental measurements, the TFs 

generated with the numerical model are polluted with up to 6% random noise. The proposed damage 

assessment algorithm was trained considering up to three simultaneous damaged elements, using a total of 

100,000 images model. In this case, there are 10 transmissibility functions available for 20 possible damage 

elements. 

Figure 12 shows two examples of the generated images with ten transmissibility functions, where Figure 12 

(a) represents a beam with no damage, and Figure 12 (b) is obtained from a beam with three randomly 

damaged elements. 

The testing results are presented in Table 4, which shows the overall MSE, DME and FAE when evaluating 

the test set. Figure 8, on the other hand, shows the DME and FAE for ranges of 10% damage. From the 

results we can say that every element with a damage level above 20% can be accurately detected and 

quantified. Furthermore, the FAE values are higher than the DME for all the damage ranges, which indicates 

that false positives are more recurrent than false negatives for low damage levels, making the proposed CNN 

based approach a conservative one. 

Now we turn our attention to the validation of the proposed approach in the context of the structural beam 

by using the experimental results shown in Table 3. Indeed, Figure 14 shows the predicted damage for every 

damaged scenario. The algorithm predicts the true damaged locations for all scenarios, but they tend to yield 

small false damages, all of them lower than 15% damage. Also, the algorithm tends to propagate the damage 

to adjacent elements.  

 

 

Table 3: Experimental beam damage scenarios. 

Damage 
Scenario 

Number of 
cuts 

Distance from the 
left side [mm] 

Damaged 
Element 

Cut depth 
[mm] 

1 1 313 7 7 

2 1 637 13 9 

3 2 
361 8 8 

812 17 15 

4 3 

363 8 13 

574 12 8 

696 14-15 6 

 

  
(𝒂) (b) 

Figure 12: Images for Structural Beam with (a) no damaged elements and (b) three randomly damaged 

elements. 
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Table 4: Training results summary for the experimental beam. 

MSE [%] DME [%] FAE [%] 

1.334 6.70 57.55 

 

 

     Figure 13: DME and FAE versus damage level for the structural beam 

 

 

Figure 14: Predicted damage for (a) scenario 1, (b) scenario 2, (c) scenario 3 and (d) scenario 4. 
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6 Concluding Remarks 

Early damage detection has become an essential task in structural health monitoring, allowing engineers to 

prevent sudden failures in structures, thus reducing costs by taking safety precautions.  However, it is not 

always straightforward to analyze the available data since many times relevant features must be manually 

extracted requiring expert knowledge and time to process. In this paper, we have proposed a new approach 

for structural damage assessment based on deep convolutional neural networks that processes 

transmissibility functions-based images from monitored structures.  

The usefulness of the proposed CNN based approach in damage assessment was evaluated and validated by 

means of two case studies. The first involved an eight-degree of freedom mass-spring system and the second 

case study involved a structural beam. Based on the resulting performance metrics, the proposed CNN based 

approach delivers accurate assessments for damage levels above 10%. This was corroborated by the 

predictions of the trained CNN based models for the experimental spring mass system with a 55% reduction 

of stiffness (damage level) at the fifth element that resulted in a predicted 54% damage level for that same 

element. Though it is not possible to have experimental quantification for the inflicted damage in the case 

of the structural beams, the CNN based approach provides satisfactory results at localizing the damaged 

elements and at assigning greater damage level to those elements with deeper saw cuts (i.e., greater damage 

level). These results can also be attributed to the ability of the CNN architecture to successfully and 

automatically extract relevant features from the transmissibility functions. 

A disadvantage of using transmissibility measurements is their dependency on the force location. Therefore, 

in a real application a requisite is to have the structure excited always on the same location, which can be a 

problem in structures where the input excitations are not controlled, such as ambient or seismic excitations. 

A solution is to use the value of the transmissibility measurements evaluated only at the natural frequencies, 

which has been demonstrated to be independent on the force location, or in narrows bands around these 

frequencies [20]. In addition to the force variability it should be noted that the proposed models has been 

evaluated in simple structures under controlled conditions. Therefore, a topic of future research is to evaluate 

the proposed models with more complex structures considering variable environmental and excitation 

conditions. 
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Abstract 
The paper illustrates the technique to handle optical signals coming from optical fiber lines equipped with 

Fiber Bragg Grating (FBG) strain sensors. The case of interest is that of vibration monitoring of very large 

structures equipped with Glass Fibers Reinforced Polymers (GFRP) with an embedded set of optical fiber 

sensors. Due to the production process of such elements, it is difficult to locate precisely the FBG along the 

reinforcement bar, therefore it is difficult to recover the actual position of the measurement points knowing 

the acquired strain signals only. A technique for the identification of the placements of these sensors is here 

proposed, which relies on two main algorithms. The first one is based on a modal approximation of the 

elastic shape of the beam, allowing a theorical estimation of the sensor placements; the second algorithm is 

based on an Artificial Neural Network, which is able to predict the robustness of the previous estimation. 

Numerical results are shown to illustrate the methodology. 

1 Introduction 

The use of vibration measurements for structural health monitoring has attracted significant research 

attention during the last three decades [1-6]. Traditional strengthened concrete members, such as beams, are 

composed of concrete included cement and steel bars reinforcement. In such structures, the main function 

of concrete is to provide resistance to compressive loads. Steel bars embedded in the concrete, instead, 

provide resistance to tensile and shear loads. Nevertheless, the problem of corrosion associated with the 

steel bars reduced its live time. Recent technologies have resulted in alternative reinforcing materials such 

as Glass Fibers Reinforced Polymer materials [7] that can be embedded in concrete members to satisfy 

several desired properties. 

GFRP represents an attractive opportunity in the field of new concrete constructions as well as in the field 

of restoration of old ones. Their weight and resistance properties provide good chances of replacement of 

traditional steel reinforcements in many applications for civil and mechanical structures [8-11].  

This project started as a collaboration between the department of Mechanical and Aerospace Engineering 

of Sapienza University of Rome, BASF Italy Spa and SIREG GEOTECH srl. The main task of such project 

is to perform a structural restoration on a train bridge, located over Bormida river, in northern Italy. Instead 

of using traditional steel bars reinforcements, for this structure the mentioned GFRP bars with embedded 

FBG sensors, will be adopted, as shown in Fig. 1. The research is focused on using GFRP (i) as a 

reinforcement material, with embedded optical fibers, equipped with Fiber Bragg Grating sensors, also (ii) 

to monitor the structural health of the reinforced existing structure.  

FBG sensors allow indeed distributed sensing over significant areas by multiplexing a large number of 

sensors on a single fiber, which are immune to electromagnetic interference and have compact size. Due to 
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all these advantages, they have been widely used in many applications for the structural health monitoring 

[12,13]. 

The paper is organised as follow: section 2 is devoted to discuss the main technological limitation of 

embedding FBG optical sensors within GFRP bars, which does not allow an accurate placement of such 

sensors along the beam. A general mechanical model of the GFRP/FBG system is presented in section 3, 

where a technique for the identification of the placements of the FBG sensors is also introduced. The 

performance of the technique are tested in section 4, where an Artificial Neural Network algorithm is also 

introduced, to predict the robustness of the estimation with an index that forecasts the maximum error 

involved in the identification process. 

 

 

Figure 1: Schematics of the restoration blueprint (left) and picture of a GFRP bar (right). 

2 Technological limitation of embedding FBG optical sensors within 
GFRP 

A general difficulty with fiber glass reinforcement bars is related to the poor localization of the actual sensor 

position along the bar. The production of the GFRP/FBG bars [14-15], as shown in Fig. 2, involves a classic 

pultrusion process in which glass fibers, impregnated with epoxy resin, and optical fibers with the FBG 

sensors, are pulled together through a heated stationary die to perform the polimerization of the resin. 

The final bar issued from the production line is cut into several pieces of a certain length L, depending on 

the product specification. As a consequence of the cutting procedure, the actual localization of the sensors 

along the line is unkonwn. 

 

Figure 2: Schematic of the pultrusion process for the production of GFRP bar with embedded FBG sensors. 

GRFP bars 

GRFP bars 
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Each bar should be equipped with three embedded optical lines, each one equipped with at least one sensor. 

This configuration, as it comes out from the following considerations, permits to solve the under-

determinacy intrinsically related to: (i) the axial positioning of the sensors on each line along each bar, (ii) 

the angular positioning of each bar inside the beam.  

However, since the radius of each bar is small with respect to the characteristic size of the beam section, 

and the radius of the circle over which the optical lines are placed is even smaller, we can approximate the 

nominal optical line positioning on each section as it is identified by the centre of each bar. In this way the 

only unknown parameter of the sensors placements is related to their axial positions. 

3 Analytical model for predicting the system deformation 

Task of the proposed method is to estimate the elastic shape of the beam through the measurements of axial 

deformations in several points along the beam, whose positions are unknown. This method [16] is applied 

to a beam subjected to bending deformation according to the Euler-Bernoulli hypothesis. The unknown 

elastic shape of the beam can be expressed in form of an expansion of known eigenfunctions 𝜙𝑘(𝑥), 
combined through a set of weighting unknown time-dependent coefficients, that are the modal coordinates 

𝐴𝑘(𝑡). Since the distributed-parameter system has infinitely many vibration modes, the general response is 

a linear combination from all vibration modes: 

𝑤(𝑥, 𝑡) = ∑𝐴𝑘(𝑡)𝜙𝑘(𝑥)

∞

𝑘=1

 (1) 

where 𝑤(𝑥, 𝑡) is the transverse displacement of the neutral axis (at the point x and the time t) due to bending. 

Let us analyze first the static case: from the theory of Euler beam, we can deduce that the j-th optical fiber 

embedded within the GFRP beam (generally we have three fibers within each beam as explained in the 

previous section) has an axial deformation, the one measured by the the i-th FBG sensor, that is simply 

proportional to the curvature of the beam at that position (x): 

𝜀𝑖
(𝑗)
= −𝑧𝑖

(𝑗) 𝑑
2𝑤

𝑑𝑥2
(𝑥𝑠𝑖

(𝑗)
) = −𝑧𝑖

(𝑗)
∑𝐴𝑘

𝑑2𝜙𝑘
𝑑𝑥2

(𝑥𝑠𝑖
(𝑗)
)

∞

𝑘=1

 (2) 

Where 𝑥𝑠𝑖
(𝑗)

 is the longitudinal position of the i-th sensor along the j-th fiber, and 𝑧𝑖
(𝑗)
 is the distance with 

respect to the neutral axis. However, since the radius of the circumference at which the three optical lines 

are placed is small with respect to the characteristic size of the beam, the following approximation holds: 

 𝑧𝑖
(𝑗)
~𝑧(𝑗), i.e. the distance from the neutral axis only depends on the centre of the bar we consider. 

However, if the positions 𝑥𝑠𝑖
(𝑗)

 are unknown, together with the unknown coefficients Ak, an undetermined 

set of conditions is produced, since the number of unknowns is larger than the number of equations. A 

simple trick to proceed at the identification of the sensor location is to produce a fiber in which the sensors 

are placed at constant known distance d. This requirement does not affect at all the production process, and 

it is only related the layout of the FBGs that is ordered to the fiber supplier. In this case, eq. (2) becomes: 

−
𝜀𝑖
(𝑗)

𝑧𝑖
(𝑗)
=∑𝐴𝑘

𝑑2𝜙𝑘
𝑑𝑥2

(𝑥𝑠𝑜
(𝑗)
+ (𝑖 − 1) 𝑑)

∞

𝑘=1

 (3) 

where now only the line offset 𝑥𝑠𝑜
(𝑗)

 is unknown for each fiber. 

The information balance is easily analyzed: using NB fibers, each one carrying NS sensors, the total number 

of available signals is NBNS. On the right hand side of eq. (3), N+1 unknowns appear, i.e. the N coefficients 

Ak and the offsets 𝑥𝑠𝑜
(𝑗)

. To solve the system of equations it is necessary to satisfy the balance NBNS=N+1. 

STRUCTURAL HEALTH MONITORING 3877



The problem of determining the elastic shape of the beam is simultaneously solved, since the solution of the 

previous system provides also the coefficients Ak, i.e. through 𝑤(𝑥) = ∑ 𝐴𝑘𝜙𝑘(𝑥)
∞
𝑘=1  one can determine 

the elastic shape.  

3.1 Algorithm for the identification of the coefficients Ak 

Let us assume that the elastic shape is represented only by two coefficients A1 A2 and considering the beam 

simply supported, we can write the mode shape in harmonic form as: 

𝑤(𝑥, 𝑡) = 𝐴1(𝑡) sin (
𝜋𝑥

𝐿
) + 𝐴2(𝑡) sin (

2𝜋𝑥

𝐿
) (4) 

where the two mode shapes have different wavenumbers, the first completing one cycle along 2L, the second 

one cycle along L. Eq. (3) becomes:  

−
𝜀𝑖
(𝑗)(𝑡)

𝑧𝑖
(𝑗)

= −∑(𝑘
𝜋

𝐿
)
2

𝐴𝑘(𝑡)𝑠𝑖𝑛 [
𝑘𝜋 (𝑥𝑠𝑜

(𝑗)
+ (𝑖 − 1) 𝑑)

𝐿
]

𝑁

𝑘=1

 (5) 

with N=2. An algorithm for the solution of these nonlinear equations can now be set. Note that in terms of 

the Ak coefficients the system is linear, and the nonlinearity is only related to the offsets 𝑥𝑠𝑜
(𝑗)

. In order to 

solve the problem recursively, let introduce a first guess for the offsets 𝑥𝑠𝑜
(𝑗)

, the linear system is defined: 

𝒃 = {
𝜀𝑖
(𝑗)(𝑡)

𝑧𝑖
(𝑗)

} , 𝑼 = {(𝑘
𝜋

𝐿
)
2

𝑠𝑖𝑛 [
𝑘𝜋 (𝑥𝑠𝑜

(𝑗)
+ (𝑖 − 1) 𝑑)

𝐿
]} 

(6) 

 

Where 𝒃  is the column vector of the acquired strains and U is an 𝑁𝑠 ×𝑁 matrix. In matrix form, the previous 

equation reads: 

𝑼(𝑥𝑠𝑜
(𝑗)
)𝑨 = 𝒃    →      𝑨 = 𝑼+ (𝑥𝑠𝑜

(𝑗)
)𝒃 (7) 

Where 𝑼+ is the pseudo-inverse matrix. 

The estimation error for the set of coefficient Ak is now introduced: 

𝑒 = ‖𝑨− 𝑼+ (𝑥𝑠𝑜
(𝑗)
)𝒃‖ (8) 

Now, fixed an initial guess for the offsets 𝑥𝑠𝑜
(𝑗)

, an optimal set of coefficient A is obtained, then the problem 

is iterated varying 𝑥𝑠𝑜
(𝑗)

, to find the minimum point �̅�𝑠𝑜
(𝑗)
 so that a suitable error function will be minimised 

and �̅�𝑠𝑜
(𝑗)

 will be the estimated offset for the fiber j. 

3.2 A practical example of application 

Let’s now consider the following setup: assume we use a single GFRP bar of a certain length L, i.e. NB=1, 

with embedded a number of FBG sensors equal to seven, that means NS=7, all sensors are equally spaced of 

a distance d. As explained, the uncertainty related to the location of the array of FBG sensors is reduced 

only to the placement of the first sensor, that is the line offset. That means that the maximum error for the 

identification of such offset is equal to the spacing d, which can be written as 𝑑 =
𝐿

𝑁𝑠
. This setup is 

represented in Fig. 3.  
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Figure 3: Schematics of the FBG sensors embedded within a GFRP beam. The red dot is the offset of the 

optical line, while the blue dots are the remaining six sensors. 

 

In order to provide an example of application of the algorithm, for the sake of simplicity it is here analysed 

a static problem, considering a punctual load. In fact, the calibration of the measurement apparatus, e.g. the 

GFRP with embedded FBG sensors inserted into the mechanical/civil structure, can be easily carried out 

employing suitable static loads. 

Considering seven FBG sensors, eq. (5) becomes: 

{
 
 
 
 
 
 

 
 
 
 
 
 𝜀1

(1)

𝑧1
(1)
= (

𝜋 

𝐿
)
2

𝐴1 sin(
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(1)
 

𝐿
) + (

2𝜋 

𝐿
)
2

𝐴2 sin(
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𝐿
)
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)
2
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2
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⋮
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)
2

𝐴1 sin(
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(1) + 6𝜋𝑑 

𝐿
) + (

2𝜋 

𝐿
)
2

𝐴2 sin(
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𝐿
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 (9) 

Therefore, we have two unknown coefficients A1 A2 and the line offset 𝑥𝑠𝑜
(1)

, i.e. three unknowns in seven 

equations that can be solved in terms of A1 A2 and 𝑥𝑠𝑜
(1)

 in two steps. 

As explained, the error function 𝑒(𝑥𝑠𝑜
(𝑗)
) defined in eq. (8) depends on the initial guess of the offset. We can 

set a first guess for 𝑥𝑠𝑜
(1)

, for example  𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠
(1) =

𝐿

𝑀
, where M is a given positive integer, thus we obtain an 

overdetermined set of seven equations in two unknowns A1 A2 that can be solved in a least square sense (by 

using the pseudo-inverse), and evaluate the corresponding error 𝑒(𝑥𝑠𝑜
(𝑗)
).  

Now we are able to introduce another error function err, slightly different than eq. (8), which is defined as 

the mean error between the strains measured by the FBG sensors and the strains estimated by eq.(5) having 

used the optimal set of coefficients A1 A2: 

𝑒𝑟𝑟(𝑥𝑠𝑜) =∑
𝜀𝑖 − 𝜀𝑖(𝑥𝑠𝑜)

𝑠𝜀𝑖

𝑠

𝑖=1

 (10) 

Then we can modify the value, as  𝑥𝑠𝑜
(1) =

2𝐿

𝑀
 , and solve again in the least square sense for A1 A2, and compute 

again the error. Let us proceed in this way evaluating the set of errors  for 𝑥𝑠𝑜
(1) =

𝑘𝐿

𝑀
, k=1,2,3,...,M. 

The value of k for which the equation error (10) is minimum identifies the estimated value of the offset 𝑥𝑠𝑜
(1)

, 

at which are associated the optimal values for A1 A2.  

Therefore, in this way we can to each strain measurement the related position along the longitudinal axis, 

i.e. 𝑥𝑠𝑜 𝑖
(1) = 𝑥𝑠𝑜 

(1) + (𝑖 − 1)𝑑.  

Offset 
location 

Max error =  𝑑 =
𝐿

𝑁𝑆
 

d 

L 

𝑥𝑠𝑜  
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The algorithm has been tested varying the position of the same load P all over the length of the beam, 

between 0 and L, for a fixed value of the actual line offset. Then the same set of loads have been applied 

varying the position of the offset in the range of the maximum error of location, namely between 0 and d. 

The simulation has been carried out considering 39 positions for the load, equally spaced over the entire 

length of the beam, for a number of fixed offsets equal to 28; the results of the test are represented in Fig. 4. 

Note that, for explanatory purpose, the results reported in Fig. 4 refer to just one fixed value of the line offset 

𝑥𝑠𝑜. In this graphic, each curve is the error function, eq. (10), related to a single load applied in a specific 

position. The error function curves have the same trend and most of them have a minimum in the 

neighbourhood of the actual offset. However among these curves, there are some that provide a better 

estimation of the offset, while other provide larger errors. The estimation error is therefore introduced, 

namely the relative error between the actual and the estimated offset: 

𝑒𝑐 = |
𝑥𝑜𝑠 − 𝑥𝑜𝑠𝑒𝑠𝑡

𝑥𝑜𝑠
|. (11) 

Where, for the sake of notation, the dependence on the load position xp, e.g. ec(xp), has been omitted.  

 

Figure 4: Simulation results: trend of the 𝑒𝑟𝑟(𝑥𝑠𝑜) functions for one fixed offset (𝑥𝑠𝑜 = 0.115) and 39 loads. 

Schematics of the beam is reported on the lower side of the picture. 

Over the entire set of obtained curves, only for certain positions of the load the optimal solution provides a 

relative error close to zero. 

The reasons behind this behaviour may depend on the generality of the model, which relies only on a few 

periodic eigenfunctions adopted to model the mechanical system; however this limits the reliability of the 

algorithm introduced so far. An Artificial Neural Network algorithm will be indeed implemented, to classify 

the reliable curves, which provide a good localization of the line offset, from the other curves that, on the 

contrary, provide wrong estimations. 

4 Data post processing with an ANN algorithm 

The algorithm previously introduced works under rather general hypothesis, so that it is able to provide an 

estimate of the flexural deformation without requiring an accurate mechanical model of the structure. As a 

Offset position 
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result, the algorithm can be applied to a wide set of structures, the trade-off is that the accuracy of the offset 

estimation is affected by the actual placement of the offset and of the load that is exciting the structure. For 

a specific placement of the offset, the proposed technique shows indeed good accuracy for certain load 

positions, while it is not effective for others, as shown in Fig. 4. 

The objective of the present section is to develop an Artificial Neural Network [17], which is able to predict 

the robustness of the estimated offset, providing an index that forecasts the error involved in the estimation 

process. This is obtained designing a multilayer artificial neural network, which will use the deformation 

signal measured by the sensors embedded into the structure. 

For each actual placement of the offset and of the load, the input vector that feeds the neural network will 

be composed by the following features: 

1. A set of g-error values 𝑒𝑟𝑟 (𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗), defined in eq. (10), evaluated on an array of initial guess, 

𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗, uniformly distributed within the interval [0, d]=[0, ∆𝑥,… , 𝑗∆𝑥, …, (g−1)∆𝑥], where d<L, 

being L the length of the structure, with g=51; 

2. the estimated offset value 𝑥𝑜𝑠𝑒𝑠𝑡; 

3. the prominence value of the error  function, e. g. 
𝑒𝑟𝑟(𝑥𝑜𝑠𝑒𝑠𝑡)

𝑒𝑟𝑟(𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗)
; where 𝑒𝑟𝑟 (𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗) is the mean 

value of the error.  

4. the total number of minima. 

To each input vector is associated a target value, which is the relative error ec involved in the estimation of 

the offset position, previously introduced in eq. (11).  

In order to train the net, a dataset is generated by the iteration of the process above, considering n-different 

positions for the offset, uniformly distributed within the interval [0, d], and m-different positions for the 

load, uniformly distributed within [0, L], with n=2848 and m=191. To summarize, the generated dataset 

will contain a total number of records 𝑛 ×𝑚 = 543968; each record is composed by g+3=54 variables, 

which form the input of a column vector V. The target vector T has only one value, which ranges from 0 to 

1. 

One of the problems with the data set is that the number of records needed for good estimations, i.e. the 

value of the function e smaller than 0.1, is smaller than the ones for bad estimations, i.e. e>0.5, respectively 

true and false cases, for notation. If we train the network using a higher number of false cases, the network 

will be biased to indicate false events. A simple solution is to select an equal number of good and bad 

estimates in the dataset dedicated to the training. 

After the data has been collected and divided, an important step is the data normalisation, which makes it 

easier for the neural network training to extract the relevant information. The input and output data is 

normalized so that they fall into a standard range, typically -1 to 1. 

When coding the target values we also need to consider the transfer function that is used in the output layer 

of the network. For pattern recognition problems, sigmoid functions are generally adopted: log-sigmoid or 

tangent-sigmoid, the latter is used in the present document so target values range from -1 to 1, which 

represent the asymptotes of the function. 

However, this tends to cause difficulties for the training algorithm, which tries to saturate the sigmoid 

function to meet the target value. It is better to assign target values at the point where the second derivative 

of the sigmoid function is maximum. For the tangent-sigmoid function, this occurs when the net input is -1 

and 1, which corresponds to output values of -0.76 and +0.76, therefore the targets are set to values of -0.76 

and +0.76 instead of -1 and 1. 

Fig.5 shows the network architecture, which consists of two hidden layers with 54 and 2 neurons and the 

tangent-sigmoid transfer function is used in all the layers. This architecture, which is rather standard for 

pattern recognition, has been determined starting from one hidden layer with 10 neurons and then testing 

the network performance after training. 
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Figure 5: Actual architecture of the Feedforward Network used in the proposed algorithm. 

The training data consist of 6350 samples of good estimations and 6350 of bad ones, for a total of 12700 

records dedicated to the training. To guarantee a better learning of the network, a larger training set is 

generated, by randomly selecting, 4 times, one (good-bad) pair at the time from the original data set. The 

final datasets will be composed of 50800 of record, 75 % (38100) of which will be used for training. The 

program is implemented in Matlab where the function train is used, which automatically set aside 15% of 

the training data for validation and 15% for testing. The network is trained using the scaled conjugate 

gradient algorithm, which is very efficient for pattern recognition problems.  

After the network has been determined, its performance are tested using the remaining 12700 records at 

disposal. Results will be discussed in the devoted section. 

4.1 Testing the Network 

Results of the network testing are here reported in the left side of Fig.6: red circles represent the actual 

values of the normalised target used for testing, while the blue dots are the predictions made by the 

developed ANN. In detail, in the lower side of the graph there are the good estimations while in the upper 

side there are the false cases. The network is able to properly classify the vast majority of the cases: there is 

an almost perfect fit between the false cases and the output of the net, while for what concerns the true cases, 

ANN roughly provides a mean value between less (-0.6) and more (0.8) accurate estimations of the expected 

target, demonstrating that the reliability of the dataset processing performed by the ANN is high. In the right 

side of Fig. 6, same results are reported in terms of probability density function: target and ANN predictions 

have indeed the same shape, mean value and variance. 

In the end, with reference to Fig. 7, it is reported the relative Network error, as the relative error between 

the target values and the predictions performed by the ANN algorithm, that is: 𝑒𝑛𝑒𝑡 = |
𝑇𝑎𝑟𝑔𝑒𝑡−𝑂𝑢𝑡𝑝𝑢𝑡

𝑇𝑎𝑟𝑔𝑒𝑡
| ∙ 100. 

As shown, the network is able to classify both true and false cases with an error which is, except some few 

cases over the entire dataset, below 10%. 
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Figure 6: Network testing results (left) and Probability Density function (right). 

 

Figure 7: Relative network error:  𝑒𝑛𝑒𝑡 = |
𝑇𝑎𝑟𝑔𝑒𝑡−𝑂𝑢𝑡𝑝𝑢𝑡

𝑇𝑎𝑟𝑔𝑒𝑡
| ∙ 100. 

Concluding Remarks 

The production process does not allow an accurate placements of FBG sensors along a Glass Reinforced 

Fibers beam. A technique for the identification of the placements of these sensors has been proposed, which 

relies on two main algorithms. The first algorithm is based on a modal approximation of the elastic shape 

of the beam, allowing a theorical estimation of its deformation, to be compared with the one arising from 

the strain measurements, which permits a first estimation of the sensors placements.  

The accuracy of the estimation is however affected by the combination of the actual placement of the sensors 

and of the load that is exciting the structure. Since the calibration of the measurement apparatus, e.g. the 
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GFRP with embedded FBG sensors inserted into the structure, can be carried out employing a number of 

suitable loads, a set of estimations will be at disposal but, among them, only some unknown trials, will 

provide good results, while other will provide larger errors.  

The problem of classify good from bad estimations is solved with a second algorithm, which is based on  an 

Artificial Neural Network, and is able to predict the robustness of the estimation, providing an index that 

forecasts the error involved in the estimation process, for each position of the exciting load.  

Numerical results shows that the proposed technique is able to locate properly the actual position of the 

sensors with good accuracy, performing a relative error as high as 10%. 
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Abstract
Structural health monitoring (SHM) systems are necessary to achieve smartpredictive maintenance and
repair planning as well as they lead to a safe operation of mechanical structures. In the context of vibration-
based SHM the measured structural responses are employed to draw conclusions about the structural in-
tegrity. This usually leads to an inverse problem which needs regularization. Compared to the undamaged
state usually only a few local stiffness changes occur while the other areas remain unchanged. These changes
can be described by a sparse damage parameter vector. Such a sparsevector can be identified by employing
L1-regularization techniques. This paper presents a novel framework for damage parameter identification
by combining sparse solution techniques with an Extended-Kalman Filter. In order to ensure sparsity of the
damage parameter vector the measurement equation is expanded by an additional non-linearL1-minimizing
observation. For verification, a proof-of-concept example on a quadratic aluminum plate is presented.

1 Introduction

Structural health monitoring (SHM) is a methodology to ensure safe operationof mechanical structures
and to reduce life cycle cost by replacing schedule-driven inspectionsby Condition-Based Maintenance
(CBM). One major task of SHM systems is the detection and identification of damage in an early stage of
structural damage evolution. For vibration-based SHM an integrated sensor network is required to measure
the structural vibrations excited either by an artificial or a natural source, e.g. wind and traffic loads. By
means of the integrated sensor system the effect of the damage on the structural vibration response can be
measured.

SHM systems need smart data processing algorithms in order to draw conclusions about the exact cause for
the measured effect. Thus, vibration-based damage identification can be seen as the inversion of the principle
of cause and effect. This leads to a mathematical inverse problem. If there are many causes which will lead
to the same measurable effect, the inverse problem is additionally ill-posed. Ill-posedness means that either
the existence, the uniqueness or the stability of the solution is violated.

In the last decades many methods have been developed and a considerable amount of literature has been
published on the inverse problem of structural damage identification, an overview on this topic can be found
for example in [1]. Damage identification techniques can be classified as frequency or time domain or time-
frequency domain methods. Classical frequency domain approaches consider the changes of the natural
frequencies, modal damping and mode shapes or changes of Frequency Response Functions (FRFs) due to
damage. As these quantities provide information on a global level, they are often insensitive to small local
structural damage, especially if only lower structural modes are used. Inthe medium or higher frequency
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range problems may occur to identify these modes since this requires a very dense sensor network. Time
domain approaches seem to be comfortable, as raw time data can be used directly.

Several time domain approaches have already been proposed, such asleast-squares estimation methods [2, 3]
or methods using particular filters [4, 5, 6, 7]. For the latter the Extended Kalman Filter (EKF) is the most
well-known system parameter estimation method [8, 9, 10]. EKF-based system parameter identification
belongs to the class of model-based approaches. Here, a reference model of the undamaged structure is
tested against the actual system in each filter step. In the filter process the state vector of the Kalman
Filter equations is typically augmented [10] or sometimes even replaced [11] bythe system parameter to be
estimated. By making use of the input-output signal, an estimation of the system parameters is obtained in
each filter step. Even so the original Kalman Filter is known as optimal linear filter, EKF-based damage
identification is still facing some challenges, e.g. high computational effort for complex structures and
intrinsic ill-posedness of the inverse problem [12]. To overcome ill-posedness usually the damage parameter
space is reduced by considering only damage hot spots or by a drastic increase of the number of sensors. In
order to perform damage monitoring on the whole structure and to keep the required number of sensors low,
a sparsity-constrained Extended Kalman Filter concept is proposed.

Therefore, a priori information about the damage properties is used to solve the inverse problem and to
obtain meaningful solutions. For example, cracks can be interpreted as spatial singularities, which cause
only a very local structural stiffness reduction. Thus, a system parameter vector which describes the change
in structural stiffness has only a few non-zeros elements corresponding to the actual damage location. Such
a vector is called sparse. In many fields of applied mathematics,L1-regularizing techniques have been
proven to promote such kind of sparse solutions (e.g. Compressive Sensing [13, 14]). The proposed damage
identification method links the concept ofL1-regularization with the Extended Kalman Filter by expanding
the measurement equation by an additional non-linearL1-minimizing observation.

The paper is structured as follows: Section 2 describes theL1-minimizing sparse solution strategy for in-
verse problems. The problem of damage parameter estimation using a non-linear state-space description is
formulated in section 3. In section 4 the concept of sparse solution is incorporated in the Extended Kalman
Filter concept. A proof-of-concept simulation study is carried out in section 5. Here the functionality of
the proposed identification method is demonstrated by analyzing different damage scenarios on a quadratic
aluminum plate structure. Finally, concluding remarks are presented in section 7.

2 Sparse solution of inverse problem

Most ill-posed inverse problems can be formulated by a linear algebraic equation system of the form:

y = H ·A (1)

or can be transformed into such a system. In Eq. (1)y ∈ RM is a vector which contains all measurable output
information andA ∈ RN all possible causes. The transition matrixH ∈ RM×N describes the linear causes-
effect relationship. If the dimension ofy is smaller than the dimension ofA (M < N) the linear system of
equations is called underdetermined. In this case Eq. (1) has an infinite number of possible solutions, which
means an infinite number of different causes will result in the same effect. The challenge of solving such an
equation system is the determination of the right one.

In order to close the gap of information and to obtain a solution additional constraintsΩ (A) need to be
formulated, which regularize the problem. The most common regularization is theTikhonov-Regularization
[15],

Â2 = argmin
A∈RN

{
‖y −H ·A‖22 + λ ‖A‖22

}
. (2)

with the constraintΩ (A):

Ω (A) = ‖A‖22 and ‖A‖2 =
√∑

i

A2
i (3)
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Figure 1: Comparison ofL2- andL1-regularization of underdetermined equation systems

Here, the solution of Eq. (1) is generated via an optimization problem. The constraint can be interpreted as
additional information which regularize the inverse problem and forces theL2-norm of the solution vector
Â2 to be minimal. Furthermore, for Tikhonov-Regularizationy is not necessarily equal toH ·A so that the
solution is stabilized ify is polluted by noise. However, for most applications the choice ofL2-minimization
as constraint is not suitable to close the gap of information and to obtain meaningful results.

In recent years, new reconstruction strategies for solving underdetermined linear systems of equations have
been proposed, pushed forward by the developments in the field of Compressive Sensing (CS) [13, 14]. For
these reconstruction methods it is assumed that the solution vector has just a few nonzero elements or can be
transformed to such a sparse vector by using some other coordinate spaces. This assumption holds for most
vectors which describe some real world phenomena (e.g. images, sounds, forces); the elements inside such
vectors are not completely arbitrary and have some kind of internal structure. Such a structure is always used
for compressing data, e.g. wavelet transformation of images or Fourier transformation of sounds. So the
information carried by these vectors is mostly a lot smaller than the dimension of thevectors itself suggests.
However, it is not known in advance which elements are nonzero, but theinformation that the solution vector
is sparse can be included as additional information in the reconstruction strategy.

The number of nonzero elementss inside the vectorA can be expressed by means of theL0-norm

s = ‖A‖0 = |supp(A)| , (4)

where supp(A) := {i : Ai 6= 0} denotes the support set of the vectorA and|◦| the cardinality of this set. If
the dimensionN of the vectorA is much bigger than the number of nonzero elementss (N ≫ s), thenA
is a sparse vector.

The sparsest solution which agrees with our measurements could be obtained by minimizing the following
expression:

Â0 = argmin
A∈RN

‖A‖0 subject to y = H ·A (5)

Unfortunately, solving Eq. (5) requires a combinatorial search, which makes it nearly impossible to solve
computationally. Under the assumption of a sparse solution, e.g. in [14] is shown shown that by replacing
theL0-norm with theL1-norm almost the same solution can be obtained as solving Eq. (5):

Â1 = argmin
A∈RN

‖A‖1 subject to y = H ·A (6)
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TheL1-norm is the sum of all absolute values of the vector entriesAj ,

‖A‖1 =
∑

j

|Aj | . (7)

Eq. (6) is now a convex optimization Problem which can by solved be some linear programming techniques.
The reason whyL1-regularization also delivers sparse solutions, is illustrated in Fig. 1. It can be seen that
L2-regularization leads to a solution closest to the origin whileL1-regularization finds a solution on the
coordinate axes, with just a few nonzero elements.

3 Problem Statement

In general, the dynamics of a non-linear, time-varying structure can be described similar to [1] as:

M (Θk,xk, k) ẍk + g (Θk,xk, ẋk, k) = uk (8)

Θk+1 = Γ (Θk,xk, ẋk, k) (9)

yk = h∗ (Θk,xk, ẋk,uk, k) (10)

Eq. (8) is the non-linear equation of motion in discrete timetk = k∆t, k ∈ N. M (·) ∈ Rm×m is the
mass matrix andg (·) ∈ Rm the force vector of elastic and damping forces. These can depend on thenodal
displacementx ∈ Rm, the nodal velocityẋ ∈ Rm and the time stepk. The damage parameterΘ ∈ Rp

describes the change of structural integrity (loss of stiffness, loss of mass, etc.) by location and damage
extent. For Structural Health Monitoring this is the parameter which needs to bereconstructed. Moreover,
the damage parameterΘ usually has also influence on the equation of motion.u ∈ Rm is the vector of
the external acting loads on the structure. The number of degrees of freedom (DOF) ism. The non-linear
functionΓ (·) ∈ Rp describes the evolution of the damage parameter in Eq. (9). Eq. (10) is the measurement
equation which links the model quantities (displacement, velocities and system parameters) with the output
y ∈ Rn of the measurement device by means of the functionh∗ (·) ∈ Rn. The number of measurements
equalsn.

If the structure can be assumed to be linear, the equation of motion becomes:

M (Θk) ẍk +C (Θk) ẋk +K (Θk)xk = uk (11)

Here, the structural massM, the structural stiffnessK and the dampingC still depend on the damage
parameterΘ.

Mostly the evolution of the damage parameterΘ and the structural dynamic vibrations occur on two different
time scales. Compared to the structural vibrations, the evolution of damage usually is a rather slow process.
Thus, the damage parameterΘ seems to remain constant during a short time span of data acquisition [1].

Now, a state space model can be defined, in which the unknown damage parameter vector is the state vector.
The evolution of it is modeled by a Gaussian Markov process, also called asrandom walk process [11]

Θk+1 = Θk +wk (12)

yk = h (Θk, [U]k ,x0, ẋ0, k) + vk , (13)

wherewk ∈ Rp is zero-mean white process noise with covarianceQk, wk ∼ N (0,Qk). Here, the
measurement equation in Eq. (13) is defined slightly different as above. Unlike Eq. (10), the output mea-
surement data are obtained depending on the initial nodal displacement andvelocity x0 andẋ0 and vector
[U]k = [u1, u2, . . . , uk]

T , which describes the external load input from the time step1 to the current time
stepk. So the equation of motion is implicitly included in the non-linear measurement equation h (·) ∈ Rn.
vk ∈ Rn represents the measurement noise with covarianceRk, vk ∼ N (0,Rk). For reasons of clarity and
without loss of generality, in the remainder of this paper it is assumed thatx0 = 0 andẋ0 = 0.
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4 Extended L1-minimizing Kalman Filter

In the following, the concept ofL1-minimizing sparse reconstruction is incorporated into an Extended
Kalman Filter framework. Loffeld et al. were the first to propose anL1-minimizing Kalman filter ap-
proach for solving underdetermined sparse problems [16]. Here, this idea is adopted to stabilize the ex-
tended Kalman Filter parameter estimation process for a large damage parameterspacep and a low number
of sensorsn.

As already pointed out, structural damages due to e.g. cracks lead to a stiffness reduction in a very local area
of the system. Thus, it can be assumed that the unknown damage parameter vectorΘ is sparse. The sparsity
will be considered as a constraint, which will be part of the state space model as an additional, non-linear
observation. It is promoted by theL1-norm of the state vector:

ŷk = γk = ‖Θk‖1 =
p∑

j=1

|Θj,k| (14)

Starting fromγ0 = ‖Θ0‖1 the fictive measurementγk can now successively be decreased in each time step
k by a scaling factorα < 1,

γk = α ‖Θk−1‖1 (15)

The scalar Eq. (14) pushes down theL1-norm of the state vector and thus leads to a sparse estimation ofΘ.
The now obtained augmented observation vectorỹk reads as follows:

ỹk =

[
yk

γk

]
=

[
h (Θk, [U]k , k)

‖Θk‖1

]
+

[
vk

νk

]
(16)

νk ∈ R reflects the uncertainty of the additionalL1-minimizing observation equation.

For estimating the states of the now obtained non-linear state space model an Extended-Kalman Filter is
used. The EKF linearizes the non-linear model in each time step around thea posterioriestimated state vec-
tor, using a first-order Taylor series approximation. After linearization thetraditional prediction-correction
algorithm of the Kalman Filter can be applied.

Starting from the initial conditionŝΘ0|0 andP0|0, a forecast of the state is made in the prediction step:

Θ̂k|k−1 = Θ̂k−1|k−1 (17)

Pk|k−1 = Pk−1|k−1 +Qk (18)

In the corrector step the actual measurementsyk and the fictive measurementsỹk are considered and com-
pared with the prediction. The residual∆ỹk is weighted by the Kalman gain matrixKk and added to the
predictionΘ̂k|k−1:

∆ỹk = ỹk − h̃
(
Θk|k−1, [U]k , k

)
(19)

Kk = Pk|k−1H
T
k

(
HkPk|k−1H

T
k + R̃k

)−1
(20)

Θ̂k|k = Θ̂k|k−1 +Kk∆ỹk (21)

Pk|k = (I−KkH)Pk|k−1 (22)

For the proposed damage parameter estimation strategy only the measurement equation is non-linear and
needs to be linearized:

Hk =




∂h(Θk,[U]k,k)
∂Θ

∣∣∣∣
Θ=Θ̂ k|k−1

∂‖Θk‖1
∂Θ

∣∣∣
Θ=Θ̂ k|k−1


 (23)
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Figure 2: Node numbering of the finite element plate model; node 31, 54, 63, 99 and 101 are acceleration
measurement positions; node 67 is the excitation position

The derivative ofh (·) with respect toΘ can be either approximated by the finite difference method or
determined analytically by using the system-output sensitivity for linear structures. A detailed description of
the output-sensitivity calculation can be found e.g. in [17].

The Jacobian matrix of theL1-minimizing constraint

∂ ‖Θ‖1
∂Θ

=
[
∂‖Θ‖1
∂Θ1

∂‖Θ‖1
∂Θ2

· · · ∂‖Θ‖1
∂Θp

]
, (24)

can be obtained by:

∂ ‖Θ‖1
∂Θj

= sign(Θj) (25)

The determination of the partial derivative in each time stepk is computationally very expensive. In order
to save computing time, this can be performed just in every 2nd or 3rd step. This also helps to stabilize the
filter process in the beginning.

As usually structural damage has no direct impact on the measurements at thesame specific time stepk, it is
advisable to extend the physical measurementyk and to process a block ofl physical measurements in each
Kalman Filter step:




yk

yk+1

yk+2
...

yk+l



= hl (Θk, [U]k , k, l) + vl

k (26)

By this en blocprocessing, the filter is no longer operating in real time but with a time lagtl = l∆t in the
past.

5 Proof-of-Concept

In order to demonstrate the functionality of the proposed damage identificationstrategy a proof-of-concept
simulation study is performed. The observed mechanical structure is a simple square aluminum plate of
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Figure 3: Damage identification result; left: evolution of damage parameter no.81; right: estimated stiffness
reduction for all elements at the end of simulation time

1m× 1m edge length and 2mm thickness. It is clamped on all sides. The structuraldynamics of the plate
due to external forces are described by a finite element model. The plate is modeled by 121 quadratic shell
elements and 144 nodes (each with 6 degrees of freedom), see Fig. 2. The employed structural responses are
simulated acceleration measurements perpendicular to the plate plane. The obtained simulated measurement
signals are low-pass filtered by a cut-off frequency of 200Hz. Thus,for damage detection only the low
frequency content of the time signals is employed. White Gaussian noise, with astandard deviation of three
percent of the maximum measurement value, is added to the simulated outputs to imitatereal acceleration
measurement data. Only five accelerometers are used for damage identification.

A widely used approach to introduce structural damage on a substructureor element level which represents
the changes of the structural stiffness∆K compared to a reference modelK0 is:

∆K =
∑

j

KjΘj (27)

whereKj is thejth substructure or element stiffness matrix, respectively with appropriate dimension. By
determination of the unknown correction parametersΘ = [Θ1, Θ2, . . . , Θp] the damage can be localized
and quantified.

5.1 Single and multiple damage scenarios

In a first simulation study the stiffness of element no. 81 has been decreased by 20%. The plate is excited
by an impulse force load perpendicular to the surface at node no. 67 of known time history. The obtained
simulated acceleration time data are now used for structural damage identification. Fig. 3 shows the iden-
tification result in the left part. Here, the evolution of the damage parameter corresponding to element no.
81 is plotted over time. It can be seen that starting from initial conditions (all damage parameters zero) the
parameter of the damage element tends to the true value of stiffness reduction. The right part of Fig. 3 shows
that for all the other elements the corresponding damage parameters are close to zero. Thus, the damage is
localized and quantified.

Fig. 4 compares the damage parameter estimation results for the proposed Extended Kalman Filter method
with and without additionalL1-minimizing observation. It is obvious that no clear damage estimation result
can be achieved withoutL1-minimizing observation. Even though the reconstructed damage parameter error
for the damage element no. 81 is not too big, many more element stiffness changes (reduction and increase)
are identified. On the other hand, it can be clearly distinguished between damaged and undamaged elements
if the additional observation is used, asL1-minimization promotes this sparse solution.
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Figure 4: Comparison of damage parameter estimation; left: Kalman filter estimation without additional
L1-observation; right: Estimation result withL1-minimizing observation
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Figure 5: Multiple damage scenarios both identified with additionalL1-observation: three damaged elements
no. 37, no. 63 and no. 81 (left); two damaged elements no. 63 and no. 81 (right)

In a next step a multiple damage scenario is investigated. Here the plate structural damage is modelled by
a stiffness reduction of various elements with different amount. Which meansthe damage parameter vector
needs to be less sparse than in the case of a single element stiffness change. Fig. 5 shows the damage
identification results at the end of the simulation time for two and three damaged elements. In both cases a
similar clear damage identification as before is obtained.

5.2 Monte Carlo simulation

In section 5.1 some selected damage identification results have been shown. However, for a statistical valida-
tion several Monte Carlo simulations are performed. In a first simulation study5000 Monte Carlo trials with
different damage scenarios are carried out. In each of the 5000 trials asingle damage is introduced in the
structure by reducing the stiffness of one element. The damage location is chosen randomly with uniform
distribution over all elements. The damage extent is also a random parameter with Gaussian distribution
(mean value: 25% stiffness reduction; standard deviation: 5%).

The obtained results by using the proposed algorithm are displayed in Fig. 6. For each element, Fig. 6
shows on the right hand side the mean value of the relative deviation for damage extent estimation. The
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Figure 6: Result of the Monte Carlo simulation for a single damaged element: Right: Representation of the
averaged deviation; Left: Mean deviation of the inner structural elements
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Figure 7: Monte Carlo simulation: Influence of the sensors and damage number on the localization reliability
(left) and the reconstruction of the extent of damage (right)

results indicate clearly a bad performance of estimating a damage, which is introduced in an element along
the bounderies. As the plate is clamped on all sides, vibration-based damagedetection is very difficult for
such elements placed at the clamped edges. Nevertheless, the damage extends estimation for the inner plate
elements are very reliable. The mean estimation error is distinctly under 10% (see Fig. 6 left). Moreover, the
damage location for an inner plate element stiffness reduction is always detected correctly.

The second Monte Carlo simulation analyses the influence of the employed sensor network and the number
of damaged elements. In this study three different sensor setups (5, 8 or12 sensors) are compared. For each
setup 5000 Monte Carlo trials with different damage scenarios are carriedout. In each of the 5000 trials
multiple damages are introduced in the structure by reducing the stiffness of various elements. Again, the
damage locations are chosen randomly with uniform distribution over all elements.

The obtained damage identification results are displayed in Fig. 7. On the left hand side the damage lo-
calization reliability is plotted against the number of damaged elements. An estimated damage pattern is
only defined as correct if all stiffness-reduced elements have been detected correctly. It can be seen that for
a larger number of damages the localization reliability decreases. However,if more sensors are used this
reliability can be improved. The relative deviations of damage extend estimation shows a similar behavior
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(see Fig. 7 right). Here, the relative deviation is calculated only if the damagepattern is localized correctly.

5.3 Model error compensation

As the proposed damage identification strategy is a model-based approach,modeling errors will have an
impact on the reconstruction results. For most practical applications there are some modeling parameters
which are subject to uncertainties, e.g. the global modulus of elasticity, the mass density or the correct
definition of the boundary conditions.

In order to compensate possible modeling errors, such model parameters can also be integrated in the esti-
mation process. Thus, the algorithm will fit the unknown model parameters to the measurement output data.
To this end, the parameter vectorΘ needs to be extended by these model parameters:

Θ̃ =
[
Θ1,Θ2,· · · ,Θp,Θ

m
1 ,· · · ,Θm

n

]
(28)

Here the firstp values are the damage parameters as previously defined. The lastn parameters describe now
the global model parameters.

Fig. 8 shows in the left part a damage reconstruction result by using an incorrect structural model. The model
used in the reconstruction process varies from the one, which is employedto create the measurement data,
not only in terms of the structural damage but also in terms of a modulus of elasticity and mass density.
The deviation is 7% in mass density and 10% in modulus. However, a very clearestimation of the damage
pattern can be obtained. The damage elements no. 41 and 85 are identified correctly and also the damage
extent is reconstructed properly. Additionally, the model parameters mass density and modulus of elasticity
have been identified, as shown in the right part of Fig. 8.
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Figure 8: Left: Damage identification by using an incorrect structural model; Right: Estimation of initially
wrong model parameters (Young’s modulus and mass density)

6 Experimental results

For experimental validation a test bench analogous to the simulation model (with the same plate properties)
is set up. Seven piezoelectric accelerometers are mounted on the plate backside. The plate is excited by an
impact hammer, which has a built-in force sensor (compare Fig. 9). The analogy of test bench and simulation
allows using the same reference FE-model as before. The sampling rate for acquisition of the measurement
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a) aluminum plate c) impact hammer

b) accelerometers

boundary conditions

Figure 9: Experimental validation on aluminum plate; a) plate structure, b) piezoelectric accelerometers
applied on plate, c) impact excitation by means of impact hammer

data throughout all experimental investigations is 2kHz. These data are filtered by a 500Hz analog low-pass
filter.

Two magnets, each weighing 0.12 kg, are attached to both sides of the plate atdifferent nodes. Thus, damage
is modeled as a mass increase of 0.24 kg. As the plate weighs 5.4 kg in total, this corresponds to a punctual
additional mass of 4.44%.

Fig. 10 displays two reconstruction results. On the left hand side the reconstructed and the actual damage
parameter vector can be seen. The right part shows the identified damagepattern. The experimental results
show that a strong emphasis onL1-minimizing observations is needed to obtain meaningful experimental
results. This emphasis onL1-minimization stabilizes the EKF, but also leads to a significant underestimation
of the additional mass. On average, the deviation of the reconstructed massis 37.2%. Nevertheless, the
simulated damage can be localized correctly.

7 Conclusion

In this contribution a new time domain method for damage detection has been proposed. The local character
of damage justifies the use of sparse reconstruction strategies for the ill-posed inverse problem. Sparsity of
the estimated state vector of damage parameters is ensured within the Extended Kalman Filter by adding a
fictive non-linearL1-minimizing observation.

It has been shown that the proposed reconstruction method is able to determine the damage location and
extent simultaneously. In contrast to the Extended Kalman Filter process without additionalL1-observation a
clear damage pattern is obtained. This was shown for single damage scenarios as well as for multiple damage
events. A statistical validation has been performed by means of a Monte Carlosimulation. Considering
the damage parameter space of size 121 in the demonstrated study, the numberof sensors using only 5
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Figure 10: Experimental reconstruction results for the detection of an additional mass of 0.24 kg at two
different plate positions; left: Identified and exact parameter vector; right: Reconstructed damage pattern

to 12 accelerometers is significantly lower than the parameter space. Moreover, modeling error can be
compensated by including those model parameters, which are subject to uncertainties. Besides the unknown
model parameter, this approach can also be used to reconstruct damage under changing environmental and
operational conditions (EOC), if the EOC sensitive parameters are also included in the parameter vector.
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Abstract 
The generalization of the motion transmissibility to multiple degrees of freedom systems establishes the 

linear relationship between two sets of responses, when a set of loads is applied at some given coordinates. 

In previous works, the authors have developed algorithms based on the transmissibility that allow for the 

identification of the applied loads. Such an identification includes the determination of the quantity of 

loads, their localization and also their magnitude. In damage detection, one is also interested in 

determining the number of defects, their localization and to quantify their extent. If one thinks of a defect 

as a local structural modification, one can show that it may be interpreted as an alteration of the dynamic 

load at that location. In this paper, one presents a transmissibility-based force identification technique as a 

means to detect, localize and quantify structural damages. Some numerical examples are presented to 

illustrate the performance of the proposed procedure. 

1 Introduction 

In this paper the detection of damage is addressed as a force identification problem. A very brief summary 

on the force identification issue is given next.  

In some engineering applications it may be important to estimate operational forces at inaccessible 

locations of installed machinery [1, 2], forces transmitted to the supports [3,4], aerodynamic loads on a 

rotorcraft blade [5], or on turbine blades [6]. This is normally a difficult problem, namely when one has a 

limited amount of response data. The search for unknown forces from a set of measured responses is an 

inverse problem, which is often ill-posed [4], due to lack of information. There are techniques that help 

overcoming some of these problems, like regularization techniques [4], pseudo-inversion [7], data filtering 

[8], singular value decomposition (SVD) and Tikhonov regularization [9-11]. 

When the location of the forces is known, the objective is their reconstruction, as in [12, 13]. In other 

cases, one has to estimate the location, magnitude and phase of the forces acting on the structure, as in 

[14].   

The main objective of this paper is to identify structural damage using a force identification method, based 

on the displacement transmissibility [15-20], as explained in Section 3. 
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2 Damage identification 

The dynamic equilibrium equation of a linear viscoelastic structure with n dofs, is given by: 

 

           + + =My Cy K y f                            (1) 

 

where M, C and K are the n×n mass, damping and stiffness matrices of the structure, respectively; y , y , 

and y  are the nodal displacement, velocity and acceleration, respectively and  f  is the applied force 

vector. When a damage occurs, there will be a modification that can happen in the mass, in the stiffness, 

or in the damping, or still in a combination of those three properties. For instance, a crack will decrease 

the stiffness locally and will increase the damping due to the increase of the friction, but will not change 

significantly the mass. A decrease in mass due to corrosion will also cause a decrease in the stiffness, but 

probably will not affect much the damping. In general, after some kind of damage has happened, we may 

say that the structure will be governed by a new equation, where the new properties are expressed by 

M M , C C , and K K ; applying the same force, the response will be different and the new 

equilibrium equation will be 

 

                                    + + =    M M y C C y K K y f                               (2) 

 

or 

                              + + = + +        My Cy K y f My C y K y                               (3) 

 

If the damage occurs at coordinates “D”, the new force corresponding to those coordinates is: 

 

                                           D D D D    f My Cy K y                                         (4) 

 

Equation (4) means that the change in the dynamic behavior of the structure due to the existence of 

damage is equivalent to applying additional forces at coordinates “D”, the ones where the modification of 

the properties due to the damage has occurred. Assuming harmonic excitation, 
i t

D D e f F  and 

i t

D D e y Y  (in steady-state conditions), we can re-write (4), as 

 

                                       2

D Di       F K M C Y                                        (5) 

 

From eq. (5), we conclude that the damage identification problem can be reduced to a force identification 

problem. As far as we be able to identify the location and the magnitude of the forces, the damage will be 

localized and we will be able to quantify its extent by evaluating M , C  and K . We shall see in the 

next section how to identify the forces. Assuming for the moment that we have already done that, let us 

see how to evaluate the structural modifications: separating (5) into its real and imaginary parts, we 

obtain: 

 

                  2

D D D DRe iIm i Re iIm         F F K M C Y Y                                     (6) 

and thus, 
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D D D

D D D

Re Re Im

Im Im Re

 

 

      

      

F K M Y C Y

F K M Y C Y
                               (7) 
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Assuming that the structural modifications are concentrated at the nodal dofs, i.e., the matricesM , C  

and K are diagonal and so, for each nodal change j (j = 1 … p), it follows that 

 

       

2

2

D D D D

D D D Dj j

j

K
ReF ReY ReY ImY

M
ImF ImY ImY ReY

C

 

 

 
    

     
       

                             (8) 

or 

 

                                      
(2 1) (2 3)

(3 1)

    D j j

j

K

F Q M j = 1,.., p
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                                                 (9) 

 

The problem is undetermined, as for each entry j we have two equations and three unknowns. We need 

more equations. Taking L frequencies, we can write an over-determined set of equations: 

 

                                  

  

  

 

 
(3 1)

(2 1) (2 3)

    

1D 1

D L L j
j j

L L

QF K

M j = 1,.., p

F Q C



 


 

       
     

     
             

                           (10) 

 

In a more compact form, 

 

                                                   
T jj

D T j j =1,.., pF Q                                                                    (11) 

 

where the index “T” stands for total. This can be solved in a least-squares sense, as: 

 

                                                    
j Tj

j T D j =1,.., pQ F                                                                  (12) 

 

where 
jT


Q

 
is the Moore-Penrose pseudo-inverse of 

jTQ , given by  
1

j j j j

T T

T T T T


 Q Q Q Q . 

3 Force identification 

The force identification problem will be addressed through the use of the displacement transmissibility 

applied to multiple degree-of-freedom (MDOF) systems. 

3.1 Transmissibility in MDOF systems 

The extension of the classical displacement transmissibility has been presented in [15] and developed in 

[16]. In a different context, the application of the transmissibility to the force identification problem was 

also studied in [17-20]. A brief summary is given in what follows: we define three sets of dofs as 

illustrated in Fig. 1, two distinct sets U and K where the responses are measured and the set A where the 
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forces can be applied (and that may overlap some dofs of the other sets). Some of these forces may be 

zero, but the corresponding dofs have to be included in the set A. 

 

 

 

 

 

 

 

Figure 1:  Illustration of the three sets A, U and K 

The responses UY
 
and KY  can be related to the applied forces AF

 
through 

 

                                                         

=

=

U UA A

K KA A

Y H F

Y H F
                          (13) 

 

where 
UAH  is the truncated FRF matrix relating the sets of dofs U and A. Likewise, KAH

 
relates sets K 

and A. Eliminating AF
 
between eqs. (13), one obtains the transmissibility between UY

 
and KY . This 

involves the pseudo-inverse of KAH , i.e., 

 

                                                     = =A

U UK K UA KA K


Y T Y H H Y                                          (14) 

 

where  =A

UK UA KA


T H H  is the transmissibility matrix relating the displacement amplitudes of U and K 

for the forces at set A. This pseudo-inversion requires the size of set K to be larger or equal to the size of 

the set A ( # #K A ). As 
AF  

has been eliminated between eqs. (13), the transmissibility depends on the 

dofs A, where the forces can be applied, but not on their amplitudes; in other words, the transmissibility is 

invariant with respect to the amplitudes of the forces. 

 

3.2 Methodology 

The force identification consists of two steps, (i) the determination of the number and position of the 

forces and (ii) the evaluation of their magnitudes. 

The methodology based on the transmissibility requires the knowledge of the response amplitudes KY
 
and 

UY  (the superscript “~” stands for “measured quantity”). The idea is to find the correct transmissibility 

matrix 
A

UKT , that when applied to KY produces an estimated value for UY
 
that should be close enough to 

the measured UY . As the transmissibility depends on the location of the forces, one has to search for the 
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right set A. When the correlation between UY  and UY  
happens, it means that the set A has been correctly 

found. Once again, it should be noted that the transmissibility depends only on the location of the forces 

(set A) but not on their amplitudes. For each possible combination of locations Ai, one has: 

 

                                                              = iA

U UK KY T Y                                                    (15) 

 

where the index i = 1,…, refers to the number of combinations of dofs of A. The resulting UY
 
is compared 

with the measured UY , using the following estimation error for each component j: 

 

                       
   

2

log log ,   =1, ...length of 
j jj U U Uerror = Y Y j



 Y                                       (16) 

 

The accumulated error of each combination is defined as the norm of the vector = error . When this 

error has an absolute minimum, the correct combination of dofs Ai has been found. Naturally, the number 

of loads applied to the structure is not known a priori, so we start with one force, then in combinations of 

two forces, etc. The number of forces that this method can find is limited by the size of the set K, as 

# #K A . For a specific combination 
iA , the reconstructed force is obtained from eq. (13) with the values 

KY , as: 

 

                                                               =
i iA KA K



F H Y                            (17) 

 

It is desirable that the finite element model of the original structure is updated enough, to represent as 

accurately as possible the experimental results of the unmodified structure. 

Often, it happens that the combinations involve locations with applied forces together with locations 

without any force; in those situations the additional locations have near-zero force amplitudes and a near-

zero value of accumulated error is expected. This makes the process less efficient and some kind of 

modification must be sought.  

To avoid this issue, a modification has been introduced, consisting of computing both the reconstructed 

force amplitudes for every combination and the root mean square (RMS) in frequency for the forces at 

each dof of Ai. Whenever the accumulated error indicates a location where a load has a near-zero RMS 

amplitude, its respective error is artificially increased. Such a modification improves considerably the 

efficiency of the force location method. Once the forces are identified, we can reconstruct the magnitude 

of the damage using eq. (12). 

4 Numerical examples 

In this section, we shall explore the possibilities of the proposed approach for detecting damage. The test 

item is a free rectangular plate, whose properties are given in Tab. 1; the plate is modelled using 

Kirchhoff-Love plate theory for finite elements with 4 nodes, each with 3 dofs (1 displacement and 2 

rotations), in a 20×20 rectangular mesh. The stiffness and mass matrices are assembled and the damping is 

considered as negligible for the model, and of the proportional type to simulate the measurements; the 

proportionality is taken with respect to the stiffness matrix, with a coefficient 
9 110 s   . The code 

builds the dynamic stiffness matrices (with and without damping) and consequently their inverses, the 

FRF matrices H and H . 
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Five cases will be considered, (i) a loss of stiffness, (ii) a loss of mass, (iii) increase in damping, (iv) 

combined loss of stiffness and mass and (v) combined loss of stiffness and increase in damping. 

Mass Density 7850 kg/m
3
 

Young Elasticity Modulus 210 GPa 

Thickness 1.9 mm 

Width 470 mm 

Height 348 mm 

 

Table 1: Plate properties 

4.1 Identification of a single force 

Before studying the damage cases, it is advisable to verify whether we are able to identify (localize and 

quantify) just the applied forces. Thus, we apply a transversal harmonic force of  1 N at node 225 of the 

FE model (Fig. 2), with a frequency range between 1 and 70 Hz in intervals of 1 Hz. We can compute the 

whole FRF matrix, but as the force is acting along the axis Oy, only the transversal displacement dofs 

along this direction are considered at the nodes where the displacements are “measured”. 

The “measured” displacements will be 120KY Y  and 324UY Y  (Y refers to the displacement along Oy and 

the subscript to the node), according to Fig. 2; #K = 1, therefore it is only possible to identify a single 

applied force. There are 441 possible locations for the force. The accumulated error (eq. (16)) for each 

combination is shown in Fig. 3. The minimum value of the error correctly identifies the force, at node 225. 

In this example the amplitude of the reconstructed force presents a maximum error of  3.7x10
-10

 % . When 

there is no guarantee that the number of forces is just one, we can enlarge the K set, allowing the 

maximum number of possible locations to be 2, and looking for the combination of the force at node 225 

with all the other nodes. 

Any other relative minima besides the correct combination, include the correct node 225 with another 

location where the force presents near-zero amplitude (after reconstruction). 

 

 

 

 

 

 

 

 

 

Figure 2: Finite element model of a plate with some representative nodes 

O x 

 

324 

110 

225 

120 

z 

3906 PROCEEDINGS OF ISMA2018 AND USD2018



 

 

Figure 3:  Accumulated error in frequency vs force combination for one applied force (#K=1) 

4.2 Identification of a single force 

4.2.1 Case 1 – Loss of stiffness 

To simulate a crack, we shall consider a decrease of 10% in the stiffness at node 110. The original values 

of the stiffness, mass and damping at node 110 are 1.20805x10
7
 N/m, 3.32452x10

-3
 kg and 1.20805x10

-2
 

Ns/m, respectively. Only perpendicular displacements are considered. We have considered both the cases 

without any noise and with some added random (normal) noise to the real and imaginary parts of the 

“measured” data, to simulate more realistic conditions and to test the sensitivity of the method. Two levels 

of noise are added: 1% and 3%.A known harmonic force with an amplitude of 1 N is applied at node 225. 

The unmodified model is used to identify the two forces (#A=2) using eqs. (14) and (17) and, for example, 

the “measured” vectors  120 324,
T

K Y YY and 225U YY .  

The accumulated error has the minimum at the right combination (nodes 225 (applied force) and 110 

(force generated by the reduced stiffness). Eq. (17) is used for the force reconstruction. The stiffness 

reduction is obtained from eq. (12), with a relative error of only 3.5x10
-8

 % for -10% of damage and no 

added noise (Tab. 2); 110Y
 
is calculated from eq. (15), using one of the “measured” outputs (nodes 120 or 

324) and the transmissibility involving one of those output nodes and node 110, for the applied force at 

node 225 and no force applied at node 110. It should be stressed that we can put the force at node 110 to 

zero because one of the fundamental transmissibility properties is that the transmissibility is invariant with 

respect to the magnitude of the applied forces. This means that 110Y
 
may be calculated (using eq. 15) from: 

 

                                                               225

110 110,120 120=Y T Y                             (18) 

or 

                                                               225

110 110,324 324=Y T Y                           (19) 

4.2.2 Case 2 – Loss of mass 

Undertaking a similar study with a variation in the mass, again at node 110, considering once more a 

decrease of 10%, we obtained the results shown in (Tab. 3). The same “measured” vectors 

 120 324,
T

K Y YY and 225U YY
 
have been used. 
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Damage 

(%) 

Imposed 

K [N/m] 

Added noise 

level (%) 
Localization 

Identified 

K [N/m] 

Relative 

error (%) 

-10 -1.20805E+06 

0 Y (node 110) -1.20805E+06 3.50E-08 

1 Y (node 110) -1.76911E+06 4.64E+01 

3 N (node 187) --- --- 

 

Table 2: Identification of a loss of stiffness 

Damage 

(%) 

Imposed 

M [kg] 

Added noise 

level (%) 
Localization 

Identified 

M [N/m] 

Relative 

error (%) 

-10 -3.324500E-04 

0 Y (node 110) -3.324500E-04 7.90E-05 

1 N (node 189) --- --- 

3 N (node 165) --- --- 

 

Table 3: Identification of a loss of mass 

4.2.3 Case 3 – Increase of damping 

Here we impose an increase of ten times (1000%) in the damping, again at node 110. The results are given 

in (Tab. 4), always using the “measured” vectors  120 324,
T

K Y YY and 225U YY . 

Damage 

(%) 

Imposed 

C [Ns/m] 

Added noise 

level (%) 
Localization 

Identified 

C [Ns/m] 

Relative 

error (%) 

+1000 +1.20805E-01 

0 Y (node 110) +1.20226E-01 4.80E-01 

1 Y (node 110) +2.67367E-01 1.21E+02 

3 N (node 109) --- --- 

 

Table 4: Identification of an increase in damping 

4.2.4 Case 4 – Simultaneous loss of stiffness and mass 

Here, we introduced a variation of 10% in both the stiffness and mass in node 110. The results are 

presented in Tab. 5, using the “measured” vectors  120 324,
T

K Y YY and 225U YY . 
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Damage 

(%) 

Imposed 

K [N/m] and 

M [kg] 

Added noise 

level (%) 
Localization 

Identified 

K [N/m] and 

M [kg] 

Relative 

error (%) 

-10 
-1.20805E+06 

-3.324500E-04 

0 Y (node 110) 
-1.20805E+06 

-3.324642E-04 

6.30E-08 

4.27E-03 

1 Y (node 110) 
-1.75934E+06 

-1.23978E+01 

4.56E+01 

-- 

3 Y (node 110) 
-1.36993E+06 

-4.65631E+00 

1.34E+01 

-- 

 

Table 5: Identification of a loss of stiffness and mass 

4.2.5 Case 5 – Simultaneous loss of stiffness and increase in damping 

Now, we introduce a decrease of 10% in the stiffness and a 1000% increase in the damping, always at 

node 110 and for the same “measured” vectors  120 324,
T

K Y YY and 225U YY . The results are presented in 

Tab. 6.  

Damage 

(%) 

Imposed 

K [N/m] and 

C [Ns/m] 

Added noise 

level (%) 
Localization 

Identified 

K [N/m] and 

C [Ns/m] 

Relative 

error (%) 

-10 in K 

+1000 in 

C 

-1.20805E+06 

+1.20805E-01 

0 Y (node 110) 
-1.20805E+06 

0.82239E-02 

6.30E-08 

9.32E+01 

1 Y (node 110) 
-2.84822E+06 

+7.6455E-02 

1.36E+02 

3.67E+01 

3 Y (node 165) --- --- 

Table 6: Identification of a loss of stiffness and increase in damping 

5 Discussion 

The results of these numerical simulations without added noise show that in almost all the situations the 

localization of the damage is achieved with good accuracy; When the data is “perfect”, i.e., without any 

added noise, the quantification of damage is always correct, except when the change in the damping is 

considered. When noise is added to the “measured” responses, the results show a very high sensitivity of 

the method to this parameter, as it is common in such inverse problems. Up to 1% of added random noise 

the localization of the damage still worked well in most cases. However, the quantification of the damage 
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exhibited very high errors, as the noise strongly affects the reconstruction of the forces. The stiffness is the 

property that better “resists” to the existence of noise in the data, namely for the localization step. The 

most sensitive is the damping.   

These results still have space for some improvements. Note that none of the known tools to deal with 

noisy signals have been used in this work; the authors will be addressing this in future work. 

6 Conclusions 

It has been shown that it is possible to establish a relation between the identification of damage and the 

identification of dynamic forces. While the damage is modeled through the variation of the structure 

properties (mass, stiffness and damping), the force identification is accomplished by a methodology that 

uses the displacement transmissibility between groups of coordinates. Whenever a damage occurs, new 

forces directly related to the changes in the dynamic properties appear and those additional forces are then 

identified using the transmissibility. 

In principle, and in the context of damage identification, the procedure seems potentially suitable for the 

detection, localization and also quantification of a structural modification, or even more than one. The 

results without any added noise illustrate the effectiveness of the method. The simulations with added 

random noise up to 1% and damages of 10% in the stiffness and mass and 1000% in the damping show 

that the method works reasonably well in the detection and localization steps concerning changes only in 

the stiffness, but fails in the quantification, mainly when it comes to damages due to mass and damping 

variations. Although not shown in this work, the choice of different frequency ranges does not seem to 

have a significant effect on the results, something that was not anticipated initially. Further research from 

both the numerical and experimental points of view will be necessary to improve the procedure. 

Acknowledgements 

The authors thank the Portuguese Science Foundation, FCT, through IDMEC, under LAETA, project no. 

UID/EMS/50022/2013 and under the project UNIDEMI Pest-OE/EME/UI0667/2014. 

References 

[1]  Mas, P., Sas, P., Indirect force identification based on impedance matrix inversion: a study on 

statistical and deterministic accuracy, Proceedings of 19th ISMA, (1994), pp. 1049-1065. 

[2]  Dobson, B. J., Rider, E., A review of the indirect calculation of excitation forces from measured 

structural response data, J. of Mechanical Engineering Science , 204(2), (1990), pp. 69-75. 

[3]  Tao, J. S., Liu, G. R., Lam, K. Y., Excitation Force Identification of an Engine with Velocity Data at 

Mounting Points, J. of Sound and Vibration, 242(2), (2001), pp. 321-331. 

[4]  Uhl, T., The inverse identification problem and its technical application, Archive of Applied 

Mechanics, 77(5), (2007), pp. 325-337. 

[5]  McColl, C.,  Palmer,  D., Chierichetti, M., Bauchau, O., Ruzzene, M., Comprehensive UH-60 loads 

model validation, Proceedings of 66
th 

Annual Forum - American Helicopter Society, (2010), pp. 

1531-156. 

[6]  Vyas, N. S., Wicks, A. L., Reconstruction of turbine blade forces from response data, Mechanism 

and Machine Theory, 36, (2001), pp. 177-188. 

[7]  Lage, Y. E., Maia, N. M. M., Neves, M. M., Ribeiro, A.M.R., A Force Identification Approach for 

Multiple-Degree-of-Freedom Systems, Proceedings of IMAC-XXVIII, (2010), pp. 53-61. 

3910 PROCEEDINGS OF ISMA2018 AND USD2018



[8]  Ma, C. K., Ho, C. C., An inverse method for the estimation of input forces acting on non-linear 

structural systems, Journal of Sound and Vibration, 275, (2004), pp. 953-971. 

[9]  Choi, H. G., Thite, A. N., Thompson, D. J., A threshold for the use of Tikhnov regularization in 

inverse force determination, Applied Acoustics, 67, (2006),  pp. 700-719. 

[10] Thite, A. N., Thompson, D. J., The quantification of structure-borne transmission paths by inverse 

methods. Part1: improved singular value rejection methods, Journal of Sound and Vibration, 264, 

(2003), pp. 411-431. 

[11] Thite, A. N., Thompson, D. J., The quantification of structure-borne transmission paths by inverse 

methods. Part 2: use of regularization methods, Journal of Sound and Vibration, 264, (2003), pp. 

433-451. 

[12] Chang, C., Sachse, W., Analysis of elastic wave signals from an extended source in a plate," Journal 

of the Acoustical Society of America, 77(4), (1985), pp. 1335-1341. 

[13] Michaels, J. E., Pao, Y.-H., The inverse source problem for an oblique force on an elastic plate," 

Journal of the Acoustical Society of America, 77(6), (1985), pp. 2005–2011. 

[14]  D'Cruz, J., Crisp, J. D. C., Ryall, T. G., On the Identification of a harmonic force on a viscoelastic 

plate from response data, Journal of Applied Mechanics, 59, (1992), pp. 722-729. 

[15] Maia, N. M. M., Silva, J. M. M., Ribeiro, A. M. R., The transmissibility concept in multi-degree-of-

freedom systems, Mechanical Systems and Signal Processing, 15 (1), (2001),  pp.129-137. 

[16] Maia, N. M. M., Urgueira, A. P. V., Almeida, R. A. B., Whys and wherefores of transmissibility, in 

Vibration Analysis and Control - New Trends and Developments, Dr. Francisco Beltran-Barbajal, 

InTech, (2011), pp. 197-216. 

[17] Lage, Y. E., Maia, N. M. M., Neves, M. M., Ribeiro, A. M. R., Force identification using the concept 

displacement transmissibility, Journal of Sound and Vibration, 332(7), (2013), pp. 1674-1686. 

[18] Neves, M. M., Maia, N. M. M., Estimation of applied forces using the transmissibility concept, 

Proceedings of ISMA2010, (2010), pp. 3887-3897. 

[19] Maia, N. M. M., Lage, Y. E., Neves, M. M., Recent advances on force identification in structural 

dynamics, in Advances in Vibration Engineering and Structural Dynamics,  InTech, (2012), pp. 103-

132. 

[20] Lage, Y. E., Neves, M. M., Maia, N. M. M., Tcherniak, D., Force transmissibility versus 

displacement transmissibility, Journal of Sound and Vibration, 333(22), (2014), pp. 5708-5722. 

STRUCTURAL HEALTH MONITORING 3911



3912 PROCEEDINGS OF ISMA2018 AND USD2018



On the quality of identified parameters of prestressed con-
crete catenary poles in existence of uncertainty using ex-
perimental measurements and different optimization meth-
ods

F. Alkam 1, T. Lahmer 1

1 Bauhaus University Weimar, Institution of Structural Mechanics,
Marienstr. 15, DE-99423, Weimar, Germany
e-mail: feras.alkam@uni-weimar.de

Abstract
Prestressed concrete catenary poles are widely used in train systems. To trace the dynamic behavior of these
poles, we installed a structural monitoring system on three of them along one of the high-speed train tracks
in Germany. The efficient analysis of the recorded measurements by this system requires a well-known
data covering the entire properties of the given structure. In this paper, we inversely identify the material
properties of the poles using the deterministic and probabilistic approaches. In the deterministic approach,
the uncertainty of the identified parameters is quantified using a Markov Estimator. Bayesian inference is
utilized in the probabilistic approach for better estimation of the probability distribution of the parameters.
Both approaches successfully estimated the parameters’ mean values. The Bayesian method, even though
computationally more demanding, is more suitable for estimating the variances of the identified parameters
and the correlations between each pair of them.

1 Introduction

The catenary systems of the electric trains are suspended by structural members, called poles, installed at
equal-spaced distances along the train-track. They play a vital role in the entire train system as any damage
to one of these members leads to troubles in the functionality of the whole system.
These poles are mainly affected by a combination of several actions. Besides, the static actions, seasonal
ambient temperature and the wind effects; the train passing near the poles causes a transient excitation. Due
to this transient excitation, the poles vibrate frequently in a complex form. There are mainly three sources of
such transient vibrations: The vibrations transmitted from the waving of the catenary cables due to the inter-
action between them and the pantograph of the train; the vibration caused by the air pressure wave generated
by the train; and the vibrations that traveling through the foundation by cause of the interaction between the
train wheels and the sub-base of the track.
Each of the aforementioned sources of the transient excitation is separately well-studied by many researchers.
In the case of the train-induced ground vibrations, some research focus on the nature of the wave that trans-
mitted through the soil and how to use them to detect the train speed [12, 7]. Other research study the effect
of the train-induced vibrations on the adjacent building but not the poles that carry the catenary system. Ad-
ditionally, due to the collapse of some of the noise protection walls, Ampunant et. al investigates the effect
of the aerodynamic pressure loads on them when high-speed trains are passing by [1]. The interaction of the
train’s pantograph and the catenary cables are investigated for various types of the pantographs and different
train types and speeds. Some of these research replace the pole by fixed connection in the numerical model,
where others assume some stiffness by using elastic springs to simulate the connection [10, 17]. This is valid
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to study the behavior of the catenary as an isolated system without taking the actual interaction between it
and the poles. Pombo et. al provides a detailed model of the catenary system including the poles themselves.
However, they study the changes in the behavior of the catenary cables without addressing the effects on the
poles [15].
Right now, the poles have not received the adequate attention compared to their importance to the entire train
system. This means that further research and investigations are needed to detect the actual behavior of the
poles and their interaction with the catenary system and surrounding soil.
The high-strength prestressed concrete poles have been recently used in the catenary systems. They replace
the classical poles, i.e. the timber and steel ones, because they are more feasible and supposed to have a
longer service-life. Thousands of this type of the poles carry the catenary system of the new high-speed
train tracks and the electric transmission lines in Germany. Working with the prestressed concrete poles in-
creases the complexity of tracing the behavior of the poles along the high-speed train tracks. The properties
of the pole change visibly over time due to different effects i.e. the degradation of concrete because of the
shrinkage, creep, and low-cycle fatigue; and the increase in the prestressing losses. This, besides the high
importance of the poles to the whole catenary system, increases the necessity to trace the behavior of the
poles under various actions i.e. the static, environmental and dynamic actions; considering the long-term
changes in the material of the pole. In this aim, we installed a Structural Health Monitoring (SHM) system
on three poles along the high-speed train track.
Having the actual values of the material properties is necessary for the analysis and the validation processes
of the output of the monitoring system. In this case study, the only available information is the characteristic
properties that derived from the datasheet of the structure. Moreover, testing small specimens of the poles
is not available in our case, but we had the opportunity to test a full-scale structure. In this paper, we de-
scribe the parameter identification process as a first and essential step for detecting the behavior of the given
structures. We inversely identify the parameters of the poles using the available experimental measurements
and a numerical model considering the different sources of the uncertainty. The parameters are identified
using two different approaches: The deterministic approach by means of minimizing the least square errors
using nonlinear optimization algorithm; and the probabilistic approach using Bayesian inference. To assure
the quality of the identified parameters, we compared the convenience of the applied approaches. In the
deterministic approach, the covariance matrix is derived by applying the Markov estimator, but in the case
of the probabilistic approach, it is implicitly included in the Bayesian updating process.

2 Problem and Formulation

The parameter identification requires solving the inverse problem using the experimental measurements,
called observation, and the output of the numerical model considering the noise errors. We assume the
forward model [2, 3]

d = G(m) + ε , (1)

where d is the set of observations, d = {d1, d2, . . . , dn}T ; n is the number of observations; m is the vector
of model parameters, m = {m1,m2, . . . ,mk}T ; k is the number of parameters of the model m; ε is the
noise of measurements, ε = (ε1, · · · , εn). Different methods are available for solving the inverse problem.
In this paper, we choose two different approaches: The deterministic approach based on minimizing the least
square errors, and the probabilistic approach based on Bayesian inference.

When comparing the results of the selected approaches, we shall keep in mind that the probability has a
different interpretation in each approach. Markov estimator, as a frequentist approach, uses the confidence
intervals (CIs). For a selected confidence interval, let us say 95 %, this means that when repeating the
event many times, 95 % of the cases of the computed confidence interval will contain the true value of the
parameter. On the other hand, the Bayesian approach uses the credible region (CIs). It means that for the
observed data of the events, there is a 95 % probability that the true value of the parameter lies within the
credible region [18].
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2.1 Deterministic Approach

In this approach, we solve the inverse problems using the least squares concept by minimizing the resid-
uals between the model predictions and the observations to get the most probable solution. The residuals
are weighted by the variance of the observations σ2i for considering the effect of the uncertainties in the
measurements [11]

min
m

∥∥∥∥
G(m)− d

σi

∥∥∥∥
2

2

. (2)

The mean values of the parameters are identified by solving the Eq. 2 using the simplex algorithm according
to Nelder-Mead [16]. However, the covariance matrix of the parameters can be evaluated by the estimation
of the confidence intervals by linearization Ĝ

′
(m) of the nonlinear relation between the parameters and the

observation at the optimal point, or the so-called Markov Estimator [13]. The confidence of the parameters is
proportional to the entries on the main diagonal of the so-called information matrix M or sensitivity matrix,
then the higher the value of M , higher is the confidence.

M :=

n∑

i=1

Ĝ
′
(m)T W−1 Ĝ

′
(m) , (3)

where W is the covariance matrix of the observations. It can also be estimated by the inverse of the infor-
mation matrix M−1, and applying Cramér-Rao-Inequality the so-called variance-covariance matrix

C �
(

n∑

i=1

Ĝ
′
(m)T W−1 Ĝ

′
(m)

)−1
, (4)

then, the confidence intervals of the parameters are proportional to the diagonal entities Cii of the covariance
matrix C. Then, the probability that

| mexact
i −mcomputed

i | ≤
√
Ciiχ2

k(1− α), i = 1, · · · , k (5)

is larger than (1− α), where χ2
k(1− α) denotes the (1− α) of the χ2

k probability distribution. The smaller
the right-hand side of the Eq. 5 the more reliable the identified parameter can be assumed.

2.2 Bayesian Approach

The Bayesian approach considers all quantities as random variables and describes them as probability dis-
tributions. One of the advantages of using this approach is to identify the parameters in form of probability
distributions that reflect the uncertainty of the estimated parameters and concurrently, incorporates any avail-
able prior information of the considered problem [5, 11].
The Bayesian approach is based on Bayes’ rule which is the conditional probability of the model parameters
given the observations [8]

q(m|d) = f(d|m) · p(m)

p(d)
= c−1 · f(d|m) · p(m) , (6)

where p(m), f(d|m) and p(d) are the so-called Prior, Likelihood and Evidence, respectively. Supposing the
parameters in Eq. 6 are continuous

c = p(d) =
∫
f(d|m) · p(m)dm , (7)

c is a constant that normalizes the posterior distribution to have an integral of one in the model space. As a
result, the Eq. 6 can be written as a statement of proportionality [2]

q(m|d) ∝ f(d|m) · p(m) . (8)
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The prior distribution p(m) includes all the available information or the current knowledge about the pa-
rameters before incorporating the observations. Assuming the errors of the observation di are independent
and normally distributed with zero expected value and standard deviation σi, i.e. εi ∼ N(0, σi). Con-
sequently, the likelihood function f(d|m) for the complete data set follows the normal distribution i.e.
L(m|d) ∼ N(G(m), σ). For more efficiency of the Bayesian updating method, the process can be applied
consequently in j steps. The likelihood of each step of model updating becomes

Lj(mj |dj) =
1

∏nj

i=1 σ
j
i (
√
2π)nj

e
−∑nj

i=1

(G(m
j
i
)−dj

i
)2

2(σ
j
i
)2 , (9)

where dj = {dj1, dj2, · · · , djnj}T is the observations’ vector; mj = {mj
1,m

j
2, · · · ,mj

kj
}T is the vector of the

parameters; σj = {σj1, · · · , σjnj} is the standard deviation of the observations dj ; nj is the number of the
observations dj ; kj is the number of the parameters of the model mj ; j = 1, · · · ,K.

The posterior distribution q(m|d) can be estimated based on the sampling technique in terms of Markov
Chain Monte Carlo (MCMC) method [9, 14]. In this study, the Transitional Markov Chain Monte Carlo
(TMCMC) algorithm is implemented as it is a recommended tool in the case of complex conditions. It is
usually considered for solving the problems with high-dimensional PDFs, multi-modal PDFs, very peaked
PDFs, etc. Besides, it is suitable for parameters which are highly correlated [6].

3 Description of the Pole and Tests

3.1 Dimensions and Materials

The poles are made from high-strength prestressed concrete. They are made of 10 m height with tapered
hollow circular sections. The spinning method is used in the production resulting in a variation of the wall
thickness. The nominal material properties and geometry of the structure are extracted from the data sheet
provided by the manufacturer and summarized in Table 1.

Dimensions and Materials Nominal value
Dimensions
Length, L [m] 10
Outer diameter at bottom, dbot [mm] 400
Outer diameter at top, dtop [mm] 250
Wall thickness at bottom, tbot [mm] 62
Wall thickness at top, ttop [mm] 52

Materials
Concrete grade C80/95
Prestressing strands 7/16” St 1680/1880
Number of strands, n 10
Area of strand , APT [mm2] 70
Prestressing initial stress, σPT [MPa] 975

Table 1: The nominal properties of the poles.

3.2 Experimental Programme

A set of experimental tests was conducted at the Bauhaus-Universität Weimar within the DFG research
training group 1462. In the frame of this work, two types of experiments were selected. The first test is
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a vibration test from which the system identification is achieved. The second test is a 3-point bending test
which represents the linear and non-linear behavior of the structure.

3.2.1 Vibration Test

A pole was tested through a vibration test in free-free setup by hanging it in a horizontal position using
two ropes as shown in Figure 1. A set of twelve sensors were attached to the pole in order to measure the
acceleration in the horizontal and vertical directions. Two of the sensors were fixed to the top end of the pole
and considered as reference sensors where the rest were configured in two measurement setups to increase
the quantity and quality of the identified mode shapes and natural frequencies. Moreover, an appropriate
impact hammer was used for exciting the structure in three positions, horizontally and vertically for each,
and repeated for each sensor-setup. In the first sensor-setup, the sensors were attached with an in-between
distance of 2 m, then these sensors were moved 1 m to form the second measuring setup as shown in Figure 1.
The natural frequencies of the first fifth mode shape in the horizontal and vertical direction were calculated
using the Stochastic Subspace Identification method. The results of the vibration test are summarized in
Table 2.

 
 

2.125 m 

Reference sensors. 

2 1 2 1 2 1 2 1 2 1 R 

1.0 m 

R Sensors – setup 01. 1 Sensors – setup 02. 2 

2.366 m 

1.0 m 1.0 m 1.0 m 1.0 m 1.0 m 1.0 m 1.0 m 1.0 m 1.0 m 

Figure 1: Experimental setup (vibration test).

Mode shape 1 - h 1 - v 2 - h 2 - v 3 - h 3 - v 4 - h 4 - v 5 - h 5 - v
Natural frequency [Hz] 15.28 15.39 41.64 42.63 80.45 81.51 130.64 131.48 191.14 192.58

Table 2: The results of the vibration test in vertical (v) and horizontal (h) directions.

3.2.2 3-Point Bending Test

A displacement-based 3-point bending test was conducted to the same pole in a simply supported setup in
the horizontal position. The supports were located at 1.5 m from both ends, see Figure 2. The displacements
were applied in steps at the mid-span till the pole was crushed.

During the test, the deflection and load were recorded continuously at middle and quarters of the 7m span i.e.
at points P1, P2 and P3 shown in Figure 2. The load-displacement curve at point P1 is displayed in Figure 3.
The non-linear behavior of the pole can be clearly seen. The spun-cast concrete pole behaves linearly up to a
force of 25 kN, corresponding to a mid-displacement of 8 mm. Along with the cracking in the center region
of the concrete pole, the stiffness of the pole decreases, leading to higher deformations for load levels above
the linear range. The maximum load was 81 kN corresponding to deflection of 110 mm at the mid-span (i.e.
at point P1). This corresponds to the failure point of the pole, where the concrete at the most upper fiber at
mid-span failed under compression.
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1.5 m 1.5 m 7.0 m 

Piston displacement 

1.5 m 1.5 m 1.75 m 1.75 m 1.75 m 1.75 m 

* Displacements’ measuring devices. 

*  *  *  

P2 P1 P3 

Figure 2: Experimental setup (bending test).

Figure 3: Load-displacement curve at point P1.

4 Parameter Identification

The deterministic and Bayesian approaches are implemented to identify the parameters of the given structure.
The vector of parameters are build from five parameters m = {εPT , fcm, εc, Ec, fctm, ρc}T , where εPT is
the prestressing initial strain; fcm is the compression strength of the concrete; εc is the concrete strain at
maximum compressive stress; Ec is the concrete modulus of elasticity; fctm is the concrete tensile strength;
and ρc is the concrete density. The parameters are bounded during the identification process depending on the
available datasheet and the engineering prejudgment based on the values recommended by FIB Model Code
2010 [4] as shown in Table 3. For the selected case study, the measurements are considered as observations
di. Where, the observations d1 of the vibration test are formed from the first ten natural frequencies of the
structure. On the other hand, the load-deflection curves at mid-span and quarters of the span are considered
as the observations d2 of the bending test. Conversely, FEM models, corresponding to each experimental
test, are playing the role of models G(m).

For using the deterministic approach we assume the probability distribution of the identified parameters as a
normal distribution. The parameters are estimated to 95 % confidence level (α = 0.05). The results of this
approach are summarized in Table 4.

The histograms in Figure 4 shows the distributions of the identified parameters using Bayesian approach.
Additionally, the correlations between each pair of the parameters are shown in the scatter plots on the

3918 PROCEEDINGS OF ISMA2018 AND USD2018



Parameter Range
Prestressing initial strain, εPT [‰] 2.7 - 3.7
Concrete compressive strength, fcm [MPa] 80 - 120
Concrete strain at maximum compressive stress, εc [‰] 2.5 - 3.0
Concrete Modulus of Elasticity, Ec [GPa] 43 - 53
Concrete tensile strength, fctm [MPa] 4.0 - 6.0
Concrete density, ρc [g cm−3] 2.1 - 2.5

Table 3: The intervals of selected parameters.

Parameter εPT [‰] fcm [MPa] εc [‰] Ec [MPa] fctm [GPa] ρc [g cm
−3]

Mean value 3.16 105.08 2.70 48.19 5.07 2.27
Std. [ %] 2.82 1.19 0.60 3.05 0.25 2.04

Table 4: Summary of the identified parameters (deterministic approach).

same figure. The parameters Ec and ρc are well-correlated as shown in the sub-plots because of the natural
frequencies are proportional to the square root of the ratio between the stiffness and the mass. Moreover, a
negative correlation between fctm and εPT can be seen. This is also understandable from the engineering
point of view as increasing the prestressing stresses raises the load corresponding to the first crack and hence
decreases the inferred tensile strength of the concrete as a solution of the inverse problem. Supplementary,
to get an overview of the whole applied process, the mean values and the standard deviations are listed in
Table 5.

Figure 5 shows a comparison between the results of the applied approaches. A perfect match can be

Parameter εPT [‰] fcm [MPa] εc [‰] Ec [MPa] fctm [GPa] ρc [g cm
−3]

Mean value 3.16 105.12 2.70 48.38 5.00 2.33
Std. [ %] 2.82 2.03 3.83 1.63 3.25 2.17

Table 5: Summary of the identified parameters (Bayesian approach).

recognized in the mean values of the identified parameters except for the mean values of the concrete density
ρc and the concrete tensile strength fctm where a small bias of 3% and 2% respectively appeared. However,
the variance of the identified parameters differ considerably and has no specific trend, but in most the cases
the variances in Bayesian approach have higher values. Considering the complexity and the computation
efforts, we conclude that Markov estimator can be simply implemented to have, to a good accuracy compared
to Bayesian approach, the mean values and to some limits an indicator of the parameters’ uncertainty. The
Bayesian approach, in comparison, needs heavier efforts but it can precisely draw the probability distributions
of the identified parameters. Besides, Bayesian approach gives a good overview of the correlation between
the parameters, which leads to better understanding of the studied problem.
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Figure 4: Identified parameters (Bayesian approach).
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Figure 5: Identified parameters (Markov estimator vs. Bayesian).
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To validate the above-mentioned values, the mean values of the identified parameters by the Bayesian ap-
proach are used as input for the FEM models. However, the results of the FEM are compared with the
corresponding observations. In the case of the bending test, the results of the finite element are plotted
against the hysteresis loops of the force-deflection derived from the measurements. Figures 6 and 7 show
the agreement between the experimental measurements of the bending test, which were measured at the
mid-span and quarters, and the FEM using the identified parameters. Furthermore, the first five natural fre-
quencies in horizontal and vertical direction, according to the test setup, are derived from the FEM model
using the inferred parameters and listed in Table 6. These results show that the FEM model using the inferred
parameters conforms with the experimental observations of the vibration test to a high accuracy.
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Figure 6: Validation of the results - bending test at P1.
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Figure 7: Validation of the results - bending test at P2.

Mode shape 1 - h 1 - v 2 - h 2 - v 3 - h 3 - v 4 - h 4 - v 5 - h 5 - v
Natural frequency [Hz] 15.37 15.54 41.65 42.09 80.35 81.16 130.48 131.76 191.04 192.83
Tolerance [%] 0.60 1.00 0.00 1.30 0.10 0.40 0.10 0.20 0.10 0.10

Table 6: Validation of the results - vibration test.
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5 Conclusion

In this paper, we achieved the preliminary step for analyzing the measurements of the structural monitoring
system. This system is attached to the prestressed concrete catenary poles located along the high-speed
train track in Germany. Through this step, we identified the material properties of the poles to be utilized
later as priors in the assessment and validation steps of the SHM system. The identification process is
attained using deterministic and probabilistic approaches. In the first one, Markov Estimator is involved
to quantify the uncertainty of the identified parameters. Bayesian inference is implemented to identify the
parameters in the case of the probabilistic approach. In this approach, the uncertainty of the parameters can
be easily identified by calculating the statistical moments of the parameter’s distributions. Both approaches
identically estimated the mean values of the parameters. The Bayesian approach estimates the variances
of the identified parameters in a more effective and accurate manner. Moreover, it describes the correlation
between the different parameters, and then, we recommend to implement it when the parameters’ uncertainty
is the main subject of interest. In the future step, we are going to trace the changes in the mechanical behavior
of catenary poles on site using Signal Processing, Operational Modal Analysis method, and Model Updating.
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Abstract 
In this paper, a Structural Health Monitoring (SHM) procedure, based on the Continuous Wavelet 

Transform (CWT) applied on a pipe excited by a flow that carries a travelling load, is presented. The 

proposed procedure allows the early stage localization of damages along the structure. The basic idea is to 

take advantage of time-space relation given by a traveling load of which speed is known, because wavelet 

analysis may highlight the singularities of a signal related with the damage. The displacement of the pipe 

excited by the traveling load shows singularities when the load crosses the damages, because the elastic 

waves are reflected in correspondence of the structure discontinuity. An index, based on the analysis of the 

CWT coefficients, is defined to identify these singularities in time and the load velocity law allows finding 

their correspondent position. A numerical test is performed to validate the performance of the proposed 

technique.  

1 Introduction 

Pipelines are ever-present in industrial and civil structures, because they carry fluids and gasses in 

chemical or power plants, or more commonly in civil buildings. Collapse of this pipelines can provoke 

serious ecological pollution and economic losses. Monitoring of these structures is essential to optimize 

maintenance and repair in order to maximize performances and minimize losses. SHM is a process 

allowing preventing collapse and it consists of continuous recording and analysis of data. [1-6]. 

In this paper, the potentiality of a SHM approach based on CWT [7-9] is investigated. Wavelet transform 

of a signal allows isolating those instants where discontinuities exists. The displacement signal of a point 

of the pipe excited by the traveling load shows singularities when the load crosses discontinuities of the 

structure. They can depend on the designed shape or on the damages. In the first case, their positions are 

known, in the second one CWT allows localizing these damages. 

The coefficients of the Continuous Wavelet Transform (CWT) of the displacement are conveniently post-

processed and an index is obtained, allowing an automatic localization procedure. The considered 

displacements are calculated using the numerical model built considering eigenvalues and eigenvectors 

extracted from the Finite Element Model (FEM) of the damaged structure and it is polluted by a noise. 

The identification is performed considering three different damage extensions and five different positions 

on the pipe. Two analyses on this set of data are proposed: the first one allows establishing the minimum 

number of sensors for a correct damage localization, the second one provides the relationship between the 

position of the sensors and the damage location. 

2 Theoretical background 

In this section the background of the damage identification method based on CWT is discussed. 
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2.1 Wavelet analysis 

The Continuous Wavelet Transform of a one-dimensional signal f(t) is defined as follows[7-9]: 

 𝐶𝑠,𝜏 = 𝐶(𝑠, 𝜏) =  |𝑠|−𝑝  ∫ 𝑓(𝑡)�̅� (
𝑡−𝜏

𝑠
)  𝑑𝑡

+∞

−∞
  (1) 

where ψ(t) is the mother wavelet, the symbol �̅� denotes its complex conjugates and 𝐶𝑠,𝜏.is the wavelet 

coefficient. 

The mother wavelet has two properties: 

 ∫ 𝜓(𝑡)𝑑𝑡 = 0  ,
+∞

−∞ ∫ |𝜓(𝑡)|2 𝑑𝑡 <  ∞
+∞

−∞
   (2) 

It is used for generation of other functions: 

 𝜓𝑠,𝜏(𝑡) =  |𝑠|−𝑝 𝜓 (
𝑡−𝜏

𝑠
)  (3) 

The parameter τ and s localise the wavelet and define its width in time and frequency, respectively. It can 

be shown [9] that the modulus of the wavelet transform |𝐶𝑠,𝜏| is the cross correlation at lag τ between the 

signal f(t) and the wavelet function, so the higher |𝐶𝑠,𝜏|, the higher the correlation or similarity 

between the template function 𝜓𝑠,𝜏(𝑡), at that time and that scale, and the signal f(t).  

Wavelet analysis allows identifying instantaneous changes within the signal. In fact, signal singularities 

can be detected by finding the abscissa where the maxima of the wavelet transform modulus converge at 

fine scales [7]. 

2.2 Damage detection method 

The CWT analysis is a useful tool in a damage identification procedure. The reflection of the elastic waves 

in correspondence of the local structural variation, due to the presence of the damage, induces a 

perturbation in the structure response. The coefficient line exhibits a local extremum, especially in the 

scale range that is sensitive to the damage characteristic wavelength. Unfortunately, many other reasons 

can be at the origin of the presence of the coefficient lines peaks (e.g. end effects, boundary conditions, 

noise in the signal, etc.) and these are spurious peaks in this identification analysis. For this reason, a 

reliable and automatic procedure cannot be based only on a peak finder algorithm. 

The automatic procedure here presented consists indeed of two steps.  

First, a specific range of scales is selected, so that the CWT of the system response is restricted to this 

range. In correspondence of this scales band, the envelopes of the wavelet coefficient lines are calculated 

and the upper envelopes, 𝑠𝑒𝑢𝑝𝑖𝑗
, are averaged over the scales range. Let Ns be the number of the 

considered scales, Nt  the number of time samples, No the number of observation points, i the scale index, j 

the observation point index and n the time sample index. The average of the upper envelopes is computed 

by the following equation [10]: 

 𝐴𝑗(𝑡𝑛) =
1

𝑁𝑠
 ∑ 𝑠𝑒𝑢𝑝𝑖𝑗

(𝑡𝑛)𝑁𝑠
𝑖=1  (4) 

The use of the envelope limits the fluctuation of the coefficient lines around the zero (as shown in the 

second subplot of Fig. 3) and the average operation reduces the effects of the spurious peaks highlighting 

the presence of the damage. 

Then, since the distance between the position of the damage and of the observation point is affecting the 

accuracy of the identification process, an additional index J is introduced. It is defined as the average of 

𝐴𝑗(𝑡𝑛) over the considered observation points. Hence, J can be calculated as follows: 

 𝐽(𝑡𝑛) =
1

𝑁𝑜
∑ 𝐴𝑗(𝑡𝑛)𝑁𝑜

𝑗=1  (5) 
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Therefore, the time instant 𝑡∗, at which the load crosses the damage, is identified by the local maximum of 

J with the highest prominence, excluding the maxima given by the boundary effects. The corresponding 

damage position can be easily computed when the velocity is known.  

In order to evaluate the effect of the relative distance between the position of the damage and the 

observation point, it is analyzed the maximum value of the prominence of the index A for all considered 

observation points and several damage positions.  

3 Numerical model of the load and of the structure  

The considered test bed, shown in figure 1, is a steel pipe of radius 0.2 m, 5 m long and 0.01m thick, the 

pipe is clamped at both the extremity. The structure is excited by a load that runs over the length of the 

pipe with a speed of 1 m/s. 

   

Figure 1: Test bed: position of the damage 

As shown in figure 2, six observation points are chosen, uniformly distributed along the structure. 

 

Figure 2: Test bed: observation points position 

The damage is simulated by three different thickness reductions at five positions. The considered test 

cases are summarized in table 1.  

Test Damage location 
Thickness 

reduction 

5 m 

1.5 m 

2 m 

2.5 m 

3 m 

3.5 m 

5 m 

0.6 m 

1.4 m 

2.1 m 

2.9 m 
3.6 m 

4.4 m 

O1 O
2
 O

3
 O

4
 O

5
 O

6
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1 1.5 m 30 % 

2 1.5 m 20 % 

3 1.5 m 10 % 

4 2.0 m 30 % 

5 2.0 m 20 % 

6 2.0 m 10 % 

7 2.5 m 30 % 

8 2.5 m 20 % 

9 2.5 m 10 % 

10 3.0 m 30 % 

11 3.0 m 20 % 

12 3.0 m 10 % 

13 3.5 m 30 % 

14 3.5 m 20 % 

15 3.5 m 10 % 

Table 1: Test cases 

A FEM of the studied structure is created and employed to calculate Nm natural frequencies, n, and 

eigenvectors, n. The response, w(xo,t), at each measurement point is calculated by modal analysis. Modal 

coordinates are the result of the following set of independent equations [11-12]: 

 �̈�𝑛 + 2𝛿𝑛𝜔𝑛�̇�𝑛 + 𝜔𝑛
2𝑞𝑛 = 𝐹 ∫

𝜑𝑛(𝑥𝑜)

[𝑟0
2+(𝑥0−𝑈𝑡)2]

2 𝑑𝑥𝑜
𝐿

0
 (6) 

and the physical displacement is calculated by the following linear transformation: 

 𝑤(𝑥0, 𝑡) = ∑ 𝜑𝑛(𝑥𝑜)𝑞𝑛(𝑡)𝑁𝑚
𝑛=1  (7) 

The response computed by equation (7) is polluted by a random noise proportional to the 5% of the 

standard deviation of the signal. 

By ®MATLAB Wavelet Analyzer the CWT analysis of the response is carried out and the result is shown 

in figure 3.  

 

Figure 3: CWT Analysis of the response measured on O2 of the pipe damaged at 2 m  

The analysis is performed using the dmay basis function. The figure shows that only in correspondence of 

a reduced set of scales, i.e. from 200 to 1000, corresponding to the frequencies excited by the imposed 

load, the CWT highlights the presence of the damage (positioned at 2 m). 
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4 Results: discussion and validation 

The CWT analysis is performed for the 15 tests of table 1. As shown in figure 4, while in correspondence 

of the observation points close to the damage the CWT plot highlight the time instant at which the load 

crosses the damage, the analysis performed on the other observation points does not guarantee a clear 

identification of the damage position.  

 

Figure 4: CWT analysis of the responses of test 3 for the six considered observation points in 

correspondence of the selected frequency range. 

Figure 5 shows the indices A and J (equations (4) and (5)) for the considered test case. As expected the A 

index mitigates the effect of the spurious components, but it does not give good result in correspondence 

of the observation points O5 and O6 (see figure 2), where also a visual analysis of a human operator cannot 
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provide the damage position. Instead, the use of index J allows to identify correctly the damage position, 

in fact it can be noticed that also considering only the two observation points close to the boundary, whose 

signal is characterized by a lower energy content, it is possible to perform the identification. 

 

Figure 5: a) comparison of index A computed for each measurement point (test 3); b) index J (test 3) 

The results obtained for each considered test are shown if figure 6, where the red line highlight the local 

maximum of J that has the highest prominence. For all considered cases, J provides the correct position of 

the damage. 

In order to evaluate the effects of the relative position between the damage and the observation points it is 

analyzed the maximum value of the prominence of the index A computed for all considered observation 

points. 

Figure 7 shows the prominence value related to the distance between the observation points and the 

damage, for a damage amplitude of 10%. Since, the position of the damage and of the observation points 

are both symmetric, the trends of the first and the last graph and of the second and third one are quite 

similar, respectively. The prominence grows with the shift of the damage along the direction of the 

running load, a result in line with a previous work [6]. 

a) 

b) 
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Figure 6: J index computed for all considered tests of table 1. 
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Figure 7: Comparison of the prominence value related to the distance between the observation points and 

the damage 

5 Conclusions 

In this paper, a SHM procedure applied on a pipe charged by a flow is presented. An index 

obtained through the postprocessing of the CWT coefficients is here proposed, since the 

inspection of the CWT spectrogram does not guarantee a clear, robust and general localization of 

the damage. As shown, the proposed index is indeed able to highlight the instant in which the 

load cross the damaged section, and provides good results for all considered test cases (for 
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thickness reduction from 10% to 30% and different positions on the pipe length), also for a 

reduced number of measurement points, as low as 2.  

Unfortunately, the index does not allow quantifying the amplitude of the damage, as shown by 

the analysis developed for three different damage thickness, which is however a common 

problem of many SHM algorithms [2].  

The analysis of the prominence related to relative distance between the observation points and 

the damage points out that the proposed index is sensitive to this distance and highlights that the 

results are sensitive to the position of the damage, in respect to the travelling direction of the 

running load. The amplitude of the index grows indeed with the shift of the damage along the 

direction of the travelling load: the closer the damage to end of the beam, the larger the index.  
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Abstract 
Rolling Contact Fatigue (RCF) tests are a common effective method to study the behavior of wheel- and 

rail-steels. The measurements usually performed are discrete and destructive: they can only be performed 

at each intermediate stop of a test and they result in the alteration or destruction of the examined 

specimens. This work aims to assess the damage level steel samples during RCF tests, making continuous, 

non-destructive, and contactless measurements. A machine-learning technique based on vibration and 

torque measurements, together with 2D image was applied to RCF-dry tests carried out on different 

railway wheel steels tested according to the same operating parameters. 

The proposed algorithm was able to quantitatively estimate the damage level of the samples by calculating 

the current data distance from specific references, e.g. a defined final damaged state. The used approach 

ensures a good degree of reliability both in terms of specificity and sensitivity 

1 Introduction 

At least 10% of the 2000 train accidents recorded in the EU per year are likely caused by problems related 

to the rolling contact fatigue (RCF) phenomenon [1]. Victims, investigations, maintenance and 

replacement are just a few of the high costs involved. These, as well as the need of faster and more reliable 

railway material, constitute a strong push towards a better characterization of the materials used, and a 

more detailed study of the evolution of the damage mechanism.  

The damage assessment in railway application is, in fact, still an open question. Many parameters affect 

the assessment in a wheel/rail contact: materials, load history, climatic condition, and sliding ratio. 

Different damage mechanism can also occur along with wear and rolling contact fatigue, the two principal 

players [2,3] that can interact and influence each other, even in competition.  

The aim of this study is to add new tools and technologies to study wear and fatigue damages due to 

wheel-rail contact. One of the most common test that can be performed to characterize the wheel and rail 

steel material involves a twin-disk test bench, where specimens are used to simulate the real operating 

conditions of wheels and rails, with controlled operating conditions: rotation speed, slip ratio and load [3]. 

More and less accurate modelling of the damage can be found in the literature: some studies have focused 

on the mechanical and metallurgical characterization of different steels for wheels and rails, to identify the 

types of damage phenomena involved; while other researches focused on the development of analytical 

models. 

A typical test procedure [16] using this test bench is to stop the machine at predefined cycles numbers, 

remove the samples, clean them, and perform some non-destructive tests, such weighing, magnetic 

measurement and image analysis; then resume the test. Destructive measurements can be taken only at the 

3935



end of the test, to identify the damage that let to failure, if any, and measure the cracks, where present. The 

need to stop the test to perform assessments and the impossibility of repeating a test after a destructive 

measurement is the main limitation to the study of damage evolution, since staircase approaches are time 

and resources consuming. Moreover, the interruption of the test, dismounting and mounting of the 

specimen could lead to different damage evolution, introducing relaxation phases. 

The objective of the proposed study is to quantitatively estimate the damage status of the specimens using 

a continuous non-contact measurement system. This activity is based on the use of k-means clustering, a 

non-supervised Machine Learning technique, fed with vibration and torque measurement data, suitably 

pre-processed. Similar techniques have already been used to identify possible variations in the frequency 

responses of a particular mechanical model of the samples [23], but that approach required extensive post-

processing of all tests data and operator-based manual tuning, while the proposed method is fully 

automated. 

In the present work, k-means clustering method is implemented by combining three in different signals in 

time (two vibrations and one torque) in wheel-rail contact on RCF tests carried out by using a twin-disk 

bench. With the extraction of statistical and spectral features and a PCA analysis to reduce the number of 

features, K-means is applied to determine the damage in time on wheel specimens. The damage 

assessment is obtained with the clustering of the three signals. The novelty of the propose work is that 

there is a constant evaluation of damage in time with the possibility to have a characterization of materials 

in railway application with the use of an on-line method. In literature, there is only the determination of a 

fault condition with machine learning techniques. To have a confirm of the robustness of this method, a 

correlation with a Rb index, calculated from a binarization of images taken from a speed camera installed 

on twin-disk bench, it was given. 

2 State of the art 

Machine learning techniques have a wide use in many research field and they are used in signal vibrations 

in order to diagnose the health condition of rotary machines. The literature reports many works, in which 

several machine-learning techniques are used to classify different faults. Bearings of rotary machines are 

the most commonly studied parts, with research focused on detecting different defects. A lot of works in 

literature report Convolutional Neural Network (CNN) as a valid technique to extrapolate discriminative 

features to detect fault condition of beating parts [4-9]. Other works display a comparison with different 

machine learning methods (ANN, SVM, SOM, fuzzy method, Gaussian Process Regression), or using 

different machine learning languages with different features extractor algorithm to find higher accuracy in 

detection of fault conditions [10-13]. For example, Elfojani [14] correlates AE features with 

corresponding natural wear of slow speed bearing thought a series of laboratory experiments by using 

neural network model and Gaussian Process Regression. In [15], it was proposed a deep-hybrid model 

composed of the Convolutional Neural Network (CNN) and stacked denoising-autoencoder for 

unsupervised features learning and classification on multi-channel vibrations data. This deep hybrid model 

allows to obtain higher accuracy than single CNN. All these machine-learning techniques are used to 

handle big amounts of raw data and to detect fault conditions of rotary machines. 

K-means algorithm is a simple machine learning technique that allows diagnostics of rotary machine 

through clustering. K-means is normally used when the number of data is not excessive. With the 

combination of an algorithm to reduce the number of features, there is the possibility to have a data 

clustering to find fault status in rotary machine. Several works in literature reports the use of k-means as 

an algorithm to detect abnormal or normal function of bearing elements in rotary machine [17-21]. In [22], 

k-means algorithm is used with a combination of vibration signal and thermal images features, to extract 

shape features using image segmentation. 

To our current knowledge only few studies have been focused on quantifying the damage evolution, an 

improvement of the fault detection, especially without stopping the test. 
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3 Materials and Methods 

3.1 Materials 

Six different sets of railway-wheel samples supplied by Lucchini RS were analysed to verify and establish 

the robustness of the method. All these specimens, obtained directly from the real components, were tested 

on the twin-disk bench of the University of Brescia. The tests have the same duration in time with a 

number of cycles that corresponds to 130000 cycles. The tests ranging from 1 to 5 were performed with a 

periodically stop of the machine where the samples were dismounted, ultrasonically cleaned and weighted 

to evaluate their weight loss in time. The twin-disk bench was stopped at 10000, 20000, 50000 and 70000 

cycles. Test 6 was performed without interruption. The test conditions, reported in Table 1, were the same 

for all the tests carried out and the considered specimens were reported in Table 2. 

 

Specimens 

Diameter 

[mm] 

Specimens 

thickness 

[mm] 

Specimens 

Speed 

[r.p.m.] 

Contact 

Pressure 

[MPa] 

Sliding 

Ratio 

[%] 

Applied 

Load 

[N] 

Lubrication 

60 15 500 1100 1 7557 Air 

Table 1: Operative conditions of the tests. 

Test Number Rail-Specimen material Wheel-specimen material 

1 350HT ER 8 

2 350HT ER 8 

3 350HT SANDLOS® S 

4 350HT SANDLOS® S 

5 350HT CLASS C 

6 350HT SANDLOS® H 

Table 2: Considered Specimens. 

The steel for the wheel specimens is different for every couple of the considered samples, while the steel 

for rail specimens is the same for all the tests. The steel considered for the rail specimens was 350HT 

EN13674-1 and it was a material typically used for rail applications. Three steels were considered for the 

wheel specimens and respectively are:  

• ER8 EN13262 

• SANDLOS® S, that is a modified AAR CLASS C 

• CLASS C (AAR M107/M208 2004) 

• SANDLOS® H, that is a modified AAR CLASS D.  

The Principal steels properties are summarized in Table 3.  

 

STEEL  350HT ER8  SANDLOS® S  CLASS C  SANDLOS® H  

Rupture Stress [MPa] ≥1175 940 1180 1120 1270 

Yield Stress [MPa]   590 750 715 800 

Elongation [%] ≥9 17 12 12 11 

Brinell Hardness [HB] 345 203-255 347 355 354 

Table 3: Principal properties of the steels considered. 
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3.2 Instrumentation 

Figure 1 shows a schematic drawing of the twin-disk bench used in this work. The test bench was 

designed and developed internally and is deeply described in [16]: the specimens are positioned onto 

independent shafts, one of which can be displaced orthogonally to the shaft axis by a hydraulic cylinder 

that applies the imposed contact load. The rolling speed of the shafts is measured by encoders, and a load 

cell located at the piston head measures the contact load between specimens. The bench is equipped with a 

torque sensor with a full scale of 200 Nm positioned on the displaceable shaft, which can continuously 

acquire torque values at a synchronous sampling frequency of 5kHz. Piezo-accelerometers with a 

bandwidth of 26 kHz are fixed near each mandrel support, on the machine frame.  

 

Figure 1: Schematic of the test bench 

In addition to the signals of the torque and vibration, the twin-disc bench is equipped with a vision-based 

measurement system able to acquire frame with a high speed for the duration of all the test. The optical 

apparatus is based on the use of a speed camera (PROMON 501, AOS Technologies AG), and a system, 

composed with a defocused laser source and two laser stripes, for the illumination of the interested region 

(ROI). A detailed description of the optical apparatus for 2D and 3D surface analysis is given in [24]. The 

images are acquired at a frequency of 377 fps with an exposure time of 40 µs. In this way, there is the 

possibility to have three different ROI typologies: with the first one, there is the possibility to measure the 

3D profile of the light stripe in axial direction of the specimen; with the second one can be measure the 

profile length of light that correspond at the encoder used for the angular position of the specimen, and the 

third ROI is used for the 2D elaboration of the surface. 

3.3  Data processing 

Data acquired from the two piezo-accelerometers and the torque sensor, are recorded in packets of 0.2 s 

having one thousand samples per channel. The next step in the preparation of the data is the features 

extraction: for the three sampled signals (two vibration and one torque), statistic-based and spectral-based 

features were extracted every 0.2 sec. This step is necessary to reduce the amount of data, from 3000 

samples to 57 features.  

The statistic-based features extracted from the three signals are: mean, standard deviation, variance, RMS, 

and quartiles. The spectral features are the centroid of the Power Spectrum Density and its quartiles. The 

signals where further combined to compute the maximum value of the cross-correlation and its associated 

time delay, the centroid of the Frequency Response Function and its frequency quartiles.  
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Some extracted features are redundant and were automatically removed by looking at the R2 value: for 

each couple of features, the coefficient of determination was computed and the set of feature with the 

lower overall determination was chosen. After this second cleaning, the number of features was reduced to 

44.  

As a subsequent step, the features have been normalized with a z-score method, to compare different 

features with different units of measurements: subtracting the average of its value, and dividing it by its 

standard deviation.  

To have a further reduction of the computation of the algorithm, a Principal Component Analysis, PCA, 

was employed. This analysis was chosen to allow a reduction of the dimensional data with the 

transformation of n possible variables in fewer q variables linearly correlated to the initial ones. The 

criterion adopted for the PCs was to consider the first PCs that are able to describe at least 90% of the 

variance explained. The result of this analysis is a matrix of the original data projected in the space of the 

PC’s principal components chosen. In conclusion, the dataset described in the PCs space is ready to be 

processed by the K-means algorithm. 

After the reduction, the z-score normalization and the PCA analysis, the dataset is imported in the k-means 

clustering algorithm. It is important to specify that the mean and standard deviation values used for the 

normalization derives from the considered test, so the dataset is normalized in relation to the features of 

the actual test. When the algorithm reaches the convergence, the outputs are different.  

To translate the classification information provided by the k-means approach into a quantitative 

measurement, a probabilistic approach has been chosen. Following this approach the distance between the 

point (in n-space) identified by the PCs as coordinates X, associated with the current condition, and each 

cluster centres Ci detected by the algorithm, is used as an indication of similarity between the two states. 

The membership probability Pi is computed directly as the reciprocal value of the square of this distance, 

later normalized to guarantee that Σ(Pi)=1. An example of result can be seen in Figure 2. It is clearly 

visible how we can clearly detect the phases in which the test bench was offline (in red), and that the 

system gradually changes from a state similar to the one found at the beginning (“pristine”) and the one 

found at the end of the test (“damaged”). 

 

Figure 2: Example of Membership probability chart, for test number 1. In red the probability of belonging 

to the “test offline” cluster, in green the probability of belonging to the same cluster of the first cycles, and 

in blue the membership probability of belonging to the condition found at the end of the test. 
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The images acquired with the high-speed camera are analysed using different ROI. One of the ROI is used 

to perform a blob analysis to count small craters that form on the surface of the specimen during the test, 

likely due to fatigue and wear phenomena. The acquired images are elaborated with a binarization of the 

images to have images clearer and, after this elaboration, it can be calculated synthetic indices to evaluate 

the trend of these blob. 
The most relevant index that is possible to correlate to the k-means probability graph is the Rb% calculated 

with this formulation:  

Rb% =
∑ Abi
n
i=1

AROI
× 100 

where n is the number of blob found in the considered ROI, AROI is the total area of the interested region 

and the numerator is the sum of the n Area blob found in the ROI. This index is calculated for every 

frames acquired during the test and then, it is averaged at defined number of cycles in order to find an 

averaged index. This averaged Rb% represents the evolution of the damage ratio expressed as fraction. 

Figure 3 shows an example of how the surface image was analyzed and the Rb coefficient computed.  

 

 

Figure 3: Example of images analysis of the specimen sample, at the beginning of the test (top) and at 

130k cycles (bottom). On the left column a photo of the specimen, in the central column the particle 

analysis and in the right column the ROI zoomed in. 

4 Results 

4.1 Vibration analysis validation 

As can be seen in Figure 2, the change between the pristine and damaged state of the specimen happens at 

a specific point in time, which could be associated with a change in the damage phenomena. The change is 

gradual, allowing to propose a quantitative evaluation of the phenomena progression. To demonstrate that 

the developed method is reliable during the clustering elaboration, a K-fold cross-validation was used. The 

datasets of two tests were divided in five parts and each part was used as ground-truth to validate the other 

parts. The fold used as groundtruth is the part used for the training and the other parts are used for the 

validation. The results of this cross-validation are positive, with values of sensitivity, specificity and 

accuracy in a range of 98% - 100%.  

To demonstrate that the developed method is robust and not subjected to overfitting, an exhaustive cross-

validation was used, taking into account all the tests under examination. In this cross-validation each test 

was used validated against each other, using as ground-truth the dataset used to train the system, obtaining 

the results shown in Table 4. The reliability of the algorithm in classifying states based on extracted 

features is good, in terms of sensitivity (min.19% - max.100%), specificity (min.25% – max.99%) and 

accuracy (min.59% – max.98%). 
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Status Pristine / undamaged Bench halted Damaged 

Specimen 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 

Sensitivity [%] 19 55 25 53 61 79 36 72 97 69 85 54 100 99 90 98 85 95 

Specificity [%] 99 98 98 96 87 93 99 99 94 99 98 98 25 62 49 62 65 83 

Accuracy [%] 64 83 85 80 76 86 92 97 94 94 98 97 59 83 79 80 76 88 

Table 4: Exhaustive cross-validation results. 

4.2 Comparison with image data 

Out of the six trials, three where chosen and image data was also analysed, to get confirmation that the 

vibration-based machine-learning assessment was able to detect a phenomena whose effects could also be 

visible using an high speed camera focusing on the specimen. 

The Rb coefficient was computed for every image available and plotted against the number of cycles. The 

membership probability was assigned a 63% level (using 1 sigma approximation) to be used as a 

threshold, and the data representing the machine stops was remove. 

Figure 4, 5 and 6 respectively present the test number 5, 2 and 4. Except for test 2, where the variation in 

slope of the image-based index is less clear, the other charts clearly show a good superimposition between 

the change in state in the vibration state, and the change in the Rb image-based index. 
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Figure 4: K-means clustering results for test number 5 (top) with blue indicating membership of the 

“pristine state” cluster, green the “damaged” cluster and red (removed here) the bench stops due to 

maintenance. Rb index for the same test (bottom).  
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Figure 5: K-means clustering results for test number 2 (top) with blue indicating membership of the 

“pristine state” cluster, green the “damaged” cluster and red (removed here) the bench stops due to 

maintenance. Rb index for the same test (bottom).  
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Figure 6: K-means clustering results for test number 4 (top) with blue indicating membership of the 

“pristine state” cluster, green the “damaged” cluster and red (removed here) the bench stops due to 

maintenance. Rb index for the same test (bottom).  

5 Discussion 

The vibration-based clustering method presented is consistent in terms of results, and portable between 

different material conditions, as the correlation validation pointed out. More tests are needed to understand 

if the image-based index will corroborate the results obtained. A proper validation could be achieved only 

by performing destructive tests at given intervals, but such solution will take time. For this reason a 

comparison between different continuous and non-destructive solutions could be sought. 
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This method, could lead to the ability to carry out a quick analysis of how the single test is performing in 

real time, which in turn will provide the ability to automatically detect the test bench working conditions, 

and to detect abnormalities, asymmetries or data structures that a traditional test could miss. 

6 Conclusion 

The method proposed is simple to implement and could greatly decrease the costs of fatigue 

characterization in wheel and rail steel. The membership probability obtained, if validated by further 

study, could prove to be a metric of interest to understand what damage phenomena is occurring and 

when. The ability to detect the change between different states will also open up the possibility of 

designing tests to be stopped at a particular state change, driven by the machine-learning information, to 

allow for destructive tests at a specific progression stage of the damage phenomena. 

This work lays the ground for a more detailed study on the application of machine learning techniques in 

material characterization tests. The correlation of the presented results with traditional damage progression 

assessment (wear, cracks etc..) is not yet fully proven, although validation tests are currently under 

evaluation and preliminary results are positive. 

 

Acknowledgements 

Authors would like to thank Mr. Coffetti and Mr. Bonometti for their help in the experimental setup. 

Thanks also should be extended to Ing. Bini Chiesa for his support during the development of the 

algorithm.  

References 

[1] Eurostat, 2018, Annual number of accidents by type of accident 

[2] A. Ekberg, E. Kabo, Fatigue of railway wheels and rails under rolling contact, Wear 258 (2005) 1288–

1300. 

[3] Bharat Bhushan (Ed.), Modern Tribology Handbook Vol. II, CRC Press, Boca Raton, Florida, USA, 

2001, pp. 1271–1326. 

[4] Kankar, P. K., Sharma, S. C., & Harsha, S. P. (2011). Rolling element bearing fault diagnosis using 

wavelet transform. Neurocomputing, 74(10), 1638–1645.  

[5] Elforjani, M. (2018). Diagnosis and prognosis of slow speed bearing behavior under grease starvation 

condition. Structural Health Monitoring, 17(3), 532–548.  

[6] Janssens, O., Slavkovikj, V., Vervisch, B., Stockman, K., Loccufier, M., Verstockt, S., … Van 

Hoecke, S. (2016). Convolutional Neural Network Based Fault Detection for Rotating Machinery. Journal 

of Sound and Vibration, 377, 331–345.  

[7] Hayashi, S., Asakura, T., & Zhang, S. Z. S. (2002). Study of machine fault diagnosis system using 

neural networks. Proceedings of the 2002 International Joint Conference on Neural Networks. IJCNN’02 

(Cat. No.02CH37290), 1, 956–961.  

[8] Kankar, P. K., Sharma, S. C., & Harsha, S. P. (2011). Fault diagnosis of ball bearings using machine 

learning methods. Expert Systems with Applications, 38(3), 1876–1886.  

[9] Prieto, M. D., Cirrincione, G., Espinosa, A. G., Ortega, J. A., & Henao, H. (2013). Bearing fault 

detection by a novel condition-monitoring scheme based on statistical-time features and neural networks. 

IEEE Transactions on Industrial Electronics, 60(8), 3398–3407.  

STRUCTURAL HEALTH MONITORING 3945



[10] Kankar, P. K., Sharma, S. C., & Harsha, S. P. (2011). Fault diagnosis of ball bearings using 

continuous wavelet transform. Applied Soft Computing Journal, 11(2), 2300–2312.  

[11] Wong, P. K., Yang, Z., Vong, C. M., & Zhong, J. (2014). Real-time fault diagnosis for gas turbine 

generator systems using extreme learning machine. Neurocomputing, 128, 249–257.  

[12] Yu, X., Dong, F., Ding, E., Wu, S., & Fan, C. (2017). Rolling Bearing Fault Diagnosis Using 

Modified LFDA and EMD with Sensitive Feature Selection. IEEE Access, PP(99), 1.  

[13] Xie, J. P., Yang, Y., Li, T. R., & Jin, W. D. (2014). Learning Features from High Speed Train 

Vibration Signals with Deep Belief Networks. Proceedings of the 2014 International Joint Conference on 

Neural Networks (Ijcnn), (2012), 2205–2210.  

[14] Elforjani, M., & Shanbr, S. (2017). Prognosis of Bearing Acoustic Emission Signals Using 

Supervised Machine Learning. IEEE Transactions on Industrial Electronics, PP(99), 1.  

[15] Shaheryar, A., Yin, X.-C., & Ramay, W. Y. (2017). Robust Feature Extraction on Vibration Data 

under Deep-Learning Framework: An Application for Fault Identification in Rotary Machines. 

International Journal of Computer Applications, 167(4), 975–8887.  

[16] G. Donzella, M. Faccoli, A. Mazzù, C. Petrogalli, R. Roberti (2011) Progressive damage assessment 

in the near-surface layer of railway wheel–rail couple under cyclic contact Wear, 271 (1–2), pp. 408-416 

[17] Danner, C., Gov, K., & Xu, S. (n.d.). Condition Monitoring Using Accelerometer Readings. 

Cs229.Stanford.Edu.  

[18] Amruthnath, N., & Gupta, T. (2018). Fault Class Prediction in Unsupervised Learning using Model-

Based Clustering Approach. 2018 International Conference on Information and Computer Technologies 

(ICICT), 5–12.  

[19] Jia, F., Lei, Y. G., Xing, S. B., & Lin, J. (2016). A Method of Automatic Feature Extraction from 

Massive Vibration Signals of Machines. 2016 Ieee International Instrumentation and Measurement 

Technology Conference Proceedings, 714–719.  

[20] Mai, C., & Engineering, I. (2016). A Comparative Investigation of the Robustness of Unsupervised 

Clustering Techniques for Rotating Machine Fault Diagnosis with Poorly-Separated Data, 165–172. 

[21] Bouguerne, A. (2015). K- Means Clustering Based on Vibration Signal for Classification Induction 

Machine Faults, (2), 1–5. 

[22] Hidayat, A. Y., Widodo, A., & Dwi Haryadi, G. (2018). Fault Diagnostic System Bearing Centrifugal 

Pump Using K-Means Method for Thermography Image and Signal Analysis Vibrations. MATEC Web of 

Conferences, 159.  

[23] A. Mazzù et al. (2015) An experimental procedure for surface damage assessment in railway wheel 

and rail steels. Wear 342-343 p 22–32 

[24] I. Bodini et al. (2018) Evaluation of wear in rolling contact tests by means of 2D image analysis Wear 

400-401 p 156-168 

3946 PROCEEDINGS OF ISMA2018 AND USD2018



Model-based optimization of axisymmetric wave motion in
buried plastic water distribution pipes

O. Scussel 1, M. J. Brennan 1, J. M. Muggleton 2, F. C. L. de Almeida 3, A. T. Paschoalini 1

1 Unesp − São Paulo State University, Department of Mechanical Engineering,
15385-000, Ilha Solteira, São Paulo, Brasil.
e-mail: oscar.scussel@gmail.com

2 University of Southampton, Institute of Sound and Vibration,
Highfield, SO17 1BJ, Southampton, UK.

3 Unesp − São Paulo State University, Department of Biosystems Engineering,
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Abstract
This paper describes a model-based technique to determine the bulk and shear modulus of the soil from
measured leak noise data, assuming that the pipe properties are known. Two water pipe systems which have
different soil properties are considered: one is in the UK and the other one is in Brazil. The UK pipe system
has sandy soil, where both compressional and shear wave propagate away from the pipe. The Brazilian
pipe system has clay-like soil and only shear wave propagates away from the pipe. The results, based on
optimising the soil properties to give a best fit for the leak noise speed and its attenuation, give soil properties
that fall within the expected range for the different locations. These results are helpful in determining the
fundamental limitations of acoustic correlators in various situations.

1 Introduction

Detection and location of leaks in buried pipelines are topics of great concern for water companies due to
the wastage of drinking water in their distribution systems. Approximately 40% up to 50% of water is lost
globally in developing countries mostly due to water leakage [1, 2], which in some extreme cases it may
exceed 70% of the potable water supply resulting in social, economic and environmental effects.

If a leak occurs, the noise it generates will propagate along the pipe in the form of an acoustic wave, which
is the axisymmetric (n = 0) fluid-borne wave (s = 1) [3]. The physical behaviour of this wave has been
studied extensively because of its role in the detection of leaks in buried fluid-filled water distribution pipes.
This fluid-dominated wave is strongly coupled to the pipe-wall, meaning that most of the energy is dissipated
along the pipe-wall as well as into the surrounding soil where the pipe is buried.

A pipeline has many joints, and monitoring its integrity is crucial. Among several strategies and technologies
for finding leaks, the acoustic correlation technique has been widely used to provide an accurate estimate of
the position of a leak in order to reduce the wastage of water [4]. However, this technique depends on an
accurate estimate of the wave propagation speed along the pipe, which is heavily dependent on the type of
soil in which the pipe is buried. The soil also affects drastically the distance that leak noise will propagate
along the pipe [3, 5, 6, 7, 8].

Muggleton et al. [3] validated experimentally the analytical model of the fluid-borne wave (s = 1) by taking
into account the presence of soil. In this work, the soil was treated as a fluid supporting two different waves,
each of which exerted normal dynamic pressure on the pipe wall. Although the shear coupling of the pipe
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to the surrounding soil was not properly accounted for, the theoretical results and measurements for wave
speed showed good agreement at low frequencies. At higher frequencies, however, the results matched the
in-air case better than the buried pipe predictions due to possible uncertainties in the soil properties or even
effects of the ground surface (which was not considered in the theoretical modelling). In summary, the
soil was not modelled effectively, since it was treated as a fluid supporting elastic waves. These properties
were considered in subsequent work by Muggleton and Yan [5]. However, the authors derived analytical
expressions for the s = 1 wave through an incomplete model (pipe-soil interface under slip contact) in
which the soil is connected to the pipe in the radial direction, but not connected in the axial direction. In
effect, there is a lubricated contact between the pipe and the surrounding soil in such formulation. Later,
Gao et al. [6] proposed a more complete model (pipe-soil interface under no-slip contact) in which the pipe
connected to the soil both radially and axially. The authors carried out their investigation by an analytical
method in which the effect of the soil loading on the pipe response is characterized by the soil loading matrix.
Two years later, Brennan et al. [8] reformulated the model proposed by Muggleton and Yan [5] in which
the analytical model is formulated in terms of dynamic stiffness of the fluid, pipe and soil. The investigation
involved analytical modelling, numerical modelling, and experimental work on two very different test rigs,
one in the UK and one in Brazil. The authors demonstrated that the dynamic stiffness approach facilitates
physical insight into the effects of soil parameters on the leak noise propagation.

However, the works discussed hitherto did not propose a methodology for the choice of the soil parameters
necessary in the prediction of wavenumber, wave attenuation and wave speed. Motivated by this, the present
paper has two clear aims:

• To provide a methodology for the selection of soil parameters based on an optimization procedure by
minimizing a cost function that calculates the difference between the measured wavenumber with the
one predicted by an analytical model, either under slip contact or no-slip contact.

• To propose an alternative model for the s = 1 wave, based on the analytical expressions proposed
by Gao et al. [6], but written in terms of dynamic stiffness in order to aid a physical insight into the
features extracted from the model.

The paper is organized as follows. Section 2 presents two analytical models for wavenumber prediction. It
is first assumed that the pipe-soil interface is under compact contact. Second, it is assumed that there is a
lubricated contact, in which there is no axial connection between the pipe and the soil. Section 3 presents
the optimization algorithm adopted. Following this, the models are validated in two different experimental
test rigs in section 4. Finally, some conclusions are given in section 5.

2 Analytical models for wavenumber prediction

This section presents two analytical models for the prediction of axisymmetric waves in buried fluid-filled
plastic pipe under different coupling conditions. At low frequencies, below the pipe ring frequency, the
axisymmetric (n = 0) fluid-dominated (s = 1) wavenumber in a fluid-filled pipe surrounded by an elastic
medium given by the no-slip coupling, where the pipe-soil interface is assumed to be under compact contact,
and the slip coupling, where the pipe-soil interface is assumed to be under lubricated contact, were inves-
tigated recently by Muggleton and Yan [5]; Gao et al. [6, 7]. In order to aid physical insight, they can be
rewritten in terms of dynamic stiffnesses as follows

k = kwater

(
1 +

Kwater

Kpipe +Ksoil

) 1
2

(1)

where kwater = ω(ρwater/Bwater)
1
2 is the free-field wavenumber of water, which is a function of the density

ρwater the corresponding bulk modulus Bwater and the angular frequency ω. The term Kwater = 2Bwater/a
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is the stiffness of the water and

Kpipe =
K

(stiff)
pipe

(1− ν2
p)

+K
(inertia)
pipe =

E∗ph

a2(1− ν2
p)
− ω2ρph (2)

is the stiffness of the pipe-wall where a is the mean radius, h is the thickness, ρp, E∗p = Ep(1 + jηp) and νp
are the density, Young’s modulus and Poisson’s ratio of the pipe, respectively. The term ηp is the loss factor
of the pipe.

The term K
(stiff)
pipe denotes the stiffness component of pipe-wall and K

(inertia)
pipe corresponds to the inertial

component. Additionally, the term Ksoil in Eq. (1) denotes the stiffness of the surrounding soil. Note that
the soil properties affect drastically the propagation characteristics of the fluid-borne s = 1 wave travelling
on the pipe since part of its energy propagates into the soil. Thus, two different boundary conditions at the
pipe-soil interface are considered: one that assumes the pipe-soil interaction under lubricated contact (slip
coupling) where there is no frictional stress applied on the axial direction, and the other one that assumes
the pipe-soil interaction under compact contact (no-slip coupling) with propagation on both axial and radial
directions.

The soil dynamic stiffness for the slip coupling condition can be written as a combination of three compo-
nents, so the term Ksoil in Eq. (1) becomes [8]

Kslip
soil = K1 +K2 +K3 (3)

in which

K1 =

(
B∗s −

2G∗s
3

)
k2
d

krd

(
1− 2

k2

k2
r

)
H0 (k

r
da)

H ′0
(
krda
) (4)

K2 = −2G∗skrd
(
1− 2

k2

k2
r

)
H ′1 (k

r
da)

H1

(
krda
) (5)

K3 = −4G∗skrr
k2

k2
r

H ′1 (k
r
ra)

H1 (krra)
(6)

For the no-slip coupling condition, the soil dynamic stiffness term Ksoil in Eq. (1) becomes

Knoslip
soil =

µs
a
Ka +

E∗ph

a2(1− ν2
p)
Kb (7)

where

Ka = 2 +

krrak
2
ra

2

[
H0(krra)

H
′
0(krra)

] [
H0(krda)

H
′
0(krda)

]

krrak
r
da

[
H0(krra)

H
′
0(krra)

]
+ k2a2

[
H0(krda)

H
′
0(krda)

] (8)

Kb = −
ν2
p(

1 + S1
k2a2

) +
j2νpS2

ka
(
1 + S1

k2a2

) +
S2

2

k2a2
(
1 + S1

k2a2

) (9)

in which
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 (11)
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Moreover, the soil radial wavenumbers krd and krr , are given by krd =
√
k2
d − k2 and krr =

√
k2
r − k2 where

kd and kr are the compressional and shear wavenumbers in the surrounding soil, respectively, given by
k2
d = ω2ρs/(λs + 2µs) and k2

r = ω2ρs/µs in which ρs is the soil density and λs = B∗s − 2
3G
∗
s, µs = G∗s are

the Lamé coefficients, which are function of bulk modulus B∗s = Bs(1 + jηsoil) and shear modulus G∗s =
Gs(1 + jηsoil) of the soil. The terms H0, H1 are the Hankel functions of zero, first order and second kind,
respectively, that describe the outgoing waves in the surrounding soil, and ′ denotes the spatial derivative.

The attenuation of the fluid-borne wave in terms of dB/m is given by [3]

Attenuation =
−20Im{k}
ln(10)

(12)

For a fluid-filled pipe in-air there is no surrounding soil present in the model, so thatKsoil = 0. Furthermore,
note that in several practical situations involving buried pipes, the soil properties are usually unknown. Thus,
an alternative method to identify soil parameters through an optimization algorithm is presented in section 3.

3 Identification of soil parameters based on optimization algorithm

This section presents a constrained optimization problem adopted to determine locally optimal solutions for
to the soil properties from measured vibration data. The pipe geometry is assumed to be known, thus the
optimization algorithm is used to identify a set of optimal parameters related to bulk modulus B̂s and shear
modulus Ĝs of the soil by minimizing a cost function that calculates the difference between the measured
wavenumber with the one predicted by an analytical model, either under slip contact or no-slip contact as
presented in section 2. This iterative procedure ends when the cost function reaches the stopping criteria,
searching for the best solution from all feasible solutions subject to constraints on its variables in a certain
local minimum.

The best value (also called local minimum) for the vector θ =
[
B̂s Ĝs

]
, can be found by solving the fol-

lowing optimization problem where the cost function is based on the normalized mean square error (NMSE)
metric:

minimize
θ∈R

F (θ) =

∥∥Re
{
kHxy (ω)

}
− Re {k (θ, ω)}

∥∥
∥∥Re

{
kHxy (ω)

}∥∥ (13)

subject to the bound constraints θlow ≤ θ ≤ θup where θlow and θup denote the lower and upper bounds,
respectively. The term kHxy (ω) is the experimental wavenumber estimated through spectral estimator. It
involves the ratio between the auto and cross-power spectrum density of two signals x and y measured
through sensors connected at two access points [4]:

Hxy(ω) =
Sxy(ω)

Sxx(ω)
(14)

The real part of experimental wavenumber is computed based on the phase of the frequency response function
in Eq. (14) divided by the distance d between the sensors

Re{kHxy(ω)} =
−φHxy(ω)

d
(15)

The attenuation is given by [8]

Attenuation =
−20log10 (|Hxy(ω)|)

d
(16)
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The term Re{k (θ, ω)} in Eq. (13) denotes the wavenumber predicted by the analytical model from Eq.
(1) with the vector θ that contains the corresponding optimal values for bulk and shear moduli of the soil.
The symbol ‖‖ denotes the Euclidean norm. This paper adopts the pattern search algorithm that was first
introduced by Hooke and Jeeves [9]. This algorithm has a simple strategy for searching a current point in a
predetermined direction for an enhanced cost function value. The pattern search algorithm is used to solve
the optimization problem that starts with an initial guess θ(0) and ends up when the stop criterion is met after
n iterations, so that F

(
θ(n)

)
< ε. The whole procedure is then summarized into 4 steps as showed in Fig. 1.

Figure 1: Computational flowchart for the identification of optimal soil parameters.

4 Results and discussion

Two experimental pipe systems, one in Brazil and the other one in UK, are considered to validate the method
proposed in section 3. The systems have very different types of soil and geometry as showed in Tab. 1.

Table 1: Properties of the Brazilian and UK pipe systems.

Properties UK Brazil
Pipe Young’s modulus Ep [N/m2] 2× 109 2× 109

Pipe density ρp, ρs [kg/m3] 900, 2000 900, 2000
Pipe loss factor ηp 0.06 0.06
Pipe radius [mm] 84.5 35.8

Pipe-wall thickness [mm] 11 3.4
Type of soil Sandy Clay

A schematic of both test rigs are shown in Fig. 2. The UK system consists of a 34 metres long test rig and
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the static pressure is due to the 1.5 m head of water in the termination tanks. In this case, the fluid-dominated
wave s = 1 was excited by an underwater loudspeaker using a stepped sine signal increasing frequency
from 30 Hz to 1 kHz (1 Hz increment) and the dynamic pressure was measured using two hydrophones 2
metres apart. More details about the measurements done in UK can be found in Muggleton et al. [3]. The
geometry of Brazilian pipe system, described in more detail in Brennan et al. [8], is much smaller than UK
pipe system, which was pressurised with a centrifugal pump (3.4 bar). In this experimental test rig, the s = 1
wave was excited by opening a valve and the signals related to this leak noise wave were measured by using
two accelerometers at two access points 7 metres apart.

Figure 2: Experimental setup of the pipe systems adopted: UK pipe system on the left [3] and Brazilian pipe
system on the right.

Before moving to the optimization procedure, illustrated in Fig. 1, an analysis of the surface plots based on
the objective functions from Eq. (13) involving the wavenumber, wave attenuation and corresponding wave
speed is carried out. Figure 3 shows the surfaces of objective functions for UK pipe system. It is possible to
see that both bulk and shear modulus have an effect on the wavenumber, wave attenuation and wavespeed of
the fluid-dominated (s = 1) wave generated by the leak. According to the surfaces, locally optimal solutions
for values for bulk and shear modulus are within the range from 1× 107 [N/m2] to 6× 107 [N/m2] for both
parameters.

In figure 4 it is possible to see that the bulk modulus has a marginal effect on the wavenumber for Brazilian
pipe system, and the local minimum value for shear modulus, that has dominant contribution, is expected
to be located within the range from 2 × 108 [N/m2] to 3 × 108 [N/m2]. This effect can also be seen in the
surface plot of wave speed values in Fig. 5.

To solve the optimization problem in Eq. (13), the values of corresponding upper and lower bounds were
chosen based on the soil where each pipe is buried. The UK pipe system is characterized by sandy soil, so
that θlow =

[
1× 107 1× 107

]
and θup =

[
5× 107 6× 107

]
. On the other hand, Brazilian pipe system is

characterized by clay-like soil, thus the corresponding values of bulk modulus and shear modulus are higher
than sandy soil as θlow =

[
1× 109 1× 108

]
and θup =

[
5× 109 6× 108

]
. The starting point was chosen

as the average of upper and lower bounds, with tolerances for objective function, step and optimality as factor
of 1× 10−10. The value for both bulk and shear loss factor was used as ηsoil = 0.15.

Tables 2 and 3 show the best values for soil parameters identified by optimization algorithm using model A
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Figure 3: Behavior of the objective functions (i) Wavenumber and (ii) Wave attenuation calculated based on
different values of bulk and shear moduli for the UK test rig that is characterized by sandy soil.

Figure 4: Behavior of the objective functions (i) Wavenumber and (ii) Wave attenuation calculated based on
different values of bulk and shear moduli for the Brazilian test rig that is characterized by clay soil.

under slip contact and model B no-slip contact between the pipe-soil interaction. These values were then
used to predict the wavenumber, wave attenuation and wave speeds, shown in Figs. 6, 7 and 8, where it is
possible to see good agreement between the results.

Table 2: Best values for sandy soil properties identified through pattern search algorithm (UK system).

Optimization Parameters Model A (Slip) Model B (No-slip)
Bulk modulus B̂s [N/m2] 4.0032× 107 4.0000× 107

Shear modulus Ĝs [N/m2] 1.5665× 107 1.4903× 107

Examination of Fig. 6 shows an agreement between the experimental wavenumber, from Eq. (15), with the
ones predicted by model A and B, that assumes the pipe-soil interface under lubricated and compact contact,
respectively. The real part of wavenumber reaches 10 m−1 at 600 Hz in the UK pipe system and is around 7
m−1 for the Brazilian system.
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Figure 5: Behavior of the objective functions for the wavespeed of two different test rigs: (i) UK pipe system
and (ii) Brazilian pipe system.

Table 3: Best values for clay soil properties identified through pattern search algorithm (BR system).

Optimization Parameters Model A (Slip) Model B (No-slip)
Bulk modulus B̂s [N/m2] 1.9400× 109 4.0000× 109

Shear modulus Ĝs [N/m2] 0.2478× 109 0.2359× 109

Although the real part of wavenumbers predicted present similar behavior in both pipe systems, some differ-
ences are found in the attenuation and wave speed, as can be seen in Figs. 7 and 8.

Figure 6: Measured wavenumber compared with the one predicted by model A (pipe-wall and soil with slip
contact) and by model B (pipe-wall and soil with no-slip contact) for two different test rigs: (i) UK system
with sandy soil and (ii) Brazilian system with clay-like soil.

The wave attenuation for the Brazilian pipe system and the UK system is shown in Fig. 7. It can be seen that
for a typical Brazilian water pipe system, which is characterized by a clay-like soil, the coupling pipe-soil
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in the radial direction has a much greater effect than coupling in the axial direction. Furthermore, it has a
predominant effect on the wave motion in the pipe, mainly through the radial coupling. On the other hands,
the axial coupling has a greater effect in the UK pipe system. Thus, the model B with non slip coupling
is a better representation for such type of system. The wave attenuation is mostly due to material losses
within the pipe wall plus radiation losses in the soil. Based on Fig. 7, it is possible to see that at 600 Hz, the
attenuation is around 18 dB/m for UK system, whereas for the Brazilian system is around 6 dB/m.

Figure 7: Measured wave attenuation compared with the one predicted by model A (pipe-wall and soil under
slip contact) and by model B (pipe-wall and soil under no-slip contact) for two different test rigs: (i) UK
system with sandy soil and (ii) Brazilian system with clay-like soil.

Figure 8: Measured wave speed compared with the one predicted by model A (pipe-wall and soil under slip
contact) and by model B (pipe-wall and soil under no-slip contact) for two different test rigs: (i) UK system
with sandy soil and (ii) Brazilian system with clay-like soil.
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Figure 8 shows the predicted wave speeds, which are about 375 m/s for the UK pipe system and 540 m/s
for Brazilian pipe system. The shear stiffness of the soil has a greater contribution and effect on the wave
speed in the pipe compared to the bulk stiffness of the soil and is the main reason why the wave speed in the
Brazilian system is much higher than in the UK pipe which is buried in sandy soil.

5 Final remarks

This paper has presented a methodology for the identification of soil parameters from measured vibration
data. Together with a model, they have been used to give a better understanding into how the fluid-pipe-
soil interface affects the propagations characteristics of the fluid-borne (s = 1) wave in two experimental
test rigs with different geometry and soil properties. For a typical pipe and soil properties found in parts of
Brazil, it has been found that coupling between the pipe and the soil in the radial direction has a much greater
effect on the speed of leak noise propagation in the pipe, than coupling in the axial direction. In terms of
the attenuation of leak noise in the pipe, it has been found that both radial and axial coupling pipe-soil have
some effect. For a typical pipe and soil found in UK, it has been shown that both compressional and shear
waves propagate away from the pipe adding to the damping effect in the pipe. Experimental results have
showed the applicability of the method for automatically estimate the soil parameters aiming an enhanced
leak noise detection in buried plastic pipes through acoustic techniques.
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Abstract 
Prediction of vibration levels in heavy structures enables engineers to adopt vibration mitigation measures 

in the initial design stages, therefore reducing costs and time taken for construction or installation. Different 

strategies for achieving accurate predictions range from numerical methods, such as FEA and SEA, to 

methods incorporating measured data.  Here, we present an experimental method that combines the sub-

structuring approach with the in-situ blocked forces method to characterise the key elements of an assembly. 

In order to implement this methodology, the assembly is subdivided into the components vibration source, 

isolator and receiver. These three elements are characterised by performing mobility measurements on the 

individual substructures and the source is additionally characterised by the blocked force measured in-situ.  

Predictions made using the independent component characterisations are compared with measures obtained 

from a whole assembly composed of a heavy structure supported on resilient isolators. 

1 Introduction 

Vibration prediction is important in buildings designed for living, working, listening and for certain types 

of sensitive equipment. Unlike airborne, structure borne noise prediction is very challenging due to the 

complexity for characterising the elements involved. Besides an important increase on research studies for 

predicting structure borne noise in industries such as automobile or aircraft in recent years, that trend is not 

so noticeable within the building industry.  

Different strategies used for prediction of ground/structure borne noise range from numerical methods, 

which discretise the problem domain into well-defined inputs expressed as equations or parametric studies 

(e.g. Finite Element Analysis, Statistical Energy Analysis); to measurement based methods, that reduce the 

problem to transfer functions between assembly elements [1].  

Due to limitations of numerical methods such as the high computational requirements and their disagreement 

with field data [2], there has been an increase in the development of solutions on measurement based 

approaches such as dynamic sub-structuring for light structures [3].  

The combination of in situ blocked forces and sub-structuring empirical methods (described in the following 

section) have been proven accurate for the prediction of structure borne noise from lightweight assemblies 

e.g. electric pumps [4] or engine parts [5] and heavier assemblies such as micro wind turbines [6]. In order 

to implement this methodology, the assembly is subdivided into the components: vibration source, isolator 

and receiver. These three elements are then characterised by performing mobility or impedance 

measurements on the individual sub-structures and the source is additionally characterised by the blocked 

force measured in-situ [7]. 
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Besides the good agreement shown between predictions and in situ measurements with lighter structures, 

the accuracy of the aforementioned methods for heavier structures, more representative of realistic factory 

machinery or building situations, is yet to be assessed and will be the focus of this work. 

 

2 Theory and Methods 

In order to simplify the notation used throughout the present work and to also allow its application to other 

situations, the assembly is subdivided into three general elements namely source (S), isolator (I) and receiver 

(R). The source is defined as the object or structure that generates a vibration which is propagated to a final 

structure known as receiver. These two elements are connected via another structure defined as the isolator, 

which typically provides a resilient link in order to reduce structure-borne vibration. 

 

Furthermore, Figure 1 describes the three aforementioned elements, together with four defined interfaces 

that comprise the different excitation/response positions: Internal mechanisms of the source which are not 

part of the interface with isolator (a), the source-isolator interface (b), the isolator-receiver interface (c), and 

response points on the receiver away from the interface (d).  

 

Figure 1: Source-Isolator-Receiver assembly diagram showing the different elements (S, I, R) and 

interfaces (a-d) 

In the following sections a similar nomenclature is followed, consisting of the use of subscripts S, I, R and 

C for referring to the independent Source, Receiver, Isolator and the Coupled assembly respectively. 

Following this, two subscripts are used to denote the sets of degrees of freedom where response and 

excitation measurements are made respectively. As an example, YCcb refers to the transfer mobility of the 

coupled assembly where the response is observed below the isolator (c) when exciting at (b). 

 

2.1 Blocked Force Method for active source characterisation 

Blocked forces of structure borne sound sources can be obtained in situ as demonstrated in [7], [8], and can 

be defined as: 

 �̅�𝑺𝒃 = 𝒀𝑺,𝒃𝒃
−𝟏�̃�𝑺𝒃 (1) 

 
where fSb is the blocked force of the source at interface b, YS is the source mobility and vsb is the velocity of 

the free source. Over score and tilde denote blocked and free conditions respectively.  

 

An alternative of the blocked force can also be obtained from coupled assembly measurements in situ, 

therefore not requiring free-free conditions: 

 

 �̅�𝑺𝒃 = 𝒀𝑪,𝒃𝒃
−𝟏𝒗𝑪𝒃 (2) 
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where fSb is the blocked force of the source at interface b, YC,bb is the coupled source mobility and vCb is the 

operational velocity of the coupled source at b. 

 

Due to the fact of being an inherent characteristic of the source, the blocked force can also be used to predict 

the structure borne vibration when being part of different assemblies. 

 

2.2 Dynamic sub-structuring  

As detailed in [7], the dynamic substructuring method (DS) allows for the prediction of a coupled assembly 

behaviour as individual contributions of the different subsystems that are part of it. This methodology 

provides important advantages when faced with heavy weight structure limitations: 

 

- It allows freedom for the characterisation of the different assembly elements, enabling the 

combination of approaches such as numerical methods (e.g. FEA or SEA); or empirical methods 

that incorporate directly measured data, which is the option presented in this work. 

 

- A reverse application of dynamic sub-structuring, structure decoupling, allows the extraction of the 

properties of one of the sub-structures from data collected from the coupled assembly together with 

the remaining sub-structures. A useful application of this would be to avoid the need to mount an 

industrial press under free conditions obtaining its properties by subtracting the isolator and floor 

impedance from the coupled assembly. 

 

However, the use of dynamic sub-structuring has implicit limitations that condition the reliability of the 

resulting predictions. To a large extent the uncertainties come from the fact that the application of matrix 

inversion is highly sensitive to errors, being able to affect the entire matrix when only one element is wrong 

before inversion [9]. 

 

Another important factor affecting the accuracy of predictions of sub-structuring is the number of degrees 

of freedom (DOF) accounted for. Due to the inherent complexity of interface dynamics, a lack of 

information regarding translational and rotational DOF can strongly influence the error between prediction 

and on board validation measurements, therefore justifying the need of accounting for all DOF. However, 

the use of resilient isolators has proven to reduce this effect in lower frequencies, being able to provide 

reasonably accurate predictions when neglecting rotational and in-plane forces [10].  

 

In order to obtain the passive properties of the different sub-structures and predict their coupled behaviour, 

source, isolator and receiver were independently characterised (detailed in following section). The classical 

impedance procedure was applied [11] to the resulting accelerance matrices by constructing a block diagonal 

matrix which contains the independent assembly element impedance matrices: 

 

 𝒁𝑩𝒍𝑫𝒊𝒂𝒈 =

[
 
 
 
 
 
𝒀𝑺

−𝟏 𝟎 𝟎 𝟎 𝟎
𝟎 𝒁𝒊 𝟎 𝟎 𝟎
𝟎 𝟎 𝒁𝒊 𝟎 𝟎
𝟎 𝟎 𝟎 𝒁𝒊 𝟎

𝟎 𝟎 𝟎 𝟎 𝒀𝑹
−𝟏]

 
 
 
 
 

 (3) 
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where YS is the source mobility (3 by 3 matrix), Zi is the isolator impedance (2 by 2 matrix) and YR is the 

receiver mobility including the interface d FRFs (4 by 4 matrix).  

The resulting diagonal matrix (13 by 13) is pre and post multiplied by two Boolean coupling matrices in 

order to assure conditions of equilibrium and compatibility: 

 

The pre-multiplicative matrix Lf enforces equilibrium at the coupling DoFs, and the post-multiplicative 

matrix Lv enforces compatibility of the coupling DoFs, whilst also accounting for the remote reference 

DOFs. This way, the overall coupled mobility matrix result of the application of the dynamic sub-structuring 

method would be given by: 

 

 𝒀𝑪 =  (𝑳𝒇𝒁𝑩𝒍𝑫𝒊𝒂𝒈𝑳𝒗)
−𝟏

 (4) 

 
, where: 

𝐿𝑓 =

[
 
 
 
 
 
 
1 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 

 

and: 

𝐿𝑣 = 𝐿𝑓
𝑇 

 

3 Methods 

In order to be able to implement a methodology that combines the use of blocked forces for active source 

characterisation together with dynamic sub-structuring of the entire assembly, source and receiver were 

characterised under free-free conditions whereas the isolator was characterised both in situ and under 

dynamic compression (MTS) using a dynamic hydraulic testing machine. Despite the use of free mounting 

for the source and receiver characterisation, other mountings could have been used following Eq. (2). 

Furthermore, the source-isolator-receiver assembly was characterised and the resulting data used for 

validation of the different methods described in this section. 

 

The different elements were characterised by obtaining the point and transfer accelerance frequency 

response functions (FRFs) derived from force excitations and acceleration responses of the individual 

substructures in-situ. The instrumentation used for these experiments consisted of 4507-B004 (B&K) single 

axis accelerometers as response sensors, and an 8206-001 instrumentation hammer (B&K) for performing 

the different structure excitations. The force and acceleration measures together with their Frequency 

Response Functions (FRFs) were synchronously collected using a SIRIUS acquisition card (DEWESOFT) 

at a sampling rate of 20000Hz with a frequency resolution of 0.6 Hz/data point. 

 

3.1 Source and Receiver characterisation 

The source used was a servo motor bolted to an aluminium plate, which at the same time is bolted to three 

steel feet used for the connection with the isolator mounts (Figure 2-top). Free-free conditions were 

implemented by suspending the source using elastic bungees.  

Six single axis accelerometers were used for the characterisation of the source, two per foot and separated 

by 2.5 cm. Force excitations were applied on top of the three feet and at interface a. 
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Figure 2: Free-free experiment view of Source (top) and Receiver (bottom). 

A 900x600x20 mm construction slab (Figure 2-bottom) was used as the receiver structure for the presented 

work. Three accelerometers acquired the structure response below the three coupling points between the 

receiver and the isolators (Figure 4), together with two additional accelerometers positioned away from the 

connections (interface d). Three force excitations were applied on top of the three coupling points. 

 

In order to proof that the blocked force method can predict the effect of the internal mechanism of a vibrating 

source (interface a) when coupled to a different assembly, the blocked force was calculated from the free-

free independent source experiment by applying Eq. (1). The acceleration at response points d was then 

calculated using this blocked force together with the in situ accelerance obtained in the coupled experiment 

between interfaces b and d: 

 𝒂𝑪,𝒅 = 𝑨𝑪,𝒅𝒃�̅�𝑺𝒃 (5) 

 

The acceleration predicted at d using the blocked force method Eq. (1) (5) was compared with the in situ 

obtained from the coupled experiment, and can be observed in Figure 3 in terms of narrow band frequencies 

(top) and in third octave bands (middle). 

In order to provide a numerical expression of the accuracy of the prediction, the error was calculated in the 

frequency domain by using Eq. 6, and is shown graphically in Figure 3-bottom. 

 

 𝑒𝑟𝑟𝑜𝑟 (𝑑𝐵) = 20 log (
𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑_𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒

𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑_𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒⁄ ) (6) 
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Figure 3: aC,d acceleration obtained in the coupled measurement (blue) vs prediction using the blocked 

force method (red-dashed) in narrow band frequency (top) in m/s2 and per third octave band (middle) in 

decibels (ref. 1µm/s2). Bottom: error between prediction and in situ obtained coupled acceleration (dB) in 

third octave bands. 

Results show that predictions of the source response using the blocked force method provide a very accurate 

fit of the in situ measured data in terms of both narrow band and third octaves. Errors between these 

measures are below 3.5dB above 3 Hz. The error at 1Hz (16dB) is due to a lack of coherence in the FRFs 

obtained below 10Hz. 

 

These results validate the use of the blocked forces method as a reliable independent active source 

characterisation which is also descriptive of its performance in new assemblies.  
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3.2 Isolator characterisation 

The material chosen as resilient coupling between source and receiver was VIDAM (detailed datasheet can 

be found in [12]), a nitrile rubber and granulated cork composite material typically used as industrial 

equipment vibration isolator. The 40mm long and 30mm diameter cylindrical isolators were characterised 

using two different methods: dynamic compression (Figure4-left) and in situ method (Figure4-right). 

 

 

Figure 4: dynamic compression (left) and in situ (right) isolator characterisation experimental setups 

The isolator was firstly characterised under dynamic compression at frequencies from 1 to 100 Hz using a 

dynamic hydraulic testing press (MTS, USA). The experimental conditions included an average static 

preload of 235.4N and a dynamic amplitude of 0.01mm. Preconditioning was applied to the sample prior to 

the experiment in order to obtain more accurate and repeatable results. As an outcome of this process, 

complex dynamic stiffness was obtained in eleven frequencies up to 100Hz.  

 

In addition to the dynamic compression experiment, the isolator was also characterised using an in situ mass-

isolator-mass procedure as described in [13]. It consisted of the acquisition of point and transfer mobilities 

above and below the material when connected to two known masses. Two single axis accelerometers were 

used for this experiment together with the application of forces above and below the two masses.  

 

Dynamic stiffness was extracted from the accelerance FRFs acquired with the in situ method and then 

compared with the stiffness obtained using the dynamic hydraulic testing press in Figure 5. 
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Figure 5: Dynamic stiffness of VIDAM isolator measured using the in situ Mass-isolator-mass procedure 

(red) vs. using Dynamic compression (blue) in both terms of magnitude (top) and phase (bottom). 

 

Results show a similar trend followed by the two methods with some disagreement in terms of magnitude 

(Figure 5-top), which could be justified by the preload difference in the two experiments. Due to the lack of 

coherence in the accelerance FRFs obtained for the in situ method at the lowest frequencies (particularly 

below 10Hz), the isolator was characterised using dynamic compression results below 100Hz and the in situ 

experiment results for frequencies above. 

 

3.3 Coupled Assembly 

Once performed the assembly elements independent characterisations, a fourth experiment defined as the 

coupled assembly characterisation was performed by coupling the source and receiver via three isolators 

glued at the same time to the three steel feet of the source and the receiver slab in the positions shown in 

Figure 6.  
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Figure 6: Left: Coupled Source-Isolator-Receiver assembly experimental setup. Right: Closer view of the 

assembly identifying the different interfaces (a-d) in red font. 

A total of eleven accelerometers were used for the coupled experiment providing acceleration responses at 

both the source and receiver in identical positions to the independent experiments described previously. 

Excitations were applied to both the source (three on top of the isolator coupling points -b- and two internal 

to the source -a-) and the receiver structures (three below the isolator coupling points -c- and two external 

to the isolator-receiver interface -d-), obtaining this way a symmetric accelerance matrix as described in the 

theory section. 

 

4 Results 

As described in the theory section, dynamic sub-structuring is applied to the independently characterised 

source, isolator and receiver accelerance FRFs by mathematically coupling as described in Eq. (3). As an 

outcome of this, the predicted coupled accelerance at the external point in the receiver (interface d) is 

obtained after applying Eq. (4) to the resulting matrix and the two Boolean coupling matrices that assure 

conditions of equilibrium and compatibility.  

 

4.1 Dynamic Sub-structuring predictions 

Figure 7 graphically shows the comparison between the predicted coupled assembly accelerance and the in 

situ measured response of the coupled elements, in both terms of magnitude (Figure 7-top) and phase  

(Figure 7-bottom).  

 

 

a 

b 

c 
d 
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Figure 7: AC,d accelerance obtained in the coupled measurement (blue) vs prediction using the dynamic 

sub-structuring method (red-dashed) in terms of magnitude (top) and phase(bottom). Black dashed line 

divides the isolator characterisation between MTS (below 100Hz) and in situ methods. 

Results show a very good agreement throughout the entire frequency range studied in terms of magnitude 

and phase, which includes isolator characterisation from two different methods detailed in the previous 

section (delimited by the black dashed line in Figure 7). Small disagreements were observed between 40 

and 100Hz and below 10Hz, the latter being due to poor coherence in the FRFs obtained. 

 

3968 PROCEEDINGS OF ISMA2018 AND USD2018



4.2 Blocked Forces and Dynamic Sub-structuring combined predictions 

Once validated the individual application of blocked forces method and dynamic sub-structuring for the data 

collected in the different experiments, a combination of the two methods was implemented as described in 

Eq. (5), defining "AC,db" as the DS prediction using the independent assembly element characterisations; and 

"fSb" as the blocked force extracted from the active source characterisation as detailed in section 3.1.  

Figure 8 graphically compares the predicted acceleration at the interface d when exciting an internal part of 

the source (interface a) with the same acceleration measured in situ extracted from the coupled experiment.  

 

 

Figure 8: aC,d accelerance obtained in the coupled measurement (blue) vs prediction using the blocked 

forces method combined with dynamic sub-structuring (red-dashed) in terms of narrow band frequency 

(top) in m/s2 and per third octave band (middle) in decibels (ref. 1µm/s2). Bottom: error between prediction 

and in situ obtained coupled acceleration (dB) in third octave bands. Black dashed line divides the isolator 

characterisation between MTS (below 100Hz) and in situ methods. 
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The resulting curves exhibit a good agreement in both terms of narrow band frequencies and octave bands, 

exhibiting noticeable error peaks of 25.7 and 10.6dB at 1.9Hz and 4.9Hz respectively. Errors were always 

lower than 5dB after the latter frequency. 

 

5 Conclusions 

The work presented here demonstrates that the behaviour of a coupled assembly can be predicted using data 

from independent experiments performed on its elements. In order to achieve this, the source was 

characterised by its blocked force and, together with the mobility matrices obtained for the resilient isolators 

and receiver, the coupled assembly FRF is constructed by applying the sub-structuring method. 

 

Besides showing very good overall agreements, the methodology proposed provided some noticeable errors 

in the lowest frequencies studied. Measures that could compensate for these errors include the use of 

accelerometers with better low frequency response and the use of a bigger instrumentation hammer for better 

excitation of the low frequency structural modes in order to increase the coherence of the different FRFs 

acquired. 

 

Future work includes the validation of this methodology to heavier structures more representative of realistic 

situations such as industrial equipment and concrete floors as well as its posterior application to real building 

vibration isolation. Alternatively, the use this methodology also allows the use of non-empirical data for the 

definition of independent measures of the assembly elements (such as FEA and/or SEA models) and 

therefore its implementation should be studied in more detail. 

 

Furthermore, the application of structure decoupling could be used to extract independent assembly element 

properties by using coupled experiment data together with independent characterisation of the remaining 

assembly elements (either in situ or by the use of numerical methods). 
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Abstract 
Characterizing the vibroacoustic contribution of an active component, which has to be integrated in a 

mechanical assembly, concerns three types of noise generation: air, fluid and structure borne sound. If the 

basic techniques of airborne noise analysis are well standardized, difficulties arise with fluid and structure 

borne sounds. Measurements results depend on the dynamic characteristics of the receiving structures.  

In this paper, the Blocked Force/Impedance have been chosen as descriptors to characterize experimentally 

structure borne noise of mechanical components. The method used, named as "Block-Sensor", allows to 

obtain these descriptors which can be used to predict the structure borne noise of an assembly . 

The paper recalls the principle of the method and details the different steps of the experimental approach. 

An analysis of the results is provided, giving advantages, drawbacks and limits of the method. 

The method is now in a process of standardization, within prISO 21955. 

1 Introduction 

The need to characterize the vibroacoustic behavior of mechanical assemblies is increasing, due to health, 

quality or comfort requirements. These constraints are generally governed by application of the standards 

or statutory texts in force (Machinery directive, or Physical agents (noise and vibration) directive), but also 

by the publication of customer requirements with increasingly demanding specifications, taking into account 

the needs with regard to current and future technological developments. 

For suppliers, in terms of marketing, it may also be advisable to promote products featuring better acoustic 

performance than the competition. Acoustics can be a shop window demonstrating the know-how of the 

manufacturers, and represent a quality descriptor that may be primordial depending on the application. 

Lastly, suppliers want to participate in the dimensioning of low-noise systems, and would logically like to 

be involved and intervene in the acoustics of the systems, and of their products in particular, as far upstream 

as possible in the development cycle of new projects. Taking the vibration and acoustic aspect of the 

suppliers’ components into account in the early stages of system design increases chances that in the end 

the noise of the assembled product is satisfactory. If this is not the case, only late and expensive corrections 

or adaptation measures can be taken, and may not be as effective as the ones taken on time 

(technical¬economic constraint). 

A technical dialogue should therefore be established early in the project between the supplier, knowing well 

its component, and the integrator, knowing well the entire product. The problem that then arises can be 

expressed in these terms: what can their exchange be based on? Are they at the same technical level on 
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dealing with vibration and acoustics? What technical data must they share in order to reach a satisfactory 

solution? 

This problem can be addressed by an approach named acoustical synthesis. The present paper covers one of 

several aspects of acoustical synthesis: the characterization of a vibration source. The technique used, the 

block sensor methods, has been conceived to respond to the conditions of an industrial user.  

2 Prediction of noise emission: Acoustic synthesis approach 

The noise emitted by noise sources in units, buildings, ships and vehicles (on road and off road) is often 

accompanied by the vibrations of their components. From the noise control viewpoint each component can 

be considered as a “black box” that emits acoustic and vibrational energy in three forms (Figure 1): 

 Airborne noise: acoustic radiation from the source and the nearby structures, propagating in the 

surrounding air; it is measured using microphones or sound intensity probes. 

 Hydraulic or fluid-borne noise generated in the piping systems and radiated: it originates in the 

pressure pulses emitted by the source in the liquid columns of the system which are broadly 

responsible for the noise emission by the piping. It is generally evaluated using flush-membrane 

pressure sensors. 

 Structure-borne noise: vibration transmitted from a source through its coupling to the surrounding 

and further radiated as airborne noise. .  

 

 

Figure 1 – Different forms of noise generating mechanisms  

Acoustic synthesis is an approach for design or diagnosis consisting in breaking down a system into noisy 

or vibrating components (sources) and into passive ones (transmission paths), in order to control its vibration 

and acoustic behaviour at a required reception point (Figure 2). 

Each component should be described by experimental and/or numerical data or by analytical or empirical 

formulations. 

Modelling of the active components, treated as sources in the acoustic synthesis approach, is fairly complex, 

and several approaches can be considered: 

 on the basis of a source design data, using numerical methods 

 on the basis of measurements, characterizing the source according to operating parameters. 

Modelling of the passive components, treated as transfer functions in the acoustic synthesis approach, 

necessitates a non-trivial experimental validation approach.  
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For the sake of acoustical synthesis, each component of the assembly is described fully at the interfaces with 

other components, using continuity conditions and taking into account any interaction between the active 

and passive substructures 

 

 

Figure 2 – Noise synthesis approach 

3 Characterization of the structure-borne noise of a source 

The characterisation of structure-borne noise by measurement has been of concern in recent decades [1-2]. 

A simple characterization technique applicable to resiliently suspended vibration sources has been 

standardized [3]. The passive way of characterizing a mechanical structure requires the use of either mobility 

or impedance [4]. The latter being difficult to measure directly, the impedance is obtained by the 

measurement of mobility and subsequent inversion. The mobility and impedance approaches, are strictly 

equivalent as mobility can be obtained from the impedance by inversion and vice versa, the measurement 

of mobility is inherently easier [5-6].  

A typical vibration source has multiple connection points with the support. In order to measure mobility at 

each connection point an external excitation should be applied to each degree of freedom at a time, while 

leaving all the other points free in all degrees of freedom. This is achieved in practice using a flexible 

suspension of the source.  

The transmission of vibrations at the coupling points is achieved by both forces and moments. The 

importance of moments, especially at high frequencies, has been clearly established. Moreover, the 

movements which contribute to the vibration transmission are both translations and rotations. Such a 

complex mechanism of transmission is difficult to properly control during measurements. This is why the 

moments and rotations are usually ignored in practice. The excitation torque is difficult to create in a 

controlled way. Different methods have been attempted so far to measure the mobility components involving 

torque and rotation [7-13], most in well controlled laboratory conditions. 

Mounting a mechanical source to its support often leads to static deformations which can affect a lot the 

source vibration. The source mounting conditions during characterization should be as close as possible to 

true operational conditions. Two theoretical approaches have been developed to this end [14], [15], the latter 

being extended to several applications. A source can be alternatively characterized in terms of its "apparent 

force", suggested for building engineering applications, [16]. 

Most of the developed approaches of structure-borne noise measurements suffer from uncertainty of results 

linked to poor conditioning due to multi-connection / multi degrees-of-freedom drawbacks. A recent 

technique applicable to small vibration sources has the objective of increasing the robustness of the 

characterization procedure through some simplifications [17]. This technique uses the notion of “equivalent 
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force” which has been already investigated in [18]. The present paper demonstrates the use of the technique 

in an industrial environment using a particular way of measuring the needed quantities. 

4 Equivalent force torsor and “block-sensor method 

The “equivalent force torsor” method has been developed to characterize and predict the noise of a 

component. This inverse method is based on the principle of determination of the descriptors according to 

the characterization by source impedance/blocked forces. The two descriptors can be useful if experimental 

hierarchization of sources is needed, but are also necessary in numerical models for source modelling and 

in particular for optimization of source connection with its intended support. 

4.1 General overview 

The source impedance and blocked forces depend on the number of connection points between the 

component and its receiving structure as well as on the number of effective degrees of freedom per point. 

To limit the volume of data, the equivalent force torsor method replaces the interactions between source and 

receiver at several points by a resultant interaction applied to a single point. Such a replacement results in 

the equivalent force torsor and the equivalent reduced impedance. 

To identify the reduced descriptors, an elastically-suspended rigid mass is used as receiver. 

4.2 Theoretical principles 

The principle of this method can be illustrated by the behaviour in a linear electrical circuit, for which a 

complete analogy can be established with linear vibratory systems (Figure 3). 

With the switch open, the voltage V between terminals A and B is V, as no current is flowing. In the coupled 

state (circuit closed), the current has to flow through resistances RS and RR in series, and the voltage V 

between A and B drops to the value given by Ohm's law for the current iC: 

 

 

Figure 3 – Electrical analogy for structure coupling 
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This imples that the blocked force FB of a vibratory system (V in Figure 3) can be accessed without being 

really connected to its support. During the process of force identification the source can stay connected with 

its actual support or, alternatively, with a specific receiver (RR). 

Thus, if the coupled impedance ZC (i.e. source/receiver coupling) is known and the vibratory velocity VC 

(or acceleration in practice) is also known, the blocked force FB can be obtained by Eq. 1. Moreover, the 

coupled impedance is the sum of the impedances of the receiver and the isolated source, Eq. 2. 

 𝐹𝐵 = −𝑍𝐶𝑉𝐶 (1) 

 𝑍𝐶 = 𝑍𝑆 + 𝑍𝑅  (2) 

Note: 

It must be remembered that a system with N connections is governed by a multi-point force torsor FB, i.e. a 

vector of 6N complex components Fi (three translation forces and three moments) and that the complex 

impedances Zij in Eq. (2) are placed in matrices Z with [6N x 6N] components. 

4.3 Equivalent force torsor concept  

A way to limit the volume of data is to use an equivalent force torsor, replacing the interactions between 

source and receiver at several points by a resultant interaction applied to a single point. 

At this single point, referred to as the coupling point, the component under study can be described by the 

six degrees of freedom (three translations, three rotations) of a non-deformable solid. The six components 

of torsor FBS that have to be identified are ranked in a vector as follows: 

 𝐹𝐵𝑆 = [𝐹𝑥 𝐹𝑦 𝐹𝑧 𝑀𝑥  𝑀𝑦 𝑀𝑧]
𝑡
       (at the coupling point, t - transpose) (3) 

Similarly, the size of the reduced impedance matrix of the component at the coupling point is 6 x 6 (36 

values of which 21 independent by the symmetry of the system Zij = Zji). 

The main advantage of the equivalent force torsor is to reduce the number of source data representative of 

the source.  The mutually nearer the coupling points (compact source) and the stiffer the receiver in the 

coupling area the closer this approximation to reality.  

4.4 Specific receiver for identification – the “block-sensor”  

4.4.1 Principle 

In order to identify the equivalent force torsor and the reduced impedance of the source, the component in 

the coupled state is installed on a rigid mass as support. This support, also referred to as “block-sensor” or 

calibration block, is suspended elastically through flexible means (e.g. resilient mounts, elastic straps) 

ensuring freedom of vibratory movements of the different points of the block, Figure 3. It must enable easy 

measurements of the mobilities of the coupled and uncoupled system (to ultimately identify ZC and ZR) and 

of the accelerations in operation of the coupled system (to identify VC) in Eq. 1 and Eq. 2. 

The advantage of using a rigid receiver with a simple geometry is threefold: 

 to easily identify its impedance by different means (measurements, analytical calculation or finite 

element model.) 

 to access the six vibration components at an arbitrary point on the basis of any six known  

independent components of vibration on the block. 

 to easily translate an applied external force from any point of the block to any other point by adding 

a compensating torque. 

All of the three mentioned advantages simplify the identification ofthe blocked forces FB using Eq. 1 and 

the source impedance ZS using Eq. 2. 
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In order to provide six independent vibration components the block is instrumented with accelerometers 

placed judiciously to record the vibrations according to the six degrees of freedom of a non-deformable solid 

(refer to § 4.4.4). 

The role of the “block-sensor” can be summarized as follows: 

◗  It provides the system with a reference or “calibration” impedance ZR that is simple and known 

(identifiable by measurements and/or calculations). 

◗  It acts as acceleration transducer by measuring the six independent components. Measurement of the 

accelerations at different points on the block provides the data necessary at the coupling point (Eq. 1). 

◗  It acts as a force transducer. Measurement of an externally applied force on the block coupled to a source 

provides the (inaccessible) forces and moments acting in the coupling point.  

4.4.2 Position of the equivalent coupling point 

To obtain the equivalent reduced impedance of the pump, the impedances of the support ZR and the 

impedance of coupled system ZC must be measured at the same point. This point may be real and accessible 

(for placing a transducer there, for example), or virtual. 

The simplest way to provide an external excitation needed for the measurement of impedance is to apply 

impacts, e.g. by an impact hammer. However, it is often not possible to measure the accelerations nor to 

apply the impacts directly at the coupling point. The transducer block is then used as a measuring device 

which, by means of kinematic transfer matrices, determines the accelerations at the coupling point, based 

on the measurement of the six degrees of freedom at other places on the block. 

But the strong underlying assumption, on which the equivalent torsor method is based, is that the coupling 

points have fixed positions with respect to each other and in particular with respect to the equivalent coupling 

point. Consequently, the coupling point should be positioned in a rigid area so that the transposition of the 

vibrations measured at the distant points is governed only by a frequency-invariant kinematic transfer 

matrix. 

Similarly owing to the rigidity of the transducer block  an excitation applied at an impact point can be easily 

translated to the coupling point. Lastly, the mobility at the coupling point can be deduced from the transfer 

function between the accelerations grouped in vectors τ̈mes and the forces Fmeas at the chosen measurement 

points. 

In order to simplify data handling the impedances will be redefined with respect to the classical definition 

of the type force/velocity. In this work the impedance is the ratio between the force or couple and the 

acceleration rather than velocity. 
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4.5 Measurement procedure 

 

Figure 4: The measurement procedure 

5 Application case: Characterization of a compressor 

5.1 Set-up and experiment 

A "scroll" compressor has been tested in different operational points, Table 1. The compressor was 

supported by its 4 feet either rigidly, by bolts, or softly, via resilient rubber mounts. A solid steel block was 

used as a sensor-receiver, Fig. 6. 

 

Table 1: Operating 

points of the 

sourceOperational 

Point 

Rotation 

frequency 

(Hz) 

Connections 

 

Chiller 35, 50, 65, 80 Rigid 

HeatPump 35, 50, 65, 80 Rigid 

Rooftop 35, 50, 65, 80 Rigid 

Rooftop 65 Soft 

Rooftop 65 Soft 

 

5.2 Results 

5.2.1 Receiver impedance identification (ZR) 

The first step is to determine the impedance of the block sensor ZR and the transfer matrix between 

measurement points and impact excitation points (Yij(f) = Xi(f)/Fj(f)), Figure 5. Results are shown Figure 6 
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Figure 5 – Measurement of block sensor impedance ZR. 

Below 50 Hz, the block suspension system, in spite of being very soft, does influence the behavior of the 

block considered free. On the other hand the block can be considered rigid below 1800 Hz. The frequencies 

of analysis were thus limited to a 50-1800 Hz band. 

 

 

Figure 6 – Impedance ZR of receiving block alone  

5.2.2 Coupled impedance identification (ZC) 

The second step is the determination of the coupled impedance at the  coupling point, the component being 

installed on the block. Modulus of the impedance in the 3 directions (11 = X, 22= Y, 33 = Z=Z) are shown 

on Figure 7. 
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Figure 7 – Coupled impedance ZC  

5.2.3 Source impedance identification (ZS) 

It is now possible to calculate ZS using ZC = ZR + ZS at the coupling point. This quantity may be used in a 

numerical model to set the compressor vibroacoustic behavior. 

 

Figure 8 – Compressor impedance Zs  

5.2.4 Blocked force torsor determination (FB) 

The blocked force torsor is obtained using FB = - ZC.VC Figure 9 shows blocked force spectra (Fx, Fy, Fz) 

for the 3 operating modes « Chiller », « Rooftop » and « PAC » with rotation speed of 65 Hz. 

Efforts are dominant in horizontal plan (X Y).  
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Chiller 

 

Rooftop 

 

Heat 

Pump 

 

Figure 9 – Blocked force torsor at coupling point. Components Fx, Fy, Fz for 3 operational modes @65Hz 

 

Figure 10 –Blocked force torsor Fb Overall level, RMS [0-2kHz] 3 Operational modes, 4 rotation speeds. 
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Figure 11 –Blocked force orsor Fb Overall level, order 1 to 12. 3 Operational modes, 4 rotation speeds. 

Figure 10 and Figure 11 show the overall levels in 3 directions obtained on the frequency range [0-2kHz] 

and on the first 12 harmonic of rotation for the 3 operating mods.  

5.2.5 Set-up with soft mountings 

Two types of mountings have been tested: a stiff one (compressor screwed directly on the block) and soft 

mounting (using isolators-see figure 12). Results are shown in operational mode "Rooftop 65Hz". A new 

impedance Zc is calculated with isolators. Zc is now similar to ZR, showing the efficiency of the isolators. 

 

 

Figure 12 - Impédance Zc_(Block+Compressor with isolators) 

Comparison of components Fx and Mx are shown on figure 14 in configuration Rooftop 65 Hz. Figure 14 

shows also the results of overall level [0-2 kHz] on the 6 components. 

Most of the harmonics levels are decreased, but some may be amplified (see H1 Mx) Nevertheless, overall 

levels are drastically reduced.  
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Figure 13 – Blocked forces Fb on mode « Rooftop 65Hz » – Fx et Mx with/without isolators. Spectra and 

overall level [0-2 kHz] 

5.3 Conclusion and further work 

The "block-sensor" method has been developed to characterize sources of structure-borne noise using 

intrinsic descriptors (independent of the receiver): the equivalent blocked forces and source impedance. 

On their own, these descriptors are useful to the manufacturers for understanding or clarifying the operation 

of their products, for performing comparative tests or obtaining a ranking of the products, or for use as 

calibration for vibration calculations. 

However, with the objective of prediction within a vibration/acoustic scheme, the model must include the 

passive characteristics of the receiver or of the active component connected to it (impedance), which only 

the suppliers are entitled to know and communicate. 

There is thus a need to work transparently between suppliers and integrators to optimize mechanical 

assemblies. 

The method has been applied to a compressor in different operating conditions, showing results that allow 

to understand its vibroacoustic behavior. 

The method is now in a process of standardization. Repeatability and reproducibility have to be tested and 

quality indicators have to be defined. 
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1 Università dell’Aquila, Dipartimento di Ingegneria Industriale e dell’Informazione e di Economia,
Via G. Gronchi 18, I-67100, L’Aquila (AQ), Italy
e-mail: walter.dambrogio@univaq.it
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Abstract
Typical applications of dynamic substructuring deal with time-invariant systems. An interesting extension of
the dynamic substructuring can be to consider, among time-variant systems, those built from time-invariant
component subsystems subjected to time-variant coupling conditions, such as those encountered in contact
problems. Specifically, a time-varying interface due to a frictional sliding contact is considered. The link
between substructuring and contact problems can lead to interesting perspectives, for instance, in the macro-
scopic analysis of the time-frequency behaviour of bodies in relative sliding with friction. The problem can
be tackled in time domain using both primal and dual assembly. In the former case classical numerical time
integration techniques can be used; in the latter case to avoid singularities forward increment Lagrange mul-
tiplier method can be adapted to dual assembly. The methods are applied to discrete models of substructures.
In both cases, the assumption of sliding contact can be verified at the end of the computation.

1 Introduction

Dynamic substructuring is typically applied to time-invariant systems [1]. An interesting subset of time
variant systems is represented by those built from time-invariant component subsystems subjected to time-
variant coupling conditions. For such systems, the classical techniques developed for time invariant systems
can be adapted with few modifications. Typical examples of such time variant systems are those encountered
in contact problems (e.g. when a sliding velocity exists between two contacting bodies).

The analysis of contact problems in the framework of dynamic substructuring can provide interesting re-
sults with relatively low computational effort. For instance, the macroscopic analysis of the time-frequency
behaviour of bodies in relative sliding with friction can benefit of the substructuring approach.

Since time-variant coupling conditions are involved, the time domain approach is the most appropriate.
Substructuring in time domain has been considered by Rixen and van der Valk [2, 3], by using impulse
response functions. However, the coupling conditions (compatibility and equilibrium) are considered as
time-invariant.

In this paper, the general framework for dynamic substructuring is extended to time-variant interfaces among
connecting substructures. Specifically, a time-variant interface due to a sliding contact is considered by
introducing time dependent compatibility and equilibrium conditions. The sliding contact can be without or
with friction. With friction, the set of degrees of freedom to which equilibrium conditions apply includes
tangential directions at the contact interface, which are not considered in the compatibility conditions because
of sliding. This is in fact a non collocated interface as defined in decoupling problems [4, 5].
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The problem can be tackled in the time domain using primal assembly and numerical time integration. In
a previous work [6], the authors proposed a time-frequency domain approach using dual assembly to avoid
singularity problems in numerical integration, thus obtaining Time Dependent Frequency Response Func-
tions (TD-FRFs) of the assembled structure. In this work, singularity problems are overcome by adapting
the forward increment Lagrange multipliers method [7] to dual assembly.

The approach is applied to a lumped parameter model in order to evaluate its feasibility and effectiveness.
The approach can be extended to simple finite element models under the assumption that the relative sliding
motion at the contact interfaces is known a-priori, at least approximately.

2 Theoretical background

2.1 Substructuring

Let us consider a structural system consisting of n coupled subsystems. The equation of motion of a linear
time-invariant subsystem r may be written as:

[M ](r) {ü(t)}(r) + [C](r) {u̇(t)}(r) + [K](r) {u(t)}(r) = {f(t)}(r) + {g(t)}(r) (1)

where:

[M ](r), [C](r), [K](r) are the mass, damping and stiffness matrices of subsystem r;
{u(t)}(r) is the vector of displacements of subsystem r;
{f(t)}(r) is the vector of external forces on subsystem r;
{g(t)}(r) is the vector of connecting forces with other subsystems (internal constraint forces).

The equation of motion of the n subsystems to be coupled can be written in a block diagonal format as:

[M ] {ü(t)}+ [C] {u̇(t)}+ [K] {u(t)} = {f(t)}+ {g(t)} (2)

with

[M ] =




[M ](1)

. . .

[M ](n)


 , [C] =




[C](1)

. . .

[C](n)


 , [K] =




[K](1)

. . .

[K](n)


 (3)

{u(t)} =





{u(t)}(1)
...

{u(t)}(n)





, {f(t)} =





{f(t)}(1)
...

{f(t)}(n)





, {g(t)} =





{g(t)}(1)
...

{g(t)}(n)





(4)

The compatibility condition implies that any pair of matching DoFs at time t, i.e. DoF l on subsystem r and
DoF m on subsystem s must have the same displacement, that is u(r)l (t)− u(s)m (t) = 0.

This condition can be generally expressed as:

[BC(t)] {u(t)} = {0} (5)
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where each row of [BC(t)] corresponds to a pair of matching DoFs at time t. Note that [BC(t)] is, in
most cases, a signed Boolean matrix and it can be written by distinguishing the contribution of the different
subsystems:

[BC(t)] =

[
[BC(t)](1) · · · [BC(t)](n)

]

The equilibrium condition for internal constraint forces, arising from the compatibility conditions and even-
tually from sliding friction, implies that the sum of connecting forces at a pair of matching DoFs must be
zero, i.e. g(r)l (t) + g

(s)
m (t) = 0: this holds for any pair of matching DoFs at time t. Furthermore, if DoF k

on subsystem q is not a connecting DoF at time t, it must be g(q)k (t) = 0: this holds for any non-connecting
DoF at time t. In presence of friction, the set of degrees of freedom to which the equilibrium condition
applies includes tangential directions at the contact interface, which are not considered in the compatibility
conditions due to sliding. This is in fact the definition of a non collocated interface.

Overall, the above conditions can be expressed as:

[LE(t)]T {g(t)} = {0} (6)

where the matrix [LE(t)] is a Boolean localisation matrix. Note that the number of rows of [LE(t)]T is equal
to the number of non-interface DoFs plus the number of pairs of equilibrium interface DoFs.

Eqs. (2-6) can be put together to get the three field formulation, i.e the total system describing the coupling
between any number of substructures:





[M ] {ü(t)}+ [C] {u̇(t)}+ [K] {u(t)} = {f(t)}+ {g(t)}
[BC(t)] {u(t)} = {0}
[LE(t)]T {g(t)} = {0}

(7)

Therefore, the three field formulation is very similar to the classical one for a stationary interface, except for
[BC ] and [LE ] which now depend on time t.

2.2 Solution approach in time domain

In principle, both primal assembly and dual assembly could be used [1, 8].

2.2.1 Primal assembly in time domain

In the primal assembly, a unique set of interface DoFs is defined and the interface forces are eliminated by
automatically satisfying the interface equilibrium. This is obtained by stating that:

{u(t)} = [LC(t)] {q(t)} (8)

where {q} is the unique set of DoFs, including also non-interface DoFs, and [LC(t)] is different from the
localisation matrix [LE(t)] introduced previously, when friction forces are exchanged at the interface. Since
Eq. (8) states that the DoFs of all subsystems are obtained from the unique set {q}, the compatibility condi-
tion holds for any set {q}, i.e.

[BC(t)] {u(t)} = [BC(t)] [LC(t)] {q(t)} = {0} ∀ {q} (9)
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Hence, [LC(t)] represents the nullspace of [BC(t)]:

[LC(t)] = null ([BC(t)]) (10)

Since the compatibility condition in Eq. (7) is satisfied by the choice of the unique set {q}, the system of
equations is:

{
[M ] [LC(t)] {q̈(t)}+ [C] [LC(t)] {q̇(t)}+ [K] [LC(t)] {q(t)} = {f(t)}+ {g(t)}
[LE(t)]T {g(t)} = {0}

(11)

Pre-multiplying the dynamic equilibrium equation by [LE(t)]T and noting that [LE(t)]T {g(t)} = {0}, the
assembled system reduces to:

[LE(t)]T [M ][LC(t)]{q̈(t)}+[LE(t)]T [C][LC(t)]{q̇(t)}+[LE(t)]T [K][LC(t)]{q(t)}=[LE(t)]T {f(t)}
(12)

i.e.

[
M̃(t)

]
{q̈(t)}+

[
C̃(t)

]
{q̇(t)}+

[
K̃(t)

]
{q(t)} =

{
f̃(t)

}
(13)

where [
M̃(t)

]
= [LE(t)]T [M ] [LC(t)]

[
C̃(t)

]
= [LE(t)]T [C] [LC(t)]

[
K̃(t)

]
= [LE(t)]T [K] [LC(t)]

{
f̃(t)

}
= [LE(t)]T {f(t)}

(14)

Eq. (13) can be recast in state space form:

{
{q̇(t)}
{q̈(t)}

}
=




[0] [`1`]

−
[
M̃(t)

]−1 [
K̃(t)

]
−
[
M̃(t)

]−1 [
C̃(t)

]


{
{q(t)}
{q̇(t)}

}
+





{0}
[
M̃(t)

]−1 {
f̃(t)

}


 (15)

i.e.

{ẏ(t)} = [A(t)] {y(t)}+ {F (t)} (16)

where

{y} =

{
{q}
{q̇}

}
[A] =




[0] [`1`]

−
[
M̃
]−1 [

K̃
]
−
[
M̃
]−1 [

C̃
]

 {F} =





{0}
[
M̃
]−1 {

f̃
}


 (17)

having omitted the explicit dependence on t in the last equation for the sake of simplicity.

Since [A(t)] is time dependent, Eq. (16) can not be solved analytically but needs numerical time step inte-
gration.
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2.2.2 Dual assembly in time domain

In the dual assembly, the total set of DoFs is retained, i.e. each interface DoF is present as many times as
there are substructures connected through that DoF. The equilibrium condition g(r)l + g

(s)
m = 0 at a pair of

interface DoFs is ensured by choosing, for instance, g(r)l = −λ and g(s)m = λ. Therefore, the overall interface
equilibrium can be ensured by writing the connecting forces in the form:

{g(t)} = − [BE(t)]T {λ(t)} (18)

where {λ} are Lagrange multipliers corresponding to connecting force intensities and [BE(t)] is different
from the signed Boolean matrix [BC(t)] used to enforce the compatibility condition, because [BE(t)] must
also account for friction forces at the interface.

The interface equilibrium condition (6) is thus written:

[LE(t)]T {g(t)} = − [LE(t)]T [BE(t)]T {λ(t)} = {0} (19)

Hence [BE ]T represents the nullspace of [LE ]T :

[BE(t)]T = null
(

[LE(t)]T
)

(20)

Since Eq. (19) is always satisfied, Eq. (7) becomes:

{
[M ] {ü(t)}+ [C] {u̇(t)}+ [K] {u(t)}+ [BE(t)]T {λ(t)} = {f(t)}
[BC(t)] {u(t)} = {0}

(21)

and in block matrix form:

[
[M ] [0]

[0] [0]

]{ {ü(t)}{
λ̈(t)

}
}

+

[
[C] [0]

[0] [0]

]{ {u̇(t)}{
λ̇(t)

}
}

+

[
[K] [BE ]T

[BC ] [0]

]{
{u(t)}
{λ(t)}

}
=

{
{f(t)}
{0}

}
(22)

Eq. (22) is singular and cannot be explicitly solved in the time domain. To overcome the singularity problem
of Eq. (22), an approach similar to the Forward increment Lagrange multipliers method [7] can be used.

2.2.3 Forward increment dual assembly in time domain

This formulation relates constraints at time tn+1 = tn + h with Lagrange multipliers at time tn, and the
equation of motion becomes:

{
[M ] {ü}n + [C] {u̇}n + [K] {u}n + [BE ]Tn+1 {λ}n = {f}n
[BC ]n+1 {u}n+1 = {0}

(23)

In this notation the subscripts n and n+ 1 indicate the functions at time tn and tn+1.

The first equation of (23) can be rewritten as:

{ü}n = [M ]−1
[
{f}n − [C] {u̇}n − [K] {u}n − [BE ]Tn+1 {λ}n

]
(24)
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For explicit integration of the equation, the Newmark β2 scheme can be used, that for β2 = 0.5 reduces to
the central difference scheme:

{ü}n =
1

h2
(
{u}n+1 − 2 {u}n + {u}n−1

)
(25)

By substituting the central difference expression of {ü}n in the equation of motion (24), and by using {u̇}n =(
{u}n − {u}n−1

)
/h one obtains:

{u}n+1 =h2 [M ]−1

[
{f}n −

1

h
[C]
(
{u}n − {u}n−1

)
−K {u}n

]
+ 2 {u}n − {u}n−1 +

− h2 [M ]−1 [BE ]Tn+1 {λ}n
(26)

Therefore, by substituting Eq. (26) in the second line of Eq. (23) one obtains:

[BC ]n+1

{
h2 [M ]−1

[
{f}n −

1

h
[C]
(
{u}n − {u}n−1

)
−K {u}n

]
+ 2 {u}n − {u}n−1

}
=

= [BC ]n+1 h
2 [M ]−1 [BE ]Tn+1 {λ}n

(27)

Hence, the contact forces {λ}n can be computed as:

{λ}n =
(
h2 [BC ]n+1 [M ]−1 [BE ]Tn+1

)−1
[BC ]n+1 ·

·
{
h2 [M ]−1

[
{f}n −

1

h
[C]
(
{u}n − {u}n−1

)
−K {u}n

]
+ 2 {u}n − {u}n−1

} (28)

Finally, by substituting {λ}n in Eq. (26) {u}n+1 is obtained.

3 Numerical model

The considered system (Fig. 1) consists of two subsystems connected through a sliding interface with a
constant friction coefficient µ. Subsystem 1 is a bar of length l and mass m1, suspended by two vertical
springs k1 and k2, and one horizontal spring k3. The bar is modeled as a 2 node bar element with lumped
mass matrix (m1/2 at each end), and an axial stiffness k6. Subsystem 2 is a lumped mass m2 connected, by
a vertical spring k4 and a horizontal spring k5, to a support moving with constant velocity v in the horizontal
direction. A vertical preload F2 acts on the lumped mass m2 to push it on the bar.

k1 k2 k3 k4 k5 k6 m1 m2 l F2 v

50 200 3000 200 1e5 6.41e6 N/m 1 0.3 kg 2 m 10 N 9.77 mm/s

Table 1: Values of the physical parameters of the model.

Subsystem 1 has 4 DoFs {u}(1) = [u1 u2 u3 u4]
T , and the mass and stiffness matrices are:

[M ](1) =




m1/2 0 0 0

0 m1/2 0 0

0 0 m1/2 0

0 0 0 m1/2


 [K](1) =




k3 + k6 0 −k6 0

0 k1 0 0

−k6 0 k6 0

0 0 0 k2


 (29)
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v
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k1
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k6, l
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u4
u5

u6

N

T

Figure 1: Sketch of the system model: N and T acting on mass 2.

The vector of external forces {f}(1) acting on subsystem 1 (DoFs u1-u4) is zero.

Subsystem 2 has 2 DoFs {u}(2) = [u5 u6]
T , and the mass and stiffness matrices are:

[M ](2) =

[
m2 0

0 m2

]
[K](2) =

[
k5 0

0 k4

]
(30)

The vector of external forces acting on u5 and u6 of subsystem 2 is {f}(2) = [k5vt − F2]
T .

The block diagonal mass and stiffness matrices of the whole system are expressed according to Eq. (3),
while the vectors of the full set of DoFs and of the external forces are expressed according to Eq. (4). A
proportional viscous damping matrix is defined as [C] = β[K] with β = 1e− 4 s. .

When the two subsystems are connected together, it is assumed that massm2 is always in contact with the bar
(i.e. N > 0 where N is the normal contact force between the bar and the moving mass) and that the relative
velocity between the moving mass and the bar is positive (vr = u̇5 − u̇c > 0, where uc is the horizontal
component of the velocity of the contact point on the bar). Therefore, the tangential force is T = −µN .
These assumptions can be verified at the end of the computation.

3.1 Compatibility and equilibrium matrices for primal assembly

To perform the primal assembly, the independent set of DoFs is selected as {q} = [u1 u2 u3 u4 u5]
T .

Therefore:

[LC(t)] =




1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 n1(t) 0 n2(t) 0




[LE(t)] =




1 0 0 0 0

µ 1 0 0 0

0 0 1 0 0

0 0 µ 1 0

0 0 0 0 1

0 n1(t) 0 n2(t) µ




(31)

where

n1(t) = 1− vt/l n2(t) = vt/l (32)

are time dependent coefficients used in {u} = [LC ]{q} to obtain the vertical position u6 of mass m2 as
functions of the vertical positions u2 and u4 of the end nodes of the bar, and in [LE ]T {g} = 0 to satisfy the
equilibrium of constraint forces in the vertical direction, e.g.
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g2 + n1(t)g6 = 0 g4 + n2(t)g6 = 0 (33)

Note that the relation between the friction force and the normal force (T = µN ) is also accounted in
[LE ]T {g} = 0 as

g1 + µg2 = 0 g3 + µg4 = 0 g5 + µg6 = 0 (34)

3.2 Compatibility and equilibrium matrices for dual assembly

To perform the dual assembly, the matrices [BC(t)] and [BE(t)] to be used in the compatibility equation
[BC(t)]{u} = 0 and in the equilibrium equation {g} = −[BE(t)]T {λ} are

[BC(t)] =
[
0 n1(t) 0 n2(t) 0 −1

]

[BE(t)] =
[
−µn1(t) n1(t) −µn2(t) n2(t) µ −1

] (35)

where n1(t) and n2(t) are defined as above. Note that, from Eq. (35) and Eq. (31), it can be verified that
[BC ][LC ] = 0 and [LE ]T [BE ]T = 0, as stated by Eqs. (9) and (19).

4 Results

Two values of the friction coefficient µ are used: µ = 0 and µ = 0.2.

4.1 Time domain results using primal assembly

The problem defined by Eq. (15) is solved numerically by using the Matlab function ode45, using fourth
order Runge Kutta time step integration. The simulation is performed for the time employed by the mass m2

to slide along the total length of the bar, i.e. 204.75 s.
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]

u1 = u3

u2

u4

Figure 2: Time histories of displacements at the ends of the bar for µ = 0 (primal assembly).

The sampling time chosen to observe the results is ∆t = 0.05 s. The physical displacements u can be
obtained using Eq. (8). Time histories of displacements u1, u2, u3, u4 at the ends of the bar are shown
in Fig. 2 for µ = 0. Without friction, the horizontal displacements u1, u3 are equal to zero, because the
horizontal motion is not excited by the moving mass m2. Vertical displacements u2, u4 behave as expected.
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Spectrograms of vertical velocities u̇2, u̇4 are shown in Figs. 3(a) and 3(b). It can be noticed that the first
natural frequency of the system goes from 2.81 Hz to 1.59 Hz when the mass m2 moves from left to right,
while the second natural frequency increases from 3.18 Hz to 3.55 Hz.
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(a) u̇2.
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(b) u̇4.

Figure 3: Velocity spectrograms for µ = 0 (primal assembly).

Time histories of displacements u1, u2, u3, u4 at the ends of the bar are shown in Fig. 4(a) for µ = 0.2.
With friction, the horizontal displacements u1, u3 in Fig. 4(b) are very low but not equal to zero, because the
horizontal motion is excited by the friction force exerted by the moving mass m2. Vertical displacements u2,
u4 are very similar to the frictionless case.
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(a) DoFs u1, u2, u3 and u4.
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Figure 4: Time histories of displacements at the ends of the bar for µ = 0.2 (primal assembly).

Spectrograms of velocities u̇3, u̇4 are shown in Figs. 5(a) and 5(b). The spectrogram of the horizontal
velocity u̇3 shows a third natural frequency corresponding to horizontal motion of the bar. The spectrogram
of the vertical velocity u̇4 is very similar to the frictionless case.

The contact assumption can be verified computing the contact forces acting on the moving mass. According
to Eq. (1) with r = 2, the connecting forces can be expressed as:

{g(t)}(2) =

{
T
N

}
= [M ](2) {ü(t)}(2) + [C](2) {u̇(t)}(2) + [K](2) {u(t)}(2) −

{
k5 v t
−F2

}
(36)

Moreover, the sliding assumption can be verified by computing the relative velocity using the time dependent
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Figure 5: Velocity spectrograms for µ = 0.2 (primal assembly).
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(a) Contact forces acting on the moving mass.
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Figure 6: Verification of contact assumption (primal assembly).

coefficients in Eq. (32):
vr = u̇5 − u̇c = u̇5 −

(
n1(t) u̇1 + n2(t) u̇3

)
(37)

The contact forces and the relative velocity are shown in Fig. 6. The sign of the normal contact force N
confirms that the mass is in contact with the bar. Furthermore, the sign of the relative velocity vr confirms
the sliding assumption.

4.2 Time domain results using dual assembly

The explicit integration scheme described in section 2.2.3 is used to solve in time domain the equation (23).
As for the primal assembly case the simulation is performed for the time employed by the mass m2 to slide
along the total length of the bar, i.e. 204.75 s. By looking at eigenfrequencies and eigenvectors, the time
step chosen to perform the explicit integration is ∆t = 1e-4 s. This value allows to correctly estimate the
oscillations along vertical DoFs (u2, u4 and u6) that are essential to impose the compatibility condition. Note
that the horizontal displacements do not affect the solution since there is no compatibility condition defined
along this direction.
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Time histories of displacements u1, u2, u3, u4 at the ends of the bar and the vertical displacement of the
moving mass u6 are shown in Fig. 7 for µ = 0.2. Displacements are practically the same as those obtained
by primal assembly. In fact, the physical problem is the same, therefore it is expected that the solutions
are practically the same. However, the assembly techniques and the integration methods are substantially
different so the coincidence of the solutions cannot be taken for granted.
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Figure 7: Time histories of displacements (u1 to u4) at the ends of the bar and vertical displacement (u6) of
the moving mass for µ = 0.2 (dual assembly).

Spectrograms of velocities u̇3, u̇6 are shown in Figs. 8(a) and 8(b). Also using dual assembly in presence
of friction the spectrogram of the horizontal velocity u̇3 shows a third natural frequency corresponding to
horizontal motion of the bar.
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(a) u̇3.
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(b) u̇6.

Figure 8: Velocity spectrograms for µ = 0.2 (dual assembly).

The contact assumption can be verified observing the time histories of {g} = −[BE ]T λ. In Fig. 9, the time
history of g6 is shown. The positive sign of g6 confirms the contact assumption because the normal contact
force acting on the mass m2 is directed upwards.

5 Conclusions

In this paper, the general framework for dynamic substructuring is extended to time-variant interfaces among
connecting substructures. Specifically, a time-variant interface due to a sliding contact is considered by
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Figure 9: Verification of contact assumption, Normal contact force g6 for µ = 0.2 (dual assembly).

introducing time dependent compatibility and equilibrium conditions. The sliding contact can be without
or with friction. In presence of friction, equilibrium conditions involve tangential directions at the contact
interface, that do not appear in the compatibility conditions.

The solution approach in time domain can use both primal and dual assembly. In the former case classical
numerical time integration is used (ode45); in the latter case the forward increment Lagrange multiplier
method is adapted to dual assembly.

Results on a lumped parameter model show the feasibility and effectiveness of the proposed approaches. The
assumption of sliding contact is verified at the end of the computation.

Future developments involve the extension of the approach to simple finite element models under the as-
sumption that the relative sliding motion at the contact interfaces is known a-priori, at least approximately.
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Abstract
Hydraulic testing machines can be used to obtain dynamic stiffnesses of rubber isolators in
translational degrees of freedom (DoF) up to a few hundred Hertz. Substructuring methods may
identify the dynamic properties also in rotational DoF while requiring only standard vibration
testing equipment. Results of two substructuring methods will be compared to those from a
hydraulic machine. Both use rigid fixtures, mounted to the bottom and top of the isolators.
Frequency based substructuring requires knowing the rigid fixtures dynamics to decouple them.
Inverse Substructuring does not require the fixtures dynamics, but is assuming negligible mass
and a special stiffness matrix topology of the isolator. Both methods produce accurate results
for translational and rotational DoF up to the kilo Hertz range. Nevertheless, frequency based
substructuring does not rely on specific isolator assumptions, which could not be justified.

Keywods: rubber isolators, frequency based substructuring, inverse substructuring, virtual point
transformation.

1 Introduction

Optimizing the vibration behavior of a mechanical system frequently requires knowledge about
rubber isolators’ dynamic properties. These depend on many different factors, such as static
preload, temperature and vibration amplitude [1]. Many researchers investigated methods for
identifying the frequency dependent modulus and damping of the rubber material. In [2], the
authors compare different formulations for the complex modulus whose parameters are fitted
to transmissibility measurements. Approaches of this kind are very valuable if the intent is to
model and modify the geometry of the rubber mount for a specific application. However, the
intent in this paper is not to model the material of the rubber, but more globally, to identify the
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dynamic properties of readily available isolator elements with different materials and geome-
tries. The authors of [3] perform shaker and hammer measurements on a mass sitting on top of
the rubber mount. They compare different methods for identifying the complex stiffness of the
mount in this single degree of freedom (DoF) configuration. It is proposed to use a complex
stiffness, which is a piecewise frequency depended polynomial, fitted to the measurement data.
Recently, some research was focused on identifying isolator properties from pure frequency re-
sponse function (FRF) measurements of an assembly containing the rubber elements [4] via a
method which we think was first published under the name of "inverse substructuring" [5, 6].
This method assumes a special topology of the isolator matrix and negligible mass of the rubber
isolators. In [7] the authors use the same assumptions to identify the properties of the structures
connected by the isolators. However, they reformulate the equations so that only a smaller sub-
matrix needs to be inverted, which makes the operation less sensitive to measurement errors. In
this paper, we describe and compare a classic substructuring approach and the inverse substruc-
turing method for obtaining rubber isolators dynamic stiffnesses up to the kilo-hertz frequency
range in translational and rotational DoF.

2 Experimental modeling

This section gives an overview of the performed measurements and introduces the notation used
throughout the paper. This includes the derivation of 6-DoF dynamic models from standard
measurements with hammer impacts and triaxial accelerometers, via virtual point transformation
(section 2.1), the modeling of the fixtures as rigid bodies (section 2.2) and an explanation of the
validation measurements performed on a servo hydraulic testing machine (section 2.3).

2.1 Six degree of freedom model of rubber isolators

As hammer impacting directly at the end of a rubber isolator I is practically infeasible, it was
attached to two fixtures in the form of crosses. An upper cross A and a lower cross B, resulting
in the assembly AIB (see figure 1b).

The crosses were designed so that one can apply hammer impacts that excite all translations and
rotations at the connection to the rubber isolator. The sensors are mounted at well-defined posi-
tions which can observe all translations and rotations of the cross (cf. figures 1a and 2). During
the impact measurements on the freely suspended assembly AIB (cf. figure 1a), 16 points on
the upper cross A and 16 points on the lower cross B were excited with hammer impacts. Re-
sponses were measured with 4 triaxial accelerometers on either cross, resulting in a 24×32 FRF
matrix YAIB

uf (ω), where u indicates the responses in the measurement channels of the sensors, f
indicates the hammer impacts and ω denotes the frequency dependence. The explicit frequency
dependence of FRF matrices Y and dynamic stiffness matrices Z will be omitted in the rest of
the paper. The measurements were performed on a Mueller-BBM MK2 data acquisition system
and the rubber temperature was at 21◦C. Each FRF was estimated from at least 3 averages with
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Figure 1: (a) Measurement setup: rubber isolator between upper and lower fixture hung up with rubber
bands. (b) Schematic: free-free measurement of isolator I between fixutures A and B, resulting in the
FRF matrix of the assembled system YAIB . (c) Admittance YI of the sole rubber isolator which is to
be determined. Vectors q1 and q2 describe the rigid body responses at the top and bottom of the rubber
isolator respectively. Vectors m1 and m2 contain the translational and rotational excitations.
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Figure 2: Upper fixture A with measured sensor accelerations u, applied hammer impacts f , transformed
rigid body DoF q1 and forces and moments m1 around virtual point 1 (indicated as green point).

an H1-estimator. The DoF on the upper cross will be given the subscript (?)1 and the ones on
the lower cross the subscript (?)2. The measured FRF can thus be partitioned as:

YAIB
uf =

[
Y11 Y12

Y21 Y22

]AIB

uf

. (1)

The measured FRF matrix YAIB
uf shall be transformed to a matrix YAIB

qm which contains trans-
lational and rotational responses (contained in the vector q) to applied loads and moments (con-
tained in the vector m),

q =

[
q1

q2

]
, m =

[
m1

m2

]
. (2)

The rotations and moments are defined around a so-called ’virtual point’. The positions of
sensors and hammer impacts with respect to the virtual point on the upper cross A are shown in
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figure 2. For given rigid body motions q, it is straightforward to derive the resulting motion in
each of the sensor channels u (provided the position and orientation of the sensors with respect to
the virtual point is known. The assumed sensing position is in the center of the sensor housing.):

u = Ruq, (3)

where the matrix Ru contains the information about position an orientation of each sensor chan-
nel with respect to the virtual points. For more information on how to create Ru see e.g. [8].
Similarly, for a given vector of applied forces at the hammer impact points f , it is possible to
calculate the resulting forces and moments around the virtual points m:

m = RT
f f , (4)

where the matrix Rf contains the information about position and orientation of each hammer
impact with respect to the virtual point (see [8]). In order to transform the measured YAIB

uf to
YAIB

qm , it is necessary to derive the inverse relationships of equations (3) and (4), which can be
done with e.g. a least squares projection for the displacements and a constrained minimization
for the forces:

q = (RT
uRu)

−1RT
u︸ ︷︷ ︸

Tu

u f = Rf (R
T
f Rf )

−1

︸ ︷︷ ︸
TT

f

m, (5)

where Tu and Tf are the transformation matrices for the displacements and forces respectively.
See [9] for an explanation of the minimizations involved in the derivation of the transformation
matrices (including the possible use of weightings for single sensor channels and force inputs).
With the above relationships, the measured FRF matrix YAIB

uf can be transformed to an FRF
matrix containing the rigid body motions around the virtual points YAIB

qm :

YAIB
qm = TuYAIB

uf TT
f . (6)

For the rest of the paper the subscript (?)qm will be dropped. Implicitly, it will be assumed that
all DoF are in the form of rigid body motions in the two virtual points.

Remark 1: When using (6) with measured data, it is mandatory to ensure high quality
of the measurements. One way of doing so is to use the consistency metrics defined in
[8]. Before performing the measurement, one should also check the noise level in the
single sensor channels. Recording just the noise floor in the channels, it was found that
the noise in one sensor channel was around 50dB higher than for all others. Interchang-
ing cables and connectors on the data acquisition system led to the conclusion that it
was actually a broken channel of the sensor itself. The FRFs measured with this sensor
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channel reflected the significantly higher noise level. In figure 3, two different FRFs that
should be equal (due to symmetry of the assembly AIB) are compared: one measured
with the broken channel and the other with an intact sensor. Due to over determination
of the transformation, it is not necessary to keep the noisy sensor channel in the trans-
formation. In this case, it is recommended to take the noisy channel completely out of
the transformation (deleting the corresponding row from YAIB

uf and Ru). The result of a
transformed FRF which is particularly influenced by the response in the broken channel
is shown in figure 4, for keeping and neglecting the data of this channel.
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Figure 3: FRF measured with the broken
channel compared to intact channel.

200 300 400 500 600 700 800
M

ag
ni

tu
de
[

ra
d

N
m
s2

]

Magnitude

including broken channel
neglecting broken channel

200 300 400 500 600 700 800
−180

−90

0

90

180

Frequency [Hz]

A
ng

le
[◦

]

Phase

Figure 4: Virtual point transformed FRF for
a rotational DoF which is particularly af-
fected by the broken channel.

2.2 Analytical model of the crosses

The crosses where designed to behave like a rigid body in the frequency range of interest. Their
first flexible mode is found at 4489Hz. The crosses dynamics where modeled by their mass and
rotational inertia from the CAD model, and an additional correction for the mass of the sensors.
The rigid body assumption was found to be reasonable up to 2000Hz. It is also important to
note that the virtual point V does not correspond to the center of gravity G (cf. figure 5). The
dynamic stiffness of a freely suspended, rigid cross Z is given by:

Z = −ω2M = −ω2

[
mtotI −mtotr̃V,G

mtotr̃V,G ΘV

]
, (7)

where M is the mass matrix of the cross plus sensors, for the six rigid body degrees of freedom
around virtual point V . I is a 3× 3 identity matrix, rV,G is the vector from the virtual point V to
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Figure 5: Position of total center of gravity G, center of gravity for the cross without the sensor masses
C, the sensor positions Si and the virtual Point V . Connecting vectors are indicated as r.

the center of gravity G and ΘV is the rotational inertia of the cross plus sensors. The notation r̃
is the matrix representation for the cross product with the vector r. Note that r̃T = −r̃ and thus
the mass matrix M is symmetric.

The total mass mtot and the rotational inertia ΘV are given by:

mtot = mc + 4ms, (8)

ΘV = Θcross
C +mc(||rV,C ||2I− rV,CrTV,C)︸ ︷︷ ︸

rot. inertia of cross around V

+
4∑

i=1

ms(||rV,Si ||2I− rV,Sir
T
V,Si

)

︸ ︷︷ ︸
rot. inertia of sensors

, (9)

where mc is the mass of the cross and ms is the mass of one sensor. The mass of the sensors
with cable-connector was measured on a fine scale to 7.51 gram. The sensors where all PCB
Model TLD356A32. The rotational inertia of the cross around its center of gravity Θcross

C and
the position of its center of gravity C, was taken from the CAD software. The vector from the
virtual point to the total center of gravity of cross plus sensors is:

rV,G =
1

mtot

[
mcrV,C +

4∑

i=1

msrV,Si

]
. (10)

2.3 Validation measurements on hydropulse

For validation of the two methods, the rubber isolators where tested on a servo hydraulic testing
machine, or in short: "hydropulse". The machine controls the vibration amplitude and frequency
on the upper connection bolt of the rubber, and measures the reaction force on the lower con-
nection (see figure 6a for a schematic depiction of the measurement principle). The controlled
vibration amplitude is measured within the hydraulic cylinder at the top of the machine. The
fixtures needed for mounting the rubber isolators in the machine are considered to be rigid in the
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freq. range [Hz] freq. resolution [Hz] vibration amplitude [mm]
lower 3− 200 1 0.1

medium 20− 400 10 0.03

higher 100− 900 20 0.01

Table 1: Test cycles performed on the rubber isolator with the hydropulse machine.

q̂1

m2

(a) (b) (c)

Figure 6: Overview of the hydropulse measurements. (a) Measurment principle with controlled vibration
q̂1 on the top and force measurement m2 at the bottom. This corresponds to measuring single entries
in the off-diagonal stiffness matrix Z21. (b) Measurement setup for radial stiffness measurement. (c)
Measurement setup for axial stiffness measurement.

frequency range of interest. If this assumption holds, then the displacement of the upper isolator
connection bolt is the same as the one controlled in the hydraulic cylinder. The stiffnesses were
measured in the axial (z-direction in figure 5) and radial direction (since the rubber mount is
axis-symmetric, any direction in x − y plane in figure 5). The setups for the radial and axial
measurements can be seen in figure 6b and figure 6c respectively. During the measurements,
the preload of the rubber isolators can be adjusted, so that the dynamic stiffnesses are measured
around this operating point. In all reference measurements shown, the preload was 20N . De-
pending on the frequency range of interest, the vibration amplitude was adjusted. In total 3,
different frequency ranges where tested (see table 1).

3 Substructuring methods for identification of rubber isola-
tor properties

The goal of this section is to introduce the two methods that were investigated for obtaining the
dynamic properties of a rubber isolator from the virtual point transformed FRF matrix YAIB .
Therefore, we review the (de-)coupling process in the primal formulation in section 3.1. In
section 3.2, the specific assumptions for the inverse substructuring method are explained and
the results are compared to the hydropulse measurements. In section 3.3, these assumptions are
tested for validity by comparing them to the results of the primal decoupling method, which does
not rely on any assumptions about the isolator.
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3.1 Primal (dis-)assembly of dynamic stiffness matrices

Assume the dynamic stiffness matrix of the rubber isolator ZI shall be coupled to the upper
cross ZA. In the coupled configuration, there will be connection forces g1 acting on the interface
between both substructures:




ZA
11 0 0

0 ZI
11 ZI

12

0 ZI
21 ZI

22







qA
1

qI
1

qI
2


 =




mA
1 + gA

1

mI
1 + gI

1

mI
2


 . (11)

When coupling any two structures to each other the following conditions must be fulfilled: Com-
patibility of displacements and Equilibrium of forces. Compatibility states in the above case that
qA
1 = qI

1. When using the so called ’primal’ assembly, the two separated variables on either side
of the interface are replaced by one global variable qAI

1 := qA
1 = qI

1, so that the compatibility
condition is automatically fulfilled:




ZA
11 0

ZI
11 ZI

12

ZI
21 ZI

22



[
qAI
1

qI
2

]
=




mA
1 + gA

1

mI
1 + gI

1

mI
2


 . (12)

Remark 2: The notion of ’primal’ assembly is related to the fact that the displacements
q are usually the ’primal’ variables for which the equations are being solved in mechan-
ics. The ’dual’ variables are the connection forces, which can be solved for in a post
procesing step. For an interesting discussion regarding the distinction between primal
and dual variables in engineering generally, see [10, chapter 2.5].

The next coupling condition is the equilibrium, requiring that the coupling forces on either side
of the interface are equal in magnitude, but have opposite sign (actio est reactio): gA

1 = −gI
1.

Adding the first two lines of (12) and considering the equilibrium condition yields the coupled
stiffness matrix:

[
ZI
11 + ZA

11 ZI
12

ZI
21 ZI

22

]

︸ ︷︷ ︸
ZAI

[
qAI
1

qI
2

]
=

[
mI

1 + mA
1

mI
2

]
, (13)

which corresponds to the stiffness matrix assembly well known from e.g. finite element model-
ing. Coupling also the lower cross B then yields the stiffness matrix of the whole assembly,

ZAIB =

[
ZA
11 + ZI

11 ZI
12

ZI
21 ZB

22 + ZI
22

]
. (14)
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q1,x q1,y q1,z q1,θx q1,θy q1,θz

q2,x q2,y q2,z q2,θx q2,θy q2,θz

Figure 7: Schematic depiction of the assumed "DoF to DoF " topology of the joint elements for the
inverse substructuring approach.

Formulated loosely, when coupling dynamic stiffness matrices, the coupling process comes
down to just "adding the overlapping matrix parts". As can be seen from (14), the uncoupled
stiffness ZI of the rubber isolator alone can be found from "subtracting the dynamic stiffness of
the structures A and B" from ZAIB .

3.2 Inverse Substructuring

The description in this section is following [11]. When coupling two substructures via a resilient
isolator, the assembled ZAIB will always have the form of (14). Experimentally, we can measure
the FRF matrix and invert it to obtain the dynamic stiffness of the assembly ZAIB = (YAIB)−1.
Inverse substructuring uses the fact that the off-diagonal terms in (14), are a property of the
rubber isolator alone:

ZAIB
21 = ZI

21, ZAIB
12 = ZI

12. (15)

Assume the isolator connects the DoF of the two virtual points with the special topology shown
in figure 7, i.e. each DoF on one side of the interface is only coupled to one DoF on the other
side and there are no cross couplings with any other DoF . The depiction of springs in figure 7 is
just for didactic purposes. Of course there can be any kind of frequency dependent stiffness and
damping properties inherent in the links depicted as mere springs. Additionally, it is assumed
that the joint element (i.e. the rubber) has negligible mass. If these assumptions hold, then the
stiffness matrix of the rubber isolator has the following properties:

ZI
11 = −ZI

12 = −ZI
21 = ZI

22, (16)

where in the general case ZI
11 and therefore also ZI

12 have to be diagonal matrices. Thus, by
simply inverting the measured FRF matrix of the assembly, the whole rubber isolator can be
identified from just taking the off-diagonal blocks of the matrix (provided that the above stated
assumptions hold). Hence, the name "inverse substructuring". In this case it is trivial to derive
the dynamic stiffnesses of the two separate substructures A and B from the measurements:

[
ZA
11 0
0 ZB

22

]
=

[
ZA
11 + ZI

11 ZI
12

ZI
21 ZB

22 + ZI
22

]
−
[
ZI
11 ZI

12

ZI
21 ZI

22

]
. (17)
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Figure 8: Axial direction: Comparison of hydropulse with inverse substructuring results.
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Figure 9: Radial direction: Comparison of hydropulse with inverse substructuring results.

This comes with the great practical advantage that it is not necessary to know anything about the
dynamic properties of the two structures A and B which are coupled by the isolator. Thus, one
is able to identify the dynamic properties of all involved substructures A, B and I separately
from only one set of measurements performed on the assembly AIB.

Just as with inverse substructuring, the hydropulse identifies the off-diagonal stiffness terms
ZI
21 (see figure 6) of the isolator in the axial and radial direction. In figure 8, the hydropulse

measurements (details listed in table 1) are compared to the results from the inverse substruc-
turing approach in axial direction. In the figure, both entries containing the axial-axial stiffness
from the two off diagonal matrices Z12 and Z21 are shown. In figure 9, the results in the radial
direction are compared.

As can be seen in figure 8 the magnitude of the axial stiffness identified from the inverse sub-
structuring fits the hydropulse measurements well for frequencies higher than 30Hz. The phase,
which is important for a good damping estimate, is more difficult. This is assumed to be due to
slight phase errors in the acceleration sensors. The same argument for the magnitude and phase
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Figure 10: Axial direction: Comparison of off-diagonal (ZI12, ZI21) and diagonal (ZI11, ZI22) entries.

can be made for the radial direction in figure 9. However, for higher frequencies the deviation
of stiffness magnitude between hydropulse and the inverse substructuring is higher.

3.3 Validation of the inverse substructuring assumptions

The dynamic stiffness of upper and lower cross, ZA and ZB respectively, is known from (7).
Therefore, it is straightforward to perform the decoupling of both crosses in the primal formula-
tion:

[
ZI
11 ZI

12

ZI
21 ZI

22

]
=

[
ZA
11 + ZI

11 ZI
12

ZI
21 ZB

22 + ZI
22

]
−
[
ZA
11 0
0 ZB

22

]
. (18)

Obviously, the entries on the off-diagonals are unchanged by the decoupling, but it is now possi-
ble to investigate the assumptions underlying the inverse substructuring approach by comparing
the main- and off-diagonal entries. For other decoupling formulations see [12].

In figure 10, the axial stiffness values taken from the diagonal (ZI
11 and ZI

22) are compared
to those from the off diagonal terms. If the assumption of negligible rubber mass holds, then
they should be the same apart from a negative sign, i.e. a 180◦ phase shift (see (16)). This
is true for the low frequency spectrum up to around 100Hz. For higher frequencies there is a
clear resonance (showing as a dip in the stiffness magnitude) visible in the entries of the main
diagonal.

A quick investigation of this resonance can be done assuming the rubber isolator to be a lumped
mass and stiffness model. When using the static axial stiffness and half of the rubber isolator
mass (including bolts and nuts, see figure 1c), one can compute the resonance of a single DoF
oscillator resulting in 257Hz. The actual resonance appearing in figure 10 is at 278Hz. The
higher value may be attributed to dynamic stiffening of the rubber and the fact that the mass of
the rubber is not lumped but continuously distributed. The slope of the main diagonal entries
for higher frequencies in figure 10 is indicating a quadratic increase of stiffness with frequency,
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Figure 12: Coupling stiffness between translations in y direction and rotations around x axis.

typical for a "mass line". The results for the radial directions show similar behavior. So it may
be argued that the rubber isolator mass does play a significant role for the rubber stiffness at
higher frequencies.

The phase of the main diagonal terms should be between 0◦ and 180◦ for a rubber isolator with
positive damping [13]. Again, there seems to be an error of a few degrees in the phase, which is
assumed to be due to a phase error in the acceleration sensors.

In figure 11, the off-diagonal and main diagonal entries for the rotational stiffness around the
z-axis are compared. Similar effects can be observed here: up to around 100Hz, the off-diagonal
terms deviate only in a 180◦ phase shift from the main diagonal entries, as expected. For higher
frequencies, clear influences of the isolator mass can be observed. The phase error here is more
apparent and the magnitude seems more affected by noise than in the axial direction.

In figure 12, the coupling stiffness between the x-translation and y-rotation in the main diagonal
matrices Z11 and Z22 are compared. In the experiments, one can observe that there is a clear
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coupling between the radial directions and the rotation around the axis perpendicular to it. This
is by no means surprising since it is the normal behaviour of e.g. a beam. However, this violates
the no-cross coupling assumption of the inverse substructuring (see figure 7).

4 Discussion

Non-linear effects in dynamic behaviour of rubber isolators
As has been mentioned in section 2.3, the measurements on the hydropulse have been performed
with a static preload of 20N. They have also been tested with 120N preload, which did not yield
significantly different results. However, there is a nonlinear effect depending on the maximum
displacement during the vibration in the time domain. Rubber generally behaves stiffer if the
maximum transient displacement in time is small, e.g. in a harmonic test with only one ex-
citation frequency like on the hydropulse (see table 1). When excited by a broad spectrum of
frequencies, like real operating conditions in a car or in the case of an impact like in the tests per-
formed in this paper, the rubber material behaves softer. In these cases the maximum transient
displacement is higher due to the superposition of multiple frequency components. The soft-
ening with higher transsient displacements can be attributed to the elastomer molecule chains
in the material, which start to unfold from a compact packaging in the idle position, to a more
flexible structure when subjected to larger dynamic displacements. For a detailed discussion of
this effect see [14]. In [15], it is shown that this change of stiffness is more prominent for higher
frequencies than for lower frequencies. This effect might explain the higher stiffness measured
with the hydropulse in the high-frequency-range when compared to the inverse substructuring
(see figure 8 and 9).

Rigidity of Hydropulse fixtures
It is not sure whether the fixture for holding the rubber isolators in the hydropulse is behaving
rigidly in the whole frequency-range. This may be another explanation for the deviations be-
tween the inverse substructuring results and the hydropulse measurements at higher frequencies.
Especially the rigidity of the fixture that holds the rubber isolator during the radial measurements
seems to be questionable (see figure 6b and the results in figure 9).

Phase errors in acceleration sensors
Apparently, the phase in the identified stiffness is not stable and not physically meaningful for
frequencies out of a band of approximately 80 − 300 Hz. The untransformed FRFs are also
showing these errors in the identified phase. An accelerance driving point FRF should always
have a positive phase [13]. A negative phase would indicate negative damping, which is impos-
sible in a passive system. A quick check on a driving point FRF in the measured matrix YAIB

uf

(impact f10 and the coressponding channel of the adjacent sensor, see figure 2), shows a nega-
tive phase of about 2◦ at 500Hz which is growing to approximately 7◦ at 2000Hz. The virtual
point transformation seems to be helpfull by averaging out the different phase errors of single
sensors, but also here some driving point FRFs in YAIB

qm have a negative phase (growing from
about−0.8◦ at 500Hz to−2◦ at 2000Hz). Different sensor manufacturers specify different max-
imum phase error for their sensors. However, we could not yet find manufacturer specifications
for the sensors used in this paper. The decoupling of the cross masses amplifies slight errors
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in the phase even more. When the cross masses are decoupled the ratio of purely real stiffness
(k − ω2m) to the damping terms (iωd) is even lower. This might explain the bigger deviations
in phase for those entries where the rubber has negligible effective mass of its own (see e.g. the
rotation around the z-axis in figure 11).

5 Conclusion

This paper investigated the performance of experimental techniques for identifying 6-DoF dy-
namic models of rubber isolators. The results suggest that it is possible to achieve a good agree-
ment in the stiffness magnitudes up to the kilo-Hertz frequency range. It is thereby possible
to obtain dynamic stiffness values of rubber isolators in more degrees of freedom and up to a
higher frequency range than usually possible, even with an expensive hydropulse testing ma-
chine. However, the estimation of good damping values from the measurements is currently
hindered by phase errors in the FRF measurements. Furthermore, the stiffness values on the
off-diagonal obtained with the inverse substructuring approach have been successfully validated
against the hydropulse measurements. Nevertheless, the underlying assumptions of the inverse
substructuring method could not be validated. First, the mass of the rubber isolators seems to be
not negligible. The influence of the neglected rubber mass however, would depend on the mass
of the assembly in which rubber isolators shall be included later. Second, the assumption of no
cross couplings between different DoF over the interface was shown to be untrue (see figure 12).
It is therefore recommend to use a full decoupling to obtain rubber element properties that can
be used for modeling a larger assembly.
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Abstract 
A semi-analytical approach is presented which uses the known Green’s function for the displacements and 
stresses of an infinite, elastic, homogeneous and isotropic solid to reconstruct the response of a finite body 
of arbitrary shape.  To this end a closed “boundary surface” is defined within the infinite solid, identical to 
the external surface of the finite body. The response is obtained by superposing two complementary 
excitations which act simultaneously on the infinite solid: a primary and a secondary one. The primary 
excitation is identical to the one driving the finite body. The secondary excitation, located at the exterior 
of the boundary surface, has the role of re-creating across this surface the boundary conditions of the finite 
body. The physical side of approach is discussed first, the corresponding mathematical procedure is then 
outlined and an example is provided to demonstrate the validity of this approach. 

1 Introduction 

The prediction of vibration response of a mechanical object in a given point is usually done by a numerical 
approach, such as one of Galerkin methods, e.g. the Finite Element Method. Analytical solutions exist 
only for objects of extremely simple geometrical shapes and boundary conditions, such as a simply-
supported beam or shell. Yet an analytical solution is often useful, in particular when the physical insight 
into the nature of the vibration is needed. 

In this paper a particular approach, named the boundary forming, will be used to compute the response of 
a 3D solid body made of a homogeneous isotropic material. This approach, applied to beams, plates and 
shells, has been studied by the author almost two decades ago, [1], and has since been developed in more 
depth in plate applications, [2]. The boundary forming approach has close links with the technique called 
the Distributed Point Source Method (DPSM) which has been used for the modelling of ultrasonic and 
electromagnetic fields [3]. The basic idea is to employ the known Green’s function of a simple body, 
usually an infinite medium, and to reconstruct the targeted boundary conditions of one section of such a 
body using a (large) number of point sources external to this section. In such a case the section of the body 
inside of the boundary, artificially created by the point sources, will behave exactly as if this section was 
independent of the rest of the main body, Fig. 1. The elastic waves created by a given vibration source, the 
primary source, will superpose with the waves created by the external, secondary sources. In steady state 
motion the interference between the primary and secondary waves will create in a number of points 
particular field conditions, such as zero displacement or zero stress. Providing the positions of secondary 
sources are conveniently selected and their strengths correctly identified the interference between the 
primary and secondary waves will create the required boundary conditions exactly at points located across 
the contour of the targeted section. If these points, named control points, are sufficiently close to each 
other the boundary conditions in between control points will closely match the required conditions too. 
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Figure 1. Principle of the boundary forming approach. Left: original; right: model. 

Following the basic relationships the boundary forming approach will be demonstrated using an infinite 
elastic solid in order to predict the vibration response of a prismatic section within the solid. 

2 Basic relationships 

2.1 The field in an infinite solid 

The medium is an elastic, homogeneous, isotropic solid of mass densityρ, Young’s modulus E and 
Poisson’s factor ν. Harmonic motion at a frequencyω will be assumed; the common time factor exp(jωt) 
will be omitted. The displacement response vector u(t) = [u1(t), u2(t), u3(t)]

t at a point d = [d1, d2, d3]
t and 

the excitation force vector f(t)  = [f1(t), f2(t), f3(t)]]
t at a point e = [e1, e2, e3]

t will be fully represented by 
their complex amplitudes: U = [U1, U2, U3]

t and F = [F1, F2, F3]
t respectively: 

 ( , )=U G d e F  (1) 

Here G stands for the 3×3 Green’s function for the solid, [4]: 
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The symbols stand for: δ -Kronecker delta, cp - speed of dilatational waves, cs – speed of shear waves. 

Using the differential relationship between stress and displacement, [5], the stress tensor in the point d can 
be expressed in terms of displacement derivatives. By denoting strain components by umn = ∂um/∂xn and 
assuming summation over repeating indices the components of stress tensor read: 

 
1 1 2mn mn ii mn

E
u u

νσ δ
ν ν
 = + + − 

 (3) 

The boundary conditions will be expressed in terms of displacements and stresses at the contour surface of 
the body section considered. Eqs. 1-3 provide thus the mathematical background of the technique.  
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2.2 The model 

The contour of the segment to be subjected to the required boundary conditions is identical to the physical 
surface of the modelled body. The number and the positions of control points on the contour and of the 
secondary sources around it need to be selected. Unfortunately the positions of these points do not result 
from any explicit physical considerations and the choice of positions has to be done by intuition or by a 
convenient search procedure. 

Once the C control positions and S secondary positions have been selected the strengths of secondary 
sources can be obtained in a rather straightforward way. Assuming that the number of field variables 
which define the boundary conditions per point is B the following procedure may be applied: 

• Define the boundary conditions via either displacements, stresses or both at the control points. 
E.g. if the boundary variables are surface stresses, three stress components have to be taken into 
account per each control point: the out-of-plane normal stress and two in-plane shear stresses. If 
instead the variables are the displacements, there will be three displacement components per 
boundary point. Thus in both cases B = 3. 

• Specify the targeted values of boundary variables. The targeted values can be arranged into a 
vector T the size of which is thus BC. E.g. if the body has free boundaries, the three components 
of surface stresses will have to vanish across the contour surface. If instead the boundaries are 
clamped the three displacement components per boundary point have to vanish. In both cases the 
T vector will be zero. 

• Compute the values of the boundary variables at all the control points due to the primary source. 
A vector of primary boundary variables V0 can be thus formed, the length of which is the product 
between the number of control points and the number of boundary variables per point, i.e. BC. 

• Compute the transfer functions between the boundary variables and all of the secondary sources. 
Since there are S secondary sources and three force components per source a transfer matrix H is 
thus obtained of size BC×3S. 

• Compute the strengths of secondary sources set in a vector Q through the relationship: 

 0 + =V HQ T  (4) 

The vector Q is of size 3S. It contains the three orthogonal complex force amplitudes per each secondary 
point. Once the vector Q has been found, the response of the vibrating object either in its interior or at its 
surface can be simply obtained by superposing the fields created by primary and secondary excitations. 

The technique will be demonstrated via the next example. 

3 Example 

A simple example will demonstrate the principle of the method. The object considered is a beam of 
moderate thickness. The beam will be driven by a normal force. The choice of a beam as a demonstrator 
was made in view of its simplicity and the well-known dynamic behaviour. A classical Euler-Bernoulli 
solution will be used for comparing it with that obtained by the boundary forming approach. 

3.1 Input parameters 

The beam is made of steel: E = 2×1011 Pa,  ρ = 7800 kg/m3, ν = 0.3. The dimensions are: length 0.6m, 
width 12cm, thickness 2cm. 

In the present case the contour surface, identical to the surface of the beam, is a simple parallelepiped. The 
spacing between control points was selected at 5mm, which resulted in 6800 control points. The secondary 
sources were placed across two surfaces of shape similar to that of the contour surface but displaced from 
it outwards by 25mm and 100 mm with the spacing between source points of 20 and 50mm respectively. 
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The selected positions and spacing between the secondary sources produced the total number of 1274 
source points. The layout of different points is shown on Fig. 2. 

 
Figure 2. Secondary source points (top) and control points (bottom) of the beam model. 

The selected parameters of the model, i.e. C = 6800 and S = 1274, resulted in a system matrix H, Eq. (4), 
of size 3C×3S = 20400×3822. In order to obtain the source strengths Q, i.e. the complex amplitudes of 3 
force components at each point, the matrix H has to be inverted. In view of the problem being 
overdetermined, the inversion had to be replaced by pseudo-inversion. It has been already found in the 
resolution of similar problems, such as shown in [2], that the over-determination in the computation of 
source strengths gives much more accurate results than the application of strictly determined conditions, 
resulting is a square system matrix BC = 3S. 

3.2 Results 

Free-free boundary conditions were applied, known to be the most difficult ones to model using analytical 
techniques. In order to validate the results obtained by the boundary forming approach, the classical Euler-
Bernoulli model was employed to provide a comparative solution. Using this model the result for a free-
free beam driven by a normal point force was obtained in closed form. The classical model is based on 
simplifications which hold only if the beam thickness is much smaller than the wavelength. 

The excitation was provided by a point force located lengthwise at 10cm from the left beam edge and in 
the axis of lateral symmetry. In the boundary forming model the excitation was taken to act in the middle 
of beam height. The force amplitude and the material loss factor were taken 1kN and 1% respectively. 

4018 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 3 shows the maps of the instantaneous normal displacement of the upper beam surface obtained by 
two models at two frequencies: 500Hz and 1kHz. At 500 Hz the classical model produces a result almost 
identical to the boundary forming one. On the contrary, at 1 kHz the two results visibly diverge.  

 
Figure 3. Instantaneous beam displacement. Top: 500 Hz, bottom: 1 kHz. Upper map: boundary forming 

model; lower map: Euler-Bernoulli model. Circle: excitation force. 

Figure 4 shows the effect of the lateral offset of driving point on vibration distribution across the beam 
surface at 1kHz. The result was obtained by the boundary forming approach only since the classical model 
cannot provide analytical solution for this case. Not shown here are the displacements of beam sides 
which are distributed in a non-uniform manner, as expected.  

 
Figure 4. Instantaneous beam displacement by the boundary forming model. Lateral offset of driving point 

in width percentage: lower map 5%; upper map 25%. Frequency 1kHz. 

SUBSTRUCTURING AND COUPLING 4019



4 Conclusions 

The boundary forming approach, applied to the vibration of an elastic body, has been validated via the 
example of a free-free beam. The approach uses the analytical solution to the point force excitation of an 
infinite elastic solid. The validation was done by comparing the results of forced vibration obtained in two 
ways: by a 3D boundary forming model of a slender parallelepipedic body and by the classical Euler-
Bernoulli model of the same body considered to be a beam vibrating in flexure. Good matching was 
obtained at a sufficiently low frequency at which the classical model provides satisfactory results. 
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Abstract
In this paper an experimental model of a Volvo XC90 body-in-white and a finite element model of a rear
subframe are coupled for vibration assessment using a state-space synthesis method. This problem is chal-
lenging due to the complex structures considered. They are exhibiting high modal densities, high damping
and the coupling is through four rubber bushings. The models are connected through four virtual points cre-
ated at each coupling position. The state-space synthesis method relies on a system identification procedure
for the experimental model, which in itself pose a significant challenge for the modally dense body-in-white.
In this paper a newly proposed system identification technique focusing not to the least on direct acceler-
ances, based on a subspace state-space method, is used. It also aims to fulfil physically motivated constraints.
Results from the coupled system are shown to agree well with experimental data of the system assembly, and
the method outperforms a finite element based coupling.

1 Introduction

The noise and vibration characteristics of a car are very important factors for customers. To understand
the noise and vibration problems simulation tools are used, mainly based on finite element (FE) models,
along with experimental data. Many times the simulation models (also denoted analytical models) have poor
predictive capability, which is especially true for very complex models such as the body-in-white (BIW).
One possibility to improve the analytical models is to use FE model updating, e.g. [1]. The updating pro-
cedure assumes that experimental data of the model are available. For smaller components, model updating
can provide physical insight into uncertain parameters and it is many times possible to improve the models
significantly. However, for very complex systems, such as the BIW, model updating can be very time con-
suming. Also, the parameter space can be very large possibly leading to poor physical insight after update
is done. Synthesis of analytical models with mixed predictive capability is expected to yield poor results
of the coupled system. Therefore, there is an interest in experimental-analytical substructuring techniques
where hard-to-model components, such as the BIW, can instead be modelled from experimental data and
coupled to analytical components that are more simple to model accurately. It is assumed that the experi-
mental model represent the true system better than could be obtained with an updated FE model. Therefore
the experimental-analytical synthesised system is expected to give better predictive capability than a purely
analytical system.

Many different methods for substructuring exist. Component mode synthesis (CMS) [16] methods are com-
mon in analytical substructuring, but less suited for experimental substructuring. Frequency response func-
tion (FRF) based substructuring methods [12] have been developed mainly for experimental substructuring.
Usually FRFs are obtained from measurements and these can then directly be used in a synthesis. In practice
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(a) Attached cylinder placement on BIW

C1

C2
C4

C3

(b) Subframe BIW assembly

Figure 1: Cylinder placement on the four coupling locations on the BIW in (a) and the subframe coupled to
the BIW in (b) with virtual point numbering

this is not so simple due to measurement noise in the measured FRFs, causing ill-conditioned FRF matrices,
that need to be inverted. Another substructuring method is based on first order form, denoted state-space
synthesis [19]. The rationale behind the method is that many times an identified system of the substruc-
tured system is desirable. It is easier to identify systems of the individual subcomponents compared to the
more complex assembled system. Therefore, it is easier to assemble the identified systems of subcompo-
nents to obtain a model of the substructured system. Furthermore, state of the art FRF system identification
techniques, such as N4SID [15], identify systems on first order form. Hence these systems can directly be
assembled without conversion to other forms.

There have been a few successful applications of the state-space method on fairly simple structures with sim-
ple connections, e.g. [17, 14]. In this paper the state-space synthesis method will be used on considerably
more complicated components and connection types. The considered components are the BIW and rear sub-
frame from a Volvo XC90 (2015). The BIW is modelled experimentally while the rear subframe is modelled
with FE. The rear subframe FE model has been updated towards data of the same subframe used in the exper-
imental system assembly, see [7]. The two components are connected through four rubber bushings, situated
on the rear subframe FE model. On the BIW aluminium cylinders, resembling the inner bushing aluminium
cylinders, are attached with the same bolt used to attach the subframe, see Figure 1. This makes the coupling
region mass loaded and also allows for easier positioning of sensors. A virtual point is then created from
three triaxial accelerometers and three orthogonal inputs on each of the four connection positions. System
identification of the BIW experimental model was performed using a newly developed method which not
to the least estimates the drive point channels with good accuracy, see [8, 9]. Such accuracy is essential in
coupling applications. The substructured system is compared to measured data of the assembled BIW and
rear subframe. The results are also compared to the synthesised FE counterpart, i.e. BIW modelled with FE.
Further analysis of the considered problem can be found in [4].

This paper is organised as follows. First the state-space synthesis theory is restated in Section 2 followed by
the system identification method and the virtual point transformation used in Sections 3 and 4, respectively.
In Section 5 the FE and experimentally derived models are explained. Section 6 presents the results and
Section 7 concludes the paper.
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2 State-space synthesis

A linear time-invariant system of some component (s) can be written on first order form as

ẋ(s)(t) = A(s)x(s)(t) + B(s)u(s)(t) (1a)

y(s)(t) = C(s)x(s)(t) + D(s)u(s)(t) (1b)

where A(s) ∈ Rn(s)×n(s)
, B(s) ∈ Rn(s)×n

(s)
u , C(s) ∈ Rn

(s)
y ×n(s)

and D(s) ∈ Rn
(s)
y ×n

(s)
u represent the state,

input, displacement output and direct feedthrough matrices, respectively. Explicit time dependence will here
on be dropped for brevity. Here x(s) ∈ Rn(s)×1 is the state vector, u(s) ∈ Rn

(s)
u ×1 the input vector and

y(s) ∈ Rn
(s)
y ×1 the displacement output vector. A synthesis procedure for such systems with D(s) = 0(s) is

presented in [19]. Assuming that (s) = {I, II} the system input and output vectors are partitioned as

y(s) =

{
y

(s)
c

y
(s)
b

}
and u(s) =

{
u

(s)
c

u
(s)
b

}
(2)

where y
(s)
c ,u

(s)
c ∈ Rn

(s)
c ×1 represent the system outputs and inputs used in coupling. Further, y(s)

b and
u

(s)
b represent the remaining system outputs and inputs not used in the coupling. Subscripts c and b denote

coupling and non-coupling degrees-of-freedom (DOFs), respectively. Arranging the coupling DOFs in the
same order for both subsystem the response and excitation of the synthesised system can be written as

{
yI

c

yII
c

}
=

[
I
I

]
ȳc and ūc =

[
I I

]{uI
c

uII
c

}
. (3)

Before coupling, the system in (1) must be transformed to coupling form using the transformation

x̃(s) = T (s)x(s) =





ẏ
(s)
c

y
(s)
c

x
(s)
b





. (4)

The transformation matrix T (s) is initialised with

T
(s)
0 =



C

(s)
c A(s)

C
(s)
c

N (s)


 ,



T

(s)
1

T
(s)
2

T
(s)
0,3


 (5)

where Z
(s)
0 = T

(s)−1

0 and then

T (s) =




C
(s)
c A(s)

C
(s)
c

N (s)
(
I(s) −A(s)Z

(s)
0,1C

(s)
c

)


 ,



T

(s)
1

T
(s)
2

T
(s)
3


 (6a)

Z(s) = T (s)−1

,
[
Z

(s)
1 Z

(s)
2 Z

(s)
3

]
. (6b)

Here N (s) is an arbitrarily selected subspace of the nullspace of B(s)
c such that N (s)B

(s)
c = 0(s) and T (s)

is non-singular. Matrices C(s)
c and B

(s)
c are the partitions of C(s) and B(s) pertinent to output and input at
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the coupling DOFs, respectively. It is then possible to transform A(s), B(s) and C(s) to coupling form

Ã(s) = T (s)A(s)T (s)−1

,



A

(s)
vv A

(s)
vd A

(s)
vb

I(s) 0(s) 0(s)

0(s) A
(s)
bd A

(s)
bb


 (7a)

B̃(s) = T (s)B(s) ,



B

(s)
vv B

(s)
vb

0(s) 0(s)

0(s) B
(s)
bb


 (7b)

C̃(s) = C(s)T (s)−1

,
[
0(s) I(s) 0(s)

C
(s)
bv C

(s)
bd C

(s)
bb

]
. (7c)

Using Eq. (3) the synthesised system is then




¨̄yc

˙̄yc

ẋI
b

ẋII
b





=




Āvv Āvd ĀI
vb ĀII

vb

I 0 0 0
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bd AI
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0 AII
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xII
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ūc

uI
b
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 (8a)
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0 I 0 0
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bb 0
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ȳc

xI
b

xII
b





(8b)

with

K =
(
BI

vv + BII
vv

)−1
(9a)

Āvv = BI
vvKAII

vv + BII
vvKAI

vv (9b)

Āvd = BI
vvKAII

vd + BII
vvKAI

vd (9c)

ĀI
vb = BII

vvKAI
vb (9d)

ĀII
vb = BI

vvKAII
vb (9e)

B̄vv = BI
vvKBII

vv (9f)

B̄I
vb = BII

vvKBI
vb (9g)

B̄II
vb = BI

vvKBII
vb. (9h)

For the synthesis procedure to work some physical requirements exist on the models [19]. From Newton’s
second law it follows that there is no direct relation between force input and displacement and velocity output.
Therefore, the direct feedthrough matrix D(s) = 0(s) as the utilized systems must be on displacement output
form. It also follows that C(s)B(s) = 0(s). Furthermore, the system must be reciprocal meaning that a
partition of the FRF matrix with collocated and co-oriented sensor-actuator pairs should be symmetric. Also,
the system must be stable and passive. Passivity will not be treated here, but has been addressed in [13].

For a mechanical system (s) modelled with FE and with q(s) ∈ Rm(s)×1 the physical DOF vector a common

form of the state vector is x(s) =
{
q(s)T , q̇(s)T

}T
. Then the state, input and displacement output matrices

are

A(s) ,
[

0(s) I(s)

−M−1(s)K(s) −M−1(s)V (s)

]
, B(s) ,

[
0(s)

M−1(s)P
(s)
u

]
, C(s) ,

[
P

(s)
y 0(s)

]
(10)

where M (s) ∈ Rm(s)×m(s)
, V (s) ∈ Rm(s)×m(s)

and K(s) ∈ Rm(s)×m(s)
represent the mass, damping

and stiffness matrices, respectively. It follows that n(s) = 2m(s). Furthermore, P (s)
u ∈ Rm(s)×n

(s)
u and
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P
(s)
y ∈ Rn

(s)
y ×m(s)

are input and output localisation matrices, respectively. Such a system obtained from
first-principles fulfils the required conditions stated above, and is physical. Therefore no further action is
required on such models. However for experimentally identified systems this is not necessarily true and
constraints must be enforced for physically consistent systems. Below the superscript (s) will be dropped
for brevity.

3 System identification

For successful coupling, accurate models must be obtained from the system identification. In this paper
a state of the art system identification procedure N4SID [15] is used to obtain a state-space system from
frequency response data. However, it has been observed [8] that the direct accelerances (or drive point
channels) are often poorly estimated. Because these channels are used as coupling DOFs it is of great
importance that they are well estimated. A procedure has been proposed in [8, 9] that significantly improves
such channels by introducing a complementary residual mode above the frequency range of interest.

A receptance FRF matrix HR(ω) ∈ Cny×nu of an undamped system for a frequency ω ∈ [ω, ω] can be
approximated in modal parameters for j = 1, . . . , ny and k = 1, . . . , nu as

HR
jk(ω) ≈ − 1

ω2MR
jk

+

n2∑

r=n1

R
(r)
jk

ω2
r − ω2

+
R

(S)
jk

ω2
S − ω2

+
R

(K)
jk

ω2
K − ω2

(11)

where ωr is the eigenfrequency of the rth mode in ordered sequence and R
(r)
jk the residue factor for mode r.

Here MR
jk, R(S)

jk and R
(K)
jk are the residual mass and the complementary and stiffness residue factors. From

[8] it is concluded that a good choice of ωS = 1.43ω and ωK � ω.

It was proposed in [8, 9] that the N4SID algorithm be used on augmented FRF data where the residual
influences MR

jk, R(S)
jk and R

(K)
jk had been removed from test data. The system containing only the three

residuals is denoted the residual system. The N4SID identified system on augmented test data is then added
in parallel to the residual system producing the sought {A,B,C}. In a last step the B and C matrices
were iteratively re-estimated to improve the model fit to data, further described below. The complementary
residual ωS was seen to greatly improve the identified model’s drive point channels. However, for coupling
applications the constraint CB = 0 must hold, which is introduced in the procedure here. A state-space
system can be transformed to the frequency domain, with discrete frequencies Ωm ∈

[
Ω,Ω

]
for m =

1, . . . ,M , as
G(Ωm) = C (iΩmI −A)−1 B , CQmB ∈ Cny×nu (12)

where i2 = −1 defines the imaginary number i. Now a minimisation problem can be formulated with
HR

m , HR(Ωm)

arg min
B,C

s. t.CB=0

M∑

m=1

∥∥HR
m −CQmB

∥∥
F

(13)

with ‖ · ‖F the Frobenius norm. Note that the problem in (13) is bilinear, i.e. given that A and B are fixed,
the problem is linear in C. It is also linear in B if A and C are fixed. A sequential solution is shown to
produce good results [10]. The constraint is enforced weakly and solved in a linear least-squares sense as

Cp+1 = arg min
C

M∑

m=1

∥∥[HR
m 0

]
−C

[
QmBp wBp

]∥∥
F

(14a)

Bp+1 = arg min
B

M∑

m=1

∥∥∥∥
[
HR

m

0

]
−
[
Cp+1Qm

wCp+1

]
B

∥∥∥∥
F

(14b)

with w a weighting factor. These equations are iterated p = 0, . . . , P −1 times until convergence is reached.
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Figure 2: Virtual point (C1 and C3) transformation for two of the four cylinders. To the left (on the left side
of the BIW point towards the front) is C1 and to the right C3, see Figure 5b. The global coordinate system
is shown in the middle

4 Virtual point transformation

Many times it is hard to place sensors and actuators at the desired coupling position. It is also hard to
measure rotations and apply pure moment excitation. Therefore, to make the coupling feasible, sensors and
actuators can be placed around the coupling position and a 6 DOF virtual point created from these measured
positions. This virtual point is then used in the synthesis. At least six accelerometers and actuators are
needed to describe the motion of an arbitrary point that is rigidly connected to the accelerometers. These
arbitrary points are denoted virtual points. Here the actuator positions coincide with the virtual points,
further explained below. Three triaxial accelerometers are used at each of the four coupling positions. Hence
an overdetermined system is obtained at each coupling position, which can be solved in a linear least-squares
sense. One way of formulating this transformation is the virtual point transformation [18]. A schematic of
two such transformations is shown in Figure 2. In that figure f denote force and it can be seen that three
orthogonal force inputs are used. Two of the virtual points, C1 and C3, are marked in Figure 2. See Figures 1
and 5b for virtual point numbering.

For a triaxial accelerometer k, with the local output ŷk, the motion yv at the virtual point v can be expressed
as




ŷkx
ŷky
ŷkz



 =



ekx,X ekx,Y ekx,Z
eky,X eky,Y eky,Z
ekz,X ekz,Y ekz,Z






1 0 0 0 rkZ −rkY
0 1 0 −rkZ 0 rkX
0 0 1 rkY −rkX 0








yvX
yvY
yvZ
yvΘX

yvΘY

yvΘZ





, EkTR
kv
yv , Rkvyv (15)

where rki is the distance from the virtual point v to the sensor k:s position in the global coordinate system.
Here ek defines the triaxial accelerometers direction of measurement. The left matrix EkT is a transformation
matrix from the global coordinate system to the local system of the triaxial accelerometers. For k = 1, . . . ,K
accelerometers the relation can be expressed as





ŷ1

...
ŷK





=



R1v

...
RKv


yv , Ryv. (16)
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Figure 3: Top view of rear subframe in (a) and bottom view in (b), from [8]. Circle markings indicate
accelerometer locations and the rectangular marking indicate a sensor and input force position (normal to the
surface)

The transformation from the triaxial sensors local output ŷ to the virtual point v global output yv is thus

yv =
(
RTWR

)−1
RTWŷ (17)

where W is a weighting matrix. It is necessary that R is full column rank, thus a minimum of six output
channels are required. Worth mentioning is that two triaxial accelerometers with six channels are not suf-
ficient since rotation around a straight line between the centre of the sensors cannot be detected by these
accelerometers. In a similar manner the inputs can also be transformed to the same virtual point. However,
this requires at least six inputs, as is explained in [18]. Here the virtual point is created at the location of force
inputs, and therefore only outputs need to be transformed to this point. To expand the model for unmeasured
inputs (moment inputs) at the virtual point the modal model is used. The modally based expansion is valid
under the assumption of reciprocity. This requires that collocated input output pairs are known at the virtual
point, see [2] for further details.

5 Models

Here the rear subframe FE model is explained followed by the experimental process and system identification
procedure.

5.1 Rear subframe finite element model

The rear subframe is modelled with FE, and is shown in Figure 3. The subframe is connected to the BIW
through four rubber bushings. In Figure 1 the connection is shown. Note that the innermost bushing cylinder,
seen in that figure, has here been removed from the FE model because approximately the same cylinder is
attached to the BIW in experiments to allow for easier sensor positioning. Note also that the coupling point is
not located in the cylinder centres, see virtual point in Figure 2, and this is also reflected in the rear subframe
FE model. Furthermore, the rear subframe has been studied extensively in [7]. In that paper the FE model
was updated towards experimental data with focus on identifying each individual bushing stiffness parameter.
In a second step other model parameters were updated to achieve a better overall model fit to data. Here the
updated model is used in both the experimental-analytical and analytical coupling. Experimentally identified
modal damping is used from that model for modes up to approximately 250 Hz and the remaining modes
were assigned a damping of 0.5 %.
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(a) BIW (b) Assembly

Figure 4: BIW in (a) and BIW and rear subframe assembly in (b)

C1

(a) Example of force input

C1

C2

C3

C4

(b) Four cylinders with mounted accelerometers

Figure 5: Shaker excitation in (a) and accelerometer configuration on cylinders and virtual point numbering
in (b)

5.2 Measurements

Vibration experiments were performed on the BIW and the BIW and rear subframe assembly, which are
shown in Figure 4. In both scenarios the structures were supported on four soft air springs. The highest
quasi-rigid body mode was at approximately 7 Hz while the first flexible mode was at 32 Hz, which is close
to recommendations for a soft support system, see Ewins [5]. The measurements were performed using
the open source AbraDAQ software [6]. Brüel & Kjær triaxial and uniaxial accelerometers were used, type
4524-B and 4507-B, respectively. The excitation force was measured using a Brüel & Kjær force transducer
type 8203 with an IEPE converter 2647B. A shaker of Ling Dynamic Systems make and of type V201 was
used as force input, with an approximately 5 mm long metal stinger.

For the BIW measurement a total of 12 triaxial sensors and 22 uniaxial accelerometers were used. All triaxial
sensors were placed on the cylinders, seen in Figure 5b. The cylinders were mounted in this configuration
on the BIW, see also Figure 1. The uniaxial sensors were placed on the BIW according to Figure 6. The
structure was excited with 3 orthogonal force inputs at each cylinder resulting in 12 inputs. One such input
is seen in Figure 5a. Further, two more force inputs were used for validation purpose, placed according
to Figure 6, so that in total 14 inputs were had. In the BIW and rear subframe assembly measurement 10
triaxial and 1 uniaxial accelerometers were placed on the subframe, and 22 uniaxial accelerometers on the
same BIW positions as in the BIW measurement. However, only the normal measurement direction was
used in the analysis from the triaxial sensors. Force inputs were according to Figure 6 and Figure 3. Hence,
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Figure 6: Rear bottom view of BIW in (a) and side view in (b). Circle markings indicate uniaxial accelerom-
eter locations and rectangular markings indicate a sensor and input force position (normal to the surface)

two inputs were on the BIW (21 and 22) and one on the rear subframe (S1). The experimental procedure is
further explained in [4].

5.3 Body-in-white experimental model

The coupling channels were first transformed on the raw FRF data to four virtual points with three transla-
tions and rotations each, see Figure 2. All channels from the three triaxial sensors for each coupling point
were selected for the virtual point transformation. To impose reciprocity the corresponding FRF matrix par-
tition was made symmetric on this data. The experimental model of the BIW was identified on this data with
the procedure stated in Section 3. The considered frequency range was ω ∈ [30, 200] Hz. Within this range
136 modes were identified. However, data were collected up to 300 Hz and further 90 modes were identified
in the frequency range [200, 300] Hz. These modes were included in the used model. To increase the model
fit further two residual modes, at ωS = 1.43ω and ωK � ω with ω = 300 Hz, for each input (nu = 14) above
the considered frequency range were included. Also six rigid body modes were added to the system, taken
from the FE model which accounted for the air springs boundary condition. The experimentally identified
system consisted of m = 260 modes (n = 520 states). The model fit, according to the frequency response
assurance criterion (FRAC) [11], for each channel can be seen in Figure 7. Here 1 (white) indicate perfect
fit while numbers decreasing towards 0 indicate an increasingly bad fit. In that figure the horizontal axis rep-
resent outputs and the vertical axis inputs. On the horizontal axis {C1,C2,C3,C4} indicate translation and
rotation outputs (X,Y,Z,ΘX,ΘY,ΘZ) while for the vertical axis only translation inputs (X,Y,Z). From
the procedure ‖CB‖2 ≈ 10−13 which was good enough for the coupling form transformation to work. To
extract rotational inputs from the identified model reciprocity is assumed. However, the identified model was
not fully reciprocal outside the considered frequency range meaning that the expanded rotation inputs must
be considered much poorer than the other channels.

In Figure 8 the receptance for one channel for the identified BIW (input 22 and output 6) is shown. It can be
seen that the identified model fit is good over the whole frequency range.

6 Results

Here the experimental-analytical system with only translation DOFs coupled at the four coupling locations
is denoted T while the system with translation and rotation DOFs coupled is denoted TR. The FE coupled
system is denoted FE T and FE TR for coupled translation DOFs only and translation and rotation DOFs,
respectively. The considered frequency range is ω ∈ [30, 200] Hz.
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Figure 9 shows the modal assurance criterion (MAC) [3] for the experimental-analytical and FE coupled
models TR and FE TR for the 16 first flexible modes. The experimental-analytical model TR shows higher
correlation. In Table 1 the first 16 flexible eigenfrequencies are shown for the experimentally coupled system
(Data), experimental-analytical coupled system (TR) and FE coupled system (FE TR). It can be seen that the
TR model gives better estimations of eigenfrequencies. Note that the FE TR model seem to introduce more
modes around mode 8 or 9, with the MAC also indicating this. This was not further investigated.

In Figure 10 the FRAC is shown for all non-coupling outputs on the BIW and rear subframe for inputs 21
and 22 on the BIW and input S1 on the rear subframe. Note that here 1 (black) indicate perfect fit. Note
also that only numbers indicate sensor and actuator positions on the BIW while an S prefix indicate sensors
and actuators on the subframe. It can be seen that in general the TR model gave best results, especially for
the BIW inputs and outputs. The FE models generally give poorer results compared to the experimental-
analytical coupled system. However, 0.5 % damping was used for all modes for the BIW FE model, which
might have had an effect on the results.

In Figure 11 the receptance at input 22 and output 12 (both on the BIW) which gave best fit (and was not
a drive point channel), for model TR, is shown for the four considered models. It can be seen that the
experimental-analytical model TR gave a good fit over the whole frequency range, and captured the low
frequency well. On the other hand the experimental-analytical model T has some spurious modes appearing
in the low frequency range, but also gave an overall good fit. The two corresponding coupled FE models
show much poorer results, especially higher up in frequency. In Figure 12 the worst channel (input at S1 and
output at 21), for the TR model, is again shown for all four models. It can be seen that the low frequency
range is captured well with model TR. However, here the translation DOFs only coupled models, T and FE
T, produce poor results in the low frequency range. This is caused by the spurious modes.
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Figure 9: MAC for the 16 first flexible modes of models with experimentally identified BIW model in (a)
and FE BIW model in (b)

Table 1: First 16 flexible eigenfrequencies (Hz) of the identified experimentally coupled system (Data),
experimental-analytical coupled system (TR) and FE coupled system (FE TR)

Mode 1 2 3 4 5 6 7 8

Data 31.86 34.35 39.40 42.78 45.72 50.86 54.76 56.92
TR 31.85 34.34 39.44 42.80 45.74 50.90 54.98 56.91
FE TR 31.71 34.29 39.70 42.75 45.53 48.95 55.08 55.58

Mode 9 10 11 12 13 14 15 16

Data 57.31 59.17 59.37 62.03 62.39 64.22 67.31 70.01
TR 57.28 59.21 59.34 62.04 62.40 64.10 67.44 70.14
FE TR 56.67 57.34 57.67 58.64 59.44 60.55 61.40 63.43
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Figure 10: Coupled model fit (FRAC) to test data for ω ∈ [30, 200] Hz
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Figure 11: Channel with best fit (not drive point) showing receptance at input 22 and output 12, both on BIW
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Figure 12: Channel with worst fit showing receptance at input S1 and output 21, input on subframe and
output on BIW
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7 Conclusion

Experimental-analytical substructuring of an experimentally modelled BIW and FE rear subframe has been
performed. The synthesised model is shown to outperform an FE assembly counterpart based on CMS.
The considered industrial systems are complex and show high modal densities. A new system identification
technique has been used to obtain good models of the hard-to-model drive point channels. The constraint
CB = 0 was solved without changing the model considerably, i.e. only decreasing the model fit slightly.
It was shown that it is necessary to couple all 6 DOFs at the 4 coupling locations. A coupling using only
translation DOFs introduced spurious modes, not seen in the experimental data of the assembly. This was
observed in both the analytical and experimental-analytical synthesis. Moment inputs were estimated using a
modal model, assuming reciprocity. Since the experimental model is not fully reciprocal the FRFs associated
with moment input must be seen as less trustworthy. However, it is seen that good results are obtained. One
possible explanation to this could be that the translation DOFs are more important in the frequency range of
interest, compared to the rotation DOFs. Although, some channels show poor fit which could be related to
the poor estimation of the rotation inputs. See [4] for a longer discussion on this subject.
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Abstract
A popular strategy in structural dynamic modelling is breaking the structure down into separable, manageable
substructures. One can choose the most efficient way of modelling the substructures, before synthesizing
the full system model. System Equivalent Model Mixing (SEMM) is a new method that allows mixing of
frequency-based models, either of numerical or experimental nature, to form a hybrid structural dynamic
model. The method expands measured data onto a numerical mode manifold using Lagrange-Multiplier
Frequency Based Substructuring (LM-FBS). Hence, SEMM combines the DoF-space of the numerical model
with the dynamic properties of the measured substructure. In this paper, SEMM is applied to a complex
vehicle component. Frequency Response Function (FRF) measurements on the component are used to enrich
the uncalibrated Finite Element Model of the component. The resulting hybrid model comprises interfaces in
six degrees of freedom, which is required for the connectivity to neighboring structures in the FBS framework.

Introduction

Engineers in the automotive industry are faced with numerous challenges. First of all, the demand for shorter
product development cycles and fewer physical prototypes is rising, whilst the number of products (or variants)
is growing. Moreover, the complexity, functionality and attribute demands (such as NVH, emissions, weight,
durability, safety, handling) are increasing.

One of the ways to keep up with these trends, is adopting a modular way of working. For the particular field of
sound and vibration engineering, Dynamic Substructuring (DS) is an often-chosen approach. This technique
allows the combination of component models coming from different sources (test or numerical), in order to
simulate the sound and vibration performance of the full product. Using DS, optimisation of the individual
components is possible, while simultaneously respecting the NVH signature of the full vehicle.

Secondly, automotive electrification is becoming more and more prevalent. In traditional vehicles, the inter-
nal combustion engine masks the bulk of NVH-problems. On the other hand – in electric vehicles – tonal
components become more dominant at higher frequencies (> 1 kHz) [1]. Full (virtual) vehicle simulations
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with (deterministic) numerical approaches (e.g. Finite Element Analysis) are pushed towards their limits.
Due to this increasing frequency band and desired accuracy, a trend towards test-based modelling strategies
is unavoidable.

One recently developed and promising method that fits both in the modular modelling approach and is able
to capture complex dynamic behaviour of a structure, is System Equivalent Model Mixing (SEMM). This
method allowsmixing of frequency-basedmodels, either of numerical or experimental nature, to form a hybrid
structural dynamic model. The method expands measured data onto a numerical mode manifold, using theory
derived from Lagrange-Multiplier Frequency Based Substructuring (LM-FBS). Therefore, SEMM exploits
the best of both domains, by combining the DoF-space of the numerical model with the dynamic properties
of the measured substructure.

Paper goal & outline

The main goal of this paper is to show how SEMM is used to model the structural dynamics of the subframe
of a vehicle. This subframe hosts an electric drive unit (EDU) which is used for the propulsion of a hybrid
vehicle. The second goal is to show how this model is used in the experimental Dynamic Substructuring (DS)
Framework. The components considered in this DS application are depicted in figure 1.

The first part of the paper covers the theory on LM-FBS, SEMM and the Virtual Point Transformation. In
the second part, the subframe is modelled according to the SEMM method, whereafter it is coupled with
LM-FBS to four rubber decoupling elements and a test-based model of the EDU. The test-based modelling
of the EDU and the characterisation of the rubber decoupling elements is beyond the scope of this paper.

Figure 1: On the left, a picture of the SEMMmeasurement set-up. On the right, an overview of the FBS case.
The red arrow indicates the force excitation, the blue circle the location of the validation sensor.

1 Theory

The contents of this section is divided into three parts. The first section will briefly explain the dual solution of
experimental dynamic substructuring in the frequency domain along with the definition and inclusion of weak
interfaces. The second part covers the theory of the SEMM-method, tailored to the envisioned application.
Last, a short recap on the virtual point transformation is provided.

1.1 Lagrange Multiplier Frequency Based Substructuring

DS is applied in this work with the Lagrange Multiplier Frequency Based Substructuring (LM-FBS) method
[2]. As the name implies, LM-FBS is applied in the frequency domain and its main strength lies in the fact
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that it works in the admittance space; this allows for direct implementation of experimental measurement
results. This makes it the preferred DS method when working with experimental models.
The equation of motion to couple two arbitrary systems with LM-FBS is as follows:

u = Y (f + g) , with Y =

[
YA

YB

]
, f =

[
fA

fB

]
, g =

[
gA

gB

]
(1)

Where u is the vector of dynamic displacements, Y is an admittance FRF matrix, f is a vector of applied
forces and g is a vector of interface forces. The displacement and force vectors can contain rotations and
moments, respectively. Equation (1) is subject to two sets of constraints: the compatibility and equilibrium
conditions. First, the compatibility condition states:

uA
b − uB

b = 0 → Bu = 0 (2)

Where B is a signed Boolean matrix explicitly stating a relation between the boundary DoF. It has the form:

B =
[
0 I 0 −I

]
(3)

Where the columns of B refer to the elements in u =
[
uA
i uA

b uB
i uB

b

]T and the rows refer to number of
compatibility equations. The equilibrium condition enforces force equilibrium on the boundary:

gA
b = gB

b = λ → BTλ = −g (4)

Where the same coupling matrix in definition (3) is used. Equation (1) is solved by inserting the compatibility
equation (2) and the equilibrium equation (4) and solving for λ. Equation (5) is then re-applied into equation
(1) to find the coupled dynamics.

λ =
(
BYBT

)−1
BYf (5)

u = Yf −YBT
(
BYBT

)−1
BYf (6)

The coupled model thus becomes:

YAB = Y −YBT
(
BYBT

)−1
BY (7)

1.1.1 Interface weakening in LM-FBS

Equation (2) assumes a rigid connection since it requires a 1-to-1 relation. Yet the connection can also be
weakened by allowing a gap to exist in the boundary displacements [3]. This means that a gap is allowed in
the compatibility, i.e. equation (2) is reformulated:

Bu = ∆ub (8)

The gap ∆ub is maintained by joint stiffness KJ and damping CJ when enforced by the boundary forces de-
scribed byλ. Note that sithese terms only denote the connection stiffness and damping between the interfaces
of both sides. Mathematically, they represent the off-diagonal terms of the joint.

CJ∆u̇b(t) + KJ∆ub(t) = λ(t) → ZJ∆ub(ω) = λ(ω) → ∆ub(ω) = YJλ(ω) (9)

Note that in the weakening assumption no mass terms exist in the joint; the inertial forces from a mass
contribution would mean equation (4) no longer holds.
The weakened LM-FBS can then be derived by first deriving the boundary forces λ and then solving the
constrained equation of motion (1) like before (for the full derivation, see [3]):

λ =
(
BYBT + YJ)−1

BYf (10)

YAJB = Y −YBT
(
BYBT + YJ)−1

BY (11)

Where the addition of the superscript (•)J to YAJB in equation (11) indicates that the joint dynamics have
been included in the formulation.
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1.2 System Equivalent Model Mixing

For SEMM, a few "building blocks" are needed. First, the parent models Ypar are the models of the system
which will be mixed. In the proposed case they are the numerical FE-model and the experimental measure-
ments of the component. The FE-model, which could potentially contain any desiredDoF, acts as themanifold
composed of the equivalent-experimental-DoFs and the expansion DoF-set. The experimental measurements
are deemed a more accurate representation of the complex component’s physics and will be considered the
more trusted information source throughout the frequency range.

Next, the overlay and removed model are defined. The overlay model Yov is the model which will determine
the dynamic properties of the hybrid model and is therefore a trusted (sub)set of the experimental model.
The removed model Yrem is a (sub)set of the numerical manifold which contains the DoFs overlapping with
the overlay model.

Translating this to classic DS notations, the expanded DoF are internal DoF unique to the numerical parent
model which will be denoted by ui; following this conjecture the shared DoFs are boundary DoFs which are
denoted by ub. Therefore the previously introduced building blocks become:

Ypar, Num. = Yrem =

[
Yii Yib

Ybi Ybb

]Num.
, Ypar, Exp. = Yov =

[
Ybb

]Exp. (12)

Generally the removed model must contain, but is not limited to the boundary DoF. In the case of a full
system decoupling, as applied in this work, the removed model is equal to the numerical parent model; more
information can be found in [4]. Likewise, the overlay model and experimental parent model are identical;
assuming the entirety of the experimental measurements DoF is deemed a trusted set. In light of this, since
the experimental parent model is no longer needed, the parent model will now refer to the numerical parent
model throughout this work:

Ypar = Ypar, Num. = Yrem, Yov = YExp. (13)

SEMM is based on DS on an abstract level; the problem is solved by solving (1) for the SEMM abstract
system:

u = Y (f − g) , with Y =




Ypar

−Yrem

Yov


 , f =




fpar

f rem = 0
fov = 0


 , g =




gpar

grem

gov


 (14)

Note that the external forces are only applied on the parent model. There is no physical force exerted on the
removed and overlay model as they are merely used to apply boundary conditions on the parent model to
update its dynamics.

To solve (14) the compatibility and equilibrium constraints are applied as in LM-FBS. Compatibility requires:

upar − urem = 0 (15a)
urem
b − uov = 0 (15b)

Note that the relationship is explicit between the parent and removed model, and then between the removed
and overlay model. The removed model essentially acts as a conduit, yet note that implicitly a relationship
between the overlay model and parent model also exists. Equation (15) can be rewritten in matrix form as in
equation (2) with the signed Boolean matrix defined as (using u =

[
u
par
i u

par
b urem

i urem
b uov

b

]T ):

B =




I 0 −I 0 0
0 I 0 −I 0
0 0 0 I −I


 (16)
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This matrix is also used in the equilibrium condition as in equation (4). In this case the equilibrium enforces
the following:

g
par
i + grem

i = 0 (17a)
g
par
b + grem

b + gov = 0 (17b)

It is apparent that the problem follows the LM-FBS notation as described before. The SEMM problem can
therefore be solved with equation (7). It is shown that from this solution the single line of SEMM can be
obtained. The derivation is omitted in this paper, the interested reader is recommended to read [4]:

YSEMM = Ypar −Ypar (Yrem
bg

)+
(Yrem

bb −Yov
bb)
(
Yrem

gb

)+
Ypar (18)

Where the subscript (•)g denotes the global set of DoF, i.e. g = [i; b]

1.3 Virtual Point Transformation

The compatibility and equilibrium conditions require that substructures have collocated DoFs: the boundary
DoFs. Acquiring collocated DoF in experiments is not trivial since it is often not possible to measure at
connection locations.

In order to still create these collocated DoF, the virtual point transformation can be used to create virtual
nodes with DoF shared by both sides of a structure. The virtual node is created by rigid transformation of a
set of DoF to a 6-DoF (three translations and three rotations) point in space, preferably at the location of the
contact [5].

u = Ruq, m = RT
f f (19)

Where Ru and Rf are rigid transformation matrices transforming from the virtual displacements and forces
q,m to the measured displacements and forces u, f . In order to create a full-rank 6-DoF virtual node, at
least 6 linear independent functions are needed, i.e. 6 or more displacement and force DoF are required in the
input vectors u, f . Next, Ru and Rf are (least-square) inverted and used as the transformation matrices to the
virtual locations such that the VP transformed model becomes:

YVP =
(
Ru

TRu
)−1

RuYRf
(
Rf

TRf
)−1

= (Ru)
+ Y

(
RT

f
)+ (20)

Where YVP is the virtual point transformed FRF matrix.

Note that the rigid transformation inherently means that a rigid interface assumption is made. If flexibility
exists between the virtual node and the input DoF the rigid transformation will no longer adequately describe
the correct dynamics [6]. It is therefore important to choose input DoF close to the connection point, such
that the rigid interface assumption holds.

2 Application

In this section the test case is presented. The ultimate goal is to obtain a full system FRF model comprising
models of the EDU, the rubber decoupling mounts and the subframe through the Frequency Based Substruc-
turing coupling procedure. This model should provide the transfer functions such that the vibration transmis-
sion from the EDU to a point of interest can be studied. In NVH engineering, the structure-borne noise at
the driver’s ears originating from the source is of great concern/interest. To achieve this goal, first accurate
individual subsystem FRF models have to be obtained separately, with correct coupling interfaces. This is
achieved by building 6 Cartesian translational and rotational DoFs by using the virtual point transformation
(section 1.3). This is a prerequisite for successful FBS in the 0 - 2 kHz frequency range of interest [7]. In the
following, the modelling techniques for the sub-components are listed:
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• Electric drive unit: A test-based FRF model by application of the virtual point transformation [5] on
the four coupling points of the motor;

• Rubber decoupling mounts: The transfer stiffnesses of the four rubber decoupling elements are obtained
by an in-situ characterisation approach [8];

• Subframe: An FRF model is obtained through SEMM, see section 1.2.

Figure 2: Overview the components in the test case. The EDU connects through four decoupling mounts to
the subframe. From left to right: the electric drive unit, the rubber mounts and the subframe.

In this paper, only the SEMM application on the subframe is shown. Using SEMM for the subframe is driven
by basically two factors. Firstly, the subframe is a complex system (high modal density), for which the mode
shapes can be obtained easily, but the exact eigen-frequencies and damping factors are more challenging.
Secondly, there is a limit on the available measurement equipment (for e.g. a full test based model, see
section 1.3). In section 2.1.1 a more elaborate motivation for using SEMM is discussed.

2.1 SEMM Application

2.1.1 Motivation to use SEMM

The subframe is a relatively complexDS case as it includes components with up to eight connecting interfaces.
Using the virtual point method on each interface would therefore require either up to 24 different sensors, or
exhausting roving sensor measurements, in order to create enough linearly independent functions in the FRF-
matrix.

In such cases, expansion techniques become an interesting alternative. A few methods exist, all of which
would require some notion of an expansion matrix; which, in turn, is mostly extracted out of numerical data.
Even fewer are the methods that work well with experimental FRF-data: SEREP, its expansion VIKING and
SEMM are the most notable examples.

In order to create per-point linear independent FRF (As required for the virtual points) there are some re-
strictions: namely that for each point a minimum of 6 linearly independent functions exist in the FRF-subset
used in virtual point minimization, i.e. the rank of the said FRF matrix is ≥ 6. Additionally, in order to ob-
serve the dynamics of the 8× 6 point connections, a minimum of 8× 6 = 48 linearly independent functions
should exist in the expanded model. For SEREP, this would mean that a minimum of 48 sensor channels
must exist, even more to obtain clean filtered results [9]. VIKING can include numerical data in the expan-
sion and therefore would not require as many sensors per se [10]. It would then however, require a modal
fitting of the experimental data; with the modal density of the subframe’s FRF, this is an ardous process to
this date. SEMM includes the numerical data from the numerical parent model implicitly, consequently the
hybrid model’s rank is equal to the numerical model’s rank (generally full rank). In conclusion, the hybrid
model’s expanded DoFs can not only be used in the virtual point creation, but also in the DS coupling.
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Figure 3: The parent, overlay and resulting SEMM model.

2.1.2 Practical considerations

For the successful application of SEMM, one has to consider some practicalities concerning the placement
of the sensors. These sensor locations determine the nature of the trust-set; thus it is important to locate the
sensors relatively close to the expansion locations.
Yet bundled sensor locations will negatively affect the conditionality of the numerical removed model, which
must share the boundary DoF locations. In equation (18) it is clearly seen that the removed model (part of
the numerical parent model) is inverted in a least-squares sense. The noise characteristic of the hyrbid model
is therefore affected by the conditionality of the numerical model.
It is clear that an optimum must be found between bundling the sensors near the expanded DoF locations and
spreading them around the structure for a better removed model conditioning.

2.1.3 The setup

For SEMM two sets of FRFs of the same subframe are required, a parent model and an overlay model. The
parent model comprises the DoF-set for the expansion and the same DoF-set as the overlay model. The
parent FRF-model is obtained from a Finite Element model of the subframe of which FRFs are synthesized
by mode-superposition of 500 modes, which corresponds to roughly 4.5 kHz. The overlay model provides
the accurate dynamics. These FRFs are obtained by an impact test on the physical subframe. In the following,
an overview of the three models used in the SEMM calculation is shown:

1. Parent model: The FE-based FRF model
(
Yparent ∈ C198×219

)
. This model has the larger DoF set on

which the overlay model is expanded and can be seen as the provider for the high spatial resolution in
the SEMM model;

2. Overlay model: These FRFs provide the accurate dynamics or ’trust-set FRFs’. The subframe is instru-
mented with nine triaxial accelerometers, one on every coupling point and one on another (random)
position. In total 48 impact locations were distributed over the structure. From thismeasurement set-up,
a subset of measured FRFs were chosen (Yov ∈ C20×33);

3. Removed model: This subset from the parent model and makes place for the overlay model.

DoFs Channels RefChannels
Measurement 20 33

Coupling 96 96 (8× 4× 3 = 96)
Conditioning 75 75

Validation 7 15
Total 198 219

Table 1: Overview of the SEMM measurement set-up.
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Now that the sub-systems have been defined, the actual construction of the SEMM model is done according
to equation (18).

As can be read in table 1, there is a set of FRFs which are not used in the overlay model. These measured
FRFs are independent from the updated SEMM FRFs and can therefore be used for validation.

2.2 Results

In this section the results of the SEMM process are shown. In the left plot of figure 4, a subframe FRF from
the FE model and a measured FRF is shown. It can be observed that even the first resonance does not match
the measurement. In the right plot, a trust-set FRF (i.e. from the overlay model) is displayed. It can observed
that the updated parent model follows the overlay model exactly as required by the method.

In figure 5, two SEMM FRFs are shown against a validation measurement. It can be observed that the SEMM
expanded DoF adhere to the validation FRF in the low frequency regime very well. At higher frequencies,
although the resonance frequencies themselves are accurate, the FRF from the SEMM model diverge from
the validation measurements. At these frequencies the delta between the implicit numerical and experimental
mode-shapes is too large, and the hybrid model can no longer properly match the FRF due to the inadequate
numerical manifold. Nevertheless the FRF are deemed satisfactory for the virtual point method in DS.
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Figure 4: In the left figure a synthesized FRFs is shown against a measured FRF. In the right figure, boundary
DoF SEMM FRF from the overlay model is shown. A clear 1-to-1 match to the measurement is observed as
required by the method.

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Frequency (Hz)

A
cc

el
er

at
io

n 
/ F

or
ce

 (
m

/s
2
/N

)

Validation Sensor/Validation Impact 1

SEMM
Experiment

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Frequency (Hz)

A
cc

el
er

at
io

n 
/ F

or
ce

 (
m

/s
2
/N

)

Validation Sensor / Validation Impact 2

SEMM
Experiment

Figure 5: SEMMResults: In the left and right figures, internal validation DoF FRFs are shown; a close match
is apparent at lower frequencies, yet the SEMMmodel diverges when the numerical parent model is no longer
representative of the measured structure.

As a side-note; note the high frequency density of the subframe. It becomes apparent that expansion methods
whose expansion basis is that of a limited set of numerical modes, such as SEREP and VIKING, would have
a hard time capturing the number of modes present in a relatively low frequency band.
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2.3 Part 2: Frequency-Based Substructuring

In section 2.1 an FRF model of the vehicle’s subframe has been obtained. As mentioned, the test-based mod-
elling of the EDU and the characterisation of the rubber decoupling mounts are not shown in this paper. The
transfer dynamic stiffness rubber decoupling elements are obtained using the in-situ approach as described
in [8]. This cannot be used as a subsystem in the LM-FBS equation (7), as the point stiffness is not available.
Therefore, to use this transfer stiffness correctly, it is used in the weakened LM-FBS relation (11).
In figure 6 the coupling results are shown for a force excitation on the EDU to a response on the subframe
validation sensor. The main tendency of the assembled FRFs shows that the global trend is captured very well,
which is especially well depicted in the graphs below of the same transfer functions, shown in 12th octave
bands. The assembled system shows a very damped response, although the subframe does clearly not, as can
be seen in the figures 5. This can be explained by the coupling to neighboring substructures which are very
heavily damped.
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Figure 6: FBS Results compared with validation, the excitation and response locations are shown in fig. 1.

2.4 Discussion

The sensor and impact locations were chosen based on a "best guess" of the optimum in the matrix condition-
ing vs. interface observability problem stated in section 2.1.2. Furthermore, the number of sensor and impact
channels was limited by the equipment and time available. The quality of the SEMM model is case specific;
finding an optimum in resources (time or otherwise) vs. model accuracy is still largely a grey area. This holds
for determining the optimum in both the number and location of sensor/impacts. More research is warranted
to find an optimal resources vs. accuracy curve which will, in turn, enhance the practical applicability of
SEMM.

3 Conclusions

This paper is concerned with the application of the System Equivalent Model Mixing (SEMM) method on
a subframe of a hybrid vehicle. Practical considerations are stipulated on how the method is applied suc-
cessfully. It is demonstrated how the obtained FRF-model of the subframe can be applied in the LM-FBS
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framework along with its neighbouring substructures to construct an assembly. To establish the connectivity
between all components in the translational and rotational degrees of freedom the virtual point transforma-
tion is used. It is shown that the various modelling strategies result in a full-system prediction of structural
vibrations well into the kHz-range.

For future vehicle engineering, this DS assembly can be extended with noise transfer functions (NTFs) from
the subframe coupling points to microphones in the cabin of the vehicle. For prediction of in-vehicle noise
levels, the DS assembly can by combined with a description of the active source (EDU), such as blocked
forces or free-velocities [11].
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Abstract 
In this paper a new approach to predict the particle damping using a frequency based substructuring 
approach is presented. With this linear approach the consideration of particle dampers (PD) is possible 
without modelling its complex dynamic behaviour in detail with e.g. the discrete element method. The 
frequency response of the particle system - as one substructure - is determined experimentally. Finally, with 
a hybrid frequency based assembly, using test (particle damper) and simulation (honeycomb sandwich 
panel) results, is used to determine the dynamic behaviour of the entire system. In the paper the influence 
of the particle mass, the position of the damper, different test set-ups and sandwich panels with different 
composite lay-ups are investigated and compared to test results. 

1 Introduction 

The reduction of vibrations or noise plays an important role for the design of many applications. Especially 
lightweight structures are prone to strong vibrations disturbances. Particle damping was found to be an 
efficient way to reduce vibrations of lightweight structures since not much weight has to be added. Particles 
of different shape, size or material are used to fill cavities with a certain filling ratio. Dissipation of energy 
occurs due to particle-to-wall and particle-to-particle collisions caused by any dynamic excitation. However, 
for particle damping it is difficult to define an efficient modelling technique to predict the dynamic 
behaviour of a mechanical structure. Either simplified equivalent models or detailed simulation models but 
with higher computational time (e.g. using the Discrete Element Method) are used. Additionally, in both 
cases extensive experimental testing is required. Firstly, due to the non-linear behaviour of particle damping, 
depending on e.g. excitation amplitude, frequency or damper design. But still a validity of equivalent models 
is not given for a generalized simulation. Secondly, for a valid design approach for systems with dynamic 
loadings it is necessary to carry out tests on the final product design, which are possibly large and complex 
assemblies, because damping mechanisms can still not be determined from specimens of smaller scales. In 
this paper a new approach to predict the influence of particle damping on lightweight structures using 
Frequency Based Substructuring (FBS) is presented. Moreover, the aim is to set up a design approach in 
order to find not only the optimal placement, but also the best filling ratio, area of application and possible 
weight savings for the base structure and to allow at the same time an engineering design at an affordable 
level. 
The investigated system consists of a sandwich structure of glass fibre prepregs and a Nomex© honeycomb 
core, as it is used especially for aircraft cabin interior. Particle cavities are glued to the sandwich panel to 
apply the damping. The FBS modelling is carried out according to the dual coupling approach. For the 
simulation of the honeycomb sandwich panel a finite element (FE) model is used and frequency response 
functions (FRF) are calculated with a commercial FE-solver. Substructure FRFs of the particle cavity are 
determined experimentally. The modelling approach is analysed with respect to a nonlinear particle damping 
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behaviour. Moreover, the damping efficiency of various particle cavities on the assembled system is 
investigated using FBS-coupling and compared to experimental results. 

2 State of the Art 

When it comes to resonance of lightweight structures as a result of stationary dynamic loading, damping 
can play a major role to reduce vibration and noise amplifications [1]. However, the consideration of 
damping in product design is difficult. Despite the increasing accuracy of the constitutive models and the 
constant enhancement of the computational tools they do not solve the problem of identifying the dynamic 
model parameters and the uncertainties associated with their estimation for dynamic models [2]. Methods 
like the FEM are only capable of predicting dynamic properties such as eigenfrequencies and mode shapes 
to a certain degree. However, damping is often modelled by global structural damping parameters despite 
the presence of different dissipation sources [3]. Therefore, still a lot of experimental testing is necessary to 
determine dynamic characteristics like damping. In order to reduce the testing effort for the design of these 
structures and its associated costs and development time, the industry generally shifts to virtual design and 
simulation. 
Generally, damping is defined as the phenomenon in which the mechanical vibration energy is dissipated 
and converted into other forms, e.g. internal thermal energy, in dynamic systems [8]. Damping dissipation 
is essentially a nonlinear and still not fully modeled and understood phenomenon [4].  

 
Figure 1 Damping effect on the magnification at resonance [5] 

For the consideration of damping or even to design damping properties trial-and-error is still a common 
way. On the other hand linear modelling, can be used to approximate the structural dynamics of especially 
large structures, for which testing is very time consuming and expensive [6]. A FBS approach using the 
advantages of modular product structures is presented in [7]. For the particle damping the applicability of 
such a linear approach is investigated in this paper. 

2.1 Particle Damping 

Particle damping is a passive technology to reduce vibrations. Especially for lightweight structures particle 
damping can be a good measure since the added mass can be very small compared to the overall mass of 
the system [8]. Particle dampers are usually cavities partially filled with small particle of variable material. 
They are directly filled into existing enclosures of the base structure or they can be attached to a vibrating 
structure at a location with high displacement amplitudes [9]. For the design of particle dampers exist 
numerous studies over the last decades. A few of them are presented here, which cover working principles, 
modelling and experimental testing. 
For particle damping, a few physical damping mechanisms are relevant to describe the overall dissipation. 
In the first place there are non-elastic particle-particle and particle-wall collisions that induce damping, as 
indicated in Figure 2. Furthermore, friction between particles and particle-wall friction adds more 
dissipation. But all these physical mechanism at such small scale are the reason that the dissipation 
behaviour of granular materials is still not fully understood [10]. 
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Figure 2: Particle damping – working principle and dissipation mechanism 

For particle there are some qualitative findings that are stated in literature. First of all the damping behaviour 
of granular materials is a highly nonlinear due to impacts and sliding between the particles [11,12]. A few 
research papers state that for typical particles (e.g. metal and sand) the damping performance of particle 
dampers is independent on the environmental conditions, like temperature. In comparison to viscoelastic 
dampers in many applications this can be an advantage. It is found that particle dampers with properly 
selected mass ratios and space of movement can effectively attenuating several modes with one damper 
design over a wide frequency range [9,13]. 
However, the modelling of particle damping is still difficult [8]. Initially, Sun et al. (1986) used a static 
energy analysis to calculate the transmission loss of sand-filled structures. Whereas others developed 
equivalent SDOF models to predict the damping behaviour [9,13,14]. For the simplified parametric models, 
the problem so far is the high number of design parameters for particle damping compared to the number of 
variables exiting for this type of modelling approach [15]. Another approach to predict particle damping 
follows a hydrodynamic approach based on the similarities of molecular or gas liquid behavior to particle 
movement. However, the approach greatly varies with the choice of identification system (box-division) to 
estimate the flow field values and is therefore still very uncertain [15]. Today the three dimensional (3-D) 
discrete element method is focused by many researchers to exactly model single particle behaviour [16]. 
However, this method is limited by e.g. the number of particles, because of the increasing computing effort. 
Therefore, it is not yet an efficient tool for vibration problems and especially not for design optimisation 
since this requires multiple runs of different particle damper configurations. Furthermore, Pourtavakoli et 
al. 2016 [10] remarked recently that the dissipative properties of granular materials are still poorly 
understood. Consequently, besides the modelling investigations trial-and-error experimental studies to 
optimize the particle damping design are still very common [8,9,17]. Fowler et al. [12] present a list of basic 
“rules-of-thumb” for the design of particle dampers, including mass, material coefficient of friction, gravity 
and excitation frequency.  
For the proposed models, except from DEM, the validity is only given for a restricted range of operating 
conditions, although the PD performance varies with changing operating conditions. Therefore, using the 
models for engineering decision making either the amount of information is limited, the computational time 
is so high that optimization is not feasible or an extensive amount of experimental work for dynamic 
characterization at the final product stage must be done. 
Only a few papers so far investigated the potential of damping honeycomb structures with particle damping. 
Liu 2011 [8] studied experimentally the effect of particle damping in comparison to other damping methods 
and with respect to its weight gain. There, particle damping was proven to be an efficient measure to damp 
lightweight structures. Michon et al. 2013 [9] demonstrated the damping potential of particles within 
metallic honeycomb structures. Specifically, they investigated the optimal filling ratio of the honeycomb 
cells and their placement. For that they proposed a simplified equivalent viscous damping model, which was 
derived by least square approximation of test data. Recently, Koch et al. 2017 [18] proved the potential of 
defined partial fillings of a honeycomb structure by granular materials of an oil pan bottom of an engine in 
order to reduce sound emissions. 
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2.2 Frequency Based Substructuring 

The Frequency Based Substructuring (FBS) is a frequency domain method to solve linear vibration problems 
by decomposing a structure into several smaller parts, the so-called substructures. FBS theory was already 
published in the 1960s-1980s [19]. The FBS assumes that a reduced number of DoF are sufficient to describe 
the dynamic behaviour of a system. Each substructure can individually be characterized by its frequency 
response functions (FRF), that can be determined via simulation or experimental testing. This so-called 
experimental substructuring is one of the major advantages of this approach if experiments are carried out 
appropriately. Thus, real (non-linear, frequency dependant) physical effects, that cannot be modelled in an 
appropriate manner, can be incorporated into a frequency based assembled system response. However, only 
in 2006 De Klerk et al. [20] published a new systematic notation, called dual assembly, that facilitates the 
handling for numerical calculation. Following the dual assembly according to [20], the overall frequency 
response function matrix can be derived from the general equation of motion of subsystems Eq. 1 in the 
time domain. The interface compatibility is defined in Eq. 2 with the boolean matrix B and the equilibrium 
of connection forces in Eq. 3 with the Boolean localization matrix L [20]. 
 𝐌𝐌�̈�𝐮 + 𝐂𝐂�̇�𝐮 + 𝐊𝐊𝐮𝐮 

𝐁𝐁𝐮𝐮 
𝐋𝐋𝑇𝑇𝐠𝐠 

=  𝐟𝐟 + 𝐠𝐠 
=  𝟎𝟎 
=  𝟎𝟎 

(Local Equilibrium) 

(Interface compatibility) 

(Equilibrium of connecting forces) 

(1) 
(2) 
(3) 

With the Structural Impedance Matrix 
            𝐙𝐙(𝑗𝑗𝑗𝑗) ≜ −𝑗𝑗²𝐌𝐌+ 𝑗𝑗𝑗𝑗𝐂𝐂 + 𝐊𝐊 

the transformation to the frequency domain is carried out to 
 𝐙𝐙(w)𝐮𝐮(𝑗𝑗𝑗𝑗) 

𝐁𝐁𝐮𝐮(𝑗𝑗) 

𝐋𝐋𝐓𝐓𝐠𝐠(𝑗𝑗) 

=  𝐟𝐟(𝑗𝑗) + 𝐠𝐠(𝑗𝑗) 
=  𝟎𝟎 
=  𝟎𝟎. 

(4) 
(5) 
(6) 

Introducing the Lagrange Mutliplier 𝛌𝛌 such that 𝐠𝐠 = −𝐁𝐁𝑇𝑇𝛌𝛌, one gets the so-called dual assembly in matrix 
form as following. 

�𝐙𝐙 𝐁𝐁𝑇𝑇
𝐁𝐁 𝟎𝟎

� �𝐮𝐮𝛌𝛌� 
= �𝐟𝐟𝟎𝟎� 

(7) 
 

The Lagrange mutliplier λ respectively represents the internal connection forces. Solving the first equation 
for u with 𝐙𝐙−1 = 𝐘𝐘 yields  

𝐮𝐮 =  𝐘𝐘(𝐟𝐟 − 𝐁𝐁𝑇𝑇𝛌𝛌)      (8) 

𝐘𝐘 is the uncoupled admittance matrix of the whole mechanical system in block diagonal form. Inserting 
Eq.8 in Eq. 7 one finds 

𝐁𝐁(𝐘𝐘𝐟𝐟 − 𝐘𝐘𝐁𝐁𝑇𝑇𝛌𝛌) =  𝟎𝟎   (9) 

⇒  𝛌𝛌  =  (𝐁𝐁𝐘𝐘𝐁𝐁𝑇𝑇)−1𝐁𝐁𝐘𝐘𝐟𝐟  

Which leads to the coupled transfer function matrix 𝐘𝐘𝑪𝑪(𝑗𝑗) 

𝐮𝐮 =  𝐘𝐘𝐟𝐟 − 𝐘𝐘𝐁𝐁𝐓𝐓�𝐁𝐁𝐘𝐘𝐁𝐁𝐓𝐓�−𝟏𝟏𝐁𝐁𝐘𝐘𝐟𝐟  

𝐮𝐮 = (𝐘𝐘 − 𝐘𝐘𝐁𝐁𝑇𝑇(𝐁𝐁𝐘𝐘𝐁𝐁𝑇𝑇)−1𝐁𝐁𝐘𝐘)�����������������𝐟𝐟 (10) 

                    𝐘𝐘𝑪𝑪(𝑗𝑗)  

Using the FBS approach the particle damping is predicted for the described sandwich structure and shall 
also be applied to lager structures, where trial-and-error testing is not possible or too expensive. The 
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consideration of particle dampers without modelling its complex dynamic behavior in detail shall be 
investigated. With this first step, the design of particle dampers is facilitated because a reduced number and 
smaller tests are needed to determine a damper design. 

3 Experimental Study 

For the experimental tests a sandwich panel is clamped at one end and excited with classical base point 
excitation at different excitation levels. It is the same system as investigated in [21]. The testing is carried 
out with and without particle damper. The investigated system in this paper consists of a typical honeycomb 
sandwich panel typically used in the aircraft cabin for mostly all lightweight structures like lavatories, 
galleys and lining component etc. The vibration testing is carried out as impedance sweep tests on a 
hydraulic shaker. The test set-up is shown in Figure 3. Vibration tests are carried out as a frequency sweep 
at constant 0.35 g (3,4335 m/s2) within a frequency range of 5 - 25 Hz. The sweep velocity is 0.5 octave/min.  
The panel is clamped with an aluminum fixture at one end and freely vibrating at the top. The acceleration 
is measured as input and output signal by triaxial ICP acceleration sensors. The input signal is measured on 
the fixture at the bottom of the panel. The acceleration output is measured at the top of the panel. The 
excitation load is also measured at the fixture by a 5kN 6D load cell. All measurements are done with a 
sampling rate of 600 Hz. The evaluation of the test data is done in the frequency domain in the out of plane 
direction of the panel to calculate the resonance frequency and the acceleration amplification as well as to 
determine the damping factor for FE-simulation via half-power-bandwidth method. 

   
Figure 3: Test set-up for vibration testing of honeycomb sandwich panel 

3.1 Honeycomb Sandwich 

A sandwich panel design is chosen, as shown in Figure 3, in order to have the first resonance frequency 
within the defined frequency range. The size of the panel is 950 x 190 x 19 mm. The investigated material 
is a typical aircraft interior sandwich panel consisting of glass fibre fabric reinforced phenolic resin prepreg 
face sheets (PHG600-68-50/44) and a Nomex honeycomb core (cell size 3.2 mm, density 48 kg/m³). Two 
sandwich panels are tested with 1 and 2 prepreg layers in order to have different level of acceleration at the 
coupling point. The so-called panel with 1 layer has a thin cover layer, the PHG600-68-44, with 0.09 mm 
thickness on top, because this is necessary for the surface finish for cabin interior due to of the telegraphing 
effect. Nonetheless, for simplicity, the investigated layups are differentiated as 1 and 2 prepreg lay-ups. 
Furthermore, it can be shown that a simple stiffening of a panel does not shift the frequency considerably 
higher than with 1 layer, as shown in Figure 4. Based on these test results a structural damping ratio is 
determined via half-power-bandwidth method from 3 tests of each panel, because still today modelling the 
dynamic behavior requires an experimentally derived damping value. For this reason, additionally a moving 
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average smooth with an averaging interval of 100 steps is also shown, since this is the underlying FRF for 
the determination of the structural damping coefficients 

 

  
 Structural damping D 
 Prepreg layer Dmean [%] 
 1 layer 1,52 
 2 layer 1,33 
   
   

Figure 4: FRF derived from vibration test of honeycomb sandwich panels with 1 and 2 prepreg layers and 
evaluation of damping coefficient via half-power-bandwidth method 

3.2 Particle Damped Honeycomb Panel 

Different particle dampers are then mounted to honeycomb sandwich panels with 1 and 2 prepreg layers and 
the same frequency sweep is carried out, as described above. For the particle damper 3 sizes are used, small, 
medium and large size cavities with 4 mm drill holes distributed equally in excitation direction. The area 
orthogonal to the excitation direction doubles with increasing dimensions. The cavities are 3D-printed. The 
particle used is commercial quartz sand with defined particle size of 0.1 - 0.4 mm. A filling ratio of 50 % is 
realized for every PD. To close the particle cavity strong adhesive tape is used. This certainly influences the 
damping performance - it lowers the particle damping - but it should not be important for the qualitative 
research presented in this paper. 

 

      

 Height 
[mm] 

Dimensions 
[mm] 

Drill hole 
[mm] 

Particle mass -  
50 % filling ratio [g] 

Mass of particle 
cavity [g] 

 26 72.5 49 4 24 60 

 26 102.5 69,3 4 46 116 
 26 145 98 4 99 236 

       
Figure 5: Dimensions of the particle damper including the filling ratio and the associated mass 

For the evaluation of the measurement results the magnitude of the transmissibility, the amplification, is 
shown in Figure 6 for all PDs compared to the panel without damping treatment. In all FRFs a large decrease 
of amplification of up to 30 % of the reference tests can be seen. With increasing particle damper and particle 
mass the amplification can be reduced more, as expected and already stated in literature. The effect is a little 
bit less for the sandwich panel with 2 layers since this system is much stiffer, but still extraordinary high. In 
the first place, however, the comparison of two different sandwich facesheets shall demonstrate that the FBS 
approach can be suitable for particle damping predictions on structures with different mechanical properties 
in the following paragraphs. The frequency shift mainly due to the mass increase towards a lower resonance 
frequency is about 7-8 Hz from 16 Hz to a minimum of 9 Hz for 1 layer panel and from 17 Hz to 11 Hz for 
the 2 layer panel. One of the main reasons for the large frequency shift is the amount of mass only added by 
the empty particle cavity. However only the mass of the cavity does not lower the amplification a lot – only 
from 58 to 53 for the 1 layer panel, so that the particle can be accounted for the damping effect. 
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Figure 6: Test results for particle damping at panel top 

4 Experimental Substructuring for Particle Damping  

For the FBS-substructuring the system is partitioned into the two main components (Figure 7). The sandwich 
panel plus its fixture are one substructure and the particle damper - the particle cavity plus the particle filling 
- the other. In this way it is possible to exchange the particle damper easily to estimate the FRF for a variety 
of different damper configurations.  

Substructure  
Particle Damper + Substructure 

Sandwich Panel =    Coupled System 

 

 

              

 

    
Figure 7: Substructuring approach for particle damping 

The frequency response of the sandwich panel is derived from a linear FE-model. The frequency response 
of the particle system - as one substructure - is determined experimentally. Finally, with a hybrid frequency 
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based assembly using test (particle cavity) and simulation (lightweight structure) results is used to determine 
the dynamic behaviour of the entire system. In this way the consideration of particle dampers is possible 
without modelling its complex dynamic behaviour in detail. 
For the coupling of the particle damper to the panel a rigid multipoint connection is used, via interpolation 
constraint elements (RBE2) in the FE-model. In this way, the particle damper is only linked to the FE-model 
at one single node, the master node of the rigid connection. The interface definition is shown in Figure 8. 
There also the 4 dof of the coupled system are indicated in the Figure with respect to the acceleration outputs 
in Eq. 15.  

     
Figure 8: Interface definition between sandwich panel and particle damper via rigid link with interpolation 

constraint elements 
For the interface definition it is assumed that the particle damper can be represented through a 1D frequency 
response in the direction of main particle movement, along the thin drilling holes. Following this approach, 
the uncoupled FRF matrix Y can be written as 

Y = �YPanel 0
0 YPD

� = �

Y11
Y21
Y31
0

Y12
Y22
Y32
0

Y13
Y23
Y33
0

0
0
0

YPD

�     , Y ∈ ℝ4𝑥𝑥4 (11) 

where YPD is the measured FRF of the particle damper. For the coupling matrix B follows 
B = [0 0 1 −1]. (12) 

The coupled FRF-matrix Y𝐶𝐶  can be calculated with Eq. 10 
Y𝐶𝐶 = Y − YB𝑇𝑇(BYB𝑇𝑇)−1BY (13) 

Inserting Y and B leads to 

Y𝐶𝐶 = �

Y11
Y21
Y31
0

Y12
Y22
Y32
0

Y13
Y23
Y33
0

0
0
0

YPD

� −
1

Y33 + YPD
�

Y13Y31
Y23Y31
Y33Y31
−YPDY31

Y13Y32
Y23Y32
Y33Y32
−YPDY32

Y13Y33
Y23Y33
Y33Y33
−YPDYPD

−Y13YPD
−Y23YPD
−Y33YPD
YPDYPD

�. 

 

(14) 

For a linear system with a unit load the acceleration output can be computed with  

⎣
⎢
⎢
⎢
⎡𝑎𝑎1

𝐶𝐶

𝑎𝑎2𝐶𝐶

𝑎𝑎3𝐶𝐶

𝑎𝑎4𝐶𝐶⎦
⎥
⎥
⎥
⎤

= (Y𝐶𝐶) �
0
1
0
0

�, (15) 

so that the acceleration transmissibility T of the coupled system from the input to the output acceleration 
can be derived 

TPanel+PD  =
𝑎𝑎2𝐶𝐶

𝑎𝑎1𝐶𝐶
. (16) 
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4.1 FE-Modelling of Honeycomb Sandwich Structure 

As the vibration tests the simulations are carried out for a frequency range of 5 - 25 Hz with harmonic 
excitation derived from typical aircraft cabin dynamics. The FE-simulation is carried out with MSC.Nastran 
Sol 108, to recieve the direct frequency response. The sandwich panel is modelled with 1805 2D CQUAD4 
shell elements. The element size is 10 mm. The clamping at the bottom is realized with single point 
constraint elements. The macroscopic elastic material properties of the honeycomb core are given by the 
manufacturer and where slightly adjusted by experimental modal analysis in a previous study [21]. 

Face sheet Honeycomb core FE-model 

E1 [MPa] 24000 E [MPa] 200 

 
2D-shell elements 

E2 [MPa] 22000 G [MPa] 83 

G12 [MPa] 7500 ν 0.2 

G1T [MPa] 2900   

G2T [MPa] 3700 Thickness 
[mm] 

18.5 

ν 12 0.2 

 
Table 1: Simulation of base point excitation for the panel design 

 
Using the material parameters in Table 1, the FRF of the sandwich panels with 1 and 2 prepreg layers are 
shown in Figure 9. There is a good agreement between simulation and test results. However, the resonance 
frequency of the 2 layer panel slightly deviates from the test results, but the deviations are less than 5 % 
with the simple 2D-shell model. Therefor the model is assumed to be valid and taken for the FBS. 

 

   

  Panel with 1 
layer 

Panel with 2 
layers 

 FEM Test FEM Test 

Resonance 
Frequency [Hz] 15.2 15.6 16.6 16.7 

Amplification 49 51 58 59 

   

 

 

 

Figure 9: Comparison between simulation and test results for sandwich panel without damping 
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4.2 Experimental Characterisation of Particle Damper 

The test set up for the experimental determination of the FRF of the particle damper is depicted in Figure 
10. The test was also carried out as frequency sweep with constant acceleration in the same frequency range. 
The interface load is measured by a 1D-100N load cell and the acceleration is measured with a lightweight 
(0.8 g) 50g-ICP acceleration sensor. 

 
Figure 10: Test set-up for experimental substructure characterization of the particle damper. 

  
The measured time signals are transformed into the frequency domain. An excerpt of the results - the 
accelerance -  is shown in Figure 11 in a detailed view. The amplitude is nearly constant in the whole 
frequency range, whereas the phase is slightly decreasing. Furthermore, the results are depicted with a 
moving average smooth (intervals: 100 and 1000). The amplitude of the raw measurement data is not 
considerably different to the moving average smooth 100. In the raw data of the phase, however, there are 
some spurious peaks. But, with the reduced data set, that is necessary for the coupling with the FE-model, 
because of the lower frequency step than the measurement sampling rate, these peaks are eliminated.  

 
Figure 11: Reduction of measurement data of medium particle damper – Comparison of smoothed and 

reduced data set for coupling 
The results of all three particle dampers used in this study are shown in Figure 12, for the small medium and 
large particle damper in the reduced data set format, which is used for the coupling with the FE-model. Each 
particle damper was tested with 3 different sweep excitations of 0.5 g, 1 g and 2 g. As expected the amplitude 
decreases with increasing particle mass and the trend for all dampers is very similar. Therefore, a strong 
nonlinearity cannot be seen at this stage. However, the 2 g result is always slightly higher than the other 
two. The phase differences are more obvious. For 2 g excitation the phase angle is in every case more than 
30 % higher. However, the phase seems to be independent of the filling ratio since there are no obvious 
differences between the 3 dampers. 
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Figure 12: Experimentally determined substructure FRFs (accelerance) of particle damper in reduced data 

set format 

5 Results and Discussion 

For the coupling, the FE-model of the honeycomb sandwich panel (Figure 9) and the experimentally 
determined FRF for the particle damper (Figure 12) are coupled according to the interface definition and 
the derived equation 14. Besides the 3 different particle dampers with increasing particle mass at 50 % filling 
ratio of quartz sand, the influence of different composite layups, accelerations sensors, sweep excitations 
and positions of the PD are investigated. Using the measured PD-FRFs with different sweep excitations, the 
FBS-coupling is shown in Figure 13 for a sandwich panel with 1 and 2 layers. Between the FE-models the 
only difference is the structural damping coefficient which is determined by experimental testing of the 
panels without damping treatment (Figure 4).  

 1 prepreg layer 2 prepreg layers 

  
Figure 13: FBS-coupling with PD-FRFs at panel top from different sweep excitations 
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Figure 14: Rel. deviations of resonance frequency and amplification dependent on the acceleration sensor 

For the 1 g excitation the results match very good with the test results (see Figure 13 and Figure 14). There 
is, however, an influence of the acceleration level of the sweep tests, as expected, since particle damping is 
amplitude dependent. For 0.5 g the amplification is overestimated by 20 % and on the other side for 2 g the 
deviation is underestimated with more than 20 %. But few more aspects must be considered. For 0.5 g the 
particle movement might not be high enough to result in sufficient interface load acting on the sandwich 
panel. For the 2 g excitation the measurement data of the sweep test was noisier than the others and the 
magnitude compared to the two other tests was higher. Furthermore, using a larger acceleration sensor leads 
to increasing deviations from the reference tests as indicated in Figure 14. The mass increase 1.8 g to 10 g 
can be the reason as well as the inertia of a non-centred additional mass with respect to the moving direction. 
Generally, it must be concluded that the coupling is very sensitive to measurement errors, because only the 
slight inaccuracies lead to larger deviations. But only considering the amplitude reduction with respect to 
the undamped system the linear predictions deviate not more than 12 % from the test results. 
 

1 prepreg layer 2 prepreg layers 

  

  
Figure 15: Coupling results for particle dampers at top and mid position 

                              
In this study, the PD-FRF determined at 1 g was further taken to analyze the coupling in more detail. The 
amplification of the FBS-coupling for the particle damper at top and mid position of the panel dependent on 
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the composite lay-up is shown in Figure 15. For these configuration, the prediction of the particle damping 
is very good. The amplitudes and the resonance frequency for the top position are within 5 % deviation to 
test results for both positions. For the sandwich with 2 layers the amplitudes deviate slightly more within 7 
% compared to test results. The frequency deviations are only within 9 %. That can also be reduced with 
improved material data for the composite lay-up and above all with the mass decoupling of the mounting 
screw from the experimentally determined damper FRF, since the frequency predictions are below the test 
results. As expected the influence of the particle at the panel mid position damper on the amplification is 
not very strong but the damping predictions are still accurate. The deviations in percentage become larger 
with increasing particle mass due to the decrease in reference amplification, but the absolute deviations are 
smaller than in every other case. 

6 Conclusion and Outlook 

In this paper a new approach to predict the particle damping using a frequency based substructuring 
approach. In this way the consideration of particle dampers (PD) is possible without modelling its complex 
dynamic behaviour in detail as with e.g. the discrete element method. The frequency response of the particle 
system - as one substructure - is determined experimentally. Finally, with a hybrid frequency based 
assembly, using test (particle damper) and simulation (honeycomb sandwich panel) results, is used to 
determine the dynamic behaviour of the entire system. In the paper the influence of the particle mass, the 
position of the damper, different test set-ups and two sandwich panels with different stiffness are 
investigated. 
Generally, despite of the nonlinear behavior of particle damping the predictions using the frequency based 
substructuring approach are within a reasonable amount of deviations for the investigated system. Moreover, 
the trend of all results matched the experimental tests. Therefor using a linear approximation to predict the 
damping can be a valid approach for other problems especially if the effort for testing of large structures 
can be reduced in this way. For small structures and cases where more particle material is added to a structure 
than in this case it might be not feasible to measure interface forces, or the damping nonlinearity is too high 
for accurate linear predictions. Moreover, the experimental characterization of the particle is very sensitive 
to the test set-up and the testing must be carried out with care. In the future this study shall be expanded to 
more parameters, to find out more about the validity of the approach. Besides, the aim is to set up an 
optimization in order to find not only the optimal placement, but also the best filling ratio, area of application 
and possible weight savings for the base structure to allow an engineering design at an affordable level. 
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Abstract
Real structures consist of components assembled together by means of joints whose behavior may result
nonlinear. Modeling the contact interactions at the interface between neighboring components is thus essen-
tial for a precise prediction of the structure’s response. One of the categories of joints that are widely used
in mechanical applications are the lap joints and flanged joints. The two types of joints usually share two
features: the contact regions are generally large and can not be considered localized with respect to the vol-
ume of the assembled bodies and bolted joints are used as a removable joint and distributed over the contact
equally spaced. In this paper an efficient method to deal with large contact interface is presented in order to
run fast nonlinear simulations taking into account the friction forces occurring at the contact.

1 Introduction

Structural dynamic applications exhibiting a clear linear behavior are rare exceptions. Real structures gener-
ally consist of components assembled together by means of joints whose behavior may result highly nonlin-
ear. Depending on the nature of the excitation, joints might strongly affect the structure’s dynamics, which
therefore is far away from being linear. Modeling the interfaces interaction is thus an essential task to be
accomplished for a more precise prediction of the structure’s response in order to preserve integrity when
safety margins are adopted during design based on intrinsic uncertainties.

Among all the possible sources of nonlinearities taking place at the contact interfaces of joints, friction
phenomena are the commonest. The high interest in modeling and evaluating the effects of friction on the
dynamics of structures is proven by recent academic studies and industrial applications [4, 5, 6, 8, 7, 9]. In
this regard, the typical approach consist in creating the finite element (FE) models of components in contact
having compatible meshes at the contact interfaces. In this way classic node-to-node contact elements based
on the Coulomb friction law can be applied and the nonlinear forced response of the system finally evaluated.
The mentioned approach is nowadays well-established and appears as convenient when applied to structures
featuring small contact regions. However, it involves large computational times when extended contact
interfaces with refined mesh are present between substructures.

Most of the well-established reduction methods in the class of the component mode synthesis (CMS) aims
at reducing the substructure’s dynamics to few master degrees-of-freedom (DoFs). For nonlinear dynamic
analyses involving contact phenomena, such set of master DoFs has to include the contact DoFs, i.e. the
physical DoFs where the nonlinear contact forces act. When the number of contact DoFs is a substantial
percentage of the total number of DoFs, the application of the common CMS methods loses its efficiency
in terms of reduction of the computational costs. On the other hand, interface reduction methods can be
employed to reduce the number of DoFs at the contact regions in order to make the evaluation of the nonlinear
contact forced response faster [19].
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Several methods for the interface reduction have been proposed in the past few years [10, 11, 12, 13, 14, 15].
Among them, the Gram-Schmidt Interface (GSI) reduction method appears one of the most promising [16].
In this research, the GSI method is combined with a layer of macroslip contact elements in order to predict
the effect of friction on the nonlinear forced response of two beam-like structures interacting through a large
contact interface. The goodness of the proposed methodology is evaluated both in terms of solution accuracy
and time costs savings on the calculation of nonlinear forced responses by using the Harmonic Balance
Method.

2 Mathematical Background

In this section the GSI reduction method developed in [16] is briefly summarized and the numerical procedure
employed to solve the reduced nonlinear equations of motion (EQM) of a structure featuring extended contact
interfaces is discussed.

2.1 GSI reduction method

The GSI reduction method is an upgrade of the pre-existing technique based on the Characteristic Constraint
Modes (CC modes) by Castainer et al. [10]. Similar to the classic CMS methods, the GSI technique allows
for the reduction of a subset of master DoFs (either interface or contact DoFs) by means of a truncated basis
of modes known as GSI modes. The starting point for this method is represented by the FE models of a
linear substructures s whose DoFs can be partitioned as follows:

xs =




xs
i

xs
a

xs
r



 (1)

where:

• xs
i is the vector listing the ni interface DoFs, i.e. the DoFs that are at the frontiers between substruc-

tures where compatibility is not guaranteed (as in the presence of joints that are characterized by a
certain level of looseness);

• xs
a is the vector of na active DoFs, i.e. the DoFs used either for the external force application or the

response monitoring;

• xs
r is the set of nr remaing DoFs, i.e. those that are neither xs

i nor xs
a.

Henceforth in this section the superscript s will be omitted to simplify the notation.

Although several CMS schemes exist to condense the substructure dynamics into a small set of master DoFs,
the GSI method starts with the Craig-Bampton (CB-CMS) reduced EQM for the generic substructure [1, 2]:

[
M̃mm M̃mk

M̃km Ikk

]{
ẍm

q̈k

}
+

[
K̃mm 0
0 Ω2

kk

]{
xm

qk

}
=

{
fm
φk

}
(2)

where xm = [xT
i x

T
a ]

T is the vector of nm = ni + na master DoFs collecting the interface and active DoFs,
qk represents the reduced set of nk � nr fixed-interface modal coordinates, fm = [fT

i f
T
a ]

T is the nm × 1
vector including the contact and externally applied forces, while φk is the nk × 1 vector of modal forces
corresponding to the retained fixed-interface normal modes.

By taking the master DoFs partitions of the CB-CMS mass and stiffness matrices, the following eigenprob-
lem is found:

(K̃mm − ω2
m,jM̃mm)ϕm,j = 0 ∀ j = 1, . . . , nm (3)
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where ϕm,j and ω2
m,j are the jth mass normalized CC mode and the corresponding eigenvalue respectively.

The complete set of CC modes can be arranged (for increasing eigenvalues) as the columns of the following
modal matrix:

Φmm =
[
ϕm,1 . . . ϕm,nm

]
(4)

The modal matrix of Eqn. 4 would allow for a coordinate transformation involving all the master DoFs. If a
coordinate transformation is desired for only the interface DoFs, Φmm has to be partitioned as follows:

xm =

{
xi

xa

}
= Φmm

{
qi
qa

}
=

[
Φii Φia

Φai Φaa

]{
qi
qa

}
(5)

where qi and qa are two arbitrary set of modal coordinates with size ni and na respectively. By solving the
second equation for qa and substituting the result into the first, Eqn. 5 becomes:

xm =

{
xi

xa

}
=

[
Φii −ΦiaΦ

−1
aaΦai ΦiaΦ

−1
aa

0ai Iaa

]{
qi
xa

}
(6)

which clearly shows the coupling between xi and xa.

According to Eqn. 4 the modal matrix Φmm has been built by ordering the eigenvectors ϕm,j for increasing
eigenvalues. Therefore, the reduction of master DoFs’ can be achieved by performing the modal truncation
of the eigenvectors corresponding to the highest eigenvalues. Under this consideration, the coupling between
xi and xa might be removed by truncating the last na columns of Φmm, which corresponds to neglect the
submatrices Φia and Φaa into the Eqn. 5. Hence, the coordinates transformation of Eqn. 6 becomes:

xm =

{
xi

xa

}
≈
[
Φii 0ia
0ai Iaa

]{
qi
xa

}
(7)

The columns of the submatrixΦii in general are not linearly independent to each other. In order to avoid this
drawback they are orthonormalized by using the Gram-Schmidt algorithm [3]:

Φii
Gram-Schmidt−−−−−−−−→ Φ̂ii (8)

The columns of the resulting matrix Φ̂ii are called GSI modes and represent a good basis for the modal
reduction of the interface. By keeping a reduced set with nw � ni GSI modes, the interface DoFs xi can be
approximated as:

xi ≈ Φ̂iwqw (9)

Henceforth in this paper the ”hat” is omitted and the Gram-Schmidt orthonormalization is always applied
unless otherwise specified. By applying the transformation of Eqn. 9, the CB-CMS generalized coordinate
vector of Eqn. 2 finally becomes:




xi

xa

qk



 ≈



Φiw 0ia 0ik
0aw Iaa 0ak
0kw 0ka Ikk






qw
xa

qk



 (10)

Note that the interface reduction performed by the GSI method does not necessary require the application
of a prior reduction. In fact, Eqn. 7 is still to be consider valid even when dealing with non-reduced FE
models. In this case the set of master DoFs coincides with x and GSI modes can be computed by following
the mathematical procedure from Eqn. 3 to Eqn. 8. As a general rule, the generalized coordinate vector x,
either reduced or not, has just to be partitioned into xi and xo, with the latter including all the other DoFs,
i.e. those not belonging to the interface. On the fulfillment of this condition Eqn. 10 can be rewritten as:

{
xi

xo

}
≈
[
Φiw 0io
0ow Ioo

]{
qw
xo

}
(11)
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2.2 Nonlinear Equations of Motion

The nonlinear EQM for a structure with contact interfaces can be written in the following form:

Mẍ(t) +Cẋ(t) +Kx(t) = fe(t)− fnl(x, ẋ, t) (12)

whereM , C andK are the mass, damping and stiffness matrices, x is the vector of displacement, fe is the
vector of the external harmonic loads and fnl is the vector of the nonlinear contact forces. When the steady
state response is of interest, it is a common practice to solve the former EQM in the frequency domain.
Due to the periodicity of fe, the displacements and nonlinear contact forces can be written according to the
following Fourier series:

x(t) = <
(

nh∑

f=0

X(f) · eifωt
)

fnl(x, ẋ, t) = <
(

nh∑

f=0

F
(f)
nl · eifωt

)
(13)

where X(f) and F (f)
nl are the f th order complex amplitudes of the displacements and contact forces respec-

tively, ω is circular frequency and nh is the number of retained harmonics. The differential equations in
Eqn. 12 can then be turned into the following set of nonlinear, complex, algebraic equations:

D(f)(ω)X(f) = F (f)
e − F (f)

nl (X) ∀ f = 0, 1, 2, . . . , nh (14)

whereD(f) =K + ifωC − (fω)2M is the f th order dynamic stiffness matrix. By assuming the 1st order
approximation for x and fnl (SHBM approximation), Eqn. 14 can be rewritten as:

D(ω)X − Fe + Fnl(X) = 0 (15)

with the superscript (1) omitted in order to simplify the notation. Note that Eqn. 14 can not be solved
analytically due to its nonlinear nature. It has to be solved iteratively for the unknown amplitudesX .

Without loss of generality, assume the structure consisting of two substructures identified by the superscript
(1) and (2). Moreover, let the number of DoFs at the contact interfaces be the same, i.e. n(1)i = n

(2)
i = ni.

Under these assumptions, the global mass and stiffness matrices and the vectors of Eqn. 15 can be expressed
as:

M =




M
(1)
ii M

(1)
io 0 0

M
(1)
oi M

(1)
oo 0 0

0 0 M
(2)
ii M

(2)
io

0 0 M
(2)
oi M

(2)
oo


 K =




K
(1)
ii K

(1)
io 0 0

K
(1)
oi K

(1)
oo 0 0

0 0 K
(2)
ii K

(2)
io

0 0 K
(2)
oi K

(2)
oo




x =





X
(1)
i

X
(2)
o

X
(1)
i

X
(2)
o





fe =





0

F
(1)
e,o

0

F
(2)
e,o





fnl =





F
(1)
nl,i

0

F
(2)
nl,i

0





(16)

It must be pointed out that the external and contact forces are applied to the active and interface DoFs
respectively. Since Fnl only depends on the relative displacements at the contact interface, the number of
nonlinear algebraic equations can be halved by employing the coordinate transformation linking the absolute
to the relative interface displacements:





X
(1)
i

X
(2)
o

X
(1)
i

X
(2)
o





=




I I 0 0
0 0 I 0
0 I 0 0
0 0 0 I








X
(r)
i

X
(2)
i

X
(1)
o

X
(2)
o





= RX(r) where X
(r)
i =X

(1)
i −X

(2)
i (17)
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where R is the coordinate transformation matrix. By substituting the Eqn. 17 into the Eqn. 15 and pre-
multiplying both sides byRT , the following system of equation is obtained:

RTDRX(r) −RTFe +R
TFnl(X

(r)) ≈ 0 ⇒ D(r)X(r) − F (r)
e + F

(r)
nl (X

(r)) ≈ 0 (18)

Although the pre-multiplication byR leaves Fe unchanged, more attention has to be paid on the term F
(r)
nl :

F
(r)
nl = RTFnl =




I 0 0 0
I 0 I 0
0 I 0 0
0 0 0 I








F
(1)
nl,i

0

F
(2)
nl,i

0





=





F
(1)
nl,i

F
(1)
nl,i + F

(2)
nl,i

0
0





(19)

The contact forces at the contact interface are equal in amplitude but opposite in sign, meaning that the term
F

(1)
nl,i + F

(2)
nl,i is null:

RTfnl =




I 0 0 0
I 0 I 0
0 I 0 0
0 0 0 I








F
(1)
nl,i

0

F
(2)
nl,i

0





=





F
(1)
nl,i

0
0
0





(20)

In this way the number of nonlinear EQM finally decreases from 2× ni to ni.

For structures featuring large interfaces, a further reduction of the nonlinear DoFs (i.e. those corresponding
to the nonlinear contact forces) can be achieved by employing the GSI method introduced in section 2.1. If
Φiw is a reduced basis with nw � ni GSI modes, the vector of complex relative displacements Xr can be
expressed as:

X
(r)
i =





X
(r)
i

X
(2)
i

X
(1)
o

X
(2)
o




≈




Φiw 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I








Q
(r)
w

X
(2)
i

X
(1)
o

X
(2)
o





= GX
(r)
GSI (21)

where Q(r)
w is the vector of the complex displacements of the modal coordinates qiw. By projecting the

Eqn. 18 onto the space spanned by the columns ofG, the following relationship is obtained:

GTD(r)GX
(r)
GSI −GTF (r)

e +GTF
(r)
nl (X

(r)
GSI ) ≈ 0 (22)

with:

GTF
(r)
nl =





ΦiwF
(1)
nl,i

0
0
0





(23)

where the term ΦiwF
(1)
nl,i represents the vector of the modal contact forces. Although the contact forces Fnl,i

are always estimated in the space of the physical DoFs, these are introduced into the equilibrium equations
through the reduced set of modal coordinates q(r)w . This procedure allows for a fast solution of the nonlinear
partition of Eqn 22, that otherwise would be computationally expensive as in the case of Eqn. 18.

The strategy used to built the reduced basis of Φiw is discussed later on in the section 3, since it strictly
depends on the physics behind the contact phenomena occurring at the interfaces between the substructures.

2.3 Contact Model

The one-dimensional Jenkins contact element with normal load variation is used to compute the periodic
contact forces for a given periodic relative displacement, by taking into account possible separation of the
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normal contact [21]. Hence, three possible contact states can be modeled: stick, slip and separation. A
schematic view of this contact model can be found in Figure 1, where the two dimensional relative displace-
ment is decomposed into two perpendicular directions: two in-plane tangential component denoted by u and
w components, and one out-of-plane normal component v.

Figure 1: 1-D contact model with normal load variation.

The contact model’s parameters are represented by the tangential and normal contact stiffnesses, which are
modeled by two springs with stiffness kt and kn respectively, the coefficient of friction µ and the normal
preload f0 (see Figure). At every time instant the normal contact force fn(t) is defined as:

fn = max(f0 + kn · v, 0) (24)

If f0 is positive, the bodies are in contact before vibration starts, while if f0 is negative an initial gap g0 = − f0
kn

exists between the two bodies.

Along the tangential direction, the contact force is defined as:

ft =





kt · (u− w) sticking mode
sgn(ẇ) · µfn slipping mode
0 lift-off mode

(25)

Since the EQM are formulated in the frequency domain, the Fourier coefficients of the nonlinear contact
forces F (1)

nl,i have to be computed from the Fourier coefficients of the corresponding relative displacement

X
(r)
i . This is done by using the so called Alternating Frequency Time (AFT) method [22, 23].
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3 Application

The reduction method presented in the previous section was applied to two beam-like structures denoted
with A and B (Figure 2). Each structure consists of two cantilever beams with equal dimensions (2 mm× 20
mm × 100 mm and 5 mm × 100 mm × 500 mm for A and B respectively), interacting through an extended
contact interface.

Figure 2: Finite element models of the structures A (a) and B (b).

Each beam is discretized with the 8-nodes hexahedral element. The total numbers of DoFs for the structure
A and B are 1260 and 1872. The beams are made of a standard steel with Young’s modulus E = 200 GPa,
Poisson’s ratio ν = 0.33 and density ρ = 7800 kg/m3. The constraint is on the same end for both beams.

Due to the limited number of DoFs, the choice to work with the full FE models was pursued. For each beam
the whole set of DoFs was partitioned as:

x(s) =

{
x
(s)
i

x
(s)
o

}
s = 1, 2 (26)

where the size of the partitions x(s)
i and x(s)

o are n(s)iA
= n

(s)
oA = 315 for the sth beam of the structure A and

n
(s)
iB

= n
(s)
oB = 468 for sth beam the structure B.

Before showing the applications of the GSI method, some considerations on the contact state at the interface
are needed. Depending on the nature of the external excitation, preload and contact parameters, the system’s
response usually follows the typical trend of the slip-stick nonlinear phenomenon (Figure 3).

Figure 3: Stick-slip phenomenon in the frequency domain: for a fixed value of the normal preload an increase
of the excitation amplitude F0 shifts the resonance towards the free response.
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For a fixed value of the external load, an increase of the contact preload has the effect of shifting the resonant
frequency towards higher values, moving from the free configuration (i.e. no contact occurs during the
whole vibration cycle) to the full-stick configuration. Oppositely, for a fixed value of the static preload,
the system response moves from the full-stick to the free configuration when the amplitude of the external
load increases. It is also quite crucial understanding the nature of the structure’s mode shapes for these two
extreme configurations: in the free case, the mode shapes coincide to those of the isolated substructures,
while in the fully stick case the mode shapes are close to those of the assembled structure.

According to the previous observations, the contact DoFs can be approximated with a basis of GSI modes
that has to well represent the interface motion for both the free and full-stick configurations. Such basis can
be obtained by applying the mathematical procedure described in section 2 for two sets of linear matrices:

• the free matrices,M (r)
fr andK(r)

fr , obtained by just applying the coordinate transformation of Eqn. 17
to the mass and stiffness matrix of Eqn. 16;

• the full-stick matrices,M (r)
fs andK(r)

fs , defined as:

M
(r)
fs =M

(r)
fr

{
K

(r)
fs = RTKfsR

Kfs =K +Klink

(27)

where Klink performs the assembly of the matrices K(1) and K(2) by means of a set of node-to-node
springs having the same stiffness assumed for the contact elements. In this way, two bases of GSI modes are
obtained (Φfr

ii andΦfs
ii , corresponding to the free and full-stick models respectively) and the reduction of the

relative interface DoFs finally performed. In this preliminary research, the strategy adopted to accomplish
the mentioned task is based on the definition of a reduction basis collecting nw � ni GSI modes from the
bases Φfr

ii and Φfs
ii :

Φiw =
[
Φfr

iwfr
Φfs

iwfs

]
(28)

with the subscript wfr and wfs denoting the number of GSI modes retained from each basis, i.e. nwfr
and

nwfs
for Φfr

ii and Φfs
ii respectively. The choice of the numbers nwfr

and nwfs
is discussed in the application

presented in the following.

Before performing the dynamic analyses and testing the reduction method, it was decided to calculate the
normal preload distribution at the contact interface by solving a nonlinear static analysis. In this regards, the
Jenkins contact element with variable normal load described in section 2.3 was implemented for each pair
of nodes in contact, by assuming the following contact parameters: kn = 108 N/m, kt = 107 N/m and
µ = 0.5.

The beams of the structures A and B were pressed one against the other for two different patterns of static
forces (Figure 4).

Figure 4: Static force pattern for the structure A (a) and B (b).

As expected, for the structure A the distribution appears uniform, meaning that all the pairs of contact nodes
have similar value of the normal preload (∼ 50 N per contact node pair). While for the case B, two sharp
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peaks (∼ 2000 N) are present in the regions where the forces are applied. In between the two peaks negative
values of the normal preload were obtained taking into account the gap g0 = − f0

kn
, meaning that separation

occurs for the corresponding pairs of nodes in contact.

Two sets of benchmark frequency response functions (FRFs) were computed in order to test the performances
of the GSI reduction. For the structure A, the compatibility conditions of displacements in the normal
direction at the contact interface were enforced. In this case the contact model acts like a pure Jenkins
contact model since the relative normal displacement is forbidden for the compatibility condition. Two in-
phase harmonic forces were applied at the free end of both beams. While for the structure B two in-phase
harmonic forces were used to force the free end of the beam 1 (Figure 5). Both loading conditions aim to
excite the first bending mode shape of the beam assemblies.

Figure 5: Harmonic force on the structure A (a) and B (b).

Figure 6 shows the FRFs for the structures A and B. For the structure A no separation can occur and the
stick-slip phenomenon previously described takes place. For the structure B separation may occur and the
so-called jump phenomenon typical of nonlinear structures appears [20].

Figure 6: Benchmark FRFs for the structure A (a) and B (b).
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In the same Figure it is also shown the full-stick response that is obtained by connecting the whole contact
surface with a node-to-node springs having the same stiffness assumed for the contact elements. The value
of the resonance frequency of the full-stick FRF is higher than the actual FRFs with the localized normal
preload, since some regions are always characterized by the separation state due to the receding contact.
Note that the amplitude of the external excitation for the case b) has been set in order to allow the stick-slip
phenomenon and test the GSI method in such working conditions. No further considerations on the safety
margins of the structure B will be made in the following.

In Figure 7 the nonlinear FRFs evaluated by using the GSI reduction method are shown and compared with
the benchmark calculations of Figure 6.

Figure 7: FRFs of the reduced order models of structure A (a) and B (b).

Figure 7 (a) clearly shows a perfect match between the benchmark FRFs with those obtained from the
reduced model with just 4 GSI modes, i.e. 2 computed in free condition and 2 in the full-stick. This
result makes the reduced model preferable when the nonlinear calculation have to be performed. The best
performance of the GSI reduced model can be easily justified in terms of size of the model (1260 DoFs of
the FE model vs 622 DoFs of the GSI reduced model) and time spent in the computation of each nonlinear
forced response (i.e. the calculation performed with the non- reduced contact interface is 24 times slower
than the calculation performed after the application of the GSI reduction technique). Note that the remarkable
reduction of the computational time is strictly related to the reduction on the nonlinear DoFs (300 of the full
model vs 4 of the GSI model.

Similar considerations can be carried out from the comparison of Figure 7 (b). It can be noted that even when
the jump phenomenon occurs, the GSI method still captures with a good accuracy the structure’s response.
Due to the complex dynamics of the system, a perfect match of the FRFs can be achieved by employing 50
GSI modes, i.e. 25 computed with models in the free condition and 25 in the full-stick condition. Even in

4072 PROCEEDINGS OF ISMA2018 AND USD2018



this case a strong reduction of the computational time has been achieved (i.e. 33 times faster using the GSI
reduction technique), thanks to the notable reduction of the nonlinear DoFs (468 of the full model vs 50 of
the GSI model). The computational time can be further decreased when using the basis with 20 GSI modes
(Figure 7) (b). In this regard, although the response approximation remains acceptable, the good accuracy of
the solution is partially lost.

4 Conclusions

The current trend in the design process is the simulation of large complex systems made by a large number of
components. The ambitious task of the whole system simulation relies, first, on a suitable tuning of the single
components FE model participating to the full structure and, second, on a suitable modeling of the interface
between components. When such interfaces can not be considered as localized with respect to the physical
domain of the components, reduction techniques based on retaining a set of physical master nodes are no
more efficient in terms of computational time. For this reason, dedicated reduction techniques for the contact
interfaces have to be developed in particular when the uncertainty of loose contacts is taken into account.
In this paper a method to overcome the long computations of the frictionally damped nonlinear response of
systems with lap joints is presented. It is based on the Gram-Schmidt Interface method developed in [16].
Two preliminary tests with two beams in contact, preloaded with a uniform load and a localized load that
mimics the presence of bolted joints and producing receding contact, are presented. Results show promising
good accuracy for applying the method to more complex structures in spite of a strong reduction of the
computational efforts.
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Abstract 
Several use cases for vehicle transfer path analysis (TPA) by an automotive supplier and its wide range of 

products are presented here, thus showing, that the TPA method has made it to a standard development 

tool. The pure structure-borne TPA models are based on common matrix inversion for the determination 

of operational forces. Good experiences are made with just one to two times matrix overestimation. Matrix 

data is collected simultaneously with the relevant transfer functions, to the interior target location, via 

hammer impacts. TPA model verification is made by means of artificial excitation. The calculations are 

carried out with an in-house Matlab software and the results are closely communicated with the customer 

in order to optimize the products and possibly the surrounding system in the most efficient way. 

1 Introduction 

The transfer path analysis has become more and more established in the field of vehicle acoustics. With its 

help, dominant transfer paths between a source and a receiver can be located and quantified and critical 

frequency ranges can be identified. Studying the critical paths in detail, dedicated measures for 

optimization can be designed and defined subsequently. In this paper some use cases are presented that 

demonstrate a broad application range: transient noise phenomena like shock absorber bumps or clatter 

noise in electro-mechanic actuators (electric roll control or rea axle steering) can be handled as well as 

quasi-stationary phenomena like whining of gears or electric machines.  

The established procedure is presented in section 2 and some use cases of the transfer path analysis of an 

automotive supplier in section 3. 

2 Method 

2.1 System boundary 

The reduced transfer path analysis used in this case only considers the translational structure-borne sound 

transmission paths [1]. Noise radiated by the unit and the acoustic-acoustic transmission paths (ATF) are 

neglected ad well as all rotational degrees of freedom. As a transfer path, the interface between the unit 

and the body is defined for the passenger compartment and considered in all spatial directions. As a result 

of this triaxle consideration of the intersection points and the resulting high number of channels, only one 

to two times over determination of the matrix can take place compared with the recommended triple over 

determination ([2], [3], [4]).  
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2.2 Transfer path analysis using the inverse matrix method 

In practice, the transfer path analysis using the inverse matrix method has proven itself. Here, all 

measurements are measured in-situ, i.e. in the assembled state. This has proven its worth in practice due to 

the rapid and simplified measurement of weakly coupled systems. Internal investigations showed that the 

influence of the coupled system is present, but can be neglected in soft couplings. Figure 1 shows the 

basics of a transfer path analysis. It is used to identify and classify dominant transfer paths to several 

receivers. 

 

 

Figure 1: TPA basics 

In the first step, the inertance matrix (1) and the vibro-acoustic transfer functions (VTFs) (2) are 

determined by impact hammer measurement in a laboratory measurement.  

   𝐼𝑖𝑗 =
𝑎𝑖

𝐹𝑗
       (1) 

Iij  inertance matrix 

ai   acceleration at point i 

Fj  force at point j 

𝐻𝑘𝑗
𝑉𝑇𝐹 =

𝑝𝑘

𝐹𝑗
|
𝑄𝑗=0

      (2) 

H  vibro-acoustic transfer function 

k  microphone position 

Q  volume flow 

 

In the second step, operating measurements are carried out under real conditions in order to determine the 

disturbing noise. More information is provided in section 2.4. By correctly changing the equations (1) and 

(2), the operational force (3) introduced into the vehicle body can now be calculated by means of the 

measured operational acceleration. 

 

𝐹𝑗(𝑟𝑜𝑎𝑑) = 𝐼𝑖𝑗
−1 ∗ 𝑎𝑖(𝑟𝑜𝑎𝑑)    (3) 

 

By linking the calculated force with the vibro-acoustic transfer function, the partial sound pressure 

components of each path can be calculated (4). By summing them, the interior noise can be synthesized 

(5). 

𝑝𝑘𝑗 = 𝐻𝑘𝑗
𝑉𝑇𝐹 ∗ 𝐹𝑗(𝑟𝑜𝑎𝑑)     (4) 

𝑝𝑘 = ∑ 𝑝𝑘𝑗𝑗       (5) 
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2.3 In-house Matlab-Software 

For an efficient and fast creation of the matrices and calculation of the transfer path analysis, an in-house 

Matlab software was created, which is constantly being optimized and extended. 

2.3.1 Import / Export 

The interface data format was Universal File Format 58 (UFF58). The UFF 58 format has a relatively 

simple standardized structure with 12 so-called records, which contains a complete record for descriptive 

data. 

2.3.2 Impact-Tool 

An in-house tool (Figure 2, left) is used for an optimized and fast selection of suitable impacts from the 

laboratory measurement. This evaluates the best combinations of multiple impacts based on the coherence 

criterion over defined channels and a defined frequency range. There are further investigations to insert 

further criterions based on auto- and cross-power-spectra. The output includes the optimized inertance 

matrix and vibro-acoustic transfer functions. 

 

                 

Figure 2: Impact-Tool (left), Matrix-Tool (right) 

2.3.3 Matrix-Tool 

With the help of the matrix tool (Figure 2, right), the inertance matrix and the VTF matrix can be 

constructed and generated with just a few clicks. Also it is possible to assess the inertance matrix by 

several criteria (FRAC, PAC, phase check, coherence). 

2.3.4 Synthesize-Tool 

The Synthesize-Tool is used to compare the measured and synthesized data (Figure 3, left). There are two 

2D diagrams showing the magnitude and phase of the measured and synthesized target. In the lower part, 

the Campbell diagram shows the partial components of each path considered. In addition, it is possible to 

use a polar diagram to display the magnitude and phase of all paths of a specific frequency with pointers. 

To identify individual transmission path segments it is possible to get an overview using calculated force, 
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measured VTF and synthesized partial sound pressures (Figure 3, right). The upper diagram shows the 

calculated forces from the load case measurement. The middle diagram shows the transfer functions to the 

target. The lower diagram shows the calculated partial components calculated from the force and the 

transfer functions. 

 

          

Figure 3: Synthesize-Tool 

2.4 Load cases 

2.4.1 Continuous noise 

To generate a load case for quasi-stationary noises such as gear whining, pumps or electrical machines, 

depending on the application, speed ramps are run at different loads in all relevant shifted gear positions. 

This happens on a factory test track (Figure 4) as well as on public roads and highways. In order to obtain 

higher loads at low speeds it is possible to use sloped hills. The road must be as quiet, clean, and dry as 

possible for the measurements. 

 

 

Figure 4: testing track 

2.4.2 Transient noise 

Rubber mats (Figure 5) are used to generate defined impacts in the respective axis (vehicle side left, right) 

and simulates the passage of cobblestones or potholes. Due to the defined distances, the noises of the front 

and rear axles can be precisely assigned. One to six layers of 5mm thick mats allow the consideration of 

different amplitudes. 

 

         

Figure 5: rubber mats  
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3 Results and discussion 

3.1 Shock absorber 

Due to internal investigations concerning possible transfer paths of shock absorber noise, a transfer path 

analysis was performed. Figure 6 shows the sensor setup.  

 

Figure 6: shock absorber sensor setup  

Focus was on the top mount in the rumble frequency range of 200-400Hz (Figure 7). The load case was 

created by driving over the rubber mats. Triggering in a proper way aligned with the subjective impression 

when listening to interior noise is critical here. At the top mount sensor as well as in the cabin, the rumbles 

are identified and correlate well.  

 

Figure 7: shock absorber rumble noise 

Using this load case for transfer path analysis we can see (Figure 8), that the high acceleration in Z-

direction leads to just a small force input. The dominant path (top mount z-direction) results from on the 

high transfer function to the cabin in this point. 

 

Figure 8: TPA results shock absorber 
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3.2 Active kinematic control (AKC) 

Also due to internal investigations concerning possible transfer paths of knocking or running noise, a 

transfer path analysis was performed. Previous assumptions of the main transfer path were on the AKC 

mount in Y-Direction. Figure 9 shows the setup of the sensors and mounting points. 

      

Figure 9: active kinematic control sensor setup 

Focus was on the AKC mount in the clacking frequency range of 150-600Hz (Figure 10). The load case 

was created by driving over the rubber mats. Triggering in a proper way aligned with the subjective 

impression when listening to interior noise is critical here. The clacking noise is measureable at the AKC 

mount sensor as well as in the cabin. 

 

Figure 10: active kinematic control clacking noise 

Using this load case for transfer path analysis we can see (Figure 11), that the high acceleration in Y-

direction at the AKC mount and at one of the control arms leads to a high force input. The dominant path 

(AKC mount and partial a control arm in y-direction) results from the high force input at these points. 

 

 

Figure 11: TPA results active kinematic control  
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3.3 Gear whining 

Based on internal optimization suggestions, a transfer path analysis was carried out regarding gear 

whining for an automatic transmission. The aim of this study was to identify and optimize the dominant 

transfer paths. Figure 12 shows the used sensor setup. 

 

Figure 12: gear whining sensor setup 

From a run up measurement with medium load on a test track the critical frequency range for gear whining 

could be identified between 1200Hz and 1800Hz (Figure 13) with a good signal-noise-ratio. 

 

Figure 13: gear whining noise 

Using this load case for transfer path analysis we can see (Figure 14), that the high acceleration in Y-

direction at the gearbox mounts and the center bearing leads to a high force input. The dominant path 

(gearbox mount left and center bearing in y-direction) results from the combination of high force input and 

good transfer to cabin at these points. 

 

Figure 14: TPA results gear whining  
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3.4 Electric Drive 

Based on an internal benchmark, a transfer path analysis was carried out regarding electric drive noise at 

an electric vehicle. The aim of this study was to identify and classify the dominant transfer paths. Figure 

15 shows the used sensor setup. 

         

Figure 15: electric drive sensor setup        

From a run up measurement with high load on a test track the critical frequency range for electric drive 

noise could be identified in a first range between 250Hz and 550Hz (Figure 16) and in a second range 

between 650Hz and 850Hz with a good signal-noise-ratio. 

 

Figure 16: electric drive noise 

Using this load case for transfer path analysis we can see (Figure 17), that there is just a low acceleration 

level for the lower frequency range and a high acceleration in the upper frequency range. The dominant 

path at the lower frequency range are the both front mounts in Z-direction due to a high force input and at 

the higher frequency range all mounts in Z-direction due to a good transfer to the cabin at these points. 

 

Figure 17: TPA results electric drive  
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4 Conclusion & Outlook 

Structure-borne transfer path analysis is a very suitable tool for identifying and optimizing dominant noise 

transfer paths. Both impulsive and continuous noises can be examined by a suitable setup for the 

collection of operational data. The load cases can be specifically excited and extracted from overall noise 

for analysis. Based on the results, system weaknesses can be localized and displayed. 

Further investigations and developments are ongoing within ZF in order to enhance the common matrix 

inversion abroad in frequency and time domain and to implement the blocked forces approach [5] in the 

in-house Matlab software.  
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Abstract 
The vibration reduction index Kij is a normalized quantity related to the vibrational power transmission over 

a structural junction in a building. Its measured or predicted value is used in prediction models in order to 

determine the contribution of the flanking transmission in the global sound transmission between rooms. 

The predicted values provided in the standard ISO 12354-1 concern mainly rather simple junctions. This 

article suggests new engineering approximations for junctions of which the coplanar walls are different. 

These types of junction are roughly addressed in the standard. The empirical formulas, easy to use, are 

derived from a large number of numerical simulations and some measurements. 

1 Introduction 

The vibration reduction index, Kij, expresses the vibrational power transmission over a junction between two 

physically connected building elements in function of the frequency. The Kij can be evaluated by 

measurement according to the standard ISO 10848 [1] or by prediction formulas presented in the annex E 

of the standard ISO 12354-1[2]. 

This article studies the Kij for particular junctions named, here, rigid mixed cross-junctions that means cross-

junctions composed of two different coplanar walls. The annex J of the standard 12354 proposes a rather 

simplistic interpretation to address these particular junctions: It proposes to replace the two different 

coplanar walls by two identical walls whose surface mass is the average of the surface mass of these walls 

(Figure 1). This article therefore supplies more relevant formulas which are derived from numerical 

simulations based on the finite element method (FEM, software Actran 15), statistical energy analysis (SEA) 

and the wave based method (WBM) [5]. 

 

Figure 1: Interpretation for cross-junction with more than 

2 element types according to annex J of the standard 12354-1 [2] 
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2 The vibration reduction index Kij and its single-values 

According to the measurement method (ISO 10848 [1]), the Kij is estimated by the average of the velocity 

level differences Dv,ij and Dv,ji  normalized to the junction length and the equivalent sound absorption length 

according to following formula: 

ji

ij

v,ijij
aa

l
10lgDK    [dB]                                                       (1) 

v,ijD  is the direction averaged velocity level difference. It is obtained from the mean value of the velocity 

level differences Dv,ij (when wall i is excited) and Dv,ji (when the j is excited). It is expressed in decibels: 

 jiv,v,ijv,ij DD
2

1
D    [dB]                                                          (2) 

ai (aj, resp.) is the equivalent absorption length of wall i (wall j, resp.). It is expressed in meters. 

f

f

Tc

S2.2π
a ref

si0

i
2

i    [m]                                                              (3) 

where,   Si is the surface area of wall i [m²]; 

Ts,i is the structural reverberation time of wall i [s]; 

c0 is the speed of sound in air [m/s]; 

f is the current frequency [Hz]; 

fref is the reference frequency [fref = 1000 Hz].  
 

The measured Kij can be expressed by a single value 𝐾𝑖𝑗
̅̅ ̅̅  which is the arithmetic average of Kij within the 

frequency range 200 Hz- 1250 Hz. 

 

Annex E of the standard ISO 12354-1[2], for its part, proposes two methods to predict the Kij for heavy 

structures. The first method considers that the Kij is frequency-independent and gives a constant value for 

all frequencies. The empirical data are deduced from standardized measurements, theory or both and are 

expressed in terms of the ratio of the surface masses of the elements in the junction. 

The data of the second method come from simulations [3]. These data are more difficult to use but more 

traceable. Futhermore, the Kij is given in three different frequency ranges because in practice, it is shown 

that the Kij is not really frequency independent:  

 Kij,low is the arithmetic average of the one-third octave band values from 50 Hz to 200 Hz;  

 Kij,mid is the arithmetic average of the one-third octave band values from 250 Hz to 1000 Hz;  

 Kij,high is the arithmetic average of the one-third octave band values from 1250 Hz to 5000 Hz. 

According to this method, the Kij is determined by the characteristic moment-impedance, named the PC 

ratio (see section 5). 

To be consistent with this annex the new prediction formulas dedicated to rigid mixed cross-junctions are 

given for the two approaches in sections 4 and 5, respectively.   
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3 Numerical simulations 

Details of the FEM, SEA and WBM models developed to predict the vibration transmission across rigid 

plate junctions can be found in previous publications [4, 5, 13, 14]. All the models assume homogeneous, 

acoustically thin plates and unpinned junction lines. They take into account the finite dimensions of the 

plates and include both in-plane and bending wave vibration. The main difference between WBM and FEM 

are the plate boundary conditions: while the FEM model incorporates free plate boundary conditions, the 

WBM assumes simply supported plates. The frequency-dependent loss factor needed to evaluate the 

damping of the walls is set equal to 1 √𝑓⁄ . The dimensions of the floor F1 (and F2) used in the WBM and 

SEA models are 5m x 4m. The dimensions of the wall Wh (and Wl) used in the WBM and SEA models are 

3.5 m x 4 m.  For the FEM simulations, the floor dimensions are 4 m x 2.74 m and the wall dimensions 4 m 

x 2.38 m. 

 

The material properties used in the simulations are given in tables 1 and 2.  

Surface mass of the 
concrete floor 

 
m’F1-F2 [kg/m²] 

Surface mass of the 
heavy wall 

 
m’Wh [kg/m²] 

Surface mass of the 10 
cm lightweight wall      

m’Wl [kg/m²] 

Numerical 
simulation used 
to study these 
combinations 

276  
    (h=12 cm, ρ=2300kg/m³) 

230 
    (h=10 cm, ρ=2300kg/m³) 

40, 80, 140, 175, 180, 200, 
220, 230 

WBM, SEA 

276 
 (h=12 cm, ρ=2300kg/m³) 

345 
    (h=15 cm, ρ=2300kg/m³) 

40, 80, 140, 175, 180, 200, 
220, 230, 276 (12 cm), 345 
(15 cm) 

WBM, SEA 

460  
(h=20 cm, ρ=2300kg/m³) 

230 
    (h=10 cm, ρ=2300kg/m³) 

40, 80, 140, 175, 180, 200, 
220, 230 

WBM, SEA, FEM 

460  
(h=20 cm, ρ=2300kg/m³) 

345 
    (h=15 cm, ρ=2300kg/m³) 

40, 80, 140, 175, 180, 200, 
220, 230, 276 (12 cm), 345 
(15 cm) 

WBM, SEA 

644 
 (h=28 cm, ρ=2300kg/m³) 

230 
    (h=10 cm, ρ=2300kg/m³) 

40, 80, 140, 175, 180, 200, 
220, 230 

WBM, SEA 

644  
(h=28 cm, ρ=2300kg/m³) 

345 
    (h=15 cm, ρ=2300kg/m³) 

40, 80, 140, 175, 180, 200, 
220, 230, 276 (12 cm), 345 
(15 cm) 

WBM, SEA 

Table 1: Studied combinations for the rigid mixed cross-junctions 

 

The Poisson’s ratio is 0.2 and the Young’s modulus in function of the density is given in table 2. 

ρ [kg/m³] Edyn [N/m²] 

400 1.32x109 

800 2.51 x109 

1400 6.56 x109 

1750 1.22 x1010 

1800 1.24 x1010 

2000 1.71 x1010 

2200 2.36 x1010 

2300 2.6 x1010 
Table 2: Young’s modulus used for the numerical simulations 
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4 Empirical formula for Kij in function of the surface mass ratio 

4.1 Path F1-F2 

For this path, it is expected that the vibration reduction index of the mixed junction is between the value of 

the rigid T-junction when the surface mass of the lightweight wall tends towards zero, KF1-F2,T,Wh, and the 

value of the rigid cross-junction when the surface mass of the lightweight wall is equal to the heavy wall, 

KF1-F2,X,Wh. The expected form of the Kij for the mixed junction is then: 

 

𝐾𝐹1−𝐹2,𝑚𝑖𝑥𝑒𝑑 = 𝑝 ∗  𝐾𝐹1−𝐹2,𝑋,𝑊ℎ + (1 − 𝑝) ∗ 𝐾𝐹1−𝐹2,𝑇,𝑊ℎ                           (4) 

 

where p is the weight factor to evaluate. 

To this end, a large number of numerical simulations was carried out. The KF1-F2,mixed were determined 

numerically for the combinations given at table 1 with the corresponding KF1-F2,X,Wh and KF1-F2,T,Wh. For each 

combination, the factor p was calculated with Eqn. (4). By plotting the data on a chart, the linear relationship 

between p and the ratio of the surface masses of the two walls is well observed (Figure 2). While ensuring 

that p equals 1 for m’wl equals m’wh and that p equals 0 for m’wl equals 0, it can be approximated by: 

 

𝑝 = (
𝑚𝑊𝑙

′

𝑚𝑊ℎ
′ )                                                                     (5) 

 

Figure 2: Weight factor p obtained by simulations for the transmission path F1-F2 

 

The coefficient of determination, R², for this trendline is 0.99 for FEM data, 0.95 for SEA data and 0.77 for 

WBM data. The WBM data are more scattered than the SEA data due to the significant influence of the 

plate modal behavior in a broad frequency range [9,14]. While the FEM also incorporates the modal 

behavior, the variation seen in the eight test cases is smaller.  

The new prediction according to Eqn. (4) is more accurate than the prediction proposed in annex J of the 

standard ISO 12354-1 where the mixed junction is replaced by an idealized junction (see figure 1). The 

4088 PROCEEDINGS OF ISMA2018 AND USD2018



accuracy of Eqn. (4) and the ISO 12354-1 prediction was evaluated on some SEA simulations (Figure 3a 

and 3b).  

These figures present the calculation error obtained with the new prediction (the absolute difference between 

the expected values and the new prediction) and with the 12354 prediction (the absolute difference between 

the expected values and the 12354 prediction) for different surface mass ratio’s between the walls. All data 

(expected values, new prediction values and 12354 values) come from SEA simulations. 

For a floor having a surface mass higher than the heavy wall, an error close to 2 dB can be observed with 

the 12354 prediction when the surface mass ratio is low. With the new prediction, this error falls to 

approximately 1 dB.  

For the other case (m’F1<m’Wh) the error is close to zero with the new prediction. The calculations errors 

obtained with the 12354 prediction is 1.2 dB for m’Wl/m’Wh equal to 0.12. As expected, the larger the 

difference in surface mass of the walls is, the larger the calculation errors obtained with the 12354 prediction 

is. 

 

  

 

 

(a)                                                                                (b) 

Figures 3a and 3b: Transmission path F1-F2: Comparison between the calculation error [dB] of the new 

prediction and of the 12354 prediction obtained by SEA simulations in function of the surface mass 

ratio’s between the walls. (a) for m’F1> m’Wh and (b) for m’F1< m’Wh 

 

4.2 Path Wh-Wl 

This transmission path crosses the two coplanar walls with different properties. In this case, the following 

equation can be expected:  

𝐾𝑊ℎ−𝑊𝑙,𝑚𝑖𝑥𝑒𝑑 = 𝑝 ∗  𝐾𝑊ℎ−𝑊𝑙,𝑋,𝑊𝑚                                                      (6) 

 

Where KWh-Wl,X,Wm  is the vibration reduction index of the simple rigid cross-junction of which the surface 

mass of the coplanar walls is the average of the surface mass of the walls Wh and Wl. As before, the KWh-

Wl,mixed of different combinations and the corresponding KWh-Wl,X,Wm  were obtained from the three numerical 

methods from which the p factor could be calculated. Figure 4 presents this factor in function of the ratio of 

the surface masses of the two walls. 
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Figure 4: Weight factor p obtained by simulations for the transmission path Wh-Wl 

 

Again, the WBM data are more scattered than the SEA data. The FEM data for the 10cm concrete heavy 

wall agree well with the WBM data. The WBM data for the 15cm concrete heavy wall are higher than the 

SEA data. The slope given by the FEM data is the lowest. While ensuring that p equals 1 for m’Wl equals 

m’Wh, the best trendline for all data is given by: 

 

𝑝 = −0.4 ∗ (
𝑚𝑊𝑙

′

𝑚𝑊ℎ
′ ) + 1.4                                                                       (7) 

 

The coefficient of determination, R², for the SEA data is 0.77, for the FEM data, 0.92 and for the WBM, 

0.48. As before, the calculation errors of the new prediction and of the 12354 prediction were evaluated by 

SEA simulations (Figures 5a and 5b).  

 

 

 

 

(a)                                                                                (b) 

Figures 5a and 5b: Transmission path Wh-Wl : Comparison between the calculation error [dB] of the 

new prediction and of the 12354 prediction obtained by SEA simulations in function of the surface mass 

ratio’s between the walls. (a) for m’F1> m’Wh and (b) for m’F1< m’Wh 
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For m’F1>m’Wh, an error of 4 dB can be reached for a low surface mass ratio with the 12354 prediction. 

This error decreases when the surface mass ratio tends towards 1. The error of the new prediction is 

lower than 1 dB. For the case m’F1<m’Wh, the calculation errors obtained with the 12354 prediction can 

be higher than 6 dB, while the maximum error for the new prediction is 2.5 dB. 

4.3 Path F1-Wh 

For this transmission around the corner and involving the heaviest wall (Figure 6), it is expected that the 

KF1-Wh,mixed will be between two limit values: the value of the rigid T-junction , KF1-Wh,T,Wh, when the surface 

mass of the lightweight wall tends towards zero, and the value of the rigid cross-junction, KF1-Wh,X,Wh, when 

the surface mass of the lightweight wall is equal to the heavy wall: 

𝐾𝐹1−𝑊ℎ,𝑚𝑖𝑥𝑒𝑑 = 𝑝 ∗  𝐾𝐹1−𝑊ℎ,𝑋,𝑊ℎ + (1 − 𝑝) ∗ 𝐾𝐹1−𝑊ℎ,𝑇,𝑊ℎ                          (8) 

 

The weight factors p were calculated from several KF1-Wh,mixed, KF1-Wh,X,Wh and KF1-Wh,T,Wh  obtained by the 

three numerical simulations. The results are presented in figure 6 in function of the ratio of the surface 

masses of the walls Wl and Wh. The WBM method gives again widely scattered points due to the different 

modal behavior of the different junctions modeled. The best selected trendline is a polynomial relationship: 

 

𝑝 = 0.4 ∗ (
𝑚𝑊𝑙

′

𝑚𝑊ℎ
′ )

2

+ 0.6 (
𝑚𝑊𝑙

′

𝑚𝑊ℎ
′ )                                                   (9) 

 

 

Figure 6: Weight factor p factor obtained by simulations for the transmission path F1-Wh 

 

The coefficient of determination, R², for the SEA data is 0.96, for the FEM data, 0.93 and for the WBM, 

0.55.  

Figures 7a and 7b confirm that this new proposition is more accurate than the Kij obtained by the 12354 

prediction which uses the mean of the walls. The calculation errors obtained by the 12354 prediction 

increases significantly when the contrast between the surface masses increases. For example, a deviation of 

± 4 dB is observed around a surface mass ratio of 0.2. The error for the new prediction is smaller than 1 dB. 
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(a)                                                                                (b) 

Figures 7a and 7b: Transmission path F1-Wh : Comparison between the calculation error [dB] of the 

new prediction and of the 12354 prediction obtained by SEA simulations in function of the surface mass 

ratio’s between the walls. (a) for m’F1> m’Wh and (b) for m’F1< m’Wh 

4.4 Path F1-Wl 

In this case, the KF1-Wl,mixed is calculated from the KF1-Wl,X,Wl which represents the vibration reduction index 

of the rigid cross-junction of which the coplanar walls are identical and composed of the lightest walls Wl. 

𝐾𝐹1−𝑊𝑙,𝑚𝑖𝑥𝑒𝑑 = 𝑝 ∗  𝐾𝐹1−𝑊𝑙,𝑋,𝑊𝑙                                                           (10) 

 

The p factors obtained with the numerical simulations are presented in figure 8. While the FEM method 

gives a slope close to zero, the WBM and SEA simulations follow the selected trendline (ensuring that p=1 

for m’Wl=m’Wh), given by: 

𝑝 = −0.4 ∗ (
𝑚𝑊𝑙

′

𝑚𝑊ℎ
′ ) + 1.4                                                    (11) 

 

 

Figure 8: Weight factor p factor obtained by simulations for the transmission path F1-Wl 
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The coefficient of determination, R², for the SEA data is 0.75, for the FEM data, 0.70 and for the WBM, 

0.74 giving mitigated results but nevertheless gives, according to some SEA results (figures 9), a quite good 

prediction compared to the prediction which uses the mean of the walls. For example, an error higher than 

5 dB is already observed between the actual mixed junction value and the 12354 prediction value for a 

surface mass ratio around 0.5. This error can increase if the surface mass ratio tends towards 0. The error is 

smaller than 1 dB with the new prediction and remains relatively constant in terms of the surface mass ratio.  

 

 

 

 

 

(a)                                                                                (b) 

Figures 9a and 9b: Transmission path F1-Wl : Comparison between the calculation error [dB] of the 

new prediction and of the 12354 prediction obtained by SEA simulations in function of the surface mass 

ratio’s between the walls. (a) for m’F1> m’Wh and (b) for m’F1< m’Wh 

 

5 Empirical formula for Kij in function of the characteristic moment-
impedances ratio 

In the new version of the standard ISO 12354-1 [1], more accurate and traceable formulas are now available. 

These formulas come from numerical simulations and concern, for the time, only rigid L-, T- and X-

junctions of homogeneous, isotropic plates. We propose here to extend these formulas to rigid cross-mixed 

junctions in the same way. 

In this case, the prediction of Kij must be given in three different frequency ranges in order to take into 

account the effect of in-plane waves as well as bending waves: a low-frequency range (50 Hz to 200 Hz), a 

mid-frequency range (250 Hz to 1k Hz) and a high-frequency range (1.25 kHz to 5 kHz). Furthermore, the 

Kij is expressed as a function of the ratio of the characteristic moment-impedances (PC ratio) instead of the 

surface masses [3, 4]. That is why the weight factor p mentioned above will be in this case a function of this 

ratio too. 

𝑃𝐶 𝑟𝑎𝑡𝑖𝑜 = √
𝑚⊥𝑖

′ 𝐵⊥𝑖
3

𝑚𝑖
′𝐵𝑖

3

4
= (

𝜌⊥𝑖

𝜌𝑖
)

1/4
(

ℎ⊥𝑖

ℎ𝑖
)

5/2
(

𝐸⊥𝑖

𝐸𝑖
)

3/4
                                  (12) 

 

Figures 10a to 10d present the Kij,low, Kij,mid and Kij,high  per transmission path for the three different frequency 

ranges. On each graph, the distinction between the three numerical simulations is not visible anymore but 

the three ranges are highlighted as well the selected trendline for p. 
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The results in the low frequency range are very scattered. This is not surprising because in low frequency 

the determination of the single value is less accurate due to the low number of modes. The dispersion of the 

results increases as the PC ratio decreases. 

It seems that a single trendline could be appropriate for the three frequency ranges. It is advantageous to 

avoid the risk of errors when calculating the predictions. 

The coefficients of the determination are not very high, especially for the low frequency range but these 

propositions of prediction offer better results than the ones reached by the predictions which use the mean 

of the PC ratio of the walls. 

In conclusion, the weight factor p for the transmission path F1-F2 (Figure 10a) is given by: 

𝑝 = −0.9 ∗ (√
𝑚𝑊𝑙

′ 𝐵𝑊𝑙
3

𝑚𝑊ℎ
′ 𝐵𝑊ℎ

3

4
)

2

+ 1.9 ∗ (√
𝑚𝑊𝑙

′ 𝐵𝑊𝑙
3

𝑚𝑊ℎ
′ 𝐵𝑊ℎ

3

4
)                                             (13) 

This factor is applied in Eqn. (4) where the KF1-F2,mixed, KF1-F2,X,Wh and KF1-F2,T,Wh  are replaced by the 

corresponding values at low (mid and high, resp.) frequencies for a prediction in the low (mid and high, 

resp.) frequency range. 

For the transmission path Wh-Wl (Figure 10c), the weight factor p that has to be applied in Eqn. (6) is: 

𝑝 = 0.8 ∗ (√
𝑚𝑊𝑙

′ 𝐵𝑊𝑙
3

𝑚𝑊ℎ
′ 𝐵𝑊ℎ

3

4
)

2

− 1.5 ∗ (√
𝑚𝑊𝑙

′ 𝐵𝑊𝑙
3

𝑚𝑊ℎ
′ 𝐵𝑊ℎ

3

4
) + 1.7                                         (14) 

 

For the transmission path F1-Wh (Figure 10b), the weight factor p that has to be applied in Eqn. (8) is: 

𝑝 = −0.5 ∗ (√
𝑚𝑊𝑙

′ 𝐵𝑊𝑙
3

𝑚𝑊ℎ
′ 𝐵𝑊ℎ

3

4
)

2

+ 1.5 ∗ (√
𝑚𝑊𝑙

′ 𝐵𝑊𝑙
3

𝑚𝑊ℎ
′ 𝐵𝑊ℎ

3

4
)                                              (15) 

For the transmission path F1-Wl (Figure 10d), the weight factor p that has to be applied in Eqn. (10) is: 

𝑝 = −0.15 ∗ (√
𝑚𝑊𝑙

′ 𝐵𝑊𝑙
3

𝑚𝑊ℎ
′ 𝐵𝑊ℎ

3

4
) + 1.15                                                     (16) 

 

  

                       (a)                                                                           (b) 
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(c)                                                                            (d) 

Figure 10: Weight factor p in function of the PC ratio obtained by simulations for (a) the transmission path 

F1-F2 (b) the transmission path F1-Wh (c) the transmission path Wh-Wl (d) the transmission path F1-Wl  

6 Experimental validation 

6.1 Test constructions and measurement procedure 

The assessment of the vibration transmission reduction through rigid mixed cross-junctions was carried out 

on a junction where the floor, F1-F2 (100 mm), was composed of a reinforced concrete plate, the heavy wall 

was composed of solid concrete blocks (90 mm) and the lightweight wall was composed of cellular concrete 

blocks (70 mm). The experimental results have been obtained according to the specifications of the standard 

10848 but on a half scaled test bench (Figure 11) [5, 6, 7].  

 

Figure 11: pictures of the measurement setup 

 

The properties of the walls are given at table 3. 

Material 
Thickness 

[mm] 
Density 
[kg/m³] 

Surface mass 
[kg/m²] 

cL 

[m/s] 

fc 

[Hz] 

Edyn 

[N/m²] 

reinforced concrete 100 2300 230 3400 190 2.60E+10 

Concrete blocks 90 2300 207 3400 210 2.60E+10 

Cellular concrete blocks 70 666 47 1650 563 1.74E+09 

Table 3: properties of the materials 
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6.2 Results 

The idea, here, is: 

 To calculate the prediction of rigid mixed cross-junction on the basis of the new weight factor p 

applied on the Kij  (or Kij,low, Kij,mid, Kij,high) proposed in the standard ISO 12354-1 [1]; 

 To calculate the prediction according to annex J of the standard 12354 where the surface mass is 

the average of the walls Wh and Wl (or the average of the characteristic moment impedance); 

 To compare these results with the measured values. 

 

 
 

(a) (b) 

Figure 12: Path F1-F2: Comparison between the measured results, the new prediction results and the 

prediction results obtained according to the annex J of the standard 12354. (a) for Kij expressed in terms of 

the surface mass ratio, (b) for Kij expressed in terms of PC ratio. 

 

Overall, we find, for the path F1-F2 (figures 12a and 12b) an improvement of the new prediction with the 

use of the weight factor p. The predictions are still lower than the measured results. This is due to the fact 

that the initial prediction formulas of the standard 12354-1 underestimate the 𝐾𝑖𝑗
̅̅ ̅̅  for this path. The measured 

Kij,low  is unduly high because there is a lack of modes in this frequency range. 

 
 

(a)                                                                  (b) 

Figure 13: Path Wh-Wl: Comparison between the measured results, the new prediction results and the 

prediction results obtained according to the annex J of the standard 12354. (a) for Kij expressed in terms of 

the surface mass ratio, (b) for Kij expressed in terms of PC ratio. 
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For the path Wh-Wl (Figure 13a and 13b), the improvement with the new prediction is significant. 

Particularly, the results obtained with the new prediction are very close to the expected values for the 

estimation of the Kij,mid and Kij,low expressed in terms of the PC ratio. 

The results for the path F1-Wh (Figures 14) are somewhat disappointing. A degradation of the prediction is 

observed but it is attributed to the fact that the Kij values of the cross-junction and the T-junction given by 

the standard 12354 are underestimated. Indeed, a previous testing program carried out on simple cross-

junctions and T-junctions showed that the 12354-1 prediction values were ± 5 dB lower than the measured 

values [16]. 

 
 

(a)                                                                             (b) 

Figure 14: Path F1-Wh: Comparison between the measured results, the new prediction results and the 

prediction results obtained according to the annex J of the standard 12354 (Wmean prediction). (a) for Kij 

expressed in terms of the surface mass ratio, (b) for Kij expressed in terms of PC ratio. 

  

(a)                                                                             (b) 

Figure 15: Path F1-Wl: Comparison between the measured results, the new prediction results and the 

prediction results obtained according to the annex J of the standard 12354. (a) for Kij expressed in terms of 

the surface mass ratio, (b) for Kij expressed in terms of PC ratio. 

 

For the path F1-Wl, a best estimation is obtained with the new prediction for the Kij expressed in terms of 

the surface mass ratio (Figure 15a). However, an excessive overestimation is observed for the estimation of 

the Kij expressed in terms of the PC ratio which is not on the safe side as preferred for the predictions (Figure 

15b). 
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7 Conclusion 

This article proposes new prediction formulas to evaluate the vibration reduction index Kij for rigid mixed 

cross-junctions. These formulas which were derivated from a large number of numerical simulations are 

relatively simple. They are based on the weighting of Kij of simple rigid cross- and T- junctions. The weight 

factor p is expressed by the ratio of the surface masses or the PC ratio according to both approaches that 

recently appeared in the standard ISO 12354-1. 

The numerical simulations have shown an obvious improvement of the new prediction compared to the 

proposition which idealizes the junction by averaging the surface masses of the two different coplanar walls 

(annex J of the standard 12354). The calculations errors obtained with this idealization can be very high and 

increases significantly when the contrast between the surface masses increases while the new prediction 

results remain very close to the expected results. 

The comparison between measurement and prediction results shows, in general, the best agreement if the 

weight factor p is used. An excessive overestimation of the vibration reduction index is however observed 

for a few cases, which is not on the safe side as preferred for predictions. 
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Abstract 
In this paper the application of operational test data analysis and transfer path analysis to a test bench for 

optical systems is presented. Especially data of vibration and acoustic measurements are investigated and 

spectral analysis is employed next to TPA in order to identify the driving sources of occasional failures of 

test runs. 

1 Introduction 

Carl Zeiss SMT GmbH is known for high precision optics. In order to assure the required high level of 

fidelity of its products, various quality assurance steps are employed. 

A special test bench is utilized to verify certain performance parameters of a specific optical product. 

Occasionally, under distinct environmental conditions, non-expected performance was determined during 

performance tests, that has subsequently been attributed to external perturbations rather than to 

performance deviations of the product. In these cases, a repetition of the performance tests yielded results 

as expected proving the conformity of the investigated system. 

Since a repetition of performance tests is both time and cost consuming and reduces the overall throughput 

of the test bench, vibration and acoustic measurements have been conducted as a basis for identifying the 

driving sources for deviations of the test runs. Especially operational data were investigated with the help 

of spectral and transfer path analyses. 

This paper highlights the main results and outcome of the test campaign and shows how an intelligent 

combination of state of the art experimental techniques can aid in optimizing the performance of modern 

technical systems. 

2 Conducted Tests 

Vibration (acceleration) and acoustic (sound pressure) measurements were taken at and in the vicinity of a 

test bench for specific optical components in a clean room environment. The test bench itself is comprised 

of a heavy, resiliently mounted, base granite that carries a test item next to measurement appliances. 

During the conducted vibration and acoustic tests the test bench was under operation and performance 

parameters (e.g. control errors) were measured synchronously. 

In addition to defined transfer path measurements (see e.g. [1]) by means of force (modal hammer) and 

airborne sound excitations (two sound sources, one for low frequencies up to about 400 Hz – LFM – and 

one for higher frequencies – HFM, see also [3]), realistic operating vibration tests were also carried out. 

Figure 1 shows typical force and sound source excitations while figure 2 highlights a representative 
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operational excitation scheme with a loaded lifter traveling back and forth along the path passing by the 

test bench. 

 

      

Figure 1: Excitation with modal hammer (left) and sound sources (right) 

 

Figure 2: Operational excitation (lifter with loaded pallet) 

3 Data Analysis 

Due to the high complexity of the relations between force and sound excitation as well as to the resulting 

structural responses and performance parameters, the evaluation of the obtained data was divided into 

three phases: 
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1. General assessment of time data and spectral information 

2. Level and Spectral Analysis 

3. TPA 

The general evaluation of time data and spectral information is dealt with in Section 3.1 and is used for the 

basic analysis of the signal contents for the operational tests on the basis of selected measurement signals. 

On one hand, a first evaluation of the interference effects resulting from the mocked-up operating 

conditions was carried out directly on the basis of the time signals. On the other hand, a global screening 

of the spectral contents was done on the basis of averaged power spectral densities (PSD). 

Level and spectral analyses according to Section 3.2 were subsequently carried out for the defined 

excitations and for the operational measurements respectively in order to be able to further assess the 

vibration behavior. In particular, temporal changes of the signal contents were identified and related to the 

mocked-up operating situations. Specifically, level analyses over time, third-octave analyses as well as 

Campbell diagrams over time for the respective signals were generated. 

In addition to the level and spectral analyses, a TPA was performed, which is presented in Section 3.3. For 

TPA a matrix inversion technique was applied (see e.g. [1], [2]). Here, frequency response functions of 

selected potential transmission paths (or "paths" for short) are measured first, from which excitation forces 

can subsequently be identified (via an inversion of the frequency response function matrix) with the aid of 

measured operational responses. Based on these forces, it is possible to determine individual response 

components, finally allowing an assessment of the significance of individual paths. 

3.1 General assessment of time data and spectral information 

Figure 3 shows the time responses of two representative acceleration sensors (one on the floor in the 

vicinity of one foot of the test bench support frame and one on the granite base of the test bench itself that 

is resiliently decoupled from the floor), one microphone, and a typical performance parameter (control 

error, measured over 100s only instead of 152s) enforced by operational excitation from a moving lifter 

with loaded pallet. 

 

 

  

Figure 3: Time responses enforced by loaded lifter operation 

It can be noted that on the ground and on the granite as well as at the microphone significant responses can 

be seen that can directly be correlated to the disturbances by the lifter passing by back and forth. For the 

control error similar behavior can be noticed, however, less pronounced due to the noise level. 

Floor 

Test Bench Granite 

Microphone 

Control Error 
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In Figure 4 a comparison between an idle measurement and two lifter excitation runs is shown. It is 

particularly observable here that in the lower frequency range a clear increase in the spectrum takes place 

due to the lifter motion (see also marking in red). 

 

 

Figure 4: Control error PSDs of idle measurement (red) vs. moving lifter (green/blue) 

3.2 Level and Spectral Analysis 

To obtain further insight, dedicated level and short time spectral analyses were conducted. In a first step, 

the measurements with known excitation (force excitation with hammer on the ground and sound 

excitation with sound source in the area of the travel path) were compared to idle measurements in order 

to assess the basic effects of both excitation variants (force excitation see Figures 5-10, sound excitation 

see Figures 11-16). Here, the following observations can be made: 

For force excitation, the hammer impulses are clearly visible on the ground in the vicinity of the test bench 

(Figure 5) and still – in a weakened manner – on the base granite of the test bench (Figure 6). On the test 

item mounted on the test bench effects can rather be noted for sensor 1 than for sensor 2 (Figures 7, 8). 

For a representative microphone (Figure 9) practically no effects can be observed. The control error 

(Figure 10), however, again shows the hammer pulses relatively clearly. 

The effects of sound excitation are only weakly recognizable on the ground (Figure 11). The main elevation 

occurs in the lower frequency range, as already noticed above from the general spectral information (see also 

PSD in Figure 4). The granite of the test bench (Figure 12) shows practically no effects. For the test item 

mounted on the test bench effects can rather be noted for sensor 2 than for sensor 1 (Figures 13, 14), in 

contrast to force excitation. For the microphone (Figure 15) and the control error (Figure 16), however, the 

sound excitation leads to relatively clear interferences in the complete frequency range. 

A closer look reveals that a signature of residual controller noise in the upper frequency range can also be 

recognized at sensor 2 on the test item (compare pictures 8 and 10 as well as 14 and 16). There is thus a 

recognizable transmission path. As a result, disturbances on the test item due to base excitation over the 

granite or via sound excitation over air are in principle possible. 

Figures 17 to 22 finally show a comparison of an idle measurement with the operating measurement with 

loaded lifter passing by. Here, the signatures of the lifter passing by are more or less clearly visible on all 

measured signals. 
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Hammer Excitation (Ordinate: Frequency in Hz, Abscissa: Time in s): 

 

Figure 5: Sensor on ground, left: idle measurement/right: hammer excitation on ground 

 

Figure 6: Sensor on granite, left: idle measurement/right: hammer excitation on ground 

 

Figure 7: Sensor 1 on test item, left: idle measurement/right: hammer excitation on ground 
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 Figure 8: Sensor 2 on test item, left: idle measurement/right: hammer excitation on ground 

 

Figure 9: Microphone, left: idle measurement/right: hammer excitation on ground 

 

Figure 10: Control Error, left: idle measurement/right: hammer excitation on ground 
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Sound Excitation (Ordinate: Frequency in Hz, Abscissa: Time in s): 

 

Figure 11: Sensor on ground, left: idle measurement/right: sound excitation 

 

Figure 12: Sensor on granite, left: idle measurement/right: sound excitation 

 

Figure 13: Sensor 1 on test item, left: idle measurement/right: sound excitation 
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Figure 14: Sensor 2 on test item, left: idle measurement/right: sound excitation 

 

Figure 15: Microphone, left: idle measurement/right: sound excitation 

 

Figure 16: Control Error, left: idle measurement/right: sound excitation 
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Operational Excitation (Ordinate: Frequency in Hz, Abscissa: Time in s): 

 

Figure 17: Sensor on ground, left: idle measurement/right: operational excitation with loaded lifter 

 

Figure 18: Sensor on granite, left: idle measurement/right: operational excitation with loaded lifter 

 

Figure 19: Sensor 1 on test item, left: idle measurement/right: operational excitation with loaded lifter 
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Figure 20: Sensor 2 on test item, left: idle measurement/right: operational excitation with loaded lifter 

 

Figure 21: Microphone, left: idle measurement/right: operational excitation with loaded lifter 

 

Figure 22: Control Error, left: idle measurement/right: operational excitation with loaded lifter 
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3.3 TPA 

For TPA of the test bench, paths and operating data according to section 2 were used. The challenge was 

here that not all planned sound excitation paths could be measured because of failure of the sound source 

particle sensor before the end of the test campaign. Thus only a reduced base of paths was available. From 

the finally available paths, the following subset was selected for the TPA: 

 

1. Hammer excitation, ground near left front foot of test bench support frame 

2. Hammer excitation, ground near right front foot of test bench support frame 

3. Hammer excitation, ground on travel path left 

4. Hammer excitation, ground on travel path right 

5. Sound Source, on travel path 

6. Sound Source, in front of test bench 

7. Sound Source, on left side of test bench 

8. Sound Source, behind of test bench 

 

As operational input data for the TPA force identification, a subset of the measuring points and directions 

("indicators") was selected from the measurement with loaded lifter. The recalculation of the measured 

input data by means of the path frequency response functions and the identified forces was finally 

conducted for selected target measurement points and directions. 

Figure 23 shows the forces identified with the TPA model described above. The recalculations for the 

targets sensors 1 and 2 on the test item and the control error are presented in Figures 24 to 26. For the 

control error Figure 27 additionally illustrates the individual path contributions to the overall response. 

 

 

Figure 23: TPA results – identified forces 
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Figure 24: TPA results – comparison measured vs. recalculated signal for sensor 1 on test item 

 

Figure 25: TPA results – comparison measured vs. recalculated signal for sensor 2 on test item 
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Figure 26: TPA results – comparison measured vs. recalculated signal for control error 

 

Figure 27: TPA results – path contributions to overall signal 

First of all, it should be noted that the recalculations reproduce the characteristics of the initially measured 

signals very well. For the control error according to Figure 26 larger deviations can be observed in the 

upper frequency range that can be explained by the residual controller noise in this frequency range. Since 

the controller noise can be regarded as non-structural, it cannot be mapped by the TPA model. 
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Furthermore, it can be observed that none of the paths stands out from the others in particular. From this 

no preference for either structural or sound excitation can be concluded. One reason could be that both 

excitation variants can lead to control errors, which is why they can – in principle – be excited in either 

case via corresponding paths and associated forces (→ non-unique force identification). 

Finally, it should be noted that a force excitation with hammer always produces a (pulsed) sound 

excitation as well and that sound excitation can always cause a structural vibration. Thus, in both cases, in 

case of doubt, energy is transmitted via both transmission paths, albeit with different intensity. 

4 Test Results 

To summarize, it can be stated that control errors can be triggered by typical operating situations in the 

vicinity of the test bench. This can clearly be seen on both time and spectral data, e.g. in case of pass-bys 

with a loaded lifter. Especially in the lower frequency range significant PSD increases occur. 

Furthermore, by temporal resolution of the signal contents using short-term spectral analyses, typical 

operating signatures can be identified. These signatures can, depending on the type of excitation, be 

observed with varying intensity on the individual components of the test bench itself as well as on sound 

pressures, and, finally, on the control errors. 

With predominant force excitation disturbances seem to be transferred primarily over the foundation in the 

test bench. Since the excitation signatures can also be detected on test item at location 1, this can have a 

direct effect on the control errors. With predominant sound excitation the disturbances are to be 

recognized first of all on the test item at location 2 as well as on the microphones. The assumption is 

therefore obvious that the disturbances, which can also be found on the control errors, can result from an 

excitation of the test item via air. 

With combined force and sound excitation, as it occurs for example when passing by with a lifter, in 

principle both phenomena described above are basically recognizable. However, the disturbance 

signatures on the test item at location 1 are virtually undetectable (as for pure sound excitation), whereas 

they stand out clearly in the test item at location 2. From this, a primary disturbance due to sound 

excitation may be concluded. 

5 Summary and Conclusions 

Vibration and acoustic measurements were carried out on a test bench. Accelerations on the ground and on 

the test bench, sound pressures in the immediate vicinity, and control errors were measured. In particular, 

the control errors can be regarded as a measure of the impact of external disturbances. The excitation was 

carried out successively both by defined force and sound excitation at several points, as well as by typical 

operating loads. 

It was found that day-to-day operation in front of the test benches can cause clearly detectable effects on 

the control errors. These disturbances are also found on the measured structural accelerations and (partly) 

on the sound pressures. In this case, a clear separation of the individual excitation pathways (structurally 

or by air) via TPA is not completely possible – in principle, both path variants have the potential to cause 

the disturbances individually and also in combination. However, a certain preference on the airborne path 

can be concluded. 

Therefore, for a reduction of the occurring disturbances primary measures for decoupling the test stand 

from the acoustic environment may be required. To achieve this, an enclosure for the test bench with 

sufficient acoustic decoupling of external disturbances is currently under development. Later, to check the 

effectiveness of the enclosure, additional measurements are planned. 
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Abstract 
Component-based TPA is a relatively new TPA approach that allows to characterize a structureborne source 

component independently from the receiver structure (as opposed to classical TPA) and to predict its 

behavior when coupled to different receivers. This approach would allow to frontload the development 

process and considerably increase the flexibility during the design process. However, there are a number of 

challenges affecting its applicability, such as a proper modelling of the coupling degrees of freedom at the 

interface, the difficulty to access the interface connection points and the conditioning of the equations. A 

number of innovative methods were developed to address these issues, that will be investigated by means 

of measurements on a laboratory test bench. A systematic analysis will be performed through which the 

accuracy and applicability of the component-based TPA will be analyzed and assessed. 

1 Introduction 

Classical Transfer Path Analysis (TPA) is a well-established technique that successfully identifies the 

transmission paths of noise and vibration problems [1][2][3]. One of the requirements of classical TPA is 

the physical availability of the vehicle to estimate the structural and acoustic loads from operational 

measurements. 

Due to the increasing vehicle variants, shorter development cycles, the trend to reuse the same components 

on all vehicle variants and the limited availability of prototypes, the automotive industry is seeking for 

alternative technologies to predict the contribution of vehicle components (engine, intake, exhaust, tyres, 

etc.) upfront, early in the development process. In that sense, it is necessary the development and validation 

of techniques that allow the prediction of the contributions from the different sources, without actually being 

assembled in the final vehicle. However, even though in theory it would be possible to calculate those 

contributions from the internal load and structural data of the vehicle, in practice is a challenging procedure 

whether because of the high complexity of the internal load generation mechanisms inside the source or the 

difficulty to access it to obtain the data in a proper and accurate way. With this purpose, the sources 

(components that comprise the basic internal load generator mechanisms) are characterized by a set of 

pseudoforces or blocked forces [4], [5]. These quantities represent in a unique way the load exerted by the 

source and transmitted to any receiver structure. As opposed to classical TPA, component-based TPA tries 

to characterize those quantities. This procedure can be performed with the source installed on a test bench 

or directly on a vehicle, namely in-situ source characterization [6]. 
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The characterization of the source is combined with the structural data of both, source and receiver, for the 

contribution prediction. Frequency Based Substructuring (FBS) is a method used to calculate the acoustic 

and structural behavior of the assembly using FRF data from the source and receiver structures separately 

[7]. FBS was first introduced by Bishop and Johnson [8] and became widely known with the approach of 

Jetmundsen et al. [9]. 

FBS requires to access the defined DOFs of the connections, this can be achieved by applying geometrical 

reduction. This technique allows to obtain the required DOFs without actually measure in the exact locations 

[10], what would be useful when the locations are difficult or impossible to access, and when moments and 

rotations are needed (especially important for rigid connections), but at the expense of using more impacts 

and responses for the modelling. 

This paper aims to validate every step of this full process, from the source characterization on a test-bench 

to the structural vibration prediction in a simplified vehicle receiver.  Strengths and weaknesses of its 

practical implementation are highlighted in an academic setup. 

2 Methods for source characterization and vibration prediction 

2.1 Source characterization: pseudoforces and blocked forces 

To characterize a source is necessary to obtain a quantity that, by itself, allows the full description of the 

source for a given operational condition, as well as the prediction of its behavior when coupled to any known 

receiver structure. Classical TPA can identify the contact forces that are transmitted between the source and 

the receiver, however, these forces are dependent on the assembled structure (source + receiver) and cannot 

be transferred to different receivers. Therefore contact forces don’t successfully identify the source 

independently [11]. 

Component-based TPA is a relatively new TPA technique aiming to independently characterize a source by 

a set of forces (pseudoforces or blocked forces), based on the hypothesis of a finite number of connecting 

DOFs between source and receiver [12]. 

It’s known that a certain source with an input force 𝑭𝑖 will generate a field of accelerations 𝒂𝑟 in the receiver 

that it is connected to, that depends on both, source and receiver, according to eq. (1). 

 𝒂𝑟 = 𝒀𝑟𝑠𝑖
𝑆𝑅𝑭𝑖 (1) 

Where 𝒀𝑟𝑠𝑖
𝑆𝑅  is the frequency response function of the coupled system between the input forces of the source 

and any point 𝑟 in the receiver. (Variables are expressed in the frequency domain). The system is depicted 

in figure 1. 

 

Figure 1: Source and receiver system model 

Input forces are used here to refer the external or internal forces that the basic source mechanism exerts on 

the source component. If we assume that those input forces 𝑭𝑖 are always independent from the receiver, 

these forces would already be a valid characterization of the source. However, this way is discarded in 

practice, as most of the sources generate an input force that is infeasible or impossible to measure accurately 
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because of the complexity of the multiple mechanisms that might be involved and the impossibility to access 

them. 

To tackle that problem one may use the general concept of pseudoforces. For a source assembled on a 

receiver with a finite number of connecting DOFs, 𝑛, a set of 𝑛 forces can be calculated for a certain set of 

𝑛 points in the source, such that it would generate the same accelerations in the 𝑛 DOFs of the connection 

when the source is turned off, as the source would do when active (fig 2(a)) [13]. Those forces can be easily 

calculated with matrix inversion of a square matrix, as long as it is well conditioned (eq. (2)). 

 𝑭𝑝𝑠 = 𝒀𝑐𝑠𝑝𝑠
𝑆𝑅 −𝟏

𝒂𝑐 = 𝒀𝑐𝑠𝑝𝑠
𝑆𝑅 −𝟏

𝒀𝑐𝑠𝑖
𝑆𝑅𝑭𝑖 (2) 

Where 𝑭𝑝𝑠 is the set of pseudoforces, 𝒂𝑐 is the set of accelerations in the connection DOFs, 𝒀𝑐𝑠𝑝𝑠
𝑆𝑅  is the 

frequency response function of the coupled system between the pseudoforces and the connection, and 𝒀𝑐𝑠𝑖
𝑆𝑅  

is the frequency response function of the coupled system between the input forces and the connection. When 

the calculated set of forces act in the opposite way, the generated accelerations in the connections would 

also be the opposite to the ones generated by the source. Therefore when both, source and the opposite set 

of calculated forces, act at the same time, the accelerations at the connection DOFs are cancelled, resulting 

on the connection DOFs remaining still (fig 2(b)). As the receiver is only connected through those DOFs, 

not having any additional source, all the points of the receiver will also remain still, hence the accelerations 

of the receiver can be generated by the same set of forces, namely pseudoforces. This only holds for receiver 

accelerations and cannot be extended to accelerations in the source. 

That means that pseudoforces can be calculated using the accelerations of any DOF that belongs to the 

receiver, either in the connection or not, for any connected receiver. Therefore, they can also be calculated 

using the accelerations of the connections of the uncoupled source in operational conditions, as it can be 

assumed to be coupled to a massless, infinitely flexible receiver, according to eq. (3). 

 𝑭𝑝𝑠 = 𝒀𝑟𝑠𝑝𝑠
𝑆𝑅 −𝟏

𝒂𝑟 = 𝒀𝑟𝑠𝑝𝑠
𝑆𝑅 −𝟏

𝒀𝑟𝑠𝑖
𝑆𝑅 𝑭𝑖 = 𝒀𝑐𝑠𝑝𝑠

𝑆 −𝟏
𝒀𝑐𝑠𝑖

𝑆 𝑭𝑖 (3) 

Where 𝒀𝑟𝑠𝑝𝑠
𝑆𝑅  is the frequency response function of the coupled system between the pseudoforces and any 

point 𝑟 in the receiver, 𝒀𝑐𝑠𝑝𝑠
𝑆  is the frequency response function of the decoupled source between the 

pseudoforces and the connection, and 𝒀𝑐𝑠𝑖
𝑆  is the frequency response function of the decoupled source 

between the input forces and the connection. It can be noticed that all the possible sets of pseudoforces 

would generate the same acceleration field in the receiver but not in the source. Also different sets of 

pseudoforces would generate different acceleration fields in the source. 

 

Figure 2: (a) Pseudoforces acting alone; (b) opposite pseudoforces acting with the source in operation 

When the pseudoforces are calculated in the connection DOFs, they are called blocked forces [14]. 

Therefore blocked forces are a particular case of pseudoforces with the same properties (fig 3(a) and 3(b)). 
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Figure 3: (a) Blocked forces acting alone; (b) opposite blocked forces acting with the source in operation 

As they are calculated in the connection (eq. (4)), they are the same forces that the source would exert to a 

blocking restriction in the connection DOFs. However, this theoretical definition is not a feasible way to 

measure them in practice, as the ideal blocking restriction is physically impossible to reproduce for most 

sources, especially without affecting the source dynamics. Thus, in order to calculate blocked forces, 𝑭𝑏𝑙, 

of a source mounted on a receiver structure, either in-situ characterization or bench dynamics compensation 

has to be applied [15]. 

 𝑭𝑏𝑙 = 𝒀𝑟𝑐
𝑆𝑅−𝟏

𝒂𝑟 (4) 

Where 𝒀𝑟𝑐
𝑆𝑅 is the frequency response function of the coupled system between the connection and any 

point 𝑟 in the receiver. 

2.2 Frequency based substructuring 

The pseudoforces or blocked forces need to be combined with coupled FRF data, experimental or simulated, 

in order to predict the final contribution in the vehicle. Coupled FRFs can be experimentally measured, if 

the components are physically available. When only the uncoupled components are available, FBS is applied 

to calculate the FRFs of the coupled setup from the FRFs of the uncoupled source and receiver [16]. 

  

Figure 4: Frequency based substructuring model 

Let us take the subsystem’s FRF matrices and model them as an uncoupled system in eq. (5). In this system, 

the effect of the coupling is represented with a set of external forces 𝒈 acting in the connections of both 

bodies as contact forces, as shown in fig 4. The contact forces must guarantee the compatibility condition 

of the connection DOFs, represented in eq. (6), and the equilibrium condition of eq. (7). 

 𝒂 =

[
 
 
 
 
𝒂𝑠

𝑆

𝒂𝑠𝑐
𝑆

𝒂𝑟𝑐
𝑅

𝒂𝑟
𝑅 ]
 
 
 
 

= [

𝒀𝑠𝑠
𝑆

𝒀𝑐𝑠
𝑆

𝟎
𝟎

𝒀𝑠𝑐
𝑆

𝒀𝑐𝑐
𝑆

𝟎
𝟎

𝟎
𝟎

𝒀𝑐𝑐
𝑅

𝒀𝑟𝑐
𝑅

𝟎
𝟎

𝒀𝑐𝑟
𝑅

𝒀𝑟𝑟
𝑅

]

(

 

[
 
 
 
𝑭𝑠

𝑭𝑠𝑐

𝑭𝑟𝑐

𝑭𝑟 ]
 
 
 
+ [

𝟎
𝒈𝑠𝑐

𝒈𝑟𝑐

𝟎

]

)

 = 𝒀(𝒇 + 𝒈) (5) 

 𝒂𝑟𝑐
𝑅 − 𝒂𝑠𝑐

𝑆 = [𝟎 −𝑰 𝑰 𝟎]𝒂 = 𝑩𝒂 = 𝟎 (6) 

 𝒈 = 𝑩𝑇𝝀 (7) 

In these and following equations of this section the subscripts make reference to the DOFs (𝑠: any source 

DOFs, 𝑠𝑐: connection in source side, 𝑟𝑐: connection in receiver side, 𝑟: any receiver DOFs, 𝑐: connection, 

𝑠𝑖: input forces, 𝑠𝑝𝑠: pseudoforces) and the superscripts make reference to the component (𝑆: source, 𝑅: 

receiver, 𝑆𝑅: coupled source and receiver). The equilibrium equation uses 𝝀 as the Lagrange multipliers in 

order to guarantee the condition. Substituting eq. (7) in (5) and in (6) an expression for 𝝀 can be obtained in 

eq. (8). 

 𝝀 = −(𝑩𝒀𝑩𝑇)−1𝑩𝒀𝒇 (8) 

Using this expression in eq. (7) and (5) leads to the general FBS equation, eq. (9). 

 𝒀𝑺𝑹 = 𝒀 − 𝒀𝑩𝑇(𝑩𝒀𝑩𝑇)−1𝑩𝒀 (9) 
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When the connection between source and receiver is not rigid, but relative displacements are allowed by 

means of a mount of certain stiffness, a similar derivation can be carried out, with a different equation (eq. 

(10)) in the place of the previous compatibility and equilibrium conditions. 

 𝒈 = −𝑩𝑇𝑲(𝒂𝑟𝑐
𝑅 − 𝒂𝑠𝑐

𝑆 ) = −𝑩𝑇𝑲𝑩𝒂 (10) 

Where 𝑲 is the stiffness of the mount. The new coupled accelerance matrix for this case is shown in eq. 

(11). 

 𝒀𝑺𝑹 = 𝒀 − 𝒀𝑩𝑇(𝑲−1 + 𝑩𝒀𝑩𝑇)−1𝑩𝒀 (11) 

We can expand those expressions to look at the equations in terms of DOFs as in eq. (5), obtaining eq. (12). 

 𝒀𝑺𝑹 = [

𝒀𝑠𝑠
𝑆

𝒀𝑐𝑠
𝑆

𝟎
𝟎

𝒀𝑠𝑐
𝑆

𝒀𝑐𝑐
𝑆

𝟎
𝟎

𝟎
𝟎

𝒀𝑐𝑐
𝑅

𝒀𝑟𝑐
𝑅

𝟎
𝟎

𝒀𝑐𝑟
𝑅

𝒀𝑟𝑟
𝑅

] −

[
 
 
 
 
−𝒀𝑠𝑐

𝑆

−𝒀𝑐𝑐
𝑆

𝒀𝑐𝑐
𝑅

𝒀𝑟𝑐
𝑅 ]

 
 
 
 

[𝒀𝑐𝑐
𝑆 + 𝒀𝑐𝑐

𝑅 + 𝑲−1]−1[−𝒀𝑐𝑠
𝑆 −𝒀𝑐𝑐

𝑆 𝒀𝑐𝑐
𝑅 𝒀𝑐𝑟

𝑅 ] (12) 

Let us take the first column of the coupled FRFs and particularize it to the DOFs of the input forces of the 

source mechanism to calculate accelerations in the coupled system (eq. (13)). When the input force is 

substituted by the definition of pseudoforce (eq. (3)) eq. (14) is obtained. 

 

[
 
 
 
 
𝒂𝑠

𝑆

𝒂𝑠𝑐
𝑆

𝒂𝑟𝑐
𝑅

𝒂𝑟
𝑅 ]
 
 
 
 

=

[
 
 
 
 
𝒀𝑠𝑠𝑖

𝑆𝑅

𝒀𝑐𝑠𝑖
𝑆𝑅

𝒀𝑐𝑠𝑖
𝑆𝑅

𝒀𝑟𝑠𝑖
𝑆𝑅

]
 
 
 
 

𝑭𝑖 =

[
 
 
 
 
𝒀𝑠𝑠𝑖

𝑆 − 𝒀𝑠𝑐
𝑆 [𝒀𝑐𝑐

𝑆 + 𝒀𝑐𝑐
𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑖

𝑆

𝒀𝑐𝑠𝑖
𝑆 − 𝒀𝑐𝑐

𝑆 [𝒀𝑐𝑐
𝑆 + 𝒀𝑐𝑐

𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑖
𝑆

𝒀𝑐𝑐
𝑅 [𝒀𝑐𝑐

𝑆 + 𝒀𝑐𝑐
𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑖

𝑆

𝒀𝑟𝑐
𝑅 [𝒀𝑐𝑐

𝑆 + 𝒀𝑐𝑐
𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑖

𝑆
]
 
 
 
 

𝒀𝑐𝑠𝑖
𝑆 −𝟏

𝒀𝑐𝑠𝑝𝑠
𝑆 𝑭𝑝𝑠 (13) 

 

[
 
 
 
 
𝒂𝑠

𝑆

𝒂𝑠𝑐
𝑆

𝒂𝑟𝑐
𝑅

𝒂𝑟
𝑅 ]
 
 
 
 

=

[
 
 
 
 
𝒀𝑠𝑠𝑖

𝑆𝑅

𝒀𝑐𝑠𝑖
𝑆𝑅

𝒀𝑐𝑠𝑖
𝑆𝑅

𝒀𝑟𝑠𝑖
𝑆𝑅

]
 
 
 
 

𝑭𝑖 =

[
 
 
 
 
 𝒀𝑠𝑠𝑖

𝑆 𝒀𝑐𝑠𝑖
𝑆 −𝟏

𝒀𝑐𝑠𝑝𝑠
𝑆 − 𝒀𝑠𝑐

𝑆 [𝒀𝑐𝑐
𝑆 + 𝒀𝑐𝑐

𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑝𝑠
𝑆

𝒀𝑐𝑠𝑝𝑠
𝑆 − 𝒀𝑐𝑐

𝑆 [𝒀𝑐𝑐
𝑆 + 𝒀𝑐𝑐

𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑝𝑠
𝑆

𝒀𝑐𝑐
𝑅 [𝒀𝑐𝑐

𝑆 + 𝒀𝑐𝑐
𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑝𝑠

𝑆

𝒀𝑟𝑐
𝑅 [𝒀𝑐𝑐

𝑆 + 𝒀𝑐𝑐
𝑅 + 𝑲−1]−1𝒀𝑐𝑠𝑝𝑠

𝑆
]
 
 
 
 
 

𝑭𝑝𝑠 (14) 

It can be noticed that the resultant set of FBS equations also supports the pseudoforces assumptions 

described in the previous section. The last 3 lines of eq. (14) are the exact same FBS equations of the 

coupled FRF system with the pseudoforces as input. Moreover, the last 2 lines prove that the accelerations 

in the receiver of the coupled system can be calculated using pseudoforces combined with coupled FRFs. 

As expected, the first line of eq. (14) indicates that is not possible to calculate the accelerations in the 

source using pseudoforces combined with coupled FRFs, neither is to obtain pseudoforces using source 

accelerations as indicators. Unique exception is to use source accelerations at the connections, as proven 

in the second line of eq. (14). 

2.3 Geometrical reduction 

The coupling of the components using FBS and the blocked forces calculation usually require the access to 

input and output DOFs that cannot be directly measured, whether because of feasibility issues or just 

nonexistence of the material point. Also a finite number of DOFs is required by FBS and blocked forces 

practicability. For that purpose the surrounding region of the point of interest is assumed to exhibit a rigid 

behavior, creating a rigid body dependence between the DOFs contained by the region. A schematic 

geometrical reduction (GR) is shown in fig 5. 
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Figure 5: Geometrical reduction model 

That dependence allows to transform the measured forces and accelerations into the forces and accelerations 

of any geometrical point that is assumed to fulfill the rigid behavior of the region, which is used to represent 

a rigid body. Note that it is not required that the representing point exists as a real point of the body or is 

positioned within its boundary. The number of measured DOFs is reduced to the final point by using 

geometrical relationships. 

Let us consider the measured accelerations, 𝒂𝑖, in the region of interest assumed to be rigid. This region will 

be reduced to the point 𝐺𝑅𝑖, that represents the geometrical reduction 𝑖. There will be a set of 6 geometrically 

reduced rigid DOFs 𝒒𝑖 which allow to approximate the measured DOFs with eq. (15). 

 𝒂𝑖 = 𝑹𝒂𝑖
𝒒𝑖 = [

𝑎𝑖
1

⋮

𝑎
𝑖

𝑁𝑎𝑖

] = [

𝑹𝒂𝑖
1

⋮

𝑹𝒂𝑖

𝑁𝑎𝑖

] 𝒒𝑖 (15) 

Where 𝑎𝑖
𝑗
 is the acceleration of the DOF 𝑗 for the geometrical reduction 𝑖 and 𝑹𝒂𝑖

𝑗
 is a matrix that contains 

the geometrical relationships of the rigid body behavior of the acceleration DOF 𝑗. 𝑁𝑎𝑖 is the number of 

acceleration DOFs used for the geometrical reduction 𝑖. Each acceleration can be calculated using the 

expanded expression of eq. (16). 

 𝑎𝑖
𝑗
= 𝑹𝒂𝑖

𝑗𝒒𝑖 = [𝑒𝑥
𝑗

𝑒𝑦
𝑗

𝑒𝑧
𝑗

𝑟𝑦
𝑗
𝑒𝑧

𝑗
− 𝑟𝑧

𝑗
𝑒𝑦

𝑗
𝑟𝑧

𝑗
𝑒𝑥

𝑗
− 𝑟𝑥

𝑗
𝑒𝑧

𝑗
𝑟𝑥

𝑗
𝑒𝑦

𝑗
− 𝑟𝑦

𝑗
𝑒𝑥

𝑗]

[
 
 
 
 
 
 
 
𝑞𝑥

𝑖

𝑞𝑦
𝑖

𝑞𝑧
𝑖

𝑞𝑅𝑥
𝑖

𝑞𝑅𝑦
𝑖

𝑞𝑅𝑧
𝑖 ]

 
 
 
 
 
 
 

 (16) 

Where 𝑟𝑗  are the distances of the acceleration DOF 𝑗 respect to 𝐺𝑅𝑖 for each direction, and 𝑒𝑗  are the 

projections of the DOF 𝑗 direction to each of the unitary vectors. It can be noticed that to be able to calculate 

𝒒𝑖 in an inverse manner, a minimum number of 6 equations are needed to construct the 𝑹𝒂𝑖
 matrix, however, 

a higher number is recommended in order to overdetermine the system [17]. Those singular equations are 

assembled for every individual geometrical reduction, which in turn can be assembled to form the global 

geometrical reduction system of the component, as shown in eq. (17). 

 𝒂 = 𝑹𝒂𝒒 = [

𝒂1

⋮
𝒂𝑁𝑖

] = [

𝑹𝒂1 ⋯ 𝟎

⋮ ⋱ ⋮
𝟎 ⋯ 𝑹𝒂𝑁𝑖

] [

𝒒1

⋮
𝒒𝑁𝑖

] (17) 

Where 𝑁𝑖 is the number of individual geometrical reductions. This equation system allows to calculate the 

reduced acceleration DOFs 𝒒 by matrix inversion using the pseudoinverse of 𝑹𝒂 with eq. (18). 

 𝒒 = (𝑹𝒂
𝑇𝑹𝒂)

−1
𝑹𝒂

𝑇𝒂 = 𝑻𝒂𝒂 (18) 
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A similar reasoning can be applied to the input DOFs. When a set of forces is applied on a region that is 

assumed to be rigid, the resultant force reduced to any point can be calculated using analogous geometrical 

relationships, as shown in eq. (19). 

 𝒎𝑖 = 𝑹𝒇𝑖
𝒇𝑖 = [𝑹𝒇𝑖

1 ⋯ 𝑹𝒇𝑖

𝑁𝑓𝑖] [

𝑓𝑖
1

⋮

𝑓
𝑖

𝑁𝑓𝑖

] (19) 

With 𝑹𝒇𝑖

𝑗
 being a matrix that contains the geometrical relationships of the rigid body behavior for the input 

DOF 𝑗 and 𝒎𝑖 being the resultant reduced forces for the geometrical reduction 𝑖. 𝑁𝑓𝑖
 is the number of force 

DOFs for the geometrical reduction 𝑖. Every force 𝑓𝑖
𝑗
 generates a set of 6 resultant forces in the region 

according to eq. (20). 

 𝒎𝑖 =

[
 
 
 
 
 
 
 
𝑚𝑥

𝑖

𝑚𝑦
𝑖

𝑚𝑧
𝑖

𝑚𝑅𝑥
𝑖

𝑚𝑅𝑦
𝑖

𝑚𝑅𝑧
𝑖 ]

 
 
 
 
 
 
 

= ∑ 𝑹𝒇𝑖

𝑗𝑓𝑖
𝑗𝑁𝑓𝑖

𝑗=1
= ∑

[
 
 
 
 
 
 
 
 𝑒𝑥

𝑗

𝑒𝑦
𝑗

𝑒𝑧
𝑗

𝑟𝑦
𝑗
𝑒𝑧

𝑗
− 𝑟𝑧

𝑗
𝑒𝑦

𝑗

𝑟𝑧
𝑗
𝑒𝑥

𝑗
− 𝑟𝑥

𝑗
𝑒𝑧

𝑗

𝑟𝑥
𝑗
𝑒𝑦

𝑗
− 𝑟𝑦

𝑗
𝑒𝑥

𝑗
]
 
 
 
 
 
 
 
 

𝑓𝑖
𝑗𝑁𝑓𝑖

𝑗=1
 (20) 

It can be noticed that to be able to calculate 𝒇𝑖 in an inverse manner, a minimum number of 6 equations are 

needed to construct the 𝑹𝒇𝑖
 matrix, however, a higher number is recommended in order to overdetermine 

the system. Those singular equations are assembled for every individual geometrical reduction, which in 

turn can be assembled to form the global geometrical reduction system of the component, as shown in eq. 

(21). 

 𝒎 = 𝑹𝒇𝒇 = [

𝒎1

⋮
𝒎𝑖𝑁

] = [

𝑹𝒇1
⋯ 𝟎

⋮ ⋱ ⋮
𝟎 ⋯ 𝑹𝒇𝑁𝑖

] [

𝒇1

⋮
𝒇𝑁𝑖

] (21) 

This equation system allows to calculate one possible set of 𝒇 that could generate the resulting reduced 

forces 𝒎 by matrix inversion using the pseudoinverse of 𝑹𝒇, as shown in eq. (22). 

 𝒇 = 𝑹𝒇
𝑇(𝑹𝒇𝑹𝒇

𝑇)
−1

𝒎 = 𝑻𝒇𝒎 (22) 

Both acceleration and forces geometrical reductions can be applied to the FRF matrix of the system to 

calculate 𝒀𝑮𝑹, the reduced FRF matrix, according to eq. (23). 

 𝒂 = 𝒀𝒇 = 𝑹𝒂𝒒 = 𝒀𝑻𝒇𝒎 → 𝒒 = 𝑻𝒂𝒀𝑻𝒇𝒎 = 𝒀𝑮𝑹𝒎 (23) 

This technique will be applied in the experimental setup to both forces and accelerations, in the connections, 

to properly accomplish the FBS (fig. 6) and to calculate blocked forces. 

  

Figure 6: Geometrical reduced DOFs for an FBS 
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3 Experimental results 

3.1 Test setup 

For the experimental validations, three components are combined and tested in two setups. One component 

is used as a vehicle resemblance structure, made mainly by steel bars and a cavity. A second component is 

considered as a test bench to characterize the source. A star shaped aluminum plate constitutes the source. 

The sensors and bolts are considered part of the components in order to avoid mass loading effects. For all 

the components the FRFs are measured in coupled and uncoupled conditions using and impact hammer. 

The first setup, consisting of the source on the test bench (fig 7(a)), is used to characterize the source by a 

set of blocked forces. The second setup, consisting of the source assembled with the vehicle structure (fig 

7(b)), is used to validate the results of the component-based TPA process. As input force, a closed loop 

controlled mini shaker (resembling the source mechanism) exciting frequencies between 20 and 1500 Hz, 

is used.  

The FRFs used to calculate the blocked forces are obtained by applying geometrical reduction from the 

impact points close to the connection to the center of each connection. However, in both setups and the 

uncoupled source, the impact points for FRFs measurement at the connection are in the same locations, so 

the geometrical reduction to calculate the blocked forces is the same for both setups. This means that the 

blocked forces transfer is equivalent to a pseudoforces transfer, as this geometrical reduction doesn’t have 

an influence on the prediction. 

a)  b)  

Figure 7: Experimental setups. (a) Test bench. (b) Vehicle setup. 

The source is connected with each receiver with 3 bolted connections, which are modelled as punctual 

connections. As the connections are rigid and restrict all the displacements, 6 DOFs per connection are 

considered in the coupling. In this way we try to characterize the complete coupling interface, which is 

needed for an adequate model [18]. To calculate reduced forces and accelerations, in each connection of 

both, source and receiver structures, 3 triaxial accelerometers and 6 impact points are used per connection 

(fig 8(a) and 8(b)). Additionally, 9 extra indicators are instrumented in the uncoupled test bench for a total 

of 36 indicators, to achieve an overdetermination of 2 in the blocked forces calculation. 3 targets 

instrumented in the vehicle structure (T1, T2, T3 in fig 7(b)) are used for validation purposes. The steps to 

validate the process are schematically depicted in figure 9. 
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a)  b)  

Figure 8: Vehicle setup impacts (red dots and lines) and accelerometers location close to the connections. 

(a) Uncoupled. (b) Coupled. 

 

Figure 9: Schematic description of the component-based TPA process steps. (left) Test bench. (right) 

Vehicle structure. 

To properly validate the results, improve stability and optimize the method, different sets of DOFs 

(presented in table 1) are used to calculate the blocked forces, and the obtained results are compared. 

Label Description 

All indicators The 36 DOFs indicators in the receiver, not GR 

Without Rz Excluding the DOFs of moments in Z direction for each connection 

Without Rx Ry Rz Excluding the DOFs of all the moments for each connection 

Only Passive 

Connections 
Indicators only at the connections of the receiver (18 GR DOFs) 

Active and passive 
Indicators in the source close to the connections and indicators in the receiver 

(theoretically wrong) 

Only active Indicators in the source only, close to the connections (theoretically wrong) 

Table 1: Sets of DOFs used for the inversion. 

The exclusion of Rz is done because of its lower contribution compared with other DOFs. Exclusion of 

moments is done as well to check negligibility of certain DOFs and the degree of translational DOFs 

sufficiency when characterizing a lowly damped and rigidly coupled structure. 

The inclusion of source indicators pursues the improvement of the condition number and the 

overdetermination of the system. To reduce the error, the accelerometers of the source are in a region close 

to the connection that is assumed to behave rigidly together with the receiver side of the connection. Even 

though strictly speaking this is theoretically wrong, the error made by its inclusion may be lower compared 

to the potential numerical errors of an ill-conditioned system. 
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3.2 In-situ validation 

The first validation consists of the in-situ validation. The blocked forces are calculated and then used to 

predict the response in the same structure, in targets that were not used for the inversion, as shown in eq. 

(24). 

 𝑭𝑏𝑙
𝑆𝑅1 = 𝒀𝑟𝑐

𝑆𝑅1
−𝟏

𝒂𝑟
𝑆𝑅1 → 𝒂𝑟𝑇

𝑆𝑅1 = 𝒀𝑟𝑇𝑐
𝑆𝑅1𝑭𝑏𝑙

𝑆𝑅1  (24) 

Where 𝑟𝑇 refers to the target DOFs. Fig 10 shows a very good match between the measured and predicted 

target spectra over the entire frequency range. This validation can give an idea of the quality of the blocked 

forces calculation for the structure but is not really helpful with respect to assess the performance when 

transferred to a different one. Being the indicators and targets in the same structure, the dominant 

mechanisms of vibration transmission are very similar, and the matching of the predicted acceleration shows 

too optimistic results. Moreover it doesn’t provide any validation for the FBS since the inversion is made 

using measured coupled FRFs. 

  

Figure 10: In-situ validation in target T3. 

However, already in this validation some differences between the different sets of DOFs explained before 

can be observed. The results of the Frequency Response Assurance Criterion (FRAC), applied in the whole 

frequency range to the measured and predicted spectra for every different set of DOFs, are shown in table 

2. For instance, the best matches are achieved when using indicators located only in the receiver, whether 

in the connections or not. While the performance worsens when excluding moments and when using active 

side indicators. The worst results are obtained if all the moments are excluded and if only active side 

indicators are used. 

Label FRAC value 

All indicators 0.9801 

Without Rz 0.9770 

Without Rx Ry Rz 0.7942 

Only Passive Connections 0.9784 

Active and passive 0.9753 

Only active 0.8311 

Table 2: FRAC for each set of indicators in the in-situ validation. 
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3.3 Transferability validation 

The second step in the validation is the transferability validation. The blocked forces are calculated in the 

test bench structure, and then used to predict responses in the vehicle structure, using again measured 

coupled FRFs, as shown in eq. (25). 

 𝑭𝑏𝑙
𝑆𝑅1 = 𝒀𝑟𝑐

𝑆𝑅1
−𝟏

𝒂𝑟
𝑆𝑅1 → 𝒂𝑟

𝑆𝑅2 = 𝒀𝑟𝑐
𝑆𝑅2𝑭𝑏𝑙

𝑆𝑅1  (25) 

Where 𝑅1 and 𝑅2 refer to the two different receiver structures. From the figure 11 it can be noticed that the 

accuracy of the prediction is very good up to 500 Hz, and it lowers in general from 500 Hz toward the high 

frequencies. 

  

 Figure 11: Transferability validation in target T3. 

Again, similarly to the in the in-situ validation, the best results are achieved for the cases using indicators 

available on the receiver. 

As well as for the in-situ validation, excluding moments (figure 12) or including source indicators performs 

generally worse and at least with no improvement compared to the usage of indicators only in the receiver, 

observation supported by the FRAC, when evaluated in regions without numerical problems, as shown in 

table 3. 

Label FRAC value 

All indicators 0.8475 

Without Rx Ry Rz 0.0275 

Only Passive Connections 0.8626 

Only active 0.7370 

Table 3: FRAC for each set of indicators in the transferability validation. 
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Figure 12: Transferability validation excluding moments in target T3. 

3.4 Transferability with FBS validation 

Finally, the transferability of blocked forces using FBS is evaluated as well. The blocked forces are 

calculated in the test bench structure, and then used to predict responses in the vehicle structure, using 

coupled FRFs calculated with FBS, as shown in eq. (26). 

 𝑭𝑏𝑙
𝑆𝑅1 = 𝒀𝑟𝑐

𝑆𝑅1
−𝟏

𝒂𝑟
𝑆𝑅1 → 𝒂𝑟

𝑆𝑅2 = 𝒀𝑟𝑐
𝑅2[𝒀𝑐𝑐

𝑆 + 𝒀𝑐𝑐
𝑅2]

−1
𝒀𝑐𝑐

𝑆 𝑭𝑏𝑙
𝑆𝑅1  (26) 

In this way, this validation takes into account the effects of the transferability and the FBS coupling. 

Geometrical reduction is applied to the connections of source and receiver in order to make the coupling, so 

the rigidity hypothesis will play a determining role in the validation at higher frequencies. 

In order to assess the quality of the geometrical reduction the concept of sensor consistency [19] is 

introduced. This sensor consistency evaluates the similarity between the theoretical rigid behavior and the 

real measured behavior of the geometrical points where the accelerometers are, for a given force DOF, using 

a MAC between both acceleration vectors: 

 𝜌2 = MAC(𝑹𝒂𝒒, 𝒂) = MAC(�̃�, 𝒂) =
(�̃�𝐻𝒂)(𝒂𝐻�̃�)

(�̃�𝐻�̃�)(𝒂𝐻𝒂)
 (27) 

Where 𝜌2 is the consistency value, ranging from 0 to 1. According to that, a decrease of accuracy would be 

expected as the frequency increases, which would be added to the effects of the transferability. The product 

of the consistency for every force DOF is plot in figure 13 for each connection. 
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Figure 13: Product of sensor consistency for the source (up) and for the vehicle structure (down). 

A comparison between the measured target acceleration and the predicted values using transferability with 

FBS is shown in figure 14. 

    

Figure 14: Transferability with FBS validation in target T3. 

As expected, the highest predictive value is again obtained up to 500 Hz. However, the predicted vibration 

spectrum seems to be slightly more noisy when compared to the prediction obtained by transferability of 

blocked forces using measured coupled FRFs, as shown in figure 11. 

In this case the differences between the different sets of indicators might be less noticeable due to the 

accumulated errors in load characterization, geometrical reduction and FBS calculation, and for this reason 

are not presented. 

4 Conclusions 

This work has investigated the joint application of techniques that allow the prediction of the behavior of a 

source in a given receiver, going from source characterization to the calculation of the response. This 

methodology has already shown some value in similar rigidly connected and low damped structures, in 

either academic setups [20] or industrial applications [21][22][23]. In this paper the prediction process steps, 

including the use of FBS equations, have been validated in an academic setup. 

For this setup, the vibration prediction using transferability of blocked forces performs slightly better before 

the FBS application. However, it is found that in the whole frequency range the additional error of the FBS 

application is considerably lower than the error already made by the calculation of blocked forces and their 

transferability using measured coupled FRFs. This leads to the conclusion that the main challenge of the 
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method could be the correct blocked forces estimation (in a stable and complete system) for its 

transferability, and not mostly the FBS itself. Furthermore, using FBS for blocked forces transferability has 

the following advantages: i) it allows to couple a source with a receiver not manufactured yet, by means of 

simulated data of the receiver; ii) it allows to calculate the coupled FRFs of the assembly and the exerted 

contact forces between source and receiver without being physically coupled. 

For this case, theory and experience support consistently the idea of using as many indicators as possible 

being in the receiver only. In addition, due to its low excitation and contribution, Rz could be neglected 

from the connection DOFs without detriment to the result, but without a clear improvement either. However, 

neglecting moments should only happen in the case that the setup and operational condition strongly and 

reasonably advice to, and not in a general way. As shown in this experimental case of rigid connections, 

neglecting moments clearly worsen the prediction results. 

The accuracy of the prediction is in general good up to 500 Hz, taking into account that is a low damped 

structure, with a very light and flexible source compared to the receiver, and a rigid connection. Results and 

conclusions could be carefully extrapolated to similar structures (e.g. steering system) but might vary for 

others with different conditions of coupling, mass and stiffness (e.g. combustion engine). A future validation 

of interest would be trying to expand the applicability to assembled structures connected with rubber mounts, 

which for now remains out of the reach of this work. 
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Abstract 
Piezoelectric shunt damping is a well-known technique for suppressing vibrations in light mechanical 

systems. The method is based on the connection of a properly designed electrical network (shunt circuit) to 

a piezoelectric actuator bonded to the vibrating structure. This network can be either passive (i.e. made from 

resistances, capacitances and inductances) or active. When active shunts are used, possible problems related 

to instability of the system can raise. This paper addresses a new approach for designing shunt electrical 

circuits allowing to damp more than one mechanical mode of the structure at the same time with a single 

piezoelectric actuator. Moreover, the method assures to design passive shunt impedances, thus avoiding 

instability problems. Starting from a state space description of the electro-mechanical system, the definition 

of the shunt circuit is achieved using an approach based on matrix inequalities, which allows to design shunt 

circuits with different goals by expressing the desired target as a single or a system of matrix inequalities.  

 

1 Introduction 

The use of piezoelectric shunt is a renewed approach for damping vibrations [1]. Many approaches are 

possible: from the use of passive shunt networks (e.g. [2–6]), to the use of negative capacitances for 

enhancing the damping performance (e.g. [7–13]), from the employment of non-linear impedances (e.g. 

[14–16]), to the use of networks of piezoelectric actuators (e.g. [17–22]). 

Here, the discussion is focused on shunt methods which allow to use even a single piezoelectric actuator for 

controlling more than one mode at the same time and ensure the passivity of the electro-mechanical system 

(EMS, composed by the vibrating structure, the piezoelectric actuator bonded to the structure and the shunt 

electric impedance). Indeed, such an approach, based on the EMS passivity, plays an important role, 

especially in the industrial and aerospace fields, thanks to its passivity, lack of instability, and lack of 

additional devices. 

When the aim of the control system is to act on several modes, using a single piezoelectric actuator, there 

are different methods to design proper passive shunt electrical networks. 

Hollkamp firstly proposed an impedance design technique employing a single piezoelectric patch working 

on different modes at the same time [23]. The proposed network design is made from as many branches 

connected in parallel as the number of modes to be damped. The main problems related to this method are 

the cross-talk between the branches of the circuit, which requires perfectly decoupled modes, and the 

complexity of the procedure to fix the values of all the electric components. 
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Wu [24] and Behrens et al. [25] introduced the current blocking (CB) and current flowing (CF) methods, 

respectively. Again, the shunt impedance is made from as many branches as the number of modes to control, 

and all the branches are connected in parallel. 

Although the CB was proposed to simplify somewhat the design of the shunt impedance, the complexity of 

the circuit is evident, especially when the number of modes to be damped increases. Another problem with 

the CB method is that there are some degrees of freedom in the tuning of the network: the values of some 

electric components must be fixed arbitrarily without any guidelines, which often results in non-optimal 

damping actions. 

As for the CF technique, each branch is made from three elements: a resistance, a capacitance, and an 

inductance and the values of the resistances in the shunt impedance must be fixed by numerical 

minimization. Furthermore, there are some degrees of freedom that lead to a non-optimal solution in this 

case as well, although some guidelines to overcome this problem were proposed [26]. There are also cross-

talk effects that are not accounted for in the tuning procedure and can be solved just by using numerical 

minimizations. 

Fleming et al. [27] proposed a method that can be seen as a mix of CB and CF. The shunt network is a 

combination of cells connected in series and parallel but, like in other approaches, the main drawback of the 

method is that there are some degrees of freedom in the tuning of the network wich have to be arbitrarily 

fixed. 

Despite all the described tuning strategies provide good damping performances, the values of some electric 

components must be fixed arbitrarily without any guidelines; as mentioned, this often results in non-optimal 

damping actions. Moreover, these approaches often do not allow for a specific control target to be set. 

Therefore, the aim of this paper is to present a new general approach to multi-mode vibration reduction 

which can be applied to any generic structure. Furthermore, the proposed approach is aimed at finding the 

optimal controller for given control applications, and it relies on the matrix inequality (MI) theory. The MI 

approach allows for a control target to be set (e.g. H2 or H∞ on acceleration, velocity, or displacement) and 

for constraints to be imposed on the control features. The particular focus is on passive control. Therefore, 

the method allows an expression of the shunt impedance to be found that satisfies the fixed control target, 

assuring that it can be realized by a passive physical network. 

The paper structure is as follows: Section 2 presents the model used to describe the EMS and its state space 

expression. Such a way to express the system behavior is needed for using the matrix inequality approach, 

as explained in Section 3. Finally, Section 4 presents some experimental tests to show the reliability and 

effectiveness of the proposed approach. 

 

2 Model of the system 

The model of the EMS describes both the mechanical and the electrical dynamics. A generic structure 

excited by an external forcing 𝐅ext is taken into account; the piezoelectric actuator used for damping is 

shunted by an impedance Z (see Figure 1a). 𝑄p is the charge in the upper electrode (−𝑄p in the lower 

electrode), and 𝑉p is the voltage between the electrodes. The displacement W of any point x of the structure 

at time t can be expressed as a modal summation: 

𝑊(𝑥, 𝑡) = ∑Φ𝑟(𝑥)𝑞𝑟

𝑁

𝑟=1

(𝑡) 
(1) 

where 𝑞𝑟 is the rth modal coordinate, N is the number of modes considered (theoretically 𝑁 →∞), and Φ𝑟 

is the rth eigenmode, scaled to the unit modal mass, of the structure. The modal coordinates are the solutions 

of the following problem [10,28–30]: 
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�̈�𝑟 + 2𝜉𝑟𝜔𝑟�̇�𝑟 +𝜔𝑟
2𝑞𝑟 − 𝜒𝑟𝑉p = 𝐹𝑟        ∀ 𝑟𝜖 {1,… ,𝑁} 

(2) 

𝐶∞𝑉p − 𝑄𝑝 +∑𝜒𝑙𝑞𝑙

𝑁

𝑙=1

+
∫𝑉p

𝑅p
= 0 

(3) 

where 𝜔𝑟 is the rth eigenfrequency of the EMS in short-circuit (SC, i.e. 𝑍 = 0), 𝜉𝑟 is the associated non-

dimensional damping ratio, and 𝐹𝑟 is the harmonic modal force. 𝜒𝑟 is a modal coupling coefficient that 

describes the energy transfer between the piezoelectric patch and the rth mode. Therefore, the behaviour of 

the EMS is described by two equations: Equation (2) and Equation (3). Equation (2) describes the equations 

of motion of the system. The term 𝜒𝑟 couples these equations of motion to Equation (3), which models the 

electric behaviour of the EMS (see Figure 1b, where the term ∑ 𝜒𝑙�̇�𝑙
𝑁
𝑙=1  is abbreviated as �̇�cs). 𝑅p is the 

resistance associated with the piezoelectric patch, which is usually very high [31]. ∫𝑉p is intended as an 

integral in time (i.e. ∫𝑉pd𝑡). 𝐶∞ is the electrical capacitance of the piezoelectric patch with blocked 

structure, which also corresponds to the value of the capacitance at infinite frequency [10].  

 

Figure 1: A generic structure with a shunted piezoelectric patch (a) and electric model of the EMS (b). 

The terms 𝜒𝑟 can be found analytically [30], through a finite element model [29], or experimentally by 

measuring the effective coupling coefficients associated with each mode [32]. In case of low modal density, 

if only the modes between the uth (i.e. 𝑟 = 𝑢) and the hth modes (i.e. 𝑟 = ℎ, with ℎ > 𝑢) are considered, 

Equations (2) and (3) can be rearranged as: 

�̈�𝑟 + 2𝜉𝑟𝜔𝑟�̇�𝑟 +𝜔𝑟
2𝑞𝑟 − 𝜒𝑟𝑉p = 𝐹𝑟         ∀ 𝑟𝜖 {𝑢, … , ℎ} 

(4) 

𝐶∞𝑉p − 𝑄p +∑𝜒𝑙𝑞𝑙

ℎ

𝑙=𝑢

+
∫𝑉p

𝑅p
+𝑀𝑉p = 0 

(5) 
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where M is a term that accounts for the contribution of the modes higher than the hth mode. According 

to[10,11]: 

𝑀 = ∑
𝜒𝑛
2

𝜔𝑛
2

𝑁

𝑛=ℎ+1

 
(6) 

Therefore, Equation (5) can be written as: 

𝐶p𝑉p − 𝑄p +∑𝜒𝑙𝑞𝑙

ℎ

𝑙=𝑢

+
∫𝑉p

𝑅p
= 0 

(7) 

with: 

𝐶p = 𝐶∞ + ∑
𝜒𝑛
2

𝜔𝑛
2

𝑁

𝑛=ℎ+1

 
(8) 

𝐶p can be found by measuring the value of the capacitance of the piezoelectric actuator midway between 

𝜔ℎ and 𝜔ℎ+1 [32]. Thus, the dynamics of the EMS in the frequency range of interest is described by 

Equations (4) and (7). To use the matrix inequality approach to solve a given control problem, the EMS 

model needs to be represented in terms of state space variables. The state space representation provided in 

this paper plays a key role since it also allows the shunt impedance to be seen as a controller. Indeed, 

expressing Z as a controller allows the passivity requirement to be imposed directly on the impedance Z in 

the matrix inequality problem, which is one of the targets of the proposed control approach. 

According to Equations (4) and (7), the following system of equations can be written: 

 

{
 
 

 
 
�̈�𝑟 + 2𝜉𝑟𝜔𝑟�̇�𝑟 + 𝜔𝑟

2𝑞𝑟 − 𝜒𝑟𝑉p = 𝐹𝑟         ∀ 𝑟𝜖 {𝑢, … , ℎ}

�̇�𝑟 = �̇�𝑟                                                           ∀ 𝑟𝜖 {𝑢,… , ℎ}

𝐶p𝑉p − 𝑄p +∑𝜒𝑙𝑞𝑙

ℎ

𝑙=𝑢

+
∫𝑉p

𝑅p
= 0                                  

 

(9) 

By defining: 

�̅� = 𝑉p√𝐶p    and    �̅� =
𝑄p

√𝐶p
 (10) 

and defining the vector 𝐠 of the state variables: 
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𝐠 =

[
 
 
 
 
 
 
�̇�𝑢
𝑞𝑢
⋮
�̇�ℎ
𝑞ℎ

∫ �̅�
]
 
 
 
 
 
 

 

(11) 

the system described by Equation (9) can be written in state space notation: 

{

�̇� = 𝐀𝐠 + 𝐁w�̅� + 𝐁f𝐅ext
𝑧o = 𝐂z𝐠 + 𝐃zw�̅� + 𝐃zf𝐅ext
𝑦 = 𝐂y𝐠 + 𝐃yw�̅� + 𝐃yf𝐅ext 

 
(12) 

where 𝑧o is the target variable of the control (e.g. the displacement 𝑊, velocity �̇�, and acceleration 
�̈� of the system computed at a given point 𝑥m of the structure); 𝑦 is the output of the system, which 
is −∫ �̅� in this case (∫ �̅� is intended as an integral in time ∫ �̅�d𝑡). Finally, �̅� is seen as a control action 
provided to the vibrating system. More details on the way to express the matrices of the state space 
expression can be found in [33]. 

The state space model describes the EMS as a controlled system via a feedback loop. The transfer 
function of the controller 𝐾 can be expressed as: 

𝐾 =
�̅�

−∫ �̅�
=

�̇�p

−𝐶p𝑉p
=

1

𝐶p𝑍
=
𝑌

𝐶p
 (13) 

where the admittance 𝑌 is 1/𝑍. Thus, the model presented can describe the EMS as a system 
controlled by a feedback loop, and the controller is the electric admittance shunted to the 
piezoelectric actuator (divided by 𝐶p). This control problem is an output feedback problem. It is now 

possible to set the control targets and the constraints on the controller structure. The next section 
discusses how to translate these requirements to matrix inequality problems and how to find the most 
suitable transfer function of 𝑍. 

 

3 The matrix inequality approach 

In this section, the H∞ control (chosen as an example) as well as the passivity of the controller are 
formulated as linear matrix inequality (LMI) problems. Control specifications for the closed-loop 
transfer function 𝑇zF linking the disturbance 𝐹ext (considering a single force 𝐹ext  acting as 
disturbance; however, this assumption does not cause any loss of generality) and the target variable 
of the control 𝑧o are taken into account.  Referring to Equation (12), 𝑇zF can be expressed in the Laplace 
domain as: 

𝑇zF = 𝐂z(𝑠𝐈 − [𝐀 + 𝐁w𝐾𝐂y])
−1𝐁f + 𝐃zw𝐾𝐂y(𝑠𝐈 − [𝐀 + 𝐁w𝐾𝐂y])

−1𝐁f +𝐃zf (14) 

TUNED VIBRATION ABSORBERS AND DAMPERS 4151



where s is the Laplace operator, and I is the identity matrix. All the matrices that are always null in 
Equation (11) (i.e. regardless of whether the target variable is displacement, velocity, or acceleration) 
are neglected in Equation (14). 

Formulating the controller 𝐾 with a state space representation, the state space representation of the 
closed-loop system is then obtained: 

{
�̇�cl = 𝐀cl𝐠cl + 𝐁cl𝐹ext
𝑧o = 𝐂cl𝐠cl +𝐃cl𝐹ext

 (15) 

where the closed-loop state vector is: 

𝐠cl = {
𝐠
𝐠k
} (16) 

𝐠k is the vector of state variables of the controller. Refer to [33] for more details about the way to 
calculate the matrices 𝐀cl, 𝐁cl, 𝐂cl, and 𝐃cl. Therefore, the transfer function 𝑇zF of Equation (14) can 
be expressed as a function of the closed-loop matrices using Equation (15):  

𝑇zF = 𝐂cl(𝑠𝐈 − 𝐀cl)
−1𝐁cl +𝐃cl (17) 

In the MI approach, each control target or specification is expressed as a constraint on the admissible 
Lyapunov functions for the internally stable closed-loop system [34]: 

∃    𝑉(𝐠cl) = 𝐠cl
T𝐏𝐠cl,   𝐏 > 0  ∶    𝐀cl

T 𝐏 + 𝐏𝐀cl < 0 (18) 

where 𝑉 is a quadratic Lyapunov function, 𝐏 the Lyapunov matrix, 𝐀cl is the state matrix of the system, 
and 𝐠cl is the closed-loop state-space vector. The superscript T indicates the transposed matrix. 

Since the additional constraints are related to targets on the transfer function 𝑇zF of Equation (17), 
the related MI formulation will be thus expressed as a function of the closed-loop matrices 𝐀cl, 𝐁cl, 
𝐂cl, and 𝐃cl (see Equation (19) further in the paper). Therefore, the solution of the MI problem will 
provide state matrices that satisfy the given specifications. Then, the controller K transfer function 
can be derived [33].  

As for H∞ control, the objective is to find a controller 𝐾 such that ‖𝑇zF‖∞ is minimised. As shown in 
[35] and [34], there exists a controller 𝐾 such that ‖𝑇zF‖∞ < 𝛾 and 𝐀cl is stable if and only if the 
following problem is feasible for some symmetric 𝐏 > 0, 𝛾 > 0, and 𝐀k, 𝐁k, 𝐂k, and 𝐃k of compatible 
dimensions [36]:  

[

𝐀cl
T 𝐏 + 𝐏𝐀cl 𝐏𝐁cl 𝐂cl

T

𝐁cl
T𝑷 −𝛾𝐈 𝐃cl

T

𝐂cl 𝐃cl −𝛾𝐈

] < 0 
(19) 

It follows that the solution of the problem requires minimising 𝛾. 

Other objectives can be set, alternatively or in parallel with the previous H∞ control requirement (e.g. 
H2 [34]). In this paper, special focus is related to the passivity of the controller and thus on the 
passivity of the shunt impedance (see Equation (13)), as previously mentioned. 

Passivity can be expressed as an LMI as well, where the unknown variables are the controller matrices 
𝐀k, 𝐁k, 𝐂k, and 𝐃k. If passivity is satisfied, then the transfer function of the controller is positive real. 

4152 PROCEEDINGS OF ISMA2018 AND USD2018



Therefore, the controller  passivity can be expressed as an LMI constraint using the positive real lemma 

[35]. It follows that a controller 𝐾(𝑠) is positive real if and only if there exists 𝐏 > 0 such that: 

[
𝐀k
T𝐏 + 𝐏𝐀k 𝐏𝐁k − 𝐂k

T

𝐁k
T𝐏−𝐂k −𝐃k

T −𝐃k
] ≤ 0 (20) 

where 𝐏 is the Lyapunov matrix. 

Actually, Equations (19) and (20) are not LMIs since the dependence on the decision variables is not 

linear. As an example, referring to Equation (19), the expression  𝐀cl
T 𝐏 + 𝐏𝐀cl  is not affine in the 

variables 𝐏 and 𝐀cl because it involves the product between the Lyapunov matrix 𝐏 and the controller 
variables which are included in the 𝐀cl expression. Hence, these problems are non-linear and cannot 
be solved by LMI optimisation (e.g. using the ellipsoid method or the interior-point method [37,38]). 
However, for the state feedback case and even for the output feedback systems (which is the case 
considered in this paper), there exists a change of variables that makes all the inequalities affine in a 
new set of unknowns, making the constraints linear and easily solvable [34]. 

Even multi-objective problems [34,39] can be solved, e.g. H∞ control together with controller 
passivity. In this case Equations (19) and (20) must be fulfilled at the same time. This makes the multi-
objective output feedback control problem a non-linear matrix inequality problem; more specifically, 
it becomes a bilinear matrix inequality (BMI) problem. One suitable approach to solve such a problem 
is the use of non-linear solvers [40,41]; refer to [33] for more details about the procedure to be used 
and the algorithms, and to the next section for the experimental validation of passive multi-objective 
controllers (i.e. BMI controllers). 

 

 

4 Experimental tests 

 

The experimental setup was made from an aluminum cantilever beam with one piezoelectric patch 
bonded at its clamped end. The beam was 25 mm wide, 161 mm long, and 1.1 mm thick; the 
piezoelectric patch was 25 mm wide, 51 mm long, and 0.38 mm thick. The structure was excited by 
means of a contactless actuator composed of a coil and a magnet bonded to the beam near its tip. The 
current flowing in the coil results in a proportional force exerted on the beam [42]. The current was 
measured using a current clamp, and the response of the structure was measured through a laser 
Doppler velocimeter in a co-located position with the exerted force (on the other side of the beam). 
The third and fourth eigenmodes were considered, and their modal data are gathered in Table 1. The 
eigenfrequencies and non-dimensional damping ratios were estimated by an experimental modal 
analysis with the piezoelectric patch short-circuited. 𝜒𝑟  was estimated by means of measurements of 

the rth coupling coefficient 𝑘𝑟
eff = √(𝜔𝑟,oc

2 − 𝜔𝑟
2)/𝜔𝑟

2 (𝜔𝑟,oc is the rth eigenfrequency with the 

piezoelectric patch in open-circuit (OC)) and then performing the following computation [10]: 

𝜒𝑟 = 𝑘𝑟
eff𝜔𝑟√𝐶p𝑟. (21) 

where 𝐶p𝑟 is the measured piezoelectric capacitance value after the rth eigenfrequency. 
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Mode number 𝜔𝑟/(2𝜋)   [Hz] 𝜉𝑟   [%] 𝑘𝑟
eff 

3 500.98 0.40 0.0400 

4 1004.39 0.44 0.0924 

Table 1: Modal parameters identified experimentally 

Many tests have been carried out to validate the proposed approach based on matrix inequalities, but 
only two are described here for brevity. The first test was carried out without synthetizing a real 
passive shunt impedance (i.e. one made from resistances, capacitances, and inductances). Instead, a 
synthetic device was used to simulate the shunt impedance [43]. This approach allowed the authors 
to avoid any possible uncertainty on the values of the electric elements composing the shunt 
impedance and thus enabled to test the MI approach without additional errors from external factors 
(i.e. uncertainty on the values of the electrical parameters). Thus, the use of this synthetic system was 
useful for testing the reliability of the MI approach. The test was carried out on the third and fourth 
modes, having displacement as target variable to be decreased. The type of control imposed was a 
mixed H2/H∞ control, together with the passivity constraint. Figure 2a shows both the experimental 
and numerical results. They match satisfactorily, and the damping action is effective, evidencing the 
reliability of the proposed method. 

The second test was instead a H2 control on displacement, together with the passivity constraint. 
Again, the modes taken into account are the third and fourth. This time the shunt impedance was built 
physically. The way to synthetize the impedance from the controller layout resulting from the matrix 
inequality problem was based on the Brune’s method [44,45]. Again, the control action is evident and 
experimental and numerical results match (see Figure 2b). 

More details about these tests can be found in [33]. 

 

5 Conclusion 

This paper has dealt with vibration attenuation by means of piezoelectric shunt. The paper proposed 
an approach for designing passive shunt impedances to be used for multi-mode vibration damping. 
Such an approach is based on matrix inequality problems, which allow to set both performance 
targets and impedance passivity. 

The experimental tests carried out on a cantilever beam confirmed the reliability of the approach and the 

accuracy of the analytical model used to develop the work. 
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Figure 2: Amplitude of Frequency Response Functions (FRF) for the first test (that performed simulating 

the shunt impedance with a synthetic device) (a) and for the second test (that carried out building the shunt 

impedance) (b) 
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Abstract
Optimal parameters of tuned mass dampers (TMD) can be obtained using analytical expressions by reducing
the discrete model of the host structure to a sdof system. This simplification leads however to suboptimal
solutions, especially when the order of the mode to which the TMD is tuned increases. An alternative is to use
numerical optimization based on the full model of the host structure and the TMD. For large finite element
models representative of real applications, the costs are prohibitive. We therefore propose an efficient model
reduction strategy based on model reduction and substructuring. The methodology is validated on a simple
cantilever beam model and a complex finite element model of a 30-storey building.

1 Introduction

Mass-spring tuned mass dampers (TMDs) are used in civil engineering to passively mitigate the vibrations of
tall structures, bridges and buildings. They consist in a one-degree-of-freedom (dof) system with a specific
mass, spring and damper. The mass of the device is limited in practice to a few percents of the total mass
of the structure, so that when the device is tuned to a specific mode of a structure, it results in a significant
increase of the damping of this mode, while keeping the other modes unaffected. For a fixed mass of the
TMD, there exist optimal values of stiffness and damping which allow to minimize a certain response quan-
tity, depending on the targeted application.

Analytical expressions of these optimal parameters can be derived when the main structure is represented by
a single degree-of-freedom (dof) system. The first author to derive such analytical expressions was probable
Den Hartog [1] in 1956. He found the analytical expressions of the optimal stiffness and damping of a TMD
attached to a one dof system which is excited by a harmonic force, considering the maximum of the displace-
ment frequency response function of the host structure as the target response quantity to be minimized. The
expressions are a function of the chosen mass ratio between the TMD and the host structure. Obviously, with
a higher mass ratio, the efficiency of the TMD is increased. Since then, many authors have derived analytical
expressions of the optimal stiffness and damping parameters of the TMD attached to a one dof system con-
sidering different types of excitations (harmonic and random, including base excitation) and different output
quantities (displacement, velocity, acceleration, relative displacement) of which either the maximum of the
FRF is minimized for the case of the harmonic excitation, or the variance of the response in the time domain
is minimized in the case of random excitation. A very comprehensive summary of the different cases is
given in [2]. These analytical expressions can only be used when the host structure is represented by a sdof
system with zero damping. When the structure is more complex, a simple approach can be used to compute
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equivalent mass and stiffness parameters of the host structure and reduced it to a sdof system. Due to the
approximation introduced, the parameters derived with the analytical expressions are however suboptimal,
especially when the order of the mode to which the TMD is tuned increases, when there is another mode in
the frequency vicinity of the targeted mode, and when the damping in the host structure is non zero.

For complex structures, optimal parameters can be obtained using numerical optimization instead of analyt-
ical tuning rules. The strategy consists in defining a cost function depending on the excitation and output
quantity of interest, as in the analytical case, and to minimize it using numerical optimization procedures
which require to compute the response of the system several times until the minimum of the cost function is
reached. The structure is discretized with the finite element method, and for large models representative of
real structures, the computational costs associated to this technique can become prohibitive.

The idea presented in this paper is to use an efficient model reduction technique in order to strongly lower
the computational costs. The first section of this paper presents the analytical approach to derive optimal
parameters of TMDs attached to complex structures. The second part details the numerical optimization
strategy together with the model reduction approach. The third section deals with the application of the two
techniques to a simple model of a cantilever beam. The numerical approach is performed both with the full
model and with the reduced order model in order to show the excellent performances of the model reduction
technique applied. The results also illustrate how the optimal values obtained with the numerical approach
deviate from the values obtained with the analytical approach when the order of the mode to which the TMD
is tuned increases. In the last section, the numerical optimization procedure is applied to a large finite ele-
ment model of a 30 stories building, and the optimal parameters are obtained for a harmonic input force and
the displacement of the top of the building as an output to be minimized.

2 Analytical tuning rules for TMDs attached to a SDOF system

Consider a sdof system with mass M , stiffness K and damping B. A TMD with stiffness k, mass m and
damping b is attached to the sdof system, resulting in a two dofs system represented in Figure 1.

k

M
fK

m

x1

x2

Tuned mass damper

Primary system

B

b

Figure 1: SDOF system with tuned mass damper attached

The equations of motions of this 2 dofs system are:
[
M 0
0 m

]{
ẍ1
ẍ2

}
+

[
B + b −b
−b b

]{
ẋ1
ẋ2

}[
K + k −k
−k k

]{
x1
x2

}
=

{
f
0

}
(1)
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In the frequency domain, we have x1(t) = X1e
jωt, x2(t) = X2e

jωt, and f(t) = Fejωt which leads to:
[
K + k + jω(B + b)− ω2M −(k + jωb)

−(k + jωb) k − ω2m+ jωb

]{
X1

X2

}
=

{
F
0

}
(2)

which can be solved in order to compute the FRF of the main system X1/F .

We define

ωn =

√
k

m
, Ω =

√
K

M
(3)

ν =
ωn

Ω
, µ =

m

M
(4)

Figure 2a shows the response of the system for different values of b and for ν = 1. The mass ratio µ is equal
to 3%.
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P Q
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b >b2 1

b >b3 2

|X1/F|

10-1

100

101

102
without TMD

P

b1

b >b2 1

bopt
Q

|X /F|1

a) b)

Figure 2: a) Effect of damping in the TMD for ν = 1 and µ = 0.03, b)Optimal TMD for µ = 0.03

Note the existence of two points P andQ where all the curves for the different values of b cross. The optimal
tuning of a TMD consists in finding the parameters k and b for a given mass m such that the two points P
and Q are at the same height, and such that the response X1 is maximum at these two points.

The tuning rules of Den Hartog [1] are given as a function of µ:

ν =
1

1 + µ
(5)

ξ =

√
3µ

8(1 + µ)
=

b

2
√
km

(6)

This optimal solutions aims at minimizing the maximum of the X1/F transfer function in the frequency
band around the natural frequency of the primary system. Other input/output quantities can be considered,
but are not discussed in the present paper [2]. The methodology presented is however applicable to all of
these situations.

3 Reduction of a complex structure to a SDOF system

For real life applications, the host structure is never a sdof system, and has theoretically an infinite number
of eigenfrequencies and mode shapes. The TMD has a very narrow-band effect on the dynamic response, so
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that it only makes sense to tune it in order to damp a single eigenfrequency of this system. As the response of
a structure is governed by the related mode shape around this eigenfrequency, it is possible to approximate
the continuous system with a single degree of freedom system taking into account a single mode.

We first consider the equations of motion of the host structure without TMD with a force applied at the
position and in the direction of the TMD (Figure 3).

k

m x2

TMD

b

d
Host structure

d
Host structure

fd

Figure 3: TMD attached to a continuous system, and host structure without TMD with force applied at the
position and in the direction of the TMD

The host structure is discretized with the finite element method leading to the equations of motion:

M0ẍ+K0x = f (7)

where M0 and K0 are the NxN mass and stiffness matrices obtained from the finite element discretization,
x is the Nx1 vector of displacements at the dofs of the structure and f is a Nx1 column vector with zeros
everywhere except at the dof corresponding to the position and direction of the TMD to be attached to the
structure where the value is fd. N is the number of dofs of the finite element model. Note that no damping
is considered here as Den Hartog’s rules are only derived for the case when the host structure is undamped.
Note also that the TMD needs to be attached to a node of the finite element model for this approach to be
valid.

Projection of these equations in the modal basis of real mode shapes consists in writing

x =
N∑

i=1

ψizi (8)

where zi are the modal amplitudes and ψi are the mode shapes of the host structure. This leads to a set of N
uncoupled equations of the type

µiz̈i + µiω
2
i zi = ψi(d)fd (9)

where µi is the modal mass and ωi the natural frequency of mode i and we have used the fact that f is zero at
all dofs except the dof where the TMD is attached for which the value if fd. If we now make the assumption
that around the eigenfrequency ωj , the displacement can be approximated with a single mode:

x =
N∑

i=1

ψizi ' ψjzj (10)
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The displacement at the position of the TMD is therefore

x(d) = ψj(d)zj (11)

and we can write

zj =
x(d)

ψj(d)
(12)

Replacing in (9) for mode j we obtain:

µj
ψ2
j (d)

ẍ(d) +
µjω

2
j

ψ2
j (d)

x(d) = fd (13)

which can be written
Meqẍ(d) +Keqx(d) = fd (14)

with

Meq =
µj

ψ2
j (d)

, Keq =
µjω

2
j

ψ2
j (d)

(15)

Equations (5,6) can now be used to tune the parameters of the TMD to a specific mode using the values
of Meq and Keq to define the mass ration µ and the natural frequency of the host structure reduced to a
sdof system Ω. The determination of the optimal parameters of the TMD only require to compute the mode
shapes of the host structure without the TMD using a finite element package and extract the values of µj , ωj

and ψj(d).

4 Numerical optimization of TMDs using model reduction

The mass and stiffness matrices of the host structure can be augmented in order to take into account the
TMD attached to a specific dof by assembling the 2x2 mass, stiffness and damping matrices of the TMD
element with the host structure matricesM0, K0 andB0. HereB0 is added to the system matrices of the host
structure in order to accurately model the damping inevitably present in real structures. The new matrices
K, B and M correspond to the finite element matrices of the host structure with the TMD attached, and the
vector of displacements x is augmented with a single dof corresponding to the motion of the mass of the
TMD.

The equations of motion in the frequency domain (x(t) = Xejωt, f = Fejωt) read :

(K − ω2M + jωB)X = F (16)

In this paper, the finite element matrices K, M and B and the force vector F are obtained with the Matlab
toolbox SDT (Structural Dynamics Toolbox []). In order to optimize the parameters b and k of the TMD,
a cost function is defined as the maximum of |X/F | computed in a frequency band around the natural
frequency of the mode shape to which the TMD is tuned, with a certain frequency resolution. This cost
function is parameterized as a function of b and k and the Matlab function fminsearch is used to find the
parameters which minimize the maximum of |X/F |. We have found that a good choice for the frequency
band is ω = [0.9−1.3]ωj where ωj is the frequency of the mode of interest, and the solution of equation (16)
is computed at 2048 frequencies in this frequency band. The starting point of the optimization is taken as
the parameters obtained with the analytical procedure described in sections 2 and 3. As this solution is
not too far from the optimum, this ensures fast convergence of the optimizer which, in our calculations
typically converges after 30-50 evaluations of the cost function. This leads to solving ' 50x2048 times
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equation(16) to find the optimal parameters. For large finite element models, this is clearly prohibitive in
terms of computational costs, which calls for efficient model reduction. The approach considered in this
paper is to use substructuring and model reduction. As the host structure’s parameters do not vary during
the optimization, it can be efficiently reduced using a CMS-type approach. The TMD model however is
not reduced as its parameters vary during the optimization procedure. The two models are then coupled to
compute the full model response and optimize the TMD parameters.

4.1 Model reduction and static corrections

A very general approach for model reduction is the Ritz formalism [3] in which the solution X is written as
the linear combination of shape vectors arranged in a reduction matrix T :

X = TXr (17)

The size of T is Nxn where N is the initial number of dofs, and n < N in order to reduce the size of the
problem.

Replacing (17) in (16) and premultiplying by T T , we have:

(T TKT − ω2T TMT + jωT TBT )Xr = T TF (18)

which we write:
(Kr − ω2Mr + jωBr)Xr = Fr (19)

where

Kr = T TKT (20)

Mr = T TMT (21)

Br = T TBT (22)

Fr = T TF (23)

If T is taken as the matrix of real mode shapes, this corresponds to projecting the solution on the subspace
of the normal modes. Matrices Kr and Mr are diagonal, but Br is diagonal only if a modal damping model
is adopted (or in the case of the Rayleigh damping model which is a specific case of modal damping). The
modal damping approach is valid in the case of proportional damping or for structures with low levels of
damping, which will be the case of the host structures studied in this paper. Modal truncation consists in
keeping in T only a set of n < N modeshapes. A common rule is to retain all the modes which have a natural
frequency lower than 1.5 ωmax (the maximum frequency at which the solution needs to be computed). The
main advantages of taking such a Ritz basis are (i) the decoupling of the equations (if Br is diagonal), and
(ii) the reduction of the number of dofs from the initial number of dofs N to only a few dofs corresponding
to the n lower mode shapes. The approach is therefore very efficient when the frequency band of interest
contains only a few mode shapes. It is well known that this approach leads however to relatively important
truncation errors due to the effect of the higher order modes which are neglected.

The static correction method, also known as the modal truncation augmentation method [4] aims at reducing
the truncation error. The high order modes which are responsible for the truncation error have a frequency ωi

larger than the frequency of computation ω, so that one can approximate their contribution by a static term
(not depending on the frequency ω). This can be done by using the following Ritz basis:

T =
[
ψ1...ψnK

−1F
]

(24)
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where F is a matrix whose columns represent the different possible excitation patterns on the structure. In
practice, if one uses (23) to compute the reduced matrices Kr, Mr and Br, this will lead to numerical con-
ditioning problems because there is a certain degree of collinearity between the mode shapes and the static
responses K−1F . This can be solved by performing an orthogonalization of T with respect to the matrices
M and K.

4.2 Model reduction and CMS

We are interested in computing the dynamic response of a structure which is decomposed into several sub-
structures. For each substructure, a dynamic model reduction is performed. This approach is commonly
referred to as component mode synthesis (CMS). The derivations in this section will be made for the case of
two substructures but can be extended to any number of them. Let us therefore assume that the equations of
motion in substructure 1 are given by

(K1 − ω2M1 + jωB1)X1 = F1 (25)

where the matrices are of size N1xN1, where N1 is the number of dofs in substructure 1. and in substructure
2 by:

(K2 − ω2M2 + jωB2)X2 = F2 (26)

Similarly N2 is the number of dofs in substructure 2. The uncoupled equations can be written in the general
form ([

K1 0
0 K2

]
− ω2

[
M1 0
0 M2

]
+ jω

[
B1 0
0 B2

]){
X1

X2

}
=

{
F1

F2

}
(27)

We will restrict this analysis to the case where the meshes of substructures 1 and 2 are conforming (Figure 4),
i.e all nodes on the interface of the two substructures are present in the two substructures. Let us assume that
there are nint dofs on the interface. Displacement continuity at the interface imposes that

X2,int = X1,int (28)

Substructure 1 Substructure 2

Interface nodes

Figure 4: Substructures 1 and 2 and interface nodes for a conforming mesh

Let us define the operator L which extracts X1,int, the displacements of substructure 1 restricted to the
interface dofs, from X1, we get:

X1,int = LX1 (29)

where L is a nintxN1 operator. Enforcing the constraint (28) we have

X2,int = LX1 (30)

The vector of displacements can now be written :

{
X1

X2

}
=





X1

X2,int

X∗
2





= Λ

{
X1

X∗
2

}
(31)
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with

Λ =



I1 0
L 0
0 I2


 (32)

where I1 is a N1xN1 identity matrix and I2 is a (N2 − nint) x (N2 − nint) identity matrix, and X2 has been
reordered so that

X2 =

{
X2,int

X∗
2

}
(33)

and X∗
2 corresponds to the displacements at the dofs which are not on the interface of substructure 2. Equa-

tion (31) reduces the (N1 +N2)-size displacement vector to a (N1 +N2−nint)-size displacement vector in
which the continuity constraints are enforced.

Equation (31) is then used in (27) which is premultiplied by ΛT to give :

ΛT

([
K1 0
0 K2

]
− ω2

[
M1 0
0 M2

]
+ jω

[
B1 0
0 B2

])
Λ

{
X1

X∗
2

}
= ΛT

{
F1

F2

}
(34)

which is written: (
Kc − ω2Mc + jωCc

)
Xr = Fc (35)

where

Kc = ΛT

[
K1 0
0 K2

]
Λ, Mc = ΛT

[
M1 0
0 M2

]
Λ, Bc = ΛT

[
B1 0
0 B2

]
Λ (36)

which gives after a little algebra :

Kc =

[
K1 0
0 0

]
+

[
LT 0
0 I2

]
K2

[
L 0
0 I2

]
(37)

and

Mc =

[
M1 0
0 0

]
+

[
LT 0
0 I2

]
M2

[
L 0
0 I2

]
(38)

and

Cc =

[
B1 0
0 0

]
+

[
LT 0
0 I2

]
B2

[
L 0
0 I2

]
(39)

The stiffness, mass and damping matrices of the coupled system Kc, Mc and Bc are the sum of the contri-
butions of the submatrices of the two subsystems where the different coefficients have been relocated due
to the Λ matrix. This corresponds to the standard assembly procedure for finite elements. Kc, Mc and Bc

correspond therefore to the stiffness, mass and damping matrices of the coupled subsystems.

Assume now that model reduction is performed in each substructure separately :

X1 = T1X1r (40)

X2 = T2X2r (41)

where T1 is the matrix of n1 (n1 < N1) Ritz vectors for substructure 1 and T2 is the matrix of n2 (n2 < N2)
Ritz vectors for substructure 2. We have also

X∗
2 = [0 I2]X2 = [0 I2]T2X2r = T ∗

2X2r (42)

where
T ∗
2 = [0 I2]T2 (43)
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which is the reduced matrix T2 from which the first nint lines corresponding to the interface dofs have been
removed. Equation (31) then becomes

{
X1

X2

}
= Λ

{
X1

X∗
2

}
= Λ

[
T1 0
0 T ∗

2

]{
X1r

X2r

}
= Λr

{
X1r

X2r

}
(44)

with
Λr = ΛT (45)

with

T =

[
T1 0
0 T ∗

2

]
(46)

The reduced stiffness matrix becomes :

Kr = ΛT
r

[
K1 0
0 K2

]
Λr = T TΛT

[
K1 0
0 K2

]
ΛT = T TKcT (47)

and in the same way we can show that

Mr = T TMcT ,Br = T TBcT (48)

The model reduction strategy consists in defining the basis of Ritz vectors T1 and T2 in each substructure,
and to build the Ritz basis T for the coupled system. The reduced matrices are then computed based on the
coupled matrices Mc, Kc and Bc and the Ritz basis T .

4.3 Specific case of a TMD

Assume that a TMD is attached to a cantilever beam as shown in Figure 5. Substructure 1 is the cantilever

x

F

L

y

k
m

Tuned mass damper

b

x

F

y

k
m

b

Substructure 1

Substructure 2

Figure 5: Cantilever beam with a tuned mass damper (TMD) attached at the tip, and definition of the two
substructures

beam (without the TMD) and substructure 2 is the TMD. There is only one interface dof. During the op-
timization process, only the parameters of the TMD (stiffness, damping) will vary. We choose therefore to
perform a dynamic reduction of substructure 1 using a Ritz basis T1 containing n mode shapes and static
corrections to forces acting on the host structure as explained in section 4.1. Here, the external force and the
TMD act at the same position, so that only one static correction for a force acting horizontally on the top is
needed. In CMS, this approach is usually referred to as the McNeal’s method [5, 6]. For the TMD, as there
are only two degrees of freedom, it is not necessary to perform a reduction so that

T2 =

[
1 0
0 1

]
(49)
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In addition, as we would like to vary the parameters of the TMD, it is important to keep the ’full’ model of
this substructure to have a very high accuracy solution. This is the main interest of the substructuring here.
Matrix T ∗

2 is obtained by removing the first line and the first column of T2 corresponding to the interface
dof, resulting in T ∗

2 = 1. The reduction matrix is then given by

T =

[
T1 0
0 1

]
(50)

The stiffness, damping and mass matrices of the TMD are given by :

K2 = k

[
1 −1
−1 1

]
,M2 = m

[
1 0
0 1

]
, B2 = b

[
1 −1
−1 1

]
(51)

The coupled matrices are then

Kc =

[
K1 0
0 0

]
+ k

[
LT 0
0 1

] [
1 −1
−1 1

] [
L 0
0 1

]
(52)

Mc =

[
M1 0
0 0

]
+m

[
LT 0
0 1

] [
1 0
0 1

] [
L 0
0 1

]
(53)

Bc =

[
B1 0
0 0

]
+ b

[
LT 0
0 1

] [
1 −1
−1 1

] [
L 0
0 1

]
(54)

which are written

Kc = K1c + kK2c (55)

Mc = M1c +mM2c (56)

Bc = B1c + bB2c (57)

The reduced matrices are then given by

Kr = T TK1cT + k T TK2cT = K1r + kK2r

Mr = T TM1cT +mT TM2cT = M1r +mM2r

Br = T TB1cT + b T TC2cT = B1r + bB2r (58)

MatricesK1r,K2r,M1r,M2r andB1r, B2r can be computed once and for all before the optimization. When
parameters k,m and b are varied, the reduced matrices can be recomputed in a very efficient manner using
Equation (58).

4.4 Application to a cantilever beam

The proposed strategy is illustrated for the example of a cantilever beam equipped with a TMD at the top.
The beam model is made of 20 beam elements in SDT and represents a tall building of height L =140 m
made of concrete (E = 30GPa, ν = 0.2, ρ = 2200kg/m3), with a hollow box cross section of external
width and height of 20m and a thickness of 30cm. A small damping is introduced in the beam model through
the use of a loss factor η = 0.02 for the concrete material. The excitation is a force in the horizontal direction
at the location of the TMD and the displacement is measured at the same location in order to compute the
magnitude of the frequency response function H = |Xtop/F |.
The TMD parameters are optimized for different values of µ (from 1 to 10 %) and for different target modes
(first four bending modes). The strategy for building T1 consists in using modeshapes corresponding to all
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the natural frequencies below or equal to the natural frequency of the target mode, as well as a static cor-
rection to a horizontal force at the top of the cantilever beam. The numerical optimization is performed for
the full model, as well as for the reduced order model in order to check the accuracy of the model reduction
technique adopted. The full order model contains 40 degrees of freedom for the cantilever beam and one
additional dof for the TMD. For the reduced model, the size varies as a function of the target mode shape.
We are here considering modes 1 through 4, for which the size of the Ritz basis is respectively from 3 to 6.
Because the initial finite element model is of very low size (40 dofs), the interest of model reduction here is
not obvious, but this example is used to validate the strategy. The advantage of the technique presented will
become obvious for the example presented in section 5.
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Figure 6: Value of the optimal stiffness of the TMD for different values of µ for modes 1 through 4. Com-
parison of optimal values obtained with the analytical approach, and the numerical approach with the full
and reduced models

The optimal parameters are compared to the parameters obtained with the analytical approach detailed in
section 2 in Figures 6 and 7. The figures show that the numerical optimums tend to deviate from the analyti-
cal value when the mode order increases, and for the higher values of µ, showing the interest of the numerical
approach. The optimum values obtained with the numerical approach with the full and reduced order models
are in very good agreement. There is only a slight difference on the optimum damping for mode 4 and high
values of µ.

The maximum of the FRF resulting from these optimal values is plotted in Figure 8. As expected, the
numerical approach leads to lower values of the maximum of |X/F |, in particular for the higher order
modes. The reduced and full model lead to almost exactly the same value of this minimum, confirming the
efficiency of the approach.
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Figure 7: Value of the optimal damping of the TMD for different values of µ for modes 1 through 4. Com-
parison of optimal values obtained with the analytical approach, and the numerical approach with the full
and reduced models
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Figure 8: Maximum of |X/F | for the optimal values obtained with the analytical approach, and the numerical
approach with the full and reduced models

5 Application to a large building model

In order to show the interest of the proposed method, we consider a large finite element of a 30 story building
also modelled in SDT. The three first bending mode shapes in direction x are represented in Figure 9. The
model contains ' 55 000 dofs and is made of plate and beam elements.
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Figure 9: First three bending modes of a 30 story building with main motion in the x direction

A TMD acting in the x direction is attached to the top of the building. The optimal parameters are compared
to the analytical values in Figures 10 and 11. The maximum of |X/F | is plotted in Figure 12. The conclu-
sions are similar to the ones for the cantilever beam.
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Figure 10: Value of the optimal stiffness of the TMD for different values of µ for modes 1 through 3.
Comparison of optimal values obtained with the analytical approach, and the numerical approach with the
reduced model

Figure 13 shows a zoom of |X/F | around the third natural frequency of the building for a TMD tuned to this
natural frequency using the analytical and numerical optimum k and b values. The numerical approach leads
to equal peaks whereas the analytical approach leads to a suboptimal solution with non-equal peaks and a
higher amplitude (increase of about 20% with respect to the numerical optimum).

In terms of computational costs, all computations have been performed on a laptop computer HP Probook
430 G3 with 16Gb of memory with SDT. The reduced basis are computed using the pre-programmed routines
for model reduction in SDT. For the full order model, one evaluation of the cost function is performed in
approximately 1h. One can expect therefore the optimisation with such a full model to last between 1 and 2
full days. For the reduced order model, the first step consists in computing the reduced matrices which for all
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target modes of interest, takes slightly less than 1 minute. For mode 1, the optimization procedure then lasts
in average for 1.5 seconds, for mode 2, 3 seconds, and for mode 3, 3.2 seconds. This clearly demonstrates
the huge improvement in terms of computational costs by using the proposed strategy detailed in this paper.
With such an approach, optimisation of TMD parameters on large finite element models of host structures
can be performed in less than 2 minutes, while it would last for 1 to 2 days with a full model.
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Figure 11: Value of the optimal damping of the TMD for different values of µ for modes 1 through 3.
Comparison of optimal values obtained with the analytical approach, and the numerical approach with the
reduced model
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Figure 12: Maximum of |X/F | for the optimal values obtained with the analytical approach, and the numer-
ical approach with the reduced model
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Figure 13: |X/F | for the optimal values obtained with the analytical approach, and the numerical approach
for the third bending mode with µ = 0.1

6 Conclusions

The methodology presented in this paper allows to find optimal parameters of TMDs attached to host struc-
tures discretized with a large number of dofs using the finite element method. It leads to true optimal
parameters on the contrary to the approaches based on analytical expressions for equivalent sdof systems.
Due to the very efficient model reduction strategy adopted, the optimal parameters can be computed in only a
few minutes on a laptop computer, rather than a few days for the full model. The technique has been applied
for the minimization of the maximum of the transfer function between an applied harmonic force and the
displacement of the host structure at the location of the TMD, but can be applied to any other target response
under harmonic or random excitation [2]. Future developments of the technique will deal with the case of
random and base excitation problems, as well as the optimization of the parameters of pendulum tuned mass
dampers (PTMD).
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Abstract 
In this work, the TVD-ring viscoelastic-material properties of the elastomeric constituents are determined 

based on Dynamical Mechanical Analysis (DMA) measurements and master curves reconstructions using 

thermo-simplicity principle. The elastomeric constitutive behavior is then implemented in the damper’s 

equation of motion and the frequency response is simulated so that more accurate physical representation 

of the TVD dynamics can be achieved. At last, important difference in the TVD response are highlighted 

and analyzed whether or not the viscoelastic material properties (i.e. modulus and damping) are considered 

constant or frequency/temperature-dependent. 

1 Introduction 

The Torsional Vibration Damper (TVD) is an essential component of power transmission systems such as 

the Front Engine Accessory Drives (FEAD). The FEAD of a vehicle is a system composed of individual 

accessories such as the compressor, the alternator, the water and steering pumps, etc. These accessories are 

coupled to pulleys driven in rotation by a poly-V belt, itself driven by the crankshaft pulley. This driving 

pulley is commonly used as a torsional vibration damper for the crankshaft since rotational vibrations are 

harmful to the system performance [1] and may cause fatigue failure of structural components. The TVD is 

composed of an inner ring (hub) mounted on the crankshaft extremity, an intermediate viscoelastic rubber 

ring and an outer ring used as a poly-V pulley (Fig. 1). Generally, in simulation and for sake of 

simplification, the TVD dynamic properties – stiffness and damping – are chosen to be constant [1], although 

these properties depend on the operating temperature, the shear strain amplitude and the frequency to which 

the TVD is subjected because of its intermediate ring which is made of a viscoelastic material [2]. 
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Fig. 1. Serpentine belt drive system with its TVD pulley 

 

In the literature, most of the works related to the account for the rubber viscoelastic behavior in the structural 

components (belt, pulley, dampers) of the FEAD are about the impact of the poly-V belt viscoelasticity on 

its different vibration modes [3-7]. The viscoelasticity of the rubber used in vibration dampers such as the 

TVD has rarely been explored. Recently, Bhatti [8] indirectly compared viscoelastic dampers with 

Magnetorheological dampers. Also, the TVD behavior was speedily investigated by Jauregui [9] through a 

case study of a complicated model. A particularity of these studies is that they consider rheological models 

such as Maxwell [8], Kelvin [9, 10], etc. Yet, such rheological models significantly increase the complexity 

of the differential equations which are usually solved using complex schemes.  

 

Other authors analyzed the dynamic characteristics of the stiffness and the damping from an experimental 

point of view (see Wakabayashi [11] and Kinoshita [12] who studied the TVD experimentally). However, 

in the first work reported the results were fitted to a specific engine case. Recently, Manin et al. [13] 

proposed a methodology to easily characterize the pulley torsional vibration damper. 

 

The objectives of this paper are: (1) to propose a methodology based on the TVD-elastomer master curves 

to predict the temperature/frequency viscoelastic response of the TVD (2) then to simply and directly 

consider the viscoelastic properties of the constituting rubber-ring in the damper’s equation of motion; (3) 

to highlight the influence of taking into consideration the viscoelastic properties of the elastomer when 

computing the TVD dynamic response; (4) to evaluate the coefficients of the equation of motion, stiffness 

and damping, as a function of the engine operating conditions. 

 

In turn, this work aims at accurately calculating the viscoelastic TVD response which is of key importance 

in order to provide a realistic and accurate representation of the system dynamics, which is in accordance 

with Jauregui work and conclusions [9]. 

2 Torsional Vibration Damper 

2.1 Torsional damper model 

The torsional vibration damper can be modeled by a one degree-of-freedom (DOF) mass-spring-damper 

system as in [14], it is also similar to the base excitation one DOF harmonically excited system in [15], 

however, in this case, the single DOF is the rotation around z-axis as shown in Fig. 2. 
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Fig.2. Tensioner vibration damper and its schematic diagrams  
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Supposing the engine at idling, the driving torque fluctuation usually contains 2 harmonics (ω, 2ω). 

However, in this paper, only the prevailing harmonic generally represented as θCS = θamp sin(ω t) (Fig. 2) 

is considered. The difference between the torque experienced by the TVD outer-ring and the driving torque 

imposed by the crankshaft results in an angular lag of θ1 with respect to the excitation θCS, and is due to the 

viscoelastic properties of the TVD intermediate rubber-ring. 

To evaluate the impact of considering the intermediate rubber-ring viscoelastic properties influenced by 

temperature and frequency and leading to varying TVD stiffness K and damping C coefficients, let us 

consider the equation of motion in Eq. (1) for the system shown in Fig. 2. 

I1 θ1̈ + C θ1̇ + K θ1 = C θamp ω cos(ω t) + K θamp sin(ω t) (1) 
 

Where I1 is the outer-ring inertia, K the stiffness and C the damping of the rubber-ring. The angle θ1 is the 

DOF considered, θamp and ω are, respectively, the amplitude and the excitation radian frequency of the 

fluctuations (engine acyclism) in angular displacement. 

The steady-state response of θ1 have an amplitude and phase as in Eq. (2) ([15]). This is the Frequency 

Response Function (FRF) of one DOF base excitation system with the frequency ratio r, natural 

frequency ωn and damping ratio ξ as in Eq. (3). 
 

FRF ∶  {  
θ1

θCS
=

√1 + (2 ξ r)2

√(1 − r2)2 + (2 ξ r)2
  |  φθ1

= tan−1 (
2 ξ r3

1 − r2 + (2 ξ r)2)  } (2) 

r =
ω

ωn
           ωn = √

K

I1
          ξ =

C

2 √K I1

 (3) 

Equations (2) and (3) were chosen because they are part of a classical formulation in the frequency-domain 

and the frequency domain is the one in which the TVD elastomer is characterized via DMA. 

2.2 TVD rubber-ring viscoelastic properties 

The TVD intermediate ring is made of rubber which can be described as a viscoelastic material. For this 

type of material, an intermediate between purely elastic and purely viscous materials [2] a complex modulus 

E∗ is usually defined. Thus, in this paper, the Eq. (4) is defined to represent the viscoelastic properties of the 

TVD rubber-ring. The real part of E∗ (storage modulus, Eʹ) relates to the elastic behavior of the ring, and 

defines the capacity of its material to store energy. The imaginary part of E∗(loss modulus, E") relates to the 

material’s viscous behavior, and defines the energy dissipative ability of the rubber-ring to dampen the 

crankshaft torque fluctuations. 

E∗ =   Eʹ + i  E" = f (Texp, fexp, εexp) (4) 
 

The complex modulus E∗ is obtained via DMA characterization and varies as a function of the 

temperature Texp, , the loading frequency fexp and the dynamic strain εexp experienced by the rubber-ring. 

The TVD intermediate ring material data shall be acquired to coincide with the engine-range of operating 

conditions (speed, temperature). To this aim, the rubber-ring was tested at conditions, i.e. a dynamic strain, 

various temperatures and discrete frequencies as in Fig. 3, representative of industrial applications (Fig. 1). 

Next, the thermo-simplicity principle can be used (see [16]) to predict the viscoelastic behavior of the 

rubber-ring at the temperature in the engine room (Tref in Fig. 3) over a broad range of frequencies by 

shifting the data obtained via DMA for several testing temperatures (aT in Fig. 3, left). 

As a result, a master curve is obtained (Fig. 3, right). It will be further fitted (Tab. (1)) in order to be used 

in the TVD viscoelastic model as explained in the coming paragraphs. 
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2.3 Viscoelastic torsional damper model 

When the viscoelasticity of the TVD rubber-ring is considered the equation of motion Eq.(1) becomes Eq.(5) 

with variable stiffness Kvar and damping Cvar since they depend on the temperature, the frequency and the 

dynamic strain as the complex modulus E∗ in Eq. (4). 

 

I1 θ1̈ + Cvar θ1̇ + Kvar θ1 = Cvar θamp ω cos(ω t) + Kvar θamp sin(ω t) (5) 

 

Actually, Kvar and Cvar are deduced from E∗. Let us examine the dependency of these terms on E∗ and point 

out the way to determine them. 

 

The torsional stiffness K of a rubber ring in Fig. 2 can be estimated by Eq. (6) which was demonstrated by 

Blanc in [14]. 

 

 

K =  
2 π R3L  Gʹ

e
 (6) 

 

Where R , L , e are the rubber-ring radius, width and thickness, respectively. Also, Gʹis the shear modulus of 

the rubber-ring which is assumed here to be a homogeneous and isotropic material. Thus, Eq. (7) is valid to 

calculate Gʹ from  Eʹ obtained via DMA with the Poisson ratio of the rubber 𝜈1 2⁄ . 

 

 Gʹ =  
 Eʹ

2 (1 + 𝜈)
    ⟶     Kvar =

π R3L 

e (1 + 𝜈)
 Eʹ 

(7) 

 

As  Eʹ in Eq. (4), Kvar varies as a function of the temperature Texp, , the frequency fexp and the strain εexp 

experienced by the TVD rubber-ring. 

 

In parallel, the damping C in Fig. 2 can be calculated using the third term of Eq. (3) where the only unknown 

is the damping ratio ξ (Eq. (8)). 

 

C =  2 √K I1 ξ (8) 

 

However, according to [17, 18] the structural loss factor η is equal to twice the damping ratio ξ, i.e. η = 2ξ 

(at resonance [19]) and η =   E"  Eʹ⁄  for viscoelastic materials (rubber-ring) leading to Eq. (9). 

 

Cvar = √K I1

 E"

 Eʹ  (9) 

 

Similarly, Cvar depends on the temperature Texp, , the frequency fexp and the strain εexp experienced by the 

TVD rubber-ring. 

 

In the next paragraphs, the differences between Eqs. (1) and (5) can be evaluated thanks to the TVD response 

(FRFs) for several operating conditions (temperature, frequency). The differences between the constant 

(K, C) and varying (Kvar, Cvar) stiffness and damping are also discussed.  
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3 Results 

Results are presented for the TVD geometrical characteristics as in Tab. (1). This is a torsional vibration 

damper TVD used in a FEAD of a six-cylinder truck engine. 
 

Table 1. TVD geometrical parameters 

I1 (Kg mm2) R (mm) L (mm) e (mm) 

31344.2 90 35 7 
 

In the next sections, data from Tab. (1) with the rubber-ring material properties (stiffness, damping) 

calculated from DMA characterization are used in Eqs. (2), (3), (7) and (9) for several TVD operating 

conditions (temperature, frequency) producing the Figs. 4, 5, 6 and 7. The difference of results obtained 

with constant and varying coefficients for the equations of motion (1) and (5), respectively, are discussed 

through Figs. 8 and 9. Finally, the results are summarized and discussed in the last section. 

3.1 Dynamical Mechanical Analysis 

In Eqs. (7) and (9) the storage and loss Eʹ,  E", and therefore, the complex E∗ moduli (Eq. (4)) can be obtained 

via DMA measurements of the TVD rubber-ring. Indeed, Dynamical Mechanical analysis (DMA) is an 

experimental technique which consists in applying a cyclic and controlled strain (εexp = 0.2%), to a sample 

at different frequencies (0.2, 2, 20Hz) and testing temperatures, from -10 to 120°C, as in Fig. 3 (left). Then, 

master curves (e.g. Fig. 3, right) are built to predict the mechanical behavior of the TVD rubber-ring under 

the engine operating conditions, a given master curve corresponding to a given reference temperature. 

Master curves were obtained and fitted (Tab. (2)) for the engine room temperature 20, 40, … , 100°C.   

Further details about the DMA apparatus, principle, and the companion master curve reconstruction 

methodology can be found in [16]. 

 

 

Fig. 3. TVD rubber-ring DMA data (left) and correspondent master curve (right) 

Table 2. Empirical equations describing the TVD rubber-ring moduli as F (Tref, 𝑓req, 0.002) 

Tref (°C) Storage modulus Eʹ(MPa) Loss modulus E" (MPa) 

20 6.55 𝑓req
0.0814

 5.79 𝑓req
0.0156 − 4.81 

40 5.68 𝑓req
0.0815

 5.41 𝑓req
0.0163 − 4.58 

60 5.02 𝑓req
0.0820

 6.17 𝑓req
0.0141 − 5.47 

80 4.49 𝑓req
0.0808

 6.07 𝑓req
0.0139 − 5.49 

100 4.27 𝑓req
0.0835

 6.34 𝑓req
0.0137 − 5.81 
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3.2 Simulations 

Table 3. TVD characteristics at Texp = 60°C (average), used to trace the constant FRF in Figs. 4 and 5 

K (N m rad⁄ ) C (N m s rad⁄ ) Resonance (Hz) Damping ratio ξ 

58000 6.4 216.5 0.075 
 

 

 

Fig. 4. TVD amplitude, frequency response for several temperatures 

 

Fig. 5. TVD phase, frequency response for several temperatures 
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Fig. 6. TVD rubber-ring stiffness Kvar for several temperatures 

 

Fig. 7. TVD rubber-ring damping Cvar for several temperatures 
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Fig. 8. FRFs maximum peaks when K and C are assumed to be constant 

 

Fig. 9. FRFs relative error when K and C are assumed to be constant 

Table 4. TVD resonance frequencies as a function of the frequency Texp = Tref 

Temperature (°C) 20 40 60 80 100 

Frequency (Hz) 251.6 233.7 219.5 206.3 202.6 
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4 Discussion and conclusion 

Constant parameters stiffness K and damping C are considered in Tab. (3). Sometimes, these average values 

are used to represent the TVD operating at steady conditions, e.g. Texp = 60°C, εexp = 0.2% and fexp 

coinciding with the engine acyclism (~30Hz), and throughout the engine operation point. In practice, 

constant K and C are often used in straightforward models (Eq. (1)), whereas in this paper, they are used to 

highlight the variation of the TVD response (Eq. (2)) as a function of the temperature and frequency. 

Moreover, the TVD response is analyzed as a function of its operating conditions (temperature, frequency) 

because it is assumed here that the moduli in Eq. (4) and, consequently, the TVD rubber-ring properties 

Kvar and Cvar depend exclusively on the temperature and the frequency (no Payne effect) [16], thus for the 

constant strain εexp = 0.2%, different operating conditions lead to different responses as in Figs. 4 and 5. 

The differences between the FRFs in the Figs. 4 and 5 are proportional to the rubber-ring stiffness and 

damping variations in the Figs. 6 and 7 since the FRFs are generated from Kvar and Cvar using Eqs. (2) and 

(3). Thus, both the FRFs and the rubber-ring properties from DMA vary proportionally with the TVD 

operating conditions (temperature, frequency) and the empirical equations in Tab. (2). 

In Fig. 4 when the TVD working temperature is changed, e.g. from Texp = 60°C to 80°C, the maximum 

amplitude (peak) value of its FRF slightly changes (Fig. 8), i.e. it changes by a few percent with a maximum 

of 3.3% at Texp = 20°C when compared to the constant case in Tab. (3) (Texp = 60°C). 

Assuming constant K and C (FRFconstant in Fig. 4) for the same temperature (Texp = 60°C) seem to be good 

approximations of the realistic Kvar and Cvar (FRF60 deg in Fig. 4) with a maximum relative error of around 

12.3 % (Fig. 9). However, throughout the engine operating point with fexp ranging from 0Hz (engine at rest) 

to 2 times the TVD resonant frequency (~430Hz) in Fig. 9, the relative error increases substantially when 

the temperature is changed. For example, comparing the FRF20 deg obtained at Texp = 20°C (Kvar  and Cvar 

as in Eqs. (7, 9)) and FRF60 deg (K and C as in Tab. (3)) at Texp = 60°C the relative 

error (FRF20 deg − FRFconstant) FRF20 deg⁄  between these TVD responses can reach around one hundred 

percent, more precisely, 102.1% as in Fig. 9. 

Another interesting point when considering the viscoelasticity of the TVD rubber-ring is the different 

resonant frequencies in Tab. (4) accordingly with the operating conditions, i.e. the strain, the temperature 

and the frequency to which the rubber-ring might be subjected. When the temperature is increased the TVD 

resonance peak is shifted to the left. This is because the stiffness K in Eq. (6) depends on Gʹ which depends 

on  Eʹ as in Eq. (4), thus the TVD resonant frequency calculated by the second term of Eq. (3) also depends 

on the TVD operating conditions. 

Future work will consist in developing an experimental set-up to characterize the behavior of the TVD and 

thus validate the simulation results obtained through the present approach. 

Nomenclature 

FEAD Front Engine Accessory Drive TVD Torsional Vibration Damper 

FRF Frequency Response Function DMA Dynamical Mechanical Analysis 
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Abstract
The piezoelectric resonant shunt is an electromechanical device that can significantly damp mechanical vi-
brations if it is finely tuned. However, temperature may influence the electrical components of the shunt and
the mechanical parameters of the vibrating structure, and deteriorate the damping performance as a conse-
quence. The objective of this work is to describe how inductive and capacitive components can be chosen
so that the shunt tuning is maintained in the case of temperature variations. Two solutions of fully passive
adaptive shunts are developed, tested and compared. The first solution includes a variable inductance. In
contrast, the second solution includes a variable capacitance and intends on keeping the shunt inductance
as constant as possible. Experiments validate the concept of a resonant shunt that autonomously adapts to
temperature variations.

1 Introduction

Mechanical vibrations can be mitigated by bonding piezoelectric patches on the surface of a vibrating struc-
ture, as it allows transferring part of the vibration energy to an electrical circuit where it can be dissipated
in a resistive component. A well documented electrical circuit is the resonant shunt [1], which is the elec-
tromechanical equivalent of a tuned mass damper (also called dynamic vibration absorber). The vibration
damping induced by this device is mainly owed to a precise tuning of the electrical parameters [2, 3, 4].
Besides, electrical parameters and mechanical characteristics of the system may strongly evolve with envi-
ronmental parameters such as temperature. Several studies have highlighted the dependence in temperature
of piezoelectric properties [5, 6]. While solutions have been proposed for an online tuning of the resonant
shunt, they are either limited to a few decibels of vibration damping [7], or active solutions that require exter-
nal power [8]. Recently, the choice of the magnetic material of the considered inductor has been highlighted
as a way to passively counterbalance the tuning variations of a resonant shunt [9].

The objective of this work is to validate the concept of an autonomous resonant shunt, whose tuning is
maintained in case of temperature variations. To do so, an electromechanical model of the structure is
developed in section 2. Two solutions, denoted solutions A and B, are proposed: the adapting component is a
variable inductance in the solution A, while it is a variable capacitance in the solution B. Then in section 3, we
describe the experimental setup of a vibrating cantilever beam covered with a pair of piezoelectric patches.
From there, the design of electrical components for both solutions is performed. Finally, experimental results
in section 4 show that both solutions sustain the tuning up to at least 50 ◦C. In the end, the concept of a
reliable and fully passive resonant shunt adpating to temperature variations is validated.
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Mechanical quantity Electrical quantity
Force ↔ Voltage

Velocity ↔ Electrical current
Compliance ↔ Capacitance

Mass ↔ Inductance
Viscous damping ↔ Resistance

Table 1: Direct electromechanical analogy

−F −N eV

V

U̇ eU̇ q̇
1/KE

Cε Z

m

e : 1

Figure 1: Equivalent electrical circuit of the shunted
structure

2 Electromechanical model of a piezoelectric resonant shunt

2.1 Piezoelectric shunt damping

Piezoelectric shunt damping consists in bonding a vibrating structure with piezoelectric transducers, and
connecting them to an electrical circuit. The electrical energy transferred to this circuit is dissipated in a
resistive component, and mechanical vibrations are mitigated as a consequence. In this article, we consider
the case of two piezoelectric patches covering opposite faces of a cantilever beam. Three stages are needed to
describe the dynamics of the system: developing an electromechanical model of the piezoelectric transducer,
developing a mechanical model of the structure, and defining the shunt components.

We propose a one-dimensional model of a piezoelectric transducer:

N = KEU − eV,
q = CεV + eU,

(1)

where N is the normal force applied to the transducer, q is the electric charge on an electrode, U is the
displacement in the longitudinal direction, and V is the voltage between the electrodes of the piezoelectric
device. The constants e, KE and Cε are the coupling coefficient, the structural stiffness when the piezoelec-
tric transducer is short-circuited (i.e. when V = 0), and the piezoelectric capacitance under no displacement
(i.e. when U = 0), respectively. The mechanical structure is then modeled as an undamped one degree-of-
freedom system, whose dynamics can be expressed by

mÜ +KDU = F +
e

Cε
q, (2)

where m is the mass, F is the excitation force, and KD = KE + e2/Cε is the stiffness in open-circuit.
Equation (2) highlights the equivalent mechanical quantities on its left side, and the external forces applied
to the structure on its right side. Finally, the structure is shunted with an impedance Z. Ohm’s law applied
to the shunt impedance gives

V = −Zq̇. (3)

The use of a direct electromechanical analogy, summed up in Table 1, allows to define the equivalent electri-
cal circuit of the electromechanical system based on equations (1), (2) and (3). It is represented in Figure 1.
These equations can also be combined to obtain the dimensionless transfer function between the displace-
ment and the excitation at angular frequency Ω:

U

F/KD
=

1 + jΩCεZ[
1−

(
Ω

ΩO

)2
]

(1 + jΩCεZ)− k2c0
1+k2c0

, (4)

with j2 = −1. In this last equation, kc0 is the coupling factor, and ΩO and ΩS are the mechanical resonance
angular frequencies in open-circuit (i.e. when q = 0) and in short-circuit (i.e. when V = 0), respectively.
These quantities are defined by

ΩO =

√
KD

m
, ΩS =

√
KE

m
, kc0 =

√
Ω2

O − Ω2
S

Ω2
S

. (5)
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Figure 2: Displacement FRF around the resonance for kc0 = 0.12 and ξe = (ξe)opt

2.2 Adaptive tuning of a resonant shunt in case of temperature variations

2.2.1 Solution A: Resonant shunt with variable inductance

A basic resonant shunt is first considered. The impedance Z consists of a resistance R and an inductance L
connected in series:

Z = R+ jΩL. (6)

The transfer function in equation (4) then becomes

U

F/KD
=

1 + 2j ξe
Ωe

Ω−
(

Ω
Ωe

)2

[
1−

(
Ω

ΩO

)2
] [

1 + 2j ξe
Ωe

Ω−
(

Ω
Ωe

)2
]
− k2c0

1+k2c0

, (7)

with Ωe the electrical resonance angular frequency and ξe the electrical damping defined by

Ωe =
1√
LCε

, ξe =
R

2

√
Cε

L
. (8)

The main drawback of the resonant shunt is the need for a precise tuning [2, 3, 4]. The transfer function
criterion detailed in [2] states that the optimal values of these electrical parameters are:

(Ωe)opt = ΩO, (ξe)opt =

√
3

8
kc0. (9)

The frequency response function (FRF) in equation (7) is represented in Figure 2. Variations of the electric
damping ξe are not considered since it has little influence on the vibration mitigation when compared to Ωe
variations [2, 3, 4]. Figure 2 shows that the damping performance drops as soon as the electrical resonance
differs from its optimal value: for kc0 = 0.12, a difference of 10 % between Ωe and its optimal value adds
nearly 10 dB to the transfer function peak. Hence, the tuning condition in equation (9) should be verified
in any situation to maintain the vibration damping. However, mechanical and electrical parameters of the
system may vary when temperature changes. If the evolutions with temperature of the mechanical resonance
and the piezoelectric capacitance are given data, then the inductance is the control parameter. That means
the value of L should be adapted so that it always verifies

Ω2
O (T ) =

1

L (T )Cε (T )
. (10)

In this work, we suppose that ΩO, Cε and L evolve linearly over the considered temperature range, and the
associated temperature coefficients are noted αΩO , αCε and αL, respectively. Room temperature is noted T0.
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Figure 3: Evolution of the coupling coefficient in case of an added parallel capacitance

The evolutions with temperature of these quantities can be written as follows:

ΩO (T ) = ΩO (T0) [1 + αΩO (T − T0)] ,

Cε (T ) = Cε (T0) [1 + αCε (T − T0)] ,

L (T ) = L (T0) [1 + αL (T − T0)] .

(11)

A linear approximation of equation (10) gives the relation between the temperature coefficients that should
be verified to keep the resonant shunt tuned:

αL = − (2αΩO + αCε) . (12)

This solution for a passive temperature adjustment of the resonant shunt tuning, denoted solution A, requires
to design the inductor according to temperature characteristics of the system. A limit of this solution would
be that the inductance of the passive inductors may depend on the electrical current, as Legg reported in [10].
Since the electrical current in the shunt is generated by mechanical vibrations, the shunt inductance may
strongly depend on the amplitude of the mechanical excitation. Furthermore, the temperature and electri-
cal current characteristics of these inductors are interdependent, because they both depend on the magnetic
circuit properties. As a consequence, designing inductors with large variations of inductance with tempera-
ture may lead to large variations with the excitation amplitude as well. For this reason, another solution is
developed below.

2.2.2 Solution B: Resonant shunt with additional variable capacitance

For this second proposed solution, the objective is first to design an inductor that is as stable as possible with
respect to temperature and electrical current. Then, a capacitance CP is added in parallel with a series RL
shunt. This added capacitance should be designed to maintain the damping performance when temperature
evolves. In this case, the impedance Z is

Z =
R+ jΩL

1 + jΩRCP − LCPΩ2
. (13)

The system FRF is still expressed by equation (7). The only differences are that the piezoelectric capacitance
Cε is replaced by Cε+CP, and that the coupling factor kc0 is replaced by a lower coupling factor kc. Indeed,
using the parameters defined in (5) allows to express the equivalent coupling coefficient kc:

kc

kc0
=

1√
1 + CP

Cε

. (14)

The evolution of the coupling coefficient with the additional capacitance is represented in Figure 3. It shows
that adding some capacitance to the shunt deteriorates the electromechanical coupling, and thus the damping
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Figure 4: Sketch of the experimental setup inside the thermal chamber

performance [2, 11]. In this situation, the tuning condition derived from equation (10) becomes

Ω2
O (T ) =

1

L (T ) [Cε (T ) + CP (T )]
. (15)

If the evolutions with temperature of the mechanical resonance, the piezoelectric capacitance and the induc-
tance are given data, then the control parameters are the added capacitance and its temperature characteris-
tics. We assume that CP evolves linearly over the considered temperature range, which means CP (T ) =
CP (T0) [1 + αCP (T − T0)] with αCP its temperature coefficient. A linear approximation of equation (15)
shows that the tuning condition becomes

αCP = −
[
(αL + 2αΩO + αCε)

Cε (T0)

CP (T0)
+ αL + 2αΩO

]
. (16)

Using dimensionless quantities, the tuning condition can also be written:

Y = −
( a
X

+ b
)
, with Y =

αCP

αCε
, X =

CP (T0)

Cε (T0)
, b =

αL + 2αΩO

αCε
, a = b+ 1. (17)

This solution for a passive temperature adaptation of the resonant shunt is denoted solution B. Solution B
may offer a more stable solution than solution A. Indeed, the electrical current should have little influence
on the inductance, since it has been designed to this end. However, more stability is achieved at the expense
of the damping performance. For this reason, the added capacitance should be as small as possible.

3 Design of electrical components

3.1 Experimental setup

The experimental setup consists of a cantilever beam covered with two piezoelectric patches close to the
clamped end. The duralumin beam is 170 mm long, 25 mm large and 2 mm thick. The PIC 151 PZT patches
are 25 mm long, 20 mm large and 0.5 mm thick. The excitation and the velocity measurement are both made
at the free end of the beam. The setup is eventually heated with a heat gun inside a thermal chamber, in
which measurements are made with an infrared thermometer in steady thermal state. A sketch of the setup
is represented in Figure 4.

The evolutions with temperature of the mechanical resonance ΩO and of the piezoelectric capacitance Cε

are plotted in Figure 5. The estimated temperature coefficients are αΩO = −0.5 · 10−3K−1 and αCε =
3.1·10−3K−1. The evolution with temperature of the piezoelectric capacitance is in rough agreement with the
manufacturer data. The main reason for the remaining difference is the variations of the structural properties,
as it leads to piezoelectric capacitance variations because of the electromechanical coupling.
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Figure 6: Effective permeability evolution with tem-
perature of available ferrite materials in ungapped E
16/8/5 core geometry, extracted from datasheets

3.2 Variable inductor for solution A

Optimized inductors for piezoelectric shunt damping usually require large inductance and small resistance
values. Passive inductors meeting these requirements can be made following the method described in [12].
Inductors are produced by winding N turns of conductive wire around magnetic cores of effective perme-
ability µe. This permeability depends on the properties of the magnetic circuit [13]. The obtained inductance
value is proportionnal to N2 and µe, with a geometry depending constant β:

L = βµeN
2. (18)

Equation (12) shows the inductance has to vary with temperature to keep the resonant shunt tuned. Since
β and N do not depend on temperature, equation (18) shows the temperature coefficient of the effective
permeability αµe is equal to αL. For practical reasons related to ferrite materials availability, the ungapped
E 16/8/5 core geometry from core manufacturer Epcos TDK has been selected. The temperature charac-
teristics of several available ferrite materials are compared in Figure 6. According to equation (12) and
measurements in subsection 3.1, designing a resonant shunt adapting to temperature variations requires an
inductor whose inductance decreases when temperature rises. In an other work [9], we have shown that the
T46 ferrite material is the one that should be selected among the available ones.

We measure that Cε = 38.3 nF and ΩO/2π = 322 Hz, so the required inductance is estimated at L = 6.38 H
using equation (10). Since data from manufacturers give β = 0.672 nH and µe = 1410, we calculate
N = 2600 turns using equation (18). The produced inductor is then tested with an LCR-meter at 322 Hz.
Inductance variations with temperature and electrical current are plotted in Figure 7. When available, data
from manufacturers are represented as well.

In Figure 7(a), the available datasheet do not accurately predict the inductance evolution from 22 ◦C to
60 ◦C. Moreover, the predicted decrease of the inductance is only obtained at low levels of excitation and
below 42 ◦C. In Figure 7(b), our measurements show as well a decrease of the inductance under 40 µA
and 42 ◦C. However, as soon as the environmental parameters are outside this range of low temperature
and low levels of excitation, the inductance increases. In hindsight, this practical characterization highlights
the correlation that can exist between temperature and excitation effects on the inductance. For this reason,
it can be difficult to design an inductor whose characteristics meet our requirements over a wide range
of both temperature and excitation amplitude. This is the reason why the solution B has been developed.
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Figure 7: Effect of (a) temperature and (b) electrical current on the T46 ferrite-based inductor.
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Figure 8: Effect of (a) temperature and (b) electrical current on the N48 ferrite-based inductor. Notice the
scale of the y-axis.

3.3 Variable capacitor for solution B

In the case of solution B, the objective is first to design an inductor whose variations with electrical current
and temperature are as small as possible. Equation (18) is still considered. Obtaining the required inductance
value while minimizing αµe is possible by adding an air gap in the magnetic circuit of the component [13].
The N48 ferrite material with the gapped RM10 core geometry from Epcos TDK has been selected. In this
case, β = 2.48 nH, µe = 254 and N = 2870 turns.

Figure 8 shows the characteristic of the produced inductor. Data from core manufacturers do not precisely
predict the inductance evolution with temperature, which may be due to a smaller air gap than anticipated.
The estimated temperature coefficient for L is (αL)B = 2.5 · 10−4K−1. This value is nearly thirty times
smaller than (αL)A from subsection 3.2. Moreover, electrical current and temperature effects do not seem
strongly correlated. Hence, the produced inductor meet our requirements by having a nearly constant induc-
tance when environmental parameters evolve.

The next step is to select the added capacitance CP. Given the decrease of kc expressed in equation (14)
and plotted in Figure 3, the goal is to add the smallest possible value of CP. Figure 9 represents the optimal
tuning possibilities for solution B, as expressed in equation (17). Values of αΩO and αCε are estimated in
subsection 3.1. The graph shows that the smaller CP is, the bigger its variations have to be to maintain
the tuning. As a consequence, we selected ceramic capacitors of class 2 [14], which are characterized by
large variations of capacitance with temperature over their working range. Characteristics of some of the
dielectrics that vary the most with temperature are extracted from datasheets and added to Figure 9. The
selected capacitor is a Y5V 4.7 nF capacitor, as it is the closest component to the optimal curve among
the available ones. Its measured characteristics is rougly in agreement with its datasheet. Both are placed
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Figure 9: Solid line: Optimal characteristics of the added capacitance. Dashed lines: Usual temperature
variations of several class 2 dielectrics. Red points: selected capacitor.

on Figure 9. The selected component is added to Figure 3 as well, and it shows that trading off some of the
damping performance for more stability makes sense, since the coupling coefficient kc is only 6 % lower
than kc0.

4 Vibration damping of a clamped beam

4.1 Adaptive resonant shunt using solution A

The solution A is considered for passive vibration damping of the second bending mode of a clamped beam.
The inductance of the resonant shunt is the T46 ferrite-based inductor designed in subsection 3.2. At room
temperature, the shunt resistance is intentionally set under its theoretical optimal value [2, 4]. The evolution
of the shunt tuning is thus more easily detected. Experiments are conducted at low levels of excitation to
benefit from the inductance decrease spotted on Figure 7. The experimental setup is represented in Figure 4.

Experimental FRFs are compared at different temperatures in Figure 10. The shunt tuning is preserved from
room temperature to around 51 ◦C. It appears that the system benefits from a larger decrease of the inductance
value than what had been anticipated by looking at Figure 7. Moreover, it is experimentally noticed that the
shunt gets mistuned at steady thermal state if the excitation amplitude increases. This is a consequence of
the strong mutual dependence between electrical current and temperature effects on the inductance, spotted
in Figure 7. For this reason, the solution A might keep the shunt tuned only if the mechanical excitation is
stable enough over time. This could be a restrictive condition in some practical applications.

4.2 Adaptive resonant shunt using solution B

The solution B is now considered to damp bending vibrations of a clamped beam. The inductance of the
resonant shunt is the N48 ferrite-based inductor designed in subsection 3.3. The shunt resistance is also set
under its optimal value to spot tuning variations more easily.

Experimental FRFs are compared at different temperatures in Figure 11. The shunt seems to get slightly mis-
tuned from room temperature to 50 ◦C, before coming back to a better tuning at 62 ◦C. This can be explained
by the nonlinear variations with temperature of the added capacitance. Its variations are more important be-
low 50 ◦C, which explains the initial mistuning. The reduction of the height between the initial peaks at 304
Hz and 334 Hz and the initial valley at 322 Hz may be explained by the increase of the electrical damping
with temperature. Moreover, changing the excitation amplitude at steady thermal state do not get the shunt
mistuned as much as with solution A. In the end, the shunt tuning is preserved from room temperature to
62 ◦C, so these results are promising. The electromechanical coupling is reduced when compared to solu-
tion A, which leads to a slightly lower damping performance, but stability over a wider range of temperature
is achieved.
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Figure 11: Experimental displacement FRFs at dif-
ferent temperatures with solution B

5 Conclusions

The objective of this work is to design a piezoelectric resonant shunt that passively adapts to temperature
variations. Two solutions are developed: the first one (denoted solution A) involves a variable inductance,
while the second one (denoted solution B) keeps the shunt inductance constant and uses a variable parallel
capacitance. An electromechanical model of the vibrating structure connected to the resonant shunt leads to
a tuning criterion for each solution. Electrical components are then designed to meet these criteria by taking
into account temperature characteristics of the system parameters. When it comes to inductors, we produce
them with magnetic circuits. The evolution with temperature of such components depends on the geometry
and the material of the magnetic circuit. When it comes to the added parallel capacitance, the class 2
capacitors are selected since they are the ones that vary the most with temperature. All these components
are tested, and then used to damp bending vibrations of a cantilever beam. Experimental results show that
the shunt tuning is vaguely maintained from room temperature to around 50 ◦C for solution A, and more
precisely maintained from room temperature to more than 60 ◦C for solution B.

The design of a fully passive and adaptive resonant shunt over a wider range of temperature would require
predictive models of electrical components evolutions with temperature. For this matter, solution A would
be quite complex to implement, because of the mutual dependence of electrical current and temperature
characteristics of the produced inductors. Solution B seems easier to design and implement, but this more
predictable and stable solution comes at the expense of the electromechanical coupling. If the slight induced
drop of damping performance is acceptable, then solution B may be recommended.
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Abstract
Nonlinear energy sinks (NES) are use to passively mitigate vibrations of mechanical systems. The NES is
connected to system with a nonlinear spring, such that NES has no fixed natural frequency. A linear absorber
only mitigates a single frequency while a NES engages in resonance capture cascade (RCC), sequentially
mitigating the modal frequencies of the vibrating system for transient vibrations. Recently, three performance
measures for NES were defined. 1) energy dissipation, the vibration energy dissipated by NES 2) pumping
time , the time for the NES to absorb a single mode 3) cascading time, the time the NES engages in RCC. All
three performance measure are algebraic, requiring no numerical simulation to compute. In other research,
NES coefficients are optimized by performing many numerical simulations. Here, the NES coefficients are
determined with the pumping or cascading time. The result is a quick and practical optimizing procedure
based on the algebraic performance that results in a robust and multi-modal vibration absorber.

1 Introduction

To passively reduce vibrations in mechanical systems, the linear tuned mass spring damper (TMD), is locally
added to the vibrating structure, serving as a vibration absorber. The vibrations in the mechanical system are
greatly mitigated if the TMD is tuned such that its natural frequency equals the vibration frequency of the
mechanical system [1]. The performance of the TMD in mitigating vibrations is significantly reduced if the
vibrating frequency of the mechanical system shifts. This is caused by changes in the mechanical system:
reduced stiffness or reduces/increased mass. A TMD also fails to significantly reduce vibrations consisting
of several different frequencies. A mechanical system typically vibrates significantly with a combination of
its vibration modes, characterized by the modal or eigenfrequencies and modeshapes or eigenvectors.

To counter these downsides, a vibration absorber with nonlinear connecting stiffness has been proposed,
a so-called nonlinear energy sink (NES)[2]. As opposed to the TMD which has a fixed natural frequency
determined by its mass and connecting linear stiffness, the nonlinear stiffness of a NES has no fixed vibration
frequency [3]. Because of this, a well-tuned NES is able to mitigate several different frequencies and is more
robust to detuning. The mechanism of vibration mitigation of a NES is called targeted energy transfer (TET).
It is defined as a sudden one-way irreversible transfer of energy from source (mechanical system) to a donor
(NES) [2]. For the NES to engage in TET, the vibration energy has to be above a certain threshold, as
opposed to a TMD, which has the same behavior regardless of vibration energy. A major advantage the
NES has over the linear TMD is the capability to dissipate multiple frequencies for transient vibrations,
[2], through the resonance capture cascading (RCC) mechanism. An impulsive loaded mechanical system
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vibrates according to its eigenfrequencies, which NES mitigated sequentially from high frequency to low
frequency (hence cascades). This sequential mode mitigation is easily observed in the NES, which initially
vibrates with a single frequency, even though the mechanical system vibrates with multiple frequencies. If
enough energy of this mode has been dissipated, the NES will start to vibrate with the modal frequency just
below the initial mode. This continues until all modes have been dissipated.

In [4], Nyugen proposed a tuning method for an impulsively loaded mechanical system by finding the en-
ergy threshold above which TET ensues, and derived an algebraic measure of performance of the NES, the
pumping time, granted the mass ratio of NES and main system is small. This was only done for single-mode
vibrating systems. In a preliminary work, the author extended the tuning and pumping time to RCC [5]. The
multi-modal pumping time was dubbed cascading time and was determined through modal decomposition of
the vibration energy into separate modes. Besides the duration of TET and RCC, an other important aspect
of NES performance is the residual vibration energy. Contrary to the linear TMD, a NES is not capable to
completely reduce the vibrations of the mechanical system. A residual amount is left after NES and RCC,
and is dissipated very slowly. This residual energy was expressed in [4] in the so-called energy dissipa-
tion for single-mode vibrations and is extended here to a multi-modal equivalent, the cascade dissipation.
To complement the preliminary work of the author,[5], the developed algebraic performance measures are
effectively employed to develop a simple optimization of a NES, both for single and multi-modal vibrations.

This paper is structured as follows: In section 2 the dynamics of the compound system, (mechanical system
+ NES) are described, while assuming single-mode vibration. Then the nonlinear differential equations
are solved by using semi-analytic techniques in section 3, which yield the slow flow dynamics, describing
the nonlinear dynamics on a slow time scale. The results of section 3 are used in section 4 to derive the
tuning of the NES and its performance measures. Then, the pumping time, energy dissipation and their
multi-frequency equivalents are used to optimize a NES for both TET (section 5) and RCC (section 6). The
performance of the NES is also compared to an optimally tuned TMD, both in the single and multi-modal
case.

2 System dynamics

The vibrating mechanical system is linear chain of mass spring dampers with n-degrees of freedom, x ∈ Rn.
On coordinate x`, a single NES is attached. This compound system is shown on Figure 1a. By performing
modal decoupling, modal coordinates q ∈ Rn, n eigenfrequencies ωi and the eigenvector matrix, E =
[e1 e2 . . . en] ∈ Rn×n are obtained with x = Eq. The modal dynamics are:

{
Mq q̈ + Cq q̇ +Kqq +mnae∗(`)T ẍna = ETF

mnaẍna + cna(ẋna − ẋ`) + kna(xna − x`)3 + klin(xna − x`) = 0
(1)

with e∗(`) ∈ Rn×1 the `-th row of E, Mq ∈ Rn×n the modal mass, Cq ∈ Rn×n the modal damping,
Kq ∈ Rn×n the modal stiffness matrix and F ∈ Rn×1 the force vector applied to coordinates x. To simplify
the analysis, it is assumed that the system vibrates with a single vibration mode i : x(t) =

∑n
k=1 ekqk(t) =

eiqi(t) and that there is no external forcing, F = 0n×1. The physical coordinate x` = ei(`)qi is reintroduced:
{
ẍ` + ελẋ` + ω2

i x` + εẍna = 0

εẍna + ελna(ẋna − ẋ`) + εΩ3ω
4
i (xna − x`)3 + εκω2

i (xna − x`) = 0
(2)

with

ελ =
cq,i
mq,i

ω2
i =

kq,i
mq,i

ε =
mnae

2
i (`)

mq,i
κ =

klin
mnaω2

i

λna =
cna
mna

Ω3 =
kna

mnaω4
i

It is assumed that the mass ratio ε � 1, implying that the coefficient of each NES term in (1) is small.
The n + 1 DOF problem is reduced to a 2DOF problem because of the single mode assumption, depicted
on Figure 1b. For the single mode assumption to hold, both ε and κ should remain small to have a weak
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coupling between NES and mechanical system. Later, it will be seen that multi-modal vibrating main system
can be decoupled into single-mode vibrating main system. The differential equation in (2) does not allow
an exact analytic solution because of the nonlinearities. Therefore, semi-analytic techniques are used in the
next section yielding an approximate solution.

m1

ml

mn

mna

k1 c1

k2 c2

k` c`

k`+1 c`+1

kn cn

kn+1 cn+1

kna cna

x1

x`

xn

(a)

mq,i/e
2
i (`)

mna

kq,i

e2i (`)

cq,i
e2i (`)

kna cna
x`

xna

(b)

Figure 1: The studied compound system, an MDOF linear system, with a NES attached to coordinate ` (a).
Single mode assumption of compounds system results in a 2DOF problem (b).

3 Semi-analytic

In this section, the slow flow dynamics are derived through a semi-analytic reduction. These slow flow
dynamics are used to state algebraic performance measures. New variables are introduced, u = xl + εxna,
the center of mass of modal/absorber system , and v = xl−xna, the relative absorber movement. In the new
coordinates (2) becomes (while omitting terms O(ε2) and with εü = −εω2

i u + O(ε2))
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{
ü+ ω2

i u+ ε
(
λu̇+ ω2

i (v − u)
)

+O(ε2) = 0

ε(v̈ + ω2
i v) + εω2

i (u− v) + ελnav̇ + εΩ3ω
4
i v

3 + εκω2
i v +O(ε2) = 0

(3)

Then, (3) is semi-analytic reduced as in [5] in three steps; 1) Complexification of u and v to ϕ(t)ejωit =
u̇ + jωiu and ϕna(t)ejωit = v̇ + jωiv, ϕna and ϕ ∈ C the amplitude/phase modulating part and ejωit

the single-mode vibrating part, 2) the nonlinear behavior is seen as a perturbation on the linear dynamics;
by expanding both complexified variables in a major O(ε0) and minor contribution O(ε): ϕ = ϕ0 + εϕ1

and ϕna = ϕna0 + εϕna1, 3) the dynamics are assumed to behave on two time separate time scale, a fast
T0 = t and slow T1 = εt, u(t) = u(T0, T1), v(t) = v(T0, T1). This way, d/dt now is a total derivate, ddt =
∂
∂T0

+ ε ∂
∂T1
O(ε2). It is vital for both the perturbation analysis as the two-timing that the mass ratio is small.

These three operations on (3) results in:




∂ϕ0

∂T0
+ ε

∂ϕ0

∂T1
+ ε

∂ϕ1

∂T0
+ ελ

ϕ0

2
+ ε

ω2
i

2jωi

(
ϕna0 − ϕ0

)
+
(
ελ
ϕ̄0

2
− ε ω

2
i

2jωi

(
ϕ̄na0 − ϕ̄0

))
e−2jωit = 0

ε(
∂ϕna0
∂T0

) + ε
ω2
i

2jωi

(
ϕ0 − ϕna0

)
+ ελna

ϕna0
2

+
εκω2

i

2jωi
ϕna0 +

εΩ3ω
4

(
2jωi

)3
3∑

k=0

(−1)k
(

3

k

)
ϕ3−k
na ϕ̄knae

j(3−2k−1)ωit

−
(
ε
ω2
i

2jωi

(
ϕ̄0 − ϕ̄na0

)
− ελna

ϕ̄na0
2

+
εκω2

i

2jωi
ϕ̄na0

)
e−2jωit = 0

(4)
with bar sign the complex conjugate. To ensure the assumption of harmonic vibration and to remove secular
terms (terms which may cause an infinite large response), the oscillating terms in (4) are omitted. Then, the
remaining terms are collecting according to ε.





∂ϕ0

∂T0
= 0 ⇒ ϕ0(T1)

∂ϕ0

∂T1
+
∂ϕ1

∂T0
+
λϕ0

2
+
ω2
i ϕna0
2jωi

− ω2
i ϕ0

2jωi
= 0

∂ϕna0
∂T0

+
λnaϕna0

2
+
ω2
i ϕ0

2jωi
− ω2

i (1− κ)ϕna0
2jωi

−jΩ3ω
4
i

ω3
i

(
3

8
|ϕna0|2ϕna0

)
= 0

(5)





∂ϕ0

ωi∂T1
= −ξϕ0

2
+
jΦna0

2
− jϕ0

2

0 = −j(1− κ) + ξna
2

Φna0 +
jϕ0

2

+
j3Ω

8
(|Φna0|2Φna0)

(6)

The first equation of (5) tells us that ϕ0 is constant for a fast time scale T0. Gendelman shows in [6] that both
ϕna0 and ϕ1 evolve towards a steady state as T0 → ∞; limT0→∞ ϕna0 = Φna0 and limT0→∞ ϕ1 = Φ1; so
that the other two equations of (5) can be written in steady state form of T0, only dependent of the slow time
scale T1. This results in (6), with ξ = λ

ωi
and ξna = λna

ωi
. Next, the complexified variables are put in polar

form; ϕ0(T1) = R0(T1)e
jδ0(T1) and Φna0(T1) = Rna(T1)e

jδna(T1), R0, Rna, δ0, δna ∈ R. Splitting (6) in
real and imaginary parts results in (7).





∂R2
0

∂T1
= −ξR2

0 − ξnaR2
na

R2
0 =

[
ξ2na +

(
1− κ− 3

4
ΩR2

na

)2
]
R2
na

(7)

∂Z0

∂T1
= −λZ0 − λnaZna

Z0 =

[
ξ2na +

(
1− κ− 3

4
Zna

)2
]
Zna

(8)

By introducing the energy-like variables E0 = R2
0 and Ena = R2

na and in dimensionless form Z0 = ΩR2
0 =

Ω|ϕ0|2 and Zna = ΩR2
na = Ω|Φna0|2 (8) is obtained which describes the dynamics of the vibration energy
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on a slow time scale. The first equation states that Z0 always decreases, and the second a static relation, a
slow invariant manifold (SIM) on which Zna and Z0 are confined. A collection of SIMs are shown on Figure
2a and 2b. The SIM has two extrema as long as ξna <

(1−κ)√
3

:





Zna± =
4

9

(
2(1− κ)±

√
(1− κ)2 − 3ξ2na

)

Z±0 =

[
ξ2na +

(
1− κ− 3

4
Zna∓

)2
]
Zna∓

(9)

It is shown in [4] that the existence of these extrema determines the existence of TET and whether or not
significant vibration mitigation is possible.

4 Tuning and performance

Different from linear TMD’s, both tuning and performance of a NES depend on the initial conditions. Al-
though the tuning and performance is based on the formulas of the previous section that assume single-mode
vibrations, the tuning and performance is easily extended to multi-modal vibrating systems by considering
the initial modal conditions ẋ(0) =

∑n
k=1 ẋ

[k](0) =
∑n

k=1 ekq̇k(0), with ẋ[k](0) = ekq̇k(0) ∈ Rn the hy-
pothetical initial speed as if only mode k is present. The initial displacements can similarly be expressed as
x[k](0) = ekqk(0) ∈ Rn. This decomposition of initial conditions makes sense as the NES only interacts
with one mode at a time.

4.1 Tuning

To tune the NES for single-modal systems, the nonlinear coefficient has to be chosen such that Z0(0) ≥ Z+
0 ,

otherwise no TET occurs [4]. This means that initially, Z0 should be above the maximum value on the SIM,
Figure 2a and 2b

kp ≥
mnaω

4
i (Z

+
0 )

u̇2(0) + ω2
i u

2(0)
(10)

TET is fastest [5] for if it equals this expression. It is often taken a bit higher to ensure attraction to the SIM,
see simulations. In the multi-modal case, the mode i which initiates the RCC has to be chosen. The initial
conditions in (10) then corresponds to the modal initial conditions of mode i, x[i](0) and ẋ[i](0).

4.2 Performance

4.2.1 Energy dissipation during TET and RCC

If TET is initiated, it will persist until the slow dynamics reach the minimum of the SIM, [5]. At this point,
not all of the vibration energy has been dissipated. The amount energy that has been dissipated during TET
is:

ETET = 1− Z−0
Z0(0)

= 1− E−0
E0(0)

(11)

with a residual amount of vibration energy remaining. In simulation it will be seen this residual part is
dissipated very slowly. In the multi-modal case, a E[k]

TET can be calculated for each mode by using the modal
initial conditions. As each mode has different amount of initial vibration energyEk0 (0) and dissipated energy
E

[k]
TET , a total, weighted cascading dissipation can be calculated as:

ERCC =

∑k
i=1E

[i]
TETE

[i]
0 (0)

∑k
i=1E

[i]
0 (0)

(12)
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4.2.2 Pumping and cascading time

The SIM equation and slow flow dynamics (7) can be combined yield an expression for ∂Zna
∂T1

. By assuming
an undamped main system, ξ = 0, separation of variables allows for integration, resulting in:

27

32
Z2
na − 3(1− κ)Zna +

(
(1− κ)2 + ξ2na

)
ln(Zna) = C − ωiξnaT1 = I(Zna) (13)

From this relation, the time (in slow time) it takes for the dynamics between two states of Zna on the SIM
can be calculated. If TET is initiated, the SIM will be descended from Zna(0) until Z+

na. The duration of
TET, called pumping time, is then:

εTpmp =
1

2πξna

(
I(Zna(0))− I(Z+

na)
)

(14)

with Tpmp relative to the period of the modal frequency and Tpmp ωi
2π the time in seconds. By considering

each modal initial condition separately, a pumping time can be calculated for each mode partaking in the
cascade. The total time for resonance capture is simply the sum of all of these pumping times:

Tcascade =
i∑

k=1

T [k]
pmp ·

ωk
2π

(15)

Both the pumping and cascading time have been extended to damped mechanical systems in [5].

5 SDOF optimization

The SDOF mechanical system considered has mass m = 1 kg, stiffness k = 1 N/m and no damping and
with an initial speed of ẋ(0) = 0.1 m/s. The absorber mass is mna = 0.02 kg. The nonlinear stiffness is
tuned for several κ and ξna in this section. With these parameters, the energy dissipation and pumping time
are already calculated before any simulation is made, and can be found on Table 1.

NES Tpmp
ωi
2π [s] ETET

ξna = 0.05 ∧ κ = 0.0 131 0.986
ξna = 0.20 ∧ κ = 0.0 29 0.778
ξna = 0.05 ∧ κ = 0.2 83 0.976
ξna = 0.10 ∧ κ = 0.2 40 0.908
ξna = 0.05 ∧ κ = 0.4 46 0.95
ξna = 0.05 ∧ κ = 0.5 32 0.94

Table 1: Performance of the NES tuned for an SDOF system

5.1 Design space

O Figure 2c, the pumping time in shades of red and energy dissipation contours in function of ξna and κ are
plotted for NES tune with (10), taken 10 % higher than the threshold. Clearly, the higher κ and ξna, the lower
the pumping time, yet comes at a cost, a lower energy dissipation. The white area is unfeasible, where the
condition ξna <

(1−κ)√
3

is not met, where no ETET and Tpmp can be calculated. In optimization terminology,
Tpmp is the objective function and ETET an inequality constraint, as we wish to dissipate sufficient vibration
energy. Although an optimization algorithm would find the smallest Tpmp for a lower boundary of ETET ,
further on in this section it is seen that simply increasing κ and ξna results in the slow flow (from which the
Tpmp and ETET is derived) not representing the actual vibrations.
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Figure 2: The SIM for κ = 0 and ξna = [0, 0.1, 0.2] (full, dotted, dash) (a), κ = [0, 0.1, 0.2] (full, dotted,
dash) and ξna = 0.1 (b) and Tpmp (red shade) and ETET (white contour lines) in function of ξna and κ (c).

5.2 A first simulation

A first simulation is presented here to illustrate concepts of slow flow, pumping time, energy dissipation and
the actual numerical simulation of (1). Figure 3a and 3b are the main system’s vibration and the vibration of
the relative NES coordinate. TET happens as the NES vibrates heavily until a certain point in time. It is this
time we try to estimate with the pumping time (14). After TET, a small part of the vibration energy stays in
the main system, which we want to estimate with the energy dissipation (11). The slow flow dynamics (8) are
simulated as well. To show that the slow flow is representative for the actual dynamics, it is compared with
the envelope of the actual vibration, obtained with the Hilbert transform, Figure 3c and 3g, as the slow flow
energy variables E0 and Ena are the slow time envelopes. On average, the enveloppe of the actual dynamics
follow the slow dynamics. Either the sudden change op slope for E0 or the sudden jump in Ena signify the
end of TET and thus happen at the pumping time. This point in time exactly equals the pumping time. The
actual vibrations are not able to follow the sudden change of Ena, yet clearly decrease significantly after
the jump. Plotting both Z0, Zna and their respective Hilbert transform on Figure 3h show that the actual
dynamics don’t start on the SIM. After an attraction phase (about 20 s), the real dynamics follow the SIM on
average. This attraction phase plus the pumping time are the total time the actual dynamics engage in TET.
The right branch of the SIM is traversed until the minimum of {Z+

na, Z
−
0 } after which the dynamic fall back

to the left branch of the SIM. The Hilbert transform needs some time to completely fall to this left side.
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Figure 3

5.3 Exploring the design space

Increasing the damping to ξna = 0.2 decreases the pumping time but has a downside a reduced energy
dissipation according to Table 1. This is reflected in the vibrations Figure 3d and 3e. However, the predicted
pumping time of 29 s does not reflect the actual TET time. This is because the attraction phase is even longer
(40 s) than the pumping time, Figure 3i. However, it is still a lot faster than when ξna = 0.05 but with a
clear downside the increased residual vibration energy. An increase in pumping time is now attempted by
again lowering ξna = 0.05, to reduce the attraction phase, and increasing κ. From now, only the envelopes
of the actual vibration and slow flow are compared, together with the SIM, as this conveys all information
about the vibrations. For ξna = 0.05 and κ = 0.2, a pumping time of 83 s is predicted and followed well
by the Hilbert transforms, Figure 4a, 4b and 4c. The same κ but with ξna = 0.10 has a pumping time of 40
s yet the attraction phase here is long resulting in a badly predicted pumping time, Figure 4d, 4e and 4f. To
again have a short attraction phase, damping is put on ξna = 0.05 again but this time κ = 0.4, Figure 4g,
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Figure 4: Exploring the design space by tuning several NES

4h and 4i. The pumping time of 46 s is well followed but there is some beating seen in the vibrations. By
increasing κ, the NES is more linear, resulting in the beating phenomena, associated with linear TMDs. If κ
is increased to 0.5, Figure 4g, 4h and 4i, the actual vibrations fail to be attracted to the right side of the SIM,
and only a small fraction of the energy is dissipated.

Increasing the damping will lengthen the initial attraction phase, resulting in longer than predicted TET, and
increasing κ makes the NES more linear. One of the assumptions was that both κ and ξna remain small,
and that the NES and main system vibrate according to the mode of the mechanical system. By adding
a significant linear stiffness to the compound main-NES system, a second linearized eigenfrequency will
appear. So although according to Figure 2c increasing κ and ξna decreases pumping time, the assumptions
made to determine pumping time and dissipated energy are not as strong, causing bad predictions, or simply
no TET at all.
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5.4 Comparison to linear absorber

The NES with ξna = 0.1 and κ = 0.2 is compared to an optimally tuned TMD for transient vibrations.
The tuning methodology is by pole placement and taken from [3]. It is seen that the vibrations are reduced
at roughly the same rate, Figure 5a, but that the NES clearly causes a residual amount of vibration energy,
which the TMD does not cause. Note that before in [3] and [2], it was claimed that the TMD was a lot faster
in mitigating the vibration energy of the main system, yet here, by increasing the NES performance with the
pumping time, this apparent downsides is gone. The NES also vibrates longer than the TMD, because of the
jump in the SIM, Figure 5b. As mentioned in the introduction, a NES should be able to deal with detuning
better than the TMD. During operation, the vibrating system main frequency may shift because of aging
construction. To simulate this, the same system but with 3/4th the stiffness is fitted with the same NES and
TMD, Figure 5c and Figure 5d. Clearly the NES is better suited to handle this detuned situation, while the
TMD is not.

6 MDOF optimization

The MDOF mechanical system considered has three masses, mi = 1 kg and stiffness connecting the masses
ki = 1 N/m, i ∈ {1, 2, 3} with no stiffnes connecting the third mass to the ground. There is no damping and
only an initial speed on the first mass of ẋ1(0) = 0.1 m/s, which can be seen as an impulsive base excitation.
Modal decomposition leads to the following eigenvectors and eigenfrequencies:

E =




0.328 −0.737 0.591
0.591 −0.325 −0.737
0.737 0.591 0.328


 ωi =




0.445
1.247
1.802


 rad

s
(16)

The absorber mass is mna = 0.06 kg (2% of the total mechanical system’s mass) and is put on x2.
The nonlinear stiffness is tuned such that RCC starts at mode 3,such that all modes are captured. The
modal decomposition of the initial conditions is found with with E−1ẋ(0) = q̇(0) and is for mode 3
ẋ[3](0) = e3q̇3(0) = [0.0349 − 0.0436 0.0194]T , which is used in tuning of the NES (10). It is also
used to calculate the pumping time and together with the initial conditions of mode 1 and 2 the cascading
time and the cascading dissipation can be calculated. For several κ and ξna in this section, the cascading time
and cascading dissipation is shown on figure 6a. Here, the damping has a large influence while κ has only
little influence on the cascading time, first slightly decreasing and then increasing for decreasing κ. For a
set of parameters, the compound system will be simulated to asses performance. The modal pumping times,
cascading times, energy dissipation and cascading dissipation are calculated before the simulation on Table
2.

6.1 A first simulation

A first simulation is performed for ξna = 0.1 and κ = 0. It is seen that the vibration at the attachment
point x2 slowly decrease, Figure 6b. The cascading is best seen in the sequential dissipation of the modal
coordinates, Figure 6c. First, the third mode is dissipated. Roughly after the pumping time for mode 3, the
vibrations of mode 2 decrease. After TET for mode 2, the final mode engages in the cascade after which a
residual amount of vibrations remain. This sequential dissipation of the modes is seen in the relative NES
vibration, which vibrates according to different frequencies, depending which mode is engaging in the RCC,
Figure 6d. The wavelet transform of the NES vibrations is more suitable to visualize this time depending
frequency. Each mode is dissipated in roughly the estimated pumping time. The total cascading time is larger
then the estimated, attributed to an attraction phase for each mode.
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Figure 5: Comparison the TMD and a NES. Main system vibration, (a) for perfectly tuned and (b) for
detuned, and relative absorber vibration, (b) for perfectly tuned and (d) for detuned,

NES T
[3]
pmp

ω3
2π [s] T

[2]
pmp

ω2
2π T

[1]
pmp

ω1
2π Tcsc E

[3]
TET E

[2]
TET E

[1]
TET ERCC

ξna = 0.1 ∧ κ = 0.0 22 140 1067 1228 0.94 0.90 0.98 0.93
ξna = 0.1 ∧ κ = 0.01 21 138 1118 1277 0.94 0.91 0.99 0.93
ξna = 0.1 ∧ κ = −0.1 26 158 807 991 0.96 0.92 0.95 0.93
ξna = 0.2 ∧ κ = −0.1 12 65 392 469 0.81 0.68 0.86 0.75
ξna = 0.3 ∧ κ = −0.1 7 27 252 286 0.61 0.36 0.73 0.49

Table 2: Performance of the NES tuned for an MDOF system

6.2 Exploring the design phase

According to Figure 6a, for κ > 0, as long as its feasible, actually increases the pumping time, an opposite
effect compared to the SDOF case. For ξna = 0.1 and κ = 0.01, the simulation show just that, an increase
of the cascading time, Figure 7a for the modal coordinates and Figure 7b and Figure 7c for the wavelet
transform of the NES vibrations. By decreasing κ slightly to −0.1 it is predicted that the NES dissipates the
modes faster. This is confirmed by simulation, Figure 7d, 7e and 7f where the cascade halts after about 1000
s, close to the predicted 991 s. From now on κ is held at −0.1 while ξna is increased. Decreasing κ has no
significant benefit on Figure 6a while a too negative κ has other issues al together, as chaotic vibrations [7].
For ξna = 0.2, the cascading is predicted to halt at 469 s. However, the actual cascading, while decreasing
in time, only halts after about 700 s, Figure 7g, 7h and 7i . The culprit is the second mode, which only has
a energy dissipation of only 0.68. This causes a long attraction time from mode 2 to 1, as there still a lot
of residual vibration energy left in mode 2, seen in the wavelet transform. After a two-frequency regime,
the NES vibrates for another 400 s with mode 1, about the pumping time of mode 1, Table 2. Although
the prediction is off, the NES is remarkably faster then before. By increasing the damping even more to
ξna = 0.3, the cascading time is predicted to decrease to a low of 252 s, but the small dissipation of mode
2 (0.36) again results in a two-frequency regime for the NES, Figure 7j, 7k and 7l. However, the NES still
is significantly faster, managing to cascade in less then 600 s, more than twice as fast as for ξna = 0.1 and
κ = 0
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Figure 6

6.3 Comparison to linear absorber

The same mechanical system is fitted with a TMD instead of an NES on x2. It is tuned to mode 3 according
to tuning rules in [3]. As seen in the relative absorber motion Figure 8a and the evolution of the modal
coordinates Figure 8b, the TMD is only capable of mitigating vibration of the 3rd mode, where it was tuned
for. When comparing the TMD with the NES with ξna = 0.1 and κ = 0, not even the fastest NES shown
previously, the NES is clearly superior because of RCC, Figure 8d for the cascading NES and Figure 8e
for the modal coordinates. The vibrations of physical coordinate x2 are shown for the TMD, Figure 8c and
the NES Figure 8f, with again the NES vastly superior because of its capability to mitigate different modal
frequencies.
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Figure 7: Exploring the design space by tuning several NES for RCC

7 Conclusion

In this paper the nonlinear energy sink (NES) was optimized for both single and multi-modal vibrations us-
ing the framework of pumping time, cascading time and energy/cascading, which are algebraic performance
measures, allowing us to asses the performance without simulation. In the SDOF case, increasing the lin-
ear stiffness part and damping of the NES increases the speed in which the NES is capable of dissipating
vibration energy. As a downside, there is an increased amount of residual vibration energy, expressed in
the energy dissipation. The NES was compared to the standard solution linear tuned mass damper (TMD).
Although an optimized NES and TMD are equally capable of mitigating vibration, the NES is more able to
deal with a detuned main system, because the NES lacks a fixed natural frequency. When the a single NES is
tuned to deal with MDOF vibrations, it is able to dissipate all modal frequencies through resonance capture
cascades (RCC). Increasing the NES damping significantly increased the speed of the RCC, the cascading
time, just as in the single mode case, yet a negative linear part of the NES stiffness improves the performance,
opposite as in the SDOF case. A single NES is vastly superior in damping multi-modal vibration compared
to a single TMD. A single TMD is only able to reduce vibration of the mode it is tuned for, while a NES
reduces all modes. While the pumping time and cascading time is able to predict the actual dissipation time
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in the SDOF and MDOF cases well, the faster the prediction the more off the actual dissipation time. Still, an
increased performance is observed, making the pumping and disspation time valid measure for optimizing a
NES.
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Abstract
A highly nonlinear model which consider the impact of the frequency, amplitude and magnetic field de-
pendency for MS rubber and mobility for the foundation is developed for a MS rubber isolation system.
Harmonic loadings ranging from 60 to 160 Hz with different levels of force magnitude are applied for the
system. Vibration isolation effect is evaluated by assessing the energy flow into the foundation. It is found
that the energy flow into the system and the vibration isolation effect for MS isolator are highly related to
the amplitude and magnetic field dependency for MS rubber. Furthermore, by comparing the energy flow to
the foundation under zero and saturation magnetic field, a control strategy to reduce the energy flow to the
foundation by changing the magnetic field is obtained. After applying the control strategy it is found that the
energy flow into the foundation can be reduced by about 20% by changing the magnetic field compared to
traditional passive rubber isolators.

1 Introduction

Magneto-sensitive (MS) rubber is a kind of smart material which mainly consists of rubber matrix and
polarized iron particles. By applying magnetic field, a rapid, continuous and reversible change of its modulus
can be reached. Compared to vibration reduction components based on traditional rubber, MS rubber-based
vibration reduction devices have the ability to change its mechanical properties. Thus, an adaptability to
various loading conditions and an improved vibration reduction effect is available for MS rubber-based
vibration reduction devices.

Many studies have focused on the constitutive model for MS rubber. Initially, Jolly et al. [1] developed
a model by using the concept of dipoles in electromagnetism to represent the magnetic related mechanical
properties for MS rubber. Later, Dorfmann et al. [2, 3] developed a model for MS rubber by combine
Maxwell equation and continuum mechanics. After those work, model with considering the viscoelastic
properties is developed [4]. For the work mentioned above, the amplitude dependency for MS rubber are
rarely considered. However, according to the work by Blom and Kari [5], there is an unneglectable amplitude
dependency for MS rubber even for small strain and the amplitude dependency for MS rubber is strongly
related to the magnetic field applied. Therefore, a constitutive model which has the ability to depict the
mechanical properties of MS rubber properly is needed. Although Blom and Kari [6] have developed a
constitutive model with amplitude, frequency and magnetic field dependency for MS rubber, the vibration
reduction effect for MS rubber-based devices has not been fully studied.

In addition to the study of the constitutive model for MS rubber, large investigations dedicated to explore
the possibility of using MS rubber in vibration reduction area have been performed. Initially, Ginder et al.
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[7] designed an MS rubber-based bushing. Gong et al. [8, 9] developed a MS rubber tuned vibration ab-
sorbers(TVAs) and focused on the frequency shift property for the MS rubber-based adaptive tuned vibration
absorber. In addition to TVAs application area, application of using MS rubber to sandwich beam and the
effect of boundary conditions [10] and changing magnetic field [11] to the dynamic properties of MS rubber
sandwich beam were studied.

It is worth noting that, compared to the studies on the application of MS rubber in TVA and sandwich beams,
the research about MS rubber’s application in vibration isolation is not enough. Although the vibration
isolation problem based on MS rubber were investigated, but those researches [12, 13] are only focused
on base isolation problem. Another important type of vibration isolation problem, the isolation of machine
vibration is not included in their study. However, in reality vibration caused by rotating machine is often
encountered.

Based on the research status about MS rubber, a MS rubber isolation system which consists of a block mass
supported by four MS rubber isolators placed on an infinite extend foundation is studied in this paper. The
machine vibration is simulated by a harmonic force applied on the block mass. Subsequently, a nonlinear
model which consider the impact of the amplitude, frequency, magnetic field dependency of MS rubber
and the stiffness for the foundation is developed for this MS rubber isolation system. Energy flow is used
to serve as the indicator to assess the vibration isolation effect for this MS rubber isolation system. The
impact of the amplitude and magnetic field dependency for MS rubber to the isolation effect is investigated.
The outcome of this research facilitates the development of the adaptive MS rubber isolation devices with
nonlinear features considered. Meanwhile, the control strategy about the magnetic field applied can be
applied to other MS rubber-based devices where variable mechanical properties is needed.

2 Model and method

2.1 Composition and parameters for the model

The schematic diagram for the whole system is in Figure 1. External force Fext is applied at the center for the
block mass and the force provided by each MS rubber isolator is FMS. The displacement for the block mass
and the foundation are u and uf , respectively. The geometrical dimensions and material parameters for this
system are set to be: distance between MS isolator in y-direction 2ly= 0.3 m , distance between MS isolator
in z-direction 2lz= 0.4 m, thickness for each MS rubber element hMS = 0.002 m, area for each MS rubber
element A = 0.025 × 0.025 m2 and the thickness for the infinite extent concrete foundation hf = 0.35 m.
The total mass for the solid mass block is m = 40 kg. The density, Poisson’s ratio and Young’s modulus for
the concrete foundation is set to ρf = 2300 kg m−3, νf = 0.2 and Ef = (1 + 0.02j) × 2.6 × 1010 kg m−3,
where j is the imaginary unit.

Figure 1: Schematic diagram for the MS rubber isolation system.
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2.2 Governing equation for the model

The governing equation for this model is

mü+ 4 · gMS(u− uf) = Fext, (1)

where
··

(·) denotes the second time derivative and gMS(·) is the nonlinear function representing the relation
between FMS and displacement (u− uf) for each MS rubber isolator.

Based on the work by Alberdi et al. [14], it is assumed that the foundation is much more rigid than the MS
isolator, thus uf � u. The governing equation is simplified as

mü+ 4 · gMS(u) = Fext. (2)

This second order nonlinear equation can be solved numerically based on Newmark’s method [15].

After obtaining u and FMS, the displacement uf can be obtained by the mobility matrix for the foundation

ṽf(i) = (j2πf) · ũf(i) = YikF̃MS(k), i, k = 1, 2, 3, 4, (3)

where (̃·) is the Fourier transform for the signals. Parameters ṽf(i) and ũf(i) represent the velocity and
displacement for the point connected to the ith MS rubber isolator, frequency is f and Yik represents the
mobility on point k to the velocity on point i.

The mobility [16] for the transfer point with a distance of r to the driving point is

Y (r) =
ω

8Bk2B

[
H

(2)
0 (kBr)− j

2

π
K0(kBr)

]
, (4)

where ω is the angular frequency for the force, B = EI
/
(1− ν2) is the bending stiffness for the plate,

I = h3
/
12 is the cross-sectional second moment of per unit width. Parameters E, ν, h and ρ are the Young’s

modulus, Poisson’s ratio, thickness and density for the concrete foundation, respectively. The mass per unit
area for the foundation is m = ρh. Lastly, H(2)

0 is the zero order Hankel function of the second kind, K0

is the zero order modified Bessel function of the second kind and kB = 4
√
m/B

√
ω is the bending wave

number.

2.3 Constitutive model for MS rubber

According to the research by Blom and Kari [6] the absolute value of shear modulus of MS rubber is strongly
related to the amplitude, frequency and magnetic field applied; while the impact for the magnetic field
dependency to the loss factor is relatively neglectable. A constitutive model describes the relation between
the strain γ and stress τ is developed. The rheological model is shown in Figure 2.
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Figure 2: Rheological model for MS rubber.

The total stress τ splits up to three parts: τe, τve and τf . The elastic shear stress is linearly related to shear
strain by the elastic shear modulus Ge

τe(t) = Ge · γ(t). (5)

The viscoelastic shear stress and shear strain is connected by a relaxation convolution integral [17]

τve(t) =
b

Γ(1− a)

d

dt

∫ t

0

γ(s)

(t− s)ads, (6)

where a and b are the parameters in the relaxation convolution integral and Γ is the gamma function.

The relation between frictional stress τf and shear strain γ is described by bounding surface model. For the
details of bounding surface model, the reader is referred to Ref. [18]. The main idea about bounding surface
model is that two surfaces which includes a yield surface and a bounding surface are used to calculate the
frictional stress. For one dimensional case with a vanishing size of yield surface for bounding surface model
[19], it can be visualized in Figure 3. Symbols X−X′ −Y′ −Y represent the bounding surface and the
curve inside is the yield surface. The evolution laws are

τ̇f = α̇=Hγ̇ (7)

and

˙̄τf = β̇=Hpγ̇, (8)

where H and Hp are plastic modulus for the yield surface and the bounding surface. A bar over τf means
the stress on the bounding surface, α and β are the back stresses which serve as the center for the bounding
surface and yield surface, respectively.

The expression for H is

H = Hp

(
1 +

δ

δin − δ

)
, (9)

where δ is the distance between the stresses on yield surface and bounding surface at present, parameter δin is
the distance to the bounding surface at the previously turning point for τf . Initially, it is set that δin = Syield.
With the development of the strain, the values of δ, δin and H are continuously update in the subsequent
calculation .
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Figure 3: One dimensional case for bounding surface model with a vanishing size of yield surface.

Based on the work by Blom and Kari [6], the magnetic field sensitivity is introduced for the elastic and
frictional part in the model as

Ge = G0
e

[
1 +

(
M

Ms

)2

δ1

]
, (10)

Syield = S0
yield

[
1 +

(
M

Ms

)2

δ2

]
(11)

and

Hp0 = H0
p0

[
1 +

(
M

Ms

)2

δ3

]
, (12)

where G0
e , S0

yield and H0
p0 are parameters at zero magnetic field for MS rubber. The parameter Ms represents

the upper limit for the applied magnetic field. Physically, it is the saturation magnetic field for the MS rubber.
Parameters δ1, δ2 and δ3 represent the magnetic influence factors.

2.4 Fundamentals about energy flow

Energy flow which is the time averaged product for the force and velocity, describes the change rate of energy
for dynamic system. The fundamentals of this method is based on energy conservation law. Compared with
other indicators like force and displacement transmissibility, energy flow can assess the vibration isolation
effect more properly [20]. The time averaged energy flow is expressed as

〈P 〉 = lim
T→∞

1

T

∫ T/2

−T/2
F (t)v(t)dt, (13)

where F (t) and v(t) are the force and velocity for the measured structure. According to signal analysis
theory [21], the averaged energy flow can be obtained by calculating the zero time delayed cross-correlation
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function R for velocity and force as

〈P〉 = lim
T→∞

1

T

∫ T/2

−T/2
F (t)v(t+ τ)dt|τ=0 = R(F, v)|τ=0. (14)

The relation between the zero time delayed cross-correlation function and cross-spectrum S is

R(F, v)|τ=0 =

∫ ∞

−∞
S(F, v)df. (15)

Lastly, the cross-spectrum can be obtained by Fourier transform as

S(F, v) = lim
T→∞

1

T
E
[
F̃ (f)ṽ∗(f)

]
, (16)

where (·)∗ represents the complex conjugate operator, (̃·) is the Fourier transform and E [·] denotes the
expected value operator.

3 Numerical study

3.1 Shear modulus for MS rubber

Based on the measurement results by Lejon and Kari [22]. Firstly, the parameters for zero magnetic field
are identified by the nonlinear least square method using the “lsqnonlin” command in Matlab R© (MATLAB
Release 2015b, The MathWorks, Inc.,Natick, Massachusetts, United States). The results are Ge0= 3.0712×
106 N m−2, S0

yield0 = 0.4531 × 105Nm−2, H0
p0 = 0.1026 × 106Nm−2, a = 0.2997 and b = 0.2709 ×

106 N sa m−2. After obtaining the parameters for zero magnetic field, a second time of nonlinear least square
method is applied and it is obtained δ1= 0.2594, δ2= 0, δ3= 0.7576 and Ms= 0.5615 T. The comparison
between the simulation results and the measurement results are shown from Figure 4 to 6. It reveals that the
simulation results fit well with the measurement results in most part of the measurement frequency range.
The jump for the measurement results between 600 and 700 Hz is caused by the resonance for the machine.
Therefore, the constitutive model developed for MS rubber in this paper is capable of prediction the am-
plitude, frequency and magnetic field dependency for MS rubber. After identifying the material parameters
for MS rubber, the mechanical behavior of MS rubber is extrapolated to a low frequency range from 20
to 100 Hz. Since the frequency dependency for MS rubber is relatively small in low frequency range and
the main goal for this paper is to investigate the impact of the amplitude, magnetic field dependency to the
isolation effect, the extrapolation does not affect the feasibility for this MS rubber isolation model.
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Figure 4: Measured (symbols) and simulated (lines) dynamic stiffness for MS rubber versus frequency with
shear strain of 0.0005.

Figure 5: Measured (symbols) and simulated (lines) dynamic stiffness for MS rubber versus frequency with
shear strain of 0.0015.
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Figure 6: Measured (symbols) and simulated (lines) dynamic stiffness for MS rubber versus frequency with
shear strain of 0.005.

3.2 Energy flow

Harmonic force ranging from 60 to 160 Hz with magnitude of 3, 10 and 30 N are applied at the center for
the block mass. The energy flow to the whole system and foundation are plot from Figure 7 to 9. It is found
that the energy flow reaches a peak at the resonance frequency for the system. After applying the magnetic
field, the value for the resonace frequency increases. This is caused by the magnetic field dependency for
MS rubber. In addition to this, the energy transmitted to the foundation is much smaller than the energy
flow into the whole system. It means that most part of the energy is dissipated by the MS isolator and the
assumption uf � u is reasonable. Furthermore, by comparing the energy flow for different magnitude of the
harmonic loading, it is found that difference between the energy flow for zero and maximum magnetic field
case becomes smaller as the increase of the magnitude for the harmonic loading. It is caused by the fact the
magnetic field dependency is stronger for smaller amplitude case for MS rubber.

Figure 7: Energy flow to the whole system and foundation with force magnitude equals 3 N.
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Figure 8: Energy flow to the whole system and foundation with force magnitude equals 10 N.

Figure 9: Energy flow to the whole system and foundation with force magnitude equals 30 N.

Furthermore, by comparing the energy flow to the foundation under zero and maximum magnetic field, it is
found that a reduced energy flow into the foundation can be reached by changing the magnetic field applied
for different frequency. Assuming that the frequency for which the two energy flow have the same value (zero
magnetic field and maximum magnetic field) is called the coincidence frequency (fc), the control strategy
to change the magnetic field for MS rubber is listed in Table 1. The frequency for the harmonic loading
is f . For example, when the magnitude for the excitation force is 3 N, the coincidence frequency is found
to be 103 Hz. In order to reach a reduced energy flow to the foundation, the switch of the magnetic field
applied should follow the control strategy shown in Figure 10. The energy flow peaks for zero, maximum
and switching magnetic field cases to the foundation are shown in Table 2 . It is found that after applying the
control strategy, the energy flow into the foundation is reduced by more than 20% for switching magnetic
filed case compared to zero and maximum magnetic field cases.

Criteria Magnetic field applied

f < fc Maximum magnetic field
f ≥ fc Zero magnetic field

Table 1: Control strategy for the harmonic loading case.
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Fext [N] fc [Hz]
Maximum energy flow [W]

Zero magnetic Maximum magnetic Switched magnetic

3 106 7.510× 10−5 8.369× 10−5 5.193× 10−5

10 103 6.836× 10−4 7.398× 10−4 5.234× 10−4

30 97 5.696× 10−3 6.314× 10−3 4.666× 10−3

Table 2: Energy flow to the foundation for different magnetic field

Lastly, it is found that the coincidence frequency for the control strategy is strongly related to the force
magnitude. The energy flow to the foundation for three levels of harmonic loading after implementation of
control strategy is shown in Figure 11. Combining with the results in Table 2, it is found that for an increased
force, the coincidence frequency (fc) decreases. This is caused by the amplitude dependency for MS rubber.
An increased force leads to an increased strain and a decreased modulus for MS rubber, thus the coincidence
frequency increases in frequency domain.

Figure 10: Energy flow to the foundation and the magnetic field required in frequency range.

Figure 11: Energy flow to the foundation after application of control strategy for different level of force.
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4 Conclusion

A highly nonlinear model aimed at predicting the dynamic behavior for MS rubber isolation system and
optimizing the vibration isolation effect is developed in this paper. The amplitude, frequency and magnetic
field dependency for MS rubber, the stiffness for the infinite foundation to the isolation effect are incorporated
in this model. Energy flow is used to serve as the indicator to evaluate the vibration isolation effect for MS
rubber isolator. Simulation results for harmonic loading case reveal that by changing the applied magnetic
field for different frequency range, the resonance for the MS isolation system can be avoided to some extent
and the energy flow into the foundation can be reduced. In addition to this, it is found that the amplitude
dependency for MS rubber has a great impact on the isolation effect for this MS rubber isolation system.
Thus, for the achievement of good vibration isolation effect, the amplitude dependency for MS rubber should
take into consideration at the design stage. The control strategy developed in this paper provides guidance
for the design of the control strategy for MS rubber isolators and other MS rubber-based devices.
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Abstract
The inerter concept is able to significantly enhance the capability of vibration suppression compared to
conventional vibration absorbers. The inerter is acceleration-dependent, which enhances the effective mass.
Inspired by the innovative applications of the inerter in mechanical and automotive engineering, a vibration
suppression system for civil structures is developed. In this study, a performance-based optimal design
method is proposed to determine the inerter system parameters by minimizing both the vibration response of
the structure and the cost as a multi-objective optimization problem. Numerical examples for the suppression
of the wind-induced vibration of a single degree of freedom oscillator, and an MDOF high-rise structure with
the inerter system on the top floor, have been investigated. The results show that the proposed system can
substantially improve the wind induced vibration suppression performance. Compared to the traditional
tuned mass damper system, the mass of the vibration control device is significantly reduced.

1 Introduction

Structural control is an efficient approach to suppress the dynamic response of civil structures under external
excitations, such as wind or seismic loadings. High rise buildings, due to the vortex shedding effect, are very
sensitive to wind excitations. Turned mass dampers (TMDs) have been widely used in civil structures for
vibration suppression for decades. However, it is also well-recognized that the vibration suppression capa-
bility of TMDs is highly dependent to the additional mass in the TMD system. The efficiency and robustness
of TMDs increases with the increase of mass [1]. Relatively large additional mass is generally required for
high-rise buildings due to the high effective mass [2]. For example, the additional mass of the TMD in the
Taipei 101 building is about 660 tonnes. In practical structures and architecture, there are constraints for
the mass and volume of the vibration suppression system. These constraints are particularly critical for tall
buildings due to the trend of constructing lighter, slender structures with high flexibility. The inerter con-
cept offers a good solution for lighter vibration suppression systems for high rise buildings. Although there
is limited literature on the inerter-based vibration suppression systems for wind-induced vibration control
[3, 4], some researchers have studied the seismic response reduction in building structures using the inerter
concept. Saito et al. [5] proposed an inerter-based damper called a tuned viscous mass damper (TVMD).
The optimal response control method has been proposed and verified by vibration experiments of a single
degree of freedom system with a TVMD. Sugimura et al. [6] applied the TVMD system to a steel structure
built in Japan and investigated the seismic response control effect of this system. In this study, the mass
amplification effect and a significant increase in the modal damping have been observed. On the other hand,
the lack of design methods for inerter-based systems has restricted the realisation of industry applications.
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In most cases, the classical tuning optimal theories (for example, the so-called ’fixed-point theory’) are not
suitable any more. Pan et al. [7] proposed a demand-based optimal design method for an oscillator with a
parallel layout viscous inerter damper, followed by an easy to use method for the practical design of single
degree of freedom (SDOF) structures with inerter systems under seismic excitation [8]. This method adopts
the stochastic vibration response mitigation ratio as the design index, and expressions of the closed-form
stochastic response are used to evaluate the structural response and optimize the design parameters.

The motivation of this research is to explore the requirement-driven, performance based design and optimi-
sation strategy of inerter vibration suppression systems for wind-induced vibration control. In this study, a
constitutive model for the proposed inerter based system is established. The dynamic behaviour of the inerter
system is then derived based on random vibration theory. A performance-based optimal design method is
proposed for designing the inerter system by minimizing both the response and the cost. Then the design
problem of the inerter system is transformed into a multi-objective optimization problem with the perfor-
mance requirement as a key constraint. This is followed by a numerical example for the suppression of
the wind-induced vibration of a single degree of freedom oscillator by adding an additional inerter system
to show the efficacy of the proposed method. Finally, an MDOF high-rise structure, with the proposed in-
erter system on the top floor, has been investigated. The results show that the proposed system significantly
improved the wind induced vibration suppression performance. Compared with the traditional tuned mass
damper system, the mass of the vibration control device was significantly reduced, which offers advantages in
manufacture, cost and installation. This requirement-driven, performance-based design and multi-objective
optimisation method of the proposed inerter-based vibration suppression system is proved to be effective by
obtaining the design parameters of the inerter system, which can meet the performance requirements and
minimize the cost.

2 Problem Statement

The wind-induced vibration of high-rise buildings can be modelled as an n degrees of freedom linear vibra-
tion system under random excitation. Consider the equation of motion of a linear dynamic system with n
degrees of freedom and viscous damping given by

Mẍ(t) +Cẋ(t) +Kx(t) = f(t) (1)

where M, C and K are the mass, damping and stiffness matrices, respectively, and f(t) is the random wind
load vector. Due to the structural integrity and residential comfort requirements in the structure design, it is
essential to ensure the structural response, especially the peak floor acceleration, is below a certain threshold:

max |ẍ| ≤ ath (2)

The widely used method is to mitigate the vibration by incorporating additional devices into the primary
structure for supplemental damping. In practical engineering design of vibration mitigation devices, it is not
reasonable to just minimize the response without considering the cost. There should always be a trade-off be-
tween performance and cost. In another words, a good design of a vibration mitigation device should satisfy
the performance requirement, at a relatively low cost. The performance-based design of a vibration mitiga-
tion system optimizes the characteristic parameters of the system by solving a multi-objective optimization
problem to achieve the performance requirement, as well as minimizing the cost.

Based on the classic theory of random vibration [9], the variances of acceleration can be obtained by either
time domain methods or frequency domain methods. For time domain methods, the response history can
be obtained by solving Eq. (1) directly with the input of the wind excitation history. Then the variance of
the responses are calculated statistically from the response solution over the time history of duration Twind.
For frequency domain methods, the power spectral density of the displacement, velocity and acceleration
response can be obtained as

Sxx(ω) = H(ω)∗Sff (ω)H(ω) (3)
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Sẋẋ(ω) = ω2H(ω)∗Sff (ω)H(ω) (4)

Sẍẍ(ω) = ω4H(ω)∗Sff (ω)H(ω) (5)

where Sff is the power spectral density (PSD) matrix of the wind load, and H(ω) is the transfer matrix given
by

H(ω) = [K− ω2M+ jωC]−1 (6)

Then the variances of the displacement, velocity and acceleration of the k-th DOF can be obtained as

σ2xk
=

∫ ∞

0
Sxkxk

(ω)dω (7)

σ2ẋk
=

∫ ∞

0
Sẋkẋk

(ω)dω (8)

σ2ẍk
=

∫ ∞

0
Sẍkẍk

(ω)dω (9)

The peak acceleration of the k-th DOF can be estimated by,

max |ẍk| = g
√
σ2ẍk

(10)

where g is the peak factor which can be estimated by using the empirical formula proposed by Davenport
[14]. The peak acceleration of the k-th DOF can be estimated by,

g =
√

2 ln(ηTwind) + 0.577/
√

2 ln(ηTwind) (11)

where η = 2π/ω1 is the effective structural response frequency and ω1 is the fundamental angular frequency
of the primary structure. Twind is the time duration during which the peak response is quantified.

The variance of the relative velocity response σ2(ẋk−ẋq)
between two different DOFs k and q, can be obtained

as
σ2(ẋk−ẋq)

= σ2ẋk
+ σ2ẋk

− 2

∫ ∞

0
Sẋkẋq(ω)dω (12)

3 Modelling of the dynamic systems

3.1 Mechanical model for two-terminal inerter

Smith [10] proposed a two-terminal inertial element concept in 2002, as shown in Figure 1. Unlike a typical
mass element with a reaction force that is proportional to the absolute acceleration, the reaction force of an
inerter is proportional to the relative acceleration between its two terminals,

p = b(ü1 − ü2) (13)

where b is the inerter coefficient and measured in mass units; p is the axial force of the inerter; ü1 and ü2 are
the accelerations of the two terminals of the inerter, respectively.
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Figure 1: Mechanical model of a two-terminal inerter element

3.2 Dynamic model of the uncontrolled primary system under wind excitation

A high rise building can be modelled as an n-DOF lumped-mass system, as shown in Figure 2(a), where
mi, ci and ki represent the mass, damping coefficient, and shear stiffness of the ith story, respectively. The
equation of motion for the uncontrolled primary structure can be written as

Mpẍp(t) +Cpẋp(t) +Kpxp(t) = fw(t) (14)

where Mp, Cp, and Kp are the n × n mass, damping and stiffness matrices of the uncontrolled primary
structure; xp(t), ẋp(t) and ẍp(t) are the displacement, velocity and acceleration vectors of the primary
system; and fw(t) is the wind excitation vector. The matrices are given by

Mp =




m1 0 . . . 0

0 m2
...

...
. . . 0

0 . . . 0 mn




(15)

Kp =




k1 + k2 −k2 0 . . . 0

−k2 k2 + k3 −k3
...

0 −k3
. . . −kn−1 0

... −kn−1 kn−1 + kn −kn
0 . . . 0 −kn kn




(16)

Cp =




c1 + c2 −c2 0 . . . 0

−c2 c2 + c3 −c3
...

0 −c3
. . . −cn−1 0

... −cn−1 cn−1 + cn −cn
0 . . . 0 −cn cn




(17)

If Cp is assumed to be Rayleigh damping (proportional damping), the fundamental angular frequency of the
primary structure ωp

1 can be obtained by standard modal analysis.

3.3 Dynamic model of controlled system with TMD under wind excitation

Tuned mass dampers (TMDs) have been widely used in practice for vibration mitigation. Figure 2(b) shows
the model of a typical tall building with a TMD attached to the top floor. mT , cT and kT represent the mass,
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Figure 2: Lumped-mass model of an n storey high rise building under wind excitation

damping and stiffness of the TMD system. Then the mass, damping and stiffness matrices, M, C and K in
Eq. (1), become

M =

[
Mp 0
0 mT

]
(18)

K =

[
Kp 0
0 0

]
+



O(n−1)×(n−1)

kT −kT
−kT kT


 (19)

C =

[
Cp 0
0 0

]
+



O(n−1)×(n−1)

cT −cT
−cT cT


 (20)

and the excitation vector f(t) is

f(t) =

[
fw(t)
0

]
(21)

The additional mass ratio, µT , the nominal damping ratio, ξT , and the nominal stiffness ratio, κT , of the
attached TMD system are defined as,

µT = mT /M (22)

ξT =
cT

2Mωp
1

(23)

κT =
kT

M(ωp
1)

2
(24)

where M is the total mass of the primary structure and ωp
1 is the fundamental angular frequency of the

primary structure.
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3.4 Dynamic model of controlled system with inerter under wind excitation

Due to the mass amplification effect, the inerter system (IS) offers another solution for vibration mitigation,
which may potentially reduce the mass of traditional TMD systems. Figure 2(c) shows the model of a typical
tall building with an inerter system (IS) attached to the top floor. mI , cI and kI represent the mass, damping
and stiffness of the IS system, and b is the inerter coefficient. Then the mass, damping and stiffness matrices,
M, C and K in Eq. (1), become

M =

[
Mp 0
0 mI

]
+



O(n−1)×(n−1)

bI −bI
−bI bI


 (25)

K =

[
Kp 0
0 0

]
+



O(n−1)×(n−1)

kI −kI
−kI kI


 (26)

C =

[
Cp 0
0 0

]
+



O(n−1)×(n−1)

cI −cI
−cI cI


 (27)

and the excitation vector f(t) is

f(t) =

[
fw(t)
0

]
(28)

The additional mass ratio, µI , the inertance ratio, νI , the norminal damping ratio, ξI , and the norminal
stiffness ratio, κI , of the attached inerter system are defined as,

µI = mI/M (29)

νI = bI/M (30)

ξI =
cI

2Mωp
1

(31)

κI =
kI

M(ωp
1)

2
(32)

4 Performance-based optimal design for suppression of the wind-
induced vibration

As discussed in the previous section, a good design of a vibration mitigation device should satisfy the per-
formance requirement, at a relative low cost, which needs to optimize the characteristic parameters of the
system by solving a multi-objective optimization problem to achieve the performance requirement, as well
as minimizing the cost.

The performance requirement should be chosen based on building codes and guidelines, with consideration
of a reasonable design redundancy. For high-rise buildings, the absolute value of peak acceleration of the
top floor, |ẍn| g

√
σ2ẍn

, is usually chosen as the performance indicator which needs to be below a threshold
value, ath. In another words, the variance of the acceleration of the top floor should satisfy,

σ2ẍn
≤ (ath/g)

2 (33)
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We can also set the performance requirement by using the response mitigation ratio, which is defined as the
ratio of the response of the controlled system to the response of the primary system, as follows,

γ =

√
(σ2ẍn

)Controlled

(σ2ẍn
)Primary

≤ γt (34)

where γt is the target response mitigation ratio.

The cost of the vibration mitigation device is mainly related to the energy dissipation force in the device,
fd, which is a function of the damping efficiency of the energy dissipation device and the velocity difference
between the two terminals (the top floor and the additional mass),

fd = cT (ẋn+1 − ẋn) (for the TMD)

fd = cI(ẋn+1 − ẋn) (for the Inerter System)

Therefore, to minimize the force in the dissipation device, the objective function should set up to minimize
the variance of the relative velocity σ2ẋn+1−ẋn

between the additional mass and the top floor, which can be
obtained as

σ2(ẋn+1−ẋn)
= σ2ẋn+1

+ σ2ẋn
− 2

∫ ∞

0
Sẋn+1ẋn(ω)dω (35)

4.1 Performance-based optimal design of traditional TMD for suppression of the
wind-induced vibration

Classical tuning theory [11], also known as fixed-point theory, was proposed by Den Hartog and is a well-
known method for designing a dynamic absorber. However, this method does not consider the damping of
the main structure. Recently, researchers [12, 13] have proposed some methods with consideration of the
damping of the main structure. In these methods, the tuned stiffness ratio, κT , and the tuned damping ratio,
ξT , are expressed as functions of the additional mass ratio, µT . However, this method is based on a pre-set
additional mass ratio, µT , which is not based on the performance requirement and is not the global optimal
solution.

In this paper, a performance based method tor optimize the TMD system, with consideration of the cost, is
proposed and shown in Table 1. The optimal parameters µT , ξT and κT will be obtained by solving this
multi-objective optimization problem.

Objective functions
minµT
minσ2(ẋn+1−ẋn)

Variables µT , ξT , κT

Constraints
σ2ẍn
≤ (ath/g)

2

or γ ≤ γt

Table 1: Optimization for the MDOF dynamic system with a TMD

4.2 Performance-based optimal design of an inerter system for suppression of
wind-induced vibration

The optimization of the inerter system for suppression of the wind-induced vibration is similar to the opti-
mization method proposed in the previous sub-section for the TMD system, although the design variables
are the additional mass ratio, µI , the inertance ratio, νI , the nominal damping ratio, ξI , and the nominal
stiffness ratio, κI . The objectives will be to minimize the additional mass and the energy dissipation force
for the device, and also satisfy the performance requirement. The optimal parameters µI , ξI , κI and νI will
be obtained by solving the multi-objective optimization problem summarized in Table 2.
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Objective functions
minµI
minσ2(ẋn+1−ẋn)

Variables µI , ξI , κI , νI

Constraints
σ2ẍn
≤ (ath/g)

2

or γ ≤ γt

Table 2: Optimization for an MDOF dynamic system with Inerter
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Figure 3: Wind excitation for the SDOF system

5 Case study

5.1 Performance-based optimal design for suppression of the wind-induced vibra-
tion of an SDOF system

The key parameters of the single degree of freedom structure are as follows: massm = 1.8×105 kg, stiffness
k = 1.7 × 106 N/m, and the damping ratio ζ = 0.01. The wind excitation is shown in Figure 3 in the time
domain. From the modal analysis of the primary structure, the fundamental angular frequency is 3.0732
rad/s. The performance requirement is that the mitigation ratio of the peak acceleration of the oscillator is
no more than 0.7. Based the optimization methods proposed in the previous section, the optimal parameters
of the TMD and Inerter systems are summarized in Table 3.

The accelerations of the oscillator in the uncontrolled primary system, the controlled system using a TMD
and the controlled system using Inerter system, is shown in Figures 4, 5 and 6, respectively.

TMD
µT κT ξT mitigation ratio of peak acceleration

0.011 0.012 0.065 0.700

IS
µI κI ξI νI mitigation ratio of peak acceleration

0.0068 0.0834 0.0187 0.0089 0.700

Table 3: Optimal parameters of the TMD and Inerter System for an SDOF dynamic system

5.2 Performance-based optimal design for suppression of the wind-induced vibra-
tion of an MDOF system

A benchmark model of a typical slender building is used to illustrate the efficiency of the proposed methods.
This structure has 22 storeys and the total mass is 184 × 103 kg. The total height of the building is 61.8m.
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Figure 4: The acceleration of the SDOF uncontrolled primary system

0 30 60 90

Time (s)

-4

-2

0

2

4

O
sc

il
la

to
r 

A
c
c
e
le

ra
ti

o
n

 (
N

/s
2
)

0 30 60 90

Time (s)

-4

-2

0

2

4

O
sc

il
la

to
r 

A
c
c
e
le

ra
ti

o
n

 (
N

/s
2
)

Figure 5: The acceleration of the controlled SDOF system using a TMD

The wind excitation on each storey are integrated by the time history of the pressure distributions from the
wind tunnel test. Figure 7 shows the time history of the wind excitation on the top floor. From the modal
analysis of the primary structure, the fundamental angular frequency is 3.031 rad/s.

The performance requirement is that the acceleration mitigation ratio of the top floor is no more than 0.7.
Based the optimization methods proposed in the previous section, the optimal parameters of the TMD and
Inerter systems are summarized in Table 4.

6 Discussion and conclusion

From the results of the two case studies, we can draw the conclusion that the proposed performance-based
design and multi-objective optimisation methods are working properly for both the TMD and Inerter systems.
The optimal parameters of the attached system for the vibration suppression system (TMD or IS) can be
obtained by solving multi-objective optimisation problems. Unlike other parameter design methods, such as
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Figure 6: The acceleration of the controlled system using an Inerter
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Figure 7: Wind excitation on top floor of the high rise building

the Fixed-point Theory, the proposed method has also considered the damping of the primary system. This
requirement-driven, performance-based design and multi-objective optimisation method is demonstrated to
be effective in obtaining a vibration suppression device which can meet the performance requirements and
minimize the cost. The results also show that the additional mass can be significantly reduced compared
to the traditional TMD, if the inerter system is adopted, which offers advantages in manufacture, cost and
installation. In practical structures and architecture, there are constraints for the additional mass and the
volume of the vibration suppression system. These constraints are particularly critical for tall buildings due
to the trend of constructing lighter and slender structures with high flexibility. Therefore, there are advantages
in using inerter systems instead of the traditional TMDs due to the mass amplification effect of the inerter
device.
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TMD
µT κT ξT mitigation ratio of peak acceleration

0.014 0.010 0.072 0.700

IS
µI κI ξI νI mitigation ratio of peak acceleration

0.006 0.0852 0.0211 0.0072 0.700

Table 4: Optimal parameters of the TMD and Inerter System for an MDOF dynamic system
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Abstract
The variable displacement vane pump is part of the engine lubrication system, and is subjected to strict oil
flow requirements, wide range of temperatures and different aerations levels. In this context, the target of
the designer consists in the development and implementation of energy efficient devices able to ensure the
necessary NVH targets. In this work it has been developed a strategy to improve the pump’s tonal noise.
This has been achieved introducing a specific vane spacing in the pump core. That was a great challenge
due to high oil pressure pulsations, created by this device design, which are the main excitation energy
within the lubricating system. First was developed a numerical model of the system, accounting for aeration,
engine permeability and oil dynamics. Then different rotor designs have been studied with the focus of NVH
performance and tonal prominences. For validation purposes, numerical and experimental results will be
compared, in order to evaluate the best vane spacing logic among the prototypes.

1 Introduction

Nowadays, the environmental impact generated by vehicles and their NVH performance are one of the major
design criteria, when developing a new vehicle. The scope of this work is the numerical and experimental
analysis of the pressure ripples inside the vane pump with the aim to provide a design method for minimizing
the tonal noise. Experimental data was collected in order to support the model calibration and to validate
simulation results. This reliable model was in fact used to implement different changes in the pump core. The
variable displacement vane pump regulates the oil flow according to the engine request [1]. This provides
a significant reduction of power absorption but an increase in term of noise, reason for which the acoustic
research has recently become necessary. In this work the noise emission problem related to the pump pressure
pulsation is studied through the prominence criteria which is described in the standard ECMA-74 [4]. A
design solution based on an asymmetric rotor will be proposed with the target of altering the noise spectrum
of the pump, achieving an optimization of the noise generation. From this assumption, experimental and
numerical activities have been done. In the design phase the pressure traces were analysed and in the testing
procedure all pressures, vibrations and noise data have been collected. A dedicated testing procedure was
adopted during the experimental phase. As showed in the figure 1 the need to measure the pressure inside
the pump core was met with the use of a piezoelectric transducer in the delivery kidney. Moreover when the
different proposed solutions were tested, an additional accelerometer on the pump cover and a microphone
were added. In figure 2 is reported an example of pressure time history at the delivery kidney, collected
during the test. This typical behaviour can be explained by following the chamber during its rotation in the
pump core. A chamber volume at the inlet of the vane pump is mostly filled with oil and a certain amount
of trapped air. When connecting to the delivery channel, the volume encounters an higher pressure domain
which leads to a sudden compression of air bubbles. At this stage, all the air initially present is converted into
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molecules dispersed in oil and a pressure peak is generated. Eventually this pressure wave will propagate in
the hydraulic system and structures. The described process occurs every time a chamber is connected to the
outlet, giving rise to a pulsed phenomena as a whole.

Figure 1: Vane pump’s circuit and position of the pressure tranducer inside the pump’s core

Figure 2: Typical pressure oscillations collected inside the pump core

2 Model regulation

The Amesim software is capable of model gas transport and dynamics inside the oil. The adopted 1D
numerical model was initially regulated through the experimental test. The most important parameters for
the model validations were the dissolution time constant (τd), saturation pressure (Psat) , and the undissolved
gas mass fraction (Xu) , the terms which leads the pressure oil’s pressure oscillation inside the pump core.
For regulating these variables it was essential to monitor the aeration level inside the oil of the circuit. The
sensor used in our test can directly measure the Xu and its correlated volumetric one (V%undissolved) at
the ambient pressure. Then for set the correct value of Psat it was necessary to use the well known Henry-
Dalton-law that is showed in figure 3. This law defines the volumetric air content that can be dissolved in
the oil at difference reference pressure. The slope of this relation is given by the Bunsen coefficient (B).
This term is different for every bi-phase fluid, and the available literatures [5], [6] state that for the oil-air
combination, can be approximated around 9 [ vol.%/bar] which means that the dissolved air fraction at the
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reference pressure (V%dissolved) is 9%. So knowing that the saturation pressure is the threshold value by
which all the air is dissolved inside the oil, it can be easily obtained through the following equation 1:

Psat =
V%undissolved + V%dissolved

B
(1)

Then a reasonable value of τd was settled trying to match the experimental pressure amplitude oscillations at
different working speeds.

Figure 3: Henry-Dalton diagram

In figure 4 is shown a schematic representation of the adopted model. From the hydraulic model, in output
it can be obtained the pump flow rate at different engine permeability and also the pressure profile inside
each single chamber. The theoretical model at the base of the hydraulic one, takes in consideration all the
interested bi-phase fluid dynamic parts and the pump functioning. As it is represented in the following figures
is interesting to notice that the model in consideration is able to reproduce the magnitude of the amplitude
of the oscillations on the pump’s core itself in the time domain. That is well reflected also looking at the
results in the PSD as are represented in figure 5 and 6. It is clear that the model is reliable in reproducing
the pump’s order magnitude and trend, which are the main frequencies components that are equally spaced
in the frequency domain. In our case the pump has seven chambers and so the pump’s orders are multiples
of the 7x revolution. For this reason it was decided to use the considered model to study the changes inside
the pump’s core, changing the angular chamber’s amplitude in order to break these strong pump’s orders.

3 NVH Improvements

From the frequency analysis is noticeable that in the pump core are present clear and discrete tones. These
pulsations excite the pump structure, in particular the cover, which can act as resonance box. This last,
vibrating, generates noise that is perceived by the human hear, as amplified or decreased dependently on the
oscillation frequency. From this analysis, we can distinguish three different main blocks (see figure 7). In
the following section it developed a design method for reducing the source of the audible prominent tones,
so the excitation input. The main idea is to change the chamber dimension for spreading the energy of the
multiples of the pump’s order over other frequencies to decrease the maximum excitation at each interested
bandwidth and the tones audibility. In the design phase the prominence criteria was applied directly on the
pressure trace data. In this way, looking directly at the pressures obtained by the regulated model, we can
have reasonable fast and reliable results on what happens changing the angular amplitude of the chambers.
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Figure 4: scheme of the adopted model

Figure 5: Numerical and experimental pressure trace comparison in the time domain

3.1 Identification and evaluation of prominent tones

An important parameter for the noise improvement of the pump over the total sound emission is the tonal
prominence evaluation. In fact, even a low amplitude tone can be very irritating. A tone is typically a single
frequency that is audible by the human hear [2]. Using a traditional measure of sound like a decibel is not
enough to characterize tones. Instead the metric of Prominence Ratio can be used to quantify the presence
of distinctly tones in a signal. Rather than using the absolute level of the tone, these metrics look at the level
of the tone relative to the background sound level to determine how prominent, or noticeable, the tone is to a
listener [2]. Even if a single frequency is visible in a sound spectrum, it does not mean that it can be heard as
distinct tone. If the tone is not high enough relative to the background, it will not be perceived by the listener
as represented in figure 8. Referring to the standard ECMA-74 [4], the prominence ratio method can provide
to readily automated to handle multiple tones within the same critical band [4]. This method is suitable to our
application because knowing that the main core pump excitations are all multiples to the pumps order and
so dependent to the rotation speed, some tones may fall in the same critical region. For this standard, when
using the prominence ratio method, a discrete tone is classified as prominent if the difference between the
level of the critical band centred on the tone and the average level of the adjacent critical bands is equal to or
greater than 9 dB for tone frequencies of 1000 Hz and higher [4], and by a greater amount for tones at lower
frequencies. The width of a critical band is a function of frequency . Critical bands are used to quantify the
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Figure 6: Numerical and experimental pressure trace comparison in the frequency domain

Figure 7: Main system blocks

ability of the human ear to distinguish between individual frequency tones. The human ear can hear from
20 to 20,000 Hz, but the ability to distinguish individual tones varies as a function of frequency. At low
frequencies, the human ear can distinguish changes in frequency more easily than at high frequencies. For
example, the ear can distinguish a 20 Hz difference between 500 and 520 Hz tones more readily than a 5000
and 5020 Hz tones [3]. As a result, the ear tends to have hearing bands. These bands increase in bandwidth
from low to high frequency as shown in figure 9. In figure 10 is reported the prominence evaluation of the
even vane pump on the sound data collected from a ramp up speed test. Here is noticeable that are present
strong prominent tones, especially the first four pump’s orders.

Figure 8: Examples of audible and not audible tone
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Figure 9: Bandwidth of critical band

Figure 10: Example of prominence evaluation from a microphone data collection during a speed ramp up
test

3.2 Best vane lag

As previously mentioned, an efficient tool to spread the energy far from the main peaks, reducing in this way
the prominence and the maximum excitation in each interested frequency band, is the vane displacement
with respect to the original position. The vane displacement is aimed to the variation of the chamber angular
amplitude, in this way the compression and decompression phase are changed causing the resulting delivery
pressure pulsation to be no more constant in time. In the frequency domain, the vane displacements, have the
effect to move energy content to other frequencies. During our work, many configurations were simulated,
but in this thesis are reported only two logics that have accounted better results through batch simulations.
These two logics are called ”square” and ”alternated”. They take their names by the disposition of the
chamber amplitude variation around the rotor. In figure 11 the dispositions of the chambers are visible in
terms of amplitude variation. It has to be noted that the chamber number one is standard, so its angular
amplitude is not changed. The other six chambers change their amplitude according to the logic adopted
and respecting the constraint that the superposition of all chambers amplitude must be equal to 360 degree.
Another constraint is that the maximum chamber’s angular variation that is strongly dependent on the pump’s
geometry. In fact, if too big, the pre- compression phase became too inefficient, causing undesired pressure
drop and back flow rate. Instead, if too little, the pre-compression phase can be too efficient and cause, in
certain working condition, undesired pressure peaks, decreasing in this way the pump’s sound performance
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and fatigue life. For studying the logics effect, it was performed a batch process, where each test was
conducted with an increased chamber amplitude variation, until the limit condition was reached (five degree
in our case). For respecting the constraint of a totality of 360 degree, summing all chamber’s amplitudes,
the six chambers were paired in two group of three. The members of both group have the same angular
variation in module, but are opposite in sign. Doing in this way, the constraint over the totality of the
chamber amplitude is easily satisfied. In our batch analysis we have seen that ,for both alternated and square
logic, the best results in terms of prominence evaluation are obtained at the maximum allowable chamber’s
angle variation performed ( in order to not encounter the problem discussed above). In figure 12 is reported
a zoom in the PSD spectrum in which are compared the alternated logic and the even spaced vane one.
Here the prominence bands are also reported and centred in the pump order under analysis (red rectangle)
. According to the standard ECMA 74 are also reported the bands in which fall the tones that contribute to
the order masking (green rectangles). As it can be seen from figure 12 the alternated logic is able to shift
the pump’s order energy greatly inside the masking bands. So it can be said that this logic can provide an
effective prominence reduction. In figure 13 is repeated the previous analysis but with the square logic. It
can be seen that in this case the energy shift is nearer to the pump order but the energy related to this last is
sensibly reduced. So it can be said that both logics can provide an effective prominence reduction acting in
a different way on the energy spreading.

Figure 11: Developed logics

Figure 12: Zoom comparison in the PSD spectrum between the Alternated solution and the base one with
the prominence band centred in the pump order
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Figure 13: Zoom comparison in the PSD spectrum between the Square solution and the base one with the
prominence band centred in the pump order

4 Experimental results

In order to validate the logics previously discussed it was performed an experimental campaign by which
delivery pressure, cover acceleration and sound pressure were collected simultaneously by the respective
transducer (see figure 14). With the sake of simplicity here are discussed only the data acquired with the
microphone as reported by figure 15. Here, with the aim to have a wide vision on the obtained results, are
reported the results from the speed ramp up test of the sound data already processed under the prominence
criteria. In particular, in the figure under consideration, are reported the six spectrograms divided in three
columns (even spaced case, square logic, alternated logic) From each column we can identify two types of
spectrogram:

• An upper one with reported the absolute level of prominence.

• A lower one with marked only the areas with the tones over the prominence limit.

Looking to these results (see figure 15), it is clear that the two developed logics can provides huge improve-
ments with respect the even case. The main difference between the alternated and the square logic it can be
seen analysing the spectrogram where are marked only the tones over the prominence limit. Looking at the
previous spectrogram (figure 15) it can be noted that the 1st pump’s order is the hardest to hide, especially at
high frequencies. In particular it became prominent at frequencies dependently on the chosen masking logic.
For better understanding the differences regarded to the masking capability of the 1st pump’s order between
the logics adopted, figures 16, 17 were reported: they describe the distance between the logics orders respect
to the pump’s one and the width of the tone and noise bands defined by the standard and centred in the 1st

pump’s order. Looking at figure 16 it can be noted that the higher orders developed by the alternated logic
(black lines) start to go out from the noise bands for engine speeds over the 3000 rpm. That means that the
alternated logic is not more effective to hide the 1st pump’s order. In other hands, seeing figure 17 we have
an opposite trend, so the square logics became more effective in hiding the 1st pump’s order at speeds higher
than 3000 rpm.

4242 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 14: Experimental set up

Figure 15: Experimental spectrograms of the prominence evaluation obtained by the collection of accelera-
tion pressure and sound data from the rump up test
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Figure 16: Scheme of the trend of alternated pumps orders with respect to the tone and noise bands defined
by the standard with increasing frequency

Figure 17: Scheme of the trend of square, pumps orders with respect to the tone and noise bands defined by
the standard with increasing frequency
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5 Conclusions

In this work, starting from the analysis of a vane pump, it was studied the role of aeration in the pressure
peaks generation. In particular, several numerical simulations were performed in order to find a correlation
between aeration parameters and pressure pulsations at pump delivery kidney obtained from the experimental
tests. Then it was described the concept of the ear bandwidth which is recalled in the standard ECMA 74 that
define the tone prominence criteria. This criteria was used to design and select an efficient modification of the
pump rotor. Each specific pattern of uneven vane spacing was numerically evaluated in terms of its capacity
to spread the energy among the frequency spectrum. From these simulations were selected and reported here
only the logics with the best results, so the alternated and squared ones. The best logics chosen previously
were physically realised and tested. It was verified with success that the induced harmonic components
spread presents the same shape of the one predicted numerically. From the obtained experimental results is it
clear that the alternated logic is better at medium velocities and the square one at high. At low velocities the
pressure pulsations are too low and pump harmonic orders too near to each other that no tonal prominence is
noticed. It can be concluded that there is not a best logic for all speed, but the logic choice depends on which
is the critical pump’s speed and so where there are the major noises problems. Moreover, the critical pump’s
speed depends also on the environment noise. In fact, the tone prominence is dependent on the level of the
masking noise. In the real application the major contribution to the masking noise is given by the engine
sound. Therefore, for a correct choice of the best solution, additional data on the environment noise must be
collected.
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Abstract 
In this paper we present a hybrid approach for estimating in-vehicle steering gear running noise during a 

parking maneuver. The approach is based on a simulation model that provides the structural dynamic 

excitations from the steering gear, and experimentally measured transfer functions that map these excitations 

to interior sound pressure level. Providing realistic excitations requires simulating the steering gear in a 

power-on condition. To this end, we use a multibody model of the gear mechanics in co-simulation with 

models of the steering torque controller, the torque and angle sensor, and the electric drive. Our results show 

that the presented approach is a useful tool for frontloading NVH-driven design decisions in the 

development process of steering gears. 

1 Introduction 

Running noise of electrically powered steering systems (EPS) is an essential assessment criterion in today’s 

automotive development because modern drivetrains are so silent that steering gear noise becomes audible 

in the vehicle. A classic Noise, Vibration, and Harshness (NVH) assessment of steering gear running noise 

requires a physical integration of the steering system into the vehicle, yet physical components of both these 

systems are only available in late stages of the development process. As a result, NVH-driven design 

changes are often time consuming and expensive. It is therefore desirable to characterize running noises of 

steering gears as early as possible, even prior to the availability of physical parts. 

 

Full vehicle noise and vibration performance is depending on the interaction between many subsystems, 

such as powertrain, subframe, body, and suspension. For an effective design improvement procedure, it is 

of paramount importance to identify the contribution of each of these subsystems and to clearly assess the 

NVH improvement potential for single component modifications. The traditional compromise solution 

relies on iterative component improvements and the validation of several physical prototypes throughout 

the vehicle development process. Especially for steering system development this poses significant 

challenges as the final in-vehicle performance depends as strongly on the acoustic sensitivity of the car 

body as on the excitations generated by the steering system operation. The core of advanced NVH design 

process management is a predictive vibro-acoustic full vehicle analysis model, used to support concept 

decisions, monitor component performance, and evaluate cabin noise targets at any design stage, thus 

reducing the total development time and costs. The predictive full vehicle modeling as proposed in this 

paper makes use of test-based component models for existing parts and pure finite element component 

models for newly designed components.  

 

At early design stages the model is built based on predecessor dynamic data. It then offers the engineers 

the analysis environment to quantify, directly at the level of the final cabin noise performance: 
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• the contribution of every subsystem, and 

• the effect of subsystem or component design changes. 

 

The target is to provide the vehicle NVH team with qualitative and quantitative insight in major causes for 

interior noise, at any stage or time in the design cycle, and to set clear responsibilities and targets for every 

component design team (both internal for the steering system and external for the subframe and body 

design teams). The proposed analysis model allows for quick evaluation of the effects on interior noise of 

design modification requirements from any vehicle development section. Throughout the design cycle the 

individual component characteristics and input loads in the full vehicle analysis model can be flexibly 

updated to match as-build parts, from prototype until mass production. In this way the model provides an 

easy way to monitor the NVH progression of the vehicle at each step of the development process. 

 

The rest of this paper is structured as follows: In section 2 we give some generic background on steering 

gear running noise assessment based on physical parts. We then explain what is required to perform the 

same analysis virtually, describe the structure of the underlying prediction process, and provide briefly some 

theoretical background about the used methods. Section 3 explains the overall topology of electric power 

steering systems (EPS) and continues with describing the structure of the mechatronic system model that 

provides the noise-generating excitations. In the following section 4 we explain the necessary steps to 

compute interior noise from the calculated excitations, which involves building up a structural assembly 

model and incorporating measured noise transfer functions. Section 5 contains an application example that 

shows the influence of different connections between steering gear and vehicle. We finish the paper with 

conclusions and outlook in section 6. 

2 Method 

Running noise is classically evaluated during emulated parking maneuvers. These maneuvers are performed 

in a semi anechoic chamber with zero vehicle speed and different constant handwheel speeds in clockwise 

(CW) and counterclockwise (CCW) direction. The resulting interior sound pressure level is then recorded 

with a binaural head and the frequency content of the recorded signal is extracted for evaluation. Note here 

that constant handwheel speed is necessary to operate the system in a quasi-steady state condition so that 

results are comparable and order-driven excitations from the electric drive or other subsystems do not 

corrupt the measurements. 

 

 

Figure 1 Semi anechoic chamber for in-vehicle steering gear running noise assessment. Asphalt on the 

ground ensures realistic resistance forces during emulated parking maneuvers. 

For the simulation-based prediction of running noise it is necessary to operate a virtual model of the steering 

gear in the target environment, i.e., the vehicle. The gear model must replicate the parking maneuver load 
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case and provide the resulting noise-generating excitations while the vehicle model must contain the noise-

transmitting properties from the gear to the driver ear. In this section we describe the overall structure of the 

underlying noise prediction process and show how the individual models are combined. 

2.1 Noise prediction process 

Figure 2 shows the overall structure of the interior noise prediction process. The prediction is based on a 

mechatronic excitation model that comprises the mechanical components of the gear, the electric drive, the 

torque sensor, and the steering torque controller. A more detailed description of the model structure is given 

in section 3. To create the excitations, the mechatronic model is run for multiple load cases that correspond 

to parking maneuvers with different constant handwheel speeds from 30 to 90 rotations per minute (rpm) 

and a constant rack load, e.g., 4 kilonewtons (kN). This procedure is in line with standard NVH in-vehicle 

and on-bench test procedures so that simulation results are comparable when physical parts become 

available. 

 

Figure 2 Interior noise prediction process. Virtual excitations and measured noise transfer functions yield 

predicted interior noise as an output. 

The excitation model outputs time domain data of loads at various internal interfaces between moving and 

static parts. Simulation in the time domain is required to capture the load-dependent non-linear behavior of 

the system as well as to allow the full rack travel of approximately 150 mm for a typical belt drive EPS. The 

dynamic loads are then transformed into the frequency domain and fed into an assembly model which 

comprises two substructure models of the steering gear and the vehicle subframe, as well as the connection 

stiffnesses at the mounting points between the gear and the subframe, labeled as K in Figure 2. Including 

both the gear and the subframe as coupled substructures allows for identifying their individual influence on 

the full-system behavior, which is key to improving running noise later in the process. For instance, 

assembly modes exist that are either dominated by the modal behavior of the gear or by the modal behavior 

of the subframe. This is important when the manipulation of such system modes is necessary and highlights 

the value of the virtual integration process described in this article. More details on the structural model are 

given below. 

Feeding the structural assembly model with the virtual excitations from the mechatronic system model yields 

forces at the mounting feet, which are the main connection points to the integration target, i.e., the vehicle. 

Accordingly, the last step towards predicting interior noise in the vehicle consists of using noise transfer 

functions (NTFs) that map dynamic mounting point forces to interior sound pressure levels. NTFs are 

typically obtained experimentally by tapping the point of excitation with an impact hammer while measuring 

the sound pressure level response with a binaural head in the vehicle. Note here that in early development 

stages, measured NTFs of the vehicle are not available, so that predictions or NTFs from a previous version 

of the vehicle must be used as approximations. 
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2.2 Theoretical background 

The modeling technique used for the assembly modeling is Frequency Response Function (FRF) based 

substructuring (FBS). The basic principles are briefly reviewed in this section, for more details see [1]. The 

basic idea of the FBS method is to predict the global frequency response function matrix between forces 

acting at specific operational excitation degrees of freedom (DOF) on a substructure and selected response 

DOF in any substructure of the assembly. Note that no limitations are set on the type of response signals: 

sound pressure and vibrations are treated in the same way. From a component designers point of view, the 

exploitation of a FBS model to calculate force transmissibility spectra is very interesting. The operational 

reaction forces at the component coupling interfaces can be estimated for every set of external force spectra 

acting on any component or part of the assembled structure. These interface reaction forces are of interest 

in case of hybrid FBS models because they implicitly contain all effects that the coupling has on the 

structural dynamics behavior. They can thus be applied as input to the original, uncoupled, finite element 

component models for design optimization. 

 

Prior to the assembly calculations, each component is represented by its FRF matrix [𝐻𝑖𝑗], relating a 

response vector {𝑥𝑖} to an excitation vector {𝐹𝑗}: 

 

 {𝑥𝑖} = [𝐻𝑖𝑗]{𝐹𝑗} (1) 

 

This matrix describes the frequency dependent interaction between the force input DOF, the general 

(vibration or noise) response DOF and the DOF connecting that component to other vehicle components. 

For coupling calculations, these FRF matrices of the uncoupled components are reorganized in submatrices. 

The submatrix dimensions are determined by the number of coupling DOF, the number of excitation DOF 

and the number of response DOF on each subsystem. The interface DOF from both substructures can either 

be rigidly coupled or, in the general case, joined by flexible elements, characterized by a stiffness block 

matrix [Ks]. The FRF of the assembled structure are then derived from the compatibility conditions for the 

displacements and the equilibrium conditions for the forces. Each component is modeled by a measured 

FRF matrix or by a synthesized FRF matrix based on a FE model of the component. To guarantee the 

accuracy of the predictions on the assembly model, the component FE model must be validated and updated 

using experimental modal analysis on a physical prototype as soon as it becomes available. 

 

The steering system predictive model described in this paper includes the main structural components: the 

steering system structure (including housing, motor, gear and BNA) and the vehicle subframe. Measured 

FRF matrices are used to characterize the car body attachment stiffness and acoustic sensitivity. Depending 

on the steering system configurations the steering system and subframe components are connected through 

rigid or bushing mounts. An overview of the assembly layout is given in Figure 3. 

 

 

Figure 3 Steering system interior noise assembly model. 
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The input forces applied to the full vehicle model in the scope of the work presented here are motor and 

internal bearing forces inside the steering system. They are calculated using a co-simulation model that 

includes a MBS steering system model and a motor torque control model. The details of the calculation of 

these forces are discussed in the next section of the paper. 

3 Mechatronic excitation model 

3.1 Steering-gear topology 

Steering systems of vehicles are commonly built around the steering column assembly and the steering rack 

(see Figure 4). The steering column is a chain of shafts and joints that provide the mechanical connection 

of the steering wheel to the actual steering gear. The driver’s hand wheel torque is transformed to a linear 

force by a pinion that drives the steering rack. Assisted steering, so called power steering, has been used for 

decades in the automotive industry. While the initial concept of providing steering assist was originally 

based on hydraulically powered systems (HPS), electrically powered systems (EPS) are now state-of-the-

art. Among other reasons, this is because EPS consume less power, which helps reduce fuel consumption. 

EPS are available today in different designs, depending on system packaging requirements, costs, and 

required steering assist.  

 

Figure 4 General schematic of an automotive steering gear. Steering wheel torque is transmitted along the 

column and transformed to a linear rack force that actuates the wheels. 

In this article, we will only discuss so-called belt drive EPS. Belt drive systems are a subset of steering gear 

topologies that provide steering assist by driving a ball nut on the steering rack, which is connected to the 

electric drive with a belt. The ball nut transforms torque from the motor to linear rack force and provides 

radial support of the steering rack. Due to their complexity, belt drive steering systems contain various 

sources of running noise. In the following paragraph, we will briefly describe the excitation sources: the 

electric drive, the belt-and-pulley assembly, and the ball nut assembly.  

The electric drive is a source of running noise because of two main reasons. First, it contains a discrete 

number of permanent and electro magnets that cause low-amplitude ripple in the torque output of the motor. 

Second, the rotating electromagnetic field in the stator excites the motor housing periodically when 

generating assist torque. Torque from the electric drive is transmitted to the ball nut by a timing belt which 

produces excitations due to tooth engagement with the pulleys. Belt resonances may also become audible 

depending on the preloading, the speed, and the transmitted torque. A further contributor to running noise 

is the ball nut assembly (BNA) which contains multiple balls that interact dynamically with the surfaces of 

the ball nut body and the steering rack. In general, the balls do not always roll at the same speed and can 

collide when entering or leaving the return path of the ball nut. Because of the complex contact situation 
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inside the BNA, the resulting excitations show a broadband behavior that cannot be related precisely to its 

rotational speed. 

3.2 Model topology 

We use a multi physical excitation model to simulate the forces of a steering gear at the interfaces between 

static and moving parts. It contains subsystem models of the steering gear mechanics, the torque and angle 

sensor, the steering torque controller, and the electric drive. Figure 5 shows the structure of the simulation 

model, where the interfaces between subsystem models as well as inputs and outputs are displayed by the 

connecting arrows.  

 

Figure 5 Schematic of the mechatronic excitation model. 

Modeling and simulation of the excitation model is a complex task. This is because (a) different physical 

domains and software algorithms are required to run in co-simulation so that the complete model renders 

high frequency excitations, and (b) each part of the model must fulfill requirements that trace back to the 

requirements of the full system model. We use Matlab/Simulink as the host software to run the full system 

model. In our current implementation, the steering gear mechanics is first modeled in a multibody simulation 

environment, which allows us to render large relative motions of parts such as the full rack travel of 

approximately 150mm for a common belt drive system. It also gives us the possibility to represent some 

parts as flexible bodies, while keeping other parts rigid for computational efficiency. Other advantages are 

the straightforward implementation of constant and variable gear ratios, and the incorporation of nonlinear 

interfaces. Figure 6 shows our mechanics model in MSC Adams. Note here that Adams supports a model 

export to Matlab/Simulink so that the mechanical portion can be run in co-simulation with the other 

subsystem model. 
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Figure 6 Belt drive EPS model. The assist torque from the electric motor is transmitted with a belt to a 

ball nut on the rack, which transforms torque to axial rack force. 

Both the torque and angle sensor and the steering torque controller were directly modeled in 

Matlab/Simulink. The main purpose of the sensor model is to compute the driver input torque by measuring 

the angular difference of the steering wheel and the input shaft, which is straightforward since the rotational 

stiffness of the connecting torsion bar is known. It then discretizes the “continuous” torque signal at a certain 

sample rate before handing it over to the steering torque controller. The steering torque controller (STC) 

calculates the torque demand to assist the driver in powered steering systems. To this end, it requires the 

mechanical state of the system as well as the sensed steering torque and the current vehicle speed, which is 

zero for the running noise load case described in this paper. The purpose of the electric drive model is to 

provide the magnetic air gap forces between the rotor and the stator. These air gap forces are then fed back 

to the mechanics model, where they are used to compute the resulting rotor torque and the respective loads 

on the housing. In our current implementation the magnetic forces of the electric drive are computed in 

Matlab/Simulink using look up-tables that were created from a finite element simulation in Ansys Maxwell. 

Thereby, the dynamic behavior of the system can be simulated without the need for a parallel finite element 

simulation. 

4 Structural assembly model and interior noise estimation 

To describe the noise transferring mechanisms between the virtual excitation points already defined in the 

mechatronic model and the noise pressure level at the driver’s / passenger’s ear a model combining finite 

element simulation and measured data is utilized. The finite element structural model accounts for the 

frequency response of an assembly that consists of two subassemblies: the vehicle’s subframe and the 

steering gear. The noise transfer functions represent the noise transmission between the gear mounting point 

on the subframe and the noise pressure level at the driver’s ear. Considering the complexity of a car body 

model with respect to structure- and air-borne noise transmission, measured data is used to obtain the 

response of the car body structure in this case.  

4.1 System assembly via dynamic substructuring  

The assembly structural model is built by applying the dynamic substructuring (DS) technique. The 

technique is not limited to, but preferably used in the frequency domain, due to easier obtaining and 

combining of frequency response functions (FRFs) from both simulation and physical measurements. The 

approach is called frequency based substructuring (FBS) and relies on clear definitions of the coupling 

points between the separate components. In the current contribution the subassemblies are dynamically 

coupled at the mounting points, labeled as MNT1, MNT2, and MNT3, as shown in Figure 7. The coupling 

points are represented by virtual points that are compatible with the nodes in the FE models, which also 

correspond to the measured dynamics from the experiments.  
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At each coupling point the system dynamics at the interfaces is condensed to nodes with six degrees-of-

freedom. These points are also very often called interface points, since within one connection there is a point 

that belongs to each of the components. In this way the interconnection between the subassemblies is 

reduced to a nodal connection, which needs to be further defined. The nodal connection could be rigid, with 

prescribed dynamical stiffness etc. In the example presented measured complex stiffness curves describe 

the bushing mounts of the steering system to the subframe.      

The FBS allows explicit modelling of the interface dynamic stiffnesses between the different components 

of the systems and facilitates further optimizations on a component level. It offers at the same time also the 

possibility to incorporate both simulated and experimentally obtained data, when available. As a result, the 

assembly model is flexible and provides frame-like model structure with exchangeable components. Such 

model composition comes very handy for quick  assembly-level evaluation of componentwise 

improvements.    

 

Figure 7 The FRF assembly comprises reduced-order models of the steering gear and the subframe. 

4.2 Modal analysis of the substructures and FRF synthesis 

Each substructure is accounted for in the assembly through its decoupled FRFs. The FRFs of the 

substructures are synthesized based on data from modal analysis. Performing the modal analysis there is a 

general rule, regarding the boundary conditions valid for the substructures. The component modes should 

be calculated, taking into consideration the component installation on the car level, except the boundary 

conditions at the coupling interfaces, which must be left free-free. In this particular case this means that for 

the subframe appropriate boundary conditions are required at the mounting points of the subframe to the car 

chassis and no boundary conditions at the mounting points of the steering gear as shown in Figure 8. The 

FRFs for each of the components are then established and then used for describing the dynamic behaviour 

of the created assembly. 
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Figure 8 Modal analysis boundary conditions. 

4.3 Forced frequency response analysis 

A modal-based frequency response analysis of the structure is used to map the excitation forces into dynamic 

forces at the coupling points. Within this type of analysis, the modal behavior of the investigated 

subassemblies is evaluated by means of decoupled frequency response functions. The frequency-based 

substructuring (FBS) technique combines the independent frequency response functions (FRFs) of the 

substructures to FRFs of the entire assembly. The forced frequency response of the full assembly is then 

simulated by combining the assembly FRFs, established by the FBS and the virtual excitations provided by 

the mechatronic excitation model. Following the above described process the interface forces from the 

steering gear to the subframe are determined. These forces are then used as virtual excitations of the next 

level frequency response, which estimates the noise pressure level at the driver’s ear.  

4.4 Interior noise calculation  

The calculation of the interior noise, caused by the forces transmitted from the steering gear to the subframe, 

is basically a forced frequency response procedure. In this case it stays for the full car acoustic response, 

excited by the forces, resulting at the gear-subframe interface. To achieve this the FRF matrix characterizing 

the car body stiffness and acoustic sensitivity also described as a noise transfer matrix is multiplied by the 

interface forces acting on the subframe at the coupling points with the steering gear. (MNT1, MNT2 and 

MNT3).     

5 Case study 

This section demonstrates the application of the described procedure in a decision-making process, 

regarding the choice of the type of mounting connections between the steering gear unit and the subframe. 

The task is to find the optimal position for a “soft” mount, i.e., a bushing, so that the resulting interior noise 

is improved compared to all other configurations. Note here that interior noise improvement implies a certain 

amount of freedom by the interpretations of the scope and the target, as shown below. 

The optimization prerequisites are as follows: 

a) the soft mount can be placed at each of the three coupling points (MNT1, MNT2, or MNT3) between 

the housing of the steering gear and the vehicle subframe, 
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b) there can only be one soft connection among the three options, the rest of the connections must be 

“hard”,  

c) the frequency-dependent dynamic stiffness of the bushing element is already known through 

measurements. 

After positioning the soft connection and assigning the measured stiffness, the remaining two connection 

points are considered as rigid. For this case study we used one set of excitations, resulting from the 

mechatronic model, which was evaluated for equal stiffness parameters at all three coupling points. The 

motivation behind this choice is to make sure that the differences observed at the noise pressure level are 

only caused by the changes in the matrix [Ks] and are not influenced by the excitation. The resulting noise 

pressure levels are shown in Figure 9.  

           

 

Figure 9 Noise pressure levels for the three different bushing positions. 

The results show that identifying a “good” solution is often a challenging task. This is because each bushing 

position decreases the interior noise in a certain frequency range while increasing it in another frequency 

range. For example, using a soft mount at MNT2 or at MNT3 can decrease the peak at about 125 Hz. 

However, both these options increase the amplitudes at about 400Hz. In this example, using a bushing at 

MNT3 has the highest impact on frequencies above 500Hz.  

From our experience, it is hardly possible to decrease the interior noise along the whole frequency range of 

interest of 0Hz – 1kHz only with bushings. A complete simulation-driven design optimization process must 

therefore include more “design parameters”, such as the housing geometry, electric drive tunes etc., as 

described in section 2. Additionally, it may also include customer-specific requirements and preferences. 

6 Conclusions and outlook 

This paper described a process for predicting steering gear running noise using simulated gear excitations 

and measured transfer paths that represent the vibro-acoustic characteristics of the vehicle. The process 

offers insights into the noise generating and noise transmitting mechanisms on a full system level. Hence it 

provides the possibility to make objective design decisions early in the development process. Due to the 

multi-disciplinary nature of the process, including multibody and finite element models, as well as co-

simulation to replicate realistic power-on conditions, the creation and evaluation of the overall model is a 

challenging task.  

The individual steps of the presented process are typically performed in independent analysis environments. 

As a result, good prediction accuracy requires adequate transferring and processing of geometrical and 

load/response data. In our current implementation, we used about five different software packages to 

generate and process data. Further progression of computer simulation tools will reduce this number by 

providing integrated simulation environments that allow for a more straightforward and automated data 

handling. 
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Abstract
Currently no industrially applicable fully predictive high fidelity numerical approach is available in literature
to model a car tire rolling over a coarse road surface. Therefore, a fully predictive high fidelity numerical
approach for the calculation of tire/road contact forces and hub forces during rolling with a constant angular
velocity over a coarse road surface is presented in this work. A nonlinear structural finite element (FE) tire
model in combination with an ALE formulation is used to describe both the rotational tire dynamics as well as
the coarse road excitation. No measurement data taken from a physical tire is used in the proposed approach,
thus keeping it fully predictive. A novel nonlinear projection-based model order reduction (MOR) technique
is applied to the proposed approach to greatly reduce the associated computational costs. The proposed
predictive high fidelity approach is shown to predict dynamic tire/road contact forces and hub forces with
good accuracy, thereby showcasing its use in virtual tire design exploration and design assessment.

1 Introduction

When optimizing the design of a passenger car tire, typically over 50 different performance criteria have to
be taken into account. These are related to (but not limited to) e.g. energy efficiency, handling, wear and
noise. Due to the complex structure of a typical passenger car tire, most of these criteria are coupled: trying to
enhance one performance will often decrease other performances. In order to cope with the increasing need to
optimize multiple tire performance criteria simultaneously, predictive numerical simulation techniques could
be used, rather than time-consuming experiments. A numerical approach offers the possibility to perform
various virtual studies and virtual assessment of different tire designs in a more efficient and cost-effective
manner than building and testing physical tires.

In this work, the prediction of structure-borne interior noise due to a tire rolling over a coarse road surface
is of interest. More specifically, the vertical hub force, resulting from the tire/road contact forces, is of inter-
est as it excites the vehicle suspension and results in the structure-borne interior noise. The structure-borne
noise due to tire/coarse road interaction tends to be dominant over airborne noise inside the passenger cabin
in the 0 – 500Hz frequency range [1]. Being able to predict the structure-borne noise of a specific tire design
is therefore valuable in an overall performance assessment during design exploration. Several approaches
to numerically predict the structure-borne tire/road noise have been suggested in literature. An extensive
overview can be found in e.g. the work by Hoever [2]. The numerical approaches to predict tire/road noise
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typically consist of a mathematical tire model and a tire/(coarse) road contact model. The tire models used in
the numerical approaches can generally be divided into two categories: reduced-order models (analytical and
semi-analytical) and high-fidelity models. Reduced-order models tend to be based on analytical descriptions
and physical insights, yielding computationally efficient numerical models that can be evaluated in a fast
and efficient manner. Examples of these models can be found in the works by Graham [3], Kindt et al. [4],
Kropp [5], Larsson et al. [6] and Pinnington [7], [8], amongst others. Linking parameters of these models
to physical tire design parameters, such as reinforcement material fiber angles, tire cross-section geometry,
rubber compound properties etc., is typically not possible. Furthermore, inherent nonlinear tire behavior
(due to e.g. the rubber compounds and reinforcement materials) is typically not included in these models,
unless the models are tuned to a specific configuration of a physical tire using measurements. Therefore, the
use of reduced-order models in a purely predictive numerical design optimization approach, where no mea-
surements and/or physical tires are available, is very limited. The use of high fidelity tire models, where the
models are built in a rigorous, mathematical analogous way to the real physical tire, appears to be more ap-
propriate. Physical design parameters, such as e.g. reinforcement material fiber angles, are typically mapped
one-to-one to the numerical model parameters. Different material properties can be described by dedicated
constitutive models, using material test data rather than system-level tire measurements. The tire geome-
try can be replicated, given an adequate discretization of the tire cross-section and circumference domains.
These properties enable the use of the high-fidelity models in a predictive numerical design optimization ap-
proach. High-fidelity tire models are typically described using a nonlinear finite element (FE) formulation.
Using a FE formulation allows to include all sorts of nonlinearities, thereby allowing to model all of the rel-
evant physical effects such as nonlinear large strain behavior, incompressible material behavior, time and/or
frequency dependent viscous material behavior, embedded reinforcement behavior etc. Examples of the use
of high-fidelity FE tire models to predict tire/road interaction can be found in the works by Brinkmeier et
al. [9], Lopez Arteaga [10] and Nackenhorst [11]. A major drawback of using these high-fidelity FE tire
models however, is the large computational cost associated with the evaluation of these models, thereby
limiting their use in a design exploration context.

Several tire/coarse road surface contact models have been proposed in literature. The convolution approach
for tire/road contact, as proposed by Kropp [12], uses Green’s functions which describe the tire response,
convolved with contact force inputs. In this approach the tire is considered to be a linear time-invariant
(LTI) system that can be represented by a set of Green’s functions. The tire/road contact problem is solved
iteratively in the time domain, to allow for any contact nonlinearities. The method was further expanded and
combined with different types of tire models by e.g. Andersson et al.[13], Larsson et al. [14] and Wullens et
al. [15]. Lopez-Arteaga combined the Green’s function convolution approach with a high-fidelity FE model
in order to include large deformations [10]. Brinkmeier et al. [9] proposed to use measured road surface
data to generate equivalent time-harmonic contact forces that excite the rolling tire. All of these approaches
have in common that they cannot be used in a fully predictive nonlinear approach, as they either make
assumptions regarding the tire model (LTI models and constant Green’s functions) or tire/road contact forces
(fitting contact stifnesses and/or using measurement data). As the tire/road contact forces are the result of a
coupled problem, the proposed tire/road contact models are not usable in a fully predictive approach.

To the authors’ knowledge, a fully predictive high-fidelity approach has not been proposed in literature be-
fore. Therefore, such a predictive high-fidelity numerical approach for the calculation of tire/road contact
forces during rolling with a constant angular velocity over a coarse road surface is proposed and described in
this work. A high-fidelity nonlinear structural finite element (FE) tire model, in combination with an Arbi-
trary Lagrangian Eulerian (ALE) formulation [16] is used to describe both the rolling tire dynamics as well
as the coarse road excitation. The use of the ALE-formulation is limited to slick and ribbed slick (i.e. a tire
with only circumferential grooves) tire designs, as these have a constant circumferential geometry, which is
required by the ALE-formulation. As coarse road excitation and structure-borne interior noise is of interest,
this approximation of the tire design is justified, as there is little to no contribution of the tread pattern induced
airborne noise in the 0-500Hz frequency range [1]. The tire/road surface interaction is modeled using the
physics-based contact mechanics formulation, rather than non-predictive, semi-empirical approaches. More
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specifically, the tire/road contact is modeled by means of imposing geometrical contact constraints, which
is the classical computational contact mechanics approach [17]. Tire/road contact forces are calculated by
solving the constrained fully nonlinear tire/road problem. These contact forces are the forces necessary for
the tire to meet the geometrical contact constraints imposed in the footprint area (the coarse road rough-
ness asperities). As such, the contact forces are the result of imposing constraints rather than imposing
displacements. Therefore, the tire/road contact modeling can be considered as a physics-based high-fidelity
approach rather than the reduced-order approaches described before. The numerical costs related to evalu-
ating the proposed high-fidelity approach quickly rise with the complexity of the nonlinear FE tire model
and contact problem and typically even surpass the costs of physical experiments. Therefore, a nonlinear
projection-based model order reduction (MOR) technique, the Multi-Configuration Multi-Expansion point
Modal method (MCMEM) [18], is applied to the proposed predictive high-fidelity approach. This nonlinear
MOR technique belongs to a class of hyper-reduction techniques, which are nonlinear MOR techniques de-
veloped specifically for nonlinear structural FE problems. Applying the proposed hyper-reduction method
drastically reduces the numerical costs associated with the use of the high-fidelity approach, while still retain-
ing a high level of accuracy. The overall hyper-reduced, predictive high-fidelity approach allows to perform
a fully-predictive numerical virtual assessment of different tire designs, i.e. ranking, as an alternative to
performing the equivalent physical assessment using prototype tires.

2 Equations of motion

The equations of motion of a tire rolling with a constant velocity over a coarse road surface can be expressed
as follows:

Mẍ + GALE (x) ẋ + f (x, ẋ)− fALE (x) = fp (x, pa) + fc (x,xr) + fe (1)

Here M ∈ Rn×n is the configuration-independent mass matrix, GALE (x) ∈ Rn×n is the ALE skew-
symmetric Gyroscopic matrix and fALE (x) ∈ Rn the ALE rotational inertia force vector [16] which de-
scribe the constant rolling. The steady-state tire material flow is modeled using a Eulerian formulation in a
fixed frame of reference. Conceptually a spatial mesh (which coincides with the tire domain) is used to de-
scribe the motion of tire material particles passing through spatial points (which are part of the spatial mesh),
rather than tracking the tire material particles individually. The deformation of the spatial mesh is described
using a Lagrangian formulation. This yields a time-independent description of the steady-state rolling be-
havior of the tire. Mass and Gyroscopic matrices arise to describe the dynamic response during constant
velocity rolling due to excitation by e.g. road surface asperities. Furthermore, f (x, ẋ) ∈ Rn is the internal
force vector which includes the nonlinear strain-displacement behavior and nonlinear nearly-incompressible
(visco-) hyperelastic constitutive behavior, fp (x, pa) ∈ Rn the air cavity air-pressure force vector and pa the
applied inflation air pressure, fc (x,xr) ∈ Rn the tire/road contact force vector which is described using a
penalty method formulation [17], xr the current road surface contact constraints (described in more detail
in section 2.1) and fe ∈ Rn the configuration-independent external force vector. The current configuration
is defined as x = x0 + u ∈ Rn, where x0 is the reference configuration and u the total displacement at
time t with respect to the reference configuration. The time dependency is omitted from notation for clarity.
The first and second derivatives of the current configuration with respect to time are denoted as ẋ and ẍ
respectively. In order to describe the nearly-incompressible behavior of the (visco-)hyperelastic constitutive
models, a mixed displacement-pressure (u/p) formulation is used [19]. A variant of the implicit generalized-α
discrete time integration method, proposed by Arnold and Brüls [20], is chosen to time-discretize the equa-
tions of motion (1). This variant of the generalized-α method has second-order accuracy for the acceleration
field variables. Theory and implementation details can be found in [20]. An implicit rather than an explicit
time integration scheme is chosen, as this allows to use larger timesteps. This results in less timesteps to
be evaluated and in general lower overall computational costs. As an implicit scheme is used, the nonlinear
equations of motion (1) are consistently linearized in the spatial domain around the current configuration x.
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This yields the following set of equations:

Mẍ + GALEẋ + (K−Kp −Kc −KALE) ∆u = fp + fc + fe − (f − fALE) (2)

Here K ∈ Rn×n is the internal force tangent stiffness matrix, Kp ∈ Rn×n is the pressure load force tangent
stiffness matrix, Kc ∈ Rn×n is the contact force tangent stiffness matrix and KALE ∈ Rn×n is the ALE
inertia matrix [16]. The interested reader is referred to the work by Nackenhorst [16] for more information
about the ALE formulation for rolling bodies in contact. Solving the set of linearized equations of motions (2)
per iteration step quickly becomes very costly as the amount of degrees of freedom increases. For industrial-
sized design problems, e.g. the tire/road contact problem discussed in this work, the total computational
cost becomes too large and the simulations are no longer feasible to use in a design context. Therefore, the
MCMEM hyper-reduction method [18] is applied to the linearized equations of motion (2), yielding:

M̃q̈ + Ḡq̇ + K̄∆q = f̄ (3)

Here the reduced and hyper-reduced terms are:

Ḡ =

|Es|∑

i=1

siV
T
i Gi,ALEVi

K̄ =

|Es|∑
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siV
T
i (Ki −Ki,ALE) Vi −
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i Ki,pVi −VTKcV
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siV
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Element force- and stiffness terms are denoted by the subscript i, element weights are denoted by si. A
subset of elements of the finite element mesh is denoted by E. The constant reduction space basis is denoted
as V. Details about its construction, the choice of the element subsets E and more information about the
MCMEM method can be found in [18]. The tire configuration and its derivatives with respect to time are
approximated as:

x ≈ x̃ = x0 + Vq (4)

ẋ ≈ ˙̃x = Vq̇ (5)

ẍ ≈ ¨̃x = Vq̈ (6)

2.1 Dynamic ALE contact constraints

Following the ALE approach, the road surface can be considered to be flowing through the spatial tire mesh
as well. This results in time-dependent road surface contact constraints xr which are applied to spatial
points rather than material points. As a time-discretized dynamic problem (2) is solved, the time-dependent
contact constraints xr are discretized as well. Given the maximal temporal frequency of interest due to the
road coarseness excitation, fmax, the minimal discrete sampling timestep ∆t used to sample/discretize the
contact constraints can be determined by applying the Nyquist sampling theorem:

∆t =
1

2fmax
(7)

Defining the set of contact constraints, by means of sampling a real road surface or by defining an analytical
equivalent road surface, the minimal discrete spatial sampling length/wavelength needs to be determined.
Given a material particle velocity vm and using the Nyquist sampling theorem again, the corresponding
minimal discrete spatial sampling length ∆λ can be determined as:

∆λ =
vm

2fmax
(8)
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Here ∆λ is in fact the wavelength which for a given material particle velocity vm results in a temporal
frequency 2fmax. The spatial sample length can be considered as the spatial equivalent of the discrete
timestep ∆t. The relationship between the temporal and spatial sampling lengths can thus be given as:

∆λ = vm∆t (9)

A schematic overview of the dynamic ALE contact constraints formulation is shown in Figure 1. An ex-
ample of contact constraints applied in a spatial point is shown in Figure 2, where a duration of 1 second is
considered.

Figure 1: Schematic overview of applying dynamic contact constraints in the ALE-formulation

Figure 2: Example of dynamic contact constraints applied in a spatial point

2.2 Persistency contact condition in dynamic ALE contact

As dynamic contact is considered, an additional contact condition needs to be taken into account. Apart from
the Karush-Kuhn-Tucker (KKT) [17] contact conditions, the so-called persistency condition [21] needs to
be included as well. This condition states that two points that are in contact need to have the same velocity
as long as they are in contact (and thus be in persistent contact). For the tire/road contact problem, a tire
material point is in persistent contact with a road surface asperity as long as said road asperity travels through
the tire footprint. Not enforcing the persistency condition results in tire material points coming into and out of
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contact with the road surface, during the travel of the road asperities through the tire footprint. As discussed
by Suwannachit et al. [22], using an adapted integrator (as proposed by e.g. Laursen [21]) or having enough
numerical dissipation in the integrator leads to enforcement of the persistency constraint. Therefore, in
this work the ρ∞ parameter is set to a low value to ensure the persistency condition. Furthermore, contact
constraints are applied and held constant for multiple smaller timesteps, in order to ensure that the persistency
condition can be met. Not doing so would lead to violation of the persistency condition, as impact-effects are
not allowed to decay in one timestep, but need multiple to do so (in order to meet the persistency condition).

3 Numerical test setup

A nonlinear high-fidelity FE tire model of a ribbed slick tire design consisting of over 100,000 finite elements
and 300,000 DOFs is used in this work. While not large by today’s standards, this model is fully nonlinear:
nonlinear visco-hyperelastic and hyperelastic constitutive models are used to model the rubber compounds
and reinforcement materials, while nonlinear large strain behavior and nonlinear follower and contact forces
are included as well. As per iteration step every element needs to re-evaluated to construct the force vectors
and stiffness matrices in equation (2), the computational costs quickly rise with the model size. Therefore,
even relatively small models (as the one used in this work) result in very large computational costs. Material
parameters are extracted from a material database and the geometry of the numerical tire model is based on
the tire design drawings. The tire is mounted on a rigid rim and inflated to a specific air pressure pa. The
numerical test-setup consists of the tire being loaded force-controlled on a rotating drum with a coarse road
surface. The external loading force is held constant. An example of a high-fidelity ribbed slick tire model
and a set of road surface contact constraints is shown in Figure 3:

Figure 3: A high fidelity tire model and set of a road surface contact constraints

The drum angular velocity corresponds to a surface velocity of 13.89 m
s (which results in a tire rolling speed

of 50 km
h ) and drives the rotation of the tire. The tire can thus be considered to be in a free-rolling regime.

Given the maximum excitation frequency of interest, this leads to a minimal timestep and sampling length,
as discussed in section 2.1. The applied road surface contact constraints correspond to a maximum excita-
tion frequency of 500 Hz. The corresponding minimal sampling frequency is 1 kHz, leading to a minimal
timestep ∆t = 0.001s and minimal sampling length ∆λ = 0.0139m. The minimal sampling length is used
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as a criterion for the footprint mesh density. As discussed before, the hyper-reduced discretized equations
of motion (3) are solved using a generalized-α integrator [20]. A smaller timestep is used to ensure stabil-
ity, as the unconditional stability property does not hold for nonlinear problems [20]. A total of 1 seconds
of constant rolling is simulated, using a discrete timestep ∆t = 0.0001s. This yields a frequency reso-
lution of 1Hz, which is sufficient for the assessment and ranking of the tire structure-borne interior noise
performance. The MCMEM method is applied to the predictive high-fidelity approach, which results in
computational speedups of a factor 300 and higher [18], while still maintaining a good accuracy with respect
to the unreduced problem. More specifically, application of the MCMEM method results in computational
times of hours instead of weeks.

4 Numerical results

In order to validate the proposed predictive high-fidelity approach, measurement data is taken from a physical
tire corresponding to the numerical tire model. Similarly as in the numerical setup, the physical tire is inflated
to a specific air pressure pa and loaded onto a drum rotating at 13.89 m

s with a coarse road surface. This coarse
road surface is used to generate the dynamic ALE contact constraints which are applied to the high-fidelity
tire model. One second of vertical hub force data is taken from both the experimental setup and numerical
approach. The frequency spectra of the experimental and numerical vertical hub force are compared and
shown in Figure 4:

Figure 4: Comparison of the vertical hub force frequency spectra of experimental data and numerical data
obtained via the proposed high-fidelity approach

A relatively good match between the experimental and numerical data can be observed. The accuracy of
the fully predictive high-fidelity approach could be further improved by fine tuning the tire model such that
the dynamic properties of the tire model perfectly match with the dynamic properties of the tested tire and
including the vibro-acoustic coupling with the air cavity, as the air cavity resonance peak is missing from
the simulation results (but clearly visible in the experimental results). This showcases the potential of the
proposed fully predictive high-fidelity approach, as the nonlinear high-fidelity tire model can be created a-
priori for any new tire design and any type of road surface can be applied as well. Furthermore, the effect
of the nonlinear filter behavior of the tire can be observed when comparing the frequency spectra of the total
vertical contact force and the resultant hub force, as shown in Figure 5:
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Figure 5: Comparison of the frequency spectra of the total numerical vertical contact force and numerical
vertical hub force

As the contact forces arise as part of the solution of the nonlinear equations of motion (1), they are dependent
on the nonlinear structural behavior of the tire and boundary conditions. Figure 5 shows the relation between
the dynamic contact forces in the footprint and the resulting hub forces. The tire clearly shows nonlinear
behavior between the road surface texture and the hub forces. An additional benefit of the proposed predictive
high-fidelity approach is the availability of the dynamic contact forces resulting from rolling over a road
surface texture. These dynamic contact forces are very hard to retrieve experimentally. The influence of
different tire design parameters onto the dynamic contact forces offers an increased insight during the tire
design process.

5 Conclusion

In this work, a fully predictive high-fidelity numerical approach for the calculation of tire/road contact forces
during rolling with a constant angular velocity over a coarse road surface is proposed and described. The
approach combines a high-fidelity nonlinear FE tire model, an ALE-formulation and a computational contact
mechanics description of the tire/road contact to numerically predict the time-varying dynamic tire/road
contact forces and the corresponding hub forces. These dynamic tire/road contact forces and hub forces are
used to e.g. assess the structure-borne interior noise performance of a specific tire design. No measurement
data, obtained from physical tires, is needed for the proposed approach. Other approaches presented in
literature typically need some form of measurements or are not predictive due to other restrictions. Therefore,
these approaches cannot be used in virtual tire design exploration. Also different from other approaches, is
the application of contact constraints to calculate the contact forces, rather than imposing displacements or
contact forces (calculated seperately) to the tire. Key to making the proposed approach feasible to use in a
design exploration context, is the application of the MCMEM hyper-reduction method. Overall simulation
times are drastically lowered using the MCMEM method, effectively making the high-fidelity predictive
approach more efficient and cost-effective than building and testing physical tires.

When comparing the numerical hub force results, obtained with the proposed approach, with experimental
hub force data, a good correspondence between both results can be observed, especially given the fact that
no tuning of the numerical tire model was performed. The potential of the proposed fully predictive high-
fidelity approach is showcased, as the nonlinear high-fidelity tire model can be created a-priori for any new
tire design and any type of road surface can be applied as well. The proposed approach also allows to directly
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compare the contact forces arising for different tire designs and/or road surfaces, which is very hard to do
so in an experimental setting. Future research will be dedicated to e.g. including more complex contact
conditions, boundary conditions and performing an extensive case study to further showcase the use of the
proposed fully predictive high-fidelity approach.
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Abstract 
Clunk is a phenomenon observed with MT vehicles during high torque transient conditions after uncoupling 

the driveline from the engine. Decoupling of the clutch plate and flywheel in a step relaxation manner 

releases the stored potential energy within the driveline inducing clunk. This transient condition is observed 

in operating data of a six speed MT vehicle and post processed with both STFT and CWT. Each post 

processing condition struggles to highlight key features in the data due to time and frequency resolution 

compromises. These compromises will be compared and contrasted to develop an optimal strategy for 

processing operating clunk data. The resulting observations from STFT and CWT processed clunk data 

highlight specific frequency bands near powertrain rigid body modes and high frequency impulses due to 

the rate of step relaxation. It is shown that a modification of the step relaxation torque function modifies the 

resulting response with optimal relaxation time close to the shuffle mode period.  

1 Introduction 

Personal vehicle transportation has become the norm in developed countries and with increased demand 

comes high competition between vehicle manufacturers for higher market capitalization. Manufacturers 

must meet a large number of stakeholder needs, including demands for lower interior noise levels, which 

according to B. Wyerman et. al. shows a 0.3 dBA reduction per year between 1980-2000 [1]. There are 

several noise sources associated with passenger vehicles including the engine, transmission, differential, 

road, etc. which may excite phenomena such as boom, shuffle, clunk, whine, etc. [1] [2]. This study is 

interested in clunk transient vibrations that propagate from the manual transmission (MT). The noise is 

perceived as unnatural by operators, thus reducing stakeholder satisfaction of a particular manufacturer.  

The clunk transient analyzed in this study is driven by a geometric non-linearity due to gear tooth backlash 

[3] that excites clunk through a torque reversal within the vehicle driveline [4], as shown in Figure 1. This 

non-linearity is described by a Hertz contact stiffness model similar to that used in [5]. A torque reversal 

occurs when the torsional input to the driveline switches between the engine and the brakes/road. The engine 

provides torque during acceleration events while the brakes/road provide torque during coast or deceleration 

events. A rapid succession of torque reversal occurs in MT vehicles when a fixed gear shift is demanded, 

which decouples the torque input from the engine to allow for a gear shift. This creates a torque reversal 

due to road contact while the engine is decoupled from the transmission. Decoupling of the clutch also 

releases any stored potential energy due to windup of the driveline, which influences the impact amplitude 

[6]. Initiation of clunk, shown in Figure 1, during vehicle acceleration was achieved by decoupling the 

clutch thus inducing a surge in Engine RPM and release of driveline windup. The release of potential energy 

led to driveline oscillations in the Propshaft causing impact excitation through the gear components as 

depicted by the Trans Accell in both First and Second gear. It is well known that impact excitation has 

broadband frequency content [7]. Thus broadband excitation has the potential to induce modal response of 

nearby components if there is low mechanical impedance and sufficient energy transfer.  
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a) b) 

Figure 1: Operating Clunk Data Captured in a) First Gear and b) Second Gear 

Clunk was observed in vehicle operating conditions, as shown in Figure 1, which comes with many hurdles 

to overcome when data post processing. Due to the non-stationary condition, time data was collected during 

operation and post processed with Time-Frequency Analysis (TFA) techniques to better understand 

frequency content, modal participation, and correlation between transducers, similar to Transfer Path 

Analysis (TPA). TFA techniques such as the Short Time Fourier Transform (STFT) and Continuous 

Wavelet Transform (CWT) are used to identify frequency content excited during the non-linear clunk event 

from operating data [8] [9]. Similar applications of TFA were done to predict piston slap [10], engine knock 

[11], estimate Frequency Response Functions (FRF’s) [12], predict damping [13], and perform modal 

analysis [14].  Each technique was applied to the same data set, but with differing results due to 

shortcomings of each transform which will be discussed in Sections 2 and 3. There will also be proposed 

criteria to use when computing TFA, particularly with the STFT due to data processing requirements.  

To acquire data for this analysis, a test sedan equipped with a V8 engine, six-speed MT, and Rear Wheel 

Drive (RWD) similar to that modeled in Figure 2 was retrofitted with accelerometers and microphones to 

capture operating data. Two accelerometers were mounted on the transmission, two were mounted on the 

differential, a tachometer was mounted on the propshaft, and a microphone was placed in the vehicle cabin 

near the driver’s ear. Previous studies on this vehicle were able to identify some of the low frequency modes 

of the vehicle shown in Table 1 [4]. TFA was applied to the data and used to identify participation during 

vehicle operation. This led to a better understanding of which modes the clunk event excites and indicates 

further analysis of the excitation forcing function.  

Mode Natural Frequency 

1st Gear Driveline Shuffle        7.0 Hz 

2nd Gear Driveline Shuffle      10.0 Hz 

Transmission Roll      19.5 Hz 

Differential Roll      63.5 Hz 

Differential Pitch      55.0 Hz 

Front Propshaft 1st Torsional     1111 Hz 

Rear Propshaft 1st Torsional 1557.5  Hz 
 

Table 1: Truncated List of Known Modes and Natural Frequencies of the Test Vehicle 

Engine Surge Engine Surge 

Driveline 

Oscillations 

Clunk Impacts 

Driveline 

Oscillations 

Clunk Impacts 

4270 PROCEEDINGS OF ISMA2018 AND USD2018



 

Figure 2: Example RWD Lumped Parameter Model of Test Vehicle Drivetrain 

In Section 2, the background for TFA including STFT and CWT formulations are presented along with 

processing considerations when applied to a clunk dataset. In Section 3, the processing considerations are 

compared and contrasted for improved identification of participating modes of the passenger vehicle during 

clunk. Further discussion is made in Section 4 to the application and techniques. Section 4 also includes 

analysis based on an understanding of the TFA results and implied torque excitation. Analytical results are 

shown based on the torque excitation when applied to a lumped parameter model for improved vehicle 

response.  

2 Time-Frequency Analysis 

2.1 Short Time Fourier Transform (STFT) 

The STFT is the application of the familiar Discrete Fourier Transform (DFT) in multiple successions when 

applied to a continuous time signal. The result of this transform projects from the time domain to the 

frequency domain which contains spectral information contained in the period of the transformed time 

signal. The complex DFT for a single sided, positive frequency spectrum is described below in Equation 1 

as [7]: 
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When applied to a signal with time longer than 𝑁∆𝑡, a unity window function, Uniform window, is 

convolved in the time domain with the time signal and Fourier kernel described in Equation 2 as: 
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With any signal subjected to the DFT, there are signal processing limitations for time and frequency 

resolution dictated by sampling parameters chosen for acquisition and processing. In the analysis performed 

on the previously mentioned clunk data, the sampling frequency was selected when acquiring data and was 

therefore fixed (consequently fixing the time resolution as shown in Equation 3). Thus the only parameter 

left to choose is either the frequency resolution, sampling period of the STFT, or number of samples to 

compute each STFT. These are a product of the DFT development and described in Shannon’s Sampling 

Equations presented in Equations 3-4: 
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From Equations 3-4 the relationship of frequency resolution and time resolution are shown to be dependent 

of one another when the sampling frequency has been previously fixed. This limitation further shows that 

with the STFT, there is a compromise in frequency and time resolution. The compromise is similar in theory 
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to the Heisenberg uncertainty principle due to wave-particle duality. This similarity results in the Gabor 

limit [15] as described by Equation 5: 

 08.0
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 ft

 (5) 

The Gabor limit provides a fundamental principal causing strain on the desire for both improved time and 

frequency resolution, however several other factors cause error in the STFT from non-stationary data. This 

is ever present in operating data of rotating machinery, i.e. passenger vehicle. During operation, many orders 

of the engine sweep up or down in frequency with time causing non-periodic frequency content, or in the 

case of clunk, where non-linearities are present and therefore cause leakage. An example of signal leakage 

is depicted in Figure 3 along with signal processing applied to reduce these effects.  

a) 

 

b) 

c) 

 

Figure 3: Transmission Accelerometer Response During Clunk Transient 

2.1.1 Windowing 

Leakage due to non-periodic frequency content in the operating data can never be eliminated, only reduced 

by the window functions applied. A uniform window should only be used with extreme caution on operating 

data however, hanning, flattop, and other windows can be applied with ease during the STFT as described 

by Equation 6: 

      twtgtg w *  (6) 

The choice of which window function should be applied is up to the data processor based upon the measured 

signal. The data shown in Figure 3a is raw data from one of the accelerometers mounted to the transmission 

(previously depicted in Figure 1) and is a truncated dataset during the clunk event. The data is sectioned 

into several separate periods in Figure 3b that will be used for individual DFT processing to develop the 

STFT. In Figure 3c, a window is applied to the data to enforce periodicity and reduce leakage. Notice that 

the choice of window for clunk application is important to capture the entire transient event without 

truncating the peak amplitude of each consecutive impact from gears completely traversing their lash zone.  

It is further noted from Figure 3c that not each windowed period is able to capture clunk in the center of the 

period, causing truncation of the amplitude and in some cases the impact is eliminated by application of the 

window. It might then be desirable to choose a trigger time that captures the first impact after which all 

other impacts should fall in the center of each STFT sample period, however due to the non-linear nature of 

clunk this is not possible without a dynamic trigger event. After every consecutive impact, non-conservative 
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forces dissipate energy and the time between impacts increases over time such that a dynamic period length 

would be required to achieve this goal and is not achieved in classical implementation of the STFT.  

2.1.2 Overlapping 

One technique to overcome the amplitude truncation is through the use of overlapping periods of the STFT 

as shown in Figure 4. The application of overlapping assures that when the clunk impact amplitudes are 

truncated by windowing an arbitrary period of the STFT, consecutive windows nearby have a better chance 

of capturing the complete impact event with minimal truncation. 

 

Figure 4: Truncated Acceleration Trace with a) Overlapping Applied b) Overlapping and Windowing 

Applied c) Overlapping, Windowing, and Weighting Applied to Consecutive Periods for Averaging 

2.1.3 Averaging with Overlap 

Application of the overlapping periods during the STFT implies a need for averaging consecutive periods 

that overlap in the time domain, 𝑡𝑜𝑣𝑒𝑟𝑙𝑎𝑝𝑝𝑒𝑑. It is noted in Figure 4 that a relationship exists between number 

of periods and amount of overlap applied, 𝑇𝑜𝑣𝑒𝑟𝑙𝑎𝑝. This criterion is described by Equation 7 as: 
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Hence, when averaging overlapped data sets, the number of periods to average together should not exceed 

the inequality proposed in Equation 7. Note that when averaging with unity weighting applied to all 

averages, this technique replicates that of a smoothing function.  

Commercial application of the windowing and overlapping of data is available in several software packages 

with internal functions such as MATLAB’s spectrogram(), Mathmatica’s spectrogram[], and LMS.Test Lab’s 

TFA, STFT plugin. However, these functions currently do not have available averaging and weighting 

abilities applied to the overlapped data. One additional advantage of averages with the time data allows for 

development of cross-spectral information and pseudo-coherence measurements of the STFT results.  

VEHICLE NOISE AND VIBRATION (NVH) 4273



2.2 Continuous Wavelet Transform (CWT) 

The application of the CWT is defined by convolving a mother wavelet with the time domain signal 

described in Equation 8 as: 
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Application of the CWT with the Morlet Kernel will be used in this paper described by Equation 9: 

  
22 2// TtTntj eet    (9) 

Use of the Morlet-CWT is likened to applying a band pass filter to the time signal. The result is a signal 

representing the solution presented at the band pass center frequency. This can be a computationally 

demanding process, however the CWT captures both time and frequency tradeoffs with one result. The band 

pass center frequencies of the CWT increase logarithmically, therefore the bandwidth increases respectively. 

Thus at low frequency there is low time resolution but high frequency resolution while the converse occurs 

at higher band pass center frequencies. To achieve improved frequency resolution at low band pass center 

frequency, more “filters” are applied (referred to as voices per octave). There becomes a limit at such high 

number of voices per octave that the practical filter design or implementation of the Morlet Kernel will 

result in overlapping of the band pass frequencies and thus no further advantage is achieved with increasing 

voices per octave.  

3 Clunk Analysis with TFA 

 

Figure 5: Truncated Section of Time Data for TFA to Identify Mode Participation 

One sample of data collected is presented in Figure 5 which represents the acceleration response of the 

transmission during clunk excitation. There are several impact events that occur around with high amplitude 

that are of interest. Prior to the impact events, there will be many engine orders participating in the frequency 

spectrum. Apart from engine orders, it is desired to observe which frequencies/modes are not participating 

prior to the clunk impacts but begin to participate due to clunk excitation.  

3.1 STFT: Influence of windowing 

It is shown in Figure 6 that the resulting spectrogram with no overlapping begins to show broadband 

impulsive data with the excitation of clunk. A majority of the response is not visually appealing, however, 

and there is not an appreciable amount of information to be extracted from a non-overlapped STFT. The 

application of windowing begins to highlight certain orders in the low frequency range along with decisive 

impact events instead of one large smeared impact.  

Clunk Impacts 
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Figure 6: STFT with Common Window Functions Applied 

3.2 STFT: Influence of overlapping with windows 

The spectrogram observed in Figure 7 applies overlapping along with application of a window function 

from Figure 6 to reduce leakage and improve data post processing of the STFT. Figure 7 reveals that with 

increased overlapping, an increase in time resolution is gained in the spectrogram even without modifying 

the time resolution of the individual DFT itself. With high overlapping, the impulse responses are clear, 

along with several engine orders. This is observed not only in the low frequency range but in the mid 2-3 kHz 

range as well. Overlapping further shows how upon excitation of the clunk transient, there is a high 

amplitude broadband response from 500-5000 Hz that dominates the overall response of clunk. This depicts 

why clunk is perceived audibly as unpleasant due to the impulsive nature. One drawback is the identification 

of low frequency modes is desired but not separated by only overlapped and windowed STFT results and 

will be discussed further in Section 4.  

 

Figure 7: STFT Continued with Overlapping Periods Applied. 

Impact Events Engine Orders 

Impact Events 

Impact Events 
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3.3 STFT: Influence of averaging with overlapping and windows 

 

Figure 8: STFT Continued with Averaging of Overlapped Periods 

Windowing and overlapping of the STFT is further post processed in Figure 8 with the addition of averaging 

several periods of the spectrogram together as a way to ensure each measurement fully captures any 

impulsive data in nearby periods. The application of averaging appears to act as smoothing of the 

spectrogram, which makes the impulsive data smear across the time spectrum when the inequality described 

by Equation 7 is exceeded. Thus when averaging is applied to STFT analysis, the inequality should not be 

surpassed. 

3.4 STFT: Influence of Weighted Averages 

 

Figure 9: STFT Continued with Weighted Averaging 
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The application of averaging is further improved by creating a weighted average of the periods used in 

averaging. There are many approaches to averaging such as uniform, linear, logarithmic, exponential, 

Gaussian, etc. The choice of exponential averaging is due to the non-linear and impulsive behavior of the 

data. With an exponential window, the very last period of data observed has the highest weighting applied 

and is therefore emphasized most. In the event that the final average period contains a majority of the impact 

event information, it will be windowed and emphasized with less smearing of impacts, as shown in Figure 

9, and consequently is the weighting scheme applied in Figure 4c. 

When considering the convolution to compute the STFT function, similar to the data truncation in Figure 

4a, it is observed that a peak transient event lands in the center of a sample period once or twice during a 

number of averaged periods. The periods in which it lands in the center will occur near the middle of the 

averaged periods, thus intuition would lead to emphasizing the middle samples and not the final sample as 

done with exponential averaging. It is shown in Figure 9 that the application of a Gaussian weighting 

function that will emphasize the middle periods does improve impact smearing and an overall better looking 

spectrogram above those computed with no averages in Figure 8. One caveat is that the time stamp applied 

to the time averaging must be modified to reflect the new emphasis on the middle periods used for averaging 

the spectral content.  

3.5 CWT: Influence of VPO 

The CWT shown in Figure 10 shows similar results to that of the STFT with mixed tradeoff of frequency 

and time resolution. It is also observed that the increase in number of voices per octave increases the 

appearance of the CWT but in the current implementation it does not capture the impulse events effectively. 

It also shows that at low frequency there appears to be significant band pass filter overlap. This results in 

low frequency resolution of the frequency content analyzed for vehicle modal response during clunk 

excitation. The CWT is often useful in NVH implementation; however, it does not appear to have clear 

benefits over STFT when applied to non-linear clunk transients.  

 

Figure 10: Analytical Morlet-CWT with Varying Voices per Octave 
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4 Results and Discussion 

4.1 TFA Results and Discussion 

A summarized development of STFT improvements is observed in Figure 11 while focused on low 

frequency content. Note that the frequency scaling decreased from 0-5000 Hz to 0-100 Hz. To create the 

image shown in Figure 11, the time resolution was decreased while frequency resolution was increased in 

accordance with the Gabor limit and Shannon’s Sampling Equations. The original spectrogram with no 

overlapping, windowing, or weighted averaging is very poor and slightly indicates first order of the engine 

sweeping up in frequency and poor indication of low frequency (0-50 Hz) participation. The application of 

windowing and overlapping improves the spectrogram resolution, however the addition of a weighted 

average with Gaussian weighting and number of averages in accordance with Equation 7 further refines the 

spectrogram.  

Figure 11 with windowing, overlapping, and weighted averages indicates low frequency excitation near 20 

Hz. This corresponds to the transmission roll mode from Table 1. This mode participates slightly during 

acceleration during half engine order excitation, followed by excitation after the clunk impulses. Similar 

application to the differential accelerometer trace reveals peak excitation near 36 and 48 Hz, lower than 

expected for the differential modes. However, the modes presented in Table 1 were measured in a laboratory 

setting where ambient temperatures were much lower than operating temperatures. Thus the elastomer 

mounts of the RDM were expected to decrease in stiffness with increase in temperature lowering the 

differential modes.  

 

Figure 11: Low Frequency Analysis with Improved STFT Results 

Overall the STFT and CWT both indicate how different frequencies are present over time when processing 

non-linear data. Application of the CWT was shown to be ill fitting to the non-linear data as shown in Figure 

10. Further understanding of the Morlet Kernel illustrates that it is suitable for linear systems because the 

Kernel itself is similar to that of a burst chirp sinusoid. Future analysis of clunk data with CWT should 

investigate additional Kernals with better application to non-linear data.  

It was shown through Section 3 that data post processing methods applied to the STFT improve the results 

obtained and assist in identifying impact events along with low frequency excitation of non-linear time 

varying data. The application of windows reduces leakage of the individual DFT computations and should 

always be used in best practice with non-stationary data as shown in Figure 6. Further refinement of period 

20 Hz Excitation from Clunk ½ Engine Order Excitation 
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overlapping improves the spectrogram time resolution without effecting the DFT time resolution depicted 

in Figure 7. It also reduces the amount of amplitude truncation caused by windowing that occurs when 

impulsive behavior in the time domain is near the beginning or end of a period and forced to zero for 

periodicity by the window function as observed in Figure 3. Implementation of an averaging technique 

smooths out the spectrogram in Figure 8, however too many averages leads to high smearing and thus a 

decrease in appearance of the resulting STFT. A weighting function applied along with the averaging 

technique and corresponding Equation 7 yields the best results as shown in Figure 9 and Figure 10 when 

used with all other STFT refinements previously identified.  

4.2 Improved Vehicle Response with Modified Forcing Function 

Observing the improved TFA results provides an indication of both the high and low frequency content 

during clunk as shown in Figure 6-Figure 11. The signal processed depicts the receiver’s response to the 

operating forcing function. It is understood that the excitation was driven by a decoupling of the engine 

torque input as a type of step relaxation function. To understand the implications of the step relaxation 

function, three analytical torque signals were developed in Figure 12.  

 

Figure 12: Clutch/Engine Torque Input and Step Relaxation 

The individual torque signals in Figure 12 are similar with increasing torque during vehicle acceleration, 

however they differ in rapid relaxation time of the torque input. The time it takes for torque to fully decay 

to zero occurs in 20, 100, and 500 ms as shown in Figure 12. This correlates to real world application of the 

clutch pedal, which decouples the engine and driveline causing a step relaxation of torque input. TFA of the 

varying torque relaxation functions reveals how a rapid clutch decoupling induces broadband frequency 

content as shown in Figure 13. The 20 ms relaxation shown results in the shortest transient of frequency 

content, however, it has more excitation propagating into higher frequencies. The opposite occurs with the 

500 ms relaxation which results in drawn out low frequency excitation over time with less high frequency 

excitation. Thus, Figure 13 shows, in theory, slower step relaxation of the clutch pedal and torque 

decoupling results in less high frequency content induced in a clunk transient.  

An analytical implementation of this technique was performed on a lumped parameter model of the test 

vehicle used during data acquisition, similar to Figure 2. The output of the lumped parameter model was 

given in pk-pk driveshaft oscillations which were shown to correlate with increased pk-pk transmission and 

differential accelerometer measurements in [4] and depicted in Figure 1. The results for varying clutch step 

relaxation time is depicted in Figure 14, and concludes that longer step relaxation times result in lower pk-pk 

oscillations. This correlates to lower acceleration excitation previously observed during clunk in Figure 
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6-Figure 11. It is further noted from Figure 14 that there is a dip in pk-pk oscillations noted at the 86 ms 

step relaxation time which is equivalent to an 11.6 Hz frequency of relaxation. Recall from Table 1 that this 

dip occurs near the driveline shuffle mode frequency. This highlights that as the relaxation of the clutch 

torque is released at a period approaching the shuffle mode frequency, there is a reduction in shuffle leading 

to lower clunk transient in the vehicle driveline.  

 

Figure 13: STFT of Engine/Clutch Torque Step Relaxation 

 

Figure 14: Pk-pk Driveshaft Oscillations Induced by Varying Engine/Clutch Torque Step Relaxation 

5 Conclusions 

This study showed how both STFT and CWT can be applied to extract frequency content from long time 

traces of non-stationary operating data. It revealed several strategies for the STFT common in signal 

processing such as windowing, overlapping and weighted averaging to improve the resulting spectrogram. 

An inequality was developed for the maximum number of weighted averages to be used when applied to 

the STFT and should not be exceeded during application of averaging. Results were compared when applied 
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to real life clunk transient data which revealed participation of the transmission roll mode as well as 

differential pitch and roll modes excited by the impulses. The impulses also indicated broadband frequency 

excitation of 500-5000 Hz, the metal to metal impact events that create a negative perception on vehicle 

quality.  

The results of TFA also indicated low frequency content excited during clunk by release of the clutch pedal 

during operation. The clutch pedal release was modeled as a step relaxation function with varying time to 

achieve full relaxation and analyzed through TFA for its implications on operating data. It was shown that 

rapid step relaxation induces more broadband frequency content in the system, which correlates well with 

the measured response data analyzed. The various step relaxation functions were applied to a lumped 

parameter model of the test vehicle and shown to reduce the effects of clunk with lower pk-pk driveshaft 

oscillations. The optimal response was observed when the relaxation time approached the period of the 

driveline shuffle mode. 
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Abstract
This work presents a study on the dynamic behaviour of a vehicle suspension system with asymmetrical vis-
cous damping, with stochastic road profile. The geometrical configuration of a double-wishbone suspension
system is taken into account, so as to include geometrical nonlinearities. It is known that the use of asym-
metrical damping can diminish the sprung mass acceleration, and causes a shift of the mean position of the
sprung mass. The optimum configuration of the geometrical parameters and the asymmetry ratio that min-
imises the vertical acceleration of the vehicle body is seeked. The lengths of the lower and upper arms and
the inclination of the spring-damper assembly are the geometrical parameters considered in the optimisation.
Numerical simulations showed that the optimised system presents a reduction close to 30 % in the RMS
acceleration. The optimised parameters depend on the chosen asymmetry ratio of the damper, in agreement
with previous result showing the influence of asymmetry ratio on the acceleration of the sprung mass.

1 Introduction

All ground vehicles are subject to vibrations induced by the road, which directly affect the comfort of the
passengers. Suspension systems are designed to minimise these unwanted effects to improve comfort, while
also providing good handling [1]. Regarding ground vehicles, improving one of these objectives can compro-
mise the other [2]. Generally, comfort is associated with a softer suspension, and good handling associated
with a stiffer suspension [3].

The limitations regarding the classical passive suspensions have motivated research of controlled suspension
systems as semi-active and active systems [4]. Compared to passive systems, semi-active suspensions pro-
vide a high level of comfort and employ electro- or magneto-rheological dampers [5, 6, 7]. According to [9],
active suspension systems can provide up to 60% more comfort than passive suspension system and much
effort has been put to improve such systems [9, 12, 13, 14]. Although semi-active and active suspension
systems provide good comfort, its use implies an increase in the global cost of the vehicle and has been used
only in high performance vehicles [8].

In order to reduce the overall cost of the vehicle without compromising the level of passenger comfort, en-
gineers have sought alternatives to this question. A solution found was to develop passive dampers, whose
damping forces act asymmetrically. Some studies involving the dynamic analysis of asymmetrical damp-
ing shows satisfactory results when applying this type of damping in suspension systems [2, 15, 16, 17].
Asymmetrical dampers have different damping coefficient during the extension and the compression phases.
Suspension systems which employs asymmetrical damping can change the mean equilibrium position of the
vehicle sprung mass. This effect is called jacking down or packing [16]. Numerical simulations and analytic
solutions have been used to analyse the behaviour of the system employing asymmetrical damping [18].
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The geometry of the suspension system is an important factor to be considered in vehicle design. In medium
passenger vehicles, different types of suspension are used in the front and rear. The McPherson suspen-
sion type is the most used on the front of vehicles, since it presents some advantages such as simplicity of
construction, reduced weight and volume [19]. Another common type of suspension is the double wish-
bone, which has significant effect on the handling and comfort of the vehicle if compared to McPherson and
other suspension systems [20]. It has been shown that better comfort can be achieved when considering the
suspension geometry while using asymmetrical damping [21]. Previous studies have shown that asymmet-
rical damping can diminish the amplitude of displacement and acceleration of the sprung mass, when the
parameters of suspension geometry are combined with the asymmetrical damping [22].

Optimisation methods can be used to design vehicle suspension system with good compromise between
comfort and handling. An optimisation process related to ride comfort, suspension travel and road holding
of the vehicle was used to find the most important suspension stiffness and damping parameters [23]. Opti-
misation with asymmetrical damping were also investigated by [24], which the main objective was apply a
methodology leading to optimum combinations of the suspension damping and stiffness parameters.

According to ISO 2631 standard, the intensity of the vibration must be evaluated by the RMS value of
acceleration in order to assess its effect on the human body. In occupational vibration evaluation, several
factors influence the risk characterization, among which are: vibration amplitude, frequency, its direction
and the exposure time [25].

In this paper, we investigate the influence of asymmetrical damping in the response of the system, and the
role of the geometrical parameters on the RMS acceleration of sprung mass. With the aim of analysing the
combined effects of asymmetrical damping and geometric nonlinearities, the road profile characteristics are
shown in section 2 ; a two-degree-of-freedom quarter-car model with stochastic base excitation considering
the suspension geometry is presented in section 3 ; the parameters and the objective function considered in
the optimisation process are shown in the section 4 ; results of RMS accelerations for the system considering
the suspension geometry are shown in section 5 . Finally conclusions are drawn in section 6.

2 Road profile

The ISO 8608:1995 standard proposes a classification of the road roughness (Class A - H) based on the
power spectral density (PSD) of to the longitudinal profile. According to [25], random road profiles can be
approximated by a PSD as follows:

Φ(Ω) = Φ(Ω0)

(
Ω

Ω0

)−w

(1)

in which Ω = 2π/L rad/m denotes the spatial frequency (wavenumber) and L is the wavelength. The PSD
of the road presents a constant drop in its magnitude according to the spatial frequency [26]. The value of
PSD at Ω0 = 1 rad/m is given by Φ0 = Φ(Ω0). The values of Φ(Ω0) are shown in Table 1. The drop in the
magnitude is modelled by the roughness coefficient of waviness w (according to ISO 8608:1995, w = 2).
The integral of the PSD over a given frequency band calculates the average power of the signal over this
frequency band.

According to this standard, roads, whether paved or not, can be classified from A to H, the classes are
defined by Φ0. For example, a class A road has Φ0 = 1 × 10−6 m3, which is smooth, while a class H road
has Φ0 = 256× 10−6 m3, and is rougher [26, 27].

3 Geometric vehicle suspension system

Figure 1 shows the parameters the double wishbone suspension system considered in this study. The elastic
and damping forces are related to the geometry and are clearly nonlinear [28]. The double wishbone suspen-
sion is a four-bar mechanism, and the classical theory of mechanisms can be used to determine the positions
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Table 1: Degree of roughness expressed in terms of Ω0 accordind to the standard ISO 8608:1995 [25]

.

Road class
Degree of roughness

Φ (Ω0)1

10−6 m3

Lower limit Geometric mean Upper limit
A (very good) - 1 2

B (good) 2 4 8
C (average) 8 16 32

D (poor) 32 64 128
E (very poor) 128 256 512

F 512 1024 2048
G 2048 4096 8192
H 8192 16384 -

Ω0 = 1 rad/m

of all the links and angles. The equivalent 2-DOF model, with an asymmetrical damping considered between
the sprung and unsprung mass, is shown in Fig. 2, with its characteristic. The parameters of interest for the
calculation of the suspension kinematics are defined in Table 2. The initial configuration is considered when
zr = 0.

Figure 1: Representation of quarter-car model with asymmetrical damping considering geometrical nonlin-
earities (a); definition of geometrical parameters (b).

The EF segment represents the length of the spring-damper assembly and it is calculated as follows:

EF =

√
DF

2
+DE

2 − 2DF DE cos(θDE − θDA) (2)

The vertical component of the relative displacement is defined as:

a = (EF 0 − EF ) cos(θEF ) (3)

The angle of the spring-damper assembly, θEF , is defined by:

θEF = cos−1

(
DE

2
+ EF

2 −DF 2

2DE EF

)
− π (4)
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Figure 2: Equivalent 2-DOF model (a); characteristic of asymmetrical damping (b).

Table 2: Parameters values of the double wishbone suspension [29].
Parameter Description Value
AB Length of upper suspension arm 146.05 mm
CD Length of lower suspension arm 228.6 mm
DA Distance from the lower arm joint to upper arm joint 221.43 mm
DF Distance from the lower arm joint to lower damper joint 177.80 mm
DE Distance from the lower arm joint to upper damper joint 310.31 mm
Ay Coordinate y of the joint A 75.18 mm
Az Coordinate z of the joint A 208.28 mm
DEh Horizontal distance between the joints D and E 105.36 mm
DEv Vertical distance between the joints D and E 291.88 mm
θDA Angle of the segment DA 19.84◦

Bz,0 Initial position of the joint B 25.36 mm

The angular velocity of the upper arm is given by:

θ̇AB =
(żu − żs)

AB

√
1− (Bz,0+zu−zs)

2

AB
2

(5)

The angular velocity of the lower arm is calculated as:

ωCD = −
θ̇ABAB cos

(
θBC − sin−1

(
Bz,0+zu−zs

AB

))

CD sin (θBC − θCD)
(6)

The vertical component of the relative velocity (b = żs - Ḟy) is obtained by:

Ḟy = ωCDDF cos(θCDh) (7)

Finally, the damping force is calculated by the product of the asymmetrical damping coefficient and the
relative velocity, and the asymmetrical damping coefficients during the extension and the compression cycles
are defined by Eq. (8).

F±
cs = c±s b c±s ⇒

{
c+s if b ≥ 0
c−s if b < 0

(8)

The asymmetry ratio β is defined by:

β =
c+s
c−s

(9)
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Finally, the equations of motion for the suspension system with asymmetrical damping and taking into ac-
count the geometrical nonlinearities are given by:

mu z̈u + ku (zu − zr) + cu (żu − żr)− ks a− c±s b = 0

ms z̈s + ks a+ c±s b = 0 (10)

Different values of β are used, and for each value, c+s and c−s are chosen to maintain the same dissipated
energy for compression and expansion. The damping coefficients used are: for β = 3, c+s = 6000 Ns/m and
c−s = 2000 Ns/m, for β = 1, c+s = 4000 Ns/m and c−s = 4000 Ns/m and for β = 1/3, c+s = 2000 Ns/m e
c−s = 6000 Ns/m. A class B road profile is considered with vehicle speed v = 40 km/h. The segments CD,
AB and DF are the decision variables for the optimisation process. The PSD of sprung mass acceleration,
PSD(z̈s), is obtained by the Welch method [30].

4 Optimisation

The optimisation problem of the suspension system can be written as follows:

Find X =





x1
x2
x3



 =





CD

AB

DF



 which minimises f(X)

In order to improve comfort, the objective function considered is the RMS value of the acceleration of the
suspended mass, given by:

f(X) = RMS(z̈s) (11)

subject to the constraints

−x1 + 177.8 ≤ 0

x1 − 250 ≤ 0

−x2 + 130 ≤ 0

x2 − 160 ≤ 0

−x3 + 105 ≤ 0

x3 − 177.8 ≤ 0 (12)

The system defined by Eq. (10) is nonlinear because of the asymmetrical damping and geometrical nonlin-
earities. In this study, the response of the system is obtained through numerical simulation, and a nonlinear
programming solver was used to find the minimum of the constrained nonlinear multivariable optimisation
problem described by Eq.(11) and Eq. (12). Several values are considered as initial guesses for the decision
variables, in order to verify the convergence of the method. It was observed that the solver found solutions in
a very small number of iterations, regardless of the initial guess. The optimum values found were: x̂1 = 250
mm, x̂2 = 160 mm and x̂3 = 105 mm.

5 Sprung mass acceleration

Figure 3 presents the PSD(z̈s) comparing the optimised and non-optimised system with β = 1/3, β = 1
and β = 3. For all frequencies, regardless of the asymmetry ratio, the optimised system presents a decrease
of amplitude. It is also found that the the use of asymmetrical damping presents another peak of resonance.
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Figure 3: Comparison between the PSD of the sprung mass acceleration of the optimised and non-optimised
system using β = 1/3 (a); β = 1 (b); β = 3 (c).

There are ranges where the optimised system presents larger acceleration. The PSD ratio (PSDR) is defined
as the PSD of the optimised system (PSDo) divided by the PSD of the non-optimised system (PSDn), and
is defined as:

PSDR =
PSDo

PSDn
(13)

By analysing the PSDR, it is possible to verify the improvement achieved with the optimised system (Fig.
4). Values above 1 show that the optimised system has RMS acceleration amplitude greater than the non-
optimised system. The asymmetry ratio has low influence at low frequency, between 0 and 10 Hz. After this
value, β close to 1 diminishes the RMS acceleration, and β far from 1 results in increase of acceleration.
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Figure 4: PSD ratio, PSDR, in relation to the frequency f with β = 1/3, β = 1 and β = 3.

Considering only the optimised system, Fig. 5 shows the PSD(z̈s) for several values of β. At low frequen-
cies, close to the first and second resonance peaks, it is shown that the asymmetry ratio β has low influence
on the acceleration. After the second peak, due the geometrical nonlinearities and the asymmetry, a third
resonance peak appears. The PSD does not present the third peak if β values are close to 1.

Through the analyses shown above it is possible to verify the influence of the optimised parameters (x̂1, x̂2,
x̂3) individually, using asymmetry ratio β = 3. Figure 6-a shows the PSD(z̈s) for the systems with: (x1, x2,
x3); (x̂1, x2, x3); (x1, x̂2, x3); (x1, x2, x̂3), (x̂1, x̂2, x̂3). It is observed that both x1 and x2 are responsible for
small decrease in the amplitude at the first and second peaks. However, varying only x3 results in a decrease
of amplitude in the entire range of frequencies.
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Figure 5: Surface graph of PSD of sprung mass acceleration for different values of asymmetry ratio β.

Figure 6-b shows the RMS(z̈s) for different β, comparing the optimised and non optimised suspension
systems. It is shown that the geometrical parameter, specifically x3, have more influence than the asymmetry
ratio β. For example, for β = 3, the RMS(z̈s) with (x1, x2, x3) is 0.087 m/s 2, with (x̂1, x2, x3) is 0.086
m/s 2, with (x1, x̂2, x3) is 0.085 m/s 2, with (x1, x2, x̂3) is 0.062 m/s2, and (x̂1, x̂2, x̂3) is 0.059 m/s 2.
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Figure 6: Comparison between the PSD of the sprung mass acceleration of the optimised and non-optimised
system using for β = 3 (a); RMS acceleration of sprung mass in relation to β (b).

6 Conclusions

This work presented a study on the dynamic behaviour of a vehicle suspension system that employs asym-
metrical viscous damping and considering geometrical parameters. Focusing on the improvement of comfort
for the passengers, an optimisation technique were applied to find the best configuration for the suspension
system geometry and asymmetry ratio. The shift in the mean position is also observed if the road profile con-
sidered is stochastic. It was showed that in low frequencies, close to the first and second resonance peaks,
the asymmetry ratio has low influence.
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The parameter that present more influence is DF , which is the inclination of the spring-damper assem-
bly. The use of asymmetrical damping with β different from 1 and geometrical non-linearities involves the
appearance of a third resonance peak.

Results obtained through numerical simulation shows a reduction in the RMS acceleration of the sprung
mass when compared to the optimised and non-optimised system. The simulations showed that the optimised
system using asymmetrical damping presents a reduction close to 30 % in the RMS acceleration. However,
in a narrow band close to the third resonance, the optimised system has higher acceleration.
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Abstract
The evaluation of structure-borne sound power is an effective analysis tool for the analysis of the structure-
borne sound transmission in mechanical structures like vehicles, but also for the characterization of com-
ponents. However in the case of measurement-based methods in particular the phase-accuracy becomes
challenging for lightly damped systems vibrating at non-resonant frequencies. In order to enable the mea-
surement of power quantities for such cases a method is discussed incorporating a frequency-dependent
phase correction. The latter is predetermined in a small test setup solely for the impedance heads as these
introduce the largest phase errors in the measurement chain. The evaluated impedance heads are used for the
evaluation of power quantities at an example structure afterwards. Applying the phase correction a significant
improvement of the resulting power quantities is finally achieved.

1 Introduction

Due to electric mobility and autonomous driving, requirements for acoustic vehicle quality are increased
significantly. So the vibroacoustic assessment and optimization of vehicle components at the early stage of
the complete vehicle development is an essential future competitive factor. For acoustic evaluations of the
structural components, a representative and robust physical key performance indicator is needed as sound
pressure levels at the passenger ears are not available at this stage of the development process. Besides
the assessment of primary variables like displacements or forces the evaluation of energy flows can be a
promising approach also in the lower frequency range. Power as the indicator for energy flow combines
phase-correct force and velocity measures in one real scalar.

Although the acoustic assessment of the mechanical system must be mostly simulation-based at the early
stage of vehicle development, there are some vehicle parts which are difficult to model numerically. There-
fore energetic quantities have to be assessed by measurements at in- and outputs of mechanical subsystems
like rubber bearings. As the latter ones usually have a rather low modal density one must be able to measure
power quantities outside resonance. However this task is not state of the art in normal engineering practice.

Starting from a mechanical point of view, power is the scalar product of the normal and the intensity vector
integrated over the surface [14]. The intensity vector is the multiplication of the stress tensor and the velocity
vector. For discretized systems, however, the power calculation is simplified as it can be calculated from the
vectors of discrete forces and velocities. For the harmonic vibration of a discretized linear system, the vectors
of discrete forces and velocities are described by complex quantities in the frequency domain, resulting in
the complex power [2]

P =
1

2
fHv (1)
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H is the Hermitian transpose. While the imaginary part of the complex power is equal to the product of
excitation frequency and the Lagrange energy Ū − K̄ [2]

= (P ) = 2ω(Ū − K̄) (2)

especially the real part is of interest for the energetic analysis of vibroacoustic structures

< (P ) = P̄diss. (3)

Following Equation 3 the real part of the complex power quantity is equal to the vibration cycle averaged
dissipated power P̄diss. Rewriting the latter equation results in

P̄diss =
1

2
|f ||v| cos(∆ϕfv). (4)

This trigonometric form illustrates that besides the amplitudes of forces and velocities the relative phase
between these ∆ϕfv is included in the power calculation

∆ϕfv = arctan
=
(
fHv

)

<(fHv)
. (5)

However, if the damping in the system becomes smaller, the relative phase ∆ϕfv approaches (2n − 1) · π/2

for non-resonant frequencies, while n ∈ Z. Following Equation 4 the cosinus-term is sensitive for even
small errors in the phase for such values, thus the correct measurement of power becomes challenging. Each
element of the measurement chain introduces a phase error. Especially impedance heads can exhibit an
absolute phase error approaching ε∆ϕ = 5◦ [1], the relative phase errors between force and acceleration
channel are not documented in many cases.

Even so the measurement of power quantities is established in literature for some decades, there is no dis-
cussion available regarding phase errors for the limiting case of light damping, up to the authors knowledge.
Therefore a method for the phase-correction in the frequency domain is investigated in the following by
means of a lightly damped structure. In the latter power is measured at the inputs and outputs of single
subcomponents.

Approaches to measure mean power at inputs and outputs of arbitrary parts are already presented for impedance
heads [13], for more complex parts a six degree of freedom sensor was developed by [6]. This contrasts the
many approaches in literature starting from the 1970’s, in which structure-borne sound power quantities
are determined not at inputs or outputs, but inside basic mechanical systems like trusses, beams or plates
[12, 19, 5, 8, 3, 16, 4, 11, 17, 20, 18]. An overview is provided in [10]. These references are limited to
analytical systems but not to complex geometric structures, as the displacement function, known from the
analytical solution of the idealized mechanical system, is used to calculate the power from an acceleration
sensor array.

The below example structure is vibrating in uniaxial vibration. The general methodology for phase-correct
measurements and subsequently meaningful power values is therefore based on impedance heads. Corre-
sponding test setups are presented in order to identify a correction factor for the phase deviation of the
sensors. It will be shown how the power results can be improved in the frequency domain by this factor.
Nevertheless the below discussion is more general and can be adapted for any sensor combination.

2 Phase-Correct Power Measurement

2.1 Concept of Phase Correction in the Frequency Domain

Each element of the measurement chain introduces a phase error into the experiment (compare for example
[7]). This includes phase errors from the leakage in the time-to-frequency transformation, the influence of
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cables, the DAQ (Data Aquisition) interface, or the sensors. Especially the impedance heads, as mentioned
above can have a phase lag, which is significantly higher than the phase deviation which must be identified
for lightly damped systems.

It will be shown in the following that if the phase errors of the impedance head only are considered, already
physically meaningful power values can be obtained, although the phase errors of the DAQ-interface, the
post processing et cetera are neglected. In order to compensate the phase error in the frequency domain a
complex-valued and frequency dependent correction factor Cϕ is determined. Therefore, the errors in the
relative phase are identified for distinct channel pairs, though not the absolute phase error of single channels
is determined. For the measurement of power the correction factor is included in the measured frequency
response of the cross power spectrum at the two impedance heads

Sc
fv = f(Cϕ,IH ◦ v)H . (6)

The c indicates the correction for the phase error of the measurement chain. The mean power is directly
obtained from the cross power spectrum

P c =
1

2
Sc

fv (7)

as well as the relative phase

∆ϕc
fv = arctan

=(Sc
fv)

<
(
Sc

fv

) (8)

2.2 Phase Errors in Impedance Heads

Prior to determining the phase error between the force and acceleration signal of the impedance heads,
assumptions are made regarding the sources for the sensor’s phase lag. In the following it will be shown
that with these assumptions the power results can be improved significantly. Two classes of error sources
are assumed for the impedance heads. One resulting from the mechanical interaction of the impedance
head with the attached test structure, which is therefore test-object dependent, one resulting from test-object
independent sources like electronic amplifiers inside the sensors.

In order to calculate the error resulting from the first class of test-object dependent errors, one needs infor-
mation of the attached system, like the input impedance. Subsequently the error cannot be determined a
priori. Additional phase shifts are introduced in the test setup, if the resonance of the MDOF-system of the
impedance head is decreased to values near the frequency measurement range. However, assuming that the
sensors are build sufficiently stiff, this error source is neglected for the benchmark structure.

The relative phase error, which is independent of the test structure, however, is determined and included
in the correction factor. Therefore a top-mass setup is introduced (see Figure 1), known from calibration
experiments for the amplitudes of impedance heads [15].

shaker

two-channel FFT
calibration mass mL

impedance head

Figure 1: scheme of the top mass setup for the impedance head phase measurement
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Following Figure 1 the impedance head is mounted on a vertically aligned shaker, on top of the impedance
head a mass is screwed. The ideal mass has a purely imaginary impedance

Ẑ = i ωmL (9)

the relative phase between the acceleration and force channel therefore should be ∆ϕIH = 0◦, according to
the model assumptions. The resulting frequency dependent complex correction value of the impedance head
CIH is directly calculated from the measured phase difference

CIH =
fa∗

|fa∗| . (10)

The phase error of the DAQ-interface is assumed to be negligible.
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Figure 2: relative phase in degrees of the two impedance heads used for the power measurement obtained by
the top-mass setup. Three different masses are used, four measurements are performed for each mass.

Naturally the mechanical MDOF-system of the impedance head is also influenced by the impedance of the
mass in this setup. Therefore different top-masses are used in order to evaluate the variance of the phase
results with respect to the mass. In the case of a small variance of the measured relative phase the latter is
assumed to be independent of the attached mass, subsequently to be independent of the benchmark structure.
The top-masses chosen for the experiment are rather high, otherwise the test setup is not capable to identify
the phase lag also in the low frequency range. This results in three different masses fromm = 76.3g to 610g.

A chirp excitation is chosen and twelfe measurements, four for each mass, are performed and evaluated.
The results are shown in Figure 2. Following the latter, the median value of the measured phases is an
almost linear function of frequency. A linear regression is therefore performed for the correction value. The
resulting phase correction for the impedance heads is rather large and approaches ∆ϕIH = 3◦ for a frequency
of f = 800Hz. The standard deviation is approximately 0.1◦ and is small compared to the median value,
allowing for the assumption of a mass independent correction value as discussed above. Subsequently this
correction factor is also assumed to be independent of the following example case.

Nevertheless there are frequency ranges, in which the mean in particular deviate from the linear phase func-
tion and the standard deviation σ is large. This, however, is not opposed to the above conclusions, as it
can be explained by resonances of the test setup resulting from imperfections. These imperfections distort
the desired phase results for a theoretically perfect longitudinal excitation. The resonances are shifted in
frequency for the setups with different masses mT , resulting in rather small effect of the resonances on the
median value but a rather large one on the mean and standard deviation.
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3 Lightly Damped Example

3.1 Experimental and Numerical Setup

In order to determine power quantities and relative phases between force and acceleration in a longitudinal
direction only while limiting the vibration in the other directions to a minimum, a truss is suspended in the
center of a beam. The latter is clamped at its ends. Realizing the clamping condition two identical pyramidal
supports are manufactured. This provides a clamp condition for the beam and a clearance under the beam
of h = 720mm, so that the truss, sensors and a LMS Qsources Integral Shaker for the excitation can be
suspended (see Figure 3).

The test rig should ensure the measurement of the relative phases and power quantities up to a frequency
up of f = 800Hz, the pyramids must have a first resonance above that frequency. Therefore the pyramids
are manufactured from 32mm thick aluminum plates which are screwed together. A plate is added in the
horizontal center plane in order to stiffen the structure in addition.

At both sides of the truss a impedance head IH:1, respectively IH:2 is placed for the concurrent measurement
of forces and accelerations from which the power can be calculated in the postprocessing. As there is
damping in the system, there is mean energy flow from the source, which is the excitation at the lower end of
the truss into the truss, from the latter in the beam, resulting in a mean power larger than zero in the positive
direction of y. Correspondingly the phase shift between velocities and forces ∆ϕfv is deviating - although
just slightly - from ±π/2.

All parts are manufactured from aluminium alloy EN AW-6060. For the evaluated frequency range f =
1..800Hz the structure should have a low modal density in order to analyze structure-borne power at non-
resonant frequencies. Nevertheless there should be three resonances with symmetric mode shapes in the x−y
plane, for which the two impedance heads are excited in the longitudinal axis alone. This can be achieved
by the geometrical parameters of the truss and beam according to Table 1 and Figure 3. In the following all
values are given in millimeters, Newton, seconds and tons. In addition a steel mass is mounted between the
truss and the shaker, resulting in the resonances analyzed in the next section.

BEAM:01 :02 :03 ...

PCB model 356A15
DYTRAN model 5860B

TRUSS:01

:02

...

IH:2

IH:1L
tr

u
ss

=
40

0

Lbeam = 400

y

x

z

Figure 3: hardware realization of the benchmark structure, includ-
ing the sensor instrumentation for the uniaxial, longitudinal phase and
power measurement.

part profile value

truss circular D 16
beam rectangular b 60

h 10

Table 1: values for the cross sec-
tions of the beam and the truss.

Besides the impedance heads, triaxial accelerometers PCB model 356A15 are installed (see Figure 3). This
enables the identification of mode shapes, which can be correlated to the simulation as well as the evaluation
of the amount of out of plane and asymmetrical deflection shapes resulting from geometrical imperfections.
The latter results in an energy flow not only in the longitudinal direction of the truss but in additional degrees
of freedom.
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For the measurement setup a three dimensional linear FE-model incorporating tetrahedron, brick and shell
elements, all using linear shape functions, is considered. The material parameters are chosen according to
Table 2. The connection technique is modeled by tie contacts. The impedance heads are considered through
spring elements with a translational and rotational stiffness of kT = 1.1 · 106 respectively kR = 4.5 · 106,
connecting reference points of the corresponding parts. The mass of the impedance heads is considered via
point masses of m = 1.2 · 10−5.

Firstly the modeling of the impedance heads by means of connector elements allows for a straightforward
calculation of the internal forces in the postprocessing, which are needed for the power calculation following
Equation 1. Some more general discussion of the calculation of power quantities as a postprocessing for
FE-displacement solutions can be found for example in [9] . Secondly the power quantity can be separated
for the different element degrees of freedom. This is beneficial for the comparison with the experimental
results, as the frequency responses are measured in the longitudinal direction only at the impedance heads.

material E-modulus Poisson number density structural damping

aluminum 70500 0.3 2.65 10−9 0.025
steel 210000 0.3 7.86 10−9 0.025

Table 2: material properties for the FE-model

The FE-model is correlated via a modal analysis to the hardware realization. Therefore for both the experi-
mental and numerical setup the resonant frequencies, mode shapes and modal dampings are determined and
compared in Table 3. There is a good correlation between the resonant frequencies of the FE-model and the
experimental setup, the error is below seven percent for all resonances. Evaluating the diagonal MAC-values
between the experimental mode shapes Ψj and the numerical ones Φi

MAC =
|ΦHi · Ψj |2
ΦHi ΦiΨ

H
j Ψj

(11)

there is also a good correlation.

Nr. feig mode shapes ξ
EMA (Hz) FEM (Hz) error (%) MAC EMA (%) FEM (%) remarks

1 8.5 0.125
2 9.6 0.125
3 33.6 35.5 -5.4 0.99 0.18 0.125 1st symmetric mode shape
4 111.7 0.125
5 136.2 141.8 -3.9 0.98 0.54 0.125
6 143.2 147.7 -3.0 0.98 0.20 0.125
7 201.8 205.3 -1.7 0.93 0.04 0.125
8 281.0 284.6 -1.3 0.99 0.15 0.125 2nd symmetric mode shape
9 319.0 339.1 -5.9 0.96 1.1 0.125
10 378.0 405.4 -6.8 0.96 0.93 0.125
11 393.0 413.2 -4.9 0.92 0.35 0.125
12 606.6 607.3 -0.1 0.65 0.1 0.125
13 669.3 688.4 -2.7 0.90 0.42 0.125
14 730.0 741.7 -1.6 0.95 0.1 0.125 3rd symmetric mode shape

Table 3: natural frequencies and modal dampings for the benchmark structure.

Analyzing the damping modeling of the FE-model, Table 3 shows that the assumption of a frequency-
independent structural damping value of η = 0.025 coincides with the modal damping values of the ex-
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perimental setup for the mode shapes 4, 8 and 14 which are symmetric in the x − y plane and therefore
are mainly excited in the later operational experiments (Figure 4). For the non symmetric mode shapes the
damping values are underestimated by the FE-model, however, this mode shapes should contribute only little
to the overall vibration response. Summarizing the above results, the FE-model can be appropriately cor-
related with the hardware realization, providing a well examined basis for the following discussion of the
measurement of structure-borne sound power.

mode shape 4 mode shape 8 mode shape 14

Table 4: first resonant frequencies in longitudinal direction of the beam-truss system.

4 Results

Using the above measurement methodology for phase-correct power measurement, 12 measurement runs are
performed on the validated example structure. In order to minimize leakage, a pseudo-random excitation
profile is chosen for the vertically suspended shaker. Again, for all measurement quantities the mean value
is calculated, the standard deviation is evaluated and the experimental results are compared to the numerical
results for the FE-representation.

Analyzing exemplary the phase at impedance head IH:1 at first, one recognizes that as long as no phase cor-
rection is applied to the measurement data, the relative phases differ from the FE-simulation. The deviation
gets larger the more the frequency is increased, partly switching the quadrant in the imaginary plane, finally
resulting in a maximum difference of three degrees (see Figure 4). Applying the phase correction Equation
8, the deviation from the FE-results is decreased significantly, resulting in a maximum difference of 0.2◦.
This error is equal to 2 · σ from the impedance head phase phase measurement in Section 2.2.
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Figure 4: relative phases between force and velocity ∆ϕf at IH:1, evaluated statistically for the experiment
and compared to the simulation.
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As a consequence, calculating power quantities from measurement without incorporating the phase correc-
tion, the mean power only has physically meaningful value around the resonances for the lightly damped
example. Out of resonance, however, the values approach negative values, which is in contrast to the results
from the FE-calculations.
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Figure 5: power results at the impedance heads from simulation and measurement, the latter without phase
correction for the measurement chain. Left: IH1; right: IH2

Applying the phase correction the mean power becomes mainly positive as predicted by the FE-model. In
addition the amplitudes coincide well, except for the lowest resonant frequency as the shaker is not capable
to bring in the energy as requested. Excluding this frequency range, the experimental and numerical results
for the mean power coincide with a maximal deviation of 5 · 10−7.
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Figure 6: power results at the impedance heads from simulation and measurement, the latter with phase
correction for the measurement chain. Left: IH1; right: IH2

However there are still frequency ranges, in which the phase-corrected mean power has negative values, in-
dicating energy flow towards the shaker. Nevertheless this is not necessarily related to measurement errors.
As [13] already discussed theoretically, impedance heads capture the energy flow for the longitudinal degree
of freedom, but neglect the contributions of the remaining translational and rotational degrees of freedom.
If the power of the non-measured degrees of freedom is larger than the power in the longitudinal direction,
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the summed up overall power would be positive although the measured longitudinal power is negative. Con-
sequently there are some frequency ranges in which also the FE-model has negative values for the mean
power in longitudinal direction, however the power, summed up over all degrees of freedom, is positive
(compare Figure 7 for impedance head IH:1). Such frequency ranges are for example around f = 340Hz
and f = 404Hz. These frequencies can be directly linked to resonances of the numerical model with mode
shapes having mainly rotations at the locations of the impedance heads.

By means of the MAC of the benchmark structure, one can link the above resonances to the measured ones
at f = 319Hz and f = 378Hz. The validated benchmark structure therefore allows for an unambiguous
explanation of these negative power values, which is the first time to the author’s knowledge. They do not
result from the phase error introduced by the measurement chain but are a physical property of the mechanical
system due to the fact that impedance heads just capture the energy in one degree of freedom.
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Figure 7: power results at IH:1 for the frequency range of resonances which load the impedance head with a
moment. For the simulation once the power is evaluated solely for the longitudinal degree of freedom (sim.
Py), once for the sum of all degrees of freedom of the impedance head element (sim.

∑
Py).

5 Conclusion

Determining structure-borne sound power quantities is a challenging task for non-resonant frequencies of
lightly damped structures. An experimental technique is therefore discussed for the determination of structure-
borne sound power including a phase-correction in the frequency domain. By means of a lightly damped
structure it is shown that measuring power without a compensation for the relative phase errors of the mea-
surement chain leads to physically not meaningful results. Therefore the test-structure independent phase
error is analyzed for the impedance head, which introduces the largest relative phase error in the measure-
ment chain.

An example structure is introduced with a correlated hardware realization and FE-representation. The phase
correction is applied to the corresponding cross power spectra of the impedance head signals, improving
the power results significantly for the example structure. The final difference in the relative phases between
experiment and simulation is smaller εϕ < 0.2◦.

In addition, the fact that besides the experimental setup also a validated FE-model is available for the example
structure provides a basis for the detailed investigation of the results for the measured power quantities
obtained by impedance heads. The negative power quantities observed for specific frequency ranges at the
impedance heads can be related to out-of-plane modes, therefore the negative values can be explained by
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the fact that power is measured in the longitudinal direction of the impedance heads only but are no artifact
resulting from phase errors in the measurement chain.
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Abstract
The multiple-order response of a rotor equipped with a centrifugal pendulum vibration absorber (CPVA) is
investigated in this study. CPVAs have been used in the abatement of torsional vibrations since the 1930s and
have been extensively researched but seldom with a focus on the full multiple-harmonic response. Although
the firing order in reciprocating engines dominates in amplitude, the higher-order harmonics have impact
on driveline-related noise issues. This investigation is conducted in order to understand if an higher-order
amplification can stem from the design of the CPVA or if this phenomenon is due an interaction between
other powertrain components. Therefore, an isolated rotor-CPVA system is studied. The investigated rotor
is subjected to an oscillating torque consisting of single- and multiple-order harmonics. The equations of
motion are derived by Kane’s method and the multiple-harmonic response of the system is analyzed. The
linear steady-state response is compared with numerical time integration of the equations of motion.

1 Introduction

Torsional dampers integrated in the clutch disc are conventionally used to decouple the driveline from tor-
sional vibrations of the internal combustion engine (ICE) of heavy trucks. This method of decoupling will
not be sufficient with future ICEs. Environmental legislation on CO2 drive the development of the ICE and
the traditional driveline of heavy trucks in the same manner as for passenger cars [1]. To fulfill CO2 reg-
ulations, manufacturers are lowering operating rotational speeds of the ICE by appropriate gearing of the
driveline, increasing the combustion pressure and downsizing the engines, without sacrificing the power out-
put. Unfortunately, these measures to fulfill CO2 regulations increase driveline torsional vibration and thus
increase the emitted noise such as gear rattle from the transmission. The higher levels of torsional vibration
also affect the fatigue life of the powertrain components negatively. These issues must be addressed to fulfill
future noise legislation, vehicle comfort requirements and fatigue life expectations of the powertrain.

The centrifugal pendulum vibration absorber (CPVA) is a passive device designed to absorb torsional vibra-
tion in oscillating rotating systems. Appropriate tuning of the CPVA counteracts the oscillatory torsional
motion of the rotor caused by the engine combustion and crank motion. The CPVA commonly consists of
several pendulums attached to a rotor, for example, attached to an engine flywheel or located on other rotat-
ing parts of the powertrain depending on the need to abate certain torsional vibration modes. The CPVA is
an order-tuned absorber which allows absorption of the engine torsional vibration order over all rotational
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speeds. This is due to the pendulum’s centrifugal force dependency where the pendulum’s eigenfrequency
is proportional to the rotational speed. The tuning order is commonly adjusted to absorb the main firing
order of the combustion engine. For a four-stroke engine this order is half the number of cylinders since a
full combustion cycle is completed every two revolutions of the crankshaft. A schematic of a rotor-CPVA
is shown in Figure 1. The rotor spins about point O and the pendulum rotates about the pivot at point Q.
This type of absorber is a compound pendulum absorber where the center of mass of the pendulum follows
a circular path. This fundamental absorber type is the base model of this investigation.

Single rotor-CPVA models have been extensively researched since the 1930s. An early overview of different
pendulum absorber types and their main linear characteristics can be found in Ref. [2], containing references
to the first patents on rotational pendulum absorbers. Non-linear studies show that the circular path pendulum
absorber possesses bifurcation jumps that may, contrary to what is desired, amplify the vibrations [3]. A
type of epicycloidal pendulum path, the tautochronic epicycloidal path, has shown to reduce the risk of
the bifurcation jump [6]. An overtuning with cycloidal pendulum paths may also help the stability of the
pendulums’ unison response at a small cost of decreasing its efficiency to absorb the vibration [4, 5]. The
gained interest from the automotive industry in this century has led to more research on the tautochronic and
general path pendulum absorber with a focus on the non-linear response and stability [4, 5]. Further, the
theory has been extended to other CPVA types other than point mass models [7, 8].

A commonly used perturbation method for analyzing the non-linear behavior of CPVAs has been the method
of averaging [9]. The method of averaging does not capture the multiple-harmonic response since it assumes
a single-harmonic response [10]. It is of great interest to capture the multiple harmonics since higher engine
orders may cause gear rattle in the transmission. Also, heavy vehicle combustion engines always produce
significant harmonics which may be amplified by the CPVA configuration. This is observed in numerical
simulations and measurements in Ref. [11] and is further investigated in this study.

The equations of motion of rotor-CPVA systems have commonly been derived using Lagrange’s method.
However, the Hamiltonian formulation is also used in Refs. [7, 8]. Here, the equations of motion are derived
by means of Kane’s method, also known as the method of generalized speeds [12, 13]. The advantage with
Kane’s method is that the governing equations fall out directly as compact first-order ODEs suitable for nu-
merical integration. Also, the use of generalized speeds to define the kinematics appears more natural for
rotating systems rather than generalized coordinates. The method of generalized speeds is also suitable for
implementation in a Computer Algebra System (CAS), assisting the bookkeeping of the equations, minimiz-
ing the risk for manual error and maintaining repeatability through coding which is highly desirable in an
industrialized simulation process [14, 15, 16].

In this investigation the equations of motion of a rotor-CPVA depicted in Figure 1 is derived by Kane’s
method. The linear characteristics of the system are investigated and the full non-linear equations are an-
alyzed by time integration showing the multiple-harmonic response while excited by single- and multiple-
harmonic excitation. The analytically derived model is validated against simulations performed in the multi-
body software Adams by MSC Software. The purpose of this investigation is to gain understanding of CPVAs
in the context of a heavy vehicle powertrain to further enhance the virtual product development process.

2 Mathematical Model

In this section, Kane’s equations and the equations of motion of the rotor-CPVA system in Figure 1 are
presented. The full derivation and the procedure of Kane’s method may be found in Appendix A. The full
non-linear equations are linearized about an operating rotational speed and the main linear characteristics of
the system are investigated. Only one pendulum attached to the rotor is considered but the procedure can
easily be extended to several pendulums. The single pendulum is equivalent to several pendulums if one
assumes synchronous pendulum response while maintaining the total pendulum mass [6]. Also, gravity is
neglected.
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Figure 1: Rotor-CPVA model.

2.1 Method of generalized speeds (Kane’s Method)

Several methods are commonly used to derive the equations of motion of mechanical multibody systems.
Kane’s method, also called the method of generalized speeds, is one of the most recent methods published in
1965 by Kane and Wang [17]. The relationship between Newton’s, Kane’s and Lagrange’s equations can be
shown by projecting Newton’s equations onto suitable tangent coordinate vectors [18]. In this section, bold
symbols represent vectors and an over-dot represents the time derivative of the vector relative to the inertial
reference frame N . Kane’s equation states the balance between inertial forces f∗i and the applied forces fi
as

fi = f∗i , (1)

where the projected inertial forces are expressed as a sum over all nr rigid bodies as

f∗i =
nr∑

j=1

[
ṗBj · vBj

i + L̇Bj · ωBj

i

]
, (2)

where
ṗBj = mj a

Bj , (3)

is the time derivative of the linear momentum of the center of mass of body Bj ,

L̇Bj = IBj · ω̇Bj + ωBj × IBj · ωBj (4)

is the time derivative of the angular momentum about the center of mass of body Bj and IBj is the inertia
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tensor about the center of mass of body Bj . Further, the partial velocities are

v
Bj

i =
∂vBj

∂ui
,

ω
Bj

i =
∂ωBj

∂ui
,

(5)

where ui are the generalized velocities as an affine function of the time derivative of the generalized coordi-
nates, q̇i.

The projected generalized forces are also expressed as a sum over all nr rigid bodies as

fi =
nr∑

j=1

[
FBj · vBj

i + TBj · ωBj

i

]
, (6)

where FBj is the force and TBj is the torque acting on the center of mass of body Bj .

The overall procedure is in three main steps. First, choose an appropriate set of generalized speeds, ui,
describing the kinematics. Second, calculate the linear and angular momentum of the bodies in terms of
the generalized speeds to further project them onto the partial velocities. Third, after projecting the applied
forces onto to the partial velocities, evaluate the summation over all bodies of the system. This is performed
in detail in Appendix A for the compound pendulum system analyzed in this investigation.

2.2 The governing equations

From Appendix A, the equations of motion of the rotor-CPVA system depicted Figure 1 are
(
IAzz +mpR

2
)
u̇1 +mpRLu̇2 cos(φ) −mpRLu

2
2 sin(φ) = cp(u2 − u1) + To − cru1,(

IBzz +mpL
2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ) = −cp(u2 − u1),

(7)

where the viscous loss coefficient of the rotor is cr and the viscous loss coefficient about the pivot point of
the pendulum is cp. The inertia about the center of mass of the rotor is IAzz , IBzz is the inertia about the center
of mass of the pendulum that has a mass of mp. R is the distance from the rotor’s center to the pendulum
pivot point Q and L is the distance from the pivot point to the center of mass of the pendulum body. Further,
the generalized velocities are

u1 = θ̇, u2 =
(
φ̇+ θ̇

)
. (8)

The complete system is thus fully described as a compact first-order differential equation system. The applied
rotor torque, To, for different load cases is described in the following sections.

2.3 Linearization about an rotational operating point

In Kane’s method it is possible to linearize the system before forming the equation of motions [13]. This
is not unique for Kane’s method. For example, the linearized equations of motion may be formed from
the Lagrangian of the system by expanding the expressions to second order and then applying Lagrange’s
equation [18]. However, since the full nonlinear equations are already formed, the linearization about a
constant rotational velocity with small pendulum motion is performed directly on the equations of motion
(7).

We assume that the rotor has a steady rotational velocity Ω together with a perturbation θ̇∗. The first perturbed
generalized velocity may then be expressed as

u∗1 = Ω + θ̇∗ (9)
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and the time derivative becomes
u̇∗1 = θ̈∗. (10)

If we also assume a small pendulum motion in φ we can write the second generalized velocity as

u∗2 = u∗1 + φ̇∗ =
(

Ω + θ̇∗
)

+ φ̇∗ (11)

and the time derivative becomes
u̇∗2 = θ̈∗ + φ̈∗. (12)

Inserting the new generalized velocities into (7) yields the following linearized equations of motion about a
rotational velocity Ω as

(
IAzz +mpR

2
)
u̇∗1 +mpRLu̇

∗
2 −mpRLΩ2φ∗ = cp(u

∗
2 − u∗1) + To − cru

∗
1,(

IBzz +mpL
2
)
u̇∗2 +mpRLu̇

∗
1 +mpRLΩ2φ∗ = −cp(u∗2 − u∗1).

(13)

If we further assume that the rotor spins at constant rotational velocity without any oscillatory motion, the
latter equation in (13), which is the equation of the pendulum, may be written in canonical form as

φ̈∗ + c̃pφ̇
∗ + n2

tΩ
2φ∗ = 0, (14)

where
n2
t =

mpRL

(IBzz +mpL2)
, (15)

is the linear tuning order of the pendulum absorber and

c̃p =
cp

(IBzz +mpL2)
. (16)

Solving the eigenvalue problem of the characteristic equation of (13), without damping and applied torque,
yields the rotor eigen-order nr as a function of the linear tuning order nt :

n2
r =

n2
t

(
Ĩ + 2n2

t + 1
)

Ĩ − n4
t

, (17)

where

Ĩ =

(
IAzz +mpR

2
)

(IBzz +mpL2)
. (18)

If the pendulum is assumed to be a point mass guided on a circular path we can see that the pendulum linear
tuning order in Equation (15) is purely based on the geometrical parameters R and L since the inertia term
vanishes. This is not the case when the pendulum body has significant inertia.

3 Solving the equations of motion

3.1 Linear frequency domain

The linearized equations in (13) may be put into matrix form

Mẋ + Ax = T, (19)
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where M is the mass matrix, A is the combined damping and stiffness matrix, x is a column vector of the
system states [θ, φ, u1, u2]T and T is the torque column vector. The system may be solved by the anzats
solution

x = x̂eiΩnt, (20)

and the exciting torque as
T = âeiΩnt, (21)

were x̂ and â are complexed valued amplitude column vectors. Omitting the time dependency, the resulting
linear response becomes

x̂ = (iΩnM + A)−1 â. (22)

3.2 Time-domain integration

Numerical time integration of the full non-linear equations of motion in (7) were performed by means of the
SciPy odeint function using the default lsoda solver. The solver is an automatic method, switching between
an implicit Adams method and based on backward differentiation formulas [19]. In order to validate the
analytical model an equivalent model was built in the multi-body software Adams from MSC Software. The
model is described in Appendix B. The GSTIFF SI2 time integrator in Adams was used as the solver method.
The solver settings in both cases where refined until results converged to final values.

4 Load cases

4.1 Single-order excitation sweep

For the first study, the full non-linear equations where excited by a mean torque Tm and a single-order
oscillating torque

To = Tm + Tn sin(nΩt), (23)

while sweeping the order n between 2.9 and 3.3 upward and downward for different oscillating amplitudes
Tn at a mean rotational rotor speed of 1000 RPM. The mean torque, with a magnitude of the viscous loss
torque of the rotor, was chosen to maintain a constant mean rotational velocity. The oscillating part of the
excitation was initially ramped up with a polynomial step function with a duration of 2 seconds to minimize
initial transients. The total length of the order sweep was 240 seconds to allow the amplitude to grow to full
response.

The short Fourier transform of the time signals was then calculated using a Hanning window and the main-
and second-order traces were extracted by means of the 5-frequency-bin summation method [20].

4.2 Multiple-order excitation

In the second investigation, the main- and second-order harmonic torques were extracted for a typical 6-
cylinder heavy truck engine. This oscillating torque together with the mean torque was applied to the rotor
at steady discrete mean rotational velocities in a typical operating range of a heavy truck engine. The torque
is described as

To = Tm + Tn sin(nΩt+ αn) + T2n sin(2nΩt+ α2n). (24)

The torque amplitudes are shown in Table 1 for the different mean rotational velocities. The phase values
are αn = 0 and α2n = −0.32 [rad]. For simplicity, the phases are held constant for every rotational velocity.
The order harmonics were then extracted from the FFT of the time signals in the same manner as for the
order sweep described above.
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RPM 600 800 1000 1200 1400 1600 1800

Tn 670 945 1600 1600 1600 1600 1500
T2n 430 570 900 900 838 627 406

Table 1: Oscillatory torque amplitudes for different mean rotor rotational velocities.

5 Results and Discussion

The numerical parameter values of the rotor-CPVA system used in this study are presented in Table 2. Figure
2 shows the linear steady-state angular acceleration response of the rotor normalized with the acceleration
response of a rotor with a locked pendulum for the single-order excitation load case. Values below unity
show a reduction in torsional vibration while values above unity show an amplification compared to the
locked pendulum rotor. The response is shown as a function of the torque excitation order normalized with
the tuning order at a mean rotational velocity of 1000 RPM for different values of the pendulum damping
coefficient.

The minimum of the rotor response occurs when the excitation order and the tuning order are equal. In
this region, the oscillations are efficiently absorbed by the pendulum absorber. With increased damping
the performance of the absorber is decreased in this region. By further increasing the excitation order the
response grows to a maximum at nr, then falls down to a asymptotic level above unity. With the linear
model, one may already conclude that all excitation orders above n/nt ≈ 1.015 are amplified.

The time integrated non-linear response is shown in Figure 3 and Figure 4 for two excitation amplitudes,
40 Nm and 500 Nm respectively, when subjected to the single-order excitation load case. The solid lines
represent an upward sweep of the excitation order and the dashed lines represent a downward sweep. The
main- and second-order harmonic of the response are present even though the excitation consists of a single
frequency component. The first harmonic exists even at low excitation amplitudes. For high excitation am-
plitudes the first harmonic exceeds the main order around the tuning order. We can also observe a downward
shift of the tuning order compared to the linear tuning order for high excitation amplitudes. This is known
as a non-linear softening effect commonly associated with high amplitude pendulum responses. It is clear
that the rotor-CPVA system also has several solution branches depending on the path of excitation. For the
case in Figure 3, the upper solution branch falls back down to the lower solution branch at a lower excitation
order, that is not the case for the high amplitude excitation case.

The ripple near the rotor eigen-order in the upward sweep is probably due to the instability in this region.
One can observe that the response here has not reached steady state in comparison to the linear response. A
slower sweep speed in this region can be a way to further resolve the response in this region.

Figure 6 in Appendix B shows the same graphs as in Figure 3 and Figure 4 together with the results from
the Adams model as dot-dashes lines. The results are identical except for small deviations near instability
regions. The analytical model may be considered validated since the two independent methods yield the
same results.

The steady-state response of the rotor subjected to the multiple-harmonic excitation for different rotational
velocities are presented in Figure 5. The dotted lines represent the response of the rotor with a locked
pendulum and the solid lines represent the rotor-CPVA angular acceleration. As expected, the main-order
response of the CPVA-equipped rotor is remarkably reduced while the second-order harmonic is amplified
compared to the locked pendulum rotor, at and above 800 RPM. An increased level of the main order is
evident at 600 RPM. This is due to the fact that the response has jumped up to the upper solution branch that
was observed in the downward sweep in the response study. At lower rotational velocities the centrifugal
stiffness of the pendulum is lower and the amplitude of the pendulum increases, facilitating the jump to this
branch.
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Parameter Value

Ĩ 2255
nt 3.11
mp 6.0 [kg]
cp 5E−4 [Nms/rad]
cr 5E−3 [Nms/rad]

Table 2: Parameter values used in the simulation of the rotor-CPVA system.
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Figure 2: Linear steady-state normalized angular acceleration response of the rotor for different pendulum
damping coefficients at 1000 RPM. Values below unity show a decrease in the response compared to a rotor
with locked pendulum.
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Figure 3: The non-linear angular acceleration response of the rotor for an excitation amplitude of 40 Nm.
The solid lines represent an upward sweep of the excitation order and the dashed lines represent a downward
sweep.
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Figure 4: The non-linear angular acceleration response of the rotor for an excitation amplitude of 500 Nm.
The solid lines represent an upward sweep of the excitation order and the dashed lines represent a downward
sweep.
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Figure 5: The steady-state responses of the rotor subjected to the multiple-harmonic excitation over a typical
operating rotational speed range of a heavy truck.

6 Conclusions

The equations of motion of a rotor-CPVA system are derived by Kane’s method yielding compact first-
order differential equations and are validated against an Adams model. By linear and non-linear analysis we
show the main characteristics of the rotor-CPVA system. We conclude that the rotor-CPVA system excited
by a single-harmonic torque produces a multiple-harmonic response. This is evident for higher levels of
oscillating torque amplitudes and becomes more apparent near the tuning order of the pendulum absorber
since the main excitation order is significantly reduced. Also, when exciting the rotor-CPVA system with a
multiple-harmonic torque we show that the higher harmonics above the rotor eigen-order are amplified by
the pendulum absorber arrangement. Further, we show that the system possesses different solution branches
depending on the previous state of the system due to non-linearities. A jump between these solution branches
may occur. This jump occurs in the low rotational velocity range yielding an increase of torsional vibration.
An important conclusion is that the low rotational speeds must be considered in the design of the pendulum
absorber. Higher torsional vibrations at vehicle creeping conditions can cause poor noise quality issues. We
show that it is possible to extract the different solution branches and the harmonic response from time-domain
simulations by subsequent frequency analysis of the time signals. However, the time-domain integration to
find the steady-state response can be time consuming, especially in the analysis of larger powertrain models.
Therefore, future investigations will expand to other analysis methods such as the Harmonic Balance Method
as in [10].
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A Derivation of the equation of motions

Even though Kane’s method is suitable to implement in a Computer Algebra System (CAS), such as in Refs.
[15, 16], the equations of motion of the rotor pendulum system depicted in Figure 1 are manually derived to
show the procedure of the method.

Bold symbols represent vectors and an over-dot represents the time derivative of the vector relative to the
inertial reference frame N . Unit direction vectors are represented in bold and with a hat as âx.

A.0.1 Inertial forces

The total angular velocity of the rotor body A and the pendulum body B in the inertial reference system N
are

ωA = θ̇âz, ωB = (φ̇+ θ̇)b̂z. (25)

An appropriate set of generalized velocities may then be chosen from the expressions of the angular velocities
in (25) as

u1 = θ̇, u2 =
(
φ̇+ θ̇

)
. (26)

The velocity of the pendulum body may then be written in terms of these generalized velocities,

vB = Ru1ây + Lu2b̂y. (27)

The partial velocities defined in (5) then become

ωA
1 = âz, vA

1 = 0, ωB
1 = 0, vB

1 = Rây, (28)

ωA
2 = 0, vA

2 = 0, ωB
2 = b̂z, vB

2 = Lb̂y. (29)

Further, the time derivative in the inertial frame N of the velocity vector, vB , yields the acceleration of the
pendulum center of mass and thus the time derivative of the linear momentum becomes

ṗB = mpR
(
−u2

1âx + u̇1ây
)

+mpL
(
−u2

2b̂x + u̇2b̂y

)
. (30)

The time derivative of the angular momentum of the pendulum body and the rotor about their center of mass
are

L̇B = IBzzu̇2b̂z, (31)

L̇A = IAzzu̇1âz. (32)

The components of the summation of the inertial forces f∗i for each body in (2) may now be evaluated for
each set of partial velocities (28), (29). For each body and for the first set of partial velocities the summation
components are

f∗1,A = ṗA · vA
1 + L̇A · ωA

1 = IAzzu̇1,

f∗1,B = ṗB · vB
1 + L̇B · ωB

1 =

=
(
mpR

(
−u2

1âx + u̇1ây
)

+mpL
(
−u2

2b̂x + u̇2b̂y

))
·Rây =

= mpR
2
(
−u2

1âx · ây + u̇1ây · ây
)

+mpRL
(
−u2

2b̂x · ây + u̇2b̂y · ây
)

=

= mpR
2u̇1 +mpRL

(
−u2

2 sin(φ) + u̇2 cos(φ)
)
,

(33)

where the definition of the dot product between two vectors is used.
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For each body and the second set of partial velocities, the summation components are

f∗2,A = ṗA · vA
2 + L̇A · ωA

2 = 0,

f∗2,B = ṗB · vB
2 + L̇B · ωB

2 =

=
(
IBzz +mpL

2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ).

(34)

Finally, the equations of motion without any applied forces are then formed by evaluating the sum as

f∗1 = f∗1,A + f∗1,B =
(
IAzz +mpR

2
)
u̇1 +mpRLu̇2 cos(φ) −mpRLu

2
2 sin(φ) = 0, (35)

f∗2 = f∗2,A + f∗2,B =
(
IBzz +mpL

2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ) = 0. (36)

A.0.2 Applying Torques

A viscous loss torque about point O in the rotor frame A, is applied together with an applied torque To,
representing the engine torque. The two torques may be written in vector form as

TA = (To − cru1)âz, (37)

where cr is a the viscous damping coefficient.

A viscous damping torque acting on the pendulum frame B, proportional to the angular velocity difference
between frame A and B, is applied to represent the viscous loss of the pivot bearing about point Q. This loss
is described in terms of generalized velocities as

TB = −cp(u2 − u1)b̂z, (38)

where cp is the viscous damping coefficient. This torque also acts on the rotor frame but with opposite sign.
The generalized active forces for each degree of freedom becomes

f1,A = (TA −TB) · ωA
1 = cp(u2 − u1) + To − cru1,

f1,B = TB · ωB
1 = 0,

(39)

and for the second degree of freedom

f2,A = (TA −TB) · ωA
2 = 0,

f2,B = TB · ωB
2 = −cp(u2 − u1).

(40)

Collecting the inertial terms, (35), (36) and the generalized active forces, (39), (40) into f∗i = fi results in
the equations of motion in terms of generalized coordinates and velocities with applied torques as

(
IAzz +mpR

2
)
u̇1 +mpRLu̇2 cos(φ) −mpRLu

2
2 sin(φ) = cp(u2 − u1) + To − cru1,(

IBzz +mpL
2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ) = −cp(u2 − u1).

(41)

Together with the kinematical differential equations, (26), the complete system is described as a first-order
differential equation system.

B Model validation against Adams

The Adams model consists of a rotor body attached to the ground with a rotational joint. A torsional damper
element without stiffness was applied between the rotor and ground to represent the viscous loss cr. Further,
a rotational joint is attached between the rotor and pendulum body at the pivot point Q. A torsional damper
element without stiffness was applied between the pendulum and rotor to represent the viscous loss cp. The
applied forces and load cases are the same as for the analytical model.
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Figure 6: The non-linear angular acceleration response of the rotor. The solid lines represent an upward
sweep of the excitation order and the dashed lines represent a downward sweep using the analytical model.
The dot-dashed lines are results from the Adams model.
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Abstract
The vibroacoustic assessment and optimization of vehicle components at the early stage of complete vehi-
cle development is an essential. This is because only at the early phase it is possible to change concepts.
Therefore, it is necessary to focus on analysis methods which can work with a limited set of information in
contrast to the high-fidelity methods. Hence a representative and robust physical structural key performance
indicator is needed as sound pressure levels at the passenger ears are not available at the early stage of the
design process. A performance comparison of accelerations, forces and powers is performed within this
work. A numerical model where the transfer functions form the excitation, over to the structural component,
then over to the sound pressure level is available forms the basis for the presented study. The applicability
of different structural key performance acoustic indicators (e.g. accelerations, forces and powers) for this
model is discussed. We will present the significance of each indicator for the conceptual design phase.

1 Introduction

For the conceptual design phase it is particularly challenging to apply analysis techniques which have an
acceptable level of prediction on the one hand and can work with a limited set of information on the other
hand. For structure-borne sound problems the concept [1, 2] of power-flow is a promising candidate to
fulfill the requirements of conceptual design. In vehicle design the conceptual design of vibroacoustics

Figure 1: Acoutics transfer from excitation to cabin

performance is challenging as the modelling of the acoustic transfer path from the excitation (i.e. tire,
powertrain etc.) into the cabin is mostly not possible to an acceptance level of accuracy due to the lack of
information. Therefore, it is crucial to find structural key performance indicators (KPIs) which have a good
correlation to the sound pressure level inside the cabin (e.g. Figure 1 point p). If and only if such a KPI
can be found the conceptual design decisions can be made by the performance measured with the particular
structural KPI. In the following it will be demonstrated with the help of representative example that structural
power-flow is a promising candidate to solve that challenge in contrast to primal (velocity) oder dual (force)
structural variables.
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2 Power-flow Workflow

The detailed concept of the workflow is presented in [3]. The core idea is to quantify the energy which
is transmitted from the sender structures (i.e. chassis, powertrain, mechatronic system) to the receiving
structure (i.e. body-in-white (BIW)) which finally radiates fractions of that energy into the cabin where the
driver and passengers are affected. The energy transfer is thereby quantified via the structural active power
which is given by

P̄ =
1

2
<
(
f̂H · v̂

)
. (1)

H is the Hermitian transpose.

3 Representative Example

With the help of the following example it is demonstrated that insertion loss of structural active power shows
a better correlation to the insertion loss of the sound pressure level than the insertion losses of velocities or
forces. The problem setup of the representative example is shown in Figure 2. The problem is considered

beam

air

x

y

b

r

connector

⇐

beam

disck̂

F

Figure 2: Problem layout

two-dimensional. With this problem it is possible to analyse the complete acoustic transfer path from the
excitation to the sound pressure level (SPL) in the air.

The excitation is applied to an elastic disc which is connected with four connectors (rubber bushings) to
four slender steel beams. These (”legs”) are connected again with four connectors to a simple supported
beam which radiates into a half space (see Figure 2). The connectors are modeled by springs with complex
stiffnesses k̂ = k(1 + j · η). Inside the half space the SPL is spatial averaged on two different circular
arcs rinner and router each sampled with elven point probes (see Figure 3). The spatial averaged SPL in the
acoustic medium (air) are abbreviated with p̂inner and p̂outer. At each connector i = 1...4 force f̂i, velocity v̂i
and active power P̄i are evaluated. Afterwards each KPI (force, velocity and active power) is accumulated for
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Figure 3: SPL probes

all connectors i = 1...4. For active powers this a straight forward procedure as all three degree of freedoms
of each connection point between radiating beam and connector i = 1...4 are summed up.

P̄sum = P =

4∑

n=1

P̄i (2)

For velocities the rotational contribution needs to neglected (no physical meaning mixing translational and
rotational velocities)

vsum =
4∑

n=1

|v̂translationi | =
4∑

n=1

|v̂xi |+ |v̂yi | . (3)

For forces the vector and the arithmetic sum are distinguish

fsumari = fsum =

4∑

n=1

∣∣∣f̂translationi
∣∣∣ =

4∑

n=1

∣∣∣f̂xi
∣∣∣+
∣∣∣f̂yi
∣∣∣ (4)

fsumvec = fvec =

∣∣∣∣∣
4∑

n=1

f̂translationi

∣∣∣∣∣ =

∣∣∣∣∣
4∑

n=1

(
f̂xi
f̂yi

)∣∣∣∣∣ . (5)

4 Results

For different conceptual designs the structural KPIs are computed and compared to the insertions losses
of the SPLs. For two different designs (baseline and modification) of the system the SPL insertion loss is
computed as follows

Dpinner = −10 · log10

( |pinnermod
|

|pinnerbase |

)
(6)

Dpouter = −10 · log10

( |poutermod
|

|pouterbase |

)
. (7)
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For the baseline design the spatial averaged magnitude of the SPLs is plotted in Figure 4
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Figure 4: Spatial averaged magnitude of the SPLs for inner and outer probes

The insertion losses can also be computed for each individual structural KPI

Dl = −10 · log10

( |l
mod
|

|l
base
|

)
l ∈ P, vsum, fsum, fvec. (8)

For a material change aluminium (base) to steel (mod) for the legs the structural insertion losses are plotted
in Figure 5.
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Figure 5: Dl for material change of legs: aluminium→ steel

As the Dpinner and Dpouter are very similar the insertion losses of the structural KPIs are comapred to Dpouter

only. The deviation of the each structural KPI to the truth Dpouter is given by

DEVl = sign

(
Dl

Dpouter

)
· |Dl −Dpouter | . (9)

For a material change aluminium (base) to steel (mod) for the legs of the structure this is given by Figure 6
from f = 0 Hz to 1 kHz. Note that a negative value of DEVl reflects a wrong trend in the prediction of the
analysis with respect to the behavior of the SPL.
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Figure 6: DEVl for material change of legs: aluminium→ steel

For the representative example six more design modifications are benchmarked by this methodology. The
results are presented in Figure 7.
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Figure 7: DEVl for different modification

5 Conclusion

With a representative example it has been demonstrated that power as a structural key performance (KPI)
indicator shows a better correlation for various design modifications of the example than primal or dual
variables inside the structure. Furthermore, a methodology is presented which allows for a comparison
between different structural KPIs.
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Abstract
Automotive seats are designed to provide the best driving comfort to the occupant while ensuring high safety
levels. Static comfort aims to provide an optimal body support and safety requirements. Dynamic comfort
tends to strengthen these features and to provide an optimal vibrational environment, under riding conditions.
However, considering a typical seat design process, dynamic comfort is usually adjusted once an accurate
static comfort has been determined. The purpose of this study is to propose and to illustrate a robust design
methodology to optimize the dynamic behaviour of a human-seat coupled system while still verifying a
targeted static behaviour. A two-dimensional multi-body model is presented and the impact of the variability
of both seat and human body parameters is discussed, emphasizing the need to handle these uncertainties
through the optimization procedure. A robustness analysis is finally performed to assess the performance of
the derived optimal solutions, highlighting some crucial trade-offs faced by seat manufacturers.

1 Introduction

Automotive seats are designed to provide the best driving comfort to the occupant while ensuring high safety
levels. This complex notion of comfort is usually inversely handled by considering discomfort sources and
distinguishing different types of physical solicitations, as proposed by Bubb [7] in his pyramid of discom-
fort. From a mechanical point of view, postural comfort aims to provide an optimal body support to lower
numbness, fatigue or pain issues; while vibrational comfort tends to strengthen these features and to provide
an optimal dynamic environment, by considering time varying inputs under riding conditions. Considering
a typical seat design process, one fundamental rule is to design a seat around the hip point (H-point) of
the driver, to ensure a proper driving position. Then, vibrational comfort is usually adjusted by taking into
account the vibrations at the seat base, resulting from the tyre/road interaction and the thermal engine.

Automotive seats have become very complex systems as they gather lots of technical solutions aiming to
improve the interface between the occupant and its environment, during riding. Focusing on their mechanical
behaviour, seats are usually simplified from more than eighty components to four main sub-components,
namely the frame structure, the suspension mat, the foam pad and the cover. The mechanical interactions
between these components still remain very complex, leading seat manufacturer to assess the vibrational
comfort only once a prototype has been built. Hence, the achievable dynamic behaviour of the seat and thus
its vibration isolation performances may be limited due to some previous design solutions. Its improvement
using iterative test/modification steps may also turn out to be both time consuming and costly. To handle
these issues, seat manufacturers are more and more interested in developing virtual prototyping tools. These
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would allow investigating the evolution of the mechanical behaviour of the seat with regard to multiple
design parameters and simulating untested configurations. Therefore, future design processes could rely on
a stronger parallel between static and dynamic comforts.

In order to help seat manufacturers anticipate innovation stakes that could derive from such a parallel process,
a robust design methodology is presented in this paper to optimize the dynamic response of a multi-body
human-seat coupled system. In section 2, a quick overview of the approaches available in the literature
to model human-seat systems is first presented. The considered multi-body model is further introduced
and validated with regard to an experimental transmissibility measurement. The variability of this dynamic
response is also discussed, emphasizing the impact of the human body parameters on the assessment of
the vibrational comfort. In section 3, robust design tools are proposed to optimize the dynamic behaviour
of a human-seat system with regard to the seat impacting design parameter, while taking into account the
variability of the seated human body. Both deterministic and reliability-based optimization procedures are
presented and the derived solutions are finally compared through an Info-gap robustness analysis.

2 Human-seat model

2.1 Modelling approach

Lots of mathematical models have been developed in the literature to predict the dynamic responses of a
human-seat coupled system. These models can be broadly divided into three groups: lumped parameter
models, multi-body models and finite element models (not detailed in this study). Preliminary investigations
were performed by the authors on a simple lumped parameter model in vertical direction [1]. The derived
results showed some strong prediction limitations and the need to develop a more complex model with
additional directions to take into account the backrest contribution and internal dynamic interactions of the
human-seat coupled system.

Since the 2000s, multi-body dynamic models have been widely developed allowing a better representation of
the human body motions, as well as of the human-seat coupled system behaviour. Such models are classically
composed of several rigid bodies connected by rotational and/or longitudinal springs and/or dampers. These
bodies are part of an equivalent system representing the human anatomy. Each body has three Degrees Of
Freedom (DOF) in the sagittal plane: vertical, fore-aft and rotational directions.

The first multi-body model describing the human-seat coupled system was introduced by Cho and Yoon to
evaluate the ride quality inside a vehicle [8]. Four different biomechanical models were studied based on nine
DOFs in order to evaluate the transmissibilities to the head, to the back and to the hip, resulting from vertical
vibrations. To validate their model, the authors measured acceleration responses on ten subjects under ver-
tical vibration excitations, obtaining a good matching of the transmissibilities at resonance frequencies. A
fourteen DOFs multi-body dynamic model was further proposed by Liang and Chiang [15] based on Cho’s
model [8] to evaluate the impact of the backrest inclination on both apparent mass and head transmissibility.
This linear model was composed of five rigid bodies representing thighs, pelvis, upper-body, head and vis-
cera in the sagittal plane. Three different cases were considered (i.e. without backrest, with backrest at 12 ◦

and 21 ◦), and were validated by comparison to various experimental data. The results showed that fewer
vibrations were transmitted with a 21 ◦ backrest angle. Finally, this model was extended by Kumbhar [13]
who added six DOFs to describe more accurately the dynamic behaviour of the seat and its sub-components.
Three seat configurations were studied (rigid, traditional and suspension seats) and transmissibilities and
absorbed powers were computed to rank the filtration performance in each case.

Furthermore, a study was conducted by Kim et al. to develop a tool for car seat designers [14]. The oc-
cupant and the seat were modelled by three bodies (torso, buttocks and legs) and two bodies (backrest and
cushion), respectively. Based on natural frequencies and mode shapes the authors performed a parametric
study, highlighting the influence of particular mechanical parameters on the dynamic behaviour. A good cor-
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relation between simulated frequency responses and experimental ones was achieved, in terms of locations
of resonances and deflection shapes.

In view of these studies, it can be emphasized that the modelling hypothesis and the purpose of the various
proposed models are very different, making it difficult to compare their ability to help improving the vibra-
tional comfort. Some authors attempted to evaluate the ride quality computing transmissibilities [8]; other
focused on the mode shapes of the human body [14]; others investigated the impact of seat properties (e.g.
foam properties, backrest inclination, additional suspension) on some vibration responses [15, 13]. More-
over, while some authors considered a linear behaviour of the human-seat coupled system [8, 15, 13], others
developed non-linear models of foam [14]. It can also be noticed that all the studied vibration responses are
deterministic, although human body variability and its impact on these responses has already been observed
experimentally [19].

2.2 Model description

The seat design approach proposed in this study is based on the twenty DOFs model initially proposed by
Kumbhar [13] and depicted in figure 1. It is composed of five rigid bodies, with their respective masses and
centres of gravity, representing the occupant: the thighs (m1, G1), the pelvis (m2,G2), the torso (m3, G3),
the head (m4, G4) and the viscera (m5, G5). Three additional bodies represent the seat: the seat frame (mst),
the cushion (mc) and the backrest (mbc). Each mass except m5, has two translational motions (fore-aft and
vertical ones) and one rotational motion. The viscera have only two translational motions. All masses except
mass m5 are connected to each other by joints (J(i=1,. . . ,4)) formed by translational and torsional sets of
springs (Ki, Kri) and dampers (Ci, Cri). The viscera are connected by a fore-aft and vertical set of springs
and dampers. The contacts between seat masses and body masses are represented by points c(i=1,2,3,25,35).
The fore-aft (Khi, Chi) and vertical (Kvi, Cvi) springs and dampers are associated to their respective masses.
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Figure 1: Human-seat model adapted from the Kumbhar’s study [13]

VEHICLE NOISE AND VIBRATION (NVH) 4331



The coordinates of each human body (depending on the backrest angle α) and the human body parameters are
directly extracted from Liang and Chiang’s study [15], representing a mean human (i.e. 71.3 kg total mass).
A second set of masses has been derived in the present study to reach a 80 kg total mass. A traditional seat
design is chosen, with suspension parameters (Ksv1 and Ksh1) considered as rigid. The cushion parameters,
given in table 1, are derived from measurements presented in a previous study [1].

Seat parameters Suspension Cushion
m (kg) mst = 16.8 mc = 1.3

Kh (N/m) Ksh1 = 1e8 −
Kv (N/m) Ksv1 = 1e8 Kcv1 = 85866
Cv (N.s/m) − Ccv1 = 448

Table 1: Seat parameters

The twenty equations of motion associated to each DOF of the model, are derived using Newton’s second
law. Under both steady-state and harmonic excitation assumptions, this can be expressed in the frequency
domain under matrix form as:

[
−ω2M + jωC +K

]
x(ω) = f(ω) , (1)

where M ∈ R(20;20), C ∈ R(20;20), K ∈ R(20;20) represent the mass, damping and stiffness matrices,
respectively; x ∈ R(20;1) is the displacement vector and f ∈ R(20;1) the input excitation vector (ω is the
excitation frequency and j2 = −1).

2.3 Test-model comparison

To ensure that the nominal values of the model input parameters are relevant, this computed response is
compared to a previous transmissibility measurement with a human subject weighting 80 kg [1], as depicted
in figure 2. Calculations are performed considering the second set of masses (80 kg total mass), a 21◦

backrest angle (i.e. automotive posture), and applying a unitary input displacements to the seat base. Among
the twenty derived responses, only the cushion transmissibility in the vertical direction is considered, which
is a commonly used response in the automotive industry. It is observed that the first resonance around 4.3Hz
is estimated with a 5 % error in frequency and a 29 % error in amplitude, with regard to the experimental
data. The second resonance is also predicted and the filtration area is well fitted.

Frequency (Hz)
2 4 6 8 10 12 14 16 18 20

|T
cu

sh
io

n|

0

0.5

1

1.5

2

2.5

Experimental
Experimental - bis
2D model

Figure 2: Test-model comparison of vertical cushion transmissibility

While these results seem encouraging for a direct computation, it can be noticed that some modifications
could be performed to improve these predictions, by complementing the considered physical phenomena
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(e.g. reaction forces due to feet friction) and/or by updating the value of all or part of the model parame-
ters. The former would mean modifying the initial modelling hypothesis, which is out of the scope of this
study. The latter would need either complementary experimental characterizations (e.g. of each of the seat
sub-component), or some computations to minimize the distance between both experimental and numerical
responses. While this numerical approach has been preferred, it has been decided to handle the unknown
variability of the human body rather than to determine some averaged parameters. Indeed, Toward and
Griffin [19] showed that the variability between different mean-subjects can impact up to 30 % of the seat
transmissibility response levels. Hence, it would be more accurate to compare sets of experimental/numerical
responses, by taking these associated parametric uncertainties into account.

2.4 Transmissibility evolution

In order to help identifying the impact of these uncertainties on the dynamic behaviour of the human-seat
coupled system, a global sensitivity analysis was performed by the authors [2]. While the complete method-
ology is out of the scope of this study, it seems interesting to visualize the evolution of the transmissibility
involved by the variation of the most impacting factors identified, namely both stiffness Kv5 and mass m5

parameters of the viscera and the vertical stiffness of the cushion Kcv1.

Sample-based analyses using Monte Carlo simulations are usually performed for this purpose [10]. In a
first step, probability distributions are specified for each input parameter; then, a high number of samples are
generated accordingly; finally, the model is evaluated for each set of input parameters. Various algorithms are
available to generate these samples, so as to cover most of the design space. In this study, Latin Hypercube
sampling (stratified sampling) is subsequently used.

Figure 3 (a) depicts 1000 computed cushion transmissibilities where only the identified important input
parameters from the human body (m5 and Kv5) are varying. The blue shaded area represents the standard
deviation of these transmissibilities, quantifying the dispersion of the response at each frequency. A low
standard deviation indicates that the transmissibilities tend to be close to the mean (blue curve) of the set,
while a high standard deviation indicates that the output responses are spread out over a wider range of
values. The dark blue curve represents the nominal transmissibility.
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Figure 3: Evolutions of vertical cushion transmissibilities: (a) impact of human-body parameters; (b) impact
of the seat parameter

Then, the input parameters associated to the human body are blocked to their nominal values, and only the
influent seat parameter (Kcv1) is varying. A new sampling is performed to illustrate its impact on the vertical
cushion transmissibility, as depicted in figure 3 (b). It is observed that while the evolution range induced by
the variation of Kcv1 is lower between 3 and 9 Hz, it is higher from 9 Hz than the evolution induced by
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the variation of human body parameters (which is also confirmed by the narrower corridor defined by the
standard deviation).

Therefore, it can be concluded that the input parameters of the human body have more impact than the seat
ones on the transmissibility around the resonance frequency and that only the seat parameter has some impact
on the filtration area.

3 Robust design methodology

Based on the previously described observations, the goal of this section is to propose a procedure to optimize
the seat design while taking into account the lack of knowledge associated to the occupant’s variability, in
order to guarantee the robustness of the targeted notion of comfort.

3.1 Uncertainty quantification

According to the literature [5, 17], uncertainties in engineering sciences are often classified into two main
categories:

• random uncertainties coming from the physical variability of the system and its environment (phys-
ical properties, assembly and operating conditions,. . . ). These uncertainties can be related to model
parameters or to the model itself and could be characterized;

• epistemic uncertainties coming from a lack of knowledge of the system (wrong values of parameters,
unknown probability laws,. . . ). These uncertainties are related to modeling issues or lack of experi-
mental data. These uncertainties could be reduced by increasing the amount of available information
on the system.

In this study, the variability of the coupled system is first considered as deriving from random uncertainties
associated to the most impacting factorsKv5,m5 andKcv1. Such parametric approaches (as opposed to non-
parametric ones [18]) are characterized by a mean value and a standard deviation or by a Probability Density
Function (PDF) associated to each parameter considered as uncertain. Their nominal values are generally
determined by measurements and the uncertainties are propagated through the computations using Monte
Carlo based sampling methods [6]. For each independent sample, the deterministic response is calculated
considering the probability distribution. The main drawback of these methods is the slow convergence of
the solutions because an important number of random samples is needed [20]. Then, considering that a
probabilistic approach may not be suitable to represent the high lack of knowledge on the human body
parameters, an Info-Gap approach as initially proposed by Ben-Haim [3], is also proposed in this study to
assess the robustness of a reliability-based (i.e. probabilistic) approach.

3.2 Deterministic optimization

As indicated in the introduction, the vertical cushion transmissibility is classically referred to as the most
relevant feature to characterize the vibrational comfort: the main purpose is to lower the main resonance
frequency and to increase the filtration area (i.e. |Tcushion| < 1). Hence, optimizing the dynamic response
of the human-seat coupled system comes down to minimizing both the frequency resonance fr and the area
A under the cushion transmissibility curve. Regarding the results depicted in figure 3 (b), this would mainly
require to decrease the Kcv1 parameter, representing the stiffness of the cushion. However, it is easy to
understand that this parameter corresponds to the material properties of the constitutive foam pad, whose
static and dynamic behaviour are highly related [22].
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3.2.1 Design constraint and objective definition

Therefore, a static design constraint is defined, corresponding to the maximum allowed sinking of the oc-
cupant in the seat, so as to guarantee an acceptable postural comfort. As the developed 2D-model does not
handle such detailed geometrical aspects, a proportionality rule between the static displacement of the centre
of gravity of the pelvis G2, denoted dstat, is used to define the constraint function Dmax, as follows:

Dmax = dstat − d0 ≤ 0 , (2)

where d0 is a constant associated to the real maximum sinking as illustrated in figure 4.

Figure 4: Illustration of the design constraint

Using the previous performance criteria fr and A, a normalized cost function Fcost to minimize is further
defined:

Fcost =
1

2

(
A

Anom
+

fr
frnom

)
. (3)

It can be noted that as none of the above observations tend to justify the use of different weightings on these
features, an equal one is considered for the study.

The optimization problem thus consists in minimizing Fcost while still ensuring that Dmax is verified, using
a constrained non-linear optimization algorithm, with regard to the dynamic stiffness of the cushion Kcv1.
Several numerical methods allow solving this kind of optimization problems among which constrained non-
linear optimization algorithms are often used and implemented in commercial software. Thereafter, all the
numerical computations are handled using SIMBAD software whose procedures are based on the Matlab
Optimization Toolbox.

3.2.2 Deterministic optimal design (DO)

At first, the following simple mono-objective optimization problem is considered:




min
x∈R

Fcost(x) , Fcost ∈ R

with:
Dmax(x) ≤ 0 , Dmax ∈ R

, (4)

where x represents the considered design variable, namely the cushion dynamic stiffness Kcv1. It is solved
using the fmincon Matlab function. For each transitional solution of this iterative procedure, the algorithm
seeks the direction in the design space having the highest slope to converge to the nearest solution, poten-
tially leading to a local minimum of the cost function. As observed in figure 5, the procedure converges
after 19 iterations to an optimal design (DO) associated to an 8 % improvement of the performance, also
corresponding to a 28 % reduction of the initial value of the cushion stiffness.
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Figure 5: Evolution plots of the active design parameter, constraint and performance functions

While this solution does verify the optimization problem, it remains closely related to the considered oc-
cupant’s parameters: as an example, a heavier occupant would inevitably lead to a lower performance and
would not satisfy the static constraint requirement anymore. It is therefore necessary to go beyond such
deterministic approaches to derive solutions whose performances are less sensitive to a variation of some
uncontrolled input parameters.

3.3 Reliability-based approach

The next step is thus to perform a probabilistic reliability analysis, to define the probability for which the
static constraint is guaranteed considering a given variability of the seat occupant.

3.3.1 Estimation of the probability of failure

A design is considered as reliable if it meets all the performance targets in the presence of parameter varia-
tions, i.e. if the system has a low chance of failure. In our case, the failure is directly related to the limit state
of the constraint function, defined as:

Dmax(x,u) = 0 , (5)

where u is the random variation of the uncertain human-body parameters, namely Kv5 and m5 as identified
in a previous study [2]. The reliability R is thus defined as:

R = 1− Pfail = P {Dmax < 0} , (6)

where the probability of failure Pfail is given by:

Pfail =

∫

Dmax>0
fu(u)du , (7)

where fu is the Probability Density Function (PDF) of u.

It must be emphasized that, due to the complexity of the underlying problem, this integration is usually
handled using numerical methods, as transformation methods or Monte Carlo simulations. Concerning
transformation methods, the probability of failure is commonly estimated based on the First Order Reli-
ability Method (FORM) or the Second Order Reliability Method (SORM). These initially require some
iso-probabilistic transformations to convert the given random variables into standard normal ones. Based on
the Rosenblatt transformation [16], the probability of the vector u (physical space) is thus transformed into
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a vector U, constituted of normal centred variables where the mean (µ) and the unitary standard deviation
(σ) are dimensionless (standard space):

u = µ+ σU . (8)

In this study, a normal distributionN is assumed for random variation of bothKv5 andm5, whose parameters
are arbitrarily fixed to µ = 1 and σ = 0.5 (with regard to the nominal value of each parameter), because no
information have been found in the literature on the variability of the viscera (or internal body parts) dynamic
behaviour. Therefore, the probability of Pfail can be expressed, in the standard space, as:

Pfail =

∫

Dmax>0
ΦU (U)dU , (9)

where ΦU is the PDF of U ∝ N (µ, σ). Regarding the FORM method, the limit state function is approxi-
mated, using a first order Taylor expansion, by a plane tangent to the failure domain at the so-called Most
Probable Point (MPP) U∗. The probability of failure can thus be re-expressed as:

Pfail = Φ(−β) , (10)

where β = ‖U∗‖ is the distance between the centre of the PDFs and the MPP.

In this study, the reliability R associated to both nominal and deterministically optimized designs is com-
puted, resulting in R = 1 and R = 0.49, respectively. In the former case, the design is far enough from the
limit state to satisfy the constraint within the considered variability of the human-body. In the latter case, the
MPP is located on the border between both safe and failure regions: regarding the chosen normal distribu-
tions, there is a 50 % chance of failure. It is concluded that the optimized design has a better performance
but is less reliable than the nominal one.

3.3.2 Probabilistic Reliability-Based Design Optimization (RBDO)

Following this reliability analysis, a new optimization problem is defined by considering an additional relia-
bility constraint, arbitrarily fixed at Rtar = 0.9 (i.e. Ptar = 1−Rtar):





min
x∈R

Fcost(x) , Fcost ∈ R

with:
Dmax(x,u) ≤ 0 , Dmax ∈ R
Pfail(x,u) ≤ Ptar

. (11)

The purpose is to determine optimal values of the seat parameter leading to the best dynamic performance
possible while ensuring that in 90 % of cases, the static constraint is also verified, when the human-body
characteristics are allowed to vary in the considered intervals.

As observed in figure 6 (a), the procedure converged after 700 iterations. Using the optimal values of the
parameter resulting from the last iteration, a Monte Carlo sampling analysis is performed to check if the
reliability target is reached. The derived estimated PDF of Dmax illustrated in figure 6 (b) further confirms
the expected target.

The derived reliability-based optimal design (RBDO) leads to a 4 % improvement of the performance, com-
pared to the nominal one, as summarized in table 2. It can be concluded that the RBDO procedure could
allow taking into account some probabilistic information about the human-body variability through the dy-
namic comfort design process.
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Figure 6: (a) Evolution plot of the reliability function; (b) Probability Density Function of Dmax

Output feature Nominal DO RBDO
Cushion stiffness (Kcv1) 1 0.72 0.84
Reliability (R) 1 0.49 0.90
Performance (Fcost) 1 0.92 0.96

Table 2: Comparison of the optimal solutions (relative values)

3.3.3 Discussion

Figure 7 compares the vertical transmissibilities obtained using both derived optimal solutions to the nomi-
nal response. It is observed that the progression margin to optimize the transmissibility of a standard seat is
very low. However, while such procedures give reliable designs, the way their performance will evolve with
regard to variations of the occupant is still unknown. Indeed, as these solutions are optimal ones, their asso-
ciated performance will inevitability get worse as the allowed variability on the human-body characteristic
increases. It is thus necessary to investigate the robustness of each of theses solutions.
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Figure 7: Comparison of optimized transmissibilities

3.4 Robustness assessment

Finally, a robustness analysis is performed, to observe the impact of lack of knowledge (concerning the
variability of the viscera parameters) on the system performance.
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3.4.1 Info-Gap formulation

The Info-Gap theory aims to quantify the robustness of model-based decisions to lack of knowledge in the
system model [4]. This approach provides a useful framework to investigate the trade-off between per-
formance and robustness but also to compare different candidate design solutions. Considering its general
formulation, it has been used in a variety of fields, and in particular in structural dynamics concerning, for
example, model updating [11], reliability analysis [9], robust design [12].

This type of analysis aims to quantify the difference (i.e. the gap) between the information that is known,
e.g. the nominal value of a parameter, and the information that has to be known in order to ensure an a priori
defined critical level of performance. In this study, the main idea is to handle the strong lack of knowledge
on the viscera parameters Kv5 and m5 by assuming that the vector of the mean values µ of the associated
normal distributions, as initially (and arbitrarily) chosen for the reliability analysis, may vary from their
nominal (i.e. best estimated) values µ̃ according to the following relation:

U (µ̃, h) = {µ : |µ− µ̃| ≤ hµ̃} , h ≥ 0 . (12)

This quantity is usually referred to as the “uncertainty model” and consists in a collection of nested sets of
uncertain values of µ, centred on µ̃, whose size is controlled by a dispersion parameter h called the “horizon
of uncertainty”: the larger the horizon, the more inclusive the uncertainty.
The robustness function ĥ is further defined as the greatest value of h up to which a chosen criterion C
(e.g. the probability of failure Pfail or the performance criterion Fcost in what follows) is satisfied for all
realization of the uncertainty model:

ĥ = max

{
h :

(
max

µ∈U(µ̃,h)
(C(x,µ) ≤ Ccrit)

)}
, (13)

where Ccrit is the maximum allowable value of the considered criterion. According to this definition, deter-
mining this robustness function comes down to numerically solve a complex non-linear optimization prob-
lem. In practice, the robustness is derived by determining the worse value of C for a given level of uncertainty
hi:

Ccrit,hi = max
µ∈U(µ̃,h)

C(x,µ) . (14)

3.4.2 Discussion

Figure 8 shows the robustness curves associated to both the probability of failure Pfail (figure (a)) and the
previously defined performance Fcost (figure (b)). Each figure considers three cases corresponding to the
solutions given in table 2. It is observed, figure 8 (a), that the nominal design is the most robust from a
reliability point of view (highest slope of the curve) but this solution is only designed for a mean human.
This can be explained by the fact that: the initial design point is not an optimal value; the static design
constraint corresponds to an extreme configuration where the weight of the occupant is a lot heavier than the
reference weight considered for the design. Moreover, the reliability-based design has a better robustness
than the deterministically optimized one: indeed, this design fulfils the static constraint in 90 % of the cases
and has a lower deterioration due to uncertainties than the optimal design. It is observed, figure 8 (b), that
the performance decreases (i.e. Fcost increases) as the uncertainty increases, which illustrates that optimal
solutions are not robust. However, the performance of both reliability-based design and deterministically
optimized design remain better than the nominal one, the latter being the best one.

In view of these results, it can be concluded that a trade-off has to be made between reliability and perfor-
mance of the design (as their robustness curves are conversely ranked), depending on the lack of knowledge
that the seat manufacturer is ready to tolerate.
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Figure 8: Info-Gap robustness curves: (a) probability of failure Pfail; (b) performance Fcost

4 Conclusion

The main contribution of this study is the presentation of a robust design procedure taking into account the
lack of knowledge associated to the occupant’s variability in order to optimize the vertical cushion transmis-
sibility. The derived solutions illustrate that a compromise between a reliable design and an optimal one is
necessary. However, the performance improvement of these solutions still remains limited by the consid-
ered multi-body model. Hence, complementing the multi-body model by a more complex description of the
foam behaviour could lead to significant modifications of the transmissibility. Finally, the Info-gap analysis
emphasized the need to handle the variability of the seat occupant through the whole design procedure, al-
lowing to assess the robustness level of a given design, for a tolerated lack of knowledge on the human body
properties. Such tools could thus help seat manufacturers to provide not only “comfort for all” but also a
“personalized comfort”.
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Abstract 
The selection of the appropriate bills of materials for NVH trims for vehicle interiors, like carpets or inner 

dashes, is usually based on a trade-off between light weight and insulation performance generally with 

respect to airborne excitations. This paper is focused on understanding how the reduction of structure-

borne noise could be also taken into account as metrics for bills of materials selection. Especially in early 

stage development phases, it would be preferable to take decisions for the bill of materials based on rather 

simple test cases, such as small flat samples of the trim. In order to link sample to vehicle-level 

performance, this paper investigates different scenarios both at experimental and simulation level while 

discussing the relation between the structure-borne insertion loss and the SPL in the passenger cabin of a 

vehicle. Experimental data are obtained with tailored test setups that allow estimating the structure-borne 

performance either of flat samples or from vehicle-level. 

1 Introduction 

A system like a car is excited by different sound sources, which are mainly split into two categories, 

airborne and structure-borne. When the structure of a system is excited by sound waves travelling in air, 

one talks about airborne noise. Instead, when the same structure is directly excited on its surface by an 

attached structural part or by an impact from another structure, like a hammer, one talks about structure-

borne noise. For most of the cars, which are nowadays on the market, it is said that the structure-borne 

noise is more a low frequency issue up to about 800/ 1000 Hz [1] and the air-borne noise is more an issue 

at frequencies higher than 400/500 Hz.  

To reduce the noise in the passenger compartment due to these sources, trim parts are placed on top of the 

main structural panels, like a carpet system on the floor or some layers of trim on the inner side of the 

dash. The main requirements to such trims are that they are as light as possible and that their ability to 

reduce noise is as high as possible. However, when it comes to the performance, an easy-to-measure 

quantity that characterizes the acoustics in the vehicle is necessary to rank different trims and to select the 

one that fits best to acoustic requirements.  

In the automotive industry the investigation of the structure borne performance of trims is not as popular 

as the one of the airborne performance, and there is only a limited number of articles about it. In [1] this 

topic is mainly discussed on the basis of measurements and simulation for flat small plates, which are 

partly coupled to a small reverberant box. Additionally, simulations are shown for a point-force excited 

floor mock-up which is coupled to the air-filled passenger compartment of a car. Several indicators are 

used to rank the performances of trims. Velocities and accelerations of the underlying structures and of the 

top of the trim are compared as well as sound pressure levels (SPL) in the air. In [2] the structure-borne 

performance of trims and their dependence on different underlying structural materials for the main floor, 

steel or CFRP, are compared using the mobility on the floor structure and on the top layer of the trim. 

Another possible quantity to compare the structure-borne acoustic performance of a trim is the structure-

borne insertion loss. In the articles of Bertolini [3], Nelisse [4] and Lu [5] measurements and simulations 
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of it are shown for flat plates. Based on this data also the relation between the Airborne Insertion Loss 

(ABIL) and the Structure-borne Insertion Loss (SBIL) is discussed. 

The aim of this paper is not to add another quantity to characterize the structure borne performance, but 

rather to discuss the relation between all these quantities and to investigate the possibility to transfer 

results obtained for the structure-borne performance on the level of small flat plates to vehicle level. For 

the first topic, the definition of the SBIL and the acoustic radiation from a vibrating panel are discussed in 

chapter 3. As the sound radiation is independent from the excitation, the ABIL is exploited instead of the 

SBIL in examples. The ABIL and the related transmission loss are quantities, which are commonly 

accepted and easily interpreted. A key question here is whether the acoustic performance at vehicle level - 

in terms of SPL but also ranking of different trim materials - is reflected on the performance at flat sample 

level. If at least the ranking would be the same, the main design choices for the acoustic trims could be 

done based on flat samples, leading to drastic reduction of time consumption when measuring or 

simulating vehicle level performance. For this purpose, the measurement and simulation results for two 

experimental set-ups are compared in chapter 4. The numerical and experimental set-ups used for this 

investigation are described in chapter 2.     

2 Setup and models for SBIL assessment 

Two measurement setups have been used for studying the structure-borne acoustic performance of passive 

treatments. The first consists of a heavy and stiff frame with a table-like shape on which different flat 

plates can be fixed on the top (see Figure 1). The dimensions of the plate are about 70x80 cm, and a 

shaker is placed close to one of the corners of the plate to excite it directly as a point force. The velocities 

of the plate or, in the trimmed configuration, of the top layer of the trim are measured on a grid of 195 

points with a laser vibrometer. Additionally, accelerations at selected points are measured from below on 

the surface of the plate using accelerometers. A similar setup is also used for a floor mockup. As shown in 

Figure 2 the top of a body in white of a car is cut so that mainly the dash, the floor and the lower part of 

the trunk remain. The chosen excitation points for the shaker are located on the front beam, at one of the 

engine attachment points, and in the rear on the trunk floor, at one of the rear axle attachment points. 

These points are among the typical structure-borne excitation points in a real car. The velocities on the 

different surfaces are measured again by a laser vibrometer from the bottom and the top of the floor. Up to 

now, the used measurements procedure is only able to measure the velocities of impervious surfaces like 

steel or heavy layer.  

Similarly to the two measurement set-ups two simulation models have been created (see Figure 3). The 

chosen excitations in the simulations are the same as in the measurements and the used simulation 

software is Actran. Besides the velocities on points similar to those in the measurements the software can 

automatically calculate the radiated sound power from surfaces and many other indicators. Additionally, 

to the two simulation models for the structure borne excitation, the model of a car is used for airborne 

simulations in the next chapter. An engine bay is coupled here through a dash structure to the passenger 

compartment. The excitation, a simplified vibrating engine, is located in the engine bay and the radiation 

towards the passenger compartment is simulated.  

   

Figure 1: Measurement set-up to investigate the behavior of trims on top of flat plates 
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Position of the front shaker  

 

Position of the rear shaker  

 

Figure 2: Measurement set-up to investigate the behavior of trims on top of a real floor mock-up 

 

 
 

Figure 3: Used simulation models: floor mock-up, clamped flat plate and engine bay coupled to a 

passenger compartment through a dash structure 

3 Insertion losses and relation to other acoustic measurable 

The ideal comparison of the acoustic performance of different trims would be based on one single and 

unique value or curve for each trim that is independent from the environment around. A very common 

indicator in acoustics for whole partitions is the Transmission Loss (TL). For this quantity, it is assumed 

that the excitation is airborne, the partition is excited by sound waves in a fluid. TL is defined as follows, 

using the ratio between the incident power Pi and the transmitted power Pt: 

𝑇𝐿 = 10 log10

1

𝜏
= 10 log10

𝑃𝑖

𝑃𝑡
 (1) 

where τ is the transmission coefficient. To get a describing quantity just for the additional trim on top of 

wall/ partition, the difference between the transmission loss with and without a trim is taken. This 

difference is called Insertion Loss (IL) or, more precisely, the Airborne Insertion Loss (ABIL) [6]. 

𝐴𝐵𝐼𝐿 = 𝑇𝐿𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 − 𝑇𝐿𝑏𝑎𝑟𝑒 (2) 

A similar definition for insertion loss can be used under the assumption of structure-borne noise 

excitation. Instead of the incident power the input power into the structure is used. In this way, the 

Structure Borne Insertion Loss SBIL can be defined like that [6]: 

𝑆𝐵𝐼𝐿 = 𝑆𝐵𝑇𝐿𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 − 𝑆𝐵𝑇𝐿𝑏𝑎𝑟𝑒 = 10 log10 (
𝑃𝑖𝑛

𝑃𝑟𝑎𝑑
)

𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚

− 10 log10 (
𝑃𝑖𝑛

𝑃𝑟𝑎𝑑
)

𝑏𝑎𝑟𝑒

 (3) 

where the transmitted power Pt is renamed as radiated power Prad and minuend and subtrahend can be 

called structure-borne TLs [3] or vibro-acoustic power transfer functions.  
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Main practical important questions are: what does such an IL, airborne or structure borne, mean for the 

people that are sitting in a closed room like inside a car? In terms of measurable, what is the relation to the 

sound pressure level (SPL)? Another question that matters for simulations and measurements is the 

relation between the surface velocity and the IL. Is it possible to measure/ simulate just the velocity of the 

top surface of a structure in untrimmed and trimmed condition and to determine in a simple way the IL? 

These questions can be answered by discussing the possibilities to measure and to calculate the airborne 

transmission loss and by investigating the sound radiation under different conditions. 

3.1 Diffuse sound field  

One way to obtain the TL is the usage of a double room suite. A room that is acoustically excited by 

loudspeakers (sending room) is coupled only through a window to a second receiving room. In the 

window the partition is placed which should be investigated regarding its TL. Assuming that the sound 

field is diffuse in the sending room, which is true above a certain frequency and depending on the room 

size, the incident power Pi can be expressed as a function of the mean squared sound pressure pS
2 in this 

room [7].  

𝑃𝑖 =
𝑆𝑝𝑆

2

4𝜌𝑐
 (4) 

where S is the surface of the partition mounted in the window and ρ and c are respectively the density and 

the speed of sound of air in the room. The radiated/ transmitted power can be determined as follows from 

the mean quadratic pressure pR
2 in the receiving room under the same assumptions and the relation that the 

radiated power is equal to the power dissipated in this room: 

𝑃𝑡 =
𝐴𝑅𝑝𝑅

2

4𝜌𝑐
 (5) 

where AR is the equivalent absorption area of the receiving room. The TL can be written using equations 

1, 4 and 5 therefore as [7]  

𝑇𝐿 = 10 log10

𝑆𝑝𝑆
2

𝐴𝑅𝑝𝑅
2 = 𝑆𝑃𝐿𝑆 − 𝑆𝑃𝐿𝑅 − 10 log10

𝐴𝑅

𝑆
 (6) 

where SPLS and SPLR are the sound pressure levels in the sending and the receiving room. Thus, when the 

absorption area of the receiving room is known, the TL can be determined simply by measuring the mean 

quadratic pressures in both rooms. That means that the ABIL is equal to the difference between the SPLs 

of the receiving room without and with the trim when the absorption of the receiving room remains the 

same (or similar) in these two cases and as long as the excitation in the sending room stays equal. 

𝐴𝐵𝐼𝐿 = 𝑇𝐿𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 − 𝑇𝐿𝑏𝑎𝑟𝑒 ≈ 𝑆𝑃𝐿𝑅,𝑏𝑎𝑟𝑒 − 𝑆𝑃𝐿𝑅,𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 (7) 

Inserting equation 5 for the transmitted/ radiated power of the structure-borne insertion loss SBIL into 

equation 3, and under the same assumptions made for the validity of formula (7) it follows that: 

𝑆𝐵𝐼𝐿 = 10 log10 (
𝑃𝑖𝑛

𝑃𝑟𝑎𝑑
)

𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚

− 10 log10 (
𝑃𝑖𝑛

𝑃𝑟𝑎𝑑
)

𝑏𝑎𝑟𝑒

≈ 10 log10 (
𝑃𝑖𝑛 𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚

𝑃𝑖𝑛 𝑏𝑎𝑟𝑒
) + 𝑆𝑃𝐿𝑅,𝑏𝑎𝑟𝑒 − 𝑆𝑃𝐿𝑅,𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 

(8) 

If we can further assume that the input power is the same in trimmed and bare conditions (which actually 

happens in many cases of interest, as explained in following sections), also the SBIL is equal to the 

difference between the SPLs in bare and trimmed conditions That raises the question if there is such a 

direct link between the IL, both SBIL and ABIL, and the delta SPL in general and not only under the 

condition of a diffuse field on the radiation side.  
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3.2 Radiation of sound into free acoustic field  

For this purpose, it is necessary to start again from the basic equation for the TL and the definition of the 

radiated power Prad. This leads to the intensity I and its relation with the sound particle velocity v and 

sound pressure p on the surface S of the partition that is radiating the sound. 

𝑃𝑟𝑎𝑑 =  
1

2
 𝑅𝑒 (∫ 𝐼

𝑆

�⃗⃗� 𝑑𝑆) =
1

2
𝑅𝑒 (∫ 𝑝

𝑆

𝑣∗⃗⃗⃗⃗⃗ �⃗⃗� 𝑑𝑆) (9) 

Where * denotes the complex conjugate of a quantity and n is the normal vector of the surface. Using the 

fact that the sound particle velocity v and sound pressure p are coupled with an acoustic impedance  

𝑍 =
𝑝

𝑣
 (10) 

The previous equation for the radiated sound power/ intensity can be written as follows: 

𝑃𝑟𝑎𝑑 =  
1

2
𝑅𝑒 (∫ 𝑝

𝑆

𝑣∗⃗⃗⃗⃗⃗ �⃗⃗� 𝑑𝑆) =
1

2
𝑅𝑒 (∫

𝑝𝑝∗

𝑍
𝑆

𝑑𝑆) =
1

2
𝑅𝑒 (∫ 𝑍 �⃗�𝑣∗⃗⃗⃗⃗⃗

𝑆

𝑑𝑆) (11) 

Inserting this equation in equation 2 it follows for example for the ABIL written as a function of the 

pressure (“trim” denotes partition with trim on top): 

𝐴𝐵𝐼𝐿 = 10 log10 (
𝑃𝑖,𝑡𝑟𝑖𝑚

𝑃𝑖,𝑏𝑎𝑟𝑒
) + 10 log10 𝑅𝑒 (

1

2
∫

𝑝𝑝∗

𝑍
𝑆

𝑑𝑆)

𝑏𝑎𝑟𝑒

− 10 log10 𝑅𝑒 (
1

2
∫

𝑝𝑝∗

𝑍
𝑆

𝑑𝑆)

𝑡𝑟𝑖𝑚

 (12) 

Or as a function of the velocity it gives 

𝐴𝐵𝐼𝐿 = 10 log10 (
𝑃𝑖,𝑡𝑟𝑖𝑚

𝑃𝑖,𝑏𝑎𝑟𝑒
) + 10 log10 𝑅𝑒 (

1

2
∫ 𝑍�⃗�𝑣∗⃗⃗⃗⃗⃗

𝑆

𝑑𝑆)

𝑏𝑎𝑟𝑒

− 10 log10 𝑅𝑒 (
1

2
∫ 𝑍�⃗�𝑣∗⃗⃗⃗⃗⃗

𝑆

𝑑𝑆)

𝑡𝑟𝑖𝑚

 (13) 

When the incident power stays the same and when the acoustic radiation impedance is independent from 

the location and the configuration of the partition, with and without trim, the ABIL is just given by 

𝐴𝐵𝐼𝐿 = 𝑇𝐿𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 − 𝑇𝐿𝑏𝑎𝑟𝑒 = 𝑆𝑃𝐿𝑅,𝑏𝑎𝑟𝑒 − 𝑆𝑃𝐿𝑅,𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 (14) 

Or it can be written in terms of velocity as 

𝐴𝐵𝐼𝐿 = 10 log10(𝑣2̅̅ ̅)
𝑏𝑎𝑟𝑒

− 10 log10(𝑣2̅̅ ̅)
𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚

=  𝑃𝑉𝐿𝑅,𝑏𝑎𝑟𝑒 − 𝑃𝑉𝐿𝑅,𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚 (15) 

where 𝑣2̅̅ ̅ is the mean square velocity of the surface of the partition. Similar to the SPL its logarithmic 

value is named here as Particle Velocity Level (PVL). The same relations between IL and SPL and PVL 

are valid for the structure-borne sound, when the input power for the partition is equal with and without 

trim.   

As demonstrated before this is the case for a diffuse field on the radiation side. Another very often 

assumed case is the plane wave radiation to a free/ semi-infinte sound field. This is assumed for example 

for the Transfer Matrix Method or in the mass law for the TL in which the partition is also assumed to be 

infinite so that the boundary conditions play no role [6]. Here, the radiation impedance is only depending 

on the fluid density and the sound of the speed in the fluid.   

𝑍 = 𝜌𝑐 (16) 

Thus, the equalities shown in equations 14 and 15 are valid also in this case. For a general small plate that 

is baffled in rigid wall and radiating in the free sound field the radiation impedance becomes more 

complicate. The relation between the velocity of the panel and the acoustic pressure on the surface can be 

described by the Rayleigh-Integral in which it is assumed that each point of the panel is a point source 

radiating to a semi-infinite space [8].  
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𝑝(𝑟) =
𝑖𝜔𝜌

2𝜋
∫

v(𝑟𝑠)𝑒−𝑖𝑘𝑅

𝑅
𝑆

𝑑𝑆 (17) 

where k is the wavenumber of air, ω is the angular frequency and R is the distance between an arbitrary 

position on the surface and the position rS of the source point.  Equation 17 can be written in of terms of 

structural mode shapes φn[8]: 

𝑝 = ∑
𝑖𝜔𝜌𝑣𝑛

2𝜋
∫

Φ𝑛𝑒−𝑖𝑘𝑅

𝑅
𝑆

𝑑𝑆

𝑛

 (18) 

where vn is the modal amplitude of the velocity for the mode n. Thus, it can be stated that there is a 

radiation impedance Zn for each mode.  

𝑍𝑛 =
𝑝𝑛

𝑣𝑛
=

𝑖𝜔𝜌

2𝜋
∫

Φ𝑛𝑒−𝑖𝑘𝑅

𝑅
𝑆

 (19) 

This demonstrates that the radiation impedance and the radiation to the fluid are in general depending on 

the partition and its vibrational behavior that is related to the size and the material properties. To show the 

consequence of this result on an illustrative example the sound radiation efficiency, σ, is used instead of 

the radiation impedance. The real radiated power Prad is in this quantity compared to the power which 

would be radiated in case of a plane wave radiation and is defined as follows [9]: 

𝜎 =
𝑃𝑟𝑎𝑑

𝜌𝑐𝑆𝑣2̅̅ ̅
 (20) 

where 𝑣2̅̅ ̅ is the mean square velocity of the surface of the partition. That means in case of a plane wave 

radiation, Z=ρc, σ is equal to one. In all other cases σ is in general smaller than 1. Equation 2 for the IL 

can be rewritten using the radiation efficiency instead of the impedance: 

𝐴𝐵𝐼𝐿 = 10 log10 (
𝑃𝑖,𝑡𝑟𝑖𝑚

𝑃𝑖,𝑏𝑎𝑟𝑒
) + 10 log10(𝑣2̅̅ ̅)

𝑏𝑎𝑟𝑒
− 10 log10(𝑣2̅̅ ̅)

𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚
+ 10 log10 (

𝜎𝑏𝑎𝑟𝑒

𝜎𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚
) (21) 

When introducing a trim on top of the plate, its presence influences the radiation efficiency to the free 

field. Such a change is quantified by the fourth component of equation (21). To show its relevance in the 

overall sum, the radiation efficiency can be quantified for a plate with and without trim, as shown in 

Figure 4. When including the trim, the radiation efficiency is also impacted around the mass-spring 

resonance of the trim. Similar experimental analysis has been carried out by Devaux and Dauchez [10]. 

The ratio between the radiation efficiency of the top layer with and without trim for this specific case is 

quantified in Figure 4. It can reach 20dB and therefore it is not negligible. Consequently, in free field there 

is no equality between IL, delta SPL and delta PVL. 

  

Figure 4: Radiation efficiencies of a plate with and without a foam heavy layer trim and their delta  
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3.3 Radiation into a passenger compartment of a car 

In case of a vehicle compartment there is neither a free field radiation nor necessarily a diffuse field in the 

frequency range up to about 1000 Hz in which the structure-borne sound has an important contribution to 

the overall noise. The sound field is not yet diffuse enough but dominated by a reverberant sound field 

which has a low modal density. As explained in [11] room/ cavity modes are at the end plane waves, but 

the modal shapes of the partition and the fluid are not matching and they are not exactly at the same 

frequency. This interaction can be described for example with the modal interaction work [12].  Because 

of that and simply the fact that the modal density is much smaller than in an ideal diffuse field (infinite 

modal density), the radiation/ acoustic energy transfer is also much less efficient than in the diffuse field. 

But of course the sound field becomes more and more diffuse with increasing frequency, because the 

modal density µ is increasing quadratically with the frequency f and is approximately given by [11]: 

𝜇 =
4𝜋𝑓2𝑉

𝑐3
 (22) 

where V and the c are the volume and the speed of sound of the air of the room/ passenger compartment.  

To further analyze the in-situ situation for cars the example of a simplified structure of a dash is taken, 

which is excited from the engine bay and radiating towards the passenger compartment (see Figure 3). 

Figure 5 shows the simulated TL for a dash structure of a vehicle in bare and trimmed conditions (foam-

heavy layer) under different radiation conditions. When the dash structure is radiating in a closed 

passenger compartment of a car, the TL is higher than radiating into a free field especially at low 

frequencies. But with an increasing frequency the two results are going towards each other especially for 

the bare dash and towards the result which is obtained using the transfer matrix method (infinite flat panel 

and plane wave radiation).  In contrast to that the two ABIL curves for free field and closed-cavity 

radiation (Figure 6) are very similar and the differences between them are small in the whole frequency 

range. The difference to the ABIL simulated with TMM is quite big around the spring-mass resonance of 

the trim. For the sake of completeness it has to be said that the trim has been placed here towards the 

radiation side and the ABIL is even more independent from the radiation condition, free field or closed 

cavity, when it is placed towards the source side (see Figure 6). It demonstrates also that under realistic 

conditions the TL and IL are not fully invariant against the transposition of source and receiving side as it 

is the case for infinite flat structures with a plane wave radiation as assumed for the TMM. 

 

Figure 5: Transmission loss under different radiation conditions 
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 Figure 6: IL for the trim placed once towards the receiving side and once towards the source side 

In Figure 7 it is demonstrated that the equality between the IL and delta of the averaged SPL (based on the 

mean squared pressure) is already approximately given for a passenger compartment, closed fluid space, 

in which the sound field is maybe far away from to be diffuse at low frequencies. There are only 

differences up to 1.5 dB at single frequencies between the IL for a dash trim (same as in Figure 6) and the 

delta SPL and the difference becomes smaller at higher frequencies. Thus, as long as the excitation stays 

the same it can be stated that the equality between the IL, ABIL or SBIL, the SPL and the particle velocity 

level PVL as shown in equations 14 and 15 is already at least approximately given for a passenger 

compartment although the sound field is not so diffuse. It has to be noted that because of the problematic 

of a probably non-diffuse sound field and because of practical reasons the TLs for this dash example are 

not obtained from the FE-simulation results using the standard formula, equation 6. Instead the following 

alternative formula has been used for the TL that has been developed for low frequencies for which the 

assumption of the diffuse field in a room cannot be considered as valid anymore [13]. 

𝑇𝐿 = 𝑆𝑃𝐿𝑆,𝑖 − 𝐿𝑖𝑛,𝑆,𝑟𝑎𝑑 − 9 − 10 log10

𝑆𝑚

𝑆
= 𝑆𝑃𝐿𝑆,𝑖 − 𝐿𝑖𝑛,𝑆,𝑟𝑎𝑑 − 9 (23) 

where SPLS,i is the mean sound pressure level on the surface S of the partition on the side of the source 

room and Lin,S,rad is the sound intensity level measured over an area Sm near to the partition in the receiving 

room. For the post-processing of the simulations here S and Sm are equal. For higher frequencies the 

results are becoming the same as those of equation 6, which is assuming diffuse sound fields [13]. 

  

Figure 7: ABIL of a foam-heavy layer trim and the corresponding delta SPL in a passenger compartment 
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3.4 Input/ Incident power 

As shown in the previous chapters there is equality between the IL, the delta SPL and the delta PVL under 

certain radiation conditions, but one requirement is always that the incident or input power is equal for a 

panel with and without trim. For the airborne excitation this is always true when the trim is placed on top 

of the partition towards the receiving room and as long as the same source is used. But placing a highly 

absorbing trim towards the emitting room is changing there the SPL used in equations 6 and 23. One 

practical example for this problematic is for example a trim put on the outer side of a dash of a vehicle 

(see Figure 3). In the case of the engine noise the engine bay becomes the source room and the passenger 

cabin the receiving room. As long as the trim is very reflective the ABIL is equal to delta SPL in the 

passenger compartment (see Figure 8). But in case of a highly absorbent trim the pressure inside the 

engine bay is also reduced and the delta SPL with and without trim becomes bigger inside the car than the 

ABIL. From this example it can be seen that the IL is always only describing the influence on the 

transmission. Thus, for the extrapolation from the ABIL to the interior SPL change it is necessary to keep 

in mind the excitation side. 

 

Figure 8: ABIL for a very reflective (--- ; foam HL) and a very absorptive trim (    ) in comparison with 

the respective delta SPLs in the passenger compartment in case that the trim is placed on the source side  

In contrast to the airborne excitation, it is quite obvious for a structure like a small flat plate which is 

excited by a point force as described in chapter 2 that it is very difficult to get the same input power under 

bare and trimmed conditions. The input power Pin is calculated as follows from the force and the velocity 

at the excitation point [14]: 

𝑃𝑖𝑛 =
1

2
𝑅𝑒(𝐹𝑣𝑒

∗) (24) 

where F is the force vector and  𝑣𝑒
∗ is conjugate complex of the velocity vector at the excitation point. The 

velocity v at a position X of a structure can be expressed using a modal description [9] by 

𝑣(𝑋) = ∑
𝑖𝜔𝐹𝜙(𝑋)𝑛

2

𝑀𝑛(𝜔𝑛
2 − 𝜔2 + 𝑖𝜂𝑛𝜔𝑛𝜔)

𝑛

𝑖=1

 (25) 

where Mn , ωn, ηn and φn are the modal mass, the angular eigenfrequency, the modal damping and  modal 

shape of a mode n. As it can be seen from this equation the velocity at the excitation point e will change 

by adding some trim on top of the plate even when the force is kept constant, because at least the damping 

coefficient is changing and so the real part of the velocity, too. 

𝑅𝑒(𝑣(𝑒)) = ∑
𝜂𝑛𝜔𝑛𝜔2𝐹𝜙(𝑋)𝑛

2

𝑀𝑛[(𝜔𝑛
2 − 𝜔2)2 + (𝑖𝜂𝑛𝜔𝑛𝜔)2]

𝑛

𝑖=1

 (26) 
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In the case of a vehicle it is not easy to judge if the input power stays the same or not, because the main 

structural excitations are not like a point force at a specific part like the floor. A car is mainly excited 

structurally at stiff parts that are not part of the areas of interests to put acoustic trims. Thus, it is like 

exciting a plate through its frame. The excitations are for example on the front beams in the engine bay on 

which the engine is mounted or on the points where the axes are connected to the body. On the example of 

the floor mock-up described in chapter 2 it is demonstrated by measurements and simulations that the 

common trims have no significant influence on the input power (see Figure 9). Only at very low 

frequencies the input power is slightly changing at single frequencies.  

It has to be mentioned that, in measurement conditions, it is complicated to have always exactly the same 

force for measurements with shakers and so the input power is changing. But for a linear elastic system 

the velocity is changing by the same factor as the force. Using this fact it follows from equations 3 and 24, 

when the trim has no influence on the input power: 

𝑆𝐵𝐼𝐿 = 10 log10 (
𝑣2̅̅ ̅

𝐹2)
𝑏𝑎𝑟𝑒

− 10 log10 (
𝑣2̅̅ ̅

𝐹2)
𝑤𝑖𝑡ℎ 𝑡𝑟𝑖𝑚

 (27) 

The ratio between the velocity and the force is the well-known quantity mobility. 

𝑀𝑜𝑏𝑖𝑙𝑖𝑡𝑦 =
𝑣

𝐹
 (28) 

 

  

Figure 9: Input power of the point-force excited floor mock-up (see chapter 2; excitation point in the front) 

in case of bare and trimmed floor (left: measurement; right: simulation) 

3.5 Consequences for measurements and simulations 

First, for vehicles it can be assumed at least approximately that the IL of a typical trim, dash insulator or 

floor carpet, is equivalent to the average SPL change in the passenger compartment and to the change of 

the mean square velocity (as logarithmic value in dB) of the top layer of a panel. Thus, it makes sense to 

use this fact even for a floor mock-up as described in chapter 2 and to evaluate the structure borne 

performance only with the measured/ simulated velocities or mobilities using equation 15 or 27. But of 

course, the equality of these quantities is only true when a certain panel is the only transfer path to the 

passenger compartment. To get to know the exact influence on a specific car under a specific excitation 

situation it is necessary to make simulations with a complete vehicle model which contains all the trims 

and seats. On full vehicle level also the other main characteristic quantity of a trim, the absorption, 

becomes then important beside the IL. The reason is that the noise transfer from the exterior to the interior 

through a certain panel can become much less important in comparison to the one through other panels. 

Thus, its capability to absorb and to dissipate and to reduce so the acoustic energy inside is becoming its 

main function.  
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The second consequence is that it is in general not possible to use directly the delta of the mean quadratic 

velocity of the top layer for measurements on small plates like the one described in chapter 2, because the 

input power is normally not equal under bare and trimmed conditions. And the radiation efficiency/ 

impedance strongly depends on the configuration in case of the radiation to a free field. The velocities 

measured all over the plate are taken better as input data for a post-processing routine that is solving 

numerically the integral for the radiation to a semi-infinite sound field (equation 17) and to calculate so 

the radiated power, equation 11. The second necessary quantity to obtain in this case the SBIL, the input 

power, can be obtained by using equation 24. 

Third, the IL, SBIL or ABIL, for a certain trim is unfortunately not a unique absolute value/ frequency 

dependent curve and it is not possible to get such a global indicator. The influence of a trim on its 

environment, vibration of a structure or SPL, is depending also on this environment like the radiation 

condition. Thus, it might be that the absolute values for the SBIL gained from measurements or 

simulations for the table-system (free field condition) are not fully transferable to the situation in car. 

4 SBIL on flat sample and vehicle level in comparison 

The findings of the last chapter are applied to calculate the SBIL of three trims that are typical for car 

floors. For the floor the measured or simulated velocities are directly used to obtain the SBIL that is equal 

to the difference between the logarithmic mobility of the bare structure and the logarithmic mobility of the 

top layer of the trimmed floor (equation 27). For the plate excited by a point force the radiated power and 

input power are calculated as described in the previous chapter to get the SBIL. The chosen trims consist 

of a foam plus heavy layer, a felt plus heavy layer and a double layer felt trim. The trims used for the flat 

plate have a constant thickness of 22mm in case of heavy layer or 25mm in case of felt as top layer. 

Contrary, the bottom layers of the investigated trims for the floor mock-up, which are touching the floor 

structure, have -as usual in cars - a variable thickness. The main/mean thickness of the bottom layer is 

about 20mm and the variation of the thickness is between 10 and 40mm.  

The aim of the following subchapters is to investigate two main questions. First, if at least the ranking of 

the different trims in terms of ability to reduce the radiated noise stays the same on vehicle and flat sample 

level even so the trims have not the same thickness distribution. Second, if the location of the point force 

or the material of the underlying structure has an influence on this ranking. 

4.1 Influence of the variation of the location of the excitation point on the SBIL 

Three different locations for the point force are selected on the flat small steel plate to investigate this 

influence on the SBIL. Besides the original location in one corner which is used also for measurements, a 

point in the mid of the plate and one point in between the two is chosen for the point excitation (see Figure 

10). As shown in Figure 10 the SBILs of the foam plus heavy layer trim and of the double layer felt are 

depending on the location of the point force, because of course different modes are excited and this can be 

even seen in third octave band values. But the differences are not huge and the most important, the ranking 

between the two trims stays globally the same, because the change of the location has a similar influence 

on the SBILs of the two configurations. That does not mean that the ranking for each frequency is the 

same. For example, in Figure 10 the ranking is changing for the 630Hz-centered band. In average, the 

double layer felt trim has the higher SBIL and is thus bringing a higher noise reduction. The same 

observation can be made for measured and simulated SBILs of the trims of the car floor shown in Figure 

11. The SBIL for the different trims is also here depending on the location of the excitation, front and rear 

excitation as shown in Figure 2. And the ranking regarding their performance to reduce the sound is 

overall always the same.  
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Figure 10: SBIL for different excitations on the flat plate (---: double layer felt;      : foam HL)  

 

 

Figure 11: SBIL for the front (brown lines) and rear excitation (blue lines) on the floor mock-up (---: 

double layer felt;      : foam HL,      : felt HL)  

4.2 Influence of the material of the underlying structure on the SBIL 

The investigated structures are made out of steel and CFRP (Carbon Fiber Reinforced Polymer). In case of 

the plate simply the whole plate is changing from 1mm of steel to 2.6mm of CFRP. For the floor three 

different configurations have been created: one original floor completely out of steel, one for which the 

steel tunnel and one steel side beam are replaced by CFRP and one for which the right steel floor is 

replaced by CFRP (see Figure 13). More details about these floor structures are described in [2]. As 

demonstrated in Figure 12 the simulated SBILs for the different trims are depending on the material of the 

flat plate at low frequencies. At higher frequencies they are becoming similar. The reason is certainly the 

modal density, the modes, the eigenfrequencies and the damping of the respective plate, because the SBIL 

is at low frequencies very sensitive to the damping factor of the plate as shown in [3] and [6]. Anyhow, the 

ranking of the three trims stays - maybe not at each frequency but overall- the same independent from the 

material of the plate. On the contrary, the simulated and measured SBILs for the three different floor 

constructions are more similar in the whole shown frequency range (see Figure 13 and 14). But none of 

them is also made completely out of CFRP. All these Figures for flat plates and different floor 

constructions are demonstrating additionally that the ranking of the different trims with respect to the 
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potential of reducing the radiated sound is overall always similar independent of the shape, size and 

material of the underlying structure. Thus, the trims can be ranked just by measurements or simulations for 

flat small samples. 

  

Figure 12: Simulated SBIL of three example trims put on top of a steel (left) and a CFRP (right) plate 

   

Figure 13: Simulated SBILs of three example trims put on top of three different floor constructions (gray: 

steel; black: CFRP) 

   

Figure 14: Measured SBILs of three example trims put on top of three different floor constructions (gray: 

steel; black: CFRP) 
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Figure 15: Measured and simulated SBILs for two different trims on the flat plate in comparison  

It is expected that it will work with measurements on the plate as good as with simulations, because first 

correlations between measured and simulated SBILs are good (see Figure 15). But as it can be seen in 

comparing Figure 13 and 14, the correlation between measured and simulated SBILs is worse in case of 

the floor. Possible reasons are the coupling conditions of the trims to the floor and the material properties 

of the porous material. All these things are more difficult to describe for complex 3D shapes and for 

variable thicknesses of the trim. Anyhow, that does not matter for the scope of the chapter which is the 

ranking of the different trims. 

5 Conclusion 

The findings of the paper can be summarized in four main statements, which are answering the questions 

raised in the introduction.  

First, when the input/ incident power stays the same, the IL is equal under certain radiation conditions to 

the delta SPL in air and equal to the delta mobility on the radiating surface measured or simulated for the 

bare and the trimmed condition of a structure. This is the case for a plane wave radiation and a radiation 

into a diffuse sound field, when the absorption of the trim does not influence substantially the receiving 

environment. For a vehicle this relation between the quantities can be used as a very close and good 

approximation. 

Second, according to the investigated configurations, a ranking of trims for vehicles can be done on flat 

sample level regarding their performance to reduce the sound radiation, as the overall averaged ranking is 

not influenced by the environment around the trims, like the location of the excitation, the underlying 

structural material and the type of the structure, car floor or flat plate. But at specific single frequencies the 

ranking may change under certain conditions. 

Third, the absolute values of the ILs from the flat small sample level can be used only as very approximate 

orientation, because the absolute values will change for each vehicle, depending on the structural design 

and the excitation condition.  

Fourth, that means also that the acoustic performance of a trim cannot be characterized by one unique 

absolute value/ frequency dependent curve, like the ABIL or SBIL, as the absolute amount of reduction of 

noise due to a trim is always depending on the environment in which it is placed. These statements are 

valid for structure-borne as well as for airborne sound. 
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Abstract 
Strong variations of driving torque coming from the driver may excite driveline first torsional mode located 

at a very low frequency (comprised between 2 and 8Hz depending on gearbox ratio). It may induce cabin 

longitudinal oscillations uncomfortable for the driver and its passengers. To investigate this phenomenon, 

vehicle vibrational behavior has to be modeled at very low frequency. Special attention has been put on its 

interaction with the engine block and mounts including their non-linearities.  

To prevent oscillations, an active damping is added through an engine torque control. This control is 

introduced in a simplified manner on proposed models. A multi-objectives optimization is formulated to 

improve comfort through oscillations reduction and, at the same time, to keep a good driveability. Some 

constraints must also be respected and among them are stability criteria of the feedback loop. Eventually, 

the impact of the coupling with engine suspension on the final result is presented. 

1 Introduction 

Studying vehicle vibrational behavior at low frequency, driveline first torsional mode is one of the first 

modes appearing (between 2 and 8Hz depending on gearbox ratio). It is located just above vehicle 

suspension modes (bounce, pitch and roll modes) which are related to the resonances of vehicle mass and 

inertias on the vertical stiffnesses of the suspension springs. It is just below the 6 engine suspension modes 

associated with the resonances of engine-gearbox unit mass and inertias on the stiffnesses of the upper right 

and left mounts and lower mount (see Figure 1). 

As for all the other modes, a sufficiently low positioning of its natural frequency allows a good filtering of 

the excitations above the resonance. However, passing on the resonance could be critical. For vehicle 

suspension modes, dampers with specifically tuned force-speed laws are required. For engine suspension 

modes, even if frequencies associated to engine speed harmonics are beyond all natural frequencies, 

hydromounts are designed to reduced amplifications under road excitation. For driveline first torsional 

mode, the solution is an active control of the oscillations using a feedback loop on engine applied torque. 

For all those modes, fine tuning is a trade-off between many important vehicle attributes. Regarding 

driveline mode, it is a trade-off between driveability (especially during take-off) and passenger comfort 

(with no perceived oscillation in the cabin). 

In order to reduce fuel consumption and emissions, 3-cylinder engines are massively introduced into 

vehicles. The resulting drop of excited frequencies at idle or at low engine speeds –even more important 

without balance shaft- makes engine suspension design more complicated. An important point becomes 

interactions between loaded suspension modes and engine harmonics. 

Thus, special attention has been put on the interactions between engine suspension and the first driveline 

torsional mode. In this approach, we will use a simple mechanical model with a limited number of non 

linearities. The control will also be introduced in a simplified way to validate the effect of the engine 

suspension on the driveline torsional mode. 
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2 Driveline mechanical model 

To describe driveline torsional modes and their interactions with engine suspension, driveline has to be 

modeled in torsion by giving the main flexibilities and inertias. A very detailed description of the driveline 

components modelizations is given in [1]. A linearized model is deduced to analyze driveline torsional 

modes. Non linearities due to multi staged clutch and gear backlash are introduced in [2]. A visualization of 

the different parts of a front wheel drive vehicle driveline and their connections with the rest of the vehicle 

is shown on Figure 1.  

 

Figure 1: Different parts of a front wheel drive vehicle driveline and its environnement 

We take the same type of model starting from the inertia of the flywheel and the crankshaft. This is linked 

to the primary shaft of the gearbox by a stiffness representing the flexibility of the clutch in torsion (case of 

a simple flywheel). This flexibility depends on the deflection angle in a non-linear manner with a stiffness 

around 0 which is similar to a play. The link from the primary shaft to the secondary shaft of the gearbox 

and to the front drive axle can be represented by a gear ratio depending on the gear engaged. Gear backlash 

is neglected. Differential angular displacement 𝜃𝑑𝑖𝑓𝑓 is related to primary shaft angular displacement 𝜃𝑝𝑟𝑖𝑚

through the global gear ratio 𝑟 Both are turning in the same direction. 

𝜃𝑑𝑖𝑓𝑓 = 𝑟. 𝜃𝑝𝑟𝑖𝑚
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In this paper we mainly considered the first gear which is most of the time the most critical. 

For the differential, the rotation of the gears 𝜃𝑑𝑟𝑖𝑣𝑆ℎ
𝐿 and 𝜃𝑑𝑟𝑖𝑣𝑆ℎ

𝑅  linked to left and right driveshafts have to 

be related to the rotation of the satellite gear 𝜃𝑠𝑎𝑡. As the differential could be turning, its rotation 𝜃𝑑𝑖𝑓𝑓 has 

to be taken into account writing : 

𝜃𝑑𝑟𝑖𝑣𝑆ℎ
𝐿 − 𝜃𝑑𝑖𝑓𝑓 = 𝑟𝑑𝑖𝑓𝑓/𝑠𝑎𝑡. 𝜃𝑠𝑎𝑡 = 𝜃𝑑𝑖𝑓𝑓 − 𝜃𝑑𝑟𝑖𝑣𝑆ℎ

𝑅

𝜃𝑑𝑟𝑖𝑣𝑆ℎ
𝐿 + 𝜃𝑑𝑟𝑖𝑣𝑆ℎ

𝑅 = 2𝜃𝑑𝑖𝑓𝑓

Left and right driveshafts flexibilities have to be modelized. Transmission joints are supposed to be perfect. 

A torque applied to the wheel center is then transformed by the tires into a longitudinal force in the axle 

depending on the radius of the tire. To represent tire, a longitudinal flexibility is positioned at the wheel 

base. A deeper understanding of tire modeling is proposed in the following paragraph. There is a coupling 

with the longitudinal mass of the car body through the longitudinal flexibility of the suspension. Since this 

flexibility is done with elastomeric mounts, a hysteretic damping is added to complete its behavior. A 

simplified equivalent modelization in terms of mass/inertias and stiffnesses is given on Figure 2, differential 

being supposed to be blocked. 

 

Figure 2 : Front driveline vibrational model in torsion 

The first driveline torsional mode corresponds to the movements in opposite directions of the flywheel 

inertia 𝐼𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙 and the car body mass 𝑚𝑏𝑜𝑑𝑦 (represented in dark blue on Figure 2) so that all the stiffnesses 

between them are solicited. By linearizing clutch stiffness 𝑘𝑐𝑙𝑢𝑡𝑐ℎ around a working point, the natural 

frequency can be estimated with a good approximation using stiffnesses of driveshaft 𝑘𝑑𝑟𝑖𝑣𝑒 𝑠ℎ𝑎𝑓𝑡𝑠, tire 𝑘𝑡𝑖𝑟𝑒 

and suspension 𝑘𝑠𝑢𝑠𝑝.. The tire radius 𝑅𝑡𝑖𝑟𝑒 allows to convert rotation into longitudinal translation.  

𝑓𝑑𝑟𝑖𝑣𝑒𝑙𝑖𝑛𝑒 1𝑠𝑡 𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 =
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3 Interaction with the rest of the vehicle 

First of all, to take into account the interaction with the engine block and its suspension, it must be considered 

that the internal combustions generate a torque applied to the flywheel but also a reaction torque applied on 

the engine block. 

Furthermore, it is necessary to rewrite the relation (1) between the rotation of the primary shaft and the 

rotation of the differential. In fact, engine block reaction and the induced rotational movement must be 

considered. To do so, engine block rotation angle 𝜃𝑏𝑙𝑜𝑐𝑘 must be introduced. The previous relation is now 

between (𝜃𝑑𝑖𝑓𝑓 − 𝜃𝑏𝑙𝑜𝑐𝑘) and (𝜃𝑝𝑟𝑖𝑚 − 𝜃𝑏𝑙𝑜𝑐𝑘)  and leads to : 

𝜃𝑑𝑖𝑓𝑓 − 𝜃𝑏𝑙𝑜𝑐𝑘 = 𝑟. (𝜃𝑝𝑟𝑖𝑚 − 𝜃𝑏𝑙𝑜𝑐𝑘)

𝜃𝑑𝑖𝑓𝑓 = 𝑟. 𝜃𝑝𝑟𝑖𝑚 + (1 − 𝑟). 𝜃𝑏𝑙𝑜𝑐𝑘

Besides shafts rotation, engine-gearbox unit is assumed to be rigid and can be represented by its mass and 

inertia. It is connected to car body through 3 elastic mounts defined by their translational stiffnesses in the 

3 directions. The lower mount stiffness in the lateral and vertical directions can be neglected. Along 

longitudinal direction, a nonlinear behavior for the 3 mounts must be used. As far as those mounts are 

elastomeric mounts, some hysteretic dampings are associated to their linear stiffnesses. 

By linearizing around an operating point the resulting stiffness 𝑘𝑒𝑛𝑔𝑖𝑛𝑒 𝑟𝑜𝑙𝑙 of engine suspension in rotation 

around lateral (or engine roll) axis, the driveline first torsional mode natural frequency can take into account 

this interaction in the following formula : 

𝑓𝑑𝑟𝑖𝑣𝑒𝑙𝑖𝑛𝑒 1𝑠𝑡 𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 =
1

2𝜋
√

𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.

𝐼𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙;𝑏𝑜𝑑𝑦
 

1

𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.
=

1

𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝
+ (1 −

1

𝑟
)

2 1

𝑘𝑒𝑛𝑔𝑖𝑛𝑒 𝑟𝑜𝑙𝑙
 

Another stiffness is added in series to the previous ones. 

To assess the coupling effect between driveline and engine block on engine roll mode, it can be assumed 

that, for those frequencies, flywheel and tire/wheel angles are blocked. Then, engine roll mode natural 

frequency can be estimated by adding the stiffness (1 −
1

𝑟
)

2
𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝 coming from the driveline in parallel 

of engine roll stiffness : 

𝑓𝑒𝑛𝑔𝑖𝑛𝑒 𝑟𝑜𝑙𝑙 =
1

2𝜋
√

�̃�𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.

𝐼𝑒𝑛𝑔𝑖𝑛𝑒 𝑟𝑜𝑙𝑙  
 

�̃�𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝. = 𝑘𝑒𝑛𝑔𝑖𝑛𝑒 𝑟𝑜𝑙𝑙 + (1 −
1

𝑟
)

2

𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝 

For a rolling tire, the effects due to the scrolling of contact patch are well described in H.B. Pacejka book 

[6]. Considering a steady-state movement, lateral (resp. longitudinal) tire forces are coming from the treads 

that are stretching progressively as they are moving forward in the contact patch. Summing all those 

contributions leads to an effort proportional to lateral (resp. longitudinal) velocity. This is valid for 

sufficiently low movements regarding the time for a tread to go through the contact patch. On the other 

hand, if the movements are fast then all the treadband stretches instantaneously and tire behaves as a spring. 

To represent tire behavior in lateral or longitudinal direction, a stiffness and a viscous damper have to be 

put in serie as shown in Figure 3. The damping factor is inversely proportional to vehicle speed which make 

it nonlinear. The tire is in fact the main source of damping for the first driveline torsional mode. 
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Figure 3 : Lateral and longitudinal tire modelization 

In order to work in the time domain, hysteretic dampings have to be converted in equivalent viscous 

dampings. Most significatives values are associated with elastomeric mounts and are therefore coming from 

engine and suspension mounts. Modes whose dissipation is driven by engine mounts are engine suspension 

modes with natural frequencies comprised between 7 and 20Hz. Therefore, equivalence with viscous 

damping is made at 10Hz according to expression . Regarding vehicle suspension, natural frequencies 

are between 15 and 20Hz and the equivalence is done at 20Hz still according to . Other hysteretic 

dampings in the model are low as they come from metallic parts. For them the equivalence is done close to 

driveline first torsional natural frequency.  

𝑐𝑣𝑖𝑠𝑞 𝑒𝑞. =
1

2𝜋𝑓𝑟𝑒𝑓
𝑐ℎ𝑦𝑠𝑡

All the previously mentioned components are introduced in a 3D model in which car body and engine-

gearbox unit are assumed rigid. Some visualization elements are introduced. The 3D model is presented on 

Figure 4. 

 

Figure 4 : 3D model visualization 

x 

z 

y 
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4 Calculation and analysis of the mechanical system responses 

At first, a torque excitation is applied on the flywheel and its opposite on the engine block. The definition 

of time varying torque is taken from the one applied experimentally on a vehicle in [4] without feedback. 

Curves are given on Figure 5. The variation of calculated engine speed is compared with the measured one 

on Figure 6. Cabin longitudinal accelerations are compared on Figure 7. Measured and modeled vehicle 

have significant differences in their characteristics. Therefore, calculated results are not supposed to 

reproduce accurately measurements but we can simply notice the general shapes are effectively similar. 

Without any feedback, strong oscillations due to first driveline torsional mode appear on cabin longitudinal 

accelerations. 

 

Figure 5 : Torque step applied (left : measurements ; right : calculations)

  

Figure 6 : Engine speed variations (left : measurements ; right : calculations)

  

Figure 7 : Cabin longitudinal acceleration (left : measurements ; right : calculations) 
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The effect of the coupling between driveline and engine block as introduced in  is examined on Figure 8. 

Without coupling, the blue curve exhibits a higher frequency for first driveline torsional mode. 

Discrepancies on frequencies are deeper analyzed in the following but the coupling seems to add a flexibility 

as suggests by expression . It also appears that the response is smoother, suggesting that the non linearities 

of the engine suspensions are naturally more solicited with the coupling. Higher frequencies seem to be 

excited by those non linearities. 

 

Figure 8 : Effect of the coupling between driveline and engine block on cabin longitudinal acceleration 

(red : with coupling; blue : without coupling) 

Three non linearities are introduced in th 3D model. The first one concerns engine mounts stiffnesses on the 

longitudinal directions. The second one is the clutch rotational stiffness and the third one is the tire viscous 

damping inversely proportional to vehicle speed. Linearizations around the operational point of 60Nm 

torque are proposed on Figure 9: 

 

Figure 9 : Effect of the 3 non linearities of the model on cabin longitudinal acceleration 

The effect of tire damping is felt on the second torque step at -20Nm. The linearization of the clutch slightly 

increases the period of resonance at the end of the first torque step. For the engine suspension, the maximum 

levels are different with a smoother curve in linearized version. 

Using the linearized model, frequency responses are calculated up to 50Hz with a unit torque applied only 

on flywheel, then on engine block and finally on both. Accelerations are calculated on flywheel, tire/wheel, 

body and engine block. Results are shown on Figure 10. Several resonances are excited. The first one is the 

driveline 1st torsional mode at 2.1Hz. Engine roll mode has a natural frequency of 11.6Hz and can be also 

seen on cabin longitudinal acceleration. Engine pitch is at 15.9Hz whereas engine yaw is at 18.1Hz. 

Suspension 1st longitudinal mode is positioned at 16,6Hz and appears on cabin longitudinal acceleration. 
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Figure 10 : Torques contributions and main resonances on frequency responses 

Assumptions made to convert hysteretic dampings to viscous dampings in the time domain are assessed on 

Figure 11. Black curve corresponds to real hysteretic dampings and the red one to equivalent viscous 

dampings. A good agreement validate the assumptions made. 

 

Figure 11: Assessments of damping assumptions 

Natural frequencies obtained with the linearized 3D model can be compared to those obtained from formulas 

,  and . Stiffnesses values are extracted from the linearized model. Engine roll stiffness must be 

calculated from the engine mounts stiffnesses and positions. The relation between angular displacements of 

primary shaft and differential can be given without link with engine suspension as in  or considering this 

link according to . Results are presented in the following tables: 
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Table 1 : Natural frequencies comparisons in 1st gear between 3D model and formulas  

The agreement is considered very satisfactory on the frequency of the driveline 1st torsional mode. The 

coupling with engine suspension significantly changes the frequency of the mode. Stiffness contributions to 

1st torsional mode can be analyzed by calculating the ratio between total stiffness and component stiffness:  

𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.

𝑘𝑐𝑙𝑢𝑡𝑐ℎ
 

𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.

𝑟2. 𝑘𝑑𝑟𝑖𝑣𝑒 𝑠ℎ𝑎𝑓𝑡𝑠
 

𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.

𝑟2𝑅𝑡𝑖𝑟𝑒
2 . 𝑘𝑡𝑖𝑟𝑒

 
𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.

𝑟2𝑅𝑡𝑖𝑟𝑒
2 𝑘𝑠𝑢𝑠𝑝.

 (1 −
1

𝑟
)

2 𝑘𝑑𝑟𝑖𝑣.;𝑠𝑢𝑠𝑝.;𝑒𝑛𝑔.𝑠𝑢𝑠𝑝.

𝑘𝑒𝑛𝑔𝑖𝑛𝑒 𝑠𝑢𝑠𝑝
 

11% 55% 7% 7% 20% 

Table 2 : Contribution of all the components to driveline 1st torsional stiffness 

Main flexibility is coming from driveline shafts with 55% but engine suspension can’t be neglected with 

20%. 

For the engine roll mode, the fact the engine modes are not purely along one canonical direction makes the 

analysis harder but frequencies estimates remain correct and the coupling with driveline not negligible.  

5 Driveline oscillations control 

Active damping of driveline oscillations through a feedback loop on engine torque is described more 

precisely in [3] and [4]. In [5], a mechanical model is used for the simulation and the control of an 

automotive dry clutch. In this paper, driveline oscillations control is addressed in a simplified manner in 

order to assess engine suspension impact. 

A torque is applied on the flywheel. As we have seen previously, this torque can excite the 1st driveline 

torsional mode. The frequency of engine explosions that drive the engine torque is large enough in front of 

the frequency of the mode and it is possible to modify the excitations around the frequency of the mode so 

that the torque transmitted to the kinematic chain do not excite the mode. 

To estimate this torque on the vehicle, we know the engine torque applied Γ𝑒𝑛𝑔 and the engine rotation speed 

𝜔𝑒𝑛𝑔. Transmitted torque Γ𝑡 is the opposite of reaction torque and can be expressed writing dynamic 

equilibrium on the flywheel : 

I𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙�̇�𝑒𝑛𝑔 = Γ𝑒𝑛𝑔 − Γ𝑡 

In the frequency domain, assuming that the system is linear, the transfer function between Γ𝑡 and Γ𝑒𝑛𝑔 

without feedback loop is denoted 𝑡𝑛𝑓 and defined by: 

Γ𝑡(𝜔) =  𝑡𝑛𝑓(𝜔)Γ𝑒𝑛𝑔(𝜔)

Then, the feedback loop is introduced by filtering the signal (possibly including a gain factor) defined by 

the function 𝑡𝑓𝑖𝑙𝑡(𝜔). The filter is intended to select the torque’s part which excits the 1st driveline torsional 

mode and to prevent the transmission to the rest of the vehicle. 

 

Γ𝑡𝑓𝑖𝑙𝑡(𝜔) =  𝑡𝑓𝑖𝑙𝑡(𝜔)Γ𝑡(𝜔)

The associated flow chart is the following: 

 

With link Without link

3D model 2,09 2,39 Hz

Formulas 2,14 2,40 Hz

Driveline 1st torsional mode

With link Without link

3D model 11,61 10,05 Hz

Formulas 11,72 10,45 Hz

Engine roll mode
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Figure 12 : Control simplified flow chart 

The transmitted torque is related to the applied torque through: 

Γ𝑡(𝜔) = 𝑡𝑛𝑓(𝜔) (Γ𝑒𝑛𝑔(𝜔) − 𝑡𝑓𝑖𝑙𝑡(𝜔)Γ𝑡(𝜔))

Γ𝑡(𝜔) =
𝑡𝑛𝑓(𝜔)

1 + 𝑡𝑓𝑖𝑙𝑡(𝜔)𝑡𝑛𝑓(𝜔)
Γ𝑒𝑛𝑔(𝜔)

To eliminate oscillations due to the 1st driveline torsional mode, the maximum of the new transfer function 

must be as low as possible. 

Moreover, the torque application and engine speed rise must not be disturbed to keep a good driveability. 

Given characteristic times, this implies that the new transfer function  is almost identical to the reference 

one  below 1Hz. 

Finally, the addition of a feedback loop raises the question of the stability of the response. Open loop 

mechanical system is stable as it doesn’t have any eigenvalue with a positive real part. It implies that 𝑡𝑛𝑓(𝜔) 

doesn’t have any zero or pole with a positive real part. The question of stability is then to make sure that the 

term (1 + 𝑡𝑓𝑖𝑙𝑡(𝜔)𝑡𝑛𝑓(𝜔)) does not have any zero with a positive real part. The Nyquist stability criterion 

can be simplified by checking that the function 𝑡𝑓𝑖𝑙𝑡(𝜔)𝑡𝑛𝑓(𝜔) in the Nyquist plane is leaving the point (-

1,0) on his left. A margin is defined so that the distance between the curve described by 𝑡𝑓𝑖𝑙𝑡(𝜔)𝑡𝑛𝑓(𝜔) and 

the point (–1,0) is sufficient. 

All those criteria can be analyzed on the followings 2 plots with the linearized transfer function of the 

mechanical system 𝑡𝑛𝑓(𝜔) and an optimal filter 𝑡𝑓𝑖𝑙𝑡(𝜔) which is a 1st order Butterworth bandpass filter. 

 

Figure 13 : Feedback loop filtering perfomances 

On the left, the Bode plot exhibits a lower maximum response for the new transfer function (in red) 

compared to the reference one (in black). Below 1Hz, the 2 transfer functions are almost the same. On the 

right, the Nyquist plot shows the distance between the function 𝑡𝑓𝑖𝑙𝑡(𝜔)𝑡𝑛𝑓(𝜔) (in red) and the point (-1,0). 
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In the time domain, filtered torque Γ𝑡 𝑓𝑖𝑙𝑡 is obtained using the state-space representation of the filter with 

the matrix 𝐴, 𝐵, 𝐶, 𝐷. New variables 𝑥 are introduced: 

�̇� = 𝐴. 𝑥 + 𝐵. Γ𝑡(𝑡)

Γ𝑡 𝑓𝑖𝑙𝑡(𝑡) = 𝐶. 𝑥 + 𝐷. Γ𝑡(𝑡)

The feedback torque is then added in the 3D model. The result can be seen on Figure 14 to Figure 16. 

Responses with feedback loop (in blue) are compared with responses in open loop (in red). Once again, 

measurements in the reference [4] are given for comparison on the left column. It is recalled that measured 

and modeled vehicle have significant differences in their characteristics and calculated results are not 

supposed to reproduce accurately measurements but the general shapes are effectively similar. 

 

Figure 14 : Torque step applied with feedback loop (left : measurements ; right : calculations)

 

Figure 15 : Engine speed variations with feedback loop (left : measurements ; right : calculations)

 

Figure 16 : Cabin longitudinal acceleration with feedback loop (left : measurements ; right : calculations) 
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On Figure 16, the treatment of the oscillations due to the 1st driveline torsional mode is very effective. 

Moreover, the engine speed rise does not seem affected by the feedback loop (see Figure 15). 

The effect of the engine mounts non-linearities on the active damping of the oscillations can be estimated 

by comparing the answer taking into account these non-linearities to the one obtained with a linearized 

behavior around an operational point. Both results are compared on Figure 17, the red curve including non-

linearities. Slight differences appear but the attenuation of the oscillations remains the same. 

 

Figure 17 : Engine mounts non linearities effect on cabin longitudinal acceleration 

6 Conclusions 

Strong variations of driving torque may excite driveline first torsional mode located at a very low frequency. 

A simple mechanical model with a limited number of non linearities is described to reproduce this 

phenomenon. An analytical formula  is given for the mode natural frequency and shows a good agreement 

with the 3D model.  

To investigate the interactions with engine suspension, it is necessary to rewrite the relation between the 

rotation of the primary shaft and the rotation of the differential. Engine block reaction and the induced 

rotational movement must be considered. Flexibility induced by the 3 engine mounts can be added in series 

and leads to an new analytical formula . In 1st gear, the natural frequency goes from 2.4Hz to 2.1Hz. The 

contributions of all the components to the total stiffness has been evaluated.  The main flexibility is coming 

from driveline shafts with 55% but engine suspension can’t be neglected with 20%. 

The coupling between driveline and engine block on the engine roll mode has been estimated. This time a 

stiffness coming from the driveline is added in parallel of the one from engine mounts. In 1st gear, the engine 

roll mode natural frequency passes from 10Hz to 11.6Hz.  

To prevent oscillations, an active damping is added through an engine torque control. Driveline oscillations 

control is addressed in a simplified manner in order to assess the final engine suspension impact. The main 

objectives are to eliminate oscillations due to the 1st driveline torsional mode and to keep a good driveability 

while respecting the stability criteria for the feedback loop. Optimization process is done using a linearized 

transfer function of the mechanical system at a relevant operational point. The resulting feedback loop is 

applied in time domain on the 3D model with all the non linearities considered. The treatment of the 

oscillations due to the 1st driveline torsional mode is still very effective. 

4370 PROCEEDINGS OF ISMA2018 AND USD2018



References 

[1] Sheng-Jiaw Hwang, Jer-Shi Chen, Li Liu, Ching-Chung Ling, Modeling and simulation of a 

powertrain-vehicle system with automatic transmission, International Journal of Vehicle Design, Vol. 

23, No1/2 (2000). 

[2] Ph. Couderc, J. Callenaere, J. Der Hagopian, G. Ferraris, A. Kassai, Y. Borjesson, L. Verdillon, S. 

Gaimard, Vehicle driveline dynamic behaviour: experimentation and simulation, Journal of Sound and 

Vibration, Vol. 218, No1, pp133-157 (1998). 

[3] D. Lefebvre, P. Chevrel, S. Richard, Control analysis tools for active attenuation of vehicle 

longitudinal oscillations, Conference on control application, Mexico, pp5-7 (2001). 

[4] M. Berriri, P. Chevrel, D. Lefebvre, M. Yagoubi, Active damping of automotive powertrain oscillations 

by a partial torque compensator, Control Engineering Practice, Vol. 16, No 7, pp874-883 (2008). 

[5] A.F.A. Serrarens, M. Dassen, and M. Steinbuch, Simulation and Control of an Automotive Dry Clutch, 

Proceedings of the American Control Conference (2004). 

[6] H.B. Pacejka, Tyre and Vehicle Dynamics, 2nd Ed., Butterworth-Heinemann (2006). 

VEHICLE NOISE AND VIBRATION (NVH) 4371



4372 PROCEEDINGS OF ISMA2018 AND USD2018



Investigation of the influence of DC-bus voltage on switched
reluctance machines regarding noise and vibrations

Y. Mollet 1,2, F. Chauvicourt 1,2,3, J. Pelletier 2, M. Sarrazin 1, C. Faria 1, H. van der Auweraer 1, J.
Gyselinck 2

1 Siemens Industry Software NV,
Interleuvenlaan 68, 3001 Leuven, Belgium
e-mail: yves.mollet@siemens.com

2 ULB, BEAMS Energy Department,
Avenue Franklin Roosevelt 50 (CP165/52), B-1050, Brussels, Belgium
e-mail: yves.mollet@ulb.ac.be

3 KU Leuven, Department of Mechanical Engineering,
Celestijnenlaan 300 box 2420, B-3001, Heverlee, Belgium

Abstract
Switched reluctance machines (SRMs) benefit from simple and cheap design and inherent fault tolerance,
but still suffer from torque ripple and noise, vibration and harshness (NVH) issues. This paper aims at
experimentally investigating the influence of the DC-bus voltage on NVH aspects of a 15 kW 8/6 SRM.
Spectrograms of current, vibration and acoustic noise, as well as the evolution of loudness and sharpness
are presented for DC-bus-ramp tests. It turns out that a higher DC-bus voltage combined with a hysteresis
control leads to the excitation of higher frequencies and therefore to the generation of a sharper noise. This
trend is essentially remarkable in hard-chopping mode. Furthermore, the sound becomes also louder as the
DC-link voltage increases, probably due to the discrete character of the controller, responsible for overshoots
outside the current-hysteresis band, becoming more important as the switching frequency increases. Finally,
similar trends, but highly different values of loudness are found depending on the position of the microphone.

1 Introduction

In SRMs torque is produced by successively supplying with current the concentrated coils on its salient stator
poles to attract the nearest salient rotor poles. As the torque is produced by the maximum-flux principle,
neither winding nor permanent magnet is present in the rotor, which is only made of stacked soft-iron sheets.
Each of the phase activations in this step-by-step process is called ‘stroke’. SRMs, previously limited to very
specific applications, have gained attention in the last decades, since the development of power converters
allows for their use in various state-of-the-art drive configurations, such as in automotive, [1] aerospace [2]
and energy-conversion applications (high-speed gas turbines) [3].

The main assets of SRMs are the simplicity of their stator construction and their permanent-magnet- and
winding-free rotor, allowing for low-cost production [1, 4, 5, 6], robustness [4, 5, 6, 7] and suitability for
severe environments [2, 7, 8] and high-speed applications [2]. SRMs also benefit from a high torque density
[5] and very suitable torque-speed characteristics for electrical vehicles (EVs). The absence of permanent
magnets also avoids depleting the limited available reserves of rare-earth elements [2, 9]. SRMs are also
inherently tolerant to electrical faults, since the magnetic coupling between phases is negligible [2, 5, 7,
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10], allowing for fault-tolerant operation, when combined with a modular design [11], converter [12] and
optimized control [13].

However, an accurate knowledge of the rotor position (via a hardware or software measurement) is required
for the control of the machine [6, 14] and the fringing effect and the high magnetic saturation level during
operation make control strategies complex [2]. Compared to PMSMs, SRMs are also less efficient, since
they have to be magnetized from the stator and need higher current amplitudes at equal torque [7]. Finally,
the discontinuous character of the currents [7] and the excitation of structural resonance modes of the stator
[9] are the origin of torque ripple and noise, vibration and harshness (NVH) issues [1, 2, 4, 5, 6, 7, 9, 13].
Due to these NVH [15, 16] and control-related issues [17] conventional induction machines and PMSMs are
still generally preferred to SRMs in automotive applications.

Consequently, the investigation of NVH concerns in SRMs and their resolution are of high importance to al-
low for a more extensive use in various applications. A better understanding of the problem can be completed
using modelling approaches, first with analytical equations [4, 5, 18, 19], then by combining analytical and
FEA models [8] to compute magnetic forces and their resulting vibrations and acoustic noise. Experimen-
tal approaches can also support and strengthen the understanding process. For instance [1] shows a modal
analysis and run-up tests on a 12/8 SRM, and [20] run-ups on a 12/8 and a 8/6 SRMs, as well as on two
PMSMs. Both papers show the influence of speed, geometry (via the generation of forces and the resonance
phenomena) and control on NVH issues and additionally consider sound quality metrics as relevant criteria
for the definition of solutions.

Obviously, geometrical design solutions, such as a larger air gap or a skewed rotor may also be considered,
yet with their drawbacks, i.e. a reduction of torque density and the production of torsional vibrations and
associated noise in larger machines [13]. Manufacture refinements are also proposed in order to reduce
noise of electric machines due to resonances [21]. Nevertheless, these last techniques are only achievable
while the machine is under its first designing phases. On the other hand, when the machine is already
built, control optimization algorithms, using e.g. torque-sharing functions or advanced converter topologies
[13], can be considered and apply on the electronic side of the energy flow chain (from electric energy to
mechanical energy). In particular the DC-bus voltage has an influence on the time derivative of the flux
inside the SRM, as well as on the switching frequency of the converter if hysteresis control is used [22].
This reference investigates the effects of halving the DC-bus voltage through the comparison of run-ups with
the use of soft instead of hard chopping and similar behaviours are observed at medium speed. However,
at low and high speeds the hard chopping technique combined with a halved DC-link voltage results in an
increase and in a reduction of the switching components in current respectively, due to the influence of the
pseudo-electromotive force.

This paper experimentally investigates the effect of the DC-bus voltage of the converter on noise and vibra-
tions in an 8/6 SRM, based on vibration, acoustic noise and current signals. Contrary to the more classical
speed-frequency spectrograms showing run-up condition experiments [1, 20, 22], tests are performed at con-
stant speed with a continuously increasing DC-bus voltage in order to visualize the DC-bus voltage effect on
the vibration and acoustic spectra. Section 2 describes the main characteristics of the investigated SRM and
the main origins of vibrations. The test bench and its measurement set-up, as well as the implementation of
the control are presented in Section 3, while results are shown and discussed in Section 4.

2 Typical waveforms and NVH aspects of the investigated SRM

2.1 Main characteristics and typical waveforms

The rated and peak power, peak torque and peak current of the investigated 8/6 SRM are 15 kW, 30 kW, 200
Nm and 200 A respectively, while its maximum speed is 10 krpm. Further characteristics of the SRM can be
found in [22].

4374 PROCEEDINGS OF ISMA2018 AND USD2018



Vdc Vdc Vdc

T1 T1 T1

T2 T2 T2D2 D2 D2

D1D1D1

a b c

Figure 1: Asymmetric H-bridge feeding one phase of the SRM: possible current paths. Depending on the
states of both power switches T1 and T2, the applied voltage may be +1, 0 or −1 times the DC-bus voltage
Vdc (cases a, b and c respectively).

The phases of the SRM behave as RL circuits whose inductances highly vary with rotor position and current
due to the saliency of stator and rotor poles, and to magnetic saturation respectively. Therefore, the voltage
equation of each phase can be written as the sum of the ohmic voltage drop and the time derivative of the
flux linkage ψph:

vph = Rphiph +
dψph (iph, θr)

dt
, (1)

with vph the voltage applied to the phase terminals, iph the current, Rph the phase resistance, θr the rotor
position and t the time. If the mutual coupling between phases is neglected, the time derivative of the
flux linkage can be decomposed in two terms related to the variation of stored magnetic energy and to the
production of mechanical power respectively [23]:

dψph (iph, θr)

dt
=
∂ψph
∂iph

diph
dt

+
∂ψph
∂θr

dθr
dt

=

(
Lph(θr, iph) + iph

∂Lph
∂iph

)
diph
dt

+ eph, (2)

with Lph the phase inductance. This last term eph corresponds to a pseudo-electromotive force (pseudo-
EMF), as it contains a small part linked with stored magnetic energy if the machine is saturated [3].

In the frame of this work, one phase is activated at a time, when the nearest rotor pole is approaching (i.e.
when the inductance is increasing) in motor mode. The current reference is set so that the desired torque
is produced in average during the stroke (average-torque control, ATC). This is achieved at low speed by
chopping each phase current by means of a dedicated asymmetrical H-bridge converter, comprising two
insulated-gate bipolar transistors (IGBTs) and two free-wheeling diodes, as shown in Figure 1. A hysteresis
control is here used to keep the current in a desired band ∆i∗ph around the reference i∗ph.

When hard chopping is used, both IGBTs are simultaneously turned on and off and the current is maintained
in the defined hysteresis band around its set-point value by applying successively Vdc and−Vdc on the phase,
the current path being represented in Figure 1 a and c respectively. In case of soft chopping, one switch
remains closed during the whole stroke, while the other one is switched to chop the current, its path being
successively represented in Figure 1 a and b. At the end of the stroke both IGBTs are turned off and the
magnetic energy stored in the phase is sent back to the DC-bus through both diodes according to Figure 1 c.

The current waveforms at low and medium speeds are presented along with mechanical angle for soft chop-
ping in Figure 2. Current ripple due to chopping can be seen in both cases, inducing oscillations in the
generated torque. According to equations (1) and (2) the decay slope of the current is much lower in soft
chopping, as a zero voltage is applied to the phase at that time. Combined with hysteresis control, this leads
to an important reduction of the switching frequency, as it is shown in the next section.

At medium speeds the pseudo-EMF partially balances the supply voltage, leading to less sharp rising edges
and fewer switching instants within a stroke, as shown in Figure 2. The turn-on θon and turn-off θoff angles
of the phase also have to be moved forward to ensure the current sufficiently rises at the beginning of the
stroke and has the time to fall down to zero and the end to avoid production of negative torque. Beyond the
base speed the pseudo-EMF overcompensates the supply voltage and no more chopping can be performed;
θon and θoff are then used to control the current, only allowing to maintain the rated power, while the
maximum torque decreases as an inverse function of speed.
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Figure 2: Simulated current waveforms corresponding to one phase of the investigated 8/6 SRM with 10 Nm
load at low and medium speeds in soft chopping. The 0◦ and 60◦ and 30◦ rotor angles correspond to the
unaligned and aligned positions respectively.

2.2 Influence of the DC-bus voltage on the waveforms

As a hysteresis controller is used, the DC-bus voltage is essentially expected to have an influence on the
switching frequency of the converter, as the general waveform of the current is determined by the control
structure. Supposing that the current follows a triangular path between the lower and upper boundary within
a stroke (i.e. neglecting the variation of the time derivative of the current between two switching instants),
as suggested in Figure 2, the instantaneous switching frequency can be computed as the inverse of the sum
of the rising and falling periods trise =

∆i∗ph
diph/dt

and tfall = − ∆i∗ph
diph/dt

respectively.

The slope of the current can be computed according to equations (1) and (2):
(

diph
dt

)
=
vph − eph −Rphiph

∂ψph

∂iph

, (3)

with vph equal to Vdc, 0 and −Vdc for the rising slope in both cases and for the falling slope in soft and hard
chopping respectively.

Neglecting the voltage drop on the phase resistance, approximative expressions of the switching frequency
can then be derived for soft and hard chopping respectively:

fsw,soft =
eph − e2

ph/Vdc
∂ψph

∂iph
∆i∗ph

, (4)

fsw,hard =
Vdc − e2

ph/Vdc

2
∂ψph

∂iph
∆i∗ph

, (5)

According to equations (4) and (5), plotting the switching frequency with respect to DC-bus voltage would
result in a hyperbola with a horizontal and an oblique asymptote in soft and hard chopping respectively.
Comparing both expressions it can also be shown that fsw,soft < fsw,hard for eph < Vdc, i.e. when the
current has to be chopped. However, as eph and ∂ψph

∂iph
fluctuate during the stroke due to the non-linear rela-

tionship between flux linkage and both current and position, the switching frequency is not constant during
the stroke. In consequence, equations (4) and (5) have to be considered as giving trend lines around which
the frequency components are distributed. Furthermore, equations (4) and (5) also show the dependency of
switching frequency on the hysteresis bandwidth ∆i∗ph, and on speed through the pseudo-EMF eph.

2.3 NVH aspects

The torque delivered by the SRM is produced by the tangential components of the magnetic forces generated
between stator and rotor when activating the phases. These forces have also radial components, which are
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responsible for most of the vibrations in the machine, due to the pulsating character of the attraction between
poles coming from the succession of strokes on the one hand, and from the chopping on the other hand. These
radial components essentially deform the stator yoke and its surrounding pieces [1, 4, 5, 24], leading to the
production of acoustic noise in the surrounding air. As shown in [4], vibrations are essentially produced
during the commutations and their amplitudes increase with the flux present at that time in the activated
poles.

While the successive activation of the phases generates components in the phase currents, air-gap forces and
torque at multiples of the mechanical speed, that is, speed orders, the chopping of the current at low speed
adds supplementary components at the switching frequency [1].

Furthermore, resonance modes of the stator and of other components (e.g. cooling jacket) can be excited
by the radial pulsating forces [1, 4, 20, 24]. The corresponding resonance frequencies can be estimated
in a first approach by considering the circumferential modes of the stator, modelled as a cylindrical shell
without constraints at both ends [24]. For a more accurate computation, the poles, end caps, coils, and the
motor mounting have to be taken into account, as they affect stiffness of the system and thus the modes
and associated frequencies [1, 24]. According to the working principle of the motor, the order m of the
dominant circumferential mode corresponds to the ratio between the number of stator poles and phases [7],
i.e. m = 2 (ovalization mode, as each phase consists of a pair of opposite poles) in the case of the 8/6
SRM. Furthermore, the contribution of phases 1 and 3 to this mode shape are in opposition with each other,
while phases 2 and 4, act similarly on an independent and 45-degree-sifted mode shape, as they are situated
on nodes of the deflection shape related to phases 1 and 3 [25]. Consequently, the mode is excited by odd
multiples of the fundamental frequency of the phases, while the even multiples generate in-phase actions of
phases 1 and 3 and therefore tend to cancel the displacement.

3 Measurement set-up, simulation model and implementation of the
control

3.1 Measurement set-up and AMESim model

This paper investigates the influence of DC-bus-voltage ramps on current, radial vibration and acoustic-
noise spectra of the SRM (in no-load condition and for a 5 Nm load torque). The investigated SRM is
controlled using a home-made dedicated converter and is loaded with a 37 kW DC machine associated with
a commercial double thyristor bridge. A system of pulleys and synchronous belts with a speed ratio of 4
is used as the speed of the DC machine cannot exceed 4000 rpm. The schematic of the bench is presented
in Figure 3 a, comprising the electrical sensors, the speed and torque measurements and the position of
accelerometers and microphones (represented as numbered green and blue squares respectively). The small
dimensions of the SRM compared to its power normally requires water cooling, while air is forced into the
DC machine by an external fan. The short duration of the tests permits, however, not activating the cooling
system of the SRM, while the one of the DC machine is only started for the loaded tests. In that way the
addition to the spectrum of frequencies from other sources than the SRM is avoided when possible.

In order to verify the behaviour of the currents, the investigated SRM, its converter and control have been
modelled in AMESim software. The model with the implementation of soft chopping is presented in Figure
3 b, a constant load torque playing the role of the DC machine.

3.2 Structure and implementation of the control

The SRM is controlled in Matlab/Simulink environment via an 1103 dSPACE fast-prototyping platform.
In the present case average-torque control (ATC) is used, that is, the reference current i∗ph is computed so
that the desired torque T ∗ is produced in average within the stroke by one phase at a time. This reference
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current, as well as the turn-on and turn-off angles of the phases (θon and θoff ), are computed from the actual
speed and set-point torque by means of look-up tables, as shown in Figure 4. A comparison between the
measured electrical rotor angle θe, computed as the remainder from the division of the mechanical angle θ
by the number of rotor poles, and the turn-on and turn-off angles permits sending the reference current to
the active phase, while the hysteresis controller maintains the actual current in the defined band ∆i∗ph. Hard
or soft chopping are selected, using a Boolean variable, resulting in synchronizing both gate signals T1 and
T2 and in maintaining T2 at one for the whole stroke respectively. Finally, a classical (proportional-integral)
speed controller sets the torque reference. This control structure runs at a 30 kHz sampling frequency. The
DC machine is controlled with a four-quadrant commercial rectifier (Alstom WNTC).

The same control structure is modelled in AMESim: the look-up tables are implemented together with the
comparison between electrical angle and turn-on and -off angles in the ”ATC” block in Figure 3. For the
soft-chopping implementation, the top IGBTs of the converter are controlled through a hysteresis block,
while the bottom IGBTs are closed as soon as the reference current of the corresponding phase is non-zero.
The classical speed PI controller is also visible in the bottom left of Figure 3 b. A variable-step solver is used
for the simulations and the sampling frequency of the hysteresis control is not limited to 30 kHz in this case.
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4 Experimental and simulation results

Before the main results are shown, the current, vibration and acoustic-noise spectra are presented for a
run-up test to allow distinguishing the main different frequency components (depending or not on speed)
that appear in the plots and exciting a large range of frequencies [1]. The global impact of the DC-bus
voltage on current waveforms, vibration and acoustic noise is then investigated in a similar way by measuring
these quantities while performing DC-bus-voltage ramps while the SRM is running. In all tests the SRM is
speed controlled with a constant hysteresis bandwidth of 2.5 A, while the load torque is imposed by the DC
machine. Simulation results are stored with the same sampling frequency as measurements, i.e. 40.96 kHz.

4.1 Run-up test and general observations

Current, vibration and acoustic noise are measured in the present case while the speed reference of the
SRM is linearly increased from 150 to 3000 rpm and the load torque of the DC machine is set to 10 Nm.
Soft-chopping mode is used for the present test.

Using a sliding window, the measured signals from the sensors represented in Figure 3 are decomposed into
a succession of short-time ones on each of which an FFT is performed, similarly to [26]. The quarter of
the window length is used as time shift between two consecutive windows and each obtained spectrum is
associated to the time and speed at the middle point of its corresponding window.

Due to possible speed oscillations present in the original signal, these results are, in practice, sorted by
increasing speed and interpolated according to a regularly growing speed profile. The processed data are
presented as spectrograms in Figure 5 for the simulated current and in Figures 6 and 7 for experimental
results regarding different sensors of Figure 3. The frequency and speed resolutions of the spectrograms are
10 Hz and 1 rpm respectively. RMS values are considered for the computation of the decibels.

In this kind of figure speed orders appear as oblique lines with their origin at {0 Hz, 0 rpm}, while structural
resonances and other speed-independent frequency content have the form of vertical lines. On the spectro-
gram of simulated currents in Figure 5, speed orders multiple of 6 (crossing multiples of 100 Hz at 1000
rpm) appear, since the successive activation of the SRM phases has to be repeated six time per revolution
due to the presence of six poles in the rotor. Below 1500 rpm it can further be noted that the amplitudes of
orders multiple of 24 (corresponding to frequencies multiple of 400 Hz at 1000 rpm) are reduced. A simple
Fourier analysis of a square signal with a fundamental being six times the rotation frequency and with a 0.25
duty-cycle, i.e. close to the blue current waveform presented in Figure 2, effectively results in the absence of
harmonics multiple of 4. From about 3 to 6 kHz, a series of inverted-C shapes can also be remarked. These
zones of relative higher amplitude have to be related to the switching frequency as already attested in [1]. As
shown in equation (4), the switching frequency in soft-chopping mode follows a quadratic trend with respect
to speed and eph. At low speeds, when the pseudo-EMF is low, the quadratic term of equation (4) can be
neglected and the switching frequency grows linearly with speed. However, at medium and high speeds,
this quadratic terms grows up to completely cancelling the linear terms, such that the switching frequency
goes through a maximum before decreasing back to zero at the base speed, i.e. when the pseudo-EMF
compensates the supply voltage.

The same comments can be made for the experimental current plot of Figure 6, except that the inverted C-
shape is not present, due to the limited (30 kHz) sampling frequency of the hysteresis controller implemented
in dSPACE. As the switching instant cannot take place within a sampling period, the switching process is
highly affected as delays between the crossing of the hysteresis-band limits and the reaction of the controller
are generated, causing reduced and more random sampling frequencies and overshoots of the current outside
the hysteresis band [27].

Speed orders are also found in the acoustic-noise and vibration plots in Figures 6 and 7 respectively, since the
radial forces generated by the current act as vibration sources. The amplitude of these orders are, however,
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Figure 5: Phase current (run-up simulation, soft chopping, 10 Nm load). The 0 dB reference is 1 A.

Figure 6: Phase current and acoustic-noise frequency content measured by the three microphones represented
in Figure 3 (run-up test, soft chopping, 10 Nm load). The 0 dB references are 1 A and 20 µPa respectively.

modulated by the activation of specific structural resonances of the SRM, and particularly the dominant oval-
ization (second circumferential) mode close to 1375 Hz [8, 22], resulting from the activation at each stroke
of two opposite poles. This process may also excite in a lesser extent the zero (breathing) and fourth (square)
circumferential modes of the SRM. According to different analytical methods and FE results gathered in
[22], the eigenfrequencies associated to the square (without bending of the poles) and breathing modes are
situated between 5.5 and 7.5 kHz and between 7 and 8 kHz respectively. This suggests that the relatively
higher vibration amplitudes appearing in the spectrograms of the three first accelerometers (glued on the
SRM) in Figure 7 around 6550 Hz and 7100 Hz may correspond to the square and breathing modes. On
the contrary, no straightforward explanation can be given regarding the vertical lines between 2.5 kHz and 4
kHz. Possible explanations may be the excitation of other eigenmodes of the SRM or of its accessories.

Regarding the acoustic noise, the spectrograms coming from the three microphones presented in Figure 6
show rather different frequency contents. Much more content seems to be caught by microphone 2, posi-
tioned at a few tens of centimetres from the bench. On the contrary, both other microphones are placed very
close to some parts of the bench, which can act as shields and prevent sound coming from other bench parts
to reach the microphone. This is especially the case for microphone 1, positioned near the end plate of the
SRM and whose corresponding graph shows low amplitudes, except for the dominant ovalization mode.
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Figure 7: Frequency content of the radial vibration measured by accelerometers 1, 2 and 3 and vertical
vibration from accelerometer 4 (run-up test, soft chopping, 10 Nm load). The 0 dB reference is 1 m/s2.

4.2 DC-bus-voltage ramp tests in soft and hard chopping

The DC-bus-voltage ramp tests are performed for both hard- and soft-chopping cases at no-load and at load.
Each time the SRM is maintained at 1000 rpm while the DC-bus voltage is progressively increased from 150
to 450 V by applying a 2.5 V/s ramp on the programmable DC-power supply feeding the SRM converter.
The plots are obtained using the same technique as for run-ups, except that the FFTs are neither sorted nor
interpolated, since they are plotted in function of the voltage reference of the DC-power supply, which is
directly proportional to time. The resulting frequency and DC-link-voltage resolutions of the spectrograms
are 10 Hz and 0.0625 V respectively.

The spectrogram of the simulated phase current and the ones of experimental phase current, radial vibration
and acoustic noise corresponding to a DC-bus-voltage ramp in soft-chopping mode with 5 Nm load are
presented in Figures 8 and 9. Since the speed is now constant during the test, the corresponding orders
become vertical lines and the detection of the resonance frequencies is less obvious. Similar comments as
above can be formulated concerning the orders multiple of 6 and 24.

In Figure 8 the switching frequency seems to globally follow the trend specified by equation 4 with respect
to DC-bus voltage, i.e. hyperbolas tending to constant frequency values. In the measured current these
hyperbolas do not appear due to the limited sampling frequency of dSPACE, but a general rise of amplitudes
(orders and background) is observed in the current spectrogram, especially between 2 kHz and 4 kHz, as the
voltage increases from 150 to 450 V.

This general rise of amplitudes and frequencies with DC-link voltage can also be observed in the acoustic-
noise plot and especially in the vibration one, exciting also more and more the main eigenmodes of the
SRM.

The spectrogram of the simulated phase current and the ones of experimental phase current, radial vibration
and acoustic noise corresponding to the same test as before, but in hard-chopping mode are presented in
Figures 10 and 11.
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Figure 8: Phase current (simulation of DC-bus-voltage-ramp, soft chopping, 5 Nm load). The 0 dB corre-
sponds to 1 A.

Figure 9: Phase current, radial vibration and acoustic-noise frequency content (DC-bus-voltage-ramp test,
soft chopping, 5 Nm load). The 0 dB references are 1 A, 1 m/s2 and 20 µPa respectively.

In Figure 10 the switching frequency seem to follow a much more linear trend than in Figure 8 and therefore
reach higher frequencies. This corroborates equation (5), as the hyperbola tends to a linear behaviour for high
DC-bus voltages. In practice, with the reduced sampling frequency of the controller, similar observations to
the ones of the soft-chopping case can be made, but the effect of the ramp is more visible due to increased
ripple amplitude and shifted to higher frequencies. Nearly no change in amplitude with DC-bus voltage is
observed below 2 kHz, while a fast grow rate in the dB values is observable on an oblique line from {2 kHz,
150 V} to {5 kHz, 450 V}.
The effect of the rise of amplitudes and frequencies in the current on vibration and acoustic-noise is also
more visible than in soft chopping. Due to the globally higher switching frequency similar and much higher
amplitudes are observed below and above 2 kHz respectively. The ovalization mode even seems less excited
with hard chopping, while the opposite can be said for the other modes.

4.3 Sound quality measurements

The evolution of sound quality with DC-bus voltage is presented in the next figures, based on the mea-
surements from the three different microphones. This allows showing the impact of the location of the
microphone on the computation of these psychoacoustic indices. The loudness and sharpness computed
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Figure 10: Phase current (simulation of DC-bus-voltage-ramp, hard chopping, 5 Nm load). The 0 dB corre-
sponds to 1 A.

Figure 11: Phase current, radial vibration and acoustic-noise frequency content (DC-bus-voltage-ramp test,
hard chopping, 5 Nm load). The 0 dB references are 1 A, 1 m/s2 and 20 µPa respectively.

from microphone 1 in Figure 3 are plotted in Figure 12 as a function of DC-bus voltage for both soft and
hard chopping cases, with and without load.

The loudness appears to increase relatively linearly with DC-bus voltage, a higher rate being observed in
no-load case. Furthermore, the loudness increases less rapidly for high values of the DC-link voltage. The
relative linear increase of loudness with voltage corroborates [4], which shows that the vibrations that are
produced in the SRM are proportional to the time rate of change of power fed to the phase in unsaturated
conditions. Consequently, the most important vibration are produced at switching instants when the flux (or
the current) is non-zero in the phase. As the reference current is constant in the present test, the vibration
amplitude, and therefore the loudness are effectively expected to grow with DC-bus voltage. As also men-
tioned in [4], magnetic saturation tends to mitigate vibrations; this could explain the observed reduced slopes
for load compared to no-load cases.

However, when comparing soft and hard chopping, the former technique turns out to be louder than the latter,
even with a halved voltage rate of change at switching instants. This has to be related to the lower switching
frequency of soft chopping, which excites much more the ovalization mode of the SRM, which is particularly
dominant in the spectrum acquired with microphone 1 as shown in Figure 6. As the switching frequency also
increases with DC-link voltage, the less important excitation of the ovalization mode and of other relatively
dominant frequencies in the spectrum may explain the reduction of the increasing rate of loudness at high
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Figure 12: Loudness and sharpness computed from microphone 1 in function of the DC-bus voltage for
no-load and load cases with both soft and hard chopping.

Figure 13: Loudness and sharpness computed from microphone 2 in function of the DC-bus voltage for
no-load and load cases with both soft and hard chopping.

DC-bus voltages.

Regarding sharpness, only a little increase can be observed in Figure 12 for hard chopping at high DC-link
voltage, while values are always higher than in soft chopping mode. The explanation is the higher switching
frequency (and the reduced excitation of the ovalization mode) in hard chopping and its higher dependence
on DC-link voltage as it can be remarked comparing Figures 9 and 11. The comparable or higher sharpness
for no-load case can also be explained by a higher proportion of switching harmonics compared to speed
orders coming from the strokes, as the current amplitude is higher in load case.

Similarly to microphone 1, the loudness and sharpness computed from microphone 2 in Figure 3 are plotted
in Figure 13 as a function of DC-bus voltage for both soft and hard chopping cases, with and without load.
Results are similar to the ones presented in Figure 12, except a much higher loudness, as expected from the
comparison of spectrograms in Figure 6. Some other little differences can also be observed, essentially in the
sharpness plot, where an increasing sharpness is also visible in soft-chopping mode at no-load. The probable
reason is the much more important high-frequency content observed in the case of microphone 2 compared
to microphone 1 in Figure 6. This second microphone, placed a bit further from the bench can then receive
sounds (related to vibrations) from most of the parts of the bench, contrary to the first one, which is situated
on the end plate of the SRM, acting as a shield.

Finally, the loudness and sharpness computed from microphone 3 in Figure 3 are plotted in Figure 14 in
the same way as for the other microphones. Once again, results are similar to both previous figures, with
an intermediate value of loudness, as expected from Figure 6. The evolution of sharpness with DC-bus
voltage is also intermediate comparing with Figures 12 and 13, with only a little increase of the sharpness in
soft-chopping mode at no-load. The last microphone is effectively situated just on the top of the support of
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Figure 14: Loudness and sharpness computed from microphone 3 in function of the DC-bus voltage for
no-load and load cases with both soft and hard chopping.

the SRM, resulting in a less ideal location compared to microphone 2 (but better than for microphone 1) to
receive sounds from most of the parts of the bench.

5 Conclusion

This paper has investigated the effect of DC-bus voltage on current frequency components as well as on noise
and vibration aspects in an 8/6 SRM. Experimental results have been compared with simulated currents and
derived expressions of switching frequency. Spectrograms of current, vibration and acoustic noise have first
been presented for a run up to explain the origin of the various frequency components. Similar plots, as
well as the computed loudness and sharpness have then been shown for DC-bus voltage ramps, in order to
highlight the impact of this voltage on the spectra and on the quality of the sound produced by the SRM. The
influence of the position of the microphone on the measurement has also been briefly discussed.

It turns out that increasing the DC-link voltage globally increases the switching frequency, especially in
hard chopping, as a hysteresis controller is used to chop the current. The production of vibrations at higher
frequencies is then the origin of a sharper acoustic noise, considered as less pleasant. The noise becomes
also louder, probably because of increasing overshoots of the current outside the predefined hysteresis band
linked to the discrete character of the hysteresis controller. However, the higher frequencies generated in
case of hard chopping may limit the excitation of the main resonance mode of the SRM around 1375 Hz.

Furthermore, it has to be noted that, even if the general trend of loudness and sharpness hardly depends on
the used microphone, important differences in loudness from one microphone to another can be mentioned,
probably due to the distances between the microphones and the various noise sources (e.g. parts vibrating at
their eigenfrequencies, etc.) and the orientation of the microphones with respect to these sources.
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Abstract 
Sound source localization using microphone arrays is largely applied in industrial engineering to diagnose 

acoustic issues appearing on complex machineries. An important number of algorithms have been developed 

to enhance the source identification procedure in terms of spatial resolution and quantification capabilities, 

such that engineers have to understand a lot of methods to cover the majority of industrial applications. 

Recently, it has been proven that a Bayesian approach can generalize some of these methods by 

automatically calculating the optimal basis functions depending on the geometrical experimental set-up. 

Moreover, the probabilistic way of solving the acoustic inverse problem offers the opportunity to introduce 

prior knowledge about the source, the noise and the propagation model. The aim of this publication is to 

apply the method to experimental cases and to show how the results can be exploited in practice to help the 

acoustics engineer to better characterize sound sources. 

1 Introduction 

Acoustic imaging techniques represent an effective tool to both localize and quantify sound sources using 

pressure measurements done by a microphone array. The main difficulty lies in recovering continuous 

sources based on noisy and discrete number of microphone measurements and an approached model. In 

general case, the solution of the problem is not unique and constraints must be defined to reach satisfactory 

results. Then, a large number of methods have been developed for decades to respond to specific needs 

depending on the application. Leclère et al. [1] attempt to classify every method by analyzing their main 

assumptions, their priors and their algorithms to resolve the obtained cost functions. Authors separate the 

methods into two large categories: (i) beamforming-based methods, which aims at reconstruct uncorrelated 

sources, and (ii) inverse methods, which look for the distribution of the sources at once without considering 

any assumptions about the correlation of sources. Deconvolution methods (CLEAN [2], DAMAS [3] …), 

extensively used in aeroacoustics field, fall within the first category whereas holography methods (NAH 

[4], HELS [5], SONAH [6], iBem [7]…) belongs to the second. Putting aside the algorithm considerations, 

the beamforming-based methods may be defective in low frequencies, where the uncorrelated assumption 

is frequently violated. Inverse methods, on the other hand, suffer from an unstable behavior coming from 

the innate ill-posed problem characteristic. To tackle this issue, the Tikhonov regularization [8] [9] process 

is often used and its efficiency has been largely demonstrated. This technique implicitly aims at recovering 

the solution as the compromise between the fidelity to the measured data and the minimal energy of the 

sources. This compromise is found by the estimation of the regularization parameter. Even if this parameter 

is well-tuned, researchers observed that the given solution becomes quantitatively non-satisfactory in high 

frequencies when the spatial sampling of the array is not sufficient [10] [11].  

In that context, Bayesian Focusing (BF) has been introduced by Antoni [12]. This method considers both 

the source and the measurement as random variables. The probabilistic formalism and the use of the Bayes 

rule are exploited to derivate solutions depending on explicit priors about the source and the noise perturbing 
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the measurements. Then, it has been demonstrated that if the noise and the source are a priori modelled as 

Gaussian laws, the optimal solution can be written as the general-form Tikhonov solution. By the way, the 

superiority of the Bayesian estimation of the regularization parameter have been proven in different types 

of applications [13] [14] [15]. In order to improve quantitative results in high frequencies and to go beyond 

the limitations of the Tikhonov solution, one can play with the prior probability density function (pdf). The 

most intuitive way to add some physical information to the problem is to define a spatial aperture function 

that acts as a lens to focus on a particular zone of the space. Both spatial resolution and quantification 

performances may be improved by the definition of that prior [16] [17] [10]. The process of focusing and 

its definition in terms of pdf is largely described in an upcoming submitted paper [18]. Moreover, it can be 

shown that this Bayesian formalism is general enough to consider the cases of NAH or beamforming as a 

special case [12]. This flexibility in terms of (i) geometry, (ii) explicit prior definition and (iii) validity of 

the solutions in a wide frequency range makes the method attractive but yet not applied enough in practical 

cases.  

The goal of the present communication is to apply BF on experimental cases and to show how one can 

exploit the wealth of information obtained. 

2 Bayesian focusing: theory 

2.1 Forward problem 

The aim of the inverse problem is to reconstruct the finite source distribution over the object of interest 

using: 

1. The cross-spectral matrix measured by an array composed of M microphones; 

2. The acoustical model relating the radiation of sources placed on the surface of the object and the 

sound pressure measurement at the positions of the microphones of the array; 

3. Any kind of prior information about the source (correlation length of sources, initial idea of the 

localization pattern, spatial sparsity of the sources…) 

The classical forward problem is written as a matrix form, at a given frequency𝑓: 

𝐩 = 𝐆𝐪 + 𝐛, (1) 

with 𝐩 the measured vector of dimensions of [MX1], with M the number of microphones, 𝐪 the vector of 

the volume velocity of the sources placed on the nodes of the object of dimensions of [NX1] with N the 

number of nodes and 𝐆 the transfer function relating the volume velocity of the sources and the sound 

pressure measured by the array. As a remark, one can write the forward problem as a function of the parietal 

pressure or the normal velocity if the transfer function between these quantities and the measured sound 

pressure is available (by Boundary Element Method for instance). In the case studies of this work, the 

propagation is considered in the free-field: 

𝐆 =  −
iωρejk𝐑

4π𝐑
, 

(2) 

 

with 𝑹 the matrix of distances between the microphones and nodes. It is usual in imagery technique to 

decompose the acoustic field into basis functions. Depending on the geometrical configuration, the user has 

to choose the adapted basis to its problem. The direct problem expressed in eq. (1) could be re-written by 

introducing the decomposition of the source distribution into the basis 𝚽: 

𝐩 = 𝐆𝚽𝐜 + 𝐛, 

 
(3) 

with 𝒄 the basis coefficients and 𝒒 = 𝚽𝒄. 

4390 PROCEEDINGS OF ISMA2018 AND USD2018



 

2.2 Bayesian formalism 

If one considers the measured spectra as random variables, the goal consists in finding the conditional pdf  

𝐪 given 𝐩, written [𝐪|𝐩]. This pdf is unknown but it can be estimated according to the Bayes rule which 

expresses the searched posterior probability as: 

[𝐪|𝐩] =
[𝐩|𝐪][𝐪]

[𝐩]
, (4) 

where [X] represents the pdf of the random variable X and [X|Y] the conditional probability of X given Y. 

The density [𝐩|𝐪] represents the likelihood function i.e. the probability of observing the measurements 𝐩 

knowing the spectrum of the source. The prior probability [𝐪] is the probability of the sources before 

knowing the measurements. Finally, the quantity [𝐩] expresses the probability for all possible sources 

considered.  

Experimental errors caused by measurement noise are modelled by a Gaussian pdf because experimental 

errors have many different origins. Additive noise then follows a complex zero-mean Gaussian law 

𝒩c(0, β2𝛀𝐛) where β2  stands for the unknown energy of noise and 𝛀𝐛is a known structure matrix defining 

the nature of the noise (an identity matrix is generally chosen to enforce the zero correlation of noise between 

microphones) : 

[𝐛|β2] =  𝒩c(0, β2𝛀𝐛) (5) 

In practice, 𝛀𝐛 is usually equal to the identity matrix. For the next developments, 𝛀𝐛 = 𝐈.The likelihood 

function [𝐩|𝐪] is derived using the direct problem of eq. (1). The measurements are perturbed by the additive 

noise defined above: 

[𝐩|𝐪, β2] =  𝒩c(𝐆𝐪, β2𝐈). (6) 

Lastly, prior information about nature of sound sources is also chosen as a Gaussian distribution. This 

hypothesis is mathematically convenient and other choices could be adopted [19] however these will not be 

investigated in this paper. The pdf of sources is finally written: 

[𝐪|α2 𝛀𝐪] =  𝒩c(0, α2 𝛀𝐪) (7) 

with 𝛀𝐪a known structure matrix defining spatial correlation of sources. As a summary of this section where 

all the pdf have been defined, the following figure illustrates the studied system. 

 

Figure 1 : Illustration of the studied acoustical direct problem 
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The result of the inverse problem is given by the maximum a posteriori estimator which is the most probable 

solution of the posterior pdf (from eq. (4)): 

𝒒𝑚𝑎𝑝 = 𝐴𝑟𝑔𝑚𝑎𝑥[𝒑|𝒒][𝒒]. (8) 

The most probable source distribution will be estimated passing through the estimation of the basis 

coefficients. Then, the basis functions can be derived using the Bayes rule [12] : 

𝚽 = 𝛀𝐪
𝟏/𝟐

𝑮∗𝑺−𝟏𝛀𝒃
−𝟏/𝟐

𝑼 (9) 

with  𝑼the singular matrix of the singular value decomposition of the propagation matrix G and 𝑺 its singular 

values : 

𝛀𝒃
−𝟏/𝟐

𝑮𝛀𝐪
𝟏/𝟐

= 𝑼𝑺𝑽𝐻.  (10) 

As a remark, 𝚽 can be replaced by known basis function as plane waves of spherical harmonics if the set-

up is convenient.  

The most probable solution of the inverse problem is called the maximum a posteriori estimator. This value 

is given by maximizing the numerator of the Bayes equation: 

J =   Argmax { [𝐜, α2 , β2 | 𝐩] }  

J =  Argmin { −ln [𝐜, α2, β2 | 𝐩] } 

Enforcing the derivative of this cost function to zero with respect to the solution 𝐜 bring us to an analytical 

expression of the sources: 

�̃�  =   
𝐬

𝐬2  +  η2 𝐔H𝐩 (11) 

with �̃� the regularized form solution, and 𝜂2 =
𝛽2

𝛼2 the regularization parameter. It is noteworthy that this 

solution is similar to the well-known Tikhonov solution. Then the regularization parameter is determined 

by marginalizing the joint pdf [𝛼2, 𝛽2|𝐩]. Interested readers can refer to [20]. 

From the estimation of the regularization parameter and the knowledge of the basis functions, the inverse 

filter can be calculated as: 

𝑯𝑖𝑛𝑣 = 𝚽
𝑺

𝑺2 + 𝜂2 𝑼𝐻, (12) 

and the final cross spectral matrix of the sources is then deduced: 

𝑺𝑞𝑞 =  𝑯𝑖𝑛𝑣𝑺𝑝𝑝𝑯𝑖𝑛𝑣
𝐻 . (13) 

From this matrix, the information of the energy of each node is driven by the diagonal of the matrix.  

2.3 “Focusing” iterative process 

The quantification and localization performance of the method can be improved by iteratively enforcing the 

algorithm to concentrate the reconstructed energy on a particular zone. This process is largely explained in 

[18]. The covariance matrix of the prior pdf can be iteratively updated: 

𝛀𝑞
1/2

= diag(𝑺𝒒𝒒)
[𝑛−1]

1−
𝑝

2  (14) 

with diag(𝑺𝒒𝒒)[𝑛−1] the squared-volume velocity of each node of the mesh for the previous iteration and p 

the norm with 1<p≤2. The choice of p=2 leads to reaching the standard Tikhonov solution. Setting p to 1 

enforces the sparsity of the sources. The sparsity constraint means that the reconstructed acoustic field can 

be explained using a few number of sources. The convergence of this algorithm can be observed and a 

stopping criterion has to be adjusted by the user.  
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2.4 Sound power estimation 

In practice, the acoustic quantity of interest is the sound power that can be expressed from the volume 

velocity cross spectral matrix: 

𝑾𝑒𝑞 =
𝜌𝑐𝑘2𝑑𝑖𝑎𝑔(𝑺𝒒𝒒)

4𝜋
 (15) 

As a remark, this expression describes the sound power of each equivalent source taken independently. 

Another expression can be used to model the interference created between the identified sources [10]. 

3 Experimental validations 

A first experimental and academic case is proposed. The considered object is a rigid wooden box equipped 

with holes where point sources can be flush mounted on the panels. The mock-up has been built with the 

dimension range of an automotive engine. For the considered case, two fully correlated sources (denoted A 

and C) and one other uncorrelated source (B) are placed on the same panel. One microphone is mounted 

inside each of these sources to be able to measure the true coherence criterion as a function of the frequency. 

Then, a 36 microphones array is placed at 12cm of the source plane. The measurements have been carried 

out in the semi-anechoic room of the Laboratoire Vibrations Acoustique, University of Lyon. The ground 

has been locally treated with acoustic foam. The full experimental set-up is displayed in Figure 2.  

 

  

(a) (b) (c) 

Figure 2 : a) Photography of the array in front of the object inside the semi-anechoic room, b) position of 

the sources in the object and c) photography of the used source 

Sound power maps have been calculated using BF on the 3-dimensions mesh of the box. The distribution of 

sources is assumed to propagate in the space as baffled sources. The norm of the equation (14) has been 

fixed at p=1.1 and the iterative process stops when two successive iterations give less than 0.1dB of 

deviation on the global reconstructed sound power. Figure 3 presents the results at 1.5 kHz.  
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Figure 3 : Classical sound power map given by Bayesian focusing (on the left) and sound power map 

correlated with the identified source A (on the right) in dB (ref. 1e-12W) with a display dynamic of 8 dB 

The three sources are well-localized with a satisfactory spatial resolution. Generally speaking, users of 

imaging techniques consider this result as the final one, whereas this result only represents a partial 

information about the sources, namely the diagonal of the sources cross-spectral matrix. The sound power 

map of the right side of Figure 3 represents the map correlated with the identified source A defined as: 

𝑾𝑐𝑜ℎ =
𝜌𝑐𝑘2|𝑺𝒒𝒒(: , 𝑟𝑟𝑒𝑓)|

4𝜋
, (16) 

with 𝑟𝑟𝑒𝑓 the index of source A. It is interesting to note that the uncorrelated source B disappears from the 

map (given with a dynamic display of 8dB). This type of map could be useful in order to understand the 

mutual origin of identified sources.  

The cross spectral matrix of the sources may also be used to estimate the coherence function between two 

nodes of the map. Figure 4 depicts this quantity measured by the microphones situated inside the sources 

(ground truth) and this same criterion reconstructed by BF when source B switched on or off. 
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Figure 4 : Coherence between sources A and C measured directly inside the source (green), and 

reconstructed by Bayesian Focusing when source B is OFF (orange) and ON (blue) 

The coherence function is well-recovered especially if source B is switched off. At around 3 kHz and 3.5 

kHz, the source B radiates more energy than the two other and it perturbs the estimation of the coherence. 

For design engineers, it also can be useful to propagate the identified sources in the space in order to estimate 

the directivity or to predict the sound pressure level at 1m for example and act on it if necessary (to improve 

the acoustic comfort). Theoretically, BF is able to recover these quantities by simply applying eq. (1). To 

experimentally validate this point, a quarter-of-sphere array has been placed in front of the source plane. 

The radiation of the three sources has been measured by two positions of this array to catch the total 

directivity pattern of the sources (see Figure 5). 

 
 

Figure 5 : Positions of the quarter-of-sphere array around the three sources 

Figure 6 shows the spatial measured field and the recovered field by propagation of the identified sources 

to the microphones at 1.5 kHz. The spatial patterns are similar. 
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(a) 

 

(b)  

Figure 6 : a) Measured pressure field radiated from sources A, B and C and b) recovered pressure field by 

propagation of the sources identified by Bayesian Focusing at 1.5 kHz with 12dB display dynamic 

The same process has been applied to predict the sound pressure level at 0.5m from the source plane. Figure 

7 shows the comparison between the measured sound field at this location and the estimation by BF and 

classical beamforming. The estimation from classical beamforming has been obtained by propagating the 

acoustic field based on the three sources amplitudes since phase relationship is by essence neglected in 

beamforming.  

 

Figure 7 : Autospectra measured by the far-field microphone (in blue), and synthetized by the propagation 

of the identified sources by Bayesian Focusing (orange) and Beamforming (Green) 

The propagation of the sources identified by BF respects the frequency evolution of the measured sound 

field. In particular, the three “humps” at 1.8 kHz, 2.3 kHz and 2.8 kHz are well-predicted. These shapes 

have probably been created by the wave interferences between the two correlated sources. In the other hand, 

the propagation of the source identified by beamforming does not reproduce this behavior because it 

assumes uncorrelated sources. Moreover, the prediction at low frequencies is not as accurate as provided by 

BF. This observation is probably due to the fact that the spatial support of the point spread function of the 

two correlated sources is not disjoint in this frequency range [1] (in that case, the two sources are not 

separated by beamforming). As a remark, Clean-SC will provide the same results as beamforming since it 

is based on the same assumptions.  
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4 Industrial application: windtunnel tests 

The academic case validates the consistency of the reconstructed quantities with the physical reality (given 

by the ground truth coherence measurements or the directivity measurements). However, the interest would 

be limited if the method was only applied to artificial point sources.  

To go further than previous validations, wind tunnel array-based measurements have been exploited. The 

measurement data was carried out at the Daimler Wind Tunnel Centre in Sindelfingen. The automobile is 

the current C-class Coupe subjected to the wind speed of 140 km/h with 0° yaw angle. The acoustic radiation 

has been recorded by a microphone array system which is located 6m from the ground.  

The sources have been reconstructed on a 2D grid assuming a free-field propagation modified by the 

convection phenomenon due to the presence of the wind. It is well-known that the autospectra of the array 

measurements are critically corrupted by the generation of a “pseudo-sound” produced by the interaction 

between the rigidity of the microphone cartridge and the wind. Methods have been developed to de-noise 

the cross-spectral matrix [20] [21] [22] but these considerations are not on the scope of this paper. As a 

consequence, noisy cross-spectra are considered in that case.  

Sound power maps given by Clean-SC and BF are shown in Figure 7 for the frequency of 2kHz. 

Additionally, the sound power maps correlated with 2 points of the left mirror have been plotted.  

 

Figure 8 : Sound power maps given by Clean-SC (a) and BF (b). Sound power maps correlated with the 

maximum amplitude point recovered on the left mirror (c) and with the source recovered at the tip of the 

left mirror (d) at 2kHz with a dynamic display of 16dB. 

Both Clean-SC and BF results are consistent, highlighting the same location of sources. However, the 

correlation information between sources given by the methods is different: Clean-SC recovers only 

uncorrelated sources whereas BF respects and keeps the spatial correlation relation between identified 

sources. This property can be exploited by displaying the sound power map correlated with one source 

pointed by the user. As an example, Figure 8 displays the sound power map correlated with two locations 

of the left mirror: the tip and the maximum amplitude location recovered by Bayesian focusing. Clean-SC 

identified these two locations as uncorrelated sources, as does the Bayesian focusing. 

As a remark, the spatial correlation distance between sources is “smoothed” by the regularization process 

of the inverse method. Then, the recovered spatial correlation function is probably blurred.  

To go beyond the classical localization maps, the reconstructed phase relationship between sources could 

be exploited by re-propagating the sources in the volume around the vehicle. Figure 8 shows the propagation 

over two cross-sections of the sources identified on a 2D grid. Moreover, the sources belonging to the red 
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square zone (displayed on the Figure 8 (b)) have also been propagated over a hemisphere in the nearfield of 

the mirror.  

 

Figure 9 : Sound field propagated over two cross-sections (from the whole cross-spectrum matrix of the 

identified sources) and over a hemisphere in the nearfield of the mirror (from the sources belonging to the 

red square zone)1 

The re-propagated pressure field could be used by the manufacturer in order to optimize the design of the 

vehicle to reach a certain sound level given by automotive standards for example. 

These results are based on measurements recorded on the top of the vehicle. The sound pressure seems to 

foster the radiation towards the array. The complete directivity of each acoustic component present in the 

vehicle would be better estimated if the radiation was measured all around the vehicle. Moreover, the 

scattering effect of the vehicle, the real 3D geometry and the convection effect should be taken into account 

to improve the prediction of the propagation of the acoustic field in the volume.  

5 Conclusions 

Imaging techniques and more specifically inverse methods provide more information about sources than 

expected localization maps. The output of the method may inform the user about the coherence complexity 

of the source distribution as well as its directivity or about the sound level propagated anywhere in the space 

(from the source to the ears of the user of the machine for example). Then, imaging techniques coupled with 

a precise propagation model could play a major role in the design of the machineries. 

To illustrate this point, Bayesian focusing has been applied on experimental data for its flexibility in terms 

of geometry, frequency range of validity and stability in regards with noise. Moreover, this method is able 

to provide statistical criteria that reflect the quality of the reconstruction. This formalism could offer to the 

users confidence intervals associated to the estimated quantities for example [17] [10]. 
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Abstract
The modelling and simulation of friction induced NVH-problems is still a challenging task due to the high
complexity and sensitivity of the problem. Today, linear stability analyses of large-scales FE-models have
become state of the art in industrial applications. However, the so-called Complex-Eigenvalue-Analysis
(CEA) provides information for steady states without considering the nonlinear impact of e.g. joints or con-
tacts. Thus it has become evident that reliable analyses include nonlinearities. To assess nonlinear systems
it is necessary to reduce the models to a practicable size. This contribution aims on comparing different
substructuring techniques with regard to their applicability to stability problems appearing in the field of
friction-induced vibrations. To this end a model structure under frictional self-excitation and employed dy-
namic substructing is investigated by comparing results from a linearized approach via eigenvalue analysis
to those from direct time integration of the nonlinear model.

1 Introduction

Brake noise problems have been a challenging task for engineers in the industry for a long time. There are
various studies on the matter [21, 20] with the focus on underlying mechanisms that cause the noise. It is
commonly accepted that friction induced oscillations are responsible for different brake noise phenomenons
like brake squeal, groan or moan. Self-exited vibrations can occur when a HOPF bifurcation occurs and the
stability of a steady state is lost. When a HOPF bifurcation occurs the stability of a steady state may be
lost and self-exited vibrations can occur. Two mechanisms, that are commonly considered responsible for
the loss of stability in terms of LYAPUNOV [14] regarding brake systems are flutter and negative effective
damping. Regarding the flutter mechanism, the circulatorical contact forces excite the system [22, 23]. It is
commonly agreed, that flutter may be associated with brake squeal. Negative damping on the other hand can
occur when the gradient of the velocity-depended friction coefficient characteristic of a joint or contact is
negative [17, 12]. This effect can lead to negative effective damping unless the viscous damping is less than
the friction gradient.

The CEA is used for analysing the dynamical behaviour of different operation conditions and is state of the
art in industrial application. This method allows to assess the linear stability behaviour in a small domain
around the linearized operation state, assuming the HARTMANN-GROBMAN theorem for equivalent topo-
logical flow in this region [8]. Nonetheless, this analysis technique can deviate or over-predict instabilities
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when the results are compared to measured data. Numerous reasons that can be responsible for this issue
besides modelling errors. One of the influential issues is non-consideration of nonlinearities in the brake
model, which are responsible for limiting the amplitude. To obtain limit cycle amplitudes time integration
approaches are applicable to extend the consideration of nonlinear behaviour but pose an impediment due to
high computational cost.

To overcome the computational effort model order reduction (MOR) is employed. A widely used model
order reduction technique is component mode synthesis (CMS), also known as dynamic substructuring, and
applied for systems that consist of multiple components, that can be partitioned into an assembly of sub-
components. The earliest utilization of substructuring were in 1960 by HURTY [5] and later introduced as
the first CMS technique by combining rigid body modes, constraint modes and fixed-interface modes [11].
That approach was later simplified by CRAIG and BAMPTON in 1968 [1] and up until this day it is one
of the most used CMS methods in academia and the industry, referred as the HURTY/CRAIG-BAMPTON

(HCB) approach. The HCB method uses a truncated set of fixed-interface modes, which are computed via
CEA whilst fixing all interface degrees of freedom (DOF). The fixed-interface modes are ought to repre-
sent the interior dynamic of a substructure. A set of constraint modes, where each deformation shape is
calculated by applying an unit displacement on one interface DOF whilst fixing the other interface DOF, is
ought to represent the interface influences on the substructure. These two mode sets combined represent the
HCB transformation matrix. HCB reduced-order-models (ROM) then are assembled to the whole system by
enforcing exact compatibility by the interface displacements, called primal assembly.

Another family of CMS techniques employs a basis of free-interface modes. To form a complete represen-
tation it is needed to include interface attachment modes as well as rigid-body modes if the substructure is
not constrained. The transformation matrix of this reduction method, called CRAIG-CHANG (CC) approach
[6], consists of the rigid-body modes, a set of free interface modes and inertia-relief residual-flexibility at-
tachment modes. Similar methods that use free-interface modes are described in [3, 4]. In a more recent
publication RIXEN [10] proposed the dual assembly of free-interface modes and residual-flexibility attach-
ment modes, called DUAL CRAIG-BAMPTON-method, using interface forces and therefore resulting in a
weakly enforced compatibility when compared to a primal assembled structure. A wider overview of sub-
structuring techniques can be found in [9].

Commonly CMS techniques focus in the reduction of the interior of a substructure while retaining all phys-
ical interface DOF. Often the size of a CMS-ROM size is prevailed by the number of interface DOF, hence,
there is a demand for efficient interface reduction techniques. Interface reduction techniques are not the
scope of this contribution but a review of methods is provided in [18].

The goal of this contribution is to investigate the impact of dynamic substructuring on stability problems by
comparing in the first step the linear stability characteristic of a reduced model structure to the unreduced
model when affected by friction induced self-excitation and secondly comparing results obtained by numer-
ical time integration. In the next chapters an academic model is presented and after a brief description of the
HCB- and the CC-reduction methods, the stability characteristics is presented and discussed in respect to the
influence of MOR on structures under friction induced self-excitation, finally concluding and providing an
outlook for future research.

2 A multiple DoF model problem with friction induced self-excitation

In the following a well-known academic problem of mass on a belt [15, 13, 12] is extended to a chain of
masses to obtain a structure with multiple deflection shapes. Then the generic equations of motions are
derived with an impinging self-excitation due to negative damping.

The model is outlined in Fig. 1 and consists of a simple mass-damper-spring system, which is pressed onto
a belt, coupled with a multiple mass-spring system. Between the belt and the mass sliding friction is present
with a friction coefficient that is a function of the relative velocity vrel. The self-excited oscillator is subjected
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Figure 1: Chain of masses connected with springs and damper, partitioned into interface and interior parts,
with an exemplary belt with a friction coefficient, that depends on the relative velocity.

to linear structural damping. The equations of motion read

Mẍ + Pẋ + Qx + fnl(x, ẋ) = 0, (1)

where the nonlinear forces are described as

fnl = wFµ(vrel), vrel = v0 −wT ẋ, w = [1, 0, ..., 0]T ∈ Rn

with the vector w specifying the location of the belt. With introducing the relation ω1 =
√
k1/m1 and the

characteristic length L the dimensionless quantities read

u = x/L, u = [u1, ..., un]
T ,

τ = ω1t, ṽrel = vrel/ω1L, (2)

m̃n =
mn

m1
, k̃n =

kn
k1
.

As a result the equations of motion read

Mu′′ + P̃u′ + Qu +
wFµ(ṽrel)

ω2
1m1L

= 0, (3)

with ()′ = d/dτ describing the differentiation with respect to the dimensionless time τ . Linearizing with
respect to the rest position u0 = [u1, 0, ..., 0]

T leads to the matrices

M = diag(1, m̃2, ..., m̃n), D =

[
d1−Fµ(ṽrel)
m1ω2

1L
0

0 0

]
, (4)

K =




1 + k̃2 −k̃2 0 . . . 0

k̃2 + k̃3 −k̃3
. . .

...
. . . . . .

−k̃n−1 0

sym. k̃n−1 + k̃n −k̃n
k̃n




, (5)

and the resulting equations of motion

Mu′′ + Du′ + Ku = 0. (6)
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To be able to assess the nonlinear behaviour the velocity dependent friction law was regularized and fitted
to a characteristic, where the transition from static friction to sliding friction shows a negative gradient.
Therefore the friction coefficient µ is written as

µ(vrel) = (0.3)
2

π
arctan(vrel/ε) + 0.2e(−2|vrel|), (7)

where ε is a constant, that changes the transition characteristic from static to sliding friction. Fig. 2 shows
the resulting nonlinear force as a function of vrel with the different values for ε.

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5 3
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−0.2

0

0.2

0.4
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ṽrel [-]
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µ

[-]

ε = 1e−1
ε = 1e−2
ε = 1e−3

Figure 2: Regularized, velocity dependent force curve.

For the presented cases in the next chapters ε = 0.001 is used.

3 Model order reduction

This section presents two different substructuring techniques which are considered in this contribution. The
HCB- and the CC-methods will then be applied to the model structure (Fig. 1).

3.1 Hurty/Craig-Bampton Method

The system of equations of motion for a substructure reads

Mü + Du̇ + Ku = f . (8)

The substructure equations of motion are partitioned into interior (subscript i) and interface (subscript b)
DOF, as [

Mbb Mbi

Mib Mii

](
üb
üi

)
+

[
Dbb Dbi

Dib Dii

](
u̇b
u̇i

)
+

[
Kbb Kbi

Kib Kii

](
ub
ui

)
=

(
fb
0

)
(9)

where the indices b and i are relating to the interface and internal component of the system matrices and
vectors. The static response of the substructure interior is computed by prescribing a unit displacement at
one interface DOF at a time while holding all the other interface DOF fixed. These CMs are given as

Ψ =

[
I

−K−1ii Kib

]
. (10)

The CMs form a static condensation that leads to a reduced model. This leads to a representation where all
interior DOF are eliminated and the physical interface DOF are retained. To enhance the capability of the

4404 PROCEEDINGS OF ISMA2018 AND USD2018



reduced representation to capture the dynamic behaviour of the model, the internal dynamic of the model
has to be taken into consideration. The set of CMs is then complemented with a set of dynamic modes by
assuming a harmonic solution for the interior DOF where the interface DOF are held fixed. The modes are
given as (

Kii − ω2
rMii

)
(φi)r = 0, (11)

where (φi)r is the eigenvector to the corresponding eigenfrequency ω2
r . These eigenvectors are referred to

as fixed-interface modes. The modes are mass normalized and a selected number of these eigenvectors will
then provide a basis for the interior representation of the substructure, which are formed as

Φ =

[
0

(φi)1, . . . , (φi)n

]
=

(
0
Φi

)
. (12)

The combination of the constraint modes and the fixed-interface modes then shape the HCB transformation
matrix as

THCB =
[
Ψ Φ

]
. (13)

The HCB reduction matrix provides a transformation from the physical DOF to HCB generalized DOF,
expressed as

u =

(
ub
ui

)
≈
[

I 0

−K−1ii Kib Φi

](
ub
qi

)
= THCB

(
ub
qi

)
. (14)

qi are the modal coordinates linked to the fixed-interface modes. This transformation matrix can be used to
transform the mass, damping and stiffness matrices into their HCB representations.

MHCB = TT
HCBMTHCB, DHCB = TT

HCBDTHCB, KHCB = TT
HCBKTHCB. (15)

The coupling of two HCB models is conducted by a primal assembly. With a constraint equation a trans-
formation matrix can be formed to couple the models. As this contribution in particular investigates the
influence of MOR on one substructure, the coupling of substructures won’t be illustrated. More details on
the assembly of HCB reduced order systems are found in [18].

3.2 Craig-Chang Method

While the HCB reduction method utilizes fixed interface modes, there are also various methods employing
free-interface modes. One of these techniques is the Craig-Chang reduction method. The free-interface
vibration modes are shapes of the structure when the interface DOF are unconstrained. The modes are
obtained solving the eigenvalue problem of the whole system (Eq. 8):

(
K− ω2

rM
)
(φf )r = 0. (16)

The free vibration modes contain the full vibration content of the substructure and are referred to as Φf in the
further context. The free vibration modes are not enough to meet static completeness. Hence, by augmenting
Φf with two additional mode sets the problem is addressed. First the rigid-body modes are computed, if the
system is not fully constrained, written as

KΦr = 0. (17)

The rigid-body modes Φr represent the substructure’s displacement without deformations. Whereas con-
straint modes are defined by a unit displacement at one boundary DOF while fixing the rest, attachment
modes are defined by a unit force at one interface DOF while letting the other DOF free. Due to disadvanta-
geous properties attachment modes are discarded in favour of residual attachment modes (RAM). However,
in order to obtain RAMs, attachment modes computed first, defined as

Ψam = K+

[
I
0

]
= GF, (18)
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where K+ denotes the generalized inverse or pseudo-inverse of the stiffness matrix, which is the definition of
the flexibility matrix G. If the structure is fully constrained by the boundary conditions, K+ = K− = G is
valid and the computation is obtained from Eq. (18). In the case that the substructure is not fully constrained,
K is singular and there is a special procedure for computing attachment modes with the elastic flexibility
matrix Gf . In [19] it is shown, that for an unconstrained system with n DOF and nr rigid body modes, the
spectral expansion of Gf is

Gf =
n∑

j=nr+1

φf,jφ
T
f,j

ω2
f,j

, (19)

where φf,j is a free vibration mode. The spectral expansion shows, that the flexibility of the free vibration
modes will then be accounted for twice. That poses a disadvantage in regards to convergence reasons,
therefore RAMs are introduced. The residual flexibility matrix reads

Gr = Gf −
nf∑

j=nr+1

φf,jφ
T
f,j

ω2
f,j

, (20)

where nf denotes the number of free vibration modes that are included in the reduction basis. Hence, Gr

stores the information of the nd = n − nf discarded modes. With the obtained matrix, the RAMs are
computed as

Ψram = GrF. (21)

After the computation of the three mode sets the CC transformation matrix can be assembled to

TCC =
[
Ψr Φf Ψram

]
(22)

and it provides the transformation from physical DOF to CC generalized DOF, expressed as

u ≈
[
Ψr Φf Ψram

]



qr
qf

qram


 = TCC




qr
qf

qram


 . (23)

qr,qf and qram are the modal coordinates linked to the complete substructure. The transformation matrix
then can be used to transform the system matrices into their CC representations

MCC = TT
CCMTCC, DCC = TT

CCDTCC, KCC = TT
CCKTCC. (24)

The CC reduced order model can be coupled via primal assembly. Similar to HCB-ROMs a constraint
equation leads to a transformation matrix for the full coupled system of substructures. As already mentioned
in the previous subsection, this will be neglected in this contribution.

4 Results

To assess the propensity for a system to loose the stability of the rest position the so-called CEA is used, as
already mentioned in the introduction. Therefore the system equations are linearized around the rest position.
The eigenvalue problem for the chain of oscillators (Fig. 1) is written as

(λ2M + λP̃ + Q)φ = 0, (25)

where λ are the complex eigenvalues and φ are the eigenvectors of the unreduced reference system. Accord-
ingly the complex eigenvalues of the HCB-reduced model are computed with

(λ2HCB(T
T
HCBMTHCB) + λHCB(

˜TT
HCBPTHCB) + (TT

HCBKTHCB))φHCB = 0 (26)
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and for the CC-reduced model

(λ2CC(T
T
CCMTCC) + λCC(

˜TT
CCPTCC) + (TT

CCKTCC))φCC = 0 (27)

respectively.

For the comparison of the stability behaviour of the models the location of the belt and the number of consid-
ered modes is of high interest. Therefore a varation of the belt location and the number of considered modes
of the ROM were done. The model structure (Fig. 1) was set to a size of ten masses. The reduced represen-
tations of the model always discard the modes in ascending order, beginning with the highest corresponding
frequency.

max(<(λi)) > 0

max(<(λi)) < 0
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(a) Comparison of max(<(λ)) = 0 for different belt
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Figure 3: Linear stability results for different belt locations and various reduced model sizes.

While variating also the friction gradient, the location of the belt shows little to none influence for the re-
duction methods on the bifurcation point (Fig. 3a). The highest deviation for the bifurcation point is seen
for the HCB-method, when the belt is located under the mass m2. With increasing the number of modes in
the reduction basis for this case (m2) of the HCB-ROM, the difference to the full model decreases and its
influence on the stability border seems to be neglectable(Fig. 3b).

The results of the reference model are compared to the reduced models, where the model sizes are reduced
from ten to five DOF. The nonlinear results (Fig. 5) show, that there is a difference in terms of occurring
frequencies in the time signals. The reduced representations capture a different behaviour in the considered
frequency range.

5 Conclusion and outlook

This contribution aimed at the question, if model order reduction of a structure is stability-preserving. Two
different model order reduction techniques and a multiple DOF structure were presented and the stability
characteristics of the original structure and the reduced structures were compared. The linear results show
good agreement and indicate, that the reduction methods do not change the location of the bifurcation point
significantly in the examined case. The bifurcation point is independent to the location of the belt and the
number of considered modes in the reduction basis. Moreover the CC-method shows better agreement than
the HCB-method.
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Figure 4: Eigenvalues of the linearized state with the belt under m2 and dµ/dvrel = −0.2677.
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after 10000 time steps.
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Figure 5: FFTs over time for the unreduced, the HCB-, and the CC-representation with the belt under m2.

The nonlinear results do not allow a clear conclusion. On one hand the findings show an unstable system be-
haviour for all models, on the other hand there are significant differences between the occurring frequencies.
There a extended study is needed, where the result can be discussed in regards to the reduced-model size.

In future studies further model order reduction techniques, e.g. the Dual Craig-Bampton-method, will be
investigated and applied to a extended model structure, where the influence of different interfaces between
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substructures can be examined. Moreover interface reduction techniques will be evaluated in conjunction
with self-excitation. Also the nonlinear consideration has to be explored to find appropriate criteria in order
to assess the quality of the reduced order model. In addition it is intended to implement different analysis
methods with direct approximation of the limit cycle via Harmonic Balance.
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Abstract 
This paper proposes a method for natural frequency assignment by semi-actively changing coupling 

stiffness matrix. This method can decide the coupling stiffness basically in one-time calculation to assign 

natural frequency. For two vibration systems connected with springs at multi-points, the compliance 

matrix which is sum of two system’s compliance matrixes and the inverse matrix of coupling stiffness 

matrix at coupling degrees of freedom becomes rank deficient at natural frequencies, and consequently the 

condition for resonance occurrence is equivalent that all column vectors of the matrix exist in a 

hyperplane. The coupling stiffness is obtained to meet this condition by inner product calculation between 

a column vector in the compliance matrix and the normal vector of a hyperplane at required frequency. In 

a feasibility study, the method was applied to two beams connected with three translational springs.  

1 Introduction 

In the vehicle development for noise and vibration, it is necessary to design the vibration characteristic of 

the body for various kinds of operational force. In recent years, it has become difficult to design the 

vibration characteristics of the vehicle body with many natural frequencies, while satisfying these severe 

requirements, as the demand for the improvement of the collision safety performance and weight 

reduction. In the future, the engine sound is eliminated by the electric motor drive vehicle, and the road 

induced noise is especially important. In addition to the change of road profile, the operational input to the 

vehicle is changed during the driving by the effect of nonlinearity of the tire and suspension, such as the 

amplitude dependence of tire rubber characteristics. Therefore, it is necessary to reduce the road induced 

noise in response to the changing input, instead of the conventional body structure optimization for further 

performance improvement requirements. The active noise control which reduces the sound pressure of the 

car in the opposite phase is an effective method. However, it is difficult to widely reduce the noise because 

the cost is high to achieve sufficient effect in a wide frequency band [1].  

From these background, assumed that the semi-active control is generally low in cost for active control, 

and considered that a sub system as a body part or an attachment module of the main body, we are 

researching a technique to reduce the road induced noise by controlling the coupling spring which 

connects the main and sub systems while suppressing the mass increase and cost of countermeasure. Road 

induced noise is wide band frequency phenomena and operational force to the body changes in response to 

road surface and vehicle speed, therefore it is necessary both to reduce the noise peak level and to make 
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the noise level smooth against target line in frequency range. If there is a steep peak in the noise but it’s 

not so high level, the peak is very noticeable for driver. Therefore, the purpose of this study is to smooth 

the interior sound pressure level of a vehicle in frequency range. For smoothing, it is necessary to control 

the vibration level of the body in response to the input from the suspension to the body. To achieve this, it 

can be considered that the method of controlling the anti-resonant frequency of the body's response point 

to assign close to the peak frequency of the input, and controlling the resonance frequency of the body to 

assign to lower level of input separating from the peak frequency of it. To further smooth the response, it 

is also possible to control the resonance level of the body. In this paper, we examine the control method of 

the resonance frequency. In addition, because there are several resonances in the tire and suspension and 

the body, it is desirable that the resonance control of the body can control multiple resonance at the same 

time. Therefore, for the development of this research in the future with the intention of increasing the 

control degree of freedom, the coupling spring between the main and sub systems is assumed to be a 

multi-degree-of-freedom connection. 

In semi-active control, it is necessary to determine the change of the characteristic of the coupling spring 

which is controlled. Conventionally, the following passive methods have been used to analyze vehicle 

noise and vibration problem and to make clear change amounts of dynamic characteristics of vehicle’s 

parts. First, we measure the actual vibration and frequency response function of the body and perform the 

transfer pass analysis [2-6]. Next, we focus on the main transfer path contribution, and analyze the 

experiment mode analysis of the body, the panel contribution analysis, and the analysis that considers the 

coupling between the body structure system and the room acoustic system [7]. In addition, the sensitivity 

analysis is performed on the transfer function of the body, and the stiffness addition and the mass addition 

to the parts where the influence is large are done by the reduction of the body sensitivity [8,9]. However, 

in order to obtain an optimal solution these methods need iterative computation and it is not suitable to 

calculate and apply the control to the phenomenon that the input changes at any moment. Therefore, in 

this paper, we propose a simple method that can calculate the coupling stiffness to shift the resonant 

frequency from peak frequency of input within a suitable calculation load for sequential computation. 

For a simple method, we think it is important to grasp the vibration coupling relation between the two 

systems of the main system and the sub system. In the coupling analysis of the vibration system, there is a 

study using the transfer function synthesis method [10,11]. They define the kernel compliance matrix that 

contains information of the vibration coupling relation at connection points, and they proposed a method 

to analyze coupling relation by making the kernel compliance matrix a diagonal using eigenvalues and 

eigenvectors Furthermore, in order to derive analytical solution of the relation between them, the coupling 

degree of freedom is reduced to two degrees of freedom, and it is applied to the analysis of one resonance 

that the tire and the suspension are coupled.  

  From above, in this paper, it is intended to smooth the response of the frequency domain to the two 

vibration systems combined with multiple degrees of freedom, it is assumed a semi-active control, to 

create a simple method of assigning a coupled resonance to a target frequency. Therefore, the coupling 

springs which connect the main and sub systems are independent of each other. In particular, the coupling 

spring is connected at only one degree of freedom of the same connection point of the two systems, and 

not to connect it across the connection point. This means that the matrix of the coupling stiffness in the 

kernel compliance matrix becomes a diagonal matrix, and the column vectors in the kernel compliance 

matrix can be controlled independently. In addition, we clarify the condition expression of the resonance 

generation by analyzing the relation of these column vectors as a geometric vector. By using this condition 

expression, we propose a method which can easily calculate the coupling stiffness to assign the resonance 

to the target frequency by changing only one coupling stiffness. We also propose a method to use this 

method for structural design semi-active control systems. 
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2 Assignment Method of Resonance Frequency of Coupled Two 
Systems 

In this chapter, firstly, the condition of resonance generation is cleared by the analysis for coupling 

relation between two systems connected at multi-points, then, simple method for assigning the resonance 

frequency using coupling spring is explained. 

2.1 Condition of resonance generation for coupled two systems 

2.1.1 Equation about coupling relation of two systems 

Fig.1 shows vibration system diagram. Main system A and sub system B are connected at multi-points 

with coupling springs. Main system A assumes body and sub system B assumes part of the body or 

attachment module. Coupling stiffness is control object. Character 1 and 3 in main system A mean each 

input region and response region. Character 2 in main system A and sub system B mean connection region. 
 

 

Figure 1: Vibration System diagram. Main system A and sub system B are coupled at multi-point with 

coupling springs. Here F(ω) indicates input force. X(ω) indicates response of main system A. 

Input region, connection region and response region are respectively indicated by 1, 2 and 3. 

 

Based on the sub-structuring method, the response X in region 3 by operational force F in region 1 can be 

written as 

𝑿 = {𝑮31
A − 𝑮32

A (𝑮22
A + 𝑮22

B +𝑲−1)
−1

𝑮21
A } 𝑭 (1) 

𝑮 is compliance matrix. The left of lower subscripts of matrix shows response region, the right of lower 

subscripts shows input region and upper subscript shows main or sub system．𝑮22
A  is the compliance 

matrix of main system A at connection region and 𝑮22
B  is the compliance matrix of sub system B at 

connection region. 𝑲−1 is the inverse matrix of coupling stiffness matrix. The sum of 𝑮22
A ，𝑮22

B  and 𝑲−1 

named kernel compliance matrix 𝑮𝑘𝑒𝑟  [10] and the kernel compliance matrix is a matrix that 

quantitatively expresses the vibration coupling between the main system A and the sub system B through 

coupling spring. Further, sum of 𝑮22
A  and 𝑮22

B  is expressed by 𝑮22
AB and 𝑲−1 is replaced by 𝑱 named as 

coupling stiffness compliance matrix. Using 𝑮22
AB and 𝑱, the kernel compliance matrix 𝑮𝑘𝑒𝑟 is defined as, 

 
(2) 

If the coupling degrees of freedom of main system A and sub system B are  𝑛, the kernel compliance 

matrix 𝑮𝑘𝑒𝑟 is represented by 𝑛 × 𝑛 matrix as follows. When each coupling spring connects only between 

the degree of freedom in the same direction of the two systems at same connection point, the coupling 

n Points 1 

2 

X(ω) 

3 

F(ω) 
Main System A 

2 

･･･ k 

Sub System B 
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stiffness matrix 𝑲−1 becomes a diagonal matrix, then coupling stiffness compliance matrix 𝑱 is also a 

diagonal matrix which diagonal elements are the inverse of coupling stiffness. 

   

(3) 

Here, 𝑱(: , 𝑗)=1/kj .In addition, the kernel compliance matrix 𝑮𝑘𝑒𝑟  consists of the following  𝑛 × 1 

column vector 𝑮𝑘𝑒𝑟(: , 𝑗), 𝑗 = 1, ⋯ , 𝑛.  

   

(4) 

Here, in accordance with the notation of the literature [12], the 𝑗 column vectors in 𝑮𝑘𝑒𝑟, 𝑮22
AB and  𝑱 of eq.  

(2) are respectively represented as 𝑮𝑘𝑒𝑟(: , 𝑗), 𝑮22
AB(: , 𝑗) and 𝑱(: , 𝑗). 

2.1.2 Condition of resonance generation 

We clarify the condition of the resonance that the main system A coupled with the sub-system B through 

coupling spring by the analysis of the kernel compliance matrix 𝑮𝑘𝑒𝑟. The resonance frequency is called 

the coupled resonance frequency of the resonance that the main system A and the sub-system B are 

coupled. 

In the case of the non-damping system, the coupled resonance occurs in the condition that the kernel 

compliance matrix 𝑮𝑘𝑒𝑟 has zero eigenvalues. 𝑮𝑘𝑒𝑟
−1  has the infinity eigenvalues, and the response of all 

systems is an infinite level. The conditional expression with zero eigenvalues is det(𝑮𝑘𝑒𝑟) = 0, which is 

used to determine the coupling stiffness value. However, in the case of multi-degree-of-freedom 

connection in this paper, since the computation of the determinant is complicated, we derive the condition 

of resonance in the form of a simple expression by analyzing the column vectors of the kernel compliance 

matrix 𝑮𝑘𝑒𝑟 as geometric vectors. 

In the condition that 𝑮𝑘𝑒𝑟 has zero eigenvalues, at least one column vector is dependent on the column 

vector 𝑮𝑘𝑒𝑟(: , 𝑗) that constitutes the kernel compliance matrix, and the rank deficient of the matrix occurs. 

The dependency of the column vectors in the case of coupled resonance is shown in Fig. 2 as an example 

of a 3×3 kernel compliance matrix. In this example, since the column vector of the kernel compliance 

matrix is a number vector of three dimensions, the starting point is the coordinate origin, and the first to 

third line components of 𝑮𝑘𝑒𝑟(: , 𝑗) are drawn in the standard base. Here, the base vector of the standard 
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base is represented by 𝒆1 = [1,0,0]𝑇 , 𝒆2 = [0,1,0]𝑇 , 𝒆3 = [0,0,1]𝑇. Fig. 2 shows that the zero eigenvalue 

is one, and three column vectors exist on the same plane. In Fig. 2 (a) (c), we saw this plane from a slant, 

it is unclear that there are three vectors in the plane, but in Fig. 2 (b) seen from the side of this plane, three 

vectors can be confirmed to be aligned. In the case of two zero eigenvalues, three vectors exist on the 

same line and can be expressed in one-dimensional space. 
 

 

Figure 2: Relation among three column vectors 𝑮𝑘𝑒𝑟(: , 𝑗), 𝑗 = 1,2,3. In this case study, the size of the 

kernel compliance matrix 𝑮𝑘𝑒𝑟 is 3×3 and it has zero eigenvalue. If one column vector is 

dependent on other two column vectors, then three vectors are on a same plane. Here, 

viewpoint is indicated by azimuth angle θAz and is elevation angle θEl. 
 

Therefore, it is necessary for the n×n kernel compliance matrix to have one or more zero eigenvalues if 

the coupling point is n degrees of freedom. One column vector of the kernel compliance matrix is 

dependent on other 𝑛 − 1 column vectors. This is equal that n column vectors constituting the kernel 

compliance matrix exist on the 𝑛 − 1  dimensional hyperplane. Therefore, the condition for coupled 

resonance generation is that one column vector 𝑮𝑘𝑒𝑟(: , 𝑗) and normal vector n of the 𝑛 − 1 dimensional 

hyperplane spanned by the remaining 𝑛 − 1column vector 𝑮𝑘𝑒𝑟(: , 𝑖),  are under orthogonal condition. 

This is expressed by the following equation. 

𝒏𝑇 ⋅ 𝑮𝑘𝑒𝑟(: , 𝑗) = 0 (5) 

Here, we describe one of the ways to obtain the normal vector n of the 𝑛 − 1 dimensional hyperplane. If 

the kernel compliance matrix 𝑮𝑘𝑒𝑟 has zero eigenvalues, determinant of 𝑮𝑘𝑒𝑟 is 0： det(𝑮𝑘𝑒𝑟) = 0. The 

following equation is obtained when the determinant of 𝑮𝑘𝑒𝑟  is expanded with cofactor expansion 

regarding  j column. 

 
(6) 

Here, 𝐶𝑖𝑗 is (i, j) cofactor of 𝑮𝑘𝑒𝑟 . The right side of Eq. (6) is inner product of the column vector 

𝑮𝑘𝑒𝑟(: , 𝑗) and the vector [𝐶1𝑗, 𝐶2𝑗, ⋯ , 𝐶𝑛𝑗]
T composed of cofactor of 𝑮𝑘𝑒𝑟 . Therefore, vectors 

[𝐶1𝑗, 𝐶2𝑗, ⋯ , 𝐶𝑛𝑗]
 T can be regarded as the normal vector n of equation (5). In other words, the normal 

vector n of the 𝑛 − 1 dimensional hyperplane can be determined from the cofactor of 𝑮𝑘𝑒𝑟. 

In this way, the normal vector n of the 𝑛 − 1 dimensional hyperplane is important to the condition of the 

coupled resonance, but also includes information to determine the level of the response. The purpose of 

this paper is to propose the method to assign a resonant frequency, but for future research, here, we simply 

arrange the relationship between the response level and the normal vector n. When the 𝑮𝑘𝑒𝑟 has a zero 

eigenvalue and the eigenvector 𝜳 corresponding to a zero eigenvalue 𝑮𝑘𝑒𝑟 ⋅ 𝜳 = 0 is established [10]. For 

this expression, the following equation is obtained when considering that 𝑮𝑘𝑒𝑟 is a symmetric matrix. 

ji 
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𝜳𝑇𝑮𝑘𝑒𝑟 = 𝟎,  ∴ 𝜳𝑇 ⋅ 𝑮𝑘𝑒𝑟(: , 𝑗) = 0 (7) 

Therefore, from the formulation (5) and (7), the relation between the normal vector n of the 𝑛 − 1 

dimensional hyperplane and eigenvector Ψ of 𝑮𝑘𝑒𝑟is the following expression. 

𝒏 = 𝜳 (8) 

Here, from the equation (1), since the internal force vectors generated at the connection points of the main 

system A and sub system B are represented by 𝑮𝑘𝑒𝑟
−1 𝑮21

A 𝑭1
A, the eigenvector 𝜳 and the eigenvalue of 𝑮𝑘𝑒𝑟 

are proportional to the internal force vector [10]. Therefore, from the equation (8), the normal vector n is 

also proportional to the inner force vector generated at the connection points. In addition, the internal force 

vector of the connection point is one of the factors which determines the response level because it acts on 

the compliance matrix 𝑮32
A  of the main system A of the equation (1). From the above, the normal vector n 

is important for the control of the response level. 

2.2 Control method for assigning a coupled resonance frequency by coupling     
stiffness change 

2.2.1 Calculation method to identify a coupling stiffness 

In order to assign a coupled resonant frequency to the target frequency, the column vector 𝑮𝑘𝑒𝑟(: , 𝑗) is 

controlled based on Eq. (5). The simply method by controlling the column vector 𝑮𝑘𝑒𝑟(: , 𝑗) independently 

is explained.  

For controlling the column vector 𝑮𝑘𝑒𝑟(: , 𝑗), it is necessary to change the vector of  j column of 𝑮22
AB or 

coupling stiffness compliance matrix 𝑱 from the equation (4). For example, if you change 𝑮22
AB to change 

the sub system B, all the elements of the column vector 𝑮22
AB(: , 𝑗) are changed and 𝑮𝑘𝑒𝑟(: , 𝑗) cannot be 

independently controlled. On the other hand, when focusing on coupling stiffness compliance matrix 𝑱 is a 

diagonal matrix, it is possible to control only the diagonal component of 𝑮𝑘𝑒𝑟  by changing coupling 

stiffness because the coupling stiffness which is the diagonal component of matrix 𝑱 can be changed 

independently. The column vector 𝑮𝑘𝑒𝑟(: , 𝑗) in Eq. (5) contains only the coupling stiffness 𝑘𝑗 , if you seek 

the normal vector n at target frequency you want to assign the coupled resonance, coupling stiffness 𝑘𝑗  

can be obtained from eq. (5). In other words, it is possible to assign coupled resonance to a target 

frequency by changing only the coupling stiffness.  

Next, we show a procedure for determining a specific coupling stiffness for assigning the coupled 

resonant frequency to any frequency using a single coupling stiffness. 

 When the coupling stiffness 𝑘𝑖 at connection point  𝑗 is changed only Δ𝑘𝑖, assume that vector 𝑱(: , 𝑗)of j 

column in the coupling stiffness compliance matrix 𝑱 and the kernel compliance matrix 𝑮𝑘𝑒𝑟 changes to 

𝑱′(: , 𝑗)  and 𝑮𝑘𝑒𝑟
′ (: , 𝑗)  respectively. The relation between 𝑱′(: , 𝑗)  and 𝑮𝑘𝑒𝑟

′ (: , 𝑗)  is represented by the 

following equation. 

 
(9) 

Here， 

 

(10) 

Now, before coupling stiffness change, in target frequency to generate the coupled resonance, if 𝒏 is the 

normal vector of 𝑛 − 1 dimension hyperplane composed by 𝑛 − 1  column vectors in 𝑮𝑘𝑒𝑟  except for 
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column vector 𝑮𝑘𝑒𝑟(: , 𝑗)  related to the connection point j, the conditional expression of the coupled 

resonance occurs is the following equation from eq. (5) (9). 

𝒏𝑇 ∙ 𝑮𝑘𝑒𝑟
′ (: , 𝑗) = 𝒏𝑇 ∙ {𝑮22

AB(: , 𝑗) + 𝑱′(: , 𝑗)} = 0   ∴  𝒏𝑇 ∙ 𝑱′(: , 𝑗) = −𝒏𝑇 ∙ 𝑮22
AB(: , 𝑗) (11) 

Here, 𝑱′(: , 𝑗) = [0, ⋯ , 𝑱′(𝑗, 𝑗), ⋯ , 0]𝑇，𝒏 = [𝑛1, ⋯ , 𝑛𝑗, ⋯ , 𝑛𝑛]
𝑇
, the following equation is obtained 

when the target frequency is 𝜔𝑇. 

 

(12) 

Compliance 𝑱′(𝑗, 𝑗) is transferred to stiffness by the relation of 𝑱′(𝑗, 𝑗) = 1 (𝑘𝑗 + Δ𝑘𝑗)⁄ . 

 

(13) 

We can easily calculate the coupling stiffness which can assign coupling resonance to target frequency 

𝜔𝑇. 

2.2.2 The way to select of coupling stiffness to change 

Next, we show the way for selecting coupling stiffness which should be controlled from multiple 

coupling stiffness. The ratio of the coupling stiffness (𝑘𝑗 + Δ𝑘𝑗) 𝑘𝑗⁄  is calculated from the following 

equation, and this ratio of the coupling stiffness that the value is closest to 1 is chosen. When the ratio is 

closer to 1, the amount to change by semi-active control is small. It is useful for the reduction of the power 

for control and the responsiveness of control. In this paper, (𝑘𝑗 + Δ𝑘𝑗) 𝑘𝑗⁄  is called the change ratio of 

coupling stiffness. 

 

(14) 

From the above, the procedure to assign the coupled resonance frequency to target frequency by changing 

a coupling stiffness is as follows. 

1: In the target frequency 𝜔𝑇, calculate the amount of coupling stiffness required to assign the coupled 

resonance frequency by Eq. (13) for all coupling stiffness. 

2: Calculate the change ratio of coupling stiffness (𝑘𝑗 + Δ𝑘𝑗) 𝑘𝑗⁄  by Eq. (14) and select a coupling 

stiffness which the change ratio is closest 1. 

2.2.3 The amount of change in the column vector 

To analyze the kernel compliance matrix 𝑮𝑘𝑒𝑟 as a geometric vector, we explain the relationship between 

the change of the column vectors of  𝑮𝑘𝑒𝑟  and the compliance matrix 𝑱. When coupling stiffness is 

changed by Δ𝑘, the amount of change in the column vectors of the compliance matrix 𝑱 is expressed as 

Δ𝑱(: , 𝑗). In this case, the change in the column vectors of the kernel compliance matrix can be written as 

 
(15) 

𝑱′(𝑗, 𝑗) = −
𝒏𝑇 𝜔=𝜔𝑇

∙ 𝑮22
AB (: , 𝑗) 

𝜔=𝜔𝑇

𝑛𝑗  𝜔=𝜔𝑇

 

𝑘𝑗 + Δ𝑘𝑗 = −
𝑛𝑗  𝜔=𝜔𝑇

𝒏𝑇 𝜔=𝜔𝑇
∙ 𝑮22

AB (: , 𝑗) 
𝜔=𝜔𝑇
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Here 

 

(16) 

From equation (16), we can understand that in the case of Δ𝑘𝑗 → ±∞, Δ𝑱(𝑗, 𝑗) is asymptotic to −1/𝑘𝑗, in 

the case of Δ𝑘𝑗 → −𝑘𝑗 ± 0,  Δ𝑱(𝑗, 𝑗) is asymptotic to ±∞.  

3 Application to Beam Structure 

In this chapter, we apply the theory of the preceding chapter to the beam structure, and assign the 

coupled resonance frequency by changing the coupling stiffness. The relation between the coupled 

resonance frequency and eigenvalue, and the dependency among column vectors in the kernel compliance 

matrix are confirmed as a geometric vector. Finally, we analyze the relationship between coupling 

stiffness and coupled resonance frequency, and describe the way to utilize it for structural design of 

coupling spring. 

3.1 Analysis model and its vibration characteristics 

A schematic diagram and the specifications of the analysis model are shown in Fig. 3. The main system 

A and sub-system B are respectively lengths of 1.0 m and 0.3 m. In order to take advantage of the mutual 

interference between elastic vibration modes of main and sub systems, the two beams are spring-coupled 

in three places. The degree of freedom of the coupling stiffness is only in the x-direction translation, and 

the coupling stiffness is k1，k2，k3 = 250 N/mm, and the specifications of beam: Young’s modulus = 

2.058×1011 Pa, Density = 7.8×103 kg/m3, Second moment of area = 6.75×10-11 m4, Cross-section area = 

9.0×10-5 m2. The frequency response characteristics of the main system A and sub system B were 

determined by the finite element method, and the frequency response characteristics of the coupled system 

were determined using the equation (1). In Fig. 4, the rightmost x-directional response displacement of the 

main system A for the leftmost x-direction excitation is shown as a blue line, and the frequency response 

characteristics of only main system A are indicated by the green dashed line. At about above 70 Hz, the 

resonance frequency of main system A is changed by the addition of sub-system B, and it is understood 

that both are strongly coupled. Especially, the influence of the sub-system B is large for all systems above 

280Hz.  

 

Figure 3: Analysis model diagram. Main system A and sub system B are modeled by beam elements. 

The number of connection DOFs is three and DOF of connection points is only x direction. 

Coupling stiffness: k1，k2，k3 = 250 N/mm. Specifications of beam: Length of Main System 

A = 1.0 m; Length of Sub System B = 0.3 m, Density = 7.8×103 kg/m3, Young’s modulus = 

2.058×1011 Pa, Second moment of area = 6.75×10-11 m4, Cross-section area = 9.0×10-5 m2 

4418 PROCEEDINGS OF ISMA2018 AND USD2018



 

Figure 4: Magnitude and phase of the compliances of the whole system. Solid line: main system A with 

sub system B which is coupled with springs. Dashed line: only main system A.  

3.2 Relation between eigenvalues and column vectors in the kernel matrix 

We confirm the relation between the eigenvalues and the column vectors of the kernel compliance matrix 

at the coupled resonance frequency. To clarify the size of eigenvalues, Fig. 5 shows the singular value of 

the kernel compliance matrix. In the resonance frequency, it is understood that one singular value is 

minimized (almost 0) corresponding to the zero eigenvalue. The singular value does not become 

completely 0 because of the effect of the frequency resolution of the analysis and because of a small 

damping in calculation. The relation between the three column vectors constituting the kernel compliance 

matrix 𝑮𝑘𝑒𝑟 at resonance frequency 283.9 Hz and non-resonant frequency 250.0 Hz is shown in Fig. 6. 

From Fig. 6 (a), three column vectors exist in the same plane at the resonance frequency, and one vector 

can be confirmed to be dependent on the other two vectors. On the other hand, from Fig. 6 (b), it can be 

confirmed that three column vectors do not exist in the same plane at the non-resonance frequency. 
 

 

Figure 5: Three singular values of Gker of Fig. 4. One singular value almost equals zero at each 

resonance frequency.  
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(a) Relation among three column vectors Gker (:, j ) at resonance frequency: 283.9Hz 

 

(b) Relation among three column vectors 𝑮𝑘𝑒𝑟(: , 𝑗) at non-resonant frequency: 250.0 Hz 

 

Figure 6: Relation among the kernel matrix’s column vectors 𝑮𝑘𝑒𝑟(: , 𝑗). Column vectors 𝑮𝑘𝑒𝑟(: ,1), 

𝑮𝑘𝑒𝑟(: ,2) and 𝑮𝑘𝑒𝑟(: ,3) are respectively plotted with blue, red and orange arrow. Normal 

vector n12 to the hyperplane spanned by 𝑮𝑘𝑒𝑟(: ,1)  and vector 𝑮𝑘𝑒𝑟(: ,2)  is plotted with 

purple arrow. (a) Three vectors at resonance frequency 283.9 Hz exist in a same plane. (b) 

Three vectors at non-resonance frequency don’t exist in a same plane. 

 

3.3 Calculation of coupling stiffness and its change ratio 

3.3.1 Coupling stiffness 

Next, we show an example of assigning a coupled resonance frequency to the target frequency by 

changing one of the three coupling stiffness k1, k2 and k3. 

The target frequency is 250 Hz, and a coupled resonance is generated by moving the three column 

vectors shown in Fig. 6 (b) to the same plane. The value after the change of the coupling stiffness obtained 

from equation (13) is shown in table 1. For the coupling stiffness in table 1, the frequency response 

characteristics of all systems is shown in Fig. 7. For example, in Fig. 7 (a), the coupling stiffness k2 is 

changed from 250 N/mm to 119 N/mm, and the other coupling stiffness k2 and k3 are using the initial 

value of 250 N/mm. From Fig. 7, it is possible to assign resonance to the target frequency of 250 Hz by 

change one coupling stiffness 𝑘𝑗 . In addition, focusing on the response level of 200Hz-280Hz, when the 

coupling stiffness k2 is changed, the anti-resonance frequency occurs below 250Hz, when the coupling 
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stiffness k3 are changed, the anti-resonance frequency is generated more than 250Hz. For this factor 

analysis, the normal vector 𝒏 described in section 2-1-2 is important. 
 

Coupling stiffness 

𝑘𝑗 + Δ𝑘𝑗  [N/mm] 

𝑘1 + Δ𝑘1 𝑘2 + Δ𝑘2 𝑘3 + Δ𝑘3 

76.1 119 74.1 

 

Table 1. The coupling stiffness to assign the coupled resonance to 250 Hz. 

 
 

 

(a) k2 is changed, Solid line (changed): k2 = 119 N/mm, dashed line(initial): k2 = 250 N/mm 

 

 

(b) k3 is changed, Solid line (changed): k3 = 74.1 N/mm, dashed line(initial): k3 = 250 N/mm  

Figure 7: Frequency response function of the whole structure. Solid line: kj is changed to assign the 

coupled resonance to 250 Hz by Eq. 13. Dashed line: kj is initial value.  

 

Next, Fig. 8 shows the column vectors of the kernel compliance matrix at 250 Hz, as shown in Fig. 7 (b), 

which changed the coupling stiffness k3. For 𝑮𝑘𝑒𝑟(: ,3), we plotted the 𝑮𝑘𝑒𝑟
′ (: ,3) and Δ𝑱(: ,3) using the Eq.  

(15) (16). From Fig. 8 (b), it can be confirmed that the initial state of the column vector 𝑮𝑘𝑒𝑟(: ,1), 

𝑮𝑘𝑒𝑟(: ,2) and 𝑮𝑘𝑒𝑟(: ,3) do not exist in the same plane. In Fig. 8 (b), it also confirmed that a new column 

vector𝑮𝑘𝑒𝑟
′ (: ,3) is generated by adding Δ𝑱(: ,3) to the initial state of the column vector 𝑮𝑘𝑒𝑟(: ,3), and 

three column vectors 𝑮𝑘𝑒𝑟(: ,1), 𝑮𝑘𝑒𝑟(: ,2) and 𝑮𝑘𝑒𝑟
′ (: ,3) exit in the same plane. 
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Figure 8: Relation among the kernel matrix’s column vectors 𝑮𝑘𝑒𝑟(: , 𝑗)  and coupling stiffness 

compliance vectorΔ𝑱(: ,3). Initial vector 𝑮𝑘𝑒𝑟(: ,3) is changed to vector 𝑮𝑘𝑒𝑟
′ (: ,3) by adding 

vectorΔ𝑱(: ,3) . Δ𝑱(: ,3)  is calculated from Eq.16. These figures show that three vectors, 

𝑮𝑘𝑒𝑟
′ (: ,3), 𝑮𝑘𝑒𝑟(: ,1) and 𝑮𝑘𝑒𝑟(: ,2), exist in one plane at resonance frequency 250 Hz by 

the change of coupling stiffness k3. 

3.3.2 Calculation of the change ratio of coupling stiffness 

We select a coupling stiffness to change after the calculation of the change ratio of coupling stiffness 

(𝑘𝑗 + Δ𝑘𝑗)/𝑘𝑗  from eq. (14). The change ratio of the coupling stiffness for the target resonance 

frequency of 250 Hz is shown in table 2. The change ratio of coupling stiffness of k2 is closest to 1, 

therefore coupling stiffness k2 is selected to change.  
 

Change Ratio of Coupling Stiffness  

(𝑘𝑗 + Δ𝑘𝑗)/𝑘𝑗  

(𝑘1 + Δ𝑘1)/𝑘1 (𝑘2 + Δ𝑘2)/𝑘2 (𝑘3 + Δ𝑘3)/𝑘3 

0.304 0.476 0.296 
 

Table 2: The coupling stiffness by eq.14 to assign the coupled resonance to 250 Hz. 

3.4 Relation analysis between the coupling stiffness and the assignment range 
of resonant frequency for the structural design of coupling spring  

We analyze the assignment range of resonance frequencies by changing the coupling stiffness and 

propose to utilize it for the structural design for coupling spring to realize the coupling stiffness necessary 

for semi-active control. 

The relation between the change ratio of coupling stiffness and coupled resonant frequency is shown in 

Fig. 9 to confirm the assignment range of coupled resonant frequencies. Each of the three line-types is a 

case of changing a coupling stiffness. For example, the legend (𝑘1 + Δ𝑘1)/𝑘1 is the case that the only 

coupling stiffness 𝑘1 is changed, but 𝑘2 and 𝑘3 did not changed.  The initial resonant frequency is shown 

on the right vertical axis so that the resonance frequency and the initial resonant frequency can be 

understood after the coupling stiffness change. It is noted that there is a region that is not plotted under the 

influence of the analysis resolution. From Fig. 9, if the change ratio of coupling stiffness is controlled 

between -1 ~ 2, the resonance can be assigned to the desired frequency below 500Hz by changing only 

one coupling stiffness. On the other hand, there is a region where the coupled resonance frequency is 

hardly assign even if the coupling stiffness is changed, and the tendency is different at each coupled 

resonance. Therefore, there is a difference in the change ratio of coupling stiffness which is necessary for 

the assignment of the resonance frequency, and the following relationship is arranged. Below 150Hz: the 

change ratio of coupling stiffness = about -0.1 ~ 0.3, 150Hz ~ 300Hz: the change ratio of coupling 
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stiffness = about 0 ~ 1, 300Hz ~ 400Hz: the change ratio of coupling stiffness = about 0 ~ 2, 400Hz ~ 

500Hz: the change ratio of coupling stiffness = about-1 ~ 1. In addition, the sensitivity of the resonance 

frequency change for the change ratio of coupling stiffness is different at each coupled resonance. The 

sensitivity below 200Hz tends to be higher than the sensitivity above 200Hz. This information will be 

calculated at the stage when the compliances of the body are obtained, and it is factored into the 

performance requirements of the coupled spring structural design of the semi-active control system. In 

addition, we assume the assignment frequency range for smoothing from the relation between the 

frequency of the suspension transmitted force and the resonance frequency of the vehicle body predicted 

at the vehicle development stage and reflect it into the coupling spring structure design. 

When the coupled resonant frequency of the coupling stiffness k2 is changed, from the intersection of the 

dashed line of Fig. 7 (𝑘2 + Δ𝑘2)/𝑘2 and the horizontal axis of the change ratio of coupling stiffness 0.476 

( 𝑘2 + Δ𝑘2 = 119 N/mm in Fig. 7 (a)), the resonance generated at 250 Hz is found to have occurred by 

shifting the initial resonant frequency 283.9 Hz. Similarly, other resonance frequencies are related to the 

following. The ratio of the initial resonant frequency (Hz) and the resonant frequency (Hz) after k2 change 

is 16.1/16.0, 43.7/43.5, 77.7/77.7, 139.6/139.4, 200.8/198.6, 283.9/249.7, 317.7/287.9, 327.7/327.7, 

367.1/362.0, and 488.6/488.2.  
 

 

Figure 9: Relation between the change ratio of coupling stiffness (𝑘𝑗 + Δ𝑘𝑗)/𝑘𝑗  and resonance 

frequency calculated from Eq. 14. Blue solid line: only k1 is changed. Green dashed line: 

only k2 is changed, Red dot chain line: only k3 is changed.  
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Conclusion 

For smoothing the response in the frequency domain of two vibration systems coupled with multiple 

degrees of freedom, we developed a method of assigning the coupled resonance frequency to the target 

frequency without repeated calculation assuming the use it in semi-active control. 

 

(1) This method is based on moving the column vectors constituting the kernel compliance matrix to the 

same hyperplane in order to occur rank deficient the kernel compliance matrix at the target 

frequency. Using the normal vector of this hyperplane, we clarified that the condition expression of 

the resonance generation is equivalent that inner product of the normal vector and the column vector 

equals to zero. As a result, the amount of change of the column vector can be obtained without 

repeated calculation. 

(2) In order to change the column vectors shown in the above (1) independently by the semi-active 

structure change, we proposed that only the coupling stiffness with independent freedom from each 

other connecting the two systems can be changed. If the structure of the sub system itself is changed, 

each column vector changes at the same time, but if the coupling stiffness is changed, only the 

diagonal component of the kernel compliance matrix is changed, and each column vector can be 

manipulated individually. We realized a method to assign the coupled resonance to the target 

frequency by changing one of the coupling stiffness by using the conditional expression of the 

resonance generation of the above (1). It is possible to calculate the coupling stiffness using only the 

compliance of the connection point and the normal vector of the above (1). We propose a method to 

select a coupling stiffness which should be controlled from multiple connection points using the all 

calculated coupling stiffness. 

(3) As a numerical example, we applied this method to two beam structures which were connected in 

three places by a translational one-degree-of-freedom spring and confirmed the validity of this 

method. We analyzed the assignment range of the coupled resonance frequency for the ratio of the 

initial coupling stiffness and the changed coupling stiffness, then we propose to use this result as a 

performance requirement for the structural design of the coupling spring in semi-active control 

system. 
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Abstract 
Squeak and Rattle are nonstationary sounds that imply quality deficiency in premium cars. In order to 

enhance prediction and verification capabilities of squeak and rattle problems upfront in product 

development phases, robust and accurate virtual models are required. In this research, a modelling 

approach is employed to simulate the nonlinear response of impact events from a rattle-producing machine 

by finite element analysis. The model comprises nonlinear contact interactions to capture the system 

response at impact events and is correlated versus experimental data considering the modal and time 

domain response. A sensitivity study is performed on the parameters of the contact model. System 

response is formulated in the form of impact kinematic and kinetic components, which are well correlated 

with rattle sounds in impact events. The parameters with high impact factor are identified. These results 

can be used to estimate the response with higher accuracy and enhance rattle event prediction capability. 

1 Introduction 

Squeak and rattle sounds have always been among the top quality concerns in automotive industries, even 

in early decades of the past century [1]. Squeak and rattle, in the view of car users, denote a failure mode 

and the need for a workshop visit. This burdens high warranty costs on car manufacturers [2]. However, 

the “find-and-fix” approach has remained the most common treatment in automotive industry to deal with 

squeak and rattle problems [3]. In practice, using tapes and greases in problematic areas is the number one 

solution in car production lines. This indicates a huge amount of workload in late development phases and 

often demands the availability of physical complete vehicle prototypes. Needless to say that each physical 

prototype demands considerable project resources both in terms of material and man-hour costs. While 

automakers try to shift product development engineering activities from late phases to early phases, 

measures should be taken into account to ensure reliable product verification methods. Simulation by 

computer aided engineering (CAE) has been widely used in different industries and for different 

disciplines for design and verification purposes.   

Computer simulation has been used as an early phase development tool to predict and eliminate rattle 

problems in automotive industry. Her and colleagues used a single degree of freedom mass damper model 

to predict the rattle sounds [4]. They used a threshold method as a function of relative impact velocity to 

predict the impact sound pressure level. The method subjected to periodically excited systems and results 

showed good accordance with physical data for the frequencies outside the resonance regions. In another 

study, Choi and co-workers worked on the idea of using Rayleigh integral equation to estimate the emitted 

sound from a flat vibrating panel [5]. In this method, surface velocity of impacting parts was used to 

calculate the sound pressure as a function of distance from the impact point. The proposed method was 
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applied for a glove box in a cockpit assembly of a car and the results correlated well with experiment in 

time and frequency domains. 

In [6] and [7] two methods for rattle prediction are presented, both applicable to industry today since they 

both use ordinary NVH models (Noise, Vibration and Harshness). A linear simulation approach and added 

elements in the critical interfaces is common for both methods. The added elements called “Virtual 

sensors” in [7] and “SAR-LINETM” in [8], are used differently between the two methods since one method 

is evaluating rattle in frequency domain [7] and the other in time domain [8], but they serve the same 

purpose, store information about relative displacement between the parts in the studied interface. 

According to [7], the “Virtual sensors” were automatically generated and their location was chosen based 

on clearances in the structure. An alternative approach to find the suitable locations for the additional 

elements is to use the contact point analysis method, described in [8]. 

Arun and colleagues gave a good example for nonlinear modelling of rattle events [9]. Although it is not 

an NVH problem, it seeks for an accurate modelling approach of dynamic response of suspended parts 

subjected to dynamic loading conditions. The virtual model was compared to a random excitation 

experiment, and showed the significance of non-linear time domain modelling of the vibration problem, as 

linear motion transmissibility could not capture the vibration phenomenon and predict acceleration levels 

in the parts. They established a soft constrained penalty formulation based contact with static and dynamic 

friction coefficient and viscous damping.  It also gives a good way to reduce computational cost of long 

duration simulations while maintaining accurate contact modelling, by employing a dynamic sub-

structuring strategy. This strategy is based on dividing the structure to parts that behave linearly and 

nonlinearly, and then reduce the linear substructures’ degree of freedom to speed up the computation. 

The linearity in the finite element analysis (FEA) is defined by the mathematical stiffness and load 

components of the modelled structure. In linear FEA, these dataset remain constant during the simulation. 

There is no need for the software to re-calculate stiffness and load components when deformation occurs. 

In nonlinear analyses, which may result from geometry, material properties, or like this case, contact, the 

stiffness or load components vary constantly. A time increment is then needed, since the stiffness and 

force components are needed to be updated at every step of simulation. This is due to the fact that the 

nonlinear phenomena present in the event cause the previously defined parameters unable to describe the 

structure accurately. In finite element tools, contact modelling can be described by preventing (kinematic 

method) or eliminating (penalty method) the penetration of the parts involved using different methods. 

These methods are further described in section 4.1. 

Akay reviewed the process of impact noise generation [10]. He mentioned that there exists a relation 

between peak flow velocity of the sound wave and the relative impact velocity of colliding bodies. He also 

pointed out that for the rigid body radiation part of the impact sound, acceleration of the impacting part 

relates to the peak sound pressure. In addition, it is discussed that the peak sound pressure and the 

momentum of impacting parts are related. In lower frequencies, this relation can be linear, but at higher 

frequencies due to inefficient energy transfer, the relation turns to be nonlinear. For plane vibrations in 

impact events, in low frequencies the radiated sound pressure and normal velocity of impact surface are 

linearly related, while in high frequency the sound pressure is more proportional to surface acceleration. 

According to [10] and [4], impact sound is highly related to relative velocity, impact acceleration and 

momentum of impacting parts and using the surface velocity to estimate the severity of rattle events has 

shown promising results, [5]. However, the finite element approach used for simulating rattle events in 

automotive industry, currently relies on linear models, [6] and [7]. Therefore, in order to further advance 

the assessment criterion for rattle evaluation, nonlinear models capable of predicting impact kinetics and 

kinematics with higher accuracy are required. 

In this study, a nonlinear modelling approach will be used to simulate impact events. For this purpose, 

contact parameters in a finite element model of a rattle producing beam will be investigated. The finite 

element model will be correlated against experimental data and a sensitivity analysis will be conducted to 

identify the important model parameters in contact interaction that have high impact on system response 

and the results will be discussed. 
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2 Methodology 

Figure 1 gives an overall view of the method followed in this work to conduct the study. In this research, a 

physical test setup that was previously built for studying characteristics of rattle sounds was taken as the 

case study. Further details about the physical setup will be given in the next section. Experiments were 

done utilising the rattle test setup. A representative finite element model of the setup was developed. The 

modelling information including, the geometrical dimensions and material properties were obtained from 

the drawings of the physical setup [11]. The finite element model was correlated in three stages. Firstly, 

correlation of eigenvalue analysis of the setup, without the connection to the shaker, was performed versus 

physical measurement. Afterwards, an explicit time domain simulation of the setup was done, while it was 

excited by the shaker and in absence of impact event and results were compared to empirical data. Lastly, 

correlation of an impact event while the test setup was excited by the shaker was performed, utilising 

explicit time domain finite element simulation method. By this, the validity of the model was checked 

against physical data in three steps prior to conducting contact parameter study. Thereafter, the finite 

element model of the setup was used to perform a parameter study, to investigate the parameters in contact 

region that affect the system response. The findings from the parameter study is planned to be examined 

for a car subsystem in future and the results of the computer simulation be compared with experimental 

data for validation purpose. 

 

Figure 1: Research methodology 

3 Modelling and simulation method 

3.1 Experimental Setup 

The test stand used as the case study is depicted in Figure 2. The setup consisted of an aluminium beam 

(1) with 320 [mm] length and 20×6 [mm] rectangular cross-section that was fully clamped to a stand at 

one end (2). On the other end, a material sample (3) with 1.6 [mm] thickness and a circular cross-section 

of 16 mm diameter and with a flat surface was mounted. The material sample was located just in front of 

another material sample (4) fixed to an impact hammer. For this study, both of the material samples were 

chosen to be steel. However, it is possible to repeat the experiment for other metallic and non-metallic 
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material pairs in future. The gap between the two material samples could be adjusted between 10 [mm] 

gap to -5 mm pretention. The beam was connected to a silent shaker by a connecting threaded rod of M6 

size (5). The rod was fastened by nuts (6 and 7) to both the beam and shaker. For further details about the 

setup design please refer to [11]. The experiments were performed in the modal laboratory at room 

temperature. Acceleration data were acquired from two accelerometers and impact force was collected by 

the impact hammer that held the counterpart. Data acquisition was done at 48 [kHz] sampling rate using 

SQuadriga II front end from Head Acoustics, as shown in Figure 2. One accelerometer was mounted at the 

impact point on the tip of the beam (8) and the other at the excitation point on the shaker (9). 

 

Figure 2: Rattle test setup 

3.2 Setup virtual model  

The finite element model was built as a representation of the physical test setup that had been developed 

for rattle sound studies. This model was used and evolved through the described model correlation steps in 

methodology section. It was a goal to have the simplest possible model, while keeping the required details 

in this model for sensitivity analysis of the interesting parameters. Simplicity in modelling will facilitate 

further industrial application of the findings from this work. The finite element model and the boundary 

conditions are presented in Figure 3 (left). The beam elements used to model the shaker connecting rod are 

shown by thick elements for the sake of better visibility. In Figure 3 (right), the impact area at the tip of 

the beam, where material samples are installed, is magnified. The following subsections detail the features 

of the baseline model upon which the parameter study, as described in section 4, was then performed.   

 

 

Figure 3: Complete finite element model of the setup (left) and impact area (right) 
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3.2.1 Mesh 

The finite element model was built in Ansa software with a mixture of solid, shell and beam elements, all 

of them being first order. The mesh size varied between 1 and 2 mm. The type and size of elements were 

chosen based on similar models from the field of NVH. An aim was set to change these parameters, only 

if they were required for the sake of correlation with physical measurements. The model totally consisted 

of 1833 shell elements and 6350 solid elements and it was prepared for running the solutions with Abaqus 

solver. Below is a detailed explanation of the elements used for modelling different parts of the model. For 

information regarding the of element types please refer to [12]. 

• The beam was modelled with 2D shell elements (S3, S4). Using 3D elements gave no higher 

accuracy, while increasing the CPU time. 

• The bolt and nut pair, holding the samples and the samples itself were modelled with 3D brick 

(C3D8) and Penta (C3D6) elements. Since small details of these parts were neglected, the density 

was scaled up to match the original mass. 

• The threaded rod that connected the beam to the shaker was modelled with 1D beam elements 

(Abaqus B31). 

• Small parts with negligible contributing geometry, like accelerometers and nuts of the shaker 

connector rod were modelled as point masses. The equivalent mass values were based on 

measurements and they were validated within the first steps of the model correlation to check if 

they properly represented the parts. 

• The connection between the shaker connector rod and the beam was modelled with rigid elements. 

The mass point representing the accelerometer was connected to the beam with MPC boundary 

condition (multi-point boundary condition). 

3.2.2 Boundary conditions 

The boundary conditions in the model were defined accordingly to the experimental setup. 

• The end of the beam at the support was constrained in all 6 DoF (Degrees of Freedom) since it 

was rigidly clamped in the test setup (point 2 in Figure 2). 

• The nodes of the counterpart sample on the hammer side (point 4 in Figure 2) were constrained in 

all 3 DoF (solid elements were used for these parts). The effect of elasticity coming from the 

hammer support was investigated and was neglected due to its minor effect on the results. 

• The shaker connector rod, at the end where it was fixed to the shaker (point 6 in Figure 2), was 

constrained in all DoF, except the Z direction, which was the excitation direction in the FEA 

model. The Z direction had a prescribed displacement as the input signal that will be discussed 

later. 

3.2.3 Material and property cards 

The finite element model consisted of three types of property cards. One shell property for the beam, 

describing its thickness of 6 [mm], solid properties with the corresponding material cards and the beam 

property for the shaker connector. For the beam, the material and cross sectional properties were also 

included in the property as: 7.85e-9 [t/mm3] density, 2.5 [mm] radius of circular cross section, 210 000 

[MPa] elasticity modulus and 80 796 [MPa] shear modulus. 

Since the modelled part of the setup consisted of only steel and aluminium parts, two groups of materials 

were used. The steel with 210 000 [MPa] elasticity modulus and 0.3 [-] Poisson’s ratio, and varying 

density, as it was required to scale the mass of parts because of geometric simplifications. The baseline 
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density was 7.85e-9 [t/mm3]. The aluminium parts had only one material property with 68 900 [MPa] 

elasticity modulus, 0.33 [-] Poisson’s ratio and 2.609e-9 [t/mm3] density. These values were based on 

6061 aluminium alloy, and were validated by the eigenvalue analysis.  

3.2.4 Contact modelling  

In this study three main groups of contact interaction were employed. 

• Contact pair surface definition with hard kinematic contact method.  

• Contact pair surface definition with penalty contact method. 

• General formulation with penalty contact method. 

These contact interaction variations, as well as further contact interface parameters that were studied and 

considered during the parameter study will be explained in section 4.1. 

3.2.5 Solver and settings 

During the study two solvers were used [12]: Abaqus/Standard for the eigenvalue extraction, using the 

Lanczos method and extracting the first 10 modes; and Abaqus/Explicit was used for the time domain 

simulations. The stable time increments were chosen automatically based on the critical element in each 

increment. No mass scaling and other settings were used in the solver. 

3.3 Eigenvalue analysis  

As mentioned in the methodology section, a step-by-step approach was taken for model validation. In the 

first place, a modal experiment was performed while the connection rod between the beam and the shaker, 

as well as the impact counterpart were removed. The physical setup for modal experiment is depicted in 

Figure 4. An excitation in the form of an initial displacement was applied at the tip of the beam and the 

acceleration signals at the tip of the beam and the connection point to the rod in the free vibration event 

were recorded. Fourier transformation of the empirical acceleration data is shown in Figure 5 (up) and it 

can be observed that the fundamental eigenvalue of the beam was measured at 31.27 [Hz]. 

 

Figure 4: simplified setup for modal analysis 

Similarly, an eigenvalue analysis was performed for the finite element model while the connection rod 

between the beam and the shaker was removed. First eigenmode of the beam, from finite element analysis 

results, is presented in Figure 5 (down) with the scale factor of 2. The fundamental frequency of the beam 
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was computed at 31.94 [Hz]. A good agreement between results of finite element modal analysis and 

experimental data was achieved with an error of 2.14 %. While conducting the modal correlation, where 

required model parameters like mass and mass distribution of simplified parts and Young’s modulus and 

Poisson’s ratio of the beam were calibrated. 

 

 

Figure 5: Experimental eigenvalue analysis result (up), First eigenmode from computer simulation with 

scale factor of 2 (down) 

3.4 Model correlation in time domain  

After analysing the modal behaviour of the disconnected beam from the shaker, dynamic behaviour of the 

system when exposed to shaker excitation was experimentally tested and simulated. The dynamic 

correlation in time domain was performed in two steps: firstly, for no impact condition and afterwards for 

impact events.  

3.4.1 Time domain correlation before impact event 

In the first step, the counter material insert was dismounted from the hammer tip and the system was 

exposed to a sine input of 10 Hz by the shaker. A single wavelength from the measured input sine wave at 

the shaker point was chosen as the input excitation signal for the computer simulation. The excitation 

signal, CAE result and experimental measurement for displacement at impact point are presented in Figure 

6. Results show that the finite element model is capable of predicting the system response accurately. By 

having a closer look at the curves in Figure 6, a shift of 1.7 [milliseconds] in time can be seen between the 

experimental data and simulation results. The source for this difference could be the simplified modelling 

details. The boundary condition at the connection point of the beam to the shaker rod showed to have an 

impact on the shape of the displacement curve. Specifically, a connection with low stiffness at this point 

could lead to a buckling behaviour of the rod, which was reflected as some breakpoints and distortion in 

the displacement curve at the tip of the beam. The other source for this difference could be the difference 

in input signal, since in simulation the input signal was defined in the form of a displacement curve that 

was calculated from measured acceleration data. This will be discussed further in section 3.4.2. However, 
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for the purpose of performing a parameter study and sensitivity analysis, the shape of system response 

agrees with the experimental data. In fact, the CAE model was capable of capturing the interesting 

response details that were needed for the parameter study as will be introduced in section 4.2.  

 

Figure 6: excitation signal, CAE (case 9 in Table 1) result and experimental measurement for 

displacement at impact point 

In section 3.4.2, the signal processing approaches used to minimise the effect of noises on the calculated 

displacement from measured acceleration signals, are described. 

3.4.2 Signal processing 

In experiment, accelerometers were used to measure acceleration data at shaker connection point and tip 

of the beam (points 3 and 9 in Figure 2). The displacement data were obtained by double integrating the 

acceleration data. This caused introduction of a drift in the displacement curves as a result of accumulated 

errors imposed by noises present in the measured data. The noise sources could be electromagnetic 

interferences in the test environment between the measurement cables, data acquisition device, power 

sources, shaker amplifier and the shaker itself, the impact hammer used for measuring the force data and 

computers used in the experimental event. Different signal processing approaches were employed to avoid 

drift in calculated displacement signals as a result of accumulated errors. After trying several filters, 

omega arithmetic method proved to give the best results with the least drifted and distorted data. 

• Mean removal only removed the DC offset, but the signal had a varying drift. 

• 3rd order high-pass Butterworth filter could remove the drift, but distorted the shape of the signal 

near impacts and introduced phase shift. 

• Moving average filter (high pass filtering) gave the second best result, but still resulted minor drift 

• Finally, the omega arithmetic method [13], which allows the elimination of unwanted frequencies 

in the frequency domain before transferring the signal  to the time domain again, was found to be 

the best solution. By eliminating the frequencies causing the obvious distortions in the time 

domain curve, displacement signals without drift were obtained. 

In order to speed up the simulations for parameter study, the starting point of the input signal was taken at 

a time instance close to the first impact and directly before the last “no impact inducing” cycle. To avoid a 

“jerk” at the beginning of the simulation, the input signal was smoothened at the start by a sine wave with 

a local minimum at zero. Using a MATLAB script, it was secured that there was no breakpoint in 

derivative (velocity) and double derivative (acceleration) of the resultant signal at the joint between the 
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measured signal and the sine wave. Finally, in order to make the data handling easier, the signal was 

downsampled to one seventh of the original sample rate, 6.86 [kHz]. This signal was used for both the 

validation and parameter study purpose. 

3.4.3 Time domain correlation for the impact event 

As the next step for validating the finite element model, the same 10 Hz sine input signal, as presented in 

Figure 6, was applied to the model, by including the impacting pairs. In Figure 7, system response for a 

wavelength of the results from the experiment and simulation are illustrated. The results for simulation are 

plotted for different initial gaps between the impacting pairs. As stated before, the rattle producing test 

machine was built in a way to allow changes in initial mounting gap between the two samples, in order to 

study the different mounting interfaces in a car cabin. In the apparatus, gap adjustment was done by a bolt 

gage mechanism. Therefore, the accuracy of the resulted gap was not less than 0.1 [mm]. This could result 

in a deviation from the nominal gap. This uncertainty source, in addition to the uncertainties imposed by 

signal measurement, filtration and finite element modelling uncertainties resulted in a deviation in 

absolute displacement results between the experimental data and simulation results. This can be seen in 

Figure 7. To investigate sensitivity of the system with respect to gap variation, displacement at impact 

point for different installation gaps (2.3, 2.4 and 2.5 [mm]) were simulated. The model setup for this 

simulation was similar to case 9 of the parameter study in Table 1 (section 5). By looking at the curves in 

Figure 7, although the simulation results show a deviation from measured data, it is observed that the 

finite element model is capable of predicting the shape of the signal at the impact point compared to the 

experiment. As discussed before, different sources of uncertainty in data acquisition, signal processing and 

virtual modelling could cause this deviation.  Considering the fact that the model is capable of capturing 

impact response details that were used in the parameter study, which is describe in detail in section 4.2, it 

was assumed that the virtual model was valid enough for performing the sensitivity analysis. 

 

Figure 7: System response for an impact event: experimental vs simulation (case 9 in Table 1) for varied 

gaps of 2.3, 2.4 and 2.5 [mm]. 

4 Parameter study in contact interface 

In order to identify the effect of parameter variations in contact interface on system response, a parameter 

study was planned and performed.  
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4.1 Nominated parameters and the ranges 

The model parameters investigated throughout the parameter study are listed in the left section of Table 1.  

Following is a description of these parameters. 

4.1.1 Contact interaction definition 

Two different definitions of ‘contact pair’ and ‘general contact’ were studied in the parameter study. 

Contact pair surface definition requires the user to manually select the surfaces that are expected to come 

in contact. Whereas, the general contact formulation allows the definition of an area of, or the whole, 

model and locates any contact within that region as the simulation runs. 

4.1.2 Contact mechanics 

Contact mechanics were chosen either in the form of ‘hard kinematic’ or ‘penalty contact’. Hard kinematic 

contact method “uses a kinematic predictor/corrector contact algorithm to strictly enforce contact 

constraints (for example, no penetrations are allowed)” [12]. Penalty contact method searches for 

penetrations and applies forces, which are calculated as a function of penetration, to the slave nodes to 

eliminate penetration. 

4.1.3 Damping 

During the study, damping was studied in two different ways. Rayleigh damping was defined for the 

material card of the beam. Three different options were investigated: one with no damping; one damped 

model with only mass-proportional part of Rayleigh damping; and one only with stiffness-proportional 

part of Rayleigh damping. The mass-proportional damping coefficient was calculated from the damping 

ratio captured during the eigenvalue test described in section 3.3, giving a value for α of 0.8418. The 

stiffness proportional damping was calculated as 5% of the target time step based on a suggestion in [14], 

giving a value for β of 6.627e-9. The other employed damping type was contact damping and it was given 

as a fraction of critical damping coefficient between 0 and 0.2. 

4.1.4 Small sliding 

The effect of small sliding formulation was also studied. In case of employing this option, the pairing of 

dependent and independent nodes takes place only once per increment, opposed to the default setting 

where it is done for every iteration. This should speed up the computation run time, but should only be 

used for contacts with small relative lateral motion, which was the case in this study [12]. 

4.1.5 Friction 

Friction at the contact interface was also investigated. A simple Coulomb friction with a coefficient of 0.2 

was included in the parameter study. 

4.2 Evaluation criteria 

In order to perform the sensitivity analysis, metrics formulated based on the kinematic and kinetic 

response of the system around the impact time were defined and used. These metrics were defined based 
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on the previous studies [10] on correlation between impact sound and impact dynamics and are described 

below.  

4.2.1 Peak impact force 

The absolute value of the impact force contributes to the impact power and relates to impact momentum 

and acceleration. These parameters all affect the peak sound pressure of generated sound [10]. Therefore, 

the peak impact force was chosen as an evaluation criterion. 

4.2.2 Impact power 

It was stated [10] that relative impact velocity between the impacting bodies relates to peak flow velocity 

of the sound wave. In addition, both impact momentum and acceleration correlate well with peak sound 

pressure. Resultantly, impact power formulated as impact force times impact velocity was taken as a 

metric from the system response. In fact, this metric equals to multiplication of impact momentum by 

acceleration. 

4.2.3 Ratio of height of bounce to impact velocity  

Another phenomenon that influence the generated impact sound is the bouncing effect at an impact event 

[10]. To study the bounce characteristics just after the impact, height of the bounce was chosen as an 

evaluating response parameter. In order to track and compare the changes of bounce characteristics among 

different run cases, it was decided to normalise the bounce height with respect to the impact velocity. This 

way, the shape of the bounce can be compared throughout parameter study independent from varying 

impact velocity. 

4.2.4 Frequency of biggest bounce 

Similar to height of bounce at an impact event, the duration of the bounce denotes the shape of it as well. 

The bouncing frequency for the first bounce was calculated and listed as an evaluation criterion. 

5 Results of the parameter study and discussion 

Results of the parameter study are summarised in Table 1. The left part of the table gives the nominated 

parameters and their levels in each run case. On the right side of the table, the calculated values for the 

evaluation criteria are given. For the sake of readability, the following abbreviations are employed in the 

presented results and in the result discussion.  

• Contact definition: Contact Pair (CP), General contact (Gen) 

• Contact mechanics: Kinematic (Kin), Penalty (Pen) 

• Rayleigh damping: stiffness component(Stiff), mass component (Mass) 

• Contact damping [value of critical damping fraction]: Con [value] 
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1 

CP Kin 

 
× × 244.50 0.001254 105.90 8969.54 

2 
  

× 243.31 0.001255 105.30 8918.29 

3 Stiff 
  

242.72 0.001275 88.34 7438.86 

4 
 

× 
 

243.31 0.001324 88.31 7434.48 

5 
   

242.13 0.001324 87.88 7387.63 

6* 
   

242.72 0.001322 87.88 7397.47 

7 Mass 
  

245.70 0.001375 85.70 7195.45 

8 

CP Pen 

Stiff; Con [0.2] 
 

× 244.50 0.001289 82.54 -6982.52 

9 
   

241.55 0.001164 71.64 -6138.49 

10 Stiff 
  

241.55 0.001154 71.67 -6143.95 

11 Con [0.05] 
  

241.55 0.001164 71.64 -6139.00 

12 Con [0.1] 
  

241.55 0.001163 71.64 -6140.12 

13 Con [0.2] 
  

241.55 0.001161 71.64 -6142.09 

14 Mass 
  

242.72 0.001284 69.24 -5929.06 

15 
  

× 264.55 0.001280 82.58 -6870.29 

16 

Gen Pen 
   

246.31 0.001390 84.21 -7098.09 

17 Stiff 
  

245.70 0.001366 84.34 -7168.12 

18 Mass 
  

243.31 0.001299 81.02 -6904.45 

Table 1: Parameter design space and system response from sensitivity analysis of the contact model. * In 

case 6, contact interface was defined by a nodal surface against an element face. 

In Table 1, cases are clustered for the three sets of contact type combinations: [CP + Kin], [CP + Pen] and 

[Gen + Pen]. In general, it is observed that the peak impact force and the impact power (in absolute value) 

are lowest for [CP+Pen] and highest for [CP+Kin]. It can also be seen that ratio of height of bounce to 

impact velocity and bounce frequency is the lowest for [CP+Pen] but higher in the two other 

combinations. By looking at the effect of adding ‘small sliding’ (in cases 1 and 4), no significant influence 

is detected. However, results in Table 1 indicate that including friction in contact interface has a 

significant impact on the system response. If cases 9 and 15 with the only difference in contact friction are 

compared, 15.27% higher peak impact force and 11.92% higher impact power when friction is introduced 

(case 15) are detected. The same applies for cases 2 and 5, where the difference for peak impact force and 

impact power is 19.82% and 20.72% higher in presence of friction, respectively. Moreover, including 

contact friction gives the highest peak impact force and impact power in each set of combinations ([CP + 

Kin] and [CP + Pen]).  

In this parameter study, contact interaction was defined between two element faces at the contact 

interface. However, it is possible to define a contact interface by a nodal surface against an element face. 

This was investigated in case 6 for [CP+Kin] combination. The results indicated no significance impact 
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when nodal-element contact interaction was used. Therefore in the parameter study, only element-element 

contact interactions were considered. In cases 11, 12 and 13, the critical damping fraction of 0.05, 0.1 and 

0.2 were added as the contact damping in [CP+Pen] combination. Results show that adding contact 

damping did not change the response metrics chosen for response evaluation purpose. 

In order to study the effect of adding damping to the model, a comparison is made for the results from 

cases with and without damping as presented in Table 2. For each combination, the stiffness and mass 

components of Rayleigh damping were added to the model and system response was calculated. With 

adding Rayleigh mass damping (cases 7, 14 and 18), the peak impact force and impact power are 

respectively 3.21% and 2.91% lower compared to no damping condition (cases 5, 9 and 16). On the other 

hand, the ratio of height of bounce to impact velocity and bounce frequency increases by introducing mass 

component of Rayleigh damping in cases with ‘contact pair’ definition. Whereas, in cases with ‘general 

contact’ interaction the effect is adverse. Rayleigh stiffness damping (cases 3, 10 and 17), has negligible 

effect on peak impact force, impact power and bounce frequency. While when it comes to the ratio of 

height of bounce to impact velocity, the stiffness damping has a relatively bigger effect, always producing 

a lower ratio. In fact, the case that include Rayleigh mass damping, give the lowest peak impact force and 

impact power in each set of combinations. 
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5 

CP+Kin 
 

242.13  0.001324 
 

87.88 
 

7387.63 
 

3 STIFF 242.72 +0.24 0.001275 -3.67 88.34 +0.52 7438.86 +0.69 

7 MASS 245.70 +1.47 0.001375 +3.88 85.70 -2.48 7195.45 -2.60 

9 

CP+Pen 

 241.55  0.001164  71.64  6138.49  

10 STIFF 241.55 0.00 0.001154 -0.91 71.67 +0.04 6143.95 +0.09 

14 MASS 242.72 +0.48 0.001284 +10.25 69.24 -3.35 5929.06 -3.41 

16 

Gen+Pen 

  246.31  0.001390  84.21  7098.09  

17 STIFF 245.70 -0.25 0.001366 -1.75 84.34 +0.15 7168.12 +0.99 

18 MASS 243.31 -1.22 0.001299 -7.06 81.02 -3.79 6904.45 -2.73 

Table 2: Impact response sensitivity analysis for introducing Rayleigh damping in FE model. The percent 

difference for each response metric is calculated with respect to the corresponding no damping condition  

The displacement results for all cases in the parameter study are illustrated in Figure 8. It can be observed 

that how each parameter variation can affect the shape of the displacement curve at vicinity of impact 

point. To find the parameter variation details for each case in Figure 8, please refer to Table 1. 
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Figure 8: Displacement results at impact point for all cases in parameter study from simulation. To realise 

model details for each case please refer to Table 1.  

6 Conclusion 

In this research a parameter study was performed on the model parameters of a nonlinear finite element 

model aiming at identifying the important contact parameters contributing to the system response. The 

evaluation criteria were chosen as response metrics that relate to generated impact sound. It was shown 

that using the contact interaction in the form of ‘contact pair’ combined with ‘penalty’ method results in 

lowest response values compared to other contact interaction combinations, while combination of ‘contact 

pair’ and ‘hard kinematic’ gives the highest response values. Moreover, it was detected that including 

friction in damping interface has a significant impact on the results. In addition, it can be concluded that 

introducing Rayleigh mass damping in the finite element model, gives the lowest peak impact force and 

impact power in each set of combinations considered in the parameter study. In contrary, the ratio of 

height of bounce to impact velocity and bounce frequency increases by introducing mass component of 

Rayleigh damping in cases with ‘contact pair’ definition. It can also be seen that including ‘small sliding’ 

or ‘contact damping’ in contact interface or adding stiffness component of the Rayleigh damping to the 

model did not affect the system response considerably. 

It is of importance to mention that during the validation loop for virtual model with respect to empirical 

data, some uncertainty sources were identified and proved to introduce errors in experimental data 

analysis and computer simulation results. However, it was decided to continue the parameter study work 

with the virtual model, since the model proved to be capable of capturing the response trends, although 

there were discrepancies in the absolute results. 

The authors are currently continuing the work by conducting a similar study for a shell mesh model of the 

test setup instead of the solid model that was used in this work.  Furthermore, similar studies will be 

performed by adding other dimensions to the parameter study, like doing the sensitivity analysis for other 

metallic and non-metallic material pairs, initial contact gap and pretention conditions, as well as applying 

different sine and stochastic input signals for system excitation. For the purpose of verifying the findings 

of this research, the proposed conclusions will be tested for a car subsystem. This will be done by 

nonlinear finite element modelling of the subsystem and comparing the results with experimental data  

The evaluation criteria in this study were defined based on the literature. In order to get more reliable 

results, a future research on how impact sound is related to impact dynamics will be required. 

Furthermore, it will be invaluable to investigate the uncertainty sources more and repeat the study with the 

calibrated virtual model. In addition, performing the parameter study with other solvers for the contact 

problem and comparing the results with this work to check the accuracy, robustness and performance of 

the modelling approach will be valuable. 
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The findings of this research can be used when approaching nonlinear simulation of rattle events in car 

cabin. Simulating impact in rattle events by modelling contact in finite element method, enables the 

estimation of response metrics to be done with higher accuracy. This will in turn, result in an enhanced 

capability in predicting and treating rattle events by virtual models upfront in product development phases. 
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Abstract
The search for cheaper bring the industry to consider permanent magnet less or even free electrical ma-
chines. However extremely high and prohibitive level of acoustic noise might occur from these designs due
to the large magnetic forces acting on their stator, essentially due to stator core resonance phenomena. Being
axially laminated, the stator core shows non trivial mechanical behavior. The frictional contacts between
laminations play a significant role in the energy transfers inside the entire core. Hence they give the pos-
sibility to tune the manufacturing and stacking process of the core to dissipate this energy. Firstly, a novel
lamination stacking technique is thoroughly hypothesized. Then experimental validations jointed with result
significance evaluations are carried out and show damping capabilities of critical modes responsible for high
vibrations and acoustic noise of electric machines. The hypotheses made earlier to motivate the implemen-
tation of the novel stacking technique are finally validated and confirm the potentials of the technique.

1 Introduction

The growing interests in electrification of transportation to cope with the new regulations imposed, bring the
need for cheaper designs. In particular the powertrain has lately been extensively studied to that purpose.
Eventually rare-earth free electrical machines are good candidates to reduce manufacturing cost, and research
activities follow this trend [19]. However, those designs might show higher levels of acoustic noise compared
to conventional designs already used in current Electric Vehicles (EV). Several noise categories define the
signature of an electric machine noise: aerodynamic, mechanical, electronic and magnetic [8, 26]. But
because of its tonal characteristic, the latter is often considered to be the major contributor to unappreciated
sound.

It is caused by an electro-magneto-mechanical phenomenon, largely studied in literature [8, 24, 7]. The
rotating magnetic flux density induced at the air gap of the machine produces magnetic forces acting on the
stator teeth. These time-varying forces excite the stator that consequently vibrates and generates acoustic
pressure waves that travel outwards through the air, i.e. sound is produced. Hence the signature of this
noise depends directly on the force profile and the vibrating transfer structure. Design optimization for noise
mitigation can therefore be addressed from the source side (force) and/or from the transfer side.

Important features of the radiated magnetic noise typically include order lines and resonance phenomena
[12]. The order lines represent high amplitudes which frequency vary with the rotational speed. They are
directly related to the current profiles which fundamental and sub-harmonics are affected by several features
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such as machine geometry, topology, number of phases, etc. The resonance phenomena however show high
amplitudes at fixed frequencies, independently of the rotational speed, which indicates a correspondence to
structural mode vibration of the system [15]. Any structure can be decomposed in an infinite set of orthogonal
modes that have unique shape (space distribution) and frequency (time distribution). In the case when both
space and time distribution of the magnetic forces and modes match, large levels of vibration and acoustic
occur, one refers to as resonance phenomenon. From a psycho-acoustic point of view, these induced high
tonal noises can be perceived quite annoying [13].

Several solutions can be adopted address this problem. Part of which, one has degrees of freedom on the
current waveforms that can be optimized [21, 22] through control refinements and/or machine topology op-
timization. Optimum number of rotor poles and stator slots can also change drastically the acoustic behavior
of a machine [10]. Rotor/stator skewing are common methods to reduce acoustic noise; in the first case
it shapes the forces such that the modes are not excited, and in the second case it affects the mode shapes
which are not activated by axially-independent forces [30, 6]. Furthermore machine efficiency is reduced by
skewed designs, which has to be avoided in general. Overall, these techniques can be beneficial but with the
high constraint of re-optimizing the control algorithms due to changes in machine concept design.

In this paper, an alternative solution to resonance mitigation is proposed and benefits from not changing
the concept design of the electric machine, thus not increasing design costs. It proposes a novel lamination
stacking technique that permits to reduce resonance vibration of targeted modes from the laminated stator
core. It essentially uses a different distribution of welds that permits to enhance vibration damping phenom-
ena. Section 2 explains and formulates hypotheses why this technique should improve structural damping.
Section 3 describes the experimental campaign carried out to prove the concept, and Section 4 presents the
experimental results, with a particular emphasis on validating and/or invalidating certain hypotheses priorly
made.

2 Methodology

2.1 Fundamentals of structural dynamics

A linear vibrating structure transferring energy from an exciting source to the surrounding medium (e.g. air)
can be uniquely characterized by three modal characteristics: the mode shape {Xk}, the natural frequency
ωk and the modal damping ratio ξk. A finite number of Frequency Response Functions (FRF) representative
of vibration paths relating an input source to output vibrations, permit to build the transfer function matrix
[H(ω)] derived as [9],

[H(ω)] =
N∑

k=1

[Ak]

jω − λk
+

[Ak]
∗

jω − λ∗k

where λk =− ξkωk + j
√

1− ξ2kωk

(1)

where the terms [Ak] and [Ak]
∗ are the residues which depend on the scaling factorQk and the modal vectors

{Xk},
∀k ∈ [1..N ], Ak = Qk{Xk}{Xk}t (2)

The output displacement X(ω) which is the forced response to harmonic excitation is simply derived from
the multiplication of the FRF matrix [H(ω)] with the excitation force vector {F (ω)}. First it is clear that
in the case of harmonic excitation F (ω) at frequency ω = ωk, a large response X(ω = ωk) is generated
when damping is low: referred to as resonance. Second, it is interesting to note that the columns of [Ak] are
proportional to each other, i.e. each column j is sufficient to reconstruct the full matrix, except if this column
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coincides with a null modal coefficient {Xk}j [9]. The corresponding row and column of [Ak] will then be
zero. This presupposes that a mode cannot be detected if the excitation is applied at a node point (null modal
vector coefficient) of a mode. Generally the modal participation factor matrix [L] is defined,

[L] = [Q1{X1} ... QN{XN} Q∗
1{X1}∗ ... Q∗

N{XN}∗]t (3)

It is a measure of the excitation efficiency of each DOF for each mode, and can be used extensively to
know the best excitation location to (de)activate certain modes. Ultimately, the resonance effect coming
from the match of the force distribution with the modal characteristics of the structure is attenuated by large
modal damping values. As such, dedicated damping strategies are welcome for reducing the acoustic noise
radiation.

2.2 Application to the laminated stator core

Resonance phenomena that occur in rotating electric machines essentially come from structural mode exci-
tation and can be particularly annoying due to their tonal characteristics at high frequencies, i.e. at the order
of a few kilo Hertz. In general, it is agreed that the modal characteristics of an electric machine for EV
application are dominated by the laminated stator core [8, 29, 28, 18].

As being very close geometrically to thick cylinders, the stator cores have similar modal characteristics,
including mode shapes. They are commonly defined by particular combinations (nr, nz) of radial mode order
nr and axial mode order nz . Besides there exist modes with azimuthal, torsion, shear and axial deformations
but usually do not contribute significantly to the acoustic noise of a machine. For instance, the first flexible
mode shapes (nr, nz) are illustrated in Fig. 1. Two sets of highly recurring modes are referred to as the
pure radial A(nr, 0) and radial with transverse anti-symmetry B(nr, 1) modes. For the sake of consistency,
symmetries are defined as follows: the axial symmetry represents the symmetry around the z axis, and relates
to the independence of the object parameter upon azimuthal direction θ, the radial symmetry represents
the condition of having similar object parameter parts regularly arranged around the central axis z, and the
(perpendicular) transversal symmetry is the symmetry related to the middle plane parallel to the cross-section
of the stator core.

r

z
r

z

(a) Undeformed stator
core

(b) B(0, 1) (c) A(2, 0) (d) B(2, 1)

(e) A(3, 0) (f) B(3, 1) (g) A(4, 0) (h) B(4, 1)

Figure 1: Illustration of the typical modes of an stator core (nr, nz)

Because of their occurrence at the lowest frequencies, their transversal symmetry similar to the force exci-
tation and the fact that they are acoustically efficient, the pure radial modes A(nr, 0) are generally the most
critical modes responsible for high acoustic noise from resonances. However, for the exact same stator ge-
ometry, reducing the stator vibrations at the corresponding resonances is not trivial. Damping which plays
a significant role in the output vibrations and acoustic pressure of the system, is hard to be estimated by
computational means since it involves a variety of unquantifiable phenomena e.g. friction, viscous damping
[1].

But in the case of the stator core, the structure is composed of hundreds of thin lamination (steel sheets)
that are attached through different stacking techniques. One common approach is to glue the laminations
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together [5]. A second approach consists in welding the sheets along different lines to attach them together
[5]. These manufacturing techniques can affect the output vibration responses, as it was shown in [23].
Based on physical insights and engineering thinking, three hypotheses are formulated here to explain the
phenomenon when comparing glued stators with welded stators.

Hypothesis 1: a change in stiffness distribution. The welding event during manufacture of the core in-
volves very high temperatures, hence inducing residual stresses σres at the welding locations. These residual
stresses tend to attract the core yoke back to its equilibrium position. Fig 2 shows these effects for pure ra-
dial deformations of modes A(2, 0) and A(3, 0), while Fig. 3 shows the phenomenon for the anti-symmetric
mode B(2, 1). The residual stresses have a stiffening effect which depends on the welding distribution, and
thus can generate vibration amplitude reduction if large stiffness variations are developed.

σres

x

y

z x

yz

(a)

σres

x

y

z x

yz

(b)

Figure 2: Residual stresses effects on mode A(2, 0) (a) and A(3, 0) (b)

σ     (z)res

σ     (z)res

x

y

z x

yz

x

zy

Figure 3: Residual stresses effects on mode B(2, 1)

Hypothesis 2: a change in inter-laminar contact nature. When comparing welding to gluing, there is
a significant difference in the contact properties of neighboring laminations, referred to as inter-laminar
contact. Viscous damping is induced within the contact area for glued stators, as depicted in Fig. 4a, and
glue compound is subjected to shear, thus inducing vibration damping. For the welded stators, Coulomb
(or friction) damping is activated via sliding friction between laminations [14], as shown in Fig. 4b. It is
important to note that these phenomena should only happen when there is relative motion of the neighboring
laminations, i.e. mainly accentuated for (nr, 1) modes. On the other hand for (nr, 0) modes, the laminations
deform in phase with each other such that it does not activate this friction, as depicted in Fig. 5.

Hypothesis 3: a change in mode shape. The change in stiffness distribution due to welding events, (related
to hypothesis 1), also has a direct impact on the mode shapes, which immediately affects the transformation
of the exciting force wave to the modal domain. This relates to variations in the modal participation factor
from Eq. (3), ultimately translated as vibration reduction at resonances.
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(a)

Lamination

Lamination

z

Force

Sliding friction force

Clamping pressure
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(b)

Figure 4: Illustration of viscous (a) and Coulomb (b) damping in the case relative displacement occurs

Sliding friction force

Modal displacement

�res

Motor axis

Undeformed structure A(2,0) mode B(2,1) mode

x

zy

Welding line

Figure 5: Illustration of the damping occurrence for specific modes - NB: Vector amplitudes are informative

2.3 Alternative solution description

Based on the three hypotheses formulated in the previous Section 2.2, and recognizing the importance of
reducing resonance from pure radial mode vibrations as mentioned in Section 2.2, an alternative solution can
be expressed further. Since the ultimate purpose is to damp resonance phenomena coming from vibrations
of pure radial modes (which are transversally-symmetric), the idea of the proposed technique is to introduce
manufacturing asymmetry to the geometrically symmetric laminated stator core. Although it might involve
different attachment techniques (gluing, welding, interlocks), skew welding lines along the shaft axis of the
machine are proposed and implemented in this paper as it is an interesting and alternative manufacturing
example of bringing asymmetry, yet holding the laminations together. This original stacking technique is
pictorially compared to the common welding approach in Fig. 6.

This stacking technique is expected to reduce vibrations of A(nr, 0) modes for the three reasons enumerated
previously. The skewed distribution of stiffness brought by diagonal welding lines are directly related to
hypotheses 1 and 2, and sliding friction may be introduced for A(nr, 0) modes with this technique as can be
seen in Fig. 7, which was not the case for common welding approaches, see Fig. 5,

The advantages of this technique are three-fold:

• Keep the same cross-section geometry, such that changes on the electromagnetic properties nor housing
designs have to be adapted. The stator core stays axially, radially and transversally symmetric.

• Force the structure to behave non-symmetrically, such that the vibration modes are either damped or
deleted. Transversally-asymmetric stiffness is introduced.
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(a) Common welding (b) Novel attachment
method

Figure 6: Illustration of the novel lamination attachment method for welding with four weld lines
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Welding line

Welding line

Figure 7: Illustration of the damping occurrence when using skew-weld - NB: Vector amplitudes are infor-
mative

• Use production technique already implemented in chain-manufacturing, e.g. gluing and welding, thus
making it not more expensive to realize than common techniques

3 Experimental campaign

3.1 Testing setup and procedure

Several specimens were built in order to validate the alternative stacking technique. The specimens represent
laminated stator cores without teeth, i.e. simple cylinders, which is not a large assumption stretch since
teeth effects can be neglected in terms of damping []. They stand within the size of stators used in EVs,
i.e. they have an outer diameter of 180 mm, an inner diameter of 160 mm and a stack length of 140 mm,
and are composed of 400 M330-35A steel laminations. Different stacking techniques are implemented for
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comparison purposes. A glued sample, referred to as 180 g, serves as the reference sample, a welded sample
with four welding lines, referred to as 180 w, and a skew-welded samples with four skewed welding lines,
referred to as 180 sw, are constructed and shown in Fig. 8. It is important to mention that the manufacturing
of these specimens were done manually, thus involving uncertainties in the repeatability of the samples.
Hence a statistical analysis was performed in Section 3.2 to allocate for manufacturing uncertainties.

(a) 180 g - 5.31 kg (b) 180 w - 5.34 kg (c) 180 sw - 5.38 kg

Figure 8: Test specimens under study

The modal parameters (natural frequencies, modal damping and mode shapes) of each specimen are collected
experimentally through Experimental Modal Analyses (EMA). A specific test setup is defined to reproduce
free-free conditions in order to capture the intrinsic dynamics of the specimen while eliminating the interfer-
ence of rigid body modes. Flexible ropes hang the test specimen to that end. Output/Input FRFs HO/I are
measured by exciting from a miniature shaker (LMS Qsource SN045) the structure and by measuring at 32
points (PCB Piezotronics SN 356A22 accelerometers): 8 along the circumference and 4 along the stacking
axis. The shaker generates a white noise input from 100 Hz to 8 kHz as a burst random signal (80% burst
time, 0.025 s burst ramp time) and 50 averaged measurements are used to estimate non-noisy FRFs through
H1 algorithm [9]. With this setup, one can ensure consistent, repeatable and coherent measurements up to
5.5 kHz with a frequency resolution of 0.78 Hz.

Every measured FRF HO/I is curve-fitted to the linear mathematical parametric model of Eq. (1) to extract
the modal parameters. The sine qua non condition for this processing step is to have a linear structure. Hence
reciprocity and linearity checks [9] were performed and permit to assume the linearity of every specimen.
PolyMAX [16] implemented in Simcenter Test.lab is the curve-fitting technique used for high quality modal
parameter estimation capabilities. In parallel beside modal damping, another indicator of the vibration reduc-
tion potential from different manufacturing technique can be calculated: the peak amplitude Gk = |SH(ωk)|
of the sum of all acceleration/force FRFs SH at each natural frequency ωk where,

SH(ω) =
1

32× 3

∑

32×3

|<(HO/I(ω))|+ j|=(HO/I(ω))| (4)

Similarly as in the previous Section, the uncertainties in realizing perfectly repeatable experiments is coped
by the statistical analysis of Section 3.2.

3.2 Significance evaluation

Statistical approaches are necessary to define the significance of the different manufacturing processes in
terms of natural frequency, damping and FRF-sum amplitude for each mode. Given that a perfect repeata-
bility of the manufacturing, testing and post-processing are not always guaranteed, a pooled variance σm is
calculated [27]. It represents the variance of different populations when the mean of each population might
be different, under the assumption that each population variance is the same. It is applied to the glued speci-
men 180 g which serves as the basis to deviation calculations for other specimens, under the assumption that
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the variances are equal between manufacturing techniques, and is calculated by,

σ2m =
(n1 − 1)σ21 + (n2 − 1)σ22 + (n3 − 1)σ23

n1 + n2 + n3 − 3
(5)

where σ2j (j = 1, 2, 3) are the variances allocating for the uncertainty respectively due to manufacturing
(n1 = 2 samples of the 180 g are built and compared), to testing (n2 = 2 tests of the same 180 g are carried
out) and to modal parameter estimation processing (n3 = 10 different EMAs for the same specimen 180 g
and the same test are performed). The interesting variances are applied to the following modal metrics: the
natural frequencies fA(2,0), fA(3,0), fA(4,0), the modal damping ξA(2,0), ξA(3,0), ξA(4,0) and the peak FRF-sum
amplitude GA(2,0), GA(3,0), GA(4,0).

From these pooled variances, an ANalysis Of VAriances (ANOVA) [27] is performed to conclude on the
significance of the different stacking techniques, referred to as factors in ANOVA. In short, the probability
(P-value) of obtaining equal means from all populations is calculated [27] and compared to the maximum
allowed value of 0.05 that suggests that at least one factor is more significant than the others. The ANOVA
assumes that the populations follow a normal distribution, that the population variances are all equal and that
the quantities are taken randomly inside the populations. Here, 9 ANOVAs were carried out: one study that
investigates the significance of skew-welding against welding and gluing strategy, which itself incorporates
analyses on 3 natural frequency variances, 3 modal damping variances and 3 FRF-sum peak amplitude
variances.

4 Results

4.1 Damping improvements

The results of the EMAs together with the ANOVAs are presented in this Section. Table 1 shows the averaged
natural frequencies (in Hz), the modal damping and FRF-sum for every A(nr, 0) modes (which are the only
observable modes within the testable frequency bandwidth), their corresponding pooled standard deviation
and the P-value from the ANOVAs. Fig. 9 illustrates particularly the damping obtained.

(2,0) (3,0) (4,0)
0

0.002

0.004
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0.008
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Figure 9: Modal damping comparison for glued, welded and skew-welded cores

It is shown that the natural frequencies are not significantly affected by the stacking technique. However, the
modal damping is greatly impacted when looking at the P-values, and especially for mode A(3, 0). Welding
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180 g 180 w 180 sw

Pooled
standard
deviation
σm

P-value

Natural frequency fk (Hz)

fA(2,0) 856 853 855 0.1 7.77e-8

fA(3,0) 2394 2387 2385 1.0 3.05e-5

fA(4,0) 4530 4519 4526 1.0 7.87e-5

Modal damping ξk
ξA(2,0) 0.0007 0.0011 0.0017 0.0001 4.39e-5

ξA(3,0) 0.0011 0.0022 0.0078 0.0002 2.94e-8

ξA(4,0) 0.0017 0.0024 0.0053 0.0002 1.33e-6

Peak Amplitude Gk (g/N) in dB

GA(2,0) 20.0 18.3 12.5 3.4 7.5e-2

GA(3,0) 20.5 14.5 11.7 3.1 3.2e-2

GA(4,0) 24.7 21.9 15.9 1.9 3.9e-3

Table 1: Significance levels for the samples tested, skew-welding effect

seems to increase damping in comparison with gluing, as suggested by the hypotheses. in parallel, the
developed original technique proposed in this paper, i.e. skew-welding, exhibits the best vibration damping
performances up to 700% of the original damping value (from glued stator) and close to 10 dB reduction
in acceleration FRF at the resonances. It demonstrates the potential of the novel stacking technique for
vibration reduction purposes at resonances of laminated cores.

The natural frequencies are not much impacted by the attachment technique used. However, modal damping
is affected drastically and also significantly given the P-value obtained, especially for mode A(3, 0). From
gluing (180 g) to welding (180 w), there is an overall damping increase, but more important for A(3, 0).
Here, the 4 welding lines are spread such that they correspond exactly to 4 vibration nodes of A(2, 0) while
they bring stiffness to the nodes of A(3, 0). On the other hand from welding (180 w) to skew-welding
(180 sw), one can note a drastic difference of damping values. Actually similarly to the previous conclusions,
the skew distribution of the welding lines adds stiffness to non-nodal points which is translated in higher
damping. In that sense, mode A(3, 0) is 7 times more damped from 180 g to 180 sw compared to A(2, 0)
that is 2.4 times more damped. The FRF-sum peak amplitudes do show significant changes for A(3, 0) and
A(4, 0) but not for A(2, 0). Yet the trend shown on damping previously is strengthened by acceleration
transfer reductions of close to 10 dB for the modal peaks, which is another great indicator that the novel
lamination technique is valuable.

4.2 Hypotheses validation

Now that the skew-welding concept was proved experimentally to reduce vibration at resonances, it is im-
portant to understand if the hypotheses formulated previously in Section 2.2 are coherent.

Hypothesis 1: a change in stiffness distribution. As mentioned in Table 1 of the previous Section, the
natural frequencies are not drastically affected by the stacking technique, while the specimen mass is not
changed either. Therefore it is reasonable to accept that, although being skewly distributed, the stiffness is
not significantly affected, especially to the purpose of vibration reduction. Moreover, vibration damping due
to extra stiffness is very limited in general [9], because it would require large differences in stiffness values.
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Hypothesis 2: a change in inter-laminar contact nature. Another explanation to increased damping was
supposedly related to the dry friction occurring between neighboring laminations. Nevertheless it is well
known that friction phenomena are nonlinear, composed of static and dynamic features [17]. When a sliding
force is applied to a lamination, it sticks to the neighboring sheet (static friction) until a threshold is found
and laminations exhibit relative motions (static friction). This threshold depends on hardly determined pa-
rameters alike normal force, surface roughness, etc. Here the hypothesis 2 supposes relative motion between
laminations occur, thus an activation of dynamic friction.

In order to verify this assumption, it is sufficient to justify on the linearity of the test specimens. This check
was actually performed in Section 3, although not presented earlier. For hypothesis validation, an example of
such linearity check is given in Fig. 10 with four different input force levels leading to four different FRFs.
This time, damping ratios are estimated using the half-power technique [9] and shown in Table 2.
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Figure 10: Example of a linearity check for the skew-welded core: (a) input autopower (RMS) spectrum, (b)
FRF results for different input levels, (c-d-e) zooms on the FRF peaks

The linearity checks show that damping is affected to some degree by the level of force input. It eventually
indicates that energy is also lost by friction phenomena as it was hypothesized. Nevertheless the variations
are minor (below 6%) compared to the ones observed by changing the stacking technique (up to 700%). That
is one of the reasons why the structure was previously assumed linear for further EMAs, and it confirms that
nonlinearities from dynamic friction forces are not the major contributor to higher damping values. Yet it
is important to mention that the hardware limitations constrained the linearity analysis: the maximum force
level applicable by the miniature shaker is 2 newtons (here where voltage input to the shaker is 4V), so it
would be valuable in the future to apply larger forces, such as the electromagnetic ones going up to 300
newtons, to activate more effectively dry-friction.

Hypothesis 3: a change in mode shape. The transformation of the exciting force wave to the modal domain
through the modal participation factor of Eq. (3) is done using mode shapes {Xk}. In parallel, it is expected
to see variations in mode shapes coming from the welding lines that distribute uniformly the stiffness of
cores. The comparison of mode shapes is possible by analysing MAC matrix between two mode shapes. The

4452 PROCEEDINGS OF ISMA2018 AND USD2018



Mode Voltage input [V] Modal damping ξn Difference [%]

1.0 0.003162 ref.

A(2, 0) 1.5 0.003185 +0.74

2.0 0.003197 +1.11

4.0 0.003349 +5.93

1.0 0.009852 ref.

A(3, 0) 1.5 0.009998 +1.48

2.0 0.010015 +1.65

4.0 0.010202 +3.55

1.0 0.008310 ref.

A(4, 0) 1.5 0.008305 -0.05

2.0 0.008354 +0.53

4.0 0.008433 +1.48

Table 2: Modal damping estimations (half-power technique) for skew-welding core and different input volt-
age levels to the shaker (equivalent to force levels)

MAC matrix to correlate two mode shapes {Xr} and {Xs} is derived as [9],

MAC
(
{Xr}, {Xs}

)
=

| {Xr}{Xs} |2(
{Xr}∗T {Xr}

)(
{Xs}∗T {Xs}

) (6)

It varies between 0 and 1 and represents how much two mode sets correlate with each other; a perfect
correlation would show a MAC number of 1, while a 0 value means no correlation. Two different MAC
analyses can be carried out to understand how skew-weld is beneficial in terms of vibration damping. On the
one hand, the MAC analysis can be performed on the full stators where different manufactures are compared.
On the other hand, the influence of the manufacture can be investigated by doing a MAC analysis for different
cross-sections along the stator, referred to as layer.

At first, a MAC analysis is performed for the entire glued, welded and skew-welded cores under study, and
is shown in Fig. 11. Every specimen is compared to the reference glued stator.
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Figure 11: Complete MAC analysis for different stator manufactures - matrices

Auto-correlation between the two same test specimens (left matrix) gives the maximum MAC number of
1 and the cross-correlation values are very low, which confirms the uniqueness of the modes extracted (or-
thogonality of the modal basis). Looking at the middle matrix, the A(2, 0) mode does not correlate between
the glued and welded cores. This is due to the fact that twin modes occur at each natural frequency and
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that measurements cannot distinguish these two modes. For the glued and welded cores, the captured modes
exactly correspond to twin modes, as seen in Fig. 12, which are by essence orthogonal [4] thus leading to
poor correlation. The A(3, 0) mode is not well correlated as well but this is a direct consequence of welding
in comparison with gluing. Last regarding the right matrix, every mode is poorly correlated with the refer-
ence glued mode shapes. In the end, this MAC analysis presupposes that mode shapes are affected such that
vibrations are reduced through modal participation factor variations. However the influence of transverse
asymmetry on the mode shapes is hardly comprehensible by solely performing this analysis.

(a)

Glued core

Welded core

(b)

Figure 12: Illustration of (a) a twin mode in theory for A(3, 0), and (b) the experimentally identified mode
shape for A(3, 0)

As a consequence in order to reinforce the claims, another set of MAC analyses are performed. This time,
the mode shapes for different layers along the stator axial axis are correlated. EMAs were performed to
estimate the mode shapes of each layer. The reference mode set corresponds to the layer 1.

Looking at the two first rows of Fig. 13, the correlation between each layer is acceptable with MAC values
above 0.8. For these two specimens (glued and welded), the transverse symmetry is kept and therefore the
mode shapes are not varying along the axial axis. However when transverse asymmetry is introduced (third
row) in the skew-welded core, significant mode shape discrepancies occur between layers. This suggests
that, originally transversally symmetric, the pure radial modesA(nr, 0) become transversally asymmetric by
skew-welding; thus shaping the modal participation factor presupposing vibration amplitude reduction.

5 Conclusions

An alternative lamination stacking technique of stator cores is developed in this paper for vibration damping
purposes, with the ultimate goal of mitigating noise coming from resonance effects. The technique exploits
the laminated nature of the stator core by connecting the laminations with a skewed distribution of the weld-
ing lines. Based on fundamental physical insights, three hypotheses on the vibration damping occurrence
explanation are formulated and validated experimentally for different test specimens. It is shown that welding
compared to glue-bonding provides slight damping improvements while the novel skew-welding technique
demonstrates impressive damping increases up to 7 times higher than the glues specimen, leading to 9 dB
reduction capabilities. These results mainly confirm the hypotheses that motivated the experimental imple-
mentations. It is principally shown that the mode shape changes are responsible for vibration attenuation at
resonance frequencies, rather than inter-laminar friction or stiffness distribution variations. This work finally
suggests that particular welding line profiles lead to specific modes damping, hence it would be interesting
to investigate optimized skew-welding patterns for particular critical modes damping.
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Figure 13: Layered MAC analysis for different stator manufactures
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Abstract 
This paper presents the work of modelling a locally resonant type composite phononic crystals which has 

vibration forbidden band gap in low frequency range. Composite phononic crystals of 5×8 period on 

aluminum plate was modelled by FEM and the result was verified by experimental test. Vibration band gaps 

below 1k Hz on the panel were observed, which meant composite phononic crystals with multiple periods 

were capable of suppressing low frequency panel vibration. Acoustic responses of vehicle interior cavity 

with 5×18 period composite phononic crystals deployed on vehicle roof was then simulated by means of a 

FEM-BEM coupled technique. Experimental test on vehicle was also carried out with same phononic 

crystals structure on the roof as in simulation. Both results from simulation and experiment show decreased 

vehicle interior noise in mid-low frequency range, which makes locally resonant composite phononic 

crystals an applicable measure for vehicle noise control. 

1 Introduction 

Phononic crystals (PCs) are composite materials made of periodic distribution of inclusions that constituted 

by two or more compounds with different elastic properties embedded in a matrix [1-3]. When the elastic 

wave propagates within the crystal structure, a special dispersion curve is formed as a result of its internal 

periodic structure, which may exhibit absolute band gaps in certain frequency range. Acoustic or elastic 

wave propagation is inhibited or prohibited in this band gap which can be designed through the change in 

periodic structure and material of PCs. Therefore PCs structures have several potential applications, such as 

wave guiding, filtering, sound isolation and vibration damping [4-8]. It is for this reason that they have been 

gaining much attention over the past two decades.  

There are two kinds of gap formation mechanism for PCs, Bragg scattering mechanism [9-10] and locally 

resonant (LR) mechanism [11-13]. For the Bragg type, the periodic scale and the magnitude of acoustic or 

elastic wave length are in the same order. Locally resonant PCs contain elastic resonators composed of a 

heavy core, called scatter, surrounded by a soft coating. The lattice constant of locally resonant PCs is two 

times smaller than that of Bragg PCs, which can exist in a frequency range of two orders of magnitude lower 

than the one resulting from the Bragg scattering. Therefore it is suitable for controlling low- and medium-

frequency vibration or noise. References  [14,15] illustrate the current situation of studies in the field of 

vibration and noise control, particularly the anti-vibration and anti-noise of vehicles. 

In this paper, a LR composite PCs plate was firstly modelled for the potential use in vehicle engineering 

application. The result was verified by experimental test. Then LR PCs deployed on vehicle roof was 

modelled and the acoustic responses of vehicle were computed numerically. Experimental test on vehicle 

was also carried out with same PCs structure on the roof in computation. 
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2 Modelling and verification of a LR PCs plate 

A locally resonant composite PCs aluminum plate was modelled in order to investigate its potential use in 

vehicle panel vibration control application. Vibration test was carried out to verify the numerical result 

2.1 Unit cell of LR PCs 

The unit cell of a LR PCs is composed of high-density scatter, matrix, and coating of elastically soft material. 

The distance between two neighboring scatters is referred to as the lattice constant a (Figure 1). Individual 

scatters produce resonances under the excitation of elastic waves in a certain frequency range. This causes 

interaction with incident waves, which impedes the propagation. The formation of band gaps relies on the 

structure of individual scatters and their interaction with elastic waves. 

 

a 

 Coating 

layer 
 Matrix 

 Scatter 

 

Figure 1: Unit cell of LR PCs 

2.2 Vibration response of modeled LR PCs plate  

The LR PCs plate is modeled based on unit cells, arranged in five rows along the x direction, eight columns 

along the y direction on an aluminum plate as shown in Figure 2, which forms 5×8 period. The size of 

aluminum matrix is 600×400×2 mm and the coating layer, which is 5 mm in thickness and 40 mm in 

diameter, is made of silicone rubber with damping rate of 0.1. The steel resonators are 4 mm in thickness 

and 40 mm in diameter. The lattice constant is set to 50 mm. Finite element method (FEM) is used to 

compute the vibration response of LR PCs plate under a free-free boundary condition. The material 

properties of LR PCs plate are listed in table 1. A vertical unit force excites the PCs plate up to 1k Hz at 

PCs side of the plate and response is picked up on the other side as shown in Figure 2. 

Material 
Density 

（kg/m^3） 

Elastic modulus 

(Pa) 
Poisson’s ratio 

Steel 7840 2.16e11 0.28 

Silicone 

rubber 
1300 1.37e5 0.47 

 

Table 1: Material properties of LR PCs used in FEM 

 

 Excitation 

point 
Response point 

 

Figure 2: Model of LR PCs plate in FEM 
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Vibration response was computed by Nastran code, the results are shown in figure 3, in which vibration 

response of plate with and without PCs are shown respectively. A distinct forbidden band gap exists in LR 

PCs plate. The major band gap is from 240Hz to 560Hz with maximum attenuation of 49dB. 

 

Figure 3: Vibration responses of plate with and without PCs 

2.3 Experimental verification of modeled LR PCs plate  

A LR PCs plate sample of same structure as modeled (Figure 4) was made in order to experimentally verify 

the vibration response computed by FEM. The position of excitation and response measuring point were the  

 

Figure.4 : sample of PCs plate 

same as in the FEM. The entire test system, as shown in figure 5, includes excitation system, LR PCs plate, 

response system and data acquisition system. The excitation system contains shaker, power amplifier and 

force transducer. The accelerometer of response system was positioned on the response point of PCs plate 

to measure the vibration response. During the test the plate was suspended by soft elastic ropes at four 

corners to ensure its free-free boundary condition as in FEM. The suspension frequency was around 5Hz, 

which was far below the first modal frequency of the plate and would not affect its dynamic behavior. The 

plate was excited by the shaker with 1k Hz bandwidth white noise signal of unit force amplitude. The SCIII 

305 data acquisition system and signal processing software Test.Lab from LMS recorded and processed the 

vibration signal. 
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Figure.5 : Experimental test system for PCs plate 

Figure 6 shows the comparison of vibration response acquired numerically and experimentally. A band gap 

in the same frequency range is also observed from the result of experimental test, which coincides with the 

major one from FEM. Therefore both numerical and experimental results verify that multiple periods LR 

PCs has the capability of controlling mid-low frequency panel vibration which is one of the root causes 

inducing vehicle interior noise. 

 

Figure.6 : Experimental and numerical results of vibration response 

3 LR PCs Modelling on vehicle body panel  

For the application of LR PCs in vehicle noise control, vehicle body structure was modeled with multiple 

periods LR PCs on the body panel and acoustic responses of vehicle interior cavity were computed 

numerically by means of a FEM-BEM coupled technique. 

3.1 Modeling and modal analysis of vehicle body structure  

Finite element model of a sedan body structure was built with doors and glasses on it (Figure 7). The doors 

were mounted to the body through rigid connections while the front and rear glasses were mounted through 

glue connections. The material properties used in FEM is listed in table 2. Body trim and seats were not 

taken into account for the simplifying of computation. 
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Figure. 7: FE model of a sedan body structure 

 

Material 

Elastic modulus 

(MPa) 

Shear modulus 

(MPa) 
Poisson’s ratio 

Density 

(kg/m^3) 

Steel 2.16e5 8.3e4 0.266 7850 
Glass 2.0e4 8.73e3 0.145 2530 

Glue 3.6e3 2.5e3 0.35 1200 

 

Table 2.Material properties of body structure used in FEM 

Modal is the natural dynamic behavior of structures, which indicates the vibration mode of structure at each 

modal frequency. For vehicle body which is mainly composed of panels, vibration of panel mode will 

generate radiation noises in the vehicle cavity [16-19]. Therefore controlling of vehicle panel modes can 

lead to the reduction of interior noise. Modal analysis finds all the vibration modes of vehicle body including 

panel modes and shows their vibration energy in the form of mode shape.  

In this work modal analysis of vehicle body was carried out. Two panels, roof and floor, were focused due 

to their large area that several local modes could emerge. Figure 8 shows the vibration mode shapes from 

two panels, in which the vibration energy of roof is much higher than that of floor. This means that vibration 

of roof may bring about more radiation noise than that of floor and should be controlled with priority. Modal 

analysis provided a guide for identifying the most effective panel for noise control.  

 

   (a) Roof mode                     (b) Floor mode 

Figure 8. Panel modes of vehicle body 

3.2 Numerical computation for acoustic responses of vehicle cavity with LR 
PCs on roof  

The roof of vehicle body was selected for LR PCs deployment due to its high energy of vibration mode. The 

unit cell and lattice constant of LR PCs on the roof were kept same as in PCs plate, that was 5mm thick 

silicone rubber coating layer, 4mm thick steel resonator and 50mm lattice constant. The roof itself was also 

the matrix for PCs. According to the size of roof and the weight of PCs, 5×18 period which was 5 rows 

along x direction, 8 columns along y direction was arranged on the rear of roof (Figure 9). The connection 

between PCs and roof matrix shared the same nodes in FE model.  
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Figure. 9 : FE model of LR PCs on vehicle roof 

The acoustic response of vehicle is in a cavity enclosed by vehicle body, so an acoustic cavity needs to be 

modeled. This was realized by boundary element method (BEM) which modeled the acoustic boundary of 

vehicle cavity. The acoustic responses were computed by a FEM-BEM coupled technique which referred to 

as Modal Acoustic Transfer Vector (MATV) technique. The principle of MATV is in equation (1) and (2) 

[20] 

( ) { ( )} { ( )}T

np ATV v                                                               (1) 

  { ( )}= [ ] { ( )}n nv j MRSP                                                              (2) 

The acoustic response p(ω) is the results of normal structure vibration velocities vn(ω) transferred by ATV(

ω) which is the system matrix relating input of unit vibration velocity and output of corresponding acoustic 

response.  

Equation (2) presents how structure vibration is projected onto the normal direction with respect to the 

acoustic boundary and converted from displacement into velocity, Where [Φn] represents a matrix whose 

columns are composed of the structural modal vectors projected onto the normal direction with respect to 

the acoustic boundary, {MRSP(ω)} is the column vector containing the modal participation factors for the 

given excitation frequency, and jω is the frequency domain multiplication factor for the conversion of the 

modal vector data expressed in terms of vibration displacements into vibration velocities. 

Therefore MATV is essentially a combination of FEM modal analysis and BEM analysis to calculate sound 

pressure radiated from a structure based on the normal vibration velocity coming from the forced response 

of the structure. First step is obtaining a structural FEM modal analysis, and secondly to calculate a Forced 

Response, to get modal participation factors. In second part structural vibration modes are projected into the 

acoustic boundary element model, the modal participation factors are also taken in account and the ATV are 

computed from the acoustic model to the points of acoustic response. Finally the sound pressure is obtained 

at each acoustic response point. 

In this work acoustic boundary element of vehicle cavity was modeled with mesh size of 80mm (Figure 10). 

The fluid inside the cavity was air of 1.225kg/m3 density and the sound speed in the cavity was 340m/s at 

room temperature. There were no acoustic treatments on the cavity model, which made the boundary 

acoustically rigid. Four acoustic response points were defined as passenger position of front left (FL), front 

right (FR), rear left (RL) and rear right (RR). 

 

Figure. : 10 Acoustic BE model of vehicle cavity 
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The force excitation inputs on the vehicle body were selected at four engine mount connection points (Figure 

11). The spectrum of white noise signals which simulated the engine forces excited the vehicle body at four 

 

Figure. 11: Excitation points at vehicle body 

connection points. FEM-BEM coupled computation of acoustic responses were carried out LMS Virtual.Lab 

solver. The frequency range was set to 200Hz due to large computation complexity of vehicle body. 

The four acoustic responses computed with and without LR PCs on roof are shown in Figure 12. The results 

are relative comparisons of LR PCs effect because the excitations were not under real operational condition. 

The employment of LR PCs on roof resulted in noise reductions at four acoustic response points especially 

in the frequency range of 100 to 200Hz in which possibly local panel modes of roof generates.  

 

                     (a) FL position                                    (b) FR position 

 

(c) RL position                                   (d) RR position 

Figure. 12 : Four numerically computed acoustic responses 

4 LR PCs application test on vehicle  

Experimental test on vehicle under operational condition was carried out to verify the application of LR 

PCs for vehicle interior noise control. To ensure the consistency of the results the test was conducted on 

chassis dynamometer inside a semi-anechoic chamber. The vehicle which is the same sedan as in 

numerical computation was fixed on the roller bench of chassis dynamometer (Figure 13). The chassis 

dynamometer provided road load simulation for vehicle and the semi-anechoic chamber ensured a free 

field acoustic environment for the measurement.  
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Figure. 13: Vehicle test on chassis dynamometer inside semi-anechoic chamber 

The configuration of LR PCs on vehicle roof was the same as in numerical computation: 5×18 period 

with 5mm thick silicone rubber coating layer, 4mm thick steel resonator and 50mm lattice constant. One 

1/2-inch microphone and four uni-axis accelerometers were positioned on left ear of driver and on roof to 

measure interior noise and roof normal vibrations respectively (Figure 14). 

    

(a) Microphone position                    (b) Accelerometers position 

Figure. 14 : Location of measurement points 

During the test the vehicle was running under stationary operational condition of 3000rpm engine speed 

in D gear (with automatic transmission). The signals from microphone and accelerometers before and 

after employing LR PCs were recorded respectively with 30 seconds duration by LMS SCIII 305 data 

acquisition system and processed by Test.Lab software.  

The normal vibration response on middle of the roof (Acc-4) before and after employing LR PCs is shown 

in Figure 15. It can  

 

Figure. 15 : Normal vibration response on middle of the roof (Acc-4) before and after employing LR PCs 
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be seen that there is a distinct decrease of vibration on the roof in the range of 220~520Hz after employing 

LR PCs. This vibration attenuation was caused by the band gap of 5×18 period LR PCs. The overall 

vibration on middle of roof decreased from 0.05g to 0.03g. Vehicle interior noise at driver left ear reduced 

as well after employing LR PCs (Figure 16). The frequency range of noise reduction coincided with that 

 

Figure. 16 : Vehicle interior noise at driver left ear before and after employing LR PCs 

of vibration attenuation, which matched the band gap effect of LR PCs. The overall interior noise level at 

driver left ear reduced by 2.7 dB(A) from 69.4 dB(A) to 66.7 dB(A). The experimental test on vehicle 

shows the potential of composite LR PCs in the field of vehicle noise control application. 

5 Conclusions  

In this paper, composite LR PCs was modeled for the control of vehicle interior noise caused by body panel 

vibration. A multiple periods LR PCs plate with unit cell made of steel and silicon rubber was firstly modeled 

numerically and verified experimentally. The vibration response of PCs plate shows attenuation at mid-low 

frequency, which is a desired feature that can be utilized for the control of vehicle panel vibration. 

Furthermore, the LR PCs was modeled on vehicle body structure. Modal analysis was conducted to identify 

the most effective body panel of vehicle which will radiate more interior noise. LR PCs on the rear of vehicle 

roof was modeled and the acoustic responses in the vehicle interior were computed by means of a FEM-

BEM coupled technique MATV.  The numerical results shows noise reductions at acoustic response points 

especially in the frequency range of 100 to 200Hz in which possibly generates local panel modes of roof. 

Finally, experimental test on vehicle under operational condition was carried out to verify the application of 

LR PCs for vehicle interior noise control. After employing LR PCs the vibration on vehicle roof decreased 

distinctly in the mid-low frequency range of multiple period LR PCs band gap. Vehicle interior noise at 

driver left ear also reduced in the corresponding frequency range and overall level reduced by 2.7dB(A). 

The present work provides evidence that composite LR PCs structure, as a metamaterial, has potentials to 

be used in the field of vehicle noise control. 
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Abstract 
Aiming at identifying and reducing the drive axle whine of a light bus, the vehicle test and the modal test 

were performed. The test results show that the vehicle interior noise is mainly composed of the 2nd order 

and 4th order noise of the engine. But the drive axle whine is obvious in some conditions, especially when 

the bus speed is 90km/h. And the reason is that the meshing excitation of the rear axle gear leads to the 

resonance of the drive axle. By the improvement of the axle housing structure, the modal frequency related 

to the axle whine was changed. Then the radiation noise of the axle housing before and after the structure 

improvement was simulated by finite element analysis and boundary element analysis. The simulation 

results show that the reduction of the drive axle noise at 90km/h is about 4dB(A) after the structure 

improvement. 

1 Introduction 

The drive axle is an important component of the drivetrain, which is also the main contributor to the vibration 

and noise of the vehicle. For new energy vehicles, especially the increasingly popular electric vehicles, the 

rear axle noise is particularly obvious because of the disappearance of the cover of engine noise [1, 2]. The 

noise of the drive axle mainly consists of the whine and the knocking noise [3], among which the whine 

noise is more common and disgusting for consumers. Hence, there are numerous scholars researching the 

axle whine all over the world. 

Meng Qinghua [4] analyzed the noise signal of the drive axle, and he found that the source of the drive axle 

noise was caused by the meshing impact force of the spiral bevel gear of the drive axle. Guo Niancheng [5] 

studied the noise of the drive axle of a bus by means of testing and finite element analysis, and the drive 

axle noise could be reduced by the structure improvement and the application of dynamic vibration absorber. 

Lu Lei [6] studied the whine of rear axle for a car at the high speed, researched the dynamic meshing 

characteristics of the hypoid gears by finite element method, and analyzed the influence of pressure angle 

and bias distance on the noise. Li Zhuan [7] adopted the method of the finite element and boundary element 

to analyze the rear axle noise, and reduced it by reinforcing the surface of the axle housing. In the case of 

gear whine, most scholars focused on the transmission error, which could result the meshing impact of the 

gears [8-10]. Choi B - J [11-12] studied the excitation of hypoid gear meshing, and analyzed the influence 

factors of the drive axle noise. 

He found that the optimization of the hypoid tooth shape and temperature could influence both the 

transmission error and noise. Koronias[13] analyzed the rear axle whine of a light truck by establishing the 
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multi-body dynamics model of the drive axle including the leaf springs and drive shaft, and the influence of 

oil temperature and other factors on the axle whine was also studied. 

This paper analyzed the rear axle whine of a light bus by the vehicle test and modal test, taking into account 

both the passenger’s subjective feeling and the objective data. Then the improvement measure was proposed 

to reduce the noise. Finally, the effect of the improvement measure was verified by the finite element method 

and the boundary element method. 

2 Vehicle test of drive axle whine 

2.1 Test program 

A light bus was studied in this paper, which has a four-cylinder engine. In order to analyze the reason of the 

rear axle whine and resolve it, the vehicle test of the drive axle whine was performed in a standard testing 

ground. The test instruments mainly include LMS data acquisition system, acoustic microphone, vibration 

acceleration sensor and magneto-electric speed sensor. The details about the number and layout of the 

sensors are shown in Table 1. 

Type location Number 
Number of 

channels 

Speed sensor Input shaft of the rear axle  1 1 

Acoustic 

microphone  

The driver's right ear 1 1 

Rear passenger's right ear 1 1 

Vibration 

acceleration sensor  

Driver’s seat 

 
1 3 

Rear cover of the axle housing  

 
1 3 

Bearing seat of the input shaft 

 
1 3 

Leaf spring seat 

 
1 3 

Bottom of the rear axle 1 3 

Total  8 18 

Table 1: Arrangement of the sensors. 

Figure 1 shows the locations of some sensors. For the acoustic microphones, the location in the bus were in 

accord with GB / T18697 [14]. The speed sensor is positioned near to the input shaft of the rear axle to 

monitor the real time rotation speed. The test conditions include accelerating, uniform speed and coasting. 

 

 (a) Drive axle 

Vibration acceleration sensor 

Speed sensor 
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(b) The driver's position 

 

(c) Driver’s seat rail 

Figure 1: Positions of sensors 

2.2  Analysis of test results 

According to the subjective evaluation of both the driver and passengers, when the car is in 4th gear at 

90Km/h (the speed of the rear axle input shaft is 2700rpm), there is an obvious axle whine noise in the bus. 

Especially in the coasting condition, the axle whine is obvious because the engine noise is smaller than that 

of the acceleration, so the engine’s "masking effect" is weak which leads to the appearance of axle whine 

noise. 
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Figure 2: Order tracking graph of the noise (driver’s right ear)  

Figure 2 is the order tracking diagram of the interior noise of the bus in 4th gear, i.e. the direct gear, when 

the bus is accelerating. The speed of the input shaft of the drive axle is taken as the reference speed, and it 

can be seen that the 2nd, 4th and 6th order noises of the engine are obvious. The transmission ratio of the rear 

axle’s main reducer is 41/9 (the ring gear has 41 teeth while the pinion 9 teeth). With each rotation of the 

pinion shaft, the meshing gears will produce 9 impact force, therefore the 9th order noise is the basic 

frequency of the rear axle. 

Acoustic microphone 
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Figure 3: Order section of the noise (driver’s right ear) 

Figure 3 shows the order sections of the noise inside the bus. It can be seen from the figure the total inner 

noise increases gradually with the increase of the rotational speed. When the engine speed is below 2000rpm, 

the 4th order noise of the engine makes the greatest contribution to the total noise inside the bus. In contrast, 

the 2nd order engine noise makes up the largest component of the total noise when the speed is higher than 

2000rpm. In general, the 9th order noise of the rear axle is not evident except that at 2700rpm when the 

amplitude of the it increases sharply. Specifically, the difference between the 9th order noise and the total 

noise is less than 6dB (A) at 2700rpm. In consequence the axle whine could be heard easily in the bus, 

especially for the passengers whose position is more close to the axle than the driver. At other speeds, the 

difference between the axle noise and the total noise is larger than 10dB (A), so the axle noise can hardly 

be recognized in the bus. 
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Figure 4: Order tracking of the vibration on the rear axle housing  

Figure 4 is the order tracking map of the vibration of axle housing’s rear cover, and there is an obvious 

resonance band at 395Hz. When the 9th order excitation of the gear intersects with the resonant band at 

2700rpm, the resonance of axle housing could be produced, leading to the increasing of the axle whine noise. 

So it could be heard by both driver and passengers, consistent with the results of figure 2 and figure 3. 

3 The modal analysis of the drive axle 

In order to determine the mode which causes the axle whine at 395Hz, a finite element model of the drive 

axle is established. Its modal shapes and frequencies are simulated and modal tests are also performed by 

LMS.Scadas. 

3.1 Finite element analysis 

The finite element model of the drive axle assembly is established by Hypermesh and ABAQUS software. 

The Lanczos algorithm is used to simulate the mode of the driving axle in ABAQUS software. 

2nd order 

 

Total noise 

4th order 9th order  
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Figure 5: Finite element model of drive axle 

3.2 Modal test 

 

Figure 6: Modal test rear axle 

Figure 6 is the modal test of the drive axle, using LMS data acquisition system, PCB acceleration sensor 

and PCB hammer. Drive axle is hanged by ropes connected with springs, so that its free modes and structure 

modes could be separated apparently, with the difference between them larger than 10 times. The number 

of vibration pick-up points on the drive axle is 43 points, and a three-directional vibration acceleration sensor 

is put at each point. The total number of channels is 129, while the whole number of channels of the LMS 

Scadas is 72, so it is necessary to divide the measured points into two groups and test them respectively. 

Order 
Simulation 

values(Hz) 

Test 

values(Hz) 
Error（%） 

1st 78.89 73.57 7.23 

2nd  104.7 99.03 5.72 

3rd  270.37 281.88 -4.08 

4th  337.56 343.44 1.72 

5th  410.06 402.31 1.93 

6th  514.35 493.68 -4.19 

Table 2: Comparison of experimental and simulation modes 

Table 2 shows the result of modal test and simulation of the drive axle. The errors are within 8%, which 

meet the needs of the project. And the finite element model can be considered accurate. The 5th order modal 

frequency of the drive axle is about 400Hz, which is consistent with the resonance frequency of the drive 

axle at 2700rpm, indicating that the rear axle whine is caused by the 5th order mode of the rear axle aroused 

by the meshing excitation of the gear. 

Spring 

LMS Scadas 
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4 Refinement of the rear axle whine 

4.1 Mechanism of the rear axle whine  

As mentioned above, the rear axle noise is mainly divided into two components: air transmission noise and 

structure transmission noise. Air transmission noise refers to the gear meshing noise transmitted directly 

through the air to the passengers. Structural transmission noise is that the gears’ meshing force is transmitted 

through the bearing to the drive axle housing, causing its structural vibration and radiated noise. Because 

the hypoid gears are completely wrapped by the metal axle housing, it is difficult for the gear meshing noise 

to be transmitted to the outside directly, so the noise of drive axle is mainly the structural transmission noise 

[15]. 

It is known from the vehicle test that the axle whine is obvious at 90Km/h (the speed of input shaft is 

2700rpm). And it is caused by the resonance of the 5th order mode of the rear axle, which is aroused by the 

gear meshing force of the main reducer. 

Based on the above results, the axle whine can be solved from the following aspects: (1) Reduce the meshing 

excitation of the main reducer of the rear axle, so it could reduce the whine noise of the drive axle from the 

root. However, due to the complex machining technology of hypoid gears, there is little room for the 

improvement of the hypoid gears. (2) Lower the vibration response value of the axle housing without 

changing the excitation source. (3) Improve the bus’s sound insulation by the acoustic packaging, which 

could reduce the noise in the sound transmission path, but it will increase the cost. 

4.2 Improvements 

Taking into account both the practicality and the cost, in this paper, the axle whine is reduced by 

improvement of the axle housing’s structure, which could reduce the vibration response of the axle housing. 

When the bus is in 4th gear, the commonly used speed range is 40Km/h~98Km/h. When the bus speed is 

98Km/h the rear axle input speed is 2940rpm, and the frequency of the gears meshing force is 2940/60*9 = 

441Hz. Hence, it is necessary to improve the 5th modal frequency from 400Hz to more than 441Hz in order 

to avoid resonance in common condition. 

The axle housing is welded by two pieces of stamped steel plates. As shown in Figure 7 (a), the connection 

position between the original axle housing and the main reducer is the annular stiffening ring welded to the 

axle housing, and the thickness of the stiffening ring is larger than that of the axle housing. In order to 

increase the stiffness of the connecting position between the main reducer and the axle housing, the shape 

of the structure is modified to the structure shown in Figure 7 (b). ABAQUS software is used to simulate 

the modal frequency of the improved structure. It is found that the modal frequency has been improved to 

453Hz. 

 

 

(a) Original structure 
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(b) Improved structure 

Figure 7: The improved structure 

4.3 Effect evaluation 

Based on the finite element model of the drive axle, the dynamic characteristic of the driving axle is 

simulated by ABAQUS software with the dynamic implicit analysis method [16]. The rotation speed is 

applied to the input shaft, while the load torque is applied to the both sides of the axle shafts to simulate the 

real working condition. As shown in Figure 8, the vibration of the housing surface is simulated. 

 

Figure 8: Vibration of the drive axle surface 

Then the vibration data of the axle housing surface is imported into the LMS. Virtual. Lab software, and the 

radiated noise field of the drive axle is calculated by the boundary element analysis. As shown in Figure 9, 

the noise level at the selected position, 300mm above the drive axle referring to QC/T 533-1999[17], is 

extracted from the radiated noise field. 

 

Figure 9: Radiated noise of the drive axle surface 

Figure 10 shows the radiation noise of the drive axle before and after structural improvement, and it can be 

found that the noise of the improved drive axle at 90Km/h is obviously reduced, which is about 4dB (A) 

lower than that of the original structure. 

 

Figure10: Comparison of noise before and after the structural improvement 
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5 Conclusion  

1) The driving axle whine is caused by the meshing excitation of the hypoid gears in the main reducer, and 

the order of the rear axle noise is related to the number of teeth of the pinon. 

2) When the meshing excitation of the hypoid gears intersects with the inherent frequency of the drive axle, 

the drive axle resonates, which causes the axle whine. 

3) Through the structure improvement, the resonant frequency was moved away from the common 

conditions. From the simulation result, the axle noise of the improved structure could be reduced by 

approximate 4dB (A) compared with the original structure at 90Km/h. 
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Abstract
This paper investigates the performance advantages of an mechatronic suspension strut for a road vehicle.
Mechatronic struts have attracted growing research interest since the interior electrical circuit has the poten-
tial to realise the high-order impedances with sensible size and weight to achieve desirable performance. To
deal with different driving conditions, it is straightforward to adjust electrical element values in real-time
compared with changing pure mechanical elements. To obtain the optimal mechatronic suspension design,
a methodology is proposed by considering all possible design parameters and constraints such as nominal
voltage and current of motors, maximum force on the ball-screw shaft, and size and weight of electrical ele-
ments. Based on a qualitative analysis, it provides brief guidelines for ball-screw and motor selections. Case
studies are carried out with a quarter-car model using two electrical candidate layouts, which show potential
performance advantages of the mechatronic strut using a motor with sufficiently large nominal current.

1 Introduction

Mechatronic suspension struts attract wide attentions with great potential in realising complex networks and
performance enhancement. Different realisations of mechatronic strut have been studied recently. In Sijing’s
paper [1], two different types of Energy Harvesting Shock Absorbers (EHSAs), one with mechanical mo-
tion rectifier (MMR) and one without it, have been compared on different vehicles. It has been shown that
MMR-EHSAs provide better rider performances and road handling simultaneously over the traditional shock
absorber when installed on light-damped, heavy-duty vehicles. The EHSAs translate the up-and-down sus-
pension vibration into a bidirectional rotation of the generator using a rack-pinion mechanism. A ball-screw
mechanism can also be applied to translate linear motion to rotational motion in mechatronic struts, which
is presented in [2]. Furthermore, a prototype of an electro-hydraulic semi-active damper was designed and
manufactured, and a series of experimental tests were conducted to demonstrate its effectiveness to generate
the damping characteristic for enhanced performance in Yuxin’s paper [3]. Apart from rotary motors, linear
motor is also employed in the mechatronic strut. For example, in Songye’s paper [4], a novel application
of electromagnetic damper using a linear motor is studied on structural vibration control, and it presents
a theoretical and experimental study of linear electromagnetic dampers connected with four representative
circuits. A good match between the modelling and testing results clearly demonstrates that the described
model can predict the performance of the linear electromagnetic damper very well.

In mechatronic struts, rotary motors are commonly used with a mechanism to translate linear motion to trans-
lational such as ball-screw and rack-and-pinion. Rotary motors and these mechanisms bring inertia effects
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to the strut, which is considered and can be realised as an inerter in a mechanical network. Since the inerter
[5] was proposed to substitute the mass element in the mechanical-electrical analogy, the abundant electrical
theorems can be directly applied to the analysis and synthesis of mechanical networks which can be used in
designing mechanical systems to achieve enhanced performance. The more high-order passive impedance,
the further enhanced system performance is obtained [6]. In this analogy, the physical characteristics of in-
erters, dampers and springs correspond to the electrical characteristics of capacitors, resistors and inductors,
respectively. The mechatronic strut, combined of mechanical and electrical networks, can be translated to a
equivalent mechanical network using this analogy. The synthesis of a high-order pure mechanical system is
difficult due to the limitation on the size and weight of the system. Therefore, in [2], a high-order passive
impedance can be easily realised by a basic mechanical network with a high-order electrical network, where
a prototype of the mechatronic strut was proposed and applied to vehicle suspension systems. Although
considerable research effects have been made, some challenges still exist which hinder the large scale appli-
cation of mechatronic vibration suppression devices. Firstly, a systematic optimum design approach has not
been established to identify the optimum designs for both the mechanical and electrical parts, in terms of the
topology and element values. Secondly, realistic considerations, such as weight, size and robustness of the
whole system, have not been fully explored.

In this paper, a design methodology for mechatronic struts is presented. Based on qualitative analysis, some
guidelines for ball-screw and motor selection are drawn. Case studies have shown that the mechatronic strut
has a potential to achieve enhanced performance for road vehicles. This paper is arranged as follows: Section
2 introduces the principles of the mechatronic strut and represents its corresponding mechanical network and
admittance function. In Section 3, the design methodology of suspension systems is presented. Furthermore,
the qualitative analysis of the mechatronic strut is carried out. Section 4 presents the quarter-car model and
the case studies of the mechatronic strut for different motors and suspension networks. In Section 5, some
conclusions are drawn.

2 The mechatronic strut

Figure 1: The schematic diagram of the mechatronic strut system

A schematic diagram of the mechatronic strut is shown in Figure 1. The proposed mechatronic strut con-
sists of a ball-screw mechanism, a permanent magnetic electrical motor (PMEM) and an external electrical
circuit. The relative linear motion between the two terminals of the strut results in the rotational motion of
the ball-screw mechanism, which in turn drives the motor to generate an inductive voltage. To provide desir-
able performance, a suitable external electrical circuit is connected to the motor to generate corresponding
torque in the rotor. The torque acts back to the ball-screw mechanism, and hence change the force-velocity
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behaviour across terminals 1 and 2. Furthermore, the external electrical circuit is connected to the PMEM
terminals.

The working principle and electrical model of a PMEM is introduced, and then the principle of a ball-
screw mechanism is presented. In Section 2.3, the admittance and equivalent mechanical network of the
mechatronic strut is introduced.

2.1 The permanent magnet electric motor

In a PMEM, the armature can be modelled as a resistor Rm and inductor Lm in series in electrical circuits.
Rm is the coil resistance of the armature and the inductance Lm for the armature is produced once the
armature rotates. Figure 2 presents the schematic electrical circuit diagram of a PMEM with an external
electrical circuit connected.

Figure 2: The schematic electrical circuit diagram for a PMEM model connected with an external electrical
circuit.

The inductive voltage V and inductive torque Tm are generated by the motor simultaneously while the arma-
ture rotates. If the armature rotates with an angular velocity ω, the inductive voltage V can be represented
as:

V = ke · ω, (1)

where ke is the voltage constant (Vs/rad). The armature current I can then be calculated from the inductive
voltage V and electrical admittance Ye(s), with the latter determined by the external electrical circuit and
armature model. The expressions of I in the Laplace domain and Ye(s) are given as follows:

Ĩ = Ye(s) · Ṽ , (2)

Ye(s) =
Ĩ

Ṽ
=

1

Rm + s · Lm + Zex(s)
, (3)

where Zex(s) is the external circuit impedance. Then the inductive torque Tm is calculated by the following
equation:

Tm = kt · I, (4)
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where kt is the motor torque constant with unit N ·m/A. The inductive voltage constant ke and inductive
torque constant kt are identical and are determined by the magnetic flux, the number of the armature coils
and poles of a PMEM. Therefore, the dynamics of the motor in rotational direction can be represented as:

TE = Jm
dω

dt
+ Tm +Bmω, (5)

where TE is the total torque generated by the motor and Jm the moment of inertia for the rotor. Bm is the
damping coefficient of the motor strut.

2.2 Ball-screw mechanism

A ball-screw mechanism is used to convert linear motions into rotational motions to drive the motor. The
relation between the force FM on the ball-screw and the torque TM is shown as follows:

FM = (
2π

P
)TM , (6)

where P is the pitch of a ball-screw mechanism. The relation between the angular velocity ω on the ball-
screw and the linear velocity v is presented as follows:

ω = (
2π

P
)v, (7)

If the ball-screw mechanism is ideal, for example, by ignoring friction and backlash, the torque TM can be
expressed as follows:

TM = JT (
dω

dt
), (8)

where JT is the total moment of inertia of the nut and the flywheel in a ball-screw mechanism, which can
produce an inertance effect for the strut. Substituting Equations 7 and 8 into 6, the force FM is given as:

FM = (
2π

P
)2JT (

dv

dt
) = b · a, (9)

where b = (2πP )2JT is the ball-screw inertance and a the relative acceleration across its two terminals. The
total ball-screw mechanism inertance b can be easily adjusted by tuning the flywheel.

2.3 Mechanical admittance of the mechatronic strut

To determine the admittance and equivalent mechanical network of the mechatronic strut, the dynamics of
the motor in rotational direction is transferred to translational direction. As the torque TE is acting through
the ball-screw mechanism to the system, the dynamics of the motor in translation direction can be written by
substituting Equation 7 and F = 2π

P T into Equation 5 and simplified as follows:

FE =
2π

P
TE = be · a+ Fm + (

2π

P
)2Bmv, (10)

where FE is the force produced by the motor, the inertance, be, generated by the rotor equals (2πP )2Jm, and
the inductive force, Fm, equals 2π

P Tm. The total force F generated by the mechatronic strut is the sum of
mechanical force FM and electrical force FE as given by:

F = FM + FE . (11)

Substituting Equations 9 and 10 into 11, the dynamics equation of the mechatronic strut can be rewritten as
follows:

F = (be + b) · dv
dt

+ Fe + (
2π

P
)2 ·Bm · v (12)
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Substituting Equation 1 - 4 and 6 - 7 into Equation 12 to obtain the admittance Yms of the mechatronic strut:

Yms =
F (s)

v(s)
= (be + b)s+ (

2π

P
)2Bm +

(2πP )2kekt

Rm + s · Lm + Zex(s)
(13)

For simplification, the following parameters are defined:
{
ce = (2πP )2Bm

Gm = (2πP )2ktke

Therefore, Equation 13 can be rewritten as follows:

Yms = (be + b)s+ ce +
Gm

Rm + sLm + Zex(s)
. (14)

From the admittance Yms, the mechatronic strut can be divided into two parts: the first part (be + b)s + ce
is considered as the mechanical inerter and damper of the motor structure, and Gm/(Rm + sLm + Zex(s))
is regarded as the admittance of an external electrical circuit and motor. Using the analogy of mechanical
and electrical systems, the equivalent mechanical network of the strut is presented in Figure 3, where km, cm
andGm/Zex represent the corresponding internal inductor, internal resistor and external circuit, respectively.
The corresponding relationships between electrical and mechanical elements are presented as follows:

{
km = Gm

Lm

cm = Gm
Rm

Figure 3: Simplified equivalent network for the mechatronic strut

3 Suspension design

3.1 Optimisation methodology

In the optimisation methodology, design parameters and physical constraints for the ball-screw mechanism,
electrical motor and electrical elements are considered. These design parameters and constraints for the strut
are listed in Table 1.
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Ball-screw Motor Electrical elements
Design parameters P, JM ke, kt, Jm, Bm, Rm, Lm R,L,C

Constraints δxmax, Fmax, b Vpeak, Irms, ω physical range of c, k, b

Table 1: Selected parameters and constraints considered for the optimisation process.

For a ball-screw mechanism, pitch P is one of the most important design parameters as analysed in Section
2.2 and 2.3. Furthermore, the nut inertia, JM is another design parameter to represent the minimum inertia
of a ball-screw mechanism. As the values of P and JM is interact, the corresponding JM for each value of
P is different. For a motor, parameters ke, kt, Jm, Bm, Rm, Lm are constant properties, but values of them
may vary for different motors and can be found from its specification. Based on these parameters and pitch,
the value of mechanical elements be, km and cm are determined for the mechanical network. In the external
circuit, three basic electrical elements may be used which are resistors R, inductors L and capacitors C. The
values of their corresponding mechanical elements can be determined from the relations shown as follows:





k = Gm
L

c = Gm
R

b = Gm · C.

Physical constraints for the mechatronic strut have to be determined and implemented into the optimisation
process to check if the optimal values of these elements are feasible in physical realisation. For a ball-screw
mechanism, δxmax and Fmax are the maximum relative displacement between two terminals and maximum
force applied to the ball-screw mechanism, respectively. In the specification, the maximum force Fmax of a
ball-screw mechanism is listed for each set value of P . The minimum inertia of a ball-screw mechanism JM
produces a minimum inertance for the system, which is used as the lower boundary of b for the ball-screw
mechanism. If the optimal value of b is bigger than the lower boundary, the rest inertance can be easily
adjusted by tuning the attached flywheel. For a motor, to make sure the mechatronic strut system working
normally in a long time, the value of V, I and ω calculated in the optimisation process for the motor have
to be smaller than its nominal voltage Vnom, current Inom and velocity ωnom, respectively. For physical
realisation, each electrical element should be considered within its achievable physical range. From these
ranges, the constraints for their corresponding mechanical elements can be calculated. Therefore, these
constraints are used in the optimisation to obtain the optimum values for these corresponding mechanical
elements and meet the physical realisation requirements of electrical elements.

The optimisation methodology can be simplified as some design parameters and constraints may not able
to be determined from their specifications. The simplified optimisation methodology is used to for the
case studies later on. For motors used in case studies, the damping coefficient Bm is not able in their
specifications. Therefore, the value of ce can not be calculated for the suspension network, and then the
element ce is neglected for the optimisation process. However, the value of Bm can be identified through
experiment and implemented into the system. Moreover, it is assumed that all values of electrical elements
can be physically realised in the optimisation so the constraints of electrical elements can be neglected in
optimisation. Therefore, the general network can be simplified as in Figure 3 without ce.

3.2 Qualitative analysis

In this section, it provides an analysis to qualitatively discuss what the preferred properties required of the
ball-screw mechanism and motor for the mechatronic strut.

3.2.1 Ball-screw mechanism

The total ball-screw inertance b = bM + bflywheel can be adjusted by adding or removing the flywheel, but
there is a lower boundary, which is the inertance bM dominated by the nut with inertia JM and pitch P for a
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ball-screw mechanism and the relation between them is given as follows:

bM = (
2π

P
)2 · JM (15)

Therefore, the total equivalent inertance btotal of the mechatronic strut should be larger than bM and the
relation is presented as follows:

btotal ≥ bM (16)

To increase the possibility of achieving more admittance functions for the strut, the value of bM should be as
small as possible only considering the ball-screw mechanism. To have small bM , the ball-screw mechanism
requires large P and small JM . However, there is a trade-off between pitch P and lower boundary inertia
JM . Sometimes, there is no detailed information available on the trade-off, a specific ball-screw for case
studies in Section 4 is picked. Furthermore, the constraint of Fmax should be as large as possible to enhance
the capability of force acting through the ball-screw shaft.

3.2.2 Electrical motor

Inertance be in Figure 3, which is fixed once the motor is selected, is dominated by the motor inertia Jm and
pitch P and its relation is given as follows:

be = (
2π

P
)2 · Jm (17)

Therefore, combining Equations 15 and 17, btotal should be larger than the sum of bM and be and its relation
is shown as follows:

btotal ≥ bM + be (18)

To increase the possibility of achieving more admittance functions for the strut, the value of be should be as
small as possible. As be is determined by Equation 17, it shows that the large pitch it has with small inetias
Jm, the small be it will have. Conclusively, the selected motor should have a small inertia to achieve small
inertance be for a mechatronic strut.

The internal resistance Rm and internal inductance Lm of the selected motor is modelled as a spring km
and damper cm in mechanical network which are in series with an external circuit shown in Figure 3. From
Equation 3, to increase possibility of obtaining optimum transfer function for a system, the value of Rm
and Lm should be as small as possible. For that reason, the values of cm and km should be as large as pos-
sible to demonstrate this by applying translation relationships between mechanical and electrical elements.
Conclusively, small values of Rm and Lm of a motor is more suitable for the proposed mechatronic strut.

In Section 2.3, the inductive force Fm equals 2π
P Tm. By substituting it into Equation 4, the relation of Fm

and I is given as follow:

Inom ≥ I =
Fm · P
2π · kt

. (19)

From Equation 1 and 7, the relation of V and v is given:

Vnom ≥ V = 2π
ke
P
v. (20)

For each motor, there is a set of corresponding nominal voltage Vnom and current Inom. To make sure the
optimisation results are feasible, the optimised voltage and current in the electrical circuit must meet these
constraints of nominal voltage and current. Furthermore, it is assumed that all optimised electrical elements’
values can be realised. Then Equations 19 and 20 can be combined and rearranged as follows:

Fm
2π · Inom

≤ ke
P
≤ Vnom

2π · v (21)

To expand the possible solutions of ke
P , the nominal voltage and current of a motor have to be as large as

possible. In conclusion, a optimum motor for the proposed mechatronic strut should have small inertia Jm,
internal resistance Rm, internal inductance Lm and large nominal voltage Vnom and current Inom.
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4 Case studies

The potential performance in ride comfort J1 of the mechatronic strut is presented in a quarter-car model. A
commonly used ball-screw mechanism is selected for the mechatronic strut. Using simplified optimisation
procedure, case studies are carried out with specific motors and candidate external electrical circuits.

4.1 Quarter-car model and Performance index

A quarter-car model in Figure 4 (a) is applied to illustrate the performance benefits of the proposed mecha-
tronic strut for vehicle dynamics, wherems andmu are the sprung and unsprung masses, xr the displacement
of road excitation, xs and xu the corresponding displacement of the sprung and unsprung masses, kt the tyre
stiffness. Figure 4 (b) presents the conventional suspension system for the quarter-car model. In this paper,
the parameters of the quarter-car model are fixed as follows: ms = 250kg, mu = 35kg, kt = 150kN/m [7].
Furthermore, ks = 30000N/m is set to represent a normal passenger vehicle.

Figure 4: The schematic diagram of the quarter-car model.

To design a suspension system, there are a number of practical design requirements to meet such as pas-
senger comfort, handling, tyre normal loads, limits on suspension travel etc. Although suspension design
usually involve a trade-off between various performance requirements, it is useful to consider first how much
improvement can be obtained in individual performance measures for various configurations. To compare
the performance benefits, ride comfort J1 index is selected as follows [7]:

J1 = 2π
√
V κ||sTx̃r→x̃s ||2 (22)

where ||sTx̃r→x̃s ||2 is the H2 - norm of sTx̃r→x̃s , V the driving velocity of the vehicle, while κ is the road
roughness parameter. Values of V and κ are referred in [7].

The road input in time domain is also used to determine the system transient response such as Vpeak and
Irms. The procedure to generate the time domain signal is referred in [8].

4.2 Selected ball-screw

Based on qualitative analysis, the ball-screw mechanism should have small inertia and large force constraints.
In Yilun’s paper [9], a common ball-screw mechanism, which the inertia and pitch are 0.02kgcm2 and 6mm,
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respectively, is was proposed for a novel shock absorber. The value of maximum force constraint was not
presented in Yilun’s paper so it is taken from common ball-screw mechanism specification where its value is
26.5kN [10].

4.3 Selected motors

The qualitative analysis in Section 3.2 gives a brief guidelines for motor selection. Furthermore, the maxi-
mum terminal voltage of motors must be below 48V considering automotive 48V system [11]. As a result,
two specific motors are selected with maximum available terminal voltage (48 V) and their parameter values
are presented in Table 2. Comparing Motor-1 and Motor-2, Motor-1 has a small inertia Jm while Motor-2
has large nominal I and small Rm and Lm. Two candidate external electrical circuits E1 and E2 are pro-
posed, with the corresponding mechanical networks shown in Figure 5. The proposed two electrical circuits
are used to replace the Gm/Ze part in Figure 3.

Vnom(V) Inom(A) Rm(Ω) Lm(mH) Jm(gcm2) kt(Nm/A) ke(Vs/rad)

Motor-1 48 1.41 2.95 0.514 21.2 0.0429 0.0428
Motor-2 48 2.17 1.40 0.473 75.9 0.0585 0.0586

Table 2: Parameters values for different motors.

Figure 5: The corresponding mechanical networks of two external electrical circuits E1 and E2.

Table 3 shows the optimisation results of four cases for two different motors in two different suspension
networks using E1 and E2. In comparison with the optimal J1 obtained by the conventional suspension
network S1 shown in Figure 4 (b), the dynamic performance J1 of four cases are much worse. It also can
be seen from Table 3 that current in motors reaches the upper boundary of constraints Inom for all cases.
To explore the impacts of the constraints on the cost function, a further investigation of J1 to the change of
constraint values is necessary. As the terminal voltage of motors has not reached the safe level, here only the
constraint Inom is considered.

J1 Vpeak(V) Irms(A)

Optimal, S1 E1 E2 E1 E2 E1 E2

Motor-1 1.24 41.4 41.4 10.6 10.8 1.41 1.41
Motor-2 1.24 27.2 12.6 13.2 41.2 2.17 2.17

Table 3: Results of two different motors.
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If the constraint Inom is released for both specific motors, the optimal J1 can be further improved. Table
4 presents the optimal results of J1 and their corresponding required current Irms and voltage Vpeak in the
electrical circuit for all cases. In comparison with the optimal J1 obtained by the conventional suspension
system S1, a maximum 14.5 % enhanced performance in ride comfort can be achieved if Inom of Motor-2
using network E1 is large enough. Furthermore, a 13.7% improvement of J1 is obtained with Motor-2 using
network E2. Comparing these two cases, Motor-2 using E1 is better for the system as it has smaller required
current and larger improvement. As improvements for Motor-1 using both networks are poor, Motor-2 with
large Inom and small Rm and Lm is more suitable the system.

Figure 6 presents the vertical acceleration of ms in frequency domain for all cases. Furthermore, the vertical
acceleration of ms in time domain for the optimal case is shown in Figure 7 where only 25s response signal
is shown. To clearly see improvements in time and frequency domain, the response of vertical acceleration
of ms is presented in both domains.

In conclusion, for these two specific motors, none of them can provide a better dynamic performance J1 than
the optimised conventional system. However, the investigation of constraint Inom shows that both motors
with large Inom can obtain better dynamic performance J1. Furthermore, Motor-2 with smaller internal
resistance and inductance and large nominal current can have better performance.

Optimal, S1 Motor-1, E1 Motor-1, E2 Motor-2, E1 Motor-2, E2

J1 1.24 1.23 1.23 1.06 1.07
Irms(A) - 3.3 3.4 3.4 4.1
Vpeak(V) - 48 48 48 48
Improvement (%) - 0.8 0.8 14.5 13.7

Table 4: Optimal results of J1 for four cases and their corresponding required current, voltage and improve-
ment.
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Figure 6: The vertical acceleration of ms in frequency domain.
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Figure 7: The vertical acceleration of ms in time domain.

5 Conclusion

This paper investigated the potential of mechatronic strut for road vehicles and proposed a design methodol-
ogy and qualitative analysis. Cases studies of the mechatronic vehicle suspension strut were carried out and
it shows that the strut can provide improvements of ride comfort for a quarter-car model. To obtain the op-
timal mechatronic suspension design, an optimisation methodology is proposed by considering all possible
design parameters and constraints such as nominal voltage and current for the motor, maximum force acting
on the ball-screw mechanism and size and weight of the electrical elements. In the qualitative analysis of the
mechantronic strut, an motor for the strut should have small inertia Jm, internal resistance Rm, internal in-
ductance Lm and large nominal current Inom and voltage Vnom. A ball-screw mechanism should have small
initial inertance bM and large bearable force Fmax. Furthermore, to obtain the optimal J1 for the system, the
corresponding suitable ratio of ke

P can be only a value or within a range. Therefore, there may be multiple
solutions of keP for the system. Simultaneously, there are multiple available choices for motor and ball-screw
mechanism selections for each value of ke

P . In case studies, the dynamic performance of suspensions using
two specific motors are determined with two candidates external electrical circuits by using a simplified op-
timisation procedure. It shows obtained J1 for all these motors are worse than J1 obtained by conventional
suspension system. This is because that J1 becomes poor to meet those constraints in optimisation such as
Inom and Vnom. Then the impact of Inom to J1 was carried out as Vnom has not reached the safe level shown
in Table 4. From the analysis for both motors, dynamic performance J1 can be improved significantly if the
constraint of Inom is released. As Motor-2 has small internal resistance and inductance, optimal J1 obtained
using Motor-2 is better than that obtained with Motor-1 with up to 14.5% improvement.
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Abstract
Acoustic black holes are structural features that have a varying thickness profile, and provide a potential
lightweight damping solution for flexural vibrations. In practical applications, the length of an acoustic
black hole will be constrained by the available space and the minimum tip height will be limited by both
the manufacturing capabilities and strength requirements. Therefore, the power law of the taper is often the
critical design parameter. In this paper, a parametric study of an acoustic black hole termination on a beam
is presented with practical constraints on the length and tip height. The reflection coefficient of the acoustic
black hole has been calculated for a range of power laws and it has been shown that, for a fixed power law,
the reflection coefficient varies over frequency and exhibits bands of high and low reflection. These bands
can be related to modes of the acoustic black hole. In addition, it has been found that an optimum power law
exists for minimising the broadband average reflection coefficient for each acoustic black hole configuration.

1 Introduction

The acoustic black hole effect, as described by Mironov in 1988 [1], is a phenomenon that occurs when a
beam or plate is tapered to a point, over a distance equal to or larger than the acoustic wavelength. Figure

Figure 1: A diagram of an acoustic black hole taper.

1 shows an example of an acoustic black hole, seen as the tapering of the beam to a point via a power law
curve. The behaviour of such an acoustic black hole can be explained by considering flexural vibrations
travelling down a tapered Euler-Bernoulli beam. As the vibrations propagate towards the tip, their velocity
is reduced following the relationship

cb =
4

√
Eh2(x)ω2

12ρ
(1)
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whereE is the Young’s modulus of the beam material, h(x) = εxµ+htip is the height function of the beam, ω
is the angular frequency of the vibrations, ρ is the density of the beam material and ν is the poisson ratio [2,3].
For a tapered semi-infinite plate, the same equation may be used by the inclusion of the poisson ratio term:
1/(1 − ν2) [4]. It can be seen, from equation 1, that the wave speed in a tapered beam is proportional to
the square root of the beam height. It follows that, as the height function tends to zero, the velocity of a
propagating wave converges to zero. Hence, the propagating wave will theoretically never reach the tip of
the taper and therefore will not reflect back out of the taper. In reality, a perfect and infinite tapered beam
cannot be manufactured and the structural integrity of the acoustic black hole is questionable for very thin tip
heights. It has previously been shown that the acoustic black hole effect is negligible for practical tip heights,
but that improvements could be made to the effectiveness by applying thin viscoelastic damping layers to
either one or both sides of the taper, which results in a significant reduction in the reflection coefficient from
the acoustic black hole [5–7]. It is clear that there is a tradeoff between practicality and performance in the
design of acoustic black holes.

Over time, there has been an increase in the amount of literature modelling more practically dimensioned
acoustic black holes. This has coincided with an increase in experimental studies, used to validate the models,
which are limited by manufacturing restrictions on the tip height and length of the taper. The thickness tends
to range from about a 10mm beam or plate height down to a 0.25mm tip height. The taper lengths are usually
up to 10cm long and the power law of the taper tends to be between 2 and 4. Damping layers, applied to the
acoustic black hole taper, have usually been thin but theory predicts that the thickness of the damping layer
can be up to six times the thickness of the base layer before the increase in loss factor diminishes [8, 9].

So far, work has been done that examines the influence of the tip height and power law on the modal density
of an acoustic black hole on a beam [10]. It has been shown that a smaller tip height significantly increases
the modal density of an acoustic black hole. Higher power laws cause a slight increase in modal density.
The modal density of the acoustic black hole on a beam was not found to be related to the modal density
of a uniform beam [10]. In addition to this, band gaps have been observed in acoustic black holes. For an
acoustic black hole cell, the mode shapes of the bounding frequencies of the band gaps have been matched to
the mode shapes of the resonant frequencies [11]. These band gaps have also been shown to vary in range and
frequency when the power law of the acoustic black hole taper is changed, and when the tip height is changed.
The optimum thickness of damping has been investigated with the use of a laser as both an excitation and
measurement device, which also allowed visualisation of wave propagation and small imperfections in the
structure [7].

This paper will investigate the potential link between the reflection coefficient of an acoustic black hole, the
band gaps mentioned in [11] and the different controllable parameters of an acoustic black hole. In this paper,
a finite element model of a lightly damped acoustic black hole on a beam is presented and used to investigate
the design tradeoff between the geometric parameters. The reflection coefficient for frequency dependant
parameter sweeps and broadband frequency parameter tradeoffs is then shown and there is a discussion of
the findings. A link between the modes of an acoustic black hole and the power law of the taper is presented
alongside a discussion about optimising the power law for practical application. Finally, the conclusions of
this work are presented.

2 The finite element model of an ABH on a beam

In order to carry out a parametric study of the acoustic black hole, a finite element model of an acoustic
black hole on the end of a long beam has been developed. The beam was assigned a width of 4cm, a length
of 3m and a height of 1cm. The acoustic black hole shared the same width and starting height as the beam.
The beam and taper were both assumed to be constructed from aluminium and a small amount of isotropic
damping (η = 0.07) was applied to the acoustic black hole taper in addition to the natural damping properties
of aluminium. It should be noted that isotropic damping does not have frequency dependant characteristics
and is therefore not the most accurate representation of a practical, thinly applied, damping layer. However,
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isotopic damping was considered to be suitable for this investigation since it is the profile of the taper that
is being investigated rather than the damping layer itself. The initial conditions of the acoustic black hole
were set to stationary and the boundary conditions of all the edges were set to free. A point force of 10N
was applied to the end of the beam furthest from the acoustic black hole. Finally, the two dimensional
model was meshed using an edge element mesh. To determine the necessary mesh size, a convergence
study was carried out which determined the number of elements required per wavelength for both the beam
section and the acoustic black hole section. Although it is possible to mesh the acoustic black hole with
a spatially varying element size, for simplicity the acoustic black hole was meshed in a uniform manner
and the reference wavelength was taken from the tip so that there would be at least the required number
of elements per wavelength to obtain accurate results. An example of the difference in mesh size for the

Figure 2: The meshing difference between the beam, on the left, and the acoustic black hole, on the right.

acoustic black hole and beam section is shown in Figure 2, where the difference in mesh resolution for the
beam and taper sections is clear. The displacement of the acoustic black hole calculated by the model when
it is being excited at 2kHz is shown in Figure 3. Note that, because the displacement has been magnified

Figure 3: The position along the taper plotted against the displacement of the taper for an excitation of 10N
at 2000Hz. The flexural wave speed is shown as a colour scale.

for clarity, the taper height in Figure 3 is not to scale. The flexural wave speed has also been included to
demonstrate the acoustic black hole effect (ie the slowing of the wave speed) occurring towards the tip. For
reference, the dimensions of the model can be found in the default column of Table 1 in Section 3.

Figure 4: The evaluation points used on the beam for measurement of the acoustic black hole reflection
coefficient.
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Two evaluation points were added midway along the beam section, shown in Figure 4, at x = −1.55m and
x = −1.45m to allow calculation of the reflection coefficient. The transverse acceleration of the beam was
evaluated at these two points. Based on the sensor separation, an upper frequency limit can be been defined
as

fmax =
cb

2∆x
(2)

where ∆x is the separation between the two sensor points and fmax is the upper frequency limit [12]. The
influence of near field effects can be assumed negligible (max contribution ≈ 0.04) if the sensor array is at
least half a wavelength away from the primary source and any significant changes in the structure (ie the
ABH). Therefore, a lower frequency limit can be defined as

fmin =
1

8
(
`− ∆x

2

)2 (3)

where fmin is the lower frequency limit and ` is the distance from the sensor array to the primary source [12].
The evaluation points were 1.45m from either the input force or the discontinuity in the beam formed by the
taper and therefore near field effects could be neglected at frequencies above 0.06Hz. Therefore, assuming
these limits are fulfilled, the wave amplitudes of the positive and negatively travelling propagating waves can
be calculated as

A =
i(a1e

ikB∆x
2 − a2e

−ikB∆x
2 )

2ω2 sin(kB∆x)
(4)

B =
i(a2e

ikB∆x
2 − a1e

−ikB∆x
2 )

2ω2 sin(kB∆x)
(5)

where a is the measured acceleration at the data acquisition points 1 and 2 (shown in Figure 4), A and B are
the complex amplitudes of the positive and negative travelling waves respectively, ω is the angular frequency
and kB is the bending wavenumber, calculated as

kB = 4

√
ρsS

EIz

√
ω (6)

where ρs is the cross-sectional density, S is the cross-sectional area,E is the Young’s modulus of the material
and Iz is the cross-sectional moment of inertia. The reflection coefficient can then be calculated by taking
the ratio of the reflected to the incident wave amplitudes,

R =

∣∣∣∣
B

A

∣∣∣∣. (7)

This technique has commonly been used for the calculation of the reflection coefficient for acoustic samples
[12–15] and also for vibrational samples in acoustic black holes [16].

3 A parametric study and modal analysis of acoustic black holes

To investigate the effect that design parameters have on the acoustic black hole performance, a parametric
study has been performed and the reflection coefficient has been evaluated as a function of the different
parameters. The three parameters of interest: tip height, taper power and taper length were swept over
the ranges specified in Table 1. The parameter ranges were chosen with a consideration of manufacturing
restrictions. The acoustic black hole taper has been defined using the geometrical expression

h(x) = ε[(l − x)/l]µ + htip (8)
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Parameters
Parameter Range being swept Default if not being swept
Power law (µ) 2 to 10 4
Taper length (l) 50mm to 500mm 70mm
Tip height (htip) 0.5mm to 10mm 0.5mm
Frequency (f ) 100Hz to 10000Hz -
Beam height (hbeam) - 10mm
ABH / Beam width - 40mm
ABH isotropic damping (η) - 0.07
Structure material - Aluminium

Table 1: The range over which each parameter was swept in the finite element model and the default values
for the structural parameters.

where ε = hbeam−htip. This expression Provides an exponentially decreasing taper, whilst allowing separate
control over the taper length, tip height and power law, allowing each parameter to be changed independently.

The frequency was swept on a logarithmic scale from 100Hz to 10000Hz using the expression

frange = 10log10(fmin) : 1/490 : log10(fmax) (9)

in order to account for the smaller bandwidths of low frequency resonances by increasing the frequency step
density at the low end.

It is important to note that due to the low damping factor used, the reflection from the acoustic black hole
is generally relatively high. This paper aims to provide insight into how the behaviour of an acoustic black
hole can be related to its modal characteristics and this behaviour is clearer for low damping factors and,
therefore, a low damping factor has been used to provide physical insight into the behaviour.

Figure 5a shows how the reflection coefficient of the acoustic black hole varies with different tip heights over
a frequency range of 100Hz to 10000Hz. The results show that for smaller tip heights, the frequency bands
of low reflection decrease in width but increase in density so that there is, in general, a lower amount of
reflection from the tip. Also, at higher frequencies the bands of low reflection are wider and therefore there
is less reflection from the tip at higher frequencies. These results demonstrate that there is periodic spectral
variation in the reflection coefficient of an acoustic black hole that is dependant on the tip height.

Figure 5b shows how the reflection coefficient of the acoustic black hole varies with taper length over a
frequency range of 100Hz to 10000Hz. The results show that at any frequency, a longer acoustic black
hole taper produces a lower reflection coefficient. At higher frequencies, there is less reflection for any
taper length. Considering the small damping coefficient used, a longer taper length appears to produce very
low reflection, which indicates that the acoustic black hole effect is working well. These results are also
consistent with the literature and demonstrate that the performance of an acoustic black hole is better for
longer taper lengths and at higher frequencies. These results also show the spectral variation in the reflection
coefficient of an acoustic black hole.

Figure 5c shows how the broadband average of the reflection coefficient varies with the taper length and tip
height of an acoustic black hole. These results show that on average, the reflection decreases for longer tapers
and for smaller tip heights. At a taper length shorter than 0.05m, the practical range of tip heights that were
examined appeared to have no effect on the average broadband reflection coefficient. As the taper length
increases above 0.05m, the tip height of the acoustic black hole has more influence on the average broadband
reflection coefficient and a smaller tip height produces lower reflection. For any tip height examined, the
average broadband reflection coefficient decreases as the taper length increases. There was a 0.12 average
difference in the reflection coefficient between the smallest and largest tip height and, in contrast to this,
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(a) Tip height plotted against frequency for an acoustic
black hole with a taper length of 70mm and a power law
of 4.

(b) Taper length plotted against frequency for an acoustic
black hole with a tip height of 0.5mm and a power law of
4.

(c) The tradeoff between the tip height and the taper length
of an acoustic black hole with a power law of 4.

Figure 5: The reflection coefficient, plotted on a scale of 0 to 1, as a function of frequency and a parameter
(5a, 5b), and as a tradeoff between two parameters for a broadband frequency average (5c).

there was a 0.49 average difference in the reflection coefficient between the shortest and longest taper length.

Figure 6 shows how the reflection coefficient of an acoustic black hole varies with the taper power law over
a frequency range of 100Hz to 10000Hz. These results show that as the power law of the taper increases
for a single frequency, a particular range of power law values produces a low reflection coefficient. At
higher frequencies, there are more power law values that produce a low reflection coefficient for a specific
frequency. For any given power, at higher frequencies the bands of low reflection are wider. At low power
laws, these bands become very wide and this results in a cut-on frequency for each power law, above which
the acoustic black hole produces low reflection.

The white dotted lines shown in Figure 6 show how the frequencies of the first five modes of the acoustic
black hole cell vary with the power law. The acoustic black hole cell is the acoustic black hole without the
beam section (i.e. just the taper). From the results shown in Figure 6, it can be seen that the modes of the
acoustic black hole occur at the same frequencies as the minima in the reflection coefficient. It can also be
seen that as the power law increases, the modal frequencies decrease. The power law could, therefore, be
used to tune the modal frequencies and thus the frequency bands of low reflection. In practice, this could be
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Figure 6: The power law of the taper plotted against frequency for an acoustic black hole with a tip height
of 0.5mm and a taper length of 70mm. The reflection coefficient is represented by a colour scale from 0 to
1. An overlay of the first 5 modal frequencies for different power laws, and their shapes, are shown by the
white dotted lines.

used to tune the bands of low reflection to the resonant frequencies of a structure.

Figure 7a shows the tradeoff between the power law of the acoustic black hole and the taper length. These
results show that there is an optimum power law for the average broadband performance of an acoustic black
hole at a specific taper length. For a longer taper length, the optimum power law is slightly higher than for
a shorter taper length. The optimum power law at each taper length is shown by a dotted white line. This
confirms that the power law, a key controllable parameter, can be optimised for a specific taper length. Figure
7b shows the tradeoff between the power law of the acoustic black hole and the tip height. These results show
that there is an optimum power law that can be used to achieve a minimum average broadband reflection at
a specific tip length. For a larger tip height, the optimum power law is higher than for a smaller tip height.
The optimum power law at each tip height is shown by a dotted white line. The power law can therefore be
optimised for a specific tip height. As seen earlier in Figure 5c, over a practical range with a small amount
of damping, increasing the taper length appears to have more influence on the reflection coefficient than
decreasing the tip height. However, both Figures 7a and 7b show that for an acoustic black hole of practical
dimensions (shown as the default values in Table 1), the optimum power law is approximately 4. Optimising
and tailoring the power law can be useful, for example, when the working environment of an acoustic black
hole is restricted geometrically. In such a scenario, the power law can still be used to optimise the broadband
reflection coefficient for the particular length and tip height of the acoustic black hole.

4 Conclusions

This paper presents an extended study of how the controllable parameters influence the reflection coefficient
and broadband frequency average reflection coefficient of an acoustic black hole on a beam. An investigation
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(a) The tradeoff between the power law of the taper and the
taper length for an acoustic black hole with a tip height of
0.5mm.

(b) The tradeoff between the power law of the taper and the
tip height of the acoustic black hole. The taper length was
set at 70mm.

Figure 7: The broadband frequency average reflection coefficient, plotted on a scale of 0 to 1, as a tradeoff
between the power law and the taper length (7a) and the power law and the tip height (7b). For both tradeoffs,
the optimum power law for a minimum broadband reflection coefficient has been marked on with a dotted
white line.

was carried out to determine how the power law of an acoustic black hole can be used as a key design
parameter for acoustic black holes with practical dimensions and a modal analysis was performed to observe
the modal band gaps in the reflection coefficient and their dependance on the power law of the taper.

It has been shown that an acoustic black hole has a higher performance if designed with a longer taper length
and smaller tip height. The influence of these two parameters on the reflection coefficient of the acoustic
black hole has been shown for a range of sweep values and a tradeoff between the two parameters has also
been shown. The results are as predicted for individual cases in the literature: a longer taper and smaller
tip height produces a better energy absorption and therefore a lower reflection coefficient. However, when
designing acoustic black holes for practical applications, these two parameters are likely to be constrained,
leaving the power law of the acoustic black hole taper as the key controllable parameter.

The reflection coefficient of an acoustic black hole has been shown to exhibit spectral variation over a range
of power law values, present as frequency bands of low reflection. Raising the power law has been shown
to shift the bands of low reflection down in frequency and also increase the width of the bands. The modal
analysis has shown that the frequencies of an acoustic black hole’s modes match the frequencies of the bands
of low reflection coefficient. The frequency of the modes has been shown to change with the power law of the
taper, making the power law a key controllable parameter when designing acoustic black holes, especially
for practical applications where the length and tip height may be constrained. A tradeoff plot between the
tip height and the taper length of an acoustic black hole has shown that, for the practical parameter range
investigated, increasing the taper length had more influence on the reflection coefficient than decreasing the
tip height. Tradeoff plots between the power law and both tip height and taper length have both shown
that there exists an optimum power law for the geometry of an acoustic black hole that results in the lowest
broadband refection coefficient. For the practically dimensioned acoustic black hole tested this was found to
be around 4. When utilised in a practical application, an acoustic black hole might be used to damp particular
frequency bands or provide an overall attenuation in a restricted space. Both of these cases can be optimised
by changing the power law of the acoustic black hole taper.
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Abstract
An accurate design tool over a broad frequency range which replaces laboratory testing of multilayered
structures, is the objective in this work as such systems are regularly applied in buildings. The main used
methodology is the semi-analytical transfer matrix method. Two disadvantages will be tackled: (1) the finite
size will be taken into account using a modal approach, allowing a detailed examination of the behaviour of
the system in small frequency bands; (2) a hybridization is created in order to avoid the numerical integration
of the plane wave sound transmission loss over all angles of incidence, and at the same time to allow the
computation of the variance, inherent to the diffuse field assumption in the sending and receiving room. By
modelling the wall or floor system deterministically using the modal transfer matrix method and the rooms
carrying a diffuse field, a hybrid modal transfer matrix-statistical energy analysis approach is established by
making use of the diffuse field reciprocity relationship. Different validation examples are examined.

1 Introduction

There is an increasing use of lightweight layered systems in buildings to achieve a high thermal performance.
Because of their relatively low weight and complex vibro-acoustic behaviour, achieving sufficient sound
insulation with such systems is, however, challenging. The goal in this work is thus to create an accurate
sound transmission loss prediction method, which is fast enough to be used as a design tool for layered
systems.

The framework of the hybrid finite element-statistical energy analysis (FE-SEA) approach [1, 2, 3] serves as
a starting point for the new methodology. Using the diffuse field reciprocity relationship [4, 5], the hybrid
framework allows modelling the rooms of the overall room-wall-room system as stochastic subsystems (like
in statistical energy analysis, SEA), while treating the wall in a deterministic way with finite element (FE)
analysis. Because of the statistical room models, the uncertainty of the sound transmission loss concerning
the diffuse field assumption in the rooms can be assessed [3]. Therefore, not only the mean of the sound
transmission loss but also its variance can be obtained. Note that the computation time of the FE-SEA method
will increase at higher frequencies as a finer mesh is needed to capture the small wavelength deformations
of the walls or floors.

To overcome this limitation, the finite element analysis is replaced by the semi-analytical transfer matrix
method (TMM) [6, 7, 8], which allows to predict the behaviour of infinite walls and floors, consisting of
homogeneous solid, fluid and/or poroelastic layers. However, assuming an infinite wall can cause important
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Figure 1: A room-wall-room system, in which the wall is a multilayered structure.

prediction errors at low and medium frequencies. Edge diffraction can be taken into account by using a
fast and simplified spatial windowing technique [9, 10, 11], but then the modal behaviour is still neglected.
Alternatively, the wall displacement can be projected onto a set of sinusoidal lateral basis functions, such that
the wall impedance at a given frequency and for a given lateral basis function (hence lateral wavenumber)
can be computed using the TMM [12, 13]. This approximate modal TMM (mTMM) accounts approximately
for modal wall behaviour when the boundary conditions are simply supported.

The newly developed modal transfer matrix-statistical energy analysis (mTMM-SEA) approach contributes
with respect to the conventional mTMM that integration of the plane wave transmission over all angles
of incidence is avoided. This integration causes both numerical difficulties at grazing incidence and the
limitation that only the ensemble mean of the sound transmission loss can be computed. Other statistics
that are inherent to the diffuse sound field assumption, such as the variance of the sound transmission loss,
can not be obtained by the several variations of the TMM. The hybrid mTMM-SEA methodology offers a
solution to this problem.

The remainder of this article is organized as follows: The theory is summarized in section 2. Section 2.1
introduces the hybrid deterministic-SEA approach to sound transmission modelling in general. Section 2.2
elaborates the computation of the deterministic dynamic stiffness matrix using the mTMM. Subsequently,
the performance of the hybrid mTMM-SEA approach is investigated in detail for two walls, by comparing
the predicted sound insulation values with results of other hybrid approaches and with measured values. The
considered wall types are a thick brick wall (§3.1), a double-leaf wall (§3.2) and a double glazing (§3.3).
The conclusions are presented in Section 4. The present paper is an abbreviated version of a more detailed
analysis to be found in reference [14].

2 A modal transfer matrix - statistical energy analysis framework

2.1 Modeling strategy

Throughout this article, a room-wall-room system is considered, where the rooms carry a diffuse wave field
and the wall a deterministic wave field (cfr. Fig. 1). The out-of-plane displacement uz of the partition wall is
approximated using a finite set of Nm global basis functions φ (e.g. the in-vacuo modes) and corresponding
generalized coordinates q. When the wall is thin, the transverse displacement of the wall in position x =
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(x, y) at frequency ω is independent of the z-coordinate:

uz(x, ω) ≈
Nm∑

p=1

φp(x)qp(ω) (1)

For a thick wall, the decomposition is performed for each of both outer surfaces A and B:

uz(x, zA, ω) ≈
Nm∑

p=1

φp(x, zA)qpA(ω) and uz(x, zB, ω) ≈
Nm∑

p=1

φp(x, zB)qpB(ω) (2)

All generalized response degrees of freedom (DOFs) are collected in an amplitude vector q(ω) ∈ CNdof , so
that the time-domain response is given by Re(qeiωt), with i the imaginary unit. Similarly, the corresponding
generalized harmonic loads are collected in the load amplitude vector f(ω) ∈ CNdof . Note that, when the
wall is modelled as thin, then Ndof = Nm, but when it is thick, then Ndof = 2Nm. Since q contains all
(generalized) interface degrees of freedom between the wall and the rooms, the equations of motion of the
whole system (room-wall-room) can be written as

Dq = f , (3)

with D ∈ CNdof×Ndof the dynamic stiffness matrix at frequency ω. D may be decomposed as the sum of the
dynamic stiffness matrix of the wall, denoted as Dd (subscript d stands for deterministic), and the dynamic
stiffness matrices of the rooms, denoted as D1 and D2:

D = Dd + D1 + D2 (4)

Since the rooms are assumed to carry a diffuse field in this work, they are modelled as the random subsystems
in the overall room-wall-room system. The dynamic stiffness matrix of each acoustic room volume k is
decomposed as

Dk = D
(k)
dir + D(k)

rev, k = 1, 2 (5)

where D
(k)
dir denotes the mean of the subsystem’s dynamic stiffness matrix D

(k)
dir := E [Dk]. This term

describes the limiting response of subsystem k to the displacements of the deterministic boundary that would
be observed at that boundary when the extent of the subsystem would be increased [4, 15]. D(k)

rev represents
the response of the reverberant field in the subsystem, caused by the presence of random wave scattering
boundaries or objects. With this decomposition, the equations of motion for a random subsystem are

D
(k)
dirq = fk + f (k)rev , (6)

where the reverberant forces are defined as f (k)rev := −D(k)
revq, and fk denotes the sum of the loads applied to

subsystem k at its DOFs. The overall equations of motion (3) become

Dtotq = f + f (1)rev + f (2)rev , (7)

where Dtot := Dd +
∑2

k=1D
(k)
dir is a purely deterministic matrix. When a diffuse field acts in both rooms,

the reverberant forces f (k)rev are related to D
(k)
dir through the diffuse field reciprocity relationship [4]:

E[f (k)rev f
(s)
rev] = δks

4Êk
ωπnk

Im
(
D

(k)
dir

)
, (8)

with nk the modal density of subsystem k and δks the Kronecker delta. Note that the hat symbol is em-
ployed here as shorthand notation for ensemble mean. From this equation, it is possible to obtain the mean
time-averaged total energy Êk of room k from a stationary power balance which involves the other random
subsystems as well as the deterministic master system, assuming the fields are statistically independent of
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each other. For the case where the external loading acts solely on the random subsystems (rooms), this reads
[1]:

ω (ηk + η̂d,k) Êk +
2∑

j=1

ωη̂kjnk

(
Êk
nk
− Êj
nj

)
= P̂k, k = 1, 2. (9)

In this expression, ηk is the damping loss factor of subsystem k, Pk the power input from external loading
injected directly into the diffuse field of this subsystem, and

η̂d,k =
2

ωπnk

∑

r,s

Im (Dd,rs)
(
D−1

totIm
(
D

(k)
dir

)
D−H

tot

)
rs

(10)

η̂kj =
2

ωπnk

∑

r,s

Im
(
D

(k)
dir,rs

)(
D−1

totIm
(
D

(j)
dir

)
D−H

tot

)
rs

(11)

where the superscript H denotes Hermitian transpose and the integer subscripts r, s select an element in row
r and column s of a matrix. If the wall provides sufficient sound insulation, P̂k can be approximated as the
ensemble mean of the power input into a hard-walled room. It can be noted that the power balance equation
(9) has formally the same structure as in conventional SEA. Therefore the factors η̂kj can be interpreted as
coupling loss factors, and (11) provides a rigorous way to compute their ensemble mean. In a similar manner,
(10) enables to rigorously estimate the power that is lost by energy dissipation in the wall. By solving for the
mean coupling loss factor η̂12 between the two subsystems, the mean sound transmission coefficient τ̂12 can
be obtained from [10]

τ̂12 = η̂12
4ωV1
caS

, (12)

with S the surface area of the wall, V1 the volume of the sending room, and ca the speed of sound.

The computation of the dynamic stiffness matrix of the wall, Dd will be discussed in section 2.2. For the
computation of the direct field dynamic stiffness matrices of the rooms as seen from the baffled wall, D(1)

dir

and D
(2)
dir , the reader is referred to the wavelets approach [16]. Note that the combination of the hybrid

method and the wavelet approach allows to take cross modal coupling into account, which is not possible
when the sound transmission is integrated over all possible angles of incidence using a conventional modal
based TMM [13].

An important advantage of the general deterministic-SEA framework described above, is that not only the
mean, but also the variance of the transmission loss which is inherent in the diffuse field models of the rooms,
can be obtained. It was demonstrated by Langley and Cotoni [2] that this variance can be computed by a first-
order perturbation analysis of the power balance (9); Reynders et al. [3] then made the connection with the
variance of the sound transmission loss. This variance of the sound transmission σ2τ = Relcov[C12, C12]τ̂

2
12

can be computed in closed form by solving for the relative covariance Relcov[C12, C12] [3, Eq. (15)].

2.2 Computing the deterministic dynamic stiffness matrix from finite wall impedances
using the transfer matrix method

The transfer matrix method [6, 7, 8] is an efficient framework that allows computing the mechanical impedance
matrix Z(kx, ω) for two-dimensional (x-z) wave propagation between both sides of an infinite wall consist-
ing of solid, fluid and/or poroelastic layers for a given longitudinal wavenumber kx and a given frequency ω
(cfr. Fig. 1 ): [

Z11(kx, ω) Z12(kx, ω)
Z21(kx, ω) Z22(kx, ω)

] [
vzA(ω)
vzB(ω)

]
=

[
pA(ω)
pB(ω)

]
(13)
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For finite walls, the normal displacement uz(x, z, ω) can be approximated using a Ritz approach, i.e., by
means of a finite set of shape functions φp(x) that satisfy the boundary conditions (e.g., simply supported):

uz(x, z, ω) ≈
Nm∑

p=1

φp(x)qp(z, ω), (14)

The plate velocities and the pressures at both sides of the wall can then be written as [12, 13]
[
vzA(x, ω)
vzB(x, ω)

]
=
∑

p

[
VzAp(ω)
VzBp(ω)

]
φp(x) and

[
pA(x, ω)
pB(x, ω)

]
=
∑

p

[
PAp(ω)
PBp(ω)

]
φp(x) (15)

The basis functions φp(x) are chosen to be the mode shapes of a thin simply supported plate with dimensions
Lx × Ly × t:

φp(x) = sin

(
pxπx

Lx

)
sin

(
pyπy

Ly

)
, (16)

where px and py are the integer numbers of half wavelengths in the x and y directions, respectively, of mode
p and with corresponding modal wavenumber kp =

√
(pxπ/Lx)2 + (pyπ/Ly)2. The modal response of this

homogeneous thin plate is obtained by imposing the modal wavenumber as trace wavenumber in an infinite
plate model. Using the orthogonality property of the bending mode shapes when combining equations (13)
and (15), one has the following exact relationship for a finite homogeneous thin plate:

[
Z11(kp, ω) Z12(kp, ω)
Z21(kp, ω) Z22(kp, ω)

] [
VzAp(ω)
VzBp(ω)

]
=

[
PAp(ω)
PBp(ω)

]
(17)

This implies that (1) the impedances of the wall in the chosen generalized coordinates (i.e., simply supported
thin plate modal coordinates) can be computed independently for each basis function, and (2) the impedance
matrix between both sides of a finite wall in generalized coordinates can be evaluated as the impedance
matrix of the corresponding infinite wall, evaluated for the wavenumber kp of the basis function p. A relation
between Z(kp, ω) and Dd,p is established by transforming the modal velocity into the modal displacement
and the modal pressure into the modal force:

Dd,p(ω) =
iωLxLy

4
Z(kp, ω) (18)

Eq. (18) is exact for a simply supported thin plate. Its validity for other wall types depends on the validity of
approximation (14), which assumes that only waves with in-plane wavenumbers kp can propagate through
the wall.

3 Validation examples

In this section, the proposed mTMM-SEA approach is validated on wall systems of increasing complexity.
The predicted sound transmission loss values are compared against experimental results and alternative pre-
diction results, such as the wave based method (WBM) [20], which takes both the room and wall modes
into account. A comparison is also made with the hybrid FE-SEA method, that has been discussed earlier
in [3, 17]. Numerical results of the conventional TMM and the TMM using a simplified spatial windowing
technique (FTMM) [11] as finite size correction are also shown.

In all but one example (the double-leaf wall of Section 3.2), the experimental results have been obtained at
the KU Leuven Laboratory of Acoustics. More details concerning the Laboratory can be found in [20]. The
measured values of the damping loss factors of the mounted walls are listed in Table 1. In all simulations, the
reverberation time T , the air density ρa and the sound speed ca in the rooms are taken to be 1.5 s, 1.2 kg

m3 and
343 m

s , respectively. Note that in the simulations, the walls are assumed to have simply supported boundary
conditions; the accuracy of this assumption has been experimentally confirmed [17].
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f [Hz] 50 63 80 100 125 160 200 250 315 400 500 . . .
ηbrick [%] 3.8 6.7 7.0 4.6 4.3 3.9 5.3 3.5 1.7 2.4 2.2 . . .
ηglass,6mm [%] 3.1 2.3 2.6 2.1 1.9 1.7 1.8 2.2 2.2 2.6 2.8 . . .
ηglass,8mm [%] 3.4 3.5 3.0 2.7 2.7 2.4 2.2 2.3 2.3 3.0 2.9 . . .
f [Hz] . . . 630 800 1000 1250 1600 2000 2500 3150 4000 5000
ηbrick [%] . . . 3.2 2.1 1.5 2.3 1.4 1.2 1.4 0.7 0.9 0.8
ηglass,6mm [%] . . . 2.7 2.0 1.6 1.7 1.6 1.7 1.1 3.4 2.7 2.2
ηglass,8mm [%] . . . 2.6 2.0 1.9 1.6 1.7 2.0 4.0 4.3 3.4 2.3

Table 1: Measured damping loss factors η for the partition walls tested in the KU Leuven Laboratory of
Acoustics.

3.1 Hollow brick wall

In the first application, a perforated brick wall with dimensions 3.25 m × 2.95 m × 0.19 m is considered.
The wall is plastered at both sides. The acoustic behaviour of perforated brick walls is complex, given the
inhomogeneities at three different scales: the fire clay material, the brick where small cavities are present
in the fire clay because of the perforations, and the entire wall where the bricks are held together by mortar
layers. When the inhomogeneities are small compared to the wavelength, and when the stiffness is not too
different in different directions, the wall can be modelled as homogeneous and isotropic. The thickness
effects, however, can not be neglected: not only is shear deformation important, thickness resonances (i.e.,
Lamb modes) are often observed in the audio frequency range [21]. Following [12], the equivalent Young’s
modulus, Poisson’s ratio, density and thickness are taken as E = 1825 MPa, ν = 0.2, ρ = 613.5 kg

m3 and
t = 0.2934 m, respectively.

Fig. 2 shows the predictions of the hybrid mTMM-SEA method, of the conventional TMM, of the FTMM
and of a hybrid FE-SEA model. In the hybrid FE-SEA model, the wall is modelled using 8-node solid linear
elastic finite elements (of the SOLID45 element type in ANSYS) and only the boundary displacements in
the middle plane of the wall are restrained. The hybrid mTMM-SEA and FE-SEA predictions agree well
but they are not exactly the same, which is expected since the boundary conditions are slightly different
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Figure 2: Harmonic sound transmission loss of a perforated brick wall (a) as predicted with the hybrid
mTMM-SEA approach, the hybrid FE-SEA approach, the conventional TMM, the FTMM, and (b) as mea-
sured in the laboratory. The 2σ confidence interval, computed with the hybrid mTMM-SEA, is shown in the
right figure.
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and since (14) results in an approximation of the true wall behaviour for thick walls. Both models correctly
predict the first thickness resonance of the wall at around 3000 Hz. The comparison with the conventional
TMM and the FTMM predictions illustrates that the modal behaviour of the wall plays an important role up
to about 500 Hz. The low modal density of the wall makes that the coincidence dip, which can be observed
in the conventional TMM and the FTMM predictions between 125 Hz and 160 Hz, cannot develop. This
is confirmed by the comparison of the hybrid mTMM-SEA results with measured values [3, 20]. A good
agreement is observed between the measurements and the mTMM-SEA predictions.

The 95% confidence interval of the mTMM-SEA predictions is also plotted. As explained earlier, the related
uncertainty is due to the assumption of a diffuse field in the rooms. This uncertainty is well captured by
the mTMM-SEA predictions: at low frequencies, where the modal overlap of the rooms is low and their
modal behaviour has a large influence on the transmission loss, the mTMM-SEA predictions have a large
uncertainty, while they have a small uncertainty at high frequencies, where the modal overlap of the rooms
is large.

Note that the computation cost of the mTMM-SEA model (71.5 s) is much lower than for the FE-SEA model
(5651.5 s), because (1) the finite element model of the wall is a 3D solid model, and (2) the modal density
of the wall is low. The FTMM (42.9 s) results in only half of the computation time of the mTMM-SEA
approach, but shows deviations at lower frequencies.

3.2 Double-leaf wall

In this section a double-leaf wall, consisting of a steel plate, a mineral wool core with a flow resistivity
of 34kNs/m4 and a laminate plate, are considered. The different layers are glued onto each other. This
validation example was adopted from the literature, as it is known to be a challenging example for modelling
poro-elastic layers. The material properties and experimental results in 1/3 octave bands can be found in [9].

The mineral wool is a poro-elastic material. It may be modelled as an equivalent fluid, e.g., using the
empirical model of Delany and Bazley [23]. In this model, the complex characteristic impedance Zc and
the propagation coefficient Γ = ik are derived from the flow resistivity. These complex parameters are
then implemented in the transfer matrix of a fluid as explained in [24]. The advantage is that only the
flow resistivity σ and thickness of the porous layer have to be known as input parameters. When using an
equivalent fluid model, it is assumed that the frame is motionless and that only a compressional wave will
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Figure 3: Harmonic sound transmission loss of a double-leaf wall with poro-elastic material in the cavity
(a) as predicted with the hybrid mTMM-SEA approach using an equivalent fluid model or a Biot model, the
conventional TMM, the FTMM and (b) as measured in [9]. The results in the right figure are band-averaged
to 1/3 octave bands.
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Figure 4: Harmonic sound transmission loss of a double glazing (a) as predicted with the hybrid mTMM-
SEA approach, the hybrid WBM approach, the conventional TMM, the FTMM and (b) as measured in the
laboratory. The 2σ confidence interval, computed with the hybrid mTMM-SEA, is shown in the right figure.

travel through the layer. However, in case of a poro-elastic material with a flexible frame a more elaborated
model may be needed such as the Biot model [25, 26]. This model has been incorporated into the transfer
matrix method [8]. While the Biot model is physically more accurate, it requires also more input parameters
than the Delany-Bazley equivalent fluid model.

The Biot model and the equivalent fluid model are implemented in the TMM framework, allowing to examine
possible differences. Numerical predictions of the TMM, FTMM and mTMM-SEA approach using a Biot
model and results of the mTMM-SEA approach using an equivalent fluid model are displayed in Fig. 3. The
band-averaged results of the mTMM-SEA approach using both models for the poro-elastic material, are also
compared to experimental data. Note that the empirical formulae of Delany and Bazley [23] are only valid in
the range 0.01 6 ρaf/σ 6 1, which implies that the equivalent fluid model is valid from 315 Hz onwards.
This is indicated by the vertical dashed line. A comparison with the experimental results shows that the
equivalent model overestimates clearly the sound transmission loss in this example, unlike the Biot model,
which is able to capture the behaviour of the mineral wool accurately.

3.3 Double glazing

The final structure is a double glazing with dimensions 1.25 m × 1.50 m × 0.026 m which consists of two
glass panels with a thickness of 6 mm and 8 mm, separated by an air cavity of 12 mm. For the simulations,
the following material properties for the glass panels are taken: density ρ = 2500 kg

m3 , Young’s modulus
E = 62 GPa and Poisson’s ratio ν = 0.24. The experimentally determined damping loss factor of both
glass panels in mounted condition can be found in table 1. The air cavity is taken to be undamped.

The TMM cannot be used for estimating the sound insulation of layered walls containing both solid lay-
ers and undamped air layers, as the results will be less accurate [12, 13]. However, it is possible in the
mTMM-SEA approach to model the glazing using a Rayleigh-Ritz approach, in which the air layer is mod-
elled analytically, as a hard-walled cavity, while the glass panels are modelled as elastic thin plates using
the mTMM. The resulting double glazing model is then again coupled to SEA models, describing the neigh-
bouring rooms.

Fig. 4 displays the predictions of this modified mTMM-SEA method in comparison with results of the
conventional TMM and of a WBM model. The results are also compared with measured values [3]. All
models agree well, except for the conventional TMM and the FTMM which largely underestimate the sound
transmission loss in between the mass-spring-mass resonance (around 160 − 200 Hz) and the coincidence
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dip (around 1600−2000 Hz), as the empty cavity was modelled using a fluid layer in these approaches. Note
that the WBM accounts for the modal behaviour of the rooms, and it is therefore computationally much more
expensive than the hybrid mTMM-SEA. Above 2500 Hz the predictions overestimate the sound transmission
loss in comparison with the measurements; this is probably due to the structural coupling between the edges
of the glass panels at in the measurement setup, which is not accounted for in the prediction models.

4 Conclusions

A hybridization between the transfer matrix method and statistical energy analysis has been developed for
the computation of the diffuse sound transmission through finite walls and floors that consist of layers of
solid, fluid and/or poroelastic material. The modal behaviour of the wall is approximately accounted for.
The sound insulation predictions for different examples have been compared with experimental data. An
overall good agreement has been observed.

The detailed contributions of the hybrid mTMM-SEA framework that is presented in this paper are (1)
with respect to the TMM and related approaches (1a) that the variance, which is inherent to the diffuse
field models of the sound fields can be computed at low computational cost, (1b) that cross-modal coupling
is accounted for, while keeping a similar computation cost as in the conventional mTMM and (1c) that
numerical difficulties in evaluating the plane-wave transmission, related to grazing incidence, are avoided;
and (2) with respect to the hybrid FE-SEA approach: a substantial increase in computational efficiency when
the system is simple enough to be modelled with mTMM.
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Abstract 
NVH applications, both in the automotive and aerospace industries, resort to poro-elastic and visco-elastic 

materials, frequently configured in multiple and sandwiched layers, to improve the acoustic transmission 

properties of structural panels. In a numerical context, the evaluation of the transmission loss of such 

treated panels is commonly performed using finite element models. A computationally less expensive 

alternative consists in using a locally-reacting transfer matrix to model these composite trim components.  

This paper presents the implementation inside a commercial finite element software of the transfer matrix 

method for trim component modelling, supporting a spatially variant thickness definition. The method 

validity in terms of addressable frequency range is demonstrated on multiple simple configurations and 

applied on an industrial model for the transmission loss evaluation of a trimmed firewall panel. 

1 Introduction 

NVH applications, both in the automotive and aerospace industries, resort to poro-elastic and visco-elastic 

materials, frequently configured in multiple and sandwiched layers, to improve the acoustic transmission 

properties of structural panels. In a numerical context, the evaluation of the transmission loss of such 

treated panels is commonly performed using finite element models. The trim component layers are 

modelled, for porous materials, through formulations based on the Biot theory and, for visco-elastic 

materials, through frequency-dependent complex material properties.  

At component level, direct methods are practicable for the transmission loss evaluation of the trimmed 

panel. At system level, where the objective is the assessment of the full trim package impact on the vibro-

acoustic response, the model size may become prohibitive for direct simulation and reduced impedance 

methods are advantageously selected. Though, an alternative to such strategies consists in using a locally-

reacting transfer matrix to model these composite trim components. Indeed, such approach eliminates the 

need to mesh the trim component, therefore providing significant gains in engineering time at model 

setup, and allows to reduce the size of the vibro-acoustic model, leading to faster computations. 

Nevertheless, it assumes local reaction and normal incidence, which a priori precludes the use of transfer 

matrices over the whole frequency range. 

This paper presents the implementation inside a commercial finite element software of the transfer matrix 

method for trim component modelling. The strategy relies on the analytical construction of the equivalent 

properties of a composite trim in the form of a total transfer admittance matrix, by combining the 

analytical transfer admittance matrices of the different layers. The transfer admittance matrix of each layer 

relates the degrees of freedom at the top and the bottom of that layer in the normal direction, the transverse 

coupling between degrees of freedom being neglected.  

4511



This paper also studies the method validity in terms of addressable frequency range. The transfer matrix 

method is demonstrated on simple configurations involving transmission through acoustic fluid layers, 

visco-elastic layers and poro-elastic layers. In each configuration, a comparison with a refined finite 

element model is presented and conclusions are drawn with respect to the validity of the method. Finally, 

the applicability and efficiency of the method is demonstrated on an industrial model for the transmission 

loss evaluation of a trimmed firewall panel. 

 

2 Transfer matrix method implementation 

The simple 1D Trim modelling use a variant of the classic Transfer Matrix Method (TMM [1]), based on 

Schur reduction instead of matrix multiplications. 

The Trim is composed of a stacking of different layers that can be porous but also fluid or solid. Each 

layer is characterized by a frequency dependent Transfer matrix 𝑻(𝑓), which represents a linear relation 

between top and bottom primary-variable (fluid pressure p, solid displacement u) and corresponding flux-

variable (average normal velocity, total normal stress). Those linear relations can be expressed in different 

ways, by selecting main and dependent variables.The classic TMM method expresses top primary and flux 

variable as a function of bottom primary and flux variable, so that layers can be combined using simple 

matrix multiplications. 

 

Figure 1: Trim made of stacked layer, described by top/bottom primary and flux variables 

Our variant expresses top and bottom flux variables in function of top and bottom primary variables. As 

primary and flux variables have been chosen so that inter-layer coupling condition are as simple as 

possible (continuity of primary variable, cancelation of flux variables), layers be combined in a way 

similar to 1D finite element assembly. At each interface, the equality of the primary variables is trivially 

achieved by using a single DOF for both layers, and the sum of normal flux variables to be equal to 0. 

Each layer can be seen as a single element whose dynamic stiffness matrix is the transfer matrix, but 

contrary to classical finite element, the shape functions are frequency-dependent analytical solution of the 

layer wave equations.  

To get the transfer matrix of the whole layer stacking, all the primary interface variables are eliminated, 

keeping only the topmost and bottommost variables. The Schur complement obtained after the elimination 

of the internal primary variable is the stacking transfer matrix, in a format (Primary-variable   Flux-

variable) that is completely equivalent to the one used for describing a single layer. 

Similarly to classic multiplicative TMM method, this method can thus be applied recursively, sets of 

layers being homogenized into a macro-layer that can itself be included in a macro-stacking. 

The advantage compared to the multiplicative method is an easier coupling between different layers, 

especially when combining solids, fluids and porous types, together with easier treatment of alternative 

coupling conditions (impervious, sliding, glued, added mass and stiffness at the interface,…). Moreover, 
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because primary and flux variables are selected the same as classic Finite elements, both the layer transfer 

matrix and the final stacking transfer matrix can be directly used in a FE code as pseudo-elements. 

Drawback is a slightly more costly Schur-reduction (compared to matrix multiplication) for layer 

homogenization, which however does not impact the global performance for our applications. 

3 Validity of the method 

The implemented method allows to model multiple layers of different materials, including fluid, solid or 

poro-elastic materials. It can couple either fluid or structural degrees of freedom on each side of the 

coupling interface. In order to cover the broad range of possible applications, four different configurations 

are assessed: 

 The structural transmission of a foam between two structural plates (U-U coupling) 

 The acoustic transmission of a rigid porous (P-P coupling) 

 The acoustic radiation of a plate covered by a foam (U-P coupling) 

 The acoustic radiation of a plate covered by a foam and a heavy septum (U-P coupling) 

Each model is loaded using local point loads or incident plane waves to ensure sufficiently complex 

excitation with both normal and transverse components, to better asses 1D trim model validity when 

compared to a Finite Element modal.  

 

Figure 2: Covered configurations 

3.1 Structural transmission 

The handled configuration consists in a 3mm supported steel plate covered by a layer of foam of varying 

thickness and a 2.5mm heavy septum. The handled foam is a typical foam used in the automotive industry 

to insure structural decoupling with a heavy layer and is used for floor panels. The thickness of the 

intermediate porous layer is varying between 1cm to 4 cm. The foam and septum properties are the 

following: 

 Foam Septum 

Airflow Resistivity: σ (kNs/m
4
)  43.5 - 

Porosity: Ω 0.921 - 

Tortuosity: α∞  1.74 - 
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Viscous Length: Λ (μm) 50 - 

Thermal Length: Λ’(μm) 120 - 

Solid density: ρ (kg/m³) 883 3800 

Young modulus: E (kPa) 14.7 77400 

Loss factor: η 0.35 0.21 

Poisson ratio: ν 0 0.35 

Table 1: Material properties of porous and solid materials 

A 2D quadratic model of this configuration of a width of 2.4m is created to model the structural behavior 

of this coupling. Each solid layer is modeled using 1 element along their thickness, and a minimum of 16 

elements is used along the porous layer to insure a convergence of the Finite Element model. A local point 

load is applied at 0.342m from the border insuring a non-normal behavior of the model. In the transfer 

Matrix model, the porous layer is replaced by an incongruent interface including the transfer matrix. In 

this configuration, both the steel plate and heavy septum remains modeled in finite elements. The transfer 

matrix used varies from point to point as local thickness is used in the procedure described in section 2. 

When analyzing the structural response of the model both on the steel plate and the solid septum (as 

shown in Figure 3 and Figure 4), a first lower part of the spectrum shows the mass – spring – mass 

resonance behavior of the system that occurs. In this part of the spectrum, the structural deformation of 

both foam and septum follow the deformation of the steel. This generates global transverse damping 

effects which are not captured by the transfer matrix method.  
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Above this frequency, a structural decoupling between the steel plate and heavy layer is observed, shown 

by the decrease of velocity on the heavy septum. 

 

Figure 3: Structural response of the steel plate 
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Figure 4: Structural response of the heavy septum 

The comparison of Finite Elements models with Transfer Matrix models shows globally a good 

correlation in this frequency range. When modifying the thickness of the porous layer, the correlation 

between both methods tends to appear at lower frequencies for larger thicknesses. When computing the 

compressional wavelengths of the porous material analytically, we can observe that the correlation seems 

to correspond to the frequency where the thickness of the porous layer coincides with the 2
nd

 

compressional wavelength of the porous material. We assume that, starting from this frequency, the 

compression effect along the thickness direction of the porous layer (which is captured by the 1D transfer 

matrix method) becomes the most important contribution for dissipation. The in-plane effects (not 

captured by the 1D TMM) being relatively less important, the match becomes better. 

 

Figure 5: Compressional wavelengths of the porous material 

3.2 Acoustic transmission 

This configuration consists in a 2cm thick baffled layer of porous material subjected to an incident plane 

wave excitation, for which we evaluate the acoustic transmission on the other side. In such model, the 
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porous component is usually simplified by assuming that the skeleton is perfectly rigid and using an 

equivalent fluid rigid porous formulation. The acoustic medium is modeled on both sides of the porous 

material, and the acoustic radiated power on the opposite side is evaluated. Different sources are modeled 

using an incidence angle varying between 0 and 80°. In this presentation, an incidence angle of 0° is 

assumed to be normal to the component and does not affect the porous layer in the transverse direction. 

The discretization of the porous layer for the Finite Element model is similar to the previous 

configurations. When using the Transfer Matrix method, the porous layer is replaced by an incongruent 

interface including the transfer matrix, and both acoustic media remain. 

The radiated power for an incident angle of 45° is shown in Figure 6. The difference between both models 

increases with the frequency. Figure 7 shows the variation of the radiated power when modifying the 

incidence angle. For a normal incidence, the relative error between Finite Element and Transfer Matrix 

method tends to be equal to zero, but it becomes large when increasing the incidence angle. 

This difference between both methods for incident waves is explained by the transverse contribution of the 

incident wave. As the frequency increases, the acoustic wavelength becomes smaller and the damping 

mechanism inside the porous layer increases. When the incidence angle increases, the travelling path of 

the acoustic waves through the porous layer also increases due to the transverse contribution.  This is not 

captured by the 1D TMM method, which considers the normal behavior of the porous layer only. 

This configuration heavily differs from the previous configuration, in which the transverse behavior of the 

porous layer becomes predominant at higher frequencies. For pure acoustic transmission, the relative error 

for a random incidence increases with the frequency and its validity is restricted to low frequencies. 

 

Figure 6: Radiated power on opposite side  
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Figure 7: Influence of the angle of incidence (difference between the full FE model and the TMM-based 

model) 

3.3 Vibro-acoustic transmission  

3.3.1 Acoustic radiation through foam 

This configuration is similar to the one detailed in section 3.1. To model the vibro-acoustic behavior, the 

heavy septum is replaced by an acoustic medium and the acoustic radiated power is evaluated. When 

using the 1D TMM method, the porous layer is replaced by an incongruent interface between the steel 

plate and the acoustic component using the transfer matrices. 

The difference between both methods for multiple porous layer thicknesses is shown on Figure 8. When 

comparing to the bare configuration, the presence of the porous layer mainly affects the acoustic radiation 

at resonance frequencies, except when the porous layer becomes very large. The observed differences 

between both methods are similar to those observed in Section 3.2. The structural behavior of the steel 

plate producing transverse waves, the acoustic transmission through the porous layer is not accurately 

captured by the Transfer Matrix method, although the global trend of the porous treatment is captured. 
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Figure 8: Radiated power through the porous layer 

3.3.2 Acoustic radiation through a complex foam-septum 

In this configuration, the acoustic medium is added on top of the heavy septum and the acoustic radiated 

power is evaluated. When using the 1D TMM method, both the porous layer and the heavy septum are 

replaced by an incongruent interface between the steel plate and the acoustic component. The transfer 

matrices contain the reduction of both the porous layer and the heavy layer, and are also coupling 

structural to fluid degrees of freedom. 

The results in terms of radiated power for both methods and for the bare configuration are shown in Figure 

9. The physical behavior is again very similar to those observed in section 3.1. As observed for the 

structural transmission, the accuracy of the 1D TMM method at the resonances becomes good as soon as 

the thickness of the foam layer corresponds to the second compressional wavelength.  

 

Figure 9: Radiated power through the complex foam-septum 
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4 Industrial model application 

4.1 Model description 

The handled configuration is a realistic model of trimmed firewall panel. The foam and heavy layer added 

on the firewall panels insure a correct acoustic insulation. The geometry of the structure is shown in 

Figure 10. 

 

Figure 10: Firewall panel 

The thickness of the trim component varies throughout the panel between 3cm and 1cm. The variation of 

the thickness is shown in Figure 11. The heavy layer has a constant thickness of 2mm. The material 

properties of both materials are provided in Table 2. 

 

 Foam Septum 

Airflow Resistivity: σ (kNs/m
4
)  55 - 

Porosity: Ω 0.95 - 

Tortuosity: α∞  1.9 - 

Viscous Length: Λ (μm) - - 

Thermal Length: Λ’(μm) - - 

Solid density: ρ (kg/m³) 1300 450 

Young modulus: E (kPa) 35 100000 

Loss factor: η 0.2 0.022 

Poisson ratio: ν 0.2 0.3 

Table 2: Material properties of porous and solid materials 

The thickness variation is handled by the 1D TMM method as the thickness between the firewall panel 

and the acoustic component is automatically evaluated in each grid point. The layer of each individual 

trim layer (respectively, the foam and heavy layer) is recomputed based on their relative thickness and 

their thickness scaling. In this model, no thickness scaling is applied on the heavy layer, and the porous 

layer will as such adapt its thickness while the heavy layer will be assumed of constant thickness. 
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Figure 11: Thickness variation of the porous layer 

The vibro-acoustic response corresponding to two excitations will be evaluated: a local point load and a 

diffuse sound field both applied on the firewall panel. 

4.2 Results 

4.2.1 Point load 

Figure 12 shows the difference in terms of radiated power between a bare configuration in which no panel 

treatment is present and the treated configurations. The treated configurations are shown using FE method 

both in linear and quadratic interpolation, and using the Transfer Matrix method. 

As shown in Section 3.3.2, the influence of the treatment is not entirely captured at lower frequencies 

using the 1D TMM method. Both the FE and the Transfer Matrix method start to correlate around 

1250Hz, which corresponds approximately to the frequency where the mean thickness corresponds to the 

second compressional wavelength, as shown in Figure 13. After this frequency, both methods correlate, 

and the 1D TMM method is even more accurate than the Finite Element linear interpolation of the trim 

component.  

However, above the first modes of the plate, the influence of the treatment seems correctly captured by 

both methods and the differences between them are acceptable when compared to the variation of the 

solution due to the uncertainty of the porous material properties in realistic conditions. 

 

Figure 12: Radiated power of the treated and untreated panel 
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Figure 13: Compressional wavelengths of the porous material 

4.2.2 Diffuse sound field 

The transmission loss of the system subjected to a diffuse sound field is shown in Figure 14. The 

differences between the two different methods are, as in the previous section, mainly visible at very low 

frequencies and in the 500-800Hz range. A very good correlation is observed above 1250Hz. Again, the 

influence of the treatment is in both cases correctly captured. 

 

Figure 14: Transmission loss of the treated and untreated panel 

4.3 Material variation 

In this section, the comparison between Finite Element and 1D TMM method is performed for different 

porous materials applied on the same vibro-acoustic transmission model. Material 2 represents a lumped 

porous material while material 3 represents a porous material with a substantially rigid skeleton. Both 
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materials are used in the automotive industry. The material properties of both porous materials are 

provided in Table 3. 

 Mat 2 Mat 3 

Airflow Resistivity: σ (kNs/m
4
)  23 57 

Porosity: Ω 0.95 0.97 

Tortuosity: α∞  1 1.54 

Viscous Length: Λ (μm) 54.1 24 

Thermal Length: Λ’(μm) 162 73 

Solid density: ρ (kg/m³) 1160 1500 

Young modulus: E (kPa) 17 214 

Loss factor: η 0.1 0.1 

Poisson ratio: ν 0.01 0.3 

Table 3: Material properties of additional porous materials 

Figure 15 shows the comparison between both methods on the three different materials. As the second 

material is softer than the first handled material, the decoupling between both structural components is 

even more pronounced, whereas material 3 provides much less decoupling between both components. 

Globally, the general trends of each material are correctly captured even if some main differences occur. 

 

Figure 15: Radiated power FE-transfer matrices comparison for different materials 

Figure 16 highlights the relative difference between Finite Element and the Transfer Matrix methods. 

These are shown for linear interpolation meshes only. As shown for material 1, this relative difference 

decreases above 1250Hz, and increases slightly above due to the linear interpolation. For lumped materials 

as material 2, the difference between both methods remains important up to 1750Hz, even with a very 

small compressional wavelength as shown in Figure 17. This could be explained by the very low Young 

modulus, which enables important transverse damping behaviors that cannot be captured using the 

Transfer Matrix method. For material 3, the relative differences at lower frequencies are smaller compared 

to the other materials, but are relatively important above 500Hz and are decreasing slowly at higher 

frequencies. For such stiff materials, the second compressional wavelength remains much higher than the 

average thickness of the complex structure, and damping mechanisms remain mainly structure based. For 

such materials, the transverse behavior remains important and the Transfer Matrix method cannot entirely 

capture the complete behavior. 
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Figure 16: Relative power difference between finite element and transfer matrices 

 

Figure 17: Second compressional wavelengths for the different porous materials 

 

4.4 Performance 

Both the CPU time and the memory consumption of the handled computations are shown in Table 4.  

The bare configuration, including no damping mechanism, consumes less memory and CPU time than the 

methods including damping mechanisms. Despite having the same number of degrees of freedom as the 

bare configuration, the Transfer Matrix method consumes more memory and CPU time as the number of 

contributions within the system heavily increases, which reduces the sparsity of the impedance matrix. 

However, this method is three times faster than using a linear interpolation Finite Element mesh for 

modelling the porous layer and septum. Its memory consumption is about four times lower. As for using 

quadratic elements for the porous and heavy layer, it provides much more accurate results but remains 

expensive, being 40 times more expensive in CPU time. 
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 Bare Linear FE Quadratic FE TMM 

CPU Time / freq (s) 3 70 842 21 

Memory 

consumption (Gb) 
1.1 11.5 121 3 

Table 4: Computational performance on industrial application 

5 Discussion and further work 

It has been shown that for high frequency, the 1D TMM methods works very well while introducing very 

small additional CPU cost compared to the no-trim case.  

However, as expected, the approach is not as well suited for lower frequencies. In-plane behavior must be 

accounted for, which can be done using a finite element modelling, again with controlled additional CPU 

cost because low frequency allows for relatively coarse meshes. 

In the future, we plan to develop a seamless way to combine the two approaches automatically, to offer a 

single method remaining accurate and efficient on the whole frequency range. This can be done in 3 ways: 

1) By having a parametric description of the trim that will allow automatic meshing at low frequency 

and 1D modelling at higher frequency, the software automatically selecting the best method 

frequency per frequency. 

2) The TMM method can be extended using a 1.5D approach, by accounting for in-plane field 

variation in the wavenumber space. All transfer matrices relations remain valid with an additional 

(𝑘𝑥 , 𝑘𝑦) parameter. Once the stacking transfer matrix 𝑻(𝑘𝑥 , 𝑘𝑦, 𝑓)  is obtained, it is transformed 

back into physical space, with a local kernel so that cross-talk distance is kept finite [2]. We end 

up with a generalized transfer admittance that couples each dof of top surface to limited set of not-

too-distant DOFs of the bottom surface. 

3) Alternatively, the FE modelling of the trim can be improved using ideas from our version of the 

1D TMM matrix: enriching shape function with the 1D wave solution of each layer and 

eliminating inner interface dofs should lead to a method with the same behavior as 1D trim in the 

normal direction, but accounting for slower variation in the in-plane direction. Those enriched FE 

should be extremely accurate, and CPU efficient (coarse trim mesh with 1 element in the thickness 

direction). 

In addition to seamlessly cover a wide frequency range, approaches 2) and 3) should offer better 

prediction in the tricky mid-frequency region. 

6 Conclusions 

The implementation of the Transfer Matrix method inside a Finite Element software and its application on 

an industrial model have been demonstrated. The flexibility of this implementation allows to model 

multiple layers of varying materials between two incongruent surfaces with a varying thickness. It also 

offers the capability of coupling the trim component both with structural or fluid degrees of freedom, 

enabling various configurations covered in this paper. 

The validity of the Transfer Matrix method to model porous components has been evaluated on different 

configurations. When modeling configurations including porous components integrated between structural 

components, the Transfer Matrix method tends to provide an accurate solution when the normal damping 

mechanisms become predominant. In our applications, we have observed this occurs mainly above the 

coincidence frequency with the second compressional wavelength and the thickness of the porous layer. 

We have also noticed that for extremely lumped materials, this conclusion seems not always sufficient. At 

very high frequencies, it has been shown that the accuracy of the Transfer Matrix method is even more 
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precise than the Finite Element method, whereas the Finite Element method is much more precise at lower 

frequencies.  

In configurations involving a porous component directly coupled to an acoustic component (acoustic or 

vibro-acoustic transmission), the Transfer Matrix method is extremely sensitive to the in-plane component 

of the excitation, and the divergence with the Finite Element method increases at higher frequencies, as 

soon as the acoustic wavelength becomes of the size of the porous components. 

The usage of both methods on an industrial model has shown the accuracy of the Transfer Matrix method 

to model such configurations as well as its interest in terms of performance. 
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Abstract 
Lightweight composite structures are progressively replacing traditional materials like steel structures in the 

shipbuilding industry for their light weight and good mechanical characteristics. However, a lightweight 

composite structure has generally poor acoustic properties and is not suitable to shield noise. In this case 

some comfort issues may arise on board. Ships are also a source of underwater noise, which can seriously 

pollute the aquatic environment if a suitable form of shielding is not envisaged. It is therefore essential that 

some acoustic features are predicted and optimised. The paper presents the measurements carried out on 

two different types of bulkhead: a homogeneous ribbed fibreglass partition and a sandwich structure with 

two symmetrical fibreglass leaves plus a balsa core. The optimisation of such structures can be carried out 

following the simulations performed by using a code based on the wave propagation approach theory.  

1 Introduction 

Sound insulation is a relevant topic in the shipbuilding industry, involving safety of crew members, the 

comfort of passengers and the protection of marine ecosystems. Some applications where an accurate 

acoustic design is required are the attenuation of propeller and hydrodynamic noise transmission from the 

outside to the inside of the ship [1], the reduction of noise impact on the biological environment [2], and the 

insulation of critical bays, such as the engine room, with respect to cabins [3]. 

A key factor in the acoustical optimisation of ship interior is the accurate design of bulkheads, whose 

construction is conceived to ensure lightness, robustness and resilience, to fit limited space and to perfectly 

integrate with the surrounding structure and equipment. Bulkheads can be realised in a variety of materials, 

ranging from metals to wood and, in high-end applications, composites and resins. Their laboratory acoustic 

characterisation is often impossible due to their large size, and in-situ traditional measurements based on 

the use of sound sources are a challenging task because of the high flanking transmission due to the massive 

presence of connections, openings, hatches and pipes. Structural methods can be an alternative in this case. 

The bending stiffness of a homogeneous or of a composite structure can be effectively used to describe the 

acoustic behaviour of an assembly [4]. For a homogeneous material the bending stiffness can be defined 

analytically based on the Young’s modulus and the moment of inertia of the construction. If the structure 

has been already manufactured, the bending stiffness can be determined by means of simple measurements 

of the resonance frequencies on beams [5] or, in the field, through point mobility measurements [6]. In the 

following section, the basics of such theory will be explained. Subsequently, the application of the method 

to the acoustic characterisation of two types of ship bulkheads, corresponding to classical sandwich panels 

and to ribbed fibreglass panels, will be presented. 
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2 Theoretical background 

Consider a homogeneous thin plate surrounded by air, Figure 1. A plane sound wave incident to one side of 

the plate causes the propagation of a bending wave. The bending wave excites a transmitted sound pressure 

wave on the other side of the plate in the receiving room. The ratio between the transmitted sound power 

over the incident sound power, the sound transmission coefficient , is a measure of the plate’s ability to 

prevent sound transmission. Assume the plate is infinite and the incident plane sound pressure wave 

propagates in the x-y plane. The plate bending wave equation can then be expressed in terms of the total 

sound pressure acting on its sides as [7]:  

 (−𝜇′′𝜔2 + 𝐷𝑝
𝜕

𝜕𝑦4
)𝒗𝑥 = 𝑖𝜔[(𝒑𝑖 + 𝒑𝑟) − 𝒑𝑡] (1) 

where µ″ is the mass per unit area of the plate and Dp is the plate bending stiffness. 

 

Figure 1: Transmission of a sound wave through a thin single leaf wall 

Writing the velocities and the pressures at x = 0 as phasors, 

 𝒑𝛼 = �̂�𝛼𝑒
𝑗(𝜔𝑡−𝑘𝑦𝑦) and 𝒗𝑥 = �̂�𝑥𝑒

𝑗(𝜔𝑡−𝑘𝑦𝑦) (2) 

the previous relation (1) can be written as 

 (−𝑖𝜔𝜇′′ + 𝐷𝑝
𝑘𝑦
4

𝑖𝜔
) �̂�𝑥 = [(�̂�𝑖 + �̂�𝑟) − �̂�𝑡] (3) 

where ky = k sin θ. Since the normal velocities of all the fields at the plate are equal and considering that for 

a plane wave the particle velocity is identical to the pressure divided by the air impedance, one can write 

 (�̂�𝑖 − �̂�𝑟) = �̂�𝑡 (4) 

and, as a consequence, 

 (−𝑖𝜔𝜇′′ + 𝐷𝑝
𝑘𝑦
4

𝑖𝜔
)
�̂�𝑡𝑐𝑜𝑠𝜃

𝜌0𝑐
= 2(�̂�𝑖 − �̂�𝑡) (5) 

From this equation the transmission coefficient can be derived as 

 𝜏(𝜃) =
1

1+(
𝜔𝜇′′cos𝜃

2𝜌0𝑐
)
2

[1−(
𝜔sin2 𝜃

𝜔𝑐
)
2

]

2             𝜔𝑐 = 2𝜋𝑓𝑐 = 𝑐
2√

𝜇′′

𝐷𝑝
 (6) 

Here, fc is the critical frequency, that is, the frequency at which the bending waves propagate in the structure 

with the sound speed in the surrounding medium, c. Equation (6) shows that the transmission coefficient is 

1, and all the incident sound power is transmitted, at a frequency f = fc/sin2θ. 
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2.1 Determination of the bending stiffness: homogeneous ribbed panels 

If structural characteristics must be guaranteed, the core or one part of the plate structure can be “ribbed”, 

giving higher stiffness to the overall assembly. For certain types of composite ribbed plates, the acoustic 

properties can be very poor. The analysis of complex structures can be considerably simplified taking 

advantage of the concepts of impedance and mobility.  

The vibration behaviour of finite structures can be derived from that of infinite plates. In an infinite plate, 

the bending waves excited by a point force can propagate indefinitely in the specimen. In a finite plate, the 

same bending waves reach the boundaries of the plate and are then reflected back. If a point force acts at a 

certain position of the plate, its velocity response depends upon the plate geometry and on boundary 

conditions, thus the point mobility will change with position and frequency. However, a space- and 

frequency-average of the real part of the point mobility for a finite structure is, in the mid- and high-

frequency regions, equal to the real part of the point mobility of an infinite structure of the same material 

and thickness: 

 𝑅𝑒〈�̅�(𝜔)〉 = 𝑅𝑒 𝑌∞(𝜔) (7) 

Consequently, the power input, injected in a finite panel by a force acting randomly in time and space, can 

be calculated as if the structure were infinite and excited by a point force with a power spectral density equal 

to the sum of the power spectral densities of all the sources acting on the finite structure. This assumption 

is valid if the modal density within a band is independent of boundary conditions, which is true for the 

medium and high frequency bands. To extend this assertion to the low-frequency range, a certain number 

of modes have to be included within each frequency band. It can be shown that the number of modes within 

a band should be at least 5 to have a fair accuracy. The mobility must be measured over a sufficiently large 

number of points, randomly distributed over the surface of the panel, in order to obtain a space average 

Re〈𝑌〉 of the mobility which is representative of the dynamic behaviour of the entire panel.  

It can be demonstrated that, for a finite plate, far from the edges of the specimen, the point mobility is  

 𝑅𝑒〈𝑌〉 =
1

8√𝐷𝑝𝜇
′′

 (8) 

This relation can be used to estimate the bending stiffness Dp of a plate starting from point mobility 

measurements. Using an average of the point mobility function measured on the panel surface over several 

measurement positions, the high stiffness of the points close to the ribs is averaged with the low stiffness of 

the central part of the sub-plates delimited by the ribs. In this way, the space- and frequency-average of the 

bending stiffness provides a good representation of the overall behaviour of the panel. 

If the space-average is computed inside a specific frequency band, the bending stiffness per unit width of 

the panel at the central frequency of each band is obtained as 

 𝐷𝑝 =
1

64 𝜇′′ [𝑅𝑒〈�̅�〉]2
 (9) 

For modes (m,n) having m = 0 or n = 0, and then for the modes in the low frequency range, it can be shown 

that 

 𝑅𝑒〈�̅�〉 =
2

8√𝐷𝑝𝜇
′′

 (10) 

This means that, for the first natural frequencies corresponding to such modes, the measured mobility should 

be divided by a factor 2. 

2.2 Determination of the bending stiffness: sandwich panels 

A sandwich panel cannot be considered a homogeneous or ribbed wall. For this reason, a different scheme 

must be applied in this case. 
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The static and dynamic performances of a panel can be greatly improved using sandwich constructions. For 

sandwich panels the bending stiffness is not constant, but it is rather frequency-dependent, ranging from a 

“static” bending stiffness in the low frequency region to the bending stiffness of the two laminates in the 

high frequency range. Let us consider a beam for which the width is b, mass per unit length µ′ and mass per 

unit area ″. The typical dimensions of the structure and its material parameters are indicated in Figure 2. It 

can be shown [8] that the bending stiffness per unit width D′b of a sandwich beam is the real solution to the 

equation: 

 
𝐴

𝑓
𝐷𝑏
′ 3/2 −

𝐵

𝑓
𝐷𝑏
′ 1/2 + 𝐷𝑏

′ − 𝐶 = 0 (11) 

 

 

Figure 2: Sandwich structure made of laminates and core 

Coefficients A, B and C in equation (11) can be computed analytically on the basis of some material 

parameters through the following equations: 

 𝐴 =
𝐺𝑐𝑆

(√𝜇′2𝜋𝐷1
′)
;   𝐵 =

𝐺𝑐𝑆

(√𝜇′2𝜋)
;   𝐶 = 2𝐷2

′  (12) 

where S is the area of the cross section and D′1 and D′2 are the static bending stiffness of the entire beam 

and of a single laminate, respectively. Therefore, the coefficients can be calculated directly if the materials 

properties are known. 

In case the parameters of the materials making the structure are not known, some measurements can be 

performed in order to compute the A, B and C parameters applying the least square method to a set of 

frequencies describing the normal modes of the specimen, according to the procedure described in [9].  

If the bending stiffness D′b for a beam, width b, is measured or estimated, then Dp = D′b/b. As shown in the 

next section, the knowledge of Dp allows to calculate the sound transmission coefficient and, therefore, the 

sound reduction index of the structure.  

2.3 Transmission coefficient and sound reduction index  

Irrespective of the nature of the partition (ribbed or sandwich), the sound transmission coefficient can be 

computed in an accurate way according to the equations given in this section.  

Cremer [10] derived the sound transmission coefficient 𝜏(𝜃) for a thin homogeneous plate as a function of 

the angle of incidence 𝜃 of the acoustic wave, see Figure 1. By introducing the definition of critical 

frequency, equation (6), in this expression, the transmission coefficient is obtained as: 

 𝜏(𝜃) =

{
 
 

 
 

[
 
 
 
 

1 +
𝜇′′𝜔

2𝜌𝑐
cos 𝜃

(
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𝑐2

2𝜋
√
𝜇′′

𝐷𝑝
)

 
 

2

sin4 𝜃 𝜂𝑡𝑜𝑡
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𝜇′′𝜔
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cos𝜃
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 𝑓

𝑐2

2𝜋
√
𝜇′′
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2

sin4 𝜃 − 1

]
 
 
 
 

}
 
 

 
 
−1

 (13) 

The parameters in equation (13) are: μ″ total mass per unit area of plate, f frequency, ω angular frequency, 

θ angle of incidence of acoustic wave, ρc wave impedance of the surrounding medium at room temperature, 
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and ηtot total loss factor of the structure. The sound reduction index R in decibels for a plate is −10 log τd, 

where τd is the sound transmission coefficient for diffuse incidence, defined as 

 𝜏𝑑 = 2∫ 𝜏(𝜃) cos 𝜃 sin 𝜃 𝑑𝜃
𝜋/2

0
 (14) 

A numerical integration of equation (13) gives the sound transmission coefficient and thus the sound 

reduction index R for a sandwich panel assuming a diffuse incident field.  

2.3.4 Limiting angle of integration 

The transmission coefficient can be estimated through equation (14) as the average over all the angles of 

incidence, thus including the so called “grazing angles” at which, in practical circumstances, sound is 

unlikely to reach the surface. Several researches examined what could be the best angle of integration for 

effectively modelling sound transmission in real cases. The existing sound insulation theories for infinite 

panels do not provide satisfactory predictions when the sound radiates at grazing angles. The radiation 

efficiency of an infinite flat panel, radiating a plane wave into half space, can be shown to be equal to the 

inverse of the cosine of the angle between the direction of propagation of the plane wave and the normal to 

the panel. The fact that this radiation efficiency tends to infinity as the angle tends to 90° causes 

discrepancies between the predictions carried out using simple theories of sound insulation and experimental 

results. Moreover, in real situations, sound waves are unlikely to reach the panel with grazing incidence. To 

simulate real situations, it has been shown that the angle of incidence must be limited to values between 85° 

and 78° [11]. 

2.3.5 Flanking transmission  

The results of the simulations carried out according to the theory are valid if no flanking transmission takes 

place. Flanking transmission is the leakage of sound energy that occurs when two or more structures are 

coupled together. An example of the possible transmission paths due to the transmission of structure-borne 

sound is represented in Figure 3. 

 

Figure 3: Transmission paths for structure borne sound in real structures 

While in sound transmission suites the only possible transmission path is Dd (Direct-direct), in real cases 

the flanking transmissions must be added to consider also the other propagation paths through the joined 

structures (Direct-flanking, Df; Flanking-direct, Fd; Flanking-flanking, Ff). The overall sound reduction 

index is denoted by R′, the prime superscript indicating that the flanking transmissions are considered. It is 

possible to simplify the analysis considering the overall weighted sound reduction index R′W, that can be 

estimated using the following formula:  

 𝑅𝑊
′ = −10 log(10

−𝑅𝐷𝑑,𝑊
10 + ∑ 10

−𝑅𝐹𝑓,𝑊

10 +𝑛
𝐹=𝑓=1 ∑ 10

−𝑅𝐷𝑓,𝑊

10 +𝑛
𝑓=1 ∑ 10

−𝑅𝐹𝑑,𝑊
10𝑛

𝐹=1 ) (15) 

  

  
    

  

  

VIBRO-ACOUSTIC MODELLING AND PREDICTION 4531



where RDd,W is the weighted sound reduction index of the main partition (obtained through laboratory tests) 

and the remaining terms are the weighted sound reduction indices associated to the other transmission paths, 

which depend on the ratio between the masses per unit area of the walls involved in the propagation path, 

the type of connection, the presence of resilient layers and the presence of additional layers on the floor or 

on the ceiling. The effect of the flanking transmissions can be described by the following formula: 

 𝑅𝑊
′ = 𝑅𝑊 − 𝑎 (16) 

indicating that the laboratory value of the weighted sound reduction index must be reduced by a factor a, 

whose value depends on the characteristics and coupling degree of the structures 

• a > 5 dB for strong flanking transmissions, as in the case of a heavy wall surrounded by lightweight 

structures; 

• 2 < a ≤ 5 dB for medium flanking transmissions, as in the case of structures having the same mass 

per unit area; 

• a ≤ 2 dB for weak flanking transmissions, when the structures are decoupled from each other by 

means of resilient mountings. 

In practice, formula (16) cannot be used except to have an estimation of R′w because there is no direct method 

to obtain a. A solution is generally to follow the standards of the series ISO 12354 [12] to calculate R′w. 

These standards have been specifically implemented to include the effect of the flanking transmissions. 

2.4 Materials and methods 

2.4.1 Instrumentation 

The instrumentation needed to carry out mobility measurements consists of an FFT analyser, an impedance 

hammer and an accelerometer. Since mobility is essentially a transfer function between the vibration 

velocity response and the force excitation, the measurement system must be able to compute cross functions. 

The type of transducers depends on the weight of the structure under investigation and the frequency range 

of interest. Even if the final result is the mobility in one-third octave bands, the direct use of a CPB analysis 

is not applicable because of the corrections needed on the mobility values in the modal frequency range for 

the (n,0), (0,m) modes. In fact, it would be impossible to perform such corrections estimating the mobility 

values from a one-third octave band analysis. 

2.4.2 Specimens under test 

The partitions tested are of two types: a Glass Reinforced Plastic (GRP) panel with ribs, and a sandwich 

panel with 25.4-mm balsa core. 

For the GRP panel, the collection of the required data is not straightforward, since the specimens are not 

homogeneous. This means that some information, like the mass per unit area and the moment of inertia, 

depends on the portion of the panel considered. Moreover, the thickness of the base structure varies with the 

position. For this reason, the uncertainty in the determination of the sound reduction index is expected to be 

higher for this type of panel than for the sandwich panel with balsa core. The nominal data considered for 

the simulations are relative to the small sample tested into the sound transmission suites, consisting in a flat 

15-mm thick part of GRP and 2 ribs: 

- E = 14 GPa 

- µ″ = 23 kg/m2 

- I = 4∙10−7 kg m2 
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The data characterizing the sandwich panels with balsa core and used as an input for the simulation software 

have been determined from the beam specimens tested at KTH and from literature data. They are listed in 

the following Table 1. 

 

Quantity Meas. unit Laminates Core 

h m 0.0015 0.0225 

ρ kg/m3 2700 200 

E GPa 70 3.7 

G GPa - 0.12 

Table 1: Geometric and material data for the sandwich specimen 

2.5 Measurement results 

2.5.1 In-situ measurements on GRP bulkheads 

The GPR panel was tested both in-situ and in sound transmission rooms. The type of bulkhead which could 

be tested in-situ during the assembly stage was the GRP panel. In this case it was chosen to verify the 

dynamic and acoustic performances of the watertight bulkhead of Figure 4. The different hatches indicate 

that different thicknesses of GRP have been used during manufacturing (12.5 mm, 15.5 mm and 20 mm). 

The response of the bulkhead is obviously different depending on the boundary conditions. For this reason, 

the following conditions were considered: 

- Free-free boundary conditions: in this case only mobility measurements have been performed since 

it was not possible to measure the sound reduction index according to the ISO 16283-1; 

- Real fastening conditions of the edges: in this case three types of measurements have been carried 

out, consisting in mobility measurements, structural reverberation time measurements and sound 

reduction index measurements according to the ISO 16283-1 standard. 

 

Figure 4: Schematic of the watertight GRP bulkhead under investigation 

2.5.2 Mobility measurements on suspended bulkhead 

The mobility measurements on the suspended bulkhead have been carried out by determining the average 

bending stiffness of the entire specimen. The bulkhead dimensions are approximately 10 m × 7 m and the 

thicknesses used are different depending on the distance from the bottom. For this reason, 30 measurement 

positions have been randomly distributed over the surface of the bulkhead, some of which inside the cavities 
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of the ribs, others between the ribs, and others on the lower flat surface of the bulkhead. After checking the 

frequency response function and the auto-spectra of the force and the velocity, a steel tip has been adopted 

to excite the panel. The accelerometer has been attached to the bulkhead surface by using cyanoacrylate 

glue. Once the bulkhead has been suspended, the accelerometer has been placed in the different positions 

and the mobility function has been acquired. It was found that the mobility is considerably lower on the ribs 

than on the panel. The resulting measured space-average of the bending stiffness is shown in Figure 5. 

 

Figure 5: Measured point mobility function and apparent bending stiffness for the suspended bulkhead 

It can be noted that the bending stiffness is relatively flat in the frequency range going from 100 Hz to 4 kHz. 

The fact that the apparent bending stiffness tends to increase at higher frequencies is arguably related to the 

increasing difficulty in injecting energy into the panel, due to the impedance difference between the tip of 

the hammer and the panel surface, rather than to a real change in the mobility of the bulkhead. 

2.5.3 Mobility measurements on already mounted bulkhead 

Using the same technique and the same instrumentation adopted for the measurements on the suspended 

bulkhead, a mobility measurement session has been performed on an already mounted panel. In this case, 

12 measurement positions have been randomly distributed on a partition (dimensions 9 m × 2.7 m) dividing 

two rooms. Figure 6 represents the apparent bending stiffness computed on the basis of the point mobility 

space-average.  

 

Figure 6: Equivalent bending stiffness for the already mounted bulkhead 
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It can be noted that the bending stiffness curve does not look flat anymore in the frequency range of interest, 

due to the modal behaviour of the bulkhead. Moreover, once it is mounted, the bulkhead undertakes a certain 

curvature and the stiffness in the low frequency range is shifted to higher values (below 1000 Hz). As already 

mentioned for the suspended panel, above 4000 Hz the apparent bending stiffness tends to increase with 

frequency as a consequence of an increasing difficulty in injecting energy into the panel.  

2.5.4 Loss factor 

The loss factor of a structure plays an important role on the sound reduction index at and above the 

coincidence frequency. Its determination is very important and must be carried out in real mounting 

conditions. If the loss factor is not correctly determined, the predicted sound reduction index in the high 

frequency range can be considerably different from the one measured according to ISO 16283. Since a panel 

has a strong modal overlap in the medium/high frequency range, it is not possible to apply the half-power 

bandwidth method on the mobility function and it is necessary to adopt the structural reverberation time 

method. For this reason, during the mobility measurements the time signals were recorded for both channels. 

The signal from the accelerometer was post-processed to determine the reverberation time and then the loss 

factor. In the case of the suspended panel, the loss factor derived from the measurements corresponds to the 

sum of the internal losses and the radiation losses. For the mounted panel the contribution of the adjoining 

structures is included. Figure 7 shows the loss factor curves for the suspended panel and for the mounted 

partition. It is evident that the losses due to the adjoining structures are particularly important below 500 Hz. 

 

Figure 7: Loss factor measured for the suspended panel (solid line) and for the already mounted partition 

(dashed line) 

2.5.5 Sound reduction index from mobility measurements 

The real part of the space- and frequency-average of the point mobility function can be used to compute the 

apparent bending stiffness of the bulkhead. Together with the mass per unit area and the measured total 

losses, these data can be used to predict the sound reduction index of the bulkhead. The dashed line in 

Figure 8 represents the predicted sound reduction index derived from the mobility data measured on the 

suspended bulkhead. The coincidence region has a minimum at a frequency of 1250 Hz. The slope at 

frequencies above the coincidence dip is strongly influenced by the value of the total losses. 
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2.5.6 Sound insulation using pressure method (ISO 16283) 

For a first comparison, some measurements have been carried out on board. The considered bulkhead was 

the same represented in Figure 4. The measurements have been carried out on the GRP bulkhead, without 

any additional layer. The compartments used for the tests are divided by a fibreglass partition with 

dimensions 9.62 m × 2.3 m. The volume of the receiving room is 86 m3. The reverberation time of the 

receiving room was measured by post processing the impulse response of the room. The excitation was 

made by using a blank cartridge gunshot. To avoid sound leakages, all the openings have been closed by 

wooden frames both in the emitting and in the receiving rooms. An omnidirectional sound source generating 

pink noise has been placed in the bigger room. The resulting sound pressure level in the receiving room has 

been measured and corrected accounting for the dimensions of the partition and the sound absorption area 

of the receiving room. The in-opera sound reduction index is computed applying the following formula: 

 𝑅′(𝑓) = �̅�𝑝1(𝑓) − �̅�𝑝2(𝑓) + 10 log(
𝑆

0.16(
𝑉

𝑇𝑅(𝑓)
)
) (17) 

where �̅�𝑝1 is the space-average of the sound pressure level into the emitting room, �̅�𝑝2 is the space-average 

of the sound pressure level in the receiving room, S is the area of the partition dividing the emitting room 

from the receiving room, V is the volume of the receiving room and TR is the acoustic reverberation time of 

the receiving room. Figure 8 shows a comparison between the sound reduction index values measured by 

applying the two techniques. The graph shows that the trend of the sound reduction index is predicted quite 

correctly, except for a local maximum at 160 Hz. The coincidence region starts from 800 Hz, with a 

minimum value at 1250 Hz.  

 

Figure 8: Comparison between the sound reduction index measured applying two different measurement 

techniques. The resulting value of the single-numbered weighted sound reduction index is 

R′w = 29 dB (−1;−2) 

The local maximum at 160 Hz in the measured curve is most likely due to the curvature the panel is 

undertaking when it is coupled to the hull. Such behaviour is typical for curved structures and, as it will be 

shown in the next section, is less evident for the small flat panels tested in sound transmission rooms. 

2.6 Sound transmission suites measurements 

The measurements have been carried out at the KTH – MWL facilities in Stockholm. The sound 

transmission suites used for the tests consists of a reverberant room coupled with a semi-anechoic room. 
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The samples to be tested have been placed in an opening between the two rooms. The determination of the 

sound reduction index of the panels have been performed with reference to the EN ISO 15186-1:2000 

standard [13]. The sound reduction index, expressed in one-third octave bands, is calculated by using the 

formula 

 𝑅 = �̅�𝑝1 − �̅�𝐼𝑛 − 6 (18) 

where �̅�𝑝1 is the space-averaged sound pressure level in the source room, measured by a rotating 

microphone, and �̅�𝐼𝑛 is the average sound intensity level over the panel surface measured in the receiving 

room by using the scan method (ISO 9614-2:1994 [14]).  

The tests have been carried out over two specimens. The size for all the specimens is about 1810 mm × 

1010 mm. The samples (Figure 9) have been mounted in the opening between the anechoic and the 

reverberation room, taking care to seal the edges using high-density silicone and, in some cases, adding foil 

tape to further improve the insulation. The acoustic excitation has been applied in the reverberation room 

and the intensity measurement has been performed in the anechoic room. The measured sound reduction 

index in one-third octave band is shown in Figure 10.  

  

Figure 9: Pictures of the panels mounted in the sound transmission rooms (left GRP, right sandwich) 

 

Figure 10: Sound reduction indices of the fibre-reinforced panel and of the sandwich panel tested in sound 

transmission rooms 

Based on the described measurements, it is possible to perform a comparison between the sound reduction 

index curves obtained for two very different configurations of GRP panel: for the on-board measurements, 
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the sound reduction index is given by the sound insulation of the main partition and the flanking 

transmissions across the confining structures (bordering walls, ceiling and floor), while in the transmission 

suites the measurement is only relative to the small panel placed between the emitting and the receiving 

volumes. Figure 11 shows the comparison for the basic GRP fibre-reinforced panel measured on board and 

in sound transmission suites. The difference in the value of the weighted sound reduction index is 5 dB. 

With the exception of the local maximum placed at 160 Hz for the on-site measurements, the trend of the 

curves is quite the same for both the conditions, although the in-opera curve looks shifted down due to 

flanking transmissions. 

 

Figure 11: Comparison of the sound reduction indexes for the fibre-reinforced panels tested in sound 

transmission rooms and on-board 

2.7 Validation: effect of the flanking transmissions 

At the end of the experimental campaigns, the availability of results obtained on board and in sound 

transmission suites for the GRP panel allowed a comparison of the measured sound insulation performances 

with the predictions made through a software implementing the standards of the ISO 12354 series. 

The proper prediction of the effect caused by the flanking transmission has been carried out using SuoNus, 

a software implementing the ISO 12354 standard series. As a first step, it is necessary to import the data for 

the sound reduction index of the horizontal and vertical partitions in the simulation software. In this 

simulation it was assumed that the ceiling and the floor have the same sound reduction index of the walls, 

being made of the same material and having a similar ribbed structure. The next step is to define the 

characteristics of the rooms for which the simulation must be carried out. The last step before computing 

the sound reduction index is to give the properties to the nodes connecting the different walls. All the 

junctions have been assigned the “T type” of node. Finally, the sound reduction index of the building system 

plus the flanking transmissions can be computed (Figure 12). 
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Figure 12: Comparison - SRI of the bulkhead measured on board vs simulations 

The predicted value of R′w is 30 dB, while the measured single-valued weighted sound reduction index 

measured in real conditions is 29 dB. Therefore, the comparison between the simulations and the 

measurements carried out on site for the GRP walls without additional layers is good. 

2.7.1 Sandwich panel 

The sandwich panel sound reduction index has been predicted by applying the wave propagation approach 

to a beam specimen and measured by testing the whole panel in sound transmission suites at KTH. A beam 

specimen, length 1.8 m, has been suspended by strings in free-free boundary conditions. An accelerometer 

has been placed at one end and the beam has been hit at the opposite side by using an impact hammer. The 

resulting frequency response function is shown in Figure 13a. For each maximum of the frequency response 

function, it is possible to compute the bending stiffness of the beam. Finally, from the set of the fn, Dxn points 

derived from the measurements it is possible to compute the apparent bending stiffness function and the 

reduction index. Figure 13b shows the comparison between the sound reduction index measured in the 

transmission rooms (bullets) and the sound reduction index computed on the basis of the geometrical and 

material data plus the loss factor measured during the experimental session (solid line). The agreement 

between the two curves is fair, showing only a discrepancy below 160 Hz due to the finite dimensions of 

the tested panel and the baffle effect. 

 

Figure 13: (a) Measured transfer function. (b) Comparison between the sound reduction indices measured 

in sound transmission rooms (solid line) and computed by using the prediction code (bullets) 
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2.8 Optimisation 

Once the applicability of the theory has been demonstrated for the two types of bulkheads considered in this 

paper, it is possible to apply the model by only using the geometrical and materials parameters to predict 

the sound reduction index of bulkheads. 

Considering equation (12), the three coefficients A, B and C can be computed starting from the mass per 

unit area, the cross section, the bending stiffness of the structure, the bending stiffness of a single laminate 

and the shear modulus of the core. Figure 14 shows an example of optimisation study based on a software 

for the prediction of the acoustic performances implemented in MATLAB environment. 

 

Figure 14: Example of reduction index predictions carried out for a GRP panel as a function of the 

thickness (black: 2 mm; blue: 4 mm; red: 8 mm) 

Since the software takes into account the overall behaviour of the panel (low frequency range governed by 

the mass, coincidence region and total losses dominating in the medium high frequency range), different 

configurations can be easily evaluated to identify the most suitable solution. 

3 Conclusions 

This study compares measurements conducted on-site with laboratory measurements based on both 

standardised and innovative methods. It has been shown that, while standardised methods cannot be used 

on large bulkheads, measurements based on innovative methods can give excellent results on sandwich 

partitions and acceptable results on ribbed bulkheads. To obtain results comparable to those on site, the 

laboratory values must be corrected according to the provisions of the ISO 12354 series, in order to take 

into account the flanking transmissions. The resulting predictions are in good agreement with the 

experimental results obtained onboard. 

The methodology allows the acoustic designers to identify “acoustically weak” frequency regions of a 

partition using laboratory and in-situ measurements or simulations, and then to suggest and discuss 

guidelines to improve the sound reduction properties, proposing enhancing treatments such as the use of 

additional absorptive layers. 
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Abstract 
Vertical take-off and landing and reduced emissions are some examples of the great possibilities that electric 

propulsion offers and how it could disrupt air travel. However, important regulatory barriers still need to be 

overcome. One aspect of particular attention is the impact on environmental noise. Aero-elastic stability is 

another essential element to reach aircraft certification. This paper offers an overview of the experimental 

techniques required for the assessment of the vibro-acoustic performance of an all-electric light aircraft. The 

actual impact of electric propulsion on exterior radiated noise and cabin comfort has been quantified using 

two variants of the same airplane (conventional piston engine vs. electric motor). Results clearly highlight 

the different footprints of the two types of propulsion. In addition, structural dynamics performance of the 

all-electric aircraft was also investigated. The manuscript reports about the setup and execution of the test 

campaign; it describes the processing of the acquired data and discusses the major findings. 

1 Introduction 

Electric propulsion for aircrafts brings many new possibilities for more efficient, more flexible and greener 

air transportation. New concepts, such as flying taxies, based on all-electrical or hybrid propulsion are been 

studied to support urban air mobility in the future [1]. However, next to the many technological challenges 

associated with such new concepts, important regulatory barriers still need to be overcome to make flight in 

urban areas come true and one aspect of particular attention is the environmental noise impact. Air traffic is 

also expected to continue its unstoppable growth, not without damaging consequences on the environment. 

Beyond CO2 emissions and greenhouse effect, it is the noise pollution caused by air transportation, 

especially in the vicinity of airports, that is a source of concern. Thanks to electric propulsion systems, 

aircraft noise pollution could be significantly reduced. With lowered engine noise and improved sound 

quality, a passenger’s flight experience could also become significantly more enjoyable. 

Very few detailed experimental analyses have been performed so far to assess the impact of aircraft electric 

propulsion on exterior radiated noise and cabin comfort. Earlier work, see for instance [2] and [3], essentially 

concentrated on design and performance of propulsion systems but with no focus on the noise impact. 

Interesting work was recently performed by Rizzy [4], on the annoyance to noise produced by a distributed 

electric propulsion system. However, this analysis is based on simulated data only and does not contain 

experimental comparisons. 

The objective of this paper is to experimentally assess the actual impact of electric propulsion on exterior 

aircraft noise and cabin comfort in the case of light aircrafts. The approach proposed here consists in 

comparing the acoustic performance of two variants of the same aircraft equipped with two different 

propulsion systems: in one case with a conventional piston engine, in the other case with an electric motor. 

To the authors’ knowledge, this is the first time that such comparison is made. Both in-flight and on-ground 

measurements are performed to determine the acoustic footprint of the aircrafts and to get insight into noise 

generation mechanisms. Structural dynamics analysis of the all-electric aircraft is then performed based on 
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ground and in-flight measurements. The objective is to present the testing methods available to identify the 

main resonant modes of the aircraft, to be used for flutter prediction and to verify that the modes can also 

be correctly identified during flight.  

The investigated airplane is the Magnus Fusion aircraft. The Magnus Fusion 212 is a multi-purpose 2-seater 

aircraft, see Figure 1. It has a length of 6.7m, height of 2.4m, and a wingspan of 8.3m including winglet, 

whereas the wing area is 10.59m². The eFusion is the all-electric version of the Fusion aircraft, first all-

electric aerobatic training aircraft in the world. It is powered by a 60kW Siemens electric drive system. The 

aircraft is entirely battery-powered and has an endurance of approximately one hour. The aircraft has an 

empty weight of 410kg and a maximum take-off weight of 600kg. The stall and maneuvering speeds of the 

aircraft are 35kn and 104kn, respectively. The aircraft has a maximum range of up to 1,100km and a service 

ceiling of 12,000ft. 

 

 

Figure 1: Magus Fusion aircraft tested with a conventional and all-electric propulsion system. 

Fly-over noise levels, as used for aircraft noise certification, are first compared. Sound quality metrics are 

then used to highlight the differences between the two propulsion systems in terms of perceived noise and 

annoyance. Detailed acoustic analysis is performed using advanced sound source localization techniques. 

Finally, the ground vibration and flutter test results are presented. 

2 Acoustic performance 

2.1 Exterior noise 

The objective of this first section is to compare the overall noise levels measured during fly-over, as typically 

used for noise certification of small aircrafts. The LASmax – maximum A-weighted noise level measured 

with slow time weighting – was computed according to the prescribed standard ICAO Annex 16 [5] using 

the Simcenter Testlab software [6]. The test set-up consists of a Simcenter SCADAS portable data 

acquisition system recording data from the ground microphone and from the adjacent weather station. A 

single microphone with wind protection positioned on the ground on a reflective plate is used for this 

measurement. The position of the aircraft is tracked in time to validate the trajectory and make sure that the 

two aircraft variants are measured in the same conditions. 

Noise comparison results are shown in Table 1 for 2 different flight speeds. Significant noise reduction is 

observed in the case of the electric propulsion, especially at higher speeds (90 knots) and low altitude where 

the aircraft with combustion engine is particularly noisy. Noise reduction is also observed at high altitude 

but absolute noise levels are rather low in this case. 
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LASmax  

Magnus Fusion 212 

with combustion 

engine 

Magnus eFusion 

with electrical 

motor 

Noise 

reduction 

60 knots – low altitude (50 feet) 80.1 78.2 1.9 dB 

90 knots – low altitude (50 feet) 84.4 80.8 3.6 dB 

60 knots – high altitude (1000 feet) 57.6 56.5 1.1 dB 

90 knots – high altitude (1000 feet) 61.7 51.4 10.3 dB 

Table 1: LASmax noise levels measured during fly-over for the Magnus Fusion Aircraft. 

Sound quality metrics are used to quantify the differences in the perceived sound and annoyance. We will 

refer to the aircraft equipped with a piston engine propulsion with the names Fusion or Standard Aircraft in 

order to differentiate it from the one powered by an electric propulsion called eFusion or e-Aircraft in the 

text below. The flyover has been divided in three phases (Figure 2 (left)): 

A. Aircraft approaching the ground microphone 

B. Aircraft above the ground microphone 

C. Aircraft leaving 

The comparison between eFusion and Fusion Specific Loudness spectra reveals that the main loudness 

contributor for the eFusion aircraft is the aerodynamic noise induced by the propeller – Bark 1: 0-100 Hz – 

(Figure 2 (left)). Such a noise component is prominent in phases A and B, while it is severely reduced in 

phase C. In the Fusion case, besides the propeller aerodynamic noise, the main noise contributor is the piston 

engine, whose harmonics influence the specific loudness spectrum up to 5 kHz during phases B and C. The 

radar plot in Figure 2(right) reports the ratio between the metrics computed on the eFusion and on the Fusion 

during the phases A, B and C of their flyover at 50 ft altitude and at nominal speed of 90 kn. A value <1 

means that the corresponding metric assumes a lower value in the case of the eFusion. The psychoacoustic 

attributes of the e-aircraft sound are systematically, and in the three phases, lower than the corresponding 

standard aircraft’s ones. The absence of the piston engine noise, in fact, implies a dramatic reduction of 

roughness and tonality. Loudness is drastically reduced during phase C as well. 

 

 

Figure 2: Comparison between the most salient psychoacoustic metrics computed during eFusion and 

Fusion flyover at 50 ft altitude and at nominal speed of 90 kn. (left) Specific Loudness spectra. (right) 

Ratio between the metrics computed on the eFusion and on the Fusion.  

The just described overall psychoacoustic behavior of the two aircrafts during flyover can be further detailed 

by analyzing time-varying metrics related to loudness, tonality and modulation attributes. Figure 3 reports 

the comparison between the two aircraft versions in terms of loudness-related metrics. Such an analysis 

reveals a larger value of maximum loudness in the case of the piston engine aircraft flyover. Sharpness 

values are very similar in the two cases during phases A and B. eFusion maintains a higher sharpness in 

phase C. This can be attributed not to an actual increase of high frequency noise components in the case of 

e-motor propulsion, but rather to the fact that low frequency range noise produced by the piston engine 

remains loud also during phase C (Figure 2 (left)). 
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Figure 3: Loudness-related metrics. Comparison between: (left) eFusion and (right) Fusion. 

 

Despite the fact that a larger value produced by the aircraft equipped with a piston engine is clearly observed, 

Loudness is not the main differentiator of the two variants. The absence of the internal combustion engine 

propulsion is even more clearly reflected on tonality and modulation-related sound quality aspects. As 

depicted by Figure 4, in fact, the Standard Aircraft flyover is perceived in all phases (and especially in 

phases A and B) as more tonal and reveals the appearance of distinguishable pitches. This is due to the 

presence of a large number of piston engine harmonics in the sound spectrum. In the eFusion case, instead, 

the e-motor noise contribution is not audible and the main noise source is represented by the propeller, 

mainly visible at the Blade Passing Frequency and its second harmonic. 

The presence of the many harmonics of the piston engine propeller implies the Fusion sound to be rich of 

tones whose prominence makes the phase A of the Fusion noise characterized by a pitch at around 350 p.u. 

eFusion tonal noise, instead, is dominated by the Blade Passing Frequency (BPF) contribution at around 

110Hz, but this does not impact pitch and tonality of this noise. 

 

 

Figure 4: Tonality-related metrics, comparison between eFusion (left) and Fusion (right) in terms of 

Prominence Ratio, Pitch and Tonality.  
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The piston engine noise harmonics are also responsible for the appearance, in the Fusion case, of clearly 

audible modulation frequencies. The Modulation Maps reported in Figure 5 well explain such a difference 

revealing the appearance, in the Standard Aircraft case, of modulation over a large range of carrier 

frequencies. This is perceived as a combination of fluctuation and roughness. This latter metric considerably 

increases during phase B and the last part of phase A of the Fusion flyover. eFusion flyover sound, instead, 

is perceived as not rough. Such a modulation analysis can be further deepened by observing the Tracked 

Modulation Maps reporting the evolution of the modulation frequency over time, during the analyzed 

flyovers, per different carrier frequency ranges (critical bands). In the case of the eFusion flyover – Figure 

6 – modulation is very limited. In fact, modulation frequencies appear only during phase B and mostly 

affecting a singular critical band (centered in 150 Hz). Due to the presence of the piston engine noise, 

instead, the Fusion flyover is strongly characterized by modulation patterns (Figure 6). Below 1000 Hz, the 

main modulation frequency is the first order of the piston engine. For higher carrier frequencies, the Fusion 

flyover noise is also modulated by higher harmonics. 

 

Figure 5: Interaction between piston engine and propeller aerodynamic noise harmonics generates, in the 

Fusion case (right), the occurrence of multiple audible tones closely spaced in frequency. In case of the 

eFusion aircraft (left), this is not the case because of the absence of the piston engine. 

 

The flyover sound quality analysis of the two Fusion variants reveals that, despite a just exiguous reduction 

of loudness, the tonality, modulation and roughness attributes are greatly enhanced thanks to the electric 

propulsion, improving the pleasantness of the e-Aircraft flyover noise with respect to the Standard Aircraft 

case. 
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Figure 6: Tracked Modulation Maps (per critical bands in the range 50 – 2500 Hz) of the Fusion flyover. 

2.2 Cabin comfort 

Fusion and eFusion in-cabin noise was also studied adopting interior sound recordings acquired by a 

binaural headset worn by the co-pilot and the installation of accelerometers located in the proximity of the 

engine frame connection with the aircraft cabin body in order to capture the engine-induced vibrations 

transferred to the interior. Hereafter we report the results of the psychoacoustic analysis carried out on the 

two aircraft variants at cruising conditions and at two different nominal speeds: 60 knots and 90 knots. 

The comparison between the eFusion and Fusion in-cabin noise Specific Loudness reported in Figure 7(left) 

reveals that the interior sound of both variants is dominated by the propeller noise, influencing the low 

frequency range (Bark 1 and Bark 2: 0-100 Hz and 100-200 Hz respectively). At higher nominal speed (90 

kn) it is registered an increase of the eFusion specific loudness in the frequency range 2-10 kHz, while 

propeller noise contribution to the total loudness decreases. Such a behavior is not observed in the same 

conditions for the Standard Aircraft. The radar plot shown in Figure 7(right) reports the ratio between the 

metrics computed on the eFusion and on the Fusion aircrafts in the two speed conditions. A value <1 means 

that the corresponding metric assumes a lower value in the case of the eFusion. It can be observed that the 

two aircrafts interior sound performance do not differ in terms of overall loudness and speech-related 

metrics. On the contrary, the absence of the piston engine noise induces a drastic reduction of roughness at 

lower speeds (60 kn) in the eFusion in-cabin noise. The two aircrafts interior noise becomes very similar in 

terms of psychoacoustic behavior at higher speeds (90 kn). In this speed regime, in fact, it is observed a 

substantial equivalence between the two cases. As deductible from the specific loudness curves, the increase 

of sharpness of the eFusion sound with respect to the Fusion case at 90 kn is due to a reduction of the 

contribution of the propeller noise to the total loudness and an increase of the Turbulent Boundary Layer 

(TBL) noise contribution at higher frequency. 

 

Figure 7:  (left) eFusion and Fusion Specific Loudness spectra. (right) The radar plot reports the ratio 

between the metrics computed on the eFusion and on the Fusion aircrafts in the two speed conditions.  
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The spectrograms of the eFusion and Fusion in-cabin noise reported in Figure 8 show that the interaction 

between the piston engine and the propeller noise determines, in the Fusion case, the appearance of a large 

number of piston engine and propeller-related harmonics. These noise attributes, responsible for the increase 

of modulation phenomena and roughness in the case of the Standard Aircraft, are almost absent in the e-

Aircraft in-cabin sound. Higher speed regimes imply a dramatic increase of the TBL excitation. Such a 

broadband noise contribution  partially masks the higher harmonics of the Fusion interior noise. At higher 

speeds, therefore, results in Figure 8 confirm that the equivalence between the two aircrafts interior noise 

attributes increases. 

 

Figure 8:  Spectrograms of the eFusion and Fusion in-cabin noise in stationary conditions. 

Similarly to the fly-over case reported above in this paper, the analysis of tonality-related metrics reveals 

that the most prominent tones perceived in the eFusion cabin are the BPF and/or its first harmonic. Pitch 

perception is registered only in the 60 kn speed regime in the case of the Fusion in-cabin noise. At higher 

speed regimes the higher harmonic tones of the Fusion interior noise are partially masked by the more 

prominent TBL broadband noise. 

 

Figure 9:  (left) eFusion and Fusion in-cabin noise Prominence Ratio, computed for two constant speed 

regimes: 60 kn and 90 kn, reveals the prominence of the BPF and/or its harmonics. (right) Pitch perception 

is registered only in the 60 kn speed regime in the case of the Fusion in-cabin noise 

 

The comparison, reported in Figure 10, of the Auto-Power Spectra of pressure and vibration signals – 

computed respectively by: in-cabin microphone and accelerometer placed on the engine mounts (connection 

of the engine frame with the aircraft cabin) – discloses useful information for a first assessment of the 

mechanism of propagation of the exterior noise towards the interior of the aircrafts cabins. Observing Figure 
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10(left) , in fact, it can be noticed that e-motor excitation is limited to the frequency related to its rotational 

speed and a few harmonics. The e-Aircraft microphone spectrum reveals that its in-cabin noise is mainly 

influenced by airborne noise contributors due to the aero-acoustic sources generated by the propeller blades 

and to the TBL aerodynamic excitation, while only a minor part is transferred to the cabin through the engine 

frame mounts. The Fusion vibration pattern, instead, is composed by a large number of piston engine 

harmonics. Such harmonics are visible also in the in-cabin microphone spectrum suggesting, in this case, a 

major role of structure-borne noise transmission paths. 

 

 

Figure 10:  Comparison of the Auto-Power Spectra of pressure and vibration signals computed 

respectively by: in-cabin microphone (left channel of the binaural headset worn by the co-pilot)  and 

accelerometer placed on the engine mounts (connection of the engine frame with the aircraft cabin). (left) 

eFusion. (right) Fusion. 

 

Modulation maps reveal the presence of modulation phenomena – due to the interaction of piston engine 

noise and propeller noise – in the Fusion in-cabin noise. This is not the case for the eFusion interior noise, 

in which modulation patterns are almost not present (Figure 11). 

 

Figure 11:  Modulation maps of the eFusion and Fusion in-cabin noise in stationary conditions. 

 

From the in-cabin sound quality analysis of the two Fusion variants it can be concluded (confirming the 

results obtained in the flyover case) that the interior noise loudness levels are equivalent in the two variants, 

at the two analyzed speeds, while, on the contrary, modulation and roughness attributes are greatly improved 

thanks to the electric propulsion. It was moreover observed that the engine-related structure-borne excitation 

is drastically reduced in the eFusion case in which a major role is played by the aero-acoustic noise 

contributors such as propeller tonal noise and TBL broadband excitation. 
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2.3 Sound source localization 

Sound source localization technique can help getting a better understanding of the main aircraft noise 

sources and how they are changing with electric propulsion. Results are presented below for the eFusion 

exterior radiated noise based on acoustic array measurements performed with the aircraft on the ground and 

also during flight. 

In order to capture all aircraft noise sources including aerodynamic effects, the best is to measure the sound 

while the aircraft is flying. This requires to deploy an acoustic array with a large number of microphones on 

the ground and to synchronize the measurements with the position of the aircraft in-flight.  

In this case, a relatively small array consisting of 100 microphone in a 5-arm star configuration with 10 

meter diameter is used, as shown on Figure 12. This array is used to get a quick assessment of the source 

localization in flight. A larger array is typically required for obtaining detailed source localization and 

quantification during fly-over. Figure 12 also shows the Simcenter SCADAS data acquisition placed at the 

center of the array. This system is used to acquire and transfer the data from all microphones to a remote 

computer. 

    

Figure 12:  Ground array measurement set-up for source localization during fly-over (top and side view). 

 

Simcenter Testlab software is used to process the microphone data. Beamforming and CIRA deconvolution 

techniques, see [7] and [8], are used to produce the source localization maps with improved spatial resolution 

and dynamic range. For this measurement, the aircraft is flying at an altitude of 50 feet at a speed of 70 

knots.  

 

Figure 13 shows a comparison of the two aircraft variants for the low frequencies, from 200 to 800 Hz, 

where most of the energy is concentrated. As expected, a dominant source is identified at the engine 

propeller in the case of the electric aircraft, whereas it is located at the engine exhaust in the case of the 

combustion engine aircraft. 

 

 

Figure 13:  Source localization map on the eFusion all-electric aircraft (left) and Fusion combustion 

engine aircraft (right) at low frequency (200 to 800 Hz). 
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Figure 14 concentrates on noise at higher frequencies, from 800 to 1200 Hz. It is interesting to note that in 

the case of the piston engine aircraft, two dominant noise sources are identified, one at engine exhaust and 

one at the engine front part/propeller. This corresponds to the dominant sources also identified on the 

ground, as shown in next section. Results on the electric aircraft are more difficult to interpret, but also 

exhibit a noise source near the front landing gear attachment point to the fuselage. 

 

 

Figure 14:  Source localization map on the eFusion all-electric aircraft (left) and Fusion combustion 

engine aircraft (right) at higher frequency (800 to 1200 Hz). 

 

For these next measurements, the aircraft is maintained on the ground at a fixed position and an acoustic 

array is placed at a few meters from the engine, which allows to focus on the propulsion-related sources. 

The LMS sound camera, a high-quality acoustic array with 118 digital microphones, is used to localize and 

quantify the noise sources on the full frequency range, as shown in Figure 15(left).   

Figure 15 shows a comparison of a measurement performed on the two aircraft variants for similar 

conditions (1000 RPM in the case of the combustion engine aircraft vs. 1150 RPM for the electric motor 

aircraft). It is interesting to note that most of the noise is radiated from the exhaust in the case of the 

combusting engine whereas propeller blade tip is the dominant noise source for the electric motor. 

Secondary sources appear at the air intake in the case of the electric aircraft and the front engine part for the 

conventional aircraft. 

 

   

Figure 15:  Measurement set-up for near-field sound source localization on the eFusion aircraft (Left). 

Sound source localization results with electric motor (middle) and conventional combustion engine (right). 

 

There appears to be a strong interaction between the propeller wakes and the front landing gear leading to 

strong noise radiation. This is confirmed on Figure 16 where a dominant noise source is identified for 

most frequencies at the bottom part of the blade tip circle. This phenomenon is also observed on the 

conventional aircraft – although not shown here. This gives clear indication for potential noise reduction 

solutions. 
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Figure 16:  Sound source localization from the front for the eFusion Magnus aircraft. 

3 Structural dynamics performance 

3.1 Ground Vibration Testing 

Ground Vibration Test (GVT) is part of the certification process and its purpose is to measure the aircraft 

dynamic characteristics (natural frequencies, mode shapes, structural damping coefficients and generalized 

mass). These results allow to update of the FEM (Finite Element Model) model of the structure used for 

flutter prediction.  

Recently, more complex aircraft design raised additional testing requirements which are related to the 

increased use of composite materials, active systems and the need to quantify non-linear behavior. At the 

same time, a high time pressure exists on the test schedule due to limited availability of the fully assembled 

physical prototype aircraft so late in the design cycle. 

In the past years, the so-called Normal Mode Testing has been almost exclusively used for GVT on aircrafts 

since this technique is very well suited for separating very closely spaced modes. Essentially it uses an 

excitation tuned at single frequency lines in correspondence of the modes of the aircraft. In this manner the 

vibration response only contains a contribution from the mode of interest. However this testing procedure 

is very time consuming and it has been replaced in the last years by techniques based on the estimation of 

modal parameters from broadband Frequency Response Functions (FRFs). Many excitation signals can be 

used to experimentally determine the system FRFs: periodic signals, stepped sine, burst random, swept sine. 

Recently swept-sine excitation received a lot of attention, as it represents a good compromise between 

magnitude of excitation level needed for large aircraft and testing time [10]. 

As the FE model is calculated supposing free-free boundary conditions, it is necessary to simulate the same 

boundary conditions during the test. For this purpose several alternatives are possible at this stage: bungees 

suspension system, deflated tires, pneumatic suspension. 

In this paper the structural dynamics performance of the all-electric aircraft Magnus eFusion was 

investigated. The GVT campaign was performed at the Magnus facility in Hungary. The airplane’s tires 

were deflated in order to reproduce the ideal free-free boundary conditions and two electrodynamic shakers 

were used in order to excite the system. They were placed at intermediate wing points as shown in Figure 

17. The response accelerations were measured by using two Simcenter SCADAS systems in a Master-slave 

configuration. 58 monoaxial accelerometers and 11 triaxial accelerometers were used for a total of 91 

measurement channels. The triaxial ones were distributed as follows: left and right wing tips (front node), 

left and right ailerons tips, front node of the fuselage, left and right tips of the horizontal tail, left and right 

elevators tips, front nodes on the top of the vertical tail and on the rudder. 
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Figure 17:  GVT measurement setup 

At first burst random tests were carried out at different force levels. In a second stage, logarithmic sine 

sweeps were used to excite the aircraft. Different sweep rates (0.3, 0.6, 1.2 and 2.4 oct/min), directions 

(sweep up and sweep down) and several force levels (10N, 15N, 20N) were used. Table 2 shows all 

performed tests. 

Force (N) Sweep Rate (oct/min) 

slow (0.3) medium (0.6) fast  (1.2) very fast (2.4) 

3 - Up - -  

10 - up/down up/down, +- 10 deg  - 

15 Up up/down up/down up/down 

20 - Up - - 

Table 2: Test conditions performed during the Ground Vibration Test (GVT) campaign. 

 

Several runs were performed in order to understand the different behavior at different force levels, which 

can be considered as an indicator for non-linear effects. The same is true for sweep-up and sweep-down 

tests which are commonly used in literature to identify the distorted FRF peaks due to the presence of non-

linearity effects.  

 

Mode # Natural frequency [Hz] Damping ratio (%) Mode shape description 

mode 1 11.185 1.38 1st wing bending 

mode 2 15.377 1.75 tail torsion 

mode 3 16.162 3.45 1st fuselage/wing bending 

mode 4 17.224 3.22 aileron asymmetric 

mode 5 18.348 1.80 tail bending 

mode 6 20.436 1.84 1st horizontal tail bending 

mode 7 21.764 4.98 ailerons symmetric 

mode 8 23.230 1.70 rudder 

mode 9 26.473 1.41 2nd wing bending  

mode 10 27.416 1.65 vertical tail bending 

Table 3: List of natural frequencies, damping ratios and mode shape descriptions for all modes up to 30 

Hz 

Table 3 shows the list of the identified natural frequencies and damping ratios of the first ten modes up to 

30 Hz. A brief description of the identified modes is also given next to them. These modes have been 
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obtained by performing the conventional Multiple-Input-Multiple-Output (MIMO) method for FRFs 

estimation. The well-known Polymax modal parameters estimator has been used. 

 

Figure 18 shows one of the Driving Point FRFs, where the Driving Point is the acceleration measurement 

channel placed next to the shaker excitation point. The sweep rate effect is considered by plotting the same 

FRF for the same force level (15 N) and with all the different sweep rates (as shown in Table 2). Increasing 

the sweep rate, the peaks have lower amplitude and become broader. Furthermore, a shift to higher 

frequency can also be highlighted. 

Figure 19 shows the effect obtained by changing the force level from 3 N up to 20 N. If the system was 

linear, the same FRFs should be obtained, but some non-linear effects are present and for this reason a shift 

of the peaks towards higher frequencies can be underlined, especially around 20 Hz. This has also been 

confirmed from a further non-linear investigation by using innovative excitation techniques. 

 

Figure 18:  Driving Point FRF: sweep rate effect 

at constant force level (15 N). 

 

 

Figure 19:  Driving Point FRF: force level effect 

at constant sweep rate (0.6 oct/min).

 

Figure 20 shows two of the main global modes of the eFusion aircraft, respectively mode #4 (aileron 

asymmetric) and mode #10 (vertical tail bending). 

 

 

Figure 20:  Ground Vibration Test modes: aileron asymmetric (mode #4, left); vertical tail bending (mode 

#10, right). 

3.2 Flutter Analysis 

Flutter is included in the broader term aeroelasticity, i.e. the study of the static and dynamic response of an 

elastic airplane. Since flutter involves the problems of interaction between aerodynamics and structural 

deformation, including inertial effects, at subcritical as well as critical speeds, it really involves all aspects 

of aeroelasticity [11] [12]. As already stated, the GVT results are used to perform flutter prediction by using 
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the correlated FE model of the aircraft. Despite all the efforts in developing flutter prediction tools, the only 

definitive method for clearing aircraft for flutter is flight testing. Aircraft certification procedures require 

that aerospace constructors demonstrate that the flight envelope of a new aircraft is clear of flutter with a 

high safety margin. Several possibilities exist for exciting the structural modes and performing a flutter test. 

In the eFusion case, the pilot was asked to impulsively excite the control surfaces and then bringing them 

back to zero position. Theoretically it is supposed to be a perfect impulse which should be able to excite all 

the structural modes, but practically it becomes difficult to excite high frequencies. Once the excitation is 

applied, the aircraft structure’s response is measured at several locations. The aircraft was instrumented by 

means of 12 accelerometers as shown in Figure 21. 

   

Figure 21:  Aircraft instrumentation for flutter testing: Accelerometers placed on the left wing (left 

picture), Simcenter SCADAS XS measurement system in the cockpit (middle) and accelerometer inside 

the horizontal tail plane (right picture). 

 

The Simcenter SCADAS XS system has been used in-flight to record 12 measurement channels which were 

placed at the same locations as during the GVT tests. Six different flights with different flight points (speed-

altitude levels) were measured and the post-processing analysis allowed to identify some of the aircraft 

modes. The wing bending mode is plotted in Figure 22 (left picture) in which all measured points are 

represented by a sphere. On the right for comparison purposes it is reported the same mode measured during 

the GVT campaign where many points were measured on the ground. We can see that the 2 mode shapes 

correspond well. 

 

Figure 22:  In-flight 1st wing bending (left picture) vs GVT 1st wing bending (right picture) 

4 Conclusions 

This paper aims at characterizing the vibro-acoustic performance of an all-electric aircraft. Acoustic 

performance was compared for two aircraft variants : one equipped with a conventional combustion engine, 

the other with an electric motor. Overall sound levels measured during fly-over show a significant reduction, 

with up to 10 dB difference measured. Sound quality metrics also help to prove that flying electric is not 

only quieter, but it also sounds more pleasant, both in fly-over conditions and in-cabin. Modulation 

(roughness and fluctuation) as well as tonality are greatly improved thanks to the electric propulsion system 

and the absence of low frequency engine order noise. Detailed sound source localization was also performed 

on the ground and during fly-over to pinpoint the dominant noise sources and understand how noise 

generation actually happens. As expected, engine intake and exhaust noise are the dominant noise sources 

in the case of conventional combustion engine whereas most noise is produced by the propeller and its 

interaction with the front landing gear in the case of the electric aircraft. Ground vibration testing allowed 
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to identify the main resonant modes of the aircraft structure. Different testing strategies were evaluated and 

non-linear phenomena were identified, especially by using different sine sweep parameters and by varying 

the excitation levels. In-flight vibration measurements were also performed to prepare for the flutter 

analysis. Corresponding mode shapes were identified from the ground and in-flight measurements.  

Only a preliminary analysis of the GVT and flutter results is presented here. It is intended to present a more 

extensive analysis of the results in future publications. Future steps involve the development and validation 

of techniques to allow a better post-processing and modal parameters identification for Ground Vibration 

Test (GVT). Further studies will be conducted concerning the non-linearity issue underlined during the GVT 

tests. An estimate of the stability of each flight condition can be obtained if the damping ratio (related to a 

certain mode) is plotted against the dynamic pressure. Flutter plots can be drawn by analyzing different 

flight points acquired during an extensive measurement campaign. The damping ratio trends will be finally 

plotted for the critical modes in order to determine the flutter conditions which consist in a sudden drop of 

the damping ratio. 
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Abstract
The vibration and noise amplitude levels at resonance frequency depends on the amount of damping present
in the component. In this work, damping enhancement is achieved through a cold working process like
shot peening. The residual stress measurements—using X-ray diffraction technique—and vibro-acoustic
property measurements of a sheet metal plate is carried out in the original condition. The residual stress
measurements are repeated on the plate after subjecting it to shot peening and found considerable increase in
the stress levels in both longitudinal and transverse directions. The experimental modal testing of the plate
confirmed the increase in the damping values of the system. The sound pressure levels of the shot-peened
plate have reduced significantly. A brief simulation study of shot peening using ABAQUS is carried out to
establish a transfer function between residual stress and shot peening process parameters. Further, attempts
will be made to understand the relationship between residual stresses and damping in the system.

1 Introduction

In the automotive industry, steel material is widely used in the form of sheet metal components that are
often manufactured through single stage or multi stage deep drawing process. The enhancement of structural
worthiness without/with a minimum weight addition is highly desirable due to stringent regulatory needs
related to mass-emission reductions and fuel-economy improvements. It is a common practice in the industry
to increase the performance characteristics of the sheet metal components through either heat treatment
processes such as annealing, induction hardening etc., or through cold working process such as shot peening.
Cold working is used to increase the strength, especially in highly alloyed austenitic stainless steel [1]. The
shot peening process affects the surface of the component and is often used to increase the hardness, fatigue
strength of the material. In shot peening process, small spherical balls are impacted on the surface of the
base metallic structure to induce residual compressive stresses [2, 3, 4]. The shot peened components can
be subjected to higher operating stresses when compared to non-treated components, due to the presence of
compressive stresses. This phenomenon will increase the fatigue life of the components significantly. By
inducing residual compressive stress the inherent damping of the component may be increased. The damping
factor may vary with the shot peening conditions and the depth of the material [5, 6]. However, the study
of how such shot peening induced damping affects the noise and vibration characteristics of a component
has not been widely studied. The residual compressive stress induced of the surface depends on a number of
different parameters such as the shot intensity, shot coverage, angle, quality of shot etc. The damping induced
in the material is characterized as damping ratio and it can be obtained either by the half-power bandwidth
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method or experimental modal testing. The work presented in this paper explores how shot peening process
of a plate affect the vibro-acoustic behaviour of the plate.

2 Component description

The vibro-acoustic performance variation of deep drawn components can be attributed to geometric profile
and thickness deviations that occur during the manufacturing process. However, it is shown that these two
factors can not explain the complete difference. The work hardening effects and variation of elastic modulus
in the local regions also contribute to the total variation [7, 8]. It is also envisaged that residual stresses of the
component play a key role in controlling the amplitude levels. Hence in the present work, four rectangular
plates—two plates in the rolling direction and two plates in the transverse direction—are obtained from the
blank sheet coil. The length, width and thickness of the plate considered are 300 mm, 50 mm and 1.5 mm
respectively as shown in Figure 1. The two steel plates cut along the rolling radius of the steel roll are
named R1 and R2 and the two steel plate cut perpendicular to the rolling radius of the steel roll are named
T1 and T2. The thickness measurements of all these four plates are performed at 21 locations to ensure the
consistency. The flatness measurements are carried out using a dial-guage in order to find out any geometrical
profile deviation. The maximum variation found through these flatness measurements is approximately 10
microns. Hence, it can be stated that both the geometric profile and thickness variations of the four plates
are negligible.

Figure 1: Top and front views of the rectangular plate (All dimensions are in mm).

3 Shot peening process

Shot peening process is commonly used surface treatment process to enhance the mechanical characteristics
of metal components. The process uses high compressed gas along with spherical shots made from glass or
metal beads. The size of the beads, angle of attack, duration, shot material properties and the velocity may be
varied to induce required residual stress on the surface. The shot peening process changes the material phase
of the base component from austenite to martensite. The percentage of retained austenite decreases with
the increase in shot peening intensity. This process causes martensite formation and hence base component
hardness increases. The reader is suggested to the reference [9] for a more detailed information regarding
shot peening process. The shot peening intensity levels are measured using Almen scale. In the present
study, the component is subjected to shot peening on both sides with an Almen intensity of 0.19 mm A.
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4 Residual stress

4.1 Measurement set-up

The residual stress measurement is carried out using X-ray diffraction technique. In this method, residual
stress are determined from the distance between crystallographic planes, i.e., d-spacing, as a strain gauge.
The d-spacing of the material increases when material is in tension and decreases when material is under
compression. The corresponding strains due to d-spacing changes can be related to stresses induced in the
component. The reader is suggested to refer to [10] for a more detailed explanation of X-ray diffraction
technique method to measure residual stresses. The shot peening intensity is measured using Almen scale.

The residual stress measurement set-up is shown in Figure 2. The residual stresses of all the plates are mea-
sured at three different locations. These points, as indicated in red boxed points of Figure 3, are represented
as point-3, point-10 and point-20. The stresses in longitudinal (along Z direction) and transverse (along Y
direction) are measured.

Figure 2: Measurement set-up used to determine the residual stress using X-ray diffraction technique.

Figure 3: Measurement points of residual stresses (shown in triangles) and modal testing (shown in circles).

4.2 Stress measurement results—before and after shot peening

The residual stress measurements on the the blank sheet metal plates—that are obtained from transverse (T1
& T2) and rolling directions (R1 & R2) of the blank coil—are carried out after subjecting them to the shot
peening process in order to find out the magnitude of induced stress levels. The shot peening operation is
done with an Almen intensity of 0.19 mm A. Table 1 compares the change in residual stress at point 3 ,
10 and 20 in both Y and Z directions. The comparison of residual stresses at point-10 of plates R2, T2 are
shown in Figure 4. The stress values can not be measured exactly and hence some tolerance either on lower
or higher side of the measured value is denoted. The accuracy of the stress measurement increases at higher
stress values and hence the tolerance is reduced. However in the current measurement campaign, good care is
taken to ensure a lower tolerance stress values. Results show two significant changes to the plates due to the
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Figure 4: Comparison of residual stresses before and after shot peening at point-10 a) plates-R2 b) Plate- P2
respectively.

shot peening operation: i) There is considerable increase in compressive stresses in the plates ii) It induced
uniform stresses in all the components in both longitudinal and transverse directions. Hence, the plates are
more likely to exhibit a similar dynamic behaviour. The uniform stress field across the component helps in
improving its dynamic behaviour. As there are no local stress concentrations due to secondary operations,
it helps in increasing fatigue life of the component. The manufacturing process like deep drawing process
often imparts some localized effects in the components and hence local damping can vary greatly. The shot
peening operation can negate such adverse effects.

Plate Point
Stress (MPa)

Before shot peening After shot peening
Y direction Z Direction Y direction Z Direction

P1
3 -98.5 ± 7.8 -44.6 ±9.5 -299.1 ±3.1 -313.1 ±7.2

10 -53.9 ±9.9 -23.8 ±5.9 -292.0 ±2.6 -282.0 ±2.9
20 -94.6 ±13.0 -50.3 ±17.1 -313.1 ±7.2 -287.8 ±3.1

R1
3 -56.1 ±12.7 -58.7 ±10.9 -290.2 ±4.7 -293.8 ±8.3

10 -48.2 ±6.8 -18.8 ±7.5 -287.7 ±4.2 -287.7 ±4.2
20 -55.7 ±11.7 -27.4 ±11.4 -254.1 ±14.0 -282.2 ±4.2

Table 1: Comparison of compressive residual stresses of P1 & R1 plates before and after shot peening pro-
cess.

5 Experimental vibro-acoustic behaviour characterization

5.1 Measurement set-up

The natural frequencies of all the four plates R1, R2, T1, and T2 are obtained by performing an experimental
modal testing in free-free boundary condition. The experimental test set-up is shown in Figure 5. The plate
is suspended using soft springs from a rigid frame. A tri-axial accelerometer (PCB-356A08) is attached to
the plate as shown in figure and a modal impact hammer (Onosokki-GK 3100) is used to excite the steel
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plate. The plate test geometry consists of 21 points as shown in Figure 3. The points are placed 12.5 mm
apart along the width and 37.5 mm apart along the length of the plate. The response points are chosen such
that spacial aliasing effects are avoided in the frequency range of 0-1500 Hz. A sampling frequency of 1024
Hz and a 0.5 Hz frequency resolution is used to acquire vibration data. The windowing functions used on
the reference impact force signal and the response signal are force-exponential window and an exponential
window respectively. Additionally, a 1/2 inch (B&K-type 4940) microphone is placed at the center of the
steel plate to measure the radiated noise due to an impact excitation. A sampling frequency of 4096 Hz
along with 0.5 Hz frequency resolution is used to acquire noise data. The accelerometer, microphone and
the impact hammer are all connected to a LMS SCADAS [11] data acquisition unit. The measurements
are recorded and processed using the LMS Test.Lab software [12]. The impact direction is normal to the
surface of the component at all locations, as component’s out-of-plane dynamic behaviour is considered to
be significant. A set of five averages are used, at all locations, to avoid noise contaminations in the response
signals. The vibration and noise measurements are carried out for all four plates in a semi anechoic chamber
to minimize the influence of any background noise.

Figure 5: Structural and Acoustic FRF measurement set-up

The structural frequency response functions (FRF) are obtained by normalizing the vibration acceleration
levels with reference to an input impact force. Hence, inertance a/F is obtained at all impact locations of
the components. Similarly, the noise transfer functions (NTF) are obtained by dividing the acoustic sound
pressure by the impact force. Hence, NTF is denoted as p/F. The experimental modal tests are carried out on
all four plates and simultaneously NTFs are also obtained.

5.2 Structural FRF results—before and after shot peening

The natural frequencies of all the four plates are obtained from experimental modal testing as described in
section 5. Table 2 shows the comparison of first ten natural frequencies between the two plates before and
after shot peening process. It can be seen from the results that natural frequencies are reduced after shot
peening process, although the percentage of reduction is not very significant. Figure 6a shows comparison of
R2 plate at point-3. The solid line in the figure represents FRF of non-peened plate and dotted line represents
FRF of shot peened plate. Figure 6b shows T2 plate FRF comparison at point-3. The solid line in the
figure represents FRF of non-peened plate and dotted line represents FRF of shot peened plate. The FRF
amplitude levels after the shot peening process are considerably reduced when compared to those of the base
configuration.

5.3 Damping change due to shot peening

The damping values of the plates are obtained from the modal testing. Figure 7 a shows the average damping
value results of plates T1 and T2 before and after the shot peening operation. Similarly, Figure 7 b shows the
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Sl. No
Transverse direction Rolling direction

T1 T1-SP T2 T2-SP R1 R1-SP R2 R2-SP
1 87 84 88 85 88 85 88 86
2 249 241 249 243 250 243 250 243
3 319 304 322 305 322 299 319 302
4 489 475 492 478 492 477 493 478
5 661 634 666 638 662 628 662 634
6 809 786 813 791 812 789 814 791
7 1040 995 1045 1004 1038 994 1041 999
8 1206 1173 1213 1183 1209 1178 1214 1182
9 1452 1386 1463 1400 1449 1386 1457 1394
10 1684 1639 1693 1654 1687 1645 1694 1653

Table 2: Comparison of natural frequencies of plates before and after shot peening process

Figure 6: Comparison of structural FRFs of point-3 a) T2 plate b) R2 before and after shot peening process

average damping values of plates R1 and R2 before and after shot peening. The results from plates before
shot peening is represented by solid black line whereas the results after shot peening is represented as

Figure 7: Comparison of averaged damping values in a) Transverse direction plate b) Rolling direction plate
before and after shot peening process

dotted black line. The results show clear changes in the modal damping values of the plates. There is larger
influence of shot peening operation on damping at the lower frequency modes compared to higher frequency
modes. The changes in the damping are much larger for the torsional modes compared to the bending modes
of the plate.
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Figure 8: Comparison of acoustic transfer functions between point-3 and microphone in a) Transverse direc-
tion plate b) Rolling direction plate before and after shot peening process

5.4 Acoustic NTF results—before and after shot peening

Acoustic NTF is defined as the ratio of the radiated sound pressure and the impulse force input to the plate.
The acoustic NTF gives an indication of the efficiency of the sound radiation at various frequencies. This
can be compared between different plates as the output pressure is normalized by the input force. Figure 8a
& Figure 8b show the acoustic NTF or acoustic response from the plates T1 and R1 respectively. The graphs
compares the acoustic response measured before shot peening and after shot peening the plates. The results
clearly show a significant reduction in the acoustic response from the plates after they are shot peened.

6 Simulation results

6.1 Vibro-acoustic behaviour—Before shot peening

The plate has a thickness of 1.5 mm and is made of IS 513 CR0 grade. The FE model of the plate is shown
in Figure 9. The plate mesh consists of quadrilateral elements with an element size of 2.5mm. The mesh
consists of 2541 nodes and 2400 quadrilateral elements. The density, modulus of elasticity and Poisson ratio
of the blank material are 7850 kg/m3, 2.1×105 MPa and 0.3 respectively.

Figure 9: Schematic of FE & BEM model of the plate
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The mass of each accelerometer (10.5 g) is considered using “CONM2” elements at the respective node
location in the FE model, to account for the mass loading. The modal analysis of the component is carried
out using LMS.Virtul Lab [13] software. The modal analysis is carried out in free-free conditions. The
comparison of natural frequencies between simulation and experiments is shown in Table 3. It can be seen
from the results that the correlation between results is good as the highest percentage difference is about 4.3,
for the first ten natural frequencies. The harmonic analysis is carried out by exciting the plate in the normal
direction at point-1(shown as yellow sphere in the Figure 9 ) by specifying a unit force. The harmonic
analysis is carried out between 1-1000 Hz. and 1 Hz. frequency resolution.

Sl.No Simulation Experiment % difference
1 88 87 1.1
2 250 244 2.5
3 322 318 1.3
4 492 481 2.3
5 662 649 2.0
6 812 798 1.8
7 1038 1002 3.6
8 1209 1196 1.1
9 1449 1389 4.3

10 1687 1674 0.8

Table 3: Comparison of natural frequencies between simulation and experiments before shot peening process

The acoustic transfer vectors are computed using boundary element method (BEM), using the same mesh.
The surface velocities obtained using finite element harmonic analysis are mapped on to the acoustic mesh.
The noise transfer function between point-1 and the filed mesh (shown as a yellow sphere in air medium)
is computed for the same frequency range as described in harmonic response analysis. The comparison of
experimental and simulation acoustic transfer functions is shown in Figure 10. The match between simulation
and experimental results is good and hence FE model can be considered accurate.

Figure 10: Comparison of acoustic FRF in non shot peened condition between point-1 and filed point of the
plate
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6.2 shot peening simulation results

6.2.1 Residual stress results

In order to understand the magnitude of compressive residual stresses and their distribution, a brief attempt
is made to simulate the shot peening process. This simulation results will help to qualitatively characterise
the impact of the shot peening process parameters on the residual stresses induced in the component. The
analysis is carried out through explicit FE method using Abaqus software [14]. The plate is modelled using
a four-noded S4R shell elements,as the stress distribution along the thickness is assumed to be negligible.
The plate is fixed along the edges to represent the clamped boundary condition. The plate is impacted using
steel balls of 2.5 mm radius. The steel balls are assumed to be rigid and hence no plasticity effects are
considered. It is very cumbersome to model the impact of these balls using the finite element method. The
discrete element method (DEM) [15] is used to simulate the dynamics of the steel balls on the metallic
surface. The PD3D elements are used for simulating the projectile motion and collision against the parent
metallic component of the steel balls. The Figure 11 shows the compressive residual stress distribution in the
plate. The maximum stress value shown is 300 MPa, which is comparable to experimental value as shown
in section 4.2. Hence, it can be concluded that the shot peening parameters chosen in the simulation study
predicted stress values with a reasonable accuracy.

Figure 11: Residual stress distribution due to shot peening process.

6.2.2 Vibro-acoustic behaviour—After shot peening

This simulation model can be used for predicting stress values by varying the shot peening parameters.
The results of this analysis can be used to arrive at different stress value by varying shot peening process
parameters. These shot peening process parameters are in turn are used for carrying out actual shot peening
process of the component. The experimental modal testing of these plates are carried out to establish a
relationship between the stresses and the damping values. However, in the current study experiments are
performed for only one particular stress state of the plate and damping values are obtained from experimental
modal testing as described in section 5.3. These damping values are used for computing NTFs of the plate.
The combination of FEM & BEM, as described in the section 6.1, are used for computing NTFs. The
comparison of NTFs betwen simulation and experimental results of point-1 and field point mesh is shown
in Figure 12. The result match can be considered reasonable and hence this methodology can be used for
predicting NTFs of the plate.
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Figure 12: Comparison of acoustic FRF in non shot peened condition between point-1 and filed point of the
plate

7 Conclusions

The shot peening process increases the residual compressive stresses significantly and creates a homogeneous
stress field, when appropriate shot peening process parameters are used. The induced stress field changes the
material phase and hence enhances the damping of the plates significantly. In the present work shot peening
process increased the residual stress in both the longitudinal and transverse directions from approximately
50 MPa to about 300 MPa. The increase in stresses values results in significant increase in damping values.
Hence, noise transfer functions after carrying out the shot peeing process reduced considerably. Also, a brief
attempt to simulate the shot peening process using a combination FE and DEM is made. The results of this
analysis can be used to arrive at shot peening process parameters to obtain the desired stress values. The
experimental modal testing is carried using the shot peened plate to develop a relation between compressive
stresses and damping values. This damping relationship can be used for computing and optimization of the
component’s noise transfer functions. The authors plan to carry out residual stresses inclusion—arising out
of shot peening process—in the vibro-acoustic simulation,as future research work.
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Abstract
An elastic wedge whose thickness varies with axial position according to a power law can act as an absorber
of incident flexural waves and thus as an anechoic termination. Ideally, if the wedge is tapered down to
zero thickness, the incident wave slows down to zero propagation velocity at the edge, thus never reaching
the boundary, and, so, not undergoing reflection. In practice, however, a small truncation of the wedge
always occurs, due to manufacturing restrictions, leading to non-zero thickness at the edge, so that some
reflection does occur. In this paper, alternative thickness profiles are examined, such as the power-cosine, the
exponential and the Gaussian profile, the latter two inevitably having a truncation within a finite length. A
method based on the WKB approximation is used in order to calculate the reflection coefficient of a structure
comprising a wedge connected to a uniform plate. Higher-order WKB approximations are also applied.
Results are compared with those from a Finite Element analysis.

1 Introduction

In various engineering applications, vibration damping is of great importance. A novel idea for attenu-
ating structural vibrations was proposed by Mironov in [1]. In that article, it was theoretically predicted
that a wedge-like plate which tapers according to a quadratic law down to zero thickness, undergoing one-
dimensional bending, will cause incident waves to slow down to zero propagating velocity at the vicinity of
the vanishing free edge; therefore, the waves will not reach the boundary and they will not be reflected. The
energy carried by the waves will be dissipated by the arbitrarily weak damping of the material of the structure
at the region near the free edge. This phenomenon has come to be known as the ‘acoustic black hole’ effect.
It can be shown with the same type of analysis as the one carried out in [1] that this theoretical result holds
for any non-uniform plate with a power-law thickness profile of order greater than or equal to two, that is,
with thickness varying as hp = h0 (1− x/x0)n, where h0 is the thickness at the input end of the wedge
and x0 is the length of the wedge, the point x = x0 corresponding to the edge of vanishing thickness, as
depicted in Figure 1. The same qualitative conclusions hold for a beam of constant width, since the equation
of motion of such a system is similar to that describing one-dimensional bending waves in a plate.

It was also demonstrated in [1] that even a small truncation at the edge of the plate, which inevitably occurs
in practice due to manufacturing restrictions, introduces considerable reflection. In order to overcome this
problem, Krylov and Tilman proposed applying thin layers of viscoelastic material on the sides of the wedge
[2]. It was theoretically predicted in that article that the use of such damping layers greatly reduces the
reflection from the truncated wedge, thus enhancing the damping effect due to the tapering geometry. This
idea has been further elaborated on, both in terms of mathematical modelling and experimentally in a number
of articles, as has been reviewed in [3].

The wedges examined in [1] and [2] are considered to be driven internally, that is, an incident flexural wave
originating inside the wedge is travelling towards the free edge. Therefore, this approach only accounts
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Figure 1: Elastic wedge of power-law thickness profile, ideally tapered down to zero thickness, terminating
a uniform plate.

for reflection due to the edge. In practice, however, a wedge usually forms the termination of a uniform
waveguide, so that there is an additional source of reflection due to the junction of the uniform and non-
uniform parts of the system. Such composite systems have been examined in the literature using different
mathematical modelling approaches. In [4], a rectangular uniform plate with one of its edges terminated as
a power-law wedge is examined, using a matrix formulation for the various boundary conditions, including
the continuity and equilibrium conditions at the junction of the uniform plate with the wedge. The vertical
displacement in the wedge is represented by an approximate analytical solution of the two-dimensional
equation of motion, so that oblique incidence is also accounted for. The analysis focuses on driving-point
and transfer mobility. A numerical solution of the one-dimensional flexural wave equation is implemented in
[5], where the impedance matrix method is employed for the formulation of the matrix equation to be solved
numerically, thus yielding the reflection coefficient for a wave travelling towards the wedge from the uniform
part. Yet another methodology was presented more recently in [6], where a wavelet expansion is used for
the vertical displacement of the wedge, giving good correspondence with measurements. In all three of these
articles, mathematical models for thin damping layers are included.

As regards mathematical models which are based on an analytical representation of the displacement field
in the wedge, it is the first-order WKB approximation that is usually implicitly used in the literature. Such
is the case in [1], as well as in [2], where it is referred to as the geometrical acoustics approximation, and in
[4]. In the case where the reflection only due to the free end is considered, as in [1] and [2], the accuracy
of the approximation is not easily assessed by comparison with experimental results. However, theoretically
predicted results have been compared with experimental ones for example in [4], where the mathematical
model includes the effect of the junction to the flexural wave. Even though the authors recognise qualitatively
similar trends and some quantitative correspondence of the predicted and measured resonance frequencies in
parts of the spectrum in that study, the use of different boundary conditions for the mathematical model and
the experiment do not allow for a valid comparison between the two.

The validity of the WKB method is linked to a set of conditions that need to be satisfied so that the solution is
an asymptotic solution to the differential equation under study [7]. Furthermore, an additional condition has
to be satisfied, which is different for different orders of approximation, so that the truncation of the infinite-
order solution up to a term of finite order form a valid approximation. In the literature of non-uniform flexural
waveguides, for example in [1] and [2], only one of the validity conditions is typically used, which can be
expressed as the requirement that the relative change of the wavenumber within the length of the order of a
wavelength be negligible, usually expressed mathematically as

∣∣∣∣
k′

k2

∣∣∣∣� 1, (1)
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where k(x, ω) is the space- and frequency-dependent wavenumber function within the waveguide and the
prime denotes differentiation with respect to the spatial coordinate x. In [8] and [9], the quantity in the left
side of condition (1) is used as a means of assessing the performance of a wedge in terms of reflection in
correlation with the reflection coefficient predicted with a Finite Element model.

In the present article, an analytical method is used to calculate the reflection coefficient from a wedge driven
from a semi-infinite uniform plate. It is shown that the usually employed first-order WKB approximation
may give results that are significantly divergent from those obtained with a Finite Element model. Moreover,
it is demonstrated that higher-order approximations may greatly improve the analytical prediction of the
reflection coefficient.

Alternative profiles for the thickness variation may also be used, which still manifest the effect of suppressed
reflection due to the decrease of propagation velocity towards the tapering edge of the non-uniform plate. An
exponential profile with thickness varying as he = h0e

−βx, with β > 0, is considered, which forms the limit
of a power-law profile with fixed length and maximum and minimum thickness as the order of the power
tends to infinity, that is, limn→∞ hp(n) = he, where hp = h0 (1− x/x0)n is the power-law profile of order
n. An exponential wedge of finite length inevitably has a truncated edge, which does not pose a restriction to
real applications, since the ideal taper of zero edge thickness is practically unrealisable. It can also be shown
that the modulus of the inner reflection coefficient of the exponential wedge is smaller than any finite-length
power-law wedge of the same dimensions, that is, the exponential produces less reflection due to truncation.
Therefore, the exponential profile may be considered optimal in terms of inner reflection within the family
of power-law thickness profiles. A practical disadvantage of the exponential wedge is that it becomes much
thinner than a power-law profile before the edge, so that it is much acuter and thus harder to manufacture
and more prone to damage.

In a wedge connected to a uniform plate, apart from the truncated edge, the junction of the two parts also
introduces reflection, due to discontinuity of slope. Therefore, there is motivation to search for thickness
profiles whose slope starts from zero, so that they may be smoothly connected to a constant profile. It was
presented in [2] that a wedge with a sinusoidal thickness profile raised to a power equal to or greater than
two also leads to propagation velocity which tends to zero towards the edge, if the wedge is ideally tapered
down to zero thickness. In the present article, a sinusoidal profile in the form of a power-cosine is examined,
that is, with its thickness varying as hpc = h0 cos

n (πx/(2x0)), where x0 is the length where the thickness
becomes zero. Similarly to the power-law and exponential profiles, the Gaussian profile with thickness
variation hg = h0e

−γx2 , with γ > 0, appears to form the limit of the power-cosine profile as the order of the
power tends to infinity, that is, limn→∞ hpc(n) = hg, thus producing an inner reflection coefficient which
is smaller than that of any power-cosine wedge throughout the spectrum. The power-cosine profiles have
the advantage of not having a discontinuity of slope at the junction with a uniform plate, while producing a
vanishing propagation velocity at their free edge in the ideally tapered case. The special characteristics of the
various profiles are presented by means of the reflection coefficient calculated with Finite Element models
as well as with WKB approximations of order up to three.

2 Methods

The system to be considered in this study is a truncated wedge-like non-uniform plate connected to a semi-
infinite uniform plate. Incident waves are travelling on the x-direction from the uniform part towards the
wedge, as depicted in Figure 2. The equation describing the one-dimensional flexural harmonic vibration of
a thin plate with varying thickness, h(x), is

[
D(x)w′′(x)

]′′ − ω2ρh(x)w(x) = 0, (2)

where w(x) is the vertical displacement amplitude of the midplane of the plate, ω is the angular frequency,
ρ is the density of the material of the plate, D(x) = ρc2ph

3(x)/12 = Eh3(x)/
(
12(1− σ2)

)
is the bending

stiffness, E is Young’s modulus, σ is Poisson’s ratio, and cp is the velocity of quasi-longitudinal waves
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Figure 2: Truncated elastic wedge connected to a uniform plate. The various travelling and evanescent waves
are shown, as well as the inner and total reflection coefficients.

in a thin plate, given by cp =
[
E/
(
ρ
(
1− σ2

))]1/2 [10]. The prime denotes differentiation with respect
to the spatial variable x. The harmonic time dependence of the displacement is assumed to be eiωt. It
should be mentioned that the displacement is also dependent on frequency. However, since the equation of
motion involves differentiation only with respect to the spatial variable, the dependence on frequency may be
omitted for notational convenience. In consequent analysis, the spatial dependence is also often omitted for
simplicity; it should be remembered that the displacement and its derivatives, as well as the bending stiffness
and the thickness, are spatially varying in the non-uniform part of the waveguide.

2.1 The WKB approximation

Equation (2) is not analytically solvable for an arbitrary variation of the thickness. Therefore, it either has to
be solved by some numerical method or an analytical approximation may be used. The WKB is a method
for analytical approximations of arbitrarily high order for differential equations; a systematic presentation of
the method can be found, for example, in [7]. Usually in vibration literature, the first-order approximation is
used, and it is commonly referred to simply as the WKB approximation. The first-order WKB approximation
for beams and plates was derived by Pierce in [11], based on considerations of energy conservation. A more
systematic approach, similar to the one in [7], is presented in [12], which readily allows for the use of
higher-order approximations.

For the general formulation of the WKB approximation, a perturbation factor has to be included in the
differential equation. In the case of Equation (2), a perturbation factor given by ε = ω−1/2 may be included,
so that the equation takes the form

ε4
[
Dw′′

]′′ − ρhw = 0. (3)

A trial solution for the vertical displacement is used, having the form

w = e
ε−1

∞∑
n=0

Snεn

, ε→ 0, (4)

where the functions Sn are spatially and spectrally variable. In strict mathematical notation, the sign of
equality in relation (4) should be substituted by ∼, to express the fact that this relation is an asymptotic
solution to the differential equation, as the perturbation factor tends to zero, and not an exact solution; a
looser notational convention is followed in this analysis, following the engineering literature. The fact that
when the perturbation factor tends to zero the frequency tends to infinity and vice versa implies that the WKB

4574 PROCEEDINGS OF ISMA2018 AND USD2018



solution (4) constitutes a better approximation at high frequencies and ceases to be a good approximation at
low frequencies. As pointed out in [13], however, Equation (2) only applies below the frequencies where
the rotational inertia is significant and so the WKB solution to Equation (2) only strictly applies over a given
bandwidth.

Substitution of relation (4) into Equation (3) yields a polynomial equation for ε. For the polynomial equation
to hold for any ε, all coefficients of the powers of ε have to be equal to zero, so that an infinite set of
differential equations is obtained, the first four of which are

S′40 =
ρh

D
=

12

c2ph
2
, (5)

S′1 = −
3

2

S′′0
S′0
− 1

2

D′

D
, (6)

S′2 = −
3

2

S′21
S′0
− 3

2

S′′1
S′0
− 3

S′′0S
′
1

S′20
− S′′′0
S′20
− 3

4

S′′20
S′30
− 3

2

D′

D

S′1
S′0
− 1

4

D′′

D

1

S′0
− 3

2

D′

D

S′′0
S′20

(7)

and

S′3 = −
S′31
S′20
− 3

2

D′

D

S′21
S′20
− 3

S′1S
′
2

S′0
− 3

2

D′

D

S′2
S′0
− 3

2

S′′2
S′0
− S′′′1
S′20
− 1
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S′′′′0
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2

D′′

D

S′1
S′20
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S′1S
′′
1

S′20
−
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D
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− S′′′0 S

′
1
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− 1

2

D′

D

S′′′0
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S′′0S
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1
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− 1
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D′′

D

S′′0
S′30
− 3
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2

S′20
− 3

2

S′′0S
′2
1

S′30
− 3

2

D′

D

S′′0S
′
1

S′30
.

(8)

The WKB approximation of order N includes the first N + 1 terms in the exponent of the solution (4), thus
including the first N + 1 WKB functions, that is, from S0 up to SN . Therefore, the first N + 1 equations of
the WKB formulation have to be serially solved, starting from the zeroth order. Equation (5), which is also
called the eikonal equation, has four roots, namely

S′0 = {±1,±i}
121/4

c
1/2
p h1/2

, (9)

where the factors defining the four distinct solutions are included in curly brackets. Integration with respect
to x gives

S0 = {±1,±i}
∫ x

0

121/4

c
1/2
p h1/2

dx̃. (10)

The lower limit of integration has been chosen to be at the junction of the uniform and non-uniform parts,
where the origin for the x coordinate is set to be. Equation (6), also called the transport equation, may then
be solved, giving

S1 =
3

4
ln

(
h0
h

)
. (11)

The form of Equation (6) is such that the distinctive constant coefficients of S0 cancel out, so that S1 is the
same for all four different solutions of the eikonal equation.

The first-order WKB solution to Equation (3) is found by including only the first two terms in the exponent
of relation (4). Therefore, by virtue of Equations (10) and (11), the first-order WKB solution can be written
as

w1 = A

(
h0
h

)3/4

e{±1,±i}
∫ x
0 k(x̃)dx̃, (12)

where

k =
121/4ω1/2

c
1/2
p h1/2

(
1− iη

4

)
(13)
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is the wavenumber function in the non-uniform plate,A is an arbitrary complex constant and η is the damping
factor. The inclusion of the damping factor has been achieved by using a complex Young’s modulus in the
form ofE(1+iη), which, through the quasi-longitudinal velocity cp and after appropriate simplifications due
to the assumed small value of η, gives the complex wavenumber of Equation (13). The expected deviation of
the WKB approximation at low frequencies mentioned earlier may be linked to the violation of the validity
condition, relation (1), at low frequencies, as can be seen by use of the wavenumber function of Equation
(13).

The second- and third-order WKB approximations may, accordingly, be written as

w2 = A

(
h0
h

)3/4

e{±1,±i}
∫ x
0 k(x̃)dx̃+ω−1/2S2,j (14)

and

w3 = A

(
h0
h

)3/4

e{±1,±i}
∫ x
0 k(x̃)dx̃+ω−1/2S2,j+ω

−1S3,j , (15)

respectively, where the subscript j = ±1,±i denotes the different S2 and S3 functions corresponding to
the four different S0 functions; the S2 and S3 functions are obtained by integrating Equations (7) and (8),
respectively. It should be noted that Equations (7) and (8) are in general not integrable analytically, so that
numerical integration has to be applied.

2.2 Matrix formulation for calculating the reflection coefficients

The reflective behaviour of a wedge driven from a uniform plate, such as the one depicted in Figure 2, may
be assessed by use of the ratio of the reflected wave, travelling in the negative-x direction in the uniform
plate, to the incident travelling wave, evaluated at the junction of the uniform and non-uniform parts, where
x = 0. This ratio is henceforth called the total reflection coefficient and is given by Rtot = wr(0)/wi(0), in
accordance with the notation shown in Figure 2.

The various wave components inside the wedge may be expressed in the form of WKB approximations of a
specified order. The appropriate coefficient for the wavenumber has to be chosen to match with the direction
and the qualitative type of each component; coefficients −i and +i correspond to positive-x and negative-x
travelling waves, respectively, while coefficients−1 and +1 correspond to positive-x and negative-x evanes-
cent waves, respectively. The wave components in the uniform part may be expressed as exponential func-
tions with constant amplitude and constant wavenumber,

wu = Ae{+1,±i}kux, (16)

where ku is the spatially constant wavenumber in the uniform part; the appropriate one from the factors
written in the curly brackets again needs to be chosen for each component. It should be noted that no
incident nearfield wave is present in the uniform plate, since it is considered to be semi-infinite, and, hence,
the factor of −1 is not included.

The displacement field in the uniform plate and in the wedge may be expressed as the superposition of the
corresponding wave components, all of which will in general have different constant amplitude coefficients.
The amplitude coefficients represent ratios of wave components evaluated at the coordinate origin, so that
they may be thought of as reflection and transmission coefficients. These unknown coefficients may be cal-
culated by applying the various boundary conditions of the system, which are the continuity of displacement
and its slope and the equilibrium of bending moment and shear force at the junction, as well as the van-
ishing of bending moment and shear force at the free edge boundary, where the bending moment is given
by M = Dw′′ and the shear force by V = −M ′ [10]. This procedure involves calculating up to the third
derivatives of the wave components, which get increasingly complicated with increasing order of differenti-
ation, and even more with increasing order of WKB approximation. Numerical differentiation has been used

4576 PROCEEDINGS OF ISMA2018 AND USD2018



h0

x1SWR measurement region

u0

PML

no damping

 𝑅𝑡𝑜𝑡  =
𝑆𝑊𝑅 − 1

𝑆𝑊𝑅 + 1
 

h1

Figure 3: Schematic of a Finite Element model for a wedge connected to a semi-infinite uniform plate. A
harmonic vertical velocity of constant amplitude u0 is used as a source of excitation. A perfectly matched
layer (PML) on the left end assures than no reflection occurs from that side. The standing wave ratio (SWR)
is obtained by measuring the maximum and minimum displacement moduli over a region of the uniform
plate away from sources of nearfield waves.

for the calculation of the second- and third-order derivatives of the second- and third-order WKB functions
given in Equations (7) and (8). Solving the system of equations corresponding to the applied conditions
yields, among others, the total reflection coefficient, Rtot, which is of primary interest, and the inner reflec-
tion coefficient, defined as Rin = wrw(0)/wt(0), whose modulus is equivalent to the reflection coefficient
used in [1] and [2].

A similar approach may be applied for a wedge ideally tapered down to zero thickness driven from a uniform
plate. In this case, it is considered that all waves travelling or decaying towards the edge are completely
attenuated, so that no reflected waves, either travelling or nearfield, are present in the wedge. Accordingly,
no conditions need be applied at the vanishing edge, resulting in a four by four system of equations for the
various reflection and transmission coefficients. In such a system, reflection occurs only at the junction, and
the corresponding reflection coefficient, denoted by Rj in this analysis, expresses the reflective effect of the
junction to incident waves.

2.3 Finite Element model

A Finite Element model was implemented in COMSOL Multiphysics 5.3 for calculating the modulus of the
reflection coefficient of a wedge driven from a uniform plate. A qualitative illustration is given in Figure
3. The system is driven by applying a harmonic vertical velocity of constant amplitude to the uniform plate
at a position away from the wedge. A perfectly matched layer is connected to the left end of the uniform
plate in order to suppress reflections from this side, so that the model may simulate a semi-infinite system.
Furthermore, the uniform plate is modelled as having no damping, so that travelling waves do not attenuate
within it; damping is present only in the non-uniform part. The maximum and minimum displacement
moduli are measured over a region of the uniform plate away from both the point of excitation and the
junction with the wedge, in order to avoid measuring evanescent components. Therefore, the standing wave
ratio is calculated from the relation SWR = |w|max / |w|min [14]. Finally, the modulus of the total reflection
coefficient is obtained from the following equation, [14],

|Rtot| =
SWR− 1

SWR+ 1
. (17)

It should be mentioned that, for accurate measurement of the maximum and minimum displacements, the
region of measurement has to be long enough to include a wavelength of the lowest frequency examined.
In the Finite Element simulations conducted here, 14456 two-dimensional solid elements were used for the
uniform plate and 3939 to 8325 solid elements for the wedge, depending on the thickness profile.
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3 Results and discussion

For the simulations of this study, wedges with properties as presented in Table 1 were used. The specific
properties of the four different thickness profiles considered are summarised in Table 2, expressed with
respect to given quantities. The quadratic profile constitutes the lowest-order power-law profile for which
the propagation velocity vanishes at its ideal edge. A plot of the moduli of the inner and total reflection
coefficients, along with the modulus of the junction reflection coefficient, which is present in an ideally
tapered wedge of similar geometry, all calculated using the first-order WKB approximation, are shown in
Figure 4. First of all, it can be seen that the total reflection coefficient fluctuates with frequency around
the inner reflection coefficient. These fluctuations are the result of the frequency-varying interaction of an
incident wave with the two sources of reflection, that is, the free edge and the junction. Secondly, the junction
reflection coefficient retains high values at low frequencies, whereas it decreases down to very low values at
higher frequencies. This may be linked to the fact that, at low frequencies, the discontinuity at the junction
resembles a more abrupt thickness change, while at high frequencies, the flexural wavelength is smaller and
can follow the change in thickness more easily, undergoing little reflection. Furthermore, the fluctuations
of the total reflection coefficient around the inner reflection coefficient are greater in magnitude at lower
frequencies, where reflection due to the junction is also strong. Moreover, the junction reflection coefficient
in Figure 4 shows a peak at about 50 Hz, whereas it would be expected to decrease monotonically with
increasing frequency. This result may be linked to the deteriorating validity of the WKB approximation as
frequency decreases.

Geometrical properties Value Material properties Value
Length of wedge (x1) 0.3 m Young’s modulus (E) 70 · 109 Pa

Thickness at junction (h0) 0.01 m Density (ρ) 2700 kg·m−3
Thickness at edge (h1) 10−4 m Poisson’s ratio (σ) 0.33

Damping factor (η) 0.01

Table 1: Geometrical and material properties of the wedge model. Damping applies only to the non-uniform
part of the waveguide.

Thickness profile type Thickness variation Length of ideal wedge Decay parameter

Quadratic hq = h0

(
1− x

x0

)2
x0 =

x1

1−
(

h1
h0

)1/2 -

Exponential he = h0e
−βx ∞ β = 1

x1 ln
(

h0
h1

)

Power-cosine hpc = h0 cos
n
(
πx
2x0

)
x0 =

πx1

2 arccos

((
h1
h0

)1/n) -

Gaussian hg = h0e
−γx2 ∞ γ = 1

x21 ln
(

h0
h1

)

Table 2: Formulas for different thickness profiles.

A set of plots with results based on the WKB approximation for the different thickness profiles presented
above is shown in Figure 5; the thickness variation of the different profiles is illustrated in Figure 5a. In
the following results, a seventh-order cosine is used, due to the fact that its inner reflection coefficient prac-
tically coincides with that of a quadratic wedge, as can be seen in Figure 5d. It should be noted that this
correspondence holds for the specific geometrical properties used; different properties will lead to different
order for the inner reflection coefficient of a power-cosine wedge to match with that of the corresponding
quadratic one. The matching of the inner reflection coefficients of the quadratic and the seventh-order cosine
may be linked to the fact that their thickness profiles seem to be very similar towards the narrow edge of the
wedge, as can be seen in Figure 5a, where the propagation velocity becomes small and most of the energy is
dissipated.
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Figure 4: Moduli of the inner and total reflection coefficients of a truncated quadratic wedge, along with
the modulus of the junction reflection coefficient of an ideally tapered quadratic wedge, using the first-order
WKB approximation.

The phase velocity of a wave travelling in the wedge is given by cph = ω/<{k}, where < denotes the real
part. The spatial variation of the phase velocity for the different profiles at 1000 Hz is shown in Figure 5c,
where it can be seen that all profiles have a phase velocity of about 30 m·s−1 at the edge, where the thickness
is 0.1 mm. The correspondence between thickness variation and phase velocity, through the wavenumber
function of Equation (13), is apparent by comparison of Figures 5a and 5c.

The spectral variation of the modulus of the junction reflection coefficient for different profiles, calculated
with the third-order WKB approximation, is plotted in Figure 5b. By inspection of the upper spectral region,
it can be seen that the junction of the exponential wedge introduces more reflection than the junction of
the quadratic wedge. This is expected, due to the fact that the exponential has greater absolute slope at
the junction, thus introducing a more abrupt discontinuity. The power-cosine and Gaussian profiles, on
the other hand, have junction reflection coefficients of modulus smaller than that of the quadratic at high
frequencies, which may be related to the fact that the slope of these profiles at the junction is zero. At lower
frequencies, however, it can be seen that the power-cosine and Gaussian profiles are predicted to produce
greater reflection at the junction than the quadratic profile does, a result which contradicts the expected
correspondence between slope and reflection at the junction. Nevertheless, this counter-intuitive result is
verified by the Finite Element results, as can be seen in Figure 7, where the fluctuations of the power-cosine
and Gaussian profiles are greater than those of the quadratic profile at low frequencies. This effect may be
related to the presence of higher-order derivatives of the thickness variation in the solution.

Inconsistencies with the theory are present at low frequencies. The already mentioned violation of energy
conservation, as well as fluctuations of the junction reflection coefficient, the latter occurring only for the ex-
ponential wedge at the currently used third-order of WKB approximation, are apparent. Such inconsistencies
may again be linked to the issue of validity of the WKB at low frequencies.

Figure 5d shows the moduli of the inner reflection coefficients of the different thickness profiles. The inner
reflection coefficient of the quadratic and the seventh-order cosine are practically indistinguishable, apart
from the very low end of the spectrum, since the specific order of cosine was chosen with this criterion.
Inspection of the corresponding thickness and phase velocity variations shown in Figures 5a and 5c, respec-
tively, illustrates that the thinner part of the wedge is predominant in defining the inner reflection coefficient,
since a slightly smaller thickness of the power-cosine in the thinner third of the wedge and, accordingly, a
slightly smaller phase velocity, balance out the much greater thickness and phase velocity difference in the
thicker two thirds. The inner reflection coefficient for the exponential wedge has an unexpected very narrow
dip around 100 Hz; a plot of the same coefficient as calculated according to the analysis in [1] is also shown.
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Figure 5: Properties of different profiles, namely a quadratic, a seventh-order cosine, an exponential and
a Gaussian: (a) thickness variation, having a value of 0.1 mm at the thin edge, (b) spectral variation of
the modulus of the junction reflection coefficient, calculated with the third-order WKB approximation, (c)
spatial variation of the phase velocity at a frequnecy of 1000 Hz, (d) spectral variation of the modulus of
the inner reflection coefficient, calculated with the first-order WKB approximation. The modulus of the
inner reflection coefficient of the exponential wedge has an unexpected dip at around 100 Hz. A plot for
the modulus of the inner reflection coefficient which is produced with the approach presented in [1], where
the wedge is driven internally and evanescent waves are not taken into account, is therefore also shown for
qualitative consistency with the rest of the results, labelled as exp0.

It can be seen that the exponential clearly improves the inner reflection coefficient, as was mentioned earlier,
which may also be illuminated by the fact that the phase velocity of the exponential acquires significantly
smaller values than that of the quadratic. A similar conclusion was drawn in [2], where higher-order power-
law wedges were found to produce less inner reflection. The Gaussian, on the other hand, presents a very
small improvement compared to the quadratic and seventh-order cosine, which complies with the respective
thickness and phase velocity variations.

A comparison of results for the modulus of the total reflection coefficient between the presented method
based on the WKB approximation and Finite Element analysis for the different thickness profiles is shown in
Figure 6. It may be generally observed that, for all the thickness profiles, the WKB results diverge from the
Finite Element ones predominantly at lower frequencies, as is expected due to the deteriorating validity of the
method. A second general observation is that the WKB results, especially from higher-order approximations,
correspond well with those from Finite Elements as frequency increases, although a small deviation starts to
be visible in the very upper end of the considered spectrum. Furthermore, the first-order WKB approximation
does not give very good correspondence with Finite Element analysis for the total reflection coefficient, apart
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Figure 6: Comparison of the modulus of the total reflection coefficient calculated with the first three WKB
approximations with corresponding results from Finite Element analysis, for different thickness profiles: (a)
quadratic, (b) seventh-order cosine, (c) exponential and (d) Gaussian. For the quadratic, the third-order WKB
solution is indistinguishable from the second-order one.

from frequencies at the upper end of the considered spectrum, failing in large part to predict similar resonance
frequencies. On the other hand, the average level of the spectral fluctuations of the total reflection coefficient
seems to be captured quite well, even by the first-order WKB approximation. This spectrally local average is
linked to the inner reflection coefficient, as was mentioned earlier. Therefore, even though the inner reflection
coefficient is not calculated by the current Finite Element model, the results for the total reflection coefficient
imply that the former is well predicted even with first-order WKB considerations.

A central point of this analysis is the use of higher-order WKB approximations within the presented ana-
lytical model. A general overview of the results for all thickness profiles demonstrates the fact that higher-
order approximations greatly improve the correspondence with the Finite Element model. In the case of the
quadratic wedge, shown in Figure 6a, the second-order WKB already provides very good results in most
of the spectrum, in this case above about 150 Hz, although correspondence is generally good even down to
around 40 Hz. The third-order approximation does not produce any distinguishable improvement.

For the exponential wedge, shown in Figure 6c, inspection of the plots above about 400 Hz illustrates that the
third-order WKB approximation provides significant improvement to the second-order one, which, in turn,
greatly improves the first-order approximation. At lower frequencies, however, all WKB approximations
up to third order fail to produce accurate results, also predicting values higher than one for the reflection
coefficient. Furthermore, even for the higher-order approximations, the results are good above about 2 kHz.
Interestingly, within the spectral region from about 900 Hz to roughly 1500 Hz, an oscillatory converging
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Figure 7: Modulus of the total refelction coefficient for different wedge thickness profiles, calculated from
the Finite Element models.

trend for the solution seems to be followed, where consecutive orders of WKB approximation provide alter-
nating overestimations and underestimations of the amplitude of spectral fluctuations of the total reflection
coefficient. A similar behaviour is observed in Figures 6b and 6d for the power-cosine and Gaussian profiles,
respectively. Finally, for the exponential as well as the power-cosine and Gaussian profiles, the third-order
approximation seems to follow the Finite Element results starting from lower frequencies compared to the
second-order approximation, thus providing better results in a greater part of the spectrum.

The seventh-order cosine and Gaussian wedges have similar reflection coefficients, as plotted in Figures 6b
and 6d, respectively, which is expected due to the similarity of their thickness variation, as shown in Figure
5a. In the line of thought of the previous analysis for the quadratic and exponential wedges, the power-cosine
and the Gaussian wedges seem to behave worse than the quadratic but much better than the exponential in
terms of performance of the WKB method.

A comparative graph of the reflective behaviour of the different profiles is shown in Figure 7, where the mod-
uli of the total reflection coefficients are plotted as calculated with Finite Element models. In the context of
this comparative set-up, where all wedges are taken to have equal length and equal maximum and minimum
thickness, the exponential wedge seems to provide considerably less reflection than the quadratic one over a
large part of the spectrum. A power-cosine wedge with the same inner reflection coefficient as the quadratic
comparatively reduces the fluctuation amplitude over most of the spectrum, above about 500 Hz in this case,
though it increases it at low frequencies. The Gaussian wedge generally produces a small general decrease
in the total reflection coefficient, again in compliance with the respective inner reflection coefficients shown
in Figure 5d.

The reduction of the fluctuations that the power-cosine causes above some frequency, apart from being
relatively small, does not improve the general level of reflection, since the order of the power of the cosine
was chosen so as to give the same inner reflection as the quadratic. The Gaussian profile provides little
improvement in that respect. Nevertheless, it should be noted that, in the considered context of comparison,
the power-cosine and Gaussian wedges have considerably greater thickness than the quadratic along much
of their length, as can be seen in Figure 5a. Apart from restrictions due to limitations in the realisability of
very small thickness at the edge, which is taken to be the same for all wedges in this analysis, there are also
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manufacturing restrictions on the acuteness of the wedge as represented by the length over which the wedge
is very thin, a characterisation which is apparently of a qualitative nature. In light of this restriction, it can
be commented that the exponential wedge is much acuter than the rest of the profiles. Therefore, longer
Gaussian profiles may be manufactured, which would cause both less inner reflection, due to having a longer
thin part in which the energy is dissipated, and less junction reflection, due to a longer thick part in which
the slope varies more smoothly.

Two additional general comments need to be made. First, the reflection coefficients presented in this article
generally have high values, due to the wedges being truncated, above 0.65 even at high frequencies. It is,
however, well established in the literature, as reviewed in [3], that a combination of appropriate thickness
variation and thin damping layers dramatically reduces reflection. Therefore, the current study focuses on
one of the two main aspects of practically useful wedges. Second, all spectral results have been presented in
a logarithmic scale for frequency, starting from a very low value of 10 Hz. The reason for this choice is that a
key motivation for this study was to assess the behaviour of the WKB method in comparison with reference
numerical results. Since it is known that the validity of results produced with the WKB method deteriorates
with decreasing frequency, great resolution is required at low frequencies to facilitate comparison between
the two methods. The fact that low frequencies cover a great part of the spectral plots might intuitively give
a misleading impression that the less accurate results of the analytical method cover a wider spectrum than
they actually do. In complement, it should be noted that the low end of the spectrum is less important in
the study of wedges with absorbing properties, since, in general, their absorbing capability is poor at low
frequencies.

4 Summary and Conclusions

A method has been presented for calculating reflection coefficients for a system consisting of a wedge con-
nected to a semi-infinite uniform plate, which is based on the WKB approximation for the solution of the
fourth-order equation of flexural vibrations of a thin plate. Four different thickness variation profiles for the
wedge are considered, and the calculations are compared with those predicted from Finite Element models.
The inner and junction reflection coefficients, obtained with the WKB-based method, are indirectly assessed
through the above comparison of total reflection coefficients.

For all thickness profiles, the total reflection coefficient is found to fluctuate around the inner reflection
coefficient along the spectrum. The amplitude of these fluctuations is related to the modulus of the junction
reflection coefficient, so that, at low frequencies, where the junction reflection coefficient has high values, the
fluctuations are great, whereas at higher frequencies, where the modulus of the junction reflection coefficient
decreases, the amplitude of fluctuations also decreases.

The exponential profile produces less inner reflection due to the truncation but more reflection due to the
junction than a quadratic wedge. Accordingly, the total reflection coefficient of the exponential fluctuates
around a lower general level but with greater amplitude of fluctuations. In general, the effect of reduced
inner reflection is found to be dominant, giving locally less total reflection in most of the spectrum compared
to the quadratic. Furthermore, the power-cosine wedge, and, accordingly, its limit as the power tends to
infinity, that is, the Gaussian, have the advantage of having zero slope at their thick end, so that they may be
smoothly connected to a uniform plate. Such wedges are expected to produce less reflection at the junction
compared to a power-law wedge. This appears to hold above some frequency; at low frequencies, however,
the power-cosine wedge actually produces greater reflection at the junction than the quadratic.

The first-order WKB approximation is found to predict well the average level of reflection, represented
by the inner reflection coefficient. However, it fails to predict the details of the fluctuations of the total
reflection coefficient. Higher-order approximations are found to greatly improve the performance of the
model, producing results that match the corresponding ones from Finite Element analysis very well above
some frequency. The width of the spectrum over which correspondence with results from Finite Elements is
good increases in accordance with the order of approximation, although this differs for the various profiles.
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Abstract
The paper deals with optimization of a perforated plate which interacts with acoustic waves propagating
in an inviscid compressible fluid. In general, the aim is to influence the acoustic signal conducted through
a waveguide in which the perforated plate is fitted. Nonlocal transmission conditions have been derived
by homogenization of a problem describing vibroacoustic fluid-structure interactions in a fictitious layer in
which the plate is embedded. The Reissner-Mindlin theory of plates is adopted for periodic perforations
designed by arbitrary cylindrical holes For rigid plates, quite general types of perforations can be considered
for which homogenized transmission coefficients reveal coupling of the transverse and tangential waves.
For both the rigid and the deformable plates, the homogenized model of the vibroacoustic transmission
has been derived using the two-scale asymptotic analysis. The design of the holes perforating the plate is
parameterized by the B-spline representation of the reference periodic cell generating the transmission layer.

1 Introduction

We consider a problem of the acoustic wave propagation through vibrating perforated plates. The aim is to
reduce the acoustic signal transmitted through the acoustic fluid and influenced by a perforated compliant
plate. The acoustic problem is described by the Helmholtz equation and involves homogenized transmission
conditions which we have developed with help of the asymptotic analysis, see [5]. The transmission con-
ditions are imposed along a interface plane representing the compliant plate with a periodic structure. The
perforation of the plate is designed by obstacles (holes) having arbitrarily shapes which can be parametrized
by B-spline functions. The compliant plates were treated in [8], cf. [10] where the framework of the Reissner-
Mindlin theory, cf. [3], was used to derive the vibroacoustic transmission conditions which take into account
specific shapes of the holes in the plate.

The coefficients involved in the homogenized transmission equations were derived in [6]. These coefficients
are calculated using the solutions of microscopic sub-problems defined in the reference cell. The above ref-
erenced paper also mentions the sensitivity relations for the homogenized coefficients, these are fundamental
in the sensitivity analysis of an objective function. The sensitivity analysis employed in this paper is based
on the approach of an adjoint system which leads to the adjoint problem solved on the macroscopic level,
see Sec. 3. The presented optimization problem is aimed to minimize the transmission loss computed using
values of the global acoustic field.

2 Homogenized model of the vibroacoustic interaction

In this section we present a homogenization based model which describes the vibroacoustic interaction on
a perforated plate. In paper [9] we derive homogenized vibroacoustic transmission conditions using the
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asymptotic analysis w.r.t. a scale parameter ε which has a double role: on one hand it deals with the thick-
ness of an elastic (or rigid) plate, on the other hand it describes the size and spacing of holes perforating
periodically drilled in the plate structure.

Monochromatic acoustic waves with frequencies ω propagate in a waveguide ΩG ⊂ R3 with embedded
perforated elastic plate Σε ⊂ R3; the acoustic fluid occupies the domain Ω∗ε. We consider a fictitious
transmission layer Ωδ with a thickness δ > 0, such that Σε ⊂ Ωδ. The plate thickness is hε = εh̄, while
the layer thickness δ = κε for a given fixed κ > 0. Using a simplified notation (dropping the index ε) the
problem is govern by the following equations,

c2∇2p+ ω2p = 0 in Ω∗ ,

∇ · σ(u) + ω2ρu = 0 in Σ ,
(1)

supplemented by the standard acoustic transmission conditions on the solid-fluid interface ∂∗Σ = ∂Σ∩∂Ω∗,

iωn · u = n · ∇p
n · σ(u) = b(p) = iωρ0pn

}
on ∂∗Σ , (2)

whereby, in general, the following conditions can describe incident, absorbed, or reflected acoustic waves
propagating in the fluid on the the external boundary of the domain ΩG, and the clamped elastic solid struc-
ture on ∂uΣ ⊂ ∂Σ,

riωcp+ c2 ∂p

∂n
= s2iωcp̄ on ∂extΩ

G \ ∂uΣ ,

u = 0 on ∂uΣ .
(3)

Above, c is the sound speed in the acoustic fluid, σ(u) is the stress in the lienar elastic solid, ρ0 is reference
fluid density, and by n = (ni) we denote the normal vector. The plate is fixed to a rigid frame on the
boundary ∂uΣ and interacting with the fluid on the rest of the boundary ∂∗Σ = ∂Σ \ ∂uΣ. The constants
r, s ∈ {0, 1} and p̄ are defined to describe incident waves, reflected, or absorbed acoustic waves in the fluid,
according to a selected part of the boundary. In the example treated in section 4, we consider a waveguide
with rigid walls Γw, where r = s = 0, with the input part Γin, where r = s = 1, and with the output part
Γout, where r = 1 and s = 0.

This problem can be decomposed into two subproblems:

• The problem in a fictitious layer Ωδ = Γ0×] − δ/2, δ/2[⊂ ΩG which is defined in terms of the plate
mid-plane Γ0. On the layer “upper” and “lower” faces, Γδ+ and Γδ−, the acoustic field in the fluid is
coupled with the outer acoustic field.

• The problem for the outer acoustic field defined in Ωδ
+ ∪ Ωδ

− = ΩG \ Ωδ.

In [9], see also [5] just for the rigid plate, we describe in detail homogenization of the problem imposed
in the fictitious layer. The asymptotic analysi fro ε → 0 (and thereby also δ = κε → 0 with κ being
fixed) leads to a reduced model defined on the interface Γ0 in terms of PDEs describing acoustic pressure
p0, transversal momentum fluxes G±, and kinematic variables (displacements and rotations) associated with
plate deformation. The limit outer problem (when δ → 0) governs two acoustic pressure fields P defined
in domain Ω̂±. The two problems are coupled by additional constraint arising from an approximation of the
natural transmission conditions imposed at the fictitious interfaces Γδ0+ and Γδ0− which are equidistant with

Γ0, dist
(

Γ0,Γ
δ0
±
)

= δ0. Hence, the outer problem domains are Ω̂± = Ωδ0
± .
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Figure 1: Perforated layer Ωε with the central plane Γ0. The periodic structure is generated by the reference
cell Y .

var. symbol filed description defined in / on adjoint var.
P acoustic pressure field Ω̂+ ∪ Ω̂− Q

P± trace of acoustic pressure field on Γ̂+, Γ̂− Γ0 Q±

G± acoustic momentum on Γ̂+, Γ̂− Γ0 ϕ,ψ
p acoustic pressure field in the layer Γ0 q
u plate displacements Γ0 v
u = (uα) in-plane plate displacements Γ0 v
θ = (θα) plate rotations Γ0 ϑ

Table 1: State and adjoint problem variables (fileds).

2.1 State problem

In this section we present weak formulation of the state problem which is defined in terms of the homoge-
nized interface coupling conditions. The acoustic wave propagation coupled with the vibroacoustic transmis-
sion is described by the global acoustic potential defined in domain Ω and by fields defined on the interface
Γ0. Variables involved in the state problem are listed in Table 1. The in-plane displacements u = (u1, u2)
present the first two components of u, i.e. u = (u, u3). We can introduce the following generalized state
variable: U = (P, p,G+, G−,u,θ) ∈ U = H1(Ω,Γ0)×H1(Γ0)× L2(Γ0)× L2(Γ0)× [H1

0 (Γ0)]5.

To introduce the state problem equations, the following bilinear forms are needed which are expressed using
the inner product 〈·, ·〉Γ0

defined on the homogenized layer Γ0,

A(p, q) =
〈
A∇p, ∇q

〉
Γ0

,

K(p, q) =

〈
(
ζ∗

c2
+ ρ0K)p, q

〉

Γ0

,

D(v, p) =
〈
Dv, ∇p

〉
Γ0

,

H(v, p) = h̄
〈

H : ∇Sv, p
〉

Γ0

,

B(p, ψ) =
〈
B · ∇p, ψ

〉
Γ0

,

E(θ,ϑ) =
h̄

ρ0

〈
IEH∇Sθ, ∇Sϑ

〉
Γ0

,

M(u, v) =

〈
(
h̄ρS
ρ0

I + T)u, v
〉

Γ0

,

(4)
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which are needed in (7), and

F(g, ψ) = 〈Fg, ψ〉Γ0
,

C(u, ψ) = 〈C3u, ψ〉Γ0
,

N (u, z) =

〈(
h̄
ρS
ρ0

+ T33

)
u, z

〉

Γ0

,

L(θ,ϑ) =
h̄

ρ0

〈
ρS
ρ0
θ, ϑ

〉

Γ0

,

S((w,θ), (v,ϑ)) =
h̄

ρ0

〈
SH(∇w − θ), ∇v − ϑ

〉
Γ0

,

(5)

employed in (8). Homogenized transmission coefficients A,B, F,H,K,C3,D,T,SH and IEH are obtained
by solving local subproblems, see Sec. 2.2.

The global acoustic field P ∈ H1(Ω̂+ ∪ Ω̂+) and the transversal acoustic momenta G+, G− = L2(Γ0)
satisfy

c2

∫

Ω̂+∪Ω̂−
∇P · ∇Q− ω2

∫

Ω̂+∪Ω̂−
PQ+

∫

∂extΩG

riωcPQ

−iωc2
(〈
G+, Q+

〉
Γ0
−
〈
G−, Q−

〉
Γ0

)
=

∫

∂extΩG

s2iωcp̄Q

(6)

for all Q ∈ H1(Ω̂+ ∪ Ω̂−), whereby Q± denotes the trace of Q on ∂Ω̂±.

Homogenization of the transmission layer Ωδ in which the plate is embedded yields the interface coupling
conditions involving functions (P±, p,u) ∈ [L2(Γ0)]2×H1(Γ0)×[H1

0 (Γ0)]2 and (G±, u3,θ) ∈ [L2(Γ0)]2×
H1

0 (Γ0)× [H1
0 (Γ0)]2. They satisfy the following equations,

A(p, q)− ω2K(p, q) + iω (D(u, q) +H(u, q)) +
iω

2
B([G+ +G−], q) +

iω

ε0

〈
[G+ −G−], q

〉
Γ0

= 0 ,

−iω (D(v, p) +H(v, p)) + E(u, v)− ω2M(u, v) = 0 ,

(7)

for all (q, v) ∈ H1(Γ0)× [H1
0 (Γ0)]2, and

ω2

2
F([G+ +G−], ψ)− ω2C(u3, ψ) + iωB(p0, ψ)− iω

ε0

〈
[P+ − P−], ψ

〉
Γ0

= 0 ,

ω2

2
C([G+ +G−], v3)− ω2

(
N (u3, v3) +

h2

12
L(θ,ϑ)

)

+S((u3,θ), (v3,ϑ)) +
h2

12
E(θ,ϑ) = 0 ,

(8)

for all (ψ, v,ϑ) ∈ L2(Γ0)×H1
0 (Γ0)× [H1

0 (Γ0)]2. There is also the coupling equation:

〈
2p− [P+ + P−], ϕ

〉
Γ0

= 0 ∀ϕ ∈ L2(Γ0) . (9)

To introduce the optimization problem in Section 3, it is convenient to reformulate the state problem in the
residual form: Find the generalized state variable U = (P, p,G+, G−,u,θ) ∈ U , which satisfies

Ψ(U,V) = f(V) ∀V = (q, ψ, z,ϑ) ∈ U0 = U , (10)
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where

Ψ(U,V) = c2

∫

Ω̂+∪Ω̂−
∇P · ∇Q|∗ − ω2

∫

Ω̂+∪Ω̂−
PQ|∗ +

∫

∂extΩG

riωcPQ|∗

− iωc2
(〈
G+, Q+

〉
Γ0
−
〈
G−, Q−

〉
Γ0

)

+A(p, q)− ω2K(p, q) + iω

(
1

2
B(q, [G+ +G−]) +D(u, q) +H(u, q)

)
+

iω

ε0

〈
[G+ −G−], q

〉
Γ0

− iω (D(v, p) +H(v, p)) + E(u, v)− ω2M(u, v)

+
ω2

2
F([G+ +G−], ψ) + iωB(p, ψ)− ω2C(u3, ψ)− iω

ε0

〈
[P+ − P−], ψ

〉
Γ0

+
ω2

2
C([G+ +G−], v3)− ω2

(
N (u3, v3) +

h2

12
L(θ,ϑ)

)

+ S((u3,θ), (v3,ϑ)) +
h2

12
E(θ,ϑ)

+
〈
2p− [P+ + P−], ϕ

〉
Γ0

,

and f(V) = 2iω〈p̄, q〉Γin
.

(11)

Above and in what follows, by q|∗ we mean the complex conjugate of q. All inner products and bilinear
(sesquilinear) forms are considered in the complex Hilbertean spaces.

For the rigid plate, u = 0 and θ = 0, thus U reduces to U = (P, p,G+, G−) and V = (Q, q, ϕ, ψ), whereby
we consider the simplified problem with Ψ modified, as follows:

ΨR(U,V) = c2

∫

Ω̂+∪Ω̂−
∇P · ∇Q|∗ − ω2

∫

Ω̂+∪Ω̂−
PQ|∗ +

∫

∂extΩG

riωcPQ|∗

− iωc2
(〈
G+, Q+

〉
Γ0
−
〈
G−, Q−

〉
Γ0

)

+A(p, q)− ω2K(p, q) + iω
1

2
B(q, [G+ +G−]) +

iω

ε0

〈
[G+ −G−], q

〉
Γ0

+
ω2

2
F([G+ +G−], ψ)− ω2B(p, ψ)− iω

ε0

〈
[P+ − P−], ψ

〉
Γ0

+
iω

ε0

〈
2p− [P+ + P−], ϕ

〉
Γ0

.

(12)

We recall that by virtue of the microscopic local problems reported in the next section, the geometry of the
perforation influences the homogenized coefficients involved in the bilinear forms (4).

2.2 Local state problems and homogenized coefficients

The homogenized transmission conditions described above are introduced in terms of characteristic response
functions defined in the representative periodic cell Y ⊂ R3. Let us introduce the representative cell Ξ ⊂ R2

of the plate, Ξ = ]0, `1[× ]0, `2[, where `1, `2 > 0 are given (usually `1 = `2 = 1). Further, we consider the
hole representation Ξ∗ ⊂ Ξ, then ΞS = Ξ \ Ξ∗ defines the solid plate segment; for obvious reasons, Ξ∗ ⊂ Ξ
is required to guarantee the plate rigidity. Now the representative periodic cell Y embedding the solid plate
part S ⊂ Y are defined by

Y = Ξ× ]− κ/2,+κ/2] ,

S = ΞS×]− h̄/2,+h̄/2[ ,
(13)
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where κ > 0 is the dilated layer thickness and h̄ is the relative plate thickness; for a given ε > 0 the plate
thickness is hε = εh̄. The acoustic fluid occupies domain Y ∗ = Y \ S, see Fig. 1. For the rigid plates, the
shape of the holes can be quite arbitrary, therefore, also S is not restricted to the shapes defined by (13)2.
However, for elastic plates, because of the homogenization procedure applied to model the perforated plate
[9, 6, 7], the geometry of the perforation is restricted by cylindrical holes “orthogonal” to the plate mid-plane.

Below we use the spaceH1
#(Ξ)(Y

∗) constituted by all Ξ-periodic functions in the Sobolev spaceH1(Y ∗) (as
the consequence, H1

#(ΞS) is constituted by all Ξ-periodic functions). As the result of the homogenization,
local problems for characteristic responses of the fluid and solid parts must be solved. The first group of the
responses is associated with the fluid occupying the domain Y ∗. Functions πβ, ξ, ηk ∈ H1

#(Ξ)(Y
∗) satisfy

(I±y = {y ∈ ∂Y | y3 = ±1/2})
(
∇yπβ, ∇yψ

)
Y ∗

= −
∫

Y ∗
∂yβψ , β = 1, 2 ,

(∇yξ, ∇yψ)Y ∗ = −
(∫

I+y

ψ −
∫

I−y
ψ

)
,

(
∇yηk, ∇yψ

)
Y ∗

= −
∫

∂S
nkψ , k = 1, 2, 3 ,

(14)

for all ψ ∈ H1
#(Ξ)(Y

∗). The second group of the responses is associated with the elastic structure represented
by the plate mid-surface ΞS . Functions χrs ∈ H1

#(ΞS)/R, χ∗ ∈ H1
#(ΞS)/R and χk ∈ H1

#(ΞS)/R,
k, r, s = 1, 2, satisfy

∼
∫

ΞS

(CC∇Sy (χrs + Πrs)) : ∇Sy v = 0 ∀v ∈ H1
#(ΞS) ,

∼
∫

ΞS

(CC∇Syχ∗) : ∇Sy v =∼
∫

∂ΞS

n · v ∀v ∈ H1
#(ΞS) ,

∼
∫

ΞS

γ∇y(χk + yk) · ∇y z̃ = 0 ∀z̃ ∈ H1
#(ΞS) ,

(15)

where Πrs = (Πrs
i ), Πrs

i = ysδri with i, r, s = 1, 2. Using solutions of (14) and (15), the homogenized
transmission coefficients can be computed:

Aαβ =
1

|Ξ|
(
∇y(πβ + yβ), ∇y(πα + yα)

)
Y ∗
, Bα =∼

∫

Y ∗
∂yαξ =∼

∫

I+y

πα− ∼
∫

I−y
πα, F =∼

∫

I+y

ξ− ∼
∫

I−y
ξ ,

Ck =∼
∫

I+y

ηk− ∼
∫

I−y
ηk =∼

∫

∂S
nkξ , Dβ

k =∼
∫

Y ∗
∂yβη

k =∼
∫

∂S
nkπ

β , Tkj = − ∼
∫

∂S
ηknj ,

Hαβ =∼
∫

∂S
n · χαβ , K =∼

∫

∂S
n · χ∗+ ∼

∫

∂S
n3χ

∗ , ρ̄S =∼
∫

ΞS

ρ ,

EH
αβµν =∼

∫

ΞS

CC∇Sy (χrs + Πrs) : ∇Sy (χαβ + Παβ) , SH
αβ =

∫

ΞS

γ∇y(χα + yα) · ∇y(χβ + yβ) .

(16)

The first three coefficients (A, B, F ) are relevant also for the rigid plate.

3 The optimal perforation design

The design of periodic plate perforations can be controlled by distributed design variables d which describe
the shape of the hole within the representative periodic cell Y . It is given by the design curve ΓS := ∂ΞS\∂Ξ
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which determines the simple cylindrical type of perforations, thus the shape of domain Y ∗, see Fig. 1, so that
d influences all the homogenized coefficients presented in Section 2.2.

In what follows, we shall consider the rigid plates, so that only three coefficients (A, B, F ) parameterize the
state problem by virtue of the residual function ΨR introduced in (12). We can define the optimal perforation
design problem:

min
α∈αadm

Φ(U)

subject to: U solves (10),

where A,B, F are given by local solutions to (14)-(16).

(17)

Above αadm is the set of admissible designs, constraining the shape regularity of ∂S and typically some
other features, like porosity of the interface. For the “nearly-periodic” perforations, Dadm contains some
smoothness constraints related to the scale ε0. We considered the following objective function

Φ(U) = Φ(P a, P b) = 20 log

( |P a|
|P b|

)
, (18)

where P a and P b are acoustic pressures at given points of Ω.

3.1 The design parameterization

The design of a perforation is parametrized by control points of a B-spline box which embeds the whole
representative cell Y , see Fig. 4. The perforation shape can be modified by varying positions of the control
points Pi of the spline box which is expressed in terms of the B-spline basis function Bi as

y(t,α) =
∑

i

Pi(α)Bi(t), Pi(α) = P̂i + di(α), di = Ziα, t ∈ Y , (19)

where P̂i are the initial control points, α are the design parameters and Zi are transformation matrices, one
for each control point. Now, we can introduce the design velocity field V established in Y using the definiton
of the spline box (19) and the differentiation with respect to a scalar parameter: for any position y ∈ Y we
define its perturbation δyj = δτVj , so that

δy(t, δα) =
∑

i

δdiBi(t) = Vδτ, where δdi = Ziδα . (20)

To get the derivative of an objective function with respect to the k-th design parameter, i.e. ∂Φ
∂dk

, the shape
derivatives δsh must be computed, see (26). For this the following design velocity field is introduced in terms
of the B-spline basis functions and the transformation matrices,

Vkl =
∑

i

Bi(t)Zilk . (21)

The design velocity field is employed in (27) to express the shape sensitivity of the homogenized coefficients.

3.2 Sensitivity analysis

To compute the sensitivity of an objective function Φ(U), the adjoint problem must be solved:

Find Ṽ = (Q̃, q̃, ϕ̃, ψ̃, ṽ, ϑ̃) ∈ U0 such that

2Ψ(V, Ṽ) = −
[
δ<(U)Φ(U)− iδ=(U)Φ(U)

]
◦ V ∀V ∈ U0 , (22)
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where Ψ(V, Ṽ) is replaced by ΨR(V, Ṽ), if the rigid plate problem is considered.

Thus, for the rigid plate, the adjoint problem reads, as follows:
∫

Ω̂+∪Ω̂−

(
c2∇Q · ∇Q̃|∗ − ω2QQ̃|∗

)
+

∫

∂extΩG

riωcQQ̃|∗

− iω

ε0

〈
Q+, ϕ̃+ ψ̃

〉
Γ0

− iω

ε0

〈
Q−, ϕ̃− ψ̃

〉
Γ0

= −1

2

[
δ<(P )Φ(P )− iδ=(P )Φ(P )

]
◦Q

∀Q ∈ H1
−1(Ω,Γ0) ,

A(q, q̃)− ω2K(q, q̃)− ω2B(q, ψ̃) +
iω

ε0
〈2q, ϕ̃〉Γ0

= 0 ∀q ∈ H1(Γ0) ,

−iωc2
〈
ϕ, Q̃+

〉
Γ0

+ iω
1

2
B(q̃, ϕ) +

iω

ε0
〈ϕ, q̃〉Γ0

+
ω2

2
F(ϕ, ψ̃) = 0 ∀ϕ ∈ L2(Γ0) ,

iωc2
〈
ψ, Q̃−

〉
Γ0

+ iω
1

2
B(q̃, ψ)− iω

ε0
〈ψ, q̃〉Γ0

+
ω2

2
F(ψ, ψ̃) = 0 ∀ψ ∈ L2(Γ0) ,

(23)

This equation must be split into two parts according to the complex test functions V = VR + iVI . Note that
Ṽ|∗ = ṼR − iṼI is involved. The first set of equations is

∫

Ω̂+∪Ω̂−

(
c2∇QR · ∇Q̃R − ω2QRQ̃R

)
+

∫

∂extΩG

rωcQRQ̃I

− ω
ε0

〈
Q+
R, ϕ̃I + ψ̃I

〉
Γ0

− ω

ε0

〈
Q−R, ϕ̃I − ψ̃I

〉
Γ0

= −δ<(P )Φ(P ) ◦QR ,

A(qR, q̃R)− ω2K(qR, q̃R)− ω2B(qR, ψ̃R) +
ω

ε0
〈2qR, ϕ̃I〉Γ0

= 0 ,

−ωc2
〈
ϕR, Q̃

+
I

〉
Γ0

+ ω
1

2
B(q̃I , ϕR) +

ω

ε0
〈ϕR, q̃I〉Γ0

+
ω2

2
F(ϕR, ψ̃R) = 0 ,

ωc2
〈
ψR, Q̃

−
I

〉
Γ0

+ ω
1

2
B(q̃I , ψR)− ω

ε0
〈ψR, q̃I〉Γ0

+
ω2

2
F(ψR, ψ̃R) = 0

(24)

for all (QR, qR, ϕR, ψR) ∈ H1
−1(Ω,Γ0)×H1(Γ0)× L2(Γ0)× L2(Γ0). The second set of equations is

∫

Ω̂+∪Ω̂−

(
c2∇QI · ∇Q̃I − ω2QIQ̃I

)
−
∫

∂extΩG

rωcQIQ̃R

+
ω

ε0

〈
Q+
I , ϕ̃R + ψ̃R

〉
Γ0

+
ω

ε0

〈
Q−I , ϕ̃R − ψ̃R

〉
Γ0

= −δ<(P )Φ(P ) ◦QI ,

A(qI , q̃I)− ω2K(qI , q̃I)− ω2B(qI , ψ̃I)−
ω

ε0
〈2qI , ϕ̃R〉Γ0

= 0 ,

ωc2
〈
ϕI , Q̃

+
R

〉
Γ0

− ω1

2
B(q̃R, ϕI)−

ω

ε0
〈ϕI , q̃R〉Γ0

+
ω2

2
F(ϕI , ψ̃I) = 0 ,

−ωc2
〈
ψI , Q̃

−
R

〉
Γ0

− ω1

2
B(q̃R, ψI) +

ω

ε0
〈ψI , q̃R〉Γ0

+
ω2

2
F(ψI , ψ̃I) = 0 ,

(25)

for all (QI , qI , ϕI , ψI) ∈ H1
−1(Ω,Γ0)×H1(Γ0)× L2(Γ0)× L2(Γ0).
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Figure 2: Scheme of the optimization process.

Consequently, the sensistivity can be evaluated by the formula

δΦ(p) :=2<
{
〈
δshA∇p, ∇q̃

〉
Γ0
− ω2

〈
(
δshζ

∗

c2
+ ρ0δshK)p, q̃

〉

Γ0

+ iω

(〈
δshDu, ∇q̃

〉
Γ0
−
〈
δshDṽ, ∇p

〉
Γ0

+ h̄
〈
δshH : ∇Su, q̃

〉
Γ0

− h̄
〈

H : ∇S ṽ, p
〉

Γ0

)

+ iω

(
1

2

〈
δshB · ∇q̃, [G+ +G−]

〉
Γ0

+
〈
δshB · ∇p, ψ̃

〉
Γ0

)

− ω2

[〈
(
h̄δshρS
ρ0

I + δshT)u, ṽ
〉

Γ0

+
h2

12

h̄

ρ0

〈
δshρS
ρ0

θ, ϑ̃

〉

Γ0

]

+ ω2

[
1

2

〈
δshF [G+ +G−], ψ̃

〉
Γ0

−
〈
δshC3u3, ψ̃

〉
Γ0

+
1

2

〈
δshC3[G+ +G−], ṽ3

〉
Γ0

]

+
h̄

ρ0

〈
δshSH(∇u3 − θ), ∇ṽ3 − ϑ

〉
Γ0

+
h̄h2

12ρ0

〈
δshIEH∇Sθ, ∇Sϑ̃

〉
Γ0

+
h̄

ρ0

〈
IEH∇Su, ∇S ṽ

〉
Γ0

}
.

(26)

The scheme of the optimization loop including the two-scale computation is depicted in Fig. 2.

The shape sensitivity of the homogenized coefficients δsh is given by the expressions derived in [6]. Here,
just for illustration, we present the expression for coefficient AA = (Aαβ):

δshAαβ =

∫

Y ∗
(∂yβπ

α + ∂yαπ
β + δαβ)∇y · V −

∫

Y ∗

(
∂yβ(V · ∇y)πα + ∂yα(V · ∇y)πβ

)

+ δVτ
(
∇yπα, ∇yπβ

)
Y ∗

,

(27)

where δVτ is the shape derivative with respect to the design velocity field V , for details on the concept of
shape derivatives we refer to [1] and [2], see also [4].

4 Illustrative numerical simulation

We consider a 3D problem of acoustic waves in a waveguide devided by a perforated plated represented by
the interface Γ0, see Fig. 3. The boundary conditions are applied on ∂extΩ = Γin ∪ Γout, see Eq. (3), such

VIBRO-ACOUSTIC MODELLING AND PREDICTION 4593



that: r = 1, s = 1 and p̄ is prescribed on Γin and r = 1, s = 0 on Γout. The shape of perforations is given
by the representative cell Y which geometry can be modified by the control points of the cubic B-spline box.
We parametrize the perforation shape by two design parametres α1, α2 by which we move with the inner
control points of the spline box symetrically in given directions, see Fig. 4. The control points can move only
in the directions of plane Γ0 and in such a way that all control points laying on a given line perpendicular
to Γ0 move equally. These assumptions preserve a cubic shape of the representative cell Y and ensure that
the perforation is perpendicular to the central plane, see Fig. 4. If α1 = α2, we get the circular shape of
the perforations. To avoid degeneration of the finite element mesh of the representative cell we assume the
folowing lower and upper bounds of α: αL = [−0.7,−0.7] and αU = [0.5, 0.5].

Figure 3: Geometry of a waveguide with the perforated plate represented by the interface Γ0.

The optimization example started with the initial parameters α = [0.5,−0.7], the corresponding shape is
depicted in Fig. 5 left, and resulted in α = [−0.078,−0.245], see Fig. 5 right. The values of the objetive
function Φ and design parameters d during the optimization are shown in Fig. 6.

5 Conclusion

We presented a homogenized model of the vibroacoustic transmission problem a on perforated elastic plates.
The model involves the homogenized transmission condition which is expressed in terms of the homoge-
nized coefficients computed using solutions of the microscopic subproblems defined in the reference cell.
In order to optimize shapes of the plate perforations, gradients of the objective function employed in opti-
mization algorithms are needed. To compute them efficiently, the sensitivity analysis based on the adjoint
problem was introduced. It is worth to note that two coupled adjoint problems must be solved for real and
imaginary parts of the adjoint variables. The shape sensitivities of the homogenized coefficients involved in
the resulting sensitivity formula were derived using techniques presented in [6]. These techniques allows us
to find gradients of the objective function that are employed in optimization algorithms.

Figure 4: The FE mesh of the computational cell Y embedded in the B-spline box (left) and meaning of the
design parameters α1, α2.
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α = [0.5,−0.7] α = [−0.078,−0.245]

Figure 5: Initial (left) and final (right) design of the perforations.

Figure 6: Evolution of the objetive function Φ and design parameters d during the optimization process.

The homogenized model including the shape sensitivity calculations is implemented in our Python based
finite element software SfePy and the optimization is performed with help of (Py)Ipopt library using interior-
point methods. We presented an illustrative numerical example in which we minimized the transmission
loss in the acoustic waveguide. According to our numerical experiments, the obtained configuration of the
perforation shape seems to be a local minimum related to a given initial shape configuration. Our further
efforts are focused towards solving the optimization problems with the compliant plate and considering
different optimality criteria. The proposed model can be extended easily for plates with locally modified
perforations; such an option would lead to a better performance of the optimized design. Also we shall
compare different optimization methods to select the one that could be suitable for our two-scale optimization
problem.
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Abstract  
Creating dimples on beams has been proven to be an effective way of altering their vibroacoustic 

performance. This technique can change the structural natural frequencies and mode shapes and ultimately, 

the sound generated from these vibrating structures with no added mass. Our research, so far, has treated 

these dimples as having uniform thickness without considering the effects of the manufacturing process. 

However, after the stamping process, variations in thickness and width of the dimples are observed. The 

objective of this research is to model beams with such realistic dimples and analyze their performance to 

see if their natural frequencies and mode shapes, differ significantly from those obtained from previous 

work which assumed uniform dimple thickness and width. To this end, we have measured the geometry of 

actual dimpled beams using a scanning method and compared it to a finite element model of the process of 

stamping. These results were then compared to those of a uniform dimpled beam. 

1 Introduction 

Structures such as beams and plates are used heavily in structural design and commercial 

construction.  These structures can produce unwanted noise and vibration. Researchers have investigated 

many methods to reduce the noise and vibrations in such structures. Shifting the natural frequencies of a 

structure away from the frequency range of the excitation force is a significant method to improve the 

dynamics of the structure. A method of improving the vibration and acoustic characteristics of beam based 

on introducing dimples on its surface is a topic of interest. This method focuses on creating one or more 

dimples on a structure's surface to shift its natural frequencies and change its mode shapes. In one study of 

changing the natural frequencies of beams using the dimpling technique, Cheng et al. [1] used a series of 

cylindrical dimples on the beam’s surface to shift its fundamental frequency to prescribed values. In 

addition, Cheng et al. [2] studied the minimization of sound radiation from a vibrating beam. 

Two studies were published by Alshabatat et al. [3], [4] on vibration and acoustic properties of dimpled 

beams and plates where the finite element method was used to calculate the beam and plate vibration natural 

frequencies and mode shapes. Myers et al. [5], [6] used the Boundary Value model (BVM) to compute the 

vibroacoustic properties, such as mode shapes in transverse and longitudinal directions, of dimpled beams. 

This method was also used to optimize shape and placement of dimples along a uniform beam. 

Ghazwani et al. [7] published a study on the development of an analytical model for beams with two dimples 

in opposing directions. Their main goal was investigating the change in natural frequencies and mode shapes 

of a beam with two dimples in the same and opposing direction under different boundary conditions. 

Modeling and analysis of dimpled beams were performed using MATLABⓇ and ANSYSⓇ. Furthermore, the 

beam dimpling approach was validated experimentally. A stamping technique was used to create dimples 

in order to change the vibration characteristics of beam structures. In this study, the dimple thickness was 

assumed to be uniform whereas in reality, the dimple is thicker at the center. 
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In all the research mentioned above, the dimple shape was assumed to be a part of an arc of a circle and its 

thickness was assumed to be uniform, while keeping the total beam mass constant. We realize that this may 

have been an unrealistic view since close examination of beams manufactured using the stamping process 

has shown that these beams exhibit non-uniform width and thickness near and along the dimple. The work 

presented in this paper seeks to take into account these real-world geometrical variations. The effect of these 

non-uniformities on beam natural frequency and mode shapes is also investigated. The goal of this study 

was to determine the importance of these variations and allow us to decide if these changes always need to 

be considered. 

This paper is divided into 6 sections. In Section 2, we describe the fixture used to stamp the beam and the 

experimental method used to measure its natural frequencies. Section 3 explains the scanning method used 

to measure its width and thickness. These results will show that a manufactured dimpled beam exhibits non-

uniform width and thickness. In Section 4, we describe the finite element model used to simulate the 

stamping process and the modal analysis of this deformed beam. To validate the accuracy of the FEA model, 

a comparison of its results will be made against the measured values in Section 5. The natural frequencies 

and mode shapes of the dimpled beam with uniform thickness are compared against those of the non-uniform 

beam in order to quantify the importance of the real-world manufacturing effects. Finally, in Section 6 we 

will summarize our results and provide concluding remarks and suggestions for future work. 

2 Experimental Procedure  

The beams underwent the stamping process to create dimples on them at Western Michigan University’s 

machine shop. A die and punch was used in the stamping process as shown in Fig. 1.  

 

 

Figure 1: The die and the punch used in the manufacturing of the dimpled beams [8] 

Two steps were used to create the dimples on the beam’s surface [7]. First, the beam was clamped into the 

die to ensure that the clamped metal is not drawn (does not slip) during the stamping process. Second, the 

dimpled shape was pressed on the beam’s surface.  Figure 2 illustrates this process.  
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(a)                                                                (b) 

 

(c)                                                             (d) 

Figure 2: Manufacturing process of dimpled beam in four steps, (a), (b), (c), and (d) [9] 

Table 1 shows equipment that was used to collect experimental data [9]. The National Instrument Data 

Acquisition system (NI DAQ) with the Smart Office (M+P International Smart Office) analyzer were used 

to collect and analyze the data. An impact hammer (PCB piezotronic /model 208C02) was used to generate 

the impulse force necessary to excite the beams at three different locations in order to extract the beam 

natural frequencies and mode shapes. The transverse vibration of each beam were measured using a single-

axis accelerometer (PCB piezotronic/ model 352C22). The accelerometer was fixed onto the beam surface 

using the petro wax. 

3 Scanning Method 

Beam deformation results in ANSYSⓇ can be exported in the form of nodal coordinates. To validate these 

results, the actual beam must be scanned at a set of discrete points with known coordinates. This is made 

possible by a 3D optical coordinate measuring technique. The digitization system Advanced Topometric 

Sensor (ATOS) is used to measure the beam with a high local resolution. The ATOS system consists of a 

sensor unit comprising of two cameras, a projector, a tripod, a control unit for the sensor head, and a high-

performance computer. No additional hardware is required. The following section describes the 

measurement procedure. 

 

Figure 3: The scanned beam with reference point stickers  
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Equipment  Function  

Two beam models. 

 

The material of the experimental model is steel 

and the uniform and dimpled beams have the 

same material properties. 

Impact hammer model PCB piezotronic/model 

208C02 with rubber tip. 

  

To generate the impulse force, that is used as 

the excitation to the beam.  

A single axis accelerometer (PCB piezotronic/ model 

352C22) and Petro wax. 

                   

A single axis accelerometer is used to measure 

the acceleration. 

 

Petro wax is used to attach the accelerometer to 

the test beam. 

A four-channel (NI -9234) data acquisition card and 

M+P International Smart Office Analyzer Software. 

               

A four-channel (NI -9234) data acquisition card 

to collect the data. 

 

M+P International Smart Office Analyzer 

Software to analyze the data collected.  

Table 1: Experimental equipment [9] 

The ATOS system is positioned in front of the beam and reference points are defined on the surface of the 

beam. These reference points are tiny stickers in the form of white circles inside black boxes as shown in 

Fig. 3. A striped pattern is projected onto the beam surface which is recorded by two cameras and 3D 

coordinates of the points on the surface are calculated by the software. All surfaces of the beam are exposed 

to the cameras at different angles, all the while keeping at least a few reference points in view. These partial 

images are then stitched together by the software with reference to the global coordinate system defined by 

the reference points. The beam is thus converted to a point cloud, which can be saved as equidistant sections 

normal to any of the principal axes of the global coordinate system. 
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4 Finite Element Modelling 

Stamping is a metal forming process used to deform a part of the beam into a shape resembling a circular 

arc, referred to as a dimple. However, the principal premise of this study is to examine the effects of this 

process on the non-uniformity of thickness and width of the dimple and in turn, on the vibration 

characteristics of the beam. Therefore, it is necessary to simulate stamping first and then investigate the 

natural frequencies and mode shapes of the beams. 

The software used for modelling and simulation was the ANSYSⓇ Parametric Design Language 

(Mechanical APDL) module in ANSYSⓇ. It was chosen due to its extensive library of elements, contact 

technologies, solvers and postprocessing capabilities. The overarching strategy followed here involves 

simulating stamping using a nonlinear static analysis to obtain a deformed beam, and then performing a 

modal analysis on this deformed shape. The nonlinear static analysis is executed as a series of consecutive 

load steps. Each load step involves a small amount of displacement of the plunger and consequently, a small 

amount of deformation of the beam. The simulation procedure consisted of the following salient points: 

1. Creating a 3D parametric model 

2. Assigning nonlinear material properties 

3. Meshing the model 

4. Setting up contact 

5. Defining boundary conditions 

6. Running a nonlinear static analysis to simulate stamping (results in a deformed beam shape) 

7. Running a modal analysis using the output from the nonlinear static analysis 

4.1 Creating a 3D parametric model 

The setup used for stamping consists of a straight strip of cold drawn AISI 1018 steel, hereafter referred to 

as the beam, a plunger, four die blocks and a base plate. As shown in Fig. 1, the beam is held between two 

of the blocks on either side. Four bolts passing through each pair of blocks ensure that the beam is firmly 

clamped between them. This assembly, in turn, rests on the base plate.  

 

Figure 4: Finite element model with coordinate system (before beam truncation) 

X 

Y 
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As shown in Fig. 4, in the coordinate system defined for the model, the X, Y and Z axes run along the length, 

thickness and width of the beam, respectively. The whole setup is symmetrical in the XY and YZ planes. 

Since in this study the dimple was located in the middle of the beam, it was decided to employ these 

symmetry conditions to better utilize time and computing resources. In addition, modelling the base plate 

and die blocks was avoided by implementing appropriate boundary conditions and parameters. An 

overhanging section of the beam outside the die blocks serves no meaningful purpose within the overall 

scope of the simulation for predicting the beam deflection. Hence, a truncated version of the beam with just 

a small overhang was included. Thus, the final model consisted solely of the plunger and the truncated beam. 

To help ease modeling of beams/dimples of different size, parameters were used extensively to define the 

geometric characteristics of the model. Dimensions of the beam, dimple, plunger, and die blocks were some 

of the main quantities selected to be represented by parameters. Other model variables like material 

properties and the initial gap between the plunger and the beam were also defined this way. 

4.2 Assigning nonlinear material properties 

As this is a problem with plastic deformation, it is only logical that the material defined has nonlinear 

properties. Also, the material behavior after yielding corresponds to a bilinear kinematic hardening model, 

so a tangent modulus is specified to govern the post-yield stress-strain relationship. The beam is composed 

of cold drawn AISI 1018 steel, whose properties were obtained from MatWeb, as shown in Table 2. 

 

Property Value 

Modulus of elasticity 200 GPa 

Poisson’s ratio 0.3 

Coefficient of friction (with itself) 0.52 

Density 7870 kg/m3 

Yield strength 250 MPa 

Tangent modulus 1 GPa 

Table 2: Material properties 

4.3 Meshing the model 

The model being three-dimensional, solid elements have been used to mesh it. The element selected is 

SOLID187 (ANSYSⓇ16.1 element library), which is a higher order 3D, 10-node tetrahedral structural solid. 

It has a quadratic displacement behavior and is well suited to modelling irregular meshes. It is defined by 

10 nodes having three degrees of freedom at each node (i.e. translation in the X, Y and Z directions). It also 

has plasticity, large deflection and large strain capabilities, all of which are required for our analysis. 

Another reason for selecting SOLID187 is a feature called mesh refinement that allows us to have a finer 

mesh in specific areas of interest that in turn, gives more in-depth results. For 3D solid models, a mesh 

refinement is possible only if the mesh is composed of tetrahedral elements. Using a higher order element 

allows us to capture a similar level of detail in a relatively coarser mesh as compared to a finer mesh 

consisting of lower order elements. 

Meshing for the model has been done keeping in mind that the elements might get distorted by the end of 

the simulation due to large deflection and large strain. To avoid severe distortion, care must be taken that 

the elements do not have an aspect ratio greater than 2:1. To that end, the mesh settings have been specified 

so as to create elements that are roughly square in shape. Also, the plunger holds no interest for us, so its 

mesh is kept relatively coarse, while beam has a finer mesh to get as accurate results as possible. 
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4.4 Setting up contact 

Defining contact correctly is a critical part of our analysis. Several important characteristics of this model, 

like the transfer of loads between the plunger and the beam, the elastic recovery of the beam, and the final 

shape of the dimple depend on how contact is set up. Our simulation requires that the plunger come down 

on the beam and deform it in a shape conforming to its own. However, this seemingly simple procedure 

cannot be replicated in ANSYSⓇ as easily as it might seem at first glance. In ANSYSⓇ, if the plunger is 

brought down on the beam, it will simply pass through it as the program does not understand that when two 

bodies coming in direct contact, one (or both) of them is (are) bound to deform. Hence, it is not sufficient 

to model the plunger and the beam alone but contact elements must be created as well. 

The way this is accomplished is by designating the curved face of the plunger and the top face of the beam 

as surfaces coming into contact and populating them with contact elements of the appropriate kind. Contact 

elements fall into two main categories, namely target elements and contact elements. They are created on 

target and contact surfaces respectively, which together form the contact pair. There are several criteria for 

establishing and differentiating between contact and target surfaces, one of which is mesh or element size. 

If one surface has a fine surface mesh (small elements) and, in comparison, the other has a coarse mesh 

(large elements), the fine mesh should be the contact surface and the coarse mesh should be the target 

surface. In our case, the beam’s mesh is finer than the plunger’s. Hence, the top surface of the beam is 

designated as the contact surface and the curved face of the plunger is designated as the target surface. 

The elements available for 3D surface to surface contact are TARGE170 for the target surface and 

CONTA173 and CONTA174 for the contact surface. CONTA173 and CONTA174 are functionally 

equivalent elements of lower and higher order respectively. The sole criterion for choosing between them is 

the order of underlying elements. Since the underlying elements are SOLID187, which are of higher order, 

CONTA174 is the element of choice for the contact surface. Thus, the beam and plunger surfaces were 

meshed with CONTA174 and TARGE170 elements, respectively. 

4.5 Boundary conditions 

Four sets of boundary conditions were implemented. The first set was used to implement the symmetry 

conditions along the X and Z directions (i.e. the YZ and XY planes respectively). The second set consisted 

of the initial boundary conditions and the first load step. The third and fourth sets consisted of load steps to 

move the plunger down on the beam and then back up again, respectively. 

The symmetry conditions were enforced using commands built into ANSYSⓇ. When symmetry in X 

direction is specified, displacement in the X direction is constrained. Similarly, when symmetry in the Z 

direction is specified, displacement in the Z direction is constrained. 

In the second set, initial conditions are set. This involves a peculiar set of circumstances arising at the portion 

of the beam clamped between the die blocks. In the outer half of the blocks, displacements in X, Y and Z 

directions are constrained, while in the inner half of the beam, only displacement in the Y direction is 

constrained. The Y displacement is also constrained on the bottom surface of the beam. These conditions 

collectively enforce the displacement boundary conditions created by the die blocks and base plate, thereby 

making the inclusion of the actual components unnecessary. Additionally, the plunger is constrained to 

move only in the Y direction and is brought down to close up 90% of the initial gap between it and the beam. 

All this is saved as the first load step. 

The third set of boundary conditions involves the plunger moving down on the beam in small displacement 

increments. This is achieved using a *DO loop, which is the ANSYSⓇ equivalent of the more conventional 

‘for’ loop. The fourth set has a similar loop, which then lifts the plunger back up, so that the beam can 

‘spring back’ by recovering the elastic part of its deformation. 
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4.6 Nonlinear static analysis to simulate stamping 

Since all the load steps have been defined and other data has been entered, starting the nonlinear static 

analysis is only a matter of issuing a few commands to specify some solver settings. The number of sub-

steps in every time step is set and the program is instructed to save a ‘restart’ file at the last sub-step of the 

last successfully converged load step. Having a restart file saved is crucial for two reasons. The first is the 

scenario where the static analysis fails to complete successfully and the second is when the output from the 

static analysis needs to be available for further analysis. In either case, the restart file can be used as a starting 

point without having to repeat everything done up until that point. 

The output from this analysis, shown in Fig. 5, corroborates several predictions regarding the final shape 

and size of the dimple. Firstly, it is clear that the dimple is not a perfect circular arc conforming to the shape 

of the plunger. Rather, its shape is a result of a combination of various factors such as the firmness of 

clamping provided by the die blocks, the lateral clearance of the plunger and die blocks, strain hardening of 

the beam material and elastic spring-back after load removal. The fundamental premise of this research, that 

the thickness and width of the dimple are not uniform, can also be validated visually. 

 

Figure 5: Deflected beam after stamping simulation 

4.7 Modal analysis using the output from the nonlinear static analysis 

Once the formation of a beam with a dimple having non-uniform thickness and width has been simulated, 

we can proceed to running a modal analysis of the deformed beam to look at its natural frequencies and 

mode shapes and compare them to the results achieved when the dimple was assumed to have uniform 

thickness and width. It is worth noting here that the truncated beam used for the stamping simulation cannot 

be used for the modal analysis, as it will have very different vibroacoustic characteristics rendering it 

unsuitable for comparison with previous results. To that end, the stamping simulation is run again with a 

full length beam, which is then input for the modal analysis. The first step is to delete all the constraints 

previously imposed on the model for the stamping simulation. Secondly, since the current study involves a 
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fixed-fixed beam, the fixed-fixed boundary conditions are applied. The first five natural frequencies and 

mode shapes are extracted for examination and are discussed in the following section. The first mode shape 

is shown in Fig. 6. 

 

Figure 6: First mode shape corresponding to the simulated deformed beam (61.364 Hz) 

5 Results and Discussions 

At its most rudimentary level, creating a dimple can be characterized as simple elongation and bending of a 

straight beam. Since the material of the beam is elongated along its length, lateral strains cause contractions 

along its thickness and width. These lateral strains, however, vary as the deformation is in progress and this 

results in variable thickness and width along the length of the dimple. The section of the beam where the 

dimple starts is subjected to maximum strain while minimum strain occurs at the center of the dimple. 

Hence, the thickness and width reduce greatly at the start of the dimple. The least thickness and width are 

observed about halfway to the center. This trend is then reversed and some recovery can be observed as we 

get to the center. It should be noted, however, that the thickness and width never regain their original values. 

The presence of these nuances in the finite element model is clearly demonstrated in Figs. 7 and 8. In both 

the figures, the plot on top is the beam from the finite element model, while the one at the bottom is the 

scanned stamped beam. Visual inspection of these figures shows a close correlation between the simulation 

and the measured beam width and thickness. 

 

Figure 7: Width of finite element (top) and scanned (bottom) beams with a single dimple 
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Figure 8: Thickness of finite element (top) and scanned (bottom) beams with a single dimple 

Since the accuracy of the model has now been validated, natural frequencies for this model will now be 

evaluated against earlier work. It is very important to remember that the model for the current analysis 

consists of a quarter beam for the sake of symmetry, while previous analyses had a full beam. Consequently, 

the current model will exhibit only those natural frequencies whose mode shapes are symmetric. Hence, 

comparison of the two sets of results is valid and possible only for symmetric mode shapes. One such 

example is shown in Fig. 9. 

 

Figure 9: Comparison of the beam first mode shape (Top: variable thickness and width, bottom: uniform 

thickness and width) 
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Table 3 summarizes the first five natural frequencies of two beams with dimples having variable and uniform 

thickness and width. It can be seen that while the absolute difference in frequency increases as we proceed 

along the spectrum, the percent change remains more or less constant. The absolute and percent change in 

frequency have been calculated using the following equations:   

∆𝑓 = 𝑓𝑣 − 𝑓𝑢      (1) 

% ∆𝑓 =
∆𝑓

𝑓𝑢
× 100     (2) 

Where, 

𝛥𝑓 is the absolute change in frequency 

𝑓𝑣 is the frequency for the dimple with variable thickness and width 

𝑓𝑢 is the frequency for the dimple with uniform thickness and width 

 

Frequency fv (Hz) fu (Hz) Δf (Hz) % Δf 

1st 61.364 58.793 2.571 4.374 

2nd 339.840 325.653 14.187 4.356 

3rd 848.290 812.626 35.664 4.389 

4th 1596.300 1530.710 65.590 4.285 

5th 2591.000 2487.730 103.270 4.151 

Table 3: Natural frequencies for dimples with variable and uniform thickness and width 

It is evident from Table 3 that the natural frequencies are affected by the variations in thickness and width. 

However, this change cannot be attributed solely to the variations. In fact, according to Myers [6, pp. 105-

115], several factors such as boundary conditions, dimple angle, the variation of modal strain energy along 

the beam, dimple chord length etc. influence the natural frequencies of a dimpled beam. 

6 Conclusions and Recommendations for Future Work 

The stamping process which is used to create dimples was simulated using finite element software. To save 

time and computational resources, the symmetric nature of the model was utilized and just a quarter of it 

was created. The resulting shape of the beam, with varying thickness and width, was compared with a scan 

of an actual stamped beam and found to be accurate. Subsequent modal analysis of this beam showed that 

natural frequencies are indeed affected by the variations in the thickness and width of the beam. 

Having said that, it must be remembered that these results have been obtained for a specific set of conditions 

and there are multiple avenues along which future work may progress. Further research may deal with 

changing key parameters of this study and seeing how the end results are affected. 

Firstly, the boundary conditions of the beam in this study are fixed-fixed. It will be interesting to see if and 

how the effects on frequencies change when the boundary conditions are changed. 
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Secondly, it has been noted that natural frequencies having asymmetric mode shapes will be absent from 

the current model. Creation of a full model of the beam would allow us to investigate asymmetric mode 

shapes and frequencies. Further, this would also allow us to model dimples that are not at the center of the 

beam. This would be a step closer towards simulating real-life vibration control techniques, since the dimple 

may not always be placed in a symmetric position. Rather, its ‘optimum’ location is largely dependent on 

the variation of modal strain energy along the length of the beam. 

Thirdly, it may be the case that addition of a single dimple to a beam will result in small changes to its 

vibration characteristics. In such a scenario, it might become necessary to employ multiple dimples. Further, 

each of these dimples may have different angles, chord lengths and orientations (i.e. pointing in the same or 

opposite directions). The cumulative effects of these factors and their interactions with each other will 

provide crucial insights into how and why dimples affect the natural frequencies and mode shapes of beams. 

Lastly, learnings from this research can also be applied to create beads and dimples on plates to aid in the 

control of their vibrations and sound radiation. 
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Abstract 
Alara-Lukagro is a manufacturer of noise control solutions. One product range consist of acoustic door sets. 

The door sets are tailor made for projects and have more than just acoustic properties. Each individual 

Property implies size limitations depending on the legislation involved in the acquiring of the certificates. 

The manufacturing of these door sets is more labor intensive than mass produced door sets, the door sets are 

mostly used when acoustic isolation requirements are high in the lower frequencies. Despite the use of 

double walled structures, mass is an important ingredient for achieving these properties. Therefore the 

weights of the door sets is high, sometimes more than available ironmongery, or mechanics can handle. 

Therefore Alara-Lukagro started this year in conducting research in ways to achieve comparable properties 

with less weight. The evaluation in lower frequencies is sometimes unpredictable. While simulations 

become more viable. In this presentation Alara-Lukagro will share some of the experience gained by using 

FEM and Laser-Doppler-Spectro-Vibrometric measurements. 

1 Introduction 

As a door manufacturer there are a couple of phenomena that influence the design of doors. Certification, 

legislation and documentation play an ever more important role. There are more possibilities in access 

control, and even intensively used structures use more and more lightweight construction-elements. Alara-

Lukagro is a steel works that is specialized in acoustics and vibration control. It therefore also produces steel 

doors. Doors are always built to order, and the development of adjustments is so, that several adjustments 

are introduced annually. Alara-Lukagro now has one of the most versatile doors in the world. But because 

of all these certifications, the restrictions on modifications are high. In order to stay ahead of the competition 

both the effect of drastic design changes for future doors, and small modifications need to be quantified 

acoustically. In order to do so in an acceptable timescale, the use of a finite element method is beneficial. 

These models are good in predicting improvements and impairments, but absolute values can be far from 

reality. Alara-Lukagro has asked the KU Leuven to perform Laser-Doppler-Spectro-Vibrometric 

measurements in order to help quantify its' models and eventually improve their modelling skills. So that 

the finite element method could better predict the effect of adjustments, and can be an essential aid in a 

complete design change. 

In this paper the use of two dimensional and three dimensional models is compared with results from both 

laser-spectro-vibrometic measurements and acoustic measurements. The field in which we are mostly active 

requires insight between 25 and 400 Hz. By leaving out higher frequencies we can significantly reduce 

simulation times. 

The aim of this paper was to show the correspondence between measurements and simulations. Especially 

because the predictability of the lower frequency of these frequencies is higher. The model still needs to 
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undergo significant changes. Therefore it is more a reflection on what changes need to be made, and why 

they are important in the specific modeling of a door structure. These reflections are important, because they 

bridge theory and practice. 

2 Laser-Doppler-Spectro-vibrometric test 

2.1 General 

This test method analysis the vibration of an object. Since the radiated sound is directly related to the 

vibrations of a solid surface area that resolves in pressure fluctuations in air, this can be directly related to 

sound radiation of a surface. The laser doesn't influence the structural dynamics of the surface, because it 

doesn't change the mass or intervenes with the dynamics. In order to conduct such research reflective stickers 

need to be placed on the sample (see figure 1). The test was conducted in both directions. The stickers 

introduce a negligible change in mass. The excitation was done by a shaker, as seen in figure 1 on the right. 

 

Figure 1. On the left and in the middle, measurement points on both directions. On the right the setup of the 

shaker. 

Besides laser-Doppler-spectro-vibrometric measurements, ISO 10140 measurements were conducted. The 

sound reduction that is measured with laser-Doppler-spectro-vibrometry between 5 and 80 Hz is used, and 

the ISO 10140 measurements are used in higher frequencies. Two completely different door sets were 

measured the second door set is used to validate the robustness of the models. This report will focus on the 

most simple construction of the two doors.  

2.2 Measurement results 

First the results of all 91 observation points is averaged per excitation point. The excitation points are put in 

a grid of 3, times 6 point grid. Point 3,2 may seems like an anomaly, but may also be explained by its 

proximity next to a fixed locking point. 
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Figure 2. Mean transfer function per excitation point, the excitation points (horizontal direction, vertical 

direction). 

 

From the transfer function as well as the ISO measurements a sound reduction value R may be derived. 

Values from both methods are plotted in figure 3. 

 

Figure 3 Continuous experimental results on the sound reduction favoring LDV till 80 Hz in single colored 

line and ISO 10140 from 80 Hz in dashed double colored line. 

Bases on the transfer function, lower sound reductions between 80 and 350 Hz are expected than found 

based on ISO 10140 (see figure 2 and 3). It is not certain if this is due to interactions between the door and 

the wall, or if this is due to the method. A shaker has the benefits that it does not suffer from acoustic modes 

in the sending or receiving chamber, and is less effected by background noise than acoustic measurements. 

The influence of the point load of a shaker should be compared to an acoustic wave,especially in this 

frequency range. 
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Figure 4. The vertical pressure index with respect to different frequencies 

From figure 4 both at 7.5 and 33 Hz the modes of the door can be derived. At 7.5 Hz door acts as I n first 

mode, at 33 Hz the oscillation is split in six areas, of which three positive and three negative. One positive 

part at the upper half and two positive parts at the lower half near the sides. In time domain the positives 

and negatives interchange. 

3 Finite Element Method 

The sound reduction from figure 3 is compared to a 2-D simulation in figure 5 (left). In the 2-D simultion 

the optimum width was determined in order to reduce the probabillity of coincidences in a frequency 

domain where attenuation is so low, that could cause a risk on the ovrall sound reduction. Therefore the 

doorwidth was 1.3 m. 

In figure 3 te lowest sound reduction is found just over 50 Hz. This dip cannot be found in the 3D model. 

This could be due to the fact that the height in the door will dominate the direction of the free sound field, 

which effect is not present in the 2D model. This height is roughly twice the width. Despite this logics this 

is a reminder of one great risk we can find in 2D modelling of such structures. 

The sound reduction in dB equals: 

𝑅 = 10·𝑙𝑜𝑔
𝑃𝑖𝑛(𝑓)−𝑃𝑜𝑢𝑡(𝑓)

𝐴
      (1) 

Her Pin(f) is the incoming sound power as a function of frequency, and Pout(f) is the outgoing sound power 

as a function of frequency. 

  

Figure 5. (left) sound reduction in 2D model (right) sound reduction in a 3D model. 
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3.1 2-Dimensional model 

Another importnt issue with the 2D- model is the overestimation of the noise reduction. As a source a 

random wave field was used. In the gemetrical sound pressure level plots as shown in figure 6 can be seen 

that the perfectly matched layer at the outer shell of the acoustic field needs to conferge to quickly into zero. 

This is especially clear on the strong color variation on the loaded side. There was also no empty element 

placed between the random field and the door. This may result in an upstruction of the feedback/interaction 

of the door leaf on this pressure field. Because of the absence of the predominant diretin, namely the height 

of the door, the 2D model sould not be used for this frequency range anyway. 

 

Figure 6. Sound pressure field around 31 and 300 Hz on both sides of te dividing structure according to a 

simple 2-D model. 

3.2 Modes in the 3D model 

The three dimensional model is more in line with the experiments, however the lower sound reduction values 

spread over a much wider range of frequencies. Than found in the experiments. The model used a plane 

wave radiation. When the isosurfaces in figure 7 are compared to the experimental results it can be seen that 

the behavior is similar in 7.5 Hz. Experiments point 7 Hz out as the eigen-frequency of the door, but that 

doesn't reflect the outcome of the simulations. In 33 Hz we don't find the third mode in the simulation, which 

doesn't correspond with the experiments. A similar pattern as in the experiments only disappears at 43 Hz, 

as can be seen on the right of figure 7. So even the shape patterns in the model are different from the 

experiments. 
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Figure 7. Isosurfaces of sound pressure levels in frequencies round 7.5, 33, and 43 Hz. 

3.3 Reflections on comparison between experiment and the 3-D model 

Simulations are always a simplification of the real world. In order to make these simplifications assumptions 

are made. Some assumptions have proven to be negligible others are new for this specific model and are 

reviewed in this section. 

A. Excitation of the load side 

18 excitation points were selected. The test door was not uniform on the inside of these positions. More 

excitation points may show better comparison with the excitation by an acoustic field. Although 18 points 

may also be sufficient. Making additional measurements is costly and time consuming. The effect of more 

excitation points could be best investigated in a simulation. 

B. character of the load 

Especially in low frequencies, the acoustic load has a wide area of comparable load, and can at the same 

time pose an equal opposite force at a significant distance. This has a different mechanical vibration dynamic 

with the plate work on the loaded side. As expressed earlier there are also benefits for a mechanical load, 

like the shaker that was used, noise in a laboratory in these frequencies can create standing waves in different 

modes, which can interact with the door surface by the positioning of the door surface in the room. 

Comparison of these measurements with such a model should be subject to the same load conditions, being 

point excitation rather that an acoustic load.  

C. Interaction with frame, elasticity, hinges, lock and rubber 

From figure 2 can be seen, the connection points can have a strong influence on the low frequency behavior 

of a door. This corresponds with field measurements that are not included in this paper. It does however 

show the importance of these connections in accordance with acoustical simulations. This may even be the 

strongest suspects why not all the coincidence frequencies from the measurement could be found in the 

simulation. These mechanisms should therefore be included in the model. 

D. Leakage along door 

The rubber sealing is in many cases the weakest point in the acoustic insulation of a door. Therefore 

interaction between the noise in the air between the door and the door frame can have a significant influence 

on the door leaf on the unloaded side. However since we don't use acoustic excitation this path can be 

assumed negligible. 
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E. simplification on bended curves in steel. 

Steel doesn't deform in sharp angles, but is bended over a curvature. The radius of this curvature is small, 

typically below 2 mm. However bending also influences the mechanical properties of the steel. The model 

could be refined to take this local deviation into account. 

F. Material properties not specifically verified 

Some important material chooses of the internals of the door do not come with a full list of properties. Based 

on similar materials some properties such as the speed of sound had to be estimated. Furthermore the average 

speed of sound within porous material could differ from the speed of sound in air, because of the high 

viscosity. How the model deals with the interacting viscosity and the interaction with speed of sound has to 

be investigated, as well as some properties need to be verified. 

G. Mesh accuracy 

Convergence plots don't show the model to have any problems with convergence. Therefore the mesh must 

be assumed sufficiently refined. Since the model will need to be adjusted in a number of ways, this needs to 

be reinvestigated after each adjustment. 

It should be clear that these models cannot just be built and expected to correspond with reality, even if the 

mesh is perfect, all material properties are known and implemented in the right way, and the physics is 

correct. Interactions with boundaries and the character of the load are important factors. 

4 Conclusions 

Both simulations and measurement result show phenomena around the coincidence frequencies that comply 

with logics. However the model is lacking a number of potential coincidences that are found in reality. It 

can safely be assumed the initial optimum dimensions were false. The 3D model has sound reduction values 

that are in the same order of magnitude as the experiment. However the 3D model seems to miss out on 

more potential coincidences than the 2D model. The model will need to be adjusted, it should include 

connections to the frame, and it should be excited in the same way as the experiment. After these adjustments 

the comparison should again be made before further refinement of the model. 
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Abstract
Stop bands in auxetic periodic structures including resonators are investigated in this paper. In aerospace
field, sandwich panels like honeycombs are mainly used for their structural properties, and can present
some advantages for vibroacoustics control. Auxetic structures seem to give enhanced properties for wave
propagation control, and have been used here to perform the analysis. Resonators are included to open
resonant band gaps in addition to the Bragg band gaps given by the periodicity of the core. Studies on the
number of resonators inside the unit cell have been performed for a constant mass to identify the configuration
which are able to open stop bands at low frequency range. Also, a parametric analysis on the resonator
properties is done to compare the benefit concerning wave propagation while having a reasonable added
mass for the core structure.

1 Introduction

Wave propagation in periodic structures has been investigated in many different fields of physics such as
optics, acoustics or mechanics. More particularly, the study of crystal lattices known as phononic crystals
as been highly investigated, representing a quantum vibrational of energy in an elastic medium, in order
to create stop-bands for certain values of frequency, preventing the wave propagation through the periodic
media due to an interaction between transmitted and reflected waves. Recently, periodic structure analyses
have been extended to engineering structures such as honeycombs [1] in the aerospace field. One of the
important aspects of introducing theory of periodic structures in engineering is the ability of describing be-
haviour of an entire structure just by analysing a part of it, called unit cell, instead of doing the analysis in
the whole structure, earning a non negligible amount of computational time. Another interest, as it has been
developed in the past with the phononic crystals, is the possibility of analysis of the band gaps linked to the
periodicity. Unlike phononic crystals, many types of elastic waves exist inside elastic periodic structures
(longitudinal, flexural, shear...) and some techniques can be used to cancel the propagation of specific type
of waves. One of them consists in taking advantage of the Bragg band gaps, which are directly linked to
the size of the unit cell constituting the whole structure. In this work, another type of band gap is investi-
gated, called resonant band gap, created by adding some inserts such as resonators inside the structure. This
approach make possible to improve the vibroacoustics performance of the structure by keeping its geome-
try and material properties constant, and so find a great interest in sandwich like structure as honeycombs,
initially designed to improve the ratio stiffness over the mass of the structure, providing a good resistance
for a low weight. Including resonators become on that way interesting since they do not modify the shape
of the periodic structure, keeping all the structural characteristic of the honeycomb. Moreover, unlike the
Bragg band gap, the resonant effect can open stop bands in the first modes of the structure, making the study
more efficient to work in the low frequencies range. Resonators have been mainly investigated for chained
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spring-mass systems [2], or beams [3] and plates including resonators [4], [5]. Many of these works have
been also summarized covering several types of structure [6]. Among all these studies, it has been shown that
the location of the band gap is narrowly linked to the eigenfrequency of the resonator while the bandwidth
depends on the mass ratio between the resonator and the structure itself, allowing a predictable design of the
resonators to target specific frequencies. However, this specificity is not true anymore when the structure has
a complex shape like honeycombs. The shape of the media is not continuous as a plate or a beam, and the
dynamic of the structure itself has to be taken in account in addition to the effect of the resonator, making
the prediction of the cut-off frequencies more complex. Some analyses have been performed in an re-entrant
core of a sandwich structure, to investigate how has to be tuned the resonators in order to obtain the widest
band gaps in a relatively low range of frequency.

2 Periodic structures

A periodic structure is generally represented by a portion of the structure, called unit cell, representing the
whole structure if it is repeated in one or several direction. We call 1D periodic structure if the repetition
follows one direction, and so on for 2D and 3D periodic structure. To study the behaviour of the structure in
an infinite way, Floquet-Bloch Theorem is applied to have access to the dispersion curve, giving the relation
between the frequency and the wavenumber of the whole structure. Also, the Transfer Matrix Method is
usually used in 1D case to compute the finite response of the full structure, choosing a fixed number of
repetition of the unit cell.

2.1 Floquet-Bloch Theorem

The application of the Floquet-Bloch Theorem requires the a periodic structure to be applied. A simple
representation for the 2D case is given in the figure 1. The unit cell is repeated along the xp and yp direction
and its size (ax, ay). Each point P of a cell can be linked with the origin of the periodic structure thanks to
the relation rp = rlp + ixp + jyp, with i and j the number of repetitions in each direction. Floquet Theorem
has been introduced for the first time in the analysis of the solutions of periodic differential equations [7] in
the 1D case. The Theorem stipulates that if A(t) is a T -periodic matrix and X(t) the fundamental matrix of
solution of the ODE

∂x
∂t

= A(t)x (1)

then X(t) = P (t)eRt is a solution of equation (1) with P (t) a T -periodic matrix and R a n × n matrix.
From this equation it comes that

X(t+ T ) = X(t)eRT (2)

In the field of mechanics, the Floquet theorem has been extended for 2D and 3D cases by the actual Floquet-
Bloch Theorem for periodic structures

u(P ) = u(O)ek(ixp+jyp) (3)

with k the wavevector and u(O), u(P ) respectively the amplitudes of displacement at the origin and at the
current point P .
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Figure 1: Representation of a 2D unit cell

Figure 2: General representation of a unit cell using the finite element method in 2D

2.2 Application to periodic structures

The Floquet-Bloch Theorem can be applied in structures considered as continuous or discretised using the
finite element method. Since the analytical expression become complex for honeycombs structures including
resonators, the second option is used in this study. One of the most common tool used to study periodic
structures involving the Floquet-Bloch theory is the Wave Finite Element Method (WFEM). Considering a
discretisation of the structure as shown figure 2, all the boundaries of the unit cell can be linked using the
Floquet relations, such as

qR = ejµxqL, qT = ejµyqB, qRT = ej(µx+µy)qLB, qLT = ejµyqLB, qRB = ejµxqLB
fR = −ejµxfL, fT = −ejµyfB, fRT = −ej(µx+µy)fLB, fLT = −ejµyfLB, fRB = −ejµxfLB

(4)

where µx = kxLx (respectively µy = kyLy) is the reduced wavenumber, with kx, ky the wavenumber and
Lx, Ly the length of the unit cell in the x or y direction, q is the vector of displacements on each node and
f the vector of efforts. The letters L,B,R, T relate respectively to left, bottom, right and Top. The effect
of damping is neglected here since some works have been done including it [8], so the dynamic equation is
given by

([K]− ω2[M ])q = f (5)
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Figure 3: Part of the re-entrant structure

with [K] and [M ] respectively the stiffness and mass matrix of the unit cell, q the vector of displacements
on each node and f the vector of efforts. Including the Floquet relations into the equation (5), and assuming
that all the internal efforts are equal to 0, it leads to a new dynamic relation given by

([Kr(µx, µy)]− ω2[Mr(µx, µy)])qr = 0 (6)

where [Kr], [Mr] and qr are the reduced vectors. The equation (6) is an eigenvalue problem in ω2 which
leads, once solved for input values of µx and µy, to the dispersion curve giving the value of the group velocity
inside the full structure, and also to the locations of the band gaps. The values of reduced wavenumber
are chosen according to the First Brillouin Zone [9]. In this study, the First Brillouin Zone is given by
µx = [0, π], µy = [0, π], and only the contour of the dispersion surface will be plot in order to identify the
band gaps.

2.3 Model of the unit cell

For this study, a re-entrant and an hexagonal structure are studied as the core of the periodic structure.
A Finite Element Model has been considered here, using Timoshenko beam elements with squared cross
section. A representation of the Finite Element structure is shown in figure 3 and the geometric/material
properties are listed in the table 1 for the auxetic configuration, where L refers to the length of one beam
constituting the unit cell, b the thickness in X and h the thickness in Y direction. The hexagonal one has
exactly the same properties, excepted the internal angle going from −π

6 to π
6 .

The resonator used is also modelised as a Timoshenko beam, attached to the corners of the re-entrant unit cell
in a fixed-free configuration. The properties of the resonators are the same as the unit cell, excepted for the
length given by Lr = 6.8 mm. A representation of the unit cell with the resonator is shown in figure 4. This
design of unit cell has already been used in the past [10], and is very convenient to include resonators. Indeed,
in this configuration, it is possible to include two resonators by unit cell, which corresponds to exactly one
resonator by ”butterfly” pattern. Also, configurations with four resonators by unit cell will be analysed to
check the impact on vibroacoustics performances.

The Floquet conditions are applied to the border of the unit cell of the figure 4, leading to the following
relations:

qR = ejµxqL, qT1 = ejµyqB1 , qT2 = ejµyqB2

fR = −ejµxfL, fT1 = −ejµyfB1 , fT2 = −ejµyfB2

(7)
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Figure 4: Re-entrant unit cell with resonator

Figure 5: Periodic structure in finite configuration

2.4 Model of the finite structure

In parallel to the Floquet analysis, studies in finite structure are also performed. Harmonic analysis of a panel
constituted of finite number of cells is performed, in order to compute the FRF at any node of the structure.
A representation of this configuration is shown figure 5. The structure is composed with 9 unit cells in the Y
direction, and 20 cells in the X direction. Free-free conditions are used, and, depending the type of analysis
performed, an out-of-plane or an in-plane force is applied to excite the different type of waves and thereby
observe the different band gaps on the FRF. The amplitude of the displacement is observed in a node picked
just before the end of the structure in order to avoid the border effect we could have in the end of the periodic
media.
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Density, ρ [kg.m−3] 1040 L [mm] 6
Young Modulus, E [GPa] 8.1 h [mm] 0.3

Poisson Ratio, ν 0.2 b [mm] 0.3

Table 1: Material and geometrical properties of the core

3 Simulations and Results

3.1 Selection of the core

Some analyses are done in infinite structure to compare several types of configurations of the studied core.
The re-entrant and honeycomb configurations are chosen. For each curve, the segments [O-A-B-C-O] repre-
sent the values that µx and µy take along the contour, and are summarized in the table 2. The contour of the
dispersion surfaces are represented figures 6 and 7.

The first one represents the wave propagation in plane (degrees of freedom uz , θx and θy blocked) while the
second one out of plane (ux, uy and θz blocked), leading to a total of 4 different configurations. In the 4
configurations, only the fourth one exhibits Bragg band gaps and is selected as the core structure to continue
the investigations including the resonators. The Resonators are then added to the re-entrant unit cell as shown
in the figure 4, with the same material properties as the core. This resonator emplacement has been chosen
for easier manufacturing. The dispersion diagram is plotted figure in 8. Around 20, 50 and 60 kHz, we can
observe that some dispersion branches are opened to create a resonant band gap as shown if 8. This result
is confirmed in the finite structure analysis, which is obtained by blocking in-plane degree of freedom and
applying a force in the Z direction.

Segment [O-A] [A-B] [B-C] [C-O]
µx [0, π] π [π, 0] 0

µy 0 [0, π] π [π, 0]

Table 2: Values of µx and µy for the dispersion contour

3.2 Number of resonators in the unit cell

To have a first look in the choice of the implementation of the resonator, an investigation has been done to
know what is the optimal solution between putting 2 resonators or 4 resonators inside a unit cell, correspond-

(a) In plane waves (b) Out of plane waves

Figure 6: Dispersion curve without resonator with hexagonal unit cell
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(a) In plane waves (b) Out of plane waves

Figure 7: Dispersion curve without resonator with re-entrant unit cell

(a) Dispersion curve with resonator (b) FRF with resonators

Figure 8: Dispersion curve without resonator with re-entrant unit cell
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(a) 2 resonators (b) 4 resonators

Figure 9: Two different case of resonator implementation

ing to include respectively 1 or 2 resonators inside a ”butterfly” pattern of the periodic structure. Two studies
have been carried out making a variation of the density of each resonator, such as the total mass of the unit
cell remain constant. The low frequencies are focused here, since the objective here is to put resonators is
in order to open band gap for the first Floquet modes. To understand what are the low frequencies in that
situation, we take as a reference the first mode of one of the beam constituting the unit cell, and we compute
its first eigenfrequency in supported-supported boundary conditions. The value of the first eigenfrequency
is f0 = 10505 Hz. The unit cells are represented figure 9 and the evolution of the band gaps are shown in
figure 10. Each configuration corresponding to the values of ρ1 and ρ2 are given in the table 3.

The results observed in figure 10 show that the optimal configuration to open band gaps in the lowest fre-
quency correspond to the configuration number 10 for the case with 2 resonators, meaning that having the
same density for the 2 resonators is more interesting than having two different densities. For the case with
4 resonators, it is the configuration 1 (or 19) which is the more interesting, and converge to the same result
that the configuration number 10 for the case with 2 resonators. The similitude of the results is explained
in the way that, for the configuration 1, one has ρ1 << ρ2 and ρ2 ' ρaux, which tends to the case with 2
resonators. The configuration number 10 correspond to 4 equal densities for each resonator, and corresponds
the worst result for a low frequency band gap opening in that situation.

These results show that, for this type of unit cell, having 1 resonator per pattern is the best solution to have
an interesting wave behaviour in low frequencies.

Configuration n◦ 1 2 3 . . . 10 . . . 19

2 Resonators
ρ1
ρaux

0.1 0.2 0.3 . . . 0.1 . . . 1.9
ρ2
ρaux

1.9 1.8 1.7 . . . 1 . . . 0.1

4 Resonators
ρ1
ρaux

0.05 0.1 0.15 . . . 0.5 . . . 0.95
ρ2
ρaux

0.95 0.90 0.85 . . . 0.5 . . . 0.05

Table 3: Values of ρ1 and ρ2 for each configuration

3.3 Parametric Analysis

A parametric analysis is then performed by varying the material of the resonators. Since one of the main
interest of creating a sandwich panel is the improvement of the ratio mass over the stiffness, the density of
the resonator is chosen as a parameter. A comparison between the improvement band gap positioning and
width versus the total added mass of the unit cell is checked. The evolution of the band gaps is represented
figure 11 and is again focused on the low frequency range. The percentage of added mass is
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(a) Study with 2 resonators (b) Study with 4 resonators

Figure 10: Band gap evolution analysis by varying the density of the resonators. Configurations are given
table 3

.

Figure 11: Band gaps investigation with variation of the mass of the resonator

am = 1 +
2Lrρreso
8Lauxρaux

(8)

where ρreso represents the density of the resonator. Looking at the figure 11, we can observe that waves are
naturally going to the low frequencies as we increase the value of the density of the resonator. For low values
of added mass (< 5 %) no band gap is present in this frequency range. However, they start to open after that
value in two different branches. Above about 15 %, the width of the band gaps remain almost constant but
continue to slowly going to lowest frequencies. By seeing this result and according to the frequency that we
want to isolate and the maximum of added mass tolerated, it is possible to chose a value of the density for
the resonator to create a stop band.

4 Conclusion

This work gives first investigations in wave behaviour of auxetic honeycombs including resonators. After
a first look on different geometry of unit cell, the re-entrant one is selected for the better Bragg band gaps
provided, and more specifically for waves travelling out of plane of the periodic structure. Beam resonators
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have been introduced then, comparing the configurations with 2 resonators or 4 resonators in one unit cell.
The results have shown that the best configuration on the analysed ones is having exactly one resonator by
butterfly core cell, which corresponds to two resonators in the unit cell with the same density. Finally, since
one of the most important parameter in the aerospace domain is the mass, a parametric study on the density
of the resonator has been done in order to see what improvement can been obtained in a vibroacoustics versus
a structural point of view. On the structure of interest, it has been shown that we need to have at least 5%
added mass to open band gaps in low frequency range, while the bandwidth remains nearly constant after
15% added mass.
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Abstract
This paper investigates the broadband vibro-acoustic and dynamic behavior of different structures, such as
flat and curved panels and cylindrical shells. The aim of this work is to investigate propagation and dis-
persion features through the analysis of the wavenumber domain. The technique used to investigate the
vibro-acoustic behavior is a wave propagation based technique, implemented to obtain the propagative and
evanescent waves using a harmonic force excitation. The employed techniques are used to obtain the har-
monic displacement field, given as primary input for the wavenumber domain analysis. To deeply investigate
the dispersion features, a Discrete Fast Fourier Transform (DFFT) technique is used. The whole displace-
ment field could be obtained by experimental tests or by numerical simulations; in our case, it is calculated
using a classical Finite Element Analysis (FEA), by a commercial Finite Element package, or by an in-home
algorithm, developed in a commercial numerical computing software.

1 Introduction

Flat and curved panels are widely used in the field of transportation engineering. In the aerospace engineer-
ing, the shape of the most employed structures for the aircrafts and for the space launchers can be considered
to be axial-symmetric (the fuselage of the aircrafts, the first, the upper stages and the fairings of the launch-
ers, for example).
The dynamic behavior and the vibro-acoustic response of these structures are a fundamental challenge for
the industry. Indeed, the most important aspect is the understanding of the waves dispersion characteristics
under different loading conditions. The identification of the propagation parameters is a fundamental issue
in vibro-acoustics. In the last years, some analytical formulations were developed for flat and/or homoge-
neous structures and they can be found in [1], [2] and [3]. These analytical formulations are limited to the
low-frequency domain, in which the mode are well defined; in the mid-high-frequency range classic analyt-
ical approach do not give a good estimation of the waves dispersion characteristics. In this bandwidth some
statistical and energetic approaches were developed in [4], [5] and [6].
The identification of the wave propagation parameters is one of the most important challenges in vibro-
acoustics. In literature several technique are available, especially for one-dimensional structures, mainly
based on the loss factor identification, by the research of the complex wavenumber [7]. In their work,
McDaniel et al. developed a strategy to estimate the frequency-dependent loss-factor in one-dimensional
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structures, identifying the complex wavenumber of flexural and evanescent waves at each frequency.
In the last decades, some applications to two-dimensional structures have been proposed in literature. For
example, Ferguson et al. [8] proposed a technique to identify the dominant wavenumber in a considered area,
using a windowed field of the displacement of the structure, computing the correlation between the normal
velocity measurement and an harmonic wave-field. Another method for the identification of the wavenumber
was developed by Grosh et al. [9], based on Prony series.
An interesting algorithm for the identification of the complex wavenumber and of the damping loss factor
was developed by Berthaut et al. [10]; the proposed method is called Inhomogeneous Wave Correlation
(IWC) method and it allows to identify the complex flexural wavenumber in the broadband frequency range.
An application of this method to one- and two-dimensional sandwich structures can be found in [11] and an
application on ribbed plates was proposed by Ichchou et al. [12] and [13]; Cherif et al. [14] proposed the
damping loss factor identification for flat plates; the identification of the material characteristics of the sand-
wich panels was proposed by Droz et al. [15]; Van Belle et al. [16] proposed the estimation of the flexural
dispersion curve for a plate with local resonators; Van Damme et al. [17] applied this method to identify the
mechanical properties of a classical timber plate.
This paper shows the comparison between the classical Discrete Fast Fourier Transform (DFFT) approach
and the Inhomogeneous Wave Correlation (IWC) method in the k-space analysis. Both methods are applied
on different structures: flat and curved panels and cylindrical structures. The wave field is obtained using ei-
ther a full Finite Element Analysis (FEA) or a Wave Finite Element Method (WFEM) (this method is widely
used in waves propagation investigations and it is well-described in [18], [19], [20], [21] and [22]).

2 Methodology

In this section, two different wavenumber identification techniques are presented. The classical approach
in the wavenumber domain analysis is the Continuous Fourier Transform (CFT) and its equivalent in the
discrete domain, the Discrete Fourier Transform (DFT). The second method adopted in this work is the
Inhomogeneous Wave Correlation method (IWC). Both methods use the harmonic displacement field as
primary input, usually defined in the (x, y) plane (see Eq. (1), in which the symbol ŵ indicates that the
displacement field is frequency-dependent), either from a harmonic excitation or from a temporal Fourier
transform.

w(x, y, t) =

∫ +∞

0
ŵ(x, y)eiωt dω (1)

The two methods are explained in the next sections; DFT and CFT are briefly described for the sake of
clarity.

2.1 Spatial Fourier Transform

The DFT assumes two hypotheses:

1. the displacement field ŵ is given in an uniform grid (xi = idx, yj = jdy)(1≤i≤N1−1,1≤j≤N2−1), in
which N1 and N2 are the number of the acquisition points along the axes x and y, respectively, dx and
dy are the space increments along the axes x and y, respectively;

2. the field is assumed to be 2D-periodic, i.e.:

∀i, j ∈ N2, ŵ(idx, jdy) = ŵ((i/N1)dx, (j/N2)dy) (2)
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The spatial mesh has to be small enough to satisfy the Nyquist criterion, at the least half of the smallest
wavelength of interest; on the other hand, the span of the measurement has to be large enough to have an
acceptable resolution in the wavenumber domain.
In the discrete domain, we can assume ∆kx = 2π

N1dx
and ∆ky = 2π

N2dy
as a basis for the complex functions

space; the family of exponential functions with discrete wavenumbers can be written: (kxp = p∆kx, kyq =
q∆ky)(1≤p≤N1−1,1≤q≤N2−1). Consequently, the displacement field can be written as:

ŵ(xi, yj) =

N1−1∑

p=0

N2−1∑

q=0

̂̂w(kxp, kyq)e
i(kxpxi+kyqyj) (3)

The DFT ŵ −→ ̂̂w assumes the following expression:

̂̂w(kxp, kyq) =
1

N1N2

N1−1∑

i=0

N2−1∑

j=0

ŵ(xi, yj)e
−i(kxpxi+kyqyj) (4)

The periodicity condition, expressed in Eq. (2), imposes that also the DFT is periodic:

̂̂w(kx, ky) = ̂̂w
(
kx +

2π

dx
, ky

)
= ̂̂w

(
kx, ky +

2π

dy

)
(5)

In this work, the DFT is performed in MATLAB and no additional windowing or signal processing was
applied.

2.2 Inhomogeneous Wave Correlation method

Using the same displacement field as for the DFT, the dispersion relation can be found using a different
approach: the Inhomogeneous Wave Correlation method. For a fixed frequency f0, the spatial response is
correlated with an inhomogeneous running wave (Eq. (6)), in which the terms θ, γ, 2πk are the heading angle,
the attenuation factor and the apparent wavelength, respectively. The wave attenuation is strictly connected
to the damping by this relationship: γ =

ηcϕ
2cg

, with η, cϕ, cg being the damping loss factor, the phase velocity
and the group velocity, respectively. This wave is defined as follows:

σ̂k,γ,θ(x, y) = e−ik(θ)(1+iγ(θ))(x cos θ+y sin θ) (6)

The unknown wavenumber k = k<+ ik= can be found by the correlation between the inhomogeneous wave
and the complete wave field, as the location of the maximum of the normalized correlation function:

IWC(k, γ, θ) =
|
∫∫
S ŵ · σ̂∗k,γ,θ dx dy|√∫∫

S |ŵ|2 dx dy ·
∫∫
S |σ̂k,γ,θ|2 dx dy

(7)

where * denotes the complex conjugate. The identification of a complex wavenumber for a given direc-
tion θ leads to the maximization of the function (k, γ) −→ IWC(k, γ, θ); typically, the IWC has a well-
defined maximum, denoting the point where the measured signal correlates best with the inhomogeneous
wave σ̂k,γ,θ(x, y).
In practical applications, the wave field is measurable in discrete points, so the integration over the entire
surface S in Eq. (7) is replaced by a finite weighted sum:

∫∫

S
dx dy =⇒

N∑

i=1

ρiSi (8)
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where ρi is the coherence of the measured data at each point (ρi = 1 if the coherence is not available) and
Si is an estimation of the surface around the point i.

IWC(k, γ, θ) =
|∑N

i=1 ŵ(xi, yi) · σ̂∗k,γ,θ(xi, yi)Si|√∑N
i=1|ŵ(xi, yi)|2Si ·

∑N
i=1|σ̂k,γ,θ(xi, yi)|2Si

(9)

Considering the well-known relationships between arcs and angles, and the transformation from the Carte-
sian coordinates reference system to the cylindrical one, the IWC method can be applied also on curved
structure. Moving from the couple of coordinates (x, y) to the couple of coordinates (x, ϕ) and taking in
account the circumferential wavenumber (Eq. (10)) instead of the one along the y axis, the new formulation
of the IWC method can be easily developed.

kθ = kxR = kx
∆x

∆θ
(10)

where ∆θ is the angular distance.

In this work, the IWC method is implemented in MATLAB, for both reference systems.

3 Numerical applications and results

In this section, the methods previously explained are applied to a flat (Fig. 1) and a curved (Fig. 2) panels
and to a cylindrical shell (Fig. 3). The numerical models are built using a commercial Finite Element (FE)
package. The numerical simulations of the two panels are obtained by a full FE analysis while the cylindrical
shell is analyzed with a WFEM approach.

Figure 1: Flat panel: Finite Element Model

3.1 Flat panel

The first application is made on an isotropic flat panel. The employed material is a common alloy (E =
70.0× 109 Pa, ν = 0.33 and ρ = 2700.0 kg /m3) and the geometric properties are: Lx = Ly = 1.0 m and
t = 0.001 m. The FE model of the panel is shown in Fig. 1.
The harmonic displacement field is obtained by numerical simulations using an in-home algorithm developed
in MATLAB. The displacement field is calculated for different locations of the harmonic punctual excitation;
in the specific case hereby shown, the force is located in the middle of the plate, on the bottom surface. The
normal displacements are then extracted and used as primary input for the FFT and IWC calculations. All the
simulations were performed considering with free-free boundary conditions. A constant structural damping
is assumed and fixed at 1%; the dynamic matrix has the following expression: D = K(1 + iη)−ω2M . The
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Figure 2: Curved panel: Finite Element Model

Figure 3: Cylinder: Finite Element Model

excitation covered a relatively large frequency broadband: from 50 Hz to 1200 Hz.
Two different frequencies are shown in Fig. 4; in Fig. 4a and 4b the normal displacement fields are shown.
These displacements are used both in the FFT and IWC method, in order to obtain the wavenumber domain;
the k-space plots at these two different frequencies are shown in Fig. 4c and 4d, respectively. In these two
figures, a perfect agreement in the peaks estimation is obtained between the two methods. At each heading
angle of the inhomogeneous wave, the IWC method estimated the same value of (kx, ky) obtained with the
FFT, predicting the classical ring shape expected for the isotropic panel.

3.2 Curved panel

In this section, the previous methods are applied on a curved panel. The employed material is a common
alloy (E = 70.0× 109 Pa, ν = 0.33 and ρ = 2700.0 kg /m3) and the geometric properties are: Lx = 1.0 m,
R = 0.5 m and t = 0.002 m. The FE model of the curved panel is shown in Fig. 2. The FE model
of the structure is assembled in a commercial FE software and the dynamic analysis is computed using
an in-home algorithm developed in MATLAB. The excitation is punctual and located in the middle of the
structure, normal to the inner surface; this location has been selected in order to excite many natural modes as
possible. The forced responses and the wavenumber domain at two different frequencies are shown in Fig. 6.
The transversal displacement field is obtained by projecting the displacement at each point from the global
reference system of the structure into the local one; the out-of-plane displacements are shown in Fig. 6a and
6b, for the two considered frequencies.
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Figure 4: Flat panel: displacement field and wavenumber estimation at two different frequencies
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Figure 6: Curved panel: displacement field and wavenumber estimation at two different frequencies

3.3 Cylindrical shell

The last structure that has been investigated is a cylindrical shell. The cylinder is made of a classical isotropic
alloy (E = 70.0× 109 Pa, ν = 0.33 and ρ = 2700.0 kg /m3) and the geometric properties are: Lx = 1.2 m,
R = 0.35 m and t = 0.0147 m. The FE model of the cylinder is shown in Fig. 3. The FE model of the
cylinder is built same as in the previous sections. The full displacement field is obtained implementing
the WFEM. The harmonic excitation is located on the inner surface of the cylinder, locally normal to the
surface and oriented along the radial direction. The normal displacement field and the wavenumber domain
at two different frequencies are shown in Fig. 7. The normal displacement field is obtained by projecting the
displacement of each node in the local reference system.

4 Conclusions

This paper compares two wavenumber identification techniques manly devoted to the the measurement of
the dispersion of the bending waves in different structures. The IWC method shows a good agreement with
the classical FFT approach and with the Kircchoff-Love theory in the estimation of the k-space and of the
flexural dispersion curve.
The IWC method is also applied to curved and axial-symmetric structures, showing a good agreement with

VIBRO-ACOUSTIC OF PERIODIC MEDIA 4633



-0.4

-0.2

0.2

0

1.5

z

0.2

y

0 1

x

0.4

-0.2 0.5

-0.4 0

(a) 3D displacement field at 735.0Hz.

-0.4

-0.2

0.2

0

1.5

z

0.2

y

0 1

x

0.4

-0.2 0.5

-0.4 0

(b) 3D displacement field at 4100.0Hz.

(c) Comparison FFT-IWC at 735.0Hz. (d) Comparison FFT-IWC at 4100.0Hz.

Figure 7: Cylinder: displacement field and wavenumber estimation at two different frequencies

the classical FFT approach, predicting the complex wavenumber at a fixed frequency and identifying the
complete θ-dependent dispersion curve; the classical 8-shape is also well identified, with a good estimation
of the maxima in the wavenumber domain at different heading angles of the inhomogeneous wave. In the
IWC algorithm, the introduction of the attenuation coefficient γ (with the associated damping loss factor
coefficient) offers the possibility to separate near-field from far-field, reducing the effect of the finite size of
the structures; the algorithm allows to identify and remove the wavenumbers with the imaginary part greater
than the real part, which are associated to the near-field propagation and exhibiting a high apparent loss
factor.
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Abstract
In recent years, extensive research has been carried out on dynamic homogenization approaches. Most of
them are based on an analytical formulation of the equivalent medium and their validity is limited to low
frequencies and avalibilty of a dynamic description of the heterogonous medium. In this paper, a two-step
homogenization method is developed to derive a frequency dependent equivalent medium description for
one-dimensional periodic systems. The first step focuses on the numerical calculation of the transmission
and reflection coefficients at the interface of the unit cell of the original system and its equivalent medium
representation. The second step is based on simultaneously minimising the reflection coefficients and max-
imising the transmission coefficients at the interface of the structure and its equivalent medium to retrieve
the effective frequency dependent material properties. The method is validated by comparing the dispersion
curves of a three-dimensional periodic tuned mass spring damper system and its equivalent model.

1 Introduction

Over the past decades, there has been extensive research on how waves propagate in metamaterials given their
interesting properties such as stopband behavior in some targeted and tunable frequency ranges [1] which
can be used to improve noise, vibration and harshness (NVH) behavior of lightweight material. Stopbands
are frequency ranges in which certain types of waves cannot propagat and originate from interference caused
by Bragg scattering (phononic crystals) for wavelengths of the lengthscale of the periodicity or by Fano-type
interference between incoming and radiated waves by resonant cells around their resonance fequency when
placed on a sub-wavelength scale [2].

Due to this intriguing property, there is an increasing interest in studying wave propagation in such structures.
Taking advantage of the periodicity of locally resonant metamaterials, the wave propagation in the whole
structure can be predicted by modelling a unit cell. While such an approach reduces the computation time
by far, unit cells can be complex enough to trigger the motivation to use techniques to simplify the model.
Additionally, these problems are frequency dependent and have to be solved per frequency and for each
desired angle of propagation. An example of a unit cell is given in [3], where they use a duct with 16
to 32 resonator inclusions as unit cell, resulting in a model with lots of degrees of freedom. Moreover, if
one wants to perform finite structure analysis, the whole structure needs to be modeled which results in
models with considerable amount of degrees of freedom and higher computation time. Until now, different
techniques have been developed to tackle this problem which can be divided in two groups. The first one
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applies model order reduction strategies where they focus on reducing the size of the eigenvalue problem to
be solved. In this category, recent developments by Boukadia et al.[4] can be cited where they use inverse
Bloch approach to sample over the k-space and then apply the direct Bloch approach to solve over the
sampled space resulting in a reduction factor above 1000 . The second category covers the methods that
are specified as dynamic homogenization in literature, meaning replacing the original computtentionally
expensive model with an equivalent one. A noticeable portion of these studies e.g. [5, 6, 7] are dedicated to
asymptotic techniques which aim at including the micro-scale behavior in the elasto-dynamic equation of the
system such that the solution contains both macro- and micro-scale components. These techniques are based
on the main assumption that the characteristic length of the unit cell is much smaller than the wavelength
in the medium. Although asymptotic techniques show a considerable amount of advantages, especially for
Bragg scattering based metamaterials, they are weak in capturing the locally resonant metamaterial behavior
since no closed analytical description is available for all the cases. More homogenization techniques can be
found in literature such as Ensemble averaging [8] and Coherent Potential Approximation (CPA) [9]. The
former technique, which was developed by Willis [10], yields exactly the whole dispersion curve but is only
valid in low frequencies.Willis [10] considered an effective (average) response that relates the effective stress
and momentum to effective strain and velocity of a medium under certain harmonic wave. The medium can
be random or periodic [11], so the mean value of the elastic constant tensor is calculated accordingly using
ensemble averaging definition. The later method (CPA) is an effective medium theory which goes beyond
the quasi-static limit in metametrials and retrieves effective material properties in frequencies which are near
the resonance frequency. Wu et al. [9] consider a cylindrical scatterer embedded in a solid host medium as
their unit cell. Assuming that the unit cell is surrounded by an effective medium, they minimize the reflection
at the interface to retrieve the effective material properties. The reason behind choosing such a system is that
they can use the Mie-like scattering coefficients to determine frequency-dependent effective properties. The
limitation of such a method is that firstly they can only compute the effective medium for systems that they
have an analytical description for their scattering coefficients and secondly the wavelengths in both host and
effective medium should be much larger than the size of the unit cell.

The limitation to a certain frequency range and dynamic description of the system in the stated methods,
motivated the proposed approach of this paper that can compute effective frequency-dependent material
properties based on finite element model of the unit cell. The diffusion based homogenization uses the CPA
approach to calculate the equivalent material properties. The key point is to use the Diffusion method [12]
to calculate the scattering coefficients numerically, therefore not being bound to certain geometries for the
structure of the unit cell.

This paper is organized as follows. Section 2 explains the diffusion based homogenization methodology
in detail. In Section 3, a case study is described and the homogenization results are shown in terms of
dispersion curve and frequency response function (FRF) calculation. Furthermore, critical factors influencing
the accuracy of the method are discussed. The paper concludes with a main summary in Section 4.

2 Methodology

This section consists of two parts. In the first part, a brief overview of wave finite element method for
1D waveguides and the Diffusion method are given. In the last part, a detailed description is provided on
the combination of the CPA and the Diffusion method which is named the diffusion based homogenization
method.

2.1 Wave Finite Element (WFE) for 1D waveguides

The method focuses on how wave propagates through a 1D periodic structure modelling only a single unit
cell [13]. Let’s consider a structure consisting of N unit cells along one direction (for example the z-axis)
and its finite element model of the kth unit cell as shown in Figure 1. The boundaries at the right(•R) and
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left(•L) side of the unit cell can be discretized in n degrees of freedom. Therefore, the field variables of the
boundaries can be written as below:

Figure 1: Schematic view a 1D periodic structure and its unit cell
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, (1)

where q corresponds to the n× 1 vectors of displacements and F corresponds to the n× 1 vectors of forces.
Writing the equation of motion and by performing some mathematical manipulations, the field variables at
the right boundaries can be linked to the ones of the left boundary:
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This can be reprented as:
u
(k)
R = S(k)u

(k)
L , (3)

with S(k) being the transfer matrix of the kth unit cell.
In (2), D is the condensed dynamic stiffness matrix, defined as:

D(k)

{
q
(k)
L

q
(k)
R

}
=

{
F
(k)
L

F
(k)
R

}
with D(k) = K(k) + jωC(k) − ω2M(k). (4)

Using the coupling condition at the interface of the kth and (k − 1)th unit cells, the field variables of two
consecutive cells can be related as follows:

u
(k)
L = u

(k−1)
R . (5)

Subsituting the relation above in (3), we can arrive at:

u
(k)
L = S(k−1)u

(k−1)
L . (6)

Applying the Bloch boundary condition, the left side field variables at two consecutive unit cells can be re-
lated to each other using a propagation constant (µ) that accounts for the phase change over the characteristic
length of unit cell:

u
(k)
L = µu

(k−1)
L , (7)

which in combination with (6) gives the following eigenvalue problem(EVP):

Sφi = µiφi. (8)
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Where φi is the ith eigenvector , and is the basis of the field variables at each side e.g. u
(k)
L = φQ(k),

u
(k)
R = φQ(k+1) .

The EVP above yields 2n solutions, of which half represent positive going waves and the other half describe
negative going waves. The positive(•+) and negative(•−) going waves can be separated using the criteria
below:

|µ+| < 1 |µ−| > 1. (9)

If the propagation constant is very close to 1, the waves can be separated using energy flow.

if |µ+| ≈ 1 Re(jωφq.φF ) > 0. (10)

Separating the waves, we can reorganize the wave basis in form of:

Ψ =

[
φ+
q φ−

q

φ+
F φ−

F

]
. (11)

It is worth mentioning that the EVP above is ill-conditioned, and Zhong and Williams [14] proposed several
reformulation to solve this problem. As a result, the EVP is altered to:

(N− µiL)
{

q
(k)
L

q
(k)
R

}
= 0. (12)

The description of N and L can be found in [15].

2.2 Diffusion method

This method [12] investigates wave propagation through two waveguides coupled to an elastic junction (cou-
pling element). A schematic view of such system is shown in Figure 2. Using continuity, one can easily

Figure 2: Schematic view of two semi-infinite waveguides coupled through a junction

relate the field variables at the right boundary of the last unit cell in waveguide (1) to the left boundary field
variables of the coupling element:

u
(1)
R = u

(c)
L . (13)

Using the same concept for the field variables at the right side of the coupling element, we can write:

u
(c)
R = u

(2)
L . (14)

Substituting these in the equation of motion of the coupling element, we can relate the field variables at the
interface boundaries of the two waveguides.

u
(2)
L = S(c)u

(1)
R , (15)
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where S(c) is the transfer matrix of the coupling element. Now let’s consider incident waves with certain
amplitude at interface of waveguide (1) and coupling element (Q(1)

inc) or at the interface of waveguide (2) and
the coupling element (Q(2)

ref ). The field variables at each interface can be expanded as:

u
(2)
L = Ψ(2)

[
Q

(2)
inc

Q
(2)
ref

]
, u

(1)
R = Ψ(1)

[
Q

(1)
inc

Q
(1)
ref

]
. (16)

In the equation above, Q
(1)
ref and Q

(2)
inc represent the amplitude of reflected waves at the interface (1) and the

amplitude of transmitted waves at the interface (2). Knowing the wave basis of each waveguide, the coupling
equation, which gives the amplitude of the reflected and transmitted waves at the interfaces, is derived:

S(c)Ψ(1)

[
Q

(1)
inc

Q
(1)
ref

]
= Ψ(2)

[
Q

(2)
inc

Q
(2)
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]
, (17)

which can be reformulated as:

(Ψ(2))−1S(c)Ψ(1)

[
Q

(1)
inc

Q
(1)
ref

]
=

[
Q

(2)
inc

Q
(2)
ref

]
. (18)

2.3 Difussion based homogenization method

The diffusion based homogenization method uses the concept behind CPA, and simultaneously applies the
Diffusion method to be able to retrieve equivalent material properties for any given unit cell of which only
the finite element model is available.
The unit cell of the waveguide to be homogenized is called the original unit cell original UC). Now two
identical waveguides constructed from the same original unit cell are connected through a junction which is
called the equivalent coupling element, see Figure 3.

Figure 3: The configuration in which the coupling element is embedded between the targeted waveguides

Assuming that the coupling element is equivalent to the waveguide, an incoming wave with a given amplitude
should be transmitted completely and have no reflection. Therefore, the equivalent material properties can
be computed by minimizing the reflection and maximizing the transmission coefficients.
Rewriting the coupling equation for the system of Figure 3 and considering incident waves of unit amplitude
from left hand side and no incident wave from the right hand side, equation (18) becomes:

Ψ−1S(c)Ψ

[
I
R

]
=

[
T
0

]
. (19)

In the equation above the wave basis is fixed, therefore the reflection and the transmission coefficients only
depend on S(c) which contains the material properties of equivalent coupling element.
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As mentioned before the S(c) matrix is not well-conditioned so we propose here another method to calculate
it such that conditioning is improved, see Appendix A :

S(c) = A−1B with A =

[
D

(c)
LR On

D
(c)
RR In

]
, and B =

[
−D

(c)
LL In

−D
(c)
RL On

]
. (20)

The target function for the optimization scheme is defined as follows:

f(p) = ||PT
out ∗T ∗Pin −PT

out ∗T0 ∗Pin||2 + ||PT
out ∗R ∗Pin||2, (21)

where Pin defines which type of waves are excited, while Pout defines for which type of the waves, the
material properties are optimized. And with T0 = (µ+)

Lc
L describing the transmission coefficients matrix

accounting for the difference in phase due to difference in unit cell size.

2.3.1 Model order reduction as wave basis selection scheme

If we look at equation (19), we notice that in order to calculate transmission and reflection coefficients,
the wave basis should be well-conditioned. However, accounting for highly evanescent waves results in an
ill-conditioned wave basis. To tackle this problem, the WFE method can be enriched with a model order
reduction step, which contains the part of the wave basis with the relevant wave types, excluding the, not-
required, highly evanescent waves.
The method used here for model order reduction is explained in [16] where they use part of the calculated
wave basis at each frequency as the reduction basis to truncate the degrees of freedom to a reduced set of
degrees of freedom:

{
qL

qR

}
=
[
Θred Θred

]{qLsub

qRsub

}
, (22)

where Θred is a 2n × nred submatrix of the wave basis(φ) with nred being the number of sub-modes con-
sidered in the reduction basis. Defining the truncated degrees of freedom as shown in (22), the dynamic
stiffness matrix of the reduced set can be written as:

Dred =
[
Θred Θred

]T
[
DLL DLR

DRL DRR

] [
Θred Θred

]
. (23)

The reduction method above is applied in two parts of the diffusion based homogenization method. First
in the wave basis calculation of the original unit cell e.g. in equation (12). Second in the reduction of the
dynamic stiffness matrix of the equivalent coupling element to match the number of the degrees of freedom
of the equivalent coupling element and the original unit cell at the interfaces in equation (18).

3 Results and discussion

In this section the proposed method is evaluated on a case study. After evaluating the method on material
identification of an isotropic homogenize beam and matching the shear, longitudinal, and bending behavior
of the original beam with its equivalent model, a periodic beam with added TVAs is examined and discussed
in this paper to verify the possibility of capturing more complex dynamic behavior, for instance stopband
behavior.

A beam with added TVAs is one of the examples of locally resonant metamaterial structures often inves-
tigated in research. From an NVH perspective the out-of-plane bending motion is the most relevant since
this wave couples to acoustic waves causing the structure to radiate noise. Consequently the main interest in
the example given in this section is to duplicate as accurately as possible the out-of-plane bending behavior

4642 PROCEEDINGS OF ISMA2018 AND USD2018



using a homogenized equivalent model by optimising to two parameters: equivalent density and hysteresis
damping.

This section is divided into four sub-sections. The first one describes the proposed example in detail, while
the second one focuses on the importance and effect of wave type selection. To fully asses the proposed
method and the effect of wave type selection, the dispersion curve of the the beam with TVAs(original UC)
is compared with its homogenized models. The next sub-section higlights the advantage of the method, when
finite structure analysis is considered. At last, homogenization variables are studied in the forth section, and
the relation of the converged values for each variable with dynamic behavior is described.

3.1 Problem description

In this example an aluminum beam with added TVAs is investigated. The configuration used in the homog-
enization scheme including the finite element model of the original unit cell and the coupling element is
shown in Figure 4. Both unit cells are meshed using CHEXA8 elements, and the TVAs are modeled using a
Celas1 element with translation stiffness along x-axis. The material properties, dimensions of the unit cell,
and characteristics of the TVAs are given in the tables 1 and 2.
Moreover, an unconstrained gradient free optimization in MATLAB and Optimization Toolbox Release
2016b is used to derive the material properties. The optimization variables are the density (ρ,) and the
hysteresis damping (η).

Youngs modulus Poissons ratio Density Dimension Hysteresis damping
68.9GPa 0.27 2700kg/m3 25× 25× 50mm 0.01

Table 1: Material properties of the beam and its unit cell dimension

Added mass Tuned frequency Hysteresis damping
0.2mUC 200 Hz 0.001

Table 2: Characteristics of TVAs

Figure 4: Finite element model of the beam with TVA and the coupling element

3.2 Influence of wave type selection

Due to the application of the considered system for NVH mitigation, the focus lies on matching the out-
of-plane behavior of the beam with its equivalent model. Therefore, this section, which is divided in two
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parts, is dedicated to investigating the effect of wave type selection on the accuracy of matching a wave type
behavior. The first part evaluates the importance of using the wave basis reduction method, while the second
one explains the impact of the correction matrices Pin and Pout on the optimization convergancy.

As mentioned earlier, in the coupling equation (equation (19)) the inverse of the wave basis is used, so the
condition number of the wave basis is an important factor in the optimization process. Moreover, since in
this example a certain wave type (bending mode) is targeted to be duplicated, it is necessary to distinguish
between critical and unessential dynamics to be included in the homogenized model.
Therefore, a propagation ratio, which is the ratio between the real part of the wavenumber and the imaginary
part of the wavenumber, is introduced as a strategy to choose reduction basis. The wave types are sorted
according to the propagation ratio and the first desired number of the wave types with highest value of
propagation ratio are chosen as reduction basis.
To prove this point, firstly the condition number of the complete wave basis over the frequency range is
compared to the condition number of the reduced wave bases with different sizes in Figure 5. Looking at
Figure 5, it is easy to realize that the inverse of the complete wave basis is very close to a singular matrix.
As a result, a very high error in scattering coefficients calculation is expected, which is the reason behind
complete failure of the optimization using the complete wave basis. Secondly, the dispersion curves of the
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Figure 5: Condition number of the wave basis over frequency for different reduction bases

equivalent models obtained using different reduced wave bases are compared with the original UC dispersion
curves in Figure 6. Moreover, To better undestand the difference in convergency accuracy, the relative error
of both real and imaginary part of the wavenumbers between the original UC and the models with 10 and 4
modes as reduction basis, is shown in Figure 7, which proves the importance of the wave basis reduction in
the optimisation process on the aspect of accuracy. Furthermore, the size of the equation to be solved at each
iteration of the optimisation is reduced which results in computation time reduction.
Figure 6d shows a good agreement for both imaginary and real part of the wavenumber with a maximum
relative error of 2% for the real part and 20% percent for the imaginary part in the stopband and mean value
of 0.1% error for the real part and mean value of 2% for the imaginary one. It is expected that the higher
error in the stopband is cause by the fact that higher order evanescent waves contribute to the behavior in this
frequency zone which are not accounted for in this method due to the condition number of the wave basis.

In the next part, the effect of Pin and Pout on the optimization is evaluated by comparing two cases. In the
first case all wave types are excited and the scattering coefficients of all wave types are optimised (Pin = I
and Pout = I), while in the second case only the bending wave around x-axis is excited and the scattering
coefficients corresponding to the same wave type are optimised, which means only diagonal indices related
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to the desired bending mode is non-zero in the Pin and Pout matrices. The dispersion curves of the equiva-
lent model of these two case are compared to dispersion curves of the original UC in Figure 8.
It is worth mentioning that since in the previous part it was proven that considering only the first four prop-
agating modes, which include shear, longitudinal, and two bending waves along two axis (x- and y-axis), is
the best choice, in both of these cases the same reduced wave basis is chosen.
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Figure 6: Dispersion curve comparison between the beam with TVAs and its equivalent model obtained
using the first (a) 100 modes, (b) 50 modes, (c) 10 modes, (d) 4 modes of the wave basis as the reduction
basis
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Figure 7: Relative error between the dispersion curves of the original UC and its equivalent model obtained
using the first (a) 10 modes, (b) 4 modes of the the wave basis as the reduction basis
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Figure 8: Dispersion curve comparison between the beam with TVAs and its equivalent model obtained
exciting and optimizing all wave types (left), and exciting and optimizing only bending wave (right)

3.3 FRF analysis

In this section, the advantage of the diffusion based homogenization method when going to finite or semi-
finite structures is evaluated by comparing the FRF of a semi-infinite beam constructed from the original UC
and excited at its free end in out-of-plane direction to the FRF of a semi-infinite beam made by extension of
the homogenized UC. In the Figure 9, the FRF of the semi-infinite beam with response location at 3,6,10,
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and 20 (N ) unit cells from the free edge is shown. Since the length of the original unit cell (L) is different
from the homogenized unit cell (Lc), the number of homogenized unit cells (Nc) to have the same response
location is calculated by scalingN i.e. Nc =

L
Lc
N .
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Figure 9: FRF of semi-infinite beam compared to its homogenized model at different response location

The TVA resonance frequency at 200 Hz is noticeable in both models, while some dips appear at both low
and high frequencies when the response location is taken further away. These dips refer to nodal points and
to clarify, the vibration pattern at some of these frequencies (the marked frequencies in Figure 9) are shown
in Figure 10.
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Figure 10: Vibration pattern of semi-infinite beam excited at its free end (black arrow) at 118.5Hz (top),
200Hz (middle), and 442.7 Hz (bottom). The pink arrow corresponds to the response location shown in
Figure 9
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3.4 Homogenization variable study

This section explains the physical meaning behind the converged values of the homogenization variables.
The first variable is the equivalent density. It should be noted that these values cannot be compared to the
nominal density of the beam (static mass). Instead the evaluation should be between the dynamic mass[17]
and the equivalent densitiy resulting from the homogenization approach since the procedure used here is a
dynamic homogenization. In this case, before the resonance frequency the structure behaves such that the
mass is very high which explains no wave propagating at this frequency. Moreover, after the resonance
frequency it behaves like the structure has a negative mass which is caused by the out-of-phase motion of the
resonators and the host structure. This behavior can be noticed clearly in Figure 11. All values in Figure 11
are divided by static density of the host structure (ρ = 2700kg/m3). To have a better view, the density of the
host structure and the TVA (ρtot = 1.2ρ) is plotted as well in Figure 11. Looking more closely at the Figure
11, two extremes are noticed which do not fit well with the dynamic density, that can be explained by the fact
that the definition of the dynamic density given in [17] already takes into account the effect of damping in the
resonator, whereas in the model of this paper, damping is added separately through the equivalent damping
parameter. Therefore, causing the extremes of dynamic density to be pushed down.
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Figure 11: Dynamic mass and the converged value of density in the homogenization

The next variable is the equivalent hysteresis damping which represent the host structure’s damping outside
the stopband and the attenuation in the stopband. As a result, it is expected that inside the stopband higher
value of equivalent damping is obtained, see Figure 12.

4648 PROCEEDINGS OF ISMA2018 AND USD2018



0 50 100 150 200 250 300 350 400 450 500

f [Hz]

0

0.05

0.1

0.15

0.2

0.25

eq

Figure 12: Absolute value of converged damping loss factor in the homogenization

4 Conclusion

This paper presents a computational homogenization approach for 1D periodic waveguides based on the
finite element model of its unit cell. The homogenization strategy uses the Coherent Potential Approxima-
tion theory combined with the Diffusion method. Therefore, in this method the scattering coefficients are
minimised at the interface of an equivalent coupling element embedded between two identical waveguides.
Using the Diffusion method, the scattering coefficients can be calculated numerically which is one of the
advantages of this method with respect to the others available in the literature. In this paper a beam with
added TVAs was chosen to prove the ability of the method to capture complex dynamic behavior such as
stopband behavior. Since one of the applications of locally resonant structures is NVH problems, where
the out-of-plane behavior is of interest, a wave type selection scheme is proposed to capture the complex
behavior as accuratly as possible with the most simple model possible i.e. isotropic homogenize medium. It
was shown in the paper that this simple model is able to represent the original model with good accuracy in
both unit cell analysis and FRF analysis which highlights the advantage of this model. Using such simple
model is the trade off between capturing all possible behaviors i.e. longitudinal, shear, and bending behavior
with more complex models and capturing the most dominant behavior in the problem setting, for example
bending motion in NVH context, accurately with a very simple model.
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Appendix A Transfer matrix condition number

To demonstrate the improvement in the conditioning of the S matrix with new formulation proposed in
this paper (equation (20)), the condition number of the transfer matrix of the beam with TVAs with both
formulations is demonstrated over frequency, see Figure 13.
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Abstract 
In this paper, we focus on multi-layer core topology systems which consists in piling up layers made by 

different kind of cores and offers innovative solutions to periodic structures design. The main objective of 

this study is to analyze the phenomena occurring in these multilayer core topologies, and then compare the 

numerical models with experimental measurements while the effects of the phase shift on the STL will be 

investigated. The model is implemented using MATLAB and ANSYS apdl. The mass of the unit cell is 

taken as constraints to eliminate its influence on the STL and the compression modulus is calculated to 

verify the mechanical properties. To perform the experimental measurements, the samples are designed with 

CATIA and then made by an industrial 3D printer using the fused deposed model technic. An impedance 

tube is used to measure the STL and compare with the vibroacoustic phenomena. 

1 Introduction 

A great challenge of these last decades is to make lightweight structures with efficient acoustical and 

mechanical performances for many industrial applications (aeronautics, aerospace, building construction, 

automotive, …). Sandwich panels with laminates, composite structures as well as porous media have been 

developed to propose new solutions. Alternatively, periodic structures are widely used in aerospace industry 

since the stiffness to weight ratio is low. In terms of mechanical properties, the rigidity of the core enhances 

the tensile and compression modulus of the whole structure. The core geometry creates an anisotropic 

material with several main directions. Under wave excitations and at some frequencies it will make occur 

specific characteristics of the structure. Periodic structures can be easily characterized by the unit cell and 

many models can be applied to investigate their vibroacoustic properties.  

The principle of the wave method firstly explained in [1] has been implemented using Finite Element 

Method and became the Wave Finite Element Method (WFEM) described in [2] for 1D and 2D periodicity. 

Analytical formulation combined with homogenized formulation can be used to determine the Sound 

Transmission Loss as it is done in [3] using the k-space obtained with the WFEM. Nevertheless, it is limited 

in terms of structure complexity due to the use of homogenized method. Besides, another approach using 

the Transfer Matrix Method ([4]) is proposed in [5] and reduce drastically the computational cost. In [6], 

the method is based on nodal surfaces and uses a simple formulation to obtain the acoustic properties. 

Similarly, [7] manipulates the shape functions associated with the displacement of the panel to develop the 

formulation to obtain the acoustic properties. Recently, the wave-based method has been used in [8] 

allowing to model any kind of acoustic excitations.  
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By exploiting these models, the study of design space is done by changing the geometry of the core and by 

analyzing the influence on the STL. In [9, 10], by computing a parametric survey as well as an optimization, 

they showed that modifying the shape of the core can improve the sound properties or by altering some 

parameters of the core and keeping the same geometry, leading to the possibility to optimize the structure. 

These effects have been investigated in [11, 12] as well. In [13], several core geometries (rectangular, 

triangular, hexagonal, …) are compared to optimize the transition frequency, corresponding to a 

vibroacoustic indicators. 

Concerning multi-layer systems, [14, 15, 16, 17, 18, 19] have exploited the way to pill up several layers 

made of corrugated cores. These studies were mainly restricted for vibration and mechanical properties. In 

[20], the experimental measurement indicated the efficiency of a double-layer honeycomb panel compared 

to a single-layer especially in low frequency. 

 

In this paper, a sandwich panel will be studied. By shifting the unit cell, it will offer the possibility to obtain 

a multi-layer that will be investigated in terms of mechanical and acoustic properties. Results will be 

validated by experimental measurements to conclude on the efficiency of making this type of structure. 

2 Model 

A sandwich panel with a standard rectangular core is used as a reference result. The principle is to make the 

new geometry by shifting a third of the unit cell in two directions x and y as illustrated in the Fig.1. This 

layout allows to keep the mass of the unit cell constant. The total thickness of the unit cell is 24 mm (y-

direction), 15 mm in the x-direction and 15 mm in the z-direction. The thickness of the skins is 2 mm and 

the thickness of the core is 0,7 mm.  

The following sandwich panels are made of ABS with E = 1,6 x 109 Pa, ρ = 985 kg/m3 and ν = 0,33. The 

damping η is evaluated at 2 %. Theses values were obtained by characterizing the material. 

 

A finite element analysis is made with the commercial software Ansys apdl. SHELL181 with a size of  

1 mm is used to build the finite element model shown in Fig. 1.   

 

    

a)   b)   c) 

 

Figure 1 : a) Standard; b) x-Shift c) xy-Shift 
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2.1 Sound Transmission Loss 

The studied structure is excited by normal incident waves considered as plane waves. It is then divided in 

three kind of acoustic plane waves: the reflected, the absorbed and the transmitted waves. The sandwich 

panel separates two semi-infinite fluids with ρ0 = 1,25 kg/m3 and c0 = 343,6 m/s. 
Finally, the Sound Transmission Loss (STL) is obtained using the Eq.1: 

  = 10log10 i

t

W
STL

W

 
 
 

 (1) 

The method developed in [6] uses the following assumptions:  

• The structure is assumed as an infinite panel. 

• Only real wavenumbers are considered. 

• The structure is excited by plane waves. 

• The angles of incidence and reflection are equal. 

 

A modal analysis is performed with Ansys apdl with free boundary conditions. The stiffness and mass matrix 

are extracted from the unit cell and allow to calculate the dynamic stiffness. The WFEM is then used to 

apply the Bloch-Floquet theory. The displacement on the incident and transmitted side and the external 

forces applied on the structure are linked with the dynamic stiffness and yields to Eq. 2: 

 
ii it i i

ti tt t t

b b u e

b b u e

     
    

     
 (2) 

with ui and ut the node displacement on the incident and transmitted side whereas ei and et are the external 

forces applied on the structure, respectively. 

Considering the nodal surfaces of the incident and transmitted side (called Si and St) of the unit cell, the 

external forces applied on the nodes can be rewritten as the product of the nodal surfaces multiply by the 

pressure evaluated on the node. 

 

The continuity of normal particle velocity at the interfaces gives: 
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 (3) 

ky propagative constant in z-direction, pi, pr and pt the incident pressure, the reflected and the transmitted 

wave, respectively. 

 

Then, a matrix equation between the acoustic pressures of each side is obtained and becomes: 
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 (4) 

Consequently, by solving the Eq. 4 the reflected and transmitted pressures are known and allow to calculate 

the STL. It is easy to implement the methodology with MATLAB since it consists on solving a matrix 

equation. 

This method is applied for the three geometries and compared on the following Fig. 2. The frequency range 

is chosen from 100 Hz to 1600 Hz corresponding to the valid frequency range of the impedance tube. 
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Figure 2 : Comparison of the Sound Transmission Loss of three sandwich panels made of three different 

unit cell 

 

It is occurred that shifting the core improves the sound transmission loss and shifts the coincidence 

frequency to higher frequencies. The low mass is kept for a larger frequency band. The x-shift sample turns 

out being the best layout with the best acoustic performances. Indeed, the more the coincidence frequency 

will be in higher frequencies the more the structure will be efficient and reliable in terms of sound 

transmission loss. Finally, it seems that the shift in y-direction decrease the acoustic efficiency of the 

sandwich panel.  

2.2 Compression Modulus 

Since the geometry of the core changes, it has been chosen to calculate the compression modulus as a 

relevant indicator to verify the mechanical properties of the sandwich panel. The same boundary conditions 

as a compression machine are applied:  

1. only the displacement in y-direction is free 

2. A unit force is applied on the top skin 

3. All nodes of the top skin are constraint to have the same displacement.  

 

The commercial software Ansys apdl and CATIA are used to model the unit cell. SHELL181 is still used 

with Ansys apdl whereas Solid Elements are chosen for CATIA. The finite element models are illustrated 

in Fig. 3 and the result obtained shown in Table 1. 
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 (a)  (b) 

Figure 3 : Finite element model a) Ansys apdl b) CATIA 

 

 Ansys apdl (MPa) CATIA (MPa) 

Standard 2,3 x 105 5,7 x 107 

x - Shift 6,77 x 106 1,08 x 108 

xy - Shift 7,3 x 105 6,94 x 107 

 

Table 1 : Calculation of the compression modulus 

 

The differences between the two software could be mainly due to the element used since with solid elements 

the physics is better captured and closer to the reality. Nevertheless, the conclusion remains the same for 

both simulations: the x-Shift sample occurs to have the highest compression modulus. Indeed, adding the 

phase shift lead to well distribute the load on the skins and increase the rigidity of the whole sandwich panel. 

Shifting the unit cell in the y-direction creates nodes contact at some locations and drastically decrease the 

compression modulus. 

Finally, the x-Shift sample appears to be the optimize structure to obtain the best acoustic and mechanical 

performances and keeping the mass constant. These results still need to be validated by measurements. 

3 Experimental Measurements 

3.1 Impedance tube  

The experimental measurements were performed to verify the efficiency of the optimize structure as 

expected from the modeling part. A four microphones B&K standard wave tube (Fig. 4) with the two loads 

method was used. The loudspeaker is located at the end of the tube generating a random noise signal in the 

frequency range from 200 Hz to 1600 Hz. The B&K 4206 large tube with a diameter of 100 mm was chosen. 

The frequency response functions are measured with the four microphones and all transfer functions are 

computed. Two measurements are needed to calculate the sound transmission loss: 

1. Measurement with an open tube termination 

2. Measurement with an anechoic termination made using 4 standards sound absorbing samples with 

a 100 mm depth in total. 
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Figure 4 : Impedance tube (B&K) 

3.2 Manufacturing process using the 3D printing technic 

Both samples were made using a the FORTUS 250, a 3D printer using the fused deposed model technic 

making the structure layer by layer. The 3D printer can add two kinds of matter: the model material, 

corresponding to the material of the structure, and the support material helping to build the structure, but 

which will be removed after immerging the structure inside a solution.  

The samples were firstly designed with CATIA and then preprocessed using INSIGHT as illustrated in  

Fig. 4. To improve the quality of the structure it is needed to add the support material. The thickness of the 

deposed rob is 0.3556 mm while the thickness of each layer is 0.1778 mm. 

 

 

(a) 

 

(b) 

Figure 5 : (a) Samples designed using CATIA (b) Preprocessing using INSIGHT 

 

The final samples are shown in Fig. 6. Since the structure is rigid and it is difficult to accurately reach  

100 mm to fit inside the tube, it has been chosen to manufacture the sample with a diameter of 97 mm to 

overcome the uncertainty of the manufacturing process. Then, to set up the sample inside the tube, a circular 

joint made of rubber and scotch tape (Fig. 7) was made to avoid air leakage.  
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Figure 6 : Printed samples 

 

 

Figure 7 : Joint made of rubber and scotch tape 

 

The weight of both samples was measured and listed in Table 2. 

 

 Without rubber joint With rubber joint 

Standard 47,29 g 69,93 g 

x - Shift 47,80 g 68,72 g 

 

Table 2: Samples weigth 

 

Without the joint the difference between both samples is 1 % while adding the joint it reaches 1,7 %. These 

differences are neglectable and will not affect the mass low corresponding to low frequencies.   
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3.3 Results 

The obtained result with the impedance tube are shown in Fig. 8. Three measurements were done with the 

standard case to verify the repeatability. As it was expected the x-Shift sample reveals the best acoustic 

performance. Before 1000 Hz, the difference is mainly due to the boundary conditions that are not perfectly 

respected and experimental conditions including measuring errors by microphones. After 1000 Hz, the  

x-Shift shows a great efficiency and reaches more than 7 dB better than the standard sandwich panel.   

 

Figure 8 : Comparison of the sound transmission loss with the impedance tube (B&K) 

4 Conclusion 

This work proposes a new way to design sandwich panels creating multi-layer core topology systems. Three 

samples were designed by shifting a third of the unit cell in two directions. They were modeled under normal 

incident waves using the Wave Finite Element Method and then compared in terms of acoustic and 

mechanical properties. The sound transmission loss and the compression modulus were chosen as acoustic 

and mechanical relevant indicators.  

The model revealed the possibility to increase the compression modulus of the sandwich panel as well as 

the sound transmission loss by shifting the unit cell in the x-direction and keeping the mass constant.  

A 3D printer was used to manufacture the samples and then, a joint made of rubber was added to ensure the 

samples to fit inside the impedance tube without air leakage. The measurements were done using a Tube de 

Kundt from B&K with a diameter of 100 mm and shown the efficiency of shifting a part of the unit cell.  

Further studies can be carried out to predict the efficiency of any type of unit cells and an optimize structure 

could be obtained.  
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Abstract 
In this work, harmonic and temporal responses of structures composed of 1D periodic waveguides are 

computed using the wave finite element method framework (WFEM) in conjunction with model order 

reduction (MOR) methods. First, a model order reduction strategy at the unit cell level is introduced and 

extended to parametric model order reduction (PMOR) when the mesh does not depend of the interfaces. 

The method relies on a mode based MOR of the inner degrees of freedom of the unit cell combined with a 

wave based model order reduction of the interfaces’ degrees of freedom by projecting them on a collection 

of wave shapes obtained through the inverse approach. A first example analyses the merits of the proposed 

PMOR. A second example exploits the MOR method to analyze guided-waves interactions with a 3D defect 

in the mid-frequency domain. The proposed methodology enables the computation of highly complex and 

detailed models while providing substantial time reduction when computations were already possible. 

1 Introduction  

Wave propagation in phononic crystals and metamaterials is the center of an extensive research effort to 

create novel lightweight solutions with good vibroacoustic behavior. Indeed, They allow to control acoustic 

and elastic wave propagation thanks to a feature called band gap that correspond to frequency bands in 

which only spatially decaying waves can propagate. To study this new type of structures, methods based on 

wave propagation have been developed over the years. The Semi-Analytical Finite Element method (SAFE) 

[1] , the spectral finite element method [2], the shift cell operator method [3] and the WFEM [4] are some 

of the most popular. In particular, the last one uses classical finite element modeling of the unit cell (UC) 

and applies Floquet-Bloch boundary conditions a posteriori to obtain free wave propagation properties by 

solving a symplectic eigenvalue problem quadratic in frequency and propagation constants. The main 

advantages of the method are its relatively low implementation cost and the number of application cases  

that were developed for it [5, 6, 7, 8]. Over the years, it has proved to be a relevant method for the design 

and validation of both phononic crystals and resonant metamaterials [9] as well as a competitive tool for the 

study of coupled homogeneous and periodic waveguides. Because it rests on the resolution of an eigenvalue 

problem at each frequency of interest, its asymptotic complexity suffers when dealing with very large unit 

cells. However, classical MOR methods like Krylov subspace methods or balance truncation are not 

compatible with the WFEM because the spatial structure of the UC need to be preserved during the reduction 

process. Several methods have been developed to try and address the issue [10] [11]. This text presents some 

of the most recent techniques for model order reduction in unit cell modeling of 1D periodic structures and 

applies them to models of complex structures. 
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2 Unit Cell Modeling with the Wave Finite Element Method 

2.1 1D WFEM: Free wave propagation 

Let us consider a periodic structure composed of a unit cell (UC) that is repeated in space. To compute the 

wave propagation properties of such a structure the WFEM uses a finite element model of the unit cell 

assuming that the left and right interfaces of the UC use the same mesh and type of shape functions so that 

primal assembly between them is possible. The UC’s degrees of freedom are then partitioned in three sub-

groups. The degrees of freedom (dof) of the left interface (L), the dofs of the right interface (R) and the 

inner dofs (I). From there, two paths can be followed. One can chose a wavenumber and find the different 

frequencies and wave shapes for which such a wavenumber is relevant. This is the inverse approach. The 

second option is to choose a frequency and compute the properties of all propagative and decaying waves 

at that frequency. That is the direct approach. While the first option is generally preferred to analyze wave 

propagation properties over the irreducible Brillouin contours of 2D periodic structures, the second one 

takes precedence for most other applications. Both methods are presented below. 

2.1.1 The inverse approach 

The inverse approach starts with choosing a wavenumber 𝑘 and thus a propagation constant 𝜆 = 𝑒−𝑖𝑘𝐿 where 

𝐿 is the length of the UC in the direction of propagation. From there, Floquet-Bloch boundary conditions 

can be applied to the structure and are enforced using left and right projection matrices: 

{
𝑈𝑅 = 𝜆𝑈𝐿

𝐹𝑅 = −𝜆𝐹𝐿
         𝑃𝑈( 𝜆) = [

𝐼𝑛 0
𝜆𝐼𝑛 0
0 𝐼𝑚

]      𝑃𝐹( 𝜆) = [
𝐼𝑛

1

 𝜆
𝐼𝑛 0

0 0 𝐼𝑚

] (1) 

Modified mass, stiffness and damping matrices are then obtained: 

𝐾(𝜆) = 𝑃𝐹( 𝜆)𝐾𝑃𝑈( 𝜆), 𝑀(𝜆) = 𝑃𝐹( 𝜆)𝑀𝑃𝑈( 𝜆), 𝐶(𝜆) = 𝑃𝐹( 𝜆)𝐶𝑃𝑈( 𝜆) (2) 

Finally, wave shapes and eigenfrequencies are obtained by solving the eigenvalue problem (3): 

[𝐾(𝜆) + 𝑖𝜔𝐶(𝜆) − 𝜔2𝑀(𝜆)]ϕ = 0 (3) 

When a real wavenumber is chosen, the modified matrices are Hermitian hence the inverse approach can be 

understood as a form of modal analysis. The associated eigenvalue problem has good numerical properties 

and optimized eigenvalue solvers have been developed to solve it. 

 

2.1.2 The direct approach  

Following the opposite path, the direct approach starts by choosing the frequency of interest and forming 

the dynamic stiffness matrix: 

𝐺 = 𝐾 + 𝑖𝜔𝐶 − 𝜔2𝑀 (4) 

From there, the condensed dynamic stiffness matrix is obtained by condensing the internal degrees of 

freedom leaving only those at the interfaces as in (5): 

𝐷 = [
𝐷𝐿𝐿 𝐷𝐿𝑅

𝐷𝑅𝐿 𝐷𝑅𝑅
] = 𝐺𝐵𝐵 − 𝐺𝐵𝐼𝐺𝐼𝐼

−1𝐺𝐼𝐵 (5) 

Where the index (B) corresponds to the degrees of freedom of both left and right interfaces. This operation 

can be costly because it requires the inversion of the matrix 𝐺𝐼𝐼 at each frequency of interest. Section 3.1 

shows how this can be sped up using model order reduction. Then, wave shapes ψ and propagation constants 

𝜆 satisfying the Floquet-Bloch conditions (1) are looked for leading to the eigenvalue problem (6). 
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[
1

 𝜆
𝐷𝐿𝑅 + (𝐷𝐿𝐿 + 𝐷𝑅𝑅) + 𝜆𝐷𝑅𝐿] ψ = 0 (6) 

This eigenvalue problem is often extremely ill-conditioned but possess a symplectic structure. However, 

no mainstream eigenvalue solver was developed specifically for this class of problem. The problem (6) is 

therefore solved as a general eigenvalue problem after being put in quadratic form. To address these 

issues, another equivalent form was developed by Zhong [12] . It has better numerical properties and 

enables the use of iterative solvers when only a few solutions are desired. It should be noted that the 

solutions to the eigenvalue problem come in pairs (𝜆,
1

𝜆
) and ( ψ+, ψ−) of positive and negative going 

waves. The MOR technique presented in section 3.2 aims at reducing the computation time of the 

eigenvalue problem (6). 

2.2 Forced response of finite waveguides  

Using solutions from the direct approach, it is possible to compute the forced response of a finite periodic 

waveguide composed of 𝑁 UCs by assuming that the displacement of the p-th section take the form: 

𝑈𝑝 = Ψ+Λp𝑞+ + Ψ−Λ𝑁−𝑝𝑞− (7) 

Where 𝑞+ and 𝑞− are the amplitude coefficients for the positive and negative going waves. For free-free 

boundary conditions, the following formula is derived: 

[
𝐹0

𝐹𝑁
] = (

𝐷𝐿𝐿Ψ
+ + 𝐷𝐿𝑅Ψ+Λ 𝐷𝐿𝐿Ψ

−Λ𝑁 + 𝐷𝐿𝑅Ψ−Λ𝑁−1

𝐷𝑅𝐿Ψ
+Λ𝑁−1 + 𝐷𝑅𝑅Ψ+Λ𝑁 𝐷𝑅𝐿Ψ

−Λ + 𝐷𝑅𝑅Ψ− ) [
𝑞+

𝑞−] (8) 

Where 𝐹0 and 𝐹𝑁 are efforts applied at the waveguide’s extremities. Another formula is used to compute the 

forced response of two identical periodic waveguides coupled by an arbitrary substructure. Noting 𝐷𝑐 the 

condensed dynamic stiffness matrix of the substructure, a formula can be derived for the whole waveguide 

with free-free boundary conditions: 

(

 
 

𝐷𝐿𝐿Ψ
+ + 𝐷𝐿𝑅Ψ+Λ 𝐷𝐿𝐿Ψ

−Λ𝑁 + 𝐷𝐿𝑅Ψ−Λ𝑁−1 0 0

𝐷𝑅𝐿Ψ
+Λ𝑁−1 + (𝐷𝑅𝑅 + 𝐷𝐿𝐿

𝑐 )Ψ+Λ𝑁 𝐷𝑅𝐿Ψ
−Λ + (𝐷𝑅𝑅 + 𝐷𝐿𝐿

𝑐 )Ψ− 𝐷𝐿𝑅
𝑐 Ψ+ 𝐷𝐿𝑅

𝑐 Ψ−Λ𝑀

𝐷𝑅𝐿
𝑐 Ψ+Λ𝑁 𝐷𝑅𝐿

𝑐 Ψ− (𝐷𝑅𝑅
𝑐 + 𝐷𝐿𝐿)Ψ

+ + 𝐷𝐿𝑅Ψ+Λ (𝐷𝑅𝑅
𝑐 + 𝐷𝐿𝐿)Ψ

−Λ𝑀 + 𝐷𝐿𝑅Ψ−Λ𝑀−1

0 0 𝐷𝑅𝐿Ψ
+Λ𝑀−1 + 𝐷𝑅𝑅Ψ+Λ𝑀 𝐷𝑅𝐿Ψ

−Λ + 𝐷𝑅𝑅Ψ−
)

 
 

[
 
 
 
𝑞1

+

𝑞1
−

𝑞2
+

𝑞2
−]
 
 
 
= [

𝐹0

0
0

𝐹𝑁+𝑀

] (9) 

 

In this formula, 𝑁 and 𝑀 are the numbers of unit cells contained in the first and second periodic waveguides. 

𝐹0 and 𝐹𝑁+𝑀, the efforts applied on the full structure’s extremities and  𝑞𝑖
+ and 𝑞𝑖

− are the amplitude 

coefficients for the positive and negative going waves in each periodic waveguide. 

3 Model Order Reduction Strategy 

3.1 Reduction of inner degrees of freedom 

To reduce the internal degrees of freedom of a UC or coupling substructure, Craig-Bamptom model order 

reduction [13] is used as presented in [10]. The projection matrix has two essential components. The 

clamped modes and the static modes of the inner degrees of freedom. The first modes are simply solution 

of the eigenvalue problem (10): 

(𝐾𝐼𝐼 + 𝑖𝜔𝑗𝐶𝐼𝐼 − 𝜔𝑗
2𝑀𝐼𝐼)𝜙𝑗 = 0 (10) 

Modes up to at least 3 times the maximal frequency of interest should be introduced in the projection matrix. 

We note those Φ𝑑. The static modes are given by the formula (11): 

Φ𝑠 = −𝐾𝐼𝐼
−1𝐾𝐼𝐵 (11) 

The final projection matrix is : 
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𝑃𝐶𝐵 = (
𝐼𝑛 0
Φ𝑠 Φ𝑑

) (12) 

Leading to the expression for the reduced matrices : 

𝑋𝑟𝑒𝑑 = 𝑃𝐶𝐵
𝑇 𝑋𝑃𝐶𝐵  (13) 

Where 𝑋 is the original mass, stiffness or damping matrix of the model and 𝑋𝑟𝑒𝑑 the reduced one. 

3.2 Interface degrees of freedom reduction  

3.2.1 Single Waveguide 

For this case, the model order reduction scheme used is presented in [14]. It is similar to the approximations 

used to study acoustic wave propagation in ducts of constant cross-sections. In essence, propagative modes 

with cut-on frequency lower than 𝑛𝑓𝑓𝑚 are used in the projection basis where 𝑛𝑓 is a security factor usually 

comprised between 1 and 3 and 𝑓𝑚 the maximal frequency of interest. When one is only interested in far 

field computations, 𝑛𝑓=1 can be used. When near field is considered a greater value may be needed. The 

main difference with acoustic wave propagation comes from the fact that wave propagation in solids is 

dispersive in wavenumber and also in mode shape (wave conversion process and veering are two extreme 

examples of this happening). Therefore, it is not enough to sample modes at their cut-on frequencies, rather, 

a sampling of the  K-space using the inverse approach is realized with several wavenumber’s values. A 

parameter 𝑛𝑘, an integer greater or equal to one, governs the refinement of the sampling in the wavenumber 

domain. In order to get a real full rank orthogonal projection matrix two operations are performed on the 

sampled wave modes. First, real and imaginary parts of the wave modes are separated. This addresses the 

issue of a complex projection matrix and lead to the creation of a vector collection 𝜓𝑐𝑜𝑙𝑙. Then, a singular 

value decomposition (SVD) is performed on 𝜓𝑐𝑜𝑙𝑙 keeping only the most important left singular vectors. 

The exact number of vectors kept is determined by a factor 𝜖 ∈ ℝ+
∗  that should generally be smaller than 

10−3.This leads to an orthogonal local projection matrix 𝑃𝑟𝑜𝑗𝐿𝑅. The final projection matrix of the model 

is given by the block diagonal projection matrix 𝑃𝐿𝑅 : 

𝑃𝐿𝑅 = (

𝑃𝑟𝑜𝑗𝐿𝑅 0 0
0 𝑃𝑟𝑜𝑗𝐿𝑅 0
0 0 𝐼𝑛

) (14) 

Again, the reduced matrices are given by : 

𝑋𝑟𝑒𝑑 = 𝑃𝐿𝑅
𝑇 𝑋𝑃𝐿𝑅  (15) 

Where 𝑋 is the original mass, stiffness or damping matrix of the model and 𝑋𝑟𝑒𝑑 the reduced one. 

3.2.2 Multiple waveguides and PMOR  

Herein, we extend the method presented in [14] in order to build a single projection matrix valid for a family 

of waveguides. This allows primal assembly of reduced models when considering the coupling of different 

waveguides. Moreover, it can also be understood as a form of parametric model order reduction when the 

waveguides considered belong to a parametric family. The main interest of the method comes from the fact 

that reduced order models can be created on the fly at no additional computational cost which is highly 

beneficial when conducting phenomenological studies or optimizing parametric designs. The downsides of 

this approach are that an offline computation time is required to build the global projection basis and that 

the dofs reduction and thus the time gains are lower than those obtained using a tailored projection matrix 

for each model. The idea of embedding a MOR Scheme in a PMOR one is described in details in [15]. What 

follows shows how it is implemented in the case at hand. To create the projection matrix,  one must first 

have a list of sample parameter values (𝑝𝑖)𝑖∈⟦1,𝑛⟧. For each of these values, the reduction process is carried 

out as described in section 3.2.1 up to the creation of the collection of wave shapes ψ𝑐𝑜𝑙𝑙
(i)

 for the parameter 
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𝑝𝑖. Once all wave shapes collections have been computed, they are concatenated into a single wave shape 

collection : 

Ψcoll = [ψ𝑐𝑜𝑙𝑙
(1)

, ψ𝑐𝑜𝑙𝑙
(2)

, … ,ψ𝑐𝑜𝑙𝑙
(n)

] (16) 

Again, an SVD is performed on the matrix Ψcoll. Only the most prominent singular vectors are retained and 

used to create a local projection matrix 𝑃𝑟𝑜𝑗𝐿𝑅 valid for the whole parametric space. 

 

4 Numerical Examples 

This section introduces two numerical examples. The first one analyses the merits and drawbacks of PMOR 

over MOR in a worst case scenario (for PMOR) where parameter changes lead to a localization of waves in 

different parts of  the waveguide’s cross-section. The second example highlight the power of the (MOR) 

strategy in enabling fast computation of wave-defect interaction in time domain for a waveguide with a high 

number of dofs using only the WFEM framework.   

4.1 Example 1 : Parametric Model Order Reduction of a Sandwich 

In this section, we study a worst case scenario for the parametric model order reduction at the interfaces’ 

degrees of freedom by introducing  an heterogeneity in the cross-section of the waveguide. This is because 

simply varying the material properties of an homogenous section can be understood as a shift in the maximal 

frequency of interest and is therefore unchallenging. The change is controlled by a parameter 𝛼 which 

represent a scaling of the material properties. For 𝛼 = 1 the waveguide is homogeneous while the 

asymptotic case  𝛼 = 0  can be understood as having two decoupled waveguides. In between, strong 

localization phenomena in wave propagation occur due to the contrast of material properties.  The nature of 

the parameter 𝛼 makes it evident that its logarithm should be considered and therefore a lower bound strictly 

superior to 0 should be chosen for PMOR lest the associated part of the cross-section cannot be reduced.  

4.1.1 Presentation of the model  

 In this section, we consider a homogeneous sandwich waveguide comprised of two materials. The material 

of the skins is aluminum, while that of the core is variable in both density and young modulus. The whole 

section is 3 centimeters wide and 5 millimeters thick with a 3 millimeters thick core and a skin thickness of 

1 millimeter. A model of the cross section is created using ANSYS APDL 17 and SOLID187 elements. The 

mesh corresponds to a perfect grid with cubic elements of side 0.25 millimeters to ensure 4 elements in the 

thickness of the skins. This results in a 15246 dofs model. An illustration of the mesh is provided in Figure 

1.  
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Figure 1 : Cross section of the parametric model. Material properties of the blue part are parametrized 

 

The material properties of the skin are fixed and correspond to that of aluminum : 

• Young Modulus : 𝐸0 = 69𝐺𝑃𝑎 

• Poisson Ratio : 0.3 

• Density  : 𝑑0 = 2700 𝑘𝑔. 𝑚−3 

• Loss factor / hysteretic damping : 𝜂 = 3. 10−3 

The material properties of the core depend linearly on a parameter 𝛼 taken in the interval [2.10−1 , 1] : 

• Young Modulus : 𝛼𝐸0 

• Poisson Ratio : 0.3 

• Density  : 𝛼𝑑0 

• Loss factor / hysteretic damping : 𝜂 = 3. 10−3 

Because of this, the mass and stiffness matrices of the model can be expressed as linear combinations of 4 

matrices : 

{
𝐾(𝛼) = 𝐾0 + 𝛼𝐾1

𝑀(𝛼) = 𝑀0 + 𝛼𝑀1
 (17) 

The dispersion curves obtained for extremal parameters values in the 0-60kHz frequency range are given in 

Figure 2. It can be observed that a low value of 𝛼 accelerates the conversion of flexural waves from pure 

flexion to core shear. On the other hand, the compression waves and the shear wave are unaffected by the 

change of parameter value. This is because the mass to stiffness ratios are identical in the core and in the 

skins. 
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Figure 2 dispersion curves of the extremal models (𝛼 = 1  blue ; 𝛼 = 0.2  𝑟𝑒𝑑) 

4.1.2 MOR and PMOR comparison 

The MOR and PMOR strategies mostly work in the same manner with one difference. For MOR a projection 

basis must be created for each value of the parameter space while for PMOR a projection basis is created 

aggregating collections of vectors obtained at sampled values 𝛼𝑖. In our case, we chose a  uniform 

logarithmic sampling for 𝛼 with 10 values between  0.2 and 1. The reduced order models obtained by both 

strategies for a value 𝛼 = 0.6003 chosen randomly are compared in Table 1. 

 MOR PMOR 

Building Reduced 
Model 

253s 0s 

Offline Computations NA 2534s 

dofs of the reduced 
order model  

88 160 

Time per eigenvalue 
problem 

0.0094s 0.0417s 

Table 1: MOR and PMOR time comparison 

While creating a reduced order model using PMOR is instantaneous, there are two prices to pay for this. 

First, offline computations are required so that a global projection matrix can be formed. Secondly, the 

reduced order model obtained is bigger and therefore slower than the one obtained using MOR. Figure 3 

compares the dispersion curves obtained by both methods. A perfect match is expected : 
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Figure 3 Dispersion curves for 𝛼 = 0.6003 MOR (red) PMOR (blue) 

To complete the comparison, a forced response is computed with both models for a 40cm long waveguide 

with free-free boundary conditions as per the method described in section 2.2.  A distributed vertical load is 

applied on the first section while no efforts are applied on the last one. The response is computed on the 

surface of the top skin on the middle of the first section (𝑋 = 0, 𝑌 = 1.5 𝑐𝑚, 𝑍 = 5 𝑚𝑚). 

 

Figure 4 Forced response for 𝛼 = 0.6003 MOR (red) PMOR (blue) 

 

4.1.3 Conclusion 

The main advantage of the proposed PMOR scheme is that a reduced order model can be instantly created 

without having to go through the model order reduction process. There is an important possible drawback 

however. If completely different wave shapes are propagative for different parameters values, the global 
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projection basis still has to account for all of them. This may results in models several times bigger than 

those obtained using  the simple model order reduction method. This point is important because WFEM 

computation time scales asymptotically with the third power of the number of degrees of freedom at the 

interfaces of the model. For PMOR to be a valid strategy, the increase in time computation must not offset 

the time required to reduce the model. Strategies are being developed to tackle this issue. 

4.2 Example 2 : 3D modeling of damages in a pipe 

In this section we consider a steel pipe with an inner radius of 194 millimeters and an outer radius of 203 

millimeters similar to the experimental test set up in [16]. Effects of  a 3D defect in the pipe are studied and 

analyzed using the WFEM framework in conjunction with the reduced order modeling strategies described 

in the previous sections. The global study strategy used is similar to that presented in [17] and the aim is 

medium to long range defect detection at low frequency. 

4.2.1 Modeling of the cross-section  

Modeling of the cross-section of the pipe was realized with ANSYS APDL 17. SOLID185 elements were 

used with an axisymmetric mesh with 4 elements in the wall thickness and 580 in the circumference. The 

elements are approximately cubic with side length of 2.25 millimeters. The model has 17400 dofs all located 

at its interfaces. 

To model damping, we introduce a damping matrix 𝐶 proportional to the stiffness matrix 𝐾. This is an 

elementary model which is causal and approximate hysteretic damping well when a narrow frequency band 

is considered. Both points are important modeling concerns when going form frequency to time domain. 

 

Figure 5: Mesh of the cross-section model 

The material properties used are : 

• Young Modulus : 210 𝐺𝑃𝑎 
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• Poisson ratio : 0.3 

• Density : 7850 𝑘𝑔.𝑚−3  

• Damping stiffness ratio : 𝜂𝑘 = 10−3 

• Damping stiffness frequency : 𝑓𝑘 = 6000 𝐻𝑧 

The damping matrix is thus given by : 

𝐶 =
𝜂𝑘

2𝜋𝑓𝑘
𝐾 (18) 

4.2.2 Modeling of the defect 

We consider a defect in the cylinder in the form of a reduction of half of the wall thickness over angle 𝜃 of 
𝜋

10
 𝑟𝑎𝑑 and a length of 4.5 cm. Undamaged sections are added at the beginning and the end of the defect as 

to make the coupling via the WFEM easier. An illustration of the model is provided in Figure 6.  

 

Figure 6: Mesh of the defect 

The model has 196908 dofs with 17400 at its interfaces. The damping and material properties used are 

identical to that of the cylinder. 

4.2.3 Dispersion curves and choice of a wave mode 

In order to get the dispersion curves of the pipe, the model order reduction strategy described above is used 

with 𝑛𝑘 = 2  and 𝑛𝑓 = 1 and 𝜖 = 10−4 to account for all propagative waves in the [0 ;  20𝑘𝐻𝑧] frequency 

range. Table 2 briefly examines computation time differences between full and reduced order models. 
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 Original Model Reduced Model 

Degrees of Freedom 17400 516 

Full eigenvalue problem 

resolution 

NA  

(Estimated value of  39961s 

given 𝑂(𝑛3) complexity) 

1.11 s 

Partial eigenvalue problem 

resolution  

278 s NA 

 (Estimated  value of 0.0073s 

given 𝑂(𝑛3) complexity) 

Model Order Reduction NA 1030 s 

Table 2 : Full and reduced order model comparison 

 

Notably, a time  factor of 250 is achieved even when comparing a full eigenvalue problem resolution for the 

reduced model to a partial resolution for the original model using Zhong’s formulation [12]. The dispersion 

curves in Figure 7 are obtained using the reduced order model. 

 

Figure 7: Dispersion curves of the pipe 

We aim at detecting and if possible localizing a damaged part of the pipe at low frequency with a medium 

to long reach instead of at high frequency with a short reach as in [16]. Because of the respective dimensions 

of the pipe and defect, this means sub-wavelength detection may have to be used. In order to increase the 

wave-defect interactions, a high order wave mode is used as in [17] so that the circumferential size of the 

defect corresponds to the distance between two nodes.  
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Figure 8: Chosen wave mode 

The flexural mode of the 20th order (presented in Figure 8) is thus chosen for damage detection. Its cut-on 

frequency is slightly above 5𝑘𝐻𝑧. 

 

4.2.4 Time domain simulations 

4.2.4.1 Set up 

A 36m long pipe is considered with Free-Free boundary conditions. For the simulation of the damaged pipe, 

the defect is located  at the center of the pipe at 18m from the left end. In both cases, forces are applied on 

20 points of the first cross-section to generate the 20th order flexural wave mode. The normal displacements 

at these points are also monitored. It is expected that the presence of the defect in the pipe leads to reflection, 

transmission and conversion phenomena. This can most easily be observed in time domain and is associated 

with a break in the spatial symmetry of the displacement field. Moreover, a premature echo due to reflection 

at the defect is expected. The response of the waveguide to a pulse centered at 8𝑘𝐻𝑧 is analyzed in section 

4.2.4.3. 

4.2.4.2 Reduced order modeling 

For time domain simulations, another reduced wave basis is used for the waveguide by reducing the 

frequency range of interest as compared to section 4.2.3.  It is obtained accounting for all propagative wave 

modes [0 ;  16𝑘𝐻𝑧] frequency range using with parameters values 𝑓𝑚 = 16𝑘𝐻𝑧, 𝑛𝑘 = 1, 𝑛𝑓 = 1 and 𝜖 =

10−5. The reduced model of the waveguide is comprised of 524 dofs. For the defect, Craig Bampton model 

order reduction is used for the inner degrees of freedom. All 681 modes between 0 and 120kHz are kept. 

This ensures fidelity of the reduced order model without impacting computation times as the MOR process 

results in diagonal submatrices for the concerned dofs. The projection of the interfaces’ degrees of freedom 

uses the same local projection basis as that of the waveguide. The model goes from 196908 to 1205 degrees 

of freedom. Using the WFEM framework, the frequency response functions of both waveguides are 

computed then time signals are obtained using a Non-uniform Discrete Fourier Transform (NDFT) with 

4674 PROCEEDINGS OF ISMA2018 AND USD2018



Gaussian sampling and 8000 frequencies. The results are shown in Figure 9 and Figure 10 for a pulse of 

central frequency 𝑓𝑐 = 8000𝐻𝑧 with a Hanning window length of 100 periods. At that frequency, the group 

velocity of our wave mode is 930 𝑚. 𝑠−1. Thus, it should take 0.03871 𝑠 for a pulse to travel form one side 

of the pipe to the other and the same amount of time for a return trip from one end to the center of the pipe. 

 

4.2.4.3 Time signals  

Figure 9 displays the normal displacements of all 20 points of the first section multiplied by a factor (−1)𝑛 

to account for the spatial symmetry of the load. 

 

Figure 9 Time signal for all 20 points in the damaged (right) and undamaged (left) pipes 

All signals are identical for the undamaged pipe but it is not the case for the damaged one. Monitoring the 

symmetry of the signal vector is therefore a good strategy to infer the presence of a defect. However, the 

asymmetric part of the vector does not allow to easily locate the defect. This is because of the conversion 

process in other wave modes which all have different group velocities. To solve this problem, we compute 

the average of all 20 signals. This is equivalent to filtering the signals to track only our wave mode since no 

other propagating wave shares the same symmetry. The result of this process is presented in Figure 10. 
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Figure 10 : average of all 20 signals in the damaged pipe 

A small pulse of around 2% of the original amplitude is visible after 0.05s corresponding to wave reflection 

at the defect location. Indeed, the time difference between the centers of both pulses is  0.03871 𝑠 which 

correspond to a return trip from the left end of the pipe to the defect: defect localization is achieved. 

5 Conclusion  

A methodology was described for reduced order modeling and parametric reduced order modeling in the 

WFEM framework. It was validated on a parametric sandwich model and used in the modeling of 3D wave-

defect interactions in a pipe. The proposed strategy can be used to  design a wave based damage-detection 

system by allowing fast computation of wave propagation in time domain. Lastly, some questions remain 

concerning the proposed PMOR scheme which will be the object of further developments. 
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Abstract 
Periodic structures are well known for the possibility to exhibit band gap effects. This work aims at 

investigating vibration behaviors of quasi-periodic structures. In this paper, the quasi-periodic structure is 

defined as a type of beam with an impedance mismatch generated by Fibonacci orders with non-

symmetrical translation in geometry, acting as a waveguide. Two types of quasi-periodicity are 

considered, namely finite, and infinite Fibonacci sequences using super unit cell. Considering flexural 

elastic waves in above mentioned quasi-periodic models, the frequency ranges corresponding to band gaps 

are investigated, using either spectral analysis of infinite structures or frequency response functions of 

finite structures. Fibonacci beams exhibit multi stop bands with short widths in different frequency ranges, 

whereas periodic and its super unit cells-based structures have only one stop band frequency with larger 

frequency extension.  

1 Introduction 

The vibroacoustic response in many types of structures is complex. Structures are shaped continuous, 

periodic, aperiodic or random. These types of structures have different vibroacoustic responses with 

respect to their geometrical and materials properties. Some of them can be designed as periodic or quasi-

periodic structures. The desirable periodic structures that have identical repetition can be modelled by 

using materials and geometrical periodicity [1]. 

Many research activities show that vibrations responses of periodic and quasi-periodic structures exhibit 

frequency band gap effects [1,2,3,4,5]. In periodic structures, the impedance mismatch generated by 

periodic discontinuities in the geometry, acting as a waveguide, and/or in the constituent material, causes 

destructive wave interference phenomena over specific frequency bands called “stop band” or “band gaps” 

[6]. For quasi-periodic structures, Fibonacci sequences are considered in several researches [7]. Spectral 

fragmentation of elastic waves represents the replication of primary and secondary gaps in Fibonacci 

sequence [7]. In other research paper, Gei. M. et al [8] claims that in an elementary repeated unit cell, 

generated adopting the Fibonacci sequence, in cases of axial and flexural vibration by higher order 

generation, the number of stop bands changes.  The concern of the present paper is to model a quasi-

periodic beam utilized by two different cross sections of 3D 2 node-beam finite element following the 

Fibonacci series.  

The main issue is that the anti-symmetric condition of quasi-periodic structures cannot be applied by the 

wave-based approach using spectral analysis of Bloch-Floquet theorem, unless using an elementary 

cell/volume representative using Fibonacci lower order replications. In fact, the structural dynamics, 

model analysis and Frequency Response Function (FRF) of the structures are considered for 

understanding the dynamics structural behavior of the system to ensure a safe, efficient and affordable 

design.   
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In this research, an isotropic beam with a finite number of cells and a wave guide section with infinite 

number of cells is considered in the analysis. The quasi-periodicity of the span is translated according to 

the Fibonacci sequences [8]. The identical double cross sections (A) and (B) are translated using Fibonacci 

generating order from 4th to 10th orders (Figure 1).  

The analysis has been carried out in two main sections. The first section presents the finite element 

analysis of Frequency Response Function [9,10], whereas the second section describes a wave guide 

section model, using combination of wave and finite element using transfer matrix method [11,12,13]. 

This wave guide section is modelled following super unit cell. Super unit cell is a cell hosting the first 4th 

generated order of Fibonacci sequence for Wave Finite Element Method (WFEM) analysis. Stiffness and 

mass matrix of the given unit super cell is extracted using MATLAB and APDL-ANSYS platform. Then, 

the extracted matrices are used into WFEM FRF and spectral analysis of Bloch-Floquet boundary 

conditions [14].    

2   Theoretical approach  

2.1 Spatial elastic waves 

In infinite solid medium there are two types of waves that propagate with different velocities [15]. It is 

known from vector analysis that any vector field can be represented as sum of two vectors, one of which 

has a scalar potential and the other a vector one: 

 
(2.1.1) 

Taking into consideration that rot  and substituting equation (2.1.1) into the wave equation 

for elastic medium with the application of operations rot and div, we get 

 
(2.1.2) 

and  

 
(2.1.3) 

 and  vectors correspond to the longitudinal and transversal waves,   and   are Lame constants and 

 is a density. In the other hand  and  are the longitudinal and transversal wave velocities.  

Hence the vector  in equation (2.1.2) is called a longitudinal wave or a wave of expansion-compression 

which, the vibration direction in it coincides with its propagation direction. The wave  in equation 

(2.1.3) in which the direction of vibrations is perpendicular to the direction of wave propagation and in 

which deformations are shear is called a transversal or shear wave.  

2.2 Methods and tools 

The modern tools for investigating the most significant impacts of quasi-periodic structures on the 

vibrational response of a given structure are codes based on conventional FE analysis, combination of 

wave and finite element, spectral finite element, and transfer matrix methods. 

Theoretical background for modelling quasi periodicity and its significant impacts on wave analysis is 

carried out with mathematical series named Fibonacci sequence, Thue-Morse, Rodin-Shapiro and Penrose 

lattice. Spectral analysis of these types of subsystems are shown in phononic crystals, anisotropic beams, 

rods and Bravais lattices [16]. In this portion of work, a finite element beam with lower 4th and higher with 
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10th generated order of Fibonacci sequence is modelled using MATLAB in parallel with APDL-ANSYS. 

The lower order is used as a super unit cell waveguide section for infinite structures, whereas the higher 

order is used as one span of finite beam in FE analysis [Table 1].  

Fibonacci orders 4th 5th 7th 8th 9th 10th 

Number of cells 5 8 21 34 55 89 

Table 1: Geometrical distribution of cells according to Fibonacci generated orders. 

Figure 1 shows a 2-node beam type 188 following Fibonacci orders. The geometrical characteristics of 

this beam is a combination of two different cross section. The distance between each key point is 100 mm, 

every segment between these two points are one of abovementioned two cross section with three finite 

elements. Section (A) and (B) can be seen in figure 1. Embedded Fibonacci sequence starts from S1 the 

first order and ends to Sn the Nth order of the sequence. The mathematical expressions following the 

Fibonacci sequences in this beam are defined in the following algorithm:  

 

Figure 1: Numerical model of quasi-periodic model following Fibonacci sequence.  

2.3 Finite Element Dynamic Analysis 

Commercial FE software’s APDL-ANSYS is used to perform the frequency response function of the 

quasi-periodic beam model. For damped structure, the dynamic finite element model is usually described 

by the system: 

 (2.3.1) 

where , and  in equation (2.3.1) are the mass, damping and stiffness matrices.  

The associated eigenvalue problem is: 

 =1, 2,… (2.3.2) 

let  be the orthonormalized model basis, and  the spectral 

matrix; the model projection  and the mode superposition method allows to express, in the 

case of proportional damping, the dynamic response in the following form: 

 

(2.3.3) 

The FRF for displacement of the system is given by equation (2.3.4), where  is the response of a 

system and  is its excitation force.  
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(2.3.4) 

The FRF for the kth node degree of freedom with a single excitation force at jth degree of freedom can be 

simulated by equation (2.3.5). 

 

(2.3.5) 

Modal analysis and frequency response function of the quasi-periodic beam are computed. The aim is to 

investigate the frequency band gap like behavior in finite span with generating order of Fibonacci (number 

of cells) of beam type 2-node 188, by considering structural damping.  

The conventional FE analysis is used for the frequency response function of the entire span with 10 th 

generated order of Fibonacci. The number of elements in numerical model are designed according to the 

known criteria which of one sixth of the wave-length. The description of the mechanical properties is 

provided in Table 2. 

Material properties Aluminium Polyethylene 

Modulus of elasticity 2x1011 Pa 7.2x108 Pa 

Poisson’s ratio 0.3 0.3 

Mass density 7800 kg/  935 kg/  

Table 2: Mechanical properties of quasi-periodic bi-material beam. 

2.4 Forced response analysis 

In this section, the forced response function of a quasi-periodic beam is analysed. The analysis is done 

with a free-free Boundary Condition (BC). A white spectrum is applied in one end of the beam in the 

vertical direction and the response is simulated in the other end of the beam. The mesh size in this problem 

is optimized to a maximum frequency range of 5KHz. The choice of the free-free (BC) is interesting to 

visualize the energy transfer through the waveguide span. This type of wave guides is intended to use as a 

junction between two infinite mediums which the mechanics of those materials are not known. The results 

show band gaps in different ranges of frequencies. Multiple stop bands appear by the positioning of cross 

sections according to the Fibonacci sequence. The reason is that in this quasi-periodic structure the 

direction of elastic wave is considered in x direction, therefore an interference of reflected and incident 

waves creates frequency stop bands (i.e. in this frequency ranges the waves “cannot freely propagate”). 

This type of stop bands could be predicted as one type of passive wave filter in a quasi-periodic beam.  

Figure 2 shows a Fibonacci super unit cell that contains 5 cross sections [ABAAB]. This cell shows the 

end of part of span with 50 cm length. The span is considered with (210,340, 550, and 890) cm long on the 

frequency ranges of [0-150] kHz. Using MATLAB and APDL-ANSYS the harmonic analysis is carried 

out. The allocated point response is received at the head of the span. The results of this dynamic analysis 

show that the full energy is transferred through the start and end of the span which can be represented as a 

junction between two infinite media. There is multiple frequency stop bands in different ranges of 

frequencies. Each frequency stop band has some localized wave modes that rapidly attenuates inside the 

band gap [Figure 3].  
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Figure 2: Quasi-periodic structure super unit cell; this cell is the Nth cell of the span with applied unit 

force at the end node. 

 

Figure 3: Frequency response function of a finite quasi-periodic beam with length increment. 

3 Spectral Analysis of infinite structure  

3.1 Substructures dynamics  

A substructure (super unit cell) waveguide is considered as a unit cell of the periodicity pattern. In this 

part of an investigation carried out to obtain an algorithm for quasi-periodic function that permits to the 

repetition of unit cell with disturbance inside the periodicity. 

The substructure in figure 4 is coded as a unit cell in MATLAB and the generated script is then run in 

APDL-ANSYS for extracting the transfer matrices. The extracted stiffness and mass matrices are used to 

generate results based on FRF and spectral analysis of Bloch-Floquet boundary condition.  

50cm 

x, wave propagation  
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Figure 4: Waveguide section for spectral analysis of Floquet-Bloch boundary condition. 

The FRF analysis is achieved in frequency range [0-5000] Hz, for a structural damping of . 

The dynamic response of the unit cell is described by:  

 (3.1.1) 

Where , and  define the dynamic stiffness matrix, displacement vector and force vector. The dynamic 

stiffness matrix, in equation (3.1.2), with complex modulus of elasticity becomes 

 (3.1.2) 

, , and  are respectively the mass matrix, the stiffness matrix and the loss factor. 

Dynamic stiffness matrix for the general case can be written for internal and external degrees of freedom. 

The internal degrees of freedom can be condensed and the left and right boundary displacements and 

forces are used in the analysis.  

 

(3.1.3) 

3.2 Transfer matrix 

A unit cell script file is coded and, then, transformed for post processing using commercial software’s. 

The same procedure could be done directly through sub-structuring analysis (CMS) for extracting transfer 

matrices by utilizing commercial software’s. Using MATLAB code, both mass and stiffness matrices of 

size [48x48] are extracted by 4th generated order of Fibonacci which has 5 unit cells and each cell has 3 

elements. So, there a total of 15 elements in one super unit cell. Then the global matrices are extracted 

through APDL-ANSYS for wave finite element analysis.  

. (3.2.1) 

 is the transfer matrix and components inside the transfer matrix are the condensed internal degrees of 

freedom inside the unit cell that, defines, all the boundary internal nodes and boundary external nodes in 

equation (3.2.2) 

 (3.2.2) 

Equation (3.2.2) is condensed dynamic stiffness matrix. In equation (3.2.3)  is the transfer matrix which 

is symplectic and J is a 2nx2n matrix with real entries (non-singular matrix) or commonly called skew 

matrix.  

4684 PROCEEDINGS OF ISMA2018 AND USD2018



. (3.2.3) 

4  Numerical Results  

4.1 Frequency response function of finite structures 

FRF of finite structure is analysed in two different parts. The first part corresponds to the conventional FE 

analysis of the quasi-periodic beam with isotropic and homogenous materials. Whereas the second part is 

analysed by considering inhomogeneous material variation including the Fibonacci cross section variation 

as in the first part. The quasi-periodicity in the first case is inscribed by cross section variations, according 

to the Fibonacci sequence.  

4.1.1 FRF Results-geometrical variation 

The first results are shown by finite element analysis of the FRF for the four different orders of the 

Fibonacci sequence beam. The 7th order corresponds to 21 number of cells, whereas the 8th, 9th, and 10th 

order follows the 34, 55, and 89 cells. The cells are in two different cross sections (A) and (B).  

Figure 5 shows an FRF of the Fibonacci beam with increasing length by generated orders of the sequence. 

The results of flexural waves are plotted on the 1500 frequency steps in the range of [0-5000] Hz. The 

results show multiple stop bands alongside the frequency ranges for instance around [600-800] Hz, [2100-

2500] Hz and followed a large frequency stop band around [3100-4200] Hz. There is also a medium band 

from [4500-4800].  

 

Figure 5: Finite element analysis of the FRF for fourth different orders of Fibonacci beam. 

The number of frequency stop bands in the flexural wave analysis of finite quasi-periodic beam depends 

on the correspondence frequency range. It can be seen that four frequency stop bands are appearing in the 

frequency ranges of [0-5] kHz. These band gap like behaviours has narrow widths and if there is an 
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increase in the number unit cells, the depth of the stop band frequency grows deeper according to 

displacement decibels.  

4.1.2 FRF Results of the beam with two materials 

In this part of FRF analysis the same criteria of the Fibonacci beam are analysed with bi-material 

distribution all alongside the beam span. The first material is aluminium and the second is polyethylene. 

Cross section (A) is made of aluminium and cross section (B) is made of polyethylene.  

The length of the structure starts from 2.1m span to 8.9 m explicitly ranging from [7 th,8th,9th, 10th] orders 

of Fibonacci with [21,34,55,89] cells. The FRF analysis has been carried out with free-free boundary 

condition for all types of orders. A unit spectrum white force is applied in the head of the span (First node) 

and the response is simulated from the tip of the span (last node). Figure 6 shows two very wide frequency 

stop bands in the ranges of [0-5000] Hz. The first gap starts from [250-1750] Hz, following the second 

stop band from [1800-4100] Hz. These wider gaps are due to the bi-material distribution all over the span. 

The very promising results are the frequency stop bands and its depths by increasing the length of the 

span/the number of cells. The more increase in the generating orders of Fibonacci will give a result with 

more depth in the band gap of maximum order. In contrary lower orders has shorter frequency stop bands 

with low amplitude in (dB).  

 

Figure 6: FRF of the Fibonacci beam with bi-materials using Finite element analysis. 

4.2 Frequency response function using WFEM  

These results correspond to the spectral analysis of the infinite structure. The mass and stiffness matrices 

are extracted and used as an input for the WFEM using transfer matrix method. The 4th order of the 

abovementioned sequence is taken as a unit super cell and Floquet-Bloch boundary condition is applied to 

balance the left and right-side displacement and force vectors of the unit cell. The internal degrees of 

freedom are eliminated using condensation method and the transfer matrix is modelled with entrees from 

boundary-boundary and internal-boundary nodes. The super unit cell model can be seen in the Figure 7. 

The first result shows an FRF analysis of the unit cell by 20 replications of the same cell either in the right 

or left of the core cell. 
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Figure 7: waveguide section of 4th order Fibonacci sequence 

Flexural waves are investigated in this analysis. These types of waves can be visualized in the results of 

FRF using WFEM. Beside that, the findings in the spectral analysis also provide the longitudinal waves as 

well as flexural ones and for validating such kind of waves, WFEM analysis is used to plot the FRF of 

longitudinal wave and then compared with spectral analysis of Bloch-Floquet waves. Figure 8 shows a 

wave based finite element FRF of the Fibonacci 4th order. The repeated unit cell shows a promising 

filtering conditions in the different frequency ranges in the limit of [0-5000] Hz. Figure 9 shows a spectral 

analysis of the Floquet-Bloch boundary condition into a Fibonacci 4th order cell. The first branch of the 

plot in red describes the bending, and compressional waves. In contrary the second branch in blue shows 

the evanescent waves with curve shapes that corresponds to the stop bands of the real part of the wave 

numbers in the red branch of the plot. The red branch of the plot at Figure 9 starts with bending waves that 
propagates from [0-162] Hz and then a frequency stop band appears in [162-187] Hz frequency range. The 

waves are propagating until the next frequency stop band between the two portions of the bending waves. 
Another stop band appears between [653-1014] Hz, following the middle one around [1809-2298] Hz. The 

last frequency stop band is a combination of longitudinal/ compressional and flexural waves. The first 

mode starts form [3263-4557] Hz that belongs to the last flexural wave, whereas the following second 

blue curve with higher imaginary numbers in the negative zone of wave numbers corresponds to the 

longitudinal band gap [3523-4522] Hz. 

 

Figure 8: FRF of Fibonacci beam 4TH order analysis by (WFEM) using transfer matrix 
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Figure 9: Spectral analysis of Floquet-Bloch boundary condition on the Fibonacci 4th order. 

Table 3 shows CPU elapsed time of numerical simulation for three types of analysis; model FRF by FE 

analysis, model FRF by WFEM analysis and a spectral analysis of Floquet-Bloch waves. The three types 
of analysis are carried out using MATLAB®, APDL-ANSYS® and Intel® Core™ i7-6700 CPU 

@3.40GHz (8 CPUs). The elapsed time for maximum frequency 5kHz in spectral analysis of Bloch waves 

is expected to be very costly among the list. It seems that there is a huge difference almost around 52.7% 

between the spectral and FE analysis and 97.9% between spectral and WFEM analysis. All three types of 

analysis follow different frequency steps; thus, they are solved by two different solution methods, inverse 

and full VT (Variational Technology) harmonic analysis methods.  

If we consider the spectral analysis as a reference in Table 3, the FE and WFEM are 47.3% and 2.1% of 

the CPU timing used in spectral analysis of Bloch waves. It is obvious that WFEM is one of the most 

useful technique for saving computation time, but still there are open topics in model order reduction to 

save more computational time. 

Model FRF/Spectral analysis of 

Bloch waves 
Methods 

Steps 

number 

Elapsed 

time (sec) 
CPU ratio (%) 

Spectral analysis of Bloch waves over 

the wave guide section 
Inverse 1 266.1 100% 

FE FRF analysis of wave guide section VT Full 1500 126.22  47.3% 

WFEM FRF analysis of a wave guide 

section 
Inverse 1 5.61  2.1% 

Table 3: CPU time of numerical simulations. 

5  Conclusion 

In a perfect periodic beam the effects of vibration are very different from the quasi-periodic one. In quasi-

periodic beam, the impedance mismatch generated by four types of Fibonacci orders, causes destructive 

wave interference and thus generates the band gaps. The geometrical cross section variation, following 

Fibonacci sequence in the analysis, creates, multi frequency stop bands with narrow band gaps in which, 

Real part 
Imaginary part 
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waves cannot freely propagate. These narrow band gaps not only appear in the medium frequency ranges 

as Bragg type frequency stop bands in periodic beams, but it also covers the lower and higher ranges of 

frequencies in between [0-5000] Hz. 

By increasing the number of Fibonacci generated orders; the frequency stop bands ranges do not change, 

while in contrary the depth of the frequency stop bands grows deeper. 

Using material variation in the quasi-periodic beam can significantly provide, frequency stop bands with 

larger widths. The effects of wider stop bands can help the structure to be a useful filter in real engineering 

problems. The very simple models herein presented allow continuing to study the configurations even 

considering the variation of the materials. 
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Abstract
This paper presents a dispersion-based method for identifying visco-elastic material properties by minimiz-
ing the residue between data of virtual experiments and data based on a viscoelastic model through the use
of surrogate modeling. The dispersion data retrieved from a virtual experiment of a finite beam with con-
strained layer damping (the real and imaginary part of the wavenumber) is fitted with numerical dispersion
data through an optimization scheme, which can be computationally expensive. In order to alleviate this is-
sue, attention has been focused on the construction of a surrogate model that makes the optimization scheme
cheaper without loosing much accuracy in the prediction. This paper uses an interpolation method based
on radial basis functions. Once the surrogate model is constructed, the viscoelastic parameters can then be
identified and results are compared to the reference parameters.

1 Introduction

Lightweight structures are increasingly used in many industrial sectors for their high stiffness to mass ratio.
However, this comes with the price of deteriorated NVH performance. A common way to solve this issue is to
use visco-elastic materials usually incorporated in two configurations : constrained and unconstrained visco-
elastic layers, meaning that the visco-elastic core is bonded between a host and a constraining structure in the
former case, in the latter case the visco-elastic core is directly put on the host structure. These materials are
often desirable for their ability to dissipate part of the vibrational energy by heat when they are constrained
in shear loading, e.g. when they are constrained by the host structure as well as the constraining layer [1].

In order to run numerical simulations to assess the performance of visco-elastic materials on a given vibrating
structure, an accurate knowledge of its parameters is necessary. Several characterization techniques exist to
identify the complex frequency-dependent properties of this class of materials, amongst them the dynamical
mechanical analysis [3] and the Oberst beam test [4] are the most commonly used. The former is a quasi-
static method (low frequencies) and the latter is a resonant method where only the first modes of the tested
beam are taken into account. Both techniques are based on the assumption that the visco-elastic material
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is rheologically simple, meaning that the time-temperature superposition[3] can be applied in order to ex-
trapolate the storage and loss modulus of the viscoelastic material to higher frequencies. However, for some
materials such as polymeric blends, the time-temperature superposition principle is no longer applicable, and
thereby a new characterization technique which is not based on this principle is needed. In [2] several ex-
perimental identification methods were presented, ranging from quasi-static to higher frequencies, and were
then compared to DMA measurements. It has been shown that although results using different methods were
coherent, it is not easy to obtain a continuous description of the viscoelastic behavior of a material in the
frequency range [500, 5000] Hz. Another method has been presented in [5] and takes advantage of surface
(Rayleigh) waves propagating in a infinite half-space visco-elastic material to retrieve experimentally, by
means of an inverse technique, the material parameters. Two approaches have been proposed for the identi-
fication: on the one hand, a visco-elastic model type is assumed and updated in an optimization scheme such
that numerical surface wave speed matches the measured one, on the other hand a similar model updating
scheme is carried out but using frequency response function fitting instead. However, the theory is based on
the premise that the visco-elastic material is considered as an infinite half-space whereas the experimental
setup has finite boundaries, which explains the discrepancies noticed and stated by the authors. A reliable,
simple, but not trivial, identification technique has been presented in [7] to characterize rod-like visco-elastic
materials when they are subjected to longitudinal harmonic solicitation. It uses the Fourier Transform on
experimental data of wave pulse propagating in a long 1D structure. This method provides very good results
in determining visco-elastic properties in a wide frequency range, without making any assumption whether
or not the material is rheologically simple. It is used when the rod is long enough and the attenuation of
propagating waves is sufficiently high. Nonetheless, if right and left going waves are both contributing to
the displacement field, meaning existence of reflected waves due to boundary conditions, the method will
no longer be applicable. In [8] two techniques have been presented allowing the experimental identification
of the equivalent complex frequency-dependent bending stiffness and damping of multi-layer plates : the
force analysis technique [9] and a wave fitting technique by means of Hankel’s function image source model
[10], the output of these methods (equivalent material properties) were fitted with Guyader’s homogenization
model [11] or Ross, Kerwin and Ungar’s model [12] in order to find the frequency-dependent properties of
the damping layer.

Yet another inverse technique for the identification of linear visco-elastic material has been suggested in
the literature. It is based on the minimization of the residual between measured data and numerical finite
element model data. The latter is updated through an optimization scheme by varying the visco-elastic model
parameters : Generalized Maxwell [13, 14], fractional derivatives [15]. The minimization can be modal-
based [16] as well as frequency response function-based [17]. This technique has been widely applied in
the literature, for instance in [17] for 1D structures, or in [18, 19, 20] for 2D structures. Although this type
of method has several advantages, the hurdle comes up when dealing with highly damped structures where
the identification of the modal parameters becomes really delicate, which is usually the case for high order
modes where the behavior of the structure is local.

To amend to this issue, a new inverse characterization technique is hereby proposed. It is based on mini-
mizing the distance between experimental and predicted dispersion curves from a wave finite element model
through an optimization scheme. The experimental data in this case are replaced by numerical dispersion
curves with added noise. The proposed method is applied to a highly damped beam treated with constrained
layer damping, and the visco-elastic material parameters are identified using the proposed method over a
broad frequency range.

This paper is structured as follows : in section 2, a viscoelastic model will be discussed, the latter will be used
in section 3 in modeling the treated beam using the wave finite element method. McDaniel’s method will
be discussed as well in the same section. Finally, in section 4, an identification procedure will be presented
through the use of surrogate modeling.
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2 Linear viscoelastic behavior

Viscoelastic materials are known to dissipate vibrational energy, in particular when performing under shear
stress. They possess both viscous and elastic behavior, and consequently their modulus is represented, in the
frequency domain, by a complex quantity satisfying the following constitutive equation :

σ̃(ω) = Eν(ω)ε̃(ω), (1)

where σ̃ and ε̃ are the stress and strain expressed in the frequency domain, respectively. The frequency-
dependent complex modulus of the visco-elastic material is written as :

Eν(ω) = E′(ω) + iE′′(ω) = E′(ω)(1 + iη(ω)), (2)

The real part E′(ω), also known as the storage modulus, relates to the elastic behavior of the material, and
defines its stiffness. The imaginary part E′′(ω), also known as the loss modulus, relates to the material vis-
cous behavior, and defines its energy dissipating ability of the material, the relationship between the storage
modulus and the loss modulus can also be defined through the loss factor η(ω). One of the characteristics
of viscoelastic materials is that their properties are influenced by many parameters, such as : frequency,
temperature, dynamic strain rate, static pre-load, time effects such as creep and relaxation, aging and other
irreversible effects [3]. The material complex modulus is dependent on all these factors. however, frequency
and temperature are the most important.

Fractional derivative model:

The fractional derivative model is used to characterize the behavior of visco-elastic materials in frequency
and time domain. The four-parameter fractional derivative model, also known as the generalized Zener
model is given by the fractional differential equation as :

σ(t) + τα
dασ(t)

dtα
= E0ε(t) + ταE∞

dαε(t)

dtα
, (3)

where E0 and E∞ are the static and high frequency modulus respectively, τ is the relaxation time and α is
the fractional parameter.

By applying a Fourier transform to equation (3), one can find the complex modulus of the viscoelastic
material in the frequency domain, which is the ratio between the stress and the strain, as :

Eν(ω) =
E0 + E∞(iωτ)α

1 + (iωτ)α
. (4)

This fractional derivative model is used in the following as it enables characterization of a wide variety of
visco-elastic materials with only four parameters.

3 Modeling and numerical experiment

A modeling procedure and experimentation process are necessary for the parameter estimation. In the fol-
lowing, a wave finite element model of a segment of a treated beam will be presented as well as a specific
numerical experimentation to identify dispersion curves.

The virtual test case is schematically represented in fig. 1 :
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Figure 1: Representation of the clamped treated beam and excitation location

The constrained layer beam shown in fig. 1 is clamped at one end and excited at the other with a point force,
the host structure as well as the constraining layer are in steel (shown in black in fig. 1), the viscoelastic
material (shown in blue in fig. 1) parameters to be identified as well as the chosen steel properties are shown
in table (1), the length of the beam in the ~x direction is L = 0.6 m, and b = 0.03 m in the ~y direction, the
thickness in the ~z direction are t1 = 0.004 m, t2 = 0.001 m and t3 = 0.001 m for the host structure, the
viscoelastic core and the constraining layer respectively.

Parameters Values Units

E0 106 [Pa]
τ 10−6 [s]
α 0.6 [-]
E∞ 1010 [Pa]
Esteel 2.1 1011 [Pa]
νsteel 0.3 [-]
νvisco 0.37 [-]
ρsteel 7850 [kg/m3]
ρvisco 990 [kg/m3]

Table 1: Material properties of the three-layered beam

3.1 Wave finite element model

The Wave Finite Element method is a technique to investigate wave motion in periodic structures. It enables
the dispersion analysis of a periodic structure by only studying one period or segment of it, which saves
computation time.

A small segment of length L = 0.01 m of the treated beam previously shown in fig. 1, is considered and
meshed using finite elements. Solid elements are used for the visco-elastic core and shell elements for the
faces (see fig. 2).

Figure 2: Finite element model of the unit cell of the treated beam

Once discretized, the equation of motion of the isotropic treated beam can be written as :

[K(e) + Eν(ω)K
(ν) − ω2M]q = F, (5)
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where Ke, Kν and M are the global stiffness matrix associated with the elastic part of the structure, the
global stiffness matrix associated with the viscoelastic part and evaluated at a unitary modulus and the global
mass matrix, respectively. Eν(ω) is the complex modulus of the viscoelastic part from equation (4), and q
and F are the displacement and the force vector respectively.

The equation of motion of the segment can be partitioned in the following manner :
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0


 ,

(6)

where coordinates qL,qR and qI denotes the physical degrees of freedom on the left boundary, on the right
boundary and internal degrees of freedom respectively (as indicated by the corresponding subscripts). The
internal degrees of freedom qI are eliminated using a Guyan reduction [6], the relationship between the
reduced and the original degrees of freedom can be written as:




qL
qR
qI


 = B

[
qL
qR

]
, (7)

where

B =




I 0
0 I

ΨL ΨR


 , (8)

with ΨL = −K−1II (ω = 0)KIL(ω = 0) and ΨR = −K−1II (ω = 0)KIR(ω = 0) are the static boundary
modes, and K(ω = 0) = K(e) + E0K

(ν), the latter is valid for the subscripts LL, II,RR,LR,LI,RL,RI
IR and IL.

Craig Bampton reduction followed by a dynamic condensation is generally more accurate than Guyan re-
duction when inertial forces exist, but requires inversions at each frequency step. Since the fixed interface
modes of the beam section in our case are higher order modes with respect to the frequency range of interest
(in this case from 10 Hz until 2000 Hz), the static condensation is more than sufficient for reducing the unit
cell. In case the beam is not homogeneous along x direction, e.g. due to the presence of periodically placed
resonators, Guyan reduction will no longer hold and a certain number of fixed interface modes must be taken
into account in equations (7) and (8) in order for the reduced system to represent the same dynamics as the
original one in the frequency range of interest, as for example applied in [21].

The condensed equation of motion can be written as :
{[

K̃
(e)
LL K̃

(e)
LR

K̃
(e)
RL K̃

(e)
RR

]
+ Eν(ω)

[
K̃

(ν)
LL K̃

(ν)
LR

K̃
(ν)
RL K̃

(ν)
RR

]
− ω2

[
M̃LL M̃LR

M̃RL M̃RR

]}[
qL
qR

]
=

[
F̃L

F̃R

]
, (9)

where K̃(e) = BTK(e)B, K̃(ν) = BTK(ν)B, M̃ = BTMB and F̃ = BTF.

equation (9) can be written in terms of the dynamic stiffness matrix D̃ as follows :
[
D̃LL D̃LR

D̃RL D̃RR

] [
qL
qR

]
=

[
F̃L

F̃R

]
, (10)

where D̃ = K̃(e) + Eν(ω)K̃
(ν) − ω2M̃.
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After applying Floquet-Bloch conditions, one obtains :

qR = λqL, (11)

and
[
qL qR

]T
= ΓRqL, (12)

where ΓR =
[
I λI

]T , I being the identity matrix and λ being the propagation constant.

The dynamic equilibrium of the segment holds the following equations :

ΓLF = 0, (13)

where ΓL =
[
I 1

λI
]
.

Pre-multiplying both sides of equation (10) by ΓL and using equations (12) and (13), yields the classic
quadratic eigenvalue problem of 1D wave propagation in terms of the propagation constant [23] :

[λ2D̃LR + λ(D̃LL + D̃RR) + D̃RL]qL = 0. (14)

The frequency dependence is not an issue in this method as equation (14) is solved by fixing the frequency
and calculating for the propagation constant.

3.2 Dispersion curves extraction method

A couple of works have been published to experimentally retrieve dispersion curves from vibrating structures.
In [22] the in-homogeneous wave correlation method (IWC) was presented, that maximizes the correlation
between the experimental displacement and a plane wave by adjusting the wave-number. This method has
the edge of being applicable to 1D as well as 2D structures and has been compared to a spatial Fourier
transform method for bending waves in beams in [25]. In the present paper, McDaniel’s method [24] will be
used to retrieve dispersion curves from a numerical noisy experiment. This method adjusts wave-numbers
and wave-amplitudes of a postulated wave-field propagating in the structure with the reference response, and
this is done at each frequency step. Contrary to other methods, the method does not require long structures
with high damping so that a wave generated at one end is attenuated before it reaches the other end. However,
it can be computationally expensive due to numerous parameters (wave numbers and wave amplitudes) that
are optimized for. In the following, the latter method is applied to the treated beam depicted in fig. 1, the
numerical displacements along the beam are polluted with noise and spatially sampled at 100 locations. The
wave-field (to be fitted) in the structures is constructed by a finite set of waves that propagate back and forth
and that decay due to the damping of the structure:

W (x, ω) =
∑

r

ar(ω)e
−ikr(ω)x + br(ω)e

−ikr(ω)(L−x), (15)

where each r represents a distinct wave type that propagates in the structure with a complex valued wavenum-
ber kr(ω). The following minimization problem is run at each frequency step and provides the extracted
dispersion curves :

min
kr,ar,br

∑

samples

∣∣∣∣
∣∣∣∣
W − W̃
W̃

∣∣∣∣
∣∣∣∣
2

∀r. (16)

where W̃ are the reference displacements.

This method is applied to the cantilever treated beam case (see fig. 1). 2 percent of random noise (with respect
to the wave’s amplitudes) was added to the beam’s displacement. Two wave types have been considered
r = 2 corresponding to a propagating and evanescent wave (only two bending wave types exist in any 1D
isotropic beam). The wave-number of the propagating wave is shown in fig. 3.

It is noteworthy that the treated beam is purposely chosen highly damped (see fig. 4) so as to show the ad-
vantages of the proposed viscoelastic parameter identification method. Starting from 600 Hz, the frequency
response function shows a smoother behavior due to the high damping of the treated beam.
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Figure 3: Real and imaginary wave-number of the propagating wave extracted from the treated beam using
McDaniel’s method
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Figure 4: Mean square velocity of the treated beam shown in fig. 1 excited with a unit force.

4 Proposed identification inverse method

Solving the quadratic eigenvalue problem in equation (14) at multiple iterations can be computationally ex-
pensive, therefore, effort has been specifically focused on the construction of a surrogate model which will
alleviate this issue. Surrogate models represent an approximation that is cheaper and more convenient to
evaluate, than the underlying models they approximate. The most common use of surrogate models is to
replace a known expensive computational model when a large number of repeated evaluations is required,
e.g., for optimization or uncertainty quantification. Another common application is to obtain a continuous
function from a fixed dataset, e.g., when the data is obtained experimentally. A third application is smoothing
an underlying model with a lower order of continuity, perhaps to achieve differentiability for gradient-based
optimization. In the following, a surrogate-based optimization is deployed to identify the viscoelastic pa-
rameters.

4.1 Surrogate model

Surrogate modeling approaches can be classified as interpolation (if the surrogate model matches the true
function value at each point in the training dataset) or regression (if it does not). Regression methods
smoothly approximate noisy data, and they include polynomials, splines, artificial neural networks (ANN), or
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support vector regression (SVR). Interpolation methods attempt to smoothly and accurately fit non-spurious
data, and they include inverse distance weighting (IDW), radial basis functions (RBFs), or kriging. These
methods are extensively discussed in the literature in different applications e.g. see [26, 27, 28].

4.1.1 Radial basis functions

Radial basis functions (RBFs) are defined as linear combinations of basis functions, where each basis func-
tion depends on the distance from the prediction point to each training point. The coefficients in the linear
combination are determined by solving a linear system that is typically dense. The radially varying basis
functions are usually augmented with polynomial functions to capture the general trends.

In the following, the thin plate spline basis functions equation (17) are chosen because they have the edge of
having no parameter that need to be tuned, whereas other basis functions do.

ψi(X) = ||X−Xi||22 ln ||X−Xi||2 ∀i, (17)

where Xi are the training points.

Prediction using the RBFs is given by :

k(X) =
∑

i

wiψi(X) +
∑

j

vjpj(X), (18)

where pj is a polynomial function taken here as 1st degree polynomial, wi and vi are the unknown weights
associated with the ith basis function and the ith polynomial trend function respectively.

In matrix notation, equation (18) can be written as :

k = ΨW + PV, (19)

where k is a column vector of output training points k(Xj) (wavenumbers), W and V are column vectors that
consist of the coefficients wj and vj respectively, Ψ is the matrix [ψi(Xj)]ij , and P is the matrix [pi(Xj)]ij ,
i denotes the row indices while j denotes the column indices. The training of RBFs consists of computing
the weights by solving the following linear system :

[
k
0

]
=

[
Ψ P
PT 0

] [
W
V

]
. (20)

A uniform sampling is used for the training points with a spacing of 10 points for each parameter.

It is note-worthy that we only focus on propagating waves with a decaying component (see fig. 3). The
evanescent waves (their real part of the wave-number is smaller than their imaginary part) are not considered
in the fitting.

4.2 Identification procedure

A set of three visco-elastic parameters (α, τ, E∞) can be identified by solving the following minimization
problem :

min
X=(α,τ,E∞)

f(X) =
∑

frequencies

∣∣∣∣
∣∣∣∣
k′(X)− k̃′(X)

k̃′(X)

∣∣∣∣
∣∣∣∣
2

+

∣∣∣∣
∣∣∣∣
k′′(X)− k̃′′(X)

k̃′′(X)

∣∣∣∣
∣∣∣∣
2

,

subject to 0 ≤ α ≤ 1,

(21)

where the prime and the double prime refer to the real and imaginary part of the wave-numbers respectively,
k is the wave number constructed using the surrogate model presented in section 4.1, and k̃ is the propagating
wave-number extracted from the numerical experiment explained in section 3.2.
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The design variables that are optimized for are written in the following manner in order to efficiently span a
broad range of values :

p1 = 10α,

p2 = log10(τ),

p3 = log10(E∞).

(22)

It was noted during the numerical experiment that it is hard to identify the static modulus as the cost function,
see equation (21), is not very sensitive to this parameter.

4.2.1 Two-parameter identification

In a first trial, the optimization is run on two parameters, the others being held constant. The cost functions
with respect to two parameters are shown in fig. 5, fig. 6 and fig. 7. The results of the optimization are
summarized in table 2, table 3 and table 4.

Parameters Initial Reference Optimized

p1 1.5 6 6.0001
p2 -3.5 -6 -6.0011

Table 2: Numerical results for the case X = (α, τ)

Parameters Initial Reference Optimized

p3 7 10 9.9981
p2 -3.5 -6 -6.0001

Table 3: Numerical results for the case X = (E∞, τ)

Parameters Initial Reference Optimized

p3 7 10 9.9998
p1 1.5 6 6.0011

Table 4: Numerical results for the case X = (E∞, α)
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Figure 5: Logarithm of the objective function with respect to the parameters 1 and 3
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Figure 6: Logarithm of the objective function with respect to the parameters 1 and 2
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Figure 7: Logarithm of the objective function with respect to the parameters 2 and 3
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A gradient-based optimization is deployed using Newton’s method, the gradient and the Hessian are analyt-
ically calculated : exploiting the surrogate model previously built (see section 4.1). The present character-
ization technique has identified two-parameters at once in the frequency range of [10 2000] Hz with 10 Hz
increment, keeping the rest constant. The next section will treat the case of a three-parameter identification.

The cost function (see equation (21)), is not sensitive to the static modulus . This is depicted in figs. 8 to 10,
showing horizontal or vertical lines indicating the value of the cost function is not considerably changing
when varying the static modulus.
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Figure 8: Logarithm of the objective function with respect to the parameters 1 and log10(E0)
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4.2.2 Three-parameter identification

Three parameters (E∞, α, τ) can also be identified at once using this proposed method. The path of the
optimization scheme is shown is fig. 11, the summarized results are given in table 5.

initial

Identified parameters

Figure 11: Path of the optimization convergence in the parameter space (E∞, α, τ)

The identification of three parameters at once was successful using the proposed method. It is advisable
to characterize E0 first using static methods, and then plug it into this technique to retrieve the remaining
parameters.
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Parameters Initial Reference Optimized

p1 10 6 6.0001
p2 -3 -6 -6.0011
p3 13 10 9.9988

Table 5: Numerical results for the case X = (E∞, α, τ)

5 Conclusion

This paper presents a dispersion-based characterization technique for identifying viscoelastic material prop-
erties. This method is applied to a highly damped beam and is able to characterize it over a wide frequency
range. It is shown that, contrary to frequency response-function based inverse techniques, the proposed
method does not loose its efficacy when dealing with highly damped structures. It actually makes the iden-
tification procedure easier as it is expected to capture more efficiently, the imaginary wave-number corre-
sponding to the attenuation due to the added damping. Whereas the identification using the former method
can become delicate because most of the material damping information is found at resonant frequencies
levels, that most likely are not pronounced in case of high damping. However, the proposed method is not
applicable to lightly damped structures as the signal to noise ratio of imaginary part of the extracted disper-
sion curves will be very low, which will make it difficult to extract the attenuating part of the propagating
wave-number in a stable manner.
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[18] L. Rouleau, J.Deü, A. Legay. Inverse characterisation of frequency-dependent properties of adhesives.
Journal of Physics: Conference Series, 744(1), 2016.

[19] L. Rouleau, B. Pluymers, W. Desmet. Characterisation of viscoelastic layers in sandwich lightweight
panels through inverse techniques. NOVEM - Noise and Vibration, Emerging Technologies,2015.

[20] A. Van De Walle, L. Rouleau, E. Deckers, W. Desmet. Parametric model-order reduction for viscoelas-
tic finite element models: an application to material parameter identifications. Proceedings of the 22nd
International Congress on Sound and Vibration, 2015.

[21] R. F. Boukadia, C. Droz, M. N. Ichchou, W. Desmet. A Bloch wave reduction scheme for ultrafast
band diagram and dynamic response computation in periodic structures. Finite Elements in Analysis and
Design, 148:1-12, 2018.

[22] J. Berthaut, M.N. Ichchou, L. Jezequel, K-space identification of apparent structural behaviour, Journal
of Sound and Vibration, 280(5):1125—1131, 2005.

[23] B. R. Mace, D. Duhamel, M. J. Brennan, L. Hinke, Finite element prediction of wave motion in struc-
tural waveguides, The Journal of the Acoustical Society of America, 117:2835–2843, 2005.

[24] J. G. McDaniel, W. S. Shepard, Estimation of structural wave numbers from spatially sparse response
measurements, The Journal of the Acoustical Society of America, 108(4):1674–1682, 2000.

4704 PROCEEDINGS OF ISMA2018 AND USD2018



[25] B. Van Damme, A. Zemp, Measuring Dispersion Curves for Bending Waves in Beams: A Comparison
of Spatial Fourier Transform and Inhomogeneous Wave Correlation, Acta Acustica united with Acustica,
104(2):228–234, 2018.

[26] D. Zhao, D. Liu, M. Zhu, A surrogate model for thermal characteristics of stratospheric airship, Ad-
vances in Space Research, 61(12):2989–3001, 2018.

[27] J. T. Hwang, J. R. R. A. Martins, A fast-prediction surrogate model for large datasets, Aerospace
Science and Technology, 75:74–87, 2018.

[28] A. Nobari, H. Ouyang, P. Bannister, Uncertainty quantification of squeal instability via surrogate mod-
elling, Mechanical Systems and Signal Processing, 60–61:887–908, 2015.

VIBRO-ACOUSTIC OF PERIODIC MEDIA 4705



4706 PROCEEDINGS OF ISMA2018 AND USD2018



Design of a multi-scale reinforced sandwich panel with en-
hanced vibroacoustics performances

R. Palumbo1, D. Ivanov1, C. Droz2, O. Bareille2, M. Ichchou2, F. Scarpa1

1 University of Bristol, Bristol Composites Institute (ACCIS),
Queen’s Building, University Walk, BS81TR, Bristol, United Kingdom

2 Ecole Centrale de Lyon, Laboratoire de Tribologie et Dynamique des Systemes (LTDS)
69130, Ecully, France

Abstract
In the aerospace sector, cellular structures are widely used as cores of sandwich panels mainly because of
their high stiffness-to-weight ratio. However, a small mass associated with a high stiffness usually leads to
acoustic discomfort. Obtaining structures that provide both mechanical efficiency and good vibroacoustic
performances is the reason why vibroacoustic constraints are being integrated in their design process. In
this work, flax fibers in a polyethylene matrix are adopted as walls for a honeycomb core, replacing the
metallic and polymeric materials historically used for this purpose. Viscoelastic inserts consisting of MWNT-
reinforced resin are embedded within the core with the main goal of increasing the sandwich panel’s shear
transition frequency, which is the frequency at which the core’s shear becomes important over the whole
panels bending inducing bad vibroacoustic performances. A design procedure of the inserts is defined, taking
into account both the added mass and the improvements aimed in terms of vibroacoustic performances.

1 Introduction

Sandwich panels have been widely used in industrial applications during the last decades. Their extraordi-
narly high stiffness-to-mass ratio given from the low-density core and the thin skin layers on its sides makes
them attractive in a variety of fields such as in the aerospace industry, where weight-saving and mechanical
performances are of primary importance. However, sandwich panels’ great mechanical properties are often
in conflict with their vibroacoustics performances: many researchers have been focusing their attention on
sandwich panels sound insulation, as usually better acoustic performances correspond to a lower stiffness-to-
mass ratio. In particular, sandwich panels’ first transition frequency is an important vibroacoustic indicator
for this kind of structures [1], as it provides information about their macro behaviour. Generally speaking,
a transition frequency is the frequency at which the panel switches its current behaviour to another one.
Referring to figure 1, showing a typical dispersion curve for sandwich panels, Fahy and Gardonio defined
three main regions of vibroacoustic behaviour of these structures [1]. On the left, the area corresponding to
f < ft1 is dominated by the panel’s bending: this zone is controlled by the total section bending stiffness and
the whole panel acts as homogeneous. In the middle region (ft1 < f < ft2) the vibroacoustic behaviour is
controlled by the core’s shear stiffness, while the last zone (f > ft2) is dominated by the individual skin-face
bending stiffness.

ft1 is the first (or shear) transition frequency and defines the frequency at which the core’s shear becomes
important with respect to the whole panel’s bending. It has been shown that usually a higher shear transition
frequency reflects an improvement in the sound transmission loss through the panel at the mid frequencies
[2], and this is why it is becoming of great interest [3] [4].

In this work, the focus is on the improvement of sandwich panels vibroacoustics performances by shifting
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Figure 1: Typical dispersion curves of a sandwich panel [1]

the first transition frequency towards the high-frequency range, in which acoustic transparency can be con-
trolled more easily, for instance by adding poroelastic inserts. This is done by working on the materials and
manufacturing techniques of a square-cell honeycomb core equipped with reinforced viscoelastic inserts.
The material adopted for the walls is a prepreg of unidirectional flax fibres (UD180-C003) of 180 g/m2

from Lineo, Belgium and Linear Low Density PolyEthylene (LLDPE) with a density of 0.91 g/m2. The
viscoelastic inserts consist of an epoxy resin reinforced with Carbon Nanotubes. They are deposited at the
junctions between perpendicular walls and are specifically designed with the aim of increasing ft1 (from
now on referred to simply as ft) while keeping the percentage of added mass as small as possible at the same
time. The position of the inserts is strategic also from another point of view, as not only it increases the
core’s toughness, but these are also the zones where the most of strain energy dissipation happens and the
phenomenon is therefore enhanced by the introduction of the inserts precisely in these zones. As it will be
better explained in section 4.3, Carbon Nanotube fillers are considered as an option to reinforce the resin and
meet our goals.

2 Unit cell’s effective mechanical characteristics

The software adopted for the numerical simulations is ANSYS R© MECHANICAL APDL. Finite Element
models were developed for the unit cell both in the base configuration - from now on indicating the standard
honeycomb with no inserts - and the insert configuration. The geometric characteristics of the unit cell are
shown in figure 2. Tables 1 and 2 show the epoxy resin and flax prepreg’s materials properties respectively.
The flax/PE mechanical properties derive from experimental tests carried out in [5], while the epoxy resin’s
characteristics are those of the pristine system - i.e. with no Carbon Nanotubes filler.

After a convergence study, a mesh with element size equal to 0.25 mm was chosen. The elements are
SOLID185 (structural solid with eight three-degrees-of-freedom nodes) for both the insert and the honey-
comb walls, with the difference that for the latter layered elements were adopted in order to model the
orthotropic layered walls (lamination sequence of the unidirectional plies: 90o/0o/0o/90o, where the fiber
orientation is defined with respect to the z-axis of the model, figure 2).

2.1 Base configuration

Thanks to the symmetry of the unit cell with respect to the three orthogonal planes of the reference system
shown in figure 2, only one octave unit cell was modeled.
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Einsert 2.8 GPa
νinsert 0.3
ρinsert 1.15 g/cm3

Table 1: Mechanical properties of the epoxy resin adopted for the inserts - Araldite R© LY 3585 / Aradur R©

3475 epoxy system

E11 9.50 GPa ASTM D 3039
E22 1.30 GPa ASTM D 3039
E33 1.30 GPa ASTM D 3039
G12 0.55 GPa ASTM D 4255
G13 0.55 GPa ASTM D 4255
G23 0.40 GPa ASTM D 4255
ν12 0.40 ASTM D 3039
ν13 0.40 ASTM D 3039
ν23 0.60 ASTM D 3039
ρ 1.025 g/cm3

Table 2: Mechanical properties of the flax/PE composite adopted for the honeycomb’s walls [5]

In-plane and out-of-plane virtual tensile and shear tests were simulated to evaluate the effective mechanical
properties of the system. Figure 3 shows the boundary conditions applied for the in-plane tensile and shear
tests. Analogous displacement fields were imposed in the out-of-plane direction.

The virtual tests were performed according to the procedure described in [6]. The outputs of the tensile
test numerical simulation are the reaction Rx at x = 0 and the displacements v at y = L. Therefore, the
expansion ratio and the effective elastic modulus are calculated as follows:

χ =
vLx

∆xLy
=

v

∆x
(1)

E∗x = E∗y =
σx
εx

=
Rx

Ax

1

∆x/Lx
=

Rx

L ∗ h/2
L− t/2

∆x
(2)

Regarding the shear test, in principle there are several possibilities to simulate it - figure 4. However, only
biaxial loading tests guarantee a deformation field which is as close as possible to pure shear. In this case, the
outputs from the numerical simulations are the reactions Rx and Ry - sum of nodal forces along x at x = 0
and along y at y = 0 respectively. From these values it is possible to calculate the effective out-of-plane
shear modulus:

G∗xy =
τxy
γxy

=
σx − σy

2(εx − εy)
=

Rx
Ax
− Ry

Ay

2(∆x
L −

∆y
L )

(3)

Performing the test in the out-of-plane direction, the remaining effective properties were evaluated and it was
numerically verified that G∗zy = G∗yz = G∗xz = G∗zx. Table 3 summarizes the results.

2.2 Insert configuration

At the manufacturing level, the resin deposition is done from the top of the honeycomb by means of a
modified 3D printer. Therefore, the most realistic shape to assume for the insert’s profile is an hyperbole -
figure 5. Due to the anisotropic nature of the insert along the z direction, in this case one-quarter unit cell
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Figure 2: Geometry characteristics of one octave unit cell

(a) In-plane tensile test (b) In-plane shear test

Figure 3: Boundary conditions applied to simulate virtual in-plane tensile and shear tests

was modeled. The FE models in case of ATOP = ABASE = 1 mm and in the particular configuration of
cylindrical profile (ABASE = 0) are shown in figure 6 .

The shear modulus was evaluated following the same procedure as for the base configuration, but in this case
a parametric study was performed in function of the geometric properties of the insert, figure 7 .

The shear modulus clearly increases as the insert’s characteristic dimensions do. However, as the goal of this
work is shifting the shear transition frequency of the sandwich panel towards higher values, it is fundamental
to set some limits on the added mass given by the insert. In fact, not only one of the main advantages of
sandwich panels is their reduced weight which should be preserved, but also the transition frequency depends
on the shear stiffness as well as on the mass of the honeycomb - and therefore on the added mass given by
the deposited resin.

3 Added mass design space

The percentage of added mass will be from now on indicated as madd and was analytically evaluated as a
function of the insert’s geometric variables ATOP and ABASE . The resulting surface is shown in figure 8a,
together with the constant-value surface corresponding to an arbitrary limit value of 20% added mass.

The intersection of the two surfaces generates the design space in figure 8b: to have a percentage of added
mass smaller than 20%, the design point should be chosen within the yellow area. Finally, figure 8c shows
the percentage mass in function of ATOP in the particular case of cylindrical insert.

To have an idea of where it is better to choose the design point within this area, probabilistic design anal-
yses were performed to establish which one between ABASE and ATOP has the biggest influence on the
shear characteristics of the unit cell. The analyses were carried out by means of the Probabilistic Design
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Figure 4: Shear test fixtures [6]

Tensile tests Shear tests
E∗x 0.433 GPa

G∗xy 0.187 GPa
χ∗xy −0.157

E∗z 1.30 GPa
G∗zy 0.450 GPa

χ∗zy −0.454

Table 3: Effective mechanical properties of the base configuration honeycomb unit cell

System module within ANSYS R© MECHANICAL APDL. The random input (RI) variables of the problem
are ABASE and ATOP , for which Gaussian distributions with mean values µ = 1mm and standard devi-
ations σ = 0.2mm were assumed, while the output parameter is the effective out-of-plane shear modulus
of the unit cell. The analysis was performed by means of Monte Carlo simulations with Latin Hypercube
sampling. The probabilistic sensitivities of the output parameter G∗ZY show that, having set the significance
level to 2.5%, only ATOP is significant to the shear stiffness of the unit cell. For the sake of completeness,
also the sensitivities of the effective in-plane shear modulus were evaluated. Here, both RI variables are
significant, butATOP has a bigger impact (in terms of absolute values, the sensitivity toATOP is 0.96, while
to ABASE it is about 0.52). Therefore, for a certain value of added mass it is better to have a higher value
of ATOP rather than ABASE , which means having the resin as uniformly distributed through the thickness
as possible at the manufacturing level. Going back to figure 8b, the design point should be chosen in the
left area to benefit the most of the insert’s mass. For example, with ATOP = 1mm and ABASE = 0mm
- cylindrical insert, added mass of 18.5% - G∗ZY is 0.642GPa, corresponding to an increase in the shear
modulus value of about 43% with respect to the base configuration.

4 Shear transition frequency design space

While in the previous section the design area of the insert’s geometry was defined in function of an arbitrary
maximum value of percentage of added mass, from the shear transition frequency standpoint the relative
importance between the added mass and the increase in the shear stiffness has to be considered. Therefore,
in this section a new design space will be defined in terms of the material to adopt for the insert, according
to the transition frequency requirements.
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Figure 5: Hyperbolic insert’s characteristic dimensions

(a) ATOP = ABASE = 1 mm (b) ATOP = 1 mm, ABASE = 0 mm

Figure 6: Insert configuration - FE model of one-quarter unit cell in case of hyperbolic and cylindrical
profiles

4.1 Guillaumie’s formulation

Guillaumie’s work [7] provides an exact analytical expression for the transition frequency, derived using the
inverse infinite mechanical impedance of the sandwich panel.

The global bending and shear impedances can be respectively written as:

(ZD
∞)−1 =

1

8
√
DρP

; (4)

(ZS
∞)−1 =

ω

4S
, (5)

which are the inverse infinite mechanical impedances below and above the shear transition frequency. There-
fore, equating (4) and (5) it is possible to find the exact formulation for the first transition frequency,

ft =
S

4π

√
1

ρPD
(6)

where,

S = G∗ZY hcore

(
1 +

hskin
hcore

)2

(7)
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(a) Effective tensile modulus (b) Effective shear modulus

Figure 7: Insert configuration - Effective out-of-plane mechanical properties of the unit cell

is the equivalent shear modulus of the sandwich panel, G∗ZY is the effective out-of-plane shear modulus of
the core, hskin and hcore are the thicknesses of the face-sheets and the core respectively, and ρP the mass per
unit area [8];

D ≈
(
h2
core

2
hskin + hcoreh

2
skin +

2

3
h3
skin

)
Eskin

1− ν2
skin

(8)

is the equivalent isotropic behaviour bending stiffness of the sandwich panel. For standard sandwich panels,
the bending stiffness is mainly given by the skins contribution and it can be calculated approximately with
the expression as above. However, in the present case it was necessary to verify that this assumption was still
valid, given the increase in the core’s effective out-of-plane Young Modulus due to the inserts. The bending
matrix of a sandwich panel with isotropic skins and orthotropic core can be written as:

D =



D11 D12 D16

D21 D22 D26

D61 D62 D66




where the coefficients can be written in their exact formulations as:

D11 =

(
h2
c

2
hs + hch

2
s +

2

3
h3
s

)
Es

1− ν2
s

+
h3
c

12

Ec
x

(1− νcxyνcyx)
, (9)

D22 =

(
h2
c

2
hs + hch

2
s +

2

3
h3
s

)
Es

1− ν2
s

+
h3
c

12

Ec
y

(1− νcxyνcyx)
, (10)

D12 =

(
h2
c

2
hs + hch

2
s +

2

3
h3
s

)
νsEs

1− ν2
s

+
h3
c

12

νcxyE
c
x

(1− νcxyνcyx)
, (11)

D66 =

(
h2
c

2
hs + hch

2
s +

2

3
h3
s

)
Gs +

h3
c

12
Gc

xy. (12)

in which the subscript s indicates the mechanical properties of the isotropic skins, and c the effective me-
chanical properties of the honeycomb core’s unit cell. For all the coefficients, the increment with respect to
the base configuration’s value was evaluated as:

∆Dij =
Dij, ins −Dij, bas

Dij, bas
∗ 100.
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(a) Added mass vs insert’s dimensions. (b) Design space for a maximum added
mass of 20%

(c) Cylindrical insert

Figure 8: Added mass design space.

Considering isotropic alluminium skins - Es = 68.9GPa, ν = 0.33 - with a thickness ts = 1mm and
cylindrical inserts:

∆D [%] =




0.174 0.0012 0
0.0012 0.174 0

0 0 0.263




The increments are very small and can be neglected.

4.2 Effect of the insert on ft

From equation (6), it is immediate to see that the transition frequency depends on both the effective out-of-
plane shear modulus and the mass per unit area of the sandwich panel, ρP . Therefore,

f̄t =
ft

ft, base
=

1 + ∆S
Sbas√

1 + ∆ms
ms, bas

. (13)

In equation (13), ∆S/Sbas = ∆G∗zy/G
∗
zy, bas is evaluated from the results of numerical simulations of out-

of-plane shear tests on the honeycomb’s unit cell and ∆ms changes as the insert’s area does.

Figure 9 shows f̄t in function of the insert’s thickness and stiffness for a cylindrical insert (ABASE = 0).

It is immediate to observe that:
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Figure 9: Transition frequency ratio in function of the insert’s dimension and stiffness.

1. in the selected ranges of values, the transition frequency in presence of the inserts is always higher
than the one given by the base configuration - f̄t > 1;

2. for small values of Young Modulus of the resin, as the insert’s thickness increases the transition fre-
quency becomes smaller, and this is due to the fact that

√
∆ms has a bigger impact on f̄t than the

shear stiffness term.

Therefore, once selected a resin with a sufficiently high stiffness, the shear transiton frequency is higher
than the one in the base configuration and the bigger the insert’s dimensions the better performances at the
vibroacoustic level.

4.3 Analytic prediction of the insert’s material effective properties

A solution to obtain the second type of behaviour just described is reinforcing the resin with Carbon Nan-
otube (CNT) inclusions. For random orientation of the CNTs, the effective Young’s Modulus of the compos-
ite material Einsert can be expressed according to [9] as:

Einsert

Eresin
=

3

8

[
1 + ζηLVNT

1− ηLVNT

]
+

5

8

[
1 + 2ηTVNT

1− ηTVNT

]
(14)

and the so-called reinforcement dEinsert/dVNT - in the assumption of small VNT and Einsert >> Eresin -
as [10]:

dEinsert

dVNT
≈ 3

8
EresinηL(ζ + 1) +

15

8
Eresin (15)

where:

ηL =
Eeff/Eresin − 1

Eeff/Eresin + ζ
, (16)

ηT =
Eeff/Eresin − 1

Eeff/Eresin + 2
, (17)

ζ =
2L

D
. (18)
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In the previous formulations, L andD are the length and outer diameter of the nanotubes respectively, Eresin

is the matrix Young’s Modulus and VNT is the filler volume fraction, which can be expressed in function of
the weight fraction wNT through the CNTs and matrix densities, as:

VNT =

[
ρr
wNT

− ρr + 1

]−1

;

ρr =
ρNT

ρresin
.

Finally, Eeff is the Young’s Modulus of an equivalent effective fibre, which can be expressed according to
[11] as:

Eeff =
4t

D
ENT , (19)

being t and ENT respectively the wall’s thickness and the Young’s Modulus of the nanotubes .

4.4 Single-Walled Nanotubes

In case of Single-Walled Nanotubes (SWNTs), the wall’s thickness was assumed to be 0.34nm, the outer di-
ameter 1nm, the inner diameterD−2t, the CNT length 10µm and the Young’s Modulus 1TPa. According
to [11], the nanotube density can be calculated as:

ρNT =
ρg(D2 −D2

i )

D2

being ρg the density of fully dense graphite, 2.25 g/cm3.

With these assumptions, the Young’s Modulus of the material composite and the reinforcement were calcu-
lated in function of the nanotubes volume fraction and the stiffness of the matrix - figures 10a and 10b, YC
is the effective Young Modulus of the insert, so far indicated as Einsert.

4.5 Multi-Walled Nanotubes

In case of Multi-Walled Nanotubes (MWNTs), the outer layer thickness was still assumed to be 0.34nm and
the length 10µm, but this time an outer diameter of 15nm and an inner one of 5nm were assigned, and
therefore a value of ρNT /ρresin of 1.74. The effective Young’s Modulus and reinforcement of the composite
material are shown in figures 10c and 10d.

Comparing the graphs, it is possible to notice how, in case of adoption of MWNTs, a higher filler volume
fraction is needed to have a consistent increase in the Young Modulus of the composite material. In fact, its
elastic properties are very sensitive to the nanotube diameter, since the larger the outer diameter is (i.e. the
more layers it is made of) the lower the effective modulus is - [11], [12].

5 Design procedure

Putting together the content of the previous sections, a whole design procedure for the insert was developed.
In fact, according to the requirements in terms of added mass and transition frequency it is possible to design
the insert in terms of both geometry and material (i.e. resin and CNTs content).

Step zero is the assumption of a certain material for the insert. All the curves and surfaces are plotted
assuming a certain initial value for the density of the insert’s material, while its Young Modulus intervenes
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(a) (b)

(c) (d)

Figure 10: Effective Young Modulus and Reinforcement of the composite material - SWNTs and MWNTs

as a parameter only in the curves of Einsert in function of the filler volume fraction. Once an initial value of
ρresin has been assumed, the following steps can be carried out.

1. First of all, choosing a design point in the space of the added mass in function of the geometric
parameters, ATOP and ABASE. For example, a cylindrical insert - ABASE = 0 mm and ATOP = 1.0 mm
with an added mass of madd = 18.5% (minsert = 0.0542 gr, mwalls = 0.292 gr ) - figure 8b;

2. Secondly, establishing the increment in terms of transition frequency that is expected. For example,
f̄t = 1.4 - 40% increment. In this case, with the geometry been set in the previous step, the Young’s
Modulus of the insert material should be ∼ 3 GPa - figure 9;

3. Last step consists in evaluating different possible combinations of VNT and Eresin that give such value
of Einsert. In this case, very different solutions can be found in case of single-walled and multi-walled
nanotubes - figure 10.

Once the material has been defined in terms of matrix stiffness and filler volume fraction, the composite
material’s density needs be calculated again and all the curves have to be updated in function of the new
density value. Therefore, the procedure should be iterated till convergence considering updated curves.

However, while the insert’s density effect on the added mass surface is definitely not negligible, it is not
a significant variable to the shear stiffness of the panel, as PDS simulations with the insert’s density as RI
variable showed. Moreover, the transition frequency curves come from numerical parametric simulations so
the computational and time costs would be very high if they had to be updated at each iteration. Therefore,
they are kept constant even considering different values of ρinsert.
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Conclusions

In this paper, a procedure for the design of CNT-reinforced viscoelastic inserts for sandwich panels has been
developed. Beyond the increase in the panel’s toughness and strain energy dissipation due to the strategic
location of the depositions at the walls junctions, the inserts provide improved vibroacoustics performances
in terms of increase in the panel’s characteristic shear transition frequency. However, not all configurations
are convenient to adopt, as the increase of the core’s shear stiffness is opposed by the augmented mass.
Therefore, in order to have an increment in the transition frequency that also increases with the insert’s
dimension, there is a minimum value of Young’s Modulus that the resin needs to have and this is one of the
reasons why Carbon Nanotubes are adopted as a filler. The final design procedure takes into account the
limits in terms of added mass, increment in the transition frequency and minimum value of the composite
material Young’s Modulus to define the inserts in terms of both geometry and material.
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Abstract
Existing methods for the calculation of acoustic indicators, starting from periodic cells, are limited to very
specific excitations. The present work investigates and validates a load approximation to deal and interface
the periodic cell scale with more general stochastic and spatially-correlated loads. The method approximates
the load using a summation of surface waves of aleatory amplitude and inclination, acting on the surface of
the structure. The only required information is given by the wavemunber spectrum of the excitation desired:
diffuse acoustic field (DAF) and turbulent boundary layer excitations (TBL) are considered within the present
work. The load matrix, built using direct methods and the proposed approximation, is compared and used for
the calculation of the sound radiation of finite and infinite panels subjected to stochastic load. A validation
is performed with analytic and numerical results correlated and uncorrelated loads.

1 Introduction

Sandwich composite structures are used in modern aerospace as well as in the automotive, naval and civil
industry because they are lighter and stronger than most advanced alloys. The anisotropy of such structures
can be modelled by changing the geometry of the core, obtaining different wave propagation properties.
However, these structures are also known for having poor vibroacoustic performances and, often, these can
result in higher interior noise levels. At the same time, high computational costs arise, from the point of view
of the numerical simulations, when sandwich panels are analysed using classical models as, for example, the
finite element method (FEM). Some FEM applications for the vibroacoustic analysis of simple structures,
under random aeroacoustic loads, are present in literature [1, 2, 3, 4].

An efficient alternative in terms of computational cost is, for example, the transfer matrix method (TMM).
It is a general method used for the prediction of the propagation of monochromatic plane waves in planar
and multi-layered structures of infinite extent in the lateral direction [5, 6, 7]. Finite size effects, important
at low frequencies, can be included through appropriate corrections, leading to a broadband accuracy of the
method [8, 9].

Alternatively, the wave finite element method (WFE), specifically for homogeneous and periodic structures,
allows the modelling of just a single repetitive cell, applying the periodicity conditions for a correct descrip-
tion of the entire (infinite) waveguide [10, 11, 12, 13]. The use of finite elements, for the cells description,
gives the possibility to describe any type of complex structural shape. The use of the WFEM for the sound
transmission of periodic sandwich panels has been validated by many authors, under acoustic load [14, 15].

Periodic structures and meta-materials, on the other hand, can be used as frequency-selecting structures. The
related waveguides, because of their complex shapes, require a higher computational cost for an accurate
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Figure 1: Example of a FE cell model with periodicity along the X-Y directions.

numerical simulation. In addition, the knowledge and the modelling of the correct operating conditions
are fundamental in automotive and aerospace applications. For example, whenever a convective flow is
present, boundary layer models should be included [16]. None of the models in literature, at this stage,
allows the analysis of complex structural periodic shapes, under aeroacoustic excitations. The novelty of the
present paper stands in overcoming these limits proposing a methodology for dealing with a wide range of
industrially relevant case-studies. The method, thus, can be used as a tool for the analysis and the design of
periodic complex structures under more realistic operating conditions, for example, superimposing boundary
layer and acoustic excitations.

The paper is structured as follows: Section 2 and 3 presents the load approximation proposed and the
wavenumber integration process, to take into account a general fluid excitation; Sections 4 and 5 show
the numerical and experimental validations both for acoustic and aerodynamic load.

2 The Wave Finite element Method

A 2D periodic structure is composed by an assembly, along two arbitrary directions, of identical elementary
cells. Using any FE commercial code, the mass and stiffness matrices of the cell, whenever complex, can be
extracted and post-processed. With reference to Fig. 1, the dynamic stiffness equation of the segment can be
written as:

[K− ω2M]q = Dq = f + e (1)

where q, f and e are respectively the nodal vectors of degrees of freedom (DoFs), internal and external forces;
K, M and D are the stiffness, mass and dynamic stiffness matrices. Damping can be modelled by including,
in Eq. 1, appropriate complex matrices and coefficients. Hereby, it is assumed that the vectors and matrices
are ordered following the same sequence of the DoFs nodal vector: q = [q1,q2,q3,q4]. The wave motion
through a periodic media can be analysed by imposing the Bloch-Floquet conditions [10, 11] to the finite
element (FE) of a periodic cell, assuming time and space harmonic excitation. The periodicity conditions are
translated in complex propagating constant for each wave type. Displacements and forces at any point of the
cell can be connected to the ones of a limited number of them, as follows:




q2

q3

q4


 =




IλX
IλY

IλXλY


q1 (2)

with
λX = exp(−ikXLX) λY = exp(−ikY LY ) (3)

where kX and kY are wavenumbers of the propagating (or forcing) wave in the periodicity directions X
and Y , while LX and LY represent the cell lengths along the same directions. The matrix I is, instead, the
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identity matrix. In a general form, thus, the total displacements and forces are connected to the reduced
vectors (superscript r) through a periodicity matrix Λ (see Eq. 2):

q = Λqr f = −Λfr e = −Λer (4)

Pre-multiplying Eq.1 by ΛH , where H stands for the hermitian operator, the dynamic stiffness matrix of the
reduced model is given by Eq. 5.

Dr = ΛH [K− ω2M]Λqr (5)

At this stage, different eigenvalue problems can be solved, if the target is the estimation of the dispersion
curves of the periodic structure, [12, 17]. The use of modal reduction is highly suggested for very fine
meshes. In these cases, the internal degrees of freedom are substituted by the modal participation factors
[17, 18].

2.1 Fluid-Structure Coupling

Let us assume a plane wave impinging on one face of the structure, with an amplitude pI . The structure, as a
result, transmits and reflects waves in the fluid adjacent to the top and bottom surfaces. On the excited side
(subscript 1), the sound field is the superposition of the incident and reflected acoustic waves, while, in the
receiver side (subscript 2), it is given by the transmitted waves.

Assuming the X-Y as the plane of reference (1 as example), an incident acoustic pressure wave can be
defined, on the surface of the cell, omitting the time harmonic dependence, as:

pIe−i(kXX+kY Y−kZ,1Z). (6)

The reflected and transmitted pressure waves are, instead, given by:

pRe−i(kXX+kY Y−kZ,1Z)

pT e−i(kXX+kY Y−kZ,2Z).
(7)

The wavenumber components kX and kY are conserved along the structure and the only parameter which
can vary with the nature of the fluid (and the excitation) is the kZ component, derivable using the Helmholtz
equation. Assuming a forced displacement field of the same nature, then, from continuity of the normal
particle velocity on the excited and radiating surfaces, the dynamic stiffness of the fluids can be derived.

ρ1ω
2qin =

∂(pI − pR)

∂z
; Df,1 =

−iρ1ω
2

kZ,1

ρ2ω
2qrad =

∂(pT )

∂z
; Df,2 =

−iρ2ω
2

kZ,2

(8)

where ρ1 and ρ2 are the fluid densities, qin and qrad are the out-of-plane displacements and Df,1 and Df,2

the dynamic stiffness of the fluid in the incident and radiating domains, respectively. The load imposed
on the plate, by the forcing surface waves of trace wavenumbers kX and kY , can be derived from the two
pressure fields, on both sides of the structure; it is lumped on the wetted nodes of the finite element model.
As the forces act normal to the surfaces, the only excited degrees of freedom are the ones connected to the
out-of-plane displacements. Consistent nodal forces can be calculated as follows:

er = S(pI + pR)qin − S(pT )qrad (9)

where S is the free nodal surface, pI , pR and pT are the nodal pressure vectors, from Eqs. 6 and 7. A finer
way to calculate consistent nodal forces, requires, however, the knowledge of the shape functions associated
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with the out-of-plane displacements [15]. Exploiting the relationships in Eq. 8 in Eq. 9, the final system
results in:

DSqr =
[
Dr +

(
Df,1win +Df,2wrad

)
SΛHΛ

]
qr = 2pISwinΛ

HΛ (10)

where win and wrad are the coupling matrices that give qin and qrad from multiplication with qr.

The algebraic system can be solved in qr and Eq. 8 used to obtain the transmitted pressure. The power
transmission coefficient τ associated with the couple of forcing wavenumbers kX and kY is thus calculated:

τ(kX , kY ) =
(kZ,2/ρ2)S|p2

T |
(kZ,1/ρ1)S|p2

I |
. (11)

Finite size effects, can be included through correction factors, in order to increase the accuracy at low fre-
quencies. While a formal and accurate spatial widowing approach is present in literature [8], the computa-
tional cost associated with this step might be high. For this reason, even losing some accuracy in the low
frequency regime, the use of asymptotic formulas, as in [9], is here used to reduce the computational cost.

3 Stochastic Load Translation into Surface Waves

The sound transmission to plane wave excitation, as discussed in Sec. 2, is not sufficient for many applica-
tions. Herein, a method, to take into account a general type of excitation, is proposed. The idea is to use a
forcing surface wave excitation for each couple of forcing wavenumbers kX and kY , able to represent the
desired excitation, once its wall pressure spectra in the wavenumber domain, is known. Using a vectorial
form a sum of wall waves can be written as:

P (X̄, ω) =

NW∑

j=1

Aje
−iK̄j×X̄ . (12)

where X̄ stands for the surface coordinates X − Y , K̄j is the wavenumber vector associated with each wall
surface wave of amplitude Aj , and NW is the total number of waves constituting the pressure field. It is
worth recalling that the surface coordinates can be global or local coordinates.

The description of the desired load needs the proper values of K̄j and Aj (Eq. 12). They are obtained by
equating the wavenumber spectra φPP , of the pressure field (Eq. 12), with the one of the fluid excitation
model desired, ΦPP , for a specific fluid wavenumber K̄. Many fluid excitation models are investigated in
the wavenumber domain in literature [19]. The cross correlation of the pressure field P is:

RPP ( ¯∆X1, ¯∆X2, ω) =

NW∑

j=1

A2
je
−iK̄j( ¯∆X1− ¯∆X2) +

NW∑

j=1

NW∑

n=1;n6=j

AjAne−i(K̄j
¯∆X1−K̄n

¯∆X2) (13)

where the auto and cross correlations have been divided in two different summations. Performing the Fourier
transform of Eq. 13, the wavenumber spectra is obtained. Moving from summations to integrals, for sake of
manageability of the Dirac functions, the final expression of φPP is the one of Eq. 14. The second term in
Eq. 14 can be erased since, by definition, the correlation indices j and n must be different.

φPP (K̄, ω) = ΦPP (K̄, ω) =

∫
4π2

A2
j

∆K̄j
δ(K̄j − K̄)dK̄j

+

∫ ∫
8π4 AjAn

∆K̄j∆K̄n
δ(K̄j − K̄)δ(K̄n − K̄)dK̄jdK̄n

(14)

For each forcing kX and kY , the desired loading model is simulated through the following surface wave:

PW (X,Y, ω) =

√
ΦPP (kX , kY , ω)∆kX∆kY

4π2
e−i(kXX+kY Y ). (15)

4724 PROCEEDINGS OF ISMA2018 AND USD2018



In conclusion, at each frequency and for each wavenumber of the fluid excitation model, a surface wave of
specific wavenumbers and amplitudes can be used to simulate the load. No hypothesis on the correlation of
the forcing waves is imposed as for the reference coordinates. The proposed approximation is thus valid for
correlated and uncorrelated loads acting on the external surfaces, independently on the structural complexity.

3.1 Sound Transmission Loss

In order to simulate the sound transmission for a specific excitation, an integration of the transmission coef-
ficient is performed, in the wavenumber domain. Thus, the total transmission coefficient can be calculated
as follows:

τTOT (ω) =

∫ ∫
τ(kX , kY )×WA(kX , kY , ω)dkXdkY∫ ∫

WA(kX , kY , ω)dkXdkY
(16)

where WA is the matrix of the normalized amplitude function, of the wall surface waves, for all the wavenum-
ber couples involved in the integration process. Within the framework of sound transmission, as identifiable
from Eq. 11, the variation of waves amplitudes does not have an influence. The difference among different
fluid loads is given by the integration. The choice of the integration limits can be changed depending on the
type of load to be described. For example, for a diffuse acoustic field, at each frequency step, the wavenum-
ber spectra ΦPP is null outside the acoustic border, so, there is no need for the use of higher integration
limits. The final transmission loss is, by definition:

TL(ω) = −10 log10(τTOT (ω)) (17)

The great advantage of the present approach relies in its generality and applicability to a wide range of test-
cases both in terms of structural shapes and excitation models. The wall surface wave approximation releases
the constraints to the plane waves angles of incidence, generally implied in literature.

4 Validation for Diffuse Field Transmission

In this section, using a diffuse acoustic excitation, some comparisons are presented for validation purposes,
using well-established literature methods as a reference. In Fig. 2, a first comparison among the proposed
method and the one of Christen et al., is shown [14]. The analysed sample is a 3mm thick flat sandwich panel
made of aluminium skins and isotropic core (E = 3 GPa, ν = 0.2, ρ = 48 Kg/m3). The cell is modelled using
four ANSYS HEXA − 8 elements through thickness and an excellent agreement is observed. Damping is
set to 2%.

The second test-case proposed, in Fig 3, validates the method even for the case a fluid-structure interaction
is present at the cell scale. A double glazing panel with two isotropic panes interconnected with an air cavity
is considered, under a diffuse acoustic field. Each element is modelled using ANSYS SOLID45 elements
for the structural part and FLUID30 elements for the fluid layers. Both the double wall resonance and the
acoustic coincidence are correctly captured in frequency and amplitude. The comparison with the reference
method ([14]), is total.

5 Validation for Boundary Layer Radiation and Transmission

The load approximation proposed in Sec.3, leading to Eq. 16, allows the simulation for loads of different
nature. In this section, for example, the flow-induced transmission caused by turbulent boundary layer (TBL)
excitation is considered since it is one of the main sources of radiated noise inside an aircraft cabin, in cruise
flight conditions.
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Figure 2: Transmission Loss comparison for a sandwich isotropic flat panel under diffuse acoustic field
excitation
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Figure 3: Transmission Loss comparison for double glazing panel under diffuse acoustic field excitation
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Figure 4: The radiated sound power of an isotropic plate under TBL excitation; numerical comparison using
the proposed load approximation - Uc = 190 m/s; A = 0.8x0.55m2

Many boundary layer models are proposed in literature; here, the characterisation of the wall pressure fluc-
tuations proposed by Corcos is used [20]. No-gradients effects are considered and the TBL is assumed as
fully developed. The wavenumber spectra, ΦPP , proposed by Corcos, is here reported for completeness:

ΦPP (kX , kY , ω) = Spp(ω)
4αXαY[

α2
Y +

U2
c k

2
Y

ω2

][
α2
X +

(
1 + UckX

ω

)2] (18)

where Uc is the convective flow speed, Spp is the single-point auto spectral density of the wall pressure
distribution. The stream-wise and cross-wise correlation coefficients, αX and αY , are assumed to be 0.125
and 0.78, respectively, in all following test-cases. Since the boundary layer excitation represents a spatially-
correlated random load, here, two different validations are proposed. First the sole load approximation will
be tested, using, as a reference solution, the one calculated using a full stochastic FE method, as proposed,
and validated, in many works in literature [3, 2]. In this first case the structural operator is described using
the same approach, but the load matrices are build differently. In Fig. 4 the radiated power for a flat isotropic
panel with simply-supported boundary conditions (edges), is compared using the surface waves approach
and the classic one. The eigen-frequencies and the modal shapes of the reference panel are calculated using
analytic solutions, while the load matrix is described using a direct method [3]. The agreement is very good
broadband and both the aerodynamic and acoustic coincidences are properly described.

While the method proposed by Franco et al. ([3]) is used for the reference results, in a second test-case
the whole procedure proposed in the present paper is used for the simulation of the sound transmission
under boundary laer excitation. The incident power, for the transmission loss calculation, in the FEM cases
(reference), is calculated using Eq. 19 as proposed in literature [6, 21]:

Πinc =
ASpp(ω)

4ρ1c1
(19)

where A is the excited area and c1 the speed of sound on the incident side. Even though a modal behaviour
can not be described using the present method, Fig. 5 shows how the averaged TL are very well captured
broadband. In both cases the aerodynamic and acoustic coincidences are at 1800 Hz and 6000 Hz. The finite
size effects are accounted using a radiation efficiency formulation for flat panels, as proposed by Leppington
[9]. Both the aerodynamic and acoustic coincidence are correctly identified, as the slopes in the acoustics
and convective domains. As evident, the convective load induces a smoother and damped coincidence effect,
with respect to the acoustic one.

The strong agreement in Fig.5, validates the proposed load approximation even for spatially-correlated ran-
dom loads, as the TBL. It is worth underlying how the use of boundary layer excitation is here allowed even
for infinite structures, differently from other methods in literature [6].
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Figure 5: The transmission loss of an isotropic plate under TBL excitation; numerical comparison with full
FEM method - Uc = 180 m/s; A = 0.7x0.5m2
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Figure 6: The transmission loss of an honeycomb sandwich plate under TBL excitation; numerical compari-
son with full FEM method - Uc = 152 m/s; A = 0.8x0.6m2

Since much attention is placed on sandwich structures in many engineering areas, here, an honeycomb-
cored sandwich panel is analysed under a turbulent boundary layer (Fig. 6). A Corcos model is used for
the loading description and the proposed approximation into surface waves is used. The panel is made of
1mm-thick aluminium skins and a 10mm-thick hexagonal honeycomb core, homogenised in an equivalent
isotropic model. Both the aerodynamic and acoustic coincidence are well predicted (Fig. 6). The first one is
somewhat highly damped (700 Hz) while the second one is clearly visible (9 KHz). A full FEM calculation
is used, again as a reference result.

6 Conclusions

This work proposes a numerical approach for the estimation of the sound transmission loss of complex flat
periodic structures under any type of acoustic and aerodynamic load. The approach involves a wave-based
method in a finite element framework, for the structural part, and proposes a load simulation into surface
waves. The fluid-structure interaction is performed in analogy to the acoustic wave excitation, simulating the
different forcing models, using a weighted wavenumber integration. The only requirement is the knowledge
of the wavenumber spectra of the wall pressure fluctuation.

Finite size effects are accounted using the baffled window equivalence or asymptotic formulations, for flat
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structures. Static and dynamic condensation can be applied if fine meshes are used in the modelling phase.

Both the accuracy and robustness of the present method are proved using analytic and well-established
numerical references. Both uncorrelated (diffuse acoustic field) and spatially-correlated loads (turbulent
boundary layer) are used for the validations. The convergence of the approach is assured by the one of the
wavenumber integration process. The choice of the integration limits must be calculated on the base of the
wavenumber spectra of the load. Moreover, the use of boundary layer excitation does not require the account-
ing of finite size effects and a comparison of the structural and acoustic design is possible, independently
from the size of the analysed structure.
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Abstract 
Periodic structures have properties of controlling mechanical wave. These are used in aircraft, trains, 

submarines, space structures and demand high level of robustness, which can be ensured with consideration 

of the presence of uncertainty in the numerical models. The uncertainties, in terms of material properties 

and geometrical parameters, are mostly introduced in both the manufacturing and assembly process. In order 

to predict the wave characteristics of the periodic structures under the uncertainty, the stochastic wave finite 

element method has been extended to periodic structures; wave finite element method (WFEM) added with 

an additional dimension to model the uncertain parameter using the perturbation approach. Numerical 

experiments are performed to test the method with one-dimensional periodic rod and periodic beam with 

parametric uncertainty. The performance of the developed method is compared in terms of computational 

cost which offers computational advantages over the Monte Carlo Simulation. 

1 Introduction 

The vibroacoustic performance and dynamics of the structure are important subjects in aeronautics, 

transport, energy, and space where the periodic media can be used for vibration reduction, acoustic blocking, 

acoustic channeling and acoustic cloaking. Application for these unusual phenomena is mainly correlated 

to the inherent band gaps or frequency regions in which the propagation of acoustic/elastic waves in the 

periodic media can be manipulated. Inherent material inhomogeneity, manufacturing errors (ex. variation 

of geometry) and environmental influences are unavoidable. 

To address this unavoidable actuality, the effects of uncertainties need to be considered when analyzing 

band structures (pass and stop band) and dynamics of the periodic structures. Also, to meet the regulatory 

compliance and user requirement, the designer accounts for variation in the input parameter at the design 

phase. For example, in the space industry designers consider the uncertainty in the system parameter to 

ensure that the during launch and orbital operation the vibration level are in a range that is acceptable.  

Three different frequency ranges of analysis can be defined for the typical dynamic response of weakly 

dissipative structures. At the low-frequency range, FE-like approaches are applicable because of the low 

order modes and low sensitivity to variability, contrary the high frequency with many high order modes 

involved, energy-based methods (e.g. Statistical Energy Analysis (SEA)) are well suited. The mid-frequency 

range affected by variability of the model parameter and the wave-based approaches have been developed 

by increasing computational efficiency. However, most of them assume that waveguide properties are 

homogeneous in the direction of the travelling wave, which is the limitation of such approaches for variety 

of application where uncertainty can be considered. Also the analytical solutions are available but limited 

to the particular cases (e.g. acoustic horns, ducts, rods and beams) [1]. Manohar et al. [2] considered the 

randomness in the wave propagation in waveguides using spectral element analysis. Ichchou et al.[3] 

proposed a numerical approach using the Wave Finite Element Method (WFEM) [4] considering spatially 
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homogeneous variability in waveguides using a first order perturbation and extended with second order 

perturbation is proposed [5].  

When dealing with layered structures the material or geometrical uncertainty often exhibits spatial 

correlation and random fields theory can be used to model spatially distributed variability with probability 

measure [6]. In addition, a Karhunen–Loeve (KL) expansion provides characterization of the random field 

in terms of deterministic eigenfunctions weighted by uncorrelated random variables. Also the (after 

Wentzel, Kramers and Brillouin) WKB approximation are employed in the modelling the random media 

[7]. The limitation of the method is that it does not consider the internal reflections which occur due to any 

local changes in the material or geometrical properties. This assumption can be mitigated if one considers a 

waveguide with piecewise constant material variability, where internal reflections due to local changes in 

the impedance can be taken into account at the junctions of the sections and the piecewise constant separated 

into a finite number of discrete sections [8]. Also, this would be an approximate representation for the 

spatially varying system [9]. 

 

The literature reveals that the effects of uncertainty in the material properties, geometry, loading condition 

and model play significant role in altering wave states. The work reported so far in the literature with the 

best of authors knowledge, is limited to wave propagation (with structured and unstructured uncertainty) in 

elastic media and random media only. In the present work, a Stochastic Wave Finite Element Method 

(SWFEM) [10], [11] is employed to analyze the complex band gap in 1D periodic structures. The results of 

the stochastic formulation are compared those obtained with analytical and Monte Carlo Simulation (MCS) 

for the bar and beam. 

2 Formulation of SWFEM 

One dimensional periodic structures are obtained by formulating the unit cell and then repeating in the 

propagation direction. Then, the study of this structure can be converted into study of unit cell based on the 

Floquet-Bloch theorem [3]. The schematic representation is shown in Fig. 1.  

To consider the effect of the uncertainty on the response of the structure, the SWFEM is formulated which 

is extension of the classical WFEM to accommodate the uncertainty. The workflow of the SWFEM is 

depicted in Fig. 2. 

 

A  B   A     B 

Cell k   Cell k+1 

   𝑙1 

 
   𝑙2 

 

Figure 1: Schematic representation of periodic structure 
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To make the reader easily understand, the step in the formulation of SWFEM [3] is explained here.  

The WFEM is used to study the behavior of periodic structures. This is extended to apply the WFEM for 

the uncertainty study. This starts with consideration of the random field as a supplementary dimension 

through the spatial discretization using the finite element steps. Which start from discretization of one sub-

element of length (d). This discretization leads to stochastic dynamic equilibrium of any substructure in the 

following manner.  

(�̃�) (
�̃�𝐿

𝑘

�̃�𝑅
𝑘) = (

�̃�𝐿
𝑘

�̃�𝑅
𝑘) (1) 

Here (�̃�) is the stochastic complex dynamic stiffness matrix of the substructure, condensed on left and right 

boundaries degree of freedom at the pulsation 𝜔: 

(�̃�) = −𝜔2 �̃� + �̃�(1 + 𝑖𝜂)  (2) 

Here �̃� 𝑎𝑛𝑑 �̃� are stochastic mass and stiffness matrix respectively. 

Dynamic Stiffness matrix (D) 

[µ, Φ] 

[𝜎µ, 𝜎𝛷] 

Post processing: Selection of 

Wavenumber and             

Wave modes 

Statistics of wave 

propagation characteristics 

WFEM 

Stochastic 

formulation 
[𝐾𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛, 

𝑀𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛] 

Figure 2: Flow diagram for SWFEM 
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In the probabilistic tools, the parametric approach allows to consider the uncertain parameters (material, 

geometrical properties etc.) as random quantities. This is modeled using the stochastic finite element 

discretization approaches as expressed in [12].    

The random variables are modeled using the first order perturbation, as Gaussian variables, such that the 

dynamical equilibrium is expressed as: 

[−𝜔2(�̅� + 𝜎𝑀𝜀) + (�̅� + 𝜎𝐾𝜀)(1 + 𝑖𝜂)] (
�̅�𝐿

(𝑘)
+ 𝜎𝑞𝐿

(𝑘)
𝜀

�̅�𝑅
(𝑘)

+ 𝜎𝑞𝑅

(𝑘)
𝜀

) = (
�̅�𝐿

(𝑘)
+ 𝜎𝐹𝐿

(𝑘)
𝜀

�̅�𝑅
(𝑘)

+ 𝜎𝐹𝑅

(𝑘)
𝜀

) (3) 

The overbar   .  ̅̅ ̅ symbol denotes the mean of the random variable, σ; is standard deviation and 𝜀 is a Gaussian 

centered variable [13]. In the expression �̅�, �̅�, �̅�, �̅� are the mean quantities of mass matrix, stiffness matrix, 

displacement vector and load. 𝜎𝑀 , 𝜎𝐾 , 𝜎𝑞 , 𝜎𝐹 are their standard deviation.  

As in the classical case, the stochastic problem in equation (1) can be partitioned in the following way: 

(
�̃�𝐿𝐿 �̃�𝐿𝑅

�̃�𝑅𝐿 �̃�𝑅𝑅

) (
�̃�𝐿

𝑘

�̃�𝑅
𝑘) = (

�̃�𝐿
𝑘

�̃�𝑅
𝑘) 

 

(4) 

It is to be noted that equation (4) is valid and can accommodate the stochastic behavior of the stiffness and 

mass matrix.  

The stochastic kinematic variable, �̃� and �̃�  are represented through stochastic state vector and related by 

the stochastic transfer matrix �̃�. 

�̃�𝑅
𝑘 = �̃�. �̃�𝐿

𝑘 (5) 

Where �̃� = 𝑆̅ + 𝜎𝑠𝜀 

𝑆̅ = (
−�̅�𝐿𝑅

−1�̅�𝐿𝐿 �̅�𝐿𝑅
−1

�̅�𝑅𝐿 − �̅�𝑅𝐿�̅�𝐿𝑅
−1�̅�𝐿𝐿 −�̅�𝑅𝐿�̅�𝐿𝑅

−1) 

 

𝜎𝑠 = (
−�̅�𝐿𝑅 0

−�̅�𝑅𝑅 1
)

−1

(
𝜎𝐷𝐿𝐿

𝜎𝐷𝐿𝑅

𝜎𝐷𝑅𝐿
𝜎𝐷𝑅𝑅

) (
1 0

−�̅�𝐿𝑅
−1�̅�𝐿𝐿 �̅�𝐿𝑅

−1) 

 

Following the steps of the deterministic development, a stochastic eigenvalue problem formulated as 

follows: 

�̃��̃�𝑖 = �̅�𝑖. �̃�𝑖 

|�̃� − �̃�𝑖𝐼2𝑛| = 0 

 

(6) 

The polynomial chaos projection of the eigenvalue problem leads to find their mean and standard deviation. 

The standard deviation of the propagation constant 𝜇𝑖  (𝜎𝜇𝑖
) 

𝜎𝜇𝑖
= [(�̅�𝑖)𝑇𝜎𝑠

𝑇(𝑆̅𝑇 − �̅�𝑖𝐼2𝑛)−1𝐽𝑛(𝑆̅ − (�̅�𝑖)−1𝐼2𝑛) − (�̅�𝑖)𝑇𝐽𝑛𝜎𝑠)]  

x [(�̅�𝑖)𝑇(𝑆̅𝑇 − �̅�𝑖𝐼2𝑛)−1𝐽𝑛(𝑆̅ − (�̅�𝑖)−1𝐼2𝑛) − (�̅�𝑖)−2(�̅�𝑖)𝑇𝐽𝑛)]−1 

 

(7) 

similarly, the standard deviation of the eigenvectors (𝜎𝜙𝑖
) can be written as 

𝜎𝜙𝑖
= −[𝑆̅ − �̅�𝑖𝐼2𝑛]+[𝜎𝑠 − 𝜎𝜇𝑖

𝐼2𝑛]�̅�𝑖 (8) 

where + is pseudo inverse. 
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Using equation (7) and (8), the statistics of the wave characteristics can be expressed in the standard 

deviation of the propagation constant. 

3 Results 

This section shows the validation of SWFEM formulation considering binary periodic rod and binary 

periodic beam respectively. Binary rod and beam consist of section A of length 𝑙1 and section B of length 

𝑙2 as depicted in the Fig. 3. Here cells A and B are made of different materials. In the first case, the 

longitudinal waves are studies while in the second case the flexural waves in beam of circular section are 

studied. 

3.1 Longitudinal waves in binary periodic rod with uncertainty 

In this subsection, the SWFEM is used to study the effect of parametric uncertainty on the dispersion relation 

of the longitudinal wave in binary periodic rod with sections A and B made of epoxy and aluminum 

respectively. The length of 𝑙1 and 𝑙2 are 1m each with circular cross section of radius of 0.0644m.  

For the validation purpose SWFEM results is compared with the analytical solution of the wave number K 

expressed [14]: 

cos(𝐾𝑙) = cos (
𝜔

𝑐𝑎
𝑙𝑎) cos (

𝜔

𝑐𝑏
𝑙𝑏) −

1

2
(
𝜌𝑎𝑐𝑎

𝜌𝑏𝑐𝑏
+

𝜌𝑏𝑐𝑏

𝜌𝑎𝑐𝑎
)𝑠𝑖𝑛 (

𝜔

𝑐𝑎
𝑙𝑎) 𝑠𝑖𝑛 (

𝜔

𝑐𝑏
𝑙𝑏) (8) 

 

Where 𝑐𝑎, 𝑐𝑏 is the wave velocity in the section A and B respectively and expressed as 𝑐𝑎 = √
𝐸𝑎

𝜌𝑎
 and  

𝑐𝑏 = √
𝐸𝑏

𝜌𝑏
 

The uncertainty effect is studied considering variation of the Young’s modulus with four percentage. The 

study frequency range are up to 1800 Hz. The analytical results are treated as reference result for validation 

purpose. The sampling method with 10000 samples are used to get the wave characteristics of the analytical 

wave number obtained using equation (8).  

In SWFEM formulation two-node rod elements are considered with the stiffness and mass matrices as 

following: 

𝐾𝑟𝑜𝑑 =
𝐸𝑆

𝑑
(

1 −1
−1 1

) 

𝑀𝑟𝑜𝑑 =
𝜌𝑆𝑑

6
(

2 1
1 2

) 

A  B 

Unit cell 

   𝑙1 

 
   𝑙2 

 

Figure 3: Symmetric unit cell 
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Where E is the Young’s modulus, S is cross sectional area and d is element length. 

The global stiffness and mass matrices are assembled in the MATLAB environment with 100 elements in 

the unit cell of binary periodic rod. The material and geometric properties are shown in Table 1. 

 

 

 

 

 

 

 

 

 

            Table 1: Geometric parameters and material properties of binary periodic rod 

Validation of SWFEM result in terms of dispersion equation is also computed using the MCS method with 

10000 samples. As shown in Fig. 4, there exist one stop band in the considered frequency range according 

to the results obtained with SWFEM, analytical sampling and MCS in the considered frequency range. Also, 

the non-dispersive nature of propagation can be observed for the standard deviation. The comparison of the 

standard deviation is presented in the Fig. 5, obtained from analytical sampling, SWFEM and WFEM MCS. 

The results are in good agreement. The SWFEM standard deviation is computed considering loss factor on 

the contrary the analytical sampling is based on without damping. 

 

Figure 4: Comparison of mean of wave number 

Geometry/Property Value 

Rod length (A) 1 m 

Rod length (B) 1 m 

Radius of rod 0.0644 m 

Young’s modulus (A)  4.35 Gpa 

Young’s modulus (B)  77.56 Gpa 

Mass density (A) 1180 kg/m3 

Mass density (B) 2730 kg/m3 

Loss factor (A) and (B) 0.001 
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Figure 5: Comparison of the standard deviation of wave number 

3.2 Flexural waves in binary periodic beam with uncertainty 

In this subsection, the study of the uncertainty effect on the bending wave in binary periodic beam is 

performed. The Euler-Bernoulli beam theory is considered with material and geometrical properties listed 

in Table 2.  

 

 

 

 

 

 

 

 

 

Table 2: Geometric parameters and material properties of binary periodic beam 

For the numerical formulation the two-node beam element with two degrees of freedom per node is 

considered. The mass and stiffness matrices of the beam are as follows: 

𝐾𝑏𝑒𝑎𝑚 =
𝐸𝐼

𝑑3 [

16 6𝑑 −12
6𝑑 4𝑑2 −6𝑑

−12 −6𝑑 12
    

6𝑑
2𝑑2

−6𝑑
6𝑑 2𝑑2     −6𝑑 4𝑑2

] 

𝑀𝑏𝑒𝑎𝑚 =
𝜌𝑆𝑑

420
[

156 22𝑑 54
22𝑑 4𝑑2  13𝑑
54 −6𝑑   156

    
−13𝑑
−3𝑑2

−22𝑑
−13𝑑 −3𝑑2  −22𝑑 4𝑑2

] 

 

The frequency range of computation is 1-1500 Hz. Considering the uncertainty in the Young’s modulus of 

the binary periodic beam with four percent about the nominal value, the numerical experiment is performed 

with SWFEM formulation. To validate the obtained result, MCS study is carried out with 10000 samples.  

Geometry/Property Value 

Beam length 0.5m 

Radius of beam 0.00945m 

Young’s modulus (A) 210 Gpa 

Young’s modulus (B) 0.72 Gpa 

Mass density (A) 7800 kg/m3 

Mass density (B) 935 kg/m3 

Loss factor (A) and (B) 0.001 
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Fig. 6 shows the comparison of the mean value of the wave number obtained from SWFEM and MCS on 

the WFEM simulation. In Fig.7, the standard deviation comparison is shown from SWFEM and MCS 

results. The results are in good agreement which confirmed the validity of the SWFEM formulation applied 

to bending wave analysis. 

 

 

Figure 6: Comparison of mean of wave number 

 

 

Figure 7: Comparison of the standard deviation 
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For the elapsed time computation, the MCS result obtained using homemade WFEM code which exploits 

the resources of the workstation with following characteristics, Intel® core™i7 7820 HQ CPU@2.90GHz 

with 32 GB RAM and data storage using solid state drive. The comparison is presented in the Table 3. 

 

 WFEM MCS 

 (10000 Sample) 

SWFEM 

(single run) 

Elapse time (Seconds) 3840 9.56 

Table 3: Elapsed time comparison 

4 Conclusion 

This paper provides a computationally inexpensive stochastic numerical approach to study the uncertainty 

effect on free vibration of the 1D periodic structures. This formulation allows wave characteristic to be 

defined by stochastic finite element model using parametric probabilistic approach and which is easy to 

implement as it considers finite element model of the sample structural element.  The SWFEM shows that 

the wave characteristic of the longitudinal and flexural wave can be obtained precisely.  Main conclusion 

can be derived as follows: 

(1) The formulation of the SWFEM is applied for the binary periodic rod and beam. 

(2) Analytical sampling and numerical result showed the effectiveness of the formulation to predict the 

mean and standard deviation of the wave propagation. 

(3) The SWFEM has computational advantage over MCS results. 

The saving the computational cost can be a good point for the optimization and reliability study under 

uncertainties of complex waveguides. The statistics of the response can also be useful for the damage 

detection and sensitivity analysis. Future investigation is under progress for the forced response 

computation, using the present formulation. 
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Abstract 
This paper starts with the presentation of the shift cell technique, which allows the description of the 

propagation of all existing waves starting from the unit cell through a quadratic eigenvalue problem. Its 

major advantage is that it allows the implementation of any frequency dependence and damping in the 

problem: this is a fundamental advantage when computing the dispersion curves of a porous material 

modeled as an equivalent fluid. The second part of this work concerns the investigation of the link between 

the dispersion curves and the acoustic properties of the material. Deriving the equivalent acoustic properties 

of the unit cell from its dispersion characteristics, indeed, could be a very efficient approach for designing 

the sound packages with a simple a preliminary eigenvalue analysis. 

List of symbols 
• 𝜔 = angular frequency; 

• 𝑥, 𝑦, 𝑧 = space variables; 

• 𝑗 = imaginary unit; 

• 𝑝0 = amplitude of the excitation mode (incident pressure); 

• 𝜌0 = density of the interstitial fluid (air); 

• 𝑐0 = sound speed in the interstitial fluid (air); 

• 𝑍0 = characteristic impedance of the interstitial fluid (air); 

• 𝑘0 = wave number in the interstitial fluid (air); 

• 𝜌 = density of the material; 

• 𝑍𝑐 = characteristic impedance of the material; 

• 𝑘 = wave number in the material; 

• 𝑝 = pressure; 

• 𝐾 = bulk modulus; 

• 𝜃, 𝜙 = angles of incidence; 

• 𝑝∗ = 𝑐𝑜𝑛𝑗(𝑝); 

• 𝛺 = poro-elastic volume; 

• 𝛤 = domain boundary; 

• 𝐼 = flow of energy; 

• 𝐸 = total energy; 

• 𝐸𝑘 = kinetic energy; 

4741



• 𝐸𝑝 = potential energy; 

• 𝑣 = istantaneous local velocity; 

• 𝑣𝐸 = energy transport speed; 

• 𝐶𝑔 = group velocity; 

• 𝑠 = side length; 

• 𝛱𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 = incident power; 

• 𝛱𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑 = transmitted power; 

• 𝑆 = surface interested by incident pressure; 

• 𝑑 = thickness; 

• 𝜏∞ = transmission coefficient; 

• 𝑇𝐿 = transmission loss. 

1 Introduction 

The design based on the inclusion of vibroacoustic design rules at early stage of products development, 

through the use of porous media with periodic inclusions which exhibit proper dynamic filtering effects, is 

a powerful strategy for the achievement of lightweight sound packages and represents a convenient solution 

for manufacturing aspects. 

The main advantage of designing sound packages with periodic arrangements is that they can provide a 

combination of absorption effects, resonance effects and wave interferences effects. This offers different 

applications in transportation (aeronautics, space, automotive, railway), energy and civil engineering 

sectors, where both weight and space, as well as vibroacoustic integrity and comfort, still remain as critical 

issues. 

Indeed, although porous materials are commonly used for vibroacoustic applications, they suffer from a lack 

of absorption at low frequencies compared to their efficiency at higher ones. This difficulty is usually 

overcome by multi-layering. However, while reducing the impedance mismatch at the air-material interface, 

the efficiency of such devices relies on the allowable thickness. Instead, a more efficient way to enhance the 

low frequency performances of sound packages consists in embedding periodic inclusions in a porous layer. 

If the radius of these periodic inclusions is comparable with the acoustic wavelength, then an increase of the 

acoustical performances can be observed. 

In order to develop efficient numerical techniques to handle the problem, the shift cell operator technique 

here is presented, providing details on its implementation [1]. Essentially, the shift cell technique consists 

of a reformulation of the Floquet-Bloch partial differential problem, in which the phase shift of the boundary 

conditions related to wave propagation is integrated into the derivation operator. Consequently, the 

periodicity is included in the overall behavior of the structure while the continuity conditions are imposed 

at the edges of the unit cell. Its major advantage is that it allows to implement any frequency dependence 

and damping in the problem; this is essential, if one needs to compute the dispersion curves of a porous 

material modelled as an equivalent fluid. In detail, it allows the description of the propagation of all existing 

waves from the description of the unit cell through the resolution of a quadratic eigenvalue problem. This is 

done through the 𝑘(𝜔) method, that allows to compute dispersion curves for frequency-dependent problems, 

instead of using the 𝜔(𝑘) one that leads to non-linear eigenvalue problems. 

A validation of the implementation of this model in order to handle porous materials with periodic 

inclusions, together with a detailed explication of the meaning and the behavior of band gaps, can be found 

in literature [2]. 

Dispersion curves and acoustical characteristics for different numerical test cases are shown. In particular, 

they are obtained for a 3D melamine unit cell, with and without inclusion. The behavior of this porous 

material is described by JCA model in the following pages, but one can identically use any other equivalent 

fluid model. 
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The second part of this work concerns the investigation of the link between the dispersion curves and the 

acoustic properties of the material. In particular it’s demonstrated that, starting from the wave numbers 

obtained as an output from the quadratic eigenvalue problem, it’s possible to compute an equivalent 

transmission loss curve that, if compared to those obtained using classical methods, shows a very good 

agreement. Deriving the equivalent acoustic properties of the unit cell from its dispersion characteristics, 

indeed, could be a very efficient approach for designing sound packages with a simple a preliminary 

eigenvalue analysis. 

All the results shown are related to a 3D melamine unit cell constituted by a cube with side equal to 2 [cm] 

(homogeneous case) and with a 0.5 [cm] radius cylindrical rigid inclusion (case with inclusion). The 

analyses are carried out in the frequency range 0 – 17000 [Hz]; this range of frequencies is interesting for 

acoustic applications and assures that the wavelength is much larger than the pore size, which is a necessary 

condition in order to use equivalent fluid models. Dispersion diagrams are computed along the direction that 

corresponds to 𝜙 =  0° and 𝜃 =  0° in the first Brillouin zone. 

2 Shift cell operator technique 

Considering a porous layer as an equivalent fluid [3], the starting equation for developing the associated 

shift cell formulation is 

 (∇ + 𝑗𝒌)𝑇 (
1

𝜌
(∇ + 𝑗𝒌)𝒑) = −

𝜔2

𝐾
𝒑, (1) 

with 𝜌 = 𝜌(𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙, 𝜔) and 𝐾 = 𝐾(𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙, 𝜔).  

 

Figure 1: Reciprocal lattice vector in a 3D unitary cell [4]. 
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By further developing the latter equation and considering 𝒑 = 𝑝𝑒𝑗𝒌𝒙 where 𝒌, for a 3D application (Figure 

1), is 

 𝒌 = 𝑘𝝓, 𝝓 = (
𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙

𝑠𝑖𝑛𝜃

), (2) 

one can obtain 

 ∇𝑇 ∇(𝑝𝑒𝑗𝒌𝒙)

𝜌
+ 𝑗𝒌𝑇 (2

∇(𝑝𝑒𝑗𝒌𝒙)

𝜌
+ 𝑝𝑒𝑗𝒌𝒙∇

1

𝜌
) − 𝒌𝑇𝒌

𝑝𝑒𝑗𝒌𝒙

𝜌
+

𝜔2

𝐾
𝑝𝑒𝑗𝒌𝒙 = 0. (3) 

2.1 Weak formulation 

The weak formulation is calculated from the following equation, where �̃� is a weighting test function: 

 ∫ �̃�𝑒−𝑗𝒌𝑇𝒙 (∇𝑇 ∇(𝑝𝑒𝑗𝒌𝒙)

𝜌
+ 𝑗𝒌𝑇 (2

∇(𝑝𝑒𝑗𝒌𝒙)

𝜌
+ 𝑝𝑒𝑗𝒌𝒙∇

1

𝜌
) − 𝒌𝑇𝒌

𝑝𝑒𝑗𝒌𝒙

𝜌
+

𝜔2

𝐾
𝑝𝑒𝑗𝒌𝒙 )

𝛺
𝑑𝛺 = 0 (4) 

 ∫ (
1

𝜌
∇𝑇�̃�∇𝑝 − 𝑗𝒌𝑇 2

𝜌
(�̃�∇𝑝 − ∇�̃�𝑝) + 𝒌𝑇𝒌

4

𝜌
�̃�𝑝 − 𝜔2 1

𝐾
�̃�𝑝) 𝑑𝛺

𝛺
= 0 (5) 

Considering that 𝝋 is the eigenvector, the equation can be written in its matrix form 

 (𝑲 + 𝑗𝑘𝑳 + 𝑘2𝑯 − 𝜔2𝑴)𝝋 = 0 (6) 

with the following matrices: 

• 𝑲 → ∫
1

𝜌
∇�̃�∇𝑝

𝛺
𝑑𝛺; 

• 𝑳 → ∫
2

𝜌
(∇�̃�𝑝 − �̃�∇𝑝)

𝛺
𝑑𝛺; 

• 𝑯 → ∫
4

𝜌
�̃�𝑝

𝛺
𝑑𝛺; 

• 𝑴 → ∫
1

𝐾
�̃�𝑝

𝛺
𝑑𝛺. 

2.2 Right and left eigenvalue problems 

The latter formulation leads to the following right eigenvalue problem: 

 [(𝑲 − 𝜔2𝑴) + 𝜆𝑖𝑳 − 𝜆𝑖
2𝑯]𝝋𝑖

𝑟 = 0 (7) 

where 𝜆𝑖 = 𝑗𝑘𝑖 is the i-th eigenvalue, 𝜑𝑖
𝑟 denotes the right eigenvector associated to 𝜆𝑖, 𝑴 and 𝑲 are 

respectively the standard symmetric definite mass and symmetric semi-definite stiffness matrices, 𝑳 is a 

skew-symmetric matrix and 𝑯 is a symmetric semi-definite positive matrix. In this formulation, all matrices 

are frequency dependent. 

For frequency-dependent systems, the estimation of the group velocity is not trivial. The equation (7) can 

be rewritten as 

 𝑨1(𝜔)𝝍𝑖
𝑟 = 𝜆𝑖𝑨2(𝜔)𝝍𝑖

𝑟  (8) 

with 

• 𝑨1(𝜔) = (
0 𝑰𝒅

𝑲 − 𝜔2𝑴 𝑳
); 

• 𝑨2(𝜔) = (
𝑰𝒅 0
0 𝑯

); 

• 𝝍𝑖
𝑟 = (

𝝋𝑖
𝑟

𝜆𝑖𝝋𝑖
𝑟). 
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where 𝑰𝒅 is the identity matrix. 

Conversely, a left-eigenvector for the same eigenvalue satisfies 

 𝝍𝑖
𝑙𝑇

𝑨1(𝜔) = 𝜆𝑖𝝍𝑖
𝑙𝑇

𝑨2(𝜔), with 𝝍𝑖
𝑙 = (

𝑨
𝑩

). (9) 

 {
𝑩 = 𝝋−𝑖

𝑟 = 𝝋𝑖
𝑙

𝑨𝑇 = 𝜆𝑖𝝋−𝑖
𝑟 𝑇

𝑯 − 𝝋−𝑖
𝑟 𝑇

𝑳 = 𝜆𝑖𝝋𝑖
𝑙𝑇

𝑯 − 𝝋𝑖
𝑙𝑇

𝑳
 (10) 

In the resolution of the right eigenvalue problem, the 𝑖-th mode (𝑖 𝜖 𝑁+) is defined by its 𝜆𝑖 ≥ 0 and its 

eigenvector 𝝋𝑖
𝑟. For each mode 𝑖, a mode −𝑖 is associated with 𝜆−𝑖 ≤ 0 such that 𝜆−𝑖 = −𝜆𝑖 and 𝝋−𝑖

𝑟 = 𝝋𝑖
𝑙. 

by solving the right eigenvalue problem, the left solution is found too [4]. 

After some steps, one obtains the expression of the group slowness using 𝜆𝑖 = 𝑗𝑘𝑖 : 

 
𝜕𝑘𝑖

𝜕𝜔
= −𝑗

𝝋𝑖
𝑙𝑇

[−2𝜔𝑴+
𝜕𝑲

𝜕𝜔
+𝜆𝑖

𝜕𝑳

𝜕𝜔
−𝜆𝑖

2𝜕𝑯

𝜕𝜔
]𝝋𝑖

𝑟

𝝋𝑖
𝑙𝑇

[−𝑳+2𝜆𝑖𝑯]𝝋𝑖
𝑟

 (11) 

The group velocity is the inverse of the group slowness [5]: 

 𝐶𝑔 =
𝜕𝜔

𝜕𝑘𝑖
=

𝑗𝝋𝑖
𝑙𝑇

[−𝑳+2𝜆𝑖𝑯]𝝋𝑖
𝑟

𝝋𝑖
𝑙𝑇

[−2𝜔𝑴+
𝜕𝑲

𝜕𝜔
+𝜆𝑖

𝜕𝑳

𝜕𝜔
−𝜆𝑖

2𝜕𝑯

𝜕𝜔
]𝝋𝑖

𝑟
 (12) 

2.3 Classifying criteria to distinguish propagative and evanescent waves 

Applying the shift cell operator technique to a sample modelled by an equivalent fluid, all the wave numbers 

are complex; consequently, there are not purely propagative solutions anymore. All waves are evanescent, 

with an evanescence rate that may be used to classify the branches in two categories: those that will be 

rapidly damped and those that will be slowly damped in space, with the latter that could be classified as 

propagative ones. 

The distinction between the two is difficult and thus some classifying criteria are required: 

1. the ratio between the real and the imaginary parts of every wavenumber → 𝐶1 =

𝑟𝑒𝑎𝑙(𝑘)/𝑖𝑚𝑎𝑔(𝑘); 

2. the ratio between the real parts of the energy transport speed 𝑣𝐸  =  𝐼/𝐸 and the goup velocity 𝐶𝑔, 

where 𝐼 is the flow of energy and 𝐸 = 𝐸𝑘 + 𝐸𝑝 = ∫
1

2
(𝜌𝑣2 +

𝑝2

𝜌𝑐2) 𝑑𝛺
𝛺

 is the total energy → 

𝐶2 = 𝑟𝑒𝑎𝑙(𝑣𝐸)/𝑟𝑒𝑎𝑙(𝐶𝑔). 

Only the waves corresponding to 𝐶1  >  𝜏1 and 𝐶2  >  𝜏2 are considered as propagative ones. In practice, 

for the purpose of the following analysis, the thresholds 𝜏 are chosen such as 𝜏1 = 1 and 𝜏2 = 0.7. This is 

an arbitrary choice and these values are not meant to be considered as universal: for each different case, one 

may need to tune them [4]. In order to better appreciate the behavior of each branch in the frequency range 

of study in the following plots, dispersion and 𝐶𝑔 curves are also colorized with a scale of colors that 

indicates the level of “propagativeness”: the value 0 means that the wave at that specific frequency is totally 

spatially attenuated, while the value 1 represents a properly propagative behavior. 

3 Calculation of group velocity and branch-tracking algorithm 

In a dispersion diagram there is a set of points, forming branches, that one may wish to connect and follow 

according to the nature of each branch. Some solutions are proposed in literature, such as a MAC sorting 

criterion [6], but these methods require to store many data at every iteration. Instead, the group velocity 

constitutes a relevant indicator in order to follow the branches from a point of calculation to the next one 

[4]. The proposed technique consists in comparing 𝐶𝑔𝑖
(𝑓) and 𝑪𝒈(𝑓 + ∆𝑓): from the group velocity 
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associated to a starting point, the routine compares the initial 𝐶𝑔𝑖
 with all the group velocities at the next 

frequency step and a minimization is made in order to identify the point at 𝑓 + ∆𝑓 to which is associated 

the closest value of 𝐶𝑔. This point is defined as the new starting one and so on, step by step, the branch is 

identified. 

 

 

Figure 2: Evanescent and propagative (on the top) and branch-tracked (on the bottom) group velocity 

diagrams, for the case of a homogeneous unit cell. 
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Figure 3: Evanescent and propagative (on the top) and branch-tracked (on the bottom) group velocity 

diagrams, for the case of an unit cell with an inclusion. 

4 Dispersion curves 

For each dispersion curve plot, three eigenvectors are reported in terms of acoustic pressure field (Figures 

5 and 7). Only the real parts are shown, the imaginary parts being null. They are all extracted at the frequency 

of 8500 [Hz] (half of the range) and along the direction that corresponds to 𝜃 = 𝜙 =  0° in the first Brillouin 

zone. Their branches are ordered as: at increasing frequencies, 1st is represented by the first real part that 

reaches the unitary value, 2nd is the second and so on. The fundamental acoustic parameters of the tested 

porous material have been experimentally determined in GAUS laboratory at University of Sherbrooke 

(Canada) and are: porosity = 0.99, tortuosity = 1.02, resistivity = 8430 [
𝑃𝑎∗𝑠

𝑚2 ], viscous characteristic 

length = 0.138 [𝑚𝑚], thermal characteristic length = 0.154 [𝑚𝑚], density = 5.73 [
𝑘𝑔

𝑚3]. 
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Figure 4: Evanescent and propagative (on the left) and branch-tracked (on the right) dispersion curves for 

a homogeneous melamine unit cell. 

 

 
Figure 5: From left to right, real parts of the 1st, 2nd and 3rd branch eigenvectors for the homogeneous 

case. 
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Figure 6: Evanescent and propagative (on the left) and branch-tracked (on the right) dispersion curves for 

a melamine unit cell with an inclusion. 

 

Figure 7: From left to right, real parts of the 1st, 2nd and 3rd branch eigenvectors for the case with an 

inclusion. 

One may notice that there are some discontinuous curves: this is probably due to the fact that, as said, all 

waves are evanescent with different rates: a non-perfect tuning of the sorting criteria could lead to lines that 

disappears and reappears on the plots. 
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5 Transmission loss 

While dispersion curves are computed for an infinite repetition of unit cells, transmission loss is calculated 

for a finite repetition of 5 unit cells, using the same domain and boundary conditions of the infinite periodic 

system. This, in a first approximation, allows to compare the dispersion relations and the acoustical 

characteristics of the equivalent finite medium. Indeed, a further increasing in the number of repeated cells 

would lead to a change in the mean value of absorption coefficient and transmission loss respectively below 

2% and 20% respect to the usage of a repetition of 5 unit cells. 

The transmission loss is numerically computed as 

 𝑇𝐿 = 10 log10
𝛱𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡

𝛱𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑
 (13) 

where 𝛱𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 and 𝛱𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑 represent the incident and transmitted power, respectively.  For our plane 

wave configuration, the latter is compared, for homogeneous flat configurations,  with the Transfer matrix 

method [7]: 

 𝑇𝐿 = 10 log (
1

4
|𝑇11 +

𝑇12

𝜌0𝑐0
+ 𝜌0𝑐0𝑇21 + 𝑇22|

2
), (14) 

 with [
𝑇11 𝑇12

𝑇21 𝑇22
] = [

cos(𝑘𝑑) 𝑗 sin(𝑘𝑑) 𝑍c
𝑗 sin(𝑘𝑑)

𝑍c
cos(𝑘𝑑)

] (15) 

For the inhomogeneous configuration, the validation is obtained using an implementation of the plane wave 

forced response of the periodic cell accounting for fluid loading [8]. 

 

Figure 8: Transmission loss computed for a 3D repetition of 5 melamine unit cells. 

Concerning the case with the inclusion, one can notice that an improvement of transmission loss properties, 

respect to the homogeneous case, is shown at all frequencies, in particular in correspondence of a peak at a 

frequency around 7 [kHz], in which it is equal to about 15 [dB], and at high frequencies. Note that, for the 

sake of comparison with the related dispersion curves, only their 1st branch is meaningful due to the fact 

that the correspondent mode is the only one that is actually excited during these transmission loss 

simulations. Indeed, the improvement peak exactly corresponds to the frequency range of the 1st branch of 

dispersion curves in which the wave is strongly spatially attenuated. 

This is definitely encouraging, for the purpose of deriving more equivalent acoustic properties of the unit 

cell from its dispersion characteristics. 
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6 Conclusions 

The shift cell technique has been presented, providing details on its numerical formulation. It has been 

necessary to introduce some classifying criteria and, consequently, the derivation of the group velocity 

expression. A branch-tracking criterion has been described, in order to clearly identify each branch in the 

dispersion diagram. Dispersion curves and transmission loss plots have then been computed for a JCA-

modelled melamine unit cell. An equivalent transmission loss curve, obtained starting from the eigenvalues, 

has been compared to those obtained with classical methods, showing a very good agreement. Further 

developments of the work will include an estimation of the computational efficiency between the shift cell 

and the classical Floquet-Bloch approaches, as well as the implementation of the shift cell technique using 

Biot model. 
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Abstract 
Sandwich panels are widely used in applications where high stiffness and low weight structures have 

become an asset, such as the aerospace segment. The environment in which those panels are used produce 

uncomfortable vibrations in the low-mid range which also may induce inefficiency. This hybrid cellular 

core obtained with a Kirigami derived technique and intended to be used for sandwich panels, is 

investigated, parametrically, by performing numerical simulations and varying the topology. The vibration 

filtering characteristic of this innovative cellular core is compared to more classic configurations. The 

comparison is carried out using the Wave Finite Element Method (WFEM) by analysing only the unit cell 

thanks to the Floquet-Bloch theorem periodic conditions. Harmonic numerical simulations using 

commercial FEA software are also carried out to illustrate the validity of the bandgaps location and width. 

We will base the vibration performance evaluation analysing in-plane and out-of-plane bandgaps. 

1 Introduction 

Many efforts have been produced so far to better understand the dynamic behaviour of complex periodic 

structures. This is a direct consequence of the increase of such structures in the engineering domain. Some 

examples like train rails, bridges and skyscrapers can be encountered in everyday life but we can also find 

them in the Aerospace engineering field, where stiffened plates as well as composites sandwich panels are 

widely used. Those type of structures become convenient in terms of manufacturing as it is easier to produce 

a single item that can be used to create different final shapes rather than having to customize the 

manufacturing process to each application. The solicitations that an airplane fuselage or a space launcher 

undergoes, derives from various sources, and understanding the consequent perturbation propagation, is 

crucial to avoid catastrophic failures and lengthen its average service lifespan. 

The Aerospace segment often requires light and stiff materials. This is mainly the reason why honeycomb 

sandwich panels are widely used there. They are well known to provide good static out of plane properties 

(compression) because of their high equivalent stiffness. However, the use of light cellular cores makes 

these structures possess a very high stiffness/mass ratio and therefore, their vibration frequency domain is 

usually in the high range. The solicitations mentioned before though, are in the mid-low range, and as 

engineered today, the periodicity possessed by sandwich panels, has not been fully exploited. Obtaining 

sandwich panels with improved vibroacoustic performances, at specific frequency ranges, is therefore an 

interesting research topic. 

The response of periodic structures to external excitation has already been investigated starting from 

Brillouin’s work [1] back in 1946. Mead et al. [2] have produced a document, summarizing almost thirty 

years of work carried out at the University of Southampton, demonstrating how spatial periodicity in terms 

of structure, material, inserts or boundary layers, interacts with travelling waves. Those periodic variations 

4753



cause some of the incident waves to be reflected and some to be transmitted. The destructive interaction, 

partial or full, between incident and reflected waves, causes attenuation (bandgaps) at certain frequency 

ranges, and therefore, periodic structures can act as passive filters. There is therefore, a relation between the 

geometrical dimensions of the periodic structure and the travelling wave characteristics.  

Periodic structures thought, can exhibit two types of stop bands created by different phenomena: Bragg 

Scattering and Local Resonance. Bragg scattering stop band are consequence of the spatial periodicity just 

mentioned and it appears when wavelengths are on the same order as the period length. In contrary, local 

resonance stop bands do not necessarily require periodicity and only depend on the properties of the local 

resonator and therefore they can lie in the sub-wavelength regime. Each periodic structure therefore 

possesses bandgaps that depend upon the geometry and those are the ones we will focus on in this paper.  

There are many different methods that have been developed in the years and that can be found in literature, 

to examine periodic structures. A good summary of those techniques which mostly are FEM derived can be 

found in the paper written by Hussein and Ruzzene [3].  

Lately, the most commonly used one, is the Wave Finite Element Method (WFEM), where the Mass and 

Stiffness matrices of the single repetitive component of the periodic structure, are calculated with FEM 

commercial software, extracted, and used to calculate the dynamics of the structure by applying the 

periodicity conditions described by the Floquet-Bloch Theory. Scarpa et al. were, to the authors’ knowledge, 

were the first ones to investigate wave propagation in a Kirigami lattice using WFEM [4]. 

Kirigami is an innovative way of producing cellular structures. It is an ancient Japanese form of art involving 

cutting and folding paper to produce tri-dimensional structures [5 - 6]. A previous work [5], attempted to 

produce, successfully, a cellular structure possessing zero in-plane Poisson’s coefficient (AUXHEX). This 

was obtained using a hybrid tessellation which conferred the overall structure, the desired property. By 

hybrid, is intend a cellular core containing cells of different shapes. The geometrical constrain in term of 

final cell shape Kirigami imposes to the manufacturer though, pushed the authors to develop a new technique 

that overcomes the limitation and allows to produce new types of hybrid tessellation. The cellular structure 

analysed was named HEXHEX. 

In this work, numerical simulations are carried out with the aim of investigating the vibration filtering 

properties of this new Kirigami structure firstly using 1DWFEM and subsequently 2WFEM methods.  

The aim of this work is to detect the presence of the Bragg bandgaps possessed by the HEXHEX cellular 

structure, and attempt to enlarge existing or open new ones, by varying its geometrical parameters. The 

HEXHEX hybrid core will finally be compared with two classic tessellations, Hexagonal and Re-entrant. 

An overview of the investigation methods as well as some considerations on the results obtained are 

proposed. 
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2 Wave propagation in periodic media 

2.1 Periodic structures 

A structure which exhibits some form of spatial periodicity is defined as a periodic structure. Such 

characteristic must be in its internal geometry, constituent material or the boundary conditions. Periodicity 

allows us to do some considerations about the behaviour of the full structure by carrying out analyses on 

just a portion of structure [4, 7-9], also known as the unit cell. By repeating this portion in space, we recreate 

the full structure (Figure 1). 

2.2 Floquet-Bloch Theory 

This theory is the core of the WFEM method and was firstly introduced for engineering investigations by 

Brillouin [1]. According to this theory, displacements and forces on the nodes on the extremities of a unit 

cell are related. This means that it is sufficient to analyse a small portion of our periodic structure to 

understand the overall dynamic behaviour. 

 

 

𝑞𝑟
(𝑛)

= 𝜆𝑞𝑙
(𝑛)

= 𝑒𝑗𝜇𝑞𝑙
(𝑛)

 (1) 

−𝑓𝑟
(𝑛)

= 𝜆𝑓𝑙
(𝑛)

= 𝑒𝑗𝜇𝑓𝑙
(𝑛)

 (2) 

Figure 1 - Periodic structure unit cell and 1D Floquet Bloch periodic relations 

The Floquet-Bloch relations for forces (𝑓) and displacements (𝑞) for 1D periodicity are shown in (1) and 

(2) respectively, where the subscripts 𝑙 and 𝑟 indicate the left or right of the unit cell,  𝜇 = 𝑘𝐿 is the reduced 

wave number, 𝑘 is the wave number and 𝐿 the length of the unit cell.  

  

To understand the dynamic behaviour of a periodic structure, a dispersion curve, which represents the 

relation between the reduced wavenumber (𝜇) versus the frequency (𝜔) can be plotted. To produce a 

dispersion curve therefore, a relation between 𝜔 and 𝜆 = 𝑒𝑗𝜇 is required. The starting point is represented 

by the Fundamental Dynamics Equation of the unit cell. Neglecting damping, such equation becomes: 

(𝐾 𝑢𝑐 −  𝜔2𝑀𝑢𝑐) (

𝑞𝑙

𝑞𝑖

𝑞𝑟

) = (

𝑓𝑙

𝑓𝑖

𝑓𝑟

)      (3) 

𝐾 𝑢𝑐  and 𝑀 𝑢𝑐 are the stiffness and the mass matrix respectively of the unit cell, and the objective is to 

convert this relation into an eigenvalue problem, by cancelling the force vector on the right-hand side. 

By applying the Floquet-Bloch conditions on forces and displacements into Equation (3) the following 

relation that describes the dynamics of the unitcell is obtained: 

Λ𝐿(𝐾 𝑢𝑐 −  𝜔2𝑀𝑢𝑐)Λ𝑅 (
𝑞𝑙

𝑞𝑖
) = 0    (4) 

where Λ𝑅 = [
𝐼 0
0 𝐼
𝜆𝐼 0

] and  Λ𝐿 = [
𝐼 0

1

𝜆
𝐼

0 𝐼 0
] 
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The right-hand side of equation (4) is equal to zero thanks to the Floquet-Bloch relation on the forces which 

assumes  𝑓𝑖 = 0. 

(𝐾𝑟(𝜇) − 𝜔2𝑀𝑟(𝜇))𝑞(𝑟) = 0      (5) 

 

Finally, the standard eigenvalue problem (5) is derived and by solving for 𝜇 ∈ [0; 𝜋], which represents the 

First Brillouin Zone, the frequency is obtained. 

This procedure is usually followed when investigating periodic structures along their direction of periodicity 

and therefore it is known as 1DWFEM. In the case of cellular cores though, periodicity may happen along 

two directions.  

Wave vectors can be expressed in terms of the reciprocal lattice basis which represents the Fourier transform 

of a periodic spatial function in real-space also known as the direct lattice. Since the reciprocal lattice is also 

periodic, one can restrict the wave vectors to a certain region called first Brillouin zone.  

If there is symmetry in the reciprocal lattice, the wave vectors may be further restricted to the Irreducible 

Brillouin Zone (IBZ) (OABC), shown in Figure 1, where the wavenumbers are positive. In some 

descriptions of the wave propagation characteristics, only the contour of the IBZ (O-A-B-C-O) is 

considered, where the band extrema almost always occur [11]. 

  

Figure 2 - Irreducible Brillouin Zone (left) and representative unit cell boundary nodes (right) 

𝜆𝑥 = 𝑒𝑗𝜇𝑥  

𝜆𝑦 = 𝑒𝑗𝜇𝑦  

𝜇𝑥 = 𝑘𝑥𝐿𝑥 

𝜇𝑦 = 𝑘𝑦𝐿𝑦 
(6) 

𝑞𝑇 = 𝜆𝑦𝑞𝐵   ;   𝑞𝑅 = 𝜆𝑥𝑞𝐿   ;   𝑞𝐿𝑇 = 𝜆𝑦𝑞𝐿𝐵 

𝑞𝑅𝐵 = 𝜆𝑥𝑞𝐿𝐵   ;   𝑞𝑅𝑇 = 𝜆𝑥𝜆𝑦𝑞𝐿𝐵 
(7) 

𝑓𝐿𝐵 + 𝜆𝑥
−1𝑓𝑅𝐵 + 𝜆𝑦

−1𝑓𝐿𝑇 + 𝜆𝑥
−1𝜆𝑦

−1𝑓𝑅𝑇 = 0 

𝑓𝐿+𝜆𝑥
−1𝑓𝑅 = 0 

𝑓𝐵+𝜆𝑦
−1𝑓𝑇 = 0 

(8) 

 

In Figure 2, a standard square 2D unit cell is represented and as the reader might have noticed, the nodes 

that need to be linked to analyse such periodicity are not just limited to the left and right boundaries of the 

cell, but also covers the bottom, top as well as the corner nodes. Equations (6) describes the 2D Floquet-

Bloch relation while (7) and (8) link the cell extremities in terms of forces and displacements, just as it 

happened in the 1D case. 
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3 Hexhex pattern 

Kirigami is an ancient Japanese art technique of cutting and folding paper to obtain a 3D structure. In the 

past [4-6] it has been used to produce cellular structures and the HEXHEX core, represents one of the many 

alternatives that the interlock concept is able to produce. The HEXHEX is a new interesting configuration 

that cannot be produced with classic Kirigami technique, due to the rhombohedral cells, but can be produced 

with the interlocking Kirigami derived technique.  

By interlocking two hexagonal cores, we obtain the final structure which overall produces a hybrid cellular 

core made of different hexagonal cells as well as rhombohedral or parallelogram cells. The result of such 

interlocking is shown in Figure 3, where the side length of the hexagon is 𝑙 = 5 𝑚𝑚 and 𝑡 = 0.2 𝑚𝑚 the 

thickness of the squared cross-section beam. 

 

  

        
Figure 3 - HEXHEX lattice (top-left), Hexagonal lattice (top-right), HEXHEX unit cell (bottom-left), Hexagonal unit cell (bottom-right)                             

The investigation, both for 1D and 2D periodicity, was performed varying parameters like the shift ratio 

(which happens in the Y direction) between the two hexagonal cores 𝛾 = 𝑎 𝑙⁄  , where 𝑙 = 𝑎 + 𝑏, and then 

the hexagonal internal angle 𝜗. As shown in Figure 4, when the shift ratio is varied, the unit cell overall 

dimensions 𝐿𝑥 and 𝐿𝑦 are kept constant. This also means, since the core thickness in the Z direction is 

constant, that the overall relative density of the core will be constant and therefore the compression static 

properties in the Z direction will be equal [10].  

 

 
Figure 4 - HEXHEX unitcells (top) and respective representative lattices (bottom) for variable shift ratio 
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4 Investigation methods 

As mentioned in the introduction, the objective is to perform vibration analyses on the HEXHEX topology 

to see whether it possesses in plane and/or out of plane Bragg bandgaps. The parameter taken into 

consideration to evaluate the topology performance is the presence and width of bandgaps.  

Before proceeding with the actual bandgap evaluation, agreement between the bandgaps found using 

commercial software to produce FRF’s and the ones found using Wave Finite Element Method (WFEM) 

will be carried out for the Hexagonal configuration, which has been chosen as the reference.  

For the analysis, Timoshenko beam elements have been used as in this way, uncoupling of in-plane and out-

of-plane behavior was possible. The element size for all the numerical simulations was set to 0.5mm and 

the material properties as well as variable parameters are listed in Table 1. 

 
𝒀𝒐𝒖𝒏𝒈′𝒔 𝑴𝒐𝒅𝒖𝒍𝒖𝒔, 𝑬 [𝑮𝑷𝒂] 8.1 

𝑫𝒆𝒏𝒔𝒊𝒕𝒚, 𝝆 [𝒌𝒈 𝒎−𝟑] 1040 

𝑷𝒐𝒊𝒔𝒔𝒐𝒏′𝒔 𝑹𝒂𝒕𝒊𝒐, 𝝊 0.2 

𝑺𝒉𝒊𝒇𝒕 𝑹𝒂𝒕𝒊𝒐, 𝜸 [0 - 1] 

𝑰𝒏𝒕𝒆𝒓𝒏𝒂𝒍 𝒂𝒏𝒈𝒍𝒆, 𝝑 [10° - 85°] 

Table 1 - Numerical simulation parametric analysis variables and material properties 

The Frequency response plot, obtained with a Harmonic simulation of the finite structure, is used to illustrate 

the validity of the bandgaps locations, as the amplitude drop of the plot increases with the increase of the 

number of unit cell repetitions. 

The Harmonic analysis consisted in applying a compression force at one end of a truss structure created 

with repetition of unit cells along the periodicity direction. The out-of-plane degrees of freedom were 

blocked. The displacement amplitude of the selected nodes at the extremities of the truss was extracted and 

used to plot the FRF. The same type of harmonic study was carried out applying a bending (in-plane) force 

and recording displacements in the Y direction.  

 The 1D periodicity was analysed using the direct WFEM, which makes use of the Floquet Bloch 

theory to produce dispersion curves linking frequency (input) with the reduced wave number. For the 2D 

periodicity dynamic analysis, instead, the inverse WFEM form was used. In this method, the reduced 

wavenumber is imposed, and the output frequency calculated.  In-plane and out-of-plane analysis was 

carried out. 

4.1 Method validation (Hexagonal 1D) 

The unit cell as well as a representation of the hexagonal topology are shown in Figure 5 

 

 
 

Figure 5 - Hexagonal unit cell and representative lattice 
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Figure 6 shows the FRF plots and the dispersion curves for the hexagonal topology. The graphs present 

vertical grey bands in correspondence of the bandgaps for clearness purposes. There is very good 

correspondence between dispersion curves (infinite structure) and the computed FRF plots (finite structure) 

and therefore from now on, we will only produce dispersion curves, as with a single simulation, we are able 

to identify the bandgaps without having to perform two different simulations. 

 

  

Figure 6 - Hexagonal lattice FRF (left) and Dispersion curves (right) 

Since no damping was considered in the model, the amplitude scale of the FRF graph (Figure 6 left) loses 

its meaning. The intention here is just to use these plots as a visual tool to identify the frequency range of 

the bandgaps. 

4.2 1DWFEM (in-plane) 

Figure 7 shows the unit cells used for this type of analysis. In  Figure 8 instead, two extreme configurations 

(for 𝛾 = 0 and 𝛾 = 1) representing regular hexagonal lattices are shown. To keep static out of plane 

properties constant, walls for those configurations were doubled where appropriate. 

 

  

Figure 7 - 1DWFEM unitcells for HEXHEX (left) and HEXAGONAL (right) configurations 

4.2.1 Variable shift ratio 

The analysis will be carried out keeping 𝜗 = 30° and 𝑙 = 5𝑚𝑚 constant. As consequence, a constant 

relative density is obtained since 𝐿𝑥 and 𝐿𝑦 do not vary, as shown in Figure 8. The shift only happens in the 

Y direction. 

 
Figure 8 – HEXHEX unit cells according to the shift ratio variation 
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In Figure 9 (left) the dispersion plot for all the configurations are shown. Apparently, a minimum shift 

between the two initial hexagonal cores produces a bandgap that begins at 7410 Hz and has a bandwidth of 

8910 Hz (see shift ratio 𝛾 = 0.1). For the latter shift ratio, we also obtain three very narrow bandgaps 

respectively starting at 4120 Hz, 17980 Hz and finally 18370 Hz. It is interesting also to point out how for 

𝛾 = 0 and 𝛾 = 1 we obtain the same dispersion curves as their respective unit cell is the same one but simply 

shifted. Both unit cells maintain X and Y-axis symmetry and are therefore defined as being centrosymmetric. 

 

  

Figure 9 - 1DWFEM Dispersion curves for variable shift ratio (left) and variable internal angle with fixed shit ratio (right) 

4.2.2 Variable internal angle 

The variable angle analysis will be carried out keeping 𝛾 and 𝑙 constant and the direct consequence is the 

change of relative density since 𝐿𝑥 and 𝐿𝑦 vary, as shown in Figure 10. The selected configuration to perform 

a variable angle analysis was the 𝛾 = 0.1 as it possessed the wider bandgap (8910 Hz) at lower frequencies 

(both aspects are within the investigation aim).  

 

 
Figure 10 - HEXHEX unit cells according to internal angle variation 

In Figure 9 (right) the dispersion plots for all the variable angle configurations are shown. The variation of 

the internal angle 𝜗 has a minimum effect upon the large bandgap which we observed during the shift ratio 

analysis (its width drops to 8170 Hz), but it opens up two of the minor bandgaps. The one starting at 4120 

Hz, enlarges, keeping its left boundary roughly fixed and changing from an initial width of only 345 Hz to 

a width of 2580 Hz.  The bandgap appearing at 17980 Hz tends to close as we increase 𝜗, but the bandgap 

starting at 18370 Hz and finishing at 18830 Hz (width of 460 Hz) maintains the right boundary fixed and 

enlarges the left one reaching a width of 950 Hz. 
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4.3 2DWFEM 

The unitcells used for the bidimensional periodicity analysis of the two cores are shown in Figure 11. We 

will perform both in-plane as well as out-of-plane analyses this time, contrary to the 1D periodicity case. 

  

Figure 11 - 2DWFEM unitcells for HEXHEX (left) and HEXAGONAL (right) configurations 

4.3.1 Hexagonal 2D 

Figure 12 (top-left and top-right) shows respectively the 2D dispersion relation of a regular hexagonal lattice 

with 𝜗 = 30° and 𝑙 = 5𝑚𝑚. Both in-plane and out-of-plane hexagonal configurations do not show presence 

of full bandgaps. 

 

  

  

Figure 12 - 2DWFEM dispersion curves for Hexagonal/Re-entrant configuration (In-plane and out-of-plane) 
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When we vary the internal angle though shifting from a hexagonal to a re-entrant lattice, bandgaps in the 

out-of-plane analysis appear, as shown in Figure 12 (bottom-right). The respective bandgap widths starting 

from lower frequencies are: 29.12 kHz, 46.70 kHz and 92.90 kHz. 

4.3.2 Hexhex 

Figure 13 shows respectively the 2D dispersion relation in-plane and out-of-plane for the initial HEXHEX 

lattice with 𝜗 = 30° , 𝛾 = 0.5 and 𝑙 = 5𝑚𝑚. The in-plane configuration does not show presence of full 

bandgaps, just like the hexagonal case. The out-of-plane configuration instead does, and its bandwidth is 

6.70 kHz. 

 

  

Figure 13 - 2DWFEM HEXHEX initial configuration dispersion curves (𝛾= 0.5; 𝜗 = 30°) in-plane and out-of-plane 

Keeping in mind the initial objective, we varied 𝜗  and 𝛾 within the range listed in Table 1 and we obtained 

the following results, listed in Table 2  and Table 3. The variation of those parameters creates, and in some 

cases enlarges pre-existing bandgaps.  

Figure 14 shows the configurations which exhibited the larger bandgaps. The widest in-plane full bandgap 

was obtained for 𝜗 = 35° , 𝛾 = 0.2 (Figure 14 left) with a value of 9.90 kHz, whilst out of plane, for 𝜗 =
65°  and 𝛾 = 0.5 (Figure 14 right) with a value of 16.40 kHz. 

 

  

Figure 14 - 2DWFEM HEXHEX dispersion curves. In-plane and out-of-plane best performance obtained 

4762 PROCEEDINGS OF ISMA2018 AND USD2018



It is worth to show (Figure 15) that for a combination of 𝜗 = 70°  and  𝛾 = 0.3, there are 3 bandgaps, just 

like we obtain for the re-entrant configuration, although their width is considerably smaller if compared to 

those ones. The values from lower frequencies to higher ones are 5.40 kHz, 2.30 kHz and 7.60 kHz 

 

 
Figure 15 - 2DWFEM HEXHEX configuration (γ= 0.5; ϑ = 30°) with the highest number of bandgaps 

5 Conclusions 

The implementation of the Floquet-Bloch periodic boundary conditions through a transfer matrix method 

for 1D vibration bandgap prediction as well as for 2D periodicity is a valuable investigation resource, since 

the numerical results obtained agree with the ones obtained using commercial software. 

The 1DWFEM analysis (Figure 9) shows that the HEXHEX lattice possesses bandgaps just like periodic 

mediums are supposed to do, and that the selected variables shift ratio (𝛾),  and internal angle (𝜗), affect 

both the appearing of bandgaps as well as changing its width. In particular, for variable 𝛾, the widest bandgap 

was produced when 𝛾 = 0.1 and 𝜗 = 30° was kept fixed. By selecting the latter configuration to vary 𝜗 this 

time, we observed that when 𝜗 = 60° the main bandgap keeps its width roughly constant the bandgap 

around 4500 Hz which is initially only 345 Hz wide, enlarges up to 2580 Hz as well as the one starting at 

18370 Hz and finishing at 18830 Hz (width of 460 Hz) which reaches a width of 950 Hz. 

The configuration that meets our goal for the 1DWFEM study is therefore 𝛾 = 0.1 and 𝜗 = 60°. 

The 2DWFEM analysis reveals that the regular hexagonal lattice does not possess full bandgaps both in-

plane and out-of-plane. By varying the internal angle and reaching therefore the re-entrant configuration 

(𝜗 = −25°), three bandgaps appear with widths, starting from lower frequencies, of 29.12 kHz, 46.70 kHz 

and 92.90 kHz respectively. 

The HEXHEX 2DWFEM analysis shows that this lattice is able to produce both in-plane and out-of-plane 

bandgaps. Figure 14 shows the configurations which exhibited the larger bandgaps. The widest in-plane full 

bandgap was obtained for 𝜗 = 35° , 𝛾 = 0.2 (Figure 14 left) with a value of 9.90 kHz, whilst out of plane, 

for 𝜗 = 65°  and 𝛾 = 0.5 (Figure 14 right) with a value of 16.40 kHz. 

Although the largest bandgap recorded was obtained with the re-entrant configuration, the HEXHEX lattice 

represents a valid competitor for the classic hexagonal lattice. 
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8 Appendix 

 HEXAGONAL 

 𝜗 ≥ 0  

HEXHEX 

𝜗 ≥ 0 

 
In-plane 

Out-of-

plane 
In-plane Out-of-plane 

     𝜸 

𝝑         
0 & 1 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5 

10 0 2 0 0 0 0 0 0 0 0 0 1 

15 0 1 0 0 0 0 0 0 0 1 0 1 

20 0 0 0 0 0 0 0 0 0 1 0 1 

25 0 0 0 0 0 0 0 0 0 1 1 1 

30 0 0 0 1 1 0 0 0 0 0 1 1 

35 0 0 0 1 1 0 0 0 0 0 0 1 

40 0 0 0 1 1 0 0 0 0 0 0 0 

45 0 0 0 1 0 0 0 0 0 0 0 0 

50 0 1 0 0 0 0 0 0 1 0 0 0 

55 0 1 0 0 0 0 0 0 1 0 0 1 

60 0 1 0 0 0 0 0 1 0 0 0 1 

65 0 1 0 0 1 0 0 1 0 2 1 1 

70 0 1 1 0 1 0 0 1 0 3* 1 1 

75 0 1 0 0 1 0 0 1 0 3* 1 1 

80 0 1 0 0 0 0 0 1 0 2 1 1 

85 0 1 0 0 0 0 0 1 0 1 0 0 

* =   Maximum number of bandgaps    ;       ___  =    Maximum bandgap width reached 

Table 2 - 2DWFEM simulation summary 

 HEXAGONAL 

𝜗 ≤ 0 (Re-entrant configuration) 

 
In-plane Out-of-plane 

       𝝑 

𝜸                
-25 -20 -15 -10 0 -25 -20 -15 -10 -0 

0 & 1 0 0 0 0 0 3 * 3* 3* 3* 3* 

* =  Maximum number of bandgaps    ;      ___  =    Maximum bandgap width reached 

The HEXHEX configuration with this unit cell could not be used for 𝜗 ≤ 0 

Table 3 - 2DWFEM simulation summary bis 
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Abstract 
DTU Wind Energy continues the experimental investigation of the wind turbine blades to assess innovative 

designs of long and slender blades. This paper presents an experimental structural dynamics identification 

and structural model validation of the 14.3m long research blade. Unique feature of the blades is that its 

internal layup design has been highly optimized w.r.t. stretching the rotor and substantial mass reduction at 

the same time. As the result, the blade is more flexible than the traditional one. The results of the modal 

tests following analyses were performed: (i) Uncertainty Quantification of the experimental modal 

parameters for the blades, (ii) non-linearity assessment, (iii) numerical model correlation – frequencies and 

mode shapes of the experimental model comparison with those from Finite Element (FE). Finally, the 

outlook for the future experimental blade research activity is outlined.  

 

1 Introduction 

Modern wind turbine blades are expected to withstand the in-service and extreme loads for a lifetime of 25 

years. The IEC 61400-23 standard [1] requires full-scale structural testing of wind turbine blades. The 

standard defines the static load, fatigue load and natural frequencies testing and interpretation of the results. 

Requirements for the structural dynamic identification are limited to measurements of the first and second 

flapwise and first edgewise frequencies. Remaining blade modal properties such as damping and mode 

shapes are listed under the optional tests. 

The length of recently developed offshore wind turbine blades exceeds 100 meter [2]. In-depth 

understanding of the dynamic behavior of such slender and flexible structures requires detailed experimental 

investigation exceeding the current scope required by the standard since unstable vibrations of wind turbine 
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blade may lead to its failure. Adequate identification of the blade‘s mode shapes is critical for the analysis 

of stability problems. Experimental modal testing is a well-established tool [3-5] for the estimation of the 

modal model of a mechanical system. At DTU Wind Energy (former Risø National Laboratory), modal 

testing has been applied to full-scale wind turbine blades. The work of Larsen et al [6] and Pedersen et al 

[7] revealed some discrepancies between experimentally and numerically obtained mode shapes. Large 

differences were observed especially for torsional modes. Extensive and well documented activities on 

modal testing of research-scale blades was conducted at Sandia National Laboratory. Different support 

configurations for the investigated blades have been studied [8] followed by the uncertainty analysis of the 

obtained results [9]. Uncertainty quantification has been a subject of investigations for the modal test of 

helicopter rotor blades [10]. The test setup has been found to have a large effect on the performed tests, as 

the mass of the sensors or damping added from cables may significantly influence the values of the observed 

frequencies and damping. Furthermore, the influence of the support structure has also been taken into 

account in the parameter estimation and numerical model validation [11].  

Progress in the development of measurement equipment has enabled application of different sensors for 

modal testing of wind turbine blades. Optical methods are commonly used for full-field blade response 

measurement [12-14]. One of the main advantages of the application of camera-based full field methods is 

the collection of strain and acceleration data combined in one measurement system. Strain modal analysis 

[15] is an attractive alternative for vibration acceleration measurements, as the blade is often instrumented 

with a dense network of strain gauges for static and fatigue testing. Alternative excitation methods are being 

investigated with the application of Piezoelectric Transducer (PZT) patches as actuators [16]. 

Characterization of blade dynamics is one area of the modal testing results application. The modal models 

are also used for the numerical model validation for the model improvement [17, 18] and damage detection 

[19]. 

This paper presents a study on the integrated dynamic testing and analysis for model validation of a research-

scale wind turbine blade. Section 2 describes the experimental setup and measurement results. Section 3 

provides information on the validation of the FE model of the blade. The final section concludes on the 

research done so far and sets the future outlook. 

2 Numerical modal analysis 

The blade was modelled using the commercial finite element package pre/post-processing software MSC 

Patran (version 2014). The model was generated by using Risø-DTU’s in-house software Blade Modeling 

Tool (BMT). MSC Marc was applied as the solver in all analyses. 

 

The blade structure was discretized using 20-noded layered continuum solid elements, which requires a 

volume representation of the geometry. The entire blade geometry was modelled based on input data of 99 

blade cross sections generated by DTU Wind Energy’s in-house Beam Cross section Analysis Software 

(BECAS) optimizing scheme [20]. The blade airfoil defines the outer cross-section geometry. An offset 

according to the layup and layer thickness of the composite material determines the element thickness. 

Finally, the individual cross-sections were connected by spline curves and interpolation surfaces to obtain a 

volume representation of the blade. This process was handled automatically by BMT, which uses 60 

regions/solids to assign the different cross-sectional properties computed by the BECAS optimizing scheme. 

Figure 1 shows segments of the blade model.  
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Figure 1: Left: Cross-section segment at radial position of around 5m, right: mid segment. 

Depending on the region, the composite layup consists of 6 to 32 plies through the thickness. The properties 

of the composite, with its material, layup and ply orientations were assigned to 20-noded layered continuum 

elements defining the element stiffness matrix. The model was discretized with approximately 130,000 

layered 20-noded continuum elements. 

The blade manufacturer has not stated the exact properties for the fibers and matrix material, so properties 

from comparable materials described in the literature have been used to some extent. For this purpose, the 

elastic properties were calculated using Autodesk Simulation Composite tool, which uses a calculation 

scheme based on the Classical Laminate Theory. The estimated characteristic mechanical material 

properties and the estimated design material strengths applied in these studies are presented in Table 1. 

 

Mechanical 

properties 

UNIAX BIAX TRIAX Chop Core  Glue Gelcoat 

E1 [MPa] 37800 9550 18700 13600 48.5 3009 2000 

E2 [MPa] 11100 9550 10900 13600    

G12 [MPa] 3270 10100 7720 5130    

ν12 0.24 0.62 0.55 0.32 0.4 0.3 0.3 

ϱ  [kg/m3] 1850 1780 1780 1684 80 1540 1500 

Thickness [mm] 0.95 0.5 0.75 0.3 5-10 - 0.6 

Design strength 

(PSF 2.205)    

    

XT [MPa] 360.0 69.3 186.0 56.2 x x x 

XC [MPa] 257.0 64.9 152.0 56.2 x x x 

YT [MPa] 24.8 69.3 30.5 56.2 x x x 

YC [MPa] 63.5 64.9 51.5 56.2 x x x 

S   [MPa] 16.6 55.9 42.3 23.9 x x x 

Table 1: Material properties 

 

The natural frequencies and mode shapes of the blade are shown in Table 2: 
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1st Flapwise FE mode 4.12 [Hz] 1st edgewise FE mode 9.87 [Hz ] 

  

2nd Flapwise FE mode 11.36 [Hz] 3rd Flapwise FE mode 20.81 [Hz] 

Table 2 Mode shapes examples from FEM analysis 

3 Experimental modal analysis 

DTU Wind Energy department has recently commissioned a Large Scale Test Facility built for the 

experimental research of full-scale wind turbine blades and their subcomponents. The facility has three test 

rigs capable of accommodating blades of different lengths, ranging from 12 up to 45 meters, for static, 

fatigue and dynamic testing as shown in Figure 2.  

 

Figure 2 Large Scale Test Facility layout with three test rigs for a full scale blade tests. 
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The blade tested for this study is a research-scale blade, with a length of 14.3 m and a mass of approximately 

530 kg. It has been entirely designed at the DTU Wind Energy department, and manufactured by Olsen 

Wings. Modal tests have been performed before destructive static and fatigue testing. An estimated modal 

model of the intact blade will serve as a reference data for the post-fatigue damage detection. After the 

fatigue testing, the modal tests will be repeated and the results will be compared to the initial modal analysis 

data. In addition, blade modal models will be analyzed in order to investigate the detection possibilities of 

damage in the blade. 

3.1 Test setup 

In the presented measurement campaign, the test blade was supported with two elastic cords in the edgewise 

direction to provide free-free boundary conditions as presented in Figure 3. This configuration is particularly 

convenient for the updating of the numerical model of the blade, as it does not require modelling of the 

boundary conditions. 

The investigated blade has been simultaneously excited in the flapwise and edgewise directions with two 

electrodynamic shakers. As measurement grid, it was decided to split the blade into 15 equidistant “stations”, 

one every 1m. Additionally, each station was measured at 8 locations (Figure 4) , including: the trailing and 

leading edge, the point of maximum stiffness on the pressure and suction sides of the airfoil, plus 4 

intermediate points between these. The high-fidelity finite element model presented in the previous section 

was used to simulate the test results and optimize sensor placement, in terms both of coordinates and 

orientation. Using the proposed locations, it was verified that the current measurement setup could guarantee 

a good description of the first 30 modes. 

To ensure a consistent and repeatable excitation of the blade, and avoid damaging it, two relatively stiff 

points on the flap and edgewise directions were selected. As shown in Figure 3, the shaker along the 

edgewise direction was placed approximately in the middle of the blade, close to the expected nodal line of 

the first edgewise mode, to keep the maximum resonant response of the blade to safe levels. For the 

horizontal shaker, a point close to the center of gravity was selected. However, ensuring a good connection 

of the shaker to the blade in this direction has been more difficult, as in this direction the blade responds 

like a pendulum, causing the stinger to detach often from the blade. In addition, as the stingers were 

disconnected from the blade after each run before moving the accelerometers, a consistency check was 

performed to ensure the system remained invariant over the different test runs. 

 

  

Figure 3 Instrumented blade on the test stand in the free-free support configuration (left) and geometry of 

the measurement and excitation points (right). 
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Figure 4: Sensor instrumentation along the airfoil. 

The excitation forces and the corresponding driving-point Frequency Response Functions (FRFs) were 

measured by two impedance heads, which encapsulate force and acceleration sensors in one housing. The 

dynamic response of the blade was measured with 15 tri-axial piezoelectric accelerometers. Considering the 

total number of degrees-of-freedom on the measured grid (15 stations x 8 locations x 3 directions = 360 

DOFs) it was decided to perform the measurement in a roving accelerometer configurations, so that the 15 

sensors were moved over the 8 locations for each measurement station. As the driving-point FRFs at the 

excitation locations were measured for all runs, they are used as reference to recombine the different datasets 

and scale the mode shapes. 

3.2 Uncertainty analysis 

In this section, the main sources of uncertainties that were analyzed correspond to the measurement setup. 

As discussed in the previous section, the whole measurement grid was covered in 8 runs, where the 

excitation was applied always at the same location while the accelerometers were moved around the profile 

of the airfoil. Moreover, as the two stingers connecting the shakers to the blade were disconnected before 

moving the accelerometers, inconsistencies in the actual direction of application of the force could arise. 

Variations in modal parameters between the different runs can therefore be attributed to: 

• Misalignment of the stinger axis, 

• Loose connection between shakers and structure, 

• Time of measurements (campaign was performed over a period of 3 days, with significantly 

different meteorological and temperature conditions), 

• Mass loading effects due to accelerometers and cables (this is considered to be negligible considered 

the total mass of the blade), 

• Change in the stiffness of the supporting elastic cords over time. 

In Figure 5 the variability of the excitation over the 8 runs is shown. For the excitation in the edgewise 

direction, the Driving Point FRFs are highly repeatable and consistent. On the other hand, the corresponding 

flapwise Driving Points show much higher variability between the different runs, because of the difficulties 

in ensuring a good and reliable connection between the shaker and the blade. 
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Figure 5: Driving Point FRF for the edgewise and flapwise excitation over the 8 different runs 

Starting from these observations, modal analysis was performed on the 8 datasets and the individual 

estimates are compared. The following procedure was applied: 

1.  The Polymax modal parameter estimation was applied to the FRFs collected during each run using 

the same settings: (i) a maximum model order of 100 was set to estimate modes in the 2.5 to 150 

Hz frequency band; (ii) upper and lower residuals were included; (iii) poles were selected manually; 

and (iv) modes were assumed to be complex. 

2. Only modes consistently appearing in all modesets were included in the statistical calculation. 

3. For each mode, the average and the standard deviation of the frequency and damping were 

computed. 

4. Individual estimates were normalized to the corresponding average value to simplify visualization. 

5. To correlate the results with the actual test, the average coherence on the edgewise driving point is 

also added to the plot. 

The results of the analysis are displayed in Figure 6 both for the frequencies and damping. In general, the 

scatter of the estimates is very limited between the different runs. For the frequencies, we observed some 

higher variability in correspondence of the first mode (the 1st flapwise bending), the torsional mode around 

43 Hz, and finally on a cluster of modes between 100 and 110 Hz. For the damping, a larger variability can 

also be observed at higher frequency, around 130 Hz. A higher uncertainty on the damping can generally be 

expected as damping estimates are more sensitive to inconsistencies in the data and on the selection of one 

specific pole in the stabilization diagram. In general, however, despite the difficulties in connecting the 

flapwise shaker to the structure, the actual duration of the test over few days and the roving of the 

accelerometers, the results are quite consistent and as a consequence, the FRFs from the different runs can 

be processed all together into a single database. 

  

Figure 6: Modal Frequency and Damping uncertainty analysis results. 
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3.3 Nonlinearity assessment 

In modern system identification special excitation signals are available to assess the underlying systems in 

a user-friendly, time efficient way [21]. In order to avoid any spectrum leakage, to reach full nonparametric 

characterization of the noise, and to be able to detect nonlinearities, a periodic signal is needed. Many users 

prefer noise excitations, because they are simple to implement, but in this case nonlinearities are not 

identifiable, and there is a possible leakage error. 

3.3.1 Multisine excitation technique 

The best signal that satisfies the properties listed above is the multi-sine signal (see Figure 7), which looks 

and behaves like Gaussian white noise, but is deterministic. It is important to highlight that multi-sine 

excitation is not equivalent to stepped sine excitation [22,23]. 

 

Figure 7 Different excitation signals in time and in frequency domain 

3.3.2 Best Linear Approximation approach 

The Best Linear Approximation (BLA) method has been widely used in the last decades to efficiently 

estimate FRFs [21, 24, 25]. The BLA of a nonlinear system minimizes the mean square error between the 

true output of a nonlinear system and the output of the linear model, see Figure 8. With this technique, 

instead of using the classical H1 estimate (cross-power spectral density estimate [21]) and its coherence 

function, a BLA model is estimated, and the coherence function is split into a) noise level and b) nonlinear 

contribution estimates. 

 

 

Figure 8 The baseline model and the cost function (S) of the best linear approximation framework  

The proposed BLA technique makes use of the knowledge that the excitation signal has both stochastic and 

deterministic properties. In this work, random phase multi-sines are used and generated in the frequency 

domain such that the magnitude is set by the user, and the phases of the cosines are chosen randomly from 

a uniform distribution [26]. 

A further difference w.r.t. H1 estimation is that instead of directly using the averaged input and output data, 

a partial BLA estimate is calculated for each period of the excitation, and several different realizations of 

the excitation signal are repeated multiple times. A BLA FRF estimate, for a given signal, is then calculated 
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via the average of different BLAs. In this case it is possible to easily estimate the noise levels and standard 

deviation of the estimates at each frequency line. The difference between the total variance of BLA and the 

noise variance is an estimate of the variance of the stochastic nonlinear contributions. In [22] it has been 

shown that the above statements are only true when some additional assumptions are satisfied. 

3.3.3 Measurement analysis 

Multiple multisine experiments have been done at relatively low and high power levels as it is recommended 

for the BLA measurement procedure [24]. 

Figure 9 shows the magnitude spectrum of the flapwise measured excitation signal at low (left figure, grey 

line) and high (right figure, black line) levels (with an approximate overall signal level difference of 10 dB, 

i.e. factor of 3). The reference signal – a computer-generated ideal waveform – has a completely flat 

magnitude. The differences between the ideal flat and measured magnitude characteristic, and the level of 

nonlinearities w.r.t the noise level illustrate the dynamic behaviour of the shaker and its interaction with the 

underlying structure.  Black dots show the corresponding noise level estimates, which gives a rough estimate 

of the SNR (around 46 dB at low level excitation at mid frequencies, and around 50 dB at high level 

excitation). Orange and blue dots refer to the odd and even nonlinearities on the non-excited detection lines 

(the frequency bins where the type of nonlinearities can be captured). The even nonlinearities – compared 

to the noise level – become dominant at the high-level excitation profile, especially above 60 Hz. A further 

interesting thing to mention is that the influence of electrical noise (harmonics of the mains frequency 50 

Hz) is less significant at the higher level excitation. Apart from this, the nonlinearities have limited effect, 

as they are of the same order as noise. 

 

Figure 9 The measured excitation spectrum on the Y (flap) direction is shown for low level (gray line, on 

the left side) and high levels (black line, on the right side) together with the estimated noise level (black 

dots), even (blue dots) and odd (orange dots) nonlinearities. 

Figure 10 shows the frequency response matrix estimate of the underlying system in the X and Y directions 

at the output channel S13, close to the wing tip. Black and grey lines show the high and low level FRFs with 

the corresponding noise (black and grey dots) and nonlinearity (red and orange dots) estimates. The low-

level FRFs below -60 dB are quite noisy, and the nonlinearities have a limited effect (their level is 

approximately 5 dB higher than the noise). At the high excitation level, the SNR is significantly improved, 

but the level of the nonlinearities increases as well. From these results, it is also possible to see that the 

torsional mode at 42 Hz exhibits a particularly large difference in level between noise and nonlinearity, at 

both low and high excitation levels. In general, the nice overlay between the BLA and the measured FRFs 

is an indication that the system can be reasonably assumed to behave linearly. These results warrant further 

investigation of the behavior of this mode. 
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Figure 10 The best linear aproximation of the frequency response matrix is shown for low level (gray line) 

and high levels (black line) together with the estimated noise (grey and black dots) and nonlinearity 

(orange and red dots) levels at S13 channel.  

3.4 Measurement results 

Based on the preliminary observation and analysis performed in Sections 3.2 and 3.3, here a summary of 

the identified modes is given. Because of the repeatability between the different test runs, it was decided to 

fit a model including all FRFs at the same time, so that the fitted FRF and mode shapes can be more 

consistent to the actual blade behavior. 

  

Figure 11: Validation of the identified modal model. Left: Comparison of measured (red) and synthesized 

(green) FRFs for a specific DOF (S11:7:-Y). Right: AutoMAC for the selected modeset. 
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In total, 33 modes have been reliably identified in the frequency range between 2 and 150 Hz. Figure 11 

shows the validation of the modeset identified from the measured experimental data. On the left, the 

synthesized FRFs between one measured Degree of Freedom and the two excitations are displayed. In both 

cases, the correlation between the measured and reconstructed FRFs is very high, confirming that the 

identified model is able to correctly represent the structure in the frequency range of interest. On the right, 

the AutoMAC (autocorrelation between all mode shapes) is displayed: as the matrix has a dominant 

diagonal, the identified set contains independent vector and can thus be reliably used to validate (and later 

update) the numerical model from Section 2. 

3.5 Optical accelerometer measurements 

      
 

Figure 12 The optical accelerometer (CEKO OA1) was mounted flap-wise on the test blade. The 

accelerometer measures 27 mm in diameter. The first 7 resonance frequencies measured using the optical 

accelerometer and a reference piezoelectric accelerometer are shown in the table. 

Two uniaxial all-optical MEMS accelerometers (CEKO Sensors, model OA1) were used to measure the 

transfer function of the test blade. The optical accelerometers are completely metal-free, thus immune to 

electromagnetic interference from e.g. lightning strikes, and therefore safe to operate on wind turbines under 

all conditions. They are based on refractive index modulation technology, which is a high sensitivity 

frequency modulated sensing principle. The accelerometers were mounted 12.5 m and 9 m from the root, 

respectively. Data was recorded using a CEKO Sensors S-DAS monitoring system operating at a 3000 Hz 

sampling rate. A piezoelectric accelerometer was located next to the optical accelerometer as reference. The 

measured transfer functions for the optical and piezoelectric accelerometer during pseudorandom excitation 

are seen in Figure 13. Figure 13 Comparison of measured transfer functions. Numerically calculated 

resonance frequencies are shown with dashed lines.Both the reference and the optical accelerometer detects 

practically all resonances below 100 Hz, though some have very low amplitudes due to the measurement 

locations. Differences in amplitudes are primarily due to the two accelerometers measuring along slightly 

different angles. At the 9 m position the amplitude of the fundamental mode is reduced compared to the 

resonances around 30 Hz. This is expected as this location is close to a node of the fundamental mode. The 

absolute error between resonance frequencies measured using the optical accelerometer and those of the 

piezoelectric reference, as well as the numerically calculated frequencies, is of the order of 1% or less. 

Mode
Frequency, 

Optical [Hz]

Frequency, 

Reference [Hz]

Deviation 

[%]

1 4.100 4.048 1.280

2 9.300 9.430 1.380

3 11.000 10.966 0.310

4 11.800 11.807 0.060

5 21.699 21.655 0.200

6 30.149 29.982 0.560

7 34.299 34.290 0.030
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Figure 13 Comparison of measured transfer functions. Numerically calculated resonance frequencies are 

shown with dashed lines. 

4 Test-simulation correlation  

The numerical model described in Section 2 was validated with the experimental model identified in Section 

3.4. As the experimental grid was derived from the numerical model, no geometric correlation is required 

as the measurement points already coincide with a node in the model. Consequently, the Modal Assurance 

Criterion between the numerical and experimental model can be calculated, and the results are displayed in 

Figure 14. Generally good correlation can be seen for the first 13 modes, while at higher frequencies the 

model and the experiments start to diverge. This is to be expected as the modal response at higher frequency 

is more localized and subject to uncertainties. 

 

Figure 14 Modal Assurance Criterion between 

the numerical and experimental mode shapes 

Test FEM MAC 
Freq. % 

Error 

4.05 4.13 0.98 2.14 

10.96 9.87 0.98 -9.91 

11.80 11.36 0.97 -3.71 

21.65 20.81 0.98 -3.86 

29.98 26.89 0.96 -10.31 

34.28 32.86 0.97 -4.16 

43.30 37.25 0.92 -13.98 

48.93 45.76 0.91 -6.49 

58.00 49.85 0.92 -14.06 

62.67 53.14 0.88 -15.20 

66.84 60.82 0.86 -9.00 

80.00 71.75 0.87 -10.31 

86.41 83.19 0.69 -3.73 

100.10 96.78 0.66 -3.32 

111.40 109.80 0.53 -1.44 

133.59 110.73 0.59 -17.11 

Table 3: Results of correlation analysis between test 

and simulation results 

Based on the correlation between the modes, Table 3 compares the numerical and experimental natural 

frequency of matching modes. Here, only modes that show a correlation above 50% are compared and 16 

pairs are reported. In general, very good agreement is found between all modes with a dominant flapwise 

direction, with errors between the natural frequencies ranging between 1 and 5%. Bigger discrepancies (with 

errors around 10%), on the other hand, are observed for the modes in the edgewise and torsional direction. 

Before drawing further conclusions, it is necessary to include the bungee cords used to suspend the blade in 
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the model, as they add stiffness in the edgewise direction. Indeed, the natural frequencies of the numerical 

model in this direction are consistently softer than the experimental results. In general, the good correlation 

between the global modes at low frequencies gives confidence in the general validity of the model, and an 

update of the material properties is not deemed necessary at this stage. In Figure 15, a comparison of some 

of the mode pairs is given. 

 

1st Flapwise Bending (4.05-4.12 Hz) 

 

1st Edgewise Bending (10.96 – 9.87 Hz) 

 

2 Edgewise Bending  (58 – 49.85 Hz) 

 

2nd Torsion (80 – 71.75 Hz) 

Figure 15 Examples of experimental and numerical identified mode shapes. 

5 Conclusions and future outlook 

This paper presented dynamic testing and analysis for model validation of an innovative wind turbine blade 

design. Motivation for the work was to investigate the dynamic properties of the blade to a larger extent 

than required by a certification standard and apply the results for the blade model validation. An 

experimental modal analysis was implemented and provided an estimation of the full modal model 

parameters in the wide frequency band. Uncertainty quantification has confirmed high consistency in the 

experimental data collection. Based on this analysis result, the estimated experimental modal model was a 

credible reference for the validation of the numerical model. Performed tests did not show the presence of 

nonlinearity. Both uncertainty and nonlinearity analysis revealed problem with the precision of the 

identification of the torsional mode. Within the test campaign use of the innovative optical accelerometer 

has been successfully demonstrated. Future work will encompass use of the operational modal analysis for 

the blade bolted to the concrete block of the test rig. A certification standard requires static and fatigue 

testing with the use of the strain gauges. Therefore it is planned to use a test setup and the blade 

instrumentation for the vibration test. 
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Abstract
Testing and evaluating the performance of a Structural Health Monitoring (SHM) system is a challenging
and costly task. A proper experimental assessment of the system is not feasible in most cases. A possible
solution is a virtual prototype of the monitored object together with the SHM system. This study presents
the initial steps of creating a virtual prototype, namely simulation of the elastic wave propagation due to
impact of the actuator. It is shown that even this very initial investigation helps to understand the complex
vibration pattern of the blade and how the presence of the damage alters it. Similarly, for the same damage
size and location, different actuations locations were studied. The location of the actuator affects the wave
propagation, as the interaction with the structural parts of the blade significantly complicates the vibration
pattern before it actually reaches the damage region. The results clearly indicate that the actuator-based SHM
system has a good wave propagation and damage resolution ratio for damage diagnosis in large blades.

1 Introduction

In recent years, the research community has built up a wealth of knowledge in the field of Structural Health
Monitoring for Wind Turbines [1, 2, 3]. To reduce the cost of energy the wind energy industry requires
technologies that will act as the basics for full lifecycle asset management. The components in the wind
turbines will develop different failures depending on the nature of each of them and therefore it is rather
difficult to create an unique SHM system for monitoring all kind of failures. This is one of the reasons why,
the importance of SHM system is a must in this kind of structures.

Thought in the last 25 years the concept of SHM has been in continuous development but there are still some
challenges that should be taken under consideration as presented in [4]. One of the first aspects to have
in mind is the tolerance of damage for each component. It is assumed that there is not a perfect material
and hence damage will occur in one way or other. Therefore, it is needed to make a decision whether the
tolerance of the damage is acceptable or not [5]. One of the most common methodologies for SHM is to
compare the actual status of a component against a reference state, which determine the original conditions
of the component to be monitored. These methodologies need to be robust to eventually create a reliable
system that will help in the decision making by reducing the number of wrong decisions (i.e. reducing the
number of false alarms by maximising the damage detection rate) [6]. As known in the research community,
sensors do not directly measure damage but they provide the information from where to extract a feature that
could be used to monitor any deviation from the reference state and therefore detect the presence of damage.
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The selection of these features is not a simple task and they should be smart in the sense that they should not
be affected by operations and environmental effects. The development of a SHM system should be robust
and flexible to learn from the past and present towards successful damage diagnosis (i.e. damage detection,
localisation and quantification) and hence to project the learning onto future decisions and thus predict the
remaining lifetime of the component in monitoring (i.e. prognosis) [7]. As it can be deduced, a reasonable
balance of all these aspects should be taken into account when a SHM system is to be designed. More or less
emphasis will be dedicated to each of these aspects depending on the case. Thus, it is clear that there is not
an unique SHM system but it depends on the study or object under consideration. On the other hand, there
is other aspect to be considered that will contribute towards the development of SHM not only in the wind
energy but also in other sectors of the engineering. The SHM system should be designed as such as it will
awake the interest of business in different sectors of the industry. Therefore, as mentioned before, the SHM
should be able to assist the evaluation of the full lifecycle asset management. This will arouse the interest
of the industry, with inputs that variate from new product design to decision making for decommissioning or
life extension of a structure. All these considerations come together in this early stage study for creating a
virtual prototype as a platform where to test new SHM systems.

The study in this manuscript presents the initial steps towards creating such a virtual prototype, namely
simulation of the elastic wave propagation due to impact of the actuator. For the same damage size and
location, different actuations locations were studied. The fruitful results were discussed to set the foundations
for further investigations.

2 The need of a virtual prototype with SHM system

Testing a Structural Health Monitoring (SHM) system and evaluating its performance is a challenging and
costly task. A solution to this problem could be a virtual prototype of the monitored object together with
the SHM system. A virtual prototype is a multiphysics model allowing simulation of an as-built structure,
component, infrastructure, etc., to mirror the life of the real structure, component, infrastructure, etc. [8, 9].
The virtual prototype should simulate sensor data from the structure under study. The main aim of this
virtual prototype is to evaluate new SHM methodologies in a realistic and robust environment towards life-
cycle sustainability. Some of the challenges that indeed still need further investigation are discussed bellow
in order to reflect the relevance of these virtual environments.

Testing and evaluating the performance of SHM systems has been always under study. SHM methodologies
are tested, on their majority, on simulated structures with more or less accurately representation of the nature
of the damage This simulations are very useful to understand the philosophy of the new system before they
are extended for real implementation in large scale experiments. A realistic experimental assessment of
the system against even few types of damage is an extremely expensive exercise as it requires introducing
damage artificially, which is not even feasible in some scenarios. The benefit of having a virtual prototype
will allow to test the SHM system for different scenarios, localisation, size, nature of the damage, even a
combination of all, etc. Similarly, different SHM systems, which include hardware (e.g. different types of
sensors, DAQ systems,...) and algorithms (e.g. model and non-model based, supervised and unsupervised,...)
could be implemented in the same prototype. Moreover, new sensor technologies such as fibre-optic sensors
could be tested for further development as well as combination of multiphysics environments that simulate a
more realistic situations (i.e. operational and/or environmental effects). Similarly, a different set of sensor-
array could be investigated to optimise the sensor locations for enhancing successful damage diagnosis. In
[6], the relation of accelerometer location and damage detection for different damage locations and sizes was
investigated. It was observed that sensors closer to the damage did not always provide a good detection of the
damage. With virtual prototypes, the damage sensitivity ratio could be better studied by considering different
sensors’ distribution and therefore assess the performance towards damage diagnosis in a faster, easier and
more affordable manner. In this case the sensor distribution could be optimised by defining areas with higher
or lower density of sensors. All these aspects and more will be possible because virtual prototypes combine
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adequate data fusion measured on real structures with high-fidelity models.

Reducing uncertainty and creating high reliability not only in the SHM methodology performance but also
in an effective use of assets. One of the bigger challenges that SHM systems face is to provide useful but
more important reliable information to help in the decision making. This can be observed in previous studies
[11, 12], where the selected feature is not always able to track the growth of the damage. In this case, one
can go into the virtual prototype and study the effect of each parameter individually by relating structural
changes to the performance of the selected featured, in order words virtual prototypes will provide more
understanding about the SHM system under study. Other important aspect in the development of SHM
systems is the influence of the operational and environmental effects on the performance of SHM system.
It is important to know if the deviation detected by the SHM systems is because of the damage or because
other factors that influences the performance of the SHM system [13]. Similarly, as shown in [14], the
observations measured in the repaired wind turbine blade experienced an irregularity and the damage indices
did not follow the same pattern. Virtual prototypes rely on the data fusion and therefore data from weather
conditions can possibly be taken into account to investigate its effects in the SHM performance.

Quantifying the avalue of the SHM systems is probably one of the most important aspects to be considered
for the future of SHM. This aspect is the great interest for the industry and infrastructure’s owners to make
decisions about their interests. Having information about the life-cycle of a structure will add useful infor-
mation towards the quantification of the value of SHM [16]. The concept of value of information (VoI) is
currently presentend as a metric to quantify the value of SHM. It can be used to evaluate the total expected
lifetime operation and maintenance costs for a wind turbine with SHM and without SHM [17]. The key
factor of VoI is to include within the quantification of the cost of a SHM system not only the deterioration
because of damage of the object, the failure of hardware system or the SHM’s algorithm implemented but
also the decisions to be made after the evaluation of the entire SHM system.

SHM
system

Virtual
prototype

PE
RF

ORMANCE

U
N
C
E
R
TA

IN
TY

QUANTIFI
CA

TI
O

N

Cost

Benefits

SHM

Figure 1: Conceptual representation of a Virtual Prototype for SHM systems

Other aspect that it is not directly included in the design of a SHM system but it is of great interest in
the research community and industry is damage prognosis. Damage prognosis refers to the estimation of
the remaining useful life of a component, structure, etc. and it is the real importance for life-safety and
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economic benefits quantification. The estimation of the remaining useful life is based on the combination
of the analysis of models, simulations findings and the knowledge from past and present towards future
predictions [15]. The consideration of these virtual environments for damage prognosis will act as a detailed
model of the object and they will be beneficial for the development of prognosis studies.

To summarise, it is of great potential develop virtual prototypes for assessing the performance and value of
SHM systems. In possession of a virtual prototype, one can evaluate different SHM systems for the same
structure with strong reliability. This will help to understand the philosophy of each SHM approach as well
as identify the limitations and alternatives to improve it towards the evaluation of interest. Additionally, these
technologies will help in the quantification of the value of SHM at different states such as proof of concept,
industrial implementation, decision making and economic driven with the aim of awaken the interest of the
industrial stakeholders.

3 Creation on a virtual prototype of the monitored blade

This study presents the intital steps of a numerical simulation of an actuator-based SHM system, which
consists of an electromagnetic actuator and an array of accelerometers mounted on a wind turbine blade. Ac-
tuator’s impact induce elastic waves that propagate along the blade; the response at different blade locations
is measured by the accelerometers. Previous studies experimentally demonstrated that damage alters the vi-
bration pattern and it can be used as a robust indicator of blade damage assessment [18]. The study presents
the initial steps towards creating such a virtual prototype, namely simulation of the elastic wave propagation
due to impact of the actuator. Similarly, for the same damage size and location, different actuation locations
were studied.

3.1 Modelling and simulation details

This study is based on a numerical finite element model of a 34m wind turbine blade manufactured by SSP
Technology A/S. The 34m wind turbine blade has extensively been studied both experimental and numerical
at DTU Wind Energy [19, 20]. The blade was truncated at 29m in order to accommodate it in the blade test
facility. A short description of the modelling considerations are described as follow. For further information
refer to [20].

The model was simulated by MSC/PATRAN [21]. A volume representation of the geometry was required to
use 20-noded layered continuum elements for modelling the blade structure. The outer geometry of the blade
was modelled by 25 cross-section/aerodynamic profiles. The thickness of the laminates was represented
according to the layup by the defined curves of the offset cross-sections. The individual cross-sections were
connected by spline curves and interpolation surfaces to obtain a volume representation of the blade. This
utilized 48 regions/solids to assign the different properties automatically by Blade Modelling Tool (BMT)
developed by DTU Wind Energy. The approximate number of elements in this study was 40000. The
composite layup was modelled with 15-44 plies though the thickness via BMT, and composite properties
were assigned to layered 20-noded continuum elements. The blade was mounted on a test rig in a similar
manner that it would be on a wind turbine hub. The rig is included as a spring/beam system, which is coupled
to the blade via a MPC element in order to add some flexibility of the rig and therefore minimise its effect
on the simulated eigenvalues and eigenvectors of the blade.

The model of the wind turbine blade was used to simulate the same experimental test campaign described
in [18]. An electro-mechanical actuator was placed on the wind turbine blade to introduce an impact. The
rationale of the experiment was to measure the vibration response of the wind turbine blade by accelerometers
along the trailing and leading edge in order to apply a SHM system for damage assessment.
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Figure 2: Blade scheme geometry and the actuators’ locations. a) Blade scheme. b) Actuator location A1 c)
Actuator location A2.

Therefore, the idea of this study is to create a virtual prototype of blade and hence simulate the experiment
in a finite element model of the wind turbine blade. The simulation was first done in the undamaged wind
turbine blade (no disbonding of the upper and lower shells in the trailing edge) and secondly in the damaged
blade (with disbonding of the upper and lower shells in the trailing edge). The size of the damaged was 120
cm and it was in a location at approximately 2

3 from the root and in the Trailing edge as shown in Figure
2(a). The simulation was done separately for two different actuator locations. First for the actuation location
A1 and then for the actuator location A2 as it can be observed in Figure 2(b) and 2(c) respectively.

The propagation of the elastic waves is a transient phenomenon and it was simulated by MARC with its
advanced nonlinear solver of MSC software [22]. The transient analysis was performed for a period of 0.1
seconds after the actuator impact and the accelerations in the vertical direction only were calculated for 2000
intermediate time steps. The impact was introduced in the closest node to the actuator under study.

4 Results and Discussions

This section presents the results, reflections and discussions found in the simulation of the experiment pre-
sented in Figure 2. The initial study of this research is to compare two different actuator locations for a fixed
damage location and size of 120 cm. Figure 3 presents the elastic waves (EW) on undamaged and damaged
blade at different times for an excitation in the actuator location A1. It can be observed that at 0.0029s after
the impact of the actuator the EW on the damaged and undamaged blade have the same patter as the EW
did not reach the damage region yet (see Figure 3(a) and 3(b)). Therefore, before the EW interact with the
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damage region, there is not difference between both blade scenarios. However, once the EW interact with
the damage region, there is a clear change in phase and amplitude as it can be observed by comparing Figure
3(c) and 3(d). At this time (0.0165s), the first EW arriving to the tip does not have any direct interference
with damage. The comparison of the EW for undamaged and damaged blade did not present any clear visual
change in the phase and it seems to travel at the same frequency without any visual delay. It might be seen a
slight change in the amplitude but very small.

(a) A1 - Undamaged - Time: 0.0029s (b) A1 - Damaged - Time: 0.0029s

(c) A1 - Undamaged - Time: 0.0165s (d) A1 - Damaged - Time: 0.0165s

(e) A1 - Undamaged - Time: 0.0265s (f) A1 - Damaged - Time: 0.0265s

Figure 3: Undamaged and Damaged wind turbine blade for Actuation location A1. The damage location and
extend is defined with a black line.

However, looking at the root-direction, it can be observed that the EW clearly interact with the damage
region and it clearly shows a significant difference between undamaged and damaged blade. The EW breaks
its normal pattern and split after the damage, this was also observed in [23]. At time 0.0265s, the reflection
of the EW after interacting with the damage region travels towards the tip of the blade. A small difference in
amplitude can be better observed between undamaged and damaged blade (see Figure 3(e) and 3(f)). Again
for this time, in the direction towards the root, the vibration pattern is still significantly different between
both blade scenarios.
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Therefore, it can said that when the EW interacts directly or indirectly with the damage region a change in
the vibration pattern was clearly observed. Following this assumption, any accelerometers located along the
trailing edge will be able to detect some irregularities/differences. However, the differences in the leading
edge are not very clear and therefore accelerometers located along leading edge might not be able to detect
the damage.

(a) A2 - Undamaged - Time: 0.0154s (b) A2 - Damaged - Time: 0.0154s

(c) A2 - Undamaged - Time: 0.0387s (d) A2 - Damaged - Time: 0.0387s

(e) A2 - Undamaged - Time: 0.0449s (f) A2 - Damaged - Time: 0.0449s

Figure 4: Undamaged and Damaged wind turbine blade for Actuation location A2. The damage location and
extend is defined with a black line.

As for the actuator location A1 is presented in Figure 4 for undamaged and damaged blade at different times
for an excitation in the actuator location A2. At 0.0154s after the impact of the actuator, the EW move
towards the root and tip of the blade as it occurred by the actuation in the location A1. However, a clear
observation can be made already at this short time - the EW got trapped in the spar beam and therefore most
of the energy transmitted to the blade will dissipate inside the spar beam (see Figure 4(a) and 4(b)). Some
of the EW were able to scape from the spar beam and travelled towards the trailing and leading edge as it
can be observed in Figure 4(c) and 4(d) at time 0.0387s. At this time, the EW interacts for the first time
with the damage region and it can be observed that the vibration pattern changes when the undamaged and
damaged blade were compared after the damage region towards the tip. Therefore, the assumption that the
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interaction of elastic wave/damage provides information about damage presence by changing the vibration
pattern is also observed. After the time 0.0449s, the difference in the vibration pattern between undamaged
and damaged is very weak and there is not a visual difference between undamaged or damaged blade (see
Figure 4(e) and 4(f)). As expected, there is not visual changes in the leading edge between undamaged and
damaged for this actuation location. When the EW reach the damage region is already very weak and it
will not contain enough energy to travel towards the leading edge with information about the presence of the
damage.

5 Conclusion

This study presents the initial steps towards creating a virtual prototype of actuator-based SHM system,
namely simulation of the elastic wave propagation due to impact of the actuator. It is shown that even this
very initial investigation helps to understand the complex vibration pattern of the blade and how the presence
of the damage alters it. The location of the actuator affects the wave propagation, as the interaction with
the structural parts of the blade significantly complicates the vibration pattern before it actually reaches the
damage region. The results obtained in the simulations clearly indicate that the actuator-based SHM system
has a reasonable wave propagation and damage resolution ratio for damage diagnosis in large wind turbine
blades.
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Abstract
Dynamical control system optimization and noise and vibration mitigation are particularly pressing issues as
regards horizontal-axis small wind turbines. A peculiarity of this technology is that the generator constitutes
a non-negligible fraction of the total mass and therefore the electromechanical coupling is relevant. Condition
monitoring of small wind turbine generators is an overlooked topic in the literature and in the operation of
these systems. This work is devoted to damage diagnosis on a permanent magnet generator of a horizontal-
axis wind turbine having 3 kW of maximum power and 2 meters of rotor diameter. The experimental analysis
is conducted through wind tunnel tests and on a generator test rig where a damaged and an undamaged
generators have been driven at different rotational speeds. The test rig data are useful for studying the low-
frequency tail of the spectrum, where the characteristic frequencies of the bearing are located. A fault in the
cage of the bearing supporting the generator is diagnosed using the spectral coherence analysis.

1 Introduction

Small wind turbine technology [1] is characterized by a considerable range of criticality, basically dictated
by the fact that it is expected to be targeted for domestic use. This implies that the size of the devices should
be sufficiently small for the possible use in urban environment, that the material should be cheap enough
in order that the price on the market is affordable for domestic investment, that the control system should
be simple enough in order that the device can be exploited by users without technical expertise, that the
efficiency of wind kinetic energy conversion should be high enough to counteract public opinion prejudices
according to which this kind of technology performs poorly [2].

Optimizing power extraction means, especially for horizontal axis small wind turbines (HAWT), rotational
speed up to several hundreds of rotor revolutions per minute (rpm). This implies that the control system
has a crucial role and this is especially true in urban environment [3], where the resource is particularly
characterized by gustiness, severe unsteadiness, meandering direction.

For these reasons, noise and vibration issues [4, 5, 6] are very common as regards small HAWT. The me-
chanical behavior of small HAWTs is strongly affected by the importance of the electromechanical couplings
[7], due to fact that the generator constitutes a remarkable fraction of the total mass of the device. Therefore,
the generator can transmit to the structure powerful contributions, possibly causing unexpected disturbing
vibrations at high frequency. The literature about condition monitoring of generators of small wind turbines
is remarkably missing. An inspiring paper for the objectives of this work is [8] where mechanical faults of
a 500 W permanent magnet generator are studied. Two cases are considered: ball bearing outer race defect
and rotor imbalance. One of the points of [8] is that a test rig has been developed in order to perform condi-
tion monitoring for varying shaft speed. A set of methods (continuous wavelet transform, short-time Fourier
transform, order analysis, wavelet power spectrum) is shown to be effective for the objectives of the work.

On these grounds, the present work is devoted to the condition monitoring of a generator of a small HAWT
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(horizontal axis wind turbine) having 2 meters of rotor diameter with a maximum power of 3 kW [9]. The
test wind turbine has no gears and it is equipped with a permanent magnet generator (PMG).

The experimental analysis of the whole device has been performed through wind tunnel tests in the “R. Balli”
(www.windtunnel.unipg.it) wind tunnel at the University of Perugia and a generator test rig has been used to
analyze the PMG driven at different rotational speeds.

The general lesson from this case study is that, despite the simplicity and the cheap manufacturing of a small
HAWT, the condition monitoring for this kind of systems requires sophisticated measurements and signal
processing techniques. In particular, it arises that the vibrational and acoustic measurements in the wind tun-
nel resulted to be appropriate for identifying the main features of the spectra. The diagnosis of the anomaly
has been possible using the test rig measurements, because these measurements are more appropriate for the
study of the low-frequency spectrum where the characteristic frequencies of the bearings are located. In par-
ticular, the spectral coherence analysis has resulted to be a powerful technique because it clearly highlights
the frequency content of ciclostationary signals [13] and the contributions to spectrum that arise are inter-
pretable in light of the theoretical characteristic frequencies of the bearing. Finally, therefore, The general
lesson from this case study is that, despite the simplicity and the cheap manufacturing of a small HAWT,
the condition monitoring for this kind of systems requires sophisticated measurements and signal processing
techniques. In particular, it arises that the vibrational and acoustic measurements in the wind tunnel resulted
to be appropriate for identifying the main features of the spectra. The diagnosis of the anomaly has been
possible using the test rig measurements, because these measurements are more appropriate for the study of
the low-frequency spectrum where the characteristic frequencies of the bearings are located. In particular,
the spectral coherence analysis has resulted to be a powerful technique because it clearly highlights the fre-
quency content of ciclostationary signals [13] and the contributions to spectrum that arise are interpretable
in light of the theoretical characteristic frequencies of the bearing. Finally, therefore, a suspect damage at the
cage of the bearing has been identified.

The structure of the manuscript is as follows: in Section 2, the test case is described; the methods are
presented in Section 3 and the results are collected in Section 4. Finally, conclusions are drawn in Section 5.

2 The test case

The wind turbine under investigation has 2 meters of rotor diameter and the maximum producible power is
3 kW. It has fixed pitch and the rotational speed varies from 200 to 800 rpm and the blades are made of a
glass-fiber-reinforced polymer. The wind turbine has full electric load control, and the yawing is provided by
the tail fin. For this study, it was controlled using a rpm-power curve extracted from wind tunnel experiments
at steady state. The wind turbine is shown in Figure 1.
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Figure 1: The front view of the wind turbine in the wind tunnel with the recovery test section on the back-
ground.

The wind tunnel is a closed-loop configuration, driven by a 375 kW electric motor. The air can be accelerated
up to a maximum speed of 47 m/s. The inlet section of the open test chamber has 5 m2 of area, and the
recovery section is 7 m2. Two Pitot tubes and a cup anemometer measure the wind speed blowing on the test
section and a control station in the testing room measures the real-time static air pressure, temperature and
relative humidity. It is possible to generate wind time histories that are variable in time, because the wind
tunnel fan is controlled through an inverter.

During the wind tunnel tests, vibration measurements are collected through a radial accelerometer near the
rear bearing of the shaft. At the same time also the rotational speed of the rotor and the noise are measured
respectively through a tachometer and a microphone placed laterally 2 m far from the rotor (out of the wind
flow). The sampling frequency is 5 kHz.

The test rig is displayed in Figure 2 where the position of the accelerometers used for the experimental
analysis can be appreciated. On the generator, uni-axial accelerometers have been fixed in radial positions,
in order to be aligned with front and rear bearings. A tri-axial accelerometer has been fixed on the front shell,
just above the shaft hole; anyway the results revealed, as expected, that radial measurements near the bearing
are the most meaningful for fault diagnosis. A torque meter was installed on the shaft from the motor to the
generator, while rpm were measured thanks to an optical tachometer. Also electrical parameters (tension and
current) were monitored on the brake circuit on the DC resistive load in order to estimate the power output
from the generator. The sampling frequency is 5 kHz.
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Figure 2: Test rig for the electric generator.

3 The methods

Two 1800 W PMGs were tested collecting mechanical and electric data both with wind tunnel ramp and
steady test, as well as driving the generator on a test rig. The two electric generators are exactly the same
model, but one of them revealed a faulty behavior resulting in vibration and poor performances. This can be
appreciated as follows.

In the test rig, the driving torque was provided by an electric motor (see Figure 2), applying on the generator
circuit side a resistive load in the same way as in the tunnel tests. Using the measurements from the torque
meter and the optical tachometer, it is possible to calculate the mechanical power incoming in the generator,
thanks to the relationship Pmec = Cmω = Cm

2πN
60 . About the electric side of the test rig, three-phases

power was transformed into direct-current thanks to a rectifier and both the voltage and current intensity
were measured in order to calculate the electric power produced by the generator as Pel = V i. Therefore,
the efficiency of the generator can be calculated as η = Pel

Pmec
and the results for different working conditions

are reported in Table 1. It arises that the faulty generator is indeed clearly under-performing.

rpm healthy (%) faulty (%)
300 96.55 95.68
400 97.21 96.98
500 97.80 96.67

Table 1: Mean efficiency η at different rpm for healthy and faulty generator.

Several tests have been performed, with constant rpm and increasing ones. In particular, stationary tests
have been performed at 300, 400 and 500 rpm and ramps tests from 300 to 500 rpm have been conducted.
Electrical load was managed through a rheostat, where the electrical power produced was dissipated. For
the ramp tests, the value of resistance was fixed, while the frequency to the inverter was increasing. The
post-processing has been performed using Matlab.
Since the generator is gearless, the suspected fault causing the under-performance should be in the bearings
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and this motivates the comprehension of this kind of systems, in order to interpret properly the experimental
data.

3.1 Bearing characteristic frequencies

In order to interpret the frequency content of the acquired vibration signals, it is necessary that the possible
contribution from a fault on each of the bearing components is clear. The literature about bearing faults
comes at hand [14] at this aim. The bearing parameters are indicated as follows: fr is the number of rpm
of the shaft (Hz), Db is the diameter of the rolling elements, Dp is the mean diameter of the bearing (pitch
diameter), Z is the number of the rolling elements, α is the contact angle. The characteristic frequencies of
possible faults are:

• damage on the inner race (BPFI, Ball Pass Frequency on Inner ring): fi = Z fr
2

{
1 + Db

Dp
cos (α)

}

• damage on the outer race (BPFO, Ball Pass Frequency on Outer ring): fo = Z fr
2

{
1− Db

Dp
cos (α)

}

• damage on the rolling elements (BSF, Ball Spin Frequency): fr = fr
2
Dp

Db

{
1−

[
Db
Dp

cos (α)
]2}

• damage on the cage (FTF, Foundamental Train Frequency): fc = fr
2

{
1− Db

Dp
cos (α)

}

In this case, we have α = 0, Z = 9, Db = 0.0111 m., Dp = 0.0549 m. and so we get the following
frequencies:

damaged component order (-)
inner race 5.4098
outer race 3.5902

rolling elements 2.3719
cage 0.3989

Table 2: Characteristic frequencies for bearing faults.

3.2 Data analysis

The measurements collected in the test rig and in the wind tunnel through accelerometers and microphone
can be analyzed basically in the time domain or in the frequency domain.

As regards the time domain, several are the possible metrics for feature extraction. The squared Mahalanobis
distance [10, 11] is commonly employed to measure the distinction between the characteristic vectors and
has been shown to be effective in identifying the component looseness at different locations of rotating
machinery. In this work, it has been used as follows: the selected time series are two from the healthy
generator and one of the faulty generator. The test rig is run at the same working conditions and one healthy
time series is taken as reference with respect to which computing the Mahalanobis distance for the remainder
healthy time series and for the faulty one. Other features in the time domain are investigated [12], as for
example, the kurtosis and the skewness.

As regards the frequency domain, the spectral analysis of ciclostationarity [13] has emerged in the last
decades as a powerful approach for characterizing certain types of non-stationary mechanical signals, as for
example from rotating machines like wind turbines. The autocorrelation function of a ciclostationary signal
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contains all the information, but the frequency domain is the most powerful point of view for interpreting it.
The spectral correlation is defined as

SXX (α, f) = lim
T→∞

E
{
XT

(
f +

α

2

)
X∗T

(
f − α

2

)}
, (1)

where XT (f) is the Fourier transform of the signal x(t) over an interval T . If the modulation of the signal is
periodic, the spectral correlation is continuous in f and discrete in α: it is non-zero only at those frequencies
that are multiple of fundamental modulation frequency. This technique is therefore powerful to extract the
frequency content of a ciclostationary signal.

4 The results

4.1 Wind tunnel results

In Figure 3, the waterfall plot of the radial vibrations under the ramp wind time series is reported, when the
faulty generator is adopted. The most evident contribution to the spectrum is 48P and 96P that are due to the
electromechanical coupling (as discussed also in [7]).

Figure 3: The waterfall plot of radial vibrations: faulty generator.

Figure 3 is indecisive as regards bearing fault detection and, for this reason, a waterfall plot focused on the
low frequencies is reported in Figure 4 for the faulty generator and in Figure 5 for the healthy generator.
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Figure 4: The waterfall plot of low frequency radial vibrations: faulty generator.

Figure 5: The waterfall plot of low frequency radial vibrations: healthy generator.

Comparing Figure 4 to 5, it is evident that the low-frequency vibration spectrum of the faulty generator has
different features with respect to the healthy one, as regards amplitude and frequency contributions.
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On these grounds, a further investigation on the faulty generator can be provided through the acoustic anal-
ysis. The advantage of acoustic analysis is the fact that it is not linked to the positioning on the damaged
component; this can indeed be also a downside because an aerodynamic perspective might not be decisive
for diagnosing a localized fault inside a wind turbine component. In Figures 6, the waterfall plot of the sig-
nal collected by the microphone is reported. It is remarkable that the electromechanical coupling is clearly
visible in the acoustic spectrum. Furthermore, the spectrum is dominated by the contributions around the
3P frequency and this is consistent with the fact that acoustic measurements are sensitive most of all to the
aerodynamics of the cyclic motion of the wind turbine.

Figure 6: The waterfall plot of acoustic vibrations: faulty generator.

In Figure 7, the low-frequency waterfall plot is reported: it is interesting to notice the contribution around a
0.4P frequency at very high rotational regimes.

4800 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 7: The waterfall plot of low-frequency acoustic vibrations: faulty generator.

Finally, a spectral coherence analysis has been performed on the radial accelerometer signal and the results
for the two generators are plotted in Figure 8 and Figure 9.
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Figure 8: Spectral coherence analysis: healthy generator.

Figure 9: Spectral coherence analysis: faulty generator.

Comparing the two figures, it arises that Figure 9 is noisier with respect to Figure 8 and that a contribution at
0.4P (and second harmonic) is visible: it corresponds to the characteristic frequency of the cage (see Table
2). This points to a possible detection of the damage, as shall be supported by the results for the test rig data
analysis.
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4.2 Test rig results

In Figure 10, results are reported for the study of unprocessed data in the time domain. Tests at 400 rpm are
selected and one time series from the undamaged generator is taken as reference. The target time series are
collected as well at 400 rpm and one is taken from the undamaged generator and one from the damaged. The
Mahalanobis distance between target and reference is computed and, from Figure 10, no clear indications
arise for distinguishing the damaged from the undamaged generator.

Figure 10: Mahalanobis distance between reference time series of undamaged generator and target time
series of undamaged (blue) and damaged (red) generator. Tests at 400 rpm.

For this reason, data have subsequently order tracked around the characteristic frequencies of the bearing
(Table 2) and sample results are reported in Figures 11 and 12 respectively for the cage and inner track
frequency.
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Figure 11: Mahalanobis distance between reference time series of undamaged generator and target time se-
ries of undamaged (blue) and damaged (red) generator. Data are order-tracked around the cage characteristic
frequency. Tests at 400 rpm.

Figure 12: Mahalanobis distance between reference time series of undamaged generator and target time
series of undamaged (blue) and damaged (red) generator. Data are order-tracked around the inner race
characteristic frequency. Tests at 400 rpm.

In these cases, it clearly arises that the Mahalanobis distance is a responsive metric for distinguishing the
damaged from the undamaged generator and it is evidently confirmed the intuitive expectation that the sus-
pect damage regards the generator bearing. The missing information at this stage is the precise location
of the damage in the bearing and, for this reason, the further analysis of the frequency content through the
spectral coherence method can be decisive. The spectral coherence analysis for the test rig measurements at
400 rpm is represented in Figure 13 and Figure 14, using the data collected by a radial accelerometer.

4804 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 13: Spectral coherence analysis: healthy generator.

Figure 14: Spectral coherence analysis: faulty generator.

Comparing Figure 14 to 13, once again it arises that, in the spectral correlation of the faulty generator,
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contributions at 0.4P and harmonics arise and this can be interpreted as due to a damage in the cage of the
bearing (Table 2).

5 Conclusions

This work was devoted to the experimental analysis of a permanent magnet generator of a small HAWT with
the aim of developing condition monitoring and damage diagnosis techniques. It is remarkable that this topic
is quite overlooked in the scientific literature, despite the peculiarity of small HAWTs (small dimensions and
high rotational speed) call for sophisticated analysis techniques and despite that the topic is quite pressing for
the successful exploitation of small wind turbine technology, in order to mitigate noise and vibration issues.

The test case of this work was a 1800 W PMG, that has been adopted on a HAWT having 2 meters of rotor
diameter and 3 kW of maximum producible power. Previous studies have been conducted on the dynamic
behavior of this wind turbine [7] demonstrating a strong importance of the electromechanical coupling.

Experimental data have been collected in the wind tunnel through accelerometers and acoustic measurement
campaigns; steady and ramp tests have been conducted. Furthermore, the generator suspected of being
damaged has been driven on a test rig and measurements have been collected through accelerometers aligned
with front and rear bearings. The test rig campaign has been particularly useful because it is more powerful
for distinguishing the performances of the damaged generator with respect to an undamaged identical one.

Since the generator is gearless, the analysis has been focused on the bearings and the characteristic frequen-
cies associated to damages on the different parts have been identified. The test rig data have been particularly
useful for the diagnosis of the damage, because the low-frequency tail of the spectrum can more easily be
interpreted with respect to what happens with the wind tunnel tests, involving the generator and the wind
turbine operating jointly.

The lesson from this test case is that, despite the analysis in the time domain provides some indications of
the anomaly, the damage can be better localized using signal analysis techniques devoted to ciclostationary
phenomena. The spectral correlation analysis revealed a frequency content compatible with a damage on the
cage of the bearing.

The general lesson from this study is that the cheap technology, commonly adopted for small HAWT in order
to reduce the costs and spread this technology for domestic use, can be troublesome as regards performances
and noise and vibration issues. The condition monitoring of this kind of devices requires complex techniques,
whose study should be encouraged in the academia and whose adoption should be boosted in the industry
for the successful use of this kind of clean energy conversion systems.
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Abstract 
The vibration characteristics of the gear system change when gear tooth crack occurs during operating 
conditions and the system has to be monitored continuously to prevent the damage. A tooth crack model is 
developed with the mean gear mesh stiffness for external spur gear pair with different crack propagating 
lengths. Here, potential energy is used to obtain the analytical expression for the mean gear mesh stiffness 
and mean mesh stiffness with crack is incorporated into the wind turbine gear box and the dynamic 
analysis is performed with and without crack. The loads acting on the wind turbine drive train considered 
here are random in nature. The responses of wind turbine drive train in time and frequency domain are 
used to study the effects of gear tooth crack. The results showed the sidebands at tooth defective frequency 
in frequency domain and are found to be more sensitive than the gear mesh frequency and its harmonics. 
Hence the developed crack model is able to predict the presence of gear tooth crack in vibration response. 

1 Introduction 

The chances of failure of wind turbine components like gearbox are more before the rated life. This is due 
to the fact that these components are subjected to severe stochastic loads at the wind turbine site. If the 
gearbox fails, the operational and replacement costs associated with the gear or bearing are more since 
these components are located at certain height above the ground. There exists a great need in developing 
condition monitoring system such that if the gearbox component fails the fault can be able to be identified 
in turbine running condition itself without making the forceful shutdowns of the machine. Wind turbine 
gearboxes are used to increase the rotor speed to a speed suitable for the generation of electricity and 
operate under varying load conditions. The planetary gear boxes provide higher gear ratios and load 
carrying capacity compared to parallel arrangement. The existing studies considered the gear boxes with 
one planetary gear stage and two parallel gear stages [1-5]. In order to account for high capacity wind 
turbines, the present dynamic model is developed with gear box having two planetary gear stages and one 
parallel gear stage. Ji and Song [6] conducted the dynamic analysis of wind turbine drive train using 
harmonic balance method for multi-stage gearbox. Nejad [7] conducted the torsional dynamic analysis of 
3 stage gear box with 2 planetary and one parallel stage and the vulnerability map for gear box is 
developed. Zhao [8] conducted the torsional dynamic behavior of wind turbine gear box with two 
planetary and one parallel gear stage. This model included time-varying mesh stiffness, damping, static 
transmission error and gear backlash. It is concluded that the mesh stiffness has more influence than the 
static transmission error. Chaari [9] proposed analytical method for the estimation of total mesh stiffness 
by considering only bending, fillet and Hertzian contact stiffness for gear tooth with and without fault. 
Chen and Shao [10] first proposed a crack model propagating along both tooth width and crack. The 
stiffness for gear tooth is obtained by considering the bending, axial, shear, fillet foundation and Hertzian 
contact stiffness for the gear pair and became the basis for the gear tooth stiffness calculation. Srikanth 
and Sekhar [11] modeled the tooth breakage phenomenon and derived the gear mesh stiffness for different 
percentages of breakage. Further the dynamic analysis of wind turbine drive train is performed using 
different tooth breakage stiffness values. Numerous studies have been carried out by various researchers in 
predicting gear tooth crack propagation. Lewicki [12] used FEM method with principles of Fracture 
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Mechanics to predict the crack propagation paths and suggested that the crack propagation paths are 
continuous, smooth and straight with slight curvature. Wu et al [13] simplified the crack propagation 
model by assuming the crack propagation path to be a straight line and constant crack angle of 45 degrees. 
Yogesh Pandya and Anand Parey [14] derived the mesh stiffness for the tooth crack by assuming the crack 
propagation as straight line and curved for various levels of crack. The time-varying mesh stiffness for 
crack growth in the tooth root was proposed by Zhou et al. [15] using an improved potential energy 
method. Hui Ma [16] obtained time varying mesh stiffness using analytical method for healthy spur gear 
pair and cracked gear tooth pair propagating as line and parabolic curve and are compared with FEM. 
Xihui Liang [17] derived the time varying mesh stiffness for the planetary gear set and proposed the crack 
propagation model when crack is present in planet or sun gears. In the present study, the dynamic 
characterization and fault detection is carried out on gearbox which consists of two planetary and one 
parallel gear stage subjected to stochastic loads. 

2 Modelling of wind turbine drive train 

Figure 1 shows major components of a wind turbine drive train. A two stage planetary with each stage 
consisting of three planets, sun and ring fixed and a single stage parallel gear box is typically considered 
here. All the gears assumed are to be spur. Rotor is the input, where the driving torque is applied and then 
subsequently transferred to the planet carrier of first planetary stage which rotates the planets that are 
symmetrically positioned at an angle. Planets then rotate the sun gears which are in mesh with sun. Hence 
in both stages of planetary, the output will be at the sun gear. The output at the 2nd stage planetary of sun 
gear is transferred to low speed gear of the parallel stage. The final output is at the high speed gear of the 
parallel stage and then to generator.    

 

 

Figure 1: Components of wind turbine drive train 

 

The details of the modelling done by the authors in [18] are followed in the present study. Gears, bearings 
and shafts are considered flexible with carrier as rigid based on rigid multi body modelling with discrete 
flexibility. A lumped parametric model is used to represent the flexibility of components. This approach 
contributes ten rotational and twelve transverse DOF for the entire drive train. The general coordinates 
vector for representing the degrees of freedom are: 

Rotor 

Generator 

B2 B1 B4 B3 

B6 B5 
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1st Planetary Gear Stage 
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G2 
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X 
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1 2 3 4 5 6 7 8 9 10 1 1 1 1 2 2 2 2 1 1 1 1{ } {      } .T

p p s s p p s s g g g gq y z y z y z y z y z y z           (1) 

Where i (i=1,2,… 10) are the rotor, carrier1, planet1, sun1, carrier2, planet2, sun2, gear1, gear2, and 

generator absolute rotational DOF respectively and 1 1 1 1 2 2, , , , , ,p p s s p py z y z y z 2 2 1 1 1 1, , , , ,s s g g g gy z y z y z

are the transversal degrees of freedom  of  planets of low and high speed planetary stages, gear1 and gear2  
transverse in y and z directions respectively. 

The system differential equations of motion are obtained using Lagrange’s technique. The kinetic energy 
(K.E) of gears is given as, 
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The total potential energy (P.E) terms in Lagrange’s technique are due to the flexibility of Gears, bearings 
and shafts considered above. 
 

 A transmission error occurs while meshing of gears because of the gear deformations and is given in 
the reference [1]. The time varying gear mesh stiffness contributes for P.E and is given as, 
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(3) 

 

Where 1 1r pk , 1 1s pk , 1 1s pk , 1 1s pk , 1 2g gk  are the  ring-planet, planet-sun of 2 stage planetary and parallel 

stage gear pinion mesh stiffness and 1 1 1 1 2 2 2 2 1 2, , , ,r p s p r p s p g g      are the fixed ring-planet, sun-planet  of 2 

stages of planetary and external gear-pinion dynamic transmission errors which consists of gear 
deformations in y and z directions respectively.  
 
The P.E due to bearing stiffness is given by, 
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(4) 

 

Where bjk represents bearing stiffness, bjy and bjz represent lateral displacements of bearings in y and z

directions respectively. 
 
 
The P.E associated with shaft stiffness is given as, 
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           Where 1 1 2 2 1 1 2, , ,rc s c s g g gk k k k represents the stiffness of shaft between rotor and carrier of 1st stage, 

sun of 1st stage and carrier of 2nd  stage, sun of 2nd stage and gear1 of parallel stage,gear2 of parallel stage 
and generator respectively. 
 

 
The wind modelling details done by Srikanth and Sekhar [19] are used in the present study. The rotor 

aerodynamic torque ( RT ) is obtained from the total wind load which is sum of mean ( mu ), ramp ( ( )ru t ), 

gust ( ( )gu t ) and turbulent components ( ( )tu t ) which is represented as, 

 
 ( ) ( ) ( ) ( )m g r tu t u u t u t u t     (6) 

 
 2 31

( ) ( , )
2

R p

R

T R u t C  


  
 
(7) 

 
The generator torque is evaluated using, 
 
 ( )

( ) R
G

T t
T t

GR
  

 
(8) 

 
             Where GR is the gear ratio of the gear box. 
 
The proportional damping obtained by Rayleigh’s approach is considered in the present dynamic model. 
The values of damping constants are evaluated using the first and second natural modes of frequencies and 
assuming 5% damping ratio as given in reference [20].  
 
Using the Lagrange’s approach, the equations of motion of the system are obtained as, 
 
 

   
.. .

0[ ]{ } [ ( )]{ } [ ( )] ( )M q C t q K t q T t    
 

(9) 
 
            Where[ ]M , [ ( )]C t and [ ( )]K t represent the mass, time dependent damping and stiffness matrices 

and  0 ( ) { ( ),0,0,0,0,0,0,0,0, ( ),0,0,0,0,0,0,0,0,0,0,0,0}R GT t T t T t   

 
The equations of motion are solved for responses in time domain using Newmark time integration 
algorithm, the results of which are given in section 4. 

3 Gear tooth crack modelling 

Gear tooth cracks are caused by many reasons, such as inappropriate operating conditions, material defects 
and manufacturing errors. Depending on the gear geometry and the applied torque on the gear, the crack 
often propagates either along the tooth root or along the rim. The tooth crack influences the change in the 
mesh stiffness and therefore produces abnormal vibration responses, such as impact and high frequency 
noise. Presence of gear tooth crack will reduce the effective thickness of a gear tooth carrying the load. 
Consequently, it will cause a reduction in the mesh stiffness. This change of vibration can be characterized 
through dynamic simulation of a gearbox and processed further to detect the crack severity and location. 
The general analytical approach for the calculation of gear tooth mesh stiffness is given in [10] where the 
effective mesh stiffness is a sum of axial, shear, bending, Hertzian contact stiffness’s and fillet foundation 
stiffness. In the present study, the analytical approach given in [10] is used for the calculation of gear 
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mesh stiffness in the case of gear tooth crack and the fault is studied in the gear 2 which is attached 
generator since it experiences huge vibrations because of high rotational velocity.

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Cross section of Gear tooth 

Figure 2 represents the geometrical parameters of the crack (
υ denotes the crack angle. Assume
path is assumed to be a straight line and start at the root of the pinion and then proceeds as shown in 
Figure 2. The intersection angle υ between the crack and the central line of the tooth is set at a constant 
45o. The crack length q1 grows from zero with an increment size of 0.2 mm until the crack reaches the 
tooth’s central line. At that point, 
estimated for different propagating lengths of tooth root crack of the gea
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in the case of gear tooth crack and the fault is studied in the gear 2 which is attached 
generator since it experiences huge vibrations because of high rotational velocity. 

Figure 2: Cross section of Gear tooth crack [10] 

represents the geometrical parameters of the crack (q1,υ) in which q1denotes the crack depth
angle. Assume that there exists a crack of length q1at the root of the gear 2.The crack 

ht line and start at the root of the pinion and then proceeds as shown in 
. The intersection angle υ between the crack and the central line of the tooth is set at a constant 

grows from zero with an increment size of 0.2 mm until the crack reaches the 
tooth’s central line. At that point, q1 reaches its maximum value of 17.96 mm. The mesh stiffness’s are 
estimated for different propagating lengths of tooth root crack of the gear 2 teeth. With
crack, the Hertzian contact stiffness will still be a constant since the work surface of the tooth has no 

defect and the width of the effective work surfaceW will always be a constant. The axial comp
stiffness will be considered the same with that under the perfect condition in that the crack part can still 
bear the axial compressive force as if no crack exists. The bending stiffness and shear stiffness, however, 

n effective area of cross-section. 
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calculating the gear mesh stiffness. The dead zone consists of the tooth profile, tooth crack, and the 
This limit line is through the crack tip and parallel to the center line of tooth simultaneously
, irrespective of the crack dimensions, which are shown in Figure 3 
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teeth. With the influence of 
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bear the axial compressive force as if no crack exists. The bending stiffness and shear stiffness, however, 
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in Figure 3 for different crack 
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Figure 3: Limiting lines in Gear tooth crack 

 

The effective area moment of inertia and area of the cross-section at the position of x can be calculated as: 
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where qh  is the distance from the root of the crack to the central line of the tooth, which 

corresponds to point G on the tooth profile, and qh can be calculated by: 

 sin1h h qq c    (12) 

Here ch  is the tooth thickness at the root circle,  is the crack angle 

Hence the total gear tooth mesh stiffness with crack _t crackK  is given by the following equation, 

            Where _sp crackK  and _bp crackK  denotes the bending and shear gear mesh stiffness with crack. 

The mean mesh stiffness obtained from the above equation is used for the generation of time varying gear 
mesh stiffness which is used for the dynamic characterization of drive train with presence of crack. The 
parameters of the typical wind turbine drive train are taken from [7] for the present dynamic analysis. The 
dynamic analysis is carried out for different percentages of gear tooth crack on gear2 (see fig. 1.) and the 
obtained results are plotted in the next section. 
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4 Results and discussion 

The important parameters for the dynamic analysis and fault detection are taken from Nejad [7] and are 
considered for the present study. (See table 1-3) 

 

Table 1: Wind turbine specifications 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2: Details of gear box  

  

Table 3: Specifications of Shafts and Bearings 

 

Parameter Specification 
Type Upwind/three blades 

Rated power (MW), Rated wind speed (m/s)                       5, 11.4 
Rated rotor speed (rpm) ,Diameter(m) 12.1, 126 

Rotor mass (×1000 kg), Rotor Inertia (kg-m2), Generator 
Inertia(kg-m2) 

110, 2.183×108, 534.116 

Gear ratio 96.354 

Parameter First stage Second stage 
 

Third stage 
 

Type Planetary Planetary Parallel 

Normal module (mm) 45 21 14 

Normal pressure angle 
(degrees) 

20 20 20 

Number of teeth,  
19,17,56 

 
18,36,93 

 
24,95 Sun/pinion, Planet/gear, 

Ring gear 
Pitch diameter (mm)  

855,765,2520 
 

378,756,1953 
 

336,1330,— sun/pinion, Planet/gear, 
Ring gear 

Mass (Kg)  
1900,1500 

 
380,1500 180,1800 Sun/Pinion, Planet/gear 

Inertia (Kg-m2)  
244,168,4180 

 
9.5,143,820 

 
3.8,475,— Sun/Pinion, Planet/gear, 

Planet carrier 

Mean gear contact stiffness 
(N/m) 

 
9×109 

 
1.5×109 

 
9.0246×108 

Contact Ratio  
1.5354,1.5293,— 

 
3.927,1.611,—    —,1.7243 Ring-planet, Sun-planet, 

Gear-pinion 

Component Value 
 Torsional stiffness of  Main shaft, First- stage second shaft, 

Second stage-third shaft, High speed shaft (N-m/rad) 
8.67× 108, 5.68×108, 1.689×108, 
0.181×108 

Linear stiffness of Bearing  1,2,3,4,5,6 (N/m) 1.5× 108, 1.2×108, 1.2×108, 5×108, 
8.2× 108, 8× 108 
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Based on the above specifications of the wind turbine and gearbox, the important parameters for the 
dynamic characterization and fault detection are calculated and are given in table 4. 

 

Parameter                                                   Specification 

                  First natural torsional frequency                         2.28Hz 

                    Mean gear mesh stiffness 

     for 10 %  and 40 % crack  (N/m)                 8.802×108, 7.6974×108 

               Gear mesh frequency of parallel gear stage                 466.1Hz 

              Gear tooth defective frequency (running frequency)     19.4Hz 

 

Table 4: Important parameters for fault detection 

 

The modelling of gear tooth crack for wind turbine gear box and the calculation of mean mesh stiffness in 
the case of gear tooth crack is discussed in the previous section. The time varying gear mesh stiffness is 
represented in terms of Fourier series with mean gear mesh stiffness, gear mesh frequency and contact 
ratio [21]. Figures 4(a) and 4(b) represents the time-varying gear mesh stiffness plots without and with 
tooth crack for the gear2 respectively. 

 

 

 

Figure 4: Time varying gear mesh stiffness (a) without crack (b) with 40% gear tooth crack 

 

In fig. 4(b) the periodicity in gear mesh stiffness variation is observed for every 24thcycle which indicates 
the number of teeth on gear 2. Dynamic analysis is performed with and without existence of tooth crack 
and figure 5(a) and 5(b) represents the rotational vibration acceleration responses of gear2 without and 
with crack in frequency domain. In the case of healthy gear pair, FFT has only peaks at gear mesh 
frequencies as given in table 4 where as in case of crack the FFT has peaks at multiple number of gear 
tooth defective frequency i.e. 19.4Hz along with peaks at gear mesh frequencies and are shown in Figure 
5(b) and 5(c). In the frequency domain representation, fault information is not clearly identified at lower 
percentages of fault as in the case of 10% gear tooth crack. Hence power spectral density is used to 
represent the fault information even at lower percentage of fault and is shown in figure 6 (b) along with 
higher severity of 40% in figure 6(c). 
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Figure 5: Frequency domain representation of gear 2 (FFT)  (a) without crack (b) with 10% gear tooth 
crack (c) with 40% gear tooth crack 
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Figure 6: Frequency domain representation (PSD) of gear 2 (a) without crack (b) with 10% gear tooth 
crack (c) with 40% gear tooth crack. 

5 Conclusions 

The gear tooth crack due to the catastrophic failures in the wind turbine is modeled in the present work 
based on the literature data. The gear tooth crack effect is captured by evaluating the variation in the mean 
gear mesh stiffness due to the fault. The dynamic acceleration responses of gear2 without and with crack 
are obtained in the frequency domain (i.e. FFT and PSD) where the multiple numbers of peaks at tooth 
defective frequencies are identified in the case of gear tooth crack. This study is thus useful for fault 
detection in gearbox of wind turbine drive train. 
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Abstract
Offshore wind turbines are growing in popularity due to the steady, high speed and environment friendly
offshore wind resources. However, the wind and wave excitations can result in excessive vibration and hence
destroying the structural integrity. To avoid this, the inerter-based vibration absorber, which is a reaction
mass connected to the system with the combinations of springs, dampers and inerters, is employed in this
study to suppress the vibration. Both monopile and spar-buoy offshore wind turbines are investigated in this
paper by establishing limited degree-of-freedom models based on FAST. The structure-immittance approach
is used to obtain the optimal absorber configurations with corresponding element values, by minimising
the standard deviation of the tower top displacement. It will be shown that compared with the traditional
tuned mass damper, the performance of the inerter-based absorber is superior. Moreover, with the same
performance as the tuned mass damper, the mass of the inerter-based absorber can be significantly reduced.

1 Introduction

Offshore wind turbines (OWTs) are growing in popularity due to the steady, high speed and environment
friendly offshore wind resources. However, the combined multiple hazards such as wind and wave excitations
can result in excessive vibration and fatigue load, hence destroying the structural integrity, shortening the
service life and increasing the energy production cost of the turbines. In order to prolong its lifespan, passive
structural control strategy, which is widely used due to its simplicity and zero power input, is employed in
this paper for the vibration suppression of the OWTs.

The most commonly used passive structural control device is the tuned mass damper (TMD). Murtagh
et al. [1] studied the vibration mitigation of a blade coupling wind turbine model by using a TMD under
the along-wind force; Lackner et al. [2] included a TMD into the FAST code [3], a fully coupled aero-hydro-
servo-elastic code developed by National Renewable Energy Laboratory (NREL) to simulate the loads and
performance of OWTs; Later Stewart et al. [4] optimised the parameter values of a TMD based on the lim-
ited degree-of-freedom (DOF) models; Stewart et al. [5] also investigated the effects of misalignment for the
OWTs with a TMD in the nacelle; Specifically, Si et al. [6] investigated the vibration suppression of a spar-
type floating OWT by employing a TMD in the platform. Even though the performance of the TMD will
be improved as the mass of the TMD increasing, due to the space and weight limitation, performance of the
TMD is limited. In order to enhance the vibration suppression capability of the TMD, a passive mechanical
element, the inerter, is employed in the present study.

The inerter was first introduced by Smith [7]. It is a two-terminal device with the property that the force
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generated is proportional to the relative acceleration across its two terminals. With inerter, the force-current
analogy [8] between mechanical and electrical systems can be fully achieved, with mechanical elements
springs, dampers and inerters corresponding to the electrical elements inductors, resistors and capacitors,
respectively. For passive electrical networks, using the Bott-Duffin theorem [9], it has been shown that
any positive-real functions can be realised as the driving-point immittance of a network consisting only
of resistors, capacitors and inductors. Hence, mechanical networks consisting of dampers, inerters and
springs can also synthesise all positive-real functions characterising force-velocity properties. In general,
two approaches are applied to identify beneficial passive vibration absorber, the structure-based approach
and the immittance-based approach. For the structure-based approach, network layouts, such as the TID
[10] and the TMDI [11], are first proposed. Parameter values for the constituent elements are then selected
based on performance criteria. With this approach, the complexity and topology of the absorber is pre-
determined. However, only one network layout can be considered at a time even though there are large
number of possible layouts, which inevitably limits the achievable performance of the proposed absorber.
On the other hand, with the immittance-based approach, such as the application proposed by Wang et al.
[12] and Li et al. [13], a positive-real immittance function which is capable of providing the optimum
performance of the system is first obtained. Then, the corresponding network layout and element values can
be identified using network synthesis theory. However, without pre-restricted complexity and topology of the
network, undesirable networks with very complicated layouts may occur. To overcome the disadvantages of
structure-based and immittance-based approaches, a novel structure-immittance approach was proposed by
Zhang et al. [14] for passive vibration absorber identification. With this approach, a new class of structural
immittance functions can be obtained, which can cover a full set of network layouts with explicit information
of all topology possibilities; meanwhile, the number of each element type can be pre-determined, and the
element values can be fixed or constrained.

In this paper, the NREL 5MW offshore wind turbine [15] is considered. An inerter-based absorber (IBA)
is used to investigate the vibration suppression for both a fixed-bottom monopile and a floating spar-buoy
platform. The structure-immittance method is employed to obtain the optimum absorber, which is a reaction
mass connected to the nacelle at a single point using a combination of one inerter, one damper and two
springs. This paper is constructed as follows: In Section 2, the structure-immittance method for one inerter,
one damper and two springs case is briefly summarised; In Section 3, the limited DOF Matlab models of
monopile and spar-buoy are established and the structure parameters are identified; In Section 4, the IBAs’
layouts and corresponding parameter values are obtained for monopile and spar-buoy, respectively. The
potential of mass reduction is also investigated in this section. Finally, conclusions are drawn in Section 5.

2 Structure-immittance method

By utilising the force-current analogy, the structure-immittance method can be applied both on mechanical
and electrical networks. The transfer function of the mechanical network is defined as

Y (s) =
F (s)

V (s)
(1)

where F (s) and V (s) are the force and relative velocity across the two terminals in Laplace domain, respec-
tively. s is the complex frequency parameter of the Laplace transform. Mapping it to electrical system, the
transfer function corresponds to the admittance of electrical networks, which is

Y (s) =
I(s)

U(s)
(2)

where I(s) and U(s) are the current and voltage across the two terminals in Laplace domain, respectively.
One-port (two-terminal) mechanical networks are taken into consideration to develop structure-immittance
method in this paper. The definition of structural-immittances, which include all the possible arrangements

4822 PROCEEDINGS OF ISMA2018 AND USD2018



of a set number of elements, are given as the transfer functions from force to velocity. In this section, a
mechanical system including one inerter, one damper and two springs as well as its structural-immittances
are demonstrated.

For the case of one inerter, one damper and two springs, there are totally 18 absorber layouts. By using the
structure-immittance method, two networks, termed Q1 and Q2, that contain all the 18 possible layouts, can
be obtained. There are totally 4 steps needed to obtain the final networks Q1 and Q2 [14], for compliance
these are summarised here. It should be noted that at most two springs are present for the networks obtained
in each step.

Step 1: Two generic sub-networks M1 and M2 are constructed as shown in step 1 of Figure 1 . One is an
inerter based sub-network and the other is a damper-based sub-network.
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Figure 1: The networks obtained for 1 damper, 1 inerter and 2 springs

Step 2: Two sub-networks M1 and M2 are connected to each other both in parallel and in series to form two
new networks N1 and N2, as shown in step 2 of Figure 1 .

Step 3: Since in networks N1 and N2, some of the springs are redundant and can produce the same effect on
the network, redundancy of the springs in networks N1 and N2 need to be checked with springs removed if
possible. For example, for k1 in network N1, the layout with k1 and k2 present can be realised by k3 and k4;
the layout with k1 and k3 present can be realised by k3 alone; the layout with k1 and k4 present is equivalent
to that with k3 and k4; the layout with k1 and k5 present can be realised by k3 and k6; the layout with k1 and
k6 present equals that with k3 and k6. Therefore, k1 is redundant and can be removed. All of the springs in
N1 and N2 should be checked one by one to guarantee that there is no redundancy left in the networks. As a
result, two simplified networks P1 and P2 can be obtained, as shown in step 3 of Figure 1 .
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Step 4: Springs are now added to the network to form the final networks. The adding rule is: a spring is first
added in series and the redundancy is checked for this added spring. Then, another spring is added in parallel
and the redundancy is checked. This process is repeated until any further addition of a spring in series or in
parallel is redundant. Thus, the final networks can be constructed. Follow the adding rule, final networks,
Q1 and Q2, are obtained, see step 4 of Figure 1 .

The structural-immittances of networks Q1 and Q2 are:

Yi(s) =
ni(s)

mi(s)
(i = 1, 2), (3)

where

n1(s) =bc(k3/k2 + k8/k2 + k6/k4 + k8/k4 + 1)s3 + b(k6 + k8)s
2+

c(k3 + k8)s+ k3k6 + k3k8 + k6k8,

m1(s) =s
[
bc(1/k2 + 1/k4 + 1/k9)s

3 + b(k3/k2 + k6/k2 + k6/k9 + k8/k9 + 1)s2+

c(k3/k4 + k3/k9 + k6/k4 + k8/k9 + 1)s+ k3 + k6
]
,

n2(s) =bc(1/k2 + 1/k4)s
3 + b(k3/k2 + k3/k4 + k8/k2 + k8/k7 + 1)s2+

c(k1/k2 + k8/k4 + k1/k4 + k8/k7 + 1)s+ k1 + k3 + k8,

m2(s) =s
[
bc(1/(k2k4) + 1/(k2k7) + 1/(k4k7))s

3 + b(1/k2 + 1/k7)s
2+

c(1/k4 + 1/k7)s+ k1/k2 + k1/k7 + k3/k4 + k3/k7 + 1
]
.

(4)

Y1(s) and Y2(s) include all the possibilities of one inerter, one damper and two springs combinations. For
Y1(s), only two of 1/k2, k3, 1/k4, k6, k8 and 1/k9 are positive and all the others are equal to zero. For Y2(s),
only two of k1, 1/k2, k3, 1/k4, 1/k7 and k8 are positive and all the others are equal to zero. These transfer
functions can be used, along with the constraints listed here to find the optimal one inerter, one damper and
two springs configuration for a given system and objective function.

3 Limited DOF offshore wind turbine models

The ideal way to identify the IBA configurations and their corresponding parameters would be to carry
out the optimisation within FAST. However, the inerter and the structure-immittance approach have not
been included in FAST so far. Besides, FAST is expensive in terms of the computations needed since the
simulation time in FAST for a 60 s simulating is around 60 s, and to find the optimum values, thousands of
function calls might be needed. As a feasibility study, following [4], a limited DOF linear Matlab model for
each type of OWT is established in this section.

3.1 Monopile

Considering the monopile, the tower fore-aft bending mode is responsible for most of the fatigue loading.
Hence two DOFs are considered here: the tower fore-aft bending DOF and the IBA’s mass DOF. The model
is shown in Figure 2 (a). Applying the small angle approximation, equations of motion of the system are
given as:

{
mẍr = mgθt − Y ẋr −mRθ̈t
Itθ̈t = mtgRtθt +RY ẋr − ktθt − ctθ̇t +mgxr

(5)

wheremt is the turbine’s total mass andm is the absorber’s mass. The angle that the tower has deflected from
vertical is denoted by θt. Nacelle of the OWT is considered as a reference frame and the displacement of the
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(a) (b)

Figure 2: Limited DOF offshore wind turbine model inspired by [4]: (a) monopile; (b) spar-buoy.

absorber is relative to the nacelle, which is denoted as xr. So the term mRθ̈t exists due to the non-inertial
reference frame. R andRt are the distances from the tower hinge to the absorber and the centre of the turbine
total mass, respectively. kt and ct are the rotary stiffness and rotary damping constants at the tower base. Y
is the representation of the admittance function of absorbers consisting of inerters, dampers and springs. The
absorber’s mass m is taken to be equal to 20,000 kg for consistence with [4] and it is approximately 2% of
the turbine’s total mass mt.
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Figure 3: Response comparison of linear model and FAST for monopile

In order to use the linear model to obtain the optimal absorber’s configuration, model parameters must be
determined first. It,mt,Rt andR can be obtained from [16, 17] and the FAST input files. The rotary stiffness
kt and the rotary damping constants ct need to be determined by matching the linear model response to FAST
output with the same input conditions. In this paper, a step input of the tower top displacement (TTD) equal
to 1 m is used, which is the amount of tower bending in meters measured at the top of the tower. The
response of the linear model is fitted into the FAST output in Matlab where the plot of the fit of the TTD for
the monopile model is shown in Figure 3 . The monopile TTD starts at 1 m and oscillates at a frequency of
approximately 0.337 Hz. It can be observed from Figure 3 that the responses of the limited DOF monopile
Matlab model and the FAST output are very close to each other. The resulting rotary stiffness and rotary
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damping values are kt = 2.52× 1010 kN·m/rad and ct = 7.75× 107 kN·m·s/rad, respectively. The obtained
parameters are listed in Table 1 .

Properties Values
Hub mass 56780 kg

Nacelle mass 240000 kg
Rotor mass 110000 kg

Tower and monopile mass 522617 kg
Turbine total Mass mt 929397 kg

absorber’s mass m 20000 kg
Tower inertia It 5.43× 109 kg·m2

Turbine’s height R 107.6 m
Mass centre to the bottom Rt 76.4 m
Rotary stiffness constant kt 2.52× 1010 kN·m/rad
Rotary damping constant ct 7.75× 107 kN·m·s/rad

Table 1: Monopile model parameters

3.2 Spar-buoy

For the spar-buoy, the tower fore-aft bending mode and the platform pitch angle mode are responsible for
most of the fatigue loading. Therefore, there are three DOFs that are of concern: the tower fore-aft bending
DOF, the platform pitch DOF and the absorber’s mass DOF. The model is shown in Figure 2 (b) . Similarly,
applying the small angle approximation and considering the absorber in the non-inertial reference frame, the
equations of motion of the system are given as:





mẍr = mgθt − Y ẋr −mRθ̈t
Itθ̈t = mtgRtθt +RY ẋr − kt(θt − θp)− ct(θ̇t − θ̇p) +mgxr
Ipθ̈p = −mpgRpθp + kt(θt − θp) + ct(θ̇t − θ̇p)− kpθp − cpθ̇p

(6)

where mp is the mass of the platform; θp is the angle that the platform has bent from vertical; Rp is the
distance from the tower hinge to the centre of the platform mass; kp and cp are the rotary stiffness and
damping constants of spar-buoy platform, which are the summation of hydrostatic and mooring line effects
and so on. All the other parameters have the same values as those used in the monopile linear model.

Again, the model parameters must be determined first. Similarly, mt, It, mp, R, Rt and Rp can be obtained
from [18] and the FAST input files. The tower and platform rotary stiffness and damping constants kt, ct, kp
and cp, respectively, will be identified by comparing the model to FAST outputs in Matlab. In addition, the
platform inertia Ip needs to be identified, this is because inertial effect of the water must also be considered in
Ip. The platform inertia shown in the FAST input file is the true platform inertia, whereas for the simplified
model, since the platform is under the sea, this effect is significant. For the spar-buoy type OWT, a step
input of the platform pitch angle equal to 5◦ is used to obtain the FAST monopile model output. Figure
4 (a) and (b) show the plot of the fit for the TTD and the platform pitch angle (PPA) for the spar-buoy model
in Matlab. Since the TTD reflects the tower bending condition, TTD is relative to the platform coordinate
system. This means if the platform is pitched while there is no bending of the tower, then the TTD is zero.
The spar-buoy PPA starts at 5◦ with the frequency of approximately 0.019 Hz and the TTD starts at 1 m
with the frequency of approximately 0.377 Hz. It can be observed from Figure 4 that the fit between the
limited DOF spar-buoy model and the FAST output is reasonable. The inaccuracies in the model are because
the spar-buoy damping constant cp includes many sources of hydrodynamic damping, wave radiation and
viscous damping. These terms are nonlinear, and so are only approximated in the linear damping constants
used in the low order linear model. The resulting rotary stiffness and damping constants of tower and
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Figure 4: Response comparison of linear model and FAST for spar-buoy: (a) TTD; (b) PPA.

platform are kt = 1.56 × 1010 kN·m/rad, ct = 5.32 × 107 kN·m·s/rad, kp = 6.00 × 107 kN·m/rad and
cp = 5.42× 109 kN·m·s/rad, respectively. The obtained parameter values are listed in Table 2 .

4 Applications of the inerter-based absorber

The proposed IBA involves connecting a reaction mass to the nacelle of the turbine at a single point via a
combination of one inerter, one damper and two springs. In this paper, the initial condition is considered as
the input for optimisation. Since the tower base bending moment is crucial to the tower fatigue life, the TTD
is taken as the performance index, similar to [2]. Therefore, the objective function is defined as the standard
deviation of the TTD:

J = std(TTD) (7)

In order to identify the absorber’s optimum layout and parameter values, objective function J is optimised
using a combination of patternsearch and fminsearch in Matlab with fminsearch refining the results
obtained via patternsearch. The optimum configuration of the IBA is compared with the TMD to show its
effectiveness.
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Properties Values
Hub mass 56,780 kg

Nacelle mass 240,000 kg
Rotor mass 110,000 kg
Tower mass 249,718 kg

Total turbine mass mt 656,498 kg
Tower inertia It 2.73× 109 kg·m2

Platform mass mp 7,466,330 kg
platform inertia Ip 5.01× 1011 kg·m2

Turbine’s height to the tower hinge R 77.6 m
Turbine mass centre to the tower hinge Rt 64.5 m
Platform mass centre to the tower hinge Rt -99.9155 m

Rotary stiffness of the tower kt 1.56× 1010 kN·m/rad
Rotary damping of the tower ct 5.32× 107 kN·m·s/rad

Rotary stiffness of the platform kp 6.00× 107 kN·m/rad
Rotary damping of the platform cp 5.42× 109 kN·m·s/rad

Table 2: Spar-buoy model parameters

4.1 Improvements with same absorber mass

In this section, the absorber’s mass is taken to be 20000 kg for both TMD and IBA, with their optimum
performances compared.

For the monopile case, the input load for optimisation procedure is an initial condition of TTD equal to 1 m.
By using structure-immittance approach, the optimum IBA configuration and the corresponding parameter
values are obtained. For the IBA case, the minimum value of the objective function is J = 0.1782 with
k1 = 80.00 kN/m, k2 = 7.21 kN/m, b = 1519 kg, c = 1.17 kNs/m. For the TMD case, Y represents the
velocity to force relation of a spring and a damper connected in parallel. The minimum value of the objective
function is J = 0.1909 with k = 82.60 kN/m, c = 8.393 kNs/m. The performance improvement of the IBA
is 6.65% compared with the TMD. Results are shown in Table 3 . The free decay responses of the monopile
TTD with TMD and IBA in the nacelle are shown in Figure 5 .

Optimal parameter Vibration Absorber
values and layouts TMD 2-springs IBA

J 0.1909 0.1782
Performance improvement / 6.65%

Layouts

b / 1519 kg
c 8.39 kNs/m 1.17 kNs/m
k1 82.60 kN/m 80.00 kN/m
k2 / 7.21 kN/m

Table 3: Optimisation results for monopile model

Similarly, for the spar-buoy case, the input load is an initial condition of tower TTD equal to 1 m. By
using structure-immittance approach, the optimum IBA configuration and the corresponding parameter val-
ues are obtained. For the IBA case, the minimum value of the objective function is J = 0.1667 with
k1 = 99.16 kN/m, k2 = 9.26 kN/m, b = 1566 kg, c = 1.37 kNs/m. The minimum value of the objective
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Figure 5: Free response of monopile TTD

function is J = 0.1784 with k = 102.50 kN/m, c = 9.50 kNs/m. The improvement of the IBVA is 6.56%
compared with the TMD. The results are shown in Table 4. The free decay response of the spar-buoy tower
top displacement and platform pitch angle with TMD and IBVA in the nacelle are shown in Figure 6 .

Optimal parameter Vibration Absorber
values and layouts TMD 2-springs IBA

J 0.1784 0.1667
Performance improvement / 6.56%

Layouts

b / 1566 kg
c 9.50 kNs/m 1.37 kNs/m
k1 102.5 kN/m 99.16 kN/m
k2 / 9.26 kN/m

Table 4: Optimisation results for spar-buoy model

4.2 Performances with different mass values

To assess the effect of mass on the optimum performance for TMD and IBA, mass values are taken as
10,000 kg, 20,000 kg and 40,000 kg, which are approximately 1%, 2% and 4% of the total mass of the
monopile OWT. Using this information, compared with TMD of which mass value equals 20,000 kg, the
possible mass reduction of the IBA while retaining the same level of performance is investigated.

For monopile, the input load for the optimisation procedure is the initial condition of TTD equal to 1 m. The
monopile performance across a range of absorbers’ mass values is shown in Figure 7 (a). It can be seen that as
the mass value improves, the performance for both TMD and IBA are improved. However, the improvements
of IBA is larger than that of the TMD. Moreover, compared to TMD with a 20,000 kg mass, the mass of IBA
can be reduced to 16,785.7 kg (i.e. a 16.1% reduction) while achieving the same performance in terms of the
cost function given in Eq. (7).

For spar-buoy, the input load for optimisation procedure is also the initial condition of TTD equal to 1 m.
Relationships of the monopile performance with different absorbers’ mass values is shown in Figure 7 (b).
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Figure 6: Free response of spar-buoy: (a) TTD; (b) PPA

Compared to TMD with a mass of 20,000 kg, the mass of IBA can be reduced to 14,996.9 kg (i.e. a 25.0%
reduction) while achieving the same performance.

5 Conclusion and future work

In this paper, inerter-based absorbers are introduced in offshore wind turbine system to suppress its vibra-
tion. The absorber has a reaction mass connected to the nacelle at a single point using a combination of
pre-determined number of inerters, dampers and springs. The concept of structure-immittance method is
reviewed, which will facilitate the identification of the optimum absorber’s layout and parameter values. The
limited DOF Matlab models of monopile and spar-buoy are established, respectively, for the optimisation
procedure. Since the tower bottom bending moment is the most fatigue loading, the standard deviation of
tower top displacement is chosen as the reference index. The results show that the inerter-based absorber is
superior to TMD in terms of reducing the tower top displacement. The reduction is 6.65% and 6.56% for
monopile and spar-buoy, respectively, compared with TMD. Moreover, the relationship of performance with
different mass values is also investigated. Compared with TMD, the mass can be reduced by 16.1% and
25.0% for monopile and spar-buoy, respectively, when employing an inerter-based device, while matching
the performance of the TMD.

In our future work, the realistic wind and wave loads will be applied to the offshore wind turbine models in
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Figure 7: Performances for TMD and IBA with different mass values: (a) monopile; (b) spar-buoy

Matlab to further verify the efficiency of inerter-based absorbers in mitigating vibrations of turbines. Then
the inerter and the structure-immittance method will be included in FAST for further optimisation to identify
the most beneficial absorbers’ layouts and their parameter values.
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Abstract
We propose a novel phase bound magnetic vibration absorber based on parallel combinations of magnetic
springs. The corresponding design methodology is based on magnetic spring toolchain consisting of FE
simulations of magnetic spring and 1D models together with system dynamics model. This approach is
applied to an industrially relevant vibration reduction problem of gear meshing, specifically for wind turbine
applications. In order to capture the relevant gearbox dynamic a semi-analytical Cai-Hayashi formulation
of the gear stiffness is used in combination with ISO 6336 norm for spur gear capacity. We compare the
modeling results to a state-of-the-art tuned mass damper approach, addressing the issues of tonalities in
wind turbines. As opposed to the frequency bound vibration absorbers, the novel magnetic spring vibration
absorber is order-selective, similarly to centrifugal pendulum absorbers, with the added value of a virtually
infinite lifetime, no de-tuning issues, and feasible high-order vibration absorbers

1 Introduction

With increasing energy demands and ever-improving measures against global warming, renewable energy
sources such as wind turbine generators are always in need of more robust and standardized performance.
When it comes to noise emission issues, gearboxes in wind turbines are a significant source of torsional
vibration [1] in the drivetrain that subsequently propagates to the supporting structure causing the unwanted
noise emissions or premature fatigue failure. Specifically, varying contact forces resulting from variable
mesh stiffness in gears propagates from gear to the housing due to the reaction forces in gears. The meshing
modes have been linked to tonal noise peaks previously in earlier research [2]. A strong testimony to the
importance of the tonal noise caused by the gearbox is the fact that the first two tonal peaks are the limit to
which the turbine drivetrains producers have to minimize to satisfy the government regulations [3], but also
the studies performed on perceived level of annoyance resulting from tonal noise sources as compared to
broadband noise. In order to alleviate the noise emission levels, there is a need for improved torque ripple
reduction methods for a wide operational range.

State-of-practice solutions for torque ripple reduction like single flywheels and dual-mass-flywheels deal
with torsional vibrations only for a specifically targeted frequency range and as such are not a robust solution
for a wind turbine for a full velocity-load range. Centrifugal pendulum dampers [4] are successful at noise
reduction for a broader bandwidth, however, their effective achievable order is limited by the geometries to
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low orders, while the gear meshing excitation is normally significantly higher. In the research community,
phase fixed compensation solutions based on cam-spring combinations have been studied, especially target-
ing torque ripple in internal combustion engines (ICE). However, these solutions result in overly complex
designs and are prone to lifetime issues and high friction [5]. In the field of hybrid automotive drivetrains, a
similar issue with torque ripple that can be somewhat compensated (as reported in [6]) actively by using the
vector controlled torque of an electrical motor. However, this method reduces the energy efficiency of the
drivetrain and results in a reduced operational range for the electrical motor. Additionally, for high orders
resulting from gear meshing torque bandwidth of the electrical motor allows only for limited compensation.

Bandwidth Max Order Lifetime Weight Complexity Efficiency
Flyhweel + ++ + - - ++ +

Linear TMD – ++ 0 0 0 0
Active control + + + 0 - -

Pendulum absorber ++ - 0 + - +
Magnetic absorber ++ + ++ + + +

Table 1: Overview of different vibration reduction approaches for torque ripple reduction

In the following pages we present a novel phase bound magnetic vibration absorber (PBMVA) based on
torsional magnetic springs as defined and studied in [7].

Magnetic spring is a magnetic device that exhibits stiffness characteristic of a non-linear spring; it has a
position-dependent passive force or torque characteristic (whether rotational or translational). Although
the functionality of the magnetic spring can be compared to that of a mechanical spring, the underlying
physical principles are different. Due to this difference magnetic springs do not succumb to fatigue failure,
even after a very long operational lifetime. Additionally, magnetic springs intrinsically possess of sinusoidal
characteristics and although the spring characteristic can be tuned in a similar, yet different periodical shapes,
sinusoidal torques have been proven to result in the most efficient designs[7].
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Figure 1: Magnetic spring based vibration absorber - fixed phase achieved by combining multiple magnetic
spring in parallel with rotors rigidly connected to the input shaft of a gearbox
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2 Capturing relevant gearbox dynamics

Geared mechanical systems are widely used in aeronautic, robotic and automotive industries to transfer
motion and power between a driver and a driven axes located in space. An accurate model description of the
reality, often known as digital twin, is required in model based design, control or analysis of gearboxes, for
instance to predict the failure of the system components due to fatigue. In the automotive industry, hybrid
and electric vehicles require special care for transmission design since noise from the internal combustion
engine, masking the gear noise, is no longer present.

The growing power of the electronic devices is helping the engineering community to perform heavy simu-
lations in reasonable smaller timeframe w.r.t the last decay. Although, for particular models where a lot of
DOFs are needed to correctly describe the dynamic of the analyzed system, the best tradeoff between fast and
accurate simulations is still a challenge to be solved. In first analysis, Lumped Parameter (LP) models are
often used in literature with few degrees of freedom [10] to cope with this issue because of their modularity.
It allows the user to plug-and-play different model complexity as well as they are good candidate for real
time simulation. In this work a LP model of a spur gear pair is considered where the main focus is to qualita-
tively capture its dynamic response under specific working conditions, see fig. 2. A common parameter used
to analyze the gear performances is the Transmission Error (TE) that is a measure of the deviation of the
actual gears configuration w.r.t. the ideal gears kinematics, for both static and dynamic conditions, defined
as follow:

TE = rB2 · θ2 − rB1 · θ1 (1)

Several authors [11, 12, 13, 14], analyzed the phenomena occurring while two gears engages in both static
and dynamic conditions. Assuming that the effects of the surrounding structures are negligible (i.e. bearings,
shafts, etc.), the transmission error is considered as one of the main causes of dynamic excitation as well as
the gear.

2.1 Semi-analytical model of variable non-linear meshing stiffness for single gear
pair

In the following work a one degree of freedom non-linear LP model of a gear pair is considered. The global
gear pair flexibility is lumped along the line of action accounting for both local and global teeth compliance
whereas the gear body flexibility is considered negligible. The considered gears have the same geometry
and their specifications have been chosen according to the model proposed by R. G. Parker work [15]. The
gear inertias J1 and J2, and base circle radius rb1, and rb2, as shown in fig. 2. The gear specifications are
summarized in tab.2. The variable static and dynamic TE are induced by the non-linear contact stiffness
along the line of action due to three main reasons:

1. Variable teeth stiffness throughout contact

2. Variable local stiffness of the contacting tooth pair within the meshing cycle

3. Variable number of teeth in contact within the meshing cycle

The gear contact stiffness is modeled as a combination of the semi-empirical Cai-Hayashi formulation [9]
and the ISO 6336-1:2006 [8]. The first allows to define the normalized gear contact stiffness in (eq. 2 and
3) depending on the gear contact ratio while the second computes the integral average stiffness (eq. 4). It is
important to note that no torque dependency of the variable contact stiffness and gear geometry modifications
have been taken into account.

For spur gear pair Cai and Cai-Hayashi introduced a semi-empirical description of the normalized gear
contact stiffness accounting for variable meshing teeth. In particular eq. 2 describes the normalized stiffness
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Figure 2: Lumped parameter non-linear gear pair model

for one tooth in contact while eq. 3 for two teeth in contact since the number of teeth in contact generally
varies between one and two for spur gears.

Kn1 =

− 1.8 ·
(
θmod

θcont

)2

+ 1.8 · θmod

θcont
+ 0.55

0.85 · ε (2)

Kn2 = Kn1 +

− 1.8 ·
(
θmod + τ1

θcont

)2

+ 1.8 · θmod + τ1

θcont
+ 0.55

0.85 · ε (3)

Where ε is the contact ratio that is function of the gear geometries, with θmod, θcont and τ1 described in eq.
6-8 while the integral average stiffness is computed as follow:

Kave = cpth · CM · CR · CB · w · (0.75 · ε+ 0.25) = 451.47kN/m (4)

Here cpth, CM , CR and CB are coefficients computed according to the ISO 2008 and w is the the working
face width of the meshing gears.

Km =

{
Kave ·Kn2, θmod < (θcont − τpinion)
Kave ·Kn1, θmod ≥ (θcont − τpinion)

(5)

θmod = mod(θ1, τ1) (6)

θcont = ε · τ1 (7)

τ1 =
2 · π
Z1

(8)

The resulting variable contact stiffness is shown in fig. 3 confirming the quality of the semi-analytical
variable contact stiffness formulation w.r.t. the experimental curve reported in R. G. Parker work [15] despite
the mentioned limitations.
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Figure 3: Variable contact stiffness Km and average contact stiffness Kave of a single gear pair for the
reference mode

2.2 Wind turbine case - operational conditions and drivetrain topology

The speed ratio between the fast shaft and the slow shaft in wind generators predominantly used in large
wind farms is around 100, with rotor with the impeller nominally rotating at around 20RPM and generator
having its nominal speed at 2000RPM . To achieve such high transmission rations, usually, at least one
planetary stage is used alongside one or several helical stages, while a combination of multiple planetary
and helical gears is not uncommon. The dominant force excitations causing tonal noise in windturbines are
usually corresponding to the lower harmonics, usually 1st and 2nd harmonic, of the low speed stage[3].

Symbol Reference Model Wind Turbine Case Model Parameter
Z1 50 120 pinion teeth count
Z2 50 25 wheel teeth count
w1 = w2 20mm 20mm gear width
mn 3mm 8mm normal module
ρ 7700kg/m3 7700kg/m3 material density
J1 7.7 · 10−3kgm2 12.84kgm2 pinion inertia
J2 7.7 · 10−3kgm2 24.2 · 10−3kgm2 wheel inertia
α 20◦ 20◦ contact pressure angle
ζ 0.08 0.707 gear contact damping ratio
ε 1.75 1.74 contact ratio
Tload 15000Nm load reaction torque
nn 1000rpm nominal speed
Js1 85kgm2 pinion shaft inertia
Js2 1kgm2 wheel shaft inertia

Table 2: Gear model parameters

To properly analyze the dynamic behaviour of the wind turbine drivetrain it is neccesary to understand the
behaviour of the system in the following specific scenarios:

• start-up - velocity ramp up from stand-still to nominal speed where the variable contact stiffness dy-
namically excite the system

• nominal conditions - most prevalent mode, in which the wind turbine is generating electrical energy
(50%-100% nominal torque and 50%-100% nominal speed)
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Figure 4: Block model of a single gear pair with driven by the ideal velocity source on the input shaft and
with a constant ideal torque load on the output shaft

Of the above mentioned, the most criticial operational condition for NVH performance is by far the operation
in nominal conditions when the wind turbine is generating electrical energy. Therefore, our efforts will focus
on reducing the vibration due to the contact force variability in that specific range while making sure that
for other scenarios the system functionality is not compromised. A numerical model was made using a
commercial bond graph package Simscape (fig. 4). For a ramp-up 0-1250 RPM contact forces when speed
source is applied can be seen in fig. 5a

3 Phase bound torque ripple absorber based on torsional magnetic
springs

To reduce the torque ripple in drivetrains, a single magnetic spring with sinusoidal characteristic can be
connected in parallel with the input or output shaft of a gearbox, in order to subtract a specific torsional
order. Although, high-speed shaft is usually preferred due to lower order excitation and lower peak torques,
which make the design of the vibration absorber easier. The proposed PBMVA consists of multiple magnetic
springs with rotors rigidly coupled to the drivetrain shaft and stator rigidly connected to the housing of the
gearbox, as shown in fig. 1. This way multiple orders can be compensated with various amplitude and
phase alignment. Selecting the pole pair number of the magnetic spring n determines the frequency of
the spring torque relative to the shaft rotation, while the orientation of the spring stator defines the phase
φ of the superimposed sinusoidal torque (eq. 9) as schematically illustrated in fig 1. This formulation is
coincidentally equivalent to the Fourier series decomposition with the DC component A0 = 0 of a desired
torque characteristic.

TPBMV A =

Nmax∑

n=1

An · sin(n · θ + φn) (9)

Ideally, by infinite order Fourier decomposition, any periodic torque or force characteristic can be generated.
In reality, only finite orders are feasible with a required design efficiency of a magnetic spring within a
given space. Therefore, the feasible PBMVA characteristics are limited to lower order harmonic content i.e.
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Figure 5: Modelled gear contact force with an ideal speed source on input shaft for ramp-up of 0-1250 RPM

continuous torque profiles with a max order of Nmax finite order feasibility as a result of Gibbs phenomenon
of the Fourier decomposition. Maximum achievable order of a magnetic spring that can be realized in a
realistic design with limited space can be compared to the maximum magnetic gear reduction ratios found
in the literature. Rather than limiting the pole pair number to a fixed value, we can say that the maximum
efficient pole pair number is linked to the diameter of the magnetic array.

Nmax ∝ dag (10)

where dag is the diameter of the magnetic air gap of a magnetic spring under consideration.

In [16]., the authors present a magnetic gear with 22 pole pairs at the size diameter of 44mm. Therefore, we
assume that for application in MW powertrains, pole pairs numbers up to 100 or even higher are rather fea-
sible. Using the above mentioned Fourier decomposition approach, and the models of the vibration absorber
and the drivetrain, it is possible to investigate the optimal tuning of the magnetic spring that form the optimal
vibration absorber for a given gear design (fig. 6).

Based on the operational conditions of the system, a virtual experiment is defined where the system is op-
erating in quasi-steady-state while being driven by a motor with a PID speed controller, in order to find an
optimal design of a magnetic spring at nominal loads. The load distribution, in this case, is somewhat differ-
ent than the one considered in section 2. where a speed source is used on the input shaft. When searching
for an optimal tuning of PBMVA, it is neccesary to apply a torque source for both the reaction torque and
the input torque (generator torque). Such a model is closer to the operation of the physical system where
the oscillating energy of the nonlinear gear contact is distributed between the input and output shaft inertia.
Magnetic spring size and cost is proportional to the energy that can be stored within. More precisely, In
[7] a theoretical energy density was established based on physical insight into energy stored in permanent
magnets, which can be used as a simplistic 1D magnetic spring scaling model. The 1D model consists of the
above described stiffness characteristic and the inertia which can be calculated from the energy density (eq.
11) assuming a fixed aspect ratio of a magnetic spring and an equal distribution of magnet volume between
the rotor and the stator.

Jn =
ρNdFeB

2.93 · 3
√
kAR
·
(

2 ·An

n · Emax

)4/3

(11)

Here, Emax = 403.8kJ/m3 is the maximum realistic energy density of the magnetic spring [7], kAR is the
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Figure 6: Design approach for multiple order PBMVA

ratio of the axial length and the air gap radius of the magnetic spring and ρNdFeB = 7550kg/m3 is the
density of NdFeB magnets.

Within the first optimization loop, a simplex solver is used to iteratively find the set of magnetic springs that
minimizes the vibration. Using simplex solver (e.g. NOMAD) does not require the cost function gradients
although it is computationally more expensive. Therefore, a hot start of the optimization using a good
initial guess, based on Fourier decomposition of the input torque of the original system, limits the number
of model evaluations necessary for convergence of the optimization algorithm. The decision variables are
the number of the springs used in parallel, together with the amplitude and the phase of the each magnetic
spring. The cost function is defined as a peak-to-peak force oscillation level at a given virtual experiment.
Once the optimal design of the absorber is found within the system design optimization loop, the required
order i.e. pole pair number, frequency, and phase can be used as input to the component loop optimization.
The optimal PBMVA parameters can be used as an input for component design optimization loop [7], where
detailed magnetic spring geometry, material selection and the exact topology can be optimized resulting in
a realistic magnetic spring component set that forms the PBMVA. The component optimization loop also
yields the exact stiffness and inertia matrices of the PBMVA.

As a last step in the virtual design exercise, the PBMVA resulting from component optimization can be
plugged back into the dynamic model for a virtual validation of the design (fig. 8).

4 Optimization results and the impact on gear dynamics

The goal of the system level optimization is to find a PBMVA that will reduce vibration level for the single
operational point at nominal conditions. Through use of PBMVA the speed variation on input shaft can
be amplified while the transmitted torque oscillation can be minimized, also reducing the reactive forces in
gearbox bearings which have been identified as a major excitation of tonalities in wind turbine drivetrain.
The impacts of optimal different orders PBMVA on vibration level at the nominal conditions, for different
orders, can be compared in tab. 3. It is visible that the first gear meshing order contribution is dominant
and that, if focusing on a single order abosrber, the biggest reduction (60%) can be achieved here at nominal
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shaft

conditions. However, an additional 5-15% vibration reduction is feasible through surpression of the higher
orders.

No. of parallel springs 1 2 3
Ripple reduction (%) 60.76 5.12 9.54 64.09 9.55 62.14 64.36

n - absorber order 25 50 75 25,50 50,75 25,75 25,50,75

AN (Nm)
1237 1094 1268 1073

1787 1107 0 2840
2402 2120 2518 740

φN (rad)
3.718 3.15 3.20 3.12

0.8349 3.23 3.56 3.25
3.9468 3.24 2.31 3.24

Table 3: Achieved torque ripple reduction at nominal conditions with PBMVA for first three gear meshing
orders

A similar effect can, however, also be achieved by the use of conventional approaches such as linear tuned
mass dampers (TMD). For purposes of this study, the TMD was tuned at nominal speed n = 1000rpm using
the Den Hartog tuning [17] for the first meshing order f0 = 25 · n/60 = 416Hz where the selected TMD
parameter tuning is JTMD = 0.9378kgm2, cTMD = 254.22Nms/rad and KTMD = 4.638 · 106Nm/rad.

The main difference between the two described approaches lies in the performance outside of the nominal
point for which the system was optimized. It can be seen in fig. 9, that PBMVA as an order targeting
method, has a broadband effect in reducing the vibration while TMD is effectively targeting only a narrow
frequency band. This is especially obvious when looking at higher orders at nominal conditions when TMD
is used. Moreover, due to the intrinsic nature of the TMD it is in fact amplifying the undesired dynamic
effect in other frequency regions, i.e. shifting the resonance to a lower frequency. At the nominal design
point, Tload = 15000Nm and nn = 1000rpm, the system is not in resonance, therefore the PBMVA is
reducing the forced response as expected: amplifying the primary shaft inertia oscillations in order to reduce
the transmitted torque oscillation and consequently the contact force oscillation. The surprising effect of
PBMVA occurs at system resonances (fig 8.c), where, although the resonance of the system has not been
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Figure 8: Validation run of 3 order tuned PBMVA for nominal conditions Tload = 15000Nm and nn =
1000rpm

shifted, due to the non-linear excitation reduction, both the acceleration and transmitted force are reduced
simultaneously.

If we observe the drivetrain with a single gear contact under constant reaction load and generator torque, we
can write the dynamics equation as a quasi-static model with linear dynamics contained in constant stiffness,
damping and inertial matrices excited by the nonlinearity as a disturbance force - input. Further on, we can
decompose the disturbance force to a Fourier series of the nonlinearity and try to correlate these with the
orders appearing in transmitted torque as well as the optimal tuning of the PBMVA. Therefore, it is clear
why a phase bound order targeting approach is more efficient, limiting the oscillating forces for the entire
operational regime (50% to 100% nominal speed) of the proposed study case.
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(a) original system (b) 1-3 meshing order PBMVA

(c) 1-3 meshing order PBMVA with low speed active torque
ripple suppresion

(d) Den Hartog tuned TMD

Figure 9: Waterfall plot of a validation run-up for all of the studied systems

5 Conclusions

A novel phase bound magnetic vibration absorber has been studied for a single gear pair, with the goal
to compensate for vibration caused by the first three gear meshing orders. The modeling approach shows
a vibration reduction of up to 64.46% for a spur gear at nominal conditions. In the worst case scenario,
the resulting vibration reduction is lower with respect to the optimum. Nevertheless, PBMVA consistently
reduces the vibration level in the entire operational range, unlike a linear TMD that was used to benchmark
the novel approach. Considering that the variable contact stiffness of the helical gears is smoother compared
to the spur gears (i.e. dominant low order excitations), PBMVA should be more performant in that case.
PBMVA is suitable for wide bandwidth vibration reduction i.e. the phase bound nature of the absorber makes
it more performant than frequency bound vibration reduction approaches for the phase-bound excitation.

Future work includes a fully coupled dynamic model of drivetrain and magnetic spring 6DOF model to
study the added transfer path through the absorber, although the magnetic spring contribution in secondary
DOF is expected to be negligible. A more detailed study with industrially relevant data of industrially used
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gearboxes, where multiple stages are considered together with space constraints could answer questions
about the practical limitations of the studied approach. Influence of material and modal damping on optimal
tuning has been identified as a critical parameter for the optimal design of the PBMVA, therefore, better
damping models should be used alongside measurement data.
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Abstract
An accurate stress or strain history at fatigue critical locations is often needed for a fatigue assessment.
Unfortunately it is not feasible to install strain gauges as these fatigue hotspots. This contribution compares
two techniques to obtain a reliable stress history at any location of the turbine structure, one is based on
modal decomposition and expansion, the other is based on a Kalman filter. Both techniques will be validated
and compared using data from an offshore wind turbine monitored by OWI-lab. The monitored turbine is
instrumented with strain gauges at the interface between transition piece and tower and accelerometers at
multiple levels. The installed strain gauges allow to validate the proposed techniques with respect to the
reality.

1 Introduction

As wind farms are growing older, an accurate fatigue assessment of the turbines and their foundation be-
comes more valuable. A fatigue assessment is needed when deciding on a possible life time extension.
Moreover, it can also be used to decide upon maintenance strategies and to improve the design of future
turbines and their foundations.
Performing an accurate fatigue assessment of the support structure often requires measurements of the load
history ([1],[2],[3],[4]). As some locations within the structure are more affected by loads, the fatigue in-
duced by the load history at these hotspots is most valuable. Unfortunately, these hotspots are located below
water level or subsoil. Therefore it is unfeasible or impossible to mount sensors at these critical locations.
To resolve this limitation OWI-lab has worked on the concept of virtual sensing. Virtual sensing allows to
estimate stresses at hotspots using measurements taken at more accessible locations within the structure such
as on the tower structure. In particular accelerometers are favored as sensors, due to the ease of installa-
tion and their reliability on the long term. However, low frequency thrust loads cannot be captured using
accelerometers. [5] introduced the idea to combine a thrust load estimation and accelerometers in order to
estimate the full band stresses in the structure using a modal decomposition and expansion based virtual
sensing technique. One of the drawbacks of this approach was the discontinuity in the frequency spectrum,
since the signal was splitted in three frequency bands. A clear drop in accuracy around the frequency limits
was observed.
An alternative course for tackling the problem of fatigue estimation on the basis of a limited number of
vibration sensors has been taken by Papadimitriou et al. [6]. Such a course consists in fusing the avail-
able measurements with a Kalman filter for extrapolating the response at unmeasured locations. Within that
context, a number of Kalman-type algorithms, able to operate on systems with unknown inputs, has been
proposed and recently validated [7] under experimental conditions. Although such filters are subjected to

4847



certain sensor requirements [8], their effectiveness on WT structures has been already demonstrated [9] on
the basis of acceleration and inclination measurements. Alternatively, Naets et al. [10] proposed the use
of dummy displacement measurements in order to stabilize the performance when only accelerations are
available while in a recent contribution, Dertimanis et al. [11] extended the implementation to include the
estimation of unknown system parameters.
This contribution will validate both approaches and compare the results.

2 Measurement Setup

The techniques proposed in this contribution will be validated using measurements taken at an offshore wind
turbine located in the middle of the Belgian offshore wind farm Belwind, 46 km off the Belgian coast. This
Vestas 3MW V90 turbine is installed on a monopile foundation and was instrumented with additional ac-
celerometers and strain gauges. A total of eight accelerometers were installed at four different levels in
the turbine tower (two per level) in order to capture vibrations in both X and Y direction. Additionally six
strain gauges were installed on the lowest level, being the interface between tower and transition piece. An
overview of the location of the sensors is given in Figure 1. The accelerations measured at all levels together
with the thrust load will be used to predict the strains measured at the tower-TP interface and finally to pre-
dict the strains at hotspots located below the water level.

(a) 19.00m (b) 27.00m

(c) 41.00m (d) 69.00m

Figure 1: Locations of the additional sensors at of BBC01 wind turbine at the Belwind farm. The circles in
(a) represent a strain gauge; the arrows in (a-d) represent an accelerometer.

In order to simplify the validation of both techniques presented in this paper, the thrust load signal used
for this validation is obtained from the measured strain signal. To derive the thrust load signal from the
strain measurements, the measured strains are transformed into a fore-aft and side-side bending moment.
Additionally the low-frequent part (0 to 0.2 Hz) of the fore-aft bending moment is transformed into the
acting thrust load using the distance between the location of the sensor and the hub. Ultimately the thrust
load signal can be obtained using 1s SCADA data instead of strain measurements, as explained in [12].
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3 Multi-band virtual sensing based on modal decomposition and ex-
pansion

The main goal of virtual sensing is to estimate the stresses at the fatigue-sensitive hotspots without the need
of mounting sensors at these exact locations. This section will summarize the multi-band virtual sensing
technique based on modal decomposition and expansion as explained in [5]. This technique combines mea-
surements with a tuned finite element model (FEM) of the structure to predict stresses at any location of the
structure. The FEM is created using pipe elements with the as design dimensions of the turbine. This FEM
is tuned to match the modal properties obtained experimentally. More information about the finite element
model and the tuning can be found in [5] and [13]. Figures 2 and 3 show the resulting structural and strain
mode shapes respectively.

Figure 2: First three structural mode shapes
of an offshore wind turbine. The first mode
is captured best using the top accelerom-
eter, while the second and third mode are
captured better using the lower sensors.

Figure 3: The static strain mode shape together with
the strain mode shapes of the first three modes.

Figure 4: Frequency spectrum of the different loads acting on an offshore wind turbine in parked conditions
and at rated rotor speed. The quasi-static load is dominated by the thrust load induced by variations in wind.
Dynamic variations are induced by waves, structural dynamics and rotor harmonics.
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The stresses observed at any location in the structure are induced by a variety of loads, each acting in a
different frequency range. This can be seen in Figure 4. Since the structure responds differently to quasi-
static loads then to dynamic loads, the resulting stresses are obtained differently.
The quasi-static thrust load (0 to 0,2 Hz), as induced by the variations in wind, is combined with the static
strain mode shape obtained from the tuned FEM (Figure 3), to predict the quasi-static strains.
The dynamic part of the prediction is based on the modal decomposition and expansion technique. Each
deflection of the structure is considered a combination of deflection caused by the excitation of different
modes. Based on the acceleration measurements and the acceleration mode shapes a modal decomposition
is performed. This is visualized by Figure 5. The resulting ”acceleration” modal coordinates are then double
integrated to obtain displacement modal coordinates. Multiplication of the displacement modal coordinates
with the corresponding strain mode shapes from the tuned FEM (Figure 3) results in the dynamic strain
prediction.
For this contribution, the dynamic frequency band was divided into the low frequency band (0,2 to 0,5 Hz)
dominated by waves and first mode and the high frequency band (above 0,5 Hz) dominated by higher order
dynamics and rotor harmonics. The difference in calculation between both bands is the number of considered
modes. Since the low frequency band is dominated by the first mode, only one mode is considered. For the
high frequency band, also the second and third mode are considered.
As both quasi-static loads and dynamic, both low and high frequency, loads are acting simultaneously, all
predictions are superposed.

Figure 5: ”Acceleration” modal coordinates are obtained based on accelerations measured at various loca-
tions in the tower and known acceleration mode shapes.

4850 PROCEEDINGS OF ISMA2018 AND USD2018



4 Kalman Filter

The starting point for implementing a Kalman filter towards state estimation on WTs, is the continuous-time
linear system of dynamic equations of motion, which is transformed to a discrete-time modally reduced state-
space system. Such an approach is widely reported in the literature and herein it is only briefly elaborated
since the entire formulation and notation is adopted from [14]. In this sense, the system and measurement
equations may be written as

ζk+1 = Aζk +Bpk +wk (1)

yk = Gζk + Jpk + vk (2)

where ζk ∈ Rns is the state vector containing modal displacements and velocities, yk ∈ Rny is the output
vector, pk ∈ Rnp is the input force vector and wk ∈ Rns along with vk ∈ Rnp are zero-mean white pro-
cesses, with covariance matrices Q ∈ Rns×ns and R ∈ Rny×ny , representing the system and measurement
noise, respectively. Finally, A ∈ Rns×ns and B ∈ Rns×np are the system matrices while G ∈ Rny×ns and
J ∈ Rny×np are the output and feedthrough matrices. These matrices are based on a modal model, com-
posed of the first six, three fore-aft and three side-to-side, vibration modes. These modes are obtained from
a simple Finite Element (FE) model which is tuned in order to be in accordance with the identified modal
properties, i.e. frequencies, damping ratios and mode shapes.
In the absence of information with respect to the driving forces, the state of the system may be augmented
with the input vector, so that ζak = vec([ζk pk]) ∈ Rns+np , in order to form the so-called augmented
state-space model

ζak+1 = Aaζak +wa
k (3)

yk = Gaζak + vk (4)

where superscripta designates the augmented quantities. By doing so, the evolution of input is dictated by the
augmented system matrix Aa ∈ R(ns+np)×(ns+np), whereby it is postulated that the input can be captured
by a random-walk process.

pk+1 = pk + ηk (5)

with ηk being a zero-mean white Gaussian process with covariance matrix S ∈ Rnp×np . Within this con-
text, both input and state may be estimated recursively through the standard Kalman filter operating on the
augmented state-space model.
As stated in Section 2, the measured response quantities of the considered WT comprise accelerations at
four different elevations with a sampling rate of 20Hz, as well as the thrust force with a sampling rate of
1Hz. Due to this difference in the sampling rates, the above-described filter is employed in a multi-rate
fashion which is materialized with the use of time-varying measurement noise. Considering that the lack of
measurements is equivalent to optimal filtering with large measurement errors [15] and hence zero gain, the
measurement noise corresponding to the thrust is set to an arbitrarily large value when thrust measurements
are not available and it is reset to the tuned value as soon as thrust is measured again.
The estimation is subsequently performed assuming that the dynamics of the turbine are driven by the thrust
force, applied on the tower top, and an equivalent wave force exerted at the hydrodynamic center. In con-
trast with the modal decomposition and expansion technique, the estimation using the Kalman filter does not
assume any explicit distinction between quasi-static, low frequency and high frequency regimes. Instead,
the quasi-static part of the response is captured by the thrust force, sampled at a rate of 1Hz, and the higher
frequency dynamics are dictated by the acceleration measurements.

WIND TURBINE DYNAMICS 4851



5 Results

Both proposed techniques are applied on the same case study, as presented in Section 2. Figure 6 shows the
measured and predicted strain signal for the technique based on modal decomposition and expansion for one
hour of measurements. Figure 7 does the same for the technique based on the kalman filter.
In general, the predicted signals by both techniques match the measurements good in time domain. This is
also represented by a fairly low value of mean absolute error between measurement and prediction of 2,73µε
and 2,89µε for the technique based on modal decomposition and expansion and the one based on the kalman
filter respectively.
In the frequency domain both techniques can estimate quasi-static strain signals up to 0,2 Hz almost per-
fectly, while for higher frequencies the differences are clearly higher. In case of the modal decomposition
and expansion technique, the signals seem to match pretty well, although the first mode is slightly underes-
timated.
Moreover, a drop can be observed around 0,2 Hz and more clearly around 0,5 Hz. These frequencies co-
incide with the limits at which the signal is divided to determine the different contributions to the resulting
strain signal (quasi-static, low frequent and high frequent). This means the accuracy of the predicted signal
reduces at the chosen limits in frequency for the different frequency bands. At those frequencies not only
one of the possible loads dominates the response but an interaction between multiple loads results in the ac-
tual response. However, the prediction only captures one load, the one presumingly dominating the response.

(a) Time series of 1 hour (b) Zoom of 100 s (c) Frequency spectrum

Figure 6: Multi-band virtual sensing based on modal decomposition and expansion validated for a period of
1 hour. The blue line represents the actual measured signal and the green line the predicted signal. A mean
absolute error between measured and predicted signal (of one hour) of 2,73µε is found for the technique
based on modal decomposition and expansion.

(a) Time series of 1 hour (b) Zoom of 100 s (c) Frequency spectrum

Figure 7: Multi-band virtual sensing based on a Kalman filter validated for a period of 1 hour. The blue line
represents the actual measured signal and the red line the predicted signal. A mean absolute error between
measured and predicted signal (of one hour) of 2,89µε is found for the technique based on the kalman filter.
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Figure 8: Frequency spectrum of the predicted and measured accelerations at the level of 19.0m using the
Kalman filter.

Figure 9: A drop in predicted strain is observed around 1182 s due to the discontinuous updating of the thrust
force signal.

As seen in Figure 7, the measurement setup based on the Kalman filter provides sufficiently good response
estimation, which additionally does not suffer from instability issues, as is usually the case in acceleration-
only setups [10]. However, in terms of the frequency domain of the strain signal the match is not as good as
for the results obtained using modal decomposition and expansion.
It should be underlined that despite the straight-forward way of fusing different types of measurements,
tuning of the covariance matrices is always the key feature in obtaining an optimal estimation using Kalman-
type filters. This is herein achieved by firstly adjusting the system and measurement covariances, so that
the predicted accelerations show good agreement with the measured ones. This is highlighted in Figure 8,
through the frequency domain representation of the two signals, which are well matching. Finally, once the
two covariance matrices are adjusted, the input process is tuned using the L-curve.
Although the frequency spectrum of measured and predicted acceleration signal is well matching (Figure 8),
this didn’t result in a similar match between both strain signals. The predicted strain signal by the Kalman
filter is based on acceleration measurements at the lower three levels. The top level acceleration signal is
dominated by the first mode and therefore out of phase to the other acceleration signals. Such an effect is
heuristically seen to work at the expense of the stress estimates and as as result the top acceleration was not
used in the filter.
Another possible explanation for the mismatch in frequency domain is the lower measurement frequency of
the thrust signal. This causes the prediction to be updated at some intermediate timestamps and results in big
jumps in the predicted signal, as shown in Figure 9.

6 Conclusions

This contribution compared two possible techniques to reconstruct a strain history at fatigue critical locations
of monopile foundations of offshore wind turbines. Both techniques combine measured accelerations and a
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measured thrust load signal. The first technique is based on modal decomposition and expansion, the second
is based on a Kalman filter. For both techniques a good match is obtained in time domain. However in
frequency domain, the technique based on modal decomposition and expansion showed better results than
the Kalman filter.
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Abstract
Post processing the strain waves in the measurement bars of Split Hopkinson Bars (SHPB) to get the stress-
strain in the sample requires the knowledge of the longitudinal wave velocity c0. In the context of metrology,
we need to assess the measurement uncertainty in the value of c0. The most intuitive way of getting the ve-
locity c0 relies on the measurement of the length of the bar and of the time shift between multiple reflections
of a stress pulse in the bar. This method however faces some difficulties which increase the uncertainty in c0.
In this paper, we rather use a method based on the frequency spectrum of an impact test on a single bar and
on the expression of longitudinal resonance frequencies. The relative uncertainty on the obtained velocity
c0 is also assessed and is lower than 0.04 %: it is mainly related to the uncertainty in the length of the bar.
A precise value of the velocity c0 and of the associated measurement uncertainty is an important step in the
context of SHPB to precisely assess the final uncertainty in SHPB test results, which is scarcely ever done.

1 Introduction

Split Hopkinson pressure bars is an experimental device for measuring the stress-strain relationship of mate-
rials in the intermediate range of strain rate (100 s−1 to 10 000 s−1) [1]. The device is composed of a striker
and two measuring bars [2]. The sample lies between the two measuring bars and the striker hits the first
measuring bar at a given velocity. A strain pulse propagates down the first measuring bar: part of the pulse
is reflected at the interface with the sample and part of the pulse crosses the sample and propagates through
the second measuring bar. The strain history in each bar is recorded with a strain gauge, this strain gauge is
commonly placed in the middle of the bar to avoid overlay between the incident and reflected pulses. The
stress and strain in the sample are computed from the incident, reflected and transmitted pulses in the bars.

The value of c0 is important in the posttreatment of the SHPB tests because it is used to get the strain rate
and the strain in the sample with the following equations [3]

ε̇s(t) =
−2c0
ls

εr(t) (1)

εs(t) =
−2c0
ls

∫ t

0
εr(τ)dτ (2)

where ls is the initial length of the sample and εr(t) is the reflected pulse measured in the input measuring
bar.

In the context of quality in measurement, it is also necessary to determine the uncertainty in c0 as it is
involved in the final uncertainty in the stress and strain in the sample.
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Of course it is possible to deduce c0 from the measurement of E on a tensile testing machine and of the
measurement of ρ. However, getting the value of c0 directly from a test made on the SHPB device is
appealing, especially if one does not have easily access to other facilities.

Because a SHPB device is designed to perform impact tests, an intuitive method to get c0 would consist in
the following steps: measure the length of the bar; perform an impact test on a single bar; and finally measure
the time shift between multiple reflections of the stress pulse in the bar. This method however faces some
major difficulties:

• because of the –non zero– rise time of the pulse, it is not perfectly square and precisely identifying a
specific point on the pulse is difficult. Possibly noisy measurement can make this task even harder;

• the propagation in bars of finite diameter is dispersive [4] and so the shape of the pulse travelling down
the bar is affected. It is also hard to find the time shift between two pulses with slightly different shape.

That is why in this article we introduce a method from precisely determining the velocity c0, still from an
impact test, but using the impact spectrum rather than the impact time series. Indeed, there is a link between
the resonance frequencies –which appear in the impact spectrum– and the velocity of the bar c0.

This article is organised as follows. The first part (Section 2) recalls the computation of the longitudinal
resonance frequencies of a finite length rod. In Section 3, we derive the expression of the velocity as function
of resonance frequencies and also compute the associated uncertainty. Finally, in Section 4 we show the
efficiency of the proposed method on a concrete example.

2 Longitudinal modes of a finite length rod

Let L be the length of the bar, d the diameter of the bar. Let E, ρ and ν be respectively the modulus of
elasticity, the density and the Poisson’s ratio of the bar. In the following, the strain gauge is supposed to
be positioned right in the middle of the bar. This should not theoretically be a restriction of the proposed
method, only the antiresonances would differ. However, our strain gauges were glued in the middle of the
bars in order to minimize pulse overlay between the incident and reflected waves.

2.1 1D solution

The wave equation of longitudinal waves in thin rods is [5] (pp77, (2.1.7)))

∂2u

∂t2
+
E

ρ

∂2u

∂x2
= 0 (3)

where u(x, t) is the displacement at coordinate x and time t. We can define the velocity of the bar c0 =√
E/ρ.

Stationary solution u(x, t) = U(t)Φ(x) and

ÜΦ + c20UΦ” = 0 (4)

where the dot denotes derivative with respect to the time variable t and the prime denotes the derivative with
respect to the space variable x.

Ü

U
= −c20

Φ”

Φ
= −ω2, ∀x, ∀t (5)
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where ω is the circular frequency. The longitudinal modes are the solutions of

Φ”− ω2

c20
Φ = 0 (6)

Let λ2 = ω2/c20. The solutions of Eq. 6 are of the form

Φ(x) = A sin(λx) +B cos(λx) (7)

Φ′(x) = λA cos(λx)− λB sin(λx) (8)

where the constants A and B are determined from the boundary conditions, which are a null strain at x = 0
and x = L

Φ′(0) = λA (9)

Φ′(L) = −λB sin(λL) (10)

A null strain at the ends of the rod implies A = 0 and if we seek a non trivial solution (ie. B 6= 0) Eq. 10
becomes sin(λL) = 0. The longitudinal modes of the rod must therefore satisfy

λn =
nπ

L
, n ∈ N (11)

The eigenfrequencies of the rod are
fn =

nc0
2L

, n ∈ N (12)

2.2 Antiresonances

Since the strain gauges are placed right at the middle of the bars, we need to identify the modes that also
correspond to antiresonances. The additional condition for a mode to also be an antiresonance is

Φ′(L/2) = 0 (13)

From Eq. 8 a non trivial solution still implies sin(λL/2) = 0. The antiresonances therefore verify

λ =
2nπ

L
, n ∈ N (14)

The corresponding frequencies of the antiresonances are

f2n =
(2n)c0

2L
, n ∈ N (15)

2.3 Observable resonances

In the case of a strain gauge located right in the middle of the rod, from Eq. 12 and Eq. 15 we can deduce
that the observable resonances of the rod are

f2n+1 =
(2n+ 1)c0

2L
, n ∈ N (16)
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2.4 1D solution with Love correction for the dispersion effects

The effect of the lateral inertia of the bar can be taken into account in the wave equation of the bar (see [6];
or [5], page 120: Love’s equation of motion (2.5.61)). This leads to the following dispersive wave equation

∂2u

∂x2
+
ν2ρJ

EA

∂4u

∂x2∂t2
=

ρ

E

∂2u

∂t2
(17)

where A is the section of the rod and J the polar moment of inertia. Let α2 = ν2ρJ
EA and still c20 = E

ρ . In the

case of a circular cross section with diameter d, we have α2 = ν2d2

8c20
. Looking for a stationary solution of the

form u(x, t) = U(t)Φ(x), Eq. 17 becomes

UΦ” + α2ÜΦ” =
1

c20
ÜΦ (18)

It is rewritten as
Ü

U
=

Φ”

Φ/c20 − α2Φ”
= −ω2, ∀x, ∀t (19)

Solving this equation the same way as in section 2.1, we get the following condition for the resonances

λ =
ω

c0
√

1− ω2α2
=
nπ

L
, n ∈ N (20)

Again, if we keep only the observable resonances and substitute the expression of α2 into Eq. 20, we can get
the value of c0

c0 = f2n+1

√(
2L

2n+ 1

)2

+
(πνd)2

2
, n ∈ N (21)

3 Compute c0 velocity and associated uncertainty from impact test

3.1 Velocity from impact test spectrum

The main idea of this article is that by performing an impact test on a bar of the SHPB device it is possible
to get the value of c0 and the associated uncertainty.

3.1.1 1D rod theory for longitudinal modes

If we consider the observable resonances of Eq. 16, we can deduce the velocity c from the f2n+1 peaks in
the spectrum of the impact response of the bar

c(f2n+1) =
2Lf2n+1

2n+ 1
, n ∈ N (22)

This is indeed a way to get the velocity of waves at discrete frequencies f2n+1, and not c0, since in reality
the wave propagation in the bar is dispersive ([4], [7]): the different wavelengths do not travel down the bar
at the same speed and the velocity is therefore frequency dependent.
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3.1.2 1D rod theory with Love correction for longitudinal modes

When we take the radial inertia into account, and contrary to the post-treatment with Eq. 22, it is possible to
deduce the value of c0 from the observable resonance frequencies f2n+1

c0 = f2n+1

√(
2L

2n+ 1

)2

+
(πνd)2

2
, n ∈ N (23)

Note that removing the correction term πνd2/2 in the previous equation leads to Eq. 22 for the simple 1D
theory.

Of course Eq. 23 is only acceptable in low frequency: as the frequency increases, the correction for radial
inertia is no longer sufficient and the resulting dispersion curve moves away from the Pochhammer dispersion
curve (see figure 4 of [6] for a comparison of Pochhammer and Love dispersion curves).

3.2 Uncertainty in the value of the velocity

In the following, we use the notations defined in the GUM (guide to the expression of measurement uncer-
tainty [8]) and the VIM (international vocabulary of metrology [9]). Let u(x1) denote the standard –in the
sense of standard deviation– measurement uncertainty in x1, it will be abbreviated as ”uncertainty in x1”.
The standard relative measurement uncertainty in x1 is therefore u(x1)/x1, it will be abbreviated as ”relative
uncertainty in x1”.

The general rule for computing the uncertainty in the output of a functional relationship y = f(xi), with the
assumption of uncorrelated inputs, is given in [8] (section 5.1.2, equation 10)

u2(y) =

N∑

i=1

(
∂f

∂xi

)2

u2(xi) (24)

3.2.1 1D rod theory for longitudinal modes

Eq. 22 is a functional relationship between input quantities L and f2n+1 and the output quantity c(f2n+1).
In [10], the reader can find a set of rules (see table 2 in [10]) for the most common functional relationships;
this set of rules is only the application of Eq. 24. In the case of a fractionnal relationship of the type

y =
Ax1
Bx2

(25)

where A and B are constants with no uncertainty, the uncertainty in the output is

[
u (y)

y

]2
=

[
u (x1)

x1

]2
+

[
u (x2)

x2

]2
(26)

Applying the rule of Eq. 26 to Eq. 22 gives the relative uncertainty in the computed velocity

[
u (c)

c

]2
=

[
u (L)

L

]2
+

[
u (f2n+1)

f2n+1

]2
(27)
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3.2.2 1D rod theory with Love correction for longitudinal modes

The equation of the velocity with Love correction (Eq. 23) is slightly more complicated when it comes to
evaluate the associated uncertainty. Using the set of rules defined in table 2 of [10] is not sufficient and it is
necessary to also use the primary definition Eq. 24.

In the case of a power relationship of the type

y = xA1 (28)

where A is a constant with no uncertainty the uncertainty in the output y is

u(y)

y
= |A|u(x1)

x1
(29)

Writing Eq. 23 as c0 = f
√

(Γ) and using the rules of Eq. 26 and Eq. 29 we get
[
u (c0)

c0

]2
=

[
u (f2n+1)

f2n+1

]2
+

1

4

[
u (Γ)

Γ

]2
(30)

We then need the general definition Eq.24 to write

u2(Γ) =

(
2L

2n+ 1

)4

4L2u2(L) +

(
πd

2

)4

4ν2u2(ν) +
(πν

2

)4
4d2u2(d) (31)

Finally, combining Eq. 31 and Eq. 30 gives

[
u (c0)

c0

]2
=

[
u (f2n+1)

f2n+1

]2
+

1
[(

2L
2n+1

)2
+
(
πνd
2

)2
]2

[(
2

2n+ 1

)4

L4

[
u (L)

L

]2

+

(
πd

2

)4

ν4
[
u (ν)

ν

]2
+
(πν

2

)4
d4
[
u (d)

d

]2]
(32)

4 Application to 17-4PH steel bars

4.1 Impact test conditions

The present method is applied on the specific SHPB device designed and built at our laboratory, LBMC
UMR T9406 (Iffstar/UCLB). The measuring bars are made of Armco 17-4PH precipitation-hardening steel.

The Poisson’s ratio of 17-4PH steel is ν = 0.291 according to the manufacturer. The uncertainty on ν
concerns its last significant digit (0.291) and following [11] (Rule 1, page 23), the absolute uncertainty on ν
is taken as u(ν) = 0.0005.

The diameter of the bars is d = 31.75 mm, the bars were centerless ground to obtain a precise diameter, a
good cylindricity and a low surface roughness. The diameter is measured at several points and ranges from
31.71 mm to 31.76 mm, so the absolute uncertainty on the diameter is taken as u(d) = 0.025 mm.

The end surfaces of the bars were machined on a lathe. The length of the bars is 3058 mm, it is measured with
a class II measuring tape. Directive 2014/32/EU [12] (Annex X, Chapter 1) gives the maximum permissible
error (MPE) between two consecutive scale marks as a + bLr, where a = 0.3 mm, b = 0.2 and Lr is the
value of the length rounded to the next whole metre (Lr = 4 m here).

The test for determining the value of c0 is a single bar test: the strain wave is therefore reflected back and
forth at the free ends of the bar. The steel impactor has a cylindrical shape; its diameter is 30.0 mm and
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Parameter unit value uncertainty relative uncert.
x - - u(x) u(x)/x

L m 3.058 0.0011 0.36× 10−3

d mm 31.75 0.1 6.30× 10−3

ν - 0.291 0.0005 1.72× 10−3

f2n+1 Hz - 5.23 -

Table 1: Summary of the SHPB setup characteristics
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Figure 1: Frequency spectrum of the impact test (+: identified f2n+1 peaks with the corresponding value of
2n+ 1; |: rough frequency f2n of antiresonances; : discarded peak search zone)

its length is 94.2 mm. Using a short impactor is a way to have a high frequency content in the strain wave
generated by the impact. The speed of the impactor just before impact is 23 m s−1; this parameter is indeed
not important for the determination of c0 as changing the striker velocity does not change the duration of the
pulse.

The useful part of the signal is the part which contains the multiple reflections of the pulse in the bar. Its
duration is 191 ms and during the time interval the pulse travels approximately 160 times the length 2L.

Table 1 summarizes all the parameters values and uncertainties.

4.2 Peaks detection in frequency spectrum

Figure 1 illustrates the frequency spectrum of the impact test. The resonances are clearly visible. The
peaks are automatically detected as the points with maximum amplitude between two antiresonances. The
antiresonances are roughly determined using a first estimate of the velocity c0 and Eq. 15. Because the
spectrum becomes noisy as the frequency increases, especially around antiresonances, the peak search zone
is reduced to 60 % of the frequency interval between two successive antiresonances by avoiding the light red
bands (see Figure 1).
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Figure 2: Velocity of the longitudinal waves and associated uncertainty with respect to frequency. The red
curve is the exact dispersion curve computed with c0 = 5088.6 m s−1.

4.3 Velocity with 1D approach

Figure 2 illustrates the posttreatment of the impact spectrum with the 1D approach (see Eq.22). We also
computed the numerical solution to the Pochhammer equation (red curve on Figure 2, see [13] for details on
the computation) and it stays inside the corridor defined by the measurement uncertainty. This shows that
we indeed computed c(f2n+1) –and not c0– as it is very close to the dispersion curve.

The uncertainty on the velocity decreases as the frequency increases (see Figure 3). This is due to the
frequency term in Eq. 27: u(f2n+1) is constant and taken equal to the frequency resolution in the frequency
domain; it is inversely proportional to the duration of the time window of the impact signal. On the contrary,[
u(L)
L

]2
is constant whatever the considered peak. From Eq. 27 it is clear that the uncertainty in c tends

asymptotically to the value of the uncertainty in L as the frequency increases.

4.4 Velocity with Love correction approach

Figure 4 illustrates the posttreatment of the impact spectrum with the 1D approach with Love correction (see
Eq.23). The Love correction removes the dispersive effect due to the finite diameter of the bar [5], that is
why we can directly obtain the velocity c0 from this graph.

Considering the uncertainty corridor, the points in Figure 4 are remarkably well aligned. That is why the ve-
locity c0 is computed by averaging the celerities c(2n+1)

0 weighted by their respective inverse uncertainties (ie.
1/u(c

(2n+1)
0 ). From the impact test posttreated with Love correction, the average velocity is 5088.63 m s−1.

The uncertainty on the last point (highest frequency) is u(c0) = 2.07 m s−1. The relative uncertainty is
u(c0)/c0 = 0.41× 10−3, which is very close to the relative uncertainty in the length of the bar (which can
also be observed in Figure 3).
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Figure 3: Values of the relative uncertainty in the velocity u(c)/c, in the frequency u(f2n+1)/f2n+1 and in
the length u(L)/L with respect to the frequency index 2n+ 1

Figure 4: Velocity c0 and associated uncertainty. Posttreatment of the impact test with Love correction.
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5 Conclusion

We introduced a method for the precise determination of the velocity c0 of SHPB measurement bars. This
method is based on a simple impact test on a single bar, which is –of course– an easy experiment to perform
on SHPB device. By working on the spectrum of this impact test, it is possible to easily identify sharp
peaks that correspond to the resonance frequencies of the bar. The longitudinal modes of the bar give the
relationship between the frequency of these peaks and the velocity c0. We also expressed the uncertainty
in the measurement of c0 and showed in our case the relative uncertainty in c0 is close to the uncertainty
in the length of the bar, ie. around 0.04 %. In the context of quality in measurement with SHPB, this is an
important first step which then enables to assess the uncertainty in the strain and strain rate in the sample.
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Abstract 
This paper presents an experimental study of the vibration variability of adhesive free multi-layered timber 

beams (AFLTB). AFLTB are obtained by stacking several oak layers assembled through normal wood 

dowels (NWD) or compressed wood dowels (CWD). The mechanical properties of these natural materials, 

namely the elasticity moduli and the density which drive the vibration behaviour, exhibit large variability. 

Moreover, the assembly process may induce an additional source of variability. Consequently, taking into 

account variability in the analysis and design of AFLTB seems relevant and necessary. All the vibration 

tests were done using an impact hammer, under free-free conditions. First of all, variability of mass, FRFs, 

damping and frequencies of individual layers were measured. Then, after assembly, the variability of 

vibration characteristics of three-layer AFLTB was assessed and analyzed. In addition, finite element 

models for AFLTB are developed to assess the vibration characteristics of such beams. 

1 Introduction 

Nowadays, environmentally-friendly options are fully integrated in the design process of products and 

structures, and gained more and more interest in the actual context of global warming. Even if timber as a 

natural material is becoming a more competitive building material due to its environmentally-friendly and 

aesthetic aspects, timber construction has some drawbacks related to the use of high degree of 

petrochemical (adhesives) within Engineered Wood Products (EWPs), such as glulam and Cross 

Laminated Timber (CLT). In the last ten years, environmental and economic issues are driving an 

increasing need for sustainability in the construction sector around the world. In this context, a consortium 

with partners from six European countries was formed throughout a joint research project supported by the 

Northwest European Interreg Programme, called Adhesive Free Timber Buildings (AFTB), to develop 

more environmentally-friendly joining method as a substitute for adhesives and metallic fasteners. As a 

part of the AFTB project, it was proposed to use compressed (densified) wood dowels (CWD) as a joint 

element to connect timber laminates to produce adhesive free multi-layered beams and CLT panels. 

The research work presented herein aims to assess the variability of dynamic properties of adhesive free 

laminated timber beams (AFLTB) assembled through wood dowels. The connection system proposed, to 

substitute the adhesive, is a set of wood dowels to connect timber laminates (without using adhesive). 

Such AFLTB are not covered by the Eurocode 5 and consequently an experimental investigation is 

required in order to use safely the design guidelines. 

In particular, the dynamic characteristics of adhesive free structural elements, such as beams and cross-

laminated panels, assembled through wood dowels are a key point for their vibrational comfort 

assessment. Moreover, both the variability involved in the timber material as well as the variability 
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induced by the construction of AFLTB are an important aspect and worthy of investigation for the 

vibrational comfort assessment of such new structural systems.  

The present study focusses on the experimental study of the variability involved in AFLTB assembled 

using wood dowels. The study includes variability involved in the timber material itself as well as the 

variability involved in the multi-layer beams. The variability study includes: frequencies, damping, elastic 

modulus, density as well as intra-variability induced by the environmental conditions, namely the moisture 

content. Finally, a finite element model, using ABAQUS software, to simulate the dynamic characteristics 

of AFLTBs is presented.   

2 State of the art 

The use of wood dowels as joint material is not new. Hardwood dowels have been successfully used to 

connect structural members in timber frames for thousands of years. Unfortunately, hardwood dowels (not 

densified) suffer from creepage and loss of stiffness over time. The use of CWD could overcome above 

problems, as compressed wood has much better mechanical properties by controlling its density and 

moisture content (MC) during the manufacturing process [1]. 

Even if compression (or densification) of wood does not show extensive research in recent years, it has 

attracted many researchers in the past. This technology has been initiated in Germany since 1930 under 

the trade name of Lignostone and in England it has been known as Jicwood and Jablo [2, 3]. 

In the last ten years, many attempts have been undertaken to demonstrate the benefits of CWD as a joint 

element for structural bearing uses [2, 4-7]. 

In timber construction, vibration serviceability of timber floors is a key performance issue, since light 

weight timber floors are more prone to annoying vibrations induced by human activities than heavy 

concrete floors [8]. In the EU, the design criteria and methodology for vibration of timber floors are 

generally performed based on the Eurocode 5 [9]. Several studies dealing with serviceability vibration 

performance of cross-laminated timber floors are available in the literature [10-17]. However, at our best 

knowledge vibration performance of timber structural elements assembled through CWD is not described 

by any standard and has not been published elsewhere. Thus, this study focusses on the modal analysis of 

adhesive free multi-layered beams (AFLTB). Vibration performance of AFLTB has been recently studied 

by the authors [18], where the results in terms of frequencies and damping were compared to the 

conventional similar glued beams showing good vibration performance of AFLTB. This paper deals 

mainly with the vibration variability of AFLTB. The AFLTB were connected either using 68% 

compressed spruce dowels or using uncompressed oak dowels for comparison purpose. 

3 Wood dowels and beam construction 

3.1 Materials 

Oak timber has been used in this study to manufacture the timber layers. The density mean value of the 

oak layers was 623 kg/m3. The wood dowels used as connecting elements were made either from 

compressed spruce or uncompressed oak. CWD were obtained from compressed spruce timber blocks, 

having initial density of 437 kg/m3, in the radial direction up to compression level of about 68% (also 

known as compression ratio CR). The normal wood dowels (NWD) made of oak, with density of 633 

kg/m3, were used for comparison purpose. 
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3.2 Production of compressed dowels 

Free defects spruce timber blocks were conditioned at about 8% MC and 20°C prior to the densification 

process. The densification of the spruce timber blocks was done using a hot pressing machine with a 

maximum pressure force of 1500 kN (Figure 1). 

 

Figure 1: Hot pressing machine used for the wood densification 

The hot pressing machine as shown in Figure 1 consists of two main parts: two hot metallic pressing 

apparatus and pressure/temperature control system. 

The typical shape of spruce timber before and after densification process in the radial direction can be 

seen in Figure 2. Once the spruce timber blocks were densified in the radial direction at a level of 

compression of about 68%, they were cut and planned to obtain plates with a desired thickness of 16 mm 

(Figure 2a). 

The compression ratio (densification level) may be calculated, based on the initial thickness (t0) and the 

final thickness (t1), by means the following relation [8]: 

   1 0

0

% 100
t t

CR
t


   (1) 

From the obtained densified plates, rounded CWD with 16 mm diameter were produced (Figure 2b). 

 

 

 

 

 

 

 

Figure 2: (a) Typical thickness before and after densification, (b) Typical rounded 16 mm CWD 

It is worth noting that all spruce blocks were weighed before and after the densification process to obtain 

information on the increase of the density.  

Initial  

thickness 

(t0)   

Final  

thickness 

(t1)   

 

(a) 
(b) 
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3.3 Construction of three-layer timber beams 

Different types of adhesive free beams were manufactured by stacking three layers having the following 

dimensions: 70 mm x 22.5 mm x 1450 mm. All the laminates were weighed and moisture content (MC) 

measured prior to testing to obtain information about the density. The dowels were either made of 68% 

compressed spruce or uncompressed oak timber with 16 mm diameter (d =16 mm). 

First, the laminates were drilled to obtain one row holes with 16 mm diameter. After that, they were 

stacked, pressed using clamping devices (Figure 3) and assembled by hammer insertion of the wood 

dowels. 

 

Figure 3: Assembly of three-layer timber beams by hammer insertion of the dowels 

4 Experimental modal analysis 

4.1 Hammer impact excitation 

The experimental data were recorded and analysed using the LMS Test Lab system. 

All beams were tested under free–free conditions. The free–free conditions were achieved thanks to the 

mineral wool system placed at the two end supports as shown in Figure 4. The stiffness of the mineral 

wool is very low, which ensures free–free conditions [10]. The beams were excited by hammer impact at 

11 points regularly spaced. One sensor was fixed at the beam end. Responses at these points were obtained 

using the reciprocity theorem. 

 

Figure 4: Experimental set-up under free – free conditions 
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4.2   Repeatability test 

Figure 5 shows an example of FRF for one beam which was subjected to two series of hammer impacts. 

Each series of test contains five hammer impacts.  Each curve displayed in Figure 5 represents the mean 

FRF for the five hammer impacts. It can be seen from this Figure that the mean FRF for the two series of 

impacts are close to each other, it can be therefore, concluded that the measurement uncertainty is 

negligible. It proves that results from experiments are stable and reliable. 
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Figure 5: FRFs from 1 beam - repeatability test 

5 Variability study  

There are many sources which may cause variability of AFLTB. On the one hand, the mechanical 

properties, namely the elasticity properties and the density of timber material, which govern the vibration 

behavior, exhibit high variability. Moreover, the manufacture imperfections between theoretically 

identical beams and the mode of construction of dowelled AFLTB may induce an additional source of 

variability. The variability derived from all these aspects is called “inter variability”. On the other hand, 

the environmental conditions (in particular the moisture content) can also greatly affect the elastic 

properties of the timber layer as well their density values, which in turn may induce large variability. This 

is referred to as “intra variability”.  

In order to assess the variability levels, the tests were performed on theoretically identical but physically 

different specimens. Inspired by a hierarchical approach, some measurements were made on AFLTB but 

also on the two main subsystems: individual layers and dowels. First of all, variability of mass, FRFs, 

damping and frequencies of individual layers, as well as variability of wood dowels density, were 

measured. Then, after assembly, vibration characteristics of AFLTB were extracted.   

5.1 Inter variability 

In order to have a better understanding of the inter variability, the first three vibration frequencies have 

been measured on the single layer beams and the three-layer dowelled beams. This also allows to compare 

the variability propagation mechanisms between the single layer beams and the three-layer beams.  

5.1.1 Single layer beams and dowels 

Sixteen oak single layer beams with dimensions of 70 mm  22.5 mm  1450 mm were, first, analyzed 

using the hammer impact excitation system. 
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The FRFs at an edge point of the sixteen single layer beams are depicted in Figure 6, where variability is 

clearly visible.  
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Figure 6: FRFs for 16 single layer oak beams 

The frequency values as well as their corresponding variability for the sixteen oak single layer beams, are 

summarized in Table 1. 

 

 
    Min Max Mean CoV 

 

Mode 1 
frequency (Hz) 41.6 49.6 46.5 4.80% 

damping (%) 2.5 4.5 3.7 8.10% 

Mode 2 
frequency (Hz) 111.2 138.3 127.8 5.20% 

damping (%) 1.7 2.1 1.9 7.20% 

Mode 3 
frequency (Hz) 217.7 270.9 250.4 5.10% 

damping (%) 1.5 2.2 1.8 10.30% 

Table 1: Dynamic properties and corresponding variability for the oak single layer beams 

All single layer beams were weighed to calculate the density. The longitudinal Young modulus of each 

single layer beam was extracted from the analytical expression of the frequencies according to the 

classical thin beam theory: 

 
22

n
n

a EI
f

L A 
  (2) 

where:  
2 2 2

1 2 3

3 5 7
; ;

2 2 2
a a a

       
       
     

 

I is the second moment of inertia,  is the mass density, A and L are the section area and the length of the 

specimen, respectively. The density values and their corresponding variability for the sixteen single layer 

beams as well as for the dowels are reported in Table 2. The values of the longitudinal elasticity modulus, 

calculated from frequency 1, are shown in Table 3 including the corresponding variability. From a 

theoretical point of view, the modulus can be calculated exploiting any mode. Equation (2) was also used 

for modes 2 and 3, the results obtained are consistent with those presented in Table 3. The variability level 

of the density of oak layers (and oak dowels) is moderate, while that of compressed dowels is high. It can 

be seen also that the variability level of the elastic modulus of layer is high.  
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Species  Min Max  Mean CoV 

Oak layer  (kg/m3) 543.8 671.3  623.9 6.5% 

Oak dowel  (kg/m3) 537.9 758.9  633.2  6.9% 

Compressed dowel  (kg/m3) 891.6 1525.2 1172.5 13.0% 

Table 2: Density and corresponding variability for single layer beams and dowels 

        Min           Max     Mean   CoV 

EL 7.94 GPa 13.97 GPa 11.38 GPa 13.60% 

Table 3: Elastic longitudinal modulus for single layer beams and corresponding variability 

5.1.2 Dowelled three-layer beams 

Figure 7 shows FRFs at an edge point for the five studied three-layer beams assembled using 27 NWD. As 

for single layer beams, the variability of FRF is significant for three-layer beams assembled with NWD. 
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Figure 7: FRFs of three-layer oak beams assembled through 27 NWD 

The variability of frequencies and damping ratios are summarized in Table 4. The variability of 

frequencies is close to that observed for the single layer beams. It can be observed that the variability of 

damping is much higher as compared to the variability of mass and frequencies. Also the variability of 

damping increases as the frequency increases.  

 

  

Min Max Mean CoV 

Mass (kg) 3.93 4.78 4.50 6.5% 

Mode 1 
freq (Hz) 102.0 122.4 115.4 6.3% 

damp (%) 4.1 6.3 5.1 14.9% 

Mode 2 
freq (Hz) 246.4 276.5 263.2 3.9% 

damp (%) 2.0 4.0 2.6 27.4% 

Mode 3 
freq (Hz) 406.3 461.6 432.8 4.8% 

damp (%) 1.4 3.3 2.0 36.8% 
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Table 4: Dynamic properties and corresponding variability for the three-layer beam assembled with 27 

NWD 

Figure 8 displays the FRFs for the five three-layer beams assembled through 27 CWD. The variability 

level of FRF is also significant for three-layer beams assembled with CWD and comparable with 

variability observed on three-layer beams assembled with NWD. 
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Figure 8: FRFs of three-layer oak beams assembled through 27 CWD 

Table 5 summarizes the dynamic properties and the corresponding variability. In general, three-layer 

beams assembled by CWD have higher frequencies but lower damping ratio than three-layer beams 

assembled by NWD. It can be seen that the variability for both mass and frequencies is quite similar to 

that observed for the three-layer beams assembled with NWD, while the variability of the damping ratios 

is greatly reduced. This phenomenon can be attributed to the moisture-dependent swelling of the 

compressed wood dowels providing a better tight fitting of the connections which in turn reduces the 

uncertainties involved in the connection system.  

  

Min Max Mean CoV 

Mass (kg) 4.20 5.13 4.64 6.7% 

Mode 1 
freq (Hz) 105.9 127.5 118.2 6.0% 

damp (%) 3.7 4.7 4.3 9.0% 

Mode 2 
freq (Hz) 261.7 307.4 281.0 5.3% 

damp (%) 2.0 2.3 2.1 4.6% 

Mode 3 
freq (Hz) 449.4 507.4 471.1 4.2% 

damp (%) 1.6 2.4 1.9 13.7% 

Table 5: Dynamic properties and corresponding variability for the three-layer beam assembled with 27 

CWD 

5.2 Intra variability 

As for the inter variability quantification and for the same reasons, the first three vibration frequencies 

have been measured on both the single layer beams and the three-layer dowelled beams. 
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5.2.1 Single layer beams 

To study the effect of the moisture variation on the vibration frequencies of beams, several moisture 

contents (MC) were considered: 9%, 12%, 15% and 18%. The first three frequencies for the single layer 

beam were measured for each MC level; results are displayed in Figure 9. In addition to experimental 

measurements, the theoretical relation (2) was used to calculate the frequencies as a function of the MC, 

where the elastic modulus and the mass were updated using equations (3) and (4), respectively.  

  
12

1.5 12
1

100H

HE

E

 
  
 

 (3) 

     
12

1

1 12%
H

H
M M





              (4) 

where E12 and M12 are the values of the modulus of elasticity and the mass at 12% MC, respectively. EH 

and MH are the values of the modulus of elasticity and the mass at MC level H%, respectively. It can be 

observed a fairly good agreement between the experimental measurements and the theoretically predicted 

frequencies. All the first three frequencies decrease linearly when the MC increases due to the decrease of 

the ratio E/M, which is the main source of variability (see equation (2)). It is worth noting that identical 

results were obtained in the case of similar conventional glued three-layer beams. 
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Figure 9: Effect of MC on frequencies for the single layer beam 

5.2.2 Dowelled three-layer beams 

Figure 10 shows the evolution of the first three frequencies of the three-layer beam assembled with NWD 

or CWD, as a function of MC.  

The beams were subjected to two cycles of humidity variation. As in the case of single layer beam, the 

MC varies between 9% and 18% for each cycle. A first observation is that intra variability of the dowelled 

three-layer beams is relatively high by comparison to that observed in the case of single layer beams.  

Both dowelled three-layer beams show nonlinear variation of the frequencies when subjected to an 

increase of the MC. 
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Figure 10: Effect of MC on the first three frequencies of the dowelled three-layer beam 

The first three frequencies of three-layer beams, assembled using NWD or CWD, exhibit an increase up to 

about 15% MC followed by a decrease between 15% and 18% MC. This phenomenon can be explained by 

the fact that in the case of dowelled AFLTB there are two main sources of variability acting concurrently 

during the moisture increase. The first source is the ratio E/M and the former one is the moisture-

dependent swelling of compressed wood dowels which improves the tight fitting of the connections when 

MC increases. Moreover another phenomenon is observed. The results for the three-layer beams 

assembled using NWD seem to be independent on the number of humidity cycles, while for the three-

layer beams assembled using CWD the first frequency significantly increases during the second cycle of 

humidity. In fact, in the case of virgin wood (uncompressed), the moisture-dependent swelling is 
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reversible during the dry process, while in the case of compressed wood the  moisture-dependent swelling 

presents reversible and irreversible parts [20], leading to a permanent swelling (also known as shape 

memory effect) which in turn leads to a better and permanent tight fitting of the assemblies. CWD 

improve the performance of connections but also reduce the intra variability. 

6 Finite element model 

A finite element (FE) model to simulate the dowelled three-layer beams was built using Abaqus Standard 

[16]. The objective is to develop a numerical and predictive approach for multilayered timber beams 

assembled through wood dowels. Once FE models are verified against typical tests covering extreme cases 

and possibly an intermediate case, systematically-designed parametric studies can be undertaken using 

validated numerical models, avoiding extensive experimental campaigns. These studies should be capable 

of identifying the influence of materials properties, moisture content, stacking sequences, dowel patterns 

and boundary conditions on the serviceability vibration performance of the dowelled AFLTB. As a result, 

the identification of optimum dowelled beam systems can be carried out efficiently and cost-effectively. In 

addition, variability aspects can be taken into account in the finite element model, the Modal Stability 

Procedure (MSP) [21] will be tested in this context.   

Hexahedral solid elements were used to mesh both the timber layers and dowels. The longitudinal 

modulus of elasticity of layers was taken from the results gathered from the experimental modal analysis 

carried out on the single layer beams. The other elastic properties have been taken from the literature [18, 

19]. Verification and Validation methodology [17] was applied to evaluate the performance of the FE 

model. 

6.1 Model verification 

 

 

 

 

 

 

 

Figure 11: Convergence study of the first three frequencies 

Figure 11 shows the mesh-size dependency of the first three frequencies. It can be observed that the higher 

order frequencies require much more elements for the convergence by comparison to the first frequency. 

By using about 23000 elements, the first three frequencies become stable. 
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6.2 Model validation 

For one given three-layer oak beam the comparison between the experimental measurements and the 

numerically predicted results is presented hereafter. 

Table 6 depicts the error values on the vibration frequency from the FE model when compared to the 

experimental values. It can be seen a fairly good agreement. 

Further, the mode shapes predicted numerically are displayed in Figure 12. The experimental mode shapes 

for the three-layer beam are similar to that observed experimentally (Figure 12). The correlation between 

the numerically predicted mode shapes and the experimental ones was evaluated using the modal 

assurance criterion (MAC) values which are given in Table 6. The MAC values are close to 1, so a very 

good agreement exists between numerical and experimental mode shapes.  

 

 Simulation Experiment Difference MAC 

f1 125.5 Hz 122.4 Hz 2.5% 0.997 

f2 268.3 Hz 276.5 Hz -3.0% 0.986 

f3 427.1 Hz 449.3 Hz -4.9% 0.963 

Table 6: Comparison between simulation and experimental results for a three-layer beam  

 

        

 

 

     a) Mode 1              b) Mode 2         c) Mode 3 

Figure 12: The first three mode shapes: (a) experimental and (b) numerical 

7 Conclusion 

The aim of this paper is to assess the variability of vibration performance of adhesive free three-layer 

beams assembled using wood dowels to substitute the traditional adhesive (conventional glulam). Several 

adhesive free three-layer beams, made from oak timber and assembled using either normal oak dowels or 

68% compressed spruce dowels, have been tested. Natural frequencies, mode shapes, and damping ratios 

were measured thanks to an experimental modal analysis under free-free conditions, using the impact 

hammer technique. Variability of these quantities of interest has been quantified. 

First of all, single layer beams have been weighed to obtain information on the density and related 

variability. Then they were tested using a hammer impact under free-free conditions. Variability of 

frequencies and damping has been assessed. The variability of frequencies is moderate (about 5%), while 

(a) 

(b) 
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the variability of the damping ratio is relatively high (about 10%). The variability of frequencies for the 

three-layer beams assembled using NWD or CWD is close to that measured for the single layer beams. 

For the three-layer beams assembled with NWD, the variability of damping ratio is significantly higher 

compared to that observed for the single layer beams. It is worth noting that the variability of the damping 

ratio for the three-layer beams assembled using CWD is close to that observed for the single layer beams.  

In addition to the inter-variability, intra-variability was also assessed. The frequencies of the single layer 

beams decrease monotonically as the moisture content increases. However, the tendency is significantly 

different in the case of three-layer beams assembled using wood dowels (NWD or CWD). In this case 

evolution of frequencies according to the moisture content is much more complicated and leads to high 

intra variability levels.  

The comparison between results observed on single layer beams and three-layer beams highlight the fact 

that connections using wood dowels play an important role in the mechanical behavior of multilayered 

beams and in the variability quantification of their dynamic behavior.  

Numerical modelling using the finite element method will be developed further to study numerically the 

variability of AFLTB. In particular the Modal Stability Procedure (MSP) will be exploited for the 

numerical study of variability of AFLTB. 
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Abstract 
In this paper, the fatigue analysis of linear structures with uncertain-but-bounded parameters subjected to 

stationary multi-correlated stochastic excitations is addressed. To perform this analysis, approximate 

expressions of the bounds of the interval spectral moments of stress quantities are first evaluated. Since 

the definition of the interval stress spectral moments involves double occurrences of interval variables, a 

novel approach is here presented in order to overcome the so-called dependency phenomenon, which often 

leads to an overestimation of the interval solution width unacceptable from an engineering point of view. 

Then, the bounds of the expected fatigue life are evaluated by combining the method proposed by 

Benasciutti and Tovo [1] with the improved interval analysis via extra unitary interval, recently developed 

by the last two authors [2]. 

1 Introduction 

Fatigue is recognized as one of the primary causes of failure of many structures and mechanical 

components. Since fatigue failures happen without any warning, they can have catastrophic consequences. 

The approach commonly adopted is to first convert the load into a set of fatigue cycles by using a cycle 

counting method, and then to evaluate the total damage by a proper damage accumulation rule (e.g. 

Palmgren–Miner rule) as a sum of single cycle damage contributions [3]. Practically, counting methods 

are algorithms, which identify fatigue cycles by appropriately combining maxima and minima for 

calculating the total damage as an appropriate summation of damage increments associated with each 

counted cycle. It is recognized that time domain counting algorithms are very expensive and represent the 

most time consuming part of the overall fatigue analysis; thus, other approaches that reduce the time 

needed for stress evaluation are clearly used. For stochastic stationary Gaussian excitations, the frequency-

domain approach is more suitable. The principal advantage of the frequency-domain approach is the 

capability to produce analytical expressions to estimate cycle distribution and fatigue damage under a 

given counting procedure without requiring knowledge of each stress or strain time-history.  

In the framework of frequency-domain approaches, the rainflow counting (RFC) method is undoubtedly 

the most popular and used counting algorithm. It has been recognized that it is the most accurate in 

identifying damaging events amongst all counting algorithms (see e.g., [4]). In fact, this algorithm extracts 

cycles on the basis of the material memory mechanisms. It is well known that, for a very narrow-band 

(VNB) stress process, it is reasonable to state that a stress cycle is formed by a peak and the following 

symmetrical valley, and the amplitude equals the value of peak if the process has zero mean. Therefore, 

the peak counting, level-crossing counting, range-mean counting and rainflow counting methods result in 

the same cycle distribution. Furthermore, the probability distribution of amplitude is identical to that of the 

peaks, and follows a Rayleigh distribution (see e.g., [5]). It has been recognized that the Rayleigh 
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distribution is too conservative and alternative methods have been proposed [1,6,7]. Recently, by 

performing both experimental and numerical tests, it has been demonstrated [8] that the solution proposed 

by Benasciutti and Tovo [1] is the most accurate one. 

Uncertainties affecting structural parameters have traditionally been modeled in the context of the 

classical probability theory as random variables or random fields. Well-established probabilistic methods 

have been developed to analyze the effects of uncertainties on structural performance. However, available 

data are often insufficient to build credible probabilistic distributions of the uncertain parameters, 

especially in early design stages. Over the last decade, a number of non-probabilistic approaches [9] have 

gained much popularity as alternative tools for quantifying and processing uncertainties described by 

fragmentary or incomplete data. In this context, the interval model, originally developed on the basis of 

the interval analysis [10,11], is widely used when only bounds are known for the parameters involved in 

the engineering problem. To the best of the authors’ knowledge, few studies have been devoted to fatigue 

analysis of structures with uncertain parameters modeled within a non-probabilistic context [12].  

In this study, the solution proposed by Benasciutti and Tovo [1] is adopted and extended to fatigue 

analysis of linear discretized structures with interval parameters subjected to multi-correlated stationary 

Gaussian random excitation. The proposed procedure efficiently evaluates the lower and upper bounds of 

the fatigue life using appropriate combinations of the bounds of the interval mean-value and spectral 

moments of the selected interval stress components.  

It has to be emphasized that, in the framework of interval analysis, the main drawback in the evaluation of 

the range of selected interval stress components is the so-called dependency phenomenon [13] which often 

leads to an overestimation of the interval solution width unacceptable from an engineering point of view. 

This phenomenon occurs when an expression contains multiple instances of one or more interval variables 

due to the inability of the classical interval arithmetic to keep track of the dependency between interval 

variables throughout calculations. Since the evaluation of interval stresses involves double occurrences of 

the same interval variable, interval stresses are more sensitive to this phenomenon than the displacements. 

In this paper, a novel approach is presented to limit the effects of the dependency phenomenon. The 

proposed approach evaluates the bounds of the mean-value and spectral moments of the selected interval 

stress process by applying the improved interval analysis (IIA) via extra unitary interval (EUI) [2] in 

conjunction with the so-called Interval Rational Series Expansion (IRSE) [14-18].  

To assess the accuracy and computational efficiency of the proposed method, fatigue analysis of a truss 

structure with interval Young’s modulus under wind excitation is performed. Appropriate comparisons 

with the vertex method solutions are presented.  

2 Fatigue damage evaluation of linear structures under stationary 
stochastic excitation 

Amongst all damage rules, the Palmgren-Miner linear damage model [3] is the most popular and used, due 

to its simplicity. According to this model, derived for constant amplitude tests, fatigue strength is 

quantified by the number of cycles to failure, N, under repeated sinusoidal cycles with amplitude y. For 

many materials, this relation is explicitly given as a straight line in a double-logarithmic diagram (Y-N 

curve): 

 ky N C  (1) 

where k and C are material parameters and N is the number of cycles to failure at a given stress of constant 

amplitude y. For stationary stress processes, under the Palmgren-Miner rule [3] (ignoring mean-value), the 

expected damage per unit of time (or mean damage intensity) is a constant quantity and can be evaluated 

as: 

 
1

,

0

E ( )dk

Y Y a YD C y p y y


   (2) 
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where ( )Yp y  is the amplitude distribution of counted cycles, ,Y a  is the rate of occurrence of counted 

cycles (i.e. counted cycles/s) given as (see e.g., [5]): 

 
,4

, ,

,2 0

1
; ( )d

2π

Y m

Y a Y m YY

Y

G


    




     (3) 

where ,Y m  is the spectral moment of order m and ( )YYG   is the one-sided Power Spectral Density (PSD) 

function of the stationary random stress process  Y t . For stationary excitations, the expected time to 

failure (i.e. the expected fatigue life) can be estimated as: 

 F

1
.

E Y

T
D

  (4) 

Hence, for a given stationary random process  Y t  (i.e. for a given spectral density), the mean damage 

intensity E YD  and the expected fatigue life FT  depend on the expected rate of occurrence of cycles ,Y a  

as well as on the amplitude distribution ( )Yp y . Unfortunately, because of the complicated procedure of 

peak–valley pairing, at present no explicit analytical solution is available for the amplitude distribution as 

well as for the mean damage intensity and expected fatigue life. For this reason, all methods existing in the 

literature are only approximate. In fact, the amplitude distribution ( )Yp y  depends by the counting method 

adopted. Thus, different choices of this amplitude distribution cause different damage. Here amplitude 

distribution is evaluated according to the rainflow counting (RFC) method, which is undoubtedly the most 

popular and used method (see e.g., [4]). In the framework of the RFC method, for a very narrow-band 

(VNB) stress process  Y t , it is reasonable to state that a stress cycle is formed by a peak and the 

following symmetrical valley, and the amplitude equals the value of peak if the process has zero mean. 

Therefore, the peak counting, level-crossing counting, range-mean counting and rainflow counting 

methods result in the same cycle distribution [5]. Furthermore, the distribution of amplitude is identical to 

that of the peaks, and follows a Rayleigh distribution. Then, the number of cycles per unit time ( ,Y a ) can 

be taken as the occurrence rate of up crossings at mean level ,0( )Y , and the mean damage intensity, 

,E Y VNBD , in the VNB approximation, is evaluated as [5,19]: 

   ,21

, ,0 ,0 ,0

,0

1
E 2 1 ;

2 2π

k
Y

Y VNB Y Y Y

Y

k
D C


  



  
    

 
 (5) 

where ( ) • is the gamma function. 

If the process  Y t  is actually not narrow-band, the mean damage intensity predicted by Eq. (5) is too 

conservative. Hence, according to the RFC method,
 
some authors proposed approximating mean damage 

intensity, ,E Y RFCD , by reducing the VNB solution [1,6,7]. Here the solution proposed by Benasciutti and 

Tovo [1] is adopted. Indeed, it has been recently demonstrated [8] that, for small values of the Y-N 

exponent (k~3), for larger k (k~7) as well as for an extreme value of k (~12), the Benasciutti and Tovo [1] 

solution gives acceptable results. According to this method, the mean damage intensity ,E Y RFCD , can be 

evaluated as: 

                                        

2

,0.75

, ,

,0 ,1.5

E E .
Y

Y RFC Y VNB

Y Y

D D


 
                         (6) 

Substituting Eq.(6) into Eq.(4), the evaluation of the expected fatigue life
 FT , yields: 
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3 Linear structures with uncertain-but-bounded parameters under 

multi-correlated stationary stochastic excitations  

3.1 Interval uncertainty modeling 

The interval model, originally developed from the interval analysis [10], is the most used non-probabilistic 

approach to handle uncertainties occurring in engineering problems. The underlying idea is to represent 

the generic uncertain-but-bounded parameter as an interval variable ranging between its lower and upper 

bounds. Denoting by IR  the set of all closed real interval numbers, let  ,I r α α α IR  be a bounded set-

interval vector of real numbers such that  α α α . The apex I means interval variable, while the symbols 

α  and α  denote the lower bound (LB) and upper bound (UB) vectors. According to the classical interval 

arithmetic, the i-th real interval variable  ,I

i i i    is characterized by the midpoint value (or mean), 

0,i , and the deviation amplitude (or radius), i , given by:  

   0,

1 1
;     .

2 2
   i i i i i i            (8a,b) 

The real numbers  , I

i i i i    , collected into the vector  ,I α α α α , are here assumed to 

represent the dimensionless fluctuations of the uncertain structural parameters around their midpoint 

values. In the sequel, 0α  and α  will denote the vectors listing the midpoint values (or mean values) and 

the deviation amplitudes (or radii), 0,i  and i , respectively, of the interval parameters 
I

i  ( 1, , )i r . 

The main drawback of the classical interval analysis is the so-called dependency phenomenon [13] which 

often leads to an overestimation of the interval solution width unacceptable from an engineering point of 

view. This phenomenon occurs when an expression contains multiple instances of one or more interval 

variables due to the inability of the classical interval arithmetic to keep track of the dependency between 

interval variables throughout calculations. To limit the effects of the dependency phenomenon, recently 

the so-called improved interval analysis (IIA) via extra unitary interval (EUI) has been proposed. The key 

feature of this approach is the introduction of the EUI,  ˆ 1, 1 I

ie , ( 1,2,..., )i r , which does not follow 

the rules of the classical interval analysis [2]. According to the IIA via EUI, the following affine form 

definition for the i -th interval parameter 
I

i  is assumed: 

0,
ˆ ,       ( 1,2, , ).   I I

i i i ie i r                          (9) 

In structural engineering, the dimensionless fluctuations of the uncertain-but-bounded parameters around 

their nominal values can be reasonably modelled as symmetric intervals, i.e.  ,I

i i i    with  i i  , 

so that 0, 0i  and    i i i   . Under this assumption, Eq. (9) reduces to: 

ˆ . I I

i i ie               (10) 

Furthermore, to assure physically meaningful values of the uncertain structural properties, the deviation 

amplitudes  i  should satisfy the conditions 1 i . In this paper, it is assumed that the uncertainty 

affects elastic moduli. Here the uncertain Young’s modulus of the i -th structural element is expressed as 

 0,
ˆ1  I I

i i i iE E e , with 0,iE  denoting the nominal value. 
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3.2 Equations of motion 

Let us consider a quiescent n-DOF linear structure with r  uncertain-but-bounded parameters subjected to 

a stationary multi-correlated Gaussian stochastic process ( )F t . The equations of motion can be cast in the 

following form: 

( ) ( ) ( ) ( )  M U C U K U F
I I I I It t t t                        (11) 

where M  is the n n  mass matrix, herein assumed deterministic; ( )C C α
I I

 and ( )K K α
I I

 are the 

n n  damping and stiffness matrices of the structure which depend on the dimensionless interval 

parameters collected into the vector α α
I  of order r; ( ) ( , )U U α

I It t  is the stationary Gaussian vector 

process of displacements; and a dot over a variable denotes differentiation with respect to time t . The 

Rayleigh model is herein adopted for the interval damping matrix, i.e.:  

0 1C M + K
I Ic c             (12) 

where 0c  and 1c  are the Rayleigh damping constants having units 1s  and s , respectively. For the sake of 

simplicity, in the present study, the constants 0c  and 1c  are taken coincident with those pertaining to the 

nominal structure. The external load vector ( )F t  in Eq. (11), modeled here as a stationary multi-correlated 

Gaussian random process, is fully characterized, from a probabilistic point of view in the frequency 

domain, by the mean-value vector, =E ( )F F t , and the one-sided PSD function matrix, ( )FFG   [5,21].  

The interval stationary Gaussian stochastic response process ( )U
I t  of structures with uncertain-but-

bounded parameters is completely characterized in the frequency domain by the interval mean-value 

vector, ( ) U U α
I I

, and the one-sided interval PSD function matrix, ( ) ( , )UU UUG G α
I I   [14,16-18]. 

As known, the generic response quantity of practical interest, ( ) ( , ) α
I IY t Y t  (e.g. displacement, strain or 

stress at a critical point), can be determined from the displacement vector ( ) ( , )U U α
I It t  by means of 

the following relationship:  

T( , ) ( ) ( , )α q α U α
I I IY t t             (13) 

where ( )q α q
I I

 is a vector collecting the combination coefficients relating the response process ( )IY t  

to ( )U
I t . The vector q

I
 in Eq. (13) may depend on the uncertain parameters. Double occurrences of the 

same interval variable into Eq.(13) amplify the effects of the dependency phenomenon. This phenomenon 

occurs due to the inability of the classical interval arithmetic to keep track of the dependency between 

interval variables throughout calculations [13]. In the framework of interval analysis, the dependency 

phenomenon often leads to an overestimation of the interval solution width unacceptable from an 

engineering point of view. Consequently, it is the main drawback arising when the bounds of interval 

stress quantities are evaluated. In the next section, a novel approach to limit the effects of the dependency 

phenomenon will be presented. 

The complete probabilistic characterization of the interval stationary Gaussian random process, 

( ) ( ) I I I

YY t Y t , requires the knowledge of the interval mean-value, 
I

Y , and the interval one-sided 

PSD function, ( ) ( )I I

Y YY Y
G G   of the zero-mean random process ( )IY t . The interval mean-value, 

I

Y , 

that, without loss of generality, is herein assumed positive ( 0)I

Y , can be evaluated taking the 

stochastic average of both sides of Eq. (13), i.e.: 

 
1

T TE ( ) ( ) ( ) 


  U Fq α q α K
I I I I I I

Y Y t                                   (14) 
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with E •  denoting the stochastic average operator and U

I
 the interval mean-value of the displacement 

vector ( )U
I t . Based on Eq. (13), the interval PSD function of the zero-mean response process ( )IY t  

reads [14]: 

 T T T * T T( ) ( ) ( ) ( ) ( , ) ( ) ( , ) ( ) ( )  
F F

UU X X
q α G q α q α H α G H α q α

I I I I I I I I I

Y YY Y
G G            

(15) 

where the asterisk denotes complex conjugate; ( )
F FX X

G   is the PSD function matrix of the zero-mean 

stationary Gaussian stochastic process, ( )FX t , describing the random fluctuation of the input process, i.e. 

( ) ( ) F FF Xt t ; ( ) ( , )H H α
I I   is the interval frequency response function (FRF) matrix (also 

referred to as transfer function matrix), defined as: 

1
2( ) ( , ) j



      H H α M C K
I I I I              (16) 

with j 1   denoting the imaginary unit. 

4 Bounds of interval normal stress characteristics of truss 
structures  

4.1 Interval mean-value  

In the case of truss structures, having n-DOFs, composed of s bar elements, indicating with j j j jE A L  

the axial stiffness of the j-th bar element, assuming that r s  elements possess uncertain-but-bounded 

axial stiffness and denoting with  j  the symmetric fluctuation of the uncertain axial stiffness around the 

nominal value 0, 0, 0, 0,j j j jE A L , one gets 

0,
ˆ(1 )  I I

j j j je               (17) 

where 1,2, , j r s  and ˆ I

je  is the EUI. It follows that the n n  stiffness matrix can be defined as: 

0

1

ˆ( )  
r

I I I T

j j j j

j

e


   K K α K w w            (18) 

where j jw l S , with jl  denoting a vector of order s with only the j-th element equal to 0, j  and the 

other ones equal to zero, and 
T

S  being the n s  equilibrium matrix. In Eq.(18), 0 1
 

s T

j jj
K w w  is the 

nominal stiffness matrix. Notice that the product 
T

j jw w  gives a change of rank one to the nominal 

stiffness matrix.  

Let us denote now with ( , )I

hY tα  the stationary normal stress process in the h-th bar element of the truss 

structure. According to Eq.(13), it can be written as [21]: 

  0,T T

0,

ˆ( , ) ( ) ( , ) (1 ) ( , )
hI I I I I I

h h h h h h

h

Y t Y t t e t
A


     α q U α s U α                      (19) 

where 
T

hs  is the h-th row of the compatibility matrix S . The interval mean-value of the stationary normal 

stress process   E ( , )
h h

I I I

Y Y hY t  α α  is given by : 
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       0,T 1 T 1

0,

ˆ1
h

hI I I I I

Y h h h h

h

e
A


      F Fq K α μ s K α μ                      (20) 

where Fμ  is the mean-value vector of the stationary multi-correlated Gaussian stochastic process ( )F t . To 

evaluate the inverse of the interval stiffness matrix, the Interval Rational Series Expansion (IRSE) [14] can 

be applied. According to the IRSE, once the deviation of the interval stiffness matrix K
I , with respect to 

the nominal value 0K , is written as superposition of rank-one matrices (see Eq. (18)), the following 

relationship is obtained:  

 
1

1 T 1 1

0 0 0 0,

1 1 1

ˆ
ˆ ˆ( )

ˆ1

r r rI
I I Ii i

i i i i i i i i iI
i i ii i i

e
e a a e

e d








  

  

  
         

  
  K α K w  w K D K D       (21) 

where: 

T 1 1 T 1

0 0 00 ;      .i i i i i id     w K w  D K w  w K                              (22a,b) 

while 0,ia  and  ia  are given by [14]: 
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    (23a,b) 

By substituting Eq.(21) into Eq.(20), the following relationship is obtained: 

  0, 1

0 0,i

1 10,

ˆ ˆ1 .
h

r r
hI I T I

Y h h h i i i i

i ih

e a a e
A


  

 

 
      

 
  Fs K D D μ           (24) 

It is worth observing that the interval mean-value of the stationary normal stress process 
h

I

Y  is more 

affected by the dependency phenomenon than the interval displacement vector ( )U
I t  due to the double 

occurrence of the EUI, ˆ I

he , associated with the h -th uncertain parameter [22]. In order to limit the effects 

of the dependency phenomenon, Eq. (24) is rewritten in the following form: 

    0,D

10,

ˆ ˆ ˆmid 1
h h h

r
hI I I I T I

Y Y Y h h h h i i i

ih
i h

e e a e
A


   




      Fs D μ           (25) 

where the midpoint of the interval mean-value 
h

I

Y  of the random interval normal stress process ( )I

hY t , 

 mid
h

I

Y , and 
D

hY  are defined as:  

   

  0, 1

0 0,

10,

0,D 1

0 0,

10,

mid ;

.

h

h

r
hI T

Y h i i h h h

ih

r
h T

Y h h h i i h h

ih

a a
A

a a
A


 


  









 
     

 

 
      

 





F

F

s K D D μ

s K D D μ

              (26a,b) 

By applying the philosophy of the IIA via EUI to Eq.(25), the LB, 
hY , and the UB, 

hY , of the interval 

mean-value 
h

I

Y  of the random normal stress process are evaluated adding to its midpoint,  mid
h

I

Y , the 

minimum and maximum, respectively, among all possible combinations of other quantities depending on 

the EUIs, once the contribution of the h -th uncertain parameter is isolated from the remaining ones [22]. 

It can be easily proved that these bounds can be evaluated, respectively, as 
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D D

D D

mid min (1 ) , (1 ) ;

mid max (1 ) , (1 )

h h h h h h

h h h h h h

I

Y Y Y h Y Y h Y

I

Y Y Y h Y Y h Y

       

       

          

          
        (27a,b) 

where the symbols  min •  and  max •  mean minimum and maximum value of the quantity into curly 

parentheses, respectively, and 

         
0,

10,

.
h

r
h T

Y i h i

ih
i h

a
A







    Fs D μ             (28) 

In this equation, the symbol •  means absolute value, while the superscript minus or plus is related to the 

sign of the summation of absolute values.  

4.2 Interval spectral moments  

Approximate expressions of the interval spectral moments  , ,h h

I I

Y Y  α  of the stationary random 

normal stress process, ( )I

hY t , along with their bounds are evaluated in this section. According to the 

definition by Vanmarcke [23], the interval spectral moments of -th order of the stationary random 

interval stress process ( )I

hY t  is defined as: 

       
2

2 T * T

, 0,

0 0

ˆ( )d 1 , , d .
h h h

I I I I I

Y Y Y h h h h hG e          
 

     F FX X
s H α G H α s             (29) 

In order to evaluate this integral, first an approximate analytical form of the interval FRF function matrix 

( )H
I   is derived by applying the IRSE [14,15]. To this aim, taking into account the decomposition (18) 

of the interval stiffness matrix, the interval damping matrix in Eq.(12) can be decomposed as: 

T

0 1

1

ˆ( ) ,  
r

I I I

j j j j

j

c e


   C C α C w w                                                 (30) 

where 0 0 1 0C = M Kc c  is the nominal damping matrix. By applying the IRSE [14,15], the following 

approximate explicit form of the interval FRF is obtained:  

                
1

1 T

0 mid dev

1

ˆ( ) ( , ) ( ) ( ) ( , )
r

I I I I

i i i i

i
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H H α H w  w H H α          (31) 

where mid ( )H  and dev ( )I H  are two complex function matrices listing the midpoint and the interval 

deviation of the elements of ( , )H α  , respectively, defined as: 
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0, ( )ia   and ( ) ia   being complex functions, given respectively, by: 
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and 

  T T

1 0 0 0( ) 1 j ; ( ) ( ) ; ( ) ( ) ( ).i i i i i ip c b          w H w B H w  w H                (34a-c) 

In the previous equations, 0 ( )H   is the nominal FRF matrix. Under the assumption of classically damped 

nominal structural system, the FRF matrix 0 ( )H   can be conveniently evaluated as: 

T

0 0 0,m 0( ) ( )H Φ H Φ                                                 (35) 

where 0Φ  is the nominal modal matrix of order n m  ( m n ) collecting the first m  eigenvectors 

normalized with respect to the mass matrix M . The matrix 0Φ  is obtained as solution of the following 

eigenproblem: 

2 Τ

0 0 0 0 0 0; K Φ MΦ Ω Φ MΦ Im
                                          (36a,b) 

where 2 T

0 0 0 0Ω Φ K Φ  is the spectral matrix of the nominal structural system, say a diagonal matrix 

listing the squares of the natural circular frequencies of the structure for the nominal values of the 

uncertain parameters. Furthermore, in Eq. (35) 0,m ( )H   denotes the modal FRF function matrix of the 

nominal structure that is a diagonal matrix given by: 

1
2 2

0,m 0 0( ) j 


    H I Ξ Ωm                                                  (37) 

where 00 0 1 Ξ I Ωmc c  is the generalised damping matrix. Substituting the interval FRF function matrix 

written in the form (31) into Eq.(15), where ( ) ( )I I

hY t Y t , and neglecting higher order terms, the interval 

PSD function matrix of the normal stress, ( )
h h

I

Y YG  , can be expressed in approximate form as follows 

[14]: 
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where ( )R i   is the complex matrix defined as: 

( ) ( ) ( ).i i ia   R B                                                  (39) 

Also the interval PSD function matrix of the normal stress, ( )
h h

I

Y YG  , is more affected by the dependency 

phenomenon than the one of the interval displacements, due to the double occurrence of the EUI, ˆ I

he , 

associated with the h -th uncertain parameter. In order to limit the effects of this phenomenon, Eq. (38) is 

rewritten in the following form: 
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where the following quantities have been introduced: 
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By applying the philosophy of the IIA via EUI to Eq.(40), the LB, ( )
h hY YG  , and the UB, ( )

h hY YG  , of the 

interval PSD function ( )
h h

I

Y YG   of the random stationary normal stress process can be evaluated adding to 

its midpoint,  mid ( )
h h

I

Y YG  , the minimum and maximum, respectively, among all possible combinations 

of other quantities depending on the EUIs, once the contribution of the h -th uncertain parameter is 

isolated from the remaining ones. Then, after some algebra, these bounds can be evaluated as: 
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(42a,b) 

where 
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Finally, taking into account Eq.(29), the LB, 
,hY , and the UB, 

,hY , of the interval spectral moment 

 , ,h h

I I

Y Y  α  of the random normal stress process can be evaluated, respectively, as:  
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where: 
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4.3 Interval expected fatigue life  

In this study, it is assumed that the linear structural system subjected to multi-correlated stationary 

Gaussian random excitation is affected by uncertainties in structural parameters. These uncertainties are 

modeled as interval quantities. It follows that the structural response is a multi-correlated stochastic 

stationary process characterized by interval mean-value and interval PSD function matrix. Since the 

interval model is adopted to describe the uncertain structural parameters, the expected fatigue life is an 
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interval quantity too, 
F

IT , with a LB (the worst case), 
FT , and an UB, 

FT . The interval expected fatigue 

life for the selected response process, ( )I

hY t , is here evaluated considering an appropriate combinations of 

the bounds of the pertinent interval spectral moments by extending the solution proposed by Benasciutti 

and Tovo [1] in the case of deterministic structural parameters. According to Eq.(7), since in practical 

applications 3k , in the framework of the IIA via EUI, the LB and UB of the interval expected fatigue 

life, 
F, h

I

YT , for the h -th stress random process ( )I

hY t  can be evaluated as: 
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    (46a,b) 

where the bounds of the interval spectral moments of the selected stress quantity, 
,hY  

( 0 ,0.75 ,1.5 ,2) , are defined by Eqs.(44). 

Notice that, since the mean-value and the spectral moments of the response are monotonic functions of the 

generic uncertain parameter 
I

i , the exact bounds of the expected interval fatigue life, 
F, h

I

YT , can be 

evaluated by applying the vertex method. As already mentioned, such combinatorial procedure is time 

consuming and becomes soon unfeasible as the number of uncertainties increases. Indeed, it requires 2r  

stochastic analyses of the structure to compute response statistics corresponding to all possible 

combinations of the endpoints of the r  interval parameters 
I

i . Conversely, the proposed approach allows 

one to handle an arbitrary number of uncertain parameters since it evaluates the bounds of the interval 

mean-value and spectral moments by handy formulas without resorting to any combinatorial procedure.  

5 Numerical application 

The proposed procedure is here applied to the 24-bar truss structure depicted in Figure 1 subjected to 

turbulent wind loads in the x -direction. The constituent material of the truss is steel with nominal Young’s 

modulus 
8 2

0 0, 2.1 10  kN/m  iE E  ( 1,2, ,24i ), ultimate strength 725MPauY  and parameters of 

the Y-N curve (1), 3.324k  and 
121.934 10 MPa  kC  [24]. The cross-sectional areas of all the bars of 

the nominal structure are the same and equal to 
4 2

0 0, 5 10  m  iA A . The nominal lengths of the bars 

0, i iL L , 1,2, ,24i  can be obtained from Figure 1, where 3L . Moreover, the nominal lumped mass 

pertaining to each node is 0, 0 500 kg jm m . The modal damping ratio for the first and third mode of the 

nominal structure is 0 0.05  , as a result the Rayleigh damping constants, 0c  and 1c , have been taken as 
1

0 3.51790 sc   and 1 0.000547 sc  , respectively.  

As shown in Figure 1, the nodes 4, 7 and 10, located at three different levels iz  ( 4,7,10)i  , are subjected 

to the nodal forces ,x iF  ( 4,7,10)i   in the along-wind direction [25]: 

      2 ( ) 2

, , ,

1 1
, , , ( 4,7,10)

2 2

s

x i D i i x i x i i D i s D i iF C AW z t F F z t C A w C AW z t i          (47) 

where 
( )

,

s

x iF  and  , ,x i iF z t  denote the mean and random fluctuating component of wind loads, 

respectively;   is the air density; DC  is the drag coefficient; and iA  is the tributary area of the i-th node. 
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The following values of the parameters appearing in Eq. (47) are assumed: 
31.25 kg/m , 1.2DC , 

2

4 9mA , 
2

7 9mA , 
2

10 4.5mA . Moreover, in Eq.(47)    ,10 10s sw z w z




 

 with ,10sw  denoting the 

mean wind speed measured at height 10mz , and  ,W z t  is the fluctuating component which is 

modeled as a zero-mean stationary Gaussian random process, fully described from a probabilistic point of 

view by the one-sided PSD function proposed by Davenport [26,27]: 

 

2
2

0 ,10 4/3
2

( ) 4
1

sWW
G K w




 



 (48) 

where 1 ,10/ ( )sb w   . In this numerical application, when not otherwise specified, it is assumed 

,10 25m/ssw , 0 0.03K  , 1 600 mb   and 0.3 . The 3-variate zero-mean stationary Gaussian random 

process ( )tW  collecting wind velocity fluctuations at the wind-exposed nodes (4, 7, 10) of the truss 

structure (see Figure 1) is fully characterized from a probabilistic point of view by the PSD function 

matrix ( )
WW

G  herein defined as reported in Ref. [14].  

Young’s moduli of the material of the 7r   bars highlighted in Figure 1 are modeled as interval variables, 

i.e. 0
ˆ(1 )I I

i iE E e   , ( 10,12,14,16,18,21,22i  ). Attention is herein focused on the evaluation of the 

range of the interval expected fatigue life 
16,

I

FT   for the normal stress random process of bar 16 

16( ) ( )
I I

hY t t . 

 

Figure 1 Truss structure under turbulent wind excitation. 

First, the accuracy of the proposed approximate explicit expression of the PSD function 
16 16

( )
I

G    of the 

interval random stress process 16( ) ( )
I I

hY t t  in Eq. (38) derived by applying the IRSE is assessed. To this 

aim, all the uncertain parameters are set simultaneously to their UB, i.e. ˆ 1
I

ie    

( 10,12,14,16,18,21,22)i  . Figure 2 displays the comparison between the exact PSD function and the 

approximate one provided by Eq. (38) for two different deviation amplitudes of the uncertain parameters, 
0.1   and 0.2  . A very good agreement is observed. The PSD function pertaining to the nominal 

structure is also plotted. It can be seen that the IRSE enables to capture the deviation of the PSD function 

from the nominal value. 
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Figure 2: Exact and proposed PSD function of the normal stress of bar 16 obtained setting all the uncertain 

parameters to their UB for a) 0.1   and b) 0.2  , along with the nominal PSD function. 

Figure 3a shows the proposed bounds of the interval expected fatigue life 
16,

I

FT   and the exact ones 

provided by the vertex method versus the deviation amplitude of the uncertain parameters. The nominal 

value of the expected fatigue life is also reported. Notice that the LB of the interval expected fatigue life is 

always smaller than the nominal value and decreases as the deviation amplitude of the uncertain 

parameters increases. This implies that assuming the nominal values of Young’s moduli, i.e. neglecting 

uncertainty, may lead to serious overestimation of the fatigue life. By inspection of Figure 3a, it is 

observed that a very good match between the proposed and the exact bounds of 
16,

I

FT   is achieved even 

when the degree of uncertainty increases. Indeed, the percentage errors affecting the proposed estimates of 

the bounds of the expected fatigue life 
16,

I

FT  , herein omitted for conciseness, are acceptable from an 

engineering point of view. In particular, the largest absolute percentage error affecting the LB, which is the 

quantity of interest for design purposes, is equal to 3.39% and is achieved for 0.2  . Furthermore, it is 

worth remarking that the proposed method overestimates the LB of the expected fatigue life 
16,

I

FT   which 

implies a safe design.  

Finally, in Figure 3b, the bounds of the interval expected fatigue life 
16,

I

FT   versus the mean wind speed 

,10sw  are plotted. As expected, the LB and the UB decrease as the mean wind speed ,10sw  increases, which 

implies that the structure is more prone to fatigue failure. 

             

Figure 3: LB and UB of the expected fatigue life 
16,

I

FT   provided by the vertex method and the proposed 

method versus a) the deviation amplitude of the uncertain parameters and b) the mean wind speed. 
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6 Conclusions 

A novel method for estimating the region of the interval expected fatigue life of linear structures with 

uncertain-but-bounded parameters subjected to stationary multi-correlated stochastic excitations has been 

proposed. Without loss of generality, attention has been focused on truss structures with uncertain axial 

stiffness of the bars. The key idea of the proposed method is to derive the Power Spectral Density (PSD) 

function of a selected random stress process in approximate explicit form by applying the so-called 

Interval Rational Series Expansion (IRSE) [14] and then evaluate the bounds of the associated spectral 

moments. Specifically, in order to limit the overestimation, a novel procedure for estimating the bounds of 

the spectral moments has been developed in the framework of the improved interval analysis via extra 

unitary interval (IIA via EUI) [3]. Finally, the bounds of the interval expected fatigue life are evaluated by 

combining the method proposed by Benasciutti and Tovo [1] with the IIA via EUI. 

A remarkable feature of the proposed method is the capability to provide very accurate estimates of the 

bounds of the spectral moments of the selected stress processes. Indeed, the evaluation of the range of 

stress related quantities is a quite challenging task in the framework of interval structural analysis. 

Furthermore, numerical results have highlighted the significant influence of the uncertain parameters on 

the expected fatigue life, which can be seriously overestimated when the nominal values of material 

parameters are assumed. 
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Abstract
Bolted joint modeling is a challenge that connects research to industrial applications. Past research has pro-
duced various analytical solutions for a bolt’s effect on the response of a structure. A common industrial
approach to the finite element method (FEM) solution is to couple the nodal displacement of a joint’s op-
posing interfaces. This approach can be combined with empirical studies investigating the pressure cone
diameter found in typical assemblies. At this point, an adaption of the modeling approach can be appropri-
ate. The greatest challenge might be to find an acceptable trade-off between accuracy and applicational effort
while maintaining a strong connection to the real physical effects. This paper aims to create awareness for
the modeling uncertainties regarding bolted joint models for industrial use and to evaluate options that make
model application more efficient. The application of completed empirical research to industrial models is
investigated. A current industrial model is reviewed and compared to a new empirical-analytical model.

1 Motivation

With high production volumes and one single variant, Ford’s Model T and the early Apple iPhone models
may be considered as economical benchmarks. However, customer markets eventually demand increasing
personalization. Expanding the product line demands either new designs or the creation of new products
using existing designs. Impeding efficiency and driving costs, this is where complexity, the counterpart to
the desirable simplicity, arises. Complexity in industrial production has been treated in different ways by the
world’s leading enterprises. SpaceX builds the Falcon Heavy from three modified 1st stages of the Falcon 9
instead of coming up with one larger design. For this example, we can assume that the lower design costs
outweigh the reduced revenue constituted by the lower payload capabilities compared to a more efficient new
design. This concept is called modularity. Most automotive OEMs use vehicle platforms, a special case of
modularity, to increase their product portfolio while controlling design costs. German car manufacturers tend
to use the same drivetrain modules for several vehicle types within one category and build distinct bodies
around the invariant drivetrain. This approach can lead to excessive connecting elements. Part of the japanese
approach is to construct different vehicles from different categories with the same modules, but on a smaller
scale. Examples are door-locks, keys, seals, and many others. The japanese approach additionally pays
special attention on yet one lower level, the interface-level. The number of approved fasteners engineers can
use is stated to be as low as 200 in some cases. Engineers have to file extra forms if they want to use a fastener
that is not pre-approved. Comparing the number of fasteners per vehicle, the number of vehicles sold, and
lastly the estimated approved number of fasteners yields how many applications one fastener model finds.
This motivates engineers to determine the fastener’s properties and its effect on the connected structures as
accurately as possible.

Because the properties of fasteners are still challenging to predict, extensive research-effort goes towards
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model-development. Ewins [5] analyzes simplifications, approximations, assumptions, and selections made
in modeling processes. He discusses two types of uncertainty, aleatoric and epistemic. The first ”relates
to imprecision or a lack of knowledge of the precise numerical values of individual parameters”, while
”epistemic uncertainty refers to the inadequacy or incompleteness of a set of parameters that are used to
describe behavior”. He describes the appropriate modeling of joints as a major challenge within structural
analysis. Ewins [5] criticizes model updating for a lack of predictability due to it being based on observed
behavior and not on a description of the physical system. As has become apparent to the broader public
in recent years through the hype of machine learning and artificial intelligence, additional issues that can
arise within model updating are under- and over-testing. As joints present a significant epistemic uncertainty
issue, the completed research notes that excessive detailing within a joint model will not necessarily be
effective. The modeling process is not limited in terms of computational power, but rather through a lacking
understanding of the underlying physics. Ewins [5] lists possibly missing features in current joint models
as follows: non-flatness of jointed surfaces, micro-wear effects, and assembly-sequence. Hence, a focus on
model-upgrading instead of model-updating is proposed.

The core idea behind this paper is to evaluate, whether there is a feasible modeling substitution for bolts.
Omitting the bolt, static load-cases, as well as contact-mechanical investigations promises to save time. Data
that are lost through this omission are the bolt’s mass and moments of inertia, the bolt’s stiffness and damping
properties, its interaction with the joint members’ surfaces, and the pre-stress effect. Each of these aspects
will be treated in 2.

Since Weck [15] and Oexl [10] find that high-grade surface finishes promote high contact stiffnesses in
the normal direction kN, and since Schulz [14] acknowledges that the stiffness in tangential direction kT
is proportional to surface roughness, it seems plausible that these two stiffnesses could be linked with the
friction coefficient µ. The authors would like to propose the following approach for replacing a part of a
virtual assembly and applying its stiffness to the surfaces of the neighbouring bodies it interacts with in the
real assembly:

kN(1 + µ) = kanalyt. and kT = µ · kN (1)

where kN is the normal stiffness, kT is the tangential stiffness, and kanalyt. is the calculated analytical stiffness
in the load-direction of the substituted part.
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2 Identification and Quantification of Joint Stiffness

Stiffness of the unthreaded portion

Stiffness of the threaded portion

Bolt

Stiffness of Member 1

Stiffness of Member 2

Interface Stiffness

Members

Figure 1: Stiffness components of a bolted joint. The members and the interface act as springs in series, as
do the threaded and unthreaded portion of the bolt, respectively. The bolt and the member compound then
act as springs in parallel. The interface stiffnesses corresponding to the contact area between bolt head and
the upper member, as well as to the contact area between the threads and the lower member for tapped joint
configurations, are neglected in this sketch for clarity’s sake.

A lot of research is conducted in order to obtain member stiffnesses from models assuming smooth surfaces in
contact. These analytical models take into account for contact at the joint interface, which is described by the
clamping length, the pressure cone’s starting diameter, and the pressure cone angle. Essentially, the volume
under the influence of pre-stress caused by the bolt’s clamping force is regarded as monolithic, while the
remaining areas are assumed to be out of contact and to have no influence on additional stiffness introduced
to the system through bolts. Because the surfaces in contact are modeled to be smooth, these models only
put out normal stiffness, in contrast to e.g. tangential stiffness. Shigley [4] presents the commonly accepted
model following up on Rötscher’s [13] theories. Nawras [9] presents an improved model taking into account
non-symmetrical problems as well as partially developed pressure cones, which can be caused by comparably
slender beams.

Since we want to model the members and substitute the bolt, we are interested in the analytical bolt stiffness
here. According to Shigley [4], the axial stiffness of the bolt can be modeled as two springs in series,
composed of the threaded and the unthreaded portion of the bolt within the grip. The stiffness of the threaded
region of the fastener is given as kt =

AtE
lt

, while the stiffness of the unthreaded region of the fastener is
given as kd = AdE

ld
. Hence, the overall bolt stiffness is kb = AdAtE

Adlt+Atld
.
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3 Experiments

3.1 Description of test specimen

Beam 1

Beam 2

Figure 2: Test Specimen - tool steel (C45); The beams, measuring 0.2m×0.04m×0.004m, are assembled
via tapped joints using seven M10×16 − 10.9 metric bolts with a nominal bolt diameter d of 0.01m, a bolt
length l of 0.016m, a tensile strength Rm of 1000Nm−2, and a yield strength of 900Nm−2.

Figure 2 shows the investigated structure. The assembly consists of two beams that are joined by seven bolts.
No washers or nuts are used in this assembly, thus we speak of a tapped joint configuration.

3.2 Experimental Modal Analysis

Experimental modal analysis (EMA) creates a linear model of a non-linear physical structure. The exper-
imental procedure consists of the excitation, the detection, and the evaluation, according to Ewins [6]. An
impulse, which is generally generated by a modal hammer and covers a frequency band up to 10 kHz, is
utilized for the present structure’s analysis. A laser detects the structure’s surface speed, one single measure-
ment point suffices to determine a natural frequency. However, in order to identify the corresponding mode
shape, one has to include additional measurement points. By interpolating between the measurement points,
the spanned sections and eventually an entire model solution can be obtained. The bolted asembly and the
individual beams are analyzed with a laser Doppler vibrometer (LDV). For this purpose, a Polytec Scanning
Vibrometer PSV-400 Scanning Head is used together with the PSV-Data-Acquisition-Analyser software. The
data evaluation is performed by a Polytec OFV-5000 Vibrometer Controller coupled with the Polytec Data
Management System and PSV-Evaluation by Polytec, as well as ME’scopeVES by Vibrant Technology.

3.3 Pressure Distribution

To visualize the pressure distribution, a two-ply FUJIFILM PRESCALE pressure measurement film for the
10-50MPa range is used. The real pressure distribution caused by a tightening torque MA of 30Nm is
shown in pink color, cf. Figure 3. A dark pink color indicates a pressure level of around 50MPa.

3.4 Sensitivity analysis - joint parameter variations

After we have established the joint properties that ought to be modeled, the sensitivities of these joint pa-
rameters are of interest. First we investigate the variation of the pre-load force and then the reproducibility
of the dynamic model behaviour after loosening and tightening.
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Figure 3: Visualisation of the real surface pressure distribution via two-ply FUJIFILM PRESCALE pressure
measurement film.
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Figure 4: While the eigenfrequencies corresponding to the bending modes rise together with increasing
tightening-torque, the latter seems to lower the eigenfrequencies corresponding to the torsional modes for
torques MA greater than 30Nm, cf. Langer et al. [12].

Concerning the repeatability, the first three bending frequencies of the bolted beam structure are considered.
The members are first separated and then re-joined after each measurement series. The positions of the bolts
remain unchanged. In a second series of measurements, the bolt positions are arbitrarily varied. Ten mea-
surements of the bolted structure are performed within each series. Figure 5 shows the results of the two
series. The arithmetically averaged relative deviations over 10 samples εm of the first three bending modes
are calculated with (2):

εm =

(
fmax − fmin

fm
− 1

)
× 100 , (2)

where fmax and fmin are the maximum and minimum eigenfrequencies in one measurement series and fm is
the eigenfrequency averaged over ten measurements. The shaded regions indicate the overall measurement
uncertainty, cf. Figure 5. The relative deviation rises with higher eigenfrequencies and reaches a maximum
εP of 0.51%. This shows a very high reproducibility and little sensitivity towards fastener positions. It is
worth noting that the variations of the natural frequencies are also within the given overall uncertainty of the
measurement.
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Figure 5: EMA - Measurement uncertainties resulting from ten assembly-disassembly-cycles for arbitrary
and constant bolt positions, cf. Langer et al. [12].

4 State of the art model description

The search for a good bolt model is complicated and intricate. By which standard may we judge a model
as ”good”? Looking to automotive tire models suggests that both empirical as well as physically-based
nonlinear models are wide-spread. TMeasy is a semi-physical model that represents handling based on a
three-dimensional slip approach. FTire is a non-linear model based on structural dynamics that describes the
tire belt as a flexible ring approximated by elements with bending stiffness. While the required calculation
time determines the application (TMeasy is real-time capable and can be used during a race, while FTire
is not and finds application during tire development and ride comfort simulations), these models do share
important traits. Both have a good relative trade-off between computational time and quality of the results,
and both are easy to understand and use.

The industry’s vision is that the fastener manufacturer delivers an accurate simulation model to the OEM
together with ordered physical fasteners.

Wentzel [16] remarks, ”A good joint model should be as simple as possible and still capture all the important
physical properties of the actual joint.” He considers the force-displacement behaviour, the hysteresis, the
damping, and the influence of velocity as the most important properties of a joint model.

Rohaizat et al. [11] list the use of the solid bolt model, the spider bolt model, the bolt stiffness value, and a
linearized version of Hertzian contact theory as FE models to represent bolted joints. Concerning modeling
approaches for joint interfaces, Rohaizat et al. [11] mention spring-damper compounds, Jenkins elements,
and the Iwan model. Rohaizat et al. [11] uses CBEAM elements for the bolt shanks, RBEs for the bolts’
heads and nuts, and CELAS elements for the interface model.

Wentzel [16] names six joint modeling techniques found in the literature meaningful. The linear visco-
elastic model and the linear complex stiffness model are mentioned first. These aim to match the energy
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dissipation to the expected frictional dissipation in the joints. Wentzel [16] treats models that replace the
actual joint next. The Iwan networks model, a spring-slider network calibrated to mimic the dissipative
force-displacement relations, replaces the joint. More complicated, the Valanis model employing a first order
differential equation reflects plasticity can be tuned to reproduce the force-displacement characteristics. The
Bouc-Wen model uses sign functions in addition to the time derivatives. Wentzel [16] concludes that a
detailed FE model can be used to simulate the micro-slip in the joint.

Bograd et al. [2] compare three different modeling methods. They use a Jenkins friction element for node-
to-node contact simulation, a thin layer element employing hysteretic damping and linear stiffness, as well
as a zero thickness element with nonlinear normal and tangential stiffness. They recommend the thin layer
element approach for large structures and for use with currently available commercial FE software. Bo-
grad et al. [2] report that the calculation times of the approach using zero thickness elements with an impulse
response simulation in time and frequency domain following a preloading step are ”extremely long”. While
some of the above approaches, namely Jenkins elements and hence also the Iwan model are used to model
micro- and macro-slip, this may not be essential for selected industrial applications. Bograd et al. [3] point
out that for typical applications, the joint pressure is high enough in order to ensure that macro-slip is avoided
entirely in order to fulfill functionality requirements like leakage minimization in case of a cylinder head and
crankcase compound. The exclusion of macro-slip drastically decreases the amoung of dissipated energy in
the joint.

In the following, the authors would like to present a list of existing models that set the benchmark for the
developed joint model.

Model Type 1 2 3
Description Tie constraint, full interface Tie constraint, 2xD Abaqus/CAE 6.13-1

Table 1: Overview of the model types.

• Type 1: Here, a constraint is applied to the entire interface. The simplest approach is to kinematically
tie all nodes on the opposing joint interfaces.

• Type 2: A refinement is to apply a tie constraint twice the size of the bolt head’s diameter. The
industry’s state of the art approach for modal analysis is to kinematically tie the members’ interfaces
with anulli twice the diameter of the bolt head concentric to the bolt holes.

• Type 3: Abaqus/CAE 6.13-1 offers a range of built in functionalities that can be used to model joints.
For this model type, all bodies are modeled with their geometrical and material properties, and their
interactions are simulated. In an effort to exhaust the existing features, a tie constraint couples the bolt
head and the upper member, a numerical contact model simulates joint interface interaction, another
simulates the contact between the threads and the lower member. The thread simulation requires intial
clearance values and contact directions at the slave nodes fot the small-sliding formulation. Other
parameters for the threads’ contact simulation within the static load step are the half-thread angle α,
the pitch ρ, and the bolt major thread diameter d or bolt mean thread diameter dm. The estimated
pre-load force also acts as an input for a static load case. This force can be calculated analytically
from the tightening torque, as demonstrated by Roloff and Matek [8]. With MA equal to 30Nm and
the friction coefficient’s uncertainty, the lower and upper boundaries for the pre-load force are 11 and
19 kN, respectively. The static step introduces stiffness to the model as contact pairs form and non-
linearities occur. With the newly formed contact pairs and other sources of stiffening through pre-load,
the modal analysis can ensue.
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4.1 Developed FE-model

The introduction instigated thought about how a structural part of an assembly could be replaced by appli-
cation of its properties to the neighbouring parts in a physically meaningful way. To stay true to this cause,
the authors radically reduce the modeling parameters of the joint. There is no geometrical model of the bolt,
the stiffening pre-load effect is neglected, and all contact interactions are neglected. The proposed model
accounts for the bolt’s mass, its stiffness, and the contact area of the joint interface. The experimentally
determined contact area, cf. Figure 3, is kinematically tied, cf. Figure 6d. The mass of each bolt is added
with a point mass on a reference point, cf. Figure 6b. This reference point is fixed to a partition with the
size of the bolt head diameter on the upper member by Continuum Distributing Couplings. This simpli-
fication is reasonable, as the center of mass can be found almost exactly underneath the head of the bolt.
The calculation of the axial bolt stiffness assuming ”short” bolt dimensions, reduces itself to kanalyt. =

AtE
lt

,
cf. Shigley [4]. This analytical axial stiffness is then, aided by the friction coefficient µ, split into tangential
and normal components as proposed in the introduction: kN(1 + µ) = kanalyt. and kT = µ · kN. A wire holds
a Cartesian Connector that uses stiffness in three degrees of freedom as input. The Connector uses values for
the bolt stiffness in the normal and tangential directions. These components are subsequently applied to the
joint members, the lower and the upper beam. With Continuum Distributing Couplings, two reference points
are fixed to the area of contact between the bolt head and the upper member, and the bolt’s threads and the
lower member, respectively, cf. Figures 6a and 6c. The size of the partitions are determined by the bolt head
on the one side, and the threads’ length on the other.

(a) Continuum distributing coupling (CDC) -
upper member

(b) Continuum distributing coupling (CDC) for
the bolt’s mass, where the bolt’s head connects
to the upper member.

(c) CDC - lower member (d) Interfacial tie constraint

Figure 6: Visualization of the model’s components. The 3-dimensional bolt stiffness is applied to a Carte-
sian Connector linking the reference points corresponding to the CDCs on the upper and lower member
cf. Figure 6a and 6c.

4904 PROCEEDINGS OF ISMA2018 AND USD2018



5 Results

For our calculations, we use the following system of consistent units:

ton mm s N MPa

Table 2: System of consistens units.

The interfacial contact diameter is experimentally determined as 17.6mm, cf. Figure 3. The mass of each
bolt is 14 g.
The length lt of the threaded fastener shaft in axial direction is roughly 8.3mm. According to Shigley’s [4]
tabular overview, the cross-sectional area of the threaded portion in grip, the tensile-stress areaAt, is 58mm2

for the used screws. Assuming ”short” bolt dimensions, one bolt’s relevant stiffness kanalyt. = AtE
lt

cal-
culated with Shigley’s [4] method is hence 1.47× 106Nmm−1. Using µ = 0.3 and with (1), kN =
1.13× 106Nmm−1 and kT = 0.44× 106Nmm−1.

Single beams Length l [mm] Height h [mm] Width w [mm]
Beam 2 200.20 4.00 40.10
Beam 1 200.20 3.95 40.05

Table 3: Averaged geometrical data of the physical single beam structures under influence of measurement
uncertainty according to Bär [1].

Single Beams Young’s modulus E [MPa] Density ρ [kg/cm3] Poisson’s ratio ν [-]
Beam 2 212170.00 7.83E-03 0.26
Beam 1 210700.00 7.84E-03 0.27

Table 4: Physical single beam structure’s resulting material data averaged corresponding to measurement
uncertainty according to Bär [1].

Property Young’s modulus E [MPa] Density ρ [kg/cm3] Poisson’s ratio ν [-] Mass [g]
Value 210000.00 7.90E-03 0.29 14

Table 5: Material data for each of the seven tool steel M10 bolts with a metric ISO thread.

Figure 7: Visualization of mode shapes resulting from numerical modal analysis, cf. Langer et al. [7].
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Mode shape Experiment Proposed Model Type 1 Type 2 Type 3

1st bending 1020 903 992 961 1041

2nd bending 2705 2308 2724 2465 2690

1st torsional 2752 1829 2738 1845 2421

3rd bending 5020 4122 5294 4402 4738

Table 6: First four eigenfrequencies from the physical experiments and four virtual models of the double-
beam assembly [Hz].

The deviations of the proposed model with respect to the experimental results shown in Table 6 are expected.
The areal density of the joints makes the assembly very stiff and even close to the analytical solution for
monolitical beams. In most engineering applications, the joint stiffness has less influence on the assembly’s
global modes. The results show that the proposed model is lacking in stiffness with regard to the torsional
mode. Here, the authors are able to observe significant penetration at the joint interface.

6 Concluding remarks and recommendations

The authors proposed a bolted joint model based on the interfacial contact radius, the analytical axial fas-
tener stiffness, the bolt mass, and the members geometrical and material properties. The analytical fastener
stiffness was applied to the upper and lower members partially in axial and partially in tangential direction.
The modeling effort was comparable to that of the industrial standard. However, the proposed technique
additionally took into account the real contact radius and the physical properties of the bolt.

The results showed that especially torsional modes lacked stiffness. Towards the beams’ outer borders, model
collisions were observed. While a contact model could mitigate this inaccuracy, it would make non-linear
analysis and contact search algorithms necessary.

An alternative modeling approach is to use thin-layer-elements or zero-thickness-elements without a con-
tact model. This approach may solve collision issues and the corresponding stiffness matrix may still be
reasonable to populate.
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Abstract
Quantifying experimental and human errors have not been a large focus within the uncertainty quantification
research field, particularly when considering large scale commercial structures such as an aircraft. Recently
the non-parametric method utilizing Random Matrix Theory (RMT) and the Marchenko-Pastur (MP) density
formulation have received a surge in interest due to their suitability in modelling a variety of stochastic
systems. This paper will aim to evaluate RMT and the MP density against numerical and experimental
modal tests for six identically designed aircraft T-tails. Modal testing is conducted using an impulse hammer
test under controlled environments. Results are compared with the stochastic finite element method, where
known sources of parametric uncertainty are accounted for via pre-defined assumptions for material and
geometric variability. After this analysis, this study aims to place some statistical bound on the modal
uncertainty that results from experimental and human factors which can arise during construction and testing.

1 Introduction

Uncertainty quantification (UQ) has started to see wide adoption across a plethora of fields [1–3]. One such
field is structural dynamics, where the traditional approach was to optimize a system using baseline param-
eters due to the limitations of early computational methods [4], and then implement extremely conservative
margins of safety to compensate, leading to inefficient and costly designs [5]. Recent improvements in com-
puting power have resulted in increased design productivity and analytical fidelity, however a reluctance to
consider stochastic parameters within industry persists [6]. This is perhaps due to the inherent challenges
faced when dealing with UQ since a large number of variabilities can occur in physical systems. Adhikari [7]
summarizes three overarching categories that uncertainties can fall into:

• Parametric uncertainty in geometric parameters (length, width, thickness), material properties (Young’s
modulus, Poisson’s ratio), and loading conditions.

• Model uncertainty (e.g. non-linear damping characteristics) that arise from a priori unknown system.

• Experimental and manufacturing errors that percolate into the system.

Parametric uncertainties are typically considered using the stochastic finite element method (SFEM), which
has seen a huge rise in popularity due to spectacular growth in computing power and parallel processing
[8, 9]. Since probabilistic priori can be assumed for the inputs, several approaches have been suggested to
derive a measure of structural robustness. These include; perturbation based methods [10], projection based
methods [11, 12], and Monte Carlo Simulations (MCS). Uncertainty due to modelling error has received
comparatively less attention and can arise due to non-linearities in the equation of motion, the damping, and
modelling of structural joints [7]. Since no explicit system parameters can be used to propagate these effects,
a non-parametric method [13] utilising random matrix theory (RMT) was proposed.
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RMT was introduced by Wigner in 1951 [14] and has been utilized in a wide variety of fields. In partic-
ular, it has been justified as a viable approach to quantify parametric and non-parametric uncertainties in
structural dynamics [15–18]. As the name implies, the method involves representing all stochastic behaviour
in a corresponding random matrix within the system of equations. The output response is characterised
by non-dimensional dispersion parameters, which greatly reduces the number of unknowns within a given
problem. Early studies showed RMTs suitability in predicting static displacement and uncertain frequency
response for a cantilevered flat plate [18, 19]. More recent works have also successfully analyzed stochastic
frequency response function (FRF) characteristics and determined changes in modal behaviour for uncer-
tain pier dynamics [20], and 2D wings [21]. Another use for RMT has been in studying random undamped
eigenvalue problems. It was shown that a simple approximation called the Marchenko-Pastur (MP) density
function [22] provides a reasonable approximation of the analytical and experimental eigenvalue density for
stochastic systems of varying complexity [23]. This study will contribute to literature by validating the MP
density function for a finite element model (FEM) for an aircraft T-tail, and quantifying the manufacturing
errors that went into building full scale aircraft T-tails.

Quantifying sources of error that percolate into experimental studies, such as human error in the construction
of a structure, has received very little attention. Conducting completely controlled UQ experiments relies on
nominally identical samples of the same structure [7], which is a significant deterrent from conducting these
studies for large scale systems. The general approach thus far has been to quantify uncertainty through nu-
merical simulation, or use simplified structures with well defined analytical formulations (e.g. a cantilevered
plate or beam [7, 23]). UQ has been undertaken on a similar T-tail previously [24], however that study used
one T-tail and was focussed on the differences exhibited from a numerical model as opposed to variations
between nominal structures. Some notable experimental investigations outside of the aerospace field include
Kompella and Bernhard [25], who studied structure-borne noise via analysis of driver microphone data for
different pickup trucks, and Fahy [26], who measured the FRFs for 41 identical beer cans.

This paper is an experimental case study involving six aircraft T-tails which were made in the school of
Aeronautical, Mechanical and Mechatronic Engineering (AMME) at University of Sydney. Each T-tail was
constructed as part of an undergraduate unit of study, being supervised by qualified aircraft technicians. As
such, it serves as an insight into the typical errors and sources of uncertainty that might be seen in a practical
setting. Modal testing of each structure is conducted using an impulse hammer test, and the differences in
modal behaviour are noted. For comparison, an FEM is also analysed, with known sources of parametric
uncertainty controlled for. RMT is utilized as a tool to quantify the uncertainty that remains, and place some
statistical bound on the unknown errors that percolate in the experimental study. A numerical study is also
undertaken with the FEM to evaluate the suitability of the MP density function. The outline of the paper is
as follows; the RMT formulation is outlined in Section 3, the experimental method is described in Section
4, the analysis and comparison of both sets of results is in Section 5, and finally a summary of the paper and
key contributions are provided in Section 6. test the system with approximately

2 RMT Formulation

2.1 Optimal Wishart Parameters

For a damped n-degree-of-freedom linear dynamic system, such a system can be described using Equations
(1) and (2):

Mq̈(t) + Cq̇(t) + Kq(t) = f(t) (1)

H(ω) = [−ω2M + iωC + K]−1 (2)

where f(t) is the forcing vector, and q(t) is the response vector. Matrices M, C, and K represent the mass,
damping and stiffness respectively, and are Wishart random matrices [27]. H(ω) is the frequency response
function (FRF), where ω is the input frequency. For modal analysis problems, damping is assumed to be

4910 PROCEEDINGS OF ISMA2018 AND USD2018



minimal, and the FE analysis software MSC.Nastran [28] is utilized to yield mass normalized eigenvalues
and eigenvectors. As such, the baseline model can be reduced to a stiffness matrix K0. The dispersion
parameter, which is analogous to the normalized standard deviation for a given random matrix, is shown
below:

ξ2K =
E[||K−K0||2F ]

||K0||2F
(3)

where || · ||F and E[. . . ] denote the Frobenius norm and mean operators respectively. The dispersion pa-
rameter is assumed to be deterministic in RMT formulations, and in this paper is calculated using SFEM.
This parameter alone, along with the baseline stiffness K0, is required to sample from the Optimal Wishart
distribution [19] as below:

K ∼Wn(p,Σ) =

[
2
1
2npΓn

(
1
2p
)
|Σ|

1
2p

]−1

|K|
1
2 (p−n−1)e

tr
(
−1
2Σ−1K

)
(4)

where

p = n+ 1 + θ (5)

Σ =
K0

α
(6)

and

θ =
1

ξ2K
(1 + γK)− (n+ 1) (7)

γK =
[Tr(K0)]

2

Tr(K2
0)

(8)

α =
√
θp (9)

2.2 Marchenko-Pastur density

The random undamped eigenvalue problem is described below in Equations (10) and (11):

Kφj =λMφj , j = 1, 2, . . . , n (10)

Ξ =M−1/2KM−1/2 (11)

In Equation 10, λ and φj represent the eigenvalues and mass-normalized eigenvectors for the system respec-
tively, while Equation 11 is an equivalent matrix representation of the problem. Studying the shifts in indi-
vidual eigenvalues yields invaluable information on the dynamical response of the system under uncertainty.
For random processes, an emphasis is also placed on the probability distribution of eigenvalues [23, 29].
This is due to a phenomena known as modal veering [30], where the loci of individual eigenvalues cross over
each other. Soize [31] showed that this overlap can be significant for large dimensionality systems exhibiting
moderate uncertainty.

For a general analytical solution of the eigenvalue density for a linear stochastic system, the reader is referred
to [23]. Another point of interest is the limiting behaviour of this eigenvalue density, which is difficult to
solve analytically, and requires numerical computation. A simplification which is often made in structural
mechanics is to assume that the density profile is asymptotically ’flat’, which leads to a formulation known
as the Marchenko-Pastur (MP) density [22]:

p(λ) =
c

2πa2λ

{√
(a+ − λ)(λ− a−), λ ∈ [a−, a+]

0, λ /∈ [a−, a+]
(12)
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where

c =

(
ωmax + ωmin

ωmax − ωmin

)2

(13)

a =
ωmax + ωmin

2
(14)

Equation 12 is valid for the domain λ ∈ [a−, a+], where a− and a+ are the lowest and highest eigenvalues
of the baseline system; ω2

0min
and ω2

0max
, respectively. The MP Density is an extremely promising and

yet seemingly ambitious result, claiming that the limiting eigenvalue density is a function of only the first
and last natural frequencies of the system. This is in contrast to traditional finite element methods, where
the complete collection of eigenvalues are required to model the underlying probability density function.
The validity of function in relation to numerical or experimental engineering models has not received much
attention to the best of this author’s knowledge. Adhikari et al. [23] recently concluded that the MP density
yielded reasonable approximations for a cantilevered plate with randomly attached springs, and also for a
numerical model of a helicopter tail boom which contained 13,116 DOFs. To give further exposure, this
study shall compare the results obtained via the MP density with the FE eigenvalue distribution from the
aircraft T-tail.

3 Experimental Setup

Figure 1 depicts the experimental setup which was used to conduct the hammer testing of the six T-tails.
Equipment specifications are summarized in Table 1. The T-tails are suspended from a rigid structure and
are free to translate and rotate in space. Two six channel Bruel and Kjaer Model 3160-A-042 systems are
utilized to acquire the data. An impulse hammer (with an aluminium tip) is used to strike normal to the
surface in 39 pre-defined locations (24 along the horizontal tail, and 15 along the vertical). This is clarified
in Figure 2 which depicts the node numbering scheme used. Two tri-axial accelerometers are placed on the
horizontal and vertical tails (seen in Figures 1a and 1b respectively) to obtain data. A 6400 Hz bandwidth
was chosen with 0.125 Hz resolution, resulting in 51201 spectral lines.

Role Model No. Sensitivity Channel(s) Node(s)
Accelerometer B&K 4535 B 0.9935 mV/(m/s2) 2-4 1
Accelerometer B&K 4535 B 0.9935 mV/(m/s2) 6-8 31
Impact Hammer B&K 8206 22.7 mV/N 1 1-39

Table 1: Equipment Specifications

4 Results

4.1 Experimental Results

Figure 3 shows the results from the hammer testing for all six T-tails. Data beyond the first 100Hz is omitted
due to low coherence of the signal. The stable vibrational modes were determined via the Polymax algorithm
[32] which was applied to the mean FRFs. Large discrepancies are noted between the FRFs, highlighting
the significant manufacturing errors that took place during construction. Similarities are noted through the
first stable mode which is found at around 50Hz, and the grouping of modes between 80Hz-100Hz. Some
T-tails such as T1 and T6 possess additional modes in the 50Hz-70Hz range which are not seen in the
other structures, which can perhaps be attributed to the presence of a loose bolt of joint. To ensure valid
comparison between the T-tails and an FE model, a modal assurance criteria (MAC) [33] is utilized, and
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(a) Positioning of Accelerometer 1 (b) Positioning of Accelerometer 2

Figure 1: Experimental setup of T-tail

Figure 2: T-tail schematic showing the node numbering.

mode shapes are also visualized in Figure 4 via plotting the experimental eigenvectors and computational
analysis in MSC.Nastran. A summary of the common vibrational modes is provided in Table 2.

Ttail Mode 1(Hz) Mode 2(Hz) Mode 3(Hz) Mode 4(Hz)
1 52.5 80.5 85.5 98
2 47 79.5 90.5 95
3 52.5 85.5 90.5 97
4 50 79.5 88.5 93.5
5 47 80 86 93.5
6 53 83.5 90 92

FE 50.07 75.7 101.2 110.15

Table 2: Common vibrational modes found in all six T-tails and the FE model

Since the goal of this study is to quantify the non-parametric effects, a measure of the parametric uncertainties
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(f) T6

Figure 3: Experimental FRFs of six T-tails for all 39 nodes. The black lines are the mean FRFs, and the red
crosses are the stable vibrational modes.

that exist within the T-tail is first estimated. A dimensional tolerance of 5mm along the wing span and chord,
and 5% standard deviation in Young’s modulus is assumed. These variabilities were suggested by University
of Sydney in-faculty aircraft technicians, who oversaw construction of each T-tail, and can arise primarily
due an even tension distribution along the aluminum skin when attached to the construction jig [11]. Using
repeated sampling of the above random parameters, a dispersion parameter ξ2k = 0.12 is obtained using
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(a) T1: single bending mode at 52.5Hz (b) T1: symmetric bending mode at 80.5Hz

(c) T4: single bending mode at 50Hz (d) T4: symmetric bending mode at 79.5Hz

(e) FE model: single bending mode at 50.07Hz (f) FE model: symmetric bending mode at 75.7Hz

Figure 4: Two consistent modes found between T1, T4, and the FE model

Eqn. (3). We now use this along with the baseline stiffness of the FE model to generate random samples
from the Wishart distribution in Eqn. (4). A total of 10,000 samples are taken in order to obtain a 95%
confidence interval (CI) for each mode, which is shown in Figure 5. Note that the intervals are plotted on
top of the experimental means to visualize the scatter in the physical systems. As expected, dispersion from
the parametric sources alone underestimate the width of the CIs for modes 1 and 2, displayed by the red and
blue regions respectively. It does however appear to cover the CIs for modes 3 and 4, however this is most
likely biased due to the low number of experimental samples. From an aeroelastic stability point of view, an
accurate understanding of how the first few modes shift due to uncertainty is vital.

USD – APPLICATIONS 4915



An ad-hoc increase of the dispersion parameter is undertaken to ensure sufficient coverage of the experi-
mental scatter. Figure 6 shows an adjusted CI plot where ξ2k = 0.155, resulting in a 29% increase on top of
the parametric effects alone. The CIs for modes 1 and 2 are now adequate to cover the range of samples.
Therefore, a simple quantification of non-parametric effects has been obtained, and provides motivation to
expose random matrix methods to more large scale UQ problems.

Figure 5: 95% CI of modes 1 to 4 symbolized by the shaded red, blue, green and cyan regions respectively.
The thick lines are the mean values, and the crosses are the individual T-tail modal frequencies.

Figure 6: 95% CI with 20% increased dispersion parameter
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4.2 MP Density Results

Another formulation covered in Section 2.2 was the limiting eigenvalue density called the Marchenko-Pastur
Density or MP density, which arises from RMT. Since a large amount of eigenvalues are required, the co-
herence in the experimental data makes the determination of a limiting eigenvalue density difficult to obtain.
As such, this study shall propagate the parametric uncertainty through the baseline FE model, and compare
results with the analytical MP Density. Figures 7 and 8 show the PDFs for the baseline system, the mean
stochastic FEM, and the MP density. Figure 7 is generated using all 730 eigenvalues, while Figure 8 uses
only 500. Similar to the conclusion made by Adhikari et al. [23], a lower amount of eigenvalues shows
greater discrepancy between the analytical MP density and the FE model. Interestingly, this discrepancy is
only significant in the low to medium frequency range, and the tails of the distributions match extremely
well. Increasing the number of eigenvalues improves the approximation, seen by the relative closeness of the
PDF peaks. Overall, this result supports literature findings that the MP density can accurately model large
random mechanical systems.
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Figure 7: PDFs of the baseline model, mean SFEM realization, and the MP density approximation generated
with 730 eigenvalues

5 Conclusion

This paper considers RMT as a possible means to quantify the experimental and model uncertainty for an
aircraft T-tail. Six nominally designed structures underwent hammer testing to retrieve their natural fre-
quencies. Parametric uncertainty in the length and width dimensions, and Young’s modulus of the T-tail
was propagated through a numerical FE model to obtain a normalized standard deviation of the stiffness
matrix, or dispersion parameter. A confidence interval was obtained for the previously determined modes.
It was found that the parametric variability alone did not account for the total uncertainty observed in the
experiments, and this was particularly the case for the first and second modes. Increasing the dispersion
parameter by 29% resulted in a widened interval which had adequate coverage over the experimental obser-
vations. Hence, we can provide a simple lower bound quantification of the unknown errors that permeated
the experiment. This study is clearly limited via the number of T-tails tested, however provides a basis for
UQ to be conducted on a much larger experimental scale. An additional aim of the paper was to evaluate the
suitability of the Marchenko-Pastur (MP) Density function to approximate the eigenvalue distribution of a
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Figure 8: PDFs of the baseline model, mean SFEM realization, and the MP density approximation generated
with 500 eigenvalues

linear perturbed T-tail model. Unfortunately due to limitations of the experiment, the physical T-tail results
were not considered, however the MP density proved an accurate model for the behaviour of the numerical
T-tail model when parametric uncertainty was applied.

Acknowledgements

The authors would like to thank Kim White for providing support with the FE model of the T-tail, and Gavin
Lackey for supervising the construction of the T-tails.

References

[1] M. Avramova and K. Ivanov, “Verification, validation and uncertainty quantification in multi-physics
modeling for nuclear reactor design and safety analysis,” Progress in Nuclear Energy, vol. 52, pp. 601–
614, sep 2010.

[2] Y. Qian, C. Jackson, F. Giorgi, B. Booth, Q. Duan, C. Forest, D. Higdon, Z. J. Hou, and G. Huerta, “Un-
certainty quantification in climate modeling and projection,” Bulletin of the American Meteorological
Society, vol. 97, pp. 821–824, may 2016.

[3] A. Cunha, J. Felix, and J. Balthazar, “Quantification of parametric uncertainties induced by irregular
soil loading in orchard tower sprayer nonlinear dynamics,” Journal of Sound and Vibration, vol. 408,
pp. 252–269, nov 2017.

[4] J. Kim, J.-C. Yoon, and B.-S. Kang, “Finite element analysis and modeling of structure with bolted
joints,” Applied Mathematical Modelling, vol. 31, pp. 895–911, may 2007.

[5] R. Beaulieu, Margin of safety definition and examples used in safety basis documents and the USQ
process. Nuclear Operations Directorate, 2013.

4918 PROCEEDINGS OF ISMA2018 AND USD2018



[6] C. L. Pettit, “Uncertainty quantification in aeroelasticity: Recent results and research challenges,” Jour-
nal of Aircraft, vol. 41, pp. 1217–1229, sep 2004.

[7] S. Adhikari, M. Friswell, K. Lonkar, and A. Sarkar, “Experimental case studies for uncertainty quantifi-
cation in structural dynamics,” Probabilistic Engineering Mechanics, vol. 24, pp. 473–492, oct 2009.

[8] V. Papadopoulos, Stochastic Finite Element Methods. Springer, 2017.

[9] G. Stefanou, “The stochastic finite element method: Past, present and future,” Computer Methods in
Applied Mechanics and Engineering, vol. 198, pp. 1031–1051, feb 2009.

[10] F. Yamazaki, A. Member, M. Shinozuka, and G. Dasgupta, “Neumann expansion for stochastic finite
element analysis,” Journal of Engineering Mechanics, vol. 114, pp. 1335–1354, aug 1988.

[11] P. Cheema, D. J. Munk, N. F. Giannelis, and G. A. Vio, “Experimental validation of polynomial chaos
theory on an aircraft t-tail,” in 18th AIAA Non-Deterministic Approaches Conference, American Insti-
tute of Aeronautics and Astronautics, jan 2016.

[12] A. Vishwanathan, P. Cheema, and G. Vio, “Multi-particle swarm optimization used to study material
degradation in aeroelastic composites including probabalistic uncertainties,” in 2017 IEEE Congress
on Evolutionary Computation (CEC), IEEE, jun 2017.

[13] C. Soize, “A nonparametric model of random uncertainties for reduced matrix models in structural
dynamics,” Probabilistic Engineering Mechanics, vol. 15, pp. 277–294, jul 2000.

[14] E. P. Wigner and P. A. M. Dirac, “On the statistical distribution of the widths and spacings of nuclear
resonance levels,” Mathematical Proceedings of the Cambridge Philosophical Society, vol. 47, p. 790,
oct 1951.

[15] C. Soize, “Maximum entropy approach for modeling random uncertainties in transient elastodynamics,”
The Journal of the Acoustical Society of America, vol. 109, pp. 1979–1996, may 2001.

[16] M. Arnst, D. Clouteau, H. Chebli, R. Othman, and G. Degrande, “A non-parametric probabilistic model
for ground-borne vibrations in buildings,” Probabilistic Engineering Mechanics, vol. 21, pp. 18–34, jan
2006.

[17] M. Mignolet and C. Soize, “Nonparametric stochastic modeling of linear systems with prescribed vari-
ance of several natural frequencies,” Probabilistic Engineering Mechanics, vol. 23, pp. 267–278, apr
2008.

[18] S. Adhikari, “Uncertainty propagation in linear systems: An exact solution using random matrix the-
ory,” in 48th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference,
American Institute of Aeronautics and Astronautics, apr 2007.

[19] S. Adhikari, “Generalized wishart distribution for probabilistic structural dynamics,” Computational
Mechanics, vol. 45, pp. 495–511, jan 2010.

[20] M. Biklaryan, M. A. Lotfollahi-Yaghin, M. H. Aminfar, and A. Mojtahedi, “Comparative study of
random matrices capability in uncertainty detection of piers dynamics,” Journal of the Persian Gulf
(Marine Science), vol. 5, 2014.

[21] A. Vishwanathan, D. Munk, and G. Vio, “Frequency response characteristics of 2d wings in uncertain
environments: A random matrix theory approach,” in 12th World Congress on Structural and Multidis-
ciplinary Optimization, 06 2017.
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Abstract 
A probabilistic approach is discussed for predicting rare, low-probability, catastrophic events associated 

with road vehicle dynamics. In particular, a Direct Integration method is compared with a Monte Carlo 

simulation for predicting road vehicle pitch displacements of sufficiently extreme magnitude to lead to non-

linear catastrophic events such as flip-over. A ‘Full-Car’ simulation model, with 7-degrees of freedom, is 

used to represent the vehicle dynamic behaviour. The model assumes a bi-linear damper at each of the four 

suspension struts, where each damper has uncertainty described by a single unknown random parameter 

value. The vehicle is simulated following a straight-line path along in a deterministic roadway with 

sinusoidal undulations. The proposed method provides a fast, scatter-free nonlinear uncertainty propagation 

method that will allow suspension parameter studies to achieve safer vehicle design and operation. 

1 Introduction 

A vehicle moving over non-smooth terrain has the potential to dynamically reach a large amplitude of 

motion that could subsequently lead to an unstable catastrophic event. An example of just such a catastrophic 

event is flip-over, where a large pitch displacement creates the conditions of significant lift resulting in 

uncontrollable flipping of the vehicle. Manufacturers are interested in simulation tools that can be used to 

minimize such risks by influencing the design process to achieve high levels of operational safety. 

Unfortunately, there have been several reported cases where catastrophic ‘take-off’ events have occurred as 

a consequence of intrinsic instabilities in the vehicle design [1-3] and most recently [4]. In a first study on 

the topic, Dominy et al. [1] undertook scaled-wind-tunnel tests with a typical LM-GTP car. They assessed 

the aerodynamic stability of a prototype car using design pitch and ground clearance conditions, and 

concluded that aerodynamic forces alone are unlikely to lead to dynamic instability. Similar findings have 

been independently arrived at by Katz [5], and Wright [2].  In considering the vehicle dynamic behaviour 

leading up to a catastrophe, the findings of [1][2] and [5], would suggest that there may be an unfavourable 

set of intrinsic suspension parameters that result from parameter variability in combination with the 

aerodynamic forces.  

When the suspension parameters are unknown but modelled as random, predicting the probabilities of 

occurrence of a defined highly non-linear catastrophic event, usually requires lengthy Monte Carlo (MC) 

simulations. MC simulation however is always prone to some statistical scatter. A practical method that 

provides estimates of low-probability events without statistical scatter would be useful, the purpose being, 

to provide fast prediction of vehicle behaviour to improve operational safety. The prospect of being able to 

make such probabilistic predictions analytically is virtually impossible for such a non-linear system. 

Predicting the vehicle behaviour with intrinsically random parameters has been already studied in [6] and 

[7]. These studies have shown that the process require very substantial computational power, making them 

prohibitively expensive. On the other hand, an efficient extreme-value based Direct Integration (DI) 

bounding method is available in [8], creating the possibility of low-probability scatter-free predictions 
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without the need of MC simulations. The Direct Integration bounding method [8] has been used to study the 

dynamics of linear structures with uncertain parameters providing very accurate results with minimum 

computational expense.  In this paper, an overview of a novel application of the statistical method [8] is 

given by using Extreme Value Theory to address a problem in vehicle dynamics. The objective is to 

demonstrate the computational accuracy and efficiency in predicting the cumulative distribution of an event 

that is associated with non-linear vehicle dynamics with randomly uncertain damping parameters, for a 

vehicle driven over a (deterministic) spatially-varying sinusoidal road surface. 

2 Predicting vehicle response with intrinsic random parameters in 
the suspension 

Consider a road vehicle in which there are N random physical parameters, e.g. stiffness and damping of the 

suspension sub-system, tyre temperature, weight of the car, etc. These N parameters can be represented by 

a vector: 𝐗 = [X1, X2, … XN]
T having an assumed joint probability density function f(X). This type of 

variability will create randomness within the entire vehicle response, meaning that variability in the 

suspension system can create a random motion event as a result of traversing a deterministic roadway.  

Focusing on the vehicle dynamics response, an extreme value distribution can be associated with the random 

response variable: 𝑀𝑁 = max{𝑌1, 𝑌2,… . , 𝑌𝑁} where 𝑌𝑖 are assumed to be independent and identically 

distributed variables. The variable 𝑌𝑖  represents the absolute magnitude for any dynamic response of 

interest, such as displacement, velocity, or spatially-averaged energy. The distribution of the maximum 

response 𝑀𝑁 (in N realizations) is given [9] as: 

 

Pr(MN ≤  Y) = FN(Y) = F(Y)
N (1)

 

The magnitude of the response associated with a set of N uncertain vehicle responses is defined in terms of 

the percentage quantile ZP associated with the distribution of MN i.e. Pr(MN ≤ Zp)  [9]. The bound ZP can 

be then be expressed as: 

FN(Zp) = p (2) 

where p is the probability of the distribution for the quantile Zp 

2.1 Response predictions assuming Log-normal vehicle body displacements 

For the choice of random parameters, in most cases it is not possible to analytically construct the distribution 

F(y) associated with a vehicle response. There is however good evidence to suggest that for high levels of 

randomness, the probability density function associated with the displacement, for example, is log-normal 

[10]. In fact, according to R. Langley et al. [10], there is good reason to assume that the distribution for any 

type of absolute magnitude of response is approximately lognormal, including displacement, velocity or 

energy.   

A lognormal variable can be defined by considering a continuous transformation to a standard normal 

variable U=(ln(Y)-µ)/σ [9], where  Y > 0, and where the parameters µ and σ are the mean and the standard 

deviation of ln(Y). From the moment function [9]: Variable Y under such a transformation has the following 

lognormal distribution with a 2-parameter density function: 

 

fY(Y) =
1

Yσ√2𝜋
e
−[ln(Y)−μ]2

2σ2  (3) 

and where 
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E(Yr) =  erμ+
1
2
r2σ2  (4) 

For the rth moment of Y, explicit expressions for the parameters µ and σ in (3) can be obtained in terms of 

the mean μy  and variance σy
2 of the lognormal variable Y as follows: 

μ = ln

(

 
 
 μy

√1 +
σy
2

μy
2

 

)

 
 
 

       (5) 

σ2 = ln (1 +
σy
2

μy
2)   (6) 

 

By making the lognormal assumption for the absolute response magnitudes of interest for each realised 

ground vehicle, a set of identical, independent random variables 𝑌𝑖  then exist, each with a lognormal density 

given by equation (3). 

There exist different routes to analytically calculate the mean and variance of the absolute magnitude for 

the vertical displacement of a ground vehicle with one or more random parameters. When these moments 

correspond to a lognormal variable, they can be associated with the moments μy  and variance σy
2 used in 

equations (5) and (6), to obtain the distribution parameters. This being a lognormal density function given 

by equation (3) which can then be used in equation (1) to construct the quantile  ZP satisfying equation (2) 

to provide a statistical bound of the magnitude of the response of the N independent random vehicles that 

forms the focus of the study. In this paper, we have chosen to calculate the mean μy  and the variance σy
2 via 

Direct Integration owing to its advantageous computational capabilities. 

To do this for any set of random uncertain parameters, the magnitude of the response y=g(X) is a function 

of the random parameter vector X. Therefore, there is no statistical scatter for the function g(X). If the pdf 

f(X) is known, the mean and variance can be obtained from: 

 

μy = E(y) = E(g(𝐗)) = ∫ …
∞

−∞

∫ g(𝐗)f(𝐗)d𝐗
∞

−∞

 (7) 

and 

σy
2 = E(g(𝐗)2) − E(g(𝐗))

2
  (8) 

noting that: 

E(g(𝐗)2) = ∫ …
∞

−∞

∫ g(𝐗)2f(𝐗)d𝐗
∞

−∞

 (9) 

Equations (10 to (9) will now be applied to data generated by a simulation model. In particular, the 

simulation model will be used to generate the deterministic function g(X) used in equations (7) to (9).  First 

the ‘Full Car’ vehicle dynamic simulation model will be described. 
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3 Full-Car model 

The model used for the simulations is a 7- degree of freedom system. A diagram representing the system is 

shown in Figure 1. The vehicle has 4 independent suspension sub-systems with tyre damping and stiffness 

taken into account. 

 

 

 

 

 

 

 

 

 

Figure 1. Full-Car model 

 

 

The equations of motion that describe the car dynamic displacements can be represented as follows: 

 

For the main body: 

𝑀𝑠�̈�𝐶 = (−𝐾𝑠𝑟𝑓 − 𝐾𝑠𝑙𝑓 − 𝐾𝑠𝑟𝑏 −𝐾𝑠𝑙𝑏)𝑍𝑐 

+ (−𝐶𝑠𝑟𝑓 − 𝐶𝑠𝑙𝑓 − 𝐶𝑠𝑟𝑏 − 𝐶𝑠𝑙𝑏)�̇�𝑐 

+(𝐾𝑠𝑟𝑓𝑎 + 𝐾𝑠𝑙𝑓𝑎 − 𝐾𝑠𝑟𝑏𝑏 − 𝐾𝑠𝑙𝑏𝑏)𝜃 

+ (𝐶𝑠𝑟𝑓𝑎 + 𝐶𝑠𝑙𝑓𝑎 − 𝐶𝑠𝑟𝑏𝑏 − 𝐶𝑠𝑙𝑏𝑏)θ̇ 

+(𝐾𝑠𝑟𝑓𝑐 − 𝐾𝑠𝑙𝑓𝑑 + 𝐾𝑠𝑟𝑏𝑐 − 𝐾𝑠𝑙𝑏𝑑)𝜙 

+ (𝐶𝑠𝑟𝑓𝑐 − 𝐶𝑠𝑙𝑓𝑑 + 𝐶𝑠𝑟𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑑)�̇� 

+𝐾𝑠𝑟𝑓𝑍𝑚𝑟𝑓 + 𝐾𝑠𝑙𝑓𝑍𝑚𝑙𝑓 + 𝐾𝑠𝑟𝑏𝑍𝑚𝑟𝑏 

−𝐾𝑠𝑙𝑏𝑍𝑚𝑙𝑏 + 𝐶𝑠𝑟𝑓�̇�𝑚𝑟𝑓 + 𝐶𝑠𝑙𝑓�̇�𝑚𝑙𝑓 

+𝐶𝑠𝑟𝑏�̇�𝑚𝑟𝑏 + 𝐶𝑠𝑙𝑏�̇�𝑚𝑙𝑏 (10) 
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For pitch motion: 

𝐼𝑦𝑦�̈�  = (𝐾𝑠𝑟𝑓𝑎 + 𝐾𝑠𝑙𝑓𝑎 − 𝐾𝑠𝑟𝑏𝑏 − 𝐾𝑠𝑙𝑏𝑏)𝑍𝑐 

+ (𝐶𝑠𝑟𝑓𝑎 + 𝐶𝑠𝑙𝑓𝑎 − 𝐶𝑠𝑟𝑏𝑏 − 𝐶𝑠𝑙𝑏𝑏)�̇�𝑐 

+(−𝐾𝑠𝑟𝑓𝑎
2 − 𝐾𝑠𝑙𝑓𝑎

2 − 𝐾𝑠𝑟𝑏𝑏
2 − 𝐾𝑠𝑙𝑏𝑏

2)𝜃 

+ (𝐶𝑠𝑟𝑓𝑎
2 − 𝐶𝑠𝑙𝑓𝑎

2 − 𝐶𝑠𝑟𝑏𝑏
2 − 𝐶𝑠𝑙𝑏𝑏

2)θ̇ 

+(−𝐾𝑠𝑟𝑓𝑎𝑐 + 𝐾𝑠𝑙𝑓𝑎𝑑 + 𝐾𝑠𝑟𝑏𝑏𝑐 + 𝐾𝑠𝑙𝑏𝑏𝑑)𝜙 

+ (−𝐶𝑠𝑟𝑓𝑎𝑐 + 𝐶𝑠𝑙𝑓𝑎𝑑 + 𝐶𝑠𝑟𝑏𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑏𝑑)�̇� 

−𝐾𝑠𝑟𝑓𝑎𝑍𝑚𝑟𝑓 − 𝐾𝑠𝑙𝑓𝑎𝑍𝑚𝑙𝑓 + 𝐾𝑠𝑟𝑏𝑏𝑍𝑚𝑟𝑏 

+𝐾𝑠𝑙𝑏𝑏𝑍𝑚𝑙𝑏 − 𝐶𝑠𝑟𝑓𝑎�̇�𝑚𝑟𝑓 − 𝐶𝑠𝑙𝑓𝑎�̇�𝑚𝑙𝑓 

+𝐶𝑠𝑟𝑏𝑏�̇�𝑚𝑟𝑏 + 𝐶𝑠𝑙𝑏𝑏�̇�𝑚𝑙𝑏 (11) 

 

For rolling motion: 

 

𝐼𝑥𝑥�̈�  = (𝐾𝑠𝑟𝑓𝑐 − 𝐾𝑠𝑙𝑓𝑑 + 𝐾𝑠𝑟𝑏𝑐 − 𝐾𝑠𝑙𝑏𝑑)𝑍𝑐 

+ (𝐶𝑠𝑟𝑓𝑐 − 𝐶𝑠𝑙𝑓𝑑 + 𝐶𝑠𝑟𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑑)�̇�𝑐 

+(−𝐾𝑠𝑟𝑓𝑎𝑐 + 𝐾𝑠𝑙𝑓𝑎𝑑 + 𝐾𝑠𝑟𝑏𝑏𝑐 − 𝐾𝑠𝑙𝑏𝑏𝑑)𝜃 

+ (𝐶𝑠𝑟𝑓𝑎𝑐 + 𝐶𝑠𝑙𝑓𝑎𝑑 + 𝐶𝑠𝑟𝑏𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑏𝑑)θ̇ 

+(−𝐾𝑠𝑟𝑓𝑐
2 − 𝐾𝑠𝑙𝑓𝑑

2 − 𝐾𝑠𝑟𝑏𝑐
2 − 𝐾𝑠𝑙𝑏𝑑

2)𝜙 

+ (−𝐶𝑠𝑟𝑓𝑐
2 − 𝐶𝑠𝑙𝑓𝑑

2 − 𝐶𝑠𝑟𝑏𝑐
2  − 𝐶𝑠𝑙𝑏𝑑

2)�̇� 

−𝐾𝑠𝑟𝑓𝑐𝑍𝑚𝑟𝑓 + 𝐾𝑠𝑙𝑓𝑑𝑍𝑚𝑙𝑓 − 𝐾𝑠𝑟𝑏𝑐𝑍𝑚𝑟𝑏 

+𝐾𝑠𝑙𝑏𝑏𝑑 − 𝐶𝑠𝑟𝑓𝑐�̇�𝑚𝑟𝑓 + 𝐶𝑠𝑙𝑓𝑑�̇�𝑚𝑙𝑓 

−𝐶𝑠𝑟𝑏𝑐�̇�𝑚𝑟𝑏 + 𝐶𝑠𝑙𝑏𝑑�̇�𝑚𝑙𝑏 (12) 

 

The suspension sub-system Front Right tyre can be expressed as: 

 

𝑀𝑡𝑟𝑓�̈�𝑚𝑡𝑓 = 𝐾𝑠𝑟𝑓(𝑍𝑐 − 𝑍𝑚𝑟𝑓 − 𝑎𝜃 − 𝑐𝜙) 

+𝐶𝑠𝑟𝑓(�̇�𝑐 − �̇�𝑚𝑟𝑓 − 𝑎�̇� − 𝑐�̇�) 

+𝐾𝑚𝑟𝑓(𝑍𝑟𝑓 − 𝑍𝑚𝑟𝑓 ) − 𝐶𝑡𝑟𝑓(�̇�𝑚𝑟𝑓 − �̇�𝑟𝑓) (13)  

 

 The suspension sub-system Front Left tyre can be expressed as: 

 

𝑀𝑡𝑙𝑓�̈�𝑚𝑙𝑓 = 𝐾𝑠𝑙𝑓(𝑍𝑐 − 𝑍𝑚𝑙𝑓 − 𝑎𝜃 + 𝑑𝜙) 

+𝐶𝑠𝑙𝑓(�̇�𝑐 − �̇�𝑚𝑙𝑓 − 𝑎�̇� + 𝑑�̇�) 

 +𝐾𝑚𝑙𝑓(𝑍𝑙𝑓 − 𝑍𝑚𝑙𝑓 ) − 𝐶𝑡𝑙𝑓(�̇�𝑚𝑙𝑓 − �̇�𝑙𝑓) (14)  
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The suspension sub-system of the Rear Right tire: 

 

𝑀𝑡𝑟𝑏�̈�𝑚𝑟𝑏 = 𝐾𝑠𝑟𝑏(𝑍𝑐 − 𝑍𝑚𝑟𝑏 + 𝑏𝜃 − 𝑐𝜙) 

+𝐶𝑠𝑟𝑏(�̇�𝑐 − �̇�𝑚𝑟𝑏 + 𝑏�̇� − 𝑐�̇�) 

+𝐾𝑚𝑟𝑏(𝑍𝑟𝑏 − 𝑍𝑚𝑟𝑏 ) − 𝐶𝑡𝑟𝑏(�̇�𝑚𝑟𝑏 − �̇�𝑟𝑏) (15)  

 

The suspension sub-system of the Rear Left tire: 

 

𝑀𝑡𝑙𝑏�̈�𝑚𝑙𝑏 = 𝐾𝑠𝑙𝑏(𝑍𝑐 − 𝑍𝑚𝑙𝑏 + 𝑏𝜃 + 𝑑𝜙) 

+𝐶𝑠𝑙𝑏(�̇�𝑐 − �̇�𝑚𝑙𝑏 + 𝑏�̇� + 𝑑�̇�) 

+𝐾𝑚𝑙𝑏(𝑍𝑙𝑏 − 𝑍𝑚𝑙𝑏 ) − 𝐶𝑡𝑙𝑏(�̇�𝑚𝑙𝑏 − �̇�𝑙𝑏) (16)  

 

where the relevant distances from Centre of Gravity (CG) are represented in equations (10) – (16) as follows: 

a is the distance from CG to front wheel, b is the distance from CG to the rear wheel, c is the distance from 

CG to right wheel, d is the distance from CG to left wheel. For the parameters in the suspension:  Cslf is the 

damping coefficient of the front-left damper, Cslb is the damping coefficient of the rear-left damper, Csrf is 

the damping coefficient of front-right damper, Csrb is the damping coefficient of back-right damper, , Kslf 

is the spring stiffness of front-left suspension, Kslb is the spring stiffness of the back-left suspension, Ksrf 

is the spring stiffness of the front-right suspension, Ksrb is the spring stiffness of back-right suspension, 

Kmlf is the spring stiffness of front-left tire, Kmlb is the spring stiffness of back-left tire, Kmrf is the spring 

stiffness of front-right tire, Kmrb is the spring stiffness of back-right tire, Mmlf is the mass of front-left 

wheel, Mmlb is the mass of back-left wheel, Mmrf is the mass of front-right wheel, Mmrb is the mass of 

back-right wheel, Zmlf is the displacement of the front-left wheel, Zmlb is the displacement of the back-left 

wheel, Zmrf is the displacement of front right wheel, Zmrb is the displacement of the back-right wheel. The 

moments of the body are:Ixx is the moment of inertia about X-X axis, Iyy is the moment of inertia about Y-

Y axis. MS is the mass of vehicle, Zc is the displacement of centre of the vehicle body. The road inputs are 

described as: Zlf road input to the front-left wheel, Zlb is the road input to the back-left wheel, Zrf is the 

road input to front-right wheel, and Zrb is the road input to back-right wheel. 

An appropriate set of deterministic suspension parameters are selected for the vehicle dynamic motion 

equations presented in equations (10)-(16), except the damping values. These damping parameters are 

adapted from a passive non-linear damper, taking into account that the compression (‘bump’) and rebound 

coefficients for a typical passive shock absorber are (by design) different, depending on the direction of 

travel i.e. whether ‘bump’ or ‘rebound’. A set was chosen of uniformly distributed random bi-linear damping 

parameter values. Figure 2 shows the damper characteristic resulting from an example of 50 different 

parameter values being used to define a bi-linear shock-absorber depending on the cycle position. Additional 

complexity such as variability of the shock absorber resulting from frequency and temperature dependence, 

has not be considered in this paper. 
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Figure 2. The first 50 simulations for random bi-lineal damper parameters 

The road surface elevation in equations (10)–(16) is assumed to be a sinusoidal function of fixed amplitude 

and wavelength. This assumption is without loss of generality because any deterministic description of the 

road surface could be used to examine the uncertainty propagation. To obtain the function g(X) for use in 

equations (7) - (9), the system of equations (10) - (16) need to be integrated numerically to obtain the entire 

response. The Matlab Runge Kutta function ODE45 [11] has been used to do this. In the particular, for 

application of the Direct Integration method considered in this paper, the computed deterministic function 

g(X) is 4-dimensional.  

4 Monte Carlo simulation and use of the Direct Integration Method 

4.1 Monte Carlo Simulation 

The Monte Carlo simulation is chosen to be run as a representative description of the vehicle dynamics. 

Owing to its practical feasibility and reliability, the chosen Monte Carlo simulation method is based on Latin 

Hypercube Sampling (LHS) [12] stemming from the multidimensional nature of the problem which involves 

optimizing the choice of random values for the 4 different parameters. 

The simulation was repeated 10000 times for vehicle response of 30 seconds and in each one, a different 

random value for the rebound of the suspension damper was chosen. The maximum vertical displacement 

of the front of the car was then recorded. This is chosen because the angle of attack and ground clearance 

are considered the main factors that create the conditions for the aerodynamic forces to cause vehicle lift-

off. Figure 3 shows a histogram of the simulation results. 

4.2 Direct integration Method 

With the bi-linear damping model chosen to simulate the random variations, i.e. selected for just one of the 

damping coefficients (in each of the 4 dampers), this combination of parameters creates a 4-dimensional 

scatter-free response function g(X) for use in equations (7) and (9), which in turn can be used in equation 

(3) to obtain the required density function. 
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The probabilistic density function (pdf) of a uniform distributed set of variables is [9]: 

𝑓(𝑋𝑖) =
1

2𝑢
 (17) 

where 𝑢 = √3 𝜎𝑥, and 𝜎𝑥 is the variance of the variable 𝑋𝑖. This probability density function is applied to 

every dimension of g(X). Direct Integration uses a variant of the standard trapezoidal rule using equi-spaced 

intervals of the variate in each of the discrete set of the 4 random damping parameters. In general, the 

computational demand in conventional multidimensional integration increases with the power of the number 

of dimensions. Some computational efficiency improvement can be found using quadrature techniques, or 

Monte Carlo Integration methods but are not within scope here. 

5 Results and Discussion 

The Monte Carlo simulation was repeated 10000 times. A histogram showing the results of the maximum 

height for the front part of the vehicle is given in Figure 3. These results were obtained by applying the LHS 

method in the Monte Carlo Simulation.  

 

Figure 3. Histogram of 10000 repetitions of the Monte Carlo simulation 

The Cumulative Distribution function can be calculated to obtain the Extreme Value response since it can 

be used to make predictions of the probability of a particular catastrophic event associated with a highly 

non-linear response such as a vehicle reaching a certain pitch height. A comparison is made between the 

Direct Integration method used in the adapted Extreme Value approach, and the Monte Carlo Simulation. 

Figure 4 shows the estimated Cumulative Distribution function for the Extreme Value responses comparing 

Direction Integration and Monte Carlo Simulation. This shows very good agreement between the 
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approaches but the important issue is the computational effort needed to achieve similar accuracy

 

Figure 4. CDF comparative of Monte Carlo Simulation and the Direct Integration Method 

To have the similar level of agreement shown in figure 4, the Direct integration method took 6 hrs 32 min, 

compared with Monte Carlo simulation which took 73 hrs and 3 minutes. The Direct integrations and the 

Monte Carlo simulations were run on an Intel Core i7 -6500U CPU PC at 2.50GHz. 

The main benefits of the DI method are its simplicity and its computational efficiency. However, other 

integrations methods could produce better results when a higher number of dimensions is assessed. Monte 

Carlos simulations have been widely used for their accuracy. Yet, the computational power needed to run 

these simulations with an adequate sample size for a correct assessment is too high when the number of 

dimensions increase.  

This paper, has not included within the full car model aerodynamic effects such as drag, lift, or ground 

effects that can have an important impact on vehicle stability.  Results, similar to Figure 4, should actually 

be used to include angle-of-attack versus lift coefficients for specific cars. This is generally different for 

different car designs which have different lift coefficients as functions of angle of attack. These forces as 

reported in [1] - [5] can have of a high impact on vehicle behavior. It might also be possible to associate 

such probabilistic predictions with the particular stability of a car, such as reported in [5], i.e. to explain 

events that have occurred, such as at German Nürburgring event in May 2015 [3], or the Le Mans race 

meeting event in 2000 [2], or even the more recent SPA event in May 2018 [4]. 

A fast calculation method to predict the probability of such events could also be valuable for operation of 

autonomous vehicles when Level-5 autonomy [13] is reached, where a vehicle should be able to perform all 

critical driving functions, for all road conditions, totally autonomously (without any driver intervention). 

6 Conclusions 

A fast computational method using extreme value based uncertainty propagation has been adapted to provide 

the probabilistic information needed to predict rare catastrophically unstable vehicle dynamic events. The 

dynamics of the vehicle involve a nonlinear suspension system with random parameters. The adapted 

extreme value based method involves efficient multi-dimensional integration where the number of 

dimensions depends on the number of random variables chosen. Direct Integration has been compared with 

Monte Carlo simulation addressing a problem with 4 random parameters. The paper shows that 4-

dimensional Direct Integration produces results of similar accuracy to the Monte Carlo simulation but, that 
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Direct Integration is an order of magnitude faster producing scatter-free results of similar accuracy. For 

problems involving substantially more than 4 random parameters, other integration techniques, such as 

Monte Carlo Integration, could however prove more appropriate than Direct Integration. 
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Abstract
The growing recognition of railway induced vibration as an environmental issue increases the need for nu-
merical prediction models. The development of these models is challenging, since they require substantial
information on the model parameters of the track, soil and receiver. The soil, in particular, constitutes a
significant source of uncertainty, while it has a dominant role in the prediction of ground-borne vibration.
Therefore, this paper examines the sensitivity of railway induced vibration predictions to uncertain subsoil
conditions. Based on the results of a measurement campaign conducted at a site in Belgium, models of the
track, soil and building are developed. The measured and predicted response of the track, free field and
building are compared and the influence of uncertain dynamic soil properties on the predicted response is
investigated. It is found that this uncertainty has a large influence on the track-free field and track-building
transfer functions, as well as on the free field and building response during train passages.

1 Introduction

The close proximity of existing and proposed railway tracks to residential areas results in public concern
regarding noise and vibration produced by railway traffic. Railway induced vibration propagates through the
soil and excites the foundations of nearby buildings. In the frequency range between 1 and 80 Hz, vibrations
may cause disturbance of sensitive equipment and annoyance to people. At frequencies between 16 and
250 Hz, ground-borne vibration can cause re-radiated or structure-borne noise by vibrating walls and floors.

The growing recognition of railway induced vibration as an environmental issue has led to the development
of numerical models for the prediction of the induced incident wave field as well as the structural response.
However, given the complexity and the inherent uncertainty of the subproblems involved, in combination
with the extended frequency range of interest, the accurate prediction of the response to railway induced
vibration is challenging. Numerical models require substantial information on the model parameters of the
track, the soil and the receiver, which requires extensive experimental investigation. Therefore, non-intrusive
experimental methods have been developed to identify the track stiffness, the properties of shallow soil layers
and the modal characteristics of structures, which can be utilized to calibrate numerical models.

The soil, in particular, constitutes a significant source of uncertainty in the numerical models, while it has
a dominant role on the structural response to ground-borne vibration. Therefore, this paper examines the
influence of uncertain subsoil conditions on the prediction of railway induced vibration. A measurement
campaign was conducted at a site in Belgium where a railway track passes through a residential and office
area. Measurements were taken on the track, in the free field and in a nearby office building during train
passages. The dynamic properties of the track and subsoil at the site and the modal characteristics of the
building were identified experimentally to facilitate numerical modeling. The measured and predicted re-
sponse of the track, the free field and the building are compared and the influence of uncertain dynamic soil
properties on the predicted response is discussed.
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2 Description of measurement site

The measurement site located in Heverlee (Belgium) is shown in figure 1(a). The railway line L1390 between
Leuven and Ottignies consists of two ballasted tracks on an embankment and is operated by passenger and
freight trains. At 33 m from the track, the Blok D building of the administrative complex of KU Leuven
is situated. This three-story building houses part of the administrative services of KU Leuven and provides
temporary office space. Figure 1(b) shows a plan view of the floors. The foundation consists of individual
footings and strip foundations. The Blok D building is part of a wider office building complex; the basement
and the ground floor are interconnected with adjacent buildings by means of external walkways.

(a)

SCPT

MASW1

MASW2

MASW3

(b)

Figure 1: (a) Overview of the site in Heverlee and (b) plan view of the floors of the Blok D building. Receiver
locations within the building Vk and Tk.

The dynamic response of the track, free field and building was measured during the passage of a high number
of passenger and freight trains. The building response was measured at the basement, the ground floor, the
first floor and the second floor at the receiver points Tk and Vk (k = 0, .., 3) (figure 1(b)). Free field vibration
measurements were performed between the building and the railway track in 9 points (figure 1(a)). The three
measurement points of line 1 are located at one meter from the foot of the embankment. The response in
these points was measured in the x- and z-directions. On line 2, situated between the track and the building
at 21 m from the embankment, the response was measured in the vertical direction only. On line 3, at one
meter from the building, the response was measured in the x-, y- and z-directions. Measurement line B
corresponds to the center of the building, lines A and C are located at 12 m from line B. Also, the vertical
vibration velocity of ten adjacent sleepers centered around line B was monitored. By means of hammer
impacts on these ten sleepers, sleeper receptance functions were identified. Also, transfer functions were
obtained between a force on the sleepers located at lines A, B and C and the velocity in the free field and
building receiver points.

Figure 2 shows the modeled cross section of the site, corresponding to line B. Although the cross sectional
geometry is slightly different at lines A and C, the same cross section is assumed at the three measurement
lines. Near the building, the soil is 1.85 m lower than at the foot of the embankment. The soil properties
were determined by means of two multichannel analysis of surface waves tests [1, 2] (MASW1 and MASW2
in figure 1(a)) and one seismic cone penetration test (SCPT). At the location of MASW1 and MASW2, the
soil surface is 1.85 m below the foot of the embankment (figure 2). Therefore, the results of these tests were
used to determine the soil properties below this point. The SCPT was performed starting at z=0.85 m, one
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meter higher than the MASW tests. The estimation of the soil properties between z=0.85 m and 1.85 m is
only based on the SCPT results. To investigate the soil properties of the top 0.85 m, a third MASW test
(MASW3 in figure 1) was performed between the track and the road. Due to the close proximity of the track,
the results of this test did not allow to determine the properties of this part of the soil.

2 m 15 m 2 m 15 m 5 m 5 m 6 m 1 m

1.90 m
0.85 m

1.00 m
1.40 m

SCPT

MASW
z

B1
B2 B3

Figure 2: Cross section along measurement line B, with location of SCPT and MASW tests.

The modal characterstics of the building were identified experimentally. Ambient excitation data collected
by fifteen wireless tri-axial accelerometers (GeoSIG units) placed on each floor, including the basement and
the roof of the building, were processed in MACEC toolbox for MATLAB [3] to identify three global modes
of the building; two lateral and one torsional. An additional modal test using combined ambient and forced
vibration data was performed to identify the vertical modes of the building. Fifteen GeoSIG units and seven
uniaxial accelerometers spread across the floors of the building were used. The forced vibration data were
obtained by means of impact hammer excitation at the top two floors of the building. These data were also
processed in MACEC resulting in eight identified vertical modes of the floors.

3 Numerical model

In order to predict free field and building vibrations during train passages, as well as to evaluate the effect of
the uncertainty on the dynamic soil properties on the predicted results, a numerical model of the track, soil
and building is developed. The measured track receptance functions, transfer functions between the track and
the free field and the modal characteristics of the building are used to calibrate the track, soil and building
models, respectively.

3.1 Soil model

The soil is modeled by a number of horizontal layers on top of a halfspace. The soil profile at Heverlee was
determined using a Bayesian inversion procedure [4] that allows to combine data from different in situ tests.
This procedure takes into account the uncertainties on the measurements and the horizontally layered soil
model by means of likelihood functions. This probabilistic approach for the determination of the dynamic
soil characteristics results in a MAP (Maximum A Posteriori Probability) profile, that can be considered as
the soil profile that maximizes the posterior PDF of the soil parameters. This MAP profile is presented in
table 1 and used to tune the track model. The top of the soil profile corresponds to the foot of the embankment
in figure 2. The dynamic properties of the first soil layer are unknown.

The applied soil characterization method also results in an ensemble of soil profiles that are representative
for the region of soil properties with high likelihood. These profiles are consistent with the measurement data
and taking into account the measurement and model uncertainty, each of these profiles could be closer to the
actual soil profile at the site than the MAP profile. These soil profiles are used in section 4 to investigate
the effect of the uncertainty on the dynamic soil properties on the prediction of railway induced vibration.
Figure 3 shows the soil properties of the MAP profile and the ensemble of 20 soil profiles. The largest
variability on these 21 soil profiles is observed for the top layer and below 15 m. For the top soil layer, only
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Layer h Cs Cp βs βp ρ
[m] [m/s] [m/s] [-] [-] [kg/m3]

1 0.85 - - - - -
2 1.0 141 282 0.044 0.044 1800
3 2.4 198 290 0.044 0.044 1800
4 4.2 168 368 0.021 0.021 1800
5 1.5 198 1835 0.029 0.029 1800
6 1.5 220 1835 0.043 0.043 1800
7 3.8 238 1835 0.055 0.055 1800
8 3.1 131 1835 0.062 0.062 1800
9 ∞ 317 1835 0.088 0.088 1800

Table 1: Dynamic soil characteristics in Heverlee (Belgium).

data from the SCPT are available, which makes it more difficult to accurately determine its properties. The
SCPT was performed up to a depth of 15 m, so below this point only information from the MASW can be
used. In this test, however, the waves in the soil only propagate below 15 m for low frequencies, so it is not
possible to accurately determine the soil properties at this depth based on the MASW. The properties of the
first 0.85 m are unknown.

3.2 Source model: ballasted track

The tracks consist of UIC60 rails with mass per unit length ρA = 60.2 kg/m and bending stiffness EI = 6.45
Nm2, supported by resilient studded rubber rail pads connected to prestressed concrete monoblock sleepers.
The rail pads are medium stiff, stiffness and damping properties of 150 × 106 N/m and 13.5 × 103 N/(m/s)
are assumed. The sleepers have mass 300 kg and mass moment of inertia 157.3 kgm2 and are 2.50 m long
and 0.235 m wide with spacing L = 0.60 m. The sleepers are supported by a 0.40 m high porphyry ballast
layer, for which a density ρ = 1800 kg/m3, Poisson coefficient ν = 0.33 and damping β = 0.025 are assumed.
The track is located on top of a 1.90 m high embankment. The soil characteristics are known from the second
layer onward (below z=0.85 m). The dynamic properties of the ballast layer, the embankment and the first
soil layer (above z =0.85 m) are unknown. Only the track closest to the building is taken into account.

To simulate the passage of a train on the track in Heverlee and to compute the resulting free field and
building vibration, a numerical track model is developed. According to the findings in [5], a periodic track
model is used to compute the track receptance and train-track interaction forces, while a 2.5D model is used
to compute the propagation of vibration to the free field and the building. In the periodic track model, the
embankment is modeled as an additional soil layer with the same properties. The inclination of the soil is
neglected. The geometry of the 2.5D model corresponds to the cross section shown in figure 2, where the soil
above z=1.85 m is modeled with finite elements and below this point by boundary elements. The presence
of the building is disregarded.

The dynamic properties of the ballast layer, the embankment and the first soil layer, as well as the size
of the sleeper-ballast contact area, are tuned based on the results of the measurements. Two contact areas
with length lc between the sleeper and the ballast located under the two rails are assumed. The tuning is
performed based on a forward parametric study. The shear wave velocity Cs of the ballast and the size of
the sleeper-ballast contact area are determined based on the measured sleeper receptance, using the periodic
track model. The dynamic properties of the embankment and first soil layer are tuned based on the measured
transfer functions between the track and the free field receiver points on the first measurement line, using the
2.5D model. For the length of the sleeper-ballast contact area, lc = 0.30 m was found. The tuned values of
the ballast, embankment and first soil layer are summarized in table 2.
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141.1 m/s 197.7 m/s 167.5 m/s 198.4 m/s 219.5 m/s 238.3 m/s 131.2 m/s 316.7 m/s

106.8 m/s 197.4 m/s 168.1 m/s 205.6 m/s 225.5 m/s 222.2 m/s 174.2 m/s 278.1 m/s

148.8 m/s 199.5 m/s 168.1 m/s 210.5 m/s 237.9 m/s 169.3 m/s 122.5 m/s 327.5 m/s

181.5 m/s 202.4 m/s 170.8 m/s 207.7 m/s 230.7 m/s 86.0 m/s 281.4 m/s 333.9 m/s

168.3 m/s 199.5 m/s 169.2 m/s 220.3 m/s 230.9 m/s 163.5 m/s 181.6 m/s 283.8 m/s

169.8 m/s 197.8 m/s 167.6 m/s 222.1 m/s 254.0 m/s 79.5 m/s 316.8 m/s 310.8 m/s

194.3 m/s 201.9 m/s 170.3 m/s 210.7 m/s 245.9 m/s 207.8 m/s 112.1 m/s 305.0 m/s

307.2 m/s 206.4 m/s 170.6 m/s 204.4 m/s 250.1 m/s 163.3 m/s 249.7 m/s 332.8 m/s

151.8 m/s 204.2 m/s 170.4 m/s 211.7 m/s 255.8 m/s 163.9 m/s 349.0 m/s 286.4 m/s

126.6 m/s 191.6 m/s 164.5 m/s 211.7 m/s 233.4 m/s 93.5 m/s 246.8 m/s 263.1 m/s

217.8 m/s 199.7 m/s 168.8 m/s 214.4 m/s 227.7 m/s 92.5 m/s 263.8 m/s 238.4 m/s

176.0 m/s 194.7 m/s 165.3 m/s 222.3 m/s 242.4 m/s 222.8 m/s 123.6 m/s 323.1 m/s

160.4 m/s 196.0 m/s 164.9 m/s 221.9 m/s 246.0 m/s 96.5 m/s 33.1 m/s 341.7 m/s

280.7 m/s 205.0 m/s 169.2 m/s 200.1 m/s 243.7 m/s 236.2 m/s 146.8 m/s 397.6 m/s

241.8 m/s 196.5 m/s 168.4 m/s 212.9 m/s 228.6 m/s 137.7 m/s 347.4 m/s 461.1 m/s

116.6 m/s 201.9 m/s 171.5 m/s 216.9 m/s 238.8 m/s 227.8 m/s 200.3 m/s 247.5 m/s

126.2 m/s 200.4 m/s 168.5 m/s 212.3 m/s 245.9 m/s 142.3 m/s 293.6 m/s 296.4 m/s

283.6 m/s 201.3 m/s 170.2 m/s 189.4 m/s 236.8 m/s 245.3 m/s 123.3 m/s 477.5 m/s

148.4 m/s 197.3 m/s 166.5 m/s 190.8 m/s 251.6 m/s 231.0 m/s 198.9 m/s 259.7 m/s

116.3 m/s 193.0 m/s 167.0 m/s 193.2 m/s 219.5 m/s 217.3 m/s 180.8 m/s 293.4 m/s

125.7 m/s 196.9 m/s 164.8 m/s 204.0 m/s 233.6 m/s 120.6 m/s 256.2 m/s 295.1 m/s

MAP

Profile 1

Profile 2

Profile 3

Profile 4

Profile 5

Profile 6

Profile 7

Profile 8

Profile 9

Profile 10

Profile 11

Profile 12

Profile 13

Profile 14

Profile 15

Profile 16

Profile 17

Profile 18

Profile 19

Profile 20

0 m 5 m 10 m 15 m 20 m 25 m

Figure 3: Dynamic soil properties of the MAP profile and an ensemble of 20 profiles representative for the
region of soil properties with high likelihood.
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h Cs Cp βs βp ρ
[m] [m/s] [m/s] [-] [-] [kg/m3]

Ballast 0.40 120 240 0.025 0.025 1800
Embankment 1.90 130 260 0.044 0.044 1800
Soil layer 1 0.85 141 282 0.044 0.044 1800

Table 2: Dynamic characteristics of the ballast, embankment and first soil layer.

Figure 4 shows the modulus of the measured sleeper receptance functions of the ten instrumented sleepers, as
well as the computed track receptance function. The difference between the ten measured sleeper receptance
functions is large. This is mainly due to the different support conditions of these sleepers: some are only
supported by ballast on a small area underneath the rails, while others are supported by a larger ballast area.
The computed receptance function after tuning lies within the ten measured functions.

0 20 40 60 80
10

−7

10
−6

10
−5

10
−4

Frequency [Hz]

R
ec

ep
ta

nc
e 

[m
/N

/H
z]

Figure 4: Modulus of measured (grey lines) and computed sleeper receptance after tuning (black line).

Figure 5 shows the modulus of the measured and computed track-free field mobility between the sleeper
and the first and third measurement lines after tuning. The measured transfer functions correspond to the
vertical free field velocity in a receiver point due to a vertical impulse load on the sleeper located at the same
measurement line A, B or C. At line 1, the measured mobility shows a peak around 35 Hz. This peak is also
present in the computed transfer function, although the mobility is slightly overestimated. Between 10 Hz
and 20 Hz, the computed transfer function underestimates the vibration but in general, the computed transfer
function agrees very well with the measurements. Also at line 3, a good agreement with the measurements
is obtained, although the response is underestimated by the model between 20 Hz and 50 Hz.
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Figure 5: Modulus of the computed (black line) and measured (grey lines) transfer functions at lines A, B
and C between a vertical force on the sleeper and the vertical velocity at the (a) line 1 (b) line 3.
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3.3 Receiver model: Blok D building

Figure 6 shows the FE-BE model of the Blok D building. The model is based on the available structural and
architectural drawings and on site inspections of the building. The finite element model is developed using
the finite element software SAP2000 [6]. The walls, floors, footings and strip foundations are modeled with
four-node shell elements and the beams and columns are modeled with two-node frame elements (figure
6a). The foundation of the Blok D building is modeled with boundary elements (figure 6b) disregarding
the shallow embedment of the building in the surrounding soil. The MATLAB boundary element toolbox
BEMFUN [7] is used to compute the dynamic stiffness of the surface foundation and the equivalent forces at
the foundation due to incident wave fields. The boundary element mesh is conforming to the finite element
mesh in order to facilitate the finite element-boundary element coupling (figure 6). The boundary element
model is developed using the identified soil properties (section 3.1) after modification to account for the
increased stress state underneath the building. A maximum finite element and boundary element size le =
0.60m is chosen corresponding to 6 linear boundary elements per shear wave length at a frequency of 80Hz
for the mean soil properties used to compute the dynamic stiffness of the surface foundation.

(a) (b)

Figure 6: FE-BE model of the Blok D building. (a) FE mesh of the superstructure and (b) BE mesh of the
surface foundation. The colors correspond to concrete (grey), masonry (red) and plasterboard walls (blue).
The individual foundation footings and the strip foundations are shown in dark grey.

The non-structural elements can have a significant effect on the structural response and are, therefore, in-
cluded as well in the finite element model of the building. Non-structural elements such as floor coverings
and masonry infill walls contribute significantly to the mass and the stiffness of the building. In addition,
lightweight elements with low stiffness such as plasterboard and plywood infill/partitioning walls are equally
important. These walls introduce a weak coupling between degrees of freedom of successive floors which
collectively can affect the vertical response of the floors. Hysteretic damping is assumed in the building with
a hysteretic damping ratio η = 0.03.

The FE-BE model is calibrated using the experimentally identified modal characteristics. Table 3 summarizes
the identified modal characteristics of the Blok D building. Dynamic SSI is a source of non-proportional
damping leading to rather high modal damping ratios ξexp and low modal phase collinearity (MPC) values
for almost all the identified modes. The MPC is a metric to quantify the coherence of a mode shape. A low
MPC value can indicate a poorly or badly identified mode shape or, as in this case, it is the physical outcome
of a non-proportionally damped system.

The stiffness and mass properties of the structural and non-structural elements of the building model are used
as updating parameters to reduce the discrepancy between identified and predicted modal characteristics. The
modal characteristics of the undamped coupled FE-BE model are computed using the static stiffness of the
soil. Figures 7 and 8 show the predicted and identified global and vertical modes of the Blok D building.
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Mode
ϕexp f exp

r ξexp MPC
Description

(Figure) [Hz] [−] [−]

1 7a.1 3.37 0.032 0.91 Lateral y
2 7a.2 3.80 0.062 0.73 Lateral x
3 7a.3 5.12 0.023 0.90 Torsional
4 8a 9.14 0.032 0.94

Vertical

5 8b 10.70 0.013 0.79
6 8c 11.18 0.027 0.93
7 8d 12.57 0.029 0.78
8 8e 15.59 0.043 0.80
9 8f 15.98 0.020 0.76

10 8g 16.43 0.040 0.87
11 8h 20.14 0.027 0.72

Table 3: Experimentally identified modal characteristics of the Blok D building.

(a.1) (a.2) (a.3)

(b.1) (b.2) (b.3)

Figure 7: (a) Predicted mode shapes ϕj and (b) experimentally identified mode shapes ϕexp
j of the Blok D

building: (1) First lateral (y-direction) mode shape, (2) second lateral (x-direction) mode shape and (3) first
torsional mode shape. The actually observed locations are marked with a red rectangle, the mode shapes
ϕexp were extrapolated to unobserved locations assuming rigid body kinematics.

Figure 8 shows the experimentally identified and the predicted vertical mode shapes of the calibrated FE-
BE model. Figure 9 shows the relative eigenfrequency errors ∆frj and the corresponding MAC values
between the identified and the predicted modes for the updated FE-BE model. The agreement between
the identified and predicted global modes of the building is rather good. However, the updated FE-BE
model underestimates the eigenfrequencies of most of the vertical modes. This could be due to modeling
simplifications of the foundation or due to the possibly anistropic nature of the soil, behaving stiffer in the
vertical than in the lateral direction.
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Figure 8: Identified vertical mode shapes ϕexp (dashed-dotted lines) and predicted vertical mode shapes ϕ
(solid lines) of the calibrated FE-BE model (solid lines) along the main corridor of the Blok D building. The
actually observed locations of the identified ϕexp are marked with a red rectangle.
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Figure 9: (a) Relative eigenfrequency error ∆frj and (b) MAC values between the experimentally identified
and the numerically predicted modes.

4 Effect of uncertainty on dynamic soil properties

4.1 Track receptance

The influence of the uncertainty on the dynamic soil properties on the track receptance is investigated in
figure 10. The average receptance function shown in this figure is defined as the average receptance at
each frequency for the computed sleeper receptances obtained with the 20 profiles from the ensemble. It
is observed that the average receptance and the 5 % and 95 % quantiles are very close. Therefore, the
uncertainty on the dynamic soil properties has only a very small influence on the track receptance.

4.2 Track-free field mobility

Figure 11 shows the influence of the uncertainty on the dynamic soil properties on the transfer functions
between the vertical sleeper force and the free field response at the first and third measurement lines. The
region between the 5 % and 95 % quantiles is large above 10 Hz, even up to 20 dB for line 3. The measured
transfer functions lie almost entirely between the 5 % and 95 % quantiles. The influence of the uncertainty
on the dynamic soil parameters on the prediction of the track-free field transfer function is very large, both
at short and large distances from the track. The result obtained with the MAP profile is close to the aver-
age result obtained with the ensemble of 20 profiles, at both lines 1 and 3. The MAP profile is therefore
representative of the average expected soil characteristics in Heverlee.

The largest difference between the 21 soil profiles in figure 3 is found between z=0.85 m and 1.85 m, where
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Figure 10: Modulus of the average (solid back line) and 5 % and 95 % quantile (dashed black lines) of the
sleeper receptance computed with the ensemble of 20 profiles, compared to the measured sleeper receptance
(grey lines).
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Figure 11: Modulus of the predicted transfer function between a vertical force on the sleeper and the vertical
velocity at the (a) first and (b) third measurement line using the MAP profile (solid black line) and average
(dashed back line) and 5 % and 95 % quantile (dotted black lines) of the transfer functions computed with
the ensemble of 20 profiles. Comparison to the measured transfer functions (grey lines) at lines A, B and C.

the dynamic soil characteristics could not be determined using the MASW test results and are therefore only
based on the SCPT, which leads to a larger uncertainty. Since the properties of this soil layer are also used
for the first 0.85 m of soil in the track model discussed in section 3.2, they are of high importance for the
prediction of the free field vibration. The influence of the properties of this soil layer on the vibration transfer
is now discussed.

Figure 12 shows the transfer functions between the vertical sleeper force and the vertical response at the first
and third measurement lines computed with the MAP profile and profiles 1 and 6 of the ensemble (figure 3).
These three profiles are very similar, but the shear wave velocity Cs of the first layer differs largely: 141.1 m/s
(MAP), 106.8 m/s (profile 1) and 194.3 m/s (profile 6). The effect of the stiffness of the first soil layer starts
already at 10 Hz. Differences between the results obtained using the soft top layer and the stiff top layer up
to 15 dB are observed.

4.3 Track-building mobility

Figures 13 and 14 show the measured and predicted transfer functions between the vertical force applied on
the sleeper at line B and the velocities at the receiver locations Tk and Vk (k = 0, .., 3) inside the building
(figure 1(b)). The receiver locations Tk are located close to the facade of the blok D building, a relatively
stiff location, while the receivers Vk are located closer to the floor midspans which are more flexible in the
vertical direction. The amplitude of the measured transfer functions generally decreases with increasing
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Figure 12: Modulus of the predicted transfer function between a vertical force on the sleeper and the vertical
velocity at the (a) first and (b) third measurement line using the MAP profile (solid black line), profile 1
(dashed black line) and profile 6 (dash-dotted black line). Comparison to the measured transfer functions
(grey lines) at measurement lines A, B and C.

frequency. The measured transfer functions attain their largest values in the frequency range between 10Hz
and 40Hz. The predicted and measured transfer functions are generally in the same order of magnitude. This
is especially the case for the response up to 50Hz. The accuracy of the predicted transfer functions decreases
as the frequency increases. Similarly to the measured transfer functions, the amplitude of the predicted
transfer functions decreases significantly at higher frequencies. The realizations of the predicted transfer
functions for different soil profiles suggest that significant part of the discrepancy between the predicted
and measured transfer functions can be explained by uncertain subsoil conditions. Nevertheless, part of
the discrepancy between the measured and the predicted transfer functions should be attributed to modeling
uncertainty.

4.4 Train passage

The railway line between Leuven and Ottignies is operated by Desiro MS08 passenger trains. These electri-
cally driven trains of the Desiro Main Line (ML) type consist of three cars and have a total length of 79.91 m.
They were designed by Siemens Mobility and constructed partly by this company and partly by Bombardier
Transportation. The center distance between two bogies is 18.61 m, the axle distance within one bogie is
2.30 m. The axles of the first and third cars are driving, those of the middle car are non-driving.

The train is modeled by means of six uncoupled bogie models (figure 15), consisting of seven degrees of
freedom: the vertical displacements of the car body, bogie, two wheel sets and two wheel-rail contact points
and the pitch rotation of the bogie. As the train and track are assumed to be symmetric, with one half of the
train travelling on each of the rails, the bogie models only represent half of the train. The car body and bogie
in figure 15 have mass mcb and mb, respectively, and are connected by the secondary suspension, modeled
by a spring ks2 and damper cs2. The bogie with moment of inertia Ib is connected to the wheel sets with
mass mw by the primary suspension, modeled by a spring ks1 and damper cs1. The wheel sets are connected
to massless wheel-rail contact points by linearised Hertzian springs kH.

The simulated results are compared to the measured track, free field and building vibration during the passage
of the same train at 81 km/h. The measured vibration is very similar for different passages of Desiro MS08
passenger trains. The train-track interaction forces are computed with a periodic track model and the MAP
profile to characterize the soil, using the coupling algorithm described in [5]. The vibration transfer is
computed by means of a 2.5D model with three soil profiles: the MAP profile and profiles 1 and 6 of the
ensemble shown in figure 3, with soft and stiff top layer, respectively.

Figure 16 shows the measured and computed vertical vibration velocity at the first and third measurement
lines in the free field. At line 1, good agreement between the measurements and simulations is observed.
Between 16 and 63 Hz, the computed results slightly overestimate the measurements, but the difference

USD – APPLICATIONS 4941



(a)

1 10 20 30 40 50 60 70 80
−40

−30

−20

−10

0

10

20

Frequency [Hz]

M
ob

ili
ty

 [d
B

 r
e.

 1
e−

8 
m

/s
]

T
0z

(b)

1 10 20 30 40 50 60 70 80
−40

−30

−20

−10

0

10

20

Frequency [Hz]

M
ob

ili
ty

 [d
B

 r
e.

 1
e−

8 
m

/s
]

T
1z

(c)

1 10 20 30 40 50 60 70 80
−40

−30

−20

−10

0

10

20

Frequency [Hz]

M
ob

ili
ty

 [d
B

 r
e.

 1
e−

8 
m

/s
]

T
2z

(d)

1 10 20 30 40 50 60 70 80
−40

−30

−20

−10

0

10

20

Frequency [Hz]

M
ob

ili
ty

 [d
B

 r
e.

 1
e−

8 
m

/s
]

T
3z

Figure 13: Modulus of the predicted transfer function between a vertical force on the sleeper and the vertical
velocity at the receivers Tkz using the MAP profile (solid black line) and 5 % and 95 % quantile (dotted black
lines) of the transfer functions computed with the ensemble of 20 profiles. Comparison to the measured
transfer function (grey line).
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Figure 14: Modulus of the predicted transfer function between a vertical force on the sleeper and the vertical
velocity at the receivers Vkz using the MAP profile (solid black line) and 5 % and 95 % quantile (dotted black
lines) of the transfer functions computed with the ensemble of 20 profiles. Comparison to the measured
transfer function (grey line).

remains below 5 dB in most frequency bands. At line 3, the simulations with the MAP profile underestimate
the measured vibration below 5 Hz and give an overestimation above 16 Hz.

The computations with different soil profiles yield different results up to more than 10 dB. The measure-
ments are almost for all frequencies in between the results obtained with the three soil profiles. At line 3,
underestimation of the measurements at low frequencies is observed for all three soil profiles. Above 5 Hz,

4942 PROCEEDINGS OF ISMA2018 AND USD2018



mbIb

mcb

mw mw

kH kH

ks1 ks1
cs1 cs1

ks2
cs2

ucb

ub

αb

uw2uw1

uc2uc1

Figure 15: Vehicle model with seven degrees of freedom.

the measured results are almost for all frequencies in between the computed results. The largest effect of
the uncertainty on the soil properties is observed between 8 Hz and 50 Hz, where the vibrations propagate
mainly through the top soil layer, with differences up to 10 dB.
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Figure 16: 1/3 octave band spectrum of the vertical free field velocity at the (a) first and (b) third measurement
line during the passage of a Desiro MS08 passenger train at 81 km/h. Simulated results with MAP soil
profile (solid black line), profile 1 (dashed black line) and profile 6 (dash-dotted black line) compared to
measurement data (grey lines) at lines A, B and C.

Figures 17 and 18 show the measured and predicted response at the receiver locations inside the building.
The predicted and measured response are generally in good agreement at frequencies higher than 8 Hz. The
realizations of the predicted response for the three soil profiles show that the imperfectly known subsoil
conditions affect the response to railway induced vibration and in particular at higher frequencies resulting
in variation of the predicted response of up to 10 dB. The maximum response occurs in the frequency range
between 8 Hz and 16 Hz corresponding to the frequency range of the identified vertical modes of the floors
(table 3). Significant discrepancy of up to 30 dB between the predicted and measured response is only
observed at frequencies lower than 8 Hz as well as at frequencies around 50 Hz. This discrepancy, however,
can hardly be explained by the parametric uncertainty of the numerical models and should be attributed
partially to the measurement error and partially to the modeling errors and simplifications.
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Figure 17: 1/3 octave band spectrum of the vertical velocity at the receivers Tkz during the passage of a
Desiro MS08 passenger train at 81 km/h. Simulated results with MAP soil profile (solid black line), profile 1
(dashed black line) and profile 6 (dash-dotted black line) compared to measurement data (grey line).
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Figure 18: 1/3 octave band spectrum of the vertical velocity at the receivers Vkz during the passage of a
Desiro MS08 passenger train at 81 km/h. Simulated results with MAP soil profile (solid black line), profile 1
(dashed black line) and profile 6 (dash-dotted black line) compared to measurement data (grey line).
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5 Conclusions

This paper examines the sensitivity of railway induced vibration predictions to uncertain subsoil conditions.
To this end, a numerical model of a track, soil and building are developed based on the results of an extensive
measurement campaign conducted in Heverlee, Belgium. The measured and predicted track receptance,
track-free field and track-building mobility functions as well as the free field and building response during a
train passage are compared, and the sensitivity of the results to the uncertain soil properties is investigated.

The track receptance and, therefore, the prediction of the train-track interaction forces, are little sensitive
to the uncertainty on the soil properties. The influence of this uncertainty on the track-free field transfer
functions is very large, however, both at short and large distances from the track: differences up to 20 dB are
observed for different soil profiles that are consistent with the results of the soil characterization tests.

Similarly to the track-free field transfer functions, the track-building transfer functions are particularly sen-
sitive to the uncertainty on the soil properties, explaining to a significant extent the differences between the
predicted and measured response. The predicted and measured response of the building to a train passage
are generally in good agreement at frequencies higher than 8 Hz. The uncertainty on the subsoil properties
results in variation of the predicted response of up to 10 dB, particularly at higher frequencies.
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[5] GERMONPRÉ, M., DEGRANDE, G., AND LOMBAERT, G. A study of modelling simplifications in
ground vibration predictions for railway traffic at grade. Journal of Sound and Vibration 406 (2017),
208–223.

[6] COMPUTERS & STRUCTURES INC., CSI Analysis Reference Manual For SAP2000, ETABS, SAFE
and CSiBridge - Release 16.1.1, January 2014.
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Abstract
In this paper, we explore the properties of the vibration measured at the base of the driver seat when driving
through different surfaces, with the purpose of defining a model for non-Gaussian random vibration testing.
The recorded acceleration signals are first transformed to a 6 Degree of Freedom (DOF) space, and then
segmented into stationary sections that are later analyzed. The non-Gaussian nature of the recorded vibration
is demonstrated through different Gaussianity hypothesis tests, and the distribution of the third and fourth-
order moments, as well as the crest factor, are computed and analyzed. The second-order spectral content
reveals significant correlation at specific frequencies, while the significance of third-order polyspectra is
checked through hypothesis testing. Based on our observations, a practical specification of the random
process is proposed based on second-order spectral content, univariate kurtosis and crest factor levels.

1 Introduction

The usage of random vibration in mechanical testing of automotive components is a common technique,
and has been applied in laboratories since many decades for the simulation of road-induced vibration. The
spread of high-performance digital controllers allows accurate and repeatable control of Gaussian vibration
profiles with desired power spectral density. One of the main advantages of using normal distributions is
its solid theoretical foundations and the fact that many natural phenomena are well modelled through such
distribution. Additionally, it is well known that a Gaussian stochastic process is completely characterized
by its first and second-order statistics [1], i.e. mean and covariance. For a Gaussian zero-mean wide sense
stationary (WSS) process, it suffices to give its autocorrelation sequence (or, equivalently, the coherence and
variance). The spectral properties are then given by the Fourier transform of the autocorrelation function,
which provides a convenient method for specifying the test conditions by means of the Power Spectral
Density (PSD) or the Spectral Density Matrix (SDM), depending if the process is univariate or multivariate.

More recently, the focus in random vibration has moved to non-Gaussian processes, since field data suggests
that significant deviation from Gaussianity can occur in many components, impacting its performance [2].
This results in higher complexity of the theoretical treatment and definition of the vibration problem. For non-
Gaussian processes, the correlation function is not sufficient for fully characterising the process. A general
definition must hence include the higher-order statistics (HOS), which consider the process statistics of order
3 and greater. As described in [3], these statistics are usually evaluated through the process cumulants and
their Fourier transforms, known as polyspectra, which can be considered an extension of the second-order
correlation function and classical power spectrum, respectively, to higher-orders. In general, the cumulants
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for processes close to Gaussianity will be very small [3]. From a practical point of view, the usage of higher-
order statistics for the definition of the non-Gaussian process has the following drawbacks:

1. Estimation of the second-order statistics (autocorrelation or power spectrum) with sufficient accuracy
requires rather long signals, which is usually an issue due to the limited length of the test tracks used
for the recording of the vibration signals, as well as to the lack of stationarity. This is even worse in
the case of Multiple-DOF (MDOF) scenarios where, depending on the existing coherence between the
different DOFs, the required record length for a given estimation accuracy may increase significantly.
The estimation of the higher-order cumulants and polyspectra would require even larger records [3].

2. The complexity of the resulting model increases substantially. From an already large model consisting
of a spectral density matrix (SDM) and joint first order probability density function (pdf ), a new array
would need to be introduced for each new HOS. In addition, the successive arrays will increase their
dimensionality (second-order SDM is N ×N , third-order bispectrum is N ×N ×N , etc., with N the
number of DOFs).

A simpler approach consists in specifying the non-Gaussian process through its moments, although, in gen-
eral, many different distributions may fit a particular set of moments. Clearly, there is a trade-off between
the degree of accuracy when specifying a statistical model and the resulting complexity and effort during
the specification stage. For this reason, it is important to have an adequate understanding of the statistical
properties of real-world vibration signals, in order to determine which ones are truly significant and should
be considered when specifying the model.

In this paper we evaluate the spectral and statistical properties of the input vibration to the driver seat of a car,
in order to explore a practical specification of the non-Gaussian vibration process. First, the measurement
setup is described. Then, the post-processing of the recorded signals is presented, including the transforma-
tion to a 6-DOF space and the extraction of stationary segments from the data. A statistical analysis of the
extracted segments is later performed, including the evaluation of Gaussianity and of the third and fourth-
order normalized moments and crest factor. The process correlation and the joint distribution of the MDOF
process are also evaluated. Finally, a spectral analysis is performed, with a focus in the bispectral content of
the process. Based on our analyses, a proposal for the specification of the non-Gaussian multivariate process
and the conclusions complete this paper.

2 Measurement setup

The measured vehicle is a VW Scirocco, with the characteristics shown in table 1.

Version R-Line Tyre 205/50 R17 93V
Engine 2.0 TDI Front suspension MacPherson strut

Gearbox 6 gear DSG Rear suspension Four-link

Table 1: Main vehicle characteristics.

The component selected for the measurements is the driver seat of the car. The acceleration input to the seat
is recorded at the four fixing points with triaxial accelerometers, schematically shown in figure 1. This gives
an overdetermined solution to the kinematics of the rigid body.

The fixing points of the seat are located symmetrically, which allows for the calculation of the Input Trans-
form Matrix (ITM) from two distances, as indicated in figure 1. The specific values for the implemented
instrumentation are 165 mm for length a, and 218.5 mm for length b.
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Figure 1: Location of the accelerometers.

The accelerometers used for the measurement are high sensitivity low mass ICP triaxial sensors (B&K type
4525 B and type 4535 B 001). A total of 12 acceleration signals, 5 GPS data streams and a video file
are recorded per measurement. All the signals were sampled at 9600 Hz, applying a 4th order Butterworth
antialiasing filter with a -1dB cut-off frequency of 1000 Hz. The data acquisition systems used for the data
recording are two HBM QuantumX MX840A, with external Somat ICP conditioning units.

A total of 4 scenarios are defined for measurement, as indicated in table 2. Most of the measured roads have
sections of pavement in bad, fair and good condition. The roads used for the measurements are public roads.
Hence, stability in the driving conditions was not guaranteed, and was subjected to the existing traffic.

Scenario Surface Road type Average speed (km/h) Length (km)
A Asphalt Highway 110 35.6
B Asphalt Conventional 52.5 124.2
C Concrete Conventional 70 4.2
D Cobblestone Town 30 0.5

Table 2: Measurement scenarios.

3 Signal post-processing

3.1 DOF transformation

The total 12 DOF measured at four points in X, Y and Z can be reduced to 6 DOF (X, Y, Z, Roll, Pitch
and Yaw) without losing any information about the kinematics of the measured body. The transformation is
performed through the Input Transform Matrix [I] [4], whose calculation is based on the distances shown in
figure 1. The matrix [I] is computed so that the 6 DOF signals are obtained at the geometric center of the
four measured points.

Figure 2 shows one of the recorded signals after transformation to the 6 DOF space. The transformation
from a 12 DOF space to a 6 DOF space allows for halving the amount of data for post-processing.

3.2 Signal segmentation

Figure 2 illustrates the fact that the vibration process is in general non-stationary, although it can be con-
sidered approximately stationary over sufficiently short periods of time. Therefore, stationary segments are
first extracted. The criterion for the segmentation is the extraction of the largest possible blocks of samples
that can be considered stationary based on different statistical tests. For such purpose, an algorithm based
on k-means clustering of the constant percentage bandwidth (CPB) spectra has been developed and applied
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[5]. The segments of duration below 10 seconds, or with at least one of the blocks in the segment having null
associated vehicle speed, or an average vehicle speed of the segment under 10 km/h, are all discarded.

Figure 2 illustrates the result of the segmentation for one of the measurements. The regions that were not
assigned to a stationary segment are indicated in blue, while the different stationary segments are shown in
different colors. The percentage of the total recorded signal that is retained after segmentation is 33%, the
rest 67% being associated with transients. The supposedly stationary segments retained in this way are in
general quite short, with most of them having durations under 20 seconds.

Figure 2: Result of the segmentation of one of the recordings. The regions not assigned to a stationary
segment are shown in blue. The rest of the colors correspond to different segments extracted.

After the segmentation of the signals, two different stationarity tests are applied to each segment: runs test
[6] and reversals test [6]. All these tests are applied individually to each of the 6 DOFs of the transformed
process. A segment is considered stationary if all 6 DOFs pass the stationarity test.

Table 3 shows the percentage of segments passing stationarity tests respect to the total recorded signal,
depending on the number of tests passed. Most of the recorded data corresponds to non-stationary segments
and segments with no vibration. About 25% of the whole recordings, and nearly 80% of the extracted
segments pass at least one of the stationarity tests while half of them pass both.

Description Duration Percentage of total
duration

Percentage of ex-
tracted duration

Total length 3:52:14 100% —
Extracted length 1:16:43 33% 100%
Stationary 2 crit. 0:30:36 13% 40%
Stationary 1 crit. 1:00:43 26% 79%

Table 3: Percentage of stationary segments depending on the number of stationarity tests that do not reject
the stationarity null hypothesis, for a significance level of 0.05.
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3.3 Gaussianity assessment

The assessment of the Gaussianity of each segment is done through four different tests: chi-squared [1],
skewness, kurtosis and BHEP (Baringhaus-Henze-Epps-Pulley) [7] [8].

The univariate tests are applied to each DOF individually, and, for a given test, the process is considered
Gaussian if all the DOFs pass the test. This does not imply that the process is jointly normal (counterexam-
ples can be found in [1]). This latter condition is tested through the BHEP test, which is applied to the 6 DOF
process. Table 4 shows the total cumulative duration of the segments that passed the different tests, as well
as the percentage of duration of the extracted segments that pass the Gaussianity test. Although some DOFs
in some segments can be considered Gaussian, in general the process fails to pass the tests. In particular,
none of the extracted segments passes the multivariate BHEP test, evidencing the lack of Gaussianity of the
process.

DOFs
Chi-squared Skewness Kurtosis BHEP

Duration % Duration % Duration % Duration %
1 0:11:56 16% 0:15:07 20% 0:12:22 16% — —
2 0:08:37 11% 0:17:24 23% 0:04:19 6% — —
3 0:06:23 8% 0:18:07 24% 0:04:23 6% — —
4 0:04:15 6% 0:11:21 15% 0:01:32 2% — —
5 0:00:00 0% 0:05:37 7% 0:00:00 0% — —
6 0:00:21 0% 0:00:22 0% 0:00:00 0% 0:00:00 0%

Table 4: Total cumulative duration of segments that pass the Gaussianity tests. The DOFs column indicate
the number of DOFs that pass the test. The percentage columns correspond to the proportion of the duration
of the extracted stationary segments that pass the test, for a significance level of 0.05.

4 Distribution of the moments and crest factor of the process

Since the process cannot be considered strictly Gaussian, we will now evaluate the statistical properties of
the segments in order to check how distant from a normal distribution they are. Since moments of order 3
and 4 are fixed for a Gaussian process, we will focus on the skewness and kurtosis, defined as the third and
fourth standardized moments. The first measures the asymmetry of the distribution, while the later quantifies
the relative height of the tails.

γ = E

{(
X − µ
σ

)3
}

=
E
{
(X − µ)3

}

(E {(X − µ)2})3/2
(1)

β = E

{(
X − µ
σ

)4
}

=
E
{
(X − µ)4

}

(E {(X − µ)2})2
(2)

Given the samples {x[n], n = 1, ..., N}, the sample skewness is computed as follows:

γ̂ =

√
N(N − 1)

N − 2
·

1
N

∑N
n=1(x[n]− m̂1)

3

(√
1
N

∑N
n=1(x[n]− m̂1)2

)3 (3)

with m̂1 the sample mean. The estimator γ̂ is unbiased [9]. As for the sample kurtosis, we have the following
biased estimator:
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β̂b =
1
N

∑N
n=1(x[n]− m̂1)

4

(
1
N

∑N
n=1(x[n]− m̂1)2

)2 (4)

An unbiased alternative can be computed as [9]:

β̂u =
N − 1

(N − 2)(N − 3)

(
(N + 1)β̂b − 3(N − 1)

)
+ 3 (5)

For the analysis of these two moments, we used the unbiased estimators.

It is well known that the variance of the sample estimators depends on the number of samples used for the
estimation. Formulas are available that relate this variance to the number of samples under the assumption
of independence between samples. In our case, the process is low-pass, which means that the samples are
not independent. Under the assumption of weak dependence, we can compute a confidence interval for the
sample estimators through the stationary bootstrap [10]. The values given here correspond to a coverage
factor of K = 0.95.

4.1 Skewness

The histogram of the signal duration for different skewness levels is shown in figure 3. The skewness is
estimated from all the samples within each segment, and only those passing at least one stationarity test are
included in this analysis. These graphs confirm the fact that the skewness is most of the time very close to 0,
showing a larger dispersion for the X and Z DOFs.
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Figure 3: Total duration of stationary recorded signal for different skewness levels and DOFs. The Gaussian
skewness level is highlighted in red.

Figure 4 shows the distribution of the size of the confidence interval of the skewness estimate as a function of
the segment size. The uncertainty in the estimation of the skewness increases mainly with small segments.
It is worth noting the significant level of uncertainty in the estimation for some of the segments, which
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is reasonable taking into account the fact that the skewness is a third-order moment and the process is
coloured. This has some practical implications, meaning that care must be exercised when considering a
certain skewness level based on short recordings.

Figure 4: Size of the confidence interval of the skewness sample estimate, as a function of the segment size,
computed through the stationary bootstrap for a coverage factor of 95%.

4.2 Kurtosis

The distribution of the kurtosis level is shown in figure 5 for the different DOFs. As for the skewness, only the
segments passing at least one stationarity test are included in this analysis. This graph confirms the fact that
most of the recorded signals are very close to Gaussianity in terms of its kurtosis, although the distribution is
skewed to the right, indicating that the values tend in general to be larger than for the Gaussian distribution.
There is also a clear difference among the measured DOFs. There is a prevalence of large kurtosis values in
Z direction, which is reasonable since it is the main direction of vibration input to the car. In all the cases the
kurtosis levels are mostly above 3, indicating a clear leptokurtic behaviour.

As with the skewness estimate, one possible cause for the large dispersion in the kurtosis values for small
segments may be the variability in the estimator when few samples are available. For small segment sizes
(below 30 seconds) we find a significant increase in the distance between the upper and lower bounds of
the confidence interval (CI). This can be observed in figure 6, showing the distribution of the size of the
CI as a function of the segment size. The same shape as for the skewness is noticeable, indicating that the
uncertainty in the estimation of the kurtosis increases mainly with small segments. Again, care must be
exercised when considering a certain kurtosis level based on short recordings, due to the large uncertainty of
the estimate under this condition.

4.3 Crest factor analysis

Although the Gaussian distribution is unbounded in the abscissa, real vibration processes are bounded due to
physical constraints. This implies an additional deviation from Gaussianity in real-world processes, where
the tails may present larger probabilities than the normal distribution, but will at a certain point fall to
zero faster than normal. In practical vibration synthesis systems, for zero-mean processes this limitation
is imposed through a signal clipping at a certain multiple of the standard deviation or RMS level, effectively
limiting the crest-factor, but also producing a spectral distortion that can be compensated through post-
filtering and closed-loop control techniques [11].

The crest factor (CF) of the stationary segments obtained from the field data is computed according to
equation (6). The distribution of the CF is computed considering the duration of the road data, i.e., the
cumulative time with a CF in a certain range. The resulting histograms are shown in figure 7.
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Figure 5: Total duration of stationary recorded signal for different kurtosis levels and DOFs. The Gaussian
kurtosis level is highlighted in red.

Figure 6: Size of the confidence interval of the kurtosis sample estimate, as a function of the segment size,
computed through the stationary bootstrap for a coverage factor of 95%. Only segments that passed at least
one stationarity test are shown.

CF =
|x|peak
xrms

(6)

In general, the CF spreads over a broad range starting close to 3 till more than 13. Most of the time the
crest factor is near 5, which turns out to be a common CF for Gaussian random profile clipping in vibration
testing, together with CF = 3.

From the previous analysis, it can be concluded that limiting the CF is a feature that is necessary if a realistic
model of the vibration process is to be implemented, and should be considered also for random vibration
tests using non-Gaussian processes.
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Figure 7: Total duration of stationary recorded signal for different crest factors (CF) and DOFs.

5 Marginal distributions

In this section we analyse the shape of the marginal distributions of the process. These probability density
functions are estimated through the kernel density [12]. For better illustration, a histogram of the marginal
distribution of the X, Y and Z DOF of the extracted segments is shown in figure 8. A similar result is obtained
for the rotational DOFs (Roll, Pitch and Yaw). The following can be observed:

1. The pdf has a bell shape, clearly resembling a Gaussian distribution.

2. The distribution is different for each of the process DOFs. The tails of the marginal distribution for Z
axis are significantly larger than for the X and Y axes, as shown in figure 8c, which is in agreement
with the kurtosis values obtained for this axis in section 4.2.

(a) X DOF (b) Y DOF (c) Z DOF

Figure 8: Histogram of the normalised kernel estimate of the marginal distribution of the X DOF (a), Y DOF
(b) and Z DOF (c) for all extracted segments. The dashed line corresponds to the normal distribution.

USD – APPLICATIONS 4955



6 Process correlation and joint distribution

Before evaluating any joint distribution of the process, it is of interest to check the level of correlation
between the different DOFs. We will first compute the matrix of correlation coefficients for the transformed
6-DOF process. This allows for checking the degree of linear dependence between the process DOFs, without
considering the time dependence (this will be done later). The correlation coefficient matrix is computed for
the unsegmented recordings and is shown in table 5. The correlation coefficients are very small but for the
Y and Yaw DOFs.

Signal X Y Z Roll Pitch Yaw

X 1.00 0.01 -0.03 -0.02 -0.03 0.11
Y 1.00 -0.06 0.04 -0.12 -0.39
Z 1.00 -0.10 -0.04 -0.10

Roll 1.00 0.10 0.08
Pitch 1.00 0.05
Yaw 1.00

Table 5: Average correlation coefficients matrix for the 6 DOF process.

The previous analysis can be repeated considering the correlation structure of the process in the frequency
domain. A simple way for observing such correlation is the calculation of the coherence function, defined
in equation (7), where Gxx(f) is the autospectral density of x, Gyy(f) the autospectral density of y and
Gxy(f) their cross spectral density. According to this equation, given the autospectral density of the process,
the coherence function can be used instead of the modulus of the cross-spectral density in the definition of the
multivariate process. The Welch method is applied for the estimation of this function [6], using a Hanning
window, spectral resolution of 1 Hz and no overlap.

Cxy(f) =
|Gxy(f)|2

Gxx(f)Gyy(f)
(7)

In order to get further insight in the range of coherence levels that can be found in this particular case, we
can plot a 3D histogram of the coherence function computed for the extracted segments. The result is shown
in figure 9 for three different cases. The first one corresponds to two DOFs clearly showing low coherence
in all the frequency range. A bivariate process consisting of these two DOFs is likely to be well modelled
through two uncorrelated univariate signals. In figure 9b, we can observe a scenario showing large coherence
around 15 Hz, which means that lateral motion at that frequency will most probably be accompanied by a
Roll movement. Although Y and Yaw DOFs present the largest average absolute correlation coefficient in
table 5, coherence between those two DOFs is in general low, with larger values only at frequencies above
80 Hz.

From the data in this section, we can conclude that significant correlation among the process DOFs can exist,
even for stiff measurement points such as the seat base. This aspect would not be considered with the usage
of uncorrelated noise for the simulation of multiaxial vibration processes.

The evaluation of the joint density of the process is done through the inspection of the kernel density estimate.
Unfortunately, the inspection of the joint density is difficult or practically impossible for more than 3 DOFs.
We will give here some representative examples for the 2 and 3 DOF case.

The analysis of the 2-DOF joint distribution reveal that all the joint densities have a clear elliptical shape.
This aspect is better observed in figures 10a and 10b, corresponding to a contour plot of the kernel density
estimate for two different segments and signals. The first one shows a clear correlation between the two
DOFs, while the second figure indicates a lower correlation level. Another significant aspect is the shape of
the kernel estimate at the tails of the density. In figure 10a the lower level contours are not perfectly elliptical,
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(a) (b) (c)

Figure 9: Ordinary coherence histogram for two DOFs mostly uncorrelated (a), with coherent behaviour near
15 Hz (b) and with coherent behaviour at high frequency (c).

being the segment 14 seconds long. This irregular shape is due to the reduced number of samples at the tails.
In figure 10b, the duration increases to 87 seconds, which means a larger number of samples at the tails and
hence a better definition of the lower level ellipses. This point is significant in relation to the accuracy of the
joint density estimate for higher dimensions. The low probability of having a significant number of points
at the tails of the distribution will lead to the need for large sequences for an adequate estimate. Hence, a
non-parametric estimation might be discouraged due to the large errors that may exist.

(a) (b)

Figure 10: 2-DOF joint density estimate for two different stationary segments.

The 3-DOF joint density is shown as a family of isosurfaces for one segment. Due to the large computational
cost of the kernel density estimate for this number of DOFs, only two segments were evaluated in order
to have an overview of the general shape of the distribution. The result is shown in figure 11. The same
elliptical shape as for the bivariate case is observed. Now the tails are not as well defined as for the bivariate
case. This is a consequence of the fact that, since the number of samples is limited, the number of them
outside a certain isosurface reduces due to the larger available volume. That makes isolate kernels visible for
the lowest level isosurface.

6.1 Process ellipticity

From the observation of the 2 and 3-DOF kernel density estimates, the process seems to have elliptical
symmetry. In order to assess this property for different DOFs and larger dimensions, a multivariate ellipticity
test is applied, based on [13]. The test is applied to each DOF separately, to a 3 DOF set consisting of
{X,Y, Z} and a 6 DOF set integrated by all available signals. The mean of the process is removed prior to
the application of the test. In all cases a significance level of 0.05 is considered. For the case of individual
DOFs, the test is unable to reject the null hypothesis of ellipticity. All the stationary segments under analysis
present a symmetric distribution under univariate conditions. For the 3 DOF case, 45% of the duration of
the stationary segments pass the ellipticity test, while the other 55% does not. Similar results are obtained
for the 6 DOF case, with 44% of the signal duration passing the test, and 56% having the null hypothesis
rejected.

A segment with rejected ellipticity and another one with the same hypothesis not rejected are evaluated
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graphically in order to further analyse the overall shape of the estimated distribution. Both segments have a
similar length. A kernel density estimate is performed for the 3-DOF case. Figures 11a and 11b show a 3D
plot of the process distribution. From the observation of these graphs, no clear differences are noticeable that
could indicate a lack of ellipticity of the analysed segments. This could indicate that the applied test might
be too conservative when rejecting the ellipticity null hypothesis.

The results of the application of this ellipticity test are not conclusive, indicating that a significant percentage
of the signal duration might present some amount of multivariate skewness.

(a) (b)

Figure 11: 3-DOF kernel density estimate for a segment with rejected (a) and accepted (b) ellipticity.

7 Spectral analysis

The spectral content of Gaussian processes can be properly specified through the Spectral Density Matrix
(SDM), which includes the second-order spectra. For a 6 DOF process, this involves the specification of
a 6 × 6 matrix with 6 autospectra and 30 cross-spectra. The calculation and structure of the SDM is well
known in the field of vibration testing and is not shown here for brevity.

One of the main difficulties of using non-Gaussian distributions when modelling a vibration process is the
need of higher-order spectra for the proper definition of the process.

An exploratory evaluation of bispectra is done in order to verify the departure from Gaussianity based on
this higher-order spectrum. The analysis is based on the work by Hinich [14], while the test is applied based
on an implementation by A. Swami [15]. Since Hinich’s test checks the null hypothesis of the bispectrum
being zero, a failure in rejecting such null hypothesis would reinforce the idea of the bispectrum not being
strictly necessary for a practical definition of the non-Gaussian MDOF vibration process.

The test is applied to each of the stationary segments extracted from the measured data. The percentage of
segments whose bispectrum can be considered null is indicated in table 6.

For a large percentage of the signal duration, the hypothesis of the bispectrum being null can not be rejected.
Only the Z DOF shows a 19% of the measured time having a significant bispectral level, being the rest
of the DOFs below 10%. This result reinforces the idea of not considering the higher-order spectra in
the specification of the non-Gaussian vibration process, since the additional effort required for the process
specification would not likely provide significant improvements in terms of model accuracy.
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DOF Total time Hinich test Fraction
X 01:16:43 01:09:32 91%
Y 01:16:43 01:11:20 93%
Z 01:16:43 01:01:48 81%

Roll 01:16:43 01:15:02 98%
Pitch 01:16:43 01:14:07 97%
Yaw 01:16:43 01:13:28 96%

Table 6: Hinich Gaussianity test for a significance level of 0.05.

8 Specification of the process

Two approaches can be considered for the specification of the multivariate non-Gaussian process. The first
one is based on a strong assumption of non-Gaussianity, which would require the definition of the higher-
order spectra and statistics, as well as the joint density of the process. This seems to be impractical, partic-
ularly when field data suggests that some simplifications can be reasonably made on the model in order to
significantly reduce the necessary modelling and analysis effort. The second, more practical specification of
the process is based on the results presented in this paper. The following elements are considered as part of
the model, and are summarized in table 7.

1. Spectral Density Matrix, including autospectra and cross-spectra. The modulus of the cross-spectra
can be replaced by an estimate of the process coherence.

2. Higher-order statistics: the specification of the process kurtosis is considered sufficient for most of
the actual road vibration scenarios. Skewness is found to be very close to zero. The crest factor can
provide useful information about the tail decay of the process distribution. These parameters should
be specified for all the relevant DOFs.

The higher-order spectra are not considered for the process model, due to the following reasons:

• It was shown that, for the extracted stationary segments, the bispectra can be considered null in most
of the cases.

• The complexity of the model would increase significantly when including the HOS, becoming imprac-
tical.

Property Non-Gaussian Proposed
SDM Required Required

Higher-order Spectra Required Not considered
Higher-order Statistics Required Univariate Kurtosis required.

Skewness considered null.
Joint Density Required Not considered
Crest factor Not required Recommended

(implicit in joint density)

Table 7: Process specification considering requirements under strong non-Gaussian conditions, and proposed
simplified specification.
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9 Conclusions

This paper describes field measurements performed on a car seat, with the purpose of providing an empirical
background and a set of parameters for the proper definition of a non-Gaussian random process for vibration
testing. The recorded signals are segmented into stationary sections for later analysis. The non-Gaussian
nature of the recorded vibration is demonstrated through different Gaussianity hypothesis tests. It is found
that, in general, the skewness is very close to zero, whereas the kurtosis is larger than that of a Gaussian.
The crest factor was shown to cover a broad range of values. The marginals present in general a leptokurtic
distribution. The inspection of the kernel estimates of the 2 and 3 DOF densities reveals elliptical symme-
tries. The application of a pseudo-Gaussian ellipticity test was not conclusive in rejecting this hypothesis.
The second-order spectral content reveals significant correlation at specific frequencies, while third-order
polyspectra can most of the time be considered null, reinforcing the lack of polyspectra in the specification
of the process. A practical specification of the process is proposed based on second-order spectral content,
univariate kurtosis and crest factor levels.
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Abstract
The present work concerns the dynamical analysis of an uncertain structure in the context of nonlinear
dynamics. The structure is assumed to undergo large displacements and large deformations although the
constitutive equations remain linearly elastic. The proposed strategy is compatible with the use of high-
dimensional computational models, requiring to compute the random dynamical response from a stochastic
nonlinear reduced-order model expressed in the time domain. With the proposed method, the uncertainty
is introduced by replacing a deterministic chosen reduced-order basis with a stochastic projection basis, for
which a new nonparametric probabilistic approach is used so that each realization of the projection basis
respects some mathematical properties linked to the available information. The methodology is then applied
on a computational model of a bi-clamped tridimensional beam structure.

1 Introduction

A major challenge in many research areas consists in developing advanced methodologies in order to con-
struct predictive numerical simulation tools, which are representative of the observed dynamical behavior
dynamical systems. In particular, it is important to quantify how inherent uncertainties propagate on the con-
sidered system. Furthermore, an essential aspect is to pay attention to the various nonlinear effects that can
subsequently modify the dynamical response of the structure. There have been various researches concern-
ing the development of computational strategies for constructing stochastic nonlinear reduced-order models
that are able to accurately reproduce experimental dynamical structural responses that occur in nonlinear
vibrational operating ranges. One one hand, a particular attention has to be paid on the construction of
nonlinear deterministic reduced-order models [10, 1, 8, 7, 5], that have to be compatible with non intrusive
computational strategies regarding existing industrial softwares. On the other hand, uncertainties can be
implemented from the mechanical or geometrical parameters of a given deterministic computational model
or with nonparametric probabilistic approaches which are parameterized by hyperparameters directly linked
to the considered reduced-order models. We are interested in this latter strategy that allows both model
and parameter uncertainties to be considered. In previous researches, uncertainty was introduced from the
nonlinear reduced-operators issued from a given mean reduced-order model [9, 1, 3]. With the proposed
method, the uncertainty is introduced by replacing the deterministic reduced-order basis with a stochastic
reduced-order basis. This latter one is obtained by using a new nonparametric probabilistic approach [13, 6]
so that each realization of the random projection basis respects some mathematical properties linked to the
available information. Moreover, it is parameterized by a small number of hyperparameters. It is then used
as the projection basis for constructing the stochastic nonlinear reduced-order model. With such uncertainty
modeling, there is no need to construct the stochastic nonlinear reduced operators. The numerical effort is
focused on the construction of the stochastic nonlinear reduced internal forces, which is explicitly carried out
using the stochastic reduced-order basis combined with the finite element method. The paper is organized
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as follows. In Section 2, the computational methodology is described. In particular, the computation of the
mean nonlinear dynamical finite element response is used for constructing an adapted reduced-order basis
with the proper orthogonal decomposition method. The stochastic nonlinear computational model is then
written and the main steps concerning the computational resolution of the set of stochastic nonlinear differ-
ential equations are discussed. Section 3 is devoted to a numerical application consisting in a bi-clamped
tridimensional beam subjected to a non symmetrical load and for which the uncertainty propagation of the
dynamical nonlinear response is analyzed in details.

2 Description of the methodology

2.1 Context of the method

The present research is carried out in the context of the uncertainty propagation for elasto-dynamics struc-
tural systems that undergo geometrical nonlinear effects. In this field, a complete methodology has already
been developed and a dedicated numerical tool that is adapted for large numerical computational models
and that is non intrusive with respect to the industrial softwares has been constructed. More particularly, it
has been experimentally validated in the context of the post-buckling of cylindrical shells [2] and applied
to various numerical applications [3, 4]. Until now, the uncertainties were modeled through the nonpara-
metric probabilistic approach for which a dedicated probability model issued from the maximum entropy
principle [12] was directly implemented on the reduced operators of a mean nonlinear reduced-order model.
In particular, such strategy requires the numerical construction of all linear, quadratic, and cubic operators
issued from such nonlinear mean reduced-order model. As soon as the probability model is implemented,
the numerical construction of the stochastic reduced nonlinear internal forces and of the stochastic tangent
operator is then performed. Indeed it is required by the computational algorithms used for solving the
stochastic nonlinear differential equations. In the present context, a nonparametric probabilistic approach on
the model-form recently introduced in [13] is considered. In this approach, a dedicated probability model
of random uncertainties is implemented on the projection basis used for constructing the mean nonlinear
reduced-order model. As a consequence, the computational strategy has to be adapted. The main steps of
this new methodology are summarized below and the related novel developments are explained in details.

2.2 Mean nonlinear finite element model of the structure

The considered structure is assumed to be fixed on a part of its boundary. In the context of the finite ele-
ment method, a nonlinear finite element computational model that describes the nonlinear dynamical forced
response of the considered structure is characterized in the time domain by the following set of nonlinear
coupled differential equations such that

[M ]Ü(t) + [D]U̇(t) + [K]U(t) + FNL(U(t)) = F(t) , (1)

[B]T U(t) = 0 (2)

in which the Rn-vector U(t) is the instantaneous displacement vector. In Eq. (1), the real matrices [M ], [D],
and [K] are the mass and damping, elastic stiffness (n × n) real matrices with symmetry positive definite-
ness property. The Rn-vector F(t) is issued from the finite element discretization of the external load and
the Rn-vector FNL(U(t)) describes the nonlinear finite element internal forces induced by the geometrical
nonlinearities. In Eq. (1), the real (n × nBC) matrix [B] describes the nBC constraint relations defining
the Dirichlet conditions, verifying the relation [B]T [B] = [InBC ]. Since we are interested in analyzing the
nonlinear vibrations of the structure, the external load is defined in the time domain for t ∈ R and a Fourier
transform with respect to the time domain is performed on the nonlinear solution and allows then the non-
linear dynamical response in the frequency domain to be analyzed. In the present research, it is chosen to
solve this set of nonlinear differential equations in order to construct the nonlinear dynamical response that

4964 PROCEEDINGS OF ISMA2018 AND USD2018



will be considered as the reference response. In this case, the nonlinear algorithms require to construct the
nonlinear internal finite element forces and the related tangential operator with the finite element model. it
should be noted that this calculation is particularly time consuming but is carried out once.

2.3 Construction of the projection basis

The construction of the mean nonlinear reduced-order model requires a projection basis. In the present
work, such projection basis is computed from the nonlinear reference response with the proper-orthogonal
decomposition method (POD-method), which is proved to be particularly relevant for nonlinear problems.
Let [A] be the (n × n) correlation matrix related to the nonlinear reference dynamical response U(t). It is
defined by

[A]=[Y]T [Y] , [Y]ij = U i(tj)
√
δ t , (3)

in which δ t is the constant sampling time step, and where tj denotes the sampling time number j. The
projection basis is defined by the eigenvectors�

α
related to theN most contributing eigenvalues λα, solution

of
[A]�

α
=λα�α with �T

α
�
β

= δαβ , (4)

in which δαβ is the Kronecker symbol set to 1 if α = β and to 0 otherwise. Note that in practice, for large
computational models, the numerical construction of correlation matrix [A] is difficult to achieve. In such a
case, metrics [A] is not computed and the eigenvalue problem is replaced by a singular value decomposition
of metrics [Y ] or [Y ]T (see Section 3.3).

2.4 Stochastic nonlinear reduced-order model

In this work, the nonparametric probabilistic approach of model-form uncertainties recently introduced in
[13] is used. In such case, the probability model is directly implemented in the projection basis. Let [Φ] be
the (n ×N) matrix whose columns are the eigenvectors �

1
, · · · ,�

N
. The matrix [Φ] is then replaced by a

stochastic matrix [�(a)], whose stochastic model and whose Monte Carlo numerical simulation procedure
is found in [13]. It should be noted that the random vectors contained in random matrix [�] verify the
boundary conditions and orthonormality conditions

[B]T [�]=0 , [�]T [�]=[IN ] , (5)

in which [IN ] is the identity matrix withN order. The probability distribution of random matrix [�] depends
on a Rm-valued hyperparametera={s, β, [σ]}, withm = 0.5N(N+1)+2. More specifically, s is a scalar
which controls the global amount of uncertainty on the random basis, β is a scalar which controls the noise
level around each projection vector basis and [σ] is an (N × N) real upper triangular matrix which allows
the correlations between the projection basis vectors to be controlled.

The stochastic computational model consists then in solving the set of stochastic nonlinear differential equa-
tions

[M]Q̈(t) + [D]Q̇(t) + [K]Q(t) + [�]TFNL([�] Q(t)) = [�]TF(t) , (6)

in which [M] = [�]T [M ] [�], [D] = [�]T [D] [�] and [K] = [�]T [K] [�] are the full random mass,
damping and stiffness matrices belonging to the set of positive-definite symmetric (N × N) real-valued
matrices, and where Q is the RN -valued random vector of the generalized coordinates from which the Rn-
valued random vector of the physical solution U is reconstructed by

U=[�] Q . (7)

Regarding the numerical computation, the set of these stochastic nonlinear differential equations is solved
in the time domain by using the Monte Carlo numerical simulation, using an implicit and unconditionally
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stable integration scheme (Newmark method with the averaging acceleration scheme). For each sampling
time, the nonlinearity is solved iteratively by using either the fixed point method or an arc-length-based al-
gorithm, depending on the nonlinearity rate. Concerning the current strategy, the knowledge of the nonlinear
reduced-order internal force vector is required by both nonlinear algorithms whereas the knowledge of the
related reduced tangent operator (that is time consuming) is only required by the use of the arc-length-based
algorithm. Practically, the contributions of both nonlinear reduced-order internal force and tangent reduced
operator induced by each finite element are explicitly constructed with the finite element method. The assem-
blage over the finite elements is particularly quick because it only requires to sum each of these contributions.
A posterior nonlinear dynamical analysis is performed from Eq.(7) in the frequency domain by computing
the Fourier transform of the nonlinear dynamical response.

3 Numerical application

3.1 Description of the finite element computational model

The three-dimensional bounded domain Ω is a slender rectangular domain defined in a Cartesian system
(0, e1, e2, e3) such that Ω = {]0, l[×]0, b[×]0, h[} with l = 8m, b = 0.8m, h = 0.6m. Let Γ0 and Γ1 be
the boundaries described as Γ0 = {x; x1 = 0} and Γ1 = {x; x1 = l}. The structure is assumed to be fixed
on both boundaries so that we have a Dirichlet condition on Γ0

⋃
Γ1. The structure is free on boundary

∂Ω \ {Γ0
⋃

Γ1}. The structure is subjected to an external point load applied along directions e1, e2 and e3
at the excitation node located at (3.2, 0.4, 0.6). The Young modulus, the Poisson coefficient and the mass
density of the homogeneous and isotropic linear elastic material are E = 2 × 1011N.m−2, ν = 0.3 and
ρ= 8200Kg.m−3. A three dimensional finite element model is constructed with 40 × 4 × 3 = 480 solid
finite elements with 8 nodes. Therefore, the mean computational model has 820 nodes and n=2 320 degrees
of freedom (see Fig. 1).

Figure 1: Finite element mesh of the structure - localisation of the excitation node (• symbol).

It should be noted that the fundamental eigenfrequency related to the linear undamped structure is ν1 =
47.930Hz. The frequency band of analysis is then chosen as B = [40 , 2000]Hz. The damping is then
represented by a Rayleigh model [D] = α [M ] + β [K] with α = 24.2 and β = 9.4 × 10−6, which corre-
sponds to a critical damping rate ξ1 = 0.040 at fundamental frequency ν1 and such that ξ ∈ [0.015, 0.060]
in frequency band B. The chosen observation node is located at (3.2, 0.4, 0.6), where the external point load
is applied.
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3.2 Description of the external loading

We are interested in analyzing the nonlinear dynamical forced response in frequency band B. The chosen
excitation frequency band is Bexc = [450 , 1200]Hz. The load intensity is chosen as f0 = 18 × 106N
that corresponds to a consequent rate of geometrical nonlinearity for the numerical application presented.
Consequently, it is no longer possible to directly compute the forced response in the frequency domain. The
forced response is then computed in the time domain according to Eq.(1) and Eq. (2). The time dependent
function g(t) is defined with ∆ν=750Hz and s=1.1. Practically, the computation is carried on a truncated
time domain T=[tini, tini +T ]. The initial load is chosen as tini=−4/∆ν=−0.053 s yielding a null initial
load. The time duration T is then adjusted so that the system be returned at its equilibrium state within a given
numerical tolerance for both linear and nonlinear computations. Even the fundamental eigenfrequency does
not belong to excitation frequency band Bexc, it ca be indirectly excited through the geometrical nonlinear
effects. Time duration is chosen as T = 0.234 s which ensures the system to return to its equilibrium state
with a relative tolerance τ = e−2πξ1ν1T = 6% when fundamental eigenfrequency is excited. The sample
frequency νe and the number of time steps are then chosen as νe = 35 000Hz and nt = 8 192 yielding a
constant sampling time step δt = 2.857 × 10−5 s and a constant sampling frequency step δν = 4.272Hz.
It should be noted that the fundamental resonance that could possibly be excited would be nearly correctly
represented with such computational choice. Let tα = tini + αδt , α ∈ {0, · · · , nt − 1} and let νβ =
−0.5νe+βδν , β ∈ {0, · · · , nt−1}. The Fourier transform ĝ(2πν) of function g(t) is numerically estimated
by using the Fast Fourier Transform since function ĝ(2πν) can be written as

ĝ(2πνβ)=exp (iπ tiniνe) exp (2iπβδνtini)
nt−1∑

α=0

(−1)α g(tα) exp(−2iπαβ/nt) . (8)

Figure 2 displays the graphs of function t 7→ g(t) and ν 7→ |ĝ(2πν)|.

Figure 2: Representation of the time dependent load in the time domain and in the frequency domain : graphs
of t 7→ g(t) (upper graph) and ν 7→ |ĝ(2πν)| (lower graph).

3.3 Construction of the projection basis for the mean nonlinear reduced-order
model

The dynamical response of the mean nonlinear finite element model is first calculated according to the
algorithm described in Section 2.4. Figure 3 displays the graphs of both linear and nonlinear finite element
dynamical responses at the observation node along the three dimensions in the time domain. It can be seen
that the chosen load intensity yields subsequent geometrical nonlinear effects. Indeed, it can be seen that the
dynamical response amplitudes are limited by the geometrical nonlinear effects. Moreover, the dynamical
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system returns to its equilibrium state with a longer delay, in particular for the transverse directions. This
means that the resonances that are located outside and below the excitation frequency band are indirectly
excited by the geometrical nonlinearities. In order to quantify such geometrical nonlinear effects, a Fourier
transform of both nonlinear and linear responses is carried out in the frequency domain. Figure 4 displays the
graph of the response amplitude related to the observation node in the frequency domain for both nonlinear
and linear cases. It is clearly seen that there exists a consequent contribution of resonances located in the
very low frequency band outside the excitation frequency band.
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Figure 3: Time domain observation t 7→ uobs,1(t) (left figure), t 7→ uobs,2(t) (middle figure), t 7→ uobs,3(t)
(right graph) related to the linear (upper graph) and to the nonlinear (lower graph) finite element dynamical
responses.

Figure 4: Frequency domain observation ν 7→ ||ûobs(2πν)|| related to the linear (thick black line) and
to the nonlinear (thin black line) finite element dynamical responses for excitation frequency band Bexc =
[450 , 1200]Hz (light red zone).

The mean nonlinear finite element dynamical response is then used for constructing the projection basis with
the POD-method as described in Section 2.4. Practically, in the present case, since n < nt, the projection
basis is numerically calculated by using the single value decomposition of matrix [Y]T whose singular values
sα are sorted by decreasing order and such tha s2α=λα and whose right-singular vectors corresponds to the
basis vectors�α. Note that the projection basis strongly depends on the nature of the external load, which re-
quires to be computed for each considered load case. Figure 5 displays several basis vectors issued from this
POD decomposition. It is clearly seen that this projection basis presents local spatial displacements around
the excitation node (that was expected), contrarily to a usual basis constituted of linear elastic eigenmodes.
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Figure 5: Representation of several basis vectors belonging to the projection basis computed with the POD
method over the mean nonlinear finite element dynamical response.

3.4 Computational validation of the mean nonlinear reduced-order model

First a convergence analysis is performed in order to set the optimal order of the mean nonlinear reduced-
order model that can accurately reproduce the nonlinear finite element response. Let N 7→ Convs(N) and
N 7→ ConvQ(N) be the convergence functions defined by

Convs(N) =

√∑N
α=1 s

2
α∑n

α=1 s
2
α

(9)

ConvQ(N) =

√√√√√√√

∫ +∞

0
||Q̂N

(2πν)||2 dν
∫ +∞

0
||Ûref (2πν)||2 dν

. (10)

Figure 6 displays the graph of function N 7→ Convs(N). Since the projection basis is orthonormal, it can
easily be shown that ConvQ(n) = 1. Figure 7 displays the graph of function N 7→ ConvQ(N). It is seen
that a good agreement is obtained for N = 60. From now on, we use N = 60 in the numerical appli-
cation. In previous researches, the chosen projection basis was issued from nonlinear static calculations or
from linear elastic modes which did not require the knowledge of the mean nonlinear finite element dynam-
ical response. As a consequence, the systematic convergence analysis carried out with the mean nonlinear
reduced-order model was converging towards a certain value yielding a converged value of N . But there
was no computational proof that such converged value was the good one. In the present strategy, a compu-
tational effort for solving the mean nonlinear finite element model has been carried out. Consequently, it is
computationally proved that the converged nonlinear dynamical response obtained with the mean nonlinear
reduced-order model corresponds to the reference nonlinear finite element dynamical response.
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Figure 6: Convergence analysis for the mean nonlinear reduced-order model : graph of function N 7→
Convs(N).
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Figure 7: Convergence analysis for the mean nonlinear reduced-order model : graph of function N 7→
ConvQ(N).

3.5 Stochastic nonlinear dynamical response

This Section is devoted to the stochastic nonlinear dynamical analysis of the structure. The computational
results are presented for s=0.003, β=0.0025 and [σ] an upper triangular matrix with N order for which the
non-zeros entries are defined by [σ]ii = 10, [σ]i,i+1 = 5 and [σ]i,i+2 = 2.5. The results are computed with
ns=70 Monte Carlo numerical realizations.

An experimental data basis is assumed to be available for the three observation dofs. Such experimental
response is computed numerically as follows : The material properties E, ν, ρ are replaced by stochastic
fields E(x), n(x) and r(x) yielding inhomogeneous materials along the length of the beam and we have then

E(x) = E(1 + 0.03
I∑

i=0

xi sin

(
0.02πi

`
(x− 0.5`)

)
,

n(x) = ν(1 + 0.03
I∑

i=0

x′i sin

(
0.02πi

`
(x− 0.5`)

)
, (11)
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r(x) = ρ(1 + 0.03
I∑

i=0

x′′i sin

(
0.02πi

`
(x− 0.5`)

)
,

in which xi, x
′
i and x′′i are independent truncated Gaussian random variables in order that ∀x ∈ Ω, E(x) > 0,

n(x) ∈]0 , 1/2[ and r(x) > 0 almost surely. Note that the nonlinear stochastic computational model cannot
reproduce this experimental data.

Let uexp(2πν) be the vector of the experimental response. Figures 8 , 9 and 10 display the graph of function
ν 7→ |uobs,i(2πν)| (black dashed line), ν 7→ |uexp,i(2πν)| (red line), and the graph of the confidence region
of random function ν 7→ |Uobs,i(2πν)| of the observation with a probability level pc = 0.95 related to the
nonlinear reduced-order model for i ∈ {1, 2, 3}. First, it can be seen that unexpected resonances that are
induced by the geometrical nonlinear effects and that are located in the low frequencies outside Bexc appear
with subsequent amplitudes. Concerning the longitudinal displacement, it is seen that the proposed com-
putational model captures well the nonlinear experimental dynamical behavior. Concerning the transverse
displacements, we have a good agreement between the computational model and the experimental response
except for the first resonance. It should be noted that the presented results have been obtained for a selected
value ofa, which does not correspond to an optimal value that would be obtained by solving an optimization
problem allowing for minimizing the distance to the experimental target.

Figure 8: Graph of functions ν 7→ |uobs,1(2πν)| (black dashed line) computed with the nonlinear finite
element model, ν 7→ |uexp,1(2πν)| (red line), graph of the confidence region of random function ν 7→
|Uobs,1(2πν)| computed with the nonlinear stochastic reduced-order model (yellow zone), localization of the
excitation frequency band Bexc=[450 , 1200]Hz (light red zone).

4 Conclusion

In the context of structural dynamics with geometric nonlinearities, a computational methodology is pre-
sented for analyzing the propagation of uncertainties on the nonlinear dynamical response. A nonparametric
probabilistic method for modeling model-form uncertainties, which is implemented from a given projec-
tion basis is used for constructing a stochastic computational nonlinear reduced-order model . A numerical
application, which consists in a bi-clamped beam, is presented and shows the capability of the stochastic
computational model to capture the unexpected resonances induced by the geometrical nonlinearities.
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Figure 9: Graph of functions ν 7→ |uobs,2(2πν)| (black dashed line) computed with the nonlinear finite
element model, ν 7→ |uexp,2(2πν)| (red line), graph of the confidence region of random function ν 7→
|Uobs,2(2πν)| computed with the nonlinear stochastic reduced-order model (yellow zone), localization of the
excitation frequency band Bexc=[450 , 1200]Hz (light red zone).

Figure 10: Graph of functions ν 7→ |uobs,3(2πν)| (black dashed line) computed with the nonlinear finite
element model, ν 7→ |uexp,3(2πν)| (red line), graph of the confidence region of random function ν 7→
|Uobs,3(2πν)| computed with the nonlinear stochastic reduced-order model (yellow zone), localization of the
excitation frequency band Bexc=[450 , 1200]Hz (light red zone).
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Abstract 
This paper presents an approach to calculate the response statistics of a structure comprising a main, host 

structure with an attachment for which there is uncertainty in the coupling location. The approach is based 

on a Krylov model order reduction method, which reduces the order of a finite element model of the 

structure enabling an efficient way to estimate the statistics of the structural response. The multi-point 

constraint method is used to connect the finite element models of the attachment and the structure. One (or 

more) analysis is performed for the attachment located at a given, position(s) to obtain the projection 

matrices. Afterwards, a Parametric Model Order Reduction method is applied to reduce the model order. 

Uncertainty in the location of the attachment is included in a Monte Carlo simulation. The method is 

described and a numerical example presented which illustrates the accuracy and efficiency of the proposed 

method. 

1 Introduction 

Uncertainty problems have attracted the attention of many researchers for some years. A large amount of 

research focuses on uncertainty in geometrical and/or material properties [1], damping [2], joints of the 

model [3] etc. However, uncertainty and variability in the physical locations of attachments have been 

considered much less frequently. During the early design stage, some of the properties and parameters 

may not be defined exactly, for example necessary componentry of various forms, referred to here as 

attachments, being added later. The problem concerned in this paper is about efficient analysis of the 

structure where there is uncertainty or variability in the physical locations of the points at which 

attachments are attached or connected. To include uncertainty and variability in the modelling process, 

repeated calculation is needed. However, re-analysis of large-scale FE models requires large 

computational effort which is time-consuming. This issue can be addressed by model order reduction 

(MOR) methods.  

The general goal of MOR methods is to replace the original, high order model by another model which 

retains the main features of the model but is of lower complexity. Pade approximation related methods, 

also known as Krylov-based approximation methods, correspond to techniques developed for 

approximating the input and output behavior of the original system by a reduced system based on 

projection and moment matching. Such methods are widely used in the area of large electronic circuits [4]. 

In the development of this category of MOR methods, there are two broad approaches: Pade via Lanczos 

(PVL) and multipoint rational interpolation [5]. Feldmann and Freund [6] developed the PVL method, 

which builds the connection between Pade approximation and Krylov subspaces. In order to approximate 

the transfer function over a broad frequency range, the multipoint rational interpolation approach was 

developed to provide moment matching at selected frequencies [5]. Currently, research in Pade 

approximation related methods includes aspects of variable and uncertain parameters, such as physical and 

geometrical parameters. One of the important research directions in this category is parametric model 

order reduction (pMOR) which can preserve the original system parameters in the reduced model. In this 
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paper, a pMOR methods based on moment matching and projection is considered, in which two strategies 

can be used to obtain the projection matrices: using a single pair of fixed global basis matrices [7, 8], and 

interpolating multiple local matrices each considering different parameters [9, 10]. Although by using 

fixed global basis matrices the dimension of the projection matrices will increase through the increase of 

the number of parameters, the advantage is that there is no need to compute the reduced order model 

repeatedly for each different set of parameters. This strategy is suitable for a system with few uncertain 

parameters and repeated calculation is required for a large number of samples.  

In this paper, pMOR is applied to the prediction of the frequency response of a mechanical dynamic 

system with an attachment, in which the location of the connection between the main system and the 

attachment are uncertain. In order to consider the uncertainty efficiently, the multi-point constraint (MPC) 

method is used to assemble the FE models of the main system and the attachment. Then pMOR is applied 

to model the system using a single pair of projection matrices for different attachment locations, and 

reduce the model order. The projection matrices are obtained through choosing some expansion 

frequencies and baseline positions. Based on the reduced order model, Monte Carlo simulation (MCS) is 

used to consider the influence of the uncertainty on the original structure.  

The paper is organized as follows. The next section presents the basic problem setup, which is the system 

with an uncertain located attachment. The Krylov-based model order reduction and pMOR method used in 

this paper are described in Section 3. Next, numerical examples are presented in Section 4. Section 5 

concludes. 

2 Frequency response of the model with an attachment at an 
uncertain location 

This situation is illustrated in Figure 1, in which the main structure is divided into two regions: Region 1 is 

the part of the structure in which the attachment cannot lie; Region 2 is the part of the structure to which 

the attachment is connected, but the location of that connection is uncertain. Both the main structure and 

the attachment are assumed to be modelled using the finite element (FE) method. The different FE models 

are assembled by MPCs. This section presents the response of the FE model and the model with 

attachments. 

A time-invariant, single-input, single-output, system with an attachment can be written as a second order 

differential equation 

 
           

   T

p t t p t u t

y t t

  



M x Dx K x b

c x
  (1) 

  

Region 2

Interface

Attachment
Connection 

points

Figure 1 A structure with an attachment

Region 1
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where t is time,  tx  is a vector of the nodal coordinates of the FE mesh.  u t  is the input force function 

and  y t is the output displacement function, 1Nb containing the input coefficients and 1Nc  

containing the output coefficients. N N
D  is the damping matrix and  

N N
p


M  and  

N N
p


K  are the mass 

and stiffness matrices with the attachment, respectively, and variable parameter p models the uncertain 

location in Region 2. 

Note that the influence of the attachment is evaluated by considering variations in the structure’s mass and 

stiffness matrices, given by 

 
   
   

p p

p p

  

  

M M M

K K K
  (2) 

where  pM and  pK are mass and stiffness perturbation matrices, and M and K are the values of the 

system matrices independent of the parameter. 

In the FE model, the simplest way to assemble two models is the node-by-node method, in which 

coincident meshes are required. If the attached location changes, modifications need to be applied to the 

meshes. In order to avoid remeshing the model, MPCs [11] are used here. The advantage is that the 

connection can be placed at any location without changing the meshes.  

Considering uncertainty and taking the Laplace transform of Eq. (1), the input-output relation can be 

expressed as 

           
1

2, / TH s p y s u s s p s p


   c M D K b   (3) 

where  u s and  y s  represent the Laplace transforms of  u t and  y t . 

Assuming a hysteretic damping matrix 

 /j sD K   (4) 

proportional to the stiffness matrix, where 1j    and   is the loss factor, then Eq.(3) becomes 

            
1

2, / 1TH s p y s u s s p p j


   c M K b   (5) 

In practice, this transfer function can be obtained in various ways, such as modal decomposition, direct 

inversion, etc. The MOR objective of this paper is to approximate the original model by a reduced model, 

therefore Eq.(5) can be efficiently calculated many times. The pMOR method used is based on a rational 

two-sided Arnoldi algorithm in which two global constant projection matrices, , N nV W  ( n N ) are 

used, and yields reduced matrices and vectors,       1, ,
n n n n

np p
 


M K c and 1n

b . The MOR methods 

involved are briefly reviewed in the following section.  

3 Performing model order reduction 

This section describes the model order reduction of a dynamic system using a pMOR method, which is 

based on a rational Krylov method, the rational two-sided Arnoldi algorithm [5]. A global basis is 

generated which allows all the different values of the parameter to be considered.  

3.1 Rational Krylov model reduction for a second-order system 

Krylov-based MOR was originally developed for the first-order system. However, second-order systems 

are common in engineering. The simplest way to apply Krylov-based methods to a second-order system is 

by transforming the system into a first-order one. Alternatively, methods of performing MOR directly in a 
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second-order system have been introduced [12, 13] which will be adopted in this work. Considering a 

specific parameter value
kp , Eq.(5) can be expressed as  

        
1

2, 1T

k k kH s p s p p j


  c M K b   (6) 

By using a two-sided Arnoldi method, a pair of orthogonal matrices Vm
 and Wm can be built though the 

subspaces  [14] 

 
      
      

1

1

1 1
is a basis of ,

is a basis of ,

m

m

m m e e es s

T T T

m m e e es s

p p p

p p p

 

 

V K M K b

W K M K c

K

K
  (7) 

where  

 
               
               

1 1 1

1 1 1

1 1 1 1 1
, span ,

, span , ,

m m

m m

m e e e e e e es s s s s

T T T T T T T

m e e e e e e es s s s s

p p p p p p p

p p p p p p p

    

    





K M K b K b, K M K b,

K M K c K c K M K c

K

K
  (8) 

and        2

m
e e e m es

p p j p s p   K K K M [15], sk (k=1,2,…,m) are expansion frequencies, 

, N m

m m

V W , and each base is orthonormal  

 ,T T

m m m m V V I W W I   (9) 

These expansion frequencies sk (k=1,2,…,m) are predetermined and fixed, and the same number of 

matched moments for each expansion frequency are selected. They will be determined by the frequency 

range of interest and a priori knowledge of the system such as the number of modes inside the frequency 

range. Some work has been done to investigate the selection of the expansion frequencies, for example, an 

procedure was proposed to choose the expansion frequencies iteratively [16] by optimizing the error of 

transfer function. As the parameters determined in the next section also influence the results, the 

calculation process will become tedious to select different sets of expansion frequencies for each value of 

the parameter chosen. Therefore, in this paper, expansion frequencies will be selected linearly in the 

frequency range of interest and they are the same for different values of the parameters. 

3.2 Model reduction of the system with an attachment at random locations 

The calculated projection matrices Vm and Wm in Section 3.1 are only exact for the specific parameter 

value pe. In order to preserve the parameter in the matrices, two strategies can be considered: a global 

basis [17] or local bases [9]. While local bases methods perform interpolations between different local 

models, the global basis method can construct constant projection matrices V and W for an arbitrary 

parameter value, which is very suitable if the system has few parameters but repeated calculations are 

needed. In this work, the only parameter is the uncertain location of the attachment, so the first strategy is 

used.  

Suppose we have a set of values ep , 1,e E , i.e. specific attachment locations, the corresponding local 

basis matrices 
1 EV V  and 

1

N m

E

W W  can be calculated through the rational Krylov method in 

Section 3.1. A common way to obtain the global matrices is to concatenate the local basis matrices [18], 

written as  

 
1 2

1 2

n E

n E

   
   

V V V V

W W W W
  (10) 
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However, directly combining these matrices together has a strong possibility to lead to rank-deficient 

global basis matrices. Thus a singular value decomposition (SVD) always follows the concatenation step 

to construct orthonormal columns. 

Therefore, performing MOR to the transfer function in Eq.(5), we have 

     
1

2, T

p pH s p s j


  c M K I I b   (11) 

where        , , ,T T T

n n n n n np p p p   M W M V K W K V c cV b W b . 

As the order of the transfer function is reduced, the computational cost for one single calculation will 

decrease significantly. Therefore, the MCS can be performed for a large number of samples at relatively 

low cost. 

4 Numerical example 

In this section a numerical example is considered to demonstrate the proposed method. The results are 

verified against a full FE analysis of the system. In the example, the attachment is considered as a point 

mass attached within a region of an otherwise homogeneous structure. 

(b)

Region 2
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Region 2

0.5m

0.1m

0.05m

0
.3

m
0
.0

5
m

0
.1

m

y

x

Interface

Figure 2 The plate divided into two regions: (a) the whole 
plate; (b) details of Region 2

(a)
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4.1 Plate with uncertain located mass 

The example comprises a 0.5m (Lx) 0.3m (Ly) steel plate, 1.62 10-3m thick, as shown in Figure 2. The 

density is 7520 kg m-3 and Poisson’s ratio is taken as 0.33. The Young’s modulus is taken to be 1.748GPa.  

The boundary conditions are free and the input and output are located at point P (0.4 Lx, 0.83 Ly). A mass 

of 0.156 kg (8.5% of the plate mass) is attached at randomly selected points within Region 2. 

In the numerical predictions Kirchhoff plate theory [19] is implemented in MATLAB. A 12 20 element 

mesh is used to construct the FE model. The position of the added mass in the x and y directions is 

assumed to obey a normal distribution, with the means at 0.2 Lx and 0.33Ly respectively, and the standard 

deviations being 0.045Lx and 0.042Ly respectively, with the mean being in the center of the square. The 

coordinates  ,m mx y of the mth sample are independent of each other. The importance sampling method 

was used to sample 2000 points in Region 2, and the pMOR method was applied to perform the MCS. The 

values of the parameter in pMOR are selected where the added mass is located at the four locations p1 

(0.15Lx, 0.25Ly), p2 (0.15Lx, 0.42Ly), p3 (0.25Lx, 0.25Ly) and p4 (0.25Lx, 0.42Ly). Loss factors are chosen as 

0.004 for all the modes. 

Assume that we are interested in the range of frequency between 100Hz and 200Hz. First two expansion 

frequencies, 120Hz and 180Hz, are chosen in this range of frequency. Thus we have 2 4n   , and the 

reduced matrices 819 8, M K . Figure 3(a) shows the FRF of the system with the added mass located at 

the center of the plate (0.2Lx, 0.33Ly). The results of the FE-MPC method are the direct solution for the 

transfer function apart from the frequencies close to the expansion frequencies. Note that there are 

significant differences between the results of FE-MPC and pMOR. Now three expansion frequencies 

(a) 

Figure 3 Comparison of FRF by full FE analysis and by pMOR: (a) two and 

(b) three expansion frequencies; mass attached at the centre of Region 2 

(b) 
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(120Hz, 150Hz and 180Hz) are selected and the reduced matrices 819 12, M K . The FRF is shown in 

Figure 3(b), and shows good agreement between 110Hz and 190Hz.  

Figure 4 shows the influence of selected parameter values. Instead of selecting four baseline values of the 

parameter, only three parameter values are considered (p1, p2 and p3). The predictions of the FRF are less 

accurate than the results by using 4 baseline parameter values. Using more parameters and more expansion 

frequencies always yields more accurate results, but will result in larger projection matrices and 

subsequently increase the computation cost. Thus there is a balance between the accuracy and 

computation cost, and that is still an open question for this method. In this case, we choose four 

parameters and three expansion frequencies to achieve the projection matrices. The dimension of the 

original FE model is reduced from 819 to 12, the computational cost being reduced dramatically and the 

subsequent MCS for the estimation of response statistics becomes very cheap.  

Then the MCS is performed using 2000 samples for the attachment location p. The FRF envelopes and 

mean FRF are presented in Figure 5 (note the different frequency range in the subplot). The expansion 

frequencies are selected as 120, 150 and 180Hz, and good agreement can be observed over a slightly 

wider frequency range. This is because the moments at the expansion frequencies are matched in the 

projection matrices. However the accuracy decreases as the frequency moves away from the expansion 

frequencies. Note that while the added mass introduces a larger variation in the FRF at higher frequencies 

(e.g. around 400-500Hz), the pMOR method can nevertheless approximate the response statics at these 

higher frequencies. It is believed that this is because the stochastic overlap is greater than 1 in this 

frequency range, so that the variability in a resonance peak across the ensemble becomes larger than the 

separation of adjacent resonances.  

5 Conclusions 

This paper discussed the effect of an attachment at an uncertain location on the vibrational response of a 

structure, and presented an efficient method to estimate the envelopes of the frequency response function 

(FRF) and mean FRF. Two projection matrices V and W are constructed by rational Krylov method-based 

parametric model order reduction (pMOR). These matrices are then applied to reduce the size of the 

system model significantly. Hence the computational cost of repeated calculation is reduced.  

The main structure and the attachment are modelled by FE method and assembled using multi-point 

constraints to avoid remeshing of the FE model for each different location of the attachment. The rational 

Arnoldi method is used as the basic model order reduction method, then pMOR is applied to construct two 

global constant projection matrices. As the dimensions of the projection matrices are much smaller than 

the original model and can preserve the change of the parameter values, it enables us to build a reduced 

model for the structure with the uncertain located attachment. Thereafter, Monte Carlo simulation can be 

Figure 4 Comparison of FRF by full FE analysis and by pMOR: FE-MPC (Black), pMOR using 4 

locations (Red) and pMOR using 3 locations (Blue);  mass attached at the center of Region 2 
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(a) 

(b) 

(c) 

Figure 5 Comparison of FRF envelopes and mean FRF by full FE analysis and by 

pMOR: (a) envelopes (80-220Hz); (b) envelopes (0-500Hz); (c) mean FRF 

performed cheaply in the frequency of interest.  

The proposed method was verified numerically on an example structure of a plate with a point mass 

attached at random locations. It was seen that the accuracy of the predicted results is influenced by the 

number and location of selected expansion frequencies, and the number of selected values of the 

parameter at which the projection matrices are evaluated.  The predicted envelopes of the FRFs using the 

proposed method are in good agreement with the results of the solving for the transfer function directly for 

the frequencies between the expansion frequencies. The approximations in the proposed method become 

less accurate as the frequency moves away from the expansion frequencies.  The results show that the 
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proposed method reduces the model order of the structure significantly and leads to accurate results for 

both the FRF and their statistics in the presence of uncertainty. 
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Abstract
Outlier analysis is now standard practice when performing data-driven damage identification; the Maha-
lanobis squared-distance being one of the most fundamental tools in this context. In this setting, “observa-
tions” are rarely given as raw sensor data, but instead constitute the output of a estimator, such as an Auto
Regressive (AR) or Fourier coefficient set. Whilst efficient computation of these type of estimators is now
widespread, the advent of Bayesian inference now allows for the estimation of uncertainty of the outputs of
these estimators, and this, in turn, helps to derive more informative damage-sensitive features. If the object
one is observing is fundamentally uncertain, what is an appropriate measure of novelty? The issue is investi-
gated from three different points of view. Results are demonstrated on a case study on damage identification
in a wind turbine blade during operation, it is shown that taking the uncertainty of damage-sensitive features
into account reduces false positive and negative rates.

1 Introduction

Outlier analysis often amounts to computing the distance between a measured object and a reference proba-
bility distribution. In the Gaussian case, this is usually given by the popular Mahalanobis squared-distance,
between the mean of a reference distribution µ, and the observation in question x (Note bold notation is used
as it is being assumed that features are multivariate, so µ is a vector and Σ is a matrix),

d2 = (x− µ)Σ−1(x− µ) (1)

where Σ is the covariance of the reference distribution. This distance has been shown to be a very effective
measure of novelty in data, and hence it has been widely adopted in Structural Health Monitoring (SHM)
to perform damage detection. The general requirement for damage identification to be successful is that x
should be a damage-sensitive feature. When the dynamic response from a structure, such as vibration, is
being measured, what constitutes a damage-sensitive feature has been widely investigated in the past [1–5].
The appropriate damage-sensitive feature depends on the context, but the general consensus is that useful
damage-sensitive features include Auto-Regressive (AR) model coefficients, or Fourier-based coefficients,
such as a power spectrum, Frequency Response Function (FRF), transmissibility, etc. All these are outputs
from estimator, and more often than not, they are outputs of linear estimators.

Outlier analysis often involves both the estimation of a covariance, ΣT , from a reference training set, and
evaluating d2 on new observations x (the output of an estimator). Invariably, when carrying outlier analysis, it
is assumed that each observation is perfect; no uncertainty about it is assumed. Is this a realistic assumption?
This paper makes the case that it is indeed not, and there are simple instances where one might encounter
real and quantifiable uncertainties over the observations.
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Over the years, a large amount of machine learning research has focused around the issue of probabilistic
estimation of unknown quantities, such as model parameters; this task is achieved relatively well through the
machinery of Bayesian inference. Being able to quantify uncertainty in one’s model parameters is useful, and
provides a valuable additional layer of information that can be exploited for the purposes of outlier analysis.

Bayesian computation has also advanced the disciplines of signal processing and time series analysis, both
fundamental to the extraction of damage-sensitive features. The result of this is that most useful damage-
sensitive features can be derived through Bayesian inference, yielding a probabilistic output. It is no surprise
that Bayesian parameter inference has made its way into structural dynamics [6, 7], and subsequently SHM
problems [8–11].

A question then arises, how should one deal with this probabilistic output, to make the best use of damage-
sensitive features that now include what is now a probability distribution over those features. Surprisingly,
this issue has not been thoroughly addressed in the general setting of outlier analysis, and even less so in the
case of SHM. The Bayesian paradigm is often addressed in terms of its ability to create better models, but
with few exceptions [6], this probabilistic output is not carried forward into an outlier analysis process.

Two of the most widespread tools for feature extraction will be considered in this paper: AR models, and
the Discrete Fourier Transform (DFT); their Bayesian computation is of interest. As such, they are both
useful damage-sensitive features, but extensions and variations of them permit a host of other features to
be derived from them. The pertinent question in this paper is: if, through Bayesian computation, one has
arrived not just at a point estimate for w, but at a full posterior distribution, given observed data p(w|D),
what should be done with this posterior in terms of outlier analysis? This paper investigates this specific
issue. Two problems need addressing. The first is that of learning an appropriate covariance matrix, when
observations are uncertain. In this paper, a pragmatic approach is taken by training the model using the
notion of a collapsed Gaussian mixture density. The second and more pressing issue is that of deriving
appropriate novelty measures that deal with uncertainty. Section 3 discusses some potential appropriate
novelty measures, based on error propagation, marginalisation and comparison of probability distributions.
These measures are applied to a real world, and relevant case study of vibration-based damage detection
of a wind turbine blade during operation in Section 4. An emphasis is placed in comparing the traditional
Mahalanobis squared-distance, with the uncertainty-informed novelty measures discussed in Section 3. First,
the next section will provide some motivation for outlier analysis under uncertain features, by describing the
estimation of two common damage-sensitive features as a Bayesian linear regression problem.

2 Uncertainty in dynamic response features

This section discusses the idea of uncertain damage-sensitive features, and how probabilistic estimates of
some common features can arise from Bayesian inference on simple linear problems. Particular attention is
given to Auto Regressive (AR) models, as they are of interest to the study and practice of SHM. Due to the
limited amount of space, the Bayesian linear regression formulation will not be dealt with in detail.

An autoregressive model describes any given point in a signal, yt at time t, as a function of previously
measured points,

yt =

p∑

j=1

wjyt−j + ε, ε ∼ N (0, σ2) (2)

where j is the lag number, wj is an autoregressive weight corresponding to the jth lag, and ε is the signal
noise, assumed to be Gaussian-distributed with zero mean and variance σ2. This basic autoregressive model
corresponds to the following linear regression problem,

y = Aw + ε (3)

where A is a matrix containing p lagged versions of y along its columns, and w is a vector containing the
autoregressive weights. The signal is also represented as a vector y = {y1, ...yn}. At this point a solution
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could be sought for w through standard least squares methods, and this is precisely what standard methods
for estimating AR coefficients do, such as the Yule-Walker method. Extensions to this general idea are
possible, and are widely used in practice in general system identification and also in SHM.

Other useful feature extraction models can be described in terms of this linear regression problem, a good
example of this being the Discrete Fourier Transform (DFT). To see how this is the case, consider the matrix
A (using the same notation, to draw the equivalence of the problem to AR estimation), with sine waves of k
different frequencies along its columns, representing an N -point time history:

Akn = e−
2πkn
N (4)

The Fourier coefficients can then be recovered from the same linear regression problem as the one given in
equation (3), with the A matrix given by equation (4), and where the weights, w, now represent Fourier
coefficients. In this paper, however, attention will be given to the autoregressive model.

2.1 Bayesian inference for linear regression

Given a data-set D, and a set of candidate parameters from a reference model, encoded in a vector θ =
{θ1, ..., θn}, the philosophy behind Bayesian inference is to use Bayes’ theorem to derive the conditional
probability of the parameters given the data,

p(θ|D) = p(D|θ)p(θ)
p(D,θ) (5)

In the case of linear regression, the model parameters consist of the weight vector w. One of the issues with
Bayesian inference is that the marginal distribution of the joint p(D,θ) can often yield an intractable integral,
requiring approximate methods to solve it. Tractable analytical solutions to the Bayesian inference problem
can be derived through the use of conjugate distributions, and these are of interest to the authors due to
their ease and cheapness of computation. The conjugate solution for the linear regression problem is in fact
straightforward, and can be achieved by placing a Normal-Inverse Wishart prior over the model parameters.
This yields a posterior distribution that is Gaussian, so p(wi|D) = N (µi,Σi). Note the use of the subscript,
which is used later on to denote the model parameters of the ith measurement. Unfortunately, writing down
an analytical solution to the Bayesian linear regression problem takes too much space for this publication,
so the reader is referred to textbooks such as [12, 13]. For illustration purposes, a solution using Bayesian
linear regression, to AR and Fourier coefficients, for a half-second excerpt of wind turbine vibration data is
shown in Figure 1, showing the resulting 3σ confidence intervals. The reader may be able to note that the
confidence intervals shrink at the strongest coefficients.

3 Dealing with uncertain observations

The Mahalanobis squared-distance of equation (1), which is widely used in outlier analysis, does not account
for the fact that the features in question, x can be fundamentally unknown, and, through Bayesian analysis,
are given in terms of a posterior probability distribution p(x|D). Before carrying on, it is worth doing some
notational book-keeping. Note that from here on, x will be used to denote a damage-sensitive feature, to
account for the fact that this could be either a model parameter (for which w was used in Section 2.1), or it
could in some instances refer to predictions directly over measured data.

The problem at hand is one of density estimation, where the inputs into the model are uncertain. There are
two questions to answer. The first being, what is an appropriate method for training a model when inputs
are uncertain? The second question is, what is an appropriate distance metric to use as a novelty score, to
perform damage identification? In this paper, the answers to both of these questions will be greatly simplified
through two major assumptions. The first is that the posterior distribution of the damage-sensitive features,
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a)

b) c)

Figure 1: Illustration of two features derived from a short time history, showing a) time history from acceleration
measurement of a wind turbine blade, b) AR features and c) Fourier features, both with 3σ confidence intervals derived
using Bayesian linear regression.

p(x|D) is Gaussian distributed; this is not unreasonable if a conjugate Gaussian method is used to derive
the posterior, as was the case in the Bayesian linear regression discussed in Section 2.1. More advanced
regression methods such as Gaussian Processes (GPs), Relevance Vector Machines (RVMs) and Bayesian
Neural Networks will, in their most common formulations, yield posterior predictive distributions in terms
of a Gaussian distribution. The second assumption is that the training data will be Gaussian. The impact
that this has is the inability of the outlier analysis methods to deal with data that contain multiple regimes,
associated with a changing environment or operation. The argument here is that for the purposes of this
paper, this is a useful and acceptable simplification, as the focus is placed largely on the introduction of new
novelty measures. More complex density models could be used, such as Gaussian mixture models or Kernel
density estimates, with relatively little additional effort.

3.1 Training

Under the Gaussian assumption, training involves learning the mean µT and the covariance ΣT of the un-
damaged data. Note that the subscript T on these parameters denote that they refer to training set. The
procedure for learning these, through maximum likelihood, is well established and documented, and even
simple Bayesian extensions exist which not only allow posterior distributions over both µT and ΣT , but also
permit doing so in a sequential, on-line fashion (see for example [14]).

A maximum likelihood solution for mean and covariance states that µ = 1
N−1

∑
xi and Σ = 1

N−1
∑

(xi − µ)2

(where xi is the ith observation), thus characterising both the average of the process and its average variation,
respectively. Standard maximum likelihood estimation approaches do not normally consider the case where
each individual data point has an uncertainty attached to it. It is easy to see why this is an unusual problem.
When estimating mean and variance, one is already attempting to capture both the average of the process
and its average scatter, so wouldn’t computing the expectation and variance mean that the job is done? Un-
fortunately not. Each observation is itself a prediction, and is given in terms of a posterior distribution,
characterised by a mean µi and variance Σi, and this issue needs addressing.

The problem is illustrated in Figure 2, where ten uncertain observations are shown. Each observation, xi is
specified in terms of a Gaussian probability density, p(xi) = N (x|µi,Σi).
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General intuition about the problem indicates that if one has uncertain observations, the overall variance
of the entire set x = {x1, ...,xn} should account for the variance in the mean (which is the maximum
likelihood solution), as well as capture any increase in variance due to observation uncertainty. If there was
high confidence in x, manifested through low values of Σi, one would expect the overall variance of the
entire set, ΣT , to be close to the maximum likelihood solution. If, on the other hand, there is low confidence
on the observations, this should lead to a higher overall variance ΣT .

The estimation of both µT and ΣT is in fact relatively simple and is, as always, simplified by the assumption
of a Gaussian p(xi). The overall density of all the uncertain observations could be viewed as the density of a
(very large) Gaussian mixture model, where each observation corresponds to one mixture component, with
an independent mean and covariance. The total density is simply the sum of individual densities, weighted
by a factor describing the ratio of observations found in each component against the entire set. Because in
this case, there is no reason to believe different observations have different weightings, this prior can be set
to 1/N , which yields an overall density,

p(x) =
N∑

i=1

1

N
N (µi,Σi) (6)

This mixture density can be collapsed into a single Gaussian density which minimises the error between the
above density and the resulting collapsed approximation, by simply taking its mean and covariance. These
can be written, straight from Gaussian sum identities as,

µT =
N∑

i=1

1

N
µi (7)

ΣT =

N∑

i=1

1

N
(Σ>i + µiµi − µ>TµT ) (8)

Not surprisingly, the resulting mean is the same as the original mean of non-probabilistic observations.
The covariance, on the other hand, combines the effects of the standard deviation from the mean as well
as the added individual observation variance. The resulting covariance captures the desired intuition, and
this is illustrated in Figure 2, using a synthetic example dataset. The covariance resulting from accounting
for only individual means is shown in black, while the “corrected” covariance, that accounts for individual
observation variance is shown in dashed blue. Note the slight increase in variance along the direction with
most variance on the individual observations.

Collapsing a Gaussian mixture into a single Gaussian is obviously an approximation to the true density (only
the first two moments are captured), but in this paper, it serves its purpose well; it allows a comparison
between novelty scores from a Gaussian distribution where no observation uncertainty is placed against one
where observations are assumed to be uncertain.

3.2 Prediction

Once a density has been estimated for the overall training set, taking into account any uncertainty in the
observations, it is time to make some predictions about new observations. As with regular outlier analysis, the
goal is to determine whether a new observation falls above or below an alarm threshold, and this will be done
using an appropriate distance metric. As briefly introduced in Section 1, the Mahalanobis squared-distance
is an appropriate discordance metric when the data being modelled can be safely assumed to be Gaussian-
distributed. The Mahalanobis squared-distance, alone, is not an ideal distance to compare an uncertain
observation against a reference density.

This issue has not been investigated in detail in the past, so the authors feel that a discussion of different
approaches for tackling the problem is important. In the authors’ view there are three different ways of tack-
ling this problem: 1) as a problem of error propagation, 2) as a marginalisation problem and 3) as a problem
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x1

x2

N (µT ,ΣT )

N (µi,Σi)

N (µo,Σo)

Figure 2: Illustration of problem of density estimation with uncertain observations. Shown are the covariances for the
overall training set (blue), original (mean only) covariance, and observation individual covariance (grey).

of comparing distributions. Rather than presenting a single unified and “best” solution, the similarities, pros
and cons of these formulations will be discussed.

3.2.1 Error propagation

Perhaps the most obvious way to approach this problem is by taking the Mahalanobis distance of equation
(1), where x is assumed to be a point-estimate, and treating it instead as a random variable. Doing so, leaves
one with a relatively simple problem of error propagation. To see this, let the difference between observations
and the data mean be described by v = (x−µ). For clarity of presentation, it helps to work with the precision
matrix, defined by the inverse of the covariance Σ−1 = Λ. The Mahalanobis squared-distance can thus be
rewritten as,

d2 = v>Λv (9)

Unlike the original Mahalanobis squared-distance, the error term is now a probability distribution, since x is
itself described by a distribution. Again, the fact that each observation xi is described by a Gaussian distribu-
tion helps simplify things here, and allows for the entire error propagation to be written down analytically. It
should be easy to see that the error term, v, is the Gaussian describing the observation uncertainty, but offset
by the mean of the training set, µT , so: v ∼ N (µi − µT ,Σi). The benefit of having Gaussian observation
uncertainty, which reduces the error terms to a Gaussian density, now pays off, since equation 9 is a quadratic
form for which there is a simple identity describing the expectation and variance,

E[d2] = µ>v Λµv + Tr(ΛTΣi) (10)

Var[d2] = Tr[ΛΣi(ΛT + Λ>T )Σi] + µv(ΛT + Λ>T )Σi(ΛT + Λ>T )µv (11)

Equations (10) and (11) above, now describe a distribution over the familiar Mahalanobis squared-distance,
treating the error as a random variable, undergoing the square transform with the precision matrix of the train-
ing data. The result for the expectation is clear and intuitive; it is the standard Mahalanobis squared-distance,
with a correction term that accounts for the fact that observations are in fact uncertain. The correction term,
Tr(ΛTΣi) equates to a sum (over the dimensions of x) of the ratios of observation and training variances,
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σ2i /σ
2
T . If the variance of a particular observation is low with respect to the training variance, the correction

factor will be minimal, and vice-versa. Equation (11) applies the same concept to the average deviation, and
thus allows for upper and lower confidence bounds to be placed around the mean novelty score.

This error propagation approach is relatively simple, given that all of the distributions involved are Gaussian.
Under non-Gaussianity, the standard alternative would be to perform Monte Carlo simulations of v, in order
to arrive at a distribution for the resulting Mahalanobis squared-distance. This approach was taken in [15],
though it should be noted that all distributions involved were also Gaussian.

The expectation over the squared Mahalanobis distance will tend to grow, with respect to an uncorrected
d2, whenever the variance of the observations is comparable to the training variance, both in the case of
inliers and outliers, making this a fairly robust measure when features are uncertain. This is illustrated, in
comparison with a simple d2 and the other measures considered in the paper, in Figure 3. Furthermore, it is
important to note that the Var[d2], described by equation (11), allows for the setting of confidence intervals
around the expected Mahalanobis squared-distance. This is useful both in terms of aiding the decision
making process, as well as determining appropriate and safer thresholds over training data.

3.2.2 Marginalisation

A slightly different way of analysing this problem is to treat it as a marginalisation task. The predictive
distribution of a probabilistic model can often be expressed in terms of a simple marginalisation relationship.
This has been previously done, for example, in the task of nonparametric, kernel-based regression methods
in the presence of uncertain input data [16].

In the problem at hand, this is possible by considering the product of a Mahalanobis squared-distance and the
Gaussian distribution that describes the uncertain observations, N (µi,Σi). The integral over this product,
with respect to x would represent the expectation of d2,

E[d2] =
∫

(x− µT )
>ΛT (x− µT )N (µi,Σi)dx (12)

It turns out that an identity exists for the integral in equation (12), and it takes the form,

E[d2] = (µi − µT )
>ΛT (µi − µT ) + Tr(ΛTΣi) (13)

which is effectively equivalent to the expectation derived for d2, through error propagation. This is a reas-
suring position to be in. A particularly interesting point to note is that this measure is no longer a distance,
as it is asymmetric, due to the trace operator over ΛTΣi, which as discussed above, yields a ratio between
observation variance to training variance. This is the desired behaviour as one would like the novelty score
to grow with large observation variance, and to shrink with large training variance. If these two terms were
flipped, so that the trace operated over ΛiΣT , the opposite would be true. Because the trace operator defines
a dot product between two matrices, this also gives a relative measure of misalignment between the two
matrices, so it will increase if the variance directions are significantly different.

As a point of discussion, it is interesting to see what would occur under marginalisation over the two dis-
tributions N (µi,Σi) and N (µT ,ΣT ). Noting that these two distributions are Gaussian, their product will
also be Gaussian-distributed with a normalisation constant Cc (parameters for this product are denoted with
subscript c here). The marginal integral takes the form,

p(x) =

∫
N (x|µT ,ΣT )N (x|µi,Σi)dx (14)

=

∫
CcN (µc,Σc)dx (15)

The constant inside the integral can be taken outside, and the term
∫
N (µc,Σi)dx disappears as it is a

Gaussian distribution (and thus integrates to one), leaving only the normalisation constant. The resulting
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density (which contains the relevant distance metric) can therefore be evaluated using Cc. This constant can,
in turn, be written down using standard Gaussian identities, which yields,

p(x) =
1√

det(2π(Σi + ΣT ))
exp

(
−1

2
(µi − µT )

>(Σi + ΣT )
−1(µi − µT )

)
(16)

which is a standard Gaussian distribution over x, with one key difference; the total covariance is now simply
a sum of the individual training and observation covariances. The measure of interest is the quadratic form
inside the exponent, which effectively gives a Mahalanobis squared-distance. Unlike the integral over the
quadratic form of equation (12) which yields an asymmetric measure, the resulting density of equation (16) is
symmetric with respect to the observation and training distributions. In terms of outlier analysis, this may be
an undesired behaviour. A simple sum of observation and training variance is too simplistic, and this is clear
if one considers the situation when one is evaluating an outlying observation, for which a large distance is
desired. If the observation variance of an outlier is lower than the training variance, this symmetric measure
would still produce a large distance (it would hardly be any different from equation (1)). However, as the
observation variance grows, the resulting symmetric measure will decrease, by virtue of the overall variance
growing. Effectively what happens is that the observation variance dominates the training variance. This
would lead to any uncertain observations being flagged as inliers, which is potentially disastrous. However,
this is only a problem if observation variance is greater than training variance. The distance specified by this
marginal integral is similar in principle to the Bhattacharyya distance, discussed later.

3.2.3 Comparison of probability distributions

A third way to approach this problem is to ask: how different is the distribution of the observations from the
distribution describing the training data. The last of the three approaches (of this paper) for analysing the
problem of deriving relevant measures of novelty when faced with the problem of observations that contain
uncertainty is to consider the comparison between probability distributions.

There are a multitude of methods to do so, but here the discussion will focus on two methods: one distance
and one divergence. The difference between a distance and a divergence is symmetry, and as has been
discussed above, symmetry (or a lack of), generates certain behaviours when it comes to identifying outliers.
In this section the Kullback-Leibler (KL) divergence will be compared against the Battacharyya distance as
a novelty measure under uncertain observations. Given that both of these measures are relatively well known
in the literature, the discussions shall be kept brief and narrowly centred around the issue of outlier analysis.

3.2.4 Kullback-Leibler divergence

The KL divergence, KL(p|q), between two distributions p and q, is given by the following integral:

KL(p|q) =
∫
p(x) log

(
p(x)

q(x)

)
dx (17)

It is widely used in statistical inference, and has roots in information theory [17,18], as it is a useful measure
of information gain. It effectively measures how much knowledge about q(x) will increase one’s knowledge
about p(x). It is important to note that the KL divergence is not a distance, as it is an asymmetric measure
in the sense that KL(p|q) 6= KL(q|p). When considering the outlier analysis problem under uncertain data,
q(x) takes the role of the training distribution, and p(x) assumes the role of the observation distribution. The
premise is that if q does not add a significant amount of information to p, then p is an inlier. This is not
a symmetric measure, so it is fair for the reader to ask, why not use the divergence the other way around?
The simplest explanation is provided by writing down the KL divergence for the two Gaussian distributions
of interest (that is training and observation). When both p(x) and q(x) are Gaussian, the problem can be
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described in terms of means and covariances of both distributions, and the standard form for this is given by

2KL (N (µi,Σi)|N (µT ,ΣT )) = (µT − µi)
>ΛT (µT − µi) + Tr(ΛTΣi) + log

( |ΣT |
|Σi|

)
−D (18)

where D is the dimension of x, and the expression is given as 2KL(p|q) in order to simplify the terms on
the right. The expression for the KL divergence above is the standard d2 relationship with two “correction
terms” that effectively account for uncertainty of the observations. It is important to note that in this form,
the KL divergence weights the squared error between the two means with the precision of the training data.
It should be simple to see that if the KL divergence were to be used the other way around, this term would
weight the squared error with the precision of the observation distribution, which would bear no significance
to the outlier analysis problem.

The expression is similar to that of the expectation of d2 through both error propagation and marginalisation.
The correction terms, however, differ from those of equations (10) and (13), and so play slightly different
roles. Note that trace term in equation (18) is effectively the same as the trace operator in equation (10) that
gives an expression for E[d2].

The key difference between the KL divergence and E[d2] is the addition of a (log) ratio of determinants. This
quantifies the volume ratio between training and observations, and it provides a small balance to the trace
term (very small in fact due to the log operator). Its effect may seem counter-productive for the purpose of
outlier analysis, since it will mean that the overall distance will increase as training variance increases, and
as observation variance decreases. This term only helps in the case of a potential inlier, but with very high
variance, as it measures how much the training covariance lies inside the observation covariance. This case
is illustrated in Figure 3b. Overall, the trace operator will tend to overpower the log-volume ratio in the KL
divergence.

3.3 Bhattacharyya distance

The last novelty measure discussed in this paper, as a measure of novelty for uncertain observations, is the
Bhattacharyya distance [19], which can be viewed as a generalisation of a Mahalanobis squared-distance for
distributions. In the statistical inference literature, it is also a popular measure of distance between distribu-
tions, and in contrast with the KL divergence, it is symmetric. Before delving into this small discussion, it is
worth revisiting the formulation for the marginal distribution of p(x) given uncertain observations as Gaus-
sians, as given in equation (16). The Bhattacharyya coefficient is defined in terms of a similar marginalisation
problem, inside a square root,

cB(p, q) =

∫ √
p(x)q(x)dx (19)

and the Bhattacharyya distance is then defined as the negative log of the coefficient,

dB(p, q) = − log(cB(p, q)) (20)

which simply takes the probability density defined by (19), and formulates it in terms of a useful distance
measure. The Bhattacharyya distance for the case when both p and q are Gaussian yields (using training and
observation subscripts),

dB =
1

8
(µi − µT )

>Σ(µi − µT ) +
1

2
log

(
detΣ√

detΣi detΣT

)
(21)

where Σ denotes the sum of variance terms, Σ = Σi+ΣT
2 . It is straightforward to see what this distance is

doing. It is averaging over the variances in order to compute a squared Mahalanobis distance between the
means of both distributions, and it is enhancing this with a ratio of geometric mean volume to arithmetic
mean volume. In effect, this correction term only plays a role when there is a large disparity between the two
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a) b)

c) d)

Figure 3: Illustration of the four distance metrics measuring novelty between reference distribution and observation
distribution. Four cases are shown: a) inlier, low variance, b) inlier, high variance, c) outlier, low variance and c)
outlier, high variance.

distributions. For outlier analysis, this only offers an advantage when the observation variance is small, as
it will enhance confidence over the fact that an observation may be an inlier or outlier. At the limit of very
small observation variance, the Bhattacharyya distance becomes a (scaled) Mahalanobis squared-distance.
The total covariance, which also appears in the quadratic form does not discriminate between training and
observation variance. If observation variance is high, the it will take over the term Σ, and dominate the
training variance. Therefore, it runs the risk of predicting small distances when observation variance is
larger than training variance. This is both in the case of inliers and outliers, as illustrated in Figure 3b) and
c).

The Bhattacharyya distance is a good measure of similarity between distributions, but one should be careful
when interpreting the results if an observation has a higher variance than the training set.

3.4 Synthetic example

Figure 3 provides an illustration of the novelty measure that each novelty measure yields, using a synthetic
example, consisting of inliers and outliers with low and high observation variance, with respect to a (two-
dimensional) reference set. In the case of an inlier with low observation variance, all four novelty measures
yield a low value, with the KL divergence showing a slightly higher value due to its log variance ratio
term. The dissimilarities appear in the case of an inlier with high variance. In that setting, the expected
Mahalanobis squared-distance and the KL divergence perform well: they both produce a high novelty index.
The Bhattacharyya distance, on the other hand, produces a low novelty index, as the training distribution
lies inside the observation distribution. When considering outliers, all novelty measures produce high scores
when variance is low. When variance is high, however, E[d2] produces the greatest discordance, followed
by the KL divergence which is more conservative due to added log variance ratio term. The Bhattacharyya
distance, fails to flag this as an outlier, again due to the high observation variance.
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4 Case study: wind turbine blade damage detection

The concepts laid out in this paper were applied to a data-set originating from a field investigation on a Vestas
V27 wind turbine. This investigation, together with an approach to damage detection using a Mahalanobis
squared-distance, has been documented in detail in [20]. In this section the authors focus on a comparison
between the various novelty measures discussed throughout this paper.

The data-set consists of acceleration measurements at 16 positions along one of the three blades, with record-
ings spread out across a three and a half-month period, during which three levels of damage were seeded,
in the form of an artificial separation between the upper and lower surfaces of the blade, as they meet at
trailing edge of the blade. In the original investigation of this dataset [20], three damage scenarios are used.
In this paper, only the two lowest-severity damage cases are considered, of 15cm and 30cm crack lengths.
The 15cm seeded crack along the trailing edge is illustrated in Figure 4, along with its position on the blade,
relative to measurement channels. The blade was also instrumented with an actuator that provided an im-
pulse excitation, as this enhances detectability of the different levels of damage when compared with the
vibration resulting from the ambient excitation. In this paper, however, the authors consider only portions
of data where the actuator did not impact the blade, so as to impose greater difficulty of detection. Also, a
limited amount of data was considered; the original recordings capture 30 seconds of data, but only sections
of data of 0.8 seconds are considered (taken at the beginning of every record). This is in order to replicate
the realistic scenario where one may have years worth of data and would not be able to afford storing most
of it. Furthermore, in the setting of a short data record, probabilistic estimates of damage-sensitive features
are of greater value due to the relatively poor quality of the data, and hence the potential for poor estimates
of features. The use of novelty measures that takes this into account makes greater sense in this setting.

The original sample rate of the acquired data was of 16384Hz, but this was down-sampled to 4096Hz,
without a significant loss of information. The damage-sensitive features considered in this study were AR
coefficients, derived using the Bayesian linear regression procedure outlined in Section 2.1, with a model
order of 200 lags. There is an important aspect to note regarding AR model order and sample rate; they
both had to be carefully selected so that the Mahalanobis squared-distance performed well as a detector. In
contrast, the novelty measures that used the full Bayesian solution proved to be overall relatively insensitive
to the model order and therefore sample rate.

The comparison of interest in this paper is between the outlier analysis procedures with and without the
consideration of uncertainty, in the form of the full posterior distribution of the coefficients p(w|D). This
involves both the training procedure and the evaluation of the novelty score. Without consideration for un-
certainty, the outlier analysis procedure is the same as in the previous literature [1]. The mean and covariance
of the features are computed using a standard maximum likelihood approach, using only the mean output
from the Bayesian solution, µi. On the other hand, when uncertainty is taken into account, both µi and
Σi are used, from the posterior p(w|D) of each data recording. In this case, training involves the sum-of-
Gaussians procedure outlined in Section 3.1. Then, three different prediction strategies are compared for
measuring novelty with the full posterior distribution of the AR features: 1) the expectation of the Mahaha-
lanobis squared-distance, E[d2], from equation (10); 2) the KL Divergence using equation (18), and; 3) the
Bhattacharyya distance using equation (20).

The reference distribution is Gaussian, and a comparison is being drawn between the uncertainty-informed
novelty measures and a simple Mahalanobis squared-distance. It is therefore useful to analyse data that is
fundamentally unimodal. For this reason, data originating from only one operating regime was considered,
by taking only instances of recordings where the speed of the main rotor was within a range between 35rpm
to 50rpm.

The available data was split into training, testing and damage subsets, and the results for predictions, based on
the learned models from the training set, are shown in Figure 5 for both measurement channels considered. It
may be useful to reiterate here that the reference model used for E[d2], KL divergence and Bhattacharyya dis-
tance are all the same (derived from the training procedure outlined in Section 3.1). The reference model for
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the Mahalanobis squared-distance, d2, is thus different from the others as this was derived using maximum
likelihood. The thresholds shown in Figure 5 have all been established using a 99th percentile of the novelty
measures inside the training set. The only exception to this is the expected Mahalanobis squared-distance.
In this case, one also has confidence intervals available, and these can be used to better inform the threshold
selection. In the case of E[d2], the threshold was set using the 99th percentile of its 3σ upper confidence
interval, which can be evaluated using equation (11).

4.1 Discussion of results

In the particular case presented here, the Mahalanobis squared-distance has failed to generalise, as it has a
poor performance in terms of false positive rates. One of the reasons for this, is that with an AR model order
of 200, the quantity of training data (of 600 observations) is barely sufficient to yield a well-conditioned co-
variance matrix. Added to this is the fact that even though an attempt was made at selecting a single operating
regime, other operational and environmental variables will mean the data density will be different between
training and testing phases. The uncertainty-informed covariance, on the other hand is better conditioned;
even in the setting of a low number of observations, its conditioning will not be as poor given that it is built on
top of already well conditioned covariances (due to the use and choice of prior distribution in the Bayesian
inference step). In other words, in the absence of a definition of spread, the average spread of individual
posteriors for the observations will be used. This also helps to better summarise what could potentially be
multimodal behaviour into a single Gaussian. The training procedure presented in Section 3.1 collapses both
the mean and covariances of a potentially complex density into a single Gaussian, using information from
both the individual observation mean and variance. On the other hand, performing a maximum likelihood
estimate of mean and covariance (using no individual observation variance), effectively also collapses the
density into a single Gaussian, but using only the information provided by the means. The point here is that
the approximation of the variance given by adding the extra information contained in the posterior solution
of individual features helps in terms of generalisation performance.

Figure 5, shows a marginal improvement in detectability from the uncertainty-informed novelty measures.
The detection performance of each novelty measure depends on several factors. Two of these key factors are
the size of the training set and the model order. A full investigation of these two factors is well outside the
scope of this paper. However, more pertinent to the problem under investigation is the question of the size of
each observation: the length of time used in the time history, to derive the damage-sensitive features. This
matters because, in general, the variance of the posterior distribution of model weights will decrease as the
data size increases - an indication of higher confidence in the model parameters (an AR model in this case).
With very large data records, variance will be small, and if a good enough model is being used, one may as
well use a standard outlier analysis approach that does not involve uncertainty in the observations. The value
of including uncertainty in the novelty measures emerges in the limit of low data quality, and this can involve
low quantity, high noise, or a bad fit against the assumed model. To illustrate this, in the limited amount of
space given here, Figure 6 compares the False Positive Rates (FPR) and False Negative Rates (FNR) for each
novelty measure, with increasing data sizes. Time histories ranging from 500 points up to 8000 points (with
sample rate of 4096Hz) were used to carry out the parameter estimation step, and novelty measures resulting
from these are subsequently computed.

It is clear from Figure 6 that using the expectation over d2 gives the best balance of false positive and false
negative rates. Overall, the Mahalanobis squared-distance is the worst performing, highlighting the point
that including uncertainty in the outlier analysis process is useful.
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a) b)

Figure 4: Illustration of a) 15cm damage to trailing edge and b) damage location within the blade, showing channel
numbers and dimensions in millimetres [20].

a): Channel 8 b): Channel 12

Training Testing 15cm 30cm Training Testing 15cm 30cm

d2

E[d2]

KL

d2b

Figure 5: Resulting four novelty measures on training, testing, and damaged sets, consisting of 15cm and 30cm damage
on blade training edge. The two channels shown correspond to a) the best and b) worst, damage predictors. Thresholds
shown are 99th percentiles of training sets for each measure.

5 Conclusions

This paper has presented a methodology for dealing with uncertain observations when performing outlier
analysis, applied to the problem of damage identification from measured dynamic response data. Current
outlier analysis methods do not deal with the problem of computing novelty measures when the object
being observed is fundamentally uncertain. Such is the case when a probabilistic estimate is used to derive
damage-sensitive features. This paper has addressed this issue by looking at the problem in three different
ways: by applying error propagation through a Mahalanobis squared-distance, through marginalisation and
through comparison of probability distributions. It has been shown that the error propagation approach yields
effectively the same result as performing marginalisation of distributions. The output of this is an expectation
and a variance over the traditional Mahalanobis squared-distance. On the other hand, the Kullback-Leibler
(KL) divergence, and the Bhattacharyya distance are both discussed as potential candidates for comparing the
probabilistic output of Bayesian estimates against reference probability densities from training data. These
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Figure 6: False positive and negative rates with increasing size of data used to derive damage-sensitive features (AR
coefficients), compared for all novelty measures.

three novelty measures all take observation uncertainty into account in slightly different ways, and they are
all compared against the traditional Mahalanobis squared-distance in a case study of damage identification
using vibration measurements in a wind turbine blade in operation. A Bayesian AR model has been used as
an example of a damage-sensitive feature, although it has been discussed how this methodology is applicable
in the wider sense of features derived from linear estimators, such as Fourier features. Including uncertainty
in the outlier analysis is of greater value when a limited amount of data is available, and hence greater
uncertainty exists over damage-sensitive features. It has been shown that in the presence of uncertainty, all
three novelty measures compared far outperform a squared Mahalanobis distance in terms of false positive
and negative rates. This effect is exacerbated in the limit of damage-sensitive features derived from low and
poor data quantities. Of the novelty measures investigated, the expectation over the Mahalanobis squared
distance has proven to be the most robust in terms of acknowledging uncertainty in both inlying and outlying
observations, with the added advantage that it is possible to place confidence intervals around it, which is
useful in terms of robust threshold selection. Further use of this confidence intervals to aid the decision-
making of whether an observation is an inlier or outlier is motivation for further extensions of this work.
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Abstract
The consideration of uncertainty becomes increasingly necessary for complex engineering structures. For
structural dynamic systems, the approach to model uncertainty often depends on the frequency of excitation.
For low-frequency vibration problems, parametric uncertainty model is normally used. Random field or
random variables can be used to model uncertain parameters and stochastic finite element method can be
used to propagate uncertainty. For high-frequency vibration problems, nonparametric uncertainty model is
normally used. Random matrix models, such as those based on Wishart random matrices, can be used for
this purpose. However, in the majority of practical engineering problems, both types of uncertainties need to
be modelled simultaneously as one expects a mixture of wavelengths. This paper proposes a new approach
to consider multiple wavelength-scales by combining parametric and nonparametric uncertainty models.

1 Introduction

Complex dynamic structures such as aircraft and helicopters contain many distinct substructures, and for
a given frequency of excitation, the wavelength of vibration in different substructures can be significantly
different. For example, in the context of an aircraft fuselage, the ring girders will have significantly longer
wavelength of vibration compared to the thin panels for a given frequency of excitation. For deterministic
systems many methods of substructuring, such as component mode synthesis, have proved to be very efficient
to compute the response of the assembled structure [1, 2, 3]. These methods retain degrees of freedom at
the interfaces, but reduce the internal component degrees of freedom by projecting on various subspaces
(for example the fixed interface modes). The reduced subsystem models are then used to build a model of
the complete system. The approach is useful because computing the eigensystems of a number of smaller
models is faster than computing a single eigensystem of a large model.

Mace and Shorter [4] used a perturbation method to evaluate the global modal properties and frequency
response functions due to uncertainty in the local modal properties. Giannini and Hanss [5] used component
mode synthesis and reduced order modelling to determine the fuzzy response of the assembled structure.
The model reduction required significant computation and they tried to maximise the number of uncertain
parameters at the joints and boundaries. Hinke et al. [6] extended substructuring methods by considering the
local modal uncertainty in components, evaluated using perturbation (first order sensitivity) methods.

Jensen et al. [7] formulated a reanalysis procedure for assembled structures and applied this to uncertainty
propagation. Sarsri et al. [8] presents a method using component mode synthesis and polynomial chaos
to obtain the stochastic frequency response functions for the assembled structure, by projecting the compo-
nent uncertainties onto a deterministic subspace. Chentouf et al. [9] considered both parametric and non-
parametric uncertainties within a component mode synthesis approach, where the subspace used to project
the substructure response accounted for the uncertainty. Pascual and Adhikari [10] considered the propa-
gation of combined parametric and non-parametric uncertainties for two cases: when both uncertainties are
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over the entire domain, and when different types of uncertainties occur over non-overlapping subdomains.
The examples used random matrix theory and polynomial chaos expansion.

A simplified situation with two non-overlapping domains containing two different wavelength-scale will be
considered. Domain 1 is related to long-wavelength vibration where uncertainty will be modelled by random
fields. Domain 2 is related to small-wavelength vibration where uncertainty will be modelled by random
matrices. Although a simple two-domain problem is considered, the proposed approach can be extended
to multiple domains. The global equation of motion of dynamic equilibrium will be partitioned into two
subdomains. Each subdomain is connected to each other by a certain common interface. The degrees of
freedom corresponding to this common interface glues two different subdomains with two different types of
uncertainty models. Once a smaller problem corresponding to this interface degrees of freedom is solved,
the solution for the two stochastic subdomains can be performed independently. This forms the basis of the
proposed numerical method.

2 Stochastic dynamical systems

The consideration of uncertainty becomes increasingly necessary for complex engineering structures. For
structural dynamic systems, the approach to model uncertainty often depends on the frequency of excitation.
For linear systems, this in turn is related to the wave-length scale of vibration.

For low-frequency vibration problems (longer wavelength), a parametric uncertainty model is normally used.
Random field or random variables can be used to model uncertain parameters and stochastic finite element
method can be used to propagate uncertainty. For high-frequency vibration problems (shorter wavelength), a
non-parametric uncertainty model is normally used. Random matrix models, such as those based on Wishart
random matrices, can be used for this purpose [11, 12]. In majority of practical engineering problems, one
expects a mixture of wavelengths.

Possible sources of uncertainty include

• parametric uncertainty - e.g. uncertainty in geometric parameters, friction coefficient, strength of the
materials involved.

• model uncertainty - arising from the lack of scientific knowledge about the model which is a-priori
unknown.

• experimental error - uncertain and unknown errors percolate into the model when they are calibrated
against experimental results.

• computational uncertainty - e.g. machine precession, error tolerance and the so called h and p refine-
ments in finite element analysis

Parametric uncertainty is often used for low-frequency vibration problems, where only the first few vibration
modes (typically few tens) participate in the dynamical response of interest. Uncertainty models such as
random variables or random fields are used to represent uncertain parameters. Well established methods
such as the stochastic finite element method (polynomial chaos, perturbation methods, spectral methods)
exist in the literature.

The discretised equation of motion of a linear dynamical system can be expressed as

Mü(t) + Cu̇(t) + Ku(t) = f(t) (1)

where M ∈ Rn×n is the mass matrix, C ∈ Rn×n is the damping matrix, K ∈ Rn×n is the stiffness matrix, u
is the response vector, and f is the forcing vector. Transforming to the frequency domain gives

A(ω)u = f (2)
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Figure 1: Domain decomposed into subdomains

where the dynamic stiffness matrix is given by

A(ω) = −ω2M + iωC + K ∈ Cn×n (3)

For the parametric uncertainty models, the dynamic stiffness matrix can be expressed as

A(θ1) = A0 +

M∑

i=1

ξi(θ1)Ai (4)

where A0 is the baseline model, and ξi(θ1) are random variables.

Non-parametric uncertainty is often used for high-frequency vibration problems, where many vibration
modes (typically hundreds) participate in the dynamical response of interest. Uncertainty models such as
random matrices can be used to represent the uncertain system matrices. Thus, a system matrix (and hence
the dynamic stiffness) could be expressed as

A(θ2) = Wn(δA,A0) (5)

where A0 is the baseline model, θ2 ≡ δA is a dispersion parameter, and Wn is a Wishart random matrix of
dimension n.

3 Domain decomposition for multi-frequency scale problems

Domain decomposition was developed to solve a boundary value problem by splitting it into smaller bound-
ary value problems on subdomains, as shown in Figure 1. The problems on the subdomains are independent,
which makes domain decomposition methods suitable for parallel computing. These methods were orig-
inally developed for the numerical solution of partial differential equations (not explicitly for uncertainty
quantification), and excellent and powerful computational tools are available.

To demonstrate the approach, only two domains are considered and the domains are assumed to have very
different stiffnesses. Thus Domain 1 is flexible and corresponds to long wavelength responses, and in contrast
Domain 2 is stiff with short wavelength responses, as shown in Figure 2. The analysis will subdivide the
domain Ω into two non-overlapping domains, Ω1 and Ω2, as shown in Figure 3, with corresponding dynamic
stiffness matrices

Domain 1 : A1(θ1) = A1
0 +

M∑

i=1

ξi(θ1)A1
i (dimension n1)− parametric uncertainty (6)

Domain 2 : A2(θ2) = Wn2(δA,A2
0) (dimension n2)− nonparametric uncertainty (7)
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Long wavelength

Small wavelength
Domain 1

Domain 2

Longwavelength: domain 1
shortwavelength: domain 2

Figure 2: Decomposition into two subdomains of different stiffnesses

The equations of motion in the frequency domain of the complete system (i.e. over the whole domain Ω)
was given in Eq. (2), and can be partitioned as




[A1
II ]m1×m1 0 [A1

IΓ]m1×mΓ

0 [A2
II ]m2×m2 [A2

IΓ]m2×mΓ

[A1
ΓI ]mΓ×m1 [A2

ΓI ]mΓ×m2 [A1
ΓΓ + A2

ΓΓ]m2×m2







u1
I

u2
I

uΓ



 =





f1
I

f2
I

f1
Γ + f2

Γ



 (8)

where the subscripts I and Γ correspond to internal and interface degrees of freedom, respectively, and the
generalised coordinates for both subdomains have been reordered to group internal and interface degrees of
freedom together. The number of interface degrees of freedom is mΓ, and the numbers of internal degrees
of freedom in subdomains 1 and 2 are m1 and m2, respectively. From the definitions in Eqs. (6) and (7) we
have n1 = m1 +mΓ and n2 = m2 +mΓ.

This equation of motion can be rearranged into following explicit forms (interior and interface problems):

[A1
II ]{u1

I} = {f1
I } − [A1

IΓ]{uΓ} (9)

[A2
II ]{u2

I} = {f2
I } − [A2

IΓ]{uΓ} (10)

[[A1
ΓΓ]− [A1

ΓI ][A1
II ]−1[A1

IΓ]︸ ︷︷ ︸
S1

+ [A2
ΓΓ]− [A2

ΓI ][A2
II ]−1[A2

IΓ]︸ ︷︷ ︸
S2

]{uΓ} (11)

= [{f1
Γ} − [A1

ΓI ][A1
II ]−1]{f1

I }︸ ︷︷ ︸
F1

] + [{f2
Γ} − [A2

ΓI ][A2
II ]−1]{f2

I }︸ ︷︷ ︸
F2

]

The coefficient matrix S = S1 + S2 is known as the Schur complement matrix.

4 Computational approach for uncertainty propagation

To demonstrate the stochastic domain decomposition on two subdomains, we consider the two system ma-
trices, one with parametric uncertainty and one with non-parametric uncertainty. For the domain with para-
metric uncertainty (long wavelength scale),

[A1(θ1)]n1×n1 =

[
A1
II(θ1) A1

IΓ(θ1)
A1

ΓI(θ1) A1
ΓΓ(θ1)

]
= A1

0 +
M∑

i=1

ξi(θ1)A1
i (12)

5004 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 3: Decomposition into two ideal subdomains

with n1 = m1 +mΓ. For the domain with nonparametric uncertainty (short wavelength scale),

A2(θ2)n2×n2 =

[
A2
II(θ2) A2

IΓ(θ2)
A2

ΓI(θ2) A2
ΓΓ(θ2)

]
= Wn2(δA2 ,A

2
0) (13)

with n2 = m2 +mΓ.

For the stochastic interface problem we have a system of (densely) coupledmΓ complex stochastic equations
given by

[S1(θ1) + S2(θ2)]uΓ(θ1, θ2) = F1(θ1) + F2(θ2) (14)

where

S1(θ1) = A1
ΓΓ(θ1)− A1

ΓI(θ1)[A1
II(θ1)]−1A1

IΓ(θ1) (15)

F1(θ1) = f1
Γ − A1

ΓI(θ1)[A1
II(θ1)]−1f1

I (16)

and

S2(θ2) = A2
ΓΓ(θ2)− A2

ΓI(θ2)[A2
II(θ2)]−1A2

IΓ(θ2) (17)

F2(θ2) = f2
Γ − A2

ΓI(θ2)[A2
II(θ2)]−1f2

I (18)

Solving the interface problem we obtain uΓ(θ1, θ2). This can used to calculate the interior solutions as

u1
I(θ1, θ2) = [A1

II(θ1)]−1[f1
I − A1

IΓ(θ1)uΓ(θ1, θ2)] (19)

u2
I(θ1, θ2) = [A2

II(θ1)]−1[f2
I − A2

IΓ(θ1)uΓ(θ1, θ2)] (20)

The most computationally intensive parts of the solution process is the calculation of [A1
II(θ1)]−1 and

[A2
II(θ1)]−1 which involves the solution of m1 and m2 coupled complex stochastic equations. However,

existing computational methods for uncertainty propagation, mode reduction and substructuring can be used,
for example component mode synthesis [6].

4.1 Modal solutions

One approach to solve the stochastic interior problem for parametric uncertainty is to consider the modal
decomposition, and recognise that only the lower modes will contribute significantly to the response. Recall
that in the frequency domain

AII(ω, θ) = −ω2MII(θ) + iωCII(θ) + KII(θ) (21)

Assuming proportional damping model, we have

[AII(ω, θ)]−1 =
m∑

k=1

φk(θ)φT
k (θ)

ω2
k(θ)− ω2 + 2iζkωk(θ)

(22)
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Here ζk are the modal damping factors, which have been assumed to be deterministic in this case for sim-
plicity, but could also be random. The eigenvalues and eigenvectors are obtained from

KII(θ)φk(θ) = ω2
kMII(θ)φk(θ), k = 1, 2, · · · (23)

Any existing methods for the random eigenvalue problem can be used (for example perturbation, polynomial
chaos, Neumann series, . . .).

4.2 Perburbation solutions

If the uncertainty has only a small effect on the system matrices, perturbation methods may be used, where
the second and higher order terms in the uncertainty are neglected. Thus, using Eq. (12), the inverse in Eqs.
(15) and (16) becomes

[A1
II(θ1)]−1 ≈ [A1

0,II ]−1 −
M∑

i=1

ξi(θ1)[A1
0,II ]−1A1

i,II [A1
0,II ]−1 (24)

and hence to first order Eqs. (15) and (16) become

S1(θ1) ≈ A1
0,ΓΓ − A1

0,ΓI [A1
0,II ]−1A1

0,IΓ

+

M∑

i=1

ξi(θ1)
{

A1
0,ΓI [A1

0,II ]−1A1
i,II [A1

0,II ]−1A1
0,IΓ − A1

i,ΓI [A1
0,II ]−1A1

0,IΓ − A1
0,ΓI [A1

0,II ]−1A1
i,IΓ

}

(25)

F1(θ1) ≈ f1
Γ − A1

0,ΓI [A1
0,II ]−1f1

I +

M∑

i=1

ξi(θ1)
{

A1
0,ΓI [A1

0,II ]−1A1
i,II [A1

0,II ]−1 − A1
i,ΓI [A1

0,II ]−1
}

f1
I (26)

5 Numerical example: Coupled Euler-Bernoulli beams

The example consists of two coupled Euler-Bernoulli beams with stochastic elasticity, shown in Fig. 4. We
study the deflection of the beam under the action of a point harmonic load on the interior of beam 1. The
parameters of the beams are:

x

z

Figure 4: The example Euler-Bernoulli beam

L1 = 1, EI10 = 1/3, ρA1 = π2/12, ζ1 = 0.04

L2 = L1, EI20 = EI10/103, ρA2 = ρA1, ζ2 = ζ1/2
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Here L, EI0, ρA and ζ denote the length, bending rigidity, mass density and the constant modal damping
factor for both the beams.

The behaviour of the underlying deterministic system is considered first. The natural frequencies of the two
Euler-Bernoulli beams are shown in Figure 5. Due to the difference in the stiffness values, beam 1 has less
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Figure 5: Natural frequencies of the two Euler-Bernoulli beams.

number of natural frequencies compared to beam 2 within a given frequency range (100 Hz in this case).
The deterministic frequency response functions of the two beams in isolation (in the cantilever configuration
with a point load at the end) are shown in Figure 6.

Now we consider the dynamics of the stochastic system. The following points should be noted for the
stochastic case:

• The bending modulus of the first beam is modelled by two Gaussian random variables (a discretised
random field with standard deviation σa = 0.2). The stiffness matrix is of the form

K1(θ1) = K0 + ξ1(θ1)K1
1 + ξ2(θ1)K1

2

• For the second beam, an Wishart random matrix model with δ = 0.2 is considered.

• The mass matrix and the damping factors are deterministic for both beams.

• First-order perturbation is used for the interior random eigenvalue problems. A 1000-sample Monte
Carlo Simulation (MCS) is used for the interface problem.

• For the numerical calculation we used n1 = 60, n2 = 328. In the domain decomposition approach,
m1 = 58, m2 = 336 and mΓ = 2.
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Figure 6: The deterministic frequency response functions of the two beams in isolation (in the cantilever
configuration with a point load at the end).

The mean and the standard deviation of the coupled stochastic system at the driving point is shown in Fig-
ure 7. The mean and the standard deviation of the coupled stochastic system at the tip of the cantilever is
shown in Figure 8. For both caseS we can observe that the mean response includes the characteristicS of
both beams.

6 Conclusions

This paper investigates a new approach to consider multiple wavelength-scales by combining parametric
and nonparametric uncertainty models. The main idea was to decompose the overall domain into two non
overlapping sub-domains and subsequently utilise Schur complement matrices. The main features of the
paper include:

• The objective was to consider large and small wavelength-scale vibrations simultaneously in conjunc-
tion with relevant stochastic models.

• A parametric uncertainty model is considered for large wavelength-scale vibrations (low frequency).
Random field/random variable models can be used for this purpose.

• A non-parametric uncertainty model is considered for small wavelength-scale vibrations (high fre-
quency). Random matrix models can be used for this purpose.

• The domain decomposition method (originally proposed for parallel computation of deterministic
boundary problems) is used to ‘combine’ the two domains with two different uncertainty models.
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Figure 7: Response statistics of the coupled stochastic system at the driving point.
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Figure 8: Response statistics of the coupled stochastic system at the tip of the cantilever.
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• A simple numerical example with two wavelength-scale domains is used to illustrate the idea.

Future studies will considerer more physically realistic examples and reduced computational methods.
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Abstract  
Complex mechanical structures are often subjected to random vibration environments.  One strategy to 

analyze these nonlinear structures numerically is to use finite element analysis with an explicit solver to 

resolve interactions in the time domain.  However, this approach is impractical because the solver is 

conditionally stable and requires thousands of iterations to resolve the contact algorithms. As a result, only 

short runs can be performed practically because of the extremely long runtime needed to obtain sufficient 

sampling for long-time statistics.  The proposed approach uses a machine learning algorithm known as the 

Long Short-Term Memory (LSTM) network to model the response of the nonlinear system to random input. 

The LSTM extends the capability of the explicit solver approach by taking short samples and extending 

them to arbitrarily long signals. The efficient LSTM algorithm enables the capability to perform Monte 

Carlo simulations to quantify model-form and aleatoric uncertainty due to the random input.  

1 Introduction 

Random vibration is an important load environment to consider during the design of mechanical, aerospace 

and civil structures as it can lead to fatigue type failures.  As the name implies, random vibration is a 

stochastic load that is best described in the frequency domain using a power spectral density function (PSD).  

For linear systems, the PSD of the response is calculated as 

[𝑆𝑋(𝜔)] = [𝐻(𝜔)][𝑆𝐹(𝜔)][𝐻
∗(𝜔)]𝑇 , (1) 

where SX(ω) is the response PSD, H(ω) is the frequency response function (FRF), SF(ω) is the input PSD, 

and [·]*  is the complex conjugate [1].  An exhaustive discussion on random vibration of linear systems is 

found in [1] and [2].  In practice, it is rare to find a structure that behaves in a truly linear way.  Often the 

nonlinearities are weak and do not contribute to the overall response, thus the linear assumption holds.  

However, there are applications and structures in which the nonlinearities play an important role, such as 

geometric nonlinearity in panel flutter [3], hysteretic nonlinearity in vehicle suspension [4], and nonlinear 

stiffness and damping from frictional joints [5].  Joint probability distribution functions (PDF) inclusive of 

the time varying nature of nonlinear systems can be numerically simulated using several existing techniques, 

such as perturbation techniques [6], equivalent linearization [7], multi-Gaussian closures [8], stochastic 

averaging [9], or seeking the solution to the Fokker-Planck equation for Markov vector processes [10], [11].  

These techniques are only valid for narrow classes of vibration input, such as stationary Gaussian, and can 

only be reasonably solved for systems with limited degrees of freedom (DOF).  The work presented in this 

paper is motivated by the need to develop an efficient method to calculate the structural response of 

nonlinear mechanical systems with a large number of DOF subjected to any class of random vibration 

excitations.  Currently for large numerical models of complex structures, explicit time integration is 
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performed using finite element analysis (FEA). A major drawback of this method is that explicit solvers are 

conditionally stable because their smallest allowable time step is driven by the smallest characteristic 

element size of the finite element model (FEM).  Since FEMs that include contact nonlinearities require 

high mesh refinement to accurately resolve conditions at interfaces, the stable timestep becomes small 

enough to make analysis of long duration signals intractable. As a result, random analysis is typically 

performed using a short realization of the random environment. This approach is problematic because the 

time signal statistics may not be captured by a short realization. Moreover, a single realization may not be 

representative of the worst case for a nonlinear structure where there is path dependency. These challenges 

motivate the need for a more efficient approach for obtaining structural response of nonlinear structures to 

random vibration inputs.  

The technique presented in this paper aims to provide a novel and efficient methodology to conduct 

numerical analysis of nonlinear structures subjected to random inputs. The method consists of using machine 

learning techniques to accomplish the objective. In particular, the Long Short-Term Memory (LSTM) 

network is used to extend the structural response of a short duration random signal to a much longer time 

signal from which significant statistical features can be extracted.  The remainder of this paper will introduce 

the mechanics of a LSTM neural network, then apply them to a system with a strong and weak contact 

nonlinearity. 

2 Methodology 

2.1 Long Short-Term Memory Networks 

The field of deep learning has been applied with success to a broad set of applications in recent years [12]. 

The basis for deep learning is algorithms that learn from experience when exposed to data.  A commonly 

used tool in deep learning is a deep neural network which is built by stacking sequential layers of parallel 

operations, referred to as units.  The sequential traversal through the algorithm allows the program to refer 

to earlier operations. These units act as storage for state information and provide a structure to organize the 

network’s processes. As such, deep neural networks learn both hierarchical representations of data, and the 

structural organization of the computer program that process the data.   

A special case of deep neural networks is the recurrent neural network (RNN).  RNNs are a family of neural 

networks specialized in processing sequential data [13]. The main advantage of an RNN over a traditional 

neural network is its ability to share model parameters across different timesteps. This capability allows the 

network to learn relations between timesteps. A more specialized type of RNN is the long short-term 

memory (LSTM) network. The LSTM, which is a type of gated RNN, was originally proposed by Hochreiter 

and Schmidhuber [14], and alleviates many of the computational challenges of the traditional RNN [15].  

Using gates to control the flow of information through time, the LSTM has self-loops that allow it to “forget” 

or “remember” information about the past. Additionally, by using bidirectionality, the LSTM can also learn 

how the “future” affects the current state. LSTM networks have been successful in many applications,  

including speech recognition [16], handwriting recognition and generation [17], machine translation [18], 

image captioning [19], among others.  

A diagram of a single LSTM cell can be seen in Figure 1.  
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Figure 1. A single LSTM cell [20]. 

The forget gate unit 𝑓𝑖
(𝑡)

(for timestep t and cell i) is computed as 

𝑓𝑖
(𝑡)

= 𝜎(𝑏𝑖
𝑓
+∑𝑈𝑖,𝑗

𝑓
𝑥𝑗
(𝑡)

𝑗

+∑𝑊𝑖,𝑗
𝑓
ℎ𝑗
(𝑡−1)

𝑗

), (2) 

where 𝑏𝑖
𝑓
, 𝑈𝑖

𝑓
, 𝑊𝑖

𝑓
are the biases, input weights and recurrent weights for the forget states, respectively. The 

input vector, represented by 𝑥
(𝑡)

 and ℎ
(𝑡)

 (e.g., the input and output acceleration of a dynamic process), is 

the current hidden layer vector. The 𝜎() operator is the sigmoid function. The LSTM cell internal state is 

updated by  

𝑠𝑖
(𝑡)

= 𝑓𝑖
(𝑡)
𝑠𝑖
(𝑡−1)

+ 𝑔𝑖
𝑡𝜎(𝑏𝑖 +∑𝑈𝑖,𝑗𝑥𝑗

(𝑡)

𝑗

+∑𝑊𝑖,𝑗ℎ𝑗
(𝑡−1)

𝑗

), (3) 

where 𝑏𝑖 , 𝑈𝑖 , 𝑊𝑖  are the biases, input weights, and recurrent weights into the LSTM network. The 

nonlinear sigmoid operation is weighted by the external input gate. The external input gate is computed 

similarly to the forget gate but with its own set of parameters, such that 

𝑔𝑖
(𝑡)

= 𝜎(𝑏𝑖
𝑔
+∑𝑈𝑖,𝑗

𝑔
𝑥𝑗
(𝑡)

𝑗

+∑𝑊𝑖,𝑗
𝑔
ℎ𝑗
(𝑡−1)

𝑗

). (4) 

The output ℎ𝑖
(𝑡)

 of the LSTM cell can be controller via the output gate 𝑞𝑖
(𝑡)

 

ℎ𝑖
(𝑡)

= tanh(𝑠𝑖
(𝑡)
) 𝑞𝑖

(𝑡)
, (5) 

𝑞𝑖
(𝑡)

= 𝜎(𝑏𝑖
𝑜 +∑𝑈𝑖,𝑗

𝑜 𝑥𝑗
(𝑡)

𝑗

+∑𝑊𝑖,𝑗
𝑜 ℎ𝑗

(𝑡−1)

𝑗

). (6) 

In the above equations, all parameters are learned through a process known as backpropagation through time 

(BPTT) [13]. BPTT is the process by which gradients are computed through the nodes of the computational 

graph with respect to a loss function. The loss function is typically the negative log likelihood function, 

where the current timestep is predicted from past and current inputs, and past outputs, such as  

𝐿𝑡 = −𝑙𝑜𝑔𝑃(𝑦(𝑡)|𝑥(1), … . , 𝑥(𝑡), 𝑦(1), … . , 𝑦(𝑡−1)). (7) 
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2.2 Dropout and Model-Form Uncertainty 

Dropout is a method of regularization typically used to reduce the model’s generalization error [21]. It is 

usually implemented by masking certain hidden units chosen at random, based on a uniform probability 

defined by the user. The masked hidden unit is dropped, reducing the model’s effective capacity. At each 

epoch, different units are dropped, which forces the model to be more resilient; each hidden unit must be 

able to perform well in the absence of other units. The implication is that the hidden units are optimized to 

perform well in many contexts, resulting in a more generalizable network [22]. 

Gal and Ghahramani [23] showed that dropout can be re-interpreted as performing approximate Bayesian 

inference in deep Gaussian processes. They developed the theoretical framework to show that performing 

backpropagation through a neural network is analogous to minimizing the Kullback-Leilbler divergence 

between an approximate distribution and the posterior of a deep Gaussian process. Therefore, a trained deep 

network with dropout included essentially functions as a deep Gaussian process. The implication is that 

activating dropout during analysis provides a stochastic prediction. A family of predictions can be obtained 

with a Monte Carlo simulation by performing numerous forward passes through the stochastic network. The 

resulting statistical distribution of predictions is an expression of the model-form error.  

3 Case Studies 

3.1 Intermittent Contact Problem 

The contact problem under consideration in this section is a three degree of freedom (DOF) system, as 

illustrated in Figure 2. It consists of three differing masses connected by springs. A penalty spring was used 

to model contact between M2 and M3, with a small initial gap. An input random vibration acceleration was 

applied at one end while the other end remained fixed. Response was recovered at M1. This location was 

chosen instead of M2 to avoid contaminating the data with artificial peaks in the response due to the arbitrary 

penalty stiffness. The response of M1 was still affected by the contact interaction but without the numerical 

artifacts of the contact algorithm. The masses and springs were set to arbitrary values such that there was 

significant contact throughout the excitation. The masses M1, M2, and M3 were set to 1, 10, and 2, 

respectively. The spring stiffnesses K1, K2, and K3 were set to 100, 2000, and 100, respectively.  

The goal of this notional problem was to exercise nonlinear response due to intermittent contact interactions. 

The expectation is that the contact problem is harder to predict due to the non-smooth response associated 

with impact between the two masses. The objective is to predict the acceleration response at M1, given the 

input random vibration. The three DOF system was implemented and solved in Matlab using ODE45.  
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Figure 2. Diagram of the three DOF contact problem with boundary conditions indicated. 

3.1.1 LSTM Architecture 

The LSTM architecture used to model the contact problem was a deep bidirectional network with dropout 

layers, and a time distributed dense output layer. The data (input and response) was divided in m segments 

that were 100 points long (each point corresponding to a timestep).  The LSTM was trained by using these 

100-step segments. The input to the LSTM was a 2x100 vector containing the segment corresponding to the 

ith step excitation and the segment corresponding to the response of the (i-1)th segment. The output to the 

LSTM was a 1x100 vector containing the segment corresponding to the ith step response. Figure 3 shows an 

example of this process; the LSTM network takes in the excitation at the segment we are trying to predict 

and the response of the previous segment (blue) and outputs the response at the current segment (orange).  

 

Figure 3. Typical input/output data used for training the LSTM network. 
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Figure 4 shows a diagram representing the LSTM architecture used. The x variables represent the input time 

history, while the y variables represent the output time history. The diagram shows the prediction of a single 

segment. In this case, the T superscript would be 100, representing the number of points in a segment. Each 

row of the diagram represents a layer. The general architecture used contained layers of bidirectional 

LSTMs, followed by forward LSTMs, followed by a time distributed dense output layer. The data was scaled 

to be between 0 and 1, so that rectified linear unit (ReLu) activation functions could be used throughout the 

network. After each layer, a dropout layer was added for regularization. As seen in the diagram, output of 

the LSTM units is shared across the entire network.  

 

Figure 4. Schematic of the LSTM architecture used for the contact problem. 

Each of the LSTM boxes in the diagram represents one of the LSTM cell of Figure 1.  Each LSTM cell has 

n number of hidden units. The number of hidden units in the LSTM cell represents the degree of 

decomposition to which the incoming time sequence will be mapped. For example, an LSTM with 30 hidden 

units will decompose the two-dimensional input vector into 30 time sequences. Figure 5 shows the 

transformation of the input through every layer. The last layer shows the prediction (orange) and the actual 

response (black). In this example, the LSTM takes in two time sequences and transforms them into 30 time 

sequences. The LSTM then takes the input transformed into a high-dimensional space through a series of 

nonlinear operations, until they are combined into a single time sequence in the last layer. The 

transformations are determined by the weights of the hidden units.  Each gate has different weights and they 

control the flow of information, as determined by Equations (2-6). These weights are applied to the input 

over the entire length (time wise) of the input. Since the input is 2 dimensional and the number of hidden 

weights is 30, the LSTM effectively maps the input from 2 to 30 dimensions. The input weights were 

represented by W in the equations above. The rest of the weights were represented by U. Physically, one 

could think of the high-dimensional representation of the input as representing a change of basis. In this 

interpretation, the program is able to generalize when it finds the proper basis representation of the signal, 

and the proper algorithm that transforms such basis representation into the output.  There is no further 

compression or decomposition going from layer 1 to layer 2, hence the weight matrix is square. A desirable 
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property of the weight matrices is sparsity. Sparse weight matrices may indicate a reduction in redundancy 

in the feature representation, and consequently, better utilization of the network capacity [24].  Though no 

explicit effort has been taken to enforce sparsity, the matrices in Figure 5 show sparsity. This sparsity is 

likely a consequence of dropout.  

 

Figure 5. The transformed input signals as they traverse the depth of the LSTM network. 

 

3.1.2 Results 

The full network was trained using synthetic data generated in Matlab by solving the three DOF contact 

problem. Several time series realizations of a random vibration excitation were generated from a single PSD 

using the method of random phase. The time signals share statistical properties, but they are unique 

realizations. The network was trained on one of the realizations and tested on a completely different 

realization, called the test dataset.  

Figure 6 shows the input random excitation (top) and the corresponding response (bottom). The response 

from direct numerical time integration is shown in red, and the neural network prediction is plotted in black. 

The initial data used to seed the prediction is shown in blue in the bottom plot. The blue portion of the 

bottom plot is the only information needed to perform the prediction after the network has been trained. It 
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can be seen that the overall shape of the response is captured by the prediction. Figure 7 shows a close-up 

of the prediction. As illustrated, the prediction is performed stochastically by performing a Monte Carlo 

simulation. In this case, 20 realizations of the response are shown in black. The variance in the predictions 

is a way to quantify the model-form error, as discussed in Section 2.2.   

 

Figure 6. Input random vibration excitation (top) and response (bottom). In the bottom image, the actual 

response is shown in red, the network prediction is shown in black, and the "seed" use to generate the 

prediction is shown in blue. 
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Figure 7. Close-up of input random vibration excitation (top) and response (bottom). In the bottom image, 

the actual response is shown in red, the network prediction is shown in black, and the "seed" use to 

generate the prediction is shown in blue. 

Figure 8 shows the same comparison of PSDs in the frequency domain.  The prediction envelopes the actual 

response and it matches the peaks well. Figure 9 shows the comparison using a spectrogram calculated with 

the Short-Time Fourier Transform. The spectrogram also shows a good match between the actual response 

and the prediction. The error is larger at lower frequencies. This error may be a consequence of the window 

size chosen to partition the signal in Section 3.1.1. A longer window would capture lower frequency content 

better but would decrease the number of training samples. More work is needed to determine an optimal 

window size.  
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Figure 8. Power spectral density of input (blue), actual response (red), and prediction (black). 

 

Figure 9. Spectrogram of actual response (left) and network prediction (right). 

Lastly, the model parameters (K and M) were varied to study the effect of parametric uncertainty. The 

parameters were varied +/- 10% of their nominal value to model the uncertainty associated with these values. 

A few values were sampled from a uniform distribution in the +/- 10% range from the nominal values and 

their responses were evaluated with the Maltab model. A short “seed” from each evaluation was used to 

predict the long-term response using the LSTM network. Figure 10 shows the comparison between the actual 

response and the prediction. For the most part, the network is robust enough to capture small parametric 

variations. The effect of the change of parameters is embedded in the “seed” data, which the network is able 

to identify and accurately capture the evolution of the response. The multiple predictions correspond to 

different model realizations due to the network having been trained with dropout. The multiple realizations 

are an expression of model-form uncertainty.  
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Figure 10. The response of five variations of the model parameters shown. The actual responses are shown 

with a dashed line and the predictions are shown with solid lines. 

3.2 The Ministack 

The Ministack assembly is a benchmark specimen that was developed at Sandia National Laboratories 

(SNL) to better understand the nonlinear damping and stiffness of a compression fit interface. The structure 

consists of an outer can that houses a subassembly of an aluminum slug that fits tightly in between two foam 

cups. For this work, a reduced-order model of the Ministack that was developed by Kuether and Najera [25] 

was used to generate training data. The reduced order model includes a nonlinear interface represented by 

an Iwan element. The Iwan element consists of a constitutive model that captures the microslip behavior 

and nonlinear dependence of damping and stiffness, as the amplitude of the response increases [26]. The 

Iwan element parameters corresponding to the Ministack frictional interface were found through 

optimization in [25].  Figure 11 shows the Ministack finite element model and the frictional interfaces that 

were reduced to Iwan elements. The random vibration input was applied at the base of the can and the 

response was recorded at the top of the slug.  

 

Figure 11. The Ministack finite element model with the interfaces that were reduced to Iwan elements with 

the random vibration input and response locations indicated. 
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3.2.1 LSTM Architecture 

The LSTM architecture used to model the Ministack problem was a deep LSTM network with dropout 

layers, and a fully connected output layer. The architecture used was similar to that of the contact problem 

described in Section 3.1.1. One of the differences was that the Ministack LSTM was not bidirectional. It 

was found that the Ministack could be modeled without including bidirectionality. Another difference was 

the output layer. In the case of the contact problem, the output layer was time distributed while that was not 

the case for the Ministack. It was found that a static dense layer with multiple features representing the time 

dimension worked best for the Ministack. The exploration of the inner workings of the Ministack LSMT are 

not provided here but similar conclusions to the contact problem can be drawn. The LSTM network finds 

the appropriate basis representation of the signal, and the graph structure that best performs the mapping of 

input to output.  

3.2.2 Results 

The network was trained using synthetic data generated in Matlab using the reduced-order model described 

in [25]. As in the contact problem, the results provided in this section were generated using the test dataset.  

Figure 12 shows the input random vibration (top) and the response (bottom). In the bottom plot, the actual 

response is shown in red, the prediction is shown in black, and the seed data used to generate the response 

with the LSTM network is shown in blue. The predicted and actual responses are nearly indistinguishable. 

Figure 13 shows a close-up of the data to illustrate the close match between prediction and actual. Since the 

LSTM network provides stochastic predictions, the prediction shown in Figure 13 represents the mean 

prediction.  

 

Figure 12. Input random vibration excitation (top) and response (bottom). In the bottom image, the actual 

response is shown in red, the network prediction is shown in black, and the "seed" use to generate the 

prediction is shown in blue. 
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Figure 13. Close-up of Ministack actual response (red) and LSTM network predictions (black). 

To illustrate the stochastic predictions of the LSTM network with dropout, Figure 14 shows multiple 

realizations of the prediction in black. Variance in the response can be used to quantify the epistemic 

uncertainty of the response, as described in Section 2.2. Uncertainty, represented by the range of predictions, 

tends to be larger in areas where the LSTM network error is larger (e.g.,  in areas the network did not 

encounter during training).   

 

Figure 14 - Response including error 

4 Conclusion 

This paper presents a novel method using Long Short-Term Memory neural networks to predict the response 

of nonlinear systems subject to random broad-band excitation.  By using the LSTMs ability to use past as 

well as future data in its prediction, accurate predictions of strong and weak nonlinearities are possible.  Two 

typical nonlinearities in the form of intermittent contact and frictional sliding were used as baseline 
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examples, both of which were shown to be solvable with the LSTM neural network.  Additionally, it was 

shown that by including dropout layers, the model becomes stochastic in form allowing it to predict 

epistemic and aleatoric uncertainty inherent to the analysis. 
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Abstract
Practical structural engineering problems often exhibit a significant degree of uncertainty in the properties
of the materials being used, in the dimensions of the modeled structures, in the magnitude of loading forces,
etc. In this paper, a cantilever/doubly clamped beam with uncertainty in the Young’s modulus under a static
and a dynamic load is considered. The uncertainty is modeled by means of a random variable and by means
of a random field. In order to compute the statistical quantities of the static deflection and frequency response
function, Multilevel Monte Carlo is combined with a Finite Element solver. This recent sampling method
is based on the idea of variance reduction, and employs a hierarchy of finite element discretizations of the
structural engineering model. The computational cost of the method is compared to the cost of standard
Monte Carlo, demonstrating a significant speedup of up to several orders of magnitude.

1 Introduction

There is an increasing need to accurately simulate and compute solutions to engineering problems whilst
taking into account model uncertainties. Methods for such uncertainty quantification and propagation in
structural engineering can roughly be categorized into two groups: non-sampling methods and sampling
methods. Examples of non-sampling methods are the perturbation method and the Stochastic Galerkin Finite
Element method. The perturbation method is based on a Taylor series expansion in order to approximate the
mean and variance of the solution [1]. The method is quite effective, but its use is restricted to models
with limited number of relatively small uncertainties. The Stochastic Galerkin method, first proposed in
[2], is based on a spectral representation in the stochastic space. It transforms the uncertain coefficient
partial differential equation (PDE) problem by means of a Galerkin projection technique into a large coupled
system of deterministic PDEs. This method allows for somewhat larger numbers of uncertainties and is quite
accurate. However, it is highly intrusive and memory demanding, making its implementation cumbersome
and restricting its use to rather low stochastic dimensions.

Sampling methods, on the other hand, are typically non-intrusive. Each sample corresponds to a determin-
istic solve for a set of specified parameter values. Two particularly popular examples are the Stochastic
Collocation Method [3] and the Monte Carlo (MC) method [4]. The former samples a stochastic PDE at a
carefully selected multidimensional set of collocation points. After this sampling, a Lagrange interpolation
is performed leading to a polynomial response surface. From this, the relevant stochastic characteristics
can easily be computed in a post-processing step. However, as is also the case for Stochastic Galerkin, the
Stochastic Collocation method suffers from the curse of dimensionality: the computational cost grows expo-
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nentially with the amount of random variables considered in the problem. The Monte Carlo method on the
other hand, selects its samples randomly and does not suffer from the curse of dimensionality. Its drawback
is its slow convergence as a function of the number of samples. The convergence of Monte Carlo can be
accelerated in a variety of ways. For example, alternative non-random selections of sampling points can be
used, as in Quasi-Monte Carlo [5, 6], and Latin Hypercube [7] sampling methods. Also, variance reduction
techniques such as Multilevel Monte Carlo (MLMC) [8] and its generalizations, see, e.g., [9, 10], can speed
up the method. Note that there also exist hybrid variants which have both a sampling and non-sampling
character. This type of methods combines, for example, the stochastic finite element (SFEM) methodology
with Monte Carlo sampling or a multi-dimensional cubature method, see, e.g., [11, 12].

Monte Carlo methods have already been applied in the structural engineering domain, for example in prob-
lems of structural dynamics [13]. The focus of this paper is to apply the Multilevel Monte Carlo method to
a structural engineering problem, discretized by means of the Finite Element Method. A comparison with
the standard Monte Carlo method will show a significant reduction in computational cost. The structure of
the paper is as follows. In section 2, we formulate the mathematical model, introduce the problem statement
and describe how the uncertainty is modeled. Section 3 recalls the Multilevel Monte Carlo method, and
provides some additional algorithmic implementation details. In Section 4, numerical results are presented.
First, a performance comparison is made between standard Monte Carlo and Multilevel Monte Carlo for a
static load case. Next, results showing the uncertainty propagation in function of the type of modeled uncer-
tainty are presented for the static loading case and the dynamic loading case. The fifth and last section offers
concluding remarks and details some paths for further research.

2 The mathematical model

2.1 A clamped beam with uncertainty in the Young’s modulus

The considered engineering problem is the response of a two dimensional cantilever/doubly clamped con-
crete beam with a static or dynamic load. The dimensions of the beam are 2.5m (length) by 0.25m (height).The
material parameters are selected as follows: the density is set to 2500kg/m3; the Poisson ratio is 0.15; the
Young’s modulus is subject to some uncertainty, and has a mean value of 30GPa. Two uncertainty models
will be considered. The first case consists of a homogeneous Young’s modulus characterized by means of a
single random variable. The second case is a heterogeneous Young’s modulus represented as a random field.
For both cases, we will compute the stochastic characteristics of the static response (beam deflection) and
the dynamic response (frequency response function). The two considered beam cases are shown in Fig.1.

Figure 1: Cantilever beam loaded on its right end (left) and doubly clamped beam loaded in the middle
(right)

2.1.1 The homogeneous case

Following [14], we opt to describe the Young’s modulus in the homogeneous case by means of a univariate
Gamma distribution. This distribution is characterized by a shape parameter α and a scale parameter β:

f(x|α, β) =
1

βαΓ(α)
xα−1e

(
−
x

β

)

. (1)

5028 PROCEEDINGS OF ISMA2018 AND USD2018



The corresponding mean value and variance can be computed respectively as µ = αβ and σ2 = αβ2. In this
paper, we will select α=7.1633 and β=4.1880E9, which are based on values coming from [15]. This leads
to a mean of 30GPa and a standard deviation of 11.2GPa. The Gamma distribution is plotted in Fig. 2.
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Figure 2: Probability density function (PDF) for Young’s modulus with α = 7.1633 and β = 4.1880E9.
Shown also is the mean µ and the standard deviation σ.

2.1.2 The heterogeneous case

The Young’s modulus with spatially varying uncertainty will be represented by means of a (truncated)
Gamma random field. The construction of this random field is done by means of a classical, two step
process. First, a (truncated) Gaussian random field is generated, by means of a Karhunen-Loève (KL) ex-
pansion [16]. Next, this Gaussian random field is transformed into a Gamma random field by means of a
memoryless transformation [17].

A Gaussian random field Z(x, ω) with exponential covariance kernel is used here, i.e.,

C(x, y) := σ2 exp

(
−
‖x− y‖p

λ

)
. (2)

We selected the 1-norm (p= 1), a correlation length λ= 0.3 and a standard deviation σ = 1.0. The corre-
sponding KL expansion can then be formulated as follows

Z(x, ω) = E[z(x, .)] +

∞∑

n=1

√
θnξn(ω)bn(x) . (3)

E[z(x, .)] denotes the mean of the field, and is set to zero. The ξn(ω) functions denote i.i.d. standard Normal
random variables. The symbols θn and bn(x) denote, respectively, the eigenvalues and eigenvectors related
to the covariance kernel (2). For the parameter values selected above, those eigenvalues and eigenvectors can
be computed analytically [18, 2, 19, 20]. For a one-dimensional domain [0, 1], they are given by

θ1D
n =

2λ

λ2w2
n + 1

and b1D
n (x) = An (sin(wnx) + λwn cos(wnx)) . (4)

The constants An are chosen in such a way as to normalize the eigenvectors: ‖bn‖2 = 1. The constants wn
represent the real solutions, in increasing order, of the transcendental equation

tan(w) =
2λw

λ2w2 − 1
. (5)

For the two-dimensional case, the eigenvalues and vectors are obtained in tensorproduct way,

θ2D
n = θ1D

in θ
1D
jn and b2D

n (x) = b1D
in (x1)b1D

jn (x2) with n = (in, jn) . (6)

USD – METHODS 5029



In an actual implementation the number of KL terms in (3) is truncated to a finite value. This value depends
on the magnitude and, more precisely, the decay of successive eigenvalues. Those eigenvalues are plotted
in Fig. 3. Inclusion of the first 101 KL-terms is sufficient in order to represent 90 % of the variance of the
random field. The percentage of the variance that is accounted for as a function of the number of included
eigenvalues corresponds to the cumulative sum of the eigenvalues, and is also illustrated in the figure. A
cumulative sum of 1 corresponds to 100% of the variance of the field being accounted for.
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Figure 3: Left: Magnitude of the eigenvalues and their cumulative sum. Right: Memoryless transformation
used to generate the Gamma random field.

Once the Gaussian field has been generated, a memoryless transformation is applied pointwise,

g(y) = F−1 [φ(y)] , (7)

in order to obtain the Gamma random field [17]. Here, F denotes the marginal cumulative density function
(CDF) of the target distribution and φ the marginal CDF of the standard Normal distribution. This transfor-
mation is depicted in Fig. 3 (right) with the full red line representing F , and the dashed blue line representing
φ. Contour plots of a Gaussian random field and the corresponding Gamma random field are presented for
illustration purposes in Fig. 4.

Figure 4: Gaussian random field (left) and the corresponding Gamma random field (right).

2.2 The Finite Element Method

The Finite Element method will be used to compute the static and dynamic response of the beam for the
plane stress case. An equidistant, regular rectangular mesh is applied with bilinear quadrilateral elements.
For the static case, this leads to the system equation of the form

Ku = f , (8)

with K the global stiffness matrix, f the global nodal force vector and u the displacement. The global
stiffness matrix and nodal force vector are obtained from the element stiffness matrices Ke and the element
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force vectors fe. These are computed analytically by evaluation of the following integrals:

Ke =

∫

Ω
BTDBdΩ and fe =

∫

Γt

NT tndΓt. (9)

The element nodal force vector fe is modeled as a Neumann boundary condition, where tn stands for the
surface traction specified as a force per unit area and N the element shape function matrix, integrated over
the free element boundary Γt. The element stiffness matrix Ke is obtained by integrating the matrix BTDB
over the element’s surface Ω. Matrix B is defined as LN with L the derivative matrix specified below, and
with D a 3x3 matrix containing the element wise material parameters,

L =



∂
∂x 0

0 ∂
∂y

∂
∂y

∂
∂x


 and D =

E

1− ν2




1 ν 0
ν 1 0

0 0
1− ν

2


 . (10)

For the dynamic response case the following equation is obtained,

(
K− (2πf)2M

)
u = f with Me =

∫

Ω
NTρNdΩ . (11)

Matrix M denotes the system mass matrix obtained from the assembly of the element mass matrices Me. f
denotes the frequency and ρ the volumetric mass density of the material.

The assignment of random values to the Young’s modulus matrix is done by means of the midpoint approach,
i.e., the value is taken constant within each individual element and equal to the value of the random field at
the center point of the element [21].

3 The Multilevel Monte Carlo method

3.1 Method overview

The Multilevel Monte Carlo method (MLMC) is an extension of the standard Monte Carlo (MC) method,
see, e.g., [8, 22]. The method relies on a clever combination of many computationally cheap low resolution
samples and a relatively small number of higher resolution, but computationally more expensive samples.
The application of MLMC to our problem will be based on a hierarchy of nested finite element meshes.
These meshes will be indexed from 0 to L, with 0 indicating the coarsest mesh and L the finest mesh. An
example of such a hierarchy is shown in Fig. 5. It is common in the PDE setting to use a geometric relation
for the number of degrees of freedom between the different levels, i.e., the number of finite elements for a
mesh at level ` is proportional to 2d`, where d is the dimension of the problem.

Let E[PL(ω)], or E[PL] for short, be the expected value of a particular quantity of interest P depending on a
random variable ω, discretized on mesh L. The standard MC estimator for E[PL] usingNL samples on mesh
L, denoted as QMC

L , can be written as

QMC
L =

1

NL

NL∑

n=1

PL(ωn) . (12)

Multilevel Monte Carlo, on the other hand, starts from a reformulation of E[PL] as a telescoping sum. The
expected value of the quantity of interest on the finest mesh is expressed as the expected value of the quantity
of interest on the coarsest mesh, plus a series of correction terms (or differences):

E[PL] = E[P0] +
L∑

`=1

E[P` − P`−1] . (13)
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Each term in the right-hand side is then estimated separately by a standard Monte Carlo method with N`

samples, i.e.,

QMLMC
L =

1

N0

N0∑

n=1

P0(ωn) +
L∑

`=1

{
1

N`

N∑̀

n=1

(P`(ω
n)− P`−1(ωn))

}
, (14)

where QMLMC
L is the Multilevel Monte Carlo estimator for the expected value E[PL], which is a discrete

approximation of the continuous solution E[P ]. The mean square error (MSE) is defined as

MSE(QMLMC
L ) ≡ E

[(
QMLMC
L − E [P ]

)2]
= V

[
QMLMC
L

]
+
(
E
[
QMLMC
L

]
− E [P ]

)2
, (15)

with V denoting the variance. The MLMC estimator in (14) can be written as a sum of L+ 1 estimators for
the expected value of the difference on each level, i.e.,

QMLMC
L =

L∑

`=0

Y`, where Y` =
1

N`

N∑̀

n=1

(P`(ω
n)− P`−1(ωn)) . (16)

where we defined P−1 := 0.

Because of the telescoping sum, the MLMC estimator is an unbiased estimator for the quantity of interest on
the finest mesh, i.e.,

E[PL] = E[QMLMC
L ]. (17)

Denoting by V` the variance of the difference P` − P`−1, the variance of the estimator can be written as

V[QMLMC
L ] =

L∑

`=0

V`
N`
. (18)

In order to ensure that the MSE is below a given tolerance ε2, it is sufficient to enforce that the variance
V[QMLMC

L ] and the squared bias (E[PL − P ])2 are both less than ε2/2. The condition on the variance of
the estimator can be used to determine the number of samples needed on each level `. Following the classic
argument by Giles in [8], we minimize the total cost of the MLMC estimator

cost(QMLMC) =

L∑

`=0

N`C`, (19)

whereC` denotes the cost to compute a single realization of the difference P`−P`−1, subject to the constraint

L∑

`=0

V`
N`
≤ ε2

2
. (20)

Treating the N` as continuous variables, we find

N` =
2

ε2

√
V`
C`

L∑

`=0

√
V`C`. (21)

Note that if E[P`] → E[P ], then V` → 0 as ` increases. Hence, the number of samples N` will be a
decreasing function of `. This means that most samples will be taken on the coarse mesh, where samples are
cheap, and increasingly fewer samples are required on the finer, but more expensive meshes. In practice, the
number of samples must be truncated to dN`e, the least integer larger than or equal to N`.
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Using (21), the total cost of the MLMC estimator can be written as

cost(QMLMC) =
2

ε2

(
L∑

`=0

√
V`C`

)2

. (22)

This can be interpreted as follows. When the variance V` decreases faster with increasing level ` than the cost
increases, the dominant computational cost is located on the coarsest level. The computational cost is then
proportional to V0C0, which is small because C0 is small. Conversely, if the variance decreases slower with
increasing level ` than the cost increases, the dominant computational cost will located on the finest level L,
and be proportional to VLCL. This quantity is small because VL is small. For comparison, the computational
cost of a Monte Carlo simulation that reaches the same accuracy is proportional to V0CL.

In our numerical results presented next, we will compare the cost of the MLMC estimator to the cost of a
standard MC simulation, both in actual runtime (seconds) and in some normalized cost measure. This cost
is chosen such that the time needed to obtain a sample on the coarsest mesh (level zero) is equal to a cost
of one unit. When using the standard geometric mesh hierarchy, the cost for a single sample on level ` is
proportional to 2γ`. The factor γ is determined by the efficiency of the solver. The advantage of using this
normalized cost is that it decouples the cost of the simulation from the specific computer hardware. This
makes it easier to compare results coming from different machines. This is not the case when presenting the
runtimes of the algorithm, which are machine dependent.

The second term in (15) is used to determine the maximum number of levels L. A typical MLMC imple-
mentation is level-adaptive, i.e, starting from a coarse finite element mesh, finer meshes are only added if re-
quired to reach a certain accuracy. Assume that the convergence E[P`]→ E[P ] is bounded as |E[P`−P ]| =
O(2−α`). Then, we can use the heuristic

|E[PL − P ]| =
∣∣∣∣∣
∞∑

`=L+1

E[P` − P`−1]

∣∣∣∣∣ ≈
|E[PL − PL−1]|

2α − 1
(23)

and check for convergence using |E[PL − PL−1]|/(2α − 1) ≤ ε/
√

2, see [8] for details.

For completion, we now mention the central MLMC complexity theorem. We refer to [22] for a proof.

Theorem 1. Given the positive constants α, β, γ, c1, c2, c3 such that α ≥ 1

2
min (β, γ) and assume that the

following conditions hold:

1. |E[P` − P ]| ≤ c12−α`,

2. V` ≤ c22−β` and

3. C` ≤ c32γ`.

Then, there exists a positive constant c4 such that for any ε < exp(−1) there exists an L and a sequence
{N`}L`=0 for which the multilevel estimator, QMLMC

L has an MSE ≤ ε2, and

cost(QMLMC) ≤





c4ε
−2 if β > γ

c4ε
−2 (log ε)2 if β = γ,

c4ε
−2−(γ−β)/α if β < γ.

(24)

Level 0 Level 1 Level 2

Figure 5: Illustrative example of a hierarchy used in the MLMC method
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3.2 Implementation aspects

The MLMC method is non-intrusive. Only an interface between the Finite Element solver routine and the
multilevel routine is necessary. All modules used in the simulation are written in MATLAB. All simulations
have been run on a workstation equipped with 24 Intel Xeon E5645 CPU’s, each clocked at 2.40 GHz, and
a total of 49 GB RAM. Just as the classic MC method, the MLMC method is embarrassingly parallel, so
parallel sampling is possible.

4 Numerical Results

In this section, we discuss our numerical experiments with the MLMC method. We consider the static and
dynamic load case, using both a homogeneous and a heterogeneous uncertain Young’s modulus.

4.1 Comparison between MC and MLMC

First, we compare the efficiency of MLMC and MC for the static response of the doubly clamped beam
shown in Fig. 1 (right). The quantity of interest is the node with the maximum transversal deflection, which
coincidently also corresponds to the node with the largest system variance. The coarsest finite element mesh
(level 0) consists of 410 degrees of freedom, while the finest finite element mesh considered (level 4) consists
of 83330 degrees of freedom.

Fig. 6 compares the actual simulation time needed to reach a certain tolerance ε on the root mean square error
(RMSE) for both standard MC and MLMC, for a homogeneous (left) and heterogeneous uncertain Young’s
modulus (right). Our MLMC method consistently outperforms the standard MC method, with speedups
up to a factor ten or more. In Tab. 1, we summarize the results expressed in actual simulation time and in
standard cost. For MC, some values of the RMSE have been omitted. This is due to the long computation
time, which is in the order of days. Also note that the MC simulation is run at the finest level L of the
corresponding MLMC simulation, where L is chosen according to (23). This explains the sudden jump in
the MC simulation time to the right of Fig. 6.
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Figure 6: Actual simulation time in seconds as a function of the desired tolerance on the RMSE applied to
the doubly clamped beam in Fig. 1 (right) for a homogeneous (left) and heterogeneous (right) Young’s

modulus.
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RMSE [/]
Homogeneous Young’s modulus Heterogeneous Young’s modulus
Times [sec] Norm. Cost Times [sec] Norm. Cost

MLMC MC MLMC MC MLMC MC MLMC MC
2.5E-4 84 896 4.75E3 8.43E4 86 181 2.55E3 1.28E4
7.5E-5 514 9632 5.38E4 9.84E5 334 1533 3.00E4 1.29E5
5.0E-5 1287 - 1.30E5 - 991 17380 1.09E5 1.99E6
2.5E-5 4650 - 5.14E5 - 5244 - 5.63E5 -

Table 1: Actual simulation time in seconds and normalized cost for MLMC and MC applied to the doubly
clamped beam in Fig. 1 (right) for a homogeneous and heterogeneous Young’s modulus.
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Figure 7: Total number of samples on each level for different tolerances ε on the RMSE using a
homogeneous (left) and heterogeneous (right) Young’s modulus.

RMSE [/]

Homogeneous Young’s modulus Heterogeneous Young’s modulus
MLMC MC MLMC MC

level equivalent level level equivalent level
0 1 2 3 4 Max Max 0 1 2 3 4 Max Max

2.5E-4 4408 56 6 / / 262 4651 1183 202 33 / / 153 771
7.5E-5 49816 635 61 / / 2697 49308 13477 2169 370 / / 1568 6750
5.0E-5 116934 1446 172 49 / 1651 - 38322 5728 893 180 / 918 16700
2.5E-5 464180 5393 669 71 7 1091 - 173742 27492 4412 958 218 1374 -

Table 2: Number of samples for MLMC and MC

Fig. 7 shows the number of samples over the different levels in function of the desired tolerance. Note that the
number of samples is decreasing as the level ` increases, as required. Numerical values forN` are repeated in
Tab. 2. In order to make a better comparison between the cost of MC and MLMC, we also list the equivalent
number of samples on the finest level L, that is, the number of samples on level L that would yield a cost
equal to the MLMC cost. These results show a considerably lower sample size in favor of MLMC.

Comparing the actual number of samples of MLMC with MC, we notice that when the Young’s modulus is
homogeneous, the number of samples on the coarsest level in the MLMC simulation is of the same order
of magnitude as the number of samples on the finest level L in the MC simulation. This makes it easier to
estimate the amount of samples that would be needed for a MC simulation given the results of a MLMC
simulation. However, when the Young’s modulus is heterogeneous, this number of samples is not the same.
The reason behind this stems from the fact that on this coarsest level a very rough approximation of the
random field is used for the MLMC simulation, while the MC simulation uses a random field equal to the
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random field corresponding to the finest level of MLMC. It is thus probable that on the coarsest level, the
variability of the random field is not fully and adequately captured. In order to better illustrate this point, the
same Gaussian random field at different resolution levels is shown in Fig. 8. As can be seen, a sufficiently
high number of points is required to capture the variability.

In order to validate this hypothesis, MLMC simulations with a heterogeneous Young’s modulus have been
rerun with a finer coarsest level. The results are presented in Tab. 3.
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Figure 8: Realizations of a Gaussian random field on level 0 (left), level 1 (middle), level 2 (right).

RMSE [/]
MLMC MC

level level
0 1 2 3 4 Max

2.5E-4 / 738 38 10 / 649
7.5E-5 / 8628 468 97 / 7178
5.0E-5 / 19477 969 234 / 15947

Table 3: Number of samples for MLMC and MC for a heterogeneous Young’s modulus with a finer coarsest
level

As can be seen from Tab. 3, the number of samples of MC is equal in magnitude to the number of samples
on the coarsest level of MLMC.

4.2 Rate verification

In this section, we estimate the rates α, β and γ from Theorem 1, see Tab. 4. We list the online estimated rates
for various tolerances ε on the RMSE, corresponding to the tolerances considered in Fig. 6. Following the
results in this table, it is possible to estimate the asymptotic cost of the MLMC estimator, using the different
regimes from Eq. (24). Since β > γ in all cases, we expect an optimal cost proportional to ε−2. This is
indeed what we observe in the numerical experiments in Fig. 6.

RMSE [/]
Homogeneous Heterogeneous

Young’s modulus Young’s modulus
α β γ α β γ

2.5E-4 1.97 4.38 2.09 2.18 3.22 2.03
7.5E-5 2.03 5.11 2.16 2.13 2.99 2.13
5.0E-5 1.88 4.03 2.10 1.86 3.08 2.30
2.5E-5 1.87 3.80 2.22 1.61 3.12 2.17

Table 4: Parameters for the MLMC algorithm
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Fig. 9 shows the behavior of the expected value and the variance of the quantity of interest P`, and of the
difference P` − P`−1, in case of a tolerance ε equal to 2.5E-5. Note that the mean and the variance of P`
over the different levels remains constant while the variance and the mean of the differences between two
successive levels continuously decreases. The rates α and β can be read off as the slope of the red lines.

In case where the Young’s modulus is homogeneous, Fig. 9 (left), the variance corresponding to the finest
level is lower than the variance on the previous levels. This phenomenon can be explained by looking at the
amount of samples on that level, used to estimate the variance. Only seven samples where taken, if more
samples would have been taken on this level, the variance would be equal to the variance on the other levels.
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Figure 9: Rates for when the Young’s modulus is homogeneous (left) and heterogeneous (right), in case of a
tolerance ε equal to 2.5E-5

4.3 Visualization of the solution

In this part, the static response, i.e. the displacement of the beam, and the dynamic response, i.e. the
frequency response functions (FRF) are shown. An important aspect to take into consideration is that in
order to obtain the results for the static response only one Multilevel Monte Carlo run is required. This is
in contrast to the solution for the dynamic response, which requires multiple independent Multilevel Monte
Carlo runs, one run for each individual frequency.

Solutions that will be shown for the static response are the transverse displacements of the nodes along the
top side op the beam. Solutions shown for the dynamic response are frequency responses functions for a
single node of the finite element mesh. The node chosen for the representation of the FRF coincides with
the one that has the largest variance of all the nodes which make up the mesh. This node also determines the
optimal amount of samples per level computed according to (21). In case of the static response, the nodal
displacement with the largest variance determines the optimal amount of samples per level.

4.3.1 Static Response

In this part we show the displacement of the beam under a static load including uncertainty bounds. The
beam configuration is a doubly clamped beam which is loaded at mid span, as shown in Fig. 1 (right).
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Figure 10: Deflection of the beam for when the Young’s modulus is homogeneous (left) and heterogeneous
(right)

Fig. 10 shows the deflection of the beam with a homogeneous Young’s modulus (left) and with a heteroge-
neous Young’s modulus (right). The full orange line represents the average of the displacement, the dashed
orange lines are the 1σ bounds equidistant around the average, which of course only make sense in case of a
Normal distribution. The shades of blue represent the PDF, with the dark blue line corresponding to the most
probable value. As can be observed from Fig. 10 (right), the average value and the most probable value of the
PDF tend to coincide for the heterogeneous case. Here, the PDF of the displacement closely resembles that
of a Normal distribution. This is however not the case when the Young’s modulus is homogeneous. Then the
distribution of the solution has a non-negligible skewness.

Fig. 11 and Fig. 12 show a cut-through in order to better illustrate how the shades of blue represent the PDF.
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Figure 11: Visualization of the PDF when the Young’s modulus is homogeneous, AB cut-through (left),
beam displacement (right)
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Figure 12: Visualization of the PDF when the Young’s modulus is heterogeneous, AB cut-through (left),
beam displacement (right)

5038 PROCEEDINGS OF ISMA2018 AND USD2018



4.3.2 Dynamic Response

For the dynamic response, the solution is a frequency response function (FRF). The beam configuration we
consider, is a cantilever beam clamped on the left side and loaded on the right side, as shown in Fig. 1 (left),
with a dynamic load. In order to ensure the correct representation of the dynamic response, and to determine
the minimum number of finite elements required, the bending wavelength, λmin, must be evaluated for each
frequency

λmin =

√
2π

fmax

4

√
EI

ρA
, (25)

with E the mean Young’s modulus, I the moment of inertia, A the area, ρ the density, fmax the highest
simulated frequency, and λmin the smallest obtained wavelength for that highest input frequency.

For the beam configuration used here, it has been checked that at least six elements are used to represent the
wavelength on the coarsest grid for the highest simulated frequency, which in this case is 400 Hz.
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Figure 13: Dynamic Responses of the beam for when the Young’s modulus is homogeneous (left) and
heterogeneous (right)

The FRF results are presented in Fig. 13. As was the case for the static response, the shades of blue represent
the PDF, with the blue line being the most probable value, and the orange line the average value. As can
be observed, the uncertainty bounds for the FRF when the Young’s modulus is homogeneous, Fig. 13 (left),
are wider and more spread out than in the case of a heterogeneous Young’s modulus, Fig. 13 (right). This
discrepancy is due to the fact that in case of a homogeneous Young’s modulus, the resonance frequency will
be shifted for each different sample. Averaging all these samples gives rise to a broad and wide uncertainty
bound. Fig. 14 shows the resulting FRF for ten realizations. In case of a heterogeneous Young’s modulus,
the different samples average out in each point. This gives rise to much smaller uncertainty bounds.
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Figure 14: Ten different samples for when the Young’s modulus is homogeneous (left) and heterogeneous
(right)
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An important inequality that must hold for MLMC to work well is

V[P1 − P0]� V[P1]. (26)

It has been observed empirically that (26) is not necessarily fulfilled for certain frequencies for the dynamic
response in case of a heterogeneous Young’s modulus. The reason for this phenomenon appears to be closely
linked to the resolution of random fields on the different levels, as discussed in §4.1. In order to remedy this,
we use the following strategy. Using a small number of samples, the magnitude of V[P1] − V[P1 − P0]
is estimated. When the estimation is below a certain threshold T , the coarsest level is discarded and the
algorithm is started on a finer mesh. We write this condition in a log2 base, in order not to lose consistency
with Fig. 9, which depict the rates in a log2 base. The estimation after simplification is written as

log2

(
V[P1]

V[P1 − P0]

)
> log2 T. (27)

For the experiments reported here, we selected the right-hand side of (27) heuristically to be equal to 2.3.

5 Conclusion

It this work, it has been demonstrated that the Multilevel Monte Carlo method provides a significant com-
putational cost reduction and speedup in comparison with the standard Monte Carlo method for computing
the stochastics of the response in a structural engineering problem. This has been show by means of actual
computing times and normalized computational costs. Speedups are typically of the order of a factor ten
for moderate accuracies and can be even much higher for higher accuracies. In addition, figures depicting
the static response and the dynamic response have been presented with uncertainty bounds. To model the
uncertainty in the Young’s modulus, we considered both a homogeneous case, represented by a single ran-
dom variable, and a heterogeneous case, modeled by means of a random field. Further paths of research will
focus on non-linear test cases, and ways to exploit the similarities between the responses for neighboring
frequencies.
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Abstract
This work focuses on the analysis of periodic structures which are connected to elastic joints. Emphasis is
on the use of non-parametric approaches to assess the reflection and transmission coefficients of waves in
periodic structures which are connected to joints with uncertain mass, damping and stiffness matrices. The
wave finite element method is used to model the periodic structures and the Craig-Bampton component mode
synthesis procedure is used to model the joints. Several non-parametric approaches are proposed to assess
the uncertainty in the scattering matrix of the joints. Parametric approaches are also proposed when the
component modes of the joints are perturbed and when the material parameters of the joints are described
in terms of random fields. Numerical experiments are carried out by considering two aluminium plates
(waveguides), undergoing in-plane vibrations, connected to a composite plate (joint). For each approach, the
effects of the randomness of the joint on the wave reflection and transmission coefficients are assessed.

1 Introduction

Structures often consist of mechanical components connected to elastic joints which can be a great source of
uncertainties. These are related not only to the mechanical parameters of the joints, but also to the numerical
model itself. Such uncertain joints include bolts, welds and connection angles, for instance, and can have
a strong impact on the variability of the response of built-up structures. In addition, each type of joint
or connection may involve different sources of uncertainty, hence adding extra complexity on engineering
design [1].

The issue of identifying the dynamic behaviour of joints is not a new one and has been investigated in terms of
energy flow [2], vibrational modes [3] and wave reflection and transmission coefficients [4]. The modelling
of joints can be very challenging due to several local effects [5], which requires the inclusion of some level
of uncertainty [1]. Typically, the mechanical properties of the joints are considered uncertain [6] and are
usually handled by a parametric approach in which case a stochastic model of the parameters is used. On
the other hand, the analysis of uncertainties in the numerical model requires a non-parametric approach [7],
where random matrices are used to describe the mass, damping and stiffness matrices of the joints. Among
the non-parametric approaches is the random matrix theory (RMT), which, for instance, has been used to
model non-parametric uncertainties in dynamic substructuring [8, 9, 10].

This work focuses on the analysis of periodic structures which are connected to elastic joints. The periodic
structures under concern are made up of identical substructures of arbitrary 2D or 3D shapes, which are
assembled along a straight direction. Also, the joints can be of arbitrary shape and are usually described
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with the finite element (FE) method. Such mechanical systems are frequently encountered in mechanical
engineering, e.g., in the automotive industry (chassis frame). Emphasis is on the use of a non-parametric
approach to assess the reflection and transmission coefficients of waves in periodic structures which are
connected to joints with uncertain mass, damping and stiffness matrices. To achieve this task, the wave finite
element (WFE) method is used to model the periodic structures and the Craig-Bampton (CB) component
mode synthesis procedure is used to model the joints. The WFE method is an efficient numerical tool
to assess the wave propagation in periodic structures [11, 12, 13] which has been applied to calculate the
reflection and transmission coefficients in joints [14, 15]. The inclusion of parametric [16, 17, 18] and non-
parametric uncertainties [19] has also been considered. Within the CB framework, the mass, damping and
stiffness matrices of joints are projected on reduced vector bases of static modes and fixed-interface modes.
As a result, the scattering matrix of the joints, which provides the reflection and transmission coefficients for
the waves in the connected periodic structures, can be computed efficiently.

Hence, a numerical strategy is proposed to assess the uncertainty in the scattering matrices of the joints
which results when the reduced mass, damping and stiffness matrices — i.e. those issued from the CB
reduced bases — are described with random matrices. For comparison purpose, several parametric models
of the joints are also investigated.

The rest of the paper is organized as follows. Section 2 presents the FE and CB modellings of the joints.
Section 3 presents the strategy to compute the scattering matrix — i.e., a matrix with reflection and trans-
mission coefficients — of the joints. Section 4 introduces the probabilistic modelling. Two non-parametric
approaches which use random mass, damping and stiffness matrices for modelling the joints are presented.
Also, three parametric approaches are proposed. The first two ones involve perturbating the component
modes of the joints; the third one is commonly used and invokes random fields for describing the Young’s
modulus and the mass density of the joints. Numerical experiments are brought in Section 5. These concern
two identical aluminium plates, undergoing in-plane vibrations, connected to a composite plate (joint). The
statistics for some wave reflection and transmission coefficients are analyzed and discussed.

2 Joint modelling

Consider the FE model of an elastic joint which connects two (or more) periodic structures. In the frequency
domain, the dynamic equilibrium equation of the joint is given by Dq = F, where D is the dynamic stiffness
matrix (DSM) of the joint, expressed by:

D = −ω2M + iωC + K, (1)

where M, C and K denote the mass, damping and stiffness matrices, respectively. Here, assumption is made
that the damping matrix C is proportional to the stiffness matrices, i.e., C = αK where α is a positive small
real number (α � 1). Also, q and F are the displacement and force vectors, respectively. The dynamic
stiffness matrix can be further partitioned into internal DOFs (I) and interface DOFs (B). By assuming that
the internal DOFs are free from excitation sources, this yields:

Dq =

[
DII DIB

DBI DBB

] [
qI

qB

]
=

[
0
FB

]
. (2)

Denote as nI and nB the numbers of internal and interface DOFs, respectively, and consider the so-called
fixed-interface modes of the joint χfix

k (k = 1, . . . , nI) which are solutions of the following generalized
eigenproblem:

KIIχ
fix
k = ω2

kMIIχ
fix
k , (3)

where ω2
k and χfix

k are the eigenvalues — i.e., the square of the eigenpulsations ωk of the fixed-interface
modes — and the eigenvectors of the matrix pencil (KII,MII), respectively. The related nI × nI matrix

5044 PROCEEDINGS OF ISMA2018 AND USD2018



of fixed-interface modes is written as Xfix = [χfix
1 · · ·χfix

nI ]. Also, define the so-called nI × nB matrix of
static modes of the joint Xst, expressed by:

Xst = −K−1II KIB. (4)

Within the framework of the CB method, the displacement vector qI (internal DOFs) is expressed in terms of
static modes and a reduced set of fixed-interface modes {χ̃fix}k=1,...,mI ⊂ {χfix}k=1,...,nI with mI � nI.
Denote as X̃fix the nI ×mI reduced matrix of fixed-interface modes expressed by X̃fix = [χ̃fix

1 · · · χ̃fix
mI

].
Hence, the displacement vector qI can be approximated as follows:

qI ≈ XstqB + X̃fixα̃, (5)

where α̃ = [α̃1 · · · α̃mI ]
T is to be understood as a vector of generalized coordinates. As a result, the dis-

placement vector q is expressed by:

q =

[
qI

qB

]
≈ T̃

[
α̃
qB

]
where T̃ =

[
X̃fix Xst

0 InB

]
, (6)

where qB is the displacement vector which concerns the interface DOFs. By introducing Eq. (6) in Eq. (2),
and left-multiplying the resulting equation by T̃T , this yields the following reduced matrix equation:

D̃

[
α̃
qB

]
=

[
0
FB

]
where D̃ = −ω2M̃ + iωC̃ + K̃. (7)

Here, M̃, C̃ and K̃ are reduced (nB + mI) × (nB + mI) mass, damping and stiffness matrices, which are
given by:

M̃ = T̃TMT̃ , K̃ = T̃TKT̃ , C̃ = αK̃. (8)

Notice that the fixed-interface modes can be normalized in such a way that (X̃fix)TMIIX̃
fix = ImI , which

also means that (X̃fix)TKIIX̃
fix = diag{ω2

k}k=1,...,mI . As a result, the reduced mass matrix M̃, Eq. (8),
can be expressed as follows:

M̃ =

[
ImI M̃T

Bα

M̃Bα M̃BB

]
, (9)

where
M̃Bα = (Xst)TMIIX̃

fix + MBIX̃
fix, (10)

M̃BB = (Xst)TMIIX
st + (Xst)TMIB + MBIX

st + MBB. (11)

Also, due to the property of the static modes (cf. Eq. (4)), the reduced stiffness matrix K̃, Eq. (8), can be
expressed as follows:

K̃ =

[
diag{ω2

k}k=1,...,mI 0

0 K̃BB

]
, (12)

where
K̃BB = (Xst)TKIB + KBB. (13)

Notice that M̃, C̃ and K̃ (Eq. (8)) are real symmetric matrices of size µ× µ where µ = mI + nB. Also note
that the matrix M̃ is positive definite, while the matrix K̃ is positive semidefinite. As it turns out, the ranks
of the matrices M̃ and K̃ are µ and µ − µrig, respectively, where µrig stands for the number of rigid body
modes.1 As for the reduced damping matrix C̃, since C = αK, it is positive semidefinite.

1µrig 6= 0 for a free joint — i.e., when the internal DOFs are not subjected to kinematic constraints —; µrig = 6 for a 3D free
joint, while µrig = 3 for a 2D free joint.
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Since the matrix M̃ is symmetric positive definite, it admits the following Cholesky decomposition:

M̃ = RT
M RM, (14)

where RM is a µ × µ upper triangular matrix. Also, since the matrix K̃ is symmetric positive semidefinite,
the following Cholesky decomposition can be proposed [20]:

ΠT K̃Π = RT
K RK where RK =

[
(RK)11 (RK)12

0 0

]
, (15)

where (RK)11 is a (µ − µrig) × (µ − µrig) upper triangular matrix, and Π is a permutation matrix, i.e.,
which is such that ΠTΠ = ΠΠT = Iµ. As a result, the matrix K̃ can be decomposed as follows:

K̃ = ΠRT
K RKΠ

T . (16)

Also, the matrix C̃ admits the following Cholesky decomposition:

C̃ = αK̃ = αΠRT
K RKΠ

T = ΠRT
C RCΠ

T , (17)

where RC =
√
αRK. A Matlab toolbox including this positive semidefinite Cholesky decomposition is

available in [21].

3 Scattering matrix model

Let us consider, for the sake of clarity, an elastic joint which connects two periodic structures 1 and 2 as
shown in Figure 1. It is worth recalling that the reduced DSM of the joint is given by D̃ = −ω2M̃+iωC̃+K̃,
which, from Eqs. (9) and (12), can be written in the following form:

D̃ =

[
D̃αα D̃T

Bα

D̃Bα DBB

]
. (18)

Figure 1: FE mesh of an elastic joint connecting two periodic structures with incoming and outgoing waves.

The periodic structures under concern are made of identical substructures which are assembled together
along a certain straight direction. 2D or 3D substructures with arbitrary-shaped FE meshes can be dealt with.
The WFE method constitutes an efficient numerical tool to assess the propagation of wave modes along such
periodic structures. The key steps of the WFE method can be summarized as follows (see [13] for further
details):

1. Express the DSM of a substructure;
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2. Condense the DSM on the coupling (interface) DOFs;

3. Express the transfer matrix of the substructure from the condensed DSM;

4. Compute the eigenvalues (wave parameters) and eigenvectors (wave shapes) of the transfer matrix.

The wave parameters are usually denoted by µj = exp(−iβjd), where βj has the meaning of wavenumbers,
while d represents the substructure length. Also, the wave shapes are denoted by φj which can be further
partitioned into displacement and force components as follows φj = [φTqj φ

T
Fj ]

T .

Notice that the transfer matrix of a substructure is symplectic [22], which means that the eigenvalues come
in pairs (µj , µ

?
j ), where µ?j = 1/µj . Let us denote by n the number of interface DOFs, between two

consecutive substructures. Hence, the eigensolutions of the transfer matrix can be split into two sets, say n
positive-going wave modes (µj ,φj) defined so that |µj | < 1, and n negative-going wave modes (µ?j ,φ

?
j )

where |µ?j | = |1/µj | > 1.

In matrix form, the positive-going and negative-going wave modes can be written as follows:

µ = diag{µj}j=1,...,n , µ? = µ−1, (19)

Φ =

[
Φq

ΦF

]
, Φ? =

[
Φ?

q

Φ?
F

]
, (20)

where Φq = [φq1 · · ·φqn], ΦF = [φF1 · · ·φFn], Φ?
q = [φ?q1 · · ·φ?qn] and Φ?

F = [φ?F1 · · ·φ?Fn] are n × n
matrices of wave shapes.

The scattering matrix — namely, C — of the joint which connects the periodic structures 1 and 2 can be
formulated as follows [12, 16]:

C = −[D̃∗Ψ?
q + Ψ?

F]
−1[D̃∗Ψq + ΨF], (21)

where D̃∗ is the condensed DSM of the joint w.r.t. its interface DOFs, expressed by D̃∗ = DBB −
D̃BαD̃−1ααD̃T

Bα (cf. Eq. (18)). Also, the matrices Ψq, Ψ?
q, ΨF and Ψ?

F are expressed as follows:

Ψq =

[
L1(Φq)1 0

0 L2(Φq)2

]
, Ψ?

q =

[
L1(Φ?

q)1 0

0 L2(Φ?
q)2

]
, (22)

ΨF =

[
L1(ΦF)1 0

0 L2(ΦF)2

]
, Ψ?

F =

[
L1(Φ?

F)1 0
0 L2(Φ?

F)2

]
, (23)

where L1 and L2 are rotation matrices whose purpose is to express the displacement and force vectors of
the periodic structures 1 and 2 in the (global) coordinate system of the joint. Within the present framework,
the local positive direction of each periodic structure is supposed to point towards the joint. In this sense,
the positive-going wave modes are to be understood as incoming waves, while the negative-going wave
modes represent outgoing waves. It should be emphasized that, to derive Eq. (21), the FE meshes of the
periodic structures and the joint are assumed to be compatible at the coupling interfaces. Hence, the number
of interface DOFs of the joint, nB, is expressed by nB = n1 + n2 where n1 and n2 are the numbers of
substructure interface DOFs of the periodic structures 1 and 2, respectively.

The scattering matrix C can be partitioned as follows:

C =

[
C11 C12

C21 C22

]
, (24)

where C11 is the n1×n1 matrix of reflection coefficients for the periodic structure 1, C22 is the n2×n2 matrix
of reflection coefficients for the periodic structure 2, C12 is the n1 × n2 matrix of transmission coefficients
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from the periodic structure 2 to the periodic structure 1, and C21 is the n2 × n1 matrix of transmission
coefficients from the periodic structure 1 to the periodic structure 2.

Notice that the values of the reflection and transmission coefficients depend on the normalization of the
wave shapes. A “physical” way to achieve this task is to normalize each wave shape w.r.t. the norm of its
displacement component. This yields:

Φ1 =

[
(Φq)1
(ΦF)1

]
→ Φ1/diag{‖(φqj)1‖}j=1,...,n1 , (25)

Φ?
2 =

[
(Φ?

q)2
(Φ?

F)2

]
→ Φ?

2/diag{‖(φ?qj)2‖}j=1,...,n2 . (26)

4 Probabilistic modelling of the reduced DSM

4.1 Available information and definition of the random matrix ensemble

This section aims at defining random matrices M̂, Ĉ and K̂, which are built from the baseline reduced
matrices M̃, C̃ and K̃ of the joint. An important point in the application of the RMT for probabilistic
modelling in structural dynamics is the proper definition of the random matrix ensemble. A poor choice
can lead to results which are not physically meaningful [23]. Within this rationale, the Gaussian Orthogonal
Ensemble (GOE) cannot be used to model K̂ (and therefore Ĉ) because E

{
‖K̂−1‖2F ‖

}
= +∞ (E[·] and

‖ · ‖F being the mathematical expectation and the Frobenius norm, respectively), i.e., there is no statistical
convergence.

The available information used to properly define the random matrices is:

1. The random matrices M̂, Ĉ and K̂ are statistically independent.

2. The matrix M̂ is positive definite; the matrices Ĉ and K̂ are positive semidefinite.

3. The mean values of M̂, Ĉ and K̂ correspond to the nominal reduced matrices M̃, C̃ and K̃, respec-
tively.

4. The second order moment of the response is finite. This condition is satisfied by imposingE
{
‖M̂−1‖2F ‖

}
<

+∞, E
{
‖Ĉ−1‖2F ‖

}
< +∞ and E

{
‖K̂−1‖2F ‖

}
< +∞ [24].

Within the framework of the RMT theory [8], the random matrices M̂, Ĉ and K̂ are defined by:

M̂ = RT
M ĜMRM , Ĉ = ΠRT

C ĜCRCΠ
T , K̂ = ΠRT

K ĜKRKΠ
T , (27)

Here, ĜM, ĜC and ĜK are three symmetric positive definite matrices, of sizes µ×µ, (µ−µrig)× (µ−µrig)
and (µ − µrig) × (µ − µrig), respectively. The Cholesky decompositions of the random matrices ĜM, ĜC

and ĜK give:
ĜM = RT

GMRGM , ĜC = RT
GCRGC , ĜK = RT

GKRGK , (28)

where RGM , RGC and RGK are upper triangular matrix of sizes µ × µ, (µ − µrig) × (µ − µrig) and (µ −
µrig)× (µ− µrig), respectively.

The upper triangular matrix RGM , RGC and RGK are random matrices, defined such that:

1. For k < l, [RGM,GC,GK ]kl = σM,C,KUkl where σM,C,K = δM,C,K(s + 1)−1/2, Ukl is a real-valued standard
normal random variable and s is the size of the random matrix (i.e., s = µ for RGM and s = µ−µrig for
RGC and RGK); also, δM,C,K is a dispersion parameter defined so that 0 < δM,C,K <

√
(s+ 1)(s+ 5)−1.
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2. For k = l, [RGM,GC,GK ]kk = σM,C,K(2Vk)
1/2 where Vk is a real-valued Gamma random variable with the

following probability density function (PDF):

pVk(v) =
v(s+1)/2δ2M,C,K−(1+k)/2

Γ
[
(s+ 1)/2δ2M,C,K) + (1− k)/2

]e−v, v > 0, (29)

where Γ [·] is the Gamma function.

This definition allows a Monte Carlo (MC) procedure to be proposed. Hence, samples of the matrices
RGM,GC,GK can be generated while Eqs. (27) and (28) are used to assess the random reduced matrices M̂, Ĉ

and K̂ of the joint, and further the random condensed DSM D̂∗ and the random scattering matrix Ĉ, Eq.
(21).

4.2 Non-parametric probabilistic model

Two non-parametric approaches are proposed. The first one considers random matrices M̂, K̂ and Ĉ to
assess the random scattering matrix of the joint, as explained in Section 4.1. In the second approach, small
perturbations of the eigenpulsations ωk are assumed while the matrices of fixed interface modes and static
modes are supposed to be unperturbed [10]. In this framework, only the diagonal block terms M̃αα = ImI ,
C̃αα = α diag{ω2

k}k=1,...,mI and K̃αα = diag{ω2
k}k=1,...,mI of the matrices M̃, C̃ and K̃ (cf. Eqs. (9)

and (12)) are subject to randomness. The matrices M̃αα, C̃αα and K̃αα are positive definite, and admit
the following Cholesky decompositions M̃αα = RT

MααRMαα , C̃αα = RT
CααRCαα and M̃αα = RT

KααRKαα ,
where:

RMαα = ImI , RCαα =
√
α diag{ωk}k=1,...,mI , RKαα = diag{ωk}k=1,...,mI . (30)

Hence, random matrices M̂αα = RT
MααĜMααRMαα , Ĉαα = RT

CααĜCααRCαα and K̂αα = RT
KααĜKααRKαα

can be generated using the strategy depicted in Section 4.1, which are fully populated. This yields a new
random scattering matrix Ĉ.

Care must be taken when defining the dispersion parameter δ for comparing both approaches. It controls the
level of statistical fluctuation of the random matrices, and must be set so that σM,C,K = σMαα,Cαα,Kαα , leading
to:

δMαα,Cαα,Kαα = δM,C,K

√
mI + 1

µ+ 1
. (31)

4.2.1 Parametric probabilistic model of the component modes of the joint

One of the main consequences of the non-parametric approaches is that some of the DOFs which are not
connected in the deterministic model become coupled to each other, even though they are not spatially
adjacent. This effect happens because of the fully populated matrices ĜM, ĜC and ĜK (or ĜMαα , ĜCαα and
ĜKαα), which also leads to a fully populated random DSM [25, 26]. To overcome this issue, a parametric
model can be proposed which uses the diagonal terms of RGM,GC,GK only, such that both non-parametric and
parametric approaches share the same level of uncertainty, i.e., for the diagonal terms of the random mass,
damping and stiffness matrices.

Similarly to the non-parametric case, two approaches can be proposed. The first one invokes random matrices
M̂, Ĉ and K̂ in the same way as Eq. (27):

M̂ = RT
M P̂MRM , Ĉ = ΠRT

C P̂CRCΠ
T , K̂ = ΠRT

K P̂KRKΠ
T . (32)

where P̂M, P̂C and P̂K are diagonal positive definite random matrices of sizes µ×µ, (µ−µrig)× (µ−µrig)
and (µ− µrig)× (µ− µrig), respectively. They are defined in a similar way as the non-parametric case by
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P̂M = RT
PMRPM , P̂C = RT

PCRPC and P̂K = RT
PKRPK , where [RPM,PC,PK ]kk = [RGM,GC,GK ]kk = σM,C,K(2Vk)

1/2,
and [RPM,PC,PK ]kl = 0 for k 6= l.

The second approach involves perturbing the diagonal components of the matrices M̃αα, C̃αα and K̃αα.
This yields the following random matrices:

M̂αα = diag

{
2δ2Mαα

(s+ 1)
Vk

}

k

, Ĉαα = α diag

{
ω2
k

2δ2Cαα
(s+ 1)

Vk

}

k

, K̂αα = diag

{
ω2
k

2δ2Kαα
(s+ 1)

Vk

}

k

,

(33)

Once the random matrices M̂, Ĉ and K̂ (or M̂αα, Ĉαα and K̂αα) have been generated, the random scattering
matrix Ĉ can be assessed by following the strategy proposed in Section 3.

4.2.2 Parametric probabilistic model of the material properties of the joint

The most popular parametric approach involves modelling the material properties of the joint as random
fields [27, 28]. Material properties in mechanical systems usually have non-negative values, which means
that their PDF have a non-negative support. In this work, the Young’s modulus and the mass density of
the joint will be modelled as random fields [29, 28], i.e., E(x, y) = E0 [1 + δEHE(x, y)] and ρ(x, y) =
ρ0 [1 + δρHρ(x, y)], where E0 and ρ0 are nominal values of the Young’s modulus and the mass density,
respectively; δE and δρ are dispersion terms, HE(x, y) and Hρ(x, y) are zero-mean, independent and unit
standard-deviation random fields with correlation functions RE(τx, τy) and Rρ(τx, τy), respectively, where
τx and τy are the distance between any two points in the x and y directions. Here, it is assumed that
Rρ(τx, τy) = RE(τx, τy) = e−(τ

2
x+τ

2
y )/lc , where lc is the correlation length. The Karhunen-Loeve (KL)

expansion [28] can be used to represent the random fields as follows:

HE,ρ(x, y) =

∞∑

r=1

√
λrξrϕr(x, y), (34)

where λr and ϕr(x, y) are the eigenvalues and eigenfunctions of the correlation kernel [28], respectively,
and ξr are uncorrelated random variables. The series in Eq. (34) is truncated by considering a finite number
of terms NKL, chosen to accurately describe the correlation functions [30]. As a rule of thumb, NKL can be
chosen such that λj/λ1 < 0.1. In this work, the random field are chosen to be Gamma distributed and an
iterative scheme is used to simulate Gamma random fields [31].

5 Numerical example

Let us consider two identical infinite aluminium plates undergoing in-plane vibration, i.e., displacement in
the plane of the plate, connected to an isotropic composite short glass-fibre reinforced epoxy plate (joint) as
shown in Figure 2. The composite plate is 1 mm thick with a width of 0.15 m, a length of 0.65 m, a Young’s
modulus of 13 GPa, a mass density of 1150 kg/m3, a Poisson coefficient of 0.33 and a viscous damping
coefficient α = 0.005. The aluminium plates are 1 mm thick with a width of 0.15 m, a Young’s modulus
of 210 GPa, a mass density of 7800 kg/m3, a Poisson coefficient of 0.33 and a viscous damping coefficient
α = 0.005. Both aluminium plates are modeled with the WFE method by considering the transfer matrix of
a substructure (see Section 3) whose length is 0.02 m as shown in Figure 2.

The FE mesh of the joint involves 60 × 15 four-nodes plane-stress rectangular elements with 2 DOFs per
node, leading to 1952 DOFs where 32 DOFs are used for each interface. As for the substructure used to
model the aluminium plates, it is meshed with 2 × 15 four-nodes plane-stress rectangular elements with 32
interface DOFs. Here, a total number of mI = 10 fixed interface modes are used to model the joint (cf.
Section 2).
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Figure 2: Two aluminium plates connected to a composite joint.

The composite plate (joint) has uncertain parameters and is modelled with the non-parametric and parametric
approaches proposed in Section 4. Also, both aluminium plates have deterministic parameters and share the
same wave modes. For the sake of simplicity, the present analysis will focus only on the first in-plane
shearing wave mode of the plates. The deterministic/nominal values of the real parts of the reflection and
transmission coefficients about this mode are displayed in Figure 3 on a frequency band [1 − 40] Hz. It is
worth noting that, due to the symmetry properties of the system, the reflection coefficients in plates 1 and 2
are identical, as well as the transmission coefficients, from plate 1 to plate 2 and from plate 2 to plate 1. It
is seen in Figure 3 that the frequency evolution of the reflection and transmission coefficients is complex —
i.e., it is neither constant nor slowly varying —, which can be explained for a two fold reason: (1) coupling
which occurs between the considered wave mode and the vibrational modes of the joint; (2) mode conversion
which occurs between the considered wave mode and the other wave modes of the waveguides.

The non-parametric approaches (Sections 4.1 and 4.2) are applied. The first approach involves considering
the random matrices M̂, Ĉ and K̂ with δM = δC = δK = 0.3. The results are shown in Figure 4. The second
one considers the random matrices M̂αα, Ĉαα and K̂αα, when the dispersion coefficients are computed by
means of Eq. (31), see Figure 5. Here, the reflection/transmission coefficients issued from only one sample of
random values of the non-parametric approaches are shown. It is seen that both non-parametric approaches
generate transmission coefficients which meet the principle of reciprocity, i.e., which are identical from plate
1 to plate 2 and from plate 2 to plate 1. As for the reflection coefficients, it is seen that the non-parametric
approach based on matrices M̂, Ĉ and K̂ generates reflection coefficients (for plates 1 and 2) which are not
equal to each other as shown in Figure 4. This breaks somehow the symmetric nature of the problem. In
contrast, it is seen in Figure 5 that the second non-parametric approach which uses the matrices M̂αα, Ĉαα

and K̂αα preserves the principle of reciprocity.

Also, the parametric approaches (Sections 4.2.1 and 4.2.2) are applied. The approaches based on the matrices
M̂, Ĉ and K̂, and the matrices M̂αα, Ĉαα and K̂αα yield reflection/transmission coefficients which meet
the symmetry properties of the system as shown in Figures 6 and 7. The last parametric approach involves
random fields for modelling the Young’s modulus and the mass density (Section 4.2.2), when δE = δρ = 0.3
and lc = 0.1Lx, where Lx is the length of the joint. In this case, the generated random reflection coefficients
show different values when compared to the previous cases (see Figure 8).

The statistics of the reflection and transmission coefficients can be highlighted using the MC method where
nS = 1000 simulations are considered. Figure 9 shows the mean values, the 5th and the 95th percentiles
of the reflection and transmission coefficients obtained from the first non-parametric approach (Section 4.1).
Note that the envelopes (5th and the 95th percentiles) of the reflection coefficients are identical between
plates 1 and 2, unlike the individual sample case (Figure 4). Hence, it is seen that the random joint is
symmetrical in an average sense, which agrees with the principle of reciprocity. Similar trends are found for
the second non-parametric strategy as shown in Figure 10. Finally note that the non-parametric approaches
lead to slightly different percentile bounds, which are due to the model assumptions.

Figures 11 and 12 show the mean values, the 5th and the 95th percentiles of the reflection and transmission
coefficients issued from the parametric approaches described in Section 4.2.1. The first two approaches do
not produce similar percentile bounds, which is especially highlighted for the transmission coefficients. It
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Figure 3: Nominal values (real parts) of the reflection coefficients (left) for plate 1 (black solid line) and
plate 2 (red dashed line); Nominal values (real parts) of the transmission coefficient (right) from plate 1 to
plate 2 (black solid line) and from plate 2 to plate 1 (red dashed line).
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Figure 4: Real parts of the reflection coefficient (left) and transmission coefficients (right). One sample from
the non-parametric approach with M̂, Ĉ and K̂.
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Figure 5: Real parts of the reflection coefficient (left) and transmission coefficients (right). One sample from
the non-parametric approach with M̂αα, Ĉαα and K̂αα.

should be pointed out that the results displayed in Figure 12 are close to those in Figure 10. This gives
credit to the non-parametric approach based on the random matrices M̂αα, Ĉαα and K̂αα for modelling the
joint. Also, this non-parametric approach appears to be robust in the sense that it provides upper and lower
confidence bounds (Figure 10) which include those given by the first non-parametric approach (Figure 11).
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Figure 6: Real parts of the reflection coefficient (left) and transmission coefficients (right). One sample from
the parametric model with M̂, Ĉ and K̂.
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Figure 7: Real parts of the reflection coefficient (left) and transmission coefficients (right). One sample from
the parametric model with M̂αα, Ĉαα and K̂αα.
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Figure 8: Real parts of the reflection coefficient (left) and transmission coefficients (right). One sample from
the parametric model using random field properties with δE = δρ = 0.3 and lc = 0.1Lx.

Finally, Figure 13 shows the reflection and transmission coefficients issued from the parametric approach
when the Young’s modulus and the mass density of the joint are modelled with random fields (Section
4.2.2). Here, the results are clearly not compatible with the previous stochastic modelling strategies, not only
in terms of overall percentile bounds but also in terms of frequency bands most affected by the randomness.
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Figure 9: Real parts of the reflection coefficient (left) and transmission coefficients (right). Mean value, 95th
and 5th percentiles issued from the non-parametric model with M̂, K̂ and Ĉ.
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Figure 10: Real parts of the reflection coefficient (left) and transmission coefficients (right). Mean value,
95th and 5th percentiles issued from the non-parametric model with M̂αα, K̂αα and Ĉαα.
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Figure 11: Real parts of the reflection coefficient (left) and transmission coefficients (right). Mean value,
95th and 5th percentiles issued from the parametric model with M̂, K̂ and Ĉ.

6 Concluding remarks

In this work, a stochastic modelling of elastic joints connecting periodic structures has been proposed.
The periodic structures are modelled using the WFE method, while the joints are modelled with the FE
method and the CB reduction technique. The scattering matrix of the joints, which provides the wave re-
flection/transmission coefficients in the periodic structures, has been formulated. The statistical behaviour of
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Figure 12: Real part of the reflection coefficient (left) and transmission coefficients (right). Mean value, 95th
and 5th percentiles issued from the parametric model with M̂αα, K̂αα and Ĉαα.
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Figure 13: Real part of the reflection coefficient (left) and transmission coefficients (right). Mean value, 95th
and 5th percentiles issued from the parametric model using random field properties with δE = δρ = 0.3 and
lc = 0.1Lx.

the reflection/transmission coefficients has been analyzed. For this purpose, two non-parametric approaches
have been investigated which use the RMT for modelling the joints. Also, three parametric approaches have
been considered for modelling the joints. The first two ones involve perturbating the component modes of the
joints. The last one uses a random field model of the material properties of the joints. It has been shown that
the choice of a stochastic modelling impacts the determination of the reflection/transmission coefficients.
One good and robust choice would consists in choosing the non-parametric approach which uses the CB
matrices M̂αα, Ĉαα and K̂αα of the joints. Future works will concern the stochastic modelling of the whole
scattering matrix of joints with complex shapes.
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Abstract

In a probabilistic context, improvement of vibroacoustic models prediction capabilities requires an
adapted indicator to compare measurements with the predictions. The likelihood is used to perform such
comparisons as soon as the probability of a given result may be estimated. Vibroacoustic analysis mainly
relies on complex matrix-valued Frequency Response Functions that can be easily measured and computed.
The likelihood of such matrices is investigated. A two stage statistical reduction is proposed in order to
separate statisticaly independent components with random complex amplitudes. Their probability may
be computed independently. The joint probability density fonction of the real and imaginary parts of
each independent random variables is estimated using a nonparametric stochastic model implemented in
MSC/NASTRAN and the Monte Carlo simulation method. The proposed statistical reduction presents many
interesting properties including data reduction or related to the physical behavior of the studied system.

1 Introduction

In the automotive industry, computational vibroacoustic models are used for designing automobiles against
noise.(see for instance [4, 15, 2]). However, the computational vibroacoustic models can have high dimen-
sion: the one considered in this paper has fifteen million of degrees-of-freedom (DOFs) for the structural
part and the coupled acoustic cavity has about eight million of DOFs. This high dimension of the computa-
tional vibroacoustic model brings some difficulties that are mostly overpassed introducing the reduced-order
computational vibroacoustic model (ROM) contructed with a modal projection.
Since automobiles are an industrial product, they are subjected to manufacturing uncertainties. Considering
the use of simulation during the design process, unvoidable future changes may also be considered as un-
certainties. Due to the introduction of simplifications in the modeling process, there are uncertainties in the
computational vibroacoustic model, which have to be taken into account. The nonparametric probabilistic
approach of uncertainties was introduced ten years ago to handle any kind of uncertainties in large computa-
tional vibroacoustic models such as the automotive ones.
In the vibroacoustic analysis, FRFs are widely used to control the structure-borne noise transmission in the
case of multiple transmission paths. The advantage of the matrix-valued FRF is that, even for such complex
structures such as automobiles, it always provides a simple linear relationship between one vector-valued in-
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put (excitation) and one vector-valued output (observation). The computational vibroacoustic model allows
an easy computation of FRF matrices for a given set of sampled frequencies. The FRF complex matrices
can also be measured experimentally. FRF matrices can also be processed as a results of the stochastic com-
putational vibroacoustic model using the realizations. In order to compare experimental measurements with
the results given by the stochastic computational vibroacoustic model, we propose an approach based on the
likelihood [11, 14], which was introduced in [5, 13]. In this work, we use the likelihood for quantifying the
”distance” between the experiments and the stochastic computational vibroacoustic model. For this purpose,
the quantity of interest is the complex matrix-valued FRF, [FRF] = {ω 7→ [FRF(ω)]}. Both the parame-
ters uncertainties and the model uncertainties induced by the modeling errors are taken into account by the
nonparametric probabilistic approach of uncertainties [12, 4, 13, 9]. The principle of this approach consists
in replacing the generalized matrices of the reduced-order vibroacoustic computational model by random
matrices whose probability distributions are constructed [14] using the maximum entropy principle from
Information Theory. A set of realizations of the random FRF matrices is obtained using the Monte-Carlo
method [10]. Since the statistical estimates of the quantities of interest require a relatively large number of
realizations to obtain convergence, the required storage space may be tremendous.
The proposed approach aims to quantifying the consistency of the stochastic comptational vibroacoustic
model – described by a set of realizations – with the measurements. It is based on two successive statistical
reductions that are constructed using Independent Component Analysis (ICA) [7]. These statistical reduc-
tions hopefully lead us to a high-data compression.
In this paper, we will first introduce the nonparametric probabilistic approach of uncertainties together with
the FRFs computations. Then, the two statistical reductions will be presented and applied to a computational
vibroacoustic model of a car. The ”distance” between the predictions and the experiments is then computed
using the likelihood function. Finally, some observations will be discussed and assessed.

2 Brief summary of the nonparametric probabilistic approach of un-
certainties for computational vibroacoustic models

A computational vibroacoustic model is often constructed at early design stage in order to predict the re-
sponse of the real system, which will be, later, manufactured from the design. The modeling process in-
troduces two kinds of uncertainties : the system parameters uncertainties and the model uncertainties. To
achieve some predictability, these uncertainties have to be taken into account. However, the usual parametric
probabilistic approach does not consider the model uncertainties. We will use the nonparametric probabilis-
tic approach of uncertainties [12, 4, 9, 14] which takes into account both kind of uncertainties. Let us now
introduce all the notations that will be used along this paper. The nominal values (chosen as the mean values)
of the generalized are replaced by random matrices. The probability distributions of these random matrices
depend on six hyperparameters δ which control the level of uncertainties for each type of forces occuring
in the computational vibroacoustic model. In this paper, uncertainties on the coupling matrix is not taken
into account. The MSC/Nastran software, in which the nonparametic probabilistic approach has been imple-
mented [8], is used to produce n = 1, . . . , NMC realizations of the matrix-valued FRF, for which the values
of the six hyperparameters δ are those given in [4].

2.1 Nonparametric probabilistic approach

In this paper we consider a linear elastoacoustic problem of a complex structure coupled with an internal
acoustic cavity. The computational model is constructed using the finite element method (FEM) as shown
in Fig.1. The problem is formulated in the frequency domain ω (angular frequency). We are interested in
computing FRF of the system in the frequency band analysis noted B defined by B = [ωmin, ωmax] with
0 < ωmin < ωmax (with ω = 2πf). The complex vector u(ω) of the ms degree of freedom (DOF) of the
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Figure 1: Finite element mesh of the computational model with the excitation and observation points The
comptational model has 15 million structural DOFs and 8 million DOFs in the acoustic cavity

FEM, corresponding to the discretization of the displacements field. Let p(ω) the complex vector of the mf

DOFs representing the discretization of the acoustical pressure field. The finite element model is considered
as the mean model and is written in the frequency domain as

[
−ω2[M s] + iω[Ds] + [Ks] [C]

ω2 [C]T −ω2[Mf ] + iω[Df ] + [Kf ]

] [
u(ω)
p(ω)

]
=

[
fs(ω)

ff (ω)

]
(1)

Where [M s], [Ds], and [Ks] are the (ms × ms) positive-defined symmetric real mass matrix, damping
and stiffness matrices of the structure where ms is the number of structural DOFs. And [Mf ], [Df ], and
[Kf ] are the (mf ×mf ) positive-defined symmetric real mass matrix, damping and stiffness matrices of the
structure where mf is the number of acoustical DOFs. The complex vectors fs(ω) and ff (ω) is related to the
discretization of the external forces applied respectively on the structure and in the cavity. [C] the coupling
complex matrix between the structure and the acoustic cavity of dimension (ms × mf ). For the complex
dynamical structures of interest, the number of DOFs can be relatively high. The next step is to construct the
nominal ROM which we will consider as the reduced mean computational model. It is constructed by the
usual method of projection on subspace spanned by a set of elastic modes. such that,

([Ks]− λs[M s])ψs = 0 (2)

([Kf ]− λf [Mf ])φs = 0 (3)

u(ω) = [Ψs]qs(ω), (4)

p(ω) = [Φf ]qf (ω), (5)

Fs(ω) = [Ψs]T fs(ω), (6)

Ff (ω) = [Φf ]T ff (ω), (7)

[C] = [Ψs]T [C(ω)][Φf ]. (8)

Where 0 < λs1 ≤ . . . ≤ λsns are the eigenvalues associated with the eigenvectors ψs1, . . . , ψ
s
ns . The

same application is done for λf and φf . [Ψs] reprensents the matrix of the eigenvectors such that [Ψs] =

[ψs1, . . . , ψ
s
ns ] and [Φf ] = [φf1 , . . . , φ

f
nf ]. The nominal ROM is written as

[
−ω2[Ms] + iω[Ds] + [Ks] [C]

ω2[C]T −ω2[Mf ] + iω[Df ] + [Kf ]

] [
qs(ω)
qf (ω)

]
=

[
Fs(ω)
Ff (ω)

]
(9)

The use of nonparametric probabilistic aproach of uncertainties yields, the following stochastic ROM,

[
−ω2[Ms] + iω[Ds] + [Ks] [C]

ω2 [C]T −ω2[Mf ] + iω[Df ] + [Kf ]

] [
Qs(ω)

Qf (ω)

]
=

[
Fs(ω)
Ff (ω)

]
(10)
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Each random matrix [A] depends on the hyperparameter δA > 0 written as,

δA =

√
E{||[GA]− [GA]||2F }

||[GA]||2F
, (11)

in which [GA] is the random matrix germ of random matrix [A].

2.2 Matrix-valued random frequency response function

For all ω fixed in the frequency band of analysis, B, Eq. (9) has a unique solution
[

Qs(ω)

Qf (ω)

]
=

[
−ω2[Ms] + iω[Ds] + [Ks] [C]

ω2 [C]T −ω2[Mf ] + iω[Df ] + [Kf ]

]−1

︸ ︷︷ ︸[
Z(ω)]

[
Fs(ω)
Ff (ω)

]
(12)

In this paper, it is assumed that Ff (ω) = 0. Consequently Eq. (12) yields

Qf (ω) = [Z21(ω)]Fs(ω) (13)

in which, [Z21(ω)] the random block matrix. From Eqs. (5) and (6), we obtain

P(ω) = [Φf ][Z21][Ψ
s]T︸ ︷︷ ︸

[H(ω)]

fs(ω) (14)

with [H(ω)] is a random complex matrix of dimension (Ne × No). The output of Nastran can be chosen
between the displacement, velocity or acceleration field for the structure and the acoustic pressure field for
the internal cavity. The output represents directly the FRF. The finite element model that is used is presented
in Fig. 1. The observation points (Obs.1-4) are located at the ears level of the persons in the vehicle. The
structural excitations (Exc.1-3) are located to the supports of the engine.

Figure 2: Two hundred realizations of a random FRF computed with stochastic ROM (grey), and correspond-
ing FRF from an experimental measurement (black)

In Fig.2, we can see the NMC realizations of the random FRF computed with Nastran and the corresponding
experimental measurement. It can be noticed that the dispersion increases with the frequency. Indeed, it is
widely known that the level of uncertainties increases with the frequency. In Fig.2, we can see that, in the
low-frequency band [0− 15] Hz, the measurement is far from the realizations constructed with the stochas-
tic ROM. That can be explained partly by measurement problems. This band will not be considered in the
following.
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3 Statistical reductions

In this section, we will propose two statistical reductions based on the use of the Independent Component
Analysis (ICA). The main difference with the Principal Component Analysis (PCA) is that the generalized
coordinates are statistically independent. This approach has been widely used [7]. The ICA allows for
yielding a better physical interpretation of the extracted components as explained in Section 3.1. We will
use the Joint Approximation Diagonalization of Eigen-matrices (JADE) algorithm as presented in [1], which
uses the fourth-order moments. JADE computes the matrix such as the sum of all nondiagonal terms of the
fourth-order moments matrix equal to zero.
Let Mn,m(C) be the set of all the (n ×m) complex matrices. Let ω1, . . . , ωNf be the frequency sampling.
LetNo be the number of observation DOFs, and letNe be the number of excitation DOFs. The FRF complex
random matrix is written as [FRF(ωj)] with value in MNo,Ne(C), with j = 1, . . . , Nf . Let be N = No×Ne.
The complex random matrix [FRF(ωj)] is reshaped as the random vector F(ωj) with values in CN . Let [Y] =
[F(ω1), . . . ,F(ωNf )] be the random matrix with values in MN,Nf (C). The NMC independent realizations of
random matrix [Y] are denoted by {[Yn], n = 1, . . . , NMC} and are constructed with the stochastic ROM.

3.1 First statistical reduction based on ICA

The first statitical reduction based on ICA is devoted to the construction of a frequency basis by subbands
for which the coordinates are statisticaly independent. We introduce

[R] =
1

NMC

NMC∑

n=1

[Yn]∗[Yn] ∈MNf ,Nf (C) (15)

in which [Yn]∗ = [Y n]T . The eigenvalue problem [R]xα = λαx
α, with α = 1, . . . , Nf , is solved for the

Hermitian complex matrix [R]. The real eigenvalues are sorted in decreasing order. Matrix [R] is represented

with the first Np ≤ Nf eigenvalues such that [R] '
Np∑
α=1

λαx
α(xα)∗, that is rewritten as,

[R] = [x][Λ][x]∗, (16)

in which [Λ] is the diagonal matrix of the eigenvalues and where [x] = [x1, . . . , xNp ] is the matrix of the
eigenvectors. It should be noted that

[x]∗[x] = [INp ], (17)

It can easily be proven that each realization [Yn] can be written as

[Yn] = [An][x]∗ (18)

in which, [An] ∈MN,Np(C) is given by the projection on [Yn]. Using Eq.(17),

[An] = [Yn][x]. (19)

Let
[c] = [x]∗ (20)

be the complex (Np × Nf ) matrix, for which its columns are denoted by cj with j = 1, . . . , Nf : [c] =
[c1, . . . , cNf ]. Let us introduce the random vector c with values in CNp whose realizations are c1, . . . , cNf .
The Independent Component Analysis (ICA) of random vector c is carried out and yields,

[c] = [b][S], (21)
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in which [b] is a (Np×Np) complex matrix and [S] an (Np×Nf ) complex matrix whose columns S1, . . . , SNp

are independent. From Eqs.(18), (20),(21), it can be deduced that,

[Yn] = [Ân][S], (22)

in which [Ân] is written as
[Ân] = [An][b] ∈MN,Np(C). (23)

The frequency band analysis is B = [25, 250]Hz. On the frequency basis [c], there are Np independent com-
ponents. The threshold for the cumulative energy is fixed at 95%, which is sufficiently high to resynthesize
the FRF by inverse step.

Figure 3: Frequential independent components from JADE algortihm with ICA

Figure 3 shows the Np independent components issued from the ICA. We can see peaks all along the fre-
quency band B. It can be seen that each component has a different contribution over the frequency band.
Consequently, for each subband of B, only the components that have the main contributions are kept. This
means that the reductions is performed by subband and not globally for all the frequency band of analysis.
We take the frequency value at the maximum of each independent component from the first ICA statistical
reduction from Fig. 3. It can be seen that the subbands are narrower for the lowest frequencies. As the
frequency increases, the width of the subbands increases.

3.2 Second statistical reduction based on ICA

In the second statistical reduction, we construct a spatial basis over the observations and excitations DOFs.
From the Np independent components obtained from the first statistical reduction over the frequency band,
we determine the components that have contributions on the spatial basis. We use exactly the same method-
ology that the one presented in section 3.1. The independent component analysis is reused for constructing
a second statistical reduction of random matrix [Â] whose realizations are {[Ân], n = 1, . . . , NMC} that are
defined by Eq.(23), and that allows for obtaining the following representation,

[Ân]kα =

N̂p(α)∑

β=1

[F̂ ]kβ[χn]βα (24)

with k = 1, . . . , N and α = 1, . . . , Np, in which N̂p ≤ N , where [F̂ (α)] and [χn(α)] are complex matrices
of dimension (N × N̂p(α)) and (N̂p(α)× 1) respectively. The matrix [χn] represents the basis. Substituting
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Eq. (24) into Eq. (22) yields

[Yn]kj =

Np∑

α=1

N̂p(α)∑

β=1

[F̂ ]kβ[χn]βα[S]αj (25)

Figure 4: Number of component N̂p(α) over the
α = 1, , Np of the first statistical reduction.

Figure 5: Number of component N̂p(α) over the
frequency value of the maximum of each α of the
first statistical reduction

Figure 6: Norm (upper left), phase (bottom left),
frequential component (upper right) and the prob-
ability density (bottom right) for γ = 1

Figure 7: Norm (upper left), phase (bottom left),
frequential component (upper right) and the prob-
ability density (bottom right) for γ = 11

This second statistical reduction is applied to each component obtained by the first statistical reduction. In
Fig.4 and 5, it can be noticed that the number of components from the second statistical reduction increases
with the frequency. This can be explained by the fact that the effects of the model uncertainties increase with
the frequency. Figures 4 and 5 show that there is an analogy between the value of α and the frequency band.
In fact, it can be seen in Fig. 3 that each component of the first statistical reduction has a contribution over
the frequency subbands. The probability density function of the random variable [χ]β,α is estimated with its
realizations [χn]β,α. Such a probability density function is shown in the bottom right in Fig. 6 and Fig. 7.
Moreover, Fig. 6 and Fig. 7 show the paticipation of each excitation point for each observation point (left
figures up and bottom). The upper-right figure represents the frequential independent component of the first
statistical reduction.

3.3 Projection of an experimental measurement

Only one experimental measurement is available and is projected using the two statistical reductions in order
to obtain the (N̂p ×Np) complex matrix [χexp]. For all ` = 1, . . . , νexp, let [Y exp] be the (N ×Nf ) complex
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matrix related to the experimental measurement, which is written as

[Y exp,`] = [Âexp,`][S] , (26)

[Âexp,`]kα =

N̂p(α)∑

β=1

[F̂ ]kβ[χexp,`]βα . (27)

The projection of Eq. (26) yields
[Âexp,`] = [Y exp,`][S ] , (28)

in which [S ] = [S]∗([S][S]∗)−1 is the right pseudo-inverse of [S]. For α fixed in {1, . . . , Np}, let [H(α)] be
the (N̂p(α)× N̂p(α)) complex matrix defined by

[H(α)]β′β =
N∑

k=1

[F̂ ]kβ′ [F̂ ]kβ . (29)

The projection of Eq.(27) on [F̂ ] yields, for α fixed in {1, . . . , Np} and β
′

in {1, . . . , N̂p(α)}, the expression
of [χexp,`] written as

[χexp,`]β′α =
N∑

k=1

[F̂ (α)]β′k[Â
exp,`]kα , (30)

with [F̂ (α)] the left pseudo-inverse such that

[F̂ (α)]β′k =

N̂p(α)∑

β=1

[H(α)−1]β′β[F̂ ]kβ . (31)

4 Maximum likelihood method

In this section, we use the maximum likelihood method as proposed in[13, 5]. The method consists in
introducing a statistical reduction as done in Section 3.1. The likelihood function is estimated using the
kernel density estimation method [6]. The statistical reduction is efficient if N̂p(α) � N . In order to
decrease the computational effort, we use the two statistical reductions proposed in the Section 3. The
family {[χ]βα, α = 1, . . . , Np, β = 1, . . . , N̂p(α)} of random variables are gathered in a random vector

W = (W1, . . . ,WNcomp) withNcomp =
Np∑
α=1

N̂p(α). The corresponding experimental values of W are denoted

by {wexp,`, ` = 1 . . . , νexp}. Let (w1, . . . , wNcomp) 7→ p(w1, . . . , wNcomp) be the probability density function
on RNcomp . We use the following approximation L of the log-likelihood function of W, which is written, for
all γ = 1, . . . , Ncomp, as

L =

νexp∑

`=1

Ncomp∑

γ=1

Lγ,` , (32)

with
Lγ,` = 10 log10 pwγ (wexp,`

γ ) . (33)
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Figure 8: Log-likelihood Lγ,`

To be able to visualize the log-likelihood of the components from the first statistical reduction, Eq.(32) are
rewritten as function of the frequency,

L =

νexp∑

`=1

Np∑

α=1

Lα (34)

with

Lα =

N̂p(α)∑

β=1

Lβ (35)

Figure 9: Log-likelihood of the experimental
measurement (red), a sample from Monte Carlo
(blue), the minimum and the maximum of the
stochastic basis (black dotted)This example is with
dispersion as written in [4]

Figure 10: Log-likelihood of the experimental
measurement (red), a sample from Monte Carlo
(blue), the minimum and the maximum of the
stochastic basis (black dotted)This example is with
low dispersion

Figures.9 and 10 shows the maximum and the minimum of the log-likelihood for [χ]α,β . It can be noticed that
the realizations computed with the stochastic ROM are within the range of the maximum and the minimum.
A verification step has been realized to make sure that all realizations are within the range. The experimental
measurement is also within the range of the maximum and the minimum. We can interprete it as the model
is sufficiently good.
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5 Additional comments

In this section, we give some comments about the results presented. Using Eqs. (25) and (22), the FRF
are resynthesized in the physical space. This allow us to check the threshold we imposed in the eigenvalue
problem. With the threshold at 95%, [Yn] is computed and is compared with the initial input.

Figure 11: Resynthesized FRF from the first sta-
tistical reduction

Figure 12: Resynthesized FRF from the second
statistical reduction

Figures 11 and 12 show the resynthesized FRF with the corresponding input FRF. With the threshold at 95%,
we can notice that we effectively have small differences compared to the input FRF. The slight difference
comes from the reduced representation. Figures 13 and 14 correspond to threshold at 99%, for which the
differences are very small. Moreover, the resynthesis from the first and the second statistical reduction gives
the same results. This value of the threshold could be used for this analysis but the computation cost would
be greater and the reduction factor, detailed hereinafter, would be worse.

Figure 13: Resynthesized FRF from the first sta-
tistical reduction

Figure 14: Resynthesized FRF from the second
statistical reduction

The reduction factor noted Fred is given by

Fred =
N ×Nf ×NMC

Ncomp × (N +NMC) + (Np ×Nf )
(36)

Let τ the threshold of the cumulative energy. The value of Fred vary with τ .

Table 1 shows that the evolution of reduction factor depends on τ . When τ increases Fred decreases. The
highest the input dimension, the highest the datad reduction.
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τ 0.80 0.90 0.95 0.99
Fred 78 48 34 20

Table 1: Fred in terms of τ

The last comment is on the FRF with the maximum of the probability density function for each component
γ = 1, . . . , Ncomp.

Figure 15: FRF resynthesis for the maximum of
the PDF with k = 1

Figure 16: FRF resynthesis for the maximum of
the PDF with k = 26

Figures 15− 16 show the FRF issued from the maximum of the probability density function. These figures
show that, for each k = 1, 36, the synthesized FRF is almost always inside the grey region defined by the
realizations.

6 Conclusion

In this paper, we have mostly presented a methodology for constructing a statistical reduction of a random
complex matrix-valued FRF. The random FRF matrix is represented by a large collection of realizations com-
puted using the Nonparametric Variability Modeling in MSC/NASTRAN. Since we consider the complex
matrix-valued FRF, the use of two stages statistical reductions is efficient. The first stage provides a de-
composition of the studied frequency range in independent subbands, while the second stage deals with the
DOFs interaction in each of these subbands. Statistical independence of the reduction components is guaran-
teed by an Independent Component Analysis as implemented in the JADE algorithm. Once the components
have been characterized, the PDF of their complex amplitude is determined, later allowing the likelihood
computation. The model reduction is performed according to a requested precision: the lower the precision,
the lower the number of components and the higher the reduction. This reduced representation has been
validated by resynthesizing the complex matrix-valued FRF. Finally, the likelihood of a measurement on a
full vehicle was computed and analyzed.

The proposed statistical reduction offers many perspectives in different fields. First, considering the data
reduction capabilities, compressed model could be handled in NVH synthesis tools in order to propagate un-
certainties for various vibration sources and operating conditions. Second, the deep physical meaning of the
independent components have not yet been investigated. Results presented in the paper are very promising:
automatic decomposition of the investigated frequency range, dominant phase relationship between DOFS...
Further investigations are already in progress.
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Abstract
Classical (independent) interval analysis considers a hyper-cubic input space consisting of independent in-
tervals. This stems from the inability of intervals to model dependence and might result in a serious over-
conservatism as no physical guarantee of independence of these parameters exists. In a spatial context,
dependence of one model parameter over the model domain is usually modelled using a series expansion
over a set of basis functions that interpolate a set of globally defined intervals to local (coupled) uncertainty.
However, such approach might prove to be too inflexible to model the dependence between a large number of
model parameters. This paper therefore presents a flexible approach for the modelling of dependent intervals
that is also applicable to high-dimensional problems. Specifically, it is proposed to construct the depen-
dence structure in a similar approach to copula pair constructions, yielding a limited set of 2-dimensional
dependence functions. The applied case studies indicate the flexibility and performance of the method.

1 Introduction

The calculations needed to perform a structural design usually involve the solution of sets of partial differen-
tial equations (PDE). The approximative solution of these PDE’s is usually provided by means of a numerical
modelM(x), parametrized by a parameter vector x(r) ∈ X ⊂ Rdi with X the set of physically admissi-
ble parameters and k ∈ N. For example, x(r) may contain inertial moments, clamping stiffness values or
constitutive material parameters as a function of a spatial coordinate r ∈ Ω ⊂ Rd over the model domain Ω
with dimension d ∈ N. In caseM(x) is constructed following a finite element approach, Ω is discretised by
means of a set of finite elements, yielding d structural degrees of freedom (DOF). The modelM(x) provides
a vector of model responses y(r) ∈ Y ⊂ Rdo , with Y the set of admissible model responses and do ∈ N,
through a set of function operators mi, i = 1, . . . , do, which are defined as:

M(x) : yi(r) = mi(x(r)) i = 1, . . . , do (1)

with mi : Rdi 7→ R Note that the dependence of y on r is only valid when nodal or elemental responses are
considered. This is for example not the case when y consists of eigenfrequencies.

One of the key challenges in the application of interval theoretical approaches for modelling uncertainty
in finite element models, is the inability of intervals to account for dependence between multiple uncertain
parameters. In the context of spatial dependence of a single parameter, recent work of the authors focussed
on modelling spatial dependence via interval fields [1]. Following the method presented in [1], an interval
field xI (r) is modelled as a series expansion, where local uncertainty is modelled using nb ∈ N globally
defined independent interval scalars αI ∈ IR and basis functions ψ(r) : Ω 7→ R:

xI (r) =

nb∑

i=1

ψ(r) · αI
i (2)
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with IR the domain of real interval scalars, r ∈ Ω ⊂ Rd a spatial coordinate over the model domain Ω with
dimension d ∈ N. This framework for the modelling of spatial uncertainty modelling was recently applied
in the context of inverse uncertainty quantification [2, 3] and the modelling of various dynamic phenomena
[4, 5, 6, 7], as well as additively manufactured plastic components [8].

However, while being very valuable for modelling spatial phenomena, when considering the dependence
between multiple physical parameters of a dynamic model, such a weighting approach might not be appro-
priate. Typically, more flexibility is needed in this context since the dependence structure can differ greatly
from parameter pair to parameter pair. Especially for high-dimensional problems, the accurate definition
of a set of basis functions to model dependence between different model parameters proves to be highly
challenging. In the context of probabilistic modelling of uncertainty, techniques based on Copula [10] are
being applied widely, for instance in the modelling of dependence in system reliability [9]. Copula pair
constructions further extend these concepts towards a flexible modelling of high-dimensional uncertainty
[11].

This paper explores the application of vine copula approaches for the modelling of dependence between un-
certain parameters of a dynamic FE model that are modelled as intervals. In section 2, a concise introduction
to copula in a probabilistic context is presented. Then, section 3 proposes a new method to propagate high-
dimensional interval uncertainty with dependence between the interval valued parameters. Section 4 and 5
present two case studies to illustrate these ideas. Conclusions are listed in section 6.

2 Copula in a probabilistic context

2.1 Copulas

Copula are functions that construct a joint distribution function F1:di(x1, x2, . . . xdi), with x1, x2, . . . xdi ∈
[0, 1]di starting from their one-dimensional marginals Fi, i = 1, . . . , di. As such, the modelling of the de-
pendence is decoupled from the modelling of the non-determinism in the model parameters. The application
of Copula on a bivariate distribution is based on Sklar’s theorem [10]:

F1:di = c1:di (F1 (x1) , F2 (x2) , . . . , Fdi(xdi)) (3)

with c1:di : [0, 1]di 7→ [0, 1] the copula function, which is unique if all Fi, i = 1, . . . , di are continuous.
Note that a copula is always contained between the Fréchet-Hoeffding bounds:

max

(
1− di +

d∑

i=1

xi, 0

)
≤ c1:di ≤ min(xi) (4)

which bound the dependence between the parameters and correspond to the probability mass lying on the
principal diagonals of [0, 1]di .

However, it may not be physically accurate to use the same copula family (i.e., dependence structure) to
model the dependence between all combinations of parameters since this dependence is in general not the
same. Furthermore, sampling from a copula in d > 2 proves to be a daunting task [9].

2.2 Pair Copula Construction

To overcome the limitations of these regular copula, the di-dimensional density f(x1, . . . , xdi) is constructed
using a product of d(d − 1)/2 bivariate (conditional) copula [11]. For instance, when considering 3 prob-
abilistic parameters x1, x2 and x3, the joint density f(x1, x2, x3) can be decomposed into a product of
conditional densities as:

f(x1, x2, x3) = f3|12(x3|x1, x2) · f2|1(x2, x1) · f1(x1) (5)
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Then, by applying eq. (3), the bivariate densities can be written as:

f2|1(x2|x1) = c12 (F1 (x1) , F2 (x2)) (6)

f3|2(x3|x2) = c32 (F3 (x3) , F2 (x2)) (7)

f3|12(x3|x1, x2) = c13|2(F1|2(x1|x2), F3|2(x3|x2)) (8)

which yields:

f(x1, x2, x3) = f1(x1) · f2(x2) · f3(x3) · c12 (F1(x1), F2(x2)) · c23 (F2(x2), F3(x3))

· c13|2(F1|2(x1|x2), F3|2(x3|x2))
(9)

with cij|k the bivariate copula linking Fi and Fj conditional on xk. For higher di, a similar construction can
be made. As such, the joint density f(x1, . . . , xdi) can be represented as the product of marginal densities
and a product of bivariate (conditional) copula. This enables the modelling of dependence between two xi
with a much higher degree of flexibility, since different cij can be employed for all xi.

As can be noted, a huge number of constructions can be contrived when di is large. Most commonly,
therefore a set of nested trees is used to visualise and enumerate these constructions via graph theory. Such
set of nested trees is also referred to as ”vine copula”. An extensive literature exists discussing many aspects
of Copulas, Copula pair constructions and different types of vine copula. The interested reader is referred to
[11] or the book of Mai and Scherer [12].

3 A copula based approach for interval finite element computations

3.1 Interval finite element method

The goal of an interval FE calculation is to find the bounds on the uncertainty in the model responses of eq.
(1), given an interval description of the uncertainty in xI ∈ X I ⊂ IRdi For multiple parameters, the interval
vector xI is defined as the Cartesian product of the intervals xIi :

xI = xI1 × . . .× xIdi (10)

and as such spans a hypercubic set by definition [13]. The interval FE method can thus be expressed as
finding the solution set ỹ:

ỹ =
{
y|y =M(x);x ∈ xI

}
(11)

Generally, ỹ spans a non-convex manifold in Rdo , as the output responses yi are (possibly non-linearly)
coupled through the PDE of the FE model under consideration. Therefore, instead of calculating the real
uncertain solution set spanned by ỹ, the uncertainty at the output of the FE model generally is approximated
using an interval vector yI , which is usually calculated following a bounded optimisation problem, where
the bounds y

i
and yi on each output quantity yi of the solution interval vector yI are determined by searching

the domain, defined by xI [13]:

y
i

= min
x∈xI

mi(x) i = 1, ..., do

yi = max
x∈xI

mi(x) i = 1, ..., do
(12)

where yIi = [y
i
; yi] is the result interval scalar for the ith component of the solution interval vector of the

model. Solution of equation (12) returns the smallest hyper-cubic approximation yI of ỹ. Also methods that
try to estimate ỹ by its smallest convex set have been introduced in recent years [14, 15].
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3.2 Dependence between intervals

In a bivariate context, the concept of dependence can be illustrated using figure 1. This figure shows two
arbitrary parameters x1 and x2. The corresponding uncertainty is scaled for both parameters to the interval
[0,1] for illustrational purposes, which is a straightforward operation on the data. In case no dependence
between these parameters is taken into account, the space of admissible parameter combinations corresponds
to the unit square [0, 1]2, which is also illustrated using the striped line. However, in case dependence is
present between these two parameters, this can be modelled in an interval context by defining a set D12 that
limits the range of admissible parameter combinations. The degree of dependence can then be computed as
the relative area of D12 with respect to [0, 1]2 [3, 16].

x1

x2

D12

x1

x2

a b

x1

cD12 D12

x2

Figure 1: Illustration of dependence between two arbitrary parameters x1 and x2, modelled as a convex
region D12.

The definition of D12 can be based on expert knowledge, first principle fundaments, joint measurements of
the uncertain parameters, etc. D12 can take any shape within [0, 1]2, as long as it is physically relevant. In
the specific case of figure 1, in a) a dependence is assumed that slightly decreases as x1 and x2 increase,
figure b) illustrates a negative ellipse-shaped dependence. Finally figure c) illustrates a large dependence in
the centre of [0, 1]2 and small dependence in the tails.

In case more than 2 parameters are considered, the definition of D might prove to be very cumbersome or
even impossible. Therefore, a similar dependence pair construction is proposed to allow for a more flexible
definition of the joint-dependence structure. Similarly to eq. (9), when considering the joint dependence
between three intervals xI1,xI2 and xI3, the joint dependence D(xI1, x

I
2, x

I
3) can be decomposed as:

D(xI1, x
I
2, x

I
3) = xI1 · xI2 · xI3 · D12 · D23 · D13|2 (13)

with Dij the bivariate dependence between xi and xj . Also here, the concept can easily be extended to
general d dimensions. This concept is illustrated in figure 2. This figure shows the unit cube [0, 1]3, together
with D12, D23 and D13|2. As can be noted, the set D13|2 is not necessarily constant over x2, allowing for the
definition of highly complicated dependence structures with a very limited set of parameters.

In the context of propagating this uncertainty through the numerical model, this decomposition serves as an
equality constraint for the global optimisation that underlies the interval finite element model. Specifically,
to infer the bounds on y, following set of constrained optimisation problems is solved:

y
i

= min
x∈xI mi(x) s.t. x ∈ D(xI) (14)

yi = max
x∈xI mi(x) s.t. x ∈ D(xI) (15)

where the optimiser checks whether the new candidate point lies insideD. In caseD consists only of convex
dependence pairs, this reduces to a set of linear inequality constraints, which can easily be solved by any
gradient-based or evolutionary optimisation solver.
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x1

x2

x3

D12

D23

D13|2

D13|2

Figure 2: Decomposition of the d = 3-dimensional dependence using the proposed dependency pair decom-
position.

Note that, while employing a similar decomposition structure as in a probabilistic context, the underlying
meaning is fundamentally different. Instead of decomposing a high-dimensional density function, into its
marginals and a set of bivariate copula, this method presents a way to limit the hypercube xI1 × . . . × xId
of admissible values by a set of two-dimensional sets. While similar, still no inference of the likelihood of
certain values within this set is made or aimed at. As such, the interval paradigm is not violated following
this approach.

4 Case study 1: analytical function

As a first example, dependent interval uncertainty is propagated through a simple analytical equation having
three parameters xi, i = 1, . . . , 3:

y = x1 · x2 − 2 · x3 (16)

with xI1 = [1, 4], xI2 = [2, 6], xI3 = [3, 5].

This function is constructed such that the extreme values for y do not correspond with either x or x. The
dependence between these parameters assumes following structure:

D12 = H(|x2 + x1 − 1| − θ1) (17)

D23 = H(|x1 − x2| − θ2) (18)

D13|2 = xI1|2 × xI3|2 (19)

withH the Heaviside function, || denoting the absolute value and θ1 = 0.5 and θ2 = 0.15.

Table 1 lists the results when the problem is solved both with and without taking this dependence into
account. The •̂ operator indicates the interval that yields the extreme values for y. As can be noted, the
results without dependence between the interval parameters are highly over-conservative with respect to the
case when the dependence is taken into account following the proposed approach. The efficiency of the
propagation is solely dependent on the used optimisation algorithm, which should be selected based on the
topology of the objective function (i.e., the numerical model) at hand.

This dependence structure is illustrated in figure 3, which illustrates the shape of the setsD12 andD23, as well
as the set D13 resulting from modelling the dependence as listed in eq. (17) to eq. (19). This visualisation is
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Table 1: Results of the propagation of the interval uncertainty through eq. (16)
Problem x̂ x̂ yI

Independent [1, 2, 5] [4, 6, 3] [−8, 17.5927]
Dependent [1.0005, 4.6792, 4.6344] [3.9916,4.0112,3.7096] [−4.5874, 8.5919]

obtained by propagating a Sobol Sequence containing 50000 samples through the analytical function. Note
that the latter set is not the one as defined in eq. (19), since it is not conditional on the value of x2. Rather, it
is a visualisation of all D13|2 for all values of x2.

Figure 3: Illustration of the dependence structure of the analytical model, employed for the case study.

5 Case study 2: composite blade

The second case study concerns a finite element model of a long and slender blade. The structure has a total
length of 30 m and the width is 1 m at the widest part. This blade is produced using a multilayer laminar
composite material, with deterministic ply material properties E1 = 231 GPa, E2 = 77 GPa, ν12 = 0.31
and G12 = G23 = G13 = 42.7 GPa. Different lay-ups are placed in the structure, where close to the
attachment of the blade (left-most), the lay-up is thicker as compared to at the end-point (right-most). The
dynamic behaviour of the structure is modelled using a Finite Element model containing 621 nodes, 606
bilinear shell elements, 573 rigid connections, 10 concentrated masses and 132 rod elements. The finite
element model of this structure is shown in figure 4.

The model is solved for its 10 first eigen-modes and corresponding resonance frequencies. Table 2 lists the
result of the deterministic simulation. The effect of mode-crossover and -veering is accounted for by tracking
the mode shapes via the modal assurance criterion. To limit the computational expense, 10 4-layer Artificial
Neural Network with (4,6,4,1)-configuration are trained using Bayesian regulation back-propagation, based
on a training data set containing 1750 samples. Furthermore, a validation data set of 750 specimens was
used, indicating that the ANN are well capable of predicting the behaviour of the full FE model at highly
reduced computational cost.

To illustrate the developed method, 4 parameters are considered uncertain, and they are modelled as de-
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Figure 4: Finite element model of the composite blade

Table 2:
Mode number description f
1 1st vertical bending 0.79 Hz
2 1st horizontal bending 2.07 Hz
3 2nd vertical bending 3.11 Hz
4 3th vertical bending 7.72 Hz
5 2nd horizontal bending 8.67 Hz
6 4th vertical bending 14.45 Hz
7 3th horizontal bending 21.68 Hz
8 5th vertical bending 23.84 Hz
9 1st torsion 26.76 Hz
10 6th vertical bending 35.01 Hz

pendent intervals. Specifically, the primary and secondary Young’s modulus (E1 and E2), as well as the
thickness of two composite shells (t1 and t2, as indicated using respectively red and blue elements in figure
4) are considered for the analysis. For this 4-dimensional structure, the dependence is decomposed as:

D(E1, E2, t1, t2) = EI
1 · EI

2 · tI1 · tI2 · D12 · D23 · D34 · D13|2 · D24|3 · D14|23 (20)

in analogy to eq. (13), and where subscripts 1, 2, 3, 4 of D correspond to E1, E2, t1, t2 respectively. For
notational simplicity, the dependence of Dij on xi and xj is omitted. This specific decomposition structure
is analogous to the D-vine representation of a pairwise copula construction. This construction is appropriate
in this case, as it allows for the direct description of the dependence between EI

1 , E
I
2 and tI1, t

I
2, whereas the

higher order terms can be included to model dependence between these two sets of parameters.

As a first case study, the dependence between the intervals is specifically modelled as:

D12 = H(|E2 + E1 − 1| − θ1) (21)

D23 = EI
2 × tI1 (22)

D34 = H(|t1 − t2| − θ2) (23)

D13|2 = xI1|2 × xI3|2 (24)

D24|3 = xI2|3 × xI4|3 (25)

D14|23 = xI1|23 × xI4|23 (26)
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with θ = [0.95, 0.85]. As a second case study, also dependence between E and t is included:

D12 = H(|E2 + E1 − 1| − θ1) (27)

D23 = H(|t1 − t2| − θ2) (28)

D34 = H(|t1 − t2| − θ3) (29)

D13|2 = xI1|2 × xI3|2 (30)

D24|3 = xI2|3 × xI4|3 (31)

D14|23 = xI1|23 × xI4|23 (32)

with θ = [0.95, 0.7, 0.85].

The cross-sections of this 4-dimensional convex dependence region are shown in figure 5. The blue area is the
domain covered by the independent intervals, whereas the orange and yellow areas correspond respectively
to cases 1 and 2. As can be noted, adding more terms to the dependence construction presented in eq.
(20) further reduces the set of admissible parameter value combinations within the hypercube spanned by
the intervals. Furthermore, in case 2, it is clear that no cross-dependence is present between the thickness
and Young’s modulus values. On the other hand, the inclusion of the cross-dependence term D23 in case 2
incorporates the dependence immediately for all combinations of the 4 parameters.

Figure 5: Two dimensional cross-sections of the 4-dimensional convex set of admissible values representing
the dependent intervals. Blue indicates the full hypercube, orange corresponds to the first case (i.e., no
cross-dependence between Young’s modulus and the thickness) and yellow corresponds to the second case.

To illustrate the effect of the dependence between these parameters, these dependent intervals are also prop-
agated through the numerical model of the composite blade. The result hereof is illustrated in figure 6.
This figure shows two-dimensional cross-sections of the 10-dimensional result manifold, obtained by prop-
agating 50000 Sobol samples from the dependent input parameters. Note that this is not a proper interval
propagation technique. However, the main goal of this figure is to illustrate the solution manifold given the
dependent intervals. As can be noted, when more dependence is included in the analysis, the solution man-
ifold becomes smaller and smaller. Furthermore, also the dependence between the resonance frequencies is
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impacted. Finally, note that increasing the dependence between the input intervals yields a solution manifold
that is contained within the case of less dependence.

Figure 6: All combination of the 10 first eigenfrequencies, obtained by propagating the dependent intervals
through the composite blade model.

6 Conclusions

Classical (independent) interval analysis considers a hyper-cubic input space consisting of independent in-
tervals. This stems from the inability of intervals to model dependence and might result in a serious over-
conservatism as no physical guarantee of independence of these parameters exists. In a spatial context,
dependence of one model parameter over the model domain is usually modelled using a series expansion
over a set of basis functions that interpolate a set of globally defined intervals to local (coupled) uncertainty.
However, such approach might prove to be too inflexible to model the dependence between a large number of
model parameters. This paper therefore presents a flexible approach for the modelling of dependent intervals
that is also applicable to high-dimensional problems. Specifically, it is proposed to construct the dependence
structure in a similar approach to copula pair constructions, yielding a limited set of 2-dimensional depen-
dence functions. This definition of dependence also integrates well with the global optimisation approach.
A first case study, where the developed method is applied to an analytical function is included to illustrate
the main ideas. Application of a global optimisation algorithm also indicates that by introducing dependence
between the model parameters, the width of the output interval is decreased significantly. The second case
study applies the methodology to a realistic finite element model of a long, slender composite blade. Two
different dependence structures are propagated and it is shown that the method is well capable of limiting the
set of admissible parameter combinations, yielding tighter output sets. Future work will focus on applying
higher-order dependence constructions for the propagation of interval uncertain parameters, as well as on the
quantification of the dependence functions based on indirect measurement data.
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Abstract
Possibilisitic uncertainty representation can be used to model a system in case of sparse data or incomplete
information. This, however, comes along with a large number of deterministic model evaluations, which in
case of a complex, large-scale model results in tremendous computational effort. Hence, special techniques
should be applied to reduce the computational cost by simplification or model-order reduction techniques, or
by building a computationally less expensive surrogate model. In this paper, a novel approach is introduced
which combines the analyses of the expensive, high-fidelity model and the approximated, low-fidelity model
in a multi-fidelity approach. For this purpose, a possibilistic correlation analysis is applied to estimate the
conditional possibility of the high-fidelity output given the low-fidelity output. In this way, the possibilisti-
cally quantified uncertainty of the high-fidelity model output can be estimated using only a low number of
expensive model evaluations.

1 Introduction

In numerical simulation, there is an increasing trend towards the explicit incorporation of uncertainty and on
the prediction about uncertain processes or processes with uncertain conditions. The inclusion of uncertainty
in the numerical analysis offers additional insights and supplemental options for the interpretation of the
simulation results. While probabilistic methods are widely spread, well elaborated, and therefore, provide
a useful tool for modeling stochastic processes and random behavior, in case of uncertainty based on a lack
of knowledge and restricted information, more appropriate theories need to be used. Uncertainty quantifi-
cation based on possibility theory has gained more and more attention because of its property of being able
to model imprecise and even contradictory information [1]. For additional information and the measure-
theoretical fundamentals of possiblity theory, see e.g. [2]. There exists a variety of numerical methods for
possibilistic uncertainty quantification [3, 4] which are based on the direct link between possibility theory
and fuzzy set theory [5, 6].
A general drawback of the possibilistic uncertainty quantification is that it requires a large number of deter-
ministic model evaluations. In case of complex, large-scale models, here called high-fidelity models (HFMs),
this results in tremendous computational effort. To reduce the computational cost, appropriate low-fidelity
models (LFMs) need to be derived, which preferably provide a good approximation of the original model,
but to lower computational costs. Besides simplification and model-order reduction, data driven surrogate
models are state of the art in uncertainty quantification. An overview of different strategies, which are used
in a probabilistic framework, is provided in [7]. In the context of possibilistic uncertainty representation and
fuzzy sets, surrogates are used in [8] and [9]. Even if these methods lead to a significant reduction of the
computation time, the overall effort may still be too high because the construction of the surrogate is based
on multiple evaluations of the expensive HFM.
A different strategy to reduce the computational costs is the combination of the LFM and the HFM in a
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multi-fidelity approach (MFA). A list of different multi-fidelity models and model management strategies
is given in [10], and another survey on multi-fidelity modeling with some applications in [11]. Of course,
this approach is not only restricted to uncertainty quantification, but it can also be applied to other fields
which suffer from expensive numerical evaluations, such as optimization under uncertainty. In the context
of probabilistic uncertainty quantification, there exist some works using Bayesian formulations in terms of
Gaussian [12] and non-Gaussian processes [13], [14]. The probabilistic correlation and regression analysis
between the LFM and HFM motivates the procedure of the possibilistic multi-fidelity analysis. For the com-
pensation of the discrepancy between the results of the corresponding high- and low-fidelity models,which
is deterministic, but unknown, rather than random and stochastic, a well-directed combination of their possi-
bilistic analyses proves to be a promising approach. Explicitly, the data obtained by only a few evaluations of
the HFM is used to analyze the possibilistic correlation to the LFM, whose computing time is considered to
be significantly smaller. Based on that, the conditional possibility distribution of the corresponding models
can be estimated using a possibilistic regression analysis. Finally, the marginal possibility distribution of
the high-fidelity model can be computed using the estimated conditional possibility as well as the marginal
possibility distribution of the low-fidelity model. It exists quite some literature where the conditioning in
possibility theory is discussed. See for example [16], [17], [18], [19], and the overview paper [20] or the
contribution in [21] which uses the conditional distribution in a Bayesian-like approach. In the listed liter-
ature, it is mainly discussed how to derive the conditional distribution for a given joint distribution. In the
MFA, however, the joint distribution is deduced from an estimated conditional distribution.

2 Preliminaries

The following section provides a short introduction to possibility theory and its connection to fuzzy sets,
serving as a basis for the latter approach. It introduces the fundamental expressions needed in this work.
Additionally, the basic notions and ideas about multi-fidelity modeling are introduced.

2.1 Possibility Theory and Fuzzy Sets

Possibility theory is an uncertainty theory based on set functions, being capable of handling incomplete or
inconsistent information. A possibility measure Π : 2Ω → [0, 1] on the universe of discourse Ω satisfies:

• Π(Ω) = 1, Π(∅) = 0 and

• Π (∪kAk) = supk Π(Ak) if Ak ⊆ Ω and ∩k Ak = ∅.

Let P =
(
Ω, 2Ω,Π

)
be a possibility space, then a possibilistic variable ξ on P is defined as a mapping onto

the real line R, i.e. ξ : Ω 7→ Ξ, Ξ ⊆ R. The possibility of an eventAwith its associated possibilistic variable
ξ can be expressed by the possibility measure Π(A = ξ−1(X)) = Πξ(X) with A ∈ Ω and X ∈ Ξ. The joint
possibility measure Πξ,η of the possibilistic variables ξ and η is related to the conditional possibility measure
Πξ|η and the marginal possibility measures Πξ and Πη of the respective variables ξ and η via

Πξ,η (X,Y ) = min
[
Πξ|η(X|Y ),Πη(Y )

]
= min

[
Πη|ξ(Y |X),Πξ(X)

]
(1)

which is an analogon to the law of total probability [16]. The marginal distribution Πξ satisfies

Πξ(X) = sup
Y

Πξ,η (X,Y ) (2)

as a projection of ξ along η, which means that the dependency on η is eliminated. In case of total indepen-
dency, it follows that Πξ|η(X|Y ) = Πξ(X), and therefore directly from Eq. (1)

Πξ,η (X,Y ) = min [Πξ(X),Πη(Y )] . (3)
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To establish a direct link between possibility theory and fuzzy set theory, the event A is decomposed into a
union A =

⋃
i ai of its elementary events ai ∈ Ω. The possibility measure can be rewritten as

Π (A) = Π

(⋃

i

ai

)
= sup

i
Π (ai)

= sup
a∈A

Π ({a})

= sup
a∈A

π(a) = sup
a∈A

πξ(x = ξ(a))

(4)

with π as the so-called possibility distribution function.
A fuzzy variable is defined as the possibly infinite set of pairs

p̃ = {(x, µ) ∈ Ω× [0, 1] |µ = µp̃(x)} (5)

with the membership function µ as a mapping of x to the unit interval. Using Eq. (4) and the idea that the
membership function induces a possibility distribution function, it yields

µp̃(x) = Π ({a ∈ Ω | p̃(a) = x}) = πp̃(x), (6)

which represents a family of nested confidence subsets [18] and where the fuzzy variable can be interpreted
as a possibilistic variable. For further information, the reader is referred to e.g. [23] and [4].
Two important properties of fuzzy sets are the following. The core of a fuzzy set is defined as

core(p̃) = {x ∈ Ω |µp̃(x) = 1}, (7)

and the support, which contains all elements with non-zero membership, as

supp(p̃) = {x ∈ Ω |µp̃(x) > 0}. (8)

In this work, only so-called fuzzy numbers, as a special class of fuzzy valued variables are used, which exhibit
the additional property that there exists only one x̄ with µp̃(x̄) = 1. Hereinafter, the terms membership
function and possibility distribution function are used interchangeably.

2.2 Multi-Fidelity Modeling

Generally, the models under consideration in possibilistic uncertainty quantification are of the form of (par-
tial) differential equations, which are deterministic per se, but need to be evaluated multiple times if analyzed
under uncertainty. Hence, they can be described as a mapping f : X 7→ Z which maps the input domain
X ∈ Rn to the output domainZ ∈ Rm with n andm denoting the dimension of the input and output domain,
respectively. A HFM with the mapping fH provides the values zH for the output of a quantity of interest z, or
in this case the possibility distribution function µ(zH), for a required, problem-dependent accuracy. In gen-
eral, the HFM can be large-scaled, complex and highly nonlinear, which entails tremendous computational
effort. In case of a possibilistic uncertainty analysis, this can be challenging to be realized. The LFM with
the mapping fL provides the values zL and µ(zL), approximating the same output z with a lower accuracy,
but also lower computational costs. Usually, the LFM is derived directly from the HFM, e.g. using model-
order reduction techniques, surrogate models or by neglecting internal dynamics. The derivation of the LFM
depends on the given application, and there are usually multiple possibilities to derive a LFM for a given
problem. Of course data-fitted LFMs with sufficient evaluations of the HFM offer a good and acceptable
approximation and can be used directly for the uncertainty analysis, but they may still be computationally
too expensive.
The idea of using multi-fidelity models instead consists in combining the advantages of the models with
different fidelity. It implies a trade-off between accuracy and computational cost of the evaluations. In [10],
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discretization simplification

Figure 1: Models of different fidelity with one quantity of interest.

several ways of how to incorporate models with different fidelities are presented. In the present contribution,
only a small number of HFM evaluations are combined with a large number of LFM evaluations to exploit
their possibilistic correlation and predict the possibilistic quantities of the model with only low computa-
tional effort. The additional information gained by the evaluation of the HFM acts as a kind of correction
factor for the low-fidelity solution. The approach is motivated by the work of Biehler et al. [14] who used a
similar approach, but in a probabilistic framework, explained in detail in [15]. The relation between models
of different fidelity is shown in Figure 1 using the example of a structural element, in anticipation of the
application example in Section 5.

3 Propagating Possibility – Fuzzy Arithmetic

With the definitions introduced in the previous section it is possible to propagate imprecise information
through a model. For this purpose, consider the mapping f : X 7→ Z , which maps the input domain X onto
the output domain Z . The input parameter vector is given as a fuzzy variable p̃. The membership function
of the resulting fuzzy variable q̃ can be obtained using the extension principle introduced by Zadeh in the
form

µq̃ (z) =





sup
x∈f−1(z)

µp̃ (x) if ∃ x = f−1(z),

0 else.
(9)

The numerical implementation of fuzzy arithmetic is commonly based on the α-cut decompostition of fuzzy
sets. The bounds of the α-cut intervals of the output quanities of interest can be determined by an α-cut
optimization or special sampling-based methods like the transformation method, introduced in [4], resulting
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in membership-dependent interval bounds. By using one of the mentioned methods, not only the α-cut
decomposition of the fuzzy sets is needed, but also all the information gained by the model evaluation which
does not result in the interval bounds is discarded. Besides, in the multivariate case, the α-cut formulation
neglects potential dependencies between fuzzy sets, which may lead to an overestimated result.
A different approach for the numerical implementation of the extension principle which needs neither an
α-cut discretization nor the discretization of the output domain is the sampling method [3]. The selection of
the sample points from the parameter domain X is now moved to the beginning of the solution procedure
and the restrictions of the α-cuts are discarded.
Consider an n-dimensional fuzzy input vector, then the samples are drawn from the input domain X ∈ Rn
which reads as

{x} = {x[i]}Ni , x[i] ∈ X , i ∈ {1, . . . , N} =: I (10)

with N denoting the number of sample points. The output domain of the mapping is defined as Z ∈ Rm.
Performing a pointwise evaluation of f({x}) yields potential points of the membership curve

{µ[i]
q̃ }Ni

(
{z[i]}Ni = f({x[i]}Ni )

)
= µp̃

(
{x[i]}Ni

)
(11)

which need to be extracted. Here, the extension principle from Eq. (9) is applied in the form

µ
[k]
q̃ = max

i∈{z[i]=z[k]}
µ

[i]
q̃ , k ∈ K ⊆ I, (12)

resulting in a discrete, non-convex representation of the membership function. In the next step, the points on
the membership curve are extracted, according to the convexity criterion, and finally, the membership can be
reconstructed by

µq̃(z) = I
(
{z[j], µ

[j]
q̃ }
)
, j ∈ J ⊆ K (13)

using an interpolent I, or taking the smallest convex fuzzy set which envelops µ[k]
q̃ . An important point

is how to choose an appropriate sampling sequence {x}. Of course, the schemes mentioned for the α-cut
approaches can be adapted resulting in an optimizer-based sequence or a pattern-based sampling. The use of
an optimizer-based sequence results in an iterative scheme which prohibits an efficient parallelization of the
solution procedure. Another strategy is the use of randomly distributed samples. It combines the advantage
of the parallel evaluation of f(x) and µ(x) as well as the potential recovery of outliers in the solution. In
this paper, only uniformly distributed samples are used in the form of

g
(
x[i]
)
∼ U(0, 1)n, (14)

where g denotes a mapping of the elements to the unit hypercube, which can be chosen without loss of gen-
erality. The generation of the samples can be further modified using importance sampling or Latin hypercube
sampling, resulting in pseudo-randomly distributed points. A drawback of the random sequence is thatN has
to be large enough to get an appropriately reconstructed membership function. To reduce the computational
cost to a minimum, all samples which result in µq̃ (z) = 0 can be discarded because they do not contribute
to the membership function. This is important, especially in the case of strong dependency between fuzzy
parameters. Keep in mind that the results based on the drawn samples do not yield any probabilistic signif-
icance and are just used to construct the membership function. This justifies the discard of those samples
which, opposite to the probabilistic case, does not result in a biased distribution in the possibilistic case. Of
course, the different types of generating samples can be combined, showing the flexibility of the sampling
method.
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4 Multi-Fidelity Modeling in Possibilistic Uncertainty Analysis

The introduced theories in the previous sections are sufficient to outline the MFA for the possibilistic uncer-
tainty analysis based on fuzzy arithmetic. In the following, zH denotes the output of the HFM and µz̃H(zH)
its possibility distribution function to be estimated. The output of the LFM is denoted by zL and the corre-
sponding possibility distribution function µz̃L(zL), respectively. These outputs describe the same quantity
of interest of the system, which can be for example stresses, energies or eigenfrequencies in mechanical
systems. The LFM is hereby deduced from the HFM, for example by simplification or neglecting internal
dynamics. Another possibility to deduce the LFM are data-fit models, for example a sparse-grid surrogate
model of the HFM. To successfully apply the proposed approach, the computation time of the LFM has to
be small in comparison to the HFM. Otherwise, it is more advisable to evaluate the HFM directly. And
second, the multi-fidelity model has to show at least a small amount of possibilistic correlation or otherwise
the approach fails. Since this approach is widely applicable, the formulations are kept rather general. An
exemplary example is shown in Section 5. A connection between HFM and LFM can be established using
Eq. (1) and Eq. (2) with the formulation of Eq. (6), resulting in

µz̃H(zH) = max
zL

min
[
µz̃H|z̃L(zH | zL), µz̃L(zL)

]
(15)

showing the interrelation of the distribution functions. Since the LFM can be a poor approximation of the
HFM, the respective possibilistic quantities, i.e. µz̃L and µz̃H , may differ significantly. Therefore, the for-
mulation in Eq. (15) can be interpreted as applying a possibilistic correction factor based on the conditional
membership function, and thus, of information about the HFM. Whereas µz̃L can be computed directly with
the method of Section 3 in an inexpensive manner, the conditional distribution µz̃H|z̃L(zH|zL) needs to be
estimated using a possibilistic regression model. Therefore, both the LFM and HFM are to be evaluated at
certain points

{z[j]
L } = fL({x[j]})
{z[j]

H } = fH({x[j]})
(16)

with j ∈ I so that the possibilistic correlation of the HFM and LFM can be evaluated. The points are chosen
among the ones already used for the calculation of µz̃L and they should cover the whole support of the LFM
solution. Hence, the estimation of the conditional distribution is strongly dependent on the selection of x[j]

and the number of the selected samples.

4.1 Estimating the Conditional Distribution

The conditional membership function can be estimated using a possibilistic regression model. Contrary to
probabilistic regression models, all of the sample points need to be covered by the regression analysis. This
is based on the maxitivity property of the possibility theory, because of which outliners can have a major
influence on the solution. A possibilistic regression model which actually captures the data is shown by
Hose and Hanss in [22]. It is based on a linear least-squares formulation. In case of a complex correlation
between the HFM and LFM, this approach fails to provide an adequate model because of its global formu-
lation. Therefore, the approach is extended and modified and a non-parametric least-squares formulation is
introduced which is able to account for local features. Piecewise polynomials, so-called splines, can be used
to approximate nonlinear functions and their coefficents can be estimated using least squares. The use of the
truncated power basis leads to ill-conditioned matrices in the least-squares formulation. To overcome this
difficulty, a B-spline basis can be introduced. A detailed explanation is beyond the scope of this work and
the reader is referred to [24] for more information about splines and B-splines, as well as their construction.
Given n data points in the form {(z[j]

L , z
[j]
H )}nj=1, the model to be approximated reads as

z
[j]
H =

p+k+1∑

i=1

βiBi,p

(
z

[j]
L

)
+ δj (17)
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{(z[j]L , z
[j]
H )}

µz̃H|z̃L = 0
µz̃H|z̃L = 1

µz̃L(zL)

µz̃H(zH)

zH

zL

z̃L

z̃H

µ(z
[1]
L )

µ(z
[2]
L )

min
[
µz̃H|z̃L(zH|z

[1]
L ), µz̃L(z

[1]
L )
]

supp(z̃H)

Figure 2: General procedure for the MFA in possibilistic uncertainty analysis

with k denoting the number of spline knots, δj denoting some deterministic perturbation, and p being the
degree of the polynomia. This can be rewritten in the matrix form

zH = βB + δ (18)

which is again the common expression for linear least squares. The next step is to solve n elementary least-
squares problems to find the parameters β[j] which describe a function passing through the jth data point
and achieving maximum compatibility with the remaining data. The solution for the elementary (linear)
least-squares formulation with the given constraints reads as

(
β[j]

λ[j]

)
=

(
2BTB bj
bTj 0

)−1
(

2BTzH

z
[j]
H

)
∀j = 1, . . . , n (19)

with the Lagrange parameter λj , and bj denoting the jth row ofB, see [22]. The solutions

z
[j]
H =

p+k+1∑

i=1

β
[j]
i Bi,p(zL) = S[j](zL) ∀j = 1, . . . , n (20)

of this formulation can now be used to derive the bounds of the conditional membership function

supp(z̃H | z̃L) =

(
min
j

[
S[j](zL)

]
,max

j

[
S[j](zL)

])
(21)

as well as the progression of the nominal value

core(z̃H | z̃L) = S[m](zL) (22)
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with the mth data point having the membership value µ(S[m]) = 1. The membership values between
the support and the nominal value are initially approximated using linear interpolation. This provides the
most simple approximation of the conditional membership function. Additionally, some information of the
evaluated points can be exploited and the progression can be bounded tighter. Recalling Eq. (12) yields the
estimation

µz̃L,z̃H

(
z

[j]
L , z

[j]
H

)
= max

l∈{(x[l],y[l])=(x[j],y[j])}
µ

[l]
z̃L,z̃H

(
z

[j]
L , z

[j]
H

)
≥ µ[j]

z̃L,z̃H

(
z

[j]
L , z

[j]
H

)
(23)

which can be used with Eq. (1). This means that the membership value of the ith sample not necessarily
needs to be located on the membership curve. Here, two cases have to be analyzed. The first one,

µz̃L,z̃H

(
z

[j]
L , z

[j]
H

)
= min

[
µz̃H|z̃L

(
z

[j]
H | z

[j]
L

)
, µz̃L

(
z

[j]
L

)]

= µz̃L

(
z

[j]
L

)
≤ µz̃H|z̃L

(
z

[j]
H | z

[j]
L

)
≤ 1, if µz̃L|z̃H

(
z

[j]
H | z

[j]
L

)
≥ µz̃L

(
z

[i]
L

)
,

(24)

only yields trivial information about the conditional membership. The second one,

µz̃L,z̃H

(
z

[j]
L , z

[j]
H

)
= min

[
µz̃H|z̃L

(
z

[j
H | z

[j]
L

)
, µz̃L

(
z

[j]
L

)]

= µz̃H|z̃L

(
z

[j]
H | z

[j]
L

)
≤ µz̃L

(
z

[j]
L

)
≤ 1, if µz̃H|z̃L

(
z

[j]
H | z

[j]
L

)
≤ µz̃L

(
z

[j]
L

)

(23)
≥ µ[j]

z̃L,z̃H

(
z

[j]
L , z

[j]
H

)
(25)

however, yields an additional estimation of the conditional membership dependent on the evaluated points
which can be used to achieve a more accurate result. The first approximation of the conditional membership
using only a linear interpolation between the support and the core can now be modified in order to fulfill
the deduced condition. The modification of the membership function according to Eq. (25) with linear
interpolation is shown in Figure 3.

µ(zH|z[j]L )

zH

1

z̄H

µ(z
[j]
L )

µ[j](z
[j]
L , z

[j]
H )/

Figure 3: Modified membership function. Only the filled red circles contribute to the modification.
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5 Application Example – Eigenvalue Analysis

The presented approach is now applied to the eigenvalue analysis of a linear dynamical system with uncertain
parameters. The equation of motion of the crisp system, i.e. without uncertain parameters, with k degrees of
freedom is defined by

Mü+Ku = 0, M ,K ∈ Rk×k, (26)

where no damping is considered, andM andK are the positive definite mass and stiffness matrices, respec-
tively. The eigenvalue problems read as

(
K − ω2

iM
)
Φi = 0 (27)

with the ith natural frequency ωi and the corresponding eigenvector Φi, respectively. The solution of the
eigenvalues can be determined by solving

det(K − ω2
iM) = 0. (28)

In the case of uncertain system parameters, the mass matrix M = M(p̃) as well as the stiffness matrix
K = K(p̃) are dependent on the fuzzy parameter vector p̃.
In this example, an fictitious structural element is investigated which is modeled by the finite-element
method. The HFM of the structural element, which includes many geometrical details and a fine mesh,
as well as the LFM, which is derived directly from the HFM by simplification of the structure and coarsen-
ing of the mesh are shown in Figure 4. The displacements and the rotation on the backside of the structural
elements are set to zero. The isotropic material properties of the structural element are modeled by triangular
fuzzy numbers with the properties summarized in Table 1. For the mass and stiffness matrix, this results in
M = M(ρ̃) andK = K(ν̃, Ẽ) with the uncertain density ρ̃, the uncertain Poisson ratio ν̃ and the uncertain
Young’s modulus Ẽ.

Table 1: Material properties of the structural element modeled by triangular fuzzy numbers

ρ̃
[
kg/m3

]
ν̃[−] Ẽ [GPa]

nominal value 7800 0.3 210
support [7600, 8300] [0.25, 0.35] [205, 220]

For the finite-element analysis, the commercial software package Abaqus is used.

(a) High-fidelity model (b) Low-fidelity model

Figure 4: Structural element models of different fidelity.
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5.1 Results

In this particular case, the first eigenfrequency f1 of the structural element model is defined as the quantity
of interest, i.e. the membership function µf̃ (f1) is to be determined. The times for a single evaluation, using
a 4-core Intel Xeon 3.3 GHz workstation with 129 GB RAM, are listed in Table 2 together with the numbers
of degree of freedom. The LFM is evaluated 223 = 10648 times in order to get a good representaion of

Table 2: Comparison of the individual HFM and LFM solutions

HFM LFM
solution time (one evaluation) 26.15s 8.34s

degrees of freedom 132687 21618

the LFM membership function. From these evaluations, 50 parameter configurations, which cover the entire
support of the LFM membership function are picked randomly, and the HFM is evaluated with those as
inputs. Using the approach described in Section 4, the conditional membership function is estimated and, in
the end, the membership function of the HFM is deduced. The estimated conditional membership function
and the resulting joint membership distribution of the first eigenfrequency are shown in Figure 5. Finally,
the estimated HFM solution and the corresponding LFM solution are outlined in Figure 6. The comparison
of the MFA, the reference solution, the LFM as well as their relative errors are listed in Table 3. For the
description of the shape parameter of the membership function, the lower and upper expected value E∗ and
E∗ [25] as well as the lower and upper bound of the membership function µ∗ and µ∗ and its cardinality are
used as described in [3]. Although the LFM is a rather poor approximation, the presented approach provides
a good approximation of the HFM with a speed-up factor of about three. An overview of the estimated
conditional membership functions of the first six eigenfrequencies are shown in the Appendix.
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(a) Estimated conditional membership function µz̃H|z̃L .
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(b) Reconstructed joint membership function µz̃L,z̃H .

Figure 5: Structural element models of different fidelity

Table 3: Comparison of the HFM, MFA and the LFM solution

HFM [Hz] MFA [Hz] LFM [Hz] ∆rel
MFA ∆rel

LFM

µ∗(f̃) 60.06 59.47 30.20 1.0 · 10−2 9.9 · 10−1

µ∗(f̃) 75.69 76.06 37.46 4.8 · 10−3 1.0 · 100

E∗(f̃) 64.92 64.93 32.52 1.3 · 10−4 9.9 · 10−1

E∗(f̃) 72.18 72.12 35.90 8.3 · 10−4 1.1 · 100
∫
µf̃ df 7.26 7.19 3.38 9.5 · 10−3 1.2 · 100
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Figure 6: Solution to the fuzzy eigenvalue problem of the structural element model.

6 Conclusion

The proposed work shows a novel approach for possibilistic uncertainty quantification using models of dif-
ferent fidelity to reduce the computing time. Using a sample-based approach for fuzzy arithmetic, the con-
ditional possibility distribution can be estimated by a non-parametric possibilistic regression model which
results in an estimation of the HFM solution. Future work can deal with a more elaborated regression
model for the estimation of the conditional distribution and with an advanced strategy for the selection of the
samples for the regression analysis. Additionally, the applicability of this approach can be tested for more
complex models from different fields of the engineering sciences.
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Abstract 
The paper addresses the dynamic analysis of structures with uncertain-but-bounded material properties 

subjected to deterministic dynamic loads. The main purpose of the analysis is the evaluation of the bounds 

of stress time-history. A sensitivity-based approach is adopted in the context of finite element analysis to 

detect suitable combinations of the endpoints of the uncertain parameters for estimating the bounds of the 

stress field. To reduce the computational burden, the concept of pseudo-static sensitivity is exploited. 

Furthermore, only two combinations over the whole time-interval of interest are identified as the most 

common ones among those detected at each time instant. Numerical results demonstrate the accuracy of 

the proposed approach through comparison with the results provided by the classical combinatorial 

procedure. 

1 Introduction 

The main purpose of structural analysis is to evaluate response quantities, such as displacements, 

rotations, stresses etc., to perform reliability assessment of engineering systems. To this aim, not only 

external loads but also material properties need to be modeled with great accuracy. It has been widely 

recognized that parameters characterizing the mechanical behavior of structural materials are affected by 

uncertainties caused by measurement or manufacturing errors, or other factors. Experimental data 

available to define mechanical properties are often quite limited, so that the accuracy of the traditional 

probabilistic model becomes questionable  [1]. Indeed, within a probabilistic framework, the uncertain 

parameters are modeled as random variables or random fields, under the assumption that complete 

information is available to define the pertinent probability density function (PDF). However, as 

highlighted by Ben-Haim and Elishakoff [2], even small variations deviating from the real values may 

cause relatively large errors of the probability distributions in the feasible region of the design space. 

Non-probabilistic approaches can be alternatively used to treat uncertainties affecting material properties 

when only fragmentary or incomplete experimental data are available. In this framework, the interval 

model seems today the most suitable analytical tool when only range information or tolerance is known 

[2,3]. The interval model, which is based on the set theory, represents the uncertain parameters as interval 

variables with assigned lower bound (LB) and upper bound (UB) without requiring complete information 

on the distribution of the uncertainties between such bounds. 

The main advantage of the Classical Interval Analysis (CIA) is that it provides analytically rigorous 

enclosures of the solution [4,5], but its application to practical engineering problems is not an easy task 

due to two main drawbacks commonly faced in the development of interval-based procedures for 

structural analysis: i) the drastic overestimation of the interval solution range due to the so-called 

dependency phenomenon [1,5]; ii) the high computational costs required by uncertainty propagation 

procedures, such as the classical combinatorial approach [1,6]. 

5095



The dynamic equilibrium of structural systems with interval uncertainties is governed by interval 

Ordinary Differential Equations (ODEs). If such equations are solved using the CIA, the overestimation 

will progressively increase in the process of numerical iterations [7,8]. Several methods have been 

proposed in the literature to limit the overestimation of the solution of the set of interval ODEs governing 

linear or non-linear dynamic problems with interval uncertainties. In particular, the upper and lower 

bounds of the dynamic response were obtained by Chen et al. [9] using Taylor series expansion combined 

with a method based on matrix perturbation theory. Subsequently, the Interval Perturbation Method 

(IPM), which is based on Taylor series expansion and parameter perturbation, has been introduced to 

evaluate the dynamic response of structures subjected to deterministic [10-13] or stochastic excitations 

[14]. More recently, Gao et al. [15] presented the interval factor method to calculate the dynamic response 

of truss structures with interval parameters under interval loads. Rama Rao et al. [16] proposed two 

methods to obtain the transient response time-history of structures subjected to a sudden impact load: the 

first one is based on adaptive Taylor series expansion along with gradient method, while the second 

approach relies on direct optimization. Yang et al. [17] used the Laplace transform to convert the ODEs 

into a system of linear equations and the inverse Laplace transform to obtain the response time-history, 

once higher-order terms are removed by matrix perturbation technique in Laplace domain. 

Though often less accurate than other methods, the IPM or, equivalently, the first-order interval Taylor 

series expansion, is the most widely used to obtain the LB and UB of the interval dynamic response. The 

main advantages of the IPM are the flexibility and the simplicity of the mathematical formulation. 

However, since the effect of neglecting higher-order terms is unpredictable, the effectiveness of this 

method is limited to uncertainties with small intervals. Furthermore, the computational burden associated 

with the IPM rapidly increases with the dimensions of structural systems and the number of uncertainties. 

In this paper, attention is focused on a recently proposed procedure [18] for evaluating the bounds of the 

interval displacement time-history of structural systems with uncertain-but-bounded material properties 

under deterministic dynamic excitations. The key idea of this approach stems from the observation that, at 

each time instant, the dynamic response of a structural system is a monotonic function of the uncertain 

material properties. Hence, as customary in the context of interval static structural analysis [19,20], 

sensitivity analysis of the response can be performed to define suitable combinations of the endpoints of 

the uncertain parameters to be used for estimating the bounds of the dynamic response. In order to reduce 

the computational burden associated with the evaluation of response sensitivities at each time instant, the 

concept of pseudo-static sensitivity of the response is introduced. The definition of pseudo-static 

sensitivities involves just the evaluation of the nominal dynamic response time-history. Based on the 

results provided by the pseudo-static sensitivity analysis, two combinations of the endpoints of the 

uncertain parameters are identified for estimating the LB and UB of the response time-history. Such 

combinations are selected as the most common ones among those detected at each time instant. Then, 

response bounds can be estimated as the minimum and maximum among the deterministic dynamic 

responses pertaining to the most common combinations. Such responses can be evaluated by performing 

two parallel modal analyses. In the present paper, this procedure is further extended to evaluate the bounds 

of the time-history of interval stress components. As known, the prediction of sharp bounds of the interval 

stress field is a challenging task since stress variables are more affected by the dependency phenomenon 

[1,5] than the displacement field. 

A 24-bar truss structure with uncertain Young’s modulus of the material is analyzed. The accuracy of the 

proposed method is demonstrated through appropriate comparisons with the exact bounds provided by the 

classical combinatorial procedure, known as vertex method [21]. 

2 Problem statement 

Let us consider a quiescent classically damped linear structural system subjected to a deterministic 

excitation. Assume that the structure is discretized into N  finite elements (FEs) and that the resulting 

model has n  DOFs. Without loss of generality, all structural parameters are assumed to be known 

deterministically, except Young’s modulus of the material. Specifically, Young’s modulus of each FE is 

modeled as an interval variable, i.e.: 
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   ( )

0 1 ,    1,2,...,I IE E N    (1) 

where  , I   IR  is the dimensionless fluctuation of the  th uncertain property around the 

nominal value, 0E , with  denoting the set of all closed real interval numbers, while   and   are the 

lower bound (LB) and upper bound (UB) of 
I , respectively. 

Let the fluctuations be collected into the interval vector 1 2[ , , , ]I I I I T

N  α  of order N, with the 

apex T meaning transpose operator. According to the Classical Interval Analysis (CIA) [4,5], the N  

uncertain-but-bounded parameters 
I  ( 1,2, , )N  are assumed to be independent and 

[ , ]I Nα α α IR  is a bounded set-interval vector of real numbers such that  α α α , with the symbols 

α  and α  denoting the vectors collecting the LB and UB of the interval variables 
I , respectively.  

Following the improved interval analysis (IIA) [22], the  th real interval variable 
I  can be expressed 

in the following affine form: 

 0,
ˆ ,    1,2,...,I Ie N     

 
(2) 

where  

   0,

1 1
;     

2 2
          (3a,b) 

are the midpoint value (or mean), 0, , and the deviation amplitude (or radius),  ;  ˆ 1,1Ie  is the so-

called Extra Unitary Interval (EUI) [22] associated with the -th real interval variable 
I .  

Since 
I  denotes the dimensionless fluctuation of the -th uncertain Young’s modulus around the 

nominal value, it can be reasonably modelled as a symmetric interval variable, that is    . Under 

this assumption, 0, 0  and 0  , so that Eq. (2) reduces to: 

 ˆ ,    1,2,...,Ie N     (4) 

where 1   in order to ensure always positive values of the uncertain physical properties. 

In the framework of interval symbolism, a generic interval-valued function f  and a generic interval-

valued matrix function A  of the interval vector α
I

 will be denoted in equivalent form, respectively, as: 

 

 

( ) ( ), , ;

( ) ( ), , .

   

   

α α α α α α

A A α A α α α α α

I I I

I I I

f f f

  (5a,b) 

Taking into account Eq. (1), the constitutive matrix of the -th FE can be expressed as follows: 

 ( )

0
ˆ( ) 1I Ie   D D  (6) 

where 0D  is the nominal value.  

Uncertainty affecting the elastic modulus of the material propagates to the response of the FE model 

which turns out to be described by interval quantities. Specifically, following the standard displacement-

based finite element method (FEM) formulation, the interval displacement field within the -th FE can be 

related to the global nodal displacements collected into the interval vector ( , )u
I t  as follows: 

( ) ( ) ( )( , ; ) ( ) ( , )I It tu x α N x L u α  (7) 

where 
( )

L  is the connectivity matrix; 
( ) ( )N x  denotes the shape-function matrix; x  is the position vector. 

USD – METHODS 5097



Strain-displacement equations yield the following expression of the interval strain field within the -th 

FE:  

( ) ( ) ( )( , ; ) ( ) ( , )I It tx α B x L u α  (8) 

where 
( ) ( )B x  is the strain-displacement matrix. Finally, the interval stress field can be expressed as 

follows:  

 ( ) ( ) ( ) ( ) ( )

0
ˆ( , ; ) ( ) ( , ; ) 1 ( ) ( , ).I I I I It t e t    x α D x α D B x L u α   (9) 

In analogy to the standard displacement-based FEM, Eqs. (7)-(9) express the interval displacement, strain 

and stress fields within the -th FE as interpolation of the nodal displacements. Notice that the interval 

stresses, collected into the vector 
( ) ( , ; )Itx α , depend on the uncertain parameters both through the nodal 

displacements and the elastic matrix 
( ) ( ).ID  This circumstance makes the interval stress field more 

sensitive to the dependency phenomenon than the displacement field.  

The dynamic response of the FE modeled structure with uncertain Young’s modulus is governed by the 

following set of interval second-order Ordinary Differential Equations (ODEs): 

 ( ) ( ) ( ) ( ) ( ) ( ),      ,       Mu α C α u α K α u α f α α α α
It t t t  (10) 

where M  is the n n  mass matrix; ( )I
K α  is the n n  interval stiffness matrix [20] of the structure; ( )tf

is the 1n  order time-dependent vector collecting the external loads; finally, a dot over a variable denotes 

differentiation with respect to time t . Moreover, the Rayleigh model is adopted for the damping matrix, so 

that the following relationship holds:  

 ( ) ( ),      ,   C α M K α α α α α
I

M Kc c  (11) 

where Mc  and Kc  are the Rayleigh damping constants having units 
1s  and s , respectively.  

Adopting the interval formalism above introduced, the interval global stiffness matrix ( )K α
I

 can be 

expressed as: 

0 0

1

ˆ( ) ( )
N

I I Ie


     K α K K α K K   (12) 

where 0K  is the nominal global stiffness matrix, which is a positive-definite symmetric matrix of order 

n n  pertaining to the structure with α 0 , ( )K α
I

 is the interval deviation of the stiffness matrix with 

respect to the nominal one and K  is a semi-definite positive matrix given by: 

( )
.







α 0

K α
K


 (13) 

At each time instant, all possible solutions of the equations of motion in Eq. (10) obtained as the uncertain 

parameters 
I  vary independently over their ranges are contained within a solution set: 

  ( ) ( , ) ( ) ( ) ( ) ( ) ( ) ( ),   ,          u α Mu α C α u α K α u α f α α α α
n It t t t t tR  (14) 

where  ( , ) ( , )α αS t P t  means “the set of quantities ( , )αS t  such that the proposition ( , )αP t  holds”. As 

known, the exact evaluation of the solution set is very difficult. Therefore, within the interval framework, 

the solution of Eq. (10) is carried out by seeking, at each time instant, the LB and UB of the interval 

displacement vector, containing the solution set, which has the narrowest interval components, i.e.  

 ( ) ( ), ( ) u α u u
I t t t  (15) 

or in component form 
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( ) ( ), ( ) , ( 1,2, , )    α
I

j j ju t u t u t j n  (16) 

with 

 

 

( ) min ( ) ( ) , ,

( ) max ( ) ( ) , , ( 1,2, , )

N

j j j

N

j j j

u t u t u t

u t u t u t j n

    

     

α α α

α α α

R IR

R IR

 (17a,b) 

where the symbols  min  and  max  mean minimum (inferior) and maximum (superior) value of the 

quantity between parentheses. In the next sections, a sensitivity-based procedure, recently proposed by 

authors [18], is briefly described and extended to the evaluation of the bounds of the time-histories of the 

interval stress field. 

3 Pseudo-static sensitivity analysis  

The interval sensitivity analysis of structural system response gives information on the impact of the 

change of an individual interval parameter on the generic output quantity of interest (displacement, 

rotation, stress etc.) [23]. Relying on the assumption that the response quantities are monotonic functions 

of the uncertain parameters, sensitivity analysis has been exploited in the literature to identify appropriate 

endpoints of the interval parameters for evaluating the approximate bounds of the static response [19,20]. 

Recently, the authors extended this approach to estimate the approximate time-dependent bound functions 

of the interval dynamic displacements [18]. The key idea of the proposed method is to reduce the 

computational effort required by sensitivity analysis introducing the definition of pseudo-static sensitivity 

function of the dynamic response with respect to the uncertain parameters.  

At each time instant, pseudo-static sensitivity analysis enables one to predict the monotonic increasing or 

decreasing behaviour of the response and thus detect the combinations of the endpoints of the uncertain 

parameters to be used for evaluating the bounds of the response. Since considering different combinations 

at each time instant is computationally onerous, only two combinations are selected to estimate the LB and 

UB of the response over the whole time interval of interest. Such combinations are identified as the “most 

common” combinations among those detected at each time instant by performing a preliminary pseudo-

sensitivity analysis. The aim of the present paper is to extend this approach to estimate the bounds of the 

interval stress field. For this purpose, in the sequel the definition of the pseudo-static sensitivity of both 

displacements and stresses is given. 

3.1 Pseudo-static sensitivity of displacements 

The vector collecting the pseudo-static sensitivity functions of the displacement time-history with respect 

to the -th uncertain parameter,  , I    , is given by the following explicit expression [18]: 

 

1

, 0 0

( , )
( ) ( ),   ( 1,2, , )

t
t t N








   


u

α 0

u α
s K K u    (18) 

where 0 ( )u t  is the nominal displacement vector, i.e. for α 0 , and K  is the semi-definite positive 

matrix given in Eq.(13). Equation (18) is obtained by direct differentiating the equations of motion (10) 

and then neglecting inertial and damping terms.  

It is worth noting that the evaluation of the pseudo-static sensitivity of the displacement vector with 

respect to any of the N  uncertain parameters just requires the solution of the ODEs governing the 

nominal displacement vector 0 ( )u t : 
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0 0 0 0 0( ) ( ) ( ) ( )  Mu C u K u ft t t t  (19) 

with 0 0 C M KM Kc c . The solution of Eq. (19) can be performed by classical modal analysis. To this 

aim, the following coordinate transformation is introduced: 

0 0 0( ) ( )u qt t  (20) 

where 
0  is the modal matrix of order n m  (  m n  being a suitable integer) collecting the first m 

eigenvectors, normalized with respect to the mass matrix M , solution of the following eigenproblem: 

2

0 0 0 0 0 0;     K Φ MΦ Ω Φ MΦ I
T

m  (21) 

in which Im  is the identity matrix of order m ; 0Ω  is a diagonal matrix of order m  listing the first m  

natural circular frequencies, 0,k , of the structural system with nominal values of the uncertain 

parameters, respectively. By applying the coordinate transformation in Eq. (20) to Eq.(19), the following 

set of decoupled second-order ODEs in the modal subspace is obtained: 

0 0 0 0 0 0( ) ( ) ( ) ( )  q Ξ q Ω q f
Tt t t t  (22) 

with 0 0 Ξ I ΩM m Kc c . 

The j -th component, 
, ( )

jus t , of the pseudo-static sensitivity vector function, , ( )us t , defined in Eq. (18), 

gives information about the change of the displacement ( , )α
I

ju t  due to a variation of the -th uncertain 

parameter  , I     around the nominal value. Specifically, within a small range around α 0 , 

at each time instant, ( , )α
I

ju t  is an increasing or decreasing function of the parameter   depending on 

whether 
, ( ) 0

jus t  or 
, ( ) 0

jus t , respectively. Then, based on the knowledge of the pseudo-static 

sensitivity functions 
,jus , ( 1,2, , )N , the combinations of the endpoints of the -th uncertain 

parameter providing the LB and UB of the j -th displacement component ( , )α
I

ju t  at the time instant t , 

denoted by (LB)

, ( )j t  and (UB)

, ( )j t , can be estimated as follows: 

(UB) (LB)

, , ,

(UB) (LB)

, , ,

if   ( ) 0,    then   ( ) ,    ( ) ;

if   ( ) 0,    then   ( ) ,    ( ) ,    

                                    ( 1,2, , ;   1,2, , ).

j j j

j j j

u u u

u u u

s t t t

s t t t

j n N

   

   

  

  

 

          (23a,b) 

The functions 
(LB)

, ( )
ju t  and 

(UB)

, ( )
ju t  can be collected into the following time-dependent vectors of order 

N : 

(LB) (LB) (LB) (LB)

,1 ,2 ,

(UB) (UB) (UB) (UB)

,1 ,2 ,

( ) ( ) ( ) ( ) ;     

( ) ( ) ( ) ( ) ,    ( 1,2, , ).

j j j j

j j j j

T

u u u u N

T

u u u u N

t t t t

t t t t j n

  

  

 
 

  
 

α

α

      (24a,b) 

3.2 Pseudo-static sensitivity of stresses 

In order to quantify the influence of the change of the uncertain parameters on the interval stress field 

within the i -th FE, pseudo-static sensitivity analysis can be carried out. By direct differentiation of Eq. (9), 

the following expression of the vector collecting the pseudo-static sensitivity functions with respect to the 

-th uncertain parameter,  , I    , is obtained: 
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( )

( )

( )
( ) ( )

0 0 ,,

( )
( ) ( )

0 ,,

( , ; )
( , ) ( ) ( ) ( ) ,   for  ;

( , ; )
( , ) ( ) ( ), for  ( , 1,2, , )

i

i

i
i i

i

i
i i

t
t t t i

t
t t i i N










     


   



u

α 0

u

α 0

x α
s x D B x L u s

x α
s x D B x L s








 (25a,b) 

where , ( )i tus  is the pseudo-static sensitivity vector of the displacements given by Eq.(18). Based on the 

knowledge of the pseudo-static sensitivity functions ( )
,

( )i
j

s t


, ( 1,2, , )N , the combinations of the 

extreme values of the -th uncertain parameter providing the LB and UB of the j -th stress component 
( ) ( , )α
i I

j t  at the time instant t  can be estimated as follows: 

( ) ( ) ( )

( ) ( ) ( )

(UB) (LB)

, , ,

(UB) (LB)

, , ,

if   ( ) 0,    then   ( ) ,    ( ) ;

if   ( ) 0,    then   ( ) ,    ( ) ,    ( 1,2, , ).

i i i
j j j

i i i
j j j

s t t t

s t t t N

  

  

   

   

  

   

 (26a,b) 

The functions ( )

(LB)

,
( )i

j

t


  and ( )

(UB)

,
( )i

j

t


  can be collected into the following time-dependent vectors of order 

N : 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

(LB) (LB) (LB) (LB)

,1 ,2 ,

(UB) (UB) (UB) (UB)

,1 ,2 ,

( ) ( ) ( ) ( ) ;     

( ) ( ) ( ) ( ) .

i i i i
j j j j

i i i i
j j j j

T

N

T

N

t t t t

t t t t

   

   

  

  

 
 

 
 

α

α

 (27a,b) 

3.3 “Commonest” combinations 

Compared to the static case [19,20], the main difficulty in the application of the sensitivity-based approach 

to dynamic problems lies in the fact that the above defined combinations of the endpoints of the interval 

parameters are time-dependent ones. This implies that, to obtain the approximate LB and UB of the 

interval dynamic displacement component ( , )α
I

ju t  or the interval dynamic stress component within the 

i-th FE 
( ) ( , ; )i I

j t x  , the equations of motion of the structural system have to be integrated by a step-by-

step algorithm replacing at each time step the values of the uncertain parameters collected into the vectors 
(LB) ( )p tα  and (LB) ( )p tα , respectively (with the subscript jp u  or ( )i

j ). It can be readily inferred that this 

procedure is very cumbersome and requires high computational effort.  

An efficient way to overcome this drawback is to find two combinations of the endpoints of the uncertain 

parameters which do not vary with time and give accurate estimates of the LB and UB of the response 

time-history. The key idea of the proposed approach is to define such combinations as the most common 

ones among those deduced over the whole time interval of interest based on the information provided by 

the above described pseudo-static sensitivity analysis. These combinations are collected into the time 

independent vectors 
C,α j

 and 
C,α j

, which can be evaluated simply by using the built-in function 

“Commonest” of Wolfram Mathematica, that is: 

 

 

(LB) (LB) (LB)

C, , ,1 , ,2 , , ,1 ,2 ,

(UB) (UB) (UB)

C, , ,1 , ,2 , , ,1 ,2 ,

0

0

Commonest ( ) ( ) ( ) ;     

Commonest ( ) ( ) ( ) ,   

                          

F

F

T

j C j C j C j N j j j N

T

j C j C j C j N j j j N

t t

t t

t t t

t t t

     

     

 

 

   

   

α

α

                                                                                     ( 1,2, , )j n

(28a,b) 
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where 0   Ft t  is the time interval of interest. In the previous equations, 
C,α j

 and 
C,α j

 collect the most 

common extreme values of the uncertain parameters which, according to pseudo-static sensitivity analysis, 

provide the LB and UB of the displacement ( , )α
I

ju t  or stress 
( ) ( , ; )i I

j t x  , respectively, over the time 

interval 0   Ft t .  

4 Generalized interval modal analysis 

As known, the main step in vibration analysis of structures is the evaluation of the natural frequencies and 

associated mode shapes to apply modal analysis which, for classically damped linear systems, leads to a 

set of decoupled second-order ODEs. For a structural system with interval stiffness parameters, the 

narrowest set of natural frequencies is obtained setting the uncertain parameters simultaneously to their 

UB and LB [24,25], that is assuming the so-called trivial combinations of the endpoints of the uncertain 

parameters. However, a modal analysis based on the narrowest set of natural frequencies does not always 

guarantee the narrowest interval of the response time-history. Indeed, numerical investigations on several 

structural systems have shown that the most common combinations provided by the pseudo-static 

sensitivity analysis (see Section 3) are often quite different from the trivial ones [18]. Then, the key idea 

behind the proposed approach is to perform a generalized interval modal analysis associated with the most 

common combinations of the endpoints of the interval parameters (see Eqs. (28a,b)) defined in the 

previous section. To this aim, first the following two deterministic eigenvalue problems are solved: 

 

 

C, , , , , ,

C, , , , , ,

;

; ,    ( , 1,2, ;)

j j k j k j k j k j k

j j k j k j k j k j k k n









 

  

K α M M

K α M M

    

    

 (29a,b) 

where C,α j  and C,α j  are the vectors collecting the most common combinations defined in Eqs.(28a,b) to 

evaluate the approximate LB and UB of the time-history of the j-th displacement ( ) jj u  or stress 

( )( ) i

jj   component, respectively; 
,j k  and 

,j k
 are the k-th eigenvalue and eigenvector, solution of the 

eigenproblem in Eq. (29a) corresponding to C,α α j ; ,j k  and ,j k  are the k-th eigenvalue and 

eigenvector, solution of the eigenproblem in Eq. (29b) corresponding to C,α α j . Notice that, since the 

two stiffness matrices C, )K(α j  and C, )K(α j  as well as the mass matrix M  are real, symmetric and 

positive-definite matrices, the eigenvectors solution of both eigenproblems are real vectors, while the 

eigenvalues are real and positive quantities. 

Once the eigenproperties are evaluated, the time-histories of the j -th displacement component 

corresponding to C,α α j  and C,α α j  can be evaluated by classical modal analysis performing the 

following two coordinate transformations: 

C, C,( ) ( );       ( ) ( )j j j j j jt t t t   u α Φ q u α Φ q   (30a,b) 

where Φ j  and Φ j
 are two n m  (  m n  being a suitable integer) matrices whose columns are the 

eigenvectors 
,j k

 and ,j k , respectively; ( )q j t  and ( )q j t  denote the modal coordinate vectors associated 

with the most common combinations of the endpoints of the uncertain parameters, C,α α j  and C,α α j , 

to be used for the evaluation of the UB and LB of the j-th interval response, respectively.  

Setting C,α α j  and C,α α j  in Eq.(10) and applying the coordinate transformations in Eqs. (30a,b), the 

following sets of 2m  decoupled second-order ODEs are obtained: 
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( ) ( ) ( ) ( );

( ) ( ) ( ) ( )





  

  

q Ξ q Ω q f

q Ξ q Ω q f

T

j j j j j j

T

j j j j j j

t t t t

t t t t
 (31a,b) 

with Ω j  and Ω j  two diagonal matrices whose k-th elements are 2

, ,j k j k   and 
2

, ,j k j k  , respectively; 

while Ξ j  and Ξ j
 are two diagonal matrices too, having k-th elements 2

, , ,( ) 2 j k M K j k j kc c    and 

2

, , ,( ) 2 j k M K j k j kc c   , respectively, evaluated according to the Rayleigh condition (11).  

4.1 Bounds of the displacements 

According to Eqs.(17a,b), once the modal analysis pertaining to C,α j  and C,α j  with  jj u  is performed 

by solving the set of ODEs (31a,b), the LB and UB of the j -th displacement component ( )I

ju t  are given 

by: 

, , , ,

1 1

, , , ,

1 1

( ) min ( ),    ( ) ;

( ) max ( ),    ( ) ,

m m

j j jk j k j jk j k

k k

m m

j j jk j k j jk j k

k k
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u t q t q t

 

 

 

 

 
  

 

 
  

 

 

 

 (32a,b) 

where , ( )j kq t  and , ( )j kq t  are the k-th elements of the vectors ( )j tq  and ( )j tq , respectively; while 

,j jk  and ,j jk  are the j -th elements of the vectors ,j k  and ,j k , respectively. 

4.2 Bounds of the stress 

Similarly, once the modal analysis pertaining to C,α j  and C,α j  with ( ) i

jj   is performed by solving the 

set of ODEs (31a,b), the LB and UB of the j -th stress component within the i-th FE 
( ) ( , ; )i I

j t x α  are 

given by: 

( ) ( )

( ) ( )

( ) ( ) ( )
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( ) ( ) ( )
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x x α x α
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 (33a,b) 

where 
j

•  denotes the j-th element of the vector into angle parentheses, and  
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5 Numerical application 

To validate the proposed method, the 2D truss structure with 18 DOFs and 24 bars depicted in Figure 1 is 

analyzed. The following geometrical and mechanical properties are assumed: 3mL   (see Figure 1), 

nominal cross-sectional area of the bars 4 2

0 0, 5 10  miA A    , nominal Young’s moduli 

8 2

0 0, 2.1 10  kN/miE E   , ( 1,2, ,24i  ), nominal mass lumped at each node, 0, 0 500 kgjm m   

( 4,5, ,12)j  . The Rayleigh damping constants, Mc  and Kc , in Eq.(11) are taken as 
13.51790 sMc   

and 0.000547 sKc  , respectively, in such a way that the modal damping ratio for the first and second 

modes of the nominal structure is 0 0.05  . An impulsive load, acting along the x -direction 

0( ) δ( ) 1200 δ( ) Nf t f t t   is applied to node 10 of the truss (see Figure 1). Young’s modulus of the 

material of the 7r   bars highlighted in Figure 1 is assumed to be uncertain, i.e. 0
ˆ(1 )I I

i iE E e   , 

( 10,12,14,16,18,21,22)i  . The normal stresses of bars 16 and 22, 16 ( )I t  and 22 ( )I t , are selected as 

response quantities of interest. The accuracy of the proposed procedure is assessed by comparison with the 

exact bounds provided by the vertex method [21]. The latter is a combinatorial approach which requires to 

perform as many deterministic dynamic analyses as are the possible combinations of the bounds of the r  

uncertain-but-bounded parameters, say 2
r
, and then seek, at each time instant, the minimum and 

maximum among the computed responses. 

The interval normal stress of the i-th bar, ( , )I

i t α , can be expressed as: 

0,

( )
( , ) ( , )

I
I T Ii i

i i

i

t t
A

 
 α c u α  (35) 

where T

ic  is the i-th row of the compatibility matrix C  of the truss structure, while ( )I

i i   is the interval 

axial stiffness of the i-th bar defined as: 

 0,
ˆ( ) 1I I

i i i i ie       (36) 

0, 0 0, /i i iE A L   being the nominal value. 

Based on Eq. (35), the pseudo-static sensitivity function of the normal stress of the i -th bar with respect to 

the -th uncertain parameter,  , I    , takes the following form: 

 

0,

, 0 ,
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, ,

0,

( , )
( ) ( ) ( ) ,   for  ;

( , )
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u

α 0

α
c u s
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c s

  (37) 

Figures 2 and 3 display the time-histories of the LB and UB of the interval normal stresses 16 ( )I t  and 

22 ( )I t  for 0.1  . The proposed bounds are compared with the exact ones obtained by applying the 

vertex method, which, in the present case, requires 
72  deterministic dynamic analyses. The nominal stress 

is also plotted. Similar results are reported in Figures 4 and 5 for 0.15  . By inspection of these 

figures, it is observed that the proposed method provides very accurate estimates of the bounds of the 

interval normal stresses 16 ( )I t  and 22 ( )I t  for both the selected degrees of uncertainty. Furthermore, it 

can be seen that the bounds of the stresses significantly deviate from the nominal value due to uncertainty. 
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Figure 1: 24-bar truss structure subjected to an impulsive load. 

    

Figure 2: Time histories of the a) UB and b) LB of the interval normal stress 16 ( )I t  of bar 16 provided by 

the vertex method and the proposed method for 0.1  . 

   

Figure 3: Time histories of the a) UB and b) LB of the interval normal stress 22 ( )I t  of bar 22 provided by 

the vertex method and the proposed method for 0.1  . 
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Figure 4: Time histories of the a) UB and b) LB of the interval normal stress 16 ( )I t  of bar 16 provided by 

the vertex method and the proposed method for 0.15  . 

    

Figure 5: Time histories of the a) UB and b) LB of the interval normal stress 22 ( )I t  of bar 22 provided by 

the vertex method and the proposed method for 0.15  . 

For design purposes, it is of primary importance to accurately predict the maximum UB and minimum LB 

of stresses over the whole time-history. For the normal stress of the j -th bar, such quantities are defined 

as: 

   (max) (min)

00
max ( ) ;     min ( ) .

FF

j j j j
t tt t

t t   
  

   (38a,b)  

Figure 6 shows the maximum UB and minimum LB of the interval normal stresses 16 ( )I t  and 22 ( )I t  

versus the deviation amplitude of the uncertain parameters. Notice that the proposed estimates are very 

close to the exact values provided by the vertex method. The largest absolute percentage error, equal to 

6.04% , is detected for the maximum UB of 22 ( )I t  when 0.2   (see Figure 6b). For the same stress 

component, the proposed method yields the exact minimum LB. Furthermore, it is observed that the region 

enclosed by the maximum UB and minimum LB of the selected stress components becomes wider as the 

degree of uncertainty increases.  
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Figure 6: Maximum UB and minimum LB of the interval normal stress a) 16 ( )I t  of bar 16 and b) 22 ( )I t  

of bar 22 provided by the vertex method and the proposed method versus the deviation amplitude of the 

uncertain parameters. 

6 Conclusions 

The dynamic analysis of linear-elastic structures with interval material properties subjected to 

deterministic dynamic excitations has been addressed. Attention has been focused on the evaluation of the 

time-histories of the lower and upper bounds of the interval stress field. To address this challenging task, a 

sensitivity-based procedure recently proposed by the authors for estimating the bounds of the dynamic 

displacements has been properly extended to deal with stress analysis as well. 

The key idea of the proposed method is to perform two parallel deterministic modal analyses 

corresponding to two suitable combinations of the endpoints of the uncertain parameters identified by a 

pseudo-static sensitivity analysis. Then, the lower and upper bounds of the generic stress component are 

obtained seeking, at each time instant, the minimum and maximum among the stresses provided by the 

two modal analyses. 

Unlike the widely used Interval Perturbation Method, the presented procedure provides accurate estimates 

of the range of the dynamic response in terms of displacements and stresses even for relatively large 

degrees of uncertainty. The main feature of the method is its non-intrusive nature which allows the 

integration into standard finite element codes. 
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Abstract
Non-deterministic methods such as the random field approach suffer from the curse of dimensionality from
computational burden of industrially sized models. The computational complexity increases at high dimen-
sions due to increased time complexity of eigenvalue computations, leading to the Karhunen-Loéve series
expansion becoming intractable. This makes the corresponding propagation routines to become inviable. A
novel methodology is proposed for efficient propagation of a random field by tackling this problem from
the discretization perspective. The method uses a twin-model that efficiently discretizes a random field on a
coarse mesh grid using a KL expansion, which is then propagated on a high-dimensional grid of the Finite
Element model. A two-dimensional model of moderate-dimensionality with 10000 elements is used to illus-
trate the numerical efficiency of this approach through a convergence study focusing on the resolution of the
twin-model when applied in a dynamic analysis. The method is also well suited for higher dimensions.

1 Introduction

In order to obtain an optimised reliable design, it is imperative to apply Uncertainty Quantification (UQ) in
numerical models. Towards this end, non-deterministic approaches have been the subject of extensive studies
over the past decades [1, 2, 3]. Specifically the current use of advanced materials and production processes in
modern engineering has recently increased the need for spatial variability modelling. Historically, the main
activity in this field has been in probabilistic approaches in which random fields have reached a high level
of maturity, predominantly through the use of the Karhunen-Loève (KL) expansion scheme [4, 5]. Other
methods such as the non-probabilistic interval field approach have also been introduced that quantify the
local uncertainty objectively while with a reduced information requirement to do so [6, 7, 8].

However, when scaled to current high dimensional state-of-the-art industrial Finite Element (FE) mod-
els, these approaches significantly exceed the viable computational cost [9]. With an exponential increase
in computing capabilities, such models with millions of degrees of freedom lead to a high number of non-
deterministic variables. In the random field context, this leads to the Karhunen-Loeve expansion to become
intractible. As a result, analysis of industrially sized problems become impractical which may lead to an
analyst to resort to numerical compromises that affect accuracy of the approach.

To address these challenges, certain approaches have been proposed such as an extension of the Multi-
Level Monte Carlo probabilistic approach [12]. In this work, Pisaroni et al. have drawn samples on several
approximations of the complex numerical models on a hierarchy of nested computational grids containing
different levels of discretization. In a following work, a method was proposed that estimated the optimal
number of levels and the realisations required on each level, obtaining designs with decreased sensitivity to
uncertain conditions [13]. The objective of this work is to study whether this efficient methodology could
also be translated towards the discretization of a random field.
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The computational complexity of a non-deterministic model using a random field increases at higher
dimensions due to the increased time complexity of the eigenvalue computations, leading to intractiblity of
the KL series expansion. This makes the corresponding propagation routines to become inviable. Normally,
the deterministic FE mesh discretization is chosen for an accurate approximation of the model physics and
is not tuned to the requirements of the probabilistic parameters. Therefore, in this paper a method has
been developed that efficiently discretizes a random field on the high resolution Finite Element mesh. This
has been accomplished by means of a low-resolution twin of the high-resolution FE mesh. A two-level
grid hierarchy is considered, one for random field discretization with a KL expansion and the other for
propagating the resultant random field. The former grid is a coarse mesh while the latter is considerably
finer. This methodology is presented using the case study of a two-dimensional model of a plate that is
subjected to global uncertainty in Young’s modulus.

The structure of the paper is as follows. Section 2 first introduces the mathematical background of
random fields and presents the twin-model approach. The applicability of the latter is where the main novelty
of this work lies. In section 3, it is illustrated how a moderate-dimensional twin-mesh model has been
constructed on the selected numerical model to demonstrate the efficiency and accuracy of the proposed
approach. Finally, the conclusions are summarised in section 4.

2 Non-deterministic modeling of spatial non-determinism

2.1 Stochastic Finite Element Analysis

Consider a numerical modelM(x) that is formulated using a FE approach, where its continuous domain of
a finite dimension Ω is discretised through a set of finite elements producing t structural degrees of freedom
(DOF). A vector of model responses y(r) is generated as a function of a spatial coordinate r ∈ Ω ⊂ Rd with
dimension d ∈ N over Ω. Within this model, spatial uncertainty is introduced on one of its parameter vectors
x(r) ∈ X ⊂ Rk, where X is the set of physically permissible parameters and k ∈ N.

Such an uncertainty can be modelled as a random field x(r, θ), which can be defined as a random
function that describes a set of correlated random quantities for each location r ∈ Ω ⊂ Rd. θ ∈ Θ is a
coordinate in the sample space Θ and (Θ, σ, P ) is a complete probability space, with σ the sigma-algebra.
The dimension of the resulting random field is the dimension of Ω. If the random quantity attached to each
location r is a random variable x(θ), the random field is said to be univariate, which is the focus of this
paper. If the random quantity is a random vector, the field is then referred to as multivariate. In addition, the
discussion has also been restricted to isotropic random fields, which entirely defined by its mean function
µx(r) : Ω 7→ R and its auto-covariance function Γx(r, r′) : Ω× Ω 7→ R. Mathematically, a random field is
represented as a truncated series expansion, discretized over Ω by following a KL series expansion [5]. The
expansion is based on a spectral decomposition of the autocovariance function of the field, and is depicted
as follows:

x̃(r, θ) = µx(r) +
m∑

i=1

√
λiψi(r)ξi(θ) (1)

where λi ∈ [0,∞) andψi(r) : Ω 7→ R represent the eigenvalues and eigenfunctions respectively of the auto-
covariance matrix. ξi(θ), i = 1, . . . ,m are standard uncorrelated random variables. The KL expansion can
be approximated by sorting the eigenvalues λi and their corresponding eigenfunctions ψi(r) in a descending
order and truncating the expansion after m terms [14]. The application of Mercer’s theorem on the latter
yields the spectral decomposition as follows:

Γx(r, r′) =
m∑

i=1

λiψi(r)ψi(r′) (2)
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Please note that the auto-covariance function Γx(r, r′) is considered to be continuous, bounded, sym-
metric and positive definite. Hence, the eigenvalues λi are non-negative and the eigenfunctionsψi(r) satisfy
the orthogonality condition

∫
Ωψi(r)ψj(r)dr = δij , with δij denoting the Kronecker delta [16]. In such a

case, the series expansion of eq. (2) converges and the random field can be expressed as in eq. (1). Based
on this discretised field, N realisations are generated over Ω by using a Monte Carlo sampling approach to
obtain samples from ξi(θ). Each of these realisations are then propagated over the numerical modelM.

When large scale problems containing multiple uncertain parameters are considered, non-determinstic
model evaluations become substantially expensive which is referred to as the curse of dimensionality. This is
because the computational efficiency of random field representations with the KL expansion relies on the so-
lution of an eigendecomposition problem. Most of the algorithms for eigenvalue computations scale O(n3),
where O represents the computational time complexity and n is the dimension of the resulting covariance
matrix. This makes the propagation routines at high-dimensions inviable.

This scenario is most evident in typical industrial FE models that can contain up to millions of degrees
of freedom, which lead to the propagation of random fields on such models to be impractical. However,
the deterministic FE mesh discretization is typically chosen such that it approximates the modelled physics
accurately, and is not related to the definition of the probabilistic parameters. Therefore, it is proposed
to define and propagate the random field parameters on a twin-model whose spatial discretization can be
tailored to the specific needs of the random field definition.

2.2 Twin-mesh approach for random field analysis

Typically, high-fidelity models are used to describe a system with very high accuracy albeit with a trade-
off in terms of computational cost. On the other hand, lower-fidelity models are computationally cheaper
albeit with a reduced accuracy. In order to avoid the excessive computational demand due to the propagation
routines mentioned in the previous section, the solution of UQ methods can be accelerated by multi-fidelity
models that combine high-fidelity and low-fidelity model evaluations. The low-fidelity models approximate
the same output quantities as high-fidelity models using methods such as model reduction, data-fit surrogates
or simplified physics approximation methods. As a result, these Multi-Fidelity techniques ensure that the
speedup of low-fidelity models are leveraged while taking into account the accuracy levels of the high-fidelity
models.

While addressing the same problems as these techniques, our proposed twin-mesh method approaches
the problem from the discretization perspective rather than from a propagation standpoint. The core objec-
tive is the development of a methodology that optimally discretizes a random field on the high-resolution
FE mesh. This has been accomplished by considering a two-level grid hierarchy, one for random field dis-
cretization with a KL expansion and the other for propagating the resultant random field. The former grid is a
coarse mesh while the latter is considerably finer. Figure 1 demonstrates the two levels of discretisation used
in the low-resolution twin of the high-resolution FE mesh where the mesh used for propagating a random
field is ten-times more coarse than the FE mesh.

Figure 1: A twin-mesh model represented using a coarse mesh and a finely discretized mesh
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The propagation of random fields on a continuous two-dimensional model domain using a twin-mesh
approach requires discretization using two different mesh densities resulting in: 1) coarse mesh domain
Ω1 ⊂ Rd1 with discretization d1 ∈ N; 2) fine FE mesh domain Ω2 ⊂ Rd2 with discretization d2 ∈ N. First,
the uncertainty is defined over the coarse domain Ω1, and the eigenfunctions ψi(r) : Ω1 7→ R, are obtained
by applying Mercer’s theorem on the autocovariance function Γ(r, r′). Secondly, the eigenfunctions ψi(r)
are interpolated to obtain an approximation of the eigenfunctions ψi(t) : Ω2 7→ R over the FE mesh Ω2

using a polynomial function:

y =
n+1∑

i=1

pix
n+1−i (3)

where n+1 is the order of the polynomial which gives the number of coefficient parameters pi approximated.
The polynomial function is used to interpolate the eigenfunctions, obtained from Ω1, to generate a response
surface as demonstrated in Figure 2. The parameters pi in eq. (3) are determined through least-squares
regression, which calculates the partial derivatives of the coefficients and then minimises the sum of the
squares of the residuals of predicted values from the actual values. Once an approximate model is obtained,
the goodness-of-fit characterised by statistical evaluations such as the sum of squares due to error (SSE)
determines if the approximated solution is satisfactory. SSE measures the total deviation of the approximated
response values ỹi to the response values yi of the coarse mesh, and is given by

∑n
i=1wi(yi − ỹ)2. The

polynomial degree is deemed to be sufficient when the SSE is value close to 0, indicating that the model has
a small random error component, and that the fit will be useful for prediction.

Figure 2: Approximation of ψi(t) over the FE mesh (right) obtained from ψi(r) of the coarse domain (left)
using an interpolation scheme

Finally, these interpolated eigenfunctions ψi(t) are used to generate the random field on the FE mesh
Ω2 using eq. (1) to eq. (2). Furthermore, the random variables in this field are mutually correlated with
a correlation length L. A smaller L leads to rough random fields which necessitates the FE mesh to be
refined to accommodate the random field discretization. This is then followed by propagating the resultant
realisations over the numerical model M that lead to a probabilistic definition y(t, θ) of the FE model’s
responses y(t):

y (t, θi) =M (x̃ (t, θi)) i = 1, . . . , N (4)

3 Case study

The case study in this section aims at illustrating the efficiency and accuracy of the proposed twin-mesh
approach by deploying it on a two-dimensional dynamic model of a plate. The model dimensions are 1
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m by 1 m, with thickness 5 mm. Poisson’s ratio and density are considered to be 0.3 and 7800 kg/m3

respectively. The geometry of the plate is fully constrained on one of its edges, and is approximated using
the FE method. The FE model domain Ω2 is discretized into 10000 elements yielding 30603 degrees of
freedom. Although this section focuses on Ω2 with moderate dimensions, the methodology is also well
suited for higher dimensional models.

In this model, the non-determinism arises due to the uncertainty introduced in Young’s modulus over
domain Ω2, which is modelled using a probabilistic modelling approach. An isotropic random field with an
exponential covariance kernel and correlation length of 30 cm is constructed. The field is considered to be
two-dimensional, and is propagated over the FE mesh Ω2. In this study, the global mean value of Young’s
modulus over the domain is 210 GPa, while the standard deviation of the random field is 50 GPa.

Application of random fields x(r, θ) requires their discretization over the continuous model domain, as
explained in section 2.1. A secondary coarse mesh Ω1 is used for this discretization that can be obtained using
the KL series expansion, as illustrated in section 2.2. The truncation orderm has been considered as 100. The
discretization d1 of the coarse mesh is varied for determining the optimum value to minimize computational
complexity while maintaining the level of accuracy, which will be explored later in this section. The basis
functions

√
λiψi(r) are obtained from spectral decomposition of the exponential covariance function. In this

paper, this large symmetric eigenvalue problem has been solved using the Krylov–Schur method. Following
this, these basis functions are interpolated over the finer FE mesh Ω2 using a polynomial function, as shown
in eq. (3). Finally, realisations of the random field are generated after obtaining 500 samples from ξi(θ)
using a Monte Carlo sampling approach. Please note that to enable a fair comparison between the different
cases in this chapter, the seed of the random number generator is kept constant.

The twin-mesh approach is evaluated with respect to the conventional random field analysis using a
two-fold comparison of efficiency and accuracy. To quantify the efficiency, the analysis time that is required
for the Matlab computations is investigated with respect to the discretization d2 of the FE mesh Ω2. In terms
of accuracy, error metrics are obtained both at the input and output ends of the analysis. The objective is
to substantiate that the basis functions and eigenfrequencies obtained from this approach are of the required
level of precision. In addition, the effect of correlation length on the computational cost is also discussed.

3.1 Reduction in computational time

To highlight the computational gain from twin-mesh approach, its analysis time obtained from Matlab for
evaluating the spectral decomposition is compared with that of the conventional random field approach,
which drastically grows when scaled to higher dimensions. For the latter approach, the discretization of
the KL expansion is considered equivalent to the one of the FE mesh. First, the computational time is
plotted in figure 3 (blue curve) for several discretizations of the mesh domain Ω2 from d2 = 25 to 10000
using a conventional random field approach. Next, the corresponding computational times are plotted for
the twin-mesh approach (red curve) using coarse discretizations of Ω1: d1 = 25, 100 and 400. For each
of these coarse discretizations, the spectral decomposition is first computed over Ω1, following which the
interpolation scheme is employed for obtaining the polynomial response surface over the finer FE mesh
domain Ω2 for each discretization d2 = 25 to 10000.

The resultant Figure 3 reveals a significant time gain. Please note that for these comparisons, it is
imperative to consider the same truncation order m while computing the spectral decompositions. Figure 3
doesn’t explictly elucidate the optimum discretization d1 of the coarse mesh Ω1 for the twin-model. However,
this becomes comprehensible after investigation of the accuracy of spectral decomposition in the twin-mesh
approach with respect to the conventional approach, as described in the next section.
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Figure 3: Computational time in Matlab with respect to discretization of Ω2

3.2 Accuracy of the approach on the input side of analysis

In order to quantify the accuracy of this approach, comparisons have been performed on both input and
output sides of the random field analysis. On the input side, two data sets have been used for comparison:

• Reference case (conventional random field approach): Eigenfunctions ψi(r) of the covariance ma-
trix are obtained such that the domain used for spectral decomposition maintains the same level of
discretization d1 = 10000 as that of the FE mesh discretization d2 = 10000 on which the random field
is propagated.

• Twin-mesh approach case: Calculates the first hundred eigenfunctions ψi(r) for different levels of
discretizations of the coarse mesh Ω1 from d1 = 25 to 10000. ψi(r) are then used to approximate the
corresponding ψi(t) for the finer FE mesh, as described in Section 2.2.

Next, the Root Mean Square (RMS) of pairwise differences between both these data sets containing
each of their first ten corresponding basis functions

√
λiψi(r) have been calculated. The resultant RMS

value, referred to as ”error” from here on, can serve as a measure of accuracy on the input side. Please note
that this error is made relative with respect to the RMS value of the reference case. The error for the first
ten eigenfunctions have been obtained with respect to the discretization of the coarse mesh Ω1. Figure 5
demonstrates this using a plot for the first eigenfunction ψ1. The plots for four of these eigenfunctions over
the domain Ω2 are illustrated in Figure 4.

From Figure 5, there are a couple of observations. First, there is an observed decrease in this error for
each ψi when discretization of the coarse mesh Ω1 is made finer. In particular, an abrupt and profound drop
in the error can be observed at d1 = 100. Further, the error continues to decrease rapidly till d2 = 900.
This observation is obtained in each of the first ten basis functions (figure 6). These show that beyond
an optimal coarse mesh discretization between d1 = 100 and 900, an increase in the mesh discretization
doesn’t necessarily add to the level of accuracy at the input side. In other words, beyond this optimal Ω2

discretization level, the error converges rapidly towards zero.

Second, when the correlation length L of the analysis is gradually decreased from 0.3 to 0.001 m, the
curves are observed to shift to the right (figure 7) indicating that the optimal level of discretization obtained
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Figure 4: Plots for eigenfunctions ψ1, ψ3, ψ6 and ψ10 over the domain Ω2

Figure 5: Dependance of error on the coarse mesh discretization Ω1 obtained for the first eigenfunction ψ1.
A sudden drop, indicated at the striped line, demonstrates that an optimal mesh discretization can be achieved
between this point, d1 = 100, and d1 = 900

above is dependant on the correlation length. This behavioural pattern becomes more profound when the
correlation length is very low i.e., when L = 0.001. It is observed that for the correlation length of 0.3, the
drop is observed to occur from d1 = 100 to 400. With a decrease to 0.15, the corresponding drop is found
from d1 = 144 instead. Further, when it is decreased to 0.001, the drop occurs from d1 = 320. This shift can
be reasoned by the fact that a decrease in the correlation length L induces a decreased smoothening of the
random field i.e., generates rougher fields. In the context of the twin-mesh approach, this entails that a higher
level of KL discretization of the coarse mesh Ω1 is required to characterize the fields with the equivalent error
as that of cases with a lower L.
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Figure 6: Dependance of error on the coarse mesh discretization Ω1 obtained for four eigenfunction ψ1, ψ3,
ψ6 and ψ10

Figure 7: Dependance of the error on correlation length L

3.3 Accuracy of the approach on output side of analysis

To quantify the level of accuracy on the output side, eigenfrequencies φi of the first 10 eigenmodes have
been obtained for 500 realisations of the random field. In this section, these φi for the following two cases
will be compared:

• Reference case (conventional random field approach): Uses the discretization d1 = 10000 for
propagating a random field through a FE model of discretization d2 = 10000.
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• Twin-mesh approach case: Calculates the eigenfrequencies using coarse mesh discretization varying
from d1 = 25 to 3600.

Of the first ten eigenmodes, the eigenfrequencies of the first three (φ1, φ2 and φ3) for all 500 realisations
have been plotted against φ9 to create eigenfrequency clouds as illustrated in Figure 8. In this figure, the
above clouds have also been generated for three different levels of discretization d1 = 100, 400 and 3600. A
comparison between these three levels show that with an increase in discretization, the clouds move closer
indicating an increased accuracy of the twin-mesh approach case with respect to the reference case. Further,
the clouds exhibit the same behaviour when the comparison is repeated for φ10 by plotting it against φ1, φ2

and φ3, as shown in Figure 9.

Figure 8: Clouds generated from eigenfrequencies φi for different discretizations d1 such that φ1, φ2, φ3 on
the x-axis and φ9 on the y-axis. Reference (blue) and twin-mesh cases (green) are compared.

To substantiate on the observation from these figures, the level of accuracy is accurately quantified
using a statistical approach. For this, the generated eigenfrequencies of the first ten eigenmodes for all 500
realisations of the random field are stored in a 10 x 500 matrix. The distance between this matrix for both
cases is calculated using Bhattacharya distance, which is a widely used metric to determine relative closeness
between two probability distributions [17]. Additionally, two-by-two comparisons of eigenfrequencies have
been made i.e., the realisations of two selected eigenfrequencies for both cases have been compared using
Bhattacharya distance. In each of these comparisons, a distance closer to zero indicates high level of accuracy
with respect to the reference case. Overall, three different two-by-two comparisons have been conducted, as
shown in Figure 10.

From Figures 8 and 9, it was observed that when a coarse mesh Ω1 is discretized with d1 = 100,
the twin-mesh approach generates eigenfrequency clouds with relatively low overlap with the corresponding
ones from reference case. Hence, this can be considered a relatively bad correspondence level, which is
quantified using Bhattacharya distance as 0.0267. For the discretizations d1 = 100 to 400, the resultant
observations highlight that there is a rapid decrease in distance within this interval followed by a steady
decrease towards zero. This is indicative of the convergence of eigenfrequencies of the twin-mesh approach
case with that of reference case. Based on this, it can be concluded that a low-dimensional twin of the FE
mesh generates eigenfrequencies with a satisfactory level of accuracy at an optimal discretization d1 = 400.

This is also illustrated in Figure 11 which plots the Bhattacharya distances between both cases for
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Figure 9: Clouds generated from eigenfrequencies φi for different discretizations d1 such that φ1, φ2, φ3 on
the x-axis and φ10 on the y-axis. Reference (blue) and twin-mesh cases (green) are compared.

Figure 10: Bhattacharya distances generated for φ1−2, φ2−4, φ7−8 are plotted for different levels of dis-
cretization of Ω1

eigenfrequencies of the first ten eigenmodes for 500 realisations of the random field. The figure also shows
the corresponding computational time-dependence with discretization Ω1 when such a twin-mesh approach
is executed in Matlab. This time-dependance, which shows a quasi linear increase, illustrates a stark contrast
with that obtained from the reference case as shown in Figure 3. Coupled with maintaining the level of
accuracy at both the input and output sides of the analysis, this leads to a conclusion that the proposed
approach indeed results in a reduction in computational time by requiring a reduced discretization of the grid
for KL expansion between 10% and 20% of the FE grid (as shown in Figure 5).
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Figure 11: 1) Bhattacharya distance (blue curve) between the first 10 eigenfrequencies. 2) Computational
time (red curve) in Matlab for running a twin-mesh model with discretization d1 = 100.

4 Conclusions

Non-deterministic approaches, such as random field analysis, face significant computational challenges when
analysing high-dimensional models required at the industrial scale. The computational efficiency of random
field representations with the Karhunen-Loeve expansion relies on the solution of an eigendecomposition
problem, which increases in complexity at high dimensions. A novel methodology has been presented for
optimally propagating a random field on a high-resolution Finite Element model using a two-level grid
hierarchy. More specifically, a twin-mesh approach is used to efficiently discretize a random field on a
coarse mesh grid using a KL series expansion, which is then propagated on a high-dimensional grid of the FE
model. The numerical efficiency and accuracy of this approach with respect to a conventional random field
approach have been studied using a case study on a dynamic model of moderate-dimensionality. Overall, this
study was successful in rendering a reduction in computational cost for evaluating the eigendecomposition
by requiring a discretization for KL expansion of 10-20% of the FE grid, while keeping the accuracy at an
acceptable level. Furthermore, the numerical accuracy after propagating the random field on the FE model
is demonstrated using a convergence study, which shows that from a discretisation level of 20% of FE mesh,
an acceptable accuracy is achieved by the low-dimensional twin model. In addition, it was illustrated that
the optimal level of discretization of KL mesh is dependant on the correlation length. For future work, it is
suggested to substantiate this study using more complex models. Finally, it is recommended to adapt this
approach to other non-deterministic methods such as the interval fields.
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mization in Aerodynamics, PhD Thesis, École Polytechnique Fédérale de Lausanne, Switzerland (2017).

[13] M. Pisaroni and F. Nobile and P. Leyland, A Continuation Multi Level Monte Carlo (C-MLMC) method
for uncertainty quantification in compressible inviscid aerodynamics, Computer Methods in Applied
Mechanics and Engineering, 326 (2017), pp. 20-50.

[14] W. Betz, I. Papaioannou, D. Straub, Numerical methods for the discretization of random fields by
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Abstract 
Unstructured uncertainty models are commonly used within robust control framework to cover unmodeled 

dynamics, particularly at high frequency. The resulting uncertain linear time invariant (LTI) models (i.e. 

models comprised of an LTI nominal model and an uncertainty model) are then used in robust controller 

synthesis procedure and have significant influence on the controller performance. This paper proposes a 

novel procedure for constructing unstructured uncertainty models for a class of mechanical vibration 

systems comprised of a number of interconnected (coupled) vibration subsystems. As the result of the 

proposed procedure, we are able to significantly reduce conservatism of the resulting uncertain LTI 

models of the individual subsystems, thus improving the performance of subsequent robust control 

strategies. We illustrate the results on a numerical example comprised of a series of simply-supported 

beams coupled with a set of springs. 

1 Introduction 

Dynamical systems today are complex and made of many interconnected and mutually interacting 

individual dynamical subsystems. Such systems form a class of spatially distributed dynamical systems 

and have gained significant importance in science and engineering in recent history. In order for them to 

perform the prescribed function they are often made up of elements that can act upon different physical 

laws - examples include active car suspension, multi-agent robotic systems, networks of embedded 

systems, smart structures and so on. Modeling, analysis and control of spatially distributed systems have 

gained significant importance in science and engineering and it is being recognized as a challenging task. 

As such it has attracted notable research interest [1]. 

This paper is focused on a particular class of mechanical vibration systems comprised of a number of 

passive and dissipative interconnected (coupled) vibration subsystems. Passivity and dissipativity, together 

with relevant stability criteria, play an important role in modern control theory. Many mechanical systems 

can be characterized in this manner. Typical examples include discretized infinite-dimensional structural 

systems such as beams, rods, plates and/or shells mutually interconnected with various elastic and 

damping components. For such a complex system there is a high demand in terms of robustness, 

efficiency and performance. When dealing with robust control of such systems, particularly when 

applying decentralized control strategies [2], each subsystem requires an approximation by an appropriate 

discretized model, as well as a corresponding uncertainty model [3]. It is of significant importance that the 

uncertainty model captures all neglected dynamics (e.g. possible nonlinearities, high order dynamics, 

discretization error etc.) and that the uncertainty set is as small as possible. In order to achieve the desired 

controller performance, it is necessary to reduce conservatism of the uncertainty model. On the other hand, 

it is convenient to use as coarse discretization as possible in order to reduce the controller order (size). 

This results in a situation where a compromise has to be made since we are faced with two essential 

modeling issues:  

1) What discretization level (i.e. accuracy) to choose?  

2) How to construct the least conservative uncertainty model? 
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In an attempt to answer the given questions, a case study is carried out in this paper. From the results 

obtained by a case study it can be observed that a part of individual subsystem uncertainty can be 

discarded since it does not influence the dynamic behavior of the assembled system. An example is 

considered in the form of a spatially distributed vibrational mechanical system comprised of a series of 

simply supported Euler beams coupled with springs, as shown in following sections. 

2 Mathematical model 

In this case study we consider vibrations of a mechanical system comprised of a finite number of simply 

supported Euler beams. The beams are mutually interacting and are coupled with springs as shown in 

Figure 1. Each beam has a circular cross-section and is defined by the geometric and material properties 

given in Table 1, where l is length, d is the diameter of the cross-section, E is the modulus of elasticity and 

ν is Poisson’s coefficient. Each beam is connected to two neighboring beams at one third and two thirds of 

their lengths with a spring of stiffness k, also given in Table 1. 

 

l [m] d [mm] E [GPa] ν [-] k [N/m] 

0.6 1 210 0.3 500 

Table 1: Subsystem properties 

 

Figure 1: Spatially distributed mechanical system comprised of simply supported Euler beams coupled 

with springs 

Each beam is modeled using finite element method and for each beam a series of successively finer 

discretizations are made. A beam is discretized with 3, 6, 12, 24, 48 and 96 finite elements. For each 

discretization, a proportional Rayleigh damping matrix is constructed such that modal damping ratio is 

approximately 0.05 for the first 6 beam vibration modes. Discretized beams are then connected with 

springs at specified points in order to obtain a series of successively finer dynamical models. Discretized 

subsystem models consisting of a single beam and springs is then converted into a linear time-invariant 

(LTI) descriptor state space (DSS) model with two inputs and two outputs. Inputs are displacements of 

two spring ends and outputs are beam deflections at one third and two thirds of its length. Based on the 

obtained LTI models we construct a nominal model and a series of uncertainty models corresponding to 

each discretization, as follows. 

Nominal subsystem model is obtained by reducing the 96 finite element model, that is, nominal model is 

the reduced most accurate LTI model available. The reduction of the model is obtained by means of a 

balanced truncation. The criteria for reducing the model is removing all states that have Hankel singular 

values less than a prescribed value of 10-2. This results in reducing the 576 number of states for the full 

model (obtained from 96 finite elements) to 19 states for the reduced model. The reduced model is suitable 

to be used as a nominal model for constructing unstructured uncertainty weights as it will be shown in the 

next section. By using model reduction, we increase efficiency of numerical modeling. 

EI , l k k
single

subsystem

EI , l k k
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Perhaps the most widely used tools in robust control design are weights. Weights allow a control designer 

to capture the system uncertainties and to determine over what frequency ranges the performance is 

desired. Weights can be viewed as a way to tune the control design to achieve a desired level of 

performance and robustness without having to explicitly consider the system stability. “The design of a 

robust and high-performance control system relies heavily on the choice of weights used in the design. 

[3]”. We start our analysis by considering uncertainty caused by unmodeled dynamics and assume that the 

real plant is obtained by combining the nominal plant Psys with a transfer function of the kind W1ΔW2. 

Where Δ is uncertainty block and W1 and W2 are frequency weights that adjust the amount of uncertainty 

at each frequency. Such kind of uncertainty is denoted as unstructured. The procedure of constructing 

unstructured uncertainty models for the presented case is as follows. 

2.1 Unstructured uncertainties for single subsystem 

For each discretization level (including the 96 FE level), input multiplicative error models are constructed. 

An input multiplicative error model consists of an unstructured uncertainty block Δ of a unit-gain and a 

diagonal, stable, minimum-phase shaping frequency weights W1 and W2. The described input 

multiplicative model is schematically shown in Figure 2a. At each input denoted by w, a frequency weight 

is constructed such that the response from w-th input to z-th output covers the relative error between 

nominal model and discretized model. Throughout the procedure an order (number of states) of frequency 

weights has been kept constant at each input. In order to make the size of the uncertainty model small, we 

used a low order of 8 for diagonal entries in weight W1 at each input, whereas weight W2 is a scalar of 

magnitude 1. Psys is an interconnection transfer matrix function such that a linear fractional transformation 

with uncertainty block yields input multiplicative uncertainty model. Input multiplicative uncertainty [4] is 

expressed by: 

 1 2( )sys  G P I W W , (1) 

where G is an uncertain system obtained by using the input multiplicative uncertainty model to alter the 

response of a system Psys. 

 

Figure 2: Input multiplicative uncertainty model: a) a subsystem, b) linear fractional representation of a 

subsystem 

In a different study made in [5] the authors obtained similar results by using an additive uncertainty 

model. In a similar fashion they constructed Δ with norm equal to 1 but used a scalar weight W. Additive 

uncertainty model is usually used to model an absolute error or to model a modest difference in responses 

of two systems. Scalar weights are used to cover the net response from each input to each output of the 

error between the nominal model and the discretized model. Uncertainty modeling using scalar weights is 

more conservative than using a weight at each input of the system. A less conservative uncertainty model 

can be obtained by using diagonal weights. We stress that, by different choice of Psys, different uncertainty 

models can be used in a straightforward fashion. In robust control theory we want to obtain a system in 

linear fractional transformation (LFT). For constructing LFT it is important to separate a normed 

uncertainty part Δ and connect it in feedback to a nominal LTI system. For input multiplicative error 

model, uncertainty separation can be done as it is shown in Figure 2b. By doing so we now consider a 
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system Gsys that has an uncertainty block Δ connected in feedback. In the next section we show how to 

refine the uncertainty model by examining a coupled system. 

2.2 Subsystem coupling and uncertainty refinement for coupled system 

Up until now we only considered modeling uncertainty for a single subsystem. We stress that this series of 

successively better subsystems models are essentially local since we didn’t take into the account that the 

overall system is comprised of a series of coupled individual instances. To address this issue, we propose a 

procedure for modeling uncertainty weights for a single subsystem that takes into the account the 

neighboring subsystems coupling. Information about the coupled neighboring subsystems is used to 

further reduce the previously obtained uncertainty weights. A reduction of required uncertainty weights 

means a reduction in conservatism of an uncertain system. Since we are analyzing passive and dissipative 

coupled system we are assuming that a portion of individual subsystem uncertainty is damped by the 

neighboring subsystems and may be discarded. It needs to be kept in mind that this reduction of 

uncertainty might not be the case for spatially distributed system in general. Reduction of uncertainty 

using this presented approach may even vary for different passive and dissipative systems depending on 

the system structure and properties. The procedure for obtaining unstructured uncertainty for a single 

subsystem can be used with a minor extension in a following manner. 

 

Figure 3: Input multiplicative uncertainty model: a) subsystem Gsys coupled with reduced model of 

neighboring subsystems Gred, b) representation as a general framework for an uncertain feedback system 

First, we need to take into the account the neighboring systems. The neighboring systems are series of a 

final number of previously obtained reduced nominal models. If we further reduce this series, we obtain a 

reduced model Gred that represents the neighboring systems. For reduction of a series we use balanced 

truncation with same criteria used for obtaining the nominal (single subsystem) model. Finally, we 

complete our modeling by connecting Gred into feedback loop with the uncertain individual subsystem Gsys 

as shown in Figure 3a. The resulting model can be viewed as a general framework for robust control, 

where an uncertain feedback system (i.e. Gsys with delta in feedback) has Gred as a controller on a system 

as shown in Figure 3b. With this model we can study the effect of neighboring systems on unstructured 

uncertainty model refinement by essentially changing the number of surrounding systems in Gred. We 

stress that the number of neighboring systems needed for this certainly depends on the problem at hand. 

For this case study we chose that the number of surrounding subsystems change, i.e. we connect a 

different number of reduced nominal models in a feedback loop. For each number of neighboring 

subsystems, that is 1,3, 5 or 10 reduced nominal models, we recompute input multiplicative frequency 

weights W1 and W2 in a similar fashion as we did for a single subsystem. It is important to note that Gred 

for each number of neighboring systems becomes bigger in size but is nevertheless kept reasonably low. 

Gred has 19, 25, 29 and 40 states for 1, 3, 5 and 10 neighboring systems, respectively. With the complete 

mathematical model, we present results as shown in next chapter. 
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3 Results and discussion 

To keep the size of a nominal model small, we reduce the most accurate system (i.e. the one with 96 FE). 

The response of a 96 FE model and that of a reduced model is shown in Figure 4 where it can be seen that 

the reduced model accurately describes the response of the full model. 

 

Figure 4: Frequency response of the most accurate model from 96 FE and a nominal reduced model 

First, we study frequency weights obtained for single subsystem. A comparison of H∞ norms of frequency 

weights for each discretization level is shown in Figure 5. As expected, the frequency weights norm 

decreases with finer discretization. This provides us quite straightforward criteria for deciding which 

discretization should be used. For example, a criterion could be such that the frequency weight norm is 

less than some prescribed value. 

  

Figure 5: Comparison of H∞ norms of frequency weights for a single subsystem and a different number of 

coupled subsystems for each discretization level 

Next, we compare H∞ norms for coupled subsystems when we add 1, 3, 5 and 10 neighboring subsystems. 

A comparison of H∞ norms of frequency weights for both single and coupled subsystems for different 

levels of discretization is shown in Figure 5 as well. It is evident that new H∞ norms obtained for coupled 

dynamical systems are decreasing. Most prominent decrease can be seen for low discretization levels. 
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When analyzing obtained frequency weights for individual subsystem and coupled subsystem it is seen 

that the newly obtained frequency weights for coupled subsystem have lower magnitude of the frequency 

response in wide frequency ranges as shown in Figure 6. In other words, the frequency weights of 

individual uncertainty models are “scaled” such that the uncertainty information that does not affect the 

overall system dynamics is discarded. 

 

Figure 6: Comparison of frequency response of frequency weights for a single subsystem and a coupled 

subsystem for: a) 3 FE model, b) 12 FE model 

When changing the number of surrounding systems (i.e. by adding more neighboring subsystems), 

uncertainty model can be further reduced, but this time only in a specific spectrum, as seen in Figure 7. 

For this example, higher frequency dynamics at around 103 rad/s is discarded from uncertainty model 

when adding more neighboring subsystems.  

 

Figure 7: Comparison of frequency response of frequency weights for a single subsystem and a different 

coupled subsystem for: a) 3 FE model, b) 24 FE model 

Numeric algorithm used for obtaining input multiplicative uncertainty weights calculates optimal weights 

on a frequency grid. It is interesting to investigate how well different order of weights covers the relative 

error between the nominal system and the LTI model for some discretization as it is shown in Figure 8. An 

increase in order of weights from 8 to 10 and then to 16 results in higher order weights more closely 

matching the response of relative error. This increase in weight order comes at cost of increase in size of 

the uncertain model and an increase in numeric calculation times. 
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Figure 8: Comparison of frequency response of frequency weights for coupled subsystem and a different 

order of weights for 12 FE 

An interesting observation is made when applying ν-gap analysis by Vinnicombe [6]. For the problem at 

hand a reduced series of neighboring systems can be viewed as a controller on an uncertain system as 

shown in Figure 3b. It is thus interesting to observe upper bounds on the Vinnicombe gap and distances 

between each controller model when we increase the number of neighboring systems. That is, we measure 

upper bounds on ν and ν-gap between one system connected as a controller and 3 systems connected as a 

controller on an uncertain system, and so on. It was shown that even controller models obtained by adding 

1 subsystem and 2 subsystems in feedback are far apart in the sense that ν-gap is approximately 0.96. 

Between each other combination of controllers ν and ν-gap are practically equal to 1 which translates into 

systems being far apart. Also, to exclude possible errors in ν and ν-gap calculation instead of using 

reduced controller, analysis was carried out on a full model as well and yielded identical results. It would 

be interesting to further investigate these results as well. 

4 Conclusion 

The paper presents the results on the modeling of unstructured uncertainty for spatially distributed 

(coupled) vibration systems. Finite element mesh refining technique is used to obtain a series of 

successively finer spatial discretizations of an infinite dimensional vibrational mechanical system. This 

refining provides enough information for constructing a series of successively better uncertain linear time-

invariant models. The resulting uncertain linear time-invariant model of a single subsystem can be further 

refined for a special class of passive and dissipative vibration systems by taking into account that it is 

coupled with a small number if neighboring subsystems that are passive and dissipative as well. By 

increasing the number of neighboring systems, it was shown that the magnitude in frequency response of 

required uncertainty on the single subsystem is decreasing. This reduces conservatism of the uncertainty 

model of individual subsystem which improves performance when dealing with robust control of passive 

and dissipative coupled dynamical vibration systems. 
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Abstract 

In this work an efficient strategy to describe the propagation of uncertainty throughout a production process 

is proposed and validated. A two-stage metal forming process is used to demonstrate the proposed strategy. 

A metamodel of the first stage is built using a singular value decomposition combined with multiquadric 

radial basis functions. The strategy is validated by comparing the propagated results from the first stage, of 

both the metamodel and a finite element model, to a second stage finite element model for a new set of 

validation points. Using the proposed strategy, it will be possible to efficiently optimize multi-stage 

processes under uncertainty.  

1 Introduction 

When the uncertainties in a production process are in the same order of magnitude as the desired product 

tolerances, these uncertainties must be taken into consideration in order to design products that meet a 

required accuracy [1, 2]. Robust optimization is commonly used to design products or processes whilst 

taking into account the manufacturing variability. However an efficient strategy to optimize multi-stage 

processes is still lacking. 

In robust optimization one can distinguish two types of variables [3, 4]: noise variables that cause process 

uncertainty (e.g. material scatter, machine dynamics or temperature changes) and design variables that can 

be set by a designer or operator (e.g. tooling geometry or machine settings).  

The goal of robust optimization is to find the set of design variables that minimizes the uncertainty in an 

objective function. However, with an increasing number of process stages, the dimensionality of the problem 

at hand increases as well. Because of this high dimensionality, optimizing all process stages at once will not 

be efficient. One solution is to optimize each process stage separately. However, as shown by Suri & Otto 

[5] this approach will most certainly not lead to the global optimum after the last process stage. Thus, in 

order to be able to solve the robust optimization problem at hand, variation must be propagated from one 

stage to the next. To do so efficiently, numerical techniques such as metamodeling and decomposition 

methods can be applied.  

The first attempt in optimization of a multi-stage metal forming process, although deterministic, was done 

by Roy et al. [6]. In their work all process stages are optimized simultaneously. In this approach the entire 

production chain is treated as a single stage. Other deterministic optimizations that use a simultaneous 

approach can be found in [7-10]. Kusiak, Jarosz et al. [11, 12] separate the simultaneous approach into 

sequential deterministic optimization of each stage for different levels of aggregation. Steffes-lai [13] and 

Sun [14] et al. show the importance of taking into account the forming history by comparing physical 

experiments with computer analyses. Du & Chen [15] propose two different approaches for describing the 

propagation of uncertainty through the process stages, which are an extreme condition approach and a 

statistical approach. 

In this work, an efficient strategy to describe the propagation of uncertainty throughout the production 

process is proposed and validated.  In Section 2, a general description of a production process is suggested 
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first. After that, a strategy is proposed to describe the propagation of uncertainty from one process stage to 

the next as low-dimensional as possible. In Section 3, a demonstrator process is introduced to validate the 

proposed strategy. The results of the first stage of the demonstrator process, of both a metamodel and a finite 

element model, are propagated to the second stage finite element model for a new set of validation points. 

Using the proposed strategy, it will be possible to efficiently optimize multi-stage processes under 

uncertainty.  

2 Strategy for describing the propagation of variation 

2.1 General description of a multi-stage production process 

Before describing the strategy for propagation of variation, first a general description of a production process 

is suggested. A schematic representation of a two stage production process is given in Figure 1. Note 

however, that the description can be extended to an indefinite number of stages.  

 

Figure 1: Schematic representation of a two stage production process. 

When describing a production process two types of input variables can be distinguished: noise variables and 

design variables, denoted with 𝑧 and 𝑝 respectively. The vectors containing all noise and all design variables 

corresponding to process stage 𝑖 are denoted with 𝐳𝑖 and 𝐩𝑖 respectively. Each process stage is a function 

of the output of the previous stage 𝐲𝑖−1 and its noise and design variables, hence 𝐹𝑖(𝐲𝑖−1, 𝐩𝑖 , 𝐳𝑖). One 

exception for this is the first stage, where the process stage is a function of the initial variables, indicated 

with subscript 0, and its corresponding noise and design variables. Initial design variables are generally 

discrete, e.g. material type or thickness [1]. Noise variables are usually continuous and can be modelled with 

different types of distributions, e.g. normal, uniform or skewed distributions. Note that if there is a noise 

variable in the input, the output of all subsequent stages has to be considered as noise with an undetermined 

distribution. This output distribution can be determined by means of e.g. Monte Carlo sampling or analytical 

methods as proposed by Nejadseyfi et al. [16]. 

The goal of a robust optimization is to find the set of design variables {𝐩𝑖, … , 𝐩𝑁} that minimizes the 

sensitivity of the objective with respect to the noise variables or that minimizes an objective function under 

the constraint of sufficient robustness. The objective function will be a function of the output of the final 

stage 𝑓𝑜𝑏𝑗(𝐲𝑁), e.g. attaining a geometrical requirement or preventing defects such as wrinkling or fracture. 

Besides approaching each stage as a separate function 𝐹𝑖(⋅), one can define a function describing the entire 

production process 𝐹(⋅). In this simultaneous approach, all stages are combined to one single stage with a 

large number of design and noise parameters. Due to the high-dimensionality of the problem at hand, it will 

be infeasible to find an optimum using this simultaneous approach. Hence, in order to analyze the variation 

at the final stage and optimize the multi-stage production process under uncertainty, one needs to efficiently 

describe each process stage.  
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2.2 Efficiently propagating variation through multi-stage production processes 

To efficiently describe a process stage, the variation in output of the stage must be captured as low-

dimensional as possible. The strategy to efficiently describe the output of stage 𝑖 consists of 3 steps: 

1. Obtain training set of stage 𝒊 

Based on a sampling method or a combination of sampling methods, a set of 𝐾 sample points 

{𝐳𝑖, 𝐩𝑖}(𝑘) needs to be generated. Examples of sampling methods are full/fractional factorial design, central 

composite design, Latin hypercube sampling or a Halton/Sobol sequence. At each point 𝑘 in the set the stage 

𝑖 model must be evaluated to obtain the output training data. 

2. Reduce output of stage 𝒊 

To find the dominant behavior in the training data of the 𝑖th-stage output, a singular value decomposition 

(SVD) is applied. In a SVD a new geometric space is sought that maximizes the variation along its new axes 

[17]. In order to apply SVD, each output in the set of training data of stage 𝑖 must be stored in a column 

vector 𝐲𝑖
(𝑘)

. All 𝐾 column vectors are collected in a so-called snapshot matrix 𝐘𝑖 [16, 17]: 

𝐘𝑖 = [𝐲𝑖
(1)

⋯ 𝐲𝑖
(𝐾)] (1) 

Now the snapshot matrix can be decomposed using SVD:  

𝐘𝑖 =  𝚽𝐒𝐕𝑇 (2) 

Herein 𝐒 is a diagonal matrix containing the 𝐾 real positive singular values 𝑠𝑘 in descending order, 𝚽 is a 

matrix with the left-singular vectors 𝛗𝑘 as its columns and 𝐕 is a matrix with the right-singular vectors 𝐯𝑘 

as its columns. Note that 𝚽 has the same size as 𝐘𝑖, whereas 𝐕 has size 𝐾 by 𝐾. A new truncated basis �̅� 

can be constructed from the first 𝑁𝑠 right-singular vectors.  

As 𝚽 is an orthogonal matrix, the amplitudes 𝐀 corresponding to the 𝐾 outputs vectors can be found by 

projecting the snapshot matrix 𝐘𝑖 in the new basis: 

𝐀 =  �̅�𝑇𝐘𝑖 (3) 

Now each output in the training set can be approximated by multiplying the truncated basis with the 

corresponding column of the amplitude matrix 𝐚(𝑘) consisting of the 𝑁𝑠 amplitudes corresponding to sample 

point 𝑘. 

𝐲𝑖
(𝑘)

≈  �̅�𝐚(𝑘) (4) 

 

3. Build metamodel of output stage 𝒊 

In order to build a metamodel of the 𝑖th-stage output, the 𝑁𝑠 amplitudes need to be interpolated. This can be 

done using e.g. Kriging, Radial Basis Functions or Response Surface Methods. 

Using the obtained metamodel the output of stage 𝑖 can be propagated to the next stage efficiently. This 

strategy can be repeated until the last stage is reached. When the metamodels of all stages are obtained, they 

can be used to solve the robust optimization problem. 

3 Two-stage demonstrator process 

To demonstrate the strategy proposed in the previous Section, a two-stage metal forming process is 

considered. A nonlinear, plane strain Finite Element (FE) model of both stages is constructed using the FE 

software MSc Marc and its preprocessor Mentat. In the first process step a sheet metal workpiece is bent 

downwards, where after it is bent upwards in the second step. A schematic representation of the FE model 

is presented in Figure 2. The sheet metal is meshed using 1200 quadrilateral elements (𝑁𝑒𝑙𝑒𝑚) and 1296 

nodes (𝑁𝑛𝑜𝑑). The elements are fully integrated using four integration points (𝑁𝑖𝑝 = 4 ⋅ 𝑁𝑒𝑙𝑒𝑚 = 4800).  

USD – METHODS 5135



 

 

 

 

 

 

Figure 2: Schematic representation of the two stage FE model. 

Following the general description as suggested in Section 2.1, there are only three parameters of interest 

among all model parameters. The vector with initial noise parameters 𝐳0, only contains the thickness t of 

the sheet metal. Hence: 

𝐳0 = {t} = 0.300 ± 0.005 mm (5) 

The vector with the design parameters of the first stage 𝐩1, only contains the punch end distance δ1: 

𝐩1 = {δ1} = 1.55 ± 0.05 mm (6) 

For ease of notation the noise and design parameter are combined to a 2 dimensional parameter space: 

𝐱 = {t, δ1} (7) 

In the second stage no noise parameters are considered. Note however, that the uncertainty from the initial 

noise parameter will propagate to the second stage through the output 𝐲1. The vector with the design 

parameters of the second stage 𝐩2, only contains the punch end distance δ2: 

𝐩2 = {δ2} = 2.1 ± 0.1 mm (8) 

3.1 Obtaining the first stage training set 

To sample the first stage, a Latin hypercube sampling is used. According to Steffes-Lai [13] the number of 

training points needed in a 𝐷-dimensional parameter space can be calculated using: 

𝐾 = 2 [2 + 𝐷 +
𝐷(𝐷 + 1)

2
] (9) 

Which results in 14 training points 𝐱(𝑘) for the first stage. The FE model is evaluated at these training points 

to obtain the output training data. In order to propagate the variation to the second stage FE model the nodal 

displacements (𝐮 in 𝑥-direction and 𝐯 in 𝑦-direction), the equivalent plastic strain (𝛆𝑒𝑞
𝑝

, in each integration 

point) and the stress tensor (𝛔𝑛𝑛, in each integration point) are needed as output. Note that due to the plane 

strain FE analysis two components of the stress tensor 𝛔23 & 𝛔31 are zero. 

3.2 Reducing the first stage output 

In order to construct the snapshot matrix the output data from the FE simulation of the first stage 

corresponding to sample point 𝐱(𝑘) is stored in a (2 ⋅ 𝑁𝑛𝑜𝑑 + 5 ⋅ 𝑁𝑖𝑝) = 26592 by 1 column vector: 

𝐲1
(𝑘)

= {𝐮 𝐯 𝛆𝑒𝑞
𝑝

𝛔11 𝛔22 𝛔33 𝛔12 }
𝑇
 (10) 
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All column vectors 𝐲1
(𝑘)

are collected in the (2 ⋅ 𝑁𝑛𝑜𝑑 + 5 ⋅ 𝑁𝑖𝑝) by 𝐾 snapshot matrix 𝐘1. This snapshot 

matrix is normalized between -1 and 1 based on the minimum and maximum value in each row, where after 

the singular value decomposition is applied. The contribution 𝑓𝑘 of each singular value 𝑠𝑘 to the snapshot 

matrix is suggested by Skillicorn [17] as: 

𝑓𝑘 =
𝑠𝑘

2

∑ 𝑠𝑖
2𝑟

𝑖=1

 (11) 

Where 𝑟 is the rank of the snapshot matrix. When all contributions are displayed in a Pareto chart (see Figure 

3) on can see that selecting 𝑁𝑠 = 3 singular values will retain 80% of the information in the snapshot matrix. 

Hence, the new basis is truncated to 3 singular values only. 

 

Figure 3: Pareto chart of the contribution of each singular value 

After finding the amplitudes as proposed in equation (3) the output the FE simulation corresponding to 

sample point 𝐱(𝑘) can be approximated by multiplying the left-singular vector with its corresponding 

amplitude scalar and adding the results: 

𝐲1
(𝑘)

≈ 𝛗1a1
(𝑘)

+ 𝛗2a2
(𝑘)

+ 𝛗3a3
(𝑘)

 (12) 

3.3 Building the first stage metamodel  

To construct a continuous metamodel of the first stage, the amplitudes corresponding to the training points 

𝐚(𝑘) are interpolated using multiquadric radial basis functions (MQ-RBF). A multiquadric radial basis 

function has the following form: 

𝜓(𝑟) = √𝑐(𝑘)
2 + ‖𝛉(𝐱(𝑘) − 𝐱 )‖2 (13) 

Resulting in the following SVD MQ-RBF metamodel of the first stage: 

�̂�1(𝐱) =  𝛗1𝑎1(𝐱) + 𝛗2𝑎2(𝐱) + 𝛗3𝑎3(𝐱) (14) 

To test the quality of the obtained the metamodel a Latin hypercube sampling is used to generate a set of 

𝑀 = 23 validation points 𝐱(𝑚). In Figure 4 the displacement field of a validation point is evaluated using 

both the FE model and the metamodel. In the figure the blue circle is the target, hence the FE model, while 

the red dot is the result of the metamodel. The displacement field of the metamodel is good agreement with 

the displacement field of the FE-model. In the zoomed panel the region with the largest deviations is 
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displayed. In this region, the values from the metamodel are in proximity of the FE-model, however there 

are still opportunities for further enhancement. 

 

Figure 4: Output of the displacement field {𝐮, 𝐯} from both the first stage SVD MQ-RBF metamodel (·) 

and the FE model (o). The zoomed panel shows the region with the largest RMSE. 

A root mean square error (RMSE) can be calculated by subtracting the metamodel evaluated at a validation 

point �̂�1(𝐱(𝑚)) from the actual FE results 𝐲1
(𝑚)

: 

𝑅𝑀𝑆𝐸 = √
1

𝑀
∑ (𝐲1

(𝑚)
− �̂�1(𝐱(𝑚)))

2
𝑚

𝑚=1

 (15) 

The RMSE is calculated for the different types of output data. The relative error in the different types of 

output data is calculated by dividing the RMSE by the absolute average. All error values are collected in 

Table 1. Although the relative errors for both  𝛔11 and 𝛔12 seem extremely large, the RMSE of all stresses 

is in the same order as the stresses itself. These first stage results will now be propagated to the next stage. 

Output Average value RMSE Relative error 

𝐮 -0.1943 0.001166 0.600% 

𝐯 -0.4840 0.001529 0.316% 

𝛆𝑒𝑞
𝑝

 0.02776 9.092e-4 3.28% 

𝛔11 -11.54 15.74 136% 

𝛔22 -95.16 12.23 12.9% 

𝛔33 -38.92 12.43 31.9% 

𝛔12 1.936 9.139 472% 

Table 1: Error values based on metamodel results of 23 validation points. 
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3.4 Propagating first stage results to the second stage 

The results from the validation points 𝐱(𝑚) presented in the previous section from both the first stage SVD 

MQ-RBF metamodel and the first stage FE model are propagated to the second stage FE model. 

Unfortunately some of the second stage FE evaluations failed to converge, resulting in a set of 𝑀 = 14 

validation points 𝐱(𝑚) only. In Figure 5 the displacement field of a validation point is evaluated using both 

the FE model and the metamodel. Again the blue circle is the target, hence the first stage FE model 

propagated to the second stage FE model, while the red dot is the result of the metamodel propagated to the 

second stage FE model. Again, the displacement field of the metamodel seems in good agreement with the 

displacement field of the FE-model. Even in the region with the largest deviations the values from the 

metamodel are in close proximity of the FE-model. 

 

Figure 5: Output of the displacement field {𝐮, 𝐯} from both the first stage SVD MQ-RBF metamodel 

combined with the second stage FE model (·) and when both stages are modeled using the FE model (o).  

The zoomed panel shows the region with the largest RMSE. 

 

Output Average value RMSE Relative error 

𝐮 -0.1271 0.006360 5.00% 

𝐯 -0.3707 0.01279 3.42% 

𝛆𝑒𝑞
𝑝

 0.05891 0.002258 3.83% 

𝛔11 -12.35 21.20 172% 

𝛔22 -94.88 15.36 16.19% 

𝛔33 -77.01 18.61 24.17% 

𝛔12 -0.4207 11.71 2785% 

Table 2: Error values based on propagated results of 14 validation points 
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The RMSE of the validation points is calculated for the different types of output data of the second stage. 

All error values are collected in Table 2. The extremely large error in the metamodel of the 𝛔12 component 

of the stress tensor, can be classified as an artificial error. Due to the low average value a change in sign will 

lead to a large RMSE and therefore a large relative error. The average relative error of the nodal 

displacements and the equivalent plastic strain is only 2,29% in the first stage and 3,96% in the second stage. 

Comparing Table 1 and Table 2 one can see that the error in the metamodel will propagate and increase with 

every stage. 

4 Conclusion 

The strategy proposed in this work has been used to feasible propagate output data to a subsequent stage. 

The propagated results after the second stage of both the displacement and equivalent strain fields are in 

good agreement with the finite element model. The stresses show relatively large deviations. 

In future work the same strategy will be used to efficiently describe the second stage output in order to 

optimize the multi-stage production process. 
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Abstract
This contribution proposes an intuitive and easy-to-compute method for the solution of inverse problems
in fuzzy arithmetic. The surprisingly perspicuous main result is motivated and thoroughly discussed. An
illustrative application to parameter identification based on modal analysis is provided.

1 Introduction

By now, fuzzy arithmetic, i.e. the forward propagation of uncertainties in a possibilistic context, has become
a relatively well-explored discipline. Several methods exist for determining (or approximating) the possi-
bilistic output distribution of a fuzzy variable according to the extension principle [1] if this output variable is
dependent on a number of fuzzy input variables via a functional relationship. To name a few, for example the
exact solution by optimization, the transformation method or interval arithmetic can be used, each with its
own advantages, limitations and drawbacks. An overview of these methods is given in [2]. Yet, the inverse
problem, i.e. inferring input distributions from a given output, has not received much attention even though
being equally important.

Inverse problems typically arise in many scientific areas, usually where a set of parameters (lumped or
concentrated) is to be estimated [3]. Common examples are medical imaging applications, the identification
of physical or non-physical parameters resulting from simplifications in mechanical models, e.g. stiffness,
damping or friction coefficients, or feasibility problems, where design specifications have to be met [4].

Generally, two scenarios where inverse problems play a major role have to be distinguished:

As an analogon to statistics in the probabilistic framework, the first scenario is concerned with inferring
possibility distributions from crisp samples either directly or in order to determine e.g. regression model
parameters. In this case, the output distribution is not given directly; instead, it has to be inferred in the
process itself. These problems are treated e.g. in [5], [6], [7] or [8]. In the second scenario, the membership
function of the output is given directly and the distributions of the input variables have to be inferred.

The present contribution is concerned with the latter scenario. The authors are only aware of one line of
research that has dealt with finding those inverse distributions. In [9], Hukuhara introduces the Hukuhara
or H-difference for set-valued functions which Bede and Stefanini use in [10] to propose a generalized
differentiability of fuzzy-valued functions. To be able to define a difference quotient, they need to define the
difference of two fuzzy sets, which is essentially the inverse to the addition operator. This approach is further
generalized in [11] where an inverse to the multiplication is presented.

A solution procedure for fuzzily stated optimization problems has already been described in [12] where –
among other things – fuzzy feasible sets are identified. However, it can be extended to solve more general
inverse problems in fuzzy arithmetic. This contribution attempts to motivate the general solution and to prove
its usability in estimation problems.
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Notably, the presented results suggest that inverse fuzzy arithmetic is much more intuitive than its forward
counterpart. The proposed solution can be obtained under minimal assumptions and without formulating and
solving costly optimization problems, and it is described by the intelligible Eq. (13) in Section 4 forming the
core of this contribution. To some extent, it is even capable of mitigating wrongful assumptions about the
independence of the output distributions in question, and by introducing a relaxation to the inverse problem
it can overcome certain problems of ill-posedness.

2 Fuzzy Variables in Possibility Theory

Fuzzy variables are the possibilistic counterpart to stochastic random variables. However, they can be moti-
vated entirely by themselves. In contrast to classical set theory, fuzzy set theory allows gradual memberships
of elements to a (fuzzy) subset Ỹ of the universal set Y (here Y = Rn). Its membership function

µ
Ỹ
: Y → [0, 1] (1)

is a generalization of the characteristic function in classical, ordinary set theory and uniquely defines the
fuzzy set in terms of which elements belong fully, partially or not at all to it. The set of all fuzzy sets on Y
is denoted FY .

The support
supp

[
Ỹ
]
= cl

({
y ∈ Y : µ

Ỹ
(y) > 0

})
(2)

of a fuzzy set Ỹ ∈ FY is the closure of the set of all its elements with non-zero membership.

It is a special case of the α-cuts

cutα

[
Ỹ
]
=
{
y ∈ Y : µ

Ỹ
(y) ≥ α

}
(3)

denoting the set of all its elements with membership α or higher.

Several operations on fuzzy sets can be defined consistently with their classical counterparts if the character-
istic function acts as the fuzzy membership function. In particular, a fuzzy set Ỹ ∈ FY is said to be included
in the fuzzy set Z̃ ∈ FY , i.e. Ỹ ⊆ Z̃, if the respective membership functions satisfy

µ
Ỹ
(y) ≤ µ

Z̃
(y) ∀y ∈ Y . (4)

Their intersection X̃ = Ỹ ∩ Z̃ is given by the element-wise minimum of the respective membership values

µ
X̃
(y) = min

{
µ
Ỹ
(y), µ

Z̃
(y)
}

∀y ∈ Y . (5)

Furthermore, it is important to distinguish between independent and dependent fuzzy variables. The (uni-
variate) fuzzy variables x̃1, . . . , x̃n ∈ FR are called independent if the membership function µx̃ of the (mul-
tivariate) fuzzy variable x̃ ∈ FRn satisfies

µx̃ (x) = min
i=1,...,n

{µx̃1 (x1) , . . . , µx̃n (xn)} ∀x ∈ Rn , (6)

where µx̃1 , . . . , µx̃n are the marginal distributions of x̃1, . . . , x̃n, respectively. To distinguish one from the
other, the membership function µx̃ is also called the joint membership function.

For a thorough review of fuzzy set theory refer to [2].

In [13], Zadeh shows that fuzzy set theory serves as a basis for an alternative to probability theory for the
computerized processing of uncertainty, namely possibility theory, which is thoroughly explained in [14].

A possibility measure is any measure Pos : 2X → [0, 1] on the universe of discourse X satisfying
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1. Pos (X ) = 1,

2. Pos (∅) = 0 and

3. Pos (A ∪B) = max {Pos (A) ,Pos (B)} for two disjunct subsets A,B ⊆ X .

One interpretation of this measure is that it quantifies the feasibility or ease with which an event occurs as
opposed to e.g. the frequentist interpretation of probability theory. For instance, the possibility (ease) of a
sprinter beating the world record is fundamentally different from the probability (frequency) of the same
event.

From the definition, it follows that a possibility measure is defined by its behavior on the elementary events
of X according to

Pos (A) = sup
x∈A

Pos ({x}) ∀ A ⊆ X (7)

just like probability theory. This allows to define a possibility distribution π : X → [0, 1] given by

π (x) = Pos ({x}) ∀x ∈ X . (8)

Consequently, one obtains
Pos (A) = sup

x∈A
π (x) ∀ A ⊆ X . (9)

Now, let X = Y = Rn. The fuzzy membership function µx̃ of a (multivariate) fuzzy variable x̃ ∈ FRn can
be interpreted as a possibility distribution function

π (x) = µx̃ (x) (10)

inducing a possibility measure similar to how a probabilistically distributed stochastic variable induces a
probability measure.

3 Forward Fuzzy Arithmetic

Fuzzy arithmetic, i.e. the forward propagation of fuzzy sets through deterministic mappings, is fundamentally
based on the extension principle formulated by Zadeh in [1].

Let f : Rn → Rm be a mapping and let x̃ ∈ FRn be a fuzzy set with the membership function µx̃. The
membership function µỹ of the fuzzy output ỹ ∈ FRm defined by

ỹ = f (x̃) (11)

is then given by
µỹ (y) = sup

x:y=f(x)
µx̃ (x) . (12)

If f is not surjective, it is not possible to find an x satisfying y = f (x) for all y ∈ Rm. In this case,
the membership of the respective element y is simply zero. A proof of the extension principle employing
possibilistic arguments is given by Liu in [15].

Naturally, the evaluation of the extension principle can prove rather difficult as it requires the solution of
a (possibly non-convex) optimization problem. Consequently, many approaches to a more efficient compu-
tation of ỹ have been proposed. A broad overview on the available techniques – including standard fuzzy
arithmetic, interval arithmetic, arithmetic with L-R or discrete fuzzy numbers, and finally the transformation
method – is given in [2].

In contrast, it will be shown that inverse fuzzy arithmetic yields a much more straightforward solution.
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4 Inverse Fuzzy Arithmetic

Given a possibilistic output variable ỹ ∈ FRm and a function f : Rn → Rm, the corresponding inverse
problem is to find the membership function µx̃ of the possibilistic input variable x̃ ∈ FRn.

Throughout this section, it will be shown for various cases that the solution x̃ to the inverse problem which
requires minimal assumptions is given by

µx̃ (x) = µỹ (f (x)) ∀ x ∈ Rn . (13)

The most intuitive requirement for the solution of the inverse problem is that the solution ought to be consis-
tent with the extension principle. However, this requirement alone is not sufficient to uniquely determine the
solution x̃, and thus the problem is generally ill-posed.

Example 1. Let f : x 7→ x2 and ỹ be given by

µỹ (y) =

{
1− |y − 1

2 | ∀ y ∈ [0, 32 ],
0 else

(14)

as shown in Fig. 1a. One possible input variable x̃1 is given by the membership function

µx̃1 (x) =

{
1− |x2 − 1

2 | ∀ x ∈ [0,
√
3
2 ],

0 else.
(15)

However, the input variable x̃2 given by the membership function

µx̃2 (x) =

{
1− |x2 − 1

2 | ∀ x ∈ [−
√
3
2 , 0],

0 else
(16)

also satisfies the extension principle (cf. Fig. 1b). Since ỹ = f (x̃1) = f (x̃2), it is not clear which solution
is the ’correct’ one.

−1 0 1 2
0

0.5

1

y

µ

ỹ

ỹ+

(a) Reference outputs ỹ and ỹ+.

−1 0 1
0

0.5

1

x

µ

x̃
x̃1
x̃2

(b) Inverse solutions x̃1, x̃2 and x̃.

f

If

Figure 1: Illustration of Examples 1–4.

In the general case, an infinite number of solutions exists. The extension principle merely provides an upper
bound on the membership function of x̃ since the equation

µỹ (y) = sup
x:y=f(x)

µx̃ (x) (17)
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implies that for all x satisfying y = f (x) their membership value is bounded by µỹ (y), i.e.

µx̃ (x) ≤ µỹ (y) ∀x,y : y = f (x) , (18)

which can be rewritten to
µx̃ (x) ≤ µỹ (f (x)) ∀x . (19)

In the previous example, this bound is given by µx̃, the point-wise maximum of µx̃1 and µx̃2 (cf. Fig. 1b).
All admissible distributions are located underneath, but without further information, it is not justifiable to
choose one over the other.

For the motivation of the solution given in Eq. (13) consider the following: If ỹ was a crisp number ỹ = y,
the solution had to be expressed as x = ±√y. This can be interpreted as selecting the upper bound x̃ from
before as the general solution and motivates the choice of Eq. (13) which will be called the most general
solution to the inverse problem.

The operator producing the most general solution to the inverse problem of fuzzy arithmetic shall be denoted

If : FRm → FRn (20)

and is defined by
µIf (ỹ) (x) = µỹ (f (x)) ∀ x ∈ Rn. (21)

Example 2 (Example 1 revisited). Let f and ỹ be defined as in Example 1. Then, the most general solu-
tion x̃ = If (ỹ) possesses the membership function (cf. Fig. 1b)

µx̃ (x) =

{
1− |x2 − 1

2 | ∀ x ∈ [−
√
3
2 ,
√
3
2 ],

0 else.
(22)

Notice that finding the most general solution to the inverse problem only requires one evaluation of f for
each element as opposed to the theoretically infinite number of evaluations required to solve the forward
propagation problem.

In the case where f is bijective (injective and surjective), the inverse operator is given by If = f−1, and
thus the most general solution operator is equivalent to a fuzzy arithmetical evaluation of

x̃ = f−1 (ỹ) . (23)

Example 3 (Example 1 revisited once more). Let f , ỹ and x̃1 be defined as in Example 1, but f restricted to
input arguments from the negative reals f : R−0 → R+

0 . Then the inverse of f is given by f−1 : y 7→ −√y,
and accordingly the unique solution x̃2 to the inverse problem is given by (cf. Fig. 1b)

x̃2 = −
√
ỹ. (24)

However, Eq. (13) does not guarantee that the extension principle is actually fulfilled in the general case.
The fundamental question is whether the support of ỹ is contained in the image of f . If the support of ỹ is
not contained therein, the most general solution to the inverse problem can still be computed, but it is not
the true inverse solution anymore in the sense that it fulfills the extension principle. Instead, it becomes the
maximum possible inverse solution whose forward propagation

f
(
If (ỹ)

)
⊆ ỹ (25)

is a fuzzy subset of the reference output.
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To show this, let ỹin and ỹout be defined as the partition of ỹ with the support contained inside the image
of f and outside of it, respectively. Then, the most general inverse solution to ỹin can be computed, yield-
ing f

(
If
(
ỹin
))

= ỹin. However, for each y ∈ supp
(
ỹout

)
it is impossible to find an x such that y = f (x)

and thus
µỹout (y) = 0 ∀ y ∈ Rm . (26)

In summary,

µf(If (ỹ)) (y) =
{
µỹ (y) if y ∈ supp

(
ỹin
)

0 else,
(27)

and thus
µf(If (ỹ)) (y) ≤ µỹ (y) ∀ y ∈ Rm. (28)

The following example will further illustrate this.

Example 4 (Example 1 revisited again). Let f be defined as in Example 1 and ỹ+ be given by the membership
function

µỹ+ (y) =

{
1− |y − 1

2 | ∀ y ∈ [−1
2 ,

3
2 ],

0 else
(29)

The support of ỹ+ is the interval [−1
2 ,

3
2 ] and is therefore not contained in the image of f which is composed

of only the positive reals R+
0 . The most general solution x̃ = If (ỹ+) is still given by Eq. (22), but one

observes that ỹ = f (x̃) 6= ỹ+. Instead ỹ is contained in ỹ+, i.e. ỹ ⊆ ỹ+ ( cf. Fig. 1a). In order to solve this
problem, one would have to admit complex arguments of f .

Notice that this is again consistent with the crisp case where e.g. x2 = −1 cannot be solved if only real
values x ∈ R are admissible.

So far, it has been assumed that only one output vector ỹ is given, i.e. a joint membership function for
all of the outputs. However, this requires knowing the interdependence among the fuzzy output variables
beforehand. Instead, it seems more intuitive that the marginal memberships of the outputs ỹi for i = 1, . . . ,m
are known individually, without any assumptions about possible dependencies.

In the general case, it is not guaranteed that x̃ is a normalized fuzzy variable in the sense that its membership
function attains one for some element. As illustrated below, this degree of consistency of a subnormalized
possibility distribution [16]

cons (x̃) = sup
x
µx̃(x) (30)

is useful for assessing the well-posedness of the inverse problem, i.e. how consistent the chosen model f and
the fuzzy output ỹ are.

From just the marginal memberships it is not possible to infer the underlying joint distributions – they have
to be assumed to be independent. The maximum consistent inverse solution x̃ to the corresponding inverse
problem in fuzzy arithmetic is given by constructing ỹ as an independent multivariate output distribution
from the marginal outputs according to

µỹ (y) = min
i=1,...,m

µỹi (yi) ∀y ∈ Rm (31)

and then finding the corresponding maximum possible inverse solution for

f : x 7→



f1(x)

...
fm(x)


 . (32)
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If z̃i = fi (x̃), then

µz̃i (zi)
Ext. Prin.

= sup
x∈Rn : zi=fi(x)

µx (x)

(13)
= sup

x∈Rn : zi=fi(x)
µỹ (f (x)) ∀ i = 1, . . . ,m

(31)
= sup

x∈Rn : zi=fi(x)
min

j=1,...,m
µỹj (fj (x))

︸ ︷︷ ︸
≤ µỹi (fi(x))

≤ sup
x∈Rn : zi=fi(x)

µỹi (fi (x)) = µỹi (zi)

(33)

and thus z̃i ⊆ ỹi. Hence, the forward propagation of x̃ yields a fuzzy subset of the marginal reference output

fi (x̃) ⊆ ỹi ∀ i = 1, . . . ,m . (34)

In an engineering context, this makes sense because in this way the resulting outputs will always have
memberships below the specified feasibility and are therefore guaranteed to not exceed any limits, leading to
robust inverse solutions.

Example 5. Let f be a mapping

f : R→ R2 ,

x 7→
[
x2
1
2x

] (35)

and let the marginal distributions of ỹ1 and ỹ2 be given by the membership functions (cf. Fig. 2a)

µỹ1 (y1) =

{
1− y1 ∀ y1 ∈ [0, 1],

0 else
(36)

and (cf. Fig. 2b)

µỹ2 (y2) =

{
1− 4

3 |y2| ∀ y2 ∈ [−3
4 ,

3
4 ],

0 else.
(37)

The respective solutions x̃1 = If1 (ỹ1) and x̃2 = If2 (ỹ2) are given by

µx̃1 (x) =

{
1− x2 ∀ x ∈ [−1, 1],

0 else
(38)

and

µx̃2 (x) =

{
1− 2

3 |x| ∀ x ∈ [−3
2 ,

3
2 ],

0 else.
(39)

Consequently, the final solution x̃ is given by the membership function (cf. Fig. 2c)

µx̃ (x) =




1− |x|2 ∀ |x| ≤ 1

2 ,
1− x2 ∀ 1

2 ≤ |x| ≤ 2,
0 else,

(40)

which is shown in Fig. 2c. In Figs. 2a and 2b, it also becomes apparent that the forward propagation of the
inverse solution is only a fuzzy subset of the reference output, i.e.

f1 (x̃) ⊆ ỹ1 and f2 (x̃) ⊆ ỹ2. (41)
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From the example it can be deduced that this is equal to constructing x̃ from themmarginal inverse solutions

x̃i = Ifi (ỹi) ∀ i = 1, . . . ,m (42)

by the fuzzy set intersection
x̃ =

⋂

i=1,...,m

x̃i , (43)

which again makes sense since the difficulty of solving a problem is generally determined by the maximum
difficulty of any subtask that is needed for the overall solution. If a soccer team has to beat several opposing
teams to win a tournament, the possibility of becoming the champion is generally determined by the strength
of the best opponent (neglecting other effects such as exhaustion etc.).

The application in Section 5 will show that this form of relaxing the problem can actually overcome certain
problems of ill-posedness that typically arise in inverse problems.

0 1
0

0.5

1

y

µ

ỹ1
f1(x̃)

(a) Reference output ỹ1 and forward propagation of
the maximum consistent input distribution.

−1 0 1
0

0.5

1

y

µ

ỹ2
f2(x̃)

(b) Reference output ỹ2 and forward propagation of
the maximum consistent input distribution.

−2 −1 0 1 2
0

0.5

1

x

µ

x̃ = If (ỹ)
x̃1 = If1 (ỹ1)
x̃2 = If2 (ỹ2)

(c) Intermediate solutions x̃1 and x̃2 and maximum consistent input distribution x̃.

Figure 2: Illustration of Example 5.

5 Application

As mentioned above, one instance where inverse problems arise is the estimation of model parameters. The
presented solution can be employed in scenarios where the present uncertainties do not arise due to stochastic
noise, but rather from incomplete knowledge of the system.

For example, consider a two-mass oscillator consisting of two masses m1 and m2 attached to one another,
as well as to two walls, by means of three springs with the stiffnesses c1, c2 and c3 as shown in Fig. 3. The
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m1 m2
c1 c2 c3

x1 x2

Figure 3: Setup of the two-mass oscillator.

equations of motion governing the dynamics of the two masses, i.e. their displacements x =
[
x1 x2

]T, is
given by the second-order linear time-invariant differential equation

[
m1 0
0 m2

]

︸ ︷︷ ︸
M

ẍ+

[
c1 + c2 −c2
−c2 c2 + c3

]

︸ ︷︷ ︸
K

x = 0 . (44)

Furthermore, let

f : (m1,m2, c1, c2, c3) 7→ (ω1, ω2) (45)

be the operator that produces the eigenfrequencies of the system depending on the system parameters, i.e.
the positive solutions ω1,2 of

det
(
K − ω2M

)
=
(
c1 + c2 − ω2m1

) (
c2 + c3 − ω2m2

)
− c22

!
= 0 . (46)

For identification purposes, an experiment by simulation with the parameter values and initial conditions
given in Table 1 is performed.

Table 1: Parameter values of the two-mass oscillator.

Masses Stiffnesses Initial Conditions

m1 m2 c1 c2 c3 x1,0 x2,0 ẋ1,0 ẋ2,0
2.1 kg 1.9 kg 150.0N/m 100.0N/m 50.0N/m −0.1m 0.0m 0.0m/s 0.0m/s

The mass m1 is initially displaced and released. Its position can be measured by a sensor which is perturbed
by some white noise (zero mean, σ2 = 1.0 · 10−4m2 variance). Samples are collected for a time period
of T = 20 s at a sampling frequency of νs = 100.0Hz. The measured output is depicted in Fig. 4.

0 2 4 6 8 10 12 14 16 18 20

−0.1

0

0.1

t [s]

x
1
(t
)
[m

]

Figure 4: Measured displacement x1 of mass m1.

The frequency spectrum presented in Fig. 5 shows that the true eigenfrequencies of the system are not
exactly deducible from the Fourier analysis. Below, it will furthermore be shown that the peaks are not
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even consistent in the sense that no set of identified parameters would be able to exactly reproduce these
eigenfrequencies. They are suitable initial guesses but some uncertainty regarding their exact values remains.

This uncertainty primarily stems from the time-discrete sampling – which is not something to be explained
by stochastic perturbations, etc. The actual white noise contained in the measurement signal does not affect
the spectrogram much. Yet, by taking samples and applying the discrete Fourier transform, information is
clearly being lost. Accordingly, the resulting uncertainty is not aleatory but stems from the lack of knowledge
induced by the finite sampling frequency and is thus epistemic. Reasoning with inverse fuzzy arithmetic
provides a method to recover some of the lost information as shown below.

Since the Fourier coefficients ak can be interpreted as the (not yet scaled) membership of the respective fre-
quency to the closest eigenfrequency, the two fuzzy membership functions of the fuzzy eigenfrequencies ω̃1

and ω̃2 are constructed from these coefficients. First, the frequency spectrum is divided into two parts, the
coefficients pertaining to the first and the second eigenfrequency, respectively. The peaks in these intervals
are assumed to be the nominal values – they are the most plausible choices – and accordingly, all Fourier
coefficients are rescaled to lie within the interval [0, 1], yielding the membership functions in Fig. 6.

In order not to presuppose any a-priori interdependencies of ω̃1 and ω̃2, the fuzzy output vector ω̃ is con-
structed as their independent joint possibility distribution according to Eq. (31).

Having found the fuzzy output vector ω̃ and given the corresponding map f , three possible problems in
parameter estimation shall be considered. Throughout these examples, the spring coefficients c1, c2 and c3
are assumed to be known.

0 2 4 6 8 10 12 14 16 18 20
0

2

4

6

·10−2
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a
k

spectrogram
eigenfrequencies

Figure 5: Frequency spectrum of x1(t).
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Figure 6: Assumed membership functions of the fuzzy-valued eigenfrequencies ω̃1 and ω̃2.
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5.1 Estimation of One Mass

In the first scenario, only one mass is identified. For instance, if the mass m2 is actually known, the map f
reduces to

f1 (θ) = f (θ,m2, c1, c2, c3) (47)

and only θ = m1 remains to be estimated. Computing

m̃1 = If
1
(ω̃) (48)

yields the membership function shown in Fig. 7a. The same procedure is performed analogously for estimat-
ing m2 given m1 in Fig. 7b.

Evidently, the estimates with the highest memberships lie very close to the true values of the masses. How-
ever, their membership values do not reach one, revealing that an estimate based on the crisp frequencies with
the largest Fourier coefficients would have been infeasible as no mass exists that can exactly reproduce these
frequencies given the other parameters. For m̃1 and m̃2, the degrees of consistency are cons (m̃1) = 0.89
and cons (m̃2) = 0.92, meaning that only in α-cuts located beneath these levels feasible masses can be found
in. The high degrees of consistency indicate that the problem is well-chosen, i.e. that the model f is suitable
for reproducing the constructed fuzzy output ω̃. By relaxing the problem, the ill-posedness of the (crisp)
nominal inverse problem is overcome, feasibility is reintroduced and clearly a suitable estimate is provided.

5.2 Estimation of Two Masses

In the second scenario, it is assumed that both masses θ =
[
m1 m2

]T are unknown and need to be esti-
mated, thus the map f2 is given by

f2 (θ) = f (θ1, θ2, c1, c2, c3) . (49)

The computation of
m̃ = If2 (ω̃) (50)

yields the joint possibility distribution of the two uncertain masses, shown in Fig. 8.

Again, the true parameter values of the two masses lie within the region where µm̃ attains its maximum with
a very high degree of consistency cons (m̃) = 0.93. However, it is clear that this time there is a second
region where the parameter is equally plausible to be located. The result suggests that further information
would be necessary to better determine the true masses as the uncertainty is too high to draw meaningful
conclusions.

5.3 Estimation of a Surrogate Mass

The last scenario is perhaps the most illustrative. The true masses m1 and m2 only differ by ten percent
which could be assumed to stem from irregularities in manufacturing etc. Thus, one might not wish to
identify them individually, but rather to find a good surrogate mass θ = m1 = m2. The map to be inverted
is then given by

f3 (θ) = f (θ, θ, c1, c2, c3) . (51)

The uncertainty that any estimate would yield is evidently a result from a lack of information encoded in the
model f3, namely the disparity of the masses, which is not included therein.

The evaluation of
m̃ = If3 (ω̃) (52)
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Figure 7: Results from estimating the masses m̃1 and m̃2.
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Figure 9: Membership functions of the surrogate
mass m̃ compared to the true values m1 and m2.

yields the membership function µm̃ shown in Fig. 9.

Again, the maximizer of the membership function lies close to the actual values m1 and m2, yet it would
have been impossible to find a surrogate mass that exactly reproduces the frequencies with maximal Fourier
coefficients. The relatively high degree of consistency cons (m̃) = 0.82 is an indicator for the validity of
the assumption that the masses can indeed be replaced by the surrogate mass even though an individual
estimation (see above) provides a more consistent possibility distribution.

A forward propagation of m̃ through f3, as presented in Fig. 10, shows that m̃ is able to reproduce ω̃1

and ω̃2 reasonably well, and their peaks manage to predict the true eigenfrequencies – especially the second
one – a little better than the spectrogram. One could also argue that by making the membership functions
– in particular the first one – tighter, it allows for a more precise prediction of the region where the true
eigenfrequencies lie.

6 Conclusions

In this contribution, a formalized procedure for the solution of inverse problems in fuzzy arithmetic has
been proposed. Even though a lot of nomenclature has been introduced, the basic principle is always the
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Figure 10: Forward propagation of the identified surrogate mass m̃ through f3 compared to the assumed
reference outputs ω̃1 and ω̃2.

same. Given a map f and a joint output distribution ỹ, Eq. (13) can be evaluated to determine the input
distribution x̃.

The presented approach has several advantages over other propositions. Most importantly, it is intuitive and
easy to evaluate as opposed to possibly non-convex constrained optimization problems and the like. From
a computational point of view, the question of how to effectively determine e.g. the support of the inverse
solution to enable further sampling etc. still remains. The authors have already obtained satisfying results
by employing sparse grids for the representation of the distribution.

As motivated throughout the paper, the presented results are exceptionally – but not solely – well suited to
support engineers in estimation tasks where e.g. the measured output cannot be inverted exactly. By relaxing
the problem in a sensible way and admitting some uncertainty, feasibility can be achieved even in cases
where the crisp problem proves infeasible and – as supported by the example – the best guess with the
highest degree of membership is often a promising estimate and very close to reality.
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Abstract 
Uncertainty quantification metrics are critical in the campaign of stochastic model updating, by provide an 

elaborate measurement of the uncertainty in both simulations and experiments. In this work, the 

Bhattacharyya distance is proposed as a comprehensive model updating metric for two samples considering 

their probabilistic properties. The updating process employs a two-steps Bayesian framework where the 

Bhattacharyya distance is well embedded and its performance is compared with the Euclidian distance. The 

Euclidian distance is utilized as metric in the first step where the geometry distance between the center 

points of the numerical and experimental samples are calculated. The posteriori distributions of the means 

are subsequently transferred to the second step where the Bhattacharyya distance is utilized as metric with 

the main effort to update the distributional coefficients of parameters. The feasibility of the overall two-step 

framework and the advantage of the Bhattacharyya distance metric are demonstrated in a simulated example. 

1 Introduction 

Uncertainty analysis has been generally acknowledged as a critical issue in computational mechanics 

engineering, where topics like stochastic model updating [1], verification and validation require more and 

more quantifiable uncertainty information in both simulations and experiments [2,3]. The development of a 

quantitative, comprehensive, and uniform metric for uncertainty information between two sets of 

simulated/measured data becomes one of the key aspects of uncertainty quantification (UQ).  

By providing an absolute geometry distance between two single points, the Euclidian distance is probably 

the most common metric especially in deterministic updating approaches. Alternatively, the Bhattacharyya 

distance is a stochastic metric between two samples considering their probabilistic distributions. The 

Bhattacharyya distance is clearly more comprehensive for uncertainty treatment, however, its application 

on model updating is quite limited, to our knowledge, in the current literatures. Consequently, this work 

focuses on generalizing the application of the Bhattacharyya distance as a universal metric for stochastic 

model updating, by developing a Bayesian updating framework, in which the Bhattacharyya distance is fully 

embedded and actively operated. 

The limitation of the Bhattacharyya distance’s application in stochastic model updating is not only caused 

by the huge calculation cost; more critically, it is caused by the stochastic properties when evaluating the 

distance between two random samples. Bi et al. [4] performed a comprehensive comparison among the 

Euclidian, Mahalanobis, and Bhattacharyya distances as updating metrics via a direct Monte Carlo approach. 

However, this approach is essentially based on a single and non-directional searching technique with low 

efficiency. In the case of complex problems with high-dimensional parameter space, this approach would 

fail to search the global solutions. 
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To solve this issue, in this paper, a stochastic Bayesian updating approach is proposed, employing the 

transitional Markov chain Monte Carlo (TMCMC) algorithm [5] as an efficient updating tool. Thanks to a 

customized likelihood function, the Bhattacharyya distance is well embedded in the updating framework as 

a UQ metric. The customized likelihood is of first importance, since it acts as a convenient connection 

between the Bayesian updating tool and the statistical distance metric. The overall updating framework 

proposes a two-step strategy to employ the Euclidian distance and the Bhattacharyya distance as updating 

metric, successively. This strategy is intended to compare the effect and performance of these two distances, 

and thus a general guideline for metric selection is concluded. A simulated example on a spring-mass system 

is proposed to demonstrate the feasibility of the overall Bayesian updating approach along with the proposed 

Bhattacharyya distance metric.  

2 Stochastic Bayesian updating and UQ metrics 

2.1 Mathematic description of the uncertain system and Bayes’ theorem 

In the stochastic model updating approach, the investigating system is represented by the three components: 

input parameters 𝑥, output features y, and the numerical model 𝑓(∙): 

 𝐲 = 𝑓(𝐱); 

𝐲 = [𝑦1, 𝑦2 , … , 𝑦𝑚]𝑇; 

 𝐱 = [𝑥1, 𝑥2, … , 𝑥𝑛]𝑇 (1) 

where x and y are respectively the input and output vectors; m and n are the number of output and input 

quantities, respectively. The numerical model 𝑓(∙) can be either a complicated code package (e.g. finite 

element model) or a simplified functional relationship (e.g. response surface model). 

In the deterministic updating scenario, it is not rare that only a single experiment is performed. The 

discrepancy between this single data and the model prediction is employed as the objective function, and 

the model parameters are updated through sensitivity-based methods [6] to minimize the discrepancy. 

However, because of the lack of knowledge and randomness of environment/human factors, both epistemic 

and aleatoric uncertainties are inevitable in parameterization and modelling, and the experiment processes. 

Consequently, in stochastic updating scenario, a multi-analysis-multi-experiment strategy is necessary, 

which leads to multiple samples of model inputs and outputs. The uncertainty information, implied in these 

samples, can be represented in various forms, such as intervals, fuzzy sets, and probabilistic distributions.  

Suppose the size of the analytical samples is 𝑁𝑎, the model evaluation is executed 𝑁𝑎 times to generate the 

analytical feature sample 𝐘𝑎 ∈ ℝ𝑁𝑎×𝑚: 

 𝐘𝑎 = [

𝑦11 ⋯ 𝑦1𝑚

⋮ ⋱ ⋮

𝑦𝑁𝑎1 ⋯ 𝑦𝑁𝑎𝑚

] (2) 

In addition to the analytical features, the experimental feature sample is obtained after multiple test. Suppose 

the number of experiments is 𝑁𝑒, the experimental feature sample has the similar structure as Eq. (2), while 

only the number of rows is changed: 𝐘𝑒 ∈ ℝ𝑁𝑒×𝑚. Now the objective of stochastic model updating can be 

expressed as to minimize the discrepancy between 𝐘𝑒 and 𝐘𝑎, by calibrating the uncertain information of 

the sample of model inputs: 𝐗𝑎. Note that, not only the means of the model parameters are calibrated, but 

also other uncertainty properties, i.e. variance and distribution form, need to be updated in the stochastic 

model updating process.  

The stochastic nature of the Bhattacharyya distance (described in the following Sec. 3) makes it difficult to 

be employed in the classical deterministic approach [4]. Therefore, the well-known Bayesian updating 

framework is proposed in this work to employ the Bhattacharyya distance as a UQ metric. The foundation 

of Bayesian updating is  
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𝑃(𝐗|𝐘𝒆) =
𝑃𝐿(𝐘𝑒|𝐗)𝑃(𝐗)

𝑃(𝐘𝑒)
                                                                             (3) 

with the key elements in Bayes’ theorem: 

 𝑃(𝐗) is the prior distribution of the inputs, representing the initial knowledge of 𝐗; 

 𝑃(𝐗|𝐘𝑒) is the conditional distribution of the inputs, which is also known as the posterior distribution 

after Bayesian model updating based on the experimental data; 

 𝑃(𝐘𝑒)  is the so-called “normalization factor”, which guarantees the integral of the conditional 

distribution 𝑃(𝐗|𝐘𝑒) is normalized; 

 𝑃𝐿(𝐘𝑒|𝐗) is the likelihood function of the experimental features 𝐘𝑒, for an instance of the parameters 𝐗. 

Among the above elements, the likelihood 𝑃𝐿(𝐘𝑒|𝐗) is critical, since it represents the possibility of the 

experimental data under each investigating instance of the updating parameters 𝐗. And thus the principle of 

Bayesian updating is expressed as: To find the specific parameters 𝐗, which allows the exiting experimental 

observations to possess the largest probability, i.e. allows the likelihood function 𝑃𝐿(𝐘𝑒|𝐗) to reach the 

maximum. 

2.2 Customized likelihood function and TMCMC algorithm 

Considering the application of the Bhattacharyya distance as a UQ metric, it is natural to propose a 

customized likelihood function, involving the information of discrepancy between the experimental and 

analytical outputs. In this work, the likelihood function is defined as 

𝑃𝐿(𝐘𝑒|𝐗) =
1

𝜎√2𝜋
𝑒𝑥𝑝 {−

𝑑(𝐘𝑒 , 𝐘𝑎)2

2𝜀2 }                                                           (4) 

where 𝑑(𝐘𝑒 , 𝐘𝑎) is the distance metric representing the discrepancy between the experimental and analytical 

outputs; 𝜀 is the so-called width factor, which is a pre-defined coefficient controlling the centralization 

degree of the posterior distribution of the parameter 𝐗. Lots of tests on different applications suggest the 

interval of 𝜀 fall within [10−1, 10−3]. A smaller 𝜎 gains a more peaked posterior distribution which is more 

likely to concentrate to the true value, however, requires more calculation effort by nature. What’s more, an 

excessive small 𝜀  results in the consequence that the integration and sampling from the very peaked 

posterior distribution would be very difficult or even intractable. 

The above discussion reveals a difficulty of the Bayesian updating approach, which is relative to the 

normalization factor  𝑃(𝐘𝑒). Indeed, the direct integration of the posterior distribution over the whole 

parameter space is quite difficult in practical application [7]. To solve this iuuse, the Transitional Markov 

Chain Monte Carlo (TMCMC) [5] algorithm along with the Metropolis-Hasting algorithm [8] are employed 

in this work as an effective updating tool. About this well-known TMCMC algorithm, Refs. [5,9] are 

suggested for more details, and more applications of this algorithm can be found in fields from stochastic 

model updating [10,11] to structural health monitoring [12].  

3 A two-step strategy using Euclidian and Bhattacharyya distances 

The overall updating framework proposes a two-step strategy, where the Euclidian distance and the 

Bhattacharyya distance are respectively utilized as updating metrics, by constructing the customized 

likelihood function following Eq. (4). This strategy is specially designed to compare and reveal the merit 

and demerit of the Euclidian and Bhattacharyya distances, and thus a general selection guideline of these 

metrics is concluded. 
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The Euclidian distance is an absolute geometry distance between two points. Considering the experimental 

and analytical output samples, 𝐘𝑒 ∈ ℝ𝑁𝑒×𝑚 and 𝐘𝑎 ∈ ℝ𝑁𝑎×𝑚, the operable manner to evaluate the Euclidian 

distance between these two samples is focusing on their mean values: 

 𝑑𝐸(𝐘𝑒 , 𝐘𝑎) = [(𝐘𝑒
̅̅ ̅ − 𝐘𝑎

̅̅ ̅)(𝐘𝑒
̅̅ ̅ − 𝐘𝑎

̅̅ ̅)𝑇]1/2 (5) 

where 𝐘∎
̅̅̅̅  is a row vector of the means of the matrix. The Euclidian distance contains only means of the 

matrices, while more information of the sample such as variance, covariance, and distribution is ignored. 

Consequently, it is more generally used in the deterministic updating methodologies where a single-

simulation-single-observation procedure is utilized.  

In the presence of random samples, a more comprehensive metric considering not only the mean but also 

the probabilistic or distributional information is desired. The Bhattacharyya distance is consequently 

proposed herein as a stochastic metric quantifying the degree of overlap between the distributions of two 

variables. The Bhattacharyya distance has the theoretical expression as  

 𝑑𝐵(𝐘𝑒 , 𝐘𝑎) = − log {∫ [𝑃𝑒(𝑦)𝑃𝑎(𝑦)]1/2d𝑦
𝕐

} (6) 

where 𝑃∎(𝑦) is the probability density function (PDF) of the sample; ∫ ∎d𝑦
𝕐

 denotes the integration over 

the whole output space. Note that, for most applications, there are more than one output quantities, i.e. 𝑚 >
1, and thus the integration is performed on multi-dimension joint PDFs. It means, despite multi-output, the 

Bhattacharyya distance can always present as a uniform scalar taking the correlation among these multiple 

outputs into account, because of the multi-dimension joint PDF. This is one of the advantages of the 

Bhattacharyya distance. 

To calculate the Bhattacharyya distance, a necessary step is to estimate the PDF based on the observation 

sample of the output variables. Classical techniques such as kernel density estimation [13] can be used in 

this step. However, this technique requires a large number of samples to achieve a converged estimation of 

the PDF. However, this requirement is usually infeasible, since number of observations is always limited, 

especially for applications where experiments are difficult or expensive. Instead of estimating an 

approximate PDF, a more practical method, named as the binning algorithm [4], is proposed to evaluate the 

probability mass function (PMF) of a discrete distribution. This algorithm contains the following steps: 

1) Determine the public interval 𝐼𝑖 of both 𝐘𝑒 and 𝐘𝑎 according to the ith output y𝑖, ∀i = 1, … , 𝑚; 

2) Decide the number of bins 𝑛𝑏𝑖𝑛 in the output variable space; 

3) Count the joint probability mass for each bin.  

Subsequently, the Bhattacharyya distance between two discrete distributions is evaluated as 

 𝑑𝐵(𝐘𝑒 , 𝐘𝑎) = − log (∑ √𝑃𝑀𝑒
(𝑘)

𝑃𝑀𝑎
(𝑘)𝑁𝑏𝑖𝑛

𝑘=1 ) (7) 

where 𝑃𝑀∎
(𝑘)

 is the probability mass of the kth bin. An advantage of this binning algorithm is that it makes 

the evaluation process independent to the actual distribution form of the variables. This makes it especially 

appropriate for stochastic model updating where the feature distributions cannot be exactly determined.  

However, the Bhattacharyya distance’s comprehensiveness makes its quantification on the means is not as 

direct as the Euclidian distance. For the extreme situation where the two investigating samples are too far 

to have any overlap, the Bhattacharyya distance value becomes infinite. This is the drawback of the 

Bhattacharyya distance, which is also the motivation to design this two-step strategy such that the geometry 

distance between the samples can be firstly reduced by the Euclidian distance metric, and thus the 

Bhattacharyya distance can be safely operated in the second step. The effect of this strategy is demonstrated 

in the follow example section.  
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4 Demonstration on a spring-mass system 

4.1 Problem description 

As shown in Fig. 1, a four degree-of-freedom (dof) spring-mass system is proposed in this section to 

demonstrate feasibility of the overall two-step Bayesian updating framework, where the Euclidian distance 

and the Bhattacharyya distance are utilized as UQ metrics in the first and second step, respectively. This 

numerical system contains four masses and eight springs, implying totally 12 parameters. In this example, 

the first four stiffness coefficients k1-k4 are regarded as uncertain parameters to be investigated. the 

remaining parameters (i.e. the four masses m1-m4 and the last four stiffness coefficients k5-k8) are treated as 

constant without uncertainty. The prescribed values of these constants are: m1=0.7kg, m2=0.5kg, m3=0.3kg, 

m4=0.5kg, and k5-8=5.0N/m. 

 

Fig. 1: The proposed 4 dof spring-mass system 

The uncertainty properties of k1-k4 are detailed in Table 1, where both epistemic and aleatoric uncertainties 

are represented. k1-k4 are assumed as independent variables, obeying Gaussian or uniform distribution, 

which represents the aleatoric uncertainty. what’s more, the distributions are not fully determined, since 

their probabilistic coefficients (e.g. the mean, variance, or boundary) are not fully known constant but lying 

within the given intervals, as shown in Table 1, representing the epistemic uncertainty due to the lack of 

knowledge. Instead of simple intervals of the parameters in the deterministic updating framework, the above 

assumption results in uncertainty spaces of the parameters under the probabilistic sense. Consequently, the 

stochastic updating problem in this example is more challenge than the classical deterministic updating 

procedure, since the task herein is no longer to calibrate the parameter itself, but to reduce the uncertainty 

space of the parameter by calibrating its distributional coefficients. By reducing and calibrating the 

uncertainty space of the parameters, the uncertainty space of system outputs is finally reduced and tuned 

close to the experimental data.  

The four natural frequencies of the system f1-f4 are selected as the investigating outputs, whose uncertainty 

spaces are driven by the uncertainty spaces of k1-k4. A set of target values of distributional coefficients is 

given in Table 1, which can be used to generate the “simulated” experimental data. Assume the size of the 

experimental sample is 100, the parameters are randomly sampled 100 times based on the distributions along 

with the target coefficients. Subsequently, 100 samples of outputs are available which will be served as 

target in the updating procedure.  

The last column of Table 1 presents the initial values of the distributional coefficients, which are set to be 

different from the target values. Considering the output samples, Fig. 2 presents the positional relationship 

between the initial and target data scatters, in the plane of f1 and f4. The Gaussian mixture modelling 

technique (with two Gaussian components) is utilized to estimate the joint PDFs of these two output 

variables. A set of contours of this estimated PDF is illustrated on each corresponding scatter as shown in 
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Fig. 2. Because the input parameters in Table 1 have different distribution forms, the evaluated system 

outputs present a distribution which is neither Gaussian nor uniform. Fig. 2 clearly shows the objective of 

this problem is not only to shift the initial sample toward the target sample, but also, more important, to 

reshape the initial sample such that the updated sample has the similar distribution as the target. To achieve 

this objective, both the Euclidian and Bhattacharyya distances are employed as metrics in the Bayesian 

updating procedure. 

Parameter Uncertainty characteristic Target value Initial value 

k1 Gaussian, 𝜇1 ∈ [3.0, 7.0], 𝜎1 ∈ [0.0, 0.5] 𝜇1 = 4.0, 𝜎1 = 0.1 𝜇1 = 7.0, 𝜎1 = 0.25 

k2 Uniform, 𝑎2 ∈ [1.0, 4.0], 𝑏2 ∈ [6.0, 9.0] 𝑎2 = 3.0, 𝑏2 = 6.5 𝑎2 = 4.0, 𝑏2 = 9.0 

k3 Gaussian. 𝜇3 ∈ [3.0, 7.0], 𝜎3 ∈ [0.0, 0.5] 𝜇3 = 3.5, 𝜎3 = 0.5 𝜇3 = 7.0, 𝜎3 = 0.25 

k4 Uniform. 𝑎4 ∈ [1.0, 4.0], 𝑏4 ∈ [6.0, 9.0] 𝑎4 = 2.0, 𝑏4 = 8.0 𝑎4 = 4.0, 𝑏4 = 9.0 

Table 1: Uncertainty properties of the input parameters 

 

Fig. 2: Initial simulated and target experimental scatters  

4.2 Step I: Updating with the Euclidian Distance Metric 

There are eight distributional coefficients relative to the four parameters k1-k4 in this problem, and all prior 

distributions of these eight values are set to be uniform within the prescribed intervals as shown in Table 1. 

In the following context, the eight distributional coefficients are also termed as parameters. The Euclidian 

distance between the target sample and the simulated outputs sample is utilized to construct the likelihood 

function following Eq. (4). The width factor 𝜀 is  set as 0.005, and 8 iteration steps are performed in the 

TMCMC algorithm before the convergence.  

The posterior distributions of the eight parameters are illustrated in Fig. 3. After this updating step, most 

parameters (e.g. 𝜎1, 𝜎3, a4, and b4) have posterior distributions which are still nearly uniform, implying the 

updating step for these parameters is ineffective. Exceptionally, the posterior distributions of 𝜇1 and 𝜇3 are 

obviously different for their prior uniform distribution. The updated values of 𝜇1 and 𝜇3 are consequently 

available by calculating the means of the final sample of the updated inputs. The updated values of 𝜇1, a2, 

b2, and 𝜇3 are listed in Table 2, while the values of other parameters are omitted because their posterior 

distributions are still nearly uniform. 
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Fig. 3: The posterior distributions of the eight inputs after updating with Euclidian distance 

A more intuitionistic representation of the effect of the first updating step is revealed by Fig. 4, where the 

positional relationship between the updated sample (named as Sample-ED in the figure) and the target 

experimental sample is illustrated. The centre points of the updated sample and the experimental sample are 

conincident with each other. However, the contour of the updated sample is remain the same as the one of 

the initial sample in Fig. 2, and thus obviouly different from the contour of the experimental sample. This 

phenomenon represents the effect of the first updating step is only to shift the initial sample toward the 

experimental sample, whithout any change on the shape of the sample. This result is cinsistent with the 

principle that the Euclidian distance only measures the geometry distance between the centre points of 

samples, while the disperion and distribution information of the samples is omitted. Consequently, a more 

comprehensive metric is required in the second updating step to further reduced the discrepancy between 

Sample-ED and the target experimental sample. 

 

Fig. 4: Updated samples with the Euclidian distance mertic 
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Input Target value 
Updated value 

with Euclidian metric with Bhattacharyya metric 

𝜇1 4.0 3.5427 (-11.4%) 3.8647 (-3.38%) 

𝜎1 0.1 --  0.1226 (22.6%) 

𝑎2 3.0 2.5906 (-13.6%) 2.2296 (-25.7%) 

𝑏2 6.5 7.5797 (16.6%) 7.3763 (13.5%) 

𝜇3 3.5 3.3560 (-4.12%) 3.4104 (-2.56%) 

𝜎3 0.5 -- 0.4731 (-5.38%) 

𝑎4 2.0 -- 1.9791 (-1.04%) 

𝑏4 8.0 -- 8.3170 (3.96%) 

Absolute Mean Error 11.45% 9.763% 

Table 2: Updated inputs using different distance metrics (percent errors in the parentheses) 

4.3 Step II: Updating with the Bhattacharyya Distance Metric 

In the second updating step, the Bhattacharyya distance is utilized as UQ metric to measure the discrepancy 

between the samples. Note that, this updating step is not performed on the initial output sample in Fig. 2, 

but performed on the updated sample after the first step (i.e. Sample-ED in Fig. 4). Therefore, the posterior 

distributions of the parameters are taken as prior distributions in this step. The width factor 𝜀 is  set as 0.1, 

and the final convergence is reached after 12 iteration steps in the TMCMC algorithm. Fig. 5 illustrates the 

further updated posterior distributions of the eight input parameters, which are clearly different from the 

ones in Fig. 3. As shown in Fig. 5, all posterior distributions of the parameters are updated to concentrate to 

a single pole, implying the second updating step is effective for all parameters. Means of these posterior 

distributions are listed in the last column of Table 2. It is shown that the updated values are quite close to 

the target. The comparison between these updated PDFs and values in the first and second steps is further 

discussed in the next subsection (Sec. 4.4). 

 

Fig. 5: Posterior distributions of the six inputs after updating with Bhattacharyya distance 
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A vivid representation of the updating process of the sample distributions is illustrated in Fig. 6. The final 

output sample updated using the Bhattacharyya distance metric is named as Sample-BD in the figure. The 

contour of Sample-BD is clearly calibrated from the contour of Sample-ED (referring to Fig. 4), and the 

finally updated contour of the sample is similar as the one of the experimental sample. After the iterative 

updating process, the final sample appears to coincide with the target sample, no matter on the position or 

on the shape, implying the Bhattacharyya distance metric is capable of updating of the uncertainty space of 

the outputs, and thus the input parameters. 

 

Fig. 6: Updated samples with the Bhattacharyya distance metric 

4.4 Comparison between the results of the two steps 

A detailed comparison between the posterior PDFs of the input parameters in these two updating steps is 

presented in Fig. 7. As mentioned above, the updated values of the parameters are estimated by calculating 

the mean of the updated samples, and these values are listed in Table 2, with the relative error compared 

with the target values in the parentheses. In order to obtain a comprehensive comparison of the results, a 

combined investigation on Fig. 7 and Table 2 is performed in the following discussion.  

As shown in Fig. 7, the first updating step with the Euclidian distance is effective on only 𝜇1  and 𝜇3 . 

Furthermore, only 𝜇3 has the similar posterior PDFs in these two steps. Refer to Table 2, the errors of 𝜇3 in 

both steps (-4.12% and -2.56%) are quite small, imply a good updating effect for this parameter. For 𝜇1, a 

clearly centralized PDF is obtained after the first step, however, this PDF is different from the one after the 

second step. The second step has a better updating effect for 𝜇1, since Table 2 shows that the error of the 

updated 𝜇1 with Bhattacharyya metric is much smaller than the one with the Euclidian metric. For the other 

parameters except 𝜇1 and 𝜇3, Fig. 7 clearly shows the posterior PDFs after the first step are still nearly 

uniform, while the posterior PDFs after the second step are obviously centralized to a single pole. The 

updated parameter values with the Bhattacharyya distance metric in Table 2 have an absolute mean error no 

more than 10%, which is even smaller the mean error of the only four available values with the Euclidian 

metric. This demonstrates that the Bhattacharyya distance utilized in the second updating step has a 

comprehensive advantage on distributional coefficient updating. 
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Fig. 7: Comparison of the posterior PDFs using different distance metrics 

However, despite the comprehensive advantage, it is important to state that the Bhattacharyya distance is 

not suitable to be utilized as the exclusive metric without the assistant of the Euclidian distance metric. As 

discussed in Sec. 3, a significant drawback of the Bhattacharyya distance is the infiniteness when the 

investigating data samples are too far from each other. As an example, Fig. 2 illustrates this extreme 

situation, where the initial sample are completely apart from the experimental sample; that is to say, when 

the distributions of these two samples have no superposition. In this situation, the value of Bhattacharyya 

distance is always infinite regardless the varying discrepancies between these two samples. Consequently, 

the two-step strategy is specially designed to overcome this drawback of the Bhattacharyya distance by 

employing the Euclidian distance in the first step to shift the initial sample toward the observation sample, 

and then to reshape the sample in the second step. 

5 Conclusions and perspectives 

In this work, a stochastic Bayesian model updating approach employing the TMCMC algorithm and a 

customized likelihood function is proposed. This approach contains a two-step strategy where the Euclidian 

distance and the Bhattacharyya distance are utilized as the UQ metric, successively. These two steps have 

the uniform framework and the only difference between them is the customized likelihood function in 

Bayes’ theorem is constructed using the Euclidian or Bhattacharyya distance.  

During the updating procedure, the Euclidian distance is utilized as an absolute geometry distance 

considering only the means of samples. Comparatively, the Bhattacharyya distance is demonstrated to be 

more comprehensive because of the capability to calibrate not only the mean but also distributional 

coefficients of the samples. Consequently, it is a potential UQ metric which is more desirable for uncertainty 

treatment. 

However, the spring-mass system example provides a special case where a direct and exclusive application 

of the Bhattacharyya distance is defective, since the infiniteness evaluation of the distance between the 

initial sample and the target sample. This demonstrates that the deterministic updating should be the 

precondition of any stochastic updating. In other words, the classical Euclidian distance metric using 

nominal parameters together with data means should be kept as the backbone in any stochastic updating 

procedure.  
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Abstract 
In this paper an FE model of the contact interface in a bolted structure is considered. The paper demonstrates 

how the uncertainty may be represented in the contact interfaces and investigates these uncertainty effects 

in the dynamic responses of the structure, e.g. natural frequencies. The contact interface is modelled using 

stochastic material properties to account for the variability in contact parameters, i.e. surface roughness and 

preload effects. A simplified stochastic dynamic model is then used, and the parameters of the uncertain 

joint model are identified based on simulated data. The maximum likelihood method is used for 

identification. 

1 Introduction 

Frictional contact interfaces are commonly used in many applications in engineering. Due to the lack of 

information about the various parameters of the contact interfaces- such as contact stiffness and damping 

and surface roughness - they introduce uncertainty in the dynamic responses of assembled structures. 

Measurement, quantification and modelling of this uncertainty is a step forward in engineering structural 

design.  

Gangadharan et al. [1] identified the stochastic welded joint model parameter in a car body by employing 

two coupled and uncoupled models. Lopez et al. [2] considered the connection between two substructures 

of a space structure as random springs and investigated the uncertainty in structural responses such as FRFs 

due to the uncertainty in joint parameters. Guo and Zhang [3] identified the uncertainty in joint model 

parameters by using updating approaches. Castelluccio and Brake [4] employed FE simulation to investigate 

the model input and form uncertainties in threaded fasteners. They characterized the source of uncertainty 

and variability in modelling fasteners as uncertainty in geometry, materials, mechanics and methodology.  

In this paper uncertainty modelling in the contact interface of a lap-joint is considered.  First, a stochastic 

equivalent thin layer model for the contact interface is proposed. The proposed model is then used in a 3D 

FE model of an assembled structure and variability in the natural frequencies due to the variability in contact 

interface parameters is simulated. The simulated natural frequencies are then employed and uncertainty in 

the parameters of a simplified stochastic joint model is identified. A hybrid analytical-FE modelling 

approach is also proposed to obtain the natural frequencies of the simplified dynamic model of the structure.  

2 Theoretical background and development  

Mechanical joints introduce flexibility into assembled structures due to the normal and tangential stiffnesses 

of their contact interfaces. The overall stiffness of two surfaces in contact in the normal and tangential 

directions has been addressed by many researchers in the past [5-7]. The contact interfaces are one of the 
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main sources of uncertainty in the assembled structure [8]. A main source of variability in contact parameters 

is the randomness in the contact surface characteristics such as preload and surface finish. In the next section, 

a thin layer with stochastic material properties is proposed to model contact surfaces based on the 

randomness in contact surface parameters. 

2.1 Stochastic thin layer 

In this section, two rough surfaces in contact with each other, as shown in Figure 1, is considered. From a 

microscopic point of view, the real profile of a surface 𝑧(𝑥, 𝑦) can be considered as a random process being 

described by the height statistical distribution function 𝜑(𝑧) and the autocorrelation function ℛ(𝜆) [9].  

 

Figure 1: Contacting rough surfaces in a typical lap-joint application  

The contact interface is loaded in normal and tangential directions as shown in Figure 1. Following the 

approximation made by Greenwood and Williamson [10] and to derive the tangential stiffness 

corresponding to the contact surfaces shown in Figure 1, we consider a smooth rigid surface in contact with 

a rough elastic surface as shown in Figure 2(a). We also consider the contact between two surfaces as the 

contact between widely spaced asperities.  

 

 

Figure 2: Contact between two rough surfaces (a) and the equivalent thin layer (b) 

Based on Hertzian contact theory [11] the pressure distribution around asperity 𝑖 with radius of curvature 

𝑅𝑖 carrying the normal load 𝑃𝑖 can be approximated by [12], 

                                                                  𝑝(𝑟𝑖) = (
6𝑃𝑖𝐸

∗2

𝜋3𝑅𝑖
2 )

1/3

√1 − (
𝑟𝑖

𝑎𝑖
)
2
                                                           (1) 

where 𝑟𝑖 is a radial coordinate centered on asperity 𝑖. 𝑎𝑖 and 𝐸∗ are the radius of the contact patch and the 

equivalent modulus of elasticity of the contacting pair respectively. They are given by, 
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                                                                     𝑎𝑖 = (
3𝑃𝑖𝑅𝑖

4𝐸∗
)
1/3
,  𝐸∗ =

𝐸

1−𝜐
                                                   (2-3) 

where 𝐸 is the Young’s modulus and 𝜐 is the Poisson’s ratio of the contact surfaces. The contact surfaces 

are considered identical in this paper. This makes it possible to assume that the asperities are initially in 

stick regime (e.g. no slip takes place) when the contact interface is loaded tangentially. Therefore, the 

distribution of shear force around asperity i is given by [11], 

                                                                        𝑞(𝑟𝑖) =
𝑄𝑖

2𝜋𝑎𝑖
2√1−(

𝑟𝑖
𝑎𝑖
)
2
                                                                  (4) 

where 𝑄𝑖 is the shearing force applied to asperity i. The tangential stiffness of asperity i can be expressed as 

[13],        

                                                               𝜅𝑖
𝑇 =

𝑄𝑖

Δ
= 8𝑎𝑖 (

𝐺

2−𝜐
) = 4𝑎𝑖 (

𝐸

(2−𝜐)(1+𝜐)
)                                                  (5) 

where Δ is the relative tangential displacement of the contacting bodies and 𝐺 is their shearing modulus. 

Since the asperities are randomly distributed and therefore have random parameters, Equation (5) indicates 

a random distribution of tangential stiffnesses in the contact interface. 

The linear behaviour of contacting asperities - i.e. prior to slippage- can be analyzed by simulating the 

contact interface of Figure 2(a) as a thin layer shown in Figure 2(b). It can be ideally assumed that the thin 

layer is divided into 𝑁 sections, each corresponding to one asperity in contact. Therefore, since the 

contacting asperities have a stochastic distributed function 𝜑(𝑧), the thin layer has consequently stochastic 

distributed material properties.  

The shear stress for the section of thin layer corresponding to asperity 𝑖 with shear modulus 𝐺𝑖 can be 

expressed as [14], 

                                                                              𝜏𝑖 = 𝐺𝑖𝛾 ≈ 𝐺𝑖
∆

𝑑
                                                                            (6) 

The shear stress can also be calculated by using the tangential force 𝑄𝑖 and the area of the contact patch 𝐴𝑖 
corresponding to asperity i, 

                                                                                     𝜏𝑖 =
𝑄𝑖

𝐴𝑖
                                                                                     (7) 

By combining equations (6) and (7) and using the definition of tangential stiffness in equation (5) one 

obtains, 

                                                                                𝜅𝑖
𝑇 =

𝑄𝑖

Δ
=

1

𝑑
𝐴𝑖𝐺𝑖                                                                              (8) 

Finally, by using equation (5) and (8) the shear modulus for the section of thin layer corresponding to 

asperity 𝑖 is obtained as, 

                                                               𝐺𝑖 = 8𝑑 (
𝐺

2−𝜐
)
𝑎𝑖

𝐴𝑖
= 4𝑑 (

𝐸

(2−𝜐)(1+𝜐)
)
𝑎𝑖

𝐴𝑖
                                                     (9) 

Equation (9) indicates that the contact interface can be modelled as a thin layer having randomly distributed 

material properties. Therefore, the shear modulus of the stochastic thin layer is considered as, 

                                                                               𝐺𝑇𝐿 = 𝐺0(1 + 𝜀𝜑𝐺(𝑧))                                                             (10) 

where 𝐺0 is the mean value of the distributed shear modulus and 𝜑𝐺(𝑧) is a zero-mean stationary field. The 

ratio between the normal and tangential stiffnesses of two similar contact surfaces is a function of the 

Poison’s ratio [13, 15], i.e. 𝜅𝑁/𝜅𝑇 = 𝑓(𝜐). Since the normal stiffness of the contact interface can be directly 

related to the Young’s modulus 𝐸𝑇𝐿 of the stochastic thin layer, we also assume, 

                                                                              𝐸𝑇𝐿 = 𝐸0(1 + 𝜀𝜑𝐺(𝑧))                                                                (11) 

where 𝐸0 is the mean value of the distributed elastic modulus of the contact interface. If the behaviour of 

the contact interface in the normal and tangential directions is assumed to be decoupled, then equations (10) 

and (11) can fully describe the behaviour of the stochastic thin layer, otherwise, based on Hook’s law a 
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constant Poisson’s ratio 𝜐0 is defined for the stochastic thin layer which satisfies 𝐺0 = 𝐸0/2(1 + 𝜐0). The 

concept of the contact interface model using a stochastic thin layer is used in the following sections to 

simulate the behaviour of an assembled structure. First, simulation of the material properties over the contact 

interface as a 2D random field is considered in the next section. 

2.2 Simulation of stochastic material properties in 2D 

We consider the distribution of the material properties over the contact interface, i.e. 𝐺𝑇𝐿 and 𝐸𝑇𝐿, as spatial 

processes which are characterized by 𝜑𝐺(𝑧) as defined in equations (10) and (11). 𝜑𝐺(𝑧) contains a set of 

random variables {𝜑𝑡, 𝑡 ∈ Τ} where Τ, the index set, is some subset of the 2-dimensional Euclidian space 

ℝ2. 𝜑𝑡 is a random quantity defining the randomness in the shear modulus associated with a spatial position 

𝑡 in the contact interface. The state space of the special process is defined as the set of possible values of 

𝜑𝑡. Since FE modeling of the contact interface is considered in the next sections and, therefore, discrete 

number of material properties are assigned to a discrete number of elements to model a continuous contact 

interface, {𝜑𝑡 , 𝑡 ∈ Τ} is a special process with discrete index set and continuous state space. The Gaussian 

random field 𝜑𝐺(𝑧) at a set of discrete points 𝑡1, … , 𝑡𝑟 in ℝ2 over the contact interface is defined as, 

                                                         𝜑𝐺(𝑧) = (𝜑𝑡1 , … , 𝜑𝑡𝑟  )
𝑇
~𝑁(𝜇𝑡 , Σ𝑠,𝑡)                                                              (12) 

where 𝜇𝑡 = 𝚬𝜑𝑡 is the expectation function and Σ𝑠,𝑡 = 𝒄𝒐𝒗(𝜑𝑡 , 𝜑𝑠) is the covariance function. The 

Gaussian process is stationary if the expectation function is constant and the covariance function does not 

change under translation, i.e. 𝒄𝒐𝒗(𝜑𝑡+𝑢, 𝜑𝑠+𝑢) = 𝒄𝒐𝒗(𝜑𝑡 , 𝜑𝑠).  

In the following, simulation of the stationary Gaussian process 𝜑𝐺(𝑧) on a 𝑛 ×𝑚 rectangular grid 

representing the FE mesh grid corresponding to the stochastic thin layer is investigated. We consider the 

covariance function between two points {𝑠} = [𝑥𝑠, 𝑦𝑠] and {𝑡} = [𝑥𝑡 , 𝑦𝑡] in the rectangular grid to depend 

on the Euclidean distance, i.e. 

                                                 𝒄𝒐𝒗(𝜑𝑡 , 𝜑𝑠) = 𝜌({𝑠} − {𝑡}) = 𝑒
−
1

𝑏
√(𝑥𝑠−𝑥𝑡)

2+(𝑦𝑠−𝑦𝑡)
2
                                       (13) 

It is noteworthy that the random field is isotropic, i.e. the distribution remains the same under rotation, if 

𝜌(𝑠 − 𝑡) = 𝜌(‖𝑠 − 𝑡‖). Let Ω be an 𝑚𝑛 ×𝑚𝑛 symmetric block-Toeplitz covariance matrix where 𝑚𝑛 =
𝑚 × 𝑛. The covariance matrix Ω can be uniquely characterized by its first block row (𝑅1, … , 𝑅𝑛) where each 

block 𝑅𝑘 , 𝑘 = 1,… , 𝑛 is also characterized by its first row and column. Having Ω, the 𝑚𝑛̅̅ ̅̅ × 𝑚𝑛̅̅ ̅̅  block-

circulant matrix Σ where 𝑚𝑛̅̅ ̅̅ = (2𝑚 − 1) × (2𝑛 − 1) is constructed. The procedure for constructing Ω and 

Σ is described in [1]. After diagonalizing the block circulant matrix as Σ = Ρ∗𝑑𝑖𝑎𝑔(𝛾)Ρ, matrix Γ is formed 

by using eigenvalues 𝛾𝑘 , 𝑘 = 1,… , (2𝑚 − 1) × (2𝑛 − 1)  . By defining a complex Gaussian matrix Ζ with 

entries Ζ𝑗,𝑘 = U𝑗,𝑘 + 𝑖V𝑗,𝑘 where U𝑗,𝑘 , V𝑗,𝑘~𝑁(0,1), the realization of the Gaussian field 𝜑𝐺 is obtained from 

the two-dimensional fast Fourier transform (FFT2) of √Γ⊙ Ζ where square root is applied to each 

component of Γ and ⊙ denotes component-wise multiplication [16]. Some realizations of 𝜑𝐺 are shown in 

the left hand-side of Figure 3. In the right hand-side of Figure 3, the distributions of 𝜑𝐺 are shown which 

indicate a random distribution. 
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Figure 3: Some realizations of 𝜑𝐺 

2.3 Stochastic modeling of a bolted structure 

In this section the dynamic model of an assembled structure is considered. We first describe how to model 

the stochastic interface joint model and later the model will be used to identify the joint model parameters 

based on simulated data. A bolted structure as shown in Figure (4) is considered. The structure contains two 

beam substructures connected through a frictional contact interface provided by a bolted lap joint.  

 

Figure 4: Schematic of the joined structure (a), hybrid FE-Analytical modeling method (b) and internal 

forces at the joint boundaries (c) 
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The equations governing the beam sections of the structure shown in Figure 4(b) can be written as, 

                                                           𝐸𝐼𝑤1
′′′′ + 𝜌𝐴�̈�1 = 0,     0 ≤ 𝑥 ≤ 𝐿1                                                        (14) 

                                                           𝐸𝐼𝑤2
′′′′ + 𝜌𝐴�̈�2 = 0,     0 ≤ 𝑥 ≤ 𝐿2                                                (15) 

The boundary conditions and compatibility requirements are, 

                                                  𝑤1
′′(0, 𝑡) = 𝑤1

′′′(0, 𝑡) = 𝑤2
′′(𝐿2, 𝑡) = 𝑤2

′′′(𝐿2, 𝑡)                                (16-19) 

                                𝐸𝐼𝑤1
′′(𝐿1, 𝑡) = 𝑀1, 𝐸𝐼𝑤1

′′′(𝐿1, 𝑡) = 𝑉1, 𝐸𝐼𝑤2
′′(0, 𝑡) = 𝑀2, 𝐸𝐼𝑤2

′′′(0, 𝑡) = 𝑉2   (20-23) 

The equations governing the dynamic response of an FE model representing the joint section can be written 

as, 

                                                [𝑴𝑱]{�̈�𝑱(𝒕)} + [𝑪𝑱]{�̇�𝑱(𝒕)} + [𝑲𝑱]{𝒅𝑱(𝒕)} = {𝒇𝑱(𝒕)}                                        (24) 

where, 

                                 {𝒅𝑱(𝒕)} = [𝑤1(𝐿1, 𝑡) 𝑤1
′(𝐿1, 𝑡) {�̅�}

𝑞−4×1

𝑇
𝑤2(0, 𝑡) 𝑤2

′(0, 𝑡)]
𝑇

                     (25) 

                                                         {𝒇𝑱(𝒕)} = [𝑉1 𝑀1 {0}𝑞−4×1
𝑇 𝑉2 𝑀2]

𝑇
                                                  

(26) 

In equations (25) and (26), 𝑞 = 2�̅� + 2 is the number of DOFs of FE model and �̅� is the number of elements 

used for modeling the joint section. Since free vibration response of the structure is considered we have,  

                                                    𝑤𝑖(𝑥, 𝑡) = 𝑌𝑖(𝑥)𝑒
𝑗𝜔𝑡 , 𝑖 = 1,2    {𝒅𝑱(𝒕)} = {𝑿}𝑒

𝑗𝜔𝑡                                 (27,28) 

From equations (20-23) and (26-27) one may deduce, 

                                                                                     {𝒇𝑱(𝒕)} = {𝑭}𝑒
𝑗𝜔𝑡                                                        (29) 

By using equations (4), (28) and (29) one obtains, 

                                                                                          [𝑫]{𝑿} = {𝑭}                                                                   (30) 

where [𝑫] = [𝑲𝑱] + 𝑗𝜔[𝑪𝑱] − 𝜔
2[𝑴𝑱]. 

By rearranging equation (30) in the following form, 

                                                          [

(𝐷11)2×2 (𝐷12)2×𝑞−4 (𝐷13)2×2
(𝐷21)𝑞−4×2 (𝐷22)𝑞−4×𝑞−4 (𝐷23)𝑞−4×2
(𝐷31)2×2 (𝐷32)2×𝑞−4 (𝐷33)2×2

]{

𝑋1
�̅�𝑗
𝑋2

} = {

𝐹1
0
𝐹2

}               (31) 

From the second equation in (31), �̅�𝑗 is obtained as, 

                                                                   �̅�𝑗 = −𝐷22
−1(𝐷21𝑋1 + 𝐷23𝑋3)                                                                 (32) 

By substituting equation (32) into equation (31), the shear forces and bending moments at the joint 

boundaries can be obtained as, 

                                       {

𝑉1
𝑀1
𝑉2
𝑀2

} = [
𝐷11 − 𝐷12𝐷22

−1𝐷21 𝐷13 − 𝐷12𝐷22
−1𝐷23

𝐷31 − 𝐷32𝐷22
−1𝐷21 𝐷33 − 𝐷32𝐷22

−1𝐷23
]

{
 

 
𝑌1(𝐿1)

𝑌1
′(𝐿1)
𝑌2(0)

𝑌2
′(0) }

 

 
                          (33) 

By substituting equations (27) and (28) into equations (14-23), solving the resultant equations and satisfying 

boundary conditions and compatibility requirements, the natural frequencies of the system can be obtained.  

The joint section in Figure 4(b) is modelled by using 2-noded generic elements [17]. The generic joint model 

is employed to obtain the stiffness matrix of the joint elements. To consider the randomness in the joint 

contact surfaces described in previous sections, the joint parameters are considered as random fields. The 

stiffness matrix of the generic joint element is then considered as,  

                                                     [𝒌𝒋(𝜽)] = 𝑘1(𝜃){𝒖𝟏}{𝒖𝟏}
𝑇 + 𝑘2(𝜃){𝒖𝟐}{𝒖𝟐}

𝑇                                         (34) 
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where 𝑘i(𝜃) = 𝑘i0(1 + 𝜀𝑖𝑓𝑖(𝜃)) (𝑖 = 1,2). 𝑘i0 and  0 < 𝜀𝑖 ≪ 1  (i=1,2) are the mean values and 

deterministic constants and 𝑓𝑖(𝜃) is a zero mean random field describing the variability in the joint 

parameters. In equation (34) {𝒖𝟏} and {𝒖𝟐} are defined as, 

                                                          [�̅�] = [
{𝑢1}

𝑇

{𝑢2}
𝑇] = [

2/𝐿
0

1
−1

−2/𝐿
0

1
1
]                                      (35) 

The mean values and scaling factors in equation (34) can be identified by using experimental results which 

is described in the next section.  

2.4 Maximum likelihood method 

Identification of the stochastic joint model parameters described in the previous section is considered by 

using natural frequencies and employing the maximum likelihood method as described in this section. The 

natural frequencies can be related to the joint parameters by, 

                                                                                𝐲 = 𝐟(𝐱)                                                                                    (36) 

where 𝐱 = [𝑘1, 𝑘2]
𝑇 is the vector of joint parameters and 𝐲 = [𝜔1, … , 𝜔m]

𝑇 is the vector of natural 

frequencies. If the distribution of natural frequencies is known, our goal is to identify the distribution of the 

parameters by using the maximum likelihood method. For identification purposes, we assume 𝑋 as the 

distribution function of the parameters which belongs to a specific distribution family, i.e. 𝑋~Ο(𝜃𝑥). where 

𝜃𝑥 is a random vector with mean vector {𝝁𝒙} and covariance matrix [𝚺𝒙] which need to be identified. 

Uncertainty propagation methods such as perturbation or Monte-Carlo can be used to calculate the 

probability distribution of the natural frequencies 𝑓(𝑦|𝜃𝑥) for a given 𝜃𝑥. 

For a set of 𝑁 independent response measurements (i.e. natural frequencies) [𝑦(1)
′ , … , 𝑦(𝑁)

′  ], the log 

likelihood is given by, 

                                               𝑙(𝜃𝑥) = 𝑙𝑜𝑔(𝑓(𝑦(1)
′ , … , 𝑦(𝑁)

′ |𝜃𝑥)) = ∑ log (𝑓(𝑦(𝑖)
′ |𝜃𝑥))

𝑁
𝑖=1                                (37) 

The optimum value of 𝜃𝑥 can be identified by maximizing equation (37) which can be done by using 

optimization approaches. In this paper the perturbation method [18] is used to estimate equation (37). In the 

next sections, a numerical example is used to demonstrate the modeling and identification methods.  

3 Application to a numerical example 

Proper identification of model uncertainties in real structures is always limited by the number of response 

samples available. To overcome this limitation, in this section variability in the contact interface of an 

assembled structure is simulated by using an FE method. The FE model makes it possible to generate many 

samples which will be used in the uncertainty identification of the joint model parameters. First, simulation 

of the variability in the contact interface is considered. 

3.1 FE modelling and experimental simulation results 

To investigate the applicability of the modelling methods described in the previous sections, in this section 

a simulated example is considered. A bolted structure is modelled in Ansys as shown in Figure 5. The 

structure is composed of two beam sections (400 mm and 300 mm in length) being connected by a 

20 mm× 50 mm contact interface. The structure is modeled in Ansys by using SOLID186 element. The 

contact interface is modeled using a layer of 1000 solid elements of dimension 1 × 1 × 0.125 mm. The thin 

layer elements have distributed material properties as described in the previous sections. The beam sections 

are made of steel (i.e. 𝐸𝑠 = 210 GPa, 𝜌𝑠 = 7800
kg

m3 and υs = 0.3). The material distribution of the contact 
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interface is defined based on equation (11) such that E0 = 50 MPa, υ0 = 0.3 and  ε =
1

3
. Figure 5 also shows 

a realization of distributed material properties over the contact interface, 

 

Figure 5: FE model and realization of the contact interface material properties 

To generate sufficient samples for uncertainty identification of the joint model parameters, 8000 samples 

for the distribution of material properties of the contact interface is considered and for each sample the FE 

model is analyzed, and the natural frequencies are obtained. The distribution of different natural frequencies 

is shown in Figure 6. Figure 6 shows a reasonable distribution in natural frequencies for the first four bending 

modes in the XZ-plane. The distribution of natural frequencies for these modes are used in the next section 

and uncertainty in the joint model parameters are identified.  

 

Figure 6: Distribution of natural frequencies due to randomness in contact interface parameters 

The results presented in Figure (6) indicate that the distribution of natural frequencies is a negatively skewed 

(skewed-left) distribution.  

3.2 Dynamic modeling and parameter identification 

To identify the uncertainty in the parameters of the contact interface, a dynamic model based on Figure 4(b) 

is constructed for the structure. The beam sections are modelled by using equations (14) and (15). 5 joint 

elements defined by equation (34) are used to model the joint section of the structure in equation (24). Since 

the undamped natural frequencies will be used to identify the joint parameters, the damping matrix of the 

joint model in equation (24) is ignored, i.e. [𝐶𝐽] = 0. By considering some values for joint parameters 𝑘1 
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and 𝑘2, the natural frequencies can be estimated by employing the modeling method described in previous 

sections.  

To identify the mean values and deterministic constants of the joint model parameters defined in equation 

(34), maximization of the log likelihood estimator given by equation (37) by employing a uni-directional 

search optimization approach is utilized. The initial joint parameter values of the stochastic model, i.e. 𝑘i0 

and  𝜀𝑖  (i=1,2), in the identification procedure are estimated by updating a deterministic model using mean 

values of the first four natural frequencies, i.e. �̅�i, 𝑖 = 1,… ,4, corresponding to the bending modes in the 

XZ plane. The deterministic model is obtained by choosing 𝑘i(𝜃) = �̅�i, 𝑖 = 1,2 in equation (34). The 

deterministic model is updated by using the natural frequency sensitivity approach. The identified 

deterministic joint model parameters and the accuracy of the identified deterministic model are reported in 

Table 1. 

 

 �̅�1 �̅�2 �̅�3 �̅�4 

Simulated 58.9 168.5 324.6 519.8 

Updated 59.1 167.4 322.0 522.7 

Error (%) 0.49 -0.59 -0.73 0.95 

Table 1: Updating of the deterministic model (�̅�1 = 46.4, �̅�2 = 7017.0) 

The initial mean values of the stiffness parameters, i.e. 𝑘i0, 𝑖 = 1,2, are set as the identified parameters 

reported in Table 1. The initial deterministic constants, i.e. 𝜀𝑖 , 𝑖 = 1,2, are chosen as 30% of the initial mean 

values of the stiffness parameters. After selecting the initial values, the identification of stochastic model is 

carried out by maximizing equation (37). Two different distribution functions are considered for the joint 

parameters 𝑘1(𝜃) and 𝑘2(𝜃): normal distribution and Weibull distribution functions.  

Based on the assumed distribution functions, populations of joint parameters are generated. The natural 

frequencies are calculated at each set of joint parameters from the generated populations by solving the 

characteristic equation, i.e |𝐻(𝜔)| = 0, which finally results in a distribution for each natural frequency, 

i.e. [ 𝑦(1), … , 𝑦(𝑁′)]. The parameters of the Normal distribution for the joint parameters are fine tuned such 

that the likelihood estimator defined in equation (37) is maximized. By using perturbation method, the 

likelihood estimator for the normal distribution is obtained as, 

𝑙({𝜇𝑥}, [Σ𝑥]) = −
1

2
(𝑁𝑚 𝑙𝑜𝑔 2𝜋 + 𝑁 log |Σ𝑦| + ∑ ({𝑦}(𝑖)

′ − {𝜇𝑦})
𝑇
[Σ𝑦]

−1({𝑦}(𝑖)
′ − {𝜇𝑦})

𝑁
𝑖=1 )                 (38) 

where {𝜇𝑥} and [Σ𝑥] are the mean vector and covariance matrix of the joint parameters, {𝑦}(𝑖)
′  is the vector 

of simulated natural frequencies shown in Figure 6 and {𝜇𝑦} and [Σ𝑦] are the mean vector and covariance 

matrix of the distribution of natural frequencies described above. A diagonal covariance matrix is 

considered in this paper which is equivalent to using the normlike command of Matlab.  Figure 7 shows 

the identified joint parameters based on a normal distribution function and in Figure 8 the distribution of 

the simulated and identified natural frequencies are compared. 
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Figure 7: Identified joint parameters based on Normal distribution function  

 

Figure 8: Simulated (bars) and identified (lines) natural frequencies 

Having the simulated natural frequencies [ 𝑦(1)
′ , … , 𝑦(𝑁)

′ ] and the generated natural frequencies 

[ 𝑦(1), … , 𝑦(𝑁′)], the Weibull log-likelihood is estimated by using wbllike command of Matlab to compute 

equation (37) which is maximized to obtain the joint parameters. In Figure 9 the identified joint parameters 

based on a Weibull distribution function are shown. The distribution of the simulated and identified natural 

frequencies based on a Weibull distribution function are compared in Figure 10. 

 

 

Figure 9: Identified joint parameters based on Weibull distribution function  
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Figure 10: Simulated (bars) and identified (lines) natural frequencies 

 

The presented results in Figure 8 and 10 indicate that although for two considered distribution functions the 

identification is successful, the Weibull distribution function ends in better identification results.   

4 Conclusions 

In this paper simulation of the variability in the contact interfaces of bolted lap-joints and identification of 

uncertainties in parameters of a stochastic joint model was considered. First, a stochastic thin layer was 

proposed to simulate the randomness in the parameters of the contact interface by stochastic material 

properties. Then an FE model of assembled structure was constructed, and the contact interface was 

represented by stochastic thin layer and variability in natural frequencies resultant from the variability in 

contact interface material properties was investigated. The results show that although the distribution of the 

contact parameters is normal, the distribution of the natural frequencies is more like a beta distribution. 

Finally, uncertainty in the parameters of a simplified joint model was identified by using the maximum 

likelihood method. 
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Abstract
Operational Modal Analysis (OMA) remains a difficult and active area of research, especially when unmea-
sured loads on a structure, are harmonic and close to the resonant frequencies in the presence of light damping.
This situation arises across engineering, one example is in the offshore energy industry where wave loads
are commonly a narrowband loading close to the resonant frequencies of the structure. This paper presents a
grey-box approach to the OMA problem, where a physical model of the system dynamics is combined with
a technique from machine learning. A Latent Force Model (LFM) is used to represent the loading acting
on a structure where the forcing is assumed to be a Gaussian Process (GP). The model is transformed into
a state-space formulation and inference is performed simultaneously over the system parameters and the
hyperparameters of the GP via a Markov-Chain Monte-Carlo method. This is gives distributions over the
system parameters and produces a good prediction of the latent forces acting on the system.

1 Introduction

Experimental modal analysis of linear systems is a well established area of interest within structural dynamics.
Techniques for inferring the system parameters of linear systems where input and output data are present are
now mature and can be found in any good undergraduate textbook, for example see [1]. In a wider sense,
the handling of second order linear time-invariant (LTI) systems, of which physical dynamic systems are a
subset, is also well covered in the literature [2]. Unfortunately, for many structures which are encountered by
engineers, it is not possible to gather information regarding the input to the system — the forcing. This is due
to two important factors; first, it is not possible to place sensors in the load path to some structures such as
buildings undergoing base excitation from earthquakes. Second, it can be prohibitively expensive to design
and fit sensors which can withstand the environmental conditions in which the structure operates. This is the
case in the offshore energy industry where wave loading presents a phenomenon which is difficult to measure
and which produces an environment in which sensors must be very robust.

The current solution to this is to use techniques in operational modal Analysis (OMA), or output-only modal
analysis. Reviews of some techniques which may be used can be found in [3, 4], however, a common problem
encountered is the identification of modal behaviour when the loading has significant harmonic components
which are close to the modes of the structure and when the structure is lightly damped. In this case it becomes
very difficult to separate the narrow peaks in the frequency domain due to the harmonic loads and those from
the resonances of the structure.

This paper makes use of a state-space form of the system which is a common approach in OMA techniques
and one that has been shown to be effective for state/input estimation [5, 6]. It has become commonplace
to use the Extended Kalman Filter (EKF) formulation where the parameters of the model are included as
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additional states. In this way recursive estimates of the system parameters can be made within the Bayesian
filtering setting [7]. Lourens et. al [8] show a Kalman filter based formulation for estimation of the states of
the structure and the forcing signal based on fixed parameter sets from a reduced order finite element (FE)
model.

This paper aims to incorporate a novel use of the machine learning Latent Force Model [9] in a state space
formulation [10] to allow efficient inference with a nonparametric prior over the forcing function. Alongside
this, Bayesian estimates of the system properties can be obtained using MCMC inference over the state space
model, this avoids the linearisation present in the EKF formulation for parameter estimates. Being a Bayesian
model of the full system, this methodology returns distributions over the parameters and also the forcing
function which give indication of the uncertainty in both the inputs and also the parameters. This can be
carried forward into further uncertainty quantification analysis or used for heuristic assessment of model
quality.

The layout of the paper is as follows: the theoretical foundations of the model are laid out in Sections 2 to 4
covering an introduction to Gaussian Processes, state-space modelling, and the Latent Force Model. The
application of this model to the problem of OMA is discussed in Section 5, including the need to constrain
the model with informative prior distributions. Section 6 presents results from use of this procedure on a
simulated dataset and conclusions are made in Section 7.

2 Gaussian Process Regression

Gaussian Processes (GPs) [11, 12] are a popular non-parametric Bayesian machine learning technique. The
most interpretable explanation is as a distribution over functions, so each random draw from a GP is a function
from a functional family defined by the covariance function and specified by the data that has been used to
train the process. In this section we adopt notation from within the GP community which is in line with that
in [12], and which presents the general case for any GP, in the rest of the paper the notation will be consistent
with the usual practice in state-space models for clarity.

A Gaussian Process is fully defined in terms of its mean function m(x) (the mean is commonly assumed
to be zero and this convention is adopted here although addition of an explicit mean function is trivial)
and its covariance function k(x,x′), see Eq. (1). The covariance function allows the computation of the
covariance between any two data points xi and xj such that the element in the covariance matrix Kij is
given by k(xi,xj). This allows the covariance matrix for any finite number of data points to be calculated
analytically.

f(x) ∼ GP
(
m(x), k(x,x′)

)
(1)

Assuming there is a finite set of observed training data D with N observations of input-output pairs: D =
{xi, yi}Ni=1 where yi = f(xi) + ε, ε ∼ N

(
0 , σ2

n

)
. This states that there is some underlying functional

relationship between f(x) where the observations y are corrupted by white Gaussian noise. Then the GP
distribution collapses to a Multivariate Normal distribution in N dimensions, Eq. (2).

y ∼ N
(
0 , K (X,X) + σ2

nI
)
. (2)

Where y is the vector of all observed noisy outputs and X the matrix of all observed inputs in D. When a
new input point x? or number of input points X? is observed the covariance with the training data can be
calculated as a joint Gaussian formed between the training and test data, Eq. (3).

[
y
f?

]
∼
(
0,

[
K(X,X) + σ2

nI K(X,X?)
K(X?, X) K(X?, X?)

])
. (3)
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The predictive distribution over f? can be computed by considering the conditional distribution p (f? |x?, X,y).
Since the joint is Gaussian this can be computed analytically, where it itself is a Gaussian, and the equations
for the predictive mean and variance are given in Eq. (4).

f? ∼ N (E [f?] , V [f?]) , (4a)

f? = k(x?, X)
[
K(X,X) + σ2

nI
]−1

y, (4b)

V [f?] = k(x?,x?)− k(x?, X)
[
K(X,X) + σ2

nI
]−1

k(X,x?). (4c)

3 Bayesian State-Space Models

This paper focuses on linear Gaussian state-space models. The notation, from this section onwards, is x(t) is
used to represent the state vector, and y(t) the observations in the model for the continuous case or xt and yt
for the discrete time case. u(t) and its discrete time counterpart uT is a known input to the system at time
t. It is normally most convenient to form a continuous time state-space model since differential equations
readily convert into this form. The continuous time state-space transition is defined as,

dx(t)

dt
= Fx(t) +Gu(t) + Lw(t). (5)

Here, F is the continuous state transition matrix, G the continuous input matrix, and L the continuous time
process noise matrix when w(t) is a white noise process with spectral density q. Since observation of physical
systems happen in discrete time it is usual that analysis is carried out with a discrete model, the observation
model is added at this point.

xt+1 = Axt +But +Q, (6a)

yt = Cxt +R, (6b)

with A being the discrete time transition and B the discrete time input. Q is the process noise, C the
observation matrix and R the observation noise. Since the solutions to models of this form are in discrete time
it is necessary to convert a continuous time transition model into its corresponding discrete time representation,
i.e. find A and B from F and G. This procedure is well documented, for example see [2], and is shown here
for completeness.

A = expm (F ∆t) , (7a)

B = F−1 [(A− I)G] . (7b)

expm is the matrix exponential operator. ∆t is the sampling period when discretising the continuous time
model. The continuous time noise process Lw(t) must also be discretised to perform inference over the
model.

Q =

∫ ∆t

0
Φ (∆t− τ)LqLTΦ (∆t− τ) dτ, (8)

where, Φ(τ) = expm (Fτ). Once discretised, it is now possible to recover the filtering distributions
p (xt |y1:t) and the smoothing distributions p (xt |y1:T ), for a time point t in a data record that is T time
points long, using the Kalman filtering equations [13] and the Rauch-Tung-Striebel (RTS) smoother [14].

USD – UNCERTAINTY IDENTIFICATION AND QUANTIFICATION 5183



4 The Latent Force Approach

The Latent Force Model (LFM) [9, 15] is an approach for combining GPs with a mechanistic model where the
GP is used to represent the forcing experienced by the system. In this way the output of the GP can include
modelling of the dynamics of a system. This model is a form of grey-box where known physical processes
are augmented with machine learning technology to improve model performance. Of most interest, from the
point of view of structural dynamics is a second order LFM which has the familiar form of a R degree of
freedom linear dynamical system.

M ẍ+ Cẋ+Kx = F. (9)

Additionally, in the LFM, F is defined as a set of independent Gaussian Processes in time.

p (F | t) =
R∏

r=1

f r =
R∏

r=1

N (0 , K (tr, tr)) ,

f r ∼ GP
(
0, k(t, t′)

)
,

(10)

where the covariance of each of the latent forces in time is defined by the covariance function k(t, t′) giving
rise to the covariance matrix Kfr,fr

which is the covariance between the latent forces at all points in time
K (tr, t

′
r) with tr being the vector of all time points when the output is observed. While this model has

produced some very promising results in modelling, the main challenge in implementing this form of model is
the computational complexity which isO

(
N3R3

)
where R is the number of dimensions (degrees of freedom)

and N the number of observed training points, which here is the length of the signal in time. This issue can be
addressed using sparse methodologies that have become popular within the GP literature, good reviews can be
found in [16, 17], more specifically [18] shows how a multiple output GP such as the one in the LFM can be
computed in a sparse manner reducing the computational complexity from O

(
N3R3

)
to O

(
N3R

)
using the

partially independent training conditional (PITC) sparse approximation.

However, work by Hartikainen and Särkkä [19] has shown that, for GPs where the input is temporal and the
covariance function is stationary, the inference procedure can be converted into a linear time-invariant (LTI)
stochastic differential equation (SDE) which has a state-space formulation. This state space model can be
solved, for certain cases, exactly using a Kalman filter [13] and Rauch-Tung-Striebel (RTS) smoother [14].
This methodology computes in O

(
NR3

)
which is a significant improvement given that, usually, N � R.

For example, if a GP is defined to have a Matérn covariance [20] between any two points in time. Since it is a
stationary covariance it is defined in terms of the absolute difference between the two input points, r = |t− t′|.
The Matérn class of covariance functions are governed by a smoothness parameter which gives rise to a
number of special cases. Setting ν = 1/2 gives rise to the exponential covariance function which equivalent to
an Ornstein-Uhlenbeck process and as ν →∞ the popular Squared Exponential (SE) covariance function [12]
which is also referred to as the Gaussian kernel. Choosing values of ν = p+ 1/2 for p as any non-negative
integer lead to simple expressions for Matérn covariance functions. In the case with smoothness parameter
ν = 3/2, the covariance function can be written as,

k(t, t′) =

(
1 +

√
3r

`

)
exp

(
−
√

3r

`

)
. (11)

Following Hartikainen and Särkkä [19] and converting the covariance function into an LTI SDE requires the
spectral density, by taking the Fourier transform. Setting λ =

√
2ν
/
` and ν = p+ 1/2, in the Matérn class

of covariance functions it can be seen that,
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S(ω) ∝
(
λ2 + ω2

)−(p+1)
. (12)

This can be factorised simply, as in Eq. (13), to recover the transfer function needed to convert to a state-space
model.

H (iω) = (λ+ iω)−(p+1) . (13)

An LTI SDE of order m has the form shown in Eq. (14) where f(t) is a random process of interest, a are
some set of coefficients and w(t) is a white noise process which has a spectral density Sw(ω) = q.

dmf(t)

dtm
+ am−1

dm−1f(t)

dtm−1
+ . . .+ a1

df(t)

dt
+ a0f(t) = w(t). (14)

Rearranging this into a state-space model is possible by constructing a vector f(t) =
[
f(t)df(t)

dt . . . dm−1f(t)
dtm−1

]

which gives rise to a first order vector Markov process.

df(t)
dt

= Ff(t) + Lw(t), (15)

where,

F =




0 1
. . . . . .

0 1
−a0 . . . −am−2 −am−1


 , L =




0
...
0
1


 . (16)

The coefficients a0, . . . , am−1 (Eq. (16)) are the coefficients of the polynomial in the denominator of the
transfer function which are given by H(iω) (Eq. (13)), h0, . . . , hm−1. The spectral density of the white noise
process Sw (ω) = q is equal to the constant in S (ω) (??) which is,

q =
2σ2

f π
1/2λ(2p+1)Γ (p+ 1)

Γ (p+ 1/2)
. (17)

For the case of the Matérn covariance with ν = 3/2 as in Eq. (11) the equivalent state-space model is shown
in Eq. (18).

df(t)
dt

=

(
0 1
−λ2 −2λ

)
f(t) +

(
0
1

)
w(t). (18)

It is then possible to convert this continuous time state-space model to a discrete time form and solve with a
Kalman filter and RTS-smoother [2]. Since the LFM model contains a temporal Gaussian process as the latent
function, and the mechanistic portion of the model has a simple state-space representation, it is natural to
form a state-space representation of the LFM and this was shown in [10].

In this paper the methodology is shown for a single degree of freedom (SDOF), oscillator as the mechanistic
model, although it can be easily extended to the multi-degree of freedom (MDOF) case — or indeed systems
with different order ordinary differential equations (ODEs). First, the equation of motion is converted to its
state space form, which is again a first order vector Markov process.

Taking the SDOF equation of motion,
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mẍ+ cẋ+ kx = F, (19)

dividing through by m, and setting x1 = x, x2 = dx1
dt = ẋ in a state vector x, recovers a state-space

representation of the oscillator:

[
ẋ
ẍ

]
=

(
0 1

− k
m − c

m

)[
x
ẋ

]
+

(
0
1
m

)
F. (20)

The formulation shown in Eq. (20) is useful where there are known external inputs to the system F and the
effect of the forcing on the system is through the input matrix B = [0, −1/m]T. In the case of OMA these
inputs are unknown but can be considered as one or more additional latent states in the model, when the
transition for f is linear and described by the matrix Ff this would be written,



ẋ
ẍ

ḟ


 =




0 1 0

− k
m − c

m
1
m

0 0 Ff





x
ẋ
f


+ Lw(t). (21)

The number of additional states that are introduced is dependent upon the model chosen for the transition of f ,
which is now also in first order vector Markov process form. When using the LFM, it is clear from Eqs. (13)
and (16) that the choice of covariance function for the GP chosen to represent F will affect the number of
additional states required. Stein [21] suggests that Matérn kernels are a more appropriate choice of covariance
function since the Squared Exponential imposes an unrealistic smoothness assumption. A choice of ν = 3/2
as in Eq. (11), is a common choice which appears to perform well, this leads to the addition of two states
to the model as in Eq. (18). This procedure leads to the full four dimensional state space model shown in
Eq. (22).




ẋ
ẍ

ḟ

f̈


 =




0 1 0 0

− k
m − c

m
1
m 0

0 0 0 1
0 0 −λ2 −2λ







x
ẋ
f

ḟ


+ Lw(t). (22)

The model including the noise Lw(t) must now be discretised to perform inference.

At this point any observation model for the observed variable y can be adopted in the process, for instance
if measuring displacement it is simply Eq. (23a), or if measuring acceleration it is Eq. (23b), for both the
observation matrix is multiplied by the discrete states. If other observations were available these could also be
incorporated if a suitable observation model could be formed.

y =
[
1 0 0 0

]



xt
ẋt
ft
ḟt


+ σ2

n. (23a)

y =
[
− k

m − c
m

1
m 0

]



xt
ẋt
ft
ḟt


+ σ2

n. (23b)

Now, in possession of a model which can represent the system, attention turns to the problem of inference.
While methods such as expectation maximisation exist for this form of model [22], these maximum likelihood
solutions do not give information about the parameter uncertainties in the model. Instead, in this paper, a
fully Bayesian solution is adopted using Markov Chain Monte Carlo (MCMC) to perform inference over the
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system parameters and the GP hyperparameters. MCMC is an inference method with guaranteed convergence
to the true posterior distribution of interest in the limit [23]. The parameter vector for this model, therefore,
is θ =

[
m, k, c, σ2

f , `
]
. It is assumed that the process noise in the dynamics is small (the system is well

described by a linear dynamic model) and that the observation noise is known.

The likelihood of the parameters in the model given the data observed for T time points, p (θ |y1:T ), is related
to a quantity called the energy function ϕT (θ) through a proportionality relationship.

p (θ |y1:T ) ∝ exp (−ϕT (θ)) . (24)

The energy function ϕT (θ) can be well approximated by the following recursion as the filter runs [24],

ϕt (θ) ' ϕt−1 (θ) +
1

2
log|2πSt(θ)|+ 1

2
vTt S

−1
t vt. (25)

vt and St are defined as,

vt = yt − C (Axt−1) , (26a)

St = C
(
APt−1A

T +Q
)
CT +R, (26b)

when Pt−1 is the state covariance at t− 1. The recursion for ϕT is started at ϕ0 = − log p (θ). Inference can
then be performed using the standard MCMC Metropolis random walk algorithm, which for this problem is
shown in Algorithm 1.

Algorithm 1 MCMC Metropolis Random Walk for Parameter Inference in State-Space LFM
nb, ns ← Length of burn in and desired number of samples
θ0 ←

{
m0, k0, c0, σ

2
f0, `0

}
. Set Start Points for Markov Chain

na ← 0, k ← 0 . Number of accepted θ, Number of Steps
p
(
θ′ |θk

)
= N (0 , Σp) . Proposal is random walk with diagonal matrix Σp

p (θ |y) ∝ exp {−ϕT (θ)} . Posterior Likelihood is Proportional to the Energy Function
while k < (nb + ns) do

Sample θ′ from p
(
θ′ |θk

)

Calculate ϕT

(
θ′
)

. Eq. (25)
log (α) = min

{
−ϕT

(
θ′
)

+ ϕT (θk) , 0
}

. Log Acceptance Ratio

θk+1 ←
{
θ′, na++ with probability α
θk, otherwise

k ← k + 1
end while

In this way, it is possible to generate samples from the true posterior of the parameter vector θ. These samples
can be used for further uncertainty quantification steps or can be used for model scrutiny. The strength of this
method, alongside recovering Bayesian posteriors over the system properties, is to recover, as a latent state of
the system, the time series of the forcing signal applied to the system.

5 Application to Operational Modal Analysis

It is clear from the formulation that this model is directly applicable to the problem of modal analysis. One of
the strengths of the model presented here is the flexibility available due to the non-parametric form of the
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Figure 1: Plots showing the histograms and CDFs for the parameters being inferred when system parameters
are known. The mean values are shown with the dot-dash (·−) line in magenta, and the values estimated from
the empirical CDF with the dashed (−−) line in red.

forcing function as defined by the GP. This also presents a problem in the practical application of the model.
As well as the normal system identification problems with the scaling of the mass, stiffness, and damping
parameters which lead to non-identifiability in the model when the forcing level is unknown; the ability of
the GP to model behaviour very similar to the dynamics (it is not restricted to a Gaussian white noise form)
means that it can mask dynamics in the system. For this reason it is necessary to place prior distributions over
the system parameters. Prior distributions can also be placed over the hyperparameters of the GP model to
control its behaviour without breaking the Bayesian paradigm within which the model has been set up.

In the current work it is necessary to constrain at least one of the system parameters to a fixed value to resolve
these problems. In this case it is assumed that one of the system parameters is known with certainty a priori,
this can be interpreted as a delta prior on that parameter. The other prior distributions can be elicited from
knowledge of the system. This could be from a finite element (FE) model where if necessary reduced order
modelling techniques can be employed. It should be noted that when using MCMC for inference there is no
restriction on the distribution of these priors, therefore, empirical distributions can be used.

The choice of prior over the hyperparameters of the GP poses a more difficult problem as they are less
interpretable in a physical sense. It is possible to set a formal uniform prior, for example p

(
σ2
f

)
= 1 which

is a form of improper prior. However, it can be helpful to set the prior over the signal variance σ2
f around

the expected variance of the loading and the length-scale ` based upon the expected frequency content of the
loading.

6 Results

The results presented in this paper are from a simulated SDOF system response to a measured wave force
input where the parameters of the model are chosen such that the natural frequency of the system is close to
the narrowband loading frequency. The wave loading data was measured as a part of the Christchurch Bay
project in the UK [25]. This represents the initial work into the application of LFM state-space models for
OMA.

The parameters of the SDOF model are chosen to be: m = 2000 kg, k = 100 N m−1 and c = 5. These values
correspond to modal parameters ωn = 0.2 Hz and ζ = 0.0079. This presents a problem that is normally
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Parameter True Value Prior Mean Posterior Mean CDF Estimate

σ2 ∗
f - - 8.64× 106 7.12× 106

` ∗ - 0.693 1.760 2.148

Table 1: Table showing results for the GP hyperparameters when the system parameters are known and fixed.
(∗ denotes that the true values for these parameters are unknown.)

difficult in a OMA setting where the loading frequency is close to the resonant frequency of a lightly damped
mode.

All of the parameters of the model must take only positive values for them to be valid, therefore, the random
walk of the Markov-Chain must take place in a transformed space which ensures this. The values in the
transformed space are denoted (̂·), with the transformation defined as:

θ = log
{

exp
(
θ̂
)

+ 1
}
, (27)

where θ is the parameter of interest. Prior probability distributions over the system parameters are chosen
with a random perturbation on the mean values in the system parameters to simulate priors elicited from an
incorrect model (e.g. an uncalibrated FE model). To constrain the problem it is assumed that the mass of the
system is known a priori and as such this is modelled with a delta prior for all tests.

Inference was performed as in Algorithm 1 with the burn-in set to 1× 103 samples and the total number of
samples as 1 × 105. Since the distributions may be non-Gaussian, and the distributions over the Gaussian
Process hyperparameters are expected to be multimodal, the parameter estimates used to calculate the example
force are taken to be the values when the empirical cumulative density function (CDF) is equal to 0.5.

6.1 LFM With Known System Parameters

As an initial test the model is run with the system parameters fixed at the true values to demonstrate the ability
of the LFM to model the input to the system. The priors for this are summarised below:

p
(
σ̂2
f

)
= 1, (28a)

p
(

ˆ̀
)

= N (0 , 2) , (28b)

p (m) = δ (2000) , (28c)

p (k) = δ (100) , (28d)

p (c) = δ (5) . (28e)

Using this procedure, samples from the posteriors over the signal variance and length-scale hyperparameters
were drawn. Plots of the PDF normalised histogram and CDFs are shown in Fig. 1 along with mean estimates
and CDF estimates of the values. A summary of the results is shown in Table 1. GP modelling the latent
force on the system, the signal variance of the forcing σ2

f is assumed unknown and a uniform prior is used,
the length-scale parameter has a prior to discourage very long or short length-scales. Long length-scales
will cause the function in the forcing to become very smooth, the extreme of which is that it remains at the
mean, in this case the signal variance increases and the solution returned is one in which all the forcing is
considered noise. This, although a valid solution, is not helpful in the setting of modal analysis where retrieval
of the forcing time series adds a significant amount of valuable information. If the length-scale is allowed to
become very small, then the GP will attempt to model the noise in the signal as if it were functional, this is
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Figure 2: Smoother estimate of displacement and forcing signal on the system when m, k, and c are known.
True values are shown in red, mean estimates as a solid blue line and three standard deviation confidence in
the shaded regions

also clearly not a desirable situation. Since the distributions are skewed and multi-modal, the mean estimates
are not a good value to take and instead the CDF estimate is used to predict the forcing experienced by the
structure. Figure 2 shows the smoother prediction over the forcing as well as the observed state. As expected
the prediction over the displacements is modelled well with very small variance. The prediction over the
forcing is good, and there is a 3.3% normalised mean square error value with the mean prediction, however,
one of the strengths of this model is that in addition to this there are also confidence intervals which represent
the uncertainty in the forcing.

6.2 OMA With The LFM

For the case of performing OMA with the GP LFM, the priors used in this model are shown below:

p
(
σ̂2
f

)
= 1, (29a)

p
(

ˆ̀
)

= N (0 , 2) , (29b)

p (m) = δ (2000) , (29c)

p
(
k̂
)

= N (105.9 , 2500) , (29d)

p (ĉ) = N (4.8 , 6.25) . (29e)

When running the model where only the mass is known, samples are generated from the posteriors over the
GP hyperparameters and the system parameters, k and c. Plots of the histograms and CDFs of the parameters
are shown, as before, in Fig. 3 and a summary of the results is shown in Table 2. It can be seen that the
parameter estimates of the system parameters are within 2% for both the mean values of the distributions and
the CDF estimates, this would indicate that the distributions are uni-modal and are not heavily skewed. When
the values from the CDF estimates are used to run the filter-smoother over the full dataset, the predictions
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Figure 3: Plots showing the histograms and CDFs for the parameters being inferred in the full LFM OMA
procedure. The mean values are shown with the dot-dash (·−) line in magenta, and the values estimated from
the empirical CDF with the dashed (−−) line in red.

Parameter True Value Prior Mean Posterior Mean CDF Estimate

σ2 ∗
f - - 1.153× 107 9.154× 106

` ∗ - 0.693 2.283 2.443
k 100 105.9 (5.9%) 100.2 (0.2%) 101.4 (1.4%)
c 5 4.81 (-3.8%) 4.91 (-1.8%) 4.93 (-1.4%)

Table 2: Table showing results from the full LFM OMA model, values in brackets denote the percentage error
versus the true values. (∗ denotes that the true values for these parameters are unknown.)

in Fig. 4 are made. The prediction over the force continues to be accurate with a normalised mean squared
error on the mean of the signal of 3.1%. This result is comparable to the results obtained when the system
properties are known, which is unexpected and encouraging. It follows that the estimates of the signal variance
and length-scales are similar for this model and the model with known system parameters. It is also reassuring
that the values for the GP hyperparameters are similar to those from the case where the system is known. This
would suggest that the solution is stable and that the use of priors has alleviated some of the identifiability
issues arising from the flexibility of the GP prior.

7 Conclusions

The work presented here has demonstrated through application to a simple system, a single degree of freedom
oscillator, the benefit of using a Gaussian Process Latent Force Model in the task of operationa modal analysis.
Specifically, the state-space formulation of this model has allowed for efficient inference to be made and as
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Figure 4: Smoother estimate of displacement and forcing signal from the LFM OMA on the system with true
values shown in red, mean estimates as a solid blue line and three standard deviation confidence in the shaded
regions

such Markov-Chain Monte-Carlo methods can be used to recover distributions over the system parameters
and the GP hyperparameters. It has been shown that these distributions can be used to elicit accurate point
estimates of the parameters and also of the loading, something that is normally not possible in an OMA
setting.

It is worth noting, however, that the tasks shown here have been performed on simulated data under a number
of significant assumptions. First it is assumed that the linear model of the system can represent the behaviour
well with low process noise. Second the model is tested with a low level of artificial Gaussian white noise
added. Thirdly there exist priors over the system parameters in which there is non-negligible probability
mass at the true values. Finally, it is assumed that the mass of the system is known accurately a priori, this
is required to constrain the unidentifiability inherent in the model. This unidentifiability stems from the
scaling of the forcing and the system parameters by the mass, that is, a system with the same response can be
recovered if all the system parameters are multiplied by some constant α and if the forcing magnitude is also
scaled by α. The flexibility of the GP as a prior over the forcing function only increases this issue. By fixing
the mass and placing informative priors over the system parameters the model can be constrained in such a
way that it is more likely to converge to the true parameter posteriors.

Nevertheless, the authors believe that this represents a powerful grey-box approach to the problem of OMA.
It is clear that the model is capable of returning good estimates of the forcing, and the system parameters
under the constraints already discussed. The results presented here motivate further work into the use of GP
LFM models in the modal analysis setting. This includes the extension of the current model to a multi-degree
of freedom case. Additionally, in nonlinear systems where the structure of the nonlinearity is known (e.g. a
cubic stiffness term), this model is also applicable although the Kalman filtering formulation must be replaced
with a nonlinear counterpart. The last area of work is regarding the inference procedure; it is appealing to
replace the MCMC inference used in this paper with a more efficient method which could be based on a
state-augmentation approach or a two step identification process where the system parameters and forcing are
iterated recursively.
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Abstract
Stochastic model updating techniques aim at reducing the epistemic uncertainty mainly related to the lack of
knowledge. These techniques are usually computationally demanding and the use of non-probabilistic meth-
ods allows for the reduction of the computational effort, typically associated with stochastic model updating
methods. This paper presents a fuzzy model updating method based on a convex joint fuzzy membership
of all the experimental responses and on the sensitivity-based updating of the interval centre at each alpha-
cut of the uncertain model parameters. Moreover, the covariance updating concept is used to estimate the
interval radii of the referred intervals directly from the covariance matrix of the experimental response set.
The developed method allows to achieve precise predictions of the intervals of the parameters with a reduced
computational effort. A numerical example is given to evaluate the implementation and performance of the
proposed fuzzy model updating method.

1 Introduction

Due to lack-of-knowledge or imprecise information, one may assume that the probabilistic structure of both
the data and modelling parameters is not clear. Hence, rather than consider a probabilistic approach to
uncertainty quantification, one may use a non-probabilistic approach to the problem of stochastic model
updating. In this context, one may consider techniques based on interval arithmetic, although it is known
that this kind of techniques tends to overestimate the parameters bounds, due to the fact that it is assumed
that the parameters are uniformly distributed over the entire design space. This leads to the inability to
distinguish regions inside the response intervals, and consequently inside the parameter intervals, which can
be overcome using fuzzy logic. Detailed reviews on non-probabilistic model analysis can be found in [1–3],
where a special focus on interval and fuzzy finite element (FE) model analysis is given.

The concept of fuzzy sets was introduced in [4], under the assumption that the membership assigned to a real
world object is, in a given context, imprecise. In opposition to the classical set theory, where the membership
of an object is determined in binary terms, the membership of an object to a fuzzy set is assigned by a
membership function, where the membership levels (α-level) vary continuously between zero and one.

As the uncertainty can be often expressed in terms of real numbers, an object in a fuzzy set P̂ ∈ P̂(R) is de-
fined as a fuzzy number p̂, iff it satisfies a set of conditions [5], from which the fuzzy set convexity condition
is of paramount importance within the framework of model updating, as it allows for a decomposition of a
fuzzy number into continuous intervals at each α-level, and therefore the fuzzy arithmetic can be reduced to
interval arithmetic at each α-level.

Additionally, if a fuzzy set P̂ ∈ P̂(Rn) is considered and all the conditions listed above are satisfied, then a
fuzzy vector is defined. Note that a fuzzy number is a particular case of a fuzzy vector, defined for n = 1.

5195



From now on, a fuzzy set P̂ ∈ P̂(Rn) is referred to as a hyper fuzzy set, in the sense of its multiple
dimensionality.

Concerning the use of fuzzy arithmetic, one can find several works exploiting the forward propagations
of fuzzy numbers in order to assess the uncertainties in the model responses. This is the basic concept
of stochastic FEA [6]. The authors of [7] discussed the computational efficiency of the Zadeh’s extension
principle when used to solve fuzzy modal analysis problems, and proposed to use Pad approximants to com-
pute the extreme eigensolutions for each α-level set. A surrogate model was proposed in [8], the random
sampling High-Dimensional Model Representation (RS-HDMR), which captures the input-output system
relation in order to obtain the fuzzy description of the model responses at each α-level. Within the frame-
work of the IWT-SBO project “The Fuzzy Finite Element Method” [9], the forward uncertainty propagation
was extensively analysed, mainly for civil structures. Moreover, the fuzzy FEM model updating was also
addressed [10]. In their work, the optimization problem solution is achieved considering that the fuzzy FEM
can be applied as a multi-level interval analysis, using the Gradual α-level Decreasing (GαD) algorithm [11].
The work [12] assesses the performance of interval analysis at each α-level in order to built a fuzzy model
response membership function based on optimized interval bounds for the modelling parameters.

Specifically concerning the fuzzy FEM model updating, few works have been published. Among the avail-
able fuzzy FEM model updating techniques, in [13], the authors proposed a fuzzy FEM model updating
method based on a fuzzyfied objective function defined in terms of the eigensensitivities. The proposed
method is used to update a bridge model using, as reference, data from a single modal test. Therefore, it
means that the uncertainty in the measured data can only arise from measurement noise and thus the ex-
istence of epistemic uncertainty [14] is not considered. Within the same context, a fuzzy arithmetic based
model updating procedure is proposed in [15], where the membership functions of each updating parameter
are determined by minimising an objective function, using a hybrid global optimization strategy, based on
the combined use of the genetic (GA) and particle swarm optimization (PSO) algorithms.

Regarding the uncertainty quantification in terms of epistemic or parametric uncertainty, which arises due
to the lack of knowledge and therefore is reducible, Haag et al. identified a valid fuzzy model for a brake
pad, considering experimental modal analysis (EMA) of just one brake pad specimen [16]. The epistemic
uncertainty identification or quantification using inverse fuzzy arithmetic was previously considered in [17].
The authors considered the use of the reduced transformation method [5], whose application is limited to
monotonic relations between model inputs and outputs. In [16], the monotonicity was investigated and it was
assumed, due to the fact that the fuzzy membership functions of the outputs were linear and monotonous.
Note that if monotonicity can be considered, the inverse fuzzy arithmetic problem, i.e., the inverse interval
arithmetic problem at each α-level, can be solved using the vertex method [18]. However, when monotonicity
is not verified, such as in the cases where mode shape data is to be included in the reference outputs, the
applicability of approaches based on the vertex method is limited. A general solution for the inverse interval
arithmetic was proposed in [19] and it consists in an interval model updating method based on the Kriging
predictor sensitivity analysis.

All the referred works on fuzzy FEM model analysis consider a prior knowledge or, to be more precise, a
prior assumption of the fuzzy membership functions of the modelling parameters. Taking some risk, all the
already published works consider triangular or left-right (L-R) membership functions [5], as it can be con-
cluded from a wide range of works. Chronologically, citing some selected works, [12, 20–25]. However, in
real experiments it is unusual or even impossible to know beforehand the deterministic value or the statistical
distribution of a certain model parameter. Nevertheless, experimental responses, such as natural frequencies
and mode shapes, are readily available from EMA and the estimation of the uncertain model parameters via
the inverse problem solution can be addressed as an approach to develop valid models. In this context, the
idea of generating a hyper fuzzy membership, strictly based on the available reference data, namely experi-
mental modal data and therefore of a completely inverse fuzzy model updating strategy was proposed in [26].
This fuzzy model updating strategy does not assume nor impose any kind of behaviour or structure regarding
the updating parameters, instead the proposed fuzzy model updating process relies only on the fuzzy mem-
bership function constructed from a experimental data set, measured eigenfrequencies and/or eigenmodes.
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Its implementation is based on the interval model updating method [19] applied at each α-level, taking as
reference several cuts of a convex hyper membership function of the responses, and therefore a discretized
fuzzy number is generated for each updating parameter.

In this work, the proposed implementation of a fuzzy model updating strategy is based on this basic idea of
reducing the problem to a series of interval model updating problems, as mentioned. Here, one considers
the construction of a convex joint fuzzy membership function containing the entire experimental data set,
using the inverse Zadeh’s extension principle, introduced in [26]. Moreover, it combines the concepts of
covariance matrix updating given in [28] and the perturbation based interval updating proposed in [27]. This
extends the work [27] to its application in the context of fuzzy model updating and introduces an efficient
manner to compute the radii of the interval at each α-level.

2 Fuzzy model updating

If the modelling parameters and responses are fuzzy variables, a sensitivity-based model updating method
can be framed by the well-known relation between the system responses and modelling parameters,

(ẑm − ẑj) = Ŝj

(
θ̂j+1 − θ̂j

)
(1)

where ẑm is the fuzzy vector of reference or measured responses and ẑj is its model counter-part; θ̂j is a
fuzzy vector of modelling parameters; and Sj is the sensitivity matrix, all these computed at the jth iteration
of the model updating procedure.

Equation (1) can the recast to compute the updated fuzzy modelling parameters vector, in a least-squares
sense, giving

θ̂j+1 = θ̂j + T̂j (ẑm − ẑj) (2)

As previously referred, it is useful to consider the decomposition of the fuzzy vectors into interval variables
at a given number of α-levels, allowing to treat the fuzzy model updating problem as a series of interval ones.
Thus, a generic fuzzy number x̂ is decomposed into an interval vector at each α-level as

x̌(α) = cutαx̂ = [x , x](α) :
{
x(α) ≤ x ≤ x(α), 0 ≤ α ≤ 1

}
(3)

and consequently eq. (2) is recast to form the interval model updating equation at each α-level,

θ̌
(α)
j+1 = θ̌

(α)
j + Ť

(α)
j

(
ž(α)m − ž(α)j

)
(4)

where •̌ stand for a interval variable.

Concerning the fuzzy model updating, if an empirical hyper-membership function for the experimental/reference
response set is already available, the updating process starts at α = 1, aiming to find the centre of the pa-
rameters hyper-cube, which is the basis for the parameters initial interval. Note that the initial interval on
the parameters space must lead to a solution hyper-space, encompassing the entire hyper-space of the exper-
imental responses. With a feasible initial hyper-interval for the parameter set, the interval model updating is
carried on at each α-level of the fuzzy membership. Details on the interval model updating method using the
Kriging predictor can be found in [19].

In this work, the proposed implementation of a fuzzy model updating strategy is based on this basic idea
of reducing the problem to a series of interval model updating problems, as mentioned. Moreover, it com-
bines the concepts of covariance matrix updating given in [28] and the perturbation based interval updating
proposed in [27].
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Based on the perturbation method to define a random variable, in [28] it is shown that a stochastic model up-
dating problem can be reduced to a deterministic one by transforming the covariance matrix of the reference
data into the one of the modelling parameters after updating their means. This is attained by

cov (∆θj+1,∆θj+1) = T̃jcov (∆zm,∆zm) T̃T
j (5)

where cov (∆θj+1,∆θj+1) is the covariance matrix of the updating parameters, while cov (∆zm,∆zm)
is the one of the reference data set. T̃T

j is the weighted/regularized pseudo-inverse of the sensitivity matrix
computed for the mean values of the updating parameters.

In [27], the interval variables were defined by the perturbation method, using the centre and radius of the
interval. Thus, the reference data vector can be cast as an interval variable at each α-level as

ž(α)m = z̃(α)m ± δz(α)m (6)

where z̃(α)m is the centre and δz(α)m the radius of the interval reference data vector at a given α-level.

Recalling that the variance σ2 of a generic continuous random variable x, uniformly distributed in a given
interval, can be obtained from its bounds, one has,

σ2 =
(2δx)2

12
(7)

where 2δx is the interval range of x.

Hence, if one considers the combined use of the concepts given in [27, 28], one can compute the interval
radii of the updating parameters right after updating their centres, as the variance of the updating parameters
is available from the diagonal of the updated covariance matrix (eq. (5)). Thus, the interval radii of the
updating parameters can be computed as,

δθj+1 =
√

3σj+1 (8)

where σj+1 is a vector with the updated variance values of the modelling parameters.

3 Numerical example

The numerical example considered is the 3 degree of freedom (DoF) mass-spring system shown in fig. 1.
This is a simple example that has been used by several authors, e.g. [28]. In this work, the presented results
(section 4) consider the case for which the updating parameters for the 3 DoF system are θ = [θ1 θ2 θ3]

T =

[k1 k2 k5]
T and their reference values at the support are µα0.0

(
θ̂i

)
=
[
θi θi

]
= [1.8 2.2] for i = 1, 2, 3.

Note that the reference sample was generated using latin-hipercube sampling from a normal distribution with
30 observations and the correspondent reference response set is given by its fuzzy memberships. Here, the
reference response set is ẑm = [ẑ1 · · · ẑ4]T = [f1 f2 f3 |φ1,1|]T , i.e. the first three eigenfrequencies and the
modulus of the first element of the first eigenvector.

4 Results and discussion

In this section a set of results for the fuzzy model updating problem of the numerical example are discussed.
The presented results summarize the outcome of the updating process in terms of the fuzzy memberships
of the updating parameters. Note that in this case one can compare the updated results with the reference
ones, as this is a numerical example. Recall that the reference response set contains 30 observed values for
ẑm. This is considered to be a fair simulation of an experimental data set that is usually obtained from a
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Figure 1: Three degree of freedom mass-spring system example.

Figure 2: Triangular fuzzy membership of each reference response (µẑm) (points at the intersections with
the considered α-levels).
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Figure 3: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference triangular member-
ships (extension of the method of [27]).

Figure 4: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference triangular member-
ships (proposed method).

series of tests in identical structures. From the observed reference response set, the obtained triangular fuzzy
membership of each reference response is given in fig. 2.

Using the interval updating procedure proposed in [27], one obtained the results given in fig. 3. In this imple-
mentation of the fuzzy model updating method, one must solve a two-steps interval optimization problem at
each α-level. From fig. 3, one may observe a good agreement between the reference and the updated mem-
berships, although the reference memberships are not recovered perfectly. Note that this example considered
a sample with 30 observations for both reference and updating data sets.

If the same example case is solved with the fuzzy model updating method proposed in this work, the results
are the ones of fig. 4. This results are overall worst that the ones of fig. 3, although there are significant
differences between the two implementations and one should not expect that both methods perform equally
in all situations. One must bear in mind that, in terms of updating, proposed method is completely based
on the updating of the centre of the interval at each α-level only. In more detail, the proposed method only
needs to solve a deterministic sensitivity-based updating of those centres, followed by a transformation of
the covariance matrix of the reference data contained in each α-level to estimate each interval radius. By
this, the results given in fig. 4 are in agreement with the difficulty of estimating the variance for a limited
sample size. Note that the highest the memberships level the smaller the number of sampled values in each
interval. In both implemented methods, the interval at α = 1 is considered to be the crisp value, therefore at
this level the updating method is reduced to update of the centre only. Note that the crisp values are as well
updated by both methods.

In [26], it was shown that the use of empirical fuzzy memberships can enhance the updating outcomes. If
the concept of empirical fuzzy membership is applied, the fuzzy memberships obtained for the reference
responses are the ones shown in fig. 5, instead of the triangular ones used in the previous results (fig. 2).

Figures 6 and 7 show results for both implementation of the updating procedure for both types of fuzzy
memberships considered. As the empirical memberships tend to encompass better the observed data, the
intervals are more accurately updated for the same sample size. The membership of θ2 is not recovered
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Figure 5: Empirical fuzzy membership of each reference response (µẑm) - Case with reference empirical
memberships (proposed method).

correctly by the proposed method (fig. 7), although the others are quite in agreement with the reference ones.

Figure 6: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference empirical memberships
(extension of the method of [27]).
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Figure 7: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference empirical memberships
(points at the intersections with the considered α-levels).

Figure 8: Response space in the hyper-planes defined by each pair of responses.
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The response space obtained with the support of the updated parameters of fig. 7 is given in fig. 8. In fig. 8,
it is possible to observe that all the reference points are contained within the space of updated solutions.

Regarding the issue with limited sample sizes, one knows that often it is unfeasible to acquire experimentally
large sample, concerning the test of identical structures, for instance. However, for theses implementations
it is advisable to work with samples as larger as possible in order to be able to estimate correctly the interval
radii, as it is expected that for samples with higher the number of observations the estimation of the intervals
is more accurate.

5 Conclusion

A purely inverse implementation of a fuzzy model updating method is proposed and its performance assessed
using a numerical example. The method can be framed as a successive application of the interval model
updating method at each α-level of a hyper-membership function of the reference response set. The method
performs quite fast, as it is a backward implementation that avoids unnecessary forward propagation of the
parameters through the model. Moreover, the accuracy of the predicted solutions is quite good, even for
reference data samples of reduced dimension. Regarding the generation of the membership functions, one
uses the inverse Zadeh?s extension principle, which is the key for the purely inverse implementation of the
method. The major novelty of this work is the combined use of the successive application of the interval
model updating at each α-level and the covariance matrix updating to estimate the each interval radius from
its updated centre.
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Abstract
When conducting uncertainty quantification, probability methods are widely used to represent quantities
of a variable nature. First, a type of probability density function has to be chosen, often based on initial
assumptions and physical boundary conditions, defining a set of stochastically parameters. Because the
available data is physically limited to a finite number, there will always be uncertainty on the exact value of
these parameters. At some point, the amount of experiments will be too low for the estimated parameters
to be of practical use. In the case of very low data availability, one can attempt to use intervals instead
to quantify the variability. Because no probability density function is defined, intervals can be used in the
presence of low data availability, leaving only an upper and lower bound to be defined. This paper will
present a method to estimate interval bounds based on a limited set of experiments, trying to optimally use
the information they contain and determine practically usable interval bounds.

1 Introduction

Interval estimation concerns the capturing of the variability of a quantity x by an upper and a lower bound
that effectively limit the possible values that x can take. Besides this, we also assume that in between these
bounds, all values have a finite nonzero possibility of occurring. However, we do not attempt to assign any
probability to any value of x, except to those which fall out of the interval, as they have a probability equal
to 0. Obviously, this means that before using interval quantitation, we should not be concerned with this
probability. This is for example the case in a worst-case scenario analysis, where we only try to identify the
lowest performing possible outcome of a non-deterministic system and attempt to ensure it is still sufficiently
performing according to the demands. All quantities in our field of interest are theoretically bounded. Many
quantities cannot drop below zero (eigenfrequencies, thicknesses, stiffnesses, etc.). However, their physical
bounds are of greater interest, which are usually much narrower and therefore of greater practical use. Sup-
pose we have a quantity x we want to estimate by an interval, on a total population of N. We have tested n
samples (n � N) of this population and observed a minimal value and maximal value 〈x̂m|x̂M 〉. We now
which to estimate the minimal and maximal value of x, and x within our entire population, and use this as
bounds for our interval xI = 〈x|x〉. Obviously, a first estimate could be to just take the observed bounds as
estimate for the interval: xI = 〈x̂m|x̂M 〉, but for very small n, this will be possibly a very non-conservative
result, with many samples in the total population falling out of the estimated interval. This renders the in-
terval not usable for further reliability analysis, as too little variability of the quantity x is captured by the
interval. We therefore look for a conservative result that still takes into account as much of the available
information contained in the limited dataset as possible.
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2 Bayesian updating

2.1 General definition

Bayesian inference or Bayesian updating is a widely used technique to incorporate (additional) experimental
knowledge on a variable quantity to estimate the quantitys stochastic parameter (citeBayes). Starting from
an initial guess on the parameter value θ, or prior distribution p(θ) (which may either be inferred from
previous experiments or completely from theoretical assumptions), the posterior distribution incorporating
the experimental knowledge p(θD) can be calculated by multiplying with the likelihood function p(F |θ) in
what is known as Bayes theorem:

p(θ|D) =
p(D|θ)p(θ)
p(D)

(1)

p(D) serves as a normalizing constant so that
∫∞
−∞ p(θD)dθ = 1. Obviously, the posterior depends greatly

on the choice of the prior, but also on the type of PDF and the associated parameter vector that is used. If
the PDF is well chosen and enough data is available, performing Bayesian inference can lead to a posterior
distribution that approaches a delta function located at the true parameter value. However, if the PDF is
chosen badly the posterior may not converge or it may even converge to a wrong parameter value. Because
of this, additional testing is often done to assess the goodness-of-fit. However, in the presence of little
available data, these tests often fail. E.g. if we compare the maximum value of the likelihood given by the
Gaussian distribution and the uniform distribution, for a set of 30 samples drawn from the standard normal
distribution, the uniform distribution almost always scores better. One would need at least about 60 samples
to be able to unambiguously distinguish the normal from the uniform distribution. And for PDF types that
resemble the shape of the Gaussian distribution more closely, this number will be even higher.

2.2 non-possibilistic Bayesian updating

In the presence of low data availability, non-possiblistic approaches can be an answer. Interval estimation
or, by extension, non-possibilistic parameter estimation using Bayesian approaches has not been subject to
extensive research. Only recently, Yi et a al. proposed a Bayesian updating framework for intervals based
on the definition of the Interval escape rate and interval coverage rate and defined a bayesian-like updating
scheme. ([1]). Also quite recently, Hanselowski et al. proposed a Bayesian updating scheme based on
fuzzy numbers ([2]), in which a fuzzy prior is defined directly on a limited data set. Through use of inverse
fuzzy arithmetic the posterior fuzzy numbers are determined. The work in this paper is based on one major
assumption: the interval concept is often used in the presence of low data availability and omits the need of
defining a suitable PDF. However, we assume the interval does capture an unknown finitely bounded PDF,
even though we cannot identify it properly. Instead we will introduce a continuous set of possible PDFs and
define new interval bound estimators in a Bayesian framework. Through this a preliminary choice of PDF is
no longer necessary, but much of standard Bayesian analysis is still applicable.

3 Bayesian Interval Estimation based on a generalized PDF shape

3.1 Extreme Value Distributions

Consider a PDF fx(x) for quantity x with parameter vector θ. Suppose we have a total population of N
samples, with a maximum value x and a minimum value x. If fx(x) is known, we can directly calculate the
PDFs on the extreme values x and x, which are dependent on the population size N and are given by:

M (N)
x (x, θ) = Nfx(x)

(∫ x

−∞
fx(t)dt

)N−1
(2)
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Figure 1: 2D extreme value distributions for the uniform and gaussian distribution

m(N)
x (x, θ) = Nfx(x)

(∫ ∞

x
fx(t)dt

)N−1
(3)

Since these distributions depend on the prior determination of fx(x) and parameter vector θ, we can also
interpret these extreme value PDFs as the conditional probability p(xθ) and p(xθ). These functions are
known as the extreme value distributions ([3]). Some of these distributions are well known and have been
applied in reliability analysis before, such as the Gumbel, Frchet and Weibull distributions. In the next step
we can also define a 2-D PDF on the occurrence of an interval xI = 〈x|x〉 as:

p(xI = fx(x)fx(x)

(∫ x

x
fx(t)dt

)N−2
, x ≤ x (4)

Figure 1, shows an example of the 2D-extreme value distribution in case that fx(x) equals the uniform
distribution and in case it equals the Gaussian distribution, for a sample size of 10. Note that these are all a
priori-distributions that are only valid for a certain population size N .

3.2 Bayesian Inference for interval bounds

Consider n experimental samples with a maximum observed value x̂M and a minimum observed value x̂m.
What we are interested in now is an estimate for the populationwide extreme values given the observed
extreme values, defined by p(xx̂M , x̂m) and p(xx̂M , x̂m). First, we assume the minimum observed value
does not affect the populationwide maximum too much and vice versa, leading to p(xx̂M , x̂m) ≈ p(xx̂M )
and p(xx̂M , x̂m) ≈ p(xx̂M ). Now, we can apply Bayes theorem by writing these probabilities in terms of a
prior distribution on x and x and an appropriate likelihood function (from now on, only the expressions for
the maximum are given, the expressions for the minimum are quite similar):

p(x|x̂M ) =
p(x̂M |x)p(x)

p(x̂M )
(5)

We now write the likelihood back in terms of a stochastic parameter vector θ as:

p(x̂M |x) =
∫

S

∫

θ
p(x̂M |θ) · p(θx)dθdS =

∫

S

∫

θ
M (n)
x (x̂M , θ) · p(θx)dθdS (6)
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Figure 2: 2D extreme value distributions for the uniform distribution if N = 500

The S-integral refers to the fact that for equation 6 to be true, we need to integrate over all possible types
of PDFs, and for each PDF integrate over all possible values of the corresponding parameter value θ. The
second term in the integral p(θx) we can also express using bayes theorem in terms of a likelihood function
as:

p(θ|x) = p(x|θ)p(θ)
p(x)

(7)

In equation 7, p(x|θ) now describes the likelihood of obtaining a maximum value x in the entire population
of size N , for a certain parameter value θ. If N is large enough, it can be proven that for PDFs with
finite bounds this function will approach a delta function at x, a parameter value that defines a PDF with a
maximum possible value equal to x. This can be easily illustrated in the case of the uniform distribution:
figure 2 show the likelihood p(x) for N = 500. This means the inner integral in equation 6 drops out:

p(x̂M |x) =
∫

S

∫

θ
M (n)
x (x̂M , θ) · δ(θ − θx)dθdS =

∫

S
M (n)
x (x̂M , θx)dS (8)

Combining similar expressions for p(x̂m|x), we can write the interval Bayesian inference equation as:

p(xI x̂M , x̂m) =

∫
SM

(n)
x (x̂M , θx,x)dS · p(xI)

p(x̂M , x̂m)
(9)

In equation 9, all probabilities are 2D-PDFs. It expresses the conditional probability of an observed interval
in terms of a prior distribution on the interval bounds and a likelihood function that incorporates the extreme
value distributions.

3.3 Generalized PDF

For the outer integral, we still have to integrate over all PDFs with finite bounds equal to x and x. For this
we will parametrize the shape of the PDF. We assume the PDF is continuous, except at the bounds where it
may have a probability density different from zero. Also, by definition,

∫ +∞
−∞ fx(x)dx =

∫ x
x fx(x)dx = 1.

We will use the following parametrization, given by equation 10:

fx(x) = ax4 + bx3 + cx2 + dx+ e (10)
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Figure 3: example of interval Bayesian inference for an experiment size of 10.

We define four adjustable parameters as given in table 1 The coefficients in equation 10 are linked to these

symbol description
p0 Probability density at x
p1 Probability density at x

dfx(x)
dx

∣∣∣
0

first derivative of the PDF at x
dfx(x)
dx

∣∣∣
1

first derivative of the PDF at x

Table 1: parameters used to determine the PDF shape

parameters through (equation 11):



a
b
c
d
e



=




−15 −15 −2.5 2.5
32 28 6 −4
−18 −12 −4.5 1.5
0 0 1 0
1 0 0 0



·




p0
p1

dfx(x)
dx

∣∣∣
0

dfx(x)
dx

∣∣∣
1



+




30
−60
30
0
0




(11)

Appropiate bounds on these parameters have been determined so that fx(x) > 0 within the interval 〈x|x〉.
This defines a wide set of PDFs (including asymmetrical ones) which allows us to evaluate the likelihood as
defined in equation intervalBayesian. Figure 3 shows an example of the posterior distribution obtained using
a prior that equals the EVD for a normal distribution with a total population N = 1000, and a sample set of
10.

4 Average likelihood and worst-case likelihood estimation

The likelihood used in equation 9 can be calculated in two ways:

• Equation 6 describes the average likelihood estimate, as it determines an average likelihood over a
parametrized set of PDFs. The likelihood is simply calculated by explicitely evaluating the integral
over thee parameters defined in table 1, thereby determining the average likelihood over a large set of
possible PDF shapes.

• Another way to deal with the integration in equation 6, is not integrating at all, but instead determining
the maximum value of p(x̂M , x̂m|x, x) over all possible PDFs, and use this quantity as an estimate for
the likelihood function. This reasoning relates well to the concept of interval theory: assuming the true
nature of the PDF is unknown, we let our likelihood be determined by the PDF that makes the observed
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data the most likely, given certain bounds. This comes down to a sort of worst-case-likelihood and may
fit better with the concept of intervals than the integrated likelihood estimate.

Figure 4 shows an example of both estimators for 5 randomly chosen points in the interval 〈0|1〉 and shows
how the likelihood evolves with increasing interval size. To evaluate the validity of the use of the average

Figure 4: average and worst case likelihood for a sample size of 5

and worst-case likelihood estimators, their convergence rate for increasing data availability is compared to
standard Bayesian estimation where the Gaussian distribution is assumed. An important requirement of
an estimator is that once the amount of data approaches infinity, the estimator will converge to the actual
value (i.e. an unbiased estimator), but preferably it will also converge monotonically and as fast as possible.
First, a non-informative prior is considered for the interval bounds, i.e. a uniform distribution bounded by the
observed extremes and six times the observed interval radius. Since the Gaussian distribution is not bounded,
we will use the truncated Gaussian distribution truncated at ±3σ. The variable of interest is given a random
PDF performing a 2D-polynomial transformation on a uniformly distributed germ variable. Figures 5, 6
and 7 show the evolution of the estimated 95%-confidence intervals on the interval bounds for an increasing
number of samples. On th xx-axis the logarithm of the sample size is given, which ranges from 7 up to 270.
The intervals are normalized so the desired interval equals 〈0|1〉. We clearly see that because of the (wrong)
assumption of a Gaussian distribution, the estimation of the bounds converge to a wrong value. Both the
average likelihood and the worst case likelihood estimator converge to the right interval bounds and also
outperform the Gaussian estimator in the case of small sample size. Also, we see that for a sample size
bigger than 40, the average and worst case likelihood estimator almost coincide, and that for smaller sample
size, the average likelihood tends to perform better.
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Figure 5: evolution of the 95%-confidence estimate on the lower and upper bound for increasing sample size
(1) 5

Figure 6: evolution of the 95%-confidence estimate on the lower and upper bound for increasing sample size
(2)

Figure 7: evolution of the 95%-confidence estimate on the lower and upper bound for increasing sample size
(3)
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5 Conclusions

This paper introduced a Bayesian inference scheme that can be used to determine interval bounds on small
data sets where therre is high uncertainty on the exact type of distribution, Bayes’ theorem was adapted to an
interval-equivalent form and the resulting likelihood is determined, including a large set of possible PDFs in
the calculation, thereby increasing the robustness of the final result. The likelihood can either be estimated
by averaging over the entire set of PDFs, or by taking the worst-case likelihood, further increasing robustness
in the case of low data availability. Initial numerical experiments show that the method is better capable of
estimating the true interval bounds than the Gaussian distribution estimate.
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Abstract 
It has been shown in the literature that temperature variations can induce modifications of the static and 

dynamic characteristics of beam-like and plate-like structures, due to the so-called stress-stiffening effect. 

In most cases of practical interest, temperature variations associated to environmental and operational 

conditions are very difficult to control and can be rationally considered as random quantities.  In this context, 

the present paper addresses the propagation of uncertainties affecting the temperature on the natural 

frequencies of thin rectangular plates. A Rayleigh-Ritz-based dynamic model is first derived for the bending 

vibrations of plates, accounting for the presence of thermal stresses.  This model is combined with a 

Karhunen-Loève expansion (KL), used to discretize the temperature distribution, which is modeled as a 

Gaussian random field. The results enable to quantify the influence of temperature randomness on the 

thermal stresses, and evaluate the sensitivities of the natural frequencies with respect to such randomness.   

1 Introduction 

Many problems of structural engineering, particularly those related to structural dynamics, are prone to the 

influence of temperature variations. These later can be associated to either environmental conditions or 

thermal effects induced by the operation of the structural system.  Notable cases are those involving 

viscoelastic materials, the mechanical properties of which (stiffness and damping) are known to be strongly 

dependent on temperature [1]. Similar dependence is exhibited by mechanical systems containing viscous 

dampers, whose damping effectiveness depends directly on the viscosity of the fluid used in these devices, 

which, on its turn, depends on temperature. In both examples, temperature variations can be due to 

modifications of the ambient temperature and, very often, to self-heating effects resulting from energy 

dissipation mechanisms within the material [2].   

Less obvious, yet equally important, is the influence of thermal stresses, which are comprehensively covered 

in [3]. The occurrence of thermal stresses can induce significant modification of the apparent stiffness of 

structures, which is known as stress-stiffening effect. In fact, non-uniform temperature distributions and/or 

constrained thermal dilatations can induce thermal stresses, the distribution of which depends on the spatial 

variation of temperature over the structure, and also on boundary conditions. The stress-stiffening effect is 

more pronounced in beam-like and plate-like structures, whose bending stiffness, buckling loads and modal 

characteristics can be strongly affected by the presence of thermal stresses. As pointed-out by Cui and Hu 

[4], the structural components of high-speed aircrafts and space vehicles can be subject to temperature 

increase due to aerodynamic heating and/or solar radiation. 

Many research works reported in the literature address the influence of thermal stresses on the buckling 

and/or vibration behavior of structural systems and components. In spite of not dealing directly with thermal 

stresses, Dickinson [5] investigated the free lateral vibrations of simply-supported rectangular plates subject 
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to normal and shear in-plane forces, using, for this purpose, the semi-analytical Rayleigh-Ritz method.  

Results are presented for plates with different aspect ratios and various in-plane load conditions. 

Porter Goff [6] investigated, both analytically and experimentally, the influence of residual stresses induced 

by welding on the natural frequencies of a rectangular plate under free boundary conditions. The study 

shows that the presence of residual stresses reduces the natural frequencies of the plate, and that this effect 

is more pronounced on the natural frequencies associated to torsional modes than on those related to flexural 

modes. In addition, it was found out that this effect is less significant for higher-order modes. 

In the work of Mead [7], consideration was given to the natural modes and frequencies of a free rectangular 

Kirchhoff plate subjected to in-plane stresses generated by prescribed non-uniform surface temperature 

distributions. Based on Rayleigh-Ritz approach, combined with the use of an Airy’s stress function, a 

discrete model was derived and used to formulate the vibration and buckling eigenproblems. Results and 

discussion clarify how the knowledge of the actual thermal stress distribution can lead to the understanding 

of its effect on plate modes and frequencies.  

More recently, Cui and Hu [4] investigated the thermal buckling behavior and natural vibration 

characteristics of a uniformly heated rectangular thin plate with two adjacent in-plane frictional sliding 

edges. Besides thermal stresses, temperature dependencies of material properties and friction coefficients 

were taken into consideration. The authors concluded that it is possible to adjust the in-plane forces and the 

clearances in the edges in order to improve the mechanical performance of heated rectangular plates. 

All previous investigations described above consider time-invariant temperature and thermal stress 

distributions, which presupposes thermal equilibrium. Although this can be a reasonable assumption is 

certain cases, it cannot be applicable to (possibly the majority of) other cases of practical interest. This is 

particularly true in situations in which the structure is subjected to a combination of heat transfer 

mechanisms with the surrounding media (conduction, natural or forced convection, and radiation). In such 

cases, temperature can hardly be controlled and, due to the large number of factors that might intervene in 

the heat transfer mechanisms, it becomes meaningful to consider temperature variations as random. As a 

result, thermal stresses and also the static and dynamic properties of the structure should be considered as 

being random as well.  

The theoretical foundations and numerical approaches for modeling uncertainties in structural dynamics 

have been addressed by many authors in the last few decades. Although various approaches for dealing with 

uncertainties have been developed, those based on probability theory are far more popular than the others 

[8-9].  

Under this motivation, in this paper, an approach for evaluating the influences of random temperature 

variations onto the modal characteristics of thin rectangular plates is suggested and evaluated. Such an 

approach employs a stochastic Rayleigh-Ritz approach, consisting of the combination of the classical 

Rayleigh-Ritz method with the Karhunen-Loève expansion (KL). This later is used to discretize the random 

part of the temperature distribution over the surface of the plate, which is modeled as a Gaussian random 

field.  

In the sections that follow, the derivation of thermal stresses from a prescribed two-dimensional temperature 

field based on the concept of Airy’s stress function is first presented. Then, a deterministic Rayleigh-Ritz-

based dynamic model for the bending vibrations of rectangular plates, accounting for the presence of thermal 

stresses, is formulated following the procedure suggested in [7]. After revisiting the formulation underlying 

the discretization of the random temperature field based on KL expansion, numerical simulations are 

performed for a particular steel plate under free boundary conditions, considering different levels of 

uncertainty affecting two different nominal temperature distributions. The simulation results provide the 

statistics of the first five natural frequencies of the plate, which are discussed.  
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2 Theory 

In this section the theoretical foundations of three main aspects explored in this paper are reviewed, namely: 

a) the derivation of thermal stresses induced by a given temperature distribution; b) the derivation of the 

equations of the transversal motion of plates accounting for the presence of in-plane stresses; c) the 

discretization of two-dimensional random fields based on Karhunen-Loève expansion, which will be used 

to model the temperature distribution over the plate surface. 

2.1 Computation of thermal stresses 

Consider a thin rectangular plate of dimensions a, b and h illustrated in Fig. 1. Under the hypotheses of 

material homogeneity and isotropy, and plane stress state, given a prescribed temperature field imposed on 

the plate surface,  T x, y , the resulting stress components are obtained by solving the following bi-

harmonic differential equation for the associated Airy’s stress function  x, y [3]: 

   4 2 0x, y E T x, y      (1) 

 

 
 

 
 

 
 2 2 2

2 2x y xy

x, y x, y x, y
x, y , x, y , x, y

x yy x

  
  

  
  

  
 (2) 

 

where E and α are, respectively, the material Young’s modulus and linear thermal dilatation coefficient, 

which are assumed to be independent on the temperature,  
   2 2

2

2 2

. .
.

x y

 
  

 
 is the Laplace operator 

and  
     4 4 4

4

4 4 2 2
2

. . .
.

x y x y

  
   

   
 is the bi-harmonic operator.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Illustration of a rectangular plate under non-uniform temperature distributions and thermal 

stresses. 
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 x x, y,T  

 xy x, y,T  

x  

y  

a  

 T x, y  
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The Airy’s stress function  x, y must satisfy the stress boundary conditions on the edges of the plate. In 

the present study, free boundary conditions are assumed for the four edges. Hence, the solution of Eq. (1) 

must satisfy:  

2

2

2

2

2

0 at 0

0 at 0, 

0 at 0, 0,

x

y

xy

, x ,x a,
y

, y y b,
x

, x x a, y y b.
x y











   



   



     
 

 (3) 

The approximate solution to Eq. (1) can be obtained by expressing  x, y  as a double truncated series of 

the form: 

     
1 1

M N

mn m n
m n

x, y A f x g y
 

  , (4) 

where  mf x  and  ng y  are chosen as eigenfunctions of uniform, clamped-clamped Euler-Bernoulli 

beams. It can be easily seen that, under these conditions, the stress boundary conditions (3) are fully 

satisfied.  

For a given temperature distribution  T x, y , the computation of the coefficients mnA is carried-out by 

adopting a Galerkin-type scheme, which consists in introducing Eq. (4) into Eq. (2),  multiplying both sides 

successively by    m nf x g y , m=1 to M, n=1 to N, and integrating both sides of the resulting equation on 

the domain 0 0x a, y b    . The computation of the integrals is greatly facilitated by the orthogonality 

of the beam eigenfunctions. This approach leads to a set of M N linear equations, which must be solved 

to obtain the coefficients mnA . Then, the thermal stresses can be obtained by associating Eqs. (2) and (4). 

2.2 Equations of bending motion of plates subjected to in-plane stresses 

The equations of motion for the undamped bending vibration of free-free plates subjected to in-plane stresses 

are derived herein by using the Rayleigh-Ritz method [10], which consists in approximating the transverse 

displacement field of the plate by the double truncated series of the form: 

 

       
1 1

R S

rs r s
r s

w x, y,t W t x y 
 

 , (5) 

 

where    andr sx y   are the eigenfunctions of uniform free-free Euler-Bernoulli beams.  

Based on the hypotheses of the Kirchhoff plate theory, the kinetic and potential energies of the plate, this 

latter accounting for the in-plane stresses, are given, respectively, by: 

 

 
2

0 0

1

2

b a
w

T t h dxdy
t


 

  
 

  , (6) 
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     bend stressU t U t U t  , (7.a) 

 

where 

 

     
2 2

2 2 2 2 2

2 2 2 2
0 0

1
2 1

2

b a
bend w w w w w

U t D dxdy
x yx y x y



                                 

  , (7.b) 

 

   
2 2

0 0

1
2

2

b a
stress

x xy x

w w w w
U t h dxdy

x x y x
  
        

      
        

  , (7.c) 

 

where  and  are, respectively, the mass density and Poisson’s coefficient of the material, and  

 3 212 1D Eh   . 

According to the Rayleigh-Ritz method, the equations of motion are obtained by first introducing the 

approximate solution (5) into Eqs. (6) and (7), which leads to expressions of  T t and  U t as functions of 

 rsW t . By applying Lagrange’s Equations considering  rsW t  as generalized coordinates, the equations 

of motion for the free bending vibrations of the plate are found under the form: 

  

        bend stress
t t  Mw K K w 0 , (8) 

 

where        11 12

T

RSt W t W t W t   w is the vector of generalized coordinates,   R S R S  
M  is 

the mass matrix,  
 bend

R S R S  
K  is the bending stiffness matrix, which depends on the plate dimensions and 

material properties, while  
 stress

R S R S  
K  is the geometric stiffness matrix, which depends on the plate 

dimensions and on the distribution of thermal stresses. 

 From Eq. (8), the eigenvalue problem the solutions of which provide the natural frequencies and 

mode shapes of the plate, is expressed as: 

 

    2bend stress
i i  K K M W 0 , (9) 

 

It should be pointed-out that the dependence of the eigensolutions on the temperature distribution comes 

from the fact that 
 stress

K  depends on the distribution of the thermal stresses.  
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3 The Karhunen-Loève expansion 

The Karhunen-Loève (KL) expansion provides a continuous representation of the temperature distribution 

over the surface of the plate as a superposition of random variables weighted by deterministic orthogonal 

functions defined on 0 ;0   x a y b , as follows [11]:  

 

       
1

, , , ,   


 
R

r r r

r

T x y T x y f x y , (10) 

 

where   belongs to the sample space   of the associated probability space  , ,  P , and the deterministic 

functions  ,rf x y  and the zero-mean random variables   r  are orthogonal, i.e., 

 

   
0 0

, , , , 1,2,...  
b a

r s rsf x y f x y dx dy r s  (11.a) 

 

  0, 1, 2,...     rE r  (11.b) 

 

    0, , 1, 2,...       r sE r s  (11.c) 

 

In Eq. (10), the functions  ,kf x y  and the scalar values r  are, respectively, the eigenfunctions and 

eigenvalues of the covariance function  1 2 1 2, , ,C x x y y , hence satisfying: 

 

     1 2 1 2 1 1 1 1 2 2

0 0

, , , , , , 1,2,...  
b a

r r rC x x y y f x y dx dy f x y r  (12) 

The properties of the covariance function (positive-definiteness and symmetry) ensure that the eigenvalues 

a real-valued and positive, and that the eigenfunctions are linearly independent.  

As mentioned in [11], analytical solutions exist for a very limited number of types of covariance functions. 

For the sake of simplicity, one of those cases are considered here, which consists in adopting, under the 

assumption of stationarity of the random field, an exponential covariance function defined as  

 

        1 2 1 2
1 1 2 2 1 2 1 2, , , , exp

  
              

 x y

x x y y
C x y x y C x x y y

L L
, (13) 

 

where L is the correlation length and  the domain of definition is 1 2 1 20 ,0 ,0 ,0       x a x a y b y b . 

 

For the exponential covariance function, the eigensolutions of Eq. (12) are [11]:   

 

 For r  and s even : 
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(14) 

 

where  1x xc L , 1y yc L , and r  and s  are the roots of the following transcendental equations: 

 

 tan 0  x r rc a ,  tan 0  y s sc b . (15) 
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(16) 

 

where r  and s  are the roots of the following transcendental equations: 

 

 tan 0  r x rc a ,  tan 0  s y sc b . (17) 

4 Numerical results  

In this section two sets of results obtained from numerical simulations are presented and discussed: the first 

considers a deterministic doubly quadratic temperature distribution, which is the same considered in [7]. 

The second set comprises results from stochastic analysis using the Karhunen-Loève expansion.  

4.1 Deterministic analysis of the influence of temperature distribution on the 
plate natural frequencies 

One considers the following two-dimensional quadratic temperature distribution:   

 

    2 2
0, 16       T T . (18) 

 

where , , 0 1,0 1        x a y b .This distribution, normalized by 0T , is illustrated in Fig. 2. 

 

USD – UNCERTAINTY IDENTIFICATION AND QUANTIFICATION 5221



 
 

Figure 2. Two-dimensional representation of the temperature distribution over the plate.  

 

Figure 3 depicts the distributions of dimensionless normal and shear stresses ( 0 x E T , 0 y E T ,

0 xy E T ) for the temperature distribution over the surface  of a plate with aspect ratio 2a b ,  while Fig. 

4 shows the distributions of those stresses along the midlines 0.5   and 0.5  . It should be pointed-out 

that, as can be seen in the formulation presented in Section 2.1, the magnitude of the stress components 

depend linearly on the temperature scaling factor 0T . 

 

 

 

 

(a)  (b) 

 
 

 (c) 

     

 Figure 3 – Distributions of non-dimensional stress components for the temperature field considered in Eq. 

(18):  (a) distribution of 0 x E T ; (b) distribution of 0 y E T ; (c) distribution of 0 xy E T . Aspect ratio 

2a b . 
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(a) (b) 

 

Figure 4 – Distributions of non-dimensional stress components 0 x E T , 0 y E T , 0 xy E T for the 

temperature field considered: (a) distributions along the centerline 0.5  ; (b)  distributions along the 

centerline 0.5  . Aspect ratio 2a b . 

 

Although, for a given temperature distribution, the magnitudes of the thermal stresses vary linearly with the 

scaling factor 0T , the same dependency cannot be expected for the natural frequencies of the plate, since the 

temperature intervenes only in  
 stress

K  in Eq. (9), so that 0T  cannot be factored-out of the stiffness matrix.   

The effect of the temperature on the first five non-dimensional natural frequencies of the plate, considering 

the non-dimensional temperature distribution, is illustrated in Fig. 5. The non-dimensional temperature and 

natural frequencies are defined, respectively, as  2 2
0 1NDT T ab h   , 4

ND ha D   . 

It is worth mentioning that the null values achieved for the first natural frequency indicate buckling of the 

plate. 

 

 
 

Figure 5 – Variations of non-dimensional natural frequencies ND  of the plate with non-dimensional 

temperature NDT . 
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4.2 Stochastic analysis of the influence of temperature distribution on the plate 
natural frequencies 

Using the Karhunen-Loève expansion expressed by Eq. (10), assuming the mean temperature distribution 

given by Eq. (18), the two-dimensional random field representing the stochastic temperature distribution is 

expressed as: 

 

         2 2
0

1

16
R

r r r
r

T , , T f ,           


 
    

  
  (19) 

  

The meaning of the quantities appearing in Eq. (19) has been previously stated in Sec. 3.  

To obtain the results presented next, the temperature random field of Eq. (19) with NDT 100 was discretized 

using six zero-mean normal variables  20 1 2 6r rN , ,r , ,...,   with different values of standard 

deviations. These random variables were sampled (with 500 samples) using a random number generator. 

For each sample, the temperature field was reconstructed according to Eq. (19), and used to compute the 

corresponding thermal stresses. These later were then introduced in the Rayleigh-Ritz model to compute the 

samples of the first five natural frequencies.  

Figures 6 and 7 show graphically the statistics of the thermal stress distributions along the plate midlines 

0 5.   and 0 5.  , for two values of the standard deviations ascribed to the random variables r , namely 

0 03r .   and 0 1r .  , while Figs. 8 and 9 illustrate the histograms of the first five natural frequencies. 

In addition, Tab. 1 indicates the statistics of the natural frequencies.  
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Figure 6 – Statistics of the random thermal stress distributions for  100NDT   and 

0 03 1 2 6r . ,r , ,...,    
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Figure 7 – Statistics of the random thermal stress distributions for 100NDT  and 0 10 1 2 6r . ,r , ,...,    
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Figure 8 – Histograms of the first five natural frequencies for 100NDT and 0 03 1 2 6r . ,r , ,..., .    
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Figure 9 – Histograms of the first five natural frequencies for 100NDT and 0 10 1 2 6r . ,r , ,..., .    

 

Table 1 – Statistics of the first five natural frequencies of the plate for 100NDT  and

0 03 1 2 6r . ,r , ,..., .   . 

Non-dimensional frequencies  
1  2  3  4  5  

Sample mean value 20.69 33.99 59.93 68.037 89.097 

Sample standard deviation 0.068 0.088 0.063 0.11 0.013 

Sample coefficient of variation 0.0033 0.0026 0.0010 0.0017 0.00015 

Minimum value 20.43 33.71 59.70 67.67 89.06 

Maximum value 20.90 34.31 60.13 68.44 89.15 

 

 

Table 2 – Statistics of the first five natural frequencies of the plate for 100NDT and 

0 10 1 2 6r . ,r , ,..., .    

Non-dimensional frequencies 
1  2  3  4  5  

Sample mean value 20.69 33.98 59.93 68.026 89.097 

Sample standard deviation 0.23 0.29 0.21 0.38 0.043 

Sample coefficient of variation 0.011 0.0087 0.0035 0.0056 0.00049 

Minimum value 19.74 33.03 59.07 66.80 88.96 

Maximum value 21.33 35.03 60.51 69.37 89.27 

 

The results shown above enable to verify the influence of the randomness of the temperature distribution on 

the values of thermal stresses and the natural frequencies of the plate. In Figs. 8 and 9 one can clearly see 

that, as expected, the dispersions of the stress distributions increase with the dispersion of the temperature 

field, which are indicated by the values of the standard deviations ascribed to the random variables
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0 10 1 2 6r . ,r , ,...,   .  Dispersion increase is also observed for the natural frequencies, as indicated by 

the sample standard deviations given in Tabs. 1 and 2. 

Interesting to notice is that the sensitivity of the natural frequencies to the temperature randomness, which 

are indicated by the sample coefficients of variation presented in the third lines of Tabs. 1 and 2, vary 

substantially from one mode to the other.  

Conclusions 

The stochastic analysis of the natural frequencies of thin rectangular plates under random temperature 

variations has been addressed. For this purpose, a modeling procedure based on the combination of the 

Rayleigh-Ritz method, duly adapted to account for the presence of thermal stresses, and the Karhunen-

Loève, used to discretized the random part of the temperature random field. Under the hypotheses adopted, 

the modeling strategy has proved to be effective in characterizing the random influences of temperature 

variations on the natural frequencies of plates. In fact, it was possible to quantify the relations between the 

dispersion levels affecting the temperature field and the dispersions of natural frequencies. It could be seen 

that these later vary significant to a particular natural frequency to the other.  

Although the variations of the natural frequencies associated to the randomness of temperature were found 

to be small for the cases examined, it is believed that those variations can be much larger in other situations 

(other boundary conditions and larger variability of the random temperature field).  In such cases, those 

sensitivities can be high enough to justify the consideration of thermal stresses on the modeling of the 

dynamic behavior of plates.   
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Abstract 
The stochastic model updating methods seek to determine the variability of the parameters of the model 

from the variability of the measured output. The experimental data measured on several samples of the test 

structure is influenced not only by variability associated with different test structures but also by 

measurement noise. In the first part of this paper some of the methods for statistical identification of 

structures are compared to identify the variability of the model parameters with and without the presence of 

measurement noise. Many of the current methods like perturbation based approaches cannot distinguish 

between the variability due to parameter variability and measurement noise. In the second part of the paper, 

a methodology for stochastic FE model updating is presented to obtain a robust estimate of the variability 

of model parameters. It is formulated to take into account data from multiple dynamic tests conducted on 

each sample of the test structure. The proposed methodology is validated on a simulated cantilever beam. 

1 Introduction  

Finite Element (FE) Models are widely used for analysis of engineering structures. A finite element model 

that accurately represents the dynamic behavior of a system is very useful for structural dynamic design and 

analysis, damage detection, structural health monitoring and vibration control [1]. Despite the high 

sophistication of FE modeling, prediction of dynamic characteristics using FE models often shows 

considerable discrepancies with respect to the experimental measurements. These discrepancies may arise 

due to modeling inaccuracies associated with material properties, boundary conditions, joints, damping and 

due to the idealization and simplifications made in the modeling [1, 2]. Measurement noise may also 

contribute to these discrepancies. FE model updating is now considered an acceptable approach to improve 

the correlation between analytical predictions and the experimental data. Usually, experimental data consists 

of modal frequencies, mode shapes, and frequency response functions. During past three decades, a lot of 

research has been carried out on development and application of model updating algorithms, such that the 

updated model is able to reproduce the measured data as closely as possible [2 - 4].  

The conventional approach to FE model updating is typically deterministic in nature, which means that the 

experimental data is obtained from a single test piece and therefore the measured data does not have any 

variability. However, such a deterministically updated model cannot predict the dynamics of a lot of sample 

of structures manufactured to a same nominal design [9, 10]. This happens because the dynamic 

characteristic of a population of samples of the structure has a variability associated with it, while the 

dynamic characteristics associated with the deterministically updated model are inherently single valued.  

The variability in the measured dynamic characteristics occurs due to inherent variation in the material 

properties, geometry and manufacturing from specimen to specimen.  Variability may also arise due to 

measurement noise [7, 8], environmental effect, damage [5], disassembly and reassembly of the same 

structure [11] and material degradation over a period of time. Many of the sources of variability like that 

due to variation in boundary conditions, joint properties, material properties, damping cannot be easily 

measured or quantified. This has led to the notion of what has come to be known as stochastic finite element 

model updating in which the idea is to identify and quantify these sources of variability through an inverse 

approach based on measured variability of dynamic characteristics [6].  
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The work by Collins et al. [8] first time proposed a statistical method for the treatment of measurement noise 

in the model updating. In this, a linearized sensitivity based approach is adopted and the statistics of the 

unknown parameters are determined from the noisy vibration measurements using minimum variance 

approach. Friswell [7] modified this method by incorporating the correlation between the measured data and 

the updating parameters. In the above methods, the uncertain parameters are identified on the basis of the 

measurements, which are noisy, from a single test piece. But variability due to material, geometry, and 

manufacturing arising from a number of nominally identical test samples is not considered [9]. Mares et al. 

[9] uses the regression analysis to obtain a linearized model in which optimization take place by gradient 

method for the treatment of test structure variability. Some other statistical approaches that have been 

applied for the stochastic model updating include maximum likelihood method by Fonseca et al. [12] and 

Bayesian methods (Beck and Katafygiotis [13, 14], Dwight et al. [15], Boulkaibet et al. [16]).  

However, the stochastic model updating methods are computational intensive due to the involvement of 

randomized updating parameters. Thus there is a need for developing computational efficient methods. Hua 

et al. [5] developed a mean centered perturbation method for statistical identification of uncertain model 

parameters by using the statistics of measured modal data. In this method, the first order perturbation 

approach is applied on the sensitivity based FE model updating method, which leads to two recursive system 

of equations that allows estimating the mean and variance of the updating parameters [5]. This method 

requires calculation of second order sensitivities, which is computationally expensive [6]. Khodaparast et 

al. [6] developed a perturbation method which can be approximated by omitting the correlation between 

updated parameters and the measured data leading to an approximate but computationally simpler version 

of the method. In the simplified method, only first order sensitivities are required. The Perturbation methods 

offer computational superiority in comparison with Bayesian and MC-based methods, but also have some 

limitations. These are related to the assumption that the parameters should follow Gaussian distribution and 

that the initial parameters estimate should be close to their true values.   

In this paper, the methods proposed by Collins et al. [8], Friswell [7], and Hua et al. [5] are compared for 

their effectiveness to identify the variability of model parameters from the measured modal characteristics 

in the presence of noise. The results are also compared with the Monte-Carlo simulation (MCS) method. 

The limitations of the methods are identified. A new methodology for robust stochastic FE model updating 

is then proposed. All the methods are evaluated through a numerical study on a cantilever beam structure.  

2 A brief description of stochastic model updating methods  

A brief description of the four methods (Collins et al. [8], Friswell [7], Hua et al. [5], and MCS) considered 

for the study is given in this section. For brevity, the first three of these methods are referred in this paper 

as, methods of Collins, Friswell, and Hua respectively. Methods of Collins and Friswell are formulated for 

dealing with uncertainty due to measurement noise, while the method of Hua is a perturbation approach 

formulated for dealing with variability associated with test-structure specimen.   

FE model updating is a kind of optimization problem, which starts with the determination of the correlation 

between the test data and the corresponding FE model data. If the correlation is not acceptable, then the 

difference between the two needs to be minimized by updating the chosen uncertain parameters of the 

model. The objective function of the optimization problem is defined as,  

   
2

1/2

2
Min -T

mJ W W z z      (1) 

where 1n   is the vector of the residue of modal data, 
1nmz


and  

1n
z 


are the measured and the analytical 

vectors of the modal data with  1f m mn n n     . f mn and mn   are the number of measured natural 

frequencies and measured mode shapes respectively. 
1m 

is the vector of updating parameters, and the n nW   

is the diagonal weighting matrix. The modal data is generally a highly nonlinear function of the updating 

parameters and therefore the optimization problem is defined by Eq. (1) is nonlinear in nature. The problem 

is often solved in an iterative way with the gradient based optimization method, in which the nonlinear 
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function is linearized at the current value of the updating parameters. The solution of Eq. (1) is found 

iteratively using following equations. 

      1k k k
  


    (2) 

     
-1

1/2 -
k kT T

mS S S W z z        
 (3) 

where 
 k

Δθ is the vector of parameters changes at the kth iterations step, 
    
k

mz z   
 

is the vector 

of discrepancy between the measured and the analytical modal parameters at the kth iteration step,  S  is 

the modal sensitivities matrix.  

2.1 Minimum variance method of Collins et al. (1974)  

In the method of Collins et al. [8], it is assumed that both the measured data and the updating parameters 

have errors which may be specified by their variances. In this method, the unknown updating parameters 

are assumed to be normally distributed with mean values  

 
    k k

E    (4) 

and, covariance matrix  

       
Cov ,

k k k
V    (5) 

It is assumed that updating parameters value at next iteration, 1k   may be updated using previous estimate 
 k

 as 

       1k k k

mT z z 

    (6) 

where T is an unknown transformation matrix to be determined. It is also assumed that the error vector 

mz z   ( z is the expected (mean) value of output predicted by FE model) follows joint normal 

distribution with mean  

   0E    (7) 

and covariance matrix 

 Cov( , ) TE V        (8) 

Since transformation matrix T in (6) is deterministic, the following equation can be written  

                1 1
0

k k k k k

mE TE z z E E    
 
        (9) 

The mean value of the parameters estimate gives the solution of the model updating problem. The best 

estimate of the mean will occur when the variance of the parameters is minimized. To obtain parameters 

with minimum variance, the variance matrix of the updated parameters must be calculated 

        1 1 1
T

k k k
V E    

     
  

 (10) 

Which is further expanded as  

                      1
T T

k k k k k k k k kT T

zV V D V S T T D S V TV T

       (11) 

where 
 k

zV  is given by  
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T T T

k k k k k k k k

zV S V S S D D S V     (12) 

The matrix T is obtained by minimizing the expression for the variance matrix given in equation(11). Thus 

the expression for the matrix T which gives the minimum variance for the updated parameters is 

           
1T

k k k k

zT V S D V


   (13) 

The expression of matrix T requires the variance of the current parameter estimates and also the correlation 

between the current parameters and the measurement noise. Therefore these matrices must be updated at 

every iteration step. The updated variance matrix may be obtained from Eq.(11), and the updated correlation 

matrix may be calculated from its definition and equation (6) and(13), as follows, 

                       
1

1 1 1
,

T
k k k k k k k k k kT

zD E D D V S D V S D V 


           
   

 (14) 

In Collins’s method the correlation between the updated parameters and the measurement noise is ignored 

by setting the correlation matrix to zero at each iteration. This gives two recursive system of equations which 

is used for the estimation of mean and covariance of the updating parameters, are   

                  
1

1
( )

T T
k k k k k k k k

e mV S S V S V z z 


     
  

 (15) 

                     
1

1
T T T

k k k k k k k k k

eV V V S S V S V S V


    
  

 (16) 

2.2 Minimum variance method of Friswell  (1989)  

Friswell corrected the assumption regarding omission of correlation between the updating parameters and 

the measured modal data. In Friswell’s approach, the correlation between updating parameter and the 

measured data is accounted for and is defined as  

  

 

0 1
( , )

2,3,4.....

k

m k

if k
Cov z

D if k



 


 (17) 

Now three recursive system of equations are obtained for the estimation of parameters, variances of 

parameters and the correlation matrix.  

                
1

1
T

k k k k k k k

z mV S D V z z 


       
   

 (18) 

 
                    

1
1

T
T T

k k k k k k k k k

zV V V S D V V S D


       
      

 (19) 

                  
1

1
T

k k k k k k k k

zD D V S D V S D V


       

   
 (20) 

2.3 Perturbation method of Hua et al.  (2008)  

Hua et al. considered the stochastic model updating problem by perturbation approach. In Hua’s approach 

the mean value and the covariance predicted from the FE model are converged upon the experimentally 

measured data and by doing so first two statistical moments of the uncertain parameters are determined. 

When uncertainty in modal parameters are considered in updating, the updating parameters in each iteration 

become random, and the model updating problem becomes more complicated. In Hua’s approach it is 
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assumed that the measured vector 
mz is defined by summation of a deterministic part (mean value) 

mz  and 

a random part 
iX  i.e.  

 
m m iz z X   (21) 

Where the term 
iX (with zero mean), referred to as basic random variable (BRV), represents the uncertainty 

in the measured modal parameters due to test structure variability and the measurement noise. Now using 

first order perturbation technique, the terms in Eq.(3), namely the change in structural parameters, modal 

sensitivity S, and error
mz z   , at the kth iteration step will be expanded as linear function in terms of 

BRVs around mean value point, i.e.  

 
( )

( ) ( )

1

kn
k k

i

i i
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S S X

X


 


  (22) 
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  (23) 
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( ) ( )

1

kn
k k

i

i i

X
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  (24) 

Substitution Eq. (22)-(24) into Eq. (3) and comparing the zeroth order and first order terms of 
iX leads to 

two recursive systems of deterministic equations as,  

 ( ) ( ) ( )k k kS     (25) 

 
( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
kk k k k k k

k k k km

i i i i i i i

zS z S
S S

X X X X X X X

  
 

        
          

         
 (26) 

Where the partial derivative of ( )kz and ( )kS with respect to
iX at each iteration step are evaluated by  

 
( ) ( ) ( )

( )

k k k

k

i i

z z

X X





  


  
 (27) 

 

( )( ) ( )

( )
1
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j

k
ji j i

S S
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  (28) 

 

    
1(k 1) (j)( ) (0) 1

1

k
k k

ji i i iX X X X

   






     
  

   
  (29) 

In the above equations, 
( ) ( )k kz   and 

( ) ( )k k

jS   are the first and the second order modal sensitivities 

respectively. Note that the starting estimate for the 
iX  in Eq. (29) is zero at the first iteration. On 

sequentially solving Eq. (25) to Eq. (29) one can get the mean of the change in structural parameters and the 

derivatives of the change in structural parameters with respect to BRV. Repeating the computation over all 

BRVs, one can obtain the matrix of 
( )k X    and 

( )k X    needed for the computation of the 

covariance matrix.  In practice, the mean and variance of the updating parameters are often needed which 

will be obtained by following equations.  

 ( 1) ( ) ( )k k k      (30) 
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 (31) 

where 
mzV is the covariance of the measured data. In this way, the Eq.(30) and the Eq. (31) gives the means 

and the covariance of the updating parameters respectively at the kth iteration step.  

2.4 Monte Carlo simulation (MCS) method 

In the MCS method, the statistical measured data is sampled giving N number of samples of measured data. 

Then deterministic model updating is performed for each samples of the measured data. When this is done 

for all the samples of measured data we get N sets of identified values of updating parameters, from which 

the statistics or variability of the updating parameters can be computed.  Thus the MCS approach essentially 

is a repeated application of deterministic model updating. 

3 A comparative study of some of the existing stochastic FE model 
updating methods  

The case study considered here for comparison is that of updating of an undamped finite element model of 

a simple but representative cantilever beam structure, as shown in Fig. 1, using simulated experimental data. 

The dimensions of the beam are 600 x 50 x 5 mm. The modulus of elasticity and density are assumed to be 

200 x 109 N/m2 and 7800 kg/m3 respectively. The beam is modeled using 12 noded beam finite elements. 

The displacements in y direction and the rotation about the z-axis are taken as two degrees of freedom at 

each of the nodes. This FE model is considered as a baseline model of the cantilever beam which will be 

later updated.  

Another FE model with the same topology as the baseline model is constructed to provide the simulated 

experimental modal data by introducing certain known discrepancies in the thickness of all the finite 

elements with respect to the baseline model. In the simulated experimental FE model, every three 

consecutive finite elements were grouped together, giving a total of 4 groups, in which discrepancies are 

introduced as detailed in Table 1.  

 

Figure 1: Cantilever beam structure 
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Group No. 
Element 

grouping 

Thickness of 

baseline model 

(mm) 

% deviation in mean thickness in the 

simulated exp. FE model  

1 1-3 5 + 20 

2 4-6 5 + 40 

3 7-9 5 + 10 

4 10-12 5 + 40 

Table 1: Discrepancies between baseline and the simulated  

experimental model with uncertain updating parameters. 

In this work, the study is divided into three different cases according to the source of uncertainties in the 

measured modal parameters.  

 Case-1: Uncertainties arise only due to the measurement noise  

 Case-2: Uncertainties arise only due to test structure variability  

 Case-3: Uncertainties arise due to both the test structure variability and the measurement noise 

In first two cases, the comparison of statistics of the updating parameters are identified using Collins’s 

method, Friswell’s method, and Hua’s method.  The results are also verified with MCS method. In third 

case only Hua’s method is compared with MCS. In all numerical studies, eigenvalues of the first six modes 

are assumed to be available as measured modal data. 

Case 1 - Uncertainties due to measurement noise 

It is assumed that 1% Gaussian, zero mean and uncorrelated random noise is present in each modal data. 

Updating using MCS method is performed by generating 500 samples of the simulated measured 

eigenvalues with noise. For updating using Collins’s and Friswell’s method an initial parameter coefficient 

of variance (COV, ratio of the standard deviation to the mean) of 0.15 was used for all the parameters. Table 

2 gives a comparison of percentage error in the mean values of the updating parameters obtained using the 

four methods while Fig. 2 (A) shows a comparison of the mean value of the updating parameters before and 

after updating. It is observed that the mean value of updating parameters obtain  by the methods of Collins,  

Hua, and MCS are very close to the simulated value and thus the percentage error after updating in the mean 

value is nearly zero. It is seen that the method of Friswell shows a significant error in the mean values. It is 

observed that the performance of the Friswell’s method is sensitive to the choice of initial variance of the 

parameters. 

 

Updating 

parameters 
Before updating  

After Updating  

Collins et al.  

(1974) 

Friswell 

(1989) 

Hua et al. 

(2008) * 
MCS * 

𝑡1 -16.66 -0.05 -6.99 -1.50E-08 0.17 

𝑡2 -28.57 0.14 -6.33 6.51E-09 -0.12 

𝑡3 -9.09 -0.02 -6.46 7.89E-09 -0.04 

𝑡4 -28.57 -0.04 -1.69 1.07E-09 0.13 

Table 2: Percentage error in updating parameters before and after updating 

USD – UNCERTAINTY IDENTIFICATION AND QUANTIFICATION 5237



Table 3 and Fig. 2 (B) give a comparison of the COV of the updating parameters after updating using the 

four methods. It is noted that methods marked with ‘*’ do not require any initial estimate of variance of the 

uncertain updating parameters. It is observed that the magnitude of COV obtained by methods of Collins 

and Friswell are very small as compared to that obtained by Hua and MCS methods. It is because the former 

methods are the minimum variance methods which minimize the variance associated with the updating 

parameters, while the later methods associate the variability of the measured data to the variability of the 

parameters.  

 

COV Before updating  

After Updating  

Collins et al.  

(1974) 

Friswell 

(1989) 

Hua et al. 

(2008) * 
MCS * 

𝑡1 0.15 1.17E-03 2.18E-03 7.61E-02 1.51E-02 

𝑡2 0.15 2.79E-03 1.94E-03 4.53E-02 3.63E-02 

𝑡3 0.15 6.50E-04 1.33E-03 5.40E-02 7.84E-03 

𝑡4 0.15 1.78E-03 7.30E-03 2.65E-02 2.24E-02 

Table 3: COV of updating parameters before and after updating 

 

Figure 2:  Comparison of the mean of updated parameters (A) and the COV of updated parameters (B) 

It should be noted that the COV of the updated parameters (extracted from the updated covariance matrix) 

in this case does not indicate variability in the updating parameters but only gives an idea of confidence one 

can have in the identified mean values of the updating parameters.  

Case -2 Uncertainties arise only due to test structure variability 

In this section, the performance of the methods of Collins, Friswell, and Hua are compared with the MCS, 

in presence of test structure variability. In order to simulate the test structures, it is assumed that the each 

updating parameter is a statistically independent random variable having COV of 0.1. In this study, 500 

samples of the test-structures are generated. The uncertainty in the simulated modal data is obtained by 

forward propagation using MCS method. For updating using Collins’s and Friswell’s method an initial 
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parameter COV of 0.15 was used for all the parameters. Model updating using MCS method is performed 

using both random and Latin Hypercube Sampling (LHS). The key idea behind LHS is to divide parameter 

space into equal probability space. This sampling technique, ensures a better coverage of random parameter 

space. In this case, as both the mean and covariance of updating parameters are known, the performances of 

model updating methods in identifying the statistics of updating parameters can be evaluated. Table 4 and 

Fig. 3 (A) gives a comparison of the percentage error in the mean value of the updating parameters after 

updating using the four methods while Table 5 and Fig. 3 (B) gives a comparison of COV of the updating 

parameters and % errors in COV respectively. It is seen that the method of MCS is performing very well for 

estimation of both the mean and variance of the updating parameters. The performance is even better using 

Latin Hypercube Sampling. Method of Hua is giving significant error in estimation of mean and COV of 

updating parameters. It is observed that in an earlier study [5] Hua’s method yielded better results on account 

of the fact that the forward propagation is done using perturbation approach which assumes the correct 

knowledge of the mean value of the measured data. However, in reality this is not so as the statistics of the 

measured data needs to be derived from a discrete set of measurements on a given number of test structures. 

The method followed in the present study closely simulates this process of generation of statistics of 

measured data. This inevitably gives rise to some error in the estimate of the mean and variance of the 

measured modal data. This is the reason why the estimates of the mean of the updating parameters obtained 

by the Hua’s method are in error. In nutshell it can also be said that while the Hua’s method reduces the 

whole sample space in terms of values of mean and covariance and uses this data for identification, the MCS 

method, on the contrary, uses whole sample space to perform identification.  Finally it is observed that the 

minimum variance methods of Collins and Friswell are not formulated for identifying the uncertainties of 

the stochastic updating parameters and hence the variances of the updating parameter identified from these 

method cannot be interpreted as estimate of the parameter variabilities. These methods are applicable only 

when variability arises solely due to measurement noise. 

 

Updating 

parameters 
Before updating   

After Updating  

Collins et al.  

(1974) 

Friswell 

(1989) 

Hua et al. 

(2008) * 

MCS * 

Random  LHS 

𝒕𝟏 -16.66  -0.06 -1.23 -1.45 0.15 0.012 

𝒕𝟐 -28.57  -0.03 -9.65 2.65 -0.32 0.004 

𝒕𝟑 - 9.09 0.02 1.33 -0.61 0.80 0.006 

𝒕𝟒 -28.57 -0.15 -9.27 -2.12 -0.22 0.006 

Table 4: Percentage error in updating parameters before and after updating 

Updating 

parameter 

COV in the 

simulated 

experimental 

model 

After Updating  

Collins et al.  

(1974) 

Friswell 

(1989) 

Hua et al. 

(2008) * 

MCS * 

Random  LHS 

𝒕𝟏 0.1 7.25E-03 0.08 0.11 0.091 0.10 

𝒕𝟐 0.1 7.32E-03 0.09 0.10 0.102 0.10 

𝒕𝟑 0.1 7.67E-03 0.07 0.10 0.099 0.10 

𝒕𝟒 0.1 7.95E-03 0.06 0.10 0.105 0.10 

Table 5: COV of updating parameters after updating 
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Figure 3: Comparison of the % error in mean (A) and COV of updated parameters (B) 

Fig. 4 shows a scatter of the first two natural frequencies corresponding to simulated experimental and   

analytical model at first and last iteration in case of updating using MCS. It is seen that at the end of first 

iteration the scatter of the natural frequencies corresponding to the analytical model is large and it converges 

upon the scatter of natural frequencies corresponding to the simulated experimental model at convergence. 

This shows the success of the MCS method. 

 

Figure 4: 2-D confidence ellipse at 1st iteration (A) and after updating (B) on a plane of f1 and f2 

Thus, for case - 2, the MCS method performs best while the performance of the Hua’s method is closed to 

that of MCS. The methods of Collins and Friswell should not be used for identifying variability.    

Case - 3 Uncertainty due to test-structure variability and measurement noise  

In this section, the performance of the method of Hua is compared with the MCS, in the presence of test 

structure variability and measurement noise. As already stated in case -2 the method of Friswell and Collins 

are not capable of handling test structure variability and hence these are not considered for study in case-3. 

A B 
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To simulate the test structures, it is assumed that each updating parameter is a statistically independent 

random variable having a COV of 0.1. In this study, 500 samples of the test-structures are simulated. In this 

case, the variability in the experimental modal data is simulated into two steps. First of all simulated modal 

data corresponding to each structure is obtained by forward propagation using MCS method. Then it is 

assumed that only one test is performed on each sample of the test-structure in the presence of 1% Gaussian 

random noise in the modal data. The process of performance of one test on a sample in the presence of noise 

is simulated by randomly picking a sample of the measured data from its Gaussian distribution having mean 

equal to the nominal value of the measured data for the sample and covariance equal to the simulated noise 

(of 1% in this case). 

Model updating using MCS method is performed using both random and Latin Hypercube Sampling (LHS). 

Table 6 gives a comparison of percentage error in mean values of the parameters after updating while Table 

7 gives a comparison of COV of updated parameters and Fig 5 shows the comparison of % error of COV of 

updated parameters from the simulated experiments. The % error in the COV of the updating parameters 

estimated by the Hua’s method is much larger than those found using MCS. It is observed that the result 

obtained using MCS method in this case have somewhat deteriorated over case -2 due to presence of 

measurement noise in the data. The Hua’s method shows little higher error as compared to MCS due to the 

reason explained in case 2.  

 

Updating 

parameters 
Before updating  Hua et al. (2008) * 

MCS * 

Random  LHS 

𝑡1 -16.66  -1.27 -0.16 0.14 

𝑡2 -28.57  2.59 -0.67 -0.07 

𝑡3 - 9.09 -0.75 0.46 -0.06 

𝑡4 -28.57 -2.07 0.46 0.12 

Table 6: Percentage error in updating parameters before and after updating 

Updating 

parameters 

COV in the simulated 

experimental model  
Hua et al. (2008) * 

MCS * 

Random  LHS 

𝑡1 0.1 0.14 0.10 0.10 

𝑡2 0.1 0.11 0.11 0.11 

𝑡3 0.1 0.12 0.10 0.10 

𝑡4 0.1 0.11 0.10 0.10 

Table 7: COV of updating parameters after updating 

Fig. 6 shows a scatter of the first two natural frequencies corresponding to simulated experimental and   

analytical model at first (A) and last iteration (B) in case of updating using MCS. It is seen that at the end 

of first iteration the scatter of the natural frequencies corresponding to the analytical model is large and it 

converges upon the scatter of natural frequencies corresponding to the simulated experimental model at 

convergence. Unlike case-2, in this case, the cloud of the updated modal natural frequencies are not wholly 

overlapped on the cloud of the measured natural frequencies. This is due to the presence of measurement 

noise in the modal data. 
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Figure 5: Comparison of % deviation of COV of updated parameters from simulated experiments 

 

 
Figure 6: 2-D confidence ellipse at 1st iteration (A) and after updating (B) on a plane of f1 and f2 

4 Robust parameter identification in stochastic FE model updating  

In case-3 of section 3, variability of the measured data arises due to both test-structure variability as well as 

measurement noise. In stochastic FE model updating, variability of the measured data is obtained by test on 

the multiple samples of the test-structure. Typically a single test is performed on each sample. However, 

this approach leads to statistics of the measured data which though captures the variability of the test-

structures but are also affected by measurement noise. The parameter identification through stochastic FE 

model updating using such a data will also be influenced by the measurement noise and hence not accurate 

and robust. This approach is referred as non-robust approach in further discussion in this paper.   

To deal with this problem an approach is proposed in this paper to perform robust identification of the 

uncertain parameters through stochastic FE model updating. In this method, multiple tests are proposed to 

be performed on each sample. The variability of the measured data on this sample is solely due to 
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measurement noise alone and hence this variability is removed by statistical averaging. This yields an 

estimate of the mean value of the measured data corresponding to this sample. This process is repeated for 

other samples yielding mean value of the measured data corresponding to them. In this way, the mean value 

of the measured data corresponding to various samples are free of measurement noise and are used for 

parameter identification using a stochastic FE model updating approach. This would form a robust procedure 

as the parameter identification is not affected by the measurement noise. This approach is referred as robust 

approach in further discussion in this paper. 

In the numerical study presented here, to be realistic, 20 samples of the test-structures are simulated. The 

uncertainty in the simulated modal data is obtained by forward propagation using MCS method. To simulate 

experiments, 10 number of tests are assumed to be carried out on each sample and a measurement noise of 

4% is added to the modal data of each sample. The procedure as explained above is followed to perform 

stochastic FE model updating using MCS and Hua’s method by both non-robust and robust approaches. 

Table 8 gives a comparison of percentage error in mean value of updating parameters obtained using the 

proposed robust method with non-robust method. Similarly Table 9 gives a comparison of COV of updating 

parameters. Fig 7 gives the percentage error in the COV identified in the robust and non-robust approaches. 

It is observed that the mean value and the COV of the updating parameters obtained using the robust 

approach are closer to the true values than those obtained using the non-robust approaches. This shows that 

the stochastic updated model is able to reproduce the statistics of the measured modal data very closely 

without being affected by measurement noise of the test procedures. This shows the robustness of the 

proposed stochastic model updating approach. 

 

Updating 

parameters 

Before 

updating 

Using non-robust approach  Using robust approach  

Hua et al. 

(2008) * 

MCS* 

(Random) 

Hua et al. 

(2008) * 

MCS* 

(Random) 

𝑡1 -16.6 0.31 2.39 -0.25 1.92 

𝑡2 -28.57  5.03 -1.37 6.01 0.89 

𝑡3 - 9.09 1.84 5.16 2.22 3.45 

𝑡4 -28.57 -0.66 1.25 -1.39 1.41 

Table 8: Comparison of % error in updating parameters using non-robust and robust approach 

Table 9: Comparison of COV of updating parameters using non-robust and robust approach 

Updating 

parameters 

COV in the 

simulated 

experimental 

model 

Using non-robust approach  Using robust approach  

Hua et al. 

(2008) * 

MCS* 

(Random) 

Hua et al. 

(2008) * 

MCS* 

(Random) 

𝑡1 0.1 0.22 0.15 0.18 0.13 

𝑡2 0.1 0.22 0.18 0.105 0.11 

𝑡3 0.1 0.18 0.14 0.13 0.12 

𝑡4 0.1 0.14 0.095 0.092 0.10 
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Figure 7: Comparison of % deviation of COV of updated parameters from simulated experiments 

Conclusion 

A comparative numerical study of the existing stochastic FE model updating methods in the presence of 

three different type of uncertainties are presented in this paper. On the basis of comparative studies for the 

case-3 in which uncertainties due to measurement noise and the test-structure variability both are present, it 

is concluded that the existing methods do not yield satisfactory results of the statistics of the updating 

parameters. An improved or the robust method for the identification of the statistics of the uncertain updating 

parameters is proposed in this paper. To demonstrate the performance of the robust parameter identification 

approach, a comparative numerical study is carried out between robust and non-robust approach, and it is 

found that the statistics of the parameters found by the proposed robust approach are closer to their true 

values than what is obtained from the non-robust approach.  
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Abstract
A popular approach for dealing with randomness in Topology Optimisation (TO) is using a Reliability-Based
Topology Optimisation (RBTO) routine. The First-Order Reliability Method (FORM) is a widely adopted
approximation used for RBTO due to its simplicity, however is in itself another optimisation problem which
scales relatively poorly with the number of stochastic variables. An efficient and novel approach for dealing
with uncertain material properties in RBTO is provided in this paper using the Random Matrix Theory
(RMT). RMT is particularly powerful since all uncertainties are encapsulated within one random matrix,
thereby reducing the complexity of the problem. Numerical simulations are conducted on a cantilevered
rectangular plate with uncertain Young’s modulus and Poisson’s ratio, optimised for volume with a reliability
constraint placed on compliance. Results corroborate well with Monte-Carlo simulations and showcase the
potential for RMT being applied to more complex TO problems.

1 Introduction

Structural topology optimisation (TO) routines using finite element analysis evaluations are extremely com-
putationally demanding due to the large order of design variables typically required in a mesh. The inclusion
of uncertainties in the optimisation problem further exacerbates this issue, perhaps explaining why the major-
ity of works within TO have dealt with deterministic behaviour [1]. However, it is clear that uncertainties in
material properties, loading, and boundary conditions must be taken into account to ensure reliable and prac-
tical final designs, and therefore efficient inclusion of stochastic parameters within traditional TO algorithms
is needed [2, 3].

Two formulations which are commonly used for uncertainty quantification (UQ) within TO are Robust Topol-
ogy Optimisation (RTO) and Reliability-Based Topology Optimisation (RBTO) [4]. The goal of RTO is to
optimise for a deterministic objective, while minimising its sensitivity with respect to random parameters.
This can be achieved relatively simply through incorporating a weighted sum of the mean and standard
deviation in the objective function [5–7]. Efficient determination of the statistical moments has been un-
dertaken using perturbation methods such as Taylor and Neumann expansion [8, 9], and polynomial chaos
theory [1], which in particular has shown to be effective in various engineering optimisation problems due
to its non-intrusive implementation [10, 11]. Perhaps the more realistic formulation within TO however is
RBTO, which considers uncertainty in the constraint through a probability of failure. Early implementations
of Reliability-Based Design focused on sizing and shape optimisation [12], or discrete truss systems [13].
The first examples of RBTO on continuous structures can be seen in works by Maute and Fragopol [14], and
Wang et al. [15]. Both studies utilised the First-Order Reliability Method (FORM), and specifically the Per-
formance Measure Approach (PMA), which is generally viewed as the robust alternative to the conventional
Reliability Index Approach (RIA) [16]. FORM has since been validated to provide acceptable approxi-
mations for the probability of failure, seen through an numerical benchmark result [17], and other notable
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works [18–20]. However, aside from the accuracy limitations of FORM when dealing with highly non-linear
limit state functions, it also necessitates a nested non-linear optimisation problem to locate the Most Probable
Point (MPP). A single-loop method [20,21] has been suggested to alleviate the associated computational cost,
however it remains largely untested for problems with a high number of uncertain variables. Additionally,
with the exception of Jalalpour et al. [22], dealing with material uncertainties in RBTO remains unexplored,
perhaps due to the aforementioned difficulties in dealing with a large number of stochastic parameters.

This study presents an efficient and novel method at dealing with material uncertainties in RBTO through
Random Matrix Theory (RMT), and more specifically, via Soize’s non-parametric method [23]. Random
matrices have shown great promise in quantifying uncertainty for a variety of structural dynamics applica-
tions [24–26], however it has yet to be applied in a TO framework. This approach amalgamates all parametric
uncertainties into one dispersion parameter which is analogous to the normalized standard deviation of the
stochastic stiffness matrix. We shall examine the suitability of using this parameter alone to characterise the
material uncertainties in RBTO. A numerical study is undertaken on a cantilevered plate with deterministic
loading conditions, and uncertain material properties (Young’s modulus and Poisson’s ratio). The optimiza-
tion objective is to minimize volume, while ensuring the probability of failure with respect to maximum
compliance meets a pre-defined reliability. Final topologies using the non-parametric method are compared
with Monte-Carlo simulations (MCS) to validate the results.

2 Methodology

2.1 Deterministic TO formulation

The deterministic optimisation routine is described in Eqn. 1. The volume V is the objective to be min-
imised, and the constraint enforces that compliance C of the structure should not exceed a maximum value
Cmax. The decision variables xi represent the densities of the discretised finite elements (ne total elements).
Lastly, the system obeys the linear structural equation KD = F , where K is the stiffness matrix, D is the
displacement, and F is the applied load.

minimise
x

V =
ne∑

i=1

xi

subject to C − Cmax ≤ 0

xi = xmin or 1

KD = F

(1)

A modified Solid Isotropic Material with Penalisation (SIMP) algorithm [27] is utilised in this study to ensure
efficient computation in MATLAB. This involves discretising the design domain into square finite elements,
and assigning each element a density xi, where its Young’s modulus Ei obeys the following equation:

Ei = Emin + xpi (E0 − Emin) (2)

where E0 is the baseline stiffness of the material, Emin is a negligible non-zero stiffness value assigned
to void regions in order to prevent singularities, and p is the penalisation factor. Due to the large number
of design variables encountered in continuous TO problems, Svenberg’s Method of Moving Asymptotes
(MMA) [28] is used to conduct efficient gradient-based optimisation. This requires knowledge of the objec-
tive and constraint sensitivities with respect to the design variables, which are described below in Eqns. 4
and 5;

∂V

∂xi
= 1 (3)

∂C

∂xi
= −pxp−1i (E0 − Emin)dTeKede (4)
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where de and Ke are the element displacement and stiffness respectively. In order to prevent formation of
checker-board patterns, a sensitivity filter is implemented to modify the compliance sensitivities as such;

∂̂C

∂xi
=

∑
j∈S Hjxj

∂C
∂xj∑

j∈S Hjxj
(5)

where S defines the set of elements surrounding element i within a center-to-center distance rmin, and Hi is
a weighting factor equal to the center distance subtracted from rmin. The reader is referred to Andreassen et
al. [27] for specific details on the MATLAB implementation.

2.2 Reliability analysis

The deterministic optimisation described in Eqn. 1 can be modified to obtain an RBTO formulation seen in
Eqn. 6;

minimise
x

V =
ne∑

i=1

xi

subject to P (g(y) ≤ 0) ≤ R
g(y) = Cmax − C(y)

xi = xmin or 1

K(y)D(y) = F

(6)

where y represents the stochastic variable(s), and g(y) is called the limit state function. The deterministic
limit on maximum compliance has now changed to a constraint on the probability of failure Pf = P (g(y) ≤
0) being less than a specified upper bound R. This is termed the “reliability” of the solution. It is very
difficult to determine an analytical representation of Pf , and instead most practical applications of RBTO
rely on the FORM approximation. In FORM, the probability of failure Pf is characterized by a reliability
index β, which is the distance from the origin to the most probable point (MPP) of failure in the standard
normal space u. This requires a mapping of the random variables y to the probabilistic space u. The limit
state function g(u) can then be integrated at the MPP to determine Pf as such;

Pf ≈ Φ(−β) (7)

where Φ is the standard normal cumulative distribution function. A drawback of FORM is that it requires a
nested non-linear optimization to locate the MPP, which can be formulated using either the conventional RIA
approach, or PMA approach. It has been shown by Lee et al. [16], and argued by Maute and Frangopol [14],
that the PMA approach is the more robust alternative for TO problems since the mean design can be quite
far from the failure surface, leading to no valid solutions to the RIA optimisation problem. PMA uses a pre-
defined target reliability index βt which can be back-calculated using Eqn. 7 for a given reliability constraint.
It then assumes the MPP is located at this distance from the origin, and finds the point u∗ which minimizes
the value of the limit-state function. The overall FORM procedure can be summarized by replacing the
reliability constraint in Eqn. 6 with a PMA optimisation routine as in Eqn. 8.

minimise
u

g(u) = Cmax − C(u)

subject to
√
uTu = βt

(8)

It is noted that if there is only one random variable, the optimisation routine in Eqn. 8 reduces to an analytical
solution u∗ = βt. Sensitivity analysis for PMA is simplified by assuming that the derivative of the limit
state is independent of the random variable at the MPP [14], and therefore reduces down to the compliance
sensitivity calculated at u∗ as in Eqn. 9.

∂g

∂xi
=
∂C

∂xi
|u∗ (9)
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As a means of validation, MCS will also be conducted to compare against the FORM results. In MCS, Pf
can be estimated by taking n samples for the random variable(s) and determining the frequency of failure.
This is described mathematically using an indicator function I , which is equal to 1 when the constraint fails,
and 0 otherwise. Due to the discontinuity of this function, an approach described in [1] is used to replace it
with a smooth approximation;

I(g(y)) =
1

2

(
tanh(

g(y)

ε
) + 1

)
(10)

where ε > 0 is a small number which controls the width of the 0-to-1 transition. Using Eqn. 10 both the
probability of failure and its sensitivity can be determined using MCS;

Pf =
1

2n

n∑

j=1

(
tanh(

Cj − Cmax
ε

) + 1

)
≈ nC>Cmax

n
(11)

∂Pf
∂xi

=
1

2nε

n∑

j=1

∂Cj
∂xi

(
1− tanh2(

Cj − Cmax
ε

)

)
(12)

2.3 RMT implementation

The reliability analysis can be greatly simplified by representing all uncertainty within a random matrix. In
TO problems, a logical choice is to choose the stiffness matrix K from the linear structural equation. The
stochastic system is then modelled with a mean stiffness matrix K0, and a mean-normalized standard devi-
ation ξK , which is called the dispersion parameter. The former is characteristic of the baseline parameters,
and the latter is determined using Eqn. 13;

ξ2K =
E[||K −K0||2F ]

||K0||2F
(13)

where E(.) and ||.||F are the mean and Frobenius norm operators respectively. Implementation of Eqn. 13
necessitates sampling of the random parameters, and repeatedly formulating the associated stiffness matrices.
For isotropic structures, the dispersion of the element stiffness matrix Ke is equivalent to the full stiffness
matrix, therefore allowing for fast computation of Eqn. 13 even for a large number of samples. Furthermore,
since the element stiffness matrix is independent of the decision variables, ξK can be pre-computed before
the optimisation routine.

In FORM the random variable space y must be transformed to the standard normal space u, where the PMA
optimisation described in Eqn. 8 is performed. This routine can be expensive for a large number of random
variables, however notably has an analytical solution if there is only one variable. As such, using RMT
significantly reduces the computational complexity of RBTO since all uncertainty is confined toK. We shall
assume the input material uncertainties are normally distributed, allowing for the following expressions for
the probabilistic transform and inverse transforms respectively;

u =
K −K0

ξKK0
(14)

K = uξKK0 +K0 = (1 + uξK)K0 (15)

Using Eqns. 13- 15, any number of random variables can be simplified to a one-dimensional standard normal
space. The suitability of this method will now be examined through a numerical example.

3 Numerical example: Cantilevered plate

A cantilevered rectangular plate with the left edge clamped, and a vertical load on the right edge is visualised
in Figure 1a. The example is adapted from Kim et al. [18], where the resolution of the model has been
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increased to 80 × 128 finite elements for greater clarity in the final topology. The vertical load F = 300N,
and the baseline material properties of the plate are; Young’s modulus E = 2.07 × 105Pa, Poisson’s ratio
ν = 0.3, and thickness t = 0.05m. A SIMP routine was utilised with a maximum compliance constraint
Cmax = 1200N/m to derive a deterministic result, seen in Figure 1b.

(a) Finite element model of plate (b) Deterministic optimised topology

Figure 1: Cantilevered plate with applied load is optimised using deterministic SIMP to obtain a topology
with final volume fraction V ∗ = 0.19.

3.1 One random parameter

We first consider a simple validation case with only a random Young’s modulus, which follows a Gaussian
distribution as follows;

E ∈ N (µE , σE) (16)

where µE = 2.07 × 105Pa and σE = 0.15µE . To provide motivation for considering RBTO instead of
Deterministic Topology Optimisation (DTO), the topology in Figure 1b is re-tested with 105 samples for the
random Young’s modulus, resulting in a probability of failure Pf = 0.4980, i.e. the compliance exceeds the
maximum limit for approximately half the samples. This is clear undesirable, and hence RBTO should be
used to maximise the reliability of the final structure.

RBTO is formulated using MCS, FORM, and RMT as per the methodologies described in Section 2. For
RMT, random sampling from the Young’s modulus distribution is first performed to yield the dispersion
parameter ξ2k = 0.0225 using Eqn. 13. This value is also equal to the mean-normalized variance of the
Young’s modulus distribution, which makes sense since Ke is proportional to E. For this reason, both
FORM and RMT will yield the same solutions for one random parameter. Figure 2 shows the optimized
topologies yielded for various reliabilities R, and Table 1 summarizes the corresponding volume fractions
V ∗ and probabilities of failure Pf when the structures were re-tested with 105 samples from Eqn. 16. As
expected, using a high order MCS yields a slightly better optimum in terms of volume while satisfying the
constraint. Visually however, few differences are exhibited between both sets of structures, and that is also
corroborated by small differences in volume fractions and probabilities of failure. With increasing reliability,
the cross braces and the edges of the structure become thicker, which is similar to the results produced by Kim
et al. [18]. Another way to visualize the probabilistic results is to plot the PDFs of the structures when re-
tested, which is seen in Figure 3. The poor performance of the deterministic structure under random stiffness
is illustrated through almost half its PDF extending beyond the failure line, resulting in Pf = 0.4980. In
contrast, the reliable PDFs are shifted left and upwards with increasing reliability, meaning less of the curve
falls in the failure region. The MCS and FORM/RMT curves can barely be distinguished from one and other,
highlighting that they provide excellent approximations for one random parameter.
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(a) MCS R = 10−1 (b) FORM/RMT R = 10−1

(c) MCS R = 10−2 (d) FORM/RMT R = 10−2

(e) MCS R = 10−3 (f) FORM/RMT R = 10−3

Figure 2: RBTO topologies yielded from MCS and FORM/RMT for varying values of R, for an uncertain
Young’s modulus
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R = 10−1 R = 10−2 R = 10−3

Method V ∗ Pf V ∗ Pf V ∗ Pf
MCS 0.2120 0.1000 0.2457 0.0099 0.2857 0.001

FORM/RMT 0.2179 0.0998 0.2538 0.0098 0.2860 0.001

Table 1: Volume fractions V ∗ and probabilistic of failure Pf for topologies yielded from MCS, and
FORM/RMT for varying reliabilities R, when considering a random Young’s modulus.

Figure 3: Compliance PDFs considering uncertain Young’s modulus of optimised topologies using deter-
ministic SIMP, MCS RBTO, and FORM/RMT RBTO. The numbers 1, 2, and 3 after the legend descriptions
represent the reliability values R = 10−1, R = 10−2, and R = 10−3 respectively. The dashed black line
visualizes the compliance constraint Cmax.

3.2 Two random parameters

We now extend the problem from Section 3.1 by introducing a random Poisson’s ratio ν. The two random
parameters are defined as follows;

E ∈ N (µE , σE) (17)

ν ∈ N (µν , σν) (18)

where µν = 0.3, σν = 0.15µν , and the Young’s modulus distribution is the same as Section 3.1. By
randomly sampling both parameters, a dispersion parameter ξ2k = 0.0253 is determined for the elemental
stiffness matrix Ke, implying that uncertainty in E contributes significantly more to the dispersion than ν,
since including the extra uncertain parameter only increased ξ2k by 12%. This new dispersion parameter is
then used within the RMT formulation, while MCS and FORM follow their standard approaches as dictated
by Sections 2.1 and 2.2. The resulting topologies are seen in Figure 4 and the corresponding volume fractions
and probabilities of failure are tabulated in Table 2.
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(a) MCS R = 10−1 (b) FORM R = 10−1 (c) RMT R = 10−1

(d) MCS R = 10−2 (e) FORM R = 10−2 (f) RMT R = 10−2

(g) MCS R = 10−3 (h) FORM R = 10−3 (i) RMT R = 10−3

Figure 4: RBTO topologies yielded from MCS, FORM, and RMT for varying values of R, for an uncertain
Young’s modulus and Poisson’s ratio

R = 10−1 R = 10−2 R = 10−3

Method V ∗ Pf V ∗ Pf V ∗ Pf
MCS 0.2158 0.0991 0.2496 0.0098 0.2880 0.001

FORM 0.2179 0.0984 0.2542 0.0098 0.2947 0.001
RMT 0.2204 0.0862 0.2607 0.0067 0.3089 0.0005

Table 2: Volume fractions V ∗ and probabilistic of failure Pf for topologies yielded from MCS, FORM, and
RMT for varying reliabilities R, when considering a random Young’s modulus and Poisson’s ratio

As foreshadowed by the small change in dispersion, we see very similar trends as Section 3.1 for all sets
of topologies with increasing reliability. Of note however are the RMT results which appear noticeably
thicker than MCS and FORM. Table 2 confirms that RMT provides a conservative volume fraction, with a
significantly lower probability of failure. This is also corroborated by the PDFs of the re-tested structures in
Figure 5, and the zoomed in section of the failure region in Figure 6, where RMT is increasingly shifted to
the left and upwards of the MCS and FORM results for increasing R, therefore exhibiting less failure. The
RMT result is clearly sub-optimal, but yields greater reliability and requires far less computational time to
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compute. This is due to FORM solving a 2D optimization problem each iteration, while RMT only requires
1 function evaluation each iteration due to the analytical solution for a 1D PMA problem as discussed in
Sections 2.2 and 2.3. This also means less information needs to be known about the relative effects of each
random parameter to the limit-state function, which greatly simplifies sensitivity analysis. Additionally the
random sampling that needs to be performed to determine ξ2k can be done prior to the optimization loop, and
for isotropic structures only requires formulating the elemental stiffness Ke, therefore not adding significant
computational burden.

Figure 5: Compliance PDFs considering uncertain Young’s modulus and Poisson’s ratio of optimised topolo-
gies using MCS, FORM, and RMT. The numbers 1, 2, and 3 after the legend descriptions represent the
reliability values R = 10−1, R = 10−2, and R = 10−3 respectively. The dashed black line visualizes the
compliance constraint Cmax.

4 Conclusion

The efficacy of using RMT to reduce the dimensionality of an RBTO routine is investigated in this paper.
A cantilevered plate with random Young’s modulus and Poisson’s ratio is optimized for volume, with a
reliability constraint imposed on compliance. It is shown that the RMT results produce slightly sub-optimal
topologies, with a significantly lower probability of failure, at much less computational expense. This is due
to amalgamating all material uncertainty into one dispersion parameter which corresponds to the random
stiffness matrix. These results provide motivation to evaluate RMT in more complex RBTO problems.
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Figure 6: Zoomed section of compliance PDFs showing failure region C > Cmax
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